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ABSTRACT

An investigation made concerning the characteristics of a
sensor coil for an induction magnetometer shows that it is feasible
to make the first stage 60 Hertz rejection filter of the Butter-

‘worth type. This is an improvement in design over the Twin-T
filter which is sometimes used as a first stage filter as the
number of electrical components is reduced and there is no pos-
sibility of ringing between the coil inductor and the filter
capacitors.

Two methods of relative calibration for the induction magne-
tometer system give reliable response curves, One method uses a
Wheatstone bridge. The sensor is one arm of the bridge and it
is shown that the effect of the signal generator is the same as
if the coil was excited by a natural event. The second method
involves exciting the sensor by a field created by a small secon-
dary coil. The agreement between the two methods is good; o

An experimental approach to the absolute calibration ié suc-
cessfully carried out by comparing the output from the uncalibra-
ted system to an air core system which has been previously cali-

brated. A theoretical approach is used to give a good indication
of the sensitivity of the sensor coil. The sensitivity is depen-

dent primarily upon the turn number and the length of the coil.
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CHAPTER I

- GENERAL . INTRODUCTION

Recently, a portable induction magnetometer system was
designed by the aeronomy group at the University of British
Columbia. It is the 1long term intent of this group.  to
establish . a number of observing stations across northern
Canada for micropulsation research., It was felt that a
system could be built at a cost significantly less than
commercial magnetometers. The requirements of this instrument
are such that it should cover the frequency band from 0.002 Hz
to 4 Hz and take the signal level from the order of milligamma
to ten gammas. The sensor was consfructed with ' a Mu-metal
core 1in order to reduce the physical size from that of an air
core sensor. = Mu-metal is a high permeability alloy of nickel
and iron with a small amount of chromium and molybdenum. Ueda
{1975) demonstrated that the HMu-metal core does not cause
significant ‘distortions or harmonics to the signal contrary to
what some earlier investigators had thought.

The equivalent circuit which is used for the sensor coil
throughout this research. is shown in Fig., 1-1. The
capacitance effect of the windings, noted as early as 1910
from general antenna use, Campbell (1969), gives rise to the
capacitor which is parallel to the resistance amd inductance
of the «coil., The . voltage  generator, V, arises from the
current which is induced in the coil by the changing magnetic

flux.



It is difficult to measure the coil inductance and
capacitance using a  bridge which is designed for measuring
pure inductance and capacitance., Por this reason, ‘somevhat
laborious methods mnust be put into practice. A compilation of
such methods used for this research is given in Appendix A-1.,
These methods lend a . great amount of credibility to the
equivalent circuit concept because the <coil was found to

behave exactly as the circuit theory predicts in each method.

Fig. 1-1 Bquivalent Circuit of Sensor Coil

Further support for the eguivalent circuit occurs froa
observations that the output of the sensor coil with a
parallel resistor and  capacitor of appropriate values has
characteristics of a Butterworth filter. The theory of the
Butterworth filter is developed in detail according to circuit
theory. Laboratory results concur with theory and give more
support to Fig. 1-1. A useful improvement in the design of a
60 Hz rejection filter results from this analysis which is
discussed in detail in Chapter II.

The primary intent of this thesis is to investigate the

practicality of two methods of relative calibration for



finding the frequency response of the induction
magnetometer. One of +these methods is called the bridge
method in which one arm of a Wheatstone bridge circuit is the
sensor coil of the magnetometer. It will be shown that enf
generated in the sensor .coil by an external time-varying
magnetic field can be simulated by driving the bridge with a
signal generator.  The other method, called the secondary coil
method, is one in which a small secondary coil is wound on the
core coaxially with the sensor coil and creates magnetic flux
to be detected by the sensor coil.

The secondary coil method has the disadvantage that an
extra cable is needed between the secondary coil and the
applifier system. In the field, the coils and the anmplifier
electronics are separated by approximately 100 yards im order
to prevent spurious noise generated by the electronics from
being mixed with the natural signal. Thus, it would be better
to have one cable instead of two, not only from the standpoint
of cost and convenience, but also because the possibility of
undesirable cable effects would be reduced, i.e. "cross—talk¥,
This problem makes the bridge method more desirable as a
calibraticn procedure, .

An absolute calibration must be carried out in order to
determine the 1level of the relative frequency response
curve, This is done by comparing thg output of the Mu—-metal
core system to another system which is already calibrated.
This second system is an air core magnetometer. Sensitivity

[

of an air core coil can be calculated exactly knowing the



geometry of +the coil and its turn number. The two
magnetometers are set up in the field, approximately 100 yards
apart, and record micropulsations. The assumption is made
that such a global ‘event will  not change over this
distance.  Some micropulsation events are recorded as
sinusoidal signals and it is this type of event which is used
for the comparison. Readings can be made over a number of
cycles so that the error of this measurement is small.

Finally, a theoretical approach is taken. towards the
sensitivity of a coil in order to elucidate which parameters
are significant. The parameters of interest are the coil
dimensions, the  gauge of the wire out of which the windings
are made, and the permeability of the core.  Such an approach
would be helpful when designing new sensors.

The specifications of all of the coils used for this
research are given in Table I-1. Tbesg specifications will be

referenced throughout this thesis.



Turn R L C Inner Outer Length
Number ) (H) Diam. Diam. (cm)
(cm) (cm)
Air Core Coil 5000 5130 120 .50 uf 149.02 -} 151.40 4,76
Mu-metal .
Core Coil (1976) 50,000 1831 930 [.188 uf 3.17 7.30 45,72
Secondary Coil 20 —— 011 —— 3.17 . -—— ———-
Calibration Coil 1000 11 17.14 ——— 241.3
Mu-metal
Core Coil (1975) 50,000 2230 1050 .048 nf 4,00 9.5 35.56

Table I-1 Coil Specifications




II-1 Introduction

The rejec?ion of 60 Hz noise is a problem which requires
careful consideration for a magnetometer +that is being
designed to detect.micropulsations. At low noise sites which
are carefully chosen in the field, the noise is considerably
reduced from what it would be in a city. It is necessary to
reduée the 60 Hz noise by at least a factor of 100 before
allowing the signal to be amplified. Otherwise the amplifier
may be overloaded or the micropulsation information lost due
to the extremely low signal to noise ratio.

One method which has been used for some previous
magnetometers is to place a Twin-T.filter, a notch filter with
center frequency at 60 Hz, directly between the sensor coil
and the amplifier. It will be shown in the discussion which
follows that the frequency response of the signal output from
the Twin-T filter is dependent upbn the input impedance of the
amplifier. This is not a desirable effect.

There is a different approach to the first stage of the
60 Hz rejection problem that is better for two reasons. One
reason is that the frequency response 1in the micropulsation
range 1is ensured to be flat. The other is that only one
resistor and capacitor are needed instead of six carefully

matched components for a Twin-T filter. This approach



requires making the semsor coil and the parallel RC

combination into an analog Butterworth filter.

II-2 Theory of Twin-T Filter

The filter of interest is the syametric

circuit diagram is shown in Pig. 2.2-1.

W=

Twin-T. A

/N

Fig. 2.2-1 The symmetric Twin-T filter

To aide making a circuit analysis, the circuit is

to that pf:

generalized



This 1s a parallel connection of two networks and

may be
depicted schematically as:

Each network may be described by a matrix equation in current,

admittance and voltage,

L'- YV
=Y

To describe the network as a whole, consider the figure:

1 1g
v, 1 ) Y ) IVZ |
fl I:\')_ :
Thens T T T T T RO .
T=1T+T1"
vV = vi=vVv'

This leads to the desired result:

L=(Y+X"y

This last equation is important because

it means that the
admittance matrix of a number of

networks connected 1in



parallel 1is the sum of the admittance matrix

of

each .

individual network. In the case of the parallel-T network,

the entire network. can be broken down into two

netvorks of the type:

" The mesh equations for this network are:

VI =(Za+zb) I. + Zb Iz
Vot BT+ (Z\,“‘ Z¢)I,_

The matrix representation which follows is:

V, Z‘ 4 zh Zb I(
Vl Z\, Zb* 2< Iz

Or, more generally:

Vl - zu 2 " I '
Vz 2:_\ zll I'L

simpler

It is of 1interest to have the matrix equations in the fornm

I=YV. The Y matrix, or the admittance matrix, is the

of the Z matrix. Thus, I=YV implies:

inverse



I v { zll -Z 2 V'

- ——

I,_ lz| = 24 Z, Vq_

21 1s the determinant of the Z matrix. It is necessary to

determine the Y matrix for each of the parallel-T sub-

s

networks. The first network to consider is:

The resulting Y matrix is:

\ \
‘ . R+ 2wl 2;wC
Y - JWw C
-— R{1+;wCR) \ R {
- opmmam——— +
2,ul Zjul

The second network .to consider is:

1 1

- jwC
|
|

: ) ~
: 5 I 2
' 2

A
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This has the Y matrix:

=
N} R

R i

- R R,
2 2 jwl
The Y matrix for the entire parallel-T network as depicted in

Fig. 2.2-1 is then Y=Y +Y” . This matrix is:

X = 2.2-1

Yo oYy

‘*"‘!'JwCR + (JwCR)l

where: Y” < s
2R(1+;wCR)

_ |+(qu.R)l
el 2R (1 + jwCR)

The ultimate'aim' of this discussion 1is to find the
frequency response of the Twin-T network when it has a signal
from the sensor as input and when it 1is terminated by the
finite impedance of the amplifier system. Schematically, this
is depicted by Fig 2.2-2. The matrix eguation describing this

system is:

V\ A\ 8l AL B'L V3
T, C. D, C. b, I,

[X}



V‘ - A|A1+ B\ Cl A\ B; + B| Dz. V3
I| ClA1+ DICZ G Bz+ Dl Dz I3
Y- Y v,
¢ D I,
I
Iy g J
v.T | % 5 T vz' Ay By "v'3' %R
i
o C Dl C2 2
Sensor Coil Twin-T
Network o
Pig. 2.2-2

From the matrix equation, it follows that V, =A'v3+B'I§

since I,=V, /R, , the resulting transfer function is:

V3 - R.: .
R'R.+ B’

\Y

1

The matrices depicted above are not in the form: of

the

12

and

1

matrix. In:- the terminology of electrical engineering these

have the form of the F matrix. The required transformation
is:
|
A, B, o L
F - - Ya Yu
— c
2z z ) \%l Y"
Ma X

where: IYE = Y Yo - M X5,



To compute the F matrix for the sensor coil, consider

following circuit diagram:

From the RLC loop, an equation camn be derived for I.

L= i‘"’cvz + Iz
From the potential drop across R and L:

V. -V
I, -

-
-

R+3wL

This leads to the expression for ¥V, :

V, = (\-W=Lc+;..,ca)vz+ (R+,‘wL)Iz

The sensor coil matrix is then:

A, B, -w*lC + 3wCR Rtjul
C. D, ywC |

Now all of the quantities to

transfer function of the system in Pigqg.

final result is:

13

the

determine the complete

2.2-2 are known. The



A’R;"'B'

where: A = A\A1+ B, C

' T

B' = A B, + B,D,

A= - wrLC + [, CR

B,* R+ ul

Avs o

B, * -‘—;:

¢ = Yoo X
Yia

Y" ) le are defined by 2.2-1

2.

14

2-27
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I1-2.1 Computer Results

A computér progran was writtenm to compute the transfer
function of equation 2.2-2° The results of this computing
may be seen in PFig. 2.Z.71-1. The striking feature +to notice
is how the shape of the transfer function changes as a
function of the terminating impedance of the Twin-T network..
This terminating impedance is the input impedance to the
anplifier system. If the amplifier is an integrated circuit,
then its input impedance could easily be of the order of 10Ma
and a severe ringing effect will occur near 5 Hz. This
ringing is the result of coupling between the coil inductor
and the Twin-T capacitors., If the amplifier input impedance
can be reduced, then the ringing effect will lessen. The
curve for an input impedance of 7.5 Ka shows no ringing at
all and has a smooth drop off., However, as described earlier,
such a response curve can be obtained by exploiting a
Buttervorth filter. It would require only one resistor and
capacitor in ‘parallel to the coil.. The Twin-T would reguire
six carefully matched resistors and capacitors, and in the
case of balanced input, twelve elements would have to be
matched instead of six. £ Im practice, this nmay be a
troublesonme regquirement., . It should also be noticed that as
the terminating impedance is reduced, the sensitivity at the

lover frequencies is reduced. This is not a desirable effect.
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Fig. 2.2,1-1 Computer simulation of the frequency response
of the coil/Twin-T sensing system



17

I1-3 Theory of -the Butterworth Filter

The theory will now be developed for an analog

Butterworth filter. The circuit to be analyzed is shown in

Fig. 2.3-1. A resistor and capacitor are placed parallel to

the output of the sensor coil.

! . L

——SSYTT N o— °
V. @® e O N \Y
* TC CI__‘ ! °
MV — O °
R

Fig.2.3-1 An Analog Butterworth Filter

To determine V, , first find the equivalent impedance of the

three parallel quantities C, C, and R,.

:‘UC + )wc‘ + -!é-

"

L
z

R,
} o+ SW(C"'Cl) R\

The equivalent circuit becomes:

L
ST —o
W B
—awww—L 15
R

V, can now be found from the voltage divider method.

V, = 2 N,

R+ jwl + 2 7t
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After substituting for Z, a considerable amount of algebra

leads to the result:

IS4
V V, e
] = 2 Y )
L)+ flee (B ulecfiorc (o]

2.3-1

L

40wl {cee, )R + =

-e-: tan [( )R ']
R
(1 ;\3' wicee)

This equation for V, can be put into a non-dimensional

form. The following substitutions will be nade:
1. Let x represent the ratio of d.c. resistance of the

sensor coil to the terminating resistance.
o = — 2,3-2

2. Let B represent the inverse Q factor of the R-L-C

series circuit.

B = —‘Q~ = RI(UC.\/L‘ 2.3-3

3. Let f, represent the resonance frequency of the R-L-C

series circuit.

-F“’ T oow iL(c«»c.)

Now equation 2.3-1 can be re-expressed as:

2.3-4

e
V: e

V. = 2.3-5
(-] .

LOes(pe -2V (2)7]™
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where G = ‘tcm" (B+§ )(-@/.{:‘_)
. A (tre)-(F8)°

In order for the circuit 2.3-1 to respond as a Butterworth
filter, the term (f/f.)2 nmust be made to approach zero., A
Buttervorth filter of any order is present when the transfer

function contains the following expression:
£ (1 ) {
\ H(F‘,) - \+( )ln

A plot of the transfer function for the Butterworth filter of

]

orders n=1,2,3 can .be seen in PFig 2.3-2. It is evident that in
the case of equation 2.3-5, this is a Butterworth filter of

order 2 since it is of the form:

(8

2.3-6

!&
Vv, \+({-‘r)“’
if the second term in the denominator can be made negligable.
It~ éan be seen from the circuit diagram 2.3-1 that it
would be desirable to have R, large compared to R as this
would increase the sensitivity. Thus it can be expected that
%<1., In the case that «20, the second term vanishes for:
B=12
In the case that 0<«<1, the second term vanishes for either of

the following two values of pg:

B
P

1)

|+ ]]-a"
l“,] -

1f
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Fig. 2.3-2 The transfer function for the Butterworth filter
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If 0<«%<<1 ., the binomial series expansion may be used to show

that the above two values are. approximately egqual to:

-1z (1-5«)
B - */IZ

In the case that «>1, there is no B which can make the second
term vanish., This is another reason why « is desired to be
small.

In practice, it is best to determine B first and then
make « equal to that  value which will nullify the second
term.  As the. sensor will be used to detect micropulsations,
it is desirable that it have a flat frequency response over
" the range from.uﬂoogrﬂz'{é{hz . Also, since there 1is a
considerable amount of man made noise at 60 Hz, it is
necessary to optimize the qualities of the Butterworth filter
in order to reduce the amount of noise picked up by the
sensor. The amplitude of the 60 Hz noise can be dropped by a
factor of 100 if the cut-off frequency 1is made equal to 6
BHz. Thus, C, can be determined from equation 2.3-4 provided
the coil parameters R, L and C are known. 'This leads to:

L~ - C

Gt
T (2me )

C, =

2.3-7

B can now be found from eguation 2.3-3. The value of & which

will nullify the second term in 2.3-5 is:

X = pSz-ﬂ‘

If B>J7 , no d can make the second term vanish. B for this

type of sensor is typically of ‘the order of 10-¢-10-2 , Ueda
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and Watanabe (1975), so there is not any threat fﬁét this
condition might occur.. Thus, R can be found fron the

equation:

2.3-8

~
n

952'8‘

II-3.1 Laboratory Results-

The circuit of Fig. 2.3.1-1 was set up in the laboratory
to determrine whether the theory of the Butterworth filter is

correct for the coils. .

A 1 ma rms

cAHHRRRRARAD

[1.C;

ll ‘-R '
AWML

¢ v
O¢ out >0

Fig. 2.3.1-1 Laboratory Set-up for the Butterworth Filter

A sinusoidal nmagnetic field wvwas created inside a 1large
calibration coil. The intensity of the field at the center of
the coil is 1471: Gamma from the rms current of 1 ma that flows
through its Hindings;, The sensor coil was placed inside the

large coil. The time-varying magnetic field induced a
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sinusoidal enf in the sensor coil and the ocutput from the coil
was measured across a paiallel RC load. From equation 2.3-7,
the corner frequency of 6 Hz and the <coil specifications of
the Mu-metal core coil {1975), {see Table I-1), the value of
the parallel capacitor was determined to be .67 wf. Then,
from egquation 2.3-3,B=.0565. This 1leads to the value B,
=28Ka as determined from equation 2.3-8.

The results of the laboratory experiment can be seen in
Fig. 2.3.1-2. The frequency response is flat at the lowver
frequencies and begins to drop off at 4 Hz. The amplitude has
dropped by nearly a factor of 100 at 60 Hz. It should be
noted that V., din Fig 2.3.1-1 has been divided by freguency
because the emf induced in a coil by a changing magnetic f£flux
is proporticnal to frequency and the amplitude of the magnetic

field.
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HEORY OF THE- BRIDGE METHOD-

ITI-1 Introduction-

The original idea to calibrate the induction magnetometer
by using a Wheatstone bridge was conceived by Dr. R.D. Russell
at the University of British Columbia. This idea stemmed from
a  previously successful undertaking to calibrate an
electromechanical seismometer using a Maxwell bridge, Kollar
and Russell (1966). |

The first part of this chapter will be concerned with
intuitively analyzing the Wheatstone bridge according to
Norton?s theorem, otherwise known as the current source
model. The remainder of the chapter will present a detailed
analysis according to Kirchoff's laws., The bridge system will
be analyzed for three configurations. The first will be when
the mpagnetometer 1is making observations and the bridge is a
part of the electronics.. It is hoped that the bridge can
always remain a part of the nmagnetometer electronics so that
it will not need to be wired into the system every time a
calibration 1is made. The second configuration will be the
proposed calibration procedure in which the bridge is driven
by an electrical oscillator. The third will be to compare the
case of observation when the bridge is not present to when it
is. This last step is required in order to determine how the

presence of the bridge could distort data.
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III-2 An Intuitive Approach Using-the-Norton- Equivalent-

It 1is the intent of the developement which follows to
show that a rate of change of  magnetic flux,& s can be
simulated in the sensor coil by driving a Wheatstone bridge
with an electrical oscillator. The sensor coil will be one
arm of the bridge and the equivalent circuit which will be

used for it has already been. givem in Fig., 1-1.  The

Wheatstone bridge is shown in Fig. 3.2-1.

Fig. 6 3.2-1 The Wheatstone bridge

As the sensor is to be used for micropulsation research,
frequencies of interest will be between .002 - ‘4 Hz, SO thatv
the capacitive reactance of Fig. 1-1 is negligable. Also, it
is assumed that- the anmplitude of the signal fron the
electrical oscillator "will be much 1larger than any signal

which could be induced in--the coil by a natural amagnetic



27

event. Therefore E>>V.  Two further assumptions which .are

made concerning the magnitudes of the bridge components are:

Ry > R
R3 >> R1 3.2-1

Also, the bridge is balanced at d.c..  This balancing

condition is expressed as:

RR,= R, Ry 3.2-2

In order to simplify the analysis, the Norton or curreat
source equivalent is to be found between the points a and b of
Pig. 3.2-1., This is done by removing L and short «circuiting
the two points a and b. The current which flows between these

points would be:

ib’*—E——’ﬁ—E— 3.2-3
q’ R+ R, Re

Next, consider the impedance when 1looking in from the twvo
terminals a and b. The impedance would be R+R_+R, if R D>>R_

and R;>>R, . Then, the equivalent circuit which follows is:

R
WW—] Ry

|t
=
el
N
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For a coil of VN turns immersed in an average magnetic
flux per omne turn of the coil, ¢, the total flux through the

coil is Né. Thus, the emf induced in the coil by the changing

flux is:
| E=- S; (No) 3.2-4
But, it is also true that:
E:-%(Lz) 3.2-5
Applying Norton's theorem, the equivalent source current is :
- N¢ 3.2-6
L

Using the result of 3.2-6, the Norton equivalent of the semnsor

[
SH

Pig. 3.2-2 ﬁbr{ohreéﬁivalent of the semnsor coil

becomes:

||
|

L"‘IZ
e

O

If the currents through the inductor in the cases of 3.2-3 and
3.2-6 are equal, then an important result exists between the
amplitude of the driving voltage and the flux through the

coil:

E _ N¢ 3.2-7
R, L
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IXI-2.1 Theory at Higher Prequencies-

If the Wheatstone bridge is going to be used at- ﬁigher
frequencies, then the capacitance of the sensor must be taken
into account. To compensate for this, an inductor L, is added
to the R, arm of -the bridgé.J The bridge circuit which follows

is shown in FPig. 3.2.1=1.,

= @

Fig. 3.2.1-1 Wheatstone bridge at higher frequencies

The Norton equivalent circuit which results from .using the

condition 3.2-1 is shown in the following figure.
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. R :
' R —E
: a —— .
4 . —_— 2 R3+JL0L3
L
B

w | =

Pig.,3.2.1—2 Norfon equivalent of the Fheatstone bridge

In order to arrive at a new Norton equivalent, short the

tvo points a and b.,, Then calculate the current which flows

through R. Currents are defined according to Fig. .3.2.1-3..

b,

I i, ¢ S
E - S
R R 3
4 2 R3+JwL3

FPig. 3.2.1-3 Circuit used to derive a new Norftom equivalent

||
|

(@]
=
=

Let Z, be the parallel composite impedance of R and C.
R
Z‘ = —m ' 3.2-8

Applying Kirchoff's 1law to the R-2Z,-R, loop, the equation

which results is:

i(zo+r+2)= E(Bs Ry R ) 3.2-9
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Using the condition for the d.c. balanced bridge:

RR, = R, R,

CR = 2 3.2-10

E 3.2-11

Then, the current i‘ flowing through R is given by:

)
' (li—ijR)

. |
L o
R-r

Therefore, the equivalent circuit becomes:

E_ 1 L ] R

If i, and i of equation 3.2-6 are equal, then the result is:

3.2-12

The importance of the results 3.2-12 and 3.2-7 are that
they predict that a rate of change of magnetic flux, ¢ , can be"

simulated in the sensor coil by driving a Wheatstone bridge
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with an electrical oscillator. In practice, it is much
simpler to sipulate a magnetic flux in this manner than it is
toc 1immerse the «coil in a wuniform <calibrating field. A
frequent method which is used to create an artificial field is
to put the sensor coil inside a larger calibration
coil. Besides being physically cumbersome s¢ that an
investigator would not want to bring a calibration coil along
to the field, it costs nearly as much to build as the sensor
coil. By using the Wheatstone bridge method, the calibration
can be carried out at any time and with very little expense.
At this point, the problem of the absolute calibration is
not worked out too well., The total flux N¢ is related to the

external field B by the relation:
N¢=§ 8-~ dA
s

. According to Dr. R.D. Russell at UBC, the calibration of
sensors is reduced to finding expressions for ¢Ain terms of H,
and for L in terms of the coil gecometry. The problem of

absclute calibration will be discussed in detail in Chapter V. .
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IXI-3 Theory of the Bridge Method-

A detailed circuit diagram for the bridge is shown in
Fig. 3.3-1. 1In practice Z, ,Z, and 2, are pure resistors. It
was originally hoped that Z, would consist of the BLC
configuration sketched below.
R L
o——T MWW TSTIN °
|

Theoretical 23 ’

c

In this way, both an a.c. and a d.c. balance could be achieved
using the bridge. Theoretically and experimentally, this
configuration would vwork except for. the fact that a large
inductor, of the order of 10 Henry, could not be found which
had negligable resistance. Even a resistance of 50qa was large
enough to render the a.c. balancing condition useless. A

sketch of the laboratory 2, is shown below.

R R L

L
o WM ———— AW — i ——
I o
c Il Experimental 23

¥hat follows is a circuit analysis of Fig. 3.3-1 which
will show that this type of bridge arrangement will truly
reflect the frequency response of the ‘induction magnetometer.
Let B ,L, and C, be the d.c. resistance, self-inductance

and capacity of the sensor. For convenience, introduce the



MW

N,
Kd

I

Fig. 3.3-1 The bridge circuit with parameters as they are defined for circuit analysis

Vi)
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quantities:
X\ = R“"ij, 3.3-1
\
Y‘ -3 J'wcl 3.3—2
- X, Y
2, - 3.3-3
X+,

E, will be the emf caused by the signal generator. E, will be
the erf generated by the time variations of the magnetic field
of the earth. A system of equations can now be defined by
applying Kirchoff's law to current loops. The X,-Z,-Z, loop

vields:
Ev= X, I,+21I,+2 T,
The Y, -2,-Z, loop yields:
O= Y, (I-T)+2,1I,+2,1,
The Z,-2, -Z, loop yields:
.= 2 (I-L,)-3(I,I,)-%,1,
The 2Z_-2,-%Z, loop yields:
O=21-Z,(I-1,)-2,(I,-T;)

These equations can be arranqed, regarding I,,I,,I, and I as
the independent variables. The corresponding matrix equation

is:
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E, ' z, 3,  © I
0 - =Y, 2, Z, Y, I,
E, o -(2,+2,43) 2, 2, LY
o) o -2, (2,4Z,+2) -2, 1
3.3-4

Let D be the determinant which is defined by the

coefficients. It can be evaluated as follows:

D= -(%+Y.)D, - X,Y,D, 3.3-5

where:
D. = anzzzg +(zg+zu~)( zz+zs)}
+ ZH-( zzza + Zszs+75 Zl)

2

Dz = (Zo+,zz.+z'§\( 23-*2* +zs)_ 23

The current Iy is the key to the frequency response
because it flows through the 1load impedance %,. 1If this
method is going to properly determine the frequency response
of the sensor, then‘ it must be shown that

(Ig')"

calibration, —const ¥ (I3)

. o The observation
observation

L e L

condition implies that I, is the result of currents induced in
the sensor by a fluctuating magnetic field and E,=0. The
calibration condition means that I, is caused by the emf of
the signal generator and E_>>E,.. Therefore, the system of
simultaneous linear .algebraic equations must be solved with

respect to I, for the two cases.
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III-3.1 Case of Observation-

For this case, E #0 and E ,=0. The solution of the matrix

equation 3.3-4 gives:

(Ii)obs - 1‘ g 29(234‘2“0)*' ad 21423)} E,

3.3.1-1

The natural magnetic field fluctuations may be defined in the
following manner, where B is the amplitude of the field
changes and S is the absolute sensitivity of the sensor coil:
wt
£ = ¥ :\wSBew

\ 3.3.1-2

IXI-3.2 Case of Calibration-

For this case, E,>>E,.. The solution of 3.3-4 gives for

E =0 and E, #0:

(L) » AXNNZZ22)

E 3.3.2-1
o

The numerator of this last equation can be reduced to a
simplified form by making some substitutions and
approximations. PFirst, substitate for Z, according to

equation 3.3-3. . Then:
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KNR 22,20 XY Z,- (x0Y,) 2, 2,

Next, assume that the branches 12, +Z, and 2, are all pure

resistors. That is Z,=R, , Z,=R,; and Z,=RB.. Then:

(¥ +Y)N22,-2,2.): X, YR, - CX+Y)R,R,
Now substitute for X, and Y, according to ‘equations 3.3-1 and
3-_3-3',
L .
(x+ Y )2,2,-2,F,)= ( ‘5 Ry~ R.R.R,)- swk,R,R,
.
-37g, (RR,-R.R,)

If -the bridge -is balanced for the d.c. calibration signal,

then the condition which is met is:
R,Ry = R,Ry 3.3.2-2

This leads to the result:
(% X2 2,-2,2,) = (- R} R, - jwblRR,

As L ~103H, C,210-7F and R =103, the condition is well
satisfied that:

L‘ 2
—_— 3.3.2-3
' > R,

The equation reduces to:

(X.*“(,)(Z,ZB—Z,?,*) : % R, - swLR Ry
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For micropulsation: research, the frequency range of interest
is .002 Hz'< £ < 4 :Hz.. The gquotient 1/CRx10%. Then, a final

assumption can be made that:

W €€ ——— 3.3.2-4
C. R,

It should be noted that this last condition will break down at
higher frequencies., Whereas it is well satisfied at the lower
frequencies, below 1. Hz, at a frequency of 10 Hz, the
condition is really not too vwell met. , Substituting C, =.2 uF

and R =2Kaz

\

—_— 2 K0
wC R,

Thus, the final reduction of the numerator of equation 3.3.2-

1, keeping in -mind that £ £ 5 Hz, is:

(X, + ¥ YW 2,2,-2,2,) = %% R, | 3.3.2-5

Now the ratio (I3) o /{I ), ©Can be calculated using 3.3.1-=1,

3.3.2-1 and 3.3.2-5:

' (13) cal - L w L\Ra , " E.,
(Iz\obs 20(R3+R-.)+ Rw(Rz*’ R;) E—;

Using 3.3.1-2, the final result, keeping 4in  mind conditions

3.3.2-3 and 3.3.2-4, is:

(I'JCQI - \ iL,R; t.

———— e

(T)we  ZARFR,)* R,(R*R,) 58

3.3.2-6

Thus, the important conclusion is that for the d.c. balanced
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bridge:

(T« (I, 3.3.2-7
The ratio (It Z7{I3)0ns is independent of
frequency. , Therefofe, the frequency response of
(I;)ar faithfully reflects that of the induction
magnetoneter. .

III-3.3 Computer and Laboratory Results-

The success of the bridge method will depend upon how
well two conditions are satisfied. These conditions are:
R, >DR,
R, >>R, 3.3.3-1
If these conditions are poorly met, then the output from the
bridge may differ considerably from the case vwhen these
conditions are met, A computer prograr wvwas wWritten to
precisely determine how the response curve for the sensor coil
would be affected by the ineqnality., The. equation programmed

vas V={I,),;,. 2 where (I;),,, 1is defined by 3.3.1-1._. These

s
results may be seen in Fig 3.3.3-1., The program was written
with R;=R,. The curve which results from R,=.5R, and R, =2R,

differs substantially from the curve vwhen R®,=.02R, and
R,=50R; . There is not much difference between the curve for
R,=.05R, and R, =20R, and the curve when R,=.02R, and

R,=50Ry. The conclusion is that the condition B >>R, implies’

R, 2208, and R,>>R, 1implies R,<.05R,..
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A
-

of the conditions R, R, and R > R, on the
response of the magnetometer systef when us-—
ing the bridge method

L )
Y - ,’) . .
I’/" \
/4
A A0
al
T ! i
2 3 4 6 8 W 2 3 e § 8 .10
Frequency (Hertz) °
KEY:
N _R2=.5R1 R4=2R1
———— R2=. lRl R4=10R1
_— R2=.05Rl R4=20Rl
- —- 2=.02Rl R4=50R1
Fig. 3.3.3-1 Computer.simulation to determine the effect




42

A laboratory experiment~was‘petformed to determine the
frequency response of the magnetometer system using the bridge
method. 6 The <circuit diagram is shown in Fig. 3.3.3-2._  The
bridge resistors were determined according to the conditions
3.3.2-2 and 3.3.3-1. ., To satisfy the condition 3.3.2-2,
R, vas made approximately equal to R ', R,=R,/20 and the bridge
wvas adjusted to zero d.c.. output by the variable resistor.
R,. . Also, it must be noted that the first:stage of the
amplifier system is a chopper amplifier (see Appendix 2) which
requires a balanced input  signal. This is the reason: for
using the inverting. amplifier as part of :the input ‘signal
electronics to the bridge.,

The results of -the laboratory test can be seen in Fig.
3.3.3-3. . For convenience, the data has been normalized to the
value at 2 Hz. K The dots represent data points obtained inm the
laboratory. ,; The smooth curve is the result of a computer

analysis. The equation which .was programmed is:

Ve (Ty)one * 2, » TG 3.3.32

T{jw) is the transfer function for the amplifier electronics
and 1is derived in ‘Appendix 2. 1As can be seen, the agreement
betwveen theory and the laboratory is excellent.

The phase is shifted by 90° in the low frequency range..
This is because the enf is induced in the coil by Faraday's
lawy of induction which states that the emf around a stationary

loop is proportional to the rate of .change of flux through the

loop. db
em{::—;—

d—
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For a field which is ncrmal to the loop:

4 =] Bnd - BA

let B=B,e’" . Then :
em*F = - SWBA

Thus, it is expected that the emf will lag by 90° at the lower
fregquencies. At the higher freguencies, the phase will be
affected by the low pass filters of the amplifier electronics,
of which there are seven orders. It is no longer such a
simple problem to predict what the phase response will be, as

in the lov frequency case. .

. e G—— S ———— et e it gt it g gt et ety b .

5 in the case of

observation with the bridge can be found using eq. 3.3.3-

The voltage output as measured across 2
2., It is given by V,, = (I,),,*Zs.

Vobs = Y, % Z,(Z-,*‘Z.,) +2,(2, ""Za)} Z,
D

E, 3.4-1

It is desired that the result 3.4-1 concur with the case
of cbservation without the bridge sc that it will not be
necessafy to have the bridge, as a perranent part of the
electronics. If the sensor coil is to be operating in the

field without the bridge, ., then a diagram representing the
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input voltage to the amplifier system is shown in Fig. 3.4-1.

l . 3 T 3
Xl . Xl i
Yy Zg | Vppap <—> Z 1 Vegpan
I
b4 N 4

Fig. 3.4-1 Diagram of sensor coil and load impedance

X and Y, are given by equations 3.3-1 and 3.3-2

respectively.  The conposite impedance of Y, and Z, is given

by:

Nz
L7 N7

Then the current I is:
I=E[(X*Z)

The potential drop across Z, is:

The ratio of the output voltage to the input voltage is:

VaeaL - 2
E X, + 2

By making the substitution for Z, this last result becones:

22

Veeat 3. 4

|
E X, (2,+Zs)
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If the bridge method is going to be used for .calibration
purposes, then it is necessary to show that V =~ V.., .; The
equation for V,, 1is much more complicated than the one for
Veea. ¢ but by carefully considering orders of magnitude of the
gquantities which are involved in each term, it can be shown
that V., is essentially identical to V,.,, . As a starting
point to evaluate these orders of magnitude, let Z,=10a, Z,=R,
2,=R/20 and Z ,=20R, vhere R is the resistance of the sensor
coil and taken to be approximately 2000qa . Also let
Z2_=10000a . By evaluating all of the terms of D according to
equation 3.3-5, and retaining only the largest terms, it can

be shown that:

D= Z2,2,2+%2 2 +%, 2 Z, 3.4-3

The error of this approximation is of the order of 6%. By
evaluating the numerator of 3.4-1 with the same substitutioans

as vere made for D, it is apparent that:

Z(Z,+2)+ 2, (2,v2) = %37, 3,44

This approximation is of the order of 5%.., With all of these
reductions of terms and noting that for pure resistances

Z,=R, and Zw=§¢, 3.4~1 becomes:

‘ Y| szs E
(% Y,) iRw(ZﬁZe“?‘Zs} |

~
vobs ~

3. 4_5
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Upon rearranging terms:s .

Vo Z Zs . ' E 3.4-6
S §
X, (2, +2Z,) ,
|+ — ( Z‘Z‘)

2 rEg

If B, can be made 1large enough, then: the radical in: the

denominator containing R, becomes small :and V,,  reduces to:

v L. __Zds ¢ S 3u4-77
Vobs ™ X, (Z2q+2,)

This is identical to 3.4-2. . It must be noted that R, of 3.4-6
cannot be increased to a very high value without reconsidering
the approximations of 3.4-3 and 3.4-4., If R, is to be made
larger than 20 times the sensor coil resistance, then. it is
imperative that Z, and Z, be small, certainly less than 100a
and preferably of the order of 10 .  Otherwise, the
approximations 1leading to 3;4—7 will no longer be valid and
the voltage output as measured across 2, in the case of
observation with and without the bridge will no loager be
comparable. .

The physical significance of 3.4-6 is interesting in
itself. What it means is that the bridge circuit of Fig. 3.3-

1 with B,=0 effectively reduces to the following:
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-]

O

Fig. 3.4-2 The essential elements of the bridge circuit

The effect of the term containing R, has been observed
from computer simulations. The results of the computer
analysis can be seen in PFig. 3.4-3. Egquation 3.3.3-1 was
programmed with and without the R, term as given by 3.4-6. The
same values of bridge components were used as shown in Fig.
3.3.3-2. It can be seen that the effect of Z, is to cause a
seall separation between the two <curves with. the maximunm
separation occurring at 2 Hz.

By comparing Pig. 3.4-1 and 3.4-2, the fimal conclusion
reached is that V,,, ~ Vqo;n. oODnly if the effect of Z, can be
reduced by wmaking :it a high value. This infers that the
conparison of cbservations between two systems, one with the
bridge as a permanent part of the electronics and another
without the bridge, may have a slight discrepancy which can be
attributed primarily .to 2, acting as a parallel 1locad across

the output of the senscr systen.
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CHAPTER-IV-

THEORY - OF ‘THE SECONDARY- COIL-METHOD-

IV-1 Introduction-

When using this method to determine  the frequency
response of the magnetometer system, a time varying magnetic
field is created by a secondary coil. The secondary coil is
aligned coaxially  with.  the sensor coil and at the center of
thg coils is a Mu-metal core., The field is detected by the
sensor . coil., It 4is. the: purpose of the derivations which
follow to show that the frequency response can be accurately
determined wusing this approach. . As in the case of -the bridge
method, the input :voltage to the anmplifier system will be
derived when the :system . is being calibrated and also when it
is in its normal .observational mode.,6 Pinally, a  comparison
will be made between .the frequency response which is obtained
from the secondary coil method to the one obtainedv.from the

bridge method. .
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IV-2 Theory of Operation-

e
I i £
N I o/ T
i Py |
' | =R, <
Re R — R’*ny, — RS
! Vcl LZ oL, S C,
| P l
T I ]
Y L <
Secondary Sensor
coil coil

I
i

Fig. . 4.2-1 The secondary coil method at the time of operation

The circuit which is representative of the magnetometer
system vwhen it is 1in the observational mode is depicted in
Pig. 4.2-1., The parameters C,, R, and L, are the secondary
coil constants. . Y is defined as:

\( = JwM 4.,2-1
Qhere M is the matual inductance between the two coils. R, is
the 1load on the. secondary coil that is adjusted to remain
constant when the signal generator .is added for <calibration
purposes (see PFigs., 4.2-1 and 4.3-1).. The sensor coil
constants are R,, L, and C,.. Because of the geometry of the
two coils and the fact that they have a Mu-metal core in
common, there is a possibility that the response of ‘the sensor
coil 'in the observational mode could be distorted by mutual
inductance between itself and the secondary coil. . It is the
purpose of this section to explore this problem in detail.

Let
Z:= R+jwl, 4.2-2

Z,° R+ juwl, 4.2-3
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LI J'.OLC,+C5)+-(_'{_ | bo2-4

—_— JuCL*-

2 4,2-5
2. R,

Then, the equivalent circuit at the time of operation:for.

observation -becones: .

12 Il

L ] £

Applying Kirchoff?s theorem, the two circuit equations are:

(2+2,)T, = E-YI,
(27_“'24\17_: _YI{

The soiution:forhI{ is:

I-= (2.:2.) — E 4.2-6
(Z2+Z)(Z+Z2)- Y

The input voltage to the amplifier is V;=I,%Z,.. In: order. to

make I, independent  of any effects from the secondary coil,

the following condition must be satisfied:

|(2.+23)(2,+2*)l » |y |% 4.2-7

An -upper limit to the magnitude of Y can be found by putting a
bound on M. If the self inductance of -the two coils are known
and it is assumed that all the :magnetic limes of force set up

by the first coil cut all the turns of ‘the second coil, then:
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the mutual :inductance M is given by: .

M= \Lt, | 4,2-8
It is not certain:.vhat percentage of magnetic lines set wp by
one coil will cut the turns of the other coil, so it is safer
to make this last equation into an inegquality.

M £ 31..Lz 4.2-9

Then, it is of interest to show that:

(Z+2Z)(2,~2,)

- > 1
u‘L\Lz

For the coils used, L,$1000 H and ng.oi H., Also, C3 =4.5uf

and R4y =7.5 Ka.,6 The coil constants are given in Table I-1. A

reasonable worst case result, which would be at: the. highest
possible frequency . that one might expect to observe
micropulsations, would be at 10 Hz. Substituting these numbers

into the last ‘ineguality:

( z‘ +23 )( -21+z'+) 720,000 - %00

w* L‘ Ll 00

Thus, the condition 4.2-7 1is easily satisfied.,K The final
result - for the input voltage to the amplifier system is given

by Vous =2,I;: .

i} Z, -
Vibe = Zr3, E , 4.2-10

The conclusion is that the induction magnetometer .at the tinme
of operation for .observation is unaffected by the presence of

the secondary coil. .



56

IV-3 Theory of -Calibration-

In this section  the calibration. procedure will be
discussed.y A time varying magnetic field will be induced into
the sensor coil by .a .signal from the secondary coil. K It will
be assumed that this signal is ‘much ‘larger in magnitude than
any natural magnetic fluctuations so that E as defined in Fig.
4.2-1 can:be considered negligable., A circuit diagram for the

cali@;gtiqé-is Shqgn;ig.fig.{n.3-l.@

—-—-—" T
L Lo I
I I
R,é iR 'Y: R‘___: Rg 1
e ! S e 3 —Ic
Eo¢ VLB 1B o 9
} b }
L - - Lo _-_
Secondary Sensor

coil

coil

Pig. .4.3-1 The secondary coil method at the time of

calibration:

In order: to simplify the picture for .algebraic calculatioas,

the folloving substitutions will be made:

AL el e+ A
_23 Jd \ 93 R5
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The equivalent circuit diagram at: ' the time of calibration

becomes:
SRR — _
I2 I1_
R T YT, | ? |
0
Z Y4 Y , S
E c 2 Zl Z3

There;are"three loop equations which resault. .

(2+2,)I, - -YI,
2, I, 2.(1,-1I,)=-YT,
ZC(IL"Ig)"I;R, = - Eo

Solving this sféiem of.éaﬁations'fdrilig.

. Y .
' (Z,+R) (Z,+Z, W2, 42)- Y
v R.Z.
where ZL+= ?;::EZ:

Zc/(zc#R°)=1/(1fijlR°) is approximately egual to 1 if
| wC,R,| < 1*

The  laboratory. value. for R, is 6 Ka.. C, includes the
capacitance of the secondary coil 'and thét of the cable
connecting the secondary. coil to the signal generator. The
cable is normally long, frequently 100 meters or more._  The
capacitance of the cable is of the order of 10 nf.,6 A typical
cable capacitance is 50 pf/ft. Then, the total capacitance for

100m is- approximately .15 nf. The capacitance of ‘the secondary -

* This is not a necessary restriction, but a convenience.
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coil should be much smaller than this. K Therefore, at 10 Hz,
WC, R, » {20%) (6 K) (1.5x1078)=5.65%x10-3<{1. It has already been
shown that:

WZ+ZNEZ+Z N » Y°

Therefore, the simplified result for the current I, is:

- Y
L (Z+Z,)(Z+2,) £

o

The resulting voltage drop across the input to the amplifier

system when the magnetometer is being calibrated is V, =I Z,:

L Y2, 4.3-1
\/cql - (Z-+23 W(Z,+2,) E.

The ratio V,,. /V..,, can- now be found using equations 4.2-10

- - ., = 4,.3-2

The emf induced in the sensor coil by natural magnetic field
fluctuations can be described by:
o)
jt-T)
E= 2 LBe * 4.3-3
2m

where S is the sensitivity coefficient and B is the amplitude
of the oscillating magnetic field.., Substituting 4.3-3 and

4.2-1 into 4.3-2, the result is:
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Vobs | SB :‘w’t
— = — S (Z,+Z. ) e
Veal 2m ME, * ’ 4.3—.4

The finél observation  to make is that the a.c.,signal from the

signal generator is given by:

E, = E e ™"
Then :
e L 2B (7)) 435
Veal 2T ME, 4
Vobs . 2 $8 ( R+ jwl, + Ro) 4.3-6

VCcn | o M ES

As shown previously, wC,R,<<1 .and this implies that Z2,~R,.. In:
order - to make  4.3-6 independent;of frequency, the following

condition must ‘be .met:
(Ror R)>> wl, | 4.3-7

Again, the vorst case would be at the high frequency end, at

10 - Hz. " Substitute the values R,=11n , R =6 Ka and L =.01 H.

Then -:
__\f__L_’:._ ~ (20m)C.on) - \Q"+ 4< 1
R+ R, bx 10>

The condition 4.3-7 is easily satisfied. The final .result is:.
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Vobs _ i S B

VCG‘ 2‘“‘ i M Es

( Rz+ Ro) 4.3—8\

Thus, it is seen that the voltage output at the time of
calibration is directly proportional to the output at the time
of observation., It is expected that this method of
calibration will correctly produce the frequency response of
the magnetometer systen.,

The laboratory circuit diagram for the secondary coil

method is shown in Pig. 4.3-2. .

6K

\ lVVVW\, I AN AL DN A DA
| // ////// Mu-metal core
A M +4.3 K
\o«ﬁ %: .
® f Magnetometer .
E et uf amplifiers
0

0 a1_'1d filters

Fig. 4.3-2 The secondary coil method in the laboratory

The results from the laboratory analysis can be seen in Fig.
4.3-3 vhich shows the normalized frequency response and in
FPig. #4.3-4 which shows the phase response., In both cases, the
laboratory data is plotted as squares and the smooth curve

represents the results of a computer analysis. £ The equation

programmed is :

\ 2,2
Vi — 7 T 4.3-9
XI (Z\+25)

where X, and Z, are defined by 3.3-1 and 3.3-3 and :


http://_L.il
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| (10x)(43K) \
Z_= R + = : —
5 ed T s (543K)  jw (et uf )

This follows from eq., 3.4-7 apd from the derivation of the
amplifier system transfer function given in the appendix. The
agreemnent is ¢ urgedd en L between the data obtained
experimentally and the results predicted from the computer
analysis. , |

B plot with laboratory data can now be made which is
analogous to the computer plot of Pig. 3.4-3. This can be
done simply by comparing the laboratory results obtained from
the bridge method and the secondary coil method. On the same
graph appears the laboratory data of Fig., 3.3.3-3 and Fig.,
4.3-3. . This 1is shown in Pig. 4.3-5. The agreement between
the computer analysis of Fig. K 3.4-3 and the 1laboratory
analysis of Fig. #.3-5 is excellent.

A comparison of the results of the phase analysis fron
the bridge method and the secondary coil method is shown in
Fig.; 4.3-6.. The agreement between the two methods is quite

good.
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V-1 A-Laboratory- Approach-

Now that "the relative sensitivity of the Mu-metal core
system is well known, itz is necessary to determine the
absolute sensitivity.,6 Conceptually, the simplest way. to do
this would be to: put. the sensor coil in a known, uniform,
sinusoidally varying magnetic field and record the response of
the system., In practice, it is not easy to create an-
artificial field which. would be uniform over a volume large
enough to accomodate a three foot long sensor coil. , A logical
solution is to use the earth®s natural magnetic field when a
sinusoidal micropulsation:event 'is occuring. . An - air .core coil
magnetometer system is . used to precisely determine the
absolute amplitude of the micropulsation event. 6K The air core
cﬁil and the Mu-metal core .coil are located about 100 yards
apart and it is assumed that the natural event is_uniform over
this distance., The response of the Mu-metal core: system can
then be conpared to that of the air core system, thus
determining the absolute sensitivity of the HNu-metal core
magnetometer,, It: is necessary to do this at only one
frequency as the relative frequency response is already known
and linearity is assuned.,

The flux, ¢ ,through :a circular coil is : §= AB 5;1_1

vhere A=nR2%*N 1is the average cross-sectional area times the
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number of turns and B is the magnetic field strength._ 6 The

electromotive force induced by the changing flux is:

dé dB
v , - 92 _ 5dB 5.1-2
ef T d% dt

The output voltage from the amplifier system, with a d.c.‘gain»
G. and an input impedance R;, which would be observed is given
by 5.1-3.. H{(f) ‘is the transfer function normalized to the
d.c. .value and R is the d.c. resistance of the coil..
_Re

Vu‘t'—' VMFKG)&H({-)X + R

o e

5.1-3

It 1is convenient for. micropulsation research to express
electromotive force in micro-volts and magnetic field strength
in milli-gammas. , This leads to the following two eguations
where V., is in volts, V. ; is in micro-volts, B is in tesla

and B’ is in milli-gammas. .

'

Vem?
BI

(0° Vs 5.1-4

(A2
io B 5.1-5

Substituting these egquations into 5.1-2 leads to the result:

/

. - dgl
Vioe = (Ax107°) &2 ;

ome = ) it 5.1-6
If B’ is a sinusoidal field, then B’=B_sin2wft.  Substituting
this into 5.1-6 yields :

-6
Vemg = (2mA%10°)-£- B, cos 2m{+

or \/;MF = Sq-F- B, cos 2m€t 5.1-7

S 22wA*10-6 is called the absolute sensitivity when Vi, is
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measured in micro-volts, B, in milli-gammas and frequency ' in.
Hertz. At a frequency of 1 Hz, a field of 1 milli-gamma (10-8
Gauss) will induce. a potential of 1 nmicro-volt and the

sensitivy will be 1 .Caner.,

1 .Caper = 1uV/{my*Hz) :

Now two eguations can:be written, one for the air core coil
system and the other for ' the Mu-metal core:coil system by
substituting 5.1-7 'into 5.1-3. .  The superscript "1 is for the
air core and "2" is for the Mu-metal core.,

o)

) ) R Q)

V, < Su £ B, cos 2w £t . G‘n-}{;r:LE:; - H (f) 5.1-8
. x R .
Vou): S:\F B° cos 2wt - Gtw H( )“:) 5.1-9

Rtl\+ Ru) )
An important result occurs when the ratio of these equations
is taken., This is given by :

) ) (R3]

Vo“) ] g‘:z\ Gu\ R. ( R\ N R(n) \H_

(£]
. 5.1-10

V.Ll) S:'\ Gm ’ (R;‘“"- Ru)) ) P\:l) ) ‘Hu\(_(:)

As the agreement between computer analysis and laboratory
analysis has been very good for the work concerning the bridge
method and the secondary coil method, the frequency. response
of the air core:coil system is determined by programming the
circuit parameters on - -the computer. The circuit diagram for
this system is shown in Fig.,5.1=1., H(1) {(f) can be expressed

as the product of two transfer functions., The first one is
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Fig., 5.1-1 Circuit diagram for the air core system
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H ¢1J(f), approximately of a Buttervorth type. The second is
the transfer function of the third order low pass filter,
Hz(l)(f)'-‘

In order to determimne H,¢1) (f), consider the following

figure :

From this diagram =
Vi Z
E ( Z+R +jwl)

Ry

where: 2= —m
i+ jwCy Ry

Normalizing Vi /E to one at d.c., H, (1) (f) becomes :

ao - LR
Ry (Z+R+jwl)

H,€1)(f) dis derived in Appendix 3. Therefore, the transfer
function .for the air core coil systenm, normalized to one at

d.c. . is :
o

HYR) = HOR) - HE(R)
This result wvas programmed on the computer., The frequency
response curve which was determined is shown in Fig. 5.1-2. .
As the frequency response curves for both the air core
and the Mu-metal core systems are flat in the low frequency
range, the terms HC1) (f) -and H(2)(f) in 5.1-10 are both egual

to one.
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The absolute sensitivity of the air coil, Sf2?, is easily
determined from its geometry and turn number._ In order to
find the inner radius of the coil, the following method vwas

used.

Fig.15.1-3 Method to determine the inner radius of a large

coil

Three measurements vwere taken along the inner circunference of
the coil as shown in Pig. 5.1-3.., From the lawv of cosines, the
angle C is given by :

C = cos” (._____.."-z ;:;" c’ )

Then, an equation was  used for a circumscribed triangle in:

order to find the radius. . This equation is :

o b c
R= - -

2smmA T 25tnB 2 snC

After finding the inner radius, the outer radius wvas
determined by adding the thickness of the coil to it. From

this approach, R.

inner

=74.511 cm and R, 4., =75.702 cm. . Now the

absolute sensitivity can be found.
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() -
S. = 2mA=10"°

or S:\ < z-n-{ﬁN(r.f+ re, + r,‘)‘} x 10°°
3

vhere r; and r, are the inner and outer radii, respectively..
Substituting in the numbers leads to S_(12=,.0557 Caner + .2%..
The ratio V_¢(2)/V_C(1) can be determined by measuring the
amplitude of the signal from the air core and the Mu-metal
core systems vhen a sinusoidal micropulsation event occurs.,

The output signals from the event used is shown in Fig. S5.1-4. .

AN VNV i core
/\/\/\M/\/\N\/\/\/\/\/\N Mu-metal core

Z comp.

Feb. 17, 1977 "
21D 9 7™

" Pig. 5.1-4 The micropulsation event used for the absolute

calibration

Peak-to-peak measurements vere made from microfilm by using a

travelling microscope._  The ratios were taken with -the result

of :

(2)
Vo

~ L4l * 747 at 245 Hz * L67%

Pinally, the remaining parameters of 5.1-10 have the following

values :
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GC1) = 5:097 %10% #1% . G(2) = 4.01%10° #1%
RC1) = 51300 +.1% RC2) = 18310 #.1%

Note that R;¢(2) is different from Ry =7.5 Ka (p.55) because
another amplifier unit was used for the field observation..

The value of S_(2) according to 5.1-10 is .0548 Caner #6.4%.

V-2 A Theoretical Approach to-the Absolute-Sensitivity-

The absolute sensitivity can - be dealt with from a
theoretical point of view. Consider a prolate spheroid with.
seniprinciple axes a,b immersed in a magnetic field of

strength H,..

v

The Mu-metal core offthé sénsor is inrféélity a cylinder, but
approximating the cylinder as a prolate spheroid is reasonably
accurate and saves a great amount of mathematical difficulty.
The results of an analysis shown 1in the book. by Stratton
{1940) indicates that the magnetic field strength anywhere

inside the cavity is given by :
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| (+e
where: A - ol e’ (-Ze + In T-e )
e = |-
al

The magnetic field follows from B= xuH where s is the relative
permeahiliiy and m, the permeability of free space.. In MKS
units, Mm,=4w*10-7 Henry/meter.,6 s is non-dimensional and is
the permeability of ‘the metal from which the core is made.._ By

letting B,=mH,, it follows that : .

B = - B, 5.2-2
| + %%1 (/A—|) A

The total flux § through the coil follows from 5.1-1. .

$-wb-B8-N
Or, substituting for B according to 5.2-2 :
. T
@-. pmomh-N B 5.2-3
ab” °
\"' _5.— (}A")A
Let
€ S_. M"\Tbl’N 5.2-4
- ubz L]
|+ 22 1) A
2 v

Then:§=SB°.§ The electromotive force generated by the changing
flux would be :

a8,
dt dt
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Comparing this to 5.1=7, it 1is seen that S represents a
theoretical sensitivity., Expressing S in units of Caner, the
sensitivity becomes :

S

For a Mu-metal: core, u 1is of the order of 105._ If a

2w x 10°%G

theor =
restriction is put on:. the ratio of the 1lengths of the
semiprinciple axes: .

b~ |

o > 200
then - the denominator of the expression 5.2-4 for S can be
reduced to a simpler form. .
ab®

2

| +

VA = abm 5.2-6
(p-1) =LA

The error of this approximation: is 1less than 8%.. The

expression for sensitivity reduces to :

g - 2N 5.2-7
a A
The expressionasygﬁi;for nican‘aISO'be'simplified._ If %<s§.
then:ez1 and A becomes :
! | I
A< =] -20mz-tn(ie)] 5.2-8
By the binomial expansion .:
b* ~ Lobe
e = - = - —_— 2
- = 5 o
Then 5.2-8 reduces to :.
LI . £ 5.2-9
a’ el b

where e,=2.71828., The final: simplified expression for:
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sensitivity follows from 5.2~-9, 5.2-5 and 5.2-6. .

27 N ot -6
T — x 10 Carner : 5.2-10

" (2%)

The importance of this expression is that the sensitivity of

approx

the sensor coil is primarily dependent - upon the number. of
windings, N, and the 1length of the coil, a..  The overall
weight of the sensor could be reduced by using 1lighter gauge
wire and a thinner core., The length and turn number could be
adjusted to obtain :the desired level of sensitivity..

In spite of many approximations, the agreement amongst
the theoretical :and experimental results of 5.2-10, 5.2-5 and

5,(22» of 5.1-10 is -quite goodt; The values are shown below :

S.(2) = _0548 Caner + 6.4%
S theor =+0583 Caner

Sapprox = 0587 Caner

These results imply that the approxinmate theoretical
expression for: the absolute sensitivity, eg. 5.2-10, can be
reliably used to aide in the design of future sensor coils. .
Another interesting observation:which -has been made as a
result of this analysis 1is that the ratio a/b cannot be
increased without bound unless an undesirable effect begins to
take place-, Hhenm-%>400, S theer and Sapprex Start to diverge
by . about 2% and the agreement becomes worse as a/b becomes

larger., There is an important reason behind this which .can be

* For absolute calibration according to the bridge method, see Appendix IV,
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unfolded by once:again taking a look at 5.2-2. . B can. be re-

expressed in terms of a demagnetization coefficient N, .,

B = £ B, 5.2-11
| + Nd (}A-l)
Nd _ ab® A

It can be seen that the inverse of the demagnetization
coefficient is the permeability which leads to the sensitivity

given by eq. ,5.2-10., WHriting

M,z — = 5.2-12

it is seen with the help of 5.2-9

o* l
h\(%ﬁ%\

Note that this is dependent upon the geometry of -the core but

M, = 5.2-13

Cy

not the properties of the metal., u, is dependent upon the
ratio a/b., By making the substitution: 5.2-12 into 5.2-13, it

is seen that :

B = Mmegp B, 5.2-14
where: /AQ‘F‘F = 7‘-—:‘*—/1‘—:_‘

For .- the most  recent Mu-metal core coil used for this

research, a=45,72-.ce and b=2?1,0° cm (see Table I-1)..  This
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leads to a value for um,of 595'% . Since m=:10%, the inequality
M O>pm, is satisfied. Then by 5.2-14, merz m, -, This is a
desirable result because the effective permeability of ‘the
core is dependent upon its geometry. = ®When a/bz2100, the
inequality m>>m, begins to weaken., When a/b=1000, m,=1.5#%10s:
and pmeer is no longer dependent' principally upon M. The
permeability of the metal, u, becomes equally as important..
This is not a desirable result as the permeability of a metal
is not always constant;a It may change significantly according
to environmental conditions such. as temperature and stress
upon the metal., A plot of u, as a function of a/b can be seen
in Pig. 5.2-1.

The conclusion of this analysis is that eq., 5.2-10 will

give a good indication of the sensitivity of a cylindrically

£ 150 .

-~

shaped sensor coil provided 5 £ %%

Note:

The value of b af the bottom of p. 78 is not simply the inner diam~
eter of the coil windings. It actually denotes an effective radius result-
ing from tﬁe cross—-sectional area of the Mu-metal core itself. The core
consists of épproximately 48 rectangular strips. The cross-sectional area
of one strip is (3/4")(.014")=(1.905 cm)(:03556 cm)=.06774 cm>. If there
are 48 strips, then the total cross-sectional area is 3.252 cmz. The ef-

‘fective, radius
fective radius for this area is J3.252/n = 1.02 cm.



80

- 1,000,000
500,000
300,000
100,000

50,000

X

- 30,000
>

o

o

—

o

@

m -

g 10,000

Q

jah

&)

ot

ot 5000

)]

g

(@]

& 3000

1000’
500
300
100

Fig. 5.2-~1 The dependence of the geometric permea-
bility a, upon the ratio of the lengths
of the semiprinciple axes of a prolate
spheroid, a/b




81

Many uséful results have been  obtained from the
investigations carried out in this thesis.  These results fall
into two categories. .

One category is concerned with improvements in the design
of the mpagnetometer system., As described in Chapter 1II, use
can -be made of a Butterworth filter rather than-a notch filter
to reduce 60 Hz noise., This guarantees a flat response in the
low freguency range and requires only two matched electrical
components rather than six carefully matched components. In
Chapter V, which was concerned with the absolute <calibration,
it was shown that the sensitivity of the sensor coil is
primarily dependent ‘upon the number of windings and the length
of the coil.. The overall weight of the sensor  could be
reduced by using. lighter gauge wire and a thinner core. .
However, for optimum performance, the ratio of the 1length to
the diameter of the core must be within a specific range. One
of the reasons for not being able to increase sensitivity ad
infinitum is that thermal agitations at the vatomic level
induce small currents in: the sensor and other electrical
components. , This is known as Johnson noise.

The second category concerns the calibration  procedure. .
Two methods were 1investigated 1in great detail, the bridge
method and the secondary coil method. It was determined that

both methods can produce reliable relative freguency response
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curves. An advantage of the bridge method over the secondary
coil method is that only one cable is needed between the
sensor coil and the remaining electronics, rather than two.
For this reason, the bridge method will probably be used for
future calibrations.

The absolute calibration was successfully performed by
comparing the Mu-metal core system to a previously calibrated
air core system., A theoretical approach to the absolute
calibration was discussed which agreéd vell, considering all
of ‘the approximations made, with the laboratory results. This
theoretical approach may be used to obtain a good indication
of the sensitivity. of a cylindrically shaped coil before a

laboratory analysis is performed.
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APPENDIX 1

METHODS OF DETERMINING THE INDUCTANCE AND CAPACITANCE-OF A-

COIL WITH FINITE RESISTANCE-

It is not a trivial problem to determine the inductance
and capacitance of a coil which has a finite resistance. The
sensor coils wused with the magnetometer system all have the

equivalent circuit of Fig. A.1-1.

||
e

Fig. A.1-1 Equivalent cirédit of a sensor coil

A meter which is normally used to measure an inductance or a
capacitance operates on. the principle that R=0. For the
sensor coils, R is of ¢the. order of a fevw thousand ohms. .
Because of this, other less straight forward techniques must
be employed to determine L and C. £ This appendix is a
compilation of those techniques which vere used in the
laboratory. It is safe to measure coil resistance by using an

ohm meter.

Methods of Determining L

The most reliable method of determing I follows fronm

wiring a signal generator, the coil and a load resistor in
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series.

Fig. A.1-2 Pirst method of determining L

The signal generator must produce a sinusoidal signal of a

frequency which is low enough such that :

| == | > IR+suLl A1-1

Then the presence of +the capacitor can be ignored in the
circuit analysis.. Por 'the R-L -Rl loop, the following

equation is true:

\); Rl

\V) lR"d— Q"’L‘

Rearranging this into a different form :

z p\ 3 2
(i)__(__\) . —L-'-)w‘ A.1-2
Y Rs Ry

Thus, a plot of (V/V,)2 versus w2 is a straight line with

slope (L/R,)2.
Another circuit which can be used for determining 1 is
shown in PFig. A.1-3. This 1is identical to the previous

circuit except that the signal generator produces a square
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wave instead of a sinusoid. .

e il 9

! |

! i

v | R [
T ! = !
VxI R, =N c
L | |

] I

e o o e m e o o 4 !

Fig. ,A.1-3 Second method of determining L.

In order for this method to produce the desired results, there

are two conditions which must be met. These are :

R

SO
Rﬁ-
A.1-3
Ly CRq
R

Then the scope picture across R, will show an increasing and a
decreasing exponential. By measuring the time which .it takes
for V, to obtain one half of the final value, the inductance

can be found from :

T

LN
2

=L .2 A.1-4
R

This method of determining L is reliable, but in practice it
is difficult to obtain better than ome significant figqure of
accuracy because the time interval of T, 1is not easy to

measure using available scopes or chart recorders. .
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-of Determining C-

The most reliable method to determine C follows by again
using the circuit of Fig. A.1-2, but this time at high

frequencies., The condition which needs to be met is :
I
| R+ 5wl » ‘pcl A.1-5

Also, another necessary condition is :

|
\3.»(.\ >» R, A.1-6

¥hen the frequency becomes high enough, |jwlL| becomes so large
that nearly all the current passes through the capacitor., If
V, is the voltage drop across R,, the capacitance C follows
from A.1-7. .
C = —-—\-/f—-- A.1-7
wV R,

On the plot of log w versus log V,, this equation is valid on

the 459 sloping line to the right of the resonance point. .

lo’ V,_

w,
\og w

Fig. A.1-% The anti-resonance point

W is called the anti-resonance frequency. , The coil
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inductance and capacitance are related to w, according to A.1-
8.. This expression actually defines the resonance frequency,
but the resonance point and the anti-resonance point are in

this case essentially identical.
we = U/ JLC A.1-8

Thus, 1if w, and L are known, then C can be determined using
A.1-8%. 1If a capacitor is wired parallel to the coil in +the
circuit of Fig., A.1-2, then the resonance point will be
shifted to a lower frequency according to A.1-9" where C, is

the additional capacitor..

we = 1) [T(cren A1-9

Both L and C can be determined by shifting the resomnance point
as A.1-8 and A.1-90 are two equations with two unknowns. A
practical  difficulty with this approach is ' that as the
resonance point 1is shifted to the 1lower freguencies, the
trough of Fig. A.1-4% becomes shallower and w, more poorly
defined.

A more complete review of these techniques for

determining L and C may be found in Ueda and Watanabe ({1975).
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THE TRANSFER FUNCTION OF THE AMPLIFIER SYSTEM-

Both methods of calibration have in common the amplifier
system which filters and amplifies the signal from the sensor
coil. 1In order to make computer simulations of frequency
response curves, the transfer function for - the amplifier
electronics must be determined.

A schematic for the amplifier is shown in Fig. A.2-1. The
transfer function for each stage is given in Pig.. A.2-2. The

transfer function for all of the electronics of the amplifier

system is then :

Tw) = l (G wy w?
(|+ :‘2— (. )1 . + = N 1 . 'Y
we ywl e y hu wtwy (jw)ie j2ww tw,
A.2-1
\ 1
where: Wy* — =
" Re (toekal 2.2uf)
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Fig. A.2-1 Mu-metal core amplifier system
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APPENDIX 3

THE TRANSFER FUNCTION FOR THE THIRD ORDER LO¥ PASS FILTER-

The circuit diagram for the third order low pass filter
which is used as a part of the air core magnetometer systen

electronics is shown in Fig. A.3-1.

|12
H

R; Rf

~J:?MA MW
R R R 0
L| 2 "3 V.
v . . °©
S_I_ ___|___C“ IC; -

Fig. A.3-1 The third order low pass filter

Four fundamental equations which can be written are given . by
equations A.3-1 through A.3-4.

V¢ = i.R* ('.n":z) Z,

A.3-1
Vo = ((3-1)2,- taR+ (i-0,) 2, A.3-

(=G Y2+ QR GREE =20 A.3-3
Vo= K2y 0 K= A.3-4

For these equations, 2,, Z, and Z, are the complex impedances
of C,, C, and C,. .

. Using the top three equations,

equation that results is :

the matrix
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(R+2) -2, 0 4 Vs
2, ‘(ZI*R*Z.) Z, iz = Ve A.3-5
-2, (2,+R) (R+2,) L o
The solution for I; is :
= 2RVe E,+ V, R+ V2,2, A.3-6

> (R+E)(22,R+2,Z,+ R*+2, R) + RE(Z+R+3)

Making the substitution for Vv, from A.3-4 into A.3-6 and then

solving for the ratio V,/V, leads to :

_Y_o_ - 2|2123K

Vs (R+Z N 22,R+2,Z, +R*+2,R)- RE K (22,+R)+RZ(Z+R+Z,)
A.3-7

The final substitutions to make are for Z,, 2, and Zq into

A.3~-7 where :

Z = (jwe)”
2\, = (J.WC'L\-'
Z} - (,"..C,)"

After rearrangement of terms, this leads to the result of A.3-

8 where s;jw.,

Vo K
v, [s’c,C,C,R’+ s* {2R¢,C, + R*(1-K) c,c, + 2R%C G, }

+s§3Rc,+2R(\-K)Cz+RC.¥+l] A.3-8

Let H, be the transfer function of the third order low pass

filter normalized to one at d.c. Then :

- ' V
T — =2 A. 3_9
H, KV,
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Using the developement of the bridge method as discussed
in. III-2, a relationship can be derived between the tinme
varying external magnetic field, B , and the emf generated in
the sensor coil.. This is a. calculationv of the absolute
sensitivity as discussed in Chapter V. .

Eqg. 3.2-7 is a relationship between the driving voltage

of the bridge and the flux through the coil. This result is:

R, L

E . N¢ A4-1

It is necessary to express ¢ in terns of H,and L in terms of
coil geometry., For a solenoid of length L and cross-section
area A such that end effects are negligable, and closely wound
with N turns of thin wire so that the winding resembles a

current sheet, the two expressions for ¢ and L are :

¢
L

/“a}‘ A H A.4—2
m, A N2A[L A.4-3

where u, is the permeability of free space and k 1is the
relative permeability. - Substituting these two equations into
A.4-1, the result is :

H: _N_ E A.4-4
IR,
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Using the developement of the bridge method as discussed
in III-2, a relationship can be derived between the time
varying external magnetic field, B , and the emf generated in
the sensor coil. This 1is a calculation of the absolute
sensitivity as discussed in Chapter‘v._

Eg. 3.2-7 is a relationship between the driving voltage

of the bridge and the flux through the coil. This result is:

E . N A.4-1
Ry L
It is necessary to express ¢ in terms of H,and L in terms of
coil geometry. PFor a solenoid of length 4 and cross-section
area A such that end effects are negligable, and closely wound
with N turns of thin wvire so that the winding resembles a
currént sheet, the two expressions for ¢ and L are :
¢
L

1]

/u‘b}‘l A H A.4-2
am, b NPALR A.4-3

"

where u, is the permeability of free space and k 1is the
relative permeability. Substituting these two equations into
A.4-1, the result is :

H = N E A b=t
AR,
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The sensor used for the field observation (see Fig. 5.1~
4) was not available to test 1in the laboratory so that a
direct comparison cannot be made betvween: the sensitivity as
obtained from A.4-4 and the résults on page 77., The different
sensors are nearly identical, éo the best that can be done at
this point is to  make the sensitivity calculation using
another sensor.

At a frequency of 1.Hertz; an input signal to the bridge
of .75 mV p-p caused an output from the amplifier of 13 V p-p.
For N=50,000, 1=.9144m and R =38787n, A.8-4 indicates that
B=u,H, where a, =8wrx107, is 13.3x102 m¥. K The output from the
bridge or the input to the amplifier is 13.0V/2x105=65uV.  To
find the emf in the sensor coil, use can be made of eq. 3.4-6.

The following values are used:

R,=1.83 Ka
L, =930 H
C, =l.4,uf

Z,=44.3 Kall 10 Ka= 8.158 Ka

R*=38.8 Ka
This indicates that the ratio of the output from the bridge to
the emf in the sensor coil is .771. Therefore, the emf in the

sensor coil is 65uV/.771=84.3uV. The sensitivity is then :

.063 Caner

S - Vcou' - 8'1'3,0-\/ -
B 13.3 % 10" m Y

This is a reasonable result when it is compared to the results

on page 77. .
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