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ABSTRACT -

The Fraser Riyer plume is the brackish.surface layver formed
wvhen the Fraser River discharéeS'into the Strait of Georgia. Two
iapproééhes to understanding the dynamics of the plume are
discuséed.ﬂInitially, a series of field observations was carried
out ihr the plume, These consisted mainly of CSTD profiles and
current profiles in the upper 10-20 meters of ‘the water column.
Also,» a surface current meter was installed for 34 days at the
mqqth'bf the Praser River. The principal ‘conclusions of the
field observations are: the-  plume is strongly sheared in the
vertical‘and strongly stratified; +this vertical structure is
.mqstvapparent in the vicinity of ihe'river mouth, and around the
time of maximum river discharge (near low water in the Strait);
andl that the water mo#ing outward from the river - mouth
subsequently acguires velocities and salinities appropriate to
the water beneath it with :length and time scales for this change
of-order 50 km "and 8 hours. The plume thickness varies between 0
and.jo>meters;.the salinity varies from 0 to that of the water
bgneaﬁﬁ'it‘(approx.;ZSﬁéo); and the difference between the plune
;ﬁglpqiiy and that of the water beneath it varies from up to 3.5
m/sec‘to 0 m/sec, and is typically of order 0.5 m/sec over nuch
of the plume area. .

Ihspired by the field data, a modél-ofrthe-thinfupper layer
.ygs‘_qeveloped.fThe independent variables are ‘the two components
of transport in the upper layer, the thickness of :‘the layer, and
the‘;ntegrated $alinity in the upper layer‘,Thev bottom - of the
upper "layer has been  tentatively defined by an isopycnal

surface. The mixing across this interface is modelled by an
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: ugaard  flux of 'salt water (entrainment), and a downward flux of
_»bpack;sh water (termed depletion in this work). The dynamical
etffects included 1in this model are: the local time ‘derivative;
the fiéld accelerations; the buoyant spreading pressure gradient
(ihcluaing the effects of salinity on the density field); the
ent:gihment' of tidally moving water and the loss by the
@ep}etion mechanism° of water with the plume momentum; the
f:icticnal- stress between the plume and the water beneath it:
thelfqtcing.due.tO‘the‘batoclinic tidal slopes; and tﬁe Coriolis
force. ,Subsets of the full - model equations are examined, to
clarify certain aspects of the plume dynamics, Preliminary
.resulté from the numerical solution:of the full model equations
aré presented, and a comparison is made ‘between the paths of
lag;angian trackers produced by the model ' and drogue tracks
observéd in tﬂe plume. . Future improvements to the model are

discussed. .
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CHAPTER 1-

INTRODUCTION-

Qne of the most striking oceanographic features of the
St;aiﬁ“of Georgia 'is the. Fraser River plume, . Referring to
b‘f;g.pi, the  Strait of Georgia is the body of water ‘separating
Vancouﬁer Island from the British Columbia mainland, The PFraser
River, located south of Vancouver, discharges into the eastern
side'of the Strait of Georgia. Particularly during the 1late
§pqing  and early summer, in times of large river runoff, the
. ?téSet'River plume appears to be a layer of muddy brown water
floating on the dark blue Strait of Georgia water; the plume is
frequently bounded by a sharp colour discontinuitvy. .The boundary
_betweeh~the two water masses may also be diffuse, and there are
_sqmetiﬁes weaker colour discontinuities.within’the body of the
plumg. Colour is, howvever, a misleading indicator of the plune,
b§¢ausé sediment does not necessarily sink at the same rate at
which the salinity and momentum differences between.  the plunme
and thé=ambient water decrease, For purposes of this thesis, the
‘fqilqving.two-pa:t definition of the plume will be ‘used:.

‘ui).the plume is the mixed water formed when the Fraser
River>ﬁischarges-into, and mixes with, the ambient Strait of
Georgia water; .

~2): in order " to be associated with the plume, this mixed
vater must retain-a significant identity as river water, for
examplg it must be fresher than some arbitrary maximum salinity,
fqr:‘example 25°/0 o (parts per thousand).. The value of this
arbittéry salinity is subject to variation, depending on the

season, and on what properties of the plume one wants to



describe. .

_»Bécause it is less dense than the ambient water, the plune
is a relatively thin layer, floating on and interacting with the
denser 'Strait of Georgia water. -

There are two main reasons for studying the Fraser River
plqme,f&s mentioned above, it is a striking feature of the
Stfait-of Georgia, and for that reason alone warrants attention. .
-The other, more practical, reason is that the plume plays a very
important role in the flushing and general circulation of the
Straitiof Georgia, which in  turn influence +the bioloqical
environment of the Strait. ,Biological properties of the Strait
influenced by the Fraser River induced circulation include the
éupp1y  of upwelled nutrients to the surface layers; the
aptenqation of sunlight by - suspended sedihent; and the
horizontal advection: and vertical wmigration of planktonic

_organisms. .

REVIEW OF THE OCEAROGRA?HngﬁaTHE-srngzg~0FsG§gg§;gw
Af’this point we will consider briefly the oceaﬁography of

the Strait of Georgia (Fig. 1).. Waldichuk (1957) :carried out an
extgnsive study of the Strait of Georgia. Most of the
ci;culation' theory discussed below appeared in this paper..
Further information comes from Crean and Ages {1971), who
'carried out a series of hydrographic cruises over a period of
 oné year, occupying stations in the entire Juan de Fiaca -
Georgia system.,h -

~ The Strait of Georgia is a fjord-type estuary - it is deep,

has a freshwater source, is connected to the sea, and is



St;pngly stratified.JThe éverage“depth'is about 150 meteré, but
copsiderabie areas are deeper than 200 meters., K The 'Strait
differs from simpler types of fjords in thét .it is very wide
( on fhe average about 30 km. ), and the major source of fresh
watér,”the Fraser River, is near the main outlet of the systen,
qhgfe3 strong +tidal mixing occurs.; Furthef, t&ere are twé
cpnpecﬁions with the sea., . At the nbrthern end is found a
 9939;;éated set of narrow channels, through which tidal currents
rgégh'6 m/s.;At-the south, the Strait of Georgia is connected to
,Jﬁap de Fuca Strait by another system of passes and sills, where
tidal_'currents reach ‘1.5 a/s; Juan de‘Fuca”Stfait in turn has a
frge cbnnection to the Pacific Ocean. ,  Figures 2 and 3, fronm
Crean ‘-and Ages (1971) . show  'salinity sections along the
cent:eiine of the Strait of Georgia for the months of July and
Dgc?mbe;.é The Fraser River 1is seen to be a strong source of
st;atifiéation in the summer, and a weaker sourcé“in the wvwinter. .
One aléb“sees tﬁe«evidenceffor-strong?mixing~in the region of
Ha;o, Strait in the south, and Capévmudge in:the north. w¥ith
..refeteﬁcé,to Figures 2 ahd 3, one wonders what-pnogortion of ‘the
?;asé; .River water flows north and 1is ﬁixed there; what
p#qporﬁion~‘flows south and is mixed there; .and what proportion,
’wpile flowing north and soqth, is mixed in the middle of the
Strait?

.Tﬁe prevailing winds are in general along the axis of the
Strait - northwest and southeast ]’ﬁaldichuk,- 1957 ). However,
there.”are‘frequent storms with variable wind direction, and the
Fraser valley in particular modifies the direction of winds in

the southern Strait.



. ﬁore than 70% of the fresh water input to the Straits of
'Georgia and Juan de Fuca comes from the Fraser ( Herlinveaux and
:ully, 1961 ). The river discharges through a compliéated system
of‘chghnels in ‘its delta, Fig. .4, but 80% of the flow passes
thrpugh the Main Arm which is dredged to be about 400 meters
.gide~énd 10 meters deep."Flow velocities at the river mouth are
'tidally modulated, varying between about 0 m/s and 3.5 m/s over
a tidal cycle. Further, the river discharge is very seasonal,
‘fig,xS} changing by an order of magnitude from about 1000 m3/sec
dnriqgt ﬁiﬁter’ to- about 10,000 m3/s during the spring-early
summer“fresbet;ﬁIf one defines the'plumebto be water which is
fresher than, for example, 28;5%0, then from PFig. .2 and Fig. 3,
itS’ fhickness is about 10 meters, and it covers most of the
central Strait of Georgia during sﬁmmer, and a. qonsiderably
sméllef area during winter.J:During summer, the frésh-vater
fréction in this plume volume is muéh. greater  than during
kinfer;, Also, because of the lower stability'of the plume in
winter; it is more liable to be mixed away by storms, which are
stronger in the winter. .

There are very strong tides in the - strait.of Georgia
{ C;eah, 1976 ), and they exert considerable influence on the
plume; ?irst, the tide modulates the ri&er flow, so that maximum
r;ver discharge occurs near low water, and the river is
gffécﬁively shut off at high water.. The :iver water, as it
,rep}enishes the plunme alreadf existing, is then ‘acted on by the
tides in the .Strait.f Frictional interaction with the tidal
currents in the wunderlying - water will drag the plume to the

south during an ebb, and to the north during a flood. Velocity



differences between the plume and the:wateg uhderneath give rise
to vertical mixing, partially inhibited by the vertical density
:gradient. The barotropic surface slope will - not only tend to
. move the plume up and down the Strait, but also gives a
considerable cross channel forcing ( due to the Coriolis force
.in__ﬁhe  barotropic equations ). Consequently, the plume moves
rabout7in a complicated manner, 1os;ng fresh’iéter”by mixing -at
 §bopt tthe same rate ( tidally averaged ) that it gains it fronm
'the-riQer discharge, Near the river mouth, where there is the
most available kinetic energy, there is intense mixing, but the
:esu}ting mixed water is fresh énough, and has the necessary
‘;ivgr—ditected momentum, to form an outgoing plume. This mixing
.ppodqqés an upvelling ofvnutriént rich salt water, which is very
limﬁorfént ffom a biological point' of view { de Lange Boon,
'1976 j.i As the river water proceeds outwards and mixes, the
'sﬁability of the plume decreases, -so that near the tidal‘ mixing
passes} mixing is almost complete.,The‘seaward"transport of salt
- water in the plume is compensated by a return .flow of salt water
beneath the plume, as 'in all estuvarine circulations. Thus,
'stgdying the plume will aid in explaining the movements of deep

water in the Strait of Georgia..

PREVIOUS STUDIES OF THE PLUME
| Bééause of its interaction with the general circulation of
thévstfait, the plume has recieved considerable study. .

éiovanda and Tabata { 1976 )y - presented the results of
tracking drogues which were released ‘near - the Fraser River

mouth}vand followed for periods ranging from 2 to 33 hours. .



Tabata ( 1972>) attempted to identify the different types
of'ﬁater in the plume from aerial photographs. .

DE Lange Boom { 1976 ) described a mathematical model of
vvgh}orophyll distribution in the:  plume, with the hydrodynanic
-flbw pattern_being>somewhat arbitrarily prescribed.

?érdes {( 1977 'y described the results of a rather

spphiéticated drogue tracking procedure in the plunme. ,

"STUDIES OF -SIMILAR SYSTEHS

o e e S o e

Recently Long(1975b), and Winter et al (1977), have
Q;Sgugéed one layer models of fjords, similar in many respects
to tp§ mode1 discussed in this thesis,

There also exists a considerable body of  literature on
tﬁe;mai - plumes ‘due to cooling-water discharge from power plants

(Koh_aﬁd Fah; 1970; Stolzenbach and Harleman, j971). Numerical
and .pﬁysical models exist for these plumes, but they are not
apg;icab1e~to the Fraser River plume. Usually there is only one
indepeﬁdentz variable, the distanée along the plume axis; the
othe;ﬂhorizontal dimenéion being taken care of by empirical
spreading coefficients and profiles of properties. .The models
are time-independent, and not adaptable to time-dependent
%ithations; they -are not adaptable to a system with partially
.enc}psing solid boundaries.

Takano { 1954a, 1954b, 1955 ), in a .series of . papers,
_diséuséed the ‘spreading of a river plume‘ issuing' into an
unbounded oceap.,His model Qas time-independent, and involved a
hbalapcé' of Coriolis force, hydrostatic pressure gradient, and

vhorizohtal eddy viscosity; it predicted a bending to the right



, gf'.ghe -plume, although the discharge remained symmetric about
.the enﬁfant=direction'of the ‘river, The -choice of  horizontal
eddy - Giscosity was probably inappropriate because the nost
important friction is likely the interaction of the plume with
the underiying water, and not 'with itself and water to the sides
@s_in the case of horizontal eddy viscosity.

-.Hright and Coleman { 1971 ) ‘discussed the Mississippi River
plume,‘ which is in=some‘ways similar to the Fraser River plune,
_the,p;incipal'difference being that tides are about 1/10 as
:sﬁypngx in the Gulf of Mexico as in the Strait of Georgia. They
. fit a ﬁodel developea by Bondar . (1970), similar to cooling-water
-plﬁme models, to some field data.,One would coqclude-from their
wo:k. ihét buoyant spreading and entrainment are the two most
‘importént forces governing a plume. .

Gérvine ( Garvine and Monk, 1974, Garvine, 1974, Garvine,
1977.)¥ has described field Qork.done in the Connecticut River
plume,:and has developed a model to explain the propagation of
the léading edge of a plume. The Connecticut River is much
smaller thén the Fraser in terms of discharge, 'but the plunes
have  many similarities - strong tidal ‘currents act on them, and
théy both form distinct fronts., . In tne Garvine model frontal
dynamiés are controlled by the salinity and density profiles

behind the front.



THIS RESEARCH

| 'Although Garvine lays great stress onh fronts as controlling
?he_dfnamics of plumes, the approach taken in -this thesis is
that Sefore one can develop a model which includes fronts, one
has to have a good model to describe the flow between the river
mdqth‘ and the front, i.e.,a time-dependent model of a thin
.qontin@ous upper layer. 1In this- thesis, two complementary
méthogs to increase our understanding of ‘the plume have been
used._.n fairly exfensive,- but exploratory,  set of field
measurements was carried ouf, using mainly a CSTD, and on a few
occasibns a profiling current meter. Based on the field work, a
two dimensional, - vertically: integrated  ( over = the . plume
thipknéss ) 5 time-dependent-ﬁqmerical model .was developed., The
model includes: the effects of barotropié tidal slopes and‘
streéms; the effects of vertical mixing on the distribution of
sali' and momentum; the Coriolis force:'the~stress between the
,Nupéeg-and lowver layers; and the-buoyént spreading - and inertial
‘ effecté in the plume. . This model‘is exploratéry, in that it
~cannot predict- nature very accurately, but allows - us to check
‘the effects 'ahd importance . of various fdrces:acting on the
:plﬁme?;Further field work will allow a better adjustment of the

mixing‘and stress in the model, .
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FIELD OBSERVATIONS OF THE PLUME

wn

As.mentioned in chapter 1, various people have already made
'mgagufements of the Fraser River plume. There are a few sdlinity
ppofiies available ( Waldichuk, ‘1957: de Lange Boon, 1976 ),
optgipéd by discrete sampling. There are also extensive drogue
tracks’ available { Giovando and Tabata, 1972; Cordes, 1977 ),
Ibgt_tyéyf lack information about the vertical structure of
 velocity and salinity- in the plume, In developing the
“ébseryational aspects of this research, it wés felt that a
- useful” contribution to knowledge of the plume would be to
ipvestigate the vertical structure of velocity and salinity in
. the plune, .with particular reference to location in the Strait
'qﬁ_Geofgia and stage of tide. In this chapter are described some
of the field observations obtained using a continuoﬁs recording
_chDf brobe, { conductivity, salinity, temperature, and depth ),
.and a profiling cﬁrrent'meter.vThe'observations were carried out
}in gooperation-with;?.ﬂ;.Crean { Ocean and Aquatic Sciences,
Environment Canada ) ‘at various times betueen Jaﬁuary'1975 and
Septemﬁer 1976. .Two boats were used in this field work.,In 1975
'the c§v Richardson, a 20 meter vessel, was used to obtain CSTD
grofiies.,In 1976 the Brisk, an 8 meter launch was used.;As the
_Brisk 1required no ‘operating crewv other than the two scientists,
{ P.B. Crean and myself '), and was always available, its
'operation allowed considerable flexibility._ Using this boat,
,whigh:was equipped with radar for accurate positioning, we did
‘CSTD sprofiles, velocity proliles, and measured positions of the

colouf front associated with the plume.
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All of the 'salinity and sigma-T profiles presented here
vere calculated  from conductivity, temperature and depth data
qbtaiqed with an Interocean=model~513 CsTD probe ‘and a chart
:géprder;_The conductivity and temperature traces were digitized
on fhe ﬂechanicalrEngiheering.digitizer at U.B.C., and salinity
and siQma-T profiles calculated from them. The CSTD was designed
to operate from 0 to 30 meters, so was ideal for our purposes.
Howevet, for a variety of reasons, the accuracy of fhe probe and
chart fecorder system is not reliable. The accuracy varied with
time, ﬁepending on such factors as which boat was being used,
the ambient, temperature, and how long the chart recorder had
‘beep o?erating.that particular day. .  For ' these reasoﬁs,' the
salinity p;ofiles can only be considered to be accurate to about
0.50/50 unless 'one is compéring a series of successive casts. .
rqrtqnétely; the error is not random, but systematic ( e.g., the
zero might be offset on the chart recorder ), and the size ' of
;the_‘sélinity error 1is much smaller than the size of salinity
v;;igfion in the plume;‘so that these 1low accuracy salinity
ptoﬁi;és ”reveal' almost all the pertinent salinity structure of

the plume. .

1. .CONDITIONS AT THE RIVER MOQUTH

A;,Curreﬁts at the river mouth

Before proceeding to a discussion of the salinity and
velociiy structure of the plume, let us first '‘look at conditions
at the river mouth‘ahlﬁl is easier to interpret the salinity
measurements in the'piume when we know the temporal relationship

between the river discharge and the barotropic tide in the-
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l§trait.  As a preliminary stage in acquiring thié information in
fuil;‘the Canadian Hydrographic Service installed a botton-
moored" surface ‘current meter ( Neyrpic:design ) ‘at the mouth of
the Fraser River, Figﬁre 6. -The installation position choéen is
ancompfomise beiween-putting.the current peter in>aﬁ out-of-the-
‘;;ugy,.iocation - safe from shipping; and. putting it in the main
'éhannel, subject to the full river flow. The current meter was
in = place for 34 days, from April 6 to May 11, 1976. During this
time, ihe river discharge increased fron 11b0 m3/sec tq‘ 7700
‘m?/séc, ( Pig. 5 ), a typical variation during.the onset of the
sp;ingAfresbet;,At’the end of each 10 minute interval the meter
recqrgéd the numbef of‘ revolutions of its propellor ( which
converts to a speed), and the instantaneous magnetic heading at
the end of-ﬁhe 10 minute~interva1;;Because of ‘the large mass of
steel in - the current meter mooring, the magnetic direction has
 to hevhsed with caution, During times of significant outflow
yelocity, Qhen the flov was presumably along the line of the
-Sanq Heads jetty, ( 215° magnetic ), the current meter indicated
a direétioh of 306° magnetic, approximately perpendicular to the
~actual flow. During the high water part of -the tidal cycle, when
the ac;ual surface  velocity approaches =zero, -and - sometimes
aséumeé a direction toward the jetty, ( a change of 909 ), the
magnetically'determined direction changed by only 352, to about
2700.; In order to convert the speed signal into a velocity
signal, the current meter record was treated as follows. K For
Amqgnetic direcfions greater than 300°, corresponding to outflow
qp#ditions, the velocity was assumed to be entirely parallel to

thg;vchannel; and directed downstream. For directions less than
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.3002, ihe velocities were very small, and it was decided to
scalé:-the hagneiic variation of 309 - (300° +to 270°)~into a
variagion of 180°, so that most of these 1low velocity periods
uefe freated as  flows 'ué the channel. Because the velocity
signéliis sampled at 1 hour intervals in-thé subsequent harmonic
,analysis, it is impossible to reproduce the shape of the speed
recora'.very well, and the -above treatment gives a smoother
veloéiiy record than if the small flows at high water were taken
to have zero component in the direction of the river <channel..
Assﬁming the ahove.conversion from speed to velocity, the record
y§S'>§tepared ‘for ‘harmonic analysis, in order to determine the
"J;g;apiéh between the river flow and the tides in the Strait. The
lségnalfﬁas first band pass filtered by attenuating components
with frequencies»higher than'one'cycle'pef'hour, and 1owe: thén
one cycle per day.. The signal resulting from removal of  thigh
frqueﬁcy { periods less than one ﬁour,yfcomponents is shown in
figure 7. The A6A6AT/6%6¢7, At=10 min, filtef of Godin ( 1970 )
wasfvﬁéed to remove the.high frequency components. .The operator
A&,“for example, is a_running mean of length'ﬁ applied to the
ﬁime series, and 4Atbi$ the spacing of sampled points. The low
fréguehcy' component of the signal - was obtained with the
AZQAZQAZS/ZH-ZQ»ZS, zit=i hour filter, (  Godin 1970),aand is
- shown in Figure 8. The tidal band of'freguenciesrwas obtained by
sgpt:acting. the low frequency signal, PFigure 8, from the
smoothed rsignal, Fig. .7,  and is shpwn in Figure 9. Thié tidal
 rgqq:d'was theﬁ harmonically analysed.dBecéuse the record was
fngt ;_long enough, it was impossible to separate sone

constituents, for example the group K1, P1, s1, It was assumed.
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nga;, the relations between;the amplitudes aﬁd phases of these
qongtituents in the river speed record were the same as for the
same bonstituents obtained fromr an analysis of one year of
observations of the elevation at Point Atkinson, a nearby
pe%manent tide gauge. The results are shown in Table 1, and the
;gsulté of harmonically analysing the observed Point Atkinson
gléyqfibns for - the~same.period of time, (Figure 10), are shown
iguTébie 2. Note that the'éoiut Atkinson elevations did not have
the low frequencies filtefed out, so have a significant mean as
?ell as MM and MSf constituents, Finally, the velocity record
was reconstructed from the harmonic analysis, and 1is shown in
Figure. 11, If the surface current consisted only of tidal and
shallow water constituents, Fig.. 9 and Fig.11 should be
identiéal.y That they are not indicates a more'éomplicated
sifuation.,
»Afﬁe following observations about the harmonic amnalysis
should be made. . |
.. We wvwould 1like to know vhen the paximum discharge
oqggrs; relative to the water levels in the Strait., Comparing
~ the. records of surface current: with the sea levels at Point
_Aﬁ}igSpn, maximum current occurs about 0.7 hours before 1low
_ wgggr at Pt. Atkinson, Using the §hases from tables 1 and 2, for
:t§§ Mé tidal cohstituent, low vater occurs at wt=340° ( 180°
gf#e;.‘maximum )., Maximum current occurs at wt=312°, The
_diﬁfe:ence,- 289, corresponds to 1 hour.  For fhe S2 constituent,
lqy.yafer occurs at «wt=3589, and maximum current at «»t=337°, for
;algigférence of 0.7 hour., . |

2). I didn't consider the L2 constituent in the above
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vgq%cplation of the time of maximum river flow, even though it is
_ﬁhe 'second strongest diurnal constituent, because its amplitude
épdiphqée are subject to some doubt. The L2 probably comes -from
Athe‘,interactionv 2M2-N2, a: diurnal ' shallow water conétituent
'igeqtiéal in frequency to L2 ( Godin, 1970+ .. There is a
;igniﬁicant change in the L2 amplitude over the 18.6 year nodal
perigd;,The-harmonic analysis program ‘corrected the apparent L2
-amplitude using fhis factor, whereas it should probably have
.:agglied the correction fdr-ZMZ-NZ, a much smaller correction. .
‘<v,}3’ Although there was a seven-fold increase of river
.q;sqhafge wvhile the meter was in operation, the mean current,
figfaqﬁshowed only ‘a slight increase. One must conclude that the
‘#hiqkﬁéSS'Of*tﬁe outflowing layer increased over the 34 days the
metgg"was installed. .

.u);AThefe vere two eventS'dnring which the measured water
vyeioé;fy vas abnormaily low -for a day or two { Fig. .7 ). One
ocqu;red about day 106, the other day' 129. . Two possible
explanations suggeét'tgemselvés; one is mefeorological‘forcinq.
lgagAqfher is the presence of debris caught in the current  meter
',pﬁqpéiior.J On day 105-106, there was a storm, with NW winds of
;.uap §§x52 mnph. This would certainly affect the surface flow, and

_p:qbably"the measurement»of-it.vHowever( day 129 ( ‘May 8 ) wés
calm. By fortunate <coincidence, Dr. P. Crean hapéened to be
vdoing -current=profiles-while tied up to the current meter bouy.
Thé measured surface current, 50 cm/sec around noon and early
'afternpon, agrees with :that measured by the moored meter. .Thus,
for_this period, there appears‘no ready;explanation in terms of

mteteorological forcing, or meter malfunction,
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B. VERTICAL CURéENT AND SALINITY STRUCTURE

Weather and other work never seemed to permit.a very good
measurement of the profiles of current at the river mouth during
the time the surface current meter was in place., Figure 12
. indic&tes the salinity and current structure present at the
cur;eni meter mooring, Fig. 6, on May 8, 1976 (Julian day 129),
at 1330 PST. Positive speéds refer to an outflow, and since only
speed "was measured by the  current meter ( a propellor-type
General Oceanics model 2031, rigidly attached to a lead " fish"
with large orienting fins and vanes ), the zZero crossing at 5
meters is only inferred from the minimum in speed at that depth.

Figure 13 indicates the evolution of ‘the salinity structure
over 10 hours at Sand Heads on January 21, 1975;_The.dashed line
in the inset diagram indicates, as a function of tine, fhe
f;action of fresh water in the water column, considering pure
salt water to have the.salinity'of the deepest Qater in each
cast. . Like the surface current, the fraction of ffesh'water
reaqhes a maximum shortly before ( about 2 hours before ) 1low

water.

2s .,
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SALINITY AND DENSITY STRUCTURE OF THE PLUME

The salinity information obtained in this research is in
‘genepgl'agreement with that reported by Waldichuk (1957) and de
Lange - Boom (1976). .It was however obtained with a continuously
recording CSTD as opposed to discrete bottle casts. As will be
apparent from the profiles in this section, the density
_strqctnre verf- closely follows the salinity structure, the

temperature structure having a relatively minor effect on the
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_VQQnsity in the upper layer.
April 6,-1976

¢‘vThis is the first day the current meter was in  position.
The Etaser discharge at Hope was 1100 m3/sec, and winds Wwere
light., Figure 14 indicates the positions of stations , labelled
by leiters. Fiéure 15 is a plot of salinity contours along the
ling h-r. The tidal curve {( inéet,'Fig.lu ), shows that these
stations weré done 'on a rising tide after a large fall. It is
interesting to note that we passed a vefy- weak colour front
(slight colour change: in the water) ‘in- the vicinity of station
k, station k being on the fresh or eastern side'-of the front.
Figures 16, 17, and 18 show the S, T, sigma—T profiles for
stations j, k, l. There is a slight indication of fresher water
at - the surface at station k, Pig. 17, and a definite freshening
of the surface layer rat station 1, Figqg. .18. This surface layer
becomes thicker and fresher as one. proceeds from station 1
towards the river mouth at Sand Heads. 1In- all three salinity
~curves, Figs, 16, 17, and 18, the pycnocline is found at about
VS=25‘V;o,UWe should also notice that as one proceeds outward
from'sénd Heads, the isop?cnals gradually rise to the surface.

April 15, 1976

Ihis series of CSTD's was taken alongva rather complicated
path, Fig. .19. .The line g-h-i-j-k-1-m-n represents the boundary
of .a ;colour front., The lines f-g and n-o-p-g represent paths
through the plume, Stations g,j,1, and m are on the plume side
of the  front, and stationsvh,i,k, and n are on theAsalt water
side}of the front., . fhe salinity along liné -e~f-g=-3-1-m  is

plotted in Figure 20, along with a continuation along m-o-p-q. .



17

We note that these profiles were done on a rising tide, and that
there had been a 10 hour period of strong northwest winds prior
to the measurements. One notes that the profiles along the front
(‘g,j,l,m )~are:fairl§ similar, and that comparing them to those
along -line m-o-p-g-r, the plume is considerably fresher and
thicker in the inner regions than around the edges. .
_Eiguresv21a and 21b-illustrate the salinity profiles at
stations k and 1 respectively, k being outside the plume, and 1
Seing adjacent to kx (about 50 m away), but on the plume side of
tﬁe‘ front. We note that for the profile in the plume, Fig. 21b,
there appears to be a three layerea structure to the profile - a
surface brackish layer about 0,7 meters thick, lying on top of a
- layer of intermediate salinity about 2.5 meter thick, 1lying on

top of the almost homogeneous lower water.,

April 28, 1976

-Referring to Fig. 22 for-positign information,_Figure 23
shbys a salinity section taken from a front at station g back
tdward Sand Heads, along a line g-h, It is interesting to note
how nearly horizontal thé isohalines are, and ho# the salinity
varies continﬁously.in the“vertical:thréugh the plune. .

Jdune 4, 1976

The profile of salinity along line o-p-gq-t-s ( Fig 24 ) is
shown in fig. .25a. The winds were light and the profiles were
.dohe about "an hour after low water, at which time the river flow
is quite strong. .The daily discharge at Hope was 6,200 m3/sec, a
fairly high value. We see that near Sand Heads ( station t,
located 0.5 nautical miles from Sand Heads into the Strait ),

the‘ water is almost entirely fresh and at station g, located 1
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nggtical mile from Sand Heéds,.the- salinity varies from near
zero at the surface to 27 °/o at475meters.w |

Three possibilities suggest themselves as causes for the
;ise of isohalines as one proceeds downstream;_One is that there
i§ expeﬁsive late;al spreading of the flow near the river mouth. .
Hovever, the drogue tracks of Cordes ( 1977 ) suggest that the:e
is very little lateral spread of flow at times of high
di§¢§§;ge., A second reason would be that there is extensive
_méxingTat the river mouth, While doing the profiles at the river
‘moutthn-June 4 the water surface indicated considerable mixing
actiyiﬁyf large diameter wupwelling regions, and considerable
patchiness in colour. The third possible reason is that the salt
yedgé { Hodgins, 1974 ) -has been flushed out, and we are seeing
the ‘foe of the wedge outside the river mouth. .However, the
flushihg out of the wedge ié intimately connected with mixing,
so the‘second and third reasons mentioned above are related.

In order - to draw ﬁore detailed isopycnals near the river
,mopth;:we did a series of CSTD casts while drifting out fron
Sand Heads, as shown in Fig 25b, Note that the horizontal scale
is expanded in Pig. 25b. .Station g of Fig, .2%5a is at the Same
location as station x of Fig. 25b. . Stations x and t are
separated by 0.5 nautical miles, or about 1 .km. The isopycnals
in4Fi§;,25b all rise uniformly as one proceeds outward. .

July 3,13976

Referring to Figure 26 for geographical locations, figure
27a_shbws a plot of salinity along line a-b-c-d4-j-1, and figure
27b is a plot of salinity along s-g-m-o-p. July 1975 was a time

of high runoff,( 6,800 m3/sec on July 1 ), and one obServes a
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.cgpsiggrable amount of fresh wvater 1in these profiles. It is
interesting to observe the changes in the-a@tual profiles as omne
proceeds downstream, Figure 28, 29, and 30 show three of +the
profiles used to draw Fig..27a { stations a, ¢, and j ). .Going
,ﬁ:gm Station a to station c, the upper layer does not thicken
_ve;y__much, but becomes approximately 5 °/o saltier. Going from
,st;tiop ¢ to station Jj, the upper layer almost entirely
disappears, and becomes almost as salty as the lower layer. This
erosion of the upﬁer layer shows up in the salinity sections
Fig. .27a, and 27b. .As on April 6 1976, Fig. 15, as’ one proceeds
awvay from the river mouth, one observes the fresh water layer
getting thinner, More important, perhaps, one notices that the
surface salinity increases, and generally all isopycnals rise
toward the surface. This significant feature of the plume will

play an important role in subsegquent ‘chapters.

3. .FRONTS AND THE PLUME

A feature of the plume'frequently.commented upon is the
sharp colour front, usually found on the northern boundary of
the plume. Because of its possible dynamical significance, some
effort was made to understand the nature of ‘this front.,

On July 2; 1975, a strong colour:front'gas-found by aerial
survey, and Figure 31 indicates the main features of the plume
at,about’0900'PST.,Fignres 32 and 33 shoé profiles of 3, T, and
‘JsigmajT»on either side of this front, close to Porlier Paés. The
plume- appears to be a layer of relatively fresh water about 1

meter thick advancing onto the stratified ambient water. Along

the front there 1is a very strong convergence as the rapidly



20

,mqvingfsilty water approaches the clear, dark blue salty water.
Conseguently, the front ié a very good collector of debris of
varying size, ranging from air bubbles and foam to large logs.
There is also éonsiderable lateral shear at these fronts, and
large scale eddies capable of turning the 8  meter Brisk in a
‘chplete circle in less than 5 minutes.

AThe»ﬂapparently"sgrong vertical circuiatibn at - the front
suggested using dye as a tracer. We tried to obtain gquantitative
resultS‘using a fluorimeter, but were unsuccessful. However, on
Jdly 3, 1975 ( Fig. .26 ) we were able to set up a very
interésting experiment at stations g and r.. A ‘tather intense
f:ogt ( in terms of vertical circulation , though not in ternms
of colour ) was found at stations g and r, heading south. . Red
rhodamine dye was released on the water surface, about 100 m
upstream of tge front. . This dye advanced along the surface fo
the front, and then disappeared by downwelling. There was no
evidence of it recirculating up into the surface waters, as it
completely vanished at -the front. However, when the CSV
Richardson, of 2 meter draft, was manoeuvering about 100 meters
upstream of the frénti dye was sti:red up to the surface by the
ship's screw, indicating the dye was being left behind by the
fronf.,

Eigures 34 and 35 show two sets of profiles for July 4,
1975, taken in about the same location-as those of Pigs. 32 and
33. . They again represent conditions on either side of a colour
front;‘Fig.,3u'representing conditions on the fresher, siltier
side of the front. There was a fairly strong Northwest wind {( 20

mph ) blowing July 4, and we see that one result is to
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homogenise tha upper 2 to 3 meters on either side of the front,
Interestingly, there was still a quite strong colour contrast
across the ffont, in spite of wind mixing,

Figure 36 is an attempt to depict the evolution of a front
in the winter, when, because of low river flow, the front does
not extend over as large a region as during the summer., The
front was readily identified, despite the low discharge of 1100
m3/seé, because of a good colour contrast and a large amount of
debris along it. We travelled along the front as it spread
outward, obtaining the ship's position and hence the front
position by radar, and the approximate orientation of the front
by compass. The curves of Pig. 36, indicating successive assumed
positions of the front, were drawn using thé numbered points
where position and orientation of the front were knovwn. The
tidal-Currents indicated in Fig. .36 were roughly inferred fronm
point Atkinson eievafions.s One sees the front, dinitially
inclined toward the south,v gradually curving outward - and
northwérd as the river flow builds up and the tidal curfents

turn from ebb to flood.

e —- . T ———_— v ——— ——————— - - ——

UtfgggRENTS~IN'THE PLUME

_‘h'predominant feature of currents in the plume is their
very strong vertical shear.. One method pf determining the
current struéture is by use of lLangrangian trackers, or droques.
Drogues of three depths were_used : a surface drogue {S), with
drég element about 0.5 m in depth '; a medium drogue, (M), with

drag element suspended from 0 to 2 meters ; and a deep drogue,

(D), with drag element suspended from 2 to 4 meters., Figure 37
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N shpyﬁ_the wind and tide for July 23, 1975, and the 1location of
two drbgue tracking experiments. In Fig..38a are shown the paths
of ihe' above described drogues, released simultaneously at the
fronf on an ebbing tide in region A, Pig. 37., The deep drogque
travelled southward the fastest, and the shallow drogue stayed
with the front. The drogues were picked up and re-installed .in
regio# B, considerably behind the front, on the following flood;
.thei;"paths are- shown -in figure® 33b, ,Now, the shallow drogue
travéls‘horthwatd'the fastest. Figure 39 is a salinity profile
corresponding to the ebbing conditions, and one certainly
potices.tgat, as in ﬁelocity, there 1is a great change in
salinity as one descends from 0 to 4 meters, .

Figure 40 shéws a relative speed profile obtained with an
Ott propellor-type current meter, on the mormning of July 23,
1275,‘ in region A of figure 37. The profile-ﬁas-obtained from a
very shallow draft ( approx. 0.2 meter ) boat tied to a drogque
simi;ar‘ to the deep one described above., .The zero crossing is
_ qply inferred from the observed minimum in the speed. . One has
_cons;dérable-confidence'in the relative surface speeds measured,
becduse the boat had such ‘a shallow draft that it probably did
npt”iﬁferfere with the flow. The salinity structure at‘the time

of the speed profile is that shown in figure 39.

5. .SONIC CURRENT METER MEASUREMENTS-
| For two weeks, in July and September of 1976, we borrowed a
'.sogic current - meter . from M. Miyake (then of UBC, now of O0OAS)..

This meter measures the two horizontal components of flow

‘relative to the meter, and the magnetic heading of the meter,



23

with a saméling frequency of 1 hz. Current‘ profiles were
obtained from the Brisk in the following way. To eliminate the
1arge wire éngles vhich result when the boat drifts with the.
surfapev current and one 1is measuring the deép ( 5-10 meter )
cqrremts, the boat ‘was restrained by a sea anchor ( a conical
vérag_ é1ement, suspended at about 8 meters ). Consequently, the
sﬁi? drift waé intermediate between the surface and deep
vequifies, and the relative speeds were such that the wire
angle was always less than 20°, and usually considerably 1less.
Ship;_drift' was ménitored by radar, and added to the measured
cuppents, giving currents relative to a fixed coordinate system.
Thg analog output of=thé current meter Qas recorded on magnetic
tgpe,‘ electroniéally digitized, = and vector averages were
calculated over the 2 to 5 minute period the current meter was
‘held ét each depth. The measurements on July'13,_1976 and Sept.
17, 1376 are ‘particularly inferesting.«
July 13, 1976

.v'Figure 41 shows the drift path of the ship, from station b
. to station i inclusive. The Hope discharge on July 11 was 8,600
.m3/Seé, a high value for July. ,A front heading westward passed
the §hip at about 1225 éST, and figure 42 éhovs a profile of
salinity at 1304 PST, station g, after the front had passed, and
ph the freshwater side of the front. Figure 43 shows the water
speed:'at various depths at station g. The vertical structure of
. salinity and vater current are remarkably simiiar.( Figure 43
shows the result of plotting the currents at succesive 1 meter
,depths on a pélar co-ordinaté system, with the dots representing

the tips of the current vectors. .There is a strong westward flow
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.at the surface, and a relatively weak flow to the southwest in
the deeper water. .,

September 17 1976

:Figure 45 shows the ship drift on this day. There are two
sets of observations presented , identical in format to those of
Jqu 13. Thus, figures 46, 47, and 48 refer  to conditions at
0646 PST, station a, and figures 49, 50, and 51 refer to
copditions at 1512 PST, station j. We note that over this 8.5
hour period, the surface salinity has increased markedly, the
thic#ness of -the upper layer decreased, and the strong velocity
shear present in the morning has disappeared.  Some of the
decrease in thickness is due to horizontal spreading and
qdvec#ion, but some 1is due to mixing, as indicated by the
increased surface salinity, All of these attenuations in plume

properties  {( vertical  shear, thickness, salinity difference ) -

occurred in the absence of significant winds.

The plume is a brackish layer of thickness ranging fronm
less »than‘ 1 to 10 meters. This layer is freshest and thickest
near Sand Heads, and becomes thinner and saltier as one proceeds
away from Sand Heads. At the river mouth, the  momentum of the
;iver water is directed in the direction of the.jetty; except at
high water, when the river flow is shut off,'As one proceeds
outwa;d,»this river momentum is lost, and the plume acquires the
velocity of the tida;'streams.,The vertical structure of the
.plgme” is quite complicated. ,The bottom part undergoes extensive

mixingiwith the deeper water, while, near the river mouth at



,l?§5§ff the top part is fed with relatively unmixed river water.
{ Becduse of the velocity shear and vertical salinity gradient,
the transport of fresh water is much greater in the upper part
of ;he plume than the lower, ) Because the river flow is tidally
modulated, the plume'is fed with pulses of fresh water at tidal
freguencies. These- bursfs of fresh water advance onto, and
inco:pgrate themselves into, the existing'plume._lf, because of
. strong wind mixing, there is no distinct plume in the Strait,
then'a‘front forms between the new discharge of river water and
the ambient Strait water, the front being characterized by a
significant colour change across it, and a strong convergence
qlpgg it. . If silty water already exists in the Strait, a
somewhat weaker front forms, still being characterized by a

~vertical circulation.
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A HMODEL OF THE FRASER RIVER PLUME

The field data described in Chapter 2 may be combined with
basic hydrodynamic principles to construct a theoretical model
~of .the plume. ;Such ‘a model will be successful if it can tell us
about the horizontal circulation patterns around the river
. mouth, and the amount and distribution of salt water entrainment
into the plume, The results of £he model may also be useful in
resolving questions bearing on the nature of’the mixing of fresh
and sa1t water over large parts of the Strait and in particular
thé mechanism by which fresh vater leaves ihe Strait.

The  above points that our model must deal with are of
ultipafe concern in studies of the Fraser River Plume. However,
a :quel may also be useful if it only points up where there are
gaps in our understanding of the physical system, When the model
fails.to describe reality, and the failure is not dué to the
inadequacy of the mathematics, then we know that we must improve
the model, wusuwally by eitension> and generalization of the
,physics, inspired by field measurements. The numerical solutions
of our model described below agree with field measurements to
githin an order of magnitude, and usually within a factor of 2;
and indicate.what should be measured in future field trips..

- In this chapter, I will discuss the physical concepts that
are ﬁo- be incorporated in the model, and develop the
“mathematical equations that incorporate these physical
principles.. In Chapter 4 are presented some simple solutions of
subsets of-thg‘full'equations; in Chapter 5 the solution of the

model equations by numerical means is discussed. .
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A CONTROL VOLUME DESCRIPTION OF -THE PLUME-

In order " to-initiate discussion of the plume, consider an
idealized Strait of Georgia, with mean contours of surface
salinity schematized in  the plan view of Figqure 52. Figure 53
shows a salinity section along line pA' of Fiqure- 52, and the
aésociated salinity profiles at the indicated locations. The
usual procedure in developing a 2-layer model of a strongly
stratified fluid is té considef the interface between the two
layers-to.be associafed*with the pycnocline - {Long, 1975b), or
with a particular density interface (Charney, 1955). .In order to
be specific, I - chose to define the base of the upper layer in
terns of an isohaline surface which (as seen in the- p:evious
‘chapter)= is eguivaient to using a density surface, The explicit
spe¢ification of an upper 1layer depth is important for . two
reasons. One is that the degree of turhuleht interaction between
the two layers depends on where the interface is chosen. The
other reason is that one has to know how to compare computed and
observed quantities, such as layer depth, and " fluxes of salt,
maSs, ‘and momentum. In the case of the Fraser River plume, the
isopycnal chosen corresponds approximately to the. base ‘of the
pycnocline, so in a sense this model is compatible with both
definitions of upper layer thickness,

Choosing the S$=25 %00 contour aé the plume . lower boundary,
let us first +treat the plume in the control vplume approach
{Figure 54). The control volume is bounded by the 5=25°,,
contour, and receives fresh water from\the:river'at a iidally
mo§ulated rate, It also receives salt water from below, as

indicated by the increase of salinity downstream.  Averaged over
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a few tidal cycles, the volume of the .control volume is
constant, so these two inflows must be matched by an outflow.
This outflow presumably occurs mainly at  the downstrean
extremity of the plume. As one follows a streémline near the
outer.edge of the plume, . the"sélinity along this streamline
increases, - by means of small scale mixing, until it exceeds our
agreed upon limit for the boundary“offthe.plume, and  passes out
of the control volume., The inflow of salt'wate; into the‘plume
has been called entrainment (Turner, 1974), and it appears that
a name has  to be invegted fo; flow out of the control volune.
Perhaps. depletion is the most evocative tern for - this
phenomenon., Thus, when the river flow is strong and there is
vigorous entrainment, the control volume-exéands somewhat, and
spreads outward. . Ihe' outer edges are then eroded by gentler
mixing, expressed mathematically as the sum of entrainment and
relatively stronger depletion.. (Both terms are needed,
entraihment to ‘increase the salinity of the layer, and depletion
to balance the volume-added by entrainment.) |
Considering now the momentum balance, the water im the
control volume, as well as the boundary of -that volume, moves
.béck and forth in the Strait for a varieiy' of reasons. K These
reasons fall into 3 categoriés: |
1) bodily fluxes of momentum - the river momentum, the momentum
of the entrained water, and the momentum removed by depletion,
i.e., wvhen the water leaves the control volume, it takes its
mqmentum'with it;
2) contact forces - the effects of wind stress are omitted in the

quel developed here, so the only contact force is the stress at
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the interface'between twvo countermoving fluids, friction and
fdrm drag;

3) - body forces - the barotropic tide, the bouyancy tendency of
the plume to spread into a thinner 1layer, and the Coiiolis
fp;ce._

_Omitting the wind reduces the complexity somewhat, and
there are many real cases where it is unimportant, Wind effects
can be added 1later as a further refinement once the windless
model has been sufficiently developed. ,

DIFFERENTIAL EQUATIONS DESCRIBING THE PLUME-

This section deals with the derivation of the vertically
integrated equations describing the motion of}a thin lavyer of
lighter water floating on and interacting with a very deep 1ayér
of denser water.”TVO'seté of equations are derived - one for the
entire water 'column, which reduce to the. barotropic tidal
equations in the absence of an upper layer, and a second set,
which ‘describe the motion of ‘the upper layer. -

Consider an upper layer, Figure 55, with density Pz;P(z),
velopity'u=u(z), salinity s=s(z), and thickness h=ﬂ(-§, vwhere "
andv,g are the upper and lower interfaces respectively. The z
axis is positive upward, the mean value of-ﬂ( is 0, and the mean
value of E is -h, the negative of the 1ayér thickness. K The
lowgr' léyer‘ has ~ uniform properties P°’ u,, S,..The equations
will be derived for only one horizontal dimension; they are
quite simply generalized to include the second horizontal
dimension.; |

1. CONTINUITY EQUATION

For either layer, the continuity equation is
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—= o+ W - O,

Integrating equation 3.1 over the upper layer depth, we have

/V( .
du d =z + W - W, = O,
fa“; 2= E
£
3.2a.
Expanding the integral, we get
ﬁf“z"“”(")—”f»-’““fég*""ﬂc‘wfzo'
2 x% 2 X
§ . 3'2b‘

We gan"apply the kinematic boundary:  condition at- - the upper
surface z=4

g—t<%;z>z:"{ ) g_;i 4“4(%:( "W = 9, 3.3..
to simplify equation 3.2b. At z=£, %t (Z‘«E> describes the
'mqtioﬁ of fluid relative to the interface =z=£. As discussed
earl;er in this chapter, fluid crosses the interface , entering
or»leaving the plume, by means of eﬁtrainment and depletion. It
is convenient to represent the net effect of these two competing
processes as the sum of the two effects expressed separately.

Writing entrainment as w and depletion as w,, we have

pl

R <Z—£>: V% - W, '
Dt 3.4,

Thus,

\3!
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and the continuity equation for the upper layer becomes:

%t

ajudz*&f—ﬂg:w—w
P2 p pRA 07 p_ 4 te

The continuity equation for the entire water column is

% £
..a. f[/(. o/Z + 2 /({ C/Z + 2{( = O
2 x 2% ° PR
£ -D 3.7.
poe
Adding and subtracting 2 vfdvdi, we have
. ' 2R &
~f M
Iof . 2 /u,,o/z: - 2 f(u-u,)dz
It ox Ix g 3.8.

The left 'hand side of equation 3.8 is the continuity equation in
a fluid with depth independent velocity, and the right hand side-
is a correction due to the presence of the river flow in the

upperjiayer._

~Assuming molecular diffusion 1is negligible compared to
turbulent effects the salf conservation egquation is given hy:
IS 4+ 2 <us> + J <«<Ws> = O,
2z PRY 0 3.9..
vhere <us> includes +the mean and turbulent fluxes in the
horizontal direction, and <ws> denotes them in the vertical. -

Ihtegrating equation 3.9 over the upper layer, we have,
A A
_3__/50/2 “5”(985(#%25 ) f<us>o/£4

Qtf‘g J £
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—<us 9_’1.( " <a5>§ 9_5 +<ws>7— <WJ>§ = O,
0 o2 oz 3.10.

‘gssqpihg that <us% =(usxt, ( where for notational simplicity
guantities without angle brackets denote mean flow properties ),
?hat;is » neglecting horizontal turbulent fluxes, and assuming
;bat <w521=(ws)“, we can use the kinematic boundary contition

1

3.3 to simplify 3.10. .At the interface z=%E, the quantity <ws>’g

| has_‘tﬁo components., One is associated with motion of the
. igte;féce, denoted by w[”tsg.,The=other is due to the flux of
salﬁ; relative to the interface., The flux associated with
entrainment we write w,s,, where s_, is the salinity of the lower
layer; and the flux associated with depletion we wvrite w,§,

where s is a salinity appropiate to the negative flux of salt

due to depletion. Thus

<W5>§—:\/\/ Sg +WPS° —WV\E') 3.11a

or

sS. -/ 08 UL JE _ -
< wW's > = - E L= S, + W, S, w, s -
£ ( IT on/ £ ' 3.11b.

Using equation 3.11b and the kinematic boundary condition. 3.3,
3.10 simplifies to :
~ =
v BN
It p g
3.12.

The salt equation is usually not included in barotropic tidal
calculations, as the salinity is assumed uniform, so it is not

written out here, . However, it is interesting to note the salt

eguation for the lover layer alone takes the forn
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3 £
l /5;& .2 [.uxdz = - S, W, + 3w,
% 5 I% L 3.13.
.Thgs,'as one expects, the roles of entrainment and depletion are
reveréed for the lower layer, and the plume acts as both a
soug;eL and a sink of salt (in different places of course) for

the lower layer. .

3. THE-HYDROSTATIC EQUATION

¢ — o [t i i s o e e e o el e B o e S e o

It is assumed that the balance of vertical forces 1is

‘ adegﬁgiely described by the hydrostatic equation,

925 R 3. 14,
lggbaZerth z in the upper layer,
_ | z ;o ™~ ,
o - - [ pgdx - [pg=
2 = 3. 15a.
;vgt_a depth z in the lower laver,
o 5 |
p - [egede - fe.gde
£ = 3.15b. .

We should recall, from the salinity and éigma-T profiles
‘preSented in Chapter 2, that the density structure is cont;olled
almost entirely by the salinity structure, and in fact,

G, - ks | 3.16.
is é véry good approximation, with k=0.8. This eguation of state

~was chosen for computational simplicity; comparison with
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‘saiinity and sigma-T traces shb%s it to be only close, not
eiact. The ‘agreement is within 5% for winter conditions, but
dqring summer, vhen the water is considerably warmer and not as
isothermal, a reasonable value of k would vary from 0.55 near

the sﬁrface to 0.6 near the bottom of :the plunme.

4, HORIZONTAL MOMENTUM EQUATION-

The horizontal  momentum equation, ignoring molecular

diffusion, is :

o

25+2<aa> +_9_(0(W>+_’__J_7P__A_I_ C"_"—‘O,
ot I % 0Z C. 9 oz 3.17.

where T« is the stress in the x-direction and p is the pressure.
~ Integrating over " the wupper layer, ignoring horizontal
turbulent fluxes, and using the kinematic boundary condition

3.3, the first three terms beconme:

A ~«
J wdz + 2 /’azdz - Wold, + W, &
2% £

=,

rt g

)

wvhere u, and u have similar meaning to s, and S. Ignoring wind
stress; the integral of the stress term becomes

~
»j 2 Jd= . 4 T,
oz z=g

- This is the'stress at the interface due to frictional forces and
form drag in addition to w_ u,- w,u which is a momentunm fiux
associated with ﬁass transfer across the interféce.,

The remaining term to evaluate is the 'ptessure.'gradient

term,
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M ~
[ L2 ) ecorgols]ds
P P 2=z

Because the analysis becomes very complicated otherwise, we will
assume that the density in the  upper 1layer 1is vertically
homogeheous, a form  of the  Boussinesq approximation.  The

pressgre'force in the upper layer is then:
| 2
-EY 2 ¢ ~E>9_41]
é%‘ [ /2 o ' ) 5f§ y f) K PRs

Thus, the upper layer momentum eguation is

/!(
-2- d 9 z ’ —_ + A
&ngbc z +5;‘5/“ d=z - ;g S W, Uy WA

+5) [’/2 (,V(_gféa_g fp(/mg) 92%(:] = O .

[}

'3.18.

Note that for vthe upper layer ve have 3 egquations, 3.6, 3.12,
and 3.18, and 4 independent'variables; U, S, , andg'.,In order
to "solve the  upper layer equations, we reguire a relation
between o andug, vhich we obtain from - the equations for the
ba;otropic tide. The simplest wvay to obtain the relation is by
pbsé;ving“thét_ip_the deep water of -the Strait, the horizontal
pressﬁre gradients must be those calculated in a barotropic
tidal model, since the flows so calculated agree with
observations ( Crean, 1976 ). Thus,

EZI? :(%a §:7'X

o X% lower layer :

is the surface slope obtained from a barotropic model.

where §7&

Then using equation 3.15b for the pfessure at a point in the
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lower layer,,

S (On-8)) « 0. 8, = p. &
d % : 3.19%.
.Definingé :(L—f, the above becomes, after rearranging,
Py = [C‘S(”’(-‘E>}x SRR \.20.
Egga?ion 3.20 is the fourth equation required to complete the
problem. Tﬂe pressure - gradient term 1in the integrated upper
‘;aye:;eguation 3.18. becomes then (ignoring variations in e when
not differentiated),

G 2 (Vp (n(-6F8) + 9 (- £)L |

e 2% | 3.21.

Now to derive the momentum equation for 'the' entire water

column. All terms except the pressure gradient term are guite

straightforward. The pressure term is:

3.22a
Substituting P= Po_é , and doing a bit of rearranging, we get

the above expression to equal:

3(D+n{)rftx - g (D+m) (S (r~E)),
e

2g [ SCop-8Y] - j-(f— o, (A=),

(e ’ ‘ 3.22b.
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. Note that if we consider the terms proportional to D'*n1 , and

Wwe get

:equire them to egual p,jc;x,

My ~L (SCo-8)), = ¢,
e.

as in equation 3,20,

The momentum equation for the entire water column is then

o K
2 2 z + T -
5 ,/ w, dz + o ~£: Uy oz bottom T g(rD’”%<)/%x

4 7

(D) (Scm-E)D), +§;§ (o ~€) o,

g = ,

“t ~
L g (Sly-8), -2 [tu-w)dz -2 [(ur-ur)da.
Z (2 ot g 2 x £ '
3.23. .
The 1left hand  side represents the momentum terms in the
barotrbpic tidal equation. The first term on the right hand side
repre;ents the correction made to j(Tlh%)n(x because it contains
the pressure gradient required to maintain the river flow. The
pressute gradient  associated with ;he river flow 1is
(54%)(50K—§DX , and this is subtracted fron g Mx in equation
3.23, to give 34:1,, the gradient calculatedvin a model with no
river effects. . The ‘second term on the right represents a
correction to the barotropic pressure because the upper layer is
somewhat lighter. .The other terms, proportional to n(-g have
little effect on the barotropic motion, whose driving terms, the
left hand side of 3.23, are proportional to D, ,Thus the presence
of the river flow has negligible effects on a barotropic model,

and the surface ‘slopes and velocities obtained from that model



38

may be used as forciﬁg fot the upper léyer model,

To summarize, we will rewrite the>eguations for the'upper
layer in terms of a variable z which is zero at the bottom of
the upper layer and increases upvards, and also will include the
second horizontal dimension;_and the Coriolis force. Note that

the thickness of the upper layer is h=oy-£.

CONTINUITY
2 + 2 L(C/Z 9
-_ —_ + &£ = - Wn
= ax_/ ; //vdz W, ,
0 o 3.24
SALT
A 4 h
2 J/sdz + 2 /4A5dz + O /\Asdz - -
JL‘ o aX ° aj 0
Se W, =3 W,
3.25.
X-DIRECTED MOMENTUN |
‘ 4 4 . o 4 A
ﬁ/uo/z 4-_2. /“ C’/Z +_2_ /ul/'q/z —f//Q/Z +/?4'nz‘
&to IX aj o o _ﬂ—o X
+1 Q_('/ZjJAL) = o, U - W, o —jégr
Pe o | | 3.26

Y-DIRECTED MOMENTUM ’

A A A

2 /’V/O/z + 2 ,/4*L/C!z + 52 f’V’zc/Z B} fl/ e
Y J

ot IX o

2 ('/2_7§A2) =W, W - W,V —jhﬁTy
Po o % - 3.27.
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There are several things which have yet to be specified in
this model. .

1. We have to provide the profiles of u, v, and s, so that,
for example, we can relate [4°dz to fudz .

2..wp,uh,“ ﬁ,“ s, and ’?mf nust be specified in terms of
flqw properties ‘such as the density and velocity differences
- between the upper and 1lower layer, and the thickness of the
upper layer. .

3.,§ﬁ_, Cﬁy' u,, and v, must be obtained from a barotropic
tidal model (Crean, 1977), which is the solution of equations of
the type 3.8, 3.23, with the right hand sides set to zero.

Items 1 and 2 above are related to properties of .the flow,
being related to the turbulent structure present, and can only
be quameterized in terms of the large scale properties of the
flow, 1Item 3 can be considered as external driving of the flow.
However, the extent of the forcing produced by u, and v, depends
pp‘the type of turbulent interactions specified in items 1 and
2.

Having gone through considerable algebra to get to the
above equations, we should check +that they agree with the
ghysips we want to model., First, consider the continuity and
salt eguations.xns in the control  volume approach described
earlier, ﬁhg quantity of water in the plunme changes,aﬁbt,
because of horizontal divergences, in particular the river flow,
and by-fluxes relative to the boundary, wp and w,.. Similarly,
the salt content can change by internal rearrangement, or by
influxes of salt, wgs,, and effluxes, v,5S.

In the momentum equation, we see that the change in
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momentﬁm of a column - -of fluid is appfoximately given by:
%%(Mdz =
buoyant spreading o/ <:k_3gﬂhf)

+ frictional interaction,6 7.,
fygaid or loss of water and its associated momentum, w,u, -w, i,
+ forcing by the barotropic tidal slopes, g S+ .,

it is difficult to estimate the relative importance of
. these terms,' since the ﬁlume is spatially and témporally
va;iable. However, Table 3 presents very coarse estimates of the
order of magnitude- of the terms in the momentum equation. K The
first part of the table lists the scaling parameters, and the
seéond part ‘lists the sizes of the various terms in the mcmentunm
equation, for - the region near tﬁe river mouth, and for the far
figldf For 'the salinity and continuity equations, we notice that
thévratio of the advective terms to the source terms is unh/(wlL),
which is also given in Table 3.. Wp is estimated - from the
numerical model of Chapter 5, where w, was calculated according
to tﬁe‘formula Wp=0.0001u. .

Except for the action of winds and possibly horizontal eddy
viscosity ‘and diffusivity; the equations derived in tﬁis chapter

appear to have all the necessary terms to describe the plume. .

. BOUNDARY CONDITIONS

in solving any differential equation system, one has to
speciﬁy the appropriate bouhdary conditions, .The actual boundary
conditions used will be discussed in chapter ‘5, but I would like
to discuss here the theoretical boundary condition requirenments.

Consider a simplification of the above equations, in x-t space
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only. (we define a new variable, §;=so-s,-the salinity defect.)

25 + él (L(A)
Py 2 x

2 (sh) + 2 (Swh) = 0,
ot Ix | |
2 J (U, qk S h")

2;(ah)‘+_2(¢(%> t 2 (/13
DE 2% J X
These equations can be thought of as homogeneous equations the
behaviour of whose solutions dictate the behaviour of the
equations with forcing and dissipation, as long as the forcing
and dissipation do not‘contain derivatives of -the same or higher
order, ﬁriting gégk, these may be put in matrix fornm

h U o h h

s 7 o u 0 2 = O

73

' //’A
. 2 O
ut 92 g
~or gthHx=0.,The eigenvalues A\ , and left eigenvectors, £, , of A

are:

7\:(41"9';,2 —i——)—vL—,-Z).

2 ) g hZ
Multiplying the matrix form.=of the differential equations by

Ly , we get:
LoH, L A H =0

Since /;;4;i = A )'é}j, there results

Lo Hey, PNLH, = 0.
Thus, in. the direction dx/dt = ..f( j& Hé =0 , the

characteristic form of the differential eguations. Explicitly,
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the characteristic equations are :

2 2 - (2 su D) s.
ot +L{§;/) s © -f<,ét * d x

]

(2 +(u_+c)_9_>a1/ ) . (ure)d )R <0
¢ 2 Ji7 ot 2 x

where < =/9'24 .

The reason for putting the equations in characteristic form
islthat the reéuired boundary conditions at open boundaries
become more obvious. The basic requirement is that one should
prescribe as many  boundary conditions as there are
characteristics - pointing -~ into the region:under consideration.
Thus, one must prescribe salinity on an open boundary if its
characteristic is directed into the region‘,'since_ the
characte;istiC‘speed is u, the flow velocity, one must prescribe
s qn‘anvinflow, and must devise a way for it to be determined at
an outflow bpundary by flow .conditions in the interior of the
computational region.,

If jut is ‘greater tham c, and u is an inflow, then both utc
and u-c point into the computational region, and two independent
pieces of information about u and ¢, in addition to s discussed
above, must be specified. If ju| is less than than c, then one

~of u#c, u-c points into the region, and one points out, so
either u or ¢, or a relation between them, must be specified. If
u=c, a very complicated situation arises, in which ‘a boundary in
x—t_space becomes a characteristic.;This is a situation which
pecqmes very tricky in problems with a time-dependent boundary
condition, and requires recourse to further aspects of the

physical systen.
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AIDS TO INTUITION ABOUT -THE PLUME.

Before presenting the numerical model'in the next chapter,
if isj'worthwhile to look at some simple models of plume
dynamics.,These models do not include all terms in the equations
of Chapter 3, so can't be expected to describe the plunme
adegpately, but they are usefulin clarifying various aspects of
the plﬁme's behaviour, .

The first sub-model, the compressible flow analogy, shows
~that near the river mouth, the predictions of a frictionless
mogellére at variance ‘with observations, leading one to conclude
thgt’ friction and entrainment are important features of the
plﬁme hear.the river mouth. The second model, a time-independent
mo@el"of surfacing !isopycnals, illostrates the roles of
dgplgtion‘ and entrainment in causing the isopycnals to rise as
pngivprﬁceeGS‘ downstream in the plunme, Thé | third model,
'cgﬁq1tions at a strong frontal discontinuity, discusses the
motion of the strongly "contrasted colour fronts freguently found
inu thé Strait; and suggests that  these fronts induce
cons;derable“vertical»circulation. The fourth model, a kinematic
wave approach to frontal motion, is intended to illustrate, in a
yery_ simp1e manner, the way:in which fronts arise in a time-
dependent situation, due to the tidally varying river flow. The
fifth model - , mixing and fluxes across an interface, shows how
an upper layer model, as developed in this thesis, is compatible
. with a. diffusive (eddy diffusivity) mnmodel of ‘the vertical
sa;igity distribution. The sixth section, analogy with turbulent

~jets, 1is an attempt to motivate the use of entrainment and
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.-depletion by showing how they arise in a more accessible systen,

a turbulent plane jet.

There is an exact analogy between the frictionless flow of
‘a  compressible fluid and the frictionless flow of a liquid with
a‘free'surfacé.,The method of solution of the egquations derived
below"uas developed  for compressible flow (e;g.,shapiro and
Edelmgn, '19u7), and later - adopted for  use in hydraulic
lengineering‘ {Ippen,1951).,  Using this wmethod, one is able to
predict thevvelocity'and thickness of a fluid discharged from a
channel into an upbounded‘region. The solution for water flowing
over 'é solid - surféce (as developed in Rouse et al, 1951} is
identical to the solution for iighter fluid flowing over heavier
fluid (as required in a plume theory), if g, the acceleration of
gravity, is reélaced by g'=gAp/p, as shown in Chapter 3. . This
then is a buoyancy -spreading . model, representing a balance
betyeen the convective .accelerations and the spreading tendency
of the'pressure gradient.

The equations of continuity and momentum conservation for a

steady-state, frictionless plume are: .

G)M)X o (h‘/)y = 0,

4.1
Ud, +\/My+3%’ =C. 4.2
U l/)( + ‘/VJ +j‘/7.y = 0' 4c3-

Fundamental to this method is the requirement that the vorticity
of the flow be zero,

Uy =V = O, 4.4, .
This approximation is assumed to be valid in a region around the

river mouth.
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The method of solution is as follows. . From 4.2, 4.3, and

4.4 one obtains the Bernoulli equation,

éil + jﬁz +aCZJ=<?bn3fanf
2 Z 4.5.

where 61231/’ .

‘The continuity equation may be put in the fornm

(w*-c)mdu + (vi-ec*) dv = O, 4.6.
where s, = wy r e Juz.,pz g2
U* -z >
2 x J; ?
dv = 2V 4 om éﬂ/.) d oy
d % ()y ’

Thus, in the direction<iy/3x =m, du and dv;sétisfy the ordinary
‘differéntial'equation 4,6, .Since there are two types of n,
depending on the sign of the square root, there are two
equations, in addition to the Bernoulli equation, froﬁ which to
obtainr u, v, and c2, However, all this depends on m being real,
that_ié on u?+v2 being greater than c2. Thus, this model applies
to supercritical flow only. There is a faifyamount of evidence
‘(ﬁ;igﬁf and Colemaﬁ, 1971; . Garvine, 1977) that the flow;at a
river mouth ié internally critical or supercritical, i.e. that
(u2+#v2) >c2,  Thus, one can use egquation 4.6 to obtain a solution
around thé river mouth, as long as u2+v2 remains greater than or
egué;'to cz2,

-?igure 56a illustrates the orientation of the two
characteristics, C+ and C- {defined by dj/dx=’”“ or m_)Y, and a

streamline, with respect to an x-y coordinate system.
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Defining u=gcosbH, v=gsin9, c=gsink, and 'th O tun, (Fig.
56a)"one can eventually manipulate equation 4.6 into the forn
© t Plu) =constant 4.7.
on Jﬂ/&x

P(’,a)z/‘j @n«_{(/—&—la‘an/u}—/@(

}’MI: t&w 7-:

, and

One interesting thipg about the above solution is that it is
possiblé to intégrate analytically the differential equations
along the characteristics.,

The problem is set up as follows. ,An opening in a solid
wallis assumed,-throuqﬁ‘which water .is flowing with v=0, u=c.
Oﬁe then fills up the computational region with the two families
of characteristics, and uses tabulated values of P(+) to obtain
yalues of u and v at the intersection of characteristics.  (Fig.
56Db) . .

‘_Rouse et al, (1951), worked out by hand the solution to
;this‘problem, with F=uc=1, 2, 8, (Fig 57). The results, for
the values of F examined , are - all quite similar - as one
proceeds outward from the river mouth, the upper layer thins and
spreads, , Since the downstream thinning of the layer constitutes
a pressure gradient, the f1ow accelerates, .In contrast to this
model:we-observe, (Cofdeé, 1977), that the flow outward from the
river mouth slows down, rather than speeds up. The inadequacy of
thevmodel in this respect pointS"qut‘the importance of retarding
forces at the river.mouth.;The retarding forces could come from
three sources:

1) an adverse pressure gradient in the barotropic tide, caused

by the large geostrophic slope during the ebb cycle of the tide
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uip,the Strait;
2)-en£fainment of water with zero momentum in the downstrean
diréction‘of~the plunme;
3) . frictionai interaction between the upper layer and lower
layer.

‘To detefmine how important these ternms ére, ve first

estimate(ﬁ'hx from the analytical solution, Fig. 57, For F2=1,

Lo ok A,
yﬁx = J (9* Frg. 57 x(é,h_>’

yherel()wb*)ggyv is measured from the diagrém, h,is the initial
depth ‘of flow, and b, is the halfwidth ‘of ‘the river mouth.  The
bfactqr(h»ﬂmh)converts from the hon-dimensional units of the
an;lytic solution to units appropriate ¢to the Fraser River.
Taking the width of ‘the river to be 600 meters, and ¢! to be
IOm/seczx.01:0.1m/secz; and h, to be 8 mete;s, we can evaluate

Qh/axfor the region along the centreline where h changes from 1
tom0.3; a distance of 2.5 halfwidths: 3h/9x~)pfaﬁj = 0.7/2.5.
thﬁs, g‘hx~7.5x10-‘ m/sec2, In the region where h changes fron
0.3 fo 0.1, the pressure gradient. , calculated in the same
manneg,is 2,0x10-¢ m/sec. .

Fiom the geostrophic relation, fv=g§x, the crosschannel
pressure gradient  for ‘a current of'1.m/sec-(an'upper lipit) is
about:1x10-° m/sec2, This slope results in the wvater level being
highet.on the western side of .the Strait of Georgia during an
ebb, which constitutes an adverse pressure gradient to the river
flow in the vicinity of:the river mouth. ,Thus it appears that
the cross channel -barotropic tidal slope is the .same order of

magnitude as the buoyant spreading pressure gradient.
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One can: estimate the - relative effect of vertical
entrainment as follows. .If the contribution  of entrainment to

the continuity-equation is vwritten as
2k

ot
and one considers the vertically integrated momentum egquation,

p)

Q_(UA)Z L}«’D_L_(J&(Q_A = Q
kr or DY ?

then the average momentum equation is

Py h h

J_g'.l,/@-ﬂ./a.

$§u§, entrainment  acts as 1linear ftictién, with friction
coeﬁfibient M//h_.: He  will assume ¥=Eu, and E=2x10—4
- (Keulegan,1966). This order of magnitude for E was verified by
.bqth Cordes (1977) -and de Lange Boom {1976) :for the Fraser River
plume;,An estimate of u from the Bernoulli equation is

U~ [ 29 h, (2~ hin)] "2,

At h/b0=0.6, u~1,2 nm/sec. This is also a reasonable value for
thg measured speed near the river mopth.,with this value'for u,
and_h=;6x8m; the retarding force due to entrainment, wu/h, is
0.4x10-* m/sec?2, This value is one full order of magnitude less
than 3'AX near the river mouth and somewhat closer to g'h, at
pqints' further downstream. It appears that entrainment has a
;ignificant but not dominant effect on the plume near the river-
mouth.: There is an indirect effect aiso. As entrainment
.procgeds, g', proportional to the density difference, decreases,
and h has a tendency to increase. The actual -pressure gradient
driving u is (VZA)S% <g'hL)., Due. to entrainment, since g°

decreases, and h has a tendency to increase (opposed by its
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bqpyant spreading tendency) it is difficult to predic£ this
pressure gradient without a more detailed model, such as that
discussed in Chapter 5.

The third possible retarding force: is friction..If one
assumes ‘quadratic friction, and equates hg'h, to Kuju}, then to
be important, -‘Ku2/h must ‘be close to 7.5x10—¢ m/sec2. Assuming
Ku2/h=7.5x10-4 m/sec?, we get K~2x10-3,  This value of K is
similar to the value of drag coefficient used in many
calculations.:For instance, the drag coefficient for wind over
wvater is about 1.5x10-3, and the drag coeffiecient for botton
‘f;igtibn in a  tidal channel is about 2-4x10-3, and the
in;erfacial drag coefficient in a laboratory scale flow is of
;Q;Qer 10-3 {(Lofquist, 1960). Thus it appears that frictiom plays
an‘esséntial.role in the - plume dynamics. o

2. A TIME-INDEPENDENT MODEL OF SURFACING ISGPYCNALS

—

As demonstrated in Chapter 2, figures 15, 27a, and 27b in
‘ partiqular, the surfacing of isopycnals is a dominant feature of
thé__plume in regions away from :  the rivef mouth. The model
discussed here is an attempt to explain this phenomenon in teras
of entréinment and depletion. ,This model applies to the -region
,fﬁom_ around station c to station j, Fig., 27a. Here the plume is
thought to be more or 1less  uniform across the sStrait, and
advégted back and forth by the tide, with a small mean velocity
»to.carry river water out'of-the Strait.;Thé tidal excursion in
thisl area is about 10 km, so the plume is advected back and
‘forth.bY'the-tidela rather large distance._, One could imagine
petforming an average over a few tidal cycles and obtaining a

set Qf data describing a stationary plume.. One also needs to
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perform averages across the Strait (and hence across the plume),
Qf else assume lateral uniformity. The plume is fed water at its
upstream end, and this. water leaks out from the forward or
leading end bf'means of ‘the depletion mechanism discussed in
Chapfer 3. The equations for thi§ model of the plune, a
simplified form of 3.24, 3.25, and 3.26 are:

U, W, - W, = O

o % L2
4.7. .

a% (Us) + w, 5 - W, 5o = O

>

o /
S (Y (-0 h") 2w U L Kk'U L
h h 4.9. .

where Tﬂgﬁs):i7(P°7?> is an eguation of state, U is a transport,
(ver?ically integrated velocity), and K' is a coefficient of
lineg# friction.  A schematic drawing of the model is shown in
.Figu;e 58a. The use of linear friction is not unrealistic in
that the tidal average of square law friction is linear in the
residual flow (Gruen and Groves, 1966).

To make the solution of this model very easy, assunme ¥, and
v, are constants, and that "n>“p' which 'is valid near the outer
edge of the plune,
| The continuity equation, 4.7, has the immediate solution
(l= U, = Cwn-wp)d X
’;qhere‘ U, is the transport at x=0, and where x=0 is taken at the
upstream boundary of the region of applicability of ‘this model
kfig; 58a).,Defining¢K=wn~wP, and L=U,/x, Wwe have U=o{{L-x). Note
th5t|U=O at ¥=L, so the length of the plume is IL..

The salt and continuity equation may be combined to give:



Us, + wW,(s-5) = O. 4.10.

Define s-s,= 2 ,<0; y=L-x. Then, the above equation becomes

_o(j 2)/ +\/\)PZv=OJ

We /o
with solution 2 =1y + the salinity defect is proportional to

the distance from the ' leading edge, vy, to the power wp/.
_Imposing the boundary condition that at x=0 s=s5,, we get A= (s -
~Wp /ot '

SO)L .

In terms of the variables y and 2, the nmomentum equation

becomes

. /
_2_<//2)/2‘[,11) + M_{_n.,(), .;.__K_o(‘\j = 0.
2y N h
With §i=Ayw”d s, ¥We get

I’T.Q_<A\yWP/dLL2) +Z;o\< (Wn-f-kl)‘yso‘

Trying a solution h:Byﬁ gives
3 38+ Welx —| ") -
2B8+ws) + 2L (Wark')y = O,
AB y (Zf+we) >

Equating . powers of vy: ﬁ =(2'“JWQL%.‘And finding a value of B to

make the left hand side egqual to zero:
'/
3

B; 24/y ((won + K
A (28 Welt)

Because it is a non-dimensional number, and perhaps the nmost
important one for ' the plume, the internal Froude number is of

some interest, It is given by:
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5 _
2 ey 7 “& N W“A‘)7
Fe- gk vz K K' v Wn “
a constant,
To summarize the solution
U= o CL-x)
4,11, ,
L~ 5 \We/x
s= S, - ( 5°_S’) ( T )
4.12,
/ 3 -
| [y (wnr KD (L -5 524
T (Sa-5) LT (s e s ol ‘13
And the velocity, u, is given by
. ‘ ‘ ~/G (+3WP0(
2u/r ( W+ k) - ] ( L-x%)
(S()_SI) L—M/d ( ‘//3 ¥+ I/j WP/Q()
4. 14, |

T@ush-the'tranSQOrt, u, deb:eaSes in the downstream direction,

aé plume water becomes saltier and is redefined as lower layer

water; the average salinity of the plume increases downstrean;
’ ! {

and the thickness of the layer decreases downstream. It is

reassﬁring to - note that the fluid velocity, u, also decreases

downstream, going to zero at x=L. -

The data for July 3, 1975 (Pig. ,27a) 'seem a good choice for
fcompa:ison with +this model, in that the salinity section for
thaf day shows the surfacing of isopycnals very clearly.
Rgferring to Fig..27a, consider station d as x=0. L 'is then 23

km, if‘the plume boundary is defined as the 25 °/o0 contour. With
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0=25 7o», the average salinity at station 4, s,, is 18.6 Yoo ,
frbm an: integration of the actual salinity profile. We need an
~estimate for U,. ‘Assume that on average, half the river
discharge leaves through the northern channels and half through
the southern channels. Assuming that the river discharge is
BOOOm?/sec, and that by the time river water reaches station d
it has entrained 'an equal volume of salt water then the
transport to the south is 8000m3/sec, flowing along the axis of
‘the Strait. At station d, the Strait is about 16000m wide.
Assuming aniform discharge across the Strait,
U°=(8060/16000)=0.5 m2/sec,, Thus =Uo/L=.5/(23x105)=é.2x10°5
m/sec;f We can get an estimate of wo/x by fitting the salinity
change from station-d to station j. At station j, the average

. salinity: in the wupper layer is 23 °e° and x=11km: We obtain,

- fron équation 4.12; Wp /u=1.8. With « =2,2x10-5 n/sec, we find

Vo= 4x10-5 n/sec, - and W.= 6x10-5S m/sec. This fixes
h(x) =h, ( LZ:})O'Z/:’--J Using y - 9(/J°‘ﬂ>/(5°'5) =.83, {average of
salinity profiles for stations 4, j,1): we calculate K', the
'_liggarpfriction coefficient, to be -5.3x10-3 m/sec. Equating K'u
and Cufu| at x=0, we get an equivalent C=2.6x10-2, . This is about
1Q.times the usual value of a drag coefficient, 3x10—3, However,
K?.is rteally Cu.,, , (Groen and Groves, 1966), and the rms value
of velocity is probably quite a bit higher than the tidal mean
used‘here.ffhe computed and observed distribution of h is shown
in Figure 58b, The fit uses the two h points at the upstream and
downstream ends of the plume, so there is only one point left to

chéck the fit. To show the sensitivity of the fit, the curve

Cx\h
h= h, ("2¥)” is plotted as a dashed line.
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. The model is ‘substantially correct in that it predicts the
rising of isopycnals (modelled as a thinning of the layer and an
increase in average salinity of +the layer), but it would be
exttemély unlikely that the entrainment and depletion  processes
can\‘bg modelled very well by constant values of w, and wo. The
model would be improved by obtaining data for fitting that were

truly cross-channel and tidally averaged; and by obtaining,

. empirically, better formulae for w, and Vo
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As discussed in Chapter 2, particularly: with reference to

_ thg‘mdata of lJuly 2, 1975, Pig. 31, there is often a distinct

qo}qurffront bounding the plume. The purpose of this section is
to c;arify'the role these‘ffonfs play in determining the motion
of thé‘water behind them. One would like to have a model of a
front suitable for use with a larger scale model of the entire
pluﬁg,A and for  these purposes a detailed wmodel of the
qi:culation- at the front is not required, but rather relations
betueeh-frontal;velocity'and the fluxes of mass, momentum and
salt into the frontal region..

:’with reference to the dye experiment :described in Chapter
2, on July 3,1975, ‘a "tank tread” model of frontal circulétion
suggesfs itself. Thus, if one considers a military tank movinq
over the ground at speed V, to an observer on the ground the
upper tread is moving at 2V, the tank at V, and the bottom tread
is $tationary.“This is similar to the velocity profiles measured

in thé plume, eg. . Pig. 40, where the bottom part of the plume

is "attached" to the ‘lower water, and the upper part is moving

at a significantly different: speed. Continuing with the tank .
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 tread analogy, and chaﬁging the co;drdinate systeﬁ“to that of an
obsé:ver sitting on the tank, the top tread is moving at V, the
‘bottom at -V, and the tank itself appears stationary. Similarly,
an observer travelling with the front sees water at the surface
’Qf:tpg‘plume coming toward him (as the dye on  the surface ran
quqrdfthe front, July 2), and sees deeper water travelling away
,.ﬁﬁxom_him, on the under side of the plume (like the dye which was
;atg; foﬁnd at depth, behind the front). Also, to an observer on
;pe ‘tank, the ground on which:the tank is travelling is coming
tonafd!him, and then passing under him; similarly, to an
obsgrvér at the front, the dark blue water appears to travel
toya:d hiﬁ; and then flow under the plume.

A model to describe this motion can be developed ' from a
gontgol volume approach. Consider a cross-section of the front,
_ and”draw a control volume around it, Pig,J SQa.,-Assuming the
frpnt moves até‘, the control volumé also moves até'."Takinq z=0
at the base of the plume, '‘at some z=h' ({Fig. 59a), the water
speed u (relative to a stationary cé-ordinate system) equals the
front:é?eed 3‘,,Above“this level, water is flowing into the
. control volume, and below this level, water is flowing out. The
speed of water in the control volunme ~or frontal co-ordinate

system is u-6 . Conservation of mass requires

4

h h
‘(<Lt-5ﬁ dz+ Q - //(éf—cx\ chr)

h
or
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4

sh ~[uds - & =0
o 4.15a.
0 repfesents a rate of entrainment specifically due to frontal
proceéses and 1is- entirely different fromv- ¥ discussed
previousiy.n L and w, have been ignored because the control
.vplnme length is assumed very small, of order - tens of npmeters,

relative to the entire plune.

.Similarly, conservation of salt requires:
A h'
f(u—o'—)so/z r O s, */ stu-6)dz - O,
L;' )

or

A h
éf‘/’5<J£ —j/ézajoﬂz - s,

o )

[t
C

3‘2163-

Conservation of momentum requires:

A : 4
f w-0) = +/(u-é-)zo/z - @& s bhp - K=0O,
! (% .
h ,
or,zqsing the continuity equation, -
A A
/uz'o/z _C'y/uo/z fAp - K = O.
o

(]

4.17a.
Heré,‘K is the excess momentum reaction at the front, due mainly
tq_fofm drag. .
As derived in Chapter 3, the net pressure force is
1/2gh1§¥., if @ 1is independent of depth in the 1layer.. It is

pqssible to obtain the pressure force fairly simply for a
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variable(s(z).,Consider a plume of thickness h, with its base at
z=- (h-Ah) (Fig. 59b). For zerO’pressdre gradient at depth, (the

assumed condition in the water beneath the plume), we reguire
h

j(go’z - po(h—Alx),

° A
or =(0-p) h where /. =
JAL\ Qzﬁg%_ h fj Zf // F o= .

[

The net pressure force, d1v1ded by the average density F is:

[//pjo/zo/z_/ﬁ(/iélxjj _

“hu\

QY | —

/12 )
///MJZ'C’Z - 94 %2] |

;14. 18‘

For the case /7 '=/7 = a constant, this becones

2-
194 [5-g] - 95 2,
L 2 > - 2 f
as in Chapter 3.

‘ if P :/O"§0°ff%) 2z /L + @ linear profile, then the net
pressure force is{hz 9%1(/L-pa)4% ,sgor;ect to first order in
Do-pPs .

If we had used the average density in the formula sz/‘ Aﬂéﬂ
ve would have /,74 j/\ CP [«7;) /P
s;gnlflcantly different fronm hzng C,0°7Qg}02 ..

Now, to apply the equations to some field data. On July 23,
f,j1975,;ée’measured-a~current’profile.and-a: salinity profile at

about 200 meters from the frbnt, in the plume. (Fig, 39 and Fig.
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. b0). The current profile was actually a speed profile, so the

-zero crossing and direction were only inferred. Referrinq the
velocities to 17m, the deepest measured, the resulting front
speed & is that relative to tidally moving deep water. Assuming
a plume depth of ém, (%, =1.017, F5=1.003, and assuming a linear
dengity' profi}e, p :/O"VZVQJ Z/Z, ., the pressure term 4,18,
turns out to be .42m2s-2,

Thé“intégrals of u and s are:

A
f_udz = 1.25m2/s

o]

A

__/,uzdz = 0.72 m3/s2
[¢]

A
/ sdz = 100 m ppt

4]

h
/‘usdz = 12.9 ppt m2/s..

0
. Witp.s =23.4, we get, by solving equations 4. 15a, 4. 16a, 8.17a,
& =.41n/s
.Qé.1.21 m2/s
K‘= 0.63 m3/s2;

reéalling that 0" is the front speed, Q is the éxtra frontal
ent;ainment,v and k is the extra form drag associatéd with
propogatioﬁ of the front.

Note that the front speed is considerably larger than the
averége speed, 1.25/6 = .21m/s. Also note that Q»afudz.'That is,
a froni extends itself , or propagates, by mixing equal parts of

. R
plume water and salt water. Also, one could write K=1/2C G h,
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where C, is a drag coefficient, which turns out to be 1.2 in
this case, . Since values of C, for flow over blunt objects such
as ¢ylinders are about 1, it appears that K may be identified
with the drag exerted by £he salt water as it flows under the
blnnt leading edge of the plume. .

It is informative to re-derive egns._ U4,15a, 4.16a, and
'4,17a from the differential form of the equations, Chapter 3.
Thus, in one horizontal dimension, suppose that for =x<o (t),
there exists a plume satisfying the equations:

A
oh 5% b/,L4C/Z F Wa-p -@I3Cx -0) = O,

ot
. _ 4,19,
p A
L Jsde +2 fusdrwn S, -05, Sk - o
J o -
4,20.
a A 4
£ wdz + 2 v*dz +d (fhg'h®
960‘/ QXo/ z = (/2.3 ) f—ﬂa/é‘/
oW, U - LW, ot K §(x-c) = oO.
4.21. .

é(g-o‘) is the Dirac delta function, used to make the quantities
Q, QS;, and K non-zero only at the front, x=0(t). We shall
integrate equations 4,19, 4.20, and 4,21 from x=6-& to  X= G +e;
set quantities-at x=oc+¢ equal to zero, since there is no plume

ahead of the front; and finally take € >0, There results:
A
sh - [ «dz - & - o, |
P> k,15b.
h A
f/sdz —/u;dz _QS°;()
. [

b.16b.
)
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A 2

é‘/ﬁUCJZ ‘J/é*ZC[Z ’67 ésf, + K o= O.

0 o 4,.17b. .
Notice that +the quantities involving Yoo Yy, and Rulua
disappear, since they are proportional to &, which approached
zero.,The'jusfification for this procedure is that as one
proceeds from  Sand Heads to the front, properties change only
»gradqally, and afe- appropriately related to each other by
partial differential equations. Then, at the front, the fieldé
of:thickness, velocity and salinity change drastically in a very
short distance, of .the order of a small boat length, and can
only be related to each other in terms of weak solutions. (A
weak solution is a set of relations between the changes of
varioué properties across a discontinuity, Whitham, 1974)..

We <can compare (approximately) the speed of the front to
the calculated speed, 0.41m/s..Referring to Fig.38a, all three
drogues vere 1inserted at the front, and the shallow drogue, S,
stayed with the front.,aésuming the deep drogque travelled with
the bottom water - {(not exactly true), the relative speed is about
~+33. m/s, This is 80% of the calculated speed, but the drift time
of the droques, 1.5 and 2 hours, is not very small compared to
:thevﬁidal period, (nor was the current profile measurement

time),iso great accuracy can't be expected. :

o e —

The foilowing: description of a front emerges from the
,eguatidhs derived above. The front is a mixing region of water
vhich 1is pushed outward by the momentum flux and the pressure

gradient, and retarded by the mixing of ambient water and the
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form drag. it experiences from the ambient water. The intense
mixing at thé front can be visualized as follows.. Relative to
the depth at which u=&; quite fresh water above this level flows
into the mixing region at the front. Rater below this level,
flowing away from the front, isvguiteAsalty; and could only have
picked up this salt by an intense , churning mixing at the:

front. .

~KINEHATIC EH.E -APPROACH -TO FRONTAL -HMOTION

'The following model is intended to demonstrate, as‘simply
as'poss1b1e, the way in which fronts, described in Chapter 2,
develop in. a time-dependent plume model. We consider a one
dimensional model.  The continuity equation, without entrainment,
T (), -0,

ot | 4,22, .

We furthef suppose that all :the dynamics governing the plume can
be chéracferiZed by

“ |

h ’ . | 4,23,
where F. is a constant. F is similar to a Froude number, but has
the dimensions of an acceleration to simplify subsequent
mathemétical~expressions.;Althouqh' the assumption that F is
constant may not be a good approximation for the plume, for the
present purposes the simplicity of the resulting mathematical
analysis more than compensates for the physical inadequacy of
that assumption. The approach used here is called the kinematic
wave method because all the dynamic interactions are summarized
in a simple rule, eéuation 4.23, and we look at the motion

prescribed by the continuity equation 4.22 (Whitham, 1974). .
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Substituting for u in the continuity eguation we find:

(”32 23, PR 5%) h = O,

ot

or dh/dt-0oon & 3 preLr (3,0, 4,24,
- 4 %

The ~ lines dﬂﬂJi ={3/2)u are the characteristics, . At x=0,
fepresenting the river mouth, assume the velécity versus time
graph is a series of triangles, representing tidal modulation of
Iriver flow (plotted along the time axis, Fig. .61).

Thhs, on x=0:

u=(2/3) t; 0<t<3

u=ll-b(‘2/3)t; 3<t<6

u= (2/3) t-U4; 6<t9. \ | 4,25,

, The implicit solution of 4.23, 4,24, And 4.25 is

h=h,(<),

u=u _(T),

.oq_;§e line given by x=(3/2)u_{7) (t-7) 4.26. .
.wyere"ho(*z) and u,(7) are the values of u and h at x=0, t=7.
The.sélution is displayed in a characteristic diagram in the x-t
plane - fig. .60a. However, two complications arise.,

1),,Qe will assume here that initially there is no fresh water
_inulthe Strait (perhaps ﬁecause'of a windy period before model
time-t=0), so that water'issuing-from ¥=0 in this model forms a
front.;This front is a boundary to the region of validity of the
plqme- equations, U4.26, and its motion must be found. Referring
to Fig. 60b, at a point (s,t) on the front,@S/dt = front
'speed=u, the local water speed. Since +the point (s,t) is a

termination point for a characteristic, s and t are related by
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the  implicit solution #.26. Por (<3, that is for water

discharged before t=3, the front is given by
s=-2)z) 4.27. .

ds w7 - W3l ¢t Jpiigr) .

dT 4,28,
Equation u.zs; with initial condition s=t=0 has solution
s=2/9ti. To continue the front beyond’?=3, different formulae
jthag 4.27 and 4.28 must be used, reflecting the fact that the
functional form u(¢) © has changed.“Equation 4.28 must then be
integrated numerically, as solutions can't  be found
analytically.
2). The other complicétion is the formation of shocks or
A hgdraulic jumps. . These occur whenever a - faster moving
<chéracteristic overtakes a slower moving one. ,For example, the
- characteristics for 7 >6 have speeds which are increasing
functions of time, whereas those for T<6 decrease. Consider two
characteristics, one for 7>6, the other for 7T<6. . {Figure 60c)
The curve (s,t), the path of the hydraulic jump, must satisfy
both characteristic relations:

5= (=T v t-T) | 4.29,

S=(Ty ~6)E-7,) - 4. 30. .
We further require a jump relation. Integrating the continuity

equation across this jump:

S+ ¢ S+re
| ( Db of x4 / 2 (uwh)dx = o |
P} PR
S-e 3-¢

or
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S+ &
B o
z Sﬁaéwx $helsoh s wh) | tah) - o

The integral approaches zero as € tends to zero, and we are left

with

L. st - (M/I)j_é —(éf/)}s+é _ [ (/(J]

T - J

It hs-e = hs+e [w?]

4.31.
for u2/h = F, , |
Thg solution to eqn. .4.29, a.3d, and 4.31 is s=.229... (t-6)2,
These internal Jjumps nay .represent some - of the weaker
d;scgntinuitieé’one sees in the plume, for instance at station
q,r July 2, 1975, Figure 26. Since the water on either side of
the.jump took different times to arrive at the discontinuity (t-
T, islless than t-7;), the amount-of. silt in suspension, and
hgncé the colour, will be differeni.,These fronts have been
.te:med~internal fronts, to distinquish them from the true front,
wh;ch is.the boundary of validity of the plume equations. .
"Proceeding on in this manner, the diagram in Figure 61 nmay
be drawn. - Figqure 62 1is a plot of u versus x at t=18 - an
_instantaneous photograph of the distribution of downstreanm
velopity in the plume, ,Recall ‘that h is proportional to u2?, so
this‘ié also a plot of plume thickﬁess.,Using a rather mixed but
convenient set of units, x could be measured in nautical ' miles,
t in hours, u in knots, and h in meters..,F would then be in
(knot)2/m. ,In Figure 61, there 1is a strong colour front,
bounding the region of solution. At s =.30.5, the front speeds

up, since faster water, originating from ©=9.9 catches up with
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it,f There are hydraulic jumps originating from T=6,T=12, etc. .
qukiﬁg at Figure 62, one could imagine the following sequence
'ofl observations, proceeding out from the river mouth. At s=1,
thére is an internal front, corresponding to faster moving water
catching up with slover moving water. The slow water has spent
more time  since it  left the river mouth, so silt could have
settled out, and this front might show up as a colour
disgqntinuity.,Again, at s=11.8, another internal front appears,
anqA at s=19.6 the true front -is found. The front at s=19.6 is
stil; quite strong, although in reality, because of dissipation
and gpreading,»it would be very weak. -

As mentioned at the beginning of -the section, the model
:desgribed here is based on grossly oversimplified dynamics.
However, it clarifies mathematically the formation of fronts in

a time dependent system.,

2. MIXING AND FLUXES ACROSS AN -INTERFACE-

.The introduction of an isohaline as a .boundary for our
plqmeN model presents complications in- trying to model the
vg;tidél fluxes of salt, water, and momentum across that
interface. In: many fluid mechanics calculations the turbulent
mixing-of a scalar quantity is assumed to be governed by a
diffusion term, 9, (K 9%ox)vhere one attempts to choose K in
such a way that égh.(KJ%OK;)=5%(;§E where the primes refer to

'turbulence' gquantities. . In this section we'will assume that a
diffusion equation governs the distribution of salt,

Ds . 2 (K 29),
_DE pE-4 0z’ 4,32

vhere
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D __2 -)-[/’_2 +V/._)—')
Y

Dt 22’ In' 2y’ |

and where here primes denote dimensional guantities and ﬁ'and v
are components of some appropriate advection-velocitf.,Thus 4,32
desc#ibeé the downstream evolution of a salinity profile, .
Equation 4,32 will be- solved numerically, {in- a 'co-ordinaté
‘system travelling at (u,v), so D/ot is réplaced by 2/5¢) ; then
choosing 0.8 times the maximum salinity as +the bottom of the
upper layer we obtain, from the numerical solution, )Aﬂxand
05/t for‘this upper layer. We then try to model the evolution
of »fhe upper layer thickhess'and salinity using the two fluxes
discussed in Chapter 3, entrainment and-depletiqn.,

 Two choices of K are considered in the " solution of .4.32;
K=a constant and K=az2?, where z represents the vertical distance
from the .free surface, positive dowawardé.,Scalinq s with Sor
the‘makimuﬁ salinity, and f'with'TD, a characteristic time, and
2z with Z,, the depth where the salinity is approximately
constant, we want to solve |

s _ 2 (K25 ):=o0
Py 02 o2

)

4,33,

_Where é’=sso, t'=tr,, 2'=22,, and K'=KZ2/T,, quantities without

-primes being dimensionless.  The initial conditions are:

s=Q for 2z<.2, t=0

s=1 for .2<z<1, t=0..

Thus 'initially'there'is an upper ‘layer 0.2Z, thick, composed of

fresh wvater, floating on a layer 0.8z, thick, of salinity S,..
At z=0, the free surface, the condition of no flux

K )§92=0, was imposed; at z=1, representing the deep, well-
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‘mi;ed water, s=1,

Equation 4f33 with the above | boundary and initial
conditions was solved nuﬁerically. Figure 63a shows the results
for K#zz/(.Z)Z, at times 0, 2040t, 1206t, 220At, and 320At, where
Até.u(Az)Z, and Az, the vertical grid size, equals 0.02. Figure
63b,shows the results for K=1, at times 0, 204t, 220at, 5804t,
and _920t&$.nTo compére-these profiles with quantities available
in an upper layer model of -the plume, I chose 0.8S to be the
éalinity characterizing' the base  of the wupper laver. Thus,
Figure 64a shows the depth of the upper layer versus time for
the vériable K case, and Figure 64b shows the total salt content
S, fsdz above;the level-s=.8$o,'versus time. As is evident from
F;gu:e» 64a, the  upper léyer initially increases in thickness,
,then @ecreases - remember that at t=0 its thickness was 0.22,.

There~is considerable difference in the s versus t curves
: of;‘Fig. 63a and 63b, with Fig. 63a, K« z2 appearing to be more
.1ike ﬁhe observed profiles of salinity., It is interesting to
speculate wvhy - this 1is- so.:'First, Ke(z2  is partially the
functional form prescribed by Pfantdtl's mixing length
hypothesis (Laundery and Spalding, 1972). . Since we are not
dealing with a velocity profile, wei can't however define a

cga:;qferistic time such as(ﬁ?&) to complete tﬁe specification
of K_;n terms of mean flow properties as in the complete Prandtl
mixing length theory, where K ~-1:. 9@92.;Second, the K« z2 form
impliqitly-accounts for the effects of vertical stratification.—
near ﬁhe surface the stratification is strongest, and hence

mixing_ is inhibited the most and the supply of fresh water due

to:the-velocity shear is greatest., For both these reasons, the
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u,§§§§QFiV9 value of K- should be relatively small near the
-surface, as it is when K is proportional to z2,
We wish to model the behaviour of s and h by the two

.‘eguatiQns,‘simplifications of egmns. . 3.24 and 3,25,

dh - W
dt
' 4,34,
45 ww, “zgw"“
-4t 4.35.

“vhe;e;gw p 1s the  entrainment  velocity, w , is the depletion
.:vglécity, =« is a salinity greater - than 0.8S,, and ﬁ’ is a
-53;i91£y less than or equal to 0.85.,..5 denétes the total salt
. contgpﬁ in the‘layer,HfSJZ . .The quantities JA/45 and Jd5/dt were
ohiaigéd from the K=z2/(.2)2 solution and plotted versus s, the
.avg;aée salinity in the upper lavyer.  They Hefe' roughly fitted
with

¥p=1150

wn,f-vz'ﬁ(‘).'()s if s<.5

¥,226005-8000 (5-.5) 2 ifs>.5

==0.9, f =0.8.

W aﬁd w,, are converted to dimensionalzunits by multiplying by
_thg raﬂio‘Az/To, vhere T, is of order 8 hours, and Az is of
o:de; 0.5 m.. The reéults of numerical integration of 4.34 and
u.;s;péing the above w,, w., %, and f#, are shown as the dashed
curggg? of Fig. 64a and 64b. There is qualitative agreement'with
,thejresults_from_the_diffusion equation._Therevis not much point
adjusting v, w., 4, and ﬂ to make the agreement better because
ig thé. real world we don't know K(2), and there are important

effecté due to velocity shear, However this example demonstrates
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;thg_use~of two types of exchange across an inferface (Ve aﬁd ¥n)
to @odel a mixing situation. |
6. ANALOGY WITH TURBULENT JETS

édother way to view the phenomegon of entrainment and
Hdggleﬁion, with reference to the plume, is to consider a
Fg;pp;ént'plane jet (Abromovitch, 1963). .Figure 65 shows a plot
,of an  isoconcentration curve of a passive scalar discharged by
'theuief, (X is downstream, Y 1is cross-stream), and velocity
vacyg;é. at various points. We see that for X less than about 5,
t@e:nei flow across the isoconcentration curve is into the Jjet
as_qéfined by the iso-concentration curve; “wvhereas for X greater
A'thap '5, the net flow is out of the jet region. Schematically,
the situation is shown in Figure 66a.,The curves AD and A*D! are
the n;nally defined boundaries of the  jet, representing the
intgpche between turbulent and non-turbulent flow. If one
?agyédito consider only a region where there are significantly
.chaggcieristic-properties of the jet, as defined for instance by
ﬁhe:‘cpncentration of a scalar gquantity discharged by the iFet,
thgt region would be bounded by ABCB'A', As Fig. 65 indicates,
aioﬁg AB and A'B' there is net flow into ‘the jet, and along BCB'
there is net flow out. .

wa does this concept apply ¢to the plume? Consider a
septiqn-through the plume, Fig. 66b, Because we are: going +to
_sq;ye ‘the plume equations in a finite region, a computational
qun.boundary is indicated in Figure 66b.iIf ue\choose s=25 Yoo
agu oﬁr_plume boundary then all of the Fraser River water , plus
ent;ained vater, flows out of :the plume solely by means of the

 deplet;on mechanism, since the flow components (u,v}) do not
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_cross the interface in the shallow water equations developed
here,, If, however, we choose s=28%%,, as the plume boundary,
part of the:inflow is balanced by depletion, but'there is also
hqrizdhtal outflow over the depth h .,

The computational aspects of these two choices are
, cogsiﬁérably different, For the case vwhere ‘the iso-haline comes
to the surface within. the computational region, the actual
cqmputational boundary beconmes  the :line' along- which the
isohaline intersects the surface. ,Thus, one has to numerically’
move this bondary across the grid system - a not impossible feat
-(Kq;ahara,Isaacson and Stoker, 1965), but a complicated one. For
the caée vhere the iso-haline does not surface, one then has the
problem of an open boundary, and in particular the problem of
speqifying 4, s, and h.on an inflow, and also the problem of

geperafion and reflection of false waves at the boundary. .
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The numerical modelling described below falls into 2
categofies. First a =odel for a small rectangular reqgion was
developéd.,This model had the benefit of being inexpensive. to
ruﬁ, ahd quick: tq sh6V' uﬁ any problems at boundaries,
particularly the open outflow boundaries. Once all the ternms
dgscribéd in Chapter 3 were in the small model, a few runs usinq
a larger model sigulating the real Strait of Georgia geometry
yereimade.,The aim of this chapter is to demonstrate that a
reasonably flexible  model has been developed, which has the
potential fo becone aﬁ accurate tool in undérstandiug the
circulation in the Strait of Georgia, .

The equations-used in this model ‘are 3.24 - 3.27, with the
simplification that all properties vere assumed homogeneous in

 the upber layer. Thus:

3h L 3U L3V _ W, . W

3t T 3% E P~ N
5.1. .
35 , 3 US, 3 VS S
— + —— —_— — — = — —_
3t T 3x b 3y h - " S " Wyh
5.2. .
.G_U. __g .I'_I.z _3_ H! _.:d_ 1, g'hz
ot ax {h 3y h X
v +RURRYR 4w s A s fu
T he 3% 3x o

+h 3 (A 3 (U)) = u, W, -U W -ghdg 5. 3.
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where

g, V are vertically integrated transports,
g'=g8¢/p=24-0.85/h

3= horizdntal'eddy viscosity, discussed later in;this chapter
= =barotropic iidal elevation

S=verticaily intégrated salinity

U, v9H= tidal streanms

U&, z&ifelative transpor£s=0—u°h, V-v_ h,

K = quadratic friction coefficient

'wp'.f:entrainment velocity

v, ‘f depletion velocity'

f§5'= salinity of water underneath the plume
h ; plumé thickness

£ = Coriolis parameter

It:should be noted that the equations to be modelled are
;Qiye:gence form. That is, they are of ‘the form
T N . :
2P , V- F(P) + 0(P) =0,
o2
where all spatial derivatives are exact differentials. This fo

of the differential equaticns allows one to write the fini

difference equations in such a way that there are no spurio
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sources or.sinks in the derivative terms,

The numerical scheme used'as a starting point was the éemi-
iqplicit écheme of Heaps (Flather and Heaps, 1975).,Althodqh
tbis écheme ¥orks very well for tidal calculations, the:e was
~some doubt about how well it would work with the upper layer
mﬁdel, in which the fluid velocity ié close to the internal
_ smgll-“amplitude gravity wave velocity. However, there is no.
indication that high flow velocities (internal FProude numbers
close to one) - are a problem, as long as one satisfies the
s@abi}ity>reguirements of the schene.

__A“typical element of the computational grid is shown in
Figﬁre'67, and FPigure 68 shows the entire computational grid for
fhe' ;éétangular rmodel., VNote in Pigure 68 that an éxtrd rov of
aéshes“is provided around the outer edge‘bf the  mesh area, to
_ facilifate' calculations near boundaries. Also note in Piqure 67
_that only one subscript is used to denote the physical 1location
‘ of a .mesh. point. . The systematics of this indexing scheme is
| apparenf in Figure 68, and the reason for its use is to increase
.léomputational efficiency.

_ Cértain spatial averages are defined below, for use in the
_finité“ difference - equations which follow. All fields are
, qonsideréd to be at the same time- level, and recall that
changi;g a vsubscript by n, ‘the number of columns in the grid,
‘békaﬁges the'row, a change of 1 unit in the y-direction.

The avefaging operations for the finite difference formulations are defined

as follows: o
T = % (U U,
i C PNy i+1’
nY = 1.
Ui = 3 (Ui + Ui—n)
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with AL as the spatial grid size, AC as the timestep, we

”obtaiﬂ"the following set of finite difference equations. .

The finite difference representation of the continuity equation is:

[Zi(t+At) - zi(t)] 1/At = )

= U (6) = Uy (6) + V,_ (&) - V,(6)] /a2

+ WPi(t) + WNi(t)

S' 5‘
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The finite difference representation of the "salt equation is:
[Si(t+At) - Si(t)] 1/At =

=x

_ Ui(t) ) Si (t) - Ui-l(t) Si_l (t) .
=X -X ) -
Zi(t) ' zi_l(t) N , : . BN
r34 oy -
+ Vi_n(t) Sy (t) -~ v, (t) Si+n(t)
24 (t) zy, (©)

o W, (t) So'*‘WN &) 518
5.6

The finite difference representation of the reduced gravity calculation is:

Si(t+At)

Gi(t+At) =24 - .8
Zi(t+At)

5.7

The finite difference representation of the x-directed momentum equation is:

[?i(t+At) - Ui(ti]l/At = f 51 (t)

1 [¢i+1(t+At) (2, (£488))2 = G (t+8E) (2, (£+t))2

s |
[ivitc} - Up(t) Z(t)

L E ‘

@, - 1 OZ)2 + F,(6) - v (02

1 | @E)? (WF_; (e

Z,(v) E§(t>
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5.8

The finite difference representation of the y-directed momentum equation is:

[yi (t+AL) - vi(t)J 1/t = fﬁi(t+At)

"izji—z [Gi(t+At) (zi(t+At))? - Gy, (t+At) (Zim(t-i-At))Z:]
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5.9.
vhere TsX, and TSY, are the sloﬁes of the water surface as
~Obtained from a bafotropiq tidal model of :the same area. .

The time structure of these equatiohs is gquite ‘important._
In each computational cycle, the thickness ZL~aﬁd salt'cpntent
é; are'calculated using values of the derivatives of U, and \ %

'frpm the previous timestep. Then, U, are calculated, using the

_dgrivatives of 2, and S, (or g,) :from the current timestep, and

.thg' p§evious values of Vv, in the Coriolis term. FPinally, V, are
.>”qa1cq1£ted, using derivatives»of ﬁhe currenﬁ Zz,, and S, and

_§;§q;“£he! current U, in the Coriolis term. In the entrainment,.

WQ9plegibn, and friction functions, and the non-linear and eddy
Hv§§¢o;ity terms, the values of U, V.o and s from the previous
Ctimgsﬁép are aiuays used. . |

.gﬁén using finite difference methods to solve non-linear
_par;ial'differential equations, -one is always éoncerned with the
‘chgraéy of the solution and under what conditions the scheme-

. ch@seﬁ.is stable. Accuracy is best assessed by comparing the
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~numerical solution to an analytic solution, or possibly to real
observed data. Stability analysis, discussed in the appendix, is
usually done for the linearized equations, in the hope that the
requirements in the ndn-linear case are not much different

(local stability, Richtmyer and Morton,1967). .

THE SQUARE BOX MODEL-
Modelling was started using a linearized ' form of the

eguations-without tidal forcing, and with constant ‘density:

b L oU L DV . .
x4 2 x Y

2 . gh U0
2z R

oV L?'/fgé. L V= 0.

o 2y

_T@gm‘giver flow was specified by U,tanh(t/T,), where T, was 200
timesteps. .U, was 50,000 cm2/sec, Ax was 105 cm, so that UAx,
the‘ river discharge, was 5000m3/sec, approximately one half ‘the
“f;eéhet value.,g"was 10 cm/sec2, and the timestep was 480 sec.
:ﬁith 'friction inen by r=.005/h sec~t the thickness over the
epti:é‘area varied only between 503 ‘and 515 cn, and velocities
varied - from 30cm/sec  at +the river mouth to 3-5 cm/sec at the
_ oqtfloﬁ boundaries.., These are not -unreasonable values of
jelécity and thickness for a time-averaged plume - Chapter 2.
Eigu;é 69 shows a plot of the flux out of ‘the opeh ends versus
timg; ~illustrating the initially rapid, and then very slow,
apprqach to equilibrium. K At  the open: ends, the boundary
condition used was DZA/DIf:O, vhere n is the direction normal to

the outflow boundary (y-direction in this case). This boundary
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_éqn@ition vas chosen as beihg the simplest one which stated that
there was little spatial change of important flow properties
near the open boundary, and still allowed there to to be time-
yq;yinq conditions at these open boundaries, The river mouth
boundary condition was ihe-specification»of~a transport. We are
' tggs assuming subcritical  flow, since only one boundary
‘c9§dition is =~ specified. . The internal Froude number is
J§6;7?73;535;=o.u5, So the flow, as determined by the friction
iqathé sjstem,ris indeed subcritical.

‘ the next step was to add the convective acceleration ternms
'tqytﬁe equations of motion.gfsince ihe' real plume is near
c;itiéal- near the river mouth, the gradient of u2 is as
‘importAﬁt as the gradient of >1/2g'h2. Bhen these terms vwere
added, - the grid adjacent fo the river mouth became very
unstable, with the depth rapidly decreasing and the velocity
rapidly  increasing as the river flow was turned on. .When square
law friction and entrainment  were added, this problem was
eliminated.;-The entrainment was written as wp=0.006402/(g'h3).
This'is a deviation from the intent that v should be written as
Eu, where E is a - constant times the- Fréude‘ number» squared,
U?/(g?h?)i wvhich ‘would make Wo proportional to U3 (Long, 1975a).
Interestingly, the real geometry: model, discussed later,
indiqgted that 2 was too large a power of U in the entrainment
Ifbrmuia. Values of the friction coefficient between 0.001 and
0.007 were used in the course of the modelling discussed below. -

With the addition of these ' two  momentum dissipators,
{ent:ainment and ~square law friction), the région around the

river mouth was stable. However, the outflow boundary was novw
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unstable. This problem was cured by*specifying the Froude nuﬁber
at the outflow to be a constant. Figures 70, ?1, and 72 show the
flow field: produced'by‘the'model‘at this stage. Ax was .33 kn,
At was 120 sec, g' was 10 cm/sec. .The river discharge was given
.by ‘Uf0.5x05(1-cos(2 t/T,), attaining its maximun value.of 2000
m3/sec at 6 hours, and remaining at that value thereafter.  This
river inflow was divided amﬁng three grid meshes, for a river
mouth width of 1 kme. The outflow Froude nﬁmber vas 0,333, and
the'f;iction constant was 0.001. .

When the model incorporating the non-iinear terms was run
for ap.extended period of time, it developed whaﬁ ¥as presumably
fhe well—knéwn non-linear instability - the production of short
waves by the non-linear terms, and their retention within the
system because of their slow phase speed. Note the noodling of
velocity vectors in Fig.,. 72, particularly along the solid
boﬁn@aries.;As discussed in the appendix,for . the system used
here, - the phase speed 156;7;' iﬁ%;f%% . Por A=2A, this is
cﬁGJETZZ. Figure 73a shows the effect these small scale
oscillations have on the influx to the system (river flow plus
total entrainment), ‘and the total efflux out of the open
boundaries, .We would like the two curves to approach each other,
ahd‘then remain flat. To achieve a steady state, horizontal eddy
viscosity was introduced. At solid boundaries the eddy viscosity
vas taken to be zero; elsewhere 103 -cm2/sec, so that there was
no net change in the momentum of the system due- to. sidewall
friction. Figure 74 and 75 show the resulting model velocity
fields at two times, with other conditions identical to Figures

70 and 71, Figure 73b shows how the influx and efflux quickly
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_approach an equilibrium level. .

The question arises, what is the correct value to specify
as the outflow Froude number? It turns out that it doesn'£
matter very much. Figure 76 shows the result of allowing an
initialz hump -of-'vater - (the ~ distribution: of elevation is
h=50exp(-v2/62), with vy meésured in units of Af), shown as small
dashes, to propagate outward (elevations were uniform in the x-
direqtion, the - greatest thickness being off the river mouth).
.The.large dashes show the hump just as it is passing through the
~open boundary, 12 meshes from y=0, for F2=0,33,, For F2=1, the
~curve is identical, except that thé depth in the last mesh,
indicqted by a solid dot, 1is 11 cm 1less than for F2=,33,
simi;aily, the " velocity curves (solid linei were‘identical,
,excgpt:for the last mesh, where the velocity Qas 2 cm/sec faster
for the F2=1 case. It appears that a flow iike the plume travels
iike"é'kinematic wave ‘- the dynamics are mainly lcontroiled by
fr;g;ion, and we need prescribe' a boundary éondition at the
upstream end only. This of course applies only if the flow is
reasonably strongly outward at;the open boundaries. .In his book,
Whitham (1974) = describes ' how .the effective order of a partial
diffe;éntial equation decreases,. under the effect of friction,
fqg gllinear case, and the plume seems to be an example of this
phenopeﬁon for a non-linear case. . |

We are concerned with dispersion in a numerical scheme. 1In
theA lipear case,  we want, for example, all disturbances to
propagate at j g*h. It-is difficult to check how well a scheme is
‘ yq:;inglin the non—lineﬁr case, because of the lack of analytic

solutions. However, we know that if there is a disturbance
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. propagating into a region, with the fields continous, but their

_ spatiél derivatives discontinous, then that disturbance travels
at the local characteristic-speed; béfore it breaks {Whithanm,
1974). - Thus, a "gentle% disturbance propagates at u+f§T;ﬂ.,We
can>see“this in Figﬁre:??, which is a plot, in -the difection
nqrmél to thé river opening, of u and h ffom Figure 74, The
disturbance is a bulge of water propagating out from the river
-mouth., - It has® travelled about. 10Ax, and (u+f3§‘)100A t,
eygluafed at the -front, is- 9;95Ax.;'The agreement in the
.calculation of the position of the front is of course a crude
ve:ifiéation, but it is encouraging to note the front of the
disturbance moving at a speed greater that JETQ . U is about 25%
of fE;K’, so the faster propagation speed due to the non-linear
effect should be apparent, which it: is. We have implicitly
assumeﬂ that u and h at the front were constant at all times.
Figure 77 is drawn for timestep 100. At timestep 50, u was 5
cm/sec (the same as at timestep 100), and h was 42 cm (versus 44
cm at  timestep 100), so there is little tempdral variation of
prope;ﬁies at the front. .

Another question, related +to dispersion, concerns the
efgect of grid size on the solution. In Figufes 78, 79, 80, and
81.we compare the results of two different solutions to the same
p:obleﬁ.,?é:t A of each figure shows the distribution of h w, u,
and vifrom-the'model discussed so far (Ax=0.33 km, At =120 sec,
_Qma,=2000m3/sec), and part B shows»the sane fields at the same
time for a larger-scale model (Ax=1km, At=240 sec, 0,.,=2000
.mi/sec).v Each number in part A was obtained by averaging over 9

meshes; corresponding to 1 mesh for the part B fields. 1In
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,}gepera;, the agreement is better than 10%, except in the outer
_mesheslof'the~p1ume.ﬁﬂere, one is getting close to the boundary
in the 0.33 km mesh model, and the 1 km mesh model is having
froublé resolving the situation at the front.

TIDAL EFFECTS IN THE BOX MODEL-

| The next items to be included were the tidal effects. First

.tp§ effects of tidal -elevations, then tidal currents, and
f;nally. varying 'river flow were introduced. The phases and
aggli#ﬁdes of the tide approximated those in the Strait of

»Ggq;gia, for an M2 constituent only. The period was taken to be

12 hours, for computational ease. The tidal parameters chosen

vere:
| SZ': € cos (wt -24°) ;
‘V: ZD co s (wf— /32°>;
[/{F(‘Ver' = MO/Z ({—- céf NZ/) )
2L L 10 cos (wi-z204°),
J Yy 24 Ax '

Note ~that low water corresponds to maximum.)géb’, maximum river
f;@w occurs about 0.7 hodrs (24 degrees  of phase) before 1low
vgter.(as~determined fromithe surface current meter, Chapter 2),
.gnd mgximun'streams lead the elevation by 72 degrees, a typical
_'yq;ue for the Strait. Cross channel. slopeé and streams were
as§umed to be zero, for simplicity only..

When these tidal effects were ‘added, it was found that the

flows near boundaries were anomalous, .Figure 82 shows the flow
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_ﬁf;gld ~from a model with the constant Froude number boundary
:c§pdition and Coriolis force. The presence of the Coriolis force
caqses‘the'flow to have a large cross-channel- component which
.wqu}d not be present if a more realistic tide with cross-channel
slépgs were prescribed. .The flow near the ihflow boundary bears
~little relation to the fléu in. the interior flow field.. The
_opjg¢¢' in selecting a‘bohndary condition uaS'fhat the fiow at
_the‘qpen boundaries should look like a smooth extrapolation of
,thg'flow in the interior. It was found that specifying JLF76anO
at: the open boundary was a satisfactory boundary condition in
thié respect'- the flow reversed directions (due to tidal
fqrciqg)f at about the same time everywhere in the model, and
Vdidn't:pile up at the boundaries. Pigure 83 shows the flow field
witytthis bouﬁdary-candition,fwith tidal elevations, Coriolis
_ fq;ge;i and constant river flow. .Figure 84 shows the same flow
f;g}d,.but for much lower friction (K=0,005 in thé first case,
0.001" inm this case.) - During the course of subsequent
experiments, it was found that a better outflow boundary
cpndition (in . terms of the uniformity of ‘the flow field) was to
ca}cuiate the velocity based on 91F179n2=0 ’ and then average

this_with the velocity ohe mesh 'in from the boundary..

SALINITY CALCULATION

| . Aﬁ this point, the calculation of the salinity distribution
was sfarted.} Initially, fhe leapfrog scheme was used, but was
droppéd, because of the computational'_modei_ discussed in the
Appendix. . It was intended to use the Richtmeyer scheme, but due
to a programming error, the second order correction was omitted,

so in effect only a first order scheme was used for the salt
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?dYECFiOH equation. . The inclusion of the density effect of the
salt»introduced no problem, as long as the variable g' was used
>in the calculation of the Froude number for the outflow boundary
condition. The  salinity boundary condition was that on ipflow
the salinity took on the value it had on the last outflow.

~Figures 85 to 91 show a sequence of vector diagrams for a
run with tidal elevationms, constant river flow, density based on
salinity, and no Coriodlis - force.  The friction constant was
Q.OOS,tlt was 120 sec, Ax was 105 cm, (T km), the river flow was
2000m37sec, and the ‘entrainment flux variea between 2000 and
7000 m3/sec, depending.on the stage of the tide., Piqures 92 to
95 Sﬁoé how - the velocity field advected the salinity and
.thickhéss fields back .and forth due to the tide. There should be
pérfectf left-right - symmetry ' between fiqures 92 -and 93, ana
betweeh 94 and 95, in the absence of a Coriolis force, and with
a 12 hour tide. It was found later that specifying a somewhat
.highv(ZO ppt) salinity on inflow removed some of the asymmetry
present, but there was still some left (presumably a start-up
transient that persists, which we don?t as yet know how to damp
outléffectively);
'ROLE OF DEPLETION

It was at this stage that the requirement of the depletion
mechgnism was becoming apparent. .The first clue was that with Wp
proportional to 1/g', there was too much entrainment in the fér
field, where g' was small, The plume increased in both thickness
apd salinity as one proceeded out from the river mouth - Pigqures
92 t§»95.,The'ra£e of increase of volume was deéreased somevhat

by replacing 1/9' with 1/24 in the entrainment function. There
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~are two sources of water to the plume, river flow and
entrainment, and there was no loss in the model, so the plune
continually got thicker, in the absence of depletion. .In an
effprt"to improve this situation, I specified that the outflow
- be a slight bit larger (outflow Froude number increased by 0.03)
- than ‘that calculated by DLFﬁénL=0. The results are interesting.
figure 96 shows drogue tracks released into a flow in vwhich
DLF79n;=0 was the boundary ‘condition; the flow field was that of
the(series-in Figs. 85 t0 91. ©Figure. 97 shows the resulting
drogue tracks wvhen the open boundary: Froude number was
calculated to make DZFﬁc»VEO, and then had 0.03 added to it
during outflow conditions. This was done to create an extra flow
on the outflow stage, to balance the entrainment. Figqure 98
_shqﬁ§ a typical velocity field. .One cannot help but feel that
the way in which the drogues diverge in Figure 97 'is very unlike
their behaviour in the plume as shown ip Figure 99 from Cordes
v(1977).;Part.of"the'reason for the divergence is that the excess
outf;OW‘drained the system,.so that the average depth was 250 cn
for Fig 97, and about 450 cm for Pig. ,96. This would tend to
favour. any - buoyant spreading tendency in Fiq 97. .It seems that
depletion might do a better job, im that it removes mass and

momentum at the same rate, leaving the velocity field unchanged,

If
éé.-v -Wa o, 2_£Qé = - HW, >
ot oL

then
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24 _ ! éﬂ&é - é(é%~) = [ /- + = O
ot h Loz Iz ‘;(“W’” “n) O

. As mentioned with respect to the salinity distribution, it
was difficult to get rid of :the left-right asymmetry in the
density, elevation and velocity fields. One expects, in the
absencé'ofathe Coriolis. force, that there should be only a 6
hour periodicity in the total discharge out of ‘the model with
qqnstaﬁt'river flow. .Figure 100 is a plot of the discharge out
of a model with constant river flow and no Coriolis force, but
with tidal streams and elevations. The amplitude of ‘the 12 hour
periodicity is decreasing but not as fast as one would like. .

As a final test of the square box model without depletion,
drogues were released into the flow at four different stages of
the:_fide' - Pigures 101 to 104. The model had variable river
.floy,'Coriolis force, and tidal ‘slopes and streams. . The drogue
paths -are not very similar to those of figqure 99, .There .are two
reasoﬁs for this. . First, the average: river discharge, 1000
‘mi/sgq; is much ‘lower than the freshet conditions the drogque
t:gcks app1y-t6.,Second, because there was no depletion, the.
upper ‘layer had grown very -thick over the time before the
drogues were ‘installed (about 10 meters), so the river momentunm
vas réther insignificant compared to the tidal momentum. It is
neve;ﬁﬁeless interesting to note that:  drogues released at
diffgpgnt stages of the tide occupy d%fferent regions of the

model Strait..
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.2§S$;§G DEPLETION

.In an effort to understand the effects of adding depletion,
_ wnc“,é 'fe“ experiments were <carried out.. The  entrainment
velocity, vp o was kept the same, and the depletion velocity was
specified as W, =.00015/200. Thus, depletion was proportional to
thg product of salinity and thickness., As predicted, it served
qu thin the plume in the outer regions.. A run 'was done - Qith
t;ﬁai elevations, constant river flow, and no Coriolis force.
Cpnditions are the samne aé for figures 85 to 91, and since the
ve;pcgty fields are almost  identical, only one is éhown.sThe
velocity field at 62 hours, corresponding to the same tidal
phasg;as FigufetBG, is shown in Figure 105, -and Figure 106 sﬁows
the dfogue tracks corresponding to Figure'96.kkigure 107 shows
the elevation fieldbcorresponding to Pigure 94, and Figure 108
vcé:resﬁonds to 95. The depletion velocity was rather large, but
the Qﬁject of these runs was to obtain a very significant
'dep;etion effect for demonstration purposes.jsince Pigures 107
and 108 show a thinning plume it is apparent that depletion is
having - its' predicted effect. The drogue tracks spread out more
ﬁyap_ué would perhaps like, but this is due to the excessive
,thinning produced by'depletioﬁi giving buoyant spreading greater
relaﬁi&e importance;, The fact that Pigures 107 and 108 are
mirror images of each other whereas 94% and 95 are not indicates
that- depletion» is perhaps an effective way to damp out startup

.transients which arise when one turns on tidal forcing. .
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RgAF §EOHETRY MODEL -

Since all the terms essential to the plume dynamics had
been investigated with the square box model, it appeared
appropriate to invesfigate the behaviour of the model in a real
geometry situation., 6 Unfortunately, the physical transfer of
tidal forcing from the barotropic model had not been worked out
in time, so an ad hoc approximation to the M2 tide was used.
{the tidal fdrcing was similar to that in the sguare box model,
with the tidal slopes and streams being increased in the region
of the river mouth, to model the -effect ‘of the nafrowing of the
sﬁrait' in that area. In reality there is a larger cross-channel
slbpe than ‘dowvn-channel, but the M2 tide used had only a
downchannel: slope.) The grid size used was 2 km which was the
same as the tidal model of Crean (1977). Only two passes in the
south were kept open- Haro Strait and Boundary Pass, and the
4 sh;lldw banks near Sand Heads were replaced with solid 'walls. .
Thé' mean riber flow was uOOO'm3/sec.;Figuré 109 shows a plot of
velécity“vectors at the time of maximum river flow. .Figures 110
and 111 show the growth and advection of a bulge of water during
6 hoﬁrs of flood tide. Figure 112 shows the drogque tracks, for
drogueé releésed at maximum river flow.

It was found when working with the larger river velocities
of this model that the square-law entrainment was too large near
the‘ river mouth - starting with 0 ©/oo salinity everywhere, the
modellwas entraining more salt water in:the mesh adjacent to the
river than there was fresh water flowing in. It was decided to
switch- to an entrainment ' velocity ' which was- iinearly

proportional to the flow velocity, based on the following



90

argument, . During the summer, the plume is fastest and freshest.

Thus, s o

» where ~( is probably smaller than 1. The salinity
i; approximately  given by -s~"7/«', the ratio of entrainment
ygiocity to flow rate;,Combining these we get

W~34€ v u/_”(,
nég V?<“2v and closef to wxul, . .

Ihe entrainment velocity was given by w,=0.0001/uz¢v2 ,
whe:e u~ and v, are. the velocities ﬁelative to the tidal
st:ggms.,The depletion velocity was given bf
WA =0 if g'> 123
wn’30:00025(2&-g')-if g' < 12. Thus, depletion is assumed to act
opiy_’whén the salinity is greater than 15 %-, {g'=12 at
us;Jsjdo), and increases as the salinity increases. .

The eday viscésity'was increased to 10% cm2/sec. |

The river mouth boundary conditionf was to specify two
cpmponénts of'transport, U and V, in the ratio such that
U/V=tan I, where'I is the inclination -of the Sand Heads jetty to
the grid system,  For the ﬁomentum equations one mesh downstreanm
(;n both x and y directioné);- a cofrection,-.corresponding to
;eplacing Wbﬂﬂz/h)*with 1/b 9/>x (U2b/h) -was made, where b is the
p;pjected width of the river in each direction (a very ambigquous
gpantity);_ It was further necessary to set the cross-stream
.transport of downstream river momentum { Qﬁn/(UV/h) ) equal to
zZero - for . the two velocity -locations adjacent to, but not
downstream of, the river mouth, (essentially because the grid
could mnot resolve the very sharp cross-stream gradient of

downstream velocity , transporting too much momentum to the two

adjacent'meshes, and draining them).
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~The final test of the model was to specify a tide made up
of the two most important constituents in the Strait of Georgia,
M2 and K1, and to use a mean river flow of 8000 m3/sec, to match
the conditions of Cordes' experiment (1977).,  Figure 113 shows
the tidal elevations (proportional to the negative of ‘the
downéhahnel slopes), tidal streanms (proportional to the
crosschannel  slopes by the  geostrophic relation, since the
cross-stream velocity is véry small), and river flow wused in
this run. The elevations and velocities were normalized so that
the M2'constituent had amplitude unity; the :river discharge was
normalized so- that the mean mass discharge rate was unity. The
slopes and velocities»used in this experiment were obtained by
multiplyingv the normalized .value by an approximate magnitude,
obtained by dividing the modél into 7 areas and-determining the
magnitudes of slopes and streams by visual inspection of the
output from Crean's (1977) model. . FPigure 114 shows the
diétribution ‘0of velocities (cm/sec) ‘and slopes (cm/2km) ‘to be
multiplied by the phase factor of Figure 113 to obtain the tidal
foicing used. The velocity fields and drogue tracks are shown in
figdres 115 to 122. -The drogue tracks were still not quite 1like
those of Figure 99. The t;acks of Figure 122 were repeated using
a correction for the fact that ‘the drogues were travelling in a
verticélly sheared flow. As shown by Buckley- - (1977), a droque
trayéiling in a 1linearly sheared flow travels at the average
_velocity'oﬁer its deéth.JIt can be shown that if the droque is
~not as deep as the upper ‘layer, and one aésumes a linear shear;
witb}ﬁhe'velocity at the bottom of the upper layer being +the

tidal velocity, the speed of the drogue is given by
< _ 2
Mdroyke = A pean +(/ /A)CUMean —Lfo)



92

w;th"this correction, the drogue tracks of figure‘123 vere
obtained, Fiéure 124 is a replotting of Figure 123, to coincide.
.yiih ?igure 39, There'is gonsiderable'agreement between Figures
99 and:12u.;Figures 125 to 129 show the growth and bréak'up of a
bp;ge of water discharged by the river. -

Although the model has not been vgrified in all respects,
if_ appears to be capable ofvadjustment to fit Nature. The top
priority is t0'§ork out the logistics of using actual tidal
‘forcing fromA the model of Crean (1977).. The ad hoc tidal
pa;ameterization- used to generate Figures 115-129 was
unfértunate in-fhat the tidal streams prescribed tended to pull
upper layér vater avay from.céastlines perpendicular to the main
axislof the Strait,. Consequently, several areas had_ to be
renoved fromnm tﬁe~ model, resulting in the blank area north of

Haro Strait in, for example, Figure 117-119.,
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CHAPTER 6

CONCLUDING - DISCUSSION-

It'is difficult to draw precise conclusions from the work
deéczihed in this thesis; since the dynamics of the upper laver
are very complicated, the work described here can only be
considered as a first stage., With the above gualification, I
would like now to summarize what this thesis accomplished, and
theg’discuss what types of work it leads to.

Considerable” insight into the plume was obtained by
acquiting the fairly synoptic STD sections of Chapter 2. The
yelocify profiles obtained, although few in:number, were crucial
in deciding that the plume could be modelled successfully as a
separate upper layer. The simple ‘model of a discontinous front,
Chapter u; section 2 , pointed out the possibility of a great
deai of mixing at a front, and the large form drag at the front.
Mahy.models of bplumes Aand jets have used the éoncept of
ent:ainment' ACTOoSs a permeable interface, but the concept of
depletion is, I think, relatively recen£ (Winter, - Pearson, and
Jémart, 1977; Stronach, Crean, and Leblond, 1977). Finally, fhe
deveiopment of a numerical model was a -major effort of this
workt .The immediate aim in developing the model was to have a
systgm of equations, and the corresponding computer code, ' which
inéluded all the terms which were thought of-significance (with
thé exéeption of winds); and to-learn how to deal with open
outflow boundaries  in a non-linear flow. These goals appear to
have been succesfully accomplished. Indeed, the droque tracks
pfdducéd by the model compare quite favorably to £hose of Cordes

(1977), vhen a reasonable approximation to the barotropic tide
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visvﬁsed, and without any adjustment of +the parameters of the
mbde1~ other than those reggired to obtain stability of the
solution. .

Now, to discuss the most immediate improvements to be
considered, First, one can always use more field measurements in
refining a model. There are two regions where the dynamics are
particularly puzzling. .One is in the vicinity qf the outflow
boundaries, Qhere we . really know very liitle of the temporal
nature of the upper layer fluxes of mass, momentum, and salt.
The other area is the complicated geometry around the river
mouih‘(Figure 4) s . We would 1like +to include the other . minor
openings (Canoe‘Pass, North Arm, Middle Arm), and also include,
in éome vay, the effects of the flow of shallow, brackish water
over t+he banks, .particulariy'Roberts Bank. Even butting aside
thése géometrical complications, in the model developed here, we
did nof use a critical or supercritical ' boundary condition at
the"river moutﬁ.EThere is probably ‘an entraining hydraulic jump
at the river mouth,'follouéd by -subcritical flow downstreém' of
the Jjump, so -that specification of only one flow parameter at
thg-riﬁer éouth,-(the diécharge),ris perhaps adequate, . However,
sincg there is 'such intense mixing due ‘to this presumed jump at
thehriver mouth, :one yould like to have a better idea of what is
géiég'on there, .Since ve observe (Fig. 25b) considerable change
over a short distance near 'the.riQer mouth, and are using a
rather coarse grid, a description of the river mouth dynaamics,
suigable fér a coarse grid model, needs to be-developed.

As far as the  numerical model is concerned, the

specification of friction, entrainment, and depletion is always
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‘,9p§n ,to - question. To a certain extent, we don't ‘even know the
functional forms ' to give to these effects, let -alone the
'constaht in front, The closeness of the model predictions and
figld results indicate that we have the.sizes of these effects
app;oximately correct. .We would like to incorporate the effecté
Qf_yiqu in the model. The simplest thing is to put all the wind
stress, 1/2C, 02, into the upper:layer, .Complications arise, for
egémple, if the wind blows for too long, and mixes away the
plﬁye,‘a problem'vhich:cannot be handled at this stage of model
Idevelopment.;

It ﬁas recently been observed, (Chang, 1976), that there is
considerable  energy in- low frequency (periods greater than 4
dajs):oscillations.,The effect of this temporél variability on
plume motion needs to be assessed, as does the amount and effect
'Ioﬁ_ baroclinicity 'in the currents and pressure gradients beneath
the plﬂmé;,

As mentioned in. Chapter: 4, section 6, there is a
possibility that we should learn how to deal with surfacing
isppygﬂals in the model. . This brings  up the intrigquing
.pqssibiiity of a 2-layer plume, a section through which is shown
in . Figure 130. For arguments sake, we will assume that at the
northern end of the plume, there is an outflow boundary, a
situ§tion we have dealt with in the model so far. At the
squthern end, there 1is a surfacing: isopycnal, = and some
deyg;opment of the model mwmust be done to accomodate this
s;;qation.,There may be an additional boundary, indicated NP 1in
Figure:  130. This‘ is the Dboundary between the existing plume

{representing several days discharge), and the much: fresher
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wgﬁg;_discharéed during the current tidal cycle. The boundary of
this current‘ plume . wvould be the intense colour front found in
tﬁgJStrait. Numerically, we would have to learn how to move this
ffont,'and how to eventually incorporate *"new plume" into
"exi§ting plume®. . When the upper layer model is thought to be
adgggate1y refined, it could be used as the- upper layer of a
convéntional' 3-dimensional model (Leendertse, Alexander, and
;L;u,'1973);"The topmost layer of the of the 3-dimensional model
wonl&. have as its free surface the interface betvween the upper
, apdx%OQer layers as defined in this reéearch._ The interfacial
f;qxgs;of mass, salt and momentum found in the plume model would
then bé applied to the 3-dimensional model, with of course their
signs reversed. In this way one is letting the physics of the
sitgation-(a strong pycnocline at a variable depth) dictate the

type,offnumerical schemes employed to model it.
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PPENDIX -

LINEAR STABILITY ANALYSIS-

Cértain- parts of the following discussion are based on
unpublished notes by R. Flather.

Cdnsider the set of equations:

QA F U - DV

= O
Dt 2 X oy

é&? fx?;é, QA y L+ ree = o
>z J x

Qv ﬁ?MQA _Pu v o= O,
)& Dy

If A is half the grid spacing, and 7 the timestep, the schene

under consideration is:
t+ ¢

h =ht—/<’,/2Aéu - u + V -V s

u_t+z i L(t —f’jho (ht+{’ —A£+C ) —%,sz —I‘/,(tz ’

:}Z X +A Y~A
£+ 2 e t+r g v _t*Z/, €
d =V '.sz§ C»%Ly+A. - Ay—ﬂ ) rfu © v T
ZA

Assume that at any time,the fields of h, u, and v are written as
Fou;iér series, i.e.,
l.é LS -+ {'j
U = ZE L(éj e Y
A L .

Thenﬁ consider only one Fourier component, and also define a new
A{j equal to-qﬂ;g h&j . Defining
G- Z’yzéh { sin /(A 5 ch = /,VZ};D ¢ sin LA s

A A .

and dropping the k,l1 subscripts, we have:
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1+ 1 t
h l L& ¢ JO / L\
La [-rT-a” _ab +fT y
M -
| ~ab-atfr | bhabft
. 10/' +¢ 2 L .2
v it +P2 -rf1 S \V

1f ﬁe'consider'the case r=f=0, we are left with the sinmpler

systemE
' t
+ A
h trt - [a C b h
U = LG ) -a® -—alb “
% b —a b [-b Vv .
. oy N
Thls is of the form ; =G s° , Where
| 0
0 O |

and G 1is the above matrix. If we find a set of eigenvalues A,

and a set of eigenvectors E, for G, then the time structure

becomes
L-:" = ’/\[ EL'
and '
| ~ n o= t=0
L’L‘: = (Wt> td

n
’§}gq;1y, for the solution to be bounded N nust be bounded,

which3iis true if 1M1 + 0{(?), which is the von Neumann
stability condition  (Richtmeyer and Morton, 1967). The term of

0{(1) éllows for the possibility of exponential growth, which
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~one would not in  general want to exclude. Note that E,; is a

quantity of the form

! .
— 0 YV
E . :a’;L\</o v @('u | ro 0 _ o )
0 0 I
so\?hat knowing </, ﬁ(, 7., {which is readily done), one could

obtain h, u, and v from the three E.'s. Calculating the A/

according to det (6-N\1)=0, we obtain:

o= 1 v .
. ) ’
N
N,s = | - @itk t[(_aw‘z_f .
b 2/ . Z
[
aL*b is less than 2, the modulus of Az,3 turns out to be

HIf

exactly one. This 1is what we want in that the time factor for

tTiw?
the analytic case, going from t to t+ T nmust be e for a
: 1w
system without friction, and the modulus of e is one. M, =1 is

associated with the eigenvector -butav, which can be identified

A
with ?/3lu yj&j 21 *S"zfd\/ » which for small k4, 1A, {large

wavelengths), can be identified with JW@y'Dan the vorticity,
which is an invariant since the Coriolis force is absent. We can

tiwt N =2
compare‘)zgwlth e ..wis given by %ﬁ/u CQL*“A ) * »  Thus,

Tiw T

e = | £ilghe T A k)T -7A°f%ll+ﬂﬂ/z{
+ l(gA@ﬁ&' fg (¢Q1+,4L)3ﬁ3/3l
Pay = | 2 [ (TR SMA_,/(_A ¥ (T k) sin 0]
A

CI R [ (Zsin k)54 (2 5ind8)] ([ = Yy (arels)..).
2 A
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‘ EqrgbA<<1,IA <<1, we have

Mg = | £0T Jgh (L4
3 32. 2 132
I’/g&’c’(gl\»)/ ( WS

=y, T gh. (£*+ ™)

Thus the numerical -and analytic factors differ in the third
order, "so one could say the schene ié.of-second ordér accuracy
vin.time.,This is only true if we can replace sin(lul) with 4 A R
and sin(fAY with £4 . that is if ihere are many meshes per
waveleﬁgth;_Thus, the accuracy of the space differencing (which
gave 'riée to the term . 5W1k£VZ , Tather :than CJL » for the
analjiic expression for the logarithmic derivative of a sinusoid
e[kx) éffectS‘our time factor, .One could also consider MN2.3 as
the ekpahsion of;ef/&sk {in one dimension), where ¢ is the
co@puﬂational phase épeed, which turns out.tb be [;Z? sin kB,

ik A
. F.
The requirement that A%+b <4 jis satisfied if

() () <y

A

o:‘?ﬁﬁa <Jz' A . .Realizing that A is one half -the. grid spacing
Ai, »Qe' get as a stabilitf criterion /Z C/gh, <64, This is the
stability'requirement for a iinear model, and we would like +to
expand' it now to a non-linear one, The most straightforward way
is to recognize WEZ:? as the wavespeed for the linear case, and
replace it vwith (fuzev? *Jgg-luax , the maximum expected wave

speed.for the non-linear case. Thus, our final condition is
S22 (Surevr + Py ')ma“ < AL

If r=0, £+0, the stability requirement can be shown to be:
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12,é>(/zzzﬁi*034°Zmn < 2-/7 Aj 

. &s 1png-as f7<<1 (a very easy. condition: to- satisfy), the
Coriolis force places no restriction on the schenme.
If f£=0, r¥0, it can be shown that the requirements imposed

by ffiction are r2, and
|/2 ?([/u’--:-yb.;-!/j//, )mq < //_rT’/Z A/Q‘
A .

_ yhicp,is a more severe form of the 2 -84 relation., One can also
see the' requirements imposed by friction as follows., Consider

the simple'eguation

Du “‘_ - U
ot °
with the finite difference approximation
t+T < ' z
M = ﬂ —FZ M ,
&+

cea o E?T z ‘ . -
Writing & = A« , We can obtain 7=1-r{. Note that these are

»thésufi:st two terms in the expansion of é(z, the analytic value
for ., 1f rTis 2, the error in A is e—2-(1-2)=1,14, about 7
times-fhe true value of 2. If rt =1, the error is .37, about the
same zgize as N\, If r=.5, the error is .1, about 16% of A. Thus
for,a?ﬁuracy, one wants r? to be considerably less than one.
PhySicglly, friction cannot remove more momentum from a systen
than;ﬁés initially present. Thus, 7\ should never be be negative,
and we should minimally veplace 'rT <2 with f?1<1;, #hen applied
tqf_§§e" case of non-linear friction, ru is replaced with Cujuj. .
‘Thus we require CJEEI;;jM4;E<1._

 We can ‘also look at the .effect of entrainment. Consider the

set of equations
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oh LU _wu = O,
DX

ot
QU Lk b - O,
= g
> Py
- In . .the scheme adopted here these have. finite difference .
repreSéntation ¢ e z
¢ ‘—a‘_A)f-W,e/Z (Mw-/;*ax_é).

ht*’(:ht - /C/ZA ((/( X +4

e e ¢ £rT Zre
“ = - Ao - A
“ (L (‘th-A x=4 )
. 24
: Epoqeeging as before we get .

M | = L-& /__dz—"dé A )
whefe

p e IR s kA b e w TTS eos K

A

.The eigenvalues are

_ z - 4 +
ry2 Z 2 QZ ;:‘) ‘

The gquestion is, do these eigenvalues satisfy the von Neumann

stability criterion, | N<1+0(?f)? We will assume b is small (for

accuracy) and expand about b=0., Thus

’7\(1.2 ~ | "6_2 —-C.C\é + (}?_‘&L r bl-ca +§_63)
Z 2 y 3

" /,al_caé riﬁ'/l"dl/ﬁl7 ( /"i_éj /—4?-/2_)
&

2 4'7'/4 -/

1

0N

~v / -

67— tia ) e . é ( —la 4T /~az/z
> it =
2 Z& Y Jear/y
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va 1c1=1, and |D| =0(7), since b is O(¢) and a is 0{7T/a), which
is .0(1). Thus since |%{<|Ci+|D}, the inclusion of entrainment
results in a stable scheme if ‘the entrainment is small. .

ﬁe further should be aware of the stability limitations

imposed by the eddy viscosity equation. Consider

U AU
PE- P

é with.finite’difference'representation
_th:: at-ﬁ ,47{ (“xtm —Z//ff +M*-4)
_ A
Aggig,_u=uemx gives
)\37+€é§ (cwfkd)~/)_ |
C9§(k41—1 varies from 0 to -2, thus A varies from 1 to]-ﬂfﬁ%,
and fpf stability, we want %%; <1.. °
Because it involves only one equation (assuming u is known
pé;fégtly} the salt advection equation is useful to demonstrate
vthe ppase error introduced by numerical schemes. In order to see
whag.kihd»of-accuracy to expect, and as an aid in selecting a
,finite difference scheme, several schemes were tried in a one-
di@gn§ional prototype. The equation solved wasf%-+l/§%;:0.;6 was
taken to be u40cm/s, AT =120sec., AX=1km=105 cm. At x=0, the
_.éa;ipiiy grew'linearly from 0 to 30 in 180 timesteps (6 hours),
.and ;hén decreased 1linearly back to =zero in the next 180
_g;gegtéps, after which it remained zero.,This triangqular shaped
‘_Ppu;seithen propogated along in the direction of increasing x,
_Since U was positive. .
“Ail the schemes tested conserved salt, but some appeared
morenéiable_than others. .In all of them, it was possible to see

that waves of different wavelength propagated at different

,velociiies, so that the original triangular shape was dispersed
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into a rounded bump, with either leading or trailing ripples,
depending on the sign of the phase error.. This dispérsion is

produced by the phase error of the finite difference scheme.

’1LJFotward time differencing

The finite difference form is

T t _ut Lt

5] = 5,' -ﬂ (5j+l 51")
Thus if :

prr A c(48%)

+7 -
S, c = A 5} - NS e >
ard
N = } - L_LL_Z’ Sin k4

K 4 . ” wt /<3A3

For small kp, A~ - TR~ LZT. 37 C

The anélytic N is
..-‘./IZ“Z' b 2 2
e - /—L'b( {ik _k A f P
2!
Thus this scheme is only first order accurate. Identifying the
L ~kTu sin kA
computational A with an expansion of e 44, we see that
the ‘cbmputational, phase speed is « Zif”, and that therefore
KO
spraller waves, with larger k, travel slower. Thus, we predict
rippleé (short  waves) : emerging from the trailing edge of the
salt pulse. As we see in Figure 131, this is indeed the case.
Checking~ for stability, we see that |){=14#0(7). Thus, although
.the.gystemzconserves salt, the amplitude of the various Fourier

components grows with time. Since there is no source term in the

.original equation, this growth of the various modes is an error.
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s -Leapfrog tinme
The scheme used is
t+C 2-T £ z
s . - . - .
9 54 - —_éf-q (7Sj+/ 5_]" )
2 7 pA

Defining S=Seikx, a= Z(f”’kd)%?, we get

N = 455'_r 2 /7?f277,

aqu if» a2<4, |Aj=1. Thus none of the waves grows in amplitude,
whiqh.is what we want. Expanding A\, we get

'/\:i-C/ —Sl'nLkA<b\_/é))L+"’ )’ t_“__{ sin kKA
2 A A .

The leading term is 7/ “gﬁzsﬁ7éd . There are two A s, with
leading teras
. , 7 -~/ = (T s/n w4
Noos - ulspks o, 2
A .
X ve associate with the real physical wave, with true
C ."wfc ~-Ju /< 'C,
Ne =€ . We see that for this A, again the short wvaves
travel slowest, as Fig.. 132 shows. D.is associated with the
. w7
computational mode, and 1is approximately -e , thus it is
associated with a high fregquency (period =27) sign alternation. .
From the dispersion relation w =uk, the wavelength associated
most sfrongly with this mode is
‘7\‘.27'(u/w :2.7('14/277//, 2 v T :OCA).)
T
. that is the shortest wave. The computational scheme does not
‘igi;ia¥e“ the computational mode, but if there are short

_wgye;ehgths, present, they will excite this mode. .One usually

plaqs on doing a bit of filtering to eliminate this problen. .
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..3sRichtmeyer scheme (Richtamyer and Morton, 1967)

This is in some sense an iterative scheme. The basic idea

. t..;g_si‘
is to calculate S__T°

(4

as a function of spatial derivatives of s

at £+1)2ﬂ . . Thus ¢
A ah r
vy -t -y f“/d (5},, —f,‘)

SJ."'lL = SJ*I/Z
t.;ll,_ & & z
Sty 7 Sien “727C4/n (35 - 550
t ‘ & z T &
EE-NAL is approximated as %L(SE *Sﬁ,).,We obtain for Sy
it .t u? z £ 2 ¢ ¢
. .5 - 20 S <. —ul - . .
Sj 75 z4 ( i T Sy . (550 <3, *SJ")).

_Wiih/4=$§ , ¥e get for N\

Nzl - cisinkA ot cosChd) ~1 )
Again we see that small waves travel slower.

- .
/7\/7":/—5///&7_[/—/42—)5/” (//25/(6))
so that numerical*'dissipation is present. The shape of the S
distribution for this scheme is identical to the Leapfrog schene

and is not shown.,

T st . v Vo ety

»A“problemz develops when one tries to apply a finite
wd;fﬁe;ence scheme to the plume model. U is not constant, so the
fq;mglée look messier. The leapfrog scheme is the nmost direct,
,'siﬁéev_one doesn't have to interpolate ‘spatial derivatives as in
th§ Richtmeyer scheme;,ﬂéwever; it was not used in the model
becqusé of 1its extra time level requirement - it is a three
level écheme.,Also; in developing a model , one often runs for a
fewvtiﬁesteps with a certain set of conditions,lthen saves the
oqtput.' as 1initial conditions for a further run. If the
succeeding run involves considerable changes (which one hopes

are improvements) there is a very good opportunity to generate a
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cqmpptational mode. ., For this reason it was intended to use the
Richtmeyet scheme, .However, because of a . programming error,
discovered after ' the modeling discussed here was completed, in
fact only a first order accurate scheme for the - salt advection
equation was wused. This probably accounts for the considerable
small scale fluctuations present after a long run, showiqg up in
particular aé small negative salinities, Thus ihe solution of
the convective equation in a 2-dimensional, spatially and
temporélly varying flow ‘has not been carried out as well as one
,Qould like. The problems are two-fold:

, 1)1qgtﬁin§ a high enough order accurate schene;

2) applying this scheme to the already existing grid of
stqggered transports and thicknesses.{

There is a further, more subtle, point about the salinity
equation. The salinity advection equation is also a density
-adyectionvequation;-and thus affects the momentum egqguation. . It
was assuned, and. cohfirmed/ onlyl by the 1limited experience
d15cué§ed in this thesis, that a stable scheme would result if
the saiinity-field were treated the same as the elevation field,
as far as time levels in the numerical scheme were concerned.
Thﬁs, fhe"old velocity-field is  used to update the salinity
field, and the new density field is- used in to update the

velocity fields.
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TABLE -I1-
HARMONIC ANALYSIS OF POINT ATKINSON ELEVATIONS.
; T T y T " 3
" NAME { FREQUENCY i AMPLITUDE | ° PHASE |
. | cyclesday { cnm ] degree |
. + + : +- 4
20 | 0.0 { ~ 302.087 i 0.0 |}
"MHM { 0.03629164 | " 5.304 ] 349.62 |
MSF 1 0.06772637 | 2.762 | 323.83 i
n 201 ]  0.85695237 4§ 1.381 I 141243
01 }  0.89324397 | 8.231 . { 137.91 ]}
01 | 0.92953563 | 45.787 | 153.47 )
“NO1 ] 0.96644622 | 4,997 | 220,03 |
" P1 { 0.99726212 | 27.801 { 166.24 INFERRED
'S ] 1.00000000 | 3.626 { 118.81 INFERRED
- K1 I 1.00273705 | 85.8747 | 164.31 |
J1 | 1.03902912 | 5.079 |  200.06 |
001 . | 1.075%4013 | 2.411 | 238.04 |
MNS2 | 1.82825470 | 0.883 ] 336.40 |
- Mu2 | © 1.86454678 | 4,137 | 94.61 )
- N2 -1 1.89598083 | 19.242 P 131.42
. NO2 { 1.30083885 | 3.697 ] 136.52 INFERRED
‘M2 | 1.383227291.} 91.281. | 159.49 |}
L2 | 1.96856499 | 5.429 |  209.59 )
T2 1 1.99726295 | 1.426 ] 155.02 INPERRED
52 { 1.99999905 | 22.720 | 178.25 |} ’
K2 | -~ 2.00547504 ) 6112 ] 177.35 INFERRED
©C2SM2 {  2.06772518 | . 0.454 { 110.66 |
MO3 ] - 2.86180973 | 0.136 | 90.45 |
- M3 ] 2.89841080 | 0.180 { 263.58 |
" MK3 | 2.93500996 | 0.160 1 167.06 |
. SK3 { 3.00273800 0.103 | 152.38 )
© MNY | 3.82825470 | 0.096 | 168.62 |
M4 - i 3.86u4548678 | 0.336 I 161.73 |
SNG4} 3.89598179 | - 04077 | 43,39 |
" MS4 I 3.93227291 0,276 |  232.26 |
-S4 f 4.00000000 -} 0.093 { 51.69 |
' 2MN6 |  5.76052761 | 0.502 | 49.46 |
" M6 ! 5.79681969 | 0.657 { 66.51 |
" MSN6 §  5.82825565 | 0.200 | 38.74 |
T 2MS56  t 5.8645u4582 | 0.787 { 100.55 |
" 2SHM6 }  5.93227386 | 0.204 { 105.99 |
3MN8 |  T7.69280148 | 0.074 | 325.71 |
M8 { © 7.72909451 | 0.160 { 141,13
3458 | 7.79681969 | 0.072 | 240.77 |
| { 0.075 | 164,79 |
i ' i ¥ |
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TABLE III-

- SCALE ANALYSIS OF TERHS IN-THE EQUATION OF MOTION

j; parameter ;river area; far field}
b i (cgs) | {cgs) |
T st e + 4
i?j q; £1ow velocity { 1100 i 20 |
 ;:u5,|£ida1 strean : 20 :-20 :

 : §; plume thickness ' : 400 : 100 :

 ;wL,rh6rizonta1 length écale :'105 :'106 ;

;{_Qﬁ éime scale :fu*10° : 4x10% :
i;;f,'Cériolis parameter : 10—+ : 10—+ :

: g ,npeduced gravity, .- : 20 : 10 :
 :;??,¥entrainment velocity :’QOOrQO‘“ : 10 10—+ :

‘:gDuh/jt, time derivative :’1 : .05 ;

 {.?(9?ﬁ)/Dx, advective tern :ruo : 0.04 :

_::;?g?fhz/Z)/Dx; pressire gradient :v16 : 0.1 ;

: fqh,”CorioliS'term }'u : 0.2 :
nh;”§y2%(K=0.001); interfacial friction :‘10 : 0 :

'_:;gnp;;-entrained momentum flux : 4 : 0.02 ;
.~;A9§§;f barotropic tidal forcing : 4 : 4 :
M;$g§/§§, advection/entrainment i'do i 2 ;
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FIGURE 1. Chart showing the Straits of Georgia and Juan de Fuca, and

the Fraser River.
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FIGURE 2.

SAUNITY DISTRIBUTION IN THE STRAIT OF GEORGIA & JUAN DE FUCA STRAIT,  1-6 JUL. 1968

Taken from Crean and Ages(1971).

8TT



C. FLATTERY BOUNDARY C. MUDGE
—JUAN DE FUCA ST: HARO PASS ST. OF GEORGIA
l FRASER |U)
STATION T ‘ RIVER |9
o 18 72 69 _ 46 a2 39/ 21 2 3 6 9 12 1416
‘305 . : : ST . O\ l s [
a8 . . . AN . . B Nt I
. N !
_3L5 \ !
/”/ . . \‘ . 31.0 \
prad \
|00"/ . \\\\\b\\
320
N
2
§ -
T 200~ -
£ T Q
o N 31.0
B AN
N
3004 .
~N
\ .
N
400
SAUNITY DISTRIBUTION 1N THE STRAIT OF GEORGIA & JUAN DE FUCA STRAIT, 4-8 DEC. 1967
FIGURE 3. Taken from Crean and Ages(1971).

61T



il

y

t
!
GABRIOLA :
STRAIT (BTURGEON
P :
oF. ¥ ganx
GEORGIA {
’
e /.
Ui
T
VALDES Is. 1—"""4‘_.\ .
M 8— \ ROBEATS
)
BANK
o2 AR
[3s .
* -
e A
& -
«© : 6_~
GALIANO tu.
1 DIONISIO PT,
2 BALAMANCA PT,
3 0O0SSIP f.
4 FERRY TERMINAL
- 2

ROBEATS BANK COAL PORT

RACOK BEACON

-~

3TARBOARD BOUY 5 ¢

PORT 8BOUY s

SAND HEADS LIGHTHOUSE
TOMORTH ARM JETTY

11 POINT NO POINT
12P0INT QREY

13CAPE ROGER CURTIS

t4 RAVIGATIONR BOUY

ACTIVE PASS
MAYNE o,

.

j48°2¢

123 40

FIGURE 4.

Chart showing the Fraser delta.

123 20

Dashed line is the 12

2

m depth contour.

021



@)
1

H (0)) 69)
1 1 I

DAILY DISCHARGE (103 M3 s°1)
N

O

JAN. FEB. MAR. APR. MAY JUNE JULY AUG. SEPT. OCT. NOV. DEC.

FIGURE 5. The daily Fraser River discharge for 1976, measured at Hope.
The two arrows indicate the period during which a current meter, described in Chapter 2, was installed.
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FIGURE 6. Chart of the river mouth area, showing the location of the current meter mooring.
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FIGURE 8. The low frequency component of the current meter record, obtained by using the
Agaho Byc/(24°24-25) filter. The break in the time axis occurs at day 114.
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FIGURE 9. The tidal part of the current meter record, obtained by subtracting the low frequency signal
from the smoothed signal. The break in the time axis occurs at day 114.
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FIGURE 10. Tidal elevations at Point Atkinson during the time the current
meter was in operation. The break in the time axis occurs at day 114,
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FIGURE 12. Profiles of S,T,sigma t. -and current speed { indicated by dots ) for 1330 PST.

May 8, 1976, at the current meter mooring.
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FIGURE 13. The salinity distribution as a function of time at the river mouth, January 21 1975.
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FIGURE 16. S, T. sigma t profiles at station j. 1744 PST, April 6. 1976.
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FIGURE 17. S, T, sigma t profiles at station k, 1750 PST, April 6, 1976.
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FIGURE 18. S, T, sigma t profiles at station 1, 1758 PST, April 6, 1976,
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_ FIGURE 2la. §, T, sigma t profiles at station k, 1710 PST, April 15, 1976.
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FIGURE 21b. S, T, sigma t profile at station 1, 1713 PST. April 15, 1976.
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FIGURE 385. S, T, sigma t profiles on deep blue side of front,
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FIGURE 36. The evolution of a front, January 18, 1976.
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| : SPEED (CM/S)
0 | 30 60

O 1 \
3_
SER
T
= 9
L]
0
” 1458 PST SEPT 17

FIGURE 50. Speed profile at station j, 1458 PST, Sept 17, 1976.

991



OO

A
750 cm/s
1458 PST SEPT 17
270° = oJ em/s
@ 13 m.
| ——ship drift
0m
)
180°
FIGURE 5l. Polar plot of velocity vectors, station j, 1458 PST, Sept. 17, 1976.

L9T



168

FRASER RIVER

oA
///

FIGURE 52. An idealized Strait of Georgia, showing contours of surface
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FIGURE 53. A salinity section along AA', Fig. 52, and salinity profiles

at three stations along AA*,
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FIGURE 55. Definition sketch for the equations derived in

Chanter 3.
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FIGURE 56b. The region of solution, filled up with intersecting
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FIGURE 58a. Schematic diagram for the model of surfacing isopycnals.
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FIGURE 58b. The thickness of the upper layer, solid line, predicted by
Egn. 4.13. The dots indicate observed thicknesses, July 3, 1975.
The dashed line is a plot of h (L-x)"3, ’
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FIGURE 59a. The control volume used to obtain conditions at a
strong discontinuity.
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FIGURE 59b. Sketch of upper layer conditions used to obtain
the integrated pressure term.
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Egn. 4.26.
TA
. FRONT
y
cy
> X

FIGURE 60b. A characteristic intersecting the front at (s,t).
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FIGURE 60c. Two characteristics intersecting at a hydraulic jump.
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The distribution of u at t= 14, from the kinematic wave solution.
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FIGURE 64a. Depth of the upper layer. The solid line is from the
diffusion equafion solution, the dashed line is from

the discrete layer solution.
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FIGURE 64b. Total salt content of the upper layer. The solid line is from
the diffusion equation, the dashed from the layer solution.
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FIGURE 65. An isoconcentration curve and velocity vectors for a turbulent plane jet.
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FIGURE 66a. Schematic diagram of ‘a turbulent jet.
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FIGURE 66b. A section through the plume, showing the effect the choice

of bottom salinity has on flow through an open boundary.
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FIGURE 67. A typical computational element of the numerical grid used in
this research. 7 is the variable name assigned to the layer thickness,
referred to as h in most equations of this thesis.
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FIGURE 69. Flux out of the open ends of the linear model. 1000 timesteps
are equivalent to 133.33 hours.
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FIGURE 73a. Influx (solid line) and efflux (dashed
1line) for the model of Figs. 70, 71, and 72.
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FIGURE 73b. Influx (solid line) and efflux

(dashed 1ine) for the model of Figs. 74, 75.
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FIGURE 74. Flow field calculated in the same way as for Fig. 70, with the addition of horizontal
eddy viscosity.
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initial distribution of thickness. The shape as the bulge passed out of the open boundary is shown by
the large dashes, and the corresponding distribution of velocity by the solid line.
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FIGURE 78a,b. Comparison of elevation fields from a .33 km grid size
model, 78a, and from a 1 km grid size model, 78D.
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FIGURE 79a,b. Comparison of entrainment velocity from a .33 km mesh
size model, 79a, and from a 1 km mesh size model, 79D.
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FIGURE 80a,b. Comparison of u—velocity fields from a 0.33 km mesh size model,
80a, and a 1 km mesh size model, 80b.
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FIGURE 8la, b. Comparison of v-velocity fields from a 0.33 km mesh
size model, 8la, and a 1 km mesh size model, 81b.
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FIGURE 82. Flow field produced by a model with variable river flow, tidal streams and elevations,
Coriolis force, and a constant Froude number boundary condition.
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FI(%URE 83. Flow field produced by a model with constant river flow, tidal elevations, Coriolis force,
friction constant of 0.005, and using asz/anz =0 as a boundary condition.
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FIGURE 84. Flow field produced by a model identical to that of Fig. 83, but with a friction

- coefficient of 0.001.
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FIGURE 85. Vector velocity diagram for a model with density effects,
no Coriolis force, and constant river flow.
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FIGURE 88. The model of Figure 85, 6 hours later.
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FPIGURE 91. The model of Figure 85, 12 hours later.
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186 HOURS ~ SALINITY

FIGURE 92. Salinity distribution at hour 186, corresponding to the flow field of Fig. 88.
The 5 ppt and 10 ppt contours are shown,
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192 HOURS SALINITY

FIGURE 93. The salinity distribution at hour 192, corresponding to Fig. 91.
contours are shown,

The 5 ppt and 10 ppt

S0¢



186 HOURS ELEVATIONS

FIGURE 94. The distribution of upper layer thickness at hour 186, corresponding to Fig. 88.
The 400 cm and 500 cm contours are shown.
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192 HOURS ELEVATIONS

|

FIGURE 95. The distribution of upper layer thickness at hour 192, corresponding to Fig. 91.
The 400 cm and 500 cm contours are shown.
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TIGURE 96. Drogue tracks produced over
on the tracks are separated by one hour,

the 24 hour period.

I

a 24 hour period by the flow field of Figs. 85 - 91. Dots

and the upper curve indicates the tidal elevation during
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TIMESTEP 9360 TO TIMESTEP 10081

TIDAL ELEVATION AT TSAWASSEN

FIGURE 97. Drogue tracks produced over 24 hours by the flow field of Fig. 98, using an
augmented flow at the boundaries during outflow. ' '
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FIGURE 98. A typical velocity field producéd by a model with augmented flow at the open boundaries

during outflow.
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-3 b 6 float time time
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-0 -8 3 1 59.9  60.5
T -1 2 60.0  60.5
-8 -8 3 60.1 61.7
-0 -6 h 60.4 -~ 61.8
S 'g 5 60.4  61.8
. : 6 60.9 62.1
Ta €1.0 61.8
To 61.8 62.1

Path lines of floats in a, Set 16, from
58.2 hours to 60.8 hcurs. b, Set 17,
from 59.9 hours to 62.1 hours, taken near
lower low tide. Winds were south 4 to
southwest 8. The path lines numbered Ta
and Tb, and 17a and 17b, indicate that
those flcats were briefly removed for

N repairs.

FIGURE 99. Drogue tracks for drogueslreleased shortly before low water. (from Cordes, 1977).
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FIGURE 100. The discharge out of the open boundaries of a model with tidal elevations,variable density,
constant river flow, and no Coriolis force. The river inflow was 2000 nf /sec.
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TIDRL ELEVATION RT TSRWRSSEN

FIGURE 101. Drogue tracks produced when drogues were released at zero river
flow, approaching high water. '

IN OouT
TIMESTEP 1530 TO TIMESTEP 1981
\4
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\¢
fv\"\

|

FIGURE 102. Drogue tracks produced when drogues were released at half
maximum river flow, during the ebb, when river flow is increasing.
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TIMESTEP 1980 TO TIMESTEP 243]

TIDAL ELEVATION AT TSAWRSSEN \k// \\J/

rml

FIGURE 103. Drogue tracks produced when drogues were released at maximum
river flow, near the end of the ebb.

IN ouTt

TIMESTEP 2430 TO TIMESTEP 2881

TIDAL ELEVATION AT TSRWRSSEN

|

FIGURE 104. Drogue tracks produced when drogues were released at half
maximum river flow during the flood stage of the tide.
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FIGURE 195. Velocity field produced by a model with depletion. Other terms are the same as
produced Fig. 86, except salinity is 20 %. on inflow.
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IN ouT

TIMESTEP 1800 TO TIMESTEP 2161}

TIDAL ELEVATION AT TSAWASSEN

|

FIGURE 106. "Drogue tracks produced over 12 hours by the model which produced the flow field of Fig. 105
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66 HOURS ELEVATIONS

FIGURE 107.
as Fig. 94.

Elevation field produced by the model with depletion at 66 hours, at the same tidal phase
The 175 cm and 200 cm contours are shown.
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72 HOURS

- ELEVATIONS
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FIGURE 108.

I

Elevation field at 72 hours, produced by the model with depletion.

is the same as in Fig. 95. The 175 cm and 200 cm contours are shown.

The tidal phase-
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END OF EBB

"8 HOURS | ]

200 CM, 300 CM
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e
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FIGURE 110. Distribution of upper 'layerlthickness at the end of the ebb.
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END OF FLOOD

14 HOURS | '_]
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FIGURE 111. Distribution of upper layer thickness at the end of the flood.
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TIMESTEP 97  TO TIMESTEP 336

TIDAL ELEVRTION AT TSAVASSEN

FIGURE 112. Drogue tracks produced over 12 hours by drorues released at
maximum river flow.
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FIGURE 113. Normalized elevations, currents, and river discharge used in
the second version of the renl geometry medel.
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FIGURE 114. Distribution of velocities and surface slopes (cm/2km)
used in the second version of the real geometry model.
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FIGURE 115. Velocity field of the model with more realistic tidal forcing,
at 8 hours.
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FIGURE 118. Velocity
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field produced by the model of Fig. 115, 12 hours later.
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Velocity field produced by the model of Fig. 115, 16 hours later.

FIGURE 119,
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. FIGURE 120.
high low water.
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Tracks produced by drogues released at hour 6, approximately




. ' 231

TIDAL ELEVRTION AT TSAWASSEN

HOUR 12 TO HOUR 18

////// FRASER

FIGURE 121, Tracks produced by drogues released at hour 12, low high water.
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FIGURE 1227 Tracks produced by drogues released at 18 hours, at maximum
river discharge, near low low water.
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FIGURE 123. Tracks produced by drogues travelling in the same flow field

as those in Fig. 122, but with a correction for vertical shear in
calculating the drogue velocity.
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FIGURE 124. A comparison of drogue
tracks from Cordes (1977), and this model.
Both tracks correspond to drogues being
released shortly before low water, and
the markers on the drogue tracks are in
both cases separated by one half hour.
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FIGURE 125, Distribution of upper layer thickness at hour 8.



236

-. 12 HOURS
ELEVATIONS

FRASER \
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FIGURE 128. Distribution of upper layrr thickness at hour 20.
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FIGURE 129. Distribution of upper layer thickness at hour 24.
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FIGURE 130. Schematic diagram of a possible extension of the upper layer model to 2 layers.
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FIGURE 131. The distribution of salt as calculated by a first order scheme. The dashed line is the
exact solution.
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FICURE 132. The distribution of salt as calculated by a second order scheme. The exact
solution is shown by the dashed live.
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