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ABSTRACT

- Negative feedback can be applied to an electro-
magnetic seismometer through.the coilxterminals using a Max-
well impédance bridge to bypass. the coil‘impedance. The
application of feedback by this method-obviates the need: for
. a second transducer, and permiﬁé'difect calibration. of the
feedback seismometer.

Feedback‘of_anéimulated ground acceleration pro-
portional to the acceleration of the suspended mass effective-
ly increases the mass, leﬁgthenihg;the‘natural perioed of_the-'
seismometer. - Displacement.feedback-effeétively.stiffens the
spriné, decréasing;the resonant . perioed, while the séismeﬁeter
damping  can be-increaéedAwith velociﬁj-feedback. |

Experimentally,detérmined sensitiyity;curves ob—@
tained with a Wiilmore}Mk.I.seismometer demonstrate the
capabilities éf negative feedback intaltering~the reéponse
of the seismometer. Aaresonanf~periody®f.l7;sec. correspond-
ing to an equivalent suspended mass of 1230 kg. is readily
_ obtainéd. | | “

A discussioen.of instrument neise in the feedback

seismometer is included.
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Chapter 1 INTRODUCTION.TO :SEISMOMETRY

1.1 Seismometers and seismegraphs

The seismograph.is an. instrument which. provides é
record of the infinitesimal movements of the ground caused
by elastic waves, travelling through the earth. frem distant
earthquakes, and from other lesser sources. The detecting
unit. of the seismograph, the seismometerl, produces a sig-
nal related. to the ground metien. This signal, which may
“be electrical or mechanical (eg. the deflectien of a point-
er from a zero mark), is then.converted by a recerding
system into a continuous digital or analeég record.

The_seismometer,generally;consists of a suspended
mass which, because of its'inertia; tends to remain at rest
while the frame from which it is suspended moves with the
ground?. Ideally, the apparent motion of the mass is 18Q°
out. of phase with the motion bf‘the ground. In practice,
however, the suspension‘system'applies a .restoring force to
“the mass proportienal te.its displacement, Wifh the result
.that.it. tends to oscillate with a perioed determined by the

suspended mass and the stiffness. of the suspension. It is

1. The terms seismograph-and seismometer have
‘been differently defined by various authorities. ' The inter-
pretation given: here reflects the opinion of. the author and
is based on definitions given by J. H. Hodgson [6] and by
. P. L. Willmore [15].

2. The exception is the strain . seismometer, which
directly measures the compressions and dllatlons of the
ground as the seismic waves. pass.
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necessary;te-apply;a.damping3force;~proporti@nal to.the vel-
~ocity. of the mass and Qpposing~its4moti@n;~to reduce this
tendency. | .

The mass is generally constrained to move in. one
direction. only, and the seismograph records one cemponent
,of”the’ground_motion. Seismographs‘have been built however,
to produée.recordsvof all three compenents simultaneously.

The detection of the differentiai.metion:between
.the mass and: the. frame can be accomplished in.many. ways.

Thé eriginal method invelved the magnification. of the massts
.movements: by.an.intricate system.of ievers, and the record-
ing. of the magnified“mbtion.byva stylus writing on smoked

- paper. This_methodvof.recerding;had seVeral'disadvantages

- including. the incenvenience of smoked paper records and the
necessity,df'large;sﬁspendedvmasées4torovercome-the friction
-between the paper -and stylus and in.the. lever system.

With the use of transdﬁcers3 and electrical record-
ing methods, higher magnifications with.smaller»masses were -
achieved. Many seismographs use electromagnetic-transducershb
te drive sensitive galvanometers, the suspension movements
of which are optically/magnifiéd\and recorded on photographic
paper.

A great.variety: of transducer systems and recording

methoeds have: been employed. in seismographs. Electrestatic

3. Devices which convert mechanical energy into
electrical energy and. vice versa. .
L. See Appendix A - Electromagnetic transducer.
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-transducers in.which one plate of a capacitor is attached. to
the suspended;mass'are.often.used,in.long;period seismographs.
These transducers allow_extefnal.power sources“andpAC_ampli—
,fication:methods to-be used. Chart recorders alioWing;the-‘
record. to be viewed as.it,isvbeing-written, and digital rec-
orders are in use, while magnetic‘tape recording methods. are
being developed. , | |

The method of suspending the mass. varies. con51der-;
ably between selsmometers, and usually depends on. the purpose
.for whlch‘the.lnstrumentnwas designed ﬁ-j]. A vertical com-
ponent seismometer with a. 31mple sprlng suspen31on is dis-

cussed. in .the following sectlon.

1.2 Selsmometer and selsmograph response'

Flg l 1 shows a 31mple vertlcal component selsmometer

con31st1ng of a mass M, sus-

u S% a o pended by .a sprlng.of stiffnessbb

M « . U, and damped. by a fluid dash-
+ - v
DL_]_J—L ’

"pot with dampingoconstantiD,.

- If y. is.the dis-

/

plaoement.of the ground. in
Fig.1l-1 Simple seismometer. Mspaoe, and X . 1is: the displace~-

ment,of'the.mass.With“respect»
.to the case, then. the displecement.of-the.mass-inhSpace»is

(x-y) and its-acceleration‘is “(x-y) . The forces acting on

_ dtv
-the mass due to the spring and dashpot . are-respectively -Ux

.and - DJ— for displacement = 'and.velocity gt of the mass

with . respect to.-the. case.:
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Applying Newton's second. law,

M -9 _ _ Ux ~ Ddx

.and. the equetionhof motion. is

dt , t“'
or c"lf‘(.,. S W dx 4 WF x = d’y
dt: b . dEv

where h is the damping-ratio, and.wsis_the'angular'hatural

- frequency. Since the seismometer satisfies a second. order

differentialuequation, it is termediafeecondﬂorder mechanical

. 8systemn.

A Laplace transformation of the equation of motion

and rearrangeﬁent‘gives_the-tranefer‘functionAOf the seis-

X(s) _ - s>
Y(s) Ms2+Ds+ U st4+ 2%, W, S+ wi

mometer, ‘ Ms?

where the upper case symbols repreeent the transforms of the
lower case quantities5.

If the ground acceleration is.regarded,as_the input,
the transfer function is

X (s) - X(s) - : |
Y(s) s* Y(s) s+ 25,0, 5 raxt

"The response to.a sinusoidal ground . acceleration

it

y, e (Y, real) is, by -definition.of the transfer functlon
t X (o)
XU g VE oI e XU
T () o€ = Xe . 5 T Y Ga) is the frequency response

. 5. See Appendix B - Laplace transforms and transfer
functions.
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of the seismometer to‘sinuséidal ground,accelerations;and‘s
,%é%%% is the acceleration sensitivity.
- The transfer function of an.electromagnetic trans-
ducer is g%:;a wher"e‘ g is the traﬁsd’ucer constant, and E(s)
and sX(s) are the transfofms<of~the output emf and relative
velocity of the transducer elements respectively. Therefore,
regardiﬁg.the»ground acceleration as‘the,input,.the transfer.'
function of a seismometer with an electromagnetic transducer
-1s

EQ - EGY,X9) . ___sS9

sy x(3) Y  SwaGGSrer

EGely e s . L '
|¢fﬁﬁ is then the acceleratlon sens1t1v1ty;of the electro-
magnetic seismometer and. is plotted against the period of the

ground movement in Fig.l-2, 1;=§£ is the resonant period.of

log %T

]
Ts

(og (period) —->

Fig.1-2 Electromagnetic seismometer acceleration sensitivity.

the seismometer.

Now, the. . transfer function of a .galvanometer is

Q(s) _ h .
I(s) S+ .z‘(aw,s + Wy




6
,Where€9(9 is_thevtransformedvangular deflection of .the sus-
pension,
16} is the transforméd.ceil_currenﬁ,
% is.the galvanometer dampinégfatie,
wy 1is the galvanometer angular naturalufrequency,
h is the galvanometer transducer constant.

If the galvanometer is cennectéd directly»to the
electromagnetic seismometer, and;if,the galvan6meter reaction
(the éffectqof the movements of the galvanometer suspension
.on.the motion of the suspended mass. of the seismometer) and
the coil. inductances are negligiblé, the-transfef function

of the resulting;seismograph is

eE . . gs . 3
Y T S 2 LcS+ Wit St + 23,05 + WY
' Qjw)

is.the accel-

where 4 is an .attenuatien censtant.

v Yijw)
eration .Sensitivity of the seismograph and is plotted in

-Fig.1-3. T; and s are the resonant. periods of the galvano-

‘meter and seismometer respectively.

s 8]

log [period)—

Fig.l-B ‘Electromagnetic séismograph:acceleration.sensitivity.

~It.is seen.that‘the.paSSband‘of:the electromagnetic
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. seismograph. isucontrolled.by:the galvanometerxon:the short'
period.side and. by the selsmometer on.the long. period. 31de.
If T' and s were. 1nterchanged the response -curve. would have
the same appearance, but a deCreased.sen51t1v1ty;would.result;
In the pest,\one,ofuthe aims of seismologists”ih
_the.construction,of seismographs was,a-high.sensitivityfover
;as:broadﬂauperiodtrange as-possible. - This practice-resulted_e‘
~in the discovery: of microseisms, a continuous Seismic'back—
ground. noise With periods.ranging from l to 7-seconds.‘ Fur-' :
ther increases: in. sens1t1v1ty were poss1ble only 1n perlod
zranges for.whlch the microseismic noise level was low,-,Thls"'
,led:to-the.use.of,two seismographs. for eachicomponeht-of
ground motion. recorded - one recording- long perlod 51gnals,
and the other, short perlods - w1th thelr response curves’

.positionedztovexclude.the maln-mlcroselsmlc:reglon (Fig.1l=4).

@ (Jb)) 1 . microseismic

jU) (reqion - ,
¥

X

[og (period)——-—-»

Fig.l-4 . Acceleration sensitivities of long and short period
~seismographs.in relation to the microseismic region.

‘This attitudeqhas/changed'however, with the possibil-
ity of using»slow.speed:magnetic tape recording-in seismology.

A slow speed tape recorder with.flatﬁresponse combined with a
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broadband_seismometerﬂwouldvrecérd,auwide.spectrumvof seismic 
signals. The;tapes,could;lateh‘bé}Played:back:throuéh;various
filters to. obtain. the desired;fesuits. In this ménnér, no
information.is. lost thr@ugh;filteringgas long}as.thefsystem'
”is;strictly,linear. | | | |
'Thexbandwidtplof:a seism®graph“cén:be«increasedyby
fVarious.meth@ds,ntheisimplest.being;the,lengthening;éf¢the
seismometeh~ﬁeriéd_and:the shértening;of.the galvanemeter
period.‘bLongJSeismometen'periods;in,vertical.instruments re-
quire:the use of weakér.springs.whiéh are_Subject te;thermé—
elastic effects andﬁmechanicai,fgtigue; These effects céuse'
the mass to drift»from;its:eqﬁilibrium;position,'festricting
;the-praqticélflengthuofnperiodS'obtainable:by~this.meth6d.

. Willmore @A]has shown that broad-band. character-
istics may be achieved by gross overdamplng of" both the
seismometer and ga;vanometer.. He has alsq ‘investigated the
application,of'féedback;to a»seismoghaph“as an alterhate_means

\of obtaining -a:wide passband [14] .

l,B;Seismometer eggivalentzcifCuits

It is wellzknOWn'that many[méchanicalnsysteﬁs may
- be more coenveniently. studiedabyfceﬁsideringﬂtheir electrical
analogs: electrical. 01rcu1ts which . satlsfy the same: dlffer-
ential equation . as. the. mechanlcal system.
An.electromagnetlc.selsmemeter»ls.anieléctromech4
anicalAsystem.aﬁdﬁmay{be stﬁdiéd‘as éuch. It is, hoewever,
much . simpler to-replacexthé mechanical‘partvéf‘the system by

-its electrical analog, leaving a completely equivalent electri-



cal.éYstem«which:mayrbe_treatedmwith_simple circuit the®ry;

| Such‘a.procedﬁre has l@ng;been.f@llowedfby,seismol-
ogists, uSing;an.equivalént circuit:in which a voltage gen-
erator represents. the ground,velocity-(Fig.leS). A simple

derivation. of this circuit may be found. in reference 3.

O

Fig.1-5 Voltage-driven”seismometer“equivalent-circuit.

Kellar and,Rusgell [7]:have,recently;confended,that
~the symmetry;inhérent,in;the mechani¢él resénant system.is
preserved. if the voltage generath‘preéent in . this .rather
conventional equivalentzéircuit.is.replaced.by_a current gen-
erator .‘-The current driven'equivalént-circuit is shown in

" Fig.1-6 and]is.used;thr@ughoututhisvthesis7.

Fig.1-6 Current-driven seismometer equiVaient-circuit.

The values of“the<variousvéomponents are shown and

-7. This equlvalent circuit was originally given. by
S.A. Scherbatskoy. and. J. Neufeld, Equivalent-electrical net-
works of seismographs, Geophy31cs IT, 213-242, 1937.
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are related to»the'seismometer,constants, spring. censtant
u, daxlnping.constanp D , mass M , transducer Aconstant g9, and
.to.the ground accelerati@n 5 . R. and lT;are.the resistance
gndAinductance of the coil;“andfthe switch is analagous to a

clamp used. to- prevent. the méss.from‘swinging. As-Kollar‘and
-Russell observe, the electromechanical seismometer and the
equivalent circuit arévindistinguishable by electrical

-measurements made at.the ®utput,terminals,

1., Seismemeter and seismegraph.calibratioen

The calibration;of a seismometer involves the deter-
mination.of its response to sinuseidal ground metiens of
any peried. Willmere ‘Dé]has devised_é1COmpletely eiectrical
methédfof calibrating.electromagnetic séismometers'which.de-
termines. the constants b(,i)b, g, ( Nlis_assumedukn®ﬁn); and
directly, produces calibratien.curves. While Willmoere has
~treated. the 'seismometer as,anAelectroméchanipai-system,
Kollar:and Russell, using the current equivalent circuit, have
enlarged. on.the Willmore.method.fromﬁaAqompletely1electrical
point ef viéwf They: have alse«cenfirmed\thé validityfef,the
approximatiens used_in“the.analysis.

‘ For the-calibratioﬁ, the clamped Seismémeten»is
placed in the "unknewn?gposition of_a Maxwell impedance
bridge(Fig.1-7), and the bridge is balanced.in the usual |
manner for "MAIN" input. The balance condition.is indepen-
dent. of the frequency ‘and gives. the values. of R. and LC.‘

KollarAand Russell have shewn.that with.the seis-

mometer unclamped, the ratio of detector outputS»for_"MAIN"
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- Fig.1-7 Electromagnetic;seismomeper-oalibration}circuit;:~

: . . . . . -REZ‘ '
and- "SUBSTITUTION" inputs is Re R from whlch 2,@ﬂ may be

determined. The. positions of the resonant peak and asymp-
totes .of aslogarlthmlc.plotaof Eu(avvagalnst W, together with
. the known suspended mass, determinerthe valuesrof-u-,:D'; and
o They:also showethat avpotential v applied-to the
""MAIN" input. of the. brldge produces the same result as . av 5'
current generator EZ in. parallel with Z,Whlch comparlng
w1th the equlvalent 01rcu1t, is equlvalent to a- ground accel—
eration %%8 _Wlth thls knowledge, the . acceleratlon sen51-
tivity: of the seismometer w1th the brldge as an . attenuator
can be plotted, from.whlohwthe acceleratlon‘senslp;v;ty,of
the seismometer alone ean be deduoed _ Thevmagnifieation and
velocity. sens1t1v1ty are related to the acceleratlon sens— .
itivity and may,also:betdetermlned.‘ If the galvanometer to

' be used,with,the'seismometer is the brldgezdetector,}the
sensitivity,curves for the-seismograph with.the bridge as an
:attenuating‘network'can:be‘determined; |

Willmore: has. placed a differentiatingrcircuitfbefore
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-the bridge, enabling the velocity sensitivity -to:be obtained

directly.



Chapter 2  THE. APPLICATION OF FEEDBACK TO. SEISMOMETERS

2.1 Introductlon ' _ ‘ . ,
It was: mentloned in- Chapter 1. that Wlllmore had
.1nvest1gated the appllcatlon of feedback to a. selsmograph
-as. a means of obtalnlng broad band response characterlstlcs.
Feedback has . also been used by. others to alter the
response characterlstlcs of a. selsmometer, pr1nc1pally to |
.reduce-the drlft assoc1ated-w1th long~perlod 1nstruments.'
‘These 1nvest1gators applled‘the feedback to- the selsmometer
.'as opposed. to Wlllmore,_whose feedback loop. enclosed both
~the seismometer and galvanometer. In all cases however -an
.electromagnetlc transducer was used to. apply the feedback
slgnal=to the suspended mass of the selsmometer . ‘
In.this the31s, feedback w1ll be used*solel& to
altervthe overall response of a selsmometer though the o
.method,of appllcatlon will be quite dlfferent.a-‘
A brlef descrlptlon of the work done by several

.researchers follows

2. 2 Rev1ew of prev1ous work :
- . De Bremaecher et al.z[ﬂ have_used;feedbackgtovelim_
inate drlft-lnuthe long~perlod-Press and Ewing'seismometer
“in:.the: Rlce Unlver31ty dlrect dlgltlZlng selsmograph ‘Thef,'
input .signal. to: the feedback c1rcu1t was a. voltage propor-,
tlonal to'the ground dlsplacement derived . from the heter-
odyned frequency: of two os01llators tuned by . a: dlfferentlal

Acapa01tor»transducer. The. feedback c1rcu1t con51sted of a
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- Iow.pass filter (integrator) constructed ﬁith.an,operatianal
amplifier, and was coennected to'the electromagnetic trans-
ducer coil sucﬁnthat.the force exerted by the transducer op-
‘posed. the motion of the mass. The low. pass filter ensured
. ~that oenly.very long periods were affected, the resuitJbeing
“to effectively.Stiffenzthe épring,for long period signals.

Sutton and Latham[11]  have used essentially: the
same- method as.de Bremaeckef-to-reduce.drift.in-aalong,period
~seismoegraph designed for unattended operatien. The output
Signal from a differential capacitor transducer, propertional
to the mass displacement, was amplified and fed through a
~low péss filter to the coil of a coil and magnet damping
-assembly. A.centering;motbf engaged by a trigger circuit
‘was .also provided to adjust the suspension.if the drift ex-
éeededuthe capabilities of the feedback.current.

In. both of the above cases and. in general where
feedback has been.used. to reduce the leng -term.drift of a
seismometer,\the feedback.signél can. be monitored. producing
-a .record of tidal. tilts and gravity changes (tidal effects
in:the vertical component),~prévided the drift resulting
from other sources. is negligible.

Tucker [lﬂ , on.the other hand, has used feedback
- to shorten the period of a seismometer, which was originally
- chosen long to improve the signal to noise ratio of the
transducer and electrical system, and whichllay.in the region
~of interest. He describes a horigzontal seismograph designed

for the study of microseisms, having nearly:flat response to
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.aCCelerationnfbv-periods,ranging;fr@m;135,sec. te:12.0 sec..
A variable coupling;transducer-pr@ducéd,a:lkc._signal.Which
was.fed,through.an,amplifier-andfphase sensitive rectifier
-preducing a DC voltage,préportionél to-the mass displacement.
This.veltage was fed:backfthrough,a’resister'to a.transducer
zceil,-preducing;anrestefing;force-on;the.mass-préportional
to. its displacement. This effectively}ihgreased;the spring
‘stiffness, shortening the seism@meter,pefiod. The feedback
-pesiSter was shunted by a capacitor which provided. damping,
since by the.pfincip}e of superpesition, it preduced a current
‘innthevcoil resulting;ih“a.force‘enuthe.méss.propGrtional to
its velocity. The negative feedback.aiso:improved_éhe-linév
earityvef»the amplifier and éeismometér, and . stabilized sens-
itiyity.gl

InJWillmere?s feedback seismégréph[lﬂ ;‘the.féed—’
back signal was‘deriVed.fromLa ph®toélectric,amplifier;which

. produced an outputfproportibnal té»the galvahometer spot &éil-
ectipn. This»outputvwas fed through,aFresistance—capacitance
differentiatingqnetworkiinto‘a.secendaryﬂtraﬁsducer.coil,
prodﬁcing a force on tﬁe“mass-proportional,t@-the'galvandmgterl
" spet veloecity.. Suchvfeedback-resulted;inua~changeein;the
galvanometer reaction‘unobtainableAbyrother‘methods, whichi
with;large.amountsuof‘damping:produceduwide band. response

characteristics.



Chapter 3 THE MAXWELL. BRIDGE FEEDBACK SEISMOMETER

3.1 The Maxwell bridge as a.means-@f applying- - feedback

In applying feedback to a system, it,isisimple
fact that the feedback signal must be added to the input.
This was accomplished by means of electromagnetic. trans-
ducefs.inhthe feedback seismometers just discuSséd:_ a cur-
rent ( flewing-in.the transducer coil causes a mass motion
equivalent to that_which.weuld.be produced by a ground ac-
celeration %% . | |

Another method of electrically simulating a
.ground movementrwas discussed. in 81.4: a voltage w.impressed
.acress the "MAIN" input.terminals of the Méxwéll bridge used
in calibratien. produces. the same‘effect‘on\the‘seiémometer
‘as.a ground acceleration %%%. ‘

Russell (private communication);has_suggesped:it
would. be possible to.add feedback.te a seismdmeterbsimplyfby
applying the feedback signal to the "MAIN" input. terminals

-of a Maxwell bridge utilized as a.permanent attenuating nets
work. between the seismemeter and the recerding_sysﬁem. This
method eliminates,.in;the case of electromagnetic seismo-
meters, the need.for a second transducer. Also, when cal--
ibrated by Willmore's Maxwell bridge methed, correctiens

usvally: required when the bridge is removed. or ‘replaced: by

-anether attenuater are not necessary.
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3,2 The effect‘of‘feedback.en-the.seismometer

A3.2.l=Feedback-Seismometer transfer functionl.

.Aipircuit diagram”showing;bhevappliCationvof feed-
back to aaseismometer using-the Maxwell: bridge is illustréted
using-transform;notation‘in Fig.3-1. The input ground accel-

Mt
3

V-L(S)"

Fig.3-1 Feedback. seismometer circuit.

MY(s).
J

eration.is represented. by the current generator in . para-

llel with Z(9).
The output.signal V(3}= Vi(s)\-V,(s)  is fed,through a
‘differential amplifier with .transfer function F(s) to-the . -

"MAIN"Hinput<terminals.of the bridge. .Sinéefthis'is.equiva— '

Fl3)V(s)
]

Z. , the circuit of Fig.3-1 may, be replaced with.the simpii—

lent.to placing -a current generator in.parallel with

fied version.shown.in Fig.3-2. Ry and Z ( R,and G, in.para-

1lel) are required to be large for successful operation of the

- -1. See Appendix C - Feedback.
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Fig.3-2 Simplified seismometer circuit.

bridge in this manner and hgve been neglected.

The function of the bridge.to change a voltage
source V(s) into a current source %g?éis emphasized by show-
ing the block R_’s independant of F(S) :

Assuming the input impedande of.the amplifier to
be infinite, there will be no currents flowing through 2Z. or

Ek , and the transfer function of the seismometer in the

bridge without feedback is

\/_(S_) - Ze (S): ____——91—S
T(s) Ms*+Ds +Y

which is proportional to the acceleration sensitivity of the

vis
seismometer since I(s) = Dlg‘),
The transfer function of the feedback loop is ¢ F(s)

Rg

and the closed loop transfer function is then '
N V(S) - Z(s) .

Z(s)= 1(2 17 BBFG) -

e

B

Rearranging,

%) (2]'(337' %TCA)

Since Zsfs)is an impedance function, the transfer
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- funetion. of the feedbackuseismometér'indieates;the addition
.of. feedback: has effectively. . added an impedance ¥ é%y-in;par-
allel with Zg . If FOles', S’ ; S , the added impedance.is
.an.inductance, resistancé, and\dapacitance:respectively;uthe.
magnitude of which depends én,the-gain.in;the feedback: logp
and. the sign.of which depends on-the sign of the feedback.
Since the resistor, capacitér, and. inductor démpriéing Zs are
respectivelyvrelated to-the dampingffactor, mass, and.spring
constant. of the seismometer, the effect of adding‘additional
. impedances. in. parallel with Zs.is te alter the values of
_these-parameters, whichein,turn,affects;the'resonant»fre-v
quéncyvand dampinggraﬁié. ‘

| .Setting F(s)= 1'-33(“5"" b+cs), the _-tr'anéfér function

b

of. the feedbéck»seismometee-is

Vs) 2’(5)— 93
Is) - - (MFga)s* + (DEgrb)s +(UFGC)
_ 9's
- MSHDIs + W
' Vis) _ . Mgs
. and TYr(g) - MIS-L"' D‘S-Q'U’

where h4/,'D,, u, are the efféctivermass,‘dampinggandfspring
constants. The damping ratio §/ and.resonant'frequency w; .
‘are then ?ﬁgé? ‘and.Jg? and can be yariedmat will:by'adjust_
.ing;the-nature and‘amount“ofvthe~feedback. . | |

Due te the ihétability of gain and.distertion gen-
efally_associated-with;positive feédback, iﬁrwilllnotlbe dis-
cuséed. F(s) will henceforth:be asSignéd.p@sitive values and
hegative feedback will be assumed. This does not, however,

restrict the capabilities of the system, as beth the damping. -
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ratio and resonant frequency,can be;either increased,erbde—
creased. by negative feedback,
-While an.objective»of.this thesis. is to demonstrate
the feasabilitygof_using\a Maxwell. bridge to -apply feedback
‘\to,an_electrémagnetic seismometer, the effects:produced. by

feedback are‘asseciated.with,any,feédback-seismometer.

3.2.2 Acceleration sensitivity curves.
The acceleration. sensitivity of the feedback seis-

mometer to sinuseoidal ground motions of angular frequency wis

|VYF4 | jwMg
| V()| = 1-Met+ jud +W
At.low frequencies, ‘¥$ﬁﬂ —_— Mg
| Y (jw) u’
at high frequencies, !ﬁﬁﬂ — M3 )
Yt M | -
- [ VW) _ M9
and at. the resenant frequenc N and = = .
n : : q Y, M V(e D’

Since M and g . are fixed, the height of the res-
onant peak is altered,only;byvan.effective-increQSevin“the-
. damping constant. The relative.pésitions ofwthe asymptotes
on a- logarithmic plot: fer different values of M', D/ ;, W,
can: be detérmined from these expreésions3 allowingmaeSeries
of acceleration sensitivity. curves to:be sketched as in Fig.
3—3.

A.similar set. of sensitivitchurves resulting from
actﬁal changes in the mass, spring andudamping constants is

given.in Fig.3-4. ThﬁAcorfesponding asymptotic and peak
E()
Y (j&)
for the feedback seismometer by dropping the primes.

expressions for are derivable from those given above
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Vijw)
log "’_Iww» I

/ .
M’ increasing

log ( period) —>

Fig.3-3 Feedback seismometer acceleration sensitivity.

M incraasa‘nﬂ

og | 022
Y (i)

D i nacaso'n’

log (Per?od) —

Fig.3-4 Seismometer acceleration sensitivity.

-It‘is.apparent from a comparison of Figs.3-~3 and

"~ 3-4 that while actual and effective increases in both the |
spring;and,damping,constants have the same effect on the ac-
celeration sensitivity‘of’the’seismometer, actual and effect-

ive increasesgiﬁ$£he suspended mass do not. An explanation
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fof'this result‘isvfacilitateduwitﬁ:the.aid.oflthe seismometér

equivalent circuit in Fig.3-5. An:actual.increase in the

i @ grm—- S5
3 u 9f_'- )4

- l O

Fig.3-5 Current-driven seismometer equivalent circuit.

spring constant appears.in. the equivalent circuit as a
. 1 : _ : '
decrease.in the inductance 2? . An effective increase in

u
athévSpring,constant by.thé application of feedback was shown
in the.preceeding'seCtiah‘te effectivelysadd;an:inductance
in:parallel‘with Z< , thereby reducing;the:total inductance
‘in ' s » These two means of.increasingithe spring{constant
are thus equivalent. and. an ihcreasq.by the same factor
with eithef:procedure.will‘produce identical acéeleration

2 as,indicated‘in‘Figs.B-B and 3-=4.

sensitivityvcurves
| " The equivalence of ‘actual and effective increases
in the damping;conStant can.similarily;be shown.
Now, both actual and effective increases.invma5§
increase the capacitance in Z2s , but an actual;mass increase .
also increases the input current seurcevfgg , resulting-in.a
greater sensitivity. to.a given'ground.acceleratien‘as seen |

in . Fig.3-L4. The acceleration.response of a seismometer with

2. In the mechanical system, this is.true. provided -
the shift in the equilibrium pesitien. of the mass for actual
inereases does not.introduce non—llnearltles into the opera-
tion of the transducer. :
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a suspended. mass M effectlvely 1ncreased by: feedback to Fﬂ
.is: lower by a factor %47 than that of a. selsmometer with an :
‘actual mass of M’ : the energy;extracted.from-the.ground:by
vthedinstrument dependsvon;theatruevandvnot.the,effective sus-
pended‘mass. _ ,

Since the feedback signal is derivedxfrom;the‘seis¥
‘mometer open.circuituvoltage whichfis-pfopoﬁtionaltto~the
veloc1ty of the suspended mass .relative. to the case, the
effectlve 1ncreases in. the. mass, spring- and damplng constants.
.are observedmonlyuwhen.the mass.ls.ln‘motlon. Consequently,
the rest.position of the suspended mass - does not change with
effective increases in the mass and spring constant as. 1t |
‘would were the changes real.. That the damping_constant-is.
effectively/increased only_whenxthe.mass‘iS'in“motion:is,of_
no consequence since the dampingaforce is zero-whendthe mass -
is .at rest. »

cher-operational differences between"actual and
effective changessih:the.spring;ahd dampingfcohstants-arise

in noise consideratiens discussed. in $3.2.2(1) and §3.3.3.

3,2.3 Calibration. of the feedback»seismometer,

- The feedback seismometer can be calibrated directly
since the bridge used to ap?ly:the~feedback is capable:ofoCOnf
verting anysnumber of voltage sources into current sources
providing: their driving,circﬁits do not.interact. A.voltage
U- , so applied to the "MAIN" input:ofﬁthe bridge is equiva-
“lent .to . a grodnd‘acceleration g%%;. If g Jisqknown, thed

acceleration sensitivity- of the feedback seismometer' (or
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seismograph, ifgthe:seismograph‘recording;system.isﬁthe bfidge
detector) can be determined. 'Thehtransducerfcenstanﬁ maYrbe
determined}by.discennecpingpthe-feedback\circuit.andgealibfat—
ihg the séismometer in the bridge as explained. in ] l;L,

In.practice, to ensure their respective circuits
do not iﬁteract,:the feedback and calibrationmsignals manbe

added by. a summing.amplifier” before being;appliedutoxthe'

bridge.

3.2.4 Root locus-diagrams.for the feedback seismometer.

The root-locus methodl"r is often employed in.inves-
.tigating‘the stability of feedback systems5. Its sole pur-
pose . here, however, will be to provide graphicalvaﬁalysis of
‘the effectvof.feedback oh‘the natural.freQuency;and;damping
‘ratio.of the seismometer since the concept of stability
usually associated with feedback control .systems and feedback
ampllflerS'has little meanlng-here. It was shown. in §3;2;l
that the application. of certain typee of feedback to a seis-
mometer resulted only. in effecti#elylaltering-the‘suspeﬁded
.mase, damping‘and.spring,constants._‘Large-l@cp geine[lead‘
only-to large deviations: in.the effective values of.theSe
mechanical constants fromfthé original values and not. to in-

stabilities as might be expected with a serveosystem. The

3. See Appendix E.- Transfer functlons of operation-
al . ampllflers

L. See .Appendix D. - Root locus method.

5. See Appendix- C ‘2 - Stability. of feedback systems,
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‘root. locus diagrams, despite their basis of. feedback stability

criteria, simply. provide:information.on the natural frequency

-and damping ratio-of a seismometef-as:the,various consténts,
M,D, Uu, are‘altered‘by,feédbaCE-6r-by'other means.

” Root lociAare-given‘forlthe‘three basic types of
feedback discussed, and. for linear combinations. of these.
The feédback transfer»fuhction, theAmechahical constant . al-
tered, and. the open: loop tfansfer.function-from_which the
root. locus plots are constructed. are iﬁcluded,with.each dia-
gram. The seismometer is considered to be initially under-
damped (J¢I), with the result that its-ﬁoles (which are.
also the poles of'the«op§n=loop-tfansfer:function) lie at
complex»conjugate‘positionsvinfthe-s-pléné; |
i) F(s)=as R effectivelméssfincrease, oﬁenuloop:tranéfer'

. ag's™ _ _Bs™
function = i Sseu ST+ 5055+ D5 .

, . The root locus is the solid arc
X LJH » ,
tangent. to the Ja>-axis,at the

~origin. As the gain (B ). increases

- from zero at the pcles to ©° at

I G the zeros. (the effective mass - -
\39’///_ B increases from M tow), the damp-

ing;ratié K: and: the angular‘nat—

‘ural frequency Wi of the feedback

- Fig.3-6 - Root locus . seismometer decrease from §, .and &
for effective mass '
. increase. to zero.

The poles of seismometers with the same original
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.resonant frequency;butAdifferent dampinggratios than the seis-
mometer represented above will lie at complex conjugate pos-
itionsfalongpthe dashed arc. | | ’

:iif F(sl=a effective damping constant increase, open

Bs

leop transfer function =  — -
) S "’2{;(«’;5"(&’3

- The root locus lies on:the nega-
tive real axié, branching out. into
‘the s-plane in . an arc of radius s

centredlon-the zere at the origin.

— : .

As 'the gain.increases from O ,

W, = constant = s , while S in-

‘creases to 1 at the break-away

-point,‘Whefe the seismometer is

"Fig.3=7 . Root locus : critically*damped, and. to -values
for effective damping ' s ‘ ‘ :
.constant increase greater than.1l on the axis where

‘the seismometer becomes overdamped. The poles of the over-

damped séismometer~1ie at - SSws o, S -1,
iii) F(s)= as™' ., effective spfing”constant~increase; open
5

“leop transfer function = ST+ A3, a5 + &OF

- The root locus is a.line parallel to the jow -axis, indicating
Ve 4 . . S e . .
w5 increase and: 3 decrease with.increasing gain or spring

.constant.
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- g

-Fig.3-8 ' Root locus for_effective:spring;éonstant increase.'
iv) F(S)=(a+bs)= bs'(1+Ts) | , effective spring-and. damp-
*inggconstant-increaées, opén.loop:transfer'functign

_  B(1+Ts -
T §Te2% WS + W

jU

- The root locus is.an:arc centred

on.the zero at - —-%%» .

-
T T

Fig.3-9 .Root locus
for effective spring
-and damping coenstant
- increases.

As in:the- orlglnal seismometer, where an. increase

by the same factor of two of V' , U, couldgbe»lnterpreted


http://could.be
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-as-a decrease:by*the;same.facth-of'thezthifd, an effective
increaSe in.two.of V1, D»,(l ,'by/feedback-pr®duces.similar
effects. | |

An effective increase by the same factor in the
spring-and damping.constants is, from the point. of view éf

“seismometer response completely equivalent to an actual mass

deérease.
te., YO . Mos__ . _Mgs  _ (Ma)gs
T e T Mst+ts+u’ T MS'+abDs+al T (Ma)st+ Dg‘.,_u

However, an. effectlve increase: by the. same factor
of the mass and either of W or D is equlvalent to a decrease
in.the thlrd constant ( D‘or‘Uq vaccompanledfby;a.decrease_
.by‘-g% in theTSensitivity«whichzwas;ShownJi11§3.3;2.to;ac-
company:an.efféctive.mass increase. _ , | » |

Thus, in'Fig.3-9, if'T=AQ-, thenf%i:i%(and thé:réct
- locus diagram. has the ‘appearance @f
-;Flg.BelQ_ C@mparlsen w1th the re@t'

locus given,for effectlve.massgln-
creaseE(Fig;346)‘confirms th¢lpr@—

positien-that this case represents

an. effective: mass decrease.

Fig.3-10 - Root 1locus
for effective mass
decrease,

) Fls)= (as+bs™") = bs(1 + T sY) , effective mass and spring con-

stant increases, open loop. transfer function
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_BG1+T's*)
$* 4 23.WeS + g

w

TN

~ .

i

3
Fig.3-11 Roeot.locus , Fig.3-12 Root lecus.for ef-
for effective mass and : - fective damping censtant de-

spring constant.increases. crease.

- If T=2%a the root.locus takes on.the appéaran¢éﬁsh@wntinwFig; ‘
'3—12, indicafing;a damping constantvdeéyéase KQoﬁpére“with~Fig.
34). - _"
x'ri)“.F(s)=(as+b)‘= b(1+Ts) ,-effective ,mas’s:ahd.;dampin_‘g“ -

‘,constant increases,~®pen:loop.transfer_functién |

Bs(|+fs)

jo
! S 2% 0S + W3

,,Fig.3-13..R®otwlocus
. for effective mass and
.damping-constant .increases.
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If ﬁ'

o2

) , the root-locus haS-the-appearancé
.shown.in Fig.3-14 which cemparing
1withAFig.3f8:indicatesva-spring'

. constant  decrease.

Fig.3-14 Root.locus
for effectivecspringe
constant decrease.

While the root.lecus diagrams given are ressent--
ially .qualitative in- nature, accurate plots Cantbe'construct—
ed f@r‘aaparticular-seismemeter_for“quantitative-analysis.

It is also instructive to:consider the pole pos-
itions of the feedback seismometer for the feedback combina-

tions discussed above  as resulting

jw
t \fromma,serieghof'changes,-first_of
>~y o oneimechaniéal.éonStént;:then.of '
,// ‘ another, For example, iffthelmass
K_ e were effectively,}ncreaéedjlength-
*;>‘ | ening;the»period; féand.aéare deter-
: | ‘mined frem the solidiarcyohAthe S-
‘ plane,ingFig.3-15,gbaseduon.the
Fig.3;15 Root. locus 'root;locus diagram“ovaig.B;é. The
for effective mass in- ' ‘ o
‘crease followed by ef- gain could,be:increased_until‘the

fective damping.con=
stant increase. . required natural frequency was ob-.



-tained. If the dampipg;constant.werevthen.efféctiVely;in-

‘creased; the poles of théufeedbackxsgiSmometer”would;moVe |
aleng the déshed,line, after-the‘root-locus-diagramlof Fig.
3-7, and. the damping;ratioAcauld{beradjusted to.the desired

value.

3.3 Instrumént.noise in the feedbgck.seismometer

3.3.1.Intreducti®n

‘Neise in. selsmemeters is generally divided. 1nto
twe broad classes; 1nstrument n01se and . seismic- nelse. ;
Seismic noeise 1s.any-unde31rable signal of either artlficial
or ‘natural. origin, which enters@the seismometer_fromﬂthe
‘ground. Instrumeﬁt neise, on the other hand, refersAto:sigé
nalsvproducéd.in:thé detector~itéelf‘and,maywbe_attributed'
to‘éuchuthings as~mechanicél<fatigue,and.thermo-elastic ef;"
fects-in'ﬁhe suspénsion-elements, anduto‘thermal_neise in-
rthe a35001ated 01rcultry and . damplng system. Barometric
changes, air. currents .and. 1nteractlons of the selsmometer
with amblent.magnetlc‘flelds must also: be classed as seurces‘_
of instrument nQise, but-will notubevdiscussed;sihcerthey
.mayzbe.minimized:byapreper'deéign.' |

Byrne has extenéiyely.dealtvwith;thermaljneiséfihv
‘seismic detectors by considéringwthezapplication‘tovseismo-
meters of.two‘theerems.by*Nyquist,on,thermal.noise~in elé¢3
tromechanical systems. It was shown.that the thérmal‘ﬁoise
present in:the seismometer'is'determined b&,asseciatiqg -
Johnsen neise generators with the resistive elements in.the

equivalent circuit.
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 While‘Byrne has used.voltage generators with the

'éonventiohal seismometer equivalent circuit, Kellar and
‘Russell have shown that.the analysis is greatly,éimpiified
. by -the use of cufrenp‘generat@rs.inpthe current-driven
equivalent circuit. |

They;have‘aISQ introduced~a,mgans,of'deﬁermining
‘the equivalent. input noise of thermal noise SOurces”in.cdm-
plicated networks. This methodﬂinvolveé,the.cancellation
of the effect'of,thé néisé by -an .unknewn. input which. is then
determined from the requirementﬂthatuthe butput~be zero: by
simple circuit theory. Theyfpoint/outvthaﬁﬁthis procedure
results in ‘a phase error of: radians'butnﬁhat.the phasevef
a noise source is net significant;l o

This. procedure will. be uSed,exclusively.in~the |
fellowing  paragraphs dealing:with!thermal.noise'in}the.feed—
back seismometer. | | |

The value of. the noise current generatof fn in
;parallei with Z; , which. preduces thé same effect at.the
| seismometer output as.the neise soeurce in.the circuitvwillé
~be calculated. This input neise current and hence the elec-
trical neise in.the seismometer, is.phen.completely-equiva—

]

lent teo a ground acceleration %%l.

3.3.2 Thermal noise and noise in the feedback: loop.

Since the inductive reactance of the transducer
coil at frequencies near the seismometer‘resonént.frequency
. is often,negligiblebcompared.testhe'coil resistance, it will

be‘neglected.in=the.following»analysis.:The capacitor Cg
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can then be omitted fromwthe bridge. The external feedback
6

circuitry -represénted-by;the differential:amplifier with-_-
transfer function F can:.be replaced by a voltage generator
FV with internal resistance R and the resulting feedback

‘seismometer circuit is shown in Fig.3-16.

Re

Fig.3=16 Feedback-séismometér circuit for noise énalysis;

The thermal noise associated with each:resistor‘invi
-the circuit of Fig.3-13aand,the_noise:inhereht.inﬂthé external
feedback circuit will be individually/consideféd.. Ko will

. be assuméd‘to.be negligible.

~1) Thermal noise in "damping resistor" %};in Zs . ;

An RMS current. generator ﬂl;%g where k= .Boltz-
mann's constant, and T is the absolute-temperature,-placed
.in parallel with 2. (a‘nd' hence,-wi‘th%), repres_ents’-the ‘thermal
noise present in;the-bandwidth.df,of.the_resistanbei%‘;

A current generétor {w in parallel with % .Iis co_r;4

sideredntovbe of such .a value that.it cancels the effect of

6. Excluding the bridge.
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the noise source. Since it. is then required that V;O'
-the voltage generator'FV may: be replaced.by a. short c1r-r

cult and. no current may flow.through R. .and K. (Flg 3- 17)

Fig.3-17

- Thus

1and.the\thermal.noise due tO‘damping;remains unchanged:by :
+feedback,. irregardless of whether the feedback: has. effect-

ively . altered the damplng constant

ii)fThermal noise in & '
A voltage generator VERT R¢ 3 “in. serles w1th ®.
=represents the thermal noise in the bandwidth df present 1n'P

(Fig.3-18),

 Fig.3-18

If it.is balanced by the input noise current tn y
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then V.=O and the generator FV. may be replaced. by a

short circuit. Also, no current can flow;thfough RB_,

ta=-JBRTRIF

Zg

with the result that

iii) Thermal noeise in Rg.

Representing-the-thermal;noisé by a voltage
generaﬁer_m’ in séries with ?, , andv'r;equiring Vv
“to.be zero leads to,the-circuit.Shdwn.in;Fig.B—lé'andlthe
r‘eqﬁirement_ (% =W |

Re

,.Rb

{RTRs dF

Zs i+,

Fig.3-19 =
Kirchhoff's,law_gives
i(RB*’ RC)"' (L."'L.n)zﬂs:‘ﬂ.ETPa.d‘F o
These two equations can. be solved. for (:

(= — VERTRdF (Re+2)
Ro2s

iv) Thermal noise in Ry.
The thermal noise associated. with R, is represented

by the voltage generator JBRTK,df in series with P;', If V=0
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then in Fig.3-20 e S
¢y (t(’a+P.)+ (LB - \I‘I‘kTﬂdr =0

o8

© ZZ.‘.-;' QJ FrTRE

Fig. 3-20
Kirchhoffts-law.gives,two_moré equations,
(in+ 0)2s+ 1 (Ra* Rt Ra+R)w s (Re i) m NERTRS 7
(¢, iv)(Re + Ro) =y 4 KT Ry

These three equatlons glve .

.,/l;kTJ?..df' re.e(z,ﬂ?,n?.) |

?s(ﬁ’n* Rp)

v) Thermal noise in Re.

A voltage generator 0537?537' infseriesrwifh_kn
represents the thermal noise associated . with Ry . -Thé:éir-
cuit shown in Fig.3-21 and the requirement

l:, (‘Rﬂ“'.'eb)*‘ Ca_. Pb = O

result if V. is to be zero.
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Fig.3-21

Kirchheff's. laws give

(in+i,) 26 + (, (Re+Ro+ Rp +Re) + ts(Re+ ) = VhRTRadf

i+ BN ek Rs) = VikTREdF

Solving  these threevequatiOns gives

«/zlkT'?Rclf . Pp (R + Ke + zs‘)
Z:Rs (Ke+ Ko)

vi) Noise in external feedback circuitfy.

Consider an RMS noise voltage € to‘bé présent
in.the input. of the véltage'generator of Fig.3-16. This
is equivalent to a noise € across the input of the differ-
ential amplifier representiﬁg-the feedback.circuit. If V
. is zero, then this noise canxbe‘represented_by‘a'voltage

generator €F. as shown in Fig.3-22.
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/
3

Fig.3-22
Alse, if V=0, | |
djﬂ+&\;hﬂ=0.
‘,Kirchhoff's law'give§7
('.(kf4ﬁp*E3+P¢+2,);L1 (P¢+Rb)f£"i‘,=0

(Ul + G)(Re+ o) = - EF

¢

These equations. may: be solved for (w giving

(n = — EF.Fo(Zs‘* Re + Bg)- Pa (RerRs)
»2‘ ‘ ?3( Ee*?h) . .

The total equivalentrinput.noise current. in
the bandwidth df due to the above.mehtioned,sources is
found‘byvtaking.the square root. of the sum.of the Squéres
of the individual RMS:noise currents. The correspOnding

input ground acceleration in the bandwidth df is then =

M.
~times the total input neise current.
The equivalent ground acceleration in a specified
bandwidth due to these sources can be calculated by: inte-

. grating the corresponding. expression.for bandwidth df over



the required frequency band.

3.3.3 Drift. in the feedback seismometer.

Tt was shown in §3.5.2 that.the equivalent input
'noise associated with the thermal neise in.thebéeismOmeter'
due to damping was unchanged. by ‘the applicatien of feedback.

Inngenéral, the equivalent. input noise of‘a system
.remains. the same before and. after feedback is,applied7.

Thus, drifts due to thermé—elastic effects and
mechanical fatigue in.the spring;whicﬂ‘canﬁbe represented.és
.leng'period.input‘ground‘acéelerations, are unchanged by:the
7application,of feedback. Increasing the period of the seis-
memeter by. feedback will,  however, increase its Sensitivity
to long term.drift, but if the drift. is originally‘negli*'

gible with .respect. to long~périod-signals, it will remainnSo.

7. Proof in Appendix C.



Chapter 4 EXPERIMENTAL VERIFICATION OF FEEDBACK THEORY

L.1 The Willm@re:Mk.I seismqmeter

Experimental verification.ofgthe‘theory;presented
.in.Chapter 4 was carried out using a Willmofe.Mk.I seismometer,
formerly a standdrd. in.the Canadian séiémograph.networkl.
The,Willmoré~Mk.I is anpoftgble, shert . period séismometer,
capable of"both.verticéi andﬂheriZOntal operétion. its
suspended.mass.of54.26ikg is.a.cylindrical-permanent magnet ,
constrained to move axialiy,along,the seismemeter axis by
five spokes, which alsQ-provide the restofing force in.hor-
izontal operation. Two triahgular leaf springs support the
mass;fér verticai operatioen. Minor period adjustments are
readily made to obtain“a:resonantAperiod;of 1l sec. in both
the horizontal and.verticallpositions. The electromagnetic
‘transducer consiSts”of'éucoil, fastenediﬁe-the base plate of
. the seismemeter, which enters a circular,gap.beﬁween,the
sﬁspended.magnet's concentric p@le.pieces. In the instrument
used, the coil wés.waund,on«a special.aluminumnférmer which
.provided some degree of eddy current damping. Additienal
damping is. usually @btained}by'shunting the coil with a
suitable resistance. An external thumb sdréw'enables‘theﬁ
-magnet.to be clamped against the béttomvstop_during trans-

portation.

1. Now.replaced by the Willmoere Mk.II,
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The seismometer was operated solely in the hof-
izental position.for these experiments. |

It was calibrated‘using;a‘MaxwellAbridge by: the

method explained igﬁl.#.‘ The resulting;calibration.cufve
is shown in Fig.L-1l, with the ordinate Values.adjustetho
give the value of fgiin.ohms. The various seiémometer con-
stants were

M = suspended mass = 4.26 kg

D = damping constant =-14.2 Nsec/m

U = spring constant = }GB‘N/m :

9 = transducer conétant = lél.O-volt.seC/m
R = coilfresistance - 102000

L., = coil inductance? =1.18 h

Y, = damping ratio = 0.266 |

The . values of the resistor, capacitor, and. in-
ductor representing;the mechanical part ef the:seismometer,-

‘iylin.the current-driyén equivalent circuit (Fig.1-6) were

respectively 1825Q2, léiﬂF, and. 154 h.

l,.2 Calibration and feedback circuitry

The bridge used_toiapply feedback to the seis-
mometer was of course, the same bridge used.to calibrate
it. The resistances and capacitance coemprising the bridge

were measured on a General Radie impedance bridge and.were

2. L. was found to vary with.frequency. - The
value given.was determined:at.the seismometer resonanty,
- freguency, lcps.
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100

0.1 | Y o " 10.0

period (sec.)-%—f

Fig.L4-1 Calibration Curve ( ?s'(w) ). for Willmore MkI Seismometer..



. 43
K= 102.2k, Ko = 1050, R, = 10.5k, Cp = 0.11yF. The
substitution resistor Ke = lQ.Okvwas_used:in’caiibration
only. |
The output from:the bridge was fed. through a
-switch to an,Astrodata-nanovoltmeter-operated as'a:floating
. preamplifier to a Tektpenix-#SOz_oscilloscope. The.output
.of a KROHN—HITE»model thAR.ultramlow,frequency oscillator
_whichﬁprovided.the éalibratingvvoltage, was connected,through
~a - 40db attenuator to.the switch'leadinggto.the[preamplifief
and.oscilloséope where it céuld;be measured. |
The preamplifier gain was fixed at 100 to aveid
 bandwidth diffefences between‘ranges.l Since éll_déta re-
quired. were ratios of two Signals, the cerneﬁ freQuency'of '
the amplifier at~3.2 cps did not . affect the results. |
A block diagramﬂillustratinggﬁhe application:of
feedbackitgfthe_seismomefefvis givén=invFig.4—2. It also
illustratésvthe method. of determining the acceleration
sensitivity of the feedback seismometer explained in§.3.2.3.
Vacuum. tube operational amplifiers and coefficient
.potentiometers of a Heathkithodel‘C,AhalognComputer'were
used: to provide the-éain.and_to~perfofm.the'required_maph-
ematical operations in.the feedbackxloop._ 10%.cépacitors'
and. 5% resistors were used_with the amplifiérs. “
Tt was found. that. these amplifiers acquired a dc
offset when confronted with a caﬁacitive load such as the-
Maxwell.bfidge. ‘The clesing éf,the feedback. loop. further

enhanced, the problem. This effect could be overcome if the
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feedback circuit consisted.ofian_iﬁtegrator, byyplacingfa
330QNLresistance in series with Gz . The addition.of this
resistance did.not .affect the operation of the bridge.

| This procedure failed.howevef,,when a .differen-
tiator comprised the feedback circuit, and it was necessary
;to.rehove G from. the bridge. - This did affect. the operétion
.of the bridge at higher frequencies (above 3 cps) but as

\the purpose of the differentiator in.the feedback. loop. was
.to decrease the natural frequency, the absence of &G was not

ﬂimportant.

integr ator

of
differentialor

Fig.,L-2 Experimental feedback and. calibratioen schematic.

4.3 Experimental results

Several experimentally determined acceleratidn
sensitivity curvesvfor the feedback seismometer with dif-
ferent effective masses, spring and damping constants. are
compared with. the original acceleration sensitivity curve of

the seismometer:in Figs.L4-3a and 4-3b. The curves of Fig.,4-3a

4
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a) acceleration (periods greator than 1 sec.) and displacement (periods less
_than:1 sec.) feedback z

"FigsL-3 -Experimental acceleration sensitivities of feedback seismometer.

[
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b. Velocity feedback applied to 2 sec. period feed-
back.seismometer. »

Fig.L4-3 Experimental acceleration. sensitivities of feedbac
. selsmometer. | : _ _
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- with:reseonant  perieds greater_than;l-sec, were-ebtainedjwith
- negative acceleration.feedback!(effective.spring,constant _
increase). The-curves of Fié.b—}b-displaygthe‘capabilities
of feedback.in‘damping‘the.seismometer and. were obtained by
.adding: negatlve veloc1ty feedback to the 2 sec. resenant
»vperlcd feedback selsmemeter |

Tables L- -1 and 4 -2 centaln varlous 1nf®rmat1®n

. about. the feedback seismometers. whlch the - curves represent.
AA;lglnformatlon:presentA1nrthe tables. was derlved from.the
.curves andﬁfromstheioriginal.values.of‘the,variousaconstants.
Te is-the'resonant period of the feedback seismometer, and
.1is determlned from.the- p951t1®n of. the peak of the accel- -
eratlon sens1t1v1ty curves. .

While the curves of Flg L~ 3a indicate an. 1ncrease
in.the damplngqcenstant'(see Tablevh—l,and-F;g.3g3), veloc1ty
- feedback. was not applied. to the.seismometer;and;the:cause'
of the additional damping}isﬂunknown{ ,One,possibilityrin-

: vestigatedtwas-that of an. unWanted'phase shiftlin~theifeed—_
back loep A. phase lag in. the dlfferentlatlng network and
an phase lead in. the 1ntegrat1ng network ceuld 1ntroduce a
‘compoenent of vel®c1tygfeedback. As wlllzbe expla;nedalater;f
the differentiater_and“integrator nsed“in.thetfeedbackgioop
“have high and. low frequency,cuteffs respectively;sresnlting
.;inﬂphase differences: of. the required”sign,tovintrbduce'damp-
ing.(@in-Table h=1, ¢ isnthe'magnitude-ef the phase angle |
requireduto/produce~the'dampinﬁ‘observedﬁin,the;varieus

curves. ' The values of ¢ were calculated,frOmlene-of



Ty [sec] 0.25 0.5 1.0% 2.0 .0 8.0 17.2

( | |
R Q] 1920 5530 —_ 4800~ ~ . 758 325 258
added : ‘ - o |
,impedance< L_h] 10.1 514 T T T T
cld — — — 492 24,60 10,400 48,600

p1@, k. 26% .;u.2¢* k26 17.0 68.2 . . 273 - 1265

effective ¢ I)F%%J 27.7 0 19.1 1L, 2% ;19.6 484 9k.0 - 115.5
\ u [N 2690 672 1168% 168 168% o 168% - 168

¢ | 1 0.129 . 0.178 10.285%  .0.184 0.226 . 0.219 . 0.125
u¢[°]*w 0.3 0.55 ; — 22. 84 28.15 16.5 | L6

~* Original. value.
¥ Defined: in text on page 47.

8"

Table 4-1 Information. pertaining to acceleration sensitivity. curves of Fig. 4-3a.
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— ta! (DD} or “i(HD
.¢'W .(AU) | ¢ fan AM_) -

where 4M, 4D, AU represent-the effective increases in each -

-of the.parameters_lW , D, W, ¢ was found to be.too

+large in-all cases excebtlfor'To'= 0.5 sec. and 0.25.sec., for

which. it was. too small. <¢ in general wgs_also.too:large‘to

be associated with phase shifts in. the @perational_amplifiers

used.
curveean _ 1. 2 3 L
[ _ - | |
R [ L800 1215 . 4LLO - 197
added /)| [1] a | o
'impedance< L jm] - - - -
$C 3! 492 492 492 492
Moky 17.0 - 17.0  17.0 17.0
efrective{ D[N 19.6 35.5  73.0 146
\ ud]  esx  aeex 168k 168k
¢ 0.184,  0.336 o.691 1.38
T Curves are numbered consecutlvely from.. least damped
< Original value.

Table 4-2 Information. pertaining to. acceleratlon sen81t1V1ty
. curves of Fig.L-3b.
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Since é.is.small.for-Io = 0.5 sec. and 0.25 sec.
for which.CEwas.retainedﬁin_theAbridge,.and.large for the
other cases, for which (. was remoeved from the bridge, it
- is possible that the ceil inductance of the seismometer com-
bined with the above possibilities to produce ithe required
.phase shifts. The différentiating-circuit used. to obtain
.the curve for T .= 2.0 sec. had different characteristics
ffom;the others which may explain the deviation from. the
tendenby.df # to:increase towards the higher resonant

frequencies.

L.L4 Integrator, differentiator and.summing;amplifier3

The summing -amplifiers.were constructed with meg-
ohm resistances, and.the multiplications by 10 (recommended
,limitvwith»these.amplifiers).were accomplished with.1l00k and -
.1 megohm.resistances. |
Although:operational,amplifiersvare\theoretically
- capable of ideal integrations and differéntiations, the
presence of noise reguires. the use ofvpractical»différentia-
tors and. integrators. The integrating circuit used is shoWn
.in Fig.Lhk-La and a logarithmic: plot.of the gain in Fig.L-4Db.

The transfer function.of-this integrator is

Kx I
?TJT¢725'

where T,=%,(,. While this.reduces to an. ideal integrator

-only. if 'Ka= o0 it‘approximates,an,ideél integrator for

3. See Appendix E.- Transfer functioens of operation-
al amplifiers. '
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angular frequencies w such.that wB, »>1 .

Ry

loq (3«:’6,

-
VT, log o —>

‘a) circuit ‘ b) gain

Fig.Lk-=, Integrator used in experiméntal.wdrk.

The values‘of the re51stances and capac1tance
used were K, —-lOOk R.= 1 meg., and C;—-2 .OpF., with. the
. corner: perlod of 12 L sec.

The dlfferentlatlng circuit: used.ls shown. in. Flg

L-5a and a. logarlthmlc plot. of the galn in Fig.L-5b.
\og (9ain) » - _

! L
/T lff;_ '04 o —

a) circuit -b) gain  .-

Fig.L-5 Differentiator-usedhin.éxperimental'work.

. The transfer function‘of_this differentiator-is

RC s
(1+Tis)(14Tss)

where T,=RC ,T= G, with T>T.. ‘This.reduces to an

~ideal differentiator only.if .= O and R.= O, but. approxi-

mates an.ideal differentiator for-angular'freQuencies
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such that WT,<< |

" The -values of the resistances and capaCiﬁanceé
used were: Kj = 100k, Ry= lmeg., Cu= 0.0LluF, and C, was
for T, = 2,©vséc.. O.lh@MF,.and4for‘the other,thfee,curves,
l.gpF. The corner period at £#f was‘O}Og sec,'(ll.llcps).gnd
0.63 sec respectively for the two values of C, , and’at‘géi
.was 0.063 sec. (15;9,cps). '

It was necessary to keep the corner ffequencies
~of the low frequency cutoff of the integrator éndithe'high
.frequency;cutoff of the differentiater out eof the frequency
‘ranges of interest. If this wéé.n@t done, the.order-of the
'system“increasedband the efféctivelgpring'cdnstant‘énd.mass
became functions of frequency, distorting the sensitivity
. curves., | ) _

While it.is possible to obtain direct feedback
with .a separate operational amplifier and add it with a
summing ‘amplifier to the other;feedback.signals to prodﬁce
damping, cembinations of»diréct.feedbéck,.with.differentia—
- ted feedback are possible with one amplifier by,shunting,ﬁ
and €. in the differentiator by afrésiStor»as.shown in Fig.
L-6a, A logarithmic plot.of the gain is giveh>in Fig.4;6b.
| The transfer function is | ‘ |

R (1+Ts)
®(1+T,5X1+T,9)

where T = T\ +R’C, . For angular frequencies w< 2 , the
9 _ T o
EE%%;IQ which gives vel-
| - 811

ocity.and acceleration.feedback (remembering;that_the_seis-

differentiator transfer function.is

mometer output. is proportioenal to the velecity. of the mass).



log (gain)

! |
Va7 an VT, log & —=

a) circuit ‘b) gain

Fig.4-6 Single amplifier preducing combinatian of direct . and
differentiated feedback.

R

The velocity feedback coefficient is -? and varies
with R/, while the accelefétiopnfeedback coefficient.is Eéiggigg
and also varies with K. Howevéf;‘if as iliustrated in'Fig.y
4#7JP,is apprepriately chosen, the damping may. be varied
~through a wide range without affecting the acceleration feed-

back coefficient .and hence the resonant. peried. of the feed-

back seismemeter.

log (a&eleraﬁ'on feed-
back coefficient)

|09(velocity feedback coefficient) —

Fig.L-7 ‘Acceleration feedback coefficient.versus velocity feed-
back coefficient. for operational amplifier of Fig.4-6a.

L.5 Practical root.locus diagrams

Since the differentiator and integrator actually

-used differ from the ideal cases dealt. . with.in the thebry
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in Chapter 3, i;‘is réasonable to expectJthevroot-lécus
diagrams to take on a different appearance. Howevér, as
poeinted out in‘§h;3, if the,time”constants.wére correctly
. chosen, the practical-circuitsAbehave~ideally;for~the fre-"
quency ranges of interest. .Thﬁs, while the root locus.plots
contain .extra poles, zeros,iand;branches, the final results

are.esséntially,the'same as:shown in.the-fpllowing figures.

K>

a) ideal diff. ..

“Jd : o ' o ALJ”V

c) ideal int. | ~d) practical int.

Fig.4L-8 Comparison of ideal and practical root.loci.



Chapter 5 . CONCLUSION

. It has been shown that by applicatien.of nega—"
tive feedback, the shape and. positien of the response curves
of a seismemeter can. be altered at will, with“regard;te the
damping and. natural period. Negative acceieration;feedback
applied to the suspended mass of a seismometer effectively
gincreeses the mass, lengthening the period, while negative
displacement.feedback shortens the perioed by effectively-
stiffening the spring. The damping fector is effectively
“increased. by negative velocity feedback. Similar results
follow‘the application of negétive.feedback-to pendulum
nseismemeters in which . moments of‘inertia:ere considered,in
.place of suspended masses. |
' The abiiity to lengthen or shortengﬁhe resonant
.,ﬁeriod,and;hence shift the response band,of a seismometer;
by:-the application of feedback will allow;avpariicular in-
strument. to be adepted"to various research:projeets. The -
Willmore Mk.II seismometer with a builtlin;period adjustmeht,
has a.peried range of from 0.6 sec. to 3.0.sec. but. this. is
far less than the capabilities of a seismometer with,feed-
back. |

While the amount of electromagnetic damping which
.can be applied to a seismometer is réstricted byethe_field
strength of the transducer magnet, the useeof negative feed-v
back enables any'deéired.degree of damping to be obtained.
It appears. then, that. the feedback-method.might be an excell-

ent means of grossly overdamping seismometers. to achieve the
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broad. band characteristics desired. for magnetic:tapearecerding.
The actual shape of tne responSe curvee;‘aside frem
\dlfferences in. damplng, can. be altered w1th feedback 1f the
restriction.that. the unloaded feedback. selsmemeter be a sec-
ond. order system.is removed. The application of displace-
ment . feedback. through a low pass. filter toe reduce drift. in
.long period seismometers, as described,ingChapter’Z, re—f
sults. in a.third;order system. In these seismometers, the
springuconstantrbecomes.a.function.of period, increasing with
. longer periods. The acceleratienuresponse of the feedback
seismometer at. long periods, determined. by the spring:con-
stant, drops off at a-rate greater than.the normal 6db/octave.
A The use.of the Maxwell bridge in applying feed-
back-to an-electromagnetic seismemeter;through.the-transé
ducer coil terminals obviates the need‘of.a.second\trana—
ducer and. its necessary. calibratien. |
The Maxwell brldge also permits direct callbra—v
tion. of. the the feedback. selsmometer and . selsmograph based
.on.the method of Wlllmore. The cerrectlons usually requlred
.When_the bridge uaedtin.callbratlonlls replaced«by another
attenuator are not.required, since the brldge is. a. permanent
-feature of the feedback seismometer. |
The final step in.the theorywpresented:here is.“
being taken by, 0. G. Jensen‘ofrthe Dept. of Qeephysies_at :
U.B.C. in,the‘building‘of a seismegraph incorp@ratingathe

feedback methods presented.
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- Appendix A - ELECTROMAGNETIC TRANSDUCER

~A.11Theorz

- The electromagnetlc transducer cenverts mechanlcal
energy: into. electrlcal energy by -applicatien. of Faraday's
1aw‘of.electromagnetlc:;nductlen. A ceil, ®ften‘attaehed to
-the suspended mass, lies inithe field{of a-permanent. magnet
-attached. to the seismometer framel;'-Ifxthe-mase.and“coil
Umove.wimh,éLvelocity v relative to.the frame, an.emf 9¢ is
. induced across. the Qpen;terminalsrofvthe.coillwhere 3 is
. the transducer constant and is related to the magnetic flux
-threading the coil‘and;toethe”number.of'turns.inithe-coil.

If the coil is met open circuited, but isgcennecﬁed
. to a resistive attenuating. network or is.shunted;by,aareeis—
tor to produce\electromagnetic damping (%:2)»£he-outpnt,volt—
age is,n®~longer'gW'but is modified: by the coil and shunt
impedances. In.these cases, if the induetivegreactanee of
the coil;is,not negligibiefat-ﬁhe frequencieseof_signale‘
;being;induced.by;the.groundnmotien, theneeiemeneterrbechee:
a.third erder system, changing the>response~cneraeeeristics n
derived. in' Chapter 1. -

The eleetr@magneticftransducer<also.eenyerte,eleet-”
Nrical;energy;inte.mechanieal energy: a current iﬁflowing;in:

.the coll causes a force ji.teﬁbe exerted_on‘the_suspended.

l. An arrangement exactly. opp051te to thls is
found. in the Willmore Seismometer. o



60
mass of the seismometer. The mass responds to this force

as if the seismometer were subject to a ground accelerationﬁ%.

A.2 Electromagnetic damping

Damping requires.the application'of a f6rce to the
pendulum. which is proportional and opposite to the pendulum
~velocity. It may be obtained eléctromagnetically-by shunt -
ing the coil with a suitable resistance. If the éoilyof re-
‘sistaﬂce RL is.éhunted;by a-resiétor ¥s theﬁ:vneglecting-the

coil inductance, a current will flow in:ithe circuit

Ks+&e

and a . force ﬁ%%; will be applied to the suspended mass op-'
S <

‘posing its motionZ. The potential difference across the

QU'RS
Es'!’Rc.

The electromagnetic damping constant is i?g% and

shunt resistor may.then be the seismometer output and.is
.is maximum.if the coildis~short:circuited: ( Ks = O ). The
maximum amount of electomagnetic damping:which.can.beqapplied
.1s proportional to.the square of the transducer constant, and
- hence dependant on. the characteristics of the transducer

elements.

2. Note however, if the coil inductance 1sclarges
enough, it can.change this behaviour substantially.



Appendix B aTHE'LAPLACE-TRANSFORM¢AND,TRANSFER-FUNCTIONS

~“B.1l Laplace and inverse laplace transforms

- The Laplace transform of a functlon ((ﬂ of tlme

is defined as

F(s) = Z[F04) - f fet et

- where 5=<T+ja) 'is\the complex«frequency;
The inverse Laplace transform.of F(s) is definedvas‘
Z—‘[F(S)]f -——fF(s)e ds = f(t)
: | _j.
In practice these integrals may. be evaluated
.using,complex.yariablemtheory;or;the resuits may simpljfbe

extracted. from tables of Laplace transforms.

B.2 Transfer functlons

The transfer functlon of a llnear system is a
function of. the complex frequency S, and is deflned to be
the ratio of the exponentlal response to.an. exponentlal ex-
01tat10n Thus, if a8 slgnal Ty st 1s ex01t1ng ‘a system
~of transfer function G(S) the. response w1ll be 6(5\\’92%
and | SR st

. © (J‘°
Gls)= B =

- More ~generally, consider a signal wlt) [z ofor t< o)

which can be resolved into a -series of exponential spectral

terms by the Laplace_transform:

st
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u;(t):_————fV(S)e ds |

where Vi(s)= I[U'(f)] The effect of each spectral term.on. the
_system.response can. be individually: determlned The 1nput

spectral term at complex frequency S is \ngavd_

consequently, from the definitioen. of. the transfer function,

the corresponding o‘utput.term:is G(s)v;j:/e ds = Mﬂii%ﬁ .
: ‘ i

: Vels) _ Z [U'{(f)]
6(5‘):_ Vie - 2 [ @)

. is the general definition of_the.transfer.function_éfﬂq

-In words, tne transfer funbtion of . a'linear
system: is. the ratio. of the Laplace transform of a response
.to. the Laplace transform of the excitation.

‘The transfer function. of a-systemwmaj-be deter— s
mined. by, taking-the Laplace;transtrmrbf,the systemddifQLa
ferential equatien} | ' . v‘ |

Ausystem;with.transferffnnction ;Gﬂkfisfnsuali&:”
,represented{by.a:blockuin.which;the?transfer functiOn,isj

. printed. (Fig.B-l);‘

Fig.B-1 Block representatlon of a system with transfer function
6(s). | | |



Appendix C FEEDBACK

C.1: The transfer function of feedback sxstems

-Consider<the-system‘shown‘in the block diagram
of Fig.C.1. ¢(s) and l-(S) are transfer functlons and V(s)
Vo(s) , and E(S) are Laplace transforms of signals at. the

pos1t10ns shown. - The

Vils) g EG) 6() V¢(S)‘ ' circular symbol is a sub-

. tractor, and indicates

| Fls)

‘that. part of»the'output

- ( F(S)Va(s) . in transform
Fig.C-1 Block diagram of 4 ,
feedback system o ' Mnotation) is being added

;negatlvely to the 1nput
Such a system is called a- negatlve feedback system.

From~F1g.C-l, Vo (s) = E(S)G(S)

and B = wi(s) - ‘F(s')"v;(.s)

-Eliminatian of E(s) gives H(s)= Y,"is)) -_HFSS(;é(s) .

where FNS) is the transfer- functlon of the feedback system.
-and. is known as . the closed, loop transfer functlon F(s)G{s)
is known as;the,open.loop transfer function.and also as.the

loop gain.

C.2 Stabilitvvof'feedback systems |

From a phsical point:of view, if;the feedbackvsys-
tem .experienced phaSe shifts atASOme:value:of_the constaht
part of the loob gain such thatrthe feedbackvsignal.would

.be added. to rather than subtracted from.the input, the system.
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would saturate or become unstable. Such.pdssible phase
shifts must be considered in.the design of feedback systems.

From a mathematical point. of view, the‘reSponsé
of a.general system.With.transfer function HM(s) to applied 
init;al conditions is @f,the form é;cxeafwhere the S.=0; +jw,
are the poles of H(s) , ie., H(s)= © , and » is the num-
ber of such.poles. It-is seen that associated with each
,polé is a characteristiC“exponential response eﬁt . For
the system.to be stable, the charaéteristic exponentials
must be damped: o< O . Hence the poles.éf H(S) must. lie
in. the left half s-plane.

If Hh):,;gg%B)for a feedback system, it is re-
quired that. the roots of \+FIY)§($)=O. lie in the left half
s-plane. |

This criterion.is the basis. of the various methods
of stability analysis which are in use. The root locus
method is discussed in Appendix D and other methods may, be

found in referénces 2 and 10.

C.3 System.noise and feedback

A system with transfer function G&(s)= G,(s)&.(s)

NG) ‘has a .noise source N() at
-the position.Shown“in Fig.C-2.
] Gﬂ@ G — With zeré input, the system.
- output is Gai(s)N(s) ., This
Fig.C-2 Block diagram of output .can: be considered the

system with noise.
result of. a signal applied

. N(s)
.at .the system. input.  This equivalent input noise is then G6) -
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If. a feedback path .with transfer function F(s)

.enclosed. the system..(Fig,C-3), we have, for zero. input,

N(s) _
E(s) = — F(s)\(s)
E8 — ' ) - y
6.»(5) ) G.(9) = and  Ws)= G, (5)NGs)+ E(s) G(s)
- Fls) fe : . _ _G.(s)NGs)
giving VUS) = ety
Fig.C-3 Block diagram.of ‘which is the output noise due

noisy system with.feedback. ,
to the noise source N(s) .

The equivalent. input noise is.noew

Gals) N(s) | 1+ FIS)G(s) _ NUs)
| + F(s)G(s) ¢(s) G (s)

-which was the result. fer the system without feedback. There-
fore, the equivalent input noise of a system is unaltered by

. the application of feedback, provided the feedback path.con-
tains no noise sources. It‘then,follows that . the sigﬁal.to
noise ratie ofgaﬁsystem“iSJthe same before and.after feedback’

. is applied.



Appendix D  ROOT LOCUS METHOD

'D.1: Theory

The stability of a feedback system with transfer
function HI(s)= T;;%S%Eg depends on the position of the
polesl of H(S) in the éomplex<frequencygplane.. (See Appendix
C.2). The root. locus method plots the positions of the roots
of I+F(s)6(s) (poles of H(s) ) on the s-plane with the loop
gain -as a parameter,

The equation I+ F(s)6(s)= O defining the roots re-

duces to two eguations:  |F(s)&(s) = |

arg[F(s)6(s))= w+2™n  n= o,t1,2,..

The root.locus is the locus of all points in.the
s-piane satisfying the phase condition, with the magnitude
condition being used to determine the value of the loop
gain at any. point on-the locﬁé. As the loop gain=increases
from:- Q, to oo the - locus in geﬁeral,.originates,at,thef
poles of F(s)&(s)  (marked by X ), and terminates on.the
zeros? (marked,by~o),<with the direction of gain.increaée
being given:by arrowheads on:the locus. The vaiue of the
loop_gain“where.the-lécus.crosses into the right.half‘of
. the s-plane (0 = O) is the largest value for which.the
system:will remain.stable. This value will result in a

steady undamped oscillation.if linearity is maintained.

‘1. Poles of X(S) are those s for which X(s)= 0.
2. Zeros of X (s) are.those s for which X ()= O.
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; D 2 _} and as of second order sxgtems from root. locus dlagrams

Con51der a system with transfer functlon

E(s). ___as
Yi (S)-.. S+ 23,55 + W7

_which may,represent_the:acceleration,sensitivity;of an. un-
3loaded electromagnetic seismometer where E(SY is.the open
.circuit . output voltage andp \15) is the 1nput ground acceler—
ation. In. this case, Os=«f%.' , I~ QMNs and a= _i. |
Also consider the application of negative acceleratlon feed-
back, for example, to the selsmometer as shown in- Flg D-1.
The open:loop. transfer function:is | |

As*
Sty 23‘,@,94- o

Y61 st Sara - e w1th two zeros at the orlgln

bs

at. 3=‘§U‘JMJV?

Fig.D-1. Block diagram of

second order system.with 'P?thagarus'stheoremuand ele-
differentiating feedback ‘ : o o
. loop. - mentary:trigonometry*show

‘the . length. of a radlus vector
- between- the origin. and one of these poles to. be Ws , and the
angle between. the radius vector and. the negatlveureal axis -

to be.cos‘l-K‘ . The root.locus. for this feedback'system

~is illustrated. in Fig.D-2. As A increases, the poles. of the d
feedback selsmometer move along the c1rcular arc. compr1s1ng
‘the locus from the poles oflthe'open_loopAtransfer'functlon-

.to the zeros. Since~the'feedback system:.is of second_order,

- of ‘the s plane, and two poles o
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‘its poles are determined: by an.equation of the form
S*+ 2 Q’w;s s =

- and are at
S= - 3wl tjod f-¥%

¥, and & are the damping

‘ratio and angular natural fre-
quency of the feedback seis-

mometer and. may: be determined

Fig.D-2 35 and #of sec- graphically as described.a-
ond order system from root _
locus. : bove once the gain A and

hence the positions of the
.poles on.the locus.are specified . (Fig.D-2). For A=0 , .
the poles of the feedback seismometer are coincidenﬁ with
.those of the seismometer before feedback was applied and
we=ws and =7,
Root locus diagrams can:thus be used.to study the
| effect. of various types. of feedback on.the natural. frequency

~and damping ratio of the seismometer.



Appendix E »OPERATIONAL,AMPLIFIERS ’

E. llTransfer function. of operatlonal ampllflers

An. operatlonal ampllfler is a- hlgh galn dc amp-
lifier; When a- vacuum”tube operatlonal-ampllfler is en—v]v
closedvbyva»feedbeckapaﬁH,as.ih Fig;E-l;'the‘input,te'the |
ampllfler becomes a. v1rtual ground. Since the currents

'__flow1ng into. thls Junctlon

‘)' - ' must sum.to zero,lln trans—‘
126 B | ,
form notation, !.+ . oF
V{2 6 oo o B |
i I and Y8 . 209 " 45 the
' Vs Z.(s) :

o o transfer function of the
Fig.E-1 Operational amplifier. ' -
' ' system. _
If 2, and %, are resistances R and ® , then

Vo (s). _ -&_

Vislm R
.which is the: Laplace transform. of u(ﬂ—- R’v(ﬂ
'operatlonal ampllfler operated. in this manner-is a: phase -
‘inverter and,multlpller. |
If Z, and Z;Eere respecﬁivelyiawresistenee'and.a.

capacitance,sthen,’for7no.initial cherge on.ﬁhe éapaciﬁdr;

W

Vi (s) T RG S :
~ which.is the Laplace transform. of m(ﬂ--gt G dt

)
and the system. performs an. 1ntegrat10n W1th a galn of Rﬁi‘
Slmllarlly, 1f 2 is a capa01tance and ?, a resis-

tance then 7—) ?fCS and vl =-TRC, 3‘:—“)

Several signals can.be combined.as.sh0wnfianig.E-2 '
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V. (s)

Fig.E-2 Opérational amplifief with several inphtfsignals.;
with VUs) == 29 - V- 2 yy(s)
, 4 2 13

‘While transistor operational amplifiers operate . in

a different manner, the result is the same.

E.2 Block symbols of operational,amglifiefs

‘Three -standard. block symbois.whichﬁappéar-in.the'

thesis are illustrated in Fig.E-B.

070———5: Ui 0, v Uﬁ"“=” av
-0 : (o] O .
Uy O—1 o - ) .
-a) summing -amplifier b) phase inverter ~ .c¢) multiplica-
' A o ' tion. by a-con-
stant -

- Fig.E-3 Series of standard block symbols.



