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Abstract

A new method for deriving first order density corrections to transport coeflicients using
projection operators in the time correlation function formalism is developed.

Low and moderately dense gas transport coefficients are standardly calculated from a
form of the generalized Boltzmann equation. This equation being solved to first order density
corrections for repulsive potentials at the binary collision level by Snider and Curtiss and
later extended to include the effects associated with the static presence of a third particle on a
binary collision by Hoffman and Curtiss. Rainwater and Friend added extra contributions for
the presence of bound pairs when the molecules have an attractive potential. They utilized
the Stogryn - Hirschfelder theory for the bound pairs and performed detailed numerical
calculations of the resultant formulas. While the numerical calculations give good agreement
with experiment, questions remain as to the nature and rigor of the assumptions made in
obtaining the final formulas, espécially the ad hoc addition of bound pair contributions
to the density corrections of systems with repulsive potentials, and the extent that these
approximations affect the final numerical results.

To study these questions, the time correlation function formulas for the transport coeffi-
cients were chosen as an alternative route to determine first order density corrections. The
time correlation formulas are formally exact and so the density corrections can be usefully
compared to those of the generalized Boltzmann equation.’ '

Kawasaki and Oppenheim had previously derived formal expressions for first order density
corrections to the shear viscosity for a gas of molecules with a repulsive potential, but their
results had not been reduced to a form that could be directly compared to those of Snider and
Curtiss. As a first step in the study of the time correlation function formalism, the density
corrections of Kawasaki and Oppenheim are shown to be equivalent to those of Snider and
Curtiss along with an additional correction for three-body collisions.

The projection operator method developed in this thesis does not have the infinite series
resummation procedure used by Kawasaki and Oppenheim and is an alternative route to
obtaining density corrections from the time correlation functions. At low pressures, pro-
jection operators are defined which only consider kinetic contributions to the flux function
and expressions for the lowest order transport coefficients along with their higher moment
corrections are derived. These expressions are consistent with the solution of the Boltzmann

equation.
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The first order density correction from bound pairs on the transport coefficients are
approximated by treating the system as a binary gas mixture consisting of free molecules
and bound pairs. The results of viewing the system from the molecular picture and the
atomic picture with appropriate projection operators are shown to be consistent with one
another and also with the Boltzmann equation for binary mixtures.

Density corrections in moderately dense gases also arise from potential contributions
to the flux. Projection operators which account for both the kinetic and potential flux
contributions are required in order to derive explicit expressions for the first order density
corrections to the viscosity and thermal conductivity. It is observed that these corrections are
consistent with those of Snider and Curtiss with the added Hoffman and Curtiss correction
and a term which takes explicit account of three-particle collisions.

In the treatment of mixtures and potential interaction effects, the calculation of a trans-
port coefficient is reduced to an equivalent matrix inversion problem. The binary collision
expansion of the respective resolvent in the matrix elements in these formulas allows the
transport coefficient to be expressed in terms of integrals over functions of the intermolecu-
lar potential.

The projection operator for each system is determined in a straightforward manner with
reference to the particular flux tensor in the time correlation formula. Reduction of the gen-
eral formula to relations suitable for numerical calculation involves the resolvent expansion

onto the appropriate projected subspace, and the subsequent binary collision expansion to

reduce the N-particle resolvent to a tractable form.
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Chapter 1

Introduction

The rigorous theory of density corrections to transport coefficients for moderately dense gases
has been studied since the late 1950’s. Distinct formalisms based on generalizations of the
Boltzmann equation and time correlation functions have been used to approach this problem.
These developments are summarized briefly in this introduction with relevant references and
further details presented in the following chapters.

Historically, studies in this direction began with the generalizations of the Boltzmann
equation due to N. N. Bogoliubov who provided a systematic method of extending the
Boltzmann equation to all orders of density and with the work of H. S. Green who in-
dependently developed a physical method to include first order density corrections in the
Boltzmann equation. The Bogoliubov approach involves proposing a generalization of Boltz-

mann’s Stosszahlansatz to express the s-particle reduced distribution functions pgf_)_s, in terms

of products of the one-particle distribution functions pg-l), j=1,.--5 at times in the distant
past and also assuming that at all other times, higher order distribution functions can be
expressed as functionals of the p(M’s. Choh and Uhlenbeck implemented this method to
obtain a set of kinetic equations which includes up to ternary collisions among particles.
Cohen reformulated the Bogoliubov theory in terms of cluster expansions of the BBGKY
hierarchy so as to remove a number of objections with regard to the functional assumption.

The solution of the generalized Boltzmann equation within the Chapman - Enskog frame-
work has been achieved subject to different approximations. To make the general problem
tractable, both the method of generalizing the Boltzmann equation and the finding of the
solution of the resultant equations require simplifying assumptions. In particular Snider and
Curtiss limited the intermolecular interactions to repulsive potentials and binary collisions,
and Hoffman and Curtiss included some three-particle effects in the derivation. Necessarily,

it is also not clear to what extent these approximations have affected the form and magnitude

of the final results.




At approximately the same time, formalisms for determining transport coefficients from
time correlation functions appeared. The initial formulas for the time correlation function
approach are general and valid to all orders of density, but in order to solve these general
expressions, simplifying approximations have to be made.

Historically, the equality of the transport coeflicients as calculated via the Boltzmann
equation and the time correlation functions has been investigated by many people, especially
within the lowest order approximation. But the question also arises as to the relation between
the expressions for the density corrections from the generalized Boltzmann equation and
from the time correlation function formalism. Advances to answering this question were
made by starting from the time correlation functions and relating them to a set of kinetic
equations which are then shown to be equivalent to the generalized Boltzmann equation
of corresponding order in density. But the method of treating the kinetic equations in the
time correlation function formalism is the same as that used in deriving the generalized
Boltzmann equations so this comparison does not appear to be completely independent.
In this manner the equivalence of the time correlation function formalism with the kinetic
equation approach has been demonstrated. Once the comparison of the equations is done,
there is still the question of solving the kinetic equations. Presumably, the Chapman -
Enskog solution can be used to complete the derivation of the transport coefficient. While
this helps to clarify some of the assumptions and conditions under which the generalized
kinetic equations are derived, it still leaves unanswered questions regarding the common
approximations made in both formalisms.

The generalized Boltzmann equations and the equivalent time correlation function ex-
pressions contain collision integrals over operators which for example are convergent when the
potential is repulsive. If the potential is attractive, a number of these integrals diverge when
calculated for bound states and different approximations have been introduced to account
for these problems. These approximations have all been introduced within the framework of
the generalized Boltzmann equation. Despite giving rise to reasonable numerical estimates
of the first order density corrections, the rigor of the assumptions that have gone into the
derivation of the final expressions for the transport coefficients in the presence of attractive
forces is under question. To our knowledge, a problem-free study of similar scope has not
been performed using the time correlation function approach.

It was with these questions in mind that the following thesis was proposed. It was
decided to start with the time correlation function formulas and try to develop a method

for their evaluation which is independent of the Chapman - Enskog solution, but in a final

form that is suitable for numerical calculation. Simplifying assumptions would undoubtedly




be necessary, but a contrast of the method (and results) would help to clarify the existing
questions regarding the rigor of the approaches and the range of validity of the results.

The study involves a number of steps which are presented in this thesis and which roughly
follow our chronological development of the work. After a chapter of preliminaries in which
the material of this introduction is expanded and relevant references are given, the main
study begins.

This thesis owes a lot to the work of Kawasaki and Oppenheim who used the time
correlation function approach to obtain expressions for the first order density corrections
to the viscosity. They established the equivalence of their final equations to those of the
Choh and Uhlenbeck application of Bogoliubov’s approach, but they did not reduce their
expressions further. In Chapter 3, it is demonstrated that the final equations of Kawasaki
and Oppenheim (and thus Choh and Uhlenbeck) indeed reduce to results similar to the
Chapman - Enskog solution of the generalized Boltzmann equation for repulsive potentials
as obtained by Snider and Curtiss with an added three-particle collision contribution. In
this chapter, approximations which can be used to extend the approach to include attractive
potentials are proposed. Problems we feel exist in the Kawasaki and Oppenheim theory for
the rigorous inclusion of attractive potentials and bound states are also discussed.

The main body of this work is presented from Chapter 4 onwards. In Chapter 4, a pro-
jection operator formalism is introduced to obtain expressions for the zeroth order density
transport coefficients and their Sonine polynomial corrections. This verifies the well known
fact that the zeroth order transport coefficients of the Boltzmann equation are identical to
those of the time correlation function expressions. The expressions for transport coefficients
of binary mixtures are also obtained with the projection operator formalism. The binary
mixture viewpoint is one of the ways of approximating the effects of attractive forces. At-
tractive forces can lead to the formation of bound pairs which change the detailed nature of
the fluxes in the system. In the simplest case, the number of bound pairs are approximated
by an equilibrium statistical mechanical calculation, and the system is considered to be a
binary mixture of an appropriate number of unbound particles and bound pairs.

In Chapter 5 the inclusion of bound pairs in the system from an atomic viewpoint is
presented. This can be considered to be a preliminary step to the rigorous treatment of
attractive potentials. The results are the same as viewing the system as a binary mixture,
but the bound pairs are considered to be composed of the constituting particles of the system,
and not just a general second species as is done in the binary mixture point of view.

In Chapters 6 and 7, the intermolecular potential is incorporated into the projection

operator formalism and expressions for the first order density corrections to the transport




coefficients are determined. Chapter 6 deals with general aspects and their application to
the shear viscosity while Chapter 7 deals with the application to thermal conductivity. The
assumptions made and terms neglected are enumerated and ways of improving on them seem
clear in this formalism.

It remains to put these aspects together to derive a formalism which includes both the

effects of the intermolecular interactions and the bound pairs in a uniform manner. We feel

that this thesis lays the ground work for this.




Chapter 2

Overview of the Kinetic Theory of
Transport Coeflicients

2.1 Introduction

The state of a fluid at equilibrium is completely specified on a macroscopic scale by the
density of the components and the temperature, which are uniform throughout the system
[1]. With the equation of state, and the use of the three laws of thermodynamics, the
hydrostatic pressure and other thermodynamic properties of the fluid are determined. From
a microscopic point of view, equilibrium is associated with a Maxwellian distribution of
velocities for each of the species with constant temperatures, and a positional dependence of
the particles determined by the Boltzmann distribution associated with the intermolecular
potentials between the particles.

In a non-equilibrium fluid, the densities of the components, temperature, and/or pressure
can be different in different parts of the system. The equation of state no longer necessarily
relates these quantities. Moreover, if the fluid is flowing, the pressure can have directional
properties and must be described by a pressure tensor. A single scalar hydrostatic pressure
is no longer sufficient.

As a consequence of being out of equilibrium, density, temperature and/or velocity gra-
dients arise in the fluid which cause macroscopic flows. Density and concentration gradients
lead to mass and species flow, temperature gradients to heat flow, and velocity gradients
to momentum flow. The flows may have conductive (or diffusive) and convective compo-
nents. The rates of the conductive transport for these flows are determined by the diffusion,
thermal conductivity and viscosity coeflicients respectively, which are the simplest transport

coefficients for an electrically neutral, non-reacting fluid. Coupling between flows can occur,

leading to other transport coefficients. If the gradients are not sustained by external sources,




they dissipate and the system relaxes to a uniform equilibrium state. The microscopic de-
scription of these phenomena for gases is the subject of gas kinetic theory.

If the fluid is not too far from equilibrium, macroscopically small, but microscopically
large elements of fluid can still be assigned a set of densities for the components, a tempera-
ture, a pressure and a flow velocity. Such volume elements are said to be in local equilibrium.
Within this approximation a qualitative description of the microscopic origin of the shear
viscosity is given in the next section. In this chapter, and indeed in most of this thesis, any

molecular internal states are assumed unaffected by the flow and ignored in the discussion.

2.2 Shear Viscosity: A General Survey

An insight into the physical aspects of the theory developed in this thesis can be gained by
first describing the phenomena under study. Of the various transports, shear flow is chosen
for this purpose.

Viscosity (Latin viscum: birdlime) is the phenomenon of the dissipation of a momentum
gradient in a fluid system. Just as friction produces a resistive force to the motion of rigid
bodies which counters their motion, viscosity opposes non-uniform flow in a fluid. Due to so
called “no slip” boundary conditions [2], viscosity is always present when a fluid is flowing
adjacent to a stationary object (which may be the walls of its container). Viscosity con-
verts the ordered, directional macroscopic flow of the fluid to random microscopic molecular
motions which are manifested as an increase in temperature of the fluid.

The viscosity coeflicient is defined for fluids that are microscopically not too far from
equilibrium. For a fluid flowing in a container, no slip boundary conditions cause the fluid
adjacent to the boundary to be stationary while further away from the wall, the velocity is
non-zero. This situation is represented in Fig. 1 by a lengthening of the momentum vectors
upon moving away from the wall. The actual momentum profile in a fluid depends on the

nature of the flow process. Newton’s Law of Viscosity,

F’L‘Z _ 8/1)1:
A Ta;

(2.1)

defines the viscosity coeflicient 7 in the simple geometric arrangement shown in Fig. 1, as
the proportionality constant between the directional tangential force per unit area Fy,/A,
required to maintain a velocity gradient, and the magnitude of that velocity gradient dv, /02
perpendicular to the direction of the flow [3].

The viscosity coefficient of a pure fluid depends on the nature of the substance, the

temperature, and at high pressures (more than about 1.5 MPa) the density. Since the




Figure 1. The force F on the surface A establishes a velocity .
gradient perpendicular to the direction of flow.




fluid in a flow process is not in equilibrium, the definitions of its temperature and density
require some care. The temperature and density are assumed to be local properties of
macroscopically small but microscopically large volume elements in the fluid. In general,
these properties are not equal in different volume elements in the fluid, although in simple
flow experiments they can be made constant throughout the fluid. Thus, for example, when
viscosity is measured experimentally in the laboratory [4], the temperature and density of the
fluid are kept uniform. From a macroscopic point of view, analogous to the virial expansion
of equilibrium thermodynamic properties, the temperature and density dependence of the
viscosity of a gas can be expressed as a virial expansion, which at least to the first order in
density is well defined,

n=mno(T)[1+ nB,(T) +...]. (2.2)

no is the low density, ideal gas limit to the viscosity, B, is called the second viscosity virial
coefficient and n is the number density of the gas. Inclusion of terms up to the second
viscosity virial coefficient suffices for representing the viscosity for pressures up to about 10
MPa. For comparison, terms up to the third pressure virial coeflicient are adequate for the
description of equilibrium properties of a gas in this range [5]. A qualitative description of
the microscopic nature of the phenomena contributing to no(T) and By (T') follows.
Consider as in Fig. 2, two adjacent layers of the fluid in a laminar flow, one having a
larger momentum in the direction of flow than the other. If the width of the layers is of
the order of the mean free path, the random nature of molecular motions guarantees that
a portion of the molecules from each layer wander into the adjacent layer. Molecules from
the fast layer entering into the slow layer tend to increase the average momentum of the
slow layer. On the other hand, a similar number of molecules from the slow layer enter the
fast layer, decreasing its average momentum. The net effect of this transfer of molecules
is a decrease in momentum for the fast layer and an increase in momentum for the slow
layer. This mechanism for momentum transfer between layers is purely kinetic in nature.
The initial velocity gradient is dissipated through the operation of this momentum transfer
and in the absence of a tangential external force, the velocity gradient dissipates and the
fluid “decays” to an equilibrium state with zero net momentum flow. The average distance
a molecule moves before colliding is determined by the mean free path which is inversely
related to a collision cross section. A larger collision cross section implies a smaller distance
over which the transverse component of the momentum flow is transferred between layers,
effectively a smaller transfer of momentum and thus a decrease in the viscosity. At higher

temperatures, the particles have a larger momentum and thus transfer more momentum

between layers and the viscosity of a gas becomes larger. It is emphasized that in this




Figure 2. Random motion of molecules in different layers
acts to dissipate the momentum gradient among them. There
1s no net transfer of mass between layers. '



process there is a net transfer of momentum between layers without a net transfer of mass.

At higher densities, mechanisms involving the intermolecular potential also contribute to
the transverse momentum flux in a fluid. The simplest effect is due to spatial correlations
among the particles and is related to the non-ideality in an equilibrium gas. For a given
pressure, the density of an ideal gas is different from that of a real gas. The mean free path
in a gas is inversely proportional to the density and a correct value for the mean free path
will not be obtained if the ideal gas estimate for the density is used. A correction for gas
non-ideality must be introduced at higher densities and to first order in density, this leads
to a correction to the viscosity that is proportional to the second pressure virial coefficient.

A second mechanism which affects momentum transfer at higher densities is referred
to as collisional transfer. As illustrated for hard spheres in Fig. 3, collisions can occur
in which the centers of mass of both molecules stay within their respective layers. In a
binary collision, a molecule with greater momentum loses some of its momentum to the
molecule with less momentum. Thus momentum is transferred from the fast layer to the
slow layer without an exchange of molecules. As the gas becomes more dense and the

mean free path decreases, contributions from these collisions become more important in

transferring momentum between layers. The same mechanism for momentum transfer applies

to molecules with smooth long range forces. A molecule in the fast layer may exert a force
over a distance on a molecule in the slow layer (and vice versa). This force leads to a transfer
of momentum between the layers without exchange of molecules. Collisional transfer becomes
predominant at high densities. In liquids, where motions are much more restricted, collisional
transfer may be up to two orders of magnitude more effective in transferring momentum
than the kinetic mechanism of molecular exchange [6]. If interactions between molecules
in different layers are attractive, collisional transfer will hamper the relative motion of the
layers and give rise to an effective “activation barrier” to the flow.. This picture has been
used by Eyring as the basis for a theory of viscosity of liquids [7]. At higher temperatures,
the average kinetic energy increases, and the molecules can overcome this activation barrier
to motion more readily, and collisional transfer contributions to viscosity become smaller.
This is consistent with the decrease of viscosity observed in liquids as the temperature is
raised. Collisional transfer contributes to first and higher order density corrections since
it depends on the interaction of two particles. Another aspect of this momentum transfer
mechanism is described in terms of the non-locality effect. Even at the distance of closest
approach, the centers of mass of two colliding molecules are not at the same point. This allows
interconversion of kinetic momentum flow into “virial” (potential; force related) momentum

flow and affects the momentum transfer between the layers. The occurrence of at least binary
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Figure 3. Collisional transfer of momentum from the fast
layer to the slow layer, without an exchange of particles.




collisions is required for this mechanism so it contributes to first order or higher density
corrections.

The non-ideality and collisional transfer effects require at least two particle interactions
and occur even for repulsive intermolecular potentials. At higher densities, the possibility
arises for three molecules to interact simultaneously. At a static level, a third particle
perturbs the spatial distribution of pairs of colliding molecules and adds a density dependent
weight factor to the binary collision cross section. Depending on the range of temperature,
this can increase or decrease the viscosity. True three-body collisions also affect momentum
transfer in a fluid. The probability of a three-body collision occurring is one order of density
higher than a binary collision and so leads to an extra first order density correction to the
viscosity.

Finally, in systems with attractive intermolecular potentials, the formation of bound pairs
becomes possible. This introduces a new épecies in the system with its specific collisional
properties. The formation of bound pairs also decreases the density of the free species avail-
able for momentum transfer. At low abundance, the number of bound pairs is proportional
to the square of the density of the fluid. The kinetic transfer of bound pairs between layers
contributes to the momentum transfer in the fluid, giving rise to a first order density cor-
rection to the viscosity. Calculation of the binary cross sections between free molecules and
bound pairs (treating the bound pairs as point particles) [8, 9] indicates that the presence
of bound pairs increases the viscosity. This is probably attributed to the fact that bound
pairs carry more momentum due to their larger mass and so their transport between layers
is more efficient in dissipating the momentum gradient. At higher temperatures where the
bound pairs dissociate more readily, their contribution to the viscosity decreases.

Calculations of Najafi et al. [9] for accurate intermolecular potentials, see Fig. 4, show
the relative magnitude of the various contributions to the reduced second viscosity virial
coefficient at different temperatures. The corrections, designated by (2), are related to two
particle potential effects, those indicated by (3), take into account the static effect of a third
particle on a binary collision cross section, and finally the (M — D) correction is related
to the binary collision cross section between free molecules (monomers) and bound pairs
(dimers). To our knowledge, numerical calculations of the contribution of true three-body
collisions to the first order density corrections have not been performed.

A theory which sets out to describe the viscosity of a moderately dense gas should account
for the above mentioned mechanisms. All density corrections should in principle arise from

a unified approach, but in practice, due to conceptual and mathematical difficulties, the

mechanisms are usually treated separately.




1 .10 100

Figure 4. Plots of the different contributions to the reduced second
viscosity virial coefficient for argon.
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Two general approaches exist for determining the viscosity of a moderately dense gas.
The first approach is based on solving the generalized Boltzmann equation, whose method
and results are summarized in Section 2.3. The other major approach utilizes the time
correlation function formalism. While this is the main topic of this thesis, a short summary

of past work is given in Sec. 2.4.

2.3 Generalized Boltzmann Equation for Moderately
Dense Gases

-Systematic generalizations of the Boltzmann equation which lead to the first order density
corrections to the transport coefficients were first developed by N. N. Bogoliubov [10] and
H. S. Green [11] and later worked out by Choh and Uhlenbeck [12] to the level of including
three-body collisions. M. S. Green [13] and E. G. D. Cohen [14] proposed a derivation for
the generalized Boltzmann equation based on cluster expansions which removed a number
of objections in the original calculation. Many excellent expositions describing these gener-
alizations [15, 16, 17, 18] are available. Formal derivations are not presented here whereas
the emphasis will be on the physical aspects of the theory and establishing connections with
the qualitative discussion of the previous section.

The Boltzmann equation describes the time evolution of the state of a non-equilibrium
gas at low density. The distribution function f()(vy,r,t) for a particle being within the
range dr about a position r and the range dv; about the velocity v, at time £, changes with
time if the system is not in equilibrium. Changes in (v, r, t) occur due to streaming
motion and to collisions which remove or introduce particles from the neighborhood of this
phase space point. This leads to the Boltzmann equation which in the absence of external

forces, has the form,

8f1(1)(vl7ra t) afl V1,r t ,
ot + Ve /// vlarth (V2,r,t)
— V(1,1 1) 5 (va, 1, 8) | grobdbdeds. (2.3)

In obtaining this equation, the distribution functions of the colliding molecyles are both
considered to be at the position of the first molecule r. The collision is also assumed to
occur instantaneously at time ¢. Studied from a macroscopic viewpoint and on hydrodynamic
length and time scales, the Boltzmann equation takes the collisions to occur instantaneously,
and at a single point in space. In this context, the collision term is said to be local in space

and time. The assumptions of collision locality are suitable for dilute gases.
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Figure 5. In the Boltzmann equation, the collision is
assumed to occur at a single point r.




The initial and final (incoming and outgoing) velocities appearing in the Boltzmann equa-
tion are shown in Fig. 5. In deriving the Boltzmann equation, the well known molecular
chaos assumption or Stosszahlansatz is evoked which states that there are no correlations
among one-particle distribution functions prior to collision. The Boltzmann equation de-
scribes the time change of the one-particle reduced distribution function, fl(l), at a point
v, and r in phase space at time . The terms on the left hand side represent the change
in fl(l) as a result of streaming motion in the fluid, while the right hand side approximates
the changes of the distribution function due to collisions. A particle with a velocity v, that
collides with a second particle of velocity v,, is transferred outside the vicinity of that par-
ticular phase space point. This event decreases the probability of having particles at v, and
thus decreases values of the distribution function at r, vi;. On the other hand, a particle
with a specific velocity v} at r, when colliding with another particle at a specific velocity v,
produce particles with velocity vy, and v,, thus increasing the probability at the phase space
point r, v;. The velocities v{ and v} involve the inverse collision of particles with velocities
v, and vs. This inverse collision is represented by the first term in the integral on the right
of Eq. (2.3). The integral is over the velocity of the second particle, dv,, and also relative
volume per unit time, giobdbde, where g2 is the relative speed of approach of the pair of
colliding molecules, b is the impact parameter of the collision and e is the azimuthal angle in
the cylindrical coordinate system defined by the relative velocity of approach in the collision,
cf. Ref. [7]. The values of v{ and v; are determined from vy and v, with a knowledge of
the intermolecular potential by applying binary collision dynamics.

The Chapman - Enskog solution of the Boltzmann equation gives the lowest order in
density expressions for the transport coefficients. To obtain higher density corrections, the
details of the collision must be studied within smaller length and time scales than that of the
Boltzmann equation. The collision can no longer be considered to occur at a single spatial
point and a finite collision time must be allowed. Inclusion of these details into the kinetic
equation leads to the first generalization of the Boltzmann equation to higher densities.

The quantities involved in a binary collision, when studied on a collisional length and
time scale are indicated in Fig. 6. To study the collision, it is convenient to define some cutoff
distance R, beyond which the intermolecular force is zero. This distance is later taken to
be infinite, but it serves as a useful computational tool. This description gives an indication
of the approximations made in the Boltzmann equation. First, in the Boltzmann equation,
the sizes of the molecules are neglected, and it is assumed that for particle 2 undergoing a
collision in the small interaction region, fz(l)(vQ,rg,t) = f2(1) (va,11,1), 1.e., the position of

particle 2 can be displaced to coincide with the position of particle 1. In essence, this
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Figure 6. Position coordinates during a binary collision
relevant to the generalized Boltzmann equation. The radius
of the large circle is the cutoff distance of the potential.
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approximation implies the distribution function has no explicit positional dependence inside
the interaction region. Second, the particles are taken back from time ¢, to a time ¢; where
their separation is R and they are about to enter the interaction region. Since the interaction
region is considered small in the Boltzmann equation, the difference between the times ¢,
and ¢t is neglected, the particles are not put at their actual positions of r1(¢p) and rs(%o), but
at the position r of particle 1 at time ¢.

H. S. Green [11] started with the first BBGKY equation to obtain a more rigorous
expression for the collision term. In the spirit of the Stosszahlansatz, it is still assumed
that the distribution functions of particles 1 and 2 are not correlated at the instant they
enter the interaction region of radius R. Considering the details of a binary collision, the

time evolution of the one-particle distribution function is written as,

oY of 1 /f OO v (to), 71 (to), tol 5V valto), malto) ta] | [ B
875 ! 81'1 8V1 8r1

> dI‘ngg,

(2.4)
in which m is the mass of the particles and u the intermolecular potential. H. S. Green
demonstrates that the “exact” integral for the effect of collisions on the distribution function
as given in Eq. (2.4) differs from the approximate integral of Eq. (2.3) by a correction factor
J,

afi (vy) af ( afY (vy)
T

/ 4 fl v) = FO () 8 (v2) } guabdbdedvy + T (vi, 1), (2.5)
where the correction term, J(vy,r;) is defined as,
Ju 0A .
J(vi,11) /// <8r 8v1> drdvy = Jy(vy,11) + Jo( vy, 1). (2.6)

r = ri —ry is the relative position of particle 1 with respect to particle 2. The decomposition

into Ji and J; arises from splitting up of the correction factor A into two parts,
°

A = A1+ As
Ay = fVvi(te), ri(to), tol f£7 [Va(to), ralto), o] — FI v (t), R, 8 £ [va(t), R, 1]
A? = fl(l)[vl(tO)aR, t]fél)[VZ(tO))Rﬂ t] - fl(l)[vl(tO))r17t].f2(1)[v2(t0)7rlat]' (27)

R is the center of mass of the pair at time ¢, i.e. R = %(rl +1r3). The first correction
A arises from using the center of mass position of the pair in the distribution functions
instead of their actual positions at time ¢y, and also replacing the explicit time ¢q with t.
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The second correction A, is related to using r;, the position of particle 1, at time ¢, instead
of the center of mass position of the pair. These terms account for the explicit dependence
of the distribution function on position in the collision region and thus the effect of the
intermolecular potential.

The factor A; introduces a correction involving both a time and a spatial displacement,
while A, only involves spatial displacements. By expanding the A;’s as a Taylor series with
respect to the position of particle 1, and retaining only first order gradients, the difference
of the terms in Eq. (2.7) are further simplified. Expanding the terms in A; about r; and
time ¢ gives,

af{M valto), 11, 1]
8r1

rI

A1 = = {fl(l)[vl(tO)a rlat]

- fQ(I)[VQ(to), r1,

2

81V i (to), r1, 1]
3, . (2.8)

The center of mass position in A, is expressed in terms of r; and r. Using a Taylor expansion

about ry gives,

A, = L. {3f1(1)[V1(t0)>rl,t]fg(l)[W(to),1‘1,75]} ' (2.9)
2 or,

r' is defined in Section 2.5.1. Snider and Curtiss [19] use these forms in Eq. (2.6) to derive

first order density corrections to the viscosity coefficient and thermal conductivity. The first

correction reflects both time and position aspects of the collision through r’; while the second

correction only has a positional aspect and is simpler in structure.

2.3.1 Moderately Dense Gas Transport Coeflicients from the Gen-
eralized Boltzmann Equation

Snider and Curtiss use the Chapman - Enskog method for solving the generalized Boltzmann
equation for repulsive potentials, including only binary collisions. This involves solving the
Boltzmann equation in the presence of the corrections of Eq. (2.6)

The first step in the solution is linearizing Eq. (2.5),

0] [0]

U vt T[] A 0191) + 0a(%5) = 61(%1) = da(va)] grabldedv + Ty +
(2.10)

where f{o] (vy,r1,t) and fg)](vQ, ra,t) are local equilibrium Maxwellian distribution functions
in which the densities, mean velocity and temperature are position and time dependent. The
¢;’s represent perturbations of the distribution function from Maxwellian.

By recognizing the tensorial properties of a number of the integrals which arise in the
Chapman - Enskog solution of Eq. (2.10), Snider and Curtiss were able to simplify the cal-

culation of the transport coefficients. The result was the explicit expression of the first order
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density corrections to the transport coefficients for soft repulsive potentials as integrals over
functions of the intermolecular potential and the collision parameters. Snider and McCourt
[20] later simplified the results considerably by recognizing that some of these integrals can
be expressed in terms of the second virial coefficient and its temperature derivatives. These
latter forms are stated below.

The viscosity coefficient to first order in density is,

5kT 4no dnn'/?g®
"= S0GHT) [1 +nB(T) — 15 F(T) - —15—N"(T)} : (2.11)
and the thermal conductivity given as,
15k°T 20n0? dnml/2o®
7 dB(T) 5 ,,d*B(T)
BEr e L (2:12)

Q(22)(T) is the omega integral [7] which is proportional to the kinetic cross section, and o is
a scaling parameter, which for attractive potentials corresponds to the separation at which
the intermolecular potential is zero. The physical origins of the first order density corrections
to the viscosity were discussed in Section 2.2. The thermal conductivity corrections have
similar origins.

In Egs. (2.11) and (2.12), the second virial coefficient, which accounts for the non-ideality
of the gas in the equations of change, originates from the non-dynamic (time-independent)
Ja correction. F, (o = 1, \) corrections are dynamic in nature and originate from .J;. The
N, term and the sum of the N, and temperature derivatives of the second virial coefficient
arise from contribution of the perturbative ¢; terms to the potential contributions to the
pressure tensor and heat flux vector respectively. The latter are independent of J; and Js.

The F, and N, terms are integrals over functions of the relative momentum and position,

I= /dr/dpF(r, p) = 8x? /Ooo r2dr /Oeopzdp/(;r sin d@F (r, p, 6) (2.13)

The reduction of the six-fold integrals to three-fold integrals occurs since the functions F(r, p)
depend only on the magnitudes of the relative separation r, relative momentum p and the
angle 6 between the r and p vectors of the colliding particles. The integrand F(r, p, ) may
also include one or more of the possible binary collision parameters defined in Section 2.5.1.
These collision parameters themselves involve an additional integration, and so evaluation of
the density corrections require the numerical calculation of a set of nested four-fold integrals,

a far from simple task [8].
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Equations (2.11) and (2.12) need to be modified in two ways. First, Snider and Curtiss
limited their calculations to systems with repulsive intermolecular potentials which do not
support bound states, and second, the occurrence of three-body collisions was not considered
in their work. Both these effects contribute extra first order density corrections to transport
coefficients.

Bound pairs in moderately dense gas systems were first studied in a modern setting by
Stogryn and Hirschfelder. Based on the work of Hill [21}, they developed a specific division of
the integral of the second virial coefficient into regions of phase space where a pair of particles
are free (corresponding to an open collision trajectory), regions where they are bound and
regions where they are metastably bound. Making use of equilibrium statistical mechanics,
they obtained an expression for the equilibrium constant of the formation of bound pairs and
then showed that if a limited amount of association occurs, the mole fraction X, of bound
molecules is proportional to the number density n of the particles in the fluid

Xy = nKeq. (2.14)

In the above relation Keq is the equilibrium constant for the “dimerization” reaction and the
number of double molecules is small relative to the number of free molecules so that n ~ n;.

The presence of bound pairs implies a new mode of momentum transfer in the system.
Stogryn and Hirschfelder treat the system as a binary mixture of free and bound molecules.
The viscosity for such a mixture with any general composition, not just small bound mole

fractions X, is,
n = X§Hpp + X;Hyy — X Xo(Hpp + Hpp)

HypHy, — HppHyg

The H¢ are related to binary collision cross sections of the species { with ¢. Considering

. (2.15)

Eq. (2.14) for low densities of bound molecules to first order in density only free-free and

bound-free collisions contribute. The result is expressed as,

n = n*™[1+nBMP)
= A1 4 nBMP) (2.16)
where o(™) is the transport coefficient for a system composed of pure monomers (unbound

molecules), equivalent to Egs. (2.11) and (2.12), and B{MP) is the first order correction
from the monomer - dimer (free molecule - bound pair) collisions. This purely kinetic
contribution to momentum transfer assumes the flow process does not change the equilibrium
population of the bound species. Considering the bound pair to be a point molecule and
using estimations for the parameters in the free - bound intermolecular potential, Stogryn
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and Hirschfelder obtained numerical values for B(MD)

. However, they treated non-locality
and collisional transfer effects crudely by using adaptations of the Enskog theory, not the
rigorous corrections of Eqgs. (2.11) and (2.12).

Formal relations for the effect of three-body collisions on the transport coefficients were
first developed by Choh and Uhlenbeck [12]. Their expressions however, are difficult to
implement in a numerical calculation. Hoffman and Curtiss [22] proposed a different formal-
ism with a similar scope. Starting with the BBGKY equations, they made a factorization
assumption for higher order reduced distribution functions similar to the superposition ap-

proximation of equilibrium statistical mechanics, and after detailed calculations obtained the
(2M)

g

Snider - Curtiss density corrections, collectively denoted as B}*"/, along with an extra first
order density correction B((?M ), which approximates the effects associated with three-body

dynamics,

= m[1+n (B + BE),
A= Ao [L4n(BEY + B (2.17)

The 3M superscript emphasizes this correction accounts for three monomer collisions. The

explicit form of this correction is expressed by Hoffman and Curtiss [22] as,

BOW) = S%% (2.18)
where R(T') is an integral which has the general structure of Eq. (2.13) and is defined.in
Eq. (6.91). The detailed form of the three monomer correction shows that the presence
of the third particle in this correction is actually static in nature. It does not involve the
dynamics necessary to obtain the contribution of true three-particle collisions to the transport
coefficient. In this correction, the third particle affects the spatial distribution of a colliding
pair and thus gives an extra weight factor to the binary collision cross section.

For potentials with an attractive well, Curtiss and coworkers [22, 23] calculate the correc-
tions of Eq. (2.17), but use the full second virial coefficient, and not only its free part when
it occurs in B?*M) of Egs. (2.11) and (2.12). This includes contributions from the bound
pairs, which it should not, since B((TZM ) arises from open collision trajectories.

At this stage of the development, Kuznetsov [24] proposed that only the free part of the
second virial coefficient should be used whenever it occurs in B®™) | the density corrections
of Curtiss and coworkers, Eq. (2.17). The separate contribution of Stogryn and Hirschfelder
for the bound pairs should then be added on to this to account for the presence of bound

pairs. Thus

n = n0[1+an+0(n2)],
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A = X[l +nBy+0(n?)], (2.19)
with the second transport virial expressed as,

Bn — B,,(’2M)+B,2MD)+B£3M),
(

B, = B 4 pMP) 4 gEM) (2.20)
The BM) and BGM) terms only involve the free part of the second pressure virial coefficient
according to the division of Stogryn and Hirschfelder. The argument is that if bound pairs
are accounted for by including the Stogryn - Hirschfelder correction, then using the full
second virial coefficient in the Snider - Curtiss corrections overcounts the effects of the pairs.
Kuznetsov’s scheme leads to numerical results in good agreement with experiment for the
viscosity coefficient, but in poor agreement, for the thermal conductivity. The separate adding
of bound pair contributions to the transport coefficients, as proposed by Kuznetsov appears
physically reasonable but is not rigorous.

Rainwater [8] accounted for the discrepancies with thermal conductivity data by realizing
that for attractive intermolecular potentials, there is an ambiguity in the way which the
second pressure virial coefficient can be partitioned into free and bound regions. He studied
cases and stated the importance of choosing the appropriate division for the second pressure
virial coefficient and its temperature derivatives in the first order density corrections. The
first calculation of first order density contributions with correct partitioning for Lennard-
Jones fluids appeared in 1984 with the work of Rainwater and Friend [8] which they later
extended to lower temperatures in 1987.

The calculations of Rainwater and Friend and their later extension to accurate inter-
molecular potentials show good agreement with experiment [9]. But from a theoretical point
of view the addition of the contributions in Eq. (2.20) is not rigorous. The corrections have
not been derived from a uniform starting point which still leaves open the possibility of some
overcounting or neglection of contributions. On the other hand, each of the individual evalu-
ations are rather complicated and involve both formalistic and numerical approximations. It
is difficult to assess the effect of these approximations on the final expression of the density
corrections.

In a recent thesis by Wei [25] a uniform approach was used to derive density corrections
in the presence of bound pairs and pair correlations. The method utilized a kinetic equation
approach in which the N-particle distribution function accounts for free molecules, bound
pairs, and correlated pairs. A system of coupled kinetic equations was derived for these
species which was closed and made convergent by introducing a decay time for the corre-

lated pairs. The coupled equations were solved simultaneously with the Chapman - Enskog
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method. The solution leads to first order density corrections which include contributions
from the free molecules, bound pairs and correlated pairs. Due to the introduction of the
particular structure in the N-particle distribution function, the final results are expressed in
a manner different from previous theories.

The density corrections discussed above may in principle be derived using the Choh and
Uhlenbeck theory [12]. They implement the Bogoliubov method [10] to higher order density
corrections, but express their results in a set of integral equations which must still be solved
in order to derive explicit density corrections. It is expected that if this program is explicitly
carried out, the density corrections of Snider and Curtiss will be obtained, although to our
knowledge this has not been demonstrated.

It was with the goal of clarifying the relations among kinetic equation approaches that a
study of alternate derivations of the density corrections based on time correlation functions
was initiated. This is also desirable from another viewpoint. Numerical calculations of
transport coefficients are invariably done with some approximate intermolecular potential.
The degree of disagreement with experiment may either be related to the approximate nature
of the theoretical expressions for the transport coeflicients, or the approximate nature of the
potential [26]. An independent verification of the theoretical expressions could help establish
the validity of the density correction expressions and so relate any residual disagreement with

experiment to the approximate nature of the intermolecular potential.

2.4 Time Correlation Functions for Transport Coeffi-
cients

The relation between a transport coefficient and the time correlation of a phase function was
introduced by Einstein [27] in 1905 in the study of Brownian motion. The relation states
that the diffusion coefficient, D, is related to the integral over all times of the ensemble

average of the velocity auto-correlation function,

D= %/Ow dr((v(0)-v(r)). (2.21)

The ( )) notation implies a thermal average over an equilibrium canonical ensemble of an
N-particle system of volume V and temperature T' (other ensembles can also be used), and
v(0) and v(r) are the velocities of a particle at time 0 and 7. Over all members of the
ensemble, the initial velocity of a chosen particle v(0), has a Maxwellian distribution. For
times equivalent to a small number of mean free times, the initial magnitude and direction of

the velocity of a particle have not been randomized and v(0) and v(7) show some correlation.
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As time progresses, more collisions randomize the velocities and the initial correlation is lost.
The ensemble average of the velocity auto-correlation decays from its classical equipartition
value of 3kT/m at 7 = 0 to very small values over the time scale of several collision times.
The nature of this decay can be determined from the study of the detailed dynamics of the
system or from numerical simulations. The former approach is pursued in this thesis.

The Einstein relation is an example of a general principle named the fluctuation - dissi-
pation theorem which was anticipated by Onsager in 1931 [28], and given a general proof by
Callen and Welton in 1951 [29]. This theorem states that the rate of decay to equilibrium
of a perturbed non-equilibrium state not very far from equilibrium is related to the time
correlation of spontaneous fluctuations at equilibrium [30]. In the case above, the diffusion
coefficient which describes the rate of dissipation of a density gradient in a non-equilibrium
system, is proportional to the integral over time of the velocity auto-correlation function at
equilibrium. This theorem allows the use of equilibrium properties of a system to obtain
information about its non-equilibrium properties.

Extensive study of transport coefficients utilizing time correlation function methods be-
gan with the pioneering work of M. S. Green [31] and R. Kubo [32] in the mid 1950’s. Many
excellent introductions [33, 34, 35, 36, 37, 38] and review articles [39, 40] regarding the
general principles of time correlation function methods are available.

A multitude of approaches are available for deriving the time correlation function formulas
for transport coefficients [39]. In particular, the method due to Helfand [33, 41] obtains the
time correlation expression for the transport coefficient from the corresponding equation of
change by utilizing an appropriate form for the distribution function of the system.

As a result, the time correlation formula for the viscosity coefficient is

1= soom [ drh():(0), (222)

J, is the phase space function for the transverse momentum flux tensor. For a system with

only pairwise additive forces, the momentum flux tensor has a kinetic contribution which is
a function of the momenta p;, of particles and a potential contribution which depends on

the relative separation r;, and force Fj, between pairs of particles j and ¢,
N ~12 N
P;P
b= (—-——[ P3] + Z[rﬂFﬂ]@)) : (2.23)
=1 m 0>;
The bracket notation [ ] indicates a symmetric traceless second rank tensor. From here

onwards, when a dyadic tensor is constituted of two identical vectors, the vector is repeated

only once within the bracket, i.e.

[AA]? = [A]?. (2.24)
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For the thermal conductivity,

A= g [ dr(30)3.(7), (2.25)

where J., the phase space function for the heat flux vector is,

N 2
p; p; 1 P;
J. = 12:21 { (—l— - h) “7;11 +3 > (ryeFje+ uﬂU)'n_i} : (2.26)

2m 05

¢ is the intermolecular potential between particles j and ¢, h the average enthalpy per parti-
cle, and Uss the second rank identity tensor. The enthalpy term eliminates any contribution
from the convective energy flux. Clearly the heat flux vector also has kinetic and potential
contributions. Explicit expressions for other transport coeflicients have been derived but will
not be stated here.

For an N-particle system, a time correlation function for a transport coefficient has the
general form,

B 1
C2a+1

1

= 5 (3(0) S e*“3(0))), (2.27)

c(t) (3(0) © I@®))

where J is a tensor valued phase space function representing the flux of the property of

interest. Moreover, J is a tensor of rank o« belonging to an irreducible representation of
dimension 2+ 1 of the three-dimensional rotation group SO(3), ® represents an a-fold dot
(tensorial) contraction, and £ is the N-particle Liouville superoperator. With this notation
the general expression for transport coefficients in terms of time correlation functions has

the following form,

. . B * e & —dtl
= —_ ’ . 2.2
o= lim im0 8 e a0)) (228)

The thermodynamic limit is needed to eliminate edge effects. The B factor introduces a scale
factor for each transport coefficient. ¢ is related to a frequency and the convergence factor e~
implies the adiabatic approximation, namely the slow switching on of a perturbation from
equilibrium in the distant past [42, 43]. Equations (2.21), (2.22) and (2.25) are consistent
with this general form. The flux J is an extensive property and may be a scalar (bulk
viscosity), a vector (diffusion and thermal conductivity) or a symmetric traceless second-rank
tensor (shear viscosity). Introduction of the volume factor V' recognizes the extensivity of
a flux and the intensivity of a transport coefficient. For diffusion and thermal conductivity,
« is 1, so the tensorial contraction in the time correlation function reduces to a simple
dot product, while for the shear viscosity, « is 2 and the tensorial contraction in the time
correlation function is a double dot product.

26




A transport coefficient o is the particular limiting form of the Fourier transform of the

time correlation function of the flux. Calculation of the time integral specifically leads to,

. : 1B a 1
o=tm I GOz

N/V =const.

TY. (2.29)

In most of the literature it is standard to use the tensorial components of the transverse
momentum flux for the shear viscosity, 7,

. . 1 1
n= el—lglL NI/V‘}‘I;I:IE?:;t W«Jp,zmeuzy»- (2.30)

Since Jp 2, is one component of a second rank symmetric traceless tensor, it belongs to a five-
dimensional irreducible representation of the rotation group. By the rotational invariance
of £ and of the thermal average, the quantity of Eq. (2.30) is 1/5th the sum over all
traceless symmetric components, which appears in Eq. (2.29). A factor of 1/2 is also
required to symmetrize the components and obtain Eq. (2.22). The advantage of expressing
the transport coefficient in a rotationally invariant form is that the rotational properties of

the different operators can be used to simplify its evaluation.

2.4.1 Moderately Dense Gas Transport Coefficients from Time
Correlation Functions

Before discussing any analytical approach for the evaluation of a transport coefficient using
the time correlation function formalism, it is useful to mention simulations on equilibrium
systems which utilize Eq. (2.28). The earliest molecular dynamics simulation, and indeed
one of the pioneering works in the history of computer simulations is that of Rahman [44] who
studied the velocity auto-correlation and the diffusion coefficient through Eq. (2.21). In the
liquid range, the work of Hoheisel and coworkers {6} on viscosity and thermal conductivity
is notable. Simulations explicitly show the nature of the time decay of the correlation
function (an aspect bypassed in our theory) and the magnitude of the kinetic and potential
contributions of the flux function.

Much work has been done to show that the results of Eq. (2.28) are equivalent to the
generalized Boltzmann equation. Most treatments begin with expressions like Eq. (2.28)
and proceed to derive a set of kinetic equations . Résibois [45] uses this approach and with
a generalized master equation demonstrates that the time correlation function equations are
equivalent to the generalized Boltzmann equation to all orders of density. But the explicit

evaluation of a transport coefficient is not attempted in his work. Dufty and Lindenfeld
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[46] take this a step farther and show the equivalence between the non-linear Boltzmann
equations and the time correlation function expressions.

Other approaches explicitly use the time correlation function formula to obtain expres-
sions for the transport coefficients. Ernst, Dorfman and Cohen’s [47] method is in the spirit
of Cohen’s cluster expansion for generalizing Boltzmann’s equation. They introduce a series
of reduced time correlation functions in a fashion reminiscent of the definition of reduced
distribution functions and proceed to derive a set of kinetic equations for the reduced time
correlation functions which are analogous to the BBGKY hierarchy. By utilizing cluster ex-
pansions for the reduced time correlation functions, and assuming an appropriate functional
dependence of the higher order reduced time correlation functions on the first order reduced
time correlation function, this hierarchy is closed and Boltzmann type equations are derived.
The nature of the assumptions limits the scope of the work to repulsive potentials. The
solution of these equations leads to density corrections for the transport coefficients. To the
extent that the resulting equations are similar to the generalized Boltzmann equation, their
solution involves the same sort of approximations and limitations mentioned in Section 2.3.1.
A solution of the equations to obtain explicit expressions for the transport coefficients is not
presented in this work. Later Ernst [48] extended this approach to general orders of density
and showed that its results are equivalent to those of the generalized Boltzmann equation to
general order in density.

Ono and Shizume [49] calculate the time correlation functions for transport coefficients
at moderate densities, but their formulas are not reduced to a form that is easily comparable
to other work in this field. They derive an equation which describes the time evolution of the
flux function J(¢) in terms of an unperturbed Liouville operator and a perturbation. After
developing what is equivalent to an interaction representation for the time evolution, they
utilize a Mayer cluster expansion technique quite similar to that used in deriving virial coef-
ficients for equilibrium properties. The time evolution is expressed as a series of consecutive
binary collisions. The formal development is complete, but no comparison with previous
work is given.

Kapral and Desai [50] evaluate transport coefficients for a binary mixture and obtain
interesting results for the diffusion and thermal diffusion coefficients. They express trans-
formations of the time correlations in terms of equivalent Boltzmann type kinetic equations.
These kinetic equations are solved within certain (two Sonine) approximations and explicit
time-decays of the time correlation functions associated with the transport coefficients are
obtained. |

The work of Kawasaki and Oppenheim [51] is studied in greater detail in the next chap-
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ter. This method is an extension of the resolvent expansion of Zwanzig [52] to a flux with
both kinetic and potential contributions. Zwanzig introduced an expansion of the resolvent
in powers of 1/¢, which was then resummed to retain a finite expression for the transport co-
efficient. ZWanzig’s treatment was applicable to purely momentum dependent flux functions
which are sums of one particle properties, irrespective of their particular functional nature.
The Kawasaki and Oppenheim method was initially extended to include potential contribu-
tions to the flux function, on condition that the intermolecular potential be repulsive. The
final results are a set of integral equations for the various contributions to the viscosity that
are similar to the collision integrals of the Boltzmann equation. Unfortunately they do not
reduce the final equations to a form suitable for comparison with the results of Snider and
Curtiss. However, Kawasaki and Oppenheim do show detailed equivalence of their equations
with those of Choh and Uhlenbeck who utilize Bogoliubov’s generalized Boltzmann equation.
It is recalled that this was also the starting point of the calculations of Snider and Curtiss.
The Choh and Uhlenbeck equations themselves have not been independently evaluated to
our knowledge. Subsequently, Kawasaki and Oppenheim extended the method to attractive
intermolecular potentials [53]. Thus in principle, the theory should account for bound pairs,
though explicit expressions for contributions to the viscosity in terms of a functional of the
intermolecular potential were not given.

In the next chapter, an explicit derivation of density corrections to the viscosity from the
Kawasaki and Oppenheim approach is presented. It is demonstrated that their equations
reduce to the Snider and Curtiss formulas within certain well defined approximations. This
is encouraging as it provides independent verification of the forms of the density corrections.
In our opinion, their treatment of bound states has a number of problems which are also

discussed.

2.5 Binary Collisions

2.5.1 Collision Parameters

Detailed knowledge of binary collision dynamics is required in order to calculate the density
corrections to the viscosity. Multiple integrals over the relative position and momentum
of the type given in Eq. (2.13) arise. The collision parameters in the integrals must be
determined as functions of the relative position and momentum so that the phase space
integrals can be evaluated. The kinematics and dynamics of a binary collision are summarized
in this section and the notation used in later chapters is introduced.

The first step in the kinematic study of binary collisions is the conversion of the positions
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and momenta of the pair of particles to the center of mass and relative motion variables
(with the position and momentum of particle 2 taken as the origin). The transformations

are well known,

1
Ir=Tr =TI — Iy R = -2—(r1 +r3), (2.31)
and
1
p = §(P1 — Pp2) P = p; + po, (2.32)
1 1
P = EP +p p2 = §P - p. (2.33)

The Jacobian for this transform is unity, namely
dridrydpidps = drdRdpdP. (2.34)

Within classical mechanics, for a known intermolecular potential, the trajectory of a
collision is uniquely determined by the position and momentum of a single point on the
trajectory. This reference point is given by the relative position vector r and relative mo-
mentum vector p. The z axis is chosen to be in the —p direction. The polar angle 6 of the
position vector determines whether it is on the incoming or outgoing part of the trajectory,
with 6 < 7/2 for the incoming part of the trajectory and 6 > /2 for the outgoing part. The
angle between r and p is m — 6. These relations are shown in Fig. 7.

For computational purposes, the potential is considered to have a cutoff distance R,
beyond which it is zero. This distance is eventually taken to infinity. The internal states of
the colliding molecules are assumed not to change during the collision. If there is no external
torque, the collision trajectory is planar and remains in the plane of r and p at all times.

A general point on the trajectory is characterized by a position vector £ and a relative
momentum vector pe. The unit vector along the £ direction is k; which makes an angle g,
with respect to the z-axis. The unit vector along the direction of p¢ is & which makes an
angle of ne with respect to the z-axis. The magnitude of the angular momentum L of the
initial reference point,

L=|rxp|=rpsin(r —6) = rpsinf (2.35)
and its direction is the same for all points zﬂong the trajectory. The magnitude of the angular

momentum for a general point is,

L = |€ x pe| = Epe sin(ne — Be)- - (2.36)

At the cutoff distance R where p; = pr = po (the constant momentum in the absence of
interaction), the relation between the angles ng and Gy is,

ng = Pr + 7 — arcsin[L/R(mE)*?]. (2.37)
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Figure 7. The coordinate system for a binary collision. A
reference point of the trajectory, with position r and
momentum p, and also a general point on the trajectory

with position § and momentum p, are indicated on the

diagram. Various angles defined in reference to these
points are also shown.
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If the distance R — oo, the above angles approach their asymptotic values on the trajectory,
in which case they are no longer denoted by the subscript R, i.e.,

Aim fp =3 Aim 7 =7 (2.38)

The asymptote of the incoming branch of the trajectory makes an angle 8 with respect
to the z-axis. The vector r,, denotes the point of closest approach of the two particles. The
angle between r,, and the asymptotic direction of approach is —w and the angle between r,,
and the reference position r is denoted by (. These relations are illustrated in Fig. 8 for
r on the incoming part of the trajectory. From this figure, it is obvious that the following

relations hold among these angles,

Br—0 = wrp+( incoming (2.39)
Br—0 = wr—( outgoing (2.40)
The angles between the position and momentum vectors of the reference point r and p

with those of the position and momentum vectors at the cutoff distance R are obtained from
the following set of dot products,

PPk = Ppocos(m — nr) = —ppoCoSTr (2.41)
r-pok’y = rpocos(ng —6) (2.42)
p-Rkr = pRcos(nr — Or) = —pRcos Bg (2.43)
r-Rkp = rRcos(fg —0) (2.44)

pr = prcos(m —6) = —prcosf (2.45)
pok’pRer = poRcos(ng — Or) (2.46)

Another important collision parameter is the time sy it takes to go from Rkpy on the
incoming part of the trajectory to r. During this time the momentum changes from pg to
p. A somewhat related collision parameter is ' = Rkpg + 2pgso/m. The magnitude and
direction of this vector are obtained by starting at the vector r and tracing backwards a
time —s, along the trajectory to reach R. The intermolecular potential is then“turned off”
and the relative position allowed to evolve freely forward in time for a duration of sg. The
value of r under this transformation is r'. The relative momentum p, under the same set of
transformations is po. These quantities are illustrated in Fig. 9.

It is convenient to define two additional collisional parameters, X and Y with reference
to Fig. 9. The distance ggso — R along the asymptotic direction is denoted by b(|X| + |Y]),
where gq is the relative speed of approach of the particles and b is the impact parameter.
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Figure 8. Binary collision parameters. R is the cutoff distance of
the potential and r_ is the closest distance of approach.

‘Various angles are defined with reference to these vectors.
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Figure 9. Primed position variables and their related
collision parameters. b is the impact parameter.
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From the figure, this sum is seen to be the projection of r’ onto the asymptotic direction.
If r,, undergoes the same operations mentioned in deriving r’, the result is a new vector
r/.. The projection of this vector along the asymptotic direction of the incoming part of the

trajectory is b|.X|. The parameter Y is defined by the difference of these two projections.

2.5.2 Collision Dynamics

The dynamics of a binary collision allows the determination of the expressions for the collision
parameters as integrals over functions of the intermolecular potential. Angular momentum
conservation constrains the relative motion to a single plane, taken to be the zz-plane. As
stated previously, the z-axis is chosen in the direction of —p. Thus in a Cartesian system,
the time behaviour of the  and z components of the relative position coordinate and the
conjugate momentum describe the dynamics of the collision. The total relative energy of
this system, as given by the Hamiltonian function, is

H = -2-1/;@2 +2) + u(€) (2.47)

where it is assumed that the intermolecular potential is spherically symmetric so depends
only on the separation between the particles, £ = /22 + 22. Due to planar symmetry, it is
more convenient to convert to polar coordinates, based on the relative separation €, and the

angle fe. With reference to Fig. 8,

z = Ecosfy=—= 2= £ cos Be — fSinﬂgﬁg (2.48)
x = &Esinf=1= fsinﬁng&cosﬁg@ (2.49)

and so, . .
5, 7+ 90) = o [0 + ()] = 5@ + €4¢). (2.50)

In this polar coordinate system the Hamiltonian is,
_ K 242 _ 1 2, 1 5
H= §(€ + &6 ) +u(é) = ﬁ Dg + ?pﬁe + u(§). (2.51)

where p; = 0H/ 85 = /Lé is the radial component of the relative momentum, and ps, =
OH/dfs = u€®B¢ the angular momentum.
From the conservation of angular momentum, the magnitude of the angular momentum

before the collision, bpy = bugy equals that at any other instant during the collision, i.e.

. dg bg
pp, = HE P = pbgy => d_tf = 5_20 (2.52)
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This equation shows the variation of the angular coordinate B¢ with time.
The conservation of energy shows that the energy before the collision, E = pga/2 equals
that of any other instant during the collision. On substituting Eq. (2.52) into Eq. (2.51),

2 2 1/2
/; 9 _ 52 g (%) + u(f) = % =+ [gg (;) - %@] : (2.53)
This equation shows how the relative separation & changes with time. The negative sign
corresponds to the incoming part of the trajectory where the relative distance £ decreases
with time and the positive sign is for the outgoing segment of the trajectory where £ increases
with time.

Equations (2.52) and (2.53) are parametric equations in time ¢. Time can be eliminated
from these equations to give the variation of the angle coordinate dg; directly as a function

of the variation of the relative position coordinate d§,

bd
O S 254
§ [ B uvg]

Integrating the right hand side of this equation from the position of the reference point r,
assumed to be on the incoming part of the trajectory, to the distance R is equivalent to
integrating the left hand side from the angle 8 to g,

/ﬁRdﬁ( — Bp—0= /R bdg 2.55
P Ef)—R —“r 5 g_ﬂg]lﬂ‘ ( )
eli-5-%

From the definition of the collision parameters, wg and ¢ in Eq. (2.39), and with reference
to Fig. 8, for r on the incoming part of the trajectory, the integral of the right of Eq. (2.55)

is decomposed to give,

R bde
Wp = /Tm o [1 - _g% - %?]1/2 (2.56)
¢ = /T bdé . (2.57)

m g u 172
ei-g -4
A particular case of the first of these equations is

1%320 2up=7T—x (2.58)

with x being the angle of deflection.




With reference to the definition of sq, it is easily seen from Eq. (2.53) that for the
incoming part of the trajectory,

(2.59)

K —1—/
0 — , 1_b"_ﬂ£_)j|1/2

E

It is possible to decompose the above integral to obtain contributions corresponding to the
collision parameters Xp and Y. Thus with reference to the definitions of Xr and Y,
¥ w(@]”

R 1/2

so that,

‘ ~1/2
Xp = b‘l/qﬂ:dg{{ —g—f'(—gl} —1}—b‘1rm
_ [ b u] ™ |
Y = —b 1/rmd§{1—§——E—} (2.61)

Analogous definitions can be stated for reference points r and p on the outgoing part
of the trajectory. These relations are stated by Snider and Curtiss [19] and also by Rain-
water [54]. In principle all collision parameters can be determined for a particular collision
trajectory from a knowledge of the intermolecular potential. The parameters wgp and Xpg
are properties of the trajectory as a whole, while ( and Y are parameters different for each

particular reference point, r, p of the trajectory.

2.5.3 Collision Operators

A number of processes which occur on a pair of molecules during a binary collision are
described by operators. For quantum mechanical calculations, the superoperator equivalents
to these operators are used and depending on the context, the operator and/or superoperator
forms are used interchangeably throughout this thesis. These arise na{tura,lly while studying
the dynamics of the system, in particular as a result of the binary collision expansion of the
N-particle resolvent as described in future chapters. For completeness of the treatment of
binary collisions, two of the relevant superoperators are discussed in this section.

The quantum two-particle transition superoperator [55] is encountered in the study of

binary collisions,

1

Tia =Viz + Via (z — K19). (2.62)

1
Z—Elg Z"£12




As applied in this thesis, z is a small positive imaginary number which is taken to be zero
at the end of the calculation. The classical analog of this, the transition operator, involves

the potential part V5, and the kinetic part Ky5 of the Liouville operator Lo,

p1 0 p2 O  Oup (0 0
Lio=K1+Ky+ Vg =—t—r 7 —1—+— . - 2.63
12 1R 12 m Or; zm ors + Orio <8p1 op2 ( )
When the transition operator is in an integral of the structure
n :
R = (p—/dX‘z'&ﬂQ(l + PlZ)(Pl(PQ ' (264)
1

and operates on a function of the momentum F(p;), the result is related to the linearized

(Boltzmann) collision operator R,

Y192
V2

ZLR\F(p:) = [ dradpz [F(p}) + F(p1) — F(p:) - F(p)

. (2.65)

where the p} are the momenta before the collision and p; are those after the collision. The
@; are normalized Maxwellian momentum distributions,
1 sjamr (2.66)
vi= (2mrm;kT)3/? '
The Mgller superoperator €2 for the pair of particles 1 and 2 [56, 57] is also encountered

on NUIMeErous occasions,
Qyp = lim ek, (2.67)
t—00

The classical Mgller operator takes an interacting pair of particles back an infinite amount of
time to the past (in practice to a time where particles are no longer considered to interact),
and then brings them forward in time by the same amount, without the interaction. The

Mgiller operator (superoperator) converts the relative position r to r’/,
Q]_Qr =r. ) (268)

and is related, when acting on functions of the momentum, to the two particle resolvent by,

. 1 ,

ll—{)% o Elz V12 = dijg9g — 1. (269)
The prime is used to indicate that this equality applies only when the resolvents are operating
on functions of momentum (functions with zero eigenvalues with respect to the operator K).

A correction term is needed when the resolvent form of the Mgller operator operates on

functions of the position.
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Chapter 3

Moderately Dense Gas Shear
Viscosity from the Kawasaki -
Oppenheim Approach

In this chapter, the Kawasaki and Oppenheim method of evaluating time correlation func-
tions for first order density corrections to the shear viscosity for gases with repulsive po-
tentials is outlined [51]. Hamer and Oppenheim have carried out similar calculations for
thermal conductivity and bulk viscosity [58, 59]. The kinetic and potential contributions
to the shear viscosity and the binary collision expansion of the resolvent are introduced in
Section 3.1. Of the various terms, the kinetic - kinetic contribution is treated in detail in
Section 3.2 and the results for the other contributions are quoted. The Fourier transforms
of operators introduced by Kawasaki and Oppenheim are not used as these do not appear to
be crucial to the development and their deletion simplifies the notation considerably. Our
treatment utilizes the symmetric traceless form of the momentum flux tensor, making the
relations rotationally invariant and independent of the choice of coordinate system. The
new work of this thesis begins with Section 3.3 where it is demonstrated that the results
of Section 3.2 are equivalent to the Snider - Curtiss first order density corrections to the
shear viscosity. An extra term which accounts for triple collisions is also obtained in the
Kawasaki and Oppenheim approach. A binary mixture calculation based on the method of
Section 3.2 follows in Section 3.4. This accounts for bound pairs in the system at the level
of the Stogryn and Hirschfelder approximation. By including bound pairs in this manner, it
is demonstrated that the approach can produce results equivalent to the Rainwater theory.
Section 3.5 outlines the theory originally proposed by Kawasaki and Oppenheim to account
for systems with attractive potentials. A discussion on what we believe to be problems in

this treatment of attractive potentials is presented.




3.1 Formulation for the Shear Viscosity

From Eq. (2.22), the time correlation function expression for the shear viscosity of a pure

fluid of volume V at temperature T', composed of particles of mass m is,

no= tm Ao, 0
N /V=const.
me) = o [ deem(0):0(~0) (3.1)
10VET Jo ’

where a convergence factor e~ with € > 0 is introduced. The flux at time —t is expressed in
terms of the flux at ¢t = 0 with the help of the time evolution operator. The time integration

of this expression can be equivalently expressed in terms of an N-particle resolvent operator,

M) = s [ de (0 E0)),
1 1
= T O=ZI0) 32)

Viewed in this manner, the transport coefficient is proportional to the Laplace transform of
the time correlation function, ((J(0):J(—t))), with a vanishing real variable € (or vanishing
complex variable z = ie).

In Eq. (2.23) the momentum flux tensor was seen to have both kinetic and potential

parts,
J=Jg+ v (3.3)

where Ji = ¥;[p;]®/m and Jy = X, [r;F;]®. Substituting this sum into Eq. (3.2), the

viscosity breaks up into four contributions,

w0 = e [ p i) + i) + Qi i) + (v ).
= nxx(e) +nxv(e) + nvile) +nvy(e). (3.4)

The evaluation of g (€) is presented in detail. Other contributions are obtained by similar
arguments but only the final results of these evaluations are given.
Before evaluating the nx g (€), a number of preliminaries need to be discussed. Kawasaki
and Oppenheim introduce the noﬁation,
Gle) = — (3.5)
i€ — L

for the resolvent where L is the N-particle Liouville operator.

Determining the effect of the N-particle resolvent operator on Jx requires a detailed
knowledge of the dynamics of the N-particle system. At low densities where the present
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calculations are valid, interactions among particles are predominantly pairwise additive. It
is physically reasonable to expect that in this situation, the dynamics of the system are
expressed as combinations of binary collisions. Recalling the definition of the transition
operator T, from Eq. (2.62), (Greek subscripts will designate pairs of particles from this
point onwards) and defining G, as the resolvent for a system of non-interacting particles and
G(a) as the resolvent of a system with only the pair « interacting, it is seen that,

7—(:‘1 - Va - iVaGO’Tt'x = Va - inGOVa
= V\G2(a)Gy' = G5l Ga(a) Va. (3.6)

With these relations it is straightforward to derive the binary collision expansion of the
N-particle resolvent developed originally by Watson [60] and stated in the present form by
Siegert and Teramoto [61],

G=Gy—1 Z GoTaGo — Z GoTaGoTsGo + 4 Z GoToGoTsGoT,Go + . (3.7)
o, B,y
The N-particle resolvent in Eq. (3.7) is decomposed into a free streaming term, a sum
of single binary collisions, a sum of two consecutive binary collisions (the prime on the
summation indicates that the pairs o and 8 do not involve the same pair of particles), and
so on. The theory of Section 3.2 assumes the potential is repulsive and so none of the pairs
in the above expansion are bound. The operators are thus well defined and convergent.

Before proceeding, the normalization convention for reduced distribution functions is
defined,

P = (N—s /drs‘Hdp9+1 -dr™N dp® o™, (3.8)

Consistent with this normalization, the expressions for pg ) and p§2) are,

o = nipy o7 = nPprpae . (3.9)

©; is the normalized Maxwellian momentum distribution and n is the number density.

3.2 Contributions to n(e)

To evaluate the shear viscosity, Kawasaki and Oppenheim write the integral of nxg(€) in

explicit form,

Mk (€) = kaT /drNdeJK G(2)J ™, (3.10)
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where p(™ is the N-particle distribution function. Using the equivalence of the N particles
in the system and substituting the binary collision expansion of Eq. (3.7) for the resolvent
operator gives,

n .
nxx(e) = 10m,kT// ™ dp”[p]*:

!

XGo{l—iZ%Go—Z%G0%G0+...}JK,O(N). (311)
a o,

Since the function to the left of the first Gy resolvent only depends on the momentum, the

equation becomes,

n 1 !
nki(€) = drNdPN[Pl](2)=— {1 - 12 ToGo — Z ToaGoTsGo — .. } JKP(N)
10mkT / € - op
= Nyr(€) + Mg (€) + Mg (€) + M (€).- (3.12)

The numerical superscript on each term represents the number of transition operators T,
or physically the number of binary collisions involved in its structure. The r superscript
represents the contributions from all remaining interactions with at least three collisions.

n% - (€) only involves the free streaming of the particles and is simplified to,

X = n N gpN 2). 2) (N
thle) = gy J[ 4R o @
- " 2)ure 1(2) X
elOmsz/dpl[pl] ] Ten. (3.13)

Kawasaki and Oppenheim demonstrate that the only non-zero contributions from Jg in
Nk (€) are those in which the index j of [p;]® is one of the particles in the pair a in the
collision operator T,. Furthermore, one of the particles of the pair & must be particle 1.

Therefore,
L - " NipVp,) @i S )
Mk (€) el0mkT //dr dp”[p:}7x - TaGolicp

1 .
= elom?kT // driadpidpa[py] 1iTiaGo(1 + Po)[pdPpl?  (3.14)

P5 is the permutation (exchange) operator for the 12 pair, and Eq. (3.8) has been used.
With the introduction of the Mayer f-function Fy(rs) = e #“12 —1, Eq. (3.14) is split up
into a sum of a term where the pair 12 do not have any spatial correlation prior to collision

and a term where 1 and 2 are spatially correlated prior to colliding,
2
L L @), &)
Tex(©) = oy [/ dradpidpelpi]@:iTia(1 + Pra)lpi]Pren

n? ‘
T el0m2kT // dr12dpidpa[p1]? i Ti2Go(1 + Pra)[pa] @ Fo(r12) 0102, (3.15)
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The operand to the right of Gy in the first integral in Eq. (3.15) is only momentum dependent
and so this operator produces a 1/e factor. The linearized collision operator £, for an

uncorrelated pair of particles is defined as,

£1(p1) = /drmdpzﬂiz(l + Pi2)pa. (3.16)

Kawasaki and Oppenheim use the script £ rather than the fraktur £ for this quantity. The
¢ is related to the linearized collision operator Ry of Eq. (2.65) by,

'
Rl = —El(pl)(pl. (317)
¥1

In the limit of z — 0 when operating on a function of the momentum F'(p,), £, gives,

) FE)e = — [dpo [ dw [ bapP P2l
x[F(p}) + F(p 2) F(p1) — F(p2)lprp2  (3.18)

Momenta with the prime superscript in F' (p;) have values prior to the collision, while mo-
menta without superscripts in F(p,) have values after the collision has occured.

Kawasaki and Oppenheim also define a collision operator for a correlated pair,
tl(pl) = /drlgdpgiﬂQGoFo(I‘lg)(l -+ Plg)(ﬂg. (319)

In terms of these new operators, Eq. (3.15) is written as,

N (€) = 1om QkT/dpl p1] () { ne g — ne” tl} [pl] P1- (3.20)

Evaluation of n% (€) follows in a similar manner. Nonzero contributions are,

/dI‘NdP [p1]®: Z 2GoTsGolrcp™)

2 —
771(1{(6) = elOka =~

610m2Vl<;T / drddp®[p1] P T12Go(Ths + To3)Goll + Pra + Puis)[p1]® ,0%)3 (3.21)

At the level of approximation required for first order density corrections, the position depen-

dent part of pg% is replaced by 1+ Fy(ri3) + Fo(ras). The result is

2)

n . _
0% g (€) ~ T iT / dp1[p:]®: [n26—3t21 +n2e 21:22] p:1]@ .. (3.22)

The operator t3;(p;) involves two consecutive binary collisions among three particles, with

no prior spatial correlation among the particles,

tor(p1) = /dr13dr23dpzdp37—12(713 + Ta3) (1 + Piz + Pi3) 23, (3.23)
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while the operator ¢52(p1) has a similar interpretation but includes spatial correlation among

the initial colliding pair,
taa(p1) = /drlsdr23dp2dps712G0[713G0F0(1‘13)+Tz3G0F0(I'23)](1+P12+P13)902<,03 (3.24)

Finally, the expression for 7} (€) includes all the contributions from more than two

consecutive collisions,

" N (V)
M (€) = doka//dr dp™ [py]' [;WTGOEGOTGNL Jie o, (3.25)

Approximations are introduced at this stagé to simplify this expression. At the lowest order
in density, only three or more collisions among the three particles 1, 2 and 3 are retained.

The sums of operators that remain in the bracket in Eq. (3.25) is then denoted by

T(123) = Z 7/7:1G027EG07'777G0 -+ e (326)
N

To first order in density, spatial correlations among the three particles are neglected. Within

these approximations, the contributions from three or more consecutive collisions are,

r _77’3
Nier(€) = m/drgdPB[m] 7(123)(1 + Piz + Pr3)[p1]P 100903

_ n @[ 2 2, 2)
B 1Om2kT/ dpi[p1)® [=n®e*# (p1)] (1] Pn (3.27)

where the operator ¢"(p1) is defined as,

(pl / dpgdpgdrlgdr237(123)(1 -+ P12 -+ P13)<,02(,03 (328)

ni i (€) is obtained by adding Egs. (3.13), (3.20), (3.22) and (3.27),

k(€)= T [ dpilp)@5G()p] P + O(n?) (3.29)
with 1 &t ty ta A7
— (=242 N L

Q(e)_6 n<62+6>+n <€3+62 62). (3.30)

This is a powers series in the number density whose inverse
1 .
g_l(ﬁ) =€+ ng + nQ [—tQQ -+ (Eltl + tlﬂl) + t" -+ ;(2% - tgl)] + G(Htl -+ nztf) + ... (331)
which, in the limit of ¢ — 0% becomes

Gt = lim G~ Ye) = nle1y + n(ti+ L4 + 4 + Ry + Ra)). (3.32)

e—0t
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The operators R, and Ry are defined as,
. ,
R1 = 2(2%_}_ - t21+) RQ = £1+t1+ - t22+ (333)

The crucial assumption required is that a function By g(p1)[p1]P 1, as yet undeter-

mined, exists which satisfies

" Bk (p)[p1]Pe1 = G4 [p1]P . (3.34)

If such a function exists, the resummation of the divergent series of Eq. (3.30) can be
accomplished. An equivalent way of stating Eq. (3.34) is that the operator g;l is well
defined and

n'G Bk (p)[p]® = [p1]Per. (3.35)

The notation By is chosen to indicate the similarity of this function to the B function in
the Chapman - Enskog (7, 62] solution of the Boltzmann equation of the shear viscosity. The
tensorial properties of the unknown function must be equivalent to [p;]‘® since this is the
only symmetric traceless second rank tensor that can be constructed from the momentum.
Since G7! is in the form of a density expansion, it is convenient to also expand Bk (p1)

in powers of density,
B = BO + B(l) +O(n? 3.36
KK(pl) (Pl) n KK(pl) ( ) ( : )

Substituting the expansion into Eq. (3.35) and equating powers of density gives rise to a
pair of equations,

£ (p) B (p1)[p1]P 01 = [p1] 1, (3.37)
and

£4(p1) Bk () [p1]Pr = —t14[p1] P01 — 5. BO (1) 1] P gy (3.38)

The contributions of the operators R; and R, in Eq. (3.38) ultimately cancel each other
[51]. B©(p,) and BY)(p,) are unknown functions which must be determined by solving
Egs. (3.37) and (3.38). Equation (3.34) is then used to substitute these functions into Eq.
(3.29) to give an expression for the low density viscosity and its first order density correction

from kinetic - kinetic contributions,

1 . . n . 1
kK = m/dpl[pl](z)=[P1](2)B(0)(p1)991 + m/dpl[Pl](2)=[P1](2)B§(;((P1)991
= 79+ nnig). (3.39)




(1)

% gives the purely kinetic momentum transfer, while 7} is the kinetic momentum transfer

nt
between layers of the flowing gas when the particles moving among the layers are spatially
correlated and/or suffering triple collisions.

The other contributions of Eq. (3.4) are obtained in a similar manner. The kinetic -
potential term gives a first order density correction. This contribution involves the transfer
of potential momentum flux of correlated particles to kinetic momentum flux. Determining
this contribution involves solving the equation,

1 du —u/kT

214 (p1) Brv (p1)[p1]P o1 = —/dpzdrﬂzGo[r] —oe V192, (3.40)

and substituting By (p1) into the following integral,

Y= Tom kT/dpl PuJ:Bicv (p) 1] Vn. (3.41)

The potential - kinetic contribution corresponds to the collisional transfer contribution
in the Boltzmann equation,

n )1 du |
W= Tew = —W// dp:dp,dr(r]® ~ oGz B O (p1)[pa] P o1 (3.42)

Finally, it can be demonstrated that 7y does not contribute a first order density cor-
rection to the viscosity.

It is convenient to define B = B%( + By such that the addition of Eqs. (3.38) and
(3.40) gives,

£1+(p1)BY () [p1]P91 = ~ti4[p1]Pr — €, BO(p1)[p1] Py
1 d
—/dpzdrﬂgGoe u/kT[I‘] —d—u(pl(pz (343)

Kawasaki and Oppenheim show that the right hand side is equivalent to corrections which
appear in the Choh - Uhlenbeck approach (designated with a tilde),

£14+(P1) B (p1) [p1]P 1 = —M(p1) — £ (p1) B (1) [p1] @ 01 (3.44)
where 5 5
M(p) =m / drgdpz<az ap> Qua[pr]P 192 — B(T)[p1] @, (3.45)

and ¥, (p;) is defined in Section 3.3.4. M is a combination of the kinetic - kinetic term for
correlated particles and the kinetic - potential term. This expression includes the Mgller
operator {215, and the second pressure virial coefficient B(T').

With the definition of B(Y), the first order density correction has a slightly more compact

form,

1 .
1 = —— [ dp[pd@:BD (py)[p1] Vo1 + (3-46)
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3.3 Equivalence of the Two Approaches

Kawasaki and Oppenheim’s derivation ends at the stage of the previous section. This cal-
culation is limited to repulsive potentials, since for a bound pair, the linearized collision
operator £; is divergent. They show their relations to be equivalent to those of Choh and
Uhlenbeck [12], but do not make comparisons with the density corrections of Snider and
Curtiss [19]. In this section, the equations of Section 3.2 are solved within certain approxi-
mations and the equivalence, or otherwise, of the approaches is studied. To our knowledge,
this has not been done previously.

The final form of the first order density corrections of Snider and McCourt [20] is given
by their Eqgs. (20), (21), and (27). These are the equations to which the Kawasaki and
Oppenheim results are compared. In the previous section it was seen

0= + np® (3.47)

where Eq. (3.39) gives the shear viscosity to the zeroth order in density and Eq. (3.46) the
first order density correction.

To obtain an explicit expression for the viscosity, B(") and B(Y) must be determined by
solving Eqs. (3.37) and (3.44). This is accomplished by expanding B®(p;) in terms of
Sonine polynomials in W of index 5/2,

BO (p)[ps]® = Y67 SV, (W) [p1)® (3.48)

J

where W, = p,/(2mkT)"/? is the dimensionless momentum of particle j. The orthonor-
mality conditions of these polynomials [16] makes them a suitable choice for the expansion.

B (1)[p1](2) is similarly expanded in terms of Sonine polynomials,
BO (p1)[pa]® = 3 65 S5, (W) 9] ®. (3.49)
J

Keeping the lowest order in the Sonine polynomial expansion, which is the order of approx-
imation of Snider and Curtiss, only the constant first Sonine term Sé%(Wf) = 1 in these

expansions are retained. Therefore
BO(p))[p1)® ~ 6§ [p1]@, (3.50)

and similarly

B (py)[p1)® = b’ [p1)®. (3.51)




Consistent with the one-moment approximations for B and B, Egs. (3.37) and
(3.44) are dot contracted on the left into SS/Q(I/VE)[pl] /10 = [p4] 2)/10 and integrated
with respect to py, giving

1 . 1
5 [ dpip) @i (p0s PP = 15 [ dpafpa) P opa] Py (3.52)
and
1 : -1 —~
6/ el ) Vo = g [ il ) el
1 —
—E/dpl[Pl](Q)zM(Pﬂ- (3.53)

The factor of 1/10 leads to a simplification of the numerical factors in later stages. These
two equations are solved in the following sections.

Higher moment approximations to the viscosity can be obtained by including, more
terms of the expansions in Egs. (3.48) and (3.49). Equations (3.37) and (3.44) will then
have to be contracted into a function which includes more terms of the corresponding series
Se /Q(WQ)[pl] 2) and then integrated with respect to p;. The result will be a set of equations

(0)

for the unknown b, expansion coeflicients.

3.3.1 Evaluation of b(()o)

The right hand side of Eq. (3.52) is easy to evaluate

_ (2mkT)?
10732

Then using the definition of the operator £14(p1), Eq. (3.52) becomes,

(mkT)? = T [ dpdp [ babeplp ) {[p1]® + 5] - [p1]‘2)—[pa]‘”})@l(zz%)

It is convenient to transform the momentum tensors into relative and center of mass coordi-

1 2
ﬁ/dpl[Pl}(2)3[P1](2)901 /dW1 (W] WP e ™1 = (mkT)2. (3.54)

nates,
p)® = L(PI®+ o] + [Pp)?, (3.50)
P+ [pal® = (P +2(p). (357)

Making use of the invariance of the center of mass momentum during a collision, P’ = P,
Eq. (3.55) becomes,

(mkT)? ‘87”"’ “ [ ap [* bdeplp+{[p) - [p) @} (o). (3.58)
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The integration with respect to P has been carried out. Introducing the dimensionless
relative momentum « = (p?/mkT)}/? and contracting the tensors gives,

(0), 2 5/2 1/2 poo poo .
_ 16 m5(’“T) <_7L> |7 [ dvbdve 7 (cos? x = 1) (3.59)
o Jo

mkT)? =
(mkT) -
where x is the angle of deflection in a binary collision. The conservation of energy shows

the collision does not change the magnitude of the relative momentum and p’ = p is used in
deriving Eq. (3.59). The Q%) collisional integrals [7], defined as,

omkT\? oo oo 2
Q“’S)(T):( Tr/l ) / / drybdbe™ v**3(1 — cos’ x) (3.60)
L 0 0

are used to express Eq. (3.59) in compact form,

86" (mkT)?

(mkT)? = -

Q2 (3.61)
i is the reduced mass of the colliding pair. The value of the expansion coefficient bg]) is
obtained from this equation,

©_ 9
0 = 2o (3.62)

3.3.2 Evaluation of bgl)
From Eq. (3.45),

%/dpl[Pl](Q):M(p1) = -Bf—(?/dpl[pl](2):[p1](g)¢1

du 0

m
T /drzdpzdpl[P1](2)= (E%) Qua[pr]® 100, (3.63)

The first term on the right hand side is easily evaluated and Eq. (3.63) written as,
-1 ~
= [ ®:Mpr) = BT)(mkT)?
m du 0
55 [ff drapioalo)®: (5 - 51 ) alpr @ (300

The Mgller operator does not affect the center of mass momentum, it converts the relative
position to the vector r’ defined in Section 2.5.1 and the relative momentum to its precollision

value, pg. Integrating over the center of mass momentum then gives,

= [ oo Fi(p) = BT)mkT)




The integral on the right is integrated by parts and converted into dimensionless form,

/ dp‘"— ([rp]® + [pr]®):[por] P o (p)e
= Tox 1?3; // rd 'y——— rﬁy] + [7r](2))3[‘)’01"](2)6—726‘ﬁu
- 154(11/2 (mkT)*F. (3.66)

The calculations required to identify F), are given in Appendix A.
The left hand side of Eq. (3.53) is treated in a manner similar to the left hand side of
Eq. (3.52) and in the one moment approximation, only the constant term b(()l) is retained.

Collecting the terms of Eq. (3.53) gives,

40°

8 2, (M (2,2) _ 2
g(ka) by Q% = B(T)(mkT)* — T

—(mkT)?F,. (3.67)

The triple collision contribution in Eq. (3.53) has not been included in this expression. It is

discussed briefly in Section 3.3.4. The expansion coeflicient b(()l) is,

1y _ ) 40'3

In solving the generalized Boltzmann equation, the two terms on the right of this equation
arise from the non-locality correction terms A; and A; in the collision operator respectively.
Here they are the result of a combination of the correlated kinetic - kinetic and kinetic -
virial time correlation functions.

By comparing the sum of Egs. (3.62) and (3.68) with the result of Eqgs. (20) and (21) of
Snider and McCourt,

1 5 403n

—nby = 300D 1+ nB(T) — CESYEAL

5 (3.69)

the combination bé"’ +nbgl) can be identified as nby/2. It is to be noted that the perturbative
amplitude by is density dependent.

3.3.3 Collisional Transfer Contribution

From Eq. (3.42),

du 1
et = 10ka/ dr // dp1dpy = = [r]¥:Qa” {[p1] P + [p2] V105 (3.70)




The momenta are converted to dimensionless center of mass and relative coordinates and

then the Mgller operator is applied,

Net = —178[)03 // drd'vdgd—ul[ 1@ {[g]@) + [70](2)} g2 =G2~Bu (3.71)

The tensors are contracted and integration over dimensionless center of mass momentum,

G, carried through,

— b, 2y g
Net = 10%30/2 // { ’70] - 30}6 op (3.72)

The calculation of Appendix B shows that

1/2 53
Tt = —nka<°)4i1-5—Nn. . (3.73)
The corresponding term in Eq. (27) of Snider and McCourt is,
1 —4 1/2 .3 )
Enkao%Nn. (3.74)

This term originates from the effect of perturbations on the distribution function in the
potential part of the pressure tensor. The two corrections agree if b((]o) is identified as the
lowest order density term of nby/2, which is consistent with the relation from Eq. (3.69).

3.3.4 Triple Collision Contribution

Kawasaki and Oppenheim obtain a contribution to the first order density corrections from
three-body collisions which they demonstrate to be equivalent to a similar contribution from
Choh and Uhlenbeck. The explicit term in Eq. (3.44), involves the operator

- / / dx5d%36015 /0 ~dts? (12)

X {(013 + 623)h2s — Qao[13 3 + 0238223 H1 + Pia + Pis)waps. (3.75)

Hoffman and Curtiss [22] have studied this correction extensively and shown the relation
between their correction and that of Choh and Uhlenbeck. This correction is not discussed
further and it is only mentioned that the Hoffman-Curtiss correction, n®) can be added to

the shear viscosity to approximate this correction.

3.3.5 Shear Viscosity

Returning to Eqgs. (3.47) for the shear viscosity,

(1)

1 , 2
= IOkaT/dpl[pl T 2‘kT /dpl [p1]®:[p1]Peg 01 + e (3.76)
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The first two terms of the right hand side are kaéO) + nkagl). Substituting the values

obtained for bgo), b(()l) and 7 from the previous sections gives,

5kT 4dnod Angt/258

"= gaes || B0 -t T

N,| . (3.77)
Comparison with Eq. (27) of Snider and McCourt shows that the two expressions agree

exactly.

3.4 Inclusion of Bound Pairs

In this section the first density contribution to the viscosity from the presence of bound
pairs is determined within the scope of the Rainwater - Friend theory. In a system with an
attractive intermolecular potential formation of bound pairs becomes possible. Accounting
for bound pairs by considering the gas to be a nonreactive binary mixture gives rise to density
corrections to the shear viscosity which are straightforward to evaluate. The general time
correlation function expression for the viscosity of a binary mixture was derived by Mori
[63]. This section illustrates that by extending the method which Kawasaki and Oppenheim
used to determine the viscosity of a pure gas to a binary mixture of free molecules and
bound pairs, an expression identical to the viscosity of binary mixture from the Boltzmann
equation approach can be derived. Only contributions from the kinetic part of the flux of
the nonreactive mixture are considered. Adding this result to the relations of Section 3.3.5
takes the time correlation formalism for shear viscosity to the level of the Rainwater theory.
The viscosity of a mixture of Ny free (f) and N, bound (b) molecules is,

1 N N
= d :G (V) )
"= TOVET /dr p Jz; (e)Ikp (3.78)
with the kinetic contribution to the momentum flux Jg,
Ny 12 N (2)
=3 [ps] s (e _ Jis + Ixe (3.79)
=1 My =1 M

The distribution function for an ideal gas mixture consisting of Ny free and NN, bound

molecules is

Ny N M
j=1 Voo v

A binary collision expansion for the resolvent of the binary mixture is similar to Eq.
(3.7),

G =Gy — ’LZ GoTaGo — Z G()’TQG()'TgG() +1 Z Go%Go’TﬂGoﬁGo + ... (381)

a,B o8,y

52




except now the indices of the summations include all possible collision combinations between

free and bound species.

3.4.1 Viscosity of a Mixture of Free Molecules and Bound Pairs

An approach similar to Section 3.2 allows the calculation of the viscosity of a binary mixture.
The expression obtained is compared to the standard expression for the viscosity of a binary
" mixture from the Boltzmann equation [7].

Utilizing the binary collision expansion, the analog of Eq. (3.29) for the viscosity of a
binary mixture is,

(2) (2)
(€)= X gt | dpe =050 e —(ng (3.8

where £ and ( denote the molecular species present in the mixture. The sum over species is

written explicitly as,

Nkx(€) = % dpf%i: {Q”(e)% + 9”’(6)%} o(ps)
rimes [ a2 fon g By grg A o) sy
with the G operators defined by,
GHie) = % - nfésff - nb-:EEfb + ., (3.84)
Gr(e) = —n,,elzsfb +o (3.85)
GM(e) = % _ nbésbb - n,«ésb-f +o (3.86)
GY(e) = —nfésbf +oo (3.87)

The form of the G operators is obtained by retaining only terms involving up to a single
binary collision among uncorrelated particles in the binary collision expansion, Eq. (3.81).
The operators have meanings similar to the one component case, with the superscripts

indicating the colliding species in the T, operator. Specifically,

gt = / drexdpeiTeres(1 + Prg2)p(pe) and £ = / dredpciTecp(pe)- (3.88)

Equation (3.83) is thus written,

n p)® 1 1 1 ps]”
me©) = o dpfrfz—f’[Z‘”@Sﬁ_n”?w(HP"f)] [TJ;L]f #les)
nb [ps)” [1 L o 1 s [ps]
d o P L ] 3.
T1okT / P my e Pé nrat 1+ Fp) my #lp) (3.89)
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\
To simplify the notation, species permutation operators Py are defined which interchange
the species labels on the flux functions (but not the Maxwellians) which follow them, for

example,

LTI Dl (3.90)
my mp
The species permutation operators are contrasted with the permutation operators used pre-
viously which interchange the labels of molecules of the same species.

Each of the brackets in Eq. (3.89) is a series in powers of 1/¢ and appears to be divergent.
The series are inverted and terms of the lowest order in ¢ and number density n retained
as in Eq. (3.30) of Section 3.2. The resumed series are assumed to be finite and give the
following set of equations,

[ps]®

m3ed + nympel(1+ Pof)| By (py) p e(ps) = nf_Tn—}—‘P(pf) (3.91)
- 2) (2)
[n2e% + nyneeif(1+ be)]Bb(Pb)L%SO(Pb) = ng%—ﬂﬂ(m)- (3.92)

The functions Bg(pe) are to be determined by solvihg these equations.

3.4.2 Solving for the B’s

The By(ps) and By(ps) functions are expanded in terms of Sonine polynomlals S¢ /2( ?)

and in a one moment approximation only the constant terms, b(f) and bb are retained. Eq.

(3.91) is then right contracted into 1p®

0 my and integrated over py,

2 (2) (2) )

10 mf mf
n2b" (2) (2)
_ f f / dp; [py] oS [p/] o
mf 77?,f
nen b (2) (2)
L by f b f / dp; [py] gfb[pf] o
m mf

‘i
~ () + (b) + (o) (3.93)

”fnbbb /d [Pf £fb[Pb] 2

The first term (a) represents the loss of polarization (non-equilibrium flux) of a free
molecule associated with free - free binary collisions. From the definition of the free - free
linearized Boltzmann collision operator Ef f

n? b p @
(a) = ff / dp; f] £ffh?f] o
ms my

o4




— 2,0
7rnfb

/dpfldp / bdblpffl pfl]

. (2) (2)
{[Pfﬂ i [sz] _ [pfl] _ [ps2] }@fl‘ﬂf'z (3.94)
my my my my

The two characteristic free particles of this collsion are labeled by the subscripts f1 and f2
and pyy is the relative momentum of a pair of free particles. Converting to center of mass

and relative coordinates of the free - free pair
Pn]? + [pp2]? = [P + [pys]®, (3.95)

and intergrating over the constant center of mass momentum leads to

—An .
(a) = W”;bgﬁ) / dp7bdbpss[p 7] P H{[P]? — 111D}y

S(kT)QQ(z’Q) L

0

= o) —t (3.96)
The middle term, (b) of Eq. (3.93), represents the loss of polarization from a free molecule

as a result of a binary collision with a bound pair. This term can be handled in a manner

similar to that of (a) namely,

(0) @) (2)
ny ”bbf D™ [Py
0 = S o B
() Pr e
—mnsngb 11(2) (2)
_ f i /dp dpy / AL i {[Pf] _ [py] }W% (3.97)
Hro My myg mg
The center of mass and relative momentum coordinates of the colliding free and bound
pair are,
my my
P = et —_
b Pr+ Po Prb mf—i—mbpf mf+mbpb
b Hrb
Py = B be+be pr;nl;be—pfb (3.98)

fesp is the reduced mass of the free - bound collision. Converting to these new coordinates,

gives,
(b) = —rnmty / / bdbdp s, dP 1yp M [P Lol 2mp Prp]® )
5,ufb FoUL fbEfb fmb fb my myme oPfb :
PH® [prl® | 2up
- P:;p.]® — [Pype]? p
X{ my my +mfmb ([ #1P] [P 6P s3] ) ©(ss)p(Pro)
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—annbbf

(2). (2 _ (2)
Mtz // bebdp ropso[p o P { [P = [P1]® } 0 (ps0)

4mn fnbb.(f

- bdbd P P
5(my + mp)? be/ p7edP 1op s [P 5p o)

x {[Psp)® = [P o) @} o(ps)e(Pps). (3.99)

After contracting and integrating over the center of mass momentum the structure of the

omega integrals is recognized,

—47? nfnbbf

b) = ————// bdbdp %, (cos® x s — 1)o(p
(b) Sy, 703 75— 1) (pse)

872 nfnbb

- bdbd, _1
3(my + ms) g / / prepys(cos X — 1) (pss)

16 5 22 32 pp (1,1)
- KT)? | D Hb @ | 92 M gy
nfnbbf { )* [5 m7 pooF 3mp+my 1°

(3.100)

Finally, the third term, (c), of Eq. (3.93) gives the transfer of polarization from the

bound molecule to the free particle as a result of a free - bound collisions,

b (2)
(C) _ nfnbb /dp pf] Sfb[pb] or
mg M
B 1(2) (2)
mfnbb,, /dpfdp/ s 220l 211 {[pb] _ [py] }(pfgpb, (3.101)
pfo g e b

Calculations similar to those used in the evaluation of the term (b) show this integral can be

simplified to,

— 2 (2)
wnfnbbb / b (2) [pe] 2h1h (2)
c) = ——— bdbdpdebpb{ P + + Ppys :
() Siire dPsepy fm,%[ ol s mfmb[ 18P ;b]
P7]® _ [pp]® _ 2pp :
— — P.p..12 [P (2) P
X { - me " mmy (Prpf® = [Prspsol®) ¢ @(pro)e(Pro)
= Oy |LBEngea 52 in  qan 3.102
nymeby ( ) [Sm fo 3 myp+my ool (3.102)
Terms from (a), (b), and (c) are put together to get a simplified form for Eq. (3.93),
namely
8Q(272) 6 32
2,(0) 9217 ) [16 15 22) Kb oLy
= n%b b —= Q% ——0
o R oMby [5 f fo 3 my+my 7 ]
16 32
+ nympl” 0 Epgla _22_Ht o)) - (3.103)
5 ms 3 my+my
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An analogous form is derived from Eq. (3.92),

(2,2)
0) 82 o) [ 16 14 32 fuw 1,1
ny = nf)b((, )2 nbnfbgc) [ = fﬂgf 2 Y ————-——f +f ng )

6 143 22 , 32y 9(1,1)]. (3.104)

(0)

b | 220 i
Tomenshy l5 m3 +3mf+m5 of
Equations (3.103) and (3.104) can be written in terms of mole fractions. Using M =

mys + my for the total mass of the colliding pair,

. 89( 2) 16 m? 32m
VI (1) g O8bry b (2,2) ieid ( 1)
Xf = by [Xf 5 + XX, 5]\42Qb + X Xp— 3

(0) 16 mymy (2,2 32 myme (L)
) XX, 2 B0 - XX, Tl

. 0) 16 memy (29 32memy
X2 = o [Xfx ; 1{42 R O e Y )]

8be 16 m f (2,2)
+ XX 05
5 M2

32
+ol | X2 + XX m&?”

oyt )] . (3.105)

From the identities in Appendix C, the cross sections for the binary mixture shear vis-

cosity H (Greek eta) are identified and the system of equations becomes,

o H + 6 Hy = X3/KT (3.106)
o Hys + o) Hyy = XZ/kT (3.107)

These are solved for bgco) and b§0) to give,

 X2Hy, - XHp X2Hy; — X3Hy,

kToY) : kToy” = 3.108
I HpgHy — HpyHy  HypHy — HpHyy' (3-108)

These factors are substituted in Eq. (3.89) to obtain the viscosity of a mixture

pA? (0 pA? / Pb](2 [ o)
= d d
7 IOkT/ Prm; m; 10/<;T Pe my P
X2H: + X2Hy — X Xy(Hpy — H

= KT [} + {7 = L2 S oHpy ”f) (3.109)

HypHyy — HppHyg ’

which is identical to the standard result for the viscosity of a binary mixture. Assumptions

similar to those of Stogryn and Hirschfelder can be made to get a first order density correction

to the viscosity due to bound pairs.




3.5 Kawasaki and Oppenheim’s Modifications Due to
Attractive Forces

Attractive forces and the possibility of formation of bound pairs were dealt with by Kawasaki
and Oppenheim in a separate article [53] which does not use the binary mixture calculation of
the previous section. The treatment formally considers the possibility of reactive collisions
which lead to the formation, decomposition or exchange in bound pairs. The potential
contribution to the momentum flux allows for these possibilities. Kawasaki and Oppenheim
did not attempt to compare their results with previous work on transport coeflicients'in the
presence of bound pairs, in particular the work of Stogryn and Hirschfelder. Within our
limited understanding of their work a number of problems exist which are discussed in this
section.

The results of their calculations is that the viscosity is expressed as a density expansion
n=n9+ny®, (3.110)

The density independent term is the same as in the absence of bound pairs,

1
0) _ 2). -1 2
nt® = m/dm[pﬂ( 1271 (pa) [P P (3.111)
The first order in density correction is composed of terms analogous to the repulsive potential
case,
M = nier + 1k + 1K) + 1k + ni (3.112)
where
1 . pl](z) - [Pl](Q)
n%}(l - 10VET £+1(p1)t1+(p1) ©1, (3113)
O , [p1]?
Mkkr = 10VkT/ Pl S+ Nt (p1) €5 (p1) ©1, (3.114)
= n‘” = / dprixa P (12)6G,(12)4 [rF ] e 0 (%), (3119
KV VK 10VkT

L

v 40VkT

In these equations, n™* £ (p1) is the binary collision operator or the modified propagator

/ dp1dxs[rioF 2] [r— (12)€G5(12)]4 [r1F 2] Pe~ 2003 (p?). (3.116)

for a free particle which can be considered a measure of the mean free time between collisions
for particle 1. The n™'I'"}(12) similarly represents the modified propagator for a pair of

interacting particles and can be considered a measure of the mean free time between collisions

of the pair 12 with other particles. Explicit expressions for each of the inverse operators are
given in Ref. [53].




Eq. (3.114) represents the effects of collisions involving three particles. These particles
may all be free, in which case the expression represents a triple collision (this is illustrated
in Fig. 6(b) of Ref. [53]), or if two of the particles are bound, it represents a free - bound
collision. The contributions from bound - bound collisions are not explicitly discussed. When
analyzed, these terms may lead to corrections of the type given in Section 3.4. At lowest
gas densities, bound pairs should produce a density correction reflecting the cross section of
free - bound collisions which arise solely from kinetic effects. It is this form that is expected
to arise from (3.114) when considering the system to be a binary mixture of free and bound
species.

Corrections related to potential contributions to the momentum flux for repulsive po-
tentials have been discussed in detail in Section 3.2. For an attractive potential, other
than non-locality and collisional transfer corrections, contributions to the viscosity from the
formation and decomposition of bound pairs and particle exchange are considered in Egs.
(3.115) and (3.116). Within our understanding of their work, some problems appear to ex-
ist with regard to these expressions. In the derivation of the viscosity for repulsive forces,
the potential contributions to the momentum flux [r;F;]® involve forces among separate
particles j and ¢. If the particles j and ¢ are bound together by the force F;,, a term of
the structure [r;oF;¢® no longer contributes to the momentum flux. Therefore, forces in
the potential contributions to the momentum flux must only be between separate particles
and not internal to a bound pair. In deriving Eqs. (3.115) and (3.116), it was assumed that
the pair 12 may constitute a bound pair. In this case it would be incorrect to have the flux
function [I‘12F12](2) as the potential contribution to the momentum flux since it is assumed
that the momentum of the bound pair is carried by the motion of its center of mass and the
relative motion does not contribute to the flux of momentum in the system.

The rigorous evaluation of the kinetic - virial cross terms in the presence of bound pairs

requires a detailed knowledge of the three-particle collisions. The cross sections of various

outcomes like bound pair formation and decomposition would be needed in order to evaluate

the 77%, term.




Chapter 4

Complete Binary Collision
Approximation for Dilute Gas
Transport Coefficients via the Time
Correlation Formulation

As stated in Chapter 2, the original motivation for examining the time correlation function
formulation of the transport coefficients was to understand the density corrections to the
dilute gas transport coefficients, in particular to establish any relation to the viable compu-
tational method of Rainwater and Friend [8]. The latter theory is a composite of a number
of developments, whereas a derivation from a unified formalism would be desirable. This
would also require understanding the role that bound pairs play in gas transport. As a closed
equation for the transport coefficient, Eq. (2.29) should be capable of evaluation without
recourse to the Boltzmann equation, and in doing so, provide an independent approach to
justify or contradict the density corrections obtained by the Boltzmann equation and its
generalizations. It appears that most published comparisons between the time correlation
function formulation and the results of the Boltzmann equation [34, 45, 47, 50, 64] evalu-
ate the time correlation function using the Boltzmann equation or some generalized kinetic
equation. In contrast, Zwanzig [52] uses a binary collision expansion to deduce that the eval-
uation of Eq. (2.29) requires the solution of a series of integral equations, the lowest order
of which is recognized as the linearized Boltzmann equation. But in order to carry out this
procedure, Zwanzig had to resum an infinite series in powers of 1/e whose individual terms
formally diverge as ¢ — 0. As seen in Chapter 3 Kawasaki and Oppenheim [51] extended
Zwanzig’s method to obtain density corrections to the viscosity coefficient and make contact
with the theory of Choh and Uhlenbeck [12]. The method presented here avoids the 1/e

expansion by using another technique, also introduced by Zwanzig [65], namely the use of
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projection operators.

While examining the density corrections to the dilute gas transport coefficients, it was
noticed that the standard treatments that make connection between these disparate formula-
tions (time correlation versus Boltzmann equation) appear to focus on only the first moment
approximation to the Boltzmann equation and do not consider the derivation of corrections
associated with higher moments (Sonine polynomials) for the accurate calculation of dilute
gas transport coefficients. It is the purpose of this chapter to show how these higher moments
arise solely from the time correlation formulation. Thus the applications presented in this
chapter are limited to gases at low density to deduce expressions for the transport coefli-
cients in terms of kinetic cross sections, while retaining all binary collision effects. The same
method of approach is adapted to the inclusion of the necessary multiple moments required
for the calculation of the transport coefficients of mixtures. The presentation for mixtures is
limited to keeping only one expansion term per species, but it is clear this could be extended
to all binary contributions. Many of the techniques shown here are used when expressions
for the density corrections to the transport coefficients are derived in later chapters.

In Sec. 4.1 the properties related to the rotational invariance of the resolvent operator and
flux functions are discussed. It is shown how these lead to simplifications in the evaluation
of the ensemble averages which appear in the time correlation function expressions for the
transport coeflicients. Section 4.2 gives a brief introduction to projection operators used in
this work and demonstrates their idempotency using the results of Sec. 4.1. In Section 4.3
properties of the projection operators are used to carry out a direct resolvent expansion of
the time correlation function for a transport coefficient. A result similar to that of Zwanzig
[65] is derived. For dilute gases it is clear that a binary collision expansion [60, 61] is needed
at some point in this relation. In Section 4.4, the flux function J of Eq. (2.29) is assumed to
be a sum of 1-particle functions, and with the use of a binary collision expansion, an analytic
solution is obtained for the low density part of the transport coeflicient. In Section 4.5, this
solution is interpreted as including the complete set of Sonine polynomials. Section 4.6
reinterprets the formalism of Section 4.4 to derive an expression for the transport coefficient
of a system which is a mixture of two species. In that case, for simplicity, only a single

moment for each species is considered. The chapter ends with a discussion. Most of the

material in this chapter has appeared in a previous publication [66].




4.1 Rotational Invariance of the Resolvent Matrix El-
ements

From Eq. (2.29) it is recalled that matrix elements of the resolvent with respect to the flux
vectors must be determined in order to evaluate the transport coefficients,
+B 1
o= lim lim ———(J® —). (4.1)

NV
20t O (2a+ 1)V

In the absence of external fields, the resolvent operator is rotationally invariant and its form
does not change when the coordinate system is rotated. This rotational invariance leads to
the simplification of subsequent calculations. To make use of these simplifications, a number
of concepts and some notation are introduced in this section.

The continuous group of all rotations in three-dimensional space, SO(3), has an infinite
number of irreducible representations, corresponding to the infinite number of elements and
classes which it possesses. These irreducible representations have weights 0,1,2,3,-- -, ¢, - - -
corresponding to their tensorial rank, and dimension 1,3,5,...,2a+1, - -, corresponding to
the number of independent elements in each representation. Thus for example, the infinite
set of vectors (@ = 1) which have 2a:+ 1 = 3 independent components, form an irreducible
representation of the three-dimensional rotation group. The dimension of the irreducible
representation should be distinguished from the three spatial dimensions z, ¥ and z which
are common to all irreducible representations. If the operation of rotation in the three-
dimensional space is represented by a matrix D, the rotational invariance of the resolvent
operator implies,

~ 1

N 1
D D' = )
z—L z—L

The rotational invariance of the resolvent allows the use of a generalized version of the

(4.2)

Wigner - Eckart theorem [67, 68]: When acting on J, a symmetric traceless tensor of rank
¢, the rotationally invariant operator 1/(z — £) produces a tensor T,
1
z—L
of the same rank as J, which belongs to the same irreducible representation. That is, if a

J=T (4.3)

component of J transforms under a rotation R according to
1, = Y o(R)DI,, (4.4)

where the @(R)ﬁ,‘f) are matrices for the irreducible representation of weight o of the rotation

R, then the components of T also satisfy

T,=Y ®(R)¥T,. (4.5)
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It follows that if J is a three-dimensional Cartesian vector, then so is T and if J is a symmetric
traceless second rank tensor, then so is T.

The canonical distribution function p(™ is rotationally invariant in the absence of external
fields and as a result, the inner product (J(z — £)7'J) = (J|T)) is an isotropic tensor of
rank 2. This isotropic, rotationally invariant tensor must be proportional to E(a), the
rotationally invariant tensor of rank 2« which acts as the Cartesian identity in the 2o + 1

irreducible representation of the three-dimensional rotation group of J,
(JIITY) = aE@, ' (4.6)

with some scalar a, which is determined by magnitude and directional properties of J and
T. The rotationally invariant 2« rank tensor E@ acts like an identity for the irreducible

representation. As such, it is useful to impose upon it the condition of idempotency,
E® & E® = E@), (4.7)

The idempotency property is required when constructing projection operators in the next
section. It is now appropriate to consider in greater detail the two cases that are encountered
in this thesis.

The flux functions studied in this thesis are the heat flux vector which belongs to the
irreducible representation of dimension 3 of the SO(3) group and the symmetric traceless
second rank transverse momentum flux tensor which belongs to the irreducible representation
of dimension 5. The detailed form of the corresponding identity tensors ED and E@ are
studied below.

For a vectorial flux function, @ = 1 and the second rank rotationally invariant tensor ED

must be a multiple of U, the unit rotationally invariant second rank tensor [69),

U= ij 6, =%k + 35 + 22. (4.8)
ij

For a three-dimensional space, the ¢ and j indices, and unit vectors i andj are summed
over the z, y, and z directions. A schematic geometric representation of the summation is
suggested by the shape of the symbol U [70]. The two “branches” of the symbol U represent
the number of indices or in other words, the rank of the tensor. The connectedness of the
branches at the bottom shows that the indices must be identical, and in this manner indicates
the presence of the Kronecker delta function. A summation over three spatial dimensions is
implied.

For vector flux functions J, the inner product ((J|T)) is a scalar multiple of the second

rank rotationally invariant identity tensor,

(J|TY = aU. (4.9)
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To obtain the scalar multiple a, both sides are double contracted onto U,

aU:U = U:(J|T)) (4-10)
which gives, {(J-|T)
.
] ) (4.11)

This follows from U:U = 3 and U:AB = A-B. Using the schematic representation described
above, the branch of the U closest to the contraction is dotted into the vector closest to it
(A), and the farthest branch of U is contracted onto the next vector (B). Since the indices
on the two branches are identical. the result is the dot product of the two original vectors.

For a symmetric traceless second rank tensorial flux function J like the transverse mo-
mentum flux in shear viscosity, the identity E® is a fourth rank isotropic Cartesian identity
tensor. This tensor must be a linear combination of the three rotationally invariant fourth

rank tensors [69]. These isotropic tensors are given in terms of delta functions,

AN AA

UU = 3 ikl 6idee = (X% + 9 + 22) (k% + ¥ + 22), (4.12)
ijke

W = X Gk 6ixdse, (4.13)
ijke

Y = 3 ikl ddu =xUx+3Us+2U2 (4.14)
ijke

The schematic representation introduced previously is also useful in this case. The four
branches indicate that the tensors have four indices and are thus of fourth rank, and the
connectivity at the bottom of the branches indicates the specific combination of indices
which are identical. In three-dimensional space, the indices are summed over the three
spatial directions z, ¥, and z.

E®® must be a linear combination of these three tensors and can be expressed as

E® =aJU+() + ). (4.15)

In Appendix D the coefficients chosen to make E® idempotent are determined to be

e = 2W+Y) - ;UU- (4.16)

For the mometum flux tensor J, (J|T) is a multiple of E?),

(JIT) = aE®, (4.17)

Contraction of both sides of Eq. (4.17) into E® allows the identification of the scalar multiple
a,

GE® A E® — E® § T) = a= ___«J;T», (4.18)
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4.2 Projection Operators

In the context of irreversible statistical mechanics, projection operators were first introduced
by Nakajima [71] and Zwanzig [72]. Starting with the Liouville equation Zwanzig derived a
generalized master equation using projection operators [65, 73]. More recent applications of
projection operators have been reviewed by Hynes and Deutsch [74] and Grabert [75].

The nature of the calculation involved in determining the matrix element of the resolvent
operator suggests the use of a projection operator. A complete set of orthonormal N-particle

basis functions {¥,;(r", p")} can be constructed of which J is a member,
J=¥y(r", p") ' (4.19)

The ¥; basis functions have tensorial properties identical to J. In general, they are not sums
of individual particle functions and involve correlations among particles in a complicated

manner. The resolvent produces a linear combination of these basis vectors in N-particle

space, ‘ ‘
1 1
Z—EJ—z—E\IIO~Xj:aj‘I/7’ (4.20)
but this linear combination is projected back onto ¥y when calculating the matrix element,
a 17 a
(IO ——7I) = (T O X a;%;) = ao(n, T). (4.21)

J

It is seen that a direct calculation of the result of the operation of resolvent on the flux
function J is computationally quite wasteful, since only that part of the complete evolution
which remains in the J subspace has a nonvanishing contribution in the final result. By
projecting the resolvent onto the subspace of the flux function J, the extra calculations can
be avoided. This projection and its consequences are introduced in the next section.

Any projection operator must possess the condition of idempotency, i.e.,

P2 ="7P. (4.22)
For a flux function J of tensorial rank «, the projection operator is
P = AlJ) 6 (J). (4.23)
The condition of idempotency requires that,

P2 = A7) 6 (I313) 6 (I =P = 43) & (I, (4.29)

!
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Determining the constant A requires the evaluation of (J|J)). If there are no external fields
in the system, ((J|J)) is a rotational invariant, and in particular, a scalar multiple of E( the
rotationally invariant tensor of rank 2« which acts as the Cartesian identity tensor in the
2a+1-dimensional representation of the rotational group in three spatial dimensions. Proper
normalization factors can always be chosen for the flux function J such that (J|JY) = NE®,
For a vectorial flux function (tensor of first rank), if ((J|J)) is to be rotationally invariant,
it must be a scalar multiple of the only possible second rank rotationally invariant tensor U
[69],
{J|T) = NU. (4.25)

Thus in Eq. (4.24),
AI)INTN- (3] = A*N|I)-U-(I] = AJT)-(J], (4.26)

and so A=1/N.
For a tensorial flux function J which is a symmetric traceless tensor of second rank,
verification of the idempotency property of Eq.” (4.24), requires recognizing that ((J|J)) =

NE®. The calculations are otherwise analogous to that given for a vector flux function.

4.3 Projection Operator - Resolvent Relations

The thermal average bracket (( | )) involves the “bra” and “ket” defined either in quantum

or classical mechanics as

1

(X | /deX = Tr.xX | Y) = Yf(N) = 5 [Y, p(N)]

I

+

(XYY = / BXY W = T X[V, 0] (4.27)

1
2
where, if only translational degrees of freedom are involved, a phase space element is dxV =
dp™dr®, while in quantum mechanics, the noncommutation of an observable Y and the
equilibrium density operator p™) requires, for example, the introduction of the anticommu-
tator to preserve hermiticity. Obvious generalizations are required if there are internal states
and/or the molecular system is a mixture. It is the classical terminology and language that
are used here, but the classical formalism can be immediately transcribed into a quantum
formalism. The bracket acts as a scalar product of two phase space functions so that a vector
space language can, and is, used in the rest of the chapter. The “bra” and “ket” tensors are
seen to be asymmetric with respect to the N-particle distribution function f(™). Different

positionings of the distribution function are possible, but the above inclusion of f (N) in the
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“ket” is the most convenient. Due to the asymmetric distribution of the distribution func-
tion, even though the bracket combination is finite, the individual “bra” and “ket” tensors
are not components of a Hilbert space.

While J(t) changes as it evolves with time, only its component along the phase space
J direction is of importance for the calculation of ¢. This is equivalent to determining
the matrix element of the resolvent that is diagonal in J. The generalization of Zwanzig’s
[65] projection operator is the projection operator P onto the 2a+1 dimensional subspace
spanned by the components of J

P=A|I)O (I|. (4.28)
The normalization constant A is introduced to make the projection operator idempotent
PP=AMo@IHo@=AlT)o(I|=P. (4.29)

On the assumption that the equilibrium density operator (distribution function) is rotation-
ally invariant, and that the flux operator J has no preference for any particular direction
in space, it follows that ((J | J)) is a 2a rank tensor which must be a rotational invariant.
(J|3) is thus a scalar multiple of E®), the rotationally invariant tensor of rank 2« that acts
as the Cartesian tensor identity for the 2.+ 1 dimensional irreducible representation of the
three dimensional rotation group [36, 76]. Thus

(3 13) = aE® (4.30)

with a proportionality constant a determined by taking the contraction of both sides of Eq.
(4.30) with E® to show that

_ 3619y
o= (4.31)
and by substituting Eq. (4.30) into Eq. (4.29),
1
A= 20l (4.32)
(Jo|I)

The general expression for a transport coefficient is given in Eq. (2.29). The right flux
function begins in the J subspace. The resolvent changes both the magnitude and direction
of this “vector” in the function space, but the dot product projects the resultant vector back
onto the J subspace. Since P projects onto the subspace of functions determined by the
components of J, it follows that the transport coefficient can be written

oc=1lim lim B !

=0 NVoo (a4 1)V<< i€ — L

N /V=const.

JO|P PIY, (4.33)
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involving the projection of the resolvent operator. This can be expanded in terms of the
resolvent of the projected Liouville operator according to (for convenience and possible gen-

eralization, this is expressed in terms of z = ie)

PP = Po—slo— L4 (1= P)L(1~ P)+ PLL~P) + (1 P)LP] ——P
= PP+ P PL( ~ P) P
= Pﬁ?’
+Pﬁ7)£(1 =P a _7)1)5(1 7 LP- i i (4.34)

The first term describes the evolution within the J subspace while the second term describes
the influence of the rest of the function space on the subspace determined by J (the subspace
complimentary to J). Solving for the projected resolvent gives

1
p—L p-

4.35

Since the J’s for the transport coefficients belong to irreducible representations of the rotation
group with time independent normalization a, the projected Liouville operator PLP = 0.
The proof [65] states that from the Liouville equation, {(J | £ | J)) can be written as (J | J)),
which is proportional to d{(J|J))/dt. Since the equilibrium ensemble is constant with time,
so is {(J|J)), its time derivative vanishes, PLP = 0 and Eq. (4.35) is simplified to

1 1
P— P =

5 (4.36)

With this expression for the projected resolvent, the transport coeflicient expression, Eq.
(4.33), becomes

1B o 1
c = lim lim ——{(J® J
0 N s (2a + 1)V« zZ = P‘Cz—(l—Pl)E(l—P) LP )
=l lim —P 38 |X) (4.37)

0 NVoo (204 1)V

N/V=const.

where | X)) is defined by

1
X)) = [ T)- (4.38)
2= PLmmmm P
Inverting this defining relation and using the e — 0 limit, it is seen that
1
|I) = —PL LP|X)). (4.39)

z— (- P)L(1—P)
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The phase space inner product of this equation with ((J| implies that

1
z— (1-P)L(1-P)

E® = —A(JL L)) & AYIIXY, (4.40)

where Eq. (4.30) has been used. Since both brackets on the right in this expression are 2«
rank rotationally invariant tensors, they are each a scalar multiple of E(®), Manipulations
similar to those stated in Egs. (4.30) and (4.31) give

—-A o 1 AVo
=W elamam—m ! s (441)
which results in an expression for the transport coefficient in the form
=lim lim —AQV—«J oL : L|I) (4.42)
o~ b a¥ie Qo+ Bz (-PILA-P) |

It can be noted that the above manipulations have led to an operator combination that has
the structure of an N-particle transition operator. The Liouville operator in this expression
is projected onto the subspace complimentary to J. The € — 0 limit of a transition operator
has well understood convergence properties. Physically, the study of general time evolution
in the system, Eq. (4.33) has been reduced to the study of collision events.
Zwanzig [65] simplified this to the equivalent form
1 ) A%V a 1
~= 11_% N}‘l/rgw m((.] ® Emﬁ | ). (4.43)

N/V =const.

His derivation involved the generalized Master equation with the consequent identification
of the transport coeflicient as the inverse of the Laplace transform of the memory kernel of

that equation.

4.4 One Particle Properties at Low Density

For a low density gas, the measured physical properties are all associated with individual
molecular attributes. In particular, transport is due solely to the kinetic motion of the
individual molecules, as distinct from transport associated with the intermolecular potential,
which becomes significant at higher densities, see Chapters 6 and 7. Collisions disrupt these
free kinetic motions, giving rise to the transfer of flux from one molecule to another. This
interrupts the transport and gives rise to the resistance to flow of the fluid (viscosity), finite
transfer of energy (thermal conductivity), etc. In such cases: 1) the phase function J is a

sum of one particle properties; 2) the equilibrium averaging involves a distribution function

69




%) which is a product of one particle Boltzmann factors; 3) the intermolecular potential
for the system is pairwise additive so that the Liouville operator has kinetic and potential

contributions 3 3
L= ZIC +Zvﬂ_—z2pj S D P (4.44)

j<t 31‘; k<? OTke apke,
and 4) termolecular colhsmns are to be 1gnored. It is the combination of these four restrictions
that are used to derive otherwise exact expressions for the transport coefficients involving
only binary collisions.

In later sections the general formalism developed here is specialized, first to identify
how all higher Sonine polynomial terms of the Chapman-Cowling solution of the Boltzmann
equation arise from the time correlation formalism. This shows how the binary collision
expressions derived here are the same as those obtained by exactly solving the Boltzmann
equation. Second, the formalism is adapted to show how the Boltzmann equation expressions
for mixtures arise from the time correlation function formalism. It does not appear that either
of these detailed connections have been made previously for the general case.

On the basis that any physical observable is associated with individual molecular at-
tributes, it follows that the flux J is an additive property of the individual molecules in the

system,
N

whose contribution, Jy;, from molecule j is a function only of that molecule’s momentum,

p;. For convenience of notation it is assumed that Jg; is normalized so that
(Fraldr) =E9,  equivalently  (Jx1 O [T =2a+1.  (4.46)

Provided the distribution function for the gas
N
=117 (4.47)
=

is a product of one particle distribution functions which are normalized

/ dx, 2 =1, (4.48)

then the inner product of Eq. (4.31) is N(2a. + 1) and the normalization factor for the
projector of Eq. (4.28) becomes A= 1/N.
Equation (4.42) for the transport coeflicient can then be written

1 | % a ¢
s = I ENGasn e O T mea ey -
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(N-1)V o i

= i li ———((J L1]J
Egr(% 7‘/‘1:_12?2'; BN(2 + 1) << K1 @ V]_Zz . (1 _ P)E(]_ . 7)) | >>
_ (N - (V)
= 11_1)18 N;Vj‘l’l—:'}”;t m / dX1J1(1 @ B1 N (449)

on the basis, first that J is a sum with all particles contributing equally, and second, that
only the potential part of £ has any effect on Jg1, with particle 2 being a typical particle

interacting with particle 1. In the following a closed expression for the vector valued function
B = [ ax¥Dvi,-

is calculated. The shorthand notation Lp = (1 — P)L(1 — P) has been introduced for

convenience.

ﬁ LIfFN), (4.50)

Since, in Eq. (4.50) for BgN), the pair 12 is interacting, it is appropriate to identify this
interaction with a binary collision between this particular pair of particles. This can be
accomplished by introducing the resolvent for the pair evolution operator L2 = Y, K; + Vio.

This is the Liouville operator of an N-particle system where only the 12 pair are interacting.

After reorganization, B(N) can be written in the form
(N _ (N-1) ‘ . _ Py (N)
B! /dx Wi — Lu[ Lo+ (1=P)LO = P) = Lol =5 LIf
= / dxN-Dp, LIFM
z— E :
+/ axY DV~ S Vie — LIFW (4.51)
- ‘Cl? k<t z = EP

This is a generalization of Watson’s [60] binary collision expansion. Since the two left-most
operators in the integrals of this equation, Via(z — £12)7}, involve only particles 1 and 2,
and these in a symmetrical manner, the integration over all the other particles 3---N can
be carried out before getting to these operators. Moreover, the equations can be simpli-
fied by emphasizing only the behaviour of one particle, chosen as that labeled by 1, with
particle 2 taken into account by the introduction of the permutation operator Py5. Further

simplification is obtained by introducing the 2-particle transition operator
1 1

Vig =V

L, L —

(N=2) £(N)

Tis = Vs + Vlz (Z - ’Clg) (4.52)

and the reduced pair distribution function, f{? = [dx = 1p2/V? In terms of

these quantities, the first term in BgN ) is

[ a3 = [ dxaVi e Via(1 4 P) I
— L2
P1P2
= /dXQ’Lﬂz 1+ PIQ)JKI V2 = VNR JKI, (453)
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where the binary (linearized Boltzmann) collision operator, R, is defined as
n .
R = go_/dx22712(1 + Pr2)p102. ‘ (4.54)
1

Technically, terms involving a third particle, such as [dx3Vi3(Jx1 + Jk3)p190203 arise in
simplifying the integral on the left hand side of Eq. (4.53). It is argued that the potential
between particles 1 and 3 that is incorporated in the Liouville operator £ (more specifically
V;3) depends only on the relative position ri3 and the integral over the position of particle
3 can be converted to that relative position whose integration then gives 0. Similarly, the
definition of 77, involves a separate V5 factor that does not appear on the right hand side
first in the line of Eq. (4.53) but whose integration over the position of particle 2 gives a
null value,

/dX2V12(1 + P12)JK1f1(§) = 0. (4.55)

This same procedure is not valid for the term that has been kept because of other ri,
dependent terms.

The remaining terms in BgN)

/dX(N_l)Vlz

are handled in a similar manner,

> Vi — J —LPLJf

— L1z k<t

= / A, Tiy——(1+ Pa) [(N _9) / dxV-2p,,
@
—JKl—Q/d NJL} _EPEJf
= [d0Ti———(1+ P) [(N—Q) [ axtv-»
z— Ky

Tl =1 & [ ax" | Ve LI

— »C’P
-/ dx; Tio=(1+ Pr) [(N— DB ~ DIV -1) 6 [ dadBf ] (i) (4.56)

with a reasonably obvious definition for ng’), which is discussed further below. The last
term of Eq. (4.56) can be simplified by the use of the projection operator

Po=pridia (% /dleKl- (4-57)

This is a projection onto the one particle subspace determined by Jg; in the momentum

space of particle 1, in contrast to P which is projector onto an N-particle subspace. On

collecting the various expressions, B(N) satisfies the equation
N -1
BgN) = VS,OJIVRlJKl— —/dx277-12(1+P12) [(N 2)B§2) - —WQOQPO/drlBgN)] . (458)
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The function Bg) can be simplified with the following approximations

BY = [ax™ Vi E £y
o 22 [y, .c LIfOD
— Zzgn- )foB§ ), (4.59)

V Vv
The first approximation is based on the idea that this term inherently involves the interaction
(collision) between particles 1 and 3 with particle 2 entering only indirectly as a spectator for
this collision. On the basis that only binary collisions are to be retained, it is thus appropriate
to ignore any interaction with particle 2, thus its distribution function can be passed through
the remaining combination of resolvent and Liouville operators. The remaining integral
correctly involves only N — 1 particles, which is the second equality. It is a consequence of
these approximations that termolecular collisions are eliminated. Finally, if N is very large,

the BgN_l) function is essentially the same as BgN)

, the second approximation. Consistent
with this independence of N, the system size labeling on B, is dropped in the remainder of
this paper. Another simplification of the same type is (N — 1)/V = (N —2)/V = n. Since
the system is homogeneous, B; is independent of the position of particle 1, and it follows
that [dr;B; = VB, and Eq. (4.58) becomes a closed equation for By, specifically

)
B, = VNRlJKl "217%151-(1—7?0)B (4.60)

The object is now to solve this equation. As a closed equation for a one particle function,
there is no need to retain the particle label, so this is dropped in the further development.
These manipulations show the motivation for defining the By in Eq. (4.49). A similar closed
equation can not be obtained directly for 1/c.

Since Eq. (4.60) contains both the full B and its projected part (1—P;)B, it is appropriate
to first solve for the (1 — Py) part of B. Left multiplying Eq. (4.60) by (1 —Py) gives

(1= PB = (1= Po) g5 RIic ~ 21~ Po)yR— (1~ Po)B, (4.61)

which can be solved for (1 — Py)B

z

- z+ i(l — Po)(ﬂR-};(l — rPo)

4 2 RIg. (4.62)

(1-P)B VN

(1—=Po) =

Substituting this back into Eq. (4.60), taking the tensor contraction with Jx, and integrating

~over the momentum of particle 1 gives

o 1 a
/dpJKQB - W[/dpJKwRJK




z
z+1i(1 = Po)eRL(1 — Po)

) a 1
_ ! 1— P)oRJ
- / dpJic & ¢R (1= Po)e K}

1
= ‘_/:N [(20& —+ 1)7\),0’0

a 1 1
—/dpJK ® @R;(l — Po)

(1- PO)SORi(l —Po)

(1- Po)goRJK] (4.63)

The operator inverse can be evaluated if an appropriate complete orthonormal basis {O;}
of 1-particle functions is introduced. This basis must be restricted to functions orthogonal
to the collisional invariants, equivalently to the eigenvectors of the collision operator R
whose eigenvalues are zero. Furthermore, for convenience, the basis should have Jx =
Oo(p) as a particular member of the basis and all members should belong to the same
(2a + 1 dimensional) irreducible representation of the 3-dimensional rotation group, with

orthonormalization determined by

| dpO;(p)¢0e(p) = 0;E. (1.64)

Matrix elements of R, after taking their rotational invariance into account, are usually

expressed in terms of kinetic cross sections & [77, 78, 79], namely
[ dpO;sRO, = Ry E® = niv)s,E, (4.65)

wherein (v) is the average relative speed of the pair of colliding particles. The projector
1 — Py then merely selects out the O, # Oy elements of the basis, with the consequence that

o 200+ 1 1
/dp-]]( ® B = R0,0 - Z Ro»' <—> Rg’()
VN g \RJje
(2a+ 1){v) ( 1 )
— AN - P ) 4.66
72 0,0 j%;oﬁo,g &) 0 S ( )

Finally, the transport coefficient is determined by taking the appropriate limit of this

expression, namely

L lim lim v /dJ 5B=" 60— T & (l> & (4.67)
o 0 NVee (2a+1)B oK B |7 M \e i '

The result usually presented (see for example Ref. [52]) as the evaluation of a dilute gas
transport coefficient according to the time correlation function method is the first term in Eq.
(4.67), i.e., the &g term. Here it is seen how correction terms to this standard approximation

arise within the binary collision approximation of the time correlation function.
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4.5 The Complete Sonine Expansion

In solving the Boltzmann equation for the purpose of calculating transport coefficients, the
distribution function is expanded about local equilibrium and after eliminating the time
derivatives, a linear equation is obtained for the perturbation of the distribution function
from local equilibrium, ¢ (Eq. (2.10) gives this form along with the first order in density
generalizations). The inhomogeneous term in this equation is, for each of the viscosity, ther-
mal conductivity and (for mixtures) diffusion coefficient, the respective flux of momentum,
energy and species mass. For a given transport property, the linear (Chapman Enskog)

equation [7, 62, 79] can be expressed in the present notation as

Jk=Ro (4.68)
and the transport coefficient is given by
nB o
= J .6
o 2C¥+1/dp K © ¢, (4.69)

with the factor nB chosen to agree with the normalization of Eq. (2.29). There are solv-
ability and uniqueness conditions that must be satisfied, the only one of importance for the
present discussion being the uniqueness conditions, namely that the perturbation ¢ must be

orthogonal to any (collisional) summational invariant 1,

[ dpapp =0, (4:70)

these being the mass, momentum and energy.
The solution of the Chapman Enskog Eq. (4.68) can be calculated in a number of different
ways. A first approximation is to assume ¢ = bJg is proportional to Jx. In that case, a

matrix element of Eq. (4.68) with Jx gives

b= 1/’1’L<’U>60’0 (471)
and the transport coefficient

o = B/(v)&q,y, (4.72)

compares with the first term in Eq. (4.67). An exact solution can be obtained by making a
complete expansion of ¢ and taking appropriate matrix elements with all the basis elements.
A more formal method is to introduce the inverse operator R~! (subject to the orthogonality

condition) and formally write the transport coefficient as

nB a 1
o= o+ 1 /dPJK (OR"7 (ﬁ) Jk. (4.73)
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Introduction of a complete orthonormal basis set allows the inverse operator to be calculated.
The classic orthogonal basis used in solving the Boltzmann equation are functions consisting
of a product of the appropriate tensor in reduced momentum W = p/+/2mkT and a Sonine
(equivalently associated Laguerre) polynomial in W2, The normalized version of this is [77],

Lo (W) = \l et e LW (W), (474

where [W](®) is the symmetric traceless tensor of rank « (and belonging to an irreducible
representation of the 3-dimensional rotation group). For the shear viscosity and diffusion,
the flux function Jx = L®® corresponds to s = 0 whereas for the thermal conductivity,
Jx = L. For future reference, the matrix elements of the collision operator R with this
basis set define the kinetic cross sections & (23),

n(v)6 (20) = (L*|RIL). (4.75)

«3s

The standard method [7] of solving Eq. (4.68) calculates the matrix inverse and ex-
presses the above matrix element as the ratio of two determinants. In contrast, if the matrix
representation of R is divided into parts associated with and without Jg, this can be most
efficiently accomplished with the use of the projector Py introduced in the last section. Since
it is the projected element of the inverse operator that appears in the transport coefficient,
the analog of Eq. (4.35) is

1 1
Po %Po = i Po. (4-76)

P(] RPO - ,PORF,’;B)—,RW RPO

As the {0,0} matrix element of this inverse operator, the transport coefficient is then given
by
1 1

s nB

1
Roo~ 3 Ro; (-75) Rg,o} (4.77)
50 5t

which, when converted to kinetic cross sections is identical to Eq. (4.67).

The above formalism has inherently assumed that the molecules have only translational
states. In case the molecules have internal states, the flux operators in general will involve
the internal states and the complete set of functions must span the internal states as well as
the translational states. It is then necessary to include a trace over the (quantum) internal
states as well as the integration over the position and momentum. To correctly formulate
this mix of classical and quantum descriptions the distribution function must be replaced by

a quantity which is simultaneously a Wigner function [80] for the translational states and a
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density operator in the internal states. A further complexity is that a complete set of internal
state operators includes operators that do not commute with the internal state hamiltonian.
When acting on such an operator O, the z parameter in the definition, Eq. (4.52), of the
collision superoperator 7 requires z = w + i€ to have its real part equal to the eigenvalue w
of K when acting on O (that is, w is the difference of energies of the ket and bra Dirac states
of O). This work does not address such questions. But except when treating transport
properties in the presence of a field, it has been argued that terms that are off diagonal
in the eigenstates of the internal state hamiltonian are rapidly phase randomized [81]. As
such, the set of operators used for expansion can be limited to those that commute with
the internal state hamiltonian. With this constraint, the formal development is the same as
above, except that the basis elements must span this diagonal-in-internal-state-energy part

of the space of operators on internal states.

4.6 Transport Coefficients of a Binary Mixture

The collisions between molecules of the same species behave very differently from collisions
between different species, thus it is not sufficient to use an average of the transport coefficients
of the separate individual species in a mixture, but rather it is necessary to take into account
how they influence each other. It is thus necessary, even at the lowest order of approximation,
to include a separate flux function for each of the species. This section discusses the simplest
case of a nonreacting ideal gas binary mixture, each species having a single basis function
(that is, ignoring the role of higher Sonine polynomials or other dependences on rotational,
electronic, etc. internal states). The method of formulation is to directly adapt the general
treatment of Section III by considering the two species, labeled a and b, as being equivalent
to two different hypothetical internal states of a molecule, with of course the mass now
dependent on the internal state.

The integration over molecular states now must include a summation over the species,

using here a generic label s,
[ax=% /[ dvar, (4.78)

as well as the integration over translational degrees of freedom of the corresponding species
(ignoring the possible presence of other internal states). Corresponding to this, the one

particle distribution function (density operator) for a typical molecule has the structure

%

gzzm&ﬁ, (4.79)




involving the identification state x; of species s, the normalized species distribution function
ws/V and its mole fraction X,;. For an ideal gas mixture, the higher order distribution
functions can be considered as products of the one particle distribution functions, compare
Eq. (4.47), ignoring the constraint that only XN of the total N molecules can be of species
a. To make the properties of the mixture clearer, it is useful to introduce a two dimensional
species vector space, so that the species projection operators become

v (o) v (l) v (RR) 0

Finally, the flux operator also has contributions from both species, thus
I = psJks, (4.81)
$
where p, are the projectors onto their respective species, namely

oo = (o o) o= (g 1) (4.82)

The technique of introducing a vector space and reformulating the solution as a matrix
problem is used a number of times in the following chapters. It simplifies the calculations
whenever there is more than one type of component in the flux vector (in the present case,
kinetic fluxes of species a and b).

The analogous trace over molecular states becomes the row vector

1
vTI‘JK = Z / dpJKle e /dp ( JK(L JKb) . (483)

Equations (4.49) and (4.63) can be directly adapted to the calculation of a mixture transport
coefficient, but now the projector Py onto the flux function J becomes the two dimensional

matrix with components

. o o
(Po)ss/ = (SOJK © /dpJK)ss’ = XsXs@sd ks © /dpJKS/xL, (4.84)
or in matrix form Yo ]
P¢=><“%K“)(%/d Jia Jics). 4.85

0 XbQObJKb p( K Kb) ( )

There are analogous species flux projectors
o das O
Py = 0. dis O / dpJKS( : ) (4.86)
0 s

Within the constraint of having two species and only the flux operators Jx for these species,
the identity is equivalent to P, + P, so that the projector 1 — Py is

XoPoe  —(Po)as\ _ » 2
1=Po = (“(%O)ba X(L,OPbb> =¢odl (4.87)
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The factorization is recognized as a consequence of the essential factorization of (Pg)ss, with
the two dimensional vectors defined as

¢ = (—(p;.:ﬁjJ ¢ = /dp (—)ggj-ijb) ' (4.88)
Equation (4.87) represents, of course, the projection onto the particular vector ¢ in the
two-dimensional space of species flux.

A transport coefficient of a one particle property is given by Eq. (4.49) with the integral
evaluated by Eq. (4.63). The latter depends on the evaluation of an inverse of a projected
collision operator. Since in the present case this projection is one dimensional, it follows
that

-1
1 1 o
1— R—(1— = — t 4.8
a-PeRI0-P)| — b (4.89)
in which the denominator is
1 a 1
Den = E'O YR = X,Roa+ XaRbs — XeRap — XosRoa (4.90)
2a +1 (p ) Y e} b)
This involves the collision matrix elements
1 a
Roa = 50 [ @PTka © ¢RIk
= nXa(©)a® (53]2) g0 T nX6(v)at® (35]2) 4p (4.91)
and
1 o
Rop = 5o / dpJica & 0RIxp = nXp() S (22]2)., (4.92)

together with the analogs obtained by interchanging species a and 4. Note that when the
flux operators are associated with the same species, there are two types of terms, one in
which the binary collision is between molecules of the same species and another when the
collision partner is a molecule of the other species. The “telephone” notation of the cross
sections involves a classification of the irreducible representation for the translational (here
«) and internal state (here 0) motions, the species carrying the flux function and which pair
of molecules are colliding, see Refs. (78, 79].

Equation (4.63) requires the evaluation of the inner product

8] 1 [4]
[ dpTic & oR—¢ 8 €leRIx

o Tia/ X, \ @ Txa
= /dp(‘]Ka Jrs) © WR(_j( //X ) © /dp(XbJKa ~XoJks) R <JK )
Kb b Kb
X, X
- (20[ + 1) [Ra,a - }Z—;Ra,b + X_bRb,a - Rb,b] XaXb[Ra,a + 7?'a,b - Rb,a - Rb,b]
= (20{ -+ 1)XaXb[Ra,a + Ra,b — Rb,a — Rb,b}2~ (493)
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The last equality depends on the symmetry of the Boltzmann collision integral

XoRap = XoRoa- (4.94)
Also required is the matrix element
1
Roo = 5—— / dpJx & ¢RIk = XoRaa + XaRap + XoRoa + XsRos (4.95)

Putting these results into Egs. (4.49) and (4.63), together with simplifying the result by an
extensive use of the symmetry of Eq. (4.94), the mixture transport coefficient becomes
0 XyRoa+ XaRpp — XaRap — XoRoa
nB B Ra,aRb,b - Ra,bRb,a ‘

(4.96)

This expression is exactly the same as that obtained from the Boltzmann equation, as found
for example in McCourt, et al. [79] for binary mixtures where it is expressed in terms of

kinetic cross sections.

4.7 Discussion

The original motivation for this work was to obtain expressions for the density corrections
of the transport coefficients. As an analogous problem, it was asked how corrections to
the lowest order approximation to the Boltzmann equation could be derived from the time
correlation formalism. Naturally the density corrections require keeping the fluxes associated
with collisional transfer, but in the low density limit, the effect of such terms in J, and the
effects of spatial correlation of the particles may be neglected. Fven the restricted cases
considered here illustrate the elaborate coupling of terms that may arise when evaluating Eq.
(2.29) to find corrections to the lowest order expressions for the gas transport coefficients.
But the method introduced here deduces from the time correlation function formulation,
expressions for the transport coefficients that immediately include the higher ordered Sonine
polynomials and the analogous expressions for mixtures. Both derivations appear to be
novel.

The formalism given is completely general and can be used in the low density limit for
any of the applications stated in the introduction. It only involves the assumption that J is
a sum of one particle properties and the restriction to binary collisions. The implementation
of the latter is the set of approximations made in Eq. (4.59). The meaning of the binary
collision operator R is different for each case, but the formalism is otherwise the same.

For a J which includes two particle phase space functions, or for cases where the spatial
correlations of particles can no longer be neglected, the manipulations presented in this
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chapter must be changed. The nature of some of the expansions are, however, the same
in these cases, and by adaptation of the formalism, a density expansion for the transport

coeflicients can be obtained. This method of approach is again general and is illustrated for

viscosity and thermal conductivity in the following chapters.




Chapter 5

Bound-Free (GGas Transport
Coefficients via the Time Correlation
Formulation based on an Atomic
Picture

5.1 Introduction

Bound pairs contribute to the first order density corrections of dilute gas transport coeffi-
cients. These effects arise primarily through the difference between atom-atom, atom-diatom
and diatom-diatom cross sections, as well as the difference in the gas density (equivalently
the pressure) due to the dimerization. For the thermal conductivity in particular, the energy
carried by a dimer is clearly different from that of two free atoms, so bound dimers must be
taken into account for this reason as well. Another direct energy effect is the possible shift
in the atom-dimer ratio as the gas changes temperature. These effects were first considered
by Nernst [82] and revisited in a modern setting by Stogryn and Hirschfelder [83]. The latter
used the mixture equations for the transport coeflicients to treat the differing collisional ef-
fects, while accounting for internal states via an Eucken method [84]. This method has been
adopted by Rainwater and coworkers [8] as part of their program for fitting experimental
moderately dense gas transport coefficient data. While this (molecular) method is intuitively
correct from a chemical viewpoint, it does not recognize that a bound pair is truly just a
pair of atoms (with of course a special chemical interaction), having the consequence that
all properties of the gas should be derivable from the same fundamental formalism expressed
in terms of the atoms. It is this atomic picture that is emphasized in this work, which is

aimed at showing how the differing collisional effects can be obtained from a unified atomic

picture.




An atomic picture has been used by Kawasaki and Oppenheim [53] in the time correlation
function formalism to derive density corrections for a system with an aftractive potential.
The results were also used [59] to obtain kinetic equations for the time evolution of the
distribution function of the gas with bound pairs. To our knowledge, these expressions have
not been used to obtain numerical values for the contribution of the bound pairs to the first
order density correction to the transport coeflicients, nor have they been compared to the
corresponding formal mixture expressions which are standardly used in applications. More
recently, a coupled set of Boltzmann type kinetic equations for the time evolution of the
bound pairs and the free molecules has been derived and the resultant equations solved to
obtain the bound state contribution to the density corrections [25]. These derivations are
at times complex, and it is difficult to assess the effect of the approximations made in the
derivation on the final result. The alternative of starting with the time correlation func-
tion expressions for the transport coefficients [31, 32] can provide support for, or arguments
against, the approximation methods inherent in the kinetic equations type approach. Unfor-
tunately, the evaluation of the time correlation function also involves an assessment of how
to carry out its expansion and to select which terms are important. Since the two methods
are inherently different in detail, provided they result in the same estimation of a transport
coefficient, they supplement each other’s validity. In Chapter 4, the explicit starting point
was an expression for a transport coefficient in terms of a time correlation function using a
projected Liouville operator. That expression is rigorously equivalent to the standard ex-
pression of Green and Kubo. In that chapter, the time correlation function expression for
a transport coeflicient was evaluated in the dilute gas limit, in a manner that did not for-
mally reduce to solving the Boltzmann equation, but whose resulting expression is the same
as that standardly calculated by the Boltzmann equation method [7, 62]. In the present
chapter the N-particle (atomic) density operator is written in a way [86] which emphasizes
both unbound (free) atoms and bound pairs of atoms (dimers). The final expression for a
transport coefficient in the presence of bound pairs is identical to that of a molecular mixture
of atoms and dimers as derived from the Boltzmann equation. While this is to be expected,
it is the unifying connection between atomic and molecular pictures that has been attained.

The density operator for an N-particle system having 2D particles bound in pairs [86]
is reviewed in Section 5.2. In Sec. 5.3, the methods of Chapter 4 are used to deduce an
expression for the transport coefficient of such a system from the time correlation function
formalism. Kawasaki and Oppenheim [53] used what amounts to an atomic picture in the
time correlation function formalism to obtain first order density corrections to the shear

viscosity coefficient in the presence of bound pairs. The relation of their work to this pre-
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sentation is discussed in Sec. 5.4. The chapter ends with a discussion. The material of this

chapter is to appear in a future publication [87].

5.2 Distribution Functions for an N-Particle System
with Unbound Particles and Bound Pairs

For an equilibrium system of particles with a sufficiently attractive intermolecular potential,
there is a fraction that are bound together as pairs (often referred to here as dimers). The

number of bound pairs D, more accurately the dimer density np, is determined by an

n q Vv 2
D D
ng 'V <QM> | (5-1)

equilibrium constant

and the unbound (free or monomer) density n,,. The equilibrium constant can be calculated
in terms of the molecular partition functions ¢p, ¢ur and the volume V. The partition
functions are of course dependent on the temperature T as well as the volume V. It is
also assumed that the chemical binding is such that the valence forces are saturated after
pair binding so that the binding of three and/or more particles is disallowed. While the
equilibrium constant can be related to the second virial coefficient, see e. g. Ref. [83], and
thus interpreted as a nonideality of the N-particle system, this connection is not addressed
here and the system containing bound pairs is treated as an ideal gas mixture. The inclusion
of gas nonideality corrections to the transport coeflicient expressions is the object of the next
two chapters.

The canonical distribution for an N-particle quantum system in a volume V', having only
pairwise interactions can be expanded in terms of Ursell operators [21]. If in this expansion
only those terms are retained which have one and two particle Ursell operators, then this
corresponds to a gas having only pair correlations, an approximation used by Snider [88]
for examining the density corrections to the Boltzmann equation. Furthermore, if only the
bound state part of the 2-particle Ursell operator is retained, then one has a mathematical
expression which represents all particles as being free (1-particle Ursell operator) or bound
in pairs. On the basis that for a large system, the number of bound pairs is very well
determined, it is appropriate to restrict the sum over all products of Ursell operators to
those terms which correspond to the number of bound pairs and free particles as determined
by chemical equilibrium, Eq. (5.1). The resulting distribution then consists of a sum of

terms, each of which has M free particles (monomers) and D bound pairs (dimers), with

N =M +2D. (5.2)
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It is crucial to recognize that it is not known which pairs are bound, so that the resulting
density operator must include all possible permutations of particle labels between being free
and bound. The form of this density operator first appeared [86] when a kinetic theory for
the formation and decay of bound pairs was presented. Explicitly it is

p Poke
P = g(N, M, D)~ ZH]\Z] o (5-3)
o jEN kéed
with
Nv

being the number of ways N atoms can be dlstrlbuted into a set u of M monomers, and a
set § of D dimers. In Eq. (5.3), py; is the density operator for a free particle j, normalized
to the number of free particles

Trjop5 = M, (5.5)

and ppke is the bound pair density operator of particles £¢, normalized to the number of
dimers,

Trkgpbkg =D. (56)

When approximately evaluating the time correlation function in the following section it is
useful to select out one particle for special treatment. In particular, identifying the possible
states for particle 1,

p(N) — g(NaM’D) (@) p(]v_l)
o(N—1,M —1,D) M

g(N, M, D) e P05\ (o
+<g(1\f—2,1\4,p—1)) Z(%)pw |

J
1 2
e VS HN=2) 5
A s ey Ej PP, (5.7)

with it being understood that p¥=1) is for the particles 2, ..., N and p¥=?) is associated with
the corresponding particles 2,...,5 — 1,7 + 1,..., N. Note that particle 1 may be either free
or part of a bound pair, with its partner in binding being any other particle in the system.

This discussion emphasizes the particle aspects of the monomer dimer mixture since
a dimer is just a special state of a pair of particles. But when determining, for example
the pressure, it is the number of freely moving units M + D that strike the walls of the

container that is of importance, namely the molecular point of view. Relevant to this, the
mole fractions of monomers and dimers are Xy = M /(M + D) and X, = D/(M + D). These

quantities arise naturally in the following.




5.3 Transport Coefficients for a System With Bound
Pairs

As seen previously [31, 32] a transport coefficient o can be expressed as the limit of the

Laplace transform of the time correlation function of the flux J of the corresponding physical

property,

1B « 1
=1 1i — —{({J & ——=1T). )
o=lp A Garov o=z (5-8)

Here B is a factor appropriate for the particular transport coefficient and the introduction
of the volume factor V recognizes the difference between the extensivity of a flux and the
intensivity of a transport coefficient. The bracket designates a canonical thermal average
for an N-particle system of volume V' while 5 is a tensorial contraction of order v which
depends on the tensorial properties of J. Finally, z = ie and £ is the N-particle Liouville
superoperator. As in Chapter 4, a quantum language is generally used in the following
except when classical mechanics can make a significant simplification. In particular, the
product of noncommuting operators for physical observables have not been considered with
any care and should, where necessary, be replaced by their anticommutator average, see Eq.
(4.27). Dynamical effects associated with the commutator with some hamiltonian occur only
through their appearance as superoperators. All equations can be interpreted classically and
easily translated into a classical formalism if that is desired.

It was shown in Section 4.3 that, with the introduction of an idempotent projection

operator,
P=A|J)o (I, (5.9)
the expression for the transport coefficient could be written as,
1 A%V « 1
L . 1
;=lm Jm sV zaomt (5.10)

N/V=const.
with the constant A, determined by the condition of idempotency, given by
A=20t1 GBI
(Jo )
This relation assumes that J belongs to a specific irreducible representation of the three-
dimensional rotation group and that {(J|J)) and £ are rotational invariants. In particular,
the present treatment is restricted to (electric and/or magnetic) field independent transport
coefficients. ‘
The general expression for a transport coefficient, Eq. (5.10), is valid for all densities and
all chemical situations. In Chapter 4 this was specialized.in two ways, both for gases at low
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density. First it was considered that all particles were the same and free, corresponding to the
D = 0 case discussed in Section 5.2. A complete treatment of the low density situation was
carried out for this case. Second, the individual particles were assigned a species label and the
properties of a binary mixture were worked out. The latter treatment was further simplified
by limiting the operator space to having only one (flux) observable for each species. Clearly
that restriction could be easily removed, but with the inherent addition of more involved
algebra. In the present chapter, particles are allowed to form pair bound states. At low
gas density the N-particle density operator is approximated by Eq. (5.3) and it is further
assumed that the flux operator for a bound pair is equal to the sum of the flux operators for
. the atoms making up the bound pair. The method of expansion results in a pair of coupled
equations, one for each species. As a special case, these equations are further simplified by
assuming that only one observable is important for each of the free and bound pairs. In this
way, as is to be expected, the resulting expression for a transport coefficient has the same
structure as the mixture formula of Section 4.6. But the present method of derivation of this
result emphasizes the atomic structure of the diatomics and shows how molecular transport
coefficients can be obtained from an atomic description, at least at low density and where
only the translational kinetic contributions to a molecular flux are of importance.

The flux function J in Eq. (5.10) is the sum of kinetic and potential parts. The kinetic
part of a flux function is a sum of one particle functions of the momenta of each of the
particles in the system while the potential part of the flux depends in general on both the
coordinates and the momenta of two (or possibly more) particles in the system. In the present
work on the transport properties of a dilute gas it is assumed that the potential contributions
are negligible compared to the kinetic part and thus ignored from further consideration. The

flux function J is thus taken as having the form
J=> Tk, (5.12)
J

where J; is the kinetic contribution of particle j and is exclusively a function of momentum.

The flux function is, for convenience assumed to be normalized such that,
o [8] o
«J ® J» = TI'lJKl ® JKlpfl + TI'12JK12 ® JKlZpbl? = (20! + 1)(M =+ D) (513)

Essentially this follows from Eq. (5.7) with the notion that only the translational motion
of either a free atom or a bound pair contributes, 1 for each of the 2ac + 1 components of
J. The factor M + D is the count of the number of freely translating molecules. While
Ji12 = Jk1 + Jk2 is formally the kinetic flux operator for a diatomic, the relative motion
of the atoms in the diatom should be essentially fixed and thus not contribute to the flux.
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In this approximation only the center of mass motion of the bound pair contributes to the

kinetic flux. If (as is the case for thermal conductivity), the internal motion of the bound

pair contributes significantly to the flux of the property under study, a correction to the

above expression needs to be introduced. The expression for the normalization constant A
follows from Eq. (5.13) according to

A= L .

M+D

This is a generalization of the value of 1/N which was obtained in Section 4.4 for a system

(5.14)

consisting of only monomers.
With these restrictions, and the further restriction that the potential is pairwise additive,
Eq. (5.10) can be expressed in a form that emphasizes the flux operator for a typical particle
interacting with a second typical particle, namely
(M + D)*(2a+1)B a i
= N(N-1){J 1%
Vo ( JIQ SO, IQZ*EP

« i
= N(N-1){{Jx1 © V12Z_ ra

= N(N —-1)Tr..nJx1 O Vi

LJ)

1-PL— /:p] L)
;

z—L
x |LIp™ — I A S (IL

1
Z—Efp

aJ»] . (5.15)

The last forms of this equation involve expanding the resolvent of the projected Liouville
operator in terms of the unprojected Liouville operator for the subsequent identification of
whether the selected particle is free or part of a bound pair. Neglecting the possibility of
chemical recombination and decay, once a particle is identified as being free or part of a bound
pair, it is required to remain so identified as far as the Liouville operator is concerned. This
essentially eliminates the possibility of chemical reaction. Within this perspective, particles
1 and 2 have a special meaning in Eq. (5.15), so the appropriate form for Eq. (5.7) to select

out the state of particle 1 is,

N _ Py 2 | -2 1
p N P + NN =1) (ﬂm +3 Pbu) p : (5.16)

7>2
The term with pp2 is subsequently neglected when used in Eq. (5.15) since this term would
be associated with internal motion because the potential superoperator V, is for the same
pair of particles. As a consequence, the transport coeflicient is the sum of two contributions,
one from free particles and the other from bound pairs, namely
(M +D)*(2a+1)B
Vo

=TrJg1 © By + Trisd ks 5 B3, (5.17)
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where

) o 1
Bfl = (N — 1)TI‘2...NV12 - T [ﬁprlp(N_l) — prlp(N—l)A O] «JEZ — p£J>>:| (518)
and
. N 1
Byis = (N — 2) Tragn Vg — i [ﬁmep(N‘?) = Ipnsp" A (IL— = cJ»] .
(5.19)

The interaction of a dimer with another atom has been given the shortened label Vii3y, =
V12 + V3z. Note that the B;’s have the same tensorial properties as the Ji;’s. These B;’s
are akin to quantities which have been named reduced time correlation functions [47]. The
objective of the following subsections is to derive a pair of closed equatioris for By and By,

which can subsequently be solved for this pair of quantities.

5.3.1 Free Atom Contributions

The p~Y in Eq. (5.18) can be further decomposed in analogy with Eq. (5.7), but now
selecting out the possible state of particle 2. The result allows the effects of monomer-
monomer, monomer-dimer and dimer-dimer collisions to be separately identified so that By,

can be written in the form

Bfl = Bflf -+ Bflb7 (520)
with
) _ a 1
By = Tra.yVia— Ve [['prlpﬂp(N—m ~JIppipppNIAG ((JEZ 7 EJ))] (5.21)
z— — Lp
and
] _ _ a 1
By = Tra..nVis) [EJ,Ofl,Obze.P(N D — IpnpespV VA O (IL EJ)}] :
z—L z— Lp

(5.22)
In the second equation, the symmetry between the two particles in a bound state has been
used to write the potential superoperator in a form suitable for a monomer-dimer collision.
The resolvents in each of the above expressions involve the Liouville superoperator £ of the
entire N-particle system. These need to be expanded for each case in a manner appropriate
for the respective two molecule collision.
For a collision between two free molecules, the resolvent (z — £)~! is expanded in terms
of the resolvent for the pair of molecules

1
1+Z(V1j+VQj+ Z ij)ﬁ

§>2 2<;j<ell

1 1

z2—L  z— L9

(5.23)
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Note that the 2-particle Liouville superoperator is to contain the kinetic superoperators for all
the N-particles, so that £ and Ly, differ only by a combination of potential superoperators.
Since the trace in Eq. (5.21) is over all particles except 1, and noting that particle 2 plays a
special role via the presence of Vi3, the contributions in Eq. (5.23) from all Vj, for j, ¢ > 2

vanish. Thus it follows that Eq. (5.21) can be rewritten and approximated according to

By = Tr. NV12 £2
- 1

1
1+ Z V1J + VQJ) £:|

j>2

(N

X [Cprlpfzp — IpppppVPAG (IL ﬁJ))]

Z—E'p

~ TrsVis [V12(JK1 + Jr2)pripy2

Z—Clz

~(Jicr + T2 ppippeA G (IL ﬁJ»]

Z'—pr

7 1
: (1 -+ Plg)pr(N — 2)TI'3...NV13
1

+TI‘2V12
Z —

x [ﬁprlp“V-?) —JpppNDAG (AL LJ))] (5.24)

z— Ep
involving the particle permutation operator Pys. The approximation indicated in the second
form of this quantity is in the treatment of the terms involving the produét of resolvents.
Essentially it involves treating the interaction partner, particle 2, in a manner different from
the other particles in the gas. In a dilute gas, the opportunity for the two particles to
recollide or for three or more (unbound) particles to be simultaneously interacting is very
small, so the approximation is to implement the idea that, if particle 2 is to be involved in a
collision with particle 1, it will not have been involved in any previous collision with particle
1. This is accomplished by “promoting” its density operator, pss, through various Liouville

and resolvent operators, thus

1 1
— £12(1+P12)(N—2)V13Z_£

" 1
N=2 — Jppppp™ A0 (ILC
Z — L'p
1
- L

EJ))] . (5.25)

TI‘QMNVQZ

x [EJ PrLP2p L3 »]

~ TI‘QVlgz (1 + Plz)pr(N — 2)Tr3...NV13
— A&12

X [/.',prlp( —Jpppth- D46 ((Jﬁz_ o

While this has been discussed in slightly more detail in Chapter 4, it is clear that an expansion

based on this “promotion” procedure could be carried out, with this as the leading term and
correction terms added as the difference between the exact expression and this leading term.
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The correction term would then account for all the recollision and multiple collision events,
while the leading term that is kept here is associated with particle 1 successively colliding
with a number of (different) particles.

With the further approximation that all reference to particle 2 is ignored to the right of
the trace over particles 3 to N, this trace can be recognized as the appropriate By, with
particle 2 missing, namely

1
N-1 — — - -
Bspl ) = TI‘3...NV13W [E(N 1)J(N Upfl p(N 2)

—IN DoV AAG (3L

~BWM —
0| ~ By =B (5.26)

The last approximation, which is appropriate for large N, ignores the difference between

N —1 and N particles. As a consequence, By can be approximated by

i o :
Bny = pnRY’ [Jm + ‘Z‘JKlA O (Tr1J 1By + TrizJ k13Beis) — o Bf1:|
gl gAML AM o
PRy [Jm P n+ o PsBp + . PssBos| - (5.27)

Here R{f is a z-parameterized binary collision superoperator describing the binary collision
of particle 1 with another free particle [89),
1 .
R{f = ;)—TI'Q’LTlZ(z)PfleZ(l + P12)- (528)
f1

The z-parameterized transition superoperator [90]

1 1

Tia(2) = Vig (2 = Ki2) = Vig + Vio

Via (5.29)

Z—Elg Z—Clg

can be expressed in several ways. In the limit z = e — 0, the transition superoperator
converges to the abstfact transition superoperator 7i, provided it acts on a function of mo-
mentum only, and R/ converges to the linearized binary relaxation superoperator associated
with the Boltzmann equation. Py is the projection superoperator onto the subspace of the
flux operator for a free particle, here labeled as particle 1,

Py = Jm% O TryJ g1, (5.30)

being identical to the Py introduced in Eq. (4.57). Py is the transfer superoperator

Py = JKl% ® Trisd ks, (5.31)
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describing the transfer of the polarization (nonequilibrium flux) from a bound pair to a
free monomer. Finally it should be remarked that the identification in Eq. (5.27) of the
unprojected By, term assumes that the system is large so that in the definition of By, it
does not matter if N — 1 or N — 2 particles need to be considered. Note that Eq. (5.27)
reduces to Eq. (4.60) if there are no bound pairs. It is important to note that B¢ has been
expressed in terms of the original By and B, functions. This indicates that a closed set of
equations for the latter two quantities may be possible.

Similar calculations are used for the free-bound term By, except that the N-particle
resolvent is expanded in such a way as to emphasize the dynamics of the three particles
associated with the collision of free particle 1 with bound pair 23,

i

1
1 +Z(V1j+V2j +V3j) _—

‘Bflb = TI‘2~-~NV1(23)
§>3 z—L

z— Ly23
1
Z——Ep

[0
X [ﬁJPflpmﬂ(N—s) - prlprSp(N_3)A O (JIL
1
= TI‘23V1(23) m

—(Jx1 + Jr2s) prippas A S (JL

£3)]

[V1(23)(JK1 + Jk23) Pr1pvos
1

Z - ﬁp
7

1
+TI'23V1(23)-—(N - 3)TI'4...N Vig + V(23)4
z — [,123 z—L

EJ))]

1
Z—ﬁfp

X [Eprlpbggp(N_S) - prlpbggp(N"?’)A (% <<J£ [,J»] . (532)

On the basis that only binary collisions are to be retained, so that neither three or more
molecular collisions are of importance, nor are recollisions, it is appropriate to promote either
pr2s or pgi to the left of the trace Try..y according to whether the V(23y4 or the Viy term is
being considered. In each case the appropriate binary collision operator can be identified

and the result written as

iAM
By =~ ,OflR{b Jr1+ Ik + P (P;sBs1 + PsyBios)
1
1AD i (1 1
+ (PoBias + PyyBp1) — = <_Bf1 + —Bbggﬂ (5.33)
ZPp23 Z \ pPf1 P23
where the free-bound binary collision operator,
1 )
R{" = —TrysViasy——(2 — Ky23)) p11P023, (5.34)
P z— L3

the projection superoperator onto the flux of a bound pair,

Pop = %Jms O Trosd o, (5.35)
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and the transfer superoperator

be = %JI(% 6 TI‘lJKl, (536)

have definitions analogous to those given in Egs. (5.28-5.31).
Egs. (5.27) and (5.33) can be combined to obtain an equation for the free molecules.
Dropping the labels on the particles, since now only a single free particle and/or bound pair

appears in these quantities, the equation for free molecules is

Bf = pf(Rff+be>JKf+prbeKb

7 )
+pr [" (Rff —+ be) —-—(1 — XfPff) -+ bez_prbef] Bf

z2py

RIF LR Ly p. R x B. .
+py l:( +R ) oy #Prb o ( beb) b (5 37)

It is to be noted that this is an equation that involves only two operators, namely B; and
B,, rather than requiring separate treatment for each of the possible four collision types,
specifically for a free particle, the operators By s, By, and analogous quantities for a
bound pair. The analog of Eq. (5.37) for a bound pair is now considered.

5.3.2 Bound Pair Contributions

The bound pair contribution to 1/0 is determined by the B3 of Eq. (5.19). Its evaluation
is treated in a manner analogous to the free particle contribution. First is the decomposition

N=2) 50 as to identify whether the bound pair (13) collides in a binary collision with a

of pf
free particle or with another bound pair. This leads to an automatic separation of By;3 into

a pair of terms

Byis = Byisy + Bpise, (5.38)
where
7 _ _ @ 1
Byiay = Tras..n Vs LIprspsap™ ™ — Ippappp™ VA O (IL L))
z—L z— Lp
(5.39)
and
i _ _ o 1
Biiss = Trog..n Viz)(24) P [LJPmstQw(N D — Jppappoap™ VA G «JEZ o £J>>] :
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The bound-bound term By;3 has the simpler structure, being by nature the analog of By;y.
Its expansion in terms of a 4-particle resolvent and subsequent identification of binary colli-

sions is

Bus = Trae.nVases

1
1+ Z V1] -+ VQJ -+ ng + V4]) E:l

z2 — L1934 >4
1
X [EJPb13,0b24,0( — JpnapsoanN 406 «Jﬁz . ﬁJ»]
1AD
~ pblBR(13 Jr13 + (PoBysi + PpuBipis) — Byis|, (5.41)
13 Pu13
where the bound-bound collision superoperator is
1 1
Rz = —TraVas) 24)—£—(Z — Kasy2e)) porapoaa (1 + Puzyaq))s (5.42)
Pp13 — A1234

involving the dimer permutation superoperator FP;3)24)- This reduces in the limit z = ie — 0
to the corresponding linearized collision superoperator of the Boltzmann equation, provided
it is restricted to act only on functions of momentum. Finally, the bound-free term Byay,

can be approximated by the restriction to binary collisions to

1

1+ ( V13+V23+V3J) —
>3

1

v pr13pf2p 94 @ «JE

i
Biizy = Troq.~vVasy T Tm

X [EJ Po13P12P LJ »]

Z—ﬁp

1AD
~ PblaR (13) [31(13 + g2+ (PesBois + Py Bya)

ZPp13

iAM i1
+ (PtfBysa+ PrsBios) — = ( By + —Bb13)] , (5.43)
ZPf2 Pr2 Pr13

where

1
R?lf:%) = p_bl;TrZV(wﬂ z — Kus)2) porzpra- (5.44)

i
The same remarks can be made for this collision superoperator as for the former. In all
simplifications involving the identification of a binary collision, there is a “promotion” of a
density operator through a Liouville superoperator and resolvent to become identified with
the collision superoperator, on the basis that, if a free particle or bound pair collides with
the non-traced over molecule, that free particle or bound pair cannot have been previously
involved in a collision that affects the non-traced over particle. It is this major assumption
about the nature of recollisions, specifically the lack of any recollisions, that defines the
independence of binary collision events and is the analog of Boltzmann’s Stosszahlansatz for

the evaluation of a time correlation function in the dilute gas regime.
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Combining the above two quantities associated with bound-bound and bound-free colli-

sions results in an equation for the bound pair contribution to 1/0, namely
B, = prbeKf + Pb (Rbb + Rbf) Jxe

) )
+pp [(Rbf + Rbb) Z—prbef - Rbf%(l - Xfpff)] B,

_(pbf Lt by b b
+p,,[ (R +R )z,ob(l XoPw) + R zpfxfpfb} B,. (5.45)

As for the free particle contribution, there is no longer any need for a detailed labeling of
the particles. It is sufficient to retain only whether a typical free particle or bound pair is
involved. Except for the inhomogeneous terms involving J s and J 4, this equation involves

only the two operators By and By. It remains to solve the coupled pair of equations (5.37)
and (545) for Bf and Bb.

5.3.3 Solving for By and B,

The objective is to solve the two equations (5.37) and (5.45) so as to calculate the transport
coefficient via Eq. (5.17). These two equations can be written in matrix form

Mpp Mgy \ (( By \ _ [ Yy
( My My By )\ Y (5.46)
with somewhat obvious identifications of the M and Y components. But it is noticed that
each matrix element is actually a superoperator, so inverting the matrix to obtain a solution
involves inverting a matrix of superoperators. A formal solution can be written down, either
in matrix form while recognizing that the matrix elements do not commute, as well as

the inherent operator difference (space of operators for a free particle versus the space of

operators for a bound pair) between the first and second index of the matrix, or algebraically

1
B; = Y;— MpMy'Y
f Mff . beMb_blef ( f Fo¥py b)
1 _
B, = (Yo — My M7} Y ) (5.47)

My, — beMf_fleb

The simplest approximation for the evaluation of these operator equations is to restrict each
species to have a single flux function, namely the appropriate Jg;. This “two moment”
approximation is equivalent to the assumption that the B; are proportional to the corre-
sponding J;, specifically

B; = p;jJk;b; (5.48)
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with expansion coeficients b;. On taking matrix elements of Eqs. (5.37) and (5.45) with
respect to the J’s, these coupled superoperator equations become a pair of coupled scalar
equations.

In terms of the two moment approximation, the matrix elements of the M, superopera-
tors become equivalent to the scalars

mpp = 2a1+ Tk © Myopdics =1+ ‘Z‘(Xbef = X Rp)

mp = g 1TrfJKf O Myppod s = %(Xfbe — XoRyy)

Mey = 2a1—|- 1TerKb S Myspsd iy = :i'(XbRbf — X Ruw)

my = 5= Tndx A MyppJip =1+ E(Xbeb — XyRoy) (5.49)

wherein it is noticed that the collision superoperator matrix elements only appear in certain

combinations, namely

1 o . .
Rjj = —————=TrJgip; © (R + R¥*) Ig;
7y (2a+1)N]~ JYKjFj ( ) J
= n;(v);6 (9 ;:)jj + ng(v) 06 (22 ;:)jlZ (5.50)
and
1 . ,
Rjé = mTerijj ® ’R,JZJKg = ng(’U>ng (Zg ]Z)jé‘ (551)

In these equations, NN; is either M or D, according to whichever is appropriate, and the
notation for mixture kinetic cross sections has been indicated so as to make connection with
the standard gas kinetic theory based on the Boltzmann equation [79]. The R, notation for
the matrix elements of the binary collision operators was introduced in Eqs. (4.91) and (4.92).
In the two moment approximation and taking into account the normalization properties of
the Jxy and Jg, functions, the projectors Prs, Py, act as the respective identities, but a
transfer operator has the detailed effect

mn
Pieped ke = n—liJKij, (5.52)
)

having a density ratio introduced as well as the desired transfer of polarization from one
species to the other as a result of the relative concentration of each species.
There remains the evaluation of the Y, and the b; within the two moment approximation.

Clearly the Y; matrix elements are

1
Yr = 2o+ 1TI‘fJKfo = Rff + be,
1
Yp = o 1TerKbe = Rbf + Rep- (553)
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The two moment solution is the scalar analog of Eqs. (5.47). For by this is

1
= My — My My, M (yf - mfbmbblyb)
Ryis+ Rypp+ L(RyRov — RysRoy)
1+ L[Xp(Rss — Res) + X (Rew — Rpo)]
RirRep — Ry R

.._.}
2—0 Xb(Rff - Rbf) + Xf(Rbb - be)

(5.54)

and an analogous equation for b, by interchanging indices. Finally the transport coefficient
is

2
n°B
_— = nfbf—I-nbbb

ag
(ny +np) (RpRew — RyoRoy)
Xo(Ryp — Rug) + Xp(Rep — Rs)

(5.55)

This is the standard result of the lowest order approximation for the transport coefficient of a
mixture derived from the Boltzmann equation [7], and is also in agreement with the transport
coefficient for a mixture derived previously via the time correlation function approach in
Sections 3.4 and 4.6. It should be noted that this expression arises solely from the kinetic

contributions to the flux function J.

5.4 The Kawasaki - Oppenheim Treatment of Bound
States

Aspects of the Kawasaki and Oppenheim treatment of systems with attractive potentials
and bound states were discussed in Sec. 3.5. Further discussion with reference to the work
of this chapter follows.

From the time correlation function formalism Kawasaki and Oppenheim [53] derived first
order density corrections to the shear viscosity of a gas with an attractive intermolecular
potential. Their work is based on an atomic picture with no explicit emphasis on bound pairs
in the classical distribution function used for calculating the thermal averages. They make no
connection to the standard expression for the viscosity of a mixture so it is difficult to compare
the final expressions obtained here with their results. Within our limited understanding of
their treatment, we try to make some comparison between their approach and the present
treatment.

Kawasaki and Oppenheim carry out a generalization of Zwanzig’s binary collision expan-

sion [52] of the full resolvent 1/(z — L) for the N-particle system. This produces an infinite
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series in the divergent parameter 1/¢, which is subsequently resummed (assuming that such
a resummation is valid) before taking the limit ¢ — 0. Since the resummation is carried
out on the resolvent, the result is an operator inverse whose action on the flux function is
obtained only by successively solving integral equations, each of which is of the form of the
linearized Boltzmann equation. Hamer and Oppenheim [59] reexpress the integral equations
derived by them in terms of kinetic equations as they might appear in gas kinetic theory.
In contrast, the present approach formally avoids any such infinite series, and within the
two moment approximation of Eq. (5.48), there is no need to solve an integral equation. In
that way, the present procedure is directly computational. If a more accurate evaluation of
a transport coefficient is desired, then matrix inversions are required. The present approach
does however involve terms which are of order 1/¢, so again the set of equations must be
solved (or more appropriately reorganized) before the e — 0 limit is taken. But now this
involves only the inversion of a 2 X 2 matrix rather than an infinite series resummation.

The first order density corrections derived by Kawasaki and Oppenheim include contri-
butions from both kinetic and potential parts of the momentum flux and account for both
the presence of bound states and collision nonlocalities. But their treatment is to first or-
der in the density of the atoms rather than to first order in the density of the molecules.
In this way their results are limited to having a small mole fraction of dimers. Moreover,
their bound state contributions have only been explicitly stated for the cross effects be-
tween the kinetic and potential fluxes whereas the present treatment is based entirely on
kinetic flux contributions and does not address the effects of either potential contributions
or collision nonlocalities. It is puzzling why their three particle collision contribution in the
purely kinetic flux term has not been further decomposed to explicitly include bound free
collision contributions to the viscosity. Correctly there are potential and collision nonlocal-
ity contributions to the transport coefficients, but at low molecular density, the dominant
contributions should be of purely kinetic origin. This is what is obtained here and discussed
in the kinetic theory literature [7]. The inclusion of potential, collision nonlocality and ter-
molecular collision contributions via the present approach requires a careful separation of
bound and unbound motion. The emphasis of the present chapter is in understanding how
to completely include bound pairs at low density.

Kawasaki and Oppenheim’s approach is phrased in classical mechanics, and consistent
with that, their definition of a bound state is in terms of whether the isolated pair should stay
forever within each other’s force range. They also note the possible importance of unbound
states whose lifetimes are long compared to the mean free time of particles in the gas. While

the role of states with finite but long lives can be important, and difficult to know how
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to efficiently approximate, the mathematical consequences of being bound or unbound are
significant. The quantum case is especially clear with the spectrum of the (pair) Hamiltonian
Hy, for relative motion being either discrete and negative, £, < 0, or continuous and positive,
p?/m, neglecting the possibility of internal motions for the individual particles. [The reduced
mass of the pair is m/2.] The corresponding states are complete in the sense that any (pair

particle) state |¥) can be expressed as a linear combination of them
(@) = 1) (61 + [ dplte) (5] 0), (5.56)
b

where |b) is the bth bound state and [¢p) is a scattering state associated with incoming
relative momentum p, all with appropriate normalization. It is the consequent structure
of the resolvent 1/(z — Li5) for the pair that is of importance in calculating the transport
coefficients. Restricted to relative motion (for simplicity of presentation), the action of this

resolvent superoperator on an arbitrary operator O is

1 / ! Obp’
Z—£12 Z\ Eb+€ b|—|—2/dpl —€b+p'2/m<¢p/’
Opb' !
+;/dpwp>z gy el (4
/ Opp’
+ [ [ dpip ) s (5.57)

It is only the first term with both ket and bra states bound that has isolated poles. These
occur at the energy differences (frequencies) between the bound states. This is the analog of
the discussion in Appendix A of Ref. [53]. All such singularities need to be avoided, or if they
occur, then (in transport coefficient calculations) there should be a resummation procedure
that leads to a finite result. The method used in the present work is to never expand in
terms of the pair Liouville resolvent when the corresponding bound state is present. Rather
it was chosen to immediately go to three or four particle resolvents, to describe how the
bound state collides with a free particle or another bound pair, see Eqs. (5.41) and (5.43).

5.5 Discussion

To account for bound pairs in the time correlation function formalism, the density operator
used in calculating the ensemble average of the flux function must reflect the presence of
bound pairs. This can take the form of a mixture of two species, as done in Chapter 4, but
such an approach does not reflect the atomic makeup of the bound pairs. In contrast, the

present treatment includes just those parts of the pair Ursell operator that correspond to the
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pair being bound. This “atomic” picture of the free and bound pairs gives, see Eq. (5.55),
the same low density transport coefficient as obtained in Section 4.6 from the “molecular”
picture of a mixture, or by solving the Boltzmann equation [7] for the pair of species.

The method presented here for the reduction of the time correlation function, correctly
its Laplace transform, to an expression in terms of binary collision cross sections depends on
the introduction of several procedures, most of which were used in Chapter 4. First is the
introduction of the projection operator P. This has the advantage of eliminating the infinite
series expansions in 1/¢ and gives an equation for 1/0 in terms of the matrix element of an
N-particle transition superoperator, Eq. (5.10), which is simplified for the dilute gas case to
looking for the effect on a single particle, Eq. (5.15). Second is the binary collision expansion.
This was straightforward in Chapter 4 where all particles are free, but here it requires first
expanding the resolvent for Lp in terms of the resolvent for £ so as to be able to recognize
which pair of molecules are colliding, Eq. (5.15). It was the discovery of this obvious third
procedure which allowed the various free and bound state collision processes to be identified.
Fourth is the structure of the N-particle density operator, Eq. (5.7), so as to recognize the
various states for particle 1. It is at this stage that the appropriate binary collision expansion
is made, with either 2, 3 or 4-particle Liouville resolvents being introduced according to the
nature of the binary collision. Finally there is the assumption of “promotion”, whereby the
density operator for the collision partner is moved through potential and resolvent terms so
as to identify an isolated binary collision operator. This allows the trace over all N particles
to be separated into that associated with the binary collision and the remainder. Its validity
is based on the notion that molecules are independent before colliding and its use rules
out the possible contribution of termolecular, etc. collisions and recollisions. But it is this
separation into isolated binary collisions that allows the remaining pieces to be related to
the primitive quantities and so to close the pair of equations and provide a formal expression

of the transport coefficient in terms of binary collision cross sections.
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Chapter 6

Moderately Dense Gas Shear
Viscosity Coeflicient via the Time
Correlation Formulation

6.1 Introduction

In moderately dense gases, the viscosity is associated with both kinetic and potential contri-
butions to the momentum flux. In this chapter the effect of both of these contributions on the
viscosity coefficient are studied. As in Chapters 4 and 5, the first step is to determine proper
projection operators. A key point for the development of this approach was the realization
that the total momentum flux requires two separate projection operators, one for each of
the kinetic and potential components of the momentum flux. This is required because these
two flux components have different convergence properties and must be treated in distinct
manners. At these densities, it is also necessary to include spatial correlations due to the
intermolecular potential in the equilibrium N-particle distribution function of the system.
The properties of the reduced distribution functions with the inclusion of spatial correlations
are reviewed in Section 6.2. In this chapter, it is assumed that the intermolecular forces are
repulsive in nature. This prevents the formation of bound states and makes the integrals
over binary collision operators finite. In this respect, the scope of this work is similar to
that of Snider and Curtiss [19], along with the added corrections of Hoffman and Curtiss
[22]. The expressions for the first order density corrections that they obtain are stated for
reference. In Section 6.3 the projection operators for the viscosity in the presence of poten-
tial contributions to the momentum flux are introduced. These projection operators involve
separate projections onto the kinetic and potential components of the N-particle phase space
of the system. In this section and Section 6.4 the calculation of the viscosity coefficient is

formulated as a matrix inversion problem and the forms of the matrix elements that need
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to be calculated are given. These matrix elements are explicitly calculated in Section 6.5.
The N-particle resolvents in the general expressions are simplified with a binary collision
expansion and expressions for the matrix elements in terms of integrals over collision param-
eters of a binary collision are derived. Contributions from matrix elements give rise to forms
which are consistent with the Snider and McCourt corrections along with the additional
Hoffman and Curtiss correction, and a density correction related to three particle collisions.
The corrections are put together in Section 6.6 where it is demonstrated that within a com-
parable set of approximations, the present theory gives density corrections consistent with
those of the generalized Boltzmann equation. The chapter concludes with a discussion. The

appendices provide details of a number of the identifications made throughout the work.

6.2 Distribution Function for the N-Particle System
and Shear Viscosity

The N-particle distribution function of the system is assumed to be normalized to unity,
Try..n o™ = 1. (6.1)
The normalization convention chosen for reduced distribution functions is

N
A = gy T (6.2)

The one-particle and two-particle reduced distribution functions are of interest and can be
determined to various levels of approximation. The one-particle reduced distribution function
is given as,

oM = Ne‘ﬂHi(l)/Ql = ny; (6.3)
with @, = V/A3 as the one-particle partition function and A = h/ V2rmkT as the thermal de
Broglie wavelength. The normalized Maxwellian momentum distribution is ¢; = A3e=PH.

From Eq. (6.2), ,0(1) is normalized to the number of particles in the system,

Tripgl) =N =nV. (6.4)
To lowest order in density, the two-particle reduced distribution function is,
3 = Vo) + n? AU (6.5)
expressed in terms of the 2-particle Ursell function,

U(2) — e—ﬁH§i)

@ _ AP +HD) (6.6)
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This simplifies to,

i = nloips + AL
[nQ + n? (e"ﬂ“” — 1)] P19 & n2ppge P2, (6.7)

Q

The next term in the density expansion of pg) is required on several ocassions. This term

written as,

Pl = RO (O1E D)) (6.8)

where Y{gj(r12) is defined as
Vig(ri2) =1+ n/dr3 (e‘ﬂ“” - 1) (e"ﬁ“‘”‘ - 1) +O(n?). (6.9)

The Snider and Curtiss expression for the viscosity coefficient is,

1 4 1/2 .3 Ingd
n=5nkTby [1 - ””15 7N, + 7;5” (emkT)Y2(H, — R,,)} , (6.10)
where . tng
no

Along with the Hoffman - Curtiss correction, the viscosity up to first order in density is of

the following form,

5kT

4no® At/ n ~R] (6.12)

Tt T e N g Eqear |

The quantities in this expression were seen in Chapter 2 to be integrals over the collision
parameters, and are thus stated in the most simple form for a general potential. It is the
object of the present chapter to obtain a comparable expression for the first order den-
sity corrections from the time correlation function formula using the projection operator

approach.

6.3 Projection Operators for Shear Viscosity

The thermal average “bra” and “ket” vector notation was introduced in Chapter 4. The
notation used is quantum mechanical in nature, but in the following, explicit calculations
are only done using classical mechanics. Thus the trace represents an integration over phase
space and the notation p(*, usually reserved for the reduced density operator, is used for the

distribution function. This allows the relations to be.transcribed into a quantum formalism

with ease.




For a dense gas, the transverse momentum flux tensor J defined in Eq. (2.23), has both
a kinetic and a potential part so that the phase function ket and bra are specifically

) = {Z . [pjpj](z) - Zg dq:is,ﬂ ) T]g[rﬂrjé]@)} p(N)( N, pY) (6.13)
(= [[dvap® { —[p;p;]” ——Zdzshe)r—[[rﬂrﬂ](?)} (6.14)

Other than the momentum flux, the ket includes the N-particle distribution function and
the bra includes an integration over N-particle phase space. The momentum and potential
contributions denoted by the subscript K (kinetic) and V (potential) need to be treated

separately. It is convenient to define the normalized components
Je = Y V2[w,|@
J

Jy

I
|

—_[I‘je]@) (6.15)

chosen so that
«JKUK» = «J\/Uv» = NE(Z). (6.16)

Here W, = p,/ V2mkT is the dimensionless momentum of particle j and E® is the rota-
tionally invariant tensor of rank four which acts as the Cartesian tensor identity for the five
dimensional irreducible representation of rotation group SO(3). The latter equalities follow
from the rotational properties of the fluxes in the system (in the absence of external fields)
along with the projector property of E® discussed in Sec. 4.1. The numerical factors in
Egs. (6.15) are chosen in a manner so as to satisfy the normalization conditions. Thus by -

four-fold contraction into E® it is seen that,

5N = (Jg:k) = 3/2 / AW [W,]P:[ WP W7 = / dW Wie Wi = 5N. (6.17)

371'3/2

The normalization constant Ay is also determined from Eq. (6.16), by a four-fold contraction
of both sides of the equation into E(Q),

N(N -1 dury\? 2
5NA%, = —( 5 )/ drN dp" (—;i;) grfgp(m

_ %ﬂ)ﬂ/dr (%)27‘457(7“)

5NnT,, (6.18)




where g(r) is the radial distribution function. The normalization factor Ay = \/nl’; is seen
to be,

15 dr

Integration by parts, along with the use of the lowest order in density approximation for the

r, =27 [ g (du>27“4g(7*). (6.19)

radial distribution function, g(r) = e~#* relates this integral to the shear modulus at infinite
frequency, G, derived by Zwanzig and Mountain [91],

2rn? oo d du
— —pu 7 [,477 ) 2
Goo = nkT + B /0 dre o l:r dr] (6.20)

The kinetic and potential components of the momentum are also orthogonal,
{xldv) = (dvlJk)) = 0. (6.21)
In terms of these orthonormal components, the total momentum flux operator is,
J = V2kT Ik + Ay Jy. (6.22)

The subspace of the momentum flux is thus subdivided into kinetic and potential compo-
nents. As is explained below, it is necessary to define separate projectors onto the kinetic

and potential fluxes,
Pre = =) {(Jxd
K = ) UK
1
Py = N“V»:«JVI (6.23)
with multiplication properties
PxPx =Px; PvPv="Pyv; PxPv=PyPxk=0 (6.24)
The combined projector P = Py + Py, is also idempotent
PP =P (6.25)

and has the property that

PlY = PglI)+Pvld)
= V2kT|Ji) + Av|Iv))
— W, (6.26)




essentially because |J)) is an element in the 2-dimensional operator space associated with P,
cf. Eq. (6.22).

The standard form of the viscosity coefficient in time correlation function theory is,

. . B, i
n= lim N,/Vvlirgw s =79, (6.27)

where z = ie and B = 1/(2kT). From the properties of the projector P, it is possible to
insert P both before and after the resolvent in this expression since only the part of the
resolvent in the P-space is needed in order to determine the transport coefficient. This has
the advantage that by operator manipulations the projected resolvent can be calculated in
terms of a related memory kernel, namely

1 P

_ . , 6.28
Pt T S PP T PLO - P) iz (1 = PILP (6:28)

see Eq. (4.35). Moreover, it is easily proven that PLP = 0, so that in the limit z — 0, the
projected resolvent is just the inverse of the memory kernel. Since the memory kernel is a
direct product of a 2x2 matrix and the tensorial identity E® of the 5-dimensional irreducible
representation of the rotation group, the inverse must be carried out as a matrix. For this

purpose it is convenient to introduce the 2-dimensional vector notation

i) = (JON) ) = (/w) | (6.29)

and the analogous row vectors
(k| <= (VN 0); (Jy] = (0 VN). (6.30)
In this representation the total flux operator is represented according to

e VR (V).

)| <= VN((2%T Ay). (6.31)

By using the two dimensional vector form of the projection operators, the memory kernel is

represented by the 2x2 matrix

I 1 (Mgg Mgy
c LP —< ) 6.32
P z—(1-P)L(1—-P) P N \Myvg Myy (6.32)
in which . _
== o L / ;
Mes = ¢ (Jo © p— Lls)), (6.33)
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and © and ® represent kinetic (K) or potential (V) components. As in previous chapters,
Lp = (1—P)L(1—P). The inverse of this matrix is straightforward to determine,

7 N M —M
P—P <= ( Vv KV> ,
z—L MgrgMyyv — MgyMy g \ —Myyx Mgk

(6.34)

The viscosity coeflicient 7 is thus given in terms of the components of the memory kernel

NzB{(\/fk'T AV)< My v _MI(V)(€€T>}

—My g Mgy

n= lim lim (6.35)
0+ NJ/V\’/‘;;:)T:t. 4 Mg rgMyy — Mgy My

where the factor of 5 is canceled by the trace of the identity E® and all matrix elements are
scalars. It remains to calculate these four matrix elements of the memory kernel.

Equation (6.35) appears complicated and it is appropriate to ask why the transport
coefficient is treated with a 2-dimensional basis, Eq. {6.31), instead of with a simpler one-
dimensional basis |J)) with the corresponding projector, »

Protar = A|I):((J]. (6.36)

Such a projector was investigated, but the subsequent calculations seemed to run into conver-
gence problems that could not be eliminated. This seemed to indicate that in the calculation
of the transport coefficient, the kinetic and potential components of the flux |J)) should not
be treated in the same manner. The 2-dimensional approach allows the kinetic and potential
subspaces to be weighted differently, appropriate for their fundamentally different natures.

6.4 Reduction to Projected Liouville Superoperators

Two types of terms arise in the calculation of the viscosity coefficient, Eq. (6.27). These
have the interesting property that while
1

z—L

Zrx = (Jx] Ix) (6.37)

leads to a binary collision expansion which is divergent, and so should be treated as in
Chapter 4, the corresponding series for

is convergent. As a consequence of this differing behaviour, it is useful to expand the pro-

jected Liouville resolvent in the M-matrix elements in terms of the resolvent of the kinetic
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or potential projected Liouville superoperator. The Mgg involve the projected Liouville
superoperator Lp = (1 — P)L(1 — P). In this case the projected Liouville superoperators

Lx = (1-Px)L(1-Px), (6.39)
EV = (1 - ’Pv)ﬁ(l — Pv) (6.40)

are the appropriate memory evolution superoperators if there was, respectively, only purely
kinetic or potential fluxes. It is chosen to do the expansion according to associating the

projection with the first index © of the matrix element,

1 1 1
= [Z—ﬁp—f-ﬁfp—ﬁe]

z—Lp z— Lo z— Lp
1 1
= T Ie 1 — (LPs +Pq>£)z ) (6.41)
The final equality uses PoLPs = 0 for all combinations of © and ®.
Mgk then has the expansion
= —«JK:|£ 1-— (EPV + PVE) EJ]())
Z - ,C'p
i
= 5’«JK L~ L‘ ['JK» «JK £ E LIy} 5N«JV |— o LIx))
1
(L= Iv) N«Jv AL L)
= Kgg + Kgv NMVK -+ KKV NMVK (642)

The notation Kgg indicates that the Liouville superoperator in the resolvent is projected
onto the (1 — Pk) subspace, and the two subscripts indicate the particular elements over
which it is calculated. The L or R superscript indicates that the matrix element in question
has only one Liouville superoperator appearing respectively on the left or the right of the
projected resolvent.

The M, matrix element vanishes. By the definition of Mf

My = (vl £ LIk))
= {Jy: |Z_£V 1—(£7)K+PK»C)Z_£P LIk))
= g((JV:|£JK» - %({Jv IEJK»—N'«JK H|— ! EJK»
(v Wi £ = i) |
— 0. (6.43)
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This uses the facts that Jy £y = 0 and the matrix elements (Jy:|Jx)) and {(Jyv:|LJk)) vanish.
The resolvent 1/(z — Lp) in ME - was expanded in terms of the resolvent projected onto the
(1 — Py) subspace which is associated with the first index of the matrix element.

My g has the expansion

Myg = é«JV |£ _ ﬁp LIk
= %((JV:|£ Cv 1~ (LPx + PxL) —1£7> L))
= %((JV ]E ['V L) + ((Jv |£ E EJK»_N«JK | E L)
P2y b N«JK L L)
= VVK+VVK-]VMKK +VVKNMKK (6.44)

Clearly the quantities Mgy and My g are coupled. By an exactly parallel argument to that
of Eq. (6.43), the ME,. element is

SMpey = (sl > £ LIk)
= {Jx E 1~(£PV+PV£) LIk
. Z— LK Z — kp
= Lo - e 5 T vl i)
((JK |JV)>—N(<JV £~ £ L)
- 0. (6.45)

On this basis, the M-matrix elements are expressed in terms of matrix elements of the

subspace projected resolvents according to

K + L RE Vvi
Mgk = i NLKVL (6.46)
1+ 5= Kgv Vo
Vvk + 2 VP K
Myx = VK vk KrK (6.47)

1+ zKKVVVK ‘

The remaining M-matrix elements are evaluated in an analogous manner. First are the

relations

Myy = ((JV£ | LIy)

E

1
= Vyv + Vyrg—Myy + V{J/KT\}'MKV

ﬁ
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1
Z—Ep
1

N

1
MI(V = g<<JK£‘| ﬁJv»

i
= Kkv + Kxv My + Kf{v]—V-MVV, (6.48)

which together with the evaluations ME,, = M, =0, give

VYvv + %KKV V‘L/K

Myy = 6.49
1+ 32Kk Vg (6.49)

Kiv + £ Vyy KE
Mgy = ——— N VKV (6.50)

1+ 7:KEy VEg

The use of two subspace projection operators leads to a formal symmetry in the treatment
of the kinetic and potential contributions.
The viscosity coefficient of Eq. (6.35), can be written in terms of the matrix elements of

the subspace projected resolvents as

2(kT)? (Vov + SR VE i) + A% (Ricxe + #ky Vv
N2B —\/ikTAV (VVK + Ky + %V\L/KKKK + ']%VVVK%(V)
n= lim lim

0t . 4 KxxVvv — Vv kKiv

. (6.51)

It is noticed in particular that the common denominator in each of Egs. (6.46,6.47,6.49) and
(6.50) cancels out.

6.5 Binary Collision Expansions for the Matrix Ele-
ments

In this section, the matrix elements appearing in Eq. (6.51) are evaluated. Binary collision
expansions of the resolvents are made and the order of density of the terms retained is
indicated. Of the terms, those that contribute up to a first order density correction to the
viscosity are explicitly evaluated. The terms K with resolvents projected onto the (1 — Pg)
subspace lead to divergences which are treated in a manner similar to that of Chapter 4.
Evaluation of the K terms gives rise to a series of higher moment corrections. The formal
expression for these corrections is given, but no explicit evaluations of these corrections are

attempted. The V terms do not lead to the same divergences and are calculated directly.
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6.5.1 Expansion of k%

The kinetic term K%, has a structure that can be solved by iteration. The binary collision

expansion of the resolvent in this term gives,

¢

i
5Kyy = «JKzlﬁz — EKJV» = N(N - 1)(<J1(1=|V12z — CKJV>>
1
= N(N - 1)«JK1=|V12Z_ Toa
1
x {1 + [(1 + Pr2)(N = 2)V13 — P L — LPk] } Jv)
z— Lk
= TrJg1:BLy. (6.52)

The tensorial operator B, can be simplified by recognizing that (Jx ﬁJv)) vanishes and

separating the pair distribution function,

P(122) = 1’103 + pa2 (6.53)

into uncorrelated and correlated parts, the uncorrelated part giving rise to the 1-particle
kinetic projector Py = Jg1(p1/V):TriJg1. Thus

1

By = N(N—1)TryVis Jy pV)

Z—ﬁK

1
Jy1opt2 — Lo Ry —(1 — Py)BE
7 L1 vi12P12 2901 1%( PO) KV

1 1
—=T
N I‘2V12z L1

i 1
XE — ;gol’Rla(l — Po)By — CKE,,, (6.54)

7

Q

Tr2 V1 2

(1 + Jx2) peraKiy,

where the approximation involves the “promotion” of ¢,/V through the 1/(z — L) superop-
erator. This is done on the basis that, for a dilute system the opportunity for two particles to
recollide is very small. Thus if particle 2 is to be involved in a collision with particle 1, it will
not have been involved in any previous collision with particle 1. This procedure eliminates
all possible contributions from either three or more particle dynamics or recollision events
and also assumes the absence of bound states between the particle pair 1 and 2. Thus the
calculations performed are for systems with potentials that do not support bound states.
After “promotion”, the dependence on particle 2 has been expressed in terms of the

linearized Boltzmann collision superoperator

mn
Rl = @—Trﬂh(z)gol(pg(l -+ Pm), (655)
1
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involving the z parameterized transition superoperator

1 1

Ti2(2) = V1o (z — Ky2) = Vig + V1o

Vis. (6.56)

Z—Em Z—ﬁlg

In the limit z = 7¢ — 0, the z-parameterized transition superoperator Ti2(z) converges to
the abstract transition superoperator 715 provided it acts on a function of momentum only.
This is appropriate as it is used here since the trace over the remaining particles (3...N) gives
a position independent quantity. For large IV, the difference between N and N — 1 particles
should be unimportant, with the consequence that this trace quantity can be approximated
as Bf(v. A more explicit discussion of these points is presented in Chapters 4 and 5.

The tensorial operators X5 and C are defined by

1
Xy = TI‘2V12Z_ £12JV12Pg22), (6.57)
1 1
C = NTI'QVHZ_ £12 (JK1+JK2),0012. (658)

Just as for By of Eq. (4.60), the equation for B%,, has the structure
1 1
Bkv = Yiv — 2901721;(1 — Po)BEy, (6.59)

with Y&, = X5 — Ck%,,. By iteration or by similarity to the solution of Eq. (4.60), in the
z — 0 limit, Bf(v has the solution,

1 1
Biv = Ykv — 901721—72—(1 — Po)Yiv (6.60)
Y1 Rk

where the projected linearized collision superoperator is
1
RK = (1 - ’Po)(lel(p—(l - Po) (661)
1

This implies that K&, in Eq. (6.52) satisfies

1 1
——(1-P)YE
o RK( 0) KV

1 1
= Tridg:XE — TrdgpiRi— = (1 — Po) X%,
01 Ri
1 1
—_ Tl'lJK1:C —_ TI‘lJKli(lel—_
o1 Ry
TrlJm:X‘L/ — Tr1JK1=991R1%R1—K(1 - ,PO)X{?

5+ TriJg:1:C — TrlJK1=<P1R1$%(1 ~Py)C

SK}:(V = TrlJKlef(V—TrlJKlchlRl

KL, = (6.62)
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The final terms in the numerator and denominator are higher moment corrections due to
successive binary collisions (Sonine corrections) to the terms preceding them. The order of
density of the terms in Eq. (6.62) can be determined. Making use of the normalization of

pg";) given in Eq. (6.7) and the density dependence of the subspace flux tensors of Eq. (6.15),

TI'lJKlzx‘I} - TI'12JK1:V12 Jv12p12 = O(N\/_) (6.63)

- £12

and .
- Ura + Ja) perz = O(n). (6.64)
- ~12

The explicit form of this term is evaluated in Appendix E.

1
TrlJKl:C = TV—Trqu:Vlg
z

To the lowest order in density, in the one-moment approximation, K&, is given by,
Y Kv 18 8 Yy

nAS

2 _ T \z F|2e=7"=9"=Fu (.65
£12Jv12p12 A, riodi1 [rF]|“e ( )

1 1
Kf(v = 5Tr12JK1=V122 —

rel
Evaluation of the result is aided by expressing the resolvent in terms of the associated time
evolution superoperator,

‘ n’A° R 2_g2
K%{V = -——TI‘12JK1V122/ dtez(z_ﬁre‘)t[rF]m)e_” -9 —Bu. (666)
5AV 0

Ignoring for the moment the condition of taking the symmetric traceless part, the calculation

of the time integral is carried out by following a binary collision trajectory according to

i [ dteC—EE s [ dte(—)F(—t) = — lim |e(=Op(=t)2 + [ atBTD p(-

tim [“die'~E'aF — [Zan(-0F(=) = = Jim | e(=0p(-0l; + [P ()
(6.67)

by using Newton’s second law and integrating by parts with respect to the time. This is

reorganized as,

s oot
= lim {rp — [r(—so) + Sop(—so)] P(—S0)

$0—00 m/2
o [p(=s0)  _p(=t)
+/0 dt[ w73 Do)~ e b (6.68)
Therefore the time integral contribution to Eq. (6.66) is,
2A6 P . (2) A1)
L (g . nfA e, [p(=s0)]®  [p(=1)] Gy
Ky (time) = . Tf12JK1V12-/O dt{ -5 2 e
V2NnkT g
= o2, /d dy[v)® V/ dt{[7(~50)]® — [v(—1)]P}e™"" P (6.69)
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In evaluating the contributions to K&, from the remaining (non-time integral) terms in
Eq. (6.68), it is first useful to symmetrize the kinetic flux with respect to particles 1 and 2,

Jie1 + e = V2{[G]? + [1]@}. (6.70)

Integration over the center of mass position and momentum which are unchanged by the
binary collision then becomes possible. The relative momentum is next integrated by parts

and the non-integral terms in Eq. (6.68) contribute the corrections

. N A'r / —v2~Bu
Kk (nom — time) = 2N 1y (@ ([r]® ey} (6)
5Ay
the first part of which simplifies to
ivV2NnA3 B ivV2NnA3 g
A Trrel[’yF] [I“Y] eV = 9A, .Trreyy?Fre v =P
= iNnkTB(T) (6.72)
Ay

while the second part is

iV2NnA? 2 ivV2Nn (—4nkTo?
____1 2). -y —Bu _
EmAy Trra[vF]?: [r'y,) e S ( 3 ) F, (6.73)
whose association with F,, follows from Appendix A.
In summary, to the lowest order in density,
iV/2NnkT 403 .
Kk, = —a [B(T) P /QF} + Kk, (time) (6.74)
6.5.2 Expansion of Kgy
The binary collision expansion of Kxv is carried out in a similar manner,
SKgy = «JK |£ E EJV»
— Lk
?
= N(N-1 :
( Yz Vie 75—
1
< {1411+ Po)(N = 2)Vig ~ Pack — £P]——— L3v)
— Ly
= TI“1JK1:BKv. (675)

The definition and solution of By is similar to that for B%,, in Eq. (6.54), with the resulting
expansion of Kgy in the binary collision approximation as in Eq. (6.62), namely
Trydg: Xy — TrlJKl'Qlel'l__l'(l — Po)Xy

K = .
KV 5 + TrlJK1 C TI‘lJKl 9017?,1 (1 - P(])C (6 76)

v1 Rk
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This involves the same C operator as in Eq. (6.58) but has XE replaced by

7

XV = TrQV]_Q Engvmp%). (677)

Z = k12
Again the only approximation used to arrive at this result is the “promotion” of ¢,/V.
The last two terms in the denominator and numerator of Eq. (6.76) give successive binary
collision corrections as stated in Section 6.5.1. In this case the TriJg1:Xy term vanishes,

?

Tridgi: Xy = Trigdgi:Via EvamPg?

2 — k12

_pE® 1
= n2A6TI'12JK1_:V126 AH L,

512JV12Y[0](I‘12)
2 — k12
.. _ (2) A
= mzAsTrngKl:Vlze BHY, (-—1 + 2 ) JVng[o](rm)
- ~12

) (6.78)

The first integral (with -1) is odd in both position and momentum directions, so it vanishes
on integration over phase space. The second integral gives a term proportional to z, which
vanishes in the z — 0 limit since both sides of the resolvent have functions which constrain

the relative position. Thus Kgyv has no first order in density contribution.

6.5.3 Expansion of Kxg

The Kxx term is calculated at two levels of approximation. In Section 6.5.3.1, only binary
collisions are retained to obtain the approximation shown by K% . This limitation is lifted
in Section 6.5.3.2, to include collisions of up to three particles and an expression for K3 - is
derived.

6.5.3.1. Retaining only two-particle collisions

The expansion of Ky follows similar lines to that of Section 6.5.1.

1 )
Kix = g((Jmlﬁz — EKEJK»
TI'lJKlixK — TI'1JK1:Q01R1;1'1-ﬁ(1 — ’PO)XK

— ) 6.79
5+ TriJg:C — Tr1JK1=991R1;1;7%;(1 —Po)C ( )
This involves the same C operator as before, and Xy defined as,
i
Xx = TroVia L1201 + Jx2) 05 (6.80)
z— L2
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The structure of Eq. (6.79) includes the same successive collision corrections as the pre-
vious two matrix elements. The order in particle number N and density n of the TriJyi: Xk
term is determined by using Eqs. (6.7) and (6.15),

7

L12(xcr + Jx2)pt2 = O(Nn) (6.81)

TI'1JK1:XK = TI‘12JK1!V12
z — £12 .

With the inclusion of the equilibrium pair correlations, K% is identified as the modified
Boltzmann collision integral that Hoffman and Curtiss [22] used for estimating the effect of
a third particle on the bimolecular Boltzmann collision operator in their generalization of
the Enskog equation [92] to soft potentials. Their method for the approximate evaluation of
this collision integral is followed here. The evaluation is based on assuming that the factor
Y{o) defined in Eq. (6.9) changes little during the collision dynamics so it can be moved to
the left of the resolvent, and since it is also only a function of the position, to the left of V5.
With these approximations K% in the one-moment approximation is rewritten as

276

n _gH®
Kicx ~ TTHQJKl:Y[o](rm)Vme BH}, —

1

ViaV2[v]@, (6.82)
L2

which recognizes that the Ji’s are momentum functions on which only Vi, acts. Moreover,
after using Eq. (6.70), only the (reduced) relative momentum < is affected by Vi;. A
subsequent symmetrization of Ji1 on the left over particles 1 and 2, conversion to center of
mass and relative coordinates and integration over the center of mass position and momentum
is then performed. Only the relative motion integral (trace) remains, so the particle labels can
be dropped while A, is the thermal de Broglie wavelength for relative motion. Furthermore,
the combination of operators

li L
1m
=0z — L

Vip=Q), -1 (6.83)

is identified in the limit as a restricted form of the Mgller superoperator, with the prime
denoting the restricted applicability, namely that this operator identity is only valid when
acting on a function of the momentum, see Eq. (2.69). This implies that

iNnA? -
Kepe = = Trraa[7]®: Yig) (r) Ve Pl (Q — 1) [4]@
iNnA? -
= —— L Trpe[]@ Yoy () K e P [v]®. (6.84)

In the final form, the “-1” term vanishes since it is odd in position and momentum directions.

The Mgller superoperator satisfies the intertwining relation

HoalY = VKo (6.85)
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This intertwining relation has allowed the full Boltzmann factor after (to the left of) the
Mogller superoperator to be replaced by the kinetic Boltzmann factor before (to the right of)
the Mgller superoperator, i. e.

e PHQ) = (Y e FKral, (6.86)

The second intertwining relation used is
LY =K, (6.87)
which implies that in the present case
VQ'e P [4]@ = 0O e PKrel[4]()] (6.88)

on the basis that the operator on which Q' acts has zero K eigenvalue.
With the identification that X = —i-B=--Z and expressing the effect of Q' in terms of

m/2 8r
the precollisional relative momentum 2’4 = ' = v,, an integration by parts of the position
variable is carried out to give
. —2Nn 2
Kk = W/ dT-pdy[y]® e []®
QNTL 1/{ ] A2 2
e / drd~[y ). (6.89)

The surface integral is proportional to the Chapman - Cowling omega integral [7, 62] Q32

and/or the kinetic cross section for viscosity &(20) [79],

16Nn(rkT)/?
Ky i (surf) = ;T(:l]; / / bdbdyy"(1 — cos® x)e~
N
= 8—5—%(2’ ) = Nn(v)&(20). (6.90)

Finally the Y}g dependent term is related to the Hoffman-Curtiss [22] R(T) function

2Nn(kT)H? dY}g _y—pu _ 2ND2(KT /2452
Ki (Ydep) = —W//drd‘Y’Y 8[](77)2 T = 5m(1/27r)3/2 R(T). (6.91)

Thus, up to terms including linear in density corrections, K3, is approximated by,

N IN 2.2 2
Ky = gea . 2NN gyinper) = —8];[”9@’” {1 + \/’;—T———”" R(T) } (6.92)

3 S5mt/2r3/? m 4rQ(2:2)

The K2, term produces the cross section appropriate to the viscosity along with a correction
for the static presence of a third particle on this cross section. The result depends on two
approximations, the first being that only binary collisions are considered, and the second

that the Y[ term is assumed constant during a collision.
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6.5.3.2. Retaining three-particle collisions
In the case of a collision expansion of general order,
1
K = ={J :E
o = 5 (il =

the projected resolvent is first expanded in terms of the unprojected N-particle resolvent,

1
L) = gTrlJKl:BKK, (6.93)

Bkx = N(N—l)Trz...NVm

LK EJKP

7 1— (Pl + EPK)Z

1
= N(N - 1)T1‘2...NV12Z LI, (6.94)
- — Lk

An expansion in this manner provides flexibility in choosing the number of particles taking
part in a collision. This expansion was used in Chapter 5 in treating collisions among free
molecules and bound pairs which involve different numbers of particles.

Two and three-particle collisions are next extracted from the general N-particle resolvent.
The first step is the separation of the dynamics of the collision of the 12 pair from the N-

particle resolvent,

i 1 N 1
= 1 f— .
V122_ 7 V122_L.’12 +§V1JZ_£:| (6.95)
Separating the two-particle collision contributions from the other contributions in By
gives,
1
Bxkxk = N(N—1)Tra. nVi2 - [1 - PxL ] Lgp™
Z — £12 2= ‘C’K
+N(N = 1)(N = 2)Try. xVio- ' (1+ Py)
— L2
1
1— Pl ] LIgp™). .
><V13Z_£[ Prl 5| Lixr (6.96)

A further complete expansion of the N-particle resolvent in this expression has been
carried out [93]. A simplified version is presented here which emphasizes three-particle
interactions without considering further higher order interactions. The linearized Boltzmann
collision superoperator R; of Eq. (4.54) is recognized in the projected two particle term and
a factor of 1/(z — Elg) is added and subtracted to the N-particle resolvent,

Bxrx = TraVio

Li2(Jg1 + Jm)pu) + 901731 E'POBKK

z— 512
+N(N = 1)(N — 2)Try. y V12 (1+ Pr2)
zZ - 512
1 1 1
_ (N)
XV13 (Z-—ﬁ Z—£13+Z—£13) EJKp
1 1
—N(N — 1)(N — 2)Tr2_._NV12 (V13 —+ V23) P}pc LJK/) (6 97)
_ £12 - L zZ — EK
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In the part of the third term with +(z — £13)™, the factor ¢2/V is promoted through the
Vi3 and +(z — L13)Y superoperators and the structure of an R, superoperator recognized
in the remaining result. Furthermore, to limit the contributions of the remaining terms to
first order in density, only triple collisions among three particles 1, 2 and 3 are retained.

Within these approximations,

1

7 1
Bxkx = TrVis Ly2(Jkr + JKz),Og) - ;991721;?—(1 — Po)Bkk
1

Z—£12
ey Vie— (1 + Ppo)V ( 11 )c (Jger + Jxcz + Jica) o2
23 12z— " 12) V13 7~ L1z 7~ Lo 123\JK1 K2 K3)P123
1 3y 1
~T Vis + Vag) ———— J G _—T : 98
r23V122_ 12( 13 + 23)Z_£123(JK1+ K2+JK3)/)1235N r1Jr1:Br (6.9 )

This expression is simplified with the notation,

) 1
Brxx = Yxx — —p1R1—(1 — Po)Bkk
z ©1

1 1
(V13 + V23) - A

7~ L1 U1+ Jga + JKs)pg)g,TrlJKl:BKK. (6.99)

1
~—T
5N f23V12z ~ L1

The Y gk term contains the two-particle collision term and a three-particle collision term,

Yek = Yk + Yk
= Ty - 2

Lia(Jg1 + JKQ)ng

2 — k12
1

+TI‘23V12 (1 —+ Plg)vlg

Z—;Clg

1 1
X - Liog(Igr + Jico + Jxea)pids.  (6.100
(z Lz 513> 123(Jrc1 + Iz + Ji3) pias ( )

Equation (6.99) is solved by iteration. Retaining only the first iteration, and neglecting
higher moment corrections represented by the second term on the right of Eq. (6.99), the
solution is approximated as,

Brxrx = Ykk

1 1
——Try3V12

5N 2~ Lo (Jrer + Iz + Jxes) 3 Trrdsa:Y . (6.101)
- A1

1
(V13 + st)m

The collision operator in the three-particle Y3, term is further analysed in order to

reduce it to one of the familiar three-body collision operators given in the literature. With
the low density approximation pg‘% = n?p a3 for the reduced three-particle distribution

function,

¢ 1
14 Pp)Vig |———Via + Vi + Va3) —
oy 12( + Pio)Vi3 2—5123( 12+ Viz + Va3)

Y%K = TrosVio Vi3

2z — L3
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X(Jg1+ Ix2 + JK3)P%)3

) 1 1 1
= Tro- - _
r23V12z I, (Vi3 + Vas) " Lim Vi3 s~ L Va3 Y — Lo
x(z = Lo)Jrer + I + Jiea) s , (6.102)
The identities,
= (Vig+Viz+Vy3) = ! (z— L) — 1
1 . 1

- — £13 V13 = o £13 (Z — ﬁo) -1 (6.103)

have been used. Recognizing the last two operator combinations of the bracket in Eq. (6.102)
as transition operators 7;3 and T3, the total operator in square brackets can be identified
as 1€, the triple collision operator in the form written by Green [94],

1

Y3 (G) = TrasVia (z — Lo) — Tis — Tas| Jg1 + Jk2 + JK3)P(1:;)3

(V13 + Va3)

z— L1 z— L2
= TI‘23IG(JK1 -+ JK2 + JK3),0§:;)3 (6104)

The Y3 function of Eq. (6.104) is denoted as Y% (G) to emphasize the Green form of
the operator which appears in its structure. According to calculations of Kawasaki and
Oppenheim [95], the Green form of the triple collision operator can be written in terms of

the Bogoliubov triple collision operator [10] and a correction term,
IS =18 — AI (6.105)
which substituted in Eq. (6.104) leads to
Y3 i (G) = Y3 i (B) + AY3 . (6.106)

The Y3 (B) operator is defined as, see Ref. [95],

1 1 1

Y3 (B) = TryV ) _
xx(B) T3 V15— I (Vi3 + 23)Zz " Tom 2T Coa (Tis + Ta3)
X(Jx1+ Jr2 + JK3)P%)3
= Troe TP (e + I + ics) 13- (6.107)

The explicit form of AY% ., with the limit of 8o — —oo implied is,

AYiy = —Tr2V12/0 dtfe™#12t — g7 1250) Ty (Tig + To3) (Jx1 + Iz -+ Jx3)p10203. (6.108)
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Within a 1-moment approximation, the result of Trs(713+ Ta3) (Jx1+ k2 + Jks) 1023 is
a scalar multiple of (Jg1+Jx2)@1p2. Thus it is possible to insert the projection superoperator

1 .
Plg = (JKl + JKQ)(,Ol(pQ:-QWTrlg(JKl + JKQ) (6109)
just before the transition superoperators to give,
—1 *° i —iL128
AY?(K = Q—WTI‘QVQ/O dt[e—wlzt — € L1z 0](.][(1 + JKQ)(.P]_‘,OQ:

Trias(Jx1 + Jx2) (Tis + Ta3) (Jxr + Jx2 + Jkxs) o123, (6.110)

The transition superoperator matrix element can be expressed in terms of the kinetic cross-

section according to
Trios(Jx1 + Jre2) (Tis + Tas) Ukr + Jx2 + Jxs) 10203 = —2in° V()& (20)E@ . (6.111)
So finally,
AY3 e = i (v)6(20) T2 Vi2 /Ooo dtfe™ 12t — 7 1250) () + Jpeo) 01 (6.112)
Substituting the results of Egs. (6.106) and (6.112) into Eq. (6.101), the following result

is obtained for the three-particle kinetic matrix element K,
Ky = Kixe + Ky (B) + AKjeye (6.113)
with K%, defined in Eq. (6.92). K3 (B) is the combination of the two terms of Eq. (6.101),

Kix (B) = TriJe:Yig(B)

1 1 1
__T . e Vo)
o r193d K1 V12Z — £12(Vls st)z T
X (JKI -+ JKQ —+ JK3)p%)3TI‘1JK1:YKK. (6114)

As suggested by the superscript, these terms give the contribution of three particle dynamics
in the Bogoliubov form to the kinetic matrix element. To our knowledge, terms of this sort
have not been numerically evaluated. Further study of these terms is of interest, but beyond
the scope of the present work.

For AKS, ., it is seen that,

in®(v)&(20 oo . .
AKS —%Tru-lmivu/ﬂ dife 12t — 7 1250)(J g + Jog ) 01000
iNn?A3 0o B
= e Traly P Vie [ dt {[y(=) — [y(-00)| ) e
iNn?

= p(v6(20) / /drdv['v]@):vlz /0 oodt{[v(—t)](z’ — [y(~00)] @} e77" =P (6.115)

It is to be noted that the structure of this term has a similarity to that of K%, (time), see
Eq. (6.69).
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6.5.4 Evaluation of vy

From the relations of Section 6.4,

1 1
Vvy = g«J\NLN 7 EJv>> (6116)
z— Ly
Using the analogy with Eq. (4.35), it is seen that,
Vyv = N¥/Zyy. (6.117)

The corresponding purely potential term is appropriately approximated by

1

ZVV/ = <(JV:Z—£JV>>

1
—=TrioJv108
5 T12Jvi12 z— L1

Q

Jy202 = O(N). (6.118)

The lowest density approximation to this quantity describes the two particle evolution of
the potential flux associated with the pair of particles. It follows that in lowest order in
density Vyy is proportional to N and independent of n, which is sufficient for assessing the
low density expansion of the viscosity.

6.5.5 Expansion of vyg

The matrix element Vy g is simplified by using a binary collision expansion

¢

5VVK - <<JV.£Z — ,CV ,CJK»

N(N -1 1
= (—2)—Tr1...NJV=£Z e PV (ks + Jka)

N(N -1
= -—(———)TI‘L“NJ\/!,C {1 + [(1 + Plg)(N — 2)V13 - Pvﬁ - Epv]}

2 zZ — LV
1
X . p(N)Vlz(JKl + JKQ) (6119)
- ~12

Whenever a particle labeling on the ket is introduced, it is convenient to first move V) to
the left of the Liouville superoperator before introducing the summation over the particle
labeling. This is seen in the second equality. The expansion of i/(z— L) is made on the right
side of the projected resolvent, and the i/(z — L12) is adjacent to the Jx side of the matrix
element. It is further noted that the Py L term vanishes. Continuing the simplification,

NN =Dy et

i
5 o PNV (Jkr + Jx2)

oVy
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N(N —1) 1 i

5 Trl...NJvtﬁz ra (14 Pp)(N — 2)V132 7 PV (U + Jiea)
— Ly — Lip
+{(Jv:l£- L) ,»Mﬁ Jyi———pMV (U1 + Ji2)
vil— Cv ! 10 LNV 12(Jrc1 + Jre2
= (1) + (i1) + (i) (6.120)

The first term on the right of Eq. (6.120), has the following contribution at the lowest order
in density,

NnA3
(1) = Z " Trre Jy12:e ™" re‘ﬁu c Viov2[y]®® + O(Nnv/n) = O(Nnv/n)  (6.121)
- A12

In the first term of (7), the operator combination - Vlg is the Mgller superoperator since
it is operating on a function of the momenta. Usmg the intertwining relation, £ = QK|
it is seen that this term is zero. The second term (iz) involves three particles and is also
O(Nn+/n).

The lowest order contribution to the third term of Eq. (6.120) is,

Tri2dv12:

1
1ON z— guf’@"m(hﬂ + i) = O(NV/n). (6.122)

(iid) = 5Vyy

Thus to the lowest order Vy is approximated by (4i7), and both (¢) and (i7) are dropped

from further consideration.

Vv = 10N Tflszu:z I, ,0§22)V12(JK1 + Jk2)
\/_nA ~
“Vvv oA, DralrF] e TP Q- 1)
\/_nAf 1
= —Vyy——7 104, Trrel—Fe 3 (r"Yo)Z _ 57,273
— vy \/_ICT4TL\/_0 (6 123)
VT Ay 15 Ny )

The identification of N, is made in Appendix B.

6.5.6 Expansion of v&

The resolvent in V{“, x can be expanded in a manner similar to that of the resolvent in Vy g

of the previous section.

N(N -1
SV%/K = ¥«JV:|£2—

L
= ']i(—]\';—_'i)Th...NJv?ﬁ {1 +

y (J1 + Jk2)) = O(N/n)
1

=1+ Pa)(NV = 2)Viy = Py L - LPV]}

123




?

X M (Jger + Jk2)
= MTIL..NJV:EZ — £12P M(Jg1 + Jx2)
+WT“"'NJ":% _1£V (1+ Pro)(N = 2)Vra— —Zﬁu PN (g1 4 Jxa)
+((Jv=|£z —iL'V EJV))i(Nm— 1)Tr1...NJV:Z o PN (g1 + Jic2)
= (1) + (%) + (444) (6.124)

The lowest order density contribution is from (%),

, 1 i
(’i,) = -TI'12JV12:£]_2 p12 (JKI -+ JKQ) (6125)
2 ~Ln
Using the commutation property of £, with the two-particle resolvent, this is simplified to,
V2NniA3 1 V2Nni 4
M Ty [rF] @ ie P Y[y]® = — ~\/7Ta*kTN, 12
2AV el[r ] 5 — ‘Crel [’Y] AV 3 mo i (6 6)

where calculations similar to those appearing in Eq. (6.123) were used for the identification
of Ny.’

The contribution of the three-particle term (#7) is neglected. The term (7i7) of Eq. (6.124)
is evaluated in Appendix F. The result is,

T 4i 4
(i) = —y| "L ANV VT g (6.127)
5 3A,

6.6 First Order Density Corrections Within the Two
Moment Approximation

The general expression for the viscosity coefficient, considering the zero value of Kgy, is
obtained from Eq. (6.35)

NnB A2 )
= I li 2(kT — (K
n El_lgi NI/V{/‘E%;. Koor [ (kT)* + Vou ( kK + NKKVVVK)
v ] )
— V2kT Ay < LELONT NVVVVVKKKK + NKf(V)] . (6.128)

Within the lowest order in density approximations of Section 6.5, the formula for the viscosity

coefficient reduces to,

n= lim lim

+ N,Vox
=0 N/V=const. KKI(

NnkT [1 Ay (VVK

= kT + NKK‘,)] + O(n?) (6.129)

Vyv
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Within the three-particle approximation, the Kxx term was found in Section 6.5.3 to be,

Kxkx = Kyg + AKgg + Kig(B)

8NN 5, nR(T) in 2.
et >[1+ S + o7z | [ drav @V,

[e.9) -
x [t (=) — [y(=00)}®) e + Ky (B). (6.130)
0
The second contribution from Eq. (6.129) is found from Section 6.5.5 to be

—AV Vv . —AV v \/Ek‘T 4’)’Lﬁ0’3 . _4”\/—7'(_:0'3]\7
V2ET Vv 2ETVyy 0 Ay 15 " 5

(6.131)

Finally, the K%, contribution to Eq. (6.129) was determined in Section 6.5.1,

—Ay i —iAy  [V/2NnkT 40° ,
JoRT NEV = \/§kTN{ Ay [B(T)_myrlﬂp" + Kicy (time)
4no?
= nBI) - 5amh

‘53}—3/2/ [ drdr 3@V [ at{fv(=s0)l® — py(=0)]@ye P (6.132)

Substituting the results of Eqgs. (6.130) - (6.132) back into Eq. (6.129), it is found
that the two time integrals cancel each other and to the first order in density the viscosity

becomes,
5kT dng? nR(T) dnt/20® 3
1= 806D lH”B(T)‘W " gmaear 15 o (B (6:139)

6.7 Discussion

The density corrections of Eq. (6.133) are identical to those obtained by Snider and Curtiss
from the generalization of the Boltzmann equation, Eq. (6.12). The assumptions and meth-
ods of the present approach are quite distinct from those used by Snider and Curtiss and
the equivalence of the final results gives greater confidence as to their validity. Assessment
of the approximations is also made easier by comparison of the two theories.

The formal expression (6.51) for the transport coefficient, together with the various con-
tributions for the memory kernel matrix elements determined in Section 6.5 is fairly compli-
cated. Inherent in the calculation of the latter has been the approximation of retaining only
binary collisions, essentially that the gas density is low so that the final expressions should
be interpreted as valid only over a limited range of density. It is a standard approach, and

well known, that the retention of only a single moment for an unknown function gives a
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good approximation when. calculating dilute gas transport coefficients. Here there are two
types of unknown functions, one term for each of the kinetic and potential flux functions
constituting a two moment approximation. Since Ji; and Jy1o arise naturally, these suggest
themselves as the appropriate expansion functions.

The mathematical techniques of the present theory are entirely different from the Chap-
man - Enskog method and do not involve the solution of integral equations. In the Chapman
- Enskog method, one begins with the Boltzmann equation and then utilizes the equations
of change to derive equations that are associated with, momentum and temperature gradi-
ents. Perturbative solutions to the non-equilibrium distribution function are devised which
are required to satisfy a number of orthogonality conditions. The perturbations are ex-
panded in terms of Sonine polynomials of different order and the expansion coefficients can
be determined to different levels of approximation. By substituting the explicit form of the
non-equilibrium distribution function into the expressions for the pressure tensor and the
heat flux vector, formulas for the transport coefficients are obtained. The assumption of
limiting the dynamics to binary collisions has been made in deriving the form of the general-
ized Boltzmann equation, and the detailed dynamics of the binary collision enter in various
steps of the calculation. In contrast, aspects of the equations of change have been dealt with
when deriving the general time correlation function formulas, Eq. (2.29). Such relations are
general and no assumption as to the nature of the dynamics have been made. The steps
required for the evaluation of the transport coefficient from the time correlation formula are
mostly dynamical in nature, and as such, the connection between the dynamical assumptions
and the final form of the transport coefficient may seem more direct. There are complexities
with regard to defining proper projection operators, but having done that, the link between
dynamics and the final result is straightforward, if tedious, to implement.

The density corrections of the Snider and Curtiss treatment are based on formal gener-
alizations of the Boltzmann equation derived by N. N. Bogoliubov and H. S. Green. The
density corrections obtained here are derived directly from the general time correlation func-
tion arising naturally from the formulation.

Of the terms inside the bracket in Eq. (6.133), the first to fourth appear in the perturba-
tion amplitude by of the solution of the Boltzmann equation, and arise from the kinetic part
of the pressure tensor. The by factor is associated with the perturbation of the distribution
function from the local Maxwellian form. In the present theory, these four terms all originate
from matrix elements with a kinetic projected resolvent, Kge. These four terms also have

“analogs in the Enskog theory. Even for hard spheres, the fluid has a second virial coefficient

and a third molecule affects the probability that two particles collide.
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The collisional transfer contribution Ny, arises in the solution of the Boltzmann equation
from the potential part of the pressure tensor. This contribution is independent of by and
so is not dependent on the perturbation of the local Maxwellian. In the present formalism,
this correction originates from a matrix element with a potential projected resolvent, Vy .
N, is also .present in the Enskog theory, but in a different functional form. For hard spheres,
the finite volume of the molecules and thus the possibility of momentum transfer across a
boundary without mass transfer leads to this contribution. For soft potentials, it is a mo-
mentum transfer of one layer of fluid to another via potential interactions (either attractive,
or repulsive), again without the transfer of mass. In dense fluids, this is the major contribu-
tion to viscosity since the molecules are not free to move easily between layers. Physically,
it is expected that the effect of this contribution will decrease with increasing temperature
(except for hard spheres where the contribution is constant), while the kinetic contributions
increase with temperature.

The correction for the presence of a third particle on the binary collision cross section
is given in Eq. (6.91). The derivation of this term is straightforward and involves incorpo-
rating first order density corrections to the spatial distribution function of the system. The
derivation of this correction by Hoffman and Curtiss [22] invokes a “factorization principle”
to truncate the BBGKY equations. A similar assumption is not required in this case.

Numerical calculation of terms in Eq. (6.133), other than the K3, (B) has been carried
out by Rainwater and Friend [8] for the Lennard-Jones (12-6) potential. It was found to
be more efficient to combine a number of the integrals involved in the corrections of Eq.
(6.133) into a new set of quantities called the I's in their work. It would be helpful at some
stage to separate the combinations into the original terms in Eq. (6.133) and study their
individual behaviors. This may provide physical insight into these terms and their relative
contributions to the transport coefficients at different temperatures.

The explicit calculation of the transport coefficients via the time correlation function for-
mulation, in terms of functionals of the intermolecular potential has been carried to the level
of including all binary collision contributions. The components of this calculation involve
the derivation of the lowest order transport coeflicient along with its Sonine corrections in
Chapter 4, the derivation of the transport coefficient for a binary mixture of free and bound
molecules using both the molecular, Chapter 4 and the atomic pictures, Chapter 5, and the
present calculation of first order density corrections including the potential flux contribution.
Putting the calculation of the present chapter for repulsive forces together with the additive
contribution of bound pairs from the binary mixture treatment takes the calculation of the

viscosity to the state where the improvement of the Rainwater theory should be introduced.
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As discussed in Chapter 2, this involves dividing the phase space of a colliding pair into
bound pair and free molecule regions. The terms in Eq. (6.133) arise even for purely re-
pulsive potentials, and the phase space integrations which they involve must be limited to
regions where the colliding pair are not bound.

The next step in the procedure would be to incorporate bound pairs and potential flux
effects in the same derivation. Although the details need to be worked out and most likely
will require modifications in the structure of the theory, the method of approach introduced
here should aid in carrying out such a procedure. This would require the explicit calculation
of the three-body collision contributions of K3 (B). The formation of bound pairs occurs
as a result of “recombination” reactions which involve the collisions of three molecules. The
cross section for the formétion of bound pairs would need to be determined as would the
cross section of decomposition, and rearrangement reactions. The inclusion of these reactive
collisions will make a rigorous calculation of the transport coefficients much more complicated
and will require much more detailed knowledge of three-particle collisions. The occurrence
of bond forming and breaking reactions affects the momentum transfer in a non-equilibrium
system and thus the viscosity, and also involves energy changes which affect the thermal
conductivity of the gas. The magnitude of the energies involved in these reactions are such
that at moderate temperatures, not many bound pair decompositions or rearrangements
occur and so the assumption of a constant ratio of bound pairs to free molecules (equal to
that of the system at equilibrium) is likely to be a realistic approximation. This is perhaps
the reason why the Stogryn - Hirschfelder treatment of bound states is adequate for most

purposes.
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Chapter 7

Moderately Dense (Gas Thermal
Conductivity Coefficient via the Time
Correlation Formulation

7.1 Introduction

This chapter follows rather closely the pattern of Chapter 6 for the calculation of the first
order density corrections to the thermal conductivity. The results of the Snider and Curtiss
theory for thermal conductivity [19] are given in Section 7.2. The kinetic and potential
projection operators are constructed from the heat flux vector in Section 7.3. This requires
extra care in the case of thermal conductivity as the enthalpy term in the heat flux vector
has to be divided in such a manner as to make the kinetic and potential contributions
to the heat flux orthogonal. The two projection operators allow the calculation of the
thermal conductivity to be formulated as a matrix inversion problem. The necessary matrix
elements are formally determined in Section 7.4 and simplified in Section 7.5. The results
are put together to obtain an expression for the thermal conductivity coefficient in Section

7.6. Appendices provide details of a number of identifications made in this chapter.

7.2 Thermal Conductivity

The Snider - McCourt expression for thermal conductivity is composed of a number of
components. The perturbation amplitude a; is given by Eqs. (12) and (15) of Snider and

MeCourt

4no?

T 371/2 Al

a (7.1)

—15 <2kT

1/2
= 160 ) [1 + nB(T)

m
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The expression for the thermal conductivity of a system of monatomic particles interacting
with a repulsive intermolecular potential, but neglecting three-body collisions is given by
their Eq. (26)

-1 2kT 2ci B 4 ;5 5
A = —4-nk (7) a1 |:5 —nT ClTQ 57’!’ / no (N,\ - T)\)
1 kT \"?
+3n2ka ( - ) (H)\-*-R)\—[)\). (7.2)
To the first order in density this is,
15k(kT) 20n03 4 21/2,3 7. _dB 5 2dzB
it Wil 2 - N, — _ . (7.

Q0D {5 + 5nB(T) 3,172 B - 37 o Ny n3TdT n3T T2 (7.3)

This expression, along with the Hoffmann - Curtiss correction which approximates the effect
of three-body collisions, applies only to gases with repulsive intermolecular potentials. Bound
states can be taken into account by considering the system to be a mixture of free and bound
pairs. If bound pairs are included, Rainwater [8] showed that the second virial coefficient
and its derivatives which appear in Eq. (7.3) must be limited to the contributions from the
free part of phase space to the total second virial coefficient. This thesis does not carry out
such elaborations.

The goal of this chapter is to obtain an expression for the first order density correction to
the thermal conductivity from the time correlation function formula utilizing the projection
operator approach of the previous chapters for systems with a repulsive potential and to
compare the results with Eq. (7.3).

7.3 Projection Operators for Thermal Conductivity

For a dense gas both the kinetic and potential components contribute significantly to the
heat flux vector J. The phase space function “ket” and “bra” vectors for the heat flux are
specifically

) = {Z (ﬂ—h) B 5 [rFoy o+ ) U]- %}pw)( Vo)  (74)

J 2m m 1#3

3 = / / drN dp¥ {Z (% _ h) By LS 100+ u(r)U] f};} . (1.5)

oS
where U is the unit tensor of rank two. For a monatomic gas, the enthalpy per molecule is

to first order in density,

5 dB
h = kT +nkT [B(T) Tﬁ] (7.6)
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The enthalpy per molecule has been broken up into kinetic hg, and potential Ay, contribu-
tions defined as,

4B ] . (7.7)

5
hic = kT hy = nkT lB(T) -T—

To simplify future formulae, it is convenient to use the dimensionless momentum W =
p;/V2mkT of particle j and also to define the dimensionless center of mass momentum, G
and relative momentum < of the pair 12,

W1+W2:\/59 Wl—Wz:\/i’)’
1 1
W, = E(gﬂ“’ﬁ W; = ﬁ(g—’)’)- (7.8)

The formalism requires that the kinetic and potential contributions to the heat flux,
denoted by the subscript K and V respectively, be treated separately. It is convenient to

define the normalized flux components,

. 2 9 h](
Jr = \/5-%: <Wj — kT) W; (7.9)
and
1 2hy V3
Jv = -MTJX:# I‘ngjg + | Uje — T Ul - 2Wj (710)
so that
{(IxlIx) = (Iv|Iv) = NU. (7.11)

The heat flux vector belongs to the three-dimensional irreducible representation of the rota-
tion group and U is the rotationally invariant second rank tensor which acts as the identity in
that irreducible representation. In order to make the relations more compact u;.k is defined
as '

Ujp = Ujg — %TV (7.12)
Equation (7.11) for the kinetic flux is confirmed by double contracting both sides of the

equation into U,

4 6 L 25 1e™i 4 1105 75 75]
3N_-5—N/dW1[W1—5W1+—:1—W1]W_3N[—é——z+§ —3N.  (7.13)

The potential lux normalization constant Ay can be determined from Eq. (7.11) in a

similar manner,

1
3NAL = 5 /drNde {; (rngjg—Fu;-L,U) -WJ} .
J
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Z (rjIZ/Fjlgl -+ ’U,;-/yU) ‘W]‘/] p(N)

X
J'#e
= 2 / dr12dG [(r12F12 + upU) -Gl - [(r12F 12 + uy,U) -G e Pu—¢" + O(an)
. d d
~ Tn/dr [3@& - 2ru—d—7: + (rd—jf) ] e~"/*T 4 O(Nn?) = 3NnT'). (7.14)
Thus
Ay = y/nIy, (7.15)
where Iy is given by
1 d du?
Ty= E/dr [3u — 21‘u%+ <7‘d—7:> } e v/kT, (7.16)

The integrals with 2hy /N are all of O(1/N) and so are neglected in Eq. (7.14).
The components of the heat flux vector are furthermore orthogonal,

(Ixldv) = (IviIx) =0, (7.17)

as can be verified by observing that

(Ie-dv) = (Iv-Jk)

= Alv 2((; (We - g) W LZ#% (rsxF & + ujU) 'Wjj| )
N(N - 1)

= —TV—\/g(( (Wf - §> Wi [(r12F 12 + u3,U) -Wi ] )

= s [ (00 o) o f o (w2 B wie i =0

Both the momentum and position integrals vanish.

In terms of these orthonormal components, the total heat flux operator is,

[5kT kT
= —kTJ i +1/—AyJy. (7.19)
2m m

As in Chapter 6, separate projectors onto the kinetic and potential fluxes are defined,

1
Pr = N|JI(>>‘<<JK|

: 1
Py = 5 1v)-(3v] | (7:20)
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with multiplication properties
PxPx =Px; PvPy=Py; PxPy=PyPk=0. (7.21)
The combined projector P = Px + Py is also idempotent,
PP="P (7.22)
and has thé property that

PlI) = PglI) +PvJ)

- ,/%MPMJK» + \/gAvpvlJV»
= ,/%l%leJK)) + \/%AVUV»

= [J) (7.23)

essentially because |J)) is an element of the 2-dimensional operator space associated with P.
The thermal conductivity coefficient is given in standard form as a time correlation
function,

A= lim lim —B—((J-Z_i =7, (7.24)

N/V =const. .
where z = ie and B = 1/(kT?). From the properties of the projector P, it is possible to
insert P both before and after the resolvent in this expression and it is recognized that
only the part of the resolvent in the P-space is needed in order to determine the transport
coefficient. This has the advantage that by operator manipulations the projected resolvent
can be calculated in terms of a related memory kernel, namely ‘
7 P
P T T PP PEO - P PEP )

Moreover, it is easy to prove that PLP = 0, so that in the limit z — 0, the projected
resolvent is just the inverse of the memory kernel. Since the memory kernel is a direct
product of a 2 x 2 matrix and the tensorial identity EM of the 3-dimensional irreducible
representation of the rotation group, the inverse must be carried out as a matrix. For this

purpose it is convenient to introduce the 2-dimensional vector notation

k) = <\/ON>; Jy) = (\/ON> (7.26)
and the analogous row vectors
(Ix| = (VN 0); (Iv| = (0 VN). (7.27)
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In this representation the total flux operator is represented according to

0 — ()
o= (R oa), (725)

By using the two dimensional vector form of the projection operators, the memory kernel in
Eq. (7.25) is represented by the 2x2 matrix

i 1 (Mgxg Mgy
c = = ) 29
P z—(1-P)L(1-P) P N \Myg Myy (7.29)
in which , ‘
i
Mge = g«J@'ﬁz — £P£J¢» (730)

where © and ® represent kinetic (K) or potential (V) components. It is straightforward to

determine the inverse of this matrix,

i N? Myy  —Mgy
P P o= ( > . 7.31
z—L MgxMyyv — MgyMy g \—Mykx Mgk ( )

1
z—Lp

The phase space integrals (JL LJ)) are rotational invariants (for an isotropic system),
and thus proportional to the identity U. This allows the matrix elements (7.30) to be
expressed as scalars.

The thermal conductivity coefficient A is thus given in terms of the components of the

memory kernel by

— 5
o (VBT Av) (_Iﬁv MMKV> (@kT)
A= lim lim NnB— vR _TRE v/ (1.32)
0 Vot m Mg My v — Mgy My i

It remains to calculate these four matrix elements of the memory kernel.

7.4 Reduction To Projected Liouville Superoperators

The Mpg involve the projected Liouville superoperator Lp = (1 — P)L(1 — P). But the

projected Liouville superoperators

Lx = (1-="Pg)L(1~Pxk), | (7.33)
EV = (1 — P\/)E(l - Pv) (734)
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are the appropriate memory evolution superoperators for the purely kinetic or potential
fluxes. The expansion of the resolvent (z — £)~" in terms of the resolvents of these projected
Liouville superoperators are the same to those used in Chapter 6. Intermediate steps and
further discussion is given there. Only the meanings of Jx and Jy and the presence of a
single dot product instead of a double dot product differ from the treatment of Chapter 6.
The combination of M-matrix elements that give the transport coefficient, Eq. (7.32), is

written in terms of the projected resolvent matrix elements as,
S(RT)? (Vvv + $Kicv Vi) + AY (Kixe + 5Kk Vv i)
‘ C Nn | VBT Ay (Vv + iy + $VE Kk + £VvvREy )
A= lim lim

+ N,V _
0TV mconst. mT Kk Vvv — Vv gKgv

.(7.35)

Before explicitly expanding these matrix elements, it is useful to determine the order of
density of each of the terms and combinations in Eq. (7.35). This work is limited to the
study of first order density corrections to the thermal conductivity, and therefore a number
of the terms may be eliminated from further consideration. To determine the order in density
and particle number of each of the terms, the normalization conventions of Eq. (6.2) and
(6.7) are used. The normalization factor of the potential contribution to the momentum
flux, Ay, defined in Eq. (7.15) is density dependent and also affects the outcome. With

these relations, it is straightforward to see that,
Krrg = O(Nn) Kiv :O(N\/ﬁ) K%(K:O(N\/E),
Vyy = O(N) Vyx = O(N+/n) Vi, =0O(Ny/n). (7.36)

Substituting these orders of magnitude into Eq. (7.37), it is seen that to obtain the thermal

conductivity up to the first order in density, it is sufficient to calculate
. . Nn —\/ngAV (VVK + Kev + ﬁVvaﬂv)
A= lim lim

+ N,V _
=0T U conat. mT Kk Vvv — Vv Kiv

(7.37)

7.5 Binary Collision Expansions for the Matrix Ele-
ments

In this section, the matrix elements in Eq. (7.37) are expressed, at low density, in terms
of the dynamics of binary collisions. The K matrix elements have resolvents projected onto
the (1 — Px) subspace, and lead to divergent terms which need to be treated in a manner

similar to that of Chapter 4. The V matrix element can be expanded directly.
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7.5.1 Expansion of k%

The kinetic term K%, has a structure that can be solved by iteration. The binary collision

expansion of the resolvent in this term gives,

1 1
3y = (IxclLo7=Iv) = NN = D(JTrVie == Iv)
i
= N(N = 1){{J -
( TV —7—
x [1 4 {(N = 2)(Vis + Vas) — P L — LPx} Iv)
z — EK
= TrJxi1Bgy. (7.38)

It is recognized that {(Jzx—2—Jv)) vanishes and that it is useful to separate the pair densit
2—Lg y

operator into uncorrelated and correlated parts,

P%) = n*p102 + Per2, (7.39)

where ¢; are normalized Maxwellian momentum distributions. With the definition of the
1-particle kinetic projector Py = Jg1(p1/V)-Tr1J k1 and repeating the manipulations used
in deriving Eq. (6.54), an expansion for B%,, is obtained. Thus

?

B%(V = N(N—l)TI‘g_.NVu va(N)

z— Lk
. ; 1

Jy12pD — Lo R —(1 — Py)BL
z— L1 vi12pPig Z‘Pl 1901( 0) KV

1 1
— =T
N 1’2V12Z_£12

1 1
= X‘[} - ;(,91721;(1 - IPO)B%(V - CK%(V, (740)

1

Q

TI‘Q V12

(Tx1 + Txo) para Ky

where the approximation involves the “promotion” of ¢2/V through various Liouville and re-
solvent superoperators. After “promotion”, the dependence on particle 2 has been expressed
in terms of the linearized Boltzmann collision superoperator of Eq. (4.54). This promotion
is appropriate as it is used here since the trace over the remaining particles (3...N) gives a
position independent quantity. For large N, the difference between N and N — 1 particles
should be unimportant, with the consequence that this trace quantity can be approximated
as BL.,. A more explicit discussion of these points is presented in Chapter 4.

The vectorial operators X£ and C are defined by

X‘l} = Trgvlzz — 512 Jvmp%)
1 )
C = NTI‘QV]_Q - £12 (JK1 —+ JKQ)pclg. (741)
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The equation for B, has the structure
1 1
Biy =Ygy — 2901721;;(1 ~ Po)By, (7.42)

with Y&, = XE — CKkL,,. By iteration or by similarity to the method of solution of Eq.
Kv 14 KV

(4.60), BL, has the solution, with z — 0,
1 1
Biy =Yhy - Ri—=—(1 - Po) YLy, (7.43)
01 Ry

where the projected linearized collision superoperator is
1
RK = (1 — 7)0)(,01721;;(1 — P(]) (744)
1

This implies that K&, satisfies,

I TI'lJKl'X‘I} - TI"1JK1'991R1%7§—K(1 — Po)X{'/

K = ,
KV T 34+ Tndg:C - Tndgi-piRig-7z=(1 = Po)C

(7.45)

the proof of which is similar to Eq. (6.62). The final terms in the numerator and denominator
are successive binary collision polynomial corrections to the terms preceding them. With a
calculation similar to Appendix E it can be demonstrated that Tr1Jx1:C = O(n).

Making use of the normalization of p§22) given in Eq. (7.39) and the density dependence
of the flux vectors given in Eqgs. (7.9) and (7.10), it is seen that in the one-moment approx-

imation, to the lowest order in density,

1 1 7
Kiy = nglJKl'XxL/ = =TripJ g1+ V12 Jy1202 = O(N V). (7.46)

3 z— Ly
To simplify the explicit evaluation of this matrix element, it is first noted that the potential
flux contribution of a pair of particles can be symmetrized with respect to the momenta of

the two particles,

1 2hyv
Jyia = — |rF - — -G. .
viz = o [I‘ + (u ~ ) U} g (7.47)
It is also convenient to symmetrize the kinetic flux with respect to Jx; and Jg», the sum of
which is, :
2/ . 2 2
Jxi+Jg2 = g(g + —5)9-1-2 g(’y-g)'y. (7.48)
Therefore,
1 i 5
Kﬁ?v ~ 5TI”12(JK1 + JKQ)'Vlzz — £12Jv12Pg2)
_ N (Jrr + T2V ' (rF + ul) - Ge= 9"~ ~Pu (7.49)
= G4, 12(J K1 K2V . .
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The contribution of the 2hy /N term has no contribution in the limit of N — oo and so u'
has been substituted with «. Evaluation of the result is aided by expressing the resolvent in

terms of the associated time evolution superoperator,
276

n°A
Ky = g T + J12)V / dte'* Lt [p(F-G) + ug] e™9" 7 P, (7.50)
The term containing the potential function u is considered in Eq. (7.53). The remaining

time integral is calculated as,

lim oodtei(z—[«rel)tr(F.g) — /Ooodtr(_t)[F(_t).g]

= — lim {r( t)[p(—1)-G]|5° +/ dt )-g]}(7.51)

So—r0C

which follows from using Newton’s second law and integrating by parts Wlth respect to time.

This can be rewritten as,

lim {r(pg) —r(—50)[p(—50)-G] — /Osodt_pn(zyé)

So—rOoC

(061}

_ lim {r<p-g> _ [ (—s0) + 30"(‘5°)] (p(~50)-G)

Sp—00 m/Q
p(—t
o e B p-s0) - 2 0190} (7.52)
The time integral contribution to Eq. (7.50) is
L . n2A6
Kgy (time) = Tri2(J g1 + Jx2)V12G:
6 Ay
g | PZ50) —50) — p_(:l)_ — — -G*—y’—pu
xAd%7W2p(%)4mﬂp(ﬂ+u(ﬂUe
n2kTA°
= Trio(Jx1 + Jk2)V12G:
3Ay

X /0 at [7(—50)7(-50) —y(=t)v(=1) + UQ(,;;) U] =977 P (7.53)

The time integral over the potential is included in this term.
The contribution to Eq. (7.50) from terms not involving the time integral in Eq. (7.52)

18

KL, (non — time) = \/gnZAGTr [<92 + 7 - 5) G+ 2(’7‘9)’)’] V
KV 5 oA, 12

x[r(p-G) — r'(pg-G)e~9 7"~
- \E ;’AAV Trio[(vF)G + (v-O)F + (F-G)v]- |
X [t(y-G) — r'(v,-G)]e T 7P, (7.54)
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where an integration by parts with respect to relative momentum has been carried out. This
non-time contribution has two parts, the first part being,

2 ) 2A6 2 2
ﬁ i T [(VF)G + (r-G)F + (F-G)y] r(y- e e "4

2n2A8 1 2o
= \/;ZAV TT12 G [( F)(y-r) + rFy* + (- F)(’yr)] o927 —Pu

21iNn
— inahEEdY N —,Bu 2 _—y2_pu
\/QGAV{Z/drFTe 3/2/ drd~y— F( r)’e }

2iNn 3 1 ™ 215Nn
= 22T kT —/d F‘ﬁu/ 8 cos? i ]:\/j .TB(T). (7.
\/;Av [2 k + 7 drrFe ; df cos” 6 sin 6 F 2AVA (T). (7.55)

The second part of Eq. (7.54) is also evaluated in a similar fashion,

- ﬁ KL [(vF)G + (v-G)F + (F-G)~] -t (7o:G)e 9"~ ~F»

3Avy
2 NnA3 1 , 2 gy
= Trra —F [(y1) (oY) + (v-70) (1) + (vo'r) (y-r) 777
5 6Ay
. /2 Nn 3

The association with F) is shown in Appendix G.
Summarizing the results of this section, it is seen that, to the lowest order in density,

2 NnkT [5 2008

Kk = 5TA S5B(T) - =7 + Ky (time). (7.57)

7.5.2 Expansion of kxy

The calculation of the result of the binary collision expansion of Kgy requires similar ma-

nipulations,
3Kgv = (Jx- |C E LIy
1
= NN =D{JIxr V2 — 2
X {14+ {(N—-2)(Vis+ Vas) — PxL — LPk} o LIv)
= TI'lJKl'BK\/. (758)

The equation for Bgy is similar to that for B%,, in Eq. (7.40). The resulting evaluation of
Kgy in the binary collision approximation is as in Eq. (7.45), namely
Ky — TrJ g1 Xy — Trid g 991731;}—%(1 — PO)XV
34+ TrJg1:C—TrJgroiRi =% (1 —Py)C

(7.59)

<p7€1<
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This involves the same C operator but has X% replaced by

XV = TI‘QV12 »C12JV12,012) (760)

- Clz

Again the only approximation used to arrive at this result is a “promotion” of ¢o/V. The
final two terms in Eq. (7.59) give successive collision corrections as stated in Section 7.5.1.

The TrJg1-Xy term is shown to vanish,

TriJg1- Xy = Tr12JK1'V12 »CIQJV1ZP12)

E

(2)
= n2A6TI'12JK1'v126 2 /kT

7
; £_1L2~]\/12Yf0](1'12)
1

z —

. (2)
= mzAGTrngKl-VlQe"ng /kT (—1 +

) Jv12Y[0](1‘12)
Z = k12
— 0. (7.61)

In this contribution, the resolvent has been combined with L2 to give a term proportional
to z, which vanishes in the z — 0 limit since both sides of the resolvent have functions which
constrain the relative position, and the remaining integral (with -1) is odd in both position

and momentum directions, so it also vanishes on integration over phase space.

7.5.3 Expansion of kxg

7.5.3.1 Retaining two-particle collisions

The evaluation of Kxx at the binary collision expansion level follows similar lines to that of
Section 7.5.1,

Ko = 3Iell—L30)

_ Tndgre XK — Trid g1 R (1 — 73O)XK (7.62)
34+ TriJg.1-C — TrlJI(1'901R1;;R—K(1 — Py)C '

This involves the same C operator encountered previously and has Xy defined as,

Xy = TraVio Elg(JKl + JKQ)p12) (763)

Z‘"ﬁlg

The structure of Eq. (7.62) includes Sonine corrections as in the previous two matrix
elements. The order in particle number N, and particle density n of TryJ x1-X is determined
by using Egs. (7.39), (7.9) and (7.10),

Trdgi - Xg = TflzJKl'sz 512(31(1 + JK2)P12 = O(Nn). (7.64)
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With a correction due to the equilibrium pair correlations, K% is identified as the
modified Boltzmann collision integral used by Hoffman and Curtiss [22] for including an
estimate of the effect that the presence of a third particle has on the bimolecular Boltzmann
collision operator. Their method for the approximate evaluation of this collision integral is
followed here. They approximated the integral by assuming that the factor Y defined in
Eq. (6.9), which describes the spatial correlations of the other particles in the system with
pair 12, changes little during the collision dynamics. As a result, this factor can be moved
to the left of the resolvent, and since it is also only a function of the position, to the left of

V1. With this approximation K% is rewritten as

n2A® Can® 1
K%(K ~ TrngKl-Y[o]Vlge BHy, £12(JK1 + JK2)
3 z— Ly
2 n?A8 _ap® 1
= 4/ =3 TripJ g1 Yo Vige™PHi2 o £12V12 [(QZ + 7 - 5) g+ 2(‘7'9)‘7] . (7.65)

The second form is obtained by recognizing that the Jx’s are functions of the momentum
so only Vi, acts on these, and moreover that it is only the (reduced) relative momentum -y
that is affected by Via. The transformation from individual to relative and center of mass
momenta is done as in Eq. (7.48). The combination of operators —z—_lﬁ—qu is identified in
the limit as a restricted form of the Mgller superoperator 2}, — 1, with the prime denoting
the restricted applicability. This implies that

B 2
Ky = mm\%K¢+%—®g+ﬂwmﬂdmuw§mwﬂw—n

15
x [(G* +4* = 5) G+ 2(7:6)7]

i NnA® ,
_ _Wn Tr [(g2+72_5)g+2(7_g)7] _Y[O](r)’CQIG—K( )/kT

15
X [(g2 + 4% — 5) g+ 2(7-9)7] : (7.66)

In the final form, the “-1”7 term vanishes since it is odd in position and momentum directions,

while the Mgller superoperator satisfies the intertwining relations
HOQ = 'K® (7.67)

and
L£LO = QK. (7.68)

The first intertwining relation allows the full Boltzmann factor after (to the left of) the
Mgller superoperator to be replaced by the kinetic Boltzmann factor before (to the right of)
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the Mgller superoperator. The second relation implies that in the present case

Ve KT (G2 4 42— 5) G +2(-G)7]

= —KQe KON (G2 4* —5) G +2(7-G)7] (7.69)
on the basis that the operator on which Q' acts has zero K eigenvalue. With the definition
K= z—mf’/—2 £ and expressing the effect of {2’ in terms of the precollisional relative momentum

Q'y = 4' = 4,, an integration by parts is carried out on the position variable to give

K, = —2Nn /// d¥-pd~dG [(gz +7° ) g+ 2(7-9)7] )

15mm3/?
xe 7~ [(924—% —5)g+2(’70 G)7o ]

o D i[5+ )8 <2670}

xe B9 [(7+95 = 5)G+2(7:G)v) . (7.70)

After integrating over the center of mass momentum, the surface integral can be identified

as being proportional to the Chapman - Cowling Omega integral [7, 62] Q(22),

32Nn(nkT)'/?
K3 i (surf) = 15€m1/2 // bdbdyy"(1 — cos® x)e~
16Nn_ 0 2N
- T”Q(“): 3n(v)6(20), | (7.71)

and/or the kinetic cross section [79] 6(20), with (v) the average relative speed. Finally, after
the dot product is explicitly evaluated, in the second term of Eq. (7.70), the only non-zero
integral that remains is the one in which p is multiplied by another angle dependent term.
The remaining Yjg dependent term is related to the Hoffman-Curtiss [22] R function

4Nn(ET)"/? 01 2 —yrpu _ AND2(ET)?0?
EETSy Ry // drdyy-—5 =(v-7')"e T = e BT (172)

Thus, up to terms quadratic in density, Kxx is approximated by,

1 252 2
K = 6NnQ(2’2) N ANn*o (KT)Y2R(T) = 161NnQ(22 { N [ kT no R(T)}
m

Ky g (Ydep) =

15 15m1/273/2 m 4Ar(2:2)
16Nn nR(T)

= 02 il Sl

T Q2 {1+8W29(2,2)*}. (7.73)

The K% term produces the binary cross section appropriate for the thermal conductivity

along with a correction from the static presence of a third particle on this cross section.
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7.5.3.2 Retaining three-particle collisions

The inclusion of three-body collisions in Kgxy involves the same type of calculations as in
Section 6.5.3.2. The difference is related to the presence of the kinetic part of the heat flux
vector instead of the momentum flux tensor, and corresponding to this fact, dot products
instead of double dot contractions. Numerical factors also differ in the general relations.

The expression for Kix with a general order of collision is given as

i 1
- — EK ,CJK» = 'é‘TrlJKl‘BKKA (774)

Calculations to determine By are of the same form as Egs. (6.94) to (6.113) of Section
6.5.3. The final result also has the form,

1
Kxg = g((.]]p!ﬁ

Kk = Kig + Ky (B) + AK (7.75)

with K%, defined in Eq. (7.73). K} (B) is the combination of two terms,

Ky (B) = TriJgki-Yig
1 1
e Troad g - Vi —
a7 r2sd ki V12Z — £12( 13 — Va3)
1
X—'—(JKl + JKQ + JK3)[)§:;)3TI'1JK1:YKK, (776)
2z — L33

which give the contribution of true three-particle dynamics to the matrix element. Further
discussion of these terms is beyond the scope of this work.
For AK3 ., with the limit of s, = —oo implied, it is seen that,

in® 2(v)6(20 o0 , ilns
AK}K = ?-—-———< >3( )TrngKlovlg/O dt[e—zcmt —e ilyz 0](.][(1 -I-JQK)(plgOQ

in® 2(v)s(20) /2
= ?—<>_3(“—)\/;TTIQJK1V12‘

X /Ooo dt[e_iLIZt — e_m”so][(QQ + 72 —5)G + 2(9-‘7)’7]991992

m3AS [22(v)&(20
= =z = (s )TT12(3K1+JK2)V1292

3 V5 3 |
7o [EE20 - Dy gy () = y(mooy(-oo)| e
= in;AG \/%2@)?(20) Tria(J k1 + Jx2) Vi2G:
X /0°° dt [‘;ﬁ;t) U+ y(=t)y(—t) — 7(—00)7(—00)] eI,

(7.77)

The equality of v2(—t) — v?(—00) = —u(—t) was used in the relation above.
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7.5.4 Evaluation of vy

From the relations of Section 7.4,

1 1

Vyy = 3((JV-EZ — EEJV»' (7.78)
Using the analogy with Eq. (7.25), it is seen that,
Vyy = N2/Zyy. | (7.79)

The corresponding purely potential term is approximated by
i

— Ly

Zyvv = (Jv-- Jv)

Q

1
’é‘TrIZJVIQ' Jvi2pty = O(N), | (7.80)

1
2—512

from which it follows that Vi = O(N) and is therefore an extensive quantity. The intensiv-
ity and low density behaviour of the final expression for the thermal conductivity is obtained
by assessing the combinations which appear in Eq. (7.37).

7.5.5 Expansion of vy g

The matrix element Vy g is simplified by using a binary collision expansion

IVvr = ((Iv+|L

i
zZ — EV EJK»
= N—(%_—UTI‘L..NJV‘E {1 +

?

1

& — Ly

(N = 2)(Vis + Vig) — LPV]}

X p(N)V12(JK1 + JK2). (781)

Z—Elg

It is convenient to first move p) to the left of the Liouville superoperator before introducing

the summation over the particle labeling.

N(N -1 ]
IVyg = (——)TI‘L..NJV'E !
2 z— L9

N(N -1 1

Wiy (Thy +
z—£12p Via(Jg1 + Jk2)

i(N = 1) i

Tr nJviee MVio(J J
5 Ii..NJvi2 Z_me 12(J k1 + Jk2)

= (1) + (i) + (434). , (7.82)

PV (T gy + T i)

(N — 2) (V13 -+ Vgg)

X

+3Vvy
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The (i) term on the right of Eq. (7.82) is,

4 n2AS
(i) = 5 Trioy1z-e P12 L),

Y
o £12 Via(T k1 + T k2) Yoy (r12)

2A6 »
= \/; 5 TriaJyi0e™PH 12£12z — 51 Via [(gz + % - 5) g+ 2(‘7-9)’)’] + O(Nny/n)
= O(Nn+/n). (7.83)

The operator combination z_{cwvu in the lowest order in density term is identified in terms
of the Mgller superoperator {2 — 1 since it is operating on a function of the momenta. Using
the intertwining relation, £Q = QK, it is seen that this term vanishes. The second term (i)
involves three particles and is also O(Nny/n).

The lowest order in density contribution to the (iii) term of Eq. (7.82) is obtained by

using a binary collision expansion,

1

(’LZZ) = 3VVV —Trlg.]vm ngQ)Vu(JKl ~+ JKQ) = Vva(\/ﬁ). (784)
6N — L2
The lowest order correction term coming from Vy g is thus
1 1 @
Vv = —VVV—TI”12JV12 p1z Vi2(J k1 + Jk2)
z— L2

- VV[_Tr rF +u'U)-Gl-e™" _1£relv [(6*+7* = 5) G +2(v6)]

o ZE e ) G @ ) (677 -5) 6 + 26701

= —VVV\F ﬁv Tr[(cF + uU)-Gl-e™ 7 [(G% + 72 = 5) G + 2(70G) o)

2nkT 1/2 3 dB deB
= —Vyy — N, — 7T=-= — 5T )
\/‘6 < 4r g Ny — T T ) o772 (7.85)

The identification of the last equality is made in Appendix H.

7.5.6 Expansion of vi

From the result that Kgv = 0 and Eq. (7.37), it is seen that V&, no longer contributes to
the first order density corrections of the thermal conductivity. Nonetheless, the expansion
of this term is presented, as it leads to a second order density correction that is identical to
a term presented by Snider and McCourt.

Expanding in the manner of the previous quantities,

Wik = (IvelL Jx1))

—Ev
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N(N -1 7

= (—2“"')‘Tr1...NJV‘£z o PN (T g1 4 Tio)
N(N -1 1
-f-—('—)Trl...NJV'£ (N = 2)(Vi3+ Va3) PN (I g1 + T o)
2 z— Ly z— Lg
7 ]

+3VVV87V‘TI'1...NJV12'Z 0 szz)(-]m + Jk2)

= () + (i4) + (idi). (7.86)

The trace in the first term of this expansion is identical to that of Eq. (7.84) and so the

result is,

2 NnkT dB d’B
o (—479/2031\& TT— — 5T%—— ) (7.87)

0 =554, dT d1?
The contribution from the three-particle term is not considered. The (iii) term of Eq.
(7.86) is evaluated in Appendix J. It contributes a second order density correction to the

thermal conducivity that involves the Hy + Ry + I, correction of Eq. (26) of Snider and
McCourt.

7.6 First Order Density Corrections Within the Two
' Moment Approximation

Within the lowest order in density approximation of Section 7.5, in particular the zero of
Kgy and the nature of Vyy, Eq. (7.37) for the thermal conductivity becomes

5 Ay (Vv 1 I >
: \/; = (VW + oy ) |- (7.88)

The contributions from Ky g where determining in Section 7.5.3,

16Nn nR(T mn |2
Kix = = 022 {1 + é_L + — \/;Trlg(JKl + Jg2)Vi2G:

) Nn kKT

AR hrrh Nl‘}m —_—
Voo

=0 N /V =const. KKK m

72Q22* 3V

o [ [ M0y y(—tyr(-1) - 7(—00)7(—00)] ”} 4 K (B).(7.89)

The matrix element Vy g contributes to Eq. (7.88) with the terms determined in Section

7.5.5,
2 nkT dB d’B
=— S| —4rt 23Ny — 1T — ~ 51— .90
VvK VVV\/56AV( TN =TT dT? (7.90)

Finally, the K%, contributions were determined in Section 7.5.1 to be,

2 NnkT 200
Kk = 1\/; " {QB(T) - 1/QF,\} + Kk, (time), (7.91)
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where

. n2kTA®
K%(V (tzme) = 3AV Tr12(-]K1 + JKQ)Vlgg:

X /Osodt [7("30)’7(—80) —y(=t)y(—t) + u(-1)

~G*—*—fu_(7 g9

SET U] e (7.92)
Substituting the values of these matrix elements into Eq. (7.88), the thermal conductivity
is found to be

15k>T 20n0* nR(T)  dnr'/?0°
A= 39mQ(2:2) {5 + SnB(T) - 3.71/2 AT 8720 (2,2)* - 3 A
7 dB 5 2d2B L

(7.93)
The AKS ; and K&, (time) contributions to the thermal conductivity cancel.
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Chapter 8

Discussion and Conclusions

The calculations of the previous chapters have verified that within a similar set of approx-
imations, the detailed forms of the first order density corrections to the viscosity and the
thermal conductivity from the generalized Boltzmann equation are equivalent to those of the
time correlation function formalism. The different pathways used in obtaining these results
increases our confidence in their correctness. The comparison of the forms of the different
approximations made in each of these theories helps to clarify the physical content of the
final formulae.

The method of projection operators introduced in this thesis allows the dynamics of the
system to be expressed in analytic form in terms of projected resolvents.

For each transport coefficient, the projection operator reflects both the functional form
and the tensorial properties of the relevant flux function. In cases where the flux function
includes more than one type of contribution, for example, both kinetic and potential con-
tributions, it becomes necessary to define more than a single projection operator for the
system. In these cases the calculation of the transport coeflicient is expressed in terms of an
equivalent matrix inversion problem. Both the calculations of the transport coefficients for
a binary mixture and for the density corrections were solved as matrix problems.

There are a number of directions that can be followed for future work. The method can
obviously be extended to other transport coefficients like the diffusion coeflicient and bulk
viscosity, or more interestingly perhaps to the coupled-flux transport coefficients such as the
thermal diffusion factor. In the latter case, the nature of the projection operators will have
to reflect the different flux functions that appear on the two sides of the resolvent in the time
correlation function formula. There also appears to be no reason why the method can not
be extended to non-thermal transport coefficients and to other dynamical problems as well.

Another possible extension for future work would be the study of second-order density
corrections to the transport coefficient. The explicit study of the three-particle and higher
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collision terms may reveal logarithmic singularities [96, 97] in the second order corrections.
Other than a great amount of calculational detail, no extra difficulty is anticipated to occur
if this is carried out.

The development of greatest interest for future work would be to calculate first order
density corrections, including the effects of bound pairs and the various density corrections
discussed in this thesis with a unified formulation. Such a project would rigorously account
for the effect of bound pairs on transport coeflicients and answer questions with regard to
the additivity of the contributions as used in the Rainwater - Friend theory.
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Appendix A

Identification of Fr

The integral in Eq. (3.66) is defined as I. The collision parameter r' has been written in

terms of Rk g + sogo,

1ldu —n? —fu
I= / / drdy=—{[yr]® + [y }:{Rlkryo] @ + solgove @ }e Teh, (A1)

This is a six-fold integral over the relative position and momentum. In the following, it
is reduced to the form of a standard integral from the work of Snider and McCourt. This
facilitates the comparison of the results of the present thesis with previous work.

The first set of contractions gives

{(vr]® + [r9]P}:[krY]® = (v-6R)(x7,) + (r-KR) (Y+Y0) — 2 (ver)(yokm).  (A2)
3

The dot products are given in terms of the collision angles in Chap. 2. Using these relations,

{(vr]® + [ev)PYelkrre)® = —7vor [cos B cos(nr — 6) + cosnr cos(Br — 6)

2
—3 cos 6 cos(nr — Br)

1
= —Yr [COS(ﬂR +ng—0)+ 3 cos(ng — Pr) cos@| . (A.3)

Using the definition, ng = fr + m — ¢ with ¢ = arcsin[L/R(mE)"/?], the right hand side of

this expression simplifies to,
1 1
cos(nr + Br — 6) + 3 cos(ng — Pr) cos = —cos(20r — 0 — ¢) — 3 cos ¢ cos 6. (A4)

The value of (g is related to its value at the limit of R — oo, §, by the relation, g = 8+ ¢.

Substituting this relation, and recognizing that,

cosg =1—O(1/R?) sing = L/R(mE)'/? (A.5)
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gives:

—cos(26 -0+ ¢) — %cose = —cos(26—0)+ sin(26 — 6) — % cos

£

R(mE)Y/?
) 1

~rsin @ sin(28 — 6) — 3 cosf. (A.6)

~ —cos(20—0)+
Yo

With 6 — 8 = w % ( the first set of contractions becomes
Ry~or[cos(2w + 0 &+ 2¢) + 1/3 cos 8] — v*r?sin §sin(2w + 6 & 2¢). (A7)
The second set of tensorial contractions in Eq.(A.1) are

2) _

[y2]P:[7,]®@ = [£y]@ 7] = (v-70) (r7,) — %(v-r)vg, (A.8)

which can be written in terms of angles defined in Section 2.5.1,
{[vr]® + [ey]P}ely]® = —2yy57[cos nr cos(nr — 6) — 1/3 cos ]

= —yy2r[cos(2nr — 0) + 1/3 cos ]
—yyér{cos(2w + 0 £ 2¢) + 1/3 cos 8}, (A.9)

I

where terms of order 1/R or smaller have been neglected.
Adding the two expressions from Eqgs. (A.7) and (A.9) gives,

[yr]@:[vor'1® = —vyyor(sogo — R] [cos(Qw +6+20)+ COSH]

3
—*r? sin 0 sin(2w + 6 + 2()

= —4*?sinf(X+Y) [cos(Qw +6+2¢0) + COSO]

3
—7*r?sin @ sin(2w + 6 £ 2(), (A.10)

where the definitions of X £+ Y as given in Eq. (9) of Snider and McCourt were used with
+ for the incoming and — for the outgoing part of the collision trajectory. Substituting this
result into Eq. (A.1) gives,

d .
I = —8xn° // drdfyd—:frse‘“e'ﬂ"fy“ X

/2 cos
+ cos(Z2w + 0 + + ———| 4+ s1n(2w + 6 + sin
{/0 (X Y){ (2w + 8+ 20) 3] in(2w + 6 + 2¢)} sin® 6o

+ /:2{(X -Y) [cos(2w +6—2() + QE—H] + sin(2w + 6 — 2¢)} sin® 9d9} . (A1)
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Changing variables in the last integral to #' = 7 — 6, and then renaming the dummy variable

6" as 8 once again gives,
2 dU 3 gy 2 4
I = -8r //drdfy——-'re ey
dr

X {/om{(x +Y) [COs(2w +6+20) + %] + sin(2w + 6 + 2¢)} sin” §df

cosf

3 ] +sin(2w — 6 — 2¢)} sin’ ede} (A12)

+ 0”/2{(Y - X) [cos(Qw —-0-20)+

Adding the two integrals together gives,

_ w/2 :
_ 167T /// du rPe e A4 sin® O[Y cos 6 + 3Y cos 2w cos(f + 2¢)

—3X sin 2w sin(f + 2¢) + 3 cos 2w sin(f + 2¢)]dfdrdy. (A.13)

The triple integral in this expression is the same as that appearing in the definition of F;, as
given by Eq. (25) of Snider and McCourt [20]. Thus

I= F,. (A.14)

—1672 (kTU3 ) B —8nkTod

F,
3 2r " 3
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Appendix B

Identification of N,

The integral in Eq. (3.72) is denoted as [

2,2 4
I= // drd’y—-— { (r+,)? — 4 ’YO} e e P, (B.1)
3
Simplifying, this becomes,
I= // drd'y—r% cos’(ng — 0)e™ Ve~ /dr re ﬂ“/d’w e = (i) + (ii). (B.2)

Evaluation of (i) involves s1mp11ﬁcat10ns of the angles,
= 872 /// e~ "2y? cos? (B — ¢ — 6) sin Bdfdrdry. (B.3)
If Br = B+ ¢ is used in the limit R — oo, then
cos®(Br — ¢ — 0) = cos*(f — ) = cos*(w =+ (). (B.4)

This expression is substituted in Eq. (B.3). The resulting integral over # is written as two

parts, one for the incoming and the other for the outgoing trajectory,

™ w/2 ™
/0 cos*(w £ () sinfdf = /0 cos®(w + ¢) sin d6 + // cos?(w — ¢) sin df
/2
/211 1 )
= / [5 t3 cos(2w + 2()] sin 0d6
w/2
+/ [— —cos(2w — 2()] sin(r — 6')d6’

= /o (1 4 cos2w cos 2¢) sin 6d6. (B.5)

Putting terms of (i) back together and using the definition of Ny given in Eq. (31) of Snider
and McCourt [20] gives,

/2
(i) = 8n? /// 7“3%6_737372(1 + cos 2w cos 2¢) sin fdfdrdy = 4n*kT o> Ny. (B.6)
0

159




The term (ii) is simplified by integrating over relative momentum,

_1 ) _3/2
(ii) /drr ﬂ"/d’y’y + fu)e” (e /dr——-—7e “( —f—ﬁu)

and writing the second integral as,

—73/2 (3
Y Y hated ﬂu
(i) = 3 (2 TdT) /dr re”Pv.

Recognizing that the second virial coefficient B(T") can be written in the form,

6kT/dr——re ,
the (ii) term becomes,
)= 227 (2 4 7L |—ekTB(T)] = T |5B(T) + 27D
VT3 et ar - aT |’

Adding the simplified terms gives an expression for the integral in Eq. (3.72)

5 dB(T)
I — 2 3/2 _BT 2 1/2 3
T kT [2 (T) +T—+= i N,
40372 3 5 TdB(T)\ 3 803 m2kT
= or32kT BT+ —~—2)4+ZN,| = ——N,
4 3 |1o32 (3B + g7 )+ 3 3
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Appendix C

Binary Mixture Viscosity Cross

Sections

The following notation is standard in the theory of the viscosity of a binary mixture [7],

[77f]

Hpp =

Hpy =

(2,2)
807

SkT S5kT

[nfb]
8l?

XJ% 2Xbe My

7] [np) (myp + my)

8 2,2 , 32X Xememp 1)
X20) iatal el Mt Rt Y o\
[5 P 3 (msp+mp)? 1°

—2Xbe myMiy ( ) )
2 1

—-32 Xbemfmb

3 (mf + mb)2

1,1
oY+ —

S
2 \ 347,

16 Xbemb QQQ)
5 (my +my)?

2,2
205?

Ar, =1
fb 1,1
aly

My
my

16 Xbemb Q22
5 (mf + mb)

| i

] JKT.

By permuting the f and b indices, the other two H’s can be obtained,

be =

Hy =

8 32X/ Xymrm
_XZQ(Q,Q) FALITLfITNS ~(1,1)
[5 T Ty e
-32 Xbemfmb Q(l’l)
3 (mf+mb)2 bf
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16 Xbemf QQQ
5 (my + my)?

16 Xbemf Q22)
5 (myg + my)?

| o

] /kT

(C.1)

(C.2)

(C.4)

(C.5)




Appendix D

Determination of the Fourth-Rank
Identity Tensor

The identity tensor of rank four E must be a linear combination of the three fourth rank

rotationally invariant tensors defined in Eq. (4.12),

E® =alJJ+bWU)+cV. (D.1)

The coefficients of this expansion can be determined by utilizing the idempotency property

of the identity,
E@:E® = @), (D.2)

along with the fact that E®® must be symmetric traceless with respect to the the first pair
of indices and the last pair of indices. This symmetry implies that b = c. Therefore, the

idempotency condition is written as,

FUU+b (W+Y)]: pUU+ (U+Y)] =2UU+ (U+Y). (D3

It is straightforward to show that

yu:uu = suu  uUu:l = UU  UU:Y = UU,
w:-uu = UU w-w = U Wy = W

y:uu = UU u:u = WU Uy = 4. 049

Using these equalities in Eq. (D.2) gives the following set of equations for the unknown

coefficients a and b,
3a% +4ab=a 2b® = b, (D.5)

which have a = —1/3 and b = 1/2 as their solution. Therefore,

E? = 2 [W+Y] - ;UU- (D.6)
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4
Tt can be verified that E? © E® = 5 which is the dimension of the irreducible rep-
resentation of the three dimensional rotation group of J. This makes use of the following

contractions,
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Appendix E

Evaluation of C

The quantity C is defined as,

Aﬁ
C = —Tr2£12

N (Jg1 + JKQ)n2 (6_ﬂH$) — e'ﬂKl‘l> . (E.1)

z— L9
Since the two-particle Hamiltonian commutes with the Emz_—lﬁm' combination, C is written

as,

246
n°A @ 1

C= Troe PHi2

N f2€

1 1
Li2(Jr1 + Jx2) — =T Lia(Jg1 + Jra)e P52 (E.2)

Z—ﬁlg N Z—EIQ

In both terms, the functions to the right of the operator combinations are only functions of

the momentum and the operator combination can be identified as the Mgller operator,

1 1
£12 —

=0 -1. E.
z— Ly z— L Viz ( 3)

The effect of the Mgller operator is,

n?A8 e K
C = DT [ (0 - DU+ Jia) = (@ = Ve (Upea + Jic)
n?AS @ 2nA3
= N Trsy (6 BHyy e ﬂKlz) (JKl + JKQ) = WB(T)JKNPL (E4)
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Appendix F

Determination of H, + Ry

The integral in Eq. (6.124) has the following form,

iV ren?A8 @1
(411) ﬁmﬁmhm c e PHL . _,EIQZEO{[PHE](Q) + [para)®}
iVVVnQAG

: 1
PV Ay g e PHS QL= {[(x) + 1 +p)]? +[(r; -1 - 2)
ONKT 124V12 +3 {[( 1 2)(P1 + P2)] (T 2)(P1 — P2)] }
= (cm) + (rel) + time integral corrections + - - -. (F.1)
The centre of mass term does not contribute and the Mgller operator changes the relative

position and momentum

—iVanAB _ 1du
—_ _____L l . ﬁHrel__ (2) . / (2)
(“?’) 2\/—2-kT !V Trel€ dr [I‘] [I‘ pO]
€

r
[ WVyyn 2 g Ldu 1

= — drd~e=" "PuZ__ | (p. Y S a2 g
2/€T’/T3 2AV / ray rdr (r 70) (r I') 37 (70 r)

= —i\f5rrm 1@ + ()] (F2)

For the first integral, utilizing the definitions of Section 2.5.1 gives

(a) = 8x? / drdfdryr sin fy%e ™% %T’Yo cos(nr — 8)r[R cos(Br — 6) + s0go cos(ng — 6)]. (F.3)

Substituting ng = Br + ™ — ¢ in the trigonometric functions above, and making use of the
fact that in the limit of R — oo the angle ﬁR'—> B+ ¢, and finally making use of the limiting

forms, .
cos¢ =1—O(1/R?) sing = L/R(mE)"/? (F.4)

then gives,

Rcos(fr — 6) cos(Br + 7 — ¢ — 0) + 5090 cos*(Br + - ¢ — 0)
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= (s0g0 — R)[cos(B — 8) cos ¢ — sin(B_8) sin ¢]°
= (s0g0 — R) cos*(3 — 8) + Ly sin @ cos(f — 6) sin(3 — 6) + O(1/R)

Yo

- %T sin0[(X £ Y) cos?(w £ ¢) + cos(w = ¢) sin(w = (). (F.5)

This expression is substituted back into (a) to give,

(a) = 8x” / / i dfdrdyr* sin® 9% du
0

; 5[(X:}:Y) cos?(w= () +cos(w= () sin(wx()]. (F.6)

The integration over 6 gives,

/O‘rr/2 do S.ln2 6[(X + }/) COS2(CU + <) -+ COS(U) -+ C) sin(w + C)]

+ /7;2 df sin? 0[(X — Y) cos®(w — ¢) + cos(w — ¢) sin(w — ()] (F.7)

m

Changing the integration variable in the second integral from 6 to §' = 7 — 6 gives,

/Oﬂ/Q df sin? {[(X + V) cos*(w + ¢) + cos(w + ¢) sin(w + ¢)]
+[(X —Y) cos*(w — ¢) + cos(w — ¢) sin(w — ¢)]}
w/2

1 1 1
= df sin® 0 {(X +Y) [5 +5 cos(2w + 2()] +3 sin(2w + 2¢)
0

+(X -Y) [% + —1—cos(2w - 2{)] + %sin(Qw - QC)}

2
w/2
:/ d9s1n20{x+
0

—

E(X +Y)(cos 2w cos 2¢ — sin 2w sin 2¢)
1 1

—|-§ sin 2w cos 2¢ + 5 cos 2w sin 2¢
1

+§(X — Y)(cos 2w cos 2¢ + sin 2w sin 2¢)

1 1
+§ sin 2w cos 2¢ — ) cos 2w sin 2(}
w/2
= / df sin? (X + X cos 2w cos2¢ — Y sin 2wsin 2¢ + sin2wcos 2¢).  (F.8)
0

Thus overall we obtain,

w2 .
(a) = 8r? / / / dfdrdyr* sin® 9’)’36_7(2’%7{
0 r

x [X (1 + cos2wcos2¢) — Y sin 2w sin 2¢ + sin 2w cos 2¢]. (F.9)
Identifying this integral as Eq. (33) of Snider and McCourt gives,
(a) = 47*kTo (Hy + R)). (F.10)
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For the second integral,
d ‘
() = [ drdyrie e aty,)
dr
m 2 5d
= 87’ /// df sin® Hdrdfye‘%fy?’d—q:r‘l(X +Y).
0

Integrating over 6 for the incoming and outgoing parts of the trajectories gives,

w/2 T 4

/ 8 sin? §(X +Y) +/ dfsin? (X — Y).

0 w/2

Changing the variable in the second integral from § — 6' = 7 — @ gives,
w/2 . w/2 . w2 . 9
[ dosin X +Y)+ [ dosin?0(X —V)=2 [ dosin’6X.
0 0 0
thus the second integral of Eq. (F.2) is,
2 LA L 2,7 4
(b) = 167 / / a8 sin® fdrdye 8y =X = 4w’k T (Hy+ Ry).
0

Substituting these results into Eq. (F.2) gives,

N m iVyyn 2 4 _l 2 4 ]
(i) = —\/grrms [47r KT*(Hy+ Ry) = 4w*KTo' (H, + Ry)

. kaT4iVKK7’LO'4 3 1
T 3y L)
/ mmkT 4iVanU4
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(F.14)
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Appendix G

Evaluation of F),

After integrating over the center of mass momentum, I, the integral in Eq. (7.56) becomes,

I'= AETrreI%F (V1) (0T + (7+70) (xr) + (voer) (y-')]e ™ 7" (G.1)

| Carrying out the dot products of the r terms gives

-1 - d 1
I= 32 // drd7@_72—ﬁu£‘ —ry cos §(r'+7y,) + o cos(ng — ) (') — ~ cosng(r-r’)| .
(G.2)
With the definition of r' = Rkpg + sggo, the terms inside the brackets become,

{...} = v7{—cosb[Rcos(nr — Pr) + Sogo] + cos(nr — 0)[—R cos fr — Sogo cOS 7R

| — cos [ R cos(Br — 0) + sogo cos(nr — 0)]} _

: = —7vo {R[cosf cos(nr — Br) + cos Br cos(ng — 8) + cosng cos(Br — 6)]
+goSo[cos 8 + 2 cosng cos(ng — 0)]} = (1) + (i1). (G.3)

The factor involving R in Eq. (G.3) is simplified by applying various trigonometric

identities,
‘ (1) = —vyoR{cosbcos(nr — Or)
+%[2 cos(ngr — 0 + Br) + cos(nr — 6 — Br) + cos(nr — Br + 6)]}
= —yyoR[cos(nr + Br — 0) + 2 cos(nr — Br) cosb]. (G.4)

Using ng = Br + 7 — ¢ with ¢ = arcsin[L/R(mE)'/?] as given by Snider and McCourt,
the above expression simplifies to:
(1) = ~vyoR[cos(20r — ¢ — 6) + 2 cos(—¢) cos 8]
~ YR |cos(20 —6) — yrsind sin(20 — 6) + 2 cosf| . (G.5)

168




The sggo factor is also simplified,

(i1) = —7709050[2 cosng cos(ng — ) + cos 8] = —y7yogosolcos(2ng — ) + 2 cos 6]
= —YY090S0[cos(28r — 26 — ) + 2 cos ] = —yy0g0S0[cos(26 — 0) + 2 cos b}, (G.6)

where terms of order 1/R have been neglected. Adding the two parts (i) and (i1) gives
(1) + (i4) = —y70(goso — R)[cos(28 — ) + 2 cos 0] — v*rsinfsin(28 — 6). (G.7)

Finally substituting this into Eq. (G.2) gives,

1 du 2
_ —-yi—=pu_ 2, _ . o
I = — /drd’y—dre vrsin0{(X £ Y)[cos(28 — 0) + 2 cosf] + sin(28 — 0)}

= —8rl/? // drd~ydf sin® 97‘3%@-6_73’}/4
T

x{{X £Y)[cos(28 — ) + 2 cosf] +sin(20 — 6)}

2003kT
= — b (G.8)
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Appendix H

Evaluation of N,

The dot product between the two brackets in the integral of Eq. (7.85) (which is denoted as
I) is first evaluated,

_3/2 / dge rF + uU) g] [(g2 -+ 'yg — 5) G+ 2(’70'9)70]
= 779 [dge? [—fd—“ (6*+7% -5)6° - 311—‘@2( 0)°

u (92 + 798 — 5) G+ gug%ﬁ]

- e (S
-rdu , 5 du 2du

. 2
+G? [?Zi?% 3" 37217( y)° + uyg — Su+ g“’ﬂ%] } - (HID)

Substituting this back into the expression of Eq. (7.85) and completing the integration over
G gives,

15 rdu
— o—3/2 —v*—pu et
1 s /drd'ye {4 ( 3dr+u>
3| rdu ¥ 5 du 2 du 5
[ 3dr +§ dr 37 d7( 70) +§u'yo—5u]}
5 du 15 rdu , ldu

5
B ) AR MM TSI M AP
drdye [4%« T a0 T A +2“7°} (H2)

Using the conservation of energy for the relative motion, 72 = v* + fu, and integrating over

the relative momentum, this becomes,

I = §/drral—ue"ﬂ“ - E)’-/cirrd—u — —/drrﬁudu —Pu
1du
3/2 -2 ﬂu . el )
//drd'ye d7 —(ryo)? + 2IB/dr(ﬁu) e
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1 du du 5
= - 2o Bu . —Bu e 2 _—pu
5 [/drrdre /dr7ﬂudre + ﬂ/drr(ﬂu) e }

1du

_ -3/2// —2—pu @Y Y2 H.3
m drd-ye ~ = (T0) (H.3)

The last integral in Eq. (H.3) is related to Ny. If the limit of R — oo is used,

732 // drd*yj—urfyg cos®(nr — 9)6_72_/3“ = 8rl/? // " dfsin 9drd7r3gge_7§fy§'y2 cos* (w=().
" ’ ’ (H.4)
The integral over # is written as two parts, one for the incoming and the other for the
outgoing trajectory,
™ /2 ™
/0 dfsinfcos*(w+ () = df sin § cos®(w + () + / df sin 0 cos®(w — ¢)

0 /2

—/”/Qde'el L cos(2w+ 2
= |, sin [§+§cos(w+ C)]

e A1 1
+/0 df’ sin(m — 6') [5 +3 cos(2w — 24)]

/2
- / df sin O]1 + cos 2w cos 2¢]. (H.5)
0

Putting terms back together gives,

kTo?
2

/2 d . )
8mi/? /// df sin Odrd'yrBE%-e"’éfygny(l + cos2wcos 2¢) = 8n'/? Ny, (H.6)
. :

where the definition of Ny given in Eq.(31) of Snider and McCourt is used.
Using Eqgs. (L.4), (I.5) and (I.3) of Appendix I, the integrals in Eq. (H.3) are expressed

in terms of the second virial coefficient and its temperature derivatives,

7o) o

— /2.3 ._ 20" D
I kT<47r aN,\—I—7TdT+5T o7
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Appendix 1

The Second Virial Coefficient and its
Temperature Derivatives

Some useful identities with the second virial coefficient:

~1
_ —pfu __

B(T) = = /dr(e 1), (L1)
dB —1
e —pu

TdT 5 /drﬂue , (1.2)
2
B

TQjTQ = —2T——-—/dr Bu)2e P (1.3)

In terms of an alternate representation of the second virial coefficient, these relations are:

Br) = =2 / drrf'l—“ ~pu, (1.4)
dB
T-(ﬁ = —-B(T /dmﬂu v, (1.5)
2
TQZ—;é = —2B(T) - 4T—+ ———/drr ﬁu : (1.6)

172




Appendix J

Determination of Hy + R) — ),

The integral in the last term on the right hand side of Eq. (7.86) has the following form,

I = \/EkT(nZ:T/} A /drldrgdpldpg [(r12F12 + u12U)-G] e ~BH1
(B e ()]
— \/EAT(mTIL:J/})WAV /drldrgdpldpge P2 [(roF1g 4 u15U)-G] -
x(12) B (;—Tln + % — 2h> (ry +12) + % (2221 2%1) (r, — rg)] . (J.1)

The centre of mass part of the above expression vanishes, so that

I = \/g(kaé\lfﬂ 34y /drd'ydg [(rF + uU)-G] -e"BHl2Q(12j(g-»y)r

\/E(kaé\lf/z 34, /drd’ng [(£F + uU)-G] -e PH2 (G~ )r'. (3.2)

Retaining only contributions with even powers of the center of mass momentum components

gives,

2 N - 12 du ! /
I = \/;(ka)l/Qﬂ-BA /drd’ydge BH g2 [ — ( .»-YO)(I'.I-) + ’LL(I' .70)j|

_ 2 Nn R / ,
= \/gz(ka)1/27r3/2Av /drdf)’fy e o I:T'dr (r-‘yo)(r-r) + ’LL(I‘ .70)]

2 Nn "
= \/;2(ka)1/2W3/2AV[(T€1)’ + (rel) ] (J3)

Similar to the work of simplifying (b) in Appendix F, the (rel)” term may be simplified as,

w/2 . .
(rel)" = 1672 / / / d6 sin? §drdyeRyPurt X = dn?kTo'I,. (J.4)
0
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The (rel)’ can also be simplified as
(rel) = —87? / drd@d-yr sin e~ Z—:r% cos(ng—0) 7[R cos(Br—0)— 500 cos(nr—0)]. (J1.5)

Substituting n, = Br + ™ — ¢ in the trigonometric functions above, and making use of the
fact that in the limit of R — oo the angle Sr — 8 + ¢, and finally using the limiting forms

cos¢ =1 — O(1/R?) sing = L/R((mE)Y/? (1.6)
gives,

Rcos(Bg — 6) cos(Br+ 7 — ¢ — 6) + 5970 cos”(Br + T — ¢ — 6)
= (8070 — R) cos?(8 — 0 + ¢) = (s070 — R)[cos(B — 6) cos ¢ — sin(B — ) sin ¢]*
= (5970 — R) cos*(8 — ) + 717“ sinf cos(f — 6) sin(8 — 0) + O(1/R)

0

= Lrsin 8[(X £ Y) cos*(w = ¢) + cos(w =+ () sin(w = ¢)]. (J.7)

Yo

This expression is substituted back into the (rel)’ expression to give

(rel)’ = —87? // OW df sin? 0d7drr473e_73%[(X:tY) cos?(w=+()+cos(w=() sin(w+()] (J.8)

Integrating over # then gives
w/2
/ df sin? 0[(X +Y) cos*(w + ¢) + cos(w + ¢) sin(w + ()]
0

N /7:;2 dfsin® O[(X —Y) cos®(w — ¢) + cos(w — ) sin(w — ¢)]. (1.9)

Changing the integration variable in the second integral from 6 to 8’ = 7 — 6 gives,

/qu/2 df sin? 0{[(X + V) cos?(w + ¢) + cos(w + ¢) sin(w + ()]
+[(X = Y) cos*(w — ¢) + cos(w — ¢) sin(w — {)]}

= /OW/2 dfsin? 0{(X +Y) B + %cos(2w + 2{)] + %sin(?w + 2¢)
+X -Y) [% + %cos(?w — 2()] + %sin(?w -20)}

= /Oﬂ/2 df sin® [X + %(X + Y)(cos 2w cos 2¢ — sin 2w sin 2¢)
+—;—(X — Y)(cos 2w cos 2¢ + sin 2w sin 2¢) sin 2w cos QC]

w/2
= / df sin? §(X + sin 2w cos 2¢ + X cos 2w cos 2¢ — Y sin2wsin2¢).  (J.10)
0
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Thus overall,

w/2 . d
(rel)! = —87r2//0 d0s1n29dfydrr4»y3e—75%

x[X (1 + cos 2w cos2() + sin 2w cos 2¢ — Y sin 2wsin 2¢]. (J.11)

This integral agrees with the form given in Eq. (33) of Snider and McCourt, that is

(rel) = —4n?kTo*(Hy + R)), (1.12)
So that all together,
2 nY2Nn 4

The contribution to the thermal conductivity from this term in Eq. (7.35) is

5 i i [2-2(nkT)Y?Nn
oN Yy ——/= H -
\/g nkBAVNVVVVVVGN\/; (m) 24, o+ By = L)

1 kT
- gn%a“,/lm—(m + Ry~ 1)) (J.14)

This agrees exactly with the second order in density correction given in Eq. (26) of Snider
and McCourt.



List of Symbols

g12

normalization factor for the potential flux functions

impact parameter

jth coefficient in the Sonine expansion of B%(p;)

scale factor in transport coefficient expression

unknown function which arises in the inversion of G(e)

second pressure virial coefficient

second viscosity virial coefficient

second thermal conductivity virial coefficient

reduced flux evolution vector

reduced ©® matrix elements of the kinetic projected
resolvent for thermal conductivity

reduced ©® matrix elements of the kinetic projected
resolvent for viscosity

relative energy of a colliding pair, £ = ug3/2

Cartesian tensor identity for the irreducible representation
of SO(3) of weight «

one-particle distribution function

force between particles j and ¢

a first order non-locality density correction to the transport coeflicient o
in Snider-Curtiss theory

relative speed of approach of the 12 pair prior to collision

relative speed of approach of the 12 pair

resolvent with an N-particle Liouville operator ¢/(z — £)

resolvent of a system with non-interacting particles i/(z — K)

resolvent of a system with only particles 1 and 2 interacting i/(z — L12)

dimensionless center of mass momentum for particles 1 and 2

N-particle resolvent expanded in powers of 1/e
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Kl?

enthalpy per molecule, divided into kinetic hx and potential hy parts

total hamiltonian of a pair of particles |

binary collision cross section for a £ mixture

the Bogoliubov form of the triple collision operator

the Green form of the triple collision operator

correction to the Boltzmann equation

correction to the Boltzmann equation

flux tensor of general rank

kinetic contribution to the flux tensor

potential contribution to the flux tensor

symmetric traceless momentum flux tensor of rank 2

kinetic energy of the pair of particles

the kinetic contribution to the Liouville operator

O® matrix elements of the resolvent of Ly

Kawasaki - Oppenheim binary collision operator

N-particle Liouville operator

(1-P)L(1—P)

(1= Py)L(1—Pk)

(1 - Py)L(L - Py)

O® matrix elements of the resolvent of £

number density

the number of particles in the system, N — oo

a first order collisional transfer density correction to the transport
coefficient ¢ in Snider - Curtiss theory

relative momentum of particles 1 and 2

relative momentum of 1 and 2 prior to collision

relative momentum for a general point & on a 2-particle trajectory

the center of mass momentum of particles 1 and 2

projection operator, |J)) S (J|

projection operator onto the flux of particle 1, |J;)) S {J4]

1/N|3ic) © (Il

/N|Iv) & (Iv]

species projection operator

relative position of particle 1 with respect to particle 2, ri — r

9121'
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K

NANAT

a,b
R(T)

So

center of mass position of particles 1 and 2, (r1 + r2)/2

linearized Boltzmann binary collision operator

projected linearized collision operator, (1 — ’Po)golRli(l —Po)

ab binary collision operator matrix element

Hoffman - Curtiss correction integral

cutoff distance for the intermolecular potential

time from the start of the collision interaction to the reference point
of the trajectory

binary collision kinetic cross section

transition superoperator

intermolecular potential

u— hy

two-particle Ursell function

2nd rank unit tensor

b~! times the projection of r/, on the asymptotic collision direction

mole fraction of species s

average speed of relative approach

O® matrix elements of the resolvent Ly

the potential contribution to the Liouville superoperator

dimensionless momentum of particle 3

collision parameter related the projection of r' on the asymptotic
collision direction

density expansion factor for the 2-particle reduced distribution function

O©® matrix elements over the resolvent of L

weight of the irreducible representation of SO(3)

1/kgT .

angle of the general relative position vector £ with respect to —p
dimensionless relative momentum of particles 1 and 2
dimensionless relative momentum of 1 and 2 prior to collision
integrals over the potential function found in determination of Ay
correction term to the Boltzmann equation

correction from displacing the particle positions from r; and r

to Rem and time tg to ¢ in the generalized Boltzmann equation
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A,

P2

pN)

g

¥j

X

Xs

WR

P

0(2,2) (T)
9(2,2)* (T*)

correction from displacing the center of mass position to r; in
the generalized Boltzmann equation

a small, real convergence parameter, ¢ — 0,

angle between r,, and the reference point r

shear viscosity coefficient

low density limit to the shear viscosity coefficient

angle of the general momentum vector pg with —p

binary collision cross sections for a £¢ mixture

angle between r and —p at the reference point of the trajectory

unit vector in the direction of the general relative position vector £

unit vector in the direction of the general relative momentum vector p

thermal conductivity coefficient

reduced mass

a general position on the collision trajectory

s-particle reduced distribution function

N-particle distribution function

position scale parameter for the intermolecular potential

the normalized Maxwellian momentum distribution for particle j

deflection angle in a binary collision

identification state matrix for species s

angle of r,, and the asymptotic direction of approach

Mgller superoperator

Omega collision integral

reduced Omega collision integral
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