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Abstract 

The deformation response of symmetrically supported, axially restrained 

beams subjected to uniformly distributed pulse loads is studied herein, leading to the 

development of an analytical procedure to predict the character and magnitude of such 

response. The procedure is valid for beams of any singly symmetric or doubly symmetric 

cross-section, and is based upon the assumption that the beam material can be approxi

mated as behaving in a rigid-perfectly plastic manner. The governing equations of motion 

are derived from variational statements consisting of the principle of virtual work and 

d'Alembert's principle, and include the effects of finite geometry changes. 

From the static analysis of axially restrained beams it is found that the yield 

curve of a beam section may be replaced by a linear approximation thereof to obtain a good 

estimate of the beam's load capacity. Incorporating the linear yield curve approximation in 

a dynamic analysis of an axially restrained beam results in the uncoupling of the response 

into two distinct phases — an initial small deflection phase in which the beam retains 

bending resistance and deforms as a mechanism formed by plastic hinges, and a subsequent 

large deflection phase in which the beam has no bending resistance and deforms as a 

plastic string. The results of such an analysis for a rectangular beam subjected to a 

rectangular load pulse compare well with the results of a previous solution which used the 

true quadratic yield curve. 

The linear yield curve approximation further results in linear differential 

equations of motion, and the response to load pulses of general load-time history may be 

solved in closed form. Blast-type pulses of varying shape are found to induce significantly 

different permanent deflections in a beam than a rectangular pulse. On the other hand, 

the effect of finite rise time of the pulse's load intensity is found to be small if the the rise 

time is less than about twenty to thirty percent of the pulse duration. 

A procedure developed by C K . Youngdahl is used to obtain rough estimates 

of the permanent deformation response by converting a pulse of triangular shape to an 

"effective" rectangular pulse. These estimates compare well with results obtained by the 

complete analysis of a triangular pulse developed herein. The use of Youngdahl's procedure 

combined with the analysis of a rectangular pulse developed herein can provide a quick, 

simple solution to the permanent deformation of a dynamically loaded beam which is 

amenable to hand computation. 
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V Pm/Po 

t time 
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w(Xyt) transverse displacement of the beam at x 
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CHAPTER 1 

INTRODUCTION 

1.1 B A C K G R O U N D 

There exist a variety of situations in which a structure may be subjected to 

dynamic pulse loads of sufficient intensity to cause permanent deformations or damage to 

the structure. For example, pulse loads arise in vehicle collisions, in water wave impact on 

ships or offshore structures, and in the loading of structures by blast waves from internal 

or external explosions. In many of these cases the structural response will be inelastic, and 

much recent effort has been devoted to the analysis of such response. The review articles 

by Jones [1-4] | and Ari-Gur et ai [5] are thorough surveys of these efforts in dynamic 

plastic analysis. As the review articles imply, dynamic plasticity is a very complex field 

of study which must include the effects of non-linear material behaviour and deformed 

structure geometry. As such, complete theoretical analyses of even the simplest structural 

elements are usually intractable, and resort has been made to numerical analysis. However, 

these numerical analyses are often expensive and time consuming and theoretical analyses, 

if only approximate, remain desirable as methods of preliminary (or even final) design and 

as reliable checks on the results of numerical analyses. 

f Numbers in brackets identify References at the end of this study. 

1 
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Considerable progress has been made in the theoretical analysis of symmet

rically supported beams. This problem is simple enough to lend itself to hand methods of 

analysis, provided that it is further simplified by sweeping, often restrictive, assumptions 

regarding the beam's material behaviour and deformed geometry. 

Some of the earliest studies in dynamic plastic beam response were those 

by Lee and Symonds [6] and Symonds [7] which dealt with beams with free ends acted 

upon by concentrated midspan pulse loads. These analyses were facilitated by the use of a 

rigid-plastic material idealization, the use of which is based on the assumption that elastic 

strains in the beam are much smaller than plastic strains and therefore can be neglected. 

Symonds [8] later used the rigid-plastic idealization to obtain solutions for 

the response of simply supported and clamped beams subjected to uniformly distributed 

pulse loads. In order to retain simple deformation modes the pulses were restricted to be 

of the so-called "blast-type" — loads that rise instantaneously to a peak intensity and then 

decrease monotonically to zero — and the displacements were assumed to be very small 

so that linear bending theory was applicable. 

Symonds and Mentel [9] then obtained solutions for rigid-plastic beams of 

rectangular cross-section, with ends restrained against in-plane displacements, subjected 

to uniformly distributed impulsive ± loads. The analysis included the effects of finite beam 

deflections and the axial loads that arise due to the deflections. It was-found that, as 

deflections increased, the beam's resistance to loading progressed from an initial bending 

response to a final catenary or string response. The permanent deformations predicted 

by this analysis were much smaller than those predicted by the previous bending-only 

analysis, demonstrating the beneficial effect of axial restraints on the load capacity of a 

beam. 

Following the pioneering work of Symonds, Vaziri [10] carried out an analysis 

of rigid-plastic, axially restrained, rectangular beams subjected to.uniformly distributed 

1 An impulsive load is a puke load of infinite intensity and zero duration which imparts an initial velocity to the 
structure. 
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pulse loads of finite duration and constant intensity. Vaziri found that the beam response 

was dependent upon both the pulse's peak load and its impulse (the area beneath the 

pulse's load-time curve). For pulse loads tending to be impulsive, Vaziri's solution gave 

results which compared favourably with the results of Symonds and Mentel. 

As has been noted, the aforementioned solutions have been found through 

the use of several sweeping assumptions, not the least of which is the rigid-plastic material 

idealization. Further to these assumptions, failure of the beam due to tearing or shearing 

has not been considered. This apparent disregard for the possibility of beam failure may 

seem to be the result of a narrow perspective on the problem, but in reality the deforma

tion response alone often provides sufficient information for analysis and design. As well, 

deformation response analyses have provided insights into the general structural response 

to pulse loads. These insights have led to rational procedures for improving the energy 

absorption capabilities of structures. 

1.2 PURPOSE AND SCOPE OF THE PRESENT STUDY 

Vaziri's solution [10] is significant in that it is applicable to situations involv

ing loading durations in the dynamic range as well as in the impulsive and quasi-static 

ranges. However, the solution is only valid for beams of rectangular cross-section and for 

loads of constant intensity over the loading duration, i.e. "rectangular" pressure pulses. 

Practical situations more often involve non-rectangular sections such as I-beams and T-

beams. Moreover, pressure loads due to air blasts are not accurately modelled by the 

rectangular shape and a solution for more general pulse shapes is desirable. The purpose 

of this study, then, is to develop a solution procedure similar to Vaziri's that will be appli

cable to the same basic problem of symmetrically supported beams with ends restrained 

against in-plane displacements, but which also takes into account more realistic loads and 

sections. 
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CHAPTER 2 

RESPONSE OF DOUBLY 
SYMMETRIC BEAMS 

2.1 STATEMENT OF THE PROBLEM 

To begin, a beam of doubly symmetric cross-section with a mass per unit 

length of m will be considered. The beam is symmetrically supported with constraints 

against in-plane displacements at the ends and is subjected to a pressure pulse uniformly 

distributed along the length of the beam, as in Figure 2.1. The pressure pulse is for now 

restricted to be of the so-called "blast-type" loading. Symonds [8] described this to be a 

pulse whose load-time function p(t) satisfies the inequality 

/'P(r)dr>tp(t). (2.1) 
Jo 

In physical terms, such a blast-type pulse consists of an instantaneous rise to the peak 

pressure pm followed by a continuous monotonic decay to zero pressure. Some blast-type 

pulses are shown in Figure 2.2. The implications of this restriction will be discussed later. 

2.2 ASSUMPTIONS 

A complete solution of the deformation response which includes all of the 

phenomena demonstrated by the beam would be very difficult to obtain, if at all possible. 
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p(t)/unit length 

(a) 

m—' 
-21 >• 

^- p(t) / unit length 1 '' 
(b) 

m ZT 
2& 

F I G U R E 2.1 Symmetrically supported beams subjected to uniformly distributed 
pulse loading, (a). Pinned beam. (b). Clamped beam. 

time t 

F I G U R E 2.2 Blast-type pulses. 
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To obtain a relatively simple solution which lends itself to hand computation, the following 

assumptions regarding the beam's material and geometric properties have been made: 

(i) The material of the beam is ductile and obeys a rigid-perfectly plastic type of 

stress-strain relation. It follows that the beam must also have rigid-perfectly 

plastic moment-curvature and axial load-extension relations as in Figure 2.3. 

This assumption is valid if the energy absorbed by the beam in plastic defor

mation is much larger than the strain energy absorbed in elastic deformation, 

and if the duration of the load tp is much smaller than the fundamental period 

of elastic vibrations of the beam. 

(ii) The effect of yield stress increasing with the rate of strain of the beam ma

terial is ignored. 

(iii) The beam material is homogeneous and isotropic. 

(iv) All effects due to shear such as shear deformations or failures and interaction 

with the moment and axial capacities of the beam are ignored. 

(v) The effect of rotary inertia is negligible. 

(vi) End constraints at the beam's support points provide for no transverse or 

axial displacements at the section's centroidal axis. 

(vii) Beam deflections are finite but small compared to the beam span. The result 

is that the square of the slope of the deflection curve is small. 

(viii) Extension of the beam, computed from consideration of transverse displace

ments, is distributed such that all plastic sections have equivalent ratios of 

axial extension to rotation. Together with assumptions (vi) and (vii), this 

requires the axial force to be constant over the entire length of the beam. 

(ix) All of the relations of static plasticity remain valid for the dynamic problem. 

(x) Longitudinal stress wave propagations through the beam are ignored. 

(xi) Bernoulli-Euler beam theory is applicable. 
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Stress 

(a) 

Moment 

Cb) 

Strain 

Axial 
Load ii 

(C) N 0 -

Extension 

F I G U R E 2.3 Rigid-perfectly plastic material and section behaviour, (a). Stress-
strain diagram, (b). Moment-curvature diagram for no axial load, 
(c). Axial load-extension diagram for no moment. 

These assumptions are essentially the same as those made by Symonds and Mentel (with 

the exception of assumption (x)) and Vaziri in their earlier studies of axially restrained 

beams. 

2.3 STAT IC ANALYS I S 

As a preliminary step to the derivation of the differential equations of motion 

for the beam of Section 2.1, the concepts of limit analysis will be used to solve for the 

response of the beam to static loading. The assumptions of Section 2.2 shall hold for 

beams with pinned and clamped ends. Aside from being a convenient primer for the 

upcoming work in dynamic plasticity, this static analysis will provide important insights 

Curvature 
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into the load resistant behaviour of the rigid-plastic beam. These insights will in turn 

lead to a further simplifying assumption — a powerful assumption which will facilitate 

the analysis of non-rectangular beams subjected to pressure pulses of general load-time 

history. 

2.3.1 A P P R O X I M A T E L O A D C A R R Y I N G C A P A C I T Y 

Haythornwaite [11] found that beams with ends restrained against axial dis

placements exhibit different load resistance capacities than those without such restraints. 

Finite deflections imply a stretching of the beam, inducing tensile axial forces in the beam 

which help to resist the load. As the transverse deflection increases, so does the effect of 

the axial loads and the beam's load capacity. 

In his analysis, Haythornwaite assumed that the beam deformed plastically 

according to the single midspan hinge mechanism of Figure 2.4(a) until the load level 

was such that the axial force had reached the section's capacity and the bending moment 

had reduced to zero. Beyond this load level the beam behaved as a plastic string with 

a funicular deflection curve, as in Figure 2.4(b). Haythornwaite performed his analysis 

on a rectangular beam with fully clamped ends. Vaziri, in his study, similarly analysed a 

rectangular beam with pinned ends. Their results will be reproduced here. 

Consider the pinned beam of span 21, shown in Figure 2.1(a), subjected to 

a load per unit length p. For values of p below the beam's static collapse load pa, no 

deformations will occur owing to the beam's rigid-plastic material behaviour. As the load 

is increased beyond pO J however, a plastic hinge is formed at the midspan, and the beam 

begins to deform in the mechanism of Figure 2.4(a). The beam, now comprised of a central 

hinge and two rigid halves, is shown in its displaced configuration in Figure 2.5. Through 

its deformation, the beam has swept out an area S, and at the midspan hinge has been 

stretched by an amount A, rotated through an angle 9, and displaced transversely by an 

amount w0. 
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(a) 

*• I *i o Natural hinges 

Tw • Plastic hinges 

(b) 

F I G U R E 2 . 4 Deflection modes for approximate static analysis, (a) Single midspan 
hinge mechanism, (b) Plastic string. 

Allowing the beam to undergo a further "virtual" displacement of <Stw0, there 

will be a further hinge rotation of 69, a further stretching of <5A, and a further displaced 

area of SS. From the geometry of the beam, 

6S = l6w0 = ±l269 (2.3.1) 

and 

cSA = <5[2/sec(0/2)] = /sec(0/2) tan(0/2) <50. (2.3.2) 

Assumption (vii) of Section 2.2 states that the square of the slope of the deflection curve 

is very small — i.e. that 62 <§; 1. This leads to the small angle approximations sec 9 « 1 

and tan0 » 9. Equation (2.3.2) can therefore be rewritten as 

(2.3.3) 

The work dissipated in the plastic hinge through this virtual deformation is 

5 A = \IB 69 = w0 69. 

6Wint=M69 + N6A (2.3.4) 
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N 

Incremental 
area 8S 

n 
Area S 

•N 
w„ 
8w, 

F I G U R E 2.5 Uniformly loaded beam just after collapse, (i) Deformed configuration, 
(ii) Virtually disturbed configuration. 

where M is the bending moment in the fully plastic section and N is the axial force, which 

as discussed in Section 2.2 is taken to be constant along the length of the beam. Inserting 

Equation (2.3.3) into Equation (2.3.4) gives the internal virtual work 

6Wint = (M + Nw0)69. (2.3.5) 

The work done by the uniformly distributed load in moving through the 

virtual displacement 6w0 is 

= 6 ^p j w(x)dx^ 6Wext = 6 | p / w(x)dx | = P6S, (2.3.6) 

where x is the distance measured along the beam from midspan. Inserting Equation (2.3.1) 

into Equation (2.3.6) gives the virtual external work 

(2.3.7) 

By the theorem of virtual work, external and internal work must be equal 

so that 

6Wext = 6Wint 

\pl2 = M+Nw0 (2.3.8) 
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where 68 can be disregarded as an arbitrary value. Defining M0 to be the plastic moment 

and Na to be the axial load capacity of the beam section, and noting that p0 = 2Mc/l2 for 

a pinned beam, Equation (2.3.8) can be rewritten as 

f = T T + -TJ1- 2.3.9 

Further defining m = M/M0 and n = N/Na yields the static load capacity in the form 

feU--•(¥)* 
This analysis can be modified to accomodate clamped beams by noting that, 

for this case, pa = 4Ma/l2 and that plastic hinges are also formed at the supports so that 

the internal virtual work is now 6Wint = (2M + NwQ)69. Again invoking the theorem of 

virtual work and taking the new value of p0} the static load capacity of a clamped beam 

is found to be 

(£ ) = M + I ( i ^ ) B . ( 2. 3. 1 0 a ) 

To this point, no consideration has been made of the beam's section geometry. 

To complete the solution, m and n must be known. This requires that the section's 

moment-axial load capacity interaction relation (or yield curve), and hence the section 

geometry, be defined. 

For a beam of rectangular cross-section, the interaction relation is expressed 

by 

m = l - n 2 . (2.3.11) 

The flow rule of plasticity theory states that the plastic deformation vector with compo

nents (N06e,M06tp), where e is the longitudinal strain and ip the curvature of the plastic 

section, is outwardly normal to the yield curve at the corresponding stress point (n,m) 

causing the deformations. Figure 2.6 shows this graphically. The flow rule may be equiv

alent ly stated as 
Ma6rb dm 
- * n r • T= = _ 1 - 2.3.12 N06e dn 
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n , N 0 8e 

F I G U R E 2.6 The yield curve and the associated plastic deformation vector. 

With the plastic deformations concentrated at the midspan hinge it is seen that 6e/8rp = 

6 A/69 = w0 for the pinned beam. Differentiating Equation (2.3.11) with respect to n, the 

flow rule for pinned rectangular beams becomes 

Nnwn 

n = ^ (2.3.13) 

and substituting this back into the interaction relation gives 

2 
m 

Finally, combining Equations (2.3.10), (2.3.13) and (2.3.14), and noting that MJN0 = h/4 

where h is the beam depth, the static load capacity of a pinned rectangular beam is found 

to be 

(—) 
\Po/pin 

where n < 1, or from Equation (2.3.13) w0 < 2M0/N0 = h/2. Beyond this value of 

midspan displacement the pinned beam will behave as a plastic string. 
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Again the solution for clamped beams can be derived from the pinned beam 

solution by making a few changes. Because plastic hinges form at the supports, 6e/6tp 

is now equivalent to 6A/260 = w„/2 and the flow rule for clamped rectangular beams 

becomes 

n = (2.3.13a) 

while substitution back into the interaction relation gives 

Combining Equations (2.3.10a), (2.3.13a) and (2.3.14a) gives the static load capacity of a 

clamped rectangular beam as 

(-) = 1 + ( T ) 2 <»•»•"•> 
\PoJ damped X h J 

where n < 1, or from Equation (2.3.13a) wQ < AM0/N0 — h. 

As the load p increases beyond the level at which N — NOJ the beam response 

to the load is that of a plastic string — the beam has no bending stiffness and resists the 

load through its axial strength only. Figure 2.7 shows a small segment of the beam of 

length dx. The entire length of the beam is plastic, and since N = N0 is constant along 

the entire length, M must be zero everywhere. Therefore shear stresses do not exist in the 

beam. 

Considering vertical equilibrium of the beam segment gives 

P = -N0-^. (2.3.16) 

By integrating Equation (2.3.16) twice with respect to x, the deflection curve of the beam 

is found to be 

WW = W°-W0' (2-3-17) 
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At the ends x = ± 1 there can be no deflections so that tu(±/) = 0 and the midspan 

displacement xv0 must be 

w0 = (2.3.18) 

Reorganizing Equation (2.3.18) and dividing by the static collapse load pOJ the static load 

capacities of pinned and clamped rectangular beams are found to be 

(f) = 4 ( T ) <2-3-19' 
\Po/pinned V h J 

and 

Co)clamped ~ 2 ^ h) (2.3.19a) 

respectively, where wa > h/2 for the pinned case and w0> h for the clamped case. 

The preceeding analysis was based on the assumption that the beam deforms 

in a single midspan hinge mechanism until it reaches the plastic string state. This mech

anism is strictly correct for zero deflection only — it is only an approximation for finite 

deflections. The assumed mechanism is kinematically admissible and equilibrium has been 

satisfied along the length of the beam. However, Equation (2.3.13) requires that the axial 

force N increase with deflection so that at some point the stress state (n,m) lies outside 
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(a) o ciold • tiaid. 
travelling hinges 

plastic 

F I G U R E 2.8 Gurkok and Hopkins' "exact" defection modes for symmetrically sup
ported beams, (a) Zero deflection under pQ. (b-d) Increasing load. 

of the yield curve, violating the plasticity condition of the beam. In accordance with the 

kinematic theorem of limit analysis [12], the static load capacity of the beam as predicted 

by this analysis must exceed the actual capacity of the beam. 

2.3.2 " E X A C T " L O A D C A R R Y I N G C A P A C I T Y 

Gurkok and Hopkins [13] studied the static response of symmetrically sup

ported rectangular beams with varying end contraints. Their study considers much more 

complicated deflection modes than does Haythornwaite's, with the single midspan hinge 

mechanism applying only to the undeformed beam. As deflection progresses under increas

ing load, the midspan hinge splits into two separate hinges which move outward to the 

supports. At some load level the hinges become plastic segments of finite length which ex

tend further out to the supports and back inward to the midspan. Finally, at some higher 

load level the entire length of the beam is plastic and the beam responds as a plastic string. 

These deflection modes are shown in Figure 2.8. 
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The solution by Gurkok and Hopkins satisfies equilibrium, kinematic admis

sibility, and the yield condition along the entire length of the beam, and as such can be 

considered to be exact within the limitations of rigid-perfectly plastic material behaviour. 

This "exact" solution is plotted in Figures 2.9 and 2.10 for pinned and clamped beams 

respectively, along with the approximate solutions of Section 2.3.1. Comparison between 

the two solutions shows that the assumed mechanism of Haythornwaite is quite accurate 

in terms of the static load capacity of rectangular beams. This suggests that it would 

be reasonable to continue using the approximate single midspan hinge mechanism for the 

static analysis of beams subjected to uniformly distributed loads. 

2.3.3 C A P A C I T Y O F N O N - R E C T A N G U L A R B E A M S 

It has been established that the approximate single midspan hinge mecha

nism of Section 2.3.1 provides good results for the static load capacity of beams subjected 

to uniformly distributed loads. Equations (2.3.10) and (2.3.10a) give the load capacity of 

pinned and clamped beams in terms of m and n. To solve for m and n, however, the in

teraction relation for the section must be known, and this relation differs for every section 

geometry. It follows that the load capacity differs for every section geometry, implying 

that a different static (and dynamic) analysis must be undertaken for every section to be 

analysed — an implication of formidable consequence. 

Yield curves for doubly symmetric sections of varying geometry are given in 

Figure 2.11. Included are the yield curves for a rectangular section and for an open-web 

section comprised of two equal concentrated areas. These two sections may be seen to be 

the limiting cases of practical bending sections — the yield curves of all doubly symmetric 

I-beams and box-beams lie between the aforementioned pair. The solution for the static 

load capacity of the rectangular section was given in Section 2.3.1. The solution for the 

open-web section follows. 

Consider the linear interaction relation of the open-web section, shown more 

closely in Figure 2.12. The flow rule requires that the plastic deformation vector be out

wardly normal to the yield curve. At the stress states (n,m) = (0,1) and (n,m) = (1,0) 
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F I G U R E 2 . 9 S t a t i c Joad c a p a c i t y of pinned rectangular beams. 
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F I G U R E 2.10 Static ioad capacity of clamped rectangular beams. 



F I G U R E 2.11 Yield curves of doubly symmetric sections, (i) Rectangular section, 
(ii) I or box section, (iii) Open-web section. 
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~n-N/Nc 

F I G U R E 2.12 Yield curve and plastic deformation of an open-web section. 

the slope of the yield curve is discontinuous, and the plastic deformation vector can take 

on an infinite number of values. At (n, m) = (0,1) the plastic deformation vector can have 

any value such that 
MJib 

1 < -zrr- < oo. (2.3.20) 
N06s 

By rearranging and noting that 8e/8ip = 8 A/89 = wQ for a pinned beam and 6e/8ip = 

6A/260 = w0/2 for a clamped beam, it is found that the pure bending state exists for 

deflections 

0<wo<Mo/No (2.3.21) 

for the pinned case and 

0 < w0 < 2MJNQ (2.3.21a) 
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for the clamped case. Putting m = 1 and n = 0 into Equation (2.3.10) or (2.3.10a) gives 

the static load capacity * as 

P = Po- (2.3.22) 

When M08tp/N06e = 1 the stress state "travels" instantaneously along the yield curve to 

(n,m) = (1,0), and for all values of midspan deflection wQ > M0/N0 for pinned beams 

and wa > 2M0/N0 for clamped beams the plastic string analysis of Section 2.3.1 applies. 

Rearranging Equation (2.3.18) gives 

P 2Now0 

Po ~ Po*2 

Recalling that pa = 2M0/l2 for pinned beams and pa = 4Ma/l2 for clamped beams, the 

static load capacity for the plastic string response can be written as 

( - ) - ^ <2-3-24> 
\PoJ pinned M o 

and 

\PoJ damped 2 M o 

These results are plotted in Figures 2.13 and 2.14 along with the solutions 

for the rectangular section. The solutions for practical bending sections such as I-beams 

and box-beams will again lie between the previous two cases. 

Using the linear interaction relation would underestimate the load capacity 

of practical bending sections, providing conservative estimates of the beam's deflection re

sponse. However, there is good agreement between the linear interaction solution and even 

the rectangular beam solution, suggesting that just such an estimate would be reasonable 

for all practical doubly symmetric sections. It will be shown that the linear interaction 

relation can also be used to great advantage in the dynamic analysis of doubly symmetric 

beams, making available solutions for non-rectangular sections subjected to pressure pulses 

of general load-time history. 

(2.3.23) 

* Note that since Tl = 0, axial forces do not affect the analysis and the plasticity condition of the beam is not 
violated. The single midspan hinge mechanism is then seen to be correct for the case of linear f7J, fl-interaction. 
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Plastic String. 
Response 

Legend 
Open—web b e a m  

Rectangular b e a m 
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F I G U R E 2.13 Static load capacity of pinned beams. 
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3-

Plastic String. 
Response 

Legend 
O p e n - w e b b e a m  
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N0w0 /MQ 
i 
8 

F I G U R E 2.14 Static ioad capacity of clamped beams. 



RESPONSE OF DOUBLY SYMMETRIC BEAMS / 2.4 24 

2.4 D I F F E R E N T I A L E Q U A T I O N S O F M O T I O N 

In Section 2.3 the basic concepts of plastic limit analysis were reviewed and 

applied to the static analyses of symmetrically supported beams subjected to uniformly 

distributed loads. These concepts and the resulting analytical procedures will now be 

applied to the dynamic analysis of the same beams subjected to uniformly distributed 

"blast-type" pressure pulses, by which means the differential equations of motion will be 

derived. 

In deriving the differential equations of motion, the assumptions of Sec

tion 2.2 will be made. Furthermore, the yield curves of all doubly symmetric beam sections 

will be approximated by the linear interaction relation of Figure 2.12, as encouraged by 

the results of Section 2.3.3. The important effect of this last approximation, implied in 

Section 2.3.3, must now be explicitly stated so that it may be clearly understood and used 

to advantage. Linear m, n-interaction restricts the stress state of fully plastic sections to 

be (n,m) = (0,1) or (n,m) = (1,0) — the beam response to loading is uncoupled into 

phases of pure bending response for small displacements and pure string response for larger 

displacements. Linear bending-only solutions are easily obtained and, for the most part, 

already exist [8], and Vaziri has developed a simple approximation for string response [10]. 

A once formidable looking problem has been reduced to two relatively simple ones. 

2.4.1 B E N D I N G R E S P O N S E 

For deflections wa < M0/N0 for pinned beams and wa < 2M0/N0 for clamped 

beams, the bending moment in fully plastic sections will be equal to the plastic moment 

M0 and the axial force N will be zero. Linear bending-only theory will apply and the axial 

constraints will have no effect on the beam response (for now). 

Beam response to dynamic loading has been shown to be dependent upon 

the magnitude of the pressure pulse [8]. Pulses with a low peak pressure pm < pQ will not 

produce plastic hinging in the beam and, from the assumption of rigid-plastic material 
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F I G U R E 2.15 Displaced bending response configuration of a beam subjected to 
medium loading. 

behaviour, no deformations will result. There are also distinguishable medium intensity 

and high intensity loadings which will now be discussed. 

(a) Medium Load 

For pm somewhat exceeding p0, deformation will proceed with a single hinge 

at midspan, as was the case for static loading. A pinned beam is shown in its displaced 

configuration in Figure 2.15. The displacement, velocity, and acceleration fields of the 

beam can be written as 
w{z,t) = w0(l-\x\/l) 

w{x, t) = w0{l - \x\/l) (2.4.1a, 6, c) 

w(x,t) = w0(l-\x\/l) 

where w0(t) = w(0, t) and () denotes differentiation in time. 

If the beam is allowed to undergo a further virtual midspan displacement of 

6w0 there will be a corresponding virtual hinge rotation 69 which is related to 8w0 by 

6w0 = ±189. (2.4.2) 

The work dissipated in the plastic hinge through the virtual deformation is 

6Wint = M0 69. (2.4.3) 
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The work done by the applied load p{t) and the inertia load — mw(x,t) is, by d'Alembert's 

Principle, 

5Wext=J [ P ( 0 ~ mtB(x,<) 6w(xft)dx. (2.4.4) 

Inserting Equation (2.3.1) into Equation (2.4.4), and integrating with respect to x from 

x = — / to x = /, the external virtual work becomes 

6Wexl = 2 • [\V{t)l - \mlib0] 6w0 

\p{t)l2 - \ml2w0 69. (2.4.5) 

By the principle of virtual work, 6Wexl = 5Wint. Combining Equations (2.4.3) and (2.4.5) 

yields the differential equation of motion for a pinned beam 

ZM0 3p(t) ™o + —£ = - ^ L i . 2.4.6 
m r 2 m 

Making the substitution p„ — 2MQ/l2 gives the differential equation of motion in its final 

form 

*o=~[p(t)-Po\. (2-4.7) 

In the case of a clamped beam, the internal virtual work 6Wint is equal to 

2M089 and p0 = 4MJ12. It can be shown that the resulting differential equation of motion 

for a clamped beam is identical to that for a pinned beam. 

Equation (2.4.7) is valid for the bending response phase of motion so long 

as the bending moments in the rigid halves of the beam are at all points less than the 

plastic moment Ma. Consider the diagrams for load, shear, and moment for the half-beam 

in Figure 2.16. If the midspan inertia load mw0 is less than the applied pressure p{t) 

the load, shear and moment diagrams are given by the solid curves in Figure 2.16, and 

the bending moment is always less than M0. But if mw0 > p(t), the diagrams are given 

by the dashed curves which indicate that the bending moment exceeds M0, violating the 

plasticity condition. Equation (2.4.7) is therefore valid for p(t) > mwa = |[p(<) — pa], 

which corresponds to p{t) < 3pa. The same result can be found for clamped beams. 
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F I G U R E 2.16 (a) Loads on half-beam, (b) Load diagram, (c) Shear diagram. 
(d) Bending moment diagram. 
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F I G U R E 2.17 Initial displaced configuration of a beam subjected to high intensity 
loading. 

(b) High Load 

If the peak pressure pm exceeds 3pQ, the single midspan hinge mechanism 

will lead to a moment distribution which exceeds the plastic moment M0. To satisfy the 

plasticity condition a flat central plastic zone bounded by two symmetrically located plastic 

hinges will immediately form. Figure 2.17 shows the beam at an instant after deformation 

has begun. A kinematically admissible velocity field for this deflection mode is 

w{x, t) l-X 

if 0 < x < x0 

, if x0 < x < I 

if0<x<xo 

(2.4.8a, b) 

w{x,t) = 

l-x0 

0O(«), 

where x0(t) is the position of the hinges with respect to midspan. 

On the flat central plastic zone (0 < x < x0) the bending moment is constant 

and equal to M0. There can be no shear across the beam cross-section and therefore no 

force to resist the applied load p[t) except the inertia load — mib0[i). Therefore, 

wQ(t) = p(t)/m. (2.4.9) 

On the rigid end segments exists a similar situation to that for medium loads. 
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Taking Equation (2.4.6) and replacing / with (/— x0) and wQ with w0 + x0w0/(l — xa) yields 

" ^ = ' 5 W . (2.4.10) 
l-xQ m(l-x0)2 2m v 

Combining this with Equation (2.4.9) and recalling that the static collapse load for a 

pinned beam is p0 = 2M0/l2 results in a differential equation for the hinge position xc: 

m(l~xo)J0

 P{T)aT't2m(l-x0)2 2m 
+ n . ° = ^ - L . (2.4.11) 

2 m ( / - x „ ) 2 2m v ' 

Rearranging this to a form which will be seen to be more convenient, the differential 

equation of hinge motion becomes 

-Vt-<fi.+«f-** (2.4.12) 

Equations (2.4.9) and (2.4.12) can be derived for the motion of clamped beams as well. 

For blast-type pulses the hinges will be seen to move towards midspan as 

deflection progresses. As a hinge moves through a beam section, the moment in that 

section drops from Ma to a value just below M0 and no further rotation can occur in the 

section. Due to this rigid unloading, the segment of the beam through which the hinge has 

passed will be rigid but curved in shape. At some time t2 the hinges will meet at midspan 

X after which time the beam will continue to deform according to the single midspan hinge 

mode of part (a). 

2.4.2 STRING RESPONSE 

For deflections w0 > M0/N0 for pinned beams and wa > 2M0/N0 for clamped 

beams, the beam has no bending stiffness and the axial force is equal to the section capacity 

along the entire length of the beam. The beam therefore responds as a plastic string. 

The governing partial differential equation for the response can be obtained by recalling 

the equilibrium equation for static string response, i.e. Equation (2.3.16), and adding to 

| The hinges will meet at midspan provided that the beam hasn't already deformed to the point where string 
response begins. 
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the applied load p(t) the inertia load — mw(x,t). In this way the differential equation of 

motion of the beam is found to be 

d2w d2w 
m~cW ~ N° d¥ = p{t)' { 2 A A S ) 

The deflection curve of the beam is complicated, but can be represented by 

a Fourier series of the form 

£ "o„(0sin(^), (2.4.14) 
«=1,3,5,... ^ M ' 

where f is the distance measured along the beam from one of the supports, i.e. £ = I — x. 

Substituting Equation (2.4.14) back into Equation (2.4.13) and expressing the load p[t) as 

a Fourier Series in £ , the differential equation of motion becomes 
^ f N0w2n2 \ . /TITTA 4p(<) ^ i . / n 7 r £ \ 

X K + i ^ l - b r ) ; » J > L = - («) • (2-4i5) 

The complete analysis is very difficult as the initial conditions of string re

sponse w(x, tg) and xb(x,ts), where tt is the time when string response begins, can be 

complicated. However, Vaziri [10] showed that a good approximation to the solution can 

be found by considering only the first term (i.e. n = 1) of the Fourier series' in Equation 

(2.4.15). By doing this, the deflection curve of the beam becomes w(x, t) = wa(t) s'm(ir£/2l) 

and a very simple differential equation of motion results: « . w + = < * • « • > 
For the above approximation to work, the kinetic energy of the beam at time 

t = ts must be conserved through the sudden change in the deformation mode. During 

the bending response phase the velocity profile of the beam is of triangular or trapezoidal 

shape, while during the string response phase the velocity profile is sinusoidal. Denoting 

the midspan velocity at an instant before t = t9 as il)0(tg~) and at an instant after as tw 0 (£*), 

equating the kinetic energy through the transition gives 

[w0{tt)f j\\n2 (^j dt = f [w(x,t7)]2dx 

w0(tt) = y'y J\w(x,t7)]2 dx. (2.4.17) 
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For pm < Zpa or t9 > t2, the velocity profile of the beam just before string response begins 

is 

w(x)tj) = w 0 { t 7 ) ( l - x / l ) , (2.4.18) 

and for tg < t2 the velocity profile is 

™o(C)> if 0 < i < xa 

w(x,t,) = 
to. xn < x < L 

(2.4.19) 

Substituting these two velocity profiles into Equation (2.4.17) and integrating with respect 

to x from x = 0 to x = I gives the initial velocity condition at time t = t? as 

if Pm < 3p0 or t, > t2 

\ / l [ l + 2x0(ts)/l} w 0 { t : ) t if pm > 3Po and t, < t2. 
(2.4.20) 

2.5 GENERAL BLAST-TYPE PULSES 

The equations of motion as derived in Section 2.4 are valid when the load 

pulse applied to the beam is a blast-type pulse. Such a pulse consists of an instantaneous 

rise to the peak pressure (i.e. p(0) = pm) followed by a continuous monotonic decay to 

zero pressure, as in Figure 2.2. The load pulse has duration tp and the nominal impulse I 

is defined to be the area beneath the load-time relation for the pulse, i.e. 

rh 
1=1 p(t)dt. (2.5.1) 

Jo 

2.5.1 B E N D I N G R E S P O N S E 

(a) Medium Loads (pQ < pm < 3pQ) 

Equation (2.4.7) gives the midspan acceleration of the beam as 

u>o(i) = ^ ~ [P(0 - Po • 
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At the onset of the pulse load, the beam is at rest. The initial conditions are then wo(0) = 0 

and tu o(0) = 0. Integrating Equation (2.4.7) and applying the zero initial conditions gives 

the deflection response of the beam as 

\ J \ 1 (2.5.2a, 6) 

If tf is the time at which the beam comes to rest, then w0(tf) = 0 and 

t = ftf ?(0 d L (2.5.3) 
1 JO Po 

For Equation (2.5.3) to be true, the final midspan displacement w0} = w0(tf) must be in 

the realm of bending response, i.e. w0f < M0/N0 for pinned beams and w0f < 2M0/N0 for 

clamped beams. If this is not the case, the time t = tt when wa{tg) — M0/N0 (or 2M0/N0) 

must be determined, and used as an initial condition for a string response analysis. 

(b) High Loads (pm > 3p0) 

Equation (2.4.9) gives the midspan acceleration of the beam as w0(t) = 

p(t)/m. With the initial conditions of tv o(0) = 0 and two(0) = 0, integration in time gives 

the deflection response of the beam as 

Jo m 

Jo 

It is readily apparent that the beam cannot come to rest while the initial travelling hinge 

deflection mode is in effect. 

The motion of the hinges is governed by Equation (2.4.12). Making the 

substitution £0 = I — xoi Equation (2.4.12) reduces to 

Jo P \ T ) d r Jo P \ T ) d r 

Examining Equation (2.5.5) at the time t = 0, it is found that £ o

2 ( 0 ) = 3pJ2/pm so that 

the solution is 

e = • (2.5.6) 
Jo P(T)dr 

(2.5.4a, b) 
P ( r ) J. 
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i1 ^jrop(r)dr) 

and, hence, 

= 'I * ~ i / , t T I i 1- (2-5-7) 

Unless the string response phase has already been reached, the hinges will meet at midspan 

at time t = t2. Setting x0(t2) = 0 gives the result 

h = ~ I'2 p{t)dt. (2.5.8) 
6Po JO 

From time t = t2 onwards, the beam will deform in the single midspan hinge 

mode and Equation (2.4.7) will again govern. Integrating with the initial conditions 

o ( ' 2 ) = / ^ ( t 2 - t ) d t , 
Jo m 

h P(t) 
= f 

Jo m 
dt m 1 

(2.5.9a, 6) 

the deflection response of the beam is found to be 

Lm Jo 2m Jo 

< { t ) = 2^\lo V [ T ) d T ~ P o ^ 
and the time at which the beam comes to rest is again given by Equation (2.5.3). 

2.5.2 S T R I N G R E S P O N S E 

Combining the differential equation of motion for string response, Equation 

(2.4.16), with the appropriate initial conditions at time tt, Equation (2.4.20), the deflection 

response of the beam is governed by the initial value problem 

-2 Wt) wQ + -—^wn 

4ml2 •Km 

w ( t ) = S Mo/No> 
Wo\t<) \ 2Ma/N0, 

for a pinned beam; 
for a clamped beam, 

if P m < 3p„ or t, > t2; V2/3<{t7),  

v / | [ l + 2x0(t,)//] ib0(t;), if pm > 3Po and t. < t2. 

The solution to this problem will be of the form 

w0{t) = Acos * PoNo 

mM„ 
* PoNo 

mMn 

( t - t . ) + w0p{t), (2.5.10) + 5 sin 

where A and B are constants to be determined by the initial conditions at time t,, and 

wop(t) i s the particular solution unique to the load function p(t). 



RESPONSE OF DOUBLY SYMMETRIC BEAMS / 2.6 34 

P(t) 1 1 

•lime t 

F I G U R E 2.18 Rectangular load pulse. 

2.6 R E C T A N G U L A R PULSES 

Consider the case of a pinned beam subjected to a pulse defined by 

I Pm, if 0 < t < t , 
^) = {0, \ft>tp, (2.6.1) 

and shown in Figure 2.18. This rectangular pulse is a special case of blast-type pulses. 

The nomimal impulse as defined by Equation (2.5.1) is 

1 = Pm* m"p' (2.6.2) 

2.6.1 M E D I U M L O A D S (p0 < pm < 3p0) 

(a) During The Load Pulse (t < tp) 

The initial response of the beam will be according to Equations (2.5.2a,b) or 

(2.6.3a, 6) 
w0(t) = ^(p-l)t\ 

™ O(0 = ^ ( P - I ) < , 

where p = pm/p0. Notice that, since p(t) > p0 during the load pulse, the beam cannot 

come to rest during the loaded bending response phase. If we define a non-dimensional 
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impulse parameter (3 such that 

P = mp0MJN0 

which, for the case of a rectangular pulse, is 

(2.6.4) 

PoP%2 

(2.6.5) 

the beam response during the loaded bending response phase can be rewritten as 

3M0/3(p-\) 

(2.6.6a, 6) 

*.(0 
"p \*P< 

The beam will begin to undergo string deformation during the load pulse if 

there exists a t„ < tp such that w0(tt) = M0/N0. From Equation (2.6.6), 

2ptp 

and 

# ( H J 

A W 3 / 9 ( p - l ) 

Naptp ' 

(2.6.7) 

(2.6.8) 

Such will be the case if t9 < tp, or 

4p2 

(2.6.9) 
3(P-1)' 

Putting Equations (2.6.1) and (2.6.8) into the initial value problem of Section (2.5.2) gives 

N„ir2 4pm 

w0{t„) = M0/N0, 

^ = 4 ^ 
for which the solution is 

+ -y/p - lsin 
2 V mM„ + 32p) 

J T 3 J 

(2.6.10) 
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Noting that 

where 

AcosO + Bsm9 = \/A2 + B2 cos(0 + <f>) 

and recalling Equation (2.6.5), the response during the loaded string phase can be rewritten 

as 

»o(0 = 

(2.6.11o, 6) 

The beam's final displacement w0f will occur at time tf such that wc(tf) = 0. If the beam 

comes to rest during the loaded string response phase, 

M0 f 

wn = —- < 
, 16(p-l) 32p 

IT' tr* 
(2.6.12) 

where 

or 
-2 /?>2p 2. _x( J y F T \ 

— tan :—̂  ) 
TT \7T - 32p/n2 ) 

+ + 2 (2.6.13) 
3(P-1) 

If Equation (2.6.13) is not satisfied the beam will come to rest after the load has been 

removed. 

(b) After The Load Pnlse (t > tp) 

Hereafter, the load p(t) = 0. If the load pulse ends before the beam reaches 

the plastic string state, i.e. if Equation (2.6.9) is not satisfied, the midspan acceleration 

will be 
3pe 3MJ «.(0 = 2m 2N0p2t2' 

(2.6.14) 
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Integrating in time with the initial conditions at time tp determined from Equations 

(2.6.6a,b) gives the deflection response of the beam as 

Setting w0(tf) = 0 gives tf = ptp and hence 

4Na \ p J' 

(2.6.15a,6) 

(2.6.16) 

where the beam comes to rest during the unloaded bending response phase. Setting wOJ < 

M0/N0, Equation (2.6.16) is found to be valid if 

P - 3 ( p - l ) (2.6.17) 

Otherwise the beam will reach the string state at time t9 when w0(tt) = M0/N0, from 

which it is found that 

' • - * ( , - \ / I J r - i J ) ( 2 6 1 8 ) 

and 
. 3Mo /5 If- 1 4~ 

From time ts on the beam will respond as a plastic string and this response 

is governed by the initial value problem 

W„ H — ty„ = 0. 
0 4ml2 0 ' 

for which the solution is 

».(0 = 4 & t / i +
i w - 1 ) 1 6 

cos 

rr2p 

(t_ 
2p \ 

3/?(p-l) 
(2.6.20) 

- 4 
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The final deflection of the beam is thus obtained as 

W o f S ^ / 1 + > W - D 16 
°' N0\l 1C2p TT2" 

(2.6.21) 

Finally, if tt < tp and the beam does not come to rest during the loaded 

response phase, the beam will deform in the unloaded string response phase according to 

the initial value problem 
.. N0n2 

" » + 4 m 7 ^ 0, 

4>/f^~l . 32p 
cos 7 H sin 7 H r-

7T 7T 

where 
^ ) = - 2 ^ K ^ - v s m ^ 

7 = f -^W^lj)1 

4N/p=7 
cos 7 

(2.6.22) 

with the initial conditions determined at tp from Equations (2.6.10a,b). The midspan 

displacement of the beam is then found to be > 
4y/p=T . 32p 

cos 7 -I sin 7 -1 5-
TT 

COS 

sin 7 H — cos 7 
7T 

sin 

(2.6.23) 

and the final deflection of the beam is 

u,„. = *fe| f i sayy [ i6(p-i) i024p2 

TT TP 

+ , 256p\/p^n: . 
cos 7 -I ^ sin 7 

11/2 

AT 

(2.6.24) 

2.6.2 H I G H L O A D S (p m > 3p 0) 

(a) During The Load Pulse (t < tp) 

The beam will initially respond with a flat central plastic zone as shown in 

Figure 2.17. Putting p(t) = p m into Equations (2.5.4a,b) and (2.5.7) gives the motion of 

the beam as 

(2.6.25o,6) 
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and 

x O(0 = / ( l - \ / 3 7 p ) . (2.6.26) 

Under the constant load pm the midspan of the beam continues to deflect and the hinges 

do not travel along the beam. Setting v)0(tt) = M0/N0 yields 

= t,VW (2.6.27) 

and 

"o(<D = K 2P 
N0tpy p 

(2.6.28) 

which give the initial conditions for the beam response in the loaded string phase. This 

phase exists if t9 < tp or 

P > 2p. (2.6.29) 

• In the loaded string response phase the motion of the beam is governed by 

the initial value problem 

= \J\ [ l + 2(l - > / 3^)]t&o ( « 7 ) 

_. 2 M a Ifi ( _ _2_\ 
Notp\lp\ VWJ' 

Solving the problem as in Section 2.6.1, the deflection response is 

cos 
2p \ t. J *r - 32p/ff2 — IT + 

32p\ 

* 3 r 
(2.6.30a, 6) 

sin 
2? V *, J 

+ tan - l 
JT - 32p/jr2 

+ 7T 

V 
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and the final midspan displacement is 

tu, 

where 

tan" 
TT - 32p/7T2 

V 
+ 7T 

or 

/3>2p2 

Ii ii\ 
— tan 1 /f - V 3 — tan 1 

TT - 32p/7T2 

V ) 

(2.6.32) 

If Equation (2.6.32) is not satisfied the beam will come to rest after the load has been 

removed. 

(b) After The Load Pulse (t > tp) 

If the load is removed before the string state is reached, the beam continues 

to respond in the travelling hinge mode. The load is zero and therefore so is the midspan 

acceleration. From Equations (2.5.4a,b), 

Mot 
NoPtp 

(2.6.33a, 6) 

If t > tp then / 0' p(r) dr = pmtp and Equation (2.5.7) gives 

This motion will occur until the hinges meet at midspan at the time 

h = ftp/3 

or the beam reaches the string state at the time 

t. 

(2.6.34) 

(2.6.35) 

(2.6.36) 
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The hinges will meet at midspan before the string state is reached if 

6p 
(2.6.37) 

2p-3 ' 

and deformation will proceed in the single midspan hinge mode. Equations (2.59a,b) give 

the resulting deflection response as 

- a " T R ' r i ' v r / " 2 v r ; i> 
(2.6.38a, 6) 

2N0p2 (i)-i(i)1-
Setting tb0[tf) = 0 gives tf = ptp and putting this into Equation (2.6.38a) provides the 

final deflection 

M>/3 (2 1 \ , ' 

where w0f < M0/N0, or 
6p 

(2.6.40) 
4 p - 3 

If the above inequality is not satisfied, the beam will reach the string state at the time 

t, = Ptp l - r / 2 - 3 

with the midspan velocity 

(2.6.41) 

(2.6.42) 

From time t„ on the beam responds as a plastic string and, if t2 < tt, is 

governed by the initial value problem 

- N o * 2 

w„ A — io„ = 0. 
0 4ml2 ° ' 

4 2 1 
3 p p' 

The resulting deflection response is 

+ 1 sin 
2? I tp ) \ y 

(2.6.43) 
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from which the final midspan deflection is seen to be 

tu, (2.6.44) 

If the string state is reached before the hinges neet at midspan, i.e. tp < i9 < 

t2, the initial conditions for the string response come from Equations (2.6.33b), (2.6.34) 

and (2.6.36). The initial value problem to be solved is then 

The midspan deflection response is then solved to be 

«.(0 - jr { cos sin 
TTsffi ft - t 

. 2p V tP J. 

from which the final midspan deflection is seen to be 

tu, °f 

(2.6.45) 

(2.6.46) 

Finally, if the string state is reached before the load is removed, the initial 

conditions for the unloaded string response come from Equations (2.6.30a,b). Deflection 

response is then governed by 

8 p p . 32p 
c o s 7 + ~ \ h ~ y £ sin 7 + 

7T V 2 

2N0ptp 

where 

2 (/J vQ (2.6.47) 
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The deformation response of the beam is found to be 

+ 

8 ip 
C O S 7 + ^ r V 2 

P . , 32p 
s i n 7 + ^ 3 - cos 2p (t/tp - 1) 

Mo 8 /p 

" B 7 + 5?Vl 
| cos 7 sin L 2? 

(2.6.48) 

and the final midspan deflection of the beam is 

V ^ 3 / TT2 \̂ 2 V + TT6 

7T d \ TT 

2̂ 

32p\ 512p ip Ip 
11/2 (2.6.49) 

Tr* y
 2 V 3 

The results of the analyses of Sections 2.6.1 and 2.6.2 are summarized in 

Tables 2.1 and 2.2, in which the solutions for the permanent midspan displacement w„f 

are given along with the impulse domains over which they are valid. These results for 

pinned beams are plotted, in Figures 2.19-2.21. Tables 2.3 and 2.4 contain clamped beam 

results obtained by similar analyses. 

2.6.3 COMPARISON WITH PREVIOUS SOLUTIONS 

As a check on the credibility of the results derived above, and more critically a 

check on the accuracy of the underlying assumptions that led to these results, comparisons 

must be made with the results obtained by analyses of a more rigorous or proven nature. 

Recall that the analysis herein assumes that the yield curve of the beam 

section can be adequately approximated by a linear relation. The yield curves of practical 

doubly symmetric bending sections were shown in Figure 2.11, in which the rectangular 

section was seen to be approximated the least well by the linear relation. In this way the 

rectangular beam can be regarded as a "worst case" for the present analysis. The results 

of Sections 2.6.1 and 2.6.2 are compared with those of Vaziri's solution for rectangular 

beams [10] in Figures 2.22 and 2.23. These two analyses are based upon identical sets of 

assumptions (Section 2.2) with the exception that Vaziri used the correct quadratic yield 
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Table 2.1 Final midspan displacement of a pinned beam subjected to a medium load 

(p < 3) rectangular pulse. 

0<P<h 
3MJ (p-l\ 

4N0 \ P J 

M l 12fl?-,l) 16 
N0\l + ir^n <r2 **P 

02<P<03 

Mo 16(p - 1) 1024p2 

+ 

+ 64p , 256pVP - 1 . cos 7 + ^ sin 7 
TT 

1/2 

32p\ 2 , 16(p-l) , 32p 
1 I H - 5 h — 5 " 7T3 / 
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Table 2.2 Final midspan displacement of a pinned beam subjected to a high load 
(p > Z) rectangular pulse. 

0 

o</?<A 
MJ (2 1 \ 

N0 \3 2p) 

P\<P<P2 
M0 I 16 HH)-'\ 

$2<P<Pz 

Pz<P<Px 

Mo 
( > - ? ) , + 3 ( f - ^ ) * 

1024p2 

+ 64p / 32p\ 

ff3 V *3 / 
512p p 

| s i n 7 

1/2 



F I G U R E 2.19 Final midspan displacement vs. impulse of a pinned beam subjected 
to medium intensity rectangular load pulses. 



F I G U R E 2.20 Final midspan displacement vs. impulse of a pinned beam subjected 
to medium intensity rectangular load pulses. 



FIGURE 2.21 Final midspan displacement vs. impulse of a pinned beam subjected 
to high intensity rectangular load pulses. 



RESPONSE OF DOUBLY SYMMETRIC BEAMS / 2.6 49 

Table 2.3 Final midspan displacement of a clamped beam subjected to a medium load 

(p < Z) rectangular pulse. 

0<P<Pi 
ZMJ ( p - l \ 

\ p J 

Pl<P<02 
2M. / 1 + 6 / ? ( p - l ) 16 

n2p J T 2 

2M0 , 1 6 ( p - l ) 1024p2 

+ 
, 256pVp - 1 . 

cos 7 H sm 7 

11/2 

P>Pi 
2M0 

f

Y 3 2 p V [ 1 6 ( p - l ) + 32p 
TT3 / TT2 IT 3 
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Table 2.4 Final midspan displacement of a damped beam subjected to a high load 

(p > 3) rectangular pulse. 

P rv, 

0<P<Pi 
MJ (2 1 \ 
N0 \3 2p) 

Pt<P<P2 
Nn 

Pi<P<Pz 
2M. 
N ('-.VJ+D 

P3<P<Pi 

2MQ 

Nn ('-^^(l-v!) 
^2 

+ 
1024p 

512p p P . 
- s m 7 

1/2 

2M a 

o - ^ y ^ ( i - v i ) 
32p 
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curve for the rectangular section. Therefore, Figures 2.22 and 2.23 directly represent the 

accuracy of the linear interaction relation for the worst case rectangular section. 

Figure 2.13 showed that the linear interaction approximation gives the poor

est results for the rectangular beam's load capacity at midspan deflections of wa fa M0/N0. 

One could therefore conclude that this study's results are least accurate for final midspan 

deflections in the order of M0/N0. Figure 2.22 supports this conclusion, with the results 

for p < 1.5 being somewhat innaccurate and those for p > 1.5 being reasonably good. 

The high load results (p > 3) in Figure 2.23 compare very well. As all other practical, 

doubly symmetric bending sections would provide an even better comparison, the linear 

interaction approximation seems well considered. 

With the development of numerical solutions based on the finite element 

method (F.E.M.) the approximation of rigid-plastic material behaviour can also be checked 

for accuracy. The pinned wide flange section of Figure 2.24 subjected to a rectangular pulse 

with pm = 5p0 = 486/6/m and tp = 0.01s was considered. The midspan displacement 

history of the beam is plotted in Figure 2.25 for both the rigid plastic-analysis herein and 

an elastic-plastic F .E.M. analysis by Folz [14]. Neglecting the oscillatory behaviour of 

Folz's solution which is due to the transient elastic effects of the beam, the two analyses 

seem to agree strongly with respect to the permanent plastic deformations of the beam. 

Folz's estimate of permanent midspan displacement, obtained by averaging the values of 

the "peaks" and "valleys" of the response history, is very close to the result of this study 

— within a few percent — and the difference could be attributed in part to the linear 

interaction relation's effect of "softening" the beam. These results seem to confirm the 

validity of the rigid-plastic idealization, but it must be noted that the loading parameters 

of this example are, at the least, fortuitous. The load is of high intensity and of short 

duration, satisfying the validity arguements of assumption (i) in Section 2.2. 

A deeper discussion of the validity of this study is contained in Chapter 6. 
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F I G U R E 2.22 Comparison of results of the present study with those of Vaziri [10] for 
the case of a pinned beam subjected to medium intensity rectangular 
load pulses. 
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F I G U R E 2.23 Comparison of results of the present study with those of Vaziri [10] 
for the case of a pinned beam subjected to high intensity rectangular 
load pulses. 
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P(t) 
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Pinned wide flange beam subjected to a rectangular pressure pulse. 
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Comparison of results between rigid-plastic analysis and elastic-plastic 
F.E.M. analysis for wide flange beam example. 
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time t 
FIGURE 2.26 Triangular load pulse. 

2 .7 T R I A N G U L A R P U L S E S 

Now consider the case of a pinned beam subjected to a pulse defined by 

p(0 _ /PmU " 1°. 
-t/tp), iiO<t<tp, 

if t > tpi 

and shown in Figure 2.26. The nominal impulse as defined by Equation (2.5.1) is 

I = SPm'p 

and from Equation (2.6.4) the non-dimensional impulse parameter is 

(2.7.1) 

(2.7.2) 

o PoP%2 

P AmMJNS 
(2.7.3) 

where p = pm/p0 as before. 

The displacement response for the triangular pulse is derived in a manner 

similar to that for the rectangular pulse. With this similarity in mind, this section will not 

present the complete analysis as did Section 2.6, but only the final results. 
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2.7.1 M E D I U M L O A D S (pa <pm< 3p0) 

(a) During The Load Pulse (0 < t < tp) 

The initial response of the beam will be 

t_ 

"P I \ r ' "P \ ' p > 

from which the final midspan displacement is found to be 

4M0P(p-l)* 

(2.7.4a, 6) 

NoP* 
(2.7.5) 

if the beam comes to rest during the loaded bending response phase. This requires that 

p < 2 and 

P<17= 4(P-1) 3" 

If p > 2 and 

(2.7.6) 

(2.7.7) 
2 p - 3 

the beam will proceed to the unloaded bending response phase. Otherwise, subsequent 

motion of the beam will be in the loaded string response phase with the initial conditions 

determined by 
/ / \ 3 / r5 — 1 \ / r! \ 2 n 

(2.7.8) (9-Pr).® 
P / \ f / \ ' P 

The beam response during the loaded string response phase will be 

Ptp j " - o \ - p 

Ptp 

(2.7.9a, 6) 

where 

A = t [ 1 - ? ( 1 - ' ' / g 

(2.7.10a, 6, c) 
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and t9 and w0(te) are given by Equations (2.7.8) and (2.7.4b). The beam will come to rest 

during the loaded string response phase at the time 

t, 
T T V P 

32M 0p 2 

TT*N0 y /3(A2 + B2) 
J-^|+«. (2.7.11) 

if tf < tp. Substituting tf back into Equation (2.7.9a) will give the final midspan displace

ment w0f. 

(b) After The Load Pulse (t > tp) 

As noted in part (a), the beam will deform at some point in the unloaded 

bending response phase if p > 2 and P < p2/(2p - 3). In this phase the response is given 

by 

-1 + 3 
MJ 

N0p 

3MJ 

N0ptp 

The final midspan displacement is then 

GJ v GJ 
-my 

(2.7.12a, 6) 

to, 
= MJ(3p_ \ 

N0p\4 J 
(2.7.13) 

if the beam comes to rest before the string state is reached, requiring that 

fi<7= 
4p 

(2.7.14) 
3p-4 

If Equation ( 2 . 7 . 1 4 ) is not satisfied, the beam will reach the plastic string state at the time 

with the midspan velocity 

(2.7.15) 

(2.7.16) 

The subsequent motion in the unloaded string response phase is given by 

^ M o f \<t - Q fP 4/3/? P , . + - \ / - j - - r r - 1 sin 
iry 4 p 
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and the final displacement will be 

M0 I 16/3/? / ? T 

Finally, if the beam reaches the string state before the load is removed, the 

initial conditions of the response will be given by Equations (2.7.9a,b) at time t = tp. The 

final midspan displacement is eventually found to be 

{ Of I V " ' - / ' ^#2 o 
r _ . 1 / 2 (2.7.19) 

where A, B and <p are given by Equations (2.7.10a,b,c). 

2.7.2 H I G H L O A D S (pm > 3p0) 

(a) During The Load Pulse (0 < t < tp) 

The beam will initially respond in the travelling hinge mode described in 

Section 2.4.1(b). In this mode the midspan displacement response will be 

OIJR (2.7.20a, 6) 
*.(0 = ̂  [(2(t/tp) - («/«,)'] . 

with no final deflection wQf. The time ts at which the beam reaches the string state is 

found from 
2 

The position of the hinges will be 

and by setting z0(t2) = 0 the time t 2

 a * which the hinges will meet at mispan is found to 

be 
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Examining Equations (2.7.21) and (2.7.23), it is found that the hinges will meet during 

the load pulse (i.e. t2 < tt,tp) if 

3p* 
P < 6 and (2.7.24) 

8 (p -3)2 (p + 6)' 

The beam will reach the string state during the loaded travelling hinge mode (i.e. tt < 

( 3D4 

P r, ifp<6; (2.7.25) 8(p + 6)(p-3)2' 

I 3p/4, if p > 6. 
Finally, if neither of these conditions is satisfied, the beam will begin to deform in the 

unloaded travelling hinge mode (i.e. tp < t2,tg). 

If Equations (2.7.24) are satisfied, the beam will proceed to deform in the 

loaded single midspan hinge mode with the displacement response given by 

(2.7.26a, b) 

"P I \ r ' \ p/ \'p> 

with no final deflection wOJ possible in the high load range. The beam will reach the string 

state at the time tt determined by 
3 _ 

if t, < t„, or 

P> 
3p4 

(2.7.27) 

(2.7.28) 
6p3 - 9p2 - 4(p - 3) 3' 

The beam response during the loaded string response phase will again be 

given by Equations (2.7.9) and (2.7.10), but with Equation (2.7.10b) replaced by 

B~ir\Jp w ^ 3 [ 1 + - n - ) + ^Nj (2.7.29) 

if p > 6. The conditions at time tt above are determined by Equations (2.7.20) through 

(2.7.22). The beam will come to rest during the loaded string response phase at the time 

tf given by Equation (2.7.11) if tf < tp. 
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(b) After The Load Pulse (t > tp) 

If the conditions of Equations (2.7.24) and (2.7.25) are not satisfied, the 

beam will deform in the unloaded travelling hinge mode with the midspan motion 

m 2MJ(t 1\ 

2MJ 
(2.7.30a, b) 

—A ' Ncptf 

and the hinge position 

^ 0 - ' ( 1 - ^ ) . - ( " - 3 1 ) 

The time t2 at which the hinges meet at midspan will be 

<2 = ^ . (2.7.32) 
6 

The beam will reach the string state at the time 

<. = <,(i+i) (2.7.33) 

if tg < h) o r 

P > fZz- (2-7.34) 

If the condition of Equation (2.7.34) is not satisfied, the beam will deform 

in the unloaded single midspan hinge mode as 

»S | 36 \ t p J \ t p J | 

The beam will come to rest at the time tf = ptp/2 with the midspan displacement 

if the final displacement lies in the realm of bending response, requiring that w0f < M0/N0, 

or 
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If this is not the case, the beam will proceed to deform in the unloaded string response 

phase with the initial conditions 

and 

_4_ 
3/?" 

(2.7.38) 

(2.7.39) 

The resulting motion will be denned by 

with the final midspan deflection 

'1 + 
16 

(2.7.41) 

If the condition of Equation (2.7.34) is satisfied, the beam will deform in 

the unloaded string response phase with the initial conditions of Equations (2.7.30b) and 

(2.7.33), resulting in the midspan displacement 

f*\ MQ cos - u r n +^fi-T\Jp+? sm *[*-*.). IP 
Ptp V 2 

(2.7.42) 

The final midspan deflection will then be 

W°< = N-A1 + 

o . i , . 16/? L6/? / 2 /3 2~\ 
(2.7.43) 

Another possibility is that the beam will deform in the loaded single midspan 

hinge mode with the load removed before the string state is reached, i.e. t2 < tp < t. At 

the time tp the beam will begin to deform in the unloaded single midspan hinge mode with 

the motion 

31 

(2.7.44a, b) 
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The beam will come to rest at the time tf = ptp/2 with the midspan displacement 

™0j = 
p 1 4 

NoP 4 3 9 
(2.7.45) 

if the final displacement lies within the realm of bending response, requiring that w0f < 

M0/N0, or 
12P4 

/?< 4 _ 3 ^ (2-7-46) 9p4 - 12p3 - 16(p - 3) 3' 

Otherwise, the beam will proceed to deform in the unloaded string response phase with 

the initial conditions 

and 

4 4 1 6 ( p - 3 ) » 
3/? 3p Qp9 

3MJ 
N0ftr 

4 _ j4_ _ 16(p - 3)3 

3/3 3p 9p* ' 

(2.7.47) 

(2.7.48) 

The resulting deflection response will be given by 

Ma i \ir{t - tt) [p 

w M ' Jr. | c o s * V? 
3 _ 1 _ 4(p - 3)3 

4 P 3p4 
— 1 sin 

Pr V i J / ' 

with the final midspan deflection 

M, 3 _ 1 _ 4(p - 3)3 

4 p 
16 
~2' 7T 

(2.7.49) 

(2.7.50) 

Finally, if the beam reaches the string state before the load is removed, the 

initial conditions of the response will be given by Equations (2.7.9a,b) at time t = tp. The 

final midspan displacement will again be given by Equation (2.7.19) with A and <f> given 

by Equations (2.7.10a,c) and B coming from Equation (2.7.10b) or (2.7.29). 

The results of this section for w0f are plotted in Figures (2.27 and (2.28) as 

functions of p and ft. 

2.7.3 C O M P A R I S O N W I T H R E C T A N G U L A R P U L S E S O L U T I O N 

Results for the displacement response of a beam subjected to a triangular 

pulse are of similar character to those of a beam subjected to a rectangular pulse. As 
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F I G U R E 2.27 Final midspan displacement vs. impulse of a pinned beam subjected 
to medium intensity triangular load pulses. 



F I G U R E 2.28 Final midspan displacement vs. impulse of a pinned beam subjected 
to high intensity triangular load pulses. 
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might be expected, for pulses with equal maximum intensity p m and equal impulse J, final 

midspan deflection due to a rectangular pulse is greater than that for a triangular pulse, 

with the results tending to be equal as the loading duration tp or the peak pressure pm 

tends to infinity. As the load duration tp} and hence the impulse / , approaches infinity the 

intensity of the triangular pulse of Figure 2.26 is seen to decrease at the rate dp(t)/dt = 

—Pm/tp —* 0 and the pulse tends to become a step load identical to the rectangular pulse 

of infinite duration. As the peak pressure pm approaches infinity for both pulse shapes, 

tp must approach zero and the pulses become ideal impulses, equivalently represented by 

Dirac delta functions at time t = 0. Results for all other blast-type pulses will compare 

similarly. 
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CHAPTER 3 

GENERAL PULSES 

3.1 S T A T E M E N T O F T H E P R O B L E M 

In Chapter 2 the response of doubly symmetric beams subjected to blast-

type pulses was investigated. Blast-type pulses are characterized by an instantaneous rise 

to the peak load pm followed by monotonic decay of the load to zero. For the case of a pulse 

with peak load pm > 3p0, these blast-type pulse characteristics result in the instantaneous 

formation of two plastic hinges located symmetrically about the beam midspan followed 

by the monotonic convergence of these hinges towards midspan. With the hinges moving 

inward only, the plastic segment between the hinges is known to be flat and the analysis 

of such motion is straightforward. 

In considering a blast-type pulse, the analyst assumes that the load rise time 

is very small in comparison to the pulse duration. However, measurements of experimental 

air blast pulses have shown that the load rise time can be of considerable duration. These 

experimental measurements have led some researchers to question the validity of the blast-

type pulse approximation for structural design procedures. 

The effect of load rise time, and hence the validity of the blast-type pulse 

approximation, will be studied in this chapter by subjecting the same doubly symmetric, 
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p(t) A 

FIGURE 3.1 Load pulse of general load-time history. 

axially restrained beam of Chapter 2 to a uniformly distributed pulse of more general 

load-time history. 

3.2 R E S P O N S E T O A N A R B I T R A R Y P U L S E 

The axially restrained beam will be analysed as it was in Chapter 2 by 

applying the concepts of plastic limit analysis and the assumptions of Section 2.2. The 

yield curves of doubly symmetric beam sections will again be approximated by the linear 

interaction relation of Figure 2.12, uncoupling the beam response into phases of pure 

bending response and pure string response. 

3.2.1 BENDING RESPONSE 

For small deflections the bending moment in fully plastic sections will be 

equal to the plastic moment M0 and the axial force will be zero. Linear bending-only 

theory will apply and the axial constraints will have no effect on the beam response. 

Krajcinovic [15] derived the bending response of a rigid-plastic, simply sup

ported beam subjected to uniformly distributed pulse loads of general load-time history. 



GENERAL PULSES / 3.2 68 

He found that, for some arbitrary load pulse as in Figure 3.1, there exist five distinct 

phases of loaded bending response. During the time 0 < t < t0, when the load p(t) is less 

than the static collapse load p0, there are insufficient fully plastic sections for a mecha

nism to form, and the beam will not deform. When the load reaches p0 at the time ta 

the midspan section becomes fully plastic and the beam begins to deform in the single 

midspan hinge mode of Figure 2.15. At the time tx the load reaches the value 3pa and, as 

discussed in Section 2.4.1, continued deformation in the single midspan hinge mode would 

violate the plasticity condition. Satisfaction of the plasticity condition requires that the 

midspan hinge extend outward to become a finite plastic segment whose length increases 

with the load. At the time tm the load reaches its maximum intensity pm and then begins 

to decrease. Correspondingly, the travelling boundaries of the plastic segment begin to 

slow and eventually reverse the direction of their motion. The plastic segment recedes 

until some time t2 when it has reduced once again to a single midspan hinge. Beyond the 

time t2 the beam again deforms in the single midspan hinge mode of Figure 2.15. 

(a) Rising Load—Midspan Hinge (ta < t < £j) 

During the time when the load p{t) is greater than the static collapse load 

pa but less than three times the latter value, the beam will deform in the single midspan 

hinge mode just as it did for the medium load case of blast-type pulse loading. It follows 

that the midspan acceleration of the beam will again be given by Equation (2.4.7) as 

and that the midspan displacement and velocity will be given by variations of Equa-

lm 

tions (2.5.2a,b) as 

(3.2.lo,6) 

The beam will come to rest at the time tf given by 

(3.2.2) 
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p(t) 

F I G U R E 3.2 Displaced configuration of a beam subjected to a rising high intensity 
load. 

if the load pulse begins its decay before exceeding 3p0 (i.e. p m < 3p0). 

(b) Rising Load—Plastic Segment (^ < t < tm) 

As the load increases beyond the value 3pOJ the moment distribution of the 

single midspan hinge mode will exceed the plastic moment M0 along a portion of the beam, 

violating the plasticity condition. The midspan plastic hinge must extend outward with 

increasing load. The beam will thus be comprised of a central plastic segment of finite 

length and two rigid end segments as in Figure 3.2. 

In the midspan plastic segment the moment is constant at M0) and there can 

be no shear. Hence there are no forces to resist the applied load p(t) except the inertia 

load mw(x,t) so that the acceleration is given by w(x,t) = p[t)/m for 0 < x < x0[i). 

The outer segments of the beam respond as rigid bars. The free body diagram 

of a pinned beam's rigid end segment is given in Figure 3.3. The segment will rotate about 

the support point A. In Section 2.4 it was shown that in order to just prevent violation 

of the plasticity condition the inertia load must equal the applied load, which in this case 

demands that the transverse acceleration of a point at the plastic boundary be p(t)/rn. 
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P(t) 

-mw(x,t) / 
• 4 * • • t 

x=x. 

FIGURE 3.3 .Free body diagram of a pinned beam's rigid end segment. 

From dynamic moment equilibrium, 

\ { l - x 0 f p { t ) = M0 + \{l-x0)2p{t), 

Recalling that p0 = 2M„/l2 for a pinned beam, it is seen that the boundary between the 

plastic and rigid segments is located at 

x0(t) = I (3.2.3) 

Transverse acceleration w{x,t) must vary linearly with x on the rigid end segments so that 

the beam's acceleration field must be 

(p{t)/m, ii0<x<xo{ty, 

p{t) l-x :t _ ,^ ̂  _ ̂  , (3.2.4) w(x,t) = < 
-, if xQ(t) <x<l. 

Km I- x0(t) 

A point x of the beam will initially deflect as part of the single midspan hinge mode until 

the time t^. The point will then deflect as part of a rigid end segment of length / — x0(t) 

until the time at which the plastic boundary reaches the considered point, after which the 
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point will deflect as part of the plastic segment. This latter time, denoted as g(x), can 

be determined as a function of x by rearranging Equation (3.1.2). Keeping these different 

phases of motion of the point in mind, recalling Equations (3.2.1a,b) and Equation(3.2.4) 

yields the velocity field 

if xa < x < I] 

dr (3.2.5) 

+ [' ^ d r , 
Jg{x) m 

if 0 < x < x0. 

A further integration yields the dispacement field 

w(x, t) = < 
g{x) [t ~ r)p(r) 

/ 

if x 0 < x < /; 

l-x 

m 

' (<-r)p(r) 
if 0 < x < x„. 

dr, 

(3.2.6) 

It can be seen that the displacement and velocity profiles are smooth and continuous 

through the plastic boundary — the boundaries are not hinges. Krajcinovic [15] has 

shown that this response satisfies the kinematics of the beam. The midspan response can 

be found by setting x = 0 and noting that o(0) = i j . Hence, 

*.(0 = ~ WO - Po] ^ + 1 /' p(r) dr. 
(3.2.7a, 6) 

During this phase of motion the load p(i) is increasing and the midspan plastic segment 

has no load resistance. Therefore the beam cannot come to rest. Identical results are 

obtained for clamped beams. 
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(c) Decaying Load—Plastic Segment ( t m <i <t2) 

At some point during this phase the plastic segment boundaries will momen

tarily come to rest and then begin to travel back toward midspan. It can be reasoned that 

the position xa of the boundaries will no longer depend solely upon the satisfaction of the 

plasticity condition but also upon the previous boundary motion — xa will depend upon 

the complete load history and not just the intensity of the load at the time considered. 

Consequently Equation (3.2.3) will no longer apply. Again considering the free body dia

gram of Figure 3.3, the dynamic moment equilibrium of a pinned beam's rigid end segment 

can be written as 

^(-x o ) 2 p(0 = A/ o-r|m(/- :c o) 2u)(2:o,0. (3.2.8) 

Since the plastic segment boundary position is not necessarily determined by the plasticity 

condition, the transverse acceleration can no longer be assumed to be continuous across 

the boundaries (which will now be true plastic hinges) and hence w(x0,t) is undetermined. 

However, the rigid end segments force the velocity field to be linear in x„ < x < I so that 

w(x,t) = w(x0,t) 
l-x 

w(x,t) = (/ — x) 
w{xa,t) d 

dt [I - xa{t)\ ' 
w(xa, t) 

Combining Equations (3.2.8) and (3.2.9) and rewriting M0 as \p0l2 gives 

m dt 
w(xott) 

P{tW ~ *o? ~ Pol7 

(3.2.9) 

(3.2.10) 
J - x a ( t ) \ 2{l-x0f 

Some differences between the present phase and the previous phase of motion 

have been discussed. The response of the plastic segment of the beam (0 < x < xQ) will be 

unaffected by these differences, however, and Equations (3.2.5) and (3.2.6) will continue to 

be valid (for the plastic segment only), as will Equations (3.2.7a,b). From Equation (3.2.5), 
'w(x0,t)' 

m / - xn 

l r 
= -—— / p(r) dr 

I ~ *o Jg(x0) 

dt . 

constant for x0 
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For some uniquely defined x0(t), the last two terms in the above equation will be constant 

in time so that differentiating in time gives 

w(s0,t) 
dt [I - x0(t) 
d 

m— = w ^ h ^ + B - <»•»> 

Combining Equations (3.2.10) and (3.2.11) gives 

2(' - *o? 

which can be rewritten as 

dr + Pit) 

2x0(l-x0) J p(r)dT - p(t)(l-x0)2 + 3Pol2 = 0, 
t 

~Jt R'-*')2] • / P ^ d T ~ PW('-«.) 2 + 3Po'2 = 0. 
Integrating in time from g[xa) to t, an expression from which x0 may be determined is 

found: 
Zp0l2[t-g{x0)\ I p ( r ) dr = 

[ i - x 0 y ' (3-2>12) 

The travelling hinges will rejoin at midspan at the time t2. Setting x0 = 0 and noting that 

g(0) = tx, it is found that 

t2 = h + 
1 ft2 

— / p(t) dt. (3.2.13) 
Recalling that velocity varies linearly with x on the rigid end segments, the 

velocity field for this phase of motion is found to be 

r i-x 

w{x,t) — < 

m 

l-x 

m 

3 rtir , r9^ pit) 

+ 
•ff(*o) 

*.(0 
" P(r) 

dt 

Jg(x) m 

i rl 

4- j — - / p ( r ) d r 
* - xo Jg(x0) 

ii0<x<xo; 

(3.2.14) 
if xQ < x < I. 
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Identical results are found for clamped beams. 

(d) Decaying Load—Midspan Hinge (t > t2) 

After the hinges have met at time t2t the beam will once again deform in the 

single midspan hinge mode of Figure 2.15, with the midspan acceleration again given by 

Equation (2.4.7) as 

* O ( 0 « ^ [ P ( « ) - P . ] . 

The initial conditions of this phase of motion can be determined by setting t = t2 in 

Equations (3.2.7a,b), and are found to be 

= ̂  fl
 [p(0 - Po] dt + 1 p p{t) dt, 

» to 11 

/ [p(t)-p0]dt. 
Jto 

3 y'2, 
2m 

Integrating Equation (2.4.7) with the above initial conditions, the midspan response of the 

beam is derived as 

™0(t) = ^ f\t - r) [p(r) - Po] dr + ^- f\t2 - t) [3P o - p{t)] dt, 

3

 4 1 (3.2.15a, b) 

*>o(t) = 2 ^ Jt [ P ( t ) - Po] dr. 

The beam will come to rest at the time tf, again given by Equation (3.2.2) as 

tf = t0+ f Ip^-dt. 
Jto Po 

Once again, identical results will be obtained for clamped beams and pinned beams. 

At this point it is worthwhile to note that the blast-type pulses of Chapter 2 

are special cases of the general pulses discussed in this chapter. The instantaneous rise of 

the blast-type pulse implies that t0, tlt tm and g{x) are all equal to zero. The reader may 

verify that, by setting these variables to zero, the equations of this section reduce to the 

corresponding equations of Sections 2.4 and 2.5. 
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3.2.2 STRING RESPONSE 

The blast-type pulse assumption of Chapter 2 has been seen to significantly 

affect the bending response of the beam. During string response, however, the entire length 

of the beam is plastic and the load p(t) has no effect on the deflection mode. Again using 

the first mode approximation of Section 2.4.2, Equations (2.4.16) and (2.4.17) give the 

initial value problem which governs the beam's motion: 

„ Ny 4P(t) 
w„ H —-r - t u„ = — — - , 
° 4ml2 ° T rm ' 

(* \ — j M0/N0, for a pinned beam; 
*> ~ \ 2M0/N0, for a clamped beam, 

1 \JTJO [w(x,tj)]2dx, if pm > Zp0 and *!<*,< t2 

if Pm < 3p0 or t, < tx or t, > t2', 

Equation (2.5.10) will again give the solution to this problem as 

w0(t) = .4 cos n \PQN0 

2 V mMn 

(t - t.) + B sin 
fP0N0 

mM„ (t ~ t.) 

where A and B are constants to be determined by the initial conditions and w0p(t) is the 

particular solution unique to the load function p(t). 

3.3 T R I A N G U L A R P U L S E W I T H F IN ITE RISE T I M E 

Consider the case of a pinned beam subjected to a triangular load pulse with 

a rise time tm = $tp defined by 

P m \ X0<t<ctp] 

(3.3.1) P(0 = { Pm 
I " ? 

10, 
( l - t / t p ) , U < t p < t < t p ] 

if t > tp. 

and shown in Figure 3.4. A s for the blast-type triangular pulse, Equations (2.7.2) and 

(2.7.3) give the impulse / = \pmtp and the non-dimensional impulse parameter 

PoP%2 

4mM0/N0' 

file:///JtJo


GENERAL PULSES / 3.3 76 

P(t) - » 

• t 

F I G U R E 3.4 Triangular load pulse with Bnite rise time. 

where, as before, p = pm/p0. 

3.3.1 M E D I U M L O A D S (pm < Zp0) 

(a) During The Load Rise (t0<t< tm) 

During the load rise the time-varying load is denned by p{t) = pmt/$tp. 

Hence, Equation (2.4.7) gives the midspan acceleration 

(3.3.2) 

and Equations (3.2.1a,b) give 

W ° [ t ) Am{ U P) NoPS \t, P) ' 

o ( ) Am^ \tp p) N0pstp\tp p) 

(3.3.3a, b) 

The beam will not come to rest during this phase of motion, but it may reach the string 

state. Setting to 0(i,) = M0/N0 yields 

tp P \PJ 
(3.3.4) 
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where te exists if t8 < tm = f£p, or 

P> «r2(p-i)3' 
(3.3.5) 

^ 3M Q ffiY 

N0tp \pc) 

If such is the case, the beam will reach the string state with the midspan velocity 

1/3 

The ensuing string response will be governed by the initial value problem 

N0n2 4pmt 

(3.3.6) 

Solving the initial value problem, the response is 

w0(t) = A cos + J?sin 

w0(t) = —\(-{-Asm *(*-*.) .IP 
ftp V 2 

P < P 

+ 5 cos "ir(<-Q /?]) 32M0p 
p*p V 2 j j + 7 r 3 ^ p ' 

where 
M, r 32p 

/3 = ^ £ ^ 
TT v /? r°(C) S t 

(3.3.7a, 6) 

(3.3.8a, 6) 

Rewriting Equations (3.3.7a,b) as 

>0(t) = VA2 + B2 cos tu, Ptp 

«(t-t9)JP 3 2 M,P,, / M 

tu, 

where 

sin 

(3.3.9a, b) 

<f> = -tan _ 1 (J5/A) frr, i f^<0; 
\ 0, if A > 0, (3.3.10) 
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it is found that the beam will come to rest at the time tf given by 

32M 0p 2 

sin - l (3.3.11) 

(b) During The Load Decay (tm < t < tp) 

If the inequality of Equation (3.3.5) is not satisfied, the beam will undergo 

bending response as the load pulse begins to decay. From Equation (2.4.7) the midspan 

acceleration is 

(3.3.12) 

Integrating the Equations (3.3.2) and (3.3.12) as specified by Equations (3.2.15a,b) gives 

the midspan response 

N0p(l - <) 

3MJ 

N„p(l - $)t. 

(3.3.13a, b) 

+ 

The time at which the beam will come to rest is determined by Equation (3.2.2) to be 

(3.3.14) 

and inserting tf into Equation (3.3.13a) gives the final midspan deflection 

to (3.3.15) 

For the beam to come to rest during this phase the inequalities tf <tp and waj < Mo/N0 

must be satisfied. These restrictions may be equivalently stated as 

< i + \/W (3.3.16) 
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and 

P<7= (3.3.17) 
( p _ i ) 3 [ 2 ( i + ,/r=7)- f]-

If either of the above inequalities is not satisfied the beam may reach the string state at 

the time ts determined by 

_,2 / P 3 + <T- 1\ , p ( W ) 
' \ t ) p 

(3.3.18) 

= 0 

where f, exists in thin phase if 

P>{ 
f{2-s)-Zp2 + Z$p-$2' 

if p > 1 + v 7 ^ ; 

-, if P" < 1 + >/T=7. 
(3.3.19) 

l ( p - l ) 3 [2(1 + v^T) _ f] 

The beam will then proceed to deform in the string state according to the 

initial value problem 

4 P m :(!-*/*,), 
w0 + .~wn = 

Ami2 ° wm[l-() 

»"o(<.) = MJNm 

<(tt) = v^73w0(«r), 
where w0(t~) is determined by inserting tg into Equation (3.3.13b). The response is then 

solved to be 

w. Q(t) = sjA2 + B 2 cos 
<t-t8) fp 1 32Mpp « \ 

where 

Z2M0p 
(3.3.20a, b) 

it*N0{\ - s)tp 

(*t)+ 
S2Map 

<f> = -\asTl{B/A) 

n*N0{l - S)tL 

f T T , if A < 0; 
\ 0, if A > 0. 

;]• (3.3.21a, 6, c) 
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Setting the velocity equal to zero, the time at which the beam comes to rest is found to be 

sin - l 32M0p =2 

;v>*(i-0\/§M2 + £2) 
-<t> (3.3.22) 

if tf < tp. 

If the inequality of Equation (3.3.5) is satisfied and the beam reaches the 

string state during the load rise, the beam will deform during the load decay according to 

the differential equation 

* 4p„ .. _,_ No*2 

:(1 - t/iP) ° 4ml2 ° wm[l-s) 

with the initial conditions at time tm given by Equations (3.3.9a,b). The response will 

again be given by Equations (3.3.20a,b) but, because the initial conditions have changed, 

ts is replaced by tm = $tp and the coefficients are now 

32M0p 
N0**(l-c)tp' 

B 
32M0p 

= « > o ( ' m ) 

* = -tan ( 5 M ) - ( 0 ; i f j 4 > 0 ; 

Setting the velocity equal to zero yields 

(3.3.23a, 6, c) 

V p 2 i . _ x 

TT V P 
32M0p2 

_ N0n*(l - c)sj£{A2 + B2) 
-<t> (3.3.24) 

if tf<tp. 

(c) After The Load Pulse (t > tp) 

If p > 1 + y/l — f and the inequality of Equation (3.3.19) is not satisfied, the 

beam will deform in the unloaded bending response phase with the midspan acceleration 

w0(t) = —3p0/2m. Integration gives the response 

o0(t) = f = £ [ - ( i + o f - e+3P(P2+ot/t, - 3f ( j . ) 2 j , 
(3.3.25a, 6) 
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The beam will come to rest at the time ty = (p2 + $)tp/2p with the final midspan deflection 

t o „ . — 
MJ 

7 ( P 8 + ? ) a - ( l + f )P B - f a 

if w0f < M0/N0, or 

!(P2 + <)2-(I + OP3-?2' 

(3.3.26) 

(3.3.27) 

If the beam does not come to rest as above it will reach the string state at the time tt 

when w0(tg) = M0/Nc. From Equation (3.3.25a) it is found that 

<• P2 + <T 

and, hence, 

2p { 1 
mf+IT)2 

(3.3.28) 

The beam will then proceed to deform in the unloaded string response phase 

according to the initial value problem 

JV07T2 

^ +4m7 2-^ = 0' 
t»o(« . ) = M0/Not 

w0{tt) = V2/3w0{t7). 

The response is solved to be 

v0(t) = \/A2+~B2COS t o „ 

where 
A = M0/N0, 

- t a n _ 1 ( B / ^ ) (3.3.30) 

B 

and the final midspan deflection is 

/ / M 0 V 2p%2

 2 

(3.3.31) 

If the beam reaches the string state during the load pulse with t„ given by 

Equation (3.3.4) or (3.3.18), it will deform in the unloaded string response phase according 
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to an initial value problem similar to the immediately previous one, but with the initial 

conditions given at the time tp. The response will be given by 

w0[t) = \/A2 + B2cos (J- - lj - t a n - ^ B / A ) (3.3.32) 

where 

as determined by Equations (3.3.20) and (3.3.21) or (3.3.23). The final midspan deflection 

for this case will be 

w0f = VA2 + B2. (3.3.33) 

3.3.2 H I G H L O A D S (pm > 3p0) 

(a) During The Load Rise {t0 < t < tm) 

Until the time tx when the load p(t) = 3p0, the initial beam response will 

be the same as for the medium load case, given by Equations (3.3.3a,b). The time tt at 

which the string state is reached and the midspan velocity at that time are again given by 

Equations (3.3.4) and (3.3.6) respectively, but will now only be valid if tt < tx — 3$tp/p, 

or 

(3.3.34) 

If Equation (3.3.34) is satisfied, the ensuing string response during the load rise will again 

be given by Equations (3.3.7) through (3.3.11). 

If Equation (3.3.34) is not satisfied, the midspan plastic hinge will extend 

outward into a finite plastic segment as the load rises above 3p0. The location of the 

boundaries of this plastic segment are found from Equation (3.2.3) to be 

(3.3.35) 
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Expressing this another way, a section of the beam at the point x will be crossed by the 

plastic segment boundary (and hence will become fully plastic itself) at the time 

M = =7 p ( l - * / / ) * • 

Equations (3.2.7a,b) give the midspan response of the beam as 

(3.3.36) 

«•».(«) = 
2MJ 

Jp) f \tj + f 

2M0p [m2_v 
NoPStp [\tpJ P2 

(3.3.37a, b) 

The beam may reach the string state during the load rise. Setting tw 0(t g) = M0/N0 yields 

- P / P \ - P 

which will be true if t„ < tm = f t p , or 

(3.3.38) 

3P4 

2$2(f - 9 p + 12)' 

Just prior to the onset of string response, the beam will have the velocity profile 

(3.3.39) 

w(x,tt ) = < 

0 - T ) -
to if 0 < * < * „ ( * , ) ; 

m f'p 

if X 0(t.) < X < I, (>-?)SS/(£-0-+M(S)* 
as given by Equation (3.2.5). Carrying out the integration with g(x) given by Equa

tion (3.3.36), 

w{x,t, ) = 
5N0p% 

S ( 8 f - ! ( - 7 r - ( > - T ) ' ^ - s ^ 

(3.3.40) 
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In the transition from bending to string response, the kinetic energy of the beam must be 

continuous. Equation (2.4.17) expresses this continuity as 

Once again, the string response during the load rise will be given by Equations (3.3.7) 

through (3.3.11). 

(b) During The Load Decay ( t m < t < tp) 

If Equation (3.3.39) is not satisfied the load will begin to decrease according 

to the function p{t) = p m ( l — t/tp)/{\ — c) before the beam reaches the string state. The 

plastic segment boundaries will become hinges and will travel back towards midspan. From 

Equation (3.2.12), 

and hence 

(3.3.41) 

dt + dr = 3Po[t-gM] 

( i - * o / 0 2 ' 

With g(xa) given by Equation (3.3.36), the position of the hinges is found to be 

jt/tp) + [tftp - Q/yT^-
(3.3.42) 

The hinges will meet at midspan at the time t2 given by 

(3.3.43) 
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if h ^ tpt O T P ^ 3(1 + y/l — .?)• Equations (3.2.7a,b) again give the midspan response of 

the beam which, during the load decay, is 

2M0/? 
3JV0p(l - 0 

1 + 
P 2 

2M0/? 

{-(a'"ft)-h 

'•|'-"]}, 1 + 
f 

(3.3.44o, 6) 

3(1-0 
N 0 f ( l - c ) t p 

Setting tu0(*,) = M0/N0, tt is given by 

P2 } 

ft)"-ft)' 
+ 3<r i + 3(1-0 

P2 ]ft) 
12(1-01 ^ 3p(l - Q 

(3.3.45) 

+ p 3 J + 2/? °' 

where < t if p > 3(1 + y/T^J) and < t2 if p < 3(1 + v ^ T ) . or 

3p(l-0 
2c2 - 6f 

3P4 

I 2[(2-0p3-9;p + 12c2]' 

, i fp<3(l + x /T^7) ; 

if p > 3(l + v
/n^). 

(3.3.46) 

Just before the onset of string response, the beam will have the velocity profile given by 

Equation (3.2.14) as 

w(x,t, ) 
4MJ 
Nap% 

2 V i-t ) s\ V i i 0 < x 

? ( 1 _ ( i ^ ) ( l _ ^ r _ f 

< * < x0{t.Y, 

i f < X < / . 

(3.3.47) 
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From Equation (2.4.17) the midspan velocity just at the onset of string response is 

pr2 
1 - (1 

1 - f H-X-?Y] 

(i - W 

(T 0 - £ [ ' - O -T 0 1 

2 
+ 3 -f-̂ r̂]V̂ }l/-

(3.3.48) 

If Equation (3.3.46) is not satisfied for p < 3(1 + y/1 — f), the hinges will 

meet at midspan before the load is removed or the string state is reached. From Equa

tions (3.2.15a,b) the midspan response of the beam is 

3 ^ ( 1 - 0 1 U P2 Ct) 
+ %«|, + i f ^ ] + * C » ^ z £ ( « . ) ?3 

+ 9(p + f - l ) 

™o(0 = 
N0p(l - c)tf 

P v - p / v-p 

2 <(I-<T-P2) 2(p + ?-i) 
P̂  p G) 

(3.3.49a, 6) 

In setting tw0(£y) = 0 it is discovered that a time tf cannot be found within the allowable 

time domain tm < tf < tp — the beam cannot come to rest during this phase of motion. 

However, the beam may reach the string state at the time t9 given by 

^ 3 _ 3CP+J- 1) 3f(P2 + i ~ 1) ^ 

f ( p 2 _ 9 + 9?) 2c2 

3p3 P2 p 3 + 12(l-o] -

P - 3 + 3Q (t2\2 1 (t2\ 

P \tP) 3 \tj 

ft) (3.3.50) 
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if tg < tp- The beam will have the midspan velocity w0{tg~) just prior to the onset of string 

response and wQ[t^) = y/2/3 w0(tj) just after. 

If the beam reaches the string state during the load decay, the string response 

is given by Equations (3.3.20) through (3.3.22). If the beam reaches the string state during 

the load rise, the string response is given by Equations (3.3.20) with t8 replaced by tm = f ip, 

and Equations (3.3.23) and (3.3.24), as was the case for medium loads. 

(c) After The Load Pulse (t > tp) 

If p < 3(1 + \/l — f) and the beam doesn't reach the string state during the 

load pulse, the beam will deform in the unloaded bending response phase with a single 

midspan hinge as 

(3.3.51a, b) 

The beam will come to rest at the time 

</ = y + (3-3.52) 

if w0j = tv0(tf) < M0/No. Otherwise the beam will reach the string state at the time ts. 

Setting tv0{ts) = Mo/N0, it is found that 

*. ̂ f + * f ( p 2 + 2Q 2 (3-2<:2)p 8c2 p 2 J p 11 / * , \ 
tp 2p \ 4p2 9 ( l - f ) 3p2 3f3 + f |.3(1 - f) + pJ \tp) 

v 1 / 2 (3.3.53) 
1 ft \ 2 ~ ft \ 3 I 

With the beam deforming in the single hinge mode, the transition to string response will 

be such that w0(tf) = y/2/Zw0{f;). 

If p > 3( 1 + y/1 — f) and the beam doesn't reach the string state during the 

load pulse, the beam will respond in the travelling hinge mode. Because there is no load 
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the midspan acceleration must be zero. Matching the conditions at time tp with those of 

Equations (3.3.44a,b), the midspan response is found to be 
12c2" 

- i - c-t-
p 

From Equation (3.2.12) the hinge location is 

(3.3.54a, b) 

1 -

1 N 
and the hinges will meet at midspan at the time 

Setting tv0(tt) = M0/No yields 

t 

if t„ < t2, or 

P> 

p 2-3f [2P+ -

2 

P J 

3P4 

(3.3.55) 

(3.3.56) 

(3.3.57) 

(3.3.58) p4-2(l + 0p3 + 6!rp2-3c2. 

Putting tg into Equation (3.2.14) gives the velocity profile at an instant before the onset 

of string response: 
'- 2 3<: 

U , ( S > ' « ) = , r -3, ' 
4M0(3 
N0ftp if x0{t.) <x<l, 

so that 

to. 

2 V / / 5 

- £ ( * - * ) " • ] ( ' - ? ) • 

h o - ¥ [ ' - ( ' - * ) ! 
( * ) -£h ( ' - * )1 

(3.3.59) 

+ 

+ 

+ 

2 
3 f p 2 

(3.3.60) 
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If Equation (3.3.58) is not satisfied (so that the hinges meet at midspan 

before the string state is reached) the beam will proceed to deform in the single midspan 

hinge mode. The midspan response will be 

~96c2-8f(l + e)-(f + 9$)2 * / + x 2 ] 

3MJ 

4p 

2 - r s -*y\~t 0)1 • 
(3.3.61a, b) 

Equation (3.3.52) again gives the time tf at which the beam comes to rest. Setting w0(t„) = 

M0/N0, it is found that 

tl = P2 + ^ ( , 3 , 2 , 

The transition from bending to string response is such that w0(t+) = \/2/Zw0[ts~). 

The response of the beam in the unloaded string state is the same as that 

for the medium load case. If the beam reaches the string state after the load pulse, the 

response is given by Equations (3.3.30) and (3.3.31). If the beam reaches the string state 

during the load pulse, the response is given by Equations (3.3.32) and (3.3.33). 

3.3.3 C O M P A R I S O N W I T H B L A S T - T Y P E P U L S E R E S U L T S 

The results of this section are plotted in Figures 3.5 and 3.6 for various 

amounts of time rise given by the ratio f = tm/tp. Included are the results for $ = 0 which 

are equivalent to the blast-type triangular pulse results of Section 2.7. It is seen in these 

figures that the final midspan deflection changes very slightly with a change in the Rvalue 

of the pulse. It might therefore be concluded that the effect of finite load rise time is small 

enough to use the blast-type approximation with confidence and with economy of effort 

and time. 



F I G U R E 3.5 Final midspan displacement vs. impulse of a pinned beam subjected 
to medium intensity triangular load pulses with varying rise times. 



F I G U R E 3.6 Final midspan displacement vs. impulse of a pinned beam subjected 
to high intensity triangular load pulses with varying rise times. 
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CHAPTER 4 

ELIMINATING THE 
EFFECT OF PULSE 

SHAPE 

4.1 S IMPL IFY ING T H E ANALYS IS 

The analytical procedure developed in the two preceeding chapters can be 

used to solve for the deflection response of a beam subjected to any arbitrary load pulse. 

However, it was also evident from these two chapters that the applied pulse need not 

become overly complex for the ensuing analysis to become so. It would therefore be 

desirable to have a method of reducing arbitrary pulses to equivalent, easily analysed 

rectangular pulses. Pulses shall be considered equivalent if they produce an equivalent 

response characteristic, which for the purposes of this study shall be the final midspan 

displacement of the beam. 

4.2 E Q U I V A L E N T R E C T A N G U L A R PULSES 

Consider once again the rigid-plastic, pinned, doubly symmetric beam of 

Figure 2.1(a). Work formulations have been used to derive the differential equations of 

motion of this beam subjected to a uniformly distributed pulse load. Work formulations 

can also be used to solve for the final deformation of the beam. 
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The external work done by the pulse load in some increment of time dt is 

{^jlw[x,t)dt)j 
dWexl = P{t)jt\ j w(x,t)dt)dt = p(t)Sdt, 

where S is the displaced area of the beam (as defined in Figure 2.5) and () denotes 

differentiation in time. Hence, the total external work done by the load through the 

beam's deformation is 
rlf 

Wexl = / p(t)Sdt. (4.2.1) 
Jto 

The internal work dissipated by the beam in some increment of time dt 

during the bending response is dW{nt = Mo0dt where 6 is the angle through which the 

midspan plastic hinge or finite segment is rotated. During string response the increment 

in internal work is dWint = NaAdt where A is the extension of the beam caused by 

transverse deflections. Hence, the total internal work dissipated by the beam through the 

plastic deformation is 

Winl = f" Mo0 dt + f1 N0A dt. (4.2.2) 
Jto 'Is 

The beam is at rest at the times tQ and tf. The external work and internal 

work done between these times can therefore be equated to yield 

rlf . fl> . / • ' / . 
/ p(t)Sdt = / Mo0dt+ / NQAdt. (4.2.3) 
ho Jt0 JtB 

Equation (4.2.3) is really just another way of expressing the direct integration of acceler

ations obtained by d'Alembert's principle, as was done in Chapters 2 and 3. As such, this 

equation does not provide the analyst with any new information, but it does conveniently 

and concisely express the energy principles and means of energy input and dissipation 

which govern the motion of the beam, and will prove to be of some benefit in this present 

study. 

4.2.1 B E N D I N G R E S P O N S E 

In Chapters 2 and 3 the final midspan displacement w0f of the beam was 

obtained by direct integration of the accelerations derived from d'Alembert's principle. 
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These expressions for wQ} can be used directly to find rectangular pulses that are equivalent 

to the true ones. 

(a) Medium Loads (pm < 3p„) 

From Equations (3.2.1) and (3.2.2), the final midspan displacement of a 

pinned beam subjected to an arbitrary pulse of medium intensity is 

fp(0 
to. - 1 

where 

Po 

'/ p(t) 

dt, 

Jlo Po 
dt. 

These two equations can be combined to yield the expression 

to 
_ 3Po 

°f 2m 
^tf-tof-ffm{t_to) 

Jto Po 
dt (4.2.4) 

Equation (2.6.16) gives the final midspan displacement of a rectangular pulse. 

Consider the equivalent rectangular pulse with an intensity of p e and a duration of tPe. 

The final midspan displacement due to this pulse will occur at the time t/e = Petpe and 

will be 

where pe = pe/p0. 

If the equivalent rectangular pulse is to cause the same final midspan dis

placement as the true pulse, combining Equations (4.2.4) and (4.2.5) so that (to0 /) e = tv0f 

gives 

PeiPc ~ 1)C = (*/ ~ Q2 ~ 2 f1 52) (* - ta) dt. (4.2.6) 
Jto Po 

With two unknown variables (pe and t p e), one variable can be made dependent upon the 

other by some convenient means, and the independent variable can then be solved from 

Equation (4.2.6). For convenience the nominal impulse / (and hence /?) of the effective 

rectangular pulse can be made equal to that of the true pulse, giving 

Pet, Pe 

ftp 

/ V[t)dt = 
Jo 

(4.2.7) 
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With this relationship, Equation (4.2.6) can be simplified to give the intensity of the 

equivalent pulse as 

I2 

Pe = (4.2.8) 
i2 - pl{tf - 1 0 ) 2 + 2Po //; P(t)(t -10) dt' 

(b) High Loads (pm > 3pa) 

From Equations (3.2.2), (3.2.13), and (3.2.15), the final midspan displace

ment of a beam subjected to an arbitrary pulse of high intensity is 

°' 2m 
3 p 0 fh 

/Voff - i]*-&/V«, 
Jto IPo J 2m J t l 

pit) dt. 

where 

and 

tf = t 
Jto Po 

fhp{t) 
Jtl 3 p 0 

dt 

t2 = h + 

These three equations can be combined to give 

3 P o r\ - rh 

dt. 

™°l ~ o m [}('/ - to? ~ P P~^(t- t0) dt - \{t2 - tx)2 + P ^(t - tl) dt] . (4.2.9) 
l m L Jto Po JlX OPo J 

From Equation (2.6.39) the final midspan displacement of an equivalent rect

angular pulse occurs at the time tft = petpe and is 

Again setting the nominal impulse of the rectangular pulse equal to that of the true pulse, 

Equations (4.2.9) and (4.2.10) combine to give the intensity of the equivalent rectangular 

pulse as 

Pe= < 
4 t0 

3 

lf t3 

3 / -1 0) dt - lit, - to)2 -P-^-it- h) dt + |(«a - tl) 
J Po L J Po L 

\ -1 

(4.2.11) 
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The above equation is valid if the equivalent rectangular pulse is of high intensity (i.e. 

p e > 3). If such is not the case, Equation (4.2.9) must be combined with Equation (4.2.5) 

to yield 

- l 

dt 
J Po " ' " J 3Po^ 

Pe= < 1 GO • , (4.2.12) 

which is valid if p e < 3 and p > 3. 

4.2.2 STRING RESPONSE 

The string response of the beam, although dependent upon the load function 

p(£), can not in general be written strictly in terms of p(i). A closed form method to 

determine the equivalent rectangular pulse is not available as it was for bending response. 

Approximations must be made, and consideration of Equation (4.2.3) can be of benefit. 

In string response, the beam has been assumed in this study to deform in a 

simple sinusoidal profile. In this mode the displaced area of the beam is S = Alw0/% and 

the extension is A = n2w2/8l. Equation (4.2.3) can then be written as 

f'8 • 4/ t%* ftf N IT2 

I p(t)Sdt + -l p(t)w0dt = M08{t.)+I -^-{tv0

2)dt 

2M2 JV>2 / 2 _ M £

2 \ 
Noll-*o(*.)] 91 V 0 / N2)' 

Noting that the final term in the above equation is constant for some predetermined w0/, 

an equivalent rectangular pulse which causes the same final midspan displacement as the 

true pulse must satisfy the expression 

2 M 0

2 

I' - *.('.)]. 
fl» . 4/ fli 2M2 

/ p(t)Sdt + - p{t)Wodt-—f^-

(4.2.13) 
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In the above equation, the term JtJp[t)w0dt can not be determined ana

lytically without actually solving the problem as before. Equation (4.2.13) can only be 

solved approximately. To,,do this, an iterative numerical solution scheme could be devel-

oed. Alternatively one could assume that the distribution of work done on the beam in 

the bending and string phases is roughly the same for the true and equivalent pulses, and 

solve the approximate expression 

Pe P sedt - „t,2M°2, X1 « [''p(t)S dt - „ „ 2 M v „ . 

V e JQ

 e Nc[l - x0(ts)]e Jlo

 FK 1 N0[l - x0(t„)} 

Either of these methods, and perhaps others, could provide reasonably good approxima

tions for the equivalent pulse. However it is readily apparent that these methods are 

ungainly and as potentially tedious as the complete analyses of Chapters 2 and 3. Even 

the closed form results for bending response in Section 4.2.1 are unsettling to the analyst 

looking for a quick approximation of the permanent beam deformations. The use of energy 

methods to eliminate the effect of the pulse shape does not appear promising. 

4.3 Y O U N G D A H L ' S C O R R E L A T I O N P A R A M E T E R S 

Youngdahl [16] has developed correlation parameters to convert an arbitrary 

load pulse to an equivalent ^effective" rectangular load pulse. Youngdahl's procedure is 

a general one, applicable to all forms of pulse loaded structures, but intended only for 

bending response of the structure. 

Youngdahl's effective rectangular pulse has the same true impulse as the 

arbitrary pulse considered. The true impulse /* is defined to be the area under the load-

time relation from the onset to the cessation of deformation, f i.e. 

r = / p{t) dt. (4.3.1) 
Jt0 

The centroid of the considered pulse is at the time tmean defined as 

(4.3.2) 

Note that this definition differs from that of the nominal impulse / in Equation (2.5.1). 
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The effective pulse has the same centroid tmean and hence has the duration tpe = 2tmean. 

As a result of this, the intensity of the effective pulse must be 

Pe = ^r~' (4.3.3) 

In general, the time tf at which motion ceases is not known a priori. Youngdahl assumed 

that in all cases tf is given by 

'/= *°+ f1 

Jto Po 

which is in fact true for bending-only response of the beam and corresponds to Equa

tion (3.2.2). In summary, an arbitrary pulse is replaced by a rectangular pulse with an 

equivalent true impulse and an equivalent impulsive centroid. Notice that the effective 

rectangular pulse's nominal impulse Ie is equal to its true impulse /*. 

Youngdahl asserted that the effective rectangular pulse induces permanent 

deformations that compare well with those derived from arbitrary pulse shapes, especially 

for loads in the medium range (1 < p < 3). In fact, if in the closed form analysis of 

Section 4.2.1(a) the true impulse I* had been held constant instead of the nominal impulse 

/ , Equation (4.3.3) would have been obtained instead of Equation (4.2.8). 

As has been previously stated, Youngdahl's method is intended only for 

bending response of the structure. With little regard for this limitation, the procedure 

was applied to the axially restrained beam problem at hand, string response included. 

The triangular pulse of Section 2.7 was replaced by an effective rectangular pulse as per 

Equations (4.3.1) through (4.3.3) and analysed as in Section 2.6. Because J* is held 

constant rather than / , the /?-value of the effective pulse (/?e) must be {I*/1)2 times the 

/3-value of the true pulse. For example, if the triangular pulse has p < 2, Equation (3.2.2) 

gives the time of final deformation as tf = 2tp(p — l)/p < tp. From Equation (4.3.1) the 

true impulse is /* = 2pmtp(p — l)/p 2 (as compared to / = \pmtp) which is set equal to 

/* and Ie. Hence, fie = (I*/I)2P = [4(p — l)/p2]2/? and this effective impulse parameter 

Pe is used in the subsequent rectangular pulse analysis. The results of this approximate 
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analysis are shown in Figures 4.1 and 4.2 along with the results of the complete analysis of 

Section 2.7. The results are plotted in terms of /?, the non-dimensional impulse parameter 

of the true triangular pulse. Comparison of the two analyses is quite good for this example, 

with discrepancies in the final midspan displacement results limited to about ten percent. 

Though having little basis in theory for the axially restrained beam prob

lem where string response can predominate, Youngdahl's correlation parameters seem to 

provide a quick and tidy means by which the effects of a complex load pulse may be 

approximated. 
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F I G U R E 4.1 Final midspan displacement of a pinned beam subjected to a medium 
intensity triangular load pulse as computed using Youngdahl's corre
lation parameters. 
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F I G U R E 4.2 Final midspan displacement of a pinned beam subjected to a high 
intensity triangular load pulse as computed using Youngdahl's corre
lation parameters. 



RESPONSE OF SINGLY SYMMETRIC BEAMS / 5.2 102 

CHAPTER 5 

RESPONSE OF SINGLY 
SYMMETRIC BEAMS 

5.1 S T A T E M E N T O F T H E P R O B L E M 

Previous chapters have dealt with the response of doubly symmetric beams 

subjected to uniformly distributed pulse loads. In many instances, however, beam sections 

of only a single degree of symmetry such as T-beams and non-symmetric I-beams are 

employed. In this chapter, a beam of singly symmetric cross-section with a mass per 

unit length of m will be considered. As before, the ends of the beam are symmetrically 

supported at the section's centroidal axis with constraints against axial displacements. 

The beam is subjected to a uniformly distributed pressure pulse which acts through the 

beam's axis of symmetry, as in Figure 5.1. The solution to this problem shall proceed in 

a manner similar to that for the doubly symmetric beam — discussion will begin with the 

response of the singly symmetric beam to static loading. 

5.2 STAT IC ANALYS I S 

In Section 2.3 it was shown that the static load capacity of a symmetrically 

supported, axially restrained beam subjected to a uniformly distributed load can be found 
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ir i- w 

p(t)/unit length 

m 

F I G U R E 5.1 Singly symmetric beam subjected to a uniformly distributed pulse load. 

by using Haythornwaite's [11] approximate deformation mode. For small deflections the 

beam responds in the single midspan hinge mode of Figure 2.4(a). The beam retains its 

bending stiffness and the load capacity for a pinned beam is given by Equation (2.3.10) as 

\Po/ pinned \ M o J 

and the load capacity for a clamped beam is given by Equation (2.3.10a) as 

\PoJclamped 2 V M o ) 

As deflections become large the beam responds as a plastic string as in Figure 2.4(b) and 

the load capacities for pinned and clamped beams are given by Equations (2.3.24) and 

(2.3.24a) as 

and 

( P \ = N0w0 

\Po) pinned M o 

( P\ = N0w0 

\Po)pinned 2 M o ' 

As was pointed out in Section 2.3, m and n must be known in order to solve for the load 

capacity, and this requires that the yield curve for the section be defined. 
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^— p / unit length 

20 

3 i : 

10 
centroid- + 

2V 

FIGURE 5.2 Pinned T-beam example. 

Consider for example the pinned T-beam of Figure 5.2. As before, N0 is 

defined to be the axial load capacity of the beam section, which is equal to the beam's 

cross-sectional area multiplied by the beam material's uniaxial yield stress <r0. For the 

T-beam presently considered, N0 = G0ao. Previously, the maximum moment that could 

be carried by the beam was the plastic moment — the moment due to a fully plastic 

stress distribution with the neutral axis at the section's equal area axis. However, in the 

case of an axially restrained, singly symmetric beam, axial forces can be induced and a 

larger moment — one due to a fully plastic stress distribution with the neutral axis at the 

section's centroidal axis — can be carried. This latter ultimate moment shall hereafter be 

defined as M0. For the present T-beam example, MQ = 162<r0 while the plastic moment is 

only 135<r0. The beam will not begin to deform until the ultimate moment M0 is reached 

at the midspan section, which for the pinned beam considered here will occur at the static 
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collapse load pa = 2Ma/l2. The yield curve for this section is defined by 

5 
m = < 

( l - 4 n - 5 n 2 ) , i f n<-l/3; 

-^(3- 2 n - n 2 ) , i f n>-l/3, 18 
(5.2.1) 

where, as before, n = N/Na and m = M/MQ. Equation (2.3.12) states the flow rule to be 

M06ip dm _ ^ 
N08e dn 

where, for the single midspan hinge mode, 6e/8rp = 6 A/69 = w0. Inserting the interaction 

relation into the flow rule yields 

n = 

9 {N0w0\ 2 : F N ^ N0w0 ^ 10 
50 V Mo ) ^ ~ M0

 S 27' 

5 V Ma J ' 
10 i V ^ < 10 (5.2.2) 

and 

m 
100 V M0 ) ' - M0 -27' 

10 9 (N0xv0\2 

.9 10 V M 0 ; ' 11 
10 J V > 0 10 

S 9' 
(5.2.3) 

27 M 
Combining these results with Equations (2.3.10) and (2.3.24) gives the static load capacity 

of the T-beam as 

Po = < 

V M J + 100 V M0 j ' L F ° - M 0 ̂27' 
10_ i V ^ 9 
9 M 0 10 
Mn 

(Now0\2 

\ Mo) ' 
10 JV„tu„ 

j£ ^ o o 27 < < 10 9"; 
(5.2.4) 

•f NQWQ > 1°. 

It was demonstrated in Section 2.3.3 that the yield curves of doubly sym

metric beams could be adequately approximated by linear relations. The same is true for 

singly symmetric sections. The yield curve of the T-beam presently considered can be 

approximated by linear segments connecting nodes at (n,m) = (—1,0), (n,m) = (—§, 1), 
and (n,m) = (1,0). Figure 5.3 shows this linear approximation along with the section's 

true yield curve. From consideration of the flow rule it is seen that the stress state of 
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a plastic section must always be at one of the nodes. As a result, (n,m) = (—|, 1) for 

0 < N0wo/Mo < 5/7 and (n,m) = (1,0) for N0w0/M0 > 5/7. Putting the first stress state 

into Equation (2.3.10) and the second into Equation (2.3.24), the static load capacity of 

the T-beam (as approximated by the linear interaction relation) is found to be 

(5.2.5) 

The static load capacity of the pinned T-beam is plotted in Figure 5.4 for 

both the true interaction relation and the linear approximation. The load capacity as 

computed using the approximate linear interaction relation is slightly smaller than that 

computed using the true relation for small deflections (Now0/M0 < 1), but the two results 

are identical for larger deflections. The use of a linear interaction relation provides a good 

estimate of the load capacity of the T-beam of Figure 5.2 and should do so for any singly 

symmetric beam. As was the case for doubly symmetric beams, linear interaction relations 

can be used to advantage in the dynamic analysis of singly symmetric beams. 

5.3 RESPONSE TO BLAST-TYPE PULSES 

The dynamic response of singly symmetric, axially restrained beams sub

jected to uniformly distributed pulse loads will now be studied. In deriving the differential 

equations of motion of the singly symmetric beam the assumptions of Section 2.2 will again 

be made. Since it was shown in Chapter 3 that the effect of finite load rise time is small, 

pulses will henceforth be of the so-called blast-type. Furthermore, the yield curves of singly 

symmetric sections will be approximated by linear interaction relations as in Section 5.2. 

The dynamic analysis of singly symmetric beams is then similar to that of doubly sym

metric beams. There is, however, one significant difference in the analyses. The response 

of singly symmetric beams does not uncouple to include a phase of pure bending response 
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FIGURE 5.3 True and approximate linear yield curves for the T-beam. 
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Linear Interaction 

True Interaction 

I ' ' 1 1 >——' ' 1 1 1 1 r—< • • ! 
0 1 2 3 4 

N0w0/M0  

F I G U R E 5.4 Static load capacity of the T-beam. 



RESPONSE OF SINGLY SYMMETRIC BEAMS / 5.3 109 

for small displacements, but instead includes a response phase of combined bending and 

axial load resistance. 

5.3.1 C O M B I N E D B E N D I N G A N D S T R I N G R E S P O N S E 

The linear yield curves of typical singly symmetric beam sections are shown 

in Figure 5.5. The initial response of the beam will be such that the bending moment in 

fully plastic sections will be equal to the ultimate moment MQ and the axial force will be 

equal to X2N0 where A is a dimensionless measure of the symmetry (or non-symmetry) of 

the beam. Consideration of the flow rule shows that the above stress state exists for the 

range of values 

1 - A 2 ^ ( 5 3 1 ) 

It is recalled that, if the beam deforms in the single midspan hinge or travelling hinge 

modes of Section 2.4.1, 8e/8xp = wa for pinned beams and 8e/8ip = w0/2 for clamped 

beams. Hence, the small displacement phase during which the beam exhibits both bending 

and string resistance exists while 

for pinned beams and 
2M„ 

* Njr=*) (5-3-2a) 

for clamped beams. 

(a) M e d i u m L o a d s (p0 < pm < 3p0) 

When subjected to load pulses of medium intensity a pinned beam will be 

assumed to deform with a single midspan hinge as did the doubly symmetric beam. It is 

recalled from Sections 2.3 and 2.4 that for a virtual midspan displacement of 8wa there will 

be a corresponding virtual hinge rotation 89 = 8w0/l and a virtual extension 8A = w069. 

The work dissipated in the plastic hinge through the virtual deformation is 

8Winl = M69 + N8A 

= ( M 0 + X2N0w0) 89. (5.3.3) 
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F I G U R E 5.5 Typical singly symmetric beam sections and their associated yield 
curves. 
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Equation (2.4.5) will again give the external work done through the virtual deformation 

as 

6Wexl = \p{t)l2 - \ml2w0 86, 

and equating the internal and external virtual work gives 

Mi) 
2m 

Making the substitution M0 = kpal2 yields the differential equation of motion 

3 A2 AT, 
m 
——U) = — 
I2 0 2m 

P(0 - Po (5.3.4) 

In the case of a clamped beam, the internal virtual work is 8Winl — {2M„ + 

X2N0w0) 56 and M0 = \pal2. It can be shown that the resulting differential equation of 

motion for a clamped beam is identical to that for a pinned beam. 

If the beam is initially undeformed and at rest, the motion resulting from a 

blast-type pulse will be governed by the initial value problem comprised of Equation (5.3.4) 

and the initial conditions two(0) = ti>o(0) = 0. The solution of this initial value problem 

will be of the form 

w0(t) = A cos + «%(<)» 

where A and B are constants to be determined by the initial conditions and tv0p{t) is the 

particular solution unique to the loading function p(t) — p0. If, as in Figure 5.5(a), the 

section centroid lies above the section's equal area axis, the value of A 2 is positive and the 

midspan displacement is given by 

»,(«) = Acos V̂ F) +
 B s i n (TV^") + W*®' (5-3'5) 

On the other hand, if the section centroid lies below the section'3 equal area axis as in 

Figure 5.5(b), the value of A 2 is negative and the midspan displacement is given by 

w0{t) = A cosh I t\l3No[^ 1 + Bsinh 
ml 

(5.3.6) 
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As was discussed in Section 2.3.1, the single midspan hinge deformation 

mode is not strictly correct when axial load is present in the beam. Although the assumed 

mechanism is kinematically admissible and equilibrium has been satisfied along the length 

of the beam, the presence of axial load causes the stress state at some point in the beam 

to lie outside of the yield curve, violating the plasticity condition. However, in Section 2.3 

it was also shown that the load capacity of a beam does not vary greatly with differing 

(though kinematically admissible) deformation mechanisms. Response of the beam in this 

mode is then only an approximation of the true response of a rigid-plastic beam, but, in 

light of the approximations already made in the analysis, this does not seem unreasonable. 

(b) H i g h L o a d s (pm > 3p0) 

When subjected to load pulses of high intensity, a beam will be assumed 

to deform with a flat midspan plastic segment bounded by two travelling hinges as did 

the doubly symmetric beam. This deformed configuration was shown in Figure 2.17, and 

kinematically admissible velocity and acceleration fields were given in Equations (2.4.8a,b). 

On the flat midspan plastic segment (0 < x < x0) the bending moment is 

constant and equal to M0 which requires the shear to be zero. The axial load N = X2Na acts 

in a horizontal direction, and vertical equilibrium must be satisfied by p(t) — mw0(t) = 0. 

Therefore, Equations (2.4.9) and (2.5.4a,b) again give the midspan response as 

p(0 

> ™ 

m 
ft 

">o(0 = / ~- dr, 
Jo ™ 

Jo m 

As was pointed out in Section 2.4, the rigid end segments of a beam under 

a high load are similar to the rigid halves of a beam under a medium load. Taking 

Equation (5.3.4) and replacing / with (/•— xa) and tu0 with tw0 + x0w0/(l — xa) yields 

x0w0 3X2N0w0 3M„ _ 3p(t) 
W o + l-xa

 + m(l- xQ)2 + m{l - x0)2 ~ 2m' 
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Inserting the above expressions for w0,w0 and wQ into Equation (5.3.7) and rewriting M0 

as \p0\2 results in a differential equation for the hinge position xa: 

on r u , vm-xo)2 3 P o / 2 6A2ATo /0'p(f)(< - r) dr 
—l[l — x0)x0 H —. = —. 1 • —. . 

tiv{r)dr tip(r)dr m / o<p( r ) a V 

Making the substitution £ 0 = / — x0, the differential equation reduces to 

(c>) i t

 p { t ) (Co2) = —3p°/2 1 6 X 2 N ° ^ p { T ) { t ~ T ) d T 

for which the solution is 

+ 
!oP(r)dr m fQp{r)dr ' 

/ 0p(r)rfr L ™MoJ0 J 

and, hence, 

xa(t) = / l l ( 3p0 

/o P(T) dr 
t + (5.3.8) 

For a clamped beam, equilibrium of a rigid end segment gives the equation 

6M„ 3p(f) 
(5.3.7a) 

° / - x0 m{l- x0)2 m{l - x0)2 2m " 

Because the midspan plastic segment is fiat the midspan acceleration is again u)0(t) 

p(t)/m. Recalling that for a clamped beam Ma = \pal2, it is found that 

xa(t) = Ul-I 1 - \ i l ^ \ t ^ f p i r ) { t - r ) 2 d r } \ . 
\ UoP(r)dr[ 2mMoJ0

y(jy JJ (5.3.8a) 

The hinges will meet at midspan at the time t = t2 f ° r which x0(t2) = 0. 

After this time the beam can be assumed to once again deform in the single midspan 

hinge mode according to Equation (5.3.4) and the initial conditions at time t2. Midspan 

displacement can again be written in the form of Equation (5.3.5) or (5.3.6) but with t 

replaced by t — t2. 

As was the case for medium loads, the assumed mechanisms herein are in

correct when axial load is present — the plasticity condition is violated at some point in 
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p(t) 

mw(x,t)-dx 

dx » 

F I G U R E 5.6 Free body diagram of a curved plastic beam segment. 

the beam. However, as was discussed earlier, the assumed mechanisms should provide a 

very good estimate of the beam response. 

There exists another flaw in the assumed deformation mode for high loads. 

It has been assumed that the midspan plastic segment is flat. But if A 2 < 0 there is a 

possibility that the hinges will travel outward, even for a blast-type pulse. The midspan 

plastic segment would then have a curved shape near the hinges and would be flat only 

along 0 < x < xo(0) = 1(1 — \/3/p). If, however, the free body diagram of a portion dx of 

the beam in the curved plastic segment is considered (Figure 5.6), vertical equilibrium of 

the beam increment gives 

d2w ll2 „ ,d2w 

The beam will have negative curvature (i.e. d2w/dx2 < 0) in the curved segment so that 

ib(t) > p(t)/m. The displacements in the curved segment will catch up with those in 
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the flat segment, curvature will decrease in magnitude until it approaches zero, w(t) will 

decrease until it approaches p(t)/m, and the plastic segment approaches a flat shape. The 

assumption of a completely flat plastic segment, though not always aesthetically satisfying, 

does seem to be a reasonable approximation to the true deflection profile, and will greatly 

simplify the analysis. 

5.3.2 S T R I N G R E S P O N S E 

As the beam displacements become large, the stress state of the beam along 

its entire length becomes (n, m) = (1,0), as was the case for doubly symmetric beams. 

The differential equation of string response of a singly symmetric beam is then identical 

to that of a doubly symmetric beam, and given by Equation (2.4.16). Hence the motion 

of the beam is governed by the initial value problem 

.. , N0ir 
Ami2 

Ap(t) 

Trm 

(* \ _ / M0/N0(l — A 2), for a pinned beam; 
'o{t'} - \ 2MJN0{\ - A 2), 

f y/2JZw0{t-), 

for a clamped beam, 

if Pm < 3p0 or tt > t2; 

\ ^ [ 1 + 2x0(t„)/l} w0(tj), if pm > 3Po and *, < t2. 

The solution to this problem will again be of the form 

v>0(t) = A cos 
mMn 

0 -«.) + 5 sin 
* p0N0 

2 V mMn 

+ wap(t) 

where A and B are determined by the initial conditions at time ts and u>0p(t) is the 

particular solution unique to the load function p(t). 
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CHAPTER 6 

CONCLUSION 

6.1 SUMMARY OF RESULTS 

The deformation response of symmetrically supported, axially restrained beams subjected 

to uniformly distributed pulse loads has been studied, leading to the development of an 

analytical procedure to predict the character and magnitude of such response. Beams 

to be analysed by this procedure must be at least singly symmetric and must be loaded 
!> 

through an axis of symmetry. The procedure is based upon the assumption that the 

beam material can be approximated as behaving in a rigid-perfectly plastic manner. The 

governing equations of motion have been derived from variational statements consisting of 

the principle of virtual work and d'Alembert's principle, and include the effects of finite 

geometry changes. 

From the static analysis of axially restrained beams it has been found that 

the yield curve of a beam section may be replaced by a linear approximation thereof 

to obtain a good estimate of the beam's load capacity. Incorporating the linear yield 

curve approximation in a dynamic analysis of an axially restrained beam resulted in the 

uncoupling of the response into two distinct phases — an initial small deflection phase 

in which the beam retained bending resistance and deformed as a mechanism formed by 
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plastic hinges, and a subsequent large deflection phase in which the beam had no bending 

resistance and deformed as a plastic string. The results of such an analysis for a rectangular 

beam subjected to a rectangular load pulse compared well with the results of a previous 

solution by Vaziri [10] which used the true quadratic yield curve. 

The linear yield curve approximation further resulted in linear differential 

equations of motion, and the response to load pulses of general load-time history could 

be solved in closed form. Blast-type pulses of triangular shape were found to induce 

significantly different permanent deflections in a beam than did a rectangular pulse. On 

the other hand, the effect of finite rise time of a triangular pulse's load intensity was 

found to be small if the rise time was less than about twenty to thirty percent of the 

pulse duration, suggesting that a considerably simpler blast-type pulse analysis would be 

adequate for such situations. 

A procedure developed by C K . Youngdahl [16] was used to convert a pulse of 

triangular shape to an "effective" rectangular pulse. The permanent deformation was then 

determined for this effective pulse and used as an estimate of the permanent deformation 

due to the triangular pulse. The results for the effective rectangular pulse were similar to 

those for the triangular pulse and were much more easily obtained. Evidently, the use of 

Youngdahl's procedure combined with the analysis of a rectangular pulse developed herein 

can provide a quick, simple solution to the permanent deformation of a dynamically loaded 

beam which is amenable to hand computation. 

6.2 L IM ITATIONS OF T H E T H E O R Y 

It would seem that the problem of pulse loaded, axially restrained beams 

has been solved. While to some extent this is true, the analysis developed herein has its 

basis in a number of simplifying assumptions and omissions which limit its applicability 

and validity. 
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The beam material is modelled as obeying a rigid-perfectly plastic type of 

stress-strain relation. The effects of elasticity of the beam are ignored on the assumption 

that they are much smaller than the effects of plasticity. This assumption is correct when 

the energy absorbed by the beam in plastic deformation is much larger than the strain 

energy absorbed in elastic deformation and the duration of the load tp is a fraction of 

the beam's fundamental period of elasic vibrations. If these conditions are not satisfied, 

the elastic response of the beam can become significant. While the analysis of the plastic 

response of the beam would still be essentially correct, the influence of elasticity may 

become very large and hence become the governing effect of the beam response. Load 

pulses of low intensity or long duration are likely to induce significant elastic response of 

the beam. 

The yield stress of a material can increase with the amount of strain and 

the rate of strain imposed upon the material. These phenomena are known as strain 

hardening and strain rate sensitive behaviour, respectively, and structural steel exhibits 

both. The analytical procedure of this study takes neither phenomenon into account. 

Strain hardening of the beam material is generally regarded to have little effect on the 

permanent deformation response of the beam. Yield stress is usually increased by less than 

ten percent due to strain hardening, and only increased during the final stages of beam 

response after most of the deformation has occurred. The exclusion of strain hardening 

from the analysis should cause little concern. On the other hand, strain rate sensitive 

behaviour can have a large effect on the response of a steel beam. At high rates of strain 

(such as are encountered by impulsively loaded beams) hot rolled steel can exhibit yield 

stresses that are two or more times the static yield stress. Perrone [17] has suggested a 

simple, seemingly accurate means by which strain rate sensitive behaviour can be accounted 

for in a rigid-plastic analysis such as this. 

This study does not take the effects of shear into account. Transverse shear 

forces seem to have a greater influence on the dynamic response of beams than on the 
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static response. Shear can interact with moment and axial load to cause a section to yield 

and can induce plastic deformations by way of shear sliding, as discussed by Symonds [18]. 

Although Symonds and others have shown that the effects of shear are usually unimportant 

for compact (e.g. rectangular) sections, shear can have a significant effect on the response 

of beams of non-compact section (e.g. I-beams, T-beams) which have relatively high ratios 

of moment capacity to shear capacity. As might be expected, the effects cf shear diminish 
i 

with increasing beam span. 

Development of this study's solution for beam response has been facilitated 

by the use of linearized yield curves. The linearized yield curves inscribe the true yield 

curves. As a result, the overall section capacity has been reduced and the beam has been 

softened. 

Most significantly, failure of the beam due to tensile tearing or shearing at 

the supports has not been considered. The beam material has been assumed to be infinitely 

ductile and, as noted previously, shear effects have been disregarded. Jones [19] derived 

critical velocities induced by impulsive loads which will lead to such failures in clamped 

rigid-plastic beams. His analysis might be used to provide rough estimates of such critical 

velocities for the presently considered dynamically loaded beams, or might be used as the 

basis for a more rigorous analysis. 

Considering the neglected phenomena and simplifying assumptions men

tioned above, it is impossible to assess the results of this study as conservative or non-

conservative. Yet an analysis which retained all these phenomena would be unwieldy and 

perhaps unnecessary. Future investigation of their effects might best be done by numerical 

methods. If deemed appropriate the effects might then be incorporated to extend the solu

tion herein. In the meantime, however, the results of this study should provide reasonably 

accurate estimates of the deflection response of dynamically loaded beams, and should be 

suitable for preliminary design of such beams. 
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