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ABSTRACT

Four portable‘mégnetometer stations were set up at
intervals of 80 - 100 kilometers along an east-west profile
running from Tofino on the west coast of Vancouver Island to
Abbotsford on the mainland in order to study the spatial
dependence of the coastal anomaly; These were supplemented

by records from the permanent Victoria Magnetic Observatory.
The Tofino-Abbotsford chain extends and partly ovérlaps an
earlier chailn of statlons set up to search for geomagnetic
aﬁomalies along an east-west profile from Lethbridge, Alberta
to Vancouver, British Columbia. The coastal anomaly recorded
at Tofino 1s observed exclusively in the vertical component,
diminishing rapidly inland and reaching 1ts‘maximum value

when the inducing f1eld changes in approximately an east-west»
directidn with a'frequency between one and two cycles per houroi
Tbe horlzontal and vertlcal varlatlions are in a ratio of two to
one at the coast which 1s in agreement with induction ratios
calculated at coastlines in Australia and California. The
directional dependence and limlted spatial extent of the
anomaly indicate a rather shéllow conductivity discontinulty,
at most 100 kilometers deep, running approximately parallellto
the continental shelfline. Since at the mex1mum response
frequency the upper mantle beneath the ocean is largely shieldeq
by th% overlying wedge of sea water, the anomaly 1s thought to
be moStly-due to the_qondugtivityKCOntrast betwéen the deep

ocean and the continent. The diurnal geomagnetic variations



which pass through the surface layers virtually unattenuated
show at least a twenty five percent enhancement in the vertical
component from Abbotsford to Tofino. Thié anomaly perhaps |
reflects a change'in upper mantle conductivity more accurately
than does the higher frequency Toflno anomaly. At a still
higher frequency of three cycles per hour where the Tofino
anoﬁaly is already reduced, there 1s a small anomaly in the
vertical component at Westham Island on the east side of
Georgia Stralt which is completely absent at lower frequencies.
The 1nfluénce of a shallow body of sea water such as Georgla
Strailt 1s expected to be small. Hence this anomaly 1s probably
due to a c¢onductivity gtructure beneath the Stralt in the crust

. or upper mantle,
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I INTRODUCTION

A Coastal Geomagnetlc Anomalies

This thesis 18 concerned wlth an anomaly in the vertical

component variations of the geomagnetic field which was examined
with four portable Askanla magnetometers set up along an east-
west profile in the vicinlty of the British Columbia coastline,
together wlth records from the Victoria Magnetic Observatory.
Similar vertical anomalies have been measured at coastlines in
many parts of the world and seem to be correlated with the
horizontal magnetic field varilations 1ln a direction approximately
perpendicular to the coastline.

Parkinson(zu) has analyzed a large numbeér of maghetograms
from coastal stations all over the world and finds that there
is a strong tendéncy for the vectors representing changesg in
the geomagnetic field to lie on or close to a plane. At coaétal
stations this plane tilts upward towards the nearest deep ocean,
the only exceptions being at a few stations where the structure
of the continental shelf is complicated.

Similarly, Rikitake (%)

and his co-workers have Studied‘
intenslvely the vertical anomaly in geomagnetic bays-measured
on the main Japanese Island and have found that it 1s best
observed when the Iinducing field changes in a north-south
direction approximately perpendicular to the shelfline south
of the 1sland;

Along the California coastline Schmucker(u7) has recorded

anomalously large vertical components (Z) in long period Sq
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and short period bay type variations, together with slightly

reduced horizontal variations (D,H) at the shorter periods.
The vertical anomaly there 1s also correlated with horizontal
changes perpendicular to the California coastline.

Other measurements in coastal reglons have furnished.
interesting results., In perticular, Mason and Hill(zo) found
that the dally range of geomagnetic total force variations was
consplcuously greaterfover the continental ghelf in the north
east Atlantic than at‘the shore by a factor of two. Off the
west coast of Italy at Ponza Island (Simeon and Sposito(%49))
there 1s a startling parallelism between the vertical and
horizontal variations which is absent at stations in central
Italy.

In the Arétic»(Z@igalov(6l)) measurements from an lce floe
drifting across the céntinental shelf 1into deeper water showed
vertical component variations of diminlshing amplitude as the
gsea depth increased, especially for short perlod fluctuations,
of the order of minutes,

At Mirny in the Antarctic Mansurov(19> has reported an
increase in vertical component variations at the coastline and
an increase in herizontal variations on the ice just seaward of
the coastline. The ratio of vertical to horizontal variations
on the land near the coast increased as the period decreased to
the order of seconds. Thls result is consistent with the
frequency dependence of this ratio at the coastal stations‘of
Westham Island and Victoria in British Columbia (Christoffel,
et al(lo))p



B Possible Explanations of the Anomalies

All these coastal phenomena can be included under the
general term "coast effect" and although some  of them may be
caused by localized;subterrénean distributions of conducting
material, it has been suggested (Parkinson(zg)y Chapman and
whiteheadlT), Rilitake and Y@kayéma(Bu)g Rilkitake(35)) that
they ecould perhaps be accounted for by the anomalous magnhetie
fields produced by electrie eurrents induced in ﬁhé more ¢ot=
ducting ceeans. |

Anethep p@ééibié and far more interesting explanation;
as far as Upper Mantle studies arée conéérned; is that thé‘"@aast
effect™ is at least partly due to a lateral conduetivity
diseentinulty in the erust ané/@f upper mantle at the boundary
of eontinent and esean, The Mohorovidéié diseontinuity dips
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Figure 1. Generalized Section Across a Stable Continental Margin,
after J.A, Jacobs, R.D, Russell, and J.T. Wilson.
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sharply downward (Hess , Dietz(12)) as the transition is

approached from ocean to continent, and according to heat flow



measurements, there is a marked difference between the consti-
tution of the‘upper part of the mantle beneath the two regions
(Jacobs(17)) so that a conductivity discontinuity is not unlikely.
Furthermore, selsmic studies show a decrease in shear velocilty
at shallower depths under the oceans than under the continents
(Dorman, et al(l3)). Such a decrease in veloclty has been
attributed by Gutenberg(lu) to the effect of increasing tempera-
tures on the elastic constants of the rocks. Hence, the iso-
therms in the mantle beneath the contlnents could very well rise
cloger to the surface on passing 1hto the shallower oceanic mantle
provliding increased eléctrical conductivity due to lonic conduction
at a shallower level and resulting in a lateral conductivity
anomaly in the dpper mantle as a possible source for the "coast
effect".
By such arguments, Schmucker(47> has proposed that the
vertical conductivity discontinuity which was found at a depth
of the order of 100km under continental North America (Niblett,
et 31(22)’ Cantwell(u), Srivastava(so)) may be at much shallower
depths under the oceans resulting in a 1arge conductivity step
in the upper mantle beneath the continental shelf line. This
conductivity step might roughly parallel the upper boundary of
the low velocity layer, although it is doubtful (Rikitake(38))
that the low velocity layer itself 1s an extensive highly
conducting layer extending over large parts of the earth.
Studies of heat flow anomalles in the eastern Pacific

(Von Herzen and Uyeda(53)) lend strong support to arguments



for the possible existence of high temperature thermal sources
at relatively shallow depths beneath the oceans especially in

orogenic zones. In‘fact, 1t‘has been proposed (Rikitake(35))

that a highly conducting loop which could be composed of high

temperature matgrial provides an explanation for the Japanese

"coast effect” énomaly.

Although such proposals furnish plausible reasons for
expectiﬁg a coastal anomaly which 1s_independent of the mapped
geology, 1t is still not clear whether the Ycoast effect"
is due to eddy currents in the conductiﬁg oceans or due to the
upper mantle conductivity structure at the coast. If 1t 18 a
hybrid effect due to both the conductivity discontinulties of
ocean and upper mantle then the ocean water effect would have
to be eliminated in order to study the deeper conductivity

anomaly.

C Electromagnetic Induction in the Earth

The distance from the earth's surface to the closed electric
current systems, generally belie&ed to be the cause of transient
magnetic fields, 1s very small compared with the wavelength of
the fields, so the magnetic induction field predominates over
the radiation field and the geomagnetic fluctuations may be
derived from a potential function. The potential can be ex-
pressed in 2 éeries of spherical harmonics and is fouhd to
consist of an external part and a part of internal origin.
The internal field 1s assumed to be caused solely by induction

(),

in the earth by the external field (Chapman and Bartels



The strength and distribution of the induced earth currents

must, therefore, depend on the conductivity distribution and

also on the nature of the inducing field. Hence, in order to
study the conductivity distribution within the earth, ideally,

a separation of the transient surface fields into external

and internal parts must be made. This should be over a large
region comparable in extent to the entire earth!'s surface or

over a region of more limited extent, depending—on whether the
average conductivity within the earth as a whoié or local
conductivity distributlions are belng considered. Different
methods of separating the fleld over an area of the earth's surface
small enough to be treated as plane, have been described by
Siebert and Kerﬁz(48), Schmucker(45)‘and Weaver(ST)° Rikitake(ho)
has approximated the potentials of internal and external origin
dué to a magnetic‘disturbance by two pairs of radially opposed
dipoles, one outside the Earth and one inside the Earth; in the

region of the Asian continent.

D Theoretical Conductivity Models

Theoretical calculations have been carried out in attempts
to correlate the behaviour of the time dependent part of the
geomagnetic field over the earths surface with the conductivity
distribution within the earth. Information about the electrical
state of the earth can be obtained, as in this thesis, by an
analysis, at a given frequency, of the relative amplitudes and
phases of the three magnetic field components Z, H and D of the

natural geomagnetic fluctuations over the region of interest, or



through an examination of the variation wilth frequency of the
horizontal components of the natural time dependent magnetic
and'electric flelds at a particular location on the eartht's
surface (Cagniard(3), Wait(54), Price(3o)). So far, howe&er,
no success has been achieved 1n calculating the conductivity
distribution directly from such information on the natural
geomagnetic fluctuations. Rather, the distribution of con-
ducting materia1 is inferred by comparing the measured surface
field with that calculated for an assumed model conductivity
distribution often based on seismic, gravity and geological
informatlon. |

The world wide average of the ratio of internal to
external parts of the solar (Sq) and lunar (L) daily magnetic
variations was found to be consistent with a spherically
symmetric earth model consisting of a uniform %core®™ with
conductivity 3.6 x 10-13emu. surrounded by a non-conducting
outer shell (Chapman(6), Chapman and Whitehead(7)). Later,
the theory of induction in a conducting sphere wés extended
to a consideration of the internal and external parts of the
magnetic storm time variations (DST)° This, in turn, led to
the treatment of an earth model in which the conductivity in
the acore" varied as r”™ (Lahiri and Price(18)) (where r is the
earth's radius and m an integer) in order that theoretical
resulfs might be compatible with both the observed daily
variations and the storm time Variapions° The solﬁtion re-

quired a worldwide increase in conductivity at a depth of about



700 kilometers together with a surface conductivity distribution
suggesting the influence of the highly conducting oceans.
(Chapman and Whitehead(7), Lahiri and Price(18)), However, on
the basis of more numerous and rellable data, new analyses of
the amplitude ratio and phase differencé between the external

and internal parts suggest that the depth of the uniform
conducting core should be at 400km with a conductivity of

5 x lO—lzem.u° This new uniform core model overcomes éhe dis-
crepancy between the induction fileld from Sq and DST° More
localized analyses have revealed a large increase in conductivity
at depths as shallow ;s 100 kilometers beneath the North American
continent (Srivastava(50), Niblett(zz), cantwell(4)) and recent
work in California (Schmucker(47)) suggests a more gradual
transition from lower to higher conductivity values in order

to explain the observed induction due to both long and short
period variations. The practice of assuming a highly conducting
core whose spherical surface exists af a certain depth below

the earth's surface would, therefore, seem to be unreallstic,
since the“depth and rapidity of the major conductivity lncrease
in the upper mantle appears to vary from place to place.

Using the theory of induction of electric currents in non-
uniform thin sheets and shells (Price(28), ashour(1)),Rikitake
(36, 37) studied electromagnetic induction caused by daily
variations in a hemispherical ocean underlain by a concentric
sphere of uniform conductivity and also induction caused by

geomagnetic bays in a semi cylindrical ocean. Hls analyses



and that of de Wett who considered the induction of electric
currepts in an ocean model represent the first attempts to
approximate geomagnetic variations by considering a spherical
earth model whose lateral surface conductlvity variations
resemble those of the earth's upper layers. Rikitake's solutions
showed that'electromagnetic‘coupling between the oceaﬁ and the
conducting pért of the earth's mantle reduced the expected
anomaly in geomagnetic bays ﬁo a value less than forty percent
of the inducing field and reduced the anomaly in the daily
variations due to a hemispherical ocean to an almost negligable
value. Recently, however, it has been shown (Roden(uz)), on
the baslis of a flat ocean model, that in the case of dally
varlations, electric currents in the mantle can have but little
effect in reducing the anomaly within distances from the edge
of the ocean which are comparable to the depth at which the
currents are flowing.

The problem of induction in a spherical earth model with
complex boundary conditions near the surface 1s a prohibitive
one and lately more interest has been shown in the 1lnterpre-
tation of local anomalies ihvolving simple theoretical model
calculations in which the sphericity of the earth 1ls neglected
and the earth is treated as a seml-infinite plate conductor.
The basic theory of the magnetotelluric method (Cagniard(3))
has Been extended to_ the case where the earth contains-a
vertical discontinuity in conductivity. (diErceville and

Kunetz(ll); Rankin(32))° Because of its reievance to the
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interpretation of the Mcoast effect® at micropulsation fre-
quencies, this vertical fault problem has been studied further
(Weéver(55), Coode(s)) in the light of criticisms of the theory
of the magnetotelluric method (Wait(sn), Price(3o)) regarding
the nature and distribution of the source field.. However, no
exact solution has been obtained. The California coastal
anomaly of bay type disturbances has been treated theoretically
as the result of a perturbation of the large-scale, uniform
induction process in & horizontally stratified conductivity
distribution (Schmucker(47)). A relaxation method developed
by Price(28), taking into account the mutual 1nduction between
a conducting surface layer of varying thickness and a core of
infinite conductivity, furnished a distribution of the anomaly
which followed the observed data closely. 1In this theoretical
model the anomalous vertical variations result from the edge of
an oceanic current sheet at the surface and from currents flowing
in the upper mantle beneath the continental surface léyerso
Similar theqretical calculations using conformal mapping methods,
based on a m;del consisting of a large conductivity step close
to the earth's surface, glve a similar spatial distribution.
Both of thesé models predict the observed increase in the
anomaly as the frequency of the geomagnetic variations increases
to the order of one cycle per hour.
E Experimental Conductivify Models

Theoretical investigations must involve vastly simplified

conductivity distributions because of the extreme difficulty in

solving induction problems with highly complex boundary condltions.
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On the other hand, coastline and subsurface lrregularities may
be taken into account to some extent in 1aborat9ry model studiles.
In particular, experimental proof was obtailned for the enhance-
ment of verticallgeomagnetic variations at the edge of a hemi-
spherical ocean, and the anomalous effects of a conducting loop
beneath Japan were investigated experimentally. (Nagata, et
a1(21)). More recently experiments performed with a flat,
copper sheet model of the Pacific Ocean in the nelghbourhood
of Japan (Roden(nz)) have yielded a distribution of diurnal
and seml diurnal filelds which agree qualitatively wilth observa-
tions. In Australila (Parkinson(zs)) experiments have been
performed on an earth model in which the oceans are represented
by sheets of copper bent to lie on the surface of a sphere and
a uniform highly conducting core af a depth of 600 kilometers
is simulated by a sphere of aluminium. The primary field is
introduced by a coil of wire wound in the form of the current
function thought to produce bays, and held outside the sphere
in a position corresponding to the ionosphere. Preliminary
results show that for bay type disturbances the copper oceans
have an effect which agrees qualitatively with observations at
the coastline, but the conductors modify the field much less than
the conductors present in the earth. Measurements in the interior
of the continent indicate that the uniform highly conducting core
should be at a much shallower depth.

It would seem, then, that the oceans are responsible for

at least part of the "coast effect™ but no realistic ocean
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model, mathematical or experimental, has yet been devised
which gilves a quantitative explanatlion for the anomaly at

all frequenciles.
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ITI THEORY

A Natural Geomagnetic Variations

It is belleved that transient geomégnetic variations are
caused by the interaction of so;ar pérticles with the earth's
magnetic field. Analysis of these variations, both periodié and:
irregular, at different points on the earth's surface provides a
tool for the study of the electric state of»the earth. Changes
in the total magnetic force vector are usually measured continu-
ally in the form of the three components D, H and Z each of which
is recorded on a magnetogrém° All three components undergo smooth
and regular variations with a period of approximately one day.
These dally variations.may be separated into the solar daily
variation (S) which depends malnly on latitude and local time
and the much smaller lunar daily variation (L). Storm and bay
type disturbances are superimposed on these periodic variations
and commence at almost the same instant at all points on the
earth's surface. Bay type disturbances, which last for about
one hélf to two hours, show up on magnetograms as a deviation
from the normal periédiC'daily variation, gradually increasing
to a maximum value and then decreasing smoothly back.to the undis-
turbed level. Certain phases of wéak magnetic storms provide use-
ful feétures, although they are usually more irregular and less

"easlly analyzed than bays.

1; Normal Variations
Geomagnetic vériations may be represented by a time dependent

disturbance vector F(t) with components D(t), H(t) and 2Z(t)
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which, in general, are functions of position P and frequencyW.
The disturbance vector consists of parts of both an internal and
an external origin,i.e. we can write »;E:(t) = f‘::(P,w) + ﬁ(Ps w) .

A common assumption is that the magnetic permeability/i is unity
(cgs units) and that the internal part arises solely from in-
duction by the external part in the conducting earth. If the
conductivity distribution in the earth 1s horizontally stratified,

the geomagnetic variations are said to be "normal™ and
— — — —
F(f) = Fn('ﬁ) = /';n(P, w) + F{n(P’w)

2. Anomalous Variations

Lateral conductivity inhomogeneities may result in a de-
formation of the internal current system responsible for the
normal internal part Fin(ﬁcq) glving rise to an anomalous in-
ternal component F:qﬁﬂuﬂ which varieé from station to station.
For simple conductivity structures where mutual‘induction can be

ignored the total lnternal part may then be written as
— - — \
F;G%‘@) = Finga‘”) + F{QQ?,uQ
and the total disturbance vector as
— i —r i
F_(t) = Feh<P~s W) + F‘in(P)w) + FiO\(P7 "‘)) .

Induction analysis leads one to expect a correlation between the

anomalous variations F{QGD,w) and the total normal variations

Fow = Forlrw) + Fen(Pyo)

3. Separation of the Field into an Internal and an External Part

If the inducing field 1s essentially uniform, any differences
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in geomagnetlc variations observed at‘adjacent stations can be
assumed to be due to-an“internalhahomalous part. However, if
the external inducing fileld 1s not uniform, the internal and
external parts must be separated in order to determine the in-
duced secondary fields assoclated with the conductivity anomaly.
Assuming that the displacement current can be ignored, the magnetic
variations may be derived from a potential function. The potentials
due to internal and external electric currents may be repres-
sented as Fourler integrals involving spectral densities which
decay exponentially'with depth (see Induction Analysis, equation
(22)) as follows: |

(=

ﬂe(3»2)= f MEA cos Ny + 327\5‘ SnnAg] dr , 2z

o

A\
O

Vv
9]

[~ ]
JY'i(H’Z) - j Cos %5 + e fh sin Ng] dnh A
' A
o

where Z 1s measured vertically upward and Y in the direction of
the total horizontal fileld variation HT. The coefficients EA,EH
e%,fh are spectral densities and 2w /A is the spatial wavelength.

The field components at the earth's surface Z = 0 are given by
R

}Z(ﬂ) = -c)anLe.. a_ag_i = f[(EA'e/\)C”S?“j +(F7\—)(h)sin 7\5147\

[~}

1
5
\

H_{y) :

[
\

[[Ermea)siony + (Fyefy) cos D] 4
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A Fourier Analysis can be carried out on the spatlal dependence

of the Z and HT variations which are determined by measurement.

Z(y) = J[Hz(h)wshg + B, (1) sin hg]d;‘

co

[ A, (Neos ny + B, W)sinny ]

H.(4)

°
The spectral denslties EA 7F;veav£% in the expressions for

the internal and external potentials may be found by equating
the corresponding spectral densities in the expressions for Z(j)

and H_(4). Thus

I
m
y .
|
M
>

A, (2) A () = Pt

{
M
v
|
S
>

B.(n) = By (2) = ~Eatea

Hence, the internal and external contributions to the magnetic

variations at the earth's surface may be calculated.

B Induction Analysis

The current system which 1s the source of the magnetic
varlations is assumed to vary perlodically with time. All the
fiel@ vectors contain a time factor eiw"t and all time deriva-
tives may thus be replaced by 1W.

1. The General Thecry of Induction
Using the electromagnetic system of units Maxwell's fileld

equations are:
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divE = 4mpc? (1)
divA = O R (2)
curl W= amkE + L 2E (3)
c* 3t
Cur\-g: -_A_E (4)
3t

:where thevpermeability/L is taken as unity'everywh?re, K 1is
"the conductivity of the medium, and‘p the charge density.
These equaﬁions are appllied to the regions above and within a
seml infinite conductor which approximates conditions above and

below the earth's surface. z
| ) *

K=0

TTTTTT] 77

x
it is assumed that there is no space charge in the region above
the conductor and that any charge distribution inside the con-
ductor will bg rapidly dispersed, so that we can write p=0
everywhere and d'iv.-Eh = O ‘ (5)
Taking the curl of equation (4) and combining it with equation
(3) sives

J°F = iarkwE + (_i_g_)Q_Z_EP (6)
c

For slowly varying fields and/or high conductivity _gf<3:4wkh>
Cz
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Hence, inside the conductor equation (6) reduces to the diffusion

equatior}. ; vz_E-a- AT .é- | (7)
Above the conductor the conductivity K is negligible and the
displacement term 51’ can be neglected since the induction
field dominates théazadiation field in reglons well within one
wavelength of the source. Both terms on the right hand side of
equation (6) can thus be neglected and in the region above the
conductor, equation (6) reduces to Laplace's equation.

s K72 E? =0 (8)
With. the above simplifications equation (3) becomes

curl H = 0 and hence H=- grad
where ﬂa satisfies Laplace's equation since div " = 0.
Therefore, the magnetic field may be expressed as the gradlent
of a scalar pctential in the reglon above the conductor.

The problem now is to find field vectors E and H which
satisfy equations (5).and (7) inside the conductor, equation
(8) above the conductor and the usual boundary conditions at
the surface. Substituting E= Z@) —F-:@z,g) e
into equations (5), (7) and (8) yields

Z(3Z+g)rFZ=o (9)

o= - " - N
2<0, o F +3__L = -‘-Z[-éz +i4mmz}|—‘

dz* (10)
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N

31-
Z

= 2B
Z>O,""3_._F + F = - _l-
Ay 3" Z

|

»

0/0/

F (11)

o

The Form of Z(z) Above and Within the Conductor
The coefficients of ¥ on the right hand side of equations
(10) and (11) must be constant, since the left hand sides contain

no Z dependence. Therefore let

L2 - N (12
z>0, Z s (12)
and
z<0 Py 14TKw= - N |
) Z 35T - (13)
Solutions of equations (12) and (13) are:
270, Z=se*¢ B (14)
62
z<o0, Z= oe (15)
where e* Ny 14T KW
le. e J—[{(awm + A }+7\]+jb,[{ 4T Ktw) +>\"'} 7\]

The solution (15) satisfies the condition that 2@)=»0 & z2—» -0,

The Form offﬁ(x,y) Above and Within the Conductor
Equation (9) yields an expression for F(x,y) which holds

above and within the conductor. Let F, =0 so that

EE_;I.-\- a__Eﬂ = 0
.3 oy
Then .
F= (8, -2, 0) (16)
Y ox
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where by equations (10) and (11)

2 ' '
P 3P, nP-o (17)
au* oyt

The Form of‘ﬁ‘and'ﬁ-Above and Within the Conductor
Above the Conductor ( 2 >O)=

From expressions (14) and (16)

YA 18
()A(e +8 (E,—E,O) (18)
‘ Q«j ox
Equation (4) gives an expression for the magnetic field " in
terms of the electric field E = Z ( 53 —aj )
' ax
Thus

'_{Q—C\.= curl Z(-Q-P-,-_af,o)
4 X,

]
N
Q-
N
Q.
—U
IO/
NIN
Qs
_U

i
VS
(v )4
~
v

+
o/
P
—U
~—
N
N~

By equation (17) thilis becomes

- (dZ 2P, 24P, 2PZ)

-iw oz az E 35

and on using equation (14)

—g = —:Z—E; 3r-¢.d [(}Axeﬁz-— 8 -he P@,g)] | (19)

Within the Conductor (2<©):

From expressions (15) and (16)

—E->= 92(3? —ap O)

(20)
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Once again equation (4) gives an expression for the magnetic

field H 5 .
5 :
H = -L (GaeziE,eo«ez.a_?, hapaeez) (21)
T ox 33 ‘

The Scalar Magnetic Potential
Above the conductor, H=- gradxfl and thus by comparison with

expression (19)

Ju = - (H‘ &+ BE™) P(ayys 2) (22)

where
7\A'--Q and Z\_§= B

Tc:__ 1w

The term involving A ehz corresponds to the field due to
sources in the region above the conductor, whereas the term
involving B émz‘ corresponds to the field of the induced
currents inside the conductor. m
Boundary Condltions

The tangential components of E and H are continuous at Z = 0.
Thus, the tangential components of E given by equations (18)
~and (20) and the tangential components of H given by equations

(19) and (21) may be equated at Z = O giving

A+t B = o | (23)
and NA - B)= ©a (24)

Written in terms of the coefficients A and B these yield

-iw(A-B) = Aha (25)

-iw(A+B)= 6a (26)
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Combining these expressions gives the value of B in terms of A,

viz :
"B = (E=2\AR 2z A+ i4TK .
(9+7\) where 9

Thus, the boundary conditlons at the earth's surface require an
image source beneath the surface with a stéength depending on
the conductivity K of the earth, the frequency of the variations
«w and the spatial wavelength 2w/a.

2. Induction by a Periodic Linear Current in an Infinitely
Conducting Half Space.

Z

Linear Current

Source OF k =0
h

| Image Current @ | k=00
] ; Source

» iwt
Conslder a periodic current I'ezw flowing parallel to the x-
axls in a positive direction at a height h above the earth's

surface. The magnetic potential of this line current is given by

; wt -
Sle='2 Ie™ tan E b_;]_E] , which may be

represehted by Fourier's integral theorem as

-
ﬂez,zgl.e{wteﬂz-h)s;nw &, o¢zéh
A
Q

The potential of the induced field arises from an image source
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with strength<6-7q'1 , and thus the potential due to internal

e+h
currents may be represented by

;= 2 f(@:l‘.) I e{wt eh(-z—h) sin by d)
S\O+A )

In the case of an infinitely conducting half Spéce ﬁ;;l

becomes unity and the image current source appears ag-;hline
current of strength I at a depth -h flowing in the opposite
direction to the external source. The mirror lmage approximation
may also be applied in the case of a finitely conducting hori-
zontally stratified earth so long as high frequency variations are
considered so that & 1is very large and Et;% once again
approaches unity. The external and 1ndu§ig vertical variations

at the surface are:

o0

Lo(2=0) = - odle(z=0) = -2 f Tt é”’ sin Ay A
o2 o

and

.Z{(Z--‘-O) = - %J_z__li (Z:O) = 2 fI eiwt e-?\‘ﬂ Sin 7\\:’ an

Therefore Ze = -Z{ at 2 = 0 and the'total vertical varilation
is zero at the surface of an infinitely conducting half-space.

The external and induced horizontal variations at the surface are:

He‘j(z=o) = -%__dle(z:o)__. -2 JI eiwte_‘hk Cos Ay d A R
3 )
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and

- 00
H;_ (z=0) = "_a_‘j_lf(z=0> = =2 f I e;wt e—hh cos Ny dn

3 63 [»]
Therefore ¥4eaz Hiﬂ at Z = O and the total horizontal variation
is 2|4e5 at the surface. 1In reality, the conductivity of the
earth 1s finite and in the case of longer period bay type dis-
turbances, the image source will be weaker than a mirror image,
the vertical component will not be completely cancelled and the

horizontal component will be increased less than two-fold.

C _The Effect of an Ocean on Geomagnetic Variations

The_boundary between ocean and continent'represents an
obvious lateral conductivity discontinuity which will be re-
sponsible for an anomalous internal magnetic field. The anomaly
may be studied as the edge effect of a large scale system of eddy
currents induced 1n a thin sheet of uniforﬁ conductivity repre-
senting the ocean. Since the depth of a large ocean 1s negligably
small compared to its horizontal dimens:ions, tlie currents
would be expected to cilrculate in large eddies flowing parallel
to the ocean floor.

1. Relation between Electric Currents and Magnetic Flelds in a
Thin Uniformly Conducting sheet

2

?

K=0

' !
//ﬂ7/////7717////////{d
K=0
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Neglecting the displacement current as in part B, the relevant

field equations are:

Curl -q = 4-’“.{ (l)

curl E = -0H | ()
ot

div ;: = O_+ } (3)

T = kE | (4)

where the permeability s 1s taken as unity (cgs units) and K
is the conductivity of the thin sheet.

Above and below the sheet T1=o0 , so that curl H = 0 and
hence ¥ = - grad Jl (5)
where Jl satisfies Laplace's equation. If the thickness of the
sheet 1s infinitesimal, themcurrents will flow parallel to the
surface of the sheet and the normal compénent ﬁ; of the magnetic
field and the tangentlial component E} of the electric field have
.the same magnitude and direction on both sides of the sheét;

Integrating equation (4) over the thickness of the sheet

d d d
-+ = -
f $dz. = Jk(E dz = E, E Kdz
o ° o
le. T, = E,o (6)
d | d
where Tt = ,( 1 dz and 0 = f K dz are
[~} ]

the total sheet current intensity per unit 1ength at a point
on the surface and the total conductivity per unit length.
Applying equation (1) to a small volume element enclosing part

of the thin sheet,
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[f oo s fosta
using the identity ‘(”‘ curl @ cl\; = H wxa dS

and the definition of total sheet current intensity per unit

length, equation (7) reduces to
Jf Ax R dS = Hmr'{'tds*

By shrinking the volume while still enclosing the sheet, we

a it - N -
can write F\Px(H_\,-H_) ss = 4rmT, 5
T - L B« (F; —:q-)
ie, g e + (8)

— P
where "W 1s the unit vector in the positive Z dlrection, H;

is thé total field above the sheet and ﬁ_ the field below.

Applying equation (2) to a small circuit in the surface

of the sheet at Z = 0, gives — a—»
. curl E¢ = - 24X

ot
which together with equations (6) and (8) yields
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-4 QE
ot

(9]
<
3
—
>
X
~
T}
+
|
T}
~—
[U
1l

Taking the scalar product of both sides of this equation with %,
we obtain the boundary equation.
—r ——— ’
div (H,-H.) = —amo 2H- » (9)
ot '

— e :
Now H+—H_ = -3rad(ﬂ+—ﬂ->
and UQ = ﬂeﬁ'ﬁ\, where Jle and JL' are the magnetic potentlals

e
of internal.and external origin., Since Jl+ 251115 we have:

- = -gred (L -LY) | (10)

The magnetic potentlal of the 1lnduced currents in a sheet at
7 = o will ‘have the same distribution on both sides of thé sheet,
the potentials on one side being the negative of the potentials

on the other.

ie. tyzi'(-xsﬂj'z) =:' —~Lfli ( zw.ﬂ>’?:>

80 that at Z = O ﬁx.\. = - QQ,L.
4 : '
" and , >c§1+ = BuYLE

V2 dz

Therefore equation (10) becomes

H+"H_ = -2 (}, %‘-_S}-\- + :]' %%_L‘.) (11)

where _i and } are unlt vectors in the x and y directions.
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e 1
Substituting thils into equation (9) together with Hz=-_§_‘_9+—%éze
z o2z

we obtain

[ L R - 2w 2 [A__J}i+ é«_@:]
W e 63“ ‘ ’ ot 0z YA

and since .,Q: must satlisfy Laplace's equation, this boundary

equation becomes

Vs | oame o [ 3L L 3_9'_7—1] (12)
2 2* ot | 92 oz

Let the inducing potential field be of the form
e 22wt
J?a = & € P(Z,H)

Then the induced field above the sheet will be of the form

. _7\2 . t .

= ke et Plxy) (13)
so that ﬁe—? o] as. Z ~—a =00
and ﬂ:,—-v o as Z—> +®

e .
By substituting ﬂ and ﬂ:. into the boundary equation (12),

k = 2Toriw
AN+ 2Taiw

The modulus of k gilves the ratio of the magnitudes of JZ:- and
que and the argument of k glves the phase shift of the induced
field relative to the inducing field. The electric current
intensity per unit length -?; in the sheet can now be expressed
in terms of the inducing field He. Substiﬁuting equation (13)
into (11) we have

H, - - -2k (227, 50t

3y
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which in turn may be substituted into equation (8) to give

1y = _‘L X H: , : (1)
2T

The electric current per unit length at a point in the sheet
is, therefore, linearly correlated with the component of the

external inducing magnetic field variation perpendicular to 1t.

2. The Edge Effect of a Current Sheet‘

Neglecting the effect of the ocean boundary in modifying
the electric currents, and treating the current sheet as uniform
right up to the edge, provides a simplified picture.ofAthe spatial
distribuﬁion of the associated vertical magnetilc fields.
Mutual induction between the current sheet and any conductlvity

distribution beneath it is also neglected. ,
Z Inducing Fleld
——e

3 \ A Anomalous Vertical Field

\
° [ . ™ 4 ) y
A - o ), /

- z
\\, Inducing Field
' + _1+] '+| + +\ y
S S S /7 o / /7 /// '

Anomalous Vertical Field

Figure 2 Electric Currents and their Associated Magnetic Fields
at the Edge of a Uniformly Conducting Sheet.
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The vertical magnetic fleld at a point (y,z) due to a line
current of infinite length in a direction perpendicular to the y-
axis and of strength {t dg' situated at a point (y',0) is
gliven by

. !
M. = 2 1, dy’ _3-9
A N A0k
The effect of a current sheet of infinite length, extending from
y = 0 to y = -W, may be approximated by integrating the vertical
fields contf;buted by alnumbér of such line currents perpendicular

to the j-axis and in the plane of the thin conductor.

~ Hence, the vertical field due to the sheet is given by
-W '

He = j‘ 2 (4y-y) ledy' . iy 103[ 2%+ y* ,]

7 2%+ (y+ W)?
o Z= + (4-97)F _(Ei )

H, = Ejjg loa

2%+ y* , \
T2 7 2 using equation (1
2= zzf(a_‘_w)z g eq (14)

This expression glves the expected spatial dependence and directional
dependence of the vertical, edge-effect, anomaly, viz
1) The vertical anomaly increases as the ocean 1s approached,
reac?ing'a maximum at the coastline.
2) The anomaly i1s linearly correlated with the horizontal
inducing fielq perpendlcular to the coastline.

When the fleld changes toward the ocean the anomalous

vertical change is positive (upward), and when the fleld changes

toward the land the anomalous vertical change is negative
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(downward).The expression for H, is indeterminate at z = O,

y = 0 because of the mathematical nature of the model.

3. The Frée Decay of Electric Currents in the Oceans

.If the electric'currents are excited in an ocean and left
to decay, they will do so exponentially with a time constant
which depends on the total conductivity of the ocean. The theory
of electric currents in a uniformly conducting disc (Ashour(l))
shows that the time T required for the current density to be
reduced to /e’ bf its initial value 18 given by T =234 Q/O°
where @ 1s the radius of the disc and.ﬁlis the surface resistance
per unit length. Taking the conductivity K of sea water to be

4 x 10”31

emu, the radius of the Pacific Ocean 4000km., and the
average depth 4 km., the abové formula gives a free decay time

of approximately four or five hours. Although bottom irregularities
may re@uce this decay time to a smaller value, 1t 1s evident that
the Pa¢ifib.Ocean will sustain elecﬁric currents induced by bay

type disturbances of one or twé hours duration. A curcular eddy
current in the relatively shallow Georgia Stralt between Vancouver
Island and the mainland would decay 19 Just a few seconds, so that

in this case a vertical anomaly caused solely by the sea water is

impossible for variations with a period greater than a few minutes.,

4, The Shielding Effect of an Océanic Layer
The. magnetic filelds of the induced currents in an ocean
tend to cancel the source fleld beneath the layer. It has been

shown 1n secﬁion Cl that the inducing and 1lnduced fields above
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a thin conducting sheet are related by the following equation
. 'I.. e
@) = kS (-2)
where k _ > Ties
N+ 2TMoriw

Aso Nl = - Aiea)

1 e
so that below the sheet the field is given by Jl. = —k JL
and the total field there is: :

N_ = NE+NE = (-k)JL°

Hence

N = (7(‘ - {hzv¢w>ﬂe

A+ 4Tt

and the amplitude of the field variations below the sheet is

reduced to a fraction A
\[7\" + 4T irte?

of the external field. It is reasonable to suppose that spherical

harmonics up to the tenth degree are sufficient to describe the
field of a bay type disturbance in mid latitudes. Hence one can
set an upper limit on the value of A and a corresponding lower
limit on the attenuatiog of thé external fleld as it passes
through a layer of ocean, three kilometers thick, in the vicinity
of Vancouver Island. Setting the spatial wavelength 2w/A equal
to 2wR /10 where R 1s the earth's radius gi\}es A .6 X 167" em!
Assuming that the conductivity K of sea water is 4 x 10'11emu,

the corresponding harmonic of the incident field will be reduced

beneath the oceanic léyer to ten percent of its value above the
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ocean, for variations with a period of forty-five minutes. This
calculation is, however, unrealistic in that it neglects the
effect of a possible highly éonducting region in the upper mantle
beneath the ocean. Also, we are not entirely Jjustified in
assuming that the source of the magnetic variations 1is a station-
ary electric current system varying periodically with time,
since there is now reason to believe (Rostoker, private communi-
cation) that the system i1s quite 1ikely to drift relative to the
earth's surface giving the source field a travelling wave nature.
5. The Effect of the Conducting Mantle on Electric Currents in
the Oceans '

There is a rapid increase in electrical conductivity in the
vicinity of the upper mantle which may be represented theoreti-
cally by a highly conducting core in the earth's ilnterior.
Electric currents which are induced there are responsible for
magnetic fields which suppress the induction of currents in the
surface layeré. Therefore, if the conducting region begins at a
- shallow depth, as‘might be expected beneath the oceans, mutual
induction will reduce both the intensity of the oceanic current

sheet and its shielding effect on the layers below.
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III EXPERIMENTAL PROCEDURE

A Askania Variographs

The Askania variégraph is a portable instrument consisting
of three varismeter units for recording the declination D, the
horizontal intensity H and the vertical intensity Z, and a
device for recording time marks, the temperature and a base line.
The insfrument is housed in a heat insulated case and a heater
and thermostat are provided to keep the inside temperature at
a constant level. The suspension fibres carrying the magnet
systems can all be adjusted for complete temperature compensation,
in case temperature‘fluctuations are permitted by the thermostat.
Scale values for the three sysﬁems are determined by passing a
known current through Helmholtz coills mounted on each variometer
and noting the defiection° Movements of the systems are
recorded by an optical system on photographic paper which is
advanced by a'BOc/s synchronous motor drive. The drive operated
poorly on 60 cycle line power, causing a number of records to
be lost. The recording magazine holds é ten meter roll of
photographic recording paper which lasts for about twenty days

operating at a speed of 24m.m./hour.

B Installation and Maintenance of the Varlographs

The instruments, with the exception of the Westham Island
variograph, were located indoors in reasonably non-magnetic
buildings where 60 cycle, 110-115 volt'power was. available,

The Tofino and Abbotsford stations were operated with the
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assistance of the Department of Transpert personnél aﬁd the
Franklin River station was housed in a building:pfOVided by the
courtesy of the MacMillan, Bloedel and Powell Rivef-Companya
The instrument on Westham Island was located in a plywood
shelter at the R.C.A.F. telemetry station. All the sites
were checked with a portable Barrihger 6M—102.proton pfééession
magnetometer, and only those with low spatial gradients;(( 5 K
per meter) were used. | Y

The chronometers which provided the hourly time marks
were set within a few seconds.by W.W.V, Short:wéve time signals.
Records were also kept of the gain and loss of each chronometer
so that corrections could be applied to the time marks in the
"event of an error greater than one minute. A calibration check
of all three components was carried out for each roll of pﬁoto-

graphic film used in the variographs.

¢ Confidence Limits

‘The Helmholtz coll factors used in the calibration of the
instruments are accurate to *1%. The magnetometer‘deflection
caused by callbrating currents can be measured to within about
+0.3m.m., 1.e. about #1% of the deflection. Unknown factors
Include: the meter calibration (probably better than ¢1%);
non-iineariﬁies in deflection of the order of l%.over the range
of the magnetogram; 1naccurate meter reading under difficult
field conditions (probably under 1%). The overall éccuracy of
magnetogram features should, therefore, be better than ¥3 to 5%.

v

For the purpose of this survey, the instrumental confidence
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limits have been arbitrarily set at 5%, i.e. differences in
amplitute recorded at different stations are consildered

(instrumentally) significant only if they exceed 5%.

D Processing of Records

The photographic recording paper in the varlographs was
changed approximately once every two weeks and developing was
done using facilities at the Victoria Geomagnetic Observatory.
Data for the Fourier Analysis of bays was obtained from the
records (as shown below) by marking off each of the three
components at 2.5 minute intervals and digitizing by means of

a template.

(A

PR P T s i e

This spacing allows the calculation of Fourier coefflclents for
frequencies up to s8lx cycles per hour. Dally variations were

analyzed by digitizing the records at twenty minute intervals,
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IV METHOD OF ANALYSIS

A Fourier Analysié

The analysis is based on the calculation of the spectral
densities of each of the three'components D,H, 2 of a particular
magnetic disturbance. A digital computer program based on
Simpson's interpolation rule furnished the Fouriler components
for egcﬁ of several bay type magnetic disturbances for frequen-
cles from .001 cycles’per minute to .06l cycles per minute.
Ideally, a spectral analysis allows each of the three time
dependent componehts D, H, Z of a disturbance to be expressed

as a sum of simple harmonic time functions

f(t) = f A ) cos widw o JB(w) sin wt dw

where the frequency functlons B(w) and A(w) are the sine
and cosine spectral densities (defined in Appendix II). Since

Maxwell's fleld equations are linear, each of the Fourier

componeﬁts _

:Fw(t) = A(w)dw cos wt + B(w)dw sinwt
or f,@4) = Cldw cos(wt-Ew)
where C((w) = \/A(w)z+ B(w)z  and € = a.\"r\'-l E_(_ﬁi)

- Aw)

may be treated separately as linearly polérized harmonic waves
of frequency W 1incldent on the earth's surface, and then the
principle bf superpositioﬁ applied. Henceforth, the sine and
cosine spectral densities B(w) R A(w) will be used in place
of the Fourier coeff‘iciengs B(w) dw , A(w)clw and the amplitudes
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of the harmonic waves. Therefore, the Fourier component (at
a frequencyWw ) of the total magnetic disturbance at the earth's
surface can be written as the vector sum of three orthogonal

harmonic terms

e

Fo@) = 1 (wcos(wt-¢,) +i Culwleos(wt-g, )+ k (ol cos(wt-£€5)

in the directions of the three geomagnetic'components Z, H; D.
The corresponding external 1nducing dlsturbance is an ellipti-
cally polarized harmonic oscillation of frequency W 1in a plane
parallel to the earth's surface, comprised of linear harmonic
oscillations in the D and H directions.

For a two dimensional anomalous zone, the anomalous part
of the vertical magnetic disturbance ZA at the earth's surface
is correlated with the component of the horizpntal disturbance

perpendicular to the strike of the zone, denoted by S.

A

\

2 \Z

Thus S _ /( Bb(w) oS O + BH(w)S\'“e) + ( HD(M)C059+ HH(w)anQ)

where

Hot) = An(w eoswt + Byw) sinwt
Dw('t)= Qb(w) coswt + Bp(w) simwt _
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The linear horizontal disturbance S consists of parts of both
external and internal origin and may itself contain an anoma-
lous part varying with distance from the anomalous zone. If
the assumption of two dimensionallty is not Justified, the

approximate magnitude of the horizontal disturbance 1s given by

Hyo= «\/<CH(“’))Z+ <CD<M)>Z

A study of the spatial dependence and frequency dependence of

the quantities Z_ , S, ZA/S and Hyp permits a limiting estimate

A’
of the depth and extent of the conductlivity anomaly.

B Polar Dliagrams

Polar diagrams provide a means of testing a possible
correlation between the vertical variations and the component
of the horizontal variations in a particular direction (Parkin-
son(23))° The upper circle of the dlagram is used to plot
points corresponding to a change with an upward vertical com-
ponent and the lower circle for a change with a downward
vertical component. The points are plotted as in a Schmidt
equal area proJectlon, the radial distance of each point from
the centre depending on the ratio of the vertical change to
the horizontal change and the asimuthal angle ¢ of each point
depending on the geographic direction of the horizontal change.
 A point at the centfe of the dlagram represents a change in

the magnetic field in a vertical direction.
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Figure 3 Method of Plotting a Polar Diagram

//
i
A Fourier Analysis breaks down a magnetic disturbance

- into in-phase and out-of-phase sinusoidal oscillations of the

form

Zw('t) = Hz(w)Cos wt + Bz(w) sin wt
H, )
Dult) = RApw) cos wt + Byw) sinwt

Aw (W) cos wt + Byw) sin wt

The horizontal change at a particular frequency W can be

regarded as the sum of two out of phase linear oscillations of

the form Seoe @ = (AL) + Ape) cos wt
( By)+ Byw)) sinwt

Ssin (w)
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with asimuthal ’directions\ ¢CO$ - tan” Anw) ,
H Seos () Apl)
‘ Peos SSa'n(w) ¢Sfm = tan-' BH (w)
¢Sin D :’; BD (w)

relative to the direction of D. When the conductivity is
relatively large as it 1s in the oceans, 1t seems reasonable

to assume that there is in-phase induction (Hyndman(16)), so
that one 1is Justified in attempting to correlate each of the
horizbntal linear oscillatlons Scos.(“> and Ss;n (W) with

the 'cof’responding in-phase vertical oscilllations H,_(w) and
Bz(w) on a polar diagfam. Hence,' the Pourier analysis of

one magnetic disturbance yields two points on the polar diagram
defined by Az(w) s Scos (W) and Bz W) > Ssin (w) corres-
ponding to the frequency w . If the anomalous zone is two
dimensional, the points from the Fourier Analysis of a number

of disturbances will be scattered along a great circle (Fig. 3)
which will be symmetrical about the dlrection of best correlation,
perpendicular t0°ﬁhe strike of the anomalous zone. The correla-
tion at each station can then be expressed by the induction
coefficient C = Z/3. The scatter of the points whicﬁ may vary
wiih frequency will be enhanced if there is any out of bhase

induction and if the inducing wave contains too large an
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uncompensated vertical component.” In such cases, the directional
dependence, indicated by the position of the great circle on
the diagram, may become obscured and no induction coefficilent

can be defined for the station.

C Statistlical Analysis

1. The Precision of a Mean Value

The mean value of a geomagnetlic variable, such as Z, at
a particular station can be estimated by sampling a number
of geomagnetic disturbances. The precision of the mean value
obtained from such a sample of n disturbances as an estimate
of the long term mean value 1ls gilven by the standard error
S.E. = 6;/1/?? where ¢ 1is the standard deviation of a

long series of observations. Using data from one sample, we

o = %(zf _2)7-

Nn=-|

can approximate ¢ by

so that the S.E, = :g(Z;-Z)z

The probable error P.E, of a mean value 1s defined as the value
of the deviation from the true long term mean which, in a

normal distribution, will be exceeded on half the occasions

P.E. = 0.6745 (S.E.)
=0.6745 /5 (z.-Z)*
1
h{n-1)

The probable accuracy of all the mean values calculated in
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this thesiS'are given in terms of the probable error P.E,
2. The Significance of a Mean Value

"Students™ t test provides a method for testing whether
‘a sample mean 2 differs significantly>from some postulated
value Z', assumling that the long-term distribution of values

of Z 1sAnear1y normal. The value of t 1s defined by t = Z2-2Z'
SOEQ

and Student" has calculated the probabllity of exceeding any
value of t derived from a raridom sample of n events. Adopting
a confidence level of twenty percent requires that the calcu-
lated value of t be smaller than that:value which has a one

in five chance of occuring in any random sample; otherwilse

the data shows a significant deviation from the postulated

mean value and a new mean value must be sought.
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V. RESULTS AND ANALYSIS

The sites of the stations used in the analysis are shown
in Fig. 4. Tofino, Franklin River, Westham Iéiand and Abbots-
ford were occupied by\Askania varlographs. Victorla is a per-
manent magnetic obsgervatory. Two of'these stations (Abbotsford
and Westham Island) overlap the profile recorded by Hyndman(16)
Hyndman's analysis showed that the amplitude of the variations
in both the horizontal and vertical components was essentially
constant from Westham Island as far inland as‘Grand Forks
(longtitude 118°30'). This means that Abbotsford and Westham
Island can be usedwas representative inland stations.

A particular example of'a geomagnetic disturbance, recorded
simultaneously at Tofino and Victoria on Jan. 10th, 1964, is
shown in Fig. 5 where the Z, H and D components have been re-
drawn to the same scale. A two to one enhancement in the ver-
tical component at Tofino as compared to Victoria shows up clearly,
whereas the H and D components are essentially identical. This
disturbance was digitized at two and one half minute intervals
and a Fourier analysis was carried out on the vertical'component
at the two stations. The sine and cosine spectral densitiles BZG»,
Hz () and the amplitude spectral densities Cz(w) were plotted
as a function of frequency showing a two to one enhancement of
Tofino values over Victoria values covering virtually the entire
frequency range from .00l cycles per minute to .061 cycles per
minute (Figs. 6’7)7 A plot of the ratio C,(w)morrno / Cz(w)VICT,
(Fig. 7) gives a better indication of the frequency dependence
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of the Tofino anomaly and shows a peak at .036 cycles per minute

(period ~ 30 min.) with another smaller peak at .053 cycles per

minute (period ~ 20 min.).
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A Directional Dependence of the Anomaly

Nine bay type disturbances were recorded and digitized,
covering the period Jan. 10th to July 3rd, 1964, A Fourier
Analysis was carrled out forleach of the three components Z, H,

D at all the stations operating at the time of each disturbance.
One representative disturbance for each of the five stations was
then chosen in order to look for a possible correlation between
the vertical and horizontal variations. A plot of the Z, H and
D sine and cosine spectral densities for the five statilions shows
a correlation mostly between the Z and D components, becoming
most pronounced at Tofino over the frequency range from one to
two cycles per hour (Figs. 8 to 12).

A confirmation of this result was obtained in the form of
a polar dlagram (Fig. 13). Points representing magnetic variations
with frequencies between one and two cycles per hour were derived
from the spectral densitiés of six magnetic disturbances recorded
at Tofino. They show a tendency for the field to change upward
when 1t changes to the west and downward wheh it changes to the
east. When the direction of the horizontal change is north or
south, very little vertical variation oécurs. Although there are
only a limited number of points, a correlatlon in approximately
an east-west direction is indicated. Tpe change vectors repre-
sented on the polar diagram are scattered about a plane inclined
upward towards the west at an angle of about 30°-to the hori-
zontal, corresponding to an induction coefficient C = Z/S of 0.5,

Points representing field cnangés with frequencies outside the
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Figure 13 Polar Dlagram for Tofino at 30 minute to 60 mirute

Periods
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Figure 14 Polar Diagram for Tofinc at 20 minute to 25 minute
Periods



VICTORIA

Figure 1% Polar Diagram for Victorla at 30 minute to 60 minute

Periods
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Figure 16 Polar Dilagram for Vietoria at 20 minute to 2D minute
Periods
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range one to two cycles per hour, not included on this polar
diagram, deviated considerably from this pattern, indicating

that the coastal anomaly is most clearly defined in this frequency
range.

The Z, H and D sine and cosine spectral densities for Tofino
at a frequency of about three cycles per hour show that the Z
component is not correlated with the D or H component alone but
probably with a combination of both. A polar diagram plotted
for Tofino at the higher frequency shows a correlation in a
north-east, south-west direction approximately perpendicular to
the Vancouver Island coastline, but the scatter in the points is
greater than at the lower frequencies making it difficult to
define a preferred plane (Fig. 14).

Polar diagrams plotted for Victoria were based essentially
on the same magnetic disturbances that were utilized in the
Tofino diagrams. The correlation at frequencies of one to two
cycles per hour at Victoria appears to be more north-sast, south-
west rather than east-west as at Tofinc with a great deal more
scatter than on the corresponding Tofino diagram (Fig. 15). At
a frequency of three cycles per hour the correlation is not

clear (Fig. 16).

B Spatial Dependence of the Ancmaly .

The stations occupled along the east west profile provided
a means of measuring the coastal anomaly at distances of 50, 120,
240, and 300km. east of the one hundred fathom line off the west

coast of Vancouver Island? The spatial dependence ig best studied
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by analyzing magnetic disturbances recorded simultaneously at all
stations on the profile. However, each magnetic disturbance was
‘recorded only at two or three of the stations, because of
frequent instrument failures, mainly in the drive unit, and
local artificial disturbances at the Tofino station. In addition,
the two stations at the eastern end of the profile were at no
time occupied simultaneously. Thus, comparisons of the vertical
and horizontal varlations between two stations on the profile
could sometimes be made only Indirectly with reference to the
Victoria station. |
1. Variations with a Period of Forty Five Minutes

The vertical varliations, Z, at this period are apparently
correlated with the component of the horizontal disturbance in
an east-west direction, S. A study of the change of Z and S with
distance along the profille iliustrates the spatilial dependence
of the anomaly. The amplitude spectral densities C:ZQJ) represent
the vertical variation, Z, at each frequency «w and the east-west
horizontal_variation S is defined using the sine and cosine
spectral densities AH(w), BH(w), AD(w) and BD(w) of the

H and D components.

Vertical Component

Amplitude spectral densities, C Qu) , at frequencies of .021,
.023 and .025 cycles per minute represent variations with a period
of approximately forty five minutes. A comparison of (:z(av
along the profile aﬁ these frequenbies, for the same magnetic

disturbance, furnishes a fairly consistent pattern (Table 6).



For the six magnetic features studied, the values of 'Z decrease
from Tofino to the Westham Island and Abbotsford stations, the
value at Tofino being as much as one hundred percent-larger than
at Westham Island. A mean value of Z was calculated for each
station by normalizing the vertical component of each disturkance
by the corresponding vertical component at Abbotsford (Table 2).
(In some cases this was calculated indirectly by comparison with
Victoria values.,) This mean value of Z decreases steeply from
Toflno to Franklin River and then 1ésé ateeply towards the repre-
sentative inland stations of Westham Island and Abbotsford

(Fig. 19), the latter stations being equivalent if a confidence
level of twenty percent 1s accepted. An I1mportant poilnt is that
the Tofino anomaly diminishes to less than half its value over
the 70 kilometer distance from Tofino to Frankiin River. On the
average Victoria values do not differ significantly from Abbots-

ford values.

Horizontal Components

The éomponent of the horizontal variation in an east-west
direction, S, at a period of forty five minutes, in general
decreases coastward with the exception that in some cases Frank-
lin River has a slightly Smaller value than Tofino (Table 6).
The value of S at Tofino, however, 1s consistently about five to
ten percent smaller than at Westham Island. With reference to
Abbotsford a mean value of S was calculated for each station with
a probable error of three percent (Table 2). The decrease of ten

percent in the mean value of S from Abbotsford to Tofino is
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consistent with the expected decrease with distance from the
Auroral Zone. If the source of geomagnetic bays 1s assumed to
be a linear current approximately 2000km. from the profile, the
horizontal compoﬁent falls off in inverge ratio to the square of

the distance from the source (Van'yan and Kharin(52))

l.e. ES = K
Y
and bence dS - 2K dr = _S %_ch,.

Tofino is about 100 kilometers further from the Auroral Zone than
Abbotsford, so that

dS _ —2dr = -2(100) _ _o.

) r 2000
Thus,_é decrease of ten percent in the value of S 1s expected,
independent of an internal anomaly. In the light of these con-

siderations, no anomaly 1is apparent in the horizontal component.

The Induction Coefficient Z/S

The correlation exhibited by the Tofino polar diagram for
frequencies between one and two cycles per hour Jjustifies the
calculation of an induction coefficient C = Z/S at a period of
forty-five minutes. The mean of the Z/S ratios glven in (Table 6)
is 0.5 ¥ .03 which is consistent with the 30° tilt of the preferred
plane on the polar diagram and comparable to the values obtailned

(25)

by Parkinson in Australia.
2. Variations with a Period of Twenty Minutes

The scatter of the Tofino polar diagram at a frequency of
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three cycles per hour is too great to justify correlating the
vertical variations with a horizontal disturbance vector in a
particular direction° |

Vertical Component »

Amplitude spectral densities C:Gu)jat frequencies of .047,
049, .051, and .053 cycles per minute were used to represent
variations with a period of approximately twenty minutes. Thg
vertical component at Tofino is typlcally larger than at Franklin
River but, instead of there belng a smooth trend to smaller \
values further inland, values at Victoria, Westham Island and
Abbotsford are in general larger than'at Franklin River, but
usually not so large a8 at Tofino (Table 5). As at the lower
frequency a mean value of Z, based on eight magnetic features,
was calculated for each station relative to corresponding
Abbotsford values (Table 2). The plot of Z as a function of
distance from the coast shows the Tofino anomaly and also suggests
a vertical anomaly in the region of Westham Island (Fig. 19).
"The larger probable errors at this frequency imply that the
suggested trends are not as consistently reproducible as aé the
lower frequencies. Nevertheless, the enﬁancement of Westham
Island over Abbotsford which is absent at the lower frequencies is
statistlically signifipant and most likely does reflect a
relatively shallow conductivity inhomogeneity.

Horizontal Component h
The total horizontal variation Hy is, in general, larger

inland, the amplitudes at Westham Island being about twenty percent
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larger than at Toflno and the amplitude at Franklin River

usually from ten to twenty percent larger (Table 5). Here again,
the horizontal variations are expected to diminish with increasing
distance from the Auroral Zone. Hence, we conclude as before, that
no appreciable internal anomaly shows up in the horizontal

component from Tofino to Abkotsford.

C Frequency Dependence of the Anomaly

The vertical amplitude spectral denslties, Cz @d) , at
Tofino and Franklin River were compared with the corresponding
values at Victoria (Table 3). The values of Zor./ Zvie.
derived from six magnetic disturbances showed a statistically
significant deviation from a postulated value ZTOF/ZV,CF |
over the entilre range of periods from twenty minutes to thfee
hours. The values of ZZFRR//:va‘derived from five magnetic
disturbances did not deviate significantly from a ratio of unity
over the same fre@uéncy range, and a comparison between Victoria
and Abbotsford at these frequéncies based on six magnetic
features showed no significant difference.

The mean values of Z-,—or_ ch_ ‘and ZFRH/ZWC‘ were
plotted as a function of period and the points fitted with a smooth
curve (Fig. 17). ‘The results indicate that the anomaly reaches
a maximum at a period of thirty minutes to one hour, a period
at which the effective overall conductlivity contrast is apparently

greatest.,

D Daily Geomagnetic Varistions

A Fourier analysis of sixty hours of simultaneous magnetilc
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records at Tofino, Franklin River, Victoria, and Abbotsford
yielded well defined peaks at periods of twelve and twenty-four
hours, allowing a comparison of the diurnal and semi diurnal
geomagnetic variations at these four stations. Additional
analyses of simultaneous records wawruﬂ;possible because of
local disturbances on the Tofino records, so that these results
must be considered as preliminary. There are no convincing trends
in the horizontal components of the semi diurnal variations,
but there is a six percent increase in the diurnal horizontal
component from Abbotsford to the coast (Table 4). However, the
vertical variations for both the diurnal and semi diurnal com-
ponents decrease eastward along the profile Tofino, Franklin
River, Abbotsford, the amplitude of the Vancouver Island stations,
including Victoria, being twenty to thirty percent larger than
at Abbotsford on the mainland.

The marked difference in the vertical daily variations
between Abbotsford and the more western stations indicated in
the above preliminary analysis had been mentioned in an earlier
study by Hyndman(l6 . Consequently, a more thorough analysis
based on one hundred and twenty-six consecutive hours of
simultaneous magnetic records was carried out 1n order to compare
the vertical variations at the Victoria and Abbotsford stations.
The results show a twenty five percent Enhancement of Victoria
over Abbotsford in the diurnal vertical'variations, diminishing
to a ten percent enhancement in the semi diurnal vertical
variations (Fig. 18). Victoria does not differ appreciably

from Abbotsford at higher frequencies.
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E Discussion of Results

The vertical anomaly at Tofino reaches a maximum at a
frequency between one énd two cycles per hour and is characterized
by an induction coefficient of 0.5. The polar diagram plotted for
this range of frequencles suggests a two dimensional conductivity
diécontinuity running approximately in a nor'th-south direction.
Aithough the diagram at a higher frequency of three‘c&cles per
hour seems to indicate a shift in the directional dependenée
(more perpendicular to the coastline), such a shift cannot be
considered significant because of the limited number of points
and the scatter on the diagrams, It is clear, however, that at
the maximum response frequency the directional dependence 1s
consistent with that expected at the edge of an oceanic éurrent
sheet and/or above a two dimensional conductivity step in the
uppér mantle running approximately parallel to the continental
shelfline. Sinc¢ce the anomaly d;minishes to an-almoét negligible
value at a distance of 100 kilometers from the coastline (Fig. 19)
it is not expected to be caused by a conductivity step deeper
than 100 kilometers beneath the surface. Furthermore, unless the
upper surface of the step 1s at a shallow depth, perhaps in the
vicinity of the Mohorovidic discontinuity, most of the electric
currents will flow in the ocean rather than in the mantle beneath.
:Until one can accurately measure the electric currents flowing
in the deep ocean or the amplitude of geomagnetic 'variations
beneath the oceanic layer, it is difficult to estimate the
contribution of subsurface changes in conductivity ét the coast-

line.



69

The twenty-five percént increasé in the vertical diurnal
vafiations from the ﬁainland to Vancouver Island must be inde-~
pendent of surface layers and most likely does reflect some kind
of lateral subsurface change in conductivity deep in the upper
mantle which may be associated wlth a systematic difference in
the nature of the upper mantle beneath oceans and continents.

The possible vertical anomaly at three cycles per hour at
Westham Island may be due to a relativeiy shallow conductivity
inhomogenelty, since it is absent at a lower frequency of one to
two cycles per hour. The limited spatial extent of the coastal
anomaly rules out mutual induction between the Pacific Ocean and
the sea water in Georgia Stralt;, and the total conductiviﬁy of
the sea water 1s not large enough to sustain electric currents
for longer than a few seconds. However, the Georgia Strait
depression at the south end of the largely submerged coastal
trough between Vancouver Island and the mainland is underlain to
a depth of five kilometers by clastic sediments of late Mesozoic
and early Cenozoic age (White and Savage(58))° Consequently,
it is at least plausible to suppose that the overall conductivity
of the depression relative to the mainland rocks is large enough
to cause a small vertical anomaly. At'the same time, a deeper

subcrustal source is not ruled out.
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VI CONCLUSIONS

With reference to Fig. 19 which shows the magnitude and
extent of the vertical anomaly, an elevation profile for the
region, and a crustal structure profile based on seismic and
gravity data (White and Savage(58)), it is believed that:
(a) The majJor portion of the coastal anomaly at one to two
cycles per hour is caused by electric currents flowing in the
ocean beyond the continental shelfline, unless there is a lateral
conductivity contrast at a depth of 100km or less which is large
enough to compete with the contrast between ocean and continent.
(b) The extent of the diurnal "anomaly” is consistent with a
conductivity discontinulty deep in the upper mantle.
(c) The possible inland anomaly at a higher frequency of three
cyeles per hour is so heavily dependent on shallow structure
that no consistent trends compatible with the large scale crustal

model can be postulated.



TABLES

STATION INSTRUMENT GEOGRAPHIC APPROX.

LONGITUDE LATITUDE ELEVATION
(FT)
TOFINO ASKANIA 125°47'W U49°51N 4o
FRANKLIN RIVER ASKANIA 124°481  49°61N 100
VICTORIA ASKANTA 123°25'W  48°31'N 600
VICTORIA RUSKA  123°25'W L8°31'N 600
WESTHAM ISLAND ASKANIA 123°11'W  49°6'N 10

ABBOTSFORD ASKANIA 122°21'W  49°11N 200

Table 1 Location and Details of the Variograph Stations

DURATION OF
OBSERVATIONS

Dec 16/63 to July 10/64
May 16/64 to July 10/64
Sept 1/63 to May 12/64
Continuous

Nov 1/63 to June 5/64
June 5/64 to July 12/64

FREQUENCY .021 C.P.M. to .025 C.P.M.
-RANGE TOF FRA WES ABB

Z COMPONENT 1.8+0.1 1.1*.04 0.9*.07 1.0 Z COMPONENT
S COMPONENT 0.9+.03 0.9%,02 1.0%*#04 1.0 Hi COMPONENT

VIC
1.1*0.09

047 C.P.M. to .053 C.P.M.
TOF FRA WES

1.4t0.1 0.80+.08 1.2%0.1

0.9%.05 1.0%03 1.1%,09

VIC
1.0%0.1

Table 2 Mean Values of Vertical and Horizontal Changes Relative to Abbotsford

Values (Based on Nine Magnetic Disturbances)

ABB
1.0

1.0

T



FREQUENCY IN JAN, 10, 1964 MARCH 5, 1964 MAY 24, 1964 JUNE 19, 1964

CYCLES PER MIN TOF VIC TOF VIC TOF FRA VIC FRA ViC
.005 760 420 550 340 2790 2740 2890 3610 3840
.009 1010 520 680 430 2540 2150 2000 2420 2650
.017 _ 760 370 1050 540 810 530 560 1400 1450
.023 ~ 860 L4io 850 410 580 450 450 720 750
.033 460 170 110 40 370 340 340 140 60
.041 . 240 100 360 170 130 80 90 420 i70
.049 150 70 70 50 170 170 170 180 240
MAY 25, 1964 MAY 27, 1964 JUNE 21, 1964
TOF FRA VIC TOF FRA VIC TOF FRA VIC
.005 4160 4100 4520 1940 1720 1580 920 970 1060
.009 2880 2780 2940 930 610 560 450 550 660
.017 Loo 350 40O 690 500 400 230 170 1170
.023 L60 360 460 250 170 100 220 170 170
.033 360 200 270 160 130 90 120 90 100
.0o41 220 260 300 140 80 60 130 130 160
049 210 160 200 80 70 4o 40 30 4o

Table 3 Comparison of Vertical Component Spectral Densities (in Gamma-minutes)
at Tofino, Franklin River and Victoria as a Function of Frequency.

VERTICAL COMPONENT ‘ TOF FRA VIC ABB

DIURNAL 525 490 508 106
SEMI DIURNAL 333 285 290 278

TOTAL HORIZONTAL COMPONENT

DIURNAL 876 854 825 830
SEMI DIURNAL 670 679 648 687

Table 4 Comparison of Spectral Densities for the Daily Variations (Based on 60
hrs, of Continuous Records from 1500 U.T. June 19/64 to 9300 U,.T. June 22/64)

2L



.O47 CYCLES PER MINUTE

DATE OF 7 COMPONENT H, COMPONENT « Z/Hy RATIO "
FEATURE TOF FRA WES ABB vIC* S ABB VICT TOF FRE WES ABB VIC
JAN. 10 140 70 | 270 360 | 0.5 S 0.2
MARCH 5 130 80 4o | 450 510 440 | 0.3 0.2 0.1
MAY 24 190 150 180 180 90 100 130 120 | 2.0 1.4 1.4 1.5
APRIL 29 40 10 190 190 0.2 0.1
MAY 25 270 240 310 | 300 290 2460 | 0.9 0.8 1.3
MAY 27 90 50 60 | 290 180 290 | 0.3 0.3 0.2
JUNE 21 70 50 70 50 | 150 170 180 170 | 0.4 0.3 o.4 0.3
JUNE 10 150 160 180 320 370 290 0.5 0.4 0.6
JULY 3 10 30 100 80 0.1 0.4

.O049 CYCLES PER MINUTE

JAN 10 150 70 | 280 310 | 0.5 0.2
MARCH 5 70 20 50 | 230 270 220 | 0.3 0.1 0.2
MAY 24 170 170 210 170 90 100 120 120 { 1.9 1.6 1.8 1.5
APRIL 29 , 10 - 20 150 130 0.1 0.1
MAY 25 210 160 200 | 200 250 2401 1,1 0.6 0.9
MAY 27 80 70 40 | 140 110 120 | 0.6 0.6 0.3
JUNE 21 4o 30 60 40 | 140 150 190 160 | 0.3 0.2 0.3 0.2
JUNE 10 180 170 240 360 420 1350 0.5 0.4 0.7
JULY 3 10 30 90 80 0.1 0.3

Table 5 Comparison along the Profile of the Spectral Densities (in Gamma-minutes)
Representing the Vertical Change Z and the Total Horizontal Change Hi together
with the Ratio Z/Hg (Victoria Not Included in the Profile)
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.051 CYCLES PER MINUTE

¥*

DATE OF 7 COMPONENT - H, COMPONENT Zz/Hy RATIO
FEATURE  TOF FRA WES ABB VIc*¥ T R S ABB VIC* T S ABB VIC
JAN 10 160 60 | 290 . 250 0.5 : ~0.3
MARCH 5 50 60 70 | 140 180 140 | 0.4 0.3 0.5
MAY 24 170 150 170 150 60 70 80 90 | 2.6 2.1 2.1 1.7
APRIL 29 50 50 140 110 0.3 0.4
MAY 25 290 240 250 | 240 330 340 [ 1.2 0.7 0.7
MAY 27 100 80 70 | 170 1380 170 { 0.6 0.5 0.4
JUNE 21 30 30 20 40 | 100 100 130 110 | 0.3 0.3 0.1 0.4
JUNE 10 160 170 200 370 460 310 0.4 0.4 0.6
JULY 3 ‘ 10 20 90 80 0.1 0.2
.053 CYCLES PER MINUTE
JAN 10 140 60 | 290 200 | 0.5 0.3
MARCH 5 100 110 0 | 260 300 260 | 0.4 0.4 0.3
MAY 24 90 70 100 0 | 150 150 140 120 | 0.6 0.5 0.8 0.7
APRIL 29 70 60 140 120 0.5 0.5
MAY 25 370 320 340 | 290 350 350 |1.3 0.9 1.0
MAY 27 70 30 4o | 210 210 220 | 0.3 0.2 0.2
JUNE 21 Lo 4o 30 50 70 80 80 60 |0C.6 0.5 0.4 0.9
JUNE 10 160 200 150 290 370 250 0.5 0.5 0.6
0.2 0.1

JULY 3 10 : 10 80 70

Table 5 (continued)
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.021 CYCLES PER MINUTE

DATE OF 7 COMPONENT x S COMPONENT ¢ 2/3 RATIO
FEATURE TOF FRA  WES ABB VIC® TOF FRA WES ABB VIC® TOF FRE WES ABB VIC
JAN 10 840 , 390 | 1500 1620 | 0.6 ' 0.2
MARCH 5 1100 600 560 | 1970 2060 18901 0.6 . 0.3 0.3
MAY 24 550 460 420 550 890 880 920 8010.6 0.5 0.5 0.6
MAY 25 380 190 50 | 1450 1450 14701 0.3 0.1 0
MAY 27 210 90 50 760 800 : 7601 0.3 0.1 0.1
JUNE 21 150 80 110 50 410 390 460 430 | 0.4 0.2 0.2 0.1
JUNE 10 1290 ~ 1350 1290 1700 1820 1650 0.8 0.7 0.8
JULY 3 400 390 490 570 0.8 0.7
.023 CYCLES PER MINUTE
JAN 10 860 410 | 1460 1540 | 0.6 0.3
MARCH 5 850 400 410 | 1670 1730 1590 | 0.5 0.2 0.3
MAY 24 580 450 350 450 860 880 930 820 0.7 0.5 0.4 0.6
MAY 25 L6o 360 460 | 1160 1160 1110} 0.4 0.3 0.4
MAY. 27 ¢ 250 170 100 720 800 7201 0.3 0.2 0.1
JUNE 21 220 170 140 170 320 300 360 340 0.7 0.6 0.4 0.5
JUNE 10 720 680 750 1180 1140 1070 0.6 0.6 0.7
JULY 3 330 340 450 470 0.7 0.7
.025 CYCLES PER MINUTE
JAN 10 840 390 | 1390 1390 | 0.6 0.3
MARCH 5 580 240 240 | 1280 1300 1200 | 0.5 0.2 0.2
MAY 24 370 250 220 200 670 700 740 640 | 0.6 0.4 0.3 0.3
MAY 25 760 640 710 820 8o¢ 6601 0.9 0.8 1.1
MAY 27 240 140 120 640 750 6401 0.4 0.2 0,2
JUNE 21 250 2190 160 220 270 250 00 2801 0.9 0.9 0.5 0.8
- JUNE 10 310 240 390 490 80 420 0.6 0.5 0.9
JULY 3 260 280 450 410 0.6 0.7

Table 6 Comparison along the Profile of the Spectral Densities (in Gamma-minutes)
Representing the Vertical Change Z and the Horizontal Change in an East-.
West Direction S together with the Ratio Z/S
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APPENDIX I FOURIER ANALYSIS

1. A function f(t) can be expanded in any interval (-T,T)
so long as hg satisfies the Dirichlet condition in the interval
and if lf(t),dt converges. The furiction may be developed

-00
in a Fourler Series

s co
‘f(‘t) = G 4 Z a, cos nmt +Z b, sin ntt
2 n=i T n=1 T

where -T< t €T

and

-
Ao = -'-f &) dz
T
-T

T
On= = | $(x) cos nx dx
T
T
bo= L | f&) sin nTtx dx
T T
-T
Writing
aAw=1 ,
-
7 © T
HOER) f@)dx + Z g@_[ f6) cos nawxdx -cosnowt
21 n=1 W T
—'r -

| +T "
+ J fx) sinnswxdx - sin nawt ]
T '

The interval (-T,T) may be expanded to (-0,0) by letting T—» 00,

so that aAaw—»©0 and in the limit

+00 +00 +°OA
JC('I:)—» f { [ -é';l—T f fx) cos wx dx] coswt + [E‘T_r f £ sin wxdz:lSinwtz dw
- 00 -00 J

The cosine and sine spectral dénsities Q(oo) and B(w) are



r

defined as follows:

+C0
Ay = L f -§(z) cos wx dx
27 |
‘o ;
+00
Bw) = L g &) sinwx dx
21
Zoo
so that +00 _
&) = J [ Aw)coswt + Bw) sfnwt] dw
- 00 .
2. The Fourier Series for f(t) may also be written in an

exponential form

AT +Lh1T1

-1hwt
f(‘b) = Z th T where Ch= 21_ J )((x) e T dx

As before this reduces to an integral form in the limit as T-o

i.e. +co —Jwt
f@t) = J Cew) e dw
-00
where ' +00 )
Cer = L e' " foy dx
-00
and

lcw@| = [(Aw)* + (BW)
- -twt

Hence, f(t) may be synthesized by a sum of terms e covering
all angular frequencies in the continuous infinite range (-w,m).

These terms have infinitesimal amplitudes given by the expression
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lC@U)\duJ . The amplitude density spectrum lC@»)\ ;s, therefore,
not the actual amplitude characteristic of f(t), but rather

a characteristic which shows relative magnitude only.
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