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Abstract

This thesis presents a practical approach to verifying real-time prdperties of VLSI designs.
A simple proof checker Wiﬁh built-in decision procedures for linear programming and
predicate calculus offers a pragmatic approach to verifying real-time systems in return
for a slight 1dss of formal rigor when compared with traditional theorem provers. in this
approach, an abstract data type represents tﬁe hypotheses, claim, and pending proof
obligations at each step. A complete proof is a program that generates a proof state
with the derived claim and no pending obligations. The user provides replacements for
obligations and relies on the proof checker to.validate the soundness of each operation.
This design decision distinguishes the proof checker from traditional theorem provers,
and enhances the view of “proofs as programs”. This approach makes proofs robust
to incremental changes, and there are few “surprises‘”. when applying rewrite rules or
decision procedures to proof obligations. A hand-written proof constructed to verify the
timing correctness of a high bandwidth communication protocol was verified using this

checkef.
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Chapter 1

Introduction

Verification is an essential part of the design process. To ensure that a system is func-
tionally correct, designers try to systematicallyr capture requirerhents and show that they
~ are satisfied. Formal methods can assist this process when the specification is amenable
to mathematical formalization and practical techniques are available to carry out the
proofs. In particular, this thesis examines the application of formal methods to the veri-
fication of real-time systems. Specifications of timing correctness can often be expressed
using simple predicates that includes linear inequalities. Thése are readily expressed in
precise and familiar mathematical notation. On the other hand, the proofs that these
requirements are satisfied are often lengthy. This thesis presents a proof checker that can
be used to ensure the soundness of such proofs.

The work presented in this thesis is motived by a manual ‘proof constructed to ver-
ify the timing correctness of a high bandwidth communication protocol, STARI [16].
STARI (Self-Timed At Receiver’s Input) is a signaling technique for interchip communi-
cation that combines synchronous and asynchronous design methods. Although STARI
is interesting in its own right, the manual proof is more tedious than it is profound, and
its length makes it untrustworthy. Hand-written proofs often contain implicit assump-
tions and unstated arguments. Both can lead to errors. Even stated arguments can be
wrong. This motivates developing mechanized tools to verify such proofs. Examining

the manual proof for STARI, it appears that only a few, simple proof techniques were

employed which suggests that a simple proof checker could be written to certify such
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proofs. To test this hypothesis, such a proof checker was written.

A proof checker takes a proof as input, verifies each step of the proof and certifies
the resulting proof. This thesis presents a proof checker designed to verify proofs of
real—tifne properties. The rémainder of the introduction includes a discussion on some
techniques used to formulate proofs for verifying real-time properties and a survey on

existing theorem provers.. The chapter concludes with an overview of the thesis.

1.1 Verifying Timing Properties with the Proof Checker

Many existing theofém provers- are either extremély teaious ahd/ or require skilled users.
The thesis presented here is that a simpler proof checker, with a minimal set of inference
rules, is powerful ehough to verify correctness proofs for real-time systems. This proof
checker, unlike many other traditional theorém provers which embed profound mathe-
matical theories, is more accessible to engineers who are more interested in the result
of the verification than the proofs involved. The fact that there is a simple mapping
between the structures of proofs constructed from the proof checker and those of the
manual proofs simplifies proof construction. The proof checker is domain specific. It
is implemented to verify real-time properties in VLSI design. A decision procedure for
linear inequalities is ianrporated into the system for this purposé.

A theorem prover takes a theorem statement as input, applies different inference
rules, and outputs a proof. Often, the built-in inférence rules correspond to fundamental
axioms of mathematics, allowing the theorem prover to be used to develop a wide {/ariety
of theories. Automated‘ application of these inference rules releases users from tedious
reasoning, and allows them to focus on more high-level issues. Some theorem provers,

which place emphasis on automation, have built-in heuristics to search through inference

rules and decide which ones to apply for different scenarios. These theorem provers make
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multiple proof steps with minimal human interaction. Others, focusing on generality,
require more human guidance.

From a survey of existing theorem provers, it was noted that unpredictable output
from inference rules can be frustrating in proof development. The proof checker described
here avoids this problem because the user provides the expected result of each step. The
use of a functional meta-language as the user interface to the proof checker makes this
approach practical: the user does not have to repeatedly type enormous expressions;
instead, functions can be written in the metalanguage to compute intended results and
other inputs to the checker. Inference rules are only used to verify if the suggested output
is.a valid replacement of the preceding formula. This allows the user to control the exact
structure output from an inference rule. This design decision eases the construction and
manipulation of expressions, allows the user to locate the problem when a proof breaks
down, and enhances the process of proof debugging.

The proof checker contains functions which allow the user to define abbreviations for
large expressions. The pretty-printer, when printing a formula, replaces large expressions
with equivalent user-defined abbreviations. This avoids printing out large, incomprehen-
sible expressions, and allows user to better understand the meaning of expressions instead
of confusing them with uninformative details.

Proof scripts can bé written in modules that can be instantiated and reused. Thus if
similar reasoning is required in various places in the proof, only one piece of ‘code’ needs
to be constructed and similar arguments can be expressed as instantiations of this single
module definition. In addition to reducing the tedium of proof construction, this also
allows the proof to be structured hierarchically.

When verifying timing properties of VLSI designs, the system is modeled as a Syn-
chronized Transitions program, and invariants are used to establish safety properties.

A continuous model of time is employed: times are represented as real numbers, not
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integers. Unlike discrete models of time, no time interval can be overlooked. Real-time
constraints are enforced by adding real-valued auxiliary variables, which are used for
bookkeeping in the verification and not represented by wires or voltage in the implemen-
tation. The same approach is presented in [11] where the auxiliary variables are called

timers.

1.2 Theorem Provers

The popularity of proof checking and theorem proving tools has increased as formal
methods have come to piéy é,n incréasingly ifnl;brtant role in hardware design and verifi-
cation. Existing theorem provers are distinguished by the mathematical formalisms that
they are based upon, the algorithms that are used to reason a.bout these  formulas, and
the choice of batch-oriented versus interactivé user interfaces.

HOL [7], the Higher Order Logic system, was developed at Cambridge University in
the early 1980’s. It is an LCF-based [6, 12] * theorem prover for formal specification and
verification in higher-order logic. The entire system is based on the five fundamental
Peano axioms and the abstraction axiom; users typically extend the system with built-in
decision procedures to suit the application. There are no pre-determined application-
specific concepts built into the system. For these reasons, the system is general and
ﬁekible. However, for the same reason, the system requires highly skilled users to guide
the proof. | _

EHDM [22] and PVS [10, 22, 26, 27] were developed in SRI International at 1984
and 1991 respectively. EHDM uses a specification language based on typed higher order

logic with a rich type system. The verification system includes a parser, pretty-printer,

1LCF (Logic for Computable Functions) is an interactive reasoning tool which uses abstract data types
to protect the soundness of theorems manipulated by the inference rules. Proof tactics or strategies
are communicated to the system through a metalanguage (In the HOL system, ML is used as the
metalanguage).
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type-checker, proof checker, and various documéntation aids. The proof checker involved
is not interactive; instead, it is guided by proof descriptions which are included as part of
the specification text by the user. EHDM allows modularization of specifications which
supports a form of hierarchical verification. PVS is an LCF-style theorem prover based
on many of the concepts of EHDM. The PVS specification language has an even richer
type system including dependent types and predicate sub-types. Decision procedures in
PVS include arithmetic, equality, predicafe calculus, and a simple form of temporal logic.

The Boyer-Moore Prover [4] is a batch-oriented, heuristic theorem prover. The Boyer-
Moore theorem prover deals with a subset of quantifier free first-order logic and consists of
an ad hoc collection of heuristic proof techniques. Decision procedures are embedded_ into
the system to increase its efficiency and predictability. To prove a theorem, the system
assumes the negation of this theorem,; in a series of simplifications, this negation is broken
into a set of supposedly simpler formulas. Recursively the simplifier tries to write the
hypotheses to non-F (a predicate not logically equivalent to the constant False) by a form
of backwards chaining. When the goal to be proven is not suitable for these techniques,
this approach can spend large amounts of time failing to find a proof. This éomplicates
the addition of new decision procedures [3]. Furthermore, a significant amount of tedious
human effort can be required in the exploratory phase of proof development to find an
initial decomposition of the theorem that is amenable to the prover’s heuristics.

The Larch Prover [13], like the Boyer-Moore Prover, deals with a subset of first-order
logic and is based on equational term-rewriting. It does not employ heuristics to derive
subgoals automatically. The Lérch Prover was originally used to debug a specification or
a set of invariants, therefore its focus is aimed at locating where and when a proof breaks

down. The theorem prover works efficiently with large sets of large equations, however,

the inference rules can yield huge expressions as a result.
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1.3 Verification Tools and Real-time Properties

Several proof techniques Have been developed to model real-time systems and verify
their timing properties using the theorem provers described in the previous sections.
For example, the semantics of Duration Calculus has been encoded in the logic of PVS.
Duration Calculus is an interval temporal logic for reasoning about real-time systems.
This approach has been applied to a few small examples. For example, safety properties

of a design of a leaking gas burner have been verified using this tool. [27, 26]

. The Larch Prover has been used to verify safety propei‘ties of circuits using invari- .

ants. The system to be verified is modeled as a Synchronized Transitions program [29].
Synchronized Transitions is a guarded .command language, which is also used in the ap-
proach presented in this thesis. (See section 4.3.) Protocols are used to capture essential
properties of the transitions in the program. This approach can be extended to model
real-time system as is explained in greater detail in Chapter 4.

UNITY is a guarded command language based on an interleaving model of concur-
rency. It has many features in common with Synchronized Transitions. In (8], it is shown
how UNITY can be used to specify designs ranging from architecture independent pro-
grams to architecture specific ones. This language has been used to specify a real-time
design which was then verified by the Boyer-Moore theorem prover. [14]

HOL-UNITY is an implementation of the logic for UNITY in the HOL theorem
prover. UNITY programs and properties have been expressed in higher order logic in
HOL [2]. In UNITY logic, there are two safety properties: unless and invariant and
two progress properties: ensures and leadsto. A tactic for automating proofs of such
properties was developed in HOL-UNITY. Although the proof of the progress properties

of the lift-control program presented in [2] does not involve real-time properties, it might

be possible to extend this approach to reason about real-time properties using methods
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like those present in [14]. However, this would require a practical theory of the reals
constructed from the HOL axioms. Researchers have explored ways of implementing a
decision procedure for elementary real algebra in HOL. In (18], the difficulties of con-
structing such a theory are described along with a solution. It explains how a theory
rich enough to reason about polynomial inequalities can be implemented in HOL. With a
theory of elementary real arithmetic, HOL could be used to reason about timing relations
in real-time systems.

Time separation of events in concurrent systems can be determined by modeling
the system as a cyclic connected graph. An initial graph is formulated with its nodes
representing events and its arcs labeled with delay information. Tight upper and lower
bounds for each event can be determined using an algorithm presented in [20]. This

approach has been used to verify specific instances of STARI [19].

1.4 Thesis Overview

The remainder of this thesis explains the theory behind the proof checker and the ver-
ification technique, and presents an example of how the checker is applied to verifying
STARI. Chapter 2 describes how a proof is sﬁructured, presents the ten proof rules and
two decision procedures in the proof checker, and presents arguments for their soundness
(and thus the soundness of the checker). Chapter 3 describes the implementation of the
checker and shows that it implements the. specification presented in Chapter 2. Chap-
ter 4 discusses the approach employed to model real-time systems and verify their timing

properties. The STARI example is presented in Chapter 5. Chapter 6 summarizes this

_investigation and suggests possible enhancements to the proof checker.




Chapter 2

. Proof Checker Specification

A proof checker is a program that verifies the soundness of a proof. A proof is represented
" by a sequence of proof states that are manipulated by a small set of proof rules. The
soundness of the checker depends only on the soundness of these rules. This chapter

describes the structure of the proof checker and justifies the soundness of each proof rule.

2.1 Structure of the Proof Check_er'

The proof checker is implemented as an LCF style theorem prover {12, 6]: proof states
are represented by an abstract data type, and these states are created and manipulated
by a small set of rules. A functional metalanguage allows the user to define other proof
methods using the fundamental proof rules of the checker. By protecting the proof state
with an abstract data type, the soundness of a proof depends only on the soundness of
the built-in rules and not on any machinery that the user may build on top of them.
The checker verifies backward proofs; A proof is viewed as a tree: the claim is the
root; edges are labeled by proof rules; and the leaves represent simple tautologies. The
conjunction of all the children of a node implies the node itself. A proof starts with the
claim of the theorem as the one pending proof obligation to be discharged; proof rules
are applied to reduce the claim into simple obligations that are decidable by the built-in
procedures of the checker. Figure 2.1 shows an example of a proof tree. P is the claim to
be proven, @ A R implies P by rule#1, and P is broken down into @ and R. By rule#2,

@ is rewritten as S, and by rule #3 and #4, S and R are verified to be tautologies.

8
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p .
/ \rule #1
Q R

rule #2 rule #4

S tautology
rule #3

tautology

Figure 2.1: An example of a proof tree.

A proof script defines a traversal of the proof tree. Such traversals can be in an
arbitrary order starting from the root, which allows the user to choose the order in which
obligations are simplified and discharged. At each step of the proof, the pending proof
obligations are maintained as a list. These obligations correspond to. non-leaf nodes that
have not yet been broken down into simpler obligations. Although the tree structure is
not explicitly represented by the proof state, it could be reconstructed from the sequence

of proof rules in the proof script.

2.1.1 Proof State

A proof state in the checker is composed of a claim, a hypothesis list, an obligation list,

and a postponed list.

e The claim is the main goal or theorem to be proven. This field associates the

theorem to be proven with its proof.

e The hypothesis list contains the hypotheses of the proof. These are stated at the

beginning of the proof. No element can be added to or removed from this list once

the proof is started.
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e The obligation list is the list of pending proof obligations that must be discharged
before the claim can be declared proven. Initially, this list contains exactly one .
element: the claim. The size of the list changes as obligations are broken down or

discharged. The proof is complete when this list becomes empty.

o The postponed list contains all unverified assumptions made along the course of
the proof. Initially, this list is empty. An obligation can be moved to or removed

from this list with the Postponement_rules described in Section 2.2.7. Moving a

‘proof obligation to the postponed list is the only way a proof obligation can be

discharged without actually proving it. When a proof is completed, all obligations
remaining on the the postponed list are printed, and it is the user’s responsibility

to verify them.

Eaéh proof state represents an implication: Vv.(‘H yp(v) A Post(v) = Obl(v)), where
Hyp(v) represents the list of hypothéses; Post(v), the list of objects being postponed;
Obl(v), the list of obligations, and v is the set of variables over these three predicates.
The pending obligations are implied by the hypotheses and the postponed objects. It
states Wh_at remains in order to prove the theorem.

Initially, a proof state contains one obligétion, the claim. The hypothesis list gives
the context of the proof and defines the variables that appear in the proof. Aé mentioned
above, the postponed list is initiaily empty. Therefore, an initial proof state can be
viewed as the implication, Vv.(Hyp(v) = Claim(v)). This is the theorem to be verified.

The proof is complete when all obligations are discharged and no postponed object
remains on the postponed list. The last state of a proof gives the implicit implication of

the form, Vv.(Hyp(v) A @ = 0). An empty list is equivalent to the boolean value True;

accordingly, the implication above is logically equivalent to True.
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2.1.2 Proof Rules

There are two types of proof rules: discharge rules and replacement rules. Discharge rules
verify that an obligation is a tautology and remove it from the obligation list. Replace-
ment rules, after verifying that the replacement 1s sound, replace one or more pending
obligations with one or more new obligationsv provided by the user. A replacement is
sound if ‘and oniy if the new prOOf state tmplies the old one. Replacement rules often
substitute a set of old'obligatibns with a.new set, where the new set logically implies the
old set, and leave the remaining elements of a proof state unchanged. The new obliga-
tions are not required to be equivalent to the old obligations. Thus, the proof checker is
conservative, i.e., failure to verify a proof does not imply the negation of the theorem.
Using the notation introduced in the previous section, replacement rules can replace

a set of old obligations with a set of new obligations only if the following holds:

(Vu'.(Hyp(v') A Post(v')) = Obl'(v)) = (Vv.(Hyp(v) A Post(v)) = Obl(v))
where Hyp(v), Post(v) and Obl(v) are the list of old obligations, the
list of old postponements and the list of old hypotheses over the
variable set, v, and
Hyp'(v'), Post'(v') and Obl'(v') are the list of new obligations,
the list of new postponements and the list of new hypotheses

over the variable set, v'.

The set of variables v and v’ can differ, since new variables (i.e. skolem constants) can
be introduced by the Skolem_rule. (See Section 2.2.4).

We conclude that (Vv'.(Hyp(v') A Post'(v')) = Obl'(v')) = (Vo.(Hyp(v) A Post(v)) =
Obl(v)) holds throughout the course of a proof. We can extend this to view the entire

proof as a sequence of implications:

True
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Y. (Hyp(vn) A Post,(v,) = True)

an.((Hyp(vn). A Post,(v,)) = Obln_('v,l,))

V1. ((Hyp(va1) A Posin_l(vn_l)) = Oblp—1(Vn-1)).

T

Vor.((Hyp(vy) A Post(vl)) = Obl(v1))

Yoy (Hyp(v1) = Claim(vy)).

‘Thus, a complete proof establishes True = (Vvi.(Hyp(vi) = Claim(v1))), which is the
original claim. | -

The user is required to provide the rewritten forms of pending obligations for replace-
ment rules. This feature prevents surbrises as to how obligations will be rewritten and
provides robustness ﬁo proofs. Sometimes, the exact form of an obligation is critical to
applying a proof rule. With this featﬁre, the user always knows the eiact form of each
expression. As the system is enhanced, old proofs will not break because expressions
will still be rewritten to the same form. This feature also facilitates proof debugging.
After correcting an errof, the user can re-execute previously verified parts of the proof
script in “gullible mode” where proof steps replace obligations quickly without checking
for soundness. Any proof states derived from proof rules executed in gullible mode are
marked as untrustworthy. Thus, when the entire proof is debugged, it must be executed

again with every step checked for the theorem to be certified by the checker.

2.2 The Proof Rules and their Soundness

This section presents the proof rules and gives justifications for each one. Appendix A.4

presents the syntax and usage of the proof rules.




Chapter 2. Proof Checker Specification 13

2.2.1 Linear Programming Rule

Linear programming is built into the checker to provide a decision procedure for systems
of linear inequalities. In a real-time system, timing constraints can be checked by this
proof rule. Linear programming is also used to verify ranges in case analysis. Many
arithmetic relations (or equalities) can be verified by linear programming as well.

Linear programming [23] is a continuous optimization technique, typically with an
uncountable number of feasible points. A feasible point in a system of linear inequalities
is a point which satisfies each of the inequalities. A linear program is infeasible if no such
point exists. In this implementation, the coefficients for linear inequalities are expressed
as rational numbers. The existence of a feasible point implies the existence of a rational
feasible point in the same system; therefore operations over the set of rational numbers
are sufficient to determine a system’s feasibili;cy.

Systems of linear inequalities are represented as sets of predicates. For example, z > 2
can be deduced from =z > y and y > 2. In this example, z > y, y > 2, and = > z are
viewed as three boolean predicates. The LP_rule is used to reason about systems of
the form a A b A ¢ = d, where a, b, ¢, and d are linear inequalities. (The number of
inequalities in a system is not fixed.) We note that if d is a linear inequality, so is —d.
The conjunction of inequalities a A b A ¢ A —d is a linear program which is feasible if
and only if there is some assignment to the Variébles appearing in a, b, ¢, and —d, such
that all four inequalities are satisfiable. Likewise, if the linear program is infeasible, then
~(aAbAcA—d) is a tautology (i.e. it holds for all assignments of the variables appearing
in the inequalities), and (a AbAc) = d can be discharged. Discharging an obligation can

be expressed in the notation we introduced earlier as follows. The proof state:

s = (Yv.(Hyp(v) A Post(v)) = Obl(v))

where Obl(v) = 01(v) A 02(v) A -+ Aoy(v) A+ -+ Aog(v), and
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0;(v) = the clause to be discharged.

can be rewritten as

s’ = (Vv.(Hyp(v) A Pos;(v)) = Obl'(v))

where Obl'(v) = 01(v) Aoz(v) A - - - /\'oi_l(fu)‘/\ 0iv1(V) A - A on(v)

after o;(v) is verified to be a tautology. With the same reasoning given in Section 2.1.2,

it can be seen that s’ = s since Obl'(v) = Obl(v) (in this case, Obl'(v) is logically

equivalent to Obl(v)).

2.2.2 Predicate Calculus Rule

Boolean manipulation is essential in constructing proofs. It allows reasoniﬁg in a subset
of first order logic. The PC_rule takes a list of obligations ([a, b, c]) and replaces it with
another list of obligations ([d, e}), upon verification that (d Ae) = (a AbAc) is a simple
tautology. The list of replacement predicates can be empty in which case the original
obligations are discharged if their conjunction is a simple tautology.

The soundness of the PC_rule can be justified in the following fashion. Note that the
obligation list represents 5 conjunction of obligations. Since conjunction is commutative
and associative, the order of the obligations in the list is not significant. Therefore,
without loss of generality, 0;(v) - - - 0,4m(v) are selected to be the old obligations to be
replaced.

Consider a state s of the form

s = Vu.(Hyp(v) A Post(v) = Obl(v))

where Obl(v) = 01(v) Aoa(V) A+ A0i(V) A+ 054m(V) A - - -A/\-on(v).

Soundness requires that the successive state implies the current state. The proposed

successive state, s’. is of the form
b b
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s' = Vu.(Hyp(v) A Post(v) = Obl'(v))
where Obl'(v) = 01(v) A oa(V) A= A0;(V) A= A0y A A 0n (V)

such that (0;(v) A+ A 01, (v)) = (0:(V) A -+ A 0ipm(v)).

The new list of obligations is inserted in place of the old obligation with the lowest index.
With some boolean manipulation, we can see that s’ = s given that the two predicates
are quantified over the same set of variables. Since no new variables are introduced by

the PC_rule, the implication holds, and therefore the rule is sound.

2.2.3 Instantiation Rule

The Instantiate_rule provides a way to extract specific cases from universally quanti-

fied expressions. It provides arguments of the following form:

All As are B
Cisan A

Cis B.

It discharges obligations of the form Vi.f(i) = f(k), where k is a constant. This
proof rule is often used after retrieving a hypothesis (or hypotheses). It can also be used
to replace an existentially quantified obligation with a suitable witness. The justification
for the rule is equivalent to that presented in section 2.2.1 for linear programming as

both discharge tautologies.

2.2.4 Skolemization Rule

The Skolem_rule is symmetric to the Instantiate_rule. It provides arguments of the

following form:
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Ais B

A can be anything

everything is B.

This rule is often used to remove quantifiers from an expression. Without quantifiers,
the expression is built up from linear arithmetic predicates and atomic formulas using
simple logical connectives, where reasoning can be done with the other nine proof rules.

Universal quantifiers, in this checker, are always over all integers. Existentially
quantified expressions 3i.P(¢) can be defined as —Vi.—P(i) and manipulated by the
Instantiate_rule and the Skolem rule asA ﬁniversally quantified expressions. In this ap-
proach, the Skolem_rule provides an existential witness given an existentially quantified
predicate, and the Instantiate_rule discharges an existentially quantified obligation
glven an instance. |

The concept behind skolemizing a ﬁniversally quantified expression is to choose a
~constant which can be of any arbitrary value to substitute the quantifier [17]. This
constant is called a skolem constant. To avoid clashes between the representation of a
skolem constant and previously defined variables, the skolem constant cannot be a free
variable in the target obligation, or any of the hypotheses on the hypothesis list.

It is sufficient to check the target obligation and the hypothesis list for free variables.
In our notation, skolemizing an expression is viewed as moving the universal quantifier
to the outermost scope.

First, consider a state with an empty postponed list and an obligation. We claim that

Vz.(Hyp(z) = VYz.p(z, 2))

= VaVz.(Hyp(z) = p(=x,2))

provided that _r and z are disjoint. This shows that it is necessary to examine the

hypothesis list for the free variable _r while skolemizing Vz.p(z, z).
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To justify the need to examine the target obligation for colliding free variables, con-

sider the state Vz.(Hyp(z) = (Vz.Vy.p(z, v, 2))).

Vz(Hyp(z) = (Vz.Vy.p(z,¥, 2)))

= VaVz.(Hyp(z) = (Vy.p(z,v,2)))

It would be illegal to move the quantifier ¥ to the outer séope using the same skolem

constant, _x, since
VaVaVz.(Hyp(z) = p(z,x,2))

= VaVz.(Hyp(z) = (Vz.p(=z, z,2)))

# Va(Hyp(z) = (Vz¥y.p(z,y, 2)))

Now, consider a state with two obligations.

Vz.(Hyp(z) = ((Vz.p(z, 2)) A (Vy.q(y, 2))))
) A (VyVe.(Hyp(z) = q(y, 2)))

(
(-, 2)

(VaVz.(Hyp(z) = p(=x,2))) AN (VaVz.(Hyp(z) = ¢(=x, 2)))
(=, 2)

(V. Vz.(Hyp(z) = p(z, 2

VaVz.(Hyp(z) = (p(=, 2) A q(z, 2)))

This shows that using the same skolem constant for two separate obligations is a legal
operation in the proof checker.

Note that the postponed list serves as a buﬂér to hold obligations that are not in
focus at the current step. This list is intfoduced for the convenience of users of the
proof checker, and it is not necessary to distinguish the contents of this list from those
of the obligation list when reasoning about logical soundness of the proof checker. (See

Section 2.2.7).

Consider a proof state,
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s= Vv.(Hyp(v) A Post(v) = Obl(v))
where Obl(v) = 01(v) Ao2(V) A--- A (V_z.P(_z)) A A og(v).

Applying the Skolem_rule produces

s =Vu'.(Hyp(v') A Post(v') = Obl'(v'))
where Obl(v) = 01(v) A og(V) A -~ AP(2) A -+ A op(v).

v =vU _z.

This transformation is sound given the reasoning above, because the hypotheses and the

set of variables appearing in these hypotheses (a subset of v) do not change.

2.2.5 Induction Rule

Mathematical induction provides another wéy to reason about universally quantified
assertions. Given an assertion P(k) that is universally quantified over the integer variable
k, we do three things to prove it by induction. Prove that the base case, P(b), is a
“ tautology. Then, prove that given that the expression holds for cases from b to n, (where
n > b) P(n + 1) holds too. We call this inducting up. The final step is to induct
downwards by proving that cases b down to n imply P(n — 1) (where n < b). This is
called strong induction. As opposed to weak induction, thé induction step is implied by
all previous cases. Strong induction is equivalent to weak induction [9].

The Induction_rule takes a universally quantified obligation, Vi.P(7), and breaks it

into three clauses:

1. The base case, .P(base).

2. Induction step going upwards,

Vn.(n > base) A (Vi € {base,n — l}P(z)) = P(n),

where 7 and 'n are not free variables in P.
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3. Induction step going downwards,
Vn.(n < base) A (Vi € {n + 1, base}.P(i)) = P(n),

where 7 and n are not free variables in P.

We claim that the conjunction of these three clauses is logically equivalent to the initial
obligation. Therefore, the replacement is sound.

Consider a state s.

s = VYu.((Hyp(v) A Post(v)) = Obl(v))
where Obl(v) = 01(v) Ao2(V) A---ANoj(V) A+ Aoy,
Given that 0, A 0y A 05 & 0;(v),

s’ =Vu.((Hyp(v) A Post(v)) = Obl'(v))

where Obl(v) = 01(v) A 02(v) A <+ A 0y(v) A 0y(¥) A O3(¥) A=+ A o

is logically equivalent to s by the reasoning given in Section 2.1.2.

2.2.6 Definition Rule

In any proof, there is a set of hypotheses which gives the context of the proof and defines
the variables that appear in the proof. The Definition.rule takes a hypothesis, H,
from the hypothesis list and rewrites an obligation, O, as H = O.

Soundness of this rule is shown as follows. Consider states s and s'.

s = Vo.(Hyp(v) A Post(v)) = Ob(v))
s’ =VYu.((Hyp(v) A Post(v)) = le’(v))
where Hyp(v) = hi(v) A--- A Ri(v) A+ A hy(v),

Obl(v) = 01(v) Aog(v) A=+~ Noj(V) A+ A 0, and

Obl'(v) = 01(v) A og(V) A -+~ A (hs(v) = 0;(V)) A=+ A O
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It can be shown by simple predicate calculus that s and s’ are logically equivalent, since

all variables within the two expressions are within the same scope.

2.2.7 Postponement Rules

The set of Postponément_rules increases the flexibility of proof checking. It allows the
user to discharge an obligation without verifying it with the built-in proof rules when the
required reasoning is outside the scope of the proof checker. When the prove is done, a
list of such obligations is produced, and it is up to the user to verify them using other
fnethods. The Postponement_rules also provide a lemma mechanism. When a lemma
appears more than once in a proof, the lemma can be moved to the postponed list. The
lemma can be refrieved from this list each time it is needed. After the last use, the
postponed lemma can be moved back onto the obligation list to be discharged with one
sequence of proof stéps. These rules can be used when sketching out basic structures of
proofs. Tedious proof steps can be left unjustified until the exact components of a proof
are formulated. Note that the content of the postponed list requires verification given
the hypotheses. v

Each postponed object in the list is tagged with a name. An obligation is tagged with
a name before it is puf onto the list, and these ‘lemmas’ are referenced by names instead

of indices. The rules for manipulating the postponed list are described below:

Rule #1 discharges an obligation by moving it to the postponed list. The user provides
a name with which to tag this obligation; The rule moves the obligation from
the obligation list to the postponed list if the name is not already used or if the
obligation implies the postponed object with the same name. If there is an object

on the postponed list with the same name, and this object implies the obligation,

then the obligation is removed from the obligation list and the postponed list is
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unchanged. If the name refers to a postponed object and neither of the relations

hold, the rule fails.

The soundness of this rule is presented for each case separately. For the case where
the proposed name does not exist in the postponed list, consider the following state:
s = You.(((Hyp(v) A Post(v)) = Obl(v)) A (Hyp(v) = Post(v)))

where Obl(v) = (01(v) A 02(v) A---0;(v) - -+ A 0,(v)), and
Post(v) = (p1(v) Apa(v) A== Ap;(v) A+ Apm(v)).
Applying this rule produces the state:
s' = Yu.(((Hyp(v) A Post'(v)) = Obl'(v)) A (Hyp(v) = Post'(v)))
where Obl'(v) = 01(v) A 02(¥) A - -~ A 0;_1(v) /\ 0i+1(V) A -+ A on(v), and
Post'(v) = 0;(v) Apr1(v) A 'pz(v)‘/\ <o A P (V).
If p;(v) is an object on the postponed list with the proposed name and 0i(v) =
p;(v), then |
s = VYu.(((Hyp(v) A Post(v)) = Obl(v)) A (Hyp(v) = Post(v)))
* where Obl(v) = (01(v) A 0g(V) A -+ 0;(v) - -+ A op(v)), and
Post(v) = (p1(v) Apa(v) A=+ Api(v) A~ Apm(v)).
Applying this rule produces the state:
s' =VYu.(((Hyp(v) A Post'(v)) = Obl'(v)) A (Hyp(v) = Post'(v)))
where  Obl'(v) = 01(v) A 02(v) A+ A 01 (V) A 0411(v) A -+ Aoy(v), and
Post'(v) = 0;(v) Ap1(v) Apa(V) A+ - Api—1(V) Apjst A=+ A p (V).
If p;(v) is an object on the postponed list with the proposed name and p;(v) =
0;(v), then
s = Vu.(((Hyp(v) A Post(v)) = Obl(v)) A (Hyp(v) = Post(v)))

where Obl(v) = (01(v) A 0a(V) A -+ 0;(v) - -+ A 0,(v)), and

Post(v) = (p1(v) A pa(v) A+~ A p;(0) A A p(v)).
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Applying this rule produces the state:
s' = Vu.((Hyp(v) A Post'(v)) = Obl'(v)) A (Hyp(v) = Post'(v)))
where Obl'(v) = 01(v) A oa(V) A+ - A oi—1 (V) A 0ix1 (V) A -+ A op(v), and
Post'(v) = p1(v) A pz(b) AN Api—1 (W) Apjgr A Apm(v).
In all three cases, s and s’ are logically equivalent and the replacement preserves

the required state implication described in section 2.1.2.

Rule #2 retrieves a pending lemma from the postponed list. It takes a postponed
Qb ject, P, from the‘ postponed list and rewrites an obligation, O, as P = O. Consider
state s: »

s = Y((Hyp(v) A Post(v)) = Obl(v)) A (Hyp(v) = Post(v))))
where  ObI(v) = (01(0) A 03(0) A <+ 04(0) -+ A 0(1)), and
Post(v) = (p1(v) Apa(v) A+~ A p;(0) A -+ A pm(©)).
Applying this rule produces the state:. -
s' = V(((Hyp(v) A Post(v)) = Obl'(v)) A (Hyp(v) = Post(v))))
where Obl'(v) = 01(v) A -+ A 0i~1(v) A (pj(v) = 0;(v)) A 0ix1 (V) A+ A o, (v).

s and s’ are equivalent by simple boolean manipulation.

Rule #3 moves a postponed object from the postponed list back onto the obligation
list. Consider a state s:
s = Yu.(((Hyp(v) A Post(v)) = Obj(v)) A (Hyp(v) = Post(v)))
where Obl(v) = (01(v) A 02(v) - - - A 0,(v)), and
Post(v) = (p1(v) Apa(v) A+ Api (V) A v A pm(v)).
Applying this rule produces the state: '
s' = Yv.(((Hyp(v) A Post'(v)) = Obl'(v)) A (Hyp(v) = Post'(v)))

where Obl'(v) = p;(v) A 01(v) A oa(v) A -+ A o, (v), and

Post'(v) = p1(v) A pa(v) A+ pj1(V) A pjg1 A pm(0).
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This is the inverse of rﬁle#l‘.

It is essential }that the context of an obligation does not change after being moved
back and forth from the postponed list and the obligation list. The simple cheéker
maintains a constant hypothesis list and does not introduce the concept of scoping (i.e.
all expressions are in the same scope); thus, the proof checker can postpone and retrieve

obligations without changing the meaning of these obligations.

2.2.8 Equality Rule

The EQ_rule allows two expressions to be used interchangeably in any expression, given
that they represent the same value. This rule allows the user to interchange a’s and b’s in
expressions like (a = b) = f(a,b). The replacement obligation is identical to the original
obliga’bion except that some a’s are replaced by b’s and vice versa. The replacement and
the original obligation are equivalent by substitution.

Applying the EQ_rule to state s, where

s = Yu.((Hyp(v) A Post(v)) = Obl(v))

where Obl(v) = o1(v) A---ANoi(V)A--- Ao,
yields state s’, where

s' = Vu.((Hyp(v) A Post(v)) = Obl'(v))

where Obl'(v) = o1 (V) A -+~ A0;(U) A -+ A op
s’ is equivalent to s by the claim that o;(v) and o;(v) are logically equivalent.

2.2.9 If Rule

The IF_rule is a replacement rule. It rewrites expressions of the form (if 7rue then a

else b) to a, and expressions of the form (if False then a else b) to b. It simplifies




Chapter 2. Proof Checker Specification 24

boolean expressions once the conditions of the (if ... then ... else ...) constructs are
evaluated to be a boolean constant (True or False). This rule applies simple replacement
to logically equivalent obligations, therefore can be justified by the reasoning given in
the previous section for the EQ_rule. ‘
Note that expressions of the form (if P then z else z) can be rewritten into z.
The IF_rule does not directly support simplification of this form. However, obligations
of this form can be simplified by first performing case ana,l'ysis using the PC_rule to
rewrite the expression into two clauses: (P = True) = (if P then z else z) and (P
= False) = (if P then z else 7). Then, the EQ_rule can be used to simplify the
two clauses into (if True then z else z) and (if False then z else 1) respectively.
These two clauses can then be rewritteﬁ into ﬁcby the IF_rule. Finally, the two identical

obligations can be combined into one using the PC_rule.

2.2.10 Discrete Rule

The Discrete_rule is based on the discreteness of integers. It discharges obligations of
‘the form (z > y) = (x> (y+1)) or (z < y) = (z < (y— 1)) given that both z and y
are integers. The justification of this rule is the same as the other discharge rules as was

presented in section 2.2.1.

2.3 Conclusion

The chapter has presented the ten proof rules which form the core of the proof checker.
As shown in chapter 5, this small set of proof rules is sufficient to verify significant

real-time systems.



Chapter 3

Implementation of the Proof Checker

The previous chapter gave a spéciﬁcation for a proof checker. This chapter presents the
functions and procedures that implement this specification and is structured to closely
parallel the specification. Sections 3.1 and 3.2 in this chapter correspond to Section.s 2.1.1
and 2.1.2 in the previous chapter; they describe the structures of the proof checker and
proofs constructed by this checker. The proof checker is implemented in FL, the func-
tional interface language of the Voss [25] hardware verification system. FL provides an
efficient implementation of Ordered Binary Decision Diagrams [5] which makes boolean
manipulation simple. To support reasoning about systems of linear relations, the au-
thor added an implementation of the simplex method for linear programming to FL. »
Section 3.3 gives a detailed explanation of the implementation of the simplex method,
and how it is incorporated into Voss. Section 3.4 presents the implementation of the ten
proof rules in the same order as that of the specifications in Section 2.1.2 of the previous

chapter.

3.1 Abstract Data Type for Proof State

Proof states are encapsulated in an abstract data type, _state. States are quadruples
built with the constructor STE (See Section 3.2). The constructor STE is only defined
within _state, this ensures that states are only constructed by the proof rules presented in
this chapter. The four fields in a state are: the obligation list (type boolean list), the

postponed list (type postpone list), the hypothesis list (type boolean list), and the

25
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claim (type boolean).-Type postponed is deﬁned as the constructor, post, followed by
the boolean expression to postpone, and an identifier to reference to it (i.e. post boolean
string). The type boolean is distinct from the built-in FL-type bool. Constructors are
included for creating variables and arrays, for the standard boolean operations (And, Or,
Not, etc.) and for comparisons of integers and reals. The structure of the type boolean
is described in detail in Appendix A.

Proof states cannot be constructed or modified outside the abstract data type; how-

ever, there are four functions to read the fields of the data type:

e (getclaim state) returns the claim of the proof from the given proof state.

(gsethypothesislst state) returns the list of hypotheses from the given proof state.

* (getpostponelst state) returns the list of postponed objects from the given proof

state.

(getobligationlst state) returns the list of obligations from the given proof state.

3.2 The Proof Rules and some Implementation Techniques

Every proof rule provided by the proof checker takes a list of old obligations and a list of
new obligations togethef with some auxiliary information for the particular rule. Then it
either makes the appropriate replacement or fails with an error message if the proposed
replacement is not valid. In most cases, the oid obligation list is a singleton. As described
in the previous chapter, discharge rules have empty new obligation lists. In the case of
a discharge rule, a singleton list is replaced by an empty list. Replacement rules, on the

other hand, have one or more elements in the new obligation list. In this case, one or

more old obligations are replaced by the new obligations.
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Elements of the hypothesis and obligation lists are accessed by indexing. Given the
index (an integer) of the element in the list, the desired element is retrieved. All rules,
except PC_rule, take a singleton old -obligation list. The function apply is used in
the implementation of all these rules. (apply f n Ist) looks up the n'" element in the
obligation list, 1st, applies the function f to this obligation to verify if the suggested
resulting list proposed by the user is a valid replacement, then replaces the n** obligation
by this list. With this structure, there is one core function per proof rule and this function
is called by apply to validate the replacement.

Several features of FL are used extensively in the checker. FL is a functional language;
accordingly, many auxiliary functions are recursive. Pattern matching is often used to
enumerate cases according to the type constructors. The next three sections describe
some of the functions implemented using these techniques, what it means for a rule to

fail and explain how a concrete type is defined on top of the core FL types.

3.2.1 Defining the Concrete Types

Concrete types are types defined on top of the three FL types (int, string, and bool).
These types are defined by a set of constructors, which can be constants or functions.
For example, an integer is declared as

lettype integer = const int;
I string; _
i_array string integer;
++ integer integer;
-- integer integer;
*x integer integer;
i_if boolean integer integer;

const, I, i_array, ++, ——, *x, and i_if are constructors of the type integer. These

constructors take arguments of various types to produce objects of type integer. In

the proof checker, integers are represented symbolically, and these constructors build the
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data structures that represent expressions. Other functions in the proof checker are used
to perform operations on these expressions. See Figure A.12 for descriptions of other

concrete types.

3.2.2 Pattern Matching

As concrete types are made up of various constructors followed by some defined types,
pattern matching is frequently used when writing expressions. As an example, consider
the function eval which converts an expression of type boolean into an FL bool. An
FL bool is represented by a BDD; this representation supports efficient manipulation of
boolean expressions, for example, to implement the PC_rule. The following shows a few

lines from ﬁhis function:

letrec eval True =T ' A
eval False = F : /\
eval (bool s) = (variable s) /\
eval (Not b) = (NOT (eval b)) . /\
eval (And b1 b2) = ((eval bl) AND (eval b2)) /\
eval (b_array s n) = (eval (bool (prBool (b-array s n)))) /\
eval ("> 11 12) = (eval (bool (prBool (r1 '> 12)))) /\
eval (forall m b) = (eval (bool (prBool (forall n b)))) /\

The function traverses an expression tree, converts variables, inequalities, and universally
quantified expressed into BDD nodes, and creates a BDD corresponding to the expression.
In this example, pattern matching is also used to define a recursive function; terminal
and non terminal calls are distinguished by the type constructor associated with the
argument. |

Many other functions in the checker are implemented with the same technique. For
example, the functions replaceBool, replacelnt, and replaceReal replace all occur-

rences of a boolean, integer, or real valued subexpression respectively by another expres-

sion of the same type. Implementations of these functions traverse an expression tree by
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pattern matching, compare each leaf with the subexpression to be replaced, and apply

the replacement to the matching subexpressions.

3.2.3 Failures

A proof rule fails when it cannot perform the requested discharge or replacément. Instead
of returning the result, the core function for the proof rule generates an FL failure,
(error msg), where msg is the error rﬁessage for the failure. An FL failure can be
trapped by the function catch: (el catch e2) evaluates to el unless el causes a failure,

in which case the expression is evaluated to e2. For example, the expression

let s = (apply-rule state) /\
s’ = (apply-rule state’) in

(apply-rule s) catch (apply_rule s’)

evaluates to s if apply_rule successfully performed the request with the input state, and

evaluates to s’ if it failed.

3.3 Linear Programming

Simplex is used in the proof checker as a decision procedure for linear programs, i.e.
systems of linear relations. This implementation useé simplex to determine the feasibility
of a given set of relations rather than generating an optimal solution to some cost function.
If a problem is infeasible, this proceduré simply returns “infeasible”, whereas, if the

problem is feasible, a feasible solution can be exhibited as a counter example to the

LP_rule.
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/ X
\;.zx+y=m o

Figure 3.2: A system of linear relations.

3.3.1 Simplex Method

The simplex method, deséribed by Papadimitriou and Steiglitz [23], was implemented to
determine the feasibility of ;‘:L given linear program. The simplex method takes a tableau
in standard form and returns an example feasible solution for each feasible set and simply
returns "infeasible” for infeasible sets. Asan example, consider the following set of linear

equations (See figure 3.2):

A 2z-y<4
B. 2z+y>10
- C. z4+y<9
Standard Form
A system of the following form.
min c'z
Az =0b

>0
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is said to be'in standard form. Programs with arbitrary inequalities (<, <, #, =, >, >)
can be transformed into standard form. First, consider the general case with > and <
relations and unconstrained variables.

A > relation can be rewritten into standard form by introducing a surplus variable.

For example,

‘ n
> @iT; > by

=1

can be rewritten as
n
- ' 'Zaijxj—si:bi
5=1
S; Z 0

where s; is called a surplus variable.
A < relation can be rewritten into standard form in a similar way by introducing a

slack variable. For example,
n
> ayz; < b
=1
can be rewritten as
n
E Ai; T4 + 8; = bi
=1
S; Z 0

where s; is called a slack variable.

An unconstrained variable z; can be split into z; and zj where z; = 2 — 27 . Rep-
resenting x; in terms of. z;" and x; replaces one unconstrained variable by two constraint

variables.

. . — .+_ _ —_
unconstrained(z;) = r; = = —
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After translating a tableau from a general form into standard form as above, the
simplex method can solve the system with >, <, and =.
For example, the system »
A 2x-y<H4
" B. 2z+y>10
C. z4+y<9
(z 20)
can be transform into a standard tableau by introducing two split variables, ¥ and y~ to

replace the unconstrained y, two slack variables, and one surplus variable. The resulting

tableau has nine constraints and six variables.

2 -yt +y~ +s3 = 4
2z +yt —y~ —S9 = 10
r +yt —yT +s = 9
T > 0
y- > 0
y =2 0
s1 2 0
S9 Z 0
S3 Z 0

Artificial Variables and Basic Feasible Solutions

Consider a linear program with n variables and m cons’créints. Typically, n > m, and if
the linear.program is feasible, the feasible region is an n dimensional convex polytope. It
can be shown that at each vertex of the polytope, at least n —m variables have value zero.
In the simplex algorithm, vertices are identified by the choice of the other m variables.
The values of these variables can be determined by solving the system of linear equations.
This is called a basic feasible solution (or a BFS). If more than n —m variables are zero at

some vertex, that vertex is said to be degenerate, and it has more than one representation

in the simplex algorithm.
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For an optimization problem, a linear cost function assigns a cost to each point in
the feasible region. It is straight-forwa_rd to show that the minimum cost is achieved at
some vertex of the polytope. The simplex method starts from '6he \‘/er'tex of the polytope
and moves from one vertex to another until it finds an optimal solution. These moves
are called pivots. To start the pivoting process, a BFS must be identified.

To find an initial BFS, artificial variables are introduced. One new variable is intro-
duced for each equality of the original standard form problem. Each of the equalities can
be satisfied by setting the corresponding artificial i/ariable to the appropriate value and
setting all of the original variables to zero. This constructs a BFS for the linear program
with artificial variables. Using the sum of the artificial variables as a cost function, the
simplex algorithm searches for a vertex where all of the artificial variables are zero. If
such a vertex is found, it correéponds to a solution to the original program. If no such
vertex exists, the original problem is infeasible.

In the implementation used in the proof checker, the steepest descent policy is used

to select the pivot. The pivot column is selected by
J=min{j:¢; <0}

where ¢; corresponds to the marginal cost of bringing variable j into the tableau. The

pivot column is selected by

B(i) = min{B(¢) : 2;; > 0 and 0 < @ for every k with z;; > 0}

Tij — Tk
Pivoting corresponds to moving along an edge of the polytope. The end of the edge is
identified by one of the constraints (on variables being > 0) becoming tight. Moving
from vertex v to vertex u, a variable that was in the basis at v is zero at u. This variable
is identified by the choice of 1.

In the case of degeneracy, the cost, z, may not decrease, even though a column j with

(cj — z;) < 0 is selected. Furthermore, it is possible for the algorithm to return to a
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previous BFS and loop indefinitely. To avoid cycling, the Bland’s anticycling algorithm

is used after every zero-improvement pivot. The column to enter the basis is selected by
j=min{j:c; -z <0}

and the row by the same formula as that of the steepest descent algorithm,

B(i) = min{B(i) : z;; > 0 and zi—o < ? for every k with z; > 0}
ij kj

Since the number of vertices is finite, and the cost is monotonically decreasing without
cycling, this algorithm will terminate.

There are three possible cases after this cost function is minimized:

e case 1:
the cost, z, is zero, and all artificial variables, x¢, are driven out of the basis

= a BFS to the original problem is found.

e case 2:
at optimality the cost, z > 0

= the original problem is infeasible.

e case 3:

z is reduced to zero, but some artificial variables remain in the basis at zero level.

In Case 3, one additional pivot is reqﬁired for each .artificial variable remaining in
the basis to produce a basis consisting only of variables from the original problem. After
driving out all zero-level artificial variables, there is a basic feasible solution for the
original problem. This solution will be referred to as BFS B hereafter. The only way this
can fail is that a row is zero in all the columns corresponding to non-artificial variables.

This means the original problem is not of full rank (i.e. the row is implied by other rows

in the system). In this case, this row can be removed from the system.
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3.3.2 Strict Inequalities (> and <)

The simplex method, described in Section 3.3.1, solves linear programs with relations
>, <, and =. Although strict and non-strict inequalities are indistinguishable in typical
numerical programming, considering the application of this implementation, theorems
may be stated with tight bounds, in which case the difference is significant. In the
proof checker, simplex is implemented using exact rational arithmetic which allows strict
inequalities to be distinguished. Given inequalities with > or < relations, the program
must be converted to standard form before applying the simplex algorithm.

To handle > and <, we introduce a variable ¢ and write

Zai>b

as
ZCL,‘—EZb
e>0
and
Za,-<b
as
Zai-i-e:b
€ > 0.

Thé simplex algorithm is used to find a feasible point that minimizes —e. If € > 0 at
this point, then the original program with a strict inequality was feasible; otherwise, the
original program was infeasible.

If there is more than one strict inequality, the same ¢ is introduced to all inequalities
to transform these inequalities to equalities. Then an attempt is made to minimize —e

and conclude feasibility as soon as € becomes greater than zero. The feasible solution

resulting from this stage is referred to as B’ in later references.
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A geometric interpretation of € is the distance moving towards the interior of the
“polytope from the boundary. If there is a feasible solution with ¢ > 0, that means there
is a point satisfying all constraints but the point does not lie on the >- or <-constraints.

Consider the linear system

A 2x—-y<4

B. 2x+y>10

C. z+y<9
(z20)

With the introduction of slack and surplus variables together with ¢, the resulting system

1s: .

2z —yt +y~ " +53 = 4
2z 4yt —y~ —83 = 10
z +yt -y +s +e = 9
xr > 0
yt > 0
y- =2 0
S1 > 0
S9 > 0
S3 > 0
€ > 0

3.3.3 Not-equal-to Relations (#)

Let P be the feasible polytope for the program when not-equals-to rélations are ignored.
A not-equals-to relation excludes points that lie on the hyperplane defined by the cor-
responding equals—to relation. If this hyperplane does not intersect P, then all points
" in P satisfy the not-equals-to relation. If this hyperplane contains P, then the original
program is infeasible. Finally, if the hyperplane intersects P but does not contain P,
then the intersection of the hyperplane with P is of dimension one less than the dimen-
sion of P. In this case, almost all points in P satisfy the not-equals-to relation, and any

remaining not-equals-to relations can be considered independently (because the number

of not-equals-to relations is finite and therefore countable).
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In the proof checker, the feasible polytope is never explicitly constructed. Instead, a
BFS is found for the program when not-equals-to relations are ignored. Let B be such a
BFS. Now, the not-equals-to relations can be considered one at a time. If B satisfies the
relation, then the infeasible hyperplane of the relation does not contain B and therefore
it does not contain all of P. On the other hand, if B is in the infeasible hyperplane, then
the implementation pivots to find a BFS that is above or below this hyperplane. If no
such BFS is found, then the original program is infeasible. If a suitable BFS is found for
every not-equals-to relation, then the original program is feasible.

By examining one not-equals-to relation at a time, an exponential problem is avoided.
An exponential number of linear programming problems would be generated, if both the
below and above cases for each not-equals-to relation is considered at the same time.
The implementation described above solves at most one linear programming problem per

not-equal-to relation.

3.3.4 Special Cases

There are a few special cases which are not resolved by the methods described above.

o All zeros row:

— If a linear program has a constraint of the form 0 # 0z, 0 > 0z, or 0 < Oz,

then the program is infeasible.

— A constraint of the form 0 < 0z, 0 = Oz, or 0 > Oz is trivially satisfied

everywhere and can be deleted from the linear program.

e A linear program with only not-equals-to relations is feasible as long as none of

these are of the form 0 # Oz.

Figure 3.3 shows the pseudocode for the implementation of linear programming.
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standardize tableau (check for special cases)

rewrite > and < constraints, introduce ¢

move # constraints to the unresolved list

introduce artificial basis z¢

call simplex with cost z = L z7 (BFS: B)

(without pivoting on ¢ column)

if zopt > 0 then return infeasible

if an artificial variable is in the basis and cannot be driven out

then omit corresponding row-

for each element on the unresolved list {
if B satisfies this constraint .
then remove the constraint from the unresolved list
update ¢ column for > and < constraints

-} call simplex with cost —e (BFS: B’)
if cannot find feasible solution B’ then return infeasible

for each unresolved element on the unresolved list{
/* pivot to find point satisfying the relation */
add element to system as <
if feasible then continue
add element to system as >
if feasible then continue
return infeasible

}
return BFS.

Figure 3.3: Pseudocode for Linear Programming.
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3.4 Implementation of Proof Rules

This section describes the implementation of the ten proof rules in a similar format as in
Section 2.1.2 from the previous chapter. This section emphasizes implementation issues.
For detailed usage of the proof rules, refer to the User Manual in Appendix A.4.

Each rule is summarized by a table. The field Syntax describes how to apply a rule
to a proof state. It lists the ;rguments in the order in which the function is called. Type
indicates whether the rule removes an obligation from the obligation list (discharge rule)
or replaces the obligation with an expression that implies the old obligation (replacement

rule). The Expected Structure is the general form of the obligation to be discharged or
replaced. The Arguments section provides an explanation for each argument required
by the function. The Functionality section describes the typical use of the function.

While reading this section, note the distinction between the conceptual proof rules,
which are referred to as z_rule, and the implementation of these theories which are

denoted by the names of the core functions which implement them (usually of the form

apply-z).
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Syntax: (apply-lp n state)
Type: discharge
Expected Structure: (a; And a; And--- And a, And (Not c)) Equal False

Arguments: n is the index of the target obligation.
state is the source state.

Functionality: decision procedure for systems of linear inequalities.

Table 3.1: Linear Programming Rule
3.4.1 Linear Pi‘ogramming Rule

The function apply_1p is built on top of the FL function, LP, whose implementation was
described in the previous section. LP takes as its argument a string representing a linear
program as a tableau and returns an FL bool, T to indicate a feasible solution and F for

an infeasible solution. Such tableau should be of the following form:

{ mm
T1 b1, T11,Z12, "+ 5 Tim;
T2 by, X1, T2, -+, Tam;
Tn bnvmnl,InZa""xnm;

}

where m is the number of variables; n is the number of (in)equalities; 7; is the relation
of the i*" inequalities; b; is the constant value on the ith row; and z;; is the coefficient of
the jth variable in the ith row.

The fuﬁction prnTableau takes a clause of the form
(a1 And ay And .- And a,, And (Not c)) FEqual False)

and transforms its negation to a string representing the corresponding tableau. This

tableau has linear inequalities a1, a,; ..., a, and —c (i.e. ¢ with relation inverted). The




Chapter 3. Implementation of the Proof Checker 41

Syntax: (apply-PredicateCalc indez_list prédicate_lz'st state)
Type: replacement/discharge
Expected Structure: none
Arguments: ndez_list is the list of indices to the old obligation list.

predicate_list is the list of replacements.
“ state is the source state.

Functionality: decision procedure for boolean manipulations.

Table 3.2: Predicate Caléulus Rule

output from prnTableau is the input to LP. If LP returns F, indicating infeasibility of
the system, the obligation is a tautology, and apply.lp discharges it. If LP returns T,

indicating feasibility of the system, the rule fails.

3.4.2 Predicate Calculus Rule

The PC_rule is the only rule whose old obligation list varies in 'sizev. It takes an old
obligation list of arbitrary size and replaces it with a new obligation list of arbitrary size.
The new obligation list can be empty in which case PC_rule acts as a discharge rule.
FL represents boolean expressions (of type bool) using ordered binary decision di-
agrams (OBDDs) [5] and this allows symbolic manipulation of expressions. The func-
tion apply-PredicateCalc uses this feature to do tautology checking. As shown in
section 3.2.2, the function eval uses pattern matching to translate expressions of type
boolean into FL bools. It treats inequalities and forall expressions as single BDD
nodes. After the list of old obligations and the list of new obligations are each rewritten
as conjunctions of boolean values, the function eval is used to determine whether the

new list implies the old list. If this holds, then the old list is removed from the obliga-

tion list and the new list is inserted in place of the old obligation with the lowest index.
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Syntax:

Type:

Expected Structure:

Arguments:

Functionality:

(apply-skolem n skolemized_expr subexpr i skolem_const state)
replacement

any boolean expression with a universally quantified
subexpression.

n is the index of the target obligation.

skolemized_expr is the desired replacement.

subexpr is the universally quantified subexpression to be
skolemized. :

¢ is the quantifier to be replaced with a skolem constant.
skolem_const is the proposed skolem constant.

state is the source state.

skolemize universally quantified expressions.

Table 3.3: Skolemization Rule

Otherwise, the rule fails with an error message.

3.4.3 Skolemization Rule

The Skolem_rule retrieves the indexed obligation from the obligation list and skolemizes

the specified subexpression of the obligation with the proposed skolem constant. The

subexpression can be the entire obligation if the obligation is universally quantified.

The function apply_skolem examines the old obligation and the hypotheses in the

hypothesis list to check if the proposed skolem constant is a free variable in any of

these expressions. If the skolem constant already exists as a free variable, the rule fails.

Othérwise, it is a valid skolem constant, and the function replacelInt is used to replace

all occurrences of the identifier in the given subexpression by this constant. After the

subexpression is skolemized, it is substituted into the old obligation in place of the old

subexpression, and the rule checks if it matches the desired replacement given by the
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- Syntax: (instantiate n k state)

Type: discharge

Expected Structure: (Vi.P(i)) = P'(5)

Arguments: n is the index of the target obligation.
k is the value with which the quantifier is to be instantiated.
state is the source state.

Functionality: instantiate universally quantiﬁéd expressions. .

Table 3.4: Instantiation Rule

user. If the subexpression to be skolemized occurs more than once in the obligation, the
implementation tries each instance individually to determine if the replacement produces
the proposed result. If no replacement matches the result, the rule fails. Skolemization
can only be applied to one universally quantified expression at each application, because a
unique skolem constant is needed for each skolemization. If two identical subexpressions

in the same obligation are to be skolemized, the rule must be applied twice.

3.4.4 Instantiation Rule

The Instantiate_rule is a discharge rule. It retrieves the indexed obligation from the
obligation list and pattern matches its structure. The obligation is expected to be of the

following structure:

(Vi.P(2)) = P'(j),

where 7 is the instance.
If it does not match the required form, the rule fails with an error message indicating

the expected structure of the obligation.

Once the structure is matched, the function instantiate uses replacelInt to replace
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Syntax:

Type:
Expected Structure:

Arguments:

Functionality:

(induct n k base state)

replacement
Vi.P(1)

n is the index of the target obligation.

k is the proposed quantifier for the resulting universally
quantified expression. . :

base is the proposed base case.

state is the source state.

provide reasonings with mathematical induction.

Table 3.5: Induction Rule

all occurrences of 7, the identifier, by j, the instance, in P(7). If this result is identical to

P'(j), then P'(j) is a proper instantiation of Vi.P(i) and the obligation can be discharged

as a tautology. Otherwise, the rule fails.

3.4.5 Induction Rule

The Induction_rule retrieves the indexed obligation from the obligation list and replaces

it with three new obligations.

As described in Section 2.2.5, this rule writes an obligation of the form Vi.P(4) into

P(base),

Vk.(k > base) AND (Vi e {Abase,k —1}.P(i)) = P(k), and
Vk.(k < base) AND (Vi € {k+ 1, base}.P(s)) = P(k).

For the base case, the function replacelInt is used to replace the identifier by the

base case, base. For the induction steps, the implementation ensures that the identifier &

1s not a free variable within the predicate, P. Then it uses replacéInt on the predicate

and constructs the forms for the two induction steps.
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Syntax: (by_hypothesis n i state)
rI_‘ype: replacement
Expected Structure: none
Arguments: nis the index of the target obligation.

¢ is the index of the hypothesis on the hypothesis list.
state is the source state.

Functionality: retrieve information from hypotheses of the proof.

Table 3.6: Definition Rule
3.4.6 Definition Rule

The implementation of Definition_rule retrieves the indexed obligation, o, from the
obligation list, retrieves the indexed hypothesis, h, from the hypothesis list, and replaces

the old obligation by h ==> o.

3.4.7 Postponement Rules

There are three rules in this sef: postpone, by_postponement, and retrieve.

The arguments of postpbne are the index of the obligation to be postponed and
a name with which to tag it. Postpone traverses the postponed list scanning for the
name. If the name does not exist in the list, the obligation is simply removed from the
obligation list and added to the beginning of the postponed list. Otherwise, the rule
checks to see if this obligation is log’icélly related to the postponed object with the same
name. The object from the postponed list and the obligation are translated into their .
BDD representations with the function, eval. If the obligation implies the object, the
obligation is removed from the obligation list and replaces the postponed object in the

postponed list. If the implication is true in the other direction, the obligation is removed

from the obligation list and the postponed list remains the same. When neither relation
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Syntax:

Type:

Expected Structure: |

(postpone n name state)
discharge
none

n is the index of the target obligation.

Arguments:
name is the name with which to tag the postponed object.
state is the source state.
Functionality: postpone verification of an obligation.
Syntax: (by-postponement n name state)
Type: replacement
Expected Structure: none

n is the index of the target obligation.

Arguments:

Functionality:

Arguments: ,
name is the name of the postponed object to be retrieved.
state is the source state. '
Functionality: retrieve information from postponed list.
Syntax: (retrieve name state)
Type: replacement
Expected Structure: none

name is the name of the target postponed object.
state is the source state.

move a postponed object back to the list of proof obligation to be
verified. '

Table 3.7: Postponement Rules
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Syntax: (app'ly_equality n result state)
Type: replacement
Expected Structure: (z1 =22) = P,
Arguments: 7 is the index of the target obligation.

result is the desired replacement.
state is the source state.

Functionality: rewrite an obligation given equality of two variables.

Table 3.8: Equality Rule

holds, the rule fails.

By_postponement is similar to the Definition_rule. It retrieves the indexed obli-
gation, o, from the obligation list, retrieves the postponed object, p, with the matching
name from the postpohed list, and replac‘es the old obligation by p ==> o. It matches
the name by traversing the postponed list as is done in postpone.

Unlike the other replacement rules, retrieve adds an obligation to the obligation
list. The rule looks up the named postponed object by traversing the postponed list,

removes it from the postponed list, and inserts it at the beginning of the obligation list.

3.4.8 Equality Rule

The EQ_rule retrieves the indexed obligation of the form (z1 = z2) ==> P. It re-
places all occurrence of z1 by z2 in P using functions replacelnt, replaceReal, and
replaceBool. The same replacement is done with the proposed new obligation. If the

results from the two replacements match structurally, then the rule replaces the old

obligation with the new obligation. If the two results do not match, the rule fails.

where z1 and z2 are of the same type, boolean, integer, or real.
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Syhtax: (rewrite_if n result state)
Type: replacement
Expected Structure: z-if True a else b

or z.if False a else b,
where z_if = b_if, i_if, or r_if.

Arguments: n is the index of the target obligation.
result is the desired replacement.
state is the source state.

Functionality: simplify conditional expressions.

Table 3.9: If Rule
3.4.9 If Rule

The function rewrite_if uses pattern matchihg to simplify (if ... then ... else ...)
constructs once the conditions are evaluated to be True or False. It traverses the ex-
pression tree of the indexed obligation, matches the conditions with True or False and
replaces the obligation with the then or else clauses accordingly. If the proposed re-
placement matches this resulting expression, the replacement is made. Otherwise, the

rule fails.

3.4.10 Discrete Rule

The function apply_discrete uses pattern matching to match the obligation with the

expected structures. If the retrieved obligation does not match any of these forms, the

rule fails. Otherwise, the obligation is discharged from the obligation list.
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Syntax:' (apply-discrete n state)
Type: discharge
Expected Structure: (z >y) Equal (z > (y+ 1))
or (z<y) Fqual (z < (y—-1)),

where z and y are of type integer.

Arguments: nis the index of the target obligation.
state is the source state.

Functionality: providé discreteness property of integers.

Table 3.10: Discrete Rule

3.5 User Interface

Interface functions can be built on top of the core functions described in the previous
section to ease state manipulatioﬁs. Because the proof state is protected by an abstract
data type and the implementation of these user interface functions is outside the data
type, the set of user interfaces does not affect the soundness of the resulting proof. This
section describes the impler'nentation. of some user interface functions. It describes two
types of Case Analysis: one over booleans and the other over integers, explains how
an instance of a hypothesis can be discharged with one proof step, and how to use
abbreviations while printing large expressions. General information for each function isA
tabulated in the same format as in the previous section. This set of functions can be

extended by the users to suit the application.

3.5.1 Case Analysis over booleans

Case analysis “over booleans” uses the PC_rule to split obligation, o, into

(case Equal True) = o
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Syntax: (Case‘Analysis -n case state)
Type: replacemeﬁt
Expected Structure: none
Arguments: n is the index of the target obligation.

case is the case to apply case analysis on.
state is the source state.

Functionality: boolean case analysis.

Table 3.11: Case Analysis over Booleans

and

(case Equal False) = o.

Unlike the proof rules in the proof checker, users do not provide the form of the new

obligations for this interface function.

3.5.2 Case Analysis over integers

Case Analysis “over integers” uses the PC_rule to break an obligation into multiple
obligations with different ranges. The LP_rule is used to ensure that the subranges cover
the integers. Like CaseAnalysis over booleans, this interface function does not require

the form of the new obligations from the user.

3.5.3 Discharged by Unchanged

Unchanged handles three most common ways an obligation is discharged given informa-

tion from the hypothesis list.

1. The target hypothesis and indexed obligation are structurally equivalent. The

argument value is not needed for this scenario. In this case, the user provides a
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Syntax: (CaseAnalysis2 n expr lst state)
Type: replacement
Expected Structure: none

Arguments: nis the index of the target obligation.
' erpr 1s any Integer valued expression to apply case analysis on.
Ist is the list of integers (in increasing order) making up the
subranges for the cases.
state is the source state.

Functionality: integer case analysis.

Table 3.12: Case Analysis over Integers
dummy variable as value which will be ignored by the function.

2. The obligation is a strict instantiation of the hypothesis, i.e. it structurally matches
the hypothesis once all occurrences of the hypothesis’s quantifier are replaced by

the proposed instance, expr.

3. The obligation is an instantiation of the hypothesis, but the quantifier of the hy-

pothesis does not match structurally with the instance, ezpr.

The first case is discharged by simple PC_rule, together with the Definition_rule
which extracts the indexed hypothesis. 4

The next case is discharged by calling the Definition_rule to extract the related
information, calling the PC_rule to rewrite the obligation into the form which can be
handled by the Instantiate_rule, then calling the Instantiate_rule to verify the
instantiation.

The last case is very similar to the second case, but it can handle cases where the

bounds on the quantifier are not structurally identical to those of the hypothesis. The
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Syntax: (Unchanged n hyp value state)
Type: discharge
Expected Structure: none

Arguments: n is the index of the target obligation.
hyp is the index of the hypothesis which is used to discharge
obligation n. '
value is the proposed value with which to instantiate the
target hypothesis.
state is the source state.

Functionality: discharge instances of hypotheses as obligations.

Table 3.13: Discharged by Unchanged

LP_rule is used to validate the obligation’s quantifier.
The interface function determines which case to apply by examining the structure of

the obligation.

3.5.4 Printing a State

The function print_State prints all fields in the given state. It uses functions getclaim,
gethypothesislst, getpostponelst, and getobligationlst to retrieve different fields
from the proof state. Then it maps the printing functions to each of these lists. This

function is useful in proof construction and debugging.

3.5.5 Print Abbreviation

The print abbreviation functions allow large expressions to be printed in a more com-
pact and comprehensible form. The functions abbrevBool, abbrevInt, and abbrevReal

introduce abbreviation-expression pair and append it to an abbreviation list. The abbre-

viation list is stored as an FL variable by the user. The function print_abbrev takes the
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abbreviation list and the state, retrieves fields from the state and substitutes expressions

with abbreviations, then prints the resulting string.

3.6 Conclusion

This chapter has presented the implementation of the proof checker: the decision proce-
dure for linear programming incorporated into the Voss System and the ten proof rules
on top. The user interface functions are examples of how the system can be extended

to ease proof development. Users can build similar functions according to their needs

without compromising the soundness of the proof checker.




Chapter 4

Verification of Real-time Properties

The proof checker was implemented to verify timing iséues of real-time systems. As a ba-
sis for formal verification, real-time systems are modeled in the Synchronized Transitions
language. Real-time properties are stated as safety properties which can be captured by
invariants of the programs. These invariants are manually translated into logic predi-
cates as inputs to the proof checker. This chapter describes this approach to real-time
verification and compares it with other existing approaches. Much of the material in this
chapter is drawn from [15, 16].

Throughout this chapter, a simple, synchronous communication circuit is used as an
example to illustrate how timing properties of circuits can be represented as real-time
properties of programs, and how these real-time properties can be verified. Consider a
transmitter-receiver pair operating at the same frequency as given by a global_clock as
shown in Figure 4.4. The transmitter outputs a sequence of values at a fixed period set
by a global clock. Consecutive values are assumed to be distinct (for example, by ﬁsing a
self-timed encoding [31]); which is modeled by an alternation between the boolean values
true and false. The receiver inputs one value for each period of the global clock. The
transmitter and receiver operate at the same rate, but the relative timing of the two is
not specified. To verify that this interface operates corfectly, it must be shown that no

values are dropped or duplicated. This is expressed by the two requirements below:

Requirement 1:  When the transmitter is enabled to output a value, the receiver must

have already acquired the current value.

o4
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" Transmitter Receiver

Global Frequency Reference

Figure 4.4: A synchronous communication circuit.

Reguirement 2:  'When the receiver is enabled to input a value, the transmitter must

have already sent a new value.

These requirements are real-time properties of the synchronous communication circuit.
To verify that an implementation of the circuit satisfies these requirements, the circuit
can be modeled as a concurrent program, and the requirements can be formalized as
safety properties of the program.

This chapter shows how the essence of this protocol is captured in Synchronized
Transitions and how the proof checker is used to show that no value is dropped or

duplicated during the process.

4.1 Synchronized Transitions: a hardware description language

Synchronized Transitions (ST) is a hardware description language in which digital cir-
cuits are modeled as concurrent pr'ogramvs. Programs written in ST describe both the
computation and the structure of digital circuits. It can be used to specify designs from
very high level of abstraction down to gate level descriptions. ST is based on a few, simple
concepts of concurrent programming such as guarded multiassignments called transitions
and asynchronous composition of these transitions. For the purpose of the proof checker,

only a subset of the language is used and described in this section. See [21, 28] for a

more detailed description of ST.
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ST programs are composed of transitions, guarded multi-assignments that can be

composed asynchronously. Syntactically, transitions are written in the form:
<< .precondition — action >

The precondition is a boolean valued expression and the action is a multiassignment. To
avoid conflicting assignments, the variables appearing on the left side of the multiassign-

ment must be distinct. For example,
< a=b—x,y:=xt, a >

is a transition that when enabled can increment x and set y to the value of a. It is
enabled whenever a = b holds. Two or more transitions may be combined with the
asynchronous operator, ||. Such transitions are performed atomically (i.e. one at a time)
and independently. There is no global thread of control - the order in which transitions
are executed is independent of where they appear in the program. As an example, the

following program sorts a, b, and ¢ into descending order.

< a<b—a,b:=b, a>-
| < b<c—b, c:=c, b>

Each of the two transitions can be executed independently whenever its precondition

holds and the transition'is enabled.

4.2 Safety Properties and Invariants

An ST program denotes a state transition relation that is the basis for verifying properties
~of programs. Given a program, P, Vp denotes the state variables of P, and Tp denotes
the transitions of P. A state of P is an assignment of values to the elements of Vp. Let

Sp denote the set of all such assignments. Thus, a state variable is a function from Sp

to values of the underlying type of the variable. If z is a state variable and s is a state,
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let z(s) (also written as z.s) denote the value of z in state s. If E is an expression of
_ étate variables, then E(s) (or E.s) has the obvious meaning.

A transition is composed of a precondition and a multiassignment. Let t = <<g—! :=
r>> be a transition. The precondition, g is a function from states (i.e. Sp) to booleans:
g(s) is true if and only if ¢ is enabled in state s. The multiassignment, ! := r is a function
from Sp to Sp. Let m denote this function. s, = m(s;) if and only if state s, is obtained
by performing the multiassignment [ := 7 in state s;. Let Rp C Sp X Sp denote the state
transition relation of P. Giyen two states, s; and s,, a program can make a transition
from s; to s, if and only if there is a transition that is enabled in state s; such that

performing that transition leads to state s;. More formally,

(s1,82) € Rp = 3<g—m>> € Tp.g(s1) A (52 = m(s1))

A system satisfies a safety property Q, if Q holds in the initial state, and in all states
reachable from the initial state. A state, s is reachable from s¢ if and only if there exists
a sequence of transitions which leads to state s when started at state So. A standard
approach to verifying such a safety property is to find an invariant, I, such that Qg = I
and I = @), where Q) is the initial state predicate (a condition which holds in the initial
state). A predicate I is an invariant of the program P (written as inv(I, P)), if I holding
in one state guarantees that Wiil'hold in all successive states. Two properties are used

in proving a predicate to be an invariant:

Property 1 Let (T1,V) and (T3, V') be programs where Ty and T, are sets of transitions
and V is a set of variables. A predicate I is an invariant of (T1||T3, V) if and only of I
is an invariant of both (11,V) and (T, V).

Given a program P and a predicate I on states of P, property 1 shows that each

transition of P can be considered separately in showing that I is an invariant of P. The

next property shows how to establish that I is an invariant of a single transition.
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Property 2 Let P = («<C — | :=r>,V). Let I be a predicate. I is an invariant of
P if and only if: | '

Vs1,80 €S, I(s1) AC(s) A (I(s3) = r(s1)) A (Vv € V — L : v(s3) = v(sy))
= 1(82)
where L 1s the set of variables appearing in l.

Given these two properties, to determine whether the predicate I is an invariant of
the program P = (t,[t2]] ... ||ta, V), where t; = <C; — [; :== 7;>>, verification of the

following clause is required:

V81,82 € Sp( . )
(I(s1) ACi(s1) A (li(s2) = mi(s1)) A (Yo € V — Ly 1 v(s3) = v(s1))) = I(s3)
A (I(s1) A Ca(s1) A (l2(s2) = T2(s1)) A (Vv € V = Ly : u(s2) = v(s1))) = I(s3)
/\ e ’
/)\ (I(51) A Cr(s1) A (In(s2) = Ta(81)) A(Vv € V = L, 1 v(s2) = v(s1))) = I(s3)

To simplify the expression, state s, is written as M(s;), where M, the multiassignment
(I :=r), is a function over states of P. The conditions (I(s;) = r(s;)) and (Vv € V — L :

v(s2) = v(s;)) are dropped, since it is implied by the definition of M. The simplified

condition
Vsy, 89 € SP(
(I(s1) A Ci(s1)) = I(M1(s1))
A (1(s1) A Ca(s1)) = I(Ma(s1))
A :
/)\ (I(s1) A Crn(sy)) = I(Mn(sl))

is the input to the proof checker for verifying inv(I, P). As the input to the proof

checker, I(M;(s;)) is expanded into I(s;) with all occurrences of I; replaced by 7;, where

Mi = (lz = ’I'i).
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When the focus is on proving that a transition preserves an invariant, we sometimes
- use the notion of a pre state (the state before a transition occurs) and a post state (the
state after a transition has occurred). We write z.pre, equivalent to z(pre), to denote
the value of z before an execution of a transition and z.post, equivalent to z(post), to

denote the value of z after the transition is executed.

4.3 Expressing Real-time Properties

Returning to the synchronous circuit example, the physical circuit can be described by

two simple ST transitions.

< Tw:=NOT Twv >
| < Rv:=Twv >

T.v represents the logical value of the signal output by the transmitter, and R.v represents
the logical value of the signal input by the receiver. There is no precondition for either
transition; the multiassignments can be ‘perf'ormed at any time.

The first transition models the transmitter. It states that the value output by the
transmitter alternates between empty and non-empty values (T.v := NOT T.v). The
second transition, which models the receiver, .is similar to the transmitter transition. The
transition models the receiver retrieving the signal from the transmitter (R.v := T.v).

In the interleaved model of concurrency provided by ST, the physical structure of
the synchronous circuit can be expressed in a clean and simple manner. However, this
simple untimed program does not satisfy the two requirements stated above. In this
model, statements in a program are executed atomically, but the order of execution is
unspecified. Consider the case wheré the first transition is executed twice consecutively.
This scenario, corresponding to the case where two signals are output by the transmitter

without the first being retrieved by the receiver, violates requirement 1 stated in the

introduction of this chapter. Conversely, the case where the second transition is executed
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twice consecutively violates requirement 2. Timing properties of the system must be
captured in the model in order to verify that the system satisfies the stated requirements;

To reason about timing properties, additional constraints must be included in the
model of the system. Using the notation and properties of Synchronized Transition
programs, these constraints can be expressed by adding auxiliary variables to the program
These variables are called auziliary variables, because they are introduced for timing
verification and do not correspond to signals of the physical cifduit. A real valﬁed variable,
7 is introduced to represent the current time, and other variables are introduced for time

related bookkeeping. In general, there are two kinds of timing properties:

Timing lower bounds: a transition is not performed until after a specified time.

Timing upper bounds: a transition is guaranteed to be performed by a specified time.

Timing lower bounds can be expressed by strengthening the transition’s preconditions.
In particular, systems of inequalities describing timing relationships can be introduced
as preconditions to transitions. Likewise, the invariant to be proven includes systems of
linear inequalities in addition to boolean relationships. Thisr motivates édding a decision
procedure for systems of linear inequalities to the proof check_er. Given this decision
procedure, the proof checker can be used to reason about timing issues in real-time
systems. |

In the synchronous circuit program, auxiliary variables are introduced for time related

bookkeeping and preconditions are added to the two transitions.

< Tt2Tr+7m - T, Tt:=NOT Tu, 7 >
| < 7T>Rr+7n - Rv,Rt:=Tw,7 >

The variables 7, T.7 and R.7 are introduced to the program. The real valued variable, 7,

is introduced to represent the current time, while 7.7 and R.7 are introduced to denote

the time at which the transmitter outputs a signal and the time at which the receiver
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inputs a signal respectively. The precondition of the first transition 7 > T.7+m enforces a
delay of at least 7 time units between the output of sﬁccessive yalues by the tfansmitter.
Likewise, the precondition of the second transition 7 > R.7 + 7 enforces a delay of at
least 7 time units between the retrieval of sﬁécessive values by the receiver.

Timing upper bounds can be expressed as safety properties of the program’s environ-
ment. Assertions are added to the program to state that the current time cannot exceed
a certain value until after some enabled transition is performed. These assertions are
written as a protocol describing the environment [29]. In addition fo deriving separate
lemmas for each transition of the program, a separate lemma shows that this protocol
maintains the invariaﬁt.

The protocol for the synchronous circuit environment can be described by four clauses:

e PLErpost < T.r+m
is the timing upper bound for the transmitter. It ensures that signals are generated

at most 7 time units apart.

o P2 rpost<RT+m

is the timing upper bound for the receiver.

o P; £ unchanged(T) A unchanged(R)
is the abbreviation for (T.post = T.pre) A (R.post = R.pre) which means that if

the environment takes an action, 7.7, R.7, T.v, and R.v remain unchanged.

« P, = T.post > T.pre
states the current time after an action by the environment, 7. pbst must be greater

than or equal to the time before the action, 7.pre. In other words, time increases

monotonically.
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The two requirements stated in the introduction can be formalized as safety property
of the program.
Q = (r>T74+7)= (Rv=Tw)
A (12 Rt +7)= (Rv#Tuv)
The first clause of the safety property states that the transmitter can not output a new
value until the receiver has picked up the old one. This clause is equivalent to requirement
1. The second clause states that when the receiver picks up a value, it is a new one. This
clause corresponds to -requirement 2.
Given the ST program and the protocol, the following invariant is constructed for the

synchronous circuit.

~
1>

T<Tr+7w

T<RT+m

(T.r <)

(RT<T)

(RT>T.1)= (Rv=Tw)
(R7<T71)= (Rv #Tw)
(RT#T1)AN(|RT—T.7| <)

> > 2> > > >

The first two clauses are P, and P, from the protocol as described above. (Tt <71)A
(R.T < 7) states that the circuit must appear to be causal as indicated by the auxiliary
variables, (R.7 > T.7) = (R.v = T'v) ensures that the transmitter does not output a new
value until the receiver has obtained the old one. Similarly, (R.r < T.7) = (R.v % T.v)
states that When the receiver picks up a value, it is a new value. These two clauses
imply the safety property that no value is duplicated during the process. The last cla,use
states that the transmitter and receiver events must occur at different times. In hardware
terminology, coincident transmitter and receiver events would constitute a timing hazard,

and in practice some minimum separation must be guaranteed. These issues are explored

further in the next chapter.

An initial state, QQg, can be selected to be
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Rr=1 -
ANTr=1—7/2
N Rv=Tuw

Given such Qy, it is easy to see that (Qo = I) A (I = Q) holds.

4.4 Summary

To summarize the approach described above, a real-time system is modeled as a concur-
rent program in ST and its environment is described using a protocol. Then, invariants
are formulated for the system and translated into proof goals for the checker. Through
human interaction to the proof checker using the inference rules, the proof goal is sim-
plified to a conjunction of tautologies. »

The approach of capturing real-time properties by introducing aﬁxiliary variables is

employed in [1], and the approach of deséribing the environment of the program using

protocols is described in [29].




Chapter 5

Verifying STARI

STARI (Self-Timed At Receiver’s Input) is a signaling technique that combines syn-
chronous and asynchronous design methods to achieve a highér bandwidth communica-
tion than either alone. STARI uses a synchronous transmitter, a synchronous receiver,
and a self-timed FIFO. This chapﬁer demonstrates an application of the proof checker by
applying it to verify the'timing properties of STARI. Section 5.1 prbvides an overview
of the STARI interface and addresses some of the timing criteria for the system. Sec-
tion 5.2 models the system as an ST program and formulates an invariant for the program
which implies the safety properties of the system. Section 5.3 summarizes results from the
proof. Experience from using the proof checker is discussed in section 5.4, and section 5.5

evaluates the effectiveness of the proof checker on the STARI proof.

5.1 STARI Interfaces

The implementation of the synchronous transmitter-receiver pair described in Chapter 4
is only a model to demonstrate an approach to verifying safety properties in real-time
systems; it can fail if the value output by the transmitter changes at almost the same time
as the value is input by the receiver. This is because with real hardware, operations take
some amount of time and are not instantaneous as would be suggested by the atomic
semantics of Synchronized Transitions. In a traditional synchronous system, a global
clock is used to ensure that the c'har‘lging‘ and sémpling of data are separated in time.

This separation must be larger than the uncertainty in the timing of the clock signal. This

64
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Figure 5.5: STARI communication

uncertainty is called skew. Skew often limits the performance of synchronous systems.
To show that an interface operates correctly, it must be shown that new data arrives
at the synchronous section of the receiver at a time that is well defined relative to the
receiver’s clock.

STARI is motivated by the observation that it is a relatively simple matter to dis-
tribute a frequency reference signal throughout a large system. On the other hand, it is
difficult to control the exact phase of high frequency signals. As mentioned above, this
skew limits the performance of purely synchronous systems. Self-timed designs avoid
clock skew by using handshake protocols. If no assumptions are made about the delays
of components and wires, then each transmitted bit must be acknowledged before the
next one is sent. In self-timed circuits, these handshakes determine the rate of data
transmission, and the round-trip delay incurred on each transmission-acknowledge cy-
cle can limit performanée. ‘In a STARI interface, a global clock determines the rate of
data transmission and the receiver’s self-timed FIFO can compensate for skews exceeding
severai clock periods. In this way, STARI overcomes both the clock-skew limitations of
purely synchronous designs and the round-trip delays of purely self-timed interfaces.

Figure 5.5 shows a STARI interface. The key component is a self-timed FIFO thatl

receives data from a synchronous transmitter and delivers data to a synchronous receiver.
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During each cycle (period of the giobal frequehcy reference), the transmitter sends one
datum that is inserted into the FIFO upon arrival. Successive values are distinguished
by using a self-timed data encoding {31]. Likewise, the receiver removes one item from
the FIFO each cycle. Once properly initialized, the FIFO never overflows or underflows.

For correét operation, the FIFO must complete each insert and remove operation
within one cycle. When this requirement is met, the FIFO appears as a synchronous
component to both the transmitter and the receiver. Furthermore, both the transmitter
and the receiver appear to the_FIFO as well-behaved self-timed systems. The transmitter
- produces a new data value each clock cycle, just as if the FIFO were another compo-
nent synchronous to its own clock. As will be shown, the FIFO performs each insert
operation within one cycle, which means the FIFO acknowledges the previous data value
before the next value arrives. Thus, the synchronous transmitter satisfies the self-timed
signaling conventions of the self-timed FIFO. Likewise, a prompt response of the FIFO
to acknowledgements from the receiver guarantees that the receiver does not issue an
acknowledgement until the corresponding data value is present. Therefore, the interface

between the FIFO and the receiver is correctly timed.

5.1.1 Self-timed FIFOs for STARI

To verify STARI, a particular FIFO implementation must be chosen. Consider an im-
plementation that uses a ripple FIFO where successive data values in the FIFO are
distinguished according to some self-timed encoding. For verification purposes, the anal-
ysis of the interface does not depend on the specific data encoding. The transmitter
output can be modeled as alternating between two values: “full” (represented by true),
and “empty” (represented by false).

A self-timed FI'FO‘can be implemented using a linear array of stages with outputs

y(1) ...y(n) which operate according to the following rule: stage j may copy its input,
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Figure 5.6: A self-timed FIFO
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y(j-1), to its output, y(j), when its successor stage has acquired its current value (i.e.
y(3) = y(j+1)). Thﬁs, when a stage and its successor are both empty, the stage can
acquire a full value from its predecessor. Conversely, when a stage and its predecessor
are both full, the stage can acquire an empty value from its predecessor. This protocol
has a simple implementation consisting of a Muller C-element and an inverter as shown
in Figure 5.6.

This design is delay insensitive [30] and will function correctly regardless of the delays
in the C-elements, inverters, and wires as long as the transmitter and the receiver observe
the self-timed Iprotocol. -In a self-timed design, these conditions for the transmitter and
receiver are enforced by handshakes using the data and écknowledge signals. In a STARI
interface, the time between when a stage is enabled to perform an action and when that
action is taken must be bounded. For the schedules described below, the transmitter and
receiver can be guaranteed to operate according to the self-timed protocol when each per-
forms one operation during each cycle of the global clock. Because the transmitter does
not require acknowledgements from the FIFO to send successive values, the performancé

of STARI is not limited by round-trip delays.

5.1.2 A schedule for STARI

To verify STARI, it is. neceésary to shéw that after each data value arrives from the
transmitter, an ack_out event is generated by the FIFO before the next value from the
transmitter arrives. Similarly, after each ack_in event from the receiver, the FIFO is
required to output a new data value before the nekt ack_in event occurs. To perform a
new operation, each FIFO stage must wait for data from its predecessor (or the transmit-
ter) and an acknowledgement from its successor (or the receiver). These dependencies

are transitive; therefore, the timing of each stage depends on the times of the opera-

tions of all stages and the transmitter and receiver. Accordingly, a global schedule for
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FIFO operations is required to establish the correct operation .of STARI. The scheduvles
presented in this sectio.n are from [15]. These schedules are presented in an informal,
intuitive fashion. In section 5.2, the version with bounded delays is formalized using the
ST notation, and the verification of this version using the proof checker is described in
sections 5.3 and 5.4.

The schedule of STARI depends on the model of the timing for the operation of
the transmitter, receiver, and FIFO. The model used here assumes that the clock skew
between the transmitter and receiver has some arbitrary, constant value. On the other
hand, stage delays are only bounded from above. The actual delay of a stage can be
anywhere from zero to this bound, and the stage can exhibit different delays for different

operations. This model uses the quantities defined below:
n: The number of stages in the FIFO. Assume n > 0.

: The stage delay. The delay from when a stage has received both a new data value

(o %}

at its input and an acknowledgement for its current output until the stage outputs
the new value is at most §. In this model, § is an upper bound, and the actual

delay may differ for different stages or for successive operations of the same stage.

7: The period of the global clock. New data values arrive at data_in separated by
exactly m time units, and successive acknowledgements arrive at ack_in separated

by exactly 7 time units.

X: The time from a transmitter event until the corresponding receiver event. In a
correctly operating interface, the transmitter will output a value on data_in at some
time, 7, and the receiver will assert an ack_in for this value at some later time 7.

In this case, A = 7, — 7;. Since successive transmitter events and successive receiver

events occur with the same period, A is a constant. For (n+1)6 < A < (n+1)(7—6)
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"~ it will be shown that the STARI interface operates correctly, in which case A can-

be understood as the FIFO latency.

To motivate the schedule for FIFO operations, a simplistic scenario with fixed delays
is considered first. With completely deterministic timing, the analysis for this case is
straightforward, and many of the ideas from this simplified version can be applied directly

i | to the bounded delay model and appear in the proof. In the fixed delay case, each
stage performs an operation once every 7 time units, and the details of the schedule
are determined by the relative phases of these operations. A convenient way to describe
these relative phases is to derive the delays between when a stage receives a new value
at its data input and when it propagates this value to its output.

The delay for stage j is written as A(j). The sum of these delays is the latency of
the FIFO:

n+1
Y AG) = A (5.1)
j=1
Note that A(n + 1) corresponds to the delay from when a value is output by the FIFO
until the subsequent acknowledgement is output by the receiver.

In steady state operation, the stages of the FIFO can be partitioned according to
the order in which their data and acknowledge inputs arrive. The stages closest to the
transmitter receive new data values after they have received an acknowledgement for the
previous value from their successors. When a data value arrives at the input of such a
stage, it is copied to the output é time units later. For the stages closest to the receiver,
data values arrive before acknowledgments. If a stage and its predecessor both wait for
acknowledgements, then 7 — § time unit elapses between the arriyal and departure of a
data value at the stage (see [16]). The remaining stage waits for acknowledgement but

its predecessor waits for data. The time for this stage to forward a data value is bounded

by the times for the other two cases.
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| Figure 5.7: Stage-to-stage transfer times

Let stage k be the first stage that waits for acknowledgements. To satisfy equation 5.1
and the relationships § < A( j). < 7 — 6, a simple pigeon-hole argument yields:
) ,if j <k
AG) = { @ Jif j=k (5.2)
T—06 ,ifk<j

where

kK = n+1—[A——(1—1—t}EJ

T —26
a = A+ (k—1)* (7 —26) —n(r - 6)

(5.3)

To ensure that k is between 1 and n, it is required that

0 < ¢ , FIFO stages are causal
20 <« , minimum “clock” period

(n+1)0 < A < (n+1)(m—96) ,bounds on skew

Figure 5.7 shows A(j) for a typical STARI interface with fixed delays.
Now consider a FIFO with bounded delays. The delay between when a stage receives
a new data value and when it outputs the value may be lower than in the fixed delay case.

As the total latency of the FIFO remains fixed, there must also be stages which have.

delays greater than those in the fixed delay case. This happens when a stage receives
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a new data-value earlier than it would have in the fixed delay Versioﬁ and must v;ait
longer for an acknowledgement. It can be shown that in the bounded delay fnodel no
stage performs an operation later than the corresponding action is performed in the fixed
deiay version. This observation leads to the schedule for the bounded delay model.

The schedule for STARI with bounded delays is a schedule for the total delay from
the time that a data token arrives at the input of the FIFO until it is output by stage j

as given by ¥(j) defined below:
(i) = 2 A3E) | (5.4)

Because V¥ is >derived from A, this schedule identifies a “waiting for data” region (j <
k with k defined by equation 5.3) and a “waiting for acknowledgement” region (j >
k). In operation,. a stage in the “waiting for data” region may end up waiting for an
acknowledgement because of a data value arriving early; however, it will not wait longer
than the time allowed by the “waiting for data” schedule above. Likewise, a stage in the
“waiting for acknowledge” region may wait for a data token, but not so long as to violate

the schedule.

5.2 An ST Program for STARI

To verify the timing properties of STARI, the interface is modeled as an ST program. In
this program, 7 represents the current time and y(0) through y(n+1) represent signal
values. For 1 < i < n, y(i) is the output of the i** FIFO stage. The output of fhe
transmitter is the signal y(0), aﬁd y(n+1) is the “acknowledge” signal from the receiver.

Three attributes are associated with each signal:

y(i).v The value of the logical datum output by FIFO stage i, true (full) or false

(empty).
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y(i).7 The time at which y(i).v was assigned its current value.

y(1) .. The time at which the value currently held by y(i) .v was output by the trans-

mitter.

Given this framework, the descriptions of the transmitter and receiver are straight-
forward. The transmitter changes the value of y(0).v once every m time units. The

transition
<K 7T 2y0).7+ 71— y@.v, yO .7, y(0). := NOT y(O).v, 7, T >

states that changes of the transmitter’s output, y(0), occur at least 7 time units apart.

Likewise, the protocol,
T.post < y(O) .7+

ensures that changes of y(0) are at most 7 time units apart. Thus y(0) changes once
every 7 time units as required. The description of the receiver is equivalent (see Fig-
ure 5.8).

To describe the FIFO, note that stage j can change its output when stage j-1 has
provided a new input value and stage j+1 has acknowledged the current output. Thus,

the transition for stage j of the FIFO is

< (y(G-1).v # y(3).v) AND (y(j).v = y(j+1).v)
—y(§).v, yG).7, y(G@ .t := y(G-1).v, 7, y(G-1) ..
> . . ‘

The entire FIFO is described by the asyﬁchronous cofnposition
I < GG-1.v # y()) AD (3().v = y(G+1).v)
j=1

Sy v, y() .7, y(i) e = yG-D v, T, yG-1)
>>

No timing constraints are included in the guard because the FIFO stages only have an

upper bound on their delays. A stage is allowed to perform its operation immediately

after receiving new data and acknowledge inputs.
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The following protocol asserts that-the transition for FIFO stages can be enabled for ——-
at most 6 time units before being executed: |
Vje{l...n}.

(yG-D) v£y@D . vV)IAGFQG).v= y(j+1) .v))
= (7.post < max(y(j-1).7, y(j+1).7) + §)

The complete program for STARI is given in figure 5.8.

5.2.1 The invariant

To verify STARI, it is necessary to show that the self-timed protocol of the FIFO is

satisfied by the real-time behavior of the transmitter, FIFO, and receiver. The first

criterion is that each value output by the transmitter is inserted into the FIFO before

the transmitter outputs another value. Formally, let

R 2 (r2y(0).7+7)= (y(0).v=y(1).v)

R, is a safety property of the program. The second criterion is that the corresponding

condition for the receiver,

R, = (7> y(n+1) .74+ 7) = (y(n).v # y(n+1) .v)

R, is also a safety property.
To verify properties R; and R, an invariant of the program is established, I such that
I = (R; A Ry). The key clause of this invariant is a schedule for the internal operations

of the FIFO. In particular, the invariant includes the conjunct
Vie{l...n}. y(A).7 <y@@) ..+ ¥(i)

Intuitively, ¥(1) is the maximum time allowed for a value to propagate from the trans-

mitter to the output of stage i. The key pfoperty of the schedule ¥ that will be used in
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Constraints on program parameters:

0 < n , there is a FIFO
0 < & , FIFO stages are causal
20 < w , minimum “clock” period
(n+1)6 < A < (n+1)(m—46) ,bounds on skew

Transitions for the transmitter, FIFO, and receiver:

< T > yO).7 + 7
— y(0).v, y(0).7, y(0).r := NOT y(O).v, 7, T
>

. n < GG-D.ov #FyG) v A GG v = y(G+1).v)
i=1 —= y(G).v, yG).7, y(3).¢ := y(G-1).v, 7, y(G-1) ..
> .

| << 72>2y@+1).7 +nx
— y(@+1).v, y(n+1).7, y(n+1).¢c := NOT y(n+1).v, 7, y(n).¢
P>

Protocol for the environment (i.e. assumptions about time):

unchanged(y)
T.post > T.pre
T.post < y(0O). 747
Vie{l...n}. , :
(yG-1D.v # y@).v) A (y@).v = y(@i+1).v)
= 7.post <max(y(i—1)7, y(i+1).7)+§6
T.post < y(n+l).74+7

Figure 5.8: A Synchronized Transitions program for STARI
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I insert

=

n+1—{

6 ' yifi<k
A+ (k—1)*(r—26)—n(r—06) ,ifi=k
T—20 ,ifi>k

Vie{l...n}. y(@).7<y@) ..+ ¥(i)
Vie{0...n+1}. y@).7<7 ’
(y(0) .7 =y(0).t) A (y(n+1) .7 = y(n+1) .0 + ¥(n + 1))
T<y0). 7+ :
Vie{l...n}.
(yli-1).v£y@) .v) A (y(1) .v = y(i+1) .v)
= (7 <max(y(i-1).7, y(i+1).7) +6)
T<y+l).7+7
Vie{0...n}.
(y(1) .v=y@{+1).v) = (y(A) .. = y(i+1) 1)
A (@) .v#Fy@+1) .v) = (yA) .o =y@GE+1) e+ )

Isched A I/\ A Icausal A It A If A Ir A Iinsert

Figure 5.9: The invariant for STARI

the remainder of this chapter is

Vie{l..n+1}. 6§<¥(E)-T(i-1)<7—6

Note that U(i) — ¥(i — 1) is denoted A(i)

The complete invariant is shown in figure 5.9. Each of the clauses has a simple,

intuitive interpretation. As is often the case with invariant based verification, several

“bookkeeping” clauses are needed to describe the set of states that the system can reach.

As described in the previous paragraph, the clause Iiheq gives a schedule for the internal
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operations of the FIFO. The clause I .41 States that the FIFO is causal as described
by the auxiliary variables: no signal may have an assignment time that is in the future.
The clause I, asserts that the schedule is tight at the transmitter and receiver, which
implies that the FIFO latency is A, matching A’s intuitive interpretation. The clauses I,
I¢, and I, state that the transmitter, FIFO, and receiver respectively have completed all
operations that should have happened in the past. The clause [t can be understood
by assuming that no data values are dropped by the FIFO, in which case this clause
implies that the values of the .. variables are the times at which these values were output
by the transmitter.

The clause [iysert is implied by the other clauses of the invariant and can be proven
by induction over the stages of the FIFO. This approach was taken in the manual proof
in {16]. However, when verified by the proof checker, many implicit induction arguments
were discovered in the hand-written proof, most of them simple lemmas about unchanged
variables. By adding the clause Ij,sert to the invariant, the arguments by induction over
' the structure of the FIFO become induction arguments over the sequences of states that

the system can traverse. The proof was more easily verified by the latter approach.

5.3 The STARI Proof

With the described technique, STARI was modeled as a concurrent program, safety
properties of the system were identified, and a predicate, I, which implies these safety
properties was proven to be theb invariant of t'he program. To stimulate an appreciation
of the process, this section discusses one segment of the proof in detail, highlights some

techniques used in constructing the proof, and presents some of the flaws uncovered in

the manual proof.
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5.3.1 A snapshot from the proof

As mentioned in chapter 2, a proof can be viewed as a tree with the claim as the root,
proof-rules labeling the edges, and simple tautologies at the leaves. The STARI proof is
mapped into such structure. The root is the claim that I is an invariant of the program

shown in figure 5.8. It can be written as

(I(s1) A Ci(s1)) = 1(My(s1))
A (I(s1) A Cy(s1)) = I(M;y(s1))
A (I(s1) A Cr(s1)) = I(M,(s1))
(M

N I(s1) A Cy(s1)) = I(My(s1))

The PC_rule splits the claim into four separate clauses. Viewed as a tree, there is the

claim at the root with four edges, labeled PC_rule, splitting it into its four children:

(I(s1) A Ci(51)) = I(My(s1)),
) A Cys1)) = T(My(s1),
I(s1) ACy(s1)) = I(Mi(51)),

and  (I(s1) A Cy(s1)) = I(My(s1)).
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AN

cl(sched) cl(causal) cl(A) cl(f) cl(r) cl(insert)
cl(t)

Figure 5.10: A branch from the STARI proof tree.

Since the invariant is a conjunction of several clauses, each of the above obligations can

be further broken down into

(I(s1) A Ci(s1)) = Ischea(Mi(s1)),
(I(s1) A Ci(51)) = Leausar(Mi(51)),
(I(s1) A Ci(s1)) = I\(Mi(s1)),
(1) AN Ci(1)) = T(Mi(s1)),
(I(s1) ACi(s1)) = I;(Mi(s1)),
(I(s1) A Cils1) = L(Mi(s1)),
and (I(s1) ACi(51)) = Tinsert(Mi(s1)).

where i € t, f, 1, p.

See figure 5.10.

This section examines the branch of the proof which verifies that the transitions for
the FIFO maintain Ischea, (1(s1) A C¢(s1)) = »Isched(Mf(Sl)), the clause of the invariant
that asserts the real-time schedule for STARI. This example is chosen as it emphasizes

the real-time aspects of the verification.

Recall that a proof state consists of the claim, the hypothesis list, the obligation list,
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and the postponed list. (See secfion 2.1.1). For simplicity, only the obligations and the
hypotheses are shown in this presentation. .Starting with the obligation given above,
Ischea(My(s1)) is skolemized with the skolem constant sk.i so we can apply case analysis
on the term. Using PC_rule to apply case analysis on (sk-i=j), we split our obligation

into 2 terms.

obligations :
sk =j) = (
if(ski = j) then 7 else y(ski).7)
< (if(sk_i = 7) then y(sk_i — 1).c else y(sk)..) + U(sk-i)),
(sk-i # j) = ( |
(if(sk-i = j) then T eise»y(sk_i).T)
< (if(sk—i = 7) then y(sks — 1).c else y(sk-i).c) + ¥(sk.7))
hypotheses :
[Cy, I, constraint]

The second obligation follows directly from the fact that no variables appearing in
the obligation were modified by the transition. In the checker, this takes six steps: two
steps (using EQ_rule and IF.rule) replace each if expression with the corresponding
else clause; two steps (using Definition_rule and Instantiate_rule) instantiate the

corresponding clause of the invariant on the hypothesis list with j; and the remaining

two steps (using PC_rule) perform rewrites to put the obligations into forms suitable for

the other rules. Having discharged the simpler of the two obligations, the state of the
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mpﬂrtv)of becomes
obligations :

(ski=j) = (

(if(sk-i = j) then 7 else y(sk-t).7) -
< (if(sk—i = j) then y(sk< — 1).. else y(sk1)..) + ¥(sk))

hypotheses :

[C¢, 1, constraint)

81

Using EQ-rule and IF rule, the obligation is rewritten to 7 < y(j—1).t.+¥ (7). To obtain

an upper bound for 7, the clause I s of the invariant is used. Since the precondition Cf

holds, instantiating Iy with ¢ = j yields 7 < max(y(j — 1).7, y(j + 1).7) + 6. This leads

to the essence of the real-time verification of STARI. The current time is bounded from

above according to the greater of y(j — 1).7 and y(j + 1).7, that is according to whether

the data or acknowledge input of stage j arrived last. In either case, the schedule, holding

for stages 7 — 1 and j + 1 before performing the transition for stage j , is used to show

that it holds for stage ;7 after the transition is performed.

Case analysis is performed according to which of y(j —1).7 and y(j + 1).7 is greater.

The case for y(j — 1).7 > y(j + 1)7‘ is presented here; the other case is similar. For the

case with y(5 — 1).7 > y(j + 1).7, rewriting the max function yields the proof obligation

T<yG-1T7+6 = 7<y(f-1)c+ ()

Using linear programming, it can be shown that:

T < yG-1).746 (Lo)

y(G -7 < y(i-1)+¥([-1) (L)
v(i) = ¥([-1)+A0) (L2)
A(j) = 6 (Ls)

T < Y- 1)+ () (L4)

(01)
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" In the checker, PC_rule is used to replace proof obligation o, with L;, L,, L3, and

| Ly ALy ALy = Ly (Note that Lo is the antecedent of 0; and L4 is the consequent.)

This implication is discharged immediately by LP_rule, demonstrating the utility of a
decision procedure for linear pfogramming when reasoning about real-time systems. Of
the remaining obligations, the first two can be discharged by instantiating the appro-
priate hypotheses. The fourth obligation, however, reveals a limitation of this checker.
Instantiating the definition of A it is straightforward to verify that A(j) > 6 for the cases

J <k and j > k. On the other hand, the case j = k produces the obligation
§ < A+ (k=1)*(m—26)—n(r—96)

To verify this obligation, it is necessary to instantiate the definition of k, and then
reason about the inequalities involving non-linear operations such as floor. Instead, the
Postponement_rules are used to transfer this obligation to the suppose list. At the end
of the proof, there are two such obligations on the suppose list, the one just described

and the closely related one:

A+ (k-1 x(n—=20)-n(r—6) < n-26

Both can be verified in a few minutes using pencil, paper, and a little bit of high-school

algebra.

5.3.2 Some Prdof Techniques

The LP.rule and the PC_rule are the core of the proof checker. The LP_rule is intended
to reason about linear inequalities within the proof, and the PC_rule is intended to
su‘ppo‘rt boolean manipulation. While developing the STARI proof script, it was observed

that in addition to the originally intended functions, these two proof rules are used

extensively to restructure expressions to the forms required by other proof rules. Fixed
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Sgdueﬁces of proo%—fl-ﬂ'es are applied--tgéciﬂieve certai-;;al‘)égz—xg ”By e;(;l_lining ﬁhé’proof
scripts, common patterns were recognized and interface functions were built to capture
these proof sequences. The following paragraphs present some proof techniques involved
in developing the STARI proof script, and discuss the interface functions implemented
to support such techniques.

One frequently used proof technique is case analysis: to divide an obligation into
different cases and reason about each case with an appropriate method.v See sections 3.5.1
and 3.5.2 for a description of the interface functions CaseAnalysisl and CaseAnalysis2.

Because many of the proof rules are implemented using structural matching of expres-
sions; proof states can include cumbersome obligations that require simplification. For

example, the Instantiate_rule traverses an expression tree and blindly replaces every

occurrence of the quantifier by the specified instant without recognizing what the expres-

sion truly represents. The expression Vi.f(i+ 1) instantiated by j — 1 yields f(7 —1+1),
and the LP_rule is required to verify (j — 1 + 1) = j before the replacement can be
applied. In such cases, the PC_rule is used to formulate the simplified expression, the
LP_rule to verify such replacement, and the EQ_rule to write the expression into the
simpler form. This process could be extremely tedious when large expressions are in-
volved. Such tedious steps can be avoided by adding an arithmetic decision procedure
to the proof checker. This approach is discussed in section 6.1.

An invariant proof verifies that a predicate continues to hold after a state change in
which value to some v € V is modified by a transition (given that V' is the set of variables
in the ST program). Such a predicate is often a conjunction of clauses, and the predicate
is proven to be an invariant by analyzing each clause and the effect of each transition on
these clauses. Frequently no variable in a clause is changed after a particular transition is
performed, and this case is readily discharged by the PC_rule. Many times, the obligation

which needs to be proven is a simple instantiation of a clause from the hypotheses. The
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interface function Unchanged discharges such obligations (see section 3.5).

5.3.3 Flaws from Manual Proof

Having attempted to verify a hand-written proof, various technical flaws wefe uncovered.
Most of the errors uncovered were typographical mistakes and inadequate justifications
for proof stéps, and most of these flaws were found in the process of translating the
manual proof steps into inputs to the proof checker. All of these errors were in the proof,
not in the theorem statement. A more serious error was revealed when attempting to
verify
5 < A+(k—-1)x(n—=26)—n(r—-6) < ©7—6

In the original formulation of the claim, there was an “off-by-one” error in the definition
of k. Although this was not detected by thé proof checker, the checker brought it to
our atfention by reducing the correctness of the claim to the correctness of this simple

formula, upon the examination of which the error was discovered.

5.4 Observations and Experiences

From verifying STARI a few observations are noted in relation of the proof checker and
the proof itself. Two of the major issues are: the similarity in the overall structure of the
verified proof and the manual proof, and how the chosen language, FL, helps the proof

development process.

5.4.1 Verified Proof versus Manual Proof

The overall structure of the STARI proof verified by the proof checker is the same as that
of the manual proof. Both version verify the invariant by considering pairs of states, s

and s’ where s’ is produced by performing some transition from state s. The invariant
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is assumed to hold in state s, and the proofs show that it continues 1503’101& in state s .‘
In both proofs, the invariant consists of four clauses: three corresponding to the three
transitions representing the transmitter, receiver and FIFO; and one clause corresponding
to the protocol of the ST program. The central argﬁment of each proof shows that the
FIFO maintains the schedule, and both proofs do this by considering whether the data
or the acknowledgement arrives last at each C-element. Because the invariant holds in
state s, the schedule holds for this last arriving input. The proofs thén show that the
invariant holds in state s’. |

The major difference between the manual' proof and the verified proof is the change
in representation of the insert timé. As mentioned earlier, the manual proof involves
implicit inductions which correspond to many proof steps in their counterparts within
the verified proof. In the verified proof, these induction arguments were eliminated by
adding the clause [inert to the invariant. Although this clause is redundant (it is implied
by the other clauses), the overall proof is simplified by its inclusion.

The number of steps required for the same argument differs in the manual proof and
the verified proof. The verified version often involves more steps because of the rigorous
nature of a verified proof. However, this is not necessarily the case where reasoning
about linear inequalities and boolean manipulation is involved. The two built-in decision
procedures for systems of linear inequalities and boolean manipulation discharge such
proof obligations in a single step, whereas the manual proof requires multiple steps to

simplify the expressions to a manageable size befote they can be discharged.

5.4.2 FL as a meta-language

FL was the natural choice for the meta-language of the proof checker, because it provides

built-in support for BDDs and supports abstract data types. It is easy to define a next-

state function in a functional language. Using FL as the meta-language, it is very natural
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to pa,ss.a proof state to a function, have the inference rule create a new state with respect
tb the context of the proof ruie and the inpﬁt state, then return fhis new state. The
language also allows a proof to be viewed as a program, a more structured} entity which
helps organize the proof. Related sections of a proof script can be combined to become
a function. Branches from a proof tree which employ the same proof technique, can be
written as a function with input variables to adapt to slight variations in similar cases.
When similar proof sequences are required, the function is simply called With appropriate
values.

Using a functional language to implement the proof checker also has disadvantages.
It is harder to build and modify complex data structures, and hence longb lists have to
be traversed linearly during a lookup for an item. This is a performance problem which

can be solved by more sophisticated programming.

5.5 Evaluating the Proof and the Proof Checker

The motivation for this research is that hand written proofs often contain implicit as-
sumptions and unstated arguments, both of which can lead to errors and unsoundness.
Theorem provers can be used to verify such proofs, however, existing theor.em provers
are often extremely tedious and/or require mathematically sophisticated users. Theorem
provers which reduce all claims to a small set of fundamental axioms are often tedious [7).
Those that use sophisticated tactics that may allow for shorter proofs can be baffling to
a naive user [10, 22, 26, 27, 3, 4].

The hypothesis of this research is that correctness proofs for real-time systems can
be machine checked using a small set of decision procedures, and these procedures can

be used at a level of detail comparable to typical hand proofs. A simple proof checker

was implemente_d specifically for the verification of real-time systems. A real-time system
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(STARI) was verified with the small set of inference rules. The structure of the verified
proof is at a level of detail comparable to typical hand proofs.
From this exercise, the STARI proof was made more sound. As described in sec-

tion 5.3, an off-by-one error in the statement, and various technical flaws were uncovered

in the process as mentioned in section 5.3.




Chapter 6

Conclusion

This thesis has presented a technique for verifying timing propefties for real-time sys-
tems. The system is modeled as an ST program; real-time requirements are formulated
as safety properties; and a simple proof checker with a small set of inference rules-is
used to verify manually generated proofs of these properties. This chapter compares the
results from this thesis with its initial conjectures, presents some of the unanticipated

findings of this investigation, and highlights a few of the most significant findings.

6.1 The Simple Approach to Proof Checking

A simple proof checker was implemented. With its ten inference rules and small type
system, the checker is powerful enough td verify real-time properties of concurrent designs
such as STARI | ‘

The initial design of the proof checker had nine proof rules: the rules currently existing
in the checker except the Induétion_rule. While translating the hand-written STARI
proof to input to the proof checker, mziny implicit induction steps were discovered. It
appeared that these could be eliminated by modifying the invariant. However, two induc-
tion arguments remained for proving two critical lemmas. Therefore, the Induction_rule
was implemented and incorporated into the system. No further extension to the proof
checker was needed to verify the STARI proof. The author believes that many proofs of
real-time properties are based on similar arguments using predicate calculus, systems of

linear inequalities, and simple quantifications over the integers.

88
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Identity properties : (¢a+0=a)A(ax1=a)
Cancellation law : (axc=bxc)A(c#0)
=a=0b.

Figure 6.11: Identity Properties and Cancellation Law of reals

Unlike typicalv theorem provers, the type system in this checker is small. It includes
boolean, integer, and real types as well as arrays of these three types. This type
system is sufficient for the STARI proof, since the model for STARI does not require

| sophisticated data structures. In the manual proof of STARI, the FIFO is represented as
an array of records: the output of a C-element is represented by {y(z).7, y(3).v, y(7)..}.
In the proof checker, this is translated into three arrays. To-verify systems with more
elaborate types, the set of data types provided by the checker may be insufficient and
require extension.

As mentioned in previous chapters, the LP_rule was used extensively for algebraic
manipulation while verifying the STARI proof. Multiple proof steps are required to ar-
range an obligation into a structure that can be discharged by the LP_rule and to rewrite
other obligaﬁions with the appfopriate substitutions. (See section 5.3.2). This approach
can become extremely tedious as the expressions grow. One possible enhancement to the
proof checker is to implement a decision procedure for polynomial arithmetic. Such a
decision procedure, given an expression, would simplify the expression and rewrite it into
a canonical form of sums of producfs. The design of this decision proceduré needs to be
carefully considered to avoid introducing ‘surprises’. (See section 2.1.2). Inference rules

which capture the identity properties and the cancellation law of reals could also prove

useful to the checker. Figure 6.11 states these two properties of reals.
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6.2 Proofs as Programs

Using the proof checker, it was observed that a proof can be viewed as a program. For
many years, péople have Written lohg prlograms where syntactic and type correctness is
verified by a compiler. This allows programmers to concentrate on the algorithms and not
tedious typing and syntactic issues. In the case of proofs, the proof checker allows users
to concentrate on developing the proofé with the checker flagging unsound arguments.
This approach allows users to focus on the high level structure of the proofs.

Commbnly used proof sequences can often be encapsulated in a function which is
called with different arguments to provide similar arguments within a proof. This ap-
proach is similar to impleménting interface functions to the checker except that it is
intended to be more problem specific. It avoids repetiﬁon, reduces the amount of code
involved, and increases the readability of the proof script.

Many existing theorem provers maintain libraries of verified lemmas which can be
reﬁsed in different proofs. HOLV [7] is an example of such a theorem prover. A large
amount of extra work is often required to identify a suitablek set. of hypotheses when
creating such a .lemma, and when the lemma is applied, more work may be required
to show that these hypotheses are satisfied. As an alternative to instantiating lemmas,
the proof checker presented here allows an interface function to be executed every time
a_similar argument is ngeded. If the function provides a correct proof, the obligation
is discharged. Although there is some lemma corresponding to the class of predicates
discharged by the function, the statement of this lemma is implicit, sparing the user the
tedium of deriving and justifying a formal statement of the lemma. Re-executing the
interface function increases the execution time for a proof; however, the built-in decision

procedures make the checker fast enough that this trade-off is justifiable.

Using a traditional theorem prover, a small change at one step can cause a large
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.c.hahg‘e in the expressions produced by proof tactics or rewriting heuristics leading to a
failure in another part of the proof. In other words, a small change can lead to divergence
from the original proof. In our proof checker, the user provides the rewritten forms for
obligations at each step, and this tends to prevent such divergence. Often, functions
are written to compute these rewritten forms. Like a well-structured program, a well-
structured proof has well defined interfaces between the different functions and modules,
and these interfaces make proofs robust to incremental changes.

The obsérvétion that proofs can be viewed as programs suggests that a proof de-
bugger could be implemented along the lines of a traditional program debugger: single
stepping through functions, printing variables, and tracing back after a step is executed.
Because the proof checker is impleménted on top of a purely functional language, back-
ward execution should also be possible. Tracing proof steps when a rule fails accounts for
a large fraction of the time required to develop a proof. A debugger for the proof checker
which allows users to single step an interface function and displays subexpressions within

a proof state could benefit proof development.

6.3 The Postponement Rules

The Postponement_ruies were introduced to the proof checker before the checker was
fully developed. Proof obligations which could not be discharged by the incomplete proof
checker were moved to the postponed list and retrieved back onto the obligation list after
the appropriate rules were implemented. While experimenting with these three rules, it
was discovered that they can be used to provide a lemma mechanism to the checker, to
construct proofs with more structured layout, and to allow users to refer to obligations

by name instead of by their index.

As mentioned in the previous section, a lemma can be specified as a function and the
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function can be executed whenever the lemma is needed. Alternatively, the corresponding
obligation can be moved to the postponed list the first time the lemma is needed. This
lemma can be applied from this list for each subsequent use. After the last use, the
postponed lemma can be moved back to the obligation list to be discharged with one
sequence of proof steps.

These rules also allow the user to postpone tedious steps in the proof, sketch out the
structure of proof, then retrieve and verify one piece of proof at a time. As a result the
proof becomes more structured and readable. Each postponed objeét ’in the list is tagged
with a name. By postponing all obligations and retrieving only the obligation currently

being worked on, users can work with names instead of indices.

6.4 Variable skew version of STARI proof

The STARI proof described in chapter 5 verifies a model of STARI which aséumes
that the clock skew between the transmitter and receivgr has some arbitrary, constant
value. A more ambitious proof verifying the variable skew model of STARI is under
development. Functions are implemented to substitute similar proof sequences, and the

Postponement_rules are used extensively in the proof.

6.5 Summary

A simple proof checker was implemented on top of the functional language FL. With
a small set of inference rules and a simple type system, it is. powerful enough to verify
real-time properties of a communication protocol, STARI. An “off-by-one” error was
discovered in the hand-written proof. The design decision that requires the user to provide

replacements for obligations and the Postponement_rules distinguish this checker from

traditional theorem provers. They allow users to view proofs generated from the checker
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as programs. By providing decision procedures for predicate calculus and systems of
linear inequalities, the checker allows the verified proof to closely follow the structure of

a manual proof. The simplicity of the checker maintains the overall structure of a manual

proof in its certified version.
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Appendix A

User Manual

The proof checker mechanically verifies existing proofs. It enforces the use of sound proof
rules thus increasing the rigor of the proof. The checker is implemented on top of Voss
[25], a hardware verification system developed by Carl Seger of the University of British
Columbia. Voss provides Ordered Binary Decision Diagrams which are used for boolean
manipulation, linear programming which is used as a decision procedure for systems of
linear inequalities, and a functional language, FL, which is used as an interface language
~ to the proof checker.

This document serves as a user manual for the proof checker. It concentrates on how
to use the proof checker and does not go into details of the theory behind it. Section A.1
gives an overview of the structure of the proof checker. Section A.2 explains how to start
the system. Section A.3 describes the syntax used in the checker. Section A.4 lists all
the proof rules with their functionalities. Section A.5 describes some interface functions
which simplify the generation of proofs and some auxiliary functions which help to form
new proof states. Section A.6 is a simple example of how the proof checker is used to

verify a simple proof by induction.

A.1 Structure of Proof Checker

The proof checker represents a proof as a sequence of proof states. Each pfoof state
includes the hypotheses and claim of the theorem as well as any pending proof obligations.

Initially, a proof has a single obligation, the claim of the theorem. By applying proof rules,

97
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pending obligations are rewritten into simpler obligations or discharged. A completed
proof has an empty obligation list.
A proof state in the checker is composed of a claim, a hypothesis list, an obligation

list, and a postponed list.

e The claim is the main goal to be proven. This field associates the theorem to be

proven with its proof.

e The hypothesis list contains the hypotheses of the proof. These are stated at the
beginning of the proof. No element can be added to or removed from this list once

the proof is stated.

e The obligation list is the list of pending proof obligations to be discharged before
the claim is proven. Initially, this list contains exactly one element: the claim. The

proof is complete when this list becomes empty.

e The postponed list contains all unverified assumptions made along the course of the
proof. Initially, th_is list is empty. An obligation can be moved to or removed from
this list with the Postpone rules described in Section A.4. Moving a proof obligation
to the postponed list is the only way a proof obligation can be discharged without
actually proving it. The postponed ’objeét can be moved back onto the obligation
list to be discharged by a proof rule further on along the proof. When a proof is
completed, all obligations on the f)dstponed list are printed, and it is the user’s

responsibility to verify them.

A.2 How to Start/Exit the System

The proof checker is installed under /isd/local/generic/bin/. To invoke the system,

either add this directory under your path, update the path by typing source .cshre,
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and type checker or simply type /isd/local/generic/bin/checker. This command
executes Voss and loads the FL files for the proof checker, loads the file with interface
functions to the proof checker and returns with the FL prompt. To get an earlier version
of the proof checker, type checker [version#].

To load the system without the interface functions, the user will have to execute and

load the.core system manually by typing
load /isd/Iocal/generic/lib/checker/state.fl.

The core system only includes the core functions of the checker and does not include
interface functions which ease state manipulation. In most cases, the whole system is
desired. |

Although the system is interactive, keeping a proof script is handy since regenerating
a proof state can be time consuming. Once a proof script is generated, it can be loaded
onto the system with the command load "script.f1l"; assuming that the proof script
is named script.fl.

To exit the system, simply type quit; after the prompt : as follows:

quit;
A.3 Syntax Used in the Checker

Before a user can initialize and/or Iﬁanipulate a proof state, an understanding of the data
structures of different data types defined in this proof checker is needed. FL provides
primitive types bool, int, and string. For the purpose of this proof checker, more
complicated types are needed. There are three main types defined in the proof checker:

integer, real and boolean. See Figure A.12 for the definitions of these types. Note that

the type constructors will be infix operators in the near future. This section describes
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the structures of these types and gives exampies on how to declare variables and define
the problem before starting a proof. _

The type int is the FL integer type described in Section 2.2 of [25], and the type
string is the FL string type described in Section 2.8 of [25].
| Thé type boolean has the constants True and False. A boolean variable can be

declared with the constructor bool as follows:
booi "a";
A reference to this variable can be defined as follows:
let x = bpolﬂ"a”;

In this'case, x is a reference to the boolean variable bool ‘a’’. Consider the following

three statements:

let a = bool "a";
let b = bool "a";
let ¢ = bool "c"; -

The pointers a and b refer to the same variable bool ‘‘a’’, and c refers to the variable
bool ‘‘c’’. The naﬁle‘of the pointer is npt_required to be the same as the string assigned
to the boolean variable, although it is usually convenient. |

Integer constants are constructed With the constructor const followed by its integer
value. For example, the constant 3 is written as (conét 3). An integer variable, x, can

be declared as:

let x = I "x";
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<boolean> ::=

True |

False |

bool <string> |

Not <boolean> |

Equal <boolean> <boolean> |
==> <boolean> <boolean> |
Or  <boolean> <boolean> |
And <boolean> <boolean> |
b_array <string> <integer> |
<real> <real> |

> <real> <real> |

<real> <real> |

"< <real> <real> |

"= <real> <real> |

<real> <real> |
<integer> <integer> |

$>  <integer> <integer> |
<integer> <integer> |

$<  <integer> <integer> |

=  <integer> <integer> |
$<> <integer> <integer> |
forall <integer> <boolean>

<integer> ::= const <int> |

<real> ::=

I <string> |

i_array <string> <integer> |

++ <integer> <integer> |

—— <integer> <integer> |

**  <integer> <integer> |

iif <boolean> <integer> <integer>

rconst <int> <int> |

R <string> |

r-array <string> <integer> |
'+ <real> <real> |

- <real> <real> |

* <integer> <real> |

rif <boolean> <real> <real>

Note: All binary operators are infix operators.

101

// declare a boolean variable
// implication

// declare a boolean array
// real comparisons

// integer comparisons

// declare an integer constant

// declare an integer valued variable
// declare an integer array

// addition

// subtraction

// multiplication

// declare a real constant

// declare a real valued variable
// declare a real array

// addition

// subtraction

// multiplication

Figure A.12: Definition of Boolean type, Integer type, and Real type.
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--Real-is the-type for rational numbers. Real constants are declared as (rconst n d)

where n is the integer value for the numerator and d is the integer value for the denomi-
nator. Real variablés are declared the same way as integer variables except that they
use the constructor R.

With these éonstants and variables, more complicated éxpressions can be constructed

using the operations depicted in figure A.12

A.4 Proof Rules |

Proof rules are the only way to manipulate a proof state. This section describes these
rules. Section A.4.1 describes how to start andv end a proof. Section A.4.2 lists the ten
proof rules provided by the proof checker. Each function is explained with three fields:
syntax, the function name and how it can Be called, description, a brief explanation
of the rule, and error message, a list of possible error messages resulting from the
rule and the meaning of each of these messages. Error messages of the form ** <error
message> ** are specific to a proof rule and other error messages, without the **, are

generated from general subroutines used in different proof rules.

A.4.1 To Start/End a proof: (Start_proof/Done)

To initialize a proof, the Start_proof function creates a proof state from the claim we
want to prove and the hypotheses of the proof. This function takes a boolean and a
boolean list and returns a state. For example, if we want to prove (z > y) given that

(x > r) and (r > y), then we would initialize the proof with

let state = (Start_proof(x $> y) [(x $ r), (r $ VI);

assuming that x, y, and r are of type integer.
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A proof state can be viewed with the function (print_State state). This function
takes a proof state and returns a string listing the four fields in the proof state.

After initializing the proof With Start_proof, we manipulate this proof state through
other proof rules until the obligation list becomes empty. When the obligation list be-
comes empty, we can condude the proof with the function Done. (Done state) takes the
proof state, state, makes sure the obligation list is empty, and prints that the claim has
been proven subject to any assumptions that were added to the postponed list in the
course of the proof. For the above example, we would get the following message when

the proof is done.

Done state;
"(x $> )

is proven with the unverified postponed objects:

In this case, there is no remaining postponed object in the proof.

1. Start Proof:
syntax:
(Start_proofclaim hypothesis_1lst)
description:
The funcfion Start_proofcreates an initial proof state from the claim and the list

of hypotheses.

€error message:

This function does not generate any error messages.

2. End Proof:

syntax:
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(Donestate) . » : - I
description: |
The.function Done confirms verification of the proof by checking ﬁhe obligation list
and the postponed list. It gives wa_fning if debug mode was used in generating the

proof. This mode is explained in Section A.4.3.

error messages:
** done: currently in debug mode **

indicates an attempt to end proof in an invalid mode.

WARNING: Part of this proqf'was generated in DEBUG mode.
Soundness is not guaranteed.
indicates that the proof may not be sound because part of the proof was generated

in a mode designed for proof debugging.

A.4.2 The Ten Proof Rules

This section describes the proof rules provided by the proof checker. Note that all proof
rules are functions which take an index (or indices for the PC_rule) to the old obligation

list together with other auxiliary information and return a state of type _state.

1. Linear Programming Rule: -
syntax:
(apply-lp n state)
description:
The Linear Programming Rule is a discharge rule. It requires that the n‘* obligation

of the proof state is of the following form:

((Not-a) And b And ¢ And ...) Equal False
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where a, b, and c are linear inequalities or negations of linear inequalities.
If the obligation holds as a tautology, the rule simply discharges it as a pending
proof obligation, resulting that the obligation list reduces its size by one. Otherwise,

the rule fails.

error messages:
** LP Rule Failed: obligation not of form b Equal False **
indicates that the structure of the proof obligation is of neither forms mentioned

above.

** LP Rule Failed: - system is feasible *x*

indicates that the obligation cannot be discharged because it is not a tautology.
Element not in the list

indicates that there are less than i hypotheses on the hypothesis list. However,
note any other rule can produce the same error message when the index of the

obligation list is out-of-bounds.

2. Predicate Calculus Rule:
syntax:

(apply_-PredicateCalc index_list predicate.list state)

description:

The Predicate Calculus Rule is a replacement rule. It takes as its arguments a
list of indices of the obligation list, index_list, a list of boolean expressions,
predicate_list, and the proof state, state. If the conjunction of the list of
boolean expression of predicate_list implies the list of indexed obligations, then

the indexed obligations are replaced by this list of boolean expressions. Then the

indexed obligations are removed from the obligation list, and predicate_list is
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inserted into the obligation list where the first indexed obligation was before the

removal of the old list.

error message:

**x Predicate Calculus Rule Failed: expressions do not imply
obligations *x* |

indicates that the desired implication does not hold and the replacement cannot be

“done.

3. Instanti}ation Rule:
syntax:
| (instantiate n k state)
description:
The Instantiation Rule is a discharge rule. It requires that the n'* obligation is pf
the form VP = Q. It discharges the obligation if Q is a proper instantiation of VP

with the instant k. Otherwise, the rule fails.

error messages:
*x Instantiate Rule Failed *x*

indicates that Q is not a proper instantiation of VP.

** Instantiate Rule Failed: obligation not in the required form
forall P ==> [ *x

indicates that the structure of the proof obligation is not of the form VP = Q.

‘ 4. Skolemization Rule:

syntax:

(apply_skolem n skolemized_expr subexpr i skolem_const state)
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description: |

The Skolemization Rule is a replacement rule. It takes as its arguments the index
of the targeted obligation, n, the desired resultihg replacement, skolemized_expr,
the universally quantified subexpression to be skolemized, subexpr, the quantifier
to be skolemized over, i, the proposed skolem constant, skolem_const, and the
proof state, state. Note that universal quantification, in the checker, is always
over all integers. The rule skolerﬁizes t’he obligation or a subexpression of the
obligation. Valid choices for the skolem constant are variables that do not appear
free in the targeted obligation or on the hypothesis list. If skolemized_expr is a
valid replacement, then the n** obligation is replaced by it. Then skolemized_expr

becomes the n* obligation in the new state. Otherwise, the rule fails.

error messages:

** Skolem Rule Failed: skolem constant is a free variable in
hypothesis list *x*

indicating that thé proposed skolem constant already exists as a free variable in

the hypotheses on the hypothesis list.

** Skolem Rule Failed: skolem constant is a free variable in
expression *x*
indicating that the proposed skolem constant already exists as a free variable in

the targeted obligation.

** Skolem Rule Failed: wunable to do replacement *x*

indicates that the proposed replacement does not match the expected result struc-

turally and that the replacement cannot be done.
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** Skolem Rule Failed: not universal quantified expression **
indicates that subexpr is not a universally quantified expression and cannot be

skolemized.

5. Induction Rule:
syntax:

(induct n k base [b, up,.d-own] state)

‘description:
The Induction Rule is a replacement rule. It provides a mechanism to reason by

h obligation, which must

mathematical induction over integers. It replaces the n!
be a universally qual.ltiﬁed. e){pression, by three new obligations: one for the base
case, one to induct up, and one to induct down. This rule takes as its arguments
the index of the targeted obligation, n, the quantifier of the resulting universally
quantified expressions fof the induction steps, k, the base case value, base, the
list of expected results (the base case, b, the case inducting up, up, and the case

‘inducting down, down), and finally the proof state, state. The rule rewrites the

n‘* obligation of the form Vi.P(4) into

(a) P(base)

(b) Vk.((k > base)And(Vj € {base,k — 1}.P(j))) — P(k)
(¢) Vk.((k < base)And(¥j € {k + 1, base}.P(5))) — P(k)
After the replacement, the base case, the argument inducting up, and the argu-

ment inducting down become the n'*, the (n + 1)*', and the (n + 2)** obligations

respectively, and the old n** obligation is removed from the list.
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error messages:

** Induct Rule Failed: proposed index is a free variable in
expression **

indicates that k, the proposed qﬂantiﬁer for the universally quantified expression
is a free variable in-the original obligation and that it is an illegal choice for the

quantifier.

** Induct Rule Failed: invalid rewrite for base case *x*

indicates that b is not a valid rewrite for the induction base case.

+* Induct Rule Failed: invalid rewrite for case inducting up **

indicates that up is not a valid rewrite for the case inducting up.

** Induct Rule Failed: invalid rewrite for case inducting down *x

indicates that down is not a valid rewrite for the case inducting down.

** Induct Rule Failed: not universally quantified expression *x*
indicates that the n'® obligation is not a universally quantified expression as re-

quired.

6. Definition Rule:
syntax:

(by_hypothesis n i state)

description:

The Definition Rule is a replacement rule. It allows users to retrieve information
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froin the hypothesis list and apply it to a specific 6bligation. It takes as its argu-
ments the index of the targeted obligation, n, the index of the hypothesis to use, i,
and the proof state, state. This rule replaces the nt* obligation, obligation(n), by
the new obligation, hypothesis(i) ==> obligation(n), where hypothesis(i)
represents the i hypothesis. If the i** hypothesis exists, the old obligation is re-
moved from the list and the new obligation becomes the n'* obligation in the new

state. Otherwise, the rule fails.

error message:
Element not in the 1iét

indicates that there are less than i hypotheses on the hypothesis list. However,
note any other rule can produce the same error message when the index of the

obligation list is out-of-bounds.

7. Postpone Rules:
The Postpone Rules manipulate the postponed list. This set of rules allows the |
user to move ahead in a proof without actually proving an obligation. Another use
of these rules is to postpone proving an obligation that appears more than once in
the course of the proof. The user then discharges the obligation with one sequence
of proof steps. There are three rules in this set: postpone, by_postponement,
and retrieve. There is a name associated With each element in the postponed list,

and these three rules refer-to the postponed objects by their names.

e syntax:
(postpone n name state)
description:

The function, postpone, discharges the n'* obligation by moving it onto the

postponed list and assigns it the name, name. If the name is already associated
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with a postponed 6bject, then it checks to see if this new postponed object
is logically rela£ed to the old one. If the new postponed.-object implies the. - .
old one, the old object is removed from the postponed list and the new one
is added té the front of the list. If the old postponed object implies the new

one, the postponed list is not changed. If neither case holds, the rule fails.

error message:

** Postponed Rule Failed: name already existed for unrelated
assumption *x*

indicates that theiname is already used for a postponed object which neither

implies the targeted obligation, nor is implied by the targeted obligation.

e syntax:
(by_postponement n namé state)
description:
The function, by_postponement, is similar to the Definition Rule. Instead
of retrieving information from the hypothesis list, this rule uses an assertion
whose justification has been postponed. It looks up the postponed object

named name from the postponed list and replaces the nt*

obligation, obli-
gation(n), by postpone(name) ==> obligation(n), where postpone(name) -
represents the postponed object tagged with the name name.

error message:

*x By Postponement Failed: failed to match name **

indicates that the suggested name given is not a name for any postponed

object on the postponed list.

e syntax:

(retrieve name state)
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description:

The function, retrieve, moves the postponed object named name from the
postponed list back to the obligation list to be discharged by other proof rules.
The retrieved postponed object is inserted to the beginning of the obligation
list. |

error message:

*% Retrieve Failed: failed to match name **

indicates that the suggested name given is not a name for any postponed

object on the postponed list.

8. Equality Rule:
syntax:

(apply.equality n result state)

description:
The Equality Rule is a feplacement rule. It takes as its arguments the index of the
targeted obligation, n, the ekpected resulting replacement, result, and the proof

state, state. It rewrites an obligation of one of the following forms:

(b1 Equal b2) ==> f(b1,b2),
(i1 $= i2) ==> £(i1,12),

or. (r1°’= r2) ==> £(r1,r2),

where f represents an arbitrary expression,

into expression with the same structure while using (b1,b2), (i1,i2), and

(r1,r2) as interchangeable pairs. Some of the valid rewrites for obligation

(b1 Equal b2) ==> f(bl,b2) are:
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(b1 Equal b2) ==> £(b1,b2),

)
(b1 Equal b2) ==> £(b2,b1),
(b1 Equal b2) ==> £(b1,b1),
) ==> £(b2,b2),

(b1 Equal b2) =

error messages:
** Equality Rule Failed: invalid rewritten form *x*
indicates that result does not structurally match any proper replacement resulting

from this rule.

** Equality Rule Failed: obligation not of form i=j ==> f(i,j) *x
indicates that the structure of the proof obligation matches none of the forms men-

tioned above.

9. If Rule:
syntax:

(rewrite_if n result state)

description:

The If Rule is a replacement rule. It rewrites the n* obligation as follows:

. becomes
(x_if True a else b) — a,

and (x_if False a else b) "< b,

where x_if is any of b_if, i_if, or r_if.

Then the rule checks to see if the expeéted rewrite, result, is legal.




Appendix A. User Manual | : 114

10.

error message:
*x rewrite if’s Failed: invalid rewritten form *x*

indicates that the proposed replacement, result, is not a legal rewrite.

Discrete Rule:
syntax:
(apply-discrete n state)
description:
The Discrete Rule is a discharge rule. It is used to exploit the discreteness property

of integers. It discharges the n'* obligation if it is of the form

(x $> y) Equal (x $>= (y++one))
or (x $< y) Equal (x $<= (y--one)).

where one is defined to be the integer constant 1.

error message:
*x apply_discrete Failed: obli.gation not in correct form *x*
indicates that the obligation cannot be discharged because it is of neither of the

forms mentioned above.

A.4.3 Proof Debugging: debug mode

Running a proof in the proof checker takes time. It would be time consuming if the user

is required to run a proof from the start for every error in the proof script. The debug

mode allows the user to manipulate proof states without verification. After correcting

an error, the user can re-execute previously verified parts of the proof script where proof

steps are not checked. Since the proof rules replace and discharge obligations as requested

without verification, execution in this mode is very fast. Normal execution is resumed
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when the modified portion of the script is reached. Any proof states derived from proof
rules executed in debug mode are marked as untrustworthy. Thus, when the entire proof
is debugged, it must be executed again with every step checked for the theorem to be
certified by the checker. '

The func‘éions begin_debug and end_debug set and reset debug mode. The function
begin_debug takes a state and puts it in debug mode. The function end_debug takes
a state and puts it in normal (defaultj mode. It is ndt required to have matching pairs of
begin_debug and end_debug in the proof. Using begin_debug in debug mode does
not alter the mode. Using end_debug in normal mode does not change the mode either.
Attempting to end a proof in the c{ebug mode is an error. The function Done requires a

proof state to be in normal mode.

A.5 User Interface

On top of the core system, there are a few user interface functions and some auxiliary
functions to ease the tedium in generating proof scripts for the proof checker. The
first part of this section lists the interface functions, and the second part of the section

describes the auxiliary functions accessible to the users.

A.5.1 Interface Functions

There are three sets of User Interface Functions: Case Analysis, Unchanged, and
Print Abbreviation. There are certain proof techniques that utilize the same or similar
sequence of proof rules, and manipulate proof obligations in similar ways. Each set of
interface functions reduces the number of proof steps by encapsulating a specific sequence

of proof rules and manipulations of the proof states in one function call. Since these

functions, like simple proof rules, provide functionality to discharge or simplify proof
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obligaﬁons, we describe them in the same way as the ten proof rules in Section A.4.2. For
each set of interface functions, we present its syntax, give a description of its functionality,

and list possible error messages produced by the functions.

1. Case Analysis:

There are two versions of Case Analysis: one over booleans called CaseAnalysis,

and the other over integers called CaseAnalysis2.

e syntax:
(CaseAnalysis n case state)
description:
Case Analysis is like a replacement rule. It takes as its arguments the index
- of the targeted obligation, n, the case to apply case analysis on, case, and the
proof state, state. It splits a proof obligation, into two separate obligations:
one with case being True, and the other with case being False. A proof

obligation, P, becomes:

(case Equal True) ==> P

and, (case Equal False) ==> P.

In place of the n** obligation, P, (case Equal True) ==> P becomes the n'*
~ obligation, and (case Equal False) ==> P becomes the (n+1)* obligation

in the new proof state.

error messages:

This function does not generate any error messages.

e syntax:

(CaseAnalysis2 n i 1st state)
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description:

CaseAnalysis?2 is like a replacement rule. Given a monotonically increasing
list of integers, it enumerates all possible values for a variable and applies
case analysis over that variable. This interface function takes as its arguments
the index of the targeted obligatibn, n, the variable, i, over which to apply
case analysis, the list specifying the desired integer ranges, 1st, and the proof
state, state. Given the integer ranges [x(0), x(1), .., x(m)], the nt*

obligation, obligation(n) is replaced by the following list:

(1 < x(0)) ==> obligation(n)
(i < x(1)) And (x(0) <= i) ==> obligation(n)
(x(m) <= i) And ... And (x(0) <= i) ==> obligation(n)

In place of the old n** obligation, this list becomes the n*, (n+1)®* ... (n+m)™*

obligations in the new proof state.

error messages:
This interface function calls apply_PredicateCalc and apply.-lp; therefore,

it can produce the same error messages these rules generate.

2. Unchanged:
syntax:

(Unchanged n hyp value state)

description:

In many cases, an obligation can be discharged by instantiating a hypothesis. This
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function takes the index of the targeted obligation, zi, the inaex to the desired hy-
pothesis, hyp, the value to instantiate the hypothesis by, value, and the proof state,
state. Then it tries to discharge the obligation by instantiating the hypothesis by

the given value.

error messages: .
Unchanged calls the Predicate Calculus Rule, the Definition Rule, the In-
stantiation Rule and the Linear Programming Rule, therefore, all errér mes-

~sages generated .from these proof rules are possible error messages for this interface

function.

** Unchanged Failed: instantiation and obligation match failed **
is an error message generated exclusively by this function. It indicates that the

hypothesis cannot be instantiated to structurally match the obligation.

3. Print Abbreviation:
In many cases, expressions in a proof state can be large and difficult for the user
to read. Print Abbreviation is a set of functions which allow users to introduce

abbreviations for expressions.

e syntax:
(abbrevBool abbrev expr abbrev_lst)
(abbrevInt abbrev expr abbrev_lst)
(abbrevReal abbrev expr abbrev_lst)
description: |
Functions abbrevBool, abbrevInt, and abbrevReal introduce abbrevia-

tions for boolean expressions, integer expressions, and real expressions respec-

tively. They take the proposed abbreviation, abbrev, for an expression, expr,
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and add it to the abbreviation list, abbrev_1st.

WARNING: This set of functions does not check if the proposed abbreviation
is already used for another expression. Since this is an interface function,
it does not affect the soundness of the proof checker, however, it can create

confusion if one name is used to represent two different expressions.

€rror messages:

There are no error messages for this set of functions.

e syntax: '
(Bexpand b abbrev_lst)
(Iexpand b abbrev.lst)

(Rexpand b abbrev_lsf)'

description:

Functions Bexpand, Iexpand, and Rexpand print abbreviations for
boolean, integer, a}nd real expressions respectively in their expanded form.
The argument b is the abbreviation for an expression, and abbrev_lst is the
abbreviation list where all the abbreviation-expression matches are stored.
error messages:

"no such abbreviation"

indicates that b is not defined as an abbreviation for any expression.
e syntax:
(display_abbrev abbrev_lst)

description:

The function display_abbrev shows all abbreviation-expression matches.

This shows all possible abbreviations which can be used in an expression.
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error messages:

This function does not generate any error messages.
e syntax:
(print_abbrev abbrev_lst state)
description:
The function print_ébbrev displays a proof state in its abbreviated form.
error messages:

This function does not generate any error messages.

A.5.2 Auxiliary Functions

The proof rules which rewrite proof obligations require proposed répla(:ements from the
user. Generating expressions can be a t‘edioﬁs job. The proof checker provides four
functions to retrieve different elements frpm a proof state, and functions for minor mod-
ifications of eipressions. |

The four functions which retrieve elements from a proof states are:

1. (getobligation n state) which retrieves the nf® obligation from the obligation

list in state.

2. (getpostpone n state) which retrieves the n'* postponed from the postponed

list in state.

3. (gethypothesis n state) which retrieves the nt* hypothesis from the hypothesis

list in state.

4. (getclaim state) which retrieves the claim from state.

The auxiliary functions replacelnt, replaceReal, and replaceBool are replace-

ment functions. (replacelnt expr i1 i2) replaces all occurrences of the integer valued
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subexpression, i1, by the integer valued subexpression, iA2, in the boolean expression,
expr; (rei)laéeReal expr rl r2) replaces all'voccurren‘ces of the real valued subexpres-
sion, rl, by the real valued subexpression, r2, in the boolean expression, expr; and
(replaceBool expr bl b2) replaces all occurrences of the boolean, b1, by the boolean,
b2, in the booledn expression, expr.

The functions lhs and rhs take a boolean expression of the form (a ==> b), and

return the left hand side of the implication, a, and the right hand side of the implication,

b, respectively.
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A.6 Example

This section shows how the proof checker can be applied to an induction proof by proving

the following: |
Z‘fi = fn+2 -1
=1

where f; is the i** Fibonacci number, and

n > 1.

This example is from [24].
This claim can be proven by mathematical induction. The base case where n = 1

1 .
follows since Zfi = 1 and this is the same as fi4 o — 1= f3—1=2~1=1. The

=1

n .

induction hypothesis is Z fi = fa+2 — 1. We show that under this assumption that
. =1

n+1

> fi = fass — 1 as follows:
i=1

n+1

ofi = (zn:fi)+fn+l
1=1 i=1

= (fay2— 1)+ fop
= (fag1+ fry2) — 1

= fn+3 -1

We have followed this manual proof as a guideline to produce a checked version. The

following is the script for the machine checked version. This file can be found under

/isd/local/generic/lib/checker/examples



aess da1 | Lyjenba™4jdde = a1e3s 19|
‘auo (auo J) ((a1e1s | uonegiqolad) sy1) wpadejdas = das 39|

123

‘ajeys das | Lyenba~4jdde = ate)s 19
‘013z (0197 s) ((aess | uonedijqolad) syi) upaoeidar = do119]

‘ajeys das | Kuenba~4(dde = a1e1s 19
10192 (3u0--au0) (31835 | uonediqoiad) sys) ufaoeidal = dax 19

‘a1e)s Awnp | | padueyoup) = 93e3s 19]
‘aiels Awwinp ¢ | padueyoupy = ajeIs 19]

‘ajess apess uud
‘(s [
(

190
== (3u0 =¢ (3uo J)))
<== (0132 =§ (0192 §)))

== (019Z =¢ (3u0--3U0))

‘auo =¢ (auo0 J)

‘019z =¢ (019Z S)

‘as[eq jenby (019z =§ (suo--su0)) J0N] -

[ ofeDareoipardAjdde) | dj~£jdde = a1e3s 197
‘2185 | uonesiqoiad = Jqo 19]

‘aeys 9eig uud
‘(s
[((suo -- ((om)++3u0) J)) =¢ (auo §)) <== Jsul
‘(1su1 puy dAy) jenby dAy]
[ o1eDaedipald Ajdde) suo | slenueIsul = LIS 19}
{((auo J) ++ ((auo--3u0) §)) =¢ (U0 §) = Jsul 19]
‘ajels ¢ s1saypodAyiag = dAy 19t

‘ajes s juud
.uaﬁw ¢ I sisayrodAy~—Aq = 9eIs 191

v ‘1 dhy 1=(15'1=(0)s "
Sdhy (13 + (1-p)s = (1)s $123 (W) + (J-w)s = (u)s "
[-@+tDI=(1)s "

(S ‘v “1 sisayiodAy) :uonewwns Jo UONIUILJIP Isn J/

:9pIs puey 1J93[ 21L[NI[RI //

es
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[(3uo -- ((om1++3u0) J)) =¢ (3u0 5)]
1 ofeDaiedipaid Ajdde = ajers 19f
UOIPUOD A0WAI J/

:ased aseq //

‘aeys 91e)S und
£9)115 2UO Y | 1ONpUL = RIS 19|
. :uondnput j/

‘ayess aeygund
‘{{uonewwins ‘guonewwns ‘qly Nac ‘1q1y] wrepd joorduels
=21135 19|

({(3uo -- ((0m++U) J)) = (U 8)) <=
(3uo =<g u)) u j[eio)
= wiejo 19|
I - (Z+uw)y = (03 { =1}~ (u} umns /]
: ‘e j/

{019Z =¢ (019Z §) = QUONBWIWINS D313
{(((u J) ++ ((su0--u) $)) =¢ (u s)) U [[elOJ = uoHEWIWINS JAIII]
(03 { 1=t} "u,wms) vonewrwns j/

:3uo =¢ (om) J) = zqy 19|

‘a0 =g (suo J) = [qY 13|

H((((om1--u) g)++((3u0--u) J)) =¢ (u J)) u [[e10] = q1j 23113}
:laquinu [odeuOqly /f

((q <==((n=>¢ 1) puy (| =<g 1))) 1 [[eJ0] = q (n‘]} I [[eIO] 19|
11eto} /7

¢ L._ Keue™t = J 19

‘.S, Aeue I =519
y%EE:P. 1= »EE:@ 19}
LS. [ =S 191

SR I=A9
L, =119
2 15U0D = 0Mm] 19]
‘] 1SUOD = JUO )I|
‘0 1SUOD = 013Z 19]

“1aquinu 1eUoqly Yit ay;s st (1)) a1sym /
L - (z+uy =3 {1=1)"{u}ywns "
210303y jooid Jojy ardwexa sdus 7




(suo =<¢ u))
((auo--ys) ‘auo) u [[ei04 = AlUn J9]

‘aje1s a1els uid

‘a1e3s s ¥ [qo Jdxa™ys | wajoys~Ajdde = ayers 19]
§S Y [qO [[e10) wdoys = 1dxaTYs 19]

‘91e1s | uonedqolad = 1qo 19|

:dn 1onpui g

124

‘aess aeg jund

(oS
[as1ed [enbg ((suo--(suo++3u0)) =¢ 2uo) J10N]
| o[eDaedipaid—Adde) | di Ajdde = are1s 197

‘ajers da1 | Kienba4|dde = aje)s 19
‘{(auo++3u0) ((0M1++9u0) J)
((=e1s | uonedqolad) sy1)

. gaoejdar = da1 9]

aess dar 1 Kyijenba~A(dde = aess 19
‘auo (om1 J) ((aae1s | uonedyqorad) sy1) Jupaserdar = da1 19

‘o1e1s das | Anjenba~41dde = ajess 19]
‘auo (auo J) ((aess 1 uonesdiqorad) sy1) yupasejdar = dax 191

‘oje1s da1 | Ljenba£(dde = ayess 19]
{ouo (0m1--(0m)++3u0))
((are1s | uonegiqoiad) syd)
jupaoejdas = dar 13j

‘aye)s da1 | Lienba—Ajdde = ajers 191
‘om) (U0--(0m1++3u0))
~ ((ae1s | uoneldiqoyad) sys)
wiaoeidal = dai 19

‘aels »::.::v Z | pa8ueyoup) = J1eIs 19]
‘ae1s Awwnp | | peSueyoup) = kIS 19|

‘a1e)s Aeysund

(s [
(

190
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<== (3uo =¢ (om1})))
<== (auo =¢ (3uo J)))
<== (3uo =¢§ (0M)--(0M1++3U0))))

<== (0m) =¢ (3u0--(0M]++3U0)))

‘auo =¢§ (om1))

‘auo =¢ (suo J)

‘as[e [enbg (auo =¢ (0mM}--(0M1++3U0))) ION

‘as[e,] [enbg (om) =¢ (3uo--(0M1++310))) 10N]
[ areDaseotpard—Ajdde) | di"4jdde) | djAjdde = ayeis 19¢
‘9)e)s | uonedqoiad = |qo 19|

‘ajers aeaguud
‘(;es
[((auo -- ((0mI1++3U0) J)) =§ SUO) <== Jsul
‘(1su puy dAy) fenbg dAy]
[ 9[eD3lesipaig~K|dde) (omi++auo0) | alenURISUL = 3)e)S 19

{(((om1--(0m}++3u0)) J) ++ ((uo--(0m)++3u0)) J)) =§
) ((om3++3u0) })
=1su1 19|
‘a1e1s ¢ sisayiodAyya8 = dAy 191

‘ojers ;yeyg Juud
‘ess ¢ | sisayjodAy~Aq = Ijels 19]

‘741 dhy T=aNr=@ N

€ dAY :(1)F + (23 = (Z+1)) s198 (z-u)y + (1-u)y =y /
(g *z ‘1 sisaylodAy) :1oquinu 190BUOQY JO UCHIULIP 3sn /7
:apis puey ySu arenofed /7

‘aeis 918)S Jund
a1eys da1 | Anjenba—Kjdde = aye)s 19|
‘2u0 (U0++0192) ((els | uonedipqo1ad) syl) ujaoseydar = dai 39

‘aress ae1s utd

‘(awls

[190 <== (suo =¢ (aU0++0192))

‘as[e,] [enbg (suo =¢ (uo++0132)) 10N]
| ojeDaeoipald—Ajdde) | dj”A|dde = Jjess 19]
‘ajes | uonedqoiad = [qo 19]

‘a1e1s a1eyg und
‘ae1s dar | Lijenba™Kjdde = aess 191
‘{(au0++013z) (auo s) ((a1e1s | uonedijqoiad) syz) ujasedar = dar 19|
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‘ajels do1 | Lijenba~K(dde = ayeis 19]
s (omi1--(0mI++s))
((o1e1s | uonedqolad) sys)
wipadejdas = dar 39]

‘atess dar | Anjenba~4jdde = ajess 19]
{(QUO++YS) (UO--(0OMI++YS))
((a1e1s | uonedijqoiald) syJ)
jupaoeydar = da1 19]

‘ajels 2§ jund

((omers [

(
190 <==
(s =¢ (om1--(0m1++3s)))) <==

((auo++3s) =¢ (auo--(0m1++3s)))

‘asieq [enbg (s =¢ (om1--(0M1++%S))) 10N

‘as[e [enbg ((uo++3s) =¢ (uo--(0mi++3s))) 10N]
I o1eDaedipald Ajdde) | di~4jdde) | d"A1dde = ajess 197
t31e1s | uonediqolad = {qo 19

‘aes aeygund

‘(oS

fiqo <==1sut

. “(sut puy-dAy) jenby dAy]
1 o[eDAeaipardA[dde) (omi++3s) | srenuUBISUL = 8IS 19]
‘(2138 | uonedi[qo1ad) sy1 = 1qo 19}

(((om1--(0m1++35)) J) ++ ((u0--(0m1++3s)) J)) =¢
((omr++35) §)

=18U1 9] -

.Uﬁsm ¢ sisaypodAyra8 = dAy 19

tarels aje1§und
‘a1ess ¢ | sisayiodAy—Aq = 9IS 19]

“¢ dAy Supenueisur 4q (45)) + (1+3s)) = (T+3s)) 281eydSIP 4/

‘ajess aye1sund
‘(s
[190 <== ¢d&y puy ¢d4y puy pui
‘gdAy ‘gdAy]
1 opeD3edipald—Ajdde) ¢ di Ajdde = a1ess 19]
(30 -- ((om1++35) J)) =§ (IS §) = 190 19|
- 4(3u0 - ((UO++Ys) J)) =§ ((3U0--3(S) §) = put 19|

(48 J) ++ ((UO++S) 1)) =§ ((OmI++3s) J) = gdAy 13
(a8 3) ++ ((Suo--3s) 5)) =¢ (s 5) = cdAy 19

[ - (@A) =(¥s)s /!

/"

¢ dAy Bunenueisuy  (45)J + (1+435)) = (ZT+AS)) I

¢ d&y Bunenuesui (1)) + (1-38)s = (Ns)s Vi
dais uononput 1 - (1+48)) = (1-98)s I

/

- @A) = (19)s )

‘aers aeygund
‘a1eys da1 | Anenba—£jdde = ajeis 19§

{(3U0++)S) (0m1++(3U0--3s))
((ae1s | uonesijqoyad) syi1)
wpaoedar = dar 13§

{({(((are1s
[(((3u0 -- ((0m1++38) J)) =§ (S §)) <==
((auo--((om1++(3u0--3s)) 1)) =4 ((ou0--3s) 5))) <==
((uo++Ys) =§ (om1++(3u0--3s)))
‘asfe jenbg ((suo++ys) =¢ (0m1++(3uo--3s))) JION
‘asje [enbg ((ouo--3s) =>¢ (auo--ys)) 10N
‘(au0 =<§ (3u0--¥s)) <== ((3U0++3U0) =<§ s)
‘((auo++9uo) =<¢ ¥s) [enb7 (suo <g ¥s)]
. [ d1eDaeoipard Ajdde
) [ @1210s1p~A[dde) | di”Ajdde) | d"Adde) | di”Adde = azeis 39

‘ajels oe1§ und
‘(IS
(
(((suo -- ((om1++s) J)) =¢ (s §)) <== puod)
<== (3uo <¢ ¥s)
‘(3sul puy Atun) jenbg Aun]
[ oreDaedipaid—Ajdde) (ouo--ys) | aenuEISUL = 3BIS 19|
(((u0--((0m1++(2u0--¥s)) J)) =§ ((2U0--¥s) 5))
<== (((auo--)s) =>¢ (au0--}s)) puy (U0 =<¢ (3u0--)§))) = puod 13|

«(
(
(3uo--((0om1++(3uo--3s)}) J)) =%
((suo--ys) 5) )
<== (3u0 =<¢ (JUo--)s)))
<== (((3u0--)s) =>¢ (u0--3S)) puy (U0 =<§ (3U0--3xs))) = 18U} 19|
(((uo--((omi++u) J)) =§ (u 5)) <==
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9jels suop

‘ajess ajeygjund

HE 3N

[as[e4 [enbg ((auo =<§ ¥s) puy (U0 > ¥s))]
1 sfeDaeapaig Adde) | di£dde = ajess 19§

‘aess aeys uud

‘91818 38 ¥ [qO 1dxa™ys [ wajoys Ajdde = ajes 19]
%S ¥ [QO [[eI0) wfoNys = JIdxa Ys 19]

taje)s | uonediqolas = |qo 19|

:uUMmop 1o0put j/

‘ajes 9)eIg Jund
ta)eIs ¥S ¢ | padueyodun = Ness 19§
¢ dAy unenueisut &q (3s)J + (1-35)s = (s)s 28reyosip //

‘aeis eI wnd
aje1s [] 1 oreDaeoipaid~Ajdde = aie)s 19|
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(u ‘0132) 1 [jelof
= Yasul" | 19]
{(1id +, ((auo++u) neIk)) => nej= I }19)
‘(Bunun <==2[qqnq) (u ‘auo) I [jeJod = JT}19]
‘((eap +, (((uo++1) neik) ((suo--1) neif) xew)) >, ney)
= Sumun 19
{((((uo++1) AK) [enbg (1 aK)) puy
((1 aK) [enbajou—q ((suo--1) AK))) = 31qqnq 19
‘((1d +, (019Z neIK)) => ne}) = 1719
‘((((auo++u) 1sd) +, ((Suo++u) nasuif)) =,
((auo++u) neik) ) puy
((012z pasuif) =, (013Z neik))
= epquie[ | 19]
‘(ney =>, (1 nejk)) ((duo++u) ‘013Z) I {{el0] = [eSned | 19|
(1 1sd) +, (1 wasuik)) >, (1 neik)) (u ‘auo) 1 fjesog
= payosT] 19]
IS 91elS Ul JueLIiRAUL Jf

{(1d +, (019z neIf)) =<, ne1 =) 19|
O uonipuoa //

‘(94 *sy ‘P4 ‘eq ‘Tu *1ul =4 191

‘(eyap >, 013Z71) = 9y 19|
{(u>¢ 013z) = ¢y 19]
((eap -, 1d) =>, (1e13)) 1 §|8I0] = $Y 19|
((enap +, eaap) =<, 1) = ¢4 19]

{(( eapQ) +, ((duo--1) 1sd)) =, (1 1sd))
(([uo++u) ‘au0) 1 |[elo] = 7Y 19|
‘(019271 =, (0132 15d)) = [Y 19]

eikp >0 9//

u>0°¢/

gjjop - 1d => Acs_oo t[eio} 'y //

Bjapig =<ud gy

Ss_om_ + (1-D1sd = (D1sd (1+u *g) 1je10) T 4/

(z1) 1sd jo uoniugyap | o=(oxsd yy
:sasayiodAy s/

H(q <==((n=>¢ 1) puy (] =<§ D)) ¢ {e10] = q (W']) I BI04 19]
I[e104 //

‘(q jenbg ©) 10N = q ® [enbajou—q 19]
‘(q>¢ )10 (g <ge)=qe[enbajouT119|
‘(q>,®) 10 (q < ©)=qeEenbaous g
sad£y sany jje 10} [enb3 jou

‘qe(g=<e)Ji"1=qexew )|
xeut Jf
suonduUNy Jasn J/

¢ AL, Ree—q = AK19]
‘sa[qeLeA UB3]00q //

“(((eyap -, 1d) (43 -, &3japY -, epquiey) (A =§ N JI'J)
BIPp (3 > 1) ST =1 eeQ 19|
L(e1Rp-1d)(y-u),, | = 43 19|
*.BI3PY. Y = BI3pY 19]
isd, Aene"1 = isd 395
¢ asulk, Aedre™1 = pasulf 19
(.neik, Aeue”i= neis 19§
‘.Bpquiel, Y = epquie| 19|
BIPP, Y = BIep 19]
o= g
(B Y= ne)i9)
‘| 0 15U0dI = 0132 113]
:S9[qeleA |82l J/

SI=UI9

A 1=1139]

._x.. =319
WLr=ha

L 1=19)

T .mcoo = 0M] 19]
] 1SUOD = U0 )3}
() ISUO0D = 0137 19}
:sajqeuea 123aut //

‘fenbajou—q ¢ xyut
‘fenbajou™i ¢ xyul
‘fenbajouTI ¢ xyut

/"
i
<< I/
ne) ‘ney ‘a()K LON =: Masur ()& ‘ney(g)h ‘A (Q)K <-- /!
id + ney(g)A =< ney >> //

uonisuen wsuel) (Y Vv.LS //
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+31e)s [9U0 ‘013Z] IS | gSisAjeuyase)) = IS 19]

‘a5e)s 1S wud
tarers 1ys 1 (ks | uonediqoiad) 1dxa~ys
1 woajoys~Ajdde = ayeas 13
‘Tys 1 (a1ers | uonediqorad) [[eroy wajoys = 1dxa7Ys 19
. LA, I=1HS 19
(|esned” Yoayd | j/

‘arers aeig uud
‘alels
[,payosT] "uasur |
7T epquueT] esnedT]

[ o1eDaedipard ~A[dde = aress 13-

‘ores aeagund
«dAy wire(d joord™ue)s = LIS 19]
LMasulT| puy JT] pUV 1f puv
J71 puy Eepquie|T] puy ,|esnedT] puy ,payosT] = Wie[d 19|

$(((1d +, (((au0++1) uasuif) nej
(0192 =¢ (Uo++1)) JITX)

((1 wosuik) ney (araz =g 1) Ji" 1) .

((((quo++p) AK) (((suo++1) AK) 10N)
(0192 =§ (3u0++1)) JI™Q)
[enbajouq
((1AK) (1 aK) J0N) (0132 =% 1) JI7Q)))
puy
((((3uo++1) nasuik) nej (039z =¢ (3U0++1)) JI71)
((1 wasuif) ney (o1az =g 1) JI" 1)
((((auo++1) A) (((euo++1) AK) 1ON)
(019z =g (quo++1)) JI"q)
jenbg
(1 AK) ((1 AK) 10N) (0192 =§ 1) J1Q))))
(u ‘043z) 1 {je104
= Jasur 119

{(ud +, (((auo++u) neyk) ney (013z =¢ (SU0++u)) JI71)) =>,
nej

Rl RE

“(Bunun <== 2jqqnq) (u‘auo) tjjeiog = ST} 19

(

el[aop +,

(
((suo++1) ne1k) ney (0197 =§ (uo++1)) 31 1)
(((auo--1) neik) ney (0192 =¢ (aU0--1)) JI"1) Xewr)) >, nej)
= Suwun g

S((((auo++1) AK) (((auo++1) AK) 1ON)
(019Z =¢ (3uo++1)) JIq)
[enbg
((1 AK) (1 AK) 10N) (0192 =% 1) J17Q))
puy
(((1 AK) ((1 AK) 10N) (0192 =¢ 1) )17 Q)
[enbajou™q
(((3u0--1) AK) (((auo--1) AK) 10N)
(0192 =§ (9u0--1)) Ji"Q))
= .21qqnq 19

((d + ne) => nel)= 17} I19)

‘(((puo++u) 1sd)
+, (((auo++u) uasulk) nej (019Z =§ (Auo+-+u)) JI 1)) =,
(((3uo++u) neik) ney (0192 =§ (uc++u)) Ji 1) puy
: (ney =, ney)
= Epquie| | 19]

‘(ney =>, (1 neik) ney (019z =§ 1) JI°I)
((3uU0++u) ‘049z) 1 [[eI0] = ESNED | 19|

$(((11sd) +, ((1 wasuik) ney (019Z =¢ 1) J171))
>, ((1 nexk) ney (019Z =¢ 1) JI"1))

(u *auo0) 1 [je30] = PoYIsT] 19]

7S 91B)S Ul JUBLIBAUY //

'y (s171:D) puadde = dAy 19

[uasurT 7 31 7] ‘epquue| T ‘[esnedT | ‘payasT[] = 1sf | 19]
‘HasulT| puy
17 puy J7] puy 17| PUY Bpquue| | puy [Bsned | puy payas | = | 19]
S(((1d +, ((auo++1) Uasulk)) =, (1 WIsUIA)) <==
(((suo++1) AK) fenbajou—q (1 AK))) puy
((((3uo++1) 1asulk) =, (1 Yasulf)) <==
(((3uo++1) AK) [enbg (1 AK))))
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‘(a1e1s p| [ sisaylodAy~Aq) ] | sisayiodAy~4q = arels 19]

: ‘aes yguud
ABSMQ_w_mu_:oab_l»e:_o-muoﬁmu_uoiﬂ_a%nu:z:u_

‘are)s aeyguud
‘(o1ers adxa | Lpenba~A[dde) zadxa | Jaumar = aels 19
. “(((1dxa 1dxag) aumai) dus™q) = zadxa 19
tas[e (019z =¢ (duo++u)) ((dess | uonediqoiad) syi)
_ joogasejdas = 1dxa 19

‘a1es seisund
‘(s | di—Ajdde) j dj~4jdde = aqess 39]

. ‘ayeys aeyg und
‘(s g1 | sisapodAy—£q)
[((((euo++u) 1sd) +,
(((auo++u) uasuik) ne) (019Z =§ (3UO++U)) JI71)) =,
(((auo++u) neyk) ney (0192 =¢ (AUO++U)) JI 1)) <==
(asiey tenbg (019z =g (suo++u)))
‘asie, [enbg ((019z =¢ (suo++u)) puy (u >¢§ 0192))
‘asje, jenbg ((ne1 =, nes) 10N)] ..
1 9[eDtes1palg—A1dde = aers 19

‘epquuej | 03Y0

‘ajeys areyg und
ta3els | S € | paSueyouf) = aje)s 19

‘a)e)s gy uud
‘(ayers 1dxa | AnjenbaAjdde) zidxa | Jimaumal = aels 19|
{(ney =>, (I7ys neik)) <==
(((Quo++u) =>¢ 17 ¥s) puy (019Z =<g I Ys)) = zIdxa 19|
{(ney =>, (1S neik) nej asjeq Ji 1)) <==
(((ouo++u) =>¢ 17ys) puy (019Z =< I7%s)) = 1dx313]

‘a1e)s 2)e)s uud
HEIAN
_ [

((ney =>, ((1™ys neik) ney (010Z =§ [ ¥S) JiIT 1)) <==

(((Puo++u) =>¢ 17 yS) puy (0192 =<§ I ¥s))) <==
(as|e [enbg (0192 =¢ 173s))
‘as[e [enbq ((0192 =§ I7Ys) puy (173 =>¢ 2u0))]

1 ofeDaedipaiy Aidde) | diA|dde = aieis )9

0<As Y

taie}s s uud
‘(21818
[as1e4 [enbg ((ney =>, ne1) 10N)]
| o[eD?edipasd~Adde)
1 di”A1dde = a1ess 19

‘ae)s ayey§und
‘ajers 1dxa | JITaIumal = Jje)s 19]
{(((adxa 1dxag) aaumar) dus™q) = 1dxa 19

tajeis ey und
ajeys 1dxa | Knjenba~4Ajdde = aes 19]

‘anu], (019Z =¢ 17YS) ((e1S | uonedijqo1ad) syi)
toogaoeidai = 1dxa 19}

ta)els eI und
‘aels | di-Ajdde = agess 19

‘ajess areyg uud
21818 | 91210s1p~Adde = eis 19§

‘s eig und
woess [ djAjdde = ageps 19]

‘ess aeignd
‘aels
[(ney =>, (1ITys nelk) ne)y (019Z =§ 17YS) JI 1) <==
(aru] [enbg (013z =¢ 17 js))
‘asje. jenbg
(((019z =§ [ys) 10N) puv
(019z =<§ 1" )S) puy (0I9Z =>¢ 17 %S))
‘((suo--3u0) =>¢ 1" s) |enbg (auo >¢ 17ys)
‘as|e, jenbg
(0102 =>§ [4s) 10N) Puy ((2u0--2u0) =>§ I"¥s)) |
1 ofeDaeoipald—A|dde = aiess 19
o0=rasy
‘aje)s apeigund

‘aes | di Ajdde = Jjess 39

‘arers Aeig und

tajels [asje enbg ((019Z =<§ I S) puy (013Z >¢ 174s))]
1 o1eD1edIpag~Adde = aess 191
0> 1Sy

9)e1s el uud
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((((enap +, ney) >, new) 10N) puy (B1[3p >, 01927 1))]
| ajeD2edipard~A(dde) | dj Ajdde = aje1s 19|

‘1e)s 2e)s wind

‘(a1e1s 1dxa | Aypenba4dde) zadxa | JITaIumal = AeIS 19

, “(((3dxa 1dxag) aaumai) dus™q) = z1dxa 19|
tanu] (((auo++iys) neik) =<, ney)

((a1e1s | uonedrqoiad) sys) joogaoejdas = 1dxs 19|

‘ore1s ajerg und
‘o1e1s [((ares | uonesi|qoiad) sys) <== :
(asjey [enby (((duo++17ys) neik) =<, ney))
‘((a1e1s | uonedqoiad) sy1) <==
(anu, fenbyg (((uo++1ys) neik) =<, ney))]
| ojeDaeapaid Ajdde = ajess 19|

‘arers aeas unud
‘(a1e1s 1dxa | AnpenbaA(dde) zadxa | JITalmal = IS 19]
{(((adxa 1dxag) amumar) dms™q) = z1dxa 19|

tanu ], (019z =¢ (uo--1-¥s)) ((aress | uonedyqorad) syr)
joogacejdal = 1dxa 19]

‘311 Ae)g uud
‘(a1e3s 1dxa | Kijenba~A1dde) zidxa | JIaIumar = Ness 39
‘(((2dxa sdxag) aqumar) dus™q) = zidxa 13§

tasje (013z =¢ I7ys) ((3ress | uonednqoiad) syi)
[oogaoerdas = 1dx2 19

. tarers yeis wud
‘(arers adxa | Ayjenba~Ajdde) zidxa | Jima1umal = 9e)s 19|
‘(((adxa 1dxag) ayumal) dins™q) = zidx3 19}

‘as[e] (0192 =¢ (Suo++1Ys)) ((21ers | uonediyqoyad) sys)
[oogaderdas = 1dxs 19]

" ‘areis eI uud
‘(((ore1s | dra10s1p~A|dde)
| di”Ajdde) { di”£|dde) | di”Adde = ajeis 19|

torers ae1g wud
ders
[(((((a11s | vone31[qo1ad) sys) sy1) <==
(anu], [enbg (019Z =¢ (u0--17Ys)))) <==
(ase [enb3 (019Z =¢ I7¥s))) <==

(9s]e [enbg (019z =§ (UO++17Ys)))
‘asie,] [enbg

((013Z =§ (3uo++17YS)) puy (0192 =¢ (3uo--I"¥s)))

‘as|ey [enbg ((019z =¢ 17Ys) puy (019Z =§ (auo--17y%s)))
‘as[e. jenbg (((039z =g (3uo--17Ys)) I0N) pUvV
(I™s =>¢ auo) puy ((3uo--(3uc++3uo)) =>¢ I ¥s))
‘((au0--(3uo++3uo)) =>¢ 17 ys) jenbg ((auo++auo) >¢ 17ys)]
) [ ofeDAedIpald—A|dde = .S 19]
A=y

‘ajers arygund

‘(a1m1s [os]e [enbg ((2u0 =< 1 ¥s) puy (3u0 >§ I"¥s))]
[ ofenaieoipard—Adde) | di~4jdde = aeis 19;
A>1Asy

. ‘ajess ajeyguud
31es [(SuO++3u0) ‘auo] IS | ZsISA[euyase) = eis 19|

‘aje)s aeisund
‘ares 1ys 1 (amers | uonediqolad) idxaTys
1 wajoys—Ajdde = ayess 19
“47ys 1 (d1e1s | uonediqoiad) [jerof wajoys = 1dxaTYs 13]
LWOAS 1= 1¥8 19
J1 A0y

tajess aeigund
“(areis ¢ | sisayiod£y~4q) [] | ojeDaeoipardAjdde = a1eis 13

‘aels jeIg T und
‘(a1ers 1dxa | Kienba~£(dde) zidxa | JIaumal = qeIs 19|
{(((adxa 1dxag) ammal) duis™q) = zadxa 19;

‘asjeq (019z =¢ (auo++u)) ((11s | uonedqo1ad) sy1)
joogaoedal = 1dxa 19]

‘arels s uud
‘((ae1s ¢ | sisaylodAy~4q)
[(21e15 | uonediqoiasd) <==
(as|e jenby (0197 =¢ (Juo++u)))
‘asjey [enby ((0132 =¢ (3u0++u)) puy (U >¢ 0J32))]
| ojeDaedpard—Kdde) | dj"£|dde = ajess 19
dT YRy ff

‘ajers 91e)g T und
t(areis [asjeq (enbg (((e1ap +, B1jap) =<, ) puy
(e119p >, 013Z71) puy
((((a1e3s | uonedyqoiad) syi) sys) 10N))]
1 JleDedipasd—A(dde) | diKjdde = Jess 191
YR Y
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joogadseidal) = q 19]

‘ajels ayeig T und
‘(aess 1dxa | Anpenba~K[dde) zidxa | Joiumal = ess 13
{(((adxa 1dxag) yumar) dns™q) = z1dxa 15§

‘as[e (019z =¢ (suo++17ys)) (s | uonedqorsd) syi)
joogadejdal = 1dxa 19]

‘areis aleis T und
. (a1
[((((1e1s | uonedqorad) sys) sys) <==
(suf jenby (0192'=¢ £ YS))) <==
(asje enbg (019Z =§ (SUO++17Ys)))
‘as[ey fenby (0192 =§ (3u0++17Ys)) puy (019 =¢ I"s))
‘as|e jenbg
(((o10z =g 17Ys) 10N) puy
(013z =<§ I )s) puy ((2u0--3u0) =>¢ I }s))
‘((suo--auo) =>¢ 1 ¥s) jenbyg (auo >¢ 17ys))
1 areD3edipald—Ajdde) )
1 9yerasip~Ajdde) | di~Ajdde) | di"£Ajdde = ajess 191
0=r1sy.

aels ayeis uud
‘(amrs
[as[e fenbg ((019Z =<¢ I7ys) puy (019Z >§ 17 s))]
-1 opeDeoipald—A(dde) | d~4Ajdde = aess 39]
0>1asy

. ‘o1eys ae1g jund
‘aje)s [auo ‘01az] IS | ZsisA[euyase)) = ajels 19]

‘91B1s 1 ys 1 (ays | uonedijqo1ad) 1dxa™ys
. 1 wajoys™4|dde = ess 19]
Iy 1 (ders | uonediqolad) jjeso) wajoys = 1dxays 19}
WAS I =15 19
HIsuLT Yo3ayd

‘alels oreig wnd
‘a1els [9s 9 | padueyoupn) = ajeis 19]

tajers a1eig T wud
‘(a1eas 1dxa | Kipenba£[dde) zidxa | Jaiumal = Jjeis 19|
{(((1dxa adxag) aumal) dins™q) = zadxa 19|

‘asfey (049Z =¢ (uo++17Ys)) ((areis | uonediqolad) syr)
joogaoejdal = 1dx3 19]

tayers ajeig T und
‘(o1e1s 1dxa | Anjenba~Kjdde) z1dxa | JImaiumal = Jjels 19|
{(((adxa 1dxag) smumai) duns—q) = zadxa 19

‘asje.d (019z =¢ 1 Ys) (ks | uonediqo1ad) syy)
joogaoejda: = 1dxa 19]

‘are)s ajers und
‘(a1e3s 1dxa | Anjenba—4jdde) zidxa | JITaIUml = IS 19|
‘(((adxa 1dxag) aiumal) duis—q) = zadxa 19;

+as[e (0192 =¢ (auo--17ys)) ((a1e1s | uonedqoias) sy1)
joogaaerdal = 1dxa 19;

‘ae)s aeg uud
‘(((are18
[((((((are1s | uonediqo1ad) sys) sy1) <==
((u=>g I™ys) puy (3u0 =<g I"¥s))) <==
(as[eq jenbg (019z =¢ (JUO++1Ys)))) <==
(as[e jenbg (019Z =¢ 1 ¥5))) <==
(os[ey renbyg (0197 =¢ (auo--I%s)))
‘as[e jenby
((0192 =¢ (UO++17Ys)) puy (17)s =>§ (SUO++3u0)))
‘as[e.j [enbg ((013Z =§ I7Ys) puy (J7%s =>¢ (su0++23u0)))
. ‘asjeq fenbg
(0192 =g (auo--1ys)) puy (ITys =>¢ (3U0++3u0)))]
1 ateDaeoipardAdde)
1 di"41dde) | di~A1dde) { d;”A|dde = ajess 15;
A<EAs g

tarels aeyg uud
{(are1s [9s]eyg 1enbg ((®3jop >, 010771) puy
(((en13p +, ((uo++17ys) neik)) >, ney) 10N) puy
((((Fuo++17ys) neik) =<, ne1) 10N))]
1 areDaeaIpald—Aidde) | dj Ajdde = aeis 19]

‘aels p [ sisaylodAy—4q = a1els 19]

: ‘amels ey uud
‘(15 1dxa | Anjenba—K|dde) gadxa | JIaimal = pe)s 39
{(((adxa 1dxag) ammar) dinsq) = zidx3 19
{(as1ed (((auo++17ys) neik) =<, ney)
(.15 | uone3d1qo1ad) syt) joogaoeldal) <==
(asje [enbg (((uo++17ys) neik) =<, ney)) = 1dxa 19]

‘arers ey uud
‘((amers 1 | sisayrodAy—£q)
[ssie.4 [enbg
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9 ¢ sisayiodAy~4q)

L m.mu__.o&_.lhe 8 ¢ stsaylodAy—4q
) [1 Z areDaredipaig—Ajdde = ajers 19]
A<= 11/
| ewwd| kg A'(DK = a(J+1)4 anoxd gy

3)e1s eI und
@es[] 1 u_muuau_noilbaas | di Ajdde = a1e1s 191

‘aers aeIgTund
‘(s | A~ Ajdde) | diKjdde) ¢ | sisaypodAy—£q)
{} 1 afeDaeoIpaid—A(dde = els 13]

s aeIgT U —._Q
91B1S 0J9Z | JNeHURISUI = RIS 19

‘a1e1s 9jeis uud
‘(s g | sisayrodAy—4q)
. [o<==
‘u>¢ o1z
‘as[e [enbg (((u =>¢ 0132) 10N) puy (u >§ 0132)).
‘asfe jenbg ((0192 =<g 0132) 10N)
‘(Y <==((u =>¢ 019z) puy (0192 =<§ 0132))) puy y) jenby -
y ]
1 sreDAedIpasdK[dde = ajess 194
“(((1d +, ((uo++013z) pasuik)) =, (0132 Uasuif))
== ((((uo++019z) AK) [enbg (013Z AK)) JON)) puy
:2»:0++Eu5 Hasulk) =, (019Z PIsUIK))
QAu:oI.EuNV AK) jenbg (o102 >.¢s =419
‘a1e)s g sisayiodAy1ad = y 193]
‘ajers | uonediqo1ad = 0 19)

‘aress aag T und
‘(ams ¢ | sisayiodAy~—4q)
(1 1 sfeDaeaipaig Ajdde = ess 19|

tajes ayeis und
‘(amess ¢ | sisayiodLy~4q)

‘aess sy und
‘(ams | _ sisaypodAy~4q)
1 1 opeDaeiparg~Adde = aess 19§

‘aeys eig unud
‘a1e)S

(1 1 sieDs1edIpasg A jdde = apers 19]

[asjed jenbg
((((1d +, ((u0++019Z) LASUIA)) =, NE3) 1ON)
puy (((3uo++019z) pasuik) =, (0192 UISUIA))
puy gsAs puy gsAs puy |sKs)
‘pSAs *gshs ‘TSAS ‘[ sAs]
[ oreDaeoipaid—Ajdde = a1eis 19
{(((3uO++0132) uasuik) =, (019z UISUIA)) <==
(((3uo++013z) AK) [enbg (019Z AK)) = pSAs 19]
{(019Z pasulk) =, (019z ne)k) = ¢S£s 19]
‘(1d +, (019Z nBIA)) =>, ne} = 7sAs 19]
‘(1d +, (013Z neIK)) =<, ne} = [S4s 19]
id + uasur(pPh=ner<==A(DA=a(Q)K 4/

/
wasuy(1)A = uasur(Q)A <== A" (1)K = a(0)K v f
uasur(p)4 = ney(Q)A €N
1d + ney(Q)X => ne) Tl
id + ney ()4 =< ne) e ¥/
/]

id + pasur (DA = ey <== A (DA =A(Q)A 1/

‘ae)s e wud
‘aels
[((((auo++0192) 15d) +, (013Z WasuIL)) <, ney)
‘11
‘(0192 AK) jenbg ((9U0++019Z) AK)) <==
(((((suo++013z) 15d) +, (0192 p3suIf)) <, ne1) puy [[)
{((1d +, ((3u0++013z) pasuik)) =, ney) <=
(((auo++013z) AK) tenbyg (0192 AL))]
[ 91eD?Me21pald —A|dde = aqeis 19|
1d + pasur ()£ = ney <== A'(])A = A°(Q)X aroid pue g
1 ewwa] Sugsn A(1)A = A*(Q)X 2a01d

‘arels oeig wnd
, ajess 1dxa | Kijenba4(dde = areis 19]
1019Z 17Ys ((a1e)s | uonedijqoiad) syi) jujaoeidas = 1dxa 19]

‘aress are1g Juud

‘dels

[((ae1s | uonedqoiad) syi) <== (019z =¢ 1 ys)}
1 9feDedtpald—Kjdde = aess 19|

‘areis ayeIg wnd
{(ae1s 1dxa | Anjenba—Ajdde) zadxa | JIramal = AeIs 19
{(((1dxa 1dxag) aiumal) duns™q) = zadxa 19]
== (onu ] |enbg (049z =¢ 17ys)) = 1dx2 19
t(and |, (019Z =¢ 17 ¥$) ((1eas | uonednqoiad) sys)




(0139271 =, ((au0--u0) 15d)) <== (0132 =§ (3U0--3u0)) : : ‘arels

< ‘as|e.] jenbg ((o19z =§ (auo0--2u0)) 10N)] (((am1s 7 uonedjqoiad) syl) <=
mn.u 7 oeaedipald—A|dde) z d["£|dde = ajeis 13 ‘(.4 puv Y) [enbg Y]
. ré o_auu.muﬁu._n_lm_%a = 1S 19
‘(s g z sisayiodAy~4q) [} z sreDaeaipard—Ajdde = aress 19} Euco eI2Qq) +, ((duo--auo) 1sd)) =, (suo 1sd)) <=
‘(aress 11 Z sisayiodAy—4q) [} z oreDaesipard— Kjdde = apeis 19] : Eu:o++5|vwo=8 puy Aocoquu:ovv = 419

‘aueis g sisayiodAyad = y 194
: . ‘a1es aeig T und

‘(o188 ' es eI und
[gsAs ‘7shs ‘|shs 1eis 01 g sisayiodAy—4q = aeis 19|
*as[ey jenbg ((((uo 1sd) <, 1d) 10N) puy (nsd<id gy
((e1jap +, ((auo--3uo) 1sd)) =, (auo Isd)) puy
¢sAs puy zshs puy [54s)] ta)els aeygund
7 oleDeieapaig Ajdde) g djAdde = aess 19] ‘(asers | g s1isaqiodAy~£q) [] 7 oeDaedipald Ajdde = ajess )9
1019271 =, ((3u0--2u0) isd) = gsAs 19] :ld + ner(Q) =< ney g
‘el[ap >, 019271 = ZsAS 19
‘(e1op +, BIIp) =<, Id = [s4s 19] ‘a1ess es juud
‘(a1e1s p 7 stisagrodAy~£q) ] z o_auznu_uoilb&m = 9)BJS 19|
‘ajers aeys uud uasur (0)X = ney(Q)X
(s
[((are1s 7 uonedqoiad) sy1) <== (any], jenbyg (3 >¢ auo))] ‘2|18 g uud
Z dpeaieaiparg—4jdde) idxs z Lijenba™4jdde) HEIN
Zadxa 7 JIaiumal = 3)eis 19] [gsAs ‘gsAs ‘[shs
‘(((2dxa 1dxag) ayumar) duisTq) = 21dx2 19 ‘asje.] jenbg
tanu], (4 Vw auo) ((arers 7 uonedijqorad) syi) ((((auo 1sd) +, (019Z wasuIf)) <, ne1) 0N puy
joogaoejdas = 1dxa 19§ : £sAs puy gsAs puy [s4s)]
N>/ : z u_mUuEu_uuixba%v z d7Adde = aes 19
m t(auo 1sd) <, 1d = ¢sAs 19
<t ‘aers aeys uud {(id +, (013Z ne)k)) =<, ne) = 754s19]
H ‘118 [([uo++Y) Y] auo g Zsish[euyase)) = Aels 19| {(019Z pasuif) =, (0192 neIk) = [SAS 19|
:M ‘areis eys uud ta1eys s und
- ((((are18 - ‘a1e)s 1dxa g Anjenba—Kdde = ajes 195
- [((su0 15d) <, 1d) <== ‘3u0 (3u0++013z) ((Aess g uonedqorad) sy1)
g (((3uo Byj3(q) +, ((3uo--auo) 1sd)) =, (suo isd)) . wiaoejdal = 1dxa 19]
2] ‘u>¢ o019z .
rm ‘asfe jenbg 2:0:0++5 =>¢ Juo) JON) puy (u >¢ 019z)) ) ‘a)e)s eI und
: m ‘asie jenbg ((suo =<g auo) 10N)] ‘(a1
Q, : T 9[eDeaipaid—Ajdde) [((((suo++012z) 15d) +, (0132 Pasuif)) <, ney) <==
. g di £dde) z di£jdde) ¢| z sisapodAy4Aq (auo =¢ (3u0++0137))
0 : ) [1 Z opeD3eoipaig—Kjdde = a1ers 19] ‘asfe, [enbg ((suo =¢ (3uo++0132)) 10N)]
Ra N , Z o[eDasedipard—Ajdde) g di~£|dde = a1eys 19]
eS| ‘a1ers aerg wund ’
w 91e1S QU0 T elueisul = eis 19| . ‘21818 ieyg und
) w.. (s 7 g sisapodAy™Aq) ¢ g sisayiodAy~4q)
: < ‘aels eyg ud 7 stsaylodAy—£q) ¢ g sisapodAy~4q)




gsAs puy gs4s puy [ss)]
7 oeDAeaIpard—Kjdde) ¢ dj~Ajdde = ;s 19
‘eJjop >, 019271 = £54S 19
4019Z"1 =, ((duo--auo) 15d) = 7s4s 19
‘((enap -, 1d) +, ((3uo--auo) 1sd)) =, (suo isd) = 1545 19
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‘a1e)s yerg und

‘(aess 1dxa g figenba~4dde) zidxa g Ji a1mal = 91e)s 19]

. ‘(((adxa 1dxag) amumal) dus—q) = zidxa 19|
tasjeq (§ =¢ ouo) ((aress g uonedqoiasd) sy1)

joogasejdal = 1dxa 19]

‘a1e)s aeig uud
‘(ae1s 1dxa g Kyjenba—Adde) zidxa 7 Jaiumal = eis 19
{(((adxa 1dxag) ayumal) dus™q) = z1dxa 19

aspe] (y >¢ auo) 22«.@ 7 uonediqo1ad) syi)
{oogaoejdas = 1dxa 19

‘ajes s upd
‘((are3s
[((((Ruo 15d) <, 1d) <==
(((suo eyja() +, ((uo--auo) 1sd)) =, (auo i15d)))
- <==(as1e4 [enbg (§ =§ 2u0)))
<==(ss|ed [enbg (1 >§ au0))
‘as(e4 fenbg (3 =¢ 3uo) puy (3u0 =>§ (U0++Y)))
‘as[ed [enbg ((3 >¢ suo) puy (3uo =>¢ (Uo++¥)))] .
7 9eDedipaidA|dde) 7 dj~Ajdde) z di~Kjdde = ;a5 19]
AN

(ore1s p[ g sisayiodAy—4q) [] z ojeDaedpaigd—Ajdde = aje1s 19|

aiers eigwnd
‘(ass g ¢ stsoyiodAy—4q) [] Z ojeDanedipaig Ajdde = apess 39)

wo.a.a (019771 =, 3_3 15d))  Knjenba~Kjdde = ajes 19f

‘a)e)s ajeyg und
‘(oS
[(010271 =, ((3u0--3u0) Isd)) <== (019Z =¢ (U0--3U0))

‘asie, jenbg ((019z =¢ (3u0--3u0)) 10N)]
Z dieDaedipag—Adde) ¢ dj~£dde = aje1s 19

tajeys  punoq Joddn,, z auodisod = ajess 19§
e)fep - 1d > (eyap-1d)u - (eiopz-1d)(1-%) + epquue) "
201 woyy uondwnsse awes j/

Appendix B. Proof Script for STARI

‘aress ey uud

‘ae)s eIS und
K4
[psAs ‘gsAs ‘Zshs
‘asje, enbyg (((auo 1sd) <, 1d) 10N puy
psAs puy gss puy gsks puy |s4s)]
7 d1enaeoipaid4(dde) z di”4jdde = aie)s 19]
‘e1jop >, 0I3Z71 = A 19)
<019z~ =, ((su0--3uo0) 1sd) = ¢sAs 19|
‘(48 -, eaapY -, epquie]) <, (BYap -, 1d) = zsAs 19|
(43 -, e1opy -, epquiey) +, ((3uo--3uo) 15d)) =,
" (uo 1sd) = [s4s 19

taters aeyg T und
‘(a1e1s 1dxa g Aupenba~Kjdde) zidxa 7 Jramimar = aels 19
{(((0dxa 1dxag) aamalr) dums—q) = zadxa 19|

aru g (Y =¢ suo) ((as g uonediqoad) sy1)
joogadeidal = 1dxa y9f

taels aeis uud
‘(a1eis 1dxa g Aypenba~£jdde) gidxa 7 JIaiumal = dels 19|
{(((4dxa 1dxag) aimar) dins—q) = z1dxa 19

‘as[e (3§ >¢ 2uo) ((1ers  uonesiqoias) sys)
[oogaoejdal = 1dxa 19]

t3jess Aeiguud
{((amrs
[((((suo 15d) <, 1) <==
(((suo S_ue +, ((au0--3uo) 1sd)) =, (auo 1sd))) <=
(onu |, {enbg (3 =§ u0))) <=
(ssieq [enbg (4 > o_s:
‘asie. [enbg (4 >§ 2u0) puy (3uo =>§ ¥))
‘as|ed [enbg (((§ =$ auo) 10N)
puy (suo =>¢ ¥) puy ((3uo--(uo++Y)) =>¢ auo))
*((uo--(auo++Y)) =>¢ auo) [enbyg ((3uo++Y) >¢ suo)}
Z djeDAawdipaid Ajdde)
7 J1a10sp~Ajdde) z d|~K1dde) ¢ d|”Ajdde = aiess 19]
A=1/

‘oess g und
{21818 6 ¢ s1sayiodAy—4Qq) [] Z ojeDeatparg~Adde = aess 19

31e)s (019271 =, (0192 1sd)) 7 Kijenba—K|dde = ajers 19]

e)s g und
HEAN
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$3181S 0J3Z T IBNUBISUL = I)BIS 19]
‘(amis g1 | sisaqiodAy—4q) (] | oeDareotpard—Adde = ayess 19|

93eis Aerg wud
‘((are18
[(1ewwa]TIsul puy [ewway) jenbg [ewwa)
‘e
‘(u >¢ 019z)
‘(u =>¢ 019Z) <== (U >§ 0132)
‘as[e, [enbg (0192 =<¢ 0192) J0N]
1 o[eDaedipaid~A(dde) | djKjdde) | d|”4Kjdde = atess 19
“(((1 AK) renbyg ((suo++1) AK)) <=
((((auo++1) 1sd) +, (1 wasuik)) <, ner) puy [1)
(u 0192} [ [{e204 = JeWW?I[ I3[
‘a1l | uonedyqo1ad <== ((u =>¢ 019z) puy (0192 =<§ 0192))
= |ewwa] )sus 39]

taress are1s und
. ‘)e)S |, | BWWY,, AL = AJe)S 19
;«EES..o::o._oEE_aEEQ.:o:o:s_ESw:_EQ\\

‘arers ae)g uud
‘a1e)s 17)s 7 | padueyoun) = ajeIs 19}

‘arers ey uud
‘(a1ess 1dxa | Aijenbo4dde) zidxa | I aImal= 9jeIs 193]
{(((adxa 1dxag) ayumor) dusq) = zadxa 19]

Aom_am (019z =¢ 17 Y¥s) ((a1e35 | uonediqorald) syi)
joogaoeidal) = 1dxa 19|

‘a1e)s 91e1s und
‘(oS
{(a1e1s | uonediqoyad) <==
(as[e renbg (0192 =¢ 17¥s))
.ow_am Jenbg ((019z =¢ I7Ys) puy (suo =<¢ 17}s))]
1 ofeDaeoipaig—K|dde) | djKidde= ajess 19]

‘aels ey wud
aleI1s 1 ys § (a1e1s | uonediqoiad)
Jdxa™ys | wajoys~Kdde= aeis 19f
13 1 (31ess | uonediqorad) |jesoy wajoys = IdX97Ys 19}
WOAS T =1AS 9
“P3YIST] I3 fy

s g uud

‘a1eis 17 § | padueyoun= ajels 19

. taieps ageig uud
((a1e1s 1dxa | Ainjenba~K|dde) zadxa | Jimaiumal= a1els 19]
“(((3dxa 1dxag) a1umal) duns™q) = zadxa 19|

‘(asfe (0192 =§ (Suo++17ys)) ((neis | uonesqolasd) syy)

joogaseidal) = 1dxa 39

:aje)s ey uud
«(aess 1dxa | Lienba~4dde) zidxa | JImaiumar= A1els 19]
‘(((1dxa 1dxag) aiumai) duys™q) = zidx3 19|

‘(as{e, (0132 =¢ 17Ys) ((Aeas | uonedi[qo1ad) sys)
joogaoejdas) = 1dxa 19|

‘ajes ateigund
((arers
[(((a1mas | uonediqo1ad) syt) <==
(asje [enbg (013z =g (JUO++17Ys)))) <==
(os[e4 1enbg (0122 =g (ys))

‘asied [enbg ((013Z =¢ (SUO++1Ys)) puy (I ys =>¢ 2u0))

‘as{e,] [enbg ((013z =¢ I¥$) puy (s =>§ au0))] .
| o_muoau_vuilba%v | di~Ajdde) | d”A|dde= 2135 19|
o<y

‘alels | ewwad, | suodisod = 3jeis 19
‘uononput j/
suoddns 19)93yo iiun 1517 pauodisod oo | Bwwa| ppe //

‘aiers areiguud
‘(3118 1 7 sisaqiodAy~4q) []  ojeDedipasd—Ajdde = ajels 19}

tajess aeig uud
‘(31815 6 T sisayiodAy~4q) [] z sjeDaeoipaig~£|dde = ajeis 19

‘a1e1s (019271 =, (013z 15d)) g Ayenbs~£|dde = ajess 19]

‘aje1s gyeIs wund
‘(aels
{(019Z71 =, ((au0--2u0) I15d)) <== (019Z =§ (U0--3u0))
‘asje [enby ((019z =¢ (Su0--2u0)) 10N)]

7 dieDaeaipaid—Kjdde) ¢ di~Ajdde = ayers 19

‘arels Jeigund
{(ae1s
[gsAs ‘zshs
*3s1e.{ jenb3 (((auo 1sd) <, 1d) 10N puy




‘aje)s aje)s wnd
‘ajels 1s|"Aa1qqe Aarqqejund
‘ajels iys ¥ (a1eis | uonedyqorad) JdxaTys
1 wajoys~£jdde = ajels 19
47ys ¥ (ovess | uonediqoyad) [jeroj waloys = 1dxaTYs 19]
WAS, I TAS 19
{umop Jonpul j/
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_ tajels Is{Aa1qqe Aaxqqe und

‘() 11 .1 [00gA21qqe = 1S["A1qQE 19]
‘=1 /n

JSI[ AR1qQqQe 9yew //

‘a1e1s oelg und

‘(aers

[asie4 [enbg ((u =>¢ 17s) puy (U <§ I ¥5))]
I oreDaeoipasd—Adde) § dj~Ajdde = ajeis 19

‘ares s wud
31es 17Ys J (ers | uonedqoiad) sdxays
1 wajoys—Ajdde = ajers 19)
47ys ¥ (oress | uonediqoyad) [felo)Twajoys = 1dxa7Ys 19
. WA, 1=13519]
:dn 3onpus

+a1e)s 21 und
‘ajeys | djAjdde = areis 19
‘(armes g1 _ sisaypodAy4q) [] | opeareaipasd—Adde = ajers 19
‘(s | dj”A(dde) z dj"4Ajdde = ;e38 19
‘(aress § | sisaypodAy—4q) [} [ ofeDaresipaid~Kjdde = ajels 19|
‘9JeIS U | 9jenUBISUL = J)B)S I3

‘.S

[as]ed [enbg (u =>¢ u) 10N

‘(u>¢ 0132)

AEuN =<¢ u) <== (u >¢ 0192)

‘Y

‘(0 puy y) jenbg y]
. 1 oteDaesipaid —A1dde = aress 19|
ta1e)s | uonedqored <== ((u =>¢ u) puy (0JazZ =<¢ u)) = 0 13|
‘oje)s g sisaylodAyl1a8 = y19j
‘(aes ¢ | sisapodAy—4q) [] | oeDaresipald—Ajdde = ajers 19]
‘(ass ¢ | sisagrodLy~4q) [] 1 ojeDeoIpasd— Adde = asels 19]

AN
[os]ed jenbg

Appendix B. Proof Script for STARI

(((((auo++u) 1sd) +, (u uasuik)) <, nej) puy
¢sAs puy zsAs u=< _33
‘((gshs <=
(((auo++u) AK) [enbajou—q (u AK))) v=<
((((auo++u) uasuik) =, (1 UISUIL)) <=
(((auo++u) AK) [enbg (u A4))))
‘ZSAs *15As]
[ doeDaedipald—Ajdde = asess 19]
{((1d +, ((uo++u) wasuik)) =, (u Wasulk)) = ¢sAs 19|
(ud +, ((uo++u) neik)) =>, ney = 7S4S 19]
‘(((auo++u) 1sd) +, ((2uo++u) Uasuif)) =, ((Suo++u) nek)
= [54s 19

(1+u)isd + wasur(u)£ => ney <== A" (WA =i A(J+U)K
"
id + pasur([+u)k = pasur (U)K <== A'([+U)K =j A'(U)K ¢ j/
1d + ney([+u)k =>ney -z y/

(1+u)isd + pasur (+u)k = ner(j+u)k '| 4

i

(1+u)isd + uasur(u)£ => ney <== A’ (WA =j A(J+u)k
01 1usjeainba 7

AU = A°(J+u)f <== (j+u)isd + pasur(u)A < ney

arels aeis ud
‘aeis ¢ | sisayiodAy~£q) [] | sreDaeaipaid~Ajdde = aeis 19|
‘(a1e1s | di"Adde) z di~£(dde = aiers 19;

{(((((@wrs T | stsayrodAy~4q) ¢ | sisayiodAy™Aq)

v 1 sisayiodAy=4q) ¢ [ sisayiodAy~Aq)

9 [ sisagiodAy~4q) £ | sisayrodAy~£q) g | sisayiodAy~4q
) [ 1 a1eD=MedIpald—A|dde = ajeis 19]

aes
[(((u AK) {enb7 ((Fuo++U) AK)) <==
((((auo++u) 15d) +, (u Uasutf)) <, ney))
*asje [enbg (u =>¢ u) JoN
‘u>¢ 019z
‘(013z =<§ u) <== (U >¢§ 0132)
‘11]
1 o[eDaieoIpald—Kjdde = pe1s 19]
((u = 1) ased aseq //

‘a1e)s aieIg T und
‘9115 U Y | 1ONpUl = LIS 19|
HR:TIES 7]

‘31els aeyg und
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‘(14ys)1sd + pasur(js)£ => ney <== /)

eljop + ney(g+ys)K > nej puy /!

(A @+ = A (14A8)K) puy (A (1+4SM =i A (9)K) €
‘(1+)s)1sd + pasup(Ys)4 => ney <== /I

B)jap + ner(3s)A > ney puy /

(A (@A) = A (1+%4)K) puy (A (1+A)A = A (I)K) T o

(1 +y5)1sd + pasur(ys)£ => ney <== /I

dAyTonpui puy "

(A @)K =i A (104)K) puy (A (I HAS)A =i A (IXK) 1

: n

Amba g

eNap + (ney(z+ys)A ‘ner(ys)f)xew > ne) <== /!
(A @)K = A (14A8)K) puy (A (1+AS)K = A'(AS)K) /i
=(I+as) 1adym

(A (19K = A (1445)4) I

<== ((1+3s)1sd + uasur(ys)A < ney) puy 1) 1/
<==100pul puy ([+35)1 n

‘ajels 1Sy Aa1qQe Aa1qqe uud

H((((((e1s T | stsaypodAy™4q) ¢ | sisayrodAy~Aq)
v | sisaiodAy~4q) ¢ | sisapodAy~Aq)
9 | s1sayiodAy~4q)
L 1 sisaqyodAy~4q) g | sisayrodAy4q
) [] 1 218DA1RaIpaId—Ajdde = ajeis 19f
‘(aess | di—A(dde) | diAjdde = ajers 19§
‘aess | a110s1p~A{dde = aje1s 19]
tajess | d Ajdde = 215 19]

‘a)e)s 1s|Aa1qqe A31qqe jund
‘aje)s ’
[
. (
(((((auo++1ys)isd) +, (I ys pasuif)) <, ney) JON) <==
((™ys AK) jenbajouq ((auo++17ys)AK))
v K==
(dAyronput puy yisur puy
((su0--u) =>¢ I7s) puy (013z =<§ I"¥s))
: ‘"
‘(0 =>¢ 17Ys) <== ((3uo--u) =>¢ I"Ys)
‘(U =>¢ (UO++IYS)) <== ((oU0--u) =>¢ 17 )s)
‘((uo--u) =>g 1s) jenbg (u >¢ 17¥s)
‘(U0 =<¢ (SUO++17YS)) <== (01Z =<§ 1" }$)]
1 9jeDaredipad Kdde = ape1s 19)
-a8ues 17ys a3uetieas //
‘sisayjodAy ug s | 90UlS UOIIIPUOD WOYJ | JA0WDI J/

(
((1 AK) [eaby ((3uo++1) AK))
((ou0++1) 15d) +, (1 wasuIA) <, ner) puy D) N
<== ((u =>¢ 1) puy (013Z =<§ 1))
(u ‘(uo++138)) 1 j[e1oq = dAynput 13|

{7Isul <== qTIsul) = YTIsul 9]
{((eN9p +, (((3u0++(3u0++17ys)) nejk) ‘
((173s) nexk) xew)) >,
ney) = 17Isul 19]
{((((auo++(auo++17ys)) AK) [enbg ((auo++1¥s) AK)) puy
(((euo++17ys) AK) [enbajou™q ((173S) AK))) = qTIsui 9]

91e38 15|~ A31qqe Ad1qqe unud
‘ajeys 1dxa | Anjenba4[dde = ajess 19]
‘NS (Quo--auo++173s) ((Aes | uonedqolasd) syi)
wpaoejdar = 1dxa 39
‘(s
[(a183s | uonedq01ald) <== (I7s =¢ (UO--3U0++I" ¥S))
‘asie,] [enbg (17 ys =¢ (Suo--auo++173s)) 10N]
1 aeDaredpaid—Kjdde) | di dde = a1ers 191

‘21e1S IS| Ad1qqe Aa1qqe uud
£9181S (UO++17YS) [ AyenueISul = 3jvIS 19]
‘aess | diAjdde = ess 19§

‘31e1S 15| A21qqe A21qqe uud

torels

[(@1e15 | uonE8Iqo1ad) <== Yy Isul

‘(yTIsur puy JTp) [enbg 7|

‘(U =>g 1MIs) <== (U >§ s))
[ o[eD2eapaid Ajdde = aeis 19

{(7sul <== qIsut) <== ((u =>¢§ (UO++1"Ys)) puy
(3u0 =<§ (UO++17YS))) = Y Isui 9]
A
(eap +; (((auo++(3uo++1ys)) neik)

((su0--(3uo++17Ys)) neif) xew)) >,

. ney) = §Isul 19
H(({(auo++(uo++17ys)) AK) jenbg ((auo++17Ys) AK)) puy

(((uo++17y4s) AK) [enbajou™q ((au0--(3uo++1 Ys)) AK)))

= q7IsU1 19}
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L 1 s1saypodAy~—Aq) g | sisayiodAy 4q
) [] 1 oreDaeoipard—Kjdde = areis 19

‘alels 1s|A21qqe Aa1qqe juud

H(((((ere3s
[psAs
‘gshs
(((Guo--u) =>§ 1™ys) puy (0192 =<§ I"¥s))

“(7shs <==
(((3uo++173s) L) [enbajouTq (1™ys A4)))
(((auo--u) =>¢ 17ys) puy (013Z =<¢ I ¥s))
‘11
“((((Quo++17ys) 1sd) +, (174 uasulk)) =>, ney) <==
(pshs puy ¢sAs puy Zs£s puy [sAs)
*asje,] fenbg (
((((Guo++1ys) 1sd) +, (17s wosulk)) <, nej) puy
((((euo++17ys) 15d) +, (1"ys uasuif)) =>, ney))

(0192 =<§ (JUO++1™YS)) <== (039Z =<§ I )S)

‘(U =>¢ (3uo++17Ys)) <== ((au0--u) =>¢ I )s)

‘asje, jenbg ((suo++17Y)s) =<¢ (auo++17ys)) 10N]

I 9[eDAedIpald—A|dde)

[ diAdde)
1 di~Aidde) | dj—A|dde) | dy~4Ajdde) | dj"A[dde = ae3s 19]
1d =>, ((3uo++3uo++13s) BIaq) = p54S 19

{(((Suo++auo++1ys) ea(Q) +, ((uo++17Ys) 1sd))
=, ((Quo++auo++i7ys) 1sd) = gshs 19|
{(1d +, ((uo++17ys) wasuik)) =, (17 ys wasuik) = gsAs 19
{(((((Suo++auo++17ys) 1sd) +, ((3UO++17Ys) Uasulk)) <,

ney) 10N)

= 1545 19]

(1+ys)nsd + pasur(ys)£ => ney Vi

1/

id => (z+)s) e)ag ¥ /!

(zHas)eneq + (1+ys)isd = (z+ys)isd ¢ /"

1d - pasur([+ys)A = wasur ([+3s)4 ' /I
(z+ys)1sd + pasur ([ +35)4 => ney '§ /-

‘91B1S 15| ”A31qQqe A21qqe T uLd
KEJIH
[(onpuiTisui dAyronput (ajess | uonediqorad) joogaoejdar)
‘(anpuiTisul puy dAyionpui) fenbg dAyronpur]

1 o[eD31eoIpaldA[dde) (Auo++1TYs) | IiBNUBISUL = RIS 19

(

(

(((auo++17Ys) AK) [enbg ((auo++(au0++17Ys)) Ak))

(((((3u0++(3uo++17Ys)) 15d) +, ((3UO++T )S) WISUIA)) <,
ney)
puy 11))
== ((U =>§ (JUC++17Ys)) puy (013Z =<g (SUO++17Ys))))
<== ((u =>¢ (3UO++{js)) puy ((SUO++I)S) =<§ (JUO++I"¥5)))
= NPUITISul 3]

‘a1e1s )s{A21qqe Al1qqe uud

‘(am1s 1dxa ¢ Anjenba£jdde) gadxa ¢ Jimarumal= ajeis 19
{(((1dxa 1dxag) aiumal) dus™q) = z1dxa 19]

‘(asie baur ((a1ess ¢ uonedijqo1ad) sy1) joogaoeidal) = i1dxa 19|
{(((auo++auo++173s) neik) =<, (I7ys neik)) = baut )91

‘a1e)s 15| A21qqe Al1qqe uud

‘(areis Jdxa z Anjenba~£jdde) zidxa 7 JImaiumal= ajels 19|
{(((4dxa 1dxag) ammar) duis™q) = zadxa 39|

.AuE L baut ((a1e1s z uonedijqorad) sy1) joogaoedal) = 1dxa 13
{(((uo++auo++17ys) neik) =<, (ITys neik)) = baut 9

‘3118 1S A31qqe Adiqqe juud
‘oje)s
{
(x
(17Isul puy
(((suo++auo++iys) aK) [enbg ((suo++17s) af)) puy
(((auo++17ys) AK) [enbajou™q (IMys AK)) puy
((auo--u) =>¢ 173s) puy (019 =<§ 1" ¥s)))
(as[ey [enbg (((3uo++auo++17ys) neik) =<, (ITYs neik)))
“(x
(1sut puy
(((Suo++3uo++17Ys) AK) jenbg ((suo++1Ys) Ak)) puy
(((duo++17Ys) AK) jenbajou—q (I7)s AL)) puy
((2u0--u) =>§ 1™is) puy (019z =<§ ¥ %5)))
== (ani ], [enbg (((3uo++3uo++17Yys) neik) =<, (I ys neif)))
X <==
(dAysanput puy
(((suo++23uo++17Ys) a4) jenbajou™q ((auo++17Ys) aK)) puy
((([uo++17ys) AK) fenbajou™q (I7Ys AK)) puy
((3uo--u) =>¢ 17ys) puy (013z =<g I"Ys)) |
1 9jeD31edipald—Adde = aess 19)
H(((((uo++17ys) 1sd) +, (17 wasuik)) <, ner) 10N) = X 19
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((e3jop >, 013771) puy ((BI3P +, BI3P) =<, 1d))]
. 1 ajeDaiesipaid—A|dde) | djA|dde = ajers 19]
ad =>eyap g/

‘31818 1S[A21qqE Ad1qqe jund

(315 sdxa g Kyjenba~Ajdde) zidxa g jimaiumal= qjels 19]
‘(((3dxa 1dxag) smumal) dms™q) = zadxa 19}

‘(osje baug ((a1e1s 7 uonedijqoya3d) sys) joogase[dal) = 1dxa 19

‘(aess adxa | Anjenbo~Ajdde) zidxa | JImaiumal= els 19
(((3dxa 1dxag) ajumai) duis—q) = zidxa 13)

‘(anu, baui ((aress | uonedijqoiad) syi) joogaseldas) = 1dxa 19|
ty >¢ (suo++auo++17ys) = baul 13

91e)$ 15[ AdIqqe Adiqqeund
. ‘arers
[(a1e3s | uonedqo1ad) <==
(asie renbg (4 >¢ (Suo++auo++1ys)))
‘(a1ess | uonedyqoiald) <==
(eru, [enby (3 >§ (3uo++auo++17ys)))]
[ afeDedIpasd Ajdde = azeis 19]
1d => (z+3s) eiaq ¥ 1

{a.)s 15| Adi1qqe >o.5~_m|~=_a
((awers
[
((3uo++Uu) =>¢ (UO++3U0++17YS)) <== ((duo--u) =>¢ I7)s)
"~ *(9u0 =<§ (AUO++3UO+H+1YS)) <== (013Z =<g I Ys)}
1 oreDeaipaig—A|dde) | diKjdde) | djAjdde = ers 19

‘31838 15[ "A31qqe Al1qqe jund
tayess 1dxa | Ayenba™4dde = aers 1o

{(3UO++17YS) (SUO--(3UO++3UO++1TYS))
((=1e15 | uonedi|qoiagd) sys) jupaoejdar = 1dxa 39|

‘(.8
[(s1e18 | UonEd1q0)al) <==
((auo++17Ys) =§ (SUO0--(3U0++3U0++{ ¥S)))
*asjey fenbg ((suo++1-ys) =¢ (suo--(auo++auo++17ys))) 10N]
"1 orepaearpaid Kidde) | diAjdde = ajeis 19

ta11S 15[ A21qQe Ad1qqe T uLd
‘(aws v
[3sus uyapTisd (;eis | uonediqoyad) joogaoeidal
‘(1su1 puy ujap~isd) fenbg ujapTisd]
I 9[eD?1ed1pald— A|dde) (uo++auo++1TYs) | ABHUBISUL = JBIS 19

{((((auo++auo++iYs) e1[3Q) +,
((ouo--(suo++3uo++1ys)) 1sd))
=, ((3uUo++3uo++17Ys) 1sd)) <==
(((Suo++u) =>¢ (UO++3uUo++17s)) puy
(U0 =< (UO++3U0++17Y5)))

: ERN(RE]]

aeis (o] sisapodAy1ad = ujapisd 19

age1s O | sisaylodAy~4Aq = eEls 19)

4] Aa1qqe ((uo++3Uo++17Ys) BI[2Qd) /i
LTHAs)BIeQ,, uAdIqQR = 15| A31qQqe 19)//

((suo++auo++17Ys) B1[3Q) = (Z+3s)enLa "

=l "

(LA AILNIWT TN LON 1u[A21qqe) (15| AIqQE 0) BI[3Q Ppe //

(1sd jo uonuyap £q)
(Z+is)epq + (1+ys)isd = (z+yshisd ¢ g7

‘9115 15| A21qQe Ad1qqe juud

‘(aress

[(u =>¢ 1 Ys) <== ((su0--u) =>¢ 1 ys)]
" 1 ojedaedipaidK[dde) | djAjdde = aess 19;

‘a1e)s 1S A21qQe Al1qqe jund
‘(s
[1sur uyop~wasui (aess | uonedijqoiad) joogaseidas
*(asut puy ujap~uasut) jenbg ujapTuasui]
| ofeDedipaldAjdde) 1 ys | aienueisul = Aeis 19(
i «
: (
((1d +, ((uo++17Ys) wasuik)) =, (I7ys UIsuIL)) <==
(((uo++17ys) AK) [enbajouq (I s AK))) puy
. s
(((3UO++17ys) wasulk) =, (1I7Ys wasuif)) <==
(((3uo++173s) af) [enbg (1735 AK)) )’ )
<== ((U=>¢ I"%S) puy (0392 =<g§ I }8)) = IS 19§
‘aje1s § stsaylodAyiad = ujapTuasul 19]
‘alels g | stsayrodAy~4q = a1e1s 19]
(uasu1 jo uontuyap £q)y/
‘1d + pasur(§+3s)A = pasur(s)k <== A'(J+A8)A =j A (IS)K 2 /Y

‘a1els 15| TA21qqe Aa1qqe und
H((((((wes 7 | s1sayiodAy™4q) ¢ | sisayrodAy~4q)
p 1 stsaqiodAy4q) ¢ [ stsayrodAy™4q)
9 | sisaylodAy~4q)
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N

(Nepg =(1)isd -y "

(1)eaq =>elap ¢ i

wasur ()X = ner(Q)4 g "

Blfap + ner ()4 > ney ‘| i

N

:(1)1sd + yasur(Q)4 => ne) <== /

el[ap + ney(Q)£ > ney j/

‘a1B)s Is{"A31qQe Ad1qqeuud
ajess 1dxa | Anjenba—4[dde = ajels 19;

*(3uo (3u0++012z) ((atess | uonedi qoiad) sys)
wiaoeidar) = 1dxa 19|

‘a1e)s S| A21qQe A3iqqe jund
{(ae)s
[
((((((euo++012z) 15d) +, (019Z Pasulf)) <, ney) 10N)
" <== ((e)9p +, (019Z neik)) >, ney))
<== (3u0 =§ (3U0++013Z))
‘asie, [enbg (auo =¢ (suo++019z)) 10N}
1 oepaeaipaid—Ajdde) | di~4Ajdde = aeis 19;

91e)S 15| A2IqQe >En..nn..~=ta
aels 1dxa | Aijenba£dde = ajers 19]
‘(o22z s ((9ess | uonedijqoiad) syl) wiaoejdar) = 1dx3 19

‘31118 15[ A21qqe Ad1qqeTuud
. {((arers
[(@®1s | uonedijqo1asd)
<== (043Z =¢ 1 Js)
‘asjey jenbg .
(((013z =g 173s) 10N) puy (1 3s =>§ 0197) puy
((su0--3u0) =>¢ 7Y9))
‘((suo--3u0) =>¢ 1 ¥s) {enbg (suo >¢ I7ys)]
1 9jeDateoipaig—Adde) | syarosip~Kjdde) | dj"A|dde = a1e1s 19|
=1 )sasedy

‘aje)s 15| Aa1qqe Aalqqe uud
‘(a1

[asiey fenbyg ((019z =<¢ 17Ys) puy ((3u0--013Z) =>¢ I"}s))

‘((auo--013z) =>¢ 1 )s) jenby (019Z >¢ 17 Ys)]
[ ofeD9eoipald—Adde) | sjasosip~Kdde) | djA[dde = qieis 19|
: P> 1 sasedy

3B)s 1§ A21qqe Ad1qqeund

‘aje)s [auo ‘019z] I7Ys | ZSisA|euyase)) = aleis 19

. ‘(1 + ys)isd + (IT§s)uasuif => ney <== /Il
e)ap + (1 ys)neif > ney 7

‘2)eIS 15| Ad1qqe Aa1qqejuud

‘((are1s pi | sisayrodAy—4q)

{(1d =>, (esjop -, 1d)) <== (®I[3p >, 0137 J)]
1 sjenaeaipaid—Ajdde) | dj"Kjdde = ajess 39
‘Wd=>eyap-idy

'31e)s 15[ Ad1qqe Ad1qqe yuud
‘a1es ,punog Jaddn, § suodisod = ajess 19

‘21818 15| A21qqQE Ad1qqe jund

‘((amw1s p1 | stsayiodAy~4q)

[punogiaddn

‘(aess | uonesiqolald) <==

((eyap >, 013z71) puy punogiaddn)]
1 o[eDearpaid~Aidde) | dj~Ajdde = aeis 19y
(43 -, eijapy -, epque)) <, (e3P -, 1d) = punoqiaddn 13
1d => (eyap-1d)u - (enapz-1d)(1-y) + epquiej

‘21815 15| A31qqe Ad1qqe jund

‘(o115 1dxa 7 Anjenba~Ajdde) zidxa g JIa1mal = 3jeis 19
“{((4dxa 1dxag) ayumal) dms™q) = zadxa 19

‘(os|ey baui ((ajers 7 uonediqoiad) sy1) joogaseidal) = 1dxs 13

‘(ames 1dxa | Kyjenba~4(dde) zidxa | JIaiumal= ajels 19]
{(((1dxa sdxag) aaumar) dins™q) = zidxa 19;

‘(aru, baur ((a1e1s | uonedijqoiad) sys1) joogaosejdas) = 1dxa 19|
Y =¢ (auo++3uo++1ys) = baur 19|

‘31e1s 15| A21qqe Aa1qqe und
faegs
[(a1e1s | uonedqoad) <==
(as1e jenbg (§ =¢ (3uo++3u0++1Ys)))
‘(ae1s | uonedqoled) <==
(aru], [enbg (§ =¢ (suo++3uo++17Ys)))]
I o[eD9eaipaig Ajdde = aess 19)
n

‘a1e)S IS| A21qqe Aaxqqejuud
H((mes pi [ sisayiodAy™4q) 1] [ sisarodAy~4q)
((1d =>, e)ap) <==




‘(a1es ¢ | s1sayiodAy~4q)
(1 1 oEDAedIpaId— Ajdde = e)s 19
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‘91e)$ 15|A21qqQe Aa1qqe uud
«aeys | djAdde = apess 19|

191818 15| A3Iqqe >u.5n._«|=_ta
awes
[zsAs 1s4s
‘((auo B)jaQg) =, (auo 1sd)) <== (sAs puy [s4s)]
" 1 oeDaedipald— Ajdde = ajeis 19§
{((auo B3j2Qq) +, (0132 15d)) =, (suo0 15d) = Z54s 19|
‘019771 =, (0192 15d) = s£s )9]
(Deeg = (1isd "

‘a1els 15]7A1qqe Aa1qqejuud

‘((oress [} | sisaylodAy—4q)

[((e3ap -, 1d) =>, e33p) <== ((EI3P +, ©Y3P) =<, Id)]
1 o[eDaedipaidAidde) | n_lbaaa = 9)e)s 19|
‘eifap - 1d =>eyap

‘aje)s 15[ As1qqe Aa1qqe und
‘31e)s , punoq Jamoj,, | suodisod =.3jeis 19}

‘(33 -, eyopy -, epquIel) =>, BIj9p = PUNOGIIMO] 13]
(enap-idyu - (e313pz-1d)(1-Y) + epquiej => e)jap J/

‘a1e)s 15[ AR1qQe Ad1qqe yuud

AESm 1dxa g AnjenbaA1dde) zidxa g JIm91Imal = 2e1s 19]
4(((1dxa 1dxag) a1umar) dus™q) = z1dxa 19

‘(asjeq co:. ((a1e1s 7 uonedi|qoiad) sy1) _oomuo«_mu: =1dxa 19}

ABSW 1dxa | Ayenba™4dde) zidxa | JIe1umal = ajess 19§
{(((2dxa dxag) aimas) duys—q) = zidx2 19§

t(anu] 3:_ ((a1e3s | uonedqo)ad) syi) joogaoedas) = 1dxa 19
Y =¢ auo = baur 19

ta1e1s 1S AaIqqQe Aa1qqe und
‘ae)s
[(a13s | uonediqo)ad) <==
(3sye,] jenbg (3 =¢ su0))
‘(ae1s | uonediqoreld) <=
(aru, jenbg (3 =¢ 2u0))]
| o[eDaeoipaid—Ajdde = ae)s 19]
/

Appendix B. Proof Script for STARI

+91e)s 15| "Aa1qqe aaiqqe und

((a18)8

{asie4 1enby (e3j2p =>, €1[3p) 10N]
1 a1enedipald—Aidde) | di~A(dde = ajeis 19§
‘BI[2p =>BY3p //

‘91818 IS[” A31qqe Adlqqe uud
‘(a1e1s 1dxa 7 Anjenba~A(dde) zidxa g Jimaiumal = 1eis 19)
‘(((adxa 1dxag) arumal) dins™q) = zidx3 19|

‘(asjeq baui ((a1e1s z uonedi|qo1ad) syi) joogasedas) = 1dxa 19|

«(a1e1s 1dxa | Aijenba~4dde) zadxa | Jiaumal= aels 19]
“((adxa 1dxag) ayumar) duns™q) = z1dx3 19

Yanu co:. ((a1e38 | uonediqo1ad) sy1) joogaoeldal) = 1dxa 19|
) >¢ suo = baur 9

‘a1eIs 1] A2lqqe Aaiqqeuud
‘ares
[(a1@1s | uoned1qo1ald) <==
(as|eq renbg (3 >§ auo))
‘(a1e1s | uonedqoias)
(aru jenbg (4 >§ 2u0))]
| sreDaeaIpard Adde = aels 19
(Deag =>®.ip g n

‘31818 15[ A21qqe Aaiqqe jund
‘(a1e1s | sisayiodAy~4q)

(11 s1eDAM821paId ~Kjdde = S1e)s 19]

uasur(p)A = ner(Q)A i

*2)e1s 15| A21qqe Aalqqe juud
‘{(awrs
[¥sAs ‘¢sAs ‘gshs
‘(((3uo 1sd) +, (013Z pasulk)) =>, ney) <==
(psAs puy gshs puy gsAs puy |sAs)
*as[e [enbg
((((suo 1sd) +, (0192 pasuif)) <, ney) puy
(((suo 15d) +, (019Z pasuik)) => aey)) |
| ojeDaedipaid Ajdde) | dj"4jdde) | dj~4jdde = ares 13;

‘(auo eyj2Qq) =, (suo 1sd) = pshs 19|
(auo BIaQq) =>, BI9p = £SAS 19]

$(019Z Wasulk) =, (019Z neik) = gshs 19|
‘(e1ap +, (013z nejk)) >, ney = [s4S 19|

(1)isd + uasur(g)£ => ney Vi
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‘asjeyq [enbg (17y§s =¢ (uo--(auo++17ys))) 10N]
| oreDaeaipald”Ajdde) | di”Ajdde = ajeis 19|

ta1e)s 15[ Ad1qqe Ad1qqe uud
‘(aeis
[1sut ujapTisd (are1s | uonegijqoiad) joogaoeidas
‘(1sut puy ujopisd) [enbg ujop~isd]
[ 9jeDeaipald—Ajdde) (auo++iyS) | NeHUBISUL = LIS 19|
H((((uo++1y4s) vijaqq) +, ((auo--(auo++17ys)) 1sd)) =,
((ouo++17ys) 1sd)) <==
(((3uo++U) =>¢ (Uo++1¥s)) puy (U0 =<¢ (3UC++I)S)))
: =15U119]
tajels 0 sisayyodAyial = ujapTisd 15}
‘areis g | stsayjodAy~4q = apeis 13)

a1e)s 15[ A21qqe Aa1qqeTuud
‘(atels -
[(u =>§ 17¥5) <== ((ou0--u) =>§ (s)]
: 1 orepaeaipaid~4jdde) j d Ajdde = ajess 39]

. . ‘ajess 1s|"A21qqe aa1qqe uud
{(aers .

[3su1 payos (aje1s | uonedqolad) joogaoerdar

‘(1sut puy payos) jenby payos]
1 ofeDaeoipald~Adde) ©ys | arenueisul = AelS 19|

{7 ys 1sd) +, (1Tys wasuik)) >, (I7ys neik)) <==

((u=>¢ 17ys) puy (U0 =<¢ IYS)) =1IsuUl 3]
‘aes 7 sisaynodAyia8 = payos 19]
ta1e)s g | sisoyiodAy~£q = aeIs 19|

:015)1sd + posur GIs)A > ney(4s)A 'z "

‘ajels 1s[Aa1qqe Aa1qqeTjund
(s |
£54s <== (((3uo--u) =>¢ 1Y) puy (SU0 =<§ I7)s))
‘Zshs <== (((uo--u) =>¢ I7ys) puy (suo =<g 17ys))
‘((((euo++17Ys) 1sd) +, (1Is wasuif)) =>, ney) <==
(gsAs puy gsAs puy [s£s)
‘(U0 =<§ I™YS) <== (I"ys =>¢ 2uo)
, ‘as[e,] fenbyg (
((((quo++17ys) 15d) +, (17ys Wasuif)) <, ney) puy
((((Guo++i7s) 15d) +, (7S Wsul)) =>, ner)) ]
I o[eDareoparg—Ajdde)
1 di”4dde) | d”A1dde) § d)"4jdde = a1ei5 19

{((Quot+17ys) 1sd) =>, (m119p +, (17ys i1sd)) = ¢shs 19

(s 1sd) +, (178 Maswih)) >, (17ys neik) = zshs 13|
‘(eyap +, (INNs neik)) >, ne) = 1545 13]

(1+xs)1sd + (¥5)4 => ney V]

i

(1+38)1sd => e1gap + (ys)isd ¢ N/
(tsyisd + nasur(ys)£ > ner(§s)4 ¢ Vi
elap + ner(ys)4A > ney | I

:(1-u)| a8ues ug 17ys ased J/

‘31818 15[ Aa1qqe AaiqqeTund
‘(amis g | sisaylodLy—4q)
[1 1 o1eDae0IpargAjdde = ajeis 19

‘ajels 15| Aa1qqe Aaiqqejund
‘{((arers
[u>¢ ooz
‘((auO++U) =>¢ JU0) <== (U >¢ 013Z)
*as|eq jenbg (suo =<g¢ auo) 10N]
[ ojeDaaipaid—A(dde) | di”Adde) | dj£dde = ajess 13}

ta1B1S 15[ A21qQe A21qqeund
a1e1s 1dxa | Aijenba—A[dde = 9je)s 19]

(0492 (3uo--auo) ((a1e1s | uonedijqolald) sy1)
wpaoseidar) = 1dx3 19|

‘a3e1s 15[~ Aa1qqe Aaiqqe juud
‘(s
[(a3s | uonedqoiad) <== (019Z =¢ (3U0--3uo0))
‘as[ey |enbg (0192 =¢ (suo--3uo)) JoN]

{ o[eDawoipald Adde) | di~4A|dde = aieis 19]

*21eIS 15[ A21qqe Aa1qqe jund
‘(oress
[1sut ujap~isd (aress | uonedijqolad) joogaoejdas
‘(sut puy ujap~isd) jenby ujopTisd]

1 djeDaeoipaid~Kjdde) auo | aenuesul = 3els 19|

{(((auo ej2Qq) +, ((suo--3uo) 1sd)) =, (3uo isd)) <==

(((3uo++u) =>¢ 2u0) puy (suo =<¢ auo))

=15u1 19|

a1els 1 sisayiodAy1ad = upapisd 19

tajels 0] | sisaylodAy—Aq = eis 19

ta3e]s 15| A21qqe A31qqejund
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(1+3s)1sd + uasur(ys)4 => ney Vi

: /"

(Z+as)epeq =<elap - 1d 9 /

id - (ys)uasut = (J+ys)uasut °g /"
(z+HAs)Basut =< (J+ys)uasut /)
(zHas)enag + (1+ys)isd = (z+ys)isd ¢ "
(z+ys)1sd + (T+ys)uasul > ney(z+ys)K g "
eI[9p + ney(z+ys)4 > ney °| o

“(14%8)isd + pasur(§s)4 => ney <== Sy
e)j3p + ner(g+ys)A > nej puy /

(a at_m:|>:t_m5n=<?:t_w; 2%5 K/l

213S 15| A2Iqqe Ad1qqe und

“(aers |1 | sisaylodAy~4q)

[((®nap -, 1d) =>, &r]ap) <== (&3P +, BI3P) =<, id)]
[ o_auogao_vﬁml\n_&mv 1 diA1dde = 33e1s 39
- eep - id => eyap g

‘a1eIs 18] A21qqQe Ad1qqe juud
tajels , punoq Jamoy,, | suodised = aiess 19]

(43 -, ej9pY -, BpgUER]) =>, BI[2p = pUNOGIaMoj 13|
(eyap-1d)u - (erapg-1d)(1-¥) + epquie] => eyjop

‘a1e)s 1s["A31qqe Al1qqe uud

‘(a1e1s 1dxa g Lijenba~Adde) zidxa 7 JIaiumal = 9jeis 19]
{(((adxa 1dxag) amumar) dins™q) = g1dxa 19|

‘(asreq baui ((a1e35 T UONE31q01aT) syt) [cogaoeldar) = 1dx2 19

{(arers adxa | Lienba™4jdde) zadxa 1 JIaiumal = ae)s 19
{(((1dxa 1dxag) ayumal) duis~q) = zidxa 19

‘(aruy, bour ((are3s | uonesqo1ad) sys) joogaoejdai) = 1dxa 19|
¥'=¢ (uo++1ys) = bour 19

‘a1e)s 15[ A21qqe Ad1qqe uud
‘s
[(a1e15 | uonesqo1ad) <==
(as[e] jenbyg (y =g (Suo++1%s)))
‘(a1e)s | uonedijqoiad)
(anu, [enbg (§ =g (suo++17ys)))]
1 ojeDAeapald—Adde = ajeis 19)
/"

12)81S 15| A21qQe Ad1qqeTund

{(arers

(asie4 jenby (e112p =>, €113p) 10N]
-1 o[eD=eaipaid Aidde) | djAjdde = areis 19
“BI[3p =>’jap f/

‘9)BIS 15| A21qQe Aalqqe und

«(a1e1s 1dxa 7 Anjenba—Ajdde) zidxa g JITalumal = djeIs 15]
‘(((adxa 1dxag) a1umas) dus™q) = zadxa 19§

‘(asjeq baui ((a1es 7 uonediqo1ad) sys) joogaoeidal) = 1dxa 19|

‘(aress 1dxa | Aupenba~Adde) zidxa | JiImaumal= djels 19]
{(((1dxa 1dxag) aaumar) dus™q) = zadxa 19|

‘(onu, baui ((a1e1s | uonedijqorad) syr) joogasedas) = 1dxa 19§
'y >¢ (auo++1ys) = baui j9;

‘91818 15| A21qQe Ad1qqe uud
‘ares
((a1e1s | uonedi|qolad) <==
" (as[eq [enbg (3 >$ (UO++17Ys)))
‘(a1e18 | uonediqo1ad) <=
(onu], fenkg (3 >g(auo++17%s)))]
[ 9[eDeoipald— Ajdde = a1els 19
(1+as)eRqg => vijap //

tajes ajeyg und
(o118
[zsAs .
‘(((quo++17ys) 15d) =>, (B33P +, (1) 1sd))) <=
(zsAs puy [54s)
‘((auo++u) =>¢ (AUO++17YS)) <== ((3U0--U) =>¢ [T YS)
‘(au0 =<§ (3UO++17Ys)) <== (U0 =<§ 17}s)}
1 ojeDasedIpaid—A1dde)
| di~4dde) y dj~4dde) | d{"Ajdde = ayess 19;
{((3uo++17)s) BijaQq) =>, BIIp = 7S4S 19]
((euo++7ys) B2Q) +, (s 1sd)) =
((auo++17ys) 15d) = [s4s 19]

‘a)els 15| A21qqe A1qqe juud
‘115 Jdxa | Lnjenbo~Ajdde = aieis 19]

{I7ys (auo--(suo++17ys)) ((de1s | uonediqoidd) syi)
upaoejdas) = 1dxa 19|

‘a1e1s 1S A21qqe A31qqe jund
‘(LS
[(o1m318 | uoneB1q01ad) <== (1TYs =§ (uO--(3U0++1"s)))
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>, ((suo++auo++1ys) neik))

‘(U =>¢ (UO++9U0++17YS)) <== ((3U0--3UO0--U) =>¢ I §S)

‘(3UO0 =< (JUO++3U0++17)S)) <== (013Z =<§ I Y$)

‘(3su1 puy payas) jenbg payos)

] o1eD9Neoipasd~A|dde) (auo++3uo++1YS) | aenuesur)
{ di~Aidde) | di~4dde) | dj"A|dde = a1ess 15}

{((((uo++auo++17ys) isd) +,
((3uO++9uo++17)s) Uasuif))
>, ((2UO++3u0++17)s) NeIf)) <==
((u =>¢ (uo++3uo++1™ys)) puy
(9uo =<¢ (AUO++3U0++17)S))) = 15U 19]
‘a1e1s g sisayiodAyYiad = payos 19)

31e)s 7 | sisayrodAy—Aq = aies 19|

‘oress aeiguud
‘(o818
[((((auo++auo++17ys) isd) +,
((oUO++3uo++17YS)uasuik))
=>, ((auo++auo++17)s) neik))
<== (((3u0--3u0--u) =>¢ I"}S) puy (019Z =<§ 1" ¥s))
‘((suo--auo--u) =>¢ 1" ¥s) [enbg ((auo--u) >¢ 17ys)] -
1 oreDaedIpaid—A[dde) | a1a10s1p~Adde = Qsm 19]
HEIDS L))

‘arels ey und
‘(215 p T sisapodAy—4q)
[((((euo++u) 15d) +, ((3uo++u)uasuif)) =>, ((auo++u) nei)) <==
Q:o=0++5 a& +, ((suo++u) :um_:bv =, ((auo++u) nejf))]
ré u_mooﬁo_voilba%v 7 di Aidde = ajeis 19]

tare)s ayeig und
‘aeys 1dxa g Anjenba~ £ dde = ajels 19;

{(3u0++u) (3Uo++(auo++(3uo--u)))
((sre3s g uonesiqoyad) syr) wpaoeidar = 1dxa 39|

HELIN
[(a1e3s T uonedqoiasg)
<== ((uo++u) =§ (UO++3U0++(3U0--U)))
‘as[e, [enbg ((Suo++u) =§ (3Uo++3uo++(3u0--u))) 10N]
Z oleDeaipaid Kjdde) g di”4Ajdde = eis 19

‘1e1s 9je1g jund
taess 1dxa g Lijenba4jdde = a1e)s 19
{(auo--u) I ys ((a1e1s Z uonediqoiad) sy1) jujaoe(dar = 1dx2 19

‘aeys aeiguud
((are1s
[(svers 7 uonedijqoiad) <= 20:0--5 =¢ I Ys)
‘as|e,] jenbg ((((suo--u) =¢ 17s) 10N) puy
(748 =>§ (3U0--)) puy ((2U0--u) =>§ I"Xs))
“((3u0--u) =>¢ 17s) [enbg (u >¢ 17¥s)]
7 d[en3eaipaig~K|dde) g s1a1os1p~Adde) z d{”Ajdde = sjeis 19]
qru=ys

tajers ajeys wnd

‘(aws

[2sieq [enbg (((suo--u) =>¢ 7Ys) pUY (IS =>§ u))]
£ o[eDaedipaldA|dde) ¢ dj"A|dde = a1ess 19|
qJru<ysy/

‘are)s oS juud
‘aje1s {u ‘auo--u] IT¥s | gsiskjeuyase)) = aleis 19

(z+3s)tsd + (Z+As)uasut > ney (Z+Y5)K 7 Vi
‘orels ayeg yuud
‘((ers
Smhm

Amiw <== (((auo++17ys) ak) [enbajou™q (I7s Ah))) <==

(((3u0--u) =>¢ 1Y) puy (019Z =<g 1" ¥s))

‘pshs <==
(((auo--u) =>¢ 1)) puy (013Z =<§ I }s))

‘gshs <=

(((3uo--u) =>¢ 17yS) puy (019Z =<§ " )s))

‘7sAs <==
(((2u0--) =>§ 1735 puy (0192 =<§ I"¥s))

{((((auo++17ys) 1sd) +, (17Ys Wasuif)) =>, ne)) <=
(9sAs puy ¢sAs puy pSAs puy gsAs puy gshs puy |54s)
‘asje,] jenbyg (
((((Quo++17ys) 1sd) +, (ITys wasuik)) <, aey) puy
((((3uo++17xs) 15d) +, (17}s WAsIk)) =>, nen)) )
[ ajeDaeaipatg—A(dde) | di~Ajdde) | di£jdde = ajess 19j

{((auo++auo++17Ys) BI2Q) =<, (®I3p -, 1d) = 9s4s 19]
{(d -, (175 wasulf)) =, ((SUo++1)s) Wasulk) = ¢sAs 19]
{((QUO++3U0++17Ys) WASUIK) =<, ((3U0++17)s) UasuIk) = psAs 19|

{(((auo++3uo++17ys) Bl2Qq) +, ((duo++17Ys) 15d))

=, ((3uo++auo++17ys) 1sd) = gs4s 19]

Eo__o++u:o++_ %s) 1sd) +, :ozo++o:o++_ 3s) Masuik))
=>, ((UO++3uU0++1"Ys) NeIK) = 7S4S 19
}(R19p +, ((SUO++3UO++1YS) NEJA)) >, ne) = | SAS 19]
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[((d -, (™ys wasuik)) =, ((uo++1¥s) UIsUIK)) <==
((1d +, ((3UO++17)s) Basulk)) =, (1S Wasuik))
‘(u =>¢ 17Y5) <== ((su0--u) =>¢ I }s)
‘(1sul puy ujop~upasul) [enbg ujapTuasui]
1 ofeDedipald—Ajdde)
17ys | aenueisul) | di-Adde) | di~Ajdde = aess 19

tApoq <== ((u =>¢ I735) puy (013 =<g§ I"Xs))
, =15U119]
H((((1d +, ((duo++{7ys) uasuik))
=, (7S uasulf)) <==
{((suo++17ys) aK) [enbajou™q (17s A4))) puy
((((Quo++17%s) wasuik) =, (1™ys wasulf)) <==

(((uo++173is) AK) Jenbg (1Iys AK)))) = 4poqial

‘1es g sisayiodAy)a8 = ujopuasui 19

‘alels g | sisaytodAy—Aq = 2els 19
1d - (ys)uasul = ([+ys)uasul °g n

ojels BSWIE_E
‘(are1s 1 | sisagrodAy~4q) [} | opeDaesipard—Ajdde = ajels 19
‘(a1eis 1] | sisayrodAy—£q) {] | areDaresipaig~Adde = arers 19]

‘aes apelg und
((arers
[(eyap >, 019271)
‘(e13p +, B3j9p) =<, ud
“(((uo++auo++1 ¥s) BAsuIf) =<,
((uo++1ys) Hasulf)) <==
(((1d +, ((2UO++3uo++1js) HaAsuI)) =,
. ((3uo++17ys) uasulf) )
puy (Ej3p >, 013271) puy ((21[2p +, ®I[9P) =<, Id))
‘(((3uO++3uo++1yS) Hasuif) =<,

. ((ouo++1ys) uasuif)) <==

(((suo++auo++1ys) wasuik) =, ((ouo++i~ys) Hasulf))
‘(U =3¢ (3U0++17Ys)) <== ((uU0--u) =>¢ I ys)
(0192 =<§ (AUO++IYS)) <== (0I3Z =<§ I" ¥$)
‘(3su1 puy ujapuasur) fenbg ujap Hasui]
1 o[eDatedipald—Ajdde) (suo++17ys) | alenuejsut)
1 di”Ajdde) 1 d|"£jdde) | d[74jdde) | d[ Ajdde = 9ess 19]

. tApoq <== ((U =>¢ (uo++1"Ys)) puy (0192 =<§ (U0++1"¥s)))

. =15U1 19
$((((1d +, ((SUO++auo++1Ys) UAsUIL))

=, ((3UO++17Ys) Uasuif)) <==
- (((auo++auo++17ys) AK) [enbajou™q ((3uo++17%s) AK))) puy

on.:o++o=o++_|x3 Hasulk) =, ((uo++17)s) Uasulf)) <==
(((uO++3uo++17ys) AK) [enbyg ((auo++17Ys) AK)))) = 4Apoq 13|
‘ojels g sisay1odAy1ad = ujapuasut 19

o118 8 | sisaylodAy~Aq = arers 19y
(z+as)uasul =< ([+ys)uasul p "

‘are)s Jei§ und
. ((arers
[((ouo++U) =>¢ (SUO++3U0++17YS)) <== ((3u0--u) =>¢ " }s)
‘(3U0 =<§ (3UO++3UO++17Ys)) <== (0132 =<§ I ¥s)]

{ o[eDaedipaid Aidde) | djAjdde) | diA(dde = a1eis 19|

tajeis aeig uud
‘aiels 1dxa | Anenba~4jdde = arers 19)

{(3UO++17Ys) (9u0--(3UO++3u0++iYS))
(o115 | uonediqo1ad) syr) yupaoejdal = adxa 15

‘aes aeis und
‘(a1
[(sur ujapTisd (a1E1s | uonedijqoiad) joogaoe|dar)
<== ((UO++1"Ys) =¢ (SU0--(UO++3UO++I)S)))
‘asfe [enbg ((auo++17Ys) =¢ (UO--(3U0++U0++I")S))) JON
‘(sut puy ujapTisd) jenby ujapTisd)
i oeDedipalgAjdde)

(uo++auo++17ys) | arenueisur) | di-£jdde = apeis 191
“((((auo++auo++17Ys) Bl2Qq) +,

((3uo--(uo++3uo++1~¥s)) 1sd))
=, ((9uo++3uo++1¥s) Isd)) <==

(((Quo++u) =>¢ (SUO++3U0++1)S)) puy
(auo =<g¢ (aUO++3uo++1"ys)))

=)su1 19]

arels g sisayrodAy1as = ujapTisd 19]

ajels 0 | sisaylodAy~Aq = arels 19]
(zHas)eiag + (1+as)isd = (T+ys)isd ¢ /]

‘aeys ey wuud
(s
[
((((suo++auo++1ys) 1sd) +,
((3uO++3u0++17Ys) Wasuif))
=>, ((3U0++3U0++17ys) neik))

((((suo++auo++17ys) 1sd) +,
((3UO++auo++1ys) 1asulf))
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{a1e)s auop

‘ae)s aje1g und

‘(aels

[osie4 renbg ((&12p -, d) =<, (e)2p -, 1d)) 10N]
1 ojeDaseaipald—A[dde) | dj£jdde = are)s 19§

taess ageygjund
‘ajels , punoq Jaddn,, | auodisod = aje)s 19)

tajels eig und
HEIEN
{punogiaddn
‘(a1e1s | uonhedijqo1ad) <== punoqiaddn|

| ojeDawoipaid Kjdde) | d[7£|dde = a1eis 19

taes eig T und

(21835 1dxa g Anjenbo~A(dde) zadxa  J1~a1umal = els 191
{(((adxa 1dxag) aamal) duis—q) = z1dxa 19;

‘(as[eq baut ((aters 7 uonediqoi1asd) sy1) joogaoejdar) = 1dx3 33|

‘(a1e1s 1dxa | Anjenba~Kjdde) zidxa | jITaiumal= Aels 19]
“(((1dxa 1dxag) amumal) dus™q) = gidxa yof

‘(o baur ((s1ms | uonediqoyad) sy1) joogaoedar) = 1dxa 191
'Y =¢ (suo++3uo++17Ys) = baur )91

s areys und
el 13
[(s1e1s | uonedjqoyad) <==
(asje.] jenbg (3 =¢ (uo++2u0++1)s)))
‘(21818 | Uoned1]q01al) <==
(anu] enbg (y =¢ (Suo++3uo++17ys)))}
1 ofeDeoIpald—A[dde = pess 19

‘a1e)s ae)suud

‘(a8 11 | sisaylodAy—4q)

[(e19p =<, (enap -, 1)) <== (&3P +, &113p) =<, 1d)]
| ojeDatedipaig”Adde) | di4Ajdde = ajeis 19;

‘aess ajeig uud

‘(are1s 1dxa z Anjenba~K|dde) zadxa 7 JIa1umal = ajels 19)
{(((4dxa 1dxag) ayumar) dis™q) = gidxa 19]

‘(asjeq baut ((ae1s g uonedjqoiad) sy1) joogaoeidal) = idxa 19}

‘(aess 1dxa | Kujenba~£jdde) zadxa | jiT 1Mol = 1e)s 19|
{(((4dxa 1dxag) arumar) duis™q) = gadxa §9|

(aru g, baui ((;1eas | uonediqoiad) sys) joogasedar) = 1dxa 39
B Y >¢ (auo++auo++1ys) = bauy 191

‘ajeys arpyg und
‘s
[(s1e35 | uonedqoed) <==
(as[e |enbg (y >¢ (3uU0++2uo++17ys)))
‘(o115 | UONES1|Q01AT) <==
(anuy, enbg (3 >¢ (uo++2uo++1Ys)))]
[ o|eD9edipald ~A|dde = Jjess 19
(z+as)eyag =<ejap-1d g I

‘aiess ajeig und
(((arers
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B.2 Proof Script for the FIFO Transition




= Jasul 1 19]

o ‘(ud +, ((3uo++u) neik)) => ney=  17]19] : ‘qe(q=<,e)Ji1=qeXxew |
M.. (Bulp <== 3[qqnq) (u ‘3uo) I jjerod =  J7119| . xew j/
{((enap +, (((auo++1) neik) ((auo--1) neik) xew)) >, ney) :suonduny Jasn Jf
= Sunun 9 .
{((((ouo++1) AL) [enbg (AL, AeeTq = AK)9]
(1 AK)) puy ((1 AK) jenbajou—q ((suo--1) AK))) = 91qqnq 19 :SI[qeLeA UBS[00q //
((id +, (019z nejk)) =>, ne)) = 1|19
{((((uo++u) 15d) +, ((uo++u) uasuik)) =,
((suo++u) neif) ) puy {(((enap -, 1d) (43 -, exgapy -, epquue)) (1 =¢ 1) 1Y)
((019z uasuik) =, (0192 neik)) = epquie[ [19] eippp (O >¢ H Iy =t1vpg 1|
{(ney =>, (1 neik)) ((duo++u) ‘019z) | |[BI04 = [esned | 19| < (epp-td)(-u), ¥ =33 19
(1 15d) +, (1 wasuik)) >, (1 neif)) LB, ¥ = BI9PY 193]
(u ‘auo) 1 [{elof = PaYdsT| 19|
. 1S 2)8]S Ul JUBLIBAUIL // ‘Jisd, AeweT1= 1sd g
< uasuik, Aene™1 = pasuif 19|
. {(((((suo++0) AK) fenbyg (f AK)) (neif, Leue~ 1= neik 39
puy ((f a£) jenbajou™q ((suo--i) 44))) ¢ epquue, ¥ = epquief 39]
puy ((u=>g¢ ) puy (suo =<g N)) =D 19 Leep, ¥ = Bap 19|
D uonipuod j L o= dagg
: (e, = nerigl
‘19454 vy ‘€Y ‘TY ‘14l =419 . '] 0 15U0d1 = 0J3Z 119

sajqeuea [eal //
‘(eap >, 033271) = 94 19|
{(u>¢ 013z) = ¢y 19| UL [=u39f

*((enap -, 1d) =>, (1 &)[2Q0)) ! 1[€10) = pY 19] JA=439]
‘((en2p +, BIop) =<, 1d) = €419 [=319]
M H((rer2@) +, ((ouo--1) 1sd)) =, (1 15d)) . Lhoa=he
< roo++mv *au0) | [[eJod = ZY 19| Wb 1=199]
~ ‘(013271 =, (0132 18d)) = {4 19§ . {7 1SU0d = Om] 19|
1] . ‘] 1SU0D = 2UO 19
5 ) elp>09// $0 15U0d = 013Z 13]
“ u>Q s/ :sa|qeurea Jogayut /7
B, wipap - 1d => (Neaq | {[e10f 'y :
m - eljop,z =<1d ‘¢ s/ . : ‘jenbajou™q ¢ xyui
1%5] (Weaq + (1-Nisd = (1)isd (1+u *f) L jjesoy T ‘[enbajou™1 ¢ xyul
5 (z'1) 15d Jo uonuuyap | 0= sv_mun I ‘[enbajou”s ¢ x1jul
o :sasayjodAy y/
D.“ ()01 ut uaaoid si a[npayasT]) I4npayds 1dadX3 JUBLIBAUL [[€ J/
Hq<==((n=>¢ 1) puy (1 =<g 1))) ! [[e10] = q (n'[) | {[eIO] 13] N
(03] [1eloy // << "
~yasur([-DA ‘aey far([-NA =2 i
: ‘(q renbg ©) 10N = q & [enbajou—q 9] wasur (DA *ney (DA ‘A(DL <-- i
S q>$e)10(q<ge)=qe[EnbajouTiz (A (1+DA = A (D) ANV (A (DL = A (1-DA)  >> Vi
a, {9>e) 10 Mw <, B) = q e [enbajou™1 19| {u-p}wliop y
AM. sad 4y sa1y) [je 105 [enba Jou y uonisuen OJ14 JAV.LS //
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‘ae)s ayelg uud

dne1s 1ys 1 (des | uonedqorad) idxays
[ wajoys~Ajdde = aels 19)
s 1 (s | uonediqojsd) [je10) waoys = 1dxaYs 19}
WS, 1= 5 19
:Jesned [ Jo3yd ‘| //

‘aress aeig T und
‘1818
[
: JPaYasT] ‘Masur]
1071 epquiep T JesneaT]
I ojedaeoipaid—Ajdde = aeis 19

‘aress aeig T und
‘dAy wirelo jooid~pess = eI 19|
L,PayosT| puy ,uasuiT] puy
JTIPUY 17| puy )7 puy Epquie[”| puy [ESnEd | = WIEd 19|
‘ne) => ney (14 ((1+u Q) | [jeIo) (wied Jj/

x
(((1d +, (((uo++1) wasuif) ((suo--f) pasuik)
_ (f=g (quo++n) ji71)) =,
((y uasuif) ((suo--f) wasuik)  (f=¢1) 3173)) ==
((((3uo++1) AK) ((auo--f) AK) ([ =g (suo++1)) JIq) [enby
(((1A4) ((3uo--N AK) (F=¢1)J17q) 10N)) )
A puy
((((auo++1) pasutf) ((suo--f) pasuik)
: (f=¢ (quo++n) 3" n) =,
((ruasuik) ((quo--Nuasuk)  ((=gn 1)) <==
((((3uo++1) A4) ((suo--N) AK) (f =g (auo++1) Ji7q) jenby
((1aK) ((uo--H ak) (=g 11 q) )
i (u ‘013z) | j|eI0q]
= ,Uasur 19|
(1d +, (((ouo ++ u) neik) ney ([ =¢ (U0 ++ u)) Ji1)) =>,

ne)
= J11
‘(Bunun <== 21qqnq) (u ‘uo) 11O = JT[19]
B

(=ap +,

(

(((suo ++ 1) neik) ney ([ =¢ (U0 ++ 1)) JI71)
(((3uo -- 1) neyk) ney ([ =g (auo -- 1)) JI~1) xew ) ) >, ney)
= Sumunigy

((3uo ++ 1) AK) ((3uo -- [) AK)
(f=g (quo++1))37q) [enbgy
((1ah) ((Guo - N ak) (F=g 1) 317q) ) puy
o
((1AK) ((auo -- ) ak) (F=g 1) }7q) [enbarou™q
(
((3u0 -- 1) AK) ((3uo -- ) AK)
(= (uo--1)Jq) ) )

= .,91qqnq 39|
‘(1d +, ((013z neik) ney (f=g 019z) jI 1)) => ner= 1 [19]
{(((duo++u) 1sd) +, ((3u0 ++ u) WAsUIA)) =,
(((au0 ++ u) ne1k) ney ([=¢ (du0 ++ u)) J1° 1))
puy

Q,Euu uasuif) =,
((019z neik) ney ([ =¢ 0192) J171))
: = Bpquie| 1 19]

t(ney =>, (1 neik) ney (=g 1) J171))
((suo++Uu) ‘0132Z) 1 [[el0oy = ,jesned™ | 19|

(1 15d) +, ((1 wasuif)
((auo--1) pasuik) .
(F=¢g ) >,
((1oeak) ney (= 1) Jr1))
(u ‘auo) 1 jJe1o] = PpayosT] 19}

TS els ug juepreAul //
Y :, 1:D) puadde = dAy 19

“[MasuiT] IT] YT Y] epquuel ] ‘[esned| ‘payosTy] = |1 19]

H(((d +, ((Uo++1) Wasulk)) =, (1 HasuIk)) <==

((((uo++1) AK) |enbg (1 A4)) 10N)) puy
((((Su0++1) WoswK) =, (1 Uasulk)) <==
(((3uo++1) AL) jenby (1 AK))))
(u '0132) 1 [je104




‘apels dpeig T und
‘ajels auou ¢ | padueyoup) = eI 19|
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‘31e1s geyg T ud
‘(atess adxa § Knjenba£jdde)
(1dxa sprduys) [ JIaiImar = 3jels 19§
‘asey ([ =¢ 013z) ((21e15 | uonediqoiad) sy
joogadeidal = 1dxa 19]
:ased asje.g=(I=p) //

‘aess aeyg und
‘arers | diAjdde = ajers 39

‘aje)s ayersyund

e)s [ase [enbg ((f =¢ 019z) puy (suo =<g )]
1 o[eD3esipald—Ajdde = jeis 19]

+a1e)s 91e)s wud
‘ajels | | s1saylodAy~4Aq = ajeIs 19]

- ‘oyers ey und
‘aels [asfey fenbyg ([ =¢ 0192z)] | ofeDaeoIpalg~Ajdde = aeis 19
ased s =(I=0) //

tore)s eisTupd
‘aess ([ |a EoNV 1 sisAjeuyase]) = LIS 39|
V1Yo g //

.QSW auou | padueydup) = 31e3s 19|
$,auou,, [ = duou 19|

‘aeys arelg und
‘(a1egs adxa-| Anpenba—4(dde) .
—_— (1dxa syduis) | JIaIUmal = Ae)s 19
.om_n"_ « ln (ouo++u)) ((a1e1s | uonedijqoyald) syi)
[oogadejdal = 1dx3 )9
:9sed asjed=(l=(j+u)) i

‘ae)s aeys uud
tagers | di~Ajdde = aeis 19

‘are1s ae1g uud

.ssm [aste fenbg ((f =¢ (suo++u)) puy (u =>¢ N)]
1 ofeDaeapalgd~Ajdde = aeis 19)

Appendix B. Proof Script for STARI

. . ‘a1e)s el und-

“aiels aie1g wud
‘ares | | stsayiodAy—Aq = a1e1s 19]
:ased anu | =(f=(]1+u)) /I

, orels s uud
aess ([ =¢ (auo++u)) | sisjeuyase) = deis 19|

‘2118 AjeIs und
‘(aess 1dxa | Lijenba~4|dde)
“(adxa sy—dms) | JITaumal = 91els 19§
tasjeq (f =¢ o1az) ((;e1s | uonedyqolad) syl) ~
joogade(dal = 1dxa 39
:ase0 asped=(=0) //

‘aje)s geis wud
‘ieys | di”Kdde = aess 391

2115 aeis uud

ta1e1s [asjeq fenbg ([ =g 019z) puy (auo =<§ )]

1 orepaedipard—Kjdde = ageis 19

ta)ess ey und
‘e | | sisayiodAy—£q = s 19]

‘ajes aeyg und
tajels [as|e _mscm ([ =¢ o13z)] | ofepaedipargd K|dde = a1eis 19
ases anu =(f=0) //

apels geis T und
‘o1ess ([ =¢ 0192) | sIsAjeuyase)) = aels 19|
‘epquie] | Yo3Yd g //

‘opers aperg T und
‘21BIS 1Y ¢ [ padueyoup) = I1e)s 19|
o580 asjeg=([=17%s) //

‘a1es ajeig und
aeys | diAjdde = aqess 19

‘ajess apeg und

‘ajeis [asjey jenbg ((ne1 =>, ney) 10N))
[ ojeDeoipald—Ajdde = ajess 19|
-ased anu [=([=1"ys) //

taess aeisud
1818 (F = 17yS) | JI 2A0way = ajels 19)
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<== (asfe fenbg ([ =§ (3U0++17%5)))

‘as(e fenbg ((f =g (3uo++17xs)) puy (I7xs =>§ (om1++))) -

‘asjef [enbg ((f=g 17s) puy (174s =>¢ (omi++D))
‘as[ed [enbg ((f =g (uo--1s)) puy (7As =>§ (omi++0)))
p o[eDaeoipaly—Aidde)
)W dj~Kjdde) ¢ dj"£jdde) ¢ dj~Kjdde = 15 15}
padueyoun Aq paaoid :(j+u) > i)s => (g+[) osed 1/

‘arels aye)g uud
‘a1e1s 17ys 9 [ paSueydup = RIS 19|

tajeys aeIg und
{(a1e1s 1dxa | Lujenba™4jdde)
(adxa sp—dins) | JIaumal = 3jels 19}
‘as[ey ([ =¢ (suo--1-¥s)) ((Aess | uonediqoiad) syi)
[oogaoejdai = 1dxa 15§

‘(aess 1dxa | Lyjenbo—£jdde)
(adxa sy—dns) | Jajumal = Ae)s 19
‘asged (=g 1™s) ((a1e1s | uonedijqoad) syy)
joogaoejdas = 1dx3 13]

‘(ares adxa | Linjenbo4(dde)
(adxa sjdus) | JIo1Imal = 3)eIS 19§
‘as(eq (f=¢ (uUo++1™ v_ms (a1 | uonedpqo1ad) sy1)
joogaoejdal = idxa Ho_

R
Aers [
((((a1e1s | uonednqoad) sys)
<== (3s]ey jenbg ([ =g (suo--17ys))))
<== (as[e] [enb] ([ =g 17s)))
<== (as{e] [enby ([ =g (uo++17Ys)))
‘asje] [enbg (([ =g (auo++17ys)) puy ((uo--f) >§ Iys))
‘as[e [enbg (([ =¢ 17¥s) puy ((uo--) >¢ 1¥s))
‘ase [enbg (I =¢ (qu0--1"3s)) puy ((3uo--f) >§ 17ys))]
I o[eD?1ed1pald—Ajdde)
)1 di"Adde) | dy"4Ajdde) | dj"£jdde = apess 19]
+pa8ueyoun, £q paaosd :(1-) > I ys => [ ased jf

‘are)s g ud
B
Aaers
[as]e [enbg ((3uo =<g (ys) puy (2uo >¢ 1xs))]
1 o[eD3edIpar g A|dde)
1 di”Ajdde = aieps 197

28ues Jo 1no st 17ys yons jeys Suimoys £q ;| > I7YS ased /

‘ajels ayeis uud

aels

[(auo++u) Ao>:++o ‘(suo++{) ‘f ‘(auo--f) *auo] ITys
1 ZsisA[euyase)) = ajeis 19

tarels aei§ uud

‘3118 17Ys | (A1eis | uonedijqolad) Jdxays
1 wajoys~A|dde = aeys 191
W_J_m 1 (e)s | uonediqoiad) jfeso) wajoys = 1dxa s 19]
LUAS, =1 S 9]
JIAPRY ¢y

‘areys aeig uud
‘aje)s auou ( | padueyouny = Iels 19}

‘areys yeis und
‘(9ress 1dxa | Lienba{|dde) )
(adxa sjdms) | JI91umal = 31e)s 19
‘asje ([ =¢ (suo++u)) ((ge1s | uonedjqo1ad) sys)
joogaoedas = 1dxa 19§
:ased asjef=({=(|+u))

‘aje1s Jeig juud
«oeys | di~Ajdde = a1ers 19y

aeys e und |

‘ayess [as[e,] fenbg (([ =¢ (suo++w)) puy (u =>¢ )]
1 o[eDaeoIpalg—Ajdde = atess 19

‘el ae1g wnd
‘aers | | sisaylodAy~4q = Iels 19]

‘ajeis yeig Hund
‘ayess [asje [enbg ([ =¢ (auo++u)))
1 9[eD2edIpald ~Ajdde = a1e)s 19}

Cswpop
0} :o::B 2q pInoys uonduny 0Bl Ue Jeyl adsns  //
0 17 ut 9seD anu | =(f=() 01 Je[IWIS YONW 00) ST SIY1) 1

aseo anuy = (f=(]+u)) y/

‘aje)s Bﬂml.:ta
are)s ([ =¢ (auo++u)) | sisAjeuyase)) = aless 19|
1Y
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‘s sy wud
‘(aress 1dxa 7 Knjenba4(dde)
! (adxa sy dns) g JroiImar = awls 1]
X
as|eq (ney =<, ((3uo--1ys) neik))
((a1e1s 7 uonediqoiad) syi)
joogaoejdar)
<== ((a1e1s g uonedijqoiad) syp) = 1dxa 39|

‘9jels ajeigund
‘(aess adxa | Lnjenba~£|dde)
(adxa sj1dins) | JIT11IMaI = 9B1S 19]
: ( _
anuy, (ne) =<, ((auo--1ys) neik))
| ((are1s | uonediqoiad) sys)
! joogaoedar)
== ({21835 | uoned1qoyad) syi) = 1dxa 19|

‘3188 9jeIs T wnd
‘eS|
(((s1e1s | uonediqoiad) sys) sy1)
<== (as]e4 [enbg (ne) =<, ((uo--1"¥s) neIk))) -
‘(((:e1s | uonedijqoiad) syi) syi)
i<== (oru, [enbg (nB) =<, ((3u0--1"¥s) ne1k)))]
[ o[eDaed1palg—Adde = ajess 19]

. ‘aes aeyg wnd
‘(1.5 1dxa | Kijenba£jdde) :
(adxa sjr=duis) [ JImamal = 18]S J9f
‘as[ey (I =¢ (suo--17¥s)) ((ares 1 uonedijqoyad) sys)
joogasejdas = Exu 19]

‘(a1es adxa | Anjenba4dde)
(adxa spduis) [ JIo1mal = qje)s )9
‘as[ed (=g 17ys) ((31e1s | uonedyqoad) sy
[oogaderdas = 1dxa 39]

‘(ae1s adxa | Kyjenba4dde)
(2dxa sjrmduns) | JImaimar = 3els 19
tonu], le Ao=o++_ %s)) (s | uonedqorasd) syr)
[oogasejdal = 1dxa 19|

‘aje)s apeyg und

A (s {
((((a1e3s | uonedrqoyad) sy)

== (ss]e4 |enbg ([ =¢ (3uo--1"%s))))
== (ase4 [enb7 ([ =¢ 173s)))
== (aru |, jenbg ([ =§ (Suo++17¥s)))
‘as[e.] jenbg
(((f =$ (uo++17%s)) 10N) puy (17s =§ (auo--)))
‘as[ed jenbg ((f =g 17s) puy (I7ys =¢ (suo--)))
‘asjed [enbg ((f =$ (suo--17ys)) puy (I™s =§ (uo--N))
‘asfe,] jenbg (((1™ys =¢ (suo--0) 10N) puy
(1748 =>§ (3uo--) puy ((duo--f) =>¢ 17xs))
‘((fuo--f) =>¢ 17ys) jenbg ([ >¢ 17 ys)]
[ o1eDeaIpaid—K(dde) | aja10s1p~Ajdde)
1 di-Aidde) | di~£jdde) | dj~£jdde) | di—4idde = aers 19]
q-f=1ysosed

‘aers s uud
‘(arers
[asieq fenba ((u =>¢ 17Ys) puy (ITys =>¢ (auo++u)))]
¥ oeDaedipald~4jdde)
y di—A1dde = aress 19)
a3ues Jo 1no st 1 ys yons ey Suimoys £q (1S => ([+U) ased y/

‘oe)s aeis uud
‘aje1s 1 )s 9 $ padueyoup) = 3jels 19|

‘aje)s aeg uud
‘(are3s 1dxa p Lienba~£[dde)
(adxa sjr~dus) ¢ JIauMmal = 34els 19]
‘asjeq ([ =¢ (suo--17ys)) ((a1e1s $ uonedjqoiad) syi)
joogaoedas = 1dxa 19

‘(arets 1dxa p Aijenba~Adde)
(adxa sjdins)  JIaiumal = ajels 19|
tasjeyq (f=¢ 1ys) (s p :o:nm__nouuwv sy1)
[oogaoejdas = ydxa i3]

‘(aress adxa p Lijenba~4|dde)
(1dxa sj—dins) ¢ JiaIumal = 3je)s 19|
‘asie ([ =¢ (suo++17Ys)) ((a1e1s ¢ uonedjqorad) sys)
joogaoejdar = 1dxa 19|

{((((avess
. [
((((rers p uonesd1qoiasd) sys)
== (asje,f |enby ([ =¢ (3uo--17Ys))))
== (as|e |enby ([=¢ 175)))




pasejdal = 1dxa 19|
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‘91e)$ Aeig uud
H((((((ess
[((((a®=1s | uonedyqoiald) sy1)
<== (dnu[, [enby Quw (auo-- v_&sv
<== (3s|eq |enbg (=g 17¥s)))
<== (3sje [enbg ([ =§ (uo++173s)))
*asie Jenbg ((f =g (suo++173s)) puy (17s =§ (uo++0))
‘asie jenbg ((f =g 1s) puv (1is =¢ (suo++0)))
‘as|ey |enbg
(((f =3 (su0--173%8)) 10N) puy (I™4s =§ (Suo++0)))
‘asje fenbg (s =§ (uo++0) 10N) puy
(174 =>¢ (auo++)) puy ((3uo++)) =>¢ 17ys))
‘as[eg fenbg (((uo++0) =¢ (auo--(omi++0))) 10N)
‘(((auo--(om1++D) =>¢ 17ys) [enbyg
((quo++) =>¢ 17ys))
<== ((duo++{) =¢ (suo--(omi++)))
"((@uo--(om1++D) =>§ 15) [enba ((Om1++D >§ 1 ¥s)]
1 3jeD21ed1paig—Ajdde)
1 91210s1p~4|dde)
7 dI~£jdde) 7 djAidde)
z di~A(dde) g dj~£|dde) ¢ dj~A|dde = ae1s 19]
T+ = 17ys aseo J/

‘aress a1eig uud
‘(@15 adxa | Anjenba™£idde) [] | ojeDareaIpald Ajdde = ajels 19|
1y ((arers | uonedijqorsd) sya) jupaoejdar = 1dxa 19y

‘ore)s ajeis und

‘a1es

[((3u0--0) AK) [enbg ((2u0--17¥s) AK)) <== (I =§ I "%s))
[ s[eDAedipaldAjdde = ajess 19§

taje)s i Jund

‘(aress adxa | Aujenba—£|dde)
(4dxo sjrdus) | JITaiumal = el 19|
41dxa <== ((a1e15 | uonedijqoIad) syp) = 1dxa 19|
tanu], (f =g 1™ys) ((a1e1s | uonedijqorad) sys) -
[oogadejdal = 1dxa 19§

‘arels g und
‘(are1s 1dxa | Anjenba—£jdde)
(adxa syr=dwms) | JITaImal = JeIs 19
tasyey (f =¢ (auo--1ys)) ((a1vys | uonediqorad) sys)

Appendix B. Proof Script for STARI

_oomoum_uoh = 1dx213]

‘(aress 1dxa | Lijenba—A[dde)
(adxa sji—duns) | JIa1umal = 4els 19
‘asieq ([ =¢ (suo++173%s)) ((arers | uonediqolad) syi)
joogadedar = 1dx3 19]

‘aje)s e und

‘(o138 1dxa | Anpenba~Kjdde) [] | sjeDsiedipasd~Ajdde = ajeis 1l
‘[ (auo--(auo++()) ((a1e1s | uonedqo1ad) sys)

wiaoepdar = 1dx2 19]

‘a1e)s deigund
: {({((((are3s
[((((G1e3s [ uonediqorad) syi)
== (onu |, fenby (=g 1" %s)))
== (asje] [enby ( =¢ (suo--17¥s))))
<== (3s]e4 [enbg ([ =§ (3uo++17¥s)))
‘asjey fenbg ((f =g (uo++173s)) puy (17ys =$ )
‘asje [enbg ((( = 17s) 10N) puy (1" ys =¢ 1))
‘asjeq [enbg (=g (suo--17ys)) puy (1Nys =g ))
‘asje Jenbg ((1Ms =¢ ) 10N) puy
(Ms =>¢ ) puy ([=>¢ 1" ¥s))
‘ase, [enbg ([ =§ (ouo--(auc++0)) 10N)
‘(((duo--(auo++()) =>g 1" ys) [enbg ([=>¢ I"ys))
== A—. "% ADCO:AUCO.TTOVV
‘((uo--(suo++M)) =>¢ 17 ys) {enbg ((uo++0) >¢§ 17ys)]
. 1 aleDaeaipaid—Aidde)
1 2121051p~ A|dde)
7 diA|dde) ¢ d"4dde)
7 di~£jdde) g dj—£|dde) ¢ dj—Ajdde = a1es 19}
A =1"ys ased

‘areys aergyuud
‘((aes p1 | stisayiodAy—4£q)
[ssied fenbg (115 | uonedqo1ad) sys) 10N)
puy (&1[3p >, 013z 1))]
1 o1eD3edIpalg Ajdde)
1 di”Ajdde = ajess 19§

‘a1els de1s vl
Qo:\:w v1 1 sisaiodAy~4q)
[osie4 _.Scm ((((a1e1s | uonedijqo1ad) syl) 10N) puy
(ne) =<, ((Suo--1js) nelk)) puy (B1jap >, 013271))]

| o[eDAedIpasg~A|dde) .

| di7Ajdde = ajess 19]




joogadedas = 1dxa 19]
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‘(amess 1dxa | Lyjenba4(dde)
(adxa sp—dwns) [ JImaiumal = ajels 19|
‘asjeyq ([ =¢ (suo++17¥s)) ((Meis | uonediqorad) sy1)
j00gade(da: = 3dxa 19]
‘(15 [(((aers | uonedijqoiad) syt)
<== (3s[ey [enbg ([ =¢ 1 Xs)))
<== (3s]e jenbg ([ =g (3uo++173s)))
‘asieq fenbg ((F =g (suo++17ys)) puy ((auo--f) >§ 1s))
‘asjey jenbg ([ =g 1™ys) puy ((auo--0) >¢ 17s))]
1 o[eDedIpaid—Kdde)
)1 di Kdde) | di £dde = &35 19]
Jpadueyoun,, £q pasoid :(1-f) > 1ys=> | ased J/

‘areys aeygund
{(aes
[asiey jenbg ((019Z =<¢ I™Ys) puy (0192 >¢ 17 Ys))]
1 ofeDaeolpalg—A|dde)
1 diA1dde = a1e)s 39]
33ues Jo 0 st IYs yons jeyy Sutmoys £q 1| > I7Ys ased

91e1s eI und
‘01818 [(auo++u) ‘(duo++() *f ‘(auo--f) ‘010z] 1S | ZsIsA[euyase]) = eis 19

‘aers ey wnd

‘a1es 17ys 1 (gers § uonedyqorad) idxays
1 wajoys~Ajdde = ayers 19
{YS 1(1e1s | uonediqorad) jjeso) wajoys = 1dxays 19]

MAsuIT[ Yoayd °9

‘aels eI und
‘((aeis 1 | sisayrodAy~4q) .
: {
asfeq [enbg ((((ae1s | uonesyqo1aB) sys) 10N)
puv ((((auo++17ys) neik) =<, ney) 10N)
puy (E)jop >, 0102°1))]
1 oreDaedipald—Kjdde)
1 dirhdde = a1eis 191

‘ajeys aye1sund
‘(a8 1 | sisaypodAy—£q)
(ose reabg ((((a1ess | uonedqo1ad) sys) 10N)
puy (eysp >, 019z271))]

g
wn
b
<
A d
&
3
n
8
=
A,
M
g
Q,
<

WIAS I=TAs L

| a[eDaedipaid~K|dde)
| di”Ajdde = aje)s 19

. a1e1s Aeig wnd
‘(a1e1s 1dxa 7 Anjenba4|dde)
(adxa sjr—dins) g JiTaiumas = 2els 19
‘(asjeq (((suo++17ys) neik) =<, ney)
((a1e18 T uonediqolad) syr)
joogaoejdal)
== ((a1e1s 7 uonedjqo1agd) syj) = 1dxa 19

‘are)s ae1g uud
{(are1s 1dxa | Ayjenba~Ajdde)
(adxa spmduis) § JImaiumal = 3jels 19|
‘(aruy (((suo++17Yys) neik) =<, ney)
((a1e1s | uonedijqolad) sy1)
[oogaoejdar)
<== ((as | uonediqo1ad) syj) = 1dxa 19|

‘o1e1s areis T und
ajess [(((ams | uonedijqoiad) sy1) sys)
<== (as[e [enbg (((suo++17ys) neif) =<, ney))
‘(((are1s | uonesyqolad) syi) sy1)
<== (ani], jenbg (((auo++17¥s) neik) =<, ney)))
: , 1 oleD2edipald—Ajdde = ayeis 19}

‘3)ess eig und

(a1e1s 1dxa | Ayjenba—Kjdde)
(adxa sy dnis) § JIaiumal = aels 19|
‘aru ] (=g (auo--17ys)) ((amis | uonedyqoiad) syt)
Joogadeida = 1dx2 19)

{(aress adxa | AijenbaKjdde)
: (adxa sp—digs) | JIaiumal = aels 19|
‘asjeq (=g 1is) ((@1e1s | uonedqoas) sy1)
joogaoedal = 1dxa 13§

‘(o35 1dxa | Anjenba—Ajdde)
(adxa sj—duis) | JITIUMAL = EIS 19
‘as(eq ([ =¢ (uo++17Ys)) ((aeas | uonesdqolasd) syi)
[oogaoejdas = 1dxa 19]

‘ajels ey T und
{(awys 1dxa | Anjenba™Kidde) [] | ojeparedipaid ~Adde = ajess 19]
‘(auo++[) (auo--(omi++0) ((iers | uonedyqoiad) sys)
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‘a1els ae1g uud

‘(aers

[asjeq yenbg (((1™ys wasuik) =, (I~ v_m uasuif)) 10N)] .
_ u_auuao_vui..b&mv 1 di"Ajdde = Ssm 19|

ta1eys adxa | Lyjenba~41dde = aess 19
47ys (auo--f) ((arers | uonedijqoiad) syi) wpaoeidar = 1dxa 19§

: e
[((311s | uopedlqo1a8) sy1) <== ((auo--f) =¢ I7Ys)
‘asjeq [enbg
(((3uo--f) =¢ 173s) 10N) puy (f =§ (3uo++173s))]
1 steDeaipaig—Adde) | dj~£jdde = arers 19}

‘a1e)s AeIgund
‘(1838 2dxa | Lipenba~(jdde)
(4dxa spduis) | JIo1umal = 9els 19|
‘1dxa <== ((a1e35 | uonediqorad) syp) = 1dxa 19}
anu (f =g (auo++17ys)) ((sess | uonesiqorad) sys)
joogaderdal = 1dxa 19(

‘(a1e3s 1dxa | Hpenba~£jdde)
(4dxa sjduis) | Jajumal = .S ao_
.om_nm qla_ %S) 22«: | uonediqoiald) sys)
[oogaoejda = 1dxa 191

(s [((((re3s | uonedrqo1ad) syy)
<== (anu], 1enbyg ([ =¢ (Suo++17s))))
<== (as[ed jenby ([ =g I™s)))
*as|ey [enbyg
(=g Ao__oi_ 35)) 10N) puy (I7ys =§ (auo--1)))
‘as]e jenbg ((I'=¢ 173s) puy (17ys =§ (auo--)))
‘as[e [enbg (((™ys =¢ (suo--N) 10N) puy
(™4s =>§ (2uo--D) puy ((ouo--f) =>§ I"s))
*((auto--f) =>¢ 173s) [enbg ([ >¢ ys)]
1 oeDaedipaid” Ajdde) | a1010s1p~£jdde)
1 di”A1dde) | di"4Adde) | dj~4&jdde = ajers 19
H-f=1"ys eseo

‘aes aeig wind
HENAN
[as[eq jenbg ((u =>¢ I u_mv puy (I8 =>¢ (suo++u)))]
i € o_mvoau_vo&Q_HES
¢ di—A1dde = a1is 13

a8uel Jo Ino ST 17ys yons jeyl Juimoys AqQ 1 %S => (] +U) Ised //

‘ajess aje1g und
‘21818 17Ys § € padueyouf) = AeIs 19]

:aje1s [1dx?) ¢ oeDaedIpald~Ajdde = ajeis 19]
((((uo++173s) AK) [enbg (I7)s A4)) 10N)
(((suo++17ys) ak) [enbg ((17s AK) 10N))

(a1e1s ¢ uonediqoiad) joogaseldal = idxa 13

(((1+1738)aK enbyg (17ys)ak) 10N) = "

((1 + 7ys)ak [enbg ((8)AK 10N)) 7/

‘(aess 1dxa ¢ Anjenba—K|dde)
(adxa sjdins) ¢ JIoiumal = 2118 19|
tasje ([ =¢ 1734s) ((a1e1s ¢ uonesdyqoiasd) sy1)
joogaoejdas = 1dxa 19]

t(asers 1dxa ¢ Aijenba™4[dde)
(dxa spduis) ¢ ji B:BE = 21e3S 19]
‘asjey ([ =¢ (suo++17%s)) ((aes ¢ uonedi qo1asd) syi)
joogaoeidar = 1dxa 19|

‘(((aes [(((;ms ¢ uonedjqorad) syi)
== (3s[e] [enby ([ =¢ 17¥5)))
== (as[e jenbg ([ =¢ (suO++1ys)))

‘as|ey fenbg ([ =¢ (3uo++17ys)) puy (1™ys =>¢ (auo++)))

‘asje, jenby (=g 1™3s) puy (1I7)s =>¢ (3uo++())]
€ ojeDareaipald Ajdde)
)¢ di”Ajdde) ¢ d[£dde = ajeis 19]
pagueyoun £q paroid (([+U) > 17)s => (]+f) aseo gy

‘are1s ajeys uud
t21e1s 1 Ys 8 | padueyodup) = a1e1s 193]

‘3jels g wnd

‘aess [1dxa) | ojeDaedpald A|dde = ajess 19]
{((((uo++173s) A£) [eabyg (17)s A4)) 10N)
(((suo++17y5) AK) [enbg ((1734s AL) 10N)

(91815 | uonedijqoi1ad) joogaoejdal = 1dx3 19§

(((1+17318)A4 |enbyg (WYs)AK) 10N) = //

((1 + 7ys)a4 [enbg (™)AL 10N)) /7

‘(aress udxa | AnjenboKjdde)
(adxa sj1~duis) | JiITaIImal = a1els 19]
wasjeg (£=¢ 1ys) ((2ams | uones1qo1ad) sys)




‘(auo--N1(y ‘_._Eon_EE:oomSMV ypasejdal = jsut 19]
+aje1s g sisayiod£y1ad = y 19§
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‘a1e1s AJei§ uud

‘((ore18
(((d +, (fussuik)) =, ((auo--I) uasuif))
<== ((u =>¢ (3uo--f)) puy (013z =<g (suo--)))
‘asje fenbg (((u =>¢ (auo--N) 10N) puy (U =>¢ )
‘asje,] [enby (((019z =<¢ (auo--f)) 10N) puy ([ =>¢ 2uo))
‘ase Jenbg (((019z =< [) 10N) puy ([ =>¢ auo))]
1 ofeDaedIpald Ajdde)
{ diA(dde) | dj~£dde) | dj—Ajdde = a1e15 19]
u=>(1-N) puy (0=<(1-N) 11

‘o1e)s ae1g yupd
‘((avess | | sisayiodAy—4q)
[asie fenbg ((suo >g [) puy (ouo =<g )]
1 o[eDaeaipard—Adde)
: 1 diAjdde = ayess 19
:ased g={ a8reyasip s/

- taels apes T und
‘ajess [auo] [ | gsisA[euyase)) = a)els 19|

- ‘oes aeys und
‘a1ers adxa | Anjenba—4jdde = ajeIs 39]
. (fwasulk) ((suo++f) uasulk)
"~ ((o1e1s | uonedqoyed) syr) )
. [eayaoeldal = 1dxa 19|

‘oyess are1g uud
‘(;ess | | sisayrodAy~4q)
[((a1e1s | uonesi1qo1ad) syl) <==
(((3uo ++ ) uasuik) =, ([ yasuif))}
1 d1eDaeoIpaidAdde = aes 191

‘arers yeygund
. ‘((aress g | sisayrodAy—4q)
[(a1e3s | uonediqo1ad) <==1sul
‘(isut puy y) [enbg q]
1 9eDaeoIpalg~A(dde)
[ § s1enuelsul = A1e38 19
‘(1 (y j{ezoqwoijjoog1ad) yupaoejdas = Jsul 13
‘aress § sisayiodAy3ad = y 19

A,&Em 11 sisaqrodAy—4Aq)

Appendix B. Proof Script for STARI

(((1d +, ((suo++() uasuik)) =, ((suo--f) uasuik))
<== ((a1m1s | uonesqoiad) syp]
v 1 afeDaedipald—Ajdde = aeis 19

«ae1s aeis wud
‘(s .
{((ae1s | uonesiqoyad) sy1) <== ([ =¢ 1ys)]
[ dreyaredipald—Adde)
1dxa | Anenba—Ajdde = ajess 19
L ys ((o1e18 | uonediqores) syi) wyasejdar = 1dxa 3]

aels 9pelIS uud

‘(ae1s 1dxa | Kijenba~£jdde)
(4dxa sjrduis) | JI 91mal = 9jels 19
adxa <== ((are1s | uonedqoiad) syj) = 1dxa 19
anag (=g 17ys) ((21e1s | uonediqo1agd) sy1)
[oogasejdal = 1dxa 19

‘(arers 1dxa | Apjenba—£jdde)
(1dxa sj—dws) | JIa1umal = 9)eIS 19
tasjed (I =¢ (uo++17ys)) ((aess | uonedijqoiad) sys)
[oogasejdal = 1dxa 13

‘aels ayag T uud

‘(a1ers 1dxa | Aujenba—£dde) {] | ojeDaeoipard—Ajdde = ajers 19
‘f (suo--(suo++0)) ((a1e1s | uonedi|qolad) syi)

paoejdal = 1dxa 19]

‘311 yeig und
({(((xrs
(3115 | uonediqo1ad) syr)
<== (anu, [enbg ([ =¢ 1735)))
<== (3s]e [enbg ([ =¢ (suo++17ys)))
‘asje [enbg (([ = (auo++17s)) puy (I7ys =¢ )
‘ase,] fenbg (((F=¢ r3s) 10N) puy (1ys =¢ 1)
‘asye feabg (17 =¢ 1) 10N) puy
(17s =>¢ ) puy ([=>¢ I ¥s))
‘asfef fenbg ([ =¢ (2u0--(uo++0)) 10N)
“(((3u0--(auo++0)) =>¢ I™ys) [enbg ([ =>§ 1"¥s))
<== (I =¢ (suo--(auo++0)))
‘((duo--(3uo++)) =>¢ I ys) jenbg ((ouo++0) >¢ 17ys)]
| ojeDaeatparg Ajdde)
1 9131081p~A|dde)
¢ diA1dde) g dj”&|dde) ¢ dj”£dde) ¢ d|~Ajdde = a1e)s 19|
A =1ys ase0 )/
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(N1sd + wasuy(1-NA > ney <== /I

" o0 ney (1+0)K =< ney(j-NA I
0 "
e)ap + ([-Nisd =< (N1sd ¢ i

(1-D1sd + wasur(1-HX => ney(]-NA <== I

(u=>0) puy (1=<0) ¢ Vi

e1[ap + ney(J-NA > ney <== ney([+NK =< ner([-HL ' i

I

(17 1uByqo) :ney(1+DA =< ney(1-NA y/

‘are)s are1g yuud
‘.18 (((suo++[) neyk) ..A ((3uo--I) neif))
| siskjeuyase)) = ajels 193]
‘udiqo

(asieq jenbg ((suo++{) neik) =<, ((suo--f) ne1k)) = " 1udyqo 19]

tjudiqo <==
(onug, _m.&m ((auo++f) neik) =<, ((auo--f) neik)) = " 1uBiqo 19]
ney(1+0A > nev(1-DA :z”1uSqo
ney ([ +)4 =< ney(]-NA ;1" judyqo 4
ney( _ﬂ.o» =< ney(]-HA uo sisjAue ases y

‘aje)s s uud
‘aies [udiqo | JITIILIMII = AIB)S I
*(((udyqo dxag) aqumar) ds™q) = judqo 19|

‘aess 9y uud
~ ‘oyess [uBqo | Ainjenba~Ajdde = ajeis 19|
tauy, (f=g ) juBiqo joogaceidas = [u3q0 13|

‘91els g und
‘ateys | dj~Ajdde = ajess 3191

‘aje)s ae1g uud

*ajeps [T uB1jqo ‘[eatn) | oje)ledIpald Ajdde = ajeis 19]
*uBlqo <== (an4y, [enby (I =g D) = {~[udrqo 19|

‘(3syed [enbg (f=¢ ) 10N) = [eatn 19|

‘aeys ey uud
a1els judiqo [ Lijenba~Ajdde = ajeIs 19]
‘{ 1 udyqo ujadeda = Judiqo 19

taie)s eig und

‘aes (1udiqo] | oje)ateapald~A|dde = Jels 19|
wudipqo <== (=g 1) = _cw:no 19

(1u8yqo) : = 1 ased J/

&
[ 75
oy
<
A
8
&
m
3
2
Q,
<

‘amels ates juud
‘aje1s 17 7 pagueyoup) = 31els 19;

‘arels aeis wud
tajes Zudiqo 7 JITaIumal = 1els 19|
*(((zudnqo 1dxag) asmar) dms™q) = zudiqo 13]

‘a1e)s eigwud

. ‘arels zudnqo 7 Anjenba~4dde = ajeis 19|
‘asjey (f =¢ 1) ujqo joogasedal = zud1qo 19
(zudqo) :f = 1ased 1/

‘a1e1s syeis uud
ta1e)s ([ =¢ 1) | sisA[euyase)) = els 19|

‘udiqo <== (ase jenbg ([ =¢ 1)) = zud1|qo 19|
‘wdiqo <== (aru [enbg ([ =¢ 1)) = Ju31jqo 19|
[ =j 1:zudyqo

f=1:1udyqo s

(f = 1) uo sisjAue ased f/

‘ajels areis uud

QLIS i .vo:oml_ ugiqo | wajoys~Ajdde = azess 13]
‘11 paydsT] [eso)wajoys = udiqo 19

PAYISTI YD "L

‘ae1s s und
‘(ames | | sisayrodAy~£q)

fl
1 o[eDareoipaid Adde = ajess 19]

s avis wnd
) : ‘((aers
[(a181s | uones11qo1ad) <== ([ =¢ (suo++(auo--1)))
‘s[4 jenbg ((f =§ (uo++(auo--N)) 10N)]

[ oeDAedIpAld— A|dde)
1 dy~4jdde)
1dxa | Lijenba~£dde = ajess 19]
f (auo++(auo--f)) (dueis | uonedqo1ad) wpasejdas = 1dxa 19]

‘arers aeig uud
‘((aers g | sisaypodAy~Aq)
[(a1®15 | uonEd1qO188) <== IsUl
‘(isut puy y) [enbg y)
| o[eDoedipald Adde)
(suo--[) | a1enueIsul = JleIS 19]
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Appendix B. Proof Script for STARI

@ 1'1udyqo) (1-NHisd + (1-Hussur => ney(|-NA <== /i
(u=>[ puy |=<) i/

‘are)s Aerg ud
aess (] | ofeDaesrpaid~Adde = aeys 19

tajeys aveag und
‘aess 19 | Anenba4jdde = ajers 19

‘((auo--f) neik) idxatu

(((eyjap +, ((auo--0) neik)) >, ney) <==gq)
jeayaoejdal = [219]

(e3y3p + ney(1-NA > ney <== /
(2)) <== (ner(1-NA = (ner (1+DA ‘ner (j-Dh)xew) ¢ yf

‘ae)s aeig uud
‘aess [ 9 | peBueyoup) = 91e1s 19|

‘els aperg uud
togess [((dxa <==
((((uo++() aK) jenbg ([ AK)) puy
((f AK) [enbarou=q ((auo--i) A4))))

<==((u=>g f) puy (suo =<g N))]
[ oteDaedIpald— Ajdde = aqels 19

‘are)s aeig und
‘s | | sisayiodAy—Aq = amels 19

‘a1es | uonesdjqolad = dxa 19|
elap + (ney (J+NK ‘ney(1-NK)xew > ney ‘Z y/

‘ae)s apeigTund
taeys [ d7Ajdde = ajeps 39

: . ‘orels ajerg T und
‘omeis [14q) 1 ofedaredipard—Ajdde = ajess 19
‘asjeq fenbyg (1q10N) = 1919

‘aie)s ey und
‘|IS [q | JIIumal = 3je)s 9]
(19 2dxag) a3umar) duis—q) = q 19|

‘aess a1e1g und
taess [q | Anjenba”4jdde = ajess 19
tanu], (((suo++0) neik) =<, ((auo--f) ne1k))

(((auo--) ne1k) =, 1dxawr) joogase[dal = [q13]
ner(1-D4 = (ney([+N4 ‘ney([-NA)xews <== Vi
ney((+DA =< ner(|-DA | i/

. ‘31e1s 2eyg uud
a1e1s [£9 29 ‘19] | sfeDaedipald Ajdde = ajeis 19
‘((((enap +, ((duo--N) ne1k)) >, ney) <==
7q) <== (((uo--f) neik) =, 1dxaut)) = £q19]
‘((enap +, Idxaw) >, ney) = 7q19]
‘(((duo--) ne)k) =, sdxaw) <==
(anu, [enbg (((uo++f) neif) =<, ((auo--f) nelk))) = 1q19]
{(((quo++0) neik) ((duo--f) neik) xew) = idxau 19§

(111 u3nqo) eydp + ner(f-NHA > ney <== 1
ney([+DA =< ner(1-NK /I

/

(®119p + ney(|-NA > ney <== Y/

(2) ) <== ney(1-HA = (ney (1 +0K ‘ney (|-NA)xeu ¢ Vi
eyjap + (ney ([+0A ‘ney(]-NA)xew > ney 'g /
ney(1-N4 = (ney(+NL ‘ney(]-NA)xew <== I
ney ([+)4 =< ney(;-NA 1 Vi

/!

(1'1°1 udyqo)
e1]ap + ney(]-NA > ney <== ner([+NK =< ney(|-NK y/

‘a1e)s 91eys und
‘are)s

[ 17 1udiqgo ‘¢~ judyqo ‘g [T udiqo ||~ Judijqo]

I ofeDaieatpasd—Adde = aess 19

tas|e,] [enbg (((u =>¢ ) puy (suo =<g )) puy
((eap +, ((suo--1) 1sd)) =<, ([ 1sd)) puy
((((auo--0) 1sd) +, ((auo--I) wasuik)) =>,
((auo--f) ne)k) ) puy
((e)a3p +, ((auo--f) nejk)) >, ney) puy
((((f15d) +, ((3uo0--0) wasuik)) >, ne1) 10N)) = ¢~ 1~ uSNq0 13)
‘((e)ap +, ((uo--0) 1sd)) =<, ([ 15d)) <==
((u=>g ) puy (suo =<g N)) = g1 [u1q0 19|
H(((((auo--1) 1sd) +, ((suo--[) wasuik)) =>,
((suo--[) ne)) <==
((u=>g ) puy (suo =<g f))) = 71" 1u1q0 19|
‘((e119p +, ((duo--0) neif)) >, ney) <==
(((auo++{) ne1h) =<, ((auo--) ne1k)) = ;71 judyqo 19|




Appendix B. Proof Script for STARI

{(019271 =, (0192 15d)) = | 179 19]

‘aess aeig und

‘a¥ess (€29 ‘zz9 " _Nn_ 1 ofeDaedipald —Ajdde = aess 13j
*asje jenbg (7zq puy 1zq puy (2 10N)) = €24 19|
‘((019z pasuik) =>, (0192 neIk)) = 77q 19]

‘(019271 =<, (0392 1sd)) = [7q 19|

160

.Bsm.oﬁst::a
taes zq | Anjenba”Ajdde = aress 19§
(((019z 15d) +, (019Z pasulk)) =>, (0132 neIk)) = zq 39§

g ‘31e)s eyg wud
ajers | d Aidde = azers 19;

_ ‘ayers aegund
ta1els [zq ‘1q] | d1e)aeopald Ajdde = ajejs 19]
{((((suo--2uo0) 1sd) +, ((au0--3uo) uasuif)) =>,
((euo--3u0) neYk) ) <==
(0192 =¢ (3u0 -- 3U0)) = 7q 19|
‘as|ey [enby ((019z =g (U0 -- 3u0)) 10N) = [q 19|

tae)s ayeiguud

‘aeys q | Anjenba~Ajdde = ajess 19
‘auo [ (
(((uo--[) 15d) +, ((auo--) Hasuik)) =>,
((suo--f) ne1k) )

jupaoejdar = q 19]

a1els ers uud

taes [q] | ojeDasedipaid Kjdde = aess 191
‘((((uo--1) 15d) +, ((auo--[) pasuik)) =>,
((suo--f) neyk)) <==

(quo=¢ ) = q 9

(1=Deseay

‘arels ayeig und
tajess (auo--f) ¢ z padueyoun) = aels 19}
'] wouy payosT] Sugtenue)suy woly //

‘aje)s eI und
‘a1eis Z di4Ajdde = ajess 19|

‘ajeys ojerg T und
‘a1es [zpee ‘1vze] T oleDeiedipaid Ajdde = Jjers .o_
‘((((auo--[) 1sd) +, ((auo--f) pasui)) >,

((3uo--f) neyk)) <==
((u =>¢ (3uo--) puy (3uo =<g§ (3uo--N)) = Zpze 19|
‘asjeq jenbg
(((((auo--f) 15d) +, ((auo--f) wasuk)) >,
((suo--f) neik)) puy
(((((auo--f) 1sd) +, ((auo--f) wasuik)) =>,
((auo--f) neik)) 10N)) = 1¥Ze 19|

‘ae)s aels wnd
‘ajeys 7 di~Adde = a1e1s 19|

‘ae)s aeys uud
ae)s 7 da10sip~A|dde = aeis 19]

‘ae)s aeys uud
someis 7 djAjdde = ayess 19]

‘ajels 9ye1g uud
‘aleis [pge ‘cze ‘zze 17e)] T oreDaeaipald—Ajdde = ajeis 19]
“$((((uo--) 15d) +, ((3uo--[) pasuif)) =>,
((3uo--f) nelk) ) <==
((u =>g (auo--f)) puy (suo =<¢.(3uo--f))) = yze 19|
‘as|e, jenbg
(((suo++3uo0) =<¢ [) puy ((duo =<g (suo--N)) I0N)) = ¢€Ze 19
{((suo++auo) =<g ) jenbyg (suo <¢ ) = zze 19|
tas[e] [enbg ((u =>¢ ) puy ((u =>¢ (suo--)) I0N)) = [Ze 19]

- ‘aers ey wnud
ajess 7 diAdde = aeis 19§

‘arers areis uud
ajels [ge ‘1e] 7 ojeDaredipald Kjdde = arels 19
{((((auo--[) 15d) +, ((auo--f) pasuik)) =>,

((uo--f) neIk) ) <==

((u=>¢ 0) puy (suo <g )
tas[e.f {enbg ((ouo =<g f) puy
(3stey [enbg (suo =g N) puy

((suo <g DION)) =1e19

(1=if asea y

[ARE]

‘are)s s und

‘aiels (suo =¢ f) | sishjeuyase) = aels 19§

el [q ‘e] | ojeDdeoipaid” Adde = ajess 191/
7717 1udyqo <== (anu}, jenby (auo =¢ )) = q19]
‘271 1udijqo <== (as|eq jenbg (suo =g ) = € 19]
(1=0) uo sisAjeue aseo 5/
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B. Proof Script for STARI

Appen

‘ajers eys und
'31B1S Z[Q | JIToIUMAl = 1e)s 19]
Y((z19 1dxag) a1umar) duis™q) = Z[q 19|

: ‘aie)s eIg wud
©1eis Z1q | Lienba—4Ajdde = agess 19
‘asjed (4 >§ ) 1q j0ogade|dar = 21919
=z

‘ares sjeigund
ameis § dj"Kjdde = a1e1s 19]

‘aeis aeys T und
‘ess [[19] | a[eDedIpalgAdde = ayers 19

tas[ey fenbg (((enap +, ((3uo--) 1sd)) =, ([ 15d)) puy

(((en3p +, ((uo--f) 1sd)) =<, ([ 15d)) 10N)) = 119 19]

, ‘ares a1eys und
‘3RS §1q [ JI 9Iumal = Aels 19
(119 1dxag) 2iumas) dmis™q) = 1919

ajels i und
ae1s [ 1q | Anenba—Kjdde = aeis 19|
toruy, (4 >¢ ) 1q joogadeidar = [1G19]

taies a1e)s uud

a1es (3 >¢ ) | siskjeuyase) = ajels 19}
119 <== (osje enbg (4 >¢ ) = 71919]
'[q <==(enu| [enbg (¥ >¢ D) = 11919
>y

¥l /]
¥=lg /]
P | /]

:siskjeue ased J/

(e1op + (1-Disd =< (Hisd) <== ((Neyaq + (1-Msd = (Disd) y/

‘ae)s aieys wnd

‘a1e1s [¢q ‘19] 1 oreD=edIpaid Ajdde = ajess 19

tasje] [enbg ((u =>§ ) puy ((suo++u) =>¢ N 10N) = ¢q 19
{(((eyap +, ((auo--1) 1sd)) =<, ([ 15d)) <==

(((Ten2@) +, ((suo--) 1sd)) =, ({15d))) = 19 19}

‘aess aeis und
tajels [ | arenuesul = aels 19)

‘aers eI und
a1eis {q ‘®] | oeDedipard~Aldde = aieis 19|
€717 1u8lq0 <== (({1 1dx2 upaoejdal) puy Zy) = 43|
(I 1 1dx2 yupaoejdar) puy gy) [enbg 7y = €13
H(((1e1eq) +, ((suo--1) 1sd)) =, (1 1sd)) <==
(((duo++u) =>¢ 1) puy (auo =<g 1)))= 1dx3 19

‘a1e)s s uud
s 0 [ sisaylodAy—Aq = 2118 19|

(g'1°1 udyqo) eyap + (1-Nisd =< (Disd

‘aers areIs wud
arers | di—Ajdde = a1es 19|

‘ajers aje1s uud
‘ajeys | diAjdde = aiess 19]

‘aeys ae1g uud
“aress [] 1 opeDaedipaig—Kjdde = s1eis 19]

‘aieys ayeIs uud
a1es ¢ | sisayrodAy—£q = aels 19]

‘1els g uud
‘a1e1s [zzzq ‘1724l 1 2ieDaeoipaid—Kjdde = ajes 191
‘asje. |enbg
(17249 puv (((013z uasuik) =>, (0192 neik)) 10N)) = 774 13
‘((013z pasuik) =, (013z neyk)) = 779 19

‘ajels 9je1s und
‘ajels | di”Kjdde = Jje15 19|

tajers e1s T unud
a1e1s [] | oreDIedIpag Ajdde = e)s 19

‘orels aeis und
‘aiels g | sisaqrodAy—£q = Ijeis 19|

‘a)e)s ey und
s {7129 ‘1izal 1 o1eDIedipaid—Ajdde = arels 19
:asey jenbyg ((019771 =, (0192 15d)) puy
((019271 =<, (0192 15d)) 10N))
=TI1Tq 9]




((((uo++1) 15d) +, ((auo++[) uasuik)) =>,
((auo++0) ne1f) ) puy
((e19p +, ((uo++() neik)) >, ney) puy
((((f 15d) +, ((auo--f) wasuik)) >, ne1) 10N))

162

= sAs 19]
‘asye [enbg
(((((3uo++{) ne1k) =<, ((suo--f) neik)) 10N) puVy - ‘
((((auo++() nerk) >, ((suo--f) neik))) 10N) = a1~ bauy 19]
‘as[e jenbg
A:Aoco++a nejk) =<, ((suo--f) neik)) puy

Euco++o neik) >, ((suo--I) =S©vv = yar bout 3y

“«(r _m& =, (((suo++[) ByjaQ) -, roo++o 1sd))) <=

((u=>g ) puy (uo =<g .Sv =¢"7T1udNqo 9]

£((1d -, ((au0--1) UasuIA)) =,
((uo++{) wasutk) ) =47 1udNqo 13|
(e3p -, 1d) =>, ((auo++() maq) = ¢ 1uBHqO 19}

{(((((uo++) 15d) +, ((uo++() uasuik)) =>,
. ((uo++f) nelk) ) <==
((u=>¢ ) puy (suo =<g 0))) = 777 1uB11q0 19
‘((eNap +, ((Suo++0) ne1k)) >, ney) <==

(((uo++() neak) >, ((uo--f) ne1k)) = 1z~ 1udiqo 19

(D1sd + wasur(1-NA > ney <== ney ([+NL > ney(1-NA /!
- 1/
(Disd = (1+De(q - (1+Disd <== (u=>f) puy (1=<f) ¢ /]
1d - pasur(j-NA = pasur(j+NK ¢ : /I

efap - 1d => :528 '€ "

:+a_mn + wasul ([+NK => ney (J +HN4 <= i

(u=>) puy :-Ao T "

e)op + ney([+NA > ney <== ney(|+NHL > ney(]-NK | R

/]

(z'1u3yqo) ey (1+0A > ner(1:NA //
‘e)s aeyguud

taress | dj~Ajdde = ayeis 19f

‘aeys apeig und
tajess | dy4Ajdde = aye)s 19]

‘aess s und
‘aers | di7Ajdde = arers 19|

L . . ‘aje)s a1g und
taiegs [] | opeDaieaipaid Ajdde = sress 19

Appendix B. Proof Script for STARI

‘ajess aeisund
21018 [ | sisaqrodAy—£q = deis 19

a1e)s eig wud
‘18 [7zz19 ‘12z14] 1 2eDaeaipatd—Ajdde = a1e1s 13]
‘as|eq jenbg
(((adxa +, ((uo--[) 1sd)) =, (f 1sd)) puy [ZZ1q puy
((e13p +, ((duo--f) 1sd)) =<, (f15d)) 10N) = 7ZZ19 13
‘((enep +, BYap) =<, 1d) = 1219 13]
‘(enap -, 1d) = 1dxa 19|

v arers e yund
19181S ZZ19q | JI 211IM3I = 18IS 19|
(((zz19 1dxag) amar) dins™q) = 7719 13

a1e1s aeis und

‘areis gz 1q [ Aijenba™Ajdde = aers 19
‘asted (4 =$ 1) 719 [oogooe(dar = 7719131
A<ten

‘are1s aeIg uud
aress | d—Ajdde = ;eis 19

‘omes a)eig T und
‘ajeys  punoq 1amof,, | suodisod = 31@1s 19

. ..Bsw aeg und
C s zizig rizial i u_muss_uen_;_&_w aes 193]
‘asjej jenbg
(((4dxa +, ((uo--N 15d)) =, ([1sd)) puy [1ZIqpuy
((enap +, ((suo--f) 1sd)) =<, (M1sd)) 10N) = Z1Z19 13|
‘(eep =<, 1dxa) = 11719 19|
(48 -, e)apy -, epquiey) = 1dxa 19

ta1e)s g und
IS 719 | IV Mmal = els 19
((((1Z19 1dxag) ayumar) dins™q) = 1219 19]

‘ajes aeis und
‘1.8 [Z1q | AnjenbaA(dde = ajeis 19j
anu (4 =¢ ) z1g j0ogadejdar= (71919

19els o:h:wluctn_

s (o =§ ) | siskjeuyase)) = ajels 19
1719 <== (s[4 fenbz (4 =¢ D) =zz19 19
‘714 <== (o, jenbg (A =¢ D) = [Z1q9 19|
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&
wn
by
S
-~
&
3
)
3
[
A,
m
4
Q,
<

:diysuonejas Lijenboui adieyasip z

‘s aieig uud
taels [] [ ore)aresipard Adde = atess 19

‘arels aeysuud
‘31818 19 | Anjenba~£jdde = a1es 19]

- {((auo++[) neyk) 1dxow

(((enap +, ((3uo++f) neik)) >, ney) <==zq)
feayaoejdar = [0 19]

(®13p + ner(j+NL > ney <== V]
(2)) <== (nex(1+DA = (ney (1 +DA ‘ney (1-HA)xew) ¢ y/

) ‘a1ess 9reyg nd
tarers {9 | padueyoun) = NeIS 19

‘15 9)eISTund
taress [((dxa <==
((((Guo++1) AK) [enbg (f AK)) puy
((F AK) renbaou™q ((auo--) AK))))

<==((u=>¢ ) puy (suo =<g N))]
[ ofeDeoIpald Kjdde = ajess 19|

‘areis aers und
_tomes | |.s1sayiodAyTAq = ajens 19]

‘a)e)s | uonedqolad = dxa i3
e)ap + (ney([+0A ‘ney(]-NA)xew > ney g /7

tae1s oeig T und
‘aers | di 4jdde = aeis 19

‘ajels aeys Juud
e [1q) 1 speDAedpasd—Ajdde = Jeis 19
‘as[ey fenbg (1910N) = 1919

taeys a1 und
(1BIS [q | JU9Imal = 9)els 19|
(19 1dxag) aymar) dns™q) = 1919

‘ajess aelg jund
‘a1e1s |q | Anjenba~£jdde = ajeis 19

‘asjeq (((suo++[) neik) =<, ((auo--f) neik))
(((Suo++() neif) =, idxow) joogaoe|das = |4 19

ney(1+04 = (ney(1+D4 ‘ney(1-NA)xew <== i
ney(1+0A =< ner(1-HD& -1

. ‘a1els eys uud
ta1ess (11217 bau ‘jarbaui '¢q ‘zq *14q]

) [ ateyeaipard—Ajdde = ayeis 191
S((((e)jap +, ((uo++() neik)) >, ney) <==

79) <== (((3uo++[) neik) =, xdxaw)) = ¢q 19|

{((enyap +, Jdxaw) >, ney) = zq 19|
Y(((uo++[) neyk) =, 1dxow) <==

(as[e.] [enbg (((suo++0) neik) =<, ((3uo--f) neik))) = [q 193]

‘(((auo++0) ne1k) ((auo--f) neik) xew) = 1dxaui 19|

(17’1 udyqo) "

eljop + ney(1+N4 > ney <== ney(j+)L =< ney ([-NA /
"

(eyap + ney (404 > ney <== /

(2) ) <== ney(1+DA = (ner (1+NA ‘ney([-HA)xew ¢ /i
e)jop + (ney([+NA ‘ner(j-NHA)xew > ney g /I

ney ([+0HA = (ney (1+0)A ‘ney(j-NA)xew <== i
ney([+0NA > ney([-HK | "

1

(17’1 udyqo) I

eljap + ney (1 +NA > ney <== ney (] +NK > ney(]-NLA

9)els 9jeIs wud
‘a1e)s g d|~Ajdde = Jeis 19]

‘21818 ey ud
taieis 9 di—Ajdde = aes 19}

‘ajers ajeIg uud
taiess 9 d|”Kjdde = ajess 19)

tareys ayeig Jund

‘a1e1s

[sAs ‘njar~baur ‘yas~bour ‘¢z u8qo

‘v~¢ 1udijqo ‘g7 1udqo ‘7T [udiqo [ g [udnqo]
1 a[eD3eaipald—Ajdde = aes 19)

1asjey [enby (((u=>¢ ) puy (ouo =<g N) puy
([ 1sd) = (((uo++[) eypQ) -, ((3uo++[) 15d))) puy
¥~ " 1udNgo puy
€777 1uB1jqo puy
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‘a1es [] | oreDaedipald—Kjdde = geis 19]

‘ae)s dyeig uud
‘agels ¢ | sisayiodAy~4q = Jes 19]

aels BﬁmJEE
‘aeys | dj£jdde = ajeis 19;

‘a1e1s Ae1g uud
a1l [zq ‘19] | areDaedtpald— Ajdde = aers 19

{((((auo++u) 1sd) +, ((uo++u) pasulk)) =,
((suo++u) ne1k)) = 7q 19]

‘as[e, [enbg

(((((auo++u) 15d) +, roo++=v uasuif)) =,
((suo++u) ne)k)) puy
(((((suo++u) 15d) +, ((ouo++u) yasuif)) =>,

((suo++u) neyf)) 10N)) = 19 19

‘areys g1 und

‘ajeis q | Lienba~A1dde = ajess 19]
s L ((((auo++0) 1sd) +, ((auo++{) pasuik)) =>,
((auo++(f) neif) )

jupaoeidai = q 19

‘a1es Qeys T uud
‘a)e)s [q] | ojeDedpald Ajdde = aers 19]
‘(((duo++) 15d) +, ((ouo++[) yasuik)) =>,
, ((suo++() ne3k) )
<=Uu=¢0N=q19
(u=[l) osea yy

‘ajels ey und
‘a)e1s (auo++f) Z 7 padueyoup) = aeis 19]
*| woly payds~] Sunenueisul woaj

‘ayeys ayeys und
‘aes Z diAjdde = ajess 19

‘a1es g1 uud
‘a1eis [Zpze ‘1vzel T o1eDedipard—Kjdde = ajess 19

{((((Quo++) 1sd) +, ((suo++() nasuik)) >,

((ouo++0) neif)) <==
((u =>¢ (Suo++i)) puy (suo =<g§ Au=o++_§ = ZpTe 19|

‘as[e] _m=wm (((((uo++{) 15d) +, ((suo++[) nasuik)) >,

((suo++() neik)) puy
(((((duo++() 15d) +, ((uo++[) Masuik)) =>,

((suo++0) ne1k)) 10N)) = [HTE 19|

‘a1e1s 9ye1g ud
‘ajels 7 dj—Adde = ajers 19

‘a1e1s 9je1s uud
‘arels 7 aa1os1p~Ajdde = arels 19

a1e)s IS uud .
«ajeis g dj~Kjdde = areis 19]

‘a1e)s Ijeis uud

‘a1eis [pze ‘cze ‘zze ‘1zel 7 areDeapard~Aidde = ares 13
H((((quo++0) 15d) +, ((suo++0) uasuif)) =>,

"((ouo++[) neik)) <=

((u =>¢ (uo++()) puy (auo =<g (3uo++()))) = pze 19|
‘asje,] [enbg

(((3uo--u) =>g ) puy ((u =>g (3uo++) 10N)) = £ZE 13|

‘((auo--u) =>¢ ) fenbg (u>¢ ) = zze 19|

‘as|e, jenbg ((suo =<¢ [) puy ((3uo =<g (auo++f)) 10N)) = [ZE€ 19]

‘je)s aeisuud
tajels g di”Ajdde = ares 39

‘aress eI uud
‘ajess [ze ‘| e] 7 ojeDaeotpald—Kjdde = 1eis 19|
(((((Quo++() 15d) +, ((auo++[) yasuif)) =>,

) ((auo++) neik) ) <=

((u>¢ 0) puy (suo =<¢ {))) = ze 19|
tasjed [enbg ((u =>¢ () puy

(as1ey [enbg (u =¢ ) puy ((u>¢ ) 10N)) = [& 39|
(u=;() ases y

a)e)s erg und

taess (u =¢ ) | sis[euyase)) = ajels 9

T7¢ 1udiqo <== (anu, [enbg (u=¢ ) = q 19|

‘7" 1udigo <== (as|ey [enbg (u =¢ ) = v 13}

:(u=() uo sisKjeue ased /

(zz'1udyqo) "
(1-D 15d + (1-Huasur => ney (1+DA <== (u=>l puy 1=<f)

‘a1e1s eI und

taels | dj£jdde = areis 19)

aeys | di”£dde = Jjers 19)

(ney ([-NA => ner(1+0)4) jenby (ner(1-HA < ner(1+H4) "
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‘ajes seag und

‘aess [94q ‘e ‘e] | o[eDeoipard Ajdde = Jjeis 19]
‘asfe [enbg (q puy e puy (p7¢” 1uB1qO 10N)) = 219
{(((auo++() uasuik) =, ([ wasuik)) = q 19

tasje.f jenbg (e puy
(((1d -, ((3uo--f) wasui)) =, (f pasui)) 10N)) = 2 19|
((1d +, (fuasuik)) =, (((auo--f) wasuik))) = e 19f

/"

(rT1) 1d - wasup(§-DA = wasur (1+)4 /"
"

wasur([+HA = wasur(NA 7 ¢ /Il

1d - pasur(§-NA = wasur (DA 14 /!

W) - wasur(j-HA = wasur (j+0DK 'y 4

‘aye)s eyg und
taeys | diAdde = ayess 19§

‘ae)s eI und
‘a1ess [2] | ojeD9reaIpalg—Ljdde = ares 19|
‘as[e [enbg (3 10N) = 2 39]

‘a)els 9re)g wud
‘91818 3 | JI MM = JJeIS 19}
(5 1dxag) aumar) dins—q) = 019§

‘aeys aeig uud

‘arels 9 | Aienba~£dde = aje1s 19;

‘as1ed (=% (suo++f)) 2 joogaoejdas =3 19)
A<+l gy

tae)s oy und
‘a1eys , punoq Jaddn,, | suodisod = ajess 19|

tajeys s und
‘els [D | JIToIUmal = J)els 19)
‘(((12 1dxag) aiumal) dins™q) = [019)

taeys aeigund
‘aress |9 | Anjenba~Kjdde = ajeis 19|
o, (4 =¢ (suo++)) o joogaoeidar = [219]

‘aess 91eg uud
‘ae1s (§ =¢ (auo++0) [ sisAjeuyase) = aes 19|

== (3s[e [enbg (3 =¢ (uo++N)) =3 13|
== (anu, [enbg (§ =¢ (suo++0)) = [219]

‘are)s aeis und
(2)1e1S 0 [ JIT )Ml = J)eIs 19]
{(((o 3dxag) ayumal) duis™q) =219

‘a1e)s s uud

‘arels o9 | Anjenba~Ajdde = a1eis 19]

‘asied (§ >$ (auo++0) £~z 1udiqo joogadejdal = 2 19]
A=1+zH

‘a1e)s ajeis und
aieis | di—Ajdde = ajess 19

are1s eig uud

‘a1e1s [1dxa] | ojeDaedipaid ~Ajdde = amess 19]
‘asjeq jenbg
(((ey3p +, ®1y3p) =<, 1) puy
(((&yop -, 1) => &i]3p) 10N))

= 1dxa 19]

‘aiess aeis uud
ers [ | sisayrodAy—£q = a)eis 19]

‘aje)s dreIgund
‘21IS [ | JITaIUIMII = 3B)S 19]
S(((12 1dxag) ayumar) dus™q) = 12 19|

‘a1ess aeIg T yunid
aje1s |2 | Anjenba~4jdde = aess 19]
‘onu], C_ >¢ (auo++0)) £~z 1udiqo joogaoejdai = §319]

21838 e1s T und

tels () >¢ (uo++)) | sisAjeuyase)) = qeis 19|

'g¢ 1uBiqo <== (3s]e,] jenby (§ >¢ (uo++())) = 7219|
*€7¢71uBNqo <== (3nu], [enbg (4 >¢ (suo++)) = [919]

A> i+
A<+ g /i
A=1+T "
1> 1+ i

sisA[eue ased Jy
eiap - id => (j+Heeq ¢/

‘aress s und




Appendix B. Proof Script for STARI

aeis | ajenuelsul = ajeis 19|
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‘arels aeig und
tagels [pwr] | ojeDaieoipald —Ajdde = eis 19§

“(gw <== ((u =>¢ ) puy (0132 =<§ [))) puy uasur"|) fenby
HasuI™[ = w191

‘aress apeigund
‘aers g | sisafiodAy—4q = ess 19|

‘ajels ayeIgund
‘(orels
[ew <== ((u=>§ 1) puy (0192 =<g 1))
‘(019z =<§ ) <== (suo0 =<¢ f}

[ oeD)aeoipaid—Ajdde) | di—Ajdde = agers 1o

L1 ((((1d +, ((uo++1) nasuik)) =, (1 wasuik))

((((suo++1) ak) [enbg (1 A4)) 10N)) puy
((((ouo++1) pasuif) =, (1 pasuif)) <==

(((suo++1) AK) jenbyg (1 A4))))

wipoedal = gw 19

‘ape)s apeys und

‘(dmss | | sisayrodAyT4q) [] | oreDedipaid Ajdde = ajeis 19] -

‘aess ayeyg uud
‘91818 [q <== (Jw puy ((u =>¢ ) puy (auo =<¢ )))
‘[w puy ((u=>¢ ) puy (suo =<g )]

"} ofeDareoIpald— Ajdde = ajess 19

{(((auo++() AK) fenbg ([ AK)) = jwi 19|

wasur (1+0A = wosur(DA 'y 4/

‘are)s Jeisund
tarels | dj~Ajdde = aje1s 19

‘ares aje)g tund
‘areis (suo--f) | aenueIsul = oasm 1|

tore)s Ayeig und

‘ajess (o] [ afe)areoipald Ajdde = Jjeis 19
(gw <== ((u =>§ (3u0--N) puy
Aobn =<¢ (auo--1)))) puy
uasurp

jenbyg pasuiT} = g 19)

‘aess ayeigund
‘aes g | sisatpodAy—4q = eis 19

‘are1s aeiswud

‘((arers [2dxa ‘gshs *|sAs]
1 aeDaedipasg—Adde) | dj~4jdde) | diA|dde = ess 15§
‘gwr <== ((u =>¢ (du0--f)) puy (0122 =<¢ (suo--N)) = 1dxa 13|
{(u =>¢ (auo--N) <== (u =>¢ ) = 7545 19]
‘(0132 =<§ (3u0--{)) <== (3u0 =<§ ) = 1545 19]

‘arers aers uud
es [] ¢ apeDaestpasd—Ajdde = aels 19

‘aels el wnd
aels ($w <== pw) ¢ Kijenba—4jdde = ajers 19;

‘el aeis wud

19)IS [(PW <== gw) <== guW

‘as[e [enbg (w 10N)

‘gt <== ((u =>¢ ) puy (suo =<g N)]
1 o[eDa1edipald~Ajdde = aqeis 39)
{(f =¢ (suo++auo--f)) = gui 19f

‘aers aeis uud
‘oress [ <== ((u =>¢ ) puy (suo =<g ) ]
1 9jeDaresipald—Adde = ajess 191
‘[ (auo++auo--f) gw jujaoejdas = pu 39f
‘(auo--N 1
((((1d +, ((suo++1) pasuif)) =, (1 asuif)) <==
((((auo++1) AK) [enbyg (1 AK)) 10N)) puy
((((u0++1) Wasulk) =, (1 pasuif)) <=
(((uo++1) AK) fenby (1 AK))))
yupaoerdar = gw )9

‘s AeIsund
‘(are1s | | sisayiodAy~4q) [] | ofeDaresipaid Ajdde = aess 9]

.Qsm g und
o118 [ <== (qw puy ((u =>¢ a puy (suo =<g )))
‘Tw puy ((u =>¢ ) puy (auo =<g N)]

1 ofeDaeapalgdA|dde = ae)s 19]

((f AK) [enbg ((auo--1) AK) 10N) = Zw 13

id - wasur(1-NA = uasur (DA [y 4y

taress aeysuud
‘(a1 7 dj~Ajdde) ¢ djA|dde = ajers 19}
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{9lels suop

‘ajers ey uud
‘(IS

[((T15d) =, (((auo++[) e33Q) -, ((3uo++]) 15d))) <==
((((Guo++0) &ap2) +, ([15d)) =, ((3uo++() 15d))]
| ojeDaedipaig—Adde) | dj-Ajdde = jeis 19;

ta1e)s AeIsuud
tarers (Z1dxa <== 1dxa) | Anjenba~4dde = ayels 19]
‘[ (auo--(suo++[)) 1dxa yupaoserdas = 1dx3 19]

aie)s a1eys und

‘(a1es [g1dxa ‘sAs) | ojeDaesipaig—Ajdde) | dj"Ajdde = ajeis 19]
‘(aie1s | uonedi|qo1ad) <== ([ =¢ (auo--(auo++())) = g1dxa 19
‘asje jenbg (([ =§ (auo--(auo++())) 10N) = s£s 19]

‘amels Aeis uud
tajeis | d)"Ajdde = azeis 19

‘aeys 91eyg T wnd
‘aers | dj”Ajdde = aieis 19]

‘areys ayig T wd
Lels
[z1dxa <== 1dxa ‘gsAs ‘1sAs] | opeDareaipald Kjdde = aess 19
‘as[e jenbg
((u=>¢ M) puy (((Suo++u) =>¢ (suo++()) 10N)) = 754s 19]
tas|e, |enbg ((suo =<¢ ) puy ((3uo =<¢ (suo++) 10N)) = [54s 19]
‘(q syJ) = z1dxa 19
{((Guo++0) B3aQ) +, ((u0--(auo++D) 15d)) =,
((uo++l) 15d) ) <==
((u=>¢ I puy (suo =<g f))) = 1dxa 19|

‘aers aeis T wud
‘ajes (auo++() | slenuRISUL = IS 19

‘aeys aey§Tund
ta1e1s [q ‘] | ojeD3jedIpaig Ajdde = apeis 19)
‘{(a1e1s | uonesdqoiad) syt) <== ((suo++f) 1 1dxa
wpaoejdar = q 194
{(((suo++0) 1 1dx2 wpaoeidar) puy zy) jenbg gy = e 19
H(((reyaq) +, ((duo--1) 1sd)) =, (1 15d)) <==
(((uo++u) =>¢ 1) puy (3uo =<¢ 1)))= 1dx2 19|

‘are)s aerg uud
s Q1 | sisaiod{y—4q = aess 15]
(Disd = (1+Deaeq - (1+01sd g

tareis aeig T und
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B.3 Proof Script for the Receiver Transition
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(

(e)}3p +, (((3uo++1) neif) ((auo--1) neik) xewr)) >,
ney) = Junun 19|

X

(((euo++1) AK) [enbg (1 AK)) pu
((1 aK) 1enbajou™q ((auo--1) aL)) ) = ajqqnq 19|
((1d +, (o19Z nesk)) => ne)) = 17 19]
X
(((suo++u) 15d) +, ((SUO++u) pasulf)) =,
((suo++u) neik)) puy
((oJaz uasuih) =, (019z neik)) = epque| | 19|
{(ney =>, (1 neif)) ((Suo++u) ‘013zZ) 1 |[BIO] = [ESNEIT| 19]
(1 15d) +, (1 pasuik)) >, (1 neik))

(u ‘au0) 1 [[e10,{ = PAYIST] 19|
IS i8S Ul JueLIBAUL //

{((1d 4, ((euo++u) nek)) =<, ne1) =) 19}
O uonipuod //

{94 *64 ‘PY ‘€Y ‘T4 ‘14l =4 19]

‘(eyep >, 019Z71) = 9y 13}
{(u>g 0132) = gy 19}
“((en10p -, 1d) =>, (1 e1j2)) ! 1[2I0J = pY 193]
_ “((enap +, eYap) =<, 1d) = gy 19|
H(((rex2q) +, ((suo--1) isd)) =, (1 15d))
((auo++u) ‘auo) 1 [[e104 = 7Y 19]
(019771 =, (019Z 1sd)) = |4 19]

Bl2p >0 9 //

u>0p°gy

elep - 1d =3 (1eyjaq 1 [[810] ¢ /f

Blp g =<td gy

Menaq + (1-nisd = (1)isd (1+u ‘1) 1[[e10) T J/

(z°1) 18d jo uontuyap | : o=(0o)sd 1y
:sasayjodAy /7

(g <== ((n =>§ 1) puy (] =<§ 1)) ! |1e10} = q (0°}) 1 {[e04 19|
112104 //

(q [enbg e) 10N = q & |[enbajouq 19|

(9 >¢¢) 10 (q <¢ B) = q e jenbojou™1 19|
(q>,8)10(q < B) = q e enbajou113]
sad£y 2a1y) [je 10) jenba jou y

‘ge(q =< ®)Ji"l=qeXew |

Xew fy
:SUOLIUNJ JISN J/

¢AK, Aeire™q = AL 19|
'S9[qeLIBA UBD[00q //

(
(enap -, 1d)
(48 -, eifapy -, epquie])
(=g J1)einap
(I>gH 1) =1e43Qq 1]
L (enep-id)(y-u), o = %319
LLENAPY N, Y = BI3pY 19|

s uasuik, Aelse™1 = Hasulf 9]
ek, Aeue"1= neis 19
‘.epquel, Y = epquigl 19|
*LBNSP, i = B)dp 19

ado = dag

e, Y= ner o

] 0 1SU0dI = 0J9Z71 19
:S3[qBUEA [B3] J/

tsd, Aewe”i= isd 9

LU, [=uig
LA T=119
R R RE|
Wor=ha
AR R |

7 15U0D = oM} 19|
‘] 1SU0D = U0 39
‘() 1SU0D = 0J3Z 13]
:S3[qQelIeA Jad3ul J/

‘fenbajou—q ¢ xyyui
‘fenbajou™1 € xyyut
‘fenbajou™1 ¢ xyur

"

<< Vi

uasur (u)£ ‘ney ‘A(j+u)k LON /!
= uasur(+wA ‘ney (j+u)k ‘A (j+u)k <-- i/l
1d + ney(j+u)f =< nej >> /!

UOIISURI) 13413031 ([YV.LS //
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Appendix B. Proof Script for STARI

( (1 uasutA) (u uasuik) ((uo++u) = 1) J171)

((3uo++1) k)
(((auo++1) AK) 10N)
((suo++u) =g (uo++1)) JI"q)
renbajou—q
((1 AK) ((1 AK) 10N) ((ouo++u) =¢ 1) JI7q) ) )
puy

((auo++1) pasul)
(u pasuik)
((suo++u) =¢ (3uo++1)) J171)

( (1 wasuth) (u uasuIk) ((uo++u) =¢ 1) JI71 )

(
(((quo++1) AK)
(((euo++1) AK) 10N)
((suo++u) =g (suo++1)) JI7q)
. jenbg
(1 AK) ((1 AK) 10N) ((Suo++u) =¢ 1) JI°q) )))
(u ‘o132) 1 [jeIO4
= Masur 19]

(d+,ney)=>ae)= 1719

“(Bunup <== 21qqnq) (u ‘3u0) I [jelog = 7119

(
e)op +,
(
(((uo++1) nelk) ne) ((SUO++U) = (3U0++)) Ji™1)
(((suo--1) ne1k) ney ((uo++u) =¢ (auo--1) JI™1) xew) ) >,
nej )
= Junuy 19

((auo++1) AK)
(((Quo++1) AK) 10N)
((uo++u) =g (3uo++1)) J17q)

" [enbg
(1 A4) ((1 AK) 1ON) ((Suo++u) =¢ 1) JI7q) )
puy
(
((1 AK) ((1 AK) 10N) ((Suo++u) =¢ 1) JI Q)
[enbajou™q
(
((su0--1) AK)
(((auo--1) AK) 10N)
((uo++u) =¢ (duo--1)) J17q)) = ,9[qqnq 13|

{((1d +, (019zZ neIK)) => neY) = 3T} )9

{((((suo++u) isd) +, (u yasuik)) =, ney) puy
((013z pasuif) =, (019z neI)) = Eepque] | 19|

{(ney =>, (1 neik) ney ((uo++u) =§ 1) J171)
((suo++u) ‘0132Z) 1 ||e10 = jesnedT| 13]

(1 1sd) +, ((v wasuik)
(u pasuif)
((auo++u) =¢ 1) JI1) ) >,
((1 neak) ney ((auo++u) =g 1) JI1))
(u ‘2u0) 1][e10,{ = ,PaYOs~[19]
TS .S Ul yueuRAUL //

Y (s171:D) puadde = dAy 19

{[uasur™] T *§T 7] ‘epquuel | ‘esnedT ‘payasT]] = 15| ] 19|
- ‘Hasul”| puy J17j puy

JTIpuy 1] puy EpQE[ | PUY Jesned ] puy payasT] = [ 19]

(
(1d +, ((Suo++1) wasuif)) =,
(1 HosuIf) ) <==
(((ouo++1) aK) [enbajou™q (1 AK)) ) puy

(
(((QuO++1) uasuif) =, (1 Hasulk)) <==
(((3uo++1) AK) [enbyg (1 44)) ) )
(u *013Z) 1.|[e10] = WASUI [.33]
{(id +, ((Suo++u) neik)) => ner= 1T} 19|
‘(Bunun <==21qqnq) (u ‘ou0) L jjeI0d = JT[ 9]
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id + ney(j+u)4 =< ney °| i

I
((p+u)isd + pasup(u)4 < ney g/

tae)s aeisTunud
‘(amis p | sisayiodAy~4q) {] | ojeDdedipaigd Ajdde = ajeis 19)

tateis aeis uud
‘aes
[(((auo++u) 1sd) +, (u pasulf)) = ney
‘(0192 p3suif) =, (019z nejk)]

[ areDaeoipasd—K|dde = ajess 19]

‘epquey | //

‘aens sy und
‘(a1
[asfe.§ jenbg
"
((auo++u) =>¢ 17)S) puy
(79s =>¢ (duo++(auo++u))) ) |
1 oreDaiedipaid~Ajdde) | dimA1dde = Jgess 19

‘aress aerguud
‘(ore3s [asjeq fenbyg (ney =>, ney) 10N])
1 ofeDaiesipalg~Adde) | di—Kjdde = aje1s 19

) ‘aess aeisund
‘(aess 1dxa | ALINTVNOT A1ddV) ¢1dxa [ JImaiumal = ajels 19
T Y((adxa xdxag) ;umar) dinsTq) = 7adxa 19

anu ], ((suo++u) =¢ 17ys) ((1ers | uonesijqoiasd) sy1)
[oogaocejdal = 1dxa J9]

‘aess syl und
‘(91815 | aja10sip~Afdde) | di~Kjdde = aje)s 19]

‘aess ae1§ und
: ae)s
[(((o1e15 | uonES1]q01aT) syI) sYI) <==
(onu, jenbg ((auo++u) =g Iys))
‘as[ey [enbg ((((3uo++u) =¢ 17ys) 10N) puy

(s =>¢ (uo++U)) puy ((2u0--(3UO++(U0++U))) =>¢ 17 Ys))

‘((duo--(3uo++(auo++u))) =>¢ 17¥s) [enby
((cuo++(auo++u)) >¢ 17ys) |
} o[eDeoIpald— A|dde = Jes 19|
JHu= _Iv_m /!

‘213 are1g T nd
‘21e1S 17YS € | padueydup) = els 19)

taress a1 und
(@meis 1dxa | ALITVNOA~AT1ddV) T3dX3 | Ja1umal = 3jeis 13
{(((adxa 1dxag) ayumar) duis—q) = zidxa 13|

tas[ef ((auo++u) =¢ 17ys) ((a1e1s | vonedipqo1ad) syi)
joogaoeidar = 1dx2 13}

‘a1e)s age)sund
‘(awrs
[((re1s | uonesdqo1ad) sy1) <==
(3s[e] |enbg ((auo++u) =¢ I73s))
‘as|eq [enbg (((suo++u) =¢ 1 ys) puy ((uo++u) >¢ 17ys))]
1 oreDaeaipardAjdde) | di”Ajdde = ayeis 19
US> TNS

‘aeys AeIg T und
131818 [JUO++3U0++U ‘QUO++U] IS | ZSIsA[BUYIsE)) = 3lels 19]

‘ajels eyg uud

‘31818 17ys 1 (31815 | uonediqo1ald)
1dxa™ys | wajoys~A|dde = ayeis 19
‘ys 1 (.S | uonediqoiad) [je1o) wiajoys = 1dxaTYs 19]
WOAS, [=17s 09
[esneaT| joayd | //

ajers eI nd
tole)s
[,payasT} uasur |y AT
‘)71 *epquie] ] *jesnea|]

] d[eD31edIpalqd Adde = aels 19

ta1eis ayerg und
tdAy wiepd jooid ue)s = eIS 19|
LHIsUIT  puy I puy 47| puy
1 PUY EPQWE|T| puy [BSNEDT[ PUY PaydsT] = WIed 19|

id +, (((3u0++1) Wasulk)
(u wasuik)
((3uO++u) =¢ (JUo++1)) §171) )
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‘as|eg [enbg (((suo =<g (3uo++u)) 10N) puy (U >¢ 013Z))
‘u >¢ 01z
‘(1sul puy gewnwdj) [enbg zewwaj]
1 o[eDedipald—A(dde = Je1s 19)
tApoq <==
(((3uo++u) =>¢ (uo++U)) puy (U0 =<§ (UO++U))) = 15Ul 19]
{( ((auo++u) AK) enbajou™q ((auo--(auo++u)) Af) ) <==
(
(
(
i+,
((suo--(suo++u))isd) +,
((auo++u)nasuif) )<,
ne) ) puy
11) = Apoq 19|

_aeys g ewiwo], | suodisod = ajers 19]
paruswapdwi st uononput 1jun sy suodisod ouo 7 ewwoy ind g

‘aje)s oyeg yund

‘aje)s
[(o1e35 | UONEBI}qOIET) <== gEWWI|
‘Tewwa] .
1 9feDaedipald—A[dde = ajess 19f
X

((1 AK) [enbajou—q ((auo--1) AL)) <==
"
((1d +, ((uo--1) 1sd) +, (1 wasuik)) <, ney) puy
m )
((suo++u) ‘auo) 1 j[B10,
= Zeww?| 13|
‘T ewwa 4q 4/
A'(J+WA =) (U)K <==1d + (u)isd + pasuy ([+u)k < neypuy
{1 2aoid gy

tojeys oy und
‘(amess | d["Ajdde) | d|"£1dde = ae1s 191
‘(o115 g1 | sisayrodAy~4q) [] 1 oeD=redtpalg—Aidde = ajels 19]

tae)s aeigund
HEIH
[asied [enbg ((u =>gu) JoN)
‘asjey [enbg (((049z =<g u) J0N) puy (U >¢ 0132))
‘u>¢ o1z

‘(sut puy y) [enbg y)
1 areDRedIpald— Aldde) u | ajenueisur = a1els 19]

tajess g sisayodAyiad = y 19]
«(
(
((1d +, ((uo++u) Wasuik)) =,
(u pasuif) ) <==
((((suo++u) AK) [enbg (u AK)) 10N) ) puy
(
(((euo++u)pasulf) =, (u uasuif)) <==
(((suo++u) AK) [enbg (U Ak))) )
<== ((u=>¢u) puy (0J3Z =<§ U)) = 15Ul 33)

‘aiels § | sisayjodLy—4q = aies 19
id + pasur(+u)h = pasur(u) <== A (|+u)f =j A'(U) y/

‘(3138 ¢ | sisaylodAy—4q) [] | areDeaipatd” Ajdde = aers 19;
‘(3115 ¢ | sisayiodAy~Aq) [] | ojeDAeoIpald ~Adde = ajess 19
‘(2118 | | sisaylodAy~4q) [} | ojeDaesIpaid Ajdde = aers 19]
(1+u)isd + pasur([+u)h = ney([+u)nes y/

id + ney(j+u)k => ney g

ad + ney(j+u)k =< ney y

s ajeiguud
‘(aws
{as[e jenby
(((((uo++u) 1sd) +, (u udsulf)) =, ne1) 10N pUy
((1d +, ((Suo++u) wasuik)) =, (u Yasulk)) puy
€SAs puy zsAs puy [sAs)
‘((1d +, (u 15d) +, ((3uo++u) Wasuik)) <, ney)

- ‘11

‘(((suo++u) AK) enbalou—q (u AL)) <==
(((1d +, (u 15d) +, ((auo++u) pasuik)) <, ney) puy [
“((1d +, ((suo++u) pasulk)) =, (u wasuif)) <==
: (((suo++u) AK) jenbajouTq (u Ak))
‘gshs ‘zsAs ‘shs]
1 ojeDaeoipaig~Ajdde) g dj—Ajdde = Jje}s 19|
{(((Suo++u) 18d) +, ((SUO++u) pasuif)) =,
((auo++u) ne1k) = ¢shs 19}
{(id +, ((auo++u) neik)) => ne) = gsks )9|
{(id +, ((uo++u) neik)) =<, ney = |sKs 39|

(1+u)isd + pasur(u)£ < ney i

i

id + wasur (| +u)k = pasur(u)f ¢ /
(1+u)isd + wasur ([ +u)£ = ner(j+u)4 °¢ /I
1d + ney(j+u)f =>ney 7 /I
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(043271 <, ((3uo++u) BIJ3(Q)) <=

(aruy, fenbg (3 >§ (auo++w)) |

1 d1eDed1paid ™ A[dde) 1dxa | A LITVNOT™ATddY)
zidxa | Jyoumar = e 19|
{(((1dxa adxag) s1umar) dins—q) = zidxa 19|

o] (3 >¢ Ao:o++=: (013771 <, ((3uo++Uu) BIj2(]))
joogaoejdas = adxa 39]
‘0 <®eisp//

‘ojels ajeg uud
‘91e1S [auo++Y “§] (Auo++u) | ZsisK[euyase]) = jeis 19§
0 < (1+weiag //

‘aje)s gey§ upd

‘@s 1dxa | ALINVNDA™ATddV) [] 1 d1DameatpargAjdde = aieis 1)
‘u (3uo--(auo++u)) ((ers | uonediqolad) syl)

upaoe(dor = 1dxa 19

‘s sy uud

‘(s | diAdde) | d"£jdde) | dj—Ajdde = aeis 13

‘(a1ess g1 | sisayiodAy—4q) [] | ofeDaredipald—Aidde = aess 19]
‘91eIS (QUO++U) | SleNUBISUL = RIS 19]

‘ae)s
: {
(o118 | uonedijqo1sd) sys) <== £poq) <==
(u =¢ (auo--(3uo++u)))
‘ase jenbg (u =¢ (uo--(uo++u))) 10N
‘asjeq jenbyg ((suo++u) =>¢ (3Uo++u)) 10N
‘as[e, renbg :uco =<§ (3uo++U)) JI0N) puy (U >¢ 0192)

‘(U >¢ 0102)
‘(1sut puy y) [enbg y)
1 QEUBS_@E&Q_&« = 9Jels 19)
‘Apoq <=
aoco++5|vﬁo=o++5v puy AocoiAﬁo:o++=§ ESNIBET|
X

(((suo++u) v2q) +, ((3uo--(auo++u))isd)) =,
((suo++u) 1sd) ) = Apoq 19|
‘aels o sisayrodAyiad = 4 19
‘1es 0 | stsagiodAy—Aq = ajeis 19|

{(ae1s ¢ | sisayiodAy~£q) [} | sjeDMedIpargKjdde = ajers 19)
‘(aess | | stsayiodKy™4q) [] | sjeDses1pasg—K|dde = ajeis 19

tes aesTund

‘(arels
[asie. jenbg
((((1d +, (u 15d) +, ((UO++u) PIsuIf)) <,
ne) ) I10N)

puy $sAs puy gshs puy zs4s puy [sAs)

‘psAs ‘gshs ‘7sAs |shs)
[ seDateaipaid~Ajdde) ¢ dj"A|dde = Jje1s 19|
1019271 <, ((duo++u) BIfaQq) = pSAS 19]
{(((3uo++u) elj3(q) +, (u 1sd)) =, ((Suo++u) 15d) = gs4s 19

‘(((auo++u) 1sd) +, ((auo++u) uasuif)) =,

((suo++u) nejk) = gshs 19|

{(ud +, ((3uo++u) neik)) =<, nej = {sAs 19|

id + (u)isd + pasur([+u)k < ney i

I

0 < (j+wesqg v I

(1+weaq + (u)isd = ([ +u)sd ¢ /"
(1+wisd + yasur([+u)k = ney(j+u)f g //
d + ney(j+u)k =< ney | i

i

1d + (u)isd + wasur(j+u)£ < ney

tajels ayeisund
(@5 7 | sisapodLy—Aq) ¢ | sisayiodAy~Aq)
p 1 sisapodAy—4q) ¢ | sisayodAy~4q)
9 | sisayiodAy4q) | s1sayiodAy~4q)
8 | sisayrodAy—£q
) (1 1 s1eDAedIpatd A dde = ajess 19)
Al<== 11/

‘ameys aeig T uud

@% 1dxa | ALITVYNOA AddV) (] 1 91ED3101pa1g "A|dde = aers 19
‘u (uo--(suo++u)) ((21e1s | uonedijqo1ad) syJ)

wpaoejdas = 1dxa 19j

‘a1e)s aes und

‘((amers | di”Kjdde) | diA|dde) | d["Ajdde = aeis 19]

‘(ass ¢ | sisaylodfy~4q) [] § ojed9reoipald~4|dde = aje1s 19
ta1e)s (JU0++u) | dBnUBISUL = JEIS 19)

aens

(((oms | uonedqoiad) syl) <== Apoq) <=
(u =¢ (suo--(3u0++u)))
*as|ey |enbyg ((u =¢ (auo--(auo++u))) 10N)
*asie,f jenbg (((suo++u) =>¢ (auo++u)) 10N)
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ha
[95]
by
S
B
3}
5]
S
£
m
=
2
Q,
<

[(ensp >, 019271)
‘(evap +, &13p) =<, 1d
‘asje,{ jenbg (((1d +, ney) =>, ne1) 0N
puy (eiap >, 019771)
puy ((&112p +, BI3P) =<, 1d))]
1 oreDaieaipaidAjdde) | di£jdde = aess 195
2p

‘atess aeys und
‘(a8 ¢ | sisayiodAy—4q) [] | ateDeIeoIpald~Ajdde = Jjess 19]
iy

‘aeys ajeis uud
‘(aes ¢ | sisayqiodAy—£q) [] | dfeDesipard~Ajdde = aess 19]
‘(aes {1 | sisaypodAy—4q) [] | sjeDatedIpaid—Ajdde = aieis 19

HE N
[e3jop >, 040271
‘(enap +, BIop) =<, 1d
‘asje, jenbg (((012271 <, (e319P -, 1)) 10N) puy
(enap >, 019771) puy ((eN2p +, ©3p) =<, 1d))]
1 o[eDaiedtpald —Ajdde) | d[~4dde = aess 19]

‘oess aerg und
‘(@wers 1dxa | ALITVNOT ATddV) Tidxa | JI-aiumar = 3jess 19]
{(((adx3 1dxag) ayumai) dins—q) = zadxa 19]

asje (o =¢ (duo++u)) ((a1e1s | uonesdiqolad) syI)
joogasejdas = 1dxa 19)

eI axo 1 ALINIVNOA™A1ddYV) 73dxa | JIaiumal = 9els 19]
{(((adxa 1dxag) ayumal) dins—q) = zadxa .o_

‘asfeq O_ >¢ (auo++u)) ((arers | uonedjqolad) sys)
: joogaoejdas = 1dxa 19|

‘arels aeig yund

‘(a1

[((019271 <, ((suo++u) Blf2(])) <=
(as|ed jenbg (y =¢ (suo++u)))) <==

(asieq jenbq (4 >¢ (suo++u)))

‘asje jenbg ((§ =¢ (suo++u)) puy ((3Uo++u) =>¢ (3uo++¥)))

‘asieq [enbg ((} >¢ (suo++u)) puy ((3uo++u) =>¢ (auo++)))]
; [ oreDatedipard—Ajdde) | diAjdde) | dj"A|dde = aie)s 19
g<enap-idy

‘aiels aeis T uud
‘aje)s , punoq 1amoj,, | auodisod = aeis 19}

(((ameas

(e1ap =<, (¥8 -, e113pY -, epquIey)

‘e)[ap >, 01371
‘as[e jenbgy
. (

((019771 <, (33 -, &3]3y -, BPQWIE])) ION)  PuUVy
(ei[ap >, 013Z71) puy

(B3P =<, (48 -, eipapY -, epquue])) ) ]

1 ojeDaedipald—Kdde) | dj~£jdde)

$1 1 sisayiodAy~4q) [} | sjeDaeaipaig—A(dde = aeis 19

‘arels Avs uud
‘(@115 1dx9 | ALITVNOT AT1ddV) T1dx3 | JImaiumal = ajeis 19
{(((1dxa 1dxag) aiumar) duns—q) = z2dxa )9

‘aru] (Y =¢ (auo++u)) ((a1e1s | uonesdiyqo1asd) sys)
joogasejdar = adxa 391

(@@s 1dxa | ALITVNOA ATddY) 24dX3 | Jimaiumal = ajels 13
{(((4dxa 1dxag) amumal) dins™q) = zidxa 19

‘asfe,] () >¢ (suo++u)) ((eis | uonedijqorad) sy1)
joogaoeidas = 1dx3 19|

‘s aeng und
(({(arers
[((030Z71 <, ((au0O++U) B)2()) <=
(aru], enb3g (3 =¢ (AUO++u)))) <=
(as[ed [enb3 (3 >¢ (suo++u)))
‘asie [enbg ((§ >¢ (uo++u)) puy ((Uo++u) =>¢ ¥))
‘asjey [enbg (3 =§ (suo++u)) 10N) puy
((3uo++u) =>¢ ) puy ((suo--(3uo++¥)) =>¢ (uo++u)))
‘((auo--(auo++Y)) =>¢ (uo++u)) [enbg ((uo++y) >¢
(ouo++u)) |
[ o[eDaeoipaid—Ajdde) | ayasosip~Adde) | df4dde)
| di”Adde = aiess 19§
:0 < (enap-1d)u - (EaP,Z-1d)(1-Y) + EpquIg] //

‘are)s Ierguud

H((am1s ¢ | sisayiodAy—4q)

[asie, jenbg

(((013271 <, B)|9p) 1ON) pPuy (eyap >, 019271)) ]
| o[eDoedipasd Aidde) | di £Ajdde = ajeis 19]

(oS
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‘aels
[baur <== (as|e jenby (ne1 =<, ((3uo--1"ys) neik)))
‘baur <== (ans} [enbg (ne1 =<, ((au0--1"3%s) neik)))]
1 ajeD2ediparg—Ajdde = ajess 19§
‘(enap +, (ney ((auo--1~ys) neif) xew)) >, nej = bauy 19]

‘aje)s arerg wnd
‘(a1m1s 1dxa | ALITVNOT A1ddY) Z3dX3 | JITa1mal = ajess 19]
“(((1dxa 1dxag) syumar) duis™q) = zidxa 19
], ((auo++u) =¢ (dUo++1"Ys))
((a1m1s | uonediqoiad) syI) joogaoejdas = 1dx3 19]

(aw1s 1dxa | ALITVYNOT A1ddV) 72dXa | JI2iumar = dess 19|
{(((adx2 1dxag) s1umal) duis™q) = z1dxa 39

‘as1eq ((uo++u) =g 17ys) ((a1e1s | uonesijqoiad) syi)
_oomoom_no_ = 1dxa 19

‘(a1 ._&6 I ALITVNOT A1ddV) gidxs | JITaiumal = 3jess 19]
{(((sdxa 1dxag) aqumai) duys—q) = z1dxa 19|

‘asey ((auo++u) =§ (suo--1"ys))
((=1&35 | uonediqorasd) syi) joogaoe)das = 1dxa 19§

‘ae)s &SmJEE
: ((((arers
[({(((211s 1 uonesiqorad) sy)

<== (aru], jenbyg ((auo++u) =¢ (SuUo++17Ys))))

<== (3s[e,] jenbg ((ouo++u) =¢ I7Ys)))
<== (as[e] [enbg ((auo++u) =§ (suo--1"¥s)))
‘as|e,] jenby
(((puo++u) =¢ 17ys) puy ((auo++u) =¢ (Uo++17Ys)))
em_mu_ _S&m
(
((ou0++u) =§ (auo--I¥s)) puy
((uo++u) =¢ (auo++17%s)) )
‘asjeq [enbyg ((((Suo++u) =¢ (auo++1Ys)) 10N)
PUY (1748 =>§ U) puy ((3U0--(3U0++1)) =>§ 1Y)
‘((auo--(auo++u)) =>¢ 17ys) jenbyg ((auo++u) >¢ 1 ys)]
[ oreDaeaipaig—Ajdde) | ajaosip~Kidde)
1 di"4jdde) | di~£jdde) | di~£jdde = aess 191
B)ap + (ner([+1£ ‘ney(j-nNi)xew > ney j/
u=rysy

aers ayeyg wund
‘a1e)s 17ys 9 | padueyoup = wIs 19|

‘(s adxa | .r._l_,._.<DOmx A1ddV) zadxo | Jirommal = apegs 19|

{(((1dxa 1dxag) aaumal) dus q) = Naxo 191
3514 ((Puo++u) =¢ (JUO++17ys))
(@5 | uonedqolad) syi)
[oogaseidal = 1dxa 19

‘@Geisadxa | A LITVNOd A 1ddV) Zidxa | JIToiumal = 9)e1s 19]
{(((1dxa 1dxag) aumai) dins—q) = z1dxa 19|

t3s[e ((uo++u) =¢ I Ys)
(21835 | uonE311q0123) sys)
joogasejdal = 1dxa 39]

‘(are1s 1dxa | ALITVNOA~A1ddV) Tidxa | JI-a1umal = 3els 19
{(((2dxa 1dxag) a1umar) duis—q) = zidxa 19|

‘asje ((auo++u) =¢ (duo--Iys))

((ams | :o:mw:noﬁwv sy1)
[oogaoejdar = 1dxa 19

H(((ers
[
((((a1e1s | uonesdqolad) sy1) <=
(as[e {enbg ((auo++u) = (UO++IYS))))
== (asjeq [enbg ((suo++u) =¢ 17¥s)))
== (as[e4 |enbg ((auo++u) =¢ (Uo--17¥s)))
- ‘as|e [enbg (((suo++u) =§ (Uo++17Ys)) puy (u >¢ I ys))
‘as|ey [enbg (((3uo++u) =¢ 17fs) puy (u >¢ 17s))
as[e [enbyg (((2uo++u) =g (Juo--1xs)) puy (U >§ I ¥s))]
1 ojeDaeoIpaig—Ajdde) | di£jdde) | dj £|dde)
| di”Ajdde = ajeis5 19)
U>As

‘aes ey und
‘aels [(suo++u) ‘u] 17ys | gsisjeuyase)) = els 19

‘arels ayeis wnd
"1s 17YS { (ders | uonedijqoiad) idxa™ys
] wajoys~Ajdde = a1ers 19]
Tys 1 (.S | uonediqoyad) jjes0) wiaoys = 1dxays 19
WOAS, I=s 19
SR/

‘a1e1s ape1g T und
{21818 ¢ | sisayiodAy—4q) [} | ojeDaredipaid—A[dde = ajeis 19
f(as | | sisayqrodAy~4q) [} | opepaeoipalg—Kjdde = ajess 19

aeis eigund
‘(s




i
i
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'
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‘asjeq ((auo++u) =¢ 17ys) ((a1e1s | uonediqoiad) sys)
[oogaoejdas = 1dxa 19}

‘aeys aliguud

(15

- [((((21e1s | uonediqo1ad) sy1)

<== (=g ¥s))
<== (any], [enbg ((suo++u) =¢ (3U0++17Ys))))
<== (as[eq {enbg ((suo++u) =¢ I7ys))
‘as[eq [enbyg
(((u =§ 17%8) 10N) Puy ((3U0++u) =¢ (3UO++17Xs)))
‘asje.f jenbyg
((2uO++u) =§ 1745) puy ((3U0++U) =§ (SU0++1¥s)))
‘as{ey jenbg ((((auo++u) =¢ (3Uo++17Ys)) 10N)
PUVY (1748 =>§ u) puy ((3U0--(2U0++u)) =>§ I"¥s))
‘((auo--(auo++u)) =>¢ 7s) enbg ((suo++u) >§ 17ys)]
1 9jeDaied1pald~Adde)
| a1u0s1p~Kjdde) | dj"4Ajdde) | dj~A|dde) | dj—£jdde = aess 19}
U=r3s/

‘aels 9yeig und
‘ajeis 1Y § [ pedueysun) = ameis 19

‘(@es 1dxa'| ALIMVYNOF A1ddV) 2idxa [ Jimaiumal = aess 19|
{(((+dxa 1dxag) aumal) dus—q) = zadxa 19|

‘as|eg ((SUO++u) =¢ (SUOH+ITHS)) _
((aes | uonediqo1ad) sy1) joogaoejdar = 1dxa 9]

‘(wers 1dxa | XLITYNOT ATddV) 71dxa | Jiaiumal = aeis 19|
{(((adx2 1dxag) aqumar) dins™q) = z1dxa 39

‘as|eyq ((auo++u) =¢ 17ys) ((ayes | uonediqorad) sy1)
joogadedas = 1dxa 19]

(s
[((((1e3s | uonednqoyas) syr) _
<== (3s[e4 [enby ((SUo++u) =¢ (3UO++17Ys))))
" <== (as[ey [enbg ((auo++u) =¢ 17Ys)))

‘asfe [enbg (((Su0++u) =¢ (3UO++17%s)) PUY (U > I7Xs))

‘asfey [enby (((uo++u) =¢ 17Ys) puy (u >¢ 1s))]
| ofeDamedipald Ajdde) | dj~Adde) | dj~£dde = ase1s 19§
i . U>Iys

tajels ae)s uud
‘3je)s [(auo++u) ‘U] ITYS | gsiskjeuyase)) = Ijeis 19|

aels g und

‘o1m1s Iy 1 (a1els | uonie31jqoiad) 1dxa™ys
1 wajoys—Ajdde = aeis 19
YTNs 1 (arels | uonedijqolad) j[etoj wajoys = 1dx3 s 19
WOAS I=1s 39
wasur

taels oIS und

‘(aie1s

[as|e4 [enbg ((u =>§ 17iS) puy (7S =>§ (3u0++u)))]
1 speDaediparg—A(dde) | d|"Ajdde = aers 19|
u< sy

‘aess aerg unud

o H(overs

[eyap >, 019271

*asje] jenbg

(
{((enap +, ney) >, ney) 10N) puy

(eyep >,010271) ) ]

[ oenaeaipaid—Ajdde) | dj~Kjdde)
p1 1 sisayqiodAy~4q) {] | ojeDareaipaid—Ajdde = aers 19;

‘(areis 1dxo | ALITVNOT ™ AT1ddV) TidX3 [ JImajumal = 9je1s 19
‘(((adxa 1dxag) sayumar) dus™q) = zidxa 19|
‘asjeq (ney =<, ((suo--1 ys) neik)) :
((ame1s | uonedyqoyad) sys) joogaoerdas = 1dxa 33j
ne) > ney (1-17ys)4

‘ajeys ajeig und
{((amers
[e1ap >, 019271
‘asfe, |enbg
((((enap +, ((suo--17ys) neik)) > ne) JoN )
puy (e1]ap >, 013Z71) puy (ne) =<, ((3uo--1"ys) nejk)))]
1 ofeDedipard Ajdde) j dj~Ajdde)
p1 1 stsayiodAy~4q) [] 1 oreparearpaid—£dde = ajess 19;

‘(a1 1dxa | ALITVNOA” A1ddV) T4dX3 [ JIma1umal = )e1s 19]
{(((xdxa 1dxag) amumar) duis—q) = zidxa 19]

{(anu], (ney =<, ((3uo--17ys) neik))

((ae1s | uonedijqoyad) sy1 joogaoejdar)
<== (aru} [enbg (ne) =<, ((suo--I"ys) neik))) = 1dxa 19}
ne) =< ney (|- y$)A /7

tarels sjeig und




Lo

177

Appendix B. Proof Script for STARI

{(((ouo++u) 15d) +, ((auo++u) pasuif)) =,
((auo++u) neik) = gsAs 19|
‘(1d +, ((Quo++u) neik)) =<, ne) = [ss 19|

id + (u)isd + pasuy({+u)f < ney i

/"

o< (1+weieq v i

(1+uw)paq + (u)isd = (j+u)isd ¢ "
(1+u)isd + pasur([+u)k = ney([+u)f g !
id + ney(j+u) =< nej '| I

I

1d + (u)isd + pasur([+u)k < ney

tare)s aeyg und
H((((((e1s T | s1sagiodAy™Aq)
€ 1 stsayiodAy™4q) | sisayiodAy~4q)
§ [ sisayiodAy=4q) 9 | sisayiodAy~4q)
L 1 sisayiodAy™4q) g | sisayiodAy~4q
) [1 1.918D21e01patd—Ajdde = ajess 19j
<= 11/

‘ajels g uud

(@wess adxa | ALITVYNOF~A1ddV) (1 1 deDa1e01paly—A1dde = sjeis 19|
‘U (suo--(auo++u)) ((are1s | uonediqored) sys)

: ~yupaoejdar = 1dxa 191

‘arels ey und

{((arers [ dj”Aidde) | dj~A|dde) | di~A|dde = a1ess 19]

‘(ae1s g1 | sisarodAy~4q) [} | s1eDoedIpaldA|dde = Jjels 19]
‘ajeys (auo++u) | leNuBISUL = 3JRIS 19

‘oers
[
(/@15 | uonedi}qo1ad) sy1) <== £poq) <==
© (u =g (auo--(auo++u)))
‘asfey jenbqg ((u =¢ (suo--(auo++u))) 10N)
‘as[ed [enbg (((suo++u) =>¢ (suo++u)) JoN)
‘asfey jenbg (((uo =<¢ (suo++u)) 10N) puy (u >¢ 013z))
’ ‘u>g oz
‘(ysul puy gewwsaj) jenbg gewwaj}
| ofeDaedIpald— Ajdde = aeis 19
‘Apogq <==
(((uo++u) =>¢ (ouo++u)) puy (U0 =<g (3UO++U))) = IsUl 13|
{(((suo++u) AK) [enbajou™q ((auo--(3uo++u)) AK)) <==

(

(
ud +,
((auo--(auo++u))isd) +,
((suo++u)uasulf) )<
ney ) puy
11 )=4poq13|

‘aiels 7 ewwa, | auodisod = aers 19
pajuawajduir s1 uondnpur {nun istj pauodisod ojuo g ewwa| nd 4

‘ajes aeigunud

‘arels
[(o1818 | UONES1QO}aT) <== ZewIW?]
‘gewudy]
1 oreDa1edipaldKjdde = aess 19)
(
((1 AK) fenbajou™q ((su0--1) Af)) <==
(
((1d +, ((3uo--1) 1sd) +, (1 Wasulf)) <,
ney ) puy
1 )
((suo++Uu) ‘auo0) i [[e10Y4
= Zewwa| 13|
' eunwa | £q
A (1+u)h =j (WA <==1d + (u)1sd + pasur(J+u)4 < nej puy /I
11 aaoud g

taeis aeyguud

‘(ae)s

[((1d +, (u 1sd) +, ((suo++u) Hasuik)) <, ney)

‘11

“(((3uo++u) aK) [enbajou™q (u AL)) <==

(((ad +, (u 15d) +, ((auo++u) pasuik)) <, ney) puy |

' ‘asje. jenbg ((u wasulk) =, (u uasuik)) 10N]
1 o1eD3eapard~Adde) | dj~£|dde = Jje)s 19

:a1eis 1dxa | ALITYNOA A 1ddV = 91e1s 19]
U ys ((aeis | uonediyqoied) syt) yupasejdas = 1dxa 19;

‘(s 1dx3 | ALITVNOA™ATddV) 21dx2 | JIaiuumal = 3eis 19
{(((adxa adxag) amumar) dins—q) = z4dxa 13|

‘N ((SUO++U) =¢ (JUO++ITYS))
((awas | uonedqo1ad) sy1) joogaoejdar = 1dxa 19|

(@e1s 1dxa | ALITYNOATATddVY) Tadxa [ Jima1uman = 3jels 19
(((1dx3 1dxag) a1umar) dins™q) = zidxa 19§



http://u5.ll

P : 1 ojeDaedipaig~A|dde) | djA|dde) ‘3183 [auo++Y ‘Y] (Suo++u) | ZSISK[BUYISED) = AEIS 193]

o0 vi | sisaylodAy—4q) [] | ojeDasesipaid—Ajdde = aess 19 . o< (+wensqy

: N . _ —

: . tajels ayeigund ‘ae1s 9eyg uud

‘(o1eis adxa | ALITVNOA™A1ddV) 72dXa [ Ji7aiumar = 2jels 19| (owers 1dxa | ALITVNOA ATddV) [] | o1eDaiedtparg~4jdde = aeis 19 |
! {(((1dxa 1dxag) a1umar) dus—q) = z1dxs 19 . ‘u (auo--(auo++u)) ((Aels | uonedqorad) syi) |
: P, (4 =¢ (duo++u)) ((a1es | uonedijqorad) syi) jupaoerdar = 1dxa 19;

joogaoejdal = sdxa 13]
tajels aeig T und

Y(ome1s 1dxa | ALITVNOT ATddV) 74dxa | i 2a1umal = 3els 19] ((amess | di—Ajdde) | di~4&jdde) | dj™4jdde = ajess 19
{(((adxa 1dxag) aqumar) dmsq) = gadxa 19} ‘(a1e1s 1 1 stsaypodAy—4q) [} | a1eD=ed1pard—Kjdde = ajers 19
‘9s[eg (Y >¢ (duo++u)) ((Aeas | uoned1qolad) syt) (9)els (auo++U) | AlenuRISUl = JJeIS )9
joogaoejdal = 1dxa 19|
’ : ‘s
! ‘ojess aeys und v |
. ‘(((aress . * (((=1e1s | uonediqo1ad) sy1) <== Apoq) <==
[((019271 <, ((uo++u) BJj2(Q)) <== - ‘ (u =¢ (suo--(3uo++u)))
(3ru, [enbg (3§ =§ (uo++u)))) <== ‘asfey [enbg (u =g (u0--(3u0++u))) 10N
(asieq [enbg (3 >¢ (uo++u))) ’ ) ‘asie renbyg ((suo++u) =>¢ (3uo++u)) 10N |
- . ‘asjey [enbg ((y >¢ (ouo++u)) puy ((3uo++u) =>¢ ¥)) . ‘asieq [enbg ((suo =<g (suo++u)) 10N) puy (u >¢ 0132) |
‘aseq [enbg (((§ =¢ (suo++u)) J0N) puy . o . ‘(u >¢ 0192) |
: ((Fuo++u) =>¢ Y) puy ((auo--(auo++y)) =>¢ (suo++u))) ‘(3sut puy y) [enbg y) A
: ((3u0--(3uo++y)) =>¢ (suo++u)) jenby . . 1 o[eD9ieaipald—Ajdde = ajess )9
((uo++y) >¢ (duo++u)) |} . . tApoq <==
[ oreDeaipal g Kjdde) | aaiosip~4dde) | di-4Ajdde) : (((uo++u)=>¢(auo++u)) puy (3uo=<§(uo++u))) = Isul 13|
1 diA1dde = aje1s 13] {((((suo++u) v1[3Qq) +, ((auo--(auo++u))isd)) =,
10 < (&)3p-1d)u - (B13P,-1d)(1-Y) + epquiey . ((auo++u) 15d)) = £poq 19
M ‘31e1s ] sisaylodAyiag = y 191
<t : ‘aje)s ey uud .
M~ ‘(a8 ¢ | sisapodLy~4q) ’ : a1e1s Q1 | sisayiodAy~4q = 9yess 19
)] . [ . Yamis p | sisaypodAy~4q) [] | oreDsedIpald— Ajdde = ajels 19
.,O.. asje jenbg . S ‘(a1ess | | sisayiodAy—£q) [] | ojeDareoipaidAjdde = aeis 19)
= (((019771 <, ®319p) 1ON) puy (R)dp >, 010271)) | : . .
+ i ~ :
g 1 a[eDaeoipasd—Adde) | dj”4jdde = ajers 19 . ‘1818 A1e)g T und
a . - HENIN
n . “(orers : [ose,] jenbg
...m [(013z71 <, ((3uo++U) BI3(Q)) <== . ) (
S (eru, [enbg (§ >§ (suo++u))) ] : o
A, 1 d[eDeaipalg~Ajdde) 1dxa | ALITYNOA ATddV) zidxe - . . (
. [ JY 21umal = 91e)s 19| (1d +, (u1sd) +, ((uo++u) Wasulf)) <,
(a4] {(((4dxa 1dxag) s1mal) dus™q) = zadxa 13§ ney ) 10N)
P, (3 >§ (3uo++u)) (019271 <, ((uo++U) BIdQ)) puy psAs puy ¢SAs puy gshs puy [sAs)
- foogaoe(das = 1dx3 19 ‘pshs ‘gshs ‘7sAs  [54s)
: w 0<enap [ d1eDaedipard~Ajdde) ¢ dj”Ajdde = atess 19
: a, 1019273 <, ((3Uo++u) BI[2(]) = p5AS 19)
i AM. ‘aeis eI und ((((duo++u) eiaQQ) +, (u 1sd)) =, ((auo++u) 1sd) = ¢sAs 19]
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S
n
[
S
]
£
3
8
|
A,
m
2
Q,
<

uasul ()4 = ne1 ()£ 'z n"
id + ney(g)k => ney *| I

/7
(1 = 1) ased aseq y/

‘ae1s 15| A21qqe Ad1qqe juud
ta)e)s auo Y | 19Nput = kIS 13

'31elS , 7 BWIWIYT, 9A3UI31 = 31EIS 19]
‘g ewway //

‘[] 11 .1, [oogAa1qqe = 15|~ A31qqe 33]
=1 /!
2SI} AQIqqQe axew /

‘aess aeyg jund
‘a1e)s 1S 7 | padueyoun = Jjers 19|

‘(a1eas 1dxa | ALITVNOT ATddVY) 22dx3 [ JI-a1umal = je)s 13
{(((sdxa rdxag) amumar) dis—q) = zidxa 19

‘as[eq Qu=o++5 =¢ 17%5) ((aes | uonediqoied) sy1)
[oogadejda = 1dxa 13]

‘(orels

[as1e [enbg ((u =>¢ 1™s) puy ((auo++u) =¢ I ¥s))]
[ d1eDdeoipard—Adde) | di—4jdde = Jjess 19

‘aers
[
(aers | uonedqorald) <==
(as[e] fenbg ((auc++u) =¢ 17ys))
‘(a1e1s | uonedqoies) <== ((auo++u) =g 1ys)]
] o1eDaeoipald—£|dde = ajeis 191

a1e1s 17ys 1 (dels | uonedijqorad) idxaTys
1 woajoys~Adde = a1eis 19;

s 1 (d1eds | uonedyqoiad) feto) wajoys = 1dxa"ys 19]

LIS, 1= 1S )
:payos]

‘ojels oe1s Jund

‘(arels

[asied [enbg ((u =>¢ 17s) puy (1I74s =>§ (3uo++u)))]
| o1eD3eaipard—Aidde) | dj~A|dde = jers 19)
IR L/

‘a1e1s eigund
‘(aers p1 | sisaylodAy~£q) [] | o1eDRtedIpasd A|dde = Jeis 19]
“i@mes 11 | sisayiodAyAq) [] 1 ojeDamedipaigd—A|dde = aeis 19]

‘(s
[eaap >, 019271
‘(enap +, BI3p) =<, 1d
‘as[e4 fenbg (((013771 <, ()3p -, 1)) 10N) puy
(1]9p >, 030Z1) puy ((e13P +, BI[IP) =<, 1d))]
[ oreDasedipaid—Adde) | di"£(dde = aress 19

‘aie)s aeyg uud
‘(@es adxa | ALITVNOT A1ddV) T1dxa | JI™aiuman = ajess 19]
{(((adxa 1dxag) a1umal) duns™q) = z3dxa 19

aspeq (Y =¢ (suo++u)) QSSm 1 uonedijqoiad) sys)
[ocogadejdas = 1dxa 19]

(@es 1dxa | ALITVNOA A1ddY) Tidxa [ Jimaiumal = ajess 19
‘(((adxa 1dxag) aimal) dus™q) = zidxa 19;

asfed (3§ >¢ (auo++u)) ((Mess | uoniedifqolad) syi)
joogaocejdas = 1dxa 13|

‘aers ayeyg uud
‘{((oeys
[((012773 <, ((su0++u) BY2Q)) <=
(ase4 [enbg (3 =¢ (suo++u}))) <=
(ss]e4 jenbg (3 >¢ (auo++u)))

‘as[ey [enbg ((§ =§ (suo++u)) puy ((auo++u) =>¢ (U0++Y)))
‘asfey] [enbg ((§ >¢ (suo++u)) puy ((auo++u) =>¢ (3uo++Y)))]

[ aeDaeapaid—Ajdde) | dj£|dde) | djA|dde = aers 19;
o<eep-udy

‘o1e1s eys uud
taj|is ,punog Jamoy, | auodisod = ajels 19|

‘(.18

(

s_uv =<, (43 -, e)apy -, epqurey)

‘ej|ap >, 013271

‘as|e, jenbgy
(
(039771 <, (%3 -, E119pY -, BPQIR])) 10N) pUY
(e19p >, 013Z71) puy

(enap =<, (¥ -, &y[3pY -, epque])) ) ]
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= 175Ut 39

((auo++(suo--17ys)) af) fenbg
((uo--17ys) A4) ) puy
(
((suo--1ys) aK) jenbajouq
((uo--(auo--1ys)) ah) )
o . = qIsui 9]

$31B1S 15| A21qQe Ad1qqe T uLd
‘a1e1s 17ys Y (arels | uonedijqoiad) ydxa™ys
[ wajoys~Adde = ajers 19
sy Ao-sm 1 uoned1qo1a3) [je10) Eu_ov_m = 1dxa™ys 9]
WOAS, I=TS 19
:dn jonpug 7

‘o1e)s 15| Aa1qqe Aa1qqe jund

‘(a1e38

[as[e [enbg ((suo =<¢ 1™ js) puy (auo >¢ I7ys))]
T dleD9edipard—Adde) g Elbga« =qJe)s 19

.BSm 1ys ) (Je3s 7 uonedqoyad) idxays
7 wopoys—Ajdde = azess 19]
HID 0P| Aousm 7 uonedi[qo1ad) [jesoyTwjoys = 1dx9Ys 19]

LS, [=18 191

:umop 1nput //

‘a1els 15[ Aa1qqe A21qqe jund
.Auaﬁ 61 m_mu_:ogb_n.ﬁv [1 1 o1eDaed1pas g Ajdde = aje)s 19]
‘(a1e1s g1 [ sisayrodAy~4q) {] | sjedaeiparg—£jdde = a1ess 19]

H(E213
[u>¢ o102
.E =>¢ 0J9Z) <== (U >§ 013Z)
‘asjeq [enby (0192 =<g 019Z) JoN]]
1 o1eDeeotpasd~A(dde) | dj—Ajdde) | dj~Ajdde = ajess 191

‘18]S 35| A21qqe Al1qqe und
‘ajes Idxa | ALITYNOA™ATddV = 21eIs 19

‘3u0 (Auo++0132) ((1e1s | uonedi|qoiad) syr)
jupaoeydas = 1dxa 19

‘a)e)s 18] aaiqqe aa1qqeTjund
((omys

(asut pasuy :Esm | uonedijqoiad) joogaoejdar) <=
(suo =¢ G:o++ob~:
*as|e, jenbq (suo =¢ (3U0++0132)) 10N
‘(1sut puy uasuy [) jenbg wasuiT}
| o[eDaeatpalg—A(dde) orez | aenueisui) | di~Ajdde = ajers _u_

«
(((1d +, ((3uo++013z) Hasuif)) =, (013Z NAsUIf)) <==
(((su0++0132) AK) [enbajouq (01az AK))) puy
((((3uo++013z) Uasuik) =, (019Z pasuik)) <==
(((auo++01932) AK) [enbyg (0132 AK))) )
((u =>¢ 0132) puy (0132 =<§ 013Z))
= JSUl 9]
‘a1e1s g | sisayiodAyT£q = ajeis 19]

‘(21815 | sisayiodAy—Aq) [} | areDaieaipaig—Ajdde = aress )9
‘(aess ¢ | sisagiodAy—4q) [] | a1eDLieaIpaIg—4A[dde = aie)s 19

t93e}s 15| A21qqe Aaiqqe juud
‘(amers
[¥sAs
‘gSAs <= zuzo AK) [enbg (0192 AK))
‘z5As ‘1shs
‘asjeq _mscm (((1d +, (0192 15d) +, (3uo uasuif)) <, ney)
puy vmmm puy mﬁm puy zsAs _E< _ﬁw: :
N uEUEmoEo&lb&S 1 ‘d{~Ajdde = apeis 19}
019271 =, (0102 15d) = psAs 19
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‘aes aeyg uud
‘((ae)s
[(3su1 uyap™uasui (ajeis | uonediqorad)
joogaoejdal)
<== (I")s =¢ (suo++(auo--1"¥s)))
‘as[eq [enbg (1IM)s =¢ (auo++(au0--1Ys))) 10N
‘(1sut puy ujap~uasul) jenbyg ujep uasui)
i oreDaeorpald Adde)
(suo--17ys) [ ;renueisuy) | d)~4Ajdde = ess 19)

(((1d +, ((uo++(3uo--1ys)) ussuif)) =,
((suo--1ys) uasuif) ) <==
(((uo++(auo--1ys)) L) jenbajouq ((auo--17ys) AK))) puy
((((auo++(ou0--1"ys)) uasuif) =,
((3u0--I"ys) Wasulf) ) <==
(((auo++(3u0--17ys)) AK) [enbg ((auo--1"ys) AK))) ) <==
((u =>§ (3u0--7¥s)) puy (019Z =<g (3U0--1"%s)))
= Jsul 13|

aels g sisaypodAyia8 = ujap~uasul 19

‘mes g | m_mo_:oaxclzn...n. 29815 19]
(s)uasut = ([-ys)uosut ¢ /"

tajeis eysund
R(E14H
[(u =>¢ (suo--au0--f)s)) <== ((3uo++u) =>¢ I"¥s)
‘(0192 =< (3u0--3u0--1"s)) <== ((3U0++au0) =<g I )s)]
[ s[eDaedipald—Adde) | di~£jdde) | di"£|dde = a1eis 19
‘ ‘ajess aeisund
apes 1dxa | ALITVNOT™ATddV = 918 19|
{(3u0--17¥8) (auo++(auo--2u0--1"ys))
((a1e3s | uonedijqo1ad) syi) yujaoejdal = 1dxa 19

taers aieyg und
‘((awers

[
(asut ujap™uasul (aje)s | uonediqoyad) joogaoeidal)
<== ((3u0--17YS) =¢ (Su0++(3u0--3uo--1"Yys)))
‘as[e, jenbg ((3uo--1"3s) =¢ (SUO++(3u0--3U0--1"Ys))) 10N
‘(1sur puy ujap~uasut) [enbyg ujopTuasui)
[ ojeDdedipaid~Ajdde) (suo--auo--17ys)
[ alenueisul) | di”Ajdde = aeis 19

(((1d +, ((3UO++(3uU0--3U0--1"¥5)) HIsUIf)) =,
((3uo--auo--1ys) wasuik) ) <==
(((suo++(3uo--auo--17ys)) a£) jenbajou—q
((3u0--3u0--17¥s) AK)) ) puy
((((SuUO++(2u0--3u0--17ys)) Uasuif) =,
((3u0--3uo--1"js) HasuIf)) <==
(((suo++(su0--3uo--1"ys)) AK) fenbg ((3uo--auo--1 js) Ak))) ) <==
((u =>¢ (su0--3u0--I"¥s)) puy (0192 =<¢ (dU0--3U0--1"}8)))
, = 15Ul 9]

taje)s g sisaylodAyYiad = ujapuasui 19|

‘alels g | sisaylodAy—£q = ae)s 19|
id + (1-ys)uasut = (g-ys)uasul g /]

‘qers g uud
(s
((((3uo--au0--17ys) isd) +,
((uo--ouo--17ys) yasuif) ) =>,
((3uo--3uo--17ys) neik) )

(

((suo--auo--rys) 1sd) +,
((uo--auo--1"ys) pasuik) ) >,
((3uo--au0--17ys) neik) )
‘(U =>¢ (Su0--3u0--1"Ys)) <== ((UO++U) =>¢ I7)S)

‘(U0 =<§ (3U0--aU0--17¥s)) <== (I7)S =>¢ (SUO++3U0++3U0))

‘(isul puy payasTy) [enbg payasTy]
i o1eDAedIpalg— Ajdde)
(2u0--2uo--17YS) [ AenuLISul)

| di~Ajdde) | dj=A(dde) | dj"4A|dde = aess 19|

(
((suo--auo--17ys) 1sd) +,
((3u0--2u0--1"ys) wasuif) ) >,
((3uo--3uo--17y%s) nelk) ) <==
(
(u =>¢ (auo--3uo--1"ys)) puy
(2uo =<g (SUo--auo--1"Ys)) ) =1Isul 19|

‘aiels g | sisaylodAy~£q = areis 19
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tajess a1e1g wud
‘(aeis 11 | sisayiodAy—4q) {] | ofeDaiesipard—K(dde = aeis 19]

‘(91
[(e33p +, eyop) =<, id
‘asje [enbg (((er3p =<, (enap -, 1d)) 10N) puy
((enap +, E12p) =<, 1d))]
[ oreDaedipaidAjdde) | di~Ajdde = agess 191
ePp =<elap -y

‘ajels ,punoq 19moy,, | auodisod = aje)s 19|
‘(113p =<, (43 -, ©I[3pY -, EPQUIE()) = PUNOQIIMO] 13

‘eIjop =< (eNap-1d)u - (e3apyz-1d)([-¥) + epquue] //

: ‘ajess ey und
(s 1dxa 7 ALITVNOT” ATdd V) adxa g Jimaiumal = ajeis 19
{(((1dxa 1dxag) aimal) dins—q) = zidxa 19

‘asfey (¥ =¢ (uo--17ys)) (s g uonedijqoiad) syi)
joogaoejdal = 1dxa 19]

‘aess ayeygunud
‘(a1es 1dxa | ALITYNOT A1ddV) 21dXd | Jaiumor = 2jess 19|
‘(((adxa 3dxag) aaumar) dins™q) = Zidxa 19|

aru] (f =¢ (uo--1ys)) ((Mers | uonediqoiad) sys)
{oogaoejdal = 1dxa 191

taeys sy und
‘ojels
A [
(a1ess 1 uonediqoyas) <==
(3sye [enbg (3 =§ (u0--17ys)))
: ‘(arers | uonedqoled) <==
(enu, [enbg (y =§ (suo--17ys))) ]
[ ofeDaedipard A(dde = ajess 19
n

tae)s ae1g jund
‘(s

[as1e. [enb3 (e319p =<, B1jap) 10N]

1 ojeDaeoipaid—Ajdde) | dj~Ajdde = ajess 1)
‘Bljop =< El3p //

‘alels awigund

‘(@15 1dxa 7 ALINTVNOT AT1ddV) Tidxa T JImaiuumar = 3jeis 19|
{(((1dxa 1dxag) ammas) dins—q) = zadxa 19]

1as(edq (3 >§ ([uo--1%s)) (By3p =<, ((uo--17%s) &3Q))
joogaoedal = 1dxa )3j

taess ajes und
‘(oweis 1dxa | ALITVNOT~ATddV) 7IdX3 | JI-aIumal = 3jels 19
{(((2dxa 1dxag) a1umalr) dus—q) = z1dx3 13}

B (3 >§ (auo--1ys)) (B[ap =<, ((3uo--1"3s) e1j3q))
joogasejdas = 1dxa 19§

tajeis aeg und -
‘aels
[(a1e1s | uonedqoyad) <==
(asie [enbg (§ >$ (3uo--17Ys))
‘(a1e35 | uonediqolald) <==
(a1, [enb3 (§ >¢ (u0--17%s))) |
| djeDaedipald—Ajdde = aje)s 19]

eifap =< ([-3s)eed 9 N

‘aeys aeigTund
(s
[((uo++u) =>¢ (3u0--17Ys)) <== ((AuO++U) =>¢ I Ys)
‘(3u0 =<§ (3u0--I"§s)) <== ((U0++3U0) =<§ I )s)
‘(1su puy ujap~isd) [enbyg ujap~Isd)
1 o[eDedipaig Adde)

(auo--1"ys) | awenuejsut) | dj”Adde) | di—A|dde = aess 19;

((((uo--17ys) ©12Q) +, ((u0--au0--17Ys) Isd))

=, ((auo--1¥s) 1sd)) <==
({((suo++u) =>¢ (3uo--1"s)) puy (U0 =<§ (Juo--I"%s)))
= sui 19|
1es ] sisaylodAyiald = ujapTisd 19)

s g | sisaypodLy~—Aq = 1e)s 19)
(1-¥s)eraq + (z-ys)isd = (1-ys)1sd °g "

‘a)e)s aeyg und
‘((Irers
[(u =>¢ (au0--I7Ys)) <== ((UO++U) =>¢ I XS)
(019Z =<§ (JUO0--17}s)) <== ((3UO++3U0) =<§ 1 )s)]
I ajeDaeaipaid Aidde) | diAjdde) | d|”4jdde = ajeis 19]

‘aies aerg T und

s adxa | ALITVNOA™ A1V = €IS 19
HTYS (SUO++(3u0--1Ys))

(o118 | uonediqoiald) sy1) waoejdal = 1dxa 9]
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(1s)eaaq + (1-ysnsd = (ys)1sd ¢ /i
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toie1s AeIg und
‘(o1
[(((7y1s 1d) +, (7S WasuIk)) =>, (I7)s neIk)) <==
(s 15d) +, (17ys wasuik)) >, (17ys neik))
‘(U0 =<g I7YS) <== ((3U0++3U0) =<§ I7YS)
‘(1sut puy payosT) {enbyg payasT]]
[ ofeDaeoipald~Ajdde) 1I7ys | arenuelsur)
1 di"Adde) | dj~£dde = ape3s 19]

H(O™ys 1sd) +, (17s pasuik))
>, (IMys neif)) <==
((u=>g 1"ys) puy (3u0 =<g I)s)) = 15Ul 19|
‘aeis 7 | sisaypodLy—4q = 9IS 19]

tae)s aeys jund

(818
[(((™x1s 18d) +, (s wasulk)) =>, (IS neik)) <==
((u =>§ 1) puy ((uo++3u0) =<§ 1"Ys))
‘((auo++u) =>¢ 1Y) <== ((uo--(3Uo++U)) =>§ I Ys)
Hu =>¢ 17YS) <== ((au0--(3uo++u)) =>¢ 1" ¥s)
‘((auo--(auo++u)) =>¢ 17¥s) [enbg ((uo++u) >¢ 17¥s)]..

1 oreDaredipald—Ajdde) | ajasosip~£jdde)

1 di™Ajdde) | dj”Ajdde = aeis 19]

HELPS B /]

: ‘ojess a1 und
‘(s ¢ g sisaylodAy~4q)

[
((((uo++u) 1sd) +, ((Suo++u) uasuif)) =>,
((suo++u) nelk) ) <==
(
(((suo++u) i1sd) +, ((suo++u) HIsUIL)) =,
((suot+u) nek) ) ]
Z dreDeaiparg—Ajdde) ¢ dj"£jdde = ajess 19

‘ajess oy und

. :a1e1s 3dxo 7 ALITVNOT A TddV = 21e1s 19|
{(auo++u) 1Y ((31ers 7 uonedqoyad) syt) wpaoeidas = 1dxa 13|

‘ajess aye)g und
‘(oS
[
(O ys 1sd) +, (178 wasulk)) =>, (I7Ys nelk)) <==
((Suo++u) =¢ 17ys)

‘as|e,f fenb3g ((((auo++u) =¢ 1ys) 10N) puy
(7S =>¢ (uo++u)) puy ((3U0--(3UC++3U0++U)) =>¢ I7)S))
((3u0--(3UO++2U0++U)) =>¢ 1" ¥s) [enbg
((auo++auo++u) >¢ 17 ys) ]
Z djeDamedipaig~Kjdde) 7 aa1os1p~A[dde) 7 di~Ajdde = ajeis 15
qHu=1ys g

‘aes aeg T und

‘(aie)S

[asie tenbg (((suo++u) =>¢ [7Ys) puy (Iys =>¢ (3uU0++3U0++u)))}
¢ ojeDaeaipald—Adde) ¢ di"Ajdde = ajeis 19
qHu<rys

‘1e)s Aeig und
‘9)81S [QUO++3UO++U ‘QUO++U] ITYS | ZSISA|RUYase)) = jels 19]

(ts)isd + wasur (ys)K > ney ()4 g "
‘ajess Qjeig T uud
KEaty
{pshs
‘gshs <==
(((3uo++u) =>§ 17ys) puy ((3u0++3u0) =<g I¥s))
‘78hs <==

(((QuUo++u) =>¢ 17YS) puy ((3U0++3u0) =<§ 17 s))
‘as[e.] jenbg
(((d +, ((uo--17ys) 1sd) +, (17 ys uasuik)) <,
ne} ) puy
psAs puy gshs puy zsds puy [sAs)]
[ 9jeDaeoipald Ajdde) | dj~Ajdde = arels 15]

(Ms eaRQ) =<, (B33P -, 1d) = pshs 19|

H(ys ei3Q) +, ((euo--1ys) isd)) =, (17ys 1sd) = ¢54s 19]
{7 s 1sd) +, (s wasulf)) =>, (IM)s neik) = zsKs 19]

. ‘(eap +, (I7s neIk)) >, ney = ysAs 19|

“(1-3s)isd + wasur(ys)K => ney I

/"

. (is)epg =<eiop - id 'y i
(syerad + (1-%s)isd = (s)isd "¢ 1
(1s)1sd + uasur ()4 > ney(ys)k 'z i
e)jop + ney(3s)A > ney °f i

(1-38)1sd + pasur(ys) => ney <== i
eJ[op + ney(ys)4 > nej puy Vi

(A OI)A = A (1-49)K) puy (A (1)K = A(Z-A9)K) . € //
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9je1s Juop

‘oe)s aeygjund
‘(ore18
[asied [enbg ((eyap -, 1d) =<, (e33p -, 1)) 10N} .
1 sfeDaleaipardAjdde) | dj"Aidde = aje)s 19;

taers sy und
‘ajels , punoq Jaddn, | suodisod = aess 19]

‘aress aersund
‘(ae)s
[punoqiaddn
‘(a1ess | uonesqo1sd) <== (punoqiaddn)]
1 oreDedipard—Ajdde) | di”A(dde = ajels 19
(48 -, eopy -, Bpquuey) <, (B3P -, Id) = punogiaddn 19y
‘(enap-1d)(§-u) - (13p4y - epquue]) =<, eyjop - Id y/

‘oels a1 uud
‘(aeys 1dxa 7 A LITVNOA™ ATTddY) 2idxa 7 Ji-aiumar = ajeis 19
{(((adxa 1dxag) ajumal) dms—q) = z1dxa 19

‘as[ed (§ =§ I ¥s) ((a1e1s T uonedijqorasd) sys)
joogaoejdas = 1dx3 19|

a)ers 21y und
(@5 1dxa | ALITVNOF ATddY) 23d%3 | Jraimmar = agess 19]
{(((adxa 1dxag) ammal) duns™q) = zidxa 19|

] (A =¢ 1Ys) ((ders [ uonediqolad) sys)

joogaoedal = 1dxa 13]

‘ajels ayerg uud
‘aeIS
[(a1e3s | uonesdqoiad) <== (3s[e4 [enbd (§ =§ 1" ¥s))
‘(31215 | uonediqo1ad) <== (sru, tenbg (3 =¢ 17 ¥s))]
. 1 o1eDIeaIpald~Adde = aess 19j
]

. ‘ajers aeisuad

‘(a8 |1 | sisayrodAy~£q)

[(ea9p =<, (&)3p -, 1)) <== ((e113p +, BI3P) =<, Id)]
| oreDaeaipald—Ajdde) | d{"£dde = ajess 19y
. eiap <mpap - d

‘a1eys aelg und
(awers 1dxa g ALI'TVNOT™A1ddY) Tidxa T JImaiumal = aess 19
«(((adxa 1dxag) a3mai) duys—q) = gidxa 19f

tasgeq (o >$ 1734s) (s &12Q) =<, (eN3p -, 1))
joogasejdal = 1dxa 15

‘ajess jeigwnd
‘(are1s 1dxa | ALITVNOA A1ddV) Tidxa | JImaiumal = aeis 13|
{(((3dxa 1dxag) aiumal) ds™q) = zadxa 19)

tansL, (% >$ 178) (17Ns e32q) =<, (®fap -, 1d))
joogaoejdas = 1dxa 19

‘aters aeaswud
s
[(a1e3s | uonesdyqo1ad) <== (3sieq [enbg (4 >$ I73s))
‘(a1e1s | uonedijqoyed) <== (anu |, [enbg (§ >§ 1¥s))]
[ o[eD9edipaid Kjdde = ajess 19§
(s)epg =<enap-d -y n

*ajels eIs und
‘(s
[(3u0 =<§ 17YS) <== ((AU0++3U0) =<§ I }S)
‘(1sut puy ujapisd) [enbg ujapTisd]
| oreDaeaipatd—Ajdde) 1ys | slenueisuy) | dj~4A|dde = ajeis 19]

H(O™s ex2Q) +, ((auo--17ys) 1sd))
=, (I8 18d)) <==
(((3uo++u) =>¢ 17)s) puy (aUo =<§ I Y$))
ERNVBE

toess O | stsayiodAy—Aq = els 19]
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B.4 Proof Script for the Protocol
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(1 15d) +, (1 wasuIk)) >, (1 neIA))
(u ‘au0) 1 [{es04 = PaYIsT] 19|
IS 31.I1S Ul JUBLIRAUL //

dpo €270 *19) =D 191

‘{(1d +, ((auo++u) neyk)) =>, 1sodne) = $2 19)
{(((eap +, (((3uo++1) ne)k) ((3uo--1) neik) xeur)) >,
1sodney) <==
({(((suo++1) af) fenbyg (1 AK)) puy
((1 AK) [enbajouq ((suo--1) AK))))

(u ‘auo) i [jelo] = €2 19]
{(1id +, (0132 ne1k)) =>, 1sodne) = 70 19]
‘ney} <, 1sodne) = 19 19|
D uonipuoa //

94 sy ‘pu ‘€Y ‘TU ‘TYl =Y 19

‘(eyap >, 033271) = 94 19|
{(u>¢ 0192) = gy 19|
(eop -, 1d) =>, (1e112QD)) | [1€20) = pY 193]
‘((enap +, B1op) =<, 1d) = ¢4 19|

H((( S_oe +, ((uo--n 1sd)) =, (1 _mavv
((3uo++u) .0:3 1{[eiog = 7y 19]
(010771 =, (0192 15d)) = 14 19}

eIRp >0 9 //

u>Q°g/

eiap - 1d => ()N 1 [1es0) ' //

oeapy g =<1d gy

Ss_umi_ Hisd = (1)1sd (y+u ‘y) tyjeo§ g //

@ : 1sd jo uoniuyap | o=(o)sd 1y
:sasayjodAy y/

%(q <== ((n =>¢ 1) puy (1 =<§ 1)) 1 [1e0} = q (n']) 1 [[e104 13]
Iesoj /7

*(q renbg ®) 10N = q & {enbajou—q 19|
Yq>¢ ) 10 (q < &) = q & [enbajou™ 19]
.3 >, 8) 10 (9 <, e) = qe[enbajou 19|
sad£) 2a1y) e 10} jENba J0U 4/

‘qe(qg=<®)JI"i=qexeuw g
xew //
:suonouny 13sn J/

K, Kewe™q = AL 19
:S3]qRLIEA UBD[00Q //

(((eap -, 1d) (13 -, eyyapy -, epquie]) (X =g 1) JI1)

Bljop (1> 1) J 1) =18ag 19|
L (Eep-1d)(y-u), o = 33 19]
LEIAPAN., ¥ = BIRPY 19

cisd, AeweT1= 1sd ¥g)

¢ Masuik, Aewe™l = pasuif 19)
c.neik, Aeue”1= neK 19

‘. Bpquie],, ¥ = epquie] 13|
M..S_ov_. 4= Bisp |
Jdoy= g

...:S._ d= ne

tasodney, ¥ =  1sodne) )9
‘] 0 1SU0dI = 013271 19]
:S3|qeLIeA jeal //

wI=uRl
WI=109
. L I=X99)
Wor=The

LLIshe

‘7 15U0d = 0M) 13]

] ISUOD = 3UO 39

{0 ISUOD = 043Z 9]

:sajqetiea 18aut

‘[enbajou—q ¢ xyu
‘fenbajou™i £ xyuy
‘[enbajou™1 ¢ xpyui

I

"

(id + ney(j+u)k => 1s0d'ner) ANV /I

{ /i

(119p + (A ([+1A “A*([-NA)xew > 1s0d ner) ST /]
(A (1404 = (WA ANV (A (DK =i A(1-DA)) /]
[u :i[eso5} ANV I

(1d + ney(g)£ => 1s0d'ner) gNV i

(a1d'ney < 150d°neY) i

WawWuoNAUd Sutwn JYv.LS //
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Y(ares z | sisaqiodAy~4q)
(i o_aUuau_cuiuba% = 31B)S 19]
N )

‘aess a1ey§und

‘(a1e1s £ | sisayrodAy—£q)
[ 1 s1eD31ed1paid~Adde = Jpers 19]
‘Bpquel| //

tare1s 91§ und
meys | dj"Adde = aters 19

‘(s | | sisayrodAy—4q) {] § oreDareospasdAjdde = aess 39|
t3JeIs 1TYS | SInURBISUL = J)BIS 19

‘ajess areygund
‘(ae1s 9 | sisayiodLy~4Qq)
[3s[eq (enbg ((ner =>, (17ys neik)) puy
(ne) <, 150dney) puy ((isodne) =>, (17s neik)) 10N))
‘(ne) <, )sodnes)
‘(Y puy y) [enbg y]
| u_auugmu_cu._n_..ba% 8IS 19]
{(ney =>, (1I7ys neik)) <= -
Eoco++5 =>¢ I7Ys) puy (0192 =<§ | xwv )=41i
‘a1e1s 9 sisaylod4Ay1a8 = y 19
‘a1eis | uonediqored = 0 19|

‘aejs aels Jund
‘o188 I7Ys 1 (a1ers | uonediqoyad) idxa™ys
[ wajoys~Adde = ajess 19
xm 1 (aes | uonediqoiad) jjeso)” Eo_ov_m = 1dxa7ys 19|
SEAS, 1= 1S 9]

. jesned™q //

‘are)s ayeys Jund

aes

{.payasTy ‘uasur|

11T epquueT] ffesnedT)
[ oreDaeatpard Ajdde = ajeis 19)

‘agess a1e1g jund

‘dAy wiepd yoosd " peis = els 19|

.".:omz_l_ puy JT1puy Jf puy

271 PUY pquIE|] puY [ESNEIT| PUY payas”| = wield 13|

((((1d +, ((auo++1) uasuik)) =, (1 WsuIK)) <=

(((auo++1) AK) renbajou™q (1 AK))) puy
((((auo++1) uasuik) =, (1 yasuik)) <=
(((auo++1) AK) [enbg (1 A£))))
(u ‘'0132) 1 jje10g
= Hasul"] 19|
{(1d +, ((uo++u) nejk)) => sodney = 17 19)
(3unun <==3|qqnq) (U ‘auo) reiod = ST 19|
‘((eNap +, (((3uo++1) neik) ((auo--1) neik) xew)) >,
ysodney) =  Suwy 19j
H((((3uo++1) AK) [enbg (1 AK)) puy
((1 AK) renbajou—q ((3uo--1) AK))) = 2[qqnq 19
Y(id +, (019z neIA)) =>,150dne)) = 119
{((((euo++u) 1sd) +, ((3uo++u) pasuik)) =,
((suo++u) neif) ) puy
((019Z pasuif) =, (019 neIk)) = epque[ |19}
‘(1sodney =>, (1 ne1k)) ((3uUo++U) ‘0132) | [|eI0,] = ,|esned | §3)
(1 15d) +, (1 wasulk)) >, (1 neik))
(u‘3u0) 1 [jelo] = ,paydsT| 19}
TS J1BIS Ul JUBLIBAUL J/

‘(4 (11 D puadde) puadde) = dLy 19

‘[uasuyT] aT] YT Y] ‘epquie] ] ‘[esneaT ‘payasT]] = {1 19|

H((((1d +, ((Suo++1) WAsUIK)) =, (1 UIsUIL)) <=

(((auo++1) AK) [enbajou—q (1 AK))) puy
((((3uo++1) wasulk) =, (1 U3ISUIL))
(((2uo++1) AK) [enbg (1 AK))))
(u ‘013z) 1 |[eIO4

= HJasul [ 19)
‘(id +, ((Suo++u) neif)) => ney= 17| 19|
'(8uiwn <==2jqqnq) (u ‘auo) 1 feI0d =  JT[ 1)

‘((®19p +, (((suo++1) neik) ((suo--1) nejk) xew)) >,
ne)) = Suiwiy 9]

{((((suo++1) AL) [enby
(1 AK)) puy ((+ a£) [enbatou™q ((suo--1) 44))) = 2jqqnq 13|
‘((d +, (013 nek)) => nep) = 17[19]

{((((auo++u) 1sd) +, ((3uo++u) Hasulf)) =,
((Suo++u) neik) ) puy
(0192 13sulh) =, (013Z nejk))
= epque] [19]
((ney =>, (i nejk)) ((duo++u) ‘019z) 1 [[B10,] = [BSNBI | 19]
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Appendix B. Proof Script for STARI

aje1s UOp

‘aess g und

‘(ae1s ¢ 1 sisayiodAy—£q)
(1 1 s1eDMLdIpaId— Kdde = ajess 19
PAYIsTL

‘aje)s areisund

‘(s 1] [ sisagrodAy—£q)
(1 1 a1eD=edipaig—Kdde = aiess 19§
yasuly

‘aess aeig uud

‘(;ms ¢ [ sisagiodAy—4q)
[1 1 ateDaeoipaig—Kdde = asess 19
/]

‘aess aeIs T und

‘(a.1s p | sisayrodAy—4q)
[1 1 arepaearparg—Ajdde = ajeis 19|
ER Y/

a)e)s ey uud




