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The Infinite Order Sudden Approximation
and the Delta-Shell Potential

Abstract

The Infinite Order Sudden (I0S) approximation is applied to the
collision of an atom with a diatom where the intermolecular potential
is given by a delta-shell. It is shown that modelling the potential as
such allows for a simpler calculation of the close-coupled equations,
and using the IOS results in even further savings in calculations. Ex-
act and I0S calculations at 300K and 1000K are compared and it
is found that the IOS overestimates inelastic cross sections for both
temperatures. A variety of corrections to the I0OS are considered and
the Energy Corrected 10S (ECIOS) approximation is shown to be the
best of those studied. Other possible improvements to the I0S are
proposed.
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1. INTRODUCTION

The study of molecular collisions is the basis for understanding a large number
of chemical phenomena such as chemical reactions, gas viscosity and pressure
broadening. Specifically, the equation used to describe molecular collisions is the
Schrodinger equation. The aim of this thesis is to further investigate an approx-
imation used to numerically solve the Schrodinger equation — the Infinite Order
Sudden (10S) approximation — on the scattering problem where the interaction
potential between an atom and diatom is given by a delta-shell. This chapter
gives a brief introduction to and describes the development of both the 10S and
the delta-shell potential.

The description of the collision of an atom and a diatom requires consideration
of the process before, during and after the collision. Before the collision, it is
necessary to set the initial conditions, that is, to describe the state of the free
atom and free diatom. The collision itself involves a choice of intermolecular
potential and a set of coordinates suitable for the mathematical description of the
collision process. Finally one must identify the amplitude and relative probability
for the products of the collision as they are separating at infinite distance from

each other. Here the latter are reported only in terms of the total degeneracy



averaged cross section into each of the allowed states. In setting up the problem,
attention is paid to how the calculation can be performed with computational
efficiency. [1].

The system to be studied is the collision of a homonuclear diatom, treated
as a rigid rotor, with an atom. Later on, the description will be more specific
and the molecular parameters will be chosen to model the argon (Ar) - nitrogen
(N2) system. Until that is done, the description is for the general collision of an
atom with a rigid rotor.

A detailed description of rotational excitation caused by the collision of two
molecules requires the solution of a set of close coupled equations [2]. Approxi-
mation techniques have been developed over the last 20 years in order to reduce
the amount of computation required to solve these equations. The approximation
technique of interest in this thesis is the 10S.

The close coupled equations are equivalent to the Schrédinger equation. The
solution of the Schrodinger equation for inelastic processes involves the proper
treatment of both the angular and radial motion. Depending on the basis set
used, the equations are coupled via angular momentum operators or the inter-
action potential. The first type of operator, responsible for directional coupling,
is the interaction potential, which is generally diagonal in orientation representa-
tion but non-diagonal in angular momentum representation. The second type of
operator includes the orbital angular momentum operator and the translational

energy operator, which, in contrast to the potential, are diagonal in angular mo-



mentum representation and non-diagonal in orientation representation. Hence,
in either representation — angular momentum or orientation representation —
the Schrodinger equation will couple direction dependent states.

The 10S approximation replaces the quantum numbers for rotational and cen-
trifugal angular momentum with constant values, decoupling the set of equations
in an orientational basis. This has the computational advantage of decoupling the
angular and radial motion, treating the former as a constant and the Schrodinger
equation then reduces to motion in one dimension (the radial motion). A stan-
dard further simplification is to use the WKB approximation [3]. An alternate
approach is to look for a potential that simplifies the radial motion. In partic-
ular, the Schrodinger equation for the delta-shell potential can be reduced to
treating the radial motion by matching inner and outer solutions. For the exact
close coupled equations, this leaves the angular motion to be treated by matrix
methods. In the I0OS approximation the solution is obtained analytically so that
not even matrix methods are required.

The 10S is a combination of two approximations — the Energy Sudden
(ES) [4, 5] and Centrifugal Sudden (CS) [6, 7, 8, 9, 10, 11] approximations.

The Energy Sudden approximation is equivalent to assuming the rotor’s ori-
entation is fixed for the duration of the collision, but exact solutions to collision
problems involving a homonuclear diatom (rotor) and an atom take into account
the fact that the rotor’s orientation changes during the collision process. The

ES, which involves treating all rotational states as degenerate, was first used



by Drozdov [4] and Chase [5], according to an 10S history given by Parker and
Pack [12].

The CS approximation involves treating the centrifugal potentials as degen-
erate. There were two approaches taken leading to this approximation method.
One approach, taken by Pack and co-workers [6, 7, 8, 9, 10], was to treat all
centrifugal potentials as degenerate as well as incorporating the ES in a space
fixed frame of reference. The other approach, that of McGuire and Kouri [11],
was to treat all centrifugal potentials as degenerate in a body fixed frame of
reference.

The approach taken by Pack and collaborators was first proposed in 1963 by
Takayanagi [13]. In 1970 Tsien and Pack [6] applied Takayanagi's approximation
and tested it numerically on an He — Ny system. The results proved encouraging
and further work by Pack and co-workers [7, 8, 9, 10] led to what is now called
the 10S approximation. In 1974 Pack [3] then extended his work to a body-fixed
coordinate system and chose to replace the centrifugal potential operator with a
single centrifugal potential which he identified as the total angular momentum.
He termed this the CS-J approximation.

In 1972 Rabitz [14] developed an effective Hamiltonian method which suc-
ceeded in decoupling orbital and rotor angular momentum. An alternative way
of achieving this decoupling was presented in 1974 by McGuire and Kouri [11].
In their work they fixed the centrifugal potential as a final orbital angular mo-

mentum and termed it the Coupled States (CS) approximation.



The CS of McGuire and Kouri and the CS-J of Pack were shown to be equiv-
alent in 1977 by Parker and Pack [15] when they identified the single centrifugal
potential in the CS-J as labelled with a final orbital, rather than total, angular
momentum. Simultaneously Shimoni and Kouri [16, 17, 18] found that the cross
sections for Pack’s CS-J approximation were greatly improved when a similar
substitution was made.

An equivalent approximation to the 10S is assuming constant orientations
for the duration of the collision. This idea had been used as early as 1961 by
Monchick and Mason [19] when it was applied as an approximation for classical
scattering. In 1975 Secrest [20] and Hunter [21] simultaneously succeeded in
formalizing the 10S from a fixed-angle approach. Hunter [21] further pointed out
that this approach was similar to an approach taken by Curtiss in 1968 [22] who,
while developing a formalism describing molecule-molecule collisions, presented
an approximation where all orientations of both molecules are fixed.

The 10S is expected to be a valid approximation when the collision is sudden,
that is, when the collision process occurs over such a short time duration that
only negligible rotations of the molecular system can take place. To enhance
its range of applicability, a variety of corrections have been considered. In this
thesis, the [0S and some of the methods of correcting it are applied to a system
which has a delta-shell potential — a potential having an infinite height extending
over an infinitesimal width at some distance from the origin. As a basis for

comparison, the degeneracy averaged cross sections of Ar — N, collisions of the
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exact, 10S and 10S-corrected solutions are studied.

It would be expected that a delta-shell potential would make for conditions
where the 10S approximation is valid. An interaction described by a delta-shell
potential would have only an infinitesimal distance in which to act, which implies
an interaction taking very little time — the basic concept of a sudden collision.

The delta-shell is first investigated in its simplest form — as a spherical
potential. Then an angular dependence for the potential is introduced. The
resulting exact and 10S degeneracy averaged cross sections for this potential are
then derived and studied.

The savings in calculation noted above merits further investigation into
whether more accurate modelling of potentials with one or more delta-shells
can be accomplished.

While this thesis uses the delta shell as an interaction potential between two
molecules, most work with the delta-shell has been in nuclear physics. One
study found that two terms of a spin-angle expansion of an effective neutron-
proton potential for deuteron-proton reactions to be well approximated using
delta-shells [23]. Kok et. al. have found the delta-shell potential useful in calcu-
lating phase shifts for proton-proton and N —« scattering [24]. Other applications
for the delta-shell have been in molecular physics [25] (studying hyperfine inter-
actions) and in solid state physics [26] (calculating band structures).

Chapter 2 outlines the theory for the exact and |0S calculations of cross

sections. Chapter 3 describes the calculational details required to obtain these



cross sections with first a spherical delta-shell and then a non-spherical delta-
shell. Chapter 4 describes the parameters used, lists the cross sections obtained,
and compares the values calculated for the exact, 10S, and 10S-corrected cross
sections. A brief discussion of computer time saved by using the 10S, current
work on the I0S, and possible future work for the delta-shell potential then
follows in Chapter 5. Finally Chapter 6 concludes with a summary of the main

points of this thesis.



2. ATOM-DIATOM COLLISION
THEORY

2.1 Uncoupled Angular Momentum Repre-
sentation

The dynamics of the collision process are governed by the Schrodinger equation.
Since the collision process starts and ends with two free particles (in this case,
an atom and a diatom) a positive energy solution for the Schrodinger equation is
required. As well, a centre of mass co-ordinate system is chosen so only relative

motion between the particles need be considered. The Schrédinger equation is
HY(# R) = E¥(+,R) (1)

where H is the Hamiltonian, W(#, R) is the wave function of the system, and £
is the energy.

This section solves (1) in an uncoupled representation — both the rotational
angular momentum of the rotor and orbital angular momentum of the relative
motion between the atom and diatom are treated independently. In the next
section a coupled representation is introduced, allowing for some simplifications

in both notation and in manipulation of terms.
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To set up the mathematical description of an atom colliding with a diatom it
is necessary to first define a set of coordinates. For this study, a space fixed centre
of mass coordinate system is chosen. With reference to Figure 1 on page 10 , R
is the position vector describing the distance from the diatom (rotor) centre of
mass to the atom centre of mass, r is the vector between atoms in the diatom
and 0 is the relative angle between R and r. In this paper, three-dimensional

vectors will be designated in bold and the following convention will be used:

R = RR (2)

where 7, R denote the magnitude of vectors r, R and #, R denote the direction
unit vectors of r, R respectively.

In order to solve this equation, a specification of the Hamiltonian H is needed.
We are interested only in the rotational aspects of the diatom so the rigid rotor
approximation for the diatom is assumed, with both electronic and vibrational
contributions being neglected. Since the rotor is rigid, the magnitude of r will
not change so the potential will be only a function of R and the direction 7.

There are thus two types of motion to be considered for the Hamiltonian.
The first is that of the spinning rotor and the second is the relative motion of
the atom with respect to the diatom centre of mass. The Hamiltonian H; for

the rotor is
J?

H =
LY

(3)



FIGURE 1: Coordinates used for diatom-atom collision problem.
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where J, is the angular momentum operator of the rotor and I is the moment
of inertia of the rotor. Next, an appropriate complete set of states for the
expansion of W is chosen. Since in free motion, the spinning rotor motion is
independent of that of the orbital motion of the atom around the diatom, ¥
can be expanded in a complete set of rotational eigenfunctions, each expressed
as a product of eigenfunctions of the two rotational motions. These comprise
a discrete, as opposed to continuous, basis. The eigenvectors of J? are the

spherical harmonics Y}, (#) and so
T Y (7) = 5 (5 + DAY (F) (4)
where j is the quantum number for magnitude of rotor angular momenta and m

is the quantum number representing its component along the z-axis.

The Hamiltonian H, for the atom-diatom relative motion is
h2
H; = ——V3} 5
2= =5, VR (5)
where (4 is the reduced mass. In the Ar-N; system the reduced mass u is

M AT
e rrrw— (6)

(TnAT + m’Nz) ’

m 4, being the atomic mass of Ar, my, the molecular mass of Nj.

The eigenvectors of H; are e’*R 5o that

RE ar
e™ 7
; 7)

where e’ R is a plane wave of momentum %k. For the scattering problem to be

Hzeik-R —

studied, one assumes an incoming plane wave in initial momentum state 2k’ and

rotor state j'm’.
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The expression for the total Hamiltonian H can be written

where V(7 R) is the atom-diatom potential. This potential can be written in

the form
V(# R Z Vi(R) Py (cos 6) (9)

where Py, is the Lth Legendre functlon and V3,(R) its expansion coefficient.
Converting V§ to polar co-ordinates R, and ¢, the total Hamiltonian H

given by (8) becomes:

-h2[ D 20 A2] J?

o |RorR" 5 wr| Tar TVHR) (10)

where A? is the operator for the square of the orbital angular momentum, which

Is, in orientation representation:

2 42| 1 0 d 1 9
AT=—h [smgodcp S’w&p +sin208¢2 ' (11)

The eigenvectors of A? are the spherical harmonics Y),(#), A being the quantum

number of angular momentum magnitude for the orbital angular momenta and

s is its component along the z-axis. Hence
A?Yyo(R) = A(A + 1)Ya(R). (12)

In the orientation representation it is required to solve (1) for ¥. With the

expansion as given by (12) and (4), ¥ can now be written:

= Y Yiu(#)Yas( R)aar(R) (13)

JmAs

12



where acis an abbreviation for the set of quantum numbers j,m, A and s, o' the
initial set of quantum numbers and ¥,q/(R) is the coefficient for this expansion
for a given « and o'.

Putting (13) and (10) into (1) and operating on the left of each equation by

/ / (#)Yr(R)drdR (14)

gives the set of close coupled equations in an uncoupled angular momentum

representation:

B2 &2 2 d . A(A +1
o [m* 2k )] Yaa(R) = 3 Vaartbara(R)  (15)
where
. 2u 77 + )R
2 _ 27 A A

and
Voo = / / o (R (R)V (R Y (F) Vg (R)dFAR. (17)

Next the boundary conditions are set for ¥ and its expansion coefficients t)4,.

As well, ¥ and all the 1,4's must be regular at the origin. Finally the t,q's

must be chosen so that W satisfies the incoming wave condition, ie., the solution

of (1) starting with planar motion in rotational state j/,m’, k' (eigenstates of H,
and H;). So

v = eikl'Rleml(f') + Wocat. (18)

where Wy, is the scattered part of U. The experimental observable to be

examined in this thesis is the cross section (which will be defined in Section 2.3).

13



In order to calculate the cross section it is necessary to determine the amplitude

fjm;j,m,(f?,) of the spherical wave in the final state jm. (18) is rewritten as
ik;R

e—R—-, R—oo. (19)

U~ RV () + 3 Vi () fims s (R)

jm
We make a spherical harmonic expansion of the initial plane wave,
X R = 4r ST A5 (K R)Yao(R)YY (F) (20)
As

where 7, (k'R) is a Bessel function of order \, and &’ is shorthand for &;.
Thus the wave function with appropriate initial conditions is expanded as in

(13) with expansion coefficients
Yoo (R) = 47 32 " Yoo (R) Y510 (K. (21)
As!

The Xaa(R) functions at large R satisfy the coupled equations (15) with

boundary conditions

: 1|k

Xaa’(R) ~ ]/\’(k/R)éaa' - '2' k_.']Taa’h/\(ij) (22)
J’

where 8, is the Kronecker symbol, to match the incoming plane wave and the

outgoing spherical wave of equation (18) in terms of the transition matrix element

Toor- ha(kR) is the Hankel function and its asymptotic solution as R — oo is

given by:
ha(k;R) ~ —ﬁ%—ei(k’R_’\"/z), R — oo. (23)

J
Using (23) in (22) yields

(R) ~ el R Yoo + ; ; gilk;R=Ar/2)
Xaa! ~ JxR aa’ aa!
‘ ’ 2 /k; R

14



so that comparison of (19) and (24) leads to the following relationship between

Sfaar and Thor:

2w

faar = \/-ﬁ

In conclusion it is noted that to attain the goal of a calculation of the atom-

Tt (25)

diatom collision cross section, it is necessary to solve the set of differential equa-
tions (15) which are coupled by potential matrix elements V, s, subject to the
boundary conditions of being regular at the origin and asymptotically of the form

of (22).
2.2 The Total-J Representation

Since H is invanant with respect to a rotation of the co-ordinate system, the total
angular momentum is conserved. Hence states having a total angular momentum
J are not coupled to states with a different total angular momentum J’ and
the Schrodinger equation is decoupled into different total angular momentum
components.

The total angular momentum operator J = A + J, has eigenfunctions

YiM(#, R) = 303 (jmAs | JAT M) (#)Yas(R) (26)

m S

where (jmAs | 7JAJ M) is a Clebsch-Gordan coefficient[27].
The expansion coefficients x/{7.,,,(R) of the scattering wave function (22)

in this angular momentum representation satisfy



h\phk’j’m’(i\'a R) =4 Z ZA}/‘g‘f\M(f" R)XjA;j’A’(R)

JAIJM
Py

x(GNIM | 7'm/Ns") Y (k). (27)
Performing a similar set of operations as outlined in the previous section only

this time operating on the left of each equation by

/ / Vil (7, R)did R (28)

gives the set of close coupled equations in the coupled angular momentum rep-

resentation:

R 2d ., AA+D] ,
— E—R7 + E@- + kl T X]A JIAI Z /\ ]IIAII XJ”A" IAI(R)

(29)

IIAII

where
Vi = [ [ Y™, RV RV, BydidR (30)
For the potential of (9) we are interested in determining an angular momen-
tum representation. First the expression for the uncoupled representation, that
is, for the V-matrix element <jm/\s'Vlj'm’/\’s’> is determined. This quantity is
then transformed into a total-J representation. It is then shown that rotational
invariance of the potential allows certain simplifications in the total-J represen-

tation.
The potential given by (9) is in an orientation representation. The angular

momentum representation of V ,given in terms of the orientation representation,

16



<j77l/\SIV\j'77'z')\'s'> =

////<jm/\s’f'; R><7‘-; EIV(R)’ﬁ/; R'><7‘”; B

Using 4.6.6 of Edmonds[27], ie.,

Pr(cosf) = ZYLH YLM(IA%)

2L+1

(9) can be written as

(7 RIV(R ZVL S Yeu(MYLL(R)S(R — R)S(F —

2L+1

Using the following defined phase conventions [28]

(jmAs|s R) = (=i)Yi, (7)(—) Vi (B)

and substituting (33) into (31), one obtains the following equation:

<]m/\s|V‘] m'X's ’> // Y7 (7) (=) Y (R)

XZVL IYL#(f)YL“(R)z Y (F)(6) Vg (R)d7dR.

j'm'/\'s'>d7"d1?df"d1?£".

(31)

). (33)

(34)

(35)

By using the following two properties of the spherical harmonics, (equations

2.5.6 and 4.6.3 of Edmonds [27])

YZ.(R) = (=)*Yi-u(R)
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and

Y YY1 (7)Y ()i =

\ﬁ?ﬂl)(u;l)(?j’ﬂ)(_?i i ni)({) f) ]0> (37)

(35) can be written as

(GmAs|V(R)|i'm/N's") = =025 + 1)(25 + )20 + 1)(2N +1)
_\—u—m—s ] L jl /\ L )\I
XLEM() VL(R)(O 0 0)(0 0 0

><< j L ]>< AL /\/). (38)
—-m g m -§ —u S

Equation (38) is the expression for the V-matrix element in the uncoupled
representation. Eight quantum numbers, j,m, A, s, ', m’, A’ and s’ are required
to label each element. The total-J representation, however, can reduce the
number of labels needed to five, ie., J,J, A, ;' and )X, as will be shown. In order
to arrive at an expression for the total-J V-matrix element, the uncoupled V-
matrix expression is converted to the coupled expression through the following

transformation:

(iIAT M|V (R)

> (iaTM|jmAs){ jm)\s’V(R)l NS G\

msm!'s"

]-//\/J/M/> _

NI M. (39)

Using the phase convention given by equation 3.7.3 of Edmonds [27] which relates

the Clebsch-Gordan coefficients with the 3-5 symbols through the following:

. . - A J
<])\JM|]m)\s>=(—)J"‘+M<njl . _M>\/2J+1 (40)
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and using (38) for <j7n/\s ! "/\’s'>, (39) can be written

AV I8V AN i—A+M ] A J
RI'NIM)= 3 (-) \/2J+1(m ; _M>

xi? NI (25 4 1)(250 + 1)(2A + 12N +1)
~f

+1)(
J L gJ AL XN J L 7 AL X
XZVL ( 0 0 ) ( 0 0 O -m pu m ~-s —p s
_\—u—m-s{_\J'=N+M'_ /5 7; j’ ’y J'
O R oy VA (1)

<jAJM|V(

Two symmetry property of the 3-5 symbols, given by equations 3.7.6 and

3.7.5 of Edmonds [27], ie.,

Y, J! Y SV (
< 7;1/ s M ) = (")J A ( —T.T]l/ —s M ) (42)
and
2 . , ST
( —njz p njz’ ) = (_)J+L+J ( -7;71 7;71, P ) (43)

allows (41) to be written as

(GATM|V(R)J'NTM') = /(25 + 1)(24' + 1)(2X + 1)(2X + 1)(2] + 1)(2J" + 1)

PN iL N[N L X
XZL:Z VL(R)(O 0 0)(0 0 0

! ! ]
j+3 '+ I+ MM J AJ
X lel(—)J ! ( —-m' —s M )

; ANox L 7 L A J
_\m—s+u+j+r+L J J J
x> (-) <3' -5 —p)(—m m',u)(m s —M)'

ums
(44)

Further simplification in (44) is possible by considering equation 6.2.8 from

19



Edmonds [27], where

T ()bt PR PR &
my Mz —HU3

H1u2 43
y L J2 Is Lo b ogs\_J5n J2 Js v J2 I3
—i My U3 1 —py Mg L L, I m; my mg3
(45)
where jq, j2,J3, M1, M2, m3, 11,0y and [3 are the arbitrary indices used in Ed-
J1 72 Js
{11 L 13} (46)

is the 6-7 symbol defined by Edmonds [27]. (44) can be written

monds [27] and

(irTM|V(R) (]'A'J M’y = /(2 + )25 + 12X + )2V + 1)(2] +1)(2J' + 1)
g3 5 0) (14 %)
J
L

]'I AI J/ A’ ]’/ J
—-m’ =5 M s m' —-M |’

(47)

/\I .l
x Z J+J "+J' M+ M J
J

m's’

Using (42) and equation 3.7.8 from Edmonds [27], ie. ,

nooJ2 o J2 U .1y
Z (, ' i~ ) ( 7t : 13 > = (2.73'*‘1) 157713771351'31'561'11'2]'3 (48)

mima n, Mgy M3 my M3 My

where §; 5,7, = 1 if 71,72 and j3 satisfy the triangular conditions and §;,j,;, =0

otherwise, (47) is further reduced to



(A M|V(R)|j'NJ'M") = V@7 + 125+ 12X + D)2V + 1)(20 + 1)(2' + 1)
VPN L 7\ (XL XN
XZL:H VL(R)(?)OJo)(o 0 o)

X(_)j+jl+J+M+M’(2J + 1)_15JJ’6MM/{ /> .]/\ i } ) (49)

Finally, using the symmetry of the 6-5 symbols as given by equation 6.2.4 of

Ja J5 Js J6 Ja Js

the following expression is obtained:

Edmonds [27],

(GAIM|V(R)|j' NI M") = NN (27 4+ 125+ 1D(2A+ )N +1)
i (3L PN (AL NN TN ]
* 2 Vi(R)(-) (oo o><00 o JVL j ag B

Note that the V matrix element is independent of M, the projection of the
total angular momentum on the z-axis. This is expected of any rotationally
invariant (scalar) quantity such as the interaction between atom and diatom.
Secondly it is noted that the total angular momentum J is the same in the initial
and final state. For this reason J need not appear in both initial and final states
but can be denoted as a superscript on the operator V, ie., V7.

Hence the V-matrix element <j/\JM’V(R)|j’XJ'M’> may be written as
(GA|V|3'N). This new representation, having taken advantage of the simplifi-
cations made possible by the rotational invariance of the interaction potential,

now requires only five indices instead of the original eight.
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As done in (22), an incoming plane wave of constant flux in initial momentum
state ik’ and rotor state j'mn’ is assumed for the boundary conditions for W. It is
also required that the solution be regular at the origin and have the asymptotic
form

ikR

€ 77

Xxgiar(B) ~ (K R)6 5 6xn + \/W 7 L =00, (52)

2.3 Cross Sections in the Total-J Representa-
tion

The cross section is defined as the ratio of outgoing spherical flux to incoming
planar flux. Planar flux is defined as the number of incident particles crossing a
unit surface area placed perpendicular to the direction of propagation per unit
time while spherical flux is defined as the number of outgoing particles scattering
through solid angle df) per unit time.

The incoming plane wave ek R has flux Fincoming [29]

hk'
Encomin = (53
£= )

Putting (22) in (21) and then into (13), and substituting & for R results in
the following expression for the spherical flux Fi,ygoing for the outgoing spherical
wave e*F /R [29]:

2

hk’ 5
Z Y/\s k ]m)\s,] m,’/\’s’Y:\' (k) (54)

Foutgoiug
\/ ]\» lv 1 AsAls!




From (53) and (54) the differential cross section O jmeesrme (B) 1s

2

Z )//\s jm)\s,] m’/\’s’}/,\/s/(i”‘l) (55)

AsA's!

O'Jm‘-—] m/!

Jl
In this work only the total degeneracy averaged cross section, o 1DA e, the

Jeg'r

differential cross section integrated over all angles and summed over all m'’s,

TDA
O'j_] ZJ i 1 7%}/0'Jm4—3 m! k (56)

is to be calculated.
It is possible to simplify the resulting total cross section by choosing the

incoming direction &’ as the z-axis. Since

2)0+1
4r

Yis() = Vo, (2) = 850 (57)

the expression for o 'P4 becomes:

Je=j!
4r? . [N+ 1
TDA
s = Te—————— T'm s:itmI M E'Ysk
Tjej k'2(2]’+1)7§,//\§\, imAs;jmao( E) 2s(k) ppm
. n . 2AIII + 1 n
X Z Y/\”s”(k) jm)\”s”;j"m’/\’”O(E) Tdk (58)
/\Ilsll)\//l
Using the orthonormality of the spherical harmonics,
/ Yas(R) Yo (B)dh = 8y, (59)
the expression for the total cross section now is
2
o0 = > [Timseiimo(E) (2X +1)  (60)

Jea k'2 ‘)] +1

/\s/\'mm’
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TDA ;
Finally, then, we seek the appropriate form for ;2% in the total-J represen-

tation. Using the identity

JmAs|T(E)j'm'Ns') =
(imAd )

> (imAs|IMiNY(TMIAT(E)J M/ XY MX|j'm'N's'y  (61)
JMJ'M!

and (40), (60) in the total J representation is:

oToh = )

j+j'—/\"/\ 2J+1
2-] + 1 mm' AsAls! Z ) ( )

JMJ’M’

A AU AN o[
X(n]z 3 —M)(njz’ s’ —M')<])"TJM’]/\>

=Z7LAZ > 27+ 1PGATM (XTI A

JMJ'M! '
<2 o ban) (o v )
<5 (2 ) (2 ) (62)
where the notation
GAT?[iNYy = <JMj/\|T(E)lJ’M'j’/\’> S (63)

has been introduced since J = J' and M = M’ by conservation of angular

momentum.

Using 3.7.8 from Edmonds[27], ie.,

J oA J 7 A JUY 1
Z(m 8 —M)(m S —M’)_2J+15JJ'5MM' (64)

ss!
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the following expression for the degeneracy averaged cross section for the 7 « j’

transition in the total-J representation is obtained:

a8 = 2] ey :JXA;KM,TJM 29k

= WD 21 .y ZZ (27 + 1| (AT

/\/\’

//\>

It is this quantity which will be used as the basis for both the exact and 10S

(65)

results.

2.4 The IOS Approximation

The close coupled equations (29) consist of a set of coupled differential equa-
tions which must be simultaneously integrated to obtain a solution. For example,
expanding (29) to 100 partial waves and ten rotor states leaves over a thousand
coupled equations to solve. The |0S approximation is a drastic simplification
since it decouples these equations (but in an orientational basis). This approx-
imation assumes the collision to be sudden, allowing for a diagonalization in
orientation representation. This is equivalent to replacing all LJZ and all A with
the constants k2 and )\, respectively in the coupled set. Actually, the IOS is a
combination of two approximations, the Energy Sudden approximation (ES) and
Centrifugal Sudden approximation (CS). These will be examined in turn.

The Energy Sudden approximation replaces the j dependent wave number
k; with a j independent effective value k,. Since this approximation no longer

treats the angular momentum of A and J, equally, the uncoupled representation

(]
Tt



(15) is used. Putting (21) in (15) and converting to Dirac notation gives the

following equation:

27 2
g5 (a7 + T+~ o) = Sl (e e ).
(66)
Replacing k? with k2 leaves (66) in the form
27 2
;i_ﬂ [Z{% + 2(1‘2 Iyt A_(AF;_I)J (el B) = S{a]V(R)a") (o |xa( B)).
(67)

Operating on the left by Z:jm<f"jm> gives

Z< }]m> [ﬁ; + %d(jz + k2 - /\—()\]—;—1)} </\sjmlxo,/(1?,)>

= Z<1",jm>h—/j Z;<a‘V(R) a"><a"lxaf(R)>. (68)

Using
Z]jm>k§<jm[ = k2 (69)
jm
and
EZ<f"jm><a(V(R){a“><a"‘xa:(R)> =y </\3’V(f', R)l/\"s"></\"s" Xo (7 R)>
a'’l .m /\”S“
] (70)
we finally get the ES equation:
2
[%{3 + éd(j% + &2 — )‘(/\RJ.; 1)J </\3{x»sf(f', R)>
= %/\%K/\sl‘/(f“, R)[N"s" ) (X" xtamgn (7, R)). (71)
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We note that the effect of replacing k? with the constant parameter k2 allows
the Schrédinger equation to be diagonalized in the rotor orientation. In other
words, the collision process occurs with fixed rotor orientation.

A collision process which is fixed for a particular rotor orientation corresponds
to a situation where the incoming atom has a velocity relative to the diatom
centre of mass much larger than the angular velocity of the rotating diatom.
Hence the ES approximation is expected to get better with larger translational
kinetic energy of the incoming atom or slower angular velocity of the rotor.

In the CS approximation, A is replaced with the constant parameter ),, so

(29) now becomes:

RE[ & 2 d 12 )\0()\0+1)<
o |drz T Rar T R “

a//> < o

Xa'(R))-
(72)

xe(R)) = > (e]V

Operating on the left by E,\S<R’/\s> and transforming into the orientation repre-
sentation by carrying out operations analogous to those discussed above for the
ES approximation, we get

&2 2d Ao(Yo +1)

m + Ed—R’ + kf - T2 jl <j7n'Xj’m'(R)>

:%’;_ (im|V(R)|i"m")(j"m"|[xas(R)).  (73)

Note that (73) has a fixed R orientation-the sudden approximation for large

centrifugal energy.
One limitation of the CS approximation is that it breaks down in the region

of the turning point [30]. Classically, the turning point is defined as the point
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where the radial kinetic energy vanishes [31]. The rotor, however, is still rotating
and thus collisions at the turning point could not be considered sudden.

As the energy of the collision increases, the CS improves [30]. An increase of
energy would correspond to a small rotation of the rotor relative to the distance
covered by an incoming atom with high velocity.

Finally the IOS combines both of the above approximations, replacing kf with
k% and replacing A with A,. We operate on the left by Za<f2; f'la> and since

the angular momentum operators are now merely parameters we can use closure

of the |a> states to give the 105 equation:

5 Ao(Ao+1 . 2p R
FT7) + R4k + kj - —(‘—Ri‘—) Xo(?,R) = h—ZV(r,R)XQI(r,R). (74)

[ d? 2 d
Note the effect of replacing operators by numbers and the subsequent change

of basis leaves the equations without any sum over intermediate states and all

equations are decoupled.

2.4.1 TIOS Cross Sections

The T-matrix was introduced in (22) in an uncoupled representation. As was
noted in the previous section, the |0S decouples the Schrodinger equation in
a basis with fixed orientation. Hence all quantities calculated from the 10S
Schrodinger equation, such as the T-matrix, are diagonal in the orientation rep-
resentation. The only rotationally invariant quantity that depends on the different
possible orientations is the scalar product of the rotor orientation # and atom-

diatom orientation . Thus T is a function of the angle 6 between # and £.
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This can be expanded in Legendre polynomials:
THoko (7 R) = 2\/21/ +1 Tk p (7. R). (75)

where P (7 - R) is the Legendre polynomial of order L.

Equation (55) can be expressed in a different representation as:

O jommjimt (l; ’<]m k‘Tl] m's k >| (76)
For the 10S cross sections 0% 1, (IA») we have:
10S 7 4’ ime ki RYXT % (7. RY(7. Rli'm’- B ‘-dA2
Timeiimi (k) = R //<]m,k|r,R>T (7,R)<7,R’]m, >d7 R
J
4’ A'+3X * [ F
= T\ ] X BB R

J sAs!

2

X8 (7, ) Yoo (7) Vivar (R)dPd R (77)

Using (75) and the expansion given by (32), the |OS expression for the degeneracy

averaged differential cross sections, or a’/5(hk’,j' — k,j) is

:g::: }/r l\ +3A

AsAls!

’”@WJ—%J)(h+ly22

mmn/!

X/(2L + 1)(2A 4+ 1)(2N 4+ 1) Tk (=)™ oYy (k)
(L i L N[5 L N\Y[(XxL 2\
0 0 0O —-m —0c m 0 0 0 s o §

Equation (78) may also be written as

(78)

0\ 2 )
v ]0) o(RK,0 — kL) (79)

SO, = ) = (25 + )T ( 0
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where

o(hK,0 = k1) = 5 S - faa T v + )
o | As\'s!
ok, wf AL NN AL A e
x Y, (k)T7o% (—) (0 0 0)(3 o S/)YA's'(k) . (80)

If the initial momentum direction &’ is chosen as the z axis, there will not be
any z projections of angular momentum for the initial state, so (57) holds.

Therefore

O'IOS(hk/,j/ - 1}7])
. 2
L N
= (2J+1);;2<(J) 0 {)) ;mg(k)ﬂ A\/(2A+1)(2A'+1)
o A LN AL X
< (-) (0 0 0)(—0 o 0)

To get the total cross section op.o, (81) is integrated over all angles to give

2

(81)

the following
2 e R

OLen = / / o(hk',0 — k, L) sin 0d0dg
0

AL N X L M\
_ ! /\ko)\)\
— wzzzwl(mﬂ):r (0 . O)(—a . 0)

2 ey
™ Y. 2f X L X g
— 9 9! Xoko ;A=A

¥z M,(HA+1)(2A +1)|TL ? [ (0 0 0)

(82)

If the initial A paramaterization for the 10S is assumed, ie., A = )\, (82)

simplifies to

(83)

T L 12
OLo = 75 ;(u +1) |7
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For total cross section /2%, (79) is integrated over all angles to give the

Gegt
following 10S scaling law:

105 __ 1o i L'\ os

2.4.2 Energy Corrected I0S Cross Sections

The scaling law given by (84) can be modified in a manner such that it takes
into account a collision time 7. (Recall the |0S assumes a sudden collision, ie,
T =~ 0.) DePristo et. al. [32] have proposed a scaling law called the Energy
Corrected Sudden (ECS) approximation which incorporates the collision time =
as a correction to the I0S approximation in the form of a simple multiplicative
factor.

DePristo [32] corrects for the S-matrix, but since the S- and T-matrices
differ only by the identity matrix and some phase and the correction factor does
not change the identity matrix we relate the T-matrices by the same correction

factor:

v ad 6
TECIOS (b 4 ¢y — TIOS( B ).
29 ( k + 6J ) 6 + (fj’ . 6j)27'2/(2h)2 12 ( k + 6.7 ) (85)

where F is the translational energy, ¢; is the rotor energy of the jth rotor state
and 7 is the collision time.
In this study the centrifugal sudden approximation is also assumed so that the

correction factor is applied to the I0S T-matrices, giving an “Energy Corrected

10S” T-matrix, or Tff,cmsz
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Since by (76) cross sections are proportional to the square of the T-matrices,
and assuming that 7 is independent of A and ), the following simple scaling rule

is obtained:
’ 2
e YT (ej0 — €j)?72 gt

7 shall be treated as a parameter to help fit the cross sections from this
scaling to the cross sections from the exact calculations. DePristo [32] gives a
method of estimating 7 and this is then compared in a later section to the 7

value which gives the best agreement with the exact results.

2.4.3 General S-Matrix Cross Sections

One of the interesting results arising from the |0S treatment of cross sections is
that all ; « j’ transitions can be calculated from a single set of cross section
values using (84). DePristo et. al. [32] have taken this property of the I0S to
investigate whether the ezact cross sections follow the same scaling laws.

The General S-Matrix (GSM) scaling relationship is a way of calculating a set
of cross sections from another set of cross sections with different energies and
transitions. The relationship makes use of some 10S properties which allow these
connections, but the GSM scaling relationship is actually a relationship between
ezact cross section values.

The 10S implies that the L < 0 and j « j' S-matrices are related by [32]
G105 (p _ j i L 108
".7'4—.7"( K+ EJ") - XL: 0 0 0 + L«—O(Ek + EL)' (87)
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Using the factor in (85) to relate S/0% with SEX3%t and to relate ST9% with

SExact and then using (87) allows for the L « 0 and j « j’ exact S-matrices

to be related by

24h% 4 (ef, — 60)2 20 L
SC'SM E. ) = : Exact E 88
J—y3' ( k+6] ) ; 24h2 + (€]/ . 6]) 0 0 0 L«—O ( k+€L) ( )

Here ¢j, is the rotational energy associated with the Lth rotor state. Then, in
order to get a cross section relation, DePristo et. al. [32] make an assumption
similar to that made in the previous section, ie., that 7 is independent of A and

A’. They arrive at the following scaling law for the GSM o,_;:

. 240°% 4 (e, — €0)*7? i L\

GSM Y J J Exact

o725 (Brter) = (25+1) ZL: MR} (ep = ¢ 7 0 0 o) 9% (Er+er).
(89)

The above scaling law will be used with oF*2* values to calculate o;._; values

and these will be compared with the actual aff;“ values to determine whether
the above scaling law is valid.

As well, the scaling law shall be used with 0/9% to determine which of the
scaling laws, (86) or (89) leads to a more useful manner of correcting the 10S

cross sections.

2.4.4 Accessible States Scaling Law

DePristo and Rabitz [33] arrive at an expression for the cross section which
does not involve 3-5 symbols. To get this expression, they make the following 3

assumptions:
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e angular coupling coefficients are mainly a function of difference |;' — j|

only

e quantum tunneling is unimportant, so the main energy dependence corre-

sponds to the criterion of determining the outermost turning point.

e the transition probability is inversely proportional to the number of acces-

sible states

The result of the first assumption is that cross sections are a function of
|7/ — j|- The result of the second assumption, that tunneling is not important,
allows the cross section to be evaluated at the kinetic energy corresponding to
the highest rotor level (where the kinetic energy is the least and where tunneling
is least effective). Combining these two assumptions with the third allows the

Accessible States (AS) cross section 2% ,(E) to be written as

23 (B) = [(1§ = 51, E = €pag )N(E) " (90)

=g’

where f is a function of |j'—j| and E —€j,.,. €ju., IS the energy of the rotor for
the maximum allowed j value, and N(E) is the number of available rotor states
for a given energy E.

The assumed functional properties of the f function implies a relationship

between cross sections which have the same |j'—j| and E —¢;,,,, values, namely

[27 +1][2()' — 7) + 1] N(Ex + €j—;)
[2j’+1] N(Ek«i-e]-/)

ooji-i(Exteji_j), 3 > 7.
(91)

ohS (Ertejn) =

73
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(The form of (91) is equation (4.9) of [32] which was first presented in a different
form in [33].)

The scaling law given by (91) is here referred to as the AS scaling law,
referring to the N(E + €j:_;)/N(Ex + €j term, which actually describes only
one of the three approximations made.

Note that in contrast to the previous scaling laws, (91) relates cross sections
of different total energies, ie, o2 ,/(E) + ¢j) with go—ji_j(Ey + €ji_;). A set
of exact oj.; and og—j—; values are related by a given fotal energy. Although
there is a question in the exact case as to which total energy to use, this study
will show that this choice is not a significant factor determining cross section
values.

However, in this study we will use (91) to determine its validity as a scaling
law for the 105 approximation. Since the 10S treats all rotor states as having the
same energy, 012%(Ey + ¢;) and 0{%% _.(Ex + €j_;) should actually be writ-
ten as o7 2%(Ey,) and 0{2%_;(Ey,) where k, and k] are those wave numbers
corresponding to the parameters chosen to replace the k; value and ¢, is the
energy associated with the k, wave number. It is this aspect of the 10S approx-
imation - the incorporation of rotor and translational energies into one effective
wave number - which makes (91) lose some of its specificity when applied to the

10S results. It will be shown later that this loss of energy dependence does not

significantly affect the accuracy of the scaling law given by (91).



3. THE DELTA-SHELL POTENTIAL

3.1 Scattering From a Spherical Delta Shell
Potential

In its simplest form the delta shell potential is
V(R) = V5 6(R —a) (92)

where Vj is a potential strength parameter having units of energy times distance,
a is the distance from the origin at which the potential acts and §( R — a) is the
Dirac delta function.

If the collision involves only a spherical potential, rotor states are unchanged
in the collision process and need not be considered further. The form for the

Hamiltonian H is thus

R[1 8 _,0 A?
H_—Eﬁ[ﬁﬁlz ﬁ——ﬁ;}+V(R) (93)

where A? is given by (11).
The Schrodinger equation now takes the form

CE
2p

= opl5E — B ?E} U(R) = V(R)¥(R) (94)
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where U(R) is the wave function for a spherical delta shell.

Using the partial wave expansion of the wave function ¥(R)

U(R) = AZ Yas(R)ihrs(R) (95)
where
Yas(R) = 4mi* xa(R) Y7, () (96)

and using equation (92) for V(R) and introducing the dimensionless variable

x = kR where k* = 2 E /h* we now can write (94) as

22 0 0? AA+1) Vs
ﬂ z 0z + 0z x? Hhx = -k—(s(x ke o7)

where the following property of the delta function [34] has been used:
6(R—a) = ké(x — ka) (98)

For z # ka, there is no potential and the partial wave solutions are the well
known spherical Bessel and Hankel functions [35]. With the constraint that x,
must be well behaved at the origin, the solution of (97) is given up to a constant

by

Xx =Jaz) - %T,\h,\(a:), z > ka

xx = Bu(z), z < ka (99)
where the j,\'s are the regular Bessel functions and the h)’s are the Hankel func-

tions. The expansion coefficients T and B, are to be determined by appropriate

matching conditions at = = ka.
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Defining

ka = ka—¢

kat = ka+e, -0

(100)

and integrating (97) over z from ka~ to ka™ and requiring x» to be continuous

at ka gives

Using (99) in (102) gives

. 1 . _ 2 .
ji(ka*) = STAR) (ka*) = Bag(ka™) = —4-Vaja(ka) By

TRk
where

d
i _ IRt
@) = ==i(e)

d
/ — —
/\(x) - dxh)\(x)'

Since Y, is continuous at ka,
xx(ka®) = xa(ka™)

and so

. 1 :
],\(k‘(l) - :?—T,\h,\(ka) = B,\],\(ka).
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Allowing ¢ — 0 and multiplying (103) by hy(ka), (106) by R'(ka) and then
using the following property of the Wronskian W of the Bessel and Hankel func-
tions [35]:

W = jy(2)ha(e) = ir()y(2) = = (107)

r

an expression for B) is obtained:

where j, is shorthand for jy\(ka), k) for hy(ka),
£ =ka (109)
and
g= —2”;;‘5“. (110)

Finally, multiplying (103) by 7, (106) by s}, and using (107) and (108) gives
the following expression for T'y:

9i¢qi?
T\ = L) (111)
1 —€gjrha
With T and B, solved, we are interested in the behaviour of x, at R > a.
From the asymptotic behaviour of the Bessels and Hankels given in (23) the

expression for y) as R — oo is now

1
2ika

Yo~ — [e—i(ka—/\r/2) _ (1 _ T)\)ei(ka—)m/ﬂ] ) (112)

Using (60) and assuming j' = 0 (ie, no rotor states) the total cross section

ototal — %Z(u + 1T, (113)
A
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Hence a calculation of the cross section for a spherical delta shell potential
requires the wave number k, the parameter strength V; and the distance a of the
delta shell from the origin. After evaluating the 7)'s and h)’'s at ka, the total
cross section for the spherical delta shell potential is obtained from (111) and

(113).

3.2 Scattering From a Non-Spherical Delta
Shell Potential

For the system being studied — an atom-diatom — the fact that the scatter-
ing centre is non-spherical (ie., the potential between the atom and diatom is 6
dependent) means that the angular momentum of the diatom can couple with
the orbital angular momentum of the atom. It is the § dependence in the poten-
tial which is responsible for angular momentum transfer between rotor angular
momentum and orbital angular momentum.

A 0 dependent potential can be expanded in Legendre functions. Since we
are studying a homonuclear system, only even Legendre functions appear in the
expansion. Here only the zeroth and second order Legendre functions are retained

to give a potential in the form
V(0) = Vs [1 + by Py(cos 0)] 6(R — a) (114)
where b, is a constant. Explicitly, the second order Legendre is
1 2
Py(cos ) = 5(3 cos“ 9 — 1) (115)
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With a spherical potential there is no coupling between orbital and rotor
angular momentum and therefore it is not necessary to designate initial and final
angular momenta — they are always the same. With a non-spherical potential,
transfer of angular momentum may occur between the two types of angular
momentum. This implies that the initial state, designated by quantum numbers
j', m', X and ¢/, can be different from the final state, designated by quantum
numbers j, m, A and s. Since ¥ must then be described by an initial and final
state, a notation is introduced where the vector wave function y is represented as
a matriz x. (Matrices will be indicated with bold type.) As well, since the rotor
operator k, orbital angular momentum operator A and potential operator V all
must be parameterized by indices corresponding to the ket and bra states, they
too will be represented by a similar matrix notation, ie., k, A and V respectively.

In a previous section it was shown how a total-J coupling scheme can separate
the V-matrix elements into blocks having the same total-J. Since by (133) the
only non-diagonal matrix that T depends on is V it is possible to separate the
calculation of the T-matrix as well into blocks with the same total-J. With this
in mind, and using the above notation, (29) is actually one matrix element of a

matrix equation and can be generalized as

Rl & 2d , A?

_.__.+__... —_—

2u [dR?  RdR h*R?
where k? and A? are diagonal matrices whose elements in the angular momentum

representation are defined by
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2u\ £ (7 +1)R2]"
ki = k;6;5 = (—’i) [E - J—(—]T)——] 81506 (117)

and

A?\/\, = /\(/\ + 1)712(5,\,\153‘]'1 (118)

The form of (116) corresponding to matrix element <j/\‘XJlj')\’> is then

2 ¢
8 i 2o 2 o
S° AV N8R = )M [ (R[5 A) (119)
]'I//,\lll

This is similar in form to (97). In the same manner as we solved (97), we

2p

choose solutions
@AYy
= js(kR) - %}u(ij)kjl<j/\'T"|j'/\’>kj_,%, R>a
= (GA|B|i'N )ir(k; R), R<a  (120)
where the coefficients T and B are no longer simply parameterized by A but

must be matrices themselves corresponding to the representation of . If the

matrices j and h are now introduced, their matrix elements are given by
GMitkRNY = ja(kiR)8;6x
(AR RN = ha(k;R)85062 (121)
(120) can be written in matrix notation as
X = j- %hk%Tk‘%, R>a

= JB, R<a (122)



) . : Loy -1
J represents the prepared incoming state; %hk2Tk 2 represents the scattered
outgoing wave and jB represents the part of the incoming wave that has tunneled
through the potential barrier.

Next (119) is integrated with respect to R from ka™ to ka* where

kat = ka+e

kaw = ka—¢e, €—0 (123)

The requirement of continuity of v, ie.,

x(kja*) = x(kja”), (124)
is used to get
ox(at) = 2ox(kia) = it (125)
where
y = kR. (126)

Again the requirement of continuity for the wave function x at R = a implies
. A S L
,B:,—EhkéTk-z, R=a (127)

Inserting the expression for x given by (122) into (125) gives

dj 2p 1 ( 1,1 _l) dj 1dh 1
— B+ Lk — Zhk? 7)) = & - 22
dy + = =3 2V 2hk Tk Iy 2dyk 2Tk (128)

Operating on the left of (127) by —(d/dy)j, on the left of (128) by j and then

adding the two resulting equations gives

9 1(dj, .dh\ ._ _,
h’jk ! v( - —hk Tk") =3 (éh —j5> KETk=%  (129)
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Using the matrix version of the Wronskian given by (107), ie.,

dj,  .dh 1
AR (T (0

allows (129) to be written as

2; 1 1 1
4‘;;“ij (i- %hkak'f) = kiTk4 (131)
or, rearranging,
dipa®, .. 1 [2pa® 1., 1 _1
> kjVj = k2 2 kzjVhk> + 1| Tk™2 (132)
(2 (2

so that finally an expression for T is obtained:

2. 2 -1
T= [1+ Z;ff k%thk%] L kEjvike (133)

Another important point to mention regarding the separation of the 7' matrix
into smaller blocks comes from the form of the potential used. The potential is
expanded so that there are only two parameters for the VL(R)’s, ie., V; and V,.

Hence L = 0 or L = 2. Equation (51) reveals that the potential matrix element
: C j L 7 AL XN . 0 y
is expanded in 3-7 symbols < 0 0 0 ) ( 00 0 which are 0if j+ L+

or A+ L+ ) is odd by equation (3.7.14) of Edmonds [27]. This means that j
and j’ must both be even or they must both be odd. The same is true for X and

A'. Hence the V-matrix can be broken down into blocks categorized by:
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1) total-J
2) even or odd A
3) even or odd j.
And since T is a function of V then T as well can be broken down into these
blocks.
One important difference between T and V is in the range of parameter off-

diagonality that is allowed, that is, the difference allowed between j and j’ and

, : ;LY (> LN
between A and ). The V matrix, because of the ( 00 0 ) ( 0 0 0

terms, can only couple A and X states that differ by 0 or by 2. The T-matrix,
however, allows for any even transitions. The reason for this is that the T-matrix
depends on V not only linearly but on arbitrary products of V as well since (133)
has an inverse of V in it.

With the above in mind the study was further restricted to even j states.
The calculations were done by choosing a total-J value, then calculating cross
sections for even A and then odd A. This was done for J ranging from 0 to its
maximum value, Apax + Jmax-

Though one wave number x and an initial 7’ value are chosen, (and a total
energy value FEi. is obtained from these values) other matrix elements having
the same FEi. but different ;' (and therefore different wavelengths as well)
must be calculated. That is, there is no way in the total-J coupling scheme to

separate the various initial j states. Hence if the T-matrix elements are calculated



for Eioial = 5.820 x 10721]., so that the initial translational state corresponds
to a temperature of 300K and the initial rotor state corresponds to a value of
J' = 6, T-matrix elements corresponding to this same total energy but having
different initial conditions are also calculated. For example, the initial conditions
of j/ = 0 and k = 16.92 x 10'®m.~! correspond as well to a total energy of
5.820 x 10721J. So too do j/ = 2 and k = 16.57 x 10°m.™!, etc., all the way
to 7/ = 10 and & = 8.37 x 10!°m.~! Thus the sum of appropriate T-matrix
elements will give cross sections not only for the intended initial conditions but

for all other combinations of initial conditions having the same total energy.

3.3 Simplification Using Only Open States

Generally, in the solution of the T'-matrix, the wave function must be expanded
in a complete set of basis functions. This implies that internal states with energy
greater than the total energy must also be considered in the expansion which
leads to imaginary k values. These closed channel states are coupled to the
initial and final scattering states by the intermolecular potential. In a physical
sense, what this means is that the interaction perturbs the internal states and
some of these energy forbidden internal states are necessary to represent the
eigenstates of the perturbed system [36].

As a first approximation only real k values were used in the calculation. That
is, only the energetically accessible (open) channels were used in the calculation

of the T-matrix. The theory to include closed states is developed in the next
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section.

For ease in computation, it is desirable to avoid inversion of a complex matrix.

With this in mind, we define

h=w+j

(134)

where n is the matrix of Neumann functions. Equation (133) may be written as

21
T= 1 —N—}-iJ"|
where
2ua’ 1.1
J= P kzjVjk2
2
N = 2”;‘ k¥ jVnk?
h

(135)

(136)

(137)

and so that J and N are always real. Equation (135) can be expressed in another

form:
T = [N=-14+dJ]7' [N=1][N-1]""[-2:J]
-1 . -1 22
- [[N—l] [N—l-zJ]] [—N_I[J]]
; -1 2%
- [I—N—I[J]] [_N—I[J]]
= [1-iK]™" [-2K] (138)
where
1 ‘
K=ol (139)
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and K is always real. The following expression is obtained upon further expanding
(139):

|

T = 17k

14 iK™ 1 + iK] [-2K]

[—QiK + 2K2]
%
1+K?

1+ K?
1

1+ K?

[2K?)] - [K]. (140)

Since 1 4 K? is real, it is now possible to calculate both the real and imaginary
part of T without using complex inversion.
For further ease of computation, it was investigated whether a symmetric

form for the calculation of K could be found. Letting

: 2 1 1
W= 2’;3 kPVk3 (141)
allows K to be expanded as follows:
1 1
= —— )] = —[jwj
< = no = s o i)

= G = H

[iWn -1+ 1] [-‘n-]

=
j 1

n T nWn = (n/j)’ (142)

Since the j's and n’s are diagonal matrices and W is a symmetric matrix,

only a symmetric matrix inversion routine is needed in order to evaluate K.
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Problems, however, arose with this procedure. Neumann functions for suffi-

ciently small values of ka at large A approach oo as given by [35], ie.,

(24 — 1)

ny ~ (ka)A"H . (143)
Using Stirling’s approximation for large N
N N
N!= (—) (144)
e
and
(2A — 1)!
—_— W =
(2A — )N Ty (145)

and approximating 2A—1 as 2\ and A—1 as A for large A, the Neumann functions

become, as ka — 0,

122

Treating the limiting behaviour of the Bessel functions in an analogous manner

as ka — 0 gives the limit

. (k) e (kae A _
JA~(2/\+1) s \or) ka — 0. (147)

Th
Hence the (n/j) term in (142) is of the order of

1 (24 A 2
:'fj- ~ ks E:;\ _ (;{?e) +1, ka — 0. (148)
E7Y

When the actual run was made, exponential overflow occurred in the inversion

1] o

Lo

routine for (142) for initial rotor state j'=8, A=74, =12, ka=34 so that

nra(34) _ [148

149
. ~ ~ 3 x 10%°, 14
ia(32) 34e] 3% (149)
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Solving for an inverse of a matrix requires the multiplication of matrix elements;
three terms of the order of (149) would be sufficient for an exponential over-
flow [37] on the Amdahl.

Thus another form for the K matrix was needed., Equation (142) can be

rewritten in the form

J 1 j

ntWno1 H

J 1 J

n " TW - (1/jn)]n H

i Tl 1 1

n H W — (1/jn) H (150)

In this rewritten form, the magnitude of the numbers were much more manage-

able. The (1/jn) term was, for the parameters previously mentioned, of the order

of

1 2\ka  2(74)34
_— ~ ~ ~ 103, ka— 0. 151
e 2.303 a=0 (151)

The W term ! ranged from 4 x 10* to 2 x 10% and an exponential overflow was
avoided using this form. (The only possibility of an overflow is for W = (1/jn)
but this did not occur as (1/jn) was evaluated at a small number of specific ka
points; for the cases studied here W — (1/jn) never got close enough to 0 to

cause overflow problems.)

'The range for W was calculated by recognizing that the term (2ua/h?)Vs is of the
order of 100 while the actual V-matrix element, as given by (51) depends on 3-j and 6-j
symbols, which, by their unitary nature [27], take on a maximum value of 1. Finally, the
k values used in this study ranged from 5 x 10!%n.7! to 30 x 101%m.~!



3.4 Inclusion of Closed States

One approximation made in the previous section was limiting the basis set to
energetically allowed states. We seek now a more general solution that includes
“closed” channels, those channels (states) which are not physically allowed as
final states for the collision process but nonetheless may affect the calculations.

Treatment of the problem with the inclusion of closed states is similar to that
presented in (116) to (133), the only difference is that the incoming prepared
state is designated Poj where P is the projection operator onto open chan-
nels. The resulting equation is similar in form to (133) except for the projection

operator at the end:

—1 . 2
T= |14 20 jVhk? 4”‘2“
2 h

k%jij%Po} . (152)

With the following definitions

H= 2”“ kZjVhk? = jWh (153)
2
and
2pua®
1= ;‘2 kEjVijks = jWj (154)
(where W is defined in (141)), the T-matrix can be written
1 .
T= [1 n iH} 2:JP,. (155)

For the calculation of the scattering cross section, only the open state part Too

of the T-matrix is required:

1
TOO = PoT = PO [1 + ZH] QZJPo. (156)
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The term P [1/(1 4 ¢H)] can be broken up into open, closed and open-closed

coupling contributions

e s

where

Ho = PoHP,, (158)
Hl = PoHPc + PcHPo, (159)
P¢ being the projection operator on closed states, defined by

and finally,
H. = P.HP.. (161)

The following calculations can be performed: (non-contributing terms are marked

with slashes)

1
Po [m] = Po

1 : 1 1
1 —f—iHoJ _ZP°[1 +iHoJ [Hl +7‘C] [1 +iHJ




So

1 1 1
[1 + [1 n z‘Ho] P°H1PC[1 n iHc] P°H1P°J P°[1 n iH]

1 , 1
[t [ e ()] e

If the above is multiplied on the left by [1 + ¢H,], the following is obtained:

1 , 1 -
Po[m] = l:l-}-ZHo-i-PoHchl:H—“_i:jl PCHIPOJ
XPO [1 — ZPOHIPC(H%')J . (164)
c
The T-matrix can be written:
-1
) 1
X I:PQJPQ"‘ZPQH]_PCI:I +ZHCJPCJP°} (165)
or
1 -1
Too = Po I [Po + iHo + PoHlpc [H—ZTH—C] PcHlPo]
. , 1
C
(166)
where
Jo = PojWijPo. (167)



Using

H-2J = 2;;;‘2k%jv [h — 2j] k?
= 2k in
- —2Zg2k%th(2)k% (168)
or since for open channels h(® = h*
[H—2J]Po = —QZfzk%th*k%PO, (169)

the following expression for the Too matrix is obtained:

-1
Too = Po—Po [1 +:Ho + PoH P, [1 n iHc] PcHlpo]
. . 1 .
X [Po —1 (Jo _ ZNo) - PQHIPC [1 + ZHC] PC (J b ZN) Po]
(170)
where
N, = PojWnP,,. (171)
We define
1 .

where W has been defined in (141). Using (159) and (153) we can now write



1 1
POH]_PC [ml PCHIPO = Po [poHPc+PcHP°] Pc [m]
xPc [PoHP: + PcHP,] P,
== POHPC[_——I +zHc] PcHPo
. 1 .
= PojWhP, [T_l_Z_HC] P.jWhP,
= jRoh
= jRoj+ 2jRon
= ¢[J1 +iNq] (173)
where
J1 = —1jRoj (174)
and
N; = —ijRon. (175)
With the following definitions
Ho = Jo + :1No, (176)
J=Jo+ 4 (177)
and
N = N, + Nj, (178)

the Too matrix can be written

ot
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Teo = Po— [t -7~ ]
= Po- [1-N] 1 +P[;/ (1-N)]7] [I—IW] [1 _l_iﬁ J]
B P°"1+[i/(Pl°_i\T)]I[1”1—ZNJ] (179)
or
Too = Po— 1 TOZ'R 1+ K] (180)
and, finally
Too = —fz'_)"z:KK—- (181)
where
K= ﬁ_—l:—l- J. (182)

3.5 IOS T-Matrix Calculation

It is useful to note here that the method which will be used to obtain the 10S
solution has already been used in the section where the central §-shell potential
was considered. To understand why this is so it is necessary to consider the two
types of operators in the Schrodinger equation (ie., (29)) that bring about the
directional coupling.

If the interaction potential is diagonal in orbital and rotor angular momentum
representation, ie., it no longer couples different angular momentum states ) and

A’ (and this is the case when there is only a central potential V(R)) then all



operators in the Schrodinger equation can be thought of as diagonal in angular
momentum representation which leads to radial solutions parameterized by only

one A, ie.:

2
% o A D el er) = VR (RR) (183)
where k* = (2u/h*)E. Conversely, if the angular momentum operators are
replaced by quantities which are diagonal in orientation representation (and this
is the case in the |0S approximation where operator A? is replaced by the
parameter Ao(Ao + 1) so that all operators in the Schrodinger equation can
be thought of as diagonal in orientation representation which leads to a set of

uncoupled differential equations (as opposed to matrix radial solutions in the

exact case) which is similar in form to (183) , ie.:

h2 1 d 2 d /\0(/\0 + 1) 2
_ —— i s o k —_— k
o | 72 dRR iR 2 + kgl a(koR,0) = V(R,0)Yy (ko R, 0)

(184)
except that there is the extra constant parameter 0 classifying the solution
Yao(koR,0). (Here k2 = (2u/1?) [E — Jo(Jo + 1)h2/21] where jg is some cho-
sen parameter.) Further, there is no longer the restriction that Ay be an integer,
as in (183). Hence the methods of solution of the radial part of (183) and (184)
are similar — (183) gives solutions parameterized by A and k while (184) gives
solutions parameterized by Ag, ko and 6.

To demonstrate the above, the potential given by (114) is inserted in the 10S
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equation (ie., equation (74)) and the following expression is obtained:

RR[1 d _,d  Jde+l) .,
T T R

Vs [1 + byPy(cos 0)] §(R — a)pa,(koR,0).  (185)

In terms of the above discussion, the radial solution to (185) is dependent only
on 8 and hence the directional couplings which required matrix manipulations
are avoided and (185) is solved for in the same manner as was (97).

Since the only integration done in solving (97) is over R, the addition of the
0 term in the potential and the § parameter dependence of the wave function
makes no difference to the method of solution. So following the same steps as

were used to solve for (97), a 6 dependent T-matrix is obtained:

Thota (0) = < __f;iggii g",fio(ak)oa) (186)
where
£ = koa (187)
and
9(0) = —2—51/5 [1 = b,Py(cos B)] . (188)

As was discussed in a previous section on 10S cross sections, the quantity
TE,, must be calculated in order to obtain the o;._; quantities. By inversion

of (75), T, is given by:

TE. =v2L+1 / F Tyt (8) Py (cos ) sin 8d6. (189)
0

(3}
03]



Thus to get o;_; cross sections, Th,(0) is calculated as given by (186) for
appropriate values of Ao, ko and 6. Next, using numerical methods this T\, ()
is integrated over all § as given by (189) in order to get values for the T, 's.

Finally (80) is used to get the resulting o;; cross sections.



4 CALCULATIONS AND RESULTS

4.1 Parameter Determination

4.1.1 Atom and Diatom Parameters

As mentioned in an earlier section, the molecular parameters are chosen so that
the diatom is a model of nitrogen and so that the atom is a model of argon.
Hence the reduced mass y is set to 2.734 x 10~26kg. For the rotor, the atom
separation is chosen to be 1.094 x 10™'%mn. [38] which gives a moment of inertia [
2

for nitrogen as 1.392 x 1074¢g —m.2, or a characteristic rotational temperature

h?/21kp for nitrogen of 2.894K where kg is the Boltzmann constant.

4.1.2 Choice of Energy

At temperature T the most probable energy for each of translational and rota-
tional motion is kgT. In this thesis the major computation has been carried out
at 300K. At this temperature 7 = 6 is the j-even state closest to a rotational
energy of kg'T while the wave number

2ukpT

k= .
1?

(190)
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has the value 14.27 x 107'%n.~? For this choice of rotor state (j =6) and trans-
lational energy kgT, the total energy is 5.82 x 10721 J. This is the total energy
used for the cross section calculations in the following section. Corresponding to
this energy, rotor states up to 7 = 10 are open and j > 11 closed. An analogous
choice of energy parameters is used in section 4.3 for a calculation at 1000K.
Note that the potential, (51), does not couple j-even and j-odd states, so the

choice in this thesis is to restrict the calculation to j-even states.

4.1.3 Range of Partial Waves

In both of egs. (81) (the 10S cross section) and (65) (the exact cross section) it
is necessary to set an upper limit on A, the maximum orbital angular momentum
that significantly contributes to the sums over partial waves.

The largest A value considered to contribute significantly to the scattering
cross sections is that which corresponds to a particle just passing by the outer
edge of the delta-shell, ie., the A where the incoming particle approached a
distance a from the scattering centre.

To determine this A, it is necessary to associate the angular momentum as

expressed in the quantum mechanical equation
L? = MA + 1A® (191)

which for large A can be approximated as

1
Lx(A+5)h (192)
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with the angular momentum as expressed in the classical expression
L = pbv (193)

where b is the impact parameter (see Figure 2 on page 63) and v is the particle

velocity given by
ik

= —. 194
- (194)
Equating (192) and (193) gives
1
pbv = (A + E)h (195)
Since the maximum range of the potential is a, this gives
1
ka = (A + 5) ~ A (196)

For a given translational and rotational energy the calculation for maximum X was
done as follows: the total energy (the kinetic and translational) was converted to
a k value, then multiplied by a to arrive at a given A. All A beyond approximately

twice this value did not contribute significantly to the cross sections.

4.1.4 Inverse Power Potential Comparisons

Since the aim of this study is to compare exact and 10S results using a delta-
shell potential, the choice of potential parameters is arbitrary — just as long as
the same parameters are used in both the exact and 10S calculations. However
arbitrary this choice of parameters may be, it is nonetheless desirable that the

parameters chosen yield cross sections which are comparable to cross sections
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FIGURE 2: Impact parameter b is “lhe distance of the asymptotic path
of the particle from the line of head on collision” [31].
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obtained for a realistic system. In order to accomplish this, an 10S calculation us-
ing a realistic smooth repulsive potential was performed and then several choices
of the delta-shell potential parameters were tried in equation (114) to see if these
results could approximately reproduce the realistic results.

The potential chosen for comparison was the repulsive part of the Pattengill

et. al. [39] potential

2.2 x 10712
V(RO = 2214 0.5Py(cos )]
. 1 ~21
_1_2—%_59—-— [1 4+ 0.13P;(cos 8)] (197)

expressed in Sl units, specifically the inverse power potential corresponding to
the positive term

2.2 x 10712

V(R 0) = =

[1 4 0.5P;(cos 0)]. (198)

Cross sections were calculated for this potential using the procedure reported
by Snider and Coombe [40]. Phase shifts 1,,.(cos ) were calculated using the

WKB approximation

= 2 2uV(R,0 2 1
n,\k(cosﬂ)zk/r <\/1—7_ﬁ~%—)—\/1—%)dR+§k(b-7~c)7r

(199)

where b is the impact parameter (A + 1)/x (see (196) ) and r. is the largest
classical turning point.

By definition, the phase shifts are related to the .S matrix by
SM(0) = exp [2inax(cos 0)] . _ (200)
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Since the potential is even in cos 8, it follows that the S-matrix can be expanded
in even Legendre functions,
S0y = Y V2L +151*P(cos 9). (201)
L(even)

The expansion coefficients 57 are given by the inverse of (201), ie.
1
SF = V2L + l/ Pp(cos 0) exp [2in,x(cos 0)] d(cos §). (202)
0

To carry out this integration the phase shifts are fitted to an expansion in even

Chebyshev polynomials:
Nak(cos0) = A + BTy(cos 0) + CTy(cos ) + DTs(cos 0) (203)

where the T,,’s are Chebyshev polynomials and A, B, C and D are the fitting
coefficients. A 60 point Gauss-Chebyshev integration scheme was then used to
evaluate the 57" values.

The T-matrix expansion coefficients are then obtained according to
Ti* = 601, — SpF (204)

and these were then substituted into (83) to obtain the o1 cross sections. The
results are shown in Table 1.

For various values of the delta-shell potential parameters, ie., Vs, b, and a,
the 10S cross sections oo were calculated, giving a wide range of results. For
each choice of parameters, the § dependent matrices were calculated using (186)

and then using (189) integrated via a 40 point Gauss Legendre integration to
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give the T)*'s. The o79% were calculated using (80). After comparison with

the results of the repulsive =12 potential, parameters were chosen to give a

reasonable fit. The best fit delta-shell potential is
V(R,0) = 3.697 x 107°2Jm [1 4 1.50P;(cos 0)] (R — a) (205)

where ¢ = 5.5 x 1071%n,

The leading coefficient for the potential is not directly comparable to the
leading coefficient for the »~* repulsive potential in (198) since the units and
form are different. In the delta-shell V5 = 3.697 x 10~3J. — m. has units of
Joule-meters, whereas for the =12 repulsive potential the coefficient has units
of Joule-metersl?. Nonetheless, a form of comparison for these two parameters

will be offered later in the discussion.

Table 1 gives a comparison of the cross sections for the two potentials:

Table 1: A Comparison of the Delta-Shell and r~!2
Potentials

All cross sections in A2 k = 14.2717 A , Amaz = 120

L value | 10S with repulsive =12 | |0S with delta shell
L=0 115.15 113.75
L=2 25.32 23.30
L=4 12.09 6.41
L=6 3.16 1.98
L=8 0.50 0.68
L=10 0.06 0.25
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It is noted that the delta shell has a much higher anisotropy parameter but

still gives smaller inelastic cross sections.

4.2 Cross Sections at 300K

4.2.1 Exact Cross Sections Including Only Open States

An exact calculation was done using as initial state, the thermally most proba-
ble rotor state and velocity corresponding to a temperature of 300K (equation
(190)). For this temperature, j'=6, k' = 14.27 x 1071%n.71, and the maximum
rotor state into which the molecule can scatteris j = 10. The present calculation
was restricted to including only the open rotor states in solving the Schrodinger
equation, thus ., = 10. k'a = 77 and \,.x was chosen to be 120. Since all
the T-matrix elements are obtained from the calculation, all cross sections at

this total energy are readily available. These are reported in Table 2.

Table 2: Exact Cross Sections

All cross sections in A2 | Total Energy=5.82 x 107! J.

7=0 =2 j=k ;=6 ;=8 ;=10
TE! | 421K 404K 364K 300K 213K 103K
7 =0 |11752 478 035 003 000 000
j=2 | 2293 12624 606 055 0.05  0.00
j=4 | 271 983 13025 773 076 0.5
j =6 32 106 921 14319 875  0.66
j =8 03 009 084 813 15903 645
j=10] .00 000 003 036 3.86 197.47

1. TE = Translational Energy expressed as an equivalent temperature

(E = kgT).
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From the detailed calculations it was found that significant contributions to
the cross sections fell off (ie., were of the order of 1076 A2 ) for the j’=6 column
at J=93 which corresponded to A contributions ranging from A=83 to A=103.
From J=93 to J=130 the contributions to the cross sections strictly decreased.
Checks were maintained on the accuracy of the matrix inversion by a calculation
of the condition number! for both the K*41 and W —1/jn inversions as required
by equations (140) and (141). The worst condition numbers found were of the
order of about 2 x 10* for W — 1/jn and 2 x 107 for K + 1. A further check
as to the rehability of both inverses was performed by an actual multiplication
of the matrix by its inverse and determining how close the result was to the unit
matrix. For the product of the W — 1/jn matrix (the matrix having condition
number of 2 x 10*) and its inverse, the largest off-diagonal term was of the order
of 107! and the largest off-diagonal term for the product of the K* + 1 matrix
(the matrix having condition number of 2 x 107) and its inverse were of the order
of 1078. Hence the inversion proved reliable for this set of initial conditions.

One trend is noted: as the kinetic energy decreases (and j' goes up), the

elastic j « j’ cross sections all increase.

1The condition number was calculated automatically by the inversion routine INV
available as part of the support software at the UBC computing centre. According to ref-
erence [41] the condition number is a form of Turing’s N-condition number[42]. Generally,
the larger the condition number, the poorer the inverse. Well conditioned matrices will
have a condition number of the order of N where N is the dimension of the matrix. At the
other end of the scale, one of the rmost poorly conditioned matrices is the Hilbert matrix
which has a condition number of order EXP(3.5N) [41]. For this run N=36.



4.2.2 Exact Cross Sections With Inclusion of Closed
States

A calculation was run using the closed state calculation of (181) and then com-
pared with a calculation done under similar conditions using the open state cal-
culation of (133). Close-state calculations require the use of modified spherical
Bessel functions (MSBF), and the values used in these calculations were obtained
from a fitting of a table of values for MSBF for a given argument to a polyno-
mial third order in A\. Two closed states, ;' =10 and j’ =12 were included in the

calculations which are displayed in Table 3.
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Table 3: Effect of Including Closed States

Part A: Using only open states. Total energy corresponds to translational
energy of 300K and rotational state of 0. Units are in A2. j' denotes the
initial state, j the final state.

]/:0 J'l:2 ]/:4 J,:6 J’=8
126.95 5.00 0.49 0.06 0.01
23.56 142.98 7.39 0.80 0.09
3.59 1139 145.24 8.08 0.84
0.43 131 8.60 164.04 7.76
0.04 0.10 0.61 5.21 202.36

N R SR
o
oo hsNO

Part B: Inclusion of closed states. Total energy corresponds to translational
energy of 300K and rotational state of 0. Units are in A2, j' denotes the
initial state, j the final state.

jIZO jI:2 ]'/:4 j’=6 j/=8
126.94 5.00 0.49 0.06 0.01
23.57 14297 7.39 0.80 0.07
3.58 1140 14531 8.09 0.69
0.43 131 8.61 166.11 6.41
0.03 0.08 0.49 431 208.20

SR R R
]
oo OO

From the above table it is concluded that closed states only affect the calcula-
tions for those cross sections involving high rotor states (108, 810, 10—10).
These differences can be of the order of about 20% but are confined to cross
sections in the lower right hand corner of the above table of values (ie., high

rotor states).
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4.2.3 I0S 0 — L Cross Sections

The 10S calculations are carried out in two steps. First, the o cross sections
are calculated as given by (83) and then used along with the scaling relations as
given by (84) to give the particular j « j’ transition cross section. The first of
these steps, the results of the calculation of the oo cross sections, are given
and compared with the exact results in this section.

Before any calculations using the 10S approximation can be performed, it is
necessary to choose values for the parameters A\g and kq. In equation (83), Ao
was chosen to be an average of the A and \’ values associated with the particular
T-matrix element calculated. Hence for each combination of A and X that gives
a different )y value, another T-matrix element was calculated.

The same choices for ky are available — one can choose &, as being equal
to the k value corresponding to the j’ state or to the k value corresponding to
the j state or as being an average of both. For the L « 0 calculations, both kg
corresponding to the j' state and kg corresponding to the j state were used.

A Gauss Legendre angular integration scheme using 40 points was performed
for the integration of the T-matrix as given by (189). Sums were done up to
A=120 and L=30 with contributions trailing off in significance (ie. giving cross
section contributions of less than 1076 A2) at A=87 for ky = 14.27 x 107 1%m.!

The unitarity of the S-matrix summing from L=0 to L=30, ie.,

L=30

o ko
S s
L=0

was verified to 5 significant figures. The following results were obtained:

2

= 1.00000 (206)

71



Table 4: 10S o,y Cross Sections

All cross sections in A 2

Final Final k¥ Trans. Using Using Using Exact
State | in A-1 Energy ko = kinit ko = kfinal ko = Results, k =
L (T.E)  (16.924 1) 14.27 A-1 1692 A-1
T.E.=421.5K T.E.=300K T.E.=421.5K
L =0 16.92 421.5K 101.90 101.90 113.75 117.52
L =2 16.57 404.2K 23.58 23.09 23.30 22.93
L =4 15.71 363.7K 5.85 5.50 6.41 2.71
L =6 14.27 300.0K 1.64 1.98 1.98 0.32
L =8 12.03 213.2K 0.52 0.80 0.68 0.03
L =10 8.37 103.2K 0.18 0.38 0.25 0.01
L =12 0.07 0.10
L =14 0.03 0.04
L =16 0.01 0.02
L =18 0.01 0.01

The general trend to be noted is that the IOS calculations underestimate the

elastic 0«0 transitions and overestimate the inelastic cross sections. This can

be explained by recognizing that a difference in energy between two states serves

to hinder the excitation of the higher state. Hence with an approximation such

as the 10S, which treats all rotational states as degenerate, it would be expected

that the IOS would give higher inelastic cross sections than the exact results.

Another more classical explanation of these results is that at high L the rotor

is moving more quickly with respect to the incoming atom than at say L =0.

Hence the collision is less sudden at high L and it would be expected the 10S

approximation to be less accurate for large angular momentum transfer. This
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trend would be expected for transitions for j' #0 since all other cross sections
are dependent on these 0. values by (84).

One other effect arises because the 10S treats all rotational states as degener-
ate. This is that energetically inaccessible states are allowed, in particular, in the
present calculation, transitions are allowed from L=0 to rotational states higher
than L=10. The cross sections for these transitions however are so low that they
may be effectively neglected. The next section contains some 10S results where
energetically forbidden transitions are fairly significant.

Finally, the results above show that choosing the ko parameter to be either
the initial or final k£ value does not significantly change the results. The only
difference the kg choice seems to make is in the elastic cross section, where a
choice of ky=14.27 A~1 gives a value closer to the exact value than choosing
ko=16.92 A-1 | the actual initial & value for this transition.

The above trends apply to the oy calculations. Since the oj._; cross
sections are calculated from these o7, cross sections, the differences between
exact and 10S calculations noted here will be further examined after the scaling
relations are applied to better determine how the 10S and exact calculations

compare.
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4.2.4 IOS Scaling Relations
4.2.4.1 Using IOS o}, Cross Sections

Since the I0S T-matrix was ¢ dependent it was expanded in Legendre polynomials
in equation (75). This expansion subsequently led to a scaling relationship (84)
which expresses j « j' cross sections in terms of L « 0 cross sections. This
relationship is used in this section to calculate the 10S o, cross sections.

The previous section compared the 10S o1 and exact 0. cross sections.
Whether their differences and similarities carry over to the o;; cross sections
is examined here in order to determine how successful the scaling relation (84)
is in predicting 7 « j’ cross sections, once given the L « 0 cross sections. As
well, different ko choices are examined in light of the scaling relations .

For each of the three choices of ko, ko = Einicial, ko = kgnar and ko=14.92 A1,
the 10S o cross sections were calculated using the oo cross sections from
Table 4 and equation (84). The sum in (84) was taken up to the maximum
allowed L value.

For the choice of kg = kinjiial, the cross sections are given in Table 5:
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Table 5: IOS Cross Sections at 300K Using ky = kinjtial

Part A: Units are in A2. j' denotes the initial state, j the final state.

J’=0 =2  4'=4 =6 j'=8 ;=10
J=0 | 101.90 4.62 0.61 0.15 0.05 0.02
j=2 23.58 111.03 7.48 1.40 0.37 0.13
j=4 585 13.86 113.22 8.54 1.63 0.46
Jj=06 1.64 3.17 11.65 120.97 8.43 1.70
Jj=8 0.52 0.89 247 1160 132.19 7.41
7=10 0.18 0.29 0.64 270 10.65 155.32
7=12 0.07 0.10 0.19 0.78 2.64 8.96
J=14 0.03 0.04 0.06 0.26 0.81 2.50
Part B: Ratio of 10S to exact cross sections.

J'=0 7'=2 j'=4 j'=6 j'=8 ;'=10

J=0 [ 087 097 175 448 159 154

J=2 | 1.03 088 123 255 6.92 46.7

Jj=4 | 215 141 087 111 214 9.80

J=6 | 521 299 127 085 096 259

J=8 | 204 936 293 143 0.83 1.15

J=10| 297 983 206 740 276 0.79

The same trend is observed for cross sections with higher initial j-state as was
observed for the j'=0 initial state cross sections — [0S inelastic cross sections
are larger than the exact values while the elastic cross sections are lower. The
results actually seem to get better for larger ;' on using the scaling relationship
but this is basically due to the nature of the summation. For example, the j'=6
column depends less on the large L-valued o cross section than the j' =0

columns. That is, to get the 100 cross section, only oo for L=10 is used,



which is 297 times the exact o value. To get the 106 term, the oo cross
sections for the L=4, =6, . . ., L=16 terms are used. And for L=4, the 10S
op—o i1s only 2.15 times the exact 0. value. Not only are the lower-L 0. ¢
values more accurate, but they also contribute more in equation (84) relative
to the other terms which also leads to better results for cross sections in the
mid-table region.

With these points in mind, the L « 0 results should be compared with the
J < j' results in terms of how many rotor states the initial state is from the
elastic transition. For instance, the 0—4 should be compared with the 2«6
transition. On this basis, the scaling law given by (84) preserves the ratios of the
IOS to exact cross sections for the L « 0 transitions when it is used to calculate
the j « j' transitions.

The scaling relation also allows energetically forbidden cross sections and
these may be of significant size. For example, the 10S 12«10 transition is
calculated at 8.96 A2 but is 0 (ie., not allowed) for the exact calculation.

The cross sections using the choice ky = kg,a are given in Table 6.



Table 6: I0S Cross Sections at 300K Using ky = kgnal

Part A: Units are in A2 . j' denotes the initial state, j the final state.

J’=0  j'=2 J=4 j'=6 j'=8 j'=10 j'=12 ;'=14
J=0 1101.90 4.72 0.65 0.13 0.03 0.01 0.00 0.00
j=2 23.09 111.03 7.70 1.22 0.26 007 002 0.01
J=4 550 13.46 113.22 8.06 1.31 027 0.07 0.02
j=6 1.98 3.64 12.33  120.97 8.87 167 040 0.12
Jj=8 0.80 1.24 3.07 11.02 132.19 862 179 047
7=10 0.38 0.53 1.07 2.75 9.16 15532 753 1.81
Part B: Ratio of 10S to exact cross sections.

J’=0 3'=2 j'=4 j'=6 ;=8 ;=10

Jj=0 | 087 0.99 186 371 103 727

J=2 [ 101 088 127 222 494 251

J=4 {203 137 087 104 172 586

J=6 | 629 344 134 085 101 255

J=8 | 314 131 365 136 083 134

Jj=1 627 183 345 753 237 0.79

Compared with the ko = kiyi;a1 choice the kg = kg,a) choice was better (although

only of the order of about 5% for values about 1.0 times the exact value) in 17

cases and the ky = ki,jia1 was better in 13 cases with the two being the same for

the elastic cross sections. The following table shows which of the two choices is

best for each transition:
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Table 7: Comparison of &j,iia and kgpa IOS Cross
Sections

The best agreement with the exact cross sections is : | if Initial state, F if
Final state or E if equal. j' notes initial state, j the final state.

7=0 j=2 ;=4 ;=6 ;=8 ;=10
7=0 E F | F F F
j=2 F E I F F F
j=4 F F E F F F
7=6 | ! | E F F
j=8 1 | | F E !
j=10 ! ! ! | F E

Rather than analyzing the above trend in terms of initial or final state pa-
rameter ko, it is useful to analyze the results in terms of choice of kyax OF kin-
Table 8 demonstrates the trend for the best &y value being ko = kyayx for large
|Aj]| transitions and ko = k., generally being the best choice for transitions

where |Aj|=2.



Table 8: Comparison of k., and k. ;, IOS Cross
Sections

The best agreement with the exact cross sections is: Max if ko = kpax, Min if
ko = kmin or E if equal. j' notes initial state, j the final state

J’=0 y'=2 j'=4 j'=6 j'=8 ;=10
7=0 E Max Min Max Max  Max
j=2 Min E Min Max Max  Max
7=4 Min ~ Min E  Max Max Max
Jj=6 | Max Max Max E Max  Max
Jj=8 | Max Max Max Min E Min
J=10 | Max Max Max Max Min E

The above two tables can be rationalized as follows: Since the total energy
in a collision is conserved, a downward transition (going from a high rotor state
to a low rotor state) corresponds to a ki, to kyax transition while an upward
transition corresponds to a k., to a ky;, transition. Now for the oy_q cross
sections the Ay, value is always the final kg choice and the k., value is always
the initial kg choice. Regarding Table 4 it is noted that for op_g and o4._¢
the Efnal or ki, choice is best while for og,_g, og_¢ and 0190, Kinitial OF Kmax
is best. By the scaling relationship in (84), transitions are governed mainly by
the op.o value corresponding to L = |j’ — j| since this is the largest term.
Assuming that more accurate o values will give more accurate 0j—; values,
then downward transitions (ie. going from a low ko to a high ko) with |Aj]
greater than or equal to 4 would tend to favour a kg, choice or k... Upwards

transitions (going from a high kg to a low kg ) with |Aj| greater than or equal
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to 4 would favor the £,,.x choice as well but this now corresponds to the ki,itial
choice. For transitions with |Aj|=2, downward transitions would favour kjyjia
or knax (as is the case in the 0—2, 4—6 and 4«8 transitions) and upward
transitions would favour kgya or Ay, (as is the case in 20, 42, 86, and
108 ).

Finally, to complete the study of ky values, one fixed energy was chosen,

ko=14.27 A=l . The cross sections using this choice of kg are given in Table 9:
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Table 9: IOS Cross Sections At 300K Using
ko = 14.27 A1

Part A: Units are in A2 . j' denotes the initial state, j the final state.
J

7=0 ;=2 j'=4 j=6 ;=8 j=10 ;=12 ;=14
j=0 | 11375 466 071 015 004 001 000 0.0
j=2 | 23.30 12224 793 140 033 009 0.03 001
j=4 6.41 1427 12125 854 157 038 011  0.03
j=6 198  3.64 1233 12097 887 167 040 0.12
;=8 068 1.11 297 11.60 12087  9.08 174  0.43
j=10| 025 038 088 270 1122 12082 923 179
j=12| 010 014 030 078 255 10.98 120.80  9.33
j=14| 004 006 011 026 073 247 10.83 120.78

Part B: Ratio of 10S to exact cross sections

7=0 ;=2 j=4 ;=6 ;=8 ;=10
097 097 204 448 156 103
1.02 097 131 255 620 33.4
236 145 093 111 207 8.02
6.29 344 134 085 101 255
26.8 117 353 143 076 141
0| 419 131 283 740 291 061

Il

S A U N
f
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In comparison with the previous results, the kg=14.27A~! choice works best
in the elastic cross sections. This can be accounted for in that the largest term
in the sum in (84) is the term involving the og._¢ value and this is estimated
better when kg is chosen as k; = 14.27 A~! rather than Kinitial OF Kfnal. In the

inelastic transitions, however, the ka1 and Agaa choices are better. A further
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investigation could study a k,yerage value where

kini tial T kﬁual

k average — 9

(207)

but since the results in the above three choices of k; differ much less among
themselves than they do with the exact results, little change from what has
already been given would be expected.

The main point to note about the scaling relations is that the discrepancies
noted in the or.¢ cross sections are carried over into the o;.; cross sections
with the results getting neither better nor worse. This is important to note since
it suggests these scaling laws can be applied to the exact results which is the

topic of investigation in the next section.

4.2.4.2 Using Exact o1.¢ Cross Sections

There are two parts to the prediction of ;. by means of the scaling law in (84)
— the values of the o cross sections and the way these oo cross sections
are combined with the 3-5 symbols — each affects the result. In particular, the
question arises if the 3-j symbols predict the correct j, 7' dependence of o ;.
This can easily be tested with the delta-shell potential by putting in the exact
OLo valuesin (84) to determine how the resulting 7 «— j’ cross sections compare
with their corresponding exact cross sections. The cross sections obtained using

the exact oy values of Table 4 are reported in Table 10.
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Table 10: TIOS Cross Sections At 300K Using Exact
oL—o Values

Part A: Units are in A2. j' denotes the initial state, j the final state.

=0 ;=2 ;=4 ;=6 ;=8 =10 ;=12 j—I4
;=0 |11752 459 030 002 000 000 000 0.00
j=2 | 2293 12485 7.00 051 0.04 000 000 0.00
j=4 | 271 1260 12397 763 058 005 000  0.00
j=6 | 032 132 11.02 12380 7.97 062  0.05  0.00
j=8 | 003 014 110 1043 12375 818  0.65  0.06
j=10| 000 001 012 101 1011 12372 832  0.67
j=12| 000 000 00l 010 096 991 12370  8.43
j=14| 000 000 000 00l 010 092 977 123.70

Part B: Ratio of 10S to exact cross sections.

7=0 ;=2 j=4 7=6 ;=8 ;=10
7=0 | 1.00 096 086 071 051 0.25
j=2 | 1.00 099 115 093 079 0.94
j=4 | 100 128 095 099 076 105
j=6 | 100 125 120 087 091 0.95
j=8 | 100 151 130 128 078 127
j=10| 1.00 367 371 276 262 063

Two trends in the above table can be noted: downward transitions are calculated

as somewhat lower than the actual value, and upward transitions are calculated

as being higher. As well, the elastic cross sections become progressively less than

the actual values as j' increases.

That the downward transitions are lower than upward transitions can be

accounted for by considering that the 10S has replaced wave number k; with
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one fixed parameter ky. One implication of this approximation can be seen in

the detailed balance equation:

Exact _ _LZ_]_ ]"Jz E\act
M(Er, + €)= (Ex, + €5) (208)

Tyt ]]b_z 33
j

where [j] = 2j + 1 and k; is the k value corresponding to the state with rotor
quantum number equal to j. For the IOS case, with k? = k% = k2, (208)
becomes:

ATE) = Lol?3, (). (209)
(The above could also be derived using (84) for each of o;_j and oj; and
equating the two expressions.) For downward transitions kj < k; so k;/k; > 1
but by (209) the I0OS approximates this term as 1. As well, in upward transitions
the term k;/k;; < 1 is also approximated by 1. If for j' > j (ie., a downward
transition) the oj; term is very close to the exact term, then the resulting
g cross section would then be lower than the exact value. Conversely, for an
upward transition the o cross section would be higher than the exact value,
as is the case in the above table. For downward transitions with final state 0,
the trend for this type of study will always lead to lower than exact values since
the o;i—; values are the exact values. For downward transitions with final state
other than 0, this trend would not always be expected. For example, the oj/;
term may be very much higher than the exact o;._;: term which, in a downward

transition could compensate for the lack of the k;/k;; > 1 term and give an

accurate 10S downward transition.



The other trend — that elastic 10S cross sections become progressively less
than the exact value for larger initial rotor state — can also be attributed partly
to the |OS approximating A7 with k3. The ko value used for the cross section
calculations was 16.92A~1 | These in turn were used to calculate the o;._j cross
sections for j' = 6 where k=14.27A-1 . If the ezact o values corresponding
to ki =14.27A-1 are used, the following values (shown in comparison to the

kinitiar=16.92A -1 values) are obtained:

Table 11: Effect Of Using Different ¥ Values In Exact
o1—o Values on the o;_; Cross Sections

Ezact oo cross sections calculated at k=14.92 A~1 and substituted into
(84).Results are in A? and are shown in comparison to the values given in

Table 10:

Ratio to Ratio to
Transition | k=14.928-1 exact results | k=16.92A-1 exact results
0~ 6 0.03 0.96 0.02 0.71
2— 6 0.67 1.23 0.51 0.93
4— 6 7.96 1.03 7.63 0.99
6« 6 133.54 0.93 123.80 0.87
8— 6 10.87 1.34 10.43 1.28

The elastic cross section does get better on using the proper energy but most
of the other transitions do not. Hence while a proper accounting for different
wave numbers among transitions may allow the scaling relation in (84) to better
replicate elastic cross sections, inelastic cross sections may require even further

types of corrections.
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The results in Table 10 are now compared to results obtained using scaling

relation (84) and 10S o1 values for an energy corresponding to 16.92A-1 ;

see Table 12.

Table 12: IOS Cross Sections At 300K Using £=16.92

A-1

Part A: Sums were done to mazimum L using (84) and the oo values given
Units are in A2 . j' denotes the initial state, j the final

for k=16.92 A-1 .

state.

7'=0 j'=2 j'=4 7'=6 j’'=8 j'=10 j'=12 j'=14
=0 101.90 4,72 0.65 0.13 0.03 0.01 0.00 0.00
7=2 23.58 110.30 7.87 1.25 0.26 0.06 0.02 0.01
7=4 5.85 14.16 109.30 8.48 1.40 0.30 0.08 0.02
7=06 1.64 3.25 12.26 109.04 8.82 1.49 0.33 0.09
7=8 0.52 0.90 2.65 11.54 108.94 9.04 1.55 0.35
7=10 0.18 0.28 0.71 2.41 11.16 108.90 9.19 1.60
7=12 0.07 0.10 0.22 0.63 2.28 10.94 108.88 9.29
j=14 0.03 0.04 0.08 0.19 0.59 2.20 10.78 108.87

Part B: Ratio of [0S to exact cross sections.

J7=0 ;=2 j'=4 j=6 j=8 ;=10
j=0 | 087 099 18 371 103 72.7
j=2 | 103 087 130 227 501 248
j=4 | 215 144 084 110 184 649
j=6 | 521 306 133 076 101 227
j=8 | 204 949 314 142 069 140
j=10| 297 97.1 229 6.61 289 055

The major finding to note is that in all but the 68 and 02 transitions

the cross sections obtained using the exact op.o values fared better than those
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obtained using the 10S o1, values. This demonstrates that the scaling law
works best with oo values that are closer to the exact results. (It could
have been that the scaling law corrected for inaccurate trends in the oo cross
sections — in which case using exact oy cross sections would give worse
results.)

Further, the errors due to the scaling laws are generally less than those at-
tributed to the oo values. For example, in the 4—6 transition, the use of an
exact oo value and the scaling law gives a 1% error but the use of the 105
oL—o value and the scaling law gives a 10% error.

The derivation of the scaling law involved only the angular momentum cou-
pling made possible through a 6 parameterized T-matrix which was made possible
by the assumption of suddenness. The calculation of the |OS oo values, involve
not only angular momentum simplifications but linear momentum simplifications
associated with the assumption of suddenness. Since the scaling law at 300K is
more accurate than the oo values, it appears that the concept of suddenness
for this collision may be better suited to studying the angular, rather than energy,

or combination of energy and angular aspects of the collision.

4.2.5 Energy-Corrected Scaling Relation

As derived in (86), the Energy Corrected Scaling Relation requires a collision
time 7. Since the shell of the potential is of negligible width (it takes no time

to pass through the potential) 7 might be considered to be 0. Nonetheless two
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proposals for a finite value of 7 are presented and then various 7 values are tested
to determine whether the Energy-Corrected Sudden scaling relation can improve
the 10S results.

One possibility for the calculation of 7 is to take the average time for a
straight line trajectory through the sphere inside the Delta Shell potential at
a given impact parameter b. Assuming the velocity v during the collision is

constant, 7 is calculated to be

s 2 (l) / Var Zpidb = =2 (210)
v a 0]

a

2v
where a is the radius of the delta-shell. The value for v could correspond to the
final or initial collision velocity or some average of the two. Table 13 gives the
result of choosing the lowest velocity to calculate a 7 value for the correction.

The 10S o1,q cross sections, on the other hand, were calculated using the initial

state k value, whether this corresponded to the lowest velocity or not.
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Table 13: ECIOS Cross Sections At 300K Using
7 = 7ma/(2vmn) and Exact opo(Ey,,,.,) Values

Part A: Units are in A2 . j' denotes initial state, j the final state.

initial

7=0 ;=2 j=4 Jj=6 ;=8 ;=10
10190 238 002 000 000 000
1214 111.03 065 000 000  0.00
017 121 11322 013 000  0.00
0.00 001 0.8 12097 0.02  0.00
0.00 000 000 003 13219  0.00
0{ 000 000 000 000 000 15532

el L L L
i
= o RN O

Part B: Ratio of ECIOS to exact cross sections.

=0 ;=2 j'=4& ;=6 ;=8 ;=10
087 050 005 001 0.00 0.00
053 0.88 0.1 001 0.00 0.00
0.06 012 087 0.02 0.00 0.00
001 001 002 085 000 0.00
0.00 0.00 0.00 000 083 0.00
0] 000 0.00 000 0.00 000 0.79

-,
IRl
=00 o AN O

Aside from the elastic cross sections, which are not affected by the ECIOS
scaling relation, all cross sections have been practically reduced to 0 by this
choice of 7. Clearly this choice of 7 is too large. This does however demonstrate
how the ECIOS scaling relation works. The 10S, by assuming a 0 collision
time, overestimates inelastic cross sections. The worse this assumption (ie., the
less sudden the collision) the more the OS will overestimate the inelastic cross
sections. Introducing a correction term inversely proportional to a collision time,

as is done in the ECIOS scaling relation, reduces inelastic collision cross sections.
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Further studies were done on finding a better 7 value. If a factor f is defined
so that

= f% (211)

then Table 13 displays the results obtained using f=1.57. It was found that an
f value of 100 completely reduces all inelastic cross sections to 0.00 A2 while
an f value of 1x10~° does not change any of the |0S cross sections. In the
investigation as to which 7 value worked best for the ECIOS scaling relation it
was found that while one choice of f was sufficient to get a column (ie. a set
of cross sections with the same initial state) of |0S upwards transitions within
55% of exact values, this same value of f was not suitable for any other column.
Table 14 reports the ECIOS cross sections for upward transitions which best fit
the exact results as well as the f value used to obtain these results. Upward
transitions can be calculated using detailed balance and would then give the

same ratio to exact cross sections as their respective downward transition.
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Table 14: ECIOS Cross Sections At 300K Using
T = fa/vmin and 108 op (B}, ) Values

Part A: Cross sections are in A2 . j' denotes initial state, j the final state.

max

=0 ;=2 ;=4 =6 ;=8 ;=10
7=0 | 101.90
j=2 2291 111.03
j=4 422 12.60 113.22
=6 043 164 10.01 120.97
;=8 002 011 094 863 132.19
j=10 0.00 000 003 037 457 15532
Fvalue | 0300 0225 0165 0.145 0145  0.79

Part B: Ratio of ECIOS to exact cross sections.

0 2 4 6 8 10
0.87
1.00 0.88
155 128 0.87
137 154 1.09 0.85
0.84 1.15 112 1.06 0.83
0075 089 089 103 1.18 0.79

1
=0 oA~ N O

S R S,
Il

It can be seen from Table 14 that the actual time that is needed to make
the scaling relation work best is actually about 1/10th to 1/5th that calculated
when it was assumed that the interaction lasts for the whole time it takes for the
atom to traverse the diatom potential shell.

Another result brought to light by this study is the fact that the correction,
which uses 7 corresponding to the least velocity works best on an [0S result

that calculates the oo values based on the highest velocity and hence highest
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energy. DePristo et. al. [32] recommend the minimum & value for the calculation
of op—g. This is based on the assumption that if the collision is sudden at the
minimum kinetic energy value, it will be sudden at the maximum value as well.
However a study of rate constants by Chapman and Green [43], essentially a
Boltzmann average of cross sections, found that using the initial energy for
upward j « 0 transitions and the initial energy for downward 0 « 7’ transitions
gave best results. The present study comes to the same conclusion.

If, however, the minimum £ value is used in both the calculation of the
oL—o cross sections and the ECIOS scaling relation then it is not possible to
get the results to all agree within a 50% deviation of the exact results, as is
demonstrated in Table 15, where the cross sections for initial rotor state equal
to 10 are reported. The [ value used was that which gave results that deviated

least from the exact cross sections.

Table 15: ECIOS Cross Sections at 300K Using

7 = 0.16a /vy, and 10S o;._ (Ey, . ) Values
Cross Section Ratio to

Transition in A2 Exact Results
0«10 0.00 3.8
2«10 0.00 1.4
410 0.02 0.46
610 0.18 0.28
810 2.75 0.43

1010 155.32 0.79




The resulting o193, (E,

P } cross sections with scaling could not be fitted

min

to the exact results as closely as were the o!9%(E,, . ) cross sections. The

JeJ’
ratio of results:exact ranged by an order of 10 using minimum k value for the
oL—o cross sections and ranged by an order of about 1.5 using the maximum
k value. A possible interpretation of why different & values work best in the
scaling relation and oo cross sections is that the 10S calculates the sudden
part of the collision where the k., value would be dominant while the ECIOS
scaling relation calculates the non-sudden part of the collision where the kun
value would be dominant.

Table 14 may be further understood by considering the actual collision time,
once 7 is calculated using the f value which worked best. Table 16 shows both
the k& value used to calculate the o cross sections and the actual 7 value used

(obtained by multiplying f times «, divided by the least velocity) that gave the

results in Table 14.
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Table 16: o;._y k Values and ECIOS 7 Values Used In
Table 14

For each entry, the upper number is the k value in A-1 used to calculate
the or_qg cross sections while the lower number is the collision time 7 in
fs (107" s.). Elastic cross sections are not corrected by the ECIOS scaling
relations and so there are no collision times for these values. j' denotes ini-
tial state, j the final state.

=0 ;=2 ;=4 ;=6 ;=8 ;=10

7=0 |16.92

;=2 |16.92 1657
258.3

=4 |16.92 1657 15.71
272.3 2042

J=6 16.92 16.57 15.71 14.27

299.8 2248 164.9

J=8 16.92 16.57 15.71 14.27 12.03

355.6 266.7 195.6 171.9

J=10 [16.92 1657 1571 14.27 12.03 8.37
511.0 383.3 281.1 2470 2470

Factor | 0.300 0.225 0.165 0.145 0.145

If the 7 value is regarded as a reliable measure of the time of interaction
then the collision time seems to be proportional to the difference in rotor states
between initial and final states. For example, transitions where |Aj|=2 seem to
require about 200 fs. whereas those with |Aj|=8 require about 370 fs. This
could explain why using the least T value in the correction works so well, as well
as why a different factor must be used for each ;' value. If the same 7 value was
used for the j'/=0 and j'=2 columns then the 40 and 4—2 would have the

same 7 value. But because the j'=0 column requires a larger f value than the
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7'=2 column, the 7 values for the 4«0 and 42 transitions are 272 and 204 fs.
respectively. Hence the outcome of calculating 7 based on final velocity and f
based on initial state gives a set of actual values that increase with |Aj|. Note
that the same sort of effect could not be achieved by using a 7 value dependent
on the average of initial and final velocities. For example, using an average 7
velocity for the 10«0 transition (|Aj|=10) would give a 7 value much less than
using an average velocity for the 108 transition (|Aj|=2).

One final point was investigated — whether using the different & values in
the calculation of the o cross sections affected the choice of collision time.
It turns out that while certain combinations seem to work best (ie., largest k&
value for the calculation of the oo cross sections and least velocity value for
the calculation of 7 in the ECIOS scaling relation) there does not appear to be
a direct relationship between the two possible choices. Table 17 demonstrates
that if the oo cross sections are calculated at a lower k value, then a higher 7

term in the ECIOS scaling relation is not always needed to compensate for this.



Table 17: How f Varies According To the k& Used in
the Calculation of the o;_y Cross Sections

The f values chosen so that the 64, 8—4 and 104 FECIOS cross sections
are within 15% of the exact values.

k Used to f Value

Calculate opg in A1 Giving Best Results
16.92 0.170
15.71 0.165
8.37 0.190

The lack of correlation between the op_g value and ECIOS scaling relation
velocity can be accounted for in that the 10S, regardless of choice of k value,
assumes an instantaneous collision. Any correction accounting for collision time,
such as the ECIOS scaling relation, would not be directly correlated to the k
value used in the 10S oo cross section calculations.

In summary, then, the results in this section recommend for the calculation of
I0S oo cross sections the use of the highest & value and then the use of these
cross sections to calculate upward transitions. These cross sections are then to
be used with the ECIOS scaling relations, where best results are obtained when
the least velocity weighted by a factor dependent on the initial state is used for
the 7 value. The net effect of this method of calculating cross sections is to
allow for a collision time in the 10S, and further, for this collision time to be
dependent on the magnitude of |Aj| for the transition.

Finding that 7 increases as does |Aj| or AE appears to violate the uncertainty

principle. This seems to imply that interpreting 7 as only a collision time may
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be too narrow a definition of 7. Since ¢; — ¢;/ is also dependent on |Aj] via
h2
¢~ =0 =70+ + 155 (212)
it could well be that instead of interpreting (e; — ¢;:)7 in the ECIOS correction
factor as an energy-collision time term it is found out that an (energy)? term

gives a better approximation to the exact cross sections.

4.2.6 General S-Matrix Scaling Relation
4.2.6.1 Using I0S o, Cross Sections

In this section the General S-Matrix Scaling Relation (GSMSR, Equation (89))
is studied with regards to how well it can correct the 10S oo cross sections.
That is, even though exact o, values are intended to be used in the GSMSR,
it is investigated whether the GSMSR can improve the regular |0S results.

In replacing the exact o o(E) + €1) with 10S opo(Ey,), there is some
arbitrariness as to the choice of Ej, since in the 10S all rotational states are
degenerate. The choice is made to interpret the [L]oE*¥'(E, + €r) term as
0025 (Ex,). That is, the choice of the k2 value which will replace operator k2
will correspond to the kinetic energy E). with the ¢, term ignored. With this

substitution Equation (89) becomes
i3 L[S+l = @)r /AP os
00 0) [6+][(ey—e)r/2m2] "F27
(213)

Uj‘_j/(Ek-l-Ejl) = (2J+1) Z
L

As well, the optimal choice of 7 was involved using for each j/, an f value and the

minimum collision velocity. This resulted in the cross sections listed in Table 18.
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The cross sections were calculated using (213) and the values where By, is the

translational energy associated with rotor state j’ from Table 5. The 7 value is

calculated using the minimum collision velocity, the value for f reported below

and equation (211).

Table 18: GSMSR Cross Sections At 300K Using I0S
oo Values

Part A: j' denotes initial state and j the final state. All cross sections are
mn

J=0_j=2 ;=4 ;=6 ;=8 ;=10
101.90 4.62 0.61 0.15 0.05 0.02
23.58 111.55 7.25 1.27 0.32 0.11
5.85 13.53 115.11 7.92 1.27 0.32
1.64 2.73 9.98 12288 7.52 1.14
0.52 0.72 1.44 0.64 134.71 6.33
7=10 0.18 0.23 0.30 1.48 9.30 158.25
f Value 1 0.25 0.30 0.20 0.15 0.10

i

Il

i

i

LR R U L WY
1
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IThe 7 value cancels out for these transitions

Part B: Ratio of GSMSR to exact cross sections.

J =0 j'=2 j'=4 j'=6 ;=8 ;'=10
j=0 087 097 17 45 16 1.5x10
j=2 1.0 08 12 23 6.1 40
j=4 22 14 08 10 17 6.9
j=6 52 26 11 086 0.86 1.7
j=8 20 76 17 12 0.85 1.0
j=10 | 3.0x102 79 97 40 24 0.80
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For transitions with j'=0, (213) reduces to

0520 (B + €51) = 0324 (Ew) (214)
and for those with j=0, (213) reduces to
053 (Br + €51) = []] o5Zo(Bx) (215)

so there is no change in these values from Table 5. The other values report a
marginal improvement over Table 5 (ie., the IOS Scaling Relation with 10S o7
values) in that elastic cross sections are increased and inelastic cross sections
are decreased, more in keeping with exact results. The 7 values which worked
best tend to decrease as j’ increases but this is not a definite trend as the j'=2
column demonstrates.

An alternative for these calculations is to convert (89) using the equation for

detailed balance (equation (208)) to

GbM(Ek +f])

.7*".7

_ (o i L\ 64 (L = )T /2hP ] (Ex + €0 pract ‘
-S4 4 5 ) [F ) (PR ew

and replace oB*at with o195 This results in
L0 L—0

CSM(Ek+fJ)

]“"J

: i L\’ 6+ [(er, — €0)7/2k)2]° [ Ex + ¢
2(2]_*_1)%:(6 ]0 0> [6+[(6;—q)7‘/2h]2:| ( kEk L) 1% (217)

Comparing (217) with (216) reveals that the effect of this treatment would be

to multiply all cross sections by a factor of (Ey + €,)/Er > 1 which would
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lead to even poorer agreement with the exact cross sections. Other ways of
approximating the oFX(Ey + €1) term by a o195, (Ey,) value would not be
expected to significantly improve these results owing to the fact that the values
of 0125 (Ex,) change only slightly with respect to a change in ko (Table 4).

It may be concluded that the GSMSR, even though intended for use with
exact oo values does have an advantage over the ECIOS (one intended for
IOS o1 values) in increasing elastic cross sections. With regards to inelastic

cross sections, however, the ECIOS does a better job than the GSMSR of scaling

down the high ¢19%

s values to match exact o, cross sections.

4.2.6.2 Using Exact o,y Cross Sections

The GSMSR was tested as to how well it applied to reproducing the exact re-
sults. In order to calculate the column of cross sections with j;'=10, the GSMSR
required the calculation of oy (Er + €1) cross sections for Ej correspond-
ing to 103K and ¢, for £=0,2,4,6,8,12,14 in order to get enough terms in (89)
to have the resulting o ; cross sections converge to two significant figures.
Table 19 lists the details of this calculation, ie., the input values required for
the calculation of cross sections for the GSMSR. Ej. is the energy according to
the most probable translational energy at 103K. J = X + j is the total angular
momentum. The last contributing J value is that value of J for which there was

a contribution of at least 1 x 10~7 A2 to the cross section.
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Table 19: Input o;¢(E; + ¢,) Values for the GSMSR
at 300K for j;'=10

Largest Max. Max. Max. Contri- Calc. Cross

Cross condition rotor A J buting  time Section

Section number!  state J (sec)?  in A2

doco( Er + ¢o) 2.2x103 4 80 84 55 3.3 1.77x10°

ooz Ex + €) 1.4x10° 4 80 84 50 3.3 4.71x100
ooa(Ex + €4) 8.5x10° 6 90 9 67 6.7 4.32x10°1
oos( Er, + €) 9.5x106 8 100 108 78 145 6.50x10-2
ooes(E) + €5) 1.1x107 8 110 118 90 16.2 3.55x10-3
oocto( Ex +€0) | 1.9x107 10 120 130 104  68.9 1.17x10-*
ooc12(Er +€12) | 6.1x10° 12 140 152 118  81.2 3.11x1076
oo14(Er +e14) | 3.5x10% 14 150 164 132 162.1 1.50x10~7

1. Not all the conditions numbers checked for the 010 transition
(Calculations for the 010 transition done on an Ammdahl 470 V8)
2. The calculation time is that required for the Amdahl 5840.

The GSMSR also requires the calculation of a collision time 7. Using an
average 7 value with minimum v resulted in inelastic cross sections that were
too low and an elastic cross section that was too high. If, however, 7 is decreased,
it is found that this scaling relationship decreases elastic cross sections since the

coefficient in each term in the sum in (89) becomes

292

6 + [L(L + 1)hir/(4])]

- (218)

Not only does a decrease in T decrease elastic cross sections, but it also increases

inelastic cross sections since the coefficient in each term for these cross sections
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in (89) becomes
6 + [L(L + 1)hir/(4]))? A
6+ [+ 1) — G+ Dl /(D)]

and for L small (where most of the contribution occurs) and j'=10 and j=2,4,6,8

(219)

7+ ) =G +1) > L(L+ 1), (220)

A 7 value of 1.28 x 10713 seconds was then found to bring all results to within

25% of the exact results as is shown in Table 20.

Table 20: GSMSR at 300K Using Exact o, o(E)x + €1)
Values

The op_o( Ex + €¢) values used are from Table 19. 7 = 1.28 x 10713 s.

Transition Cross | Ratio to
Section Exact

in A2 | Results

0« 10 0.00 1.00
2 — 10 0.00 1.25
4 — 10 0.06 1.24
6 — 10 0.49 0.75
8 — 10 6.73 1.04
10 < 10 184 0.93

The resultsin Table 20 demonstrate that the GSMSR, with its allowance of a
collision time, is about as accurate in predicting cross sections as the regular I0S
Scaling Relation (Table 10), where no collision times were taken into account.
(The 5'=0 is a special case for the GSMSR in which (89) reduces to

Ojjr(Er+€j0) = oro(Ex + €1) (221)
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with j = L). The success of the GSMSR then seems to come not so much
in accounting for a collision time but in that it makes use of the 10S scaling
relationship.

One further result from Table 20 is that the 7 value was found to have
the same magnitude as in the ECIOS case, again suggesting the actual time of
interaction to be about 1/10th the time it takes for a particle going at minimum
collision velocity to traverse a shell with radius «=5.5A . There are, however,
some limitations to interpreting this 7 value as an actual time of collision. This
is demonstrated by adjusting the 7 value for each transition in order for the cross
section to fit with exact results. Table 21 lists the 7 values required to get cross

sections that are within 1% of the value of the exact results.

Table 21: 7 Values Required to Match the GSMSR
with Exact Results at 300K

The T reported below is that value required by the GSMSR to give cross sec-
tions to within 1% of the exact values.

Transition T value
in seconds
2«10 1.79 x 10713
4 — 10 1.53 x 10713
6 «— 10 0.89 x 10713
8 «— 10 1.36 x 10713
10 «- 10 |8.52x 1071

The 7 value required to fit the elastic cross section to exact results is 5-

10 times higher than the 7 value required for inelastic cross sections but there
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does not appear to be any physical reason why this should be so. As well, no
direct relationship appears between the 7 value and the type of transition (eg.
decreasing T with increasing j) which cautions one to not make too literal an

interpretation of the 7 value as being an accurate measure of the collision time.

4.2.7 Accessible States Scaling Relation
4.2.7.1 Using 1I0S o,._¢ Cross Sections

In the previous section, the GSMSR used the assumptions of the 10S to relate
0jjr(Ex+ejr) values with oo Ex+e,) cross sections. In the Accessible States
Scaling Relation (ASSR), the assumptions involve a simplification of angular
coupling coefficients, neglect of quantum tunnelling and a statistical treatment
of transition probabilities [33]. This leads to an alternative relationship between
oo—r(Er + €1) values with o (E), + €;/) cross sections. In this section several
cross sections are calculated using the ASSR in order to determine how well it
can reproduce exact cross sections.

The difference of the ASSR with the GSMSR is that the ASSR uses only one
ooL(Ex+e€r) value for each o, ;i( Ex+€;1) cross section calculated whereas the
GSMSR involves a sum of o (Ei+¢) values for calculation of the Ojejr(Er+
€;1) cross section. For this reason the ASSR calculations are easier and less costly
to obtain than the GSMSR calculations. As mentioned above, since the ASSR is
similar to the GSMSR in that it relates o, _;/( E). + €;1) cross sections with cross

sections of a different energy, namely the oy (Ey + ¢) cross section.
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Although the ASSR is intended to be used with exact o —o( Fr + €1,) values,
a study is made in this section as to how good a scaling relation the ASSR is
with the 10S 0. values. Comparing these results with exact results, it will be
determined how compatible the assumptions that lead to the IOS cross sections
are with the assumptions that lead to the ASSR.

As in the GSMSR when 10S o1 values were used, the choice is made to
interpret the quantity [j' — j]agfij,_ﬂ(Ek + €ji—j|) as 013 (Ey,). With this

substitution, equation (91) becomes

AS o _ DI N(Ec+€7-5) 105 ‘
0By + ) = 1 N(Er T ) U[]’—]|<—0(Eko)' (222)

Table 22 lists the cross sections calculated from (222) using the 10S cross

sections of Table 5.
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Table 22: ASSR Cross Sections at 300K Using I0S
or—o Values
Part A: Accessible States Cross Sections using ULe—o(Ekj,)- j' denotes initial

state and j the final state. All cross sections are in A2 .

7=0 ;=2 Jj=4 ;=6 ;=8 ;=10
10190 462 061 015 005 0.02
117.88 102.81 1135 224 058 0.18
57.39 4156 96.54 1320 2.82  0.72
2524 1615 2951 93.07 1213 2.1l
1118 597 10.38 2493 9129  6.71
0| 513 276 382 942 1959 67.94

Ll L L sl e
I
=00 O AN O
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Part B: Ratio of above to the exact cross sections

7=0 ;=2 j=4 j=6 ;=8 ;=10
7=0 087  0.97 17 45 16 1.5x 107
j=2 51 081 1.9 41 11 66
j=4 21 42 074 17 37 15
j=6 80 15 32 065 14 3.2
J=8 | 4.4x10? 63 12 31 057 1.0
j=10 | 8.5x10° 9.4x102 1.2x10° 26 51 0.34

Downward transitions appear more accurate than upward transitions at the
same j' and |Aj|. Elastic cross sections underestimate exact results and become
increasingly lower as 7’ increases.

For transitions with j=0, (222) reduces to the expression

- 1 <
O’é\ij/(Ek + Ej/) = ma]I’O:O(EKO) (223)

and so for these transitions the ASSR using 10S o values is the same as the

I0S scaling relation using a}JO_SO values. For all other transitions, however, these
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ASSR cross sections prove much more inaccurate than the 10S scaling relation
using o195, values in that the ASSR reports higher inelastic and lower elastic
cross sections than the [0S results. An alternative calculation, ie., use in (91)

the exact relation
. N Xac Ek + € '~ Xac
[/ - J]Ucli'_uf-ﬂ(Ek + €pj—j1) = [—"‘E‘L‘l]—!"} Ul}?'—j;«-o(Ek +e—j)  (224)

and then approximate o32%_o(Ey + ¢)j—j|) by 012(E,) as outlined in (216)
to (217) for the General S-Matrix Scaling relation, leads to all cross sections
being multiplied by a factor of (Ej + ¢j;:—;)/Er > 1. This would increase the
already high inelastic cross sections.

From the results in this section it appears important to retain the angular

coupling coefficients (the 3-7 symbols) when relating o795, cross sections with
piing J sy g

gy’
o199 values since the scaling relations based on the 3-j symbols (the regular
IOS and ECIOS scaling relations) prove better than the ASSR. The ASSR, by
assuming these coefficients to be functions of differences in j and j’ only, is not

compatible with the o195, values since it does not correct for and in fact amplifies

the inaccuracies resulting from using the o125, values, namely, low elastic and

high inelastic cross sections.

4.2.7.2 Using Exact o,y Cross Sections

Accessible states cross sections have been calculated for ;=10 and j'=6. For
7'=10 the input cross sections are given in Table 19 while the ;'=6 while the

J'=6 input cross sections appear in Table 23. The same o (Fi + €1,) values
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given in Table 19 are then used for cross sections with initial rotor state of 10.
As well, the oy (Ey + €1) values given in Table 23 are used to calculate cross
sections with initial rotor state of 6.

In Table 23 F) is the energy according to the most probable translational
energy at 300K, and ¢, = L(L + 1)h*/2]. J = X + j is the total angular
momentum. The last contributing J value is that value of J for which there
was a contribution of at least 1 x 107 A2 to the cross section. The time for

calculations is that required for the Amdahl 5840.

Table 23: Input oy_.(E; + ¢,) Values for the ASSR at
300K for j' =6

Largest Max. Max. Max. Contri-  Calc. Cross Section
Cross Section | Condition Rotor A J buting  Time? in A2
Number! = State J (sec.)
oo Ex + €0) 1.2x107 8§ 110 118 89 20.138 0.126952 x 10°
ogo—2( Er + €2) 1.8x10° 8§ 110 118 91 19.737 0.507163x10?
oo—a(Er + €4) 2.1x10° 10 120 130 96 39.148 0.404343x10°
oo—o( Er + €6) 1.9x107 10 120 130 104 68.934 0.340958x10~!

1. Not all the conditions numbers checked for the 006 transition
2. Calculations for the 0«6 transition done on an Amdahl 470 V8

The values from Tables 19 and 23 were then substituted into equation (91)

and the resulting cross sections are displayed in Table 24.



Table 24: ASSR Cross Sections Using Exact
oo—L(Ey + €,) Values for 300K

The oor(Ey + €1) values used are from Tables 19 and 23 .

Cross Ratio to Cross Ratio to

Section Exact Section Exact

Transition in A2 Results | Transition in A2 Results
0—6 0.03 1.00 010 0.00 1.00
26 1.27 2.32 210 0.00 4.32
46 14.36 1.86 410 0.03 5.62
6—6 126.95 0.73 610 1.31 2.00
8—6 25.36 3.34 810 8.67 1.34
106 3.64 147 1010 80.58 0.41

The calculations in Table 22 are also more inaccurate than the ASSR using
0535 _;1(Ex + €)51_5)) values (Table 24).

On the basis of these results, the ASSR calculates elastic cross sections that
are lower and inelastic cross sections that are higher than the exact cross sections.

(The special case where 7=0 reduces (91) to
Oo—ji(Ex + ¢j0) = oo (Ex + €L) (225)

with j* = L and so the 010 and 0«6 ASSR cross sections are exact). As well,
as |j — j'| increases, so too does the error. In the j'=6 column the cross section
for a downward transition with a given |j — j'| is much closer to the exact value
than is the upward transition cross section for the same |j — j'|.

In the paper where the ASSR is introduced some calculations [32] using the
ASSR for Ar-N» using the potential of Pattengill, LaBudde, Bernstein and Curtiss

[39], it was found that error increases as |j — j'| increases. In these calculations
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it was also found that the error for transitions for the Ar-N9 system increases as
J' increases but this is not the case for the results in Table 24 . For example,
the ratio of the 46 transition cross section to exact results is 1.9 but for the
8«10 transition is more accurate, with a ratio to exact results of 1.3.

It was also found in the calculations by DePristo [33] that the ASSR for some
transitions where | — j’|=4 can overpredict by a factor of 2 (as is the case in
this study for the 2«6 and 610 transitions) and the ASSR for |j — j/|=6 can
overpredict by as much as 11 times (here, for the 4—10 transition, the ASSR
overpredicts by only about 5.5 times).

In comparison to the ASSR cross sections, the |OS cross sections which use
the 10S o, values (Table 5) are better for all the j'=6 transitions and for the
J'=10 transitions for |j — j’|=0 and 2 (ie. the 10«10 and 8«10 transitions).
The two are similar in that they become worse with increasing |j — j'| and
this error in both scaling relations grows to about the same magnitude as the
transition becomes more inelastic. For example, the errors in the I0S for the
810, 610 and 410 transitions are 15%, 160% and 880% and for the ASSR
are 34%, 100% and 460% respectively. DePristo further notes [33] that using
pure statistical theory (ie. treating all rotational states as degenerate) to relate
the 09— (E) + €1) values with the o;_;/(E) + €;/) cross sections leads to even
greater inelastic cross sections and hence even poorer results. It seems possible
then that the reason for the overestimation of the inelastic collisions comes from

the statistical assumptions made in each scaling relation, the ASSR when it
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assumes that the transition probability is inversely proportional to the number of
accessible states, and the 10S, when it replaces operator k7 with one parameter
k% and in doing so treats all rotational states as energetically equivalent.

One further note on DePristo’s work [33] which may have some relevance on
this work is that DePristo found that his scaling theory worked best for systems
with a lower reduced mass, such as a He-CO system, for which the reduced
mass is about 3.5 atomic mass units (amu). Less accurate results were found by
DePristo for the Ar-No system, which has a reduced mass of 16.5 amu.

Finally, in comparing the ASSR cross sections (which vary by as much as
1500% from the exact results) with the GSMSR cross sections (which vary by
at most only 25% from the exact results (Table 20)), it may be concluded that
the manner in which the GSMSR relates the o (Fx + €,) values with the
oj—j/(E; + €) cross sections appears to be more reliable. In the ASSR, the
combined assumptions of degeneracy, the Effective Hamiltonian having angular
coupling coefficients dependent on energy differences and neglect of quantum
tunnelling lead to errors of the same magnitude found in |OS scaling relations with
|OS oo values even though ezact input cross sections are used. One possibility
for decreasing this error of the ASSR is to modify or remove its assumption that
on statistical grounds that the transition probability is proportional to the number

of accessible states.
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4.3 Cross Sections at 1000K

4.3.1 The Exact Cross Sections

An exact calculation for 1000K was carried out. This requires changing certain
parameters from the values used for the 300K calculation. Specifically, at 1000K,
the thermally most probable rotor state is 12.64 (which was taken to be 12 since
this study considers only the even rotor states) and the maximum rotor state for
Ny with a translational energy of 1000K (ie. using (190)) and initial rotational
state of 12 is 20. This gives a total energy of E = kT + €1, = 2.004 x 10720,
If all the energy from the initial conditions is converted to kinetic energy then the
maximum k value possible is 3.14 x 10''m.~! Using (196) the maximum partial
wave contributing is estimated at 173 so contributions from 190 partial waves
were kept. All other parameters — those for the potential and N-N distance —
were kept at the same values as used in the 300K calculations. As this study
is focussed on the utility of the |OS approximation and its variants to calculate
rotational cross sections, any aspects of vibrational motion have been ignored.

The calculated cross sections retaining only open states are listed in Table 25.



Table 25: Exact Cross Sections at Energy=1000K

§' denotes initial state and j the final state. All cross sections are in A2 .

j’=0 j'=2 j'=4 j5'=6 j'=8 ;=10
=0 {70.07 3.13 019 0.01 0.00 0.00
J=2 |1544 7392 524 027 0.02 0.00
7=4 168 9.16 7564 496 0.30 0.02
7=6 0.16 066 6.83 80.03 5.2 0.32
7=8
g=1
7=1

001 006 051 6.75 79.69 6.01
0| 000 000 003 044 6.76 85.11
yj=12| 0.00 0.00 0.00 0.03 044 6.70
J=14| 0.00 0.00 0.00 0.00 0.03 0.36
J=16|( 000 000 0.00 0.00 0.00 0.02
J=18}{ 0.00 0.00 0.00 0.00 0.00 0.00
J=201 000 0.00 0.00 0.00 0.00 0.00

j'=12 j'=14 j'=16 j'=18 ;'=20
=0 0.00 0.00 0.00 0.00 0.00
j=2 0.00 0.00 0.00 0.00 0.00
7=4 0.00 0.00 0.00 0.00 0.00
7=06 0.02 0.00 0.00 0.00 0.00
7=8
7=1
7=1

037 0.02 0.00 0.00 0.00
=10 6.38 0.35 0.02 0.00 0.00
=12 | 90.09  6.63 0.39 0.03 0.00
J=14| 6.49 98.79 7.00 0.50 0.03
J=161 034 6.28 108.63 8.05 0.49
J=18 | 0.02 0.35 6.28 127.48 7.05
J=20| 0.00 0.01 0.22 4.00 171.52

For the inversion of matrix K? + 1 the largest condition number was found
to be of the order of 1 x 107. For the inversion of matrix W — 1/nj the largest

condition number was found also to be about 1 x 107.
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A comparison of the 300K cross sections (Table 2) with the 1000K cross
sections reveals that all inelastic and elastic cross sections are reduced as the

temperature increases.

4.3.2 The I0S o,y Cross Sections

As noted in the literature, the Energy Sudden [30] and Centrifugal Sudden [44]
approximations improve for higher collision energies. Thus it is expected that
the 10S, a combination of the ES and CS, should improve at a higher collision
energy.

The 10S calculation was carried out for 1000K keeping all the parameters
the same as described for the 300K calculation except: contributions from 190
instead of 120 partial waves were included and the by = k;,;; value was calculated

as that value which would give a total energy corresponding to

RS, . : h’
5t i + 1) 7 = 2.004x107207 (226)

where 2.004x10720 J. is the total energy appropriate for 1000K. Again the Ao
value was chosen to be the average of A and \'. The calculated 10S cross sections

are listed in Table 26.
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Table 26: IOS Cross Sections at 1000K Using
ko = Finitial

Part A: 3’ denotes initial state and j the final state. All cross sections are in

A%,

=0 7'=2 j'=4 3'=6 ;=8 ;=10
J=0 16240 397 034 0.05 0.01 0.00
J=2 |[19.79 69.14 6.16 0.62 0.10 0.02
7=4 3.05 11.18 69.04 6.77 0.73 0.13
7=06 0.59 159 967 70.28 7.15 0.84
7=8
j=1
g=1

014 030 129 924 7198 7.52
0| 004 007 023 122 9.07 75.00
=121 0.01 0.02 005 022 120 9.11
J=14] 0.00 001 001 005 022 1.25
J=16] 0.00 000 0.00 001 0.05 024
J=18 0.00 0.00 000 0.00 001 0.06
J=20} 0.00 000 0.00 0.00 0.00 0.02

J'=12 j'=14 j5'=16 ;'=18 ;=20
=0 0.00 0.00 0.00 0.00 0.00
§=2 0.01 0.00 0.00 0.00 0.00
7=4 0.03 0.01 0.00 0.00 0.00
J=6 0.16 0.04 0.01 0.01 0.01
7=8
7=1
7=1

095 0.19 0.06 0.03 0.02
0] 780 110 0.24 0.09 0.05
217895 840 1.25 0.33 0.14
J=14| 9.16 85.18 8.62 1.52 0.47
J=16| 132 9.65 9263 9.00 1.81
J=181 026 146 9.74 105.03 8.75
J=20] 0.06 029 160 10.03 12747
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Table 26 — Continued

Part B: Ratio of IOS to ezact cross sections

=0 /=2 =4 7'=6 ;=8 ;=10
0.89 13 1.7 3.6 9.8 52
1.3 0.94 1.2 2.3 4.9 20
1.8 1.2 0.91 1.4 2.4 7.6
3.8 2.4 1.4 0.88 1.3 2.7
10 5.2 2.5 1.4 0.90 1.3
48 19 7.4 2.8 1.3 0.88
3.1x102  1.0x102 30 8.5 2.7 1.4
1.3x10%3  4.5x102 1.2x102 33 8.4 3.4
1.2x10% 4.3x103 1.0x103 2.0x102 48 14
1.3x10° 3.7x10% 6.1x103 1.2x103 2.4x102 71
1.9x107 2.2x10% 3.3x10%° 3.6x10* 5.4x103 1.3x103

ol I
= === 0RO
0D N O

e T W .
il

I
)
S

j’=12 ;=14 ;=16 ;=18 ;=20
0 |4.1x104 1.7x10° 2.5x10% 4.8x10° 1.6x10°
2 | 1.3x102 5.5x102 8.0x10% 1.2x105 1.4x107
4 36 1.5x102 1.8x103 1.8x104 1.8x10°
6 8.8 36 2.7x102 2.4x10% 1.1x10°
8
1
1

2.6 8.4 55 3.7x102 1.1x10%
0 1.2 3.1 13 78 1.6x103
2 0.88 1.3 3.2 13 1.6x102
j=14 1.4 0.86 1.2 3.1 18
j=16 3.9 1.5 0.85 1.1 3.7
j=18 15 4.2 1.6 0.82 1.2
j=20 | 1.9x102 29 7.4 2.5 0.74

T T A S

<
I

Contributions for A > 184 for j=0 were found to be negligible (ie., affecting
only the sixth significant figure).
The unitarity of the .S matrix (equation (206)) again was verified to 6 sig-

nificant figures for (206) summed up to L = 30. As well, a check was done
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on the S-matrix integration procedure, using 96 as well as 40 points for Gauss-
Legendre integration. The 96 point integration procedure agreed with the 40
point procedure to 6 significant figures.

Table 26 demonstrates that in 28 of the 36 transitions for j and j’ ranging
from 0 to 10 the ratios of the OS5 cross sections to exact cross sections at 1000K

are closer to one than the corresponding ratios at 300K (Table 5).

4.3.3 ECIOS 0,y Cross Sections

One of the most attractive features of the ECIOS scaling law is that it corrects for
the large 10S values for highly inelastic collisions. This warranted investigation
at higher temperatures, where there is the possibility for even higher energy
inelasticity. Will the ECIOS be able to correct for this as well?

Table 27 gives a comparison between exact, 10S, and ECIOS values at 1000K.
The f value chosen for the ECIOS calculation is 0.5.



Table 27: ECIOS Cross Sections at 1000K

Transition | Calculation Cross Section Ratio to Exact

Exact 70.07

00 10S 62.40 0.89
ECIOS 62.40 0.89
Exact 15.4

20 10S 19.8 1.3
ECIOS 19.4 1.3
Exact 1.68

40 10S 3.05 1.8
ECIOS 2.40 1.4
Exact 0.157

60 10S 0.589 3.8
ECIOS 0.232 15
Exact 0.0137

8«0 10S 0.138 10
ECIOS 0.0167 1.2
Exact 7.73 x 10~%

100 10S 3.72 x 102 48
ECIOS 1.11 x 10-3 1.4
Exact 3.57 x 10~°

120 10S 1.11 x 102 310
ECIOS 7.86 x 1072 2.2
Exact 2.80 x 10-°

140 10S 3.56 x 10~3 1300
ECIOS 597 x 10-° 2.1
Exact 1.01 x 10-7

160 10S 1.19 x 10-3 12000
ECIOS 4.60 x 10-7 4.6
Exact 3.20 x 10~°

180 10S 412 x 1074 130000
ECIOS 3.15 x 10-8 10
Exact 7.74 x 10712

200 10S 1.46 x 10~4 19000000
ECIOS 1.29 x 109 167
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The results in Table 27 seem to indicate that the corrections invoked by the
ECIOS are mathematically valid; the ECIOS follows the behaviour of the exact

calculations even to values as low as 1 x 10-7 A2,

4.4 Changing Parameter Cy,

In the calculations parameter C'y, is the unitless constant

2
CV§ = h—/.;(LV:s (227)

and so an increase in Cy, corresponds to increasing value Vs, or “height” of
the shell. It was investigated whether an increase in this value would make the
collision more “sudden” and hence bring about better agreement between the
IOS and exact calculations.

Table 28 displays the results of this calculation. Initial conditions were set

with j'=0 and translational energy equivalent to 300K
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Table 28: Exact and IOS Cross Sections at 300K for
Cy, =1000

Part A: Ezact Results. Units ave in A2 . j denotes initial state, j the final
state.

7=0__j=2 j=h =6 ;=8
198.63 0.59 0.07 0.01 0.001
2.80 203.92 0.70 0.09 0.01
0.52 1.08 202.36 0.35 0.04
0.08 0.15 0.37 202.12 0.17
0.006 0.01 0.03 0.12 205.62

i

f
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Part B: 105 Results.

J=0_j=1 _j=% j=6_ ;=3
7=0 | 199.87 0.54 0.16 0.022 0.0029
j=2 2.19 201.74 1.21 0.16 0.021
j=4 0.92 1.91 202.42 0.64 0.087
7=6
7=8

0.47 0.86 1.93 201.97 0.39
0.29 0.46 0.94 0.86 202.46

Part C: Ratio of 105 to exact cross sections.

]'/:0 j/:2 ]I:4 jI:6 j/:8
1.006 090 236 206 250
078 0989 173 177 217
1.76  1.77 1.000 1.81 246
566 589 517 0.999 222
48.40 42.04 3740 7.36 0.985
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While the values in Table 28 indicate that changing parameter Cy, does not
improve agreement for inelastic cross sections, it does show that the 10S elastic
cross sections do improve in their agreement with exact results. In Table 5 with
Cv, =100, elastic cross sections are out by about 20%, whereas in Table 28,
with Cy, =1000, the 10S elastic cross sections agree to within about 1% with
exact values.

Note also that increasing parameter ('y, increases elastic cross sections and

decreases inelastic cross sections in general.

4.5 Changing Parameter a

It was investigated whether reducing the parameter «, the delta-shell radius,
would increase the agreement between |0S and exact results. The motivation
behind this investigation is that a smaller radius would correspond to a shorter
time of interaction between the atom and diatom and make for a more sudden
collision.

The initial conditions were chosen with j'=0 and the translational energy

corresponding to 300K. The results are shown in Table 29.



Table 29: Exact and IOS Cross Sections at 300K for
a=0.55A"1

Part A: Ezact Results. Units are in A2 . j' denotes initial state, j the final
state.

j'=0 j'=2 j'=4 j'=6  j'=8
J=01229 0.0063 0.00076 0.00011 0.0000051
J= 10.030 2.33 0.0091 0.0013  0.000068
J=4 1 0.0056 0.014 2.29 0.0026  0.00025
J=6]0.00082 0.0021 0.0028 2.35 0.0018
J=380.000026 0.000075 0.00018 0.0012 2.47

Part B: 105 Results.

F=0_ =2 =k =6 =8
221 0.0068 0.00089 0.00062 0.000064
0.018 222 0.0081 0.0040  0.00046
0.0076 0.027 2.28 0.014 0.0017
0.0044 0.016 0.013 2.31 0.0069
0.0033 0.010 0.0039 0.018 2.35

S N N
Il
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Part C: Ratio of 10S to exact cross sections.

/=0 j=2 j=4 j=6 ;=8
096 11 116 5.82 13
061 09 089 3.08 6.8
14 19 099 523 6.9
54 72 45 098 3.72
126 139 22 15 0.95
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The first observation to be made from Table 29 is that cross sections in
both the exact and 10S calculations are drastically reduced, about 2 orders of
magnitude for both elastic and inelastic collisions from their values when a =5.5
A-1 . Yet even at these reduced values the 10S still overestimates inelastic
collisions. Elastic collisions agree to within about 5%.

The results of the last two tables indicate that something more complex than
reaction time considerations may be required to further improve the 10S relia-
bility for inelastic cross sections. Another useful investigation involving adjusting
a collision parameter would be to decrease the anisotropy parameter b,. Yet

another would be to calculate cross sections for a lighter system, eg., He-N».



5 DISCUSSION

5.1 Time Savings of the IOS

One of the most attractive features of the IOS approximation is its computational

efficiency. Matrix manipulation is greatly reduced and the programs required for

calculations are shorter and much quicker than those for the exact calculations.

Table 30 lists the computer time required for the 10S and exact calculations

presented in this study. It lists the times in seconds required for program com-

pilation and execution for the cross sections calculated in the previous chapter.

The 300K calculation was done on an Amdahl 470V8 and the 1000K calculation

on an Amdahl 5840.

Table 30: Computer Time Required for IOS and
Exact Calculations

105 Exact
Temperature | Calculation | Calculation
300K 30.0 67.3
1000K 64.0 1000.0

As previously noted, the I0S becomes more accurate at higher collision en-

ergies [30], [44]. This feature of the 10S, coupled with the fact that at higher
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energies the exact solution requires a far greater amount of calculation make the

I0S a very attractive alternative to close-coupled calculations at high energies.

5.2 Possible Improvements to the I0S

In replacing values k; and A\ by parameters ky and Ag in (29), the 10S allows
for an easier method of calculation which, depending on the conditions of the
collision process, may or may not be an accurate reflection of the exact results.
Certain modifications to the |OS are proposed in this section which may serve to
enhance the accuracy of the approximation.

One promising result is that the ECIOS proved to correct high 10S inelastic
cross sections. A possible extension to this study could be to:

1) improve the calculation of the 7 value, and,
2) extend the ECIOS correction to include a Centrifugal Sudden
correction where 7 would be dependent on A as well as j.

A correction to the ECS proposed by Richard and DePristo [45] does not
improve the agreement with exact cross sections. Even if it did improve the
agreement, applying such a correction to the values presented in this work may
not be as effective as correcting for the CS approximation, as was done by

McLenithan and Secrest [46]:
. 1 g o o7 e ; e .
8% = —_—./ [vf/)c‘”(R)]T (—ZI;Z—QM»“(R)JR + %(5“51 + 678¢%)
A 0 . Z
(228)
where SY* is the CS S-matrix, [ is Ao and &7 is a null matrix, save for its jth
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diagonal element, which equals unity. The above is essentially a first order pertur-
bative correction to the CS scattering matrix, where that part of the Hamiltonian
neglected by the 10S is calculated and then applied as a correction to the ap-
proximation. A first order correction has been shown to improve the CS results
for cross sections involving m transitions [46].

Another way of correcting for the CS approximation could be to split the free

motion Hamiltonian into a radial and angular part and from this get
Hfree = Hyagial + Hangular (229)

in order to get a correction term something like

1 24h? .
cclos z 108
o707 = — o} 230

d \Z\f 2407 4+ (e — ey )22 MY (230)

Equations (229) and (230) are at best very sketchy and the details remain to be

worked out.

5.3 Applications of the IOS

Since its introduction in 1974 [3, 6] the |0S has been used in a variety of chemical
systems and processes. Examples of its usefulness can be found in papers deal-
ing with the Senftleben-Beenakker effect [47], calculation of pressure broadening
cross sections [48], calculation of molecular fragmentation [49], angular momen-
tum alignment due to collisions [50], and modeling potential parameters [51].

Two particular areas of study are mentioned, namely using the 10S for collisions
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involving vibrational transitions and using the |OS in the calculation of reaction
cross sections.

The Vibrational Infinite Order Sudden Approximation (VIOSA) is an approx-
imation which deals with the vibrational quantum number n the same way the
rotational quantum numbers 7 and A are dealt with in the |0S. This idea was
suggested by Pack in 1974 [3] and then formally derived by Pfeffer in 1985 [52].

Pfeffer obtains the following equation for the VIOSA:

d? 2 d ,  AA+D] . 4 2u . 2
m + EE Vg ———k—z———' <7' R X?lj,\(7', R)> = h_2V(r’ R)<7'7 Ranj/\(r? R)>

(231)
The only difference between (231) and (74) is that the parameter k2, has

an extra subscript — n — that comes about by replacing operator k? with the

2

;- This is equivalent to assuming that the duration of interaction

parameter k
is much less than the time required for a vibration of the diatom. Results are
encouraging and give reasonable agreement with exact quantum results [52] .
The Reactive Infinite Order Sudden (RIOS) approximation was developed in
1980 by Bowman and Lee [53] and by Khare, Kouri and Baer [54]. Most work so
far is on the atom — diatom system, eg. H and Hy. As an A+BC system, there
are three arrangement channels to consider, A+BC (a arrangement), AC+B
(/3 arrangement) and AB+C (v arrangement), each with its own set of coupled
equations and potential function. The goal in reaction theory is to solve for these

three sets of coupled equations while matching the wave functions 1, ¥3 and

1., so that the functions and first derivatives are continuous at the boundaries.



The 10S is used in decoupling each of the three separate blocks of equations and
since the angular momentum operators have been replaced by parameters, the
matching conditions are simpler as well (eg. setting A2 = A}z on the matching
surface) where A2, is the parameter replacing the operator A? for the « set of
coupled equations and A2, for the /3 set. Work is continuing on the RIOS theory,
which is proving to be a valuable approach to study chemical reactions [55].
Work on the |OS approximation and the exploration of new areas where it may
be applied is attractive not only because of the substantial saving in calculation
time that the I0S affords but also because it is through comparison of exact and
IOS results that a further understanding of the underlying details which make up
the final results is achieved. Through work such as this it is hoped that a fuller

knowledge of the dynamics of chemical systems may be developed.

5.4 Molecular Potentials

5.4.1 Time Savings of the Delta-Shell

Since use of the delta-shell potential allows an [-integration step to be avoided
that would otherwise be needed if a continuous potential was used, computations
using the delta-shell potential are much simpler and faster than those using
a continuous potential. Table 31 compares the computer time needed in the

calculation of the elastic cross sections reported in Table 1.
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Table 31: Computer Time Required for 10S
Calculations for a Continuous and Delta-Shell
Potential

The calculations were done on an Amdahl 5840.

Type of Potential | Time in Seconds
Delta-Shell 2.446
Inverse Power 3.562

5.4.2 Comparison of Potential Parameters

For purposes of comparing the effect of modelling an inverse power potential with
a delta-shell potential, a way of comparing the inverse power potential parameters
and the delta-shell potential parameters used in this study is presented in this
section.

There are two factors which must be taken into account in comparing the
relative strengths of the potentials. Firstly the parameters are of different units,
the inverse power potential having a parameter in units of J-m12 and the delta-

shell potential having a parameter in units of J-m~L.

Further, the potentials
go to infinity at different points, the delta-shell at « = 5.5x1071°m. and the
inverse power at £ = Om. One method of comparison is to integrate the delta-
shell potential over the a region of space from R = 0m. to R = 5.5x10-10 m
Then the inverse power potential will be assigned a constant value, namely, that

value it has at R = 5.5x107'%m. and then integrated over the same region of

space. The two resulting energy-distance values obtained will then be compared.
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Equation (198) gives the following value for the inverse power potential at R =

5.5x107m
yinverse power(5 5 5 1071%n.,0) = 2.911 x 10722 J[1 + 0.5Py(cos 0)]  (232)

Integration of this value over the region R = Om. to R = 5.5x10~1%m. leads to

the following energy-distance value:

r=a

Jinverse power(5 5 5 107 %.,0) = 1.6 x 1072 [1 + 0.5P,(cos 8)]J —m
r=0
(233)
Integrating the delta-shell potential over the same region of space gives the

following value for comparison:

/ pdeltashell g, / 3.697 x 107 [l + 1.5P(cos )] 6(r — a)dr
r=0 7

-=()

= 3.70 x 107 [1 + 1.5Py(cos 0)]J —m (234)

Hence the area under the delta-shell used in this investigation is roughly twice

what one would obtain with a square well potential extending from R = Om. to

R = 5.5x10"10 m. having a height that is given by the inverse power potential
at R = 5.5x107%m.

Another parameter to consider is the value for «, the position of the delta-

shell. This value will be compared with the point where the inverse power po-

tential becomes equal to the kinetic energy of the relative motion of the atom-

diatom. Equating

. L 2.2% 1071 x [10719]" » A7k
y/ inverse power _ X [{lj [ ] J - 771,12 [1 + 0.5P2(COS 0)] = 2/1,
(235)

130



where k = 14.27x101%m~1 and p = 2.73x10720 kg. gives a value for R of
3.63x1071%m. This is to be compared with the value of a= 5.5x10~10m. A
possible algorithm to determine magnitudes for delta-shell parameters in order

to model an inverse power potential with a delta-shell potential could be:

e choose a to be twice the distance where the inverse power potential is

equal to the relative kinetic energy of the atom-diatom

o choose the strength parameter Vs to be twice the product of the strength

of the inverse power potential at « and the distance a.

The final comparison is that for the anisotropy parameter. The inverse power
potential uses 0.5 while the delta-shell requires a parameter of 1.5 to give equiv-
alent 00 and 2«0 cross sections.

The comparison presented offers a quick method of comparing the two types
of potentials. As for future delta-shell potential modelling, many possibilities ex-
ist. Another repulsive shell could be added to determine if the higher transitions,
eg. 0—4, 06, ... can be matched with the inverse power potential cross sec-
tions. One could try to model the attractive part of a molecular potential with a
delta-shell. Finally, an attractive and repulsive delta-shell could be combined in
order to give a reasonable approximation to an actual molecular potential. The
fact that 0+—0 and 20 cross sections from the inverse power and delta-shell po-
tentials can be matched fairly closely (see Table 1) is a promising note for future

development of how to make a delta-shell to replace a continuous potential.
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5.5 Calculations on a PC

The advent of a world wide standard PC in 1981 has resulted in improved porta-
bility of computer programs and availability of computing resources. Once a
program is debugged and running successfully it is no longer necessary to change
the source code to conform to the standards of the mainframe of the institution
that the scientist is working at or visiting.

One other advantage is in the area of numerics. Overflows of the order of
10°7 that could not be handled by a mainframe are handled easily by Microsoft
Fortran 5.1 (which can handle values up to 10%57).

There are however still disadvantages with using a PC. Two of the main
concerns are limited memory and a slower CPU (depending on machines used for

comparison).



6 CONCLUSIONS

Many useful and interesting results have come about from this investigation
of the IOS and delta-shell potential. The following is a summary of the most
important results, as well as a summary of what further investigations may be
performed in light of these results.

It was found that cross sections from a 0 dependent delta-shell can be com-
puted that are comparable to a more realistic potential, such as an inverse-power
potential. Further studies may include various combinations of repulsive and
attractive delta shell potentials.

This work suggests future work in many areas may prove beneficial, such as
further investigating how to model a continuous potential (such as a Lennard-
Jones) with a delta-shell potential. Perhaps a hard sphere repulsive (since it is
non-penetrable) and non-spherical attractive delta-shell may offer a combination
of ease of computing and a fairly realistic model of certain systems.

Expressions for the T-matrices have been derived from the exact and 10S
solutions for an atom-diatom system with a (-dependent delta-shell potential.
As well, the rotor transition cross sections have been calculated for a variety of

energies. The exact and 10S cross sections were then compared. At translational
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energies corresponding to 300K and 1000K the cross sections were found to be
reasonable but at high rotational energy transfer the 10S consistently overesti-
mated the values.

Several scaling laws aimed at improving the 10S cross sections were inves-
tigated. These all are based on the |0S oo cross sections. The Accessible
States Scaling Relation, an approximate scaling law based on angular momentum
transfer of the rotor states was found not to be a significant improvement over
regular 10S scaling laws at 300K. The General S-Matrix Scaling Law, based on
a scaling based on reaction times and rotor energy separation was found to be
useful in some cases in correcting for the large inelastic cross sections given by
the 10S approximation.

The Energy Corrected Scaling Law, based entirely on correcting for the 105
S matrix with a reaction time parameter 7 was found to correct very well for
IOS differences from exact results for 300K. The 7 values that worked best were
found to be 1/10th to 1/5th that calculated for the time it takes an atom to
traverse the diatom potential shell.

The scaling laws also were investigated as to how well they performed using
exact o7 cross-sections. All four scaling laws performed very well at 300K. This
suggests that there exists for the delta-shell potential a quick way of calculating
other transitions from the o, cross sections.

Various choices for the ky parameter were investigated as to whether they

affected the 10S results, but it was found that changes in its value did not
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significantly improve agreement with exact values.

Inclusion of closed channels was not found to significantly affect the results.

Increasing the parameter Cy, improved both elastic and downwards transi-
tions but upwards transitions became worse.

Decreasing the parameter ¢ brought about very good agreement between
exact and |OS results on elastic cross sections, but not for inelastic cross sections.

The savings in computational time was found to be very significant in each
of the approximations considered. Using a delta-shell was far simpler and quickér
than using the standard Lennard Jones potential. And using the 10S approxi-
mation on this delta-shell potential was found to be much easier than using the
exact calculations for the same situation. This suggests that investigations into
further improvements to the delta-shell potential and |0S approximation may
prove beneficial to shedding light on problems that have been impossible to solve

with conventional potentials and computing procedures.
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