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Abstract

Every conformal automorphism on a compact connected Riemann surface S of genus g gives rise
to a matrix A in the integral symplectic group SPy(Z) by passing to the first homology group.
If g > 2 then A has the same order as the automorphism. We consider the converse problem,
namely which elements of finite order in SP54(Z) are induced by some automorphism on some
Riemann surface S of genus g7 A related problem is the determination of the conjugacy classes
of torsion in SPy4(Z). To explain one of our main results let f(z) € Z[z] be an irreducible
“palindromic” monic polynomial of degree 2g, that is one satisfying z?9f(1/z) = f(zx) and
f(0) =1, and let ¢ be a fixed root of f(x). Then there is a one-to-one correspondence between
the conjugacy classes of integral_symplectic matrices with characteristic polynomial f(z) and
the classes of certain pairs (a,a), where a is an ideal of Z[(] and a is an element of Z[(] satisfying
certain conditions. In the special case where f(z) =142+ 22 +--- 4+ 2P~L, p is an odd prime,
this result sayé that the number of conjugacy classes of elements of order p in SP,_1(Z) is

2(p=1)/2p, | where h; is the first factor of the class number of the cyclotomic extension.

If X € SPy4(Z) has a reducible characteristic polynomial of the form f(z)g(z), where f(x)
and g(z) are integral “palindromic” polynomials and coprime with coefficients in Z, then we
prove that X is conjugate to a matrix of the form X; * X5, where the star operation is an

analogue of orthogonal direct sum.

We determine completely those conjugacy classes of elements of order p in SP,_1(Z) which

can be induced by some automorphism on a Riemann surface with genus (p — 1)/2.

A complete list of the conjugacy classes of torsion in SP4(Z) is obtained. We give a complete

set of realizable conjugacy classes in SP4(Z).

We also study the Eichler trace of Z,, actions on Riemann surfaces. If A denotes the set of
all Eichler traces of all possible actions modulo integers and B = {x € Z[¢]|x + X € Z} /7, we

prove that the index of Ain B is hi. There is group isomorphism between A and Q, the group
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of equivariant cobordism classes of Z,, actions. Finally, we determine which dihedral subgroups

of GL4(C) can be realized by an action on a Riemann surfaces of genus g.
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Chapter 1

Introduction

This thesis consists of two parts. The first part is the conjugacy classification of elements of
the symplectic group over a principal ideal domain and the realizability of integer symplectic
matrices by analytic automorphisms of compact connected Riemann surfaces. The second part
is about the “Eichler trace” of group actions of Z,, the cyclic group of odd prime order p, and

D5y, the dihedral group of order 2p, on compact connected Riemann surfaces.

1.1 Motivations

The first problem that we consider in this thesis is the determination of the conjugacy classes of
matrices in the integral symplectic groups SPs, (D), where D is a principal ideal domain, with a
given characteristic polynomial. Classiﬁcétion up to conjugacy plays an important role in group
theory. The symplectic groups are of importance because they have numerous applications to
number theory and the theory of modular functions of many variables, especially as developed
by Siegel in [32] and in numerous other papers. But our original motivation for studying this

problem came not from algebra but rather from Riemann surfaces.

Let S be a connected compact Riemann surface of genus g (g > 2) without boundary. Let
T € Aut(S), the group of analytic automorphisms of 'S. Then T induces an isomorphism of

H,(S) = H(S,Z), the first homology group of S,

Ty HI(S) — Hl(S)

Let {a,b} = {a1,...,a4,b1,...,bg} be a canonical basis of H;(S), that is the intersection matrix




for {a,b} is
0 I

-I, 0
where I, is the identity matrix of degree g. Let X be the matrix of T, with respect to the basis
{a,b}, ie.

T.(a1,-..,a4,b1,...,bg) = (a1,...,aq,b1,...,bg)X.

Since T, preserves intersection numbers, X'JX = J, where X' is the transpose of X. Hence
X € SPyy(Z), the symplectic group of genus g over Z. If we fix a canonical basis of H;(S),

there is a natural group monomorphism
Aut (S) — SPy(Z),

see [13]. Clearly, the matrices of T, with respect to different canonical basis are conjugate in

SPy, (Z).

Definition 1.1. A matrix X € SP,,(Z) is said to be realizable if there is T € Aut (S) for some

Riemann surface S such that X is the matrix of T, with respect to some canonical basis of

Hi(S).

Two questions naturally arise.
1: Can every X € SP,4(Z) be realized?
2: If the answer to Question 1 is no, which ones can be realized?

Note that Aut (S) is finite, so we only consider torsion elements of SPyz(Z). To answer

these questions, we need some knowledge of the conjugacy classification of SPa4(Z).

For example, consider elements of order p, where p is odd prime. Any action of Z, on
S determines a representation p : Z, — GL4(V), where V is the vector space of holomorphic

differentials on S. If T is a preferred generator of Z, then this representation yields a matrix

p(T) € GL4(C). The trace of this matrix, x = tr(T), is referred to as the Eichler trace. It




is an element of the ring of integers Z[(], where ( = e » . Suppose there are ¢ fixed points

Pr,..., P of T. The fixed point data is described as a set of integers modulo p, {ay,... y e},
one for each fixed point P;, such that 7% acts on the tangent space at P; by counterclockwise

rotation through 27/p. The Eichler Trace Formula then determines the Eichler trace of T as

t

X=1+Z<k%1 (1.1)

Jj=1
where the k; are determined by the equations kja; = 1 (mod p), 1 < j < t. See [13] for a proof

of this result.

Suppose we have two such automorphisms of order p,
T1:S1—-)Sl, TQ:SQ—)SQ,

where 57 and S have the same genus g. Let X7, X5 be the symplectic matrices induced by 77,
T, respectively. Then X; and X are conjugate in SPy(Z) if and only if their Eichler traces
x(T1) and x(T») are the same, see A. Edmonds & J. Ewing [5] and P. Symonds [35].

The Riemann-Hurwitz formula for an order p element T € Aut (S) is
9="pgo + L2 (t - 2) (12)

where go = g (S5/T), the genus of S/T, and t = Fix (T'), the number of fixed points of T. We
shall show that a; + -+ + a; = 0 (mod p) is a necessary and sufficient condition that there be
some T" with order p and fixed point data {a1, ..., a;}. This implies there are only finitely many
possibilities for the Eichler trace for fixed g. Therefore, there are only finitely many classes of
order p matrices in SPy4(Z) which can be realized. The minimal polynomial of an element of
order p is 2P~ ! +2P~2 +...+ 2+ 1, which is irreducible over integer ring Z. Hence the minimum
g such that there is a element of order p in SPy,(Z) is g = 9—;—1 > 1. We consider this special
case, only % classes of order p matrices in SP,_1(Z) can be realized. But we shall show that
the number of conjugacy classes of order p matrices in SP,_1(Z) is 2p;—1h1, where hq is the first

factor of the class number h of Z[¢]. So in general most of the order p matrices in SP,_1(Z) is

not realizable. Furthermore, we shall answer Question 2 for this case.




The second problem we consider is to determine how much information about the action -

of Z, is captured by the Eichler trace. We want to answer the following two questions.
Question 3: What element x € Z[(] can be realized as the trace of some action?

Question 4: What is the relationship between two actions, not necessarily on the

same surface, if they have the same trace?

The primary motivation for these two questions are the papers of J. Ewing ([6], [7]).
1.2 Main Results

In this section we will give main results of our thesis. All theorems in this section except for
Theorem 8 and Theorem 9 are completely original. Proofs of the results in Theorem 8 and
Theorem 9 have appeared previously (see [6], [7], [35]), but our approach is entirely new. To
explain our results we need to develop some notation. Throughout this thesis D will be a
principal ideal domain with characteristic not 2, that means D is a commutative ring without
zero divisors, containing 1, in which every ideal is a principal ideal. Let F denote the quotient
field of D. Let Myxm(D) be the set of nxm matrices over D. For sake of simplicity we denote

My sm (D) by Myp(D) when n = m, and let I, be the identity matrix in M, (D).

For A € My, (D), B € M,,(D), we define the direct sum of A and B as

) A
A+B= € Mp,1n, (D). (1.3)
B

Definition 1.2. The set of 2n x 2n unimodular matrices X in Ma, (D) such that
XJX=J (1.4)

is called the symplectic group of genus n over D and is denoted by SPs,(D). Two symplectic

matrices X, Y of SPy,(D) are said to be conjugate or similar, denoted by X ~ Y, if there is a

matrix @ € SPen(D) such that Y = Q71X Q. Let (X) denote the conjugacy class of X.




Remark. The definition is meaningful and clearly SP,, (D) is a subgroup of GLoy, (D), the general
linear group with entries in D. It is well known that every symplectic matrix in SPy, (D) has

determinant one [1].

It is readily verified that X belongs to SPy, (D) if and only if X’ belongs to SP, (D). Let
. (A B)
C D

where A, B, C, D € M,(D). If X € SP,,(D) the following conditions are satisfied:

AB'=BA', CD'=DC' and AD'-BC'=1 (1.5)
as well as

AB=B'A, C'D=D'C and AD-CB=1I. (1.6)
Conversely, if one of (1.5) or (1.6) is true then X € SP, (D).

Given two matrices

Ay B Ay B;
X = € M2n1 (D) and X, = S M2n2 (D),
C, Dy Cy D,

we define the symplectic direct sum of X; and X, by

Ay 0 By 0
0 Ay 0 B
XixXp = € M2(n1+n2)(D)' (L.7)
Ci 0 Dy 0
0 Cy 0 Dy

It is easy to check that X;1xXy € SPy(n, 1n,)(D) if and only if X; € SPyy, (D), for i = 1,2.

Given two matrices

Cy1 Cho Du Di
i= ( ) € Mo, x2n, (D) and Y3 = ( € Man, x2n, (D)

Ca1 Cx D31 Doy




where Cj; € My, xn,(D), D;ij € Mm'Xm(D), we define the quasi-direct sum by

0 Cu 0 OCr

Dy 0 D2 O '
YioYs = € My(n,4ny)(D)- (1.8)
0 Ca 0 Cop

Dy 0 Dy 0

By an easy calculation we see that if ny = ny = n, then Y] o Yo € SPy,(D) if and only if
Y1, Y5 € SPQn(D)

Definition 1.3. A matrix X € SP,,(D) is said to be decomposable if it is conjugate to a
symplectic direct sum of two symplectic matrices which have smaller genera; otherwise, X is
said to be indecomposable. When n is even, X is said to be quasi-decomposable if it is conjugate
to X;0X;3 for some X, Xy € SP,(D).
Given a matrix X € M, (D), we denote the characteristic polynomial of X by
fx(@) = |zl - X].

If X € SP,,(D), then f, (z) is “palindromic” and monic, that is

x2”f(%) = f(z) and f(0)=1. (1.9)

This is because X'JX = J, X' = JX~1J1,

fx(2) = |aI - X]|
= |zl - X'|
= |zl -X7}

= 2™X - 11| x7Y

= 2*"fx(£)
and f(0) = det(X) =1.

Definition 1.4. A polynomial f(z) in D[z] of degree 2n (n > 1) is called an S-polynomial if

it is a palindromic monic polynomial. An S-polynomial f(z) € D[z] is said to be irreducible

6




over D, or is an irreducible S-polynomial in D[z], if it can not be expressed as the product of
two S-polynomials (in D[z]) of positive degree. Otherwise, f(x) is termed reducible over D. An
S-polynomial of type-I is an irreducible S-polynomial which is also irreducible in the common

sense, all other irreducible S-polynomials are said to be of type-II.

Given a separable S-polynomial f(x) of degree 2n, let M ¢ be'the set of all symplectic

matrices, whose characteristic polynomials are f(z), over D, that is
My = {X € SP3(D) | fx(z) = f(z)}. (1.10)

We use My to denote the set of the conjugacy classes of My in SP,, (D).

In Chapter 3 we deal with the case that f(z) is a separable S-polynomial of type-I. Let ¢
be a fixed root of f(z). Then 1/¢ is also a root of f(z). Let R = D[¢], S = F[¢]. Then S is
the quotient field of R. An ideal (fractional ideal) in S is a finitely generated R-submodule of

S which is a free D-module of rank 2n. An integral ideal is an ideal which is contained in R.

Two ideals a, b are equivalent if there are non-zero elements A, 4 € R such that Aa = ub.
We denote the equivalence class of a by [a] and let C denote the collection of equivalence classes

of ideals. C is an commutative monoid with respect to multiplication of ideals. The identity is

[R].

Let P; be the set of pairs (a,a) consisting of an integral ideal a and an element a € R
such that @ = e¢Ad’ and ¢ = @, where the tilde denotes that conjugate such that E = %,
d={a|a€a}, A=¢"""f(¢) and a is the complementary ideal. Two such pairs (a,a) and
(b,b) are said to be equivalent if there are non-zero elements A, u € R such that Aa = ub and

Aa = pizb. We denote by (a,a) the equivalence class of (a,a). Let Py denote the set of all

classes of Pj.

Suppose X € Mj. There is an eigenvector @ = (ai,...,a,)" € R*™ corresponding to ¢,

that is X¢ = (a. Let a be the D-module generated by ai,...,a2,, and let a = A~/ Ja.

It is easy to check that a is an integral ideal in R and ¢ = 4. Furthermore we will prove



file:///x/xb

that (a,a) € P and that the correspondence ¥ : My — Pr, (X) — (a,a), is well defined (cf.
Section 3.3).

Theorem 1. ¥ is bijection.

Theorem 2. If f(z) is a separable S-polynomial, then My # 0.

If R is integrally closed, then C is an abelian group. Also we have that
P; = {(a,a) | ad = (a) and a = a}

and P turns out to be an abelian group where multiplication is given by (a, a)(b,b) = (ab, ab)

(cf. Section 3.4). Let Cy denote the subgroup of integral ideal classes defined by
Co={aeC|ad=(a),a=a for some a € R} (1.11)

Let Ut ={uecU|u=u}and C = {ui|uec U}, where U is the group of units in R. Clearly,
C C U* and they are subgroups of U. We shall show

Theorem 3. There is a natural short ezact sequence
15Ut/ 5P b1 (1.12)

where ¢([u]) = (D[C],u) and ¥((a,a)) = [a].

Consequently, for the special case D = Z, we shall show

Theorem 4. Let gn, be the number of elements in My, where f(z) is the m-th cyclotomic

polynomial. Then

)
qm, m=2 (mod 4),
Gm = 2@%, m# 2 (mod 4), and m is prime power,
2ﬁ2ﬂz‘1h1, m# 2 (mod 4), and m is not prime power,
\

where ¢(m) is the Euler totient function.




If m is an odd prime p, then ¢(p) = p — 1. Hence we have

Corollary 1.1. The number of conjugacy classes of order p elements in SP,—1(Z) is 21’5*1}11.

In Chapter 4 we introduce symplectic spaces and symplectic group spaces. Let V be a

symplectic space of rank 2n. In Section 4.1 we define (I, k)-normal sets of V and prove

Theorem 5. Let the | + k elements ay,...,aq, B1,...,0 be an (I,k)-normal set of V. Then

there are 2n — |l — k elements qji1,...,Qn, Bks1y--+,0n in V such that

ala-‘-aanaﬂla"'aﬂn

15 a symplectic basis of V.

We relate symplectic matrices to symplectic transformations, and shall give a necessary

and sufficient condition for decomposition. Let f(z) be a reducible S-polynomial in D[z],

f(@) =p1(2) - pm(a),

where p1(z),...,pm € D[z] are mutually coprime S-polynomials. Then there are m polynomials

u1(z),...,um(z) € F[z] such that

ui(z)qi(z) + - + upm(z)gm(z) = 1,
where g¢;(z) = f(x)/pi(z), for i = 1,...,m. We shall show

Theorem 6. Let X € My. Then X ~ Xy %% Xy, for some X; € Mp,, i =1,...,m, if and
only if u;(X)qi(X) € Moy (D), fori=1,...,m.

To every S-pair (a,a), defined in Section 3.2, we shall assign a symplectic structure and a
G, action on a, where Gy, is the cyclic group on a fixed generator g of order m (cf. Section 4.3).

Therefore a becomes a symplectic G,,-space, denoted by [a, a].

Theorem 7. Two symplectic direct sums [a1,a1] * -+ * [ar,a;] and [b1,b1] * - - * [bs, bs] are

isomorphic as symplectic Gp,-spaces if and only if r = s, and there is an rxr invertible matriz




Q = (45); 9ij € F[(], satisfying the conditions g;ja; C b; (fori,5 =1,...,r) and

=q Q, (1.13)

where Q = (@)

In Chapter 5 we consider order p matrices in SP,_1(Z). The proof of Theorem 1 gives us
a way to find symplectic matrices of order p. First in this section we find a symplectic matrix
X of order p such that ¥(X) = (Z[¢],1), where =_e%. Then we give a complete answer to
Question 2 for order p elements in SP,_1(Z). Let

sinL“pﬂ
ugp = —=, for (k,p) =1, (1.14)
Sln; :

be the cyclotomic units of Z[¢]. By the Riemann-Hurwitz formula, an automorphism T': § — S
of order p, where S has genus p;—l, has exactly 3 fixed points. Let the fixed point data of T be
{a,b,c}, where 1 < a,b,c<p-—1,anda+b+c=0 (mod p). We use M(a,b,c) to denote the

symplectic matrix represented by 7.

Theorem 8. U(M(a,b,c)) = (Z[¢], uaupUo+b)

This is similar to a result of P. Symonds[35] which was proved by using the G-signature.
But we use an entirely different method to approach it.
Corollary 1.2. Let X € SP,_1(Z) be of order p. Then X is realizable if and only if

U(X) = (Z(C], uatsttars)

for some integers a, b with 1 < a,b<p—1 and a+ b # p.

In Chapter 6 we shall give a complete set of conjugacy classes of torsion in SPy(Z). In

addition, a list of realizable classes in SP;(Z) is obtained.

10




In Chapter 7 we shall answer Questions 3 and 4. Let A denote the set of all Eichler traces

of all possible actions, that is

a={xezy) \ x=t(n)} (1.15)

where T is any automorphism of order p on any compact connected Riemann surface S. A
simple calculation with the Eichler Trace Formula (1.1) shows that x + % = 2 —t for any x € A4,

where ¥ denotes the complex conjugate of x. Thus A C B, where

B={X€Z[C] } x+>Z€Z}. (1.16)

In Section 7.1 we shall show that B is a free abelian subgroup of Z[¢] of rank (p + 1)/2 and
determine a basis. Thus a reasonable first step in describing A is to determine the “index” of
A in B. Unfortunately, it turns out that A is not a subgroup of B, so this does not make sense.
On the other hand, the quotient set A= A/Z, that is the elements of A modulo the integers,
is a group, in fact a subgroup of B=B /Z. We prove that B is a free abelian group of rank
(p — 1)/2 and that the index of 4 in B is finite.

Theorem 9. The index off/f in B is hy.

This theorem has appeared previously, see the two papers [6] and [7] of J. Ewing. The
first paper is quite technical. It contains Theorem 9, but stated in terms of Witt classes and
G-signatures. The second paper is an elegant exposition of the first. Theorem 9 gives a partial
answer to Question 3. We shall find free generators of A\, thereby answering completely Question

3. See Theorem 11.

To an automorphism T': § — S of order p we associate a “vector” [g; k1, ... , k], where g is
the genus of the orbit surface S/Z,, t is the number of fixed points, and the k; are the rotation
numbers. The rotation numbers are unique modulo p, but their order is not determined. From
the Eichler Trace Formula (1.1) it is clear that x = tr (T') does not depend on g or on the order
of the k;. If a cancelling pair {k,p — k}, where 1 < k < p — 1, appears amongst the set of

rotation numbers {k;,--- ,k;}, then an easy calculation shows that their contribution to the

11
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Eichler trace is

1 1

FoiteEoi- b

Thus we can replace the cancelling pair {k,p — k} by any other cancelling pair {l,p — [} and

not change the Eichler trace.

Given two such automorphisms
T Sl - 51, Tp: Sy — 52

we have two “vectors” [g;ky,... , k], [h;l1,... ,l4]. Let x1 and xo denote the respective Eichler

traces.

Theorem 10. x1 = x2 if, and only if, t = u and the set of rotation numbers {ky,... , k;}

agrees with {l1,...,l,} up to permutations and replacements of cancelling pairs.

Theorem 11. A is a free abelian group of rank (p — 1)/2. It is freely generated by the mod Z

representatives of the (p — 1)/2 elements:

1 1 1

XT’SZC—1+CT—1+43_1, where l<r<s<p—-landl+r+s=0 (mod p).

We shall give some geometric content to these theorems by relating equivariant cobordism
of Z, actions on compact connected Riemann surfaces to A. To explain this let  denote the
group of equivariant cobordism classes of Z, actions. We show that the Eichler trace induces a

natural group homomorphism ¢ : A-Q.

Theorem 12. ¢ : A3 Qisa group isomorphism,.

Finally, in Section 7.3 we study the realizability problem for dihedral groups in GL4(C).
This is a special case of a general problem. A group G of analytic automorphisms of a Riemann
surface S of genus g > 1 can be represented as a subgroup R(S,G) of GL,(C) by passing
to the induced action on the vector space V of holomorphic differeritials. The problem is to
determine those subgroups of GL4(C) which are conjugate to R(S,G) for some S and some

G. In 1983, I. Kuribayashi proved that an element A of prime order in GL4(C) is realizable if

12




and only if A satisfies the “Eichler trace formula” [14]. In 1986 and 1990, I. Kuribayashi and
A. Kuribayashi determined all realizable subgroups of GL,4(C) for g < 5 (see [15], [16], [17] and
[18]). We consider the dihedral group Dap. Let Doy, be a subgroup of GL4(C), and let A and
B be generators with orders p and 2 respectively. Dy, is called an IR-group if tr(4), tr(B)
are integers < 1. If Dy, is an IR-group for some choice of 4, B then it is an IR-group for all

choices. We shall prove

Theorem 13. Dy, is realizable if and only if it is an IR-group.
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Chapter 2

Preliminaries

In this chapter we collect some of the preliminaries needed for later chapters.

2.1 Direct Sum of Symplectic Matrices

First we state some properties of symplectic direct sum and quasi-direct sum,

(X1+X2) = X|#*X),
VioYz) = YjoY,
(X1xX2)(Y10Y2) = (X1Y1) o (X2Y2),
(X10X2)(Y1+Y2) = (X1Y2) o (XoY1),
(X1 X)(V1+Y2) = (X117) * (XoY2),

(X10X2)(Y10Y,) = (X1Ye) x (XoY)).
We assume that all matrix multiplications are suitable.
Lemma 2.1. Let X1, X9, X3, Y1, Yo be symplectic matrices. Then
1. Xi+%Xg~ Xox X,
2. (X1 % X2) * X3 = X1 % (X9 x X3).

3 If Xq1 ~Y and Xo ~ Y5, then X1 % Xo ~ Y7 Y5

In the following we assume X1 and X9 have the same genus
4. X1 0X2 ~X20X1.
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3. X1 o XQ ~ (—Xl) o] (—Xz).

6. Ile NXQ, then IOXl NIOXQ.

Proof. (2) and (3) are easy. To prove (1) we let Q@ = Ip,, 0 Ioy, € SPy(n, +ns)(Z), where n; is the
genus of X;, i =1,2. Then Q~!(X1*X3)Q = X2+ X,. Similarly we prove (4) by using Q = IolI,
(5) by using @ = Ix(—1I). For (6), if X2 = Q71 X1Q, then (Q~1+Q 1) (JoX1)(Q+Q) = [oX,. O

In general the converse of (3) in Lemma 2.1 is not true, but we have

Lemma 2.2. Suppose X1, X2, Y1 and Yy are symplectic matrices, Ix, (z) = Iy, (z) = fi(z), for
i = 1,2. Suppose fi(x) and fo(x) are coprime. Then X1 x Xo ~ Y1 Y3 if and only if X1 ~ Y}
and Xo ~ Y5,

Proof. The sufficiency part has been proved. We consider the necessity.

Note that any P € My(,, 1n,)(D) can be expressed in the form
P =P « P+ Pyo Py,

where Py € Moy, (D), Py € Moy, (D), P3s € Map, xon, (D), and Py € Mop,x2n, (D) are blocks of
P. Let P be a symplectic matrix such that (X; * Xo)P = P(Y; * Y2). We obtain X1 P = P,Y1,
XoPy = PY, X1 Py = P3Y, and XoP; = PyYs. Then f5(X1)Ps = Py fo(Y1) = 0, which yields
P; = 0 since fp(X;) is invertible. Similarly, we get P, = 0. Hence Pj, P, are symplectic,

therefore X; ~ Y7 and X5 ~ Ys. O

2.2 S-Polynomials

Before we prove the following lemmas we make a Remark.

Remark. Let f(z) = g(z)h(z), where f(z),g(z) and h(z) are polynomials over D. Then if two

of them are S-polynomials so is the third.

Lemma 2.3. Suppose that p(zx) is an irreducible monic polynomial of degree n.
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1 If a™p(2) = p(z), then p(z) is S-polynomial of type-I or p(z)=z+1.

2 If z"p(L) = ~p(z), then p(z) =z — 1.

Proof. (1) If n is even then p(z) is an S-polynomial of type-I. Assume 7 be odd. Then p(—1) =0

)

so « + 1 is a factor of p(z); but p(z) is irreducible, hence p(z) = z + 1.
(2) Similar to the proof of (1) since p(1) = 0. ' O
Lemma 2.4. Let f(z) be an S-polynomial and assume f(£1) = 0. Then
fz) = (2 F1)%g(2)

where g(z) is also a S-polynomial.

Proof. Differentiate both sides of 22" f(1) = f(z) to see that
2na® 71 f(3) — 22 (3) = f'(@). (2.7)

But f(+1) = 0, hence f'(x1) =0, f(z) = (zF1)%g(z). It is obvious that g(z) is an S-polynomial
by the above Remark. -

Lemma 2.5. Suppose f(z) is an S-polynomial of type-1I of degree 2n. Then

£(2) = p(O)a"p(@)p(5)

where p(x) is an irreducible monic polynomial with degree n.

Proof. We will prove this by using the Unique Factorization Theorem.
If f(£1) =0 then f(z) = (z ¥ 1)?, by Lemma 2.4. We can choose p(z) = = F 1.

Now we consider the case f(1) # 0 and f(—1) # 0. Suppose that f(z) = p1(z) - - pm(z),

where p1(z),...,pm(z) are irreducible monic polynomials of positive degrees n1,...,nn,. By the
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Remark, none of pi(z)...pn(z) is an S-polynomial since f(z) is an irreducible S-polynomial.

Since f(z) is an S-polynomial,

Note that x”lpl(%) is an irreducible polynomial, and neither z + 1 nor £ — 1 are factors of
f(z). There is k # 1, say k = 2, such that x”lpl(%) = p1(0)p2(z). It is easy to verify that
pi(z)p2(z) is an S-polynomial, and therefore f(z) = p;(z)p2(z). Let p(z) = pi(z). Then
P(2) = p(0)z"p(2), and £(2) = p(0)s"p(L)p(x). O

Proposition 2.1. Every S-polynomial f(z) is a product of irreducible S-polynomials. Apart

from the order of the factors, this factorization is unique.

Proof. Without loss of generality we assume that neither z + 1 nor = — 1 are factors of f(z),
because of Lemma 2.4. We know that f(z) can be written as a product of irreducible monic

polynomials,
f(z) = p1(z)p2(2) - - pi(z) 1 (2)g2(2) - - ()
where the p;(z) (i = 1,...,k) are S-polynomials of degree 2r; and ¢;(z) (j = 1,...,1) are of
degree sj. Then
2" f(2) = ¥ p1(3)a™?pa(3) -+ 2" pr(D)a 1 ()2 (L) - 2 qu(R)

= p1(z)p2(2) - - pr(@)2” @1 ()22 q2(3) - - 2% qu(£)

So we have
a1(2)a2(2) - qu(z) = 201 ($)2"22(2) - - 2™ qu(3)

Note that z% qj(%) (4 = 1,...,1) are irreducible polynomials. Then for each 2% q](%) there
is I # j such that z%¢;(1) = gj(0)qy, (z). It is easy to check that ¢;(0)g;(z)z qu(l) is an

irreducible S-polynomial. By rearranging the order of ¢;(z) we get

f(z) = pr(2)pa(z) - - prlz) @1(0)q1(@)2* q1(3) -+ gm(0)gm()z*™gm (L)
The second part is simple. O
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2.3 Strictly Coprime Polynomials

We consider two polynomials

f@) = apz"™+apn_12" 1 +--- +ay,

g(z) = bpz™+ bm—lmm_1 + - + by,
in D[z]. Assume m > 0, n > 0, and a,, # 0, by, # 0.

Definition 2.1. f(z) and g(z) are said to be strictly coprime over D if there are polynomials

u(z) and v(z) in D[z] such that

u(z)f(z) +v(z)g(z) =1 (2.8)

Example. Let pp(z) = 2" 1 + 2" 2+ ... + 1. Then pp(z), pa(z) are strictly coprime over Z
if and only if m, n are coprime. And p,,(z) and p,(z) have a common factor of positive degree

in Z[z] if and only if m, n have common factor great than 1.

Recall that the resultant of f(z) and g(z) is

an  Qp—1 . . . ag 0
0 an  Qp_1 ap 0
> T TOWS
0 an Qp—1 agp
Res(f,g) = det i (2.9)
bm  bm-1 bo 0
0 bn  bm— bo 0
> L TOWS

The result we want to establish is

Proposition 2.2. Suppose either f(x) or g(x) is monic, that is either a, =1 or by, = 1. Then

f(z) and g(x) are strictly coprime if, and only if Res (f,g) is a unit in D.
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Proof. Without loss of generality, let a, = 1. If f(z) and g(z) are strictly coprime, then

Fu(z) f(z) + zhv(z)g(z) = zF for any 0 < k < m +n — 1. Any z*v(z) can be written as

z*v(z) = qu(z)f(z) + vi(x), where gx(x),vi(z) € Dlz], and vg(z) has degree less than n or

vp(z) = 0. We set ugx(z) = zFu(z) + qr(z)g(x) € D[z], then
uk(z) f(z) + vi(z)g(2) = 2" (2.10)
and ug(z) has degree less than m or ug(z) = 0. We may write

up(@) = & @t p B g2y )

v(z) = d¥a" 4 d® e 24 4.

n

If we equate the coefficients of z+"~1 zm+7=2 1 in Equations (2.10), we obtain the

following equations:

1, [=Fk,
Sooadh+ Y bd® = (2.11)
0izr osiem 0, L#k
0<j<m—1 0<G<n-1

Considering this as a system of m+n linear equations in the ¢(%)’s and d(¥)’s, taken in the order

cf,’f)_l,- X ,c(()k), dglk_)l,- . ,d(()k), we see that D - Res(f,g) =1, where the D is the determinant

cﬁr’fjln_l) c(()m+n—1) d;ni-i-n—l) . dgm-}-n——l)
D = det (1)(1) ......... (1) .............. (1)
Cm—1 o dy’, df
0 0 o ;
s e, &

Since D € D, Res (f, g) is a unit.

Conversely, assume Res (f, g) is a unit in D. Then we can retrace the steps through (2.11)
and (2.10) for £ = 0 and conclude that there exist integral polynomials ug(z), vo(z) such that

uo(2)f (@) + vo(z)g(z) = 1. O

Remark. It is well known that f(z), g(z) have a common factor if and only if the Res(f,g) = 0.
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We apply Proposition 2.2 to Ly, 5, the (m +n — 2) x (m + n — 2) matrix defined by

(

1 1
1
me | .11
: 11 - 1] (2.12)
\ 1 \n
1
1 1

where the entries are given by

I, jfi<j+m-11<j<n—-lorj—-n+1<i<jn<j<m+n-—2

li]’ =
0, otherwise.

It is easy to see that

+1, (m,n)=1,
det(Lmn) = Res (pm,pn) = (2.13)

0, (myn)#L
2.4 Group Actions on Riemann Surfaces

Throughout the thesis all Riemann surfaces S will be connected, orientable and without bound-
ary. By the uniformization theorem the universal covering space U of S is one of three possi-
bilities: the extended complex plane @, the complex plane C, or the upper half plane H. The

letter U will always denote one of these three.

If G is a finite group acting topologically on a surface S by orientation preserving homeo-
morphisms then the positive solution of the Nielsen Realization Problem guarantees that there
exists a complex analytic structure on S for which the action of G is by analytic automorphisms

(see [27], [11], [9] or [25]). Thus there is no loss of generality in assuming that the action of G

is complex analytic to begin with, and we will tacitly do so.




The orbit space S = S/G of the action of G is also a Riemann surface and the orbit map
7 : 8 — S is a branched covering, with all branching occurring at fixed points of the action. If

z € S is a branch point then each point in 7~ 1(z) has a non-trivial stabilizer subgroup in G.

To any action of G on S we associate a short exact sequence of groups
1-0-T46-1, (2.14)

with I' being a discrete subgroup of Aut (U) and II a torsion free normal subgroup of I', as

~ follows. Let m: U — S denote the covering map. Then T is defined by

F={7€Aﬁt(U)|7roy=go7r,gEG}. (2.15)

In other words I" consists of all lifts v: U — U of all automorphisms g: S — S, g € G. The

subgroup I is unique up to conjugation in Aut (U). See the commutative diagram below.

U 5L U
Lo
s 4L s

The epimorphism #: I' = G is defined by 6(y) = g, where v and g are as in (2.15). The kernel
of : ' — G is II, the fundamental group of S, and is therefore torsion free. The Riemann
surface S = U/II and the action of G on U/II is given by g[z]n = [y(2)]n, where 2 € U, g € G,
and vy € T is any element such that () = g. Here the square brackets denote the orbits under
the action of II. The orbit surface S = U/T', and the branched covering 7: S — S is just the

natural map U/Il — U/T, [z]n — [2]r.

Conversely, suppose 1 — II —» T e S51isa given short exact sequence of groups,
where I' is a discrete subgroup of Aut (U) and II is torsion free. Then this short exact sequence
corresponds to the one arising from the action of G on the Riemann surface S = U/II defined

above.

Thus there is a one-to-one correspondence between analytic conjugacy classes of analytic

actions by the finite group G on compact connected Riemann surfaces and short exact sequences
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(2.14), where T' is a discrete subgroup of Aut (U), unique only up to conjugation in Aut (U),

and II is a torsion free subgroup of I'.

It is known that the signature of I' must have form (g;my, ..., m;), where g is non-negative
integer, each m; is an integer great than 1 and a factor of |G|, the order of G. As an abstract

group I' has a presentation of the following standard form (see [33] or [10]):
(i) t + 2g generators Aj, ..., Ay, X1,Y1,...,X,, Y.
()  t+1relations AT = ... = AP = Ay,..., A[X}, V1] [Xg, X,] = 1.

For brevity, we refer to I" by I'(g;m1, ..., m;). Moreover, consideration of non-Euclidean area

implies the Riemann-Hurwitz formula

201 (1o L
e =2(g 1)+¥(1 ) (2.16)

where y is the genus of U/II.

Now suppose G is the cyclic group Z, and T € Zj denotes a fixed generator. Actions of Z,

on Riemann surfaces correspond to short exact sequences 1 — II — I LN Zp, — 1. We see that
t times

[’ must have the form I'(g;p,... ,p), where g and ¢ are non-negative integers. That is, as an

abstract group I' has the following presentation
(1) t + 2g generators Aj, ..., A4;, X1, 1,..., X, Y.
(ii) t+ 1 relations A7 = .. = A} = A; --- A[ X, V1] - [X,, Y] = 1.

Any such group can be embedded in Aut (U) as a discrete subgroup in many different ways up

to conjugation. In fact the set of conjugacy classes of embedding is a cell of dimension
d(T') = 6g — 6 + 2t so long as 6g — 6 + 2t > 0.

See [3] and [4]. The genus of the orbit surface S/Z, is g and the number of fixed points is ¢.

Figure 2.1 illustrates a fundamental domain for a particular embedding when g = 0 and

t = 3. It consists of a regular 3-gon P, all of whose angles are 7/p, together with a copy of
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Figure 2.1: Fundamental Domain

P obtained by reflection in one of its sides. The generators A;, As, Az are the rotations by
27 /p about consecutive vertices, ordered in the counterclockwise sense. In this case the cell
dimension is d(I') = 6g — 6 + 2t = 0, in other words, up to conjugacy in Aut (U) there is
a unique subgroup of signature (0; p, p, p).

In a similar manner, when g = 0 and ¢t > 3, a fundamental domain for a particular Fuchsian
t times

group I of signature (O,ﬁ) is given by P U R(P), where P is a regular t-gon all of whose
angles are 7/p and R is a reflection in one of its sides. In this case I is the Fuchsian group
generated by the rotations Ay, ..., A; through 27/p about consecutive vertices. The dimension
of the cell is d(I') = 69 — 6 + 2t = —6 + 2¢t > 0. Thus the embedding is not unique up to
conjugacy in Aut (U).

t times
Let I' be any Fuchsian group of signature (g;p,...,p). Then an epimorphism 6: I' — Z,

is determined by the images of the generators. The relations in I' must be preserved and the

kernel of § must be torsion free, so € is determined by the equations
0(4;) =T%, 1<j<t; 0(Xg) =T, 0(Ys) =T%,1<k<g.
The following restrictions must hold:
(i) The a; are integers such that 1 < a; <p—1 and Z;'=1 a; =0 (mod p).

(i) The by, ¢ are arbitrary integers mod p, except that at least one of them is non-zero if

t = 0 (this guarantees that 6 is an epimorphism).
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It follows from the first restriction that the only possible values of ¢t are t = 0,2,3,... .

Conversely, given integers a;, bg, ¢k satisfying conditions (i) and (ii), there is an epimor-
phism 0: ' — Z, with torsion free kernel II and a corresponding Z, action T: S — S, where

S = U/IL

The integer ¢ equals the number of fixed points of T': § — S and g is the genus of the orbit
surface S/Zp. A well known result of Nielsen [27] says that the topological conjugacy class of
T:S — S is completely determined by g and the unordered sequence (ai,...,a;). We use
the notation [g | a1,...,a:] to denote the topological conjugacy class of the homeomorphism
T: S — S determined by this data. If g = 0 we use the notation [ay, ... ,a:], and usually order

theajsothat 1 <a; <...<a; <p-1

Of particular interest is the case g = 0. Then the orbit surface S/Z, is the extended

complex plane C and T has the presentation

(i) t generators Aq,..., A;.

(ii) t+1relations AY = ... = AP = A)--- 4, = 1.
The epimorphism 8 is given by the equations
0(A;) =T, (2.17)

where aq,...,a; satisfy the conditions

. t
1<a;1<...<a;<p—1, and ZajEO (mod p). (2.18)
i=1

Proposition 2.3. There is a one-to-one correspondence between the set of topological conju-
gacy classes of automorphisms T: S — S of order p and orbit genus 0, where S is an arbi-
trary compact connected Riemann surface, and sequences [a1, ... ,as] satisfying the conditions in
(2.18). The integer t is the number of fized points and the rotation numbers k; are determined

by the equations kja; =1 (mod p), 1 <j <t
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Proof. Tt follows from the above that we can associate to an automorphism T': S — S of order
p, where S is any compact connected Riemann surface such that the genus of S/Zp is 0, a
sequence [ay,... ,a;] satisfying the conditions in (2.18). According to the results of Nielsen two
such automorphisms are topologically conjugate if, and only if, the associated sequences are

identical.

Conversely, given any sequence [a1, ... ,a:] satisfying (2.18) we can construct an automor-

phism T': § — § of order p and orbit genus 0 as follows. Let I' be any discrete subgroup of
t times

Aut (U) of signature (O,M) Then Equation (2.17) defines an epimorphism 6: ' — Z,
with a torsion free kernel II, and this in turn determines an automorphism 7' of order p on
S = U/II. The topological conjugacy class of T does not depend on the embedding of I, only
on the signature and the sequence [ay,... ,a¢]. Thus the correspondence is one-to-one on the

level of topological conjugacy.

A particular embedding of I in Aut (U) is the one indicated above; that is, I is the subgroup
generated by A1, ..., A;, where the A; are rotations by 27/p about the vertices of a regular
t-gon P, all of whose angles are 7/p. See Figure 2.1 for the case where t = 3. The fixed points
of this action correspond to the orbits of the vertices, and thus there are ¢ of them, Py,..., P;,
where P; is the orbit of the vertex of rotation for the generator A;. The epimorphism 8 satisfies
6(A;) = T%, and therefore H(Afj) =T, where the k; satisfy kja; =1 (mod p), 1 < j <t This
implies that the automorphism T': § — § in a small neighborhood of P; is represented by A?j ,
a rotation about P; by an angle of 2k;7/p. In other words the rotation numbers are the k; for
this particular embedding. This completes the proof since the number of fixed points and their

rotation numbers are invariants of topological conjugacy. O

We conclude this section by answering Question 3 in the introduction. This is just a
matter of determining the possible sets of rotation numbers. Thus let {k1,--- ,k:} be any set
of ¢ numbers satisfying 1 < k; <p—1, 1 < j <t, and let a; denote that number such that

kjaj =1 (mod p) and 1 < a; <p-1.
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Proposition 2.4. 1+ Z;zl Ek?l_—_l € A, if, and only if, Z;.:l a; =0 (mod p).

Proof. First suppose that x = 1 + Z§‘=1 Z’“JlTl € A. Thus there is an automorphism of order
p, T: § — S, on some compact, connected Riemann surface S, such that x(T) = x. In fact
we can assume that the genus of S/Z, is zero. According to the results of this chapter the
@ction of Z, on S corresponds to a short exact sequence 1 — II — T LA Zp, — 1. Here T
is abstractly isomorphic to the group presented by ¢ generators A;,... , 4; and ¢t + 1 relations
Al=...=AP = A;...A; =1. The epimorphism 6 is determined by the equations 6(A;) = T%,

1 <kj <p—1. In order that  be well defined it is necessary that Z;‘=1 a; =0 (mod p)

Next suppose that we are given a set {ki1,--- ,k:} satisfying the conditions of the proposi-
tion. Then the short exact sequence above determines a Riemann surface S and an automor-

phism T': § — S realizing x as an Eichler trace. O
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Chapter 3
The Conjugacy Classes of Type-I

It is well known that there is an one-to-one correspondence between the conjugacy classes of
matrices of rational integers with a given irreducible characteristic polynomial f(z) and the
classes of ideals in Z[z]/(f(z)) [22], [31], [36]. It is also known that under some conditions,
the matrix class generated by the transpose of X corresponds to the inverse ideal class, [37].
E. Bender generalized this correspondence to matrices over an integral domain [2]. In this
chapter we extend these methods and study symplectic matrices over D with a given separable
characteristic polynomial of type-I. In particular, we give the the conjugacy class number of
cyclic matrices with characteristic polynomial a cyclotomic polynomial in the integral symplectic
groups. In Section 3.1 we shall review some results of ideal classes, most of them can be found in
(19}, (23] or any book on ideal theory. In Section 3.2 we introduce S-pairs. We prove Theorem 1
and Theorem 2 in Section 3.3. In Section 3.4 we shall prove Theorem 3. Finally, in Section 3.5

we shall consider the rational integer case and prove Theorem 4.
3.1 Ideal Classes

Let f(z) € Dy[z] be a monic irreducible and separable polynomial with degree n and ¢ be a
fixed root of f(z). Let F be the quotient field of D and K be the splitting field over F of f(z).
Let R = D[(] and § = F[(]. Then § is the quotient field of R and R C § C K. We also denote

the set of non-zero elements of R by R*.

The trace of an element « in S is defined as follows. Suppose the n different roots of f(z)

are {1,...,(n € K with {; =¢. Let a = ag + a1{ + -+ + a,_1¢{""! € S. The i-th conjugate of
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« is defined by o) = aqq + a1G+ -+ an_lcln_l. Then the trace of « is
n
Tr(a) = Za(i) € F. (3.1)
=1

It is clear that if & € R, then Tr (a)€ D.

Suppose ay,...,a, € S. Then the discriminant of oy, ..., oy, is defined to be
agl) a§2) . agn)
agl) ag2) . agn)
Alag,...,an) = det . (3.2)
ag) ag) . asln)

A standard result is that A%(ay,...,an) = det (Tr (0405)) -

Lemma 3.1. ay,..., 0y are independent over F if, and only if A(a,...,an) #0.

For a proof see [19].

An ideal (fractional ideal) in § is a non-zero finitely generated R-submodule of S which is

a free D-module of rank n. An integral ideal is an ideal which is contained in R.

Assume that a and b are two ideals in §. The product ab is the collection of all possible

finite sums of products ab, where a € a and b € b. With this definition ab indeed becomes an

ideal in S.

Let 01,...,0; €S. Thena = {{1a; + - +&ap | € € R} is an ideal in S. We denote this

ideal by (ai,...,a;). It is clear that

(a1, s 00)(B1y. ., Bs) = (1B, .y eufBs, o By ooy 0 Bs). (3.3)

An ideal a is called a principal ideal if there is an o in S such that a = (o). If «, B € S, then

(a) = () if and only if o and 3 are associates, i.e. they differ only by a unit factor.

Two ideals a and b are said to be equivalent if there exist non-zero elements A\, u € R, such

that Aa = ub. In fact the collection C of equivalence classes of integral ideals forms a monoid.
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Let a be an ideal in S. The complementary ideal of a is
a'={aeS’Tﬁr(aa)CD}. (3.4)

Let ai,...,a, be a D-basis of a. There is a dual basis of,...,a), in S, that is a basis such that
Tr (o;a;) = 635, where §;; is the Kronecker symbol. This is equivalent to either of the following

equations

Za’gk)agk) =d;; or Zak o/,(f) = J;5. (3.5)

k

We also have
a' =Daj + -+ + Do, (3.6)

because if 8 = 3 a;0) with a; € F, then a; = Tr (Ba;).

The following lemmas are given here without proof (for reference see [19]).

Lemma 3.2. Let f'(z) be the derivative of f(x), and é(_% =bg+ bz + -+ +by_12" 1. Then
the dual basis of 1,(,...,¢("" 1

bO bn*l

T (3.7)

Lemma 3.3. R' =R/ (f'(¢)).

Lemma 3.4. ad' C R'.

3.2 S-Pairs

In this section we assume that f(z) is a separable S-polynomial of type-I and degree 2n. If (;
is a root of f(z), then Cl is also a root of f(z) and - € F(¢;). Without loss of generality we

assume that the 2n roots (; = (, (2, ..., (opn of f(x) satlsfy Coi—1C2s =1, fori=1,...,n

According to Galois Theory, there are 2n automorphisms 7, =1, ..., 72, of K in Gal (K/F),
the Galois group of the extension field X/ F, such that 7;({) = ¢;. Then the i-conjugate of & € S

has the form o9 = 5;(a), fori = 1,...,2n.




It is obvious that 7, is an involution on the extension field S. We use & instead of na(a) if
a € 8. It is easy to check that
M2i-1(@) = n2i(e) and  m2i(@) = M2i—1(e) (3.8)

fora € S.

Some notation is needed for the sake of convenience. We let
A=(Gy) and m(4) = 4® = (o) (3.9)

if A = (o4 ) is a matrix with entries in S, and @ = {@ | & € a} for any ideal a in S. It is clear

that o is also an ideal in S.

The following lemmas are very useful.

Lemma 3.5. Suppose M € Mo, (F) and o, 8 € S*™ are two vectors. Then for any 1 < 14,5 <
2n, there is 1 < k < 2n, where k depends on i, j, such that o/ M3U) = (a’Mﬁ(k))(i).

Proof. Since n1,...,7, are permutations of the roots of f(z), for any 1 < 4,5 < 2n, 77 '1;(¢)
is a root of f(z), say (x. We have nx(¢) = n; 'n;(¢), therefore nj(a) = mnk(a), for any a € S.
Hence (o/MB®)Y = 7 (o/ My (8)) = mi(e!) Muims(8) = o/ M B0, O

Lemma 3.6. Suppose M,N € Mon(F) and o = (a,...,02,) € S, where ay,...,as, are

independent over D, and o’/ Ma®¥ = o/ N&® (fori=1,...,2n). Then M = N.

Proof. We only prove the special case N = 0. By Lemma 3.5, for any 1 < 4,5 < 2n, there is
1 < k < 2n such that DMl = (a’Ma(k))(i) =0. i.e. AMB =0, where A = (agj)) and
B = (&gj)) are 2n X 2n matrices. By Lemma 3.1, det A # 0 and det B # 0, since ay,..., a2,

are independent over D, and therefore M = 0. O

Let A = (1" f(¢). Clearly A = —A by (2.7) and f(%) = 0. Note that the pair (a,a) of an
integral ideal a and an element a € R is an element of Py if, and only if @ = aAd’ and a = 4.

From Lemma 3.3, we have R’ = R/A and that is (R,1) € P;. Thus Py # {.
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Definition 3.1. A pair (a,a) consisting of an ideal a and an element a in S is said to be an

S-pair, if there is a basis a1, ..., as, of a, such that
o/ J&W = §;a, fori=1,...,2n, (3.10)
where o = (a1,...,a2,)". The basis a1,...,as, is called a J-orthogonal basis of a with respect

to a, and the vector « is called a J-vector with respect to the S-pair (a,a).

Remark. By Lemma 3.5, we see that (3.10) is equivalent to
9 Jal) = 85 a®A®,

The bilinear form defined on column vectors o = (a1,...,a2,) and 8 = (Bi,...,0,) by
(a,8) = JB is a non-degenerate skew-hermitian form. In particular, if A = o'Ja, then

X = —\. Since A = —A it follows that if (a,a) is an S-pair, then a = a.
Lemma 3.7. A pair (a,a) is an S-pair if, and only if

!

d=aAd and a=3a. (3.11)

Proof. Suppose (a,a) is an S-pair. Let o = (a1, ...,a2,) be a J-vector with respect to (a,a).
Let 3 = (61,.-.,0) = ﬁ]&. Then a’(i)ﬁ(j) = J;;, which implies Tr (a;3;) = dy5, so
Bi,.. ., Pon is the dual basis of ay,...,as,. Since det(J) = 1, we see that £i,..., B, is also a

basis of iﬁ. Hence a = aAd'.

For the converse, suppose (3.11). If 81,. .., B2, is a basis of a then 51, . ,Egn is a basis of a.
Let 71, ---»72n be the dual basis of 31, ..., B2,. Then Tr (8;v;) = 05, and we have B D40) = dij,
where 3 = (Br,--,B2n)'s ¥ = (M,---72) . Since @ = aAd’, there is M € GL3,(D) such that
MB = aA~. Then

BMBD = aWAD YD = 5, aA (3.12)
and

B'M'BD = aAFi(8) = —alna(v)mina(B) = —b1i alr (3.13)
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For the last equality, we use Formula (3.8). Thus 8/MB® = —g' M3 (fori=1,...,2n), and
so M' = —M (by Lemma 3.6). According to [26] there is Q € GLo, (D) such that M = Q'JQ.
If o = @0, then

o/ J& = fMABD = §,; aA.

So « is a J-vector with respect to (a,a). d

Corollary 3.1. Suppose a is an integral ideal. Then (a,a) € Py if and only of (a,a) is an

S-pair.

Proof. Suppose (a,a) is an S-pair. We need to show that € R. Since a C R, then % =R cd.

But aAd' =1, so aR C 4, thus a € R.

The converse is clear. a
3.3 The Correspondence ¥

In this section we prove Theorem 1 and Theorem 2. Recall that M 7 is the set of all the matrices
in SPpy, (D) with characteristic polynomial f(z), and M is the set of the similarity classes in
My over SPy,(D). Suppose X € M;. There is an eigenvector a = (ay,...,as,) € R

corresponding to ¢, that is Xa = {a. Let a be the D-module generated by ay, ..., oy, i.e.
a=Day+ - -+ Dag,

and a = A7ld/Ja. It is easy to check that a is an integral ideal in R and ¢ = &. Thus

Qai,...,Q2, are independent over D. Furthermore we have

Lemma 3.8. The pair (a,a) is an S-pair.

Proof. We only need to prove that o/ J&® = 0 (for i = 2,...,2n). Assume 2 < ¢ < 2n. From

Xa = ¢(a we have Xa® = ;o and Xa® = é&(i). Hence

o Jat = %a’X’Jxa“) = %a'J&(i). (3.14)

The last equality follows from the fact that X € SPy,(D). Since ¢ # ¢, we get o/ J&) =0. O
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Suppose Y is another element of My, and 8 = (B1,...,82,) € R®™ is an eigenvector
corresponding to ¢, that is Y3 = (3. Let b be the integral ideal generated by 3i,..., B, and
b= A"18J5.

Lemma 3.9. X ~Y if, and only if (a,a) = (b, b).
Proof. Necessity. Suppose there is Q € SP,,(D) such that Y = Q!X Q. Then QY = XQ and

therefore XQB8 = QY 3 = (Qp, that is @ is an eigenvector of X. There are A\, 4 € R* such
that Aa = pQB = Qup. So Aa = ub, and

Aa =A™/ Tha = A~ (uQB) TuQB
= ATuEB'QIQB = AT ujip' I = pfib.
Therefore (a,a) = (b, b).

Sufficiency. Suppose A, 4 € R* are such that Aa = ub and Ma = wizb. Then there is
Q@ € GL9y (D) such that Aa = pQ3, and thus

pQY B = pQCB = (uQB = (ra = AXa = pXQPB,

hence QY 8 = XQpB. Therefore QY = XQ, ie. Y = Q71XQ.

It remains to prove that @ € SPy, (D). If i = 2,...,2n, then

(O _ o
BQIQEN = 225 yat) = ¢ = BJBY.
pii®)
Ifi =1, then _
BQIQE=2aga=2uia =03
pid a
Hence Q'JQ = J (by Lemma 3.6). O

Let ¥ denote the correspondence from M/ to P defined as above. Lemma 3.9 guarantees

VU is well defined and injective. The proof of Theorem 1 is completed by following lemma.

Lemma 3.10. ¥ is surjective.
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Proof. Let (a,a) € Py and a = (a,...,q2,)" be a J-vector with respect to (a,a). Then
Cou,...,Cagy, is another basis of a, and so there is X € GLa, (D), such that Xo = Ca. It is
clear that fx(z) = f(z). We only need to prove that X € SP,,(D). We have

X' IXa9 = £a/Ja® = §y;aA.

Hence o/ X'JXa® = o/ Ja® (fori = 1,.. .,2n). By Lemma 3.6, X'JX = J. This completes
the proof. :V O

We now prove the Theorem 2.

Proof of Theorem 2. By Proposition 2.1, f(z) is a product of irreducible S-polynomials,
f(@) = (z - 1)z +1)%p(z) - - - ps(a).

If pi(z) is of type-I, then P, # 0, thus there exists X; € Mp,. On the other hand, if p;(z) is

of type-II, then p;(z) = ¢(0)z™q(z)q(2), where g(z) is an irreducible monic polynomial with

degree n; (by Lemma 2.5). Let Cy be the companion matrix of ¢(z). Then X; = C,+C;! € M,,.

Hence

I2l*("I2k:)*X1*"'Xs GMf

That is My # 0. O
3.4 Class Number of Py

In this section we prove Theorem 3. Suppose R is integrally closed in S. Then aa = (a) if and
only if @ = aAd’, see [19]. So C is a group, the identity is R and a=! = Aa’. We easily see that
(a,a) € Py if and only if ad = (a) and a = @. Then Py is a group if we define multiplication in
Py by

(a,a)(b,b) = (ab,ab).

The identity is (R, 1) and the inverse of (a,a) is (a, a).

For the proof of Theorem 3 we will need the following lemmas.
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Lemma 3.11. Suppose (a,a) € Py, A € R*. Then
1. (Ae,\a) € Py.

2. (a,Xa) € Py if and only if \ e U+,

Proof. For the first part we have Aaha = M\ad = (/\Xa) and AXa = MA@ = Aa. Hence
(Ma, AXa) € P.

For the second part, if (a,Aa) € Py then ad = (Aa) = (a); so A € U. We also have

Xa=Xa= Aa, and so X = \. The converse is quite simple. O

Lemma 3.12. Suppose (a,a), (a,b) € Py. Then (a,a) = (a,b) if and only if $ € C.

Proof. Suppose (a,a) = (a,b). There are A\, u € R* such that Aa = pa and Ma = ppb. If

u =5, thenu € U and ¢ = ui, that is ¢ € C.

Conversely, suppose § = u@ for some v € U. Then (a,a) = (a,utb) = (ua,vtb) = (a,b). O

Lemma 3.13. Let (a,a),(b,b) € Py, and Aa = ub, for some A\, u € R*. Then (a,a) = (b, ub)

for some u e UT.

Proof. If Aa = b, then A& = 5ib. Hence (AAa) = AaAd = pbjib = (ufib). Then there is a unit
u € U™, such that Aa = pjiub. Therefore (a,a) = (Aa, \a) = (ub, ufiub) = (b, ub). O

Now we can prove Theorem 3; namely there is a short exact sequence
+ ¢ {4
1=-UT/CPf—C—1
where ¢([u]) = (R, u) and ¢({a,a)) = [a].
Proof of Theorem 3. Clearly, ¢ is well defined and a group monomorphism (by Lemma 3.12).

% is also well defined and a group epimorphism (by Lemma 3.7). 9¥é([u]) = v((R,u)) = [R]
(by definition) and Ker ¢ = Im ¢ (by Lemma 3.13). This completes the proof. |
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Remark. Lemma 3.11, Lemma 3.12 and Lemma 3.13 are also true even if R is not integrally

closed in S. There is a bijective mapping between Psand Co x Ut/C.

Corollary 3.2. If D is the rational field Q, then there is an one-to-one correspondence between

My and RY/C, where R* = {a € R* | a =G} and C = {ad | a € R*}.

Proposition 3.1. If f(z) = 22+ x + 1, then the number of conjugacy classes of My in SP,(Q)

is infinity.

fid)

Proof. Let R = Q[(], ¢ = e%. Let P, q be different primes with p = ¢ =2 (mod 3). We want
to show [p] # [¢] in R*/C.

Suppose [p] = [g]. There are A = 21 + y1{, u = 22 + y2{ € Z[(] such that A\p = ujig, that
is
(2 — zatn + 41)p = (25 — 222 + 13)g.

Then there is an integer k such that

- zy +y? = kg (3.15)

2% — zoys +y% = kp

This is impossible due to the fact that if the Diophantine equation z% — zy + y% = kp”, where

p =2 (mod 3) and p { k, has a solution, then r is even.

By a theorem of Dirichlet, there are infinitely many primes of the form 3k + 2, and so we

have proved that R*/C is an infinite group. O

In general we have

Conjecture. Let f(z) = 271 + ... + 2+ 1, p an odd prime. Then the number of conjugacy
classes of My in SP,_;(Q) is infinite.
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3.5 The Rational Integer Case

In this section, we assume D = Z and F = Q. Using the fact that the number of ideal classes

is finite, the unit group U™ is a finitely generated abelian group and U+2 C C, we get

Proposition 3.2. My is finite.

From now on we consider the-m-th (m > 2) cyclotomic polynomial

Pp(z)=(z~-C)...(x - Co(m)) (3.16)

where (1,. .., (4(m) are the primitive m-th roots of unity and ¢(m) is the Euler totient function.
It is well known that the ®,,(x) has integral coefficients and is irreducible over Q. Also ®,,(x)

is an S-polynomial. We simply denote Mg, and Mg, by M,, and M,,.

Let ( = ¢ = e%, Rm = Z[(m). Then the involution on R, is just complex conjugation.

We denote Zm by C,,-

Proposition 3.3. For any X € M,,, we have X 4 XL,

Proof. Let o € R%m) be an eigenvector of X corresponding to ¢, Xa = (a. Then X ~la = (@.
Hence ¥(X) = (a,A™ld/Ja@) and U(X 1) = (a,A-'@Ja). If X were conjugate to X~ we
would have (a, A~d/Ja) = (8, A~'@Ja), that is we could find non-zero elements A,y € R

such that A\a = pa and %a'.]a = LEE Ja. But this is impossible since o/ Ja = —a' Jou. O
Let C; be the set of integral ideal classes a such that a@ is a principal ideal,

C1 = {aeC|ad=(a)for some a € Ry }. (3.17)

C is a subgroup of C and by definition h; = |C1|. It is easy to check that Cy C C;. To show

that Cp = C; we need

Lemma 3.14. Suppose ¢ is a primitive m-th root of unity. Then (1—) is a prime ideal of Ry,

if m is a prime power and 1 — ¢ is a unit of Ry, if m has at least two distinct prime factors.
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See [39].

Lemma 3.15. Cy = ;.

Proof. Suppose a@t = (ag) where ap € R},. We need to find a unit v € U such that uag = uay.
Let up = % We see that ug is a unit because (ap) = (ao), and uolp = 1. According to [39]
ug = £(*, for some integer k. If ug = ¢, for some integer I, then we can choose u = ¢t Now

we suppose ug # (%, for any integer .

Note that
a=a (mod1—¢?) (3.18)
for any a € Rp,.
Case 1. If m is odd, then ug = —C*, for some integer k. This is because if ug = ¢%¢=1 then

ug = (%~1+™ where 2k — 1 4+ m is even. By Lemma 3.14, either (1 — () is a prime ideal in R,

or 1 —¢ is a unit in Ry,. If 1 — ¢ is a unit, then %}%g% = Ck—l = C2l, for some integer I. We

can choose u = (1 — ¢)¢h

Consider the case where (1 — {) is a prime ideal in R,,. We want to show that ug # —¢*

for any integer k.

If ag € (1 —¢), then a@ C (1 — ¢) since ad@ = (ag). So either a C (1 ~¢) ora C (1 —¢).

Both cases are the same and imply (ag) C (1 —¢)(1 —¢). Let a; = Then a; € R},

__a
(1-0)(1-¢)°
and ug = % Continuing this procedure, there is a € R;, with a ¢ (1 —¢) such that uo = Z.

Now suppose ug = —(¥. Then, by (3.18), a =@ = —C*a = —a (mod 1 — (), hence 2a = 0

(mod 1 — ¢). Since (2) is a prime ideal different from (1 — ¢) we have a =0 (mod 1 — (), that

is a € (1 — ¢). Contradiction.

Case 2. If m is even, then ug = (?**1, for some integer k, since —1 = ( 7. Note that —( is
also a primitive m-th root of unity, so either (1 +¢) is a prime ideal of R, or 1+ ( is a unit in

Rm. If 1 + ¢ is a unit in Ry, then we use u = (1 + ¢)¢*.
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In the case that (1 + () is a prime ideal of R,,, we want to prove that ug # ¢2**! for any

integer k. For a similar reason as in Case 1, there is a € R},, @ ¢ (1 + (), such that uo = 2.

Suppose ug = (*+1. By (3.18) we have @ = ¢(%*la = ¢(~(@+1g (mod 1 — ¢2). This implies
(C-1)(¢%+ - +¢+1)@a=0 (mod 1—¢?), thus (¢*+---+¢+1)a=0 (mod 1+¢). We know
that (% + .-+ +1¢ (1 +¢), hence @ € (1 + ¢). Contradiction. O

Now we want compute the index [U" : C] of C in U™, that is the order of Ut /C. Since
for m =2 (mod 4), R, = R%, we assume that m # 2 (mod 4). First, we quote some results
of number theory (see [23] and (39]). Let W = {%¢},}, a finite cyclic group consisting of the

roots of 1 in R.

Lemma 3.16 (Dirichlet). The unit group U of R, is the direct product W x V', where V is

: ¢
»a free abelian group of rank sz)- - 1.

Lemma 3.17.

1, m prime power,
U :WU"] =

2, m not prime power.

Lemma 3.18. If m is not a prime power, then 1 — (, ¢ WU and (1 — (n)(1 = C,,,) & U2,

Proof. If there is an integer I such that ¢!,(1 — () € U™, then (1 — (p)(1 =C,,) € U2 So
we only need to show that % = ~(m & U2. For this purpose we suppose —(p, € U2. Then
—Cm = (2 for some [, which implies 4l —2 = 0 (mod m) and m is even. Since m # 2 (mod 4),
we have m = 0 (mod 4). Thus 4/ — 2 = 0 (mod 4), which is impossible. This completes the

proof. O

Lemma 3.19. Let ky, = [U* : C]. Then

$(m) .
277, m prime power,
km =
272 , ‘m not prime power.
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Proof. By Lemma 3.16 and Lemma 3.17, we see that U+ is the direct product of Zs and a free

abelian group with rank ﬂ;ﬁ — 1, and then we get [UT: U?] = 225

If m is a prime power, then C = U*? (Lemma 3.17), and we obtain ky, = 225

If m is not a prime power, then U = WUtU(1—{)WU™* (by Lemma 3.17 and Lemma 3.18).
We get C = U2 U (1 - ¢)(1 — Q)U+?2, which implies [C : U*2] = 2. Thus ky, = 22521, since

Ut U =[U*:C)C:U*?. O

This completes the proof of Theorem 4 (by applying Theorem 3).

Example. Let m = 5. Then h; = 1, ¢(5) = 4, and hence g5 = 4. There are 4 classes of M; in

SP4(Z). Here is a list of canonical matrices of Ms,

01 0 O 00 -1 0
0 0 -1 0 9 00 1 -1
.X= X =
0 0 -1 1 11 0 -1
11 -10 01 0 -1
0 0 1 1 -1 -1 01
X3 — -1 -1 0 1 x4 = 1 0 00
-1 0 0 0 0 -1 00
-1 -1 0 0 0 -1 10

Similarly a list of canonical matrices of Mg in SPy(Z) is —X, — X2, — X3, —X4.

Example. Let m = 8. Then h; = 1, ¢(8) = 4, and hence gg = 4. There are 4 classes in M.

A complete set of conjugacy classes of elements of order 8 in SP;(Z) is

0 -1 10 01 -1 0

-1 0 11 1 0 -1 -1
IOJ, IO(—J), ’

-1 1 00 1 -1 0 O

0 -1 00 01 0 O
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Example. Let m = 12. Then h; = 1, ¢(12) = 4, and hence g = 2. There are 2 classes of
X € SP4(Z) with characteristic polynomial f(z) = z* — 2 + 1. Two non-conjugate matrices

are Cy and C}, where C; is the companion matrix of f(z).
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Chapter 4
Symplectic Spaces

If a symplectic matrix X is decomposable, then its characteristic polynomial f(z) is a reducible
S-polynomial. In general, the converse is not true. In this section we want to find sufficient and
necessary conditions for X to be decomposable. First, in Section 4.1 we introduce symplectic
spaces and prove Theorem 5. In Section 4.2 we relate symplectic matrices to symplectic trans-
formations and then prove Theorem 6. Finally, in Section 4.3 we shall discuss symplectic group

spaces and prove Theorem 7. Some of the material in this chapter is known, see [12].
4.1 The Symplectic Spaces

We start with a definition:

Definition 4.1. Let V be a free D-module with rank 2n and suppose there is a skew symmetric
inner product (, ) on it. V is called a symplectic space over D if there are 2n elements v1, ..., U2,

of V such that their inner product matrix

M(’Ul,...,’vgn) = (<Ui’vj>)2nx2n =J (4.1)
The ordered elements vy, ..., vy, form a symplectic basis of V. Two symplectic spaces are said

to be isomorphic if there is a D-module isomorphism o which preservés their inner products. o

is called a symplectic isomorphism.

Example. Let S be a Riemann surface with genus g > 1. Then Hy(S) with the intersection

form is a symplectic space over Z, with rank 2g.

The following lemma says that a symplectic basis is a D-basis.
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Lemma 4.1. Suppose V' is a symplectic space over D with rank 2n. Then every symplectic

basis is a D-basis of V.

Proof. Suppose vy, ...,vq, is a symplectic basis of V. If wy,...,ws, is a D-basis of V, then
(
V1 = 411w + -0+ a1 2pWan,

Vg = a21wW1 + -+ + a2 2,Wap,

VU2n = Q2p1W1 + - + G2p 2nW2p
\

where a;; € D (4,5 = 1,...,2n). Let A = (a;;) be the coefficient matrix. It is obvious that
AM(wl, ‘e ,'lUQn)AI = M(’Ul, cen ,Ugn) =J.
Hence the determinant of A is a unit in D, therefore vy, ..., v, is a D-basis of V. O

Lemma 4.2. Two symplectic spaces over D are isomorphic if and only if they have the same

D-ranks.

Proof. The necessity is clear.

For sufficiency, suppose vy, . . ., v, is a symplectic basis of V and wy, . .., we, is a symplectic
basis of W. If we define 0 : V.— W by o(v;) = w; (for i = 1,...,2n), then o is a symplectic

isomorphism. O

Lemma 4.3. Suppose two symplectic spaces V and W have the same D-ranks. Then a D-linear

mapping o 1 V. — W which preserves inner products is a symplectic isomorphism.

Proof. Let vy,...,vo, is a symplectic basis of V. Then
M(a(vl), ... ,a(vgn)) = M(vi,...,v9) = J.

By Lemma 4.1, o(v1),...,0(v2,) is a basis of W. Hence o is a D-module isomorphism and

therefore a symplectic isomorphism. O
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Consider D??, the D-module of 2n-tuple over D. For any two column vectors o, 3 € D,
we define a skew symmetric inner product on D?" by (o, 8) = o/ JG. It is easy to verify that
D?" with this inner product becomes a symplectic space, which we call the canonical symplectic

space. Furthermore, if we put
e; =(0,...,0,1,0,...,0), fori=1,...,2n, (4.3)

then ey, ..., es, is a symplectic basis of D?", which we call the standard symplectic basis.

In this section, we always assume that V is a symplectic space over D with rank 2n and

V1,...,V2, is a symplectic basis of V. Let v, w € V, and

v=a101 + -+ aopvy, and  w = byvy + -+ + bopvop. (4.4)
We set oo = (a1,...,a2,) and B = (by,...,b2,), the coordinate vectors of v and w under the
basis v1,...,ve,. Clearly, we have (v,w) = o/ JS.

Suppose V1, V5 are D-submodules of V. We use V] @ V3 to denote the module sum Vi + V5
if ViNVa = {0}. V; and V; are said to be orthogonal, written as V1 L Vs, if {(v1,v2) = 0, for any
elements v; € Vi, vo € Va. Furthermore, suppose Vi, V3 are symplectic subspaces of V. Then

V1 ® V; is called the symplectic direct sum of V] and V3, denoted by Vi*V5s.

Let ay,...,a; be elements of D. It is convenient to denote any greatest common divisor of
ai,...,ar by g.cd(a1,...,a;). We know that g.c.d(a1,...,a;) = 1 if and only if there exist
r1,...,Tg € D such that ria; + - +rgax = 1. In this case, we say that ay,...,a; are relatively

prime.

Definition 4.2. An element v (v # 0) of V is said to be primitive, if v = ¢ w, where ¢ € D and

w € V, implies ¢ is a unit in D. Let a1,...,a; € V. We say that aq,...,q; are coprimitive if
for any relatively prime elements aq,...,a; € D, the linear combination ajo; + - -+ + aroy is
primitive. An ordered set of [ + & (0 < k,! < n) coprimitive elements a1,...,0, B1,..., 0 is

said to form an (I, k)-normal set if

(04, Bj) = 035, (i, ) = (Bi, B;) =0, (4.5)
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for all possible 7 and j.

Ifo1,...,04, B1,..., Bk form a (I, k)-normal set, then their inner product matrix is
0 A
M(al,...,al,ﬂl,...,ﬁk)= (46)
-A" 0
I ) ‘
where A = (I;,0) or depending on whether [ < k or [ > k.
0
Remark. If oy, ..., o are coprimitive, then every «; is primitive. Let a1, ..., as, be a D-basis.
Then a,...,as, are coprimitive. Thus an element of any D-basis is primitive. A primitive

element forms an (1,0)-normal set or a (0,1)-normal set. An ordered set of 2n elements is a

symplectic basis if, and only if, it forms an (n,n)-normal set.

Lemma 4.4. An element v = ayv;+- - -+ ag,vo, s primitive if and only if the greatest common

divisor g.c.d (a1,...,a2,) = 1.

Lemma 4.5. Let v € V be primitive, w € V and a,b be non-zero elements in D. If aw = bv,

then a | b.

/

Lemma 4.6. Let o,...,ax be coprimitive. Then ai,...,ar are independent and can be ez-

tended to a D-basis of V.

Proof. 1t is clear that a1,...,ax are independent.

To complete the proof we need to show that V/W, where W is the subspace generated by
a1, ..., 0, is torsion free. Let v be a non-zero element in V and a be a non-zero element in D.
Suppose av is zero in V/W, that isav € W. Then av = ajoy +- - -+aray for some aq,. .. ,ax € D.
Let g.c.d(ay,...,ax) = b. We have a; = bc;, where ¢; € D and g.c.d(ey,...,c,) = 1. Then

av = b(cion+- - -+cpoy) and crar +- - - + ¢y is primitive. Hence a | b and thereforev € W. O

Lemma 4.7. An element v is primitive if, and only if there is an element w € V such that

{v,w) =1, that is v,w form an (1,1)-normal set.
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Proof. By Lemma 4.4, if v is primitive then g.c.d (a1,...,as,) = 1. There are ci,...,con € D
such that 21221 a;c; = 1. Let w be an element of V such that the coefficient vector of w is

B = —Jv, where v = (c1,...,cm)". Then (v,w) =/ J(=Jy) =’y =1.
The converse is clear. O

Lemma 4.8. If W is D-module summand of V, then there is a primitive element w in W.

Proof. This is because every D-basis of W can be extended to a D-basis of V. (N

Proposition 4.1. If V=V, +V, and V; L Vs, then V = VixVs.

Proof. First, we prove that Vi NV, = {0}. Let v € V; N V4. Then for any w = w; + wy, where

wy € V1 and wo € Va, we have (v, w) = (v,w1) + (v,w3) = 0. Hence v =0, that is V = V; @ V».

Now we prove that V) is a symplectic subspace of V by induction on rank (V;), the rank
of Vi. If rank(V;) = 1, then Vi L V4, and so V; L V. Thus V; = {0}, this is contrary to
rank (V1) = 1. Hence rank (V;) = 1 is impossible. Suppose rank (V1) > 2. Since V; L V3, there
are two primitive elements wy, wo of V1 such that (w;,ws) =1 (by Lemma 4.8 and Lemma 4.7).
Let W be the symplectic subspace generated by w; and we. Ifrank (V1) = 2, we see that Vi = W
is a symplectic space. Suppose rank (V1) > 2. We let U = {v eVi| {(v,w) =0 for w € W} If
v € V1, then v — (v, wa)w; + (v, w;)wg € U. We see that V; = U+ W. By the same argument as
above, Vi = WoU. ThusV =U® (W e Vs). Also U L (W +V5) and rank (U) = rank (V}) — 2
by the definition of U. By induction, U is a symplectic subspace, and therefore Vi = W % U is

a symplectic subspace too.

By the same reasoning, V; is a symplectic space. O

Corollary 4.1. Suppose Vi,...,V,, are subspaces of V with

1. V=Vt o +Vy,,

2. Vi LV; fori# 3.




Then V =V * - % Vp,.

Lemma 4.9. Let ay,...,0, B1,.--,Bk,%, Y1,---,7 be a D-basis of V such that (0, B;) = 65

and <ai’aj> = <C¥1,’)’]> = 0. Then ng ((70)71)7 vy (70771)) =1

Proof. Suppose there is a non-unit ¢ € D such that

cl(’YO,’Yj)a forj=1,...,1 (47)

Let v = v ~ (v0,081)01 — -+ — (70, Bk)ax. Then v is primitive since vy is primitive and
Y0, Q1,...,q are independent over D. Any v € V can be expressed by
k !
= Z (aiai + bzﬂz) + Z C;Yy
i=1 j=0

where a;,b;, c; € D. Hence

k k !
(r0) = (- (0. B)ei, » (o +bifs) + > ;)
i=1 i=1 §=0
k ! ko k
= ij ’)’OaBJ Z ’YO»’YJ Zzb_] 'YOaﬂz az,ﬁﬂ
j=1 j=1 i=1 j=1
= a(,m) +- +alv,m)
which implies ¢| {7y, v) by (4.7). This is contrary to Lemma 4.7. O

Lemma 4.10. Let a,...,o; be an (I,0)-normal set of V. Then for any 0 < k < I, there are

Bise s Brs My -+ sYm, where m =2n—k -1, in V such that

1 ay,...,aq, Bry. oy Bk, Yis--+sYm 18 a D-basis of V

2. 01,...,ak, B1,..., 0k form a (k,k)-normal set.

Proof. We prove this lemma by induction on k.

For k = 0 it is obvious (by Lemma 4.6).
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Suppose it is true for k — 1. We have elements 8,..., Bc—1, Y1,--- , Ym+1 satisfying these

two conditions. Set

k-1 k-1
=m— ) lem)B+ Y (B m)ay,
- k-1
Yo=v2 =Y (0578 + D (B, ey,
j=1 j=1
k-1 k-1
Vm41 = Ymtl — Z(%‘»’Ymﬂ)ﬁj + Z(ﬂj,’ymH)Oéj-
j=1 j=1
We have
(@i, 7;) =0 and (B;,7}) =0 (4.8)

fori=1,...,k—1land j=1,...,m+ 1. Applying Lemma 4.9 to a1,..., 051, B1,...,Bk—1,

Qs+ 5Oy V15 -+ Yips1> We see that there are cp,...,cny1 in D such that
C]_(Ofk,’Yi) + o+ e (akarﬂn—}-l) =1 (49)

Note that here we use the fact (o, ;) =0for j=1,...,L

Now we can find a unit matrix A = (a;;) in GLy+1(D) with cy,...,cp41 as its first Tow,

see [26]. Let

Br = an+- + cmt1 Va1
" ! !
Y1 = a1yttt Gem41Ymet s
"o / !
Tm = Om+1171 T+ Omtlma1 Y1
Clearly, ai,...,0q, Bi,..., Bk, ¥/, - - -, 71, forms a D-basis of V. Furthermore, let

:81 = ﬁ1_<ak’ﬁl)ﬂka




Br_1 = Br-1— (e, Br—-1)Bx,

By = Br.
Then ou,...,aq, B1,..., 8, ¥/s- .., 70 is also a D-basis of V. We shall verify that o, ..., o,
B, -+, By form a (k, k)-normal set by using (4.8) and (4.9)

Case 1. For ¢, =1,...,k—1,

(i, B5) = (i, B — (o, By) Br) = (o4, Bj) — (ak,ﬁﬁ(di,ﬁk)

m—+1

= (i, B) = (ak, B;) D cslo, vs) = (4, B) = 6.
s=1
Case 2. Fori=1,...,k, j =k,
m+1
(i B) = (i B) = D colu, Vs) = ik
s=1

Case 3. Fori=k,j=1,...,k—1

(ak, B;) = (o, Bj) — (ak, Bj){a, Br) = 0.

Case 4. For j=1,...,k -1,

m+1

Z cs(ﬁpV{g) =0.

s=1

<ﬁ‘;7/8;c) = (/B] - <ak"ﬂj>ﬁkaﬁk> = <ﬁ]aﬁk‘> =

This completes the proof.

d
Proof of Theorem 5. Without loss of generality we can assume that & < [. Let V] be the
symplectic subspace generated by a1, ...,k B1,..., 5k, and Vo = V;*

IfveV,let
k k
w=v-— Z(Uaﬂi)ai + Z(va az)ﬁz

=1 i=1

It is easy to see that w € V5. Hence V = V] + V5. By Proposition 4.1, we see that V5 is a
symplectic subspace and V =V} * V5.
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If k <1, then a41,...,0q form a (I — k,0)-normal set of V3. By Lemma 4.10 we can find

Br+1,-..,0 in V5 such that agiy,...,q, Bk+1y---,0 form a (I — k,I — k)-normal set. Then
ai,...,aq Bi,...,0 form an (I,1)-normal set. So we can suppose k = .

If k¥ = [ then a combination of a1,...,ax, Bi,...,0: and a symplectic basis of V5 is a
symplectic basis of V. O

Remark. This theorem gives another way to prove that every normal array can be completed

to a matrix in SP, (D), see [29].
4.2 Symplectic Transformations

Definition 4.3. A linear transformation o of a symplectic space V is called a symplectic

transformation if it preserves the inner product.

A symplectic transformation o is reducible if there is a non-trivial o-invariant subspace of
V; otherwise it is called irreducible. A symplectic transformation ¢ is decomposable if V can
be decomposed as a symplectic direct sum of two non-zero symplectic o-invariant subspaces;

otherwise it is indecomposable.

Remark. 1t is easy to see that every symplectic transformation maps a (k,!)-normal set to a

(k,1)-normal set. Thus a symplectic transformation is a D-module isomorphism.

Clearly, a decomposable symplectic transformation must be reducible. Now we shall see

that the converse is also true.

Lemma 4.11. A symplectic transformation is decomposable if, and only if it is reducible.

Proof. Suppose V1 is a non-trivial o-invariant symplectic subspace. Then o(V;) = Vi. By

Theorem 5, there is a non-trivial subspace V5, such that V = V; * V5. V; is o-invariant since

(e(V1),0(V2)) = (1, Vo) =0, O




Let o be a linear transformation of V and X be the matrix of ¢ with respect to a symplectic

basis vy, ..., v, ie.

a(vi,...,v2) = (o(v1),...,0(v2n)) = (v1,...,v20) X. (4.10)

We know that the inner product matrix of o(v1),...,0(vey) is M (o (v1),... ,o0(van)) = X'JX.
Hence o is a symplectic transformation if and only if X € SP,,(D). Suppose o is a symplectic
transformation. Let vq,...,v2, and wy,...,ws, be two symplectic bases of V. Then there is
a symplectic matrix Q € SPa,(D) such that (wy,...,wa,) = (v1,...,v2,)Q. Let X and Y be
the symplectic matrices of o with respect to the bases vy, .. .,V2n and wi,...,wa,. A simple

calculation tells us Y = Q7 1X(Q, that is X ~ Y.

Proposition 4.2. Suppose o is a symplectic transformation of V. Then o is decomposable if
and only if X is decomposable. Furthermore, suppose Vi,...,Vy, are o-invariant symplectic
subspaces of V, and V = Vi % ---«V,. Then X ~ X1 % -+ x X,, where Xy,...,X,, are the

matrices of o|Vi,...,0|Vy, respectively.

Proof. Let rank (V;) = 2n;, and a1, ..., n,, Bi1,-- -, Bin; be a symplectic basis of V;. Let X;

be the matrix of o[V, with respect to the basis a1, .., ®in,, Bi1,---,Bin;. We see that

Q11,...,Uny, /Blla'” ’ﬁlnl,"-,amla"'aamnma ﬁml""aﬂmnm (411)

is a symplectic basis of V, and the matrix of o with respect to the basis (4.11) is X * -+ * X,,.

For the converse, we assume that X = X; *---x X;,,. Let V; be the subspace generated by
(V15...,025)[0 % -+ x X; % -+ - % 0]. It is easy to see that V; is a o-invariant symplectic subspace

of VandVi+.--4+V,,=V. Thus V=V, %---x V. a

Lemma 4.12. Let o be a symplectic transformation of V, let p(z), q(z) € Dz] be mutually
coprime polynomials, and let one of them be an S-polynomial. If 0,3 € V are such that

p(o)(a) =0 and ¢(o)(B) =0, then (o, [) = 0.

Proof. Without lost of generality we assume that g(z) is an S-polynomial. There are two

polynomials u(z),v(z) € D[z] such that u(z)p(z) + v(z)q(z) = ¢, where ¢ € D, ¢ # 0. Then
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c a =v(o)g(o)(a), and

¢ (@, B) = (v(o)g(o)(a), B) = (v(0)(@),q(a7")(B)) = (v(0)(a),0) =0
since ¢(0)(8) = 0, and g(c™!) = 072™¢(0), where m is the degree of g(z). Here we use the fact
(0(@), B) = (a,071(8)). | 0
Let V' be the canonical symplectic space D?". Given any X € SP,(D), we can define a
symplectic transformation o as follows,
o(e) = Xa (for a € D).
It is well known that the matrix of o with respect to the standard basis e, ..., e, is X.

Corollary 4.2. Let K be an extension field of F and A\, p € K with A\ # p and A # 1. If
X € 8Py, (K) and a, B € K*™ are such that

(X-AM)"a=0 and (X -ul)*8=0,

for some integers r, s, then o/ J3 = 0.

Proof. We apply Lemma 4.12 to X. Note that (z — A\)" and (z — p)*(z — %)s are muﬁually

coprime, and the latter is an S-polynomial. g
Now we are ready to complete the proof of Theorem 6.

Proof of Theorem 6. Suppose f(z) is a reducible S-polynomial and
m
f(@) = pil=)
i=1

where p1(z), ..., pm(z) are mutually coprime S-polynomials. Let ¢;(z) = f(z)/p;(z). There are

m polynomials, u1(z),...,un(z) € Flz], such that

ui(z)q(z) + - + um(z)gm(z) = 1. (4.12)
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Suppose X ~ Xy*---x X, where X; € M, (for i =1,...,m). Thereis Q € SPy, (D) such
that X = Q71 (X1 *---%X,,)Q. Then g(X) = Q'[g(X)) % - - * g(Xm)]Q, for any polynomial
g(x). By (4.12) and the fact that p;(X;) =0 (for i = 1,...,m), we obtain

I7 'L=.7a
ui(X;)qi(X;) =
‘ 0, i#j.
Hence u;(X)g;(X) = Q0% --- * } * - % 0]Q € My (D).

For the converse, we regard X as the symplectic transformation & = Xa of the canonical

symplectic space D?". Let
Vi = ui(X)@(X)(D*™) fori=1,...,m. (4.13)
Then for each 1 <7 < m, we have

1. V; is submodule of D", because u;(X)q;(X) € Mo, (D);
2. V; is X-invariant, for X(V;) = X (us(X)gi(X) (D)) = wi(X)q:(X) (X (D*)) = V;
3. D =Vi+ -+ Vpy, for T u(X)g(X) = I

4. V; LV; (i # j), by Lemma 4.12 and p;(X)V; = {0}.

Applying Proposition 4.2, we can complete the proof. |

Corollary 4.3. Suppose f(z) and g(z) are strictly coprime S-polynomials, and X € My,. Then

X is decomposable.

Example. Consider the case D = Z. Let

0 0
1 0
0 1




X1, X2 € SP4(Z), and [, () = fy,(z) = (22 + 2+ 1)(2? —  + 1). We know that
%(x-i—l)(xQ—:c+1)—%(x—1)(ac2+m+1) = 1.

Clearly, X; is decomposable and %(Xl +I)(X? — X1 +1I) € My(Z). But X, is indecomposable,
since 1(Xo 4+ I)(X% — Xo + I) ¢ My(Z).

Example. Let f(z) = (z? +1)(z? £ 2 + 1). Any X € M; is decomposable, since

(zx)(@?+1)—2(c®£z+1) = +1.
4.3 Symplectic Group Spaces

Definition 4.4. Given a group G, a symplectic space V is called a symplectic G-space, or

G-space, if G acts on V and every element of G preserves the inner product.

Relative to a symplectic basis, V affords a symplectic representation of G. Let G be the
cyclic group G, generated by a fixed element g of order m, where m is a finite integer or
infinity. To specify a Gp,-space V, it suffices to give a symplectic matrix X. The characteristic
polynomial of X is independent of the representation, we call it the characteristic polynomial
of the Gp,-space. The set of all symplectic G,,-spaces with characteristic polynomial f(z) is

denoted by V7.

Definition 4.5. Two G-spaces V and W are equivalent, denoted by V' = W, if there is a
symplectic isomorphism ¢ : V' — W such that the diagram
GxV —ms V
lidxa Jva
GxXW — W

is commutative, that is o(g o v) = g o (6(v)).

Remark. Let V; denote the set of equivalence classes in V;. We have a natural one-to-one

correspondence X, defined as above, between Vy and Mj.
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A G-space is decomposable if it is expressible as a symplectic direct sum of two non-zero
G-subspaces; otherwise, it is indecomposable. A G-space is reducible if it contains a non-zero

G-subspace of smaller rank. A non-zero G-space which is not reducible is called irreducible.

An analogue of Lemma 4.11 is
Proposition 4.3. V is decomposable if and only if it is reducible.

Example. If we have a group G acting on a Riemann surface S, then H{(S) is a symplectic

G-space by passing the action to homology.

Suppose f(z) is an S-polynomial of type-I, and ¢ is a fixed root. Given any S-pair (a,a) € Py
(cf. Section 3.3), we know that a is a D-module since it is an ideal. We define a skew symmetric
inner product as follows,

(o, f) = Tx (a‘lgaﬂ)

Let m = order of (. We define the action of G, on a by goz = z/(, for all z € a. Note
that @ = aAd’. Let a = (a1,...,09,)", where ai,..., a9, is a J-orthogonal basis of a with
respect to a. Then the components of a—lA—J& form the dual basis of ay,...,as,. This means

the matrix Tr (‘Z—ZIJ') is the identity matrix. On the other hand, Tr (%%J’) = Tr (z—i’) J',
hence Tr (‘;—‘Z) = J'! = J. Therefore we obtain a symplectic space, denoted by [a,a], and
o1,...,02, is a symplectic basis. Also, it is easy to verify that g preserves the inner product

and its characteristic polynomial is f(z). We have [a,a] € V.

Before we prove the Theorem 7, we give the following lemmas,

Lemma 4.13. If Tr(az) = Tr (bz) for all z € a, then a = b.

Proof. Tr is additive, so we only prove the special case where b = 0. Let zi,...,Z9, be a

D-basis of a. We obtain a system of 2n equations in the a(®’s,

a(l)azgl) +-+ a(zn)xg2n) =0,
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a(l)xg;‘) 4 .. + al(?n)mgin) = 0,

which only has the 0 solution. Hence a(V) = ... = a{?") =, s0 q = 0. O

Lemma 4.14. Suppose a and b are ideals of R, and 0 : a = b is a D-linear mapping with

o(gox) =goo(z). Then there is a unique element q of S such that
o(x) =qx forallz € a. (4.14)
Proof. First note that o is R-linear. To prove this we write any element o of R as a D-linear
combination of 1,1/¢,1/¢2,...,1/¢® 1, It is easy to‘verify that o(az) = ao(z).
Let ap € a. Then ago(z) = o(az) = o(ag)z. Set ¢ = o(ap)/ap, we see that (4.14) is

true. O

Proof of Theorem 7. Suppose ¢ is an symplectic isomorphism from the symplectic G,,-space

[@1,a1) %+ -~ % [ar, az] to [b1,b1] % - - - % [bs, bs]. Thus there is an r x s matrix Q = (g;;) with entries

in § so that
a Y1 ‘1
o = =Q ;
Tr Ys Ly
for all (z1,...,2,) €a1®---®a,, and (y1,...,ys) € by @--- @ bs. Since ¢ is an isomorphism,
@ has an inverse, and hence r = s. If we choose all z1,...,z, to be zero except zj, we obtain

gijzj € b;. Thus gjja; C b; fori,j=1,...,n

Ifa=(o,...,0r) and 8= (B1,...,5;) are in [a3,a1] * - - - * [ar, ar], then
1
r 1 a1
(0 8) = 3 (o i) = Tr | o CAR (4.15)
=1 1
Qr
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and similarly

(o0(e),0(B) =Tr | -'Q Q6| . (4.16)

b

Comparing each entry of (4.15) to (4.16), and using Lemma 4.13, we complete the proof of the
first half.

To prove the second half, we define o by

o is a D-linear mapping from a; & --- @ a, to by @ --- ® b, and preserves the inner product,

hence ¢ is isomorphism by Lemma 4.3. O
Corollary 4.4. If [a,a1] * -+ * [ar,ar] = [b1,b1] % - - - x [by, b;], then
(al...ar,al...ar> = <b1...br,b1...br>_

Proof. For each generator a; - --a, of a; - - - a,, the product (det Q)a; - - - a, can be expressed as

the determinant of the product matrix

al 0 0

0 ag 0
Q

0 0o --.. ar

whose i-th row consists completely of elements g;ja; of b;. This proves that
(detQ)ay---a, Cby---by.
A similar argument shows that

(det Q_l)bl -eob. Cayp---ap.
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Multiplying this last inclusion by det@ and comparing, it follows that b, ---b, is equal to
(det @)ay --- a,; and it is easy to verify that by --- b, = (det Q)(det @)al -+-ap. This completes
the proof. O

Now we give some applications of Theorem 7. When r = 1, we have
Corollary 4.5. [a,a] = [b,b] if, and only if (a,a) = (b, b).

Proof. By Theorem 7, [a,a] 2 [b,b] if and only if there is A € S such that Aa C b and b = AXa,

which is equivalent to (a,a) = (b,b). O

From this corollary, we obtain a natural injective correspondence @ : (a,a) — [a,a] from

Py to V. The following lemma says & is surjective.

Lemma 4.15. For any V € V}, there is an S-pair (a,a) € Py such that V = [a,q].

Proof. Let v1,...,v2, be a symplectic basis of V. The action of g on V has a representative

X € SPy,(D). We choose (a,a) € P such that ¥(X'~') = (a,a). Suppose

aY s}
X! = :
Zon T2n
where zy,...,z9, is a J-orthogonal basis with respect to (a,a). We define the isomorphism

¢ :V = aby ¢(v;) = z;. It follows that (z;,z;) = Tr (L z;%;) = 6;j = (v;,v;). That is, ¢

preserves the inner product. O

Furthermore, we have one-to-one correspondences ¥ between My and Py and ¥ between

Vs and M. More precisely, we have

Proposition 4.4. The correspondence ¥ o X o ® is the identity of Py.
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Proof. Let (a,a) € Py, and a = (a,...,0a9,) be a J-vector with respect to (a,a). Then

Qi,...,00n 1S a symplectic basis of [a,a]. Let X be the matrix of g with respect to a, ... , 0oy,
We need to prove that ¥(X) = (a,a). Since go(ay,...,ao,) = %(al, v aon) = (0, ..., a9,) X,
and X' o = Ca, we get U(X'™") = (a,a). Hence U(X) =X = (q,a). O

The following proposition gives a method to compute IIo £(V), for a symplectic G,,-space

V € V; without needing to know a symplectic basis of V.

Proposition 4.5. Suppose V € V. Let ay,...,aa, be a D-basis of V, not necessarily symplec-
tic. Let M be the inner product matriz of ay,...,as,, and X be the matriz of g with respect
to ay,...,az,. Let a = (aq,...,a0,) € D2 be an eigenvector of X with respect to (. Then

U o X(V) = (a,a), where a is the ideal generated by i, ..., as, and a = A~1o/ Ma.

Proof. We choose a symplectic basis v1,...,ve, of V and let Y be the matrix of g with respect
to v1,...,v2,. There is Q € GL2,(D) such that (a1,...,a2,) = (v1,...,v2,)Q. It follows that
Y =QXQ !and M =Q'JQ.

If 8 =Qa, then Y8 = QXQ 1(Qa) = QXa = QCa = (Qa = ¢[. We see that 8 is an
eigenvector of Y with respect to (. Now we need to show that 3 is a J-vector with respect to
of (a,a). From the fact that @ is invertible, we see that the components of 3 form a D-basis of
a, and

a=A"'dMa=A"dQJQE=ATIBJIB.

So o X(V) =9(Y) = (a,a). O

For r = 2, we have
Corollary 4.6. [a,a]*[b,b] = [R,1]*[ab, ab] if and only if there are u € a and v € b such that

w % =1. (4.17)
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Proof. Suppose [a,a] * [b,b] = [R, 1] * [ab, ab]. There is a 2x2 matrix @ = (g;;) with entries in

S, so that ¢11R C a4, g1 R C b and

ISl

Y
1 < 1
ab b

) Q. (4.18)

Set u = q11, v = @21 and then compare the top left entries of both sides of Equation (4.18).

It follows that @ satisfies (4.18). Now we need to verify that —-%ab C a and %ab C b. Since
v € b, then —¥ € b, which implies —5b C bb = bAbY C bR, and thus —Zb C R. It follows that

o2

u —

For the converse, suppose there are u € a, v € b such that (4.17) holds. Let Q = (
v

ol

%ab C a. Similarly, %ab C b. Therefore [a,a] * [b,b] = [R, 1] % [ab, ab] by Theorem 7.

This completes the proof.

Example. Let R, be as in Section 3.5. Then [Rp,, —1] * [Rpm, —1] # [Rm, 1] * [Rm, 1]
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Chapter 5
Order p elements in SP,_;(Z)

First, in Section 5.1 we will give examples of elements of order p in SP,—1(Z). Then in Section 5.2
we will discuss the cyclotomic units of the cyclotomic field Q[¢], where ¢ = e, And finally,

in Section 5.3 we shall prove Theorem 8.
5.1 An Example

Theorem 1 gives us a way to find representatives for each cyclic matrix class in SPy, (D) with
characteristic polynomial f(z) irreducible and separable in D. Suppose we have an S-pair (a, a)
and a basis f1,..., B, of a, which is not necessarily J-orthogonal. The following steps will find

a symplectic matrix X € SP,,(D) such that ¥(X) = (a,a).
1. Find the dual basis 71, ...,7v2, of B1,..., Bon, that is solve the linear system
B9 = gy 5.1)
Y ﬂ 12 ( .
where 8 = (B1,...,02,) and v = (v1,.--,720)';

2. Find the integral matrix Y € GLo,(D) such that Y8 = (3;

3. Find the skew symmetric matrix M € GLy,(D) such that M E = alA~y;
4. Find a matrix Q € GL,(D) such that M = Q'JQ;

5. Let X = QY Q™. Then X € SP,,(D) and ¥(X) = (a,a).

Let R = Z[(]. We shall apply this method to find X in SP,_;(Z) of order p and such that

U(X) = (R,1). We know that 1,(,...,¢(?"? is a basis of R.



Lemma 5.1. The dual basis of 1,(,...,(P72 is,..., n—1, where

(€ =1)¢
p

N = (L4 +¢P7Y), i=1,...,p—1 (5.2)

Proof. By Lemma 3.2, we need to verify

p—2
F@) = £ Q) (Z mlxi)
i=0
where f(z) = 2Pl 4+ ... + z + 1, and f/(¢) = e Let o =7 =0.
p—2 . p—2 ‘ p—2 . p—-1 . p—2 .
(@ =Y e’ =Y wpr ™ =Y yilat = vt = 3 i lad
i=0 i=0 i=0 i=1 i=0
p—1 p—1
_ o i_NC-1¢ s f=)
Zz:;(% Yi+16)x ; PR O

Thereby proving our assertion. O

Let 8= (1,¢,..., C”'2)/ and v = (71,...,7%-1)- Then Y is the companion matrix

0 1
Cp1 =
1
-1 -1 -1
and
1 -1
— ¢p1 ~11-1 =1 - -1 _
ﬁ = and v = C— ﬂ = C—Lp_lﬂ (53)
s 2 R P
<2 -1 -1 -1

where L, is the n x n matrix whose entries above the diagonal are 0 and the others are —1.
Since (8 = Cp_18 we have (B = Cp__llﬁ. Note that A = gq(_é’;ll)_/f_ we see that
ptl

+1 —_— — —
Ay=(¢T LB =L,1C, ] B
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_ptl
Let M = L,_1C,_{ . By a long but routine computation, we see that

Lp-s
M= 2
=/
2
is a skew symmetric matrix, and M = Q)_;J,_1Qp_1, where Qp_1 = I + Lp-1 € GLp—_1(Z).
2

Therefore we have shown

Proposition 5.1. Let

01
1
0] -1
X, =Qp_1C,1Q7 1, = (5.4)
P p—1%p—-1%p_1 11
-1
1
11 ... 1]-1 0

where each block is a p;—l X ”;—1 matriz. Then X, € SPy_1(Z) with order p and ®(X,) = (R, 1).

0 -1
Example. When p = 3, we see that X = is an element of order 3 in SP(Z).
1 -1

In Section 5.3 we shall see that all X, are realizable if p > 5, that is X, is the matrix of
T, with respect to some canonical basis of H;(S), for some analytic automorphism T of some

compact connected Riemann surface S.

5.2 Cyclotomic Units

The cyclotomic units in R are

up = —— P for (k,p) = 1. (5.5)
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Since

1 - k
1 —CC =M1y, where A = —(P;r—l

k
and 11—__% is a unit, we conclude that u; € UT. The following properties of the cyclotomic units

(5.6)

are easy to verify:

ur =1 and Umpik = —Ump—k = (—1)"uy (5.7)

up >0, 1<k<p-1,

(5.8)
up, <0, p+1<k<2p—1.
k
Lemma 5.2. 77 ugjyi = Uplp4is1.
Proof. We use the trigonometric formulas,
k k_ sin Qj;%lm sin %
=y e T
Jj=1 j=1 p
k . .
1 1 2 -1 2j+1+)m
sin® 7 4= p p
cos DT _ oo @ktHDr
_ p P
2sin? %
sin &7 gin EHEDT
= . R L = UgUk+i+1
sin®
P
O

From now on we let the i-th conjugate of ¢ be ¢*. We have

Lemma 5.3. ufci) = (—1)(k‘1)(i+1)uiku;1.

Proof. Using (5.6), we see that




= (Cpptgitenesh 1= ¢E1=C
1-¢ 1-¢
_ (_1)k—1<-i(k—1)(1_2‘—1)(_C});—l)ik_iuku_l

= i i

Lemma 5.4. A®) = (—1)i-1y 1A,

+1

i(p+1 . i .
AW = BT We obtain &2 = (=L (Lp)iti sl O

Proof. Since A = B——, = A T o1 i

U

Lemma 5.5. Suppose X € SP,_1(Z) has order p, and ¥(X) = (a,a). Then
\I/(Xk) — <a(kl)’ (—1)k"1uk'a(k')> ’

where 1 < k <p—1, k' is the inverse of k modulo p, and o'¥) = {a(k') ‘ a € a}.

Proof. Suppose « is a J-vector with respect to (a,a) and Xa = (a. Then a = A~'o/Ja& and
XFkok) = ¢k oK) = o) hence U(XF) = <a(k'),ak>, where

kl
ap = A—la/(kl)Ja(k/) = %(A—la/l]a)(k’) - (—l)k’_lu;,la(kl)

(By Lemma 5.4). This completes the proof. a

Lemma 5.6. u; ¢ C, for2<k<p-2.

Proof. We only consider 2 < k < %1
Case I: k is even. For 4 <2k < p— 1, we get ufcz) = _quugl < 0, and so ux ¢ C.

Case II: k£ is odd. There is 1 < i < p—1 such that p+ 1 < ki < 2p — 1. Then we have
(@) ‘

uy’ = ukiui"l < 0, hence ug ¢ C. O

Lemma 5.7. ukul_l, upuy & C, for 1 <k,l < p—g—l and k # 1.
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Proof. There is 2 < i < p — 2, such that il = k (mod p). Then ukul‘1 = :i:uuul_1 = iuz(.l). But
:i:ugl) does not belong to C since if it did we would have Zu; € C by choosing the appropriate

conjugate. This contradicts Lemma 5.6. Then ugu; = (ukul_l)u,2 ¢ C (since u} € C). O

By Lemma 5.5, Lemma 5.6 and Lemma 5.7, the following corollary and Proposition 5.2 are

easy to prove.
Corollary 5.1. The p~1 elements [+1],[+us], ..., [*up-1] are distinct in UY/C.
2

Proposition 5.2. Let X, be the matriz given by Equation (5.4). Then X,,,,X],?,...,X,’,’_1 are

not similar to each other.

Proposition 5.3. If %—1 is odd, then there is an X € SP,_1(Z) of order p, such that there are

Just two different classes amongst X, ..., XP71,

Proof. Leta =ug--- Up=1. There is X € SP,_1(Z) of order p such that ¥(X) = (R, a). Suppose |
@ le RP~! (@ #0), Xa = a and a = A~'o/Ja. From Lemma 5.5 and the fact that R*®) = R
we get U(X*) = (R, ax), where aj = (—l)k'“lu;,la(k') and k' is the inverse of k. Note that

alk) = :I:ugk:ulz,l . --u%xk,ug,l = tug- u%lu;, 7 = iau;;u,

m
hence a/ay = +u,* € C'U(—C). Therefore

¥(X), ifajas€C,

T(Xk) =
\II(X"l), ifa/ar € —C.

ie. X,...,XP! are in two different classes. O
Example. Let p=7. Let

0 0 0 -1 -1 0 4¢3+ 2

1 -1 0 0 0 -1 GH+¢-1

0 0 0 0 0 -1 —(6

X = o =

0 1 0 0 0 1 ¢Z+1

00 001 0 O ¢S +¢

001 0 1 0 1
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Then one can easily check that Xa = (o, X € SP5(Z) and X7 = I. One can also check that

a=A"1do'Ja = (% + ¢ = uy'uz. By computing, we get
X~X*~Xx* and X3~ X%~ XS

Proposition 5.4. Suppose p = 1 (mod 3). There is X € SP,_1(Z) of order p such that
X ~ X, where k is the least positive solution of k2 +k+1 =0 (mod p).

Proof. Since p =1 (mod 3), then 22 +z+1 =0 (mod p) has a solution. Let k be the minimal
positive solution. There is an X € SP,_1(Z), of order p, with ¥(X) = (R, ugugy1). Then by

applying Lemma 5.5 we get ¥(X*) = (R, u), where

_ —k— —k—1
O Vi T S S

= (1P Fuy (—1)(k_l)(p_k)uk(p—k—1)U;_1k_1(—1)k(p_k)u(k+1)(p-k—1)u;_1k_1

-1
= UkUpyq-

Note that k(p—k—1)=mp+1land (k+1)(p—k—1) = (m+1)p — k. Hence X ~ Xk. O

To finish this section we give a proposition:

Proposition 5.5. There are integers ky,...,ky, such that 2 < k; < -+ < k, < %1, and

Uk, - - Uk, € C if and only if hy, the second factor of the class number of R, is even.

Proof. Let C; be the group generated by +1,uz,...,up-1. Then [UT : Ci] = hg, see [20].
2

Suppose ug, ---ug, = u? € C and u € Ut. We see that u ¢ C; since U2, ..., Up-y are free

n

generators. Let C be the group generated by +1, u,us,... ) Up=1. Clearly, C; C C, C U™ and
[C2: C1] =2, 50 2]hs.
Tp—1
If hy is even, there is u € Ut, u ¢ Cy, but u? € C;. Then w? = u}!-- uéﬁ_ where not
all of r; are even. Thus u? = uy, -+ ug,v? for some distinct integers 2 < k; < pg—l and some

v € Cy. It follows that ug, ---uy, € C. O
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Remark. In case that hy is odd, the 2% elements [tug, ugy -+ - ug, ], where 2 < ky < -+ < kp, <

?S—l, are all distinct. They are in fact the elements of UT/C.
5.3 Realizable Elements of Order p

Theorem 8 is similar to a result of P. Symonds[35], but our approach is new. We consider short

exact sequences of Fuchsian groups
11— T(0;p,p,p) 2 Zp — 1
where I'(0;p, p,p) = (A1, A2, A3 | A1 ApA3 = A} = A5 = AE =1). If IT is torsion free, then we

get an action of Z, on S = U/II, with genus %1 Now we indicate how to find all epimorphisms

0 with torsion free kernel.

The epimorphism 6 : I' = Z,, is determined by the images of the generators. The relations
in I' must be preserved and the kernel of § must be torsion free, therefore # is determined by

the equations
4

A1 — Ta,

9:<A2—)Tb,

kAg — T¢,

where T' is a fixed generator of Z,, 1 < a,b,c < p—1and a+b+c =0 (mod p). We use
M(a, b, c) to denote the matrix class which is induced by T. Let V (a, b, c) denote the symplectic
Zp-space H1(S) where the action of T on H,(S) is given by Ty. Then £(V(a,b,c)) = M(a,b,c).

The proof of Theorem 8 is based on Proposition 4.5. Suppose ay,...,a,—1 is a basis of
H;(S), and M is the intersection matrix of ai,...,ap—1. Let X be the matrix of T, with
respect to ay,...,ap_1. Let a = (a1,...,ap-1)" € RP~1 be an eigenvector of X with respect to
¢. It is easy to check that ¥(M(a,b,c)) = ¥o Z(V(a,b,c)) = (a, A"/ M@), where a is the
ideal generated by ay,...,ap_1.

Remark. If we prove the special case wherea =1 and 1 <b < 2;—1, that is if we show that
\IJ(M(la ba C)) = (Ra ubub+1> ’
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then Theorem 8 will follow. This is because M(1,b,c) = M(1,c,b) and M(a,b,c) is the a'-th
power of M(1,b1,c1), where aa’ = 1 (mod p), by = a’b (mod p), ¢; = a’c (mod p). Applying

Lemma 5.5, we would get

(M (a,b,0) = (R, (=1)* uiq (s, 41)@ )
and by Lemma 5.3, we could then have

u= (—l)a_lua(ubl ub1+1)(a)
= (1) Mg (1) D gy (1)@ Dy

.1
= Uy Ump+dbUmp+a+b

= ugl(_l)mub(_l)mua+b = uglubua+b

where m satisfies bja = mp 4+ b. We see that u/ugupuqerp = u;2 € C.

Thus we assume ¢ =1 and 1 < b < %1 Then %1 < ¢ < p—2. We choose a particular
embedding of " in Aut (U}, namely T is the subgroup generated by A, Ao, A3, where A1, As, A3
are rotations by 27 /p about the vertices v1, v9, v3 of a regular triangle P, all of whose angles are
7/p, see Figure 2.1. A fundamental domain of I consists of P together with a copy of P obtained
by reflection in its side v;v3. Then a fundamental domain D of II is the 2p-gon consisting of
p copies of the fundamental domain of T" obtained by the p rotations A’f (k=0,...,p—1),
see Figure 5.1. Let ey,...,ep be the 2p sides of D, and 7; = eg;—1 + ey; (fori = 1....,p).
Then ny,...,m, are closed paths on S and [n1],...,[np—1] forms a basis of H;(S), see [24]. The

intersection matrix of ], ..., [np—1] is somewhat complex, so we need to find another basis.

Since O(A{T1AFTAITY) = 1, then v = ASY 1471 A7 € 1T is a boundary substitution
of D and so [eg—1]m = [—€2c+2:]m- In the interior of each side e;, we choose a point E; such
that [Egi_1]n = [E2ct2i]lu. Let f; denote the straight line segment from v; to E; in D. Let

& = fai—1 — foc+2i- Then &; is a closed path on S.

It is clear that [¢;] = [m;] -+ - - + [Ne+] and [m]+- - -+ [7p]) = 0 in the homology group H;(S).




Figure 5.1: Fundamental Domain (order p)

Hence the transform matrix from [7]’s to [¢]’s is the (p — 1) X (p — 1) matrix

c+1< |: 1 -1

where the entries z;; are given by

(

1, 1<j<p-c—-landj<i<j+g,

Tij=4-1, p—c<j<p-landj+c+1l-p<i<j—1,

0, otherwise.

\
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By applying the Laplace expansion theorem to the last row we see that the determinant of this
matrix is just the determinant of the (p — 2) x (p — 2) matrix L¢t1p—c—1, see Equation (2.9).
Since p is an odd prime and 1 < c<p—2,thenc+1, p—c—1 are coprime, and therefore

|det Ley1p—c—1] =1 (See Section 2.3). Hence (1), ..., [ép—1] is a basis of Hy(S).

Lemma 5.8. The matriz of T\ with respect to [£1],..., [€p—1] is

0 -1

1 -1

1 = 1 -1
1 -1

Proof. Let fopii = fi and §p1p = &. Since 6(A;) = T, we get T([fi]n) = [A1(fi)ln = [fi-r2]m,
fori=1,...,2p. Then

T([ék]n) = T([for-1ln — [f2c+2k]m)

= [fok+1]m = [focrok+2]n = [Ex+1lm

for k =1,...,p. Therefore T, ([¢]) = [k+1], for k=1,...,p—1. But [&]+ -+ [¢] = 0 and

therefore
T.([&]) = [&),
T.([&]) = [&],
T*([fp—ﬂ) = [fp—l]a
Tu([&p-1)) = —[&] = [&] =+~ — [6p1]-
This proves the lemma. U
Now we compute the intersection matrix M of [¢1],...,[£p—1]. Let m;; be the intersection

number &; - §; of [¢;] and [¢;]. We have
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Lemma 5.9. Forany1<4,j<p-1, My j = Miy1j+1 and My jp1 = =M1 p_jt1

Proof. T, preserves the intersection number of closed chains. By Lemma 5.8,

My =&+ & = Tu(&) - Tu(&5) = &iv1 - &1 = Mig1,j41.

Iterating this formula we see that M1 p—jtl = Mjt1p+l = Myf11 = —M jp1e O

Let kj = my 1. Then m;; ; = k;. Hence the intersection matrix is of the form
M=kM+- -+ kp—2Mp~—2a

where the Mj is the (p — 1) X (p — 1) matrix

0 0 1 0 0
0 0
M;=1-1 1
0 0
0 0 -1 0 0
The entries xgl) of M are given by
{
1a l-k= ja

0, otherwise.

By Lemma 5.9, we see that k; = my ;11 = —mipy1-5 = —kp—j, and therefore
M = ki My + ko(Mp = My—o) + -+ + ks (M,,;_ - MP;L_I) .
Lemma 5.10.
l, 1<j<p-c-1],

. -1
0, p—c<j< &
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Proof. 1t is clear that the intersection of ¢; and G (i=1,..., tl) is only one point, namely

2

the vertex v1. The verification of (5.9) is straightforward by referring to Figure 5.2 and 5.3. [

§j+1
fi+1
Vi
fi
f2c+2
fac+2j42
Figure 5.2: p—c<j<(p—-1)/2 Figure 53: 1<j<p-c-1

Let
1+ (+---+ (P2

L+C+---+¢P3

1+¢
1

o is an eigenvector of Cz’v—l with respect to the eigenvalue (, that is CI’,_la = (a.

Lemma 5.11. Let

A‘la'Mla, j=1,
Y =

Al (M; — Mp_j)a, j=2,...,5%

Then Y; = u2;.

Proof. Let 8= (1—()a. We see that 8 =1 — (P~F,

p—1p-1 N _ _
ﬂ’MjB=ZZBkm§§,)ﬂz = Z BBy — Z Br By
k=1 1=1 l-k=j k—l=j
p—1—j _ p—1 _ p—1—j _ p—1-j _
= ) BiBrii— Y BiBioy = O BiBrej— O Br+sBr
k=1 k=j+1 k=1 k=1
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S (o) (1-7) TS (1- ok (187
k=1 k=1

_ p—1—j (1 3 Cp_k _ Zp-k—j + Cj) ~ p—1-j (1 ~ Cp_j_k 3 Zp—k + ZJ)
k=1 k=1

Y et o1 (0 -T)

So we get
et . BEL—j (¢20 — 1 L s 251
W (14— Op" <CJ _CJ) = Cl—(CC - (¢ (_C d ) " gy = uy.

O
Proof of Theorem 8. Let a be the ideal generated by the components of o. It is clear that

a = R since 1 € a. Now applying Lemma 5.2 and Lemma 5.11, we obtain A~ o/ M& = upupy;.

This completes the proof of Theorem 8. O
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Chapter 6
Torsion in SP,(Z)

We consider torsion elements of SP4(Z). The first question we consider is: for what positive
integers d(d > 2), is there a matrix X € SP,,(Z) having order d? If X has order d, then
its minimal polynomial m  (z) is a factor of z¢ — 1, i.e. m, (z) is a product of some different
cyclotomic polynomials, and its characteristic polynomial f, (z) is a product of some cyclotomic
polynomials. Suppose d = pi' - - - pj* where py,...,p; are different primes. According to a result

of D. Sjerve [34], the degree of f, () is not less then ¢(pS') +--- + ¢(p*) — 1, so

(") + -+ ;') < 2n+ 1

We get
If n =1, then d must be 2, 3, 4, 6.

If n = 2, then d must be 2, 3, 4, 5, 6, 8, 10, 12.

0 —
Let Wy, = and W = W. Clearly, W_) = —W; and Wy = —Ja.
1 =X
Proposition 6.1. Suppose X € SPy(Z) has order 3, 4, or 6. Then fx(z) = m,(z) = =% +

Az +1, and X ~ Wy or W, where A =1 (resp. 0, —=1) if the order is 3 (resp. 4, 6).

This is an application of Theorem 1 or a corollary of Lemma 6.5.

We denote by Ty the set of elements of order d in SP;(Z). I. Reiner gave a complete list
of representatives of the conjugacy classes of involutions in all symplectic groups SP»,(Z) [30].

We state the special case for Ty here without proof.
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Proposition 6.2. Any X € T, is conjugate to one of the three following matrices

' 1 0
where U = .
1 -1

Now we suppose that d > 3. Let X € Tyg. The possible minimal polynomials m, (z) and

—I4, I2 * (—I2) or U + UI (61)

characteristic polynomials fx(z) are as follows:

When d = 3,
m(z) = (¢ +z + 1), flz) = (@® +z +1)%, (6.2)
m(z) = (z — 1)(z? + = + 1), f(z) = (z - 1)%(z? + 2 + 1). (6.3)

When d = 4,
m(z) = (2 + 1), f(@) = (@ +1)?,  (64)
m(z) = (z - 1)(z* + 1), fl@) = (-1 +1), (6.5)
m(z) = (z + 1)(z% + 1), f(z) = (z + 1)%(z% + 1). (6.6)

When d = 5,
m(z) = f(z) =a* + 2 + 22+ 21 + 1. (6.7)

When d = 6,
m(z) = (z° —z + 1), fl@) = (@ —z +1)% (6.8)
m(z) = (z - 1)(a® —z +1), f(@) = (z—1)*(* —z +1), (6.9)
m(z) = (z +1)(2* -z +1), f(@) = @@+ 1)*® -z + 1), (6.10)
m(z) = (z + 1)(2? + z + 1), fz) =@+ 1% +z+1), (6.11)
m(z) = (2? —z+1)(22 + 2 +1), f@)=@?-z+1) (a2 +z+1). (6.12)
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When d = 8,

m(z) = f(z) = z* + 1. (6.13)

When d = 10,
m(z)=fz)=2' -2 +22 -2+ 1, (6.14)

When d = 12,
m(z) = f(z) = ( o 2? 4 1), (6.15)\
m(z) = f(z) = (z* + 1)(z* + ¢ + 1), (6.16)
m(z) = f(z) = (e +1)(2? — z + 1). (6.17)

Remark. The characteristic polynomials (6.7), (6.13), (6.14) and (6.15) are irreducible over Z.

We have given a complete set of conjugacy classes for these cases (see Examples in Section 3.5).

Remark. The characteristic polynomials (6.16) and (6.17) are products of two strictly coprime
S-polynomials. According to Theorem 6, all matrices with characteristic polynomials (6.16) or

(6.17) are decomposable (see Section 4.2).

By Lemma 2.2 and Proposition 6.1, and the Remarks above, we obtain

Proposition 6.3. The number of conjugacy classes in Tis is 10. A complete set of non-

conjugate classes is given by

Iyo(-W), Lo(-W'); (6.18)
Jox W, Jox W', JhxW, T« W' (6.19)
Jox (W), Jox(=W'), Jyx(=W), Jbx*(—W"); (6.20)

with respect to characteristic polynomials (6.15), (6.16), (6.17).

For all other cases, we need to develop some new tools. In Section 6.1 we shall use symplectic

complements to study the case where +1 is an eigenvalue of X. In Section 6.2 we discuss the
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case of characteristic polynomials (6.2), (6.4) and (6.8). Then in Section 6.3 we consider the
last case of (6.12). Finally, in Section 6.4 we shall give a list of conjugacy classes which are

realizable. We use the program Maple V to calculate most of our results in this chapter.
6.1 Symplectic Complements

A primitive integral 2n X (j + k) matrix

(A2n><j B2nxk) 5k<n

which satisfies the conditions

! / ! Ik
A'JA=0, BJB=0, and AJB= o (5 o
0

(depending on whether j > k or j < k) will be called a normal (4, k)-array. According to
Theorem 5 every normal (j, k)-array can be completed to a symplectic matrix by placing n — j

columns after the first j columns and n — k columns after the last k columns.

Remark. Let a, 8 € Z*". Clearly, a is (1,0)-array if and only if « is a primitive vector, and
(o, B) is a normal (1,1)-array if and only if o/ J3 = 1.

Lemma 6.1. Suppose that X € SPa,(Z) and fx(1) =0. Then

1 v a ¢

2

o o o

Q o =
—_
o

A B

where Y = € SPy-1)(Z), fx(z) = (x —1)?fy(z), a € Z, and o, B, 7, § € Z"1
C D

with

= Aé— B,

Cé — D,

= Cla—A'B,

= D'a- B'A.

(6.21)

& 2 ™ e
I
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A B
Furthermore, if Y ~ Y| = , then

Ci Dy
1L v a1 &
0 A1 (03] Bl
0 0 1 0
| : 0 G 6 Di

Proof. Since 1 is an eigenvalue of X, there is a primitive vector € Z2" such that X n=r1n. By

‘ ‘Theorem 5, we can find a integer symplectic matrix P with 7 as its first column. Then
|

1 4 a ¢
0 A a B
PlXP=X, = € SPo,(Z).
0 = b =
| 0 C 8 D
\
A B
By computing we can see that the «’sare 0, b=1,Y = € SPy(n-1)(Z), and «, B, 7,
C D

§ satisfy (6.21). Thus f, (z) = (z — 1)%g, (z).

The second part is easy, merely conjugate by I*Q, where Q€ SP(D)and Q7YQ =Y;. O

Lemma 6.2. Suppose X € SPy(Z), m, (z) = (x — 1)(z% + Az + 1) where A =0, £1. Then X

s conjugate to one of

I«Wy and IxW;,

Moreover, these matrices are not conjugate.

Proof. 1t is clear that I x Wy » I « W] (cf. Lemma 2.2).
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By Lemma 6.1, we get

—

a b ¢
A d B
0 1 0
C e D

o o o

A B
where Y = ( ) € SPy(Z) with f, (z) = 22+ Az + 1. Then, from Proposition 6.1, Y ~ W)
C D

or Wy. Without loss the generality we assume Y ~ Wy. Then

1 as bg C2 1 0 b C
0 0 ay -1 0 00 -1
0 0 1 0 001 O
0 1 JXas+ep —A 01 ¢ =X

1 —a 1 0
where the last conjugacy is achieved by Q = ( 2) + ( ) € SPy(Z). We obtain
0 1 a9 1

A +2)b+c? = 0 since m, (z) = (¢ — 1)(z2 + Az + 1). This implies (A + 2) | ¢. Now we use
X

Theorem 6 to see that X3 is decomposable and use Proposition 6.1 to complete the proof. In

fact let
1 k k
-1 -k
P = € SP4(Z)
1
A |
where k = ,\—j_2 € Z. Tt is easy to check that P71 X3P = I « W), d

Similarly, we have

Lemma 6.3. Suppose X € SP4(Z), m,(z) = (z + 1)(2® + Az + 1) where A =0, £1. Then X

18 conjugate to one of

(=I)* Wy and (=I)xWj,

and these matrices are not conjugate.
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Proof. Since m_, (z) = (z — 1)(z? — Az + 1), we have —X ~ I« W_, or I * W' ,. Note that
—W), = WJ. This complete the proof. a

6.2 Minimal Representatives

Let X € SPy,(Z) and 1) = (z1,...,%2,)' € Z®". If a = ' J X7 then we say that X represents a.
The set of values represented by X will be denoted by ¢(X). It is clear that ¢(X) is a conjugacy
invariant, for if ¥ = Q=1 XQ, where Q € SP,,(Z), then

oY) =q¢(Q7'XQ) = {nIQ™'XQn | n € Z*"},
and so putting £ = Qn gives

§IXE=n'QIXQn=nJQ ' XQn="7JYn,
Thus ¢(Y) = ¢(X). Unfortunately, the converse is not necessarily true.

The set ¢(X) is a set of integers, and consequently there is a non-zero 79 in Z2" such that
|9J X0 is least. If both njJXne and —nfJXne = 1} JXmn occur, we resolve the ambiguity
by choosing the non-negative value. We write u(X) = njJXno. Clearly, if u(X) # 0, the
minimizing vector zg must be primitive, and if u(X) = 0, we also can choose a primitive vector

no such that nyJXne = 0.

Example. If X is quasi-decomposable, then p(X) = 0 since JX will have zero entries on the

diagonal.

Lemma 6.4. Let f(z) = f, (z) be the characteristic polynomial of X. Then

4)"‘% (1) f(=1)]

ol < (3 :

3 (6.22)

Proof. Note that 7' JXn is a quadratic form over Z. If M is a symmetric matrix belonging to

My (Z), and @ = min {|n’Mn| | n € Z™, 5 # 0}, then

n—1

2
a< (%) | det M]|%.
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See [26]. Clearly, it is also true if M is a rational symmetric matrix.

We know that n'JXn = In'(JX + (JX))n, where $(JX 4+ (JX)') is a rational symmet-
ric matrix. Because (JX)' = X'J' = —-X'J = —JX7!, and |J| = |X| = 1, we see that
|JX +(JX)| = |JX —JX Y = |J|X| X%~ I| = f(1)f(~1). Hence

e < (§) HRICDIE

ad

Remark. Note if X € SP4(Z) is a torsion element, then |u(X)| < 1 since |u(X)| is integer and
the maximum of |f(1)f(—1)| is 16.

Lemma 6.5. Suppose X € SPy,(Z), and 1 € q(X). Then

0 0 -1 0

0 A a B
X ~ ,

1 v a ¢

0 C p D

A B
where ( ) € SPyn-1)(Z), a € Z, and o, B,7,6 € Z™ ! satisfy (6.21).
C D

Proof. Since there is a primitive vector 1 € Z2" such that 7/JX n = 1, we see that (n, Xn) is a
normal (1,1)-array. Let P be the completion of the normal (1, 1)-array (7, Xn) to a symplectic

matrix. Then

and therefore

0 * b =

0 B
PlXP=X, = ' € SP,(Z).

0 C g D




The remainder of the proof is similar to that of Lemma 6.1. a

Corollary 6.1. Suppose X € SPyn(Z), m (z) = 22 +Az+1, with1 € ¢(X). Then X ~ Wy+Y,
where Y € SPy(n,_1)(Z) with my (z) = m, (z).

| Proof. Since X?n = —AXn—n, we see that the entries of the matrix in Lemma, 6.5 are: a = —),

a=0,=0,andsoy=0,6 =0. O

Lemma 6.6. Suppose X € SPy,(Z), and 1(X) = 0. Then

o o
)
obo;b:j

0 1

A B
where ( ) € SPyn-1)(Z), a € Z, and o, B,7,5 € Z"! satisfy (6.21).
C D

Proof. Note that we have a normal (2, 0)-array (, X7), where 5 € Z2" is primitive. a
Lemma 6.7. Suppose X € SPy(Z), with m, (z) = 2 + Az + 1, where A = 0, +£1. Then

1 If p(X) =1, then X ~ W, + W,.

2. If u(X) = —1, then X ~ W} » Wj.

8. If p(X) =0 and X = %1, then X ~ Wy« Wj.

4- If p(X) =0, A =0, and 1 € ¢(X), then X ~ Wy x W} = (=Jo) * Jo.

5. If w(X)=0,x=0, and 1 ¢ ¢g(X), then X ~ Wy + Wy = (=1,) o I,
Proof. (1) If u(X) = 1, then by Corollary 6.1, X ~ W) %Y, for some Y € SPy(Z), with

my (z) = 22 + Az + 1. From Proposition 6.1, Y ~ W, or W. Then X ~ W) W), or Wy x Wj.
But p(Wy * Wy) =0, hence X ~ W), x W,,.
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(2) If p(X) = -1, then u(—X) = 1. It is clear that m_,(z) = 2% — Az + 1, hence
=X ~W_y+«W_,, and thus X ~ —(W_, *x W_,) = W} * wj.

(3)-(5) In the following we assume that ;(X) = 0. By Lemma 6.6 we get

W, Y
X~X)=
0 WI)Tl

10 00
a b 01 0%
where ¥ = ya, b€ Z. Let P = . Then P~'X; P = X(a), where
b Xo—a 0 010
0 00
0 -1 a 0 1 0 01
1 =2 0 -a 01 10
X(a) = . Let Q = . Then Q!X (a)Q = X(a —2). So we
0 0 —-Xx -1 0010
00 1 0 0001

obtain X ~ X (0) or X(1).

It is clear that 1 € ¢(X(0)) if and only if A is odd, and always 1 € ¢(X(1)). For the case
where 1 € ¢(X), we get X ~ W) « W{. This completes the proofs of (3), (4) and (5). O

From Lemma 6.2, Lemma 6.3, and Lemma 6.7 we obtain the following two Propositions.

Proposition 6.4. The number of conjugacy classes in T3 is 5. A complete set of non-conjugate

classes is given by
WW, W W', WxW, (6.23)
LW, LW (6.24)
with respect to characteristic polynomials (6.2), (6.3).

Proposition 6.5. The number of conjugacy classes in Ty is 8. A complete set of non-conjugate

classes is given by
Jo x Jo, JyxJy,  JaxJh,  (=Ip) o Iy (6.25)
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12 * JQ, IQ * Jé, (626)
(—I2) * J2, (—IQ) * Jé (627)

with respect to characteristic polynomials (6.4), (6.5), (6.6).
6.3 The Case of f(z) =x*+ 22 +1

In this section we discuss the case that X € SPy(Z) has f, (z) = 2* + 22 + 1. From Theorem 6
it follows that:

Lemma 6.8. If X is decomposable, then X is conjugate to one of four non-conjugate matrices,

W (=W), W« (=W, W x(-W), W x(=W. (6.28)

Note that m ,(z) = z? + z + 1, hence X? is conjugate to one of three non-conjugate

matrices
WxW, W2«W?2 WxW2

Without loss of generality we assume that X2 = X % X9, where X; and X5 are either W or

W2, We can express X as
X=P «P,+PoP, (6.29)
where the P;’s are 2 x2 matrices. Then
X3 =X (X1 % X2) = PLX1 x PoXo + P3Xp 0 Py X,
X3 = (X1 % Xo)X = X1P, *x XoPy + X1 P; 0 XoPy.
Note that X has order 6. Then (JX3)' = X"3J' = —JX—3 = —JX3. Therefore we have
Pi=aXi, Py=-aX?, BP=(1-a)X1, PP;=(1-d%X,, (6.30)

and det P; = det Py = 1 — a? for some a € Z. Also, since X € SPy(Z), we have

( (
PlJP, + PjJP; = J, P\JP, + PsJP} = J,
\P}JP,+ PPy =J, and { PJP)+ PJP, =, (6.31)
P{JP3+P4JP2=0, P1JP4+P3JP2l=O.
\ \ )
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We state the following lemmas without proof. They are very easy to verify. Let P be a

2 x 2 matrix.
Lemma 6.9. If PW = WP, then P has form P = al + bW.

Lemma 6.10. If PW + WP =0 then P =0.

a b
Lemma 6.11. If PW = W?P, then P = .
a+b —-a

Clearly, if P = aI + bW, then det(P) = a® — ab + b2.

Now suppose that X? = W's W'. From Equation (6.30), we see that P3 = bl + cW, where

b2 —bc+c? =1 — a?. Hence a = -1,0,1.
If a = %1, then b = ¢ = 0, thus X is decomposable.

If a =0, then P, = Py =0, hence X = P; o P, is quasi-decomposable. We know that the

Diophantine equation b2 — bc + ¢ = 1 has six integral solutions.
1.b=1,¢=0, then Py =1, P, =W
; 2. b=1,c=1, then P; = -W?2, P, = ~-WH1
3. b=0,c=1, then Py = W, P, = W1,
‘ 4. b=0,c= -1, then P = ~W, P, = — W
5. b=-1,¢=0, then P3 = -], P, = - W

6. b=—1,c= —1, then P3 = W2, P, = W'+,

By Lemma 2.1 and T o W! ~ W2 o W2 (use I + W' as the conjugating matrix) we see that the

matrices P3 o Py, in all 6 cases, are conjugate. So we obtain

Lemma 6.12. Suppose X? ~ Wl s« W' | = 1,2. If X is indecomposable, then it is quasi-

decomposable and conjugate to I o W'.
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Now we consider the case that X% = W x W2,

Lemma 6.13. Suppose X2 ~ W x W2. Then X ~ X(a,b,c), where

X(a,b,c) = (6.32)

for integers a, b, ¢ satisfying a®> — 1 = b2 + be + ¢2.

Proof. From (6.30), we see that X = (—aW?) % (aW) + P3Py, where P3Py = (1 — a2)W and
PsW = P;W?2. Applying Lemma 6.11, we get

b c —¢ b+e
Py = and P, =
b+c -b b c
It is clear that det Ps = —(b%2 + bc + c?) =1 — a2. O

Remark. For any integral solution of a? — 1 = b + bc + ¢?, X(a,b,c) € SP4(Z), and its charac-
teristic polynomial is (6.12). Clearly, a # 0.

Remark. An easy calculation proves that X°(a,b,c) ~ X(—a,b,c).

Lemma 6.14. X(a,b,c) is decomposable if and only if a is odd.

Proof. Tt is easy to check that %(X3 — I) € My4(Z) if and only if a is odd. a

Lemma 6.15. p(X(a,b,c)) has the same sign as the non-zero number a.

Proof. Let M = JX(a,b,c) + (JX(a,b,c)). We want to prove that M is positive definite if
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a > 0, and M is negative definite if a < 0. We see that

2a 2b+ ¢ —a —b+c
2b+ ¢ 2a —b+c —a
—a -b+e¢ 2a —-b—2¢

-b+c —a -b—2¢ 2a

Its principal minors are:

M1 = 2a,
2a 2b+c¢

M, = det =4a® —4b® —4bc— P =4+ 32 > 0,
2b+¢ 2a

2a 2b+c —a
Mz =det [20+c 22 —b+c| =6(a®—ab®—abc—ac?) = 6q,

—a —b+c 2a

My=detA=09.
Hence M is positive or negative definite dependent according as a > 0 or a < 0, a
Corollary 6.2. X(a,b,c) is quasi-indecomposable.

Corollary 6.3. X(a1,b,c1) # X(az,ba,c2) if ajap < 0.

If a is even, then X(a,b,c) is also indecomposable. It is known that the Diophantine
equation a®—1 = b?4bc+c? has infinitely many solutions with a even. There are infinitely many
X € SPy(Z), which are neither quasi-decomposable nor decomposable, of the form X (a, b, c).

In the following, we want to show that there are just two classes amongst X (a, b, c), where a is

even. For this purpose, we let




where ) (
z=a-b—c, a=-3cr+y+ 2z,

1y =2a—-2b—c or 4b=—2x+z,

zZ2=2a-—b-2c¢ c=—-2z+y.
\

Then V(z,y,2) = QX (a,b,c)Q!, where

1 1 -1 0

0 -1 -1 1
Q=

1 1 0 0-

0 0 1 -1

It is easy to see that a® — 1 = b + bc + ¢? if and only if yz = 322 + 1, and a is even if and only

if z +y+ 2 is even, and also a > 0 if and only if ¥y > 0. Furthermore, we have
Lemma 6.16. Let z, y, z be integers satisfy yz = 322 + 1 and & + y + z is even. Then
L. Ify >0, then V(z,y,z) ~ V(0,1,1);
2. If y <0, then V(z,y,z) ~V(0,—-1,-1).
Proof. Suppose yz = 3z? + 1, and z + y + 2 is even. If y is even, then y = 4k, where k is odd.
The reason for this is that z is odd, and then z is odd and 322 + 1 = 4/ where [ is odd. If p is

an odd prime and y = 0 (mod p), then p =1 (mod 3). This is because p # 3, and 322 +1 =0
(mod p). Thus we see that y has the form

Y= :|:47'p71'1 . p:t
where r = 0,1, ; > 0, and the p; are primes of the form 3k + 1.

Now suppose y > 0. First we want to prove there is a solution (u,v) of the Diophantine

equation y = 3u? + v? satisfying u + zv = 0 (mod y).

If y =1 then (0, 1) is a such solution.
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If y =4, then = £1 (mod 4). A solution is (1, F1).

If y is an odd prime and y = 1 (mod 3) then it is well known that there are a,b € Z such
that 3a® + b2 = y, which implies (a — zb)(a + zb) = a2 — 22b? = a?(322 +1) —yz2 = 0 (mod y).
Hence either ¢ — zb = 0 (mod y) or a + zb = 0 (mod y). So either (a,—b) or (a,b) is a such

solution.

In general, we use induction on the factors of y. Suppose y = y1y», and (u;, v;) are solutions
for y; (for i = 1,2), that is y; = 3u? + v? and u; + zv; =0 (mod y). Let
U = u1v2 + ugvy,
v = U102 — JuiUs.
Then 3u? + v? =y and

(u + zv)z = (w1v2 + ugv1)T + (V102 — Sujug)z?

= xvp(u1 + zv1) + woviz + ujuz  (mod y)
= (u1 + zv1){ug + zv2) =0 (mod y)

So u + zv =0 (mod y) since (z,y) = 1. Therefore (u,v) is a solution for y.

Now we can complete the proof. Suppose y = 3u? + v? and u + vz = 0 (mod y). Then

v—3zu=v+3z% = (322 + 1)v = 0 (mod y). Let

v u —Uu v
utzv v-—3zu v—3zu _ utzy
pP= y y Y Y
uwtey  3zu—w g 2utzv)
Y Y Y
-V u 2u 0

Then P € SPy(Z) and PV (0,1,1)P~! = V(=,y,2). That is V(0,1,1) ~ V(z,y, 2).

The second part is similar. 0

Remark. The u, v in the proof are coprime. We see that there is a primitive solution of the
Diophantine equation 3u? + v? = m if m is a product of a power of 4 and odd primes of form

6k +1.
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Putting all the results from Lemmas 6.2, 6.3, 6.7, 6.8, 6.12, 6.13 and 6.16 together, we have

Proposition 6.6. Any X € Tg, is conjugate to onevof following matrices

—(WxW), — (W «W'), —(Wx*W'); (6.33)
L+ (=W), I (=W'"); (6.34)
— (L * W), —(L+W'); (6.35)
(L)W, (=L)*W'; (6.36)

W (=W), Wx(=W), W x(=W), W (=W’
IoW, IToW!, v(,1,1),  V(0,-1,~-1). (6.37)

with respect to characteristic polynomials (6.8), (6.9), (6.10), (6.11), (6.12).

6.4 Realizable Torsion

In this section we address the question of which classes of torsion in SP;(Z) can be realized by

a cyclic action on some Riemann surface.

Proposition 6.7. A complete list of realizable classes in SPy(Z) is as follows

Order 2, -1, U+U; (6.38)
Order 3, W W', (6.39)
Order 4, (=J2) * Jp; (6.40)
Order 5, Y, Y2, Y3, Y (6.41)
Order 6, — (W« W), V(0,1,1), V(0,-1,—-1); (6.42)
Order 8, Z, -Z; (6.43)
Order 10, -Y, -Y?, -Y3, -v* (6.44)

01 0 O 0 -110

whereU=<1 0),Y= O iz | 0_1 !

1 -1 00 -1 1 -1 1 00

11 -1 0 0 -1 00
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Consider the short exact sequence of groups
1-T-T5651 (6.45)

where I' = T'(gg;m1,...,my), G is a cyclic group and II is torsion free. Recall the Riemann-

Hurwitz formula

2(g — 1) : 1
=2 -1+ (1-=),
g 2w
where g is the genus of U/II. For g = 2 the Riemann-Hurwitz formula becomes
¢
1 2
1—— ) == +2(1-g). 6.46
S (1) = v -m (6.46)

Hence go must be 0 or 1. For go = 0 (resp. 1) we solve (6.46) for ¢ and the m;. Then for each
solution we find a Fuchsian group I' and an epimorphism 6 : I' = G with torsion free kernel.
To prove the realizability we choose a fundamental domain for I' and use it to determine an

intersection matrix. We illustrate this for the case of order 6; the othér cases being similar.

Suppose G = Zg. If go = 1, then (6.46) has no solution. We assume that gy = 0. We can
find three solutions for (6.46).

(i) t=3,m1 =3, myg =m3 =6,
(if) t =4, m; =mg =2, m3 =my = 3,
(iii) t =4, m1 =mg = m3 =2, my =6.
Ift=4and I' =T(0;2,2,2,6), then there is no epimorphism 6 such that II is torsion free. So
we need only consider the first two cases.
Case I, t =3, m; = 3, my = m3 = 6. That is
I'=T1(0;3,6,6) = (A, By, By|A* = B = B§ = ABB, = 1).

There are two epimorphisms I" — Zg:

4 (

A T4 A= T2,
By— T, By — TS,
\ \
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where T is a fixed generator of Zg.

Figure 6.1: Fundamental Domain (order 6)

We first consider the case of the epimorphism #;. A particular fundamental domain of
IT (see Figure 6.1) consists of 6 copies of the fundamental domain of I' obtained by the 6
rotations Bf (k = 0,...,5). The sides with the same label are identified in the Riemann
surface § = U/IL. It is easy to verify that [n1], [n2], [n3], [74] is a canonical basis of Hy(S). 6,

induces a homomorphism Ty : H1(S) — H1(S) given by

4
m — 13,

2 — N4,

n3 = —n1 + 14,

Mg — —N2 + 7N3.
\

Hence the matrix of T, with respect to [m], (92}, [73], [74] is V(0,1,1), and so V(0,1,1) is real-

izable. Similarly, consideration of 6, proves that V(0,—1,—1) is realizable.

Case I, t =4, m; = mgy =2, m3 = my = 3. That is

I'=T(0;2,2,3,3) = (A1, A3, By, By|A? = A = B} = B} = A14;B,B, = 1).
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There are two epimorphisms § : ' — Zg

)

A — T3,

A2—)T3,
g: 4

By — T? (resp. T*),

By — T* (resp. T?).

\

Each 6 induces an action, denoted by T, on some Riemann surface S. Consider that epimor-
phism 6 such that (B;) = T2. Let X be the symplectic matrix of T} with respect to a canonical

basis of H;(S). From a result of Macbeath[21], we see that T is fixed point free, and therefore

tr(X) = 2. Then X must be conjugate to one of the three matrices
—-(WsW), —-(W W), —(Wx*W).

See Proposition 6.6. On the other hand, X2 ~ W * W'. Hence X ~ —(W % W'), and so
—(W % W') is realizable. The other epimorphism leads to the same conjugate class. This

completes the proof of the case of order 6.
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Chapter 7

The Eichler Trace of Ly, Actions on
Riemann Surfaces

7.1 The Eichler Trace

In this section we prove Theorem 9, 10 and 11. We begin by observing that the set A is not a

subgroup of Z[(]. To see this suppose that y € A, that is

t
1
x=1+ Z 1
i=1
is the Eichler trace of some automorphism T: S — S. The possible values for the number

of fixed points are t = 0, 2, 3,..., and therefore the possible values of x + ¥ = 2 — t are

2,0, -1, —2,... We also have ¥ € A since
t

Z ki 1

i
is the trace of T7!1: § — S. Therefore, if A were a subgroup we would have x + x =2 —t € A,
and hence Z would be a subgroup of A. But if n € A is an integer, n > 2, thenn+7 = 2n >4
is not of the form 2 — ¢ for an admissible ¢. Therefore A is not a subgroup.

Recall that A is the set of realizable Eichler traces modulo Z.

Proposition 7.1. 4 is a subgroup of Z/[Z]

Proof. Suppose x1 and x2 are in A, say

X1—1+Z T X2_1+ZCT-£_'_1'
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Therefore X7 + X3 = X, where y = 1 + Z -1 —;c— + 35 . If x1 and xo are repre-

j
sented by T1: §1 — S and Tp: S2 — S5 respectively, thencx can be represented by the
equivariant connected sum of T} and Tb. Namely, for j = 1,2 find discs D; in S; such that
D;, T;(Dy), ... ,Tf_l(Dj) are mutually disjoint. Excise all discs T%(D;), k = 0,1,... ,p — 1,
from Sj, j = 1,2, and then take the connected sum by matching 8(T*(D;)) to O(T*(Dy)) for
k=0,1,... ,p—1. The resulting surface S has p tubes joining S; and S2. The automorphisms
11, T; can be extended to an automorphism T': S — S by permuting the tubes. The Eichler

trace of T is x. Thus A is closed under sums.

If x € A then also ¥ € A and x + ¥ = 2 — t. Therefore ¥ is the inverse of y once we
reduce modulo the integers. The identity element of A is represented by any fixed point free

action. O

To determine the index of A in B we need a basis for E, but first we find a basis for B.

Let m = (p — 1)/2.

Definition 7.1. Define elements 6y, 62, ... ,0,, in Z[(] by
p—2
bi=C+ Y ¢ and G=¢--¢F 2<k<m
j=m+1
Proposition 7.2. A basis of B is given by the m + 1 elements 1, 0y, 6a,..., Op.

Proof. Suppose x = Z] ~0a;¢% € Z[¢]. Then a short calculation gives

[

-
X+ X =2a9—a; + (aj + ap—j —a1) ¢?,
J

!
)

and therefore x € B if, and only if, a; + ap—; = a1, 2 < j < p — 2. Solving for amyy,... y Qp—2

in terms of ay,... ,an and substituting into x gives
X =09+ a1y + a0y + -+ ambn,.

Thus the elements 1, 6y, 6s,..., 6, form a spanning set for B.
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Now suppose some linear combination is zero, say ag + a16; + azfs + - - - + amBm = 0. It is

easy to see that this is equivalent to
a0 +ail+ -+ aml™ + (a1 — am)(™ - + (a1 — ag)(P2 = 0.
Thus we get ag = a1 =az = -+ = a,, = 0, that is the elements are linearly independent. O
Remark. Every integer n € B since 6; + 6; = —1. We also have ¢ — (™! € B; in fact
(—('=1+4201+6+-- + 6.
It follows that the elements 1, ¢ — (™1, ¢2 —(¢~2,...,¢{™ — (™™ form a basis for an index 2
subgroup of B.
An immediate corollary of Proposition 7.2 is

Corollary 7.1. Bisa free abelian group of rank (p — 1)/2. A basis is given by the elements

—

éia é\Qa tre em

Before completing the calculation of the index of 4 in B we first consider Question 4 from

Chapter 1. Thus suppose two elements from A4 have the same Eichler trace, say

1+Z§k1_1—1+2@_1

This leads us into consideration of when certain linear combinations of the elements Zkl——l are

zero, that is we want to solve the equation Zk 1 (TL = 0 for the integers z.

If s is any integer relatively prime to p then let R(s) denote that integer ¢ such that

1<¢g<p-1and qg=s (mod p), that is, s = [s/p]p + R(s). In what follows 5., _  denotes

jk=n

the sum over all ordered pairs (j, k) such that jk=n (modp)and 1 <j<p-1.

Lemma 7.1.

Z(k_l—__ZJmk'F Z Y dme— Y gz | (M

Jk=-1 n=1 \ jk=n jk=-1
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Proof. We use the identity —;;1_—1 = % P_15¢*0=1) and get

¢ J=1
p—1 p p-1
Tk 1 . j—
Ck -1 = - Jﬂkak(] 1
k=1 Pk
= —(z1+-Fxp) - ijkck(J_l)
p Pimim
1 155
= (@1t tapa)+ =Y | DG+ D | ¢
p p n=1 \jk=n
1 1222 , o1 , -
= (et +zp1) + = DGz "= [ DD G+ D | P
P Pazi \jk=n P\ ji=
Now substitute (P~! = —1 — ¢ —--- — ¢(P~2 into the last term to see that
p—1 z 1 1 p—2
ko . B . n
qu—l = 5(1+'”+%—1)+1—) Z(J+1)ﬂ7k Z G+ Dz | ¢
1 )
- =) G+ D
ijcE—l
1 153 '
= —= ) jmp+- D dme— Y dam | C™
p Jk=-1 Pi3 jk=n jk=—1
|
As a corollary we get
Corollary 7.2. Zﬁ;i Ek’ff—l =014f, and only if, 3 =, jox =0, for I<n<p-—1.
Now it is convenient to change the variables zi,... ,Tp—1 to new variables yi,... ,yp—1
according to the equation
Y1 =2z, wherekl=1 (mod p). (7.1)

Then Corollary 7.2 becomes

Corollary 7.3. Y07} gt = 0if, and only if, Y h_] R(nk)y, =0, for 1<n<p-1.
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"The coefficient matrix of this linear system is the (p—1) x (p—1) matrix M whose (3, j ) entry
is M(; jy = R(ij). To solve this system of p—1 equations in p—1 unknowns Yk we apply a sequence
of row and column operations to the matrix M. We use the fact that R(ij) + R((p — i)j) = p.
Recall that m = (p — 1)/2.

1. Adding the i** row to the (p —1)® row, 1 < i < m, yields the matrix

1 2 m m+1 m+ 2 p—1

2 4 2m 1 3 p—2

i R(2) ... R(mi) R(m+1)i) R(m+2)3i) ... R((p—1)i)
My = . . . . . ) . .

m R(2m) ... R(m?) R((m+1)m) R((m+2)m) ... R((p-1)m)

p p p P P p

p p p p p Y )

1 2 m D D D
2 4 2m p p P
i R(2) R(mi) p p P
M, = :
m  R(2m) R(m*) p p p
P P P 2p 2p ... 2p
p p cee p 2p 2p ... 2p
3. Subtracting the (m + 1)** row from rows m +2,..., p — 1, and then subtracting the
(m + 1)*® column from columns m +2,..., p—1 gives the new coefficient matrix

t
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1 2 m p 0 0
2 4 2m p 0 0
i R(2) R(mi) p 0 0
Ms =

m R(2m) ... R(m?) p 0 ... 0
p P p 2p 0 0

0 0 . 0
0 0 0 0 O 0

The variables z; for this coefficient matrix are related to the y; by the equations

2 =Yk~ Yp—ks LXK SMy Zmpt S Ymar -+ Ypo1y Zmaj = Umagy 255 <p—1.

Examination of the last o — 1 columns of Mj reveals that zp,.s,..., 2p-1 are completely
independent; whereas, z1,... , zm+1 must satisfy the matrix equation

1 2 m p 21 0

2 4 2m p 29 0

i R(2()) ... R(mi) p 2 =10

m R(2m) ... R(m?) »p Zm 0

p p» ... p 2 Zm+1 0 )

Now we apply another sequence of row and column operations to this last coefficient matrix.

1. Subtracting ¢ times the first row from the i** row, 2 < i < m, yields the coefficient
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matrix

1 2 ... j m P

00 .. 0 0 —p
00 ... —@B/plp ... —[3m/plp  -2p
00 ... -=[j/plp ... —[im/plp —-(GE-1p
00 ... —[mi/plp ... —[m?/plp —(m=1)p
P p ... P P 2p )

2. Subtracting j times the first column from the 3% column, 2 < j < m, yields the matrix

1 0 0 0 p

0 0 0 e 0 —p

0 0 —[Bji/plp ... —[3m/plp ~2p

0 0 ... =[g/plp ... =lim/plp —(G-1)p
0 0 ... —[mj/plp ... —[m%/plp —(m—1)p
p -p ... =(G-Dp ... —(m-1)p 2p

The new variables w;, after these last column operations, are related to the zj by the

equations wy = z; + 229 + - -+ + M2y, and w; =2z;,2<5<m+1.
It follows that w; = w41 =0 and we, ..., wy, are related by the equations

wy +2w3 + -+ + (m — Dwy, =0,

—9/plp ... -=Bi/plp ... —[3m/plp w3 0
—Bi/plp ... =[i/plp ... —[im/plp wj | =10
—[Bm/plp ... =[mj/plp ... —[m*/plp Wy 0 )
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The coefficient matrix of this system can be row reduced to the matrix whose (i,5) entry,
3<4,j <m,is [ij/plp —[(i — 1)j/p]p, by first subtracting row m — 3 from row m — 2, then row
m — 4 from row m — 3, etc., and then changing all signs. The resulting matrix is invertible, in
fact its determinant equals £p™~2h;, where h; is the first factor of the class number (28]. Thus

wj =0, 1<j<m+1.
This proves that Zi;} Z’%‘I =0 if, and only if, y, =y, for 1 <k <p-—1, and

Ym = —Ym+2 — * — Yp—1,
where Y12, -+ ,yp—1 are completely arbitrary. Translating back to the z; variables we have:

Corollary 7.4. Zﬁ;} Z%T =0if, and only if, xy, = zp_ for 1<k <p-1, and
Im = —Tmy2 — 0 — Tp-1,

where Ty190,- - , Tp—1 are completely arbitrary.

We can now complete the proof of Theorem 10.

Proof. Suppose x1 = x2 are the Eichler traces of two actions, say

X1_1+chj_1 1+ch__1’

u 1 p—1 "
Xe=1+) =1+ —F,
=il =l
where uy, is the number of times k appears as a rotation number in x;, and vy is defined
similarly. We immediately get ¢ = u since x; +X; = 2 — ¢ and x2 + X5 = 2 — u. The equation
X1 — X2 = 0 gives the linear relation Zz;} Zk“ﬂ_*—l = 0, where 2 = uy — vg. It follows from

Corollary 7.4 that the vector £ = (z1,--- ,Zp—1) is an integral linear combination of the vectors
e—_;' =( 1,0 a_l,_l,"' a17"')’ 1<j<m—-1,

where the 1's are in positions j, p—j; the —1’s are in positions m, m +1; and the other entries

are zero.
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For argument’s sake suppose & = €; for some j. This means we can move from the vector
of rotation numbers [u,--- ,up_1] to the vector [vy, - ,Up—1] by replacing a canceling pair
{4,p — 7} by the canceling pair {m,m + 1}. Taking linear combinations of the €; corresponds

to a sequence of such moves.

This completes the proof of Theorem 10. a

The remainder of this section is concerned with the proof of Theorem 9. According to

Proposition 2.3 and the Eichler Trace Formula (1.1) the set of Eichler traces is given by

t
1
A= {x € Z[(] ‘ x=1+) 7
j=1

where the only restriction on the rotation numbers k; is that Z;ﬂ R(kj‘l) =0 (mod p). If we

define 7, to be the number of j, 1 < j < ¢, such that k; = k, then we can characterize A by

p—1 p—1
A= {x € Z[¢] ’ x=1+ Z Ckif_l’ zr > 0 and ZR(k‘l)xk =0 (mod p)} . (7.2)
k=1 k=1

In the next lemma we show that by passing to A we can remove the restriction that the Tk

be non-negative integers.

Lemma 7.2. The set of Eichler traces modulo Z is given by

p—1 p—1
A=05c700 _ Tk 1y, —
A= {XGZ[C] l X—ch—_-? ZR(k )z =0 (modp)}.
Proof. First note that by choosing all z; =1 in (7.2) we get an element x € A. In fact a short
calculation using Lemma 7.1 gives x = 1 — (p — 1)/2, and thus this element represents 0 in A.
By adding x sufficiently many times to an element in A we can ensure that all the coefficients

zy become pbsitive, and this does not change its value in A O

This description of A contains a lot of redundancy. In fact we have the following charac-

terization of A.
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Lemma 7.3. The set of Eichler traces modulo Z is given by

m m
T_Jc — k -1y, —
A-—{X X_ch—l’ ZR(k )2, =0 (modp)}.
Proof. According to Lemma 7.2 a typical element ¥ € A can be represented by

m m
_ Tk _ Tk Tp—k
X= k-1 ch—1+,;C—k_1’

k=1 k=1

where the z; are integers satisfying Ez;} R(k~ 1)z = 0 (mod p). Now we use the fact that

1 + 1
-1 ¢F-1

=-1

to see that x¥ = 12, where

m

2k

¢=ZC’“—1’ and 2y = Ty — Tp_k.
k=1

The restriction on the integers z; becomes Y v ; R(k™!)2; =0 (mod p), since

R(k™Nae+ Y R((p— k) M)zpi
k=1

R(E™zk+ Y (p— R(k™)zpi
k=1

™
=
byl

L
g

I
WE

>
Il
—
b
|l
—

I
WE

B
Il
—

R(k™")zx (mod p)

I
NE

k=1
and Y7_1 R(k~Y)zi = 0 (mod p). O
In Definition 7.1 we introduced elements 6y, 6, ...,0, and then in Corollary 7.1 we
showed that the corresponding classes modulo Z, that is 0:, 0’\2, ... ,0/,\,1, formed a basis of B.

To determine the index of A in B we want to express a typical element of A in terms of this

basis. But first we need a definition.

Definition 7.2. For integers k,n define C(k,n) = R(k~'n) + R(k™1) — p.

The following properties of the coefficients C(k,n) are easy to verify:
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(i) C(k,n) + C(p—k,n) =0 and C(k,n) + C(k,p —n) = 2R(k~!) — p.
(i) C(L,n) =n+1-p, C(k,1) =2R(k™') —p, C(p—1,n) =p—n—1, and C(k,p—1)=0.

Lemma 7.4. The elements of;l\ are those elements x € Z/[\C] of the form

zm: iCknzk

n=1 k=1

’dl'—‘

where the only restriction on the integers z; is Y pq R(k™")z; = 0 (mod p).

Proof. By Lemma 7.3 a typical Eichler trace modulo Z is given by X, where x = >i%, Z;fi—l,
and > 3", R(k')2zx =0 (mod p). Using Lemma 7.1 we have

= Z jok + = Z (Z]Zk_ > m) ¢
]Ic——l n— jk=n jk=-1

The condition Y 7" ; R(k™!)zx = 0 (mod p) can be written as > jk=1J% = 0 (mod p), and so

2 jk=—1J%k = > jx=1 (P — j)zx = 0 (mod p). Therefore, modulo Z we have

= _z(]zm_ ) M) nol Z(}Zm— > m) e

n=1 k=n jk=-1 k=n jk=-1
Note that the term corresponding to n = p — 1 contributes 0 to the sum. Also note that

D jk=ndZk = 2 jk=—1J2% = Ypey C(k,n)z; and therefore x = %Z (> ieq Clk,n)zg) ™.

Next we break the sum up into two pieces, one piece for 1 < n < m, the other piece for the

remaining values of n, and then use properties of the coefficients C(k, n).

X

i
k=
WE

3
it
-

1]
Wl QY=
NE

3
il
—

3
i
—

1
bR
NgE

o)
Z(ZC(k,n)zk) <"+%Z
(&)
(&)




k=1
m m
= Z (Z C(k,n)zk>9n
n=1 k=1
The last equation follows from 6; = ¢ + ¢™+1 + ... 4 (P2, d
Any sequence [al,...‘,at], as in Proposition 2.3, determines uniquely up to topological

conjugacy, a compact connected Riemann surface S and an analytical automorphism 7': § — S

having order p, orbit genus 0, and whose Eichler trace is given by the equation

t
1
x=1+ Z &1 where kja; = 1 (mod p), for 1 <j <t (7.3)
Jj=1

Let x[a1,-.. ,a:] denote this Eichler trace. Then

(l) )?[al,... ,at] +5(\[b1,...,bu] = Q[al,...,at,bl,... ,b,u].

(i) X[--sa,...,p~ay... ] =X[.,8ye ey D— @y

If we define y;, to be the number of j, 1 < j < ¢, such that a; = k, then we obtain

1 m
Q[al,...,at]=—2(
pn:l

where 2 = yg — yp—k. This is because that y, = TRk-1) and ) kyx =0 (mod p).

m

Ok, n)zk> 6, (7.4)
k=1

Definition 7.3. Let K be the collection of m-tuples ¥ = [21, ... , 2] satisfying the condition

Z kzp =0 (mod p).
k=1

Thus K is a free abelian group of rank m. A basis of K is given by the vectors
o =[2,-1,0,...,0],
G=1[,...,1,-1,...], 2<k<m-—1,

Tm =[1,0,...,0,2),
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where for 2 < k < m — 1, the 1 is in the first and the k%" entries, the —1 is in the (k + 1)%¢

entry, and all other entries are zero. This is because the determinant of these m vectors is p.

Now consider the group homomorphism L: K — A defined by

L) = >3~ (5 Ol m)a)fh

n=1 k=1

Lemma, 7.4 implies that L is an epimorphism.

Proposition 7.3. L is a group isomorphism.

Proof. We first compute the images of the basis elements 7}, 1 < k < m, using properties of

the coefficients C'(k,n):

Ly (fj C(k,n)zk> 6,
pn:l k=1

(20(1,n) — C(274,n)) 6,

SRR

3
1l
—

NE

n=1
12 (2 C(k,n)zk) fn
pn:l k=1
2Y (O,m) + Ok m) - O((k + 1) m) 6
n=1
%Zm:((n+1——p)+R(kn)+R(k) —p—R((k+1)n) — Rk +1) +p) b,

3
1l
—

NE

3
Il
_

5] [2]-)s

(Z C(kv n)zk) é;l

k=1

NE

S
il
—_

(C(1,n) +2C(m™,n)) 6,

3
'l_l‘

(C,n)+Cm Y n) - C((m+1)"",n)) b,

NE

1
p
1 m
93
1
P

3
Il
—




where we have used the equation kn = [%"]p + R(kn).

Now consider the m x m matrix M whose (k,n) entry is given by

m+1)n mn
o 525 2]
p p
To complete the proof of the proposition we need only show that det(M) s 0. In fact we will

show that the determinant of this matrix is +h;, thereby completing the proof of Theorem 9.

Note that all entries in the first row of M are —1. For each k, 2 < k < m, we subtract the

first row of M from the k*® row. The resulting entries of the new k** row are

Nl

Clearly, the first column of these new entries is 0. This implies that

det(M) = £det | ... [ﬁk_‘;lﬁ] - [’“7"] where 2 < k,n <m.
The first column of this matrix is 0,...,0, 1, hence
det(M) = £det | ... [Epﬂ] _ [ﬁ’“_‘pllﬂ] where 3 < k,n < m.

According to [28] the determinant of this matrix is £h;. This proves the proposition since
the determinant of M has only changed by a + sign in the course of the above elementary row

and column operations. O

The proof of Theorem 9 follows from the fact that det(M) = Zh; since the matrix M is

the coefficient matrix for expressing the basis elements of A in the basis elements of B.

Clearly, Xrs = L(¥;), for 1 < r < mand 1+ 7+ s = p. This complete the proof of
Theorem 11.
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As mentioned in the introduction, J. Ewing proves our Theorem 9, but in a different setting.

See Theorem (3.2) in [6]. To Explain how Ewing’s results relate to ours we need some notation.

Let W denote the Witt group of equivalence classes [V, 8, p, where V is a finitely generated
free abelian group, (3 is a skew symmetric non-degenerate bilinear form on V, and p is a
representation of Z, into the group of B-isometries of V. To an automorphism of order p,
T: S5 — S, we assign the Witt class [V, 8, p], where V is the first cohomology group, 3 is the
cup product form, and p is the induced representation on cohomology. This assignment is
well defined up to cobordism and so defines a group homomorphism ab: Q@ — W, the so-called

Atiyah-Bott map.

The G-signature of Atiyah and Singer defines a group homomorphism from the group of
Witt classes to the complex representation ring of Z, sig: W — R(Z,). Let e: R(Z,) — Z[(]
be the homomorphism that evaluates the character of a representation at the generator T' € Zp.

Let s: 2 —» Z[(] denote the composite € o sig o ab: Q — Z[(].

Ewing proves that s is a monomorphism whose image has index h; in the subgroup R of
Z[¢] spanned by the elements ¢¥ — (=% k =1,... ,m. From the Remark earlier in this section
it follows that R has index 2 in B. If < g | ai,...,a; > denotes the cobordism class of T, see
Section 7.2 for the notation, then

¢hi +1

t
a=s<g|a1,...,at>=zm

j=1
The relationship between the G-signature o and the Eichler trace x is given by o = 2y +t — 2,

and from this it is an easy matter to translate Ewing’s results into ours.

7.2 Equivariant Cobordism

In this section we prove Theorem 12. To begin with suppose T;: S; — S; and T: S2 — S5 are
automorphisms of order p on compact connected Riemann surfaces. We do not assume that

the orbit genus of either S; or Sy is 0. We start with a standard definition.
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Definition 7.4. We say that T} is equivariantly cobordant to Th, written 7} ~ T, if there
exists a smooth, compact, connected 3-manifold W and a smooth Zyp action T: W — W such

that

(i) The boundary of W is the disjoint union of $; and Sy, (W) = Sy U S,.

(ii) T restricted to (W) agrees with Ty U T5.

The cobordism class of an automorphism T: S — S depends only upon its topological
conjugacy class [g | a1,... ,a;]. We denote this cobordism class by < g | a1,... ,a¢ >, and if

the orbit genus g = 0, we denote it by < a1,...,a; >.

The set of all cobordism classes of Z, actions on compact connected Riemann surfaces
is denoted by . Addition of the cobordism classes of the automorphisms T7: §; — S,
Ty: Sy — Sy is defined by equivariant connected sum as follows. Find discs Dj; in S; such
that D;, T;(Dj),... ,T;’_I(Dj) are mutually disjoint for j = 1,2. Then excise all discs T*(D;),
7J=12, k=0,1,... ,p—1 from Sy, S and take a connected s’urn by matching 8(T*(D;))
to &(T*(Dy)) for k = 0,1,... ,p — 1. The resulting surface S has p tubes joining S; and Ss.

The automorphisms T1, T can be extended to an automorphism 7T': § — S by permuting the

tubes. The cobordism class of T does not depend on the choices made.

Thus addition in Q is given by the formula

<glay...;at >+ <h|by,...,by>=<g+h|al,...,a5b1,... by >. (7.5)

The ﬁext two lemmas show that Q is an abelian group generated by the cobordism classes
< ai,...,a >. The identity is represented by any fixed point free action, or by any cobordism
class consisting entirely of canceling pairs, and the inverse of < g | a1,... ,a; > is represented
by <g|p—ai,...,p—a; >. The proofs are not original, but are presented here to emphasize

the relationship with A.

Lemma 7.5. <g|ai,...,a; >=<a,...,a; >.
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Proof. Let T': § — S represent the class < a1,... ,a; >. First we take the product cobordism
Wi = S x [0,1], where T is extended over W; in the obvious way. Next we modify W
on the top end S x {1} as follows. Take a disc D in S such that D, T(D),... ,TP~}(D) are
mutually disjoint, and then to each disc T#(D) in S x {1}, k = 0,1,... ,p — 1, attach a copy
of a handlebody H of genus g by identifying the disc 7%(D) with some disc D' C 9(H). Let
W2 denote the resulting 3-manifold. See Figure 7.1. The action of Z, can be extended to
W, by permuting the handlebodies. The manifold Wy provides the cobordism showing that

<glai,...,at >=<ay,... ,a; > . O

Figure 7.1: Cobordism of g =0

Lemma 7.6. <a,p—a,as,...,a; >=<1]|as,... a4 >=<as,... ,at > .

Proof. The proof of this lemma, is similar to the proof of the last one. Start with a pljoduct
cobordism W1 Sl;ppbse Py, P, are the ﬁxe>d'points cofresponding to the canceling pair {a,p — -
a}. Choose small invariant discs Dy, D; around P, P; respectively, a;1d then modify the
cobordism at the top end by adding a solid tube D x [0, 1] so that D x {0} = Do and D x {1} =
D;. The automorphism 7" can be extended over this tube, and the resulting cobordism shows
that

<a,p—a,az,... a0 >=<1]ag,... ,a; >.
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See Figure 7.2. Lemma 7.5 completes the proof. a

Figure 7.2: Cobordism with Canceling Pairs

Define the isomorphism of Theorem 12, ¢: A — Q, by ¢(Xlat,- .. ,a)) =< ay,...,a; > .
The same relations hold for cobordism classes, see Equation (7.5) and Lemma 7.6, and therefore

the mapping ¢ is a well defined group homomorphism.

Now we complete the proof of Theorem 12. The argument is analogous to one used in [8].

Proof. ‘From the remarks above we know that o A > Qs a well defined group homomor- -

phism. Lemma 7.5 implies that it is an epimorphism. It only remains to prove that ¢ is a

monomorphism.
If there is an element in the kernel of ¢ we can assume it is a generator, say X|a1,...,aq)-
Suppose T': S — S represents [ai,...,as]. Then there is a compact, connected, smooth 3-

manifold W such that (W) = S, and an extension of T to a smooth homeomorphism T: W —
W of order p, also denoted by T. The fixed point set of T: W — W must consist of disjoint,
properly embedded arcs joining fixed points in S to fixed points in S. The fixed points at the
end of each arc will form a canceling pair {a,p—a}. In this way we see that [a1,... , a;] consists

entirely of canceling pairs, and hence X[ai,... ,a;} =0 in A. a
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7.3 Dihedral Groups of Automorphisms of Riemann Surfaces

We conclude this thesis by proving Theorem 13. The essential nature of its proof is the relation
between group actions on compact connected Riemann surfaces and Fuchsian groups, as well as
the Lefschetz Fixed Point Formula. Let Dy, be the dihedral group of 2p elements énd T,,T5 €
Dy, be two fixed generators of order p, 2 with the relations TP = T? = (T;,,Tg)2 = 1. Suppose
there is an embedding of Dy, in Aut (S). We have a faithful representation R : Dy — GL4(C),

by passing to the space of holomorphic differentials on S, assuming g > 1.

We want to characterize such groups R(Dg,). We denote by Do,(A, B) any subgroup of
GL4(C) generated by A, B with the relations A? = B2 = (AB)2 = I. Let G; = Dy, (A;, B;)
(i = 1,2). G and G are said to be conjugate, denoted by Gy ~ Go, if there is Q € GL4(C)
such that Q7'G1Q = G3, and strongly conjugate, denoted by G; =~ Gs, if Q714;Q = Ay and
Q7 'B1Q = By. A subgroup Dyp(A, B) is said to be realizable if it is conjugate to some R(Dsp).

It is well known that the trace of an element of order 2 in GL,(C) is an integer, and the
trace of an element of order p in GLy(C) is an algebraic integer in the cyclotomic field Q(¢). A

subgroup G in GLy(C) is called an I-group if all elements of G have integer traces.

Let X € Dqy(A, B) be of order p. Then X ~ X~!, and hence tr (X) = tr (X1 =tr (X).

Therefore tr (X) is a real number. Furthermore if tr (X) is rational, then tr (X) is an integer.

Lemma 7.7. If some element X € Dop(A, B) of order p has rational trace, then Doy(A, B) is

an I-group and all elements of order p in Dyy(A, B) are conjugate.

Proof. 1t is clear that tr (X) =k + ki (C+ () 4+ +Ekn((™+¢™™) (m = p;—l), for some non-
negative integers k, kq, ..., ky, with £+ 2(k; + -+ + kp,) = g. But (,...¢P"! are independent
over the rational field Q, so we have k; = -+ = ky,, say I. Therefore tr (X) = k — [ is an

integer. U

Lemma 7.8. Suppose G; = Dap(Ai, B;), 1 = 1,2, are two I-groups. Then the following three

conditions are equivalent.
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1. Gy~ Ga;
2. G1 ~ G2,‘

3. tr (A1) = tr (A2) and tr (B;) = tr (By).

Proof. For a dihedral I-group we have the following canonical form G = Dy (A, Bgy), where

I I
I, —I,
A= ¢ and By, = I,

¢Pi I

where z +y + (p — 1)l = g and tr (A;) = = + y — [. Since the number of blocks of I,’s in B,y is

even, tr (Bg,) =z —y. a

If o is an automorphism of S of finite order greater than 1, then we have the Lefschetz

Fixed Point Formula, tr (¢) + tr () = 2 — Fix (0), where Fix (0) is the number of fixed points

of o, see [38]. It is easy to deduce

Lemma 7.9. If Dyy(A, B) is realizable, then Dqp(A,B) is an I-group with tr(A) < 1 and
tr(B) < 1.

Thus we complete the proof of the necessity condition of Theorem 13.

To any action of Do, on S we can associate a short exact sequence of groups

S

t
1= 11— T(go; 57 iPr 2y 52) 2 Doy 1

where I' must has form

S

t
F(go;p,...,p,2,...,2) = <X1,...,X§0,Y1,...,Ytqo,Al,...,At,Bl,...,Bs)
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with relations
Al = =AM =Bf=-- =Bl=[X\,Yi]-- [Xg, Yg]A1-- AB1--- By =1 (7.6)

By the Riemann-Hurwitz formula (2.16) we see that s must be even. From the results of
Macbeath[21], we obtain that Fix (7,) = 2¢ and Fix (T3) = s. Hence if Djp(A, B) is realized by

this action then tr(A) =1 -t and tr(B) = %2.

To prove the sufficiency condition of Theorem 13, we need the following lemma. Assume

that Dy, (A, B) is an IR-group.

Lemma 7.10. Then ﬁ (94 (p—1)tr (A) + ptr (B)) is a non-negative integer.

Proof. This is an easy calculation. Let A, B be of forms A, By 4y, as in the proof of Lemma 7.8.

9+ (p—1)tr (4) +pir (B)

z+y+(@-l+{p-DE+y—-1)+plz—y)
= plz+y) +pz—y)

= 2pzx.

Thus % (g4 (p—1)tr (4) + ptr(B)) = z is a non-negative integer. a
Now we can complete the proof of Theorem 13.

Proof of Theorem 13. Let t =1 —tr (A), s.= 2 — 2tr (B), and

L g+ (p— 1) tr (4) +pir(B)).

90=%

8

¢
We define an epimorphism 8 : I'(go; D, ..., p,2,...,2) = Do, as follows:
Case 1: If tr (A) =1 and tr (B) =1, then t =0, s = 0, and gg > 2. We set
0(X1) =0Y1)=T, and 6(X;)=0(Y;)=Tp (fori=2,...gp).
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Case 2: If tr (A) =1, tr (B) =0, then ¢t = 0 and s = 2, and gy > 1. We define

9(31) = 9(B2) = T2 and 9(Xz) = Q(Y;) = Tp.

Case 3: If tr (A) =1 and tr (B) < —1, then ¢ = 0 and s > 4. We define
0(B;) =T¥T, and 6(X;) =6(Y;) =1,

where b; are integers (not all the same) with 0 < b; < p—1 and $35_,(—=1)%; = 0 (mod p).

Since s is even, 6 preserves the group relations, and hence is an epimorphism.
Case 4: If tr (A) <O and tr(B) =1, then t > 1, s = 0, and gy > 1. We define
B(A)=TF, O(X)=T¢ and 6(Y;) =T
where a;, ¢; are integers with 1 < a; <p—1 and Zle a; +2 Z?E’;l ¢; =0 (mod p).
Case 5: If tr (A) <0 and tr (B) <0, then t > 1 and s > 2. We define
0(A) =T%, 0(B;)=Ty'T, and 6(X;)=0(Y;) =1
where a;, b; are integers with 1 <a; <p—1and Y/_ a; + > i=1(=1)*T1b; = 0 (mod p).

Let IT = Ker(#). We get a short exact sequence of Fuchsian groups

t 8
1—)H—)F(gogp,...,p,2,...,2)ﬁ)Dg,,—)l.

It is easy to check that II is torsion free. By Lemma 7.8, we get an action of Dy, on § =U/II

which realizes Do, (A, B). O
|
|

Corollary 7.5. The minimal genus of Dy is p — 1.
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