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ABSTRACT

A general matrix formulation for the effects of cﬁemical
exchange processes in high resolution nuclear magnetic resonance {(NMR)
has been developed which allows a concise description and efficient
numerical calculation of exchange modified lineshapes for an arbitrary
number of spin-sites. A complete description of all rate processes is
contained in a single matrix, and both first- and second-order spin
systems (as described in terms of.a spin density matrix) are accommodated
through specific forms for a spin-site frequenéy matrix.

The hindered rotation about the N-C bond in substituted
amides has been studied on a comparative basis using free energies of
activation derived from first-order rate constants obtained by complete
analyses of digital lineshape data. :A versatile FORTRAN computer program
has been.used for routine iterative lineshape fitting and it has been
shown that, even with the precision now attainable ﬁsing this technique,
the most reliable kinetic parameter is the free energy of activation.
Huckel II-M0 and semi-empirical SCF-LCAO-MO calculations have been used
in a description of the electronic factors determining the barriers
to hindered rotation and the charge distributions in the amides studied
experimentally.

Application of the Fourier transform in high resolution NMR
has also been considered in detail, with particular emphasis upon
quantitative lineshape studies using the data available from simple
pulsed NMR experiments. The advantages of the pulse method with digital

data acquisition have been examined, and the numerical computations and



corrective factors involved have been incorporated into a general and

efficient computer progranm.
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CHAPTER TI.

INTRODUCTION

In general, the 1ineshépes and widths of nuclear magnetic reso-
nance (NMR) spectral lines are particularly sensitive to time-dependent
processes occurring within a nuclear spin system. Thus, for over a de-
cade NMR has Dbeen applied, to-varying levels of sophistication, to the
study of chemical rate processes. This experimental method alléws the
~determination of precise rate constants and associated activation para-
meters for molecular processes such as hindered internal rotation, molec-
ulér isomerism and chemical exchange which may be described by well de-
fined first order rate constants. A quantitative study leads directly
to the evaluation of possible mechanisms for these molecular processes
and also may lead indirectly to fundamental information on the electronic
structures of the molecular systems and transition states involved.

The significance of the NMR method in chemical kinetic studies
lies in its inherent ability to prévide'data for relatively fast pro-
cesses from measurements on chemical systems at equilibrium, this infor-
mation being unattainable through the application of conventional chemi-
cal methods. Two fundamental characteristics of NMR allow such measure-
ments:

(1) the characteristic time scales in magnetic resonance are
relatively slow for microscopic processes. It is well known
that molecular motions give rise to generalized relaxation

effects in a nuclear spin system. Fluctuating magnetic fields



associated with lattice motions having frequency components
corresponding to the resonant spin precessional frequencies
may induce transitions between the nuclear energy levels
leading fo spin-lattice relaxation processes and observable
spectral effects. When molecular systems are studied as non-
viscous solutions, these random lattice field fluctuations
show only as small time-average effects and the interaction
of the nuclear spins with their lattice environment may be
considered to be cérrespondingly weak. Under this condition,
the time-dependent interaction of the nuclear spins with
fluctuating local magnetic fields becomes dominant. These
Jocal fields may be considered to be associated with the
molecular electronic chemical shielding and indirect spin-
spin coupling mechanisms, in the absence of nuclear electric
quadrupolar interactions. Again, if these fluctuations are
sufficiently rapid, a time-average magnetic field acts on
each nuclear spin resulting in a single resonance spectral
line. Very slow fluctuations, however, allow each spin to
‘precess at a frequency characteristic of its chemical envir-
cnment resulting in a spectrum of resonance multiplets. In
the intermediate region (for a diamagnetic spin system) the
local magnetic field fluctuations determine the lineshape
and width of the resonance spectral lines. Thus it is seen
that the overall form of an observed NMR spectrum is criti-
cally dependent upon the frequencies associated with local

magnetic field fluctuations as compared with the difference



in.precessional frequencies of nuclear spins in specific en-

vironmental local magnetic fields. Since the environmental

field differences are often very small, relatively slow mol-

ecular motions give rise to observablé spectral effects in

NMR spectroscopy and hence rate processes having first-order

rate constants in the range 10—5 to 10—1 sec—1 may be studied.
Cii) in the application of NMR it is possible to control the mo- -

tion of the effect;ve nuclear magnetic dipole moments through

the magnitude and form of the impressed rf magnetic field

and, thereby, also the modé of observation for a given nuclear

spin system. In this manner, both steady-state and pulsed

"NMR methods may be used to extend the range and accuracy of

R 1 X1 TLee s S am o Pa— L
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type of magnetic resonance detection,:all phase information
relating to the nuclear motion under consideration ié retained.
This feature allows detailed correlation time analysis of the
nuclear and molecular motions for a spin system and 1eads,

under normal experimental conditions, to a direct correspondence
between the steady-state and pulsed mode responses of a res-
onant spin system through Fourier transform analysis.

The study of chemical rate processes is concerned with the trans-
fer of resonant nuclear spins between different magnetic environments such
that a given spin is under the action of an effective fluctuating local
magnetic field., Such a transfer process may be described in terms of a
~generalized transverse spin'relaxation mechanism, the transverse component

of the effective nuclear magnetization giving rise to the resonance sig-



nal observed under normal NMR experimental conditions. Although the
basic concept of transverse spin relaxation in terms of phase relation-
ships between individual nuclcar‘spins (or spin isochromats) is physi-
cally simple, an exact theoretical analysis is often subtle and compli-
cated. Analytical formulations for steady-state NMR lineshapes modi-
fied 5y nuclear spin transfer effects are necessarily complicated,even
in the simplest cases,and the literature in this field has become quite
eitensive. The importance of spin relagation cffects was 'iecognized

in the oyiginél NMR work of Bloembergen ef al.l, who considered magnetic
moments under the action of random fluctuating magnetic fields; and
concurrently by Blochz, in the introduction of his phenomenolegical
equations of motion for a nuclear spin system incorporating a transverse

. . - . . 3.4 L
5 »claxation timc, 2 in 1853, Guiowsky ¢t al.”’ presented the
first formulation for a magnetic resonance lineshape in the presence of
transfer processes within a first-order (weakly coupled) nuclear spin
system., This semi-classical treatment was based upon the Bloch equations,
and the only spectral effect, in addition to those due to natural re-
laxation processes, is considered due to random modulation of the
nuclear spin precessional frequencies. A similar description for

. ' ) 5 .
such a nuclear spin system, as suggested by Hahn and Maxwell™, was in-

6 ... ' . . C e .

troduced by McConnell . This formulation allows a simplified intro-
duction of spin transfer probabilities directly into the phenomenological
equations, as proposed by Bloch, through terms analogous to those des-
cribing transverse spin relaxation. These terms, involving a charact-

eristic correlation time, are an inherent part of a general stochastic

theory of magnctic resonance lineshapes as exemplified by the more



séphisticated theories of Markoffian random modulation developed by
7 .. 8,9 . . ' R

Anderson’ and Kubo . The introduction of transfer effects in this
manner is also consistent with the basic concept, implicit in the
phenomenological Bloch equations, that nuclear magnetic dipolar motion
associated with generalized relaxation effects may be superimposed on
that of an isolated nuclear spin in an applied magnetic field. For a
simple uncoupled nuclear spin system, it is possible to avoid an expli-
cit -quantum mechanical description of spin transfer effects since the
complete spin Hamiltonian, in the absence of a perturbing rf magnetic
field, contains only secular terms representing nuclear energy level
separations. Furthermore, in certain cases spin-spin coupling may be
included through an additional secular term in accordance with normal
first order perturhation theory. For a general coupled nuclear spin
system, however, magnetic relaxation processes can be rigorously de-
scribed only in terms of non-equilibrium quantum statistical mechanics
X . . . 10-13 | . .

in the density matrix formalism . The basic complication in a
coupled spin system (in a non-viscous liquid) is due to the non-secular
term describing indirect spin-spin coupling. This term may be consid-
ered to represent a mixing of basis eigen-states in the spin system so
that fluctuating magnetic fields associated with the spin-spin mech-
anism may be effective in inducing transitions between nuclear energy
levels. A general quantum mechanical formulation of spin transfer

: : . o 14,15
effects in NMR has been developed by Kaplan and extended by
16-19 C e .

Alexander . Through the definition of a spin transfer operator,
~this work shows that the description of spin transfer effects is con-

sistent with a generalized spin relaxation theory developed by Bloch20~22



and takes a form completely analogous to that used in the stochastic

>

theories. More recently, Johnson2 4 and Binsch25 havé proposed al-
ternative quantum mechanical formulations for intra-molecular transfer
processes in which the time dependence of the average density matrix
for all possible molecu}ar spin configurations is described by a'
Liouville operator11’26.

Pulsed mode NMR differs from the steady-state mode in that a
large pulsed rf magnetic field is applied to a resonant nuclear spin
.system to rotate the thermal équilibrium resultanf nuclear magnefization
into a plane perpendicular to the static applied magnetic field.
Following the pulse, nuclear spin isochromats precess in the transverse
plane and dephase due to magnetic field inhomogeneity and general
transverse relaxation processes, the transverse coﬁponent of the nuclear
magnetization giving rise to the observed NMR free induction decay
signal. Thus the form of this decay is also strongly dependent upon
nuclear spin transfer effects. In 1961, Woessner27 considered the
response of the nuclear magnetization during and following a pulsed
magnetic field for an uncoupled spin sy;tem in terms of the modified
Bloch equations6 previously mentioned. The form of the predicted
free induction decay as modified by spin transfer effects was then
qualitatively verified experimentally by Reeves and Wellszg. However,
a single pulse experiment can only give information equivalent to that
.6btained in-steady-state studies of chemical rate processes. On the
other hand, pulsed mode NMR becomes a versatile and independent method
when multi-pulse sequences are used to produce corresponding spin echo

.29 . ' .
trains . Such pulse sequences effectively remove the influence of

magnetic field inhomogeneity, which normally limits the range of rates



that may be mcasured by NMR techniques. Carr and Purc01130 and Meiboom
and 611131 have developed specific multi-pulse sequences to reduce syst-
ematic errors in the determination of transverse relaxation times with
contributions from spin transfer processes. In 1963, Luz and Meiboom32
first reborted the measurement of spin transfer rates using such a
pulse sequence. Analytical formulations for the decay of Carr-Purcell
spin echo amplitudes have been developed by Bloom, Reeves and Wells33
and Powles and Strange34 for simple ﬁncouplcd spin systems-in accordance
with a stochastic theory basea upon a classical statistical averaging

of the accumulated phases of spin isochromats. Similar results were
obtained by Allerhand and Gutowsky35’36 using the modified Bloch equa-
tions. The analysis has been extended to include coupled spin systems

37’38. About the same time,., Gutowsky. Vold

using Alexander's formalism

39 , .

and Wells™™ developed a matrix formulation based upon the Anderson-
. 40 . 41 C
Weiss and Banwell-Primas treatments of general spin systems.

In the study of chemical rate processes, a fundamental advan-
tage of the pulsed NMR method is an extension to the measurement of
rate constants considerably higher than those normally accessible to

. .
quantitative steady-state methods. The pulse method, however, shows
an inherent lack of selectivity for the various homonuclear spin
transitions usually observed in the steady-state high-resolution
NMR spectrum of liquids. Due to the wide frequency distribution
associated with an intense pulsed rf magnetic field, this field
interacts with all nuclei of a given species in a molecular system.
Although it is possible to obtain selectivity in a very simple spin

- 42 . . . .
system using conventional spin ccho techniques, general studies of



transverse relaxation properties of individual nuclear spin transitions

are most readily measured using the phenomenon of rotary spin echoes

5 - . . ‘
4 Comparable studies in the steady-state mode use double resonance

techniques46_48. In addition, these double resonance techniques allow
quantifative studies of much slower rate processes than those normally
acéessiblé to NMR methods.

Hindered internal rotation in molecular systems such as amides,
nitrites and nitrosamines is a process of considerable chemical interest
in that the magnitude and form of the potential barrier to rotation is
expected to be directly related to the detailed electronic structure of
the system. This rotation may be considered in terms of an intra-
molecular nuclear spin transfer process, described'by a first-order rate
ncd above are ideal
of such molecular rate processes, usually inaccessible to chemical kin-
etic techniques. Of particular interest is the hindered rotation about
the N-C bond of amides as originally postulated by Pauling49, being of
importance in the theories of the structure of proteinsso and many
other molecules of biological significance containing the common pep-
tide functional group. Although the IR spectrum of N-methylacetamide
had been interpreted51 in terms of such a rotation, the analysis of
the NMR spectrum of N,N-dimethylformamide by Phillip552 in 1955 demon-
strated unequivocally the existence of hindered rotation in such a
system, As described in the reviews availab1e53_57, the determination
of hindered internal rotation rates and the corresponding potential

. . . . 58 .
barriers, in accordance with first-order absolute rate theory™ ~, in

substituted amides has become one of the major topics of NMR kinetic



studies. To date, however, very féw reliable kinetic measurements
exist for these systems. Moreover, a comprehensive study of a series
of chemically related compoundslhas not yet been reported. This is
due in part to the necessity of optimum instrumental operating con-
ditions and in part to the lack of detailed analysis of the results
obtained. In addition, the systematic errors inherent in the dif-
.ferent NMR methods applied must be carefully considered. Only very
recently has sufficient experimental care been exercised in and soph-
isticatéd analysis been applied to the determination of quantitative

kinetic data®/»°9703

.Even though the’systematic errors involved have
been considered in.some detail64, the results obtained using steady-
state and pulsed mode NMR are seldom consistent. Nonetheless, the
validity of such kinetic data is exemplified by the consistent resuits
obtained (by the fitting of total NMR 1ineshapesj by independent re-

59,61
search groups

for N,N-dimethylformamide. Of necessity, in the
initial development of NMR methods for kinetic studies, molecular
systems were chosen for simplicity of analysis rather than chemical
significance. Furthermore, approximate methods have been applied
Qithout due considerétion of their validity in particular studies.
Chemists are basically interested in the electronic struct-
ures of and inter—relationships between a series of related molecular
systems, for example, the substituted amides. For this reason, the
purpose of the present thésis is to develop consistent and versatile
theoretical and experimental techniques for effecient analysis of

NMR kinetic data in a systematic study of hindered internal rotation

in substituted amides. With the advent of field-frequency locked



10,

steady-state spectrometers and digital data acquisition systems, it is
now possible to obtain reliable spectral data that may Ee rapidly pro-
cessed to give the parameters of chemical interest. General equations
are developed, consistent with a prescribed physical model for a given
rate process, and the rgsultant NMR spectra are numerically compﬁted
aﬁd plotted.using a high speed computer. Experimental lineshapes in
digital form can then be compared directly with theoretical spectra.
The well known uncoupled AB spin system, and the related ABX spin
system, is considered in detail to allow the development of a more gen-
eral model applicable to steady-state and pulsed mode analyses and a
comparison of different theoretical t?eatments.

Under normal experimental conditions, the steady-state and
pulsed mode responses of a mnuclear spin system are related by a
Fourier transformation66_68. To date, Fourier transform techniques
have not been applied to any extent in high-resolution NMR spectros-
copy69’70and the emphasis has been upon the enhancement of signal-to-
noise ratio7l. In view of increased interest in lineshape studies,
a theoretical analysis has been made to ascertain the possible advan-
tage of such a transformation in the analysis of pulsed mode NMR data.
Towards this end, the necessary computer programs for rapid numerical
computations have been developed. A spectrometer system for Fourier
transform studies has also been developed and the operational charact-
eristics of the critical circuitry involved has been considered in de-
tail. With the availability of digital data acquisition systems,
accurate data may be accumulated very rapidly in a most convenient

form and it is shown that this general method is extremely versatile



11.

and dées not include many of the inherent disadvantages of the corre-
sponding normal steady—state‘mgthods. The extension of digital tech;
niques to multi-pulse NMR prbcedurés also has obvious advantéges and
may lead to a significant reduction in the large systemati; errors
associated with this method af the present time.

In this thesis, the barriers to internal rotation in a series
of substituted amides have been considered using routine total line-
shape fitting based upon the physical models, theoretical expressions
and computer ﬁrograms developed. This data has been correlatéd with
that previously available. In addition, molecular 6rbita1 calculations

applying the Huckel 72-74

75-77

and complete neglect of differential overlap
(CNDO) approximations have been used to interpret the measured
kinetic parameters in terms of molecular electronic structure. In
particular, the potential barrier to hindered rotation and other (spec-
tral) properties of the parent compound formamide have been considered
in detail for comparison, where possible, with alternative molecular
orbital calculations. The electronic structure of carbamy] fluoride

and the related compounds acetyl fluoride and acetaldehyde have also

been studied to obtain information on the general applicability of the

aforementioned approximate MO methods.



12

CHAPTER 2.

THEORY

2.1  Bloch Equations.

To allow a consistent development of the theory of nuclear mag-
netic resonance effects due to nuclear spin transfer, a classical vector
model will be copsidered to describe the dynamics of a general nuclear
spin system. As the Bloch equations for such a system are fundamental
to all following discussions, the basis for these equations will be
briefly formulated.

The motion of an isolated nuclear magnetic dipole, 4, in a time

I I I J PR SR o O S T | T i J IR
.Lﬂu."k) Cliaciltt Ui L OTm llaygneidie Licaiu, 11, 15 Ges5CiL
: —0

of reference Oxyz by

"d
= - UxYH : (2.1.1)

where Y 1s the nuclear gyromagnetic ratio. Assuming the magnetic field

to be directed along the z-axis so that Eo = EHO, (2.1.1) becomes

‘i‘{f/‘" - w,,./:_tx_lé ) W - ¥Ho (2.1.2)

where kK is the unit vector in the z-direction and W, is the Larmor fre-
quency (rads. sec—l). This equation of motion is consistent with duantum
mechanical cbncepts in that it is readily shown78 that y may be replaced
by the expeétation value <p>.

The effect of a circularly polarized wagnetic field, H(t), de-

fined by



Hx(t) = chosmt, Hy(t) = —H151nwt, w >0 , (2.1.3)

on a nuclear dipole may be represented in terms of a vector model as
shown in Fig. 2.la. That is, for the particular geometrical configur-

ation shown, the nuclear dipole tends to precess about the magnetic

field vectors Eo and El with angular frequencies W, and W respect-
ively. In accordance with the general equation (2.1.2),
w, = YHl' A (2.1.4)

Under normal experimental conditions, H. is associated with a linearly

-1
polarized magnetic field, H(t), defined by:

Hx(t) = 2choswt, Hy(t) =0, ‘ (2.1.5)

as produced in a simple coil. A field of this form, however,may be con-
sidered in terms of two component circularly polarized fields79, one

of which is equivalent to that described by Eq. (2.1.3).

| The complicated overall magnetic dipolar motion due to the
independent magnetic fields, Eo and El’ is simplified by considering

the system in a rotating reference frameso, Ouvz, to eliminate ef-
fectively the time dependence associated with -H,. If the time dependence
of y in the rotating frame of reference is‘defined by (dE/dt)r’ it

follows that

. 1l
S () ¢ wexm , wee —wk 210

where wr(>0) is the angular frequency of the rotating frame. Therefore,

from Egs. (2.1.2) and (2.1.6) it is shown that



Z
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(a)

(b)

Motion of an isolated nuclear magnetic dipole

Fig. 2.1
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(%{%)r = X (Wo-we)k (2.1.7)

and this equation of motion may be expressed in the form

ELA-{) = o ox Y Hets | (2.1.8)
(F2), - ~ %
where Eeff 1s an effective magnetic field in the z-direction and

= - . [t ma > e y ic fi Ct y
YHeff Wy - W It may be assumed that the magnetic field vector H&
is along the u-axis of the rotating frame and that w, = w, cf. Eq. (2.1.3).
Under these conditions, the nuclear magnetic dipole precesses about a

resultant time-independent magnetic field H:

Ho=Hi o+ H K, (2.1.9)

as shown in Fig. 2.1b, with an angular freauency Q given hy
i
]/2,

A= [lw-w, )+ wf (2.1.10)

The nuclear magnetic resonance condition may now be defined as
that corresponding to a maximum time-independent perturbation of the
- nuclear dipolar motion by the applied magnetic field, H(t), this con-

dition being defined by
W S w=w . ' (2.1.11)

Thus, w  may be referred to as the resonance (Larmor) frequency for an

isolated nuclear spin. Also, in accordance with Eqs. (2.1.8, 10, 11):

(%)rso , ew,, 6-T

and thus the condition on w defining resonance also determines the
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steady-state condition for the nuclear system in the fotating frame
of reference. That is, under this condition, an initiaily in-phase
relationship between Y and H_, cOrresponding to maximum interaction,
is time-indépendent. At exact resonance, the resultant magnetic field
in the rotating reference frame is simply'kh

dipole precesses about the u-axis at the frequency wy - In the fixed

and hence the magnetic

reference frame, this resonance precessional motion appears as a slow
nutation superimposed upon the Larmor precessional motion with a cor-
responding change in dipole orientation, as defined by the angle B in
Fig. 2.1b.

Under steady-state nuclear magnetic resonance conditions, a
spectral line of finite width is observed. The effects of contributing
magnetic fields at the site of a specific nuclear spin within a given
spin system, in the absence of an applied Qscillétory magnetic field,
may be considered in terms of:

(1) static field inhomogeneity,

(ii) spin-spin relaxatioﬁ, and

(1ii) spin-lattice relaxation.
A local static magnetic field for a given nuclear spin is determined
by the-molecular electronic environment, giving rise to a basic chemical
shift effect, and by the smaller inhomogeneity associated with the ap-
plied magnetic field, Eé. These fields give rise to a resonance frequen-
:cy distribution and an associated spectral line broadening. The exact
form of the inhomogeneity broadening is difficult to define explicitly,
but a common assumption made is that the resonance frequency distribu-

tion may be described by a Lorentzian lineshape function, f(w), of the
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‘general form
02 277t
-g(w) = A [ 1_+ 3 (w-w,) J (2.1.12)

where w is the independent frequenéy variable and W is the mean reso-
nance frequency for a given spectral line; A is a normalization constant
and ¢ is a line-width parameter. The characteristic line-width at half-
maximum, A/2, is then given simply as 2/7. An alternative lineshape
function is that corresponding to a Gaussian frequency distribution as

~described by the lineshape function

(W) = Aexp [-3 T (w-w)l* (2.1.13)
P 2

with a corresponding line-width 2(2&n2) /z.

The lifetime within a nuclear Zeeman energy level may be con-
sidered to be limited due to simultaneous mutually induced transitions
between adjacent resonant nuclear spins, these transitions being in-
duced thrqugh a time-dependent magnetic dipolar interaction. In
accordance with the quantum mechanical uncertainty principle, such a
process leads to an effective broadening of the Zeeman energy cor-
responding to a finite width for the spectral line associated with
the induced transitions, this lifetime broadening being described by
a Lorentzian lineshape function. A characteristic spin-spin relax-

ation time, T, , may then be defined to describe this line-width in

20

accordance with Eq. (2.1.12), with g = T2o' T20 is normally referred
to as the natural transverse spin relaxation time. It should be noted
that, in more general terms, a characteristic time defined in this

manner effectively describes the time-dependent phase rvelationships



‘between precessing resonant nuclear spins within a given spin system.
Thus the concept of a generalized transverse spin relaxation time is
a versatile means of describing many relaxation processes giving rise
to spin dephasing effects. In contrast to spin-spin relaxation pro-
cesses showing a conservation of energy within a spin system, spin-
lattice relaxation processes involve a net transfer of energy between
the spin system and its lattice environment to maintain thermal equil-.
 ibrium conditions for the complete spin-lattice system. Also, due tb
the interaction between the sbin system and its lattice environment,
fluctuating environmental magnetic fields may induce transitions be-
tween nuclear Zeeman energy levels leading to an additional spectral
line broadening which may be described by a spin-lattice relaxation
time, Tl'
’

Under the assumption that the complete resonance spectral

lineshape is described by a Lorentzian function, a total transverse

spin relaxation time, T may be defined by

2)

2

= (2.1.14)
Tz_ Tzo ’rl* 'T.l

where T; and { are relaxation times describing EO field inhomogeneities
and additional transverse spin relaxation processes, respectively. In

the study of liquid systems, motional averaging determines a general

condition:

T, Tao ’ ‘ (2.1.15)

in the absence of spin-lattice relaxation mechanisms due to paramag-

netic species and nuclear quadrupclar interactions.
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Flg 2.2 Nuclear spin isochromats in the rotating frame of reference
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To allow a direct application of the semi-classical concepts
outlined above, it is now considered that a macroscopic nuclear spin
isochromatz’zg, Mﬁwo; ¢), may be defined as the resultant magnetization
due to all spins having a resonance frequen;y W and an associated
time-dependent phase angle ¢. In this manner, the resonance frequency
distribution for a given spectral line is simply related to the prop-
erties of a macroscopic nuclear spin system. The equation of motion
for such an isochromat in the rotating frame of reference with an
angular frequency w (correspénding to that of the applied oscillatory
magnetic field H(t)) is given in accordance with Eqs. (2.1.8) and

(2.1.9) as

{ R . w1 4 . a4 .
A M = ¥LMEeIXPR 2wl - £V

<1
4
\
<
-
=
™
i
=
<
P
'~
.
L
N

where u, V, MZ have been defined as the Cartesian components of the
isochromat ﬁﬁx, ¢), as shown in Fig. 2.2,'and X is now the independent
variable. defined as x = w - W, while MO is the thermal equilibrium
value of MZ. The total effective magnetic field H appearing in this
equation is H = H11_+ (x/Y)k, cf. Eq. (2.1.9). It should be noted
that the variable x has been defined on the interval -« < x < ® such
that x > 0 corresponds to w > W, From Eq. (2.1.16), the component

equations of motion are given as

du' p L uw —xV = ©

_TE ' Tz.u. - ¥

dV _qw + 1V = "w. M,

dt To e

%&L ~ wy Mg = ~%(ML—MO) : (2.1.17)
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where wy = YHI’ cf. Eq. (2.1.4). These eqﬁations form the basis for.

the formulation of nuclear spin transfer effects in the following section.

. 2.2 Modified Bloch Equations.

Nuclear spin transfer effects in an uncoupled AB spin system
will be considered initially in terms of stochastic principles to develop
a simple physical model for such effects. The steady-state NMR spectrum

for this spin system may be represented as shown below:

A B

<A

— L 0 + X

Site-A, associated with a distinct electronic magnetic environment and

chemical shift, may be considered in terms of a mean spin isochromat, MA’

with a resonance frequency Xy = -§0 relative to the average frequency W

- 1 = -
w = z(wA + wB) ; Wy =W Q, (2.2.1)

in the normal rotating frame of reference. At any given time, the frac-
tional population of nuclear spins associated with site-A, Py defines

the magnitude of the spin isochromat M,. In the absence of spin transfer .

A
effects, MA and MB precess independently in the applied magnetic field Eo'
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Due to a reversible molecular process (such as a hindered rotation)

described by first-order rate constants kA and kﬁ, a resonant nuclear

spin may be considered to be transferred between the sites A and B in

a random statistical manner. The basic assumptions made in describing

this transfer process are as follows:

\J

(1)

(i1)

(iii)

(iv)

Under these assumptions, the site lifetime T

- all spins remain in site-A with a mean lifetime T

A

until an instantaneous transfer takes place into
site-B. Precessional effects in the transfer‘interval
are neglectea and as transfer into a site of the same
type has no Qbservable effect on the spin system, only
transfer into a different site is considered;

for any spin in site-A, there is a constant probability
kA per unit time for transfer into site-B, this prob-
ability being inversely proportional to the fractional
population Py’

the lifetime T, is independent of the associated spin

A

relaxation times TlA and TZA;

nuclear spin isochromats relax independently except

for spin transfer effects.

A and the corresponding rate

constant kA are simply related by

-1

k = Ty s (2.2.2)
and in accordance with the principle of detailed balance81
ppky = kaB (2.2.3)



with

pA+pB: ]"

As the observed NMR signal is due tc the transverse component of the

21.

nuclear magnetization (and for analytic simplicity) a complex transverse

magnetization for site-A, EA’ is defined in the rotating frame of

reference by

= Y .
GA uy 1\A R (2f2'4)

as shown in Fig. 2.2. The Bloch equations for the spin isochromat MA

"may now be expressed in complex form in accordance with Eqs. (2.1.16)

and (2.1.17) as

i

%&A + (éA+ Lw)GCA - LwiN\zA

L]

?%& MZA - LWy \"IA - %(h\ZA’MoA)

(2.2.5)
where €, = L iw, and w, = w_- €. Assuming negligible saturation
A T?A A A 0
and quasi-steady-state conditions: wy > 0, MZA -+ MoA’ and Eq. (2.2.5)
reduces to '
%ﬁ@ck + (éA+ Lw)&A = - LWy PAMO (2.2.6)

with MoA = pAMo’ and M0 the thermal equilibrium z-component magneti-

zation for the complete nuclear spin system. A similar equation applies

to the site-B magnetization, so that for the complete spin system:

G =G, + Gy . | (2.2.7)
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. . 6 . : ' ' . .
Following McConnellv, the time-dependence of the transverse magnetization

QA due to nuclear spin transfer processes may now be described by:

%{&&A = "kAG‘A + \(5&3 (2.2.8)

such that ~kAGA defines the rate of transfer of transverse magnetization

from site-A and kA is the first-order rate constant for this transfer.

The time-dependence is incorporated into the normal Bloch equations, Eqs.

(2.2.6), to give a modified equation of motion for site-A magnetization :

gﬁ;&k v (olpriw)bp - Kgbg = —LwyMopy
and a coupled equation for site-B magnetization

d g+ (dg+iw)big—kpbey = —iwM,p , (2:2.9)

with o, = rl- + k, - iw,, cf. Eq. (2.2.5). Assuming the total trans-
A FZA A A

verse relaxation time, T2, as defined in the absence of spin transfer

processes, to be site independent, it follows that

oy iw = Tyt i(x + @), x=w - W, (2.2.10)
with T, = %r- + kA. These modified Bloch equations may now be ex-
2

pressed in the matrix form

= : 1 .2,
_%&_& = R& o+ tw M, P (2.2.11)
The term iwlMof may be referred to as a driving term, as in the absence
of an applied oscillatory magnetic field: Wy, = 0. Under steady-state

conditions, (dG/dt) = 0, and it follows from Eq. (2.2.11) that

R'G = - iwMPp, (2.2.12)



or explicitly,

T L) -—!(B A ] .wé;A P a\.

= “‘LUJLMD

L ~ky rg+1(x,uz)- LGCe Pe

The total complex transverse magnetization may now be derived from

Eq. (2.2.12) as a function of the independent variable x:

Gt = - wlw\o{ Frk) + ilx +[l*lmm)}

B+iC
where
B = %i %ka)+Lﬂ},-xz
¢ = 2]x(2+k) - (1-2p0ka ]
and %

7~
t

’;i(kAJ'kB) ;  X=W-Up (2.2.13)

The NMR absorption mode corresponds to the component trans-
verse nuclear magnetization in quadrature phase with the applied oscil-

latory magnetic field vector, H

Hy, as shown in Fig. 2.2. Thus the ab-

sorption mode lineshape, V(x), is given in accordance with Eq. (2.2.13)

as the imaginary part of G(x), viz.,

i
\/(\() = —wlN\o{ (:ﬁ_q—lk)% + ()(*'[‘L—ZFA]"‘O")C)I (2.2.14)
; 2 2
B™+ C
This lineshape function applies to a general-population two-site un-
coupled AB nuclear spin transfer system under normal steady-state NMR

conditions. The term wlmo expresses the linear dependence of signal

o

[N
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amplitude upon the magnitude of H., in the absence of saturation effects,

l’
and may be considered as a normalization factor.

The two-site equal population system (pA = p, = 0.5) is of

B
considerable chemical interest, and in accordance with Eq. (2.2.14), the

lineshape function V(x) takes the simplified form

Ve = A (T+1k)g t XL

(2.2.15)
gty C*
where
.4 _
B3 Tl(_rl+2k)+;.(b )L
C = Zx(%ﬁij

and A is the normalization constant. From Eq. (2.2.15), the positions

of the function V(x) maxima are determined as

1 -
(0% - 2k rad. sec.: (2.2.16)

X!

For k << @, x' = 4 2, and in this limit of very slow spin transfer, the
NMR spectrum consists of two spectral lines separated by the chemical
shift 202. As the rate of spin transfer increases, x' decreases and thus

a condition for spectral line coalescence may be defined as
x' =0 and V2 k = Q. (2.2.17)

It is now convenient to consider general nuclear spin transfer effects
in terms of

(1) slow spin transfer: k <0.2Q,

(ii) intermediate spin transfer: k = Q,

(iii) fast spin transfer: k»s 5 Q.

The exchange lineshapes for a representative equél population system,



as given in accordance with Eq. (2.2.15),‘are shown in Fig. 2.3 for a
range of values of the characteristic parameter k/f. For clarity, these
lineshapes have been normalized, through the constant A, to an arbi-
trary maximum independent of k. It is important to note that the
chemical shift between sites in the absence of exéhange, 22, defines
the overall range of the rate constant k that may be determined from
NMR lineshape analyses. Also, the general population absorption mode
lineshape derived for the two-site exchange system, Eq. (2.2.14), ié
consistent with that given bf Gutowsky and Holm82

The validity of the phenomenological Bloch equations has
" been considered in detailzo and, under the assumptions outlined above,
modified Bloch equations may be extended to describe nuclear spin
transfef effects in a general first-order NMR exchange system. A
matrix formulation for an n-site system, based upon the equations of
motion derived above for the simple two-site exchange system, allows
‘a concise déscription of general transfer effects and also leads to
expressions which are readily adapted to efficient computer calcu-
lations.

Initially, it is.assumed that exchange processes modulate
all frequency differences, Iwi - wj|, associated with n distinct
sites of differing Larmor frequency, w, - Again fo}lowing McConnellG,
a transfer of nuclear magnetization may be described for the £-mode

in the form

h |
(%c‘%L - z [k[}"%— k"}s"] . (2.2.18)

i



K/ = 0.032

0.16
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3.2

_ )

Pp = 0.5 Pp = 0.65

Figure 2.3 Two-site exchange absorption mode lineshapes
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cf. Eq. (2.2.8). The indices refer to site and the double indices refer
to first order transfer rate constants between sites such that kijgi

represents the rate of transfer of {-mode magnetization from site i to

site j. This form of notation is important in defining matrix elements
for a multi-site exchange process. The time-dependence of the u-mode
magnetization associated with site-i may now be expressed in the Bloch

form

;i\ki, =z - [—j‘— — Z lé-..]lkt + é \(.A'Lu&-f W’L\lc'
dt 2 ¢ i (2.2.19)
with W, =W - . As usual, w is the angular frequency of the oscil-
latory radio frequency field defining the normal rotating frame of
reference; W, is defined as the site-i resonance freauency, and TZi is
the corresponding spin-spin relaxation time including a contribution
from magnetic field inhomogeneity. The total u-mode magnetization for
the system 1is then given by u = I us, the site magnetization iso-
chromats being independent except for transfer effects. Considering

' this magnetization as a column vector, u, Eq. (2.2.19) may be expressed

in matrix form to include all sites, viz.,

%{LL r Bpw —wV -0 (2.2.20)

with R, = T, + K, where T

, =L is a diagonal n X n matrix with general

2

element T2i and X is the transfer rate matrix, n X n, with elements

. . an o _} i (2.2.21)
. ik‘& ¢ ek, g
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Similarly, w is a diagonal frequency deviation matrix, n X n with
elements W and V is the v-mode magnetization vector with elements
Vi. The off-diagonal elements of the rate matrix K are individual
'first order rate constants for each pair of sites, and the diagonal
elements are the sums of rate constants from each site-1. Thus,
the diagonal elements represent the overall rate processes for n
sites. Also, any column has a zero sum, consistent with detailed

balance of rate processes,

Kb\, + 2‘ K&L = O
JHi

Similar matrix equations can be written for the v- and z-mode magne-

tization transfers involved in a chemical exchange process:

é;i T 52‘! + W.w = —wy Mg,
ot
2\' MZ, + _&1 MZ - W:j__y = N\o Il'._P
&t
(2.2.22)
where w, = YHl, =&1 = :21 + K with il a diagonal spin-lattice relaxa-
tion matrix, n x n with elements Tli’ Tli being the spin-lattice relax-

ation time for site-i; P is a column vector of the fractional population
n .
for each site such that Z p. =1 and M . = M p. where M is the thermal
g 1 oi o'l o
equilibrium value for the z-mode magnetization in site-i. Solving the

coupled matrix equations (2.2.20), (2.2.22), the steady-state V-mode

magnetization is given explicitly by
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1
Voo —wgM, L6, 60T F (2.2.23)

with . . 2
. C = Loawlg 6+ £,.W 60

Here I is the unit n X n matrix and £

and,g2 are the inverse matrices

corresponding to 51 and 52, respectively.
For an arbitrary reference frequency wo; the independent

frequency variable x may be defined as x = w - W, such that for site 1

(2.2.24)

where Qi is the chemical shift with respect to w, - The vector V
now defines the steady-state NMR absorption mode spectrum as a function

of x, viz.,

n ' :
Vo) = =, \/LL»L) = 1.V (2.2.25)
i=1

The elements of the matrix w in Eq. (2.2.23) are now defined by Eq.
(2.2.24) and I is the row vector with each of n elements equal to
unity.

The corresponding matrix equations for the steady-state u-
and z-mode magnetizations are now given in terms of V as

w o= v

ico
1P

2'0
: (2.2.26)
M0=él_:T1°-f + u¥1é;1;11

=
N
3]



This formulation allows a compact and versatile description of general
nuclear magnetization transfer effects in a first-order NMR spectrum,

including those associated with ‘spin-lattice relaxation46’48

spin transfer saturation.

2.3 Saturation Effects.

Under normal steady-state conditions, a saturation factor

S may be defined for a given NMR spectral line in the form

/ .
S = L , 0K slgi
1+ WrTL T2

Now, since in the presence of chemical exchange saturation effects are

B e - N 4.1._,,,‘..,.1- 4+ o~ e
UTDOLC L LUCU [ lJ_nglt LIt O Ha o

~ PR |

Sar M 20T rnoNn
Lia W 10 L. (&«.c

are contained in that part defined as

!

s

]

I+ wiEz-81

TN ., 3 P B e
-(-\JJ d-l.u’ 'Y JChL L Uildl

(2.3.1)

S . 2 . .
it 1s convenient to replace wy by an equivalent parameter B defined

in terms of an average saturation factor S' as

f”‘ (1_3’)< 1. >
s' T To,

where the part defined in terms of the relaxation times T, and T

1

‘an average value for all sites. In this way, Eq. (2.3.1) is written

in the form

(o2l
I
i
+
-
™M
S
ey
Y

2.

(2.3.2)

is

29.

and nuclear



A complete analysis of saturation effects would include the inter-

' . . . e L 3
relationship with the deviation .from steady-state cond1t10n58

Under normal experimental conditions, however, locked-field spectrom-

eters allow a very good approximation to the required slow passage

conditions and the above formulation is adequate.

The effects of saturation on the NMR absorption mode line-

shape have been studied for a particular two-site (A- and B-sites)

chemical exchange system described by the spectral parameters: p, =

0.5,

A
29 = IQA - QBI = 10.0 Hz and TZA = T2B = 0.64 sec. Also, as is usual
for liquid systems, it is assumed that T., = T .. The spin-spin relax-

1A 2A

ation time, T,,, chosen corresponds to a Lorentzian full width at half-
L2R e . . .

maximum of 0.5 Hz and 2Q is the chemical shift between sites in the
absence of exchange, cf. Eq. (2.2.24). By means of an iterative
numerical analyéis, using Eqs. (2.2.23) and (2.2.25), values of the
saturation parameters B and S' were determined corresponding to a

prescribed mean deviation of the'lineshape function, V(x), from

B}

that for the reference limit of zero saturation (B = 0). A mean per-

céntage deviation, AV, was defined for N data points as

N

AV = [(\l{(w_\l;(m)/vﬂm].loo

i
Nt

. . T ' .

in which Vi(x) and Vi(x) are the reference and saturated lineshape
function values, respectively, corresponding to the frequency value
X, . The results of such an analysis are shown in Fig. 2.4 for

AV = 2% and 5% as plots of B and S' as a function of log,, (k/29).
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.system.
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It is seen that éaturation effects for a fixed magnitude of the ir-
radiation rf magnetic field, 2H1, are most severe in the limits of
-vefy slow (k << @) and very fast (k >> Q) exchange corresponding to
spectral lines of minimal width (0.5 Hz). For a mean deviation

AV = 5% the values of H1 for k/20 = 0.01 and 1.0 are computed for

11 NMR (YH = 2.7'x 10* rads seé—llgauss‘l) to be 0.56 x 107% and

9.4 x 1072 mgauss, respectively. These fields correspond to a
spectral frequency distribution of only 0.002 and 0.04 Hz. However,
.Grunwald et a1.84 have shown experimentally that H1 fields an order
of magnitude greater than those calculated above give negligible
distortion due to saturation for chemical exchange systems. This
implies that, in actual fact a complicated combination of steady-
state nassage conditions and rf power levels (Hl) determine ohserved
saturation effects. As Hl is increased, saturation gives rise to

a general broadening of spectral lines and leads to an increased
apparent first-order rate constant, k. A 5% deviation as considered
above may lead to an error in a fitted k value of 5-10%. However,
an irradiation field in the intermediate exchange region (k = Q)
with a magnitude approximately twenty times greater than that causing
distortion in the slow exchange region (k << @) is still acceptable
(see Fig. 2.4). 1In the intermediate exchange region, the spéctral
lines are of meximal width (= © rad. sec.-!) and hence minimal inten-
sity. Strictly, a spectral line intensity is linearly proportional
to Hl only in the absence of saturation effects, but it is seen that

the intensity and hence signal-to-noise ratio of a recorded lineshape

may be increased to levels acceptable for the measurement of reliable



[
R}

data for lineshape fitting without adverse distortion due to saturation,

by increasing H, following an experimental linearity check for negligible

1

saturation in the slow exchange'limit. Relative H. field strengths

1
corresponding to negligible saturation distortion may then be estimated
over a complete range of the characteristic parameter k/20 from Fig. 2.4,

and hence reliable spectra for complete lineshape fitting may be ob-

tained, in effect, in the limit of zero saturation.

2.4  Zero Saturation Limit.-

For a general first-order NMR n-site exchange system, the
zero saturation limit may be defined by wy 0 (wl = YHl) and thus the

modified Bloch equation describing the steady-state z-mode magnetization

«

is oiven 1 matrix form in accordance with En (2.2.22) as
is given in matrix form in accordance with Fa. (2.2 22) as

MZ-_z Mo él-li-f

with gi the inverse of the matrix 51. In the absence of chemical ex-

change, qu= ll’ and hence Mz = MOB: That is, the z-mode magnetization
in each site is direﬁtly proportional to the site fractional population,
p;; and is independent of spin-lattice relaxation effects. This con-
dition is shown to be valid also in the presence of chemical exchange
for all ekchange rates and is considered in detail for a general two-
site system at a later point.

The modified Bloch equations describing chemical exchange

in the limit of zero saturation reduce to two coupled matrix equations

~given in accordance with Eqs. (2.2.20) and (2.2.22)
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duw + Bou - w.V = 0

ok

: v W = -

.g%ci L7 RIS RS wy My (2.4.1)

from which the steady-state v-mode magnetization is given explicitly by

Vo= —wgM, P (2.4.2)

with

e
re)
N

+
I
e
o
-3

Again, the steady—state NMR absorption mode spectrum is determined by
V(x) as defined in Eq. (2.2.25). In the limit of zero saturation, Eq.
(2.4.2) shows that the NMR ahsorption intensity is linearly related fo
the effective magnitude of the irradiating rf mégnetic field, Hl’ and
is independent of spin-lattice relaxation effects for all chemical
exchangé rates. Within the limits discussed in the preceding section,
this is the expression defining the lineshape function V(x) normally
used in the analysis of steady-state NMR data.

Although the absorption mode lineshape function, V(x), is

~given explicitly by Eq. (2.4.2) in terms of the real matrix C, the

independent variable x is contained in the frequency deviation matrix

w and hence an-evaluation of V(x) over a specified frequency range
requires an inversion of the matrix C for each value of x. An alter-
native formulation in the limit of zero saturation based upon Eq. (2.4.1)
allows a much simplified calculation of V(x). A complex transverse

magnetization, G, may be defined for an n-site exchange system in



vector form as

G=u+iVv, _ (2.4.3)

where the component Vj describes the v-mode magnetization associated

with the j-site. From Eq. (2.4.1), the steady-state transverse magne-

tization is now given by

! -

~1
& = ——LwiMo [g_l'l'b\__h_f_] . P

and the corresponding cdmplex lineshape function G{x) follows as

’ -1
Gy = —iw M, L. [ﬁz + cg] P (2.4.4)

where I is as defined previously, cf. Eq. (2.2.25). The absorption
mode lineshape function, V(x), is simply the imaginary part of G(x).
The independent variable x appears now only in the diagonal matrix
w, and thus it is possible to transform the matrix L&Z + iw] into

a completely diagonal form hence allowing a ready evaluation of

G(x) following a single matrix diagonalization. Now consider the

matrix R defined by

R=T,+K-iQ - ’ (2.4.5)

and related to R, by [52 + iw] = R + ixL. In these equations, 9

is an xn diagonal matrix with elements Qj, the chemical shift for
the j-site, Eq. (2.2.24), and I is the unit n X n matrix. In terms
of the diag§na1ized matrix A corresponding to R, Eq. (2.4.4) may be
~expressed in the form

.
G (x) = —iuy Mo ;.g.[gu@] . S=1,_F (2.4.6)

34,



where S is the matrix which diagonalizes R, viz.,

A_._. g l.yp.

1%

(2.4.7)

Following this ﬁransformation, the evaluation of inverse matrix ele-
ments is reduced to the determination of reciprocal diagonal elements
of the matrix A + ixI , and the complex function G(x) is defined in

component form by

w Ch W
Gw) = —-C‘A‘:LMoé, I kéié Sél(gr,)lbv?k/(?\i+tﬁ) (2.4.8)
= =1 L=t

where %ﬁ is the £-th diagonal element of the matrix A. Sjl

are the jf-th elements of the transformation matrices é:and é:l, re-
spectively. As the métrix elements involved are all complex, the
computation of each spectral data point defined by G(x) requires a
number of operations in complex arithmetic on a digital computer.
These operatioﬁs are relatively slow and hence the absorption mode

lineshape function, V(x), is finally given in terms of operations

in real arithmetic only by defining a matrix B as the real part of
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d (s 1.
and ( )31

the matrix é;[é:+ ixi]"l-éjl. That is, in accordance with Eq. (2.4.6),

V) = A LBP,

in which A is a normalization constant, and the matrix elements Bjk

are given by | ‘
6(}\1 = év‘ {a_é‘dli 4 L{}ki [_fiJf LX]} /Al

=1

’. R 1 S
where ajkﬁ.and bjkl (and %l and Al) are the real ?nd imaginary parts



of Sj “(s™hH K (and A ), respectively; d is defined in terms of the
independent variable x as
Ro\2 T Y
= X
Ay - (G + (X e
Analogous to Eq. (2.4.8), V(x) is now given as
w h

V(x) = AZ I. ¥ B..p, -
J=! Jk"—ljkk

(2.4.9)

A computer.program based upon Egs. (2.4.7) and (2.4.9) has been de-
veloped and has been shown to give reliable and efficient iterative
total lineshape analyses for multi-site exchange systems.

Although specific details will be discussed in a following
chapter dealing with experimental applications, one aspect of a gen-
eral iterative lineshape fitting procedure should be outlined at this

L

point. In the (m + 1)cr iteration, the refined rate constant for any

two sites i and j is determined as

kWL ™ Ak
ij ij ij

and thus in accordance with Eq. (2.4.5),

Rm+1

R™7 =1, « (" + AK) - iQ

lQ + K - if

where the elements of the matrix AK are defined in terms of the incre-
. th .

mental rate constants Akij, cf. Eq. (2.2.21). Now, in the m iter-

ation, transformation matrices have been determined in accordance with

Eq. (2.4.7) such that

é? - (g;l)m-gp-gﬁ ;
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. h . . . . .
Thus in the (m+1)t] iteration, it follows that a matrix A' detex-

minca by

is approximately diagonal. The matrix A' may now be diagonalized
' ; . . . . . . th
exactly with considerable reduction in computation time. The (m+1)

n+- 1

. . . . Y ~1 ] .
iteration transformation matrices, § and (§ 1) are readily ob-

tained as

m+1

A T AT
- Ci_l)m+1.§?+1_§?+1
with S™4 = ™7 and H™? = 171 (1™ Having defined the
complex matrices §?+1, §P+l and (é"l)m+l in this manner, the cempu-

tation of the lineshape for the rate constants k?fl reduces to an
application of Eq. (2.4.9).

The complex matrix formulation of chemical exchange processes
is most readily illustrated by an analysis of the simple two-site
sy;tem in the limit of zero saturation. Such a system may be consid-
ered with exchange sites A and B defined by relative chemical shifts
(rads. sec'l) QA = -0 and QB = @ in terms of the indepondent frequency
variable x with w, = (wA + wB), cf. Eq. 2.2.24), and fractional site
populations Pa and Py The relaxation, rate and chemical shift matrices

are then determined as:

%. 0 1%. 0
= A * ?_A
ll 1 s lz =
o L
Tae A
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Lok ] o o

I=
1

o
i

b ke 0w

In the limit of zero saturation, the z-mode magnetization is given by
Eq. (2.2.22) as

EQZ, = er é;l"‘Tz,-l?

with ‘ - : B
g - @) g
kA S k.
14 AJ
and
D = ___iﬁ_ + _}Z_'A -+ _EE
TaaTas Tig T1A

Using Eq. 2.2.3), it is readily shown that the matrix product gi‘il'g
reduces to P in this limit, thus showing the validity of the modified
Bloch equations as expressed in Eq. (2.4.1). For anzlytic simplicity
it will now be assumed that the spin-spin relaxatioﬁ times for the two
sites are the same so that the matrixl2 becomes a scalar matrix,.viz.,

%—; where I is the 2 x 2 unit matrix. The exchange matrix R, defined by

2

Eq. (2.4.5), may now be expressed in the form

HES

_ 1 o _ "
= okl v [x-ag] (2.4.10)

-3
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and the diagonal matrix A corresponding to Lﬁ - igdis now defined by

A= sk - agls.
If, initially, an equal population system is considered, the

diagonal elements of the matrix A above are given by

: 1
o ; 2
A= ko, a= [K -7, (2.4.11)
with k = kA = kB. The associated transformation matrices are given as
1 1 ﬁ+ i
S = , §t= ,  (2.4.12)
“f- B - 1
where 3, = {0 % 1f)/k. As the matrix Lﬁ - iﬁ], or R, is non-Hermitean,

the matrix elements A are in general complex and the column vectors
defining the transformation matrix § are complex and non-orthogonal.

These vectors are normalized in accordance with the condition

S*.S.. + S*.5,. =1
33737 43743

for j,£ =1, 2 and S;j the complex conjugate of Sjj' It should also be
noted that all normalization constants have been combined in the factor

k/2a in Eq. (2.4.12). The complex lineshape function, G(x), in accor-

dance with Eq. (2.4.6) now takes the form

| | . |
Gory = —iw M, I.8. g+(%+cx);J . 5. °F (2.4.13)

The parameter o, as defined in Eq. (2.4.11), is real or pure imaginary

for k > Q and k < Q, respectively. Thus, from Eq.v(2.4.13), the complex
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lineshape function for rate constants in the range 0 £k < Q is
expressed in terms of a real parameter € as

) = LA{Q:E_LE/E_)__ N E;‘k/ﬁ) } | '(‘2.4.14)

v+ C{X+E) od LX-E)

: 5 :

with A = - wlMO, T = %— + k and g = [92 - kZ]Z. The associated
2

lineshape function for rate constants in the range Q<k < o is

Gy = A (i'k/"() + (i“k/d) (2.4.15)
' (el ) +ix {e-&) +ix

Egs. (2.4.14) and (2.4.15) allow a lucid and concise description of
the NMR absorption lineshape function V(x) for the equal population
two-site chemical exchange system. In general, the diagonal matrix
elements )\i determine the nositions and line-widths of the comnonent
spectral lines and the matrix S determines the intensities of these
lines. Thus, for 0<k<Q, Eq. (2.4.14) defines absorption mode com-
ponents corresponding to modified Lorentzian lines described by the

lineshape function

Vaor = 4 (rek)+ %x + (r+\L)J2/6X (2.4.16)
| vt o+ (eve)” r* o+ (x-e)*
In the absence of exchange, k = 0 (r = %. , € =Q), it is shown that
2 .

the spectrum consists of pure Lorentzian lines centered at x = #Q
with full widths at half maximum of 2/T2, consistent with the normal

definitions of 200 as the chemical shift between sites and T2 as the

parameter describing spectral line-width in the absence of exchange

82 ' .
effects ~. In the presence of exchange, the spectral components may
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be considered in terms of a superposition of pure Lorentzian ab-
sorption and associated dispersion functions, the degree of mixing
being determined by the factor R/e in Eq. (2.4.16). For example,

for the component centred at x = €, V+(x) is given by

Vo - A v Iﬁ (¥-¢) (2.4.17)
€

ey vE o (o)

Thus it is shown that the Lorentzian type component has a full line-

width at half-maximum of 2(%- + k), linearly increasing with k, and
2

a position € < Q such that the component separation, 2e, decreases

with increasing k. A similar function V_(x) is obtained for the com-

ponent centred at x = -g€. These basic lineshape characteristics are

‘3111!21'1"91'(:(] ain FRig
.......... in rxg.

138

S for values of the parameter k/OQ < 1. In Fig.
2.5a, th¢ modified Lorentzian component spectral lines, V+(x) and
V_(x), are shown as dashed lines; and the resultant lineshape function,
V(x), is shown as a full line, cf. Fig. 2.3. In Fig. 2.5b, the com-
bined absorption and dispersion functions,_with contributioné from
the componenf line at x = € being given by the first and second terms,
resbectively, in Eq. (2.4.17), are shown as the dashed lines. Again,
the computed lineshapes have been normalized, through the factor A, to
an arbitrary maximum independent of k.

Experimenfally, use of an rf phase-sensitive detector allows
the observation of an NMR signal proportional to a specific component
of the transverse nucléar magnetization, G(x), as an osgillatory line-

arly polarized component at the irradiation frequency w in the fixed

laboratory frame of reference. The direction of a specific component



k/Q = 0.64 : 0.80

Figure 2.5(a) Modified Lorentzian component
spectral lines and resultant
absorption mode exchange lineshapes.
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k/Q = 0.032° ' 6.32

k/Q = 0.64 0.80

Figuré 2.5(b) Combined absorption and dispersion
functions and resultant absorption
mode exchange lineshapes.



of transverse magnetization is defined by the relative phase angle ¢T
between the detector reference rf field vector ET and the rf irradiation

field vector H. defining the u-axis of the normal rotating frame of

1
reference, c¢f. Fig. 2.2. Thus in the absence of exchange efffects,

by setting ¢r = 90 thg specific component corresponding to the v-mode
magnetization vector V is observed. The absorption mode spectrum con-
sists of pure Lorentzian lines (assuming a simple 1/T2—type spin-spin
relaxation mechanism) centred at x = *Q or, w = wo + 2. The geﬁeral

dispersion mode spectrum is described by a lineshape function u(x)

given in accordance with Eq. (2.4.16) as

_ k _
W(x) = —A) Qre) =y ) +Her (2.4.18)
' v* o+ He* r* o+ Q(~£)7‘
~where u+(x), analogous to V+(x) in Eg. (2.4.17); is
Wy (k) = — A (*-¢) n Lk_ L (2.4.19)
YL+(X—£)2’ £ F o+ x-¢)*

This form of spectrum is observed by sgtting ¢r = 0. The first term
in Eq.(2.4.19) describes the dispersion mode line centred at x = +Q
in the limit of no exchange. In the presence of chemical exchange
for k < @, the mixing of normal absorption and dispersion mode NMR
signals associéted with the v- and u-mode components, respectively,
-of the transverse magnetization in the rotating frame of reference
may now be considered qualitatively in terms of the behaviour of the
transverse components of the individual nuclear spin isochromats,
M(x, ¢). In the absence of chemical exchange, T, is the relaxation

2

time describing the isochromat dephasing and consequential spectral



line-width due to local magnetic field inhomogeneity giving rise to
distributions of Larmor frequencies centred at the A- aﬁd B-site
resonance frequencies, x = *Q. This type of isochromat dephasing is
a coherent effect. In the presence of chemical exchange, however,
the individual spin isqchromats are involved in a transfer between
sites corresponding to distinct local magnetic fields (chemical
shifts) at random times. Conversely, it may be considered that each
spin isochromat‘experiences a randomly fluctuating local magnetic
field with a fundamental freéuency component in the associated fre-

-1

quency distribution of k rads. sec. This random process alters

the form of isochromat dephasing, which may now be described in terms

of a probability function33’85

for the isochromat relative phase
distribution, and the time average effect for all isochromats is
observed as an effective mixing of the normal u- and v-mode trans-
verse magnetizations as described by Eqs. (2.4.16) and (2.4.18). It
should be emphasized that the function V(x) by definition describes
the spectrum as observed in the presence of exchange processes for
‘the phase sensitive detector relative phase ¢r = 90 , and this will
always be referred to as the absorption mode signal. Now, if the
fundamental frequency associated with the fluctuating local magnetic
field due to a chemical exchange process becomes cémparable to the
fréquency difference between exchange sites, 20, the.modification of
the basic T2 isochromat dephasing is expected to be most significant.
This is actually observed in the form of maximal broadening and

coalescence of the component spectral lines for rate constants

k = Q. For rate constants k = , it follows from Eq. (2.4.16) that
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' |

vix) = A vl — L _— i ¥ -h —g_’fﬁ‘) ~+ (*-<) .
Y a(ere) Y e * € rir(x+e) r? +{x-<)

(2.4.20)

Thus it is seen that tﬁe lineshape characteristics are strongly
dependent upon the second term, in addition to the broadening de-
scribed by the parameter r, due to the factor k/e > . It is this
factor that describes the weil known sensitivity of the observed
absorption mode lineshape to rate constant for a particular chemical
shift difference between exchange sites in the region about component
line coalescence. For k = @ (¢ = 0) the second term in Eq. (2.4.20)
now makes no effective contribution to the lineshépe fﬁnction V(x)

and thus the spectrum consists of a single Lorentzian line centred at -

1

Ty

sity factor 2Ar. Qualitatively, this is consistent with the simple

x = 0 with full width at half-maximum of 2r = 2[ + Q] and inten-
isochromat model for exchange effects previously discussed. As the
rate of isochromat transfer between exchange sites increases, or
conversely, as the fundamental frequenéy associated with the fluctu-
ating local magnetic field for any isochfomat increases, the time
average contribution from the normal dispersive u—méde magnetization
is maximized and then effectively cancelled out for the particular
“condition k = Q. This cancellation coincides with an exact averaging
of the component line separation, 2e, to zero. Also, forvall fate
constants k > Q there is no effective contribution to the lineshape

from a dispersive type function.



For rate constants k > {2, the absorption mode lineshape

function is given in accordance with Eq. (2.4.15) as

vix) = A (:H%)._r';i__i + (1-%) __vrad : (2.4.21)
' ()" 4 X Cred )P+ X~
5 .
with r = %- +k, o= (k? - @H)% That is, the spectrum consists of
2

a modified Lorentzian line centred at x = 0 which may be described as
the superposition of two Lorentzian components, that giving a positive

contribution to V(x) being defined as

Vo) = Al(1eky ) r-d
+ (8 X O o2

with a full width at half-maximum of 2(r - &) and an intensity factor
A(1 + k/a). The parameters r and o determine a linewidth which de-
creases with increasing k and a maximum value for the intensity factor
of 2A. The other component defined in Eq. (2.4.21) gives a negative
contribution and is a Lorentzian function with line-width 2(r + o),
increasing linearly with k, and intensity factor A1 - k/a). Again,
for k = Q@ the lineshape is strongly dependent upon the factor k/o

(as a + 0) and the observed lineshape is particularly sgnsifive to

the rate constant k in this region. In the limit of very fast ex-
change (k >> Q) the component V+(x) becomes dominant and the absorption
mode spectrum consists of a single Lorentzian line with line-width

2/T, and an intensity factor 2A, consistent with the fact that the

2 .
intensities associated with the component lines at x = *Q in the
limit of slow exchange have now combined in the single line centred

at the mean Larmor frequency. These lineshape characteristics are

shown in Fig. 2.6 for two values of k/Q > 1 where again the computed



(a)

k/§ = 1.10

(b)

k/Q = 3.2

Figure 2.6 Modified Lorentzian component functions
and resultant absorption mode exchange
lineshapes.
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lineshapes have been norﬁalized to an arbitrary maximun independent
of k. In Fig. 2.6a, the component Lorentzian functions V+(x) and V_(x)
are shown as dashed lines; and the resultant lineshape function V(x) is
shown as a full line. In Fig. 2.6b, the functions V+(x) and V(x) are
shown to be very nearly equivalent. |

| A similar matrix treatment for the more general unequal

population, # p,, two-site exchange system using Eqs. (2.4.10) and
Pp 7 Py

(2.4.13) leads to complex lineshape functions for 0 <k < Q:
Ct(%\ = LA (1+ bk/g)—(i—ﬁlm}% + (1""1%)"’(1”2[7;\)7{
v+ L{s4e) Y+ i(X-¢)
{2.4.22)

and for O £k < o

Gty - ik (4-%) -ils-2p)% N (:L+l%<)+L(1—lfA)%

v+l ) +(LX lr-«} + ¢X
, (2. 4.23)
where the characteristic parameters are defined by
%,
£ = [L.(LZ— B - 20 (1-2p,) k.o ]
%,
£ = [ kot v 2ila-2p) hal

o= J— + k:
T2

with k = L(k, + kB), 20 = w, - w, = Q - QA’ and w, = Lw, + w

A B A B A B)'

In this case the parameters € and a remain complex, but they may be
compared directly with the analogous parameters used in the analysis
of the equal population system. It is interesting to note that these

parameters now determine both component line position (imaginary part)
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and line-width (real part) for all rate constan£s k, whereas in the
" equal population case the real parameters € and o determined only
line position or line-width, respectively. In the limit of slow ex-
change, for a general population two-site exchange system anélogous
to that already discussed, it is shown from Eq. (2.4.22) that the

' absorption mode lineshape function simplifies to the form

‘ + (L-2p,) v (2.4.24)
o Gen ) L Sy

Vigy - A Pa

Thus, in the absence of exchange (k = 0), the spectrum consists of
pure Lorentzian lines centred at x = -0 and x = +Q with intensity

factors pA and (1 - p,) = Pg» respectively, and full widths at half-

A
maximum of 2/T2. In the limit of very fast exchange the second term
in Eq. (2.2.23) becomes dominant and the absorption mode spectrum

consists of a single Lorentzian line

1
Veoy = 2A 453 .
(Y1) + (x-(2-2p04)
- centred at x = (1 - ZpA)Q with a line-width 2/T2. That is, for the

unequal population exchange system the spectral line in this limit
is positioned away from the mean frequency-x = %(QA.+ QB) = 0 towards
the resonance frequency corresponding to the larger population ex-
change site. A reformulation of the imaginary parts of Eqs. (2.4;22)
and (2.4.23) shows thatbthese general equations are equivalent to the
expression previously derived, cf. Eq. (2.2.14), for a two-site ex-

change system.
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2.5 First-Order J-Coupling.

In previous sections, a multi-site nuclear spin exchange
system has been considered in térms of distinct sites of differing
Larmor frequency w, , an implicit assumption being that each site is
associated with a particular molecular electronic environment and
corresponding relative chemical shift Qi. The effect of chemical
exchange on spin-spin multiplets in NMR spectra was recognized in
the original work of Gutowsky and co—worker53’4, and varioﬁs app-=
roximate analytical expressions have beén developed to derive kin-

etic data for specific cases61’ 84, 86,87

.- J-coupling in a general
first-order NMR exchange system, however, is readily included in a
matrix formulation of exchange processes based upon a simple stoch-
astic model as aliready developed.

A general spin Hamiltonian for a system of N-spins in the

absence of exchange processes may be considered in the form
' (1) (2)
H =}h +ﬂmJ+%J-+NT (2.5.1)

where it is assumed that all terms in this Hamiltonian are expressed
in energy units h = h/2m, h being Planck's constant. A term de-
scribing the interaction of the observing rf magﬁetic field with the
nuclear spin system is not necessary inAthe following analysis. }(O

is a generalized Zeeman term

H, = — wo = I, | (2.5.2)

t=1

with a reference Larmor frequency Wy rad. sec:! defined as



w, = YHO - A, A > 0. : (2.5.3)

As usual, IZi is the z-component spin angular momentum operator for
the ith—spin and Ho is the magnitude of the static magnetic field
applied in the positive z-direction of the Cartesian rotating and
. fixed reference frames: In Eq. (2.5.3), vy 1is the nuclear gyromag-
netic ratio for the resonant spins in a general hetero-nuclear
system and A is a frequency shift parameter, defined to be positive,
determining the origin for the independent frequency variable x,
cf. Eq. (2.2.24). This form of frequency variable allows an arbi-
trary choice of frequency origin and a simplified analysis of
general NMR spectra, while being directly related to the experi-
mental irradiating frequency w. }(Q is the chemical shift term
N 4 : :
N, = —= 0,1, (2.5.4)
L=t

in which Qi is the chemical shift for the ith—spin, or site-i,
relative to the reference Larmor frequency W, cf. Eq. (2.2.24).
In this manner, Qi may be considered as the site-i Larmor frequency
in terms of the independent variable x: The definition of:XQ in
terms of the observable Qi may be related to the concept of a
positive electronic shielding parameter88 o, describing the local
time-independent magnetic field in the z-direction: Hi = (1 - Oi)HO,
such that ){Q = YHO éigilzi' increased shielding of the ith—spin,
- as described by an increased o5 value, thus corresponds tb a de-
crease in the Larmor frequency w; at constant magnetic field HO.

In the particular case for which A = 0 (mo = YHO), all site Larmor

49.



frequencies are such that 0y ES W, and hence all relative chemical
shifts are negative.
The partial Hamiltonian){ﬁl) may be referred tc as a first-

order coupling term and is given as

N

(1) |
,}{3’1 _ é é‘; 3"‘3’ IZL Izd_ (2.5.5)
=1 }vh _

where Jjj is the indirect (scalar) spin-spin coupling constant between
. th .t . . .
the i - and Jth-splns. Thus,){ﬁz) is a second-order coupling term of

the form

N _

}4? - %22/ D”ad-[I*ZLI(;+ITLIg] (2.5.6)
L= A7L

In the IZ—representation, with basis functions as simp%e products of
eigen-functions of the spin operator Iz’ the term }{§2) corresvonds
to off-diagonal elements in the spin Hamiltonian matrix %i. A first-
order NMR spectrum may be defined by the condition Jij << [Qi - le
and, as the matrix Zi is diagonal in Qi all off-diagonal matrix ele-
ments may be neglected in a first-order determination of spectral
transition frequencies and intensities. The Hamiltonian term)(gz),
however, has been shown to give rise to a spin-spin relaxation
mechanism which may be described by Bloch type equations for weakly
coupled nuclear spin systemssg. The effect of such‘a relaxation
mechanism in addition to chemical exchange processes is not included
vat this point.

In the Iz—representation, the effective spin Hamiltonian

for a weakly coupled (first-order) spin systenm,

H' = Ho + MU +}CJ(1) | (2.5.7)



is diagonal and all terms corrcspond to secular energies defining

first-order spin transitions. The energy E, associated with the

L

basis function (also an eigen-function of}') ¢£ is now given as

N N N
= - Y - X . e, :
EQ | woi:,mki ;E,Qimﬁi +L§ &>~Jijm£im23 s (2.5.8)
h e ' ' :
. where Izi¢£ = m2i¢2, and ¢2 =T e Izi is the spin operator cor-

responding to the ith-part, gﬁi, of the product function ¢2. Thus,
for spin 1 = %, me, = +l5 —%-for gﬁi = g, B, where o and B are the
spin eigen-functions defined by Izi|a>-= +%]a>, Izi|8> = —%IB>.
Spin systems commonly occurring in studies of multi-site
exchanée processes, especially hindered internal rotation, méy be
analyzed as first-order ABX and ABX3 I =% systens yith JAB = 0.
As the simple ABX system includes all the salient features of a
vgeneral analysis, this particular system will now be considered in

some detail. The first-order spin Hamiltonian for an ABX (JAB = 0)

spin system may be expressed in accordance with Eq. (2.5.7) as

' = - - -
H wo[IzA tla sz] ' Q[IzA IzB] * Ty
*Iaxtaalax t Jextanlaxe ' o (2.5.9)
with chemical shifts defined as: w, =w_ - 0, w, = w +  and
A o] B o]
= - Mo = L 6 = -1
wx R QX where W, z(wA + wB) and hence A YHO 2(wA + wB),

cf. Eq. (2.5.3). Simple product basis functions, ¢R’ in the IZ-
representation for this 3-spin (I =%) system are given in Table 2.1,
wherc in general ¢£ = éQAnggzx; by definition, these functions arc

also cigen-functions of the spin Hamiltonian H'. ‘The corresponding
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energy levels, as derived from Eq. (2.5.8), are also given in Table 2.1.
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TABLE 2.1

- BASIS (EIGEN) FUNCTIONS FOR ABX (Jpp = 0) SPIN SYSTEM,

I = % NUCLEI, AND CORRESPONDING ENERGY LEVELS
Basis function, (I)SL ~ Energy level, EJL

Q00 . —g— wQ + %—QX + %J+a
oBa : . —.—;—wo+—;-QX+Q—-%—J
Boot | Tt - Q5
BRa %‘%-*%QX"%'h

aoB ' - g - %QX - 21—-7,}
aBB %mo—%gx+g+—§—;}_
BaB '%wo'%‘QX'Q"%‘J-
BRS BT



Transition

Number 2

TABLE 2.2

TRANSITION FREQUENCIES FOR ABX (JAB = () SPIN SYSTEM

Transition

Type Energy levels b Frequency X
A (1,3), (2,4) 0 -3
. 7 UAX
A (5,7), (6,8) Q2
B | (1,2), (3,4) Q% Ioy
B . (5,6), (7,8) | Q+%-JBX
X (1,5) -0y-J,°
X (3,7). -y -J_
X (2,6) -Sx+d
X . (4,8) =+ T,

These transition nﬁmbers correspond to those used

in Figs. 2.7 and 2.9.

The bracket (&,m) refers to energy levels Ey and Ep,
and corresponding eigen-functions ¢2 and ¢y, given in
Table 1.

J, = %-(J *J J J

+ Bx ¥ Iax)d Jpxe Jax > O



The allowed transition frequencies,in terms of the independent variable
X, are listed in Table 2.2.The eigen functions ¢£ and ¢m corresponding
to the energy levels determininé these spectral transitions are indi-
cated by the brackets (&, m). By definition QB > g > QA > QX’ énd it

> JAX > 0 such that Ji =4 . > 0.

BX AX)

is assumed initially that JBK

In the absence of exchange, for a molecular system without a preferred
conformation, all transition intensities in the AB-part of the NMR
spectrum are equal, as are those in the X-part. In a more general case,
these intensities may be determined by the fractional populations of a
number of possible conformations.

The AB-part of the ABX spectrum consists of the four trans-
itions 1 - 4 (each of which is doubly degenerate as JAB = () as shown

in Fia 2.7 Thiyie +he T_rnimline
n rH1go9. Z.7. hus the J-¢0 LX

w“ Y

[¢N

+n the Y_
LT LT A

effective Larmor frequencies x = -Q * %JAX and x = Q * %JBX’ which may

in turn be considered to define four distinct exchange sites. Such

sites are analogous to the two environmental sites with Larmor frequencies
x = * Qin ﬁhe absence of J-coupling. In a general description of ex-
change effects, a basic environmental (chemical shift) site with an
associated X-spin state may now be referred to as spin site -j with

Larmor frequency Xj’ cf. Eq. (2.2.24). In this manner x. may be con-
sidered as an effective chemical shift. Thus for the J-couplings

defined above, spin site-1 correéponds to a basic A-site associated with
an o X-spin state, as shown by the eigen-functions corresponding to

the energy levels defining the Larmor (transition) frequency x, = -Q-%J

1
(oo, Bao) and (cBa, BRa), cf. Tables 2.1 and 2.2. Thus it is seen that

AX'

J-coupling in a first-order NMR spectrum for a spin system with chemical

o
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exchange processes, simply increases the number of possible exchange
sites to be considered in a description of the system by modified
Bloch equations.

Consistent with the semi-classical véctor model previously
discussed, the nuclear magnetization associated with a general spin
site-j may be considered in terms of a spin isochromat Mﬁxj, ¢j) with
é characteristic Larmor frequency Xj and a relative phase (with respect
bto the u-axis of the normal rotating frame of reference uvz ) ¢j, cf.
Fig. 2.2. The fractional poﬁulation of spin site-j, pj, determines the
magnitude of M{xj, ¢j). In the presence of a chemical exchange process

defined in terms of a first-order rate congant k sec. }

, the spin iso-
chromat is involved in a random transfer between spin site-j and spin
site-1 described by a rate constant kji’ cf. Egq. (2.2.18). Conversely,
it may be considered thét this isochromat experiences a randomly fluc-
tuating local magnetic field with a fundamental frequency component in
the associated frequency distribution of k rad. sec.”!. The basic
assumption for a stochastic description of such an exchange process in
a first-order nuclear spin system may be summarized as follows:

(1) the isochromat‘M(xj, ¢j) remains in spin site—j with a mean
lifetime Tj until a random instantaneous tfansfer to a different
site takes place, such that precessional effects in the transfer
interval may be neglected;

(ii) the site lifetime Tj is independent of the associated‘spin—;pin

and spin-lattice relaxation times, T,. and le, respectively;

2j
(iii) individual spin isochromats relax independently except for site

transfer effects; and



(iv) for the spin isochromat E{x;, ¢j)‘in spin site-i there is a.
constant probability per unit time, k.i, for transfer into
site-i, this probability being inversely proportional to the
fractional site population pj.

Under thése assumptions, a site lifetime Tj and associated rate

constants, kji’ are simply related as

£ k,. = 1.7}, (2.5.10)

where i (i # j) includes all allowed transfer sites connected with

. . . . .. . 2
site-j. Also in. accordance with the principle of detailed balance8
for the rate processes, site population and rate constants for any

two spin sites satisfy
p.k.. = p.k.. | ’ (2.5.11)

These generalized relationships may be compared with those for the
simple two-site exchange system initially discussed, cf. Eqs. (2.2.2)
and (2.2.3).

. Exchange effects in a first-order ABX (JAB = 0) NMR spectrum

may now be described in terms of this stochastic model.  Only general

intramolecular exchange processes (for example, hindered internal ro-

tation) will be discussed explicitly. The basic exchange process is
assumed to be a transfer of nuclecar magnetization between spin-sites
distinguished by chemical shifts for the A- and B-spins, - Q and + 5;
respectively, cf. Eq. (2.5.9). This ﬁroccss is defined in terms of a
single first-order ratc constant, k sec. !, which is necessarily de-

fined as a rcduced rate constant for a general exchange system. The



AB-part of the ABX spectrum is shown in Fig. 2.7a for the spin system
in the absence of exchange (k = 0) with coupling constants JBX > JAX > 0.
In Fig. 2.7a, the basic A and B environmental sites are indicated along

with the X-spin state corresponding to each AB-exchange spin-site. All

possible transfers between the four AB spin-sites may be represented by:

A

(:) km. ~L 2
\h

R k/ Ez’* S (2.5.12)
B b — )

8 .
. the forward transfers only, of the pairs defined by Eq. (2.5.11) being

shown for clarity. Consistent with assumption (i) above, it is to be

assumed that the X-spin state is unchanged in a site transfer interval
and hence the allowed transfers are 1 - 3 and 2 - 4 as defined by the

rate constants k13 (k31) and k24 (k42). This is readily seen from a
comparison of the spin eigen-functions, cf. Table 2.l associated with

the doubly degenérate transitions 1 and 3:

1 3
£,Egy EAthEx
QL0 JeleTe?
Bool -~ aBa | (2.5.13)
oo Boua |

BB BB
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where 1 is a first-order A-spin transition as defined by the usual spin

+ -
transition operator I IX]Baa> = |aao> and IA!BBa> = |aBo>. Similarly,

+
A
3is a B—sbin transition and thus the transfer as defined is between
basic A and B environmental sites as required. Also, all product eigen-
functions concerned have an o X-spin part. This type of site transfer
is to be compared with the transfers 1 - 2 and 2 - 4 involving a change
in X-spin state.

The simple stochastic model considered above is consistent
with a quantum mechanical treatment of exchange processes. It may be
assumned that the molecular system following a nuclear spin-site trans-
fer has a spin Hamiltonian of the same form as it had initially, and
that this Hamiltonian differs only in that the non-equivalent A- and
B-spins have interchanged magnetic properties. An operator may now

be definedls’16

to describe the change of total nuclear spin'state,
under exchange, as determined by spin eigen-functions within the limits
of separability of a wave-function for the complete molecular-spin
systemzo. For an intrameclecular exchange process, the nuclear spin
state of an individual molecule following a spin-site transfer is
deférmined completely by the original state. This 1is actually the
fundamental difference between such a process and an intermolecular
chemical exéhange process in which thé étate of an individual molecule
- following site transfer depends upon the original state of this mol-
ccule and also upon the state of the interacting molecule involved17.
For an intramolecular AB spin-site transfer in the first-order ABX
system, an exchange operatof, P, may be defined by P]aa5x> = IaaEX>

and P]a8£x> = |Ba€x>. Thus, it is seen that this 6pcrator defines
. N



exactly the transitions involved iﬁ the allowed site transfer, as
defined in terms of the stochastic model above and represented in
Eq. (2.5.13) for the eigen-functions having an o X-part.

Spin—éites 1 and 2 differ only in the X-spin state, the eigen-
functioné associated with transition 2 being (caB, BaB) and (aBf, BBB),
Tabié I. Thus the transfer 1 - 2 does not contribute to NMR spectral
characteristics specifically associafed with the stochastic exchange
basic A- and B-spin sites. Such site transfers, howevcr,_correspond
to transitions induced by thé interaction of a randomly fluctuating
magnetic field with the X-spin of the ABX spin system leading to X-spin
lifetime limiting as described by a correlation time TCQO- In addition,
if the X-spin has a quadrupole moment (I >1), the interaction of a
randomly fluctuating electric field gradient may Tead to a similar
relaxation mechénism with a different correlation time, T1,.. For the

Q

similar transfers 1 - 2 and 2- 3, the correlation time T, may be

considéred to define rate constants: k12 = k34 = Tc'l. Also, such

a mechanism may lead to effective transfers 1 - 4 and 2 -3, and in

th%s case the rate constants k14 and k23 would be defined as a sum

of contributions from exchange and X-spin transition processes. The
overall effect of these additional spin relaxation processes on NMR
spectral characteristics would be expected to depend upon the param-
-1 -1

and (1 J .
) QN

In accordance with Eq. (2.4.6), a complex lineshape function

eters (TCJAX

G(x) determining the steady-state NMR spectrum associated with n spin-

sites is expressed in the form

G(x) = A L'S{A+ /T, + ix)L]"-57 2P (2.5.14)
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i

—

1 which A is the diagonal matrix corresponding to an n X n matrix
K - i@ , the diagonal matrix § being defined by the sﬁin—site Larmor
frequencies xj in terms of the independent frequency variable x. It
has been implicitly assumed that the spin-spin relaxation time is the
* same for all spin—site; in defining the relaxatioh matrix>£é asla scalar

matrix (1/T2l£: with I the n x n unit matrix. This simplification is

allowed by assuming that the spin-spin relaxation time T, is independent

2
of spin-site and that all non-secular relaxation processesgl, as de-
scribed by off-diagonal eleménts in lg’ are negligible. Although ad-
ditional relaxation processes associated with the J-coupled X-spin and
considered above as contributing to spin-site transfer are not further
considered at this point, these processes are equivalently described
by off-diagonal elements in the.relaxation matrix‘li. Lineshape char-
acteristics for the AB-part of the ABX (JAB = 0) spectrum in the
presence of exchange are concisely described through a 4 x 4 rate
matrix K defined by Eq. (2.2.21) with kji = 0 for any transfer not
allowed in terms of the stochastic exchange model. It is to be noted
that the diagonal matrix element kjj cprresponds to the inverse site-
lifetime TEI’ cf. Eq. (2.5.10). Thus the K and & matrices for an

equal population exchange system with coupling constants JB >J,, >0,

X AX

and spin-sites as ordered in Fig. 2.7a are given explicitly as

- 7]

Lo

g
"
o




and - - » .
-0 -4y 0 0 0
0 —wt+h5Tay O 0
£ - 0 o eu-%lg O

o 0 0 - 2t5Tgy J

“(2.5.15)
The vectors P and I in Eq. (2.5.14) are defined by four equal elements
0.25 and 1.0, respectively. The extension to a more general unequal
popuiation system only requires the.evaluation of £ matrix elements in
accordance with Eqs. (2.2.21) and (2.5.11), consistent with the site-
population vector, P, elements. Equation (2.5.14) allows a very
efficient numerical analysis of the NMR absorption mode lineshape
function, V(x), given as the real part of G(x), and the development
of computer programs for rapid iterative fittings of this theoretical
function to experimental data. Absorption mode lineshapes have been
calculated for the AB-part of an ABX speétrum defined by the arbitrary

parameters = 4,0 Hz, J = +2,0, J = +5.,0 Hz, T, = 0.64 secc.

AB Tax BX 2

(0.5 Hz full-width at half-maximum) and are shown in Fig. 2.8a fqr rate

=0’

constants in the range 0 < k < 200 sec.”!. The lineshape functions

have been normalized to a maximum intensity independent of k. It is
seen that in the limit of fast exchange (k >> @, this part of the
spectrum reduces to a doublet. This feature is characteristic of an
AZX spin system and is consistent with the expectation that in this
exchange limit basic A and B environmental sites become equivalent.

As shown in Fig. 2.7a, for J and JBx of the same sign, the resultant

AX

lines are centred at x = i%J+ with J_ = LJ,, +J

BX AX)' These positions
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Figure 2.8  Intramolecular exchange lineshapes for

the AB-part of a first-order ABX spin
system.

(b)



may be'modifiéd, however, by temperature dependent chemical shifts,
wA and wa
Now for an ABX (JAB = () spin system with JAX and JBX of

different sign, the first-order spin Hamiltonian may be expressed in

accordance with Eq. (2.5.9) as

o~ £ T
H “o[IzA * gt sz] 7 1zB] * Tax

|[J, |1 .1 +J

AX! zAT 2X BXlzBIzX (2.5.16)

where it is assumed that J,, < 0 and Ip 0. Thus the corresponding

AX

energy levels, as determined using Eq. (2.5.8) are given by substituting

X>

—IJ for J in Table I; the allowed transitions are similarly derived

AXl AX

from those listed in Table 2. The AB-part of the'specfrum for this spin
system is shown in Fig. 2.7b, in which the ordered transitions 1 and 2
now correspond to f and o X-spin states, respectively. Therefore, in
this case, the intramolecular AB exchange process is described by the

rate constants designated aS'k14 and k23; moreover, the rate matrix K

for an equal population system is given explicitly as

koo o -k
o kR -k o
o -k k o
H@ o o0 k&

<
1

(2.5.17)

This matrix defines the absorption mode lineshapes shown in Fig. 2.8b

for JAX = - 2.0 Hz and JBX = + 5.0 Hz. In the region of coalescence

(k = Q) and in the fast exchange limit, for a given rate constant k
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describing the intramolecular exchange process, these lineshapes are
distinctly'different from those previously discussed, cf. Fig. 2.8a.
Hence the relative signs of the coupling constants JAX and JBX may

be determined directly from lineshape fitting of an exchange modified
spectrum; in general, this additional information is readily available
through a simple study of the temperature dependence of a first—orderv
NMR spectrum (or part of) for a spin system undergoing chemical exchange.
0f course, such information is equivalent (or complementary) to thaf
obtained using the well-known double resonance techniques. This line-
shape method, however, may allow the determination of relative signs

of coupling ﬁonstants for systems to which double resonance techniques
are inapplicable or only applied with great difficulty. A further con-
sequence of the different relative signs of JAX and JBX is that the re-
sultant lines in the fast exchange limit spectrum are now centred at

x = *3%J , where J_ = %(J - 'JAXI)’ as shown in Fig. 2.7b.

BX

Exchange effects in the X-part of an ABX (J,, = 0) spectrum

AB

are also described by 4 x 4 matrices K and {2, completely analogous to
those given in Eqs. (2.5.15) and (2.5.17). A general X-part spectrum

for JBX > JAX > 0 may be represented as shown in Fig. 2.9a in the

absence of exchange (k = 0) and in the fast exchange limit (k >> J ),

with J = 1(J the corresponding absorption mode lineshapes

Bx ~Jax)’
for the arbitrary ABX spectral parameters defined above ( @ = 4.0 Hz,

“Jax = 2.0 Hz) axe shown in Fig. 2.10a. For an equal population

system, it is to be noted that the exchange process is defined in

terms of the single matrix element K32 = —k23 = -k, as shown in

Fig..2.9a with the spin-sites involved corresponding to the AB spin
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Figure 2.9 X-part of first-order ABX 'spectrum
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states af and fa. Similarly, Fig. 2.9t shows the general X-part

spectrum for JA < 0 and JBX > 0. In this case the fast exchange

X

limit may be defined by k >> J | with J_=%5(J |J The

px * Taxl)

corresponding (£ = 4.0 Hz, J 2.0 Hz) absorption mode lineshapes

AX T T

are shown in Fig. 2.10b, and again, the relative signs of the coupling

constants JAX and JRX give rise to marked differences in these line-

shapes allowing a simple sign determinatioﬁ from experimental spectra.
A lineshape analysis of both the AB- and X-parts of an ex;
perimental ABX spectrum allon a check on the internal consistency of
the fitting proﬁedure used to obtain rate constants. Also, the coa-
lescence condition for the AB-part of the spectrum is defined by the
chemical shift difference 2Q, whereas the corresponding condition for

the X-part is defined by the parameters J = %(J - JAX) and

BX

J =40

; ]I

AX]) for the same and different relative signs of JAX

and JBX’ respectively. Thus, if J_ (or J+) and Q differ significantly,

BX

a lineshape analysis of both parts of the spectrum allows an accurate
determination of rate constants over an extended temperature range
leading to more reliable activation parameters for the intramolecular

exchange process involved.

2.6 Second-Order J-Coupling.

In a general nuclear spin system, the non-secular part of the
spin Hamiltonian describing indirect spin-spin coupling may be considered
to represent a mixing of basic spin eigen-states. As mixed states are

3

most conveniently described by a density matrix1 2, spin transfer
effects in a second-order (tightly-coupled) spiﬁ system can be rigor-

: . . . .10 .
ously described only in terms of quantum-statistical mechanics ™~ using

—
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14, 16, 23

the spin density matrix formalism An intramolecular chemical

exchange process will be considered in terms of a density matrix for an
ABX spin system to develop a more general model for exchange and to show
a correlation with the semi-classical modified Bloch equations already

presented for a first-order (J,, = 0) ABX spin system.

AB
The spin Hamiltonian for a general ABX spin system in a fixed

frame of reference may be expressed in the form

(2)

' (1)
Ho + Moo + Ho + HJ
—wo[IzA ¥ IzB * IzXJ ¥ Q[IZA - IzB] * QXIzX

+ JI

N

Lycrt1c -t
ZAIZB + JAXIZAIzX + JBXIZBIZX + ZJ(IAIB + IAIB) (2.6.1)

where J is the AB indirect spin-spin coupling constant and all other
parameters have been previously defined, cf. Eqé. (2.5.1) and [2.5.9);
For simplicity, the relative chemical shifts for the A- and B-spins
have been defined as QA = -0 and QB = +0), cf. Eq. (2.5.4). In a more

general formulation, the Zeeman and chemical shift terms in Eq. (2.6.1)

would be expressed as
Moty - O Q)[Iz/\ It Iz-x} - [QAIZA v Sl Qszx]
(2.6.2)

“with Q = 5+ ).

In the Schrodinger representation with basis functions ¢2,

an N-spin system is described by the wave function

) |
t) = 2 t s : - (2.6.3
JOREENOLN o (2.6.3)
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and the time-dependent expansion cocfficients define an censemble-

average spin density matrixll,:g, with elements
= = \* . .
pjﬁl(t) <q)j ]p|¢2> cj (t)('g, (t). (2.6.4)

A simplified Schrddinger equation of motion92 for this density matrix

is now obtained as

SRR VY- R EAVEVREE VINCER

by adding phenomenological térm321 to define spin-spin and spin-lattice
relaxation, such that g? is the ensemble thermal equilibrium density
matrix. The Hamiltonianggg is giveﬁ in Eq. (2.6.5) in matrix form for
the chosen basis {¢L}' A random intramolecular spin tyansfer, as de-
fined by a correlation time T, may be described by an additional term

in the density matrix equation of motionM-16

-1

E%c/“l ) '[Egﬁ /g]”c (2.6.6)

where E is a spin operator defined under the assumptions that following

spin transfer the spin Hamiltonian has the same form and that non-

equivalent spins have simply interchanged magnetic properties. In

-

Eq. (2.6.6), T may be considered as the average time between spin trans-
fers and hence a first-order rate constant for the transfer process

may be defined as k = 17!,

Under the action of an observing rf field, Hl’ the spin
system is most conveniently considered in an inteéraction representation

corresponding to the classical rotating refercnce frame previously

disqussed. The cquation of motion for the density matrix in such a
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representation, and in the limit of zero saturation such that the spin
system shows a minimal deviation from thermal equilibrium conditioms,

is given in accordance with Egs. (2.6.1), (2.6.5) and (2.6.6) in com-

ponent form as

(_%C fin L)(((bél[,o,IzA"IZs*IZX]Mi} + L;m(%lb;, T4 —I-Ls} &0

+ Lully <Jg>&l [/G,sz]]<{>£> + iT <4>¢|[/0, ToaTzg *,ﬁ(?ZIQ*IZI;)]'%f>

+ 1T,y <¢é|{f7,IzAsz}l<{a_7 . L Tex b [/07 szél'z%]lﬁé)z}

L/ ¥
K K

llf.fl ~ N . 1 -
$il EFE 1pe7 - Lv/v(jx "%/“&J"

T

+olwsy <3[>dl [/o, Tea+Ixs +Ixx]]<]é,e> ’

(2.6.7)

where W, = YHl and x is the independent frequency variable (rad. sec.™!)

defined as x = w - Wy s cf. Eq. (2.2.24). 1In the high temperature

. .1 . . o
approximation 6, an evaluation of the matrix element describing the

interaction of the spin system with the irradiating rf field in Eq.

(2.6.7) is simplified by defining a real constant C such that

LWy <4)a,\[/071xl\*1x8+1;)(]‘<#1> = ,;C(M&,Mi)(2.6.8)

where C = wowl/ZkT, k in this instance being the Boltzmann constant.
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oM
= Im
i=1

The component quantum number M, is given by M cf. Egq. (2.5.8);

2 21
. L o . . - - M ‘
that is, for the basis function ¢2. [IZA + IZB + lzX] ¢2 b£¢g

The expectation value of the complex transverse nuclear mag-

netization, G, as defined in Eq. (2.4.3) and shown in Fig. 2.2, is now

. . . . . +
given directly in terms of the spin system transition operator I and

the frequency variable x as
L+ +
G(x) = A<I > = Tr{p'1'} (2.6.9)

where A may be treated as a normalization constant and Tr{...} denotes
. + . .
the trace of the matrix product p-I over the spin states. The matrix
. 11 . s
elements pj2 are in general complex and show an implicit x dependence

through Eq. (2.6.7). The transition operator 1" defines the non-zero

+

T .

elemente Af +he matriv volv da-
elements or the matrix oLy e

in the basis‘{¢2} and hence effect
termines the density matrix elements defining Gtx) in Eq. (2.6.9).
Consistent with the normal selection rule for magnetic dipolar trans-
itions, the total ABX spin system (I = % spins) operator may be de-

+ +

fined as I" = I| + I. + I., such that I+¢j =6

A B X’ M+1¢JL’ cf. Eq (2.6-8).

' J
The basis functions connected by this operator differ in only one part

M,Q,’
£2i of the product function ¢£, cf. Eq. (2.5.8), corresponding to the
component operator I; . In this manner, it is possible to assign
transitions to a specific spin within a given spin system in the first-
order J-coupling limit. It should be noted at this point, however,
that the operator defined above does not determine the combination
transitions of finite.intensity normally associated with a tightly

coupled nuclear spin system. These combination transitions may be

determined only by generalizing the operator 1" to connect all
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" basis function ¢j and ¢l with Mp - Mj = +1. The product basis functions

¢2 for an ABX (I = %) spin system and the corresponding upper diagonal
lﬁ matrix are shown in Table 2.3, the elements determining combination

transitions being in parentheses. For.the basis functions ordered as

shown in Table 2.3 the matrix clements IIS and 154 define A-spin trans-
itions in the first-order limit as already described for an ABX (JAB = 0)

spin system, cf. Table 2.2. The corresponding B-spin transitions are de-

+ + . .
12 and 134, in accordance with Eq. (2.6.9),

the density matrix elements pél,

fined by the matrix elements I
031, 042 and F43 describe an AE-part of
‘a general ABX spectrum. Thus the lf matrix in the factored form indi-

cated in Table 2.3 shows that the ABX transitions may be considered in

terms of sets of density matrix elements

n*
W (1)

in

N - \ I. . |
AL Wt f+ fan o ) 4 Lo+ sy 00 *078)
.+ (/OIS +/01.Q '(-/017 +/03(, "’/037 */04,3)} } (2.6.70)

where pj2 = p;j for the Hermitean density matrixll o The density matrix
elements within each of thése sets are now defined by coupled equations
of motion of the form given in Eq. (2.6.7).

A basic intramolecular exchange process may now be considered
to correspond to a transfer of nuclear magnétization»between spin-sites
distinguished by chemical shifts for the coupled inequivalent A- and B-
spins, -f and §, respectively. An example of such a process is the
hindered rotation in a molecular system having two possible conformafions
giving rise to the AB-spin inequivalence, this rotation being defined in

terms of a single first-order rate constant, k sec. '. For the chosen

product basis functions ¢£, the operator E given in Eq. (2.6.6) and
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Table 2.3

Basis Functions for ABX Spin Systems

I = % Nuclear Spins

1 2 3 4 5 6 7
ooLoL aBo Boot BBo. ooB BB Baf3

3 1 1 1 RS 1 2

2 2 2 2 2 2 2

Spin Transition Operator ;f Matrix in Basis {¢2}.

1 2 3 4 5 6 7

e,
c i i o | 1 0 0
l i
§
0 0 1 |0 1 (1)
|
|
0 1 oo (1) 1
i
i
0 | (1) 0 0
e
0 1 1
0 0
0

T
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describing the above exchange process for an equal population system

may be defined by

Elocugx> = iuo;gx> s Elogg > = |Bugx> (2.6.11)

Application of this exchange operator in Eq. (2.6.7) shown that under .
steady-state conditions (%Egg = O)kthe density matrix elements descri-
bing an AB;part of the ABX spectrum in the presence of exchange are
given by sets of coupled equations which may be expressed in the‘geheral

matrix form:

R'*G' = - iCP! (2.6.12)
such that
4 L[ Rt s (T+Thg)] eI -k s 1
= -.C
“L%f—k r+L[X—uZ+&CD3§ﬂ] /ﬂ« 1
! IR L
and
I~ Tr '1 B T
= -t L
L;:EJL' r+L[x4&~95_(3~3’5x)] /03+ _ 1
L . L- J L J

(2.6.13)
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fr=

where r = + k. It is assumed that spin-spin relaxation effects in

—
)

2
the absence of exchange are defined by the single relaxation time T

99
~cf. Eq. (2.6.5). The above matrix equation is equivalent to those pre-
-viously derived in terms of semi-classical modified Bloch equations for
the simpie two-site exchange system, cf. Eq. (2.2.12), and a multi-site
exchange system in the first order J-coupling limit,{(cf. Eq. 2.4.%).

In the tightly coupled (JAB # 0) ABX spin system, linear combinations
of ‘the vector elements Gj may be considered to define transverse spin-
site magnetizations analogoué to those associated with the isochromats
Mﬁxj, ¢j) in the first-order limit, cf. Fig. 2.2. That is, a spin-site

magnetization vector G is defined by
DG = -iCQ : (2.6.14)

where D is the diagonal matrix corresponding to R'. In this manner, the
elements of the matrix D determine the positions and general lineshape
characteristics for specific spin-sites and the elements of the vector

Q determine the overall spectral intensities associated with these
sit?s._ It should be noted that, through the definition of the general
spin density matrix element in Eq. (2.6.4), this d%agonal matrix is
equivalent to that obtainedkin a basis {wk} consisting of eigen-functions
wz of the spin Hamiltonian defined in Eq. (2.6.1). The above diagon-
alization procedure is also directly related to that alrcady used in

the simplified first-order limit, cf. Eq. (2.4.6). The detailed form

of the AB-part spectrum associated with the vector clements designated

as Gi

= Pyg and Gé = Py, May mow be detérmined in terms of the vector

clements G1 and G:,> {defining spin-sites 1 and Sj corresponding to the
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diagonal matrix elements D, and D3 given from Eq. (2.6.13) as

1

D. =1 +1 x + %(J + J+) +Db .,

D, =xr+ix+%J+J)-D_
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L
with D =% 4(Q% - k2) + J(J - 4ik) +J (J_ - 4Q) 2and J, = 5, = J,.).

BX T TAX
In accordance with Eq. (2.6.14), a partial lineshape function may now be
expressed in the form
G, )+ leg(v) = LA{ arid + bfiiy, © (2.6.15)
2, D,
where the normalization constant A includes C and the complex Q vector

elements corresponding to G1 and G, have been defined as Q] = g + id

3
and = b + ie. These intensity vector elements are now determined
3 Y

by equating Egs. (2.6.13) and (2.6.15), that is

(x+ k) +ix+J+5I = (a+id){r+ ifx +5@ +J) -D]}+

+ (b +died{r + ilx + % +J) + D]}

Thus the partial lineshape corresponding to spin-sites 1 and 3 is

given in terms of Gl(x) and GS(X)’ wvhere

&, (1)

= L_A_ 1”[g"
2 .
Yok L X R (TT) +D]]
by (1) = LA T+ - |
s (2.6.16)
v+ L[+ (T+T)-2]
with 8_ = (}J - ik)/D_. As usual, the absorption mode spectrum is de-

scribed by the imaginary parts of Gl(x) and G3(X)’ In the absence of
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exchange (k = Oj,'Eq. (2.6.16) shows that Gl(x) defines a Lorentzian
absorption mode line with a full-width at half-maximum of 2/T2 rad. sec.”!
“centred at x; = B+ ) - D with a relative intensity of 1 - J/2D .
This component line is represented as spin site-1 in Fig. 2.11 showing
the complete AB-part of the ABX spectrum, where it has been assumed

that JBX > JAX >J > 0. As the independent frequency variable x and

the common relaxation time T2 form part of the diagonal elements of

the matrix R' in Eq. (2.6.12), this matrix may be reformulated to give
1 . v sy : ‘ -
[_J; ¢ G +inIle = -icp' (2.6.17)
2 : '
where ] is the unit matrix. Spectral characteristics associated with
exchange are now defined in terms of a diagonal matrix A corresponding
to 59 where in accordance with Eg. (2.6.14)
1. . |
[A+ G+ ix)I6 = - icQ. (2.6.18)
2
The elements of the matrix A, Aj, and the corresponding intensity fac-
tors Qj are given in Table 2.4 for 41 spin sites-j in the AB-part of an
ABX spectrum. Thus it 1is seen that in the absence of exchange, the
density matrix elements P17 Pyzs Poy and a4 determine the spectral
characteristics for the spin sites 1 - 4, this part of the spectrum
consisting of a typical AB quartet. It is interesting to note the
correlation between these particular density matrix elements and the
energy levels defining the degenerate AB spin sites for a first-order
(JAB =.0) ABX spin system as listed in Table 2.2.
For the type of intramolecular exchange process under con-

sideration for an ABX spin system, the exchange operator E determines
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Table 2.4

AB-Part of an ABX Spectrum

~ Matrix Element Xj

T,
J+) * D+
J.J) - D
J+) —'D+
Jg, )+ E_
J,J) + E,
J.J - E_
J,) - E

+
Y+ I #
£ a7

AX?

Intensity

4ik) +J_ (I
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4ik) + J_(J_

g

+
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the independence of the two quartegs forming the AB-part of the
gpcctrum, Thus the form of the matrices in [Eq. (2.6.13), as defined
by the spin transition operator'I+ (aﬁd E) allowsa relatively simple
analyticai formulation of the absorption mode lineshape for a com-
ponent AE quartet. From Eq. (2.6.16) and similar expressions fér
éz(x) and G4(x), this lineshape is obtained for an equal population

exchange system as

Viw) = A (\’+UA+ +(wW+T) B, N (\'+k)A_+(w_T)8_.

Ny B A"+ 8%

(2.6.19)

where

l2 N\ ig -

he - A

Z
:rj:+zk) 4 or — (w:t’f{) + I°

gi = 2w (:‘"—2’-{';’\,) + _«'113'

The independent frequency variable w has been defined,to simplify the
above expression, as w = x + %J+ for the AB quartet centred on x = —%J+,
cf. Table 2.4, Also, in this manner Eq. (2.6.19) may be applied in gén—
er§1 for a similar intramolecular exchange process in an arbitrary AB
spin system. Such an analytical expressiqn for the absorption mode
lineshape allows a very efficient iterative comparison with experimental
data. Also, it is readily seen that Eq. (2.6.19) reduces to the line-
shape equation previously derived for the simple two site uncoupled AB
spin system, cf. Eq. (2.2.15) with x = w, from semi-classical modified
Bloch cquations. Using Eq. (2.6.19) and a similar expression for the

AB quartct centred at x = %J+, 1iﬁeshapes have been calculated for a

ranéc of the parameter k/Q and are shown in Fig. 2.11. These absorption
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~ Fig. 2.11 AB-part of a general ABX spectrum.



mode lineshapes are defined by the paraméters =4.0Hz, J = 4.2 Hz,
Jpy = 100 Hz, J . = 15.0 Hz and T, = 0.64 sec. (0.5 Hz full-width at
half-maximum), and may be compared with those for the first-order ABX
spin system shown in Fig. 2.8a.

A basic intramolecular exchange process has been considered
in terms of a transfer of nuclear magnetization between spin-sites
distinguished by distinct chemical shifts for the coupled inequivalent
A- and B-spins. The operator describing this process, cf. Eq. (2.6.6),
may be generalized to includé an unequal population exchange system.

An example of this more general exchange process is the hindered ro-
tation in a molecular system having two possible conformations, one

of which is preferred. The exchange terms in the component equation

of rﬁotion for the density matrix, Ba. (2.6.7), way be considered in the

form kA<¢j|EpE|¢£> -k where kA is the probability for a transfer

8034
from a basic A-spin site with a fractional population Pp- In terms of
a matrix equation of the general form given in Eq. (2.6.12), the den-

sity matrix elements P1o and Py 3 are now defined by

- ST -4
{A +L[‘)(+ l..(ZJ“"E,(J“"T&*)’} —L%: -—lz»s ﬂ,g . PA
= -C (2.6.20)
L I L
1 . . .
where T, ot kA with Py * Pp =1 and pAkA = kaB. This matrix

2
formulation for an unequal population system allows a much simpler

calculation of lineshapes, for the particular exchange process under

consideration, than an alternative procedure proposed by Johnson23

73,
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The partial lineshape associated with the above density matrix elements
is given by Gl(x) and GS(X) in Eq. (2.6.16) where the parameters D and

B are now defined as
- ]
P

' 2
Do ‘1[ Al k) v 7(T-4:k) « T (T -40) - Arela(m* +2LA|2JL)]
.and
= T —
ﬁ__ = . [ 5 ckz—— AT Af)hﬂb ] / D_ |
with AT = J, - (pAJBX + pBJAX)’ 2k = kA + kB and Ap = Py - Py The

B

complete AB-part spectrum may now be defined in terms of the matrix
elements kj and corresponding intensity factors Qj’ cf. Eq. (2.6.18),

as given in Table 2.4 with modified parameters:

D, - :ﬂ)-.[4(‘.&7‘—k7”)+Tﬁxi4;k)+3’,(i¥_—4—m¢)~4—Lk,(AT+?.iA}L_Qu)"l/L

|
By = 4] 4(a*-R )+ T(Teaik) ¢ T (T +4.0) +4—¢h(AT—2¢AbeL)J/7'
Ry = [%ttk——AT——AF@]/Di
\(t = [ U.if tik + AT — Afu-OJJ / = (2.6.21)

It has been assumed that all J—Eoupling consténts in the ABX
spin system have the same sign. TFor the particular exchange process
considered, the form of the AB-part spectrum may be critically dependent
upon the relative signs .of these coupling constants due to terms such

as *4ikJ and *4J _Q in the characteristic parameters D_ and E,. Thus

the relative signs of J

and JB with respect to the AB coupling

AX X

constant J determine the form of the AB-part spectrum in a manner

similar to that for a first-order ABX system as illustrated in Fig.



2.8, and a complete lineshape fit to expérimental data may allow a.
simple determination of the relative signs of all coupling constants
for a general ABX spin system.

The X-part of an ABX spectrum has been shown to be deter-
mined by the six spin density matrix elements pls, 026’ p27, p36, 037
and Pyag cf. Eq. (2.6.10). The elements Pyy and P are associated
- with combination transitions, and comparison with the energy levels
determining the X-part of a first-order ABX spectrum, cf. Table 2
shows that (2, 7) and (3,6) ére not included ih this limit. The
chosen basis functions ¢1, ¢5, ¢4 and ¢8 are invariant under the ex-
change operator E as defined in Egs. (2.6.6) and (2.6.11), and hence

P and p48 are directly related, through Eq. (2.6.14), to the trans-

15
verse magnetization associated with spin-sites 1 and 6 as shown in

Fig. 2.12. 1In the presence of exchange, these spin-sites correspond

to simple Lorentzian lines determined from Egs. (2.6.7) and (2.6.14)

as
1
G,y = (A T
1 .
:F—L+ L(%"'L_O-/)("'T,*.)
- i
G, (1) - A - Ta
4 Ky -T4)
o T X TNt (2.6.22)

The remaining spin-site magnetizations are determined by a 4 x 4

matrix R in Eq. (2.6.16), that is

75.
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d ’ -5 - J L -
where [R + {%- + i(x + Qx)lijgj = -iCP'. The elements of the vector

2
P' corresponding to combination transitions (2 and 5 in Fig. 2.12) are

set equal to zero to allow a consistent application of the generalized

+ . . . - .
I operator in the evaluation of the general spin density matrix equation

of motion term given in Eq. (2.

(o)

'8)' The Tinacha

ka)
AAAAAAA i ps

scribing this portion of the ABX spectrum is most readily evaluated byA
considering the above equation in the general forms given in Eqgs. (2.6.16)
and (2.6.17). That is, a diagonal matrix A 1is derived from the matrix
R through a similarity transformation as described in detail for the
first-order ABX spin system, cf. Eq. (2.5.14). For a tightly coupled
spin system, however, the vector I in Eq. (2.5.14) must take the same
form as P to allow for the effect of combination transitions on the
overall 1ineshape; Computed lineshapes for the X-part of an equal
population ABX spin system are shown in Fig. 2.12 for the parameters
chosen to define the AB-part spectrum, cf. Fig. 2.11. Again, these
lineshapes may be compared with those for the first-order ABX system,
cf. Fig. 2.10a. It is to be noted that for particular cases, for

example, when JBX’ JAX >> J in a heteronuclear system, it is possible
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to treat the X-part spectrum as that in the first-order limit. In this
approximation, the overall lineshape is simply obtained in terms of Gl(x]
and G6(x) given in Eq. (2.6.22) and a lineshape for an effective two-

site exchange system with spin-site frequencies defined in Table 2 as

Xy = —QX - J_ and Xy = —QX +J , cf. Eq. (2.2.15) with-§ =J . The

basic condition for this approximation, of course, corresponds to a

- complete neglect of the off-diagonal elements in J in the matrix R.

In general, the effect of different relative signs of JA and JBX is

X
very similar fo that illust?ated for the first-order case in Fig.
2.10b. | |

A detailed analysis of a general ABX spie system has allowed
a consistent development of the physical model and matrix formulation
required for a description of intramolecular exchange effects in a
tightly coupled spin system. Although analytical lineshape equations
may be derived in part for more complicated spin systems, a formu-
lation of exchaﬁge effects applicable to the numerical computation of

‘the lineshape functions G(x) and V(x) for a general tightly coupled
N-spin system may now be described in terms of the properties of the
density matrix model considered above. In general, having determined
the density matrix elements required in the description of an NMR
spectrum (or part of one) through fhe generalized transition operator
It in Eq. (2.6.9), these elements must be evaluated in accordance with
the component equation of motion, Eq. (2.6.7). In the chosen basis

'{¢2}, the equation of motion term involving the independent frequeney

variable in an interaction representation is simply

N
ix<¢; |[p,£|1zi]l¢£> = -ixpi, (2.6.24)
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The effective spin Hamiltonian in this representation may now be con-
sidered in the form %Q +‘H§1) + 'X§2), analogous to thét defined in
Eq. (2.6.1). The part 7(9 + ){51) is diagonal in the basis {¢2} and

hence it follows that
<¢ H p ){ + A ( ) ||¢ > = (){, - ){ Ip CZ 6.25)
j ’ § J 2 g JJ JQ‘ ’ o

: /
with the Hamiltonian matrix element M

o8 defined by
N ' N
Hoe = - Lé‘:-@-bmh + éé I3 ML (2.6.26)
. = L=t d')t. .

where Izi¢2 = m2i¢£, cf. Eq. (2.5.8). It is to be noted that the term
7{;2 - }Ujj defines a first-order transition energy and hence the spin
density matrix element defines directly a spin-site in this limit, as
previously considered for particular spin systems. Such a relationship
is defined in general through the definition of a Liouville operatorgz,
such that the elements of the density matrix p may be considered as
components of a vector in a suitably defined vector space. The deri-
vation super-operator used by Banwell and Primas41 in a direct calcu-
lation'" of NMR spectra is in fact identical to the Liouville operator
. 92 ' . . (2)

defined by Fano”~. As the second-order coupling Hamiltonian term,?{J ,
mixes functions in the basis‘{¢£} and corresponds to the off-diagonal

part of the complete spin Hamiltonian, this term leads to a mixing of

spin density matrix elements. Thus it follows that

' (2) _y® R .
<ol Doy M35 0leg> = Mogipign - 500050 (2.6.27)
where }{§2)¢2 = ¢2, and ){§2)¢j = ¢j" Similarly, the term defining

exchange effects is evaluated as
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k<d>j |EpE|qb£> = kpj,,z,,, A (2.6.28)

where E¢£ = ¢2”. Construction of a vector G' with elements ij as
determined by the transition operator 1" and also indexing vectors
associatéd with the effective density matrix subscript contraction,
specific spin Hamiltonian matrix elements and the basis functions
conected by the exchange operator E allows the matrix R in Eq.(2.6.14)
to be efficiently assembled on a computer. All élements of this
matrix are numerically evalﬁated in terms of the normal spin Hamil-
tonian elements defined for a specific spin system in the basis {¢£},
by making use of Eqs. (2.6.24) - (2.6.28). The computation of the
absorption mode lineshape function V(x) then reduces to applications
of the basic equations given in Eq. (2.4.6) and (2.4.95. The over-
all dimensionélity of the matrix R for an intramolccular exchang¢
process is determined by the number of density matrix eclements de-
fined by 17 in Eq. (2.6.9), that is, the number of allowed and com-
bination transitions for a given spin system. As the diagonalization
of the complex matrix R and the inversion of the associated cémplex

transformation matrix S are the time determining computational pro-

cedures, all factorizations of these matrices as defined by the form
of the lamiltonian for a-specific spin system should be taken into
account. A computer program GENLIN has been developed on the basis
of the simplified density matrix formulation outlined abo&c, and
will be described in more detail as related to the analysis of a

particular 4-spin system in an experimental section of this thesis.



It is to be noted that, during the course of the work
described here, Binsch 93 independently proposed a similar method of
numerical analysis for tightly coupled spin systems based upon a

more formal theory in the Liouville representation.
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CHAPTER 3

INSTRUMENTATION p

3.1 FT-1064 Computer Interface

Complete lineshape analyses of chemical exchange processes
using NMR involve sets of data points defining the experimentally
recorded steady-state spectra, a set of discrete data points being
fitted to a theoretical lineshape equation to obtain a specific rate
constant. The tedious manual‘conversion of the recorded data to digital
frequency and corresponding amplitude values may be eliminated by using
an electrdnic signal sampling device and an analog-to-digital (A-D)
converter linked to a small computer with a magnetic memory core to
store the digital information. Of course, the computer must scan its
memory locations (channels) in synchronization with the spectrometer
frequency (or field) sweep so that the signal amplitude data point iﬁ_
any given memory location may be accurately assigned a frequency value
derived from two calibration frequencies. The digital information may
be transferred to a full-scale digital éomputer, to allow an efficient
iterative lineshape fit, via an incrementai magnetic tape or a direct
line if this is available. The FABRITEK FT-1064 computer has been used,

~in conjunction with the spectrometer-computer interface unit described
below, to give an automatic.digitization and fitting of NMR lineshape
data.

The interface unit has been designed to allow a general appli-



cation of the FT-1064 computer with only simple modifications of
spéctrometer circuitry. Initially it will be assumed that the NMR
signal-to-noise ratio is such tﬁat a single scan ofkthe steady—state
spectrum is sufficient to obtain data of a quality warranting a

complete lineshape analysis. A block diagram showing the basic units

of the interface is given in Fig. 3.1, and the associated timing control
sequence may be represented as shown in Fig. 3.2. 1In the single scan
mode, the spectrometer sweep mechanism is used under normal operating
conditions and the NMR signal at the output of the spectrometer
recorder amplifier is fed'continuously to a high impedance input
differential amplifier, A, and then to the sampling A-D converter,

SW/1, of the FT-1064 computer. This differential amplifier acts as a
buffer between the sampling device and the spectrometer and also allows
a versatile gain and dc level control independent of the normal spectro-
meter controls. At time ty, the control bistable multivibrator, B,
changes to its active state under the action of the manual sweep trigger,
T. This multivibrator is used as a master control and as a trigger
buffer, the multivibrator state at any time being shown by the indicator
I.. At this time, t,, a trigger pulse from the control .bistable
initiates the FT-1064 channel sweep and simultaneously a positive pulse
is ac-coupled to the input of the spectrometer recorder amplifier, The
emitter follower F1 acts as a buffer between the control bistable and
the FT-1064 sweep unit which has a relatively low input impedance. The
monostable multivibrator M supplies a 5 msec pulse of an amplitude
sufficient to give a well-defined vertical marker on the recorder

chart, this marker accurately determining the position of the initial
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digitized data point as the sweép times used correspoﬁd‘to 50 msec -

2 sec per channel. A 5 msec pulse has been found to give a fast

Tising marker within the normal response time limit of the regbrder
system. In the time interval ty to ti the contrel bistable remains in
the éctive state, the FT-1064 gate voltage is positive and the linear
chénnel sweep voltage changes as shown in Fig. 3.2. The analog NMR
signal is sampled and digitized and also recorded on the spectrometer
chart over this time interval, the digital signal amplitude data being
continuously sfored in the computer magnetic core memory. At.time ty,
the FT-1064 channel sweep is complete and a positive pulse derived from
the trailing edge of the gate, in the inversion and differentiation unit
F2, triggers the monostable multivibrator, M, to give a second marker
which determines the position of the final digitized data point. The
calibration frequencies corresponding to the initial and final digitized
data points are now obtained by direct measurement of the obsérving fre-
quency relative to the NMR field locking frequency by matching‘the re-
corder pen position with the chart markers. In this.manner these
frequencies are readily determined to an accuracy of * 0.1 Hz, which
requires a counter gate time of at least ib secs and in turn prevents

an accurate frequency measurement during a spectrum scan, and are also
shown to be reproducible within these limits. For an N-channel sweep,
“the frequency associéfed with chamnel n and signal amplitude V), is simply
~given by wn‘= Wy *+ M. Aw,with the frequency increment Aw defined as

Aw = (w;—wojKN—l) where w, and w) are the calibration frequencies cor-
responding to the mavkers set at times ty and t;, respectively. The

control bistable in its active state prevents an inadvertant computer
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sweep, and preceding a new sweep this bistable state mu;t be changed
under the action of the manual reset trigger T at a time t,, as shown
in Fig.3.2. The spectrometer recorder may now be repositioned for

"~ another Single scan and the FT-1064 channel sweep is initiated again
by the manual sweep trigger, T, at time t;. In this way the spéctro—
meter may be swept in an arbitrary direction and digitized data may be
stored in independent sections of the computer memory core.

The detailed circuit diagram for the interface unit is»givén
in Fig. 3.3, and the pertinent control waveforms and voltages are
included on this diagram. ‘The manual trigger circuits centred on the
2N3646 high speed NPN silicon switching transistors Tl and T2 are
particularly simple and have been shown to be completély reliable in
operation. With switch S1 open, T1 is
collector voltage is held at +0.4V while the baée capacitor C; is
charged to +4.5V. When the switch S1 is closed, the capacitor C; is
discharged and Tl is cut-off as the base voltage falls to near OV. The
collector voltage rises and the positive going output trigger pulse
following differentiation has an amplitude of ~ 2V with a rise time of
0.1 psec. When S1 is reopened, C; recharges with a time constant R;C;
and a spurious trigger waveform (ﬁormally associated with switch bounce)
is eliminated. The emitter-coupled control bistable multivibrator, T3

~and T4, is of conventional design and uses a‘single MC-715 MRTL dual
triple—input gate with a switching threshold of +0.7V ‘and switching
times of the order of 0.1 usec. The quiescent and active states of the
control bistable correspond to T4 collector voltages of +0.2 amd ¥4.2V,

respectively. A similar MRTL circuit, T7-T9, is used for the monostable
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multivibrator,the output pulse width being determined by the time
constant R2C2. The indicator circuit consists of a series connected
lamp, L1, and single transistor, T10, such that this transistor is
biased into conduction and the lamp is on when the control bistable.is
in its active state.

The circuitry for the differential amplifier, A in Fig. 3.1,
is shown in Fig. 3.4 and is based upon Philbrick operational amplifiers,
types 1009 and 1301. The 1009 is a general purpose low-noise unit
which features an FET input stage to provide an input impedance of 20M
for fhé unity gain configuration used. This allows essentially complete
isolation of the computer sampling unit from the spectrometer system,
even though dc-coupling is retained to provide an.ﬁhdistorted low
frequency signal responsé. The high input impedance also allows a
simple dc zero level control through a vﬁltage sumning at one input of
the differential amplifier. The 1301 operational amplifier is used as
~ a variable gain inverting dc amplifier with a maximum gain of 10 with
switch S1 in position 1. The overall linearity of the amplifier was
checked over the output voltage range -5 to +5V and was found to be
better than 0.4%. The output of this amplifier may be fed directly to
the FT-1064 SD/1 sampling A-D converter with an input impedance of 5K.

An oscilloscope display of the computer memory contents
over 1024 channels is available and the digital data pertaining to
a particular memory location is indicated on the analog signal dis-
play by an intensified spot. This digital display allows a most
convenient method of selecting a smaller number of data points to

be fitted to a theoretical lineshape, the associated frequency
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being directly related to the channel (memory location) number as
previously described. In general, the digital data is transfered
from the memory core to an incremental magnetic tape using a

FABRITEK FT-282 control unit with a KENNEDY Model 1400 tape recorder.
A digitized signal amplitude value is stored and read out as a

word consisting of two bytes, each byte being six binary bits.

This digital word form, however, is only compatible with IBM 360
arfthmetic following a conversion to the standard 18 bits for this
system. Thus a mixed FORTRAN-IV/SYMBOLIC program GET was deveToped
to allow the efficient reading of the magnetic tépe in the form of
independent ordered bytes, the unpacking of selected two byte words
and the setting up of an array of equivalent three byte words for the
iterative 1ineshape fitting. Although 1024 data points were available
from the FT-1064 computer, an optimum minimal number of data points
were actually used for the lineshape fitting. For two- and four-
site exchange spectra, it was found that the accuracy of the fitting
was not increased above 64 or 128 data points. Thus these data points
were selected at optimized intervals over the frequency range of the
digitized data by the program GET and the total CPU time required

for a completely automatic lineshape fit to the taped digital data
was of the order of 10 secs per spectrum using the IBM 360/67 system.
The complete interface unit described above has been used with most
satisfactory results with both a JEOLCO C-60 and a VARIAN HA-100
spectrometer, only the addition of the two recorder inter-connections
shown in Fig. 3.1 beihg required to link the spectrometer to the FT-

1064 computer.
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If the signal-to-noise ratio for a single scan spectrum is
insufficient to allow a reliable lineshape analysis, it is necessary
to operate the computer-spectrometer system in a multi-scan accumula-
tive mode. In this case the internal sweep frequency oscillator of
the NMR spectrometer is replaced by an external vo1tage'control1ed
oscillator driven in synchronization with the FT-1064 channel sweep
by the dc voltage available, as shown in Fig. 3.2. Thus the normal
recorder sweep mechanism is disabled, but the internal field lock
is retained. Once the required signal-to-noise ratio is attained
the digital data is used as previously described, and a permanent
chart recording is obtained by feeding the computer memory analog
output to the spectrometer recorder operating in its normal linear
sweep mode using the above interface unit to trigger the analog

read-out and to place the frequency calibration markers.



3.2 Rf-pulse gate

An ideal pulsed NMR spectrometer would consist of a trans-
mitter supplying a high intensity rf pulse over a %ery short time
interval, as compared with the nuclear relaxation times involved, to
rotate the nuclear magnetization through a well-defined angle B, cf.
Fig. 2.1; and é receiver that would instantly record the free induc-
tion decay signal following the pulse without distortion or the
addition of noise. In practice, it is difficult to produce a large
constant amplitude rf magnetic field associated with an accurately
timed pulse having a closely controlled width and minimal rise and
fall times. Also, it is only possible to have a low noise (so that
overall sensitivity is limited by the thermal noise in the sample
coil) linear receiver with a minimal time for recovery from overload
following the rf pulse. In addition, an rf phase coherent system is
required to retain the nuclear sbin isochromat 29 phase information
inherent in the detected free induction decay or spin echo, and to be
able to accurately determine resonance conditions and the detailed
form of the spin isochromat motion under the action of specific types
of rf pulses in a general multi-pulse seduence. An rf.phase sensitive
detection scheme has also been shown to provide accurately linear
detection of weak signals and to allow full usage of post-detection

120,121

integration In high resolution NMR applications, the overall

stability of the spectrometer system is critical. Following the

9 30

original pulsed NMR experiments of Hahn 2 ‘and Carr and Purcell s

a number of spectrometer systems have been described in the literature

110_119. However, Fourier transform applications and the study of
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chemical exchange using multi-pulse sequences require pérticularly.
sophisticated instrumentation. = Indeed, the large systematic errors
apparent in the kinetic parameters derived from pulsed mode NMR data
may be largely due to the lack of such apparatus.

One of the most critical component units in a pulse spectro-
meter is the rf-pulse gate. This gate is required to provide pulses
of constant width and amplitude with a very high rf suppression in the
.time interval following each pulse. The ratio of the amplitude of an
rf pulse (on-period) to the steady rf feedthrough (off—periodj may be
referred to as the gate rejection ratio, a. The rf feedthrough may be
considered to be negligible as long as the resonance saturation factor
S', cf. Eq. (2.3.1), is in the range 0.99 < §' < 1.0. The factor
0.99 corresponds to a saturation effect distortion of the free induc-
tion decay of about 1% over the entire measurement time interval., If
the ﬂ/Z—bulsé width is assumed to be 0.01 Ty, where T, is the total
transverse relaxation time, the restriction on the spin-lattice relaxa-
tion time T; satisfying the above saturation condition is T; < 4 x 10~°

a T, 1, 116.

In liquids Ty = T,, and this implies that the minimum
rejection .ratio required is o = 2 x 10°, or 110 dB. For normal high
resolution NMR in liquids T, N 0.6 sec, and hence avpulse width of
0.01 T, corresponds to 6 msecs. In studying chemical exchange pro-
" cesses, however, the effective transverse relaxation time may be
significantly decreased and hence a m/2-pulse width of the order of
micro-seconds is desirable. In Fourier transform applications large

phase errors that are difficult to quantitatively correct may arise

_through the general inability to measure the free induction decay
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signal for times t > o. To minimise these errors it is necessary to
use relatively short =/2-pulses and a recéiver with a fast recovery
from overload. Thus general specifications for an rf-pulse gate in a
pulse spectrometer used for chemical exchange studies and high resolu-
tion Fourier transform applications may be given‘as: n/2-pulse
width = 10-20 usec, rise and fall time = 0.1 usec and rejection ratio
o = 10° (120 dB).

The only gate systems in the literature that appear to meet

115 and Lowe and Tarr ]]8.

122

the above specifications are those of Blume

116 and co-

The Blume gate has been adapted by Clark and Bloom
workers. This circuit uses an expensive 7077 planar triode as a
grounded-grid rf amplifier so that the very low cathode-to-plate
capacitance of 0.01 rf severely restricts rf feedthrough, with care-
ful electronic construction. Lowe and Tarr use a transistorised rf
gate with a relatively low rejection ratio followed by a multi-stage
gated high power rf amplifier. The gate described here has been
developed to avoid the use of special components, an elaborate con-
struction or a gated high power rf amplifier. In addition, it has
been designed to be a simple and adaptable unit that may be readily
linked with standard NMR and rf instrumentation while meeting the
specifications outlined above.

The detailed circuit diagram for the rf pulse gate operating
at 10MHz is given in Fig. 3.5(a), and the pertinent voltage levels and
waveforms are included on this diagraml The dc supply voltages were
chosen to match those available from the stabilized power supply for

125.

the TEKTRONIX 160 series pulse generators used to set up general multiple
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‘and/or repetitive pulse sequences. Of course, all power leads are
‘heavily filtered to prevent rf ;eakage between units of the complete
pu}se spectrometer. The 6GY6, V1, is operated as é low gainﬁélass A
gated rf amplifier with a tuned input and an untuned output. This
vacuum tube is a sharp cut-off pentode with dual control grids, g and
g3, and low infer-electrode capacitances. The tuned grid circuitxy is
carefully shielded throﬁgh the vacuum tube socket, but this is actually
the only mechanical rf shielding used. V1 is biased into cut-off in
the gate quiescent state (off-period) by a dc bias Vg; = -12V,.and the
rf feedthrough for this stage for the maximum input voltage of 0.8V p-p
is less than 15 mV p-p. This feedthrough is due mainly to the grid-to-
plate capacitance which has a minimum value of 0.026 pF. When the

gate system is driven into the active state (on-period) by a positive
control pulse applied to the second control grid, gs;, the voltage Vga
is held at near the cathode potential by the limiting diode D1 and the
6GY6 acts as an amplifier with Vg; = -0.4V. This amplifier gives a
maximum output of 12V p-p and hence the rejection ratio for this first
stage. of the gate system is of the order of 10° (60 dB). It should be
noted here~that as the capacitance betweeﬁ the two control grids is
less than 1 pF, excellént rf isolation of the control pulse circuitry
is very simply attained. The low plate load resistance, R1, and plate-
~.to-cathode capacitance of 6pF determine the rise and fall times for the
rf pulse and associated pedestal in the stage output gircuit as less

than 0.2 psec. The 6CY5, V2, acts as a pulse inverter
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to give an undistorted gating waveform for the 6JC6, V3, output
amplifier. This tetrode has a low grid-to-plate capacitance (0.03 pF)
and rf feedthrough is minimised in this stage by using the particular
configuration shown in Fig. 3.5(a). As this stage is untuned, the rf
gaih is less than unity which further reduces feedthrough in the
quiéscent stage and also determines the 6JC6 input voltage of 4V p-p
(maximum) in the active state. The 6JC6 is operated as a high gain
class C amplifier and the control grid bias is adjusted to ine a
maximum rejection ratio and minimum pulse rise and fall times, which
are facilitated by the low-Q plate circuit. Again a low grid-to-plate
capacitance of 0.02 pF leads to a stage rejection ratio of 4 x 103
(72 dB). The rf gate output is obtained through an inductive 1link, the
output impedance being approx. 100 Q. The output pulse characteristics
are illustrated in Fig. 3.6 and may be summarised as follows: output
voltage < 20V p-p, rf feedthrough < 15 yuV p-p, rise-time < 0.4 usec and
fall time < 0.1 usec. The feedthrough voltage was measured using a high
gain linear rf amplifier with an input impedance of 75 @ at 10MHz and a
detection threshold of 2uV p-p, and hence the overall rejection ratio
for the gate circuit may be considered to be accurately determined as
greater than 120 dB. The operating frequency of the rf gate described
above is readily changed to any frequency up to 20 MHz by varying only
C1 and C2, and the output pulse characteristics are shown to be within
the 10MHz limits given above.

The rf gate control monostable multivibrator circuit is given

in Fig. 3.5(b). This pulse generator was developed as an integral
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Fig. 3.6 Rf-pulse gate operational characteristics.
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éart of the rf gate system to attain the rf pulse rise and fall times
previously specified, a TEKTRONIX 161 pulse generator being inadequate
in this respect, and to simplify the rf isolation of this control
circuitry. The cathode-coupled multivibrator using the 6DJ8 double
triode, V1 and V2, was designed following well known principles 123’124,
the critical gating pulse fall time being minimised through a careful
study of the multivibrator characteristics, the use of the plate-
catching diode D1 and isolation of the multivibrator circuitry by a
cathode follower, V3. This follower configuration reduces the effec-
tive capacitance at the output plate (V2) of the multivibrator, this
capaéitance being the major factor defining the output pulse fall time,
The pulse-width, t,, is governed by the time constant R;C; and the grid
bias for V1, and hence a versatile width control is obtained through

the variation of both of these parameters by Rl and R2. For the com-
ponent values shown, ty may be varied from 5 to 100 usecs and may be
readily adjﬁsted to.within 1% of a specified value. The inherent pulse-
width jitter is measured as less than 0.05% of the pulse-width. The
output pulse amplitude may be varied, through R3, between 1 and 30V,

The gate control pulse is shown in Fig, 3.6, and the dc pulse rise and
fall times are measured under normal rf gate operating conditions as
0.1 and 0.05 usec, respectively. These switching times allow an rf
pulse to be defined in terms of an integfal number of rf cycles, and
also allow the development of a completely coherent pulse system. In
such a system, the pulse gafe waveform is locked to the rf waveform

and hence a sequencé of rf pulses with an identical phase may be

generated. The control pulse generator is triggered by a 6V positive
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pulse at the control grid of V1. All additional timing triggers are
derived from the low impedance pulse outputs A and B in Fig. 3.6(b).
In.the complete pulse‘spectrometer, the pulse-from'the rf
gate is used as the input to a conventional high power rf amplifier
using push-push frequency doublers (to give a final opefating frequency
of 10, 20 or 40 MHz) and push-pull class C amplifiers. Rf pulse shape
distortion is minimised by using only low-Q tuned circuits. With a_.'
stabilized high voltage power supply for the final rf ahplifier, up to
1.6 kW (400 V p-p into a 100 2 resistive load) is available in a pulse
sequence with a minimum pulse interval of 60 psecs. -A typical n/2-
pulse width for 'H NMR (yy = 2.7 x 10* rad. sec ! gauss ') is lo-usecs,
and this corresponds to an H; magnetic field of 5.8 gauss over the
sample volume. It should be noted that, for the Varian V-4300 crossed-
coil probe used, the transmitter coil is 25 mm in diameter while the
sample_tube is normally 5 mm with a corresponding 8 mm receiver coil.
Although thé crossed-coil system attenuates the available rf power in
a pulse, it does give a high homogeneity H, field over the sample
volume which is usually more important in high resolution applications.
In addition, when this coil system is usea'in conjunction with a
modified LEL linear rf amplifier 125, the time for recovery from over-
load following an rf pulse is typically less than 5 usecs when the
_probe is correctly balanced. An improved rf phase-sensitive detection
scheme uses a HP 10514B broad band mixer, with inputs from the LEL
signal amplifier and a simplified reference amplifier 125, followed by

a low output impedance dc amplifier which drives all recording devices
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“including the FABRITEK FT-1064 computer. The overall linearity of ‘the
receiver system has been checked over the input range of 10 w to 10 mV -

p-p at a gain of 10" to be better than 2%.
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CHAPTER 4

EXPERIMENTATION AND CALCULATIONS

4.1 Hindered rotation in amides.

4.1.1 N,N-dimethyl carbamyl chloride.

This compound was chosen for an initial study of the hindered
rotation about the N-C bond in amides, due to the electron delocalisa-
tion in the NCO bond system, using the steady-state NMR methodg des-
cribed in detail in Chapter 2 of this thesis. Although a number of
Substituted amides have been studied, the parameters derived from the
NMR data show a large variance and a semi-quantitative correlation of
the data available is not possible. The only example of an N-C rota-
tional barrier that has been studied using complete NMR lineshape
analyses in independent laboratories, and for which the kinetic para-
meters are apparently consistent within the calculated experimental

59,61

errors, is that for N,N-dimethyl formamide However, this result

is fortuitous in view of the fact that one of the models used 61 for
this four-site exchange process is-incorféct. Thus the kinetic data
~obtained here for N,N-dimethyl carbamyl chloride (DMCC) is intended
for comparison with that available from a recent independent study

- using a complete lineshape analysis 60 and spin echo studies 35,59

to substantiate the general validity and reliability of the application
of NMR methods to the study of hindered rotation.

DMCC was obtained from K § K Laboratories Co. Ltd., and was

purified by a double vacuum distillation and stored over molecular
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sie&es. Exberimental and literature physical constants agreed for this
compound. As DMCC is a liquid (b.p. = 165°C at 760 mm) this amide was
studied neat and in the non—polér solvent carbon tetrachloride.(6 mole %).
In preparing the NMR samples, 2 mole % of tetramethyl silane (TMS) was

% of

added to provide a stable field—frequency lock signal and 2 mole
dibxane was also added as a reference peak as it is conveniently
placed with respect to the DMCC spectrum and has a temperature indépen-
dent linewidth. The samples were thoroughly degassed by the usual
.freeze—pump-théw cycle and were sealed in vacuo in thin-walled NMR
tubes of 5 mm o.d..

The NMR spectra were obtained on a JEOLCO JNM-C-60H spéctro—
meter used in the internal lock mode and equipped with the JES-VT-2
variable temperature controller. The temperature is normally monitored
by a thermocouple placed near the sample in the temperature control gaé
stream. As a temperature measurement is critical in quantitative
kinetic studies, especially when it is only possible to épply complete
-lineshape analyses over a relatively small temperature range, the tem-
perature was calibrated with a second thermocouple immersed in the same
volume of sample contained in an open non?spinning NMR tube and also by
replacing the sample with the ethylene glycol sample supplied by Varian.
In addition, the temperature was checked before and after a number of
_spectra were recorded. Two conclusions were immediately evident.

While the uée of the non-spinning sample does not give a reliable
measurement of the spinning sample tempefature, the instrument thermo-

couple temperature reading can be accurately correlated with that given

from the ethylene glycol chemical shift-temperature equation reported by
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Van Geet 126. As the absolute error in the sample temperature measure-
ment was estimated to be £ 0.3°C, it was also shown that the sample
temperature was consfant within these limits over the recordiﬁg time
for a number of spectra at a given controller temperature setting.
Thus, in generai, it is possible to use the instrument.thermocouple
measurements calibrated at four temperatures with the glycol sample

to reduce the time involved with continual sample replacement. Sweep
rates as low as 0.05 Hz sec - were used to ensure a good approximation
to slow passage conditions and spectra were checked for possibie dis-
tortion due to saturation, cf. section 2.3. At each temperature, field
curvature and homogeneity and rf phase adjustments were made to ensure
reproduction of the true spectral lineshape. The resultant linewidth
at half-maximum of the reference peak was held within the range 0.3 -
0.5 Hz. Multiple spectra were obtained at each temperature and any
spectra that were not precisely reproducible were discarded.

The hindered rotation in DMCC may be considered as an equal
population two-site exchange process and hence the steady-state NMR
absorption mode lineshape function, V(x), is given by Eq. (2.2.15) in
accordance with the stochastic model descfibed in detail in section 2.2,
The experimental spectral data is converted to a series of N digital
amplitude values, V'(xj), and associated frequencies, xj. These fre-
.quencies are derived from two calibration frequencies measured directly
as the difference between the sweep (observing) frequency and tHe fixed
field lock frequency, to an accuracy of * 0.1 Hz. A FORTRAN-IV computer
program PLONK has been developed to allow én efficient iterative line-

shape analysis of the digitized data. The iterative fitting is based upon
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a simple but effective search routine which rapidly converges to a

best-fit parameter value through a series of optimised parameter

increments, the best-fit value corresponding to a minimum in the sum of
o 127 '

squares of deviations , S, where

N

S = [V'(Xi) - V(Xi)]zv

i=1
and V(xj) is the theoretical lineshape amplitude for x=xj. The line-
shape function is normalised to the experimental data, V'(xj), through
the constant A in Eq. (2.2.15). The parameters to be considered in a
~general lineshape analysis are the chemical shift between exchange sites
2Q, cf. Eq. (2.2.1), the transverse relaiation time T, describing the
residual linewidth in the absence of exchange and the first order rate
constant k defining the exchange process. T, is defined in terms of the
linewidth of the reference peak, where it is implicitly assumed that the
magnetic field homogeneity is described by a Lorentzian frequency dis-
tribution, and is considered to be a fixed parameter. A standard non-
linear least squares regression analysis 128 using §§ and k as variable
parameters was shown to be unreliable, especially for data obtained
above the coalescence temperature, and this is probably due to the

unusual forms of the partial derivatives required, (g%—) and (g{L)
Xi Xi

Therefore, the program PLONK takes k as the variable parameter for a
-speeific {2 value, with the option of being able to vary £ in a well-
defined manner to determine the coupled parameter values‘corresponding
to a minimum S value. This appears to be the most satisfactory form of

analysis to determine a temperature dependence of the chemical shift,
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2. For N = 20-60, the CPU time involved for each k iterative fit is
of the order of 4 secs on an IBM 360/67 system, and the setting up of
all arrays for control of a CALCOMP plotter takes less than 1 sec.
Typical lineshape fits for DMCC (neat) using the computer program
described above and a constant chemical shift 20 = 6.80 Hz at 60 MHz
are shown in Fig. 4.1, and the rate constants obtained by averaging the
k values from the fitting of multiple spectra at all temperatures are
summarised in Table 4.1. It should be noted that the mean
deviation, calculated as
1 N o | . :
¥ V' (xi) - V(xi)]/V(xi),
1=1 '
for the spectra shown in Fig. 4.1 is 1.5%.
The Arrhenius plot for DMCC (neat) is shown in Fig. 4.2,
The activation energy, E,, for the hindered rotation is determined as
17.64 £ 0.52 kcals. mole ! from a least squares fit to the usual
. 129

equation

k = A exp(-Ey/RT), (4.1.1)
where T is the absolute temperature, A is the frequency factor for the

rate process and R is the universal gas constant (1.986 cal. deg~1

mole—l):
Both E; and A are assumed to be temperature independent, and the activa-
tion energy is defined as the difference between the average energies of
“the ground state and the activated transition state involved in the

hindered rotation. A thermodynamical formulation of reaction rate5130

shows that



TABLE 4.1

Kinetic data for N,N-dimethyl carbamyl chloride

(neat)

Temp. °C k sec
28.7 ' 4.32
29.2 4.52
33.0 6.35
33.2 | 6.35
35.8 8.16
20.4 11,74
39.4 11.46
40.5 . 10.55
41.5 13,59
46.8 23.00
48.4 25.99
50.8 “32.02
E. = 17.64 £ 0.52 kcals. mole !

af = 17.05 kcals. mole™! at 25°C

>

wn
£
{

0.8 £+ 1.6 cal deg ! mole !

AGY = 16.82 kecals. mole”!
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Fig. 4.1 Lineshape fits for N,N-dimethyl carbamyl chloride, two-

site equal population exchange system.
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k = é%- exp (—AG#/RT)

_ kT g
2 o«

(4.1.2)
S A ,

where k is the Boltzmann constant, h is Planck's constant and AG' is

the free energy of activation. K# may be interpreted as an equilibrium

constant for the intefchange'between_ground and activated states, and

may therefore be defined in terms of the increase in energy in forming

the transition state, AE#, by the general relationshi
g . P

"
d A AE )
'a-T—lnI\ = '}—{,ITZ . (4.1.3)
Thus it follows that
E = AE# + RT

a

. . # .
and the enthalpy of activation, AH , may now be defined as

s’ = aE" - opavt

# . . . . . ‘s
"where AV is the increase in volume on going into the transition state.
: : . - oo
For the unimolecular hindered rotation process, AV = 0 and in this
. # . .
particular case AH may be calculated directly from the experimental

activation energy at a given temperature as

m' = E - RrT . (4.1.4)

Substitution for E; in Eq. (4.1.1) now allows a determination of the

#
entropy of activation, AS , in accordance with Eq. (4.1.2) as
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s’ = R{n %%-- 17, (4.1.5)
with ae’ = - omast (4.1.6)

The activation parameters calculated for DMCC (neat) at 25°C ave

included in Table 4.1 and are in very good agreement with those

obtained by Neuman et al. 60 (E, = 16.9 * 0.5 kcals. mole IR AG# =

16.8 kcals mole'—l, AS#A= -1.6 cals. deg ! mole ~!). It has previously

59, 60, 64

been noted that as increasing care is taken in obtaining

kinetic data using NMR methods, the values of Ea and A.tend to increase
while the free energy of activation remains nearly constant. The data
presented here exemplify: the  trends. For hindered rotations in

N,N-dimethyl amides the entrony of activations is exnected to be

47, 59

relatively small As this entropy change:in liquids is most

probably associated with a difference in the solvation structures
for the ground and transition states it is predicted that there will
be a small increase in entropy on formation of the transition state,

in that the dipole moment for this state is normally smaller than that

for the planar ground state. Within the error limits given above, and
calculated as the statistical 95% confidence limits, this is shown to
be the case for DMCC studied as a neat liquid. In comparison, the

entropy of activation derived from spin-echo data is ~ -10.5 cals.

deg. ! mole ! and the corresponding activation energy for DMCC (neat)

-1 35, 59

is 14,0 + 0.9 kcals. mole It is to be noted, however, that

#
under the assumption that AS

0. the activation energy may be

calculated from the spin-echo data at the coalescence temperaturc47
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to be 17.5 kcals mole !

, in excellent agreement with the steady~spute

value presented above. In addition, the free energy of activation is

determined as AG# = 16.6 kcals mole !, cf. 16.8 kcals mole—lTable 4.1.
Solute-solvent interactiocns for the strongly polar-DMCC

molecule (i = 4.08D 147

) may be expected to influence the magnitude of
the potential barrier fo¥ hindered rotation in thié amide. Thus DMCC
was also studied as a dilute (6 mole %) solution in the non-polar sol-
vent CCly to minimise such interactions. The kinetic data obtained
from total liheshape ana]yses,.using a constaﬁt chemical shift

20 = 7.1 Hz at 60 MHz are summarised in Table 4.2. The corresponding
Arrhenius plot is shown in Fig. 4.2 and the activation energy is
determined as 17.05 % 0.47 kecals mole '. Thu; this parameter shows
only a small solvent dependence."The entropy of acfivation is again
very small bt formally negatiﬁe; As® = 2006 + 1.5 cals deg™! mole_l;
Although the hindered rotation in this particular amide is shown to be
nearly independent of solute concentration, the form of the magnetic

132, 133

ani%otropy of the carbonyl group , which is assumed to be the

dominant mechanism giving rise to the chemical shift between the N-
. . .

methyl groups cis and trans to this functional group, is changed
significantly from that in the neat liquid system. This change 1is
presumably due to the break-down of a specific solute-solvent inter-
action.

In order to consider the inter-relationships between derived
activation parameters, all data available for the hindered rotation in

it

#,
DMCC have been correlated in Table 4.3. The AG#, AH" and AS values

have been calculated for a fixed temperature of 25°C. The overall



TABLE 4.2

Kinetic data for N,N-dimethyl carbamyl chloride

(6% CCly solution)

Temp. °C k sec’?
0.5 0.44
5.9 0.52

15.2 1.25
30.5 ( 6.30
34,5 9.45
39.3 13.54
44.0 18.83
44.6 18.85
48.8 31.58
49.5 33.62
54.5 . 51.05
54.8 '55.55
58.0 93.42
63.2 137.10

E, = 17.05 % 0.47 kcals. mole !

A" = 16.46 kcals. mole™! at 25°C

As* = 0.6 + 1.5 cal. deg”! mole!

AG" = 16.64 kcals. mole !



TABLE 4.3

N,N-dimethyl carbamyl chloride activation parameters

ref. E ot .M As”

a
a 17.64 * 0.52 16.82 17.05 = 0.52 0.8 1.6
a 17.05 + 0.47 16.64 16.46 * 0.47 -0.6 £1.5
b 16.9 % 0.5 16.8 16.3 * 0.5 -1.6 = 2.0
b | 17.7 * 0.9 16.3 17.1 * 0.9 2.6 £ 3.2
c 14.0 + 0.9 16.6 13.4 * 0.9 -10.6 + 2.7
c 9.7 + 0.5 16.6 9.1 % 0.5 -25.3 + 2.8
c 8.6 + 1.7 16.6 8.0 * 1.7 ~-28.9 =+ 5.5
d 7.3 £ 0.5 16.4 6.7 * 0.5 -27.1 + 2.4
e 6.8 * 0.2 16.2 6.2 * 0,2 -33.6 £ 1.0
£ 8.65 * 0.88 16.3 8.06 * 0.88 -27.5 £ 3.0
a | This work

b R.C. Neuman, D.N. Roark and V. Jonas JACS 89, 3412, 1967
c A. Allerhard and H.S. Gutowsky J.Chem.Phys. 41, 2115, 1964
d M.T. Rogers and J.C. Woodbrey J.Phys.Chem. 66, 540, 1962

e J.C. Woodbrey and M.T. Rogers JACS 84, 13, 1962

£ " E. Krakower, Ph.D. Thesis, UBC, 1967.
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variation in AH” and AS#, as obtained using different methods of
analysis and also different solvents and solute concentrations, is
shown graphically in Fig. 4.4. fhe large variation in thesc parameters
for identical chemical systems is due to relatively small errors in the
experimental determination of specific rate constants and/or tempera-
turés; Although these errors may give rise to only a small change in
the slope of the corresponding Arrhenius plot over the temperature
range for a particular study, this temperature range is usually very
small (20-80°C) and hence relatively large variations in the Ea'and A
values determined from Eq. (4.1.1) soon become evident. This of course
leads to corresponding variations in AH# and AS# in accordance with
Eqs. (4.1.4) and (4.1.5), resbectively. In general, as shown in
Fig. 4.4, higher»t‘a (AH#) values are associated with higher A values
47, 64, and vice versa. Excépt for a single point, however, a linecar
correlation between AH# and AS# is obtained and this implies that the
free energy of activation, AG#, is approximately invariant to small
systematic errors inherent in the detefmination of Ea and A, cf. Eq.
(4.1.6). Thus it becomes evident that the only significant_parameter
obtained from NMR data may indeed be the free energy of activation 64
The activation pardmeters for DMCC determined by complete
lineshape analyses are shown in detail in Fig. 4.5, this method of
analysis giving the most reliable and highest precision estimates of
these parameters. The data obtained in independent studies are con-
sistent well within the calculated error limits, but it is still not

possible to reliably comparc the enthalpies of activation determined

for the neat amide and the amide in a CCly solution. Again the free
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energy of activation becomes the most significant parameter, and is
determined for AS# = 0, cf. Eq. (4.1.6) and Fig. 4.4, as AG# = 16.65
kcals mole !. In this particular case it i1s interesting to néte that
the slope of the linear plot shown in Fig. 4.5 defines a characteristic
temperature of 258°K, which is to be.compared with thatlof 298°K at
which AH# and AS# have been calculated. This temperature difference
may be considered to indicate a small dependence of AG# on solvent and
'thus may be used to semi—quantitatively describe solute-solvent inter-
actions for a series of substituted amides. For the hindered rotation
in an amide, a free energy change is expected to be defined primarily
by intramolecular effects and hence is much simpler.to interpret than
the energy of activation thch is sensitive to intermolecular effects.
Also,there is a general tendency in rate processes in solution for

134, 135 so that

enthalpy and entropy changes to compensate each other
the effective change in.free energy is reduced and becomes less sensi-
tive to external effects. This compensation effect is simply inter-
preted in terms of a solute-solvent interaction. Any interaction that
leads to a stronger binding of solvent molecuies to a solute molecule
lowers the enthalpy of the system; and alsé; by restricting the free-
dom of motion of both solute and solvent molecules this interaction
lowers the entropy. 'This characteristic is-shown by the parameters
presented in Fig. 4.4. in this particular case, it may be considered
that a decrease in entropy for the planar ground state (relative to

that for the hindered rotaticr transition state) of DMCC as a neat

liquid, due to a dipolar solute-solute (solvent) interaction, leads to a
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small positive AS” value as comparedmwith a commensurate negative

AS# value for a dilute CCly solution in which such an interaction

is presumably minimised. In gencrél, although different solvents
and!;ubstituents influence AH# and AS# in a complex manner, the

partial compensation effect is of such a form that their influence

on AG# is much simpler in form. Until the present steady-state

NMR lineshape data * supplemented by spin-echo and double resonance are
~data of comparable precision over an extended temperature range,

it appears that the free eneréy of activation is the only parameter
that will allow quantitative correlations for a series of substituted

N,N-dimethyl amides.

4,1.2 N,N-dimetﬁyl carbamyl bromide

1

N,N-dimethyl carbamyl bromide (DMCB):was chosen as a

~ halo-substituted N,N-dimethyl amide in a series to allow a consistent
study of.substituent effects on the hindered rotation about the

amide N-C bond.

DMCB was prepared by saturating ~10 gms of N,N-dimethyl
carbamyl chléride (DMCC)136 by bubbiing a mixture of HBr and N; gases
through the neat liquid chloride kept at 0°C. The N stream removed
any HCl or Cl. formed and significantly increased the yield of the
carbamyl bromide. The bromide was purified by multiple distillations
at ~10 mm, the boiling point of the final product being 63°C at this
pressure. The product was identified by NMR and was shown to contain

~2% of the carbamyl chloride, this being verified by the elemental

analysis:
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c H Br Br + Cl1
Calculated 23,68 3.95 52.63 %
Found 24.54 4.30 - 54,11 %

This liquid amide was studied neat as solute-solvent
interactions were shown to have only a small effect on the hindered
rotation in the similar DMCC system, and on the activation parameter
of interest at this point (AG#), as discussed in the preceding section.
The NMR sample was prepared as previously outlined. Complete line-
shape analyses for this two-site equal population ekchange system,
using the iterative fitting program PLONK, gave the results sumﬁarised
in Table 4.4. Typical lineshape fits are shown in Fig. 4.5. These
fits were not improved (within the rate constant error bounds) Dby
concidering a temperature dependent chemical shift 2Q, cf. Eq. (2.2.1);
and thus the cis-trans N-methyl chemical shift may be assumed to be
.5.4.% 0.2 Hz at 60 MHz over the temperature range -15°C to 70°C. As
this chemical shift is reduced by 20% and 32% from those for DMCC and
the parent amide DMF (N,N-dimethyl foyrmamide, 20 = 8.1 Hz), respectively,
considerable magnetic anisotropy associated with the C-Br bonding
system is indicated. This anisotropy is of a form that partially
compensates that due to the C = 0 system, and this compensation effect
is also shown by the C - Cl bonding system in that this chemical shift

for DMCC is reduced by 16% from that for DMF. However, it is to be
noted that these chemical shift variations are due in part to inter-

133, 137

molecular interactions and electric field effects The

activation parameters calculated for DMCB at 25°C arec given in Table 4.4,



TABLE 4.4

Kinetic data for N,N-dimethyl carbamyl bromide

(neat)
Temp. °C . | k sec !
-10.2 0.62
- 2.0 _ 2,06
- 1.0 _ - 2.14
7.2 | 3,60
7.3 | 3.52
11.5 . 5.52
15.7 7.35
16.2 . 7.28
16.4 | ' 8.67
19.0 11.2
19.4 14.0
19.7 15.0
24.0 20.9
24.0 . 21.5
32.5 33.7
36.6 | 60.2
" 48.8 | 125.5
55.0 161.9
58.7 | 300.3
61.6 . 464.1

continued/...



TABLE 4.4 continued

E = 15,25 % 0.36 kcals. mole !
A" = 14.66 kcals. mole™! at 25°C.
ast = -3.3 & 1.2 cals. deg ! mole™?

15.66 kcals., mole !

At
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Fig. 4.5 Lineshape fits for N,N-dimethyl carbamyl bromide, two-site

equal population exchange system.
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the energy of activation for the hindered rotation being determined

from the Arrhenius plot shown in Fig. 4.6.as 15.25 % 0.36 kcals.

- . ' . . # - -
mole !, Again the entropy of activation AS = -3.3 + 1.2 cals. deg. !
mole ' is determined to be relatively small, as “expected for the type

of rate process under consideration.

4.1.3 Methyl N,N-dimethyl carbamate

The methyl ester.of N,N-dimethyl carbamic acid, methyl
N,N-dimethyl carbamate (DMCO), was studied to allow a comparison of
the O-methyl group with halogens and pseudo-halogens as substituents
in an amide series. |

If hindered rotation about the N-C bond is present in this
carbamate, the rate process may be analysed in terms of a simple two-
site equal population exchange system as this compound is not éxpected
to have‘a preferred conformation and the Spin-spin coupling between
the N-methyl and O-methyl protons will be negligible. However, Drago
et al 138 have reported the N-methyl groups in this carbamate to be
equivalent in the neat liquid and in a number of solutions at all
temperatures down to -46°C, showing that the barrier to rotation about
the N-C bond is inherently low, that is less than about 8 kcals. mole ‘.
A later study by Lustig et al 139 showed that this barrier to rotation
is increased in chloroform solutiﬁns and that a cis—trans N-methyl

~

inequivalence is observed at ~-25°C, the associated chemical shift
being dependent upon solute concentration. The increased nitrogen lone

pair delocalisation in a CHClj3 solution, leading to an N-C rotation



observable by NMR, is presumably due to a hydrogen~bonding interaction
between the carbonyl oxygen lone pair electrons and the solvent
molecules which would tend to preferentially stabilize the amide

+

resonance form represented as N = C = 0. Thus DMCO is studied here as

a 10 méle % CHC13 solution to obtain an estimate of the effect of

such a solvent interaction on the N - C = 0 bond system and to allow
a correlation with a simple molecular orbital model developed in a
later section. A 10% golutidn corresponds to a near maximal N-methyl
chemical shift (20) of only 1.8 + 0.1 Hz at 60 Miz and at -30°C.
DMCO was prepared through the reaction of dimethylamine
with methyl chloro-formate as described by Hartman and Brethen141.
The liquid product was purified by distillations at ~40 mm and stored
over molecular sieves, the final product haviﬁg a boiling point of
58°C at this pressure, cf. 1it. value 56.5 - 57°C141. The NMR sample
was prepared_as'previously described for DMCC, with Spectrograde
deu£erochloroform which had been thoroughly dried over molecular sieves.
Owing to the very small chemical shift 2@, cf. Eq. (2.2.1),
the‘temperature range for the kinetic study is limited to 25°C. There-
fore, to obtain reliable rate constants from completé lineshape analyses,
a large number of spectra were fitted at each temperature using the
program PLONK, as described in section 4.1.1. The shift 20 was shown to
be temperature independent (* 0.1 Hz) within the lineshape fitting error
limits attainable. The averaged rate constants, k sec-1; are given in

Table 4.5 and the corresponding Arrhenius plot is shown in Fig. 4.8,

The energy of activation, Egg is determined as 15.18 + 0.58 kcals mole !



TABLE 4.5

Kinetic data for N,N-dimethyl carbamate

Temp.
~23.
22,
-16.
-14.

-14.

(10% CHC1; solution)

k sec

15.18 + 0.58 kcals. mole !
14.54 kcals. mole ! at 25°C
-2.0 + 2.2 cals. d.eg-l_mole"1

15.19 kcals. mole !

.25
.41
.76
.05
.15
.36
.44
.57
.68
.23
.46
.18
.42
.18
.43

.36

1
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and thus it is shown that the carbonyl-CHCl3 interaction increases
the barrier to hindered rotation for DMCO by about 8 kcals. molenl.

This implies that, in general, the magnitude of E4(or AG#) for the.A

N - C rotation may be a sensitive measure of'intermoiecular interactions
wifh an amide.C = 0 group, when these parameters are derived through
complete NMR lineshape analyses. The small eﬁtropy of activation
determined from the above kinetic data for DMCO, AS# =-2.0'i 2.2 cals
deg™! mole™?!, implies that the carbonyl —VCHC13 interactioﬁ and henée
solute-solventvstructure is very nearly invariant to the changé in
‘overall dipolar character of thé amide systemvin forming the transition
state for the rate process under consideration. The magnitude of the
chemical shift 20 is difficult to interprét as it will depend upon a
modification of the form of the C = 0 magnetic anisotropy due to the
CHCls hydrogen-bonding and also the magnetic anisotropy associated with

the C-OCH3 group, in addition to solvent and clectric field effect5137

4.1.4 N,N-dimethyl carbamyl fluoride

1

N,N-dimethyl carbamyl fluoride (DMCTF) was"studied as a
further member of a series of halo-substituted N,N-dimethyl amides
showing hindered rotation about the N - C bond. Although this compound

142, 143 very little infor-

is well known as a specific cnzyme inhibitor

mation is available on its electronic structure as compared with other
. . . . . ) 144 . s

amides of importance in biochemical systems . A study of this com-

pound allows a direct comparison of the data available from molecular

orbital calculations for N,N-dimethyl formamide (DMF) and DMCF and for
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the parent compounds formamide and carbamyl fluoride. Carbamyl fluoride
is stable only at relatively low temperaturesl45 and thus it is not
possible to experimentally determine the barrier to hindered rotation
for this particular amide.

DMCF was prepared by a simple exchangé reaction between N,N-
dimethyl carbamyl brcmide (DMCB) and AgF, using CH3CN as a solvent. The
~ yield was loW (N 10%), however, and an improved method of preparation

utilizes SbF3 as a fluorinating agent146.

The product was purified by
vacuum distillations at ~10mm (bp = 35°C), and also by a distillation
at 760 mm (bp = 129°C) using a spinning-band column, and gave an

elemental analysis:

C H F
Calculated 39.58 6.59 . 20.88 %
Found ‘ 39.81 6.58 20.68 %

DMCF was studied as a 16 mole % CCl, solution to minimise

147
).

solute-solvent interactions for this highly polar compound (u = 4.02D
The NMR sample was prepared in the manner previously described and as
usual dioxane was used as the reference peak defining the transverse
relaxation time, T2, in the absence of chemical exchange. DMCF gives
an A3B3X spectrum, the methyl group As being trans to the éarbonyl
oxygen atom and resonating at a lower field than the Bz group. This
spectral assignment is consistent with the general NMR chemical shift
characteristics associated with the magnetic anisotropy of the carbonyl
132, 133, 148

group . In addition, the unequal 'H - 19 spin-spin

coupling constants are determined in the absence of exchange (v - 20°C)



112.

LN

as IJAXI = 0.3 + 0.05 and lJBX' = 0.8 + 0.05 Hz, consistent with a
' . .15 -
normal trans coupling (JBX) being greater than a cis coupling 2. This
9,01

. . . ' S ... 5 .
assignment is similar to that made for N,N-dimethyl formamide ™’ ", in

which casc JA = 0.35 and JB = 0.60 Hz. These couplings may be com-

X X

paréd with those for the related acetyl compounds CH3CFO (J,,. = 7.6 Hz)

HF

and CH;CHO (J,,, = 2.85 Hz), showing the cffect of the interposed N atom

HH
and the N-C double bond character on these indirect spin-spin couplings.
The chemicallshift between the A and B methyl groups (2Q) in DMCF is

very small, solvent and concentration dependent, and also tempeiature
dependent. For example, the values of 20 for the neat amide and a 16
mole % CCl, solution at n~-20°C are 1.2 + 0.1 and 2.20 + 0.05 Hz,
respectively, at 100 Miz. The corrésponding shift at 30.5°C for the

CCl, solution is 1.75 # 0.05 Hz. This particular shift was also

measured at 220 MHz and was shown to be accurately consistent with

the overall assignment made fo& the AB-transitions. The.methyl proton
chemical shift is predominantly dué to the combined effect of the
magnetic susceptibility anisotropies of the C-F and C=0 bond systems.

The Yelatively small 2Q value thus indicates that the forms of the
susceptibiiity tensors associated with theyélectronic chérge distribu-
tions localised in these two bonds are such that the two methyl shielding
regions have very éimilaf characteristics. This in turn may imply that
delocalisation of fluorine 2p,. electrons, as represented by the

+
resonance form N - C = F , is significant in the ground state of DMCF.

I
: 0 - :
Such a charge distribution would lead to an anisotropy of the C-F bond

which is not axially symmetric and is comparable to that normally
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associated with the C=0 system. The temperature dependence of 29 may
be ascribed to a temperature dependent intermolecular dipole-dipole
association which affects the magnetic anisotropies of the C=0 and/or
C-F groups, and hence it becomes apparent that the reduction of .
solute-solvent interactions in a CCly solution may increase the
prbbability of solute-solute interactions between the polar DMCF ﬁole—
cules.

Although chemical shifts are generally dependent upon detailed
solvent interaétions, indirect spin-spin couplings are usuallijéry
nearly independent of these intermolecular effects. In the case of an

amide such as DMCF, however, such interactions may stabilize the

between the methyl protons and the fluorine nuclear spin due to the
increased N-C douﬁle—bond character. This is actually observed experi-
mentally, in that lJBXI = 1.1 * 0.1 Hz for neat DMCF. This is an
increase of 0.3Hz as compared with the yalue for the DMCF/CCly solution,
showing that the CCly solvent does break down specific solute-solute
interactions to some extent. As the four-bond spin-spin coupling JHH

between the Az and B: methyl groups in N,N-dimethyl amides is negligible
151, the H NMR spectrum for the DMCF spin system may be analysed in terms
‘of an AB-part of a first-order ABX (JAB = 0) spectrum as described in
detail in section 2.5 of this thesis and illustrated in Fig. 2.7. The

couplings J

and J_, are shown to be temperature independent (within
AX BX P . P

'experimental error), as the averaged coupling in the limit of very fast
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exchange (k>>Q) is determined as 0.6 + 0.1 Hz corresponding to a

calculated coupling J+ = L(J J 0.55 + 0.10 Hz. The observed

ax T I T

liheshapes in the presence of exchange unambiguodsly lead to the
conclusion that the relativevsigns of these couplings are the séme,
as:implicitly assumed in the above definition of the parameter J_. The
characteristic AB- part of a’first—order ABX spectrum is shown in

Fig. 2.7 (a) for J J. > 0, where for k>>Q the spectrum reduces

BX ~ YAX

to an A,X form with an effective coupling J,. In such an analysis for
DMCF it has been assumed that the two-bond spin-spin couplings between

the methyl protons and the amide '“N nuclear spin are negligible.

50

H - {!%N} double resonance study1

Although a of N-substituted

amides indicated that these couplings were indeed negligibly small, the

151,152

data available from further studies using !°N- amides leads to

calculated !*N coupling constants J. and JNB of 0.7 and 0.8 Hz, res-

NA
pectively. Nevertheless, it may be assumed that the methyl protons
are completely decoupled by quadrupolar *“N nuclear spin-lattice
relaxation15§ It should be noted, however, that the X-part of the

complete A;B;X spectrum may show effects due to the coupling J this

NX?
three-bond cbupling being enhanced by the N-C partial double bond
character. The N - H coupling Jyx for N,N-dimethyl formamide is

calculated as 10.4 Hz152

, and hence the corresponding !*N - !°F coupling
may be of the order of 15 Hz. For a scalar coupling of this magnitude,
the "N quadrupolar relaxation mechanism may give only a partial spin-

spin decoupling due te the temperature dependence of the molecular

reorientation giving rise to the time-dependent electric field gradient
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at the "N nucleus.

The first—nrder rate constants, k, describing the hinderedv
rotation in DMCF have been determined using total lineshape analyses
in terms of the stochastic model for such a multi—siteyexcnange process
developed in section 2.5. The absorption mode lineshape function, V(x),
is the real part of the complex function G(x) given in Eq. (2.5.14).
- The diagonal matrix A and associated transformation matrices E:and 2:1
appearing in this expression.are derived from a 4 x 4 matrix [5:— igj
defining the specific rate process for the equal population DMCF
exchange system and the Larmor frequencies for the four spin-sites to
be considered (cf. Fig. 2.7). The matrices required for JBX > JAX >0
have been given explicitly in Eq. (2.5.15). A FORTRAN-IV computer
program GPLONK was developed to allow a rapid numerical calculation of
general multi-site exchange lineshapes based upon the component
expressions givén as Egs. (2.4.8) and (2.4.9). Representative intra-
molecular exchange lineshapes for the AB-part of a first-order ABX spin
system, as calculated using GPLONK, are shown in Fig.2.8. The CPU time
involved on an IBM 360/67 system for each 600 point spectrum, including
the setting-up of control arrays for a CALCOMP plotter, is less than
4 secs which exemplifies the advantages of applying a matrix formulation,
and the specific component form previously described in detail, to
lineshape calculations. The program GPLONK, in conjunction with a
. subrouﬁine GFITT, also allows an efficient automatic iterative fitting
of a theoretical lineshapé to digitized experimental data. The sub-
routine GFITT is based upon the simple search thfough optimised

parameter increments previously described, cf. section 4.1.1, where the
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matrix:£ is changed iteratively in accordance with the general procedufe
outlined in section 2.4 following Eq. (2.4.9).

Multiple spectra were obtained for the DMC? CClus solution at
each of nine temperatures over the range -15.2 to 78.2°C using a
FABRITEK FT-1064 computer with the spectrometer-computer interface
described in section 3.1. A typicai sampled and digitized spectrum for
DMCF is shown iﬁ Fig. 3.5. Because of the very small methyl chemical
shift 20 for DMCF, and hence NMR lineshape frequency interval,Ait is
difficult td obtain accurately reproducible steady-state spectra even
with the overall stability availabie from a field-frequency locked
spectrometer. Some typical lineshape fits are shown in Fig. 4.9 and the
average rate constants obtained from multiple fits at each temperature
are summarised in Table 4.6. The temperature dependences of the
chemical shifts wy and Wy » cf. Eq. (2.2.24), derived from these line-
shape fits are shown in Fig. 4.8 along with the mean frequency W,
defining the reference zero for the independentlvariable X. All
frequencies are measured with respect to that for TMS at constant field.
The variation in methyl éhemical shifts is presumably due to a stereo-
specific intermolecular interaction which may lead to a small change in
the form of the anisotropic shielding associated with the C=0 and C-F
groups in DMCF. Thus the chemical shift 202 varies from 2.2 to 1.4 Hz
over the temperature range -15.2 to 78.2°C. The coupling constants J

AX

~and JB ‘were assumed to be temperature independent, and the chemical

X

shifts corresponding to minimum error multiple lineshape fits were

found to be consistent to within + 0.05 Hz. Thus this lineshape

fitting procedure may be used to determine small chemical shifts and/or



TABLE 4.6
Kinetic data for N,N—dimethyl carbamyl fluoride

(16 mole % in CCly)

temp., °C k, sec !

12.2 0.076
15.6 : 0.159

302 " 0.550
32.5 | 0.692
37.6 1.99
44.9 ‘ : 2.29
46.5 2.57
53.8 5.11
62.7 9.55
78.2. ' 26.3

E = 18.3 + 0.6 keals. mole !

1og10A = 12.9

AH# = 17.7 + 0.6 kcals. mole *

# : - -
AS" = -1.4 + 2.1 cal.deg . mole !

AG# = 18.2 + 0.6 kcals. mole *
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coupling constents to this precision154’15b

, which could not be obtained
under normal NMR spectral resolution. It is to be noted that the errors
(cf.vsection 4.1.1) for the DMCF fitted lineshapes are maximai in the
limits of very slow and very fast exchange. This may be due to the
difficulty'in recording the sfeady—state lineshapes over a frequency
range of only 5Hz, but in actual fact these lineshapes were accurately
reproducible within the error limits involved. Also, in the very slow
exchange limit, the residual 'linewidths were greater than the reference
widths aﬁd hence additional transverse relaxation effects may have been
observed in this particular amide. Such effects may arise from aniso-
tropic nuclear dipole-dipole, quadrupolar and chemical shift interactions

156,157
. In

through incomplete averaging by molecular reorientation
addition, enhanced cross-relaxations associated with these anisotropic.
tehsor interactions may give rise to differential linewidths in the
absence of hindered rotation in DMCF. Such relaxation processes have
not been included in the analysis reported here. The Arrhenius plot
for DMCF is most satisfactory, however, and is shown in Fig. 4.10.

The activation energy is determined as 18.3.i 0.6 kcals. mole !. The
free energy of activation is then calculated at 25°C as AG# = 18.2

1

- - #
+ 0.6 kcals. mole °, with an entropy of activation AS = -1.4 + 2.1 cal.

1

deg 'mole 'which is of a magnitude typical of the hindered rotations in

"all of the substituted N,N-dimethyl amides studied here.
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Fig. 4.10 Arrhenius plot for N,N-dimethyl carbamyl fluoride
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4.1.5. TFormamide
Although some semi-quantitative kinetic data were available for

. the hindered rotation in formamidelsg’lsg, a total lineshape analysis
had not been reforted and hence this parent amide was studied to obtain
reliable activation parameters for éomparison with those for the
substituted N,N-dimethyl amide series already discussed. It is also
of interest to compare the experimentally determined rotation barriers
in formamide and N,N-dimethyl formamide (DMF) to allow a fﬁrther
corrclation with the corresponding series of parent amides, which are
usually experimentally inaccessible but are certainly more convenient
for molecular orbital calculations being the simplest molecular
containing the N-C=0 bond system. Of course, the barrier in formamide
is of fundamental importance as a reference point for all descriptions
of substituent effects on the hindered rotation about the N-C bonds in
amides and of the bénding characteristics in these compounds. In the
course of the work described here, an independent NMR lineshape study
was reported160 and the additional data now available may be ﬁsed to
aécértain the applicability of the general lineshape fitting procedure
to a more complicate& tightly-coupled nuclear spinysystem. As already
described in.detail in section 2.6, the analysis of chemical exchange
in a tightly-coupled (second-order) spin system requires a complete
spin density matriX treatment.

| - In contrast to DMF, there are-two complicating factors in an
NMR study of the hindered rotation in formamide. Firstly, the quadru-

polar "N nucleus leads to very broad resonances for the directly
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bonded amino protons eliminating all chemical shift information for
161 . . )
these protons , and hence it is necessary to use an isotopically
. 15 . 158 . . .. 159
enriched *°N-formamide sample or double rf-irradiation” . The
former simplification is preferable for a quantitative .lineshape study
as the distortion inherent in spin-spin decoupling is difficult to
evaluate. Secondly, the intermolecular exchange of the basic amino
protons of formamide gives additional spin transfer effects in the
steady-state spectrum and the inclusion of such effects in a lineshape
analysis leads to a large increase in the computer core and time
required for numerical calculations. In principle it is possible to
determine the rates of the intramolecular (hindered rotation) and
intermolecular exchange processes simultaneously from lineshape fits,
but as the latter process is not of current interest it may be supp-
ressed over the temperature range for an intramolecular exchange study
. o 158
by using acetone as a solvent .
15N-enriched (98 atom %) formamide was obtained from Merck

%

Sharp and Dohme and was studied as a 10 mole % acetone (spectro-grade)

)
solution. The commercial formamide was used without further purifica-
tion and was dried with the solvent over molecular sieves. Hexamethyl-
disiloxane (®2%) was added to the NMR sample for field-frequency
locking. A separate single line was not required for a reference line-
shapc standard as the acctone peak is available and a convenient
standard is also present in the C-part of the ABCX USN-formamide 'H
spectrum., That is, in the absence of intermolecular exchange there are

four lines that have widths that are invariant to exchange effects,
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cf. section 2.5, and hence these lines may be used to eétimate the
linewidth associated with magnetic field inhomogeneity and slow inter-
molecular exchange which may be present at higher temperatures. The
NMR sample was thoroughly degassed by_thé usual freeze—pumpﬁthaw cycle
and was sealed in vacuo in tﬁin walled tubes of 5 mm o.d..

The 'H NMR spectra were obtained at 100 MHz with a Varian HA-
100 spectrometer equipped with a V-6031 variable-temperature probe and
temperature controller. The.V—6031 controller maintains a preset temp-
erature for the N2 gas heating or cooling the sample, and the gas
temperature is sensed at about 5 cm from the sample volume in the
spectrometer receiver coil. Thus the sample temperature was measured
before and after recording a spectrum using a standard ﬁethanol (or
glycol) sample and interpolation of the -CH chemical shifts obtained in
HA-mode using the data of Van Geet126. The temperature thus determined
is estimated to be accurate to % O.é°C and was shown to be stable,
within these limits, over a period of about 20 mins. The spectra
were recorded at sweep rates of 0.02 or 0.05 Hz sec ' to best approximate
steady-state conditions, and with a low amplitude rf field (¢ 0.02 mgauss)
to minimise lineshape distortion due to saturation effects. At each
temperature, to ensure reproducibility, at least four spectra were
digitised and stored using a Fabritek FT-1064 computer interfaced with
‘the HA-100 as described in section 3.1. All frequencies were measured,
‘using the V-4315 counter, with reference to HMDS as the internal standard.

An optimum H, field homogeneity was maintained over the temperature range

-15 to 83°C corresponding to a 0.4 Hz resolution'(Tz = 0.8 sec.) and a
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reference lineshape that best approximated a symmetrical Lorentzian
shape. Wilmad PS-505 5 mm thin-walled sample tubeé were used to attain
feproducible spinning characteristics and field homogeneity control.
The hindered rotation in 15N—formamide'may be considered in
terms of a mutual spin transfer of the A- and B- spins in an ABCX
nuclear spin system, for which the basic equal populétion chemically
shifted sites are predominantly due to the diamagnetic susceptibility
anisotropy of the carbonyl_gfoup. Consistent with prior studies within
this section, the amino B- proton which is cis to the carbonyl oxygen
is assigned to high-field of the A-proton, and thus the C- spin is the
formyl broton which is to low-field relative to both the A- and B-
protons. Owing to the specific interaction of the acetone solvent
molecule with the solute molecule, it is to be expected that the amino
protons will have chemical shifts showing significant temperature
dependences, whilé spin-spin couplings‘are usually less sensitive to
intermclecular interactions. Therefore, initially, it‘is necessary
to carefully analyse the ABCX spectrum in the absence of exchange
effects to determine the form of the temperature dependences, if any,
for the spectral parameters. The specfra were analysed using a
computer program NMRFIT, which is a much modified version of
LAOCOON162 giving a very efficient iterative fit of spectral parameters
to transition frequences, by assigning all 24 lines over the tempera-
Ature range -12.4 to 30.2°C. The resultant chemical shifts and
couplings are given in Table 4.7, along with those obtained from the

o . - . 158
earlier study of an acetone solution of the same concentration



-12.4 -4
-5.0 )
3.0 -7
30.2 -10.
-10.

-12.

-18.

-G.

10 mole % acetone solution, -12.4 to 30.2°C

35 mole % acetone solution, 30°C

~1

10.

10.

12.

18.

U1

Spectral parameters for '°N-formamide

Q

C

-84,

-90.

-97.

-118.

~-118.

-69.

-102.

14.1 % diglyme solution, 25°C

22.2% acetone solution

A1l chemical shifts refer to 100 MHz NMR.

6
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Table 4.7

JAB

]

.8

J

AC

1.8

JBC

13.

. 13.

13.

13.

13.

AX
90.
90.
50.
90.
91.

89.

BX
87.5
88.3
87.6
87.6
88.0
86.4

87.

ot

CX

15.

15.

15.

16.

16.

15.

ref.

this work

(158)
(152)
(160)

(159)
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. . . - 152,159,160
and those from more recent studies using similar solvents 52,15 6 .

Only relatively small variations in the values of the coupling
constants are evident for different concentrations of formamide in
acetone and diglyme as solvent, and are even smaller over the tempera-
ture.intervaliof 42°C for-the 10 mole% acetone solution.. Thus all
coupling constants are assumed to be temperature independent in the
following lineshape analysis. As is normal, the trans coupling JBC

is much greater than the cis coupling J both being enhanced due to

AC’?
the partial double bond character of the interposed N-C bond. The

chemical shifts QA’ QB and QC’ however, show reiatively large variations
with solute concentration and temperature. In Table 4.7, the reference
frequency wo defining the independent frequency variable x for a

lineshape analysis is taken as the average of the shifts wy and w,,

<0< QB. The shifts w,, w, and

cf. Eq. (2.2.24), and hence QC < Q o Wy

A

wC are measured relative to hexamethyl-disiloxane and W is shown to be

approximately constant while wy and Wy (QA = Wy

strong temperature dependences as illustrated in Fig. 4.11. As the

—wo) have relatively

chemical shifts derived using NMRFIT wére reproducible to within + 0.2 Hz
and as the variation over the temperature interval *12.4 to 36.2°C was
linear, as depicted by the open points in Fig. 4.11; it was assumed

that a linear extrapolation could be used to determine the chemical
shifts used in a lineshape fit at any temperature up to 85°C. The

actual lineshape fits showed that the variations of all cﬁemical shifts

over this temperature range are indeed linear, in that the chemical

shifts corresponding to the minimum error fits are shown as the closed
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points in Fig. 4.11.

The absorption mode steady-state NMR lineshapes for the ABC-
part of the ABCX !°N-formamide system as modified by mutual tfansfer
of the A- and B-spins have been calculated using a FORTRAN-IV computer
program GENLIN. The theory for these'calculations.has been discussed
in detail in section 2.6 and the computer program is based upon the
~ matrix equation Eq. (2.6.17), which is derived from the general com-
ponent equation of motion for the spin density matrix, cf. Eq. (2.6.7).
The spin transition operator matrix, i:, in the basis of simplé product
functions for the four spin system is very similar to that given
explicitly for the ABX (or ABC) spin system in Table 2.3. 1In fact the
matrix given in Table 2.3 forms a block diagonal part of the complete
ABCX transition matri# which defines 30 transitions, including
allowed and "combination' transitions, in the ABC-part of the ABCX
spectrum.and hence the fundamental matrik_i‘, cf. Eq. (2.6.12), is a -
30 x 30 matrix with complex elements. To‘simplify the calculation for
the large number of numerical spectral data points (ilOOO) required in
an iterative lineshape fitting procedure for such a complicated
spectrum, the matrix R' is transformed to diagonal form and the
" frequency dependent part is retained as the scalar matrix'xié i:being
the 30 x 30 unit matrix. In comparison with Eq. (2.4.6) giving the
complei lineshape function G(x) for a first-order spin system, the
diagonal matrix Q is derived from the matrii g.given in Eq. (2.4.5)

where @ is now an off-diagonal matrix. The elements of the matrix §

92,93

are formally defined by the Liouville Hamiltonian operator but
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are very simply determined using a simple algorithm based upon

Eq. (2;6.27). On diagonalisation, in the absence of exchange effects,
this matrix directly determines the second-order trénsition'frequencies
~and associated complex intensities. It is to be noted that the diago-.
nal elements of the matrix §1 are first-order approximations to the
transition frequenéies, and indeed the only change in going to a
second-order analysis of exchange effects using this matrix formulation
is in the definition of the spin-site frequency matrix, Qﬁ in Eq.
(2.4.5). Following the similarity transformation as giveﬂ.in Eq.
(2.4.7), the numerical lineshape computation is reduced to simple
multiplications in real arithmetic as previously described, cf. Eq.
(2.4.8). The computer program GENLIN is complicated by involved in-
dexing and sorting to maximise the computational efficiency and such
details need not be discussed at this point. The advantage of using
vthe matrix formulation described as part of this work, however, is
exemplified by comparison with the computational methods used in the
independent study of 15N-formamidel6o. The CPU time quoted for the
computation of a single speqtral data point for a 4-spin system using
an IBM 360/75 computer is 0.3 second163,-and hence the time involved

~ for a 1000 point spectrum as required for a reliable visual or
numerical comparison with experimental data is 5 minutes. The CPU time
for the calculation of the same spectrum using the program GENLIN on an
IBM 360/75 computer is less than 10 seconds, representing a reduction
in time by a factor of about thirty. That is, in approximately 2

minutes it is possible to obtain a completely automatic numerical
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iterative lineshape fit over any prescribed frequency range énd to a
precision of the order of 1% for the first-order rate constant
:defining the intramolecular eXchange. The subroutine CFITT dsed in
conjunction with GENLIN for the iterative fitting has been previously
descibed; cf. section 4.1.1.

The average rate constants obtained from multiple lineshape
fits to both the AB- and C- parts of the ‘!N-formamide spectrum over
the temperature range 43.3 to 83.0°C avre iisted in Table 4.8 and the
complete lineshapes corresponding to these particular rate constants
are shown in Fig. 4.12. These lineshapes may be compared with those

obtained at 60 MMZ-ISS’ 160.

The effect of the temperature dependent
chemical shifts ﬁk and Q% is clearly shown in Fig.'4.12} Als§, from
the form of the minimum error lineshape fits, it is readily deter-

- mined that the relative signs of the coupling constants Iac and JBC
are the same. The lineshapes in Fig. 4.12 may be compared with those
calculated for the closely related ABX spin system, Figs. 2.8 and 2.10
showing the effect§ of the relative signs of the coupling constants
JAX and JBX' The effect of the couplings_with the same sign is
espec;ally obvious in the C-part of the spectrum. This sign deter-

“ mination is consistent with a double resonance studylsz. The upper
temperature limit for the study of intramolecular exchange is deter-
mined as that at which the édditional intermolecular exchange effects
become significant. That is, the linewidth associated with the latter

process increases to 0.8 Hz at 83°C and this was considered to be the

maximum allowable contribution for the overall lineshape fits not to be



TABLE 4.8
Kihetic data  for formamide

(10% acetone solution)

Temp®C k sec
43.3 | | 3.63
45.5 468
47.5 ) 6.46
49,0 . 6.76
52.2 . 9.55
54.6 | 10.50
55.0 10.00
59.4 15.90
60.0 19.10
67.0 33.90
77.4 ©69.10
77.6 75.90
78.0 85.10
83.0 120.00

E, = 19.27 + 0.37 kcals.mole !
pH' = 18.68 keals.mole} at 25°C
AS# = 3.0 + 1.2 cals. deg ! mole !

AG" = 17.77 kcals.mole !
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affected by this approximation within the overall fitting error'liﬁits_
attainable. The four narrow lines in the C-part of the spectrum which
'may be used to monitor this linewidth contribution are cleariy shown
in Fig. 4.12. The Arrhenius plot is shown in Fig. 4.13 and the activa-
tion energy obtained is 19.3 #+ 0.4 kcalsf mole ! which is consistent
with the earliest estimate for this.parameterlsg, namely 18 + 3 kcals.

mole 1. At 25°C, the free'energy of activation is determined.asv

AG# = 17.8 + 0.4 kcals. mole ! with a corresponding entrepy of activa-
tion AS# = 3.0 + 1.2 cals. deg. 'mole !. These activation parémeters
may now be compared with those obtained for a '"N-formamide acetone

" solution (22.2%)159: AG# = 17.0 + 1.9 kcals.mole ' and AS# = -5.4 %
2.4'cal.deg.—1 mole ! , and for a 15N~ formanmide diglyme solution (14.1%)

1601 AG# = 17.8 + 0.2 kcals.mole ' and AS# = 4.0 + 0.7 cals.deg ®.

mole }

. Although the entropies of activation are positive and negative
for the lineshape and double resonance studies, respectively, they

are relatively small as is to be expected for an internal rotation
process. A positive entropy corresponds to a more ordered ground
state, for the formamide-acetone complex, gnd as the planar ground

state may be expected to have thellargest dipole moment this is consistent
"with an increased solute-solvent electrostatic interaction leading to

a more stable complex in solution with reduced degrees of freedom.
However, there are two possible pyramidal transition states for the
formamide hindered rotation, and while these states have very different
dipolar character they have nearly identical energies, as calculated

for an isolated molecule. Thus if solvation plays an important role,

it may well be that the more dipolar transition state of the two
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Fig. 4.13 - Arrhenius plot for 15N-formamide, 10% acetone solution
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possible is stabilised by solvation lcading to a decreased entropy and
a megative entropy of activation. The different transition states
will be further discussed in a following section, In view of the
large Vafiations in activation paramecters normally associated with_
indepeﬁdent NMR determinations, cf. Table 4.3, it is gratifying-to

see the agreement oﬁ both the activation energy and free energy of
activation for formamide as determined using total lineshap¢ analyses.
Of‘course this is the first éomparison of results from complete
density matrix lineshape studies and the agreement may be somewhat
fortﬁitous in that different solvents and slightly different solute
concentrations were used, although the solvent; do have similar chara-
cteristics. Nevertheless, in general, it may be expected that more
reliable rate-copstant determinations are possible for more com-
plicated tightly-coupled spin systems. It is well recpgniséd that the
most accurate kinetic dataare obtained for a simple two-site exchange
system in the region of coalescence. As there are a number of analogous
reg%ons for a more complicated spin systeﬁ spanning a larger range of
rate constants, it is to be expected that more reliable primary data
may be obtained by lineshape analysis over an increased temperature
range. Thus with the advent of efficient computer programs, such as
GENLIN described in this work, to handle more éomplicatgd spin systems
in an iterative NMR lineshape fitting procedure, a wider variety of
chemical systems of current interest showing kinctic cffects may be

particularly amenablc to study using the NMR technique.
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4.2 Hindered rotation in amides, Huckel MO calculations

The systematic experimental study of hindered rotation about the
'N-C bond in a series of N,N—dimethfl amides of the form N—g—x with
different substituents.X, as described in the preceding sections, has
.shown that the free energy of activation for the rotafion process is
nearly independent of inter-molecular interactions. Thus this free
energy may be considered as the activation parameter characterising

the intramolecular rate process. In addition, it is apparent that
systematic experimental errors inherent in the determination of specific
rate constants using steady-state NMR lead to minimal error in tﬁe
estimation of this particular activation parameter. In terms of the
usual absolute rate theory, the effect of molecular structural or
substituent changes on a rate process is reflected by the free energy
of activation129 and hence this thermodynamic parameter may be
correlated with the changes in the total molecular energy, as calcu-
lated using molecular orbital (MO) theory, corresponding to the
structural or substituent changes. The early work of Woodbrey and
Rogers 87 shows that the barrier to hindered rotation in amides is
strongly influenced by the substituent X. In this work the barriers
were determined using only approximate analyses of steady-state NMR
data, however, and the activation energies were discussed qualitatively
in terms of the effect of a given substituent on the bond—order of the
N-C bond. Now that reliable values of the free energies‘of activation
are.available, a semi-quantitative correlation with data available

from MO calculations is feasible. Thus a simple model may be developed,
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within the framework of é linear combination of atomic Qrbitals (LbAO)
MO theory 72, to describe the interactions Eétween the carbonyl group,.
the nifrogen lone pair electrons and the substituent X in a sﬁbstituted
amide. A calculation of the energy change (electronic only in the
simplest model) on rotation about the N-C bond and direct comparison
witﬁ the experimental data then allows an evaluation of the general
validity of the model and possibly a simple semi-quantitative physical
description of the hindered rotation and the effects of different
substituents on the barrier to rotation. Although a number of-cal—
culations based upon simple Huckel molecular orbital (HMO) theory have
been reported for amidesl64—l68, the only calculation of this type for
a series of related compounds is that reported by Sa,ndstram169 for

a series of substituted N,N-dimethylthioamides.. In the latter study,
the free energiés of activation obtained from NMR spectra show only a
crude correlation with N-C m-bond orders calculated using a modified

w-Huckel methodl70’171

, while a slightly improved correlation is
obtained with the corresponding loss in erlectron energy which occurs
when the dimethylamino group is rotated with respect to.the thiocarbonyl
group about the N-C bond. In this section, a simple T-electron HMO model
is used to calculate both bond orders and electron delocalisation energies
for a series of substituted N,N-dimethyl amides.

The application of quantum-mechanical methods to the cal-
culation of molecular properties for systems ofrchemical interest at
this time still involves a number of approiimations, and consequently

the emphasis has been placed upon correct numerical agreement with

experimental data. In the MO approximation, electrons are assigned to
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molecular orbitals which are most conveniently chosen to be one electron
wavefunctions expressed as linear combinations of a finite number of
atomic orbitals, ¢u. That is, the LCA0-MO wj is given as

c. ¢ a2

vy = jutu

5
. I

‘where the coefficients Cju are determined by a variational calculationl72.
Through neglect of all two-electron interactions, the total molecular
wave-function may be considered as a simple product of these one-electron
molecular orbitals so that the total electronic ehergy, for a singlet
ground state, is given as the sum of the energies for electrons in the
océupied molecular orbitals. In the simplest LCAQO-M0 theory, an electron
» o cnc-clectron MO in o central . field due
to all other electrons and nuclei in a given moiecule. In this manner

the energy associated with the MO wj, E., is determined by an effective

J
Hamiltonian, H. In accordance with the variational principle, for this
Hamiltonian, the eigen-functions wj and eigen-values Ej are given in

. |
terms of a set of simultaneous equations 72:

0 (4.2.2)

f

T [H . —6 E.]C.
v (B OB G

where Hpv is the Hamiltonian matrix element for the particular basis
AO's ¢U and ¢y. It may be assumed that the basis functions form an
orthonormal set and that all effects of A0 overlap are described by the
off-diagonal matrix elements Huv(u#v), and hence Guv is the Kronecker
delta function. Inclusion of overlap184 leads to a different charge

distribution in a molecule but has only a small effect on delocalisation
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energies and total w-encrgies. Thus although it is more rigorous to
include overlap, in genefal no significant imﬁrovement occurs in the
results from simple Huckel MO calculations. Initiélly all of the

eipgenvalues are calculated using the.secular determinantal equation:

S = 0 , . (4.2.3)

[H — & E|
uv uv

and then the expansion coefficients ij are determined as solutions of
the simultaneous equations Eq..(4.2.2) with constant coefficients

defined by Huv and the specific eigenvalue E Given an explicit form

i
for the one-electron effective Hamiltonian operator, the matrix clements
Huv may be calculated in the chosen basis of AO'S,'{¢U}, and similarly
the overlap integrals may be evaluated. However, in such a simplified
form of LCAO-MO theory there is little point in defining the Hamiltonian
operator expiiéitly and hence the matrix.elements are defined only in
terms of empirical parameters. TheAincluéion of orbital overlap as
described by the integrals Suv is not consistent with the complete
negfect of all electron-electron and electron-nucleus interactions, and‘
hence it must be assumed that such interactions are:included in the
estimation of the empirical parameters, which are obtained from
comparison of the resultant MO data with specific experimental quantities
or by direct comparison with well defined moleculiar properties. A
further simplification may be considered in the study of.w—conjugated
molecules such as amides, in that to the level of approximation under

consideration the m-clectrons may be assumed to be independent of the

o-electrons. That is, the o-electrons are considered to form a localised
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bonding system which does not vary significantly in form with étructural
or substituent changes. This is probably a good approximation for the
substituted N,N-dimethyl amides with a single variable substituent X

and a structural change corresponding to a simple rotation of the
dimethylamino group about the N-C bond. The differential energy, AL,
corresponding to structural or substituent changes may now be considered

in the partitioned form

AE = (AEC + AEM) + AE" (4.2.4)
where AE" = )) Ev, the summation being over the occupied T~ molecular
J 3 :

orbital energies, and AE" represents any change in the non-bonding
interaction energy. Thus in cohjugated molecules, for simplicity,
the bonding characteristics and energy variations due to structural
and substituent changes may now be described in terms of a m-electron
only LCAO-MO model. From calculations baéed upon this model, the
bonding characteristics are described in terms of delocalised molecular
orbitals defined as linear combinations of ZPZ - AO's (m-type), and the
differential energy becomes AE" 4 AED in accordanee with Eq. (4.2.4)
The following simple Huckel calculations are based upon the
much simplified m-only LCAO-MO model with the aim of checking the
general applicability of such a model to a description of the hindered
rotation in substituted amides. Attempts have been made to incorporate

electron repulsion into simple Huckel theory175,174

, but at this level
of approximation such a procedure is difficult to justify in that a

redefinition of the purely empirical paramecters is involved. Therefore



a non-iterative Huckel calculation is used in this study with the

effective Hamiltonian matrix elements for substituted amides being defined

. a 2
by empirical Coulomb integrals, Oy and resonance integrals, BC-X’7
where

Oy = o + hX B
and ‘ . (4.2.5)
Beox = ¥ex P

As only relative energies are significant, the standard Coulomb integral
o may be taken as the energy reference zero and then the matrix

elements ax and BC—X are defined in terms of the standard resonance

integral, B°<o, which is usually taken as that for the C-C bond in
i75

benzene . It is to be noted that the parameter BC refers to N-C,

-X
C=0 and C-X m-type bonds in the substituted amides >N-C-X, all other

O=

off-diagonal Hamiltonian matrix elements being defined to be zero. In
describing the energy variation for hindered rotation about the N-C
bond, due to delocalisation of the formal lone pair electrons on the
spz—hybridised N atom, the energy for the planar ground state is given
"as a sum of ™-MO energies. In the rotatién transition state, the di-
methylamino group is rotated into a plane perpendicular to that of
thevcarbonyl group and hence the conjugation between the gmino and :C-X
- groups is broken down as the symmetry relationship necessary for
m-bonding between these two groups no longer exists. In this case the
molecular energy must be considered as a sum of u-MO energies for the
C-X group and a contribution from non-bonding electrons on the N atom,

EM, cf. Eq. (4.2.4). Thus the differential T-energy associated with the
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hindered rotation is given as

AE. = E"(N-C-X) - {E"(C-X) + 2h. )}, (4.2.6)
i I i N .
0

where the energies are given in terms of the Hamiltonian matrix:

| ,
ky 1 ke 0 0
_____ I_.—--.———__._.__._-.»_._-_-..._
. | . .
keen'| Xe K=o Ke-x
- ' (4.2.7)
0 : kC=O kO 0
0 : kC~X 0 LX

in units of B°, cf. Eq. (4.2.5). The only non-bonding energy is that
described by hN in Eq. (4.2.6) as steric
for the substituents under consideration.

In contrast to an ab initio calculation, the values chosen
for the empirical parameters hX and kC—X are of primary importance since
they alone may determine the results of a simple Huckel MO calculation
and therefore represent the essential characteristics of the simplified
-model being used here. A Coulomb resonance integral is expected to be
directly related to both the ionisation potential and electron affinity
for a given atom in a molecule, and hence to the atomic electro-

negativityl76_178. The concept of variable electro-negativity has been

introduced by Jaffe and coworkersl79,180

, and this allows the rigorous
definition of an orbital electro-negativity which may be considered as

a measure of the attracting power of an atom, as it exists in a molecule,

toward an clectron in a specific type of A0, that is for a specific
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atomic valence state; Thus the morbital electronegativities for

sp >-hybridised N,C and 0 atoms have been used to Fix the hX parameters
as 0.7, 0.0 and 1.4, respectively. These parameters may be compared
with "standard" valueslsl. The parameter hN has also been modified to
aliow for the hyperconjugative effect of the_N—methyl groups for the
amides under consideration. For the general substituent X in the
N,N-dimethyl amides, it has been assumed that all multi-atomic sub-

stituent groups may adequateiy be represented as pseudo—atomsl_gz’183 a

nd
are therefore characterised by a single hX parameter derived through

a linear relationship with the corresponding group electro-negativities.
The set of hX parameters used in the Huckel MO calculations is given

in Table 4.9 along with references to the method for célculation of the
~group electronegativities, namely the use of a variable electro-
negativity for the central atom in a group and equalisation of electro-
negativity179,in all bonds. The resonance integral, and hehce the

parameter kC-X’ characterises the m-bonding between the C atom and the

atom or pseudo-atom X and is expected to be directly related to the

185,186 187

bond length y(C-X) or the overlap integral between 2PZ—AO'S

The kC—X values derived through a linear correlation with bond lengths
and corresponding overlap integrals188 for the carbémyl fluoride structure
shown in Fig. 4.22 are 0.90(0.90), 0.80(0.86) and 0.60(0.52) for the

C=d, N-C and C-F bonds, respectively. As it is difficult to estimate
overlap integrals for pscudo-atoms, the similarity of the.above sets of
parameters indicates that this difficulty may be avoided by using the

simpler correlation with bond lengths, and hence the set of k._y para-

meters given in Table 4.9 has been determined in this way from the



Table 4.9
Huckel MO data for hindered rotation in substituted

N,N-dimethyl amides

X e B kpy LB Tt PN-c Pg-o Pc.o Ay
H - - - 0.750 21.0 0.766 0.516 0.753 1.58
CN a)4.17 4.6 0.55 0.737 20.6 0.752 0.511 0.731 1.59
" F a)3.95 4.0 0.60 0.728 18.2 0.746 0.508 0.723 1.60
c1 a)3.00 1.4 0.40 0.715 16.8 0.737 0.502 0.704 1.58
Br a)2.80 0.8 0.32 0.710 15.7 0.755 0.500 0.694 1.61
OCH3 b)z.es 0.65 0.50 0.639 (5.8) 0.685 0.473 0.613 1.65
SCN C)3.91 5.85 0.39 0.745 (21.4) 0.757 0.512 0.739  1.59
NCS C)4.15 4.50 0.54 0.757 (20.2) 0.752 0.511 0.731  1.59
N3 C)4.42 4.90 0.54 0.739 (20.4) 0.755 0.511 0.734 1.59
NCO a)s.os 1.55 0.56 0.686 (12.6) 0.717 0.492 0.674 1.63
N, b)2.61 0.80 0.60 0.621 (3.0) 0.670 0.465 0.597 1.66
Nh@ezb)2.4o 0.70 0.60 0.609 (1.0) 0.661 0.460 0.583 1.67
ky = 0.7 ko = 0.8
ko = 0.0 keog = 0.9 ‘
ky = 1.4

in units of B <o, see text
a) W. Gordy and W.J.0. Thomas J. Chem. Phys. 24, 439, 1956
b) J.E. Huheey J. Phys. Chem. 69, 3284, 1965

c¢) J.E. Huheey J. Phys. Chem. 70, 2086, 19¢6
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structures available for amides or the‘related acetyl compounds
H3C—%—X and formyl compounds H—%—X.

The differential energies, AEW, for hindered rotation in sub-
stituted-N,N-dimethylvamides are given in Table 4.9 along with the
N-C m-bond orders for the planar ground states and the C-0 m-bond orders
fdr the ground and rotation transition states, Pg=0 and p€=0, respecti-
vely. These bond orders are defined in terms of the LCAO-MO expansion

coefficients aslgoz

= 2 rc,C, | 4.2.8
Puv j odwgv ( )
where ¢U and ¢v are 2P,-A0's on bonded atoms and the summation is over
the cccupied 7 molccular orbitals. A corresponding T-Charge density
is defined as:
= 2 I C.C, -(4.2.9
Puy 5 dwiu ? ( )

and these densities for the N atom in the amide ground states, Gy» are
also listed in Table 4.9,

As thé NMR spectrum for N,N-dimethyl urea shows a single
sharp peak for the N-methyl protons down to -118°C, the free energy of
activation for hindered rotation in this amide may be estimated as 3 kcal.
mole ! at 298°K., The correlation diagram for free energy of activation,
AG#, and Huckel MO differential mw-energy, AEW, given as Fig. 4,14 includes
the estimated energy for X=NH, as an experimental point and also a
preliminary value of AG# = 20.6 + 0.8 kcal.mole ! for N,N-dimethyl

carbamyl cyanide (X=CN). The correlation obtained is excellent, which
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shows that the method of parameterisation is cbnsistent for such a
series of compounds and also indicates that the change in T-energy on

- breaking down the conjugation through the N-C bond may be a dominant
factor in determining the barrier to hindered rotation about this bond.
It is of some interest.to consider in more detail the calculated
differential m-energy for methyl N,N-dimethyl carbamate (X=0CH,) , as
experimentally it was found that the barrier to hindered rotation

1

increased by at least 8 kcals. mole ! with cthroform as a solvent,

cf. section 4.1.3. With the hX and kC—X values listed in Table 4.9,
#
AE{ is calculated as 0.639 B° which corresponds to a AG value of

5.8 kcal. mole ?

> as shown by the open point in Fig. 4.14, which is

' consistent with the experimental results. Now if it ié postulated
that the chloroform forms a stereo-specific hydrogen-bond with the
carbonyl lone pair o-electrons, this interaction would modify the
Coulomb integral for the carbonyl oxygen atom and hence the Huckel
parameter hO. Such a solute-solvent interaction.would be expected to
increase the contribution from the resonance form II shown below in

the carbamate ground state, and thus this interaction is described by

an increase in the magnitude of hO.

’) +

N-C-X > N=C-X
02 0" (4.2.10)
(D (11)

The effect of a variable ho, with all other parameters as listed in

Table 4.9, is shown in Fig. 4.15; and it is seen that the ho value
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corresponding to AE7T = 0.705 B° and hencé AG# = 15.2 kcal.mole'l, as
shown by the closed point for X=0CHj; in Fig. 4.14, must be increased

to 2.6. Thus although the simpie Huckel 7-MO model predicts an in-
creased barrier to rotation for the specific interaction at the carbonyl
oxygen,:the change inbthe hO parameter required to reproduce the mag-
nitude of the increase in AG#, as determined experimentally in section
4.1.3, is relatively large. It is also possible that the barrier to
rotation about the N-C bond may be affected by the chloroform forming a
hydrogen bond with the methoxy oxygen lone pair o-electrons. Such an
interaction may lead to an increased contribution from the resonance form

IIT shown below, and is described in terms of the simple Huckel m-MO

N * N

. -C=-X e ==0 X L

N 0 N 0 (4.2.11)
0

(111)

model by an increase in the magnitude of hX for X=0CH;. Thus AETr is
calculated as 0.702 B° for hX= 1.95, as compared with 0.65 in Table 4.9,
corresponding to AG# = 15 kcals. mole !, An increase in the barrier to
rotation is predicted as a consequence of‘the specific solute-solvent
interaction at the methoxy oxygen atom, but again the change in the hX
parameter required is relatively large. 1In so far that the increment

in ho required to give a calculated AETT nvo0.71 Bf is much less than the
corresponding increment in hx, a specific interaction at the carbonyl
atom is predicted to have a more significant effect on the barrier to
rotation. This is consistent with the interaction effect being trans-

ferred through the carbonyl m-bond, this bond being described by
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k = 0.9 as compared with k = 0.5. Of course, if the interaction

C=0 C-0CH3

between solute molecule and 0 atom is only described by a relatively
large change in ho, the value of kC=0 should also be varied and thus the
commensurate change in hO will be reduced.

From the correlation diagram given in Fig. 4.14 the free energies
of activation for hindered rotation in N,N-dimethyl amides with pseudo-
halogen substituents X = SCN, NCS, N3 and NCO, and also in the symme-

trical tetramethyl urea (X =.N{(CH3):2) may Dbe predicted from the cal-

nd

o]

culated AE7T values. These AG# values are included in Table 4.9
are shown as open points in Fig. 4.14. The AG# - AE1T correlation
indicates that as the electro-negativity of the substituent increases,
the barrier to hindered rotation also increases. This is consistent
with an increased contribution from the resonance form IV shown below

corresponding to a decreased barrier, as a delocalisation of m-electrons

) (4.2.12)

(IV)

on the atom or pseudo-atom substituentlgréup X 1is possible for all of
the substituents considered here. As shown in Fig. 4.16, however,
there is no simple correlation between the free energies of activation
AG#, as measured or predicted in accordance with the Huckel mw-MO model,

with the atomic or group electro-negativities € Thus the use of even

X"
a simplified LCAO-MO model for the description of hindered rotations in
amides is justified if a semi—quantitative'correlation is to be

attempted using reliable experimental data. The self-consistency of the
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Huckel calculation is illustrated by the trends in the w-bond orders
and m-charge densities dy listed in Table 4.9. As shown in Fig. 4.17,
an excellent correlation is also obtained between AG# and the N-C m-bond

order Pn-c- The calculated bond-orders p are consistently higher than

N-C

those for the carbonyl bond in the amido ground state, but this

G
Pe=g’
is only a consequence of the particular parameterisation chosen for the
N atom and does not affect any of the results presented for the relatiVe
effects of the X substituents.

AS the simple Huckel m-MO model described above giveé a con-
sistent estimate of the differential energy AETr for the ground and
hindered rotation transition states for substituted N,N-dimethyl amides,
such a model may bé useful in a more general description of w-bonding
within a conjugated amide system. In general terms, the details of an
electronic charge distribution for any given molecule are contained in
the expénsion coefficients for the LCAO molecular orbitals, cf.

Eq. (4.2.1). The probability densitylgl,.D, at a point in space
associated with an electron in a molecular orbital wj is w;wj, and
hence in accordance with Eq. (4.2.1):

D = Z * + Xl * , (4.2.13
Dpodity t R Ietd, o (4219

where puv and P are defined for doubly occupied orbitals in

Eqs. (4.2.8) and (4.2.9), respectively. Thus the bond order puv is the
predominant factor determining the distribution of m-electron chargé in
the space between the bonded atoms with 2PZ—AO's ¢u and ¢v . Althoﬁgh

an approximate analysis is possible using bond orders, an electronic



AG# kcals . mole™

22 | | /__— SCN
HC A ;_,/-— CN
N~>-C ST Y
i 0 d T s
1 8 i // — F
J —_cl
ét) — Br ’
_ // | —"_OCHB
14 / | |
P - — NCO
//
/ .
101 /
/
/
/
/
/
//
6 @ o — ooy
o S — NHyp
2 I,’ | ' .
d | — N(CH5),
066 070 07 078
Pn-c

Fig. 4.17 Correlation of free energy of activation for hindered

rotation with N-C w-bond order, Py.c» Obtained from
Huckel MO calculations :



141,

192,193 is the most explicit and complete means of

charge density map
showing the form of the W—chargé distribution in a conjugated amide
system. A FORTRAN-IV computer program CNTR has been developed to
automatically plot contours for constant m-charge densities by direct
numerical calculation of the probability density D using Slater typelg4
atomic orbitals. A total charge density is obtained as a normalised
sum of contributions from al; of the occupied molecular orbitals. The
Huckel 7-M0 electronic charge density maps obtained for (a) an uncon-
jugated state and (b) the conjugated ground state of formamide (or
N,N-dimethyl formamide) as defined by the molecular orbitals generated
using the parameters listed in Table 4.9 are sﬁown in Fig. 4.18, for the

avr misrams fen T2 A AN amd 3o on wmTama smamnlla
Ty Eivenl in £ig. %.cu aliG 10l @ paiand parasa’

1 to the mclecular
o : .
plane and displaced by 0.6 A. Comparison of these density maps shows
the redistribution of charge in both the N-C and C=0 bonding regions
in the.conjugated_ground state, the formal lone pair electron density
for the N atom being illustrated in Fig. 4.18 (a). The change in the
T-bond order pg=o on forming the un-conjugated hindered rotation trans-
ition state, as given by pgzo, is reflected in the charge density maps
as the double bond character increases in the transition state and this
is shown to correspond to an additional delocalisation of charge from
the carbonyl oxygen atom. This is also consistent with a decreased
contribution from the resonance form IT given in (4.2.10). Similar
density maps for carbamyl fluoride are shown in Fig. 4.19 for the geo-

metry given in Fig. 4.22. In the conjugated ground state for this

particular molecule the m-charge density is close to being symmetrical



Fig. 4.18 Huckel MO electronic charge density maps for the
(a) un-conjugated and (b) conjugated states of formamide



(b)

Fig. 4.19 Huckel MO electronic charge density maps for the
(a) un-conjugated and (b) conjugated states of
carbamyl fluoride '
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with reépect to the N-C bond and this feature may be the dominant
factor leading to very similar NMR shielding regions, due to the dia-
magnetic anisotropies of the C-F and C=0 groups, for thé methyl groups
in N,N-dimethyl carbamyl fluoride, cf. section 4.1.4. Comparison of
the contours for the same charge density in Figs. 4.18(b) and 4.19(b)
shows the significantly different charge distributions in the N-C
bond region for formamide and carbamyl fluoride, respectively. These
density maps are consistent with an increased bond order Py-c gnd'a
correspondingly higher barrier for hindered rotation in formamidé,

cf, Table 4.9.

4.3 Semi-empirical SCF-LCAO-M0 calculations

The electronic structure of formamide, the simplest molecule
containing the amide group N-C=0, is of basic importance in any spec-
troscopic study éf a series of substituted amides. The amide linkage
is also characteristic of the polypeptides and hence a detailed molecular
orbital calculation for formamide gives a basis for the development of a
configurational model for these more complicated systems of biological
interest. The hindered rotation about the‘N—C bond in 1iiN—formamide
has been studied experimentally in section 4.1.5, and similar rotations
.in substituted amides have béen ektensively studied by NMR methods as
discussed in sections 4.1.1 to 4.1.4 and as summarised in a recent
reviewlgs. However, very little attention has been paid to a theoretical
determination of the form of the transition states or to a semi-
quantitative correlation of the measured free energies of activation

with data available from a molecular orbital description of substituted
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amides. Empirical estimates of the barrier to rotation have been made

for formamide164’168

~and simple Huckel M0 calculations for a series
of substituted amides have been outlined in the preceding section of
this thesis; but very recently, Christensen et al. haye published a
full ab initio molecular orbital stﬁdy of formamide196 in the ground
and hindered rotation transition states. Thus it is of particular
interest to supplement these results with a detailed semi-empirical
SCF-LCAO-MO calculation for the hindered rotation in formamide, in the
CNDO/ 2 approximation75’76.

As preliminary CNDO/2 calculations showed that the ground-
state geometry proposed by Costain197 was less stable than a correspon-
ding planar configuration, the basic stfucture determined by Kurlandlgs,
and shown in Fig. 4.20, is used in the following calculations. By
including d-functions in a Gaussian type orbital basis set, the ab
Jdnitio calculation196 indicates that the non-planar structure may be
more stable, but the very small energy difference precludes a conclusive
result. The geometry of the N—C;H_ group is fixed in the molecular
xy-plane in Fig. 4.20, while a variable geometry for the amino group may
be defined by the HNH angle 2a, the dihedral angle © and the angle ¢
determining the rotation about the N-C bond. All bond lengths in
Fig. 4.20 are given in R, and the N-H-bond length is fixed at 0.995 ;198.

To date, the most reliable MO calculations are based upon
a full Hartree-Fock self-consistent field (SCF) theorylgg, involving all
electrons in a given molecular system, an unlimited basis set of atomic

wavefunctions and an explicit formulation of all electron interactions.

20 . . . ' . :
Roothaan 0 considered a finite basis set of orthonormal atomic orbitals,



- Fig. 4.20 Structure of formamide used in CNDO/2 SCF-LCAO-MO
calculations
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¢, and modified the full SCF tﬁeory to give a more tractable formulation
based upon a linear combination of atomic orbitais (LCAQ) in an
approximate description of moleéular orbitals, cf. Eq. (4.2.1). The
application of the Roothaan method, however, is still limited by
computational complexity and hence, in general, it is necessary to
consider further approximations within the context of the SCF theory.

The CNDO method, as recently developed by Pople and coworkers, is a semi-
empirical SCF—LCAO—MO theory. which treats only valence electrons
explicitly and simplifies the basic Roothaan équation by use of the
complete neglect of differential overlap (CNDO) approximation. The

Roothaan SCF equation then reduces to the form

4]

!

= E

i’

C.
1)

where Ezis the Fock Hamiltonian matrix and Eﬂ is the column vector df
MO expansion coefficients Cju as given in Eq. (4.2.1). Ej is the energy
eigen-value corresponding to the MO wj' Overlap between atomic orbitals
is only included in the evaluation of certain bonding integrals involved
in this approximate SCF theory, but integrals describing two-electron
repulsions are included in the Fock matrix elements Fuv' The fundamental
assumptions used in the derivation of the TFock matrix elemeﬁts have

been described in detail by Pople75 , and in the CNDO/2 approximation76
these matrix elements are given as

= - L \ - - L -
Pl = = 0, )+ (@ - 20 - 5Oy, - DIy

+ L (P, -Z)) v
B#A BB B” 'AB
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and

- 1 K ’
(JAVAR /Zpu\) YAB’ P VI (4'5"2)
for valence shell atomic (Slater) orbitals ¢U and ¢v on atoms A and B,
respectively. In the above formulation, one- and two-centre electron
repulsion integrals are retained while penetration integrals are

excluded. The non-zero two electron integrals, and Yppe are only

YaA
dependent‘uponvthe atoms with which the orbita;s ¢U and ¢v are associated
and not upon the type of atomic orbital. Thus the atomic integrals YaR
represent an average interaction between an electron in a valence A0 on
atom A and another electron in a valence orbital on atom B, and such
integrals are readily evaluated using formulae derived by RoothaanZOI.
The charge densities and bond-orders in Eq. (4.3.2), namely PHU and

Puv’ are those previously defined in Egs. (4.2.7) and (4.2.8); and

pAA is the total valence electron density for atom A:

P, = , S (4.3.3)

AA p

X
TR

where ZA is the core charge for atom A. éﬁv is the overlap integral for
atomic orbitals ¢U andv¢v and may be evaluated using the analytic
expressions derifed by Mulliken et al 188 for Slater orbitals. The
semi-empirical bonding parameters, BZ, and the parameters %(Iu+ AU)76
for 2s- and 2p- atomic orbitals determining the atomic core Hamiltonian
matrix elements75 as used in the following calculations are listed in

Table 4.10 along with the Slater exponents CU. A FORTRAN-IV computer

program similar to that available from the Quantum Chemistry Program



" Table 4.10

Parameters for CNDO/2 calculations

C N 0
1.625 1.95 2.275
14.051 19.316 25.390
5.572 7.275 9.111°
21.0 25.0 31.0

2.60

11.08

39.0

eV

eV

eV



146.

Exchange hés been deﬁeloped for usé on én IBM 360 system and all results
.reported here have been obtained using this program.

Initially, the hindered rotation was considered as a simple
rotation of the planar NHp group with fixed N-H bond length and 20 = 119°198
so that the transition state corresponds to € = 0° and ¢ = 90°
(structure II) in Fig. 4.20. The planar ground state is then defined
by 6 = 0° and ¢ = 0° (structure I), and the associated SCF-LCA(G-MO data
is summarised in Table 4.11. The net atomic electronic charge (o + m)
for the N atom, CINE is shown to increase on forming the transition state;
while the corresponding charge for the 0 atom, SRy decreases. These
variations are also reflected in the net atomic m-charges which are de-

ocCcC

T_ 2 by Ciu , where ¢u is a 2PZ atomic orbital on atom

fined as qX = ZA
A with m-core charge ZX (or a 2Py orbital for N in the transition

state) and Ciu is the associated expansion coefficient for the ith
occupied orthonormal LCAQO molecular orbital. Table 4.11 shows that qg

is approximately constant while q; and qg differ widely in the ground

and transition states. This is consistent with an increased contribution
from the resonance form ﬁ = C - 6 for fhe m-system in the planar ground
state, in a simplified description of the amide group, cf. section 4.2.

occC

The N-C m-bond order, given as pg_c =2 L Ciu C.

iv with ¢U and ¢v ZPZ

atomic orbitals on the N and C atoms, is éalculated as 0.482 in the ground-
state and hence represents a significant delocalisation of the N
m-electrons. For comparison, this bond-order is determiﬁed as 0.41

using the Kurland bond-length data in a formula given by Paulingzoz,

and as 0.63 using an alternative empirical equation proposed by Gordy203

In the transition state, conjugation between the N Pﬂ-orbital and the
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Table 4.1

. CNDO/2 MO Data for Formamide

i ks

U 90 N 9%
=0°, 20a= 119°, ¢ = Q°
:ggf) (:8:i§§) +0.189 +0.220
= 0°, 20 = 119°, ¢ = 90°
355 -0.262 +0.037 +0.206
= 0°, 20 = 117.5°¢ = 0°
364 -0.335 +0.190 +0.229
= 55°, 20 = 110° ¢ = 90°
.335 -0.273 - +0.212
= 55°, 20, = 110°, ¢.=-90°
.343 -0.261 --= - +0.213

a) Electronic only energy, E

&

Dipole moment components

>

in

T m i

9% Px-c Pc-o
—0:418 0.482 0.845 -79.
-0.263 0.272 0.931 -79
-0.419 0.483 0.845. -79
-0.283 0.282 0.924 -79
-0.284 0.284 0.923 -79
and total energy, EtoL31<
Debyes

a) a)
Ee Etotal
58§3 -39.3033
-5031  -39.2718
.5730 -39.3040
.9207 -395.2883
.6962 -389.2879
, given in

1ul

atomic units -



C = 0 m-system is not possible and ﬁ;_c

decreases to 0.272 (this bond-
order representing an electronic charge overlap between the carbonyl

m-system and the N hybrid ¢-bonding system) with a corresponding increase

LT
in p

c-0° consistent with an increased contribution from the resonance

- form N - C = 0 in this 'state. In general, electronic charge distribu-
tions are successfully predicted in the CND0/2 approximationzo4 and thus
it is of interest to compare the above ground-state data with that
available from the aB initio-calculation196 without d-functions, as
~given in parenfheses in Table 4.11. The'felative net atomic cﬁarges are
in good agreement, although the CNDO/2 values are cénsistently smaller
in magnitude; but it is to be noted that, on inclusion of d-functions
there are significant changes and the ab initio Iy value is given as
-0.584 while A and qo'become + 0.498 and -0.479, respectively,
illustrating the sensitivity to the chosen basis set of atomic orbitals.
The net charges for the amino hydrogen atoms cis and trans to the
‘carbonyl oﬁygen in structure I, qg and q;, are calculated as +0.131 and
+0.124, respectively, which may be compared with those from the ab initio
calculation: + 0.177 and +0.160. Thus these charge densities are signi-
iicantly different in the ground state ané‘both calculations indicate
that q; is more positive than qﬁ. Therefore, for an isolated formamide
molecule, in the absence of through-space effects from the magnetically
anisotropic C = 0 and C - H bonds the cis proton is less shielded and
hence would resonate to low field of the trans proton in an NMR experi-
ment, assuming the diamagnetic contribufion to the proton chemical shift
to be predominant. In view of the current interest in these chemical

shift5205 this is a particularly interesting result.
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The complete CNDO/Z ground state dipole momeﬁf has a mag;
nitude | u | = 3.92 D and is oriented at B = 41° with respect to the
N'- C bond, in good agremement with the éexperimental datalgg{

I‘u I = 3.71 + 0.06 D and B = 39.6°, whereas the ab initio calculation
leads to a higher dipole magnitude and an increased orientation angle.
In the CNDO/2 approximation, dipole integrdls involving the product of
two atomic orbitals on the same atom are retained in the calculation of
avmolecular electric dipole204. Thus the dipole assoclated with net

' charges at nuclear centres for the ground state of formamide ié des-
cribed by ux = 1.90 and uy = 1.42 D, and the contribution due to
asymmetry of electronic charge about these centres gives UX = -1.06 and
uy = 1,15 D. This shows the importance Qf including the asymmetry
contribution, which is essentially a hybridisation term, in the dipocle
calculation for a polar molecule.

The barrier to hindered rotation in.fbrmamide is simply the
difference in total energy (including nuclear repulsions) between the

~ground and transition states, E_ - Eg’ and for structures I and II is

t
calculated as 19.8 kcal. mole  '. This energy may be compared directly
with the free energy of activation for this rotation, AG#, determined
by a total lineshape analysis of NMR data for dilute solutions of
N'3-formamide: AG# = 18.0 + 0.4 kcal. mole ! (10 mole % in acetone) at
25°C, cf. section 4.1.5; and also with 19.9 kcal. mole_1 from the ab
initio calculation196 and 20.1 kcal. mole ' obtained in an independent
CNDO calculation‘by Scheraga and coworkerszOG. Of course, the total

energies derived in the CNDO/2 approximation are far removed from the

Hartree-Fock SCF limit and hence, in such a semi-empirical SCF
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calculation, it must be assumed that the inherent errors involved in an
energy calculation cancei out in the energy difference taken for any
two configurations of a given molecule. Such an assumption appears to
be vindicated in the close agreement of the theoretica} Et - Eg
values quoted above, in that a CNDO/thotal energy corresponds to only
about 25% of that involved in an ab initio calculation.

In general, geometrical changes in a molecule may occur in
the process of internal rotation; and in particular, a change in
' hybridisatioﬁ at the N atom in formamide may be expected to haQe a
significant effect upon the barrier to rotation about the N-C bond.
Such a change in hybridisation would be associated with the breakdown
of conjugation between the formal N lone-pair m-electrons and the
carbonyl m-system in the transition staté. Although detailed geometrical
changes were considered by Christensen et al.196, all calculations were
restricted to a planar 6 = 0° (in Fig. 4.20) configuration for the NH,
group. A CNDO/2 energy minimisation, thrdugh a change in bond angle
only, was checked by showing that the minimum energy configuration for
a planar ground state corresponds to 20 = 117.5° (structure III), which

o 198

is in good agreement with the experimental value of 119 The

SCF-LCAO-MO data for this structure is summarised in Table 4.11, and it
is seen that the total energy, Eg’ is lowered by only 0.44 kcal. mole !

from that for structure I. The'transition state geometry about the nitrogen
atom was then considered for ¢ = 90° (Fig. 4.20) in terms of variations

of the dihedral angle 6 in the range 25 - 75° and the HNH bond angle.

200 in the range 100 - 120°. The calculated total energy differences,

Et = Eg’ are plotted in Fig. 4.21, where it is shown that the minimum
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energy configuration closely corresponds to 6 = 55° and 20 = 110°
(structure IV). All calculated engfgies are seen to lie on well
~defined energy curves which are not, however, necessarily symmetric

in o about the minimum energy point. The total energy. for this
structure is 10.4 kcal. mole ! lower than that for the initial transition
sfate éonsidered (structure I1), and the barrier to rotation corres-
ponding to the minimal energy molecular configurations, as_determinéd
in the CND0/2 approximation,'is now given as 9.86 kcal. mole ’. This
energy is approximately one half of the experimentally defermined
barrier, and the above calculation illustrates the necessity for
careful geometrical optimisation before comparison with experimental
data is attempted.

The above calculation of the barrier to hindered rotation in
formamide, and the description of the associated ground and transition
states, applies-to an isolated molecule; indeed, the characteristics
of the electric dipole moment for this molecule, as determined experi-
mentglly from measurements in the gas phase, have been satisfactorily

.
reproduced by the approximate SCF-LCAO-MO model. The experimental data
available for the internal fotation energy, however, are obtained from
measurements in solution and it is expected that soluté—solute and
solute-solvent interactions for the polar formamide molecule will have
a complex effect upon the hindered rotation. Thus, in gencrai, it is
only possiblevto compare theorctical and experimental cnergy data for

a series of substituted amides at the same concentration (or through

an extrapolation to infinite dilution) in a solvent that minimises
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“intermolecular interactions. Such a correlation of relative energies
will be presented in detail elsewhere. At this point, it is of interest
to consider further the calculated dipole moments for the parent amide--
formamide. As shown in Table 4.11, the total dipole moment for structure
IV has a magnitude of 1.45 D and is oriented at 6° to the N-C bond. A
large contribution is due to the asymmetry of the N lone-pair electronic
charge distribution (associated with an sp®-type hybrid orbital) and

is in opposition to that from the carbonyl system and thus leads to a
decreased total moment as compared with that for the planar gréund state,
structure I (or III). Therefore, if the solute-solvent interaction is
electrostatic in form and non-specific, the solvation stabilisation
energy is decreaéed in the transition state and hence the enthalpy of
activation AH# (or Arrhenius activation energy Ea) will be greater than
AG# corresponding to a positive entropy of activation AS#. That is, fhe
activation parameters AH# and AS# are sensitive to intermolecular
interactions, where AG# is predominantly determined by intramolecular
interactions due to an effective compensation of AH# and AS# in the
thermodynamic relationship AG# = AH# - TAS#. So far, it has been
assumed that the amino hydrogens are cis £o the carbonyl oxygen in the
transition state, ¢ = 90° in Fig. 4.20. A variational calculation,
similar to that already described, for these hydrogen atoms trans to

the carbonyl oxygen (¢ = - 90°) shows that the minimum energy con-
figuration again corresponds to 6 = 55° and 20 = 110° (structure V) -and
the total energy is only 0.25 kcal. mole ? higher than that for structure
IV. As shown in Table 4.11, all net atomic charges and bond-orders

are very similar to those for structure IV, but the calculated dipole



moment now has a magnitude of 4.24 D and is oriented at 70° to the
N-C bond. In this configuration,'the solvation stabilisation energy
is increased in the transition state and if the differential solvation

energy exceeds 0.25 kcal. mole !

this particular configuration becomes
the preferred transition state for a solvated formamide molecule, aﬂd
in this case AS# is negative. A description of stereo-specific solute-
solvent interactions may require a more elaborate computational model,
but the relative ease with which the CNDO/2 SCF approximation can be
applied may allow a reliable and comprehensive description of the form
of these intermolecular interactions and their effect upon the
hindered rotation on formamide, thch is of fundamental importance in the
study of the more complei biological systems containing the amide
linkage. However, it remains to be able to detgrmine the activation
parameters AH# and AS# with sufficient precision to warrant such
detailed calculations for comparison with experimental data.

To allow a comparison with the eXperimental data available
for the hindered rotations in N,N-dimethyl formamide and N,N-dimethyl
carbamyl fluoride, calculations in the CNDO/2 approkimatipn similar to
those described above for formamide have élso been carried out for the
parent amide carbamyl fluoride. As this particular amide is unstable at
room temperature a structure has not determined from the microwave
spectrum145, and hence the basic structure shown in Fig. 4.22 has been
derived by comparison of the structural data available for acetaldehyde207,
acetyl fluoride?’® and formamide’®®. The NCF bond angle of 112.5°

also corresponds to a minimum energy configuration as determined in the

CNDO/2 approximation.



Fig. 4.22 Structure for carbamyl fluoride used in CNDO/2 SCF-LCAO-MO
' ' calculations : - :
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The minimum energy planar ground state configuration corres-
ponds to 20 = 118° and the total energy is given as -66.3134 a.u.,
'Rotation of the planar NH, group to form a hindered rotation“£ransition
state (¢ = 90°) gives é total energy of -66.2922 a.u. and hence a

barrier to rotation of 13.2 kcals. mole !

, which is significantly lower
than that calculated for a similar rotation in formamide, cf.

structure II in Table 4.11. The tofal energies for the minimal energy
configurations corresponding to ¢ = 90° and ¢ = -90° are then calculated
as -06.3046 and -66,3062 a.u.,lrespectively. Thus the transition state
in which the amino hydrogen atoms eclipse the fluorine atom in carbamyl
fluoride ( ¢ = ©90°), for which 6 = 57.5° and 20 = 107.5°, is more

! and

stable than the alternative transition state by 1.1 kcal. moie~
is therefore the most probable transition state in solution. The
stabilisation of this particular non-planar configuration is probably
 associated with the non-bonding interactions involving the fluorine
atom. The alternative transition state structure (¢ = 90°) is defined
by 6 = 60° and 20, = 107.5°. The barrier to rotation, corresponding to
the minimum energy transition state, is then calculated as AG# =5.12

kcals.mole !

» which is to be compared with that given above for formamide:
AG# = 9,86 kcals.mole . Assuming that the N,N-dimethyl and amino

_ groups in substituted amides allow a direct comparison of the experi-
‘mental data for hindered rotations about the N-C bond, the free energy

of activation for carbamyl fiuoride is estimated as 15.4 + 0.8 kcals.
mole !. - The CNDO/2 calculations therefore predict the correct order
for these activation energies, but the rétio of predicted energies 1is

1.9 while the experimental ratio is 1.2. Nevertheless it appears that
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MO calculations at the CNDQ/2 lével of approximation may be very useful
in detailed semi-quantitative descriptions of the overall bonding
éharacteristics for substituted amides, and in correlations Qith
ekperimentélly determined differential energies. As all valencev
electroﬁs.are considered and both electron and nuclear repdlsions are
included in the calculation of molecular energies, allowing an estima-
tion of non-bonding interaction energies, the CNDO/2 calculations have
more physical significance than those using the simple Huckel w-MO

model previously discussed.



CHAPTER 5
FOURIER TRANSFORM APPLICATIONS

5.1 Basic Formulation.

The duality of the pulsed and steady-state NMR methods is
expressed by a Fourier transform relationship between the respective
response functions describing the nuclear magnetic system under reso-
nance conditions. Indeed, within the restriction that a nuclear spin
system may be treated as a linear system, it can be shown that the
free induction decay associated with the tranverse nuclear magneti-
zation as observed in the nulse mode is also determined directly as
the inverse Fourier transform of the unsaturated steady-state spectrum
definéd by the same cbmponent of nuclear magnetization. In 1954, Kubo
and Tomitag4 derived an expression for the frequency dependent mag-
netic susceptibility of a general nuclear spin system in terms of
quantum statistical mechanics. This theory provides a general phys-
ical basis for the Fourier transform calculation of resonance line-
shapes from an autocorrelation function (or relaxation function) for
nuclear magnetization, and may be considered as a generalization of
the stochastic model developed by Anderson and Weiss40. Lowe and
Norberg67 demonstrated the above dﬁality experimentally through an
NMR study in the solid state, and in 1967, Ernst and Anderson69
demonstrated the application of the general Fourier transform con-

cept to high resolution NMR.
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A simple model, based upon semi-classical concepts already
discussed in this thesis, may be developed to allow a concise formu-
lation of Fourier transform methods as applied to general first-order
nuclear spin systems. Such a formulation forms an adequate basis for
the numerical analysis of more complicated systems including second-
érder J-coupling. A first-order spectrum may be considered in terms
of n spectral lines centred at resonance frequencies w; such that the

overall lineshape function, F(w), is expressed in the form

F(w) = 'ZnAifi W), (5.1.1)
L=} .

where A.1 is an intensity normalization factor associated with the ith

line defined by the Lorentzian function fi(w) = [1 + Tgﬂw - wi)z]_l,

cf. Eq. (2;1.12). Tziis the total transverse reléxatién time, and

for the ith spectral line.

As the normal NMR detectioﬁ schemes involve rf phase sensitive detection,

it is convenient to again define an independent variable x by x = w - W

such that the function fi(x) is defined on the interval -« < x < » in a

rotating frame of reference as

JC.L(M = 1 - (5.1.2)
1+ Ty (=)

In this way the ith line position relative to the reference frequency

w is given as Qi =W W, consistent with previous definitions, cf.
0 .

Eq. (2.2.24).
In general, the inverse Fourier transform %(t) is defined in

the time domain by
400

F(t) = LJ £(x) exp(itx)dx | | (5.1.3)

2m

-~ 00
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The transform pair may be considered in complex spaces and £(t), in
general complex, may then be readily evaluated using the contour inte-

gration in Appendix 1 as

i

H® =a e (g - i2)t]

21 21

(5.1.4)

t . _ 1
Bi exp (- T2. )[CosQit + 151nQit], Bi =57

1 21
for 0 £t < o, The observable free induction decay described by the’
function %(t) is necessarily defined by the real part only. Therefore,
in accordance with Eq. (5.1.4), fi(t) corresponding to a single
Lorentzian spectral line, fi(x), consists of an oscillatory decay with
a fundamental frequency Qi and a characteristic time constant T2£' As
the Fourier transformation is 1inear95, it follows from Egq. (5.1.4)

that the overall real decay corresponding to F(x) (Eq. (5.1.1)) is

described by

‘S(t) = ? B, cosQit exp('%;f. (5.1.5)

That is, in general the function S(t) represents a modulated oscilla-
tory decay with the modulations determined by all frequencies
lﬂi * le. The detailed form of an observed free induction decay
also depends upon the relative phases of the irradiating and refer-
ence rf magnetic fields involved in a given phése sensitive detection
scheme. This aspect is considered further at a later point.

The normal absorption mode spectrum is defined‘by F(x). A
dispersion mode spectrum is then defined by a corresponding function

H(x) where
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n
H(x) = £ A, h. (x)
i=1 ¥ 1
- Z A T eag) - © (5.1.6)

E LTy (e)”
cf. Eq. (5.1.1). As shown in Appendix 1, the inverse Fourier transform
of hj(x) is given as
h (t) = 1 B.exp[~( = - 16,0t (5.1.7)
i i T2i i e
A complex lineshape function g(x)} may now be defined in the frequency

domain as
g(x) = £(x) -ih(x), (5.1.8)

such that the corresponding complex inverse Fourier transform is given

from Egs. (5.1.4) and (5.1.7) as
g(t) = B exp(—%—) [cosfit + 1 sinQt] . (5.1.9)
’ 2

Conversely; the Fourier transform of é(t), g(x), is given by

ol

g(x) = 5‘ é(t) exp(-itx)dt = T i% €20
- 2

(5.1.10)
o

for é(t) defined on the interval 0<t < . A complete spectral function

G(x) may now be considered in the form

2 1
G{x) = L Ai[fi(x) - ihi(x)]=. A,

(5.1.11)
5=1 14 VT, (X-ety)

This function is equivalent to that previously defined in terms of a
general complex transverse nuclear magnetization, G(x, ¢), in the nor-
mal rotating frame of reference Ouvz, cf. Eq. (2.4.3) and Fig. 2.2. In

defining the nuclear isochromat component G(x, ¢), the u-axis corresponds
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to the real axis of the complex plane and hence the phase angle ¢ is
referred to this axis. Also, in a steady-state NMR experiment, the

irradiating field vector H. is assumed to be along the u-axis, cf.

1
Eq. (2‘1.9), and thus the absorption mode lineshape function V(x)
describes the v-component magnetization. In pulsed mode NMR, how-

- ever, the effective field vector H. is considered tc be along the

1
v-axis of the normal rotating frame, such that gt time t = 0 (fol-
lowing a w/2 pulse, B = /2 in Fig. 2.1) all isochromats are aligned
in the direction of the u-axis. This allows a consistent description
of isochromat dephasing in terms of the phase angle ¢ for the free
induction decay as determined by the u-component magnetization.

Therefore, in the complex plane Ouv, the function G(x) in Eq. (5.1.11)

is to be modified by a phase factor exp(in/2), giving
G(x) = = Ai[hi(x) + ifi(x)], (5.1.12)

so that in gccordance with Eq. (2.4.3) ui(x) = Aihi(x) and Vi(x) =
Aifi(x). Also, it is to-be noted that the response s(t) corresponds
to an irradiating rf field H(t) defined in a fixed frame of reference
as H(t) = 2H1cos(wt + m/2), cf. Eq. (2;1.5). Thus it is seen‘that
the absorption mode lineshape function f(x) describing the v-component
nuclear magnetization, associated with the imaginary axis of a complex
plane in the normal rotating frame is given as the real part of the
complex Fourier transform of the free induction decay function s(t).
It is now necessary to consider the physical coﬁsequences
of taking the real part only, s(t), of the causal function é(t) in the
time domain, cf. Eq. (5.1.9). In accordance with the general integral

transformation given in Eq. (5.1.10), the Fourier transform of s(t) is
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1 2(1-+ “'Tl\/*)
2101 i a4 i Talx-a)]

tt

‘ 8,’(7()

= _ﬂi{ 3,()0 + 34,(%)} (5.1.12)

with
' 1 t

s(t) = & exp(- & )cosfit

T T
and (5.1.13)
' . T, (xx
g, () = A = 2 ki)
- 1+ T, (x7.2) 1+ T, (X52)

Thﬁs it is shown for s(t) defined by the single frequency , that the
Fourier tfansformation defines two lineshape functions centred symmet-
rically about the reference frequency W, (x = 0). That is, f+(x) and
f (x) (as defined in Eq. (5.1.8)) determine Lorentzian lines centred
at x = @ and x = -Q, respectively; This is an example of the Faltung
property95 of a Fourier transformation and is of importance in deter-
mining the.frequency of the irradiating rf field, w = wo, in a pulsed
NMR experiment.
The Fourier transform of é(tj is-given in accordance with

Eq. (5.1.10) as
00
g(x) = S g(t) cos tx - i sin tx dt
o

and hence a cosine Fourier transform is defined by

[+
gc(x) = g g(t)cos tx dt (5.1.14)
] .
The cosine transform of the real function s(t) =‘%—exp(—t/T2)coth,

2
cf. Eq. (5.1.9), is readily shown to be
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'gc(x) =>[1 + Tg(x+Q)2]—1 + [1 + Tg(X-Q)?]_l

Comparison with Eq. (5.1.13) shaws that this exﬁression corresponds
to f+(x) + £ (x). ThatAis,.in general, the cosine Fourier transform
of s(f) determines the absorption mode lineshape function. Similarly,
é'sine transform determines the dispersion mode function, h+(x) +h (x).
The complex Fourier transform of s(t) defines Eggh_the ab-
Sorption and dispersion mode lineshape functions in the frequency do-
‘main as the real and imaginary parts of the function g(x), respectively.
For a genefal linear physical system, the Kramers-Kronig relation596
relate the real and imaginary parts of the frequency response functions

g(x). These relations are equivalent to a Hilbert transform pair97 in

+00 - :
Lo - :[J.-r {-SM . Ji(%) - ’.%,£ Ry d (5.1.15)

where the improper integrals are considered as principal values. These
transforms may be compared with those discussed by Abragam97. To avoid
the improper integrals in Eq. (5.1.15), the Hilbert transform h(x) may

be considered in the form98
o) o0

f,hc) - 2 g sint % X-&u')c.,sh\’ Ayt Jdt (5.1.16)

T

o o

For the Lorentzian lineshape function f£(x') given in Eq. (5.1.2), it

follows that
o]

K(M = :"71 S S'wxjf)( {% ur(*f/fk) cos mff] Al

[+4

\

This integral represents a sine Fourier transform for a causal function,
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and hence h(x) = T, (boe) [ Lo To (] Tx(»mm[i»f'rf(,mml]/i.
Thﬁs the Hilbert transform of f(x) determines the dispérsion
mode lineshape functions hi(x) as given in Eq. (5.1.13).

Now by definitiongG, h(x) in Eq. (5.1.15) is also given by

the convelution
hix) = - e(X)*£(x) ' (5.1.17)

where €(x) = (WX)—l and * denotes the principai valqe of a convolution
‘integral. This convolution is readily evaluated indirectly by using
Fourier transformations, in that it is well known that a convolution in
the frequency domain corresponds to a simple multiplication in the time

domain
h(t) = - E(t) £(t).

The inverse Fourier transform €(t) is given by a contour integration as
e(t) = -1, t >0 (5.1.18)

and hgnce it follows that h(t) = i{i%;_exp —(%- - it } which defines
the dispersion mode funption given in Eq. (5.1?6). It is similarly
shown that t(x) = e(x)+h(x). With the advent of fast numerical Fourier
transform algorithms, it is possible to extract accurate absorption and
dispersion mode lineshapes from a steady-state spectrum99 with arbitrary
rf phase characteristics. This phasing feature is of course an inherent

property of pulsed mode NMR data in the form of the free induction decay

following a 7/2 pulse.
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5.2% Resonance Condition.

In pulsed mode NMR, the irradiating rf magnetic field, E&

applied for a finite time only,in the form of a pulse of amplitude A and

, is

' The free induction decay

width t, with a frequency w = Wy rads sec.-
“associated with a component transverse nuclear magnetization may then be
observed in the absence of an rf magnetic field. Such a pulse may be

considered as one of a sequence with a repetition period T, and may be

defined in a fixed frame of reference by

P(t) Acoswot 0 £t<t

=0 t <t <71 (5.2.1)

P(t) may now be considered in terms of a complex Fourier series

. T .
-+ 00 . .
P(t) = jé; cn(u))elwt with the Fourier coefficients cn(w) = gp(t)e_lwtdt.
N=z-—o0
) (o}

[

For w v wo, it is shown that for the fundamental frequency We = 2n/T

Cots) = A { S (o= wo) to

T wW~wo
_A’E { s\m(htd.§’{'w)~ } , (5.2.2)
nwg

such that the frequency spectrum associated with the pulse consists of

discrete frequencies W, defined in terms of we as
W =W+ N, n o= *1, 22, - (5.2.3)
The frequencies corresponding to n = 1, 2, -.. are conveniently referred

to as the upper sideband spectrum, and those corresponding to n = -1, -2,
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then form_the lower sideband spectrum. The power corresponding to
each component frequency is given by cn(w)z, maximum poﬁer at w = W,
being (Atw/ZT)Z. Thus rf power in pulsed mode NMR is distributed over
a spécific frequency range {(symmetric about wo) which may include a
large range of resonance frequencies w, - This frequency range is deter-
mined by the pulse width only, and from Eq. (5.2.2) it is seen that the

first zero coefficient is defined by the condition nw.t = w, that is,

fw
w = 2ﬂ/tw. For a Susec. pulse, this corresponds to a frequency distri-
bution about W, of * 200 kHz and the rf power may be-considered to be
consfant over a range 172 kHz. In general, if w (Hz) is the frequency
width of a resonance spectrum to be irradiated, the pulse width is de-
fined as tQ ~ 0.01 w ! sec. In addifion, the oveyall ?esolution and
reproducibility of the resonance spectrum obtained through a Fourier
transformation of the response function s(t) for a nuclear spin system
following an rf pulse are determined by the spacing of the discrete
irradiating frequencies wn, that is, ! Hz.

The form of the above pulse frequency distribution determines
the centre frequency W, to be used in a given pulsed NMR experiment.
As an rf phase sensitive detector is normally rcferenced to W, s the
resonance spectrum defined in terms of 'the independent frequency
variable x is considered for 0 € x < « only. For a spéctral line with
a resonance frequency wy > O the detected component free induction
decay signal may be assumed to have the form s(t) = Bi exp(—t/ngcosQit
with Qi =W - W, In accordance with Eq. (5.1.13), the real part of
the Fourier transform of s(t) defines Lorentzian lines described by

lineshape functions given as
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1
2 1o o2
1+ T2 (x-9,)

i+

1
1+ T% (x+Qi)2

£, (%)
(5.2.4)

~ On the interval 0 < x < «, the contributions from fi+(x) and fiu(x) at

X = Qi are 1 and 1 + 4T§Q§ —1, respectively. Thus a general condition
for negligible distortion of the lineshape fi+ due to a contribution from

f. is Tzﬂi >> 1, The distortional effects due to the transform function

fi- are shown in Fig. 5.1 for varying values of the parameter QiTz. It
is to be noted that a 0.25% contribution at x = Qi from fi— corresponds
to a frequency shift Qi = IOTEI rad. sec.”!. An additional lineshave

distortion may. arise through detector rf reference phase adjustment.
This leads to the real part of the Fourier transform g(x) being a mix-
ture of absorption and dispersion mode functions, and the effect of a

dispersion function hi— (analogous to fi_) is more severe in that the

-1

contribution at x In this case, a 0.25%

contribution from hi- corresponds to Q; = 200T£1. This form of dis-

Q. is 2T.Q. 1 + 4707
1 271 21

tortion, however, is eliminated by a phase correction as described in
the following section. The centre frequency w, may be decreased to
increase the shift from resonance, Qi’ and hence decrease the trans-
form overlap distortion for a given spectral line; but in so doing,

the frequency associated with the response s(t) is increased. Experi-
mentally, the free induction decay signal is digitized using a sampling

technique and the maximum frequency component that may be analyzed with
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N samples over the pulse interval T is N/2T 69’100,

If higher frequencies
X > N/27T are applied to the sampling device, they are down—converted into
the frequency range O < x < N/2t and are then effective as the lower
frequencies x' = ]x - nN/TI,lO1 withn=1, 2, +«+-. Following a Fourier
transformation of s(t) these frequencies may give rise to spurious spec-
fral lines on the interval 0 < x < N/2t. In order to obtain a quanti—
tative lineshape from the function s(t}, it is required in general that
W, be set with respect to all resonance frequencies w; such that the
frequencies Qi are minimized. Simultaneously, the transform function
overlap distortion must be minimized according to the above conditions
on the parameter Q/T2.

In a general pulsed mode NMR experiment, the total spectrum
to be obtained as a Fourier transform of S(t), cf. Ea. (5.1.5), must lie
to one side of the centre frequency W, That ié, for x > 0 it is re-
quired that all resonance frequencies w; be such that w, > W, (Qi > 0}.
In this manner only the upper sideband frequency spectrum associated
ﬁith the rf pulse induces resonance effects in a given nuclear spin
system. The reason for this general resonance condition is shown by
considering two resonance frequencies W and wj such that wj < Wy < w, .
The actual separation of spectral lines is w, - wj,.or Qi + ]le where
Qj = wj - wo < 0. The response S(t), however, is defined in terms of
the frequencies Qi and ]le and hence the Fourier transform shows spec-
tral lines centred at x = Qi and x = IQj! with a false separation
[Qi - Ilel,and in the particular case for which ]le > Qi an incor-

rect frequency ordering. The response S(t) being defined in terms of

the frequencies Qi and Ile may be considered to'correspond to the
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resonance effects induced by both the upper and lower sideband frequency
spectra associated with the rf pulse.

In quantitétive lineshape studies, onée the general form of
thé NMR spectrum has been determined, it is often possible to set the
centre frequency to mipimize the off-resonance shift Qi for the'partic—
ﬁlar spectral line of interest. In this way, the lowest frequency com-
ponents in S(t) define the lineshape function fi(x) and these are the
componénts most relidbly analyzed for any given number of sampled data

points, N.



5.3 Finite Complex Fourier Transform.

~Experimentally, a fun;éion s(t) in the time domain may be
determined for a finite number of data points only and hence éhe com-
plex Fourier transform function g(x) is determined for an equivalent
number of data points. Thus, at this point, it is necessary to dis-
cuss a basic finite complex Fourier transformation.

If the function s(t) is essentially finite only on the in-
terval 0 £ t € T, it may be considered to be periodic with a pefiod
T and may be expressed in terms of a general finite Fourier sefies as

N . -
s(t) = ZAﬁmpﬁﬁﬁ) (5.3.1)
n=-nN
where An is a comp lex coefficient corresponding to the harmonic com-
ponent with frequency xn. The fundamental frequency associated with
-1

Xes defined as Xg = 2n/T rad. sec

The finite number of harmonic frequencies x are then given by

the periodic function s(t) is

x, = n-2m/T, and from Eq. (5.3.1) it follows that
s(t) = Z A exp(igﬁg{). (5.3.2)
n D T

Thus it is seen that the highest harmonic of the fundamental frequency
Xg considered in the finite series approximation to a Fourier analysis
is defined by N. It may now be assumed that s(t) is sampled by P data
points on the interval 0 t T so that the time corresponding to the

kth data point is t, = kT/P, where k = 0, 1, - - -, P-1. The coeffic-

k
ients An are now given by a finite Fourier transform of the form
P-1 L )
= 4 ¢ 2T ' :
A = X S| ex (—& ZT X own (5.3.3)
0



for P even, where Sk is the functidh s{t) value at tk. This relation-
ship is verified by considering an integral form of Eq. (5.3.1):
T
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The finite complex inverse Fourier transform of An defined in Eq. (5.3.3)

is given in accordance with Eq. (5.3.2) as

N
S . 2Tk _
S = agfnexp(1~5—n). (5.3.4)

It is to be noted that the coefficient A n is given. as A; and hence an

explicit calculation for n < 0 is redundant and Sk is equivalently de-
fined as
-
Sp = X A exp(1~——-n) (5.3.5)
Nz o .
for N even. The coefficients An define the finite complex Fourier
transform function corresponding to g(x) as previously considered, cf.
Eq. (5.1.8), in terms of function values g(xn) at the discrete fre-
quencies X separated by the fundamental ffequency Xg That is, the
complex lineshape function g(x) is defined on the normal frequency in-
: < < o <) = A
terval 0 € x by g(xn) An
The Fourier coefficient An as given in Eq. (5.3.3) may be

expressed in the form
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(5.3.6)

.and hence the real part of this complex coefficient, a s is given as

p-1
a = %- z Sk cos (2ﬂkn
no P k=g

) . (5.3.7)

- Thus it is seen that a, is determined as the finite Fourier cosine trans-
form of S and.this coefficient is equivalent to gc(x) where the general
function gc(x) is defined in Eq. (5.1.4). A finite Fourier sine trans-
form may also be considered to determine the coefficient bn as the ima-
ginary part of An' A simple correlation between the Fourier coeffici-
ents defining Sy in Eq. (5.3.5) and those in a standard finite trigono-

metric Fourier series is shown hy considering St in the form

N-1 ‘
s. = a. + ¥ [acos TNy & b sin (2TKR oy
k 0] n n
n=1
Pt 2mkn 2Pt omn
where a_ = — L S cos(——) and b_ = = I S sin( ). It then follows
N Preg X P n k=0 X

that A_ = %(a_ - ib ) and A_ = La , showing that a_ and b_ are equiva-
n n n o ) n n

lent to the functions f(x) and h(x) defining the general complex line-

shape function g(x), in that a = f(xn) and bn = h(xn).'

In general terms, it is not possible to have a signal of
finite time duration and strictly finite spectral bandwidth. However,
a given signal s(t) of duration T may be assumed to have an effective
bandwidth W and then according to the sampling theorem in the time do-

.10 . . . . .
main 6, this signal function is determined for all 0 £ t ¢ T to a good
approximation by its values at 2TW >> 1 sampling points separated by

2W_1 sec. This implies that the function s(t) is well-defined if the
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sampling frequency fS is such that 2W < fs Hz. The number of sampled
data péints, P, obtained over the time interval T is determined by the
number of memory locations available for the digital data following an
A-D conversion of the sampled analog signal data. The maximum sampling
frequency usually corresponds to the minimum time, tc’ required in the
A-D conversion process giving data to a specified accuracy (number of

. bitsj, as the éampling device may operate over a time interval of 1
usec. or less. The sampiing frequency may be effectively increased,
ﬁowever, by using a sample-and-hold device or '"boxcar" integrator107 to
- determine data points at a time separation ts < tC. The sampling the-
ofem iﬁ the frequency domain100 states that the frequency spectrum
corresponding to a signal s(t) of duration T sec. is completely deter-
mined by amplitude values at a2 series of peints separated by 1/T Hz.
This separation frequency is just the fundamental frequency Xes and
hence the sampling theorem provides a basis for using the finite Fourier
series given in Eq. (5.3.2) to define the function s(t), where the
coefficients (amplitudes) An are determined only for the discrete
frequencies X = nXe. In addition, the sampling interval in the time
domain has been determined as ZW-1 sec. and the maximum frequency x > 0
inclpded in the finite Fourier series given in Eq. (5.3.2) is N/T Hz.
Thus for P >> 1 it follows that N is determined as Nl= P/2. That is,
the maximum frequency that may be analyzed for the sampled function
s(t) as defined by P data points is the lowered frequency fm = P/2T Hz.
The frequency range of interest becomes 0 € x € P/2T Hz, as in accor-

dance with the sampling theorem it is invalid to calculate An for

n > P/2 using Eq. (5.3.5). The highest frequency that may be analyzed
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is thereforce determined directly by the Sampling frequency fs’ now .de-
fined as fs = me.

In pulsed mode NMR using Fourier transform techniques, the
signal function s(t) is the free induction decay following a m/2-pulse
and T is equivalent to the pulse repetition period T, as discussed in
the preceding section. A Fourier transform frequency spectrum may be
obtained by numeriéally evaluating the complex amplitudes An directly,
as given in Eq. (5.3.3). This is a time-consuming process in that P
operations, each of which may be considered as a complex multiplication
- followed by an addition, are required for each An' Cooley and Tukeylos,
howevef, have developed an algorithm for a binary arithmetic calculation
that allows a very significant reduction in computational time on a dig-
ital computer. The algorithm venlaces an array of complex numbers of
length P = 2r, r an integer, by its complex Fourier transform. The
total time involved corresponds to less than 2P£og2P operationslog,
as defined above, without requiring more data storage than is required
for the input data array. The largest array that may be transformed
depend; upon the computer memory: for a 32,768 word memory, the maxi-
mum is P = 8192. It is to be noted that for the finite'Fourier
transform pair as described by Egs. (5.3.3) and (5.3.5), this algor--
ithm generates a number of linearly independent spectral amplitudes
equal to the number of input data points. However, it is readily
shown that for real input data, the algorithm oufput data is symmetric

about n = P/2 in that An = A This is consistent with the data .

*
P-n’
points defined by n = 0, 1, * + +, P/2 determining the transform

spectrum over the frequency range of interest.
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A FORTRAN computer program LGTRN has been written and checked
forAgenefal Fourier transform applications in NMR. This program uses
the IBM SHARE library subroutine PK FORT to carry out the basic Fourier
transformation using the Cooley-Tukey algorithm. The real input data is
normalized, transformed and then separated into re-normalized absorption
and dispersion mode spectral data sets. These‘data sets may be further
- processed using real arithmetic to obtain phase corrected spectra, en-
hanced resolution and filtered spectra69 with improved signal—to—noisé
fatios, as discussed in the following section. Full plotting options
are available for a CALCOMP plotter and spectral data may be presented
over any specified frequency range, within the limits 0 and P/2T Hz.

' The basic output data point separation is defined as 1/T Hz, and hence
a subroutine SBHARM has been developed to allow the calculation of
sub-harmonic data points. This consists of extending the effective
time interval for the input data and hence the number of data points

P, reafranging the real input data as the two parts of a complex array,
transforming this array and then assembling the spectral data over a
specific frequency range. In this manner, accurate Fourier transform
spectra may be obtained for sub-harmonic multiplicities of two, four
and eight on a computer with a 32K memory. In high resolution NMR,

the sampling interval T, as normally determined by the spin-spin re-
laxation time TZ’ may be 2 - 5 secs. and hence the fundamental fre-
quency is 0.5 - 0.2 Hz. Data points at this frequency sepafation are
required to define accurately frequency positions and intensities fbr
spectral lines with full-widths at haif—maximum of the order of 0.5 Hz.

This is not possible, in general, and significant distortions are

)



apparent in the resultant Fourier transform spectra. By'using a sub-
multiplicity of eight, however, the effective data point separation is
reduced to 0.06 and 0.025 Hz for T = 2 and 5 sec., respectively, and
an accurate reproduction of the unsaturated steady-state NMR spectrum
is obtained. The program LGTRN has been developed for maximum effici-
ency and the computational (CPU) time for 1024 input data points and
an 8192 point Fourier transformation, corresponding to a sub-harmonic -
multiplicity of eight, with phase corrections and the setting up of‘>
full plotting data arrays is.typically less than 20 sec. on an IBM
360/67.

The overall accuracy of the numerical complex finite Fourier
transformation is most clearly shown for a single spectral line with
a given off-resonance shift Q, cf. Eg. (5.2.4). The free induction
decay as defined by s(t) in Eq. (5.1.13) may be considered on the
interval 0 < t < 0.64 sec. for a Lorentzian system with = 100 Hz
and T2'= 0.1 sec. The numerical Fourier transform absorption and
dispersion mode data are represented by crosses in Fig. 5.2a, and
the full lineshapes as calculated in accordance with Eq. (5.1.13) are
shown és full lines. The numerical data points are separated by
0.39 Hz, as defined by a sub-harmonic multiplicity of four, the
full-line-width at half-maximum being 3.2 Hz. It is seen that the
deviation from the exact absorption mode lineshape for this 4096
point transformation is minimal, the deviation being only 1% and
4% at frequencies of 103.1 and 105.47 Hz, respectively. An addi-
tional check on the overall accuracy of the Fourier traﬁsformation

is afforded by Parseval's theoremlog, in that for an exact trans-
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Figure 5.2(a) . Finite Fourier transform
characteristics for a
Lorentzian lineshape system.
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Figure 5.2(b) - Finite Fourier transform characteristics
for a Gaussian lineshape system.



formation I |s |2 =P L |An|2' The differency between these two

k
factors was calculated to be less than 2% for the above iineshape
function.

The corresponding lineshapes and numerical data points
for a Gaussian system are shown in Fig. 5.2b. The absorption and
dispersion mode Gaussian lineshapes, f(x) and h(x), are given in
Eqs. (5.4.20) and (5.4.21), respectively. The associated response
function, s(t), is taken as the real part of the function defined in
Eq. (5.4.22) and is also shown in Fig. 5.2b. The Gaussian absorption
mode lineshape function has characteristics distinct from those of
the Lorentzian function, and again the deviation from the exact line-
shape isAshown to be minimal.

The response s(t) for a Lorentzian system may be considered

in the form
s(t) = Bexp(-t/Tz)coth,

cf. Eq. (5.1.5), and has been assumed above to be finite only on the
intervallo <t £ T. It now remains to consider the effect of the trun-
cation of this function as compared with the normal definition on the
interval 0 € t < o, The lineshape function f(x) is given as the

Fourier cosine transform of s(t), cf. Eq. (5.1.14), and hence
T

f(x) = B g exp(—t/T2)coth cos xt dt. (5.3.8)
° v

The function f+(x) centred at x = @ is then defined by
T

g‘exp(—t/Tz)cos[(Q - x)t] de,

(o)

N| o

£,(x) =
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and hence .
. 8 1 cetp | (2 i (ke }
L - ?{T”TZJ {4 - ep =g -t T]
Ta A
+ 1 _{ 1 .,Q#“)[—(‘fr;’!’(-(%”m—-))’r]}%
—_:IT: + i (Y-n) ' :
2.
A 1 { 1 - exp ('T/r,_) [cos [(¢=)T) = T, (4-20) 510 L(K—ML)T]] |
14 T (i) |

(5.3.9)

where A is a normalization constant. This equation shows that in the
limit T - o  the function f+(x) describes a normal Lorentzian absorption
mode lineshape on the interval 0 £ t < . For a finite value of T, how-
e§er, this linéshape is modified by oscillatory terms with an overall
émplitude factor (@ - x)exp(—T/Tz). For # = @, the exponential is
dominant and defines an amplitude of < 1% of the normal Lorentzian
functidn maximum for T Z'7T2. In addition, the cosine and sine terms

in Eq. (5.3.9) tend to cancel for all x and hence the overall effect

of truncation is expected to be negligible for the T limit defined

above. This is shown to be the case for the Lorentzian absorption

mode lineshape f(x) considered in Fig. 5.2a, for which T = 6.4T2.
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5.4  Phase Correbtions.

In pulsed mode NMR the free induction decay signal is deter-
mined by the transverse nuclear magnetization and is described in terms
of a complex function S(t), cf. Eq. (5.1.4), which is defined for a

.general first-order spin system by
S(t) = exp(-t/T,) 2 Bi[cosQit + i sinQit] (5.4.1)
{ S

in the normal rotating frame-of reference. Bi is an amplitude factor
for the component decay with the characteristic frequency Qi =’wi - s
cf. Eq. (5.1.2). The transverse magnetizaﬁion may be considered in
terms of isochromat components G(x, ¢) in the rotating frame, as shown
in Fig. 2.2, with time-dependent phase angles ¢ defined with respect

to the real u-axis of the complex transverse plane. All.isochromat
phase information is retained experimentally by using an rf phase sen-
sitive detection scheme, in which the signal S(t) is mixed with a ref-
erence signal Sr and integrated over a time interval t > 1/Aw, where

Aw is the rf amplifier bandwidth. This mixing corresponds to a simple

multiplication which may be represented in general as
So(t) = Re S(t)-Sr s (5.4.2)

where So(t) is the real output signal and the reference signal is de-

fined in complex form in a fixed frame of reference as

Sr = b.exp —i(wot + ¢r) . (5.4.3)

That is, this signal has a frequency equal to the rf pulse irradiating

frequency and an associated phase angle ¢r which may be adjusted
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érbitrarily and is defined with respect to the field H(t) defined by
Iﬂllexp -i(wyt + m/2), cf. Eq. (2.1.5), consistent with the assumption
that the field vector Hj lies along the v-axis of the rotating frame,
as previously discussed. The phase sensitive detector effectively
references all output frequencies to w = wy (x = O).‘ The time-indepen-
dent reference.field vector H, may be represented in the rotating frame

" shown in Fig. 2.2 such that
S.=b exp(i¢r). | .(5.4.4)

The output signal for a general complex response S(t) is given in
accordance with Eqs. (5.1.4), (5.4.1) and (5.4.2) as+

Re{b e_t/T

S, (t) B, (cosQ;t + i sin@.t) cos¢ + i 51n¢r}

e—t/T

= b Bi cosQit coscbr - 51nQit 51n¢r . (5.4.5)

For a component decay in Eq. (5.4.5), the Fourier transform of so(t)

takes the form

g'x) = 17 i%z(x+9) (cos¢r—i sin¢r)

1 .. :
1 + iTz(x—Q) (cos¢r+1 Sln¢r)

(5.4.6)
Therefore, on the frequency interval 0 x < «, the complex lineshape

function centred at x = { is given in accordance with Eq. (5.1.8) as

T For simplicity, it has been assumed that T2i = T, for all spectral

lines.
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" Thus it is shown that the real part of the complex Fourier transform
function, f'(x), in general corresponds to a linear combination of
Lorentzian absbrption and dispérsion mode lineshape functions f(x) and
h(x) as defined in Eqs. (5.1.2) and (5.1.6), respectively. For the
particular case in which the reference field vector is in the direction
of the u-axis of the rotating reference frame, ¢r.= 0 and from Egs.

(5.4.5) and (5.4.7) it follows that

So(t) b exp(—t/Tz) E BicosQit
and

G'(x)

b2 A (£ -ih],

i
consistent with the expression derived -previously (Eq. (5.1.11)) under
the aséumption that the free induction decay was determined by u-compon-
enf nuclear magnetization.

The absorption mode lineshape, f£(x), is obtained from Eq.

(5.4.7) as
f(x) = f'(x)cos<;br + h'(x)sin(br . | (5.4.8)

Both f'(x) and h'(x) are available from a numerical complex Fourier

transformation of digitized data in the time domain and hence the phase
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angle ¢r may be adjusted to define f(x) to an accuracy dgtermined by
the criterion used to define the correct absorption mode lineshape.
Baseiine equalization over specific frequency ranges has been shown
to give particularly efficient numerical phase correction. Ernst
and Anderson69 have used an area ratio criterion fqr this rf phase
adjustment.

It has been noted that the highest frequency confained in
the response S(t) that can be anaiyzed using a sampling technique ié
x = N/21 where N is the numbér of samples in the time domain and T
is the rf pulse repetition period. Higher signal frequencies are
down-converted and give rise to spurious spectral lines as determined
by a Fourier transformation, and high frequency noise similarly down-
converted leads to a degradation of signal-to-noise ratio in the
frequency range of interest, 0 < x < N/2t. To minimize these effects,
the output from the rf phase sensitive detector, so(t), is followed by
a low pass filter to attenuate the frequencies x > N/2t. The filter
output signal sf(t) is then fed to a sampling device and an A-D con-
verter to obtain the final data in digital form. This filter, how-
ever, introduces a frequency dependent phase shift which complicates
the determination of a correct absorption mode lineshape. The effect
of the filter in the time domain is described by a convolution rela-
tionship102 and hence it is more convenient to define the Fourier
.transform functions so(x) and sf(x) and to consider the.effect of the

filter in the frequency domain. In this manner

+ o0 oo

s¢(t) =;TST(X){ g so(t)exp(-itx)dt]dx,

-— 00 [+
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where T(x) is the complex transfer function defining the filter char-
~acteristics, such that sf(x) = T(x)so(x). This transfer function may

be considered in the form
T(x) = D(x)exp i6(x) (5.4.9)

so that D(x) determines an attenuation and 6(x) defines a character-
istic frequéncy dependent phase shift. If it is assumed that the
sampling device does not introduce a further frequency dependent
attgnuation or phase shift, £he Fourier tranéform of the filtered
signal may be considered equivalent to g;(x). Therefore, in accor-

dance with LEgs. (5.4.7) and Eq. (5.4.9), sf(x) is given by

sf(x) f'{x) + 1 h'(x)

DA[F) - 1 h(o Jfeos(@(x) + 6) + 1 sin(0(x) + ¢)]
(5.4.10)
and the absorption mode function f(x) is now given in general form as

£x) = DM I{[Ex)cos8(x) + h' (x)sind(x)] coso_

-[£1(x)sind(x) - h'(x)cose(xj]sin¢r}. (5.4.11)
. . . . 102 .
The transfer function for a single section low-pass RC filter is
T(‘)L) = ___:1_'__
1+ txRC (5.4.12)

and hence D(x) = [1 + (xRC)Z']_%, cosfB(x) = D(x) and 3in6(x) = -xRCD(x).

For this particular filter, f(x) is independent of D(x) and from
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Eq. (5.4.11) it follows that

f(x) = Ef'(x)cos¢r + h'(x)sin¢r] + xRC[f'(x)sin¢r - h'(x)cos¢rj.
© (5.4.13)

This expression allows a simple evaluation of the corrected absorption
mode lineshape in terms of the complex Fourier transfofm functions f'(x)
and h'(x), the reference rf phase angle ¢r and the filter parameter RC.
This latter parameter may be empirically varied over a small range to
obtain an improved lineshape from numerical Fourier transform data ob-
tained experimentally using a standard sampling device incorpofating a
low-pass filter. The effect of filter and rf reference phasing is il-
lustrated in Fig. 5.3 for a representative Lorentzian lineshape defined
by @ = 100 Hz and T2 = 0.1 sec. (3.2 Hz full-width at half-maximum).
The off-resonance shift of 100 Hz ensures that transform overlap dis-
tortion,‘as discussed in section 5.2 is minimal. The specific RC filter
time constant is 0.001 sec., corresponding to a cut-off frequency of
160 Hz. Thé real and imaginary parts of the Fourier transform sf(x)
are shown in Fig. 5.3a, the free induction decay function s(t) being
defined by 1024 data points over a time interval of 0.64 sec. With
a computational sub-harmonic multiplicity of four the data points
shown in the frequency domain have a separation of 0.39 Hz, the cor-
responding fundamental frequency being 1.56 Hz. The filter frequency
dependent phase correction determines the real function f'(x) shown
in Fig. 5.3b, and an additional frequency independent rf reference
phase correction 0t -20° determines the final Lorentzian absorption
mode lineshape shown in Fig. 5.3c. The single section RC filter gives

. ., ,
an attenuation of -3dB at the cutoff frequency xC = (27RC) ~ Hz and
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Figure 5.3

Filter and rf reference phase corrections
for a Lorentzian lineshape system.
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-40 dB at x,Q = 1OOxC. An increased attenuation of -80 dB at the fre-

quency X, is obtained by using a two-section RC filter, each section

being matched and isolated, with a transfer function

T = (L-wh) - 2w (5.4.14)
(1+ w*)*
where w = xRC and D(x) = (1 + wz)-l, cosfB(x) = (1 - wz)D(x} and
sinf(x) =

-2wD(x). Again f(x) is shown to be independent of D(x) and

in this case
f(x) = (1 - wz)[f'(x)cos¢r + h'(x)sin¢r]
+ 2w[f'(x)sin¢r - B'(x)cos¢r1. (5.4.15)

In general, experimentally, it is not possible to obtain the
response s(t) for t -+ 0 because of the finite receiver recovery time
following a m/2-pulse during which the free induction decay signal is
not observable, and hence the function s(t) is to be considered on the

interval to £ t <o, The time shiftlo3 t

o > 0 corresponds to a phase
shift in the frequency domain which may be considered in terms of the
Fourier transform of a modified response p(t') defined, on the interval

0 t! < «, to be equivalent to s(t) for to £ t < o, that is,

s (x) = g PLiW aﬁr(—iﬂfq Jf’ , {’s-f,fo
: cﬁr(é%f‘,) S S(H) exp (—ixt) dt
t,
~ etp (i%fo) S(¢) (5.4.16)

where s(x) is the Fourier transfcrm of s(t) as defined on the normal in-

terval 0 € t < », By again considering the Fourier transform function
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sm(x) as equivalent to gl(x) in Bq. (5.4.7), it follows that f(x) is

given in terms of the frequency dependent phase shift xto by
f(x) = f'(x)cosxto + h‘(x)sinxto. (5.4.17)

It is to be noted that all phase shifts involved in the evaluation of

pliase corrected lineshapes may now be combined as ¢t = ¢r + 0(x) + xto,

so that
g(x) = £'(x) + i"h'(x)
f(x) = f'(x)cos¢t + h'(x)sin¢t
and
" h(x). = f'(x)sin¢t - h'(x)cos@t. (5.4.18)

The definition of ¢t may be extended to include any additional phase
factors.

In liquids under high resolution conditions the relaxation
times T1 and T2 are of the order of seconds and the normal w/2-pulse
widths used are 10 - 100 psec. An average receiver recovery tiﬁe is
10 usec., and hence the phase factor xto over a freauency range of
1 kHz for 'H NMR is negligible. For *3C NMR involving chemical shifts
(and hence spectral widths) of the order of 10 kHz, however, this
factor may not be neglected. In solids with much shorter relaxation
times, this phase factor becomes very significant as the spectral
frequency width is extended by up to three orders of magnitude. Also,
the above approximate linear phase correction may not be adequate
when to becomes significant with respect to T, which defines the

2

total signal sampling time. In the latter case it is possible to use
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a m/2-mpulse sequence with a pulse separation T < T2104 and to sample
the spin echo centred at t = 21. The Fourier transform.of s(t') is
obtained for 0 < t!' % ©, as t' = 0 now corresponds to t = 2T, and it
is well known that the spin echo signal on this interval is equivalent
to the normal free induction decay.

The phase effect corresponding.to the response s(t) being
~undefined for 0 € t < tO has been treated numerically, and is illus-
trated in Fig. 5.4 for the representative Lorentzian lineshape defined
by = 100 Hz and T2 = 0.1 séc., cf. Fig. 5.3. The free induction
decay, s(t), associated with a w/2-pulse width of =~ 1 msec. was de-
fined by 1024 data points over a time interval of 640 msec. with

to = 1 msec. Fig. 5.4a shows the Fourier transform function f'(x),

cf. Eq. (5.4.17), with the frequency domain sub-harmonic data f

points separated by 0.39 Hz. A linear frequency dependent phase cor-

rection as given by Eq. (5.4.17) determines the absorption mode line-
shown in Fig. 5.4b, where the phase factor Xt takes the value 36°

at a frequency of 100 Hz. The small negative deviation, as compared
with the correct lineshape shown in Fig. 5.4d, is presumably due to
the integral approximation involved in Eq. (5.4.16). It is now inter-
esting to compare the above absorption mode lineshape with that

shown in Fig. 5.4c obtained by using a frequency inaependent phase
correction, cf. Eq. (5.4.8). The correction angle, as defined by a
baseline equalization in a determination of the correct lineshape,

is +36°. In general, however, for a series of spectral lines over

an extended frequency range, the linear phase correction must be

applied.
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Figure 5.4 Linear frequency dependent'phase
correction for a Lorentzian line-
shape system.
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In general, a phase correction as given in terms‘of Egs.
(5.4.8) and (5.4.17) involves an iterative numerical fifting of the
absorption mode lineshape to self-consistency a§ defined by a spec-
ific criterion for a correct lineshape. The phase independent part
of the complex 1ineshape function g(x), cf. Eq. (5.1.8), may beicon—

sidered to be defined by an amplitude function106 A(x), where

g(x) = A(X) exp(i8(x)) , (5.4.18)
with A(x) = [£200) + h2(x)]% and 6(x) = tan ‘[-h(x)/£()]. Now, for
a general Fourier transform liﬁeshape function g'(x) with an afbitrary.
phase factor, cf. Eq. (5.4.18), it is shown that fztx) + hz(x) =
f'z(x) + h'z(x); that is, the amplitude function is simply derived
from the numerical Fourier transform functions f'(x) and h'(x).
Furthermore, for a Lorentzian lineshape as defined in Eqs. (5.1.2)
and (5.1.6), it is seen that the absorption mode function is given
directly as f(x) = Az(x). In this particular case, a very simple
effective phasing correction is obtained by evaluating f(x) directly,
as illustrated in Fig. 5.5 for the standard Lorentzian lineshape
. previously described with an associated phase angle of 200 at a fre-
quency of 100 Hz. Numerical Fourier transform functions are shown
in Fig. 5.5a, illustrating the phasing error involved. As usual,
the frequency domain data point separation is 0.39 Hz. Figs. 5.5b
and 5.5c show the amplitude functions A(x) and Az(x), respectively,
where the iatter has been re-normalized to the maximum value defined

by A(x). It is seen that A(x) takes the form of a modified Lorentzian

-1

lineshape with an increased full-width at half-maximum of 2V3 T2

rad. sec.”!. The numerically derived function Az(x) is a very good
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approximation to an exact Lorentzian absorption mode lineshape in
that the deviation at x = 93.6 Hz (two linewidths from the centre
frequency) is less than 2% and this frequenéy corresponds to an
intensity approximately 4% of-the maximum. This lineshape may be
coﬁpared with that shown in Fig. 5.5d as obtained using the full
phase éorrections previously described.

With regard to effective line-width reduction and inten-
sity enhancement leading to increased spectral resolution through
numerical methods, modified Lorentzian absorption mode fﬁnctions

may be defined in general by

2n n 1
f-(x) = A7 (x) = A { h-} (5.4.19)
n [1+ T (x-a)*]

with n =1, 2, -+ and A a normalization constant for the normal line-
shape function (n = 1). These modified functions have ideal spectral
lineshape characteristics in fhat they are symmetric about x = Q,
they do not have zeros, the effective line-width decreases with in-
creasing ﬁ and the signal-to-noise ratio is improved when this ratio
is greater than unity. For n = 2 and 4, the full line-widths are
given as 1.28T£1 and O.84T£1, respectively, as compared with the
normal Lorentzian width of ZT;_1 rad. sec.”l. The numerical reso-
lution enhancement as determined by the functions fz(x) and f4(x) is
illustrated in Fig. 5.6 for two Lorentzian lines centred at x = -
“and x = Q and for Qarying values of the parameter QTZ. Resolution

in the above two-line spectrum may be defined in terms of the ratio
of maximum intensity to the intensity at x = 0. For QTZ = 0.16, cor-

responding to a line separation of a full line-width, this ratio is 1.3

for n = 1 and 2.1 for n = 4, giving a fractional ratio increase of 1.6



QT, = 0.16

0.32

Figure 5.6 Resolution enhancement, modified Lorentzia
- lineshape system. . _ ~
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for the modified function f4(x). This fractional ratio increase is
6 for QTZ = 0.24 and 18 for QTZ = 0.32.

To determine the general validity of an effective phase
correction through the evaluation of the amplitude function A(x), the
- Gaussian function may be considered as an example of a lineshape func-
tion with different characteristics as compared with tﬁe Loréntzian

function. The absorption mode Gaussian lineshape function, cf. Eq.

(2.1.13), may be considered in the form
2 2 ' : '
f(x) = A exp(—%Tz(x - 97, ' (5.4.20)

with all parameters defined as previously. The full-width at half-

: L
maximum is 2(2,Qn2)2T21 rad. sec.”!. The corresponding dispersion mode

function may be evaluated in terms of the inverse Fourier transform

f(t) by a contour integration, given in Appendix 2, as

TZ(X—Q)

V2

h(x) A 7%~exp(-%T§(x—Q)2) eir(n2>&q

T, (x-0)

V2 <
hE | S exp(n*) dy }%ﬂ 5420

in accordance with the general complex lineshape function defined in

Eq. (5.1.8). These Gaussian functions are shown in Fig. 5.2b, as deter-

mined by a numerical Fourier transformation of the response s(t), where
s(t) = B exp(—tz/ZT;)[coth + i sinQt] (5.4.22)

cf. Eq. (5.1.4). From Egqs. (5.4.20) and (5.4.21), it follows that
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s onl , T
f(x) = A< L +:';,- [ g exp (V)I)O{—V) }

0

and hence the absorption mode function is not given simply in terms of
A(x). As the integral term is symmetric in x about x = @, A(x) defines
a modified Gaussian lineshape with an increased line-width. This is
shown numerically for T2 = 0.1 sec. in that the normal full-width at

- half-maximum is 3.7 Hz (cf. 3.2 Hz for a Lorentzian function) and the
full-width for the lineshape described by_A(x) is 6.8 Hz. Thus, in
general, it is possible to u;e the function Az(x) as an approximation
to an absorptionbmode lineshape only for spectral lines closely des-
cribed by a Lorentzian lineshape function, as is the case for high

resolution NMR in liquids.

5.5 Signal Zero Correction.

In pulsed mode NMR, a signal voltage following phase-sensitive

detection, filteringAand.dc amplification may be represented by
s'(t) = C+ s(t), (5.5.1)

where s(t) is the free induction decay signal and C is a constant vol-
tage, in general different from zero. A sufficient condition for the

existence of a Fourier transform of s'(t) is absolute integrability,

+00

glsTt)|dt < o, and the constant C does not satisfy this condition.
—_ 00 ’
It is readily shown, however, that the inverse Fourier transform of
2nCS (x) (with §(x) the Dirac delta function) is simply the constant C.

. . . . . . . . 105
This implies that C is associated with an analytic approximation to

§(x) in the frequency domain. That is, the Fourier transform of C,
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c(x), may be considered in the form

+00
c(x) = C gexp(—itx)dt
. wtn '
- C’clw { % {_EQT" } (5.5.2)
S ™ ~

The parameter t defines the limits of integration for a finite com-
plex Fourier transformation as considered in section 5.3. The above
. equation defines an oscillatory function with a maximum value 2Ctm at
x = 0 and zeroes at X, = n'rr/tm rad. sec.~* forn=1, 2, - +-oon the

interval 0 £ x £ tm. As c¢(x) is real, the general Fourier transform

of s'(t) may be expressed in the form

g (x) =l + 1] +in, (5.5.3)

cf. Eq. (5.4.18).

If the off-resonance shifts Qi > 0 are minimized as described
in section 5.2, the function c(x) may give rise to an oscillation with
a frequency dependent amplitude superimposed on a spectral lineshape
of interest. This effect is illustrated in Fig. 5.7 for a representative
Lorentzian lineshape defined by @ = 40 Hz and T2 = 0.1 sec. The signal
s'(t) as determined by 1024 data points o?er an interval of 0.64 sec.
is shown in Fig. 5.7a, where s'(t) = 2.0 + 10.Oexp(—t/T2)coth. The
absorption mode numerical Fourier transform function, c(x) + f'(x), is
defined in Fig. 5.7b by data points separated by the sub-harmonic fre-
quency 0.39 Hz. The superposition of c(x) is clearly showﬁ over the
frequency range 0 to 65 Hz, the constant C being 20% of the maximum
value of the free induction decay signal.

The constant C is readily determined as the mean signal level
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for t » T, T being the sampling time interval. A numerical correction
of -C may then be applied to the sampled signal data to.obtain a good
approximation to the signal function s(t). A nﬁmericél Fourier trans-
formation of s(t) then gives f'(x) and h'(x) as required for the general
phase corrections discgssed in the preceding section. This metﬁod for
é-signal zero correction has been shown to be both reliable and effic-
ient by using a subroutine DIRCON in the FORTRAN program LGTRN previ-

ously outlined.
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5.6 High Resolution Fourier Transform NMR

The basic concepts and computational methods involved in a
Fourier transform NMR experiment have been considered in detail in the
preceding‘sections of this thesis, with particular emphasis upon the
possibility of using this technique for quantitative lineshape: studies.

As an example high resolution application, the spectrum of
dimethyl nitrosamine has been obtained at a relatively Tow H0 field
corresponding to an operating frequency of 10.0 MHz. This particular
spin system was chosen because of the simplicity of the chemically
shifted equal intensity doublet spectrum and the magnitude of the

chemi¢a1 shift,: 45 Hz at 60 MHz and 30°C. As the pulse spectrometer
13

described in section 3.2 was designed specifically for “C studies in

a field of 9.4 kgauss, it was also convenient to use the above operating
frequency for ]H NMR. The sample was prepared as an 8% CC]4 solution,
the solvent carbon tetrachloride being used to eliminate the large
background 1 solvent ]H signal as obtained in the non-selective pulsed
NMR experiment. This sample in a 5mm od tube was degassed using the
usual freeze-pump thaw cycles.

The free induction decay signal following phase sensitive
detection was sampled using a FABRITEK FT-1064 A-D converter with a
filtering time constant of 50 usecs, the digital data corresponding to
12-bit amptitude resolution. The off-resonance shift, which is neces-
sary to prevent the lineshape distortions described in section 5.2,

was adjusted to be 27 Hz using a frequency synthesiser while the Ho

field stability was maintained by a VARIAN flux super-stabiliser.
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The resultant free induction decay signal s1t, following a function
zero correction as discussed in section 5.5, is plotted in Fig. 5.12(a)
over a time interval of 1.5 secs.. Using the computer program hGTRN,
the real and imaginary parts of the finite complex Fourier transform
function are shown in Fig. 5.12(b) and (c), respectively. Through
sub-harmonic analysis as described in section 5.3, the frequency
spacing of the output data points is reduced to 0.08 Hz using a sub-
multiplicity of 8 and 8192 transform data points. In this manner the
relatively narrow lines are well defined by at least twenty data points.
For the optimal filter time constant used a frequency dependent phase
corre;tion, of section 5.4, was not required. However, the reference
of phase correction used to produce the final absorption mode spectrum
shown in Fig. 5.12(d) was computed as +2075°. This spectrum consists
of 288 data hoints on the frequency interval 19.9 < x < 39.9 Hz, and
the chemical shift is determined as 7.57 + 0.08 Hz. The corresponding
linewidth at half-maximum is 0.7 Hz, the small distortion of the line-
shape being due to the form of the Ho field inhomogeneity which is very
difficult to adjust by observing the free induction decay in the high
resolution NMR limit. |

Thus it has been shown that a spectrum of a quality which is
at Teast comparable with that obtained from the tedious slow passage
steady-state technique may be very readily obtained using the relatively
rapid Fourier transform technique. Furthermore, all data is a convenient

form for further processing on a digital computer.



APPENDIX 1

Lorentzian Fourier Transform Pair.

Consider the Loventzian lineshape function f(x), defined on
the interval -= < x < o in terms of the real variable x, expressed in

the form

2
f(x) = —+———ki— , » k>0
h% 4 (k-c0d)
where k = 1/T2. The correépénding,complex function, f£(z), given in

terms of the complex variable z = x + 1y, has simple poles at z = Q £ ik.

These are shown, for Q >0, in the z-plane as

@ ST
YARET 5 R
‘ ¢
R ' P X

The inverse Fourier transform of f(z), %(t), may be considered in terms
of the real variable t » 0. The function %(t) is then defined by a

‘contour integration

fe) = L j §@ exp itz
¢ +R
oy { & orplibde | explitz) dz,
2% kE 4 (%-)* R )
- <

where C' is the contour shown as part of the closed contour C in the

upper-half-nlane. In the limit R -~ «, it can be shown that



+ 00

. 2 exp (itx)dx
1z = k
S f(z)exp(}tz)cz I . kZ R (x—Q)zv'
c . =00

The residue for f(i)exp(itz) at the simple pole z = @ + ik is given as

R(Q+ik) = 1im { [z-(Q+ik)]k2explitz)
z58+ik [(2-Q)+ik] [ (z~§)-ik]

- % K exp [-(k-if)t]

1

and in accordance with Cauchy's integral formula

o 2iR(Q + ik)

¢ % expl-(k - it].

L jf(z)exp.(itz)dz

Thus it follows that the inverse Fourier transform is given as
~ 1 1 .
£(t) =57~ exp [-(F -iDt]
2 2

coxrresponding to
!
1 + Tg(x-Q)2

£(x) =
Now consider the Lorentzian lineshape function h(x), defined
on the interval -o» < x < @ , expressed in the form

K (x-2)
K+ (x-0)°

h(x) = , k>0.

The inverse Fourier transform_ﬁ(t) is defined by a contour integration
similar to that described above, where the residue for h(z)exp(itz)'at

the simple pole z = Q + ik is determined as



Ria+ik) = % k exp [-(k-if)t].

Thus it follows that the inverse Fourier transform is given as

h(t) = il exp [-(%-- i0)t]
2 2
corresponding to
To (x-§2)

h(x)

1w TS (x)



APPENDIX 2

Gaussian Fourier Transform Pair.

Consider the function s(t), defined on the interval 0 t <

in terms of the real variable t, in the form

s(tj = etp [-—(‘kgﬁl_ Cux%]

where k = l/T2. The Fourier transform of s(t), g(x), is given in terms

of the real variable x on the interval -o < X < = by

(e o]

8(%) = s (t) e%r(—éfﬂ)&t

oo

| e [ B et ]

This integral may be evaluated through a contour integration f exp(—zz)dz,

c
where the complex variable may be defined as z = € + in and the closed

contour C in the z-plane is considered as shown below:

@

»\) Rt \.L




For the above contour, Cauchy's integral theorem gives

5
j exp(-z7)dz 0,

C
and hence

R o | 0
&P (-€") de + & exp ['(,KH\))"] J\? + | exp [— (€+CL)"] de

o] ° R

0

S C»’.r(")l) OILV) =
X )
Thus in the limit R -+ o, it is shown that
uf( g u\r[ (€ +2L‘J£)}0{£ = ekp (-e*)de — ¢ &Lr(vf’)o{

"The first integral on the right hand side is a gamma function, and in

the general case it follows that

oo b '
g erp (—-(iﬂztbz)] ds = e_»ar( \;4% —_— - ogetr(\ )Jd?

o [~}

The required integrand is now given by the substitution

e = 2 kt, b(—ﬂ—k)
and hence
(x-2)
YZ
00« ey [l P E |7
& ’Lr exp v V
[+

The Gaussian lineshape functions f(x) and h(x) are now given, in



accordance with the definition of the general complex lineshape function

g(x) = £(x) - ih(x), as

f(x) = Aexp[-’/z'l‘g(x - Q)Z] g
: (%)
and J,ﬁ
I 2 27 2 2
h(x) = A exp[~15T2(x - ].ﬁrexp(n ydn,
o

where A is a normalization constant. These functions define the inverse

Fourier transform s{(t) in the form

s(t) = exp[—t/(ZTg) - e .
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