GEOMETRICAL FORMULATION AND TRAVELTIME COMPUTATION
IN HETEROGENEOUS LAYERED MEDIA

by

XINGONG LI
B.Sc., Tongji University, P. R. China, 1984
A THESIS SUBMI TIED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE

in
THE FACULTY OF GRADUATE STUDIES
Department of Geophysics and Astronomy

We accept this thesis as conforming
to the required standard

THE UNIVERSITY OF BRITISH COLUMBIA
December 1992
©Xingong Li, 1992

In presenting this thesis in partial fulfilment of the requirements for an advanced
degree at the University of British Columbia, I agree that the Library shall make it
freely available for reference and study. I further agree that permission for extensive
copying of this thesis for scholarly purposes may be granted by the head of my
department or by his or her representatives. It is understood that copying or
publication of this thesis for financial gain shall not be allowed without my written
permission.

(Signature)

Department of

6 E-0 p H y SICS^A S Ton n/o /v)/
-

The University of British Columbia
Vancouver, Canada

Date

DE-6 (2/88)

TAN01R1 2

,

0'93

ABSTRACT

This thesis deals with the subject of seismic traveltime computation. The velocity field is
represented by an arbitrary distribution of rectangular or square cells. The cells with an interface
crossed are represented by two non-rectangular cells. Each cell is assigned a constant velocity.
A geometrical approach is presented to construct the Vidale formula (Vidale, 1988) and the linear
traveltime interpolation, LTI, formulae (Matsuoka et al., 1990; Asakawa and Kawanaka, 1991;
Podvin and Lecomte, 1991; Schneider et al., 1992). The geometrical construction allows an easy
visualization of the principles which underlie both the Vidale and the LTI methods. From this
geometrical point of view, subdividing the cell boundary into smaller segments (the subdivided
LTI, or the SLTI method) improves the approximation of the plane wave assumption and hence,
improves the resulting accuracy.
A new approach is developed to calculate the traveltimes for a heterogeneous model with
interfaces. The algorithm involves three steps:
1. The discretization of the velocity field using square or rectangular cells. For cells on an
interface, each cell is divided into two secondary non-rectangular cells. The two nonrectangular cells are assigned different velocities, so that even an interface with a large
contrast in velocities can be modelled.
2. The calculation of traveltimes at the interface locations.
3. The computation of the reflection traveltimes and the transmission traveltimes by expanding
the wave fronts from the interface points upwards and downwards from the interface.
The principles used in this approach are Fermat's principle and Huygens' principle. The
known grid points or interface points are treated as secondary sources and the traveltimes at
the points within a cell are calculated and revised by finding the shortest traveltimes from
the known points. Because of the special consideration given to the interface cells, the new
approach is found to be more accurate than the Vidale and the LTI approaches. With respect to
ii

reflection traveltime computation, the new algorithm calculates the reflection traveltimes for all
the receiving points at the same time and is, consequently, faster than the reciprocity principle
method (Matsuoka and Ezaka, 1991; Podvin and Lecomte 1991).
Various examples using the algorithm are presented. Model experiments show that the
computation errors are smaller in a high velocity field than in a low velocity field. The rectangular
grid is tested by increasing the vertical sampling rate of the square grid by a factor of two. The
results show that computational errors decrease in the horizontal direction and increase in the
vertical direction.
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Chapter 1
INTRODUCTION

This study can be divided into two parts. In the first part, a geometrical approach is presented
to formulate the two currently used finite difference, FD, methods — the Vidale and the LTI
methods. In the second part, a new algorithm is developed to calculate the traveltimes in an
arbitrarily distributed velocity field with the presence of interfaces.
Traditionally, traveltime computation for an arbitrary velocity distribution requires some
form of raytracing during the computation. Two basic raytracing approaches are the shooting
method and the bending method (e.g.,terven$ et aL, 1977; Thurber and Ellsworth, 1980). In
,

the shooting method, an initial value problem is solved. A ray is shot from a starting point with
an initial take-off angle, then a fan of rays is generated by changing the take-off angle. The
correct ray path and traveltime may be approached when the end point is close to the receiving
point. The bending method starts the raytracing with an initially estimated ray path between
a source and a receiver. Subsequently, the ray path is bent by a perturbation method until it
satisfies a minimum traveltime criterion.
Some difficulties exist in these raytracing methods:
1. For most of surface seismic records, vertical seismic profiles (VSPs), or cross-hole seismic
records, the traveltimes that can be easily picked are those of the first arrival events, therefore,
first arrival time computation is of important in traveltime tomography. However, for
strongly varying velocity fields, many ray paths between a source and a receiver using
raytracing methods may be generated and hence the first arrival times may be missed.
2. When there are many source points and each source point has many receivers, the raytracing
methods can be computationally inefficient.
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3. For very complicated velocity structures, it may be difficult to find the ray path. A small
change in the take-off angle may result in a large change in the ray path, and it may take
many trial and error attempts to find the correct ray path.

To overcome some of the difficulties mentioned above, three kinds of traveltime computation
approaches have been developed. The first approach is the Huygens' principle method (Itoh and
Yamada, 1983) which treats each grid point as a secondary source. At a certain grid point, all
possible traveltimes between this grid point and the secondary sources around it within a certain
range are considered. The shortest traveltime is selected as the correct traveltime. Saito and
Ohtomo (1986) and Saito (1989,1990) implemented this method using graph theory and Moser
(1991) attacked the problem by means of a network technique. Vidale (1988) presented another
traveltime computation method which solved the eikonal equation using a FD approach. Van
Trier and Syme (1991) also used a FD approach in their upwinding method. Matsuoka et al.
(1990), Asakawa and Kawanaka (1991), Podvin and Lecomte (1991) and Schneider et al. (1992)
developed a method of computing the shortest traveltime by determining the minimum ray path
over an individual cell. Matsuoka et al. (1990) and Asakawa and Kawanaka (1991) named
this approach the linear traveltime interpolation, LTI, method. These authors also extended
the LTI approach by subdividing each cell boundary into several segments which improves the
accuracy of the traveltime calculation. This method is called SLTI in this thesis. The formula
used by Podvin and Lecomte (1991) and Schneider et al. (1992) is a special case of the one
used by Matsuoka et al. (1990), Asakawa and Kawanaka (1991), without the subdivision of
the cell boundary. This non-subdivided LTI is called NLTI in this thesis. The Vidale and
the LTI methods are based on the plane wave assumption. Special techniques are required for
spherical wave front expansion which will not be considered in the research. In these methods,
the velocity field, or alternatively, the slowness field, is represented by many discrete rectangular
or triangular cells with a constant velocity or slowness in each cell. One of the difficulties in
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the cell method is the problem of representing the velocity field when interfaces exist. When a
cell is crossed by an interface with a high velocity contrast between the two sides, the cell can
not be properly represented by a constant cell velocity. In this thesis, non-rectangular cells are
used to represent the interface cells. A new algorithm is developed to calculate the traveltimes
in a layered earth model.
A geometrical formulation, which is a new method to derive the Vidale formula and the LTI
formulae, is introduced in this thesis. A clear understanding may be obtained of both Vidale's
and the LTI formulation by this means. The geometrical point of view also allows a deeper
insight into the traveltime computation and helps in simplifying and optimizing the traveltime
computation algorithms.
The reflection traveltime computation using the reciprocity principle method has been studied
by Matsuoka and Ezaka (1991) and Podvin and Lecomte (1991). Two difficulties exist in
this method. First, for a shot point, the reflection traveltimes for the receiving points are
calculated separately. This is inefficient when many receivers are considered. Second, there
is no proper handling of the interface cells. The reflection traveltime accuracy may suffer from
the misrepresentation of the interface cell velocity and the interface position. The new algorithm
has overcome these problems.
This thesis is arranged as follows. In chapter 2, the three traveltime computation methods,
i.e., the Huygens' principle method, the Vidale method and the LTI methods, are briefly reviewed.
In chapter 3, the Vidale formula and the NLTI and SLTI formulae are derived using the
geometrical formulation method. A numerical example is used to show that subdiving the
cell boundary in the LTI method makes the computation closer to the plane wave assumption,
thus improving the computing accuracy. Chapter 4 introduces the new algorithm for traveltime
computation. Finally, in chapter 5, five models are used to test the new algorithm.
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Chapter 2
METHODS OF TRAVELTIME COMPUTATION

2.1 The Huygens' Principle Method

An approximate approach using Huygens' principle regards every grid point as a secondary
source and the remaining grid points as receiving points. It takes into consideration all of the
possible ray paths between the source grid point and the receiving point and, at each grid point,
chooses the shortest time from all the source points as the correct traveltime. This method is
easy to implement and can produce a good approximation to the ray paths in a relatively complex
slowness field. The simplest eight direction pattern is tested in chapter 5. The Huygens' principle
method is a fast approach, but the errors are too large for an eight direction basic pattern. The
accuracy of the method can be improved by increasing the number of directions of the basic
pattern (Saito, 1989). The problem is that the basic pattern with more than eight directions
can not deal with cell velocity changes within the covered range of the basic pattern. The
basic patterns are also affected by the grid types. Mandal (1992) recently applied the Huygens'
principle method to triangular gridded models.

2.2 The Vidale Method

Vidale (1988) solved the eikonal equation

(12 (aty
•j; =S2(X7Z)

(1)

using a square grid with an average slowness. As illustrated in Figure 1, ti , t2, t3, t4 are
traveltimes at the four corners, ti , t2, t3 are known and t4 is the required traveltime. s is
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the average slowness and h is the length of each side. The derivatives are expressed as

at^t4+t2- ti -t,

ax^2h
at^t4 + t3 - ti -

az^2h

(2)

t2
•

Substituting equation (2) into equation (1), we obtain Vidale's formula
14 = (sh)2 — (t3 — t2) 2 -

(3)

Vidale expanded the wave fronts from small to larger traveltimes as illustrated in Figure 1(b). He
implemented the algorithm in three steps. First, the relative minima are found for the calculated
grid points (filled circles). In this simple case, only one minimum exists. The traveltimes of the
grid points just outboard of those at the relative minima (the filled circles at the outer ring in
Figure 1(b)) are calculated using a noncentered finite-difference of equation (1). The plane-wave
formula he used is t3 = to + V(sh)2 — 0.25 (12 — 11)2, where to is the relative minimum time
in the inside ring, t3 is the time to be found, and t1 and t2 are the times on either side of
the point whose time is to For the next two steps, the traveltimes at the hollow circles are
calculated using equation (3) in both directions leaving the minimum points. For example, for
the bottom edge of the outer ring, Vidale solved the unknown times rightwards until either a
relative maximum or the edge is encountered. Then, the unknown times are solved leftwards
until reaching a relative maximum or edge. The difficulty is that when the velocity contrast
becomes large, equation (3) is violated and causality problems arise. This aspect of the Vidale
method has been studied by Qin et al. (1990, 1992).
23 The Linear Traveltime Interpolation (LTI) Method

Podvin and Lecomte (1991) showed that there is another way of using the eikonal equation
to compute the traveltime t4 at the rectangular grid point C, as shown in Figure 2(a), from the
computed traveltimes ti and 12 at grid points A and B. Suppose that the mesh slowness is s
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(a)

• time calculated
^0 time not calculated ^

(b)

Figure 1 Vidale's method uses (a) traveltimes of three grid points to calculate
the traveltime of the fourth grid point, and (b) square wave front expansion.
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Figure 2 (a) LTI approach minimizes t4 as a function of x to find the traveltime
of the third grid point. (b) Except the ray path considered in (a), other ray paths
have to be considered. There are 16 possible ray paths to a grid point. Nine of these
are plotted here. The minimum of the possible traveltimes is the correct traveltime.
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and that the ray goes through the cell boundary AB to point C. The partial derivatives can be
expressed as =

1.4 t2

.

Here x is the horizontal axis and z is the vertical axis.

Combining the above expressions with the eikonal equation, we have
Vs2a2 ( t2 ii ) 2 .
t4 = t2^^
a

(4)

Equation (4) is also derived by Schneider et al. (1992). Their dynamic programming
traveltime computation which is based upon Fermat's principle, minimizes a function of the
ray position over one side of the cell. Suppose, initially, that the ray goes through side AB at
point E with time to which is assumed to be the linear interpolation of ti and t2. Referring
to Figure 2(a), we obtain
t2 —
to = tl ^ x.
a

(5)

The traveltime at grid point C can then be written as a function of the position x as
t4 = to + .51/b 2 — (a

—

x) 2

(6)

t2 — t1

t1^X + Vb 2 — (a — x) 2 .
a

Minimizing (6) as a function of x we have
x=a

V

b(t2

s2a2

—

(7)
(t2

—

ti) 2

Substituting equation (7) into equation (6), we obtain equation (4). The correct point on the
cell boundary AB should be the one at which the ray path satisfies Snell's law when it crosses
the boundary. From this point the ray reaches point C and its traveltime, according to Fermat's
principle, is the minimum. For plane waves, the linear interpolation assumption, i.e., equation
(5), becomes true and, therefore, the correct time is obtained. Since the wave front can be
approximately but not exactly a plane wave during the computation, the computed time can
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only be an approximation of the correct time, and the computed time is always greater than
the true time.
Clearly, the ray may also cross side AD or travel along the cell boundary DC or BC.
There are, in fact, as pointed out by Podvin and Lecomte (1991) and illustrated in Figure
2(b), 16 possibilities. These authors have developed a massively parallel and a sequential
implementation of this approach.
Matsuoka et al. (1990) and Asakawa and Kawanaka (1991) have divided each cell boundary
into several smaller segments and have assumed that the traveltime at any point on the cell
boundary can be linearly interpolated between traveltimes at adjacent segment points on the same
cell boundary. Their method is called Linear Traveltime Interpolation (LTI) method because of
this assumption. Obviously, the approach of Schneider et al. can be regarded as a special case of
LTI without the subdivision of the cell boundary. We will call the non-subdivided LTI formula
NLTL and the subdivided LTI formula SLTI. The SLTI formula is given later in equation (20).
Non linear interpolation has been suggested by Schneider et al. (1992).
Matsuoka et al. (1990) and Asakawa and Kawanaka (1991) have demonstrated that with the
same number of cells the SLTI approach has a higher accuracy than the Vidale method. This
means that SLTI can achieve the required accuracy using larger cells, therefore fewer model
parameters. As is well known, fewer model parameters can save computer space and computing
time in the inverse problem. When interfaces exist, some difficulties occur in representing the
model using square or rectangular cells. We will introduce irregular cells, which can further be
decomposed into triangles and rectangles, to represent the discrete model.
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Chapter 3
GEOMETRICAL FORMULATION

This chapter presents a geometrical formulation of equations (3) and (4), assuming plane
wave fronts. The subdivided LIT approach (SLTI) can also be derived without any difficulty.
As will be shown, this geometrical view of the ray tracing formulation can give us a better
understanding of the plane wave assumption. Geometrical approach has been used by Dix
(1981) in 1952 to formulate the eikonal equation.

3.1 The Vidale Formula

Suppose that ti, 12, t3, t4 are the traveltimes at the four corners of a cell. The plane wave
fronts associated with a square cell are shown in Figure 3. With h the length of each side and
s the cell slowness, we have that EC = (14

14 and ti, and BF = (13

—

—

ti)ls is the interval between the wave front at

12)Is is the interval between the wave front at 13 and 12. Since

AC I BD and ABDF = AACE, we obtain
(14

4
-

2

(t3 - t2) 22

= (V2h) .

(8)

Equation (8) leads immediately to Vidale's formula expressed by equation (3).

3.2 The Non-subdivided LTI (NLTI) Formula

Figure 4(a) shows the geometry associated with a rectangular cell. a and b are the lengths
of the two sides. Initially we assume that the ray traverses side AB to reach the grid point
C. The LTI formula uses 1 and 12 to calculate 13 and can be easily deduced using the
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Figure 3 The geometrical formulation of Vidale's formula.

geometrical approach. In Figure 4(a), we see that BE = (12 — ti)/s, FB = (14 — 12)/s
and AABE N LBCF, where "—" stands for similarity.
Consequently, CF/BE = b/a and CF = b(12 — t i )/as. From ABCF, we obtain
(14 _ 12) 2 b2 ( b ) 2 0 2 ti )2
(9)

s )^a)^s )
Rearranging equation (9) leads to the LTI formula given by equation (4).

So far, we have supposed that the ray goes through cell boundary AB. From the geometrical
point of the view we can easily deduce which side of the cell boundary the ray actually traverses.
For example, a critical case is showed in Figure 4(b). Referring to this figure, we see that, in
Further, AE • AC = ab and consequently, AE
AABE, AE = /a 2 —^)2.
s^

ab
12 -1- b2 •

We now have the following possibilities:
1. 12 — t =^, when the ray passes through A;
2. t 2 — ti^a1::■■
142 , when the ray passes to the right of point A;
3. t2 — ti >77
:2 sEb2 , when the ray passes to the left of point A;
4. The ray does not passes through the cell in which case we must use neighboring cells
to calculate 14.
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(a)

^

(b)

Figure 4 (a) Geometrical formulation of the NLTI formula. (b)
A critical situation — ray passes through point A to point C.

Knowing the traveltimes for any two points in the cell, the geometrical approach, assuming
plane wave fronts, allows us to compute the traveltimes for any other points inside the cell or
on the cell boundaries. For example, referring to Figure 4(a), using t1 and t3, we can calculate
t4 as follows
HC = (t3 — ti) ,
bs

st3) 2
C4 —

a2

(HC)2

(10 )

We can combine the above two equations to obtain
t4 = t3

a

2

b Vs2012 (t 3 — 4) '

—

We can also compute t3 from ti and t2 by means of
bI
t3 = +^S2a2 — (t2 — )2.

(12)

12

33 Relationship between the Vidale and NLTI Formulae

As a further example, suppose 12 and 13 are known and we wish to compute 14. Since
ABCF ACDH, we have

CFs b
_ .
t4— t3^a

(13)

From ABCF,
(CF)2

(14 — t2 ) 2

= b2.

(14)

Combining the above two equations yields
(1 + e2) ti

—

2 (e2t3 t2) t4 e2t3^— b2s2 = o^ (15)

where e = bla. For a square cell, a = b = h,e = 1, and
t3
2
V2h2s2 — (12 — t3) .
=122^
2

(16)

Assuming
t4^= t2 t3)^

(17)

equation (16) leads to Vidale's formula, i.e., equation (3).
3.4 The Subdivided LTI (SLTI) Formula

Matsuoka et al. (1990) and Asakawa and Kawanaka (1991) subdivided each cell boundary
into several segments in order to improve the accuracy of the NLTI method. Without the
subdivision, i.e., the formulae which we deduced in the previous section, the NLTI method is
less accurate than the Vidale approach. With several subdivisions however, the SLT7 version of
the LTI method achieves a higher accuracy than Vidale's method. This is shown with a simple
example in Figure 5(a). Assume the cell size is of unit length and width, and that the slowness

13

is

1.0. The units are ignored here for convenience. Assume that the traveltimes at the grid

points and the segment points along the cell boundaries EF and FC are known and consider
the calculation of the traveltime at grid point D. The Vidale method uses the traveltimes at grid
points E, F and C. NLTI uses the traveltimes at grid points E and F and the three segment
SLTI uses the traveltimes at segment points A and B. The calculated traveltimes at grid point
D are 2.287, 2.324 and 2.246 respectively. The errors relative to the true traveltime, 2.236, are,

0.051, 0.088 and 0.010 respectively. From the geometry of the ray path, OD, we see that when
we subdivide the cell boundary into three segments the plane wave front assumption is better
satisfied within each individual segment than before subdivision, so that a higher accuracy is
achieved. We conclude that the subdivision of the cell boundaries better satisfies the plane wave
assumption. From Figure 5(b) for the plane wave case, we can deduce the SLTI formula using
the geometrical reconstruction without any difficulty. Since L\ABK AGDH,
I z -F z^tp — tA
d^
Vs2d2 _

(18)

(tA — i B ) 2

Also /ABK N RAGE, and
to — tB
— =
lx
\s 2 _7 2
a^(tA — tB) 2

(19)

Combining the above two equations we obtain Asakawa and Kawanaka's formula
4^lx ( 4^4 \ 1
Z^
2
.,12^(4^4 N2
tp t o + (t A — GB) +^
— (t A — GB) .

(20)

14

d^lx
I -4—o- 1-4-1.- 1

lz

(a)

^

(b)

Figure 5 The calculation of traveltime at grid point D. (a) Circular wave front case.
Vidale's formula uses the traveltimes at grid points E,F and C. LTI uses the
traveltimes at grid points E and F without subdivision or segment points A and B
with three subdivided segments for each cell boundary. (b) The plane wave front
case. SLTI formulae can be deduced from a geometrical consideration (see text).

15

Chapter 4
TRAVELTIME COMPUTATION

An excellent example of the application of FD traveltime calculations to tomographic
inversion is the recent work of Aldridge and Oldenburg (1992). These authors used smoothest
model constraints to solve the underdetermined inversion problem. Although such a constraint is
certainly reasonable for the cells within layers, it is not applicable to the layer interfaces where
sharp velocity contrasts may exist. As seismic sections indicate, in most cases of interest, the
earth may be adequately represented as a layered structure. In order, therefore, to represent the
slowness field in the real earth more closely, one can either decrease the cell size or use an
irregular mesh. Decreasing the cell size will obviously increase the computation time of both
forward and inverse calculations and could result in a considerably increased computational load.
Reflection traveltimes have been calculated using the reciprocity method of Matsuoka
and Ezaka (1990, 1992) and Podvin and Lecomte (1991). Unfortunately, because of the
improper representation of the velocity field along the interface, these methods confront the
same difficulties on the interface as do the transmitted traveltime computations.
To overcome the above problems, a new algorithm is developed with the help of a geometrical
understanding of the traveltime computation formulae. The new algorithm allows the expansion
of the wave front using irregular cells and thus can overcome the above problems without the
need of finer sampling. The algorithm consists of three steps. First, the model is discretized
into rectangular or square cells. A cell crossed by an interface is subdivided into sub-cells with
different slownesses. The second step is started in the layer where the source is located. The
traveltimes of both the grid points and the interface points in this layer are calculated in this
step. A modified NLTI sequential method is applied for traveltime computations in rectangular
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4

44444.411%%116.4463/4444,

interface

Figure 6 Different types of irregular cells when an interface exists. All
the possible interface and cell combinations are considered in Appendix
A. Details corresponding to the shadowed cells are shown in Figure 7.

interface

(a)

(b)

Figure 7 Two typical irregular cells. We can decompose these cells into (a)
one rectangular and one triangular cell, both with slowness s 1 and another
triangular and rectangular pair with slowness s 2 , (b) three rectangular and
one triangular cell with slowness s i and one triangular cell with slowness s 2 .

cells and non-rectangular cells. In the third step, the interface grid points with corresponding
times already calculated in the second step, are treated as secondary sources. The reflection,
refraction, converted wave and the transmission times are calculated by expanding the wave
fronts from the interface points. The steps of the algorithm will now be described in detail, and
a few examples are presented in the next chapter.
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Stepl. The interface discretization
This algorithm assumes a layered earth model. The model is divided into / columns
and J rows, with K = I J cells. The kth cell can also be identified by its upper
left grid point (i, j). The relationship between the cell number and the grid index is
k = (j —1)- I-1-i. The slownesses inside the layers are represented by the discretized

cell slownesses. The interface between two layers is represented by many straight line
segments as shown in Figure 6. When an interface crosses a cell, the cell is divided
into two smaller non-rectangular cells with two different slownesses. These kinds of
irregular cells can be further decomposed into secondary rectangular and triangular
cells as shown in Figure 7. All the possible interface segment positions in a cell are
shown in Appendix A. An array is used to describe the cell types. Rectangular cells
and non-rectangular cells are treated differently and the approach is described in the
following steps.
Step2. From source to the interfaces
a) Rectangular cells

Initially, the shot point traveltime is assigned time zero and the rest of the grid
points are assigned a large number. Podvin and Lecomte's (1991) massively parallel
or sequential implementation is readily applicable to guarantee the least traveltimes
for the grid points in the source layer. The sequential implementation is chosen to
minimize computational expense. The sequential implementation expands the wave
fronts from the shot point to all the grid points inside the current layer and on the
interface. The expansion is stopped when the interfaces or the model boundaries are
reached. The traveltime computations in a rectangular cell are described here and the
computations in the interface cells are detailed in the next paragraph. Figure 8 chooses
a particular row of cells to show how the wave fronts are expanded. It is supposed
that the expansion is in the downward direction and the source is somewhere at the
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top of this row of cells. The traveltimes of the upper grid points , filled circles, have
already been calculated, and the traveltimes of the bottom grid points and the interface
grids, hollow circles, are to be calculated. In order to satisfy Fermat's principle,
the traveltimes of the grid points in the cells have to be minimized after the wave
front expansion. The algorithm consists of both leftward and rightward computations
which are done cell by cell, as shown in Figure 8. The reason for using leftward and
rightward computations is to expand the wave fronts from the minimum time points
and thereby satisfying the causality condition. In the leftward computation, the wave
fronts are expanded from the minimum time points to the left, and in the rightward
computation, the wave fronts are expanded from the minimum time points to the right.
Each computation requires two steps to guarantee that each grid point has the least
time. For example in the upper part of Figure 8, during the leftward minimization in
cell MDAB where M is the grid point with minimum time, the two-step approach
is as follows:

1. The minimization of traveltimes at point B and D. The direct times from M to B and
D are computed and compared with the previous times. If the former are shorter than

the latter then the times are updated by the times from M to guarantee B and D have
the least times. The ray paths considered are labeled by the number "1" in Figure 8.
This step can be expressed by the equation
t = min(t, t min(s) • h),
where t is the time of either B or D, tm is the time at point M, min(s) gives the
smaller slowness between the current cell and the adjacent cell of either side MD or
side MB, and h is the corresponding length of the cell.
2. The minimization of the time at grid point A. The possible ray paths are the direct ray
paths from point D, M and B, and the ray paths from side DM and MB using the
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NLTI formula. The traveltimes of the above possible ray paths are computed and the
least time is saved.
b) Irregular cells
On the left side of Figure 8, the interface cuts the cells into two non-rectangular
cells with different slownesses. The traveltimes of the irregular cells in the first layer
are to be minimized. To do so, an irregular cell is first decomposed into rectangular
and/or triangular cells as shown in Figure 7(b). Suppose that ti, t2 and t3 are calculated
and t2 is the least time. The upper pentagonal cell is decomposed into three rectangular
cells and one triangular cell. Next, t5 and to are calculated by linear interpolation of
the adjacent grid points. Then, the traveltimes of four secondary cells are minimized.
The sequence of the secondary cell traveltime minimization depends on which point
has the minimum time. In this example, if t2 is the minimum time, the minimization
should be in the sequence of the upper-right rectangle first, the other two rectangles
second, and the triangle last. If t3 or t7 is the minimum, the sequence should be
the lower-right rectangle first, the triangle second, and the other two rectangles last.
If ti or t8 is the minimum, the sequence should be the upper-left rectangle first, the
triangle second, and the other two rectangles last. The rectangular cell minimization
is described above.
Figure 9 shows how to minimize the traveltimes of a triangular cell. First the
minimum time is found. If t7 or t8 is the minimum time, a two-step approach similar
to the one adapted for a rectangular cell has to be applied. The ray paths considered
in the two steps are labeled "1" and "2". For example, in Figure 9(a), if t8 is the
minimum, the two steps are as follows.
1. At the to point, the direct traveltime from t8 point is computed and compared with the
previous to. The smaller time is kept. The same computation is repeated for the t7 point
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2. The possible traveltimes to the 17 point are calculated and compared with the previous
17. The least time is kept. The possible traveltime taken from the diagonal side to the
to point is also computed and is compared with the previous time and the smaller time
is kept.
Similar considerations are required if 1 7 is the minimum time, as shown in Figure
9(b). If to is the minimum as shown in Figure 9(c), only the direct ray paths need be
considered.
Step3. From the interface to the neighboring layers
The interface points are treated as secondary sources in this step and the transmission, reflection and converted wave traveltime are then computed by expanding the
wave fronts from the interface points.
1. To calculate the transmitted traveltimes, the wave front expansion is carried on from the
interface points to the grid points in the next layer until the next interface is reached.
2. To calculate the reflected traveltimes back to the present layer, a large number is set
for all grid points with the exception of the interface points and the wave fronts are
expanded from the interface upwards.
3. To calculate the converted wave traveltimes, the slownesses of the corresponding wave
have to be substituted into the computation.
The wave front expansion has to be started from the minimum time points on the
interface in order to obviate the causality problem. Hence, the minimum times at the
interface are found first and the expansions are started from the minimum points.
Step4. Multi-layer traveltime computation
The above method can be easily applied to multi-layer media. First, the traveltimes
of the points at the closest-to-source interfaces are calculated using the approach
developed above. Then the traveltimes at the remaining grid points can be calculated
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by expanding the wave fronts from those interface points to the remaining interface
points. The further that the interface is from the source the better the approximation
to the plane wave assumption and hence the smaller the computational errors.
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Traveltime computed
0 Traveltime to be computed
Figure 8 Wavefront expansion when an interface exists.
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Chapter 5
EXAMPLES
5.1 Model 1 — Uniform Half Space

In the following example an uniform half space model is used to compare the LTI, Vidale's
and the Huygens' principle method. In the case of an uniform slowness field, the cell slowness
is the exact representation of the field and no discretization errors exist.
The model used here is a 500m x 500m square region divided into 50m x 50m smaller
squares. The source is located at (500, 50). The velocity is 2000m/s. The wave fronts of the
calculated traveltimes using the above three methods are plotted in Figure 10 with the dotted
curves representing the true wave fronts. In order to compare the accuracies of the methods, the
errors between the computed times, using different methods, and the true times are calculated at
the receiving points along the vertical line x = 0 and are plotted in Figure 11. Both the NLTI
and SLTI versions of the LTI method are used here. The SLTI method uses three subdivisions
and has the best accuracy among the four results. As discussed before, the SLTI accuracy is
higher because SLTI satisfies the plane wave front assumption better than other methods. The
maximum errors with respect to the true times are computed as a measure of the accuracy. The
largest errors are 4.83, 0.67,1.76, 22.16ms for NLTI, SLTI, Vidale's, and the Huygens' principle
method, respectively. These correspond to 19.32%, 2.68%, 7.04%, 88.64% of 25ms which is the
time taken by a ray to traverse a cell in a direction parallel to a cell boundary.
5.2 Model 2 — Vertical Gradient Velocity Model
5.2.1 A 50m x50m grid

The true traveltime for a given grid point in an arbitrary distributed velocity field is difficult
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Figure 10 Comparison of the FD traveltime contours for model
1: (a) NLTI, (b) SLTI. The dotted lines are true traveltimes.
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Figure 10 (cont.) (c) Vidale's method, (d) Huygens' principle method.
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Figure 11 Traveltime errors for model 1 at x=0.

to formulate analytically, therefore the accuracies of the FD traveltime computation methods are
difficult to estimate. In this section we choose a constant vertical gradient velocity model to
compare the NLTI and the Vidale traveltimes with true traveltimes. The reason for using NLTI
instead of SLTI is for the sake of simplicity. The accuracy of Huygens' principle method can
be improved by considering more complex basic patterns with more directions (Saito, 1989),
but these patterns can not handle the velocity changes along the newly added directions. For
these reasons, only the NLTI and the Vidale methods are compared in later sections. The exact
traveltime formulae of any grid point are derived in Appendix B. The velocity of a grid point
is expressed as v(x, z) vo kz with vo the velocity on the surface, k the vertical velocity
gradient. The discretized cell velocity is the average of the velocities at four grid points. We
let k = 4.0/s, and vo = 1800m/s, so for a 50m x 50m grid, the grid velocities are 1800m/s
for the grid points at z = Om, 2000m/s for the grid points at z = 50m and 3800rrzis for the
grid points at z = 500m. The cell velocities, therefore, are 1900m/s for the cells at the top,
2100m/s for the cells at the second row and 3700m/s for the cells at the bottom row of the grid.
The wave fronts calculated by NLTI and Vidale's method are plotted in Figure 12. The
traveltime errors at x = 0 are plotted in Figure 13. In Figure 12(a), NLTI traveltimes show
relative large errors for the grid points at the top of the model around z = 50m. This phenomenon
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Figure 12 Comparison of the FD traveltime contours for model 2: (a) NLTI, (b) Vidale's
method. The dotted lines are true traveltimes, The grid size is same as Figure 10.
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Figure 13 Traveltime errors for model 2 at x=0, 50m x 50m grid.

can be explained as follows. The velocity function is represented by the discretized cell velocities
during the NLTI computation. Since the velocity is assumed constant in each cell, it is only an
approximation to the continuous model. As mentioned above, the cell velocities are 1900m/s at
the first row, 2100m/s at the second row, so that the direct wave traveltimes will be calculated
using the faster velocity, 2100m/s. In the near source region, these direct waves travel faster
than the refracted waves and thus are the first arrivals. They also travel faster than the true
direct waves and thus the errors are positive.
5.2.2 A 5m x 5m grid

The natural way to mitigate the discretization errors is to decrease the grid size. A denser
5m x 5m grid has been tested and the results are plotted in Figures 14 and 15. The absolute
values of the maximum errors are listed in the table below, where the percentages are with
respect to the cell transit time, i.e., 25ms for a 50m x 50m grid and 2.5ms for a 5m x 5m grid.
It is obvious that decreasing the cell size can improve the traveltime accuracies for both
methods. It seems that for this model, the improvement in the Vidale method is greater than
that for the NLTI method. For both grids, the accuracy of the Vidale method is superior to that
of the NL11 method. This suggests that for the continuous model, the NLTI method can not
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be improve on the Vidale approach. The same result holds for the constant velocity model as
shown in the previous section.

50 X 50
5X5

NLTI
Percentage
Max. error
22.5%
5.61
27.2%
0.68

Vidale's
Percentage
Max. error
11.0%
2.76
8.0%^.
0.20

Table 1 Comparison of the maximum relative errors between NLTI and
the Vidale method. The first column indicates the cell size. Max. error
is the maximum relative error between the computed time and the true
time. Percentage is the Max. error with respect to the cell transit time.
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Figure 14 Comparison of the traveltime contours for
model 2, same as Figure 12 but with grid size 5m x 5m
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53 Model 3 — Dipping Interface

Using the algorithm developed in the previous chapter, the traveltimes are calculated for a
model with two uniform layers separated by a dipping interface. The geometry is the same as
before. The interface is defined by two end points with coordinates (0, 77.5) and (500, 377.5),
about a 30° dip. The cells are 5m x 5m. Since the new algorithm is a combination of the NLTI
formula and the special treatment for interface cells, NLTI is still used to indicate the algorithm.
Figure 16 shows the wave fronts computed by the NLTI and the Vidale approach and Figure
17 shows the traveltime curves and the errors with respect to true times at the receiving points
along the vertical line

x

= 0. The traveltime from the source transmitting through an interface

to a given point can be formulated analytically (Aldridge, 1992).
There are three kinds of waves in Figure 16: the direct wave form the source, the head
wave in left part of the first layer and the transmission wave in the second layer. As for the
computation of direct wave traveltimes, the Vidale approach is more accurate than the NLTI
approach. For the head wave and transmission wave, because of the difficulties in handling
the interface cells during the computations, the Vidale approach is less accurate than the NLTI
approach . Figure 17 shows that the largest errors along x = 0 are —0.77ms for NLTI and
+1.77ms for the Vidale method which correspond to 30.8% and 70.8% of the cell transit time
respectively. The errors for the constant velocity model in the previous section are 27.2% and
8.0%. A comparison of the above errors shows the effects of the interface. It is obvious that
the existence of the interface does not affect the NLTI method too badly, but affects the Vidale
approach significantly.
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(a)

(b)
Figure 16 Traveltime contours for model 3. The dotted lines represent the true
traveltime wave fronts. (a) NLTI and true times, (b) Vidale's and true times.
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Figure 17 Traveltimes at x=0 for model 3-- a vertical seismic
profiling example. (a) the traveltimes, (b) errors to the true times.
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5.4 Reflection Traveltime Computation

We have demonstrated the traveltime computation using the LTI and the Vidale methods
for an uniform medium with constant velocity, a continuous medium with a vertical velocity
gradient and a layered medium with a dipping interface. All the examples illustrate first arrival
time computations. The first arrivals may consist of the direct, the transmitted, refracted or
diffracted waves. Because of the importance of the reflection data in exploration seismology, an
example of reflection traveltime computation is considered in this section. The forward reflection
time computation is important in seismic reflection traveltime tomograghy and is also useful in
wave- equation migration.
Mtsuoka and Ezaka (1990, 1992), Podvin and Lecomte (1991) have developed the reciprocity
principle method to calculate reflection traveltimes. The reciprocity principle method requires
three steps to calculate the reflection traveltimes:
1. the computation of the traveltimes from a source point to all grid points;
2. the computation of the traveltimes from a receiving point which is set as a temporary source
point to all grid points;
3. the addition of the two traveltimes calculated in step 1 and step 2 at the interface points. The
minimum added time along the interface points is the reflection traveltime from the current
source to the current receiver according to Fermat's principle.
Two difficulties exist in this method. First, for the case that many receivers exist for each
source, the reflection time for each receiver is calculated by repeating the last two steps and
is, consequently, computationally expensive when many receivers are considered. Second, if
rectangular or square grids are used and the interface is defined by the cell boundaries, the
interface position may not be well defined, which leads to errors. A denser grid is required
in order to achieve a higher accuracy but implies a greater number of model parameters and
consequently a greater computational load.
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The traveltime computation approach developed in the previous chapters represents the
interface by grid points of irregular cells and expands wave fronts from source point to interface
grids and then from the interface grids to all the receiving points. Consequently, this approach
overcomes the shortcomings of the reciprocity principle method. Figure 18 shows the wave
fronts calculated by the new method for model 3 which has been used in the previous section.
Figure 19 shows the traveltimes at the surface and the corresponding errors with respect to true
traveltimes.
The computed traveltimes represent reflection times on the right side of the model and head
(refracted) wave times on the left side of the model. The refraction times are computed along
the interface where the velocity of the second layer is used for the computation. If only the
reflection times are required, the refraction time computations can be eliminated.
The larger error at the left ending point is caused by the causality problem. Causality implies,
as stated by Vidale (1988), that the time for the part of the ray path leading to a point must
be known before the time of the point can be found. For this model, the refracted ray paths
actually require some grid points outside of the left model boundary. Since these grid points
are not available, large errors occur.
Except for the receiving point at the origin, the maximum reflection time error is 0.71ms
which is at the right end of the surface. This error is 28.4% of the transit time and is about the
same as the error in transmission traveltime computation. Figure 18 shows that the reflection
wave fronts are close to plane waves in the top layer, hence the error in the reflection traveltime
computation is small. The head wave fronts are plane waves, which will not contribute errors
to the head wave traveltime computation. For the above reasons, accuracy on the surface is
relatively good.
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Figure 18 Reflection traveltime contours for model 3 by
NLTI method. The same geometry as in Figure 16 is used.
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Figure 19 Reflection traveltimes of a common shot point gather for model 3
at z=0. (a) The traveltimes and (b) the errors with respect to the true times.
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5.5 Model 4 — Traveltime Computation for Converted Waves
P-SV converted waves are generated by the conversion of compressional energy into shear
energy at the interface and are often observed, for example, in three component vertical seismic
profiling Inversion of the shear velocity, Vs, is of importance in many different aspects of
seismic exploration. In order to perform the inversion, forward modelling is required. This
section shows an example of the P-SV reflection traveltime computation for model 4.
The model parameters in model 4 are the same as model 3 except that the velocities of the
two layers are altered to vi = 6000m/s and v2 = 2000m/s. Since the high velocity layer is on
top of the lower velocity layer, there is no refraction on the interface in model 4. The Vp/Vs
ratio of the top layer is set to 2.0, so the shear velocity is 3000m/s.
Figure 20 shows the P-SV and P wave traveltime contours and a comparison with the true
times. Figure 21 shows the traveltime curves and the errors computed on the surface. Figure
21(b) illustrates that the error of the P time and the error of the P-SV time are about the same.
Some interesting differences occur when the velocities are altered. Comparing the reflection
error of model 4 in Figure 21(b) with the reflection error of model 3 in the right part of Figure
19(b), a significant improvement in the accuracy is seen. Comparing the transmission time error
of model 4 in Figure 22 with model 3 in Figure 17(b) shows a similar improvement. Further
tests to determine the effects of velocity are described in the next section.
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Figure 20 Traveltime contours for model 4. The dotted lines represent the true traveltime
wave fronts. Traveltime contours in the first layer are: (a) P-SV wave and (b) P wave.
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Figure 21 Surface traveltimes for model 4. (a) P and P-SV
traveltime curves, (b) errors with respect to the true times.
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Figure 22 VSP traveltime errors with respect to true traveltimes at x=0 for model
4. Comparing with Figure 17(b) of model 3, the errors in this diagram are smaller.
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5.6 Effects of the Magnitude of the Velocity Field
Both reflection and transmission time errors show the differences between model 4 and
model 3. This indicates that the magnitude of the velocity field effects the accuracy of traveltime
computation. In order to examine the relationship between the traveltime error and the velocity,
several constant velocity models are used in this section. The errors with respect to the true
times are computed and plotted in Figure 23. As can be seen, the error decreases non-linearly
when the velocity increases.
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Figure 23 VSP time errors of model 1 with different velocities. From bottom to
top the velocities change from 1000 m/s to 6000m/s with a 1000m/s increment.

45

5.7 Rectangular cells
In this section, 50m x 25m and 25m x 50m rectangular grids are used for traveltime
computations in the constant velocity model. The results are compared with those of a 50m x 50m
square grid.
Figure 24 shows the traveltime contours calculated using rectangular grids. The velocity is
2000m/s which is the same as that of model 1. Comparisons with Figure 10(a) which illustrates
the results of square grid indicate some changes in the error distributions. For instance, the
accuracies are improved in upper left part of Figure 24(a) and are degraded in the remaining
part of the figure. These changes can be explained with the help of Figure 25.
A 50m x 50m square cell is divided into two 50m x 25m rectangular cells in Figure 25.
The unknown grid points are the hollowed circles and triangles. The times at the filled circles
and triangle are used by the NLTI formula to calculate the unknown times. In Figure 25(a), the
traveltimes at the shorter cell boundaries are used for the computations. The traveltimes are close
to plane waves at these shorter boundaries, so higher accuracies are achieved. This is similar
to the SLTI method as discussed in section 3.4. For the grid point at the left-bottom corner
of Figure 25(b), the computation is carried out in two steps for the rectangular grid. First, the
traveltimes at two small triangles are calculated. Then the traveltimes of the two triangles are
used to calculate the time of the left-bottom point. The two step computation is done using one
step in the case of a square grid. The error at the left-bottom corner is the sum of errors in these
two steps. The wave front approximation in each of the two steps is about the same as using
one square cell, so each step yields about the same error as using one square cell. Therefore the
error using a rectangular grid is about twice the error obtained using a square grid.
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Figure 24 Traveltime contours using rectangular grids. (a) 50m x 25m, (b)
25m x 50m. A constant velocity model is used. The velocity is the same as in model 1.
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(a)^

(b)

Figure 25 The accuracies of traveltime computations in rectangular cells.
The dotted line cuts a square cell into two rectangular cells and adds two
grid points (triangles). (a) Using the times of the grid points at the short side
of the cell boundary achieves a higher accuracy. (b) Using the times of the
grid points at the longer side of the cell boundary achieves a lower accuracy.

5.8 Model 5 — Heterogeneous Layered Medium

The final model considered is model 5 which is model 3 with three added velocity anomalies.
The anomalies are defined by the coordinates and the amplitude values of the peaks. The
anomalies decay exponentially. The first two anomalies are in the first layer, with a 2000m/s
background velocity, centered at (200,100) and (400, 200) with —1000m/s and 1000m/s
maximum anomaly values respectively. The third anomaly is in the second layer, with 6000m/s
background velocity, centered at (100,100) with —2000m/s in magnitude. The velocities in the
first layer are changing from 1000m/s to 3000m/s, and the velocities in the second layer are
changing from 4000m/s to 6000m/s. Figure 26 shows the velocity field of the model. Figure
27 illustrates the traveltime contours for model 5. The contours in the first layer correspond to
first arrivals of reflection or refraction waves and the contours in the second layer are those of
the transmitted wave. The traveltimes at the surface and at the left side borehole (x = 0) are
plotted in Figure 28 as solid lines and are compared with the traveltimes of model 3 which are
represented by dotted lines.
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Figure 26 Velocity field of model 5. The model is model 3 with three anomalies added.

Figure 27 Traveltime contours for model 5.
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Figure 28 Traveltimes at (a) surface, z=0; (b) borehole, x=0. The solid lines represent
the traveltimes of model 5, and the dotted lines represent the traveltimes of model 3.
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5.9 Discussion
When the traveltimes have been computed, the ray paths can be found either by following the
steepest gradient in traveltime from the receiver back to the source (Vidale, 1988; Aldridge and
Oldenburg, 1991) or by the backward computation method developed by Matsuoka et al. (1990)
and Asakawa and Kawanaka (1991). Once the traveltimes and the ray paths are known, velocity
perturbations about the model can be inverted using various techniques. The model is then
recomputed using these perturbations and the final result is achieved after a number of iterations.
The problem for tomography is that the interface structures have to be provided in advance
in order to compute the traveltimes in the forward problem. One way to handle this problem is
to combine reflection tomography with depth migration (Bording et al., 1987). Another way is to
set the interface depths as model parameters and linearize the relationship between the interface
depth perturbations and the traveltime residuals. This method can be used to invert the interface
depths and the model velocities simultaneously (e.g., Bishop et al., 1985; White, 1989).
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Chapter 6
CONCLUSIONS

6.1 Geometrical formulation

Three kinds of first arrival time computation methods in an arbitrarily distributed velocity
model, the Huygens' principle method, the Vidale method, and the LTI (both NLTI and SLTI)
method, have been briefly reviewed. All of these methods are based on the plane wave
assumption. The Vidale formula can be derived by solving the eikonal equation using the
discrete FD method. The LTI formulae can be derived either by the discrete FD method or
by the least time functional minimization method which guarantees that Fermat's principle is
satisfied within each individual cell. A geometrical formulation approach has been presented
to derive both the Vidale formula and the LTI formulae. From the geometrical point of view,
the reason that the SLT1 formula is more accurate than the NLTI and the Vidale formulae can
be clearly interpreted. For the SLTT method, dividing the cell boundary into several segments
makes the wave front at each segment closer to a plane wave, thus increasing the accuracy of
the computation. A simple numerical example was used in section 3.4 to illustrate this fact.

6.2 l'raveltime Computation in Heterogeneous Layered Media

With the help of the geometrical understanding of the FD traveltime computation formulae,
a new algorithm was developed to compute the traveltimes for a heterogeneous layered velocity
model. The new algorithm includes three steps.
1. Representation of the cells that cross an interface by two non-rectangular cells. The nonrectangular cells can then be decomposed into secondary rectangular cells and/or triangular
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cells. A cell traveltime minimization method was developed to guarantee that the traveltime
at each secondary grid point is minimum, thus satisfying Fermat's principle.
2. Computation of the traveltimes at the interface points.
3. Calculation of the reflection times and the transmission times by expanding the wave front
upwards and downwards from the interface points. Converted traveltimes can be calculated
by substituting compressional wave velocities with shear wave velocities.
The algorithm was tested for models with only one interface, but extension to multi-layered
models is straightforward. Multiple reflection times can then be calculated if the computation
between two interfaces is carried out upwards and downwards several times. No subdivided cell
boundaries were used in the algorithm for reason of simplicity.
Instead of using non-rectangular cells only at the interface cells, step 1 can be extended to
use non-rectangular (polygonal) cells for the entire model. This is suitable for a velocity field
which can be represented by many blocks, each having a constant velocity. Each side of the
polygon should be short enough to adequately conform to the plane wave assumption. If any
side of the polygon is too long, it should be subdivided. The traveltime minimization method
for triangular and rectangular cells can be similarly applied to polygonal cells.

63 Reflection time computation

A comparison with the reciprocity principle method showed that the new algorithm is faster
and more accurate. The algorithm can compute reflection times from a shot point to all the
receiving points simultaneously, which corresponds to about the same computing time as for one
receiving point using the reciprocity principle method. Because the interface was represented
using many small segments rather than using square or rectangular cell boundaries, the traveltimes
calculated are more accurate than those using the reciprocity principle method.
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6.4 Effects on the Computation
The effects of cell shape, cell size, and the magnitude of the velocity field were tested by
using a few simple models. The effects of the grid size were tested using model 2, a velocity
field with a constant vertical gradient. The traveltimes computed by the Vidale method and
the NLTI method were compared with the true times. As expected, the errors decreased for
both methods when a denser grid was used. A constant velocity model was also used to test
the effects of using a rectangular grid. Square cells were substituted by rectangular cells by
increasing the grid sampling rate in the vertical direction. For some of these rectangular cells,
the traveltimes of two grid points at a shorter cell boundary were used to calculate the times
of the other two grid points. Since the wave fronts for shorter cell boundaries were closer to
plane waves, traveltime accuracies were improved in these regions. Tests on the effects of the
magnitude of the velocity field showed that the computation errors of the NLTI method were
smaller in a high velocity field as compared to a low velocity model.

6.5 Application in Traveltime Tomography
The FD methods for first arrival traveltime computation which exist in the literature are
the Vidale method and the LTI method. No interfaces were modelled in these methods. The
algorithm developed in this thesis extended the first arrival traveltime computation to a layered
model with an arbitrary velocity distribution in each layer. This algorithm can also be used
to compute reflection traveltimes. It is considered to be faster and more accurate than the
reciprocity principle method. Therefore, it provides an efficient tool in solving the forward
problems in transmission and reflection traveltime tomography.
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Appendix A
Possible Interface-cell Combinations

An interface segment can cross a cell in twenty possible ways which are illustrated in
the diagram below. During the discretization of the model the intercept point coordinates
are computed. The irregular cell types, the number inside the parentheses, and the irregular
cell parameters, e, el and e2 in the diagram, are memorized by the program and are used to
decompose the irregular cell into smaller rectangular or triangular cells.

(1)

(2)

(4)

(3)

(6)

(5)

e2

(8)

e2

e2

(13)

(11)

(10)

(9)

ei
e2
(14)

(12)
e2

e2

(15)

(16)

e e2/

(17)

(18)

(19)^(20)
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Appendix B
Traveltime Computation for a Point in a Vertically Increasing Velocity Model

Suppose that, for a vertical gradient velocity medium, v(x, z) = vo kz, where vo is the
velocity at zero depth and k is the velocity gradient, s is the shot point and also the origin of
the coordinates, and point A, with the coordinate (x, z), is the point at which the traveltime is
to be computed. Then, the following can be shown to hold (Telford et al., 1988, 271-276):
1. the ray paths are the arcs with the centers of the circles located at line z = —vo/k;
2. a wave front is an arc with center of the circle at the vertical axis and radius r 2 = CS. CS';
3. the maximum depth a ray can reach is

h inaz = V k(COSh

kt — 1), the offset of the

maximum depth point r max = vo/ksinh kt and the time reach the maximum point t max
1iksinh -1 (krmax/vo).

Using the above, the traveltime for any point A(x, z) can be computed. Suppose the wave
front circle passing point A is centered at point C, and BC is a horizontal line segment with
its length equal to the wave front radius r. There must exist one ray circle with B as the
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maximum depth point, i.e., the wave front circle and ray circle encounter at point B in right
angle — one in vertical and one in horizontal. We can relate r to the coordinates of point A
by r2 = (z — h)2 + x2. Also, r2 h(h 2v0/k). Eliminating r, we obtain the relationship
between h and (x, z) as h kl2(x2 z2)I(vo kz). Since h = volk(coshkt — 1), we obtain
the traveltime for point

A(x,z) as

t (x, z)

1
—

sinh 1
-

(21)

