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ABSTRACT

Present design stresses for structural timber
include a reduction factor to account for the duration of
loading. Recent studiés have shown however that fhis
factor does not apply to commercial grade timber contain-
ing knots and other irregularities of grain. It has also
been shown that the apparent Young's modulus perpendicular
to grain in clear material decreases greatly with longer
durations of loading. It was therefore hypothesized that
in commercial grade wood, ;stress concentrations are made
less severe in long term loadings because of stress
. redistribution.made possible by straining perpendicular
to grain.

This thesis found experimentally that the
amount of tensile straining perpendicular to grain around
a knot in timber beams subjected to bending increased
substantially with long duration loadings. In conjunction
with this, a computer simulation of the material around
a knot showed that a decreasing apparent Young's modulus
perpendicular to grain reduces the stresses perpendicular

to grain,
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CHAPTER 1

INTRODUCTION

1.1 Background

Timber is employed as the main structural
material in many houses, apartments, shopping centres
and industrial buildings in British Columbia, and its
production is a vital part of the provinces economy.
Until recently, allowable design stresses had been
derived by extrapolation from laboratory data, and
1ittle effort had been made to understand the micro-
scopic behavior of construction grade timbef under load.
Examination of this behavior may make possible more
accurate and rational utilization of information
derived from experimental studies of small wood specimehs.
Because allowable stresses for structural timber include
reductions to account for long term loadings, the
mechanisms that produce this effect deserve detailed
study. The first major work on this subject was carried
out at the Forest Products Iaboratory in Madison
Wisconsin and was reported in 1951.1 One hundred and

twenty-six one inch by one inch matched clear specimens



of Douglas Fir were tested in bending. One of each pair
was loaded to failure in a static test taking about five
minutes. The matched spebimen was then given a constant
bending moment to produce a stress equal to from 60 to
95 per cent of the failure étress of its partner.

Based on these results, some of which were obtained
from 6 per -cent and sbme from 12 pér cent moisture
content specimens, and some from heat treatéd specimens,
Fig; 1.1 was obtained.1 It predicts that the long term
strength of specimens (fifty years of applied load) is
over 40 per cent lower than the short term strength
(from a five minute test); This réduction, derived

from bending tests on small clear specimens has been
empirically applied to the bending, shear and tension
perpendicular to grain strengths of full size timber

containing knots, checks and adverse slopes of,grain.":

1.2 Recent Investigations

Investigations from 1970 to the present of

" the load duration effects on commercial grade wood

have been carried out at the University of British
Columbia, and have shown disagreement wifh the Madison
Wisconsin results. In Madsen's (U.B.C.) experiments%’3’4’5
several rates of stepwise ramp loading were used to
study the strengths of clear and commerciél grade
full size lumber. One hundred and eighty-ﬁine clear

ox6's and two hundred and eighty-five number two grade

ox6's were tested to failure in bending at six
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rates of loading such that failure occurred about 1, 10,
100, 1000, 10000 and 100000 minutes after initial load
application. The number two grade specimens contained
knots and other grain irregularities. Fig. 1.2, adapted
from the Madison Wisconsin reporﬁ,shows that approximately
80 per cent of* the total strength reduction would occur
within the longest of these time spans. From Fig. 1.3

ahd Fig. 1.4 it is apparent that while the load duration
strength reduction effects predicted bj Fig. 1.2 might
represent the behaviour of clear material, they cannot

be biindly applied to materials containing irregularities
of grain; This is particularly true in the neighbourhood
of the 5th percentile of strength, from which design
stresses are derived. This should have been obvious

since commercial material, containing knots and adverse
slopes of grain, has different modes of failure that clear
material. The latter often develops wrinkles in the
compression zone as a prelude to final failure, while

the former usually fails near one of the irregularities
because of stress concentrations in the tension zone.z'3
Analagous results were obtained for dry lumber subjected
to shear,y' Dry lumber subjected to pure tension perpend-
icular to grain however exhibited considerable reductions
in strength and apparent stiffness with time.5 From

a one minute test to a two month test, the average reduct-

ion in failure stress on the gross section for number

two grade lumber was 33 per cent, of the same order as
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the 35 per cent reduction predicted by the Madison test
results of Fig. 1,2. The time dependent stiffness was
however an-average of approximately eight times smaller
for a 100,000 minute test than for a 1 minute test.
Stiffnesses were not considered iﬁ the Madison work.,
The Strength phenomenon was shown by Fig. 1.5 for
~commercial materiél, and the time dependent stiffness
reduction by Fig. 1.6 for clear material. In this
paper; time dependent stiffness will refer to total

strains (elastic and creep) while under load.

1,3 Purpose and Scope

From:. these results, the hypothesis was drawn
that the effects of stress concentrators like knots
decrease with time because of redistributions of stress
in material adjacent to irregularities of grain. This
effect would increase the failure strength of commercial
material to at least partially compensate for the strength -
reductions with time found in clear lumber by the Madison
- tests., It was further hypothesized that the very large
reductions_éf the time dependent stiffness perpendicular
to grain could, in a long term loading, permit extensive
tensile straining perpendicular to grain and lead to
some kind of flow in the material surrounding stress
concentratorss Stresses perpendicular to grain to cause
this sfraining would be set up by the more marked curv-

ature of grain in commercial than in clear material,



300

200

FAILURE STRESS - psi

100

PERCENTILE

10 100 1000 10 000
TIME TO FAILURE - minutes

TENSION PERP FAILURE STRESS

COMMERCIAL
FIG. I-3

100000



ELASTIC MODULUS

10

150
100} I\
L\(
50
[35]
-
2
2
wd
(&)
x
[§9)
CL.'
120
43
25
. 10
0 . .
| 10 100 1000 10000 100 000

TIME TO FAILURE - minutes

TENSION PERP. - ELASTIC MODULUS -
:  CLEAR |
FIG. 1-6



11

The purpose of the present investigation was
then twofold. The first purpose was to experimentally
determine whether or not the amount of tensile straining
perpendicular to grain in wood containing irregularities
increases significantly with the duration of load. The
second purpose was to discover through a computer
simulation whether or not a time-dependent stiffness
perpendicular to grain could produce a significant effect

that 41 not exist in clear material.
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CHAPTER 2

JEXPERIMENTAL OBSERVATIONS

2.1 Introduction

The load duration behaviour of wood containing
stress raisers has been observed to be different from
that of straight grained material. A necessary part of
the proving of the hypothesis involves an experimental
investigation of the strains under load in irregular
material. Strains parallel and perpendicular to the
longitudinal axis (approximately parallel and perpend4
icular fo the assumed grain pattern) of a beam having a
singlé edge knot in the middle of an otherwise clear
segment were studied. The measured strains included
creep, if occurring, as inelastic mechénisms contfibute

to0 redistribution of stress.

2.2 Selection of Method

Although any method of testing would at best
show only the behaviour of the surface plane of material,
at the least an indication of the total strain distribution
inside the board could be obtained. One constraint on the

testing procedure was that the character of the wood surface



13

should not be altered by attaching any material more
stiff than the specimen itself. Anythihg coupled to the
surface must be guaranteed to deform exactly as the
material beneath it. As well, the grain pattern should
be visible so that the point of failure initiation could
be seen and so that strains could be related during
analysis to the board configuration. Because the behaviour
was not predictable, it was also desirable to have the
capability of measuring strains at several stress levels.
Finally, the strains had to be emenable to recording
while the test was in progress without disturbing the
specimen.

Strains could have been measured directly using
strain gauges or brittle coatings. Displacements could
have been measured by using moire grids. There were how-
ever objections and logistic difficulties to these methods.
Because the number of strain gauges required would have
obliterated the face of the specimen, and the gluing
process could have changed the surface character, this
method was discarded. Brittle coatings had several
drawbacks. They crack only once at a prescribed strain,
and further cracking occurs elsewhere only as this same
strain is reached. A complete strain distribution cannot
therefore be obtained at any time; the entire approach is
iterative and the behaviour at any position after a crack
has formed is unknown. As well, coating specifications

indicated that viscous flow would occur during a slow
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test to such an extent that straihing due to creep
would not be visible. The cracking process is irfevgrsible;
shock loadings resulting from settlement of the apparatus
or tearing of a few fibres near the knot would cause
permanent cracking although the board might rebound elast-
ically. Finally, the coating is opaque and the cracks
resulting from even extreme loadings were found not to
be readily visible,.

Using moire grids, contours of displacement
can be obtained directly and strains.can be calculated. -
Some problems were that it would have been logistically
very difficult to maintain a reference grid and that
rigid body rotations resuiting from the unsymmetric
curvature of a beam would appear as displacement fringes
and would have to be subtracted from the results. In
one attempt for this study, a lithographer duplicated
two hundred line.per inch screens onto transparent stripping
£ilm. Tdeally the grid would have separated from the film
after gluing so that only a matrix of lines would have
remained on the board. Two problems arose however. First,
the film did not strip cleanly, and second, the special
stripping film cement caused the wood to expand in ridges.
Undercoatings were used to prevent the glue moisture from
penetrating the WOod, but all waterproof varnishes crack-
ed on loading thereby altering the character of the
specimen face.

The method finally used was the most direct.
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A two-dimensional grid of .013 inch diameter shallow
holes spaced one-half inch centre to centre was punched
into the surface of a board, and the distances between
holes were measured before and after loading. ﬁuring
straining of coﬁrse the holes were deformed,but if the
deformation was assumed to be symmetric (a reasonable
assumption over .013 inch) then the centre of the hole
was a suitable point for measurement. A greater problem
was that since the diameters were much larger that the
displacements occurring between them, shear strains cal-
culated from distances on the board face lacked significance
although the normal strains were meaningful. Advantages
of this method were that rigid body motions could be
ignored, displacements at each stress level could be
easily recorede on film, and the measurement process did
not affect the sample once the holes had been punched. An
experimental study of clear grained material was not under-
taken because only the surface material was visible, and
while the presence of a knot can be guaranteed through the
thickness of a board, the absence of grain irregularities

cannot.

2.3 Specimen Preparation

To minimize the number of unknowns in relating
this work to that of Madsen, the aspect ratio of the
specimens was made similar to that of a 2x6.3’4 Pairs
of specimens as nearly identical as possible were examined,

one at a fast and one at a slow loading rate. Specimens
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.625 inch by 2.500 inches having an aspect ratio of .250
(as compared to .273 for a 2x6), made by splitting 2x6's
as in Fig. 2.1, were used. They were 84 inches long with
a single approximately semicircular edge knot of .5 tofl{S
inch radius in the middle. ~The knot had to extend
through the board with minimal change in diameter from
one side to the other and have its longitudinai axis
orthogonal to the faces of the specimen. To simplify the
later modelling of the discontinuity on the computer, the
knots chosen were as simple as possible with apparently
smooth flowing grain around them.

The 2x6's were cut lengthwise to produce a
section approximately 2.75 inches by 1.50 inches sd as
to create a half knot near the middle of one edge. This
board was then jointed before being run lengthwise through
a saw to become two sections 84 inches by 2.75 inches by
.625 inch, which were mechanically planed to the final
size. An eight inch long section in which the knot was
centred was then finely sanded. A brass grid containing
one hundred and eighty-five holes was clamped over this
section and the .013 inch diameter holes were punched
into the specimen using a special tool designed to ensure
that penetration was perpendicular to'the face of the
board and of approximately .020 inch depth. The pattern

of holes is illustrated in Fig. 2.2,

2.4 Loadings

To be consistent with previous work and because
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Specimen Preparation.
Fig.2 -| |
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it was the simplest type of arrangements, the specimens
“'were tested in uniform bending.'z’3 Failuré stresses at
the extreme fibres of approximately 4000 psi were expected
and at leést five increments to failure were desirabie if
intermediate stress levels were to be examined. Stress
increments of about 5000 psi on the gross section were
therefore used. Rates of loading were selected so that
failure could be expected in either approximately eight
minutes or eight days. These rates, if uniform would

have been equivalent to 480 psi/minute and 480 psi/day .
(or .33 psi/minute), producing a ratio of loadings of

1440 o0 1. This ratio of loadings will be called the

rate factor throughout this study. A preliminary set

of specimens® was tested to failure in order to see the
type of results that would occur. When they were analyzed
it became apparent that further tests would be required

in order to establish significant results«, The analysis
however required monopolization of laboratory equipment.

A total of three sets of specimens . was loaded to

failure.

2.5pInstrumentation

A reference frame, consisting of a thin
aluminum border onto whose periméter-were glued steel
rules marked in hundredths of an inch, rested on top of

the specimen on a rocker and a roller so that the bending



20

was not restrained and the test region was surrounded as

in Fig. 2.3. The specimens were photographed onto black
and white film before and after every load increment by

an Hasselblad E.L.M, single lens reflex camera with a 50
millimetre wide angle lens onto 2,25 inch square negatives.
The camera was set on a tripod with three dimensional
control so that its platform could be maintained horizontal
while it was lowered to match the vertical deflexions of
the specimens. This kept the negative face of the camera

parallel to the face of the board.

2.6 Test Set-Up

The specimen, reference frame and loading pan
were set up as in Fig; 2.4, The specimen board was
supported on metal semicircles at each end and was rest-
rained from lateral motion by plywood forks attached to
a fixed support mechanism. The forks were spaced at
sixteen inches centre to centre and were sufficiently
deep to prevent instability type failures of the specimen.
Loads were applied by twenty-five pound lead ingots laid
on the loading pan shown in Fig. 2.4 so that a uniform
bending moment resulted over the thirty-two inch long

section in which the knot was centred.

2.7 Analysis

The 2.25 inch square negatives of the test region
were enlarged so that the specimen in the photograph was

approximately twice life-size. The enlargements were
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TEST SET-UP
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then placed on a Browne and Sharpe Validator measuring
machine equipped with a microscope (Fig. 2.5) so that the
X- and Y- coordinates of the centre of each hole could be
measured with an accuracy of .0002 inch and a precision of
‘.0001 inch., The hole centre was located by an averaging
of two readings as in Fig. 2.6.

Because of the small displacements occurring
between any hole and those adjacent, only the preliminary
photo and the final photo before visible cracking were
useful for numerical analysis. The different stress levels
this procedure produced for each pair of photographs was
justified because the knots varied in size and the stresses
calculated from the gross section only spproximated thé
true stresses near the knot. The stréss levels used are
shown in Figs. 2.7, 2.8 and 2.9. Calibration was performed
on the Validator machine by comparing the distances on the
reference frame scales with the true distances. A comp-
uter program was written which, given'the photographic
coordinate data, calculated strains in both the X and Y
directions by dividing the calibrated displacements by the
true distances between the centres of holes. The average
strain from the end of each row or column to each point
was also calculated but was not found to be a useful
parameter.

Because of film over-exposure, the preliminary
tests did not produce results as complete as those pro-

duced by later tests. The former did however show in
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Fig. 2.7 that the hy?othesis of an expanding tension
region perpendicular to grain adjacent to a knot might
have validity. The preliminary tests were useful as well
in demonstrating how the experimental results could best
be organized for reduction on the computer. The remaining
four tests were performed and analyzed according to the
method explained above,

The strains in the X and Y directions were
plotted independently for each test, and the fast test
results were compared with those for the slow tests.
Attempts were initially made to plot contours of strain
magnitude, but following an error analysis it was found
that the strain magnitude at descrete points had less
significance than the sizes of the regions in tension and
compression, which were consistent through the error study.
Because of errors inherent in the method, the calculated
strains represented a set of numbers which was useful and
consistent although individual strain magnitudes might
not be strictly accurate. Strains between two points were
plotted at the midpoint of the straight line joining them,
and linear interpolation was used in separating the tension
from the compression regions. Some discretion was used in
smoothing the curves. Figs. 2.7y, 2.8 and 2.9 represent
identical faces of the specimens for both the fast and the
slow test of each set. It can be noted from Fig. 2.1 that
if the photographsAhad been used directly, mirror images

of the strain fields would be shown. This correction was
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made internally by the éompﬁter program,

Before discussing the results, some of the
uncertainties in the analysis should be mentioned. The
dots on the photographs had poorly defined edges so that
they could not be trapped as precisely as in Fig. 2.6,
After finishing the measurements on each.photograph how-
ever, several points were remeasured and the positions of
their centres were found to be in agreement to within .001
to .003 inches of the orginal readings. Any incremental
error as readings were taken from one side of the photo-
graph to the other was minimal since a given point was
compared only with those immediately adjacent to it, and
the positions of all points were independéntly related to
the reference frame scaie. Another possible error arose
from the measurement of displacements in the X direction
along straight lines rather than along curved lines
parallel to an assumed neutral axis. This problem was
examined and the differences between the method used and
a more accurate one were found to be negligible in even
the most severe caées.

The camera was set up only twenty inches
horizontally form the specimen so* that wide variations
in calibration were observed over the area of the photo-
graph and the linear interpolations used in calibrations
may not have been strictly accurate. As well, the photo-
graphic enlargement process was carried out by a commercial

establishment which, although doing everything possible to
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maintain accuracy, could not guarantee the precision. All
of these uncertainties were minor but could have had some
effect on individual strain mégnitudes. Any changes
measured between the fast and slow tests were significant
however since all of these considerations were consistent

for all tests.

2.8 Results

A summary of the specimen failure stresses and
of the stresses on the gross section at wﬁich the strains
were measured from the photographs is presented in Table
2.1. The photographs measured were those showing the board
having only the weight of the loading frame applied and
those at the maximum load before visible cracking. The
latter were chosen because the largest possible displace-
ments were desirable in order to give the greatest
significance of results. Measuring visibly cracked
material involved discontinuous displacements and would
have precluded comparison with simple computer simulations
as well as with structural material before failure. In
design, the important stress level in a material is that
which can be accepted prior to failure.

Specimen P had different loading rates, a different
loading rate factor (as defined above), and a mgch smaller
knot than did the specimens of series 2 and 3. The P series
results indicated that the logistics of adjusting the

camera required a slowef fast test; and that a larger knot
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Specimen Loading Failure Stress Stress Increment on
Rate on Gross Section Gross Section
: psi Analyzed psi
P-1 480 psi 4800 4800
15 sec
P-2 480 psi 2880 1920
2l hrs
2-1 480 psi 3360 2880
min
2-2 480 psi 2880 2880
24 hrs
3-1 480 psi 2880 1920
min
3-2 3360 1920

L8O psi
2L hrs

Table 2.1
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was required if significant displacements were to be
easily measured.

The strains in the X direction (i.e. perpendicular
to grain immediately to the left and right of the knot and
approximately parallel to grain elsewhere) ranged from
approximately -.0150 to +.0200. The average X- strains
in all regions were of similar magnitude although pockets
of high tensile and compressive strains appeared near the
knots. The main difference in X- strain magnitudes from
fast to slow tests was a strong tendency toward increased
tension (or reduced compression) in the latter. The size
of this strain change varied from zero to about +.0020
although most of the regions enjoyed relatively small
alterations of the order of +.,0050. The area around the
knot did not show any more of a difference in strain
magnitudes in the X direction than did the rest of the
board when the fast and slow series were compared.

The strain magnitudes in the Y direction (i.e. in
general perpendicular to grain above the knot and some
distance to the sides of it, and approaching parallel to
grain immediately beside the knot) were of tﬁe order of
-.0150 to +,0150 in fast tests, -.0200 to +.0200 in one
slow test (specimen 2) and -.0100 to +.0070 in the other
slow test (specimen 3). The difference in strain magni-
tudes was about three times greater for specimens 2 than
for specimens 3, indicating perhaps that the creep effect

perpendicular to grain was greatly accented by a higher
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stress level. As well, in specimen 2 shown in Fig., 2.8,
all of the differences were towards tensile strains while
specimen 3, shown in Fig. 2.9, had some of its strains
approach compression for the slow test as compared to the
fast one. The general tendency for specimen 3 was how-
ever toward increased tension in the Y direction. For
both series 2 and 3 the strains in the Y direction in the
middle third of the test region, where the knot was located,
were 75 per cent higher than were those farther away.. This
indicated that the presence of a knot greatly accents the
straining perpendiculér to grain. A1l seriés showed a
marked increase for slow tests over fast tests in the
magnitudes of the tensile strains and in the size of the
tensile region in the Y direction.

The areas of the tensiie regions in both the
Xand Y diréctions in the test area were measured using
a planimeter on Figs. 2.7, 2.8 and 2.9. The results are
presented in Table 2.2. The rate factor is the ratio of
the loadiﬁg rate in the fast case to that of the slow
case. Tests P were not included in the averages because
of the different loading rates, the smaller knot and the
smaller number of points available for the calculation
of strains.

| Although the tensile strain area in the X

direction experienced substantial magnification, it
appeared that the majority of relaxation took place in the

Y direction. Relaxation is defined here as a tendency



TENSION ZONE AREAS

Specimen  Rate Fast Test Slow Test Magnification
Factor Per cent Per cent % Slow Tension
Tension Tension % Fast Tension

P 5760 54 8 .15
2 1440 39 . 82 2.10
3 1440 57 65 1.14

Average magnification of 2 and 3= 1.62

Table 2,2A X Direction

Specimen Rate Fast Test Slow Test Magnification
Factor Per cent Per cent % Slow Tension
Tension Tension % Fast Tension

P 5760 14 66 4.7t
2 1440 23 86 3.7k
3 1440 34 62 1.82

Average magnification of 2 and 3= 2.78
.Table 2.2B Y Direction

35
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toward inelastic straining under constant load., It does
not imply that local stresses are constant. Examining
Figs. 2.7, 2.8 and 2.9 for strains in the X direction, an
increase in the size of the tensile strain zone adjacent
to the knot can be seen for the slow tests. To the sides
of each knot this strain in the X direction has a sub-
stantial component perpendicular to grain.

The tensile strain field areas in the Y direction
were substantially larger for all specimens in the slow
tests than in the fast tests as can be seen in Table 2.2.
Further, the fields became more uniform in tension on the
knot periphery. That is, the tensile zone tended to
surround the knot rather than just abut onto it in places.
The majority of the tension perpendicular to grain zone
increase occurred above the knot and along the edges of
the board. By combining the tension fields in the X
direction beside the knot and in the Y direction above it
a tremendous growth in the size of the region in tension
perpendicular to'grain can be seen for the slow tests
over the fast tests. It\was unfortunate that because of
the small displacements observed it was impossible to
examine intermediate stress levels to determine the stresses
at_which the majority of the straining perpendicular to
grain took place. |

The strain diagrams seem to show that the laws
of equilibrium in bending have been violated. It was not

clear exactly what caused this effect but it was seen in
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all cases. Most likely, the strain pattern through the
wood varies somewhat from that visible on the surface so
that overail a typical bending strain distribution is
present. This does not affect fhe significance of the
measured increases in strain perpendicular to the surface

grain.

2.9 Failure Modes

The rapidly loaded specimen of series P failed
away from the knot, but the five others broke adjacent
to it. Initiated usually by perpendicular to grain
cracking at the adverse grain slope adjacent to the knot,
failure occurred in one of two ways. The first, which
happened in fast tests, involved a rapid fracturing of
material so that the board was broken explosively as in
Fig. 2.10. The second, occurring in the slow tests, was
preceded by a large amount of tensile straining perpend-
icular to grain above the knot. This caused a crack or
cracks to open up above the knot, and this crack gradually
spread along the grain with further applications of load
until either a shear type failure occurred or the cracked
grain reached the edge of the board. There was visible
cracking for some time before final failure. An example
of this second mode is shown in Fig. 2.11. These two
types of failure reinforce the suspicion that since
different modes of failure are likely to occur for different

rates of loading, the effect of a knot or other dis-



i =

2-10

RAPID FATLURE MODE



CRACKS PROPPED OPEN BY SPACERS

Fig. 2-11 SLOW FAILURE MODE

29



40

continuity on the strength will also vary with the rate

of loading.

2.10 Summary

The first part of the two part problem defined
in section 1.3 has now been investigated within the scope
of this present research. The tensile straining per-
pendicular to grain is significantly greater for slow
loadings than for fast loadings in both magnitude and the
size of the area which is affected.’ The majority of relax-
ation occurred perpendicular to grain above the knot,
indicating that the presence of a grain irregularity in-
creases the amount of straining and therefore the capability
for stress redistribution. That some smoothing of stress
raising irregularities occurs with long duration loadings
is indicated by the greater uniformity of the shape of the
tensile strain zones than with fast loading. The evidence
of this smoothing effect is further reinforced by the
'softer' or more.gradual type of failure experienced by

slowly loaded specimens.
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CHAPTER 3

INFLUENCE OF STIFFNESS PERPENDICULAR

TO_GRAIN

3.1 Introduction

The work of the previous chapter showed that
considerably more tensile straining perpendicular to
grain occurred in slow tests than in rapid tests. The
next stage in investigating the hypothesis of section 1.3
was to investigate whether or not a time dependent
stiffness perpendicular to grain, such as found in pure
specimens , would produce strain fields similar to those
found experimently around a knot.

The procedure chosen for the investigation of
the effect of stiffness perpendicular to grain was the
finite element method. Plane stress behaviour in bodies
of irregular shape can be thus programmed for solution on
a computer. In this way as well, .grain structure can be:
modelled and then assembled to form the final structure

of the material.
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3.2 The Finite Element

6

The basic finite eiement theory is well known
sSo thaf only a brief description need be presented here.
‘Consider a body subjected to stresses and displacements
along parts of its boundary, and then consider dividing
this domain into a number of subdomains with nodes along
their edges. By deducing how each subdomain or element
behaves in terms of displacements and forces at these
nodes, and then combining éll of these elements by
matching degrees of freedom and summing corresponding
forces at the nodes a solution can be obtained. This
produces the standard stiffness problem and can be solved
by traditional methods. |

In order to model the in-plane behaviour of a
beam, plane stress finite elemehts were used. The con-
straints on the particular element for this problem were
that stiffnesses must be amenable to alteration parallel
and perpendicular to the grain of the wood and not just
to global axes, strings of elements must be able to
change direction to model the curvature of the grain,
the elements must be able to represent tension) comp-
ression and shear stresses, and there must be sufficient
accuracy to ensure that the changing of a single elastic
modulus will produce significant and consistent results.
Constant strain triangles were initially used but were \

found to be grossly inaccurate when tested on a cantilever

beam. A linear stress orthotropic six node triangle with
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different elastic modulae parallel and perpendicular to
one edge was therefore selected. The derivation of this
element was carried out and the elements were tested in
a few simple cases. Details are presented in Appendices
A and B, and a copy of the computer program is enclosed

as Appendix C.

3.3 The Problem

To obtain satisfactory results and to model
the grain curvature as accurately as possible, it was
desirable to examine a fine mesh of finite elements.
Because of the expense involved however, a parametric
analysis was performed on a fairly coarse mesh in order
to select the optimal modulae for input to a larger
problem, to.investigate how some of the elastic parameters
affect the strain distribution around a knot, and to
obtain some preliminary results for comparison with the
experimentally obtained strain distributions. V

It was beyond the scope and the purpose of this
investigation to try to refine a finite element that
would accurately refle¢t the behaviour of wood. One stage
modelling only was used. Simplifications like assuming
the same elastic modulae for wood in tension and compression
and ignoring the effects of local fibre tearing were made.
The sole purpose here was to examine the effect of one
set of orthotropic stress-strain modulae on the overall

strain pattern of the model described below.
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Madsen's recent work has shown that the time
dependent stiffness (combined elastic and inelastic
straining) decreases with the rate of loading. Tests
on material containing knots, adverse grain slope, and
other discontinuities showed little variatioﬁ in either
the modulus parallel to grain or the bending strength,
with the duration of load application for those boards
in a sample which fail at the lower per centiles of
strength. 2,3 The time dependent stiffness perpendicular
to grain did however exhibit a very marked decrease as
the duration of loading was lengthened. To repeat the
original hypothesis then, large magnitude tensile straining
perpendicular to grain might provide a mechanism for stress
redistribution around discontinuities so as to minimize
their effect on the strength of the material.

Decreasing the elastic stiffness perpendicular
to grain in the finite elements was used to model the
effects of long duration loadings on the stresses and
strains around a simulated knot. Since in the parametric
analysis of an elastic body all changes are relative and
linear, it was found useful to arbitrarily fix the ap-

6 psi and the

parent modulus parallel to grain at 1.8x10
Poisson's ratio for straining perpendicular to grain
resulting from application of load parallel to grain at
.30. The former is believed to decrease by only 10 to 20

per cent during the time periods examined here, and

reliable information could not be found about the latter.



Table 3.1 shows the input data used for the main part of
the investigation. The subscripts x and 7y on EX and Ey
refer to the element x and y axes, not to the global X
and Y axes. A series of test calculations was run in
which the ratio of Poisson's ratioslb§x/4/xy was varied
and in which the shear modulus was increased by a factor
of 10, In the 'slow-G reduced' test calculations, the
shear modulus was reduced by 30 per cent to approximately
model to findings of a previous study.

It»was recognized that by altering the apparent
Young's'modulae without changing the Poisson's ratios,
the laws of conservation of energy and in particular the
reciprocal theorem were violated. This problem was
ignored for two reasons. First, in the real material it
was unclear how much each Poisson's ratio would change
and second, the reduced apparent Youﬁg's modulus perpend=
icular to grain was in the real case likely caused by
creep, an inelastic effect, so that conservation of energy
did not apply. As well, a series of tests showed alter-
ations in the Poisson's ratio to have had negligigle
effect on results in the program.

Using a high power microscope, the grain
around five knots (that is, twenty quarters of knots) was
traced. Using these tracings, the distance in radii from
the knot centre to the beginning of grain curvature, and
the angle of grain at specific normalized coordinate

locations were measured for each case. After averaging
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PARAMETRIC ANALYSIS DATA

Case Ex By Yxy Yyx G Ex/Ey
Name psi psi psi

o

Isotropic 1.8x10 1.8x10 .30 .30 6.90x105 1

Fast 1.8x10°  .9x10° .05 .30 1.15x10° 20

Median 1.8x10° f3x105 .05 .30 1.15x10° 60

SLow 1.8x10°  .1x10° .05 .30 1.15x10° 180
6

Slow G red 1.8x10 .1x10° .05 .30 .85x10° 180

E,= Young's modulus'parallel to grain

X
E&= Young's modulus perpendicular‘to grain
ijyi Poisson's ratio for straining parallel to

grain caused by stress applied perpendicular

to grain |
yx= Poisson's ratio for straining perpendicular -
to grain caused by stress applied parallel

to grain

Table 3.1
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these parameters, the single quarter knot which most
closely resembled the average was used for modelling.
Unfortunately the grain density could not be directly
measured. When lines wére made continuous to follow the
known directions of grain at every point however, a grain
density resulted. Finally, an element mesh was drawn
into the diagram and the result was a problem consisting
of thirty-five elements and eighty-eight nodes. The
resulting model is shown in Fig. 3.1. This was small
enough to be solved in the core of the computer and was
sufficiently inexpensive to run that it was suitable for
a parametric study. Fig. 3.2'Shows this mesh. The finite
elements were placed into the modelled grain by forcing

a certain edge of each element (the 1-2 edge in Appendix
A) to be oriented parallel to the grain boundary. The
elastic modulae of each element were oriented parallel

- and perpendicular to this edge. The edgesparallel to
grain have double lines in Fig. 3.2.

The 1oadiﬁgs were of arbitrary magnitude and
were applied in both bending and pure tension. The
examination in bending was for comparison with experimental
results and that in tension was to show a little more
clearly the effects of parametric manipulations since the
applied stress/strain gradient would be absent. Since
the problem was programmed as linear elastic, a pure

compression loading would have produced exactly the same

results as for pure tension but with the signs reversed.
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Symmetry Was employed by forcing the nodes above the

right hand edge of the knot to have zero horizontal dis-
placement. Vertical support.was supplied by restraining
one of the nodes at the left hand side of the mesh. The
boundary conditions did not provide any restraint along

the bottom edge of the model.

3.4 Results of the Parametric Study

The calculated results obtained directly were
strains in the global X and Y directions at each node.
By rotating all strains into these axes an average strain
was obrained that could be presented in the same form as
the experimental results. Using the strains in the global
coordinate directions, plots showing the tension and
coﬁpression regions of the model were drawn. These were
important in showing those regions in which tension per-
pendicular to grain was produced and in which therefore
large scale stress redistribution would be encouraged.
The relative magnitudes of the strains were also examined.

Figures 3.3, 3.4 and 3.5 show the positions and
sizes of the tension and compression:regions for bending
moment loading. Fig. 3.3 wés produced for comparison
with Figs. 2.7, 2.8 and 2.9. It may be observed that the
.~ tensile strain fields in the global Y direction grew
laterally as the ratio of Ex/Ey was increased. Similarly,

the strains in the global X direction tended to become

more tensile beside the knot as Ex/Ey increased.

Q



7

2

.

a)'Fast' X Strains
E,=.9:10°

TENSION SHOWN SHADED
Fig. 3-3

E,=.1x10°
BENDING

(d)'Slow' Y Strains

(c)'Fast' Y Strains
E,=.9x10°

G =1.15« 10®

{a),{b),(c),(d)
E,=1.8x10°

vey=.05
Yyx T .30




......
Sl 33 @

»* » - »®
.......




.

\

.

\\\\
o

.
O
4
L o m
o

W\\\

*

”
(<]
"

®
©

@©

=]

©
>

" LY

L)

IS
ul

e
us

4

\




54

Ad jacent to the knot, the strains in both the X and Y
directions were tensile. These trends are the same as
the experiment if one takes higher Ex/Ey ratios to re-
present slower test loadings. Howeverlthe amount of
" tensile strain region growth here was not as much as in
the experiments. |

The disparities in the sizes of tension regions
‘between the experiment and the finite element solution
probably resulted from the crude modelling of the problem.
In real material, the elastic modulae need not be identical
throughout the specimen and may vary with changes in the
grain density as it curves around the knot. As well, of
course the modulae are not perfectly elastic in real
material. Further the difference in the elastic modulae
for tension and compression was not included. However
the modelling did reproduce the experiment trends and

therefore further work using this model seemed justified.

3.5 The EX/Ey Ratio

Under bending simulation, the strains in the X
direction along the bottom of the board became smaller as
the knot was approached, and the distance from the knot at
which this decrease became significant increased with the
Ex/Ey ratio. As the simulated knot was approached from
the left the maximum tensile strains moved away from the
base of the board toward the midheight until the knot was

reached at which point the maximum strains in the X direction
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occurred again at the bottom of the section (that is,
directly above the knot). This effect was accentuated
as Ex/Ey was increased indicating that the material
immediately beside the knot was carrying less load as
the stiffness perpendicular tc grain was reduced, and
that therefore the semicircular notch was becoming re-
latively more shallow and less of a stress or strain
concentrator. Strains in the X direction near the knot
were much larger than those away from it in the same
grain in the tension region, and the strain concentration
factor (comparing average strains in the bottom grain
away from the knot with those in the same grain above
the knot in an ad hoc manner) increased from 1.56 for
the isotropic case to 2.88 for Ex/Ey= 20 to 4.95 for
Ex/Ey= 180. That is, reductions in Ey’ the apparent
stiffness perpendicular to grain, produced much greater
changes in the X- strain in the curved area hear the
knot than in the straight grain farther away. The strains
perpendicular to grain were also much greater near the
knot than away from it, but strain concentration factors
as calculated for the X direction could not be obtained

here because at some ratios of EX/E many of the nodal

y
strains in the affected region were in compression. Figs.
3.4 and 3.5 show as well that the tensile strain.fields
both parallel and perpendicular to grain increased in

size as the Ex/Ey ratio was increased.

With pure tension loading there was of course
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no neutral axis. Figs. 3.6 and 3.7 show the tension
regions loaded for this case. The uniform tensile strains
in the X direction at the left hand edge of the model
became concentrated toward the centre of the beam as the
knot was approached. As in bending however, the maxima
occurred immediately above the knot. With EX/Ey= 20 a
compression zone existed to the left and slightly above
the knot., Both the size of this compression zone and
the magnitude of its strains decreased as the degree of
orthotropy was increased. At the same time, the bottom
edge of the board became less highly strained in the X
direction. The strain concentration factors as defined
above were for this case 2.77 for isotropic, 4.13 for
Ex/Ey= 20 and 7.18 for Ex/Ey= 180 so that again increasing
orthotropy had greater effect'on strains near the knot
than on those away from it. ‘The strains in the Y direction
were, as expected, in uniform compression away from the
knot. As the knot was approached from the left, this
compression became localized toward the centre of the
board until near the knot the entire section went into
tension. Maximum strain magnitudes were found directly
above the knot and, as for bending, the sizes of the tension
fields in both the X and Y directions increased with EX/EQ.
The directions of principal stress and strain
were produced by the computer program, but the coarseness
of the mesh and the small number of points at which the

stresses and strains were calculated made it impossible
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with this problem to produce a céherent plot of the
resulté; This was done however for a larger problem
which will be discussed in the next chapter. Under
| purely,tensileﬂmbdeiling, the principal strains~wefe
parallel to grain throughou£ the-mesh‘except for a regidn
to the left of the knot wﬁere they seemed to tend towards
being perpendicular to gfain. This tehdency and the size
of the‘region increéSed withiincreasing levels of orth-
otropy. ‘The same was tfue for the bending moment model
‘except that because of the applied strain gradient the
effects were a little more difficult to see directly..
The amoﬁnt of tension strain.perpendicular to grain
increased substantially‘as the apparent Young's médulus
ratio was increased.

The principai stress directions in pure.tenéion'
were parallel to grain throughout except near the knot
and along the bottom of the beam as the knot was approached.
The increase in orthotropy tended to take stress away from
the bottom of the béam and redistribute 1t so that the
principal lines .of tension flowed smoothly around the
‘knot and apparently made the section approach‘that of a
beam with a gradually decreasing cross-section instead of
that of é beam of constant cross-section having a semi~-
circular notch. This same behaviour’wés visible in the

moment loading case as well.
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3.6 Shear Modulus Effect

Arbitrarily increasing the shear modulus G by
a factor of 10 also produced virtually the same result
‘as .with G left unchariged, - " It was found in general
that the stiffer the model was in shear, the larger was
the tehsile strain field in the global X direction. Since
the region of compressive strains in the X direction more
closely approached the knot (in the region where X- strains
approach being perpendicular to grain) when G was small,
a more marked reduction in load with time might be expect-
ed for materials weak in shear. Fig. 3.8 shows these
effects and indicateslas well the danger involved in draw-
ing conclusions from such a peripheral effect. Finally,
a larger shear modulus produced a more uniform distribution
of strains, and slightly smaller strains in the Y direction.
Fig. 3.9 for tensile loading shows that the tension fields
in the Y direction expand for 'slow' tests with the shear
modulus magnified by 10; in the same manner as with the

original shear modulus.

3.7  Summary

From the preceding Wbrk a few conclﬁsions were
drawn. First, as the orthotropy of the model was increased,
the material on the tension edgé of a bending problem
ad jacent to the knot became. relatively stressless and be-
came thereby a less important part of the load carrying

mechanism. Second, as this was happening, the tensile
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strains in the Y direction (roughly perpendicular to
grain) were increasing in this region and could have been
a factor in allowing stress redistribution. Therefore |
third, the effect of the knot as a stress raiser was being
decreased. This bears out the results of previous studies
which have shown construction grade material not to
experience significant decreases in strength with time.2 13
A rapidly loaded beam fails at a knot as if it had been
notched, whereas slowly loaded beams have been found to
fail in sﬁear or at some adverse slope of grain away from
a knot, These different failure mechanisms imply that'
material with defects cannot be considered to be the same
as clear material into which a notch has been cut. Slope
of grain apparently magnifies the tensile strain perpend-
icular to grain and contributes to a smoothing of dis-
continuities. The results indicated that thé semicircular
notch in the model tended to behave as a broader defect,
avoiding the very high stress concentrations which occur

'

at sharp corners.
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CHAPTER 4

CIRCULAR HOLE IN A FINITE PLATE

HAVING GRAIN TYPE ORTHOTROPY

4,1 Introduction

In Chapter 3, a finite element investigation
was made of the effects of orthotropy on the stresses
and strains around a semicircular notch on one edge of
a beam. The model was subjected to uniform tensile
stresses in one case and to a linearly varying stress
gradient in another. Theée simulations were related to
experimental work with an edge knot. 1In real material
however, the knot or other discontinuity may occur away
from an. edge. As an approach to a more general case, 2
circular hole in a finite plate was modelled. Curving
grain surrounded the hole so that the problem was
different from that of a hole in a material having orth-
otropy relative to global X and Y axes. The elements
were triangular and had their elastic modulae parallel
and perpendicular to one edge. This edge (the 1-2 edge
of Fig. A.1) was oriented along the local grain line.

The model of this investigation was more detailed than
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the 35 element simulation of Fig. 3.2.

L,2 The Problem

The problem configuration was similar to that

of Fig. 3.1. Fig. 4.1 shows the model used. It has Li9g
nodes and 188 elements. Double symmetry was employed by
forcing the nodes along the bottom of the finite element
mesh to have zero Y displacement and the nodes along the
right hand side to have zero X displacement. A consistent
uniform tensile load vector of arbitrary magnitude was
applied to the left hand side of the model. The elements

were those described in Section 3.2 and Appendix A.

L.,3 Preliminary Tests

The model was first examined in the isotropic
and Ex/Ey= 100 cases. The results were recorded in Figs.
L,2 and 4.3 for stresses in the X and Y directions
respectively. Fig. 4.2 for stresses in the X direction
shows that the finite element solution for Fig. 4.1 had
good agreement with the analytic solution for an infinite'
plate when elastic modulae are isotropic. When a large
orthotropy (EX/Ey= 100 with subscripts x and y referring
to element axes) was applied, the region adjacent and
to the left of the hole went into compression in the X
direction. This would tend to decrease the likelihood
of tensile cracking as a prelude to failure. In the
region above the hole, the peak stress in the X direction

was greatly mégnified by the application of orthotropy.
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The location of the peak stress (immediately abbve the
hole) was unchanged.

Fig., 4.3 for stresses in the Y direction shows
substantial differences between the finite element
solution of Fig. 4.1, and the analytic solution for a
hole in an infinite plate. This was because the finite
element model was finite in the Y direction, although it
could be considered infinite in the X direction. The
distribution of stress was however similar in both cases,
with peak stresses occurring in the same locations. With
Ex/Ey= 100, the peak stresses along both edges of the
model were reduced and the stresses in the Y direction
above the hole oscillated before reaching zero at the
top edge of the model. The Y stress immediately above
the hole was non-zero, thereby apparently violating
equilibrium. For this reason, further analysis was'per—
formed at Ex/Ey ratios of 1,20 and 40. At an orthotropic
ratio of 40 it was found that the normal stress above the
hole was approximately zero. At Ex/Ey= 20, the modulae
in timber subjected to short duration loadings are approx-

imately represented.

4.4 Tension Zone Sizes and Positions

The elastic modulae input for the series of
test calculations are given in Table 4.1. The G modulus
for orthotropic cases was taken to represent the values
found by Madsen; It was found in Madsen's tests that

the shear modulus varies very little with the duration
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EX/Ey E, E, Xy X G.
psi psi psi
1 100 100 .30 . 30 38
20 100 5 .015 .30 6
Lo 100 2.5 .0075 .30 6
Ex= apparent Young's modulus parallel to grain
Ey= apparent Young's modulus perpendicular
to grain
Xy~ Poisson's ratio for straining parallel to
grain caused by stress applied perpendicular
to grain
yx= Poisson's ratio for straining perpendicular

to grain caused by stress applied parallel

to grain

Table 4,1 Input Data
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of load.

The sizes and locatioﬁs of the tensile stress
zones in the X and Y directions are shown in Figs. 4.4 to
4.9 inclusive. A heavy line separates regions of tension
and compression, and the tension zones are indicated.

The numbers written at the element corners are relative
values of stress. The arbitrary scale on which the values
are measured is different for stresses in the Y direction
than in the X direction. One unit of stress in the X
direction is equivalent to ten units of stress in the

Y direction.

Analagous to the results of Chapter 3, the stresses
in the X direction as shown in Figs. 4.4, 4.5 and 4.6 ind-
icate that the region immediately to the left of the hole
gecame less highly stressed in tension as the degree of
orthotropy was increased. This bore out the hypothesis
that in general the material to the left of the hole cont-
ributes less to the load carrying capacity of the section
as the degree of orthotropy is increased.

The stresses in the Y direction as presented in
Figs. 4.7, 4.8 and 4.9 show that the size of the tension
zones adjacent to the hole increase with increasing ortho-
tropy; In the region above the hole the stresses in the
Y direction (approximately perpendicular to grain) are
significantly smaller for Ex/Ey= 40 than for Ex/Ey= 20.

As a crude measure of'this, the average of all tensile

Y strains above the hole in the former is 25, and in the

latter is 30 ( the strains being relative only ). This
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reduction of_stress perpendicular to grain with increasing
orthotropy cquld tend to reduce the deleterious effect

of curving grain on the strength perpendicular to grain

in wood.

The strains in the X direction as shown in
Figs. 4.10, 4.11 and 4.12 indicate that as the degree of
orthotropy was increased, the region to the left of the
hole was less highly strained in tension.

Figs. 4.13, 4.14 and 4.15 for strains in the Y
direction show an expanding zone of tensile strains per-
pendicular to grain as the degree of orthotropy was in-
creased. As discussed in previous chapters, the additional
straining perpendicular to grain could assist in the redist-
ribution of stresses. The magnitudes of the strains per-
pendicular to grain increased substantially as the apparent

Young's modulus perpendicular to grain was reduced.

4;5 Stress Distribution on Axes of Symmetry

Graphs were produced showing the stress distri-
butions along edges BC and CD (see Fig. 4.1) of the model
of this chapter. Distributions were shown for the finite
element solutions of Ex/Ey equal to 1,20 and 40. In
addition, the analytid solution for an infinite plate
with a central hole was shown in Figs. 4.16 to 4.19 inclus- -
ive.

Along edge DE (above the hole) the strésses in
the X direction were shown by Fig. 4.16 to have a fund-

amentally'different distribution for orthotropic than
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for isotropic elastic modulae. The isotropic case had

a relatively smooth decrease in stress from D towards E.
The orthotropic cases expérienced a large oscillation in
stress parallel to the Y axis. The isotropic analytic
solution was provided only for reference since it was
calculated for an infinite plate and did not apply dir-
ectly to the model of Fig, 4.1. From Ex/Ey= 20 to Ek/Ey=‘
4o, the change in behaviour was minimal although the

peak stress did increase slightly with increasing ortho-
tropy. .

In Fig. 4,17 for stresses in the Y direction on
side DE, a 60 per cent decrease in peak stress perpendicular
to grain was experienced from the isotropic case to EX/Ey=
20, A further 15 per cent decrease was experienced from
Ex/Ey= 20 to EX/Ey= 40. The stress distribution was sim-
ilar for all cases. The reduction in stress perpendicular
to grain would diminish the likeiihood of the cracking per—
pendicular to grain that was described in Chapter 2 as
being the usual mode of failure initiation for slowly
loaded timber containing knots.

Along edge BC to the left of the hole, the mat-
erial was shown by Fig, 4.18 to be less highly stressed
in the X direction as the degree of orthotropy was‘increased.
In the isotropic case, all of the material along the edge
was in tension. In going to EX/Ey= 20 and Ex/Ey: 4o, the
magnitudes of tensile stresses decreased and the magnitudes

of tensile stresses decreased and the magnitudes of comp-
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ressive stresses adjacent to the hole increased.

Fig. 4.19 for stresses in the Y direction along
edge BC showed a significant decrease in peak tensile
stress perpendicular to grain near the hole in going
from isotropic modulae to increasing 1evelé of orthotropy.
This was particularly apparent at section 1-1. The smaller
stresses perpendicular to grain would inhibit the opening

of cracks adjacent to the hole.

4,6 Summary

The study of this chapter produced results
analagous to those of Chapter 3. The material to the
left of the hole became less highly stressed in the dir-
ection of load épplication as orthotropy was increased.
The sizes of the regions in tension perpendicular to grain
increased with increasing orthotropy. The most important
result of this study was however the decrease in peak
stress perpendicular to grain above and to the left of
the hole as the orthotropy was increased. Since the degree
of orthotropy is believed to increase with the duration
of a loading, the opening of éracks perpendicular to grain
would be inhibited in slow loa@ings. The stress reduction
perpendicular to graih would therefore partially compen-
sate in slow tests for the reduction in strength found

in clear material by the Madison Tests.
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CONCLUSIONS

The region surrounding an edge knot in a
timber beam experienced greater tensils straining
perpendicular to grain with long duration loadings
than with short duration loadings. Both the size of
the tensile strain zone perpendicular to grain and the
magnitudes of its consituent strains ihcreaséd for
slower tests. In addition, the strain field became
more uniform.

It was found, through a computer simulation
of the physical tests, that a reduction of stiffness
perpendicular to the lines of grain would reproduce
the trends found experimentally. The area of the
tension field perpendicular to grain increased with
increasing orthotropy. A detailed modelling of a hole
in the centre of a plate having grain type orthotropy
showed an expanding tension field and increasing tensile.
strain perpendicular to grain. It also showed that if
the material did behave elastically, the stresses
perpendicular to grain above and beside the hole would
be reduced with increasing levels-of orthotropy.

These results provided iome basis for the
findings of previous‘studies;z’B’ Madsen's work at
vU.B.C.,showed specimens subjected to tensile loadings

perpendicular to grain to be accompanied by very
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substantial decreases in stiffness perpendicular to

grain as the duration of the loadings was ihcreasedﬁ

It was shown in this thesis that the increased straining
perpendicular to grain also’fook plage.in beams subjected
t6 long term bending applications. It was shown by
modelling that this straining could be caused by decreas-
ing stiffness perpendicular to grain. Large scale
straining_perpendicular'to grain could be a mechanism

to promote stress redistribution and reduce peak stresses
perpendicular to grain. This would be a reason for the
different behaviours found for clear material and
material containing knots or other grain irregularities

when load duration is considered.
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* Appendix A

The Finite Element

A.1 The Potential Energy Theorem
' The finite elements used in this paper were
derived from strain energy considerations so that, as
'an introduction, the potential energy theorem should be
examined.
| Let "¢ = potential energy of an element
7T = total potential energy
U = total strain energy
W = total potential energy of the
load

Ue = strain energy of an element

We

]

potential energy of the load

for one element

i

{R} = matrix of loads acting on an
element
{g§=‘yecﬁpr of displacements for an
elemeﬁf
[ke]= elemental stiffness matrix
{X}‘= vector of displaceﬁents for the
entire problem
[K] = master stiffness matrix
[P] = master load vector
The potential energy theorem states that bf all the

displacement fields which satisfy compatibility and

‘kinematic boundary conditions, the true displacement

ol
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;field which satisfies ‘equilibrium and stress bouﬁdary
conditiéns provides a minimum for the potential .energy.
The total potential energy of an element is a function
of both the strain energy and the poteﬁtial energy of
the 1oéd such that

Tes Us =W,
Up = 5§68 LkI{ ST
[R]TE6]

&

It has been shown that given certain continuity
between elements.the elemental energies can be summed

to produce the total potential energy of the problem.

A O IKIG- fP3T ey A

Applying the calculus of variations (A.1) to get a

minimum potential energy gives

[KIfx3-{P}=0 . (A.2)

Thié is the standard form of the stiffness problem
where {P} is the vector of external loads and[}(] is.
a stiffness matrix which comes from the strain energy

calculations.
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A.2 Derivation of the Six:;,Node Plane Linearly Varying

Strain Crthotropic Triangle
Since it was necessary to be éble to alter
elastic modulae relative to the direction of the grain
at evefy point, the element was derived in terms of 1its
local coordinate axes. Fig. A.1 shows a typical element
rotated at some angle to thé global (X,Y) coordinate
system, _
Let U = displacément of a node in the
global X direction
Y= displacement of a node in the
global Y direction
€ = local coordinate axis parallelv
to the 1-2 side of the
triangle |
7}= local coordinate axis per-
pendicular to the§ axis and

.passing through node 3

I

= displacement of a node in the
local § direction-
7= displacement of a node in the
16031.7 direction-
a,b;c = length of side
The provision of a lineafly varying strain distribution
in an'element requires that thé displacement field be

quédratic in both directions.
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Fig. A-1

ELEMENT

CONFIGURATION
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~ - 2 .
U= q, +a2§* 3'2*04571‘&55 +Qé?3

S (A.3)
- a7v+a8§+a9rz+a,o§,2+a,,§z+alz,72

The twelve degrees of freedom necessary to be associated
with the twelve constants of (A.3) were provided by 9]
and.?!degrees of freedom at each of six nodes. Nodes
L,5 and 6 were located ét the midpoints of the sides
of the triangle.

| Given the global coordinates of the corner
nodes, simple geometry was employed to calculate the

length parameters a,b and ¢ and the angle &,
Xy -X -
cos & = = s 2=
a = [0 2-2,) = (=Y Cyp-y )1/ 7

b-‘[(zj—x,) cxz-z',)+(y}y,)qz—y,)]/p o (A.Lp)"

€ 1 0Ys-y,) (-2, (X3=2))CYp-yD 1/

re fX-x)? + (Y, ’.V:),%
The polynomial coefficients a; of equationé
(A.3) were expressed as functions of the nodal dis-
placements through the creation of a transformation

matrix.
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_ (A.5)
g, s ﬁ(’@()) s C’(?—aab "C}//bz

and similarly for other displacements so that the form

j:ff : [7‘] [A} was obtained
where ;ng-‘(J“’UJ,J&Z)'DZ),_.. JSJ 2. ) (4.6)

T.
§A) " (a,, aq,, a, .. . a, a,)

/ |-b|l0O |0 B o |l o o (o | o | o
o lololololo|/|-blo]o]|¥|o"
/ la |0 |0 |a* |0 |o o |0 |0 |O |0
0 |lo|ololol|lo|l |alo|ola?|o
/ |0 {clo o |c?2jO0 |0 O |O |O |O
(7] - e, a?b o |o om_“ow‘ / {0 |c jo |o |c?
;) %20 lo B o |lololololo|o
ololo|lololo |/ |%R|o |o [&)) o0
(135 FFlFlololololo]lo.
olo|lololo |o / - —2‘ % -f%f f'
) |47 Ll |F oo jo oo |o
o lololo|olo|) | 4|5 |44 |¥
’ (A7)

The transformation matrix was inverted to give

' {43 .-[7—-;”5; | _ (A.8) "
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The strain energy equation for plane stress is

U+ %///(-@z,
v

Ex

where Q;.:7:zg25;
E

Oy = 7"y T

v G

and for this problem,

vy TE) AV (A.9)

(& fd,yg)

(ZJ "Z)J;,,é‘x) (A.lO)

S
il

normal stress in the local

f direction

S
]

normal stress in the local
Q direction
75 = shear stress

normal strain in the local

™
1l

§ direction
23 = normal strain in the local
Q direction

X = shear strain

Ex = Young's modulus in the local

\f direction
£, = Young's modulus in the local
J

7 direction

&)
n

shear modulus

o=

= Poisson's ratio defining
the strain in the§ direction

resulting from stress in the
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.Q direction
Lé Poisson's ratio defining the
strain in the q direction
resulting.from stress in thé
f diréction
Substituting (A.10) into (A.9) and assuming constant

thickness of the element yielded

4 &,
U- Z/,, [/-.a,yujx__(‘é_ *xy Exdy) Coe
(A.11)

. _E
F T (& e &5+ GYP] dA

The stralns requlred in (A. ll) were obtained in terms of

the polynomial coefflclents a; from the assumed dlS-

placement fields (A.3)

J&
fx: Tg—;-' z a, #a4-,z + ,Za‘f
33
&:Tn " ayta,Sr Za,zr(,, - (A.12)
3,0
(Y ) Jrz K B fanCQlj"?a._,)j*(Zdbf‘am))z

Substituting (A.12) into (A.10) gave
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U = é/j[/ﬁ‘ (o, ty Oy a,) +Kj (ag +yy éz a,)
| ot rast + Zasag) Gf dA
*%/K)z[?,&aza‘, 48, c;;a,z?(/@(y,(j+/i),4yx)a4as
| +(24}, ,, +24¥X,¢§Jv)a2a,z+26(2a6a,+12a4a5+a3a,o+aga,o)]dA
t g/jf[/!/?,‘ a,a5 * (B éj *ﬂ/v-’)yx)ﬂzam # 20Bxdyt fy yx ) C5 Qg
+2/§] Qg ap * ;Zé (a;a,+ 2a3 a,,*a;ag fZaa a,)] a’l;t
¢ :EL“// 4 asa5 +(g0s *@%;«344 o *4 hdy i dasa,
- * 4@ Aoy * ZG (Za, aﬁal Qo + 4, Qy + 2y ;2,, )/ dA

_+2i/1§2[4/&a52+2%4]' ?{J_dﬂ)%am fﬁj a,§ 1)

6 (af rdaf + 4a, a, )]C/A

‘*g//’qu/@@z*ZOg’d’}’ fﬂjuﬂ)a,, A,z

+G(4a, ta,y +daya,)] dA -

o . Ex Ef
where K" s /_y*j,Z)y), ' %ﬁ, o /'4)*] 'y
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Equation (A.14%) was integrated noting that

c?*b

///(f 7)a’A //(frz) c{fa[Q | (A.15)

to produce an elemental stiffness matrix [ kj] in terms

of the polynomial coefficients a1 ... aip

(k] [k

(A.16)

[ k1]

i
N~

] ]



[k.]
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0 0 o) O O o
ath (atb)c? @i b
'K, Z 0 /?,,——-5——— /fx 3 0
; 2) 2
(a+b) (a5-6°)c (a+b)
G aZ < G ¢ 0 “3"4
(a+h) ¢}
pape
. (@%b )ct| . ah bt
(aﬁb’)c K" /2 /7
/
\(/
Q~
A (a3-b)c \
N G| o
N
(a+b)c?
3
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0 0 0 %, 0
Qb)) (e*h)e (a+b)c?
bdy=a |bdy 12 Bty
0 0
fa*“é (a‘b e Carb)c?
b G |y e VPR,
(@+b)e (aeb 4 )e
GE c 0 6 (a«; )t G (43 0
(adipih? 3
(a+b)c? (atb) ¢
N N I
a™b /C ot
6 —é,_— . K](&,ﬁ é)cz 6(&1‘_:_)_&
(atb)C’ . Cath)e?
Ba—rz 6 @ Bh=
@% b*)e @3+63x (a-b)c?
;gx/)x] A A"//ry /2 lgr‘)xy /Z
- 0
R PRY-E Sy ey
s A B] 12 ﬂ] YA
2 catb)c? )t
““_}b)‘c 0 G a;) Gfa - 0
(A.28)
[k, T [ky]7 (4.19)
21 12 '3



[ kz z]‘
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0 0 0 0 0 0
b) > )
G(a; ¢ 0 G(a;b)c G(a3 4 0
(otb e (02-b* (atb)c*
A 2 y a‘e )C o b s
Ca+b) c?
6 alz ‘ 2y 2
(@%b*)c? | 4 (a*b)ct|
. G /2 /gj 12
Gh*)c
» lgj /2
\U-,':
&Q\ . \ .
‘\\((/ . G(a’;b P 0
Q
4
G
catbdc’?
B s

(A.20)
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" The transformation matrix was employed to produce an
elemental stiffness matrix in terms of the generalized

displacements in the local systemn.

U {A kI {A]
=5[(7*][?}]"“1][7"]{33 | (A.21)

| REIEINNVIIFS

‘where - [k2]- [T7T[ k4][T™]

In order to assemble the elements by matching dis-

placements at the nodes it was then necessary to bring

each elemental matrix into the global system.

{Jf‘m]{ﬁ . | (A.22)

Then U {3571 ke”cg}'
where [k I-[RITLT'T'[K2I(TTI[R]  (a23)

§d3§ = vector of elemental displacements in'.
the global system .
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[R1lo | o] o | o]o
© |[rR]|O | O 0| O
0 o | [R]]| O 0 0
(R]- : (A.24)
o | o| o |[R]lO |0
0 0 0 0 | [R1| O
o0 |0 | 0|0 |(r]
cos © Sn &
and [R,]: (A.’25)
~$in 6 cos &

and © was defined in (A.4)

The matrix [ ke] is the elemental stiffness matrix

used in the solution of the stiffness problem,
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A;B Derivation of Strains and Stresses

Strains at any point (f,q) in an element
can be calculated from equations (A.lz) once the poly-
nomial,coefficients{.Ag have been calculated. In this
prbgram,-strains‘were evaluated at the nodes so that
they could be averaged betWeen.elemeﬁts;l To solve-fop
{A], the deformations in the global system for a given'
element were retrieved and rotated back into the local

~coordinate system,

‘{A} : [T"][.Rlia'j | (A.26)

Using the strains, stresses were calculated using the

orthotropic elasticity matrix for plane stress.

[faf-[DIf€3

where a7 ¢( Q;‘)d-” ) | (A.27)

~

f63: (&, 4, ¢)



Ex Ly Ex 0
/- ﬂ,\y U_yx / "())f} U_yy :
(D) | 2= | B,
: /"d)ydjx /-dxj (ij
o) o G

A Mohr's circle approach was used to rotate these

110

(A.28)

stresses into the global system for averaging at the

- nodes to produce a more accurate result. The averaged

" strains and stresses were then subjected to Mohr's

circle in order to yield the directions and magnitudes

of principal stresses and strains at the nodes.
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Appendix B

Behaviour and Testing of the Element

B;l Convergence

In order to converge onto a solution, the finite

element displacement field assumed must provide strain-
free rigid body motion, as well as constant strain modes.
Further, plane stress finite eléments require that the
displacements in both the § and 4 directions be contin-
uous along element edges.ég/ The first two criteria were
clearly satisfied by the formulations of equations (A.3).
To check the last criterion, the displacement along each
edge of the triangle was found to be quadratic both
parallel and perpendicular to the edge. Three constants
were therefore required to define the displacement along
the edge, and these were provided by the displacement in
the appropriate direction along that edge at each of the
~ three nodes. By forcing the displacements at each node
along the edge of an element to match those of adjacent
elements the criterion was automatically satisfied.

The rate of convergence was easily determined.
" Since the element displacement field was quadratic, the
error from a Taylor's series tfuncation was of the order

of some length parameter,[ cubed. Differentiating once

z
gave an error in strain of the order of // . Strain 1is
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raised to the second power in the strain energy expression
so that an error of the order of// to the fourth power
results. If this length parameter is taken as the
reciprocal of the number of elements along an edge, the

strain energy should converge as the order of 1/N4.

B.2 Testing

The elements were tested in three cases. The
first was the load case illustrated in Fig. B.1 where
a uniformly distributed load was applied to the top edge
of a membrane. This problem gave uniform vertical dis-
placements, strains and stresses as required, of exactly
the correct magnitudes. The second case was the thirty-
two element cantilever shown in Fig. B.2. Here the results
did not agree exactly with theory but were within reason-
able bounds. The stress in the X direction was accurate
to within a maximum of 6 per cent and the shear stress
was accurate to within a maximum of 17 per cent error.
This problem was run in order to compare the element with
an isotropic finite element which had been programmed
previously by a different method{y/' The results agreed
exactly. A few other tests were run. in whieéh the modulae
were reversed in some elements, and the results were as
predicted by theory.

A third test of the program was made by modelling
a circular hole in the centre of a plate that could be

considered as infinitely long in the direction of loading,



113

oM—
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Fig.,  B-1 UNTFORMLY LOADED MEMBRANE
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and of finite length in the transverse direction. The

grid used was that created for the analyses of chapter 4

and is illustrated in Fig. 4.1. Fig. B.3 and Fig. B.L

show stress comparisons of the finite element solution

(for the finite plate) with the analytic solutions for a

plate infinite in both directions;g' This comparison was

made for a uniform tensile loading along the left hand

side of the model, the upper left hand corner of which is

shown in Figs. B.3 and B.4. The results were very similar

in pattern and magnitude for stfesses in the X direction

where the finite element model might be considered infinite.

In the Y direction, the stresses showed the same type of

variation as for an infinite plate, but were of different

magnitudes because of the equilibrium requirement that the

stresses in the Y direction be zero at the free boundaries.
In the program as written,zall elements have

the same elastic modulae relative to their local coordinate;

axes, although the direction of orthotropy can be rotaﬁed

through ninety degrees when required for ease of assembling

the elements. The system of equations was solved using a

Choleski decomposition type library routine.
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Appendix C

The Computer Program
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FE(4)==2oTD

I
TMFLICIT RTALME(A-F,0-7) : _ - . .
CBIFERSTIN 20450 oY {aT2 ), 100 45T ,6), IXIBED Y, X (BGLD) '
TIFTRGTICK E(12,22),S(22y10),T(17,1C P(lc.lc)
FTINMERSTICN £ (SI500),LJ(22)
CIMENSTION GEL(I2),2P(XZ)"
CIMRMSICN PM{G€:r) . :
CINFESICN S1ex(a),SICY(€),Trule), 5Pt x(z).:psY(o),c;m(o)
CIMLPMSIDN TXXU43C) 5YY(42) ,EXY(473) -
LIFZNSTRN SYX(430),SYY (4200, SXY(420),FCOUNT(43%)
DIVENSICR MIIR(Z05), 300503 2),2ViErS(iz)
CINMENMSTOMN AGEISSEED)
CIMEACSTON STCELXI6),STCLYISL), TAUCGL (£)
DIVCRETON X AND Y oGTe MUNBER CF NCLES
e PS=0,C00 .
. C CIMSASICN TCO (GE. NUMPEP CF CFEGREFS [F FRE=ZDgM
C CIMENSTON IX AND JX «Gfe NUMBZ2 CF CFGRTES CF FREELOM
L C CINDMSION A ,CEe LUF®LEAMD BUT RZ (CNMSISTERT THRULCH SLPFJUT"E‘
- C CINCNSICN BN (GS, NUMIFE NF CEGREES (F FOECRnM :
C ICC IS ThE € NCDE MUMBEERS F(R FACH CLEMENT
nC LJ IS THF LIST OF CEGRZES GF FRIENOM FCH AN SLUMENT
- .C CoL IS A MZIRIX OF GLCREL CEGRT=ES CF FFFFCOM FUR AN ELEMENT
C- LP 1S p STCEAGF MATRIX USFD IN THE STOESS SULERDUTIAT WHICH MUST
c . FUST PE CTME NS TCREC SAME 48 NUKPEF OF DEGRTES C(F FQL_DGV
€ PE: ELENMEAT -
€ T MSIZ MUST HAVE THFP SAME MAGNITUDE AS THE FIRST DINMENSICN GF ICC IN M/PRUG
B FEWING 1 : .
FrwIdD 2
FET2=2470)
ILEFPLG=D
p!'v'Yr N2
). LC 200 1=1,60000
TEL L COAlT)=T.00
22 - 20 COMTINUE
30 R TLC 235 1314430
S387 N sxx(I)=2.C2
2 SYY(1)=0,n0
X SXY(T)=2e00
317 EXX{I)=3.00 - .
37 EYY(1)=r,D(
.37 XY (1)=7e00 . R .
2y - MCULRT(T)=C0C N . RN .
233 225 CONTTAUS o : i T
LT 23€& 1=1,Pel
Fr{l)=C.T7
236 CONTIPLE
FM(l)==-1,r0
PM{Z)=-4.NC

Frele)=-4,CC
PM{E)==2,.70
FM (1M )==4,C"

Fr(12)=-2.50C
PL14)==€,00
FE(ICI=-2,0 1

FN{Ya) == €.TC 4 :
PRz )==2a 00 - _
FF{Z?)==€. 07

Fr(la)=—2,.0¢
FMIZC)=~€,CC
FIr (20)==1,502 -
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B R 1) . . N

MPX"(é.:ZZJ R : . R o
“EFCRVAT (D7, 'waﬁTcu LF‘E V‘CTCP‘) oo T e e

. kFIT’((,:L: (ragL), L= _'LJJ) ‘Aj~ T T
FOENET(/ 410013669 | SR e ' oo T

SCaLL LAYFLT(X.YyACIZ.I k,.x Jx,n ,uu.wv:r ~va.,nu ( m L:) SRR

CALL SULAS{TL sGoIX S, LXY,UYX) = cire - - o K

CALL BANCWERUICC,IXaNT, AVAR, NV N:IZ.LP;NC.NNQD) .

nC. 470 1M=L, 087 0 ) - CoTes o T

[ 471 L=1,0NGE .- C ’ R : . .

L JT=ICC0IN, L)Y - j - ] -
:+(rLrT(JT)-rrCLnx(JT)+1 : : . -

CONTINUE

CCNTIMLE Q-

- DC.ZD€ LL=1,AE -

CIF(ICFPRUCeFCoD) €O TO 2113

“WFITE(S,212) LL o , . R ] ) . o

FORMAT(*10, *FLEMENT NCo®,15)-" - . - - S e - HEET LPHI .

CONTINUE - - ' : o L -

SCL=ICOLL,1) o - Cae . o e '

-

z=I00MLL,2) T O -t TP
C3=1C(LL,3) - R - _ AN
x1=x(C1) . T B R

=x{(C2) -
X2=%(C3)
Yi=y(ci) . . : e .-
Z=Y(C2) . . ST
2=y ((3) ‘
CIF{ICEPUG.FC.D) GC TC 250
ﬁVFITL(SvcHQ) LL
FOPBAT ("C', " ELEMENT sTIFFrcss MATEIX FCE ELEMENT ', 15)
CONTIRLE = - .
CELL-LST XLy XDy XZ,Y1eYZ Y2 EXeEY,LXY, L\x, +GyTLyLL yNELR, I DEBUG) ST e
IF(ICERYCLFCLN) CC T3 251 - .
WRITF(S,22C) } o
FOPMAT (0 %y 1ELEMENTAL STIFFIESS MATRIX'). . T T T T e e
YPITE(6,208) ((R{L,M),b=1,17),L=1,12) e . . - .
CFQEMLT(Y 0, 12012.2) -
L CCATIPLE. .
G 25 A=) ,NVAR
Tl 585 J=1.NPCD
JI=(J=1)*NVAR :
LJ(\+J1)-Jx(hvnorrcr(LL.J)—nvnn+k)
CONTINUS -+
IF(ITEEUC. ECL) cc TC 252
VEITE(S,20C0) ({J(KLY,KL=2,12)
FORMAT(*C 'y 'Ld IS'+1215)
CONTINLE . -
CALL SETUP(L NVJ,LJ,% LEAND A<IZ) )

CONTIMLE

TFUIREPNG.ECLD) GC TC 253

WEITU(S,220)

FERMAT (V10 ' FASTEF STIFENISS MATFIX')
AL rprwtw(f.16£,4cr.1ba 1684,1,1,65,7)

CONTIRUT

CATIC=1.[-1¢€ oo ) , - .

MNCTF THAT CFRAND IS MNGE EFFICIEAT THAN CRAND CALY WHEN WETFIV . -

1S MGT USED _ : : .

CALL CFRANC(AsFM NCEG,LEAND,1,ROTIC,LET,JEXP, 1] Co .
CTRE THIFD ¥MTRY IN CALL CB4ND IS THF CRCEF CF THI MASTER STIFENESS
MATRIX-—MUST B8F EXACTLY THE SAME AC THEE NUMBER {F NON-ZFOQ




s —— T Lo

K e ST, K . e

P r«evL£< CF FAEEnCr IN TFE perFL=~ v
CFRUKCY. CONTAINS THE SOLLTION uxch'C!v-h
ﬂxVFIT’(t"'C) 0eT s o
CRFCERPRAT(Y 0, 0pET -lefuuw TF rA<|fa S‘IFFP[SS M~ﬁ
C o CALL EXPALD(LGROS S NIAT BVAR, PH, IX)

o TFLITURYCLTR.) GL TE 2854 '

OTX 1S',023.8)

CWEITLLC, 1) '\'f‘f.T_ Sl o - . E N ] S
’chrft(z t,ENMAT = 14) o T Lo BN
i WEITr(S,102) (JX(])'Y"yANAT) ) . o S . .
10". oL 12 0 RCEMATH '12"‘1‘) - . - . : T >
1LE.L 25 254 . COATIMLT .. - v s _ P SRR
- VETTL(£,1C%) N»A:.nosc R : i ) R
FOFRMAT('0 1, INVAR=1; 15, *NCEG=1,15) i R e L. N
. WFITFE(E,201) LPANC . 7 - o Co T el L e e T
- FCRMAT('C®, 'THE HALF BAND »IOTH 19, 14,7) - - . T - . s ~
' “’F‘I7E(6v 2492) NVB [ . : . . -'j_“.‘ .4.'...‘, ) ..‘"?,-’...._.,»__,..._._‘ e,
FCFNﬁT('Q*}"HFFC A%E'.IB{IX,'VAR}IELES‘PER ELEMENT Y - T T TR ¥
WFTTE(E,77G) BLTIC S - : L S :
FthAo('C','FATTC-',Czn 10)
WETITF{E,TCE) - N : :
FLFM;T(']'Y'STF SSFS & LkTIVE TQ SLEMERT AXES!)
PEWING 1 -
REWIND 2 -
FEwINE =

WFITE(€,232) . S o
- Frpwtf(-n', ELEMENTY 16X "NGDE NUNBEF' 36X, S1GXY y 12X, 0SIGY ! 3128, ' T4
1y, 2X."PSX',12X,'EPSY',12X,'CQMN".///) - : -

LC. 17¢ NE=1,NE
WETTE(E,223) NA
FCERAT(I-1,15)

T CLLL LSTRESINA, P, Cx,-v,vayuvx,c,sxx,svyyqxv,uf TCOINELE EXXy TYY T
CHEXYLINERLG) Lo
T CCMTIMLE

DO 475 T=).AN -
T CXXUT1=SXX{1)/FCCUNTH
CSYY (1) =SYY(T)/MOTUAT(

CTEXXATI=EXXCI)/MOOUNT
EYYI)=CYY (1) /FOCLLTL

1)
1)

T ESXY(T)=SXY(I) /MCOULNTLT) .. . i . : . A
1y . . 3 ’ Lo
1) ' ‘ ) e
I)

~EXY{ T )= CXY(I)/}(CLKT(

'FCRN&T(P" Xv'Pﬂlk'IFLL STRLS $S AND CIRECTIGN PELATIVE TO THE R R
.CLCEAL <Y<TCN') . : ’ C Lo o
CWEITE(E,E2C)

HCY CLLCULATE TFE PP]hCIDAL SIRZSSTSE . . .- . e - F
©.CC E4G T=1,NB : .o . - S
FORMET (1, NCDEY ,16X,'PSIGX ", 15X.'F°16Y',:4X,'rnch LEC— rL(r'>

SF=(<>X(I)-<YY(’))”'2+4 DOASXY(I)HheZ
RA=SDC*CSCFT(SF)
Gz fExxti)+syy(I)) /o0t

CFSIGX & FSICY ARE THS FRINMCIPAL STPRFSSES L .
AMCLI=ROATFTICN CLOCKWISE CF FRINCIPAL STFzSSSS FRCF THS CLCERALS

. YETeK e - L
FOICX=C+F R _ - e e : -
PE1GY=C-F £ S L -

TE=2a TR SXY(1)/(SXX(1)-SYY (1)) B S . - : L
ANCLE=TATAN{TF)/2L0/3.1415S51E2.00 : -
TFESXX (T )l ToSYY(T)) ARGLE=S0. Du+LhCLF

WEITU(E,510) 1, PSIEX, pt.cv ENMCLE " - -




FCPPAT(F V14 F3 TVEN: o..,F21.:) 2R
TWRITE(4, eqé) XCID o YCID g ENGLE | i
CELCU aTE" Tre :

PRII\CIP L ST"AII\

WEITF(E,550) - AT T A -
FOFMAT(']', 1 A'!PFIMC'FLL 51 ATRE me_glﬁfcrlnm» SLATIVE TC Th"
CFGLCEAL SYSTEN'Y) & - - IR L SRR ]

WEITE (€, 5€0) : ‘ ¢ : R
TCRMET ('Y, ! HQDEL,léx,'P; < ,1=x,'P FQY',14X,‘&ACLr DG~ CLCC') I
CC E7C 1=3,NN ) o
EF=(CXX(II=FYY{T))5+2 +4°LJ*"xv(1)v*: e '»‘-'~ ] R
FAE=o5CIHLSCRT(SF) . . T IR UL S iz
Ch=(CXxx{1)+TYY(I))/s2.00 .o o '-'.uuf _~~.ﬂ:--
“PEFSX £ PrFSY ARE TED FFI\(IFAL STPAIME - Tl it e -
. ANCLE=ROTATICN CUCCKWISE- OF” PRINCIPIL ‘iFAINS FF”N THZ GLORAL AXEST =
CFPEFSX=CE4E pErm— 0T w.¢~ e - e
PEFSY=CE—S 1 e L - ’ NN -
TFC= 4.U“XKXY(T)/(EXX(I)-rYY(I)) . - R T
CALGLF=CATAN(TFE)/2.00/2.141565180,60 T e T,
CIF{EXX{T) LT oFYY{I)) ANGLE=SD DL +‘ACLFA~
hFI?{(éySGO)'I,P=F<X FEFSY,ANGLE .
vF(Ff‘/«T" 'I" F)2 'rlc-ovac --) B . N . R
VEITE(T,6C0) X111}, Y(I),ANGLL : L - R
CONTINLE -~ o ol R . : R
hEITe(E,4T6) - c ' o L
FCEMAT (10, 15X, ' EVERAGE S!PcSSE< at Tk{ NOD s')' L . ) T .
,VFIT"(C 417) ) S - -
C(FN[’('—','hLEE 115X, -szcx' 18X, PSICYT, 18X, TALY) - T -
L 479 T=1,AB ) . - '
WEITE(C,47E) I,Sxx(l),SYY('),SXY(I) Sl TR T - .
FCEMET(Y 1,14, F?doé 9F1<°6) N SRS S . T -
(ChTTMLE . < ’ : e : e :
VFIT.:(égllEL) T : ’ . o ..
FCRMAT (110, sx,-'VEPAcr STFAINC AT TkE wocss-)--—~»~——-ﬁ< — = s
vEITE (e,esv) a2 - ) RS T -
CFCREAT( - ',-NcrL-.1=x,'”P<x' 1=> 'tP‘Y',l‘x.'GAFNA') e e s
[C 482 I=1,NA : ST e
VEITN(E,462) 1, rxx(l).EYY(I),EXY(I) TA e
FOFMAT(Y 03 14,F27,€,F1Cot,FYEc&), ;-
CONTINUGE o 0 Tl
crep A DT FPA S _ T
Ere L ' ; ' R Pl
SLRRGLTINE LfYCUT(X;Y NS1Z, ICO IX,JX,AF hN NVA.'PVA ,NDEG,NELF) LV
IPLICTIY FEAL=EB(A-H,0=-7) - i
X=X-(CCoC1iNATE OF EACF NODE ., . -‘;~,.-_ - o e
Y=Y-CCCPLINATE CF EACH RCLDF - S ST
1C=LI1ST CF- MGLE MUMBERS FEBR ZACH ELEMEMT ) N T - .
CIX=0 IF NCCeL. fFCrEC CF FREECCM IS° DE(TCAINED . . e
=1 IF NCT PESTREINEC o T <
JY¥=CTNEEEr |.IST OF THE CFGREES CF FFSFRGF
TNE=TOTAL BLUNMBEP 0OF ELEMENTS
M=TLYAL NULMBER OF Nant g
MVAF=MUMESR CF VAFIAGLES PSP NGDE
MVAT=TCTAL.MUFPFR CF.UNKNTHAS ' e L ] .
“NFEC=COUNTER "USED IN DETEENMINING JX FNTRIE s_:>-u~' P -
“NSFZ;GPFIT[? TEAN MUMATR F ELIMUMTS - N = 5
JELPOV=ELENMENT TC FAVE ELASTIC MCCULAE REVERSID | .. ‘ . -
NELREEV TS THE TOTAL NUMBER CF THESE ELEMANTS .- - .00 R
THIS SURRCUTINE RELDS ELEMENT ANT NGLCE CATA - - 1 - ) T

o NalallaNalalialely]

- T e i e et e



NfL°(7 “)
’F‘Af(‘ 20 rT 4NN, h\h7 h‘LC’
CTCRREETLGTEY : e
KFITE(G,41). h.,hh wvnc NELRIV -
CECRMAT(/ /5 TETAL NC. CF ELENMENTE
*‘VAr*ﬁhLF WPER, Nl?c',l 5x,-no.,rF
WETTE(E42) Lt - . S
CFLENAT (/! hrrr~./x x- anC',hX"Y Cret ox, v X CY ) ) o

CX ENC CY IMDICATE CGNSTF“IhT 0OF THE FI~<T AND SZCCND CEGREES CF. FFE DfM T e,
_ET THE NCRE- , 3 AR

DA NUMERICAL PFCCFPLRF TC RFELC IN IX AS A 'YNbLL RCA_VECTOF. »
S FOAC TN NCDE INFORMATICON - - : LT T
" FOF SIDE MOCES. SST X ANL Y ZERPC AS THEY ARE & =) LoED~-—JU<T_””““ ’

- - FEAC IX BUUNCARY CCK“I:IChQ . - - : -
S CC 1N 1-1,rh C e . T - - D P SO

’\-

CI2=AVARRT S T R T T e Ty
C1i=1C-NVAR+I Vo : S o : . RN R ok
_K IS THE NOTC T\U"‘EEQ——R‘:AD JIN TO KEEP CARES DICIPKRE "{‘ LE AP

EAD(S,42) Ky X{T) Y (f),(xx(J),J T1 020 e T -

Fi: F“AT(TC):FIQ N,218) o - ; ) .
SIX CRCE ZACH NODE FES THE SAME NUMRER OF FNTRTES “AS NVAR
SWEITECE,44) 1, X00) o YOI)y(IX (), J=T2,12) 0 0 -0 o 07
CTCEMATIIX, 18 SX FiCol, X,y Fluoq,sx,ZIé) i . CL

CCMTINLE oo "-*:.',_ T T ST el Lo
WEITELE, 47) RSP Lo : . A e e
FCRMAT (/.57.'FL’NLAT',5x.'rcr" NUMBERS Y) - : : )

T INPLT FLEMEMT CAT? . Lo T :
ECR QCPTHCTECPIC TRIALGLES TPE CECER .GF THE NODES INPUT MAY BE IMPOFTANT | - - -
JNELT NDDI FULNEZRS ANTICLOCKWISE STARTIMCG WitH THE TWO PARALLEL : .

10 THE PASE : : S ’ ‘ '
KK 1S THE TLEIMONT NUMBER |
CC 11 T1=1,AE . -
SEEALL5,45) kK.(ICC(IyJ).J=1,b)

45 ~-_FE-PJVAT(715) Ce »—'_ PP . . '
VEITE(€.4¢€) Iv(hr(I J)yJ 6) AR e e e S
FUFMAT{EX T E95X,€15) - - P : : N
COATINLE - o oo e R . -

TCC_E5 J=1,NF%

. NFLRP(J)=C
T OCONTIRUES o o T
- PEVEESE MCOULLT WHESE MECES
IFINTLEEVLIC o) GG T\ .
WRITE(6,€22) - ...
FCRMET (4G, P THEST e rEnT< HAVF DEVFRtED NCFULY')

CBCE J=1,NEILREV B
DEALLS5,E5) JELRTV o

WEITE (e, €25) JFLEEY : . S
FCEVMAT(Y $,720) , - . . . U . T o ¥
CFURMATLIS). 7 0 T e ’ o S
MELP(JFLFFV)=1 = LT
EUOCONTINUE T T ] _ T X
TCONTINLE o o o imIm e e : SR e IR
CNMATENVARSNN L T < . ‘ A
r\EE(_\ R . S . - . . - ) Lol "'\-.“. '~\ E
. NCw NUMREFR™ rfccwrs CF FREEQCM .. - : CIe e SRR T &
PR 1T T=1 NMAT - : : ’ S L
CUTFLIXCIY) 1,2,3 0 0 . B T . ‘
- NDEG=NDEG#17- " ... . . L e e e
~ JX(1)=MDEG N : : . ST Ee e T
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ST 7F 12

] 249
TS 2 JX(1)=¢ S S
. 2A2 . ¢c 7c 12 I e “:-:;f" o T
.24 1 WRITF(6,17) 1 . N R o
AT rCPP'T(I/"]IPLT Ix FCR nccR E CF Ff'%[ﬁb' T4,3i0, " IS NEGATIVEY)
12 . COMTIMUE . -
C LESE 1S THY SIZ€ CF THE PFOer
TETLRN . -
FNC
SLRPIUTIME FLAS(TLIG X ,5 Y LXY,LYX)
THPLYICIT EEAL>ELA-F,7=2)
PELC(S,6) TL Gy XeEY,LXY,UYX
6 FtFN'T(Fl-.5,3r1u.5.2rlc.5)
i WRITR(&,7) - - o :

7 - ECFMATY (//11X1'TFI(kP S8 s G L ANX, TEXY yBXTIYY G, 'uxx;JPX TUXY.
) — : : )
Cheieni . WRITE(E4E) . . . ' S . . s

) 8 FOFMAT (Y -4, “X"‘AFFFQ' x,'PSI',EX, ST IX) - wvis e e e

) . VRITO(E,S) TLaCr " XeTYyUXY,LYX - .

9 C(CFAT('0';on:v:C‘loéyflbacyzpll 2) = e
: C . PLTUPN
261 -+ . . EKRD. :
262 . v, SLFP”UTYBF E:NEWb(Icc,Jx.M-.erP NV V‘IZ.LBAAD NNCD)
2€3 - - INFLICIY FEALYALL-F0-2) . - -
2¢€4 C VIS FCOUTINE FIACS THE FALF BAND WICTH LP2aC .
265 C JX ETCo FRE AS DEFINTD IN LAYOUT
2¢6 C Nv2=FCG,CF VERTLELES PIR ELENEAT
67 - ) CIMENSTION (TCCUNSIZ €], JX(1),LJ022)
263 CIVMINSICH A<TFF(12)
2¢¢ COVMFON JELT2/1J
279 - o TOQUIVALENCE (MSTFF,.LJ(1)) - ’
21 . C- N:CC=NCo CF RCTES FER ELEMENT - Fowomm o
212 C LIFFRSICH LJ FCR THES NUNRER CF [FGREES CF FRETNOM FER.TLEMINT
Y 2 ' NGl =
214 - LCEND=D _ . : . y
278 - MANZ=ZRPVAS o = o T e m L L
216 ... - COWFITIlE, 20z . L :
271 203 FCRMAT (10, PELENVMENT MCL', 20X, 'CEGFEES CF FRESDOM®)Y - 7 -
z718 ' FC_ 2 1=1,M¢ e ) L
279 . C LCTREMINE LJd= NGo CF DECHEE QOF FFIECCYM IN AN ZLEMENMNT
. 28) - 'C (J+K1) IS THE NUMEER FRCM 1 TC ANV3 CF THAT CEGFEE CF FREEDCM
z81 . OC4-J=1,tvte : - i :
z82 . CC 4 K=1,NACC
ZE3- . T KI=(K-1)*NVAER
284 LJ(J+K‘)—JX(hVﬁ?*IfP(I k)—hVﬁR+J)' :
265 4 CONTIPLE '
2ee - : AN\Z=HVAR=NACD
287 WelTi (642540 TH4LJ(L) JL=1,NY2)
286 WRITE(2) (LJ(L)yL=1,12)
ZEsS 20¢ FORMIT(100 ,TE,23X,1215) :
290 € FIMD CIFFERONCES BETWIAN [EGEOES NUMEBEF S WITHIN THE SLINMERT
251 € MIN IS SCME NUNMRER CGREATER THAN THE EAMUWICTH
z2%2 ' Mex=2 - ‘
z9: FIN=I00QN
294 L0 & J=1,hv3 . o T
265 C 1F RO FPEFEDCH AT SCMS CCOFDINATE,THT BINC WICTH GCES NCT CHIMGE
296 TFJJ)af0.7) 60 TN ¢

2571 : IF (LI ~MEX) €4645
- MEX=LILY) '
IF(LJ(II-FIN) 7,8,E
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CMINELUCGYY.

CONTINGE
NP1=hAX=FIN- R
IF (NPT o GToLUAR I TLRALEENEL,

CCMTINUE IR :
LFANC = LRIAD41 ’ : -

RITLEN

e ' : . C com

SLEFCLTING LJT(xw.x W X34Y1, Y2, Y2, EX FY UXY, UY A4 B 6, TLL UL, NELR, IDCF
iL( ) " . . L]
IFFLYCIT REALFE(A-F,5-27) N )

DIMENSTCH 9(‘L,'“)v511¢,32),1(1: i2),0(22,:2) ‘

CIYNMENSTON P(IZ),F(12),8T(1Z,22), PERN(3E0) ‘ o o

CIMERSICN NELR (232 . o : ' s e
CimMoMsSIar ARCL4) ,LODSLIE ,_Vih<(12) - o - ooy T
CCNWC'\ /[Lll/c - . . . o . . : L. .

COMNON JFLT3/PL,BL,CLyTHSTA o T o e o le mh m e a4
”'QLTV[_L"{"CF (ARC,AL) : o T T T TmTITIT m T T s e e et
EGUIVALERCE (STFsS(1,1)) e e L ’ ' -
STIFFNESS MATEIX FCR THE CPTHCTRGPIC *F‘ANCLLAR OLANE <1PE<S S

FLEMENT WITH LINZARLY v»:YINc STF:<S

CC 231 1=1,12 - - . . - , . .

P(I)=G.D0 . - 70 T »-g; I -

F(T) n r\(v . ) . - -

"CONTINLE ' '

CALCLULATE RELE VAAI Lz ACTH PAPANVT P< FCR TFZ ELEMEhT
SL=LFAGTH CFf SINDE 31-2 )

St=(x2- Xl)"Z*(YZ Yl)s*2
SL=DSCRT(SL)
Al=({X2-X3)* (X2-X1)}+{YZ- Y?)*(Y( Yiyy/st

BL=({X3-X3)7 (XZ-X1)4+{Y3-Y1)®(y2-Y1})/S¢L
Cl—((X‘-X‘)’(Y'—Yl)—(X:-X‘)“(Yz \'))/QL

(=(x2-x3)/8L - = = T e s e
Te(v2oYl) /S0 S
TRETL=CEECCS(CC) - I -
WEIT=(3) 2PRC : -

l!n"\

ARFL={AL+PLIFCL/ZLCT S
IFCILEBYCLECLD) G0 TI 258 ’
WEI1T7(9,215) LL,ARES -

FOREAT(Y 0y 'Pl F P’ RUL* ,14,bx,'ﬁ=€' 1s',Fin.5)

“ CCMTTMUE -

IF (APER.LFLC.L0) CC Tr 230

- GG Tz

EITELE, 220y L1 ' S : L

FCENAT (1t iR ungatinip (F ELS NFhT' T4, 27X *1S MNEGATIVE®®R=%% 1)

IF{TLERUCLECC) G TO 2E€-
WEITR(G,21C) AL,BL,CL,CC,ST

.

FCRMAT('CY , 2= yFYC.5,2X,"R=?,F10,5,2X,'(=" lF‘n‘S"X"COQ—'1F8 51

Xy 'SIN=,F8.E),
COMNTINLE . e : .
IMITIALT7F P ,SyT ADD B MATRICES TC ZFRC

R=KOTATION MATEIX
T=TRANSFOCENMATICN MATRIX
$=PECOLOT CF T IMVESTIL AND R

(BETRANSPCSE CF S

OF TFANSFCPNATICA NAT?IX AFTEF [NV, STATE&‘NT

=INVERST
£ € 1=1,12
£C 5 J=1,12
R({1,J)=%.02 | , '
PT(1,J)=0,D0
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Tt1,d)=0,1n0
Fll1,J)=0,CC
CCATINLE - : :
FOTETE ZLASTIC NCDLLAT WHEN NECESS/oy
TFAREIR(LLYLBCal) CC TC KOO
GC Tr eQs
Stx="x
TX=fY
EY=S‘.X -
SUXY=0LXY
LXY=tYX
367 oLy x=SLXY
‘Te8 - €05 CCMTIMULES . :
268 -7 ¢ BUILE THE TRALNSFORMATICN MATRIX
31C .. .. R2=RLR2 :
B CZ=CL=%2
372 E2=p1 722
A S S TLY,2)=1,00
274 L. TH1L,2)=-p1
335 : _T{1,5)=m2
27¢ s Tz, 7)=1.0¢
271 T(2,8)=T(1,Z) :
278 ' T(2411)=PR? . - -
ER T ’ TLZ2,2)=],.0C .
- 78d , T(z,2)=AL
28}l T(z,8)=22
.:82 : 7'4)7)=19n0
383 T{heR) =81
Afs Tla,13)=A2
€5 T{E,31)=3,00 .
38¢ . 1(f,3)=CL . N ) . -
27 TL{E,8) =02 )
=13 TLEVT)=10DC
366 . T(6,9)=CL
29¢ T(é,22)=C:
391 o TU7,1)=1.C0
392 TUT,2)=(BL~-FL)/2.CC
353 - T(T,5)=T(7,2)%%2
294 . : TU8,7)=1,IC
ass., L TIELE)=T(7,2)
ZGE ‘ T(E,121=1(7,%)
<397 - T(9,1)=1.0C : ¢
26§ T T(S,2)=AL/2.00
=56 T(S,21=CL/Z.D1%
405 T(S,44)=a1L=CL/4 .00
401 T(S,8)=47/4,.CC
.40z - T(qy(.‘.):CZ/‘ooEc
403 . T{10,7)=1.0C
404 ~ T(1C,E)=T(5S,2)
405 TIr,0)=T(S,2)
40¢ T 420)=T7(CS,4)
417 " TE20,31)=T(¢S,5)
4c8 TV ,12)=T(6y¢.)
- aye T1i,1)=1.1¢C
42 . - T{1i,2)=T(1,2)/2.0¢
411 : T(21,2)=T({5,2)
412 , T(11,4)==PL*CL/4.CC
413 TUY1,E)=P2/4,D0

414 : T(11,.,€)=7(S,¢€)
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_ ALL CTFFF. &rrexrs roi
SIF(ICEPUG.LCL0), CC TP
T WF1TE(Syede) : ' : o
~FCRML’((0'"TCAWSFC“MA110N PA1?IX') e TP e AR RO

'hr!7E(9y?14) ((T(LyN),¥= 1.14).L 1,14) e i - -
FOFMET(? J1ZF108.5) - - feTeel - . .
CONTIBUE - ol e : T L

SNO¥ faLCULﬁTC TH IAV FSE CF Th: TRﬂhSFDkbbTIGNLMNﬁRIX:kvA.
CALL DINVR (%,1¢.14.DPET,DCC|\3) I P
- IF(ICEFUCGLECT) GG TO 288 0. T e e e o
WEITE(S,222) DCET,LLLCNG: " : R Do e el ey
FCGPMAT{ =1, WCLFET=1,N15: €, 'OCONL=", D16, £) : . . . C e
- T NCr CCNTAINS THE IKVERTED TQANSPPRNATIPN MATRIX @~~~ .7 : S
WRITE (€, 212) . L e
FGPN/T('?','INVPRSEH TPINSECENATION ve rlx') ' L - N
WEITE(S,214). LLT (L, ),w "1712)9L 1.12) L e o R
CCN'IMC - : e T I PET F
NGW CALCULATE Tr- FOT ’]ONrNATQTx R R
- Pll,1)=CC . .. L e
Fl1,2)=51 S a_ el e
(2,3 )==8%. ~- ~ - : -
_Rt2s2)=CC : IR R . T e o ' .
e 7 I=3yz0 - LT S e e B s
£e° 7 J=1,2 S A R L :
RET+2,J+Z)=F(1,J) ..~ R . o _ . ‘ .
RAT44,d44)=F T, ) e T T R S
SAI4E,J+06)=0 (T4 d) - o e o
P{THEGJ+EY=R(T2d) ~ o = L ; . . :
FATA30,J420)0=RUT, )7 o e el e T e e B U
. (ChTYM" - P T e e, o : R . s Tl T e
VEITE(S,2TE)

~IFUICEPUCGLECLR) GO Td 259 . A
FOFMAT(® *,¢PCTATICN MATRIX') ~ ¢ M '
hF'T"(,,uyE, CRLL M) g¥= 1,1¢)1L =1y} PR . - .
FORNAT(! *,1201063) - ° S ' ‘ .

CORTIME S S S N
MLLTIPLY 7 EY. F TC 62T € -~ Bl e
ChHLL CEMULT(TrFe$5,12,12,12 12'1¢.12),ﬂ',‘:‘ oL e
IF{IFFPUC,FCLT) G TC 467 : i
. WR1TE(S,228) . e L
FORMET(+ +,0F INVEFSE o s-) T L
vsxTF(9.2‘7) (ST d)pd=1s12) 51 1;12) ’ ‘ .
FCF"LT('~',-¢C1)aE)‘H~*. T e
TCONTINLE S
wEITE (1) ((S(I,J), =1,12),d= 1,;2) »
CCINITIALTIZE R . . . ek E : : E T e
€ 12 I=141Z2 © .. V;J.'="'--;a S T I
OO 1% J=3,1z ool v =t o T : - o
SR d)=DG 0 e e e L e e - P
CCNTIRLE IR ; LT e e T oo T e T
Nnv ELT INTCO: R THT SIZMENT STYFFATSS MeTEIX IN TERNS CF PCLYNOMIAL
CCFFICIEATS - : - L N ’ .

4.x—;X/(1 CO-LYX2LXY) % o oo e vl hees o T B
BY=EY/(100-UYX*UXY) - R L ,
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LEX=FX¥ UXY

LEY=FY#*LYX . T
INTECRZTICN FACTORS ~ o
Cl=CL*{AL+RL)/2.CQ o
CZ=CLX4Z3(AL+RL) /12,00

(Z=CL* (AL *24FL**3)/12,C

C4=C| #2128 (ALx€2-PL222) /24,C0
(E=CL*%2% (AL4BL)/FLC2
Ce=CLe(hL*»2-8BL**¥2)/6.[0

F{Z,2)=C1-BX
Pl2,4)=C5 EX
P{Z,5)=C€%2,0C*3X

FU2,6)=C1/Z.C0>(UEX+URY)
FU2410)=C6/2.CC«(LEX+UEY)
PlZ,22)=CE~(LDX*+*LBY) --

R{342)=C1%C
Fl2,4)=C¢ G

484 PUZ,6)=CE¥ 2,046
4E5 F(2,8)=P(2,2)
GEE F(Z,423)=C3%C"
487 PUZ,13)=Ce=2CTC*G
4t 8 Fla4,4)=02" BX+(C2%G -
4 8S Pl4,y5)=C 4”2, CCxBX
499 P(4,0)=C4%2,[D%C
451 R{4,£)=P(2,4)
4G2 FlAa,S)=2R(Z2,12)72.DC
493 Pl4413)=Ca/2.CC2{LEXtLEY+20 CO*C)
4c4 Fl4,11)=C2%2,0C*6
465 Fl4,12)=C2%(UEX+LRY)
4<h p(zy- =C3’4.C("3X
487 - R(5,S)=2.T0=K{Z,1C)
4982 P(5,10)=C2*(UVEX+UBY)
4SS P{5412)=C4*2.DC*(LEX+LEY) .
500 - i - PL6,6)=C274.0076 - A
501 - = ——=-Fl06,8)=2.L0FF(3,1C) = - . - S -
Sz = QlEL2CI=RlE+€)/2.EC .
502 .. Flo,3iY)=2eLC 7 l4,¢€)
5047 . R(8,8)=2(3,3)
505 - R{E,IC)I=P(5,:C)
506 F(EY:I)_-occr'(3'4)
5C7 Fl{S,S)=C12RY
5C8 RIS1CI=CE¥PY
£99 FIS,12)=(5%2,D0*RY
€1 PL1C,1C)=C2*G+C2*BY
511 FLle, 33 )=514,€)
€12 . R(10:,12)=C4x2,CI%RY
513 PL11,11)=CZ224,7 26
514 R{12,12)=02%4o0 I%RY
£1¢8 EC cCl In=1,12
51¢ rC"<CO 1B=1,1z
517 F(IF,14)=C(14,1R)
1€ 6.Z  CCRTINLE
€15 - CC <0l 1£=1,12
£2)° Cc ey Ip=1,12
Sz1 . - FUIR,1A)=TLXF(]18,12) R :
522 ° .90 COATIMLY : . -
522.25 IF(ITTPUCL.SCT) G TC 261
£22 VEIT (S, 776€)
FOE IT(' 'y L“T{AN<FTPV[“ <T]FFF’S‘ MATEIX®)

524 276"
525 ' i

W I5e (9, 8) ((2(1,4),J=1,12),1=1,12)
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CfLL ncTFAn(<,P.1L"
?:rnu(f TFF

AL Crorptaa
. STLR#GS;qug}xk

CF ‘I'—.[v’c
. CF3Eﬁ-4-‘.-2
SRAS SR T EI N i i
" CONTINLE -
CCALL PCNULT(FvFvT.IZ 12,12.12 1¢,1<)
P 210T51,12 0 0 -
071 J=1,12 °
RII1,J)=0,CQ -
COCRTINMLE - ’ TR
CLLL DCMULT(TS+R4,12, 17,112,712
. F NOW CCMTAINS THE SLEMENT ST
~NCy CHANCE  MCCULAE 3ACKk-TC .CR
CIFNTLRLLL)LEC1) €O TC-EL1Q
JGC TC €15 T T e
SE x=F X
Fx=*ry
£Y=Scx
- SLXYsUXY
T LXY=SUYX e
CLYX=SUXY . ¢ L, -
CCRTINLE R
CHECK_TC SEE WRSTEER InCIVIELﬁL COLLMNE CF THE
MATRIX ARE (IN EGUILIRRIUM . o
IF(IDEEU- €C, O) GC TC ze2: ;
WEITF(G,5401) AR : R o
FCRMAT ("1, "TEGREE - CF FREEDOM! w1 T Xy "COTS 510X, "EVERNS 1) --mim v
Dc csr- V‘lylc. - ; . “ | N - - ',',
CLLS(VM)=N,CF
EVERO (M) =0.L0 o
CCCORTINLE, e
CC_eic g= o
Lo gzl 1=
L CRCS(J)=C
CONT INUE -
. O C1'1—514a12
VLN<(J)=~VEAS(J)+E(t
('[:r\'n\U :
CCATIALE |

ELENENTAL STIFFHESS

b 2

1,12
1,11,2
DES(J)

P,

> ) =1,1z" s e
WEITFE(6,S5C) fpr<(J).rv
LFCPRLTLY 3,1¢
CONT INUE
CONTINLE
FETLREN

rnNE T . ) s
SLBRCLTINT SCETLPUIASNV3 L Js R, LEANC,ASTZ)
IMFLICIT EEALEE(A-F,0-7) . .
SCIMANS ICN LJ(1 )4 A(SEI0C), RE12;12)
L=MLSTER STIFFAISS METRIX -0 -
MVE=h, CF VAZTALLES .PEF ZLEMENT
LJ=CCDE NUMFERS FCR THEIELEMENT,
F=F{FEMENT <]1FH\F<( NMATEIX  meT
NEI=LPANC-1 :
cc 12 '1=1, nvv
1= C(LLPN Nuvuﬂr Ih THE

P'C(J)vp(lyJ)
D’4 E n35-81040 8) .

ELEVENT MATPIX




MI‘TEIX ST(‘-
Al”lJF-LJ(J)
CUTFCLIR) 11
TF{LJC-LJ&) 1135
THYS PART CF TtE
L=(LJC-1)*NRI4L UK -
€O Tr o118 e
SLECLIE-1IRREL+LIC =
A(L)—L(L)*P(Jvl) #
COATIMLE
CCATIALE-

EORIE I

YY,—XY rccpuca~w~«_
IrFLIC]T FEAL=E(A-},0-2)
CIMENSTIEN LI (1299 PN (86C)
CIMEMSTON P ELF(209)
CIMENSION DEL(12),4P(
LCIMEMSICA <-F(’44)yN'
"CIMENSICN ARC(4]) o - i 0E
S CIMENSION SIGX(&).SI wte).TAL(c),-ch(c),cpsv(s) CLM(6),ICF(4 46)
; E!NEASICN'QXX(437),SYY(435).SXY(430)
CRIMENSICM SIGLXC6),SIGLY{&E) ,TELUGUTE) ™
CIMERSTON EFSLX(E),SPSLY(€),G NL(G):E))(4’0
LCOMECN ZELT1/5(12,12)
CCMMOM JELTZ/LS L.
CCCMMIN JELT3/LL,BU5CLy THETA
CFCUIVALENCE (STF,S(1,1))
FCUIVLLENCE® (NCTFF.LJ(1))
?CL!VLLFACE (£PC, 2L )
TRIS SLRRCUTINE PCCFUCFS ST
ELEMERNT-NCT GL"BAL bXES ‘“*”~

£= T INVEKSE=PR FCR EL‘NEAT nA
NE=FLEMENT brpkrc [ L
FN=CISFLACEVENT - srLb*'cn V4CTCv
EX3STCap#RE FLASTIC COASTANTS, - L
- S1EX= CTRFSS PAPALLEL TC TH: LIhr~JfIhIhG_TH
. THC.TOIAMEGLE " - e [
Lo SIGY=MCFMAL STFISS PE RFzNCICULLP,Tc
T2U=SHEAFR STRESS
'Frsz STRATN FARALLEL
EFSY=STRAYN, FARALLEL,
CIV*‘FFAD §1°A1ﬂ

3
T

2)
FF

FLEMENT
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