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Abstract

Experiments were conducted on the motion of micron-size, spher-
jcal Tatex particles in stagnant liquids due to applied temperature
gradients. The phenomenon, called thermophoresis, has previously been
reported for gases but not for liquids.

Dilute suspensions o%:particles in water or n-hexane were trapped
between two horizontal, parallel disks. The top disk was heated
whereas the lower one was cooled, thus creating a temperature gradient
in the liquid. The particle motion wés measured by observing ]fght
reflected from the spheres with a Tow power miéroscope.

The particle thermophoretic velocity, !th’ was found to be a
function of témperature gradient, vT, absolute temperature, TK’ par- -
ticle thermal conductivity, kp, fluid thermal conductivity, kf,;

viscosity, u, and density, p:

ke,
Vo, = = 0.26 m—r— —H— VT
Yth 2KHE oTy

This equation was tested in the ranges 284 °K < Ty =343 °K and 7,000

- < vT < 30,000. °K .

°K'm No. dependence. on. particle diameter was. -
noted.

Thermophoresis in liqﬁids is a weak effect and impractical for
liquid-particle separation. It may, however, be important in engin-

eering situations where large temperature gradients occur.
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Chapter 1
Introduction

When a temperature gradient is imposed on a stagnant gas which
contains micron~size (10'6m) particles, the particles move down the
gradient towards regions of lower temperature. This phenomenon, known
as Thermophoresis, is not a result of thermal convection currents in
the gas but is‘due entirely to the presence of a temperature gradient.
Thfs gradient causes a net imbalance in the average momentum trans-
ferred to a particle by the fluid molecules which surround it. This
jmbalance gives rise to a momentum flux, also.known as the Thermophoretic
force, which moves the particle down the gradient at a terminal velocity
called the Thermophoretic velocity.

The author considered it likely that thermophoresis existed in
liquids as well as gases because of the.many similarities between the
two types of fluids. However, because of certain differences between
these states, there was no éssurance that the phenomenon would be
present. This work, therefore, was an attempt to extend the concept of
thermophdresis to liquids.

The present project was undertaken because, to the author's
knowledge, no experimental evidence of thermophoresis in liquids has
been reported in the literature. One theoretical study was found but
its results are inconclusive. In addition, it was hoped that the

thermophoretic velocity might be large enough to be important in
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engineering problems where a liquid has a large temperature gradient.
-An example of this type of situation is the particulate fouling of
sensible heat exchangers where large gradients may exist in the laminar
sub-Tayer. If the particle velocities should prove to be very large,
the thermophoretic effect might provide a novel method for the removal
of micron-size partié]es from liquids.

The 1nitia1 objective of this work was to prove or disprove the
existence of thermophoresis in liquids by experimental measurement of
the particle thermophoretic velocities. The major effort was experi-l
.mental because the molecular theory of the structufe of liquids, and
 the effect of temperature gradients upon it, is insufficiently deve]opéd
to provide an exact analytical approach. Nevertheless, a number of |
attempts were made to derive a theoretical expression for the thermo-
phoretic velocity. These, unfortunately, proved to be unsuccessful and
are not described in the present thesis.

The second objective was to find an empirical relationship be-
tween the thermophoretic velocity and the.viscosity, fluid density and
thermal conductivity, absolute temperature, temperature gradient, and
particle diameter. These parameters were considered to be important
because they govern thermophoresis in gases.

Micron-size, spherical particles were suspended in a stagnant
liquid to form a sol (1) with a void fraction in excess of 0.999. A
temperature gradient was created in the liquid by trapping it between
two horfzonta], parallel disks maintained at different temperatures.

The formatibn of natural convection currents was suppressed by heating



the upper disk and cooling the bottom one.

The experimental method used for measuring thermophoretic
velocities was direct visual observation (with a low power microscope)
of scattered 1ight reflected from the particles. The resulting specks
of light indicated the particle positions even though the spheres them-
selves were too small to be directly visible. The motion of the
particles in the presence of a temperature gradient compared with their
motion in its absence was considered to be a measure of the thermo-
phoretic velocity.

Since the equation for thermophoretic velocity was empirical,
it had to be based on a statistical analysis of the effect of each
relevant parameter. An effort wa§ therefore made to vary these para-
meters over large ranges in order to obtain as valid an equation as
. possible.

The spherical particles which were-used in this study were
polystyrene as this was the only material in which uniform, micron-
size particles were readily available. Two average particle diameters
were used, 1.011 microns and 0.790 microns. Two different liquids,
water and n-hexane, were selected primarily to give a large variation
in liquid thermal conductivity. The other liquid properties varied
according to the liquid and the absolute temperature. Different tem-

perature gradients were applied, ranging from 7,000 to 30,000 °K m'].



Chapter I1
Previous Work

A]though the present work is concerned only with- thermophoresis
in liquids, a brief review of this.phenomenon in gases is provided.
This is done for two reasons. First, the terminology and many impor-
tant concepts, which have been well developed for gases, are also |
applicable to liquids. Second, the existingbliterature on thermo-
phoresis in liquids fails to provide an adequate understanding-of the

phenomenon.
1. Thermophoresis in Gases

Due to the aforementioned reasons, this section is restricted
to a discussion of the most importaht papers on thermophoresis in
gases. More comprehensive accounts have been prepared by Waldmann and
Schmitt (2), Springer (3), and Fuchs (4).

Basically, dn]y one mechanism causes thermophoresis in gases.
This mechan%sm can be readily understood once it is recognized‘that the
mean velocity and momentum of fluid molecules are increasing functions
of temperature. Therefore, molecules which originate in the hotter
region of the fluid strike a partic]e with greater mean momentum than
those which come from the4cooler region. As a result, the particle
experiehces a net force which moves it down thé temperature gradient.

Two regimes have been defined for the convenient analysis of



thermophoresis. Their definition is based on the Timits of a éing]e

parameter, the Knudsen Number (3), which is defined as: -

_ 2L :
Kn = ] [1]

P

where dp is the particle diameter and L is the mean free path of the
fluid molecules. The Timits of Kn correspond to the small particle
regime (Kn >> 1), sometimes called the free molecule region,Aand the
large particle regime (Kn << 1), also known as the continuum region.

A zone exists between ﬁhese two 1imits which ranges from apprbximate]y'
0.7 < Kn < 10 and is sometimes referred to as the transition fegion.
The two regimes differ in the model used to describe the transfer of

momentum between molecules and particles.
a. The Small Particle Regime (Kn >> 1)

In this regime, the particles are considered to be so minute
that they do not affect conditions in the gas. Molecule-particle col--
lisions are infrequent and thué the number of reflected molecules in
the vicinity of any one particle is very low. The likelihood of the
reflected molecules interacting with incident molecules is negligible.
Consequently, molecules impinge on a particle with momenta correspond-
ing to conditions prevalent in the bulk of the gas..

Although this regime was analysed in the early part of the
twentieth century (2,5,6), a more rigorous solution has recently become

available and is outlined here. The equation predicting thermophoretic
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velocity was obtained from Kinetic Theory. The net momentum transfer
was computed_by summiﬁg the momenta of the incidentlmoie¢u1es minus
the momenta of the reflected molecules over the entire particle sur-
face. Several models have been postulated for calculating the momenta
of the reflected molecules but the principle ones are based on elastic
and diffuse collisions. | R

Waldmann (7), Derjaguin and Bakanov (8), and Mason and Chapman
(9) appear to have independently derived the same equation for the

thermophoretic ve]ocity,»xth, in the small particle regime:

= 6 o ,
Yth = " Tg+an) pT, U - B

where TK and VT denote the absolute temperatufe and the fluid tempera-
ture gradient far away from the particle, respectively. By definitioh,
the coefficient"a"equals zero for elastic (specular) molecule-particle
collisions and one when the directions of the reflected molecules are
random and the speeds can be described by a Maxwellian distribution
function. There are sufficient experimental data to suggest that
Equation [2] predicts a thermophoretic velocity within 5 per cent of

the experimental value as Kn -~ « (10).
b. The Large Particle Regime (Kn << 1)

In this regime, the molecules which are reflected by the par-
ticle tend to interact with the incident ones since the number of

reflected molecules in the vicinity of a particle is very high. -
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Therefore, the incident molecules are not only influenced by conditions
in the bulk of the fluid but also by those near the particle surface.
Since it is very difficult to account for the simultaneous occurrence
of these effects, the Kinetic Theory approach employed for Kn >> 1 can-
not be used. As a result, a new model for the momentum transfer,
partly based on continuum mechanics, has been developed and is some-
times called the thermal creep (or slip) model.

In order to understand this model it is necessary to realize
that a temperature gradient in the fluid induces a similar gradient
along the particle surface. Furthermore, fluid molecules colliding
with a partiéu]ar.point on the particle rebound with momentum related
to the sufface temperature at that point. The mean momentum of the
: ref]écted molecules is thus primarily a‘function of the particle sur-
face temperature and not the region of the fluid where they originated.
Hence, upon collision, a molecule coming frbm the hot region gives
momentum to the particle whereas a molecule from the cold regidn
acquires momentum. Therefore, a net momentum flux exists and forces
the particle down the temperature gradient. If the particle were held.
stationary, the fluid adjacent to the surface would flow up the
gradient with a velocity called the thermal creep velocity. This flow
is only due to the temperature gradient tangential to the particle
surface (2).

Maxwell (11) derived an equation for the thermal creep velocity,

vV :
.—S

[=%

pTK S

W

v
-5



where 31-15 the tangential temperature gradient.

Epstein (12) derived an expression for the thermophoretic
ve]ocity in the large particle regime. He solved the Fourier heat con-
duction equation to obtain the tangential temperature gradient along
the surface of a large particle and substituted this result into
Equation [3] to obtain the thermal creep velocity. This velocity
served as a boundary condition in the solution of the Navier-Stokes
equation for creeping flow past a sphere. Epstein's final equation is:

L [4]

v ——
—th 2 Zkf+kp pTK

where kf and kp are the fluid and particle thermal conductivities, res-
pectively. Both conductivities are present in Equation [4] because
the temperature distribution in the particle affects that of the fluid
and vice versa. This effect only becomes important at Tow Knudsen
numbers.

Epstein'é equation predicts thermophoretic velocities within
an order of magnitude of the experimental results provided Kn < 0.1
and kp/kf < 10 (13). However, as kp/kf + », Equation [4] predicts

v,, + 0 whereas in reality, the velocity does not vanish (14).

—th
Brock (15) refined Epstein's derivation by including correc-
tions for temperature jump (a function of the type of molecule-particie
collision) and hydrodynamic slip. His equation is:
k +C k Kn
vy = -3 ; ) o 5]
—th 2 (]+3C Kn)(Zk +kp+2CTk Kﬁf’pT _
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where CT and CM are dimensionless constants accounting for the temper-
ature jump and hydrodynamic slip, respectively. The usefulness of
Equation [5] is limited because the constants can only be determined
experimentally and are dependent on the chemical composition of the
particle and fluid. Equation [5] reduces to Equation [4] when Kn = 0.

Brock's equation gives velocities that are correct to within an
order of magnitude ﬁrovided Kn < 0.1 (13). It does not predict zero
thermophoreticﬁve]ocities at high kp/kf unless Kn = 0.

Derjaguin and Bakanov (16) claimed that Equation [3] is
incorrect and instead included an additional heat flux term in the
Fourier equation. This flux is poorly defined and Waldmann and Schmidt
(2) state that neither their justification for this term nor their re-

sulting derivation are well understood. Their final equation is:

(6]

o
l';h
s
—

v IS ——
~th 2 2kf+kp oTy =

Derjaguin and Yalamov (17) included the temperature jump at

the particle surface in the derivation of Equation [6] and obtained:

.o l_8k1_.+kp+2CTkEKn W o (7
—th 2 2kf+kp+2CTkan ply, —

K

This equation has the same weakness regarding the experimental constént,
Cqs as previously noted in the case of Equation [5]. When Kn = 0,
Equation [7] reduces to Equation [6]. |

Both Equations [6] and [7] predict velocities which are within

an order of magnitude of the experimental values at Kn < 0.1 (13).
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Neither equation predicts zero velocities at high kp/kf. Equations
[4] to [7] have been verified for particle diameters as large as 30
microns (18). |

- There are two key dbservations that can be made regarding all

these theoretical equations for thermophoretic velocity. In all cases,
Yin is proportional to the temperature gradient and, if Kn is approxi-
mately zero (as it is in liquids) or very large, Yih is independent of

particle diameter.
2. Thermophoresis in Liquids

As noted previously, no experimental data on liquid thermo-
phoresis have yet been published. However, Dwyer (19) attempted to
construct a theoretical model for this phenomenon by modifying the
derivation of the isothermal equations for Brownian motion to include
variable fluid temperatufes. His analysis is restricted to freely
moving particles which exhibit a large degree of Brownian motion. This
limits the applicability of his work to sols with particle diameters
much less than a micron (20).

Based on Newton's Second Law, Dwyer postulated that the one-
dimensional particle acceleration is equal to a fluid drag term (which
he assumes to be Stokesian) plus a rapidly fluctuating force term. The
latter is independent of particle velocity and accounts for the
irregular molecular bombardment which causes Brownian motion. This
particular form of Newton's Second Law is sometimes called the Langevin

Equation.
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Dwyer considered a small interval of time, 40, during which
only the fluctuating term was allowed to vary. The interval was chosen
to be so small that any space or time variations in temperature during
this period were regarded as negligible. This model can be understood
by imagihing that the fluid is divided into a large number of very small
regions, each of which is at a djfferent, but internally constant,
temperature. The particle jumps from one region to another at the end
of each Aé. When the particle is in a region, it is affected only by
the fluid in tgat particular region. Therefore, the particle is in a
constant temperature fluid durihg each A0, although the value of this
temperature may change between time intervals.

Dwyer then modified Chandrasekhar's solution (21) of Langevin's
equation, which is valid for the isothermal case, and derived a
"displacement probability distribution" for the particles after time e.
A "displacement probability distribution" is an equation which gives
the probability of finding a particle at a certain displacement (fina’
position minus initial position) from its initial point. Dwyer's dis-
tribution contains temperature as a function of position and time, but
does not include the temperature gradient because of the assuhption of
constant fluid temperature in each A6. He used this distribution to
obtain an equation for the "mean square displacement," <A%?>, in one
dimension after time 0.The latter is the mean of the square of the dis-
placements of an infinite number of particles evaluated after time o.

Dwyer's equation is:

<A2> = <

§§p {eTK(A(«S))(1—exp(s(£-e)))?-d£> (8]
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where

B = —— [9]

and k is the Boltzmann's Constant and mp denotes the.partic]e mass.
The "probability averaging” operator, symbolized by <>, takes the mean
of the enclosed function over an infinife number of identical particles
all starting at the same initial point, i.e., all at the same initial
temperature. Dwyer never makes this definition clear.

The following particular cases of varying temperature were

considered by Dwyer.

Case A: The temperature is a linear function of displacement.

—
1]

T,. + NA [10]

Ko

where
= LI, 1
A= X X5 [11]
TKo is the temperature at the initial point, xé, and N is a constant
temperature gradient.

Dwyer substituted Equation [10] into Equation [8] and found
that a constant temperature gradient does not change the mean square
displacement from that of the isothermal (TKO) value, i.e., there is
no thermophoresis for a constant temperature gradient. He explained
this result by claiming that the square of the particle displacement

is increased by the same amount when the particle goes up the gradient
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as it is decreased when the particle goes down the gradient. Since he
postulated that the same number of particles go up the gradient as down,

this difference vanishes in the averaging procedure.

Case B: The temperature is a linear function of the square of the dis-

placement.

= 2
TK TKo + MA [12]

A]thouéh Equation [12] is mathematically valid, it does not

describe any physically realizable temperature distribution. When
Equation [12] is used in Equation [8], the mean square displacement

| will increase if M is positive and decrease if M is negative. Dwyer
explained this by asserting that a positive M indicates that the par-
ticle will always move from the initial point into regions of higher
temperature no matter what direction it takes, whereas a negative M
indicates that the particle will always travel into colder regions.
Again, this shows that Equation [12] has no physical meaning.

Equation [8] describes the mean square displacement as a func-
tion of temperature. If it is correct, it should reduce to Einstein's
Equation under isothermal conditions (22). With TK = TKo’ Equation

[8] becomes upon integration:

2kT

anz> = —K0 (go . 3+ SXPUBO) (4-exp(-ge)))  [13]
m 8
Y

As o approaches infinity, Equation [13] tends to



14

A2 = O [14]

Equation [14] is identical to Einstein's Equation for the one-dimen-
sional mean square displacement in a uniform fluid. This indicates,
therefore, that the steady state component of Equation {13] is correct.
However, the validity of the transients in Dwyer's equation has not
been established.

Although Dwyer uses Equation [8] to support conclusjons that
have a bearing on liquid thermophoresis, each step in his derivation
is equally valid for gases. Therefore, his analysis and his final
equation should hold for both types of fluid. However, thermophoresis
of particles which exhibit a large degree of Brownian motion exists in
gases, even for constant temperature gradieﬁts. Dwyer's equation,
therefore, is incompatible with experimental observations. |

Dwyer's mathematical ana1ysis appears to be correct although
his variables are poorly defined and some of the steps in his deriva-
tion are difficult to follow. However, a major conceptual error was
found in his work.

As stated previously, Dwyer assumed that a particle was
affected only by f]ﬁid at a constant temperature during each time
interval, A0. However, if the particle lies in an isothermal fluid,
no net imbalance can arise in the average momentum transferred to the
particle from the fluid molecules, and, as a result, no thermophoretic

force is possible. What Dwyer has calculated, therefore, is the
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effect of a non-uniform fluid temperature upon the mean square dis-
placement of particles under the assumption that they are only influ-

enced by a series of isothermal fluids.



Chapter III
Apparatus
1. Introduction

The apparatus consisted basically of a cylindrical cell in
which a small volume of liquid, containing the particles, was trapped
between two horizontal, pa£a1le1 disks. The top disk was heated
electrically whereas the bottom one was kept at a lower temperature by
circulating cooling water through it. This established an axial
(vertical) temperature gradient in the stagnant sol without creating
convection currents. The remainder of the equipment fulfilled measure-
ment and support functions and included a light source, microscope,
and controls for the disk temperatures.

The particles were made "visible" by illuminating them and
observing the scattered light through a low-power microscope. This
arrangement is sometimes called an Ultramicroscope (23) and is suitable
for viewing particles ranging from approximately 0.5 to 1.5 microns in
diameter. The Ultramicroscope was ideal for the present study because
its large focal depth made it possible to observe particles in the
centre of the region between the disks. Cell wall effects could thus
be minimized.

The particle velocity was measured by incorporating a grid

reticle into the microscope eyepiece. Since the distance between the

16
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grid lines was known, the velocity could be calculated from the time

required for a particle to travel halfway between them.
2. The Cell

An overall view of the cell is given in Figure 1. The two
disks and the base were made from leaded brass. The optical tube aad
spacer ring consisted of borosilicate pyrex glass and plexiglass, res-
pectively.

Table i gives the thermal conductivities of these materials
and representative values for water and hexane. These conductivities
are given for completeness and for later use in estimating the radial

heat flux.

Table 1

Thermal conductivities of the Apparatus Materials

Thermal Conductivity

Material J m-ls—loK-l

Brass 119 (24) '
Glass 0.880 (25) r
Plexiglass 0.208 (24)

Water 0.600

Hexane 0.130

The optical tube rested firmly upon the base and fitted tightly
over a rubber O-ring. The latter was inset in the bottom disk and

provided a tight seal. The top disk rested on the spacer ring. This
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ring, which was not physically attached to either disk, kept the two
parallel and separated by a known distance. The face of the bottom
disk was parallel to the base. Hence,both disk faces could be posi-
tioned horizontally by levelling the base. |

A priori specification of the cell dimensions was difficult.
Problems were encountered particularly in se]ecting‘a suitable disk
diameter. This diameter had to be large enough to minimize wall
effects and to’provide space for the heating and cooling equipment.
However, it also had to be sufficiently small to prevent excessive
absorption of the scattered light by the liquid. A number of apparatuses
were Built before a reasonable balance bétween these requirements could
be achieved. Details of the successful apparatus are presented in the

following subsections.
a. The Optical Tube

The optical tube had an outside diameter of 1" and an inside
diameter of 7/8". The ends were ground smooth, parallel, and at right

angles to the tube axis which allowed the tube to sit flat on the base.
b. The Base

The base, which provided a stable foundation for the cell, is
shown in Figure 2 with the bottom disk outlined to indicate the cooling
water channel. The baffle was added to ensure turbulent flow of cool-
ing water which entered and left the base through the two holes shown.

Approximately one inch lengths of 3/8" 0.D.,-1/4" I1.D. copper tubing
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vere soldered into these holes and connected to the water bath by two
feet of polyethylene tubing (1/2" 0.D., 3/8" 1.D.).

The three holes set in the trianqular pattern accommodated
levelling screws. This was found to be the most stable arrangement for

Tevelling the base.
c. The Bottom Disk

The bottom disk is depicted in Figure 3. Its face was polished
to a tolerance of less than 0.001" to ensure an even axial heat flux.
The disk was soldered to the base in such a manner that its face was

parallel with the base surface to within 0.1° of arc.
d. The Spacer Ring

Figure 4 shows the spacer ring whose function was to keep the
disks parallel and separated by a constant distance of 0.118" (0.003m).
The ring was made from plexiglass because this material could with-
stand temperatures in excess of 100°C without softening noticeably.

In addition, its coefficient of thermal expansion, 8.1x1072°K"! (24),
was sufficiently low to prevent radial or axial thermal expansion
problems. For ease of assembly, the ring's outside diameter was 0.01"
less than the inside diameter of the optical tube. The faces of the
ring were machined at right angles to its axis, smooth, and parallel

to a tolerance of less than 0.001".
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Figure 3

The Bottom Disk
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e. The Top Disk

The last part of the cell was the top disk which is shown in
Figure 5. The face of this disk was also polished to a tolerance of
less than 0.001". TIts 0.D. was 1/16" smaller than the optical tube's
I1.D. to allow for thermal expansion and ease of assembly.

The hollow part of the disk contained an electrical heating
coil and a thermocouple, which are not shown in Figure 5 but which are
discussed in detail later. After all electrical parts had been inserted
into the top disk, it was filled with "Easypoxy," manufactured by CONAP
Incorporated. This epoxy glue provided an gdequate seal against water

and hexane and could withstand temperatures in excess of 100°C.
3. The Heating of the Top Disk
a. The Electric Heating Coil

Since high heat fluxes were desired, it was necessary for the
top disk to reach temperatures of nearly 100°C. This requirement,
combined with the small space inside the disk, made the use of an
electrical heating wire mandatory. The wire chosen was pyrotenax 24K
with an 0.D. of 0,093".

Pyrotenax wire has a resistance alloy core (with a specific
resistance approximately twenty-five times that of copper), surrounded
by an electrically insulating layer of compresseq magnesium oxide.
This, in turn, is coated with a thin layer of copper. Although, the

24K wire has a maximum power rating of 17 watts per foot, it was found
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that, with care, this figure could be exceeded.

A flat coil, containing approximately six inches of pyrotenax
wire, was soldered flush to the inside face of the top disk. This coil
covered almost the entire face, thereby producing an even, axial heat
flux. The ends of the coil were bent upwards out of the disk and con-
nected to the power supply. A small space was left in the centre of

the coil for insertion of a thermocouple.
b. Associated Electrical Apparatus

The circuit used for powering the heating coil is depicted in
Figure 6. It consisted basically of a Variac, a transformer, an
ammeter, and a voltmeter. The latter two were incorporated into the
circuit for safety reasons. The mains current (117 volts, 60 hertz) was
delivered to the transformer and controlled by a Superior Electric
Company Variac whose range was O to 117 volts. This Variac controlled
the top disk temperature by adjusting the power dissipated in the coil.

It was necessary to pass the primary current through a trans-
former to reduce the voltage to a level the coil could tolerate. This
transformer was a Hammond 167P6 with maximum secondary ratings of 6.3
volts and 5 amps.

| Since the coil could easily be overloaded, even with the trans-

former present, an AC voltmeter (0O to 10 volts) and ammeter (0 to 10
amps) were incorporated into the circuit. They were employed as moni-
toring devices to provide a measure of the power used by the coil.

This circuit had the advantage of easy control over the power
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dissipated in the coil. Varying the 117 volt primary current was con-
siderably simpler and more accurate than adjusting the much smaller

secondary current.
4. The Cooling of the Bottom Disk

The bottom disk had to function as a heat sink and this was
accomplished by circulating cooling water through it from a reservoir.
The latter was a 10 Tlitre Lauda NB-515 Constant Temperature Bath with
an internal heating coil. Tap water was passed through this coil and
the bath water was thereby maintained at a temperature near f°C. An
e]eétric pump, which formed part of the bath, served to mix tﬁe bath
water and to circulate it to the bottom disk at a rate of approximately

three litres per minute.
5. Temperature Measurement

The top disk temperature was measured by means of a 28 gauge
(0.040" 0.D.) Copper-Constantan thermocouple. Such a small size was
selected because of space limitations within the top disk. After
welding and testing, the hot junction was soldered to the centre of
the inside face (in the space left in the heating coil). The cold
junction was placed in a thermos flask filled with ice water and the
resulting EMF was measured witﬁ a Leeds and Northrup 8690 Millivolt
Potentiometer. Since the current-carrying pyrotenax wire was elec-
trically insulated, the thermocouple EMF was a difect indication of

the top disk temperature.
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It was impossible to place a thermocouple in the bottom disk
since it was necessary to maximize the flow of cooling water. The
bottom disk temperature was estimated from that of the bath water and

will be discussed later.
6. Optical Equipment
a. The Light Source

The particles were observed visually and a light source of the
correct intensity was therefore required. An underpowered source ren-
dered the particles invisible whereas an excessively strong one obscured
the scattered light and created spurious convection currents in the
cell. By experimentation, it was furthermore found that white light
gave the best particle illumination. The best source that satisfied
all these criteria was a small "Coollite" florescent lamp (Model F6T5-
CW-HH) manufactured by the Western Electric Company.

The lamp's luminescent section was 7-1/2" long, had an 0.D. of
1/2", and a power consumption of 6 watts. In order to give the correct
illumination, the bulb was covered with black insulating tape except
for a small section 1" long and 125° of arc (approximately 4-1/2 per
cent of the available surface area). Since the initial lamp output
was 260 Tumens, the luminous flux available after taping was approxi-
mately 12 lumens. The uncovered area was placed approximately one

inch from the outside of the optical tube.
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b. The Microscope

The microscope, which is shown in Figure 7, was assembled from
parts supplied by the Gaerther Scientific Company. It was a monocular
arrangement based on an adjustable rack and pinion focusing MIOTA micro-
scope tube with an M239 eyepiece and M226 objective lens. The eyepiece
was mounted on an M194 90° erecting prism with an M193F upper adapter.
This arrangement was listed by Gaerther as providing a total magnifica-
tion power of 27 and a focal length of 0.1374m between the subject and
the objective lens. These values are for an optical path in air but they

did not seem to change greatly when the subject lay behind a small layer

of liquid.

Figure 7

The Microscope
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The microscope was mounted on an M309 support stand by means
of an M330 Rod and Collar which allowed the microscope to move in all
three directions. The entire construction weighed less than twenty
pounds and, as a result, could be easily movéd.

The grid reticle in the eyepiece was custom-made by Gaerther
and had fifteen parallel, equispaced lines which covered almost the
entire field of vision. The distance between these lines was experi-
mentally found to be equivalent to a distance of 0.0004m at the point of
focus. The retiéﬁe and the eyepiece could be rotated about their axis
so that the lines could be placed parallel to the edges of the disks.

It was found by expériment that the particles were mostvclearly
"visible" when the horizontal angle between the incident light to the

cell and the microscope's optical path was approximately 110°.



Chapter IV
Physical Properties of the Experimental Materials
1. The Particles

The spherical particles used in the present study were poly-
styrene latex and supplied by the Dow Chemical Company. Their size was
extremely uniform and two diameters were selected for this work, dp =
1.011 # 0.001 microns (Lot Number LS-1138-B) and dp = 0.790 £ 0.001
microns (Lot Number LS-1117-B). The error bounds correspond to the 95
per cent confidence Timits and were calculated from data provided by Dow.

According to Dow, the specific gravity of the particles is
1.05 (1048 kg m'3) at room temperature. Unfortunately, no indication of
the accuracy of this value was given. Furthermore, the supplier did not

specify the particle thermal conductivity but Perry (24) gives a value

of 0.128 J m~ Vs Tek 1.
2. The Liquids

Water and n-hexane (C6H]4) were used in this study for a
number of reasons. Basically, they were chosen because of their very
different thermal conductivities, as is evident from Table 1 (page 17).
In addition, their viscosities and densities are similar, they will not
damage the construction materials, and they are non-toxic.

Measurements of particle velocity were taken at different

32
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points within the cell and thus at different temperatures. It was there-
fore necessary to obtain equations for viscosity, density, and thermal
conductivity as functions of temperature. When no simple equation could
be found in the literature, an empirical equation was fitted to the
available data by means of a regression programme written and made
available by Dr. A. Kozak of the Faculty of Forestry at The University
of British Columbia (26). A1l graphs of the equations are presented at
the end of the "Phyéica] Properties" chapter, pages 37 to 42, to avoid

unnecessary interruption of the text.
a. Water
i. Viscosity

Three equations predicting the viscosity of water were found
in the literature (24,25,27). Although the predicted viscosities agreed
to within 1 per cent in the temperature range of interest (5°C <Te <
90°C), the equations were greatly different in complexity. The simplest

equation is given by Perry (24) and was adopted for this work:

=21.482((Tc-s.435)+(8078.4+(TC-8.435)2)”2)-1200 [15]

T |—

where TC is the temperature expressed in degrees Celsius. The curve cor-

responding to Equation [15] is shown in Figure 8.
ii. Density

Data for the density of water were found in the Chemical Rubber

Company Handbook (25). By means of the previously mentioned programme
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an equation was fitted to these data for one degree intervals in the
range 15°C < T. < 95°C giving:

p = 999.168-0.00426 T,° [16]

The average deviations between the results from this equation and the
above-mentioned data are less than 1 per cent. The curve (without the

data) is shown in Figure 9.
iii. Thérma] Conductivity

Data were taken from three sources (24,25,28) and are listed
in Appendix I. They were fitted by the regression programme which pro-

duced the following empirical equation:

ke = 0.567558+0.001862289 T -(7.15006X10-6) T 2 [17]

f c C

The deviations between the calculated thermal conductivities and the
data were on the average less than 1 per cent. The data and the curve

produced from Equation [17] are shown in Figure 10.
b. Hexane

A commercial grade of hexane was used whose greatest impurity
was water. This amounted to less than 0.05 per cent while all other

impurities were present in the parts per billion range.
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i. Viscosity

Data for hexane viscosity were taken from three sources (25,
29,30) and are listed in Appendix I. The regression programme gave

the equation:

p = 0.00117-0.0000029 TK (18]

where TK is the temperature expressed in degrees Kelvin. Deviations
(as previously defined) were found to average less than 1 per cent.

The data and Equation [18] are shown in Figure 11,
ii. Density

These data were tabulated by Timmermans (29) and are also

listed in Appendix I. The programme defined the equation:

p = 931.5-0.928 T, | [19]

The differences between the predicted density and the physical data
averaged less than 1 per cent. Figure 12 provides a comparison between

the data and Equation [19].
iii. Thermal Conductivity

It was very difficult to obtain consistant data from the liter-
ature for the thermal conductivity of hexane. However, Reid and
Sherwood (31) gave some experimental values which agree reasonably well

with those used by Sakiadis and Coates (32) who obtained an empirical
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equation for the alkane series. Both groups of data are recorded in
Appendix I (with a value from the International Critical Tables (33))

and can be described by an equation derived by the programme:

ke = 0.140-0.00044 TC [20]

f

The deviations averaged less than 2 per cent. Figure 13 shows Equa-
tion [20] and the data. According to Equation [20], hexane has a

thermal conductivity that is approximately 1/5 to 1/4 that of water.
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Chapter V
Experimental Method

1. Preparations for a Run

The sol was prepared as follows. One drop of the concentrated
Dow suspension, which consisted of latex particles in water, was placed
in oné litre of either water or hexane and well mixed. When the
former was used, it had been previously distilled, heated to a brisk
boil, and allowed to cool under cover. This procedure expelled most
of the dissolved gases which otherwise tended to form bubbles on the
underside of the top disk and effect the axial heat flux. Hexane was
experimentally found not to require degassing.

One drop of Dow suspension had a volume of approximately

5x10™°

1. Since the volume fraction of particles per drop was given by
Dow as 0.1, the actual volume of particles per drop was 5x10'61.
Therefore, one drop per litre of water produced a sol with a void
fraction between 0.999990 and 0.999999. In hexane, the void fraction
was even closer to unity because water and hexane are insoluble so
particle transfer was inhibited.

After the sol had been prepared it was set aside and covered
to keep out airborne dust. With proper care, this sol lasted a number
of runs before it became contaminated. A small syringe was filled
with sol from this covered container to provide make-up in the cell if

necessary during a run.
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After the top disk was removed, the cell was filled with sol.
The top disk was then eased into position, thereby disb1acing some sol
which was drawn off with a second syringe and discarded. This pro-
cedure ensured that no air bubbles were trapped under the top disk
which was correctly placed when seated flat on the spacer ring.

The Tiquid level was kept approximately 3/4 inch above the
disk's upper surface and acted as a reservoir to compensate for any
loss of 1liquid by evaporation.
| The base of the cell was placed horizontally by means of the
levelling screws and a Fisher 12-000 circular level (sensitive to
within one degree) located on its surface. The disks' parallel align-
ment was checked with the reticle grid 1jnes through the microscope.
Extra weight was added to the top disk to increase stability. This
entire procedure was repeated often to ensure that the apparatus re-
mained in its correct position.

Three to four hours before a run started, the flows of tap
water to the bath and cooling water to the bottom disk were begun.
Approximately fifteen minutes before the start, the Variac was set to
a pre-selected reading and the power was fed torthe pyrotenax heating
coil. An‘experimenta] plot of the top disk temperature versus time
indicated that the cell reached essentia]]ylsteady state approximately
fifteen minutes after the power was switched on.

Finally, the microscope was focused on the region inside the
spacer ring and one of the grid lines was aligned with the edge of

the bottom disk. The run could then commence at any time,
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2. The Run

The fluorescent lamp was turned on. It was used only for short
periods of time to minimize the radiant heating of the liquid and
particles.

The experiments were conducted only at night since the light
scattered by the particles was too faint to be visible in daylight.
Some time had to be allowed for the eye to become accustomed to the
darkness and to locate the particles. A small piece of carbon paper
was used to provide a black background for easier viewing.

When seen through the microscope, the individual latex par-
ticles appeared as small, shapeless specks of 1ight. Occasionally

- larger specks with definite shapes were also observed and since these
represented airborne dust particles or agglomerates they were ignored.
On account of their size, these larger particles had a higher terminal
velocity due to gravity (34) which might have interfered with the
determination of the thermophoretic velocity. Similar precautions
were not necessary for particles whose diameter was less than 0.5
microns becéuse, as previously noted, they did not scatter light and
thus were invisible.

When some liquid from the reservoir evaporated, more was
added with the make-up syringe. The sample in the cell was replaced
whenever it became badly contaminated with airborne dust or particle
agglomerates. The cell was emptied, rinsed several times with dis-
tilled water, and refilled with ffesh sol before every run or more

often, if necessary.
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For each datum point, a stopwatch was used to measure the
transit time, i.e., the time a particle took to travel one-half of a
grid space. Also, the initial and final particle grid positions, ex-
pressed in grid spaces from the bottom disk, were recorded. The
measurements were restricted to such small distances in order to mini-
mize the variations in absolute temperature during particle movement.

Velocities were measured only for those particles which were
more than 1/8 inch from the inner surface of the spacer ring. This
reduced the thermal and hydrodynamic edge effects. It was noted
experimentally that particles more than 1/8 inch from the ring behaved
similarly regardless of fadia] position but those closer to the edge
moved erratically. In addition, no measurements were taken within one
grid space of either disk to eliminate any hydrodynamic effect. -

When the concentration had become so low that particles were
difficult to locate, the top disk was gently moved up and down to
remix the sol and to add fresh sol from the reservoir. After agita-
tion, no measurements were made for approximately three minutes to
allow very large particles to settle out and to Tet the system again
reach steady state. It was found experimentally that three minutes
was sufficient time for this to occur.

In the course of a run it was necessary to check periodically
for the presence of thermal convection currents. These currents mani-
fested themselves in the movement of the particles near the surfaces
of the upper and lower disks. If the particles near the upper disk

moved horizontally in one direction while those near the lower disk
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moved in the opposite direction, convection currents were thought to
be present. They could be eliminated by relevelling the apparatus.

After 30 to 35 velocity measurements had been taken, the run
was ended due to excessive operator eye strain. The temperature of
the cooling water bath and the thermocouple EMF, which had been
checked periodically during a run, were recorded when the experiment
was over.

Although no definite shutdown procedure was established, the
heating coil wés always shut off prior to stopping the flow of cooling
water. A1l remaining devices were switched off in a random order.

The terminal velocity due to gravity was measured for compari-
son with the thermophoretic velocity. It was obtained by dup]icéting

the above procedures but without applying a temperature gradient.



Chapter VI
Methods of Data Analysis
1. Preliminary Data Transformations

The experimental data were in the form of particie positions,
transit times, thermocouple readings, and cooling water bath tempera-
tures. They could not be used in this form and had to be transformed
before any further analysis was possible. This section outlines the

techniques used for these initial transformations.
a. Disk Temperatures
i. Top Disk

As mentioned previously, the top disk temperature was measured
with a thermocouple whose calibration is briefly discussed here.

This procedure consisted of two steps. First, the EMF values
given in reference (35) for copper-Constantan thermocouples were cor-
related with temperature by the regression programme. The resulting

empirical equation for 0 < T, < 100°C is:

T, = O.140687+25.5802(EMF)-O.529]02(EMF)2 [21]

C

Second, the differences between the experimental temperatures and the
values predicted by Equation [21] were found. Corrections could then
be made in Equation [21] so that it predicted the experimental tempera-

tures.
48
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The latter were obtained using the following method. The top
disk was submerged in the cooling water bath until steady state was
achieved. The EMF value and the corresponding bath temperature were
recorded. This procedure was repeated at different temperatures.

It was found that Equation [21] predicted temperatures which
were approximately 1.1 per cent lower than the experimental values.
Therefore, the equation was adjusted to give correspondingly higher

results, i.e.:

Ts = 0.142235+25.8616(EMF)—0.534922(EMF)2 [22]

C

The value preducted by Equation [22] was considered to be the top disk
temperature, TT’ since the temperature drop across the brass face was
found to be negligibly small. A numerical estimate of this drop is

given in Appendix III.
ii. Bottom Disk

The bottom disk face temperature was assumed to equal that of
the water in the bath, Tw, plus a small correction factor of 0.1°C.
This value accounted for the temperature rise between the bath and the

bottom disk. The equation for the bottom disk temperature, TB’ is:

T, = Tw+0.] : [23]

B

Since the flow of cooling water was rapid (approximately 3

litres/minute), the theoretical temperature rise of the water between
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the inlet and the outlet of the bottom disk was less than'0.03°C (see
Appendix III). As a check, thermometers were placed at the ends of
the copper inlet and outlet tubes and indicated no noticeable differ-
ence. The temperature drop across the film resistdnce in the water
channel could not be accurately calculated and was not included in the
correction. An estimate of this drop is given in Appendix III, where
it is also shown that a fairly large error in the bottom disk tempera-

ture does not significantly affect the final results.
b. Local Temperature and Temperature Gradient

This 'subsection outlines the techniques used for calculating
the local temperature and gradient at a particle position from the two
disk temperatures and thermal conductivity.

The average position, Pos’ of a particle during a measurement,

was defined as:
S +E
S

D .
oS 2 [24]

where the initial position, ST, and the final position, ED,'weré
measured in grid spaces from the bottom disk. Since the region between
the disks was 7.5 grid spaces wide, the average particle position

could be expressed in terms of the dimensionless distance from the top

disk, %3 as follows:

X=1.0 os [25]
R -7
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where x = 0 and x = h at the top and bottom disk, respectively.
The 1ocal temperature at %—was calculated from a derivation

based on Fourijer's Law which, for one dimension and steady state is:

_ dT -
Q"‘kf& [26]

The constant axial heat flux is denoted by q. The equations for

thermal conductivity used in the present work were of the form:

_ 2
kf =A+B TC +C TC [27]

Combining Equations [26] and [27] results in:

_ 2, dT
q~-(A+BTC+CTC)-& [28]
Integrating Equation [28] gives
x T 2
[ qdx = - [ ¥ (MBT#CT.) dT [29]
0 TT
or
- B/ 2 + 2,03 +3
9 x = AlTp-Te)p{Te TR )+3{T =T ) [30]
At x = h, TC = TB’ so that

} By 2.1 2y,C/r 3 1 3
q h o= A(T-Tp ) (T 5T ) (17 -T5”) [31]
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Equations [30] and [31] can be combined to yield:

C. 3,B. 2 X B 2,C- 3y _
3T +5T AT #lah (1) - (AT 5T, 545170 ] = 0 [32]

It can be seen that there are three temperatures which satisfy Equation
[32] at x/h. However, only one of these, TPC’ was physically meaning-
ful and was found to fall within 10 per cent of the temperature, Tone
calculated on ﬁhe basis of a constant temperature gradient. This

temperature is defined by:

Tun = T (=T () [33]

Equation [32] reduces to Equation-[33] when kf is independent of tém-
perature (B = C = 0). -

Although Equation [32] can be solved analytically (36), it was
simpler to find the solution by an iterative procedure. The following
method was adopted. _

Let the left-hand side of Equation [32] equal §. Denote the
values obtained for fhe (i-1)th and ith iteration by TC(i—])’ ®(1-1)
and TC(i)’ ¢(i)‘ If the differences between these values are small, a

lTinear approximation can be made for TC:

TC = D¢)+Eo [34]

where the slope, D, and intercept, EO, are defined by

T/ on=Ths. :
_c(i)T'e(i-1)
D = 35
by P:-n (3]
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Eo = Te(i) D00 [36]

Since the intercept is the numerical value of Tt when @ in
Equation [34] is equal to zero, the next Tc in the series, TC(1+])’ is
set equal to Eo and ¢(i+]) is calculated by substituting TC(1+1) in
Equation [32]. These néw values are substituted in Equations [35] and
[36] to continue the iteration. The process is stopped when ‘¢(i)‘
reaches a preselected value close to zero. TPC is then set equal to
Te(i).

The initial values for the iteration were chosen to give rapid
and stable convergence. They were TC(]) = TLIN’ ®(]) = -0.1, TC(Z) =
Tyyt1-0, and a value for ¢(2) ca1cu]ated by substituting TC(Z) in
Equation [32]. The terminal limit for l¢(1)l was chosen to be 107°
since further reduction did not alter TPC noticeably.

The local temperature, TPC’ was used to calculate u, p, and kf
at each %u When Equations [27] and [31] were combined and rearranged,

the local temperature gradient was given by the equation:

_ah [37]

Qalo
£l
1}

c. Thermophoretic Velocity

The particle velocity, Vo which was determined experimentally,
resulted from the thermal and gravitational forces. Since these
forces are additive and acted in the same direction, the thermophoretic

velocity is given by:
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Vi, = V-V [38]

where vg denotes the terminal settling velocity due to gravity, i.e.:

(o -p)d % ]
vg = ——E—ﬁafle— [39]

Equation [39] is valid provided the particle Reynolds Number does not
exceed 0.1 (34), see Appendix III.

The experimental velocity was calculated from the transit
time, t, i.e., the time required by the particle to travel one-half of

a grid space, 0.0002m. Hence:

_ 0.0002
Vax = . [40]

2. Analysis of Transformed Data

The previous section outlined the techniques used to transform
. dT .
the raw data into TT’ TB’ Vin? TPC’ 0o Mo P and kf. These resulting
data were then analysed to give as much information as possible about
the thermophoresis of sols. This section presents the methods used in

this analysis and is predicated upon the existence of thermophoresis in

liquids. The latter is discussed in the next chapter.
a. The Empirical Equation for Vin

An empirical equation for Vip was obtained using the regression
programme and postulating numerous possible relationships including

some derived by the Rayleigh Method of dimensional analysis (24).
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Since an empirical equation is statistically meaningful only if
obtained on the basis of many different data points, such an equation
could only express Vin in terms of TPC’ dT/dx, u, and p. The equation

which best described the data was:

U dT
Vi, = - a - [41]
th pTPK dx
where
TPK = TPC + 273.2 [42]

The dimensionless coefficient, o, is defined by rearranging Equation

[41]:

@ = - — [43]

b. Block Values of a

Experiments were conducted with twd liquids and particle dia-
meters. For the sake of convenience each combination, e.g., water
1.011 microns, is referred to as a block.

The n values of o in each block were expressed in a more usable

form for further analysis by:

n
I o, [44]

/n) [45]
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and

s = (52)]/2 [46]

where o is the mean of all the individual coefficients in a block and
52 and s are the variance and standard deviations of the a's, respec-
tively. The value of a; was calculated from the ith data point by
Equation [43]. If Vip Was a_function of dp or kf,‘the mean coefficients

of the blocks would differ significantly.
c. Distribution of the Coefficients in Each Block

However, before any further statistical analysis could be
carried out on the a's, information had to be obtained on the distri-
butions of the individual coefficients about their block mean. If
these distributions could be described by a normal distribution func-
tion, the statistical analysis would be greatly simplified. It would
also have the added benefit of exposing any operator bias in the data
collection. The distributions were found by the following method.

The data from each block was transformed into a variable, z,

by the following equation:

z, = — [47]

This variable has the same distributions as the coefficients and it
facilitates comparison of these with the normal distribution.
The cumulative distribution function (c.d.f.) for the z's was

calculated for each block. The c.d.f. at a value of z is the fraction
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of the total number of observations which'have a z; less than or equal
to that value of z. The c.d.f. is, therefore, a function of z (37).
The c¢.d.f. for each block was plotted on normal probability paper for
comparison with that of the normal distribution function. The latter

is a straight line in this co-ordinate system.
d. Modified t Test

Since, as will appear later, the variances are not the same
for each block, the normal t test of the hypothesis &] = &2 is not
possible. The subscripts 1 and 2 represent two different blocks of
data. However, Wetherill (38) gives a technique which can be applied
under these circumstances. His t values for the above hypothesis are

calculated using the following equation:

lay - a,]
t = ; % £48]
51 . S2.1/2
(ﬁ—'+'ﬁ—)
1 M

1 5? ‘ Sg
T~ 77 t o [49]
kon](n] 1) konz(nz-l)
where
s} 55 ~
k = —+ — LSO]
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The value of t calculated from Equation [48] was compared with
t95, i.e., the t for a 95 per cent confidence limit (with f degrees of
freedom) taken from a statistical t table. The 95 per cent limit was
chosen because it is generally used in experimental work. When the t
calculated from Equation [48] was less than tgs» the two a's were con-
sidered to be equal. Conversely, when the experimental t value was
greater, the two a's could not be regarded as equal. This test should

never be applied without some appreciation of the physical situation.



Chapter VII
Results and Discussions

1. The Existence of Thermophoresis in Liquids

The first objective of this work was achieved when it was dis-
covered that particles possessed a measurable velocity towards the
cooler regions .of the liquid over and above that due to gravity alone.
Therefore, thermophoresis does exist in liquids. The thermophoretic
velocity, and the other transformed data, can be found in Appendix II.

2. An Empirical Equation for the Thermophoretic
Velocity

As mentioned previously, it was possible to obtain an empirical
equation for the thermophoretic velocity. When the regression pro-
gramme was used with the 342 points of the water-1.011 micron block,
an expression in the form of Equation [41] best described the data.
This was also found to be true when data from the other basic blocks

were used.

a. Analysis of the Thermophoretic Coefficient
i. Summary of the Block a's

Equations»[44], [45], and [46] were used to reduce the data in
each block to a form more convenient for interpretation. The results

are shown in Table 2, The capital letters A to F are a code to

59



identify each block.

Table 2

Statistical Data for Each Block

60

d Fluid
p
(microns) H,0 Hexane
Block A B]ock B
1.011 n 342 n = 94
a 0.1148 a = 0.0856
S 0.000303 s~ = 0.000066
S 0.0174 s = 0.0081
Block C Block D
0.790 n 107 n =57
a 0.1149 a 0.0903
S 0.000268 s™ = 0.000141
S 0.0164 s = 0.0119
Block E Block F
Both n 449 n = 151
a =0.1148 o = 0.0874
S 0.000294 s~ = 0.000099
S 0.0]71 s = 0.0099

ii. Distribution of the «'s in

Each Block

The cumulative distribution function of the a's in each block

was obtained by transforming a; to ziusing Equation [47].

- ¢.d.f.'s are shown in Figures 14 to 19 inclusive (these can be found at

The resulting
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the end of Chapter VII). The straight Tine on each graph corresponds
to the c.d.f. of a normal distribution function. It can be seen from
these figureé that the experimental data can be approximated by the
line except for some deviation at very negative z and very positive z.

These deviations afe attributable to a small operator bias.
A negative z, as can be seen from Equation [47], implies that ai<&'
This means the experimental Vih is lower than the value predicted by
Equation [41] when o is replaced by a. Conversely, a positive z
indicates a hiéher experimental value of Vip Since both deviations
were such that the experimental c.d.f. was less than the normal c.d.f.
at extreme values of z, it is apparent that more observations were
taken of particles with a very high Vin? and less with very low Vine
than the normal distribution function would predict. Although the
operator made a conscious effort to avoid this tendency, it is obvious
that sdme bias was present. However, since less than 5 per cent of
the observations in any one block were affected by this proclivity,
the thermophoretic coefficients can be regarded as normally distributed

about a.
"iii. The Effect of Particle Diameter on o

The effect of particle diameter on o can be found by comparing
Block A with Block C, and Block B with Block D. The first hypothesis
tested was &A = &C' When the values from Table 2 were substituted
into Equations [48] to [50], f was found to be approximately infinity

and t = 0.054. Since the latter value is much less than t95 = 1.96,
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the hypothesis is confirmed and particle diameter has no effect on
thermophoretic velocity in water.

The same test was carried out on the hypothesis &B = &D. In

this case, f = 88 and t = 2.63, slightly larger than t,. = 1.99.

95
Although the t test indicates that &B and &D are unequal, results from
tests where t = t95 cannot be used as a basis for definitive con-
clusions (38). In addition, the results must be interpreted with care
because the variances of the two blocks are different, as shown sub-
sequently. |

An F test (38) was carried out on the hypothesis SS = sg. The

experimental value, F, , and degrees of freedom, v, and v, are defined

by:
0
FEX = ;7 [5]]
B
vp = My - 1 [52]
vg = Mg - 1 [53]
Using the values in Table 2, Fex = 2.14, and from a statistical F

table, the 95 per cent value is approximately 1.4. Since the experi-
mental value is larger than the tabulated one, the variances are un-
equal.

Different variances signify that some error is present in one
block and absent in the other. As can be seen by comparing Figures 15

and 17, the data of Block D deviate more from the normal distribution
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than those of Block B. This indicates that the significantly larger
variance in Block D may be due to the previously mentioned operator
bias.

There is only an approximately five per cent difference between
&B and &D which is best explained by the extra error. In addition,
the water data show no particle diameter effect. Thus, it is uniikely
that the thermophoretic velocity in hexane is a function of particle
size. (

Consequently, it was concluded that the thermophoretic velocity
is independent of particle diameter. Other workers (17) found this to
be true in géses for small Knudsen Numbers, i.e., the same condition
which can be considered to exist in liquids.

iv. The Effect .of Liquid Thermal
Conductivity on «

Since particle diameter does not affect thermophoretic velocity,
all the a's for water (Block E) can be compared with all those for
hexane (Block F). [If thermophoretic velocity is dependent upon liquid
thermal conductivity, it should become apparent since there is a 400
to 500 per cent difference in kf between the two liquids.

The t test was applied to the hypothesis &E = &F. Equations
(48] to [50] gave a f = » and t = 23.9. This is very much larger than

t95 = 1,96 and therefore a significant difference exists between &E
and &F. Thus, thermophoretic velocity must be regarded as a function
of liquid thermal conductivity.

This effect can be compared with that found in gases. The
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ratio EF/&E can be contrasted with the values predicted by Epstein

(Equation [4]) and Derjaguin (Equation [6]) for Kn = 0:

- 3 K¢ -
EpStEin: a = 2 oK.+ Kk [54J
fp
8k, + k
Derjaguin: o = %-?Ef—;—EE _ [55]
‘ Fo0p _

The a's for hexane and water and their ratios are presented in Table 3.
The values were calculated using average thermal conductivities in

Equations [54] and [55]. As can be seen, the ratio for liquids is very

Table 3

Comparison of Experimental and Predicted a's

ke (water) =0.600 J ™' m™! °K”!

k. (h B -1 -1 o,-1

£ exane) = 0.130 J s 'm K

3 =0.128 d 571 m ! ok!
Author a water a hexane a hexan?/§ water

%

Epstein 0.6777 0.5026 74.2
Derjaguin 1.855 1.505 81.2
McNab 0.1148 _ 0.0874 76.1

close to that predicted for gases by the Epstein relationship. Al-
though essentially only two values of liquid thermal conductivity have

been studied, it appears that an expression similar to Epstein's
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relation holds for both types of fluid.

b. The Final Empirical Equation for Vih

The data obtained in this work can definitely be described by

an equation of the form:

Yen 7 - a 1_; ZT [56]
P Ipk '

where the more general vT replaces dT/dx. The large variances and the
error analysis in Appendix III indicate that only two significant
figures are justified for a. Therefore, o equals 0.11 for water and

0.087 for hexane.

However, as previously noted, the functional relationship between

Q1

and k. may be described by a form of Equation [54]. The coefficient

Q1

can hence be written as:

- ke | (571
o =Y s—/—1— 57
2kf + kp :
When the numerical values from Table 3 are substituted into Equation
[57], the coefficient vy equals 0.254 and 0.261 for water and hexane,
respectively. Since only two figures can be regarded as significant,

Y becomes 0.26 for both fluids. Thus:

v, =-0.26 vT [58]

—th
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In addition, the thermophorétic velocity for liquids is 100 (0.26/1.5)
= 17% that predicted by the Epstein equation.

The fact that the Epstein gas equation, albeit with different
coefficients, appears to hold for both types of fluid suggests the
existence of thermal creep in liquids. A more detailed discussion of
thermal creep is given in Appendix IV.

The lower value of Vin for hexane than for water af the same

TPC and temperature gradient is explained by Figure 20, where it is

shown that 5 ¥PK is lower for hexane than water at the same temperature.
The difference in thermophoretic velocity is also apparent in Figures
21 and 22 which depict the magnitude of th as calculated by Equatibn//
[58]. Note that, due to the effect of 5—¥EE3 Vip drops with rising
temperature. '

There is one further piece of evidence which supports the ex-
istence of thermophoresis in liquids. When Equat%on [56] was applied
to a case of particulate fouling in a sensible heat exchanger, it was

found to explain the failure of small particles to deposit on a hot

wall (39).
3. Thermophoretic Force

The thermophoretic force, Fth’ can be obtained from the

velocity by means of Stokes Law. The Stokes drag force, FD,'isf.

FD =-371u dp Vp | [59]

where vp is the speed of the particle relative to the stagnant fluid.
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At steady state, this particle velocity is equal to vy, and
th =~ Fp [60]

Therefore, combining Equations [58], [59], and [60]:

k 2

f u
F,, =-0.787 d vT [61]
th ke + ky P oo Tpy =

4. The Effect of Gravity

As mentioned in Chapter VI, the measured velocity is the sum of

Vip and the gravitational terminal velocity, Vg

as a function of TC as calculated by Equation

Figures 23 and 24

give the magnitude of vg

[39]. Since v_ for water is very much smaller than Vex: it can be

g

neglected. However, for hexane, v, is of the same order as vy, and

g
must be taken into account. The gravitational terminal velocity for a
1.011 micron particle was measured experimentally in both liquids at
approximately 20°C and found to be within 5 per cent of the values
predicted by Stokes Law.
5. Cell Wall Effecté on the Local Temperature

and Temperature Gradient

A computer simulation was based on the numerical solution of

Fourier's Equation:

AT =0 [62]
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This was used to study the effect of radial heat losses through the
cell wall upon the vertical temperature gradient and local temperature.
Heat transfer to the air outside the cell was considered to be by
natural convection. The computer was supplied with the cell dimensions
and representative values of physical properties from Table 1. The
simulation indicated that the heat Toss did not effect the temperature
gradient and temperature significantly. This, combined with the pre-
cautions mentioned in Chapter V, assured that the radial heat flux did
not affect the experimental measurements.
6. A Theoretical Model of Thermophoresis
in Liquids

Several attempts were made to develop a theoretical model to
predict the Tiquid thermophoretic velocity. However, when physical
data were used, they failed. Nevertheless, one model showed promise.

This was based on the concept of therma] creep. However,
Equation [3] was modified by an application ef the Enskog theory of
dense systems (40). Maxwell's thermal creep equation thus became:

2

=T
DTK

[63]

Slw
31

¥s

Where T is a rather complicated function of the viscosity and thermal
conductivity of the liquid and of the equivalent properties for the
substance in the gaseous state at zero pressure. A functional rela-

tionship, which is still imprecise in its concept of the physical
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situation, was derived. However, dépending upon the values ofAthe
fluid properties, I' could be either imaginary or real with a value less
than one. The latter reQuTt is required to explain the data obtained
in this work.

When physfcal data for water and hexane were used, T was
imaginary but very close to the point where it would become real.
Therefore, some corrections in the derivation and better data might

allow this model to apply in the liquid case.
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Thermophoretic Velocity in Water as a Function of Temperature Gradient
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Thermophoretic Velocity in n-Hexane as a Function of Temperature Gradient
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Chapter VIII
Conclusions and Recommendations
Conclusions

- Thermophoresis was found to occur in liquids.
-. The particle thermophofetic velocity in a liquid can be des-

cribed by the equation:

v = .=z _u
Yeop = - oo O

where a equals 0.11 for water and 0.087 for n-hexane.
- Thermophoretic velocity is affected by liquid therma1 conduc-
tivity. |
- Evidence exists that the equation for velocity can be rewritten

to account for the thermal conductivity effect:

k
f U
+ k pTlT

v, = - 0.26
~1;h 2kf p K

- Particle diameter did not effect the thermophoretic velocity.
- The thermophoretic force on a particle in a liquid can be des-

cribed by the equation:.

ke 2
F
2ke + k% B Tpy

Fypp = - 078w

.81 .
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- The form of the equations for liquids is similar to Epstein's
expressions used to describe thermophoresis in gases. Tﬁis
Tends credence to the existence of thermal creep in liquids.

- Both thermophoretic velocity and force in liquids are 17'per
cent of the values predicted by the Epstein relationships.

- The thermophoretic effect in liquids is very small and is
important only in situations where very high temperature'grad-
fents exist. It is therefore impractical for use in liquid-

particle separations.
2. Recommendations

Although the velocity and force equdtions derived for thermo-
phoresis in liquids may be significant in some engineering problems,
the thermophoretic effect is too small to warrant further experimental
study by engineers. However, the development of a useful theoretical

model for the effect may be worthwhile.



Nomenclature

dimensionless coefficient used in Equation [3]

1 -1

coefficient used in Equation [27], J s* m °K']

constant used in Equation [IV=19]

1 -1

coefficient used in Equation [27], J s~ ' m o2

constant used in Equation [IV-19]

1 -1

coefficient used in Equation [27], J s~ m o3

cumulative distribution function, defined in Chapter IV, sub-

section 2(c)

constant used in Equatioﬁ [1v-19]

experimental dimension]ess constant used in Equation [5]
experimental dimensionless constant used in Equations [5]

and [7]

1 1

specific heat of water, 4200 J kg~ °C”

slope of Equation [34], s m °C J']
constant used in Equation [IV-19]

latex particle diameter, microns

83
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dT/ds = temperature gradient tangential to particle surface, °K m']

dT/dx = one-dimensional temperature gradient in Cartesian co-
ordinates, °K m ! or °C m!

E = operator defined by Equation [I1I-7]

Ep = final position of a particle during an observation, grid
spaces from the bottom disk

EMF = top disk thermocouple reading, mV

F_o = intercept of Equation [34], °C

exp = symbol for exponent of e

f = degrees of freedom for experimental t value, defined by
Equation [49]

Fax = experimental f test value, defined by Equation [51]

Fe = force exerted by fluid on particle, defined by Equation [IV-28],
kg m 572

Fo = Stokes drag force on particle, defined by Equation [59],
kg m =2

Fin = thermophoretic force on particle, defined by Equation [60],
kg m 572

Eth = vectorial form of thermophoretic force, kg m 5'2



0s

acceleration of gravity, 9.8 m 572

distance between the disks, 0.003 m

23 1

Boltzman's constant, 1.38 x10°°° J °K~

1 -1

thermal conductivity of disk brass, J s ' m o1

fluid thermal conductivity, J g1 m71 og-l

Knudsen Number, defined by Equation [1]

dimensionless variable used in Equation [49], defined by

Equation [50]

1 -1

particle thermal conductivity, J s~ m o1

mean free path of fluid molecules, m

coefficient used in Equation [12], °K m=2

spherical particle mass, kg

mass flux of water through cooling water channel, kg s']

number of observations

coefficient used in Equation [10], °K m!

“average particle position during an observation, defined by

Equation [24], grid spaces from the bottom disk
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axial heat flux, defined by Equation [26], J s™' m™2

position along the radial axis, defined on Figure 25, m
particle Reynolds Number, defined in Appendix III, section 2

i) as a variable: standard deviation of the o's about a in a
block of data, defined by Equation [46]

ji) as a dimension: seconds

variance of the o's about a in a block of data, defined by

Equation [45]

initial position of a particle during an observation, grid

spaces from the bottom disk
dimensionless variable for t test, defined by Equation [48]

value from a 95 per cent statistical t table for f degrees

of freedom

bottom disk temperature, defined by Equation [23], °C
temperature, °C

temperature, °K

temperature at Dwyer's initial point, fK

local temperature, determined from Equation [32], °C
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local temperature, defined by Equation [42], °K
top disk temperature, defined by Equation [22], °C

cooling water temperature in the bath, °C

measured velocity, defined by Equation [40], m s']

flow of fluid at r = =« with respect to particle, m s']

- gravitational terminal velocity, defined by Equation [39],

m s']

tangential component of fluid velocity, defined on Figure 25,

m s']

upper velocity limit of Stokes Law, defined in Appendix III,

section 2, m s']

velocity of particle relative to stagnant fluid, used in

Equation [59], m s']

radial component of fluid velocity, defined on Figure 25,

m s']

thermal creep velocity, defined by Equation [3], m 57

thermophoretic velocity, m 57

vectorial form of thermophoretic velocity, m s']
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distance from the top disk, m
Dwyer's. particle position, m
Dwyer's initial particle position, m

transformed dimensionless variable for «, defined by Equation

[47]

Greek Letters

dimensionless thermophoretic coefficient defined by Equation

[43]
mean value of o for a block of data, defined by Equation [44]
variable defined by Equation [9], 571

dimension]ess coefficient used in Equation [57]

dimensionless variable used in Equation [63] to modify

Equation [3]

vector operator fde]z"

temperature change used in Appendix III, sections 3 and 4, °C
thickness of disk face, 1/16"

small interval of time defined by Dwyer, s
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dummy variable used for time in Equation [8], s
angular position as defined in Figure 25
time used in Dwyer's work, s

displacement of particle, defined by Equation [11], m
\

mean square displacement, defined by Equation [8], e

fluid viscosity, kg ml s

degrees of freedom used in F tests, defined by Equations [52]
and 53

3.1416

fluid density, kg m™3

particle density, kg m™3

summation operator

transit time for particle to move one-half grid space, s

left-hand side of Equation [32], J s !

stream function, defined by Equations [IV-8], [IV-9], and
[1v-19]

coefficient defined by Equation [IV-5], m s']



A toF

1,2

LIN

I

90

Subscripts
code letters for each block of data, defined in Table 2
ith value in a collection of values

dummy variables identifying two different blocks of data

case of temperature independent kg

Miscellaneous
operator used in Equation [8]

vector operator "grad" or "gradient"
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Appendix I

Properties of Water and n-Hexane

- This Appendix lists most of the data used to obtain
the empirical relationships between fluid properties and
temperature. Each table gives the experimental data in
order of increasing temperature and identifies the source
as a reference number. The empirical equations are
~given in the chapter entitied "Physical Properties of the

Experimental Materials," page 32.
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Table 4

The Thermal Conductivity of Water

96

TC kf Source

(°C) (3 s Y Toc™T)

0.00 0.569 (25)
0.00 0.569 (28)

6.84 0.575 (25)
10.00 0.587 (25)
10.00 . 0.587 (28)
16.84 0.593 (25)
20.00 0.604 (28)
24.84 0.610 (25)
30.00 0.619 (28)
36.84 0.624 (25)
37.78 0.629 (24)
37.78 0.630 (25)
40.00 0.632 (28)
46.84 0.638 (25)
50.00 0.644 (21)
56.84 0.649 (25)
60.00 - 0.654 (28)
65.56 0.659 (25)
66.84 0.660 (25)
70.00 0.663 (28)
76.84 0.669 (25)
80.00 0.670 (28)
86.84 0.676 (25)
90.00 0.676 (28)
93.33 0.681 (24)
93.33 0.678 (25)
96.84 0.681 (25)




The Viscosity of Hexane

Table 5

97

TC TK E] A Source
(°C) (°K) (kg m 's™")
x]O3

0.00 273.20 0.381 (31)
15.00 288.20 0.337 (29)
15.00 288.20 0.324 (30)
16.35 289.55 0.328 (29)
18.55 291.75 0.320 (29)
20.00 293.20 0.318 (29)
20.00 293.20 0.326 (25)
21.40 294.60 0.313 (29)
23.22 296.42 0.310 (29)
25.00 298.20 0;294 (29)
.25.00 298.20 0.292 (30)
25.00 298.20 0.294 (25)
30.00 303.20 0.278 (29)
40.00 313.20 0.271 (25)
40.00 313.20 0.262 (31)
50.00 323.20 0.248 (25)




The Density of Hexane

98

T TK p Source
(°C) (°K) (kg m™)

0.0 273.2 676.9 (29)
10.0 283.2 668.3 (29)
15.0 288.2 663.9 (29)
20.0 293.2 659.5 (29)
25.0 298.2 654.9 (29)
30.0 303.2 650.5 (29)
40.0 313.2 641.2 (29)
50.0 323.2 631.8 (29)
60.0 333.2 622.1 (29)
70.0 343.2 612.2 (29)




Table 7

The Thermal Conductivity of Hexane

99

T kf' Source
‘ *
4.0 0.1420 (33)
20.0 0.1310 (31)
30.0 - 0.1270 (31)
*%
37.8 0.1240 (32)
38.Q 0.1235 (31)
57.0 0.1150 (31)
60.0 0.1135 (31)

T

C

*
Value claimed to have large possible variation.

-1m-1o -2

**In addition, slope = -.000436 J s C ~ for range

= 32.8°C to 57.2°C.



Appendix Il

Experimental Data

This appendix contains the experimental data
obtained in the course of the present work. The code
letters for each block of data are presented in

Table 8.
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Table 8

Code Letters for Blocks

Letter Liquid dp
(microns)
A Water 1.011
B Hexane 1.011
C Water 0.790

D' Hexane 0.790
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Table 10

Experimental Data of Block A, (TT-TB) = 32.7°C

LIQUID = Water dp (microns) = 1.011

Ty (°C) = 40.0 T (°C) = 7.3

ne= 348
Pos 1 Toc dT/dx ke 0 u Vin u/o Tpx a

RN . - A 2 <V,
(s) oy (k") @ stk (kg ed) (kg mlsT) (ms RGN
x]04 x10 x10

1.75 36. 15.2 11138, 0.594 998.2 11. 32 5.56 3.93 0.1270
1.75 36. 15.2 11138, 0.594 298.2 11.32 5.56 3.93 0.1270
1.75 51. 15.2 111138, 0.594 998.2 11. 32 3.92 3.93 0.0895%
2.25 40, 17.4 11067, 0.5198 997.9 10.69 5.00 3.69 0.1229
2.25 ue, 17.4 11067, 0.598 997.9 10.69 §.08 3.69 €.1000
2.25 u9, 17.4 11067, 0.590 997.9 10.69 4.08 3.69 0.1000
2.75 5SS 19.6 11002, 0.601 997.5 10.12 3.64 3.47 0.0955%
2.7% 50. 19.6 11002, 0.601 197.5 10.12 5.00 3.47 0.1310Uu9
2.75 ay, 19.6 11002. 0.601 997.5 10.12 4.55 3.47 0.1193
2.7% 4Q, 19.6 11002, 0.601 997.5 10.12 5.00 3.47 0.1311
2.75 58. 19.6 11002, 0.601 997.5 10.12 3.49 3.47 0.0705
2.75 49, 19.6 11002. 0.601 997.5 10.12 y.u4 3.47 0.1164
2.7% 52. 19.6 11002. 0.601 997.5 10.12 3.85 3.47 0.1010
3.25 60, 21.8 10940, 0.605 997.1 9.60 3.33 3.26 0.0933
3.25 57. 21.8 10940. 0.605 397.1 9.60 J.51 3.26 0.0983
3.25 45. 21.8 10940, 0.605 997. 1. 9.60 u.uu 3.26 0.12u3
3.25 41, 21.8 10940. 0.605 997.1 9.60 4.88 3.26 0.1367
31.25 62, 21.8 10940, 0.605 997.1 9.60 3.23 3.26 0.0390%
3.75 60. 24.0 10879. 0.608 996.7 9.13 3.33 3.08 0.0993
3.7% 49. 24,0 10879, 0.608 996.7 9.13 4.08 3.08 0.1217
3.75 45, 24.0 10879. 0.608 996.7 9.13 4,44 3.08 0.1325
3.715 60. 24,0 10879. 0,608 996.7 9.13 3.33 3.08 0.0923
4.25 63. 26.2 10821, 0.611 996.3 8.69% 3.17 2.9 0.1006
4.25 56. 26.2 10821, 0.611 996.3 8.69 3.597 2.1 0.1132
4.25 60. 26.2 10821. 0.6 11 996, 3 8.69 3.33 2.91 0.1056
4,25 61. 26.2 10821, 0.611 996, 3 8.69 3.28 2.91 0.10u0
u.75 65. 28.3 10765. 0.615 93%5. 8 8.29 3.08 2.76 0.1037
4.75 50. 28.3 10765. 0.615 995. 8 8.29 4.00 2.76 0.1346
4.7% 65. 28.3 10765. 0.615 995, 8 8.29 3.C8 2.76 0.1037
4,79 58. 28,3 10765. 0.615 9945.8 8.29 3.45 2.76 0.1161
4,75 61. 28.3 10765. 0.615 295.8 8.29 3.28 ©2.76 0.1104
5.295 S8. 30.5 10711, 0,618 995.2 7.91 3.45 2.62 0.1230
$5.25 70. 30.5 10711, 0.6 18 995, 2 ,7‘91 2.86 2.62 0.1020
5.25 65. 30.5 107 11. 0.618 995.2 7.91 3.08 2.62 0.1098

€0l
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Table 12

Experimental Data of Block A, (TT'TB) = 49.2°C

LIQUID = Water dp (microns) = 1.011

Ty (°C) = 56.5 T (°C) = 7.3

n =36
Pos T TPC dT/dx kf 0 W Vin u/p TPK a

s) (°0) k) @ sk (kg md) (kg alsTY) (ms)) (mdsTTekT)
x10° x10° x10°

1.75 29. 19.3 16875. 0.601 997.6 10. 20 6.90 3.49 0.1170
1.75 28. 19.3 16875. 0.601 997.6 10.20 7. 14 3.49 0.1211
2.25 29. 22.7 16729. 0.606 997.0 9. 41 6.90 3.19 0.1293
2.25 36. 22.7 16729. 0.606 997.0 9.41 S.56 3.19 0.1042
2.25 39. 22.7 16729. 0.606 997.0 9. 41 5. 13 3.19 0.0961
2.75 53. 26.0 16959 1. 0.611 996.3 8.72 3.77 2.92 0.0777
2.79% 26. 26.0 165%1. 0.611 996.3 8.72 7.69 2.92 C.158%
2.75 30. 26.0 16591, 0.611 996.3 8.72 6.67 2.72 0.137%
2.75 3. 26.0 1659 1. 0.611 996.3 8.72 6.45 2.92 0.1329
2.75 39. 26.0 16591, 0.611 996.3 8.72 5.13 2.92 0.1057
2.75 uy, 26.0 16591, 0.611 996.3 8.72 §.55 2.92 0.0938
2.75 35. 26.0 16591, 0.611 996, 3 8.72 5.71 2.92 0.1177
3.25% 36. 29.3 16460. 0.6 16 995.5 B8.11 5.56 2.69 0.1254
3.25 49, 29.3 16460, 0.6 16 995.5 8.1% 4.08 2.69 0.0920
3.25 31. 29.3 16860, 0.6 16 995.5 8.11 6.45 2.69 0. 1455
3.25 4y, 29.3 16460, 0.6 16 995.5 8. N 4.55 2.69 0.1026
3.75 52. 32.6 163136, 0.621 994.6 7.57 3.85 2.49 0.09u7
3.75 37. 32.6 16 336. 0.621 J9u4. 6 7.57 S.41 2.49 0.1330
3.75 us. 32.6 16 3136. 0.621 994, 6 7.57 Yy, uy 2.49 0.1092
3.75 39. 32.6 16 336. 0.621 994.6 7.57 5.13 2.49 0.1261
4,25 59, 35.8 16220, 0.625 393.7 7.09 3.39 2.31% 0.090¢%
4,25 44, 35.8 16 220. 0.625 993.7 7.09 4.5% 2.31 0.1215
4,25 39. 35.8 16 220. 0.625 993.7 7.09 5. 13 2.3 0.1369
4,75 45. 39.1 16 109. 0.629 992.7 6.66 4,44 2.15 0.12082
4.7% 58. 39,1 16109. 0.629 992.7 6.66 J.u5 2.15 0.0996
4,75 43, 39.1 16 109. 0.629 992.7 6.66 4.65 2.15 0.1343
4.75 63. 39.1 16 109. 0.629 992.7 6.66 3.17 2.15 0.0915%
4,75 42, 39.1 16 109, 0.629 992.7 6.66 4.76 2.15 0.1375
“.75 58, 39.1 16 109. 0.629 992.7 6.66 3.49 2.15 0.0996
5.25 61, 42.3 16004, 0.636 991.6 6,28 3.28 2.01 0.1021
95.25 63. 42.3 16004, 0.624 997.9 6.28 3.17 ‘2.01 0.0937
5.25 63. 42,3 1600 4. 0.634 991,6 6.28 3.17 2.01 0.09a87
5.715 68. 4s5.9 15835, 0.637 $a3.4 5.91 2.94 1.88 0.0034
5.75 us, 4s5.5 15805. 0.637 990.4 .5.93 4,44 1.88 0.31L86
5.7% 6S. 45.5 15905. 0.637 990. 4 5.93 3.08 1.88 0.103
S.75 50. 5.5 15905, 0.637 990.4 5.93 4.00 1.88 0.1339

501
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Table 17

Experimental Data of Block A, (TT-TB) = 78.0°C

LIQUID = Water dp (microns) = 1.011

T; (°C) = 85.6 Ty (°C) = 7.6

n= 34
PoS T TPc dT/dx . kf 0 U Vin /o TPK a

(s) (°0). (k) (9 stk (g (kg mlsT (mst)) (nlsTTek)
x104' x'IO6 x109

1.75 27. 27.0 26961. 0.613 996, 1 8.54 7.41 2.86 0.0963
1.75 22. 27.0 26961. 0.613 996.1 8.54 9.C9 2.86 0.1181
1.75 25. 27.0 26961, 0.613 396. 1 8.54 8.00 2.86 0.,1033
2.25 27. 32.3 26626. 0.620 994.7 7.62 7.41 2.5 0.11 11
2.25 24, 32.3 266264 0.620 994,7 7.62 8.33 2.51 0.12u8
2.25 23. 32.3 26626, 0.620 994, 7 7.62 8.70 2.51 0.1304
2.75 35. 37.6 26320, 0.628 9913.1 6.35 5.71 2.22 0.0977
2.75 29. 37.6 25320. 0.628 993.1 6.85 6.90 2.22 0.1181
2.75 28. 37.6 26 320, 0.628 993.1 6.85 7. 14 2.22 0.1222
2.75% 30. 37.6 25320. 0.628 993,11 6.85 6.67 2.22 0.1141
3.25 38. 42.8 26040, 0.634 991.3 6.21 5.26 1.98 0.1018
3.25 30. 42.8 25040, 0.6134 991.3 6.21 6.67 1.98 0. 1291
3.25 39. 42.8 26040, 0.634 971.3 6.21 5.71 1.98 0.1106
3.25 34. 42.8 260u40. 0.634 591.3 . 6.21 5.88 1.98 0.11138
3.25 38. 42.8 26040, 0.634 991.3 6.21 5.26 1.98 0.1018
3.25 35. 42.8 25040, 0.634 991.3 . 6.21 S5.71 1.98 0.1106
3.25 36. 42.8 26040, 0.634 991.3 6.27 5.56 1.98 0.1076
3.75 36. 48.0 25734, 0.6L1% 989.3 5.67 5.96 1.78 0.1208
3.75 40, 48.0 25704, 0.641 9489.3 5.67 5.00 1.78 0.1086
3.75 35. 48,0 25784, 0.681 949.3 5.67 5.71 1.78 0.1241
3.75 38. 48.0 25784, 0.641 959.3 S5.67 S.26 1.78 0.1143
3.75 41. 48.0 25784, 0.641 949.3 5.67 4.88 1.78 0.1060
4.25 43, 53.2 295951, 0.646 987.1 95.21 4.65 1.62 0.1126
.25 44, 53.2 25551. 0.646 987.1 5.21 §4.55 1.62 0.1102
4.25 40. 53.2 25551, 0.646 987.1 5.21 5.00 162 0.1210
4.75 42. 58.2 253138, 0.652 9ny, 7 4.81 u.76 1.47 0.1276
4.75 40. 58.2 253138, 0.652 984,17 4.81 5.00 1.47 0.1340
v 75 50. 58.2 251138, 0.652 984.7 4.81 4.00 1.47 0.1072
4.75 42. 58.2 25338, 0.652 984,7 4,81 4.76 1.47 0.1276
4.75 40, 58.2 253138. 0.652 984, 7 4.81 5. G0 1.47 0, 13460
5.25 48, 63.3 25145, 0.657 982.1 4,46 U117 1.35 0.1229
5.25 513. 63.3 25 145. 0.657 982. 1 4, u6 3.77 1.35 0.1112
5.75 50. 68.3 24969. 0.661 979.3 4.15 4.00 1.24 0.1291
5.75 59, 68.3 24969. 0.661 979.3 4.15 3.39 1.248 . 0.1094

oLt



111

78710 oLt 00°h zZo"h 6°LLE %99°0 £2L92 L°0L *0s SL*S
L860°0 61°1L 80 °¢ Z0°h 6°LLE ©99°0 NEAR 14 L*oL 59 GL"S
SZLL0 6L°1 15 ¢ zo°n 6°LLE 799°0 *€TL 9z LeCL “Ls SL°S
tezL o 0¢-tL [ 2] e°n 6°CB6 6S9°0 *80€ ST §°G9 ‘9% [ YA
£n01°0 0g°L - Ls¢ e n 6°096 659°0 *80€ 92 5°59 °9g $Z°¢
8001°0 [(R R § Sn*g Zge*n 67086 66970 *00€ ST G*69 “Bs §Z°§
SotL°0 4 L°n L9°h L°E86 169°0 *€1692 e°C9 ‘gh LN
SZEL*o cht 00°S L9 n L°Eas #6970 *g169¢ ¢°09 ‘0N SL*n
19210 ZnctL. 9L h L9°n L°(86 hG9°0 “tL49C 72°09 Zn SLh
8Z¢L "0 LS"1 96°§ L0°s £°986 gh9°0 oL L9t 6°hS *9¢ (YA
52¢L°0 Ls*t £EL°s L0°s £°986 8h9°0 6L LYT b ns ‘6¢€ ST
SOLL°0 LSt ge "N L0°S £°986 g8h9°o 6L L9 6°hS “Lh G7°n
A ] LSt 9G6°% LO°S £°9R6 80970 *6t 97 6°hy "9¢ sZ°h
€660°0 gLt S9°n £6°S L8086 Zh9°0 “6865C S$°6h “gtn GL°t
ISt 0 £’ -t th*s £5°G L7886 Zn9°0 *6869C S*bh “Lg SL°g
SeZl*0 £€L- 90 °9 €56 L8886 Z21h9°0 *6869C S0 “te SL ¢
sgLLto £L°1 sZ°9 £€6°G £°886 Zh9°0 4 G bh 41 qL g
9st1Q €Ly tn°s £5°S L gn6 Zh9°0 ‘68692 S 6n *LE SL°t
STH1L*0 €Lt L9°9 £6°6 L°286 Zn9°0 68692 S°6h *0¢ GL°g
§6Z1°0 gLt 90 °9 £6°6 L 8y Zn9°0 268652 13 §L°¢
ZnoL o £L L g88°n £6°S L8386 Zn9°0 68692 Sbh Ln SL°t
[L AR ¢} £6°L 50 °9 80°9 6°066 9¢9°0 "H9t LT L °nn *tE (YA %
gELtLo L1z L9°9 €L°9 8266 629°0 ‘9967 9 0t 0t SLT
£€G60°0 Lt°z LL-s €EL"9 f°766 6290 *994 (2 9°g¢ *GE SL T
LLGL 0 Lz sn°9 £L°9 8°266 629°0 *9951LZ 9°8¢t ‘L g SL°T
£€660°0 LL-z LL°S €Lt9 8°Z60 629°0 *99G(T 9°Q¢ Gt SL°T
9 R80°0 Ltz £€L°s £EL*9 8°266 629°0 *9945LT g °8¢ 6 SL°T
SeEt =0 9n*Z [A ) 05t L S nbo 1290 ‘6608LT 0°tg 1Z [ YArA
sent g gn "l 000t 05 °L Shbe 12970 *HLRLT 0°¢g ‘0z 6sT°¢C
Lot "o 902 Lh°L 05 L 1Z29°0 “668LL 0°tLeg ‘LT (Y4
99¢1°0 9h "z oL"8 0S* ¢ 1290 *ouL8LZ 0°ft %4 677
0ZeL 0 28°Z £€S°01L ch*g 0°966 £19°0 *n9Z4e heLe ‘6l SLtt
hGZL "0 [4: AR 000t sn°g 0°966 £€L9°0 *h97 6Z n°Le 02 SL°L
6ELL*Q 28 °C 60°6 Sng 07966 €L970 “t19Z 8T oL 44 GLt
9€60°0 [4: 4 L9°9 sn*g 0°966 £€19°0 *hoz gL | L 4 ‘0t SL'L
(oL gOL¥ ,
) A_.oxoﬁtmNE A_.lmEv A AMIE mv: A_.lv_e_.lE_.nm n-v A_.IE v_ov AUov AMN

® Ay asn W t o y xp/1p %) : 5%

mm s U

te = (30) & 883 = (2,) 11

t10°L = (suoadjuw) av J93eM = QINDIN

Dol 18 = Amh-»pv ‘y ¥o0|g 40 eie(Q |ejudwiuadx3

8l 919el



112

anLo*o heol ZZ*1 16°2 S*LE9 LzL®o gttt 9°¢h *hé GZ*9
SLLOTO (XA oLt 65 °2 0°0n9 2L 0 *zootelt b 0h *Z6 GL*S
184800 6Z°t gn°t 6G ¢ 0°0n9 L0 *cootlt ()] Y] SL°S
n960°0 [ S S9°L 99 ¢ h én9y €210 ‘L8zt 0t *08 SZ°S
LZLo°0 [ S ne L a9 2 n'Zng £Z1 0 - TLyelt n gL *96 6Z°s
LL60%0 [N 96°1 99 °C h°Tn9 £ZL°0 Ll n it “ty 6Z°S
RZH0"0 Lect Snel hLe 8°hng hZl "0 ‘nqLzi #°6¢ 68 SL*h
C6HO®O Le "l g44°1 nLte f8°nhg nit 0 MY XAS 8 Gt “hf SLh
LN R Zn-t £e°t 18°¢ L9 S%L"0 06921 £ (e *né LY ]
LS00 inct [ 1g9°C 1*Ln9g GZitu 069t toLE *08 6Z°h
69600 Nt hLel 18°Z L i no GZL*0 04921 [ RS ‘ol GZ"h
LOLUTO in*t Lt 19°2 L*Lh9 G0 "059¢1L [ L6 sZ°n
26500 Znti €St 18°Z L Lh9 Lo 0S99t €Lt ‘99 GZh
SLE60°0 gn*i [ [ A $°6h9 9zt °0 ‘onsZt L°0¢g °L8 GL°E
hne0t o g9l €Lt 6n°Z S*HnY 9zZ1L =0 “onGZlL L0t 08 6L°¢
nu60°0 gn*L gLl 68°C S$°6n9 9¢1 "0 “uns et L0t 08 SL°E
6UnC*0 16t 99°1 9672 g°1G69 84zl 0 ‘zenzl Z2°8¢ ‘L8 St ¢
0L BY°0 165"t S6°L 9¢°¢ g ls9 8721 °0 *Zenit 2°8¢ *L8 (X%
ZL60°0 16| 8t 94°C gzl "0 AN T4} 2°82 8L 6Z°¢
$ZH0°0 “% "1 A5°1L £0°¢ 621 "0 9zeeL Q°6C °L8 6L°C
tLHO 0 561 £9°1L £0°¢ 6Tl 0 AN 8°G6C *68 SL°Z
L9800 641 g49°L ot °¢ 0¢L "0 hedel £°¢C “ng [ X4
LOGO®0 (TR LLet oL °t 0eL "0 *Heet £°te °18 6¢°Z
£6L0°0 [} nGTL oL "¢ £ °949 ogtL "o ‘nZeel [ ¥4 *68 [ Y4
QL8L°0 ny*1 £Lel Ll g G949 el 0 “nZ1e¢tL 6°02 ‘tg SL*1L
88L0°0 nocf . 9¢°1L . Ll °c 9°849 tEL 0 "heiZlL 6°0Z 68 SLtL
LoRO*0 ne L 65°L L e 9°859 LEL*0 nllLzl 6°0¢ g8 SLttL
LEECTO ny -t S8t L1t 9°449 LEL "0 neiZi 6°02 YA SLet
0L80°0 19 ¢ gLl Lot 9859 LE€L"0 “nZiZi 6°02 ‘L8 SLtL
Gel0°0 89°1L 19°L nZ "¢ 8°099 2l °0 r9zotL S8l ‘Y8 [t
L6070 g9°1L L6t T/ 8 049 el *o *9z0ZL . S8l “9L STt
(0LX 0L ,OLX
_ ) (. 6%) ( Mo,w, S 0) ([ Lu¥) () (s)
(e 50 () s o) (e (Hop =S P k) A3 50

© v.a._. 0\: £u> n o hv_ xv\._.v .—. 1 &

€=y

g2l = (3.) &1 205 = (%) 1

{110°L = (suoadjw) Qo auexay = GINDIT

UON.R = AmHLS ‘g %0019 40 eleQ [RUdBWLJLBAX]
6L @l9el



Experimental Data of Block B, (TT-TB) = 39.5°C

Table 20

LIQUID = Hexane
TT (°C) = 52.1

dp (microns) = 1,011
Tg (°C) = 12.6

nw=34
Pos T TPC dT/dx kf o u Vin w/p TPK a
(s) o) k) @ stk (kg @) (kg elsTh) (msTh) (el k)
x104 x106 x'IO9

1.25 80. - 18.8 12969, 0.132 660.5 3.23 1.83 1. 68 0.0870
1.25 78 18.8 12569. 0.132 660.5 3.23 1.90 1. 68 0.0901
1. 25 1. 18.8 125869, 0.132 660.5 3.23 2.07 1. 68 0.0334
2.25 91a 23.9 12746. 0.129 6595. 8 3.08 1.49 1.8 0.0736
2.2% 82. 23.9 12786. 0.129 655. 8 3.08 1.73 1.58 0.085S
2.25 77. 23.9 12786. 0.129 655. 8 3.08 1.89 1.%4 0.0934
2.25 88, 23.9 12786. 0.129 bH%. 8 3.08 1.57 1.%8 0.0773
2.75 83. 26.5 12899, 0.128 653.4. 3.01 1.68 1.54 0.08u7
2.75 92. 26.5 12899, 0,128 653.4 3.01 1.44 1.548 0.0724
2.75% 73. 26.5 12499, 0.128 653.4 3.01 2.01 1.58 0.101%14
2.7% $3. 26.5 12899, 0. 128 693.4 3.01 1.68 1. 54 0.06u47
3.25 83. 29.1 13014, 0.127 651, 0 2.93 1.66 1.49 0.0654
3.25 76. 29.1 11014, 0.127 651, 0 2.93 1.88 1,49 0.0%68
3.25 90. 29.1 131914, 0.127 691.0 2.93 1.47 1.49 0.0757
3.29 79. 29.1 1310 14, 0. 127 691.0 2.93 1.78 1.49 0.04916
3.7% 19. 31.7 13131, 0.126 6u8. 6 2.86 1.75 T1.45 0.022y4
3.75 85. 31.7 13133, 0.126 btiti, 6 2.86 1.58 1.45 0.043)
3.75 84, 31.7 131313, 0.126 pLH.6 2.86 1.60 1.45 0.0844
3.75 89. 31.7 13133, 0. 126 648, 6 2.86 1.47 1,45, 0.0774
3.75 40, 31.7 131133, 0.126 6Lul. 6 2.86 1.72 1.9 0.03067
4,295 86, 34,3 132959, 0.125 646, 1 2.73 1.52 1. 40 0.0820
4.25 93, A3 131245, 0.125 640, 1 2.78 1.35 1.40 0.0726
4,25 76. 34,3 11265, 0.12% 6U6,1 2.78 1.43 1.40 0.0385
4,25 83, 34.1% 13125%. 0.125 6u6,1 2.78 1.61 1.40 0.0869
4,25 87. 34,3 13294, 0.125 [ XY 2.78 1.50 1.40 0.03925%
4.79 d6h, 37.0 11381, 0. 124 643, 7 2.7 1.49 1.315 0.0E24
4,7% 8. 37.0 13381, 0.124 bu3, 7 2.7 1.58 1.35 0.0870
5.25 80. 39.7 13510. 0.123 bu1.2 2.63 1.64 1. 0.0026
5.25 90. 3%.7 13510, 0.123 641,2 2.63 1. 36 1.3 0.0769
525 81, 39.7 13510, 0.123 641.2 2.63 1.61 1.31 0.0908
5.25 88. 39,7 13510, 0.123 641.2 2.63 1.1 1.31 0.0777
5.75 89. 42.4 13641, 0,121 620,06 2. 95 1.3% 1.26 0.0784
5.75 84. 42.4 13643, 0.121 638.6 2.55 1.49 1.26 0.0802
5.75 90, 42.4 13643, 0.121 638.6 2.5% 1.33 1.26 0.0770
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Table 26
T

Experimental Data of Block D, (TT B) = 54.9°C

LIQUID = Hexane dp (microns) = 0,790

TT (°C) = 62.7 TB (°C) = 7.8

n=26
Pos 1 Tog dT/dx ke 0 u Vep wlo Toy a

(s) 0)  (km ) Qs (g (kg st (msTl) (mPsTekY)
xi0t x108 x10?

1.75 65. 19.7 17 346, 0.131 659.7 2.67 3.08 1.65 0.9927
2.25 75. 23.1 17548, 0.130 65645 2.24 2.67 1.60 0. 0800
2.25 63. 23.1 17548, 0. 130 656.5 2.74 3.17 1.60 0.0978
2.25 58. 23.1 17548, 0.130 656.5 3.02 3.45 1.60 0.1078
2.15 75. 26.1 1776 3. 0.128 653.2 2.22 2.67 1.53 0.C817
2.75 52. 26.7 17763, 0. 128 653.2 3,40 3.85 1.53 0. 1250
3.25 69. 30.3 17986. 0.127 649.8 2.4 2.90 1.47 0. 0920
3.25 76. 30.3 17986. 0. 127 Bu9. 8 2.16 2.63 1.u7 0. 0818
3.25 77. 30.3 17986. 0.127 649.8 2.113 2.60 1.47 0. 0807
3.25 57. 30.3 17986, 0.127 649. 8 3.04 3.51 1.47 0. 1151
3.25 70. 30.3 17986. 0.127 649.8 2.139 2.86 1.47 0.0905
3.25 sS4, 30.3 17986. 0.127 5U9. 8 3,23 3.70 T.u7 0.1223
3.75 58. 33.9 8211, 0.125 646.5 2.6 3.45 1.u1 0.1156
3.75 69. 33.9 18211, 0.125 646.5 2,81 2.90 1.41 0. 0361
3.75 73. 33.9 18211, 0.125 646.5 2.25 2.74 1.4 0.0679
3.75 67. 33.9 w20, 0.125 6G6.5 2.50 2.99 1.41 0.0976
3.75 79. 31.9 18211, 0.125 646.5 2.08 2.53 1.4 0.0707
4.25 75. .17.6 18452, 0.123 643.1 2.16 2.67 1.34 0. 0470
4,25 79. 37.6 18452, 0.123 643.1 2.02 2.53 1.34 0. 0514
4.25 68. 37.6 18452, 0.123 643.1 2.43 2.94 1.34 0.0979
4.25 73. 37.6 18452, 0.123 643.1 2.23 2.74 1,34 0. 0R0A
4.75 5. 41,2 18695. 0.122 639.7 2.13 2.67 1.28 0. 0869
4.75 63. u1.2 18695, 0.122 639.7 2.63 3.17 1.28 0.1097
5.25 89. 45.0 18956, 0.120 636.2 1. 68 2.25 1.22 0.0727
5.25 73. 45.0 18956. 0. 120 636.2 2.17 2.74 1.22 0.093%
5.25 81. 45.0 18956. 0.120 636.2 1.90 2.47 1.22 0.0823

6Ll
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Appendix III
Sample and Error Calculations
1. Calculation of « and Error Estimation

This section provides two sample calculations of a, one for
water and one for hexane. The error estimates give the largest errors,
not the most probable ones. Two simple rules were employed to calcu-

late errors:

Rule 1: -When variables are added or subtracted, add their
absolute errors.
Rule 2: When variables are multiplied or divided, add

their relative errors.

The absaolute errors for both the water and hexane subsections
fall into two categories: derived absolute errors and stipulated
absolute errors. The former are ca]cu]afed from the previously men-
tioned rules and equations. The latter were obtained directly from
construction tolerances, calibration results, or measurement errors.
The given estimates for coefficients in the equations obtained by the
regression programme can be considered as measures of the 95 per cent

confidence 1imit of each coefficient.
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a. Water
The following equations are required:

V.. = 0.0002
th T

Note: since v_ for water is negligible, Equation [38] reduced to the

g
above.
X o1. Pos
1) 7.5

B ;.2 3
gh = A (Tr-Tg) + 5 (15-18) + & (13-13)
For purposes of error estimation only:

X B-2,C+3
_ lah) - (ATpHpTrsTe)

Tpc = 3

= 2
ke = A+ BTPC + C(TPC)

b = 999.168 - 0.0042607 (Tp.)?

1 _ 2\%)
i 21.482 ((TPC - 8.435) + (8078.4 + (TPC - 8.435)%)*/ - 1200.

Note: Reference (24) gives no estimate of error for the coefficients
used in the viscosity equation. For purposes of calculation, therefore,

all the error was assumed to be in TPC'
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TPK = TPC + 273.2
__ Vn
6 u _(_11
o TPK dx

The following values pertain to the first datum point in Table

13, Appendix II.

dp = 1.011 microns POS =2.25
TT = 57.4°C t = 50s
TB = 7.2°C

The sample and error calculations for this point are shown in Table
27. The stipulated absolute errors are listed in italics. Comments

on footnoted entries are given at the end of the table.



Table 27

Sample and Error Calculations--Water

Variable - Value Absolute Error Relative Error

0.0002 0.0002m + 1.42010"°m" + 0.0840

. 50s + 1 + 0.0200
Vep 4.00x10 0ms ! + 0.416x10 Oms ™! + 0.7040

os 2.25 grid spaces * 0;10 grid spaces + 0.0445
7.5 7.5 grid spaces. + 0.10 grid spaces + 0.0130

P /7.5 0.300 +0.0173 + 0.0575
x/h 0.700 + 0.0173 £ 0.0247
T 57.4°C + 0.5° + 0.0087
Ty 7.2°C + 2. 700" + 0.3750
A 0.5675580m" s 1ok £ 0.00190m ™ 's™ o + 0.00034

B 1.862289x103am 17Tk x 4.6x10720m™ 157 Tok2 £ 0.0250

c -7.15006x10~8am™ s~ Tex 3 £ 4.6x1077 gm 157 Tog=3 + 0.0640
T-Tg 50.2°C £ 3.2°C | + 0.0630
A(Ty-Tg) 28.4Jn" 15! +1.740n7 V™! + 0.0633 5



(Table 27 - continued)

Variable Value , Absolute Error.. Relative Error
E: 3294.8°C? + 57.3°C% + 0.0174
13 51.8°C + 38.9°C° ‘ | + 0.7500
ERE 3243.0°C% + 96.2°C2 + 0.0300
Brdrl) 3.021m"'s™! +0.1670dm" Vg™ + 0.0550
o 189119°¢3 + 4936°C° + 0.0261
T 373°¢3 + 420°C° + 1.125
-T2 188746°C° + 5356°C3 + 0.0284
Y -0.450dm™)s™! + 0.042dm" 5™ + 0.0924
gh 31,00 Ts! + 1.9460m 5™ + 0.0628
(%) (ah) 21.70n71s™] + 1.899dm™ Vs~ + 0.0875
AT, 32.60n's™] + 0.346Jm Vs + 0.0106
R 3.069dm™ s + 0.1300m 15~ +0.0424
o -0.451m" s~ £ 0.061n1s™] + 0.0901
AT 87253 35.22dm" 5™ + 0.517dn"1s™] £ 0.0147
(Byan-[aT 01265131 1350w TS + 2.4160n7 15! £ 0.1790 y
T 22.9°C + 4,200 + 0.1830 =

PC



“dx

(Table 27 - continued)

Variable Value Absolute Error Relative Error
BTpe 0.04270m s ek £ 0.00890m™ 's ™ok + 0.2080
c1, -0.0037Jm™ s~ Yok~ + 0.0016dm™ Vs~ Vok! + 0.4300
ke 0.606dm™ s~ o] + 0.0124dm™ Vs~ 1ok + 0.0205
999.168 ° 999 :168kgm™ | + 0.5kgm™> + 0.0005
~0.0042607 -0.0042607kgm~3°¢ ™2 + 2.1x10 2kgn3o¢™2 £ 0.0490
-0.0042607T5,. 2.23kgn™> + 0.93kgn™S + 0.4150
0 996.9kgm™> + 1.83kgn™3 + 0.0014
Tpc-8.435 14.555°C + 4.,2°C + 0.2890
(Tpg-8.435)° 211.85°¢? « 122.5°C2 + 0.5780

8078.4+211.85 8290.2°C? + 122.5°C% £ 0.0148
(8290.2) 91.05°C + 0.674°C £ 0.0074
Tp-8.435+91.05 105.61°C + 4.,874°C * 0.046]
21.482(105.61) 2268.6mskg”! + 104.7mskg”" £ 0.0461
%3 1068.6mskg”! £ 104.7mskg”™’ £ 0.0980
" 0.000936kgn™'s™] + 9.2x10 kgm™ Vs + 0.0980

Al 17073°Kkm”" + 1564°Kn” ] + 0.0916

G2l
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(Table 27 - continued)

Variable Value ' Absolute Error Relative Error
TPK 296.1°K + 4,2°K ‘ + 0.0142
o 0.0739 £ 0.0228 | + 0.3092

* -
Absolute error from the measurement of one-half a grid space, * .42x10 5.

**Abso]ute error is a sum of the absolute error in Tw, t 0.2°C, and an estimate of the temperature
drop in the film resistance in the cooling water channel. From the Dittus-Boelter Equation [41], this
drop was considered to be 2.5°C.

***Abso]ute error is a sum of that obtained from the approximation for TPC’ + 4,1°C, and an
estimate of the error due to the iteration itself, = 0.1°C.

gcL
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b. Hexane

The basic equations are those listed in the previous subsection,

with the following changes:

_ 0.0002

vth T 'Vg

Y
- d
.9 18u

p = 931.5 - 0.928 TPK

- -6
p = 0.00117 - (2.9x107") TPK

The values are the first datum point in Table 26,

dp = 0.790 microns Pos = 1.75

TT = 62.7°C T = 65s
- [}

TB = 7.8_C

The sample and error calculations are in Table 28 with the stipulated

absolute errors italicized.



Table 28

Sample and Error Calculations--Hexane

Variable Value Absolute Error Relative Error
Py 1.75 £ 0.1 + 0.0571
Pos/7+5 0.233 + 0.0163 + 0.070]1
B 0.767 + 0.0163 + 0.0213
T 62.7°C + 0.5°C + 0.0080
Ty 7.8°C + 2.7°C + 0.3461
A 0.1400n™ 15~ Te¢! + 0.001dm™ s~ 1o¢™! + 0.0072
B -4.4x10™m~1s7Toc~2 + 5,010 0m™1s7oc™2 + 0.0114
To-Ty 54.9°C + 3.2°C + 0.0583
A(Ty-Tg) 7.6860m" '™} + 0.5034Jm" s~} + 0.0655
£ 3931.3°¢2 + 62.9°C2 + 0.0160
T 60.8°C? + 42.09°C2 + 0.6922
121 \ 3870.5°C? + 104.99°C2 + 0.0271
B(r2.15) -0.85150m 5™ + 0.0328dm" s~ + 0.0385
gh 6.8350m" s~ + 0.53620m Vs~ + 0.0784

8¢l



(Table 28 - continued)
Variable Value Absolute Error Relative Error
X(qh) 5.2420n" s~ + 0.52270m" Vs + 0.0997
AT 8.7780n" 1s™] + 0.1334dn s + 0.0152
By2 -0.8649Jm"'s™! + 0.0237dm" Vs + 0.0274
Fah)-[AT+514] ~2.671dm "] + 0.6798Jm" '™ + 0.2585
To 19.7°C + 5.3% + 0.2690
BTpc -0.00867dm™ s 1ok £ 0.00240m™ s~ ok £ 0.2804
ke 0.131dm™ s~ Ve + 0.0034dm~ Vs~ 1ok~ + 0.0260
Tog 292.9°K + 5.3°K + 0.0181
931.5 931.5kgn™> + 5.0kgm™> £ 0.0054
-0.928 -0.928kgm™ 3ok £ 0.01kgn™3oK"] + 0.0170
-0.928T,, -271.8kgn™> + 9.540kgm™> + 0.0351
0 659.7kgn"> + 14.54kgn™ + 0.0220
0.00117 0.00117kgs ™ ! + 10"2kgs ™ Vm”! + 0.0085
-2.9x1075 -2.9x1070kgs ™ Im~Vog1 + 0.15x10 %kgs " Im~Tok™ £ 0.0052
-2.9x107°7,, 8.49x10"*kgs ™ Im™! + 1.98x10 2kgs ™ ™! £ 0.0233 ~
' 0.000321kgs ™ 'm™] + 2,98x10™2kgs ™ 'm™! +0.0928 "



(Table 28 - continued)

Variable Value Absolute Error Relative Error
1! 17346°kn”! + 1955%km™! £ 0.1127
0 1048kgm™> * *
dp 0.790microns + 0.001 mierons + 0.0013
dg 0.624(microns)? + 0.0016(microns)? + 0.0026
g 9.8ms'2 * *
PP 388, 3kgm™> + 14.54kgn™> + 0.0374
vy 0.411x106ms ™! + 0.0546x10%ns " + 0.1328
. 65.0s + 1.08 + 0.0154
.0002/ 3.08x10 Oms ! + 0.306x10 Oms ! + 0.0994
Vep 2.67x10 0! + 0.361x10 0ms ™! + 0.1352
o 0.0927 + 0.0353 + 0.3808

*
No error estimate available.

0€lL
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c. Observations

These calculations gave conservative estimates for the exper-
imental errors of the a's. Note that a 1argé error in Tg is quickly
suppressed so that the film resistance in the cooling water channel

can be safely neglected.
2. The Upper Velocity Limit of Stokes Law

Many of the calculations performed in this work are based on
the particles obeying Stokes Law. This section shows that all meas-
ured and calculated velocities are well within the applicable range

of this Law.

The Reynolds Number for a particle is defined as:

..[:

Re

The upper 1imit of Stokes Law is reached when Re = 0.1. Thus, the

maximum velocity, Vi is defined as:

The following values of v, were found for the conditions used

in the previous section:
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Table 29

The Upper Velocity Limit of Stokes Law

Fluid d, Te P W Vi
(microns) (°c) (kg m'3) (kg m']s']) (m s'])
Hater 1.011 22.9 996.9 0.000936 0.093
Water 0.790 22.9 996.9 0.000936 0.119
Hexane 1.0 19.7 659.7 0.000321 0.048
Hexane 0.790 19.7 659.7 0.000321 0.062

Since the velocities in this work were of the order of 10'6 m s'], it

is clear that Stoke's Law applied.
3. The Temperature Drop Across Each Disk

Fourier's Law of one-dimensional heat conduction states:

- AT
q = kB AX
or
- gh
AT th AX

where kB is the thermal conductivity of brass (119 J m'1 s'] °C']--

Table 1); ax, the thickness of the disk face's (1/16 inch--Figures 3

and 5); and AT, the temperature drop. Table 27 gives a gh for water

of 31.0J m! s‘]. Therefore, from the above equations, the axial

1

heat flux and AT equal 2.95 J s~ and 4x]0'5°C, respectively. The
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temperature drop is negligible.
4. The Temperature Rise of Cooling Water in
Passing through the Bottom Disk

The temperature rise, AT, of the cooling water can be estim-

ated from a simple heat balance:
q=m, C, aT

where m is the mass flux of the water through the cooling channel and

C, is the specific heat of water, 4200 J kg™' °C! (24). The experi-

W
mental volumetric flow rate of the cooling water and axial heat flux

1

are 31 min”! and 2.95 J s ', respectively. Therefore, the above

equation predicts AT = 0.014°C, which is negligibly small.
5. The Effect of Temperature Dependent kf
upon TPC and dT/dx '
The present section estimates the changes which arise in the
local fluid temperature, TPC’ and temperature gradient, dT/dx, when

the thermal conductivity of the liquid is assumed to be independent of

temperature. If the subscript LIN denotes the case of constant kf,

then:
_ X
Tin=Tr- O -Te) i
and
ar _ (Tp-Tg)
- dx, - h

LIN
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The differences between these parameters and the actual values are

measures of the effect of the temperature dependent thermal conduc-

tivity.
a. Water
From section 1:
T - 57.4°C = =0.700
Ty = 7.2°C - &L = 17073°K ™!
Hence:
Ty = 22.3°%C
- %}LIN = 16733°K !

and the percentage errors are:

100 (TPC/TLIN -1) =2.7%
100 ((dT/dx) / (dT/dXLIN) -1) =2.03%

These values are small but not negligible.
b. Hexane

From section 1:



and so

62.7°C

-
I

= 7.8°C -

gl 7

T = 20.6°C

LIN

dT -1
- = = 18300°K m
deIN _

135
0.767

17346°K m™ !

The percentage differences are -4.4 per cent and -5.21 per cent, res-

pectively. The minus signs are present because kf for hexane falls

with temperature whereas kf for water rises.
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Appendix IV

Thermophoretic Force and Velocity for
the Large Particle Regime

f

This section outlines the Epstein solution for the thermophor-
etic force and velocity of a spherical particle in an attempt to
clarify the role of thermal creep in the large particle regime. The
discussion will consist of two parts: first, the solution of the
Fourier heat conduction equation to obtain the tangential temperature
~gradient at the particle surface and its use in the Maxwell thermal
creep equation; second, the solution of the Navier-Stokes Equation for
creeping flow to yield the thermophoretic force and velocity. The
Maxwell equation is required because the therma] creep velocity con-
stitutes a boundary condition for the Navier-Stokes Equation.

Figure 25 shows a stationary particle in a fluid that is mov-.
ing at a velocity (at r + =) Ve in the negative x-direction. The
fluid has a constant temperature gradient, dT/dx, imposed on it. A
polar co-ordinate system has its origin at the centre of the particle.
At its surface, a tangentia] temperature gradient, dT/ds, and thermal
creep velocity, v_, are oriented in the negative & direction.

_.S
Maxwell's Equation for the thermal creep velocity is:

[Iv-1]

| w

=
o1n.
7y o

v
-5

e/
—
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Hot
Fluid

r=o

—_—
Q..to,
* |~

particle-

14

Cold
Fluild

Figure 25

Co-ordinate System and Variables for the Large Particle Regime
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Epstein (12) obtained the tangential temperature gradient by solving

the Fourier Equation:

AT T=20 [1v-2]

subject to the following boundary conditions. First, the temperature
and radial heat flux at a point on the particle surface and in the

fluid adjacent to that point are equal. Second, the temperature grad-
jent at r = » is unaffected by the presence of the particle, i.e., it

is dT/dx. Epstein's equation for dT/ds is:

3k
CLE TF T T sin () [1v-3]
p

Hence Equation [IV-1] can be restated as:

ve = w sin (o) [1v-4]

where

s SR
8kf + 4kP p TK dx

[Iv-5]

Since the particle is stationary, the fluid creeps up the tem-
perature gradient. If the particle were free to move, however, the
fluid would force the particle down the gradient. Thermal creep dif-
fers, therefore, from hydrodynamic slip in that the fluid itself
causes particle movement.

The Navier-Stokes Equation is:
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e} (y) =0 [1v-6]

where the operator, E, is defined as:

2 _ 3 sin (8) o 1 )
E S 2 + 2 50 (swey 3 8 [1v-7]

and the stream function, y, is related to the fluid velocity components,

Ve and Vg by:

r 2

VR p— AR [1V-8]
r~ sin (8) 5 r 4 ,

and
.1 2y
Vo ¥ sin(8) 3 r L1v-9]

The method of solving Equation [IV-6] follows that cutlined by Happel
and Brenner (20).
Equation [IV-6] is a fourth order partial differential equation

and thus four boundary conditions must be specified. These are:

r>w V. = Vg COS (8) {1v-10]
r-> o Vo= - Ve sin (o) [Iv-11]
r = dp/2 Vp T 0 [Iv-12]

This meets the requirement of no flow through the particle surface.

r = dp/2 v, =0 [1v-13]
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This means no hydrodynamic slip is present. However, the thermal creep
velocity appears within one mean free path, L, of the particle surface.
In the case of liquids this is approximately twice the molecular dia-
meter. Since L is very small, the boundary condition at r = dp/2 + L

= d /2 is:
p/ is

vV, = - = - sin (o) [Iv-14]

0 Yg

Using Equations [IV-8] and [IV-9], the boundary conditions can be trans-

formed to:
r->o g—%-= - Ve r2 sin (8) cos () [Iv-15]
r-o %—£-= - Ve Y sin2 (8) [1v-16]
= 3V _ -
r dp/2 55 0 [1v-17]
3 d .2
r=dj/2 .- uw-Esin® (o) [1v-18]
A general solution of Equation [IV-6] is:
A B D
Vo= sin? (o) (T%-r4 - ég-r +C, r2 + FQ) [1v-19]

where Ao, B, C_, and D0 are constants determined from the boundary

0 0

conditions. Differentiating Equation [IV-19] gives:

2D

4 + —2) [1v-20]

A
3 ¥ = sin (6) cos (8) (gg-r 2

) - Bo r+2 C0 r

and
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2A 3 B D

g - 22+ 2 Cr - —‘2’) [1v-21]
r

oY _ .2
7 = sin (6) (

Substituting Equation [IV-15] in Equation [IV-20] results in:

At , 20,
- vfr = 5 - BOY' + 2 COr + -+ [IV-ZZ]

When r - =, there can be no power of r > 2 on the right-hand side of

Equation [IV-22]. Therefore,

A, =0 [Iv-23]

In addition, all terms but 2C0r2 can be neglected because rz >> r or
1/r as r >~ =, Therefore,

C =

Ve
0= - o [IV-24]

Substituting Equation [IV-17] in Equation [IV-20] gives:

d d 4D
- _.p _P_ _py2 o . -
0 B, 7~ - V¢ (2-) + dp [1v-25]

B
—w = - aP_ - Ve - _)3 [1v-26]
P

Dividing Equation [IV-25] by d§/2 and adding the result to Equation
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[Iv-26] gives:

B, = ?E (52 - v) [1v-27]
The force exerted by the fluid on the particle, Ff, is:
Ff = -4 7y B0 [Iv-28]
Combining Equation [IV-27] and Equation [IV-28] yields:
Fe=3mud ve-3nud G [1v-29]
or
Fe=Fy- Fyp [1v-30]

When the particle is free to move (rather than held stationary)
equilibrium between the drag and the thermophoretic forces exists and

Ff = 0. Hence:

2

is:

- = _2
Vin S - Vg S - 30 [1v-32]

or, utilizing Equation [IV-5]:
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K

_ 3 f u dT
Vih T T 27X . [1v-33]

+kppTKdX

f

This is Epstein's equation for thermophoretic velocity. The thermo-

phoretic force is then

Fth =3 7y dp vth [IV—343]
2
k Tyu d
9 f p dT
TTWR TR ey & [1v-34b]



