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ABSTRACT i 

The purpose of th i s thes i s i s to inves t i ga te the graph 

isomorphism problem for a spec ia l c lass of graphs. Each graph i s 

character ized by i t s edge s e t , and a subgroup o f i t s automorphism group, 

c a l l e d the colour group. In p a r t i c u l a r , a s imple, e f f i c i e n t algorithm 

fo r determining whether two graphs are isomorphic i f at leas t one is a 

member of the c lass i s developed. 

Chapter 1 provides some bas ic d e f i n i t i o n s and lemmas required 

in the tex t . The concepts of r e d u c i b i l i t y and reduc ib le b i p a r t i t e graphs 

are introduced, and the propert ies of the co lour groups of such graphs 

are inves t i ga ted. 

Chapter 2 es tab l i shes some resu l t s concerning the existence of 

reduc ib le graphs. Conditions based on the existence o f ver t i ces with 

prescr ibed propert ies are shown to.prov ide s u f f i c i e n t condit ions f o r a 

graph to be reduc ib le . In the spec ia l case of trees they are shown to 

be both necessary and s u f f i c i e n t . Necessary condit ions fo r the r e d u c i b i l i t y 

of graphs, based on t h e i r radius and diameter are a lso e s tab l i shed. 

Chapter 3 descr ibes an algorithm f o r determining whether a 

graph i s completely reduc ib le , which is appl ied to a tes t f o r isomorphism. 

An inves t i ga t ion of the speed of th i s algorithm i s made and i t s e f f i c i e n c y 

i s compared with an algorithm o f D. Cornei l [ 5 ] , which th i s author considers 

the best f o r a rb i t r a r y graphs in the current l i t e r a t u r e . 
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CHAPTER 1 

The B i p a r t i t e Complement and C o l o u r Group o f a G r a p h . 1 

1.1 INTRODUCTION 

An u n d i r e c t e d g r a p h , G, i s a non-empty s e t V=V(G) o f p v e r t i c e s 

t o g e t h e r w i t h a s e t E=E(G) o f q u n o r d e r e d p a i r s o f v e r t i c e s c a l l e d 

edge s . I f ( i , j ) e E, t h e n t he v e r t i c e s i and j a r e s a i d t o be 

a d j a c e n t . Two g raphs a r e i s o m o r p h i c i f t h e r e e x i s t s a one -one 

c o r r e s p o n d e n c e between t h e i r v e r t i c e s w h i c h p r e s e r v e s a d j a c e n c y . An 

au tomorph i sm o f a g r aph i s a one -one mapping o f t h e v e r t i c e s on to 

t h e m s e l v e s w h i c h p r e s e r v e s a d j a c e n c y , and t he s e t o f a l l automorph i sms 

c o n s t i t u t e s a g r o u p - c a l l e d - t h e g roup o f t he g r a p h . 

An n - c o l o u r i n g o f a g r aph G i s a f u n c t i o n f : V(G) { c l s c 2 , . . . , 

c n } , t h e s e t o f c o l o u r s . We c o n s i d e r t h e s e t o f a l l y e r ( G ) , t h e 

au tomorph i sm g roup o f G, s uch t h a t J (»f (v) ) = j. ( v ) f o r a l l v e V ( G ) . 

I t w i l l be shown l a t e r t h a t t h i s s e t fo rms a g roup c a l l e d t h e c o l o u r  

g roup o f t he g r a p h . 

L e t Gi and G 2 be two g r a p h s . T h e i r sum, G ^ G ^ i s t he g raph w i t h 

V ( G t U G 2 ) = V ( G i ) U V ( G 2 ) and E ( G i U G 2 ) = E (G i ) U E ( G 2 ) . . T h e i r c a r t e s i a n  

p r o d u c t , G iX G 2 , i s t he g r aph w i t h V(Gi 'X G 2 ) = V ( G i ) X V ( G 2 ) and 

E (G i X G 2 ) = { [ v , w ] = ffvi.va).- (Wi, w 2 ) ] where v i , w i e V ( G i ) , 

v 2 , w 2 e V ( G 2 ) and e i t h e r v i =w i and ( v 2 , w 2 ) e E ( G 2 ) o r v 2 =w 2 and 

( v i . w i ) t E ( G i ) } . 

Denote by G t h e g raph w i t h V(G) = V(G) and E(G) = { ( v ^ v ^ ) i 

E ( G ) . f o r v.- i v.}. 

The g r aph i s omo rph i sm p r ob l em i s one o f f i n d i n g e f f i c i e n t ways 

o f d e t e r m i n i n g when two g raphs a r e i s o m o r p h i c . B y . " e f f i c i e n t " i s 

u s u a l l y meant c o m p u t a b l e a f t e r p u n i t s o f t i m e where p i s t h e number 
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o f v e r t i c e s , and K i s a c o n s t a n t . The s e a r c h f o r s o l u t i o n s has 

r e s u l t e d i n t h e g e n e r a t i o n o f s e v e r a l r e l a t e d p r o b l e m s , some o f 

w h i c h have been s o l v e d , and whose s o l u t i o n has s u g g e s t e d t h e i r 

i n a p p l i c a b i l i t y t o t h e o r i g i n a l p r o b l e m . 

Among t h e s e i s t h e r e s u l t o f F r u c h t [ 7 ] t h a t t h e r e e x i s t 

i n f i n i t e l y many n o n - i s o m o r p h i c g raphs w i t h a g i v e n g r o u p , and hence 

g r a p h s . a r e no t u n i q u e l y c h a r a c t e r i z e d by t h e i r g r o u p . An e x t e n s i o n 

o f t h i s i d e a i s t h a t o f f i n d i n g some s u i t a b l e f i n i t e s e t o f 

i n v a r i a n t p r o p e r t i e s o f a g r aph by w h i c h i t can be c o m p l e t e l y 

c h a r a c t e r i z e d . P a r t i a l r e s u l t s o f a n e g a t i v e n a t u r e have been o b t a i n e d 

by S a b i d u s s i [ 2 2 ] who showed t h a t t h e r e a r e i n f i n i t e l y many n o n -

i s o m o r p h i c g r a p h s w i t h g i v e n g roup and p r o p e r t y . P . where i s one o f : 

P i : c o n n e c t i v i t y o f G i s K, K ? l . 

P 2 : c h r o m a t i c number o f G i s K, K>2. 

P 3 : G i s r e g u l a r o f d e g r e e K, K *3 . 

Pi+ .: G i s spanned by a subg raph homeomorphic t o a g i v e n g r a p h . 

I z b i c k i . [ 1 5 ] e x t e n d e d t h i s r e s u l t t o show t h a t t h e r e e x i s t 

i n f i n i t e l y many n o n - i s o m o r p h i c r e g u l a r g raphs w i t h g i v e n c h r o m a t i c 

number. Even t h e c a l c u l a t i o n o f t h e au tomorph i sm g roup i t s e l f i s 

d i f f i c u l t , a l t h o u g h Kagno [ 1 7 ] has d e t e r m i n e d t h e g roups o f g r aphs 

w i t h l e s s t h a n seven v e r t i c e s . 

The most f r u i t f u l a n a l y t i c a l app roach t o t h e p r ob l em has been 

made by C o r n e i l [ 4 , 5 ] who has d e t e r m i n e d a p r o c e d u r e f o r c o n s t r u c t i n g 

a " r e p r e s e n t a t i v e g r a p h " w i t h t h e . p r o p e r t y t h a t two g raphs a r e 

i s o m o r p h i c i f and o n l y i f t h e y have t h e same " r e p r e s e n t a t i v e g r a p h " . 

A l t h o u g h . t h e p r o c e d u r e i s no t yet- p r o ved t o be d e t e r m i n i s t i c , s i n c e 

i t i s based on a c o n j e c t u r e t h a t t he r e p r e s e n t a t i v e g r aph s e x h i b i t 

t h e au tomorph i sm p a r t i t i o n i n g o f t h e g i v e n g r a p h , no c o u n t e r - e x a m p l e s 

have y e t been f o u n d . 



T h i s t h e s i s d e f i n e s and i n v e s t i g a t e s a c l a s s o f g r aph s w h i c h 

i s shown l a t e r t o have p r o p e r t y t h a t i t s members a r e u n i q u e l y 

c h a r a c t e r i z e d by t h e i r c o l o u r g r o u p , number o f e d g e s , and number 

o f v e r t i c e s . F i n a l l y , an a l g o r i t h m i s p r o v i d e d w h i c h d e t e r m i n e s 

members o f t he c l a s s , d e t e r m i n e s w h e t h e r two members a r e i s o m o r p h i c , 

and p r o v i d e s s u f f i c i e n t i n f o r m a t i o n t o c o n s t r u c t t he c o l o u r g roup o f 

t he g r a p h . 

1.2 THE BIPARTITE COMPLEMENT AND.GRAPH REDUCIBILITY 

A g raph i s b i p a r t i t e i f i t s v e r t i c e s can be p a r t i t i o n e d i n t o two 

d i s j o i n t s e t s Vi .uV 2 such t h a t e v e r y edge i s i n c i d e n t t o a v e r t e x i n 

Vi and t o one i n V 2. Denote by G(m,n) a b i p a r t i t e g raph w i t h m v e r t i c e s 

i n V i , and n v e r t i c e s i n V 2. The b i p a r t i t e complement o f G ( m , n ) , 

deno ted by G(m,n) i s a b i p a r t i t e g raph w i t h V(G) = VxUV 2 and E(6) = 

{(vitWj), v^VijW^.eVz ( v ^w . . ) f- E ( G ) j [6]. The a d j a c e n c y m a t r i x , A ( G ) , 

o f a g r aph G w i t h n v e r t i c e s i s an nxn ( 0 , l ) - m a t r i x such t h a t : 

r 0 i f ( i , j ) i E(G) 

a . . = \ 
U 

. 1 i f ( i , j ) e E(G) 

S i n c e G i s u n d i r e c t e d ( i , j ) e E ( G ) i m p l i e s ( j , i ) e E ( G ) and hence a . . = a . . . 

T h e r e f o r e A (G) i s s y m m e t r i c . F u r t h e r i f t he g raph i s b i p a r t i t e , and 

t h e v e r t i c e s i n V x a r e l a b e l l e d l , 2 , . . . m , s and t h o s e i n V 2 a r e l a b e l l e d 

m+1,m+2,...m+n, t h e n t h e a d j a c e n c y m a t r i x A (G) has t h e fo rm 

'0 B" 

A(G) 

B T 0 

Hence t h e b i p a r t i t e g r a p h G(m,n) can be c h a r a c t e r i z e d by t h e s m a l l e r 

mxn v e r t e x m a t r i x B, c a l l e d t h e b i p a r t i t e m a t r i x o f t h e g r a p h . 
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L e t Gu and G 2 be two g r a p h s , and suppose t h e r e e x i s t s a o n e -

one m a p p i n g ^ o f V ( G i ) o n t o V ( G 2 ) . As suming G i G 2 have t h e same 

v e r t e x s e t s , i f / i s an i s o m o r p h i s m , and t h e v e r t i c e s a r e l a b e l l e d 

l , 2 , . . . n , ^ can be i n t e r p r e t e d as a p e r m u t a t i o n P̂ , o f t he e l e m e n t s 

1,2 n. As a con sequence o f a LEMMA by Chao [ 3 , p. 4 8 9 ] , we 

o b s e r v e : 

l . T LEMMA : G{- i s i s o m o r p h i c t o G 2 i f and o n l y i f t h e r e e x i s t s 

a p e r m u t a t i o n m a t r i x P such t h a t 

P T A ( G i ) P = A ( G 2 ) . 

I f G i s b i p a r t i t e , t h e n t he b i p a r t i t e m a t r i c e s o f a l l p o s s i b l e i s o m o r p h i c 

images o f G x a n be i n t e r p r e t e d as a l l p o s s i b l e p e r m u t a t i o n s o f t h e rows 

and co lumns o f t h e b i p a r t i t e m a t r i x o f G. These c o n s i d e r a t i o n s l e a d 

t o - t h e f o l l o w i n g : 

1.2 LEMMA : I f G 1 ( m , n ) and G 2 ( m , n ) a r e c o n n e c t e d b i p a r t i t e 

g raphs and Bl and B 2 a r e t h e i r r e s p e c t i v e b i p a r t i t e m a t r i c e s , t h e n 

G i ( m , n ) i s i s o m o r p h i c t o G 2 ( m , n ) i f and o n l y i f t h e r e e x i s t p e r m u t a t i o n 

m a t r i c e s p ^ m m ^ and P 2 ^ n x n ^ such t h a t P l B i P 2 = B 2 , o r P ? B I P 2 = B 2 . 

PROOF : G i ( m , n ) i s o m o r p h i c t o G 2 ( m , n ) i m p l i e s by LEMMA 1.1 t he 

e x i s t e n c e o f a p e r m u t a t i o n m a t r i x P such t h a t P T 

X1X3 
L e t P = 

X X X 2 

X 3 X 4 

t hen 

X 3 B1X1 + X 1 B 1 X 2 , 
/ T , 

X^X^. 

T n t l 

0 B i x xx 2 

*0 B i " 
P = 

"0 B 2 " 

B i 0 - zl 0 

X 3 B i X 2 + X1^ B1X 

Xij.B3}X1 + X 2 B i X 3 , X ^ B i X 2 + X ^ B I X L J 

Hence 1) X ^ X j +. ( X ^ X ^ = 0 , 

2) X £ B ] ; X 2 + ( X £ B J X 2 ) T = 0 , 

3) X3B1X;? + X i B i X i t = B 2 

0 B 2 " 

B £ O 
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Now s ince X l s X 2 , X 3 , X 4 and Bi, B 2 are non-negative matrices and 

every row and column of B has at l eas t one non-zero entry , equations 

1 and 2 imply X : and/or X 3 are 0 and X 2 and/or Xi+ are 0. However 

3 impl ies X l s X 2 not both 0, Xj,, X 3 not both 0, X 2 , X 4 not both 0 

and X 3 , X 4 not both 0. Hence we have the so lut ions X\ and Xi+ are 0 

or X 2 and X 3 are 0. Since P is a permutation matr ix , X x , X 2 , X 3 , 

X 4 must be permutation matrices 

s ince P = 
x i Co) 

0 x 4 

or P 
0 X 2 

X 3 0 
, and 

in the l a t t e r case X 2 and X 3 must therefore be square and hence m=n. 

Hence X ^ X , , = B 2 or X £ B J X 3 = B 2 . 

Conversely P i B ^ = B 2 impl ies the existence of a permutation P 

such that P TA(G!)P = A(G 2 ) and hence again by LEMMA 1.1, G x i s 

isomorphic to G 2 . 

Since the b i p a r t i t e matrix o f the complete b i p a r t i t e graph, 

n , i s J ^ m x n ^ , a matrix with a l l ent r ies one, the b i p a r t i t e matrix 

of G(m,n) is given by J-B where B i s the b i p a r t i t e matrix o f G(m,n). 

An obvious but important r e su l t i s : 

1.3 LEMMA : G^m.n) i s ismorphic to G 2(m,n) i f and only i f 

Gi(m,n) i s isomorphic to G 2 (m,n). 

PROOF : From LEMMA 1.2 G x i s isomorphic to G 2 i f and only i f 

there ex i s t P l s P 2 such that P iB !P 2 = B 2 . But P iB !P 2 = B 2 i f and only 

i f J ~ P l B i P 2 = P i ( J - B i ) P 2 = J - B 2 , and P l ( J - B i ) P 2 = J - B 2 i f and 

only i f G r i s isomorphic to G 2 . 

As a consequence of LEMMA 1.3 i s the COROLLARY 

1.4 COROLLARY,: A graph and i t s b i p a r t i t e complement have the 

same colour group. 

PROOF : From LEMMA 1.3 and l e t t i n g B 1 = B 2 , 



Pl<ep2 = 
Pi 0 • A ' 

= P c o r r e s p o n d s t o an au tomorph i sm ^fe i f 
-0 P 2J 

and o n l y i f j»ep (G ) where P(G) i s t h e automorph i sm g roup o f t h e 

b i p a r t i t e g r aph G. But | P^ = • P i « P 2 } i s j u s t t h e c o l o u r g roup 

o f t h e g r aph G. 

The c o n c e p t o f r e d u c i b i l i t y i s now d e f i n e d . A b i p a r t i t e g raph 

G(m,n) i s s a i d t o be r e d u c i b l e i f i t s b i p a r t i t e complement i s a 

g r a p h . w i t h K componen t s , K > 1. I t i s i m m e d i a t e l y o b v i o u s t h a t a l l 

b i p a r t i t e g raphs whose complements ( no t t o be c o n f u s e d w i t h b i p a r t i t e 

complement ) a r e d i s c o n n e c t e d c o n s t i t u t e r e d u c i b l e g r a p h s . 

The c o n c e p t o f c o m p l e t e r e d u c i b i l i t y i s d e f i n e d i n d u c t i v e l y . 

L e t G be a g i v e n b i p a r t i t e g r a p h . 

I f G i s c o m p l e t e b i p a r t i t e , t hen .G i s s a i d t o be c o m p l e t e l y  

r e d u c e d . 

T h e . f i r s t s t a g e ; o f r e d u c t i o n . , i s d e f i n e d t o be t h e o p e r a t i o n o f 

t a k i n g t h e b i p a r t i t e complement o f G, p r o v i d e d G i s n o t c o m p l e t e l y 

r e d u c e d . G i s s a i d t o be 1 - r e d u c i b l e i f i t i s r e d u c i b l e . 

The K - t h s t a g e : o f r e d u c t i o n c o n s i s t s o f d e t e r m i n i n g t h e 

b i p a r t i t e complement o f a l l components n o t c o m p l e t e l y r e d u c e d a t t he 

K-1 s t a g e o f r e d u c t i o n . 

A b i p a r t i t e g r aph G i s K - r e d u c i b l e i f t h e components o b t a i n e d 

a t t he K - th s t a g e o f r e d u c t i o n a r e r e d u c i b l e . 

A b i p a r t i t e g r aph G i s c o m p l e t e l y r e d u c i b l e i f f o r some K a l l 

components o b t a i n e d a t t h e Kth s t a g e o f r e d u c t i o n a r e c o m p l e t e 

b i p a r t i t e and hence c o m p l e t e l y r e d u c e d . 

Some examples s e r v e t o i l l u s t r a t e t h e i d e a . 

a «r 2. 

G : = 
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f i g . 1.1 

Hence each component o f G i s c o m p l e t e l y r e d u c i b l e s i n c e each i s 

1^ n f o r some m,n , namely m=n=2 o r m=0, n = l . F o r c o m p l e t e n e s s , an 

i s o l a t e d v e r t e x v o f G~ w i l l be d e f i n e d t o be Ki a i f v e V x , and 
> 

K i i f Ve V 2 . 

e . g . ;:• 

7 1 6 

2. 

f 

G : = 

f i g . 1.2 

A l t h o u g h G i s r e d u c i b l e , i t i s n o t c o m p l e t e l y r e d u c i b l e s i n c e t h e 

c o n n e c t e d component o f £ w i t h e i g h t v e r t i c e s i s n o t r e d u c i b l e , i t s 

b i p a r t i t e complement b e i n g g i v e n by : 

H : = 

f i g . 1.3 

G : = S 

8 3 

1.3 THE COLOUR GROUP OF A BIPARTITE GRAPH 

As i n d i c a t e d i n t h e i n t r o d u c t i o n , t h e c o l o u r g r o u p , f * ( G ) » o f a 

b i p a r t i t e g r aph i s t h e max imal s e t o f automorph i sms w i t h t h e p r o p e r t y 
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t h a t ij{f ( v ) ) = j{v) where i s a c o l o u r i n g o f t he v e r t i c e s o f t h e 

g r a p h . We show t h a t r * ( G ) i s i n f a c t a g r o u p . 

O b v i o u s l y I e r * ( G ) , s i n c e j ( v ) = j ( I v ) . 

Now s i n c e f ( v ) = j ( ^ ( v ) ) = j i f 1 ^ ) ) i t f o l l o w s t h a t ^ 1 e f * ( G ) 

f o r any je r * ( G ) . 

L e t ^ . j ^ z e r * ( G ) . Then f C n ? 2 ( v ) ) = f C / 2 ( v ) ) = f ( v ) so 

F i n a l l y , t h e a s s o c i a t i v i t y o f c o m p o s i t i o n i n r * ( G ) f o l l o w s 

i m m e d i a t e l y f r o m . t h e t h e a s s o c i a t i v i t y o f t h e g roup o p e r a t i o n i n T ( G ) . 

S i n c e f o r e a c h ^ e P ( G ) , t h e r e i s a c o r r e s p o n d i n g p e r m u t a t i o n P 

d e f i n e d on t h e v e r t i c e s o f G, we s h a l l h e n c e f o r t h c o n s i d e r t he 

p e r m u t a t i o n g roup o f t he g r a p h , and u t i l i z e some d e f i n i t i o n s f r om 

H a r a r y [ 1 2 ] c o n c e r n i n g such g r o u p s . 

L e t A and B be two p e r m u t a t i o n g roups " a c t i n g on s e t s X and Y. 

T h e i r sum, A + B , i s .a g roup a c t i n g on t he d i s j o i n t u n i o n XUY and whose 

e l e m e n t s a r e o r d e r e d p a i r s o f p e r m u t a t i o n s « E A , / 3 E B , w r i t t e n <*+/?, 

where z e XUY i s permuted a c c o r d i n g t o : 

( « + / ? ) ( 2 ) = oi. H i f H E X 

/3 z i f HeY ' [ 1 2 , p. 163] 

T h e i r c o m p o s i t i o n A [ B ] i s a g roup a c t i n g on XxY where f o r <k eA 

and sequence ( / ^ i , / ^ , . . . / ^ ) o f d p e r m u t a t i o n s i n B t h e r e i s a un i que 

p e r m u t a t i o n d e n o t e d (<x , .../3d) i n A [ B ] such t h a t f o r (x^ ,y.)'e 

XxY ( d ; / 3 i , . . . / 3 d ) = ( « x . f /3..Y..). [ 1 2 , p. 164] 

We s h a l l make use o f t h e f o l l o w i n g t heo rem ( see f o r e x a m p l e , 

H a r a r y [ 1 2 , p. 1 66 ] ) c o n c e r n i n g t h e g roup o f a g r aph w i t h more t h a n 

one . componen t , where n .G. deno te s n. c o p i e s o f t h e g r aph G. : 



1.5. THEOREM : The g roup o f t h e g r a p h .6 where G = n 1 G 1 U n 2 G 2 U . . . u 

n r G r i s g i v e n by r (G.) = S!h [ r C G j ] + S n [ r ( G 2 ) ] + ...+ S n , . [ r ( G r ) ] . 

where S - d e n o t e s t he s y m m e t r i c g roup o f deg ree n^. 

F o r t h e c o m p l e t e b i p a r t i t e g r a p h , 1^ n , t he au tomorph i sm g roup 

i s i e a s i l y c a l c u l a t e d . 

S i n c e n = "R^ + "K~n , where i s t h e n u l l g r aph w i t h m p o i n t s , 

and s i n c e 1^ + Y = K^UK^" [ 1 2 , p . 1 6 6 ] we have : 

= V ( \ f i K n ) s i n c e r ( G ) = r ( ^ ) [ 1 2 , p. 165] 

+ r ( K n ) , m f n 

r ( 2 K m ) , m = n 

1 m n ' 

> S 2 [ S m ] , m = n 

Denote b y C * ( G ) t h e c o l o u r g roup o f G. Then ( i ) T * ( G ) =p * ( I a ) 

s i n c e T ( G ) = r ( f f ) , and ( i i ) p * ( G i U G 2 ) = P * ( G i ) + r * ( G 2 ) where G x 

and G 2 a r e n o n - i s o m o r p h i c , s i n c e r * ( G i ) + T * ( G 2 ) i s t h e max imal 

subg roup o f V { & i ) + r ( G 2 ) w h i c h i s c o l o u r p r e s e r v i n g . Hence t he 

c o l o u r g roup o f n i s e a s i l y d e t e r m i n e d . 

= r * ( T O 

• r * w 

= r * ( \ ] ) + r * ( K n ) 

= s ~ + s.-. 

s i n c e r ( K | n ) = r * ( K m ) where a l l v e r t i c e s o f 1^ a r e o f t h e same c o l o u r . 

I f m=n, t h e r e s u l t s t i l l h o l d s s i n c e f o r a p a r t i c u l a r c o l o u r i n g o f 

n , a l l v e r t i c e s i n a r e o f c o l o u r o p p o s i t e t o t h o s e o f K^. 

Graphs whose automorph i sms r e s u l t o n l y i n an i n t e r c h a n g e o f 

v e r t i c e s o f t h e same c o l o u r have c o l o u r g roup i d e n t i c a l w i t h a u t o -
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morph i sm g r o u p . Such g r aph s as t h e f o l l o w i n g have t h i s p r o p e r t y : 

n where m f n 

f i g . 1.4 

w h i l e t h e f o l l o w i n g do n o t : 

^m,m 

i i f i g . 1.5 

C l e a r l y t h e c o l o u r g roup o f any b i p a r t i t e g r aph G can be 

w r i t t e n as t h e d i r e c t sum o f two subg roups o f r ( G ) , namely r 1 ( G ) 

c o n s i s t i n g o f . a l l au tomorph i sms o f v e r t i c e s o f o n e c o l o u r , a n d r 2 ( G ) , 

a l l au tomorph i sms o f v e r t i c e s o f t he o p p o s i t e c o l o u r . 

We now s t a t e a r e s u l t f o r c o l o u r g roups a n a l o g o u s t o t h a t f o r 

au tomorph i sm g roups as g i v e n i n THEOREM 1.5 . 

1.6 THEOREM : The c o l o u r g roup o f t h e g raph 

G = n 1 G 1 U n 2 G 2 U . . . U n r G r i s g i v e n b y r * ( G ) = S n C r * ^ ) ] + S n . L P * ( G 2 ) ] 

+ . . . + S - i r * ( G r ) ] . 
r 

The p r o o f i s a d i r e c t con sequence o f t h e p r e v i o u s d i s c u s s i o n . 

N o t i n g t h e f a c t t h a t p * ( G . ) = T (G. ) + T 2 ( G . ) where T5 and T 2 a r e as 

d e f i n e d a b o v e , we o b t a i n : 
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1.7 COROLLARY : If G EE mdU... Un RG R thenT*(G ) = Sn 

FA^) + ^ 2 ( G . ) ] +...+ s n,[ri(G r) + r 2 ( G R ) ] 
r 

We now establish the following lemma concerning the existence 

of a bipartite graph with given group: 

1.8 LEMMA : Let p* be the group defined as follows: 
~= \ % \ + ?nJ + h £ \ + r . n . ] + T n , ] where 

m̂ , n̂  denotes the degrees of the groups m̂  and n^. Then there 
«* 

exists a bipartite graph with Z k.(m.+n.) vertices and at most 
r 1=1 

? j ^ i 0 1 ! n i edges with colour group p*. 

PROOF : Let S k act on the set .C..= { 1 92 s Ki | , l e t P m 

act on the set V , and P on the set V • of m* and n. elements m. n r n- } j 
respectively. Thenp* acts on the set: 

s = < c ^ . « - < V ( V " " » • } } 
i i r r r 

Clearly, this set contains 2 k. (m-.+n.) ordered pairs of elements 
of the form <i., v-> where i^ec., v.e{Vm UV,,.:} . 

J J J J J * m̂- n,̂.' 
Let these elements denote the vertices of a graph with v(G) = S. We 

now define the edge set E(G) to be any subset of the set |(<iJ.,V|<;> 
i.e C for some j and v. , e\,t v eVi, or V . E VL. 

and-vg E\/|/., |. The maximal number of edges is thus Z k^m.n. and i f 

G has this number of edges then G E U k-rC 
i-i 1 V i -

A further lemma concerning the nature of the graphs at each 

stage.of reduction is required before relating the concepts of 

isomorphism and colour groups in THEOREM 1.10. 

1.9 LEMMA : Let G ̂  denote the union of all complete 

bipartite graphs obtained at stage i of the reduction of a completely 

reducible bipartite graph H. Then T*(H) =r*(G^') +...„T*(G^), where 

H is completely reduced after t stages. 
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PROOF : F o r each s t a g e o f r e d u c t i o n 

ff<i>.G<1+i>UH<1+1>,H<°>.H 

where H ^ d e n o t e s t h e u n i o n o f a l l g r aph s n o t c o m p l e t e b i p a r t i t e 

o b t a i n e d a t s t a g e i . Now s i n c e H i s c o m p l e t e l y r educed a f t e r t 

s t a g e s 

f f - ( t - l ) s G ( t ) 

F u r t h e r r * ( H ) = r * ( H ) by COROLLARY 1.4 

and P * ( H ) = r * ( G ^ W1*) 
= P * ( G ^ ^ + r * ( H ^ h, 

p * ( H ( 1 ) ) = f * ( G ( i + 1 ) ) +P * ( H ( i + 1 ) ) , 

and r * ( H ( t ' r ) ) = r * ( G ( t ) ) 

hence T * ( H ) = r * ( G ^ ) + r * ( G ^ 2 ^ ) +.. . + r * ( G ^ ) . 

1.10 THEOREM : L e t G,H be two c o m p l e t e l y r e d u c i b l e g r a p h s , and 

deno te by G ^ , H ^ t h e u n i o n o f a l l c o m p l e t e b i p a r t i t e g raphs o b t a i n e d 

a t s t a g e i o f t h e r e d u c t i o n . Then G i s i s o m o r p h i c t o H i f and o n l y 

i f r * ( G ( 0 ) i s p e r m u t a t i o n a l l y i s o m o r p h i c t o r * ( H ^ ) and | V ( G ^ ^ ) | = | 

V ( H ( l ) ) | , | E ( G ( l ) ) | = | E ( H ( l ) ) | f o r a l l i = l , 2 , . . . t , t b e i n g t he i n d e x 

o f t h e f i n a l s t a g e o f r e d u c t i o n . 

PROOF : I f G i s i s o m o r p h i c t o H t h e n o b v i o u s l y G and H have t h e 

same number o f edges and t h e same d e c o m p o s i t i o n . 

C o n v e r s e l y suppose p * ( G ^ ) i s p e r m u t a t i o n a l l y i s o m o r p h i c t o 

P * ( u ( i ) ) f 0 r e a c n - j . s i n c e -Js t h e u n i o n o f c o m p l e t e b i p a r t i t e 

g r a p h s , say G ^ = U k . Km.n . , P * ( G ) i s g i v e n by S> , [ S r + S• .] + 
i l l . tn^ 

S. [ S ' + S h ] +...+ S K [S + S A ] . A p p l y i n g LEMMA 1.8 t o c o n s t r u c t 

a v e r t e x s e t w i t h £ k-(m.+n.) v e r t i c e s , r * ( G ^ ' ) and c o n s e q u e n t l y 
i ~ l 

P * ( H ( i ) ) a c t on v e r t e x s e t { ( C l X f V ^ U V ^ } U ( c x { v y v , ) n n 

(') 2 2 
( C r X V U V m ^} ' N o w f r o m L E M M A 1 , 8 G h a s t n e m a x i m a 1 number o f 

e d g e s , and hence E ( H ^ ) c E ( G ^ ) . But by h y p o t h e s i s | E ( H ^ ) | = 

| E ( G ^ ) | , hence G ^ and H ^ have t h e same v e r t e x and edges s e t s 
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and a r e hence i s o m o r p h i c . 

.It) (2) (+) 

Now G can be c o n s t r u c t e d f rom G v , G v G v ' as f o l l o w s : 

L e t Gj. = G v ' and d e f i n e G.._.| t o be t h e b i p a r t i t e complement o f 

G^ 1 ' " " ' ^UG. . Then by c o n s t r u c t i o n G i s g i v e n by G-j s i n c e each G^ 

c o r r e s p o n d s t o t h e u n i o n o f a l l g r aphs no t c o m p l e t e b i p a r t i t e p r i o r 

t o r e d u c t i o n a t s t a g e i . 

U t i l i z i n g a w e l l known r e s u l t c o n c e r n i n g t h e sum o f i s o m o r p h i c 

g roups ( see f o r example [ 1 ] p. 1 4 6 ) , name l y , i f and T. a r e 

i s o m o r p h i c g roup s f o r i = l , 2 , . . . n t h e n T i s i s o m o r p h i c t o S where 

$ = 5 ^ 2 + . . . +S n and T=T 1 +T 2 +...+T , we can a p p l y THEOREM 1.10 t o 

c o n s t r u c t . t h e c o l o u r g roup o f any c o m p l e t e l y r e d u c i b l e g r a p h , s i n c e 

a l l t h a t i s r e q u i r e d i s t h e c a l c u l a t i o n o f the c o l o u r g roups o f 

c o m p l e t e b i p a r t i t e g r aph s a t each s t a g e o f t he r e d u c t i o n . 
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CHAPTER 2 

R e d u c i b l e T r e e s and Graphs 

REDUCIBLE TREES 

The i m p o r t a n c e o f t h e c o m p l e t e l y r e d u c i b l e g raphs was e s t a b l i s h e d 

i n THEOREM 1.10. N e c e s s a r y and/o r s u f f i c i e n t c o n d i t i o n s a r e now 

d e t e r m i n e d f o r g r aphs t o be r e d u c i b l e . In t he s e q u e l t h e f o l l o w i n g 

n o t a t i o n s h a l l be a d o p t e d . I f V̂ . =|v-j,.. . v ^ i s a s e t o f m i d e n t i c a l l y 

c o l o u r e d v e r t i c e s , t hen f o r any WeV-j, w i s s a i d t o have c o l o u r m. 

S i n c e any b i p a r t i t e g raph G(m,n) can be p a r t i t i o n e d i n t o m v e r t i c e s 

o f one c o l o u r , n v e r t i c e s o f a n o t h e r , e v e r y v e r t e x i n G(m,n) has 

c o l o u r m o r n. 

2.1 LEMMA : I f t h e r e e x i s t s a v e r t e x i n G(m,n) o f deg ree m 

and c o l o u r n , t h e n G i s r e d u c i b l e . 

PROOF : L e t v be such a v e r t e x . Then t h e deg ree o f v i n G(m,n) 

i s 0 s i n c e i t s a d j a c e n c y t o a l l v e r t i c e s o f o p p o s i t e c o l o u r i n G i m p l i e s 

i t s n o n - a d j a c e n c y t o a l l v e r t i c e s o f o p p o s i t e c o l o u r i n G. Hence 

G(m,n) = H(m,n-1) U K , , and G i s r e d u c i b l e . 
o , I 

A second s i m p l e LEMMA p r o v i d i n g a s u f f i c i e n t c o n d i t i o n f o r 

r e d u c i b i l i t y i s : 

2.2 LEMMA : I f t h e r e e x i s t n o n - a d j a c e n t v e r t i c e s o f c o l o u r m, 

deg ree n^ l and c o l o u r n , deg ree m-1 r e s p e c t i v e l y , t h e n G(m,n) i s 

r e d u c i b l e . 

PROOF : L e t v be a v e r t e x o f d e g r e e m-1 , c o l o u r n and w be a 

v e r t e x o f deg ree n - 1 , c o l o u r m i n G ( m , n ) . The deg ree o f v = deg ree 

o f w =1 i n G(m,n) and s i n c e (v ,w) i E(G) we have (v,w)e E ( G ) . 

F u r t h e r ( v , u ) {. E(G) and (u,w) t E((3) f o r any o t h e r u e V ( G ) . Hence 

G(m,n) = H ( m - l , n - l ) U K-j -| and G i s r e d u c i b l e . A l t h o u g h t h e p r e v i o u s 
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two lemmas p r o v i d e r a t h e r e l e m e n t a r y s u f f i c i e n t c o n d i t i o n s f o r t h e 

r e d u c i b i l i t y o f a g r a p h , t h e y a r e bo th n e c e s s a r y and s u f f i c i e n t i f 

G(m,n) i s a t r e e . T h i s o b s e r v a t i o n i s embodied i n THEOREM 2.4 w h i c h 

r e q u i r e s t h e f o l l o w i n g r e s u l t i n i t s p r o o f . 

2.3 LEMMA : I f T(m,n) i s a r e d u c i b l e ( b i p a r t i t e ) t r e e , then i t s 

b i p a r t i t e complement T(m,n) has a component K-j -j o r K Q -|. 

PROOF : S i n c e T(m,n) i s r e d u c i b l e , T(m,n) = G^(m^,n-|) U Go^m-m-i, 

n-n-|) where G 2 i s n o t n e c e s s a r i l y c o n n e c t e d , and G-| i s t h e s m a l l e s t 

c o n n e c t e d component o f T. 

Assume m-j +n-j > 3. 

CASE 1 : (m-rt^) + ( n - r ^ ) = 3. 

Then T ( 3 , 3 ) = K-| 2 U K-| 2

 a n c ' by i n s p e c t i o n T i s d i s c o n n e c t e d . 

CASE 2 : (m-n^) + (n-n-,) > 3. 

Then G-j c o n t a i n s two v e r t i c e s o f one c o l o u r , G 2 c o n t a i n s two 

v e r t i c e s o f t h e o p p o s i t e c o l o u r and hence T has a f o u r c y c l e . 

In e i t h e r c a s e m-j+n-j » 3 i m p l i e s T c a n n o t be a t r e e . Hence m-j+n-j 

< 3 f o r w h i c h e i t h e r m-j =n-j = 1 i n w h i c h c a s e G-j = K-j - j , o r m-|=o, n-| = 1 

and t h e r e f o r e G, = K 
I , o , l 

As a d i r e c t con sequence o f t h e p r e v i o u s lemmas we now have : 

2 .4 THEOREM : A t r e e T(m,n) i s r e d u c i b l e i f and o n l y i f i t has a 

v e r t e x o f d e g r e e m o r n o r n o n - a d j a c e n t v e r t i c e s o f o p p o s i t e c o l o u r s 

m,n and deg ree s n-1 and m-1 r e s p e c t i v e l y . 

PROOF : C l e a r l y s u f f i c i e n c y f o l l o w s f r o m LEMMA 2 . 2 . 

C o n v e r s e l y i f T i s r e d u c i b l e t h e n by LEMMA 2.3 1.) T = K-j -| U 

G ( m - l , n - l ) o r 2 . ) T = K , U G (m,n -1 ) . 
o , I 

I f T i s as i n 2 . ) , t h e r e e x i s t s a p a i r o f n o n - a d j a c e n t v e r t i c e s 

o f o p p o s i t e c o l o u r s o f deg ree s m-1, and n - 1 . 
I f T i s as i n 2 . ) , t h e r e e x i s t s a v e r t e x o f d e g r e e m. 

By i n s p e c t i o n o f a l l t r e e s w i t h up t o s i x v e r t i c e s ( i n a l i s t o f 

t r e e s t h r ough 10 p o i n t s , s ee f o r example H a r a r y [ 1 2 ] ) we have t h e 
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f o l l o w i n g c o r o l l a r y : 

2.5 COROLLARY : A l l t r e e s w i t h l e s s t h a n seven v e r t i c e s a r e 

r e d u c i b l e . 

As examples o f i r r e d u c i b l e t r e e s , we g i v e a l l i r r e d u c i b l e t r e e s 

w i t h seven v e r t i c e s : 

T] = : . , . . . . . 

f i g . 2.1 

We can use THEOREM 2.4 t o c o n s t r u c t t h e g e n e r a l fo rm o f a l l 

r e d u c i b l e t r e e s : 

TYPE 1 : n o n - a d j a c e n t v e r t i c e s o f c o l o u r s m,n and d e g r e e s n - 1 , m-1 

m*3 

m-l 

w-2 

f i g . 2.2 

TYRE 2 : v e r t e x o f deg ree m and c o l o u r n 

f i g . 2 .3 

Tha t t h e s e d i a g r ams do i n f a c t c h a r a c t e r i z e a l l t r e e s w i t h t h e 

p a r t i c u l a r p r o p e r t i e s s p e c i f i e d as TYPE1 o r TYPE 2 can be e x h i b i t e d 
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by e x a m i n i n g t h e m i n i m a l t r e e s w i t h t h e s e p r o p e r t i e s t o g e t h e r w i t h t h e 

a l l o w a b l e e x t e n s i o n s o f t h e g r a p h , namely t h o s e p r e s e v i n g t h e p r o p e r t y . 

F o r TYPE 1 t r e e s , t he m i n i m a l t r e e i s : 

T 
1 

1 

(n) (m) (n) (m) 

t h e a l l o w a b l e e x t e n s i o n is" t h e i n t r o d u c t i o n o f new v e r t i c e s a d j a c e n t 

t o v e r t i c e s 2 o r 3. 

I n t r o d u c t i o n o f v e r t i c e s a d j a c e n t t o 1 o r 4 r e s u l t s i n a TYPE 2 

t r e e , w h i l e any v e r t e x n o t a d j a c e n t t o any o f 1,2,3 o r 4 d e s t r o y s t h e 

c h a r a c t e r i s t i c p r o p e r t y o f TYPE 1 t r e e s . 

Fo r TYPE 2 t r e e s , t he m i n i m a l t r e e i s a s i n g l e v e r t e x V and t h e 

a l l o w a b l e e x t e n s i o n s a r e any w h i c h r e s u l t i n t h e d i s t a n c e o f t h e new 

v e r t e x f rom V b e i n g l e s s t han o r equa l t o 2 . Thus a l l v e r t i c e s o f 

c o l o u r . o p p o s i t e t o V a r e a d j a c e n t t o V. 

U s i n g t h e b i p a r t i t e m a t r i x o f t h e TYPE 1 and TYPE 2 t r e e s g i v e n 

i n t h e p r e v i o u s d i ag ram i t can now be shown t h a t t h e r e d u c i b l e t r e e s 

a r e i n . f a c t c o m p l e t e l y r e d u c i b l e . 

2 .6 : THEOREM :, I f T (m,n) i s a r e d u c i b l e t r e e t h e n T(m,n) i s 

c o m p l e t e l y r e d u c i b l e . 

PROOF : The b i p a r t i t e m a t r i x f o r a TYPE 1 t r e e i s g i v e n by : 

m+1 m+2 

m-1 
m 

0 0 
0 . 

0 
1 

and f o r a TYPE 2 t r e e i s g i v e n by 
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m" 
m'+l 

m:'+2 

m 

m+1,m+2 m+i-j ,m+i^ +1 m+ i 2 ,m+ i 2 + l m+i K _^ , m + i K -j+1 m+n 

0 . . 0 0 . . . 0 0 0 0 0 

0 . . . 
1 . . 1 
0 . . 0 

0 . . . 

0 
1 1 0 

• • • • • 

where t h e l a b e l l i n g c o r r e s p o n d s t o f i g u r e s 2.2 and 2 . 3 . Now by 

d e f i n i t i o n s i n c e T i s r e d u c i b l e , i t s b i p a r t i t e complement has more 

t h a n one component . The b i p a r t i t e m a t r i c e s f o r T i f T i s o f TYPE 1 

a r e : 

^ = [ 1 ] and B 2 = 

1 1 

1 
0 1 

Now T i s c o m p l e t e l y r e d u c i b l e i f and o n l y i f G-j and G 2 a r e c o m p l e t e l y 

r e d u c i b l e where T = G-|UG2 and t h e b i p a r t i t e m a t r i x o f G^ i s B-j, o f 

G 2 i s B 2 . But B-j i s t h e b i p a r t i t e m a t r i x o f K-j -j hence G-| i s c o m p l e t e l y 

r e d u c i b l e . The b i p a r t i t e complement o f G 2 i s 

0 
1 0 

hence G 2 = -| U (m-1) Q U ( n - 1 ) K Q -| and t h e r e f o r e G 2 i s c o m p l e t e l y 

r e d u c i b l e . 

I f T i s o f TYPE 2 t h e n T* = K Q 1 U G 2 where t h e b i p a r t i t e m a t r i x 

o f G 2 i s g i v e n by : 
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1 • • • 1 1 

• 
0 . . . 0 1 . . •. 1 1 . . . 1 
1 . . . 1 0 . . . 0 1 . . . 1 

1 . . . 0 . . 0 

and t h e b i p a r t i t e m a t r i x o f G 2 i s hence 

"0 . . . 0 0 . . . 0 0 . . . 0" 
• 

1 . . . 1 0 . . . 0 0 . . . 0 
0 . . . 0 1 . . . 1 0 . . . 0 
• 

_6 i . i 

and t h e r e f o r e G~ = K,. U K , . U...K-.. and i s c o m p l e t e l y r e d u c i b l e . 
d. n p n 2

 1 1

K - 7 

The p a r t i c u l a r n a t u r e o f t h e b i p a r t i t e m a t r i c e s f o r r e d u c i b l e 

t r e e s t o g e t h e r w i t h t he r e s u l t o f THEOREM 2.4 a l l o w s t h e c o n s t r u c t i o n 

o f an a l g o r i t h m f o r i s o m o r p h i s m d e t e r m i n a t i o n between r e d u c i b l e t r e e s . 

T h e a l g o r i t h m r e - o r d e r s t he l a b e l s o f t he v e r t i c e s o f a r e d u c i b l e 

t r e e as g i v e n by i t s b i p a r t i t e m a t r i x t o c o r r e s p o n d t o t h e l a b e l l i n g 

o f f i g u r e 2.2 o r 2 . 3 . The rows o f t he b i p a r t i t e m a t r i x a r e r e - a r r a n g e d 

i n o r d e r o f i n c r e a s i n g d e g r e e , and t h e co lumns a r e t h e n r e - a r r a n g e d 

u n t i l t h e m a t r i x i s i n one o f t h e forms as g i v e n on pages .1,7 and 18 . 

Two r e d u c i b l e t r e e s a r e t h e n i s o m o r p h i c i f and o n l y i f t h e y have 

i d e n t i c a l l a b e l ! i n g s , and hence i d e n t i c a l b i p a r t i t e m a t r i c e s . 

We now s t a t e t he a l g o r i t h m . Note t h a t i f a t r e e i s n o t r e d u c i b l e 

then t h e a l g o r i t h m s t o p s a t s t e p 3. The a l g o r i t h m i s e f f e c t i v e f o r 

d e t e r m i n i n g i f an i s omo rph i sm e x i s t s between two t r e e s p r o v i d e d a t 

l e a s t one o f them i s r e d u c i b l e . 
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2.7 ALGORITHM : 

1) C a l c u l a t e a l l row and co lumn sums o f t h e b i p a r t i t e 

m a t r i x B ^ m x n ^ . Assume m < n. 
n tn 

2) I f I b . . = n o r Z b . . = m go t o 4 . 

3) I f Z b . . = n - 1 , b .„ = 0 and Z b.., = m- l „go t o 4, 

e l s e STOP B n o t r e d u c i b l e . 

4) R e - o r d e r rows o f B so t h a t Z b. . $ Z\b..v • where 

K > 1. 

5) s e t I=J=1 

6) s can row I u n t i l a ^ = 1 . I n t e r c h a n g e co lumns j and 

J . S e t J=J+1. 

7) I f J « n go t o 6, e l s e s e t 1=1+1 

8) I f I ^ m go t o 6. 

9) Repeat s t e p s 1 t h r o u g h 8 f o r t h e b i p a r t i t e m a t r i x 

c ( m x n ) Q f t h e s e c o n d g r a p h . 

10) I f t he two r e s u l t i n g m a t r i c e s a r e i d e n t i c a l t hen 

t h e two g raphs a r e i s o m o r p h i c . 

REDUCIBLE GRAPHS 

U n f o r t u n a t e l y , r e d u c i b l e b i p a r t i t e g raphs i n g e n e r a l a r e no t so 

e a s i l y c h a r a c t e r i z e d as i n t he c a s e o f t r e e s . L a t e r r e s u l t s w i l l show 

t h a t t h e c o n d i t i o n s o f THEOREM 2.4 a r e s u f f i c i e n t a l t h o u g h t h e f o l l o w i n g 

example i l l u s t r a t e s t h a t t h e y a r e n o t n e c e s s a r y . 

L e t G : 

f i g . 2.4 
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The b i p a r t i t e complement i s g i v e n by : 

f i g . 2.5 

.Now s i n c e t he components o f G . a r e b o t h . t r e e s w i t h l e s s t h a n seven 

v e r t i c e s we can a p p l y COROLLARY 2.5 and hence G i s c o m p l e t e l y r e d u c i b l e . 

However G s a t i s f i e s none o f t h e c o n d i t i o n s w h i c h c h a r a c t e r i z e d 

r e d u c i b l e t r e e s . 

2 .8 LEMMA : I f G(m,n) has a r e d u c i b l e s p a n n i n g t r e e t h e n G(ni,n) 

i s r e d u c i b l e . 

PROOF : I f G has a r e d u c i b l e s p a n n i n g t r e e t hen G c o n t a i n s 

v e r t i c e s o f d e g r e e m o r n o r n o n - a d j a c e n t v e r t i c e s o f o p p o s i t e c o l o u r s 

m,n and d e g r e e s n-1 and m-1 r e s p e c t i v e l y and hence by LEMMA 2.1 o r 

LEMMA 2.2 G i s r e d u c i b l e . 

Tha t n o t - a l l r e d u c i b l e g r aph s have r e d u c i b l e s p a n n i n g t r e e s was 

i l l u s t r a t e d by e x a m p l e . N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e 

e x i s t e n c e o f a r e d u c i b l e s p a n n i n g t r e e i n G a r e g i v e n by : 

2.9 THEOREM : A c o n n e c t e d b i p a r t i t e g raph G(m,n) has a 

r e d u c i b l e s p a n n i n g t r e e i f . a n d o n l y i f t h e r e e x i s t n o n - a d j a c e n t v e r t i c e s 

o f o p p o s i t e c o l o u r s m,n and deg ree s n-1 and m-1 r e s p e c t i v e l y o r t h e r e 

e x i s t s a v e r t e x o f deg ree m o r n. 

PROOF : I f G(m,n) has a r e d u c i b l e s p a n n i n g t r e e t hen f r om LEMMA 

2.8 G 'has v e r t i c e s w h i c h a r e o f deg ree m o r n o r a r e n o n - a d j a c e n t , o f 

o p p o s i t e c o l o u r and d e g r e e m-1 and n - 1 . 

C o n v e r s e l y suppose G.has n o n - a d j a c e n t v e r t i c e s v ] » v

m + ] o f d e g r e e 

n - 1 , m-1 and c o l o u r m,n. Then i s a d j a c e n t t o a l l v e r t i c e s o f 

c o l o u r n e x c e p t v , , v i s a d j a c e n t t o a l l v e r t i c e s o f c o l o u r m 
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e x c e p t "v-j . . S i n c e 6 i s assumed t o be c o n n e c t e d t h e r e e x i s t s a p a t h 

f rom V-| t o V m + 1 whose l e n g t h i s 3. O t h e r w i s e t h e r e wou l d e x i s t a 

v e r t e x , o f o p p o s i t e c o l o u r t o v-j n o t a d j a c e n t t o v - j , o t h e r t h a n v m + - | 

and hence d e g r e e < n - 1 . Hence G has a r e d u c i b l e s p a n n i n g t r e e o f 

TYPE 1 c o n s i s t i n g o f a l l ( u . v ^ ) eE(G), a l l ( w , v m + 1 ) eE(G) and an edge 

(u,w) where u i s a d j a c e n t t o and w i s a d j a c e n t t o v " m + i . 

I f G has a v e r t e x v o f d e g r e e m, t h e s p a n n i n g t r e e i s g i v e n by 

t h e f o l l o w i n g : 

1) s e t o f .edges (v ,u. j ) e E(G) t o g e t h e r w i t h 

2) s e t o f a l l edges such t h a t ( u . , w . ) eE(T) i m p l i e s w. i s 

a d j a c e n t t o e x a c t l y one v e r t e x u. e V(T). 

By c o n s t r u c t i o n T i s a r e d u c i b l e g r aph o f TYPE 2 s p a n n i n g V(G). 

The s p a n n i n g t r e e o f a r e d u c i b l e g r aph i s n o t n e c e s s a r i l y u n i q u e , 

n o r a r e a l l s p a n n i n g t r e e s o f a r e d u c i b l e g r aph r e d u c i b l e as t h e 

f o l l o w i n g examples show. 

L e t G be t h e f o l l o w i n g r e d u c i b l e g r a p h : 

f i g . 2.6 

By LEMMA 2 . 1 , s i n c e d e g r e e (3) = m = 4 , G i s r e d u c i b l e and by THEOREM 

2.0 has a r e d u c i b l e s p a n n i n g t r e e T-, : 

3) 

3 
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T-| i s a r e d u c i b l e s p a n n i n g t r e e o f TYPE 2. However 1^ i s a l s o a 

r e d u c i b l e s p a n n i n g t r e e o f TYPE 2 n o t i s o m o r p h i c t o T- j : 

v-

F i n a l l y Tg i s a l s o a s p a n n i n g t r e e b u t does no t s a t i s f y THEOREM 2 .4 

and hence i s n o n r e d u c i b l e : 

Two n o n - i s o m o r p h i c g raphs may have i s o m o r p h i c r e d u c i b l e s p a n n i n g 

t r e e s as t h e f o l l o w i n g example i l l u s t r a t e s : 

f i g . 2 .7 

In a d d i t i o n t o i s o m o r p h i c s p a n n i n g t r e e s , G-j and G 2 a l s o have 

v e r t i c e s w i t h t h e same d e g r e e s , and same number o f edge s . A 
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p r e v i o u s e x a m p l e , f i g . 1 . 2 , g i v e s two n o n - i s o m o r p h i c g r a p h s , w i t h 

i s o m o r p h i c r e d u c i b l e s p a n n i n g t r e e s , v e r t i c e s w i t h t he same deg ree s 

and e c c e n t r i c i t i e s , t he e c c e n t r i c i t y b e i n g t he maximum d i s t a n c e o f a 

v e r t e x f rom any o t h e r i n t h e g r a p h . 

The e c c e n t r i c i t y o f .the v e r t e x o f a g r aph i s i n t r o d u c e d i n o r d e r 

t o r e l a t e some r e s u l t s c o n c e r n i n g t he r a d i u s and d i a m e t e r o f a r e d u c i b l e 

g r a p h . The r a d i u s r ( G ) i s d e f i n e d t o be t he minimum e c c e n t r i c i t y , t h e 

d i a m e t e r d ( G ) , t he maximum e c c e n t r i c i t y o f t he v e r t i c e s . 

2.1.0 THEOREM : . A l l b i p a r t i t e g raphs o f r a d i u s l e s s t h a n 3 a r e 

r e d u c i b l e . 

PROOF : L e t v be a p o i n t o f minimum e c c e n t r i c i t y i n a b i p a r t i t e 

g r aph G(m,n) where r ( G ) < 3. Then a l l v e r t i c e s a r e a d i s t a n c e a t 

most 2 f rom v and hence a l l v e r t i c e s o f c o l o u r o p p o s i t e t o v a r e 

a d j a c e n t t o v . Hence G c o n t a i n s a p o i n t o f deg ree m, and i s t h e r e f o r e 

r e d u c i b l e by LEMMA 2 . 1 . 

As a c o n s e q u e n c e , we have t h e f o l l o w i n g 

2.11 COROLLARY : I f G i s a g r aph o f r a d i u s l e s s t h a n 3 , t h e n 

t h e d i a m e t e r o f G i s l e s s t h a n 5. 

PROOF : r ( G ) < 2 i m p l i e s G i s r e d u c i b l e and has a v e r t e x o f 

deg ree m and hence a r e d u c i b l e s p a n n i n g t r e e T. Now by i n s p e c t i o n o f 

f i g u r e s 2.2 and 2.3 a l l r e d u c i b l e s p a n n i n g t r e e s have d i a m e t e r d (T ) 

4 and s i n c e d (G ) < d (T ) f o r any g r a p h , d(G) < 4 . 

.2 .12 LEMMA : E ve r y c i r c u i t o f l e n g t h . 2 p i s i r r e d u c i b l e f o r 

p ^ 4 . 

PROOF : i f p=2, t hen t he c i r c u i t i s o f l e n g t h 4 , i s o m o r p h i c t o 

K 2 2 and c o n s e q u e n t l y r e d u c i b l e . I f p=3, t h e b i p a r t i t e complement o f 

t h e c i r c u i t o f l e n g t h 6 i s i s o m o r p h i c t o 3K-j ^ and hence r e d u c i b l e . 

For p ^ 4 . t h e p r o o f i s a con sequence o f a theorem by Posa [ 20 ] : 

L e t G have p » 3 p o i n t s . I f f o r e v e r y n , 1 £ n;< ( p - l ) / 2 , t h e 
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number o f p o i n t s o f deg ree n o t - e x c e e d i n g n i s l e s s t h a n n and i f , 

f o r odd p , t he number o f p o i n t s o f d e g r e e (p - 1) does no t e xceed 
2 

( p - l ) / 2 t hen 6 i s H a m i l t o n i a n . 

. The b i p a r t i t e complement o f a c i r c u i t o f l e n g t h ' 2 p has 2p 

v e r t i c e s each o f deg ree p-^2. Hence t h e b i p a r t i t e complement o f t h e 

c i r c u i t w i t h p ^ 4 s a t i s f i e s . P o s a ' s c o n d i t i o n , i s H a m i l t o n i a n and 

c o n s e q u e n t l y c o n n e c t e d . ' 

. W e use t h i s r e s u l t t o e s t a b l i s h an upper bound on t h e r a d i u s o f 

a - r e d u c i b l e g r a p h . 

2.1.3 THEOREM : A l l b i p a r t i t e g raphs o f r a d i u s g r e a t e r t h a n 3 

a r e i r r e d u c i b l e . 

PROOF : L e t G(m,n) be a b i p a r t i t e g raph w i t h r ( G ) > 3 . 

I f G i s a t r e e t h e n G i s n o t r e d u c i b l e s i n c e by i n s p e c t i o n o f 

f i g u r e s 2.1 and 2 . 2 , t h e r a d i u s o f a l l r e d u c i b l e t r e e s i s s 3. 

I f G has no c i r c u i t s o f l e n g t h ^ 8 t h e n G has a v e r t e x v w i t h 

e ( v ) > 8 . H e n c e . t h e r e e x i s t s two v e r t i c e s v,w w i t h a p a t h P between 

them o f l e n g t h no t l e s s t h a n 8. I f t h e l e n g t h o f t h e p a t h 1 i s odd 

t h e n P t o g e t h e r w i t h t h e edge (v ,w) forms a c i r c u i t o f l e n g t h > 2p 

where 1 = 2 p - l and by LEMMA 2.12 i s i r r e d u c i b l e . I f t h e p a t h l e n g t h 

1 i s e v e n , l e t w ' be a v e r t e x on t h e p a t h a d j a c e n t t o w and c o n s i d e r 

t h e g r aph P t o g e t h e r w i t h t he e d g e . ( v , w ' j . T h i s g r aph c o n t a i n s a 

c i r c u i t o f l e n g t h 2 ( p - l ) and by LEMMA 2.12 i s i r r e d u c i b l e . The 

v e r t e x w i s a d j a c e n t t o e v e r y v e r t e x o f o p p o s i t e c o l o u r i n t h e 

b i p a r t i t e complement o f t h e c i r c u i t . 

Hence G i s no t r e d u c i b l e s i n c e any v e r t e x n o t on t h e p a t h P i s 

a d j a c e n t t o a t l e a s t one v e r t e x i n G. 

I f G has a s i n g l e c i r c u i t C o f l e n g t h > 8 , t hen a g a i n a p p l y i n g 

LEMMA 2.12.C i s i r r e d u c i b l e , and a l l v e r t i c e s no t on C must be 

a d j a c e n t t o a t l e a s t one v e r t e x i n C, and hence G i s n o t r e d u c i b l e . 
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I f . G has more t h a n one c i r c u i t . o f l e n g t h > 8, l e t and C2 be 

any two such c i r c u i t s . Then t h e r e e x i s t v e r t i c e s v e C| and w e C 2 

such t h a t (v ,w) i s n o t ah edge o f G. Hence (v ,w) E E(G) and s i n c e 

C| and C 2 a r e c o n n e c t e d subg raph s by.LEMMA 2 . 1 2 , G i s a g a i n c o n n e c t e d 

and hence i r r e d u c i b l e . 

L e t A=A(G) be t he a d j a c e n c y m a t r i x o f t h e b i p a r t i t e g r aph G. A 

w e l l known p r o p e r t y o f t h e a d j a c e n c y m a t r i x i s : 

2.1.4 THEOREM [ 2 , p .110 ] : The i , j e n t r y o f A n i s t h e number o f 

w a l k s o f l e n g t h n f rom v . t o v . . 

F r o m . t h i s r e s u l t i t i s e a s i l y e s t a b l i s h e d t h a t t he r a d i u s o f G 

i s t h e s m a l l e s t v a l u e o f n such t h a t A + A 2 +...+ A n c o n t a i n s a row 

w h i c h i s s t r i c t l y p o s i t i v e , w h i l e t he d i a m e t e r . o f G i s t h e s m a l l e s t 

v a l u e o f n s uch t h a t A + A +...+ A i s a s t r i c t l y p o s i t i v e m a t r i x . 

U s i n g t h e s e r e s u l t s and THEOREM 2.10 y i e l d s t h e f o l l o w i n g 

c o r o l l a r y : 

2.15 COROLLARY : The d i a m e t e r o f any c o n n e c t e d r e d u c i b l e b i p a r t i t e 

g raph i s l e s s t h a n s e v e n . 

PROOF : I f G i s r e d u c i b l e t hen by THEOREM 2.10 r ( G ) <c 3. Hence 

2 3 

t h e r e e x i s t s a row o f X = A + A + A w h i c h i s s t r i c t l y p o s i t i v e , where 

A . i s t h e a d j a c e n c y m a t r i x o f G. Now s i n c e A i s s y m m e t r i c and no row 

c o n t a i n s a l l z e r o s , X i s s y m m e t r i c and no row c o n t a i n s a l l z e r o s , and 
T ' 2 9 ? 

t h e r e f o r e XX = X i s a s t r i c t l y p o s i t i v e m a t r i x . Bu t X = [A + A 

+ A 3 ] 2 = A 2 + 2 A 3 + 3 A 4 + 2 A 5 + A 6 > 0 i m p l i e s A + A 2 + A 3 + A 4 + A 5 

+ A 6 > 0 and hence d (G ) ^ 6. 

Summar i z i ng t h e s e r e s u l t s , t h e r e d u c i b l e g raphs a r e i n c l u d e d i n 

t he s e t o f c o n n e c t e d g raphs w i t h r a d i u s up t o t h r e e and d i a m e t e r up 

t o s i x . THEOREM 2.10 has shown t h a t a l l t h e g raphs w i t h r a d i u s l e s s 

t h a n t h r e e a r e r e d u c i b l e . Two examples a r e now g i v e n o f g r aphs o f 

r a d i u s t h r e e and d i a m e t e r l e s s t h a n s i x w h i c h a r e and a r e n o t 

r e d u c i b l e . 
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G: = 

G: = 

f i g . 2 . 8 : 

G i s a r e d u c i b l e . g r a p h w i t h d i a m e t e r 5 and r a d i u s 3. 

The f o l l o w i n g g r aph G has d i a m e t e r and r a d i u s equa l t o 3 , y e t 

i s n o t r e d u c i b l e : 
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The b i p a r t i t e complement o f G i s g i v e n by t h e u n i o n o f t h e two 

subg raphs be low as l a b e l l e d . 

Hence G i s c o n n e c t e d and c o n s e q u e n t l y G i s i r r e d u c i b l e . 

The examples i n f i g u r e s 2.8 and 2.9 s e r v e t o i l l u s t r a t e t h a t r e d u c i b l e 

g r aph s a r e n o t c o m p l e t e l y c h a r a c t e r i z e d by t h e i r r a d i u s and d i a m e t e r . 
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CHAPTER 3 

An I somorph i sm T e s t i h g A l g o r i t h m f o r C o m p l e t e l y R e d u c i b i e Graphs 

3.1 COMPLETELY REDUCIBLE GRAPHS 

THEOREM 1.10 g i v e s n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r two 

c o m p l e t e l y r e d u c i b l e b i p a r t i t e g raphs t o be i s o m o r p h i c . M o r e o v e r , 

THEOREM 2.6 p r o v i d e s a c h a r a c t e r i z a t i o n o f c o m p l e t e l y r e d u c i b l e t r e e s . 

B e f o r e implement ing "THEOREM 1.10 i n an i s omo rph i sm t e s t i n g a l g o r i t h m 

( s e c t i o n 3 . 2 ) , we s h a l l d i s c u s s o t h e r c l a s s e s o f c o m p l e t e l y r e d u c i b l e 

b i p a r t i t e g r aph s . • 

3.1 THEOREM : The g r a p h . K m X -| i s c o m p l e t e l y r e d u c i b l e . 

PROOF : S i n c e t he v e r t i c e s o f t h e g raph G = n X K-j ^ can be 

p a r t i t i o n e d i n t o two s e t s o f m+n v e r t i c e s such t h a t n , i s d e f i n e d 

as a s ubg raph on e a c h . s e t , t h e b i p a r t i t e m a t r i x i s g i v e n by X 1 J 

J T x 2 

where J i s an m x n . m a t r i x w i t h a l l e n t r i e s one . Hence G i s r e d u c i b l e 

s i n c e i t s b i p a r t i t e complement i s g i v e n by ^ 0 

0 x2J 

Now by t h e 

d e f i n i t i o n o f c a r t e s i a n p r o d u c t o f g r a p h s , t h e r e e x i s t s a one -one 

c o r r e s p o n d e n c e between t he v e r t i c e s o f each subg raph n . Hence each 

v e r t e x i n one subg raph n i s a d j a c e n t t o e x a c t l y one v e r t e x i n t h e 

o t h e r s ubg raph n . C o n s e q u e n t l y , t he m a t r i c e s X^ and X 2 have 

e x a c t l y one n o n - z e r o e n t r y i n each row and c o l u m n . I n t e r p r e t i n g 3C-| 

and X 2 as t h e b i p a r t i t e m a t r i c e s o f two g raphs G.|, G 2 , t h e i r b i p a r t i t e 

complements have b i p a r t i t e m a t r i c e s X^ and X 2 and t h e r e f o r e G^ = mK-| -| 

and G"2 E nK-j -j and t hu s G i s c o m p l e t e l y r e d u c i b l e . 

L e t G be a g r aph w i t h d i s j o i n t s ubg raph s K ^ , ^ and K^,^, such 

t h a t i f ( v - , , v 2 ) e E(G) f o r v-, e V d ^ , • ) , v 2 e V ( K m , n v , t h e n ( v p V ^ 

1 1 * 
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and (v . ,v 2 ) i E(G) f o r j j * 1, i f 2 . 

Assume m^ ^ n^, m 2 <j n 2 and m-| * m 2 . Then t h e b i p a r t i t e m a t r i x 

o f t h e g r aph G so c o n s t r u c t e d has t h e fo rm : 

( m 1 x n 2 ) 

1 
| (m 2 xn 2 ) 

( m i x n , ) 
J 1 1 

x|m2 x nl> 

The b i p a r t i t e complement G = G^UG 2 where G-j has b i p a r t i t e m a t r i x X p 

G 2 has b i p a r t i t e m a t r i x X 2 . Now by c o n s t r u c t i o n each row and co lumn 

o f X^ and X 2 has none o r e x a c t l y one n o n - z e r o e l e m e n t . Hence G-j and 

G 2 a r e c o m p l e t e l y r e d u c i b l e and t h e r e f o r e so i s G. 

These r e s u l t s a r e g e n e r a l i z e d f u r t h e r i n t he f o l l o w i n g THEOREM: 

3.2 THEOREM ; L e t G be a b i p a r t i t e g r aph whose v e r t i c e s can be 

p a r t i t i o n e d i n t o two s e t s such t h a t each s e t has a c o m p l e t e b i p a r t i t e 

subg raph o f G d e f i n e d on i t . Then G i s c o m p l e t e l y r e d u c i b l e i f and 

o n l y i f t h e c u t - s e t o f G c o n s i s t i n g o f a l l edges between t h e two 

s e t s o f p o i n t s i s c o m p l e t e l y r e d u c i b l e . 

PROOF : S i n c e a l l such g r aph s have a b i p a r t i t e m a t r i x as 

p r e v i o u s l y d e f i n e d t o be o f t h e fo rm : 

(m-,xn 9) (m-ixn-,) 
X ]

 1 • J 

( m 2 x n 2 ) (m 2xn-|) , t h e 

p a r t i c u l a r c u t - s e t r e f e r r e d t o c o r r e s p o n d s t o t h e b i p a r t i t e m a t r i x 

0 

X, 

and by d e f i n i t i o n G i s c o m p l e t e l y r e d u c i b l e i f and o n l y i f G =G^UG 2 

i s c o m p l e t e l y r e d u c i b l e > i f and o n l y i f G-|UG2 i s c o m p l e t e l y r e d u c i b l e , 

But G j U G 2 c o r r e s p o n d s t o t h e c u t - s e t o f G. 
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The e x i s t e n c e o f c o m p l e t e l y r e d u c i b l e g raphs n o t y e t c l a s s i f i e d 

i s i l l u s t r a t e d by a p r e v i o u s e x a m p l e , t h e g raph G 2 i n f i g . 2 . 7 , whose 

b i p a r t i t e complement i s g i v e n by : 

G:.= 

G c o n t a i n s a TYPE 1 t r e e as a component t o g e t h e r w i t h an 

i s o l a t e d v e r t e x . Hence G i s c o m p l e t e l y r e d u c i b l e . 

3.2 GRAPH REDUCIBILITY ALGORITHM 

L e t G(m,n) be a b i p a r t i t e g r aph w i t h m+n v e r t i c e s . The pu rpo se 

o f t h e a l g o r i t h m i s t o d e t e r m i n e w h e t h e r G i s c o m p l e t e l y r e d u c i b l e , 

and i f s o , t o c o n s t r u c t a px3 a r r a y , p ^ m+n, c a l l e d t h e c h a r a c t e r i s t i c 

a r r a y o f t he g r a p h . 

. L e t . ( i - , . 'm., n...) be t h e i t h row v e c t o r o f t h e c h a r a c t e r i s t i c a r r a y 

C. L e t p be t h e r o w . p o i n t e r o f C, and s b e . t h e s t a g e p a r a m e t e r . 

Assume G i s c o n n e c t e d , B . i s . i t s b i p a r t i t e m a t r i x and B j , B 2  

^ks a r e t n e m a ^ r i ' x b l o c k s c o r r e s p o n d i n g t o t h e b i p a r t i t e m a t r i x o f 

." each component t o be t r e a t e d a t s t a g e s . I n i t i a l l y s e t s t o 1 j t o 1 

and B = B | ° ) , £ = B J 1 ) © B ^ < & . . . © B ^ where © d e v o t e s t h e 

d i r e c t sum o f matr ices-. ; 

3.3 ALGORITHM 

1) C a l c u l a t e B ( s - 1 ) = B ^ s ) + B 2 ^ s ) +...+ B R ^ . J I f K g = l and 

t h e r e a r e no rows o r co lumns c o n t a i n i n g o n l y z e r o e n t r i e s , STOP, B no t 

r e d u c i b l e . 

2) I f B ^ s " ^ has a co lumn w i t h e n t r i e s a l l z e r o s s ave ( s , l , o ) 

^ ( s - l ) 
i n t h e p t h row o f C, i n c r e m e n t p by one and l e t B v be t h e m a t r i x 
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o b t a i n e d a f t e r d e l e t i o n o f t h a t c o l u m n . 

3) I f B v " ' h a s a row w i t h e n t r i e s a l l z e r o s s ave ( s , o , l ) i n 

t h e p t h row o f C, i n c r e m e n t p by one and l e t J 3 ^ s ~ ^ be t he m a t r i x 

o b t a i n e d a f t e r d e l e t i o n o f t h a t r ow. 

4) Repeat s t e p s 2 and 3 u n t i l B v ' c o n t a i n s no rows o r 

co lumns h a v i n g o n l y : z e r o e n t r i e s . 

5) I f B , ^ = J ^ m j x n j ^ s ave ( s , m . , h . ) i n t he p t h row o f C, 

i n c r e m e n t p by 1, d e l e t e B. s ' * 
J 

6) I n c rement j by 1 and i f j ^ K s go t o s t e p 5. 

7) • I n c rement s by 1 and go t o s t e p 1, u n l e s s t h e r e a r e no 

b l o c k s l e f t t o t r e a t . 

Each . row o f t he c h a r a c t e r i s t i c a r r a y c o r r e s p o n d s t o a c o m p l e t e 

b i p a r t i t e s ubg raph o b t a i n e d d u r i n g t h e s t h s t a g e o f r e d u c t i o n . The 

p r o c e d u r e i n v o l v e s t r e a t i n g each component o b t a i n e d by t a k i n g t he 

b i p a r t i t e .complement o f t h e g r aph as a g r aph w h i c h i s e i t h e r c o m p l e t e 

b i p a r t i t e o r must b e . f u r t h e r r e d u c e d . Each s t a g e o f r e d u c t i o n c o r r e s p o n d s 

t o t r e a t i n g a l l s u b - b l o c k s n o t y e t c o m p l e t e l y r e d u c e d . I f t he a l g o r i t h m 

i s s u c c e s s f u l l y t e r m i n a t e d i t i s p o s s i b l e t o c o n s t r u c t a un i que 

b i p a r t i t e m a t r i x and t h e c o l o u r . g r o u p f o r t h e g r a p h . 

We f i r s t i l l u s t r a t e t h e o p e r a t i o n o f t h e a l g o r i t h m i n an 

e x a m p l e . L e t G be t h e g raph G 2 g i v e n i n f i g u r e 2 . 7 . I t s b i p a r t i t e 

m a t r i x i s g i v e n by : 

1 1 1 ° l i 
1 1 1 0 I 

1 0 1 0 ! 

1 0 0 l j i 

B x ' = B i s g i v e n by 

" 0 0 0 1*1; 

0 0 0 1 j 

0 1 0 1 

0 1 1 0 
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and c o n t a i n s a co lumn o f a l l z e r o s . Hence t h e f i r s t e n t r y i n t o t h e 

c h a r a c t e r i s t i c a r r a y i s ( 1 , 0 , 1 ) . The m o d i f i e d m a t r i x i s t hen 

g i v e n by : 0 0 1 

0 0 1 

1 0 1 

1 1 0 

T h i s m a t r i x s a t i s f i e s none o f t he c o n d i t i o n s i n s t e p s 1 , 2 , hence 

p r o c e e d i n g w i t h s t e p 5, t h e new m a t r i x i s 1 1 

1 . 1 

0 1 0 

0 0 1 

w i t h b l o c k s 

(2) _ 
1 1 

1 1 

0 1 

and B. (2) _ 
= [ 1 ] 

Hence t h e s econd e n t r y i n t o t h e c h a r a c t e r i s t i c a r r a y i s ( 2 , 1 , 1 ) 

(2) (?) 
c o r r e s p o n d i n g t o K-j ^ g i v e n by Bg . F i n a l l y B^ v ' i s n o t c o m p l e t e 

b i p a r t i t e , so a g a i n a p p l y i n g s t e p 1 we have : 

(2) _ 'BV'-' = 0 0 
0 0 

1 0. 

f o l l o w e d by s t e p s 2 and 3 w h i c h r e s u l t i n t h e t h r e e e n t r i e s ( 3 , 0 , 1 ) , . 

( 3 , 1 , 0 ) and ( 3 , 1 , 0 ) and f i n a l l y t h e e n t r y ( 3 , 1 , 1 ) c o r r e s p o n d i n g t o t h e 

b l o c k [ 1 ] t o w h i c h B ^ ^ i s r educed a f t e r d e l e t i n g rows and co lumns 

o f z e r o s . 

Hence t he c h a r a c t e r i s t i c a r r a y i s g i v e n by : 

1 0 l ' 

2 1 1 

3 0 1 

3 1 0 

3 1 0 

3 1 1 



34 

The o r i g i n a l g r aph can be c o n s t r u c t e d f rom i t s c h a r a c t e r i s t i c 

a r r a y as f o l l o w s . L e t G-j be t h e g raph c o n s i s t i n g o f t h e u n i o n o f t h e 

f o u r c o m p l e t e b i p a r t i t e g r aph s o b t a i n e d a t s t a g e 3 . Thus : 

. L e t G 2 be t h e u n i o n o f G-| and a l l c o m p l e t e b i p a r t i t e g raphs 

o b t a i n e d a t s t a g e 2 : 

L e t G 3 be t he u n i o n o f G 2 and a l l c o m p l e t e b i p a r t i t e g raphs 

o b t a i n e d a t s t a g e 1 : 

Compar i s on o f Gg w i t h G 2 i n f i g u r e 2.7 shows t h a t Gg i s i n d e e d 

i s o m o r p h i c t o t h e o r i g i n a l g r a p h . The c o l o u r g roup o f t h e g r aph i s 

g i v e n . b y t he e n t r i e s i n t h e a r r a y i n t h e f o l l o w i n g manner : 

Each row (s^ ,r\^) c o r r e s p o n d s , as i n d i c a t e d p r e v i o u s l y t o a 

c o m p l e t e b i p a r t i t e g raph 1^,; n whose c o l o u r g roup i s S m , + S - u n l e s s 

one o f m.j,n.j i s z e r o i n w h i c h ca se K m n _ c o r r e s p o n d s t o an i s o l a t e d 

v e r t e x whose c o l o u r g roup i s S-j. I f t he c h a r a c t e r i s t i c a r r a y - c o n t a i n s K 

i d e n t i c a l rows t h e n t h e c o l o u r g roup f o r t h o s e e n t r i e s i s g i v e n by 
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S K [ S m ; + S n , ] . The c o l o u r g roup o f t h e g raph i s t hen g i v e n by t h e 

g roup s u m o f the g roups r e p r e s e n t e d . b y each row. Thus i n t h e 

p r e v i o u s example r * ( 6 ^ ) i s S ] + [ S 1 + + S 2 [ S ^ ] + S 1 + [ S 1 + 

= S 2 . E x a m i n a t i o n o f f i g u r e 2 . 7 shows t h a t an i n t e r c h a n g e o f v e r t i c e s 

1 and 2 i s t h e o n l y au tomorph i sm o f G. 

. S i n c e t h e c h a r a c t e r i s t i c a r r a y i s i n d e p e n d e n t o f t h e l a b e l l i n g 

o f t h e v e r t i c e s o f G, t h e r e d u c t i o n o f any c o m p l e t e l y r e d u c i b l e 

b i p a r t i t e . g r a p h i s o m o r p h i c t o G must r e s u l t i n t h e same c h a r a c t e r i s t i c 

a r r a y up t o a r e - o r d e r i n g o f rows d e t e r m i n e d d u r i n g t h e same s t a g e s^ , 

p r o v i d e d m^n. I f m=n, and two g raphs G^(m,m) and G 2 ( n , n ) a r e 

i s o m o r p h i c , and t h e r e e x i s t s P p P , , such t h a t P{BJP 2 = B 2 ( see LEMMA 

1 . 2 ) , t h i s i s e q u i v a l e n t t o t h e v e r t i c e s i n G^ b e i n g c o l o u r e d o p p o s i t e l y 

t o t h o s e i n G 2 . Hence-an i n t e r c h a n g e d f co lumns 2 and 3 o f t he 

c h a r a c t e r i s t i c a r r a y . o f G 2 a g a i n y i e l d s a c h a r a c t e r i s t i c a r r a y i d e n t i c a l 

t o t h a t o f G-j u p . t o a r e - o r d e r i n g o f t he rows d e t e r m i n e d d u r i n g each 

s t a g e . 

In o r d e r t o use ALGORITHM 3 . 3 . t o c o n s t r u c t a u n i q u e c h a r a c t e r i s t i c 

a r r a y f o r each c o m p l e t e l y r e d u c i b l e b i p a r t i t e g r a p h , t h e o r d e r o f 

t r e a t m e n t o f t h e b l o c k s B ^ m i x n i ^ a t each s t a g e i s t o t r e a t t h e b l o c k 

w i t h minimum n^ among a l l " b l o c k s w i t h minimum m. among a l l b l o c k s no t 

y e t t r e a t e d . The rows o f t h e c h a r a c t e r i s t i c a r r a y a r e t hen i n a s c e n d i n g 

o r d e r by n . , m^ and f i n a l l y s^. 

The d e t e r m i n a t i o n o f i s o m o r p h i s m between c o m p l e t e l y r e d u c i b l e 

g raphs i s now j u s t a t e s t o f w h e t h e r t h e r e s p e c t i v e c h a r a c t e r i s t i c 

a r r a y s a r e i d e n t i c a l . . . The o n l y r e m a i n i n g c a s e t b be c o n s i d e r e d i s 

t h e p o s s i b i l i t y t h a t w i t h m=n, t h e e q u i v a l e n t v e r t e x s e t s o f two 

g raphs under c o n s i d e r a t i o n a r e o f o p p o s i t e c o l o u r . I f such i s t h e 

c a s e f o r tWo. i s o m o r p h i c g r aph s t hen P|B|P2 = B 2 f o r some P - j , P 2 

( see LEMMA 1 . 2 ) . R a t h e r t h a n r e p e a t t h e r e d u c t i o n p r o c e d u r e w i t h 
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B| as b i p a r t i t e m a t r i x r a t h e r t h a n B^, we need o n l y i n t e r c h a n g e t h e 

second and t h i r d co lumns o f t h e c h a r a c t e r i s t i c a r r a y o f one o f t h e 

g r a p h s , and r e - o r d e r a l l rows i s a s c e n d i n g o r d e r as p r e v i o u s l y 

d e s c r i b e d . 

As an e x a m p l e , we c o n s i d e r a r e - l a b e l l i n g o f t h e g raph G 2 o f 

f i g u r e 2 .7 : 

G : = 

A p p l y i n g a l g o r i t h m 3.3 as b e f o r e y i e l d s ( 1 , 1 , 0 ) , ( 2 , 1 , 1 ) , ( 3 , 0 , 1 ) , 

( 3 , 0 , 1 ) , ( 3 , 1 , 0 ) . F i n a l l y t h e m o d i f i e d m a t r i x i s [ 1 ] hence t h e 

f i n a l e n t r y i s ( 3 , 1 , 1 ) . The c h a r a c t e r i s t i c a r r a y i s [1 1 0" 

2 1 1 

3 0 1 

3 0 1 

3 1 0 

3 1 1 

Compar ing t h i s c h a r a c t e r i s t i c a r r a y w i t h t h a t o f t h e o r i g i n a l 

l a b e l l i n g o f G , we n o t e t h a t i t i s n o t i d e n t i c a l . However s i n c e 

m=n, an i n t e r c h a n g e o f t h e l a s t two co lumns and a r e - o r d e r i n g o f t h e 

rows i n a s c e n d i n g o r d e r as p r e v i o u s l y d e s c r i b e d g i v e s : 

U 0 ' I -

2 1 1 

3 0 1 

3 1 0 

3 1 0 

3 1 1. 

t o t h e c h a r a c t e r i s t i c a r r a y f o r t h e o r i g i n a l l a b e l l i n g . 

F i n a l l y we o b s e r v e t h a t t h e a l g o r i t h m y i e l d s o n l y p a r t i a l 

r e s u l t s f o r d e t e r m i n i n g i s omo rph i sm between two a r b i t r a r y b i p a r t i t e 

w h i c h i s i d e n t i c a l 
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graphs. The algorithm behaves thus : 

1) I f both G-j and G 2 are completely reduc ib le , then they are 

isomorphic i f and only i f they produce i den t i c a l c h a r a c t e r i s t i c 

arrays . 

2) I f only one o f G-j and G 2 i s completely reduc ib le , then they 

are obviously not isomorphic. 

3) If. ne i ther G-j nor G 2 i s completely reducib le then the 

isomorphism problem remains unsolved. 

TIMING CONSIDERATIONS 

The number of operations requ i red.a t each stage of the algorithm 

i s examined in an e f f o r t to provide some estimate o f i t s e f f i c i e n c y 

f o r comparison with other methods.for determining graph isomorphism. 

Let G(m,n) be the b i p a r t i t e graph under cons idera t ion . The nature 

and number of executions of each operation i s : 

STEP 1 : s b i p a r t i t e complementations where s i s the stage parameter. 

.STEP 2 : m summations o f n numbers f o r comparison with zero. 

STEP 3 : n summations of m numbers f o r comparison with zero. 

STEP 4 : K s tes ts f o r a complete b i p a r t i t e subgraph, invo lv ing 

m.n. comparisons with one, where z: m. ^ m, £ n. 4 n. 
1 1 Ui 1 w 1 

STEP 5 : Kg incrementations 

STEP 6 : s incrementations 

3.4 LEMMA : I f m= £ Pi fo r Pi >y 1 (l < i < k) then (m-k+Tr + 
w M 

k-1 I P I . ' 

2 2 2 
PROOF : For k=2, m= p^ + p 2 > Then m = p^ + p 2 = 2p^p2 and 

2 2 2 
consequently p.] + p 2 i s maximized by maximizing m -2p^p2. Now the 

funct ion f ( x ) = x (m-x) i s monotonical ly increas ing fo r o«xsm . Hence 
2 

p-|P2 = p-|(m-p^) i s minimized for po s i t i ve integer values of p-j at p^ = 1 

2 2 
and as a r e su l t m =2p-jp2 < (m-1) + 1. 
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F o r k > 2 assume w i t h o u t l o s s o f g e n e r a l i t y t h a t p-j > p 2 * . . . 

k 
> P k where t h e p^ m a x i m i z e £ p j ; ' . I f p k > 1 l e t N = p^_-j + p^. 

k 2"̂  2 k 2 
Then by t h e above argument z f p.. + (N -1 ) + 1 » £ P i and hence 

t a k i n g P ^ l . P^y n ' l i n c r e a s e s t he v a l u e o f pn-2 I t e r a t i n g k-2 

t i m e s we o b t a i n P ^ P ^ - j . =...= P 2 = 1 a n d P-] = m-R+1 as r e q u i r e d . 

T h i s lemma a l l o w s f o r t h e c a l c u l a t i o n o f an uppe r :bound on t h e 

t o t a l number o f c o m p a r i s o n s r e q u i r e d i n STEP 5 t o r e d u c e a g r a p h . 

We assume t h a t a t e a c h . s t a g e o f t h e r e d u c t i o n o f a g r aph t h e r e a r e 

k=K+l b l o c k s t o be t r e a t e d and we assume m^ ~ n . where t h e w o r s t 

p o s s i b l e c a s e o c c u r s a t each s t a g e i , w i t h t he r e s u l t t h a t t h e r e i s 

one b l o c k o f s i z e m^ x .m. and K b l o c k s o f s i z e l x l . 

3.5 THEOREM : The number o f c o m p a r i s o n s r e q u i r e d i n t h e 

r e d u c t i o n o f a c o m p l e t e b i p a r t i t e m a t r i x by ALGORITHM 3.3 i s a t most 

3 

o f o r d e r p where p i s t he number o f v e r t i c e s . 

PROOF : Under t h e a s s u m p t i o n t h a t a t each s t a g e i t h e r e i s an 

(m.. ^ = K) X (m^_.-| - K) m a t r i x t o be t r e a t e d whose b i p a r t i t e complement 

c o n s i s t s o f a b l o c k d i a g o n a l m a t r i x w i t h K b l o c k s t h e n by LEMMA 3.4 
o 

t h e number o f c o m p a r i s o n s r e q u i r e d i s l e s s t h a n o r equa l t o (n^.-K) . 
2 

Now i f s s t a g e s a r e r e q u i r e d u n t i l t h e r e e x i s t s a b l o c k w i t h f e w e r K 

e l e m e n t s t o be t e s t e d , t hen t h e t o t a l number o f c o m p a r i s o n s r e q u i r e d 

s p 
i s T (m. - K) . I f m.-.l i s p a r t i t i o n e d i n t o p a r t s m. , and K 

i=l ' 1 1 

ones' t h e n m .̂_-| = m = i K w i t h m=m6.. 

I ( m . - K ) 2 = £ (m - i K ) 2 

i=l 1 1"1 2 

= nTs - 2K(m) s ( s + l ) + s ( s + l ) ( 2 s + l ) IC 
2 6 

Now-m •< K i m p l i e s m < (s+1) K, hence 

Ks < m < (s+1) K 

o r s < m < s+1 
K 

T h e r e f o r e ( m . - K ) 2 < m 3 - m 2 (m+1) +mK (m+1) (2m+l) 
1 K K 6 K K 

= m 3 + 0 ( m 2 ) . 
3T 
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Fo r n o n - s q u a r e b l o c k s a t each s t a g e , r e d e f i n e t o be t he maximum 

o f m i and n^. Then (m^.-K)(n^-K) < ( m ^ K ) and t h e p r e v i o u s r e s u l t s 

a r e t r u e f o r m f n . 

D e t e r m i n a t i o n o f t he e x p e c t e d v a l u e o f K i s e x t r e m e l y d i f f i c u l t 

s i n c e i t i n v o l v e s c o m p u t a t i o n s w i t h u n o r d e r e d p a r t i t i o n s [9]. The 

e x p e c t e d v a l u e o f K, E ( K ) , i s g i v e n by : 
m 

E(K). = Z i P i ( m ) 
v l P l m T 

m 
= 1 Z i p.(m) 

pW) i=l 

where p(m) d e n o t e s t h e number o f u n o r d e r e d p a r t i t i o n s o f m; p ^ m ) , t h e 

number o f u n o r d e r e d p a r t i t i o n s o f m i n t o i e l e m e n t s . The v a l u e s f o r 

E ( K ) w i t h m £10 a r e g i v e n i n t a b l e I. 



TABLE I 

m p(m) E(K) 

1 1 1 

2 2 1.5 

3 3 2 

4 5 2.4 

5 7 2.86 

6 11 3.18 

7 15 3.60 

8 22 3.72 

9 30 3.67 

10 42 4.62 

The Number and E x p e c t e d V a l u e o f t h e Uno rde red P a r t i t i o n s o f 

t h e Numbers one t o t e n . 
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Since there ex i s t s only one p a r t i t i o n of m into K parts such 

that m-j = m-K, m 2 =...= m K = 1 the p r o b a b i l i t y of achieving the 

upper bound given in THEOREM 3.5 i s exceedingly sma l l , being given 

by TT p ( m . ) - 1 i f i t i s assumed that any p a r t i t i o n i s equal ly 

1 i ke l y . 

Under an a l t e rna t i ve assumption, that at stage i the tn^xn. block 

has a b i p a r t i t e complement with block diagonal form cons i s t ing of K 

equal blocks of s i ze m.,.then.the number of blocks to be deal t with 

K i 
at stage i i s less than or equal to K . Hence a f t e r s stages, s < 

log K (m), the number of comparisons required at STEP 5 of the algorithm 

i s < K(m) 2 + K2(m ) 2 +... K s(m ) 2 

K K2 K5 

= m 2 (1 + 1+.. .+ 1 ) 

and hence is o f order m . 

These; re su l t s compare favorably with the more general algorithm 

2 3 
of Cornei l who showed t h a t . i t s timing was u s u a l l y of order p to p 

5 

with an upper bound of p , p being the number of ver t i ces of the graph 

[4 ] . 
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SUMMARY 

The value of any so lu t ion to the isomorphism problem i s dependent 

upon the construct ion of a unique representat ion of a graph, independent 

of vertex or edge l a b e l l i n g , in a reasonably e f f i c i e n t manner. This 

thes i s has provided such a representat ion f o r the completely reduc ib le 

b i p a r t i t e graphs,.with the time required f o r computing such a representat ion 

being 0(n ), where n is the order of the graph. In add i t ion th i s represent

at ion has been shown to have the property that the colour group of the graph 

may be e a s i l y constructed from i t . 

C r i t e r i a f o r the existence of reduc ib le b i p a r t i t e graphs have a l so 

been e s tab l i shed . In p a r t i c u l a r i s the fac t that a l l reduc ib le graphs have 

radius less than four. 

Although the method i s . a .u se fu l procedure only when at leas t one 

of two graphs in ques t ion . i s completely reduc ib le , the importance of f ind ing 

decomposition procedures f o r use as a technique in the construct ion of 

so lut ions to the isomorphism.problem i s c l e a r l y emphasized. 
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