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ABSTRACT

This thesis presents the investigation of the
behaviour of continuous_arches on elastic plers about which
little is currently known. A serles of studies were made to
indicate the effects of pler dimensions on extreme flber
stresses at a number of critical sections of arches. Such
results are of particular Interest to the bridge designer.

Six numerical examples of symmetrical arch systems
have been solved, using an interesting variation of the force
distribution method of the late Prof. Hardy Cross.(l) The
relative proportions of the system were based primarlily upon
aesthetic considerations. 1In the six structures which were
investigated two systems of arches and piers, called I and I1I,
were considered. Each system has five spans. The variable
span lengths are the same in each system. The arches in each
were selected from Whitney's paper(2) and are -linear arches
for dead load only. In System I the arch ribs are lighter
and flatter than in System II, and the piers are more flex-
ible. 1In each system the variation of span lengths and
arch rises are such so that there is no unbalanced dead load
horizdntal thrust on the piers. In both systems all piers
are of single equal batter. Three different helghts of pier

4o', 60', and 80' were investigated in each system. Figs. 1,

Number in superscript refers to Bibliography.
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2 and 3 clarify the foregoing while Tables 1 and 2 give the
properties of the elements making up each system. In System I
twenty influence lines for upper, lower, right, and left kern
moments at springings, crowns, and pier tops were constructed.
In System II "portions" of sixteen influence lines for upper
and lower kern moment at springings and crowns sufficient to
establish the trend of alteration of proportions were con-
structed.

The large number of variables involved in the design
of such indeterminate structures as continuous arch systems
makes it inadvisable to draw too definite conclusions, but
some results of studies obviously indicate that: (1) All con-
trolling L.L. fiber stresses are greater than those in fixed
ended arches and increase as the height of plers increases,
but the maximum D.L. + L.,L. fiber stresses do not exhibit
this characteristic as might be expected but depend, of course,
upon the ratio of dead load to live load as well as upon the
proportions of the structure. (2) It would appear that the
aﬁalysis may be confined to three spans for arches and two
spans for plers, save in the case of a long centre span com-
bined with very flexible piers. In such a case the complete
structure must be involved in the analysis. (3) The effect
of rotation of the pier tops on L.L. stresses at crowns is
small and almost independent of pler height, whereas the

effect on L.L. stresses at springings is somewhat greater
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and lncreases slowly as the height of plers increases.

The effect of translation of the pier tops on L.L. stresses
at springings and crowns is usually the greatest and
increases rapidly as the height of plers increases. The
results presented herein are, of course, true only for this
particular type of system, but the author feels that the .
system chosen 1s more representative of a structure which
might be constructed than are the typical three or four equal
span systems of the text book variety with which some writers,

more concerned with simpliclty than reality, have dealt.
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CHAPTER T

Introduction

More than two thousand years ago arches were
widely used for the first time by the Romans. In the form
of masonry, concrete, steel and timber arches, they have
been in wlde use ever since, The terminal forces essentlal
for arch action tend to counteract simple beam moments and
yieldbeconomy while the usually graceful curvature of the
arch axls yields a pleasing appearance. These form two
essential advantages of arches. In the last thirty years,

a series of arches of reinforced concrete resting on slender
plers have received a great deal of attention and have occu-
pled an increasingly important position in bridges in this
continent. The continuous arches on elastic piers have

some of the same advantages as does the single arch. But
this type of structure like all arches 1s suitable only if
the ratio of live load to dead load is rather small, other-
wise the large live load produces large bending moments in
arches and in piers resulting 1n a loss of economy.

This thesis restricts 1tself to the analysis of
two carefully selected systems (I and II) of arches on
elastic plers. As has been stated in the Abstract these

systems were "designed" for dead load, using results of



c.S. Whitney(g) after relative span lengthsvrises and piler
heights had been selected on the basis of aesthetics combined
with keeping the structure free of bending moments (save
those due to rib-shortening) under dead load. They present
in every way structures which could be built and it is hoped
that the conclusions reached may assist designers.

This thesis will not deal, save in a general way,
with.the analytical procedure, which has been proposed by

maﬁy people.(1’3’4’5:6,7,8,9,10)

For analysing the problem
a variation of the "Moment Distribution Method" will be used
in this thesis. The mentioned method, which might be termed
"Force Distribution', was developed by the late Prof. Hardy
Cross. He distributed force functions successively by pure
translation and pure rotation of the neutral point of the
joint with the neutral points of the adjacent joints kept
fixed teﬁporarily. The neutral point is so chosen that it
translates only under the action of a suitably directed
force acting upon it and rotates only under the action of a
moment acting upon it. The pier top is "replaced" by the
neutral point of the joint in order to diminish the dis-
advantage of slow convergence. The method has been popul-
arized and improved in a proper form of calculations by

Prof. A.H. Finlay.(ll)

Besides that, Prof. Finlay has
extended the central idea of the method to construct
influence lines for arches on elastic plers by applying a
unit load on each span 1in only one position. Having found,

for this one position, the stress function desired the



remaining ordinates to its influence line follow at once
from the fact that the shape of the desired influence line
is similar to the more familiar influence line if the arch
had been fixed-ended. This will be clear upon referring to
Flg. 5. This extension has made the original method more
brilliant and powerful, which becomes the most ingenious and
perfect method in continuous arch analysis.

Usually the design 1s governed by the combined
effect of normal thrust and.axial bending moment, and since
the former 1is a maximum under full span loadings, while the
latter is not, it is evident that the independent influence
lines do not directly give the loading producing the maximum
combined stress at any section. For designing purposes it is
necessary to construct influence lines for maximum total
fiber stress rather than for maximum axial moment and thrust.
At any section the extreme fiber stress may be obtalned by
dividing the kern moment by the appropriate section modulus
(see Appendix II). .Such use of the concept of kern moment
ylelds the combination of normal thrust and axial bending
moment effects and gives directly the loading conditions for
maximum total flber stress, therefore the concept of kern
moment will be used in thils thesis.

) In continuous arch system, its dimensions are based
on the topographic conditions and the transportation require-
ments. The author has not collected any data of such structures.

But design 1s an engineering problem and also an architectural



problem too. Economy requires that dead load thrusts shall
be balanced at the pler tops and aesthetic considerations
usually indicates an unequal number of arches with span
lengths decreasing towards the abutments. From these two
baslc 1deas the author has roughly designed six different
five span cohtinuous symmetrical arch systems. They are
made up of reasonable dimensions and pleasing appearance and
were used to investigate the effects of piler dimensions

upon extreme dead plus live load fiber stresses at a number

of critical sections of arches.



CHAPTER II

Numerical Examples

In order to make the investigation as stated in
Chapter I, six examples will be solved and the resulting
‘influence lines compared with thg influence lines for fixed
ended arches and the components of influence lines caused
by pler top translation and rotation separately will be
shown (see Abstract).

The characteristics of the examples have been
stated in the Abstract. The bases of the piers are fixed
rigidly, as are the outer ends of the ribs at the abutments.
The effects of rib-shortening and pier-shorteﬁing are not
considered, as they are negligible in all cases.

The properties of arch ribs and plers are listed in
Tables 1 and 2.

The constants for analysis are shown in Table 3.

The thrusts produced on arches by applying a unit
force (horizontal directed force or couple) at the neutral
point of Joint, B or C, are shown in Tables 4 to 7. The
thrusts on arches due to a unit force at the neutral point
of Joint, D or E, may be obtained by symmetry.

The influence lines for kern moments at springings,
crowns and pier tops of System I are shown in Figs 5 to 24,

inclusive.



To study the relative importance of rotation and
translation of the pier tops, the tﬁo effects are plotted
separately as shown in Figs. 5 to 20, inclusive, for System I,
and their_results on fiber stresses in arches are shown in
Figs. 43 and 44.

Maximum totai live load lower kern moments at the
springings and crowns are shown in Tables 8 and 9 res-
pectively.

Maximum total live load right kern moments at pier
tops are shown in Taple 10.

The ratio of dead load to live load is an important
factor in the design, usually, the dead load stresses govern
largely. To facllitate the analysis the relatively small
live load was assumed uniformly distributed. A thousand
pounds per linear foot per rib of live load 1is assumed in
these examples. The maximum total kern moments at the spring—
ings and crowns due to the combination of dead load and live
load are shown in Tables 11 and 12, and the changes in fiber
stresses in arches from fixed ends are shown in Figs. 41 and
4o,

The controlling compressive upper extreme flber
stresses at the springings and crowns, andvthe compresgive
left extreme fiber stresses.at the pler tops due to the
combination of dead load and 1live load are shown in Tables
13 and 14, respectively.

The sign convention 1s the same as>ﬁsual in arch

analysis. Moments are considered as positive if they produce



tension on the inside fiber of an arch or on the right fiber
of pier, and normal forces as positive if they produce ocom-
pression in the member.

Computations for the most part were made with the
"Friden" desk calculator, and the areas under influence line

diagrams were carefully measured by meaﬁs of a planimeter.



0 20 40 60 80 100

Scale in ft.

7 AT — o A
/ 7 7 . ,/ // 7 7/ 1/ A ey 2 7 / 7
G: H & : 7 v 1 ’
' ‘ /) 7 / !
—— 180" 0" . 200-0" v 2401-0" _]_ 200'-0" L B 18010

e e

FIG. I SYSTEM II

180!'-QO" 200'-0" . ) 240'-0" : 200'-0"

7
w77 7, .
: 22075 . . > Ay o > b 7 7
L Y e 7 27 ; PH 77 D 7 o . , % 7 A 7 0 0 77 AN 27, Y
7 H s— 1 . A ' "J
i
| 180'-Q"

FIG. 2 SYSTEM 1



~Rib
Width 4'-0"

Columns
18"x18"

~Rib

C.L‘
Depth varies
Diaphragm
Hangers
//r"18"x18" @ 20'-0" c/c
- Yo" 21'-0"
©
- L .
- - 2" 9" Stringers 9"x14'
™ S I | 6"
= B ¥ :
T ] J Ty U 1 :
~ K I— U
3@ 7'-0"=21'-0" v
‘é;Fégor6Peams
23'-11" 15 x3
'-6! 3 @ 20'-0" ¢/c
Diaphragm |
—
Pler
width 5'-0"
Depth varies
Tha
Dilaphragm
—
Half Section At Crown Half Section At Spring

of Middle Span

FIG. 3 CROSS SECTIONS OF SYSTEMS I & IT



10

Table 1 Properties of Arch Ribs

System I II

sban AB & EF| BC & DE CD AB & EF | BC & DE CD
L in ft. | 180 200 240 180 200 240
r in ft. 28.6 36.175| 60 35.8 45,55 | 80
g 1.455]  1.543 1.756| 1.543 1.756| 2.24
m 0.325| 0.300 0.275| 0.375 0.275| 0.200
Ve 1n.ft. 6.89 8.47 13.45 8.87 10.21 | 16.31
W in ft. 4 N 4 4 4 4
d, in ft. 3 3.25 b 3.25 3.5 4.25
dg in ft. h.65 5.24 7.03 4,95 6.05 8.93
7 3u%2" | 37°17" | 470s2' | wouy' | 4590' | 57020




Table 2 Properties of Plers

System q
in ft. in ft. in ft. in ft.

40 5 6.5 8 l.2

I 60 5 6.5 8 1.3
80 5 6.5 8 1.4

Lo 5 7.5 9 1.2

II 60 5 7.5 9 1.3
80 5 7.5 ] 1.4

11
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T
40 14.91| 16.61 | 21.72 | 17.09 | 29.35|27.71 | 38.15 | 21.58} 37.75/21.35 | 46.55| 65.50 | 34.85 | 4.40| 3.28| 9.93  19.25 1.85 | 1.11| 12.90 | 15.49
1 ! i ; ; ! ) .
60 | 16.11]21.04 | 21.72: 17.26 | 29.13127.71 | 37.87 | 22.16  36.84’ 21.53 | 46.55i 64.30 | 35.65 |11.34| 8.46 10.44  22.27' 5.19  3.10| 15.68 | 19.26
! | i : '
80 | 13.66]22.45 | 21.72 | 16.96 | 29.63]27.71 | 38.40| 22.25; 36.50. 21.16 | 46.55| 63.90 | 37.20 | 19.56|14.60° 9.72 - 21.81 9.99 | 5.97 | 15.29 | 20.82
| j
40 | 16.19]17.09 | 26.93 | 21.00 | 37.20/35.34 | 48.75| 27.30!48.55'27.14 63.69] 88.30 | 47.70 | 2.23| 1.86! 8.35 ! 17.31| 1.01 | 0.64 | 11.26| 14.95
!
i 60 | 19.69|22.50 | 26.93 | 21.33 | 36.40|35.34 | 47.90| 28.00|47.35}27.67 | 63.69! 86.86 | 48.70| 6.18| 5.09; 9.49 | 21.69! 3.15 | 1.83| 14.72 | 18.95
80 | 19.83|25.50 | 26.93 | 21.33 | 36.33{35.34 | 47.90 | 28.38|47.25|27.71 | 63.69| 86.00 | 49.15|11.52 9.50] 9.53 | 23.11| 6.27 | 3.63| 15.95| 20.95

Table 3 Constants for Analysis

* Only the horizontal components of the thrusts due to the distributed moments are shown in the figure, the vertical components may be obtained by proportion



Thrusts on Arches Produced by Applying a Unit Force to the Right at

the Neutral Point of Joint,

Table 4

13

B.- (Minus sign means arch in tension)

& ;mmm €2000° | 6ETO0* |29€00° |L0000° |99000° |2EHOO"
< | @y | S0000" | L9000® | TEE00® | TO000™ | 91000 | £6000°
2|88, | €2000° |6€T00° |29€00° |LO00O* |95000° |2E400
d3y | S0000° | L9000® | TEEOO* |T0O000* | 9T000° | €6000°
a9y | L6000° | €8700° |QT2TO" |EHO0O® |63200° | 91900°
amm 02000°~| §TT100°~| 9TE00* ~| LOOOO* ~| G5000° ~| LLIOO" -
w | @y | 90000° | LG000* | L2200° [T0000* | 61000 |26000°
M 4dy 02000°-| BTT00" - 9T€00" ~| L0000 =| §5000° | LLT0O"-
L 80y | L6000° | €£8700° |BTBT0" |EHO00" | 63200° | 91900
dy | 90000°* | L5000° |.L2200° |T0000* | 61000 |26000°
90y | 89700" |86STO" |SETEO" | 9E200° | 69800° | GTETO"
2 | €8000°=| TO{OO " ~| 86600° = GEO00* ~| L6T00 " -| G7S00"* =
ody | €€000° | G€200° {9LLOO® |TTO00* | #8000* | 00E00*
q 9Oy | €8000°-| T0K00" ~| 86600° ~| GEODO" =| LETOO" =| G7500° =
£ | a9y | 89700° | 86GTIO" |SETEO" |9€200° | 69800° | GT610°
S |
< | G0y | €€000° |GE200°* |9LLOO" |TTO00® | 4BOOO* |0OE00°
80y | 91100* | 00G00° |ESOTO" | 67000" | 64200 |2h900°
9y | 6%500°-| L26T0"~| 28€0° ~| G9200°~| QOOTO" ~| 95220° -
g0y | GE2E0° | 99T180° |#H9ET"™ | GHGTO° | HLl6HO* | 68060°
R | 99H | 61500 -| L26TO" ~| 42EEO" - G9200" = OOTO* ~| 95220 " -
m P8y | 91100° | 00500° |€G0T0* | 64000° | 64200° | 2900°
= o8y | gezcor | 991g0" | HMOET’ | SHETO® | HL6WO® | 68060
Ve | €€100° | LLG00"=| LOZTO"~| 0G000" | LG200 " ~| 09900 " -
2| Ve | Lannor-| STOTT " -| $9902° -| 9€220° ~| €6290° ~| 6GGTT " -
m 8V4 | €€100°-| LL500°-| LOBTO"-| 05000° = LG200" ~| 09900 " -
= dY¥y | Lenn0°=| GTIIT = 66902 - 9€220" -| £6290°~| 6GQTT " -
2 \Of 109 .08 L0k 109 108
we3sLs I 11




(Minus sign means arch in tension)

Table 5 Thrusts on Arches Produced by Applying a Unit Force to the right at
the Neutral Point of Joint, C.

s | T8H | %9000° | L6200 | 86900° | 92000° | 6ET00" | BLEOO
m Hdy | €T000° | E4TO0* | GEYOO" | E0000° | TTO00" | £6100°
m 8y | £9000° | L6200° | 86900° | 92000° | 6ET00* | 2LE0O"
g8y | €1000° | E4T00° | 8EQ00° | £0000° | TTO00® | €6T00°
iy | €l200° | LGOTO® | G6€20° | #1HT00* | ELG00" | OLETO"
Ty | 95000°=| L&G200° =| 60900° -| 92000 ~| GET00°~| 29€00° -
A | ady | #1000" | S6000° | 06£00° | 70000* | 6£000° | 26T00" "
m 4y _wmooo.- LG200° -] 60900° -| 92000° | GETO0"°~| 89E£00" -
A 44y | €L200° | LSOTO® | G6€20° | 1hTOO* | €L500° | 0LETO®
40y | #1000 | S6000° | 06E00° | #0000 | 6£000° | 85T00°
0dy | 96000° | 2Ly00° | 8I2T0" | 4KO00* | 6£200° | G9900°
A oy | €€200°-| 9L800° ~| £9610° | 82100" ~| #6400° -| GYTTO" -
o0y | nottos [L9ogo* | 95850° | 8E900° | LIgTO" | LE9EO”
S
%190 | €€200°-| 9L800°~| £96T0°~| 82100 -| 16400 -} G9TTO" -
0y | 96000° | 2L700° | BTSTO" | #17000° | 6£200° | G9900°
ady | #OTTIO* |L90E0" | 9G8S0° | GEQ00° | L1I8TO* | LEGED”
80y | #2#00° | 9EETO* |2LyS0" | 21200° |61800° | #2LIO"
R | €0y | 2TT00°0|69500°~| 98HTO" ~| 6#000" =| LL20O" ~| 28L00" -
m g0y | 66L10°-| LEGHO" -| 68880 °~| E6000° -| T20E0" =| HT1QS0" -
= 08y | 2TT00° =) 69500° = 98#T0" | 64000° -| LLB0O" | 28L0O0" -
Ofy | #2%00° | 9EET0° | 2LKe0" | 21200° |6T1800° | #2LT0°
Oy | 66LT0°-| LEGKO"~| 68880° ~| €6600°-| T20E0" =| #IGSGO" ~
m| Ydn | 98700 ) SHSTO" | £6820°-| 9T200° -| O4BOO" -} TTLTO" -
5| V¥y | LBOO0O"-| 0L900° = 9LEZO" = 4#2000"-| 9T200" ~| 6EGOO" -
< qY, | 98700 -| GHSTO"-| £€820° -] 91200° | 0700 - ZTLIO" -
8V¥y | L8000°~| 0L900" = 9LES0" - £2000°~| 91200" ~| 6£800° -
" 1 Ofr 109 108 xel 109 108
we3sLs I I1I
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B. (Minus sign

clockwise direction at the Neutral Point of Joint,

Table 6 Thrusts on Arches Produced by Applying a Unit Couple in the
means arch in tension )

15

Zdy | €0000° | §OO0O* | OTO00" | TOO0O" | #0000* | L0OOOO*
B | 45 | 10000° | £0000° | 01000° 0 TO000° | £0000°
m ddy | €0000* | 80000 | OTO00® | TO00O® | #0000* | LOOOO*
= 935 | 10000° | £0000° | 01000 0 10000° | #0000"
@y | €1000° | L2000° | 9E000° | LOOOO" | LT000* | 62000°
Ty | €0000° = LO000*=| 60000° = TOO00" = #0000*~| LOOOO" -
B ["@@y | 10000° | £0000° | L000O" 0 T0000° | £0000*
m 40y | £0000°~ L0000"-| 60000° = TO000 = #0000" | LOO0O" -
40y | €1000° | L2000°* | 9€000° | L0OOOG® | LTOOO® | 62000°
40y | 10000 | £0000° | LOOOO" 0 10000° | %0000°
Xy | 29000° | Lg00O" | £6000° | 27000° | #9000° | 9L00O"
9y | 11000° - 22000° -/ 0E000° =| 90000° = §T000*~| T2000° -
w dH | Q0000° | GT000° | L2000° | £0000° | L000O* | #T000°
‘m awm 11000°-| 22000° = 0£000° -| 90000° | #T000°-| 12000 -
@Oy | 29000° | LgOOO" | £6000° | 24000 | #9000° | 9L00O"
@Oy | G0000* | GTO00* | L2000° | £0000° | LOOOO® | #T000°
g0y | €2500° | TSS00° | 2E500° | 66€00" | TGHOO® | T9HOO'
805 | €L000°-| #0T00°~ £1T00" = L{000* - #L000°~| 68000° -
Q| 991 | L0000°-| 61000°~| GE000°~| £0000° = OTO00*~| 61000° -
$ | %% | €L000"- #0T0O0"~| £TT00"~ L1000 " | #L000" ~| 68000° -
< | %8y | €2600° | 16500° | 2€500° | 66€00° | TSHOO" | T9ROO
98y | L0000° - 61000°-| GE000° - £0000° - 0T000*~| 61000 " -
| Y8H | 66G00° < LE90O0" = 0T900" = 9OHOO0* = 719%00" = #LKOO" -
2| vay 0000 ° ~| #T000° = £€000° -| TO000"* = S0000°~ #T1000" -
.m 2V 66G00" = LEYO0"=| 0T900" < 90400 ~{ 79H00" = 6L400" -
= 8YH | #0000° - #T000"~ £€000* - T0O000" = G0000" = #1000"°~
H | on 109 108 Ot 109 .08
wel8Lg I II




Minus sign means arch in

(

C.

»

direction at the Neutral Point of Joint

Table 7 Thrusts on Arches Produced by Applying a Unit Couple in the clockwise
tension)

16

4y | 71000° | §2000° | ££000° | LOOOO® | LTOOO" | #2000
B 3y | g0o000° |€1000° | 0E000" | T0000* | S0000° |21000°
m 43y | 41000° |82000° | ££000° | L0000 | LT000* | #2000
= 43y | €0000° | €T000° | 0E000" | TO000" | G0000" | 2T000°
93y | 09000° | $6000° | TTO0O* | THOOO® | 89000° | 98000"
Ty | €1000° | 12000° =| 62000 ~| LOOOO"-| 9T000" -| £2000° =
. 4y | %0000° | 21000° | 22000° | TO000* | G0000° | 21000°
m 80y | €1000°-| #2000° | 62000° = LOOOO" -| 9TO00" -| £2000° -
& 80y | 09000° | G6000° | TTTOO® | THOOO® |89000° | 98000°
Iy | £0000° |2T000° | 22000° | TOO0O® | S0000° |21000°
Ody | 61£00° | QLE0O" |28ECO" | 8E200" |T6200° gT€00" |
0y | 1G000°-| 6L000° - T6000° ~| 9E000"° =| 65000 ° ~| €L000 " -
0 0dy | 20000°~| 90000 =| 0TO00* ~| TO00O* ~| 20000 ° =| 90000 ° -
5| 9Oy | 15000°-| 6L000° | T6000"~| 9EOOO" ~| 6SG000° ~| €£L000" -
< Oy | 61€00° | 8LEOO" | 28€00" | 8E200" | 16200° | BTE0O"
ady | 20000°-| 90000 *~|.0TO00* =| TO000 " =| 20000 ~=| GO000* -
904 | 0LO00® | €6000° | 68000° | 9HO00" | 0L000" | 28000
804 | GLE0O"~| GG400°=| 991700 " = 89200 = LEEOO " | GLEOO" -
& 20y | 0T000" | g2000° | 000" | #0000 | 2T000° | G2000*
5 | OfH | GLE0O' | SGH00°~| 9900 ~| 89200 ~| LEEOO" | GLEOO |
2 98y | 0L000* | €6000° | 68000° | 97000 | 0LO0O* | 28000"
O8y | 0T000* |g2000° | 17000 | HOO00"® | 2T000° | G2000°
V¥u | 08000°-| 80T00"~| 20T00" -| 9#000° -| 2L000 " -| #8000 " -
@ | YEH | 2T000°=-| €5000" =} 96000° ~| 90000° -| T2000° =| G000 " -
m 8YH | 08000°~| gOTO0*~| 20T00*-| 9#000° ~| 2L000" =| #8000" -
< | 9Vg | 21000°-| £5000°~| 96000° -| 90000° ~| T2000° -| G7000* -
A o |09 [.0g |.on .09 |08
wags£g I 1I
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Table 8 Max. L.L. Kerns Moments at Springings
Value of MKL when Live Load Considering Considering
F on Span 5-Spans 3-Spans only
Max Total Cor- Total
res.
Men Hp A B B C CD D E E F "L | p.E. ifz%lgéz %
at Val-
in ft in ft in £t in £t in ft in ft in ft ues in ft Error
A 80 |+.317.00 + 666.00 i+ 222.00 |+ 42.30 4+ 21.20|+1268.50 |158.00 |+1205.00 |- 5.00
-1015.00 |~ 26.50 |- 21.20 |- 10.60| =~ 0 |-1073.30(178.00[-1062.70 |- 0.99
of | 60 + 454,50 |+ 549.50 |+ 116.20 + 21.20| ~ O  |+1141.40 |142.2041120.20 |- 1.85
- 889.00 |- 31.80|- 21.20|- T7.40] ~O0 |- 949.40[157.20|- 942.00 |- 0.78
Arch| p4 + 602.50 |+ 359.40 |+ 63.40 ~ 0 ~0  141025.30(127.80 |41025.30 ~ 0
- 762.00 |~ 42.30|- 21.20 ~0 ~0 |- 825.50(136.70|- 825.50 ~0
A B |Fixed |+ 803.00 B B L . L
Ends |- 603.00
B 80 + T4.00.1+ 740.00 |+ 208.00 |+ 63.40 i+ 21.20|+1106.60 137.86 41022,00 - 7.65
- 652.00 |- 63.50 - 34 90| =0 ~0 |-1050.40 [174.001-1050.40 0
of 60 + 158.50 [+ 666.00 |+ 179.80 |+ u2 30| ~0 |+1046.60(130.10 (+1004.30 |- 4,04
- 793.00 |- T74.00 |- 40.20 - 4.20 ~0 |- 911.ho 151.00 |- 9o7i20»5‘o.46__
+ 327.50 |+ 518.00 |+ 105.80 |+ 10.60 ~0 |+ 961.90(119.80 |+ 951.30 |- 1.10 _
Arch) 40 - 666.00 |- "84.60 - 52.30|- 6.20 %0 |-799.10(132.50|- 792.90 |- 0.78
A B |Pixed [+ 803.00
Ends |- 603.00
B 80 + 856.00 |+ 158.70 |+ 317.40 |+ 84.60 |+ 31.80|+1448.50(150.40/+1332.10 |- 8.04
. - 21.20 [-117h.00 |- 31.70 |- 2.00 ~0 |-1228.90(173.20(-1226.90 |- 0.16
of 60 + 771.50 |+ 232.50 |+ 264.40 I+ 63.50 ~0  |+1331.90 [138.20+1268.40 |- 4.76
- 31.70|-1015.00 |- 39. 10- 5.00 x -1090. 80(153.80[-1085.80 |- 0.46
|+ 571.00 |+ 402.00 |+ 190.40 + 21.20 % +1184, 60 123.20+1163.40 - 1,79
Arch| 80 2 42.30 - 867.50 -~ 52.30 - 9.00] <0 - 961.10 135.60 |- 952 10 - 0.94
B ¢ |Fixed + 962.50 .
Ends - 709.00
c 8o |+ 508.00 |+ 169.20 |+ 603.00 |+201,00 |+ T4.00 +1 .20 |161.60|+1280. 20 -17.68
- 3.20 -1185.00 |- 84.60 |- 10.60 ~0 283.401181.00(-1272.80 |- 0.83
of 60 L+ 423,00 |+ 296,20 i+ 539.50 +137 50 |+ 42.30!+1438.50 |149,30/+1258.70 [-12.50
- T7.40-1079.00 |- 87.80|- 9.50| ~0 |-1183.70(167.00|-117L4.20|- 0.80
'+ 327.90 |+ 481.50 |+ 402.00 i+ 63.50 |+ 10.60|+1285.50 [133.60/+1211.40 |- 5.76
Areh| 40 =00 801- 95200 - 9000 =~ 7.80] — A0 | -1060.00 145 50]-1652 60 =070
g o |Fixed + 962.50
Ends - T709.00
c 80 |+ 402.00 |+ 740.50 |+ 412,50 |+370.50 +190.40|+2115,90 |144.90|+1523.50 |-28.00
- 8.50|- 95.20|-1440.00 |- 21.20 |- 4.20}-1569.10 (142.60(-1556.40 |- 0.81
of 60 |+ 285.50 |+ 666.00 |+ 560.50 1+317.50 +13YtSO +1967.00 |134,80|+1544,00 |-21.50
- 12.70 |- 105.80 |-1312.00 |- 24.30 |- 5.30|-1460.20(132.80|-1442.20 |- 1.23
Arch| 4 |+ 137.50 + 497.00 1+ 835.50 +222.20 [+ 63 50| +1755.70 [120.20 |+1554 .70 |-11.44
- 21.20 |- 99.50 [-1090.00 - 31.80 |- 8.50[-1251.00[113.90(-1221.30 |- 2.37
c p |Fixed +1460.00
Ends -1100.00




Table 9 Max. L.L. Lower Kern Moments at Crowns

|
Value of "KL when Live Load on Span

Consldering

Consldering
P 5 spans 1-Span for + MKL
& 3-Span for ‘MKL
Total| % of Total
Max H M Cor-
e | T A B Bc| cD D E E F == | res. "KL %
at Crown : F.E. : P Error
Val-
of Arch |in ft in ft in ft in ft in ft in ft in ft ues in ft
8 +370.50 1+ T.40 |+ 3.70 X ~ +381.60 |212.00 (+370.50 |- 2.91
Y - 31.701-179.90 |- 63.50. =0 ~0 -275.10 | 289.80 |-275.10 ~ 0
60 +317.50 |+ 8.50 1+ 4.20 X 2 +330.20 |[183.40/+317.50 |- 3.85
AB - 47.50{-158.80 |- 52.90 20 20 -259.20 | 273.00 {-259,20 «Q
Lo +254.00 [+ 10.60 |+ 5.30 20 ~0 +269.00 | 150,00 |+254.00 |- 5,90
- 74.00(-105.80 |- 21.20 20 & -201.00 {211.60({-201.00 2~ 0
Fixed {+179.90
Ends |- 95.00
80 + 3.70!4487.00 + T.40 20 ~0 +498.10 | 209.20 |+487.00 |- 2.23
-201.00 |- 63.50!-127.00 | - 52.90 «0 -444,00 [300.00[-391.10 {-11.90
60 + 4.20[+412.50 |+ 8.50 ~0 20 +425.20 | 178.60 |+412.50 |- 2.99
BC -169.20 |- 84.601]-105.80 | - 31.70 0 -391.30 | 264.001(-359.60 |- 8.10
4o |*..5-301+338.50 1+ 10.60 %0 | 20  |+364.40 |152.90 |+338.50 7.10
-105.80(-105.80 |- 74.00 |- 10.00 A0 -295.60 | 199.50 |-294.60 |- 3.40
 |Fixed +238.00
Ends -148,00.
80 + 5.00 +‘10.00 +508.00 +'10.00 + 5.00 |+538.00 | 181.70/+508.00 |- 5.68
- 52,90 ({-121.70 |- 84.60 | -121.70 |-52.90 -433.80 256.00[-328.00 | -24.40
CD 60 |+ 5.30|+ 10.50 +455.00 | + 10.50 |+ 5.30 [+486.60 | 164,00 |+455.00 |- 6.50
- 42.30(-105.80[-105.80 | -105.80 |-42.30 [-402.00 |238.00-317.40 |-21.00
) + 5.50 |+ 10.60|4391.50 |+ 10.60 |+ 5.50 |+423.70 |143.00|+391.50 |- 7.60
0 - 15.90 |- 79.30 |-148.00 | - 79.30 |-15.90 [-338.40 |202.00|-306.60 [- 9.70
Fixed +296.30
Ends -169.00

18



Table 10 Max. L.L. Right Kern Moments at Pier Tops

Value of MKRPT when Live Load Considering Considering
P 5 Spans 2-Span only
on Span Total Total
Pi H
. F Max "kppr Max Mgppp | % ErTOr
A B BC CD DE EF : P P
inft| 1in ft in ft in ft in ft in rt in ft ~in ft
80 |[+1883.00 + © + 116.30| =0 ~0 +1999.30 +1883.00 - 6.18
BG - 0 -1713.00| - 8.50 =0 ~0 -1721.50 -1713.00 - 0.50
40 +1079.00| + 52.90| + T4.10 ~ 0 & +1206.00 +1131.90 - 6.14
- 10.60] - 973.00! - 31.70 =0 =0 -1015.30 - 983.60 - 3.12
80 + 0 +1958.00| + 84.60| +201.00 +95.20] +2338.80 +2042.60 -12.65
- 84.60| - 0 -1588.00 | - 10.60 - 3.20 -1686.40 -1588.00 - 5.83
CH
M + 21.20] +1196.00| + 476.00| +158.80 +42.30 +1894.30 +1672.00 -11.73
Y - 158.80| - 84.60| -1080.00| - 21.20 -10.60 -1355.20 -1164.60 -14,05

61



Table 11 Max. D.L. + L.L. Lower Kern Moments at Springings

Mk, HP Due to Dead Load of Arch Due to
: - Live Total % of
at A B B C CD DE EF Total Load DL+LL Corresponding;
in ft k-ft k-t k-ft| k-ft| k-ft| k-ft k-ft k-ft F.E. Values

A 80 -4830 4635 1760 295 147 | 2007 1269 3276 149.75
i of 60 -3006 3750 833 100 0 | 1677 1141 2818 128.75
IArch 4o -1103 2296 370 0 0 | 1563 1025 2588 118.25
A B F.E. 1383
- 80 -6075 4900 1518 460 147 950 1107 2057 94 .00
of 60 -4385 4285 1219 | 276 0 | 1395 1047 2442 111.50
Arch 1o -2340 3140 557 32 0 | 1389 962 2351 107.30
AB F.E. 1383 1383 803 2186

B 80 5775 | -7355 2540 599 220 | 1779 1449 3228 115.10
of 60 5150 | -56T0 1975 4oy 0 | 1879 1332 3211 114,60
Arch 4o 3660 | -3373 1299 88 0 | 1674 1185 2859 112.20
B C F.E. 1838 1838 963 2801

c 80 3490 | -7360 4545 | 1378 512 | 2565 1555 4120 147.00
of 60 2875 | -5672 3952 928 293 | 2376 1439 3815 136.00
Arch 40 2195 | -3407 2735 406 73 | 2002 1286 3288 117.50
B C F.E. 1838 1838 963 2801

c 80 2722 4575 | -9015 | 2530 | 1288 | 2100 2116 4216 91.30
of 60 1888 4060 | -6585 | 2124 915 | 2402 1967 4369 94. 75
Arch 4o 805 2875 | -2232 | 1378 381 | 3207 1756 4963 107.50
CD F.E. 3144 3155 1460 4615

oc



Table 12 Max. D.L.+ L.L. Lower Kern Moments at Crowns

Span Hp Due to D.L. of Arch
Due to Total % of
A B BC CD DE EPF Total LL DI+ LL Corresponding
in ft | k-ft k-ft k-ft k-~ft k-ft k-ft k-ft k-ft F.E. Values
80 2343 -1250 -525 ~ 0 20 567 382 949 123.90
A B | 60 1867 -1087 427 ~0 ~0 353 330 683 89.10
40 1244 - 689 -139 20 =0 416 270 686 89.35
F.E. 587 587 180 767!
80 -1364 3065 | -1049 | -383 ~0 269 4o8 767 86.25
BC | 60 -1141 2375 | - 853 | -230 ~O 151 hos 576 64,85
4o - 695 1687 | - 556 | - T3 2o 363 364 127 81.70
F.E. 652 652 238 890
80 - 332 - 809 3715 | -809 -332 1433 538 1971 139.50
CD | 60 - 256 - 691 3060 | -691 -256 1166 487 1653 116.90
4o - T2 - 498 2135 | -498 -T2 995 Loy 1419 100.20
F.E. 1117 1117 296 1413

1e



Table 13 Max. D.L. + L.L.

Compressive Upper Extreme Fiber Stresses

in Arches
*
Span Location Hp Total Max £,y = KLCT 4 of allowable
MKT, I fiber stress
in ft k - ft psi 1,350 psi
Springings 80 3276 1580 117.00
A B 60 2818 1360 100.70
A&F 4o 2588 1250 92.60
&
80 949 1100 . 81.50
EF Crowns 60 683 790 58.50
40 686 794 58.80
Springings 80 420 1564 116.00
BC 60 3815 1446 107.00
C&D 40 3288 1248 92.40
&
80 767 760 56.30
DE Crowns 60 576 572 42,40
4o 727 722 53.50
Springing 80 4216 890 66.00
: 60 4369 922 68.30
C&D 40 4963 1048 77.60
CD B
80 1971 1282 95.00
- Crowns 60 1653 1076 79.70
Lo 1419 922 68.30

* I based on total depth of rib steel ignored.

cc



Table 14 Max. D.L. + L.L. Compressive Left Extreme
Fiber Stresses at Pier Tops

' M _MC

Pler| H, Mggpp Due to D.L. of Arch gﬁzT T;;;f £e=T
AB BC i CD!| DE | EF , Total to L.L. MKkRPT
in ft k-£t k-ft | k-ft | k-ft . k-ft. k-ft . Kk-ft k-ft p.s.1.

BG 80 | 13,020 | -12,410! 95 0 o 11555 | 1999 3550 702
& EJ| 40 7,385 | - 6,670 372 0 o 1087 | 1206 2293 453
cH | 80 | - 585 | 14,190 -13,180 1380 | 637 |24k | 2339 | 4781 599
&DI 40 - 952 8,055 - 5,300 998 220 | 3021 | 1894 4915 640

£e
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CHAPTER III

Conclusions

By inspecting the areas of the influence lines, the
lower kern moments in arches, and the right kern moments
in plers will govern the design in the arch systems
analyzed, and that 1s probably true in general.

System I has been almost completely analyzed for
dead load and live load by means of quantitative influence
lines. In System II quantitative 1influence lines were
constructed for the same stress functions but ordinates
computed for but the span involved. These showed (vide
Figs. 5 to 20 and Figs. 25 to 40) such similarity in shape
as to justify in the author's opinion the deductions pre-
viously referred to although quantitative values for dead
load and live load kern moments at springing and crown of
the arches in System II were not computed.

Tables‘8 to 10, incluslve, indicate that for
Max. D.L. + L.L. stresses, (save for very flexible pilers)
studies may be confined to three spans for arches and two
spans for plers. Errors involved are not significant in
comparlison with the varlations of the elastic character-
istics of the structures.(12’13)

Tables 8 and 9 also indicate the effect of piler

dimensions on changes from fixed end conditions. All
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maximum positive L.L. lower kern moments and maximum nega-
tive L.L. lower kern moments at the springings and crowns
are greater than those for fixed ends, and the difference
'increasés as the height of pilers ilncreases from 40' to 80',
but the maximum lower kern moments due to the combination
of dead load and live load do not of course exhibit this
characteristic as 1s shown in Tables 11 and 12, and Figs.

41 and 42 where kern moments are replaced by fiber stresses.

Figs. 43 and 44 indicate the relative effect of rota;
tion and translation of the bier tops on extreme fiber
stresses at springlings and crowns. The effect of rotation
on crowns is quite small and almost 1ndependent of pler
height, and that on springings is somewhat greater and
increases slowly as the height of plers increases. The
effect of translation on springings and crowns is usually the
greatest and lncreases rapidly as the helght of plers
increases. ,

Tables 13 and 14 indicate the D.L. + Max. L.L. fiber
stresses in arches and in piers. The moment of inertia
used 1ln the computations 1s based on the gross area of con;
crete sectlion only. The data chosen for the numerical
examples should be satisfactory as the usual amount of steel
used in arches 1s small.

The results presented herein are only true for this
particular type of continuous arch system.

Actually the problem is very complicated and the

large number of variables involved in the design of continuous
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arch systems makes it inadvisable to draw too definite
conclusions, save that the effects of translation over;
shadow those of rotation in almost all cases. In this res-
pect at least the author is 1n agreement with some previous

workers in thls little explored field.
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Appendix 1

Dead Load Horizontal Thrusts on Arches for Numerical Examples

Type of Structure - Open spandrel

Data - See Figs, 1, 2, and 3 and Table 1.

L
100

Deck Load per Linear foot per Rib. - Assuming that the

' Slope of roadway surface:

panel loads are uniformly distributed over the spacing of

the floor beam, 20'-0" C/C.

Weight of handrail (50% of area removed by

openings) = 125 1lbs
L" gidewalk slab = 305 1lbs
Curb beam = 85 1lbs
Floor slab =1640 1bs
6" curtain wall = 187 1bs
Stringers (9"x14" @ 7'-0" C/C) = 460 1bs
18"x36" floor beam and bracket
= 935 1lbs
Total Deck Load =3737 1lbs/
1lin.ft./rid
Weight of hanger (or column) 18"x18" @ 20'-0" C/C =338 1bs/

foot of height



tan g4

Wg

check g

It

L]

System I

180!

28.6'

3

4,65

1.455 (assumed)

2rkl\/ge -1 = 0.675

L(g - 1)
34!
3
d
¢ = 0.325
P Cosfg
3,737 +-§:§i%%§l +3(4)150 = 5,635 1bs
3,737 + ;g;gég;élg + 4.65(4)150(1.207) = 8,202 1bs
ws _ 8,202 _ 3 45 o.k.

w, 5,635

The dead load horizontal thrust 1is:

Hg = We

(L)2(g-1) - 5,635(90)2 (1.455 - 1) - 855,000 1bs
2 Tk 25.5(07921)2

- 200"

= 36.175"

= 3.25'

- 5.2
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g = 1,543 (assumed)
tan gg = % (4.328) = 0.761
gs = 37°17"
0.30
3,737 + 3.25 (4) 150 = 5,687 1bs

3
i

=
it

3,737 + ééi%%§l§ + 5.24 (4) 150 (1.257) = 8,802 1bs

x
(]
i

w
= 8 =
check g a 1.545 o.k.
c
The dead load horizontal thrust is:

2
Hy = 0.1358 ¥el” - 855,000 1vs
r

Span C D:
L = 240
r = 60
dg = 4
dg = T.03!
g = 1.756 (assumed)
tan g = 1.105
gy = 47052
m = 0,275
we = 3,737 + 12;Zgé§§§> + 4(4)150 = 6,370 1bs.
wg = 3,737 + 33'5;338)2 + 7.03(4)150(1.491) = 11,169 1bs
check g = ;ﬂ = 1.745 o.k.

c
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The dead load horizontal thrust is:

Span A B:

(6 S T © PR
il

(34
g
]
_
I

gs =

m =

S
i

=
]

check g

w L2
Hd = 0.1397 "¢ = 855,000 1lbs
r

System IX

180"

35.8!

3.25!

4,95°

1.543 (assumed)
0.861
40°uy
0.375

3,737 + 7'9722338) + 3.25(4)150 = 5,822 1bs

3,737 + 39:5(338)2 , 4.95(4)150(1.3197) = 8,990 1bs
20 .

ws = 1.5)43 o.ko

We

The dead load horizontal thrust is:

2
Hy = 0.138 ¥el® _ 715,000 1bs
r



69

Span B C:
L = 200
r = U45.55'
d, = 3.5°
dg = 6.05"
g = 1.756 (assumed)
tan g, = 1.012
g = 45%20'
m = 0.275
W, = 3,737 + 3.5(4)150 = 5,837 1bs
wg = 3,737 + 39-5ég38)2 + 6,05(4)150(1.4217) = 10,240 1bs
chgck g = ;E = 1.756 o.k.

c

The dead load horizontal thrust 1is:

Wo L2
Hd = 00,1397 = 715,000 1bs

r

Span C D:
L = 240
r = 80!
dc = 4,25
dg = 8.93"
g = 2.24 (assumed)
tan gy = 1.56
gy = 57°20'

m = 0.20
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wo = 3,737 + 222230330) 425 x 4 x 150 - 6,694 1bs

3,737 + 39'5ég38)2 + 8.93(4)150(1.853) = 15,013 1lbs

Wg

Vg
We

check g = 2,24  o.k.

The dead load horizontal thrust 1is:

w L2 '
de= 0.1483 "c = 715,000 1lbs
r
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Appendix II
Formulae for Analysis

The derivation of formulae 1s not a special feature
of this thesis and will not be included in detall,

Rotation and Translation Factors of a Symmetrical
Arch rib. - A single symmetrical span of a continuous arch
is taken into consideration, one end 18 kept fixed rigldly and

the other end 18 free to move.

W Y

%

ik

Figure 45

In Fig. 45 the left end of arch, L R, is kept
fixed and the right end 1s given a unit clockwise rotation
without any translation., From the neutral point method the

resultant expressions for the rotation factors are found:



T2

Hx = Hx ﬂ‘—-——b——- cetcsecensens e 1l
L “HR fyzgi (1)
- EX
3
ol _ - oC
VL - VR x2 ds 0000000000000 (2)
EI
1 2 'Iig
Mx = - - b + es s 000000
L ds  (y2ds x2 ds (3)
EI f EI f EI
1.2

and, Mg¢ o= -1 - T e (W)

In Fig. 46 the left end of arch, L R, still remains

fixed and the right end is given a unit length of horizontal

WY

&
\
\\
\
\
/
/
/
o<

r /’Hd_T) <
b ML 72 \\ Mﬁ
= S HR
L \\\// X ~
L L
2 -2 A=]
L
Figure 46

displacement to the right without any rotation. The

resultant expressions for the translation factors are:
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}{A = HA = . se s eo0 e s (5)
L R ,{ 2 ds
y
and, M = Mg = -W veeneaes (6)
IEaE

The rotation and translation factors in Egqns. 1 to 6,
inclusive, are in the same form and with the opposite sign for
the left end of the arch moves and the right end 1s kept fixed.

The axes of the co-ordinates, X and Y, to which
values of x and y are referred in the foregoing expressions,
pass through the neutral point, o, and are directed horizon-
tally and vertically.

(2)

According to Whitney's paper, the equation of

arch axis 1s,

y = Y¢e -

r T (cosh zk - 1)

and the distance determining the location of the neutral point

is,
v, = 2r JE-1 1. (1em)VETL -1l &)
(g-1) (1+m) 3 k2 = k
where,
g = 's
We
m m Ic
Ig Cosas
z = 2x
L

and, kK = Cosh'lg
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Rotation and Translation Factors for a Pler with

Fixed Base. - Fig. 47 represents an elastic pler, fixed at the

base, When the top 1s given a unit clockwise rotation without

any translation the resultant expressions for the rotation factors

x=1
'/T Hp
o,
Mpr / T
| y
l "
i P
\
\
|
B r
Figure 47

are: | .
o . cerrieeees, (T)

d
and, M, = fy_ﬁ'{‘ﬁ RN ¢:)
R a
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In Fig. 48 when the pler top is given a unit

length of horizontal displacement to the right without any

A=l

{”F\\\ H?T
Mo A
/ Y

Figure 48

rotation the resultant expressions for the translation

factors are:

and,

. (&4
HP = l 00.0..0.(9)
' y glyf%y i Uygl )2

& fv@%\) veereanen(10)

Mpr Jyg_dx ay _(y_q_y_>2

Ely ) EI, EI,

The y co-ordinates of the piler axis are measured

from the pier top.
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In order to evaluate the foregoing expressions the
values of integrals have been determined. They are as

follows:

For Arch Rib, =

fye%fﬁg{(ﬁg% - 2] g, AP
- ) 2.
-(1-m) [(%'(%:1) i l;c) k(g11)+h(;-l) —5( -2-1)-2%”}

24ds - _ L3 ]
f" ET B8, [1+ 3

‘ For Pier., -
dy - Bll+a)
EI,  2EIp q°
2
v H
f&d i} 2E i 2
El, I, q

fQ_E_% =___HE___ [1nq+.2_-_.1_2-%}
v EIT(q-1)3 q 2 q

Distribution and Carry-Over PFPactors for Continuous
Arch System. - They may be found by considering a two span
system, The outer ends of the three members (by member is

meant each individual arch span or pler) are rigidly fixed and
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the inner ends, or say Jjoints, are allowed to displace.
For convenience of reference to the distribution pro-

(11)

cedure deseribed by Prof. A.H. Finlsay, the forces shown
in Figs. 49 and 50, inclusive, are those which the members
exert on their terminal points. Positive directions are to
right for thrust and clockwise for moment.
In Fig. 49 Joint B moves horizontally a unit length
to the right without any rotation.
From Eqns. 5 and 6 the forces at the ends of the arches

as shown in Fig. 49(b) for accompanying the movement are:

s _ _yo - - 1 .
HAB"‘ HBA —————-———-—fzds ooovaoo.onoo..oooooo(ll)
Y. =—
1 E1
a a bl
MAB—"MBA-- J——Q——————y ds .....-.-............(12)
1%EY
Mhe = s * T3 (13)
BC cB 222 8 6 8 0 06069 9 0600 ¢ 0o o0
2 EI
a a b2 .-nooouoo.c.oooutc.o(lu’)
and, MBC= -MCB = JyQ _d_g
2 EI

From Eqna. 9 and 10 the forces at the pler top as shown in

Fig. 49(b) are:

: J

HBD = _ X .............-(15)
y2gx ay '.J§3 Qx—l)e
3E1y EI, EI,

A
4

——
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4 h pr2
A=l :
oc 20
e % ‘
/ \\\ﬁ_ / | 02 \\\'= ro
1l 7 o5 ~. /7 | - bo
I, Ly ’
AN 1o /)L = °
- 3 [lasl h
HP ! !
L, o Ly

D
Figure L9(b)

Thrust line
for translation

Hpp

NPB where distribution
is being made

Figure L9(c)
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and, M = - fy3 EI 2 P 6 1
[95 55 (3 (/s 58 |
The co-ordinates Xy and y, are referred to the arch
A B, Xy and yp to the arch B C, and y3 to the pier B D, the
origin of those axes is specified as before.
The force system shown in Fig. 49 (b) is equivalent
to that shown in Fig. 49 (c¢) whare the thrusts are acting

along the thrust lines for translation. The distances from the

thrust lines to the springing line are determined as below:

My Mp
d1=—}:-1§ = —@A:bl -..co-o.oo-cccoocuc-o.‘a(l'r)
AB Hyp
d2=lw;B_C_ = _M_C_§=b2 o.ooccooo-oooooonoooon.o(l8)
Hpe Hem
S
and, d3 = - M?D = f SEL; cevvieiiiiiiiiinnnee...(19)
HBp dy
EIy

In Fig. 49 (¢) the point, o, represents the neutral
. point of the Jjoint, B, and the distance, dB, determining its

‘location, 18 found:

o o V-
-Mpp -Mpa -Mpc

dB=
Hpp +Hp, +Hpe

The unbalanced thrust at the neutral point of the
Joint, B, 1s:

r-3

H°=-H§A - ch - HED ...........-.......a(QO)



4 a0
oCnl

Thrust line
for rotation

‘ot
HA

AB -
A 1
\_ [
T —
i < LB T ~———NPB where distribution
== _I_)_{__ is being made

Figure 50(c )#2

#1 Th(_-: vertical thrusts on arches and pier are not shown
#2 Only the horizontal components of the thrusts on arches are shown,
and the vertical components may be obtained by proportion.

80
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In Fig. 50 while the neutral point of Joint, B, has
rotated through a unit angle in the clockwise direction, the
Joint, B, moves a horizontal distance, dB, to the right and
rotates the same.angle with the neutral point, the forces
set up in the arches and pler as shown in Fig. 50 (b) are:

a+oc 84

=-HBA - - dB+b1 ....'.-...".....'.(21)
P
1 EXY
2
I
MA+°C= - bl(dB+ bl) - 1 + b (22)
AB —.?-—-‘__ e o 00 8 0
2 ds x< ds
fy ds = f 1 %7
1%y EI -
adet_ bl(dB + bl) + 1 + Ll
MBA 2d8 ds H_- qooco-oc(23)
v 1 > ds
1 BT XS —
EI 1l g1
a4 a4oC dg + bo
}'!BC= HCB B—E—-a—s—-— .oo-.....o.....oa..(24)
2EI
L5
a 4ol c——————
+ _ Paldp + by + 1 & ceveerene. (25)
fya ds (9S82 .2 ds
| EI f”-’EI
L2
MeFL beéds*bz) s+ 1 - T cieieee.. (26)
fyg %% d3g fxg ds |
EI EI
o4 -
J dBfEI fy3 EI 9 0 5 660686 9% 89 006 ¢ 0900 (27)

TR
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2
e SBf3 g 3

and, MBD
pretfE-(fag)”

In replacing the force system shown in Fig, 50(b)

cerecsseesseccascesss (28)

the thrusts are acting along the thrust lines for rotation
as shown in Fig. 50(c). The distances determining the loca-

tion of the thrust lines are:

" V4+ec

d = MAB ..'............'.‘....."....‘....'. (29)
-
Hyp

' AL K
a! = Mg

Hage rerreeeireeseessiesiiniie (30)

1 a4

d, = C
Hd+‘ & & 06 0 & 0 8 6 8 v 00 0 0B BN OSSO PN ey (31)

BC

" Ma‘."“
CB S 0 6 0 5 0 4 0 ¢ 0 00O G 8 9S00 0B 00 e TS LI (32)
a4 :

Hop

(&}
i

' M

and d =-BD 6 @ & 06 0 0 0 ¢ 0 9 0 0 0 8P OO OO LS E O OISt A e 0o (33)
3 e
BD

The unbalanced moment at the neutral point of the joint, B, 1is:

- M;;“ e treenaneareeennanss (30)

< 44

44
Mo = ‘MBA - MBC

From Fig. 49(e¢) the distribution factors, hgy and hg,, and
the carryover factors, hAB and hCB’ at the neutral point of
the Joint, B, for thrust are:
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N, = BBA i iiieiirneeeecnncscnnnsaneeess  (35)

]
ob

=g

1
e
Q

Y € 1))

BC =
HO
r-3
H
h,o = HAB
AB H ¢ & & 6 0 5 0 8 0 D O VP S OO OO O 0B E S o PP S N e s (37)
(o]
Hep
and, hCB = A ...'......I...'...'......'......' (38)
HO

From Fig. 50(c¢) the distribution factors, my, and
mBC’ and the carryover factors, mpg and mCB’ for moment are:

HA+<£ .
n"lBA== BA (dl+dB) 6000600000000 0500000800 (39)

MG

Ho '
mBC= Bc (d2+dB) ® ¢ ¢ 0 ¢ 0 0 0 B O 0 006 0 6 s 0O e e (L‘O)

M
o

Hd+“ "

mAB= AB (d1+dA) $ 0 0 00 e 0 0000 P00 000G OCEIOGCE (Ll'l)
MK
o]

L I

and, MCBBHCB (d2+dc) ® 8 & ¢ 0 8 0 0 0 0 00 000 VOO PP S GC OO (42)
M“
(0]

The distribution and carryover factors for the

pler are unnecessary, but they may be found by statics.

Extreme Flber Stress, - Let mn in Fig. 51 represent
any section of the member. R 1s the total resultant force

at the section and may be resolved ag shown into the shear V
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AV
I R
I
|
————» N
m
2 ‘
e Upper kern point c
CL T
1 Neutral axis h
S— : : . : . _
Cr

Lower kern point CL

Figure 51

and normal thrust N. Then the compressive upper extreme
fiber stress 1s:

2 2 C
N, MC k +eC) ke \ ¢ T
f =3 4 VT = N T )= N(e + = Mpr — ....(4
CU A —_ ( <e )T KLI (3)

I I Cp/ T

and the compressive lower extreme fiber stress 1is:

< )
A I I Cr/z i

For a rectangular section the distance from the
kern point to the neutral axis 1is:

.15_2_ k2 h
L, Tt %

where, ke =

Kern Moment in Arch., - Let AC in Fig. 52 represent

a half span of the arch rib. The kern moments in the arch



85

are:

At the crown,

MKL=MC+EQ'H s e s 0000 Ss 0 e e e s 000 e ¢ e (46)
and, Mg = Mo - 962 - SR e, (47)

At the springing line,

Mgp = Mg + %ﬁ (HCosfg + V Sing) ....... cevere. (48)
and, Mgy = Mg - 38 (H Cosfy + V Singlg) ... e (49)
v

Flgure 52



86

Kern Moment at Pler Top. - Let BD in Fig. 53
'represent an elastic pler, supporting the arches A B and

B C. The right kern moment at the pler top 1is:

Meppp = M +<S%1) PP RPN )

g

V\

Figure 53

and the left kern moment 1s:

Mgppp = M «(S%!)v RPN §-3 §

where, V = V1 + V2

and, M= M2 - Ml
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Notations

theoretical span of neutral axls of rib.

rise of neutral axis»of rib.

width of rib

depth of rib at springing line.

depth of rib at crown.

the distance from the rib axis at the crown to the
neutral point of the rib.

the vertical distance from the springing line to

the neutral point of the rib, _

the angle between the horlizontal and the tangent to the
neutral axis at the springing line.

the moment of inertia of the rib at any section,

the moment of inertia of the rib at the springing line.

the moment of lnertla of the rib at the crown.
I

c
I, CosZy

modulus of elasticity.

uniform live load per linear foot of span.
dead load per linear foot at springlng line.

dead load per linear foot at crown.

Vg
Yo
height of pler.

wldth of pler.
depth of pier at the top.
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dT2 =
dB =
q =
Iy =
IT =
A =

Mgy =
MKRPT
My1pT
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the depth of the exterior plers at the top

the depth of the interior plers at the top

depth of piler at the bottom

dp
ar

the moment of inertia of the pler at any
the moment of inertia of the pler at the
the area of the crogs-section of the rib
the lower kern moment for thé continuous
elastlc plers.

the upper kern moment for the contlinuous
= the right kern moment at the pler top.
= the left kern moment at the pier top.

section.
top.
or pler. -

arch on

arch on elastic piers.



