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Abstract

This thesis presents the numerical solut'ion for two-dimensional incompressible viscous
flow over a rigid bluff body which is elastically supported or alternately undergoing a
specified harmonic oscillafions. Solutions for the related associate flow in which the body
is at rest in a two-dimensional incompressible time-dependent viscous flow have also been
-obtained. This work is an extension of the work by Pattani [19] to include the effect of a

steady far field flow on an oscillating body.

The numerical model utilizes the finite element method based on a velocity-pressure
primitive variable representation of the complete Navier-Stokes equations. Curved isopara-
metric elements with quadratic interpolation for velocities and bilinear interpolation for
pressure are used. Nonlinear boundary conditions on the moving body are represented
to the first order in the body amplitude parameter. The method of averaging is used to
obtain the resulting periodic motion of the fluid. Three non-dimensional parameters are
used to completely characterise the flow problem: the frequency Reynolds number R, ,
the Reynolds number of steady flow R,, and the Reynolds number for time-dependent flow

R, .

Numerical results are obtained for a circular body, a square bbdy and an equilateral |
triangular body. A parametric study is conducted for different values of the Reynolds
numbers in the viscous flow regime. In all cases, results are obtained for streamlines,
streaklines, added mass, added damping, added force and the drag coefficients. The lim-
iting cases of steady flow over a fixed body and an oscillating body in a stationary fluid
are checked with known results. Results for the associated flow are also obtained. The
transformations derived, between the two associated flows are checked. Good agreement

is obtained between the present results and other known results.
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CHAPTER 1

Introduction and Literature Survey

1.1 General Remarks

The subject of bluff body flows has been receiving a great deal of attention recently.
This is due in large part to its importance in desigh of offshore structures. In spite of the
importance of bluff body flows, relativély little is known about them. The vortex shedding
characteristics of even the simplest of bodies like circular and rectangular cylinders are not

well understood.

For most applications of practical interest, the forces acting on a structural section in
a two-dimensional flow are given by the so-called Morison equation. This is an empirical
equation but is extensively used in view of the fact that even in a steady, two-dimensional,
separated flow past a smooth cylinder, one does not have a theoretical or numerical solution
which explains all the characteristics of the flow as a function of Reynolds number. Many

investigators . have applied numerical methods to the Morison equation.

Many fluid-structure interaction problems are of such complexity that the method of
analysis must be numerical in nature. Although the theory of boundary layer permits us
to use the influence of viscosity in many practically important cases, nevertheless some
phenomena, important in practice, are not described by boundary layer theory. Among
them must firstly be mentioned, flows with separation. This phenomenon occurs sometimes
in flows around ships, planes or rockets, in spite of all possible means being used to avoid

it.

Solutions for incompressible real viscous fluid flow problems involve the complete

Navier-Stokes equations. Two properties of the Navier-Stokes equations are the main

1



Chapter 1: Introduction : 2

source of difficulty in their numerical solution:
1. The presence of nonlinear terms resulting in nonsymmetric convection operators.

2. The unbalanced domain of the solution, together with the elliptical character of the

equations.

A variety of efficient numerical methods are now available for the solution of 2D and
3D Navier-Stokes equations using finite difference or finite element methods [4]. These
methods however are still only reliable at fairly modest Reynolds numbers. In fact, modern
computers are not yet sufficiently effective for solving the Navier-Stokes equations in the
fully developed turbulence domain. The finite element method is relatively recent as
compared to the finite difference method but is gaining popularity due to its ability to
easily model complex boundary geofnetry. Development of research in applying finite
element and finite difference methods to the Navier-Stokes equations has progressed in

three basic areas according to the variables used namely,
1 The velocity-pressure primitive variables u, v, p.
2 The stream function ¥ and the vorticity £.
3 Stream function ¥ alone.

Few investigators have applied finite element methods to viscous fluid-structure inter-
action problems. Olson [17] has presented comparison between these methods in finite
elements. Others like Liu {12] and Hughes [9] have adapted finite element methods for var-
ious problem configurations. Pattani {18, 19, 16| has conducted numerical investigationsf’
for the flow around an elastically supported rigid body. Excellent results have been ob-
tained by Davis and Moore (2, 3] for steady and unsteady flow around squares for Reynolds
numbers between 100 and 2800 using finite difference techniques. Roache’s book, [22] gives

a detailed analysis of the various finite difference techniques.

1.2 Fluid-Structure Coupling

Various numerical schemes exist for predicting the forces and the details of the flow

around cylindrical bluff bodies in both uniform and oscillatory flow at high Reynolds num-
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bers using the Morison equation {24]. The Euromech Colloquium, held in 1980 (8] aimed
to bring together research work concerning bluff body flows in a unidirectional stream and
those cohcerning the flow around bluff bodies in an oscillatory free stream. Investigations
of the in-line oscillations of bluff bodies began in earnest following the troublesome and
sometimes damaging vortex induced oscillations of pilings during the construction of an oil
terminal on the Humber Estuary in England during 1960 {20]. Tanida and Okajima [26], |
conducted experiments for a circular cylinder oscillating in a uniform flow at low and high
Reynolds numbers. They measured the lift and drag coefficients as well as determined the
stability of the cylinder at different oscillating frequencies. Bertelsen {1}, conducted exper-
iments to study the steady streaming inducéd by an oscillating cylinder in an otherwise

still fluid at high values of Reynolds number associated with steady streaming.

Considerable work has been done in recent years to develop numerical solutions for
the 2D flow around bluff bodies using finite element and finite difference techniques. Re-
sults of acceptable accuracy have been obtained for flows and forces on fixed bodies for
a finite range of Reynolds numbers. Goddard, 7] carried out a numerical analysis of the
drag response of a cylinder to streamwise fluctuations. This work cannot be generalised
to higher Reynolds numbers as it is based on the Navier-Stokes equations and since the
diffusion of vorticify in the concentrated vortices for Reynolds numbers larger than about
200‘ is primarily turbulent. Olson and Pattani [16, 18, 19] addressed the problem of the
flow around a rigid body which is elastically supported and obtained solutions using a
finite element method based on a velocity-pressure primitive variables representation of .
the complete Navier-Stokes equations. Various investigators, [21, 5] have applied the tech-
niques of higher order boundary layer theory to study the steady streaming induced by an

oscillating cylinder in a still fluid.

In order to solve the governing equations of the fluid-structure system simultaneously,
suitable conditions must be prescribed along fluid-solid interfaces to match the velocities,
tangential and normal to the solid body without gross distortion of the finite element
grid. Hughes et al proposed a mixed Lagrangian-Eulerian approach to achieve this. In
this method, each‘degree of freedom may be assigned to move at a fraction of the fluid
particle velocity. Pattani and Olson successfully showed that it is possible to keep the finite

element grid fixed, but allow the body to move past the grid. The relevant boundary terms
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were expanded by the Taylor series to approximate the velocities at the finite element grid
points. The time-dependent character of the Navier-Stokes equation was taken care of by
considering the steady state periodic solution. Steady state behaviour of forced oscillations

of nonlinear systems can be determined by two basic kinds of techniques.
1 Method of Averaging and Multiple Scales.
2 Lindstédt-Poincaré Techniques.

In the present investigations, the method of averaging has been adapted as outlined

by Pattani [18].

1.3 Comparison of the two Associated Flows

Wave flow past a bluff body is similar to a two-dimensional harmonic flow past a
similar section. Thus waves can be modelled by harmonically oscillating fluid. Isaacson
[10] has further indicated that the solution of harmonic flow past a bluff body is closely
related to the solution of a harmonically oscillating body in an otherwise still fluid. This
in turn is related to the solution of a rigid bluff body which is elastically supported and
subjected to an external harmonic forcing function in an otherwise still fluid. Pattani [18]
has modelled an elastically supported bluff body subjected to wave flow by considering a
problem configuration of an oscillating body in an otherwise still fluid. He has given an
excellent comparision between the two associated flows and derived a transformation from,
one flow to the other. In the present study, a similar transformation is used to model al

combined flow of current and waves over bluff bodies.

1.4 Present Investigations

This thesis extends the investigat‘ions_ conducted by Pattani [18] in the modelling of
the interaction of viscous fluid flow over a moving body using the finite element method.
He considered the case of a solid body oscillating in an otherwise still fluid. The present
study considers the problem configuration of an elastically supported rigid body in a two-

dimensional incompressible steady flow.
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In chapter 2, the fundamentals of fluid-structure interaction are discussed. The Navier-
Stokes equations and continuity equation are derived and represented by the u, v, p
primitive variables. A comparison of the two associated flows and the related transfor-
mations are derived. Suitable sets of non-dimensional parameters are used to effectively

non-dimensionalise the governing equations.

In chapter 3, the finite element formulation of the Navier-Stokes equations is discussed.
The restricted variational principle for the governing equations is presented and the finite
element matrix equations are obtained for a suitable choice of element. Boundary condi-
tions for the outer fluid boundary and the body-ﬁuid interface are discussed and incorpo-
“rated into the matrix equations. The method of slowly varying amplitudes as formulated
by Pattani [18], is then used to obtain a steady state periodic solution. A Newton-Raphson
iteration scheme for the solution of the resulting nonlinear algebraic equations, is outlined.

Finite element representation of the other associated flow is also presented.

The finite element flow results can be visualised by plotting the streamlines or streak-
lines. In chapter 4, a finite element scheme is outlined to obtain the stream functions from
the flow results and thus obtain the streamlines and streaklines. The force on a bluff body
oscillating in line with a steady fluid flow can be characterised by the drag coefficients or
the added mass, added damping and added force. A numerical integration scheme to de-
termine these force characteristics is outlined. Force characteristics for the two associated
flows and the transformation from one to the other is also presented. Finally, the Morison
equation and the representation of the drag and inertia coefficients in terms of the added.

mass, added damping and the added force is presented.

The numerical investigations are described in chapter 5. Numerical results are obtained
for three different body shapes respectively. 1. A circular body oscillating in the direction
of flow. 2. A square body oscillating parallel to one of its sides in the direction of flow.
3. An equilateral triangular shaped body oscillating parallel to one of its bisectors in the
direction of flow. In all the cases, the results are presented in the form of streamlines
- streakline, added mass, added damping and added force. Results for the associated flow of
a time-dependent flow over a stationary bluff body is also presented. The transformation

between the two associated flows derived in chapters 3 and 4 are verified.

Conclusions and suggestions for further development are presented in chapter 6.



' CHAPTER 2

Derivation of Governing Equations

2.1 General Remarks

In this chapter, the equations governing two-dimensional incompressible fluid flow are

" derived and presented in terms of velocity-pressure primitive variables.

A structural section in a two-dimensional flow can be represented as a spring mass
system. The equation of motion of such an elastically supported single degree of freedom

system is presented.

~ Isaacson has indicated that there are strong similarities between the wave flow past a
section of a structural member and a two-dimensional harmonic flow past a similar sec-
tion. Also, the problem configuration of a stationary body subjected to a time-dependent
flow is interrelated to that of a body undergoing time-dependent motion in an otherwise
still fluid. One configuration can be transformed to the other by simple reference frame

transformations.

Pattani has considered the wave flow past a body by considering an elastically sup-
ported rigid body of arbitrary shape undergoing specified harmonic oscillations in an other-
wise still fluid. In this study, a two-dimensional flow consisting of waves and currents past
an elastically supported rigid body is considered. The governing equations are presented

in their final non-dimensional form.

2.2 Conservation Equations and Boundary Conditions

The equations governing two-dimensional, incompressible viscous fluid flow are the

6



Chapter 2: Governing Equations - ' 7

Navier-Stokes equations, the continuity equations and the boundary and initial conditions.
The solution of the problem will be sought within a plane domain Q which is bounded by

a contour I'. T is composed of two distinct parts :- I'y, and I', respectively.

I’ is the kinematic boundary where boundary conditions on the velocity components

are specified.
I'; is the natural boundary where tractions are specified.

The equations of motion and boundary conditions are given in the (x,y) cartesian

coordinate system.

Equations of Motion:-

Dy 1 (6075 + BT:y)

Dt p Oz dy

Dv _1(dr, . do, (z,y) €0, t>0 (2.1)
Dt  p\ oz dy

Constitutive Relations:-

du
O, =—-p-+ 2/‘5‘;

dv
oy=-p+t ?4‘5; (2.2)

(3, o
Tay = K. 8x OJdy

u,v are fluid velocities in the x and y directions respectively.
p is the fluid pressure.
0z, 0y are norrﬁal stresses in the x and y directions respectively.
7 is the shear stress.
p is the fluid density. u is the absolute viscosity.
D a 7] a

—tu—+v—

Dt ot "oz oy

D /Dt is the total material derivative.
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Substituting equation (2.2) into (2.1), we get the well known Navier-Stokes equations.

Du 19p + 282u 4 8%u + 9%\
= -_ZF.,
Dt p oz ozr?  Oy? Ozdy (2,9) €0, t>0 (2.3)
z, , .
Dv_ 19p (3% 8% &% Y
Dt pdy dr?  “0y?  dzdy
where v = p/p is the kinematic viscosity.
Continuity Equation.- ;
du OJv
4+ 2 =0 2.4
dz + dy (2.4)
Boundary Conditions:—
u=U, v=V (z,y) €Ty, t>0 (2.5a)
oLny + TryNa = X .
(z,y)eTl,, t>0 (2.5b)

ny, ny are the direction cosines of the outward pointing normal to the boundary.
X, Y are the specified tractions on I's.

Substituting equations (2.2) into equations (2.5b), we get the boundary conditions in

terms of the velocity components.

Kinematic Boundary Conditions:—

u=U, v=V (z,y) €Ty, t>0 (2.6a)

Natural Boundary Conditions:-

+2 Ju + Ju + dv x
— —|In —_— — =
p #8:5 ! Y dy Oz "2

v ?—u-i-ég +1—-p+2 ?i) =Y
dy Oz ™ p “ay nz =

(z,y)eTs, t>0 (2.6b)

The equations of motion of an elastically supported single degree of freedom rigid body

as shown in figure 2.1 is given by

ms + ks = f(t) (2.7)
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B
e~

k

B 0 —(2 AN

] Fluid Domain

Figure 2.1 Problem Configuration

m is the mass of the body.

k is the elastic spring constant

s is the dispiacement_ of body

f(t) = Fy(t) + F.(t) =Total loading force.
Fy(t) is the fluid force.

F.(t) is the external force on the body.
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2.3 Comparison of the Two Associated Flows

It is sought to model the combined flow of current and waves over a structural section.
This is similar to a two dimensiohal steady flow and a harmonic flow past a similar section
[23]. The solution of this reference flow is closely related to the solution of steady flow
over a harmonically oscillating structural member. Consider an associated pair of two-

dimensional flows as defined in ﬁgufe 2.2.

w——f — —y ot
Ya Yo
—f B ot Pt
U.+U ,(t) Xa u » §) p(t-) Xy
Yo
—y ——a —ty p——o
Xo
Case a Case b

Figure 2.2 The Two Associated Flows

Case a: Fluid remote from the stationary body has two components of velocity in the
z direction:-

U, is the steady component of velocity.

Up(t) is the uniform time-dependent component of velocity.

Inertial coordinate system (z,,y,) is fixed with respect to the body. All flow quantities

are denoted by subscript a.

Case b: Inertial coordinate system (z.,y.) is stationary. Fluid remote from the body

has steady velocity U;. The body has a velocity —Up(t) with respect to the inertial
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reference frame. All flow quantities in the inertial reference frame are denoted by
subscript c.

Non-inertial coordinate system (z;,y;) is fixed with respect to the body. All flow

quantities in the non-inertial reference frame are denoted by subscript b.

Case a:

Eguations of Motion and Continusty:—

Du, '_lapa_{_ (62ua d?u, 0%v, )

Dt poz,

572 By2 | 02,0y

Dv, _ 13p, +y 0%y, N 2821),1 . 0%u,
Dt pady, ox? 0y2 = 9r,0y,
Ou, ava (2.8)
+ =0
Oz, Oy, '
where
D 7] ] 3
+ ua—_' + va_—

Dt ot dz, dy.

Boundary Conditions:-
Ug = 0; v =0 On body-fluid interface
ug = U, + Up(t), vy =0 On fluid outer boundary

Case b:
Equations of motion and continuity in the (zcryc) system:—
= +

Dt poz. 9z? dy?: = 9z.0y.
Do, 1 p. (821)6 0%v, A%u, )
= +v 2

i Du, _lapc . (262uc. 0%u, 0%v, )

Dt pdy. dz? + dy? + 9z.3y.

ou, Ov, (2.9)
+ =0

oz, Jy.

where

D J 17/ 0

_—_+uc__+vc__

Dt at Az, Ay,

Boundary Conditions:-

uc = -Up(t), ve =0 On body-fluid interface
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ue. = Us, v.=0 On fluid outer boundary

Changing from reference frame (z,y.) to reference frame (z;,ys), we get the following

transformations:-
up = u, + Up(t)

vp = v,
Pb = P (2.10)
Tp = T, + /tUP(T) dr

0
Ys = Yc

The absolute acceleration of a fluid particle, in the non-inertial coordinate system (z,ys),
moving with velocity —Up(t) relative to the inertial coordinate system (z.,y.) is given by

Pattani [18]
Du. _ Duy  dU,(1)

Dt Dt dt
Dv. _ D, (2.11)
Dt Dt

Substituting equations (2.10) and (2.11) into equation (2.9), and rearranging terms, we

get

FEquations of motion and continuity in (z4,yp) system:—

D 1/9 au,(t 3?2 3° a2
up 1 Pb_p »(t) +u (2 u;)+ 1t2b+ Vp
dzp dt azb ayb . Ozp0yy

Dt p

. Dve _ 10ps 0%y 02vy 0%uy
Dt —;ayb ( dz? +2 Ay} + axbayb>
Oup  Ovp _ 0 (2.12)
dr, Ay
where
D 0 a o

Boundary Conditions:-

up = 0, v, =0 On body-fluid interface

up = Us + Uy(2), vp =0 On fluid outer boundary
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Comparing equations (2.8) with equations (212), we observe that the governing equations
of motion, continuity and boundary conditions are the same. Thus assuming a unique

solution for all time t, we get

Ug = Up

Vg = Vp v
Opa _ apy _de,,(t) (2.13)
Oz, oz dt
Opa _ Ops
dy. 9y

Substitute equation (2.10) into equation (2.13) and get

Ug = u, + Up(t)

Vg = V¢
Opa _ Op. _ dUy(t) (2.14)
dx, Oz, p dt
Opa _ Opc
OYa 0y

Thus we see that the flow quantities and pressure in case a and case b are interrelated by
simple reference transformations. In order to model a combination of steady and harmonic
flow past a body as in case a, it is possible to model steady flow past a harmonically
oscillating body as in case b and then use the appropriate transformations to get the

solution for case a.

2.4 Non-dimensional Form of Governing Equations

Consider a fluid with a velocity us 4+ upcoswt flowing over a body of arbitrary shape
with a characteristic length b. U, represents steady flow and u, coswt represents uniform
harmonic flow with an oscillating frequency of w. The simple harmonic displacement of
the fluid is given by

S§ = 8, sin wt

[Us| = us (2.15)

|Upl = Up
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where s, is the displacement amplitude such that u, = ws,

The problem can be transformed to that of case b where fluid with steady velocity u,
is flowing over a body of arbitrary shape with a characteristic length b undergoing uniform
harmonic motion with a velocity of —u,coswt. w is the frequency of oscillations of the

body. The simple harmonic displacement of the body is given by equation (2.15)

Introduce the non-dimensional variables:

y T r Y '
== =2  {=wt
A T
’ u ' v ' 4
U = — v = — =
Uo Uo P Ko /b (2.16)

where

Up = Us + Up

into equations (2.3) and (2.4), we get the non-dimensional form of the Navier-Stokes equa-

tions and the continuity equation.

du du du 02u 9% % dp
R“’E + Re (u% t v;?;) B 28:52 + oy? t drdy Oz ,
v dv v\ 8% 9% H%u  dp
R,— + R. { u— — ) = 2 - 2.17
ot " (“az + ”ay) 222 " “ay T azay  y (2.17)
u B _y
oz  dy

All quantities are their respective non-dimensional values and the primes have been omitted

for convenience.

R, = ﬂfj— = frequency Reynolds number

Re = Rel + Reg

R, = %j—b = Reynolds number for steady flow

R, = %‘/ﬁ = Reynolds number for oscillating flow.

We thus have three non-dimensional parameters which completely characterise the flow
problem under consideration. These are the three Reynolds numbers: R, R., and R.,.
It should be noted that the pressure has been non-dimensionalised with respect to the
characteristic shear stress rather than the dynamic pressure as it is anticipated that the

flow regime would be a slow, shear dominated one.
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Introducing equations (2.16) and two additional non-dimensional variables

/ X YI Y

- pu,/b " pu,/b

into equation (2.6), we get the non-dimensional form of boundary conditions

Kinematic Boundary Conditions:-
u=U, v=V = (z,y)€Tl,, t>0 | (2.184a)

Natural Boundary Conditions:-

» Ju du Ov
[*”“éz]"”“ [(5&*52)]"2”‘

O] P P LCA
dy Or it p dy n2 =

All quantities are their respective non-dimensional values. The primes have been omitted

(z,y)eT,s, t>0 (2.18b)

for convenience.

Introducing equations (2.16) and additional non-dimensional variables

y . Oz ' Oy v Txy

/‘uo/b %y .u'uo/b oy = /"uo/b

into equations (2.2), we obtain the non-dimensional form of the constitutive relation.

Constitutive Relations:-

ou
Oy = —pP -+ 25—;:
v
oy=-pt 255 (2.19)

All quantities are their respective non-dimensional values. The primes have been omitted

for convenience.
Introduce equations (2.16) and the non-dimensional variables

! m " k ' Fe
k' = F =
pAyl wipAl ¢ pul

F; =
f nu,l
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into equations (2.7) A is the cross-sectional area of the cylinder body and [ is the length
of the cylinder. We obtain the non-dimensional form of the equation of motion for a single

degree of freedom system. ’ .
ms + ks = Jy(F. + Fy) (2.20)

where

g Vo _ R, _112_
"7 w4, R\ 4y



CHAPTER 3

Finite Element Formulation of the Navier-Stokes Equations

3.1 General Remarks

In this chapter, the Navier-Stokes equations and the continuity equation (eqn 2.17)
along with the boundary conditions (2.18) are discretised using the finite element method.
The moving body boundary conditions are incorporated into the discretised equations
which are then written in matrix form. The steady state solution is obtained using a
modified method of averaging. Finally a Newton-Raphson iteration scheme is outlined
for solving the resulting nonlinear equations. The whole procedure has been explained in
detail for case b associated flow as described in section 2.3 in which the body is oscillating
in a fluid domain moving with a steady velocity. A brief description of the finite element

formulation of case a associated flow is presented later.

3.2 Restricted Variational Principle

The starting point in the finite element discretisation is the derivation of the functional
form of the governing equations (egns 2.17, 2.18). The convective nonlinear terms in the
complete Navier-Stokes equations are non-self adjoint terms, due to which no variational

principle exists corresponding to these equations. Nevertheless, it is possible to construct

17



Chapter 3: Finite Element Formulation ' | 18
a restricted variational principle of the form :-
8u0 ou®
R. O —
R G
v 00v° v°
R 0
+ [ w3y + R, ( B2 +v By >]v
N LAWY
oz ady 2\0y Oz

du Ov — —
—p<é;+67/->}dA~A'(Xu+Yv)dS

The governing equations (eqn. 2.17 and 2.18) can be retrieved by taking the first variation

(3.1)

of Il as shown in appendix A. This is identical to the Galerkin method but allows one to
think in the usual terms of seeking a stationary point to some functional. The velocities
(u°,v°), are associated with the inertial terms and are held constant while taking the first
variation of II. At the end of the process, u°, v° are equated to u, v and there by restoring

the governing equations.

3.3 The Discretised Form

The highest. order of derivative in the functional II is unity. Hence an element with
only C° continuity is required for the interpolation of each of the (u, v, p) variables. Olson
(17], has shown that the finite element interpolation for pressure p should be at least one
degree less than that for the velocity component u, v. This restriction comes about in
order to avoid the spurious singularities for the (u,v,p) integrated formulation. Taking
these conditions into consideration, curved isoparametric elements, shown in figure 3.1,
with quadratic interpolation for velocities and bilinear interpolation for pressure are used

to carry out the finite element discretisation of the Navier-Stokes equations.

In isoparametric elements, the shape functions used are the same both for interpolat-

ing the variables u,v,p and for the transformation from s,¢ natural coordinates to z,y
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(a) (®)
Figure 3.1 Isoparametric element used in present study.

(a.) Element in (s,t) space. (b.) Element in (x,y) space
coordinates. The velocities and pressures are represented by

1=1,2,...,8

u = Nyu(t)
) 1=1,2,...,8 - (3.2)

(
v = N,-v,-(t
p = Mvi(t) 1=1,...,4

where N,;, M; are the shape functions and are represented by

N, = —41(1 -s)(1-1)(1 +s+t) Ny = —%(1 +s)(1-¢t)(1—s+1t)

No=—7(1+s)+8)(1~s—1)  Ny=—2(1-)(1+)(1+s-1)

4
N5=%(1—32)(1—t) Ne=%(1+s)(l—t2)
N7=%(1—s2)(1+t) N = %(1-5)(142)
My=3(1-s)1-1) My = 2(1+45)(t~ 1)
M3:§(1+s)(1+t) M4=i-(1—s)(1+t)

and u,, v;, p; are the time-dependent nodal variables.
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Substituting equation 3.2 into the functional IT for one element and carrying out the

. first variation of each variable, yields

Q
o=
2

AR TN e
dv;, [ = miy 0y vy o+ | ki kY Pij v;
or 0 0 0] \»p ~Pji -p; O Pj (3.3)
51-’]-kujuk + 65-kvjuk 0
+ Re § 6% ujve + 85 vjvk ¢ = 8

where I1° denotes the variational principle for one element and {1, denotes the domain of

the element under consideration.

mi = / /Q RuN:Nj dA = m¥?

Jun _/ 26N,~ ON; + ON,; ON;
v q, Oz Oz dy OJy

ON;ON; ON;0N;

LYY = 9t 7 r2
" / Q, Oy Jdy + dz Oz

ON,; ON;
k2 = 2T dA
H ./QC oz dy

. ONy

I = //Q NiN;— = dA
ON}

y N - v

5,.].,:_//9“ Nil; =5 £ dA

i ]
2.

L ‘M. dA J=1,...,4
pz] //SY,: oz 7 .

The derivation of the finite element dicretised form is presented in appendix B.

dA

dA

i,5,k=1,2,...,8.

aN;
o M; dA

3.4 Boundary Conditions

For the elements not on the boundary, the line integral in the functional I cancels
out between the adjacent elements. For elements on the boundary where u and v are not

specified, the line integral becomes the consistant load vector.
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At the fluid outer boundary, u velocity is specified to be the far field uniform flow and
v velocity is specified to be zero. Along the fluid-body interface, v and v velocities are
spceified to be those of the moving body. The body is oscillating with an amplitude s,, a

frequency w and a velocity Up(t).

s(t) = sosinwt
Up(t) = upcoswt (3.4)
Up = ws,
The moving body boundary conditions has been modelled by Pattani [18), where he con-
sidered the finite element grid to be fixed at the mean position of the body and the body

moves past the grid. The relevant boundary terms are expanded by Taylor series to obtain

the velocities at the mean position of the body at any time ¢t > 0. We thus obtain

2
u(0) = upcoswt — 5, sinwt (ﬁ)()
) dv
v(0) = —s, sinwt (5;)0

The subscript 0 indicates that the derivatives are evaluated at s = 0, that is at the mean

(3.5)

position of the body. Using the non-dimensional parameters as described in chapter 2 and

additional parameters,

W B W B

"R, TR,
_Rel~us v _Reg__so

ﬂ‘”Rw”wso »ﬂ2—Rw~b

the non-dimensionalised form of equation (3.5) is obtained as

d
u(0) = uycost — By (_u> sint
dz /

v(0) = —f, (%)(Jsim (3.6)

All the quantities are in their respective non-dimensional form and the primes have been

omitted for convenience.

Uo is the non-dimensional far field fluid velocity.
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up is the non-dimensional body velocity.
B2 is the body amplitude parameter which also governs the nonlinear convection terms.

Equation (3.6) is then discretised by substituting equations (3.2) for nodal variables at
the edge of the finite element grid interfacing with the mean position of the body. Thus
obtain :- -

u; = upcost — BoCi u sint — PBoupCix sint cost
v; = —f2C;5v; sin.t

where
ON;
Cij = ( oz )i

1. ;7 is summed over the velocity degrees of freedom other than those on the edge inter-

facing with the mean position of the body.

2. k is summed over the velocity degrees of freedom on the edge interfacing with the mean

position of the body.

3. The subscript 7 indicates that %i is evaluated at the location of u; or v;, which ever

is appropriate.

Suppose in a finite element domain, there are net v and v variables numbering n each
and net p nodal variables numbering m each. Out of these, the u and v variables each
numbering r are located on the fluid-body interface boundary whose values are known
from equation (3.7). By suitable matrix manipulation, these variables are segregated and

trasformed to the right hand side. This results in the matrix equation of form:—

[M + B:Psint]d + (K + (52P + ReusQ) cost + B;Rsint]d

6% pujur + 5;‘3;'kvjuk . .
+ Re § 6% ujur + 6f’jkvjvk = upFsint + u, G cost (3.8)
0

1

+ Bauy [Hl cos?t + J sin® t] + ReuZHz cos®t + BoupL sint cost

where

T
d={u; wg -+ Up_y, VI V2 '+ Upy, P1 P2 -** Pm}
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is the nodal vector of unknowns.

m,’g“ 0 0
M= 0 m:-’;’ 0
0 0 0
K= k]t ki]:y 4T
~Pji —Pj; O
2 7
: Z+1m}‘,”C’1,~ 0 0
P =n—r N
l=n-r41
i 0 0 0]
n -
> ki Cy 2 kiCiy 0
I=n—r+ I=n—r+1
n
R = > ki Ciy > ki*Cy 0
l=n—r41 l=n—~r+1
n n
- X pCy - Y PGy OJ
L I=n—r41 l=n—r41
n ' n v
Z (6:71 + ﬁ]) Z 51]1 0
l=n—r4 l=n—-r41
Q= - z
0 > 63 0
lI=n—r+41
0 0 0
' n
2 ky
n J=n—r41
) Z my; n
F = ]:n—ré}—l G = — J E k-;‘:)
J=n—r+1
0 n
- X P
J=n-—r+1

Let q be the net number of u and v degrees of freedom, each at the edge of an element

which is at the interface between the viscous fluid and the mean position of the body, then

n q n n
uu z
. mY Z Cy _ > > 65k
H1 — l=n—-r+41 0 7j=1 H2 - _ J=n—r+1 k;n—-r+l

0 0
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3.5 Steady State Solution

Due to the quadratic nonlinear terms in the Navier-Stokes equations, the velocities

n . q
2 kgt )Gy
l=n—r+1 j=1 .

n q

2 kR X Cy
l=n—r+1 1=1

n q -

- X PL2Cy

l=n—r+1 7=1

24

have a steady component as well as a time-dependent component. Pattani has modified

the method of averaging in order to obtain the steady streaming part of the solution from

equation (3.8) which governs the fluid-structure problem under consideration. The same

procedure is applied to obtain the steady state solution to equation (3.8).

The starting point in the method of averaging is to assume a form of solution as

where B(t), C(t) are assumed to be slowly varying functions of non-dimensional time t.

Equation (3.9) is substitued into equation (3.8) and method of averaging is applied. The

d=A +Bcost + Csint

resulting equation is presented in equation 3.10.

(3.9)
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0 0 £2P] (A K = EuqQ ER] (A
0O M 0 B + | 8P+ RuQ K M B
0 O M C B2R -M K C
6l]k(A“A + B“B}c‘/Z + C“C,‘:/Z) 4 5Uk(A;?Az + B}’B,‘:/Z + C}’C,‘:/?)
”k(A“A + B”Bk/2 + C’"Ck/Z) + 6le(A;~’AZ + B}’B,‘;/Z + C;.’C;;/z)
0
6% (A} By + ARB}) + %k(A}’B;‘! + AYB;)
+ R ¢ Uk(A“B,‘c’ -+ A”B“) + 6,Jk(A;?B;:’ + AzB]'-’)
0
6:;,C(A“C’,c + A“C“) + 6,Jk(A”C,'c‘ + A%C’J‘-’)
1]k(A“C’k + A”C“) + 5,]k( ”C,‘c’ + A;C}’)
)
R,zu? H2
- { up G
\ 'UbF
(3.10)
where
A“ B“ ' CJ‘.‘
A= A” B= B" C=(C?
ab BY c?

The steady state solution corresponds to the singular points of the autonomous system
of equations when B = C = 0. This results in a set of nonlinear algebraic equations
for A,B, C which are solved using Newton-Raphson iteration procedure. The equations
obtained for the increments to the solution vector, following the iterative scheme described

by Pattani, are of the form

T){ Az} = {-7) (3.11)

[T'] is the tangent stiffness matrix.
{Az} is the incremental solution vector.
{—f} is the unbalanced load vector.

The details of these matrices are given in appendix C.
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3.6 Finite Element Formulation for the Associated Flow

So far in this chapter, the finite element representation of case b as described in section
2.3 has been derived. The finite element representation of case a is similar and in fact
simpler than that of case b. In this section, the finite element formulation of case a is

presented.

The fluid remote from the stationary body has a velocity of U, in the z direction and

is given by ,
U, =U; + U,

(3.12)
Uo| = u, + up
U, is the steady component of the fluid velocity.
Up = u, cos wt is the periodic component of the fluid velocity.
The transformation from reference frame (z,,y,) to reference frame (z.,y.), as given

in equation 2.14 can be written as

Ug = U + Up COSWI

Vg = V¢
d 0
BZ: = 85: + pwup sin wt (3-13)
Opa _ 9pc
OYa Oy

Using the non-dimensional variables introduced in sections 2.4 and 3.4, the non-

dimensional form of equation 3.13 can be expressed as

Uy = U; + upcost

Va = Y¢
dpa  9p. . (3.14)
= R, t .
oz, oz, + Up Sin
Opa N Op.
0Ya B Ay,

All quantities are in their respective non-dimensional form and the primes have been

omitted for convenience. Integrating the pressure terms in equation 3.14, the final trans-
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formation for u, v, p is obtained.

Ug = U, + upcost
Vg = V¢ ' (3.15)

Pa = pc + Ryzoupsint + k

k is the constant of integration. When p, at a point (z,,,y, ) in the finite element domain
is assigned a specified value, say zero, then the value of k = —R,z, upsint. Thus the

value of p, at a point (z,,y,) is

Pa = Pct Rw(xa - xa,.)ub sint

The variational principle IT presented in equation 3.1 is the same in case a as in case
b. The discretised form of I is identical to case b and is given by equation 3.3. In case a,
no moving body boundary conditions need to be incorporated which makes the formulation
simpler. Apply the method of averaging to equation 3.3 as described in section 3.5, and

obtain the resulting equations in matrix form as

0 0 o0](A K 0
0M 0|<{B +]|0 K M
0 0 M| |C 0 -M K
6% (AYAY + BYBy/2+ CYCE[2) + 6 ,Jk (AYA} + BYB}/2+ CYC[2)
Ze(AAY + B“Bk/2 + C“Ck/2) + Uk(A’-’A,'; + BBy /2+ CYCy[2)
0
Z.(AYB} + AYBY) + &% (AYBy + A} BY)
+ R, (AT BE + A”B“) + 5fgk(A;-’B,‘c’ + Ay B?) }
0
8% (AYCE + AYCY) + 68, (AYCE + ALCY)
Gr(47CE + A”C“) + 65, (A]Ck + ALCY)
0
0
o
0

(3.16)
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This equation is similar to equation 3.10,‘ except that the matrices P, Q, R, F, G,
H;, H; and J which are associated with the moving body boundary conditions, are zero.
The nodes at the outer boundary of the fluid domain have specified v and v velocities and
are imposed as constraint equations in the formulation. The set of nonlinear equations
are solved using Newton-Raphson iteration scheme just as described for case b. The
tangent stiffness matrix and load vector is iden;ical to that given in appendix C, except

that P=Q=R=G=F=H; =0.



CHAPTER 4

Characteristics of Fluid-Structure Interaction

4.1 General Remarks

Once the flow quantitites such as the velocity and pressure are obtained for a fluid
domain by the procedure outlined in chapter 3, various other characteristics of the flow

can be determined.

Flow characteristics like streamlines, streaklines and forces on the rigid bluff body are
discussed and procedures to obtain them are outlined in this chapter. The first step in
these procedures is to determine the velocities at the mean position of the body. The
overall view of the flow pattern at any instant of time can be obtained by plotting the
velocity vectors or the streaklines in the fluid domain. The basic nonlinear phenomenon of
steady streaming is obtained by plotting the streamlines of the steady component of the

velocity field.

The forces on a rigid body is characterised by the concept of the drag coefficients or
the added mass, added damping and added force. The force quantities can be obtained
for one case of associated flow and the results can be transformed to the other case of

associated flow using simple coordinate transformations.

4.2 Computation of the Body Boundary Velocity

In obtaining the numerical solution of the complete Navier-Stokes equations, we made

29
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the assumption that the fluid flow is periodic and the flow results can be represented as
d=A +Bcost + Csint
Thus the velocity at any node in the fluid domain other than at the mean position of the

body can be represented as

uj = A;-‘+B;-‘cost+ C}‘sint

(4.1)

vj = A;’ + B]'-’ cost + CJ‘-’ sint

For an element on the body boundary, substitute equation 4.1 into equation 3.7 to

obtain the nodal velocities at the mean position of the body. The resulting equations are

Uy = —‘%Z‘Cijc}‘ + u.b cost — ﬁgCijA;-‘ sint
- ‘?( i B + upCix) sin 2t + E—Cijcj cos 2t (4.2)
v = ——%—ZCQ-C;-’ ~ B2Ci; Aj sint — %C{jB; sin 2t + %Z—CijCJ'-’ cos 2t

J is summed over the velocity degrees of freedom other than those on the edge inter-

facing with the mean position of the body.

k is summed over the velocity degrees of freedom on the edge interfacing with the mean

position of the body.

At t = 0, when the body is at its mean position, the nodal velocities correspond to
the body velocity. Neglecting higher harmonics, we can represent velocity at the mean

position of the body as in equation 4.1. In this case

B2
B}‘ = up
CY = —f2Cy A} i
B (4.3)
B! =0

C;’ = ——ﬂgC,‘jA;
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4.3 Determination of Stream functions, Streamlines and Streaklines

4.3.1 General Remarks

A line in the fluid whose tangent is everywhere parallel to the fluid velocity U, instan-

taneously, is a streamline. The family of streamlines at time ¢ are solution of

dz dy dz

u(z,t) vz, t)  w(z,t)

where u, v, w are the components of velocity U, parallel to the rectilinear axes z, y, z.
The path of a material element of fluid does not in general coincide with a streamline,
although it does so when the motion is steady. Streakline is that on which lie all those
fluid elements that at some earlier instant passed through a certain point of space. Thus,
when a dye or some other marking material is discharged slowly at some fixed point in a
moving fluid, the visible line produced in the fluid is a streakline. When the flow is steady,

streaklines, streamlines and pathlines coincide.

The stream function W is defined in terms of the velocity components « and v as

3V ov

’U,—-éy =

9z

The function ¥ can also be regarded as the only nonzero component of vector potential for

u and can be written as
v(z,t) Oy
u(z,t) Oz

Thus the lines of constant stream function are streamlines or streaklines as the case may

(4.4)

be. The stream function can be obtained by solving the Poisson equation

ou Ov ' :
VW = —¢= — — — . i
v ¢ 3y 82 (4.5)
1. When u and v represent the total velocity field, (i.e the steady as well as the time-

dependent components), lines of constant ¥ represent streaklines.

2. When u and v represent only the steady flow component A, lines of constant ¥ represent

streamlines.
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3. ¢ is the vorticity for the total velocity field or the steady flow conmponent as the case

may be.

4.3.2 Finite Element Representation of the Poisson equation

The Poisson equation 4.5 can be represented in its functional form as

R [ R EO | R P R

{1 is the domain of the problem.
g(s) = g—‘g is the tangential velocity speciﬁed on the natural part of the boundary C, .

The finite element discretisation is done using the same finite element interpolation of

V¥ as that for velocities described in section 3.3. The stream funtion ¥ is represented by

=NV,  {=1,2,3,---,8 (4.7)

N; are the shape functions given in section 3.3.

¥ are the nodal variables of stream function.

Substituting equation 4.7 into the functional I for one element, the resulting equation
is

1
I = // {~2— I:N,",;NJ",; + N,',yNj,yJ ‘I’,'\I’j — S‘Ni\I’,‘} dA — / g(s)N,"Il,'ds (4.8)
ﬂc C.

Take the first variation of equation 4.8 with respect to ¥; and thus minimise the functional

1

-

g\ii = //ﬂ {(Ni,sz,: + Ni,yNj,y) v, — S‘Nt} dA4 - /C g(s)N;dS =0 (4.9)

_ AN ON;

Niz Ly —
7 ax 'Y ay

I¢ denotes the functional I for one element.

1. denotes the domain of element under consideration.
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All such elements are assembled to produce a set of global equations pertaining to the

fluid domain. These equations can be written in matrix form as
[Z:j}{®} = {P:} (4.10)

[Zij] = //ﬂ {NizNjz + NiyNjy} dA

{P;} = //ﬂ gNidA+/ g(s)N;dS

C.
For an element not on the boundary, the line integral in the functional I cancels out
between adjacent elements. For elements on the boundary where W is not specified, the

line integral becomes the consistant load vector.

4.4 Determination of Force Characteristics

4.4.1 Computation of Added Mass, Added Damping and Added Force

Consider the fluid-structure problem where a bluff body is oscillating in the direction

of flow. This can be represented as a spring-mass system as shown in figure 2.1.
1. My = Mass of the bluff body.

2. K = Stiffness of the bluff body.

3. F,(t) = External force applied to cause the motion s of the body.

4. s(t) = s,sinwt = Motion of the body.

5. Us; = Steady velocity of fluid remote from the body.

6. U, = up coswt = Velocity of body where u, = ws,.

7. F;(t) = Fluid force on the body

The fluid forces on a rigid body performing harmonic oscillations will in general consist
of three components:— 1. a component in phase with the acceleration of the body, 2.
a component in phase with the velocity of the body, 3. a constant component. The

components are each associated with the added mass, added damping and added force,
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respectively. Added mass is defined as thé quotient of the additional force required to

produce acceleration throughout the fluid domain divided by the acceleration of the body.

The equation of motion of the single degree of freedom is represented in its non-

dimensional form as in equation 2.20
My§ + Kys = Jy(Fe + Fy) (4.11)

where

R, [ b2
L
’ Rt2u<Ab>

§ = f(ysint

e

-]

o
tlv:s: ‘

o~

v

1 R R1 Ro
br=% ﬂz:R‘:’ U= ub=Ree‘

W

=Y

b is the characteristic length of the body.
Ayp is the cross-sectional area of the body.

All variables are in their respective non-dimensional form. The non-dimensional vari-

ables introduced in section 2.4 and section 3.4 have been used.

Substituting the expression for s into equation 4.11, obtain

R. [ b? ‘
—Mpf2sint + Kpfzsint = = (——) (F. + Fy) (4.12)
R2 \ 4,

We expect the fluid force to be of form
Fs= P+ Qcost + Rsint (4.13)
P represents the steady drag force on the body.

Q@ and R are the periodic components of fluid force.

Substitute equation 4.13 into 4.12 and rearrange terms to obtain an expression for the
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external force F,. o
A

F,=—P— (M,,Rwu,(b—z") 4 R) sint

. (4.14)

+ Ky R, up (%) sint — Qcost

Equation 4.12 can be represented in terms of the added mass M,, the added damping C,

and the added force F,. '
: A

—(My + M,)R,up (—") sint

b2

4.15

Ap\ Ap (4.15)

+ KyR,up| — |sint + CoR, up| ~5 Jcost = F, + F,
b2 b?

Comparing equations 4.14 and 4.15, the expressions for added mass, added damping and

added force are obtained

: 2
M, = R (b )zaddedmass

Rwub -fg
A : (4.16)
.C’a = T m <Ab = added damping

F, = P = added force

Appendix E presents the solution procedure to solve the equation of motion in case b

flow configuration using M,, C, and F,.

4.4.2 Determination of Fluid Forces on the Bluff Body

The normal and shear stress at a point along a plane inclined at an angle a with the

x-axis (figure 4.2), can be represented in terms of the stress components o, oy and 7., as

2

o =0, sin o + 0y cos” a— 27, sinacosa

(4.17)
T = 15y(sin’ a — cos® a) + (0, — 0,) sin acos a

The resultant fluid force along the x direction on a length ! of the cylinder due to ¢

and 7 is given by
Fr=-l ]{(o sina + 7 cos a) de (4.18)
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Figure 4.1 Stress Components

The integration around the cross-section is done in the counter- clockwise direction.

The fluid force has two components: F, and F;.

F, = —lj(asinade

F, = —lfrcosade

F, is the normal force which is mainly due to pressure and hence is known as the

pressure drag.

F; is the tangential force which is the result of shearing stresses and hence is known
as the friction drag. The drag force is made non-dimensional by dividing it by 0.5pu2
where p is the density of the fluid and u, is its steady velocity. We thus obtain three

drag coefficients:

Ca, = (—)—5—0—2 = the pressure drag coefficient
Spu

8

F;
0.5pu?
Ci=Cq, +Cy, = total drag coefficient

]

Ca, = the friction drag coefficient
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Since at low Reynolds number, flow over bluff bodies is symmetric along the axis normal
to the direction of flow, the force along the y axis is zero. That is in our analysis, only the
presence of drag force is considered and lift force is neglected. Using the non-dimensional

variables _
~ F
1 _ € o = o = T jl‘ _ Ly
b pu, /b pu, /b nu,l

the non-dimensional form of equation 4.18 is obtained as
Fy = —f(osina—krcosa) de

All variables are in their respective non-dimensional form and primes have been omitted

for convenience.

Fy=— f osinade = ﬂuid force due to o
| (4.19)
F,=— f 7 cos a de = fluid force due to 7

With this non-dimensionalising, the drag coefficients are redefined as:

2 2
F, Ca,

F,

. - Reluoo
Cy= Cd,, + Cd,

R., is the Reynolds number for steady flow and uo, is the far field fluid veloicty. All the
variables are in their respective non-dimensional form and the primes have been omitted
for convenience. The velocities and pressures are represented by the finite elements by

u = Nju; 1=1,2,---,8

v = N;vu; t1=1,2,---,8

p=MP;, i=1,---,4

N;, M; are the interpolating functions given in section 3.3.
u;, V;, p; are the nodal variables.

The stress components given by equation 2.19 can be represented in matrix form as

Oy 2N; . 0 —M; Uu;
Oy = 0 2N,"y —M,' v; (4.20)
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ON: ON;

i,z — N;y =

N: or ) Y ay
oM, oM,

Mi. = Oz Y By

Thus equation 4.19 can be written in matrix form as

. : . o
ol _ sin’ a cos? a —2sin a cos a az (4.21)
7| |sinacosa —sinacosa  sina— cos?a Ty :
o o zy
Equation 4.19 can be written as
F, 1 _ sin® a cos?asina  —2sin‘acosa
F, sinacos?a —sinacos’a cosafsin® o — cos? @)
2Nz 0 —-M; u; (4.22)
0 2N,;,y ——Mi de v;
M,',y Mi,a: 0 Pi

For an isoparametric element, the coordinates of a point in the element are also given by
.’E‘:—N,‘.’l:," 1:'—"1,2,'-',8

y = N;y; 1=1,2,---,8

where z; and y; are the nodal variables.

Thus the derivatives can be obtained as

aN; aN;
{&}:J“{ﬁ} (4.23)
dy at

J is termed the Jacobian of the transformation and is given by

J — l:Nj)szj thsyj]
' Njizj  Njuy;

where
ON;
Js

ON;

Nj,s = Njp=—5~

Substituting equation 4.23 into equation 4.22 and using two point Gauss guadrature for
numerical integration, P, Q, R of Fy is obtained from which M,, C, and F, and the drag

coefficients can be calculated.
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4.4.3 Force Characteristics of the Associated Flow

The force characteristics for the case b where the body is oscillating in-line with a
steady fluid flow has been considered. The force quantities for the case a where the body
is at rest in an oscillating fluid flow can be easily determined by transforming the results

obtained from case b.

The transformation from reference frame a to ¢ is obtained from equation 3.15. Sub-
scripts a and ¢ denote case a and case b flow configurations respectively. The transfor-

mation for stresses is obtained as
0z, = 0z, — R,z,upsint
oy, = 0y, — R,z,upsint (4.24)
Tzys = Tzy,

The fluid forces in the two reference frames can be expressed as

Fy, = —f(aasina—fracosa) de

a

¢

Fr =— f(acsina + 7. cos a) de
The transformation for the fluid force in the two associated flows is written as

A
Fy, = Fy, + Rw“b(ﬁ) sin ¢ (4.25)

Ff, = Py + Qqucost + R, sint
. Fs = P.+ Q.cost+ R;sint
Thus the transformation for the fluid force components P, Q, R is expressed as
Qo= Qc ' (4.26)
A
R,=R.+ Rwu,,<3§)

The added mass is associated with R, the added damping with Q and the added force

is associated with P. The added mass in case b is termed as the inertia force in case
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a. Thus the transformation for added mass., added damping and added force for the two

associated flows is expressed as

M, =M, +1
Co, = Ca. (4.27)
F, =F,

Mg, is the inertia force in case a and M, is the added mass in case b. From equation
4.27, it is noted that there is no change in the added damping and added force between

the two associated flows. M,, is greater than M, by unity.

The transformation for Cy,, Cy, and Cy for the two associated flows is expressed' as:

r?

. 2 Ap\ .
Cdpa = Cdpc + -Izh—uoonub<32—> sint

Cq;, = Cu;, (4.28)

' 2 Ay .
- =2 ¢
Cq, =Cq, + R.. Rouy ( B ) sin

From equation 4.28, it is evident that there is no change in the friction drag coefficient but

there is change in the pressure and total drag coefficients in the sine component.

4.5 The Morison Eqﬁation

In most applications of practical interest, the fluid forces acting on a body in a two-
dimensional flow are determined by the Morison equation.The empirical coefficients used

in the equation can be represented in terms of M,, C, and Fj,.

Consider a cylinder of length [, characteristic cross-sectional size b and cross-sectional
area Ay, in a viscous fluid. The fluid has a velocity U which consists of a steady component

Us and an oscillating component U, and is given by

U=U,+U,

|U|:uo:u5+up

where us = |U,| and U, = upcoswt and w is the frequency of oscillations. The fluid force
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Fy on the cylinder is given by the Morison equation as

F, 1 dU
T = prCdUlUt + pAme—‘-i—t—

1 .
= prCd(us + up cos wt)|(ug + up coswt)| — pACrrwup sin wt

=—‘FD+F1

(4.29)

Cg is the drag coefficient associated with the drag force Fp, and C,, is the inertia coefficient
associated with the inertia force F1. The drag force can be linearised by representing U|U|
in terms of a fourier series. Considering only the first two terms of the series, we obtain
F 1
TD = prC'dug(ao + a; coswt) (4.30)

a, and a; are constants determined by R., and R.,. Hence we can associate two drag

coefficients with the drag force on a body.
1. C4(1) = a,Cq = Drag coefficient associated with the steady drag force.
2. Cy4(2) = a,Cy = Drag coeflicient associated with the oscillating drag force.

The linearised form of the Morison equation is written as

F 1 ’
-l_f = prug{cd(l) + C4(2) coswt] — pACpwup sin wt (4.31)

From the present investigation, the fluid force is obtained as described in section 4.4
as
Fy

T = puo(P + Q coswt + Rsinwt)

The coeflicients used in the Morison equation can be represented in terms of the added

mass M,, added damping C, and the added force F,.

2
7 R, R,, 4.32
Cal2) = 37522C, (432)
Cpp =M, +1

where R, , R., , R, and R, are as defined in section 2.4.
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Numerical Investigations

5.1 Introduction

In this chapter, numerical results are presented for three different body shapes, namely
1. Circular body oscillating in the direction of the flow.
2. Square body oscillating parallel to one of its sides in the direction of the flow.

3. Equilateral triangular body oscillating parallel to one of its bisectors in the direction

of the flow.

The investigation is carried out in the viscous flow regime up to Reynolds number
R., = 100 with various values of R., and R, keeping the body amplitude parameter 3,
less than 0.2. The limiting cases of the body oscillating in an otherwise still fluid and that

of a steady flow over a fixed body are verified with known results.

No experimental or andlytical results are available at such low values of Reynolds
numbers for the combined problem of a body oscillating in line with a steady fluid flow.
Hence a parametric study is conducted for this combined flow problem and is classified

into four groups.

Group 1l.a: R., is kept constant and R,, ar_ld R, are changed such that B, is kept

constant. The effect of R.,/R., on the flow pattern is observed.

Group 1.b: 37 is kept constant by keeping R, and R., constant. R.,/R., is changed
by changing R, ‘

Group 2: The effect of 32 on the flow pattern is observed. R., and R., are kept
constant and (2 is changed by changing R,, .

42
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Group 3: Effect of R, on the flow pattern ié observed. R, and R,., are kept constant.
Re,/R., and B, are changed due to the change in R,, .

The numerical results are also presented for the associated flow configuration of case
a as described in section 2.3. These results are compared with those of case b and the

transformations presented in equations 3.15 and 4.27 are checked.

The flow results are presented in the form of streamlines and streaklines. Streamlines
are the stream function contours of the stéady part of the velocity field and streaklines
are the stream function contours of the total velocity field at one instant in time. The
contour plots are obtained by plotting 31 equally spaced contours between the maximum
and minimum values of the stream function in the plotted domain. In order to plot stream
function contours, the stream function at each node of the plotting grid is required. A
procedure for obtaining these nodal values is outlined in appendix D. The forces on the
rigid body are computed in terms of added mass, added damping, added force and the

drag coefficients.

All the computer programs are implemented on a 48-megabyte Amdahl 5840 system
with double accelerator at the University of British Columbia. Double precision arithmetic
is used throughout to reduce the effect of round-off errors. The solution of the linear

algebraic equations and the matrix inversions are performed using a sparse matrix solving

package called SPARSPAK.

5.2 Results for a Circular Body

5.2.1 General Remarks

A considerable amount of work has been conducted on an oscillating circular body in a
fluid. Bertelsen 1] conducted expeﬁments to study the steady streaming phenomenon in
the boundary layer on a cylinder performing simple harmonic motion in a viscous incom-
pressible fluid at rest. Riley [21] and Stuart tackled the same problem analytically using
perturbation techniques to boundary layer theory. The experimental and analytical results

are for very high values of R, and R, , of the order of 100,000 and 5,000 respectively.
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The present numerical model is not accurate at such high values of R, and R, .

Pattani {18] has modelled the problem of a circular body oscillating in an otherwise
still fluid and has obtained excellent agreement with Tatsuno’s experimental results of the
same problem configuration (28]. Tatsuno [27] and Tanida [26] have studied the problem of
a circular cylinder oscillating in a steady viscous flow. But their experiments are conducted
in the flow regime of a well developed vortex street behind the cylinder and at very high

values of the body amplitude parameter in the range 5, >0.5.

Hence a parametric study is conducted as described in section 5.1 for the combined
problem. The limiting case of steady flow over a circular fixed body is verified with the
results obtained from Olson [31]. The limiting case of a circular body oscillating in a

stationary fluid is verified with the results obtained from Pattani (18].

5.2.2 Finite Element Grid and Boundary Conditions

The numerical results are obtained for a circular body with a diameter b of unity. This
diameter is also the characteristic length of the body. The centroid of the body is located
at the origin of the z-y axis system and the body is performing oscillations parallel to the

z-axis. Using symmetry in the flow problem, only one half of the domain is modelled.

Three finite element grids are developed as shown in figure 5.1. Grid 1 and Grid 2
have the same ratio of D/b=15.5, where D is the total length of the flow domain. Grid 3
has D/b=30.0. Grid 2 has a rectangu]ar outer boundry while Grid 1 and Grid 3 have a

circular outer boundary.

In finite element formulation, only the kinematic boundary conditions need to be spec-
ified and the homogenous natural boundary conditions come out as a part of the solution
in the limit of grid refinement. Thus the symmetry condition is obtained by letting the
velocity v = 0 and the shear stress 7;, = 0 (which is implemented by letting the velocity
u float, v =7) on fhe symmetry line I';. Though there is no symmetry in the pressure
distribution, the pressure is specified to be zero at two symmetric locations: points 1 and
2 shown in figure 5.1. The fluid outer boundary is assumed to be far enough so that the

pressure at these two points is appfoximately zero. Negligible change in the numerical
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results is observed when the pressure is specified to be zero at only one point.

Boundary Conditions for Grid 1 and Grid 8

Grid 1 and 3 have the same velocity and pressﬁre boundary conditions.
1. u = Uy, v =0 all along the fluid outer boundary.

2. u and v velocities at the body boundary are specified accofding to equation 3.7.
3. u="?, v=0 all along the symmetry line T,.

4. p=0 at'points 1 and 2 shown in the figure 5.1a and c.

Boundary Condition for Grid 2

1. u = uy, v =0 along Ty, the inflow boundary.

2. U = Uy, v="7 along T,.

3. u=?, v =0 along T, the outflow boundary.

4. u=?, v = 0 along T',, the symmetry line.

5. p =0 at points 1 and 2 shown in figure 5.1b.

Along T',, the velocity u is allowed to float (u=?). This implies that the associated
stress, 0, = —p + ,ug—: is zero. The pressure p = 0 at point 2 and hence is approximately

zero all along I',. Thus g—: =0 all along T',,.

For the flow problem of a body oscillating in a steady fluid flow, Grid 1 and Grid 3 have
368 net degrees of freedom of which 307 are for the velocities and 61 are for the pressure.
Grid 2 has 370 net degrees of freedom of which 309 are for the velocities and 61 are for the
pressure. There are three coeffiecients A, B, C for each degree of freedom. This results in

1104 variables in Grid 1 and Grid 3 and 1110_va.riables in Grid 2.
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1 Grid 1 _D/b=15.5

Grid 2 D/b=155

Grid 3 _D/b=30.0

ol : : 2

Y
'-16.0 -112.0 ~-8.0 -4.0 0.0 4.0 8.0 12,0 16.0

Figure 5.1 Finite Element Grids for Circular Body
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5.2.3 Flow Results

Limiting Cases:-

The limiting case of a circular bluff body oscillating in an otherwise still fluid is verified
with {18] for R, =250.0, R,, =0.0 and R., =20.0 using Grid 1 and R,, =278.2, R, =0.0
and R., =10.572 using Grid 3. Identical numerical results are obtained in both cases.

Streamlines are plotted for the first case in figure 5.2.

Figure 5.2 Limiting Case of an Oscillating Circular
Body in Still Fluid. R, =250.0 R,, =0.0 R., =20.0

The limiting case of a steady flow over a stationary body is verified with [31] for values
of R., ranging from 2 to 70. The streamline plofs for R., =20 and 70 are presented in
figures 5.3 and 5.4 respectively. The same contour values are plotted in the present study
results as that of [31]. The kinks in the streamlines near the body in the present study are
due to the coarseness of the grid. On refining the finite element grid, more stream function
contours can be plotted .and the kinks can be eliminated. Good agreement is obtained in

the streamline plots.

The pressure distribution around the body at R., =20 is presented in figure 5.5. The
drag coefficients for R, =5, 20, 40, and 70 are presented in table 5.1. Good agreement is

obtained with [31] for the pressure distribution and the drag coefficients.
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Figure 5.3 Limiting Case of Steady Flow over a

Circular Body. R, =0.0 R,, =20.0 R,, =0.0
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Figure 5.4 Limiting Case of Steady Flow over a

Circular Body. R, =0.0 R., =70.0 R., =0.0
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Table 5.1

Drag Coefficients for Different Values of R,
for a Circular Body R, =0.0 E., = 0.0

R, - Pressure Drag Friction Drag Total Drag
5.0 Present Study 2.382 2.020 4.402
Olson & Tuann 2.199 1.917 4.116
20.0 Present Study , 1.211 0.791 2.002
Olson & Tuann 1.233 0.812 2.045
40.0 Present Study 0.987 0.521 1.508
Olson & Tuann 0.998 0.524 1.522
70.0 Present Study 0.870 0.372 1.242
Olson & Tuann - 0.852 0.360 1.212

Parametric Study:-

The parameters investigated and their groupings are given in table 5.2. Grid 1 is used
in all the cases. Streamlines of the steady component of the velocity field are plotted for

each of the groups.

Group l.a set of results are presented in figures 5.6a to 5.6e. R., and f; are kept
constant at 20.0 and 0.08 respectively. R.,/R., varies in the range 0.1 to 2. This set of
results is at low values of R,,/R., , hence the flow pattern is dominated by the steady
fluid flow. On introducing small oscillations (R.,/R., =0.1) to the body, a small vortex
appears at the front of the body but the wake behind the body remains intact (Fig. 5.6a).
At R.,/R., =0.75, the wake behind the body becomes very small and a small vortex at
the top right of the body is formed (Fig 5.6¢). At higher values of R.,/R., , (Fig. 5.6d
and e) the vortex behind the body dimnishes and that at the front and top right grow in

size. All these vortices are at very localized regions near the body.

Group 1.b set of results are presented in figures 5.7a to 5.7¢c. R, and R., are constant
at 250.0 and 20.0 respectively. R.,/R., is varied in the range 1.0 to 10.0 by changing R.,
. On increasing R.,/R., , the vortex at the front and top right of the body grow in size.
It is interesting to compare this to the case when there is no steady flow around the body

and two huge symmetric vortices appear on either side of the body as shown in figure 5.2.
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Table 5.2

Parametric Study of the Flow Pattern for a Circular Body

Group R, R., R., Fea By Figure

0.0* 20.0* 0.0* 5.3

25.0 20.0 2.0 0.1 0.08 5.6a

la 62.5 20.0 5.0 0.25 0.08 5.6b
187.5 20.0 15.0 0.75 0.08 5.6¢

250.0 20.0 20.0 1.0 0.08 5.6d

500.0 20.0 40.0 2.0 0.08 5.6e

250.0 20.0 20.0 1.0 0.08 5.6d

250.0 15.0 20.0 1.333 0.08 5.7a

1b 250.0 5.0 20.0 4.0 0.08 5.7b
250.0 2.0 20.0 10.0 0.08 5.7¢

250.0** 0.0%* | 20.0%* 5.2

0.0* 2.0 0.0* 5.8a

1000.0 2.0 20.0 10.0 0.02 5.8b

500.0 2.0 20.0 10.0 0.04 5.8¢

2 333.33 2.0 20.0 10.0 0.06 5.8d
250.0 2.0 20.0 10.0 0.08 5.8¢

200.0 2.0 20.0 10.0 0.1 5.8f

250.0 2.0 10.0 5.0 0.04 5.9a

250.0 2.0 15.0 7.5 0.06 5.9b

3 250.0 2.0 20.0 10.0 1 0.08 5.8¢
250.0 2.0 25.0 12.5 0.1 5.9¢

* Limiting case of steady flow over a fixed body.
** Limiting case of an oscillating body in stationary fluid.

Group 2 set of results are presented in figures 5.8a to 5.8. R,, and R., are kept
constant at 2.0 and 20.0 respectively. R, is changed such that §; varies in the range 0.02
to 0.1. This set of results is at a very high value of R,,/R,, (Re,/R., =10.0). Thus the
flow is dominated by the oscillations of the body. At R,, =2.0 and R,, =R,, =0.0 (Fig.
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5.8a), no wake is formed behind the body. On introducing oscillations to the body (8
=0.02), a small vortex develops at the front of the body (Fig 5.8b). At 8, =0.04 (Fig.
5.8¢), the localized vortex at the front of the body disappears and a huge vortex develops
behind the body. At 8, =0.06, the vortex at the back moves to the front of the body (Fig.
5.8d). For higher values of §; =0.1 (Fig 5.8¢), the vortex at the front of the body grows

in size.

Group 3 set of results are presented in figures 5.9a to 5.9c. R, and R,, are kept
constant at 250.0 and 2.0 respectively. R., is changed such that 3, varies in the range 0.04
to 0.1. and R.,/R,, varies in the range 5 to 12.5. Just as in group 2, this set of results
are at high R.,/R., values. The phenomenon of the vortex moving from the back to the
front of the body is observed to occur at G2 =0.06, just as in Group 2 set of results. It is
observed that irrespective of different values of R, and R., , for the same 8, values, the
flow patterns in group 2 and group 3 set of results are quite similar. This indicates the

significant effect of the 2 parameter.

The minimum and maximum values of the stream functiqns and their respective loca-
tions for different cases of R,, , R, and R, are tabulated in table 5.3. In all the cases, a
plotting domain from -2.5 to 3.7 along the x-axis and 0.0 to 3.1 along the y-axis is used.
The dot (.) in the streamline plots represents the location of the minimum value of the

stream function.
The following observations are made from the foregoing flow results.

1. At low values of R.,/R., (R.,/R., <1), the flow pattern is dominated by the steady
stream flow. Hence the body afnplitude parameter B, has little effect on the flow

pattern except in a localized region near the body.

2. At high values of R.,/R,, (R.,/R., >1), the flow pattern is dominated by the oscilla-
tions of the body. Thus R, and R,, and as a consequence 3, influence the flow pattern

significantly.

3. For a constant low value of R,, (R.,/Re, <1), the flow pattern for different cases of
R, and Reé which result in the same value of §; , are quite similar. This implies that
the body amplitude parameter characterises the flow pattern to a greater extent than

either R, or R,, alone.
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i

Figure 5.6a Group 1.a R, =25.0 R., =20.0 R., =2.0 Reg/Rel =0.1 8, =0.08

—

Figure 5.6b Group 1.5 R, =62.5 R, =209 R., =5.0 R,, /Re, =0.25 8, —0.08
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Figure 5.6d Group 1., R, =250.0 R, =20.0 R, =200 Reg/Rej =1.0 8, =0.08
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Figure 5.60 Group 1.5 R, =500.0 R., =20.0 R, =40.0 Reg/Re‘ =2.0 8, =0.08
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Figure 5.7¢ Group 1.b R,

=250.0 R., =2.0 R., =20.9 R
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Table 5.3

Maximum and Minimum Stream Function Values of the
Steady Component of the Velocity Field

R, R, R, Stream Function location
X y
0.0 2.0 0.0 min. val.=0.0000 0.0 0.5
max. val.=2.6750 -2.5 3.1
25.0 20.0 2.0 min. val.=-0.0121 0.65 0.3
max. val.=2.5040 -2.5 3.1
62.5 20.0 5.0 min. val.=-0.0086 0.65 0.3
max. val.=2.2000 -2.5 3.1
187.5 20.0 15.0 min. val.=-0.0183 0.2 0.525
max. val.=1.5510 -2.5 3.1
250.0 20.0 20.0 min. val.=-0.0189 0.2 0.525
max. val.=1.3560 -2.5 3.1
250.0 15.0 20.0 min. val.=-0.0219 0.2 0.525
max. val.=1.1610 -2.5 3.1
250.0 5.0 20.0 min. val.=-0.0309 0.2 0.55
max. val.=0.5410 -2.5 3.1
250.0 2.0 20.0 min. val.=-0.0350 0.2 0.55
max. val.=0.2326 -2.5 3.1
250.0 0.0 20.0 min. val.=-0.0519 -1.45 1.05
max. val.=0.0519 1.45 1.05
1000.0 - 2.0 20.0 min. val.=-0.0305 -0.55 0.425
max. val.=0.2442 -2.5 3.1
500.0 2.0 20.0 min. val.=-0.0394 0.8 0.7
max. val.=0.2547 -2.5 3.1
333.33 2.0 20.0 min. val.=-0.0330 -0.8 0.55
_ ' max. val.=0.2087 -2.5 3.1
200.0 2.0 20.0 min. val.=-0.0746 -0.6 0.80
max. val.=0.2454 3.25 3.1
250.0 2.0 10.0 min. val.=-0.0825 0.8 0.7
max. val.=0.4748 -2.5 3.1
250.0 2.0 25.0 min. val.=-0.0928 -0.6 0.8
max. val.=0.2163 3.3 3.1
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4. Dramatic changes are observed as ; changes at a constant low value of R, . For
instance, at low values of 3 (< 0.04), a vortex develops behind the body. At higher
values of B3 (> 0.06), the vortex moves to the front of the body.

5. At a constant low value of R.,/R,, , the flow is dominated by the steady stream flow.
On increasing (2 gradually by changing R,, , the following changes are observed in the

flow pattern
- The wake behind the body grows considerably in size.
- The apparent separation point moves to the front of the body.

- At R.,/R., =0.25, there is a drastic decrease in the wake behind the body. At

higher values of R,,/R., the wake again increases in size.

- At still higher values of R,,/R., , a small vortex appears in a localized region at

the front of the body.

The streaklines of the total velocity field are plotted for t=0, I, , %’l, that is, equal
time steps over one half cycle of the body motion. Streakline plots for R, =250.0, R,,
=20.0 and R,, =20.0 are presented in figure 5.10. The streamline plot at these values of

.Reynolds numbers indicates two small vortices at the front and at the top right of the
body (Fig. 5.6d). Att = m/2, two small vortices appear at the front and back of the body.
At t=m, and 37/2, the body is enveloped by these vortices. At t=2m, the streaklines are

the same as at t = 0.

Streakline plots for R, =250.0, Rel =2.0 and R,, =20.0 are presented in figure 5.11.
The streamline plot for the same values of Reynolds numbers (Fig. 5.7c) shows a large
vortex at the front of the body. At t=0, the streakline plot shows small vortices on the
top of the body and a big vortex at the front of the body. At t=n and t=37/2, the body

is enveloped by the vortices which grow in size. There is a dominant vortex at the front
of the body.

The minimum and maximum values of stream function and their respective locations

at different times t for these two case are presented in table 5.4.
The following observations are made from the foregoing streaklines:

1. At low values of R.,/R., (Re,/Re, <1), the streaklines are quite similar to the stream-
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lines for the same values of Reynolds numbers except for small vortices near the body.
This is expected as the flow pattern is dominated by the steady component of the

velocity field.

2. At higher values of R,.,/R., , the streaklines show signifincant change in vortex at
different time t. The overall flow pattern still resembles the streamline plots for the
same values of Reynolds numbers. At different time t, the vortex moves to and fro

from the front to the back and to the front again in one cycle.

5.2.4 Added Mass, Added Damping and Added Force

The values of added mass, added damping and added force are tabulated for different
cases of R, , R, and R,, in table 5.5. The force quantities are observed to be intimately
related to the flow pattern. A similar parametric study as described for the streamlines is
carried out for the force quantities. Figures 5.12, 5.13 and 5.14 show the variation of the

force quantities with change in #2 and R.,/R., for Group 1 and Group 2, respectively.

Figure 5.12 presents the variation of the force quantities with change in R.,/R., for
Group l.a. R., is constant at 20.0. It is observed that with an increase in R,,/R., , there
is a decrease in added force while the added mass and added damping remain relatively
constant. Figure 5.13 presents the variation of the force quantities with R.,/R., for Group
1.b. R, and R, are kept constant at 250.0 and 20.0 respectively. In both Group 1.a and
Group 1.b, B, is contant at 0.08. From figure 5.13 it is evident that the added mass
and added damping are constant while there is a decrease in added force with increase in

R../R., .

Figure 5.14 presents the variation of the force quantities with change in 82 for Group
2. R., and R,, are kept constant at 2.0 and 20.0 respectively. At §, =0.06, there is a
sharp decrease in the added mass and added damping and a sharp increase in the added
force. At this value of 35 , the‘vortex moves from the back to the front of the body. Thus

the flow pattern has a great influence on the forces on a body.
The following observations are made from this parametric study:-

1. The added mass and added damping are influenced by R, and R., , while the added
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Figure 5.11 Streaklines for R, =250.0 R,, =2.0 R,, =20.0

at t=0.0, I, 7, 3T respectively
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Table 5.4

Maximum and Minimum Stream Function Values of the
‘Total Velocity Field at Different Times t

R,=250.0 R. =20.0 R.,=20.0
t Stream Function location
, " .
0 min. val.=-0.0020 -0.3 0.4
max. val.=1.3550 -2.5 3.1
1—; min. val.=-0.0119 -0.4 0.375
max. val.=1.3610 -2.5 3.1
T min. val.=-0.0523 0.2 0.55
max. val.=1.3580 -2.5 3.1
3 min. val.=-0.0563 0.25 0.6
max. val.=1.3520 -2.5 3.1
R,=250.0 R,,=2.0 R,,=20.0
0 min. val.=-0.0161 -0.95 0.425
max. val.=0.2291 -2.5 3.1
12'— min. val.=-0.0138 -0.4 0.375
max. val.=0.2408 -2.5 3.1
T min. val.=-0.0495 -0.4 0.4
max. val.=0.2405 -2.5 3.1
& min. val.=-0.1133 0.25 0.6
max. val.=0.2239 -2.5 3.1




Chapter 5: Numerical Investigations

Added Mass, Added Damping and Added Force

Table 5.5

for a Circular Body

R, R,, R., Added Mass Added Damping Added Force
0.0* 2.0* 0.0* - - 7.1769
0.0* 20.0* 0.0* - - 20.0221
0.0* 40.0* 0.0* - - 30.1568
250.0** 0.0**| 20.0** 1.2696 0.4260 0.0000
25.0 20.0 2.0 2.1312 1.6045 13.1090
62.5 20.0 5.0 1.5815 0.9020 11.7870
187.5 20.0 15.0 1.3003 0.4828 9.3309
250.0 20.0 20.0 1.2827 0.4014 7.9780
500.0 20.0 40.0 1.2161 0.2665 4.5587
250.0 15.0 20.0 1.2776 | 0.4107 5.8885
250.0 5.0 20.0 1.2706 0.4237 1.6123
250.0 2.0 20.0 1.2697 0.4259 0.4372
1000.0 2.0 20.0 1.1383 0.2093 0.7381
500.0 2.0 20.0 1.1723 0.3874 1.0247
333.33 .2.0 20.0 © 1.3306 0.2161 0.3467
200.0 2.0 ©20.0 1.5158 0.3827 -0.0370
250.0 20 10.0 1.1873 0.7151 1.9281
250.0 2.0 15.0 1.3852 0.2793 0.6197
250.0 2.0 25.0 1.4734 0.3396 -0.3898

* Limiting case of steady flow over a fixed body.
** Limiting case of an oscillating body in stationary fluid.

65
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force is predominantly influenced by R, .

2. At constant values of f§; , the added mass and added damping remain fairly constant
indicating their relative insensitivity to the other parameters. On the other hand, they

are affected significantly by changes in g, itself.

3. At high values of R.,/R,, , the added force is also influenced considerably by S .

4. The force quantities are related to the flow pattern. Drastic changes in the flow pattern

result in drastic changes in the added mass, added damping and added force.
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Force Quantities for a Circular Body
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Figure 5.12

Variation of Force Quantities with R.,/R., in Group 1l.a
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Force Quanitities for a Circular Body
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Force Quandtities for a Circular Body
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5.3 Results for a Square Body

5.3.1 General Remarks

A parametric study is conducted as described in section 5.1 for a square body. The
limiting case of a square body oscillating in an otherwise still fluid is verified with the results
obtained by Pattani [18]. No experimental or analytical results seem to be available for

the limiting case of a steady flow around fixed square bodies at such low values of R,, .

5.3.2 Finite Element Grid and Boundary Conditions

The numerical results are obtained for a square body having sides of unity with the
centroid of its area located at the origin of the z-y coordinate system and the sides parallel
to the axis. The body is performing harmonic oscillations parallel to the x-axis. Using
symmetry, only one half of the domain is modelled. The finite element grid used is shown
in figure 5.15. The grid has a circular outer boundary and a D/b ratio of 15.5. Similar

boundary conditions are used as that of grid 1 and 3 for a circular body.

Boundary Conditions:-

1. u = uy, v = 0 along the fluid outer boundary.

2. u and v velocities at the body boundary are specified according to equation 3.7.
3. u=?, v = 0 along T',, the symmetry line.

4. p =0 at points 1 and 2 shown in figure 5.15.

For the flow problem under consideration, there are 368 net degrees of freedom of
which 307 are for the velocities and 61 are for the pressure. There are three coefficients A,

B, C, for each degree of freedom resulting in 1104 variables in total.

5.3.3 Flow Results

The limiting case of a square bluff body oscillating in an otherwise still fluid is verified
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Figure 5.15 Finite Element Grid for Square Body

with [18] for R, =150.0, R,, =0.0 and R,, =10.0. Identical numerical results are obtained.

Streamlines are plotted for this limiting case in Figure 5.17d.

A listing of the parameters investigated and their groupings for a square body are
shown in table 5.6. Streamlines of the steady component of the velocity field are plotted

for each of the groups.

Group 1.a set of results are presented in ﬁgures 5.16a to 5.16e. R,., and f; are kept
constant at 10.0 and 0.067 respectively. R.,/R,, is varied in the range 0.1 to 1.0. At R,,
=10.0 and Re2 =0.0 (Fig. 5.16a), a wake is present behind the body and the separation
point is just after the front corner. When small oscillations are introduced on the body
(R.,/R., =0.1), the separation point moves to the front of the body (Fig. 5.16b). At
R../R., =0.75 (Fig. 5.16d), the wake behind the body becomes very small and a small
vortex at the front corner of the body develops. At R,,/R., =1.0 (Fig. 5.16e), the vortex .
behind the body is negligible while that at the front corner of the body grows in size.

Group 1.b set of results are presented in figures 5.17a to 5.17d. R,, and R., are kept
constant at 150.0 and 10.0 respectively. R.,/Re, is varied in the range of 1.0 to 10.0. With
increase in R.,/R., values, the vortex at the left corner of the body increases and becomes

well developed. It is no longer at a localized region near the body.
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Table 5.6

Parametric Study of the Flow Pattern For a Square Body

R.,

Group R, R., R, R B2 Figure
0.0* 10.0* 0.0* 5.16a

15.0 10.0 1.0 01 0.0667 5.16b

la 600 10.0 4.0 0.4 0.067 5.16¢
112.5 10.0 7.5 0.75 0.067 5.16d

150.0 10.0 10.0 1.0 0.067 5.16e

150.0 10.0 10.0 1.0 0.067 5.16e

150.0 7.5 10.0 1.33 0.067 5.17a

1b 150.0 4.0 10.0 2.5 0.067 5.17b
150.0 1.0 10.0 10.0 0.067 5.17¢

150.0** 0.0%* | 10.0%* 5.17d

1000.0 1.0 10.0 10.0 0.01 5.182

250.0 1.0 10.0 10.0 0.04 5.18b

2 150.0 1.0 10.0 10.0 0.067 5.17¢
100.0 1.0 10.0 10.0 0.1 5.18¢

150.0 1.0 1.5 1.5 0.01 5.192

150.0 1.0 6.0 6.0 0.04 5.19b

3 150.0 1.0 10.0 10.0 - 0.067 5.17¢
150.0 1.0 15.0 15.0 0.1 5.19¢

72

* Limiting case of steady flow over a fixed body. )
** Limiting case of an oscillating body in stationary fluid.

Group 2 set of results are presented in figures 5.18a to 5.18c. R., and R., are kept
constant at 1.0 and 10.0 ;espectively. R, is changed such that f, varies in the range 0.01
to 0.1. At ( =0.01, there are localized vortices at the front and the top of the body. At
B2 =0.04 (Fig 5.18b), a huge vortex appears behind the body. This vortex moves to the
front of the body at about 85 =0.067 (Fig 5.17c), just as in the case of a circular body. At
B2 =0.1 (Fig. 5.18c), the vortex at the front of the body becomes well developed.

Group 3 set of results are presented in figures 5.19a to 5.19c. R, and R., are kept
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constant at 150.0 and 1.0 respectively. R., is changed such that 8, varies in the range 0.01
to 0.1. For the same values of 8, as that in group 2, the flow patterns are very similar to
those obtained in group 2. The phenomenon of the vortex moving from the back to the

front of the body is also observed to occur at about 3, =0.067 (Fig. 5.17c).

The minimum and maximum values of stream functions and their respective locations
for different cases of R, , R,, and R,, are tabulated in table 5.7. In all the cases a plotting
* domain from -2.5 to 3.7 along the x-axis and 0.0 to 3.1 along the y-axis is used. The dot

(.) in the streamline plots represents the location of the minimum value of the stream

function.
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Table 5.7 .

Maximum and Minimum Stream Function Values of the
Steady Component of the Velocity Field

R, R, R, Stream Function location

X y

0.0 10.0 0.0 min. val.=-0.0204 0.8 0.425
max. val.=2.6710 -2.5 3.1

15.0 10.0 1.0 min. val.=-0.0267 0.90 0.475
max. val.=2.4010 -2.5 3.1

60.0 10.0 4.0 min. val.=-0.0173 -0.55 0.575
max. val.=1.8770 -2.5 3.1

112.5 10.0 7.5 min. val.=-0.0293 -0.6 0.575
max. val.=1.4930 -2.5 3.1

150.0 10.0 10.0 min. val.=-0.0400 -0.6 0.625
max. val.=1.3010 -2.5 3.1

150.0 7.5 '10.0 min. val.=-0.0462 -0.65 0.65
max. val.=1.1150 -2.5 3.1

150.0 4.0 10.0 min. val.=-0.0626 -0.7 0.7
max. val.=0.7299 -25 3.1

150.0 1.0 10.0 min. val.=-0.1213 -1.0 0.975
max. val.=0.2837 -2.5 3.1

150.0 0.0 10.0 min. val.=-0.1719 -1.7 1.45
max. val.=0.1719 1.7 1.45

1000.0 1.0 10.0 min. val.=-0.0016 -0.3 0.625
. max. val.=0.2316 -2.5 3.1

250.0 1.0 10.0 min. val.=-0.0415 0.95 0.75
max. val.=0.2730 -2.5 3.1

100.0 1.0 10.0 min. val.=-0.0566 -0.95 0.95
max. val.=0.2314 3.35 3.1

150.0 1.0 1.5 min. val.=-0.0064 0.7 0.4
max. val.=1.0240 -2.5 3.1

150.0 1.0 6.0 min. val.=-0.0493 0.95 0.675
max. val.=0.4114 -2.5 3.1

150.0 1.0 15.0 min. val.=-0.0759 -0.95 0.95
max. val.=0.1880 3.15 3.1
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On comparing the streamline plots of the square body with those of the circular body,
it is obvious that the flow patterns in both the cases are quite similar. The parametric
study conducted for both the body shapes indicate similar effects and influences of the
parameters R, , R., , R, , R.,/R., and B2 . Similar changes in the flow patterns are
observed as in the case of a circular body in groups 1, 2 and 3. Thus it can be concluded
that the vortex should be quite similar for any doubly-symmetric body for the same values

of the governing parameters.

The streaklines of the total velocity field are plotted for ¢t = 0, %, 7 and 3—2’5 Streakline
plots for R, =150.0, E,, =1.0 and R., =10.0 are presented in figure 5.20. The minimum
and maximum values of the stream function and their reépective locations at different time
t are presented in table 5.8. Changes in vortex are observed at very localized regions near
the body. At t=m, the vortex moves closer to the body and finally moves away from the
body at t=37. The streamline plot for the same values of Reynolds numbers (Fig. 5.17c)
shows a dominant vortex at the top front corner of the body. In all the streakline plots
this dominant vortex remains, indicating that the basic flow pattern is maintained at all

time.

Table 5.8

Maximum and Minimum Stream Function Values of the
Total Velocity Field at Different Times t

R,=150.0 R,,=1.0 R.,=10.0
t Stream Function location

X Yy
0 min. val.=-0.0825 -1.2 0.925
max. val.=0.2805 3.1 3.1

3 _ min. val.=-0.0925 -1.15 0.95
" max. val.=0.2947 3.15 3.1

T min. val.=-0.1942 0.7 0.7
max. val.=0.2879 34 3.1

iz min. val.=-0.1593 -0.9 0.9
max. val.=0.2729 3.3 3.1







Chapter 5: Numerical Investigations v 82
5.3.4 Added Mass, Added Damping and Added Force

The added mass, added damping and added force are tabulated for different values of
R, , R., and R., in table 5.9. A parametric study described in section 5.1 is carried out
for the force quantities. Figure 5.21 and 5.22 show the variation of the force quantities
with change in R,,/R., and ( for group 1.b and group 2 respectively. In group 1.b, as
observed in figure 5.21, the added mass and added damping remain relatively constant
with change in R,,/R., while there is a significant decrease in added force. In group 2,
there are drastic changes in all the force quantities in the range of 0.04<8, <0.07. In
this range, there is an increase in added mass while the added damping and added force
decrease. In this range of 8, , there are drastic changes in the flow patterns. The vortex

moves from the back to the front of the body.

From these results, we observe that the added mass and added damping are mainly
governed by the f, parameter while the added force is predominanﬂy influenced by R,, .
Further, the force quantities appear to be intimately related to the flow pattern. Changes
in the flow pattern, cause changes in the force quantities. The variations of the force

quantities for the square body is very similar to those obtained for the circular body.
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Force Quantities for a Square Bodvy
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Figure 5.21 Variation of Force Quantities with R.,/R., in Group 1.b
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Force Quantities for a Square Body
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Added Mass, Added Damping and Added Force

Table 5.9

for a Square Body

R, R., R., Added Mass Added Damping Added Force
0.0% 10.0* 0.0* - - 15.3848
150.0%* | . 0.0%*| 10.0** 1.8042 ' 0.2876 0.0000
15.0 10.0 1.0 3.8392 -0.3190 14.5020
60.0 10.0 4.0 2.3470 0.3085 11.0010
112.5 10.0 7.5 2.0088 0.1996 8.1494
150.0 10.0 10.0 1.9035 0.1346 6.5288
150.0 7.5 10.0 1.8712 0.1835 4.8415
150.0 4.0 10.0 1.8323 0.2433 2.2049
150.0 1.0 10.0 1.8074 - 0.2826 0.1210
1000.0 1.0 10.0 1.2753 0.2028 0.7730
250.0 1.0 10.0 1.4066 0.7852 1.0243
100.0 1.0 10.0 1.8291 0.5704 0.4751
150.0 1.0 1.5 1,6181 0.5451 3.4605
150.0 10 6.0 1.4831 0.9657 1.4573
150.0 10 15.0 1.7006 0.4622 0.1227

* Limiting case of steady flow over a fixed body.
** Limiting case of an oscillating body in stationary fluid.

85



Chapter 5: Numerical Investigations 86

5.4 Results for a Triangular Body

5.4.1 General Remarks

So far we have investigated the flow pattern around doubly-symmetric bodies. In order
to investigate the streaming around asymmetrical bodies, an equilateral triangular body is
chosen. Tatsuno [30] has experimentally investigated the flow pattern of steady streaming
in the vicinity of an equilateral triangular body oscillating sinisoidally in an otherwise still

fluid. A similar body geometry is used for this numerical investigation.

The limiting case of a triangular body oscillating in an otherwise still fluid is verified
with Tatsuno [30]. No experimental or numerical results seem to be available for the
limiting case of steady flow over a triangular body. Further, no results are known for the
combined problem of a triangular body oscillating in steady fluid flow. Hence a parametric

study is conducted as described in section 5.1.

5.4.2 Finite Element Grid and Boundary Conditions

Numerical results are. obtained for an equilateral triangular body having sides of unity
with the centroid of its area located.at the origin of the z-y coordinate system. One side
is perpendicular to the x-axis and a bisector of the triangle is parallel to the x-axis. The
body is performing harmonic oscillations parallel to the x-axis. Using symmetry, only one
half of the domain is modelled. The finite element grid used is shown in figure 5.23. The
grid has a rectangular outer boundary and a D/b ratio of 23.7. The boundary conditions

are similar to that of grid 2 for a circular body.

Boundary Condstions:-

1. ¥ = uy, v =0 along I';, the inflow boundary.
2. u = Uy, v="7 along I'y,.
3. u=?, v = 0 along T, the outflow boundary.

4. u=7?, v = 0 along 'y, the symmetry line.
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5. Pressure p = 0 at points 1 and 2 shown in figure.

For the flow problem under consideration, there are 368 net degrees of freedom, 307
for velocities and 61 for pressure. There are three coefficients A, B, C for each degree of

freedom, resulting in 1104 variables in total.
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Figure 5.23 Finite Element Grid for a Triangular Body

5.4.3 Flow Results

The'limiting case of a triangular bluff body oscillating in an otherwise still fluid is
~verified with [30]. Streamlines are plotted for R, =156.0, R,, =0.0 and R,, =3.712 in
figure 5.24. Tatsuno obtained photographs of the steady streaming around an oscillating
triangular cylinder. The experimental result shows the formation of two vortices: one at
the front and one on top of_ the triangular body. The present numerical results also present
two such vortices. Few discrepancies are apparent between the experimental and numerical
result. The vortex on the top of the body in the present study appears to be much closer
to the body than the experimental one. This discrepency could be attributed to the
coarseness of the finite element grid near the body. On refining the grid, the numerical

results are expected to converge to those obtained experimentally.

A listing of the parameters investigated and their groupings are shown in table 5.10.

Streamlines of the steady component of the velocity field are plotted for each of the groups
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Figure 5.24 Limiting Case of an Oscillating Body in
Still Fluid. R, =156.0 R,, =0.0 R., =3.712

Group 1.a set of results are presented in figures 5.25a to 5.25e. R., and B, are kept
constant at 10.0 and 0.067 respectively. Re,/R., varies in the range 0.1 to 1.0. At R,
=10.0 (Fig. 5.25a), a small vortex is present on the top of the triangular body with the

separation point slightly downstream of the corner. On introducing small oscillations to
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Table 5.10

Parametric Study of the Flow Pattern For a Triangular Body

Group R, R, R, g—z—? I Figure

0.0* 10.0* 0.0* 5.24a

15.0 10.0 1.0 0.1 0.0667 5.24b

la 60.0 10.0 4.0 0.4 0.067 5.24c¢

112.5 10.0 7.5 0.75 0.067 5.24d

150.0 10.0 10.0 1.0 0.067 5.24e

150.0 10.0 10.0 1.0 0.067 5.24e

150.0 7.5 10.0 1.33 0.067 5.25a

1b 150.0 4.0 100 2.5 0.067 5.25b

150.0 1.0 10.0 10.0 0.067 5.25¢

150.0** 0.0** 10.0** 5.26d

1000.0 1.0 10.0 10.0 0.01 5.26a

250.0 1.0 10.0 10.0 0.04 5.26b

2 150.0 1.0 10.0 10.0 0.067 5.25¢
100.0 1.0 10.0 10.0 0.1 -

150.0 1.0 1.5 1.5 10.01 5.27a

150.0 1.0 6.0 6.0 0.04 5.27b

3 150.0 1.0 10.0 10.0 0.067 5.25¢
150.0 1.0 15.0 15.0 0.1 -

* Limiting case of steady flow over a fixed body.
** Limiting case of an oscillating body in stationary fluid.
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the body (R.,/R., =0.1), this vortex moves to the front of the body (Fig. 5.25b). As

R.,/R., increases, the vortex at the front of the body grows in size (Fig 5.25¢ to e).

Group 1.b set of results are presented in figures 5.26a to 5.26d. R,.and R., are kept
constant at 150.0 and 10.0 respectively. R.,/R., varies in the range 1.0 to 10.0. As

R.,/R., is increased the vortex at the front of the body grows in size and moves further

away from the body. At high values of R.,/R., (Re,/R., =10.0), the vortex encompasses

a large area around the triangular body (Fig 5.26d).
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Group 2 set of results are presented in figures 5.27a to 5.27b. R., and R,, are kept
constant at 1.0 and 10.0 respectively. R, is changed such that (. varies in the range of
0.01 to 0.1. At f; =0.01, (Fig 5.27a) there is a small localized vortex at the front and top
of the body. At 2 =0.04 {Fig 5.27b), the vortex on the top of the body grows in size.
At B, =0.0667 (Fig. 5.26¢), the small localized vortex at the front and top of the body

disappears and a huge vortex to the top left of the body is formed. The solution does not

converge for B, =0.1.

Group 3 set of results are presented in figures 5.28a and 5.28b. R, and R,, are kept
constant at 150.0 and 1.0 respectively. R,, is changed such that 8, varies in the range 0.01
to 0.1. For the same values of #; as that in group 2, the flow patterns are very similar to
those obtained in group 2. The same drastic changes occur in the flow pattern as described
in group 2 set of results. This shows the significant effect the 8, parameter has on the flow

pattern. The solution does not converge for 3, =0.1, just as in group 2.

The minimum and maximum values of the stream functions and their respective loca-
tions for different values of R, , R,, and R,, are tabulated in table 5.11. Two kinds of

plotting domains are used:-

a. -2.5 to 3.7 along the x-axis and 0.0 to 3.1 along the y-axis.
b. -7.75 to 7.75 along the x-axis and 0.0 to 7.75 along the y-axis.

Plotting domain b. is used for the streamline plots where the vortex develops far from

the body. This is indicated in table 5.11.

The streaklines of the total velocity field (Fig. 5.29) are plotted for t=0, I, =, %Z'- for
R, =150.0, R., =1.0, and R., =10.0. It is observed that the streaklines at different time
t are almost identical to the streamlines for the same values of Reynolds numbers, shown
in figure 5.26c. Even the minimum and maximum values of the stream function occur at

the same point.

5.4.4 Added Mass, Added Damping and Added Force

The added mass, added damping and added force for a triangular body are presented
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Table 5.11

Maximum and Minimum Stream Function Values of the
Steady Component of the Velocity Field

R, - R, R, Stream Function location
. " y
0.0 10.0 0.0 min. val.=-0.0030 -0.05 0.475
max. val.=2.7690 -2.5 3.1
15.0 10.0 1.0 min. val.=-0.0631 -0.55 0.275
} ' max. val.=2.5770 -2.5 3.1
60.0" 10.0 4.0 min. val.=-0.1002 -0.6 0.325
max. val.=1.9240 -2.5 3.1
112.5 10.0 7.5 min. val.=-0.1598 -0.65 0.35
max. val.=1.4480 -2.5 3.1
150.0 10.0 10.0 min. val.=-0.2081 -0.65 0.35
max. val.=1.1760 -2.5 3.1
150.0 7.5 10.0 min. val.=-0.5605 -2.15 1.15
max. val.=0.2988 3.7 3.1
150.0 4.0 10.0 min. val.=-1.0240 -3.75 2.187
* max. val.=1.8330 7.75 7.75
150.0 1.0 10.0 min. val.=-1.6115 -5.5 2.875
* max. val.=-0.6112 7.75 7.75
150.0 0.0 10.0 min. val.=-1.7160 -5.375 3.125
* max. val.=0.0000 -3.25 0.0
1000.0 1.0 10.0 min. val.=-0.0017 -0.5 0.275
max. val.=0.2320 -2.5 3.1
250.0 1.0 10.0 "min. val.=-0.0097 0.0 0.625
max. val.=0.2499 -2.5 3.1
100.0 1.0 10.0 min. val.= - - -
* max. val.= - - -
150.0 1.0 1.5 min. val.=-0.0011 -0.05 0.475
max. val.=1.0110 -2.5 3.1
150.0 1.0 6.0 min. val.=-0.0131 -0.05 0.625
max. val.=0.3811 -2.5 3.1
150.0 1.0 15.0 min. val.= - - -
* max. val.= - - -

* Plotting domain b is used.
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Figure 5.25d Group 1.a R, =112.5 R, =10.0 R,, =7.5 R.,/R., =0.75 8, =0.067

Figure 5.26a Group 1.b R, =150.0 R, =7.5 R, =10.0 R., /R, =1.33 3, =0.067
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Figure 5.26b Group 1.b R, =150.0 R., =4.0 R,, =10.0 R.,/R., =2.5 3, =0.067

Figure 5.26¢ Group 1.b R, =150.0 R., =1.0 R,, =10.0 R.,/R., =10.0 8, =0.067

/f Q

\___ S == ]
=———— )|

Figure 5.26d Group Lb R, =150.0 R,, =0.0 R,, =10.0 §, —0.067
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\\“
L

™~

Figure 5.28b Group 3 R, =150.0 R,, =1.0 R,, =6.0 R.,/R., =6.0 §, =0.04

in table 5.12. A similar parametric study, conducted. on the circular and square bodies, is
carrried out for the triangular body. The overall variation of the force quantities is similar
to that observed for the circular and square body. The added mass and added damping are
relatively constant for constant 3, values while the added force decreases with increasing

R../R., values.
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Added Mass, Added Damping and Added Force

Table 5.12

for a Triangular Body

R, R, R, Added Mass Added Damping Added Force

0.0* 10.0* | 0.0* ; - 16.2755
150.0%* | 0.0%*| 100**  2.6427 -0.3107 -0.9298
15.0 100 | 1.0 -6.0070 -4.7580 10.2330
60.0 100 | 4.0 2.8606 -0.8783 2.9475
1125 | 100 | 7.5 2.7096 -0.3756 -1.8326
1500 | 100 | 10.0 2.5700 -0.2752 -3.7253
150.0 75 | 100 2.6616 -0.3020 -2.7161
150.0 40 | 100 2.6473 -0.2899 -3.1777
150.0 10 | 100 2.6459 -0.3103 -1.4108
10000 | 1.0 | 100 1.6136 0.3380 -0.7303
250.0 1.0 | 100 1.9230 0.7759 -0.2386
100.0 1.0 | 100 ; ) -
150.0 1.0 1.5 2.1854 1.0430 2.8431
150.0 1.0 6.0 2.1479 1.0283 0.4604
150.0 10 | 150 - - ;

* Limiting case of steady flow over a fixed body.
** Limiting case of an oscillating body in stationary fluid.
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5.5 Case a Associated Flow

5.5.1 General Remarks

So far we have considered the flow problem of a body oscillating in the direction of
steady flow which corresponds to case b in figure 2.2. In this section, the results for the
associated flow problem (case a), of a stationary body in a fluid flow with a steady as
well as an oscillating component are presented. The investigation is carried out only for a

circular body.

Goddard |7] has presented a numerical solution of the two-dimensional, time-dependent
Navier-Stokes equations for the case of a fluctuating flow past a circula.r.cylinder using a
time-dependent explicit finite difference method. He obtained results for R,, =40 and
200 for different values of R, and R., . The variation of the drag coefficients with time
is determined and compared with [7]. Some comparisons are shown between the two

associated flows.

5.5.2 Finite Element Grid and Boundary Conditions

The finite element grids used in this section are shown in figure 5.30. Grid 1 has a D/b
ratio of 15.5 while that of grid 2 is 30.0. D is the total length of the fluid domain and b is

the characteristic length of the body. Both the grids have circular outer boundaries.

Boundary Conditions for Grid 1 and Grid 2

Grid 1 and 2 have the same velocity and pressure boundary conditions.
1. ¥ = ue, v = 0 all along the fluid outer boundary.

2. u=0 and v=0 at the body boundary.

3. u=?, v=0 all along the symmetry line I',.

4. p = 0 at point 2 of the grid.

For the flow problem of a stationary body in an oscillating fluid, both the finite element
grids have 335 net degrees of freedom of which 273 are for the velocities and 62 are for the

pressure.
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Figure 5.30b Finite Element Grid 2 for Case a Flow Problem

5.5.3 Flow Results

The limiting case of a stationary circular bluff body in an oscillating fluid is compared
with the results obtained by Pattani, [18] in which he considered the same bluff body
oscillating in an otherwise still fluid. The numerical solution obtained for the case b flow

is transformed into that of case a using the transformation given by equation 3.15. These
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transformed results are presented in terms of streamline plots of the steady component of
the velocity field. Figures 5.31a and 5.31b are the streamline plots for both the associated
flows for R, =21.34, R., =0.0, R., =0.6402 and S, =0.03. Figures 5.32a and 5.32b are the
streamline plots for both the associated flows for R, =21.34, R, =0.0 ,R., =2.134 and
P2 =0.1. Grid 2 was used in both the cases. Figures 5.33a and 5.33b are the streamline
plots for the two associated flows for R, =250.0, R., =20.0, R., =20.0. Grid 1 was used
in this case. The general flow pattern in both case a and case b is similar. Table 5.13
presents‘ the minimum and maximum values of the stream functions and their respective
locations for case a and case b flows. In all the cases, the contour plots are obtained
by plotting 31 equally spaced contours between the maximum and minimum values of the
stream function in the plotted domain. The stream function values and their respective

locations do not match well between the two associated flows.

The transformation between the two associated flows is valid for flows oscillating at
far field. The boundary conditions simulated by the finite element grid may be such that
the far field boundary is not far enough. This implies that there would be effgct of the
outer boundary even near the body. It is expected that by refining the grid near the outer
boundary, the results in the two associated flows would match better. The transformation
appears to work better in the present study for low values of the body amplitude parameter,
B2 . The steady component of the velocity field is a secondary phenomenon and is very
small. Hence though the steady components of the velocity field do not match well, it is

expected that the overall flow field would conform with the transformation.



1.34, R,, =0.0, R., =0.6402

Figure 5.31a Case a R, =2
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Table 5.13

Maximum and Minimum Stream Function Values of the
Steady Component of the Velocity Field

104

R, R., R, Case Stream Function location
X y
21.34 0.0 0.640 a min. val.=-0.0045 -1.0 1.0
a max. val.=0.0045 1.0 1.0
21.34 0.0 0.640 b . min. val.=-0.0088 -0.65 0.625
‘ b max. val.=0.0088 0.65 0.625
21.34 0.0 2.134 a min. val.=-0.0150 -1.0 1.0
a max. val.=0.0150 1.0 1.0
21.34 0.0 2.134 b min. val.=-0.0798 -1.65 1.65
b max. val.=0.0798 1.65 1.65
250.0 20.0 20.0 a min. val.=-0.0145 0.75 0.4
a max. val.=1.3570 - -2.5 3.1
250.0 20.0 20.0 b min. val.=-0.0189 0.2 0.525
b max. val.=1.3560 -2.5 3.1
Table 5.14
Added Mass/ Inertia Force, Added Damping
and Added Force for the Two Associated Flows
R, R,, R, Case Added Mass/ Added Added Force.
Inertial Force | Damping
21.34 0.0 0.6402 a 3.1827 1.5899 0.0000
L b 2.1721 1.5899 0.0000
21.34 0.0 2.134 a 3.1803 1.5956 0.0000
b 2.0903 1.6232 0.0000
250.0 20.0 20.0 a 2.3081 04117 9.3566
b 1.2827 0.4014 7.7800
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5.5.4 Inertia Force, Added Dampihg and Added Force

The transformation of added mass-inertia force, added damping and added force be-
tween case a and case b, presented in equation 4.27 is verified in this section. Table 5.14
presents the force quantities for case a and case b. It is observed that the results conform
to the transformation of equation 4.27 quite well. Hence it can be concluded that though
the steady components of the velocity field do not match well between the two associated

flows, the overall flow results do conform.

Figures 5.34a to 5.34c presents the variation of the drag coefficients with time for R,
=800.0, R., =40.0 and R., =4.0 for case a, case b and the results from [7] respectively.
In this case R.,/R., =0.1 and B; =0.005. The drag coefficients obtained for case b are
transformed to those of case a using equation 4.28. The results of case b compare very
well with [7] while those of case a show higher fluctuations in the pressure drag and total
drag coefficients. Figure 5.35 presents the streaklines for case a and case b for R,, =800.0,
R., =40.0 and R,, =4.0. The flow patterns in all three cases are quite similar. This is
due to the high value of the steady Reynolds number (R,, =40) and the low value of the
body amplitude parameter (F; =0.005).

Figures 5.36a to 5.36¢c presents the variation of the drag coefficients with time for R,
=30.0, R,, =40.0 and R., =4.0 for case a, case b and the results from [7] respectively.
In this case, R.,/R., =0.1 and B, =0.13. As in the previous case, the results of case b
presented, are those after the transformation using equation 4.28. The results of case a
compare quite well with those of [7]. The results of case b show smaller fluctuations in
the drag coefficients than [7] or case a. Figure 5.37 presents the streaklines for case a
and case b for R, =30.0, R., =40.0 and R, =4.0. The flow patterns of case a and case
b do not compare well as observed from figure 5.37. These results are at a high value of

B2 and hence very accurate results are not expected by the present method.

Goddard’s results show that the variation of the drag coefficients at steady state is
similar to a sine wave. This shows that the assumption of a periodic solution in the
method of averaging is fairly accurate. The results seem to match better for low values of
B2 . The discrepancy in the results can be attributed to the crudeness of the grid. Better

agreement in results is expected with grid refinement.
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Figure 5.35 Streaklines for R, =800.0 R, =40.0 R., =4.0

at t=0.0, 7, m, 3F respectively
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Figure 5.37 Streaklines for R, =30.0 R., =40.0 R,, =4.0

at t=0.0, 7, 7, 2 respectively
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5.5.5 Drag and Inertia Coefficients for the Morison Equation

The coefficients Ca(1), C4(2) and C,, are determined from the added mass, added
damping and the added force results presented in table 5.5 using equation 4.32. These
results are presented in table 5.15. Cg(1) for purely steady flow (R.,=20.0, R,=R,.,=0.0)
is 2.0 and C,, for purely oscillatory flow is also 2.0. It is observed that Cyn decreases with
increase in R,,/R,, and increases with increase in 8, . Overall, C,, lies in the range 2.2
to 2.5. C4(1) decreases with increase in R.,/R., and B; . C4(2) increases with increase in

Re,/R., and decreases with increase in 3, .

Ca(1) and C4(2) as obtained from the results of the present investigation using equation
4.32 and those obtained by linearising the Morison equation (equation 4.30), are presented
in figures 5.38 and 5.39. C4(1) and C4(2) are obtained from equation 4.30 by considering
Cg to be that for purely steady flow for the given value of R,,. Figure 5.38 presents the
variation of C4(1) and C4(2) with respect to R,/R,, . It is observed that at oscillations
of low amplitude (R,,/R., < 0.75), the results of the present investigation compare quite
well with the results from the linearised Morison equation. However, for higher values of

R.,/R., , the two results deviate substantially.

Figure 5.39 presents the variation of C4(1) and Cy(2) with respect to 8, . It is observed
that the drag coefficients obtained from equation 4.30 are constant with changes in (3, .
This implies that the drag coefficients (obtained from equation 4.30) are independent of R,
. Significant changes are observed in the variation of the drag coefficient C4(2) (obtained
from the present study using equation 4.32) with f§, . This variation is very similar to that

observed in the variation of the added force given in figure 5.14.
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Inertia and Drag Coefficients for a Circular Body

- Table 5.15
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R, R., R., Cm cd(1) Cd(2)
0.0* 2.0* 0.0* 0.0 3.588 0.0
0.0* 20.0* 0.0* 0.0 2.000 0.0 -
0.0% 40.0* 0.0* 0.0 1.5 0.0

250.0%* 0.0%* 20.0%* 2.2696 0.0000 8.3723
25.0 20.0 2.0 3.1312 11017 0.3150
62.5 20.0 5.0 2.5815 0.9427 1.1069

187.5 20.0 15.0 2.3003 0.5332 1.7411

250.0 20.0 20.0 2.2827 0.3989 1.9703

500.0 20.0 40.0 2.2161 0.1519 2.3256

250.0 15.0 20.0 2.2776 0.3365 2.6332

250.0 5.0 20.0 2.2706 0.1290 5.3244

250.0 2.0 20.0 2.2697 0.0397 6.9112

1000.0 2.0 20.0 2.1383 0.0671 13.5854

500.0 2.0 20.0 2.1723 0.0932 12.5729

333.33 2.0 20.0 2.3306 0.0315 4.6756

200.0 2.0 20.0 2.5158 -0.0034 4.9681

250.0 2.0 10.0 2.1873 0.3213 11.6041

250.0 ‘2.0 15.0 2.3852 0.0729 5.6928

250.0 2.0 25.0 2.4734 -0.0288 4.5734

* Limiting case of steady flow over a fixed body.

** Limiting case of an oscillating body in stationary fluid.
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Drag Coefficients for a C'a':rcular_Bodu
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Figure 5.38 Variation of Cy(1) and C4(2) with R,,/R,,
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CHAPTER 6.

Conclusions

6.1 Concluding Remarks

The present method of representing the interaction between a solid body and viscous
flow seems to work very well. The modified method of averaging used is also observed
to be quite accurate. The overall agreement between the present study and other known

results is very good.

Dramatic changes in the flow patterns are observed with changes in the three param-
eters R, , R., and R., . The body amplitude parameter 3, is found to have the most
significant effect on the flow patterns. At high values of R.,/R., , the vortex behind the
body moves to the front at a certain value of 82 . Similar flow patterns are observed for
the circular and sqﬁare body for different values of Reynolds numbers. The limiting cases
of steady flow over a fixed body and an oscillating body in a stationary fluid compare quite

well with known results.

The added mass, added damping and the added force are intimately related to the
flow pattern. Drastic changes in the flow pattern result in drastic changes in the force
quantities. The added mass and added damping are influenced by R,, and R., , while the
added force is predominately influenced by R., . The drag coefficients obtained for the
limiting case of steady flow over a fixed body compare quite well with known results. The
inertia and the drag coefficients obtained from the present study results compare quite will
with those obtained from the linearised Morison equation for R,,/R., < 0.75. At higher
values of R.,/R., , the two results deviate substantially indicating the inaccuracy of the

Morison equation at high values of R,/R., .
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The numerical results for the related associate flow in which the body is at rest in a two-
dimensional, time-dependent, viscous flow, compare quite well with known results. The
transformations derived between the two associated flows for the velocities, pressure and
the force quantities agree with numerical results. The flow patterns for the two associated
flows agree better at lower values of #; and high values of R, . Better agreement in results

is expected with grid refinement.

6.2 Suggestions for Further Development

Some specific recommendations for further studies based on the work in this thesis are

1 Extend the analysis to include the unsymmetric vortex shedding by using the full fluid

domain.

2 Incorporate turbulence modelling for the fluid to obtain results for large values of

Reynolds numbers suitable for engineering applications

3 Conduct a grid refinement study to determine the effect of grid refinement on the

numerical results.
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Appendix A

Verification of the Restricted Variational Principle
Take the first variation of I1 (equation 3.1) keeping u%and v° constant.

Ju auo 00u
e [ {3 (4202

+[R 61)+R (u -(21—)—+ av >]5v

at oz dy
+[2@§fﬁ+2ava5”+(a_“+§3 2‘?2+(_‘9_“+§’i)?_5£]
dz Oz dy dy dy Oz’ 9y dy 0dz’ Oz
- d6u  Bbv, ,8u v - =
—[p(—a—;-i-—é?)-f-(az 5 )5p]}dA— P.X6u+Yévds=0

Integrate the appropriate terms by parts

Ju ou® ou®
> —— R or™ ox¥
[ AR5 m (% v o5y ) o

ov 0dv°  ,v° 8*u d*u B Ip
#[rg (05 )J‘S o 5t aaay ~ aa)™

8% 9%y 0%u 8p

du Ov
-[= o ay] 6;)} dA
Jdu Ov

/ { 2'—'—]) n1+(5~+5—)n2—X}5udS

au av dv
/ { —+_:r n1+(25;—p)n2—Y}6vdS=0

ny and ny are the direction cosines of the outward pointing normal to the boundary.
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But éu and év are arbitrary variations. Hence by virtue of Lagrange’s Lemma, we
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get:-
| du 00u’ 00u® d%u  9%*u - 8% dp
g —_— - — - —1 =0
[Rw ot + Re (u oz tv dy [261:2 + dy? + 0zdy 6:1:]
dv oavo o Ov° 0%y %y 0%u dp
w Ay e a A - - o=} =0
[R o T E (“ 2z TV 5y (522 * 2555 * 3297 ~ 3y
— (_a_u + 92 =
- \9y 4z’
Boundary terms:-
ou du Ov -
(28—;—p)n1+(5§+—a—$)n2-X—0
du Ov ov —
=+ 2=— —pny—Y =0
3y + az)nl + ( 3y P)nz

Equating u° to u and v° to v, we obtain the governing equations (2.17) and (2.18).

Appendix B

Derivation of the Discretised Form of the Navier-Stokes Equations

Substitute the interpolating functions (eqn 3.2) into the functional TI¢ (eqn 3.1) and

take the first variation of IT¢ with respect each variable u, v and p.

= // {[R“’N"Nju"u?" + Re(NiN; Nk zuiujug + NiN; Niyuvlug)]
Q.
+ [RwNivaiv?_t + R, (N,‘N,-Nk,zv,-uj%g + NiNij,yv,'v?v,?)]

1
+ NizNj zuiuj + Ny Nj yviv; + g(Ni,yNJ‘,yuz'uJ' + Ni o Njyvivj + 2N; . Nj yviu;)

- (M]-N,-’zpju; -+ MjN,-,ypjvi)} dA — / (YN,-u,' + ?Nivi) ds
r

.



121

where dN, aN.
Miw =32 Now =,
Njz = aazi,- 3y %ﬁy]‘
Niz = % N,y = a;j/k

ome | |
A {R(,,N,-Nju?,t+Re(N,-N,-Nk,zu?ug + NiN;Niyo0ul)
1 Q.

+ (2Ni,2Nj 2 + Ny y Njy)uj + Ni2Nj yv; — Na',zMij} dA
- / XN;dS =0
r,
NG

5 = / / {RwN,-NJ-v;-’,t + R.(NiN; Ny .uv) + N;N; Ny, ,v9v})
] Q.

+ (NixNj,o + 2N; y Nj o )v; + Ny y N zuj — Ni,yMij} dA
- / YN;dS =0
r

.

o11e :
EPS = — o (MjN,-,zu,- + MjN,;,yU,') dA =0

Representing the above three equations in matrix format, equation (3.3) is obtained.

For elements not on the boundary, the line integral vanishes, but for the elements on the
boundary, the line integral becomes the consistant load vector.
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Appendix C

Details of Matrices used in Newton-Raphson Iteration Procedure

Equation (3.11) can be written as

A B C) (a4 Z
D £ F{{AB}={2,
§ ¥ Ijlac Zs

Z Ruin, K BnQ ZR] (A
Zyp=q wG ;- |AP+RwuQ K M |[{B
23 u,bF ﬂzR -M K C

(65, (A AL + BYBy[2+ CHC[2) + 6%, (AYAL + BYBy/2+ CYCP[2) )
SE(AYAY + BYBY/2+ CFCP[2) + 65, (AVAY + BYBy/2 + CICY/2)
0

| Gi(Af B + ALBY) + 8%, (A7BE + ALBY)
~ R, Ge(Af B + ALBY) + 65, (AYBY + AL B}) (
: 0
SEx(AYCE + ARCY) + 6% (AYCE + ARCY)
SlATCE+ ALCY) + 5, (4701 + 41C5)

1k

F 5:1mA;‘n + 551@]‘4:1 5Y Av 1
+80, AL, gm0
A=K+R, sz A bimj Am + 80 Am,
iymim
J + 6‘iyijv

] 0 0 0

[ 6%,,BY + 6%, BY, , .
. 6. BY 0
L HimSm
B _ Reub Re rmyTm z u 6y v
. v
T

0 : 0 0

tym




B2

C=-"R+

2

R,
2

D = 2P + RuyQ + R,

g=ﬁ2R+Re
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[ 65mCr + 65n;Co o oo o]
+ 6;/_m.cu iym-m
tm) —m .
A
tgygm " m + 6:;mcu
! 0 0]
+ 6} .BY sgrm 0
imj—m
5% BY 8iniBm + 651 B 0
ym-—m + 6:;va
L 0 0]
& =4 F=M
[ 65mCr + 650;Cr, _ 0-
+8%,,Ch i
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Appendix D

Determination of the Nodal Values of the Stream Functions
for the Plotting Grid from those of the Finite Element Grid

Consider and eight noded isoparametric element as shown in the figure 3.1. The shape

functions N; and M; for the element are presented in section 3.4. The value of the stream

function ¥ and the coordinates (z,y) at a point can be obtained in terms of the nodal
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values ¥; and nodal coordinates (z;,y:)-

¥ = N;¥;
T = N;z; i=1,2,---,8
y = N;y;

The following procedure is adopted to obtain the value of ¥ accurately at each node
of the the plotting grid which lie within the finite element.
Step 1:

Determination of the s,t interpolation within the finite element

Assume a quadratic interpolation for s and t of the form

s=A,+ Az + Azy + Aquz? + Aszy + Asy2 + A7zly + Agyzz
t = By + Byz + Bay + Baz® + Bszy + Bey® + Brz’y + Bgy’z

The (z,y) and (s,t) values at each of the eight nodes on the element are known. Hence
eight equations each in A4;,A,,---,Ag and B,,Bs,---,Bg are obtained. Thus for any
point (Z,,y,) in the finite element, it is possible to calculate the corresponding (s,,,)

coordinates using equation 1.

Step 2:

Determination of the approzimate plotting grid area occupied by each element

Determine the maximum and minimum value of z and y coordinates of the finite
element. The approximate area occupied by this element is a rectangle of length z,,.. to
Zmin along the z—axis and height ymaz t0 ymin along y—axis. For an element which is not
too skewed from a rectangular shape, this approximate method works reasonably well.
Step 3:

Determination of the (s,t) value of each point of the plotting grid with coordinates (z,,y,)

within the finite element

a. Take the initial guess value of (s,,t,) to be that obtained from equation 1.

sp= Ay + Axzy + Azyp + A4zf, + .-+ Agygzp

ty = B; + Bz.’l:p + Bgyp + B4.’E§ + .-+ Bgyf,zp
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b. Calculate the shape functions N; for 1 = 1,2,---,8 for these values of sp,‘tp using the

equations given in section 3.4.

c. Calculate the jacobian J.

AN, aN;

' ON; _ 3N;
. 1.
J= [ as X1 31 zJ:‘
3s Ji at Y5

d. Determine the (z*,y*) coordinates of the point using the calculated value of shape

functions. v
" = N;z;
) ]'=1,2,"',8
y = Njyj
e. Determine the error in the (z,y) coordinates

=

Arz=z,—z
Ay=yp,—y"

f. Determine the error in the (s,t) coordinates.

s ={ar)

g. The new value of (s,t) is given as

' =sp+ As
t"=t, + At .

With these new values of (s,t), repeat steps b to f until convergence occurs.

Step 4:
Determination of ¥ at the nodal points of the plotting grid

Once convergence has occured in step 3, the stream function value can be obtained

using the calculated shape functions.
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Appendix E
Solving the Equation of Motion in Case b-Flow Configuration
The case b flow configuration is presented in figures 2.1 and 2.2. The body is oscillating

in the direction of steady fluid flow of velocity u,. Fc(t) is the external force and Fy is the

fluid force acting on the body. The equation of motion is

M35+ Ks=F.+ Fy (1)

The fluid force Fy can be represented in terms of the added mass, added damping,
and the added force given in equation 4.16. They are represented in their respective

dimensional form as

Ma = pAbMé
Ca = pApwC,,
Fy = pu lF,

The primes represent the non-dimensional quantities. Thus the equation of motion be-

comes

(M +M,)§+Coé+Ks=F,+F, (2)

Solution procedure to solve equation (2):
1. Let the external force F, = F,sinwt, then we would expect the response of the body
to be of form s = s, sin(wt — §).

2. Assume a displacement s, of the body. A good initial value is the solution of the
equation M§ + Ks = F,. Hence, knowing the steady fluid velocity u,, the frequency

of oscillations w, and the amplitude of oscillations s,, determine R,, R,, and R,,.

3. The flow problem is completely defined by R, Re; and R.,. Obtain the added mass
M,, the added damping C, and the added force F, for these values of R, , R, and
R, using the tables and graphs presented in chapter 5.

4. Solve the equation of motion (2) using the values of M,, C, and F, obtained in step

3 and determine a new value of s,.

5. Repeat steps 2, 3 and 4 using the new value of s, until convergence occurs.



