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BENDING OF SPHERICAL SHELLS

by
Ahmet Okan GUREL

This study of the bending of a spherical shell of

constant thickness consists of five chapters. In the first
,chapter,general differential equations of the problem are
derived_and presentedeith the variables in dimensionless:
férm, |

| The second chapter deals with the solution of the
two second order differentiél equations in terms of Bessel
Functiond. The solution is applicable fof.shells with a
‘colatitude of about 25 degrees or less. Expressions are
given for the inpernallstresses and displacements in terms

of these values at the boundary.

The third chapter gives a numerical solution of the
problem. Solutions are found for three cases of radius to
thickness ratio, namely 30, 100 and 500, and for colatitudes
from 8 to 90 degrees. In the preparation of tables the
Alwac ITI-E Electronic Digital Computer was used. The

flow diagram and programme for the Alwac LILL-E are given.



- The foufth chapter compares the numerical method'with
one of Timoshenko's approx1mate solutlons. The wave
llengths, deflectlons, rotatlons and moments are calculated
by two methods and compared. . - As the conclusion to these
comparisons a graph is given, which shows the approximate
éfror in the damped harmonic solution.

In the last chapter, a numefical example is solved
vfusing tables from»ﬁhé'digital §ompﬁter.‘ The ratio of radius'
to'thickness'is 5003 radius being4125 feet and the colatitude

30 degrees.The edges are considered as being on rollers.
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CHAPTER I

INTRODUCTION

Since 1910 the investigation of the bending of shells
was the object of many papérs written by curious investi-
gators. But the complication of the solutlons of the
necessgary differential equations for this investigation
created a great deal of difficulties. After almost half
a century, today one who wishes to look into a shell
solutibp stlll finds a laborious work, 1mpossibilities or
great number of assumptlons behind his particular problem.

The form of the shell, discontinuity of surface and
variable thicknese cause different problems in the solution
of the differential equations. Even In the case of the
spherical shell of constant thickness the difficulty of
the problem forced investigators to make certain assumptions.
The theory developed to date 1s limited to specilal cases.
For instance, the approximate method for the solution of a

spherical shell, the so-called method of asymptotic

1



integration 18 valuable for very thin shells. Another
approximate investigation of the bending of a spherical
shell gives falrly accurate values for non-flaﬁ spherical
shells.

The object of this paper was to Investigate an exact
solution of bending of the spherical shells by a numerical
method. To analyze the prcoblem it was necegsary to eval-
uate some boundary values by tabulated functions. For this
purpose the solution of differential equations was made by
the application of Bessel Functions around the top of the
shell. The solution by Bessel Functions gives almost exact

values for ¢ ranging from 0° and 20°-25°.



GENERAL EQUATIONS OF A SHELL OF REVOLUTION
AND INTRODUCTION OF THE DIMENSIONLESS FORMS

Fig. I. 1.
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Angle for position of a meridian.
Colatitude.

: External force per unit area, perpendicular

to the surface.
External force per unit area, tangent to the
meridian.

Magnitude of normal forces per unit length.

: Magnitude of bending moments per unit length.

Magnitude of shearing force per unit length.
Magnitude of horizontal force per unit length.
Radius of horizontal circle at ¢ =g .
Radius of curvature at ¢ =g¢.

Distance between shell and axls of rotation
on the projection of radius of curvature.

Radiue of curvature at the top of the shell.

¢ Magnitude of stresses.

¢ Horizontal displacement.

Tangentlal displacement.
Radlal displacement.



2. EQUATIONS OF EQUILIBRIUM

Let us take an element on the shell bordered by two
ad jacent meridians and two adjacent parallels, i.e.,
meridians defined by 8 and 8 + d8; and parallels defined
by ¢ and ¢-¥ dg , as shown in Fig. I.1.

In writing the equations of equilibrium we can obtain
three equations which relate the normal forces N¢,ﬁe, the
shearing force Qg , and the bending moments ﬁgg, Mg to each
other. The following equations represent these relations,

Equilibrium of forces parallel to the meridians:

d

5;( Nyr, ) - Fgry Cosg - Qpry = - rory Y (1.1.1.)

Equilibrium of forces perpendicular to the element:

— — o — d —— — — e

Nyro + Ngry Sing + — roQg) = - P riry (1.2.1.)
dg

Equilibrium of moments of all the forces with respect
to the tangent to the parallel circle:

d
E;( ﬁ¢;o ) - WgTy Cosg - §¢;o;l= 0 (1.3.1.)

If there is no external forces, i.e., Y =0, P=0

the above formulae can be written as follows:

d

d—¢( FyTo ) - Ngry Cosg - Qur,= 0 (1.1.2.)
d

Nyro + Wory Sing+ — ( QgTp ) = 0 (1.2.2.)

dg



For the non-loading case we can express another set
of two equations instead of the formulae (1.1.2.) and
(1.2.2,). From Fig. I.2., since there 1s no load, the
sum of the vertical projections of internal forces should

be equal to zero,
Ny = - §¢c°t¢ T o(1.1.3.)

By substituting thils relation

in equation (1.1.2.) we can

obtain the following relation
between Ng and Qg !
1 4

Ny =-— — (Q75)
® F, ¢ p'2

To solve for five unknowns, i.e., ﬁ¢,ﬁe,ﬁ¢,ﬁe,ﬁ¢,
the above three relations are not sufficient. The problem
becomes indeterminate and we have to consider the geometry
of the displaced shell. By this way, we will introduce six
more unknowns, i.e., two displacements w , v , two strains,
g¢ y ge, and two curvatures X¢, Xg. But eleven different
relations among these eleven unknowne can be established

and problem can be solved. In the next articles these

relations will be shown.



3. GEOMETRY OF THE SHELL OF REVOLUTION

Let us assume that in the origlnal position, before
deformations, the shell has the form of AB Fig. I.3,
after deformation A'B'. Therefore AA' and BE! are the
displacements of A and B respectively. Each of these dis-
placements can be resolved into two components, i.e., w in
the direction of the normal of the element, v in the

direction of the tangent to the meridian.

These displacements are shown
on the Fig. I.3. Thé relations Z
between strains and displace- ’
ments can be established by ,’~{j/f“'r """""""""" -
geometry. The element AB will .

deform into shape of A'Bt,

/ /5 do
therefore the change in the /i ,%/V+ ~dg \y?f
/’ 5/ ™ \¢
length of AB is: _ f | N
2
ay - o~
—dg - w d¢ (a)
4 ~ PFig. I.3.
av
The portlon — dg 18 the extension of the element because

of v , and w d¢ 1s the shortening of the element because

of wW.

The ratio between the change and the original length
of the element, rid¢, will give us the strain of the shell
in the meridional direction.



1 dv W
6-—- —_— — - —————

= (1.4.1.)
P % 4 T :

The strain in the parallel directlion 1s the ratio
between the Iincrease of the clrcumference of the parallel
circle and the original&length of this circumference. This
ratio 1is simply equai to the ratio between the increase of

radius and the original radius. Since this incresase is,

v Cosg - w Sing | ()

and the original length of radius is;
;0 = ;2 Sin @ (c)

the strain in the parallel directlion becomes:
Z‘e = — (v Cotpd -w) (1.5.1.)

The changeeg in curvature of meridian and parallel
circle can be expressed in terms of the v and w displacements.

The total rotation of upper side of the element shown in

Flg.I.1l. 1is,

v dw 1
— + - = | (d)

For the lower slde rotation is,

v dw 1 d v dw 1
— + —— + — (= +—

- = = — ) d¢ (e)
T dg rq d¢ r1 49 1y



The change of curvature of the meridian 1s simply the

rotation per unit length, or:

+ — —) (1.6.1.)

On the other hand, the change of curvature of the
parallel circle is the ratio between the projection parallel
to the meridian of rotation (d) and the original length r,de.
Since the projectlon parallel to the meridian 1is,

v aw 1
(— + — —) Cosgads (£)
ry dp  ry

and substituting (¢) inetead of r, , the change of curvature

of parallel circle 18 obtalned as follows:

dw 1 ) Cot ¢

(1.7.1.)

1 d¢ T r2

So far, we have seven equatlons. The other four
are relations between force components, strains and changes
of curvature. In the next article these last four squations

will be given.
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ly. RELATIONS BETWEEN FORCE COMPONENTS AND GEOMETRY

Hooke'!s Law will give us relations between normal

forces and strains as follows:

— l ——

€¢- g}g( N¢ -V Ng) (g)
- 1

€e= E( NG -y N¢) (h)

From these relations ﬁ¢ and ﬁe can be drawn out as functions

of strains:

N o € €
- Eh -

On the other hand the relations between moments and

changes of curvatures are as follows:

M & ( X Xg ) ( )
M, =~ ———= X,+ v X 1.10.1.
g 12(1-v2) ? _ ®
3 - -
_ Eh ( Xg +v Xg) (1.11.1.)
Mg = - ———
12(1-v°)

If we substitute the values of Z%, €gs X¢, Xg, which

were given previously, 1In the above formulae, we can obtain

~
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the following relations between forces, moments and dis-

placements:

av. W Y - _
¢ 2 [f'*" (—-—-: ) +:~ (V Cot¢ - W )] (1.8.2.)

(1-v ry 4g ry ro
Eh 1 av W

T=— [= (Footg-%) - (—-— )] (1.9.2.)
(1-v<) = r, ri d4d¢ ry

ER° 1 4 ¥ 1 dw v v 1 4w

M¢= - —(=-+ = —) +——Cot¢ (’:‘F:‘ “—‘)] (1.10.2.)
12(1-p2) ry d¢g r; r1 49 rs ry r; d

_ -ER” v 1 dw Cotg , 4 Vv 1 dw

Mg= (= + — +—- —(— +— — )| (1.11.2.)

12(1-p2) "7 F1d¢ To Ty ag ¥, T 4

Now we are to solve the eleven unknowns from the above
eleven equations, numbered from (1.1.1l.) to (1.11.1.). To
deal with this problem 1s rather iaborious work. To reduce
this to an easler approach we will Introduce two new unknoyné

and sliminate the rest of the unknowns in the following article.

5. DIFFERENTIAL EQUATIONS OF THE PROBLEM

By introducing Z and U as the new unknowns we can reduce
the problem to a solution of two differential equations. Z
is the angle of rotation of a tangent to a meridian and equal

to (d) of the previous article.
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1 _ aw
(v +—) | - (1)

Z:t
ry dg

The other unknown 1s as following:
ﬁ=P2 QQS (j)

Substituting these variables into equations (1.1.3.) (1.2.3.)
(1.10.2.) (1.11.2.), and defining the first and second deri-
vatives of any function, F as follows,

aF a°F

F = F o= — (x), (1)
ag d¢°

"we obtain the following relations:

1
N‘¢= - — T Cotd (1.1.4.)
T2
— 1 =
Ng= -— T (1.2.4.)
1
¥ w i Z | ( )
Mg= - — Z + — Cotg 2 1.10.3.
P (12 Ty T, 7
ER° c
_ Cotg v .
Mg= - 5 [z — 4+ — z:] (1.11.3.)
12(1-v°) > ry

The first equation for U and Z can be readily obtained

from Egs. (1.8.2.) and (1.9.2.) by fofming v - W,

— — — —

.o r r, - T h
i) l[(—“-) + :? Cotp -~ — ———]U -— 1 Cot ¢ V- V——-Cot¢]ﬁ
rg T ry rl r2 r2 : h
2
Pl .
Eh Z (1.12.1.

T,
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The second equation for U and 7 is obtained from the substitut-
ion of My and Mg into formula (1.3.1.) by their equivalents
shown as Eqs. (1.10.3.) and (1.11.3.)

s Ty -Tp, T 3rp .. ° T 3VCotd . Ty 2 4 _
Z+—:l[(?)+:gc0t¢+:—‘:h Z -jl[l)——_-——hi-:Cot;d]Z
ro-ry ry ri h rp . h ro
-2
_12(1-v%) Ty
= -0 —3 Z (1.13.1.)
Eh ro

A solution must now be obtained frbm the above two simultaneous
gecond order differential equations for U and Z. With U and
Z Ynown as a function of ¢ all the force components and dis-.
placements are found from phe preceding equations.

Up to now all the varlables used were with dimension.
To make the analysis of problem easler we will introduce
dimensionless forms to our variables. In the next article

this aspect will be discussed.

6. DIMENSIONLESS FORMS

So far we used the bar ( - ) above a quantity to indicate
that it has a dimension. For the dimensionless quantitles we
will introduce the same symbol without the bar. The tables
which are given in the next few pageg will link the two
systems. The first table 18 divided into two parts. The
part (a) contains the varlables which were defined arbitrarily
in dimensionless form. In order to get the dimensionless

relations which are shown in Table 1.2., i1t was necessary to
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define the rest of the variables as they are shown in
Table I.1.b. The last table which 1is numbered as Table I.3.
gives all variables in terms of U and Z.

Before we presented the dimensionless forme, the two
simultaneous differential equations, Eqs. (1.12.1.) and
(1.13.1.) were obtained with the dimensions. After having
the given tables we are able to transform these equations
into the dimenslonless forms. For the general case these

equations are

o r r T T h .. r r
T+ [(—2) + -2 Cotg- -2 (=)]T - = [ cot?g - v
rp T ry ry ry h ro> ro
ﬁ r Z
-v (+) Cot;zﬁ]U =1 (1% — (1.14.1.)
h I'2 h
v r r 3r h ;
Z +—}[bg -+—gC t¢+-————]z -—-[V— 3VCot¢—-

rz2 1 1

r r U
+ —2 cot®g |z = - 121 — (1.15.1.)
ro rs h

For the case of the spherical shell of constant thickness

these equations reduce to the following:

. . o (1-p2)

U + CotdU - ( Cot“d -V ) U = yA (1.16.1)
- h

.e L 2 12

Z + Cotf Z - ( Cot“¢ +V ) Z = - —7T (1.17.1.)



TABLE: I.l.a.

Relations between with dimension and
dimensionless quantities

Dimensionless quantities
General case Spherical shell case
_ " R
h h = — h = —
I'lc a
- ;o ;o
To To™ = ro=
I'lc a
_ r] &
ry 5 il a=-—=1
rlC a
_ T a
rp ro= - a=— =1
e a
_ v v
I’lc a
_ w W
v ey W=
ria a
€g €= €4 h €g= €4 h
VA Z =7 ne Z=7 n?




TABLE: I.l.b.

Relatione between with dimenslion and

dimensionless quantities

Dimensionless quantities

General case

Spherical shell case

B

1-p2
Ny = Ng——
El’lc
12
Ng= Ne _—
E rlc
12 (1-v@)
Mg= Mg
h E rlO
. 12 (1-v2)
M= ———
8 8 2
h B I"lc
_ 1-p2
Q= Qp——
B I'lc
Xp= Xprye H°
lc
- 2
1-p@
U = —
E i
_1-p2
Ur= G, h.
gp= Og =
192
g ZGQ h
® E
h(1-p2)
A =

1-p2
" Ny E a
1-p2
Nez.ﬁe -
_12(1-v2)
Mp= Mg— =2
12(1-v2)
o = Mo o 2
1-p2
R E a
Xg = Xpa n2
Xg = Xg & n?
1-v2
PriTER
_ 102
Jg = Og —Er—-h
192
Ge=Oe .
h(1-v2)
A =

16



TABLE: I. 2.

Dimensionless Relations

17

General case

Spherical shell cass

|

N¢= - Q¢cot @

t (Qgro)
Ng= - — —(Qur
] ry dg @2
T = N¢Cos¢ - Q¢Sin¢
d
— (M¢ro)=rlMeCos¢+12 roriQg
d
7 h ( dv )
€g=— (— = W
p ry dg
=B (v Cotg - w)
I'l ‘
h2 4 v dw l
X¢=* "‘"“(_+_—)
r d¢ I‘l d,@ r

he 4 v

b
I

(Ng -V Ny) Sing
he aw
Z=— (v +— )
Pl d¢

rs Q¢

(=]
H

Ng= - QgCotg
d
Ng= - Y (Qg)
T = N¢Cos¢ - Q¢Sin¢
Ry Sing)=MgCosg+1251ingQy
W dv
€5= h (*é—g),- W )

Xg= hZ—c—]—( v +2’)
dg ag
P d aw
Xec h Zé v +—5;) Cotyg

N¢= €4 +1)€e
Ne= Ee +V€¢

Mg= - ( X4 +V Xg)
Me="(xe +VX¢)
Mg

G¢-‘-"N_‘_|‘_"2_
M
3]
UGga= Ng+ —2
Q 9_.2
A= Ng ~VNg) Sing
a
Z=h? (v +—f)
ag
U=Q¢




Dimenalionless forms
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in terms of U and 2

TABLE: I. 3.
General case Spherical shell case
1)
Ng= -: Cotg Ng= - U Cotg
5
1 . L)
Ne'— -? U Ne= - U
1
U U
T = - T=-
)
= _ =T
Q o U
l [ ] rl L)
My= -— (Z +—7VZ Cotg ) M¢=*(Z+VZCO’°¢)
1 ry . .
Me::——(—— Z Cotd +v Z) M=~ (Z Cotg +v 2 )
I'l I‘2
U + 1 - Ty + 1 .
Gy= = — Cot g = — (2+ =VZCot¢) | G =-U Cot@d~—(Z +V Z Cotg)
rg 21‘1 I'2 2
U + 1 r . . 1 .
Gg= == L= (=7Z Cotg+y 2) Gg=-UL— (Z Cotg +V 2 )
I'l 21’1 r2 2
L] 1 U .
A = - sing( U— -y— Cotg) A = - Sing (U -VU Cotg )
ry ry




As 1t can be noticed, these two equations involve two
parameters; 1.e.,V and h. Polssonts Ratlo Vv 1s constant
for a given material and changes very little from one
material to another. In Chapter III v will be glven an
aversge value of 0.20. On the other hand h which 18 the
ratio between the thickness and the radius of shell can
vary within large 1limits. For each value of h, the solution
of the above ylelds different functions for U and Z. In
the next two chapters this problem will be solved by two
different methods. Firstly by Bessel Functions, and secondly

by a numerical method.

19



CHAPTER II

APPLICATION COF BESSEL FUNCTIONS TO THE
SOLUTION OF SPHERICAL SHELLS

Last chapter, after presenting the dimensionless
symbols we were able to simplify two simultaneous differ-
entlal equations for a spherical shell of constant thick-
ness to the following:

W 1-p2

U + Cotg U -~ ( Cot?g-v ) U = Z (2.1.1.)

Z + Cotd z - ( Cot2g+v ) Z x-i—z U (2.2.1.)
In this chapter we will show that for small ¢ a solution to
the above equations can be obtained in terms of Bessel
functions.

If the angle ¢ is small, say less than 10° or 200,
then it 18 permissible to replace cotg by —%— with fair

accuracy.

20
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For example,

¢ = 10° 1/¢= 5.72 cotd = 5.67  Diff. = 0.88%
g = 20° 1/¢= 2.86 cotd = 2.75 = }4.00%
¢ = 30° 1/¢ = 1.87 cotf = 1.73 = 8.09%

This approximation to cot @ will convert our differential

equations to the following:

. U U (1-v2)
U +— ~-~— 4+ 79V T = 7 (2.1.2.)
g g2 h
- 2z 12
g ¢ h
By introducing the notation L(F)
(F) . 1. 1 (a)
I(F) =F +—P - — F a
% ¢2

where F 1s any function, we can rewrite our equations in

the following simplified forms:

(1-v2)
L(U) +V U = VA (2.1.3.)
h
12
I{(z) -VZ == —— T (2.2.3.)
h

From these two simultaneous differential equations of the
second order we can obtain for each unknown, an equation of
the fourth order by opgrating with L on each of the two
equations and eliminatiﬁg one unknown each time. At the
end of this operation we obtain

LL(u) + b o |

0 (2.3.1.)

LL(Z) + t4 z

]
o

(2.4.1.)
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where 2
u 12(1-v") >
EF = ——— -V (b)
he
As a first step, let us solve for Z from Eq. (2.4.1.).

.This equation can be written in ons of the following forms:

L{nz) + 122 | - 122 [1L(z) + 1227 = 0 (2.4.2.)
L[L(z) - 1222 | + 122 [L(2) - 1°2 ] = 0 (2.4.3.)

n

Therefore the. soclutions of the following two differential
equations
L(Z) - 182Z = 0 (2.5.1.)
1(z) + 1£2Z2 = 0O (2.5.2.)
will be the solutions of the fourth order differential
equation (2.4.1.). Let us name the solution of Egq. (2.5.1.)
Z) and the solution of Egq. (2.5.2.) Z, and rewrite the

equations by opening the L operator.

LR} . l ‘1
Zq +— = ( 12 +;;é) Zy =0 (2.5.3.)
Zo 1
Z + — + ( 1&2 __) Z = O . (2.5-“_0)
2 * 52 2

The above equations are Bessel's Differential equation
of first order and complex argument.

The well known general Bessel Differentlal equation
is

- —-—) y = 0 (2.6.1-)



and 1ts general solution is as below,

¥* 3
y = A1 I (kx) + Bl Yh (kx) (2.7.1.)

In this solution Jn(kx) and Y (kx) represent First and
Second Kind Bessel Functions respectively. A" and B; are
arbitrary constants. In this equation 1f n = 1 our solutions

are cailed - Bessel Functions of First Order - 1.e.,

y o= A T (kx) + Bi ¥, (kx) (2.7.2.)

Modified Bessel Functions of First and Second Kind are Il(kx)

and Kl(kx) respectively. The relations between non-modified

and modified functioné are as follows:

Jl(kxi) =1 I, (kx) (c)
2
Yl(kxi) =—571 Kl(kx) - I, (kx) (d)

These modified Bessel Functions are applicable in cases where

the argument 1s imaginary.

By knowing this information we can obtain the solutions

of our differential equations. In the next two pages the
solutions for both equations are shown in a tabulated form
to make easy the comparison between them. After following

these tables step by step two solutions can be found such as:
‘_ s 3
Z) = MI; (&g 17) + B.K ( &f 17) (2.8.1.)

Z

-1 ) -1
5 = AT (&g 1 ) + BZKl( &g 172) . (2.9.1.)

23
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These solutions involve I, and Ky Modified Bessel Functions,
For the Imaginary Argument, these functlions can be expressed

in terms of Thomson Functions which are tabulated in most of
the books on Beasel Functions.

The relations between Thomson and Bessel Functions are

11‘1

i}

In(kxié) ber, (kx) + 1 bel (kx) (e)

i

1™ Kn(kxi%) ker,(kx) + 1 kel (kx) ()
where ber, beil, ker, kel are called the Thomson Functions.
Recurrence formulae exist giving the n + 1 order Bessel
functions in terms of the preceding orders. Since we need
the first order, and the zero order Thomson functions are
extensively tabulated for the small kx intervals, we will
obtain the first order directly from these tabulated zero

orders by the following recurrence formlae:

o1 Geedh) AT, (kxi®) 1 AT (kxi) ) ()
= ——— m — ————— 2 X

° d(kx1®) 17 d(kx)  t )
L Ak (kxi®) 1 K, (kxi¥) 3

Ky (x1%) = — == — ————= K (kxt®) (h)

d(kx1%) 15 d(kx)

For the case of n = 0 which 1s zero order, (e) and (f) are

I,(1x1?) = ber(kx) + 1 bei(kx) (1)

K, (kx1%) = ker(kx) + 1 ket (kx) (1)
It is customary to omit the zero subscript in zero order
functlon. If we 1like to express I, and Kl In terms of zero
order Thomgon functions, from (g) and (e)

1 -1
I, (kx1®) = 1° (pert'kxx + 1 beilkx)



Equations

Equations for 3y for 2,
1 1 . 1. C1
Z +B-Zl—(i§ +¢2 Z =0 22+?¢—22+(1§ "—¢T2 "O
1 1
= 3 2_ -
Z1 + 3 Z1 + (1 ¢2 ) Zl 0
since I = -1
Therefore solutions are:
L 3, 2 S }
Z, =4, 9, (g 1) + B, ¥ (g¢1 Zz-AzJ(égéi +B2Y1 (8 17)
In terme of modified Bessel Functions:
2 N 3 } ;4 3
J1(§¢1)=J1(§¢1)1)=1Il(§¢i2)J(E,¢iz =J,(eg 1 1)=1:[l (4 1% )
3 1 1 -1
Y (eg 19) =Y (ed 17 1) Y, (eg 1 ) =Yl(g¢i i)
2 = 3 2 -3 -3
=—1 Kl(é¢1)-11(£¢1) =1 K1(5¢1)—11(g¢1

qe



Equations for 3, (Conttd.)

Equations for 3, (Conttd.)

therefore if we substitute these values

1
_* 2 -k_g_ L
Zy= AL L (kg 1) + B 1 K1(£¢ 1%2)
3 %
; (g1
o - BN (es 1) + 2Bk (ig 1%)
R 171 o171

L L
- , 2 2
z1 = Alll(a¢ 17) + BlKl(é¢ i®)

where
3¢ ¢
A1 = ( Ali - B1 )
B 2 B* i
1 g1 1

P-'

(a1 B) I(agﬁi§
2 2 n 2
ey

2
1
(&g 1) + B2K

-
2

(¢g 1

1
)

2 ®
+—B,1 Kl(éﬁ i)

9c
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d ber(kx) -

where ber'kx = —————— ., In the above formula i
d (kx)

taken into the bracket. Finally the first order Bessel

Wi

can be

functions will be expressed 1n terms of zero order Thomson

functions as follow:

1
2

L - 1
Il(kxiz) = 1% bertkx + 1%bei'kx (k)

On the other hand the expression for Kl can be obtalined by
the very same way, from (f) and (h)
1 -3 by
-Kl(kxi?) = 1"kertkx + 1% keilkx (1)
Therefore the first solution Z1 can be written in following

form by substituting (k) and (1) into Eq. (2.8.1.)

& 1
“Ker'rg +1°ke1tsg ) 2.8.2.)

Wi

Zl=A1(£ ber!ty +i%bei'§¢ ) - Bl(;

For the second solution Z, we can follow the same system.

1
-n -1
i In(kxi ) = ber kx - 1 bel kx (m)
1nKn(kxi ) = ker kx - 1 kel kx (n)
by rqplacing n =0,
~5
Io(kxi ) = ber kx - 1 beil kx (o)
_%_ |
Ko(kxi ) = ker kx - 1 kel kx (p)
-2 -y
) v 2 X
4 Io(kxi ) % d_Io(kXi ) = 12 ( ber'kx - beitkx )
—0 o =3
Y
d{kxi"®) d(kx)
1 2L
-z 1 2
Il(kxi ) = 1% bertkx + 1 beltkx - (q)
- -3 1
d Ko(kxd) 1 d Kp(kxt') = 1%(xer kx - 1 kel kx)
_ = 4 =
d (kx4i~%) d (kx)

1
1 -5

-1 i
-K (kx1®) = 1°ker kx + 1 kel kx (r)
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Therefore, by substituting (q) and (r) into Eq. (2.9.1.) the

second solution Z, can be obtained.

v
=

ZZ=A2(i%bar'g¢ + ; beittd ) - Ba(iéker!g¢ + ; keittd ) (2.9.2.).

-

These two solutions together represent the complete system of
independent solutions of Eq.(2.4.1.). By adding up Z; and Zo

we can write the solution as in following form:

Z =0, berted + Co, belled + Cy ker'ig + C) kelt:d (2.10.1.)
1
-l 12 3
where Cl = Ay 1 + Azi
i -1
-2 1
Cy == (By 1%+ By 17)
1 -
0, = - (By I¥ +Bp 1)

~

arbitrary constants.

The solution for U is easy when the Z, and Z, solutions

1
are known. For this we will use Egs. (2.2.2.) with (2.5.3.)
and (2.5.4.). For the first solution, by rearranging

Eq. (2.5.3.) we obtain

. 241
I S _ 2
Zl-i-¢ ¢2 Zl--i & Zl
By use of equation (2.2.2.) this becomes;
) 2 12
(ié -V)le";l—“ Ul
from which
h 2
Uy = — (V=187) 24 (2.11.1.)

12
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For the second solution, the same replacement can be done
between Eqs. (2.2.2.) and (2.5.4.). By this way the
relation between U, and Z5 can be found:
h 2
Up =— (V+ 187) Zy (2.12.1.) .
12
Substituting Z; and Z, with their equivalents in terms

of Bessel Functions in the above relations we can obtain

the first and second solutions for U:

;.J

h .L 1
U1=—£—(V-i &2)[ A (i ber'a¢ + 1 bei'§¢ ) = Byl 12ker'&¢
1
+ 1 keitggﬁ ) ] (2.11.2.)
Py
U,=—(v+i £2) [Az(izber'é_,;zS +1 zbei'ggj - Bo(1%ker':g

12
+ 1 keltrg )| (2.12.2.)
By adding two solutions together and combining the coefficilents
the general solution for U can be shown as follow:

h

2 - 2
v=— (- c5t5) berteg + (C+ 0y &2

bei%¢+(§f“%§ﬂmr%¢
2
+ (0P + Cy ") Kkelleg | (2.13.1.)

The Thomson Functions ber', bel!, kert'!, kei! are shown
on Fig. II.l.a and Fig. II.1l.b.

U and Z Involve zero order Thomson Functions. To
avaluate U and Z we have to know the first derivatives of

bert, bei!, kert', and kel'!. The followling relations are



10.0 , 1.0 kei 'E§ .
0/2\31 é¢0’2',34‘~5 gfg[;
- 10.0 -—L0F~//// l_
/m_hzéef'/é_gb
(a) (b)
Fig. II.1.
given for thisvreason:
d
— ( x bertkx )} = - kx bei kx
ax
d
— ( x beitkx ) = kx ber kx
éx
d (8)
— ( x ker'kx ) = - kx kel kx
ax
d
— ( x kei'kx ) = kx ker kx
dx :

From the above relations we can derive

30
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d(bertkx)
bertkx + x —————— = - kxbeilkx
dx
d(beitkx)
beilkx + x — = kx berkx
ax
(t)
d{kertkx)
kertkx + X ——— = -~ kx kei kx
dx
d(keltkx)
kelftkx + x —— = kx ker kx
dx

therefore, in our case substituting k =¢ , x = ¢

d(berteg ) 1
— = -¢beltd - — berted
ag - %
‘ 1
d(belled ) = &ber§¢'—¢~bei'§¢
dg
1 (u)
d(ker'ed ) = ~Ekeltd —gker'a;fﬁ
ag
1
d(kel'ed ) = £ kerég -—¢~kei'é¢
ag

The functions ber bel ker kel are shown on Fig. II.Z2.a.

and Fig. II.2.b.

Thomson functions are tabulated for the values of &
between O and 10. For &£¢ bigger than 10 there are
"Asymptotlc Expansions" given in reference ().

Since we know Z, ﬁ, U, ﬁ it is easy to express
M¢, Mg, N¢, Ng, T , Q¢ in terms of Thomson Functions by
using the relations given in Ch. I. i.e.,
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v / :
] _
10.0 . bersg /| / e i&’ﬁé,ﬁb
/
_—

0 / 4»&¢ 0 \2 3 4 3 & 7 8 @ 10 éqs
>
- 10.0 1 r\i <)V 7 /m_ —10 Ai?—j
beitd ]
bel &P
L/
(a) ()
Fig. II.2.
1
Ng = -Ug (2.14.1.)
Ng= -0 (2.15.1.)
1
T = «~U— (2.16.1.)
¢
Qg= T (2.17.1.)
(2+vz2) (2.18.1.)
My = - Z +V 72— 2.18.1.
4 ¢
1 .
Mg = = ( Z-¢—+1)Z \ (2.19.1.)
1
In the above relations Cot¢=¢— and Sing =¢ were used.

Up to this point the solutions were given in a general
form. The coefficients C, C, 03 CL; are to be evaluated for
the different probleme. It is obvious that to obtain these
we have tolhave four boundary conditions. Two of these

conditions belong to the top of the shell and the other two



are given around the periphery. For instance, let us take
the case of a shell with a hole at the crown. The boundary
conditions, the values of M¢ and T at the top and at the
periphery, would give us values of the four coefficients.
As an other example a concentrated load placed at the crown
would yleld four different coefficilents.

In our case since there is neither a hole nor a concen-
trated load at the top the evaluation of the coefficients
will be considerably easier than the above two examples.

By the symmetry, there can be no rotatlion at the top. There-
fore Z =0 at @ = 0 will be the first boundary condition.
On the other hand at ¢ = O the shearing force 1s equal to
zero. Since U = Q¢ U 1is zero also.

From these conditlione we can conclude that the two
coefficients of ker! must be zero since ker! approaches

infinity at the origin.

From 2 = 0 c, =0

From U =0 031) - Cu &2 =0
therefore both C3 and Ch coefficients should be zero. As a
result we can see that the solution for U and Z does not
contain either ker!' or keit! at all., Finally our functions

are as shown below:

H

Z =C, ber'sp + O, bellsd (2.10.2.)

h 2 2
E [( Cll) - Co &%) bertyy + (021) + Cq ¢ ) bei'4¢](

U

il

2.13.2.)

33
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The first derivatives of the above functions are .

L] ' 1 1
Z=-0y (& beleg +§—éber'£¢ ) + Cs (& bereg —abei'&;é )
, (2.20.1.)
§ = o [o(0v-0at2) (& boleg + sberteg )
= — |- - + —ber
TR e ) p
+(C v +C82) (&b ¢—~1—be1'g, )]
2 1 S berep -3 %
(2.21.1.)

The coefficlents Cy and C2 are found by considering the
boundary conditions at the support at g = « ., If M, and
T. are prescribed at ¢ = « then the following equations will

be necessary:

1-V 1-V
My= Ci(ebeigg + 5 berttd ) + C, (7bei'&¢ - £bered )
(2.18.2.)

T = -h-C (Voerteg + aabei'a¢ ) + C(Vbeited - E,Zber'g,gﬁ )p

12 1 & 2

(2.16.2.)
From these Cl and C2 become,
5 12T, 1=V

M_ (Y bellix - £%bertex ) + ( —beiléx - £beric )
Cy= h =
1

A
5 12T, 1-v

M, (Vberteox + ¢ belle ) + ( — berteo + &£ beltx )
C.= h o
2

A

where

1-v 5
A= (——berttx + £belétx ) (Vbeltéix -E{bertEo ) ~

(4

1-v
( — bellitx -& beréi«) (v bertéix + é,ebei'écx )



CHAPTER III

NUMERICAL SOLUTION OF THE DIFFERENTIAL EQUATIONS

Last chapter the solution of two simultaneous differen-
tial equatione was made in terms of the Bessel Functions. As
we have seen already, thls solution i1s applicable for small
values of ¢ . To extend the solution from the Bessel
Function zone to 90°, we will use a numerical method. Let

us rewrite our equations.

.o . 2 2 1"1)2 .

U + U cotff -(cot“g-v= ) U = Z (3.1.1.)
h

. . 2 2 12

Z + Z cotf~(cotg +V ) Z =~ —7T (3.2.1.)
h ,

The solution of these equations shows an oscillating
and exponential behavior. This exponential build up Increases
very fast and exceeds the working limits of digital computers.
Since we will be using a digital computer for our computations,

it 1s more convenlent to define two new functions u end z as

35



follows:
_]\¢
u=Uwe " (a)
-AG
Z = 7Z e
where 2
N L[ 3(1-v°)

2 (b)

As -1t will be shown in Ch., IV, this A appears in the approx-
imate salution. These u and z functions have a small
exponential build up and an oscillatory behavior. If A were
some more complicated function of h then u and z would have
no exponential build‘up:‘ It was not considered necessary

to use this though. Two differential equations for u and =z
are obtained by substituting these expressions into the
original equations for U and Z.

1-vp 2

u o+ (2A+ cot ¢ ) u + (A2+ A cot (f - cot2¢ +)) u =
h

(3.1.2.)

> 12
+Acot@ - cot™F -V) z = - —u
h

+ (2A+ cot ) é-+(A2

(3.2.2.)
For further rearrangement we will present a new variable x
instead of g . The relation between them 1s
Ag = x (c)
If we differentiate this once, then,
Adg = dx (d)

36
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As a dot (ﬁ) represents derivative with respect to g . Then
we willl let a prime (F!') represent derivative with respect
to x. If we replaqeﬁfby x in Egs. (3.1.2.) and (3.2.2.)
and divide byzxz wa obtain:

cot % cot% cotz% V 1- 1)_2
u" + (2 + ) ut + (1 + - +—) u= z
‘ A 2 2
A A 3
(3.1.4.)
X x 2 X
cot cots  cot™- ¥ 3
2"+ (2 + Ay ozt o+ L1+ 2 - 2A -5z = - z U
A < A A 2 1-v
(3.2.4.)

To simplify the above equations in writing, let us define a

new shorthand such that:

v
u"+au'+(b+——2)u=Cz (3.1.5.)
A
v
z" + azt + (b - —) 2z =~-Du (3.2.5.)
)?
where )
cot g )
a =2 + I
cot & cot2¢
1-02
C = (e)
3
D=1 >
1-0°

In this chapter up to now we have been reforming our two
simultaneous differential equations of second order. Finally

we obtained the forms shown in Egs. (3.1.5.) and (3.2.5.)
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To solve these equations we will replace the first and
second derivatives by approximate expressions derived from
finite difference equations.

Rather than deal with the continuous functidﬁ u we will
consider only the values Wy s un s Upyq et cetera
evaluated at a finite number of points n-1, n, n+l ... on
the curve u = f(x). With reference to Fig. III.l. it 1s
geen that at point n the func-
tion and its first derivative
are glven by uy, and u; while at
point n+l by u,,; and u;+l. Each
point 1s dx apart.

To replace the first deri-

vative by an approximate expres-

sion we will argue that the

average of the slopes at points

n and n+l is du / dx, or:

1 1 i
+ -
U+l T Ui Un+l ~ Yn

2 ' dx (£)

Similarly we can replace the second derivative by
arguing that the average of the second derivatives at
point n, and n+l is the change in the first derivatives / dx,
or:

1" n ' t
u + u ~u
n+l Un n+1 n

2 dx (g)
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Since this is also true for z we have:

( z'n+1 + zé ) /2= (zn+1 -z) / dx (h)
( z"n+1 + z; ) /2= (zr']+1 -z) / dx (1)

TWo more equations are known 1f we write our differential

equations for point n+l.

W't fne W (bn+l AZ) uoq C Z 1 (3)
z" + a z! ( --K—) z = - D u (k)
n+l n+l “n+l n+l 2 n+l n+l

If the function and its derivatives are known at point
n, then these six equationes (f to k) will enable us to solve
for six unknowns at point n+l. These slx unknowns are
n "
Uyl uﬁ+l U1 Zpel z£+l and.zn+1. With the function known
at point n+l it may be again evaluated at point n+2. These

81x equations are shown Bolved for the values at point n+l

below:
v 2
o B Lopsr = 52(8%/2)7] +F x 5.3.1.)
5 3.1,
n+l [62n+1 - ;@(dx/Z)u] + HF
D [en+l + l)—Z(dx/2)2] - H g,
2" = A 0 (3.4.1.)

n+l 2 - V2 L
[e n+l ]\4(dx/2) ] + HF



[
Il

n+1

Z
n+l

]

un+l

4
n+1

The factors
below:
®n+1

F =

H =

In the

the right interval dx.

in accuracy

ug+1 (dx/2) + (u; + (dx/2) uy )

2o, (9x/2) + (2§ + (dx/2) 2z} )

u, +(dx/2) u,, + (dx/2) up

+(dx/2) z'

el * (dx/2) =z

Zn
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(3.5.1.)

(3.6.1.)

(3.7.1.)

(3.8.1.)

and coefficients used in this solution are shown

\

1+a .4 (dx/2) + b 1 (dx/2)2

n+

Cc (dx/a)2
D (dx/2)2
u; + (dx/2) uy
z} + (dx/2) z;

2 n
u, + (dx) ué + (dx/2) u

1"

z_ + (dx) zé + (dx/2)2 z

n

V
CN - an+l K - (bn+l +'R§) M
-DM - a L (b l)~)N
n+l n+l < )

above solution the main problem arises in choosing

is great.

If we take a large interval the error

On the other hand very small intervals
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cause quite appreciable round off errors which make the results
unreliable. Of course, the range of the optimum intervals
varies with different h ratios. In the numerical analysis,
for each h value this interval wae Investigated and then by
using these optimum intervals the rest of the problem was
golved with the above equations. Once u 2z and thelr first
and second derivatives are found, the normal forces, bending
moments and deformations can be evaluated. In order to get
these values the relations should be known. The Table III.1.
18 given for this reason. It can be noticed that after
finding the quantities shown by the small lettering symbols
we can easily obtaln the quantities shown by the caepital
letters which are the products of the previous values times
A e]\¢ , the magniflcation factor.

It was shown that to find the next polnt values we have
to know the values for the previous point. At the very first
step we need to know the values for u,z,ut,z!',u",z". These
starting values taken at ¢ = ¢ o are calculated by Bessel
Functions. To obtain a fairly good result these starting
values are supposed to be a8 close as possible to the exact
values. For the small J values the Bessel Solutions give us
an almost exact answer; therefore 1f we find the valuss for
a small g , say 5° - 10° by Bessel functions we can use the
numerical solutions for the rest of the problem. In Ch. II,
U,Z,ﬁ,é were found for small g . Since the relation (a) is
known between Ut!'s and uts, substituting these 1Into Egs.
(2.10.2.) (2.13.2.) (2.20.1.) (2.21.1.) we obtain the
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Table III.1. The relations between the functions and non-~

e&ponential values

Funectiones Non-exponential Values
A Ag u 4
Ng= - U Cot ¢ Ny=Ae ng | ng= - - Cot
. ]\ .
Ne=-U Ne=?\e¢ne nez-(u+u' )
. N A g u
Y U Yo 9| 9g= &
1 Ag u 1
T=-T p T=2Xe t |t = iy
Sin ‘ Sin
. Ag g Cot ¢
M= -(Z +VZ Cotg) M¢=7\e m¢ m¢=—[(z'+z) +Vz ]
. A Cot ¢-
Mg= - (V2 + Z Cotp) M6=7\e¢me m9=-[(z'+z)})+z gJ
. Cot ¢
A= Sing (VU Cotg- U) |4 =2e"F $ = sin gfﬁz( 1) - u']
A 3% - Z
Z =12 Z =2Xe 7 b4 z° = —
A
following:
C1 g C2 ¢ ( )
z =—hert&F + — belil 3.9.1.
Y, A
C 1 C 1
1 3 2 & .
I - —— = —_ 1 —_— = — ] -
z eA;Zf[/\bej‘E’ﬁ*‘ ber §¢]+ e)\gj[)\beréﬁ-]\ bel é,yﬂ z

r (3.10.1.)

hv 2 Y h gzh
u= |C, - C, & bert &P + (Cn—— g+ C, = 4beitEF
[ 11267\¢ 21—2?}@] [2126]\¢ 1 lZe'Mzﬂ ( )
3.11.1.




L3
hv
ut= -[Cliggm' 2150 m ] [—beié%j’;ber' 25

- hv ¢2n e 1
Co — C, — — beré&@ - — beité - .12.1.
+[:2126x¢'* 15,9 ] [ . beres Vi ¢:] u (3 )

On the other hand the Eqs. (3.1.5.) and (3.3.5.) can be
rewritten by rearranging 8o that the second derivatives should

be separated at the left of the equations.

.L)

z" = -Du-az' - (b ~ ;é) z (3.1.6.)
%

W= Cz-aut - (0»v +~;?) u (3.2.6.)

In the above equations the coefficients C1 and 02 should
be determined. As we Indicated in the Ch.II, U and Z equal
zero at the top of a spherical shell. But U!' and Z' can have
any values at-all. However, each of these possibilitles can

be expressed as a linear combinatlon of the following two

cases:
Case I : at d=0 ut' = K, a constant
z! = 0°
Case IT : at § = 0O ut = 0
z! = K, a constant.
nameiy,

A, (Case I) + B, (Case II) = Actual case
Therefore if we obtain the solutions for the Case I and
Case II, 1t 18 a matter of finding the constants A and B

for any particular case.



Case I. Since at #§ = 0 the Thomson Functions are zero

it

except that ber (0) = 1. Therefore,

z'! = 0 will give us 02 = 0
12 K A
u! = K C. = .
1 he? g

If we choose K as such that C, = 12 , the Egs. from

1

(3.9.1.) to (3.12.1.) will be as follows:

Zz =

12 ber! &g (3.9.2.)
| 1
—12[jibeié¢+ ——-ber'éﬁ] -z (3.10.2.)
A Ag
hv bert F+ £¢2h bel! &g (3.11.2.)
1 & 1
-hvy {Ebei&¢+ — ber! é¢]+ E,2h [—-beréﬁ———- bei'§¢] - u
A Ag A N
(3.12.2.)

equations (3.1.6.) and (3.2.6.) will remain as they are.

Case II.
KA
z?! = K will give us C, = &
v
ut =0 Ca‘zé-z - 0y

If we choose K such that 02 = 12 the above equations will

appear a8 shown below.

12V ‘ .
z2=- ber! @+ 12 bel! &g (3.9.3.)

12V & 1

| zt= S [—beié¢+]\—¢ber'éﬁﬂ+ 12 E—beréﬁ-)—;— bei'é{ﬁ]- z

£ FA

(3.10.3.)



assuming VvV , Poisson's Ratio is constant.

-

5 g
ul= [B—E

Ven
2

i2

+ E,ghj ber! £ g

+ &%h }[; bel &g+ ~7—\1—¢~ ber!? éﬁ] - u(

L5

(3.11.3.)

In these formulae & and A depend upon the parameter h,

¢ and A are tabulated for different h values, by faking

V = 0.2 and the starting angle as g, = 6°.
the Thomson Functions at this angle are obtailned from Ref. (L)

The values of

3.12.3.)

In the Table III.Z2.,

and shown on Table III.3. The starting values for the Case I.

and Case II. are calculated and shown on the Table III.l. for

the same values of the parameter h.

Tables III.2. and l. were

calculated by Alwac III~E Electronic Digital Computer.

TABLE III. 2.
V=02 g, =6°
1/h A £ A g, 5
30 7.135243 10.090747 .7L7200 1.056699
L0 8.239069 11.651796 .862792 1.220172
50 9.211559 13.027106 .964631 1.364194
100 13.027111 18.423115 1.36419Y 1.929262
150 15.951;888 22.563617 1.670790 2.36285,
200 18.423117 26.054221 1.929262 2.728389
250 20.597671 29.12950) 2.156981 3.,050431
300 22.563618 31.909775 2.362851 3.341580
1400 26.054223 36.846235 2.728389 3.85852)
500 29.129506 41.195343 3.050431 4.313961
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TABLE III. 3.
Vv =0.2 fgo=6°
1/h é¢5 bertf,| beltd, berted, | beiley
30 1.0567 .9805 2786 | - .0737 .5249
Lo 1.2202 .965]; .3708 | - ,1133 .6031
50 1.3642 .9460 1625 | -~ ,1582 .6698
100 1.9293 .7848 .9082 | - .L4L43L .8953
150 2.3629 .5195 1.3206 | - .8022 .9912
200 2.728) .1549 | 1.6835 | -1.2090 L9761
250 3.0504 | - .3024 1.9813 | ~1.6420 .8528
300 3.3416 | - .8437 2,1990 | -2.0830 .6208
1,00 3.8585 | -2.1353 2.3389 | -2.9160 | - .1709
500 L.3140 | -3.6176 2.0045 | -3.5630 | -1.3890




TABLE III. 4. V¥ = 0.2 = 60

u ut u"
Case I . iy _n
&we II u u! u"
IAN 2 z! z"

30 1.781075 .539149 - 3.293490

- .88L040 - 2.660035 - 3.239540

.250045 .752373 .916281

6.300536 1.916634 -11.631543

40 2.0L46420 .213008 - 3.127757

- 1.359600 - 3.356808 - 2.767788

- .38L553 9L 9LL9 .782851

7.239202 . 762987 -11.050151

50 2.272741 - .090621 ~ 2.999983

- 1.898400 - 3.370957 - u.dl7557

.536949 .953451 1.136339

8.039838 - .312449 ~10.597082

100 3.037860 - 1.500082 - 2.553856

- 5.320800 - 6.191232 1.785724

1.504949 1.75114Y - .505073

10.746736 | - 5.296298 - 9.031352

150 3.363172 - 2.884882 - 2.130806

- 9.626400 - 7.023405 6.389965

2.722755 1.986517 - 1.807346

11.898181 ~10.194088 - 7.53854L

L7



TABLE III. L. (Continued)
u u!t u"
Case I . ot i
Case II u u! u"
1/n z z! z"
200 3.311783 - L.287341 - 1.558924
-1;.508000 - 6.5u247, 11.168408
ly.103481 1.850491 - 3.158901
11.717474 —15.154191 - 5.518204
250 2.893183 - 5.688075 - .756350
~19.704000 - 1;.784883 15.914215
5.573126 1.353368 - L.501204
10.23824L -20.108150 - 2.681536
300 2.10567) - 7.048501 .309267
-21.995999 - 1.743280 20.414091
7.069928 493073 | - 5.773962
7.454510 ~2)4.919558 1.085492
1,00 - .581511 - 9.456595 3.288541
~314.992000 8.124331 27.990059
9.897225 - 2.297906 - 7.916779
- 2.045645 -33.1436529 11.618575
500 - L.715846 ~11.103581 7.401575
~42.756000 22.754273 32.555154
12.093220 - 6.1435879 - 9.207986
~16.662962 -39.262461 | 26.160855

L8
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In this chapter, so far, we obtained the mathema-

tical relations between the known values U,, 2 their first

n’
" and second derivatives at the point (n) and the unknown values
Uogye zn+1, thelr first and second derivatives at the next
"point (n+l). To obtain the next point values from the above
shown formulae we willl use the Alwac III-E Digital computer.
Since the accuracy of a numerical method depends upon the
Interval dx, we face the problem of Investigating the most
acceptable interval. In the followlng pages thres differeht
cases were examined, i.e., 1/h = 30, 100, 500, To investi-
gate the interval for each case the starting values of

Case I were used and the corresponding values were typed out
for every 20° - 1.e., 269, héo, 66°, 86° - . The curves

shown on Fig. III. 2.a.b.c. are for the 2z values at

different h's and every 20°. From these figures, it 1is

easy to see that the thicker shell (1/h = 30) gives the

larger intervalsj the thinner shell (1/h = 500) requires

the shorter Intervals. The curves for the thick shell go
almost in horizontal shape and even for the larger intervals
the obtalned values come close to the smaller interval results.
But for the thin shell, say 1/h = 500, the very same curves
show a large curvature and get stable and horizontal for

only the quite small intervals. For instance, for 500

ag = 0.05 degrees wag taken as the closesf interval to the
best, and 0.25 for 30. The reason for this 1s that the

thin shell has many more nodes than the thick shell. It

requires a smaller Iinterval to approximate these many waves.
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After the investigation of the intervals the stress
resultants were calculated with these intervals for the
different cases. The results aré‘tabulated on the
Tables III.5.6. and 7.

The fiéw diagram of the Programme 1s shown on
pages 54 and 55. This seven channel programme was performed
on Working Channel I. On the other hand the Working Channels
II and III were used a8 the scratch pads for temporary stor-
age, and are shown on page 56. The words which are indicated
by an asterlsk contain several intermediate computation steps.
The value M shown in Channel II defines the type out interval.
That is the stress resultants were typed out at an angular
interval of M.dd.

During the calculations B which places the binary
point, was taken as 23 1n decimal system which means 17 in
the hexadecimal system. The Main Memory Channels, numbered
from 98 to 9e¢ were used for the storage of the programme.

The entrance word is the first word of Ch. 98. After the
operations are done, the programme stops at the second word
from the end of Ch. 9se.

It 18 very interesting to compare the wave lengths
for the different h values, i.e., 30 100, and 500. The
thickest shell giveé a wave length more or less four times
bigger than the thinnest shell does. The intermediate shell
gives a wave length which is between the other two.

In the Figs. III.3.4.5. the my curves are shown

for the different casesn,.
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FLOW DIAGRAM OF PROGRAMME

¢
Decimal Input: ¢ ,1 ,un,uo,zn,zn, zp, VoA, df M
Store the above input values in Working Chan-

nel II as noted.

!

Caleulate the following values and store in
the indicated places in Ch. II or III.

¢, D, dg™, ax, (%2, F,H. FH,

Y_(dxy2

7 Put M in the storage word (45)

Add dg° to g3 and put ¢n+1 in (20)

Calculate: ﬁradSin¢n+ICox¢ +1’C°t¢n+l’

C°t¢n+1 Cot ¢h+1
A A®

Calculate: an+1’bn+1’K’L’

Calculate: M, N, en+1'gn+l’kn+l

54

Main Mem.

Ch : 98

Main Mem.

Ch : 99

Main Mem.

Main Mem.

Ch : 9b



"

Calculate: u" z"

ut z' uz at g =g .,

" g 21 z" to the old places.
Copy (5f)
Subtract 1 from M at (45).

XSy Yy

i A =0

Transfer u ut u
¥ present to
If,

.3
Calculate: n¢ ne mg ng q¢ t 2z, 796

Decimal Output: £ my Mg Ny g
t q¢ z,*S
Check 90 - ¢present. If,
to (1) —{Al> 0
A <O
STOP

Main Mem.

Ch : 9c¢

Main Mem.

Ch : 94

Main Mem.

Ch : 9e

55
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The following charts show the working channels which

were used as the scratch pads for the programme.

WORKING CHANNEL II
¢g latter ¢g+l u, ! u
25 z} z; V
o —

A ag M U4
u! u” z z!

n+l n+l n+l n+1

"

Zn+l mg me n¢
Ng t q¢ Lz
S C D F
H FH df(radians) |dx

WORKING CHANNEL III

dxy2 VY ,dx,2

(—2") —)—\é (—é-) TT/Z 90°
Unity M (transferred)| &, ,q(radians) Sin¢n+l

2

Cot¢n+l Cotf, 1 /A (Cot¢n+l//\) 8 41
b K L M

n+1 ‘

1%
N ® 41 . ( 7\2_) 4o 8n+1 2
- X (ex Y9x 2 Y dx '

kn+l (en+l )\2 ( 2 ) ) (en+l+/\2( 2 ) ) (en+l /\A(—'Z)'*'Hyl
% * 3#* 3
#* # 3 *

Note: In the above tablés all the values are based on

B = 17 (Hexadecimal)

decimal point location.




The complete programme which

the Maln Memory drum is as follows:

START
(9800)

980L

‘d>571f2800

8601704

71e571b
5b171160
[182b170¢
790££782
11060000
00000000

990l

3128a317
eb1£2800
23098705
5b1b1160
a3174939
2800411b
a3lceb39
e53al1129

9a0l

792a29u5
79206129
119203128
eTlh2ebli3
¢5462800
23098706
Sblellel
00000001

00000000
00000000
00000000
00000000
00000000
00000000
00000000
00000000

e71l3ebl?
c53e6728
all7eb3f
e73fa307
191,03200
41396518
a309493b
41326500

2109¢5L7
28004146
a3095b04d
11600011
a30eebl 7
¢5482800
al3l7eb28
c549e 749

00000000
00000000
L127e727
a309651a
81991100
00000000
00800000
03170619

a309493c¢
111276509
eb282800
a3l7eb28
c541L13b
e73ca309
1193347913
49427917

a30949La
B
674467l a
11940000
5b3rL123
e51ba308
61221494

i1s to be stored in

00000000
00000000
00000000
00000000
00000000
00170010
000b0000
00400000

4943791b
a703494l
81941100
00000000
00¢90fda
2d000000
00100000
01800000

41266506
a3086125
L49lel122
e510a309
6121495e
141258500
a3096124
819b1100
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b0l

495dL.140
67232309
615eL 91
L140e726
a3096154d
495044110
eTlca309
4495cl13f

9¢0l -

67414955
795%%1u1
49563000
e755a309
61334957
41556753
a3094954
41566754

9d0L

151£571b
78314827
17047920
%95r79u5

ThL193L
1918111c
819a110l
41218749

9e 0l

49324149
67272309
671413000
e721a309
67223000
e7L47a309

9380000

71£5b1lf

e7lba308
61414615¢
49514127
2800a317
eb282800
a31l7eb28
¢5523000
61l c3128

a309495e
L413be754
23096154
31282317
eb57¢524
413ce753
a309655e
3128a317

230926800
9337921
1222600

4934121

2800a317

eb28c536
2800a317
ebly7312e

79201160
57175b13
791br781
78351160
1785790f
£7815717
5bOb791b
£7817839

e74£a309
495bL b
e7l1da309
4195a4139
©750a309
675a675b
g95379uc

7523000

eb57¢530
79306126
3000e73f
23086125

92r7924

1233000
e73fa308
6122592¢

4935412L
2800a317
ebgﬁ;SBE
79 12

,95¢cl12)
e727all?
e749a309
615c2e00

11601719
790781
79436720
141e0000
81941100
00000000
00000000
1b000000

s
STOP

©750a309
49594 14b
eTLhea309
49584 13a
e7,£a309
63586759
g95u7951

19¢1100

79216125
3000e73f
2308612)
29297920

1223000
873ra308
6121492b
81941100

4931415¢
87272309
4195bh412)
6798309
615b2e00
81921100
00060000
1b000000

00000000
00000000
03170682
56630000
03170611
00040000
58000000
03170008

58
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TABLE III.S.a.

h = 1/30 Case: I
¢ mg me n¢ ne
Degrees t q¢ 2 ¥ d

8 5.210935 | 2.602285 | -1.819404 -1.674068
-1.83728L .255700 | -.228393 -.182343

10 6.275797 | 3.139213 | -1.369573 -1.087089
-1.390701 241493 | -.346051 -.141206

12 6.899218 | 3.466403 | -1.00199L -.542312
-1.024379 | .212980 | -.461991 -.071088
1 7.067032 | 3.582645 | -.70007L -.037007
-.721506 174548 | -.563387 . 0211920

16 6.80271, | 3.504568 | -.452278 L2213l
-.}}70505 .129689 | -.640405 .141371

18 6.153980 | 3.258890 | -.250551 .824,826
-.263445 .081409 | -.686L42L .270370

20 5.18484l | 2.87777 -.089095 1.15759
~.094813 .032))2 -.697915 140201

22 3.970350 | 2.395949 .036528 1.409300
.039397 | -.014758 | -.674168 .525196
2.592412 | 1.848732 .130033 1.571403
.142339 | -.057895 | -.616943 .628569

26 1.136021 | 1.270569 .194822 1.639378
216760 | -.095021 | -.530086 .701575

28 -.314516 .693808 .234233 1.613306
265285 | ~-.12454) | -.419115 .735408

30 | -1.67928 147643 .25166l 1.498016
.29059 -.145298 | -.290780 .723841

32 | -2.886329| -.342795 .25061L 1.302866
.295518 | -.156601 | =-.152619 .663852
3y | -3.874,884 | -.757193 .231650 1.041217
.283039 | - 155273 -.012495 .555998

36 | -4.598075| -1.080607 .207343 . 729667
.256291 | ~.15064L .121841 0L 513
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TABLE III.5.a. (Continued)
h = 1/30 Case: I
¢ m¢ me n¢‘ ne
Degrees t Q g A
38 -5.024940 |-1.303797 .172159 .387109
.218498 | -.134521 2113183 .217127
4o -5.141629 |[-1.423307 .132452 .033665
.172904 | -.111141 .3,5238 .00L4611
42 -l4.951722 |-1.441292 .091174 -.3104
, .122687 | -.082093 1422953 -.21991
Lk =L 475627 |-1.365096 .050981 -.625909
.070872 | -.049232 172755 -.14,1876
L6 -3.749109 |-1.206601 . 014063 ~.895567
.020245 | -.01L4563 492718 -.61624,0
48 -2.821010 | -.981377 .017881 1.10511),
-.026723 .019859 182625 -.818602
50 -1.750309 | -.707681 .04 3676 1.243939
-.067948 .052051 L3952 -.946221
52 -.602655 -.40535 .06266) | -1.30563l
-.101782 .08020 379742 | -1.018977
54 .553298 | ~-.09L4687 .O7L679 | -1.288279
-.127051 .10%787 .294h12 1.030156
56 1.649958 .20L709 .080004 1.194480
-.143071 .118611 .193479 -.977003
58 2.624355 7ol .079300 1.031156
-. 149646 .126907 053230 -.861019
60 3.421704 .700770 -.073526 -.809087
-.147052 .127351 -.029642 -.687955
62 3.998332 .870323 -.063845 -.542258
-.135994 .120076 .138423 -.467511
6L L.323986 .975653 -.051533 -.247023
-.117556 .105659 .236758 -.212759
66 ;.383361 | 1.013019 -.037880 .058841
-.093132 .085081 .319001 . 060675
68 I.176784 .982952 024106 .357166
-.064350 .05966 .380532 .335628
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TABLE III.5.a. (Continued)
h =1/30 Case: I
¢ m¢ me 1’1¢ ne
Degrees t qgf z¥ S
70 3.720003 .890055 -.011281 .630u2,
-.032982 .030993 -.1 18001 . 594525
72 3.043125 . 742598 -.00026 .862723
-.0%0863 .000821 -.u29SOg .820549
Th 2.188750 551904 .008325 1.040697
.030203 | -.029033 - 414691 .998782
76 1.20941 331577 .014159 1.154249
.05852 -.056789 -.374731 1.117215
78 .164517 .09662L .017176 1.197107
: .082614 | -.080809 -.312273 1.167587
80 -.883173 |-.137489 .017577 1.167162
.101223 | -.099685 -.231257 1.145968
82 -1.871113 |-.355782 .015787 1.066562
.113431 | -.112327 -.136680 1.053056
8l -2.740599 | -.54,658 .012440 .90157
.118667 | -.118017 -.03430 .89416
86 -3,440123 | -.692702 .008143 .682207
.116735 | -.116450 .069673 .678920
88 -3.928315 | -.791329 .003763 1121627
.107816 " | -,107750 .169006 120618
90 -4.176297 | -.835260 .000000 .135398
.092462 | -.092462 .257733 .135398

61



TABLE III.S.b.

h = 1/30 Case: II
¢ mg m9 n¢ ne
Degrees t Q 2’ S
g
8 -7.225722 =7.626549 | ~.459649 -1.381947
- ,611166 .06.599 .904936 -.179535
10 -4 .836535 -5.623202 | ~-.555095 —1.66uo%6
-.563658 .097878 .855166 -.269680
12 -2.652985 -3,939680 | -.614759 -1.828L44
-.628492 .130671 . 754815 -.354591
1L ~-.653630 -2.515382 | ~-.639118 -1.871037
-. 65868l .159350 .619335 -.h21721
16 1.147000 -1.314108 | -.631690 -1.797762
-.6571L6 .181134 461035 -.460707
18 2.71L864 ~.315393 | -.597533 -1.621103
-.628283 .194150 .290521 -.1164,018
20 L.009352 192239 | -.542353 | -1.358026
-.577159 .197400 .117392 -.427373
22 4.992867 1.116262 | =-.4471958 -1.02859]
-.509023 .190683 | -.049531 -.349958
2l 5.637518 1.563628 -.391929 -.65,4860
-.429019 J17LL98 | -.202266 -.234473
26 5.929381 1.843029 | -.307405 -.259835
-.342019 L149931 | -.333869 -.086953
28 5,870768 1.966195 -.2229%8 .133548
-.252505 .11854l | -.438683 .083630
30 5..8084lL 1.9,8448 -. 142,53 .5034463
-.164190 .082245 | -.512566 .265977
32 ly. 794885 1.808670 | -.069082 .830193
-.081460 .043167 | =-.553069 L7257
3L 3.862411 1.5688L2 |. -.005240 1.097031
-.006321 .00353) -.559533 .61,038
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TABLE III.5.b. (Continued)
h = 1/30 Case: II
¢ m¢ me I‘l¢ ne
Degrees t q 2% S
36 2.7u%uu8 | 1.253271 o732 - 1.291047
.058630 -.03462 | -.533086 .753282
38 1.510130 .887595 .088037 1.403662
.111721 -.068782 | -.476559 .8533L0
L0 .232883 97687 .116372 1.431000
.151913 -.097648 -.39,298 .90,868
L2 -1.013592 .108509 .132861 1.373987
.178783 -.119629 | -.291907 .901596
nn -2.159293 -.256977 .138L66 1.238206
.192,490 -.133715 | -.175918 .8L,0893
6 -3.141638 -.578800 . 134580 1.033493
.193735 -.139362 -.05342Y . 724071
148 -3.908732 -.840799 .122911 .773321
.183688 -.136507 .068317 .556L21
50 -l4.422000 -1.031238 .10536l 473990
.163918 -.125569 .182286 .346955
52 -1} .658060 -1.143181 .083916 .153680
.136302 -.107407 .282079 .107876
sh -4.609739 -1.174610 .060501 -.168595
.102930 -.083272 .362250 -.146186
56 -1, .286185 -1.128289 .036912 -. 474060
.066009 -.05472L L1859, -.399134
58 -3.712077 -1.011374 .014710 -. 745221
.027759 -.023541 4148358 -.634478
60 -2.925995 -.834819 | -.o048LO -.966836
-.009681 .00838) 4150370 -.836466
62 -1.978030 -.612582 -.020817 | -1.126736
-.04L 342 .039152 1425076 -.991173
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TABILE III.5.b., (Continued)
h = 1/30 Case: II
525 m¢ mg ny Ng
Degrees & Ay z" S
n -.926790 -.360704 |-.032661 -1.216476
-.074505 .066965 .374491 -1.087490
66 . 164,026 -.096301 |-.040172 -1.231769
-.098765 .090227 .302060 -1.117937
68 1.229318 163466 | -.0L3485 -1.172677
-.116083 .107630 .212439 -1.079223
70 2.206297 .,02398 | -,043032 -1.043571
-.125816 .118228 .111219 -.972548
72 3.038046 .606178 |-.039472 -.852832
-.127735 .121483 004590 -.80358Y
4 3.676709 .763150 |-.033633 -.612346
-.122019 .117292 | -.101019 -.582159
76 14 .086148 .861,935 | -.026426 -.336791
-.109235 .105990 |-.199309 -.321658
78 4.243915 .906831 |~-.018774 -.042779
-.090297 .08832L | -.284475 -.038171
80 .12 .887994 | -.011533 .252105
-.06641 .065409 | -.351533 .2595u6
82 3.789386 .811386 |-.005433 .530316
-.039039 .038659 | -.396601 .526231
8l 3.207088 .683505 | -.001020 775362
-.009757 .00970L |-.417120 L771317
86 2.431243 .513905 .001378 .972738
.019754 -.019706 |-.411988 .970093
88 1.508775 .314548 .001669 1.110762
.047831 -.0L47802 |-.381620 1.109751
90 495113 .099023 .000000 1.181236
.072898 -.072898 |-.327917 1.181236




TABLE III.6.a.
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h = 1/100 Case: I
g m¢ me n¢ ne
Degrees t ag z* )

8 13.0%1071 6.695467 1.171198 . 182697
-1.182708 .164601 -.598359 .058026
10 11.ii3198 6.058271 -.4 37610 1.596820
-4l 361 .077162 -.700207 .292483
12 7.514625 },.603750 .055075 2.573510
.056304 -.011706 -.686563 .532772
14 2.775996 2.715496 .350753 3.005121
.361491 -.087453 -.561065 .710033
16 -2.038789 .767108 L8l 92 2.862312
.504017 -.138926 -.35092) .762251
18 -6.059520 -.921849 .4,91370 2.210673
.516657 -.159656 -.098171 652767
20 -8.621853 -2.119093 .uossés 1.200274
34765 -.148698 .149653 .382572
22 -9.364172 -2.701062 .273710 .0369%1
.295206 -.110586 .38568 -.006668
2l -8.273068 -2.659161 .122002 -1.056603
.133548 -.054319 465889 -.1439683
26 -5.668062 -2.089280 -.017255 -1.881576
-.019198 .008416 1485532 -.823316
28 -2.12800 -1.166153 -.123086 -2.298293
-.139404 065416 10121 -1.067426
30 1.623985 -.106909 -.184176 -2.2L934L
-.212668 .10633L .259631 -1.106254
32 1}.863163 . 869792 -.198760 -1.766908
-.234373 .1244199 .06691.0 -.915253
3L 6.993694 1.582065 -.173200 -.963302
-.208917 .116825 -.128807 . -.519301




TABLE III.6.a. (Continued)
h = 1/100 Case: I
g my mg ng ng
Degrees t q¢ z” S
36 7.65635) 1.914117 -.119570 ~-.00698)
-. 147797 .086873 -.28974L .009951
38 6.786403 1.831967 -.052705 .911155
-.066883 .041178 -.386319 .567453
40 L.614913 1.383519 .012754 1.614645
.016649 -.010702 102537 1.03623)
L2 1.614,82 68378 .064859 1.97448L
.087277 -.058400 .33848L 1.312507
i | =1.598986 -.111303 .096038 1.9322
.133509 -.092743 .209730 1.32890
116 -1,.38878L -.837121 .103783 1.509143
.149402 -.107471 .043833 1.070655
48 -6.220419 -1.352435 .0903,8 . 799691
.135024 -.100342 .125350 .580858
50 -6.761g83 -1.565320 .061628 -.048521
.095876 -.073446 .261,375 -.046611
52 -5.941950 -1.448L08 .025526 -.86)725
. .0l 161 -.032672 ..3L667Y -.685,36
54 -3.958298 | -1.041027 .009832 ~1.488656
-.016726 .013532 .357526 -1.202757
56 -1.231704 -.438408 .037685 -1.801L6L
-.067392 .055871 .296615 -1.487233
58 - 1.680526 .229475 .053760 -1.747994
-.101450 .08603l 177753 -1.473264
60 14.196398 824947 .056754 -1.346271
-.113508 .098300 .025859 -1.156075
62 5.823633 1.230141 -.048173 -.682611
-.102611 .090600 -.128151 -.594203

66
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" TABLE III.6.a. {(Cotinued)
" h = 1/100  Case: I
R g " g "6
Degrees t qg z" )
6l 6.254542 1.369626 -.031631 .10649Y
-.072156 .06,,853 -.253550 .101402
66 5.423312 1.223929 -.011806 .861968
-.029027 .026518 .325831 . 78960l
68 3.515150 .831581 . 00668 1.433767
.0178LL -.016545 .331432 1.328126
70 .926157 .27965) .020256 1.71028L
.059225 -.055653 .270235 1.60333L
72 ~1.817581 -.315043 .026981 1.639868
.087311 -.083038 . 155400 1.554475
i -1, 1654043 -.830173 .026770 1.240336
.097120 -.093357 .010591 1.187141
76 ~-5.651392 -1.162551 .021126 .594750
.087327 -.084733 .134832 .57298L
78 -5.98537Y -1.248433 .012558 -.165603
.060401 -.059081 .251689 -.164401
80 -5.109281 -1.075476 .003826 -.887569
.022032 -.021698 .316761 -.87,838
82 -3.206766 -.684170 .002786 -1.426620
-,020015 .019820 317353 -1.412184
8l -.665302 -.158662 .006001 -1.675460
-.057413 .057099 .253739 -1.665087
86 2.001788 .39102 .005780 -1.5851lk
-.082860 .08265 .13903L -1.580129
88 4.257826 .851682 -.003191 -1.174605
-.091,51 .091395 -.003480 -1.173251
90 5.6L9567 1.1299 -.000000 -.526737
-.081590 .0815%% -.145021 -.526737




TABLE III.6.b.
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h = 1/100 Case: TII
g my m g Mg
Degrees t q z" S
g

8 -.197601 ~}4.,019519 -1.204218 | -3.447728
-1.216052 .1692,12 .582658 -. 446311
10 5.3229)2 -.125201 -1.123189 | -2.951741
-1.140515 .198048 .273636 -.1473556
12 9.128823 2.oo9o%1 -.913589 | -1.942739
-.933999 .194189 -.040580 -.365929

1l 10.869460 3.361844 -.636483 | -.65787
-.655968 .158693 -.308531 -.12835%

16 10.464796 3.735997 -.3461L8 .61,5885
-.360098 .099256 -.h9076l .197112
18 8.170506 3.301526 ~-.085458 1.730982
-.089856 027767 -.5611353 .54,018L
20 L .52661 2.2956L8 .116296 2.415369
.123760 -.0,42328 -.525905 .818149
22 .335185 .997017 .241019 2.59978L
.263183 ~.098590 -.391392 .95561L

2l -3.639638 -.312656 .295967 2.280783
.323977 -. 131773 -.192595 .903602

26 -6.657900 ~1.389020 .281566 1.546856
.313111 -.137329 .029183 653411

28 -8.2102 -2.0589,1 .218164 .258370
.2l708 -.116000 .230904 21165,
30 -8.08,782 -2.241562 .127193 -.48L771
146869 -.073435 .375642 -.255104

32 -6.393242 -1.953141 .030300 | =-1.381570
.035729 -.018933 439031 -.735332

3k -3.536503 -1.295379 -.054013 | -1.967313
-.065151 .036432 413191 | -1.094067

36 -.118262 -.1y29939 -.112797 | -2.142985
-.139425 .081952 30748, | -1.246355
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TABLE III.6.b. (Continued)
h = 1/100 Case: II
[} ) my mg ng - ng
Degrees t qﬁ z S

38 3.176157 155786 -.139856 | -1.891513
-.177480 - .109267 .146040 | -1.147311
10 5.712217 1.185191 -.135687 | -1.278157
-.177126 .113855 -.037364 ~-.804139
L2 7.021;818 1.624679 -.106327 -.435379
-, 143078 .095738 -.206075 -.277096
i 6.901310 1.705981 -.061L28 464547
~.085395 .059321 -.327649 .331236
L6 5.414187 1.435043 -.011972 1.243730
-,017235 .012398 -.379916 .896387
48 2.898553 .886492 .031923 1.753016
.04 7708 -.035454 -.354912 1.298000
50 -.120003 .185423 .062745 1.899972
. .09761l -.07L776 -.2599%1 1.445850
52 -3.032218 -.519500 .076608 1.665315
L1232 -.098054 -.115920 1.300212
5L -5.26548 -1.086173 073471 1.104881
.12,499 -.101124 oy7y22 .881980
56 -6.394337 -1.406550 .056588 .337060
.101196 -.083895 .197184 .270053
58 -6.220089 -1.426361 .031416 -.1481608
.059285 -.050276 303969 -.413755
60 -1, 804866 ~1.153585 .ooh223 | -1.187765
.008LL16 -.007314 347515 | -1.029366
62 -2.454319 -.65L016 -.019273 | -1.643318
-.041052 .036247 .320472 | -1.447560
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TABLE III.6.b. (Continued)

h = 1/100 Case: II
o] my mg ng ng
Degrees t q¢ z* S
6l L6777 -.0381414 -.034978 -1.762056
-.079790 .071715 .229590 - -1.577438
66 3.032781 .566320 -.041032 -1.525738
-.100880 .092159 .094137 -1.38633)4
68 5.069719 1.036480 -.o3gs7u -. 986660
-.101105 .093743 -.058104 -.907791
70 6.060002 1.280641 -.027820 -.256393
-.081339 .076L3) -. 196447 -.235702
72 5.819033 1.255325 -.014281 .5169%6
-.046216 .0l4395L -.293400 94361
Th 4 .4L09093 .972675 -.000859 1.178337
-.003116 .002996 -.330056 1.132855
76 2.12,4359 196615 .009508 1.59655.
.03930L -.038136 -.299736 1.547284
78 -.569562 -.071228 .015131 1.689893
.072779 -.071188 -.209180 1.650005
80 -3.129306 -.612813 .015798 1.441963
.090976 -.08959 -.077086 1.416945
82 -5.042058 -1.017816 .012615 .904) 87
.0906).3 -.089761 .069702 .893186
8l -5.927106 -1.205760 .007543 . 186667
.07216) -.071768 ~ .201577 L1841
86 -5.610777 -1.141762 .002750 -.566741
.039421 -.039325 .292078 -.565909
88 -},.160131 -.842859 -.00003L -1.204288
-.000985 .00098L .32313L -1.203547
90 -1.868956 -.373791 -.000000 -1.597939
-.041018 .041018 .288637 -1.597939




TABLE III.7.a.
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= 1/500 Case: I
& gy mg ny n‘6

Degrees t q¢ z¥ S
7 | -6.525208 | 6.098029 | 2.587418 | 15.756L19
2.606849 -.317695 -.946856 1.857157
8 ,—31 L4889l -u 413855 2.72886) 12.162363
2.755683 .383516 -.274629 1.616715
9 -46.794640 |-11.724693 2.235709 6.103398
2.263577 -.354101 .390312 .884832
10 -49.887868 |-14.88L4017 1.388223 -.877380
1.409638 -.2L44781 .901185 -.200568
11 -40.973178 |-13.900183 L8448 -7.123819
1156842 -.087169 1.155255 -1.376401
12 -22.987845 -9.630182 -.369889 |-11.244416
-.378152 .078622 1.114285 -2.322163
13 -.752762 -3.516666 -.924192 |-12.41L977
-.948503 .213367 .809509 -2.751179
14 20.223431 2.771313 |-1.153136 |-10.539430
-1.188437 .287509 .330716 -2.493923
15 35.043821 7.716131 | -1.072514 -6.236938
-1.110348 .287379 -.197435 -1.558720
16 40.525771 10.267951 -.758502 -.664135
-.789069 .217497 -. 646011 -.141329
17 35.859836 10.035653 -.322,,60 4. 778519
| -.337193 .098586 | -.911995 1.415958
|18 22.688492 7.318370 .117207 8.789742
.123239 -.038083 -.941140 2.708933
19 4.607351 2.980272 1460507 10.468242
| 87042 -.158565 -. 738440 3.378138
20 -13.773610 ~1.794011 .62&051 9.511718
.68538l -.234415 - 364210 3.2091L40

—




(Continued)
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TABLE III.7.a.
h = 1/500 Case: I
[ mg mg ng ng
Degrees t q z" O
g
21 -27.972286 -5.800948 . %9 2 6.264759
695439 -.21,9223 .082566 2.198553
22 -30.703046 -8.104L86 .500062 1.611296
.539335 -.202038 .189829 .566136
23 -32.620488 -8.242075 .252011 -3.258037
273775 -.106972 .759622 -1.292709
2l -22.571906 -6.306839 .o02L22), -7.144121
-.026516 .010785 .831304 -2.903802
25 -7.313947 -2.893189 .2601.95 -9.129733
-.28742), .121471 694797 -3.836370
26 9.221728 1.074309 06226 | -8.792606
-.451968 .198129 .391221 | -3.818806
27 22.923286 L .582518 .,37800 -6.292161
-.491355 .223070 .001136 -2.816828
28 | 30.506373 6.78084L | -.360856 | -2.312616
-.40869Y - .191870 -.376388 -1.051824
29 30.290483 7.181317 -.205719 2.11976
-.235209 .114032 —.6u8553 1.04762
30 22.562391 5.761776 -.017719 5.89750L
-.020L460 .010230 -.751334 2.950521
31 9.449568 2.951306 .154913 8.105461 |
180727 -.093081 661322 ly. 158659
32 -5.652695 ~.1493767 .272582 8.24011Y4
32142l -.170328 L1079 L.337702
33 -18.949366 -3.689031 .312713 6.322537
.372867 -.203078 .068217 3.40943L
34 -27.189675 -5.844985 .273358 2.879987
.329729 -.184382 .285998 1.579895
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TABLE III.7.a. (Continued)
h = 1/500 Case: I
] L m¢ mg n¢ ng
Degrees t qg z¥ O

35 -28.45,4307 -6.4586L3 .171659 -1,196280
.209557 -.120197 .560006 -,705849
36 -22.596676 -5.427997 .037977 -4.879317
04694 3 -.027592 .687689 -2.872453
37 =11.237868 -3.063894 -.092531 -7.263042
-.115861 .069727 .6L0773 -14.359867
38 2.67371 .000313 -.188709 -7.78341,
-.239475 <14 7435 434940 | -l.768707
39 15.6200.87 2.975955 -.230L5) -6.350616
-.296540 .186618 .124963 -3,967562
L0 2L .3984LN 5.119602 -.212535 -3.361493
-.2774h45 .178338 -.209698 -2.133401
L1 26.904572 5.9166LL -. 144533 Lo8L7h
-.191508 .125641 -.i%5106 .286947
y2 22.636573 5.203015 -.047265 L .00L716
. -.063602 .042558 -.633753 2.686001
L3 12.786982 3.196696 .053179 6.533725
.072713 -.049590 -.620996 L.4L8732
i -.084210 133523 .132163 7.383747
.183728 -.127628 -.45303} 5.110816
L5 -12.710000 -2.374362 .172319 6.371798
2143696 -.172319 -.17462) .4B81169
L6 -21.940791 -l;.520,83 .167138 3.781867
.2)40605 -.173077 .142735 2.696399
L7 -25.525890 -5.480316 .121651 .286615
.178374 -.130L5L L19oL7 .191823
L8 -22.659122 -5.038253 .050259 -3.22618Y
.075112 -.055819 .585880 -2.404990
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TABLE III.7.a. (Continued)
= 1/500 Case: I
o] m¢ mg ng ng
Degreos t q,d z* )
L9  [-14.15698) -3.334795 -.02751) -5.877979
: -.041939 .031652 .603222 -4.432011
50 -2.230649 -.823936 -.092192 -7.018143
-. 143425 .109869 1169011 -5.362080
51 10.085625 1.8446810 -.129070 -6.382836
-.205094 .159388 .219085 -4.940331
52 19.702830 l}.002306 -.131423 -4.155415
-.213466 .168213 -.082315 ~3.253796
53 2u.228633 5.109411 -.101500 -.914670
-.168656 .134695 -.358970 -. 714275
N 22.65001Y 4.907951 -.049255 2.514745
-.083799 067794 -.541875 2.042439
55 15.384601 3.47108 .010705 5.271271
.018663 -.01528 ~-.586379 L.316215
56 l}.342233 1.181225 .063078 6.672062
.112803 -.093518 -.1183036 5.520928
57 -7.661103 ~1.371020 .095678 6.381495
.175672 -. 147331 -.259532 5.335920
58 -17.612051 -3.538411 .102169 4.49113
.192802 -.163505 .026672 3.79136
59 -23.027995 - . 780408 .083159 1.492194
.161462 -.138400 .303050 1.264803
60 -22.599957 -4.797302 0L 5LT71 -1.851512
.09094.2 -.078758 .500327 -1.611331
61 -16.493962 -3.601994 -.000050 —u.69gu06
-.000103 . 000090 .569779 -l;.108432
62 -6.297868 -1.512357 -.04155) -6.335778
-.088511 .078151 4195225 -5.586819
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TABLE III.7.a. (Continued)
h = 1/500 Case: I
o] my mg ny ng
Degrees t q z® S
g

63 5.389725 .932786 .06920L -6.366208
-.152)35 .135820 .296762 -5.659998
6l 15.619525 3.112018 077448 -14.795070
-.176674 .158794 .025388 -4.295855
65 21.833507 L.1478638 -.066029 -2.030438
-.156238 .141600 -.250051 -1.828232
66 22.502635 L.697259 -.039579 1.223471
-.097310 .088897 - 60277 1.124927
67 17.50186L 3.725700 -.006037 L.145110
-.015450 .014222 -.552953 3.816703
68 8.130695 1.822270 . 025646 6.002412
. 068460 -.063475 .505667 5.560609
69 -3.223185 -.522536 .o 78l1 6.3358%1
.133496 -.124629 .331338 5.906081
70 -13.690%6% -2.711989 .056039 5.071511
.1638Y -.153967 074711 l4.755127
71 -20.643355 -l . 19,481 .049692 2.537485
.152631 -. 144315 .199089 2.3898)2
72 -22.353539 -1, 602040 .031955 -.621172
.103411 -.098349 121036 -.5968.7
73 -18.4420628 -3.841315 .008516 -3.606113
.029129 -.027856 .535563 -3.450170
74 -9.86516l -2.1146L .014130 -5.66697L
-.051262 .0L9277 514433 -5.4L 726
75 1.135263 .133502 .030436 -6.289523
-.117595 .113588 .363683 -6.069331
76 11.798799 2.330576 .037135 -5.323660
-.153502 .1L892 .121928 -5.158316
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TABLE III.7.a. (Continued)
n = 1/500 Case: I
g m¢ Mg ny ng
Degrees t ay z% S
77 19.441061 3.921327 -.033837 -3.019456
-.150421 .146565 -.149502 -2.935473
78 22.149255 l4.507818 -.022790 .037382
-.109615 .107220 -.382085 .oy102L
79 19.259770 3.9L8496 -.007964 3.074013
-.0L1736 .0,0969 -.517357 3.019097
80 11.52030L 2.392351 .0062440 5.325387
.03593L -.035388 -.521579 5.2443252
81 .896993 .239325 .016245 6.22651
.103846 -.102567 -.394127 6.146671
82 ~9.9238 ~1.962165 .020189 5.55L,042
1450 -.143656 -.167542 5.495990
83 -18.213411 ~3.654560 .018217 3.481253
< 149479 -.148365 .100762 3.,51688
8L -21.886995 -4.412009 .012149 .533772
.116230 -.115593 .34,3005 528,31
85 -20.027048 -l 047249 .0014697 -2.5,3538
.053895 -.053690 1498131 -2.534794
86 -13.111830 -2.657754 -.001516 -4 . 974343
-.021727 .021674 .527157 -1}.961922
87 ~2.892775 -.59983 -.004793 | -6.146256
-.O915gu .091u5% 122949 -6.136875
88 8.0,8088 1.602512 -.004821 -5.76,760
-.138141 .138057 .211972 -5.76028L
89 16.949055 3.390690 -.00261L -3.927065
~. 149750 . 149727 -.052419 -3.92594
90 21.564290 4.312859 -,000000 -1.097392
-.12354) 12354l -.303440 | -1.097392
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TABLE III.7.b.

h = 1/500 Case: II
[ my mg n g ne
Degrees t Ay * O

7 57.538L87 20.287947 | -2.181150 2.281837
-2.197530 267811 | -1.122998 .331249
8 uu 937&71 18.249131 -.552700 9.005629
.558131 .077677 | -1.355871 1.268724
9 23.170692 12.2229L7 .697019 | 13.096118
.705707 -.110397 | -1.252028 2.026873

10 -2.108630 4.291216 1.%&557& 13.82130

1.467874 -.254893 -.865644 2.344983
11 -2& 85975\ -3.448523 1.681012 | 11.252760
1.712,75 -.326755 -.308463 2.082975

12 -40.011156 -9.256492 1.482747 6.205393
1.515873 -.315167 277709 1.228517

13 -uu 5u6905 -12.04540Y .991751 .014563
1.017838 -.228963 LTOU1TY -.041343
1 -38.082677 |-11.530111 .375171 | -5.795084
.386656 -.093541 1.016419 | -1.420109

15 -22.817555 -8.203913 -.208,09 |-9.870207
-.215761 .05583 1.016085 | -2.543808
16 —2.89SOZg -3.153959 | -.637219 F11.334L974
-.66289 .182719 .769120 | -3.089210

17 16.658156 2.236493 -.843721 | -9.973947
-.882272 .257951 .348768 | -2.866761

18 31.153966 6.627955 -.819263 | -6.253420
-.8611425 .266195 -.134422 | -1.881778

19 37.335371 9.02960l -.606580 | -1.181839
-.6L1532 .208862 -.560439 -.345272

20 34.087667 9.,003289 -.283052 3.952375
-.301218 .103023 -.828697 | 1.371152
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TABLE III.7.b. (Continued)
h = 1/500 Case: II
g m mg ng ng
Degrees t q¢ z%
21 22.614955 6.72666l .060837 7.899589
. 065166 -.023353 -.881156 2.826597
22 6.058570 2.909257 .3442910 9.746920
.369840 -.13854L -. 714428 3,625565
23 -11.333017 | -1.410846 .506163 9.125233
549876 -.214853 -.378383 3.525954
2l -25.270095 | -5.135816 .528107 6.278676
.578085 -.235128 .037935 2.510805
25 -32.460958 | -7.376006 421435 1.984409
1465002 -.196518 1129300 .803025
26 ~31.375980 | -7.653792 .226874 -2.6536g3
.2521121 -.11065)4 .700401 | -1.183183
27 -22.561131 | -5.998169 .000631 | -6.483809
.000708 -.000321 .788672 | -2.943642
28 -8.438686 | ~2.912683 -.200219 | -8.588461
-.226762 . 106458 .678453 | -4.01323)
29 7.341896 .769883 | -.330931 | -8.501255
-.378372 .183438 403316 | -4.089399
30 20.832986 L.106162 -.368077 | -6.307991
-.425019 .212509 .036346 | -3.117185
31 28.7644119 6.278433 -.312716 | -2.610197
-.364825 . 187899 -.328935 | ~1.312138
32 29.327286 6.790484 -.187611 1.636346
-.221227 .117232 -.602105 .88701L
33 22.579137 5.577188 -.029711 5.365632
-.035426 .019295 - 71797h 2.925566
34 . 10.381992 3.004302 .119928 7.66616
< 144659 -.080892 -.651957 4.273589
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TABLE III.7.b. (Continued)
h = 1/500 Case: II
o] my my ny ng
Degrees 7 qg z¥ D)
35 -l .101,07 -.237471 .226209 8.002850
.276151 -.158394 -.}25092 ly.564292
36 + 17.218819 -3.314651 267717 6.337759
.330917 ~-.194508 -.097715 3.693766
37 | ~25.741515 -5.462172 .2,40511 3.130445
.301152 -.181238 246371 1.854999
38 | -27.652594 | -6.170893 157458 | -.787733
.199817 -.123019 .521161 -.50436,
39 -22.619458 -5.306046 ou36h7 | -L4.426870
.056163 -.035345 .6597%6 -2.791411
L0 -12.040706 -3.129567 -.070685 | -6.886785
-.092272 .059312 .630570 | -L.417649
L1 1.335636 -.223561 -.157840 | -7.578193
-.209141 .137209 Q321 | -4 .951027
L2 1) .120057 2.663429 -.199080 | -6.362772
-.267889 .179252 .15061 | -4.230880
43 23.134800 14.807307 -.188355 | -3.579032
-.257543 .175641L -.175182 | -2.415200
Ly 26.198967 5.688265 -.132690 .050356
-.1844461 128137 -.151128 .053415
L5 22.652559 5.115343 -.049391 3.604808
-.0698L9 .049391 -.609199 2.555967
L6 13.494279 3.266174 .038986 6.197996
.056123 -.040371 -.61195) }.452853
147 1.105371 .63%059 .110526 7.197707
.162062 -.11852L -.461325 5.2,,7898
48 -11.365411 -2,102377 . 149207 6.379125
.222987 -.165712 -. 197487 L.71843L |
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TABLE III.7.b. (Continued)
h = 1/500 Case: II
o] m¢ m nﬂ n9
Degrees t q¢ z¥ S

49 ~20.797920 -L.25285Y . 148315 3.974536
.226070 -.170617 .111764 2.977231
50 -2l .877550 -5.288331 .111312 .608660
.173171 -.132656 .388337 L9206
51 -22.660383 -14.970116 .050180 | -2.862681
.079736 -.061967 563470 | -2.232519
52 -1);.789187 -3.403916 |-.018190 | -5.569163
-.029545 .023282 L59L47Lh3 | -1.385690
53 -3.311331 -1.006829 |-.076510 | -6.8L3247
-.127132 ~.101532 076302 | -5.453036
5l 8.85080 1.602893 | -.111354 | -6.384119
-.189LL .153265 .239817 | -5.146840
55 18.640703 3.764381 | -.116131 | -4.328195
-,202169 .165853 | -.053912 | -3.526421
56 23.632882 4.940599 | -.092153 | -1.209738
-. 164797 .136623 | -.330521 -.987638
57 22.631455 4.850995 | -.047671 2.177268
-.087527 .073407 | ~-.520831 1.834005
58 15.954960 3.537770 .00 71h L .980496
.008895 -.00754Y4 | -.578085 l4.222898
59 5.339936 1.350281 .051503 6.502999
.099998 -.085715 | -.489390 5.565325
60 -6.508605 -1.147323 .081703 6.375892
.1634.06 -.141514 | -.278569 5.507529
61 -16.603989 -3.320897 .089331 L.647330
.184260 -.161158 .000185 L.oL9017
62. -22.,428258 -l .626631 oLl 77 1.766411
.158640 -.140071 .276188 1.546496
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TABLE III.7.b. (Continued)
h = 1/500 Case: II
o] m¢ mg n¢ ne
Degrees t o] z" S
g
63 -22,558153 -u.7%6u83 .042768 | -1.532997
09420l -.083937 1180128 | -1.373531
6l -17.01158L -3.665184 .003502 | -4.418568
.007989 -.007181 .561415 | -3.972009
65 -7.230521 -1.670240 .032979 | -6.168851
-.078036 .070725 .500689 | -5.584897
66 4.292330 .724083 .057962 | -6.353113
- . 142506 .130186 314407 | -5.79326)
67 14 .646785 2.90881 .066387 | -44.936996
-. %9905 .15639 .05041 | -4.532305
68 21.238055 L4.334610 |-.057786 | -2.288151
-. 154257 - ,1L302L | -.224301 | -2.110820
69 22.435171 4.649383 |-.035975 .918848
--IOOBSM 093717 .4ly0552 .864535
70 17. 9733Sg 3.784870 | -.007691 3.873785
-.022L8 .021131 .5ul337 3.641611
71 9.011372 - 1.970950 .019389 5.83L94L
.059555 -.056311 .510279 5.513379
72 -2.168307 -.325170 .03869) 6.314797
.125215 -.119087 347817 5.998366
73 ~-12.739175 -2.518893 .046312 5.200878
158401 -.151480 .098612 lL.96476)
yn -20.043 -1} .056616 041722 2.781946
.151367 -. 145504 174099 2.666155
75 -22.,258618 -}, . 555005 .027562 -.326613
. 106494 -.102865 401510 -.320808
76 ~-18.851029 -3.8962,1 .008598 | -3.338923
.035542 -.03L487 .526561 | ~-3.241410
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TABLE III.7.b. (Continued)
h = 1/500 Case: II
o] my mg ng ng
Degrees t q¢ z* S
77 -10.703903 -2.255635 -.009762 | -5.496810
-.043398 .0l;2286 .518223 | =-5.354023
78 .110830 -.055205 -.022971 | -6.260161
-.110484 .108070 .379169 | -6.118865
79 10.858111 2. 571 -,028 -5.441797
~-.1149069 .146331 L144969 | -5.336229
80 18.829788 3.787117 -,026013 -3.253231
-.149801 . 147525 -.124994 | -3.198683
81 22.025426 L .460210 -.017656 -.250177
-.112866 111476 | -.362538 | -.2L3609
82 19.653125 3.9991L6 -.006660 2.808218
-.047853 .04 7388 -.507863 2.782207
83 12.325270 2.526888 .003499 5.150830
.02871, -.028500 -.52}4573 5.111741
8l 1.900920 .421),28 .010197 6.188537
.097551 -.097016 -.408766 6.152607
85 -8.98,723 -1.780992 .012327 5.662039
L1 1431 -.140893 -.189939 5.638036
86 —17.5849 2 -3.522125 .010426 3.706500
.149466 -. 149102 .076505 3.695390
87 -21.733008 -, .362866 . 006269 .816947
.119792 -.119628 .32325) 814575
38 -20.386817 -4.093725 .00209L | -2.276761
.059991 -.059955 .4,88055 | -2.275792
89 -13.890120 -2.786896 -.000259 | ~L4.79386L
-.014828 .014826 .529378 | -4.793082
90 -3.88495 -.776991 -,000000 | -6.099302
-.08582 .085826 136866 | -6.099302
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CHAPTER IV

COMPARISON OF THE NUMERICAL METHOD WITH
AN APPROXIMATE SOLUTION

The approximate solutions of the differential equations
are given in many published papers. In this chapter we will
define Timoshenko'!s solution (Reference 1, p. 469) in terms
of the dimensionless forms and compare the numerical results
with this approximate solution. The two differential

equations of dimensionless form are as follows:

}:1? Z (4.1.1.)
h

T + Cotd U - (Cotod - V) U

i

. 2 12
Z +Cotfd Z2 - (Cot g +V) 2 =-—T (4.2.1.)
. h
For the large values of ¢ and a very thin shell, U and Z
functions are demped out very fast from the edge of shell

to the crown. The fuﬁctions U and Z and thelr first derivatives

89
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are comparatively much smaller than the second derivatives
besides for large ¥ value of cotf goes to zero. Therefore
as an approximation we can neglect them in the left side of

our equations and obtain the followlng relations.

. 192
U =—— Z (4.1.2.)
h
. 12
Z =-—T . (h.2.2.)
h

Eliminating Z from these equations,

Ty Atu=o (4.3.1.)
can be obtained, whers
1
A= 3(1- v3) (—;)2 (a)

The general solution of this equation 1s

r g A

- - A
SinuA¢+CBe Cos AZ+C, e ¢Sin,A¢

(4.4.1.)

Since at the crown there ;s no hole and the function should

"N
U=Ce Cos ANg+C 0
1 P40, b

go to zero, 03 and Ch coefficients must be zero. Therefore
the solution will be reduced to

v = o™ (c; Cos A + C, Stn Ag) (L.L.2.)

On the other hand the relation between U and u was given in
the last chapter as being

u = e-‘Aﬁ U (b)
therefore the solution for u will be

u = C, Cos 2E o+ c, Sin Ag (4.5.1.)



Considering Eq. (L4.2.2.) solution for z can be written.

/ 3
z =2 i:f;é ( - ClSin.A¢ + C, Cos A {) (L.6.1.)

The relations between u, z and the stress functions are
given in the Table III.1l.

We will compare the two ways
by taking the example which 1s
shown on Fig. IV.1. At the ¢= ,
the angle at the support, only the
horizontal force exists and has a

value of unity. In the two methods

the coefficlents Cl’CZ and A, B can i
be determined by equating t = 1 and
m¢ = 0, These coefficients are

calculated for the three h values,

Fig. IV. 1.

30, 100 and 500. In each case the

angles at the support are taken as 90°, 60°, 30°,  Now
having these coefflcients we can compare our two methods.
The comparison will be made 1n three ways.

For the first comparison o, horizontal displacement
and z*, the angle of»rotation were calculated for both the
methods., These results are shown on the Table IV.1l. The
curves for § and z* versus « are drawn on the Fig. IV.Z2.a.
and b.

Comparing the two methods on these flgures, we can
easlly conclude that the two methods give more or less the

game results for the stiffnesses at the small values of



TABLE: IV. 1.

92

1/h Approximate method Numerical method
X
Cl 02 o Z—', A B 5 'Z%
30 | 90 -8.47| 5.52 | 14.3 |[-3.55| 1.41 |11.9 |14.3 |-3.55
80 2.34] 9.64 | 13.8 |-3.L7(11.5 2.4 113.7 | =3.47
60 3.30/ -8.00 | 10.4 |-3.02{-6.31{-7.39|/10.5 |=3.17
30 2.1, 9.63 6.82| -3.38| L4.17 | 1.27| 3.36|-1.87
100 | 90 13.5 F12.5 27.0 | -3.79|-4.87 F14.7 |26.1 | -3.50
60 4.7 F15.2 19.4 | -3.05/-9.43 | -8.25{19.4 |-3.11
30 -2.33 -8.80 6.35 -1.73|-5.46 | -1.10| 6.30|-1.83
500 | 90 | 32.7 -25.1 | 58.2 | -3.54|-1.67 | -9.26|58.2 | -3.50
60 |-35.3| L.71 | 43.3 |-3.04/-2.11| 7.30/42.6 |-3.09
30 19.4 | 6.48 WL | -1.74) 2.28 | -2.47 1.4 | -1.80
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ol

shell thickness, but for the thick shells two methods
differ quite appreclably at the small values of the support
angle .

The second comparison may be based on the wave lengths
for the two methods. The ﬁave léngths from numerical
method were measured from the Figs. III.3.}.5. and found
250, 1&0, 6° approximately, for 1/h = 30, 100, 500 res-
pectively. On the other hand, the wave lengths for the
approximate method were determined by equating Eq. (4.5.1.)

to zero.

wove lenglh

A

RN

| L 1 L //ﬁ
100 200 300 400 500
Fig. IV. 3.
Cl Cox A + 02 SinAg = 0
from this equation it can be concluded that:
C1
tan A g =- — (c)
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therefore

Ag =T
From this relatlion, the wave lengths for the different h
values can be determined as the ratio-ge. The results are
25.2, 13.8 and 6.2 degrees for—%—= 30, 100, 500 respectively.

From_the Fig. IV.3. the curve of the wave length vs.
the values of h, can be observed. It is obvious that the
two methods give almost the same wave lengths for each case.

As the third comparison mg curves were drawn for
the two ways. Fiv. IV.4. These computations were based
on t = 1 and my = 0 at the support o = 60°, The tables
which contain the wvalues of mﬁ's for the different points
are given as Table: IV.2.

From here, agaln 1t can be easlly seen that the values
for the two methods are close to each 6ther in the case of
the thin shell. But for the thick shell, the difference
between the two ways 1s out of the tolerance limits. At the
peak points the percentage of error gets larger from the
thin shells to the thick ones. For instant, 1.6% for the

1 1

206 and about 3.0% for h =55 -

From the above three comparisons we can draw a general

cage of h =

conclusion. The Figs. Iv.4.a. and b. show that the percent-
age of error in approximate method gete larger for smaller
support angle and thicker shell. This conclusion 1s shown
in the error curves of Fig. IV. 5. Therefore in the case of
shell which plots in Zone - II the approximate method can be

uged with an error of not more than 6%. As we concluded in



TABLE: IV.2.a.

-~

¢ |Appx. | Numr, g Appx. Numr,
Dgr: m¢ m¢ Dgr. mﬁ m,d
1 60| 0.00/ 0.00 1 60 0.00 0.00
h =—— =
30 56| 21.0 | 21.3 100 58 | 36.1 35.5
A= 7.135 A= 13.03
52| 36.8 | 38.2 o 56 | 63.8 6l.3
X = 600 = = 60
48| 43.8 | 46.7 sk | 78.4 80.8
C1="3098 Cl= ).I.o?O
LWl 4o.h | 4k.2 52 | 77.2 81.0
02= 9.67 C2=_15.2
Lo| 26.8 | 30.7 50 | 60.2 6.8
A =-6,31 A = -9.43
36! 7.7 8.73 48 | 30.9 34.7
B =-7.39 B = -8.25
32 -14.9 L6 -4 .68 -3.28
Appx. Numr.
g
Degr. m¢ m¢
1 60 0.00 0.00
h =
500 59 86.0 87.5
= 29,13
58 151. 153.
=« = 60°
57 178. 181.
C,= -35.3
y 56 160. 163.
Co= 71
2 2z 101. 10,.
A= =2,11
54 17.3 16.9
B= 7.30
53 -71.7 -75.2

96



TABLE: IV.2.b.

97

") Apprx. | Numr. g Apprx. Numr.
Degree| - m¢ m¢ Degree m¢ m¢
' 1
_ ;0 30 0.00 0.00 |h = 100 30 0.00 0.00
- 7138 26 2.2 12.3 A= 13.03 28 20.3 20.6
= 30° 22 |}43.0 22.9 « = 30° 26 36.6 38.2
18 |51. 29.1 5.3 9.2
Cqi= 2.1 H Cq= =2.33 2 h h
U |47.0 28.6 22 4.9 | 50.8
C2= 9,63 02= -8.80
10 30.3 20.0 20 35.0 L2.1
A= 4.17 A = -5.146
b 8 18.1 12.5 b 18 18.3 | 24.1
B = l.2 = - '
B ! 5 1.10 16 -2.65 | -0.33
o] ApprxdJ Numr.
D
eg?ee m¢ m¢
1 30 0.00 | 0.00
h = +——
500 29 50.0 | 50.8
A = 29,13
o 28 87.3 90.2
X = 30
27 103. 108,
C1= 19-)4.
26 92.1 98.3
02= 6.,48
25 53.9 63.4
A= 2.28
2l 9.46 10.9
B = -2.47
23 -41.7 |-46.3
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Ch. II, the Bessel solution was accurate enough for a shell
which is located on Zone - I.

On the other hand numerical
method can be applied over entlre surface.

That 1s to say,
numerical method 1is good for any thickness and support angle.
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CHAPTER V

NUMERICAL EXAMPLE

For a numerical example we wlll consider a spherical
shell of 125'feet radius and 30 degrees support angle as
shown on Fig. V.I. The loadlng consists of the dead load
and vertical live load, 4O psf and 20 psf respectively. The
ratio of the thiclkness to radius 1s 3 inch./125 (12) = 1/500.
The edge is considered to be on rollers so that only a
vertlcal reaction 18 provided.

The results of membrane analysls can be obtained easily

from the statlcs and are shown as follows:

W 1- cosg
¥,o= -3 (—= 45 .7 (4.1.1.)
g ® 2 DL gin ¢ 4
Ny N,
P Te o3 (L.2.1.)
a a
- - N
therefore Ny = - (P +_:Q) a (4.2.2.)
a
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where WLL = live load, 20 psf. of horizontal plan.
wpp, = dead load, 4O psf. of shell.
Subatituting these values into w, 20 /]

the formulae, N¢ and ﬁe can be
found. At the periphery, xX= 300.
N, = =3930 1b/rt.

=]

g = -2280 1b/ft.
On the other hand the hori-

zontal force, T can be evaluated
as the horizontal projection of ﬁ¢. Fig. V.1.
Therefore,
T =N, cosot = =3400 1b/ft.
Since thers is only tﬁe vertical feaction around the

periphery, then T and ﬁ¢ must be equal to zero at the sup-

ports. In order to have these conditions, T, caused by

membrane forces, should be eliminated  Wu

by an opposite force of the same P/
3400 \':7’\\\\7

magnitude. P Mernb. T
i (o T~

Knowing the boundary conditions —+
—— O — -
at the = 30" as T =-T _  and

ﬁ¢ = 0 we can easily obtain the

coefficlents A and B for the num- [ ;

erical method from the following /*i;//#ﬂ—\\:::ib
- \’//__\
. Real supt.
relations: ]ﬂwu condition T
Aty + Bty = t (L.3.1.)

where tl’ t2’ mﬁl, m¢2 are taken
from the Tables III.7. a and b.
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In these relations, t 1s evaluated by means of the known

relations:

T=T —
E a
T =t e]\¢ A
. 1- 12 1
therefore t =
’ E R o M
‘Since T = - (-3400) 1b/ft., t will be,
t = 0.2140 ot
10° &

Substituting the values which are taken from Tables III.7.a.b.
into Eqs. (4.3.1.) (4.4.1.),

1
A (-0.0205) + B (-0.425) + 0.2140 =
10F E
A (22.56) + B (20.83) =0
and solving A and B from the above equations, the following

cam be obtalned:

1
A=0.486 —-p—

B = -0.527

106 B
Having A and B the stress functions and deformations can be
calculated easily.

mg = A Mgy + B Mgo



104

n¢ = A n¢l + B n¢2
ng = A nel + B n92
q¢ = A q¢l + B q¢2
z = A‘Zl. + B Z 5

5 = A8, +B 5§

A
Multiplying the above values by (e gA ), M¢M9N¢Q¢ Z A
can be obtained. To transform to the values with dimension,
these dimensionless quantities shaild be multiplled by the

following factors:

_ hE 32
M=M— — = M 2.71 E for momsents.
12(1-v2)
_ a E
N=N ———_~§—» = N 130.2 E for forces.
1-v
- 1 M
2 =2 —%- = Z 25.10
h
- a L
A=A————- = A 6.51 10
h (1-v2)

Final values which are sum of membrane and bending

solutions are computed and shown on Fig.V.3.
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