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Abstract

A nonlinear analysis of pneumatic membrane structures loaded by wind, taking into ac-
count the fluid-structure interactions, is presented here. The analysis comprises two parts:
the flow part which is solved using a boundary element procedure and the structures part
which is analysed with a finite element approach. These two numerical techniques are then
coupled to capture the effects of the fluid-structure interaction in the analysis.

The wind is represented by potential flow and thus Laplace’s equation gov-
erns. The boundary element method employed in the analysis, features moving singularities
of the fundamental solutions. The singularities are placed on an auxiliary boundary lo-
cated outside the domain of interest. Results from solved examples show the technique to
be highly accurate for the computation of wind loads. The method is however, nonlinear
with the nonlinearity occuring in the determination of the auxiliary boundary.

The membrane, assumed to be perfectly flexible and to exhibit only exten-
sional rigidity, is modeled by a small strain-finite deformation theory. A Galerkin finite
element approach is formulated for the analysis of two-dimensional pneumatic membrane
structures. The analysis is based on an infinitely long cylindrical membrane with an ini-
tially circular cross-section. For three-dimensional pneumatic membrane structures, the
analysis is accomplished with a continuum mechanics-based incremental finite element for-
mulation using a convected coordinate description. The metric tensor for any deformed
configuration is derived and from this, a consistent measure of deformation is obtained.
In both analyses, the governing finite element equations are solved via Newton-Raphson
iteration with an ‘automatic’ line-search scheme.

A pertubation technique is developed to check the accuracy of the proposed
two-dimensional finite element analysis for low wind speeds. At higher wind speeds, com-
parison with available solutions are made. To assess the performance of the proposed
three-dimensional finite element analysis, a square membrane and a cylindrical membrane
are analysed. Good agreement with published results is observed.

Having established the accuracies of the boundary element and the finite
element methods on independent flow and structures problems respectively, interactive
~ analysis is then carried out. Two pneumatic membrane structures are analysed: an in-
finitely long cylindrical membrane as a two-dimensional example, and the air-supported

roof of the BC Place Stadium as a three-dimensioqal example.
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CHAPTER 1

Introduction

1.1 PROLOGUE

Membrane structures, commonly use air pressure differential to stiffen or stabilize the
membrane, resulting in a structural shape as shown in Figure 1.1. The structural envelope,

being supported by air, permits large areas to be spanned with the minimum amount of

PNEUMATIC MEMBRANE STRUCTURE

(Finite Element Method)

Pw
(aerodynamic Pressure)

WIND — POTENTIAL FLOW
(Boundary Element Method)

Pa
(Internal Pressure)

FIGURE 1.1 Wind Loads on a Pneumatic Membrane.
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vmaterial. It combines the inherent strength of the material acting as a membrane in
tension! with the structural efficiency of a shell. Hence, pneumatic membrane stfuctures
are probably the most efficient structural forms available to date. In recent years, this has
resulted in an increase in the construction of very large pneumatic membrane structures
such as air supported roofs for stadiums.

A major design problem for these structures is their response to moving loads
like those due to wind. It is not uncommon for pneumatic membrane structures to deform
visibly under wind loads and in fact, many of them have been severely daina‘ged by wind.
The main difficulty here is to obtain an accurate description of the action of wind on these .
structures. Designers generally rely on solutions based on rigid versions of these structures.
In this approach, the wind load is described by pressure coefficients obtained empirically
in wind tunnel experiments and used together with the known velocity field of air in free
space. The structural deformation, however large, is assumed to have no effects on the
aerodynamic pressure variation. In other words, the wind loads are computed as though the
structure is perfectly rigid. This may result in the wind loads being grossly underestimated.
Sophisticated computer programs based on such rigid models and incorporating both static
and dynamic analyses have been developed (Mérris 1975).

A flexible membrane as explained, will deform quite substantially and the
large structural motion must distort the wind velccity field. Thus an accurate determina-
tion of wind loads is only possible by resorting to the interaction between the structure and -
the wind. In the state-of-art report on pneumatic membrane structures by the ASCE Task
Committee on Air Supported Structures (1979), it concluded that the behavior of pneu-
matic membrane structurés subjected to wind loads can be significantly different from that
of rigid structures. From this point of view, one can say that the literature presently avail-
able is inadequate. It is the objective of this thesis to make a contribution in overcoming
this deficiency by formulating an interactive structural analysis of pneumatic membrane

structures loaded by wind.

! The material from which pneumatic membranes are made usually possesses little or no bending stiffness.
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1.2 LITERATURE REVIEW

The British engineer, Frederick Lanchester (1917) appears to have been the first to intro-
duce the concept of air supported structures. The basic principles of pneumatic membrane
structures were proposed in his patent for a field hospital. In a lecture on long span struc-
tures, Lanchester (1938) mentioned the potential of pneumatic membrane structures for
enclosing large areas like those in aircraft hangers and sports arenas. Unfortunately, Lanch-
ester was not able to realize the achievements of his designs. This was attributed to the
lack of suitable materials and construction techniques necessary to accomplish these pro-
posals (Dent 1971). During thé Second World War, attempts to advance the developments
of pneumatic membrane structures were made by Herbert Stevens (1942), an American
engineer, with a design proposal to house the manufacture of aircraft. The fulfilment of
Lanchester’s ideas came in the late forties when Walter Bird (1967) built many pneumatic -
membrane structures, mainly of spherical or cylindrical shapes. Frei Otto (1962) presented
in his book several very imaginative pneumatic forms and applications. By the late sixties
with an increasing interest generated by these developments, the first International Sym-
‘posium on pneumatic membrane structures was organised in Stuttgart, Germa.ny in 1967.

The construction of very large pneumatic membrane structures originated
with the air-supported roof by David Geiger (1970) at the 1970 Exposition in Osaka,
Japan. Since then, several large stadiums with air-supported roofs have been built in
North America. Take for example, the BC Place Stadium in Vancouver, British Columbia,
was completed in 1984. Such large structures fully exploit all the advantages associated
with pneumatic membrane structures.

The first significant analytical treatment of the finite deformation analysis
of membranes was presented by Adkins and Rivlin (1952) using the neo-Hookean and
Mooney forms of strain energy function. Further work on this classical approach based

on membrane shell theory has been given in Klingbeil and Sheild (1964), Hart-Smith and
Crisp (1967) and Green and Adkins (1970).
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With the advent of high-speed computers, numerical methods based on fi-
nite element modelling became the main tools of analysis. Becker (1966) solved the prob-
lem of finite in-plane deformation of elastic sheets subjected to prescribed conditions.
Oden (1966, 1967), Oden and Kubitza (1967), Oden and Sato (1967) presented several
solutions on the finite deformation analysis of elastic membranes using constant strain
triangular elements. An excellent summary is given in Oden’s book (1972). Employing a
convected coordinate description approach, Haug and Powell (1972a) analysed problems
of large displacements but small strains, using warped isoparametric quadrilateral mem-
brane elements with straight sides. Dynamic response investigation of membranes have
been reported by Oden, Key and Frost (1974) using constant strain triangular elements,
by Benzley and Key (1976) using cubic quadrilateral elements and by Morris (1981) using
a finite difference approach. Morris (1981) also attempted a random vibration analysis of
flexible roofs in wind and approximated the aerodynamic pressure by a stationary Gaus-
sian process. Stability analyses of pneumatic membrane structures have been presented by
Malcolm and Glockner (1978, 1981), Ahmadi and Glockner (1983, 1984) and Lukasiewicz
and Glockner (1983). Their investigations are however, restricted fo ponding instability
of cylindrical and spherical air supported membranes.

Ross (1970) and Uemura (1972) reported some results on the large mem-
brane deforrhations of cylindrical pneumatic structures under wind loads. Their analyses
are however, based on rigid structure modelling and hence there is no wind-structure
interaction. In the field of interactive analysis of wind-loaded pneumatic membrane struc-
tures, very few published results are available. In an attempt to overcome this deficiency,
Kunieda, Yokoyaina and Arakawa (1981) presented some solutions obtained from an in-
teractive analysis of cylindrical membrane structures subjected to wind. They introduced
simple flow models capable of reproducing flow separation and wake formation to predict
the wind loads. Their results indicated a maximum difference of 4% in the deflection

response between a real fluid model and an inviscid fluid model of the wind.
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1.3 SCOPE OF INVESTIGATION AND THESIS LAYOUT

As mentioned earlier, the objective of this thesis is to develop a method of analysis for
wind-loaded pneumatic membrane structures, taking into account the fluid-structure inter-
actions. This proposed interactive analysis is carried out in {wo parts: solution to the flow
part and solution to the structures part. A boundary element scheme is used to solve the
flow problem, while a finite element procedure is employed in the solution of the structures -
problem. The performances of both these techniques are assessed on independent flow and
structures problems with known solutions. Having established satisfactory accuracies, the
boundary element program and the finite element program are then coupled to produce
the interactive results. This is done as follows: The wind loads are computed based on an
assumed membrane profile in the flow analysis. With the loading known, a new membrane
profile is then obtained from the structural analysis. Wé then go back to the flow analysis
to compute new wind loads based on the new profile. This iterative process is contin--
ued until an equilibrium profile consistent with the wind loading is attained. Two and
three-dimensional pneumatic structures are analysed in this manner. Thé thesis layout is

arranged in this manner:

a) Chapter1 — Introduction

b) Chapter 2 — Two and Three-Dimensional Boundary Element Analyses
c) Chapter3 — Two-Dimensional Finite Element Analysis

d) Chapter 4 — Three-Dimensional Finite Element Analysis

e) Chapter 5 — Summary and Conclusions

1.3.1 THE FLOW ANALYSIS

Here we are interested in computing the wind loads acting on the membrane for any
deformed configuration. To model the wind, potential flow is assumed and hence, Laplace’s

equa.tidn governs. The boundary element scheme used, features moving singularities of the
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fundainental solution. This method was first introduced by Mathon and Johnston (1977)
and a subsequent variation was reported by Han, Olson and Johnston (1984).

Unlike conventional boundary element methods where the singularities are
located on the boundary of the problem, the singularities here, are placed on an auxil-
iary boundary located outside and encompasses the domain of interest. This is done to
avoid singular integrals and to improve on the accuracy of the computed derivatives. Also,
by allowing the singularities to move, we realized yet another advantage. Unlike conven-
tional boundary element methods which require the same number of singularities as the -
number of boundary elements used, here the number of singularities required can be sig-
nificantly reduced. The determination of the auxiliary boundary is done via the Galerkin
minimization criterion. The discrete least square criterion has also been used to generate
the auxiliary boundary. See for example, Johnston, Fairweather and Han (1984). Thus
by allowing the singularities to move freely until they attain optimum positions, a highly
adaptive and accurate method for computing wind loads is realized. However, the price
one pays for this feature is that the resulting boundary element equations are nonlinear,
with the nonlinearity occuring in the determination of the coordinates of the singularities.
This nonlinearity is not seen as a major handicap as good algorithms for solving systems of
nonlinear equations are readily available (see Powell (1970), Hopper (1973), Blue (1976),
More (1977) and Blue (1978)).

The details of the foregoing formulation are reported in Chapter 2. Some of

" the examples used in the numerical experimentation are: deflection of a stretched mem-
brane, flow past a rigid circular cylinder, heat conduction in a rectangular prism and flow
past a rigid sphere. Their analytical solutions served as the basis of comparison for the

boundary element results. The agreement obtained is excellent.

1.3.2 THE STRUCTURAL ANALYSIS

In this section, we are interested in computing stresses and deformations in the membrane.

The analysis is based on a small strain-finite deformation theory. The membrane, whose
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self-weight is considered small compared to the iﬁternal pressure, is assumed to be perfectly
flexible and exhibits only extensionall rigidity. The differential equations of the structural
analysis are then solved via a finite element technique using Newton-Raphéon iteration
with line search. The line search parameter encountered ranges from 0.2 to 0.6. The
structural analysis can be convéniently grouped into two categories, namely, two and three-
dimensional pneumatic membrane structures. |

In Cb_apter 3, the solution of two-dimensional pneumatic membrane struc-
tures are reported. An infinitely long pneumatic ‘cylindrical membrane whose cross-section
is initially circular and subjected to a uniform wind blowing from the broadéide is con-
sidered. This results in a second-order integrodifferential equation which is solved via a
Galerkin finite element procedure as shown in Olson and Han (1984).

To check the accuracy of the finite element results at low wind speeds, a
perturbation technique is developed. The perturbation parameter, € used here, is defined
as the ratio of a characteristic membrane displacement to thé diameter of the cylinder.
For moderate to high wind speeds, the finite element results are compared to the solutions
of Uemura (1972). Good agreement is observed in both cases. "To avoid unnecessary
complications, the fluid-structure interactions have not been included in these checks.

In Chapter 4, we describe the analysis of three-dimensional pneumatic mem-
brane structures. Solution to the structural deformations is obtained through a contiuum
mechanics-based incremental finite element formulation using a convected coordinate de
scription. In this description, the coordinate system displaces and deforms with the body
such that the coordinates of a point on the body remain unchanged. The metric tensor for
any deformed configuration is derived and from this, a consistent measure of deformation is
obtained. Since the deformation, however large, is assumed to be of the small-strain type,

- linear constitutive law becomes applicable. Expressions for the elastic and geometric stiff-
ness matrices and the unbalanced loads are presented. An unsymmetric stiffness matrix
arising from the follower-load nature of the external loading has also been incorporated

into the analysis.
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The membrane element used is a warped isoparametric quadrilateral element
given by Haug and Powell (1972a, 1972b). This element formed by straight boundaries,
is warped in space. It has 12 degrees of freedom and is defined with respect to a non-
orthogonal convected coordinate system.

To assess the accuracy of the porposed formulz;tion, a square membrane and
a long éylindrical membrane are analysed. Here again‘,b for simplicity, the fluid-structure
interactions are ignored. The solutions are checked against published results and good

agreement is observed.

1.3.3 THE INTERACTIVE ANALYSIS

By coupling the two numerical methods in the manner discussed earlier, we generated
some interactive results. All results pertaining to the two-dimensional pneumaﬁc mem-
brane structures are reported in Chapter 3, while those belonging to the three-dimensional
pneumatic membrane structures are given in Chapter 4. An infinitely leng cylindrical mem-
brane is cbnsideréd in the former while the air-supported roof of the BC Place Stadium,
in the latter. They are also discussed in Olson and Han (1984), and Han and Olson (1986)
respectively. Since the accuracies of the boundary element method and the finite element
method are assessed on independent flow and structures problems respectively and good

agreement is attained, we believe that the coupled results are just as accurate.

1.4 NOMENCLATURE

Commonly used abbreviations like i.e.(that is), Lh.s.(left hand side) and r.h.s.(right hand
side) are adopted in this thesis. All ofher notations will be defined where they first ap-
pear. In the two dimensional formulation where a rectangular cartesian coordinate system
is adopted, the notations will closely follow those given in Flugge (1973). Thus N,, Ny, N,
denote membrane stress resultants; ¢,, €4, 7,4 for membrane strains and so on. In the three
dimensional formulation where a convected coordinate description is used, the notations

will follow as close as possible those given in Green and Zerna (1968).. Hence Greek indices
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Hence Greek indices are reserved for surface quantities and only take the values 1, 2
while all lower case Latin indices take the values 1, 2, 3 and all uppér case Latin in-.
dices, the values 1, 2, 3,---, 12. In addition, the upper case calligraphic indices will take
values 1, 2, 3, 4. The summation convention for repeated indices applies unless indicated
otherwise. Also it should be pointed out that since different types qf indices sum to differ-
ent range of values, it does not make sense to sum over repeated indices of different types.

To illustrate the use of different types of indices, consider the following examples:

dr = a, df° = a, d¢* + a, d§?

r=1'g =z'g +1g+1 g

r

MG =M+ M G+ MG+ + M2y
y'= N yy=N'yi+ N’y; + Ny + N'y}

One problem that was encountered in présenting the continuum mechanics relations for the
finite deformation analysis was the need of an effective notation. Since we are dealing with
so many quantities simultaneously, it is essential that the symbols used, should display-
a.ll.the necessary information in a compact and easy to read manner. Thus the following
nomenclature has been adopted. A left superscript, symbolized exclusively by v, indicates
the configuration in which a quantity is referred to, while a right superscript and subscript
would denote a tensorial quantity unless mentioned otherwise. A zero left superscript is
reserved for the undeformed configuration. Incremental quantities are shown without left

superscripts. For example,

0. This quantity occurs in the undeformed configuration 0. The indices 1,7
as shown denote the quantity is a mixed second order tensor.

1 This quantity occurs in the deformed configuration 1. The indices 1,
as depicted show the quantity is a covariant second order tensor.

This is an incremental quantity. The indices indicate
the quantity is a contravariant second order tensor.



CHAPTER 2

Two and Three Dimensional
Boundary Element Analyses

2.1 INTRODUCTION

The boundary element method is now a well-established technique for the approximate
'solution of differential equations. The method employs a funda.rhental solution of the
differential equation to reformulate the problem as an integral equation on the boundary.
The generation of this boundary integral equation is usually accomplished by locating the
singularitiesvof the fundamental solution on the boundary. The equation is then discretized
by boundary elements and the resulting finite syétem of singular integrals is evaluated to
yield a system of algebraic equations. This proceduré of locating the singularities on the
boundary presents some serious drawbacks. For example, special attention. is required to
evaluate accurately the singular integrals in the neighborhood of the singularities. Another
is that, the accuracy of the computed derivatives on the boundary is generally very poor. |
A simple solution would be to ensure that the boundary nodes and the singularities are
not located on the same boundary.

Kupra.dze (1967) prpposed locating the boundary nodes on an auxiliary -
boundary enclosing the original boundary. This approach however, has some difficulties.
Christiansen (1967) has shown that with this method, the solution may not be unique
and that the location of the auxiliary boundary must be chosen carefully to yield accu-
rate results. Oliveira (1968) suggested moving the singularities rather than the boundary

10
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nodes onto the auxiliary boundary. Patterson and Sheikh (1981) also presented similar
proposals. There is however, a difference between these two suggéstions. In the former,
the integration of the kernel function is carried out with respect to the auxiliary boundary
while in the latter, the integrat_ion is with respect to the original boundary. Heise (1978)
investigated the numerical behavior of Kupradze’s and Oliveira’s methods. He concluded
that care must be exercised in the choice of the auxiliary boundary, just as Christiansen
had found with Kupradze’s method. In a later paper, Patterson and Sheikh (1982) also
investigated the best location of the auxiliary boundary.

In all these approaches, the singularities are fixed in location. This results in
a system of linear algebraic equations. Also the number of singularities coincide with the
number of boundary nodes. In higher dimensional problems, this can lead to numerical

difficulties due to the very large system of equations to be solved.

2.2 CONCEPT OF MOVING SINGULARITIES

Having seen that there exist a best location for the auxiliary boundary that yields accurate
results, two questions naturally arise: how can this best location which va.fies with different
problems be established without making several guesses and more crucially, for problems
where analytical solutions do not exist, how can this best location be measured?

‘The obvious solution is to replace this idea of fixed location of the singu-
larities with one that is automatically determined as part of the process of solving the
problem. In short, a moving auxiliary boundary containiné the singularities. By allowing
the singularities to move freely until they attain optimum positions, we end up with a
highly adaptive and accurate method. Also as shown later, the number of singularities can
be significantly less than the number of boundary nodes with no apparent deterioration in
accﬁracy. This is an important advantage in higher dimensional problems. However, the
price one pays for this feature is that the s;ysfem of algebraic equations will be nonlinear,

with the noniinearity occurring in the determination of the coordinates of the singularities.
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Mathon and Johnston (1977) were the first to introduce this concept of mov-
ing singularities. They used a discrete least squé.res technique to minimise the boundary
residue and obtained very good results. Further examples are found in Ho-Tai, John-
ston and Mathon (1979), Johnston and Fairweather (1983), and Johnston, Fairweather
and Han (1984). In the next section, the general boundary element formulation for the
l-dimensional space are presented. Unless mentioned otherwise, the boundary residue here
is minimized on the basis of the Galerkin criterion. The innovation introduced in the
Galerkin criterion is that, we include as weighting functions, the derivatives of the approx-
imate solution with respect to the singularity coordinates as well as the usual ones with

respect to the coeflicients. This derivation is taken from Han, Olson and Johnston (1984).

2.3 THEORETICAL FORMULATION

Consider a problem defined in Figure 2.1 with its differential equation represented by a

linear operator L, such that,

L{u(x)} =0 xeD (2.1)

with boundary conditions |
B{u(x)} =0 xeTl _ (2.2)

where B is an operator of one of the following forms,

a(x) + u(x) ~ (Dirichlet) |
B {u(x)} = { a(x)+ du(x)/3n (Neumann) (2.3)
a(x) + B(x)u(x) + 71(x)du(x)/In (Mixed)

where a, , and 4 are prescribed functions. Observe in Figure 2.1 that the domain of the
problem is enclosed by a fictitious boundary which we will call, the auxiliary boundary. It
contains the singularities of the fundamental solution. Its shap;e is allowed to vary as the
solution process marches on, thereby yielding optimum locaticns for the singularities. The
criterion that governs the ‘motion’ of the auxiliary bounda;ry will now be described. The

proposed formulation involves selecting a function that identically satisfies the differential
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FIGURE 2.1 Problem Definition and Auxiliary Boundary.

equation but not the boundary conditions. The free-space Green’s function exhibits this
type of behavior and will thus be employed here. Let ¢(t;,x) denote the free-space Green’s
function. Then a solution to the differential equation in Eq. (2.1) can be expressed as,

N
u(x) =) Cj¢(t;,x) t;¢ D,T (2.4)
. j:l

where C; and ¢; are unknown coefficients and locations of the singularities respectively.
The boundary conditions are then enforced in a weighted residual sense so as to yield the
best solution for a given problem. To achieve this, we compute the unknown coefficients C;

and the unknown locations of the singularities £; such as to minimize the error on the
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boundary which is defined by,
Rp=Bu#0 (2.5)

For convenience, let Z; = (Ck,tk)T be the vector of unkowns. Then discretizing the

boundary with M boundary elements and minimizing the boundary residue Rp yields,

M
[w R ],-dI‘:O
or M
'Zf[kau],-dIeo 1<k<N (2.6)

=1 ri

where T'; is the boundary for the *® element, and the weighting functions w, are given
by,

8(Bu)/82Z; for least square minimization
k= (2.7)

du/0Z, for Galerkin minimization

where

8 [Ja a\T
82, \dCy' ot/

Note that the usual Galerkin weighting functions have been augmented with functions
- defined as derivatives with respect to the singularity locations. Substituting the Galerkin

weighting functions into Eq. (2.6) we have,

=1

Y RS PIPM

Eq. (2.8) represents a system of (! + 1)N nonlinear boundary element equations for the
unknown coefficients and singularity locations, where [ represents the spatial dimension
of the domain D. If integration is omitted in Eq. (2.8) and the least squares weighting
function is used, we will obtain the boundary element equations associated with the discrete

least square minimization technique proposed by Mathon and Johnston (1977).
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- 23.1 SPECIALIZATION TO LAPLACE’S EQUATION

For simplicity, we consider potential problems. This is consistent with the assumption
used in the flow analysis in which the wind is modeled as an inviscid fluid. The differential
equation for the problem is thus the Laplace’s equation and its normalized free-space

Green’s function is given by,

. . . [t — x|
in 2-dimensions: ¢(t;,x)=—In ( 2

| (% R+ |t;] (2.9)
in l-dimensions: ¢(tj,x) =|t; — x> - (R+ |tj|)2—l, >3

where R denotes the radius of a fictitious circle or sphere circumscribing the domain D.
It has been found by Ho-Thai, Johnston and Mathon (1979) that the addition of the term
(R +[t;]) to normalize the free-space Green’s function helps to accelerate the convergence
rate in the solution of the nonlinear boundary element equations. These equations are

given in the Appendix A.

24 COMPUTER IMPLEMENTATION

Like the finite element method, the boundary element mesh should be such that the boun-
dary T, is sufficiently well discretized. The number of singularities used can be very much
smaller than the number of boundary nodes employed in the discfetization without any
apparent loss of accuracy. This important advantage can be attributed to the fact that the
singularities are allowed to mbve. In contrast, the conventional boundary element methods
which have fixed singularities, require equal number of singularities and boundary nodes.
It has beén found through numerical experimentation that the following relation governing

the relative number of singularities and boundary nodes to hold:

N % (for 2-D) and Ns -2M—l-, 1>3 (2.10)

If the number of singularities employed greatly exceed the empirical relation of Eq. (2.10),

it has been observed that the singularities actually migrate into the domain D of the
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problem. While no deterioration of accuracy of the results! is likely, this practice is not
encouraged. Firstly, the cost of computation increases quite significantly and secondly,
singular solutions exist in the domain D.

The following alternating algorithm is used to solve the nonlinear boundary
element equations. The initial locations of the singularities are prescribed in some fashion.
A good guess would be to locate them close to the boundary and distributed out evenly.

 With the positions of the singularities known, the asgociated éoeﬂicients are computed
via a linear solver. These coefficients are then fed into a nonlinear solver to compute the
new locations of the singularities. This back and forth iteration between the linear and

nonlinear solvers is continued until convergence is achieved.

2.5 NUMERICAL RESULTS

To 2ssess the numerical response of the proposed formulation, these examples are used:

a) Deflection of a stretched membrane
b) Flow past a rigid circular cylinder
c) Heat conduction in a rectangular prism

d) Flow past a rigid sphere

Dirichlet boundary conditions are prescribed in Example a while Examples b and d have
only Neumann boundary conditions. Mixed boundary conditions are used in Example c.

Exact solutions are available in these examples and will be used as the basis of comparison.

2.5.1 DEFLECTION OI' A STRETCHED MEMBRANE

Consider as an example involving the Dirichlet boundary conditions, a homogeneous mem-

brane stretched on a rectangular base by a uniform tension and subjected to a uniform

! may even result in a slight improvement of accuracy
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AY

FIGURE 2.2 Rectangular Membrane.

lateral pressure, as depicted in Figure 2.2. The differential equation and boundary condi-

tions for the deflection z are,
8%z N 8%z ]
dz2  Jy? (2.11)
z=0 on z==a; y==b

where g is the ratio of the uniform pressure to the uniform tension in the membrane.

Eq. (2.11) is transformed into Laplace’s equation by defining,
u=z+jq(z* +¢%) (2.12)

The differential equation and boundary conditions in terms of u are then given by,
| u 9%

32 T gy = °

(2.13)
= %q(:t:2 +47) on z=x=a; y==b
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FIGURE 2.3 Discretization Scheme and Initial Singularity Locations for Rectangu-
lar Membrane, e Boundary Node, x Singularity.

~ The solution to Eq. (2.13) is,

16a2g X (-1)*T cosh(nmy/2a) nrz
SO e

u(z,9) = cosh(nrb/2a) 2a ) +i9(=" +97) (214)

n=135...
The following values are used in the problem: a =1, b = %, g = 2. Symmetries about the
x and y axes are exploited. The problem is analysed using only three singularities located
outside the domain as shown in Figure 2.3. The initial and finallocations of the singularities
and their coefficients are tabulated in Table 2.1. Since the proposed formulation exhibits
moving singularities, it is interestin’g' to trace the loci of their movement as the sclution
approaches convergence. This is shown in Figure 2.4. It is seen that $wo of the singularities
did not move very much whereas the third one moved dramatically. All three showed little

motion as the solution becomes nearly converged.
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FIGURE 2.4 Loci of Singularity Movement in the Direction of Arrows, for Rectan-
gular Membrane (Domain of Problem shown Shaded).
Initial Values Final Values
z y Coefficient z y Coefficient
1.10 0.10 —0.0045 0.08 3.26 - 0.1552
1.15 0.65 —0.1145 1.21 0.69 -0.1760
0.40 0.60 0.0473 0.27 0.89 0.0380

Table 2.1

Location of Singularities and the Associated Coeflicients for Rectangular
Membrane
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Location Exact 2-D BEM
Solution Solution
Boundary Points _ A
B1(0.0,0.50) 0.00 0.0006
B2(0.67,0.5) 0.00 -0.0008
B3(1.0,0.25) 0.00 0.0006
B4(1.0,0.0') 0.00 .-0.0008
Interior Points
11(0.25,0.20) 0.18613 0.18604
12(0.75,0.20) 0.11387 0.11391
13(0.50,0.30) 0.12707 0.12722
14(0.75,0.40) 0.05258 0.05258

Table 2.2 Comparison of Membrane Deflections: Exact Vs. BEM

‘The deflection computed at the boundary and interior points are given in Table 2.2. Very
good agreement with the exact solutions is observed. Using this membrane deflection

analogy, one could similarly analyse the Saint Venant torsion problems.

2.5.2 FLOW PAST A RIGID CIRCULAR CYLINDER

As an example using the Neumann boundary conditions, the potential flow past a rigid
circular cylinder is chosen. The flow over such a cylinder in an infinite domain is approxi-
mated by a finite domain as depicted in Figure 2.5. Symmetry about the x-axis is invoked.
The discretization scheme, initial locations of the singularities and the boundary condi-
tions ,of flow are also shown in Figure 2.5. Since only the Neumann boundary conditions
are prescribed, the computed potential function u, is accurate to an arbitrary constant.
Hence to get meaningful results, we will obtain quantities that are given by the derivatives
of the potential function. One such quantity is the pressure coefficient on the cylinder.
The Initial and final locations of the singularities and their coefficients are depicted in

Table 2.3. The movement of singularities with solution iteration is given in Figure 2.6. >In
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FIGURE 2.5 Discretization Scheme, Initial Singularity Locations, Flow Domain and
, Boundary Conditions for Cylinder, e Boundary Node, x Singularity.

Figure 2.6(A), the motion of the singularities inside the cylinder is depicted, while Fig-
ure 2.6(B) shows the movement of the singularities outside the flow domain. Again, we
see minimum movement as the solution is very near. convergence.

A comparison of the pressure coefficient on the cylinder with the exact

solution? is shown in Figure 2.7. The exact pressure coefficient is given by,
Gp(f)=1- 4sin? 0 (2.15)

The agreement with the exact solution is excellent. Apparently, the boundary element
representation of the finite domain gives an excellent approximation of the exact infinite
domain problem. Also, since the pressure is given by the derivative of the potential func-

tion, we see that the derivatives on the boundary are very accurately computed.

2 The exact pressure coefficient is computed assuming an infinite flow domain. Since the diameter of our cylinder is
very small compared to the dimension of our finite domain, we can justifiably make the comparison.
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FIGURE 2.8
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Initial Values Final Values
z y Coefficient z y Coefficient
11.00 3.00 ~0.7080 14.43 3.06 —-0.7507
11.00 11.00 —1.3351 14.28 9.89 —1.1937
8.00 11.00 —0.0624 8.73 14.40 —0.6406
— 8.00 11.00 0.0624 - 8.73 14.40 0.6406
~11.00 11.00 1.3351 —14.28 9.89 1.1937
—11.00 3.00 0.7080 14.43 3.06 0.7507
-0.70 0.20 0.0840 —-0.27 0.49 0.0298
—0.40 0.40 0.1677 - 0.32 0.14 0.3598
0.40 0.40 -0.1677 0.32 0.14 —0.3598
0.70 0.20 —0.0840 0.27 0.49 —0.0298

Table 2.3

Rigid Circular Cylinder

PRESSURE COEFFICIENT
1

i 1 1
60 90 120

ANGLE IN DEGREES

ocooo 2—D BEM
—— EXACT

FIGURE 2.7

Pressure Coefficient, C, on a Rigid Circular Cylinder.
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Location of Singularities and the Associated Coefficients for Flow Past
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FIGURE 2.8 Discretization Scheme and Initial Singularity Locations for Rectangu-
lar Prism, e Boundary Node, x Singularity.

2.5.3 HEAT CONDUCTION IN A RECTANGULAR PRISM

Heat conduction in a rectangular prism is used as an example of a prescribed mixed boun-
dary condition problem. This example has been used by Brebbia and Dominguez (1977)
and Patterson and Sheik ( 1982) to illustrate the application of their proposed boundary
elefnent formulations. The discretiza.tion scheme, the initial locations of the singularities
and the boundary conditions for the problem, are shown in Figure 2.8. The initial and final
locations of the singularities and their coefficients are given in Table 2.4. The movement
of the singularities is traced in Figure 2.9. From the plot, we see that the solution has not
reached convergence as the singularities are still moving. In fact, one of them has taken off:
to what appears to be infinity. Inspite of the still continuing motion of the singularities, the
solution process was halted. This is because there was very little change in the solutions
themselves at that stage of iteration. Also, the RMS value of the boundary residue has
reached the prescribed value of 1073. From all three plots of singularity motion, we see

the singularities exhibit a general trend of moving away from the domain of the problem
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as the solution approaches convergence.

25

Initial Values Final Values

z y Coefficient z y Coefficient

3.20 1.00 0.0198 10.85 3.34 0.0560

3.20 3.20 0.0093 2.92 x 108 5.32 x 107 1.99 x 108

1.00 3.20 -0.0120 1.44 10.30 —0.0702
-1.00 3.20 —0.0236 —-2.99 8.71 —0.0676
-3.20 3.20 —0.1030 -7.77 6.93 -0.2107
-3.20 1.00 —0.0599 —8.90 2.07 —0.1296

Table 2.4 Location of Singularities and the Associated Coefficients for Heat Con-
duction in a Rectangular Prism
Temperature Temperature Gradient
Location
Exact 2-D BEM Exact 2-D BEM

Boundary Points

B1(-3.0,0.75) 300.0 300.0001 -50.0 -50.0003

B2(-3.0,2.25) 300.0 | 299.9995 -50.0 -49.9986

B3(-1.0,3.00) 200.0 200.0002 -50.0 -50.0004

B4( 1.0,3.00) 100.0 100.0003 -50.0 -49.9995

B5( 3.0,2.25) 0.0 0.0003 -50.0 -49.9999

Bé( 3.0,0.75) 0.0 0.0001 -50.0 -50.0001

Interior Points

I1(-2.0,0.0) 250.0 250.0000 -50.0 -50.0003

12( 0.0,0.0) 150.0 150.0000 -50.0 -49.9998

13( 2.0,0.0) 50.0 50.0001 -50.0 -50.0002

Table 2.5 Comparison of Temperature and its Gradient for Heat Conduction in

a Rectangular Prism

The results for temperature and temperature gradient computed at various boundary and

internal points are summarized in Table 2.5 along with the exact solutions. Clearly, the

agreement between the computed and the exact results is very good.
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2.5.4 FLOW PAST A RIGID SPHERE

As an example in 3-dimensional space, the flow of an inviscid fluid past a rigid sphere is
considered. It is a direct extension of the 2-D flow past a rigid circular cylinder that was
presented earlier. As before, the infinite domain of the flow is approximated by a finite
domain as shown in Figure 2.10. Hence a sphere of unit radius is embedded in the center |

of a cube of size 16. Symmetries about the z-y and z-z planes are invoked to reduce the .

@ Wind

(Potential Flow)

@ Wind

(Potential Flow)

- FIGURE 2.10 Problem Definition and Coordinate System for Flow Past Rigid Sphere.
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computational cost. This implies that it is sufficient to consider a quarter of the original
problem. Only Neumann boundary conditions are prescribed on all the boundaries. Unlike
the other examples considered previously, this problem will be solved via the discrete least
square minimization technique developed in Ho-Tai, Johnston and Mathon (1979).

The discretization scheme used in the problem is depicted in Figure 2.11.
The number of boundary nodes used is 279, with 108 on the sphere and 171 on the cube.
The singularities were distributed as follows: 10 inside the sphere and 12 outside the cube.
Observe that the number of singularities used here is not given by Eq. (2.10). The reason
is that, this problem is solved using the discrete least square minimization technique and

for this procedure, Ho-Tai, Johnston and Mathon have suggested the following relation,

M
3(+1)

N =~ (2.16)

For the same reason as mentioned in the circular cylinder example, we are
interested only in the pressure coefficient on the sphere. The exact solution® derived for

an infinite domain, is given by,
C,(0)=1- %sinz 6 ' (2.17)

where 4, defined in Figure 2.10, is the direction angle with the x-axis or the colatitude.
The initial and final locations of the singularities are displayed in Table 2.6.

The computed pressure coefficient on the sphere, along with the exact solu-
tion are plotted in Figure 2.12. The direction angle with the z-axis or the meridional angle,
is .indicated by a (see Figure 2.10). Results at four a-planes are shown. Since not all the
nodes are located at the @ = 30° and a = 45% planes, the results at these two planes are
obtained by interpolation between two neighboring nodes. The exact pressure coefficient
on any a-plane is identical, as Eq. (2.17) does not depend on a. Good agreement is seen,

especially at the a = 0° and o = 90° planes.

3 See p. 149 of Bird, Stewart and Lightfoot (1960)



FIGURE 2.11 Boundary Elements for Sphere and the Flow Domain.
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Initial Values Final Values
T y z | Coefficient z y z | Coefficient
0.50 | 0.00 | 0.00 | -0.0019 038 | 0.00 | 0.00| —0.0003
0.42 | 0.27 | 0.07 0.0030 0.26 | 0.20 | 0.09 0.0056
0.36 | 0.30 | 0.18 | —0.0098 0.12 | 007 | 0.06| —0.5420
0.28 | 0.33 | 0.26 0.0046 0.26 | 0.24 0.25 0.0004
0.19 | 0.20 | 0.42 | —0.0031 0.13 | 0.06 | 0.29| -0.0037
—0.19 | 0.20 | 0.42 0.0031 -0.13| 0.06 | 0.29 0.1760
—0.28 | 0.32 | 0.26 | —0.0046 —-026| 024 | 0.25| —0.0004
—0.36 | 0.30 | 0.18 0.0098 —-0.12| 0.07 | 0.06 0.5420
—-0.42 | 0.27 | 0.07 | -0.0030 —-026 020 | 0.09| - 0.0056
—0.50 | 0.00 | 0.00 0.0019 —0.38| 0.00 { 0.00 0.0003
8.50 | 3.20 | 1.60 | —0.3339 2435 | 6.03 4.43 | —29.8991
8.50 | 3.20 | 6.40 | —0.3163 19.12 | 6.19 | 15.37 | —31.7628
4.80 | 4.80 | 8.50 0.0284 10.83 | 16.13 | 15.23 | —17.2196
3.20 | 1.60 | 8.50 0.0224 755 | 4.36 | 18.64 | —4.2419
—3.20 | 1.60 | 8.50 | —0.0224 —7.55| 4.36 | 18.64 4.2419
—4.80 | 4.80 | 8.50 | —0.0284 —10.83 | 16.13 | 15.23 17.2196
-8.50 | 3.20 { 6.40 0.3163 —-19.12 | 6.19 | 15.37 31.7628
—-8.50 | 3.20 | 1.60 0.3339 —24.35 | 6.03 4.43 29.8991
—4.80 | 8.50 | 1.60 | —0.0380 —16.85 | 16.32 5.45 21.4340 -
—3.20 | 8.50 | 4.80 | —0.0196 —6.00 | 17.19 3.52 1.7581
3.20 | 8.50 | 4.80 0.0196 6.00 | 17.19 | 3.52| —1.7581
4.80 | 8.50 | 1.60 0.0380 16.85 | 16.32 5.45 | —21.4340
Table 2.6 Location of Singularities and the Associated Coeflicients for Flow Past
Rigid Sphere
2.6 SUMMARY

30

The distinctive feature of the boundary element method presented here is that the singu-

larities of the free-space Green’s function are positioned on an auxiliary boundary which

. is located outside the problem domain. This boundary is allowed to move via a Galerkin

minimization criterion. This results in a highly accurate, adaptive but nonlinear method.

Since good algorithms for solving systems of nonlinear equations are available, the latter
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is not seen as a major drawback. Unlike conventional boundary element methods which
require the same number of singularities and bbundary elements, the number of singu-
larities in the proposed formulation can be significantly reduced without any apparent
loss of accuracy. This is an important advantage in higher dimensional problems. From
the plots of the loci of singularity motion, we see that as the solution progresses towards
convergence, the Singularities exhibit a generai trend of moving away from the domain of
the problem. When the solution is very near convergence, we generally observe minimum
movement of the singularities. Computed values on the boundary, as well as those in the
interior, are accurately obtained. In t}ie computation of derivatives on the boundary, con-
- ventional boundary element techniques can yield very poor results which is not the case
for the preéent method. It should be pointed out that the proposed method would be more
expensive to run than conventional boundary element approach i)ecause the method is not
only nonlinear but also requires extra iterations in computing the optimum singularity
locations. One would therefore have to balance this extra computing cost with the need
to obtain highly accurate derivatives on the boundary. The proposed method will be used

in the flow analysis for computing the fluid loading on pneumatic membrane structures.



CHAPTER 3

Two Dimensional Finite
Element Analysis

3.1 INTRODUCTION

The interactive analysis of a cylindrical pneumatic membrane subjected to wind loads is
presented here. Since pneumatic membranes exhibit such large deformations in wind, it
is essential that one incorporate into the analysis, the fluid-structure interactions. In this
thesis, this will be done by coupling the finite element program which predicts the struc-
tural deformations with the boundary element program that computes the wind loads. To -
derive the pertinent differential equations for the structural analysis, a.-cyli.ndrical pneu-

matic membrane structure whose cross-section is circular in the undeformed configuration

is considered. By taking the cylinder to be sufficiently long compared to its cross-sectional -
dimensions, the problem becomes two diménsional, thereby permitting some simplifica-

tions. Thus an initially circular cylinder is deformed into a non-circular cylinder by means

of a plane motion.

The cylindrical membrane held down at the edges, is supported by internal
pressure p, and loaded by external pressure p,,, due to wind blowing in the broadside direc-
tion as shown in Figure 3.1. Gravity forces are neglected in comparison with the pressure.
loadings. A small strain-finite deformation membrane theory is derived for the structural
analysis. The resulting second-order integrodiﬂ'erential equation is solved via a Galerkin
finite element scheme using Newton-Raphson iteration with line-search. Comparison with
published results is made whenever possible. |

33
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FIGURE 3.1 Wind Loads on Cylindrical Membrane.

Some results of the non-interactive analysis of cylindrical pneumatic mem-
branes have been presented by Ross (1969) and Uemura (1972). In Ross’s formulation,
the second-order integrodifferential equation is expressed in a radial coordinate defining
the deformed configuration. Solutions were then obtained by numerical integration using
a trial and error approach. Among some of the problems he encountered, not supris-
ingly, was the problem of convergence. Using a Galerkin scheme with the Fourier sine
series as trial functions, Uemura converted the integrodifferential equation into algebraic
equations which are then solved numerically. The integrodifferential equatioﬁs here is ex-
pressed in terms of the hoop stress and the radial displacement component. This enables
_ the membrane tension and deformation to be obtained directly from the solution of the
algebraic equations. His approach is, however, approximate since the effects of a variable

- radius of curvature due to a deforming membrane are not captured. The results of the
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non-interactive study presented here, are compared with those obtained in a perturbation
analysis for the case of low wind speed and by Uemura’s solutions for the case of moderate
to high wind speed. Also, as an independent check of this two-dimensional formulation,
the cylindrical membrane will be resolvéd in Chapter 4 where the analysis used, is based
on a different formulation. The results will be discussed in that chapter.

Analysis that accounts for the fluid-structure interactions of pneumatic mem-
branes in wind is rare. Intera.ctién effects are usually obtained by iterating between the
wind pressure computation from an assumed wind flow model, and the structural defor-
mation computation from the solution of the integrodifferential equation. The iterative
process is stopped when the structure attains an equilibrium configuration that is consis-
tent with the fluid loading. One such interactive analysis of wind loading on cylindrical
pneumatic membranes has been performed by Kunieda, Yokoyama and Arakawa (1981).
To facilitate analytical treatment of real flow around bluff bodies, they introduced simple
flow models that predicted accurately, pressure loads arising‘from the viscous effects of
flow separation and wake formation. With the pressure loads known, the integrodiffer-
ential equa.tioﬁ for the structural analysis, expressed in radial coordinates as in Ross, is
golved via a numericé.l technique. The iteration scheme mentioned above is then invoked
until equilibrium is attained.

The wind flow model used in this thesis is governed by incompressible po-
tential flow theory. Real flow effects are not considered here as they are outside the scope
of the present study. It should be pointed out that almost all air;supported stadium roofs
that have been built so far, have very low rise-to-span ratios. This creates minimum
disturbance to the fluid flow field.! Also, in the study involving cylindrical pneumatic
membranes, Kunieda et. al. presented results that showed at most, a 4% difference be-
tween the deflection response predicted by the separated flow model and the potential flow
model. The potential flow model, however, predicts an inward deflection at the leeward

side of the membrane which is sometimes opposite to that obtained by a real flow model.

! But as discussed in Chapter 4, flow separation still occurs in these structures, with re-attachment then taking place
at the leeward side
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3.2 ASSUMPTIONS AND THEORETICAL FORMULATION

Figure 3.1 shows a cylindrical membrane inflated by internal pressure, p, and acted upon
by external pressure, p,,. Despite the large st.ructural deformations, the internal pressure
is taken to be constant. This is justified by assuming that the inside air is motionless since
the structure envelops an area so large that the change of volume of air due to the finite
deformation can be considered negligible. The cylinder wall is postulated to be perfectly
flexible in bending, but possesses finite extensional rigidity. Small strains are assumed in
the analysis and this permits the use of a linear orthotropic law in the constitutive relations.
The rotations and displacements may however, bev large and thus a finite deformation
membrane theory will be derived. To simplify the resulting integrodifferential equations, a
long cylindrical membrane is assumed. Finally, the self weight of the membrane is assumed

to be small compared to the inflation pressure.

3.2.1 EQUILIBRIUM EQUATIONS

Figure 3.2 depicts the shell element where the positive stress resultants are defined. The
equilibrium equations, taking large rotations and displacements into account are given in

Donnell (1976) as,

dN, 10N,

3z TR —° (1

ag’;¢+%3611¢ —0 (3.2)

| +%(%‘")%} +(Pa = Py) =0 (3.3)

where N,, Ny, N, are the usual membrane stress resultants.
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Ne dz
+%\N¢ M‘M

FIGURE 3.2 Positive Stress Resultants.

3.2.2 STRAIN-DISPLACEMENT RELATIONS

For a thin cylindrical shell undergoing large deformations, the strain components ¢,, €4, 7,4

are given by,
e ) y
63*5;—*“2- dz dz oz (3.4)
_ 1 (dv 1 (3u)2 ow 2 dv 2 as
€¢—-E(a—¢+w)+m 3—¢ +(%—U) +(%+w) + &y (3.5)

_ l?_u._*_@ +l?£a_u+_l_30 Q_ti.*_w +-1_a_w ow v (36)
126 = \R3p ' 9z) " ROzd¢ W ROz \9¢ R oz \ 3¢ '
where u, v, w are displacements in the z ,y, z directions and £, is a prestrain that will be

determined later.
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3.2.3 CONSTITUTIVE LAWS

Assuming small strains despite the large deformations, the constitutive relations for a

membrane with orthotropic properties are,

N, N¢
= Ei ME, (3.7)
Ny N,
€¢ - E¢t i Ezt (38)
N_.,¢
o= G | (3.9)

where E, G, p are the elastic and shear moduli, and Poisson’s ratios respectively and ¢ is

the membrane thickness.

3.2.4 SIMPLIFICATIONS

If the cylinder is sufficiently long compared to its cross-sectional dimerzion, the deforma-
tions can be considered to be two dimensional. The cylinder thus degenerates into a string
in the y — z plane. Hence €, and all derivatives with respect to z can be set to zero. Also,
we can assume that the radial displacement component, w is larger than the circumferen-
tial displacement, v. Thus we will ignore the v and its derivatives in all quadratic terms
in comparison with the w and its derivatives. The validity of this approximation will be
checked when the membrane is resolved using the three-dimensional formulation where
such approximations are not introduced. The results of this checking will be discussed in

Chapter 4. The equilibrium equations therefore simplify to,

1dN,4 .
g =" (3.11)

1dv 1d’w 1 dwdR
N¢ (1 + E% — ‘I—Z'W + ﬁ'ggw) = R(pa —4pw) (3'12)
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The strain-displacements relations reduce to,

€, =0 (3.13)
€y = 1(dv +w)+ 2+ dw)’ + 3.14
¢~ R \d¢ 22 |V T\ €0 (3.14)
Yz =0 (3.15)
From Egs. (3.10) and (3.11) we have,
Ny, N4 = constants (3.16)
and from Eqgs. (3.9) and (3.15) we conclude that
In view of Eq. (3.13) we have from Eq. (3.7),
E,
Substituting Eq. (3.18) into Eq. (3.8) yields,
€ =CN, (3.19)

where

c= (1= #:ts

Et
Eliminating €4 from Eqs. (3.14) and (3.19) we have,
1 (dv 1 dw)?
CN,=—|— — |w?+ [ — .20)

b R(d¢+w)+2R2 [w +(d¢)]+€° (3.20)

The prestrain, ¢, is evaluated at no wind condition (i.e. v = w = 0). Thus, we have from

Eqs. (3.12) and (3.20),

€9 = CRp, (3.21)

Eq. (3.20) then becomes,

CN—-lﬂ L 4—'32 CR 3.22
¢-—R d¢+w +2R2 w” 4+ d¢ + DPa ( )
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Eliminating (dv/d¢) from Eqgs. (3.12) and (3.22), yields the differential equation for the

problem,

& dw\?® _dwdR
ZRE;;; + [(ﬁ) - 2%2-5 + w’] +2Rw = f(¢) (3.23)

where

f(¢) =2R? [1 +C{N, - Rp,} - R{p, — :w(¢)}]

The cylindrical membrane is fixed at the edges, resulting in the following boundary con-

ditions, namely
v(®) = v(®2) = w(®)) = w(P;) =0 (3.24)

The structural analysis of a pressure-loaded string is hence defined by the nonlinear equa-
tion depicted in Eq. (3.23), used in conjunction with the boundary conditions given in Eq.
(3.24). Solution to the nonlinear equation will be obtained via a finite element scheme.
There are however two unknown quantities in Eq. (3.23) and these are the hoop stress N,

and the radius of curvature R(¢). They will be determined next.

3.2.5 HOOP STRESS, N,

The hoop stress, Ny is obtained by integrating Eq. (3.22) and invoking the boundary

conditions listed in Eq. (3.24) to eliminate the v. This yields,

T [(ae)?
_qsf.{m [(3;—';) +w2]+w+CR2pa}d¢

N, (3.25)

2
C J R(¢)d¢

Observe from Eq. (3.11) that Ny is a constant and can thus be taken out of the integration

sign as shown in Eq. (3.25).
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FIGURE 3.3 Deformation of an Initially Circular String.

3.2.6 RADIUS OF CURVATURE, R(¢)

41

Consider an initially circular string of radius R, , undergoing large deformation as shown in

Figure 3.3. A point, initially on the undeformed configuration, is located on the deformed

configuration by,

y = (Ry+ w)cosd + vsin ¢

z=(Ry+w)sing —vcos¢

The radius of curvature at any point, R(¢) is defined as,

[1+(3—

R(¢) =

(3.26)

(3.27)

(3.28)



Two Dimensional Finite Element Analysis |/ 3.3 42

Observing that
o e (E2) ] (d9)(d) () ] (a5’
an dy? ~ \dg? ¢ ¢ ) \dg? dé
Differentiating Eqs. (3.26) and (3.27) and substituting the results into Eq. (3.28) we have,

[(w' + )’ 4+ (Ry+w— v')2]3/2

~(Ro+ v~ 0) 0"+ (0 +v) B0 + v = V") + (Ro + 0 — 0) (R + 0= 20)

R(4) =

However, to be consistent with the approximations introduced in the simplified strain-
displacement relations, the v motions in the above quadratic terms are neglected in com-
parison with the w motions. Thus we have,
3/2
(@) + (By + w)?]
R(¢) = " 7] 2
—(Ry + w) w" + (2w") + (Ry + w)

As before, the validity of this approximations wil be checked in Chapter 4.

(3.29)

3.3 GALERKIN FINITE ELEMENT FORMULATION

The integrodifferential equations defined by Egs. (3.22), (3.24) and (3.29) are solved
using the finite element method. Since the profile of the membrane is unknown apriori,
an iteration scheme will be used to obtain the solutions. The formulation will now be
described. The string is modelled by piecewise linear finite elements. Over a typical finite

element as depicted in Figure 3.4, the local displacement w(4), is interpolated as,

w(g) = Nw; j=12
e w®)=g5l6-9) @-s{2] (3.30)
Substituting Eq. (3.30) into Eq. (3.23) yields the residue R given by,

ER = 2(RN;, - R'N; + RNJ-)wj + (N:IJ; + N,-Nj)w;wj — f (3.31)
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» X

FIGURE 3.4 Typical Membrane Element.

Minirhizing the residue over the domain of a typical finite element results in the equa-

tion of equilibrium namely,

[K}JP) + kW L’] w; = P; ij=1,2 (3.32)

where the linear and nonlinear stiffness matrices, and load vector are given respectively by,

é :
KO =2 [ [RONN; - NN - RONND] dp (339
1
.
K P = f N;(N;Ni+ N;N;)dg| wy (3.34)
{3
N |
Pi=/fNid¢ (3.35)

-3}
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To solve the nonlinear equation shown in Eq. (3.32), a Newton-Raphson

iteration scheme is derived by defining as follows,

T,‘ = R - S,-J-wj (3.36)

where

— g0 (NL)
Given solutions at previous configuration °w, the solutions at current configuration !w
are obtained by,

lw=w+ Aw (3.37)

Expand Eq. (3.36) by Taylor’s series about ®w and neglecting quadratic and higher order

terms, we get

aT; 0
75| aw=-n0w) (3.3)
Differentiating Eq. (3.36) yields,
aT; ad
o, %—;(P‘ = SimWm)
: aT; 9P, oK\D
e dw; Ow;  Ouw; Wi = 5ij (3.39)
Defining the following quantities we have,
aPp; ..
G,'j = -a-;" 3,1 = 1, 2 (3.40)
and | aK.‘,ﬁ”’)
| Hs] = -T:.Uka P k= 1, 2 (341)
Eq. (3.39) becomes T
an' = G,‘j -~ H;; — S;J' (3.42)
In view of Eqgs. (3.36) and (3.42), Eq. (3.38) becomes,
(G,‘j - H;: - S;j)low ij = (S.-jwj - P,')low 1,7=1,2 (3.43)

The hoop stress, N, is obtained by substituting Eq. (3.30) into Eq. (3.25). Discretizing

the string by N, finite elements, we have,
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% {f¢. (2 [NN +N'N')w,w,] + Nw; +CR2p,,) d¢}
Ny ™= : (3.44)

c'g{fdﬁ’ qus}"

Similarly, substituting Eq. (3.30) into Eq. (3.29) yields the radius of curvature,

3/2
[ NiNtwiw; + (Ro + Nows) (Ry + Njw;)

HO % o+ Ny, N+ 2NN i + (R + Nws) (Ro + Nyu)

(3.45)

3.4 EVALUATION OF FINITE ELEMENT MATRICES

Inorder to be able to integrate some of the terms derived previously, it is necessary to
assume some form of wind pressure distribution over the domain of a finite element. We will
assume here that the wind pressure remains constant over the domain of a finite element,
but will be different for different elements. Similarly, the radius of curvature will also be
assumed constant over the domain of a finite element; this is achieved by computing the
 average radius of curvature. Substituting Eq(3.30) into Eq. (3.44) yields the hoop stress

given by,

Ne 2
2 {'11? [Q%%l(wl +w}) + L_fl“’lwz] + Ad(wy + wy) + ZCR2p0A¢}n
N, = o=t . (3.46)
26(%; - &) 5 )j_)l {R}, _

Similarly, substituting Eq. (3.30) into Eq. (3.45) and computing the average radius of

curvature we have,

[ R iR (DRt

2 RY —7 (3.47)
2(2et)” + (B + wy)? 2(m2)" 4 (Ry + wy)?

The various stiffness matrices, S;;

ij» Gij» H;; are then computed by substituting Eq. (3.30)

into Egs. (3.33) and (3.34) and the results are integrated to yield,
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[K(L)] —2R (%-25) (%+) (3.48)
+ds) (¥-45) |

[K(NL)] _Ai (3w1 + ¥2 + : wAl¢_2w’) (wl + e : wAlzwz ) (3 49)
12 (Wl + Wy + 6__(_5___)_WAI;'”2 ) (wl + 3W2 - —1——4,5—)‘6 ug—mg )
Since
5= K+ K
we have
’ Su 512]
S] = [ 3.50
[S] S S (3.50)
where _qae (Buy+w)) 1 ((w—w)
)29 Wy 2 2 (W —wy
S“‘{:s (2R+ 3 )+A¢( 2 2R)}
_JA¢ ((wy + wy) 1 [ (w; — wy)
Sy = { 3 ( R+ y Ad 2 2R
_[A¢ (w +wy) 1 ((w — wy)
= {88 (n Lonte) 1 ((nmw)
_jA¢ (w; + 3w,) 1 ((w —w)
From Eq. (3.40), the stiffness matrix G;; is given by,
aF;
G;j = T,
and this yields!
| oN, 2N, 2R R
w w dJw; wg
Cl=% | on, on,|T% [ R  OR ] (3.51)
Tuy  Dwy Gui Y

where
fl =R2A¢ {C+ R(pa ;pw)}
Ny

7= 284 {2+ 0 (2N, - 3Rp,) - Lol
¢

and (ONy/0w;), (0R/Jw;) are defined in Appendix B. The stiffness matrix, H;; is given

1 see Appendix B.
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from Eq. (3.41) as,

Ky
Hc'j = T Wi

J

But as shown in Eq. (3.49), K,-(;-VL) is a linear function of wg . Thus we have,

Hence

6! - ) -
_A¢ (3wl+W2+ wA¢w2) (w1+w2—i—7—16w$ wz)

[H] = [K(NL)] T 12 (w1 +wy+ MA'—;-;M) (w1 3y ﬂ'%‘é?’l) (3.52)
The external load vector P;, is ébtained by from Egs. (3.30) and (3.35) as,
P, =P2=R2A¢{1+C(N¢—Rpa)— 5(—”%-’1"’—)}' (3.53)
The unbalanced load vector can thus be computed from Egs. (3.50) and (3.53) as,
F; = S;w; - P, (3.54)

Rewriting the incremental equilibrium equations for a typical finite element in Eq. (3.43),

we have,

The elemental stiffness matrices and load vectors are then assembled in the usual finite
element manner, to yield their corresponding global quantities. The incremental displace-
ments are then solved and added to the previous displacements to get the current displace-
ments. This is indicated by Eq. (3.37). Further details of the computer implementation

including the convergence criteria will be discussed next.
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3.5 COMPUTER IMPLEMENTATION

The governing finite element equations derived for the structural analysis were implemented
in program NFEAM23. To capture the fluid-structure interaction effects, the finite element
program is coupled to the boundary element program presented in Chapter 2. This coupled
program is named INFEAM2*. Figure 3.5 depicts the structure of INFEAM2.

Starting with an assumed profile of the cylindrical membrane, the flow anal-
ysis is performed using the boundary element program. This enables the wind loads on
the membrane to be calculated. With the loading known, the structural analysis is carried
out next, using the finite element program to compute the new membrane profile. This
new profile is then compared with the assumed profile. If the two profiles agree within a
specified tolerance, the iterative process is stopped. Otherwise, the iteration is continued
by calling upon the boundary element program to compute new wind loads corresponding
to the new membrane profile. The process is repeated until convergence is achieved. The

converged profile is now in equilibrium with the final wind loads.

3.5.1 CONVERGENCE CRITERION

By specifying that the two profiles agree within a set tolerance, we are using a displacement-
type convergence criterion. Convergence could also be defined in terms of the relationship
b_etween the internal loads and the externally applied loads, the so-called unbalanced load
concept. This is indicted by the r.h.s. of Eq. (3.43). When an equilibrium configuration,
consistent with the fluid loading is attained, the unbalanced load term should vanish.
However, Bergan and Clough (1972) have argued that a criterion based on displacements is
preferable. Their arguments are as follows: A convérgence criterion based on unbalanéed
loads does not always make sense, because the force quantities to be compafed can be
of completely different orders or even different dimensions. For instance, how does one

decide if the moments and the out-of-plane forces in a buckled plate have converged, if

3 Nonlinear Finite Element Analysis of Membranes: 2-D
4 Interactive Nonlinear Finite Element Analysis of Membranes: 2-D



Two Dimensional Finite Element Analysis / 3.5.1 49

&

[ Data 1nput
: Assume
Profile
A
BEM.
Compute Wind Loads
F.EM.
Compute New Profile
Profile
NEW:OLD

FIGURE 3.5 Structure of INFEAM2.

Print Results

one compares them with the external loads comprising only the in-plane forces? A more
appropriate measure of convergence is to compare the unbalanced forces with the stiffness
properties of the structure. But this corresponds to working with displacements, and thus

a direct use of a displacement criterion would be preferred.
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3.5.2 ITERATION TECHNIQUE

It should be mehtioned that a separate iterative process is required in both the boundary
element program and the finite element program, for them to reach their respective solu-
tions. The local * iterative process for the boundary element program has already been
presented in Chapter 2. Hence we will describe only the Iocalliteration technique for the
finite element program.

The Newton-Raphson iteration is used to solve the non-linear structure in
the finite element program. The user has a choice of prescribing either the standard or
the modified Newton-Raphson iteration technique. To prevent solutions from diverging,
a line search parameter,® f; is used in the solution algorithm. This idea of a line search
parameter is well known and has been used by several people, notably, Mattheis and
Strang (1979), Crisfield (1979, 1983), and Simon and Powell (1982}, to solve difficult
nonlinear problems. A good description of this solution technique can be found in a recent
book by Dennis and Schnabel (1983). Basically, the concept of a line search algorithm

involves seeking a new solution w;,; in a given descent direction d; as follows,
at the k*® iteration: Wity = Wi+ Prdy (3.56)

where f;, > 0 is the line search parameter that makes wy,, an acceptable next iterate.
The term line search refers to a technique for selecting the 8. When §; = 1, we have
the standard Newton-Raphson iteration. A line search algorithm based on the suggestion
of Dennis and Schnabel has been implemented in NFEAM2 and INFEAM2.” When the
solution estimate is far from the true solution (this usually happens at the beginning stages
of the iteration), the value of 8, is found to range typically from 0.15 to 0.3. In this case

of B < 1, a retardation effect is produced in the iterative process. On the other hand,

To distinguish between the iterative process for the overall program to reach solution and the iterative process within
either the boundary element program or the finite element program, the former will be called a global iteration while
the latter will be known as a local iteration.

Also known as an under-relaxation parameter when 0 < g < 1, see Cook (1981) cit. loc., p. 359

cit. loc., p. 116

See Appendix D for more details
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when the solution estimate is near the true solution (as usually happens towards the end

of the iteration stage), it is possible to have g; > 1.

3.6 NUMERICAL RESULTS

This section is presented in two parts: non-interactive analysis from NFEAM2 and in-
teractive analysis from INFEAM2. Under non-interactive analysis, we will report results
pertaining to the checking of the finite element program, NFEAM2. Having established
the validity of NFEAM2, it is then coupled to the boundary element program to generate
some numerical solutions depicting fluid-structure interactions. The results are given in

the part on interactive analysis section.

t

3.6.1 NON-INTERACTIVE ANALYSIS

As the title implies, the fluid-structure interaction effects are not considered. Hence the

fluid loading will remain constant as the structure undergoes large deformations. The
rationale for adopting this simplification is simply that we are only interested in verifying
the accuracy of the proposed finite element formulation programmed in NFEAM2. The
checking will be carried out in the following manner: in the case of low wind speeds, the
finite element solutions are compared with results from a pertu;‘bation analysis, and for
the case of moderate to high wind speeds, comparison with solutions from Uemura (1972)
are used. However as mentioned earlier, in Uemura’s formulation, the effects of a variable

radius of curvature were ignored. This resulted in a simpler integrodifferential equation.

One should therefore bear this difference in mind when making the comparison.

Case a: Low Wind Speed — Perturbation Analysis
The details of formulation for the perturbation analysis are given in Appendix C. Only
the pertinent points will be presented here.

At low wind speeds, the cylindrical membrane is not expected to exhibit

large deformations. This is especially true when the internal pressurization is much larger
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than the externally applied wind loads. Under this condition, the radius of curvature does
not change appreciably and can thus be assumed constant. With this approximation, the
integrodifferential equation becomes analyzable by the proposed perturbation technique.
Observing that the deformation of the cylindrical membrane is small in relation to its
diameter, a convenient definition of the perturbation parameter ¢ can be made in terms

of the relative magnitudes of these two quantities namely,®

w,
e=ox (3.57)

where w, is an unknown characteristic displacement introduced to non-dimensionalize the

integrodifferential equation in terms of a dimensionless quantity g(¢) given by,

w(¢) = w. g(¢) (3.58)

Also the wind loads acting on the membrane is assumed to be given by an arbitrary cosine

law, that is,

Pu($) = p. cos(ag) | (3.59)

where p, is a characteristic wind pressure and « is an arbitrary parameter. This quantity
p. has to be prescribed for a given wind. At low wind speeds, p, must be necessarily
small while the internal pressure in the membrane p,, can be set arbitrarily large. This
would then permit the introduction of another small parameter g, defined as the ratio of
the wind pressure to the internal pressure. Thus we have,

=P

n 3.60
p. (3.60)

It is then shown in Appendix C that for terms of the same order of magnitude to balance,

we must have n = ¢. Hence, equating Eqs. (3.57) and (3.60) yields,

w, = 2R (%:) (3.61)

Actually this definition of € is not only convenient but is necessary and obvious as it multiplies the nonlinear terms
in the integrodifferential equation depicted in Eq. (C.9) of Appendix C
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In view of the discussion just presented, the integrodifferential equation for the structural

analysis can be expressed as follows,

1 Ro (1 -
9"+e[g'2+92]+g=£[1+C'(N¢—Rpa)— Pl N€°°s°'¢)] (3.62)
¢
where
1 7
N =———————/ 262 [g'% + ¢%] + 2e9} d + Rp, 3.63
¢ C((I)Z_Ql) { [9 g] g} ¢ . 14 ( )

1

It was found that both the non-dimensionless displacement g(4) and the hoop stress N,

must be perturbed and this is done as follows,

9(8) = 90(8) + €91(¢) + £72(4) + O(<%) (3.64)

Ny = Ny+€eNy + €N, + O(&?) (3.65)

Substituting Eqgs. (3.64) and (3.65) into Eqs. (3.62) and (3.63) result in the following sets

of linear recussive relations,

90 + 90 = 3 :CNI + %g] + 1 cos(ag)
i+ =3 :CNz + R (NO)Z] — 33 cos(ad) — gh? — go°
@ te=; -CNa + 5+ (1"0)3 2 %] (3.66)
PR  S

2

and
NO = Rpa

2 2
M=C@r@n/““
(3.67)

2
N, = C(<I>2 @)/(914' +90)d¢



Two Dimensional Finite Element Analysis [/ 3.6.1 54

The homogeneous boundary conditions for Eq. (3.66) are given by,
90(®1) = 90(®2) =0
91(21) = q1(®2) =0

92(®1) = g2(®2) =0

(3.68)

Solutions of Eq. (3.66) with the hoop stress and the boundary conditions
defined by Eqs. (3.67) and (3.68) respectively are not too difficult to obtain. They are
given in Appendix C. However, the amount of effort required to solve this set of linear
integrodifferential equations increases rapidly, as higher and higher order solutions of the
perturbation analysis are desired. For example, in O(&°) solutions, only 4 terms need to be
integrated. In O(e!) solutions, the number of terms requiring integration jumps to 20. For
this reason, the solutions of the perturbation analysis will be obtained to at most O(e?)
accuracy.

The proposed perturbation technique is then applied on a numerical example.
The finite element solutions for this example are also generated. In this way the results of
the two analyses can be compared.

Consider the problem depicted in Figure 3.6. The membrane structure is
subjected to a cosine wind load. Because the wind load distribution is asymmetric, a more
realistic wind pressure is simulated. From the given data, the following values are Aobtained
for the computation of hoop stress and membrane deflections using the perturbation equa-
tions: @ = 1.2, p, = 3, € = 0.10 and w, = 2. Some comments on the units a.doplted in
the example. Since all the examples given here are derived in one way or another from
Uemura (1972), it is convenient to retain the metric units used by him.

This problem is next discretized with 12 elements and solved via NFEAM?2
for membrane stresses and deflections. Five iterations were required to achieve convergence.

Table 3.1 shows the hoop stress predictions by both solution methods. Excellent agreement
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Pu(8) = 3cos(1.24) kg/m®
Pa = 30 kg/m®
R=10m
¢, = 30°
&, = 150°

C=13x10""m/kg
FIGURE 3.6 Membrane Roof Subjected to Low Wind Pressure.

is observed. Since the nonlinearities are very small for this problem, the hoop stress due

to wind is.slightly above the initial stress due to the internal pressure only.

Perturbation Analysis Finite Element
0(<?) O(e') O(<?) Analysis
300.00 307.74 303.62 304.34

Table 3.1 Accuracy of Hoop Stress N¢ Computations

The membrane deflections computed by these two methods are plotted in

Figure 3.7. Unlike the hoop stress results which are necessarily computed to a higher
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FIGURE 3.7 Comparison of Membrane Deflections.

order of accuracy in the perturbation analysis, the membrane deflections here are obtained
to O(£%) accuracy only. The finite element solutions agree closely with the perturbation
-results.

A note on the boundary conditions used in the perturbation analysis is worth
mentioning. All homogeneous solutions in the proposed perturbation method have in their
denominators, the term sin(®; — ®;).? This term vanishes at some combinations of ®’s
(eg. @, = 0%, &, = 180°). This in turn causes the homogeneous solutions to blow up.
Of course one could simply prevent this by avoiding those combinations of ®’s that make

the denominator vanish. On the other ha.hd, if one has to work with those combinations

9 see Eqs. (C.27) and (C.34) of Appendix C
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of ®’s then one should realize that one cannot prescribe as boundary conditions only the
kinematic boundary conditions. One has to include the natural boundary conditions in lieu
of some kinematic boundary conditions. Take for example, at ¢ = ®,, one can prescribe the
kinematic boundary condition of zero displacement. But at ¢ = ®,, one has to prescribe
the natural boundary condition of zero slope. This situation is analogous to the problem
encountered in the membrane theory for cylindrical shells, where one cannot satisfy all the
boundary conditions. This problem does not arise in the finite element analysis, as we are
solving the nonlinear differential equations.

- Having seen that the solutions from the finite element analysis are accurate
for the case of low wind speeds, the program NFEAM2 will now be checked for the case
of moderate to high wind speeds.

Case b: Moderate to High Wind Speed — Uemura’s Solutions
Uemura (1972) presented some results for the non-interactive analysis of cylindrical mem-
branes in wind. The wind speeds used in his examples ranged from moderate to high
(namely from 20m/s to 40m/s). The nonlinear terms shown in Eq. (3.22) are absent in
Uemura’s formulation. These terms are due to the effects of the variable radius of cur-
vature, neglected in Uemura’s theory. Initially, in the undeformed state, the membrane
is assumed to have a constant radius of curvature. As the membrane begins to deform,
the radius of curvature starts to vary. This variation in the radius of curvature increases -
as the membrane deformation gets larger. One would thus expect the nonliﬁear terms
to become increasiﬁgly important as the membrane experiences bigger and bigger loads.
To obtain a quantitative measure of the loading on the membrane, one has to consider
the internal pressure p,, in addition to the wind pressure p,. Since the wind pressure
can be computed from a given wind speed U, the following dimensionless quantity which
represents the ratio of dynamic pressure to the internal pressure, is introduced to quantify

the strength of loading on the membrane,
1o, U

o = oo

(3.69)
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where p, is the density of air.

Another quantity that will determine the deformation response of the mem-
brane is the elastic constant, C. Since C is inversely proportional to the Young’s modulus
of the membrane material, a larger C' would therefore result in a larger membrane defor-
mation at a fixed &,.

The following two cylindrical membranes, designated as Examples 1 and 2
and shown in Figures 3.8 and 3.9 are taken from Uemura. The stresses and deformations
computed by Uemura for these two membranes will form the basis of compari~son for similar
results predicted by NFEAM2. Both membranes, discretized with 15 elements, have initial

radius of R = 10m. Comparison of hoop stress predictions is tabulated in Table 3.2.

Hoop Stress, N, in Kg/m

Membrane Uemura (1972) 2-D FEM

Example 1 818.7 864.1

Example 2 1227.3 1271.9

Table 3.2 Comparison of Hoop Stress Predictions

The loading ratio in Example 1 is, £, = 1.91. This figure represents a
moderate wind. For Example 2, we have §, = 3.40 and this is in the region of a strong
wind. Also Example 1 is more ‘rigid’ than Example 2, as indicated by the smaller value
of C. Hence we expect Example 2 to exhibit a larger deflection than Example 1. Their
deformed profiles, together with Uemura’s solutions, are plotted in Figures 3.8 and 3.9.
The agreement with Uemura’s result for Example 1 is close but for Example 2, there is
a visible diﬁ'erence. This difference is due to the nonlinear terms which are retained in

the present more exact analysis. In Example 1, the nonlinearities are small and hence the
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FIGURE 3.8 Membrane Deformations for Example 1 (¢, =1.91,C = % x 1074).
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FIGURE 3.9 Membrane Deformations for Example 2 (€, = 3.40, C = 1 x 1074).
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agreement with Uemura is good. However in Example 2, the deformations are larger and
the nonlinearities become significant. Thus the visible difference.

The study of the non-interactive analysis presented so far indicates that the
results obtained by NFEAM2 agree well with the solutions of perturbation analysis and
Uemura’s theory. Thus the membrane stress and deformations computed at different wind

speeds are accurately predicted.

3.6.2 INTERACTIVE ANALYSIS

Having established the accuracy of the finite element formulation on independent structure
problemsvand the accuracy of the boundary element formulation on independent flow
problems, these two formulations are coupled together.to make them interactive. Hence,
the examples presented in this section will exhibit the fluid-structure interaction effects.
Since the membrane profile is not known apriori, the fluid loading computed
in the flow analysis, is based on an assumed profile. The assumed profile used here is
deliberately chosen to be slightly asymmetric, resulting in pressure loads acting on the
membrane that are also asymmetric. It is therefore not suprising that the final converged
profile obtained in the interactive analysis also exhibits asymmetry. Had a symmetric
profile been chosen, the final converged profile would also be symmetric. Such solutions
while mathematically correct, are not realistic as one would expect the membrane to be
‘lop-sided’ when subjected to wind blowing transversely. Another interesting mathemat-
ical solution is obtained when the assumed profile is taken to be asymmetric, but in a
direction opposing to the flow. The final profile, also asymmetric, is found to converge in
that direction which is opposite to the flow direction. Again this mathematical solution is
not realistic. The reason for this behavior is that, the pressure loads acting on the mem-
brane are given by the square of the flow velocities. Hence the membrane deformation is
indifferent to the flow direction. To select the correct solﬁtion from all these mathematical

solutions, we must also check that the solution is realistic for the given flow environment.
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FIGURE 3.10 Flow Domain and Boundary Conditions for Cylindrical membrane.

In all the examples considered, the infinite potential flow region is modeled
byva finite flow domain as depicted in Figure 3.10. Note that only Neumann boundary con-
ditions are prescribed for the problem. This implies that the computed potential function
is accurate to within an arbitrary constant. It is not necessary to evaluate this constant
as the quantities we are interested in, namely, the pressures and velocities, are given by
the derivatives of the potentiél function.

The following values are used in all the interactive examples:
L =100m, H = 100 m, pa = 1.25kg/m®, Ry=10m (3.70)

The number of boundary elements, singularities and finite elements used in the study are

summarized in Table 3.3. They are evenly distributed over each section of the boundary.



Two Dimensional Finite Element Analysis [/ 3.6.2 - 82

The deformations at each global iteration for two membranes are shown in Figures 3.11 and
3.12. Observe that there is a slight inward deﬂecfion at the leeward side of the membrane
in Figure 3.12 which is absent in Figure 3.11. This can be explained by the larger £, used

in the latter.

Boundary No. of Boundary No. of No. of Finite
Section Elements Singularities Elements
Vertical 30 x 2 3x2 -

Horizontal 48 4 -

Membrane 50 6 49

Total 158 16 49

Table 3.3 Discretization Schemes

The converged pressure coefficients on the membrane are plotted in Fig- -
ure 3.13. The ratios of the pressure coefficient at the top of the membrane to that at the
base are -3.08 and -3.56 for £, = 0.276 and £, = 1.875 respectively. In contrast with a rigid
circular cylinder which has a pressure ratio of -3.0, we see that a flexible cylinder has a
higher ratio. This arises from the fact that a flexible cylinder deforms into a shape that is
more distorted than a circle. Another important point that is observed in the plot is that -
the wind loads based on the rigid model are underestimated at the apex of the cylinder
compared to those from the flexible model. Hence, it is importanﬁ to consider the effects of
fluid-structure interactions in a pneumatic membrane structure subjected to wind loads.

Figure 3.14 depicts the influence of the loading ratio £, , on membrane deflec-
tions. The results are similar to Kunieda et al. (1981) who have adopted a real flow model
in their formulation. The small inward deflection in the leeward side of the membrane is

also evident in their plot. In fact, the ratio of the two inward deflections!® in the present

10 The inward deflection at the windward side and the inward deflection at the leeward side
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FIGURE 3.11

t

Membrane Deformations at Each Global Iteration (€, = 0.276,C = 1 x 107*).

Converged Profile

Intermediate Profile
sumed Profile

Undeformed Profile

FIGURE 3.12

Membrane Deformations at Each Global Iteration (¢, = 1.875,C = § x 107%).
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FIGURE 3.13 Pressure Loads acting on Membrane in Equilibrium (C = -;— x 1074).

analysis agrees well with their results. Also, just as in their plot, this inward deﬂection at
the leeward side vanishes at smaller values of the loading ratio. It is thus seen that the
deformed shape of the membrane structure changes with ¢, .

The variation of hoop stress Ny, with internal pressure p, at different wind
speeds, is sketched in Figure 3.15. The speeds considered are 0, 10, 20, 30, and 40 m/s.
The wind pressures shown in the figure are dynamic pressures, corresponding to the wind

speeds mentioned. Observe that the additional stress due to wind, defined as the difference
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FIGURE 3.14 Influence of the Loading Ratio £,, on Membrane Deflections (C =
» 1 —4
3 x 10 ).

~ between the total stress and the stress due only to the iflternal pressure, changes rapidly
at small p,. It then decreases with increasing internal pressure. This is attributed to the
fact that the membrane becomes more and more ‘rigid’ at higher p,. Also, recalling that
the perturbation method is applicable to the case of small wind loads and large internal
" pressure, it will be interesting to compare these interactive results with the solutions of the
perturbation analysis in the region of high p,. A difficulty that quickly arises in the attempt
to apply the perturbation technique here, is the characterization of the winci pressure on
the membrane. Natu:ally the characteristic wind pressure, p, required in the perturba-

tion analysis, is obtained from the final pressure loads acting on the membrane. From .
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FIGURE 3.15 Variation of Membrane Stress Resultant N, with Internal Pressure
pa (C =73 x1074).

Figure 3.13, it is found that the final pressure loads on the membrane can be accurately

modeled by the following equation,

Pu(¢) = p.(cosad + a,) (3.70)

where p,, @ and e, are constants chosen to match the final pressure distribution as closely
as possible. In the examples given here, we used @ = 2.0 and a, = —0.50. The values
- of p, range from 12.8 to 200.0 depending on the wind speed. Using this wind pressure
distribution,‘the O(€') term for the hoop stress, N, is derived from Eq. (3.67) to be,

aZ, {1 —cos(A®)} — Z,sin (A®) + (a® — 1) aa,Z,

N, = .
(a?~1)a {CA(I)sin(AQ) +(C+ 4)[2 - A®sin (A®) - 2cos(A<I>)]}

(3.71)

where

Z; = cos(a®,) + cos(a®,)
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Z, =sin(a®,) — sin (x®,)

Zy = A®sin (AP) — 2 {1 —cos(AD)}

The results of the perturbation analysis, accurate to O(e!), are shown by broken lines in
Figure 3.15. The plot shows that in the region of high internal pressure, the interactive
results approach the perturbation solutions. However at higher wind speeds, the two sets
of curves differ. by up to 15%. This is expected and is attributed to the deterioration of
the perturbation solutions. The internal pressure at this wind speed is not high enough
and consequently, the perturbation parameter ¢, defined as the ratio of the wind load to

-the internal pressure, is almost 1.0 in this region.

3.7 SUMMARY

A two-dimensional interactive analyéis of cylindrical pneumatic membranes subject to wind
loads is presented. The flow, modeled with an inviscid fluid, is analysed using the boundary
element technique. The structural analysis is based on a large deformation but small-
strajh model, performed using the finite element method. Two computer programs are
developed for the analysis: NFEAM2 for the non-interactive analysis and INFEAM2 for
the interactive analysis.

To assess the performance of NFEAM2, the following procedure is followed.
At low wind speéds, the results of NFEAM2 are compared with the predictions from
a perturbation analysis. At moderate to high wind speeds, these results are compéred
with Uémura’s solutions. These comparisons show that accurate membrane stresses and
displacements are obtained.

- Having etablished the accuracy of NFEAM2, the boundary element program
is coupled to the finite element program to form INFEAM2. Results displaying fluid-
structure interactions are then generated. The investigation shows that the deformed
shape of the membrane changes with £,. Also the additional thp stress due to wind

changes rapidly at smaller p,, and then decreases with increasing p,.



CHAPTER 4

Three Dimensional Finite
Element Analysis

4.1 INTRODUCTION

The interactive analysis of a wind loaded, three-dimensional pneumatic membrane struc-
ture is presented here. To study the motion of a body undergoing large deformations, a
consistent formulation based on continuum mechanics principles is desired. In the classical
approach for finite elasticity analysis, either a Lagrangian or an Eulerian description is
i_aséd to characterize the deformation. However, in this present.a.tion, a material coordinate
description which retains some of the basic features of the Lagrangian description is used.
The coordinate system employed here, is embedded in the body. As the body deforms,
the coordinate system displaces and deforms with the body suéh that the coordinates of
a point on the body remain unchanged. Hence this material description can be called a
convected cbordinate description.

The incremental equations of equilibrium are derived by applying the prin-
ciple of virtual work to two neighboring configurations. By considering the configurations
to be _inﬁniteéim.ally close, these incremental equilibrium equations are then linearized to
permit easy solution. The error arising from the linearization constitutes a measure of the
non-satisfaction of equilibrium for the configuration obtained. To evaluate and control this
error, an unbalanced load term is derived. The iterative process in the solution algorithm
is halted when this unbalanced load satisfies a prescribed tolerance. |

68
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The nonlinear deformation is analysed using a displacement-based finite el-
ement procedure. The incremental continuum mechanics equations are used to develop -
the governing finite element equations. To evaluate the integral associated with the ex-
ternal load term, a truncated Taylor series expansion of the external virtual work is used.
However, due to the follower-load nature of the pressure loading, we have an unsymmetric
stiffness contribution to the system tangent stiffness matrix.

A three dimensional finite element program has been developed for the struc-
tural analysis. The program, called NFEAMS3! uses the warped isoparametric quadrilat-
eral element of Haug and Powell (1972a). This membrane element is warped in space and
has 12 degrees of freedom with the nodes connected by straight lines. Newton-Raphson
iteration technique is employed in the solution process. To promote convergence, an au-
tomatic line search algorithm is incorporated into the Newton-Raphson iteration scheme.
A displacement convergence criterion is adopted in the program. By coupling the finite
element program for the structural analysis with the boundary element program outlined
in Chapter 2 for the flow analysis, the fluid-structure interactions are achieved. The cou-
pled program named INFEAM3,? is then used to analyse the air-supported roof of the BC

Place Stadium under the action of wind loads.
42 MATHEMATICAL PRELIMINARIES

Only the relevant mathematical relationships .a.re given here. For a more complete presen-
tation, one céuld refer to McConnell (1957) and Green and Zerna (1968). Assumptions
similar to those stated in the two-dimensional formulation given in Chapter 3 are adopted
here. The notations used will be as follows: Greek indices are reserved for surface quan-
tities and take the values 1, 2 while all lower-case Latin indices take values 1, 2, 3. The

upper-case Latin indices take values 1, 2’ 3,---,12 and the upper-case calligraphic indices

! Nonlinear Finite Element Analysis of Membranes: 3-D
3 Interactive Nonlinear Finite Element Analysis of Membranes: 3-D
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a;

surface

FIGURE 4.1 Coordinate Systems for a Surface in Three Dimensional Space.

take the values 1, 2, 3, 4. Some examples depicting the use of these indices are shown in
§1.4 Nomenclaturé of Chapter 1. The summation convention for repeated indices applies
unless indicated otherwise.

Consider a surface in three dimensional space, as shown in Figuré 4.1. Let
the surface be defined by general curvilinear coordinates, (01, 02) with respect to a fixed

rectangular cartesian coordinates, z* 2 as follows,
7t = 7' (6°) (4.1)

Denoting the position vector of any point P on the surface by r, with respect to the fixed

3 Since the coordinates z° are in rectangular cartesian system, the location of the index is immaterial. Hence z' or
z; would be permissible. But for 8* it is meaningful to write ' rather than 6;.
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origin O, we have,

r=z2'g;

71

(4.2)

where g; are the unit base vectors of the fixed rectangular cartesian coordinates. The"

covariant base vectors of the surface at P are given by,

or
% = gga

az
a, = %;8.'
8, = 0y, g;

where @, = (Bz‘/ 60"’) yields the cartesian components of the base vectors

variant surface base vectors, a* are given by,
a.ag = by

where the Kronecker delta, 65 is defined as,

50_{0 for a # B;

B~ 11 fora=p, p notsummed.

The covariant metric tensor on the surface is given by,

aaﬂ = 80083
Qap = A 8;-0{; g;

This yields,

Gag = 0o Gf ij = Agq

(4.3)

. The contra-

(4.4)

(4.5)

(4.6)

(4.7)

Similarly the contravariant metric tensor on the surface can be computed from,

a®? axg = 63
The normal vector to the surface at P, aj is given by,
a; = a; X a,
Substituting Eq. (4.3) into Eq. (4.9) yields,

Y T B |
a; = (3 8] = 183 8 X 8j

(4.8)

(4.9)
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where a} denotes the cartesian components of the normal vector.
abg = af aj eik8" = ai o) e;j1v/39M g
i.e. ah = al ag e,-J-k\/EgH (4.10)
where ¢;;; is the permutation tensor defined as,

ik = 98k

The permutation symbol e, is defined as,

+1 when 1, 7, k is an even permutation of 1, 2, 3; (4.11)

{ 0 when any two of the indices are equal;
€ijk =
—1 when 3, j, k is an odd permutation of 1, 2, 3.

| Noting that g; are the unit base vectors in a rectangular cartesian coordinate we have,

upon expanding Eq. (4.10),

1 23 93
a3 a1ag — G50y
2 \ 31 1,3
3 1.2 1,2

Dennoting the magnitude of the normal vector by a; we get from Eq. (4.9),

a3 = |ag| = \/a} a} g;; (4.13)

If e; represents the unit normal vector to the surface at P, we have,
= e g; (4.14)

where ¢} are the cartesian components of the unit normal vector and are given by,

1 1 2 3 2.3

e » = — a3 3 = —{ alal —ala3 (4.15)
3 3] .3 a3l 1.2 1.2

83 a'3 alaz - azal

The magnitude of the surface base vector for the covariant components is given by,

lag] = (8,408,)"/% = /aza  (no sum) (4.16)
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and the contravariant components are given by,

|a%| = vVa®®  (no sum)
The direction cosine between the surface base vectors is given by,
a) «a; = |a;||a;] cos(a;, a3)

or
az

V11822

cos(ay, a;) =

From trigonometry we have,

sin(a;, a3) = \/1 — cos?(a,, a)

. Q11622 — G12G
sm(al, 82) =\/ 11 12 a2212 12
11

or

sin(a;, a;) = -

ay1a22
where

e = |aaﬂ| = 011422 — @128)2
- The line element of the surface at P, dsis given by,
(ds)® = dr «dr
(ds)? = a, d6* . a3 do?
ie. (ds)? = a,gzdf” do?
The area of a surface element is found from, |
dA = |dr; X dry|

dA = |do" a; x df” a,|

ie. dA = d' d6? |a,| |a,|sin(ay, a,)

In view of Eqs. (4.16) and (4.19), dA is thus given by,

dA = \/a df' d§?

73

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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FIGURE 4.2 Configurations in the Path of Deformation.

4.3 THEORETICAL FORMULATION

The motion of a surface in a three dimensional spéce may be described by considering
its path of deformation from an undeformed configurations, °C to a current deformed
configuration, !C and a neighboring conﬁgurétion, 2C. This is shown in Figure 4.2. It isv
-useful at this point t;> define the nomenclature adopted here. All left superscripts indicate
‘the configuration in which a quzintity is referred to. Hence the left superscript 0, refers to
the original or undeformed configuration while 1,2 pertain to the deformed configurations.
All right super-subscripts are indices as used in tensor analysis unless indicated otherwise.

All incremental quantities are depicted without left superscripts.
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4.3.1 CONVECTED STRAIN TENSOR

A symmetric tensor in a deformed configuration, “C can be defined as,

“Yop = 5 (Ya0p — %3,0) (4.23)
where Ya,g, oaaﬂ are the metric tensors in the deformed configuration, ¥C and the unde-
formed configuration, °C respectively. The symmetric tensor, ¥ Yap Will be called a con-

vected strain tensor because it measures the difference of the squares of the corresponding

line elements in a convected coordinate system. That is,
(d”5)? — (d°8)? = 2,5 d§* d6? (4.24)

A symmetric, incremental convected strain tensor, 9,4 can then be defined from Eq. (4.23)

as,

Tap = 27aﬂ - 1’70/3 ‘ (425)
i.e. '70,3 = %(Zaaﬂ - laalg) (4.26)

Expanding the covariant metric tensor, 2a, 3 in Taylor series about the deformed configura-

tion, !C we have
2 )

‘ 3 (la ) : : 3?2 (la ) . . . .
2aaﬂ = laaﬁ + ————-—-gl;ﬁ (2:1: - lx) + %——alziaiﬁf (2:1:’ - lz') (Zz’ - lz’) + -

Neglecting cubic and higher order terms we have,

e 1 3(a) ;5 (tagp)

aaﬂ - aaﬂ 2 alz" ial—z’a.l? Z' z’ (4.27)

where z* = (2z' — !z') represents an incremental displacement term. In view of Eq.

(4.27), Eq. (4.26) can be recast in the following form,

Tap = €ap + Nap (4.28)
where ¢, is the linear incremental strain tensor given by,
d (la ) .
€ap = j—pT 0 T (4.29)

and 7,4 is the nonlinear incremental strain tensor given by,

132 (laaﬂ) zi IJ

Mo = 451,751 (4.30)
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4.3.2 CONVECTED STRESS TENSOR

Since the convected coordinate description is chosen for the finite deformation analysis, a
convected stress tensor will be derived. Just as in the Lagrangian description of stress ten-
sors, this convected stress tensor wili be defined with respect to the undeformed configura-
tion °C and will henceforth be called the convected Piola-Kirchoff (P-K) stress tensor.
Because stresses occur naturally in the deformed configuration, this convected P-K stress
tensor will not yield directly the physical stresses. A transformation will be necessary to -
obtain the physical stresses.

Following the developments given in Green and Zerna (1968), consider the

two dimensional equivalent of the Cauchy’s tetrahedron in the current deformed configura-

tion YC as shown in Figure 4.3.

Vi

_th

PIGURE 4.3 Cauchy’s Triangle.
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This two dimensional equivalent of the Cauchy’s wedge, will suffice for the description of a
membrane continuum. The length of the sides is d”S, along the curvilinear coordinates, ¢
and simply d“S along the third side of the triangle. The orientation of the sides are defined
by unit outward normal vectors Yv, and v, as shown in Figure 4.3. When the triangle
shrinks to zero at P, keeping Yv fixed, the stress vector at P is realized. The length of

the third side is given vectorially by,

d’'S ="vd"S (4.31)
or in terms of the contravariant base vectors, Ya* we have,

2 ValX
]
v d”S=§ —d"'s 4.3
\'4 yr f—”aaa a ( 2)

where d”S, represents the length of the sides along the §* coordinate lines given by,

d’S, = \/Ya,, d6° (no sum) (4.33)

If “v, denotes the covariant components of v with respect to the base vectors a®, we

have,

Yy, V¥ae d¥S = d'S, | (4.34)

For convenience, the following covariant quantity is defined,
avs,

dvs: = T (4.35)
Eq. (4.34) can thus be written as,
Yo dS = dVS} (4.36)
Also from Eq. (4.8) we have,
va®Avay g = 65 (4.37)
which upon éxpansion and inverting yields,
[on ] = [ o2 o] (4.38)

where Ya = "a;, Yasy — Va1 Vay,;
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Let “t and “t, be the traction vectors acting along the sides of the infinitesimal triangle

as shown in Figure (4.3). The equilibrium equation for the triangle is then given by,
" d¥S =", d"S, (4.39)

Body forces acting on the triangle are ignored as they are assumed small compared to the
surface forces. From Eqs. (4.35) and (4.39) we find that,
2
Y= ,VVasa't, (4.40)
a=1
Note in Eq. (4.40), “t is an invariant to coordinate transformation for any arbitrarily

chosen “v and "v, is a covariant vector. Thus it follows that v¥a®“"t_ is a vector with a

contravariant character, . We may therefore define the following contravariant quantity,

1 = VYa2o 't (no sum) _ (4.41)

The above contravariant quantity, “¢** can be decomposed with respect to either a contra-

variant or covariant basis at P as follows,

vgor = vEoP va, (4.42)
or

“t** = YES “aP | (4.43)

vEoB and "E'g are tensors by Quotient rule and are called convected-contravariant Euler
and convected-mixed Euler stress tensors. Since we intend to work with stress tensors
associated with the undeformed configuration %C, we will derive an alternative definition

of stress tensors. A differential force vector, d“T can be defined from Eq. (4.39) as,

d*T ="td"S . (4.44)
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If n denotes the traction vector acting on the deformed element per unit of the undeformed

length 4%, we have,

d’T ="td"S ="nd" (4.45)
With the aid of Eqs. (4.36), (4.39) and (4.41), we can rewrite Eq. (4.45) as,

d'T ="t"*d"S: ="n** d°S} (4.46)
From Eq. (4.46), four sets of stress tensors can be defined by decomposing with respect to

the covariant and contravariant basis of the deformed and undeformed configurations. We

thus have,
vgor _vpaBuvg _ vpaveB 4.47
= g = 3 a ( . )
or
vgar _ VFaﬁ 0, 5= VF; Oaﬂ . (4.48)
and
una*__vnaﬁua — Vparvf
= g = nﬂ a (4‘49)
or
Vpor — uqaﬂ Oaﬂ —_ ng 08/3 (450)

Of the many possible definitions of the stress tensors, two will be of special interest, namely
the convected P-K stress tensor, “n®? and the convected Euler stress tensor, YE®# . The

relationship between these stress tensors will now be derived. From Eqgs. (4.38) and (4.35)

- :
10go* __ a *
d%* = \/EE dvs* (4.51)

Substituting Eqs. (4.47) and (4.49) into Eq. (4.46) yields,

we have,

YE*# Yayd¥Sy = "n"’ Yayd°S}
from which

YE°P d*S}y =*n"f d°S; (4.52)

Ya
vpob = \/6; vE*s | (4.53)

But from Eq. (4.51) we have,
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The above Eq. (4.53) depicts the relationship between the two stress tensors. From moment
equilibrium, the convected Euler stress tensor is Isymmetric. This implies from Eq. (4.53)
that the convected P-K stress tensor is also symmetric. The next point of interest is
té establish the physical components of these stress tensors. From Eqs. (4.42), (4.45)

and (4.46) we have,
“td"S = "t** d"S} = YE°P Yay d"S}, (4.54)

Expressing the base vectors “ag in terms of the unit vectors “eg we have
Uaﬂ
V"aps

Manipulating with Eqs. (4.35), (4.38) and (4.55) we have,

Veﬂ —

(no sum) v (4.55)

Yagd¥Ss = V'a'es d"S,

In view of above, Eq. (4.54) becomes,

"td"S = YE*’\"a d"S,"e;s (4.56)
“td"S = "E°* d"S, e, (4.57)

in which
| VES = \/va VE*P (4.58)

Since YE°# is associated with the physical quantities d¥S, and “es as shown in Eq. (4.57),
vEeB must then yield the physical components of the convected Euler stress tensor given
in Eq. (4.58). In a similar manner we can obtain the physical components of the convected

P-K stress tensor as follows. From Egs. (4.45), (4.46), (4.49) and (4.55) we have,

, _
"td'S = ”ndOS = Z "n"ﬂ\/"aﬂﬁ "eﬂ dOS; ) (459)
B=1
Substituting Eqs. (4.35) and (4.51) into Eq. (4.59) we have,
*nd®S ="n? V0% d's, Yeg
*nd’ ="n"# d"S, e, (4.60)

where vaof = /g nof (4.61)



Three Dimensional Finite Element Analysis [/ 4.3.3 81

represents the physical components of the convected P-K stress tensor.

4.3.3 INCREMENTAL CONSTITUTIVE RELATIONS

For any configuration “C, the convected P-K stress tensor and the convected strain tensor

are related as follows,
maf = vooher Y (4.62)

where Y“C®#PX is the elastic tensor at configuration “C. For isotropic material, the elastic

tensor, as given in Green and Zerna (1968)* s,

Et 2
uCaﬂpA — v.,ap v, BA v.,al v, fBp [t v.af v, pi
| ) [ a® "a”” + *a%" Ya"? 4 (—l _“) é a ] (4.63)

where E, p are the elastic modulus and Poisson’s ratio respectively, ¢ is the membrane
thickness and “a®? is the metric tensor in configuration *C. The incremental convected

P-K stress tensor can be defined as,

nf =2pef _lpab (4.64)

naﬂ — 2CaﬂpA 2,’”\ . ICaﬂpA 17(»\

e nof=20fPrqy, 4 (anﬂ"" - ‘C“ﬂ"") A (4.65)

The elastic tensor 2C?#7* is an unknown apriori. However for small strain problems, we

can assume negligible change in the elastic tensor in the increment.

pe. 2G0PeA o5 1gobor | (4.66)

Hence Eq. (4.65) becomes, ,
naﬂ — lcaﬂpa\ Yo : (4.67)

Further simplification of Eq. (4.67) is necessary as 7,) has a nonlinear component. This

is done as follows: substituting from Eq. (4.28) we have,

n? =1c°PrX ¢, 4+ 1CPPA Npa (4.68)

* cit. loc., p. 389
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The nonlinear incremental strain tensor, 5, is negligible within an increment and hence

dropped. Thus we have,
n®f = 1cabe) €pA (4.69)

The above incremental constitutive relation will be applied to linearize the incremental

virtual work equations which will be derived next.

4.3.4 INCREMENTAL EQUATIONS OF EQUILIBRIUM

A consistent and rigorous formulation of the incremental equilibrium equations based on
virtual work approach is presented as follows. Let YA denote the area of the deformed
surface “S loaded by a convected Euler stress field, YE®? . The principle of virtual dis-

placement for a virtual field of convected strains, §"y,3 requires that,
/ f YEP § (Y7,p5) dA="W,,, (4.70)
Y4

where YW,,, is the external virtual work in configuration YC. Since the deformed surface
is not known apriori, the above integral may be evaluated only approximately by assuming
a trial configuration and iterating. To avoid this kind of approximation, the integral will
be transformed into an integral with respect to the undeformed configuration, °C. The
convected Euler stress field will necessarily be replaced by the convected P-K stress field.

Substituting Eqgs. (4.22) and (4.53) into Eq. (4.70) we have,
// meB§ ("705) d°4 =" et (4.71)
04

The incremental virtual work equations are then derived by applying the above virtual
work expression to two neighboring configurations, !C and 2C. Linearization of these
equations results when the configurations are assumed to be infinitesimally close.

In configuration 2C, Eq. (4.71) becomes,

/ / 209 § (2q,5) d°A =W, (4.72)
04 .
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Substituting Eqs. (4.25) and (4.64) into Eq. (4.72) yields,

// (ln"ﬂ + n"ﬂ) 6( 1’10”3 + ’70[;) dOA = ZWezt
o4 . .

That is, :
/ / (lnaﬂ + n"ﬂ) 6(vag) 4°A = 2W,., (4.73)
04

In view of Eq. (4.28), Eq. (4.73) becomes,

f / (10 + 1) 6(€ap +1ap) 4°A = W,

04
// no? 6% d%4 + // 1pod 6148 d’A=W_, - ff 1pep beqp (4.74)
04 04 04 :

Using Eq. (4.67) to eliminate n®® in Eq. (4.74) we have,
/ / LoPPX oy ) 673 d°A + / f 1098 5905 d°A = 2W,, — f f 'n? §e,5d°A (4.75)
04 04 : 04

which represent the nonlinear equations for the incremental analysis. The nonlinear term

in the above equation is linearized as follows,

Yo 5’70/9 = (e/»\ + ’7@\) 6(€aﬂ + naﬂ) R € Geaﬂ (4'76)

In view of the above, Eq. (4.75) becomes,

// lCaﬂp'\ €pA 66aﬂd0‘4 + f/ lnaﬂ 6’7aﬂd0‘4 = 2‘4,e:x:t - /f 1pad 6€aﬂ d°A (477)
04 04 04

elastic stiffness geometri‘cr stiffness unbalanced load

From Eq. (4.77), the linearized incremental equations of equilibrium are obtained by ob-
serving that the equation holds for arbitrary variations of compatible strains. These lin-
earized incremental virtual work equations a..re of the same form presented by Bathe, Ramm
and Wilson (1975) who formulated similar equations but used a Lagrangian description in
a rectangular cartesian coordinate system. Observe that the incremen.tal decomposition of
the stresses and strains are possible only because they are referred to the same éonﬁgura-
tion. Solution to these equations is achieved via a ﬁ‘nite element modelling. This will be

presented next.
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44 ISOPARAMETRIC FINITE ELEMENT SOLUTION

A displacement-based finite element solution is used as the basis of the numerical modelling.
The incremental continuum mechanics equations presented earlier are used to develop the
governing finite element equations. Following the work of Haug and Powell (1972a), a
warped isoparametric quadrilateral shell (WIQS) element in configuration “C is chosen for
the analysis. The element has straight boundaries and 12 degrees of freedom characterized
by nodal displacements, "Uj( as shown in Figure 4.4.

A point P on the middle surface of the shell can be located with respect to
a local convected coordinate system, §¢. Global cdordinates, ¥z* and global displacements

components, “U* of P are given by,
vgl = N¥ v, (4.78)
Wt = NV, (4.79)
where ”z"x are the nodal coordinates of the A node in the #** direction at configura-

tion “C, "Uj( is nodal displacement defined in a similar manner and N¥ is the shape

function of the A*® node. The shape functions for WIQS are,
N = (1400 (1409

N2 =1 (1-01)(1 +6?)

: | (480)
N = (1= 0)(1 -0
| Nt =1(1+6")(1-6?%)
Substituting Eq. (4.78) into Eq. (4;2) yields the position vector of the poiht P,
vp= N¥ "z'” g (4.‘81)‘

Differentiating Eq. (4.81) yields the covariant surface base vectors,
| _d'r

@7 o

Substituting from Eq. (4.81) we have,

1 4
a

AN¥ . ;
aa = aga Vz)/ gt = Vaa gz (4‘82)
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FIGURE 4.4 Typical Finite Element.

where

al, = vely | (4.83)

Substituting Eq. (4.83) into Eq. (4.7) yields the surface covariant metric tensor,

Y ONMINY

aaﬂ = W—B—OT VI’M ":l:"), (4.84)



Three Dimensional Finite Element Analysis [/ 4.4 86

The incremental virtual work equations are considered next. Substituting Eqs. (4.29) and .

(4.30) into Eq. (4.77) yields,
8('a,) ;] . [2(eas) (law) ;1\ o
11, vaBpA (4 - 11 aﬂ af 0 1 392
//{ C [ 517 z’] 6[ ST ° +7 %6 _—alz‘alzJ add’ df

W, — 1 / / 1naf § [a( Gap) ] Vg db! de? (4.85)

where from Eq. (4.22), d°A = v0ad§'d§?. For external loads acting on a finite element

surface, the external virtual work expression is given by,

W, = / / 2¢ §u' V2a df' dg? (4.86)
24. .

where t* is the 5t component of the externally applied traction vector, 6u* is the i*h com-
ponent of the virtual displacement vector and 24 is the deformed area in configuration 2C.

The displacement components can be calculated as,
=1 (4.87)

Since the external load vector comprises only normal pressure, the traction vector can be
written as,

b — 2. 2.4

2 =2p 28 (4.88)
where 2p is the magnitude of the normal pressure and Zef, is the 1** component of the unit
normal vector, Ze; in the deformed configuration. Substituting Eqs. (4.87) and (4.88) into
Eq. (4.86) yields,
| W, = //2 2¢} 62° V2a d6! do? (4.89)

Substituting Eq. (4.89) into Eq. (4.85) we have,

/:/ { [5 ' a(a;la.ﬂ) lCaﬂp,\ a(al Ib\) ] [5 i1 aﬂ glitc;fil;i ]} \/o_;dgl d6? |

// 6:1:'2 2¢l \/_da o’ — //[ 1ot 2 “ﬂ)] VO dg* d¢? (4.96)



Three Dimensional Finite Element Analysis / 4.4 87

To simplify the incremental virtual work equations and thus facilitate computer program-

ming, the following finite element matrices are iﬁtroduced,

| 'N! 0 0 N2 0 0 N® ... 0
[@Q={0 N o0 0 N 0 0 --- 0 (4.91)
L 0 o N 0 o0 N o0 ... Nt
. [N, o o N, 0 o0 N3 ... 0
[PJ=]0 N, 0o o N, 0 O --- 0 (4.92)
| 0 0 N, 0 0 N, 0 --- N
where N,ﬂ =9N¥ /36"
ufl
v "fz viv2vdv.lv 2v.3 ulu2u3T
{f}: . _‘( Ty Z) Ty Zp Z9 Zo - Ty T4 34) (4.93)
uél2
Va(l] ‘
{"Aa} = { “dl (4.94)
uai
In view of Eqs. (4.92), (4.93) and (4.94), Eq. (4.83) becomes,
{"Aa} = [P.] {"¢} (4.95)

Also Eq. (4.84) becomes,
“aap = {"Aa}" {"Ag}

Yaup = {"€}T [Pag] {"€} (4.96)

where

[Pas] = [P [Py] (4.97)

Substituting Eqs. (4.91) and (4.93) into Eq. (4.78) and the result into Eq. (4.90) we have,’

3('a0p) 1 agor 9(1apn) ag 2(tang) :
s¢’ {// (1 [ 3121[’ 1gabeA alep; ] +3 [l" ? 31512121]) ‘/(Edoldaz} ¢’
04

—65’{// %p Qur *eh| V7a do* do” - /f [‘ “"agfé’:ﬂ)] ‘/—d0‘492} (4.98)

5 52 %_:_u:p_ = 6;[Q}{€} ::—Q';‘ff?} 65’ 8( Ga
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where

€I___2€I_IEI'

5€z={1, at I*h term
0, otherwise

Since the equation holds for arbitrary variations of the nodal coordinates §£;, we have

3 s . 8 . aZi .
{//( [ (alaflﬁ 1gabe) élep})] 41 [1,, ﬂgle%%]) «/(Edoldoz}e’

- / / [2pQ,-, 2e:;,] VZadf do? — / / 1 [lnaﬂ agfgf)] V04 dg* d6? (4.99)
24 04

2Weat
Eq. (4.99) represents the incremental equations of equilibrium for an element. However,
it is impossible to evaluate the first term on the Lh.s. of Eq. (4.99) because the quantities
associated with the deformed configuration 2C are not known apriori. The situation is
further complicated by the fact that the external loading is deformation dependent. The
problem of coﬁverting the integrals over 24 to integrals over !4 have been discussed by
Oden and Key (1970), Oden (1972)%, Larsen and Popov (1974), and Bathe, Ramm and
Wilson (1975), among others. To evaluate the integral, the following approximation will
be introduced in this thesis. Expanding the external virtual work expression in Taylor

series about the deformed configuration !C we have,

5 .
W = W, ——(—a—lgT’")EJ + - -+ + (higher order terms) (4.100)

Examining the second term, we have

aalg;,) {// aig7 [P Qur "4 VT ‘”"d”z}fj

. 3 Wezl a(‘e
e Lele { / Q.[ i via+ X8 v
+1plel a‘g\l/;)] do? dfﬂ}f’ (4.101)

6 cit. loc., p. 242
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Observe that this second term represents a stiffness-like quantity, arising from the follower-
load character of the pressure loading and hence c‘ontributes to the system tangent stiffness
matrix. Unfortuﬁately, this is an unsymmetric contribution. This unsymmetric load stiff-
ness term been has identified by several researchers, for example, Oden (1969), Oden
and Key (1970), Haug and Powell (1972a), Larsen and Popov (1974), Bathe, Ramm and
Wilson (1975), Nagarajan and Popov (1975), and Bathe (1982). Most of them however,
neglected this unsymmetric stiffness as the pressure loads in their analysis were small, and
the resulting loss of accuracy is within acceptable limits. They also pointed out that the
extra computational effort to solve the unsymmetric equations is quite substantial. How-
ever, for the case of membrane structures, the wind pressures encountered can be very
large. Thus the unsymmetric stiffness matrix is included in the analysis presented here.

Eq. (4.100) then becomes,

' 1
Wiy // 'p Qur e} \/Gdo‘do%{ [[ @SB 14via

+ v 13"’;{;] d9‘d92}€’ - (102)

Substituting Eq. (4.102) into the incremental equations of equilibrium depicted in Eq.

(4.99) and after some re-arranging, yields,

@08) 1 ragpr 9 Gp2) ag 9°(Ca,p) |
{//( [ 315}8 1oaBeA al;}]'*'z[l"ﬂaly;l[z.l]) VOa dg' do?

—/ Qu[a(lp)"\/—+ (3)\/_+ a(‘ﬁ_)]da dez}f’
14

alfj alfJ €3 ated

/f pQ,;e \/_deld(ﬂ // [‘ "”aglgf)] Viadg' ds®>  (4.103)

Eq. (4.103) depicts the linearized incremental equilibrium equations derived using a vir-

tual work method. They agree with those obtained by Haug and Powell (1972a) whose



. Three Dimensional Finite Element Apalysis |/ 4.4 ' 90 -

derivation is based on a force equilibrium method.” The unsymmetric stiffness terms were
not considered in their analysis and this, they suspected, was the cause of the convergence

difficulties they encountered.

Eq. (4.103) can be expressed in the following compact form,
(KD + K -kD} ¢/ =P -F (4.104)

where K}f) , Kﬁ), g) are the elastic, the geometric and the unsymmetric stiffness

matrices respectively and are defined as,

E (9(*0s) 1 ragor (12,0) « _
kB -1 // alefﬂ 1gaBo alepf V0a do' dp?  (4.105)
(@ _1 1,a8 az(l“aﬂ) 0 10l 102

KIJ =§ n W ad0 d0 (4.106) .

1 (V1a
w) /Q; [alz)l'\/_+ 3(1;3)\/_+ € éle.]) d9' do*® (4.107)

and Pr, Fy are the load vectors due to external and internal actions respectively. They

are defined as,

P,_// 1p Q! ea \/l'cldo‘doz (4.108)
1,08 a(! a,,/;) N PPTIPTL |
Fr = 5// T do' do (4.109)
04

The difference (P; — Fy) represents an unbalanced load term. To simplify Eqs. (4.105),

(4.106) and (4.109), we observe the following relationships from Eq. (4.96),

7 The force equilibrium method presented by Haug and Powell ( 1972a) is derived for a specialised case. Bathe (1982)
has indicated a more general force equilibrium approach to formulate the linearized incremental equilibriam equations
(cit. loc., p. 309-310).
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el ¢ afKL t aﬂLK) I (4.110)
and
02(ayg)
3161(;21 = (PaﬁKL + PaﬂLK) 51L 55{ (4.111)

where P,gr; is the (I, J)t term of [Paﬁ] . Thus we have,

E
K }J) = / / ¢K 1M 10oBoX (P axer + Popric) (Poamn
+ P,,XNM) §F 6% Vg do* do? | (4.112)
K9 =1 / / 108 (Posxr + Paprr) 6f 65 V0a dp* do? (4.113)

Fr= %// 'n®B 1eK (Popgr + Popric) 6F V0a do' df? (4.114)

in which 1C%PP* ig given by Eq. (4.63) as

Et ' 2
L ~aBpd __ 1 apl ﬂA a1 _Bp H 1 a1 _pA
C —— |'a +1gor 1gPp 4 [ 20 ) 1498 1, 4.115
2(1‘*‘#)[ (l_l‘) ]( )

and 'n°® is given by Eqs. (4.23) and (4.62) as

1 af __ 1 1-~aBp) (1 _0
n=3C (‘ap —%ap)

ie. Inef = L1gabe (IEM gV . 0gM OfN) PAMN (4.116)

To evaluate Eq. (4.107), we make the following observations: the first term is zero if the
pressure distribution within an element is assumed constant. The second term is evaluated
from Eq. (4.14) as,

144
a3 - a3
lg k1,
3 Lak 1ol gy

.

which upon differentiation yields,

a('es) _ 1 kg a('a3) 1,6 1k 3('a})
el la, 3 ated 3 =3 el
From Egs. (4.10) and (4.95) we have,

a('e) _ 1 ;
3153 1a3 [1 gnez 15 1 51 k 151] . (4.117)
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where
IS} = ejkl \/ggh {la{ szj + lag Pi’]} (4.118)

The third term in Eq. (4.107) is evaluated from Eq. (4.20) as
dvVie) 1 8a Vi 1 a8 3( a4g)
agJ _zmalfJ_ 2 3161

Substituting from Eq. (4.110) we get,

d(vla) Vi, ,
2151) =~ 10" 18 (Papgcs + Papix) (4.119)

Thus in view of Eqs. (4.117) and (4.119), Eq. (4.107) becomes,

14 t c
}J)"‘/ Qir P[ l“el 155 — ey e ISJ}QH

+% ta®P 1K (Poges + PaﬂJK)] Viade' dg? (4.120)

Having developed the governing finite element equations for the incremental analysis, we

shall discuss next, the solution strategy.

4.4.1 EQUILIBRIUM ITERATION

To control the error arising from the linearization of Eq. (4.72), it is necessary to iterate
within each load increment. Iteration is continued until the difference between the internal
virtual work, evaluated at the computed static and kinematic variables, and the external
virtual work satisfy a prescribed tolerance. Thus from Eq. (4.72), the error at the ktt

iteration is,

Error®) = *W,,, — / / pablk) g (2'7‘(,’2) d’A (4.121)

- 7

unbalanzed load

Comparing the r.h.s. of Eqgs. (4.77) and (4.121), we see that the former represents the
unbalanced load before the computation of the solution increments while the latter rep-

resents the unbalanced load after the solution process. To reduce this second unbalanced
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load, it is necessary to perform an iteration within the load increment. The equation to

be solved at the k* iteration is,

/ / Loater Aelh) Se,p d%4 + / / 0 529" 4%

2Weo — f / 2n°ﬂ(k-‘)6(2qf,'§,‘”) d°%4 (4.122)
04

Substituting the various finite element arrays and after some manipulations similar to that

in deriving Eq. (4.103), we have,
aﬂ)la,\a(al) 1.a a(aaﬂ) 102
{//[ (615[ cePe __algpl +3 ”ﬂ“—alefaly s/(TZda dé

././ Qi [3151 \/—+ lp aa(l 2)\/_'{'1 e} a(\/——) d91d92} Afl(k)

€3 3151

f/ Q! e3 \/Gatfﬂdg2

2 22 (k—1)
2 / f [2n°‘ﬂ (3(32“ é’,") + :2 f(,;‘;‘;), e’)] V0a dg' do? (4.123)
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where the incremental displacements are updated as follows,

g0 = gT=1) L AgT(R) (4.124)

It should be noted that at the iteration k = 1, Eq. (4.123) corresponds to Eq. (4.103).

Expressing Eq. (4.123) in a compacted form we have,
(KB + K -k} AW = p Y (4.125)

where the arrays Py, Kﬁ), K}?) and K}g) are given by Eqns. (4.108), (4.112), (4.113)
and (4.120) respectively. The array F I(k—l) is obtained by substituting Eqs. (4.110) and
(4.111) into Eq. (4.123) to yield,

FED 1 / / (>n? (26X (Popis + Papric) 6F
04

(k-1)
+ (Pagrr + Poprx) 8P 65€7]) " V0ads' do? (4.126)
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Observe in Eq. (4.125), the stiffness matrix is not updated at each iteration. Only the un-
balanced load is updated. Hence we see that the procedure described so far corresponds to
a modified Newton-Raphson iteration. If the stiffness matrix is updated at every iteration

in Eq. (4.125), namely as follows,
(k1) ' -
{Kﬁ) + Kﬁ) - K}g)} a¢T®) = p FI(" Y (4.127)

then we have the standard Newton-Raphson iteration.

4.5 COMPUTER IMPLEMENTATION

The computer implementation of the incremental finite element equations derived for the

structural analysis is discussed here. Only the main programming features of are described.

The program NFEAM3,- is written in Fortran IV and its program layout is

depicted in Figure 4.5. The program exhibits a dynamic allocation of memory. Here all

| afra.ys are defined as one-dimensional and stored sequentially in one master array, A. An

address system automatically sets up the location of each .arra.y in A. Thus each individual

array is variably dimensioned to the exact size required for a problem. Also any changes

to the overall problem, say in the number of elements, can be effected in NFEAMS3 by
simply, a single change in A.

At the data input phase the user can, for standard shell configurations, in-
voke the generation of an appropriate finite element discretization scheme from the library.
For instance, to discretize a circular cylindrical shell, the user types in the macro com-
mand CYLI, followed by the number of nodes, types of boundary conditions efc. CYLI
then proceeds to generate the nodal point and element information. In a similar fash-
“ion, the macro command SPHE generates the necessary discretization information for a
spherical shell. For non-standard shapes, the user inputs his own nodal point and element
information following the macro command USER. A summary of the main input data is
shown in Table 4.1. Except for those variable names that are self-explanatory, the names
will be defined as they are introduced in this section. For example, the program execution

code MODIN, controls the direction of flow in the program. It is defined as follows,
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.EQ. 1 - Data Check Only
MODIN = { .EQ. 2 - Program Execution
.EQ. 3 - Restart Option

All fatal memory storage and data errors are diagnosed by subroutine DOCTOR, which

then prints the appropriate diagnostic messages as indicated by the control code, NURSE.®

Variable Name Description
TITLE Title of Job
NELEM Number of Elements
NNODE Number of Nodes
NVAEL | Number of Variables per Element
NSYMM Symmetry Code for Equation Solver, SOL
ISOLN Solution Technique Code
ICONV Convergence Criterion Code
MODIN Program Execution Code
. NSTEP Number of Load Steps
MITER Maximum Number of Iterations
PINT Internal Pressure in Shell
TENS Initial Uniform Tension per unit length
RADI Principal Undeformed Radius of Shell
TOLN Prescribed Solution Tolerance
BETA Line Search Parameter

Table 4.1 Fortran Variable Names used in the Main Data Input

The most efficient strategy for the storage of global matrices is the skyline
scheme. These matrices are evaluated using a four-point Gauss quadrature. Figure 4.6

shows how the elements of the global stiffness matrix SK are stored in the one-dimensional

8 This terminology is adopted from the frontal solution package given in Irons and Ahmad (1980).
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* global stiffiness matrix
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FIGURE 4.5 Structure of NFEAM3.
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array A. All geros inside the skyline are included as they can become non-zero in the
solution process. If only symmetric matrices are encountered, then only the diagonal
terms and the upper triangular part need to be stored. A precise procedure to address
the elements of SK in A is required. This is achieved by establishing the column height
array LM and the connectivity array KLD.? Thus we see that the efficiency of this skyline
scheme lies in the fact that no eiements outside the skyline are stored or processed in the
computation stage. Also to keep SK as small as possible, the imposition of boundary
conditions is carried out during the assembly process.

The resulting system of equations is solved by a symmetric-unsymmetric
skyliné storage solvef, SOL. A solution technique code ISOLN, is provided in NFEAMS3.

Its definition is,

.EQ. 1 - Triangularization of Stiffness Matrix
.EQ. 2 - Modified Newton-Raphson Iteration
.EQ. 3 - Standard Newton-Raphson Iteration
.EQ. 4 - Automatic Selection of N-R Iteration

ISOLN =

At each step of the Newton-Raphson iteration, the unbalanced forces are computed. The
stiffness matrix is either kept constant or re-computed, depending on ISOLN. For the
case of ISOLN = 4, the program starts with the modified Newton-Raphson iteration and
progresses automatically to the standard Newton-Raphson iteration when the results have
attained 80% of the prescribed convergence criterion. The external loading is applied
incrementally, as defined by the number of steps parameter, NSTEP. If NSTEP is too
small (i.e. large load increments) the solution process could diverge.

The proposed incremental solution strategy is based on an iterative tech- .-
nique. For this strategy to be effective, proper convergence criteria for the termination of
the iteration run should be adopted. As discussed in Chapter 3, Bergan and Clough (1972)
have argued that a displacement-based criterion is preferable to the unbalanced load cri-

terion. Another feasible criterion is that based on energy. Here the increment in internal

9 The scheme used here is taken from Dhatt and Touzot (1984), p. 223-225
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Skyline Profile

K ; 0 l___O__‘

Koy L_Q_-_: K

SK = |- Has 0
LA Ky O

0 Kes  Ksg

0 Kgs Kge |

(a) Actual Stiffness Matrix (Unsymmetric).

SKD = (K);, Kz, K33, K44, Kss, Kge)
SKU = (K),, K3, K14, 0, K34, K35, K45, K25, 0, 0, Ksg)

- SEL = (K31, K33, K41, 0, Ky3, K53, Koy, Ke2, 0, 0, Kgs)

(b) Arrays for Storing Elements of SK.

FIGURE 4.6 Storage Scheme used for Global Stiffness Matrix.
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energy'® during each iteration is compared to the initial internal energy increment. Bathe
and Cimento (1980) have reported their experieﬁces with this type of energy convergence
criterion. In this thesis, the displacement convergence criterion is used. A convergence
criterion code ICONV, sets up the appropriate vector norm to be used in the convergence

test. It is defined as follows,

ICONV { .EQ.1 - Maximum Norm Convergence Criterion
B .EQ. 2 - Euclidean Norm Convergence Criterion

A line search parameter BETA, is also provided in NFEAMS to assist solution
convergence. As the idea has been explained quite extensively in Appendix D, no further

elaboration will be pursued here. Eq. (4.124) is thus modified to
¢7®) = ¢J(-1) L BETAK) Ag' () (4.128)

Also, incorporated in NFEAMS3 is a RESTART facility. If for some rea-
sovns, the solutions are not converging (for exa.niple, the load increment is too large) then
the RESTART option is automatically invoked through MODIN. The solving process is
halted and all essential information pertaining to the previously computed equilibrium
configuration like the global stiffness matrix and the unbalanced load vector, is stored in
a preassigned file. An error message is then printed by DOCTOR and the program execu-
fion terminated. The user can now examine his output and make necessary adjustments to
enhance-solution convergence. When the program execution is restarted by the user, the
program begins iteration from the previously obtained equilibrium configuration rather
than from the undeformed configuration.

Finally, the coupled program, INFEAMS is obtained through the synthesis
of the 3-D boundary element program and the 3-D finite element program. We shall now
present some of the results obtained in the uncoupled finite element anaiysis as well as the>

coupled boundary element-finite element analysis.

10 This is defined as the amount of work done by the unbalanced loads on the displacement increments.
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4.6 NUMERICAL RESULTS

As in the two-dimensional analysis, this section is presented in two parts: the non-
interactive analysis where the results of the finite element program, NFEAMS3 are discussed,
and the interactive analysis in which results of the coupled boundary element-finite element

program, INFEAMS3 are reported.

4.6.1 NON-INTERACTIVE ANALYSIS

We shall now examine the performance of the proposed finite element formulation. Two
membranes loaded laterally by pressure are considered in this exercise. The ﬁrst exam-
ple consists of a pressure-loaded, pretensioned rectangular membrane while the second
example involves a long cylindrical membrane. To avoid unnecessary complications, the
fluid-structure interactions have been ignored in the analysis. The computed membrane
deformations and stresses are compared with published results. This then enables us to

gauge the accuracy of the proposed structural analysis.

Example 1: Pressure-Loaded, Pretensioned Square Membrane
An investigation into the inflation of a square membrane with dimensions a x a x ¢ and fixed
at the edges is described here. The membrane, held initially taut and flat by a uniform
pretension per unit length T, is loaded by internal pressure, p. The deflection response
and incremental tension are then computed and compared with the analytical solutions of

Irvine (1976, 1981). He analysed a membrane with the following parameters:

a = 60in t =0.575 x 10~%in E = 15 x 108 psi
(4.129)
T =101lb/in p = 0.035 psi

In the analytical solutions, the membrane is subjected to vertical loads per unit area while
the membrane studied here is loaded by normal pressure. This discrepancy can be ignored

as the curvature of the membrane under load is small.
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FIGURE 4.7 Discretization Scheme for the Square Membrane.

The membrane is discretized with 36 elements as shown in Figure 4.7. To be
consistent with the analytical solutions, a slightly non-uniform mesh is used. The loads are
applied in 10 steps and a convergence tolerance of 1% on displacements is employed. To
start the iteration, an assumed initial profile is prescribed. The line search scheme is also
invoked in the solution iteration to assist convergence. The average line search parameter,
Pav per load increment for convergence is found to be 0.459 while the average number of

iterations required to achieve convergence at each load step is 5.3.
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Deflection Points on Membrane
in inches 1 2 3 4 5 6
Linear Theory 0.164 0.323 0.366 0.691 0.798 0.928
Irvine (1976) 0.135 0.264 0.299 0.565 0.653 0.759
- 3-D FEM : 0.142 0.268 0.296 0.572 0.656 0.763
Table 4.2 Comparison of Deflection Response for the Square Membrane

A comparison of the deflection response is presented in Table 4.2. For con-
venience, the units used by Irvine is adopted here. The deflected profile is skétched in
Figure 4.8. It is apparent that good agreement exist between the numerical and the ana-
lytical solutions. Also shown in Table 4.2, are solutions obtained from the linear analysis.
It is observed that the deflections predicted by the linear analysis are always larger than
those obtained by the nonlinear analysis. The centerline deflections (i.e. along the planes
located at z = 30 in. or y = 30 in.) for the various stages of load increments are depicted
in Figure 4.9. A nonlinear stiffening effect is observed as the load increment appfoaches
the 100% pr_essﬁre.

Table 4.3 compares the theoretical predictions of the incremental tension in
the membrane obtained by Irvine (1976, 1981) with the results from the finite element
analysis. In the theoretical analysis, Irvine has assumed that the incremental tension say,
in the z-direction, is a function of the y-coordinates only. That is to say, the incremen-
tal tension is constant along any line parallel to the z-axis. To be consistent with this
assumption, the finite element results listed in Table 4.3 represent the averaged values.
For example, to obtain the incremental tension along a line parallel to, say, the z-axis,
we take the averége of the incremental tension evaluated at several points along that line.
No distinction between the horizontal components of the incremental tension and the true

incremental tension is made as the curvature of the membrane under load is small.
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FIGURE 4.8 Deflected Profile for the Square Membrane.
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FIGURE 4.9 Deflection Response of the Centerline with Increasing Load Incre-
ments: Square Membrane.
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Incremental Locations in Membrane
Tension in 1b/in A B C
Linear Theory 0.0 0.0 0.0
Irvine (1976) 0.210 1.878 3.667
3-D FEM 0.242 1.955 3.770
Table 4.3 Comparison of Tension Increments for the Square Membrane

The relationship between the central deflection, §pax with the internal pres-
sure, p for different Poisson’s ratios is shown in Figure 4.10. Like a cable net structure,
a nonlinear stiffening of the membrane is observed with the increasing pressures. The
possibilify of solution divergence for such hardening structures has been mentioned by
Cook (1981). He suggested the use of a line search parameter, f < 1.0, to assist conver-

gence. Pursuing in this manner, it has been found for the examples tested that,

0.35 <8 < 0.50 (4.130)

To check that the small-strain assumption is not violated, we monitor the
lai‘gest principal strains in the membrane. The results are displayed in Figure 4.10.for
varying levels of internal pressures. The table in the graph shows that the membrane is
still exhibiting small-strain deformétions.

The variation of membrane tension increments with internal pressure is
shown in Figure 4.11. The tension increments here are the maximum z - direction tension.
It can be seen that the tension increases with the pressure at an increasing rate. This is
consistent with the observation that the membrane is stiffening as the pressure increases.

Also at larger Poisson’s ratios, the tensions at corresponding pressures, are larger.
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Example 2: Long Cylindrical Membrane

The long cylindrical pneumatic membrane introduced in Chapter 3 will be resolved here
using the three-dimensional finite element representation. The cylinder is initially circular
and is subjected to wind blowing from the broadside. This problem was solved in Chapter 3
by assuming the cylinder to be sufficiently long so that it reduces to a two-dimensional
problem. We will again assume the cylinder to be sufficiently long. But instead of treating
the problem as twb-dimensional, we will retain the three-dimensionality by considering a
slice of the cylinder of unit width and employing the appropriate boundary conditions to
simulate the state of plane-strain.

The following parameters are prescribed in the analysis:
Ro=10m, p,=125kg/m®, p=10.20 (4.131)

The discretization scheme used is depicted in Figure 4.12. The loads are applied in 10
steps and a convergence tolerance of 0.1% on displacements is sought. No line searches are
required in the solution iteration. The averé.ge number of iterations required to achieve

convergence per load step is 5.8.

FIGURE 4.12 Discretization Scheme for the Cylindrical Membrane.
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-~ Examples 1 and 2 of Chapter 3 are used in this investigation. The results
obtained are compared with solutions from the. two-dimensional finite element analysis
and from Uemura (1972). For Example 1, the deformation profiles and the hoop stress
resultants are shown in Figure 4.13 and Table 4.4 respectively. Reasonably good agreement

is observed. Again, for convenience, the metric units used by Uemura are retained here.

—— UEMURA (1972) & 2-D FEM
seeee 3—D FEM

FIGURE 4.13 Membrane Deformations for Example 1 (¢, =191, C = % x 1074).

Hoop Stress Resultants, N¢ in Kg/m

" Uemura (1972) | 2-D FEM | 3-D FEM

818.7 864.1 886.3

Table 4.4 Comparison of Hoop Stress Resultants for Example 1
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For Example 2, the deformation profiles are sketched in Figure 4.14 and the
hoop stress resultants listed in Table 4.5. Reaéonably good agreement is seen between
the two finite element solutions. This suggests that the approximations introduced in the
strain-displacement relations for the two-dimensional analysis are valid, as such approx-
imations are not used in the three-dimensionz] analysis. Also, for reasons mentioned in

Chapter 3, the agreement with Uemura’s solutions is poor.

UEMURA (1972)
e—e—e—e 2—D FEM

FIGURE 4.14 Membrane Deformations for Example 2 (€, = 3.40, C = 1 x 1074),

Hoop Stress Resuitants, Ny in Kg/m

Uemura (1972) | 2-DFEM | 3-D FEM

1227.3 1271.9 1299.3

Table 4.5 Comﬁa:ison of Hoop Stress Resultants for Example 2
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4.6.2 INTERACTIVE ANALYSIS

Having studied the performance of the three-dimensional finite element program, we con-
sider next, the interactive analysis of wind-loaded pneumatic membrane structures. The

structure analysed is the membrane roof of the BC Place Stadium.

BC Place Stadium Roof
The stadium, located in Vancouver, Canada, was completed in 1983. It
has an air-supported roof and covers an area of 4.05 hectares. The roof is a composite
structure made up of orthotropic membranes and cables. In this analysis, we will assume
. homogeneous and isotropic membranes without any cable reinforcements. A schematic
depiction of the stadium together with its flow domain is shown in Figure 4.15. Note that
the roof’s minor axis is in the z-direction which is the wind direction, while the major axis

is in the y-direction. The following parameters are used in the flow analysis:
L=B=1600m, H=800m, p,=120kg/m® (4.132)

and for the roof,

L, =1829m, B, = 224.3m, H, =26.8m, H, =33.5m
(4.133)

. E =0.690GPa, u = 0.30, t = 7.62mm, p., = 345Pa
Table 4.6 summarizes the discretization schemes used in the analysis. The boundary
element grid adopted for the flow domain is the same as the ‘cube’ used for the sphere (see
Figure 2.11) and for the stadium, is shown in Figure 4.16. Note that symmetry about the
z-z plane is exploited. The finite element grid for the roof is identical to the boundary

element grid shown in Figure 4.16(B).

The following specifications are common for the analyses presented here:
all pressure loads are applied incrementally in 10 steps, a convergence criterion of 1% is

imposed on the displacements and the line search scheme is invoked to assist convergence

in the finite element iteration.
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FIGURE 4.16  Stadium aad Flow Domain.
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Boundary No. of Boundary No. of No. of Finite
Section Nodes Singularities Elements
Roof 50 6 38
Wall 60 4 -
Flow Domain 171 14 -
Total 281 24 38
Table 4.6 Discretization Schemes

Finally, this report is divided into three stages:

(a) Inflation analysis
(b) Flow model investigation

(c) Interactive analysis

(a) Inflation Analysis

To initiate the solution process for membrane deformations due to wind, the
inflation problem is first solved. This involves computing the structural response of the
roof due only to internal pressure, p,. The undeformed roof geometry which is stress-free,
is shown in Figure 4.17.)! The data set pertaining to this undeformed roof is tabulated
in Appendix E. It should be emphasized here that the following terminology is adopted:
undeformed profile refers to the state prior to inflating the roof, while initial profile refers
to the state after the roof is fully inflated.

The internal pressure is applied incrementally until the prescribed full load
is reached. Also at each load increment, a ‘local’ iteration is set up to compute the
corresponding converged profile. This converged profile then becomes the starting profile
for the next load increment iteration. The average number of ‘local’ iterations is 3.1 while

the average line search parameter encountered for the overall solution is 0.873.

11 Recall that self-weight of the membrane has been neglected and hence the ‘np’ position of the profile.
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FIGURE 4.17 Undeformed and Initial Roof Profiles due to Internal Pressure.

Figure 4.17 depicts the deflected shape due to the full pressurization. The
maximum height of the roof increased by 6.8% or 1.98m. The distribution of membrane
stress resultants along the minor axis of the roof!? is shown in Figure 4.18. As expected,
N, appeared to be fairly constant while N, increases towards the apex of the roof. At
the apex, the shear stress resultant, N,, is zero which is also expected, as it is the point
of double symmetry. A plot of the distribution along the major axis is not shown as it is
felt that no new information is conveyed. But it suffices to point out th.at the N; and N,
roles are interchanged. Hence, along this axis, N, is fairly constant while N, increases
towards the apeﬁ. The stress resultants at the apeﬁ are also tabulated in Table 4.7. Also
listed are the stress resultants computed by the elliptic-paraboloid shell theory for the
same pressure load. We note that the roof deformed symmetrically about both the minor
and major axes but with very different radii of curvature in these two axes. Because of the
latter, the top of the roof is best modeled as an elliptic-par#boloid shell. This analytical
approach provides an immediate check of the finite element solutions shown in Table 4.7.

Good agreement is observed.

12 The stress resultants are actually evaluated at the gauss points but this difference is small and thus neglected.
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STRESS RESULTANTS in kN/m

FIGURE 4.18  Stress Resultants along the Minor Axis for the Inflation Analysis.

Stress Elliptic-Paraboloid Finite Element
Resultants Shell Theory Solution
kN/m kN/m
N, 44.10 47.01
Ny 33.22 36.60
N, 0.0 0.0

Table 4.7

Stress Resultants at the Apex of the Roof, for the Inflation Problem
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(b) Flow Model Investigations

The wind, as mentioned previously, is modeled by potential flow theory. To
see how closely this approach models real flow, the following non-interactive analysis is
performed. The roof is subjected o two types of wind pressures: wind pressures computed
by potential flow theory and wind pressures experimentally measured by Parkinson (1980).
In the latter, a rigid-roof model of the stadium was built and the pressure measurements
were carried out in the boundary layer wind tunnel at the University of British Columbia.
The set-up is shown in Figure 4.19.

For the purpose of this study, a wind blowing at 25 m/s in the direction
of the minor axis of the roof is considered. Figure 4.20(A) compares the two resulting
wind pressures along the minor axis of the roof. We see in the case of the model roof,
that the wind pressure comprises only the suction type. This implies the occurrence of
flow separation on the roof.1®> However, in the case of the potential flow model, the wind
pressure on the roof consists of both positive and negative (or suction) pressures. The
occurrence of these conflicting pressure predictions is attributed to the built-in limitations
of the potential flow theory. But towards the top of the roof, the pressures obtained by
these two approaches do agree in sign and differ at most by 10%. The wind pressure along
the major axis which is perpendicular to the ﬂow direction, is shown in Figure 4.21(A).
Here, as expected, both flow models predicted suction pressures over the entire length of
the axis.

The deformed profiles computed by the two flow models, along the minor
axis are shown in Figure 4.20(B). Note that, in the case of the potential flow model, there
is inward deflection of the roof at two locations: the windward and the leeward side of
the roof. This is not observed in the deformed profile predicted by the real flow model.
Again, this contradiction in the deflected shape is attributed to the inherent limitations

of the potential flow theory. However, as expected from the corresponding pressure plot,

. 13 As reported in Parkinson (1980), flow separation over a large portion of the roof was encountered.
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FIGURE 4.19 Model Test of BC Place Stadium (Parkinson (1980)).
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FIGURE 4.20 Pressure and Roof Profile for the Minor Axis.

the agreement in the vicinity of the roof’s top is very good. The maximum elevation of
the roof predicted by the two flow models differ by only 2.4%. Figure 4.21(B) shows the
deformed profiles for the major axis. Here, the deformed profiles agree very well over the
entire length of the axis.

The corresponding distributions of membrane stress resultants along the mi-
nor axis are shown in Figure 4.22. Again, we see for the case of the potential flow model,

that N, is fairly constant while N, increases towards the apex. Similarly, N,, is zero at

zy

the apex. For the real flow model, the distribution is not much different from that of the

potential flow model. But, because the symmetry in the flow direction is destroyed, N,
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FIGURE 4.21 Pressure and Roof Proﬁle for the Major Axis.

is now no longer zero at the apex. The stress resultants at the roof’s apex are tabulated
in Table 4.8. Also shown are stress resultants computed from the elliptic-paraboloid shell
theory for a pressure loading correspoﬁding to the potential low model. We see from the
table, that the stress resultants predicted by the two flow models differ by at most 16%
which is within acceptable engineering practice for these structures. Thus, despite the
inherent limitations of the potential flow theory,} the controlling stresses and deformations
are obtained to acceptable accuracy for design. It is on this ground that we feel it is

justified to use the much simpler potential flow theory to model the wind.
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FIGURE 4.22 Stress Resultants along the Minor Axis for Flow Model Investigations.

Stress Elliptic-Paraboloid Potential Real
Resultants Shell Theory Flow Model Flow Model
kN/m kN/m kN/m
N, 74.17 91.53 78.91
Ny 50.52 58.87 69.49
N, 0.0 0.0 4.37
Table 4.8  Stress Resultants at the Apex of the Rigid Roof (V = 25m/s)
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(c) Interactive Analysis

With the determination of the converged roof profile due to internal pressure
in part (a), the wind is now ‘turned on’ the structure. The deformed profiles are solved
initially, at low wind speeds and then at higher speeds until the desired speed is attained.
In this way, the wind loads are applied incrementally, with the converged profile determined
at each load step until the desired wind loads are reached. Solution is completed when the

converged profile corresponding to this desired wind load is obtained.

(a) Wind (b) Height of (c) Displacements (d) Displacement
Speed, m/s Apex, m in m, (%) Increments, m
15 31.176 2.366 (8.2) 2.366
25 32.214 3.404 (11.8) 1.038
35 32.727 3.917 (13.6) 0.513

Table 4.9  Maximum Roof Elevations (Initial Height = 28.81m)

Some typical results of the interactive analysis for wind speeds of 15, 25 and
35 m/s in the direction of the minor axis are presented in Figures 4.23 - 4.25. Plots
(A) and (C) show the roof pressure along the minor and major axes of both the initial
and deformed roof while plots (B) and (D) show the corresponding roof profiles. We see
that the wind loads corresponding to the flexible roof are larger than those from the rigid
roof. Also, from these figures, one could see that the membrane deformations are not
very sensitive to the interactive effects in which the flow around the deformed structure is
computed. Table 4.9 shows in column (b) the height of the apex, (c) the apex displacement
away from the initial state, and (d) the increment in this displacement. Clearly, we observe
a sharp decrease in the displacement increments with increasing wind speeds, due to the

nonlinear stiffening effects of the membrane.
/
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FIGURE 4.23 Pressure and Roof Profile: (A) and (B) refer to the Minor Axis, (C)
and (D) refer to the Major Axis (V = 15 m/s).
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FPIGURE 4.24 Pressure and Roof Profile: (A) and (B) refer to the Minor Axis, (C)
and (D) refer to the Major Axis (V = 25 m/s).
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Pressure and Roof Profile: (A) and (B) refer to the Minor Axis, (C)
and (D) refer to the Major Axis (V = 35 m/s).
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FIGURE 4.26 Membrane Deformations along the Minor Axis for Varying Loading
Ratios.

The net membrane deformations away from the initial state are shown in
Figure 4.26. We see that the roof deforms almost symmetrically about the major axis.
This pattern of deformation appears to contradict similar results obtained in the two-
dimensional interactive analysis in which the flow past an inﬁnitely long cylinder was
studied. Recall in those results!4 the symmetry in the deférmed profile was destroyed. This
difference in the deformation pattern is due to pressure loads being more symmetrical for
the three-dimensional structure than the two-dimensional one. Note that in the case 6f the
two-dimensional structure, the flow goes up and 6ver fhe structure whereas for the three-

dimensional structure, the flow goes up and over, and as well as around the structure. Thus

14 see Figures 3.11 and 3.12
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this ‘extra dimension’ creates less disturbance to the flow and therefore less disturbance
to the pressure field. That is why, the pressure coefficient!® for a circular cylinder is -3.0
while for a sphere of the same radius, it is only -1.25. With less disturbance, the roof has
a greater tendency to remain in the symmetrical mode. The foregoing discussion is not
applicable to the case of real flow. Recall in §(b) that because of flow separation in the
real flow model, the profile becomes asymmetric.

Instead of looking at the deformed roof from its minor and rhajor axes plots,
it is useful to present some three—dimensionai views. These are given in Figure 4.27 for
the three selected wind speeds. The initial roof is shown in red while the deformed roof is
plotted green. |

The distributions of membrane stress resultants along the minor axis are
shown in Figure 4.28. We see that N, is generally constant while N, increases towards
the apex. At that point, N,, is almost zero (see Table 4.10). The stress resultants at the
Apex of the roof are also tabulated in Table 4.10. The maximum shear stress resultant for
the corresponding wind speeds are listed in Table 4.11. Note that they occur towards the

edges of the roof.

Stress Wind Speed Wind Speed Wind Speed
Resultants V=15m/s V=25m/s V =35m/s
kN/m
N, 54.82 81.25 110.35
N, 41.35 53.78 70.84
N, 0.10 0.13 0.28

Table 4.10 Stress Resultants at the Apex of the Flexible Roof

15 defined as the ratio of the maximnm pressure to the dynamic pressure of the flow, % pa U?
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FIGURE 4.27 Deformed Profiles (Internal Pressure=345 Pa)

9¢T



Three Dimensional Finite Element Analysis [ 4.6.2 127

&

2 g

8

:

P ®
) .,
T (4)
g

j"
J

v

STRESS RESULTANTS in kN/m
40

~20

(B)

! 9]0 1?5 120
\

STRESS RESULTANTS in kN/m
1[5 30 4;6 810 73

-30 -llﬁ 0

©

PIGURE 4.28 Stress Resultants along the Minor Axis: (A) for V—15m/s, (B) for
: V=25m/s, (C) for V=35m/s.



Three Dimensional Finite Element Analysis | 47 ' 128

Wind Maximum Locations in  Roof
Speed, m/s Ny, kN/m X Y Z
15 11.40 -41.0 71.1 17.0
25 20.48 -65.1 82.3 4.62
35 31.65 -65.1 82.3 4.66

Table 4.11 Maximum Shear Stress Resultants and their Locatiohs

47 SUMMARY

A three-dimensional interactive analysis of pneumatic membrane structures is presented.
The flow, modeled as an inviscid fluid, is analysed using a boundary element approach. The
structure is analysed with a.ﬁnite element technique. The finite element method is based
~ on a continuum mechanics-based incremental formulation using a convected coordinate
description. Two computer programs are developed for the analysis: NFEAMS3 for the
non-interactive analysis and INFEAMS3 for the interactive analysis.

The performance of NFEAMS3 are assessed on two pneumatic membranes:
a pressure loaded, pretensioned square membrane and an infinitely long cylindrical mem-
brane. Three-dimensional representation is used in the latter. Comparisons with published
results are made and good agreement is attained for the deformations and stresses.

As an example of a three-dimensional pneumatic membrane structure, the
air-supported roof of the BC Place Stadium is analysed. To justify modeling the wind
by potential flow theory, the roof deformations are solved with wind pressures computed
using this theory and from a model test in a wind tunnel. The results show that, despite
the built-in limitations of the potential flow model, the critical deformations and stresses
are obtained to reasonably good accuracies. However, it is felt that the inclusion of real
flow effects such as flow separation, would be desirable before the procedure is put to

engineering use.
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Interactive results for the deformed roof and stress resultants for wind blow-
ing at the three selected wind speeds are also pf&ented. It is shown that if the effects
of fluid-structure interactions are ignored, the wind loads computed can err on the non-

conservative side.



CHAPTER 5

Summary and Conclusions

The aim of this thesis is to develop a method for the analysis of wind-loaded pneumatic |
membrane structures, taking into account fluid-structure interaction. The wind, assumed
to be inviscid, is modeled using a boundary element technique with moving singularities.
The membrane structure, assumed to exhibit large deformations but small-strains, is anal-
ysed using a finite element scheme. For two-dimensional structures, the finite element
method used is based on the Galerkin formulation, while for three-dimensional structures,
a continuum mechanics-based incremental formulation using a convected coordinate de-
scription is employed. The accuracies of the foregoing numerical methods are assessed
separately on flow and structural problems with known solutions.

To make the analysis interactive, the boundary element program is coupled
to the finite element program. This is done in the following manner: given an assumed
membrane profile, the wind loads are calculated from the flow analysis using the boundary
element program. These wind loads are then fed into the finite element program which
performs the structural analysis for a new membrane profile. Convergence is attained when
an equilibrium profile consistent with the wind loads results.

Interactive analysis is performed on the these pneumatic membrane struc-
tures: an infinitely long cylindrical membrane as an example of two-dimensional and the
air-supported roof of BC Place Stadium, as a three-dimensional structufe. It is shown that
the wind loads predicted by the flexible model can be larger than those of the rigid model.

130
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Hence, a pneumatic membrane structure analysed using a rigid model approach which is
the current engineering practice, may not yield a conservative design.

The conclusions regarding this thesis can be conveniently grouped into three
categories. These are, the flow analysis, the structural analysis and the interactive analysis.

Each will be discussed in turn.

5.1 THE FLOW ANALYSIS

In the flow analysis, we are interested in obtaining the wind loads acting on the membrane
structure. This is done via a boundary element technique. The singularities in this formu-
lation are placed on an auxiliary boundary located outside, encompassing the domain of
the problem. Also, because they are allowed to move, the number of singularities used can
be significantly less than the number of boundary elements employed in the discretization
without any apparent loss of accuracy.
The auxiliary boundary is determined using a minimization criterion. Two
- criteria have been used: the least squares criterion and the Galerkin criterion. In both
criteria, the usual weighting functions have been augmented with functions defined as
derivatives with respect to the singularity locations. By allowing the singularities to move
freely until they attain optimum positions, a highly accurate and yet adaptive method
for computing wind loads is realized. However, one pays a price for this feature. The
resulting boundary element equations are nonlinear, with the nonlinearity occuring in the
determination of the coordinates of the singularities. From the plot of the loci of the
singularity movement, we see that the singularities generally tend to move away from the
domain of the problem. Also, as the solution approaches convergence, minimum movement
is observed.
The method is illustrated with several examples involving the Laplace’s equa-
tion in two and t.hreé-dimensions. They are, deflection of a stretched membrane, flow past
a rigid circular cylinder, heat conduction in a rectangular prism and flow past a rigid

sphere. To accurately gauge the performance of this boundary-based! numerical method,

1 as opposed to the finite element method which is a domain-based numerical technique
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the following boundary conditions are prescribed in the examples: Dirichlet boundary
conditions, Neumann boundary conditions, and mixed boundary conditions. Comparisons
with known solutions of these examples show the computed values on the boundary as well

as in the domain of the problem to be in excellent agreement.

52 THE STRUCTURAL ANALYSIS

In the structural analysis we are interested in obtaining the membrane deformations, the
wind loads acting on the membrane being assumed given. The membrane is assumed to
" be perfectly flexible in bending but possessing finite extensional rigidity. The self-weight

of the membrane has also been ignored in comparison with the inflation pressure.

5.2.1 TWO-DIMENSIONAL PNEUMATIC MEMBRANE
STRUCTURES

The structural analysis of two-dimensional pneumatic membrane structures is formulated
on an inﬁnitely long, wind-loaded cylindrical membrane. A small strain-finite deformation
membrane theory is derived. The resulting second-order integrodifferential equation for the
membrane profile is solved via a Galerkin finite element procedure using Newton-Raphson
iteration with line-search. The line-search parameter encountered in the analysis, ranges
between 0.15 to 0.30.

To check the accuracy of the finite element results at low wind speeds, a
perturbation technique is developed. The perturbation parameter, ¢ used here, is defined
as the ratio of a characteristic membrane displacement to the diameter of the cylinder.
The foregoing theory is‘ then applied to solve a cylindrical membrane subjected to a cosine
wind load distribution. Good agreement in the deflected shape and stresses between the
pertubation solutions and the finite element solutions are obtained. For moderate to high
wind speeds, the finite element results are compared with published soutions. Again, good

agreement is observed.
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5.2.2 THREE-DIMENSIONAL PNEUMATIC MEMBRANE
STRUCTURES

An incremental formulation using a convected coordinate description is developed for the
analysis of three-dimensional pneumatic membrane structures. The metric tensor for any
deformed configuration is derived and from this, a consistent measure of deformation is
obtained. The incremental continuum mechanics equations are then used to develop the
~ governing finite element equations. These finite element equations are solved using Newton-
Raphson iteration. An ‘automatic’ line-search algorithm is also incorporated into the
iterative process. This algorithm using either a quadratic or a cubic backtracking strategy,
determines an appropriate step-size increment along a given Newton direction so as to
yield an acceptable next iterate. The average line-search parameter experienced is 0.42.
To examine the performance of the proposed formulation, a pressure-loaded,
pretensioned square membrane and an infinitely long, wind-loaded cylindrical membrane
are analysed. In the latter, three-dimensional representation is used in the analysis. Com-
parison with published results is made, and good é.greement is attained in both the exam-
ples. For the square membrane, the variations of central deflections and maximum tension
increments, with internal pressures are presented. The results show a nonlinear stiffening

of the membrane with the increasing pressure, just as in a cable-net structure.

5.3 THE INTERACTIVE ANALYSIS

Having discussed the performance of the boundary element and the finite element pro-
grams, interactive results for wind-loaded pneumatic membrane structures are then gener-
ated by coupling these two programs. As a measure of loading on the membrane, a loading
parameter £, is presented. It is defined as the ratio of the dynamic pressure to the internal
pressure. Thus the membrane experiences larger deformations with increasing &,.

For two-dimensional structures, an infinitely long cylindrical membrane is
considered. Interactive solutions pertaining to the influence of the loading ratio, £, on

~ membrane deformations and the variation of membrane stress resultants, N, with the
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internal pressure, p, are presented. It is seen that the additional stress due to wind blowing
at a specific velocity, changes rapidly at sma.llér Ps, and then decreases at increasing
p,- This is because the membrane structure has becomes so ‘rigid’ that there is little
fluid-structure interactions. Consequently, the stresses also converge to the perturbation
solutions. Also presented is a comparison of the final wind pressure coefficients predicted
by the rigid membrane model and the flexible mémbra.ne model. The result shows that
the coefficients from the flexible model can be larger than those from the rigid model.

As an example of a three-dimensional pneumatic membrane structure, the
air-supported roof of the BC Place Stadium is analysed. Three wind speeds are considered:
15, 25 and 35 m/s. The wind as mentioned, is modeled as an inviscid fluid. To justify
this approach, the roof is solved for two sets of wind pressures. The first set are those
computed by the potential low theory and the second, from a model test measurement in
a wind tunnel. The critical stresses and deformations in the roof predicted by these two
flow models agree very closely. Some typical interactive results of the deformed roof and
stress resultants are also presented. Just as in the two-dimensional analysis, the results
show that the wind loads of the flexible roof can be larger than those of a rigid roof. Thus

it is important to consider the fluid-structure interaction effects.

54 RECOMMENDATIONS FOR FURTHER STUDY |

Some specific recommendations for further studies are:

a) The handling of anisotropic membranes and the inclusion of cables in the case of
the three-dimensional analysis.

'b) A turbulent flow model for the wind to account for Reynolds number effects such
as flow separations.

c) Dynamic response of pneumatic membrane structures.

d) Dynamic stability analysis and static stability analysis to account for fluttering and
wrinkling of membranes respectively.

e) Experimental investigations.
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APPENDIX A

Boundary Element Equations

The governing boundary element equations for the Laplace’s equation are presented in this
appendix. The presentation is divided into two sections: results for 2-dimensional space
and results for l-dimensional space. These equations are derived for the most general
boundary condition, namely, the mixed boundary condition. By the appropriate selection
of B and 7! in these results, the equations for Dirichlet and Neumann boundary conditions
are realized.

The Laplace’s equation in /-dimensional space is giveﬁ by,

9%y + 8%u + 8%u + + 8%y
9z = 9z3 0zl oz}

=0 (A.1)
where u, in potential flow theory, represents the velocity potentiél. Eq. (A.1) is solved
numerically. This is because the boundary enclosing the domain where this equation is
defined, is highly irregular. Substituting Eqns. (2.3c) and (29) into Eq. (2.8) yields,

S5 [ {50 1 (st + sxicstey

+ 7(X)%{C,-g(tj,x)})] dr =0

or

>3 [ [{ %) 3 (et + Aaostes 0

'+7(X)Cj§i‘%)].dr=o 1<k<N (A2)

! See Eq. (2.3)
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Boundary Element Equations for 2-Dimensional Space

The normalized Green’s function for the 2-dimensional Laplace’s equation is given by
Eq. (2.9a). Substituting this equation into Eq. (A.2) results in,
N f(tkix)

2.2 / Cy, 9¢/0ty (a(x) + )((t,-,x)) dT=0 1<k<N (A3)
=1s=lrp, Cr 3¢/0ty

<
where

x = (z;,z,) are the coordinates of the boundary node

t. = (t1x,tor)  are the coordinates of the singularity

2
¢(t,x) = —log V(Ek — 71)% + (b — 25)°
R+\/t3, + 12
9% _ 2(t1x — 21) + 2t A (A.4)
Aty (t1k — 71)% + (b2 — 22)? Rm + 12, + 12,
9% _ 2(to — 72) + 2o
Bty (tuk — 1) + (tok — 22)? R\/m +2, +12,

_ | 2q(x)C iz
H(terx) = AR s(tyy 3 I (12 S (4 22)

81'2
an

The expressions (dz,/dn) and (dz,/dn) are the direction cosines with the z; and z, axes

respectively.

Boundary Element Equations for |-Dimensional Space; | > 3

The normalized Green’s function for the Il-dimensional Laplace’s equation is given by

. Eq. (2.9b). Substituting this equation into Eq. (A.2) results in,

C( g(tk)x) ) ) 1
N Cr0¢/0tx
S [ ] crocroty ¢ (a(x) + )((tj,x)) dT=0 1<k<N, >3 (A5)

{ C3¢/0, ) ]
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where

x = (z,23,Z3,...,%;) denotes the boundary nodes

t, = (t1k, toks tagy .- -, tip) denotes the singularities

2-1

¢(t,x) = [(tlk — 52 4 (b — )+t — 31)2] ’

2-1
p— R+\/l +t +...+l

o —(1 = 2)(t)x — )
Aty 1/2
1k [(tlk -z + (o —22)2 + -+ (t — 371)2]
(I —2)t

+ -1
\/tfk+t§k+-'--+t,2k[R+\/tfk+t§k+---+t,2k]

a —(1 = 2)(tak — z,)
= 172
Otas [(tuc —z1)? + (tor — 22)? + - + (b — zz)z] / (A.6)
(1= 2)ty

+
-1
\'/tf,c +2, + ----+t,2k[R+ Vet +---+t,2k]

9 =(1=2)(ti — =)
oty 1/2
[t = 2002+ (b — 22)2 o+ (b — )
(1 = 2)ty

-1

+
\/tfk+t§k+---+t,2k[R+\/tfk+t§k+---+t,2k

(I — 2)7(x)Cy
12
[(tlk — 22+ (b —22)2 4+ + (8 — 1’1)2] /

H (b, x) = B(x)Cy ¢ (tr,x) +

oz Oz dz,
X [(tlk - 31)55 + (tok — Zz)gf + - (b - xz)‘a—,,:‘]

As before, the expressions (dz;/dn), (8z3/3n), ..., (8z;/3n) are the direction cosines with

the z,, z,, ..., Z; axes respectively.

Eqns. (A.3) and (A.5) constitute the necessary (I + 1)N boundary element

equations for the solution of the unknown coefficients and singularity locations. These
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equations are however, non-linear and are solved using an alternating algorithm with line
search. The integration is performed numericaﬂy, using the Gauss quadrature rule. In
the program, the computation of the jacobian is obtained from exact expressions. Some
simplifications are achieved when the problem exhibits symmetry.

Having obtained the coefficients and the singularity locations, the solution

is then given from Eq. (2.4) as,
N
u(x) = Y _ Cj¢(t;,x) t;¢ D,T (A.7)
J=1

Since the boundary element method presented here is used for the flow analysis, it will be

useful to give the following expressions for flow velocity and pressure. The flow velocities

in z,, 75, Z3, ... directions, namely, v, , v,,, v,,, ... are given by,
v = du
i 61:,-
That is
f:c (tlj - zl)2 + (th - z2)2 ’
v, = :
L (1 - 2)(t;; — =) .
Jj=1 1=1,2,3,..., >3

)
[(t1; = 21)% + (2 — 22)* + -+ + (4 — z)*] !
The resultant velocity, V' (x) is given by,
1
ou ,|3
Vi) = (22 (o 4+ (5] (48)
{
The Pressure, P(x) is given by Bernoulli’s equation which is,

P(x) = Po(x) + $p{ (Vo(x))* - (v (%))} (4.9)

where Py(x) and Vj(x) are the datum pressure and free stream velocity respectively.
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Stiffness Matrix G;;

The stiffness matrix G;; is defined in Eq. (3.40) as,

_ 9P

G:'J' awj $,1=12 ' (B.1)
where P; is given by Eq. (3.53) as,
Pl = P2 = R2A¢ {l + C(N¢ - Rpa) - _I_z(p_ahr—_&tgl} (B.2)
P

Since P, = P,, the subscript can be dropped. That is,

P=P

From Eq. (B.2) we have,

- — 7)1
OF, =a_P_=RA¢{R[C+R(Pa pw)] No

dw; ¢‘9wJ N} dw;
3R(p; — py)| OR
+ [2 + C(2N¢ 3RP¢) N¢ an (B3)
where from Eq. (3.46) we have,
oN, N ( 1 {
= - R[26,w; + Gyw,]
5] 2C(d, — ®,)R2\ N
W (2, 1) S (R},
) n=1
oR 2., .2 3 2
= 3o, 1wl + i) + Grwywy — 4CR,A4] + R?AS

OR {5 | 2 g2 )
~ Ju, Z{R [9_1(“’1 +w3) + Gawywy) + Ad(w; + wy + 2CR p,,)}n) (B.4)

n=1

144



Stiffness Matrix / B 145

aN, N, ( 1 { (2
dw,  2C(®, - &,)R? 1 + Gy
W (2 - @) E{R}n
aR 3 2
[91('”1 +w3) + Gowwy — 4CRp, A¢] + R A¢}
oR L 2,2 2 .
~ 3w, _l{}: [G1(wi + w}) + Gywyws] + Ag(w; + wy + 2CR Pa)}") (B.5)
in which G, and §, are defined as,
_ 3+ A¢? -V
91="35p 9= =353

From Eq. (3.47) we have,

Q2+ R}
iﬁ"_:% [—293+49221+Qk§+k3{ }

(202 + 32)2

, \ 92 + 122
—2Q°% + QR? eI 1 RI)? (B.6)

AR, 3 ap2 £22+l22
ow, * [ZQ 2k, {(292+2 %)

\ / RZ
+20° +4Q°R, — QR} + R} { - }] (B.7)

(297 + R2)?
in which @, R; and R, are defined as,
0=(m=gm) Ri=(Retw)  Ry=(Ro+uwp)

The stiffness matrix G,; is obtained by substituting Eq. .(B.3) into Eq. (B.1) which yields,

ONy 9Ny 3R AR

— dw) Jdwy : Jwy; OJwg
[G] = # Ny, O8N, + % [ 3R  OR ] (B.8)

Ow) Jwg 3wl 3'”2

where

?l R2A¢{C+R(pa'2'pw)}
Ny

%, = RA$ {2.+ C (2N, - 3Rp,) — 38 (Pa — Pu) (p&— p“’)}
. ¢



APPENDIX C

Perturbation Analysis

For the case of small wind loads, the finite element solutions will be checked with results
from a perturbation analysis. The formulation for the perturbation analysis will be given

here.

Integrodifferential Equation
From Eqgs. (3.22) and (3.24), the integrodifferential equation for the structural analysis of

a cylindrical pneumatic membrane subjected to arbitrary wind is given by,

2Rwyy + (w2 + w? — 2wyR,) + 2Rw = 2R? l-I;C(N - R —-———R(p"_p"’) C.1

o T (W 1ty w= s — Rp,) N, (C.1)
where
o,
f {Z%R(wi+w2)+w+CR2pa} d¢ _
o
N¢ = ! T2 | (C.Z)
C [ R(¢)dé
e,

For small wind loads, the radius of curvature does not change appreciably. Hence we will

assume that the radius of curvature remains constant.

i.e. R(¢) = constant = R (C.3)

Eqgs. (C.1) and (C.2) then become,

R — Fw
w¢¢+ 71R(w§+w2)+w=R [1+C(N¢—Rpa)—£‘_ﬁ¢p_)] . (0.4)
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where

N¢ m/ {2R2 w¢ + w2) + — } d¢ + Rpa (C.S)

Boundary Conditions

The cylinder is held down at the two edges and this yields,

w(®,) = w(d,;) =0 | (C.6)

Non-Dimensional Form
The integrodifferential equation in Eq. (C.4) can be recast in a non-dimensional form as

g(4), by defining an unknown characteristic displacement w,, given by,

w(¢) = w, g(8) | (C.7)

Also, the wind pressure p,,(¢) can be non-dimensionalized as ¢(¢), by defining a charac-

teristic wind load p, as follows,

Po(9) = p.¢(9) (C.8)

When a wind is prescribed, it fixes the value of p, and is thus a known quantity. Substi-

tuting Eqs. (C.7) and (C.8) into Eqs. (C.4) and (C.5) we get,

" + (21‘2) [9% +¢*] +9= w‘I/R [1 + C(Ny — Rp,) - }?(p“ ;vz.s‘w))] (C.9)

and

o= 5 / (@) %o} do+ B, (c.10)
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Perturbation Parameters
At low wind speeds, the deformation of a cylindrical membrane is small compared to its

diameter. Hence a perturbation parameter € can be defined as follows,

w,
€= '2-'1—2 (C.ll)

The above definition is obvious as it multiplies the nonlinear terms depicted in Eq. (C.9).
Also another small parameter,  can be defined with respect to the pressure loads. At low
wind speeds, the wind pressure is small compared to the internal pressure. Hence we have,

2

. (C.12)

It will be shown later that n = ¢ in order for terms of the same order of magnitude to

balance. This would result in the following expression,

w, = 2R (z—:) (C.13)

Perturbation Solutions

In view of Egs. (C.11) and (C.12), the integrodifferential equation becomes,

' ' 1 "Rp,(1 - n¢(d
¢ +e[g?+g" ] +9=o [1+VC(N¢—RPG)_ Pl N:s‘( ))] (C.14)
where
1 e
—_—— 2 12 2
o= 0(<1>2-<1>1)!{25 [ + ¢°] + 259} d¢ + Rp, (C.15)

Perturbing g(¢) and N as follows,

9(8) = 90(#) + €91(8) + €%g;(9) + O(&?) (C.16)

N, = Ny + N, + 2N, + O(*) (c.17)
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Substituting Eqs. (C.16) and (C.17) into Eqs. (C.14) and (C.15), and collecting terms
yields,
(96 + 90) + €(g) + 91 + 96° + 90°) + €295 + 92 + 2909} + 29091) + -+
=L [{1+c - Rp) - B} +e{om + B (n + 2(9)) }
2
+¢2 {(JN2 g ((f&g) - ¥ - %Coxd" §(¢))} + e3{CN3

A [ - () -+ () - 0) S]] oo
and
.

2
2 e e o= D e ————
No+eN, + €N, + Rp,+¢ C(Qz_Ql)&/godtﬂ
1

2

Q?
+e —2—-f(91+962+93)d¢ +--- (C.19)
C(®; - Ql)«n
1

We can set the first term on the r.h.s. of Eq. (C.18) to zero and this yields,!

{1+0(M - Rp,) - B2} =0
(C+ Nla)(NO - Rpa) =0

Since (C+ y;)#0 then (N, — Rp,) =0
i.e. Ny =Rp, (C.20)

Observe that Eq. (C.20) corresponds to the linear solution for the hoop stress of a pressure-
loaded cylinder. We can thus expect to get a very good approximation to the hoop stress for
the nonlinear problem by taking only a few terms. Substituting Eq. (C.20) into Eq. (C.18)

we have,

(96 + go) + (gl + g1 + g% + 90%) + €%(95 + g2 + 2909} + 2909;) + -+ -

=j{om+{t+30)} + 5 {CNz w- () - z’%;é)%fw}
s

+5 {omr i+ (B) - olda+ () - ] @)+ o

! Similar conclusion can also be arrived from Eq. (C.19)
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Note that on the r.h.s of Eq. (c.21), to balance terms of the same order of magnitude, we

must have,
n=¢ (C.22)
Eq. (C.21) then becomes,

(96 + 90) + €(91 + 91 + 90° + 90%) +€7(93 + g2 + 2906} + 29091) + -
= {CNI + s+ 5 {om+ - (1) - o))
o5 {omefae () -+ [(B)'- 2@} e o)
Substituting Eq. (C.16) into Eq. (C.7) and the result into the boundary
conditions depicted in Eq. (C.6) yields,
90(21) + €91 (®1) + €95(31) + O(*) = 0

(C.24)
9o(®2) + €91(D;) + €%95(D;) + O(e*) = 0

Assuming the wind pressure distribution on the cylindrical membrane obeys an arbitrary

cosine law, we have,

¢(¢) = cos(ag) (C.25)

where o is an arbitrary parameter.

>0(e°) Solution

From Eqs. (C.19), (C.23) and (C.24) we have the following results,

g +go = % (CNl + %{’;) 4+ %cos(mﬁ) (C.26)

where
NO = Rpa

and
90(®1) = go(®2) =0 ’ (C.27)
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Solution to Eq. (C.26) is given by,

0(#) = Apcosd + Bosin g + 3(C + ) ~ 37—y l jyeos(ed)  (C28)
where
4] 1 fi1(®;)sin @, — £,(®,)sin &,
{Bo } ~ 2sin(®, — 9,) {fn(‘l’l) cos Py — f1(®P;) cos B, } (C.29)
with
fil$) = Mi(C+ £) - °°s(a4;)

Observe that N; is unknown at this stage and will be determined in the O(e!) solution.
O(¢e') Solution |

The governing équations from Eqgs. (C.19), (C.23) and (C.24) are as follows,

gl +91=3 (CNz + ¥ - (%’3)2) — 37 cos(ed) — 06" — go” (€.30)
where
N= ot / g0 do (C.31)
1T o@,-2)J " '
, 3,
and ,
91(®;) = g1(®2) =0 (C.32)

Substituting Eq. (C.28) into Eq. (C.31) yields the first order approximation to the hoop

stress, namely,

1
N, = W—l)-f (Aocos¢+Bosm¢+71(C+ —) - 2= 1 cos(a¢)) d¢

Integrating yields

af{cos ad, + cosa®y}(1 — cos(A®)) — {sin ad, — sinad, } sin(AP)

Nl =
(a? - l)a{CAQ sin(A®) + (C + ﬁa)[Z — Adsin(AQ) - 2cos(A<I>)]}

(C.33)

. where
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AdD =0, -9,
Solution to Eq. (C.30) is given by,
g1(¢) = A, cos¢ + B, sin ¢ + a; cos(2ad) + a, cos(a + 1)¢ + a3 cos(a — 1)¢

+ aygsin(a +1)¢ + agsin(a — 1)¢ + aghsin @ + aypcosd + agcosad + a  (C.34)

where
% = gD % = T
a3 = Farje=s U= T
a5 = sy ag = ~ LN Ao(C + £) (C.35)
a7 = 3 N1Bo(C + ) ag = zNoﬁ,‘z_l) - A;l((fziﬁ‘?

2 : N2 2 o3
gy = [0N2+%g—(%g) ] - [A§+B§+—;L(C+ﬁ3) +8—§?i—})l,]
The integration constants A,B, in Eq. (C.34) are determined from the boundary condi-
tions shown in Eq. (C.32) and this gives,

{Al } 1 { fo(®2)sin @y — f5(®,)sin @, } |

Bl = Sin(¢2 - (pl) fz(‘bl) cos Qz d fz(éz) cos @1 (0.36)

where
f2(¢) = a, cos(2a¢) + a; cos(a + 1)¢ + azcos(a — 1)¢ + agsin(a + 1)¢

+ agsin(a — 1) + agpsing + ay ¢ cbs ¢ + ag cos(ad) + ag (C.37)

Again N, is unknown and will be determined in the O(£?) solution. |

O(&?) Solution

Since it is intended that the results of the perturbation analysis be evaluated up to O(e!?)
accuracy, the governing equations for this section will not be produced here. The purpose
of this section is to determine the second order approximation to the hoop stress N,. This

information is necessary for the complete solution of the O(e!) problem. Hence, we have

from Eq. (C.19),
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&
2
N=—————/g+'2+2d | C.38
2 C(‘I’Z—q’l)& (91 + 90" + 90) d¢ (C.38)
1
Substituting Eqgs. (C.28) and (C.34) into Eq. (C.38) we have,
2 T
N, = ————/ A)cos¢ + Bysin¢ + a; cos(2ad) + ay cos(a + 1)¢ + a3 cos(a — 1)¢
C(®; - <I>,)Q
L L

+ agsin(a + 1)¢ + agsin(a — 1)@ + ag $8in ¢ + a7 pcos P + ag cos(ad) + aqg
a®+1  cos(2a9)

8(a?-1)2 8(a2-1)

+ 2'(;%0_—17[(0 —1)cos(a+ 1)¢ — (a + 1) cos(a — 1)4]

2 2
+ a3+ B+ S (c+4) +

+ gaigl(e — Dsin(a + 1)¢ + (o + 1) sina — 1)¢]
N(C+ )

2Z=1) 008(045)} dé

+ NyAo (C+ %) cos + N, By (C+ x‘g) sin ¢ —

Integrating yields,
2h;(sin @, — sin ®,) + 2hy(cos P, — cosP,) + 2h; sin(A D) p

= . C.39
CA®sin(A®) + (C + Nlo—){Z — Adsin(A®) — 2sin @, sin §, — 2cos &, cos B,}' 39)

N,
in which
A® =3, -8,
hy = f3(®2)sin @y — f3(®,)sin &,
hy = f3(®2) cos @1 — f3(P1) cos @,
hs = b (sin 2a®,; — sin 2a®;) + b,(sin a®, — sin ad;)
+ by{sin(ea + 1)@, — sin(a + 1)@, } + by{sin(x — 1)&, — sin(a — 1)&,}

+ bg{cos(a + 1)®; — cos(a + 1)®,} + be{cos(a —1)®; — cos(a — 1)®,} + b7
(C.40)

where f3(¢) and the constants b, . b7 are defined as follows,
fa(¢) = ay cos(2a¢) + azcos(a + 1)¢ + a3 cos(a — 1)¢ + agsin(a + 1)¢ + a5 sin(a — 1)¢
' 2
+ ag$ sin @ + a7¢ cos § + ag cos(ad) — % (]AV":,')

2 a2+l]

3
- [A§+B§+£;L(C+ﬁ3) +§(—‘;—2—_—1) (C.41)
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and
_ —a =N 2 1
b = 1(a?-1)(da?-1) by = 2(a?-1)3a {a C+ NE}
_ 4 1 _ -4 1
by = 2(a+1) {1 + aia+25} by = 2(0—(1))7 {1 + (a—2)a}
B — =B .
bs = iy {1 + s | by = a2ty {1+ e ) (C.42)

b; = %l(C + ﬁg){Ao(Sin &, — sin ®; — ¥ cos P, + P, cosP,)

— By(cos &y — cos ®; — P, sin ¥, + P, sin Ql)} - %(%)2A<I’



APPENDIX D

A Globally Convergent
Solution Algorithm for
Newton-Raphson Iterations

Introduction

It is a well known fact that Newton-Raphson iteration scheme converges q-quadratically
if it is given a sufficiently good starting guess. However, the method may not converge
at all if the guess is poor. Hence a globally convergent solution a.lgorit;h»ml incorporated
into the Newton-Raphson iteration scheme would be highly desirable. Several globally
convergent methods with varying degrees of sophistication are available (see Ortega and
Rheinbolt (1970) and Dennis and Schnabel (1983)). However, Allgower and Georg (1980)
has pointed out that any method that guarantees convergence from any starting point is
probably too inefficient for general use.

The globally convergent algorithm presented here is the method of line
search. The basic concept is simple: we move along a given descent direction, dy by
such an amount so as to yield an acceptable next iterate. That is,

at iteration k:

compute f; > 0 such that

Tre1 = Tk + Pr di (D.1)

becomes an acceptable next iterate.

1 By a globally convergent algorithm, we mean a scheme that is designed to converge to some solution from almost
any starting point : :
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The line search parameter, §; in Eq. (D.1) exhibits these features in the solution iteration:

<1 decelerating N-R iteration
B =1 standard N-R iteration (D.2)
> 1 accelerating N-R iteration

In well-behaved problems, §; varies with the iteration cycle in this manner: usually, at
the starting guess, B < 1. As the solution approaches convergence, f; — 1 and when the
solution becomes very close to convergence, f; > 1. The implementation of the acceleration
feature for general ca.ées can be cdmplicated and will not be attempted here. Following the
developments given in Dennis and Schnabel (1983), we shall discuss next the conditions

governing global convergence of a solution method.

Conditions of Global Convergence
For simplicity, the following discussion is restricted to one-dimensional nonlinear prob-
lems. This basic framework will then be extended to handle multi-dimensional nonlinear

problems. Consider a nonlinear problem defined below, of which solution is desired:
F(z) =0 | . (D3)

Since a globally convergent scheme for an associated minimization problem is easily for-
mulated, we shall convert the problem of solving a nonlinear equation to one of minimizing

an associated function. This is achieved by forming the I norm of Eq. (D.3) which is,
@) =4FP (D.4)

A new solution z} ., is obtained from the current solution zp, by requiring that f(z;4,) <
f(zz). This is achieved -by computing z;,; in a descent direction dj, from z;. Mathe-
matically, di. is a descent direction from z; if the directional derivative of f at z; in the

direction d; is negative, namely,

- Vf(zp)dr <0 (D.5)
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If Eq. (D.5) holds, then the following is ensured for sufficiently small §; > 0:

f(zk + Brdi) < f(z) (D.6)

It should be pointed out that satisfaction of Eq. (D.6) does not guarantee that the solution
will converge.2 A more refined criteria is required. Armijo (1966) and Goldstein (1967)
have proposed that the line search parameter to be selected from among those g > 0

namely, B, should satisfy these two relationships:

f(zi + Br dp) < f(zh) + aBp Vf(zi)ds (D.7)
and

Vf(zra1)dr & VI(zp + Br di)di > AV f(z4)dy (D.8)

where & € (0,1) and X € (a, 1) are constants. Eqs. (D.7) and (D.8) are satisfied simul-
taneously if A > a. Note that Eq. (D.7) ensures that the decrease in f(z) relative to the
step length is not too small while Eq. (D.8) ensures that sufficiently large steps are used.
A plot of these two line search conditions is given in Figure 1.

Having presented the two ﬁne search conditions, we can now state the fol-
lowing powerful result: that there exist §; > 0 satisfying Eqs. (D.7) and (D.8) for any
given descent direction d,; and that any algorithm that generates solution z; obeying
Vf(zx)(zk — Zr41) <0, and Egs. (D.7) and (D.8) at ea.ch iteration is essentially globally
convergent.® A systematic procedure for computing the line search parameter f; is given

next.

Computation of the Line Search Parameter, f;
~ Any hybrid solution method that combines a globally convergent strategy with the fast
local convergence of the Newton-Raphson iteration should be so designed that the full

Newton step is attempted first. That is, fy = 1 is first invoked. This is done to ensure

3 See Dennis and Schnabel (1983), p. 117
3 See Dennis and Schnabel (1983), p. 120-125 -
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- A y=f(z) y = f(z + P dy)
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FIGURE D.1 The Two Line Search Conditions.

that rapid convergence rates of the Newton-Raphson iteration are fully exploited should the
starting guess be close to the solution. If B, = 1 produces an unacceptable next iterate,
then a systematic backtracking of B; will be called upon. The backtracking strategy
presented heré avoids exceséively small steps and the line search condition in Eq. (D.8) is
thus, generally not required. Hence only the line search condition in Eq. (D.7) remains to
be satisfied. Dennis and Schnabel (1983) has recommended that & = 107 in Eq. (D.7).

This leaves only the g, to be determined. Defining,

£(B) = f(z + Bdy) (D.9)
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we thus have the following known information:
f(0) = f(zx) and f'(0) = Vf(zi)dy (D.10)

Since f; = 1 is used at the start of an iteration, the following information is also known:

f=f@+d) (DY)

If B, = 1 is not acceptable, namely f(z; +d;) does not satisfy Eq. (D.7),* then a quadratic
curve is drawn through the three known points given by Eqs. (D.10) and (D.11). The 8
that minimizes this curve is then selected as §;. This is displayed in Figure 2. Thus we

have for a general quadratic curve,

y(B) =aBf®+bB +c

where constants a, b, ¢ are evaluated by fitting the curve through the three points resulting

y(8) = [f(1) - £(0) - £(0)18% + /(0)8 + f(0) (D.12)
Minimizing Eq. (D.12) yields )
Brmin = —1'0) (D.13)

2[f(1) - f(0) - f(0)]
Note that in Eq. (D.13), since f'(0) < 0 and that £(1) > f(0) + af'(0) > f(0) + f'(0) we
thus have 8,,;, > 0. Also observe that since f(1) > f(0) + af'(0) we get,

1

ﬂ@;n < i =a)

If f(1) > f(0), then B, < % This results in unnecessarily small 8,,;, and is not

desirable sinée it implies that f (B) is poorly modeled by a quadratic in this region. Dennis

and Schnabel (1983) has recommended fixing a lower bound of B,;, > 1'—0 at the first
backtrack during an iteration. Thus the line search parameter at the first backtrack is

given by,

1> B = Prin > 35 (D.14)

! ie f(1) > £(0) + af'(0)
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1(8)

A
(0, £(0))
‘\/slope = f(0)

y =[f(1) - f(0) - /'(0))8"
+ f'(0)8 + £(0)

Prin B=1

FIGURE D.2 ‘Quadratic Backtrack.
Suppose after the quadratic backtracking, the line search condition in Eq. (D.7) is still not

satisfied. We now have four pieces of known information, the fourth being,

£(B) = (=i + Br dy) (D.15)

The more accurate cubic curve will now be drawn through these four points and is given

by,

y(B) = af® + 687 + f'(0)8 + £(0) | (D.16)
where fo)- [ 7 z}] { CARSORY R0 }
b ﬁr - ﬂo :B‘g"' gé‘ f(ﬁa) - f(O) - ﬁaf’(o)

in which B,, B, are two previous values of ;. They need not necessarily be 1 and 8,,;,

obtained in the quadratic backtracking as the cubic backtracking will be applied repeatedly
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to reduce B until the line search condition in Eq. (D.7) is satisfied. Again, minimizing

Eq. (D.16) yields,

~ —b+ /b2 — 3af"(0)

min — 3a

(D.17)

It can be shown that if a < i, Eq. (D.17) is never complex. Figure 3 shows the cubic
backtrack model. As in the quadratic backtrack model, the following bounds recommended

by Dennis and Schnabel (1983) applies:

%ﬂr 2> .Bk = ,Bmin > ]!6 (D.18)

(0, £(0))
slope = f(0)

y = af’ + 552 + F(0)8 + f(0)
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FIGURE D.3 Cubic Backtrack.
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Application to Multi-Dimensional Nonlinear Problems
By the following simple extension, the line search concept developed for
one-dimensional problem will now be modified to handle problems with several variables.

Consider the following system of nonlinear equations:
F(x)=0 (D.19)
Solving Eq. (D.19) by Newton-Raphson iteration yields at the k * iteration:
Xpp1 =X — I (x,) 7 F(xy) (D.20)

where J(x,) is the Jacobian of F at x;. Again using the l; norm of F(x) as a measure

of convergence we have,
£(x) = 1P(x)T P(x) (D.21)

We have now converted the problem of solving a system of nonlinear equations to one of
minimization. The descent direction from x; for the minimization problem depicted by

Eq. (D.21) that is, d; satisfies,
T
Vf(xk) d. <0

We shall now show that the Newton direction at x;, —J(x;) ™! P(x,) is a descent direction

for the minimization problem:
V1(x)T die = —FT(x)3 (x,)T (3) ' F(x;) = —FT (x,)F(x,) <0 (D.22)

provided that F(x,) # 0. An alternative positive definite quadratic model can also be
~developed for the system of nonlinear equations but this will not be pﬁrsued here.5 Hence
we see that the global technique for the one-dimensional problem can be applied to multi-
dimensional problem if we define the objective function using the !, norm and the descent

direction by the Newton’s direction.

3 See Dennis and Schnabel (1983), p. 148-149
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. The global algorithm presented so far, do suffer from failures and two notable
examples are, |
i) that J(x,) is singular. We have to ensure that J(x,) is sufficiently well-
conditioned resulting in J(x,)TJ(x,) being positive definite. This is not a
problem if the structure considered is properly restrained and stable.
ii) that a local minimum of f(x) = %F(x)TF(x) is not a root of F(x) = 0.
While it is true that every root of Eq. (D.19) is a root of Eq. (D.21), the
converse is not necessarily true. If the starting guess is close to one such
local minimum, then the global strategy might converge to this point. There
is nothing much one can do other than to restart from a new guess and hope

for better luck this time.



APPENDIX E

Undeformed Roof of BC

Place Stadium

The data-set corresponding to the undeformed roof at BC Place Stadium is:

Node
N

DRNAOAUDHWN =

81

87

68

68

45

45
28
22

-28.
-22.
-22.
-22.
.860
. =22,
-54.
-45.

-22

-45

-68

-87

-91

000000
Q00000

.440
82.
.780
90.
74.

110

530
520

.580
68.
68.

580
580

.580
68.
54.
.720
45.
45.

580
680

720
720

.720
45.

720

.850
22.
.860
22.
22.
22.

860

860
860
860

850
860
860
860

860
680
720

.720
=45,
=45,
-45.
-74.
-68.
.580
-68.
-68.
-68.
-82.
.780
-90.
.440

720
720
720
520
580

580
S80
580
110

S30

Coordinates
Y

0.0
67.300
44.870
22.430
82.860
80.760
67.300
44.870
22.430

0.0

100.580
82.260
67.300
44.870
22.430

0.0

110.450
89.740
67.300
44.870
22.430

0.0

112.170
89.740
67.300
44.870
22.430

0.0

110.450
89.740
67.300°
44.870
22.430

0.0

100.580
82.260
67.300
44 .870
22.430

0.0
82.860
80.760
67.300
44.870
22.430

0.0
67.300
44 .870
22.430

0.0

Note that the Z-coordinates are measured from the base of the roof. 164



FIGURE E.l1 Finite Element Grid of BC Place Stadium Roof
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