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ABSTRACT

The application of the stiffness approach to the exact’analysis of’both

planar and spatial grid frameworks of any complexity and high degree of sta-
| tical indeterminacy is presented.. Ofdinarily, even the simplest planar grid
-is such a highiy redundant structure that 1t cannot be.analyzed rigorously
by manuai methodslwithoﬁt recourse to éOmé simplifying assumptions at the
expense of accuracy. In general, most authors neglect the effect of member
ﬁorsional rigidities in arder to reduce the size of ﬂhe prob1§m~and make use
of the plate theory for the purpésé of evaluating deflections. ‘Matrix methods
of analysis, however, remove the necessity for resorting to ahy.suchAapproxi-
mations and prove extremely conveniént for computer application,

The fundamentals‘of the stiffness approach are explained in complete
detail and appliedAto the analysis of rectangular planar grids. For the pur-
-pose~of éompafisoﬁ, example grids given by Ewell, Okubo € Abramsl.and
WOinowsﬁy-Krieger2 have been analyzed b& the stiffness method and the éomparaQ
tive results are tabulated. |

The principle of orthogonal‘pransformation, thch is an eséential part
of the analysis of diagrids and spatial grids is fully described and its
-apblication demonstrated by variogs numerical examﬁles including a skew
bridge, a cantilever diagrid and'é hyperbolic paraboloid space grid. The
application of stiffress analysis;has been further extended to problems invol-
ving temperature changés and suppprt settlements and, also, the procedure to
reduce the size of symmetrical structures is described. A special successive
elimination an&>ma§rix partitioning techﬁiqug has also been introduced in
order go enable'the solution ofvextremely large numbers of simultaneoﬁé equa-

tioﬁs within the limited core memofy capacity of digital computers, by taking



advantage of the band form of the stiffneés matrices_of‘structures.' A com=
plete Fortran II computer program for the IBM 1620 and a 1405 disk file is
given, as well as, sample inputs and outputs of the IBM 1620 and 7090.

»After the‘first attempts by Engessers in 1889 and Zschetzsche in 1893,
"a great #ariety of hand calculation methods‘have béen developed for thé ana-

3

" lysis of planar grid frameworks. Among these, Hendry & Jaeger's

L

harmoniec -
analysis and C., Massonet's anisoﬁropig plate theory methods are phe most
convenient and easily applicable, in the opiﬁion,of thévauthor. The basic

. assﬁmptiqns and underlying principles of both these methods are ouﬁlined
and the procedure éf analysis is illustrated by means of a numerical example
" in each case. . Furthermore, in order to .obtain an idea of their accuracy

~ several planar grids ﬁith 2 to 6xlongitudinals have been analyzed by the
stiffness method, harmonic analysis and anisotropic plate.theory.. In every
case, two solutions‘have been performed, assuming the constituent ﬁembers
~of the grid,to possess first zero and then maximum values of torsional rigi-

dity. The comparative values of the load distribution factors for theAlongi—

tudinal and transversal bending moments have been tabulated.
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INTRODUCTION

A grid framework whlch is basically defined as a system of beams inter-
.connected at the nodal points either in a plane or in space is an extremely .
, redundant structure. The degree of redundancy may be expressed as

N = 3J-R |
for plsnar grids,and,as

N = 6J~-R
for spatial grids, where J represents the number of joints and R tne -
nunber of restraints at the supports. -This foliows from the fact that, in
general, each joint of a planar grid undergoes two rotations and a transla-
tion, while that of a spatial grid is subject to three rotations and three
translations, upon the application of external loads.

"Prior to the advent of digital'comnuters,.an exact analysis.of even a
simple grid was, understandably, considered impractical. Several approximate _
methods, however, based on one or more simplifying assumptions, have been
developed over the past 60 years, A brief survey of these methods is des-
cribed below, | | .‘ |

M. Hetenyisuoutlined a method for determining the deflections in a grid-
work, assuming that the individual beams deflect'without rotation'at their
interseetions. The simultaneous differential e@uations written for the de-"
lflections, on this assumption? are solved to yield the joint displacements.

Neglectingjthe.torsional rotations.of tne members, Melan €. Schindleré
"used a procedure of equating the beam deflections at the joints to arrive at_
a system of homogeneous linear equations which involve complicated'eigen>
value problems. Based onvan analogous assumption that no bending or twisting

7

moment is transmitted at beam intersections, S. Timoshenko embloyed trigo-

nometric series to define the elastic curves developed by the individual



grid beams.

The plate theory has been widely used in connection with grid framework
aﬁalysis. Negiectidg torsional stiffnesses, the theory was successfully
applied first by Guyon8 and then by Greenberg9. Subsequencly, c. Massoneth
and Tareporewallalo used anlsotropic plate theory to include the effects of
torsional rigidities. Massonet has complled a falrly detailed set of co-
efficients for the evaluation of longitudinal and transversal bending moment s
for torsional and non torsional cases,

Finite difference equatione have been applied to rectangular and skew
slabs divided into a network of points by Henri Marcusll and Vernon P.
| 'Jensenlz. By dividing the platettheory fourth-order differential egdation.
.into two parts, two sets of linear equations, containing moments and‘deflec-
| tions as unknowns respectively; are obtained and solved simultaneously to
&ield the required mcﬁents and deflections., If the finite difference equi-
valents are determined directly from the fourth-order equation, a solution
is required for only one set of linear equations; ‘The latter procedure,
however, is not'recommended by Marcus. | |

13

Semih S. Tezcan™ approached the prcblem in a different manner. First,
. neglecting torsional stiffnesses, the reactions at each joint are determined
by equacing the deflections at*beem incersections. The resulting staticaily '
determinate system is solved to obtain the bending‘momente and shears, Next,
anisotropic plate theory is appliedvto determine che effecﬁ of torsional
rigidities alone and these values added to the results of the first staéeito
yield the required exact stress resultants,

Ewell, Okubo and Abrams2 employed an auxiliary force system for con-
trolling the vertical displacements of the Jjoints and a moment and tordue.

" distribution process for transmission of the displacement effects, After
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the bending and torsional momenﬂs have been distributed over the grid, only
one series bf linear equations need be éolved to define.the deflection pattérn
as the equafions are written in terms of unknown deflections produced by
suxiliary forces at the grid joints. Once the deflected surface is found,
it is_a'éimple matter to evaluate the bending and torsional moments. The
above moment aistribution or relaxation’methddbié appiicable‘to any kind of
framework, but, it!s general usége ié limited as verj lengthy computational
work is entailed, | |
The unique method of harmonic analysis developed by Hendry ¢ Jaegef3 has
proyed to be very efficient for practical design purposes. In their approach,
Hendry ; Jaegér'replace the transverse grid members by a uniform spread
medium, which may or may nqt cover the full span. Differential equations are
written for the léading’on'each longitudinal, including terms due to rota-
"~ tion and twist, and Solved by harmoniec analysis to obtain-the amplitude of
the.harmonics 6£ the def1ection«or bending moment cﬁrve for each girder.
Plaétic theory has been recently applied to planar grid énélysis for

the first time by Shawu‘b

. It is independent of the Support conditioné and
cohfigurapion of the structure, but, requires fhat the torsional stiffnesses
of it's constituent members be negligible. |
Without ekception,»all the hand calculation methods of gridwork analysis
outlined above, involve a great deal of tedious arithmétical calculations.
Moreover, in view of the simplifying assumptions indicated,ithe results‘
obtained can at best be approximate, except when using the relaxation proce-
dure, The»common‘assumption made by most authors is to neglect the torsional
stiffness of mémbers. }For.steel grids this is not a serious approximation;

however, when working with reinforced concrete, considerable errors ranging

from 10 to LO%Amay occur, Further, moét of the methods are directly applicable
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. only to grids with a regular beam layout and particular support conditions.
When matrix analysis is used, however, a complete and exact solution
is possible for grids of any'compléxity and support conditions., The effect
of torsionsl rigidities, length changes, shear deformations, temperature
changes and support settlements may be easily taken into account. Moreover,
while the analysis of sﬁatial grids is impossible by any one of the hand cal-
culation methods mentioned above, the mathematical formulation of thé stiff-
ness analysis of spatial grids remains the same as that of planar grids
except that an orthogonal transformation is required and the size of the
individual member matrices is increased from 6 by‘6 to 12 by 12, Above all,
the stiffness approach allows complete automation, so that the analysis of
planar or spatial grids of any degree of redundancy is reduced merely to the
clerical job of preparing the input data for the computer and absolutely no

calculations are required from the engineer;
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CHAPTER 1. PLANAR RECTANGULAR GRIDS

1. Basic Assumptions and Definitions:

The following assumptions are made in the stiffness matrix analysis
method presented:
(a) the structure is stable,
(v) >the structural material has a linear stress strain diagram,
‘ (c)v the displacements of the structure_vary lineérly with the applied
: forces,“ |
(d) the effect of the displacements on the forces‘and moments in- the struc-.‘
ture are negligiblé, and
(e) static forces are applied.

A structural meﬁber undergoes an elastic deformation &, when subjected
to an axial force p., The assumed 1ineér.for§e deformation relation can be
expressed as |

p = kb
where k is the axial force required to_produce aiuhit axial deformation.
‘ By the same principle, if a member hasf?hd deformations in more than
one diiec@ioﬁ,'the total force 1 .along diréction i due té deformations

5, in each direction is given by

J

LRty - (1)

o]
1
Mz

"in which kij is defined as the férce reqnifed along direction i to maiq—
tain a unit deformation along direction jA ohly, while deformations along
all theiothef specified directions are prevented. The factor kij is termed
a "stiffness influence coefficient" and Eq.‘;ll is the basic "stiffness equa-

tion" in the stiffness method of linear structural analysis.



Sign Convention

Clockwise rotations and downward translations acting on a member are

“assumed to be positive. Similarly, clockwise moments and dowrward shears

are positive.

2, Stiffness Equation of a Straight Structural Member
The possible end rotations and displacements of a straight member i}
~are indicated by arrows numbered 1, 2, 3 and 4 along the assumed positive

. .directions in Fig.'l.

Fig; 1l End deformations of:a'straight member

The stiffness influence coefficients. of a member are evaluated by con-
sidering a unit deférmation along each one of the specifiéd directions and
calculating the forces required along all.the specified.diréctions. From
the stiffness coefficients, fhe_stiffness equation of the individual member
may be derived'in 5 stages as fully illustrated in Fig; 2.

Stage 1 o |
The méﬁber is considered to be clamped at both ends and the forces along

the assumed directions i.e. the fixed end moments and reactions are computed.



k =6EI
294 L2

o o J2EI
44= =3

stage 5

rig. 2 Stiffness coefficients of a straight member

i L B



Stage 2

The forces required along the specified directions, to maintain a unit

deformation along direction 1 only, are kll’ k21, k31. and khl as shown

in Fig, 3.

AFig. 3 Unit deformation along direction 1

By the First Moment Area Theorem, the change in slope between the tan-
gents at the ends of the elastic curve is équal to %E times the area of

the bending moment diagram. Therefore,'for 81 = ]

kll'L ) k2l.L . (2)
2EI 2EI '

By the Second Moment Area Theorem, the tangential deviation between the

ends 1, J 'is equal to %E:times the moﬁent Qf the bending moment diggrmn

about J. . Consequently,



abtia kat L > (3)
2 3 2 3 ?
Solving Eqs.'?2 and 3, |
L EI : 2 EI

ky = T emd ky = ¢
For equilibrium, the required shears at the ends of the member are
obtained by dividing the sum of the end moments by the length of the member.

Therefore,

N v U S 1

31 9 2

S LI S

Al L 2
Stage 3

For a unit deformation along direction 2, from symmetry we obtain

k., = 2EL k.. = 4 EI and k 5 == k,, = é.%l '

12 "L ¢ %22 7L 3 K277

Stage 4

A unit deformation along direction 3 may be considered és a rotation

i
L

first two stages,

of £ units alopg'directions 1 and 2. Therefore, using the results of the

. JLEL 1, 2E 1 _ 6EI
k3 =T T "L T T2

L 2
Similarly,
| 6 EI
k s k R
22 " M3 7 2
L oS3t 12w
3 T T L 3

BT Tt T 3



Stage 5 . N " S | ‘ Dl

For a unit deformation along direction 4, from symmetry we obtain
o . b6 EI, 6 EI v 12 EI
u Tt Ttz e gtk =T

L
6

B SN N

| /

| - | |

) A

l

Fig, QumFinél end reactions and deformations

Now, superimposing the results of each stage, the final end moments
and shears at the ends of the member;'shown in Fig. L, are obtained as

L EX 2 EI - 6 EI 6 EI

plﬂF'EMl-f— --I:—'62+ ?63-?6h
_' 2 EI L EI 6 6 EI

Py FEM2 * T 61 * T 62 + -;—— 63 - -;5— 6h
6 EI 6 EI 12 ET 12 EI

p, = FER_ + 6, + —=—= % o, = 6,

3 3 12 1 12 2 43 3 43 L
6 EI 6 EI 12 EI 12 EI

P, = FER, =« == 6, = == b, = === b, + == 5

! L2 1T T2 2T 3 3T

in which FEMl, FEMZ, FER3 and FERL are the fixed end moments and reactions

due to the external loading.

The matrix form of the above equations, called the "stiffness equation”,

is given by



t
-
—

]

[ ] B 6 -6 [ [ ]
n Loz g TR ||y
6 <6
P, o 2 4 T Al 62 © | P,
S T : + F+ r (L)
o) é .6. . E -.l.g : 5. - | FER .
3 L 1T 2 2 30 )
-6 -6 =12 12
p 2 T2 i X 5 FER
Pl I T 2 2 L L
L J . L K L L— L J \. J

In short matrix notation

() = [1{8) +{¥) ()

where, p = column vector of tinal stress resultants,

k

stiffness matrix of the member

)

column vector of deformations,
F = column vector of fixed end moments and reactions.
The stiffness matrix [k] is symmetrical, as is the case with all

structural members, due to "Maxwell's Theorem of Reciprocity".

3. Stiffness Matrix of a Straight Member with Variable Moment of Inertia

The elastic behaviour of a member with variable moment of inertia can
be conveniently characterized by the rotational stiffness factors of its
ends. Essentially, a member ij has three basic stiffness factors, namely

aij’ aji and bij’ which are defined as below{

. EI '
aij ,EQ = the moment required at end i, to develop a unit rotation at i
4 only. (Io is the minimum moment of inertia of the member) ,
EI |

a,, —= = the moment required at end Jj, to develop a unit rotation at j'

only.

b,, == = the moment required at end Jj, when a unit rotation is developed,

~at 1 only, (bij = bji by Maxwell's Reciprocity Theoren).



Fig. 5 OStiffness coefficients of a
varisble moment of inertia member



-13 -

For the customary forms of variation, the basic.stiffness factors of a member
‘are available in standard tables.(a)’ (b)
Now, proceeding exactly in the same manner'as described above i.e, by
giving unit deformations separately along each of the 4 specified directions
and calculating the forces reqﬁired tﬁ‘maintain tﬁem, the stiffness matrix

‘of a member with variable moment of inertia, as illustrated in Fig. 5,

becomes
= aij _ o =
BT bij aJi ‘ symmetrical .
. (o] .
[kﬂ, = fijv sy Ciq % Oy (6)
L L 2
o L
"ty Tt Cw futCu
L L L2 L2
. - o -
in which
cij = aij*bij
ch = ’aji + bij

For a member with constant moment of inertia

a 4 = 4.0; bij = 2,0 and ¢

13 = aj = 6i0

i3 © %31

L, Stiffness Matrix of a Straight Member including Torsional Rotations

The pOSSible end rotations and displacements of a typical member are
indicated by numbered arrows as shown in Fig. 6.
Evidently the first 4 x 4 portion of the required stiffness matrix is .

identical with the stiffness}matrix of the straight member given by Eq. 4,

(a) R. Guldan, "Rahmentragwerke und Durchlauftrager". Spring € Verlag,
Wien 1943, pp. 278 - 351. . '

(b) "Handbook of Frame Constants", Publication of Portland Cement Associa-
tion, 1958, ' . ) :
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a

because the specified deformations 1 to L are the same, Fuither, when a
unit torsional rotation is given along direction 5, no forces are required
in directions 1 to 4., Therefore,
Bk = k = =
| K5 = a5 " K35 =Ky = O
The force required along direction 5 is N .

GJ
| K55

where GJ is the torsional rigidity of the member.(a)

g 5,
_{; | ELGJL qe_ .
65 \|/ - " l84 | 86

83
Fig, 6 Flexural member with torsion

For equilibrium, the force required along direction 6 is

GJ
kgs = = kg5 =~ T

Similarly, for a unit torsional rotation along direction 6

kg = Ky = Kgg = Kyg = 0

e e

Assembling the values obtained for the stiffness influence coefficients,

the stiffness matrix of the member when torsional rotations are considered,is

(a) Torsional rigidity constants for various cross sections are given in
Appendix B, :
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_ . | —_

2 -4

) 6 12

I I L2 Symmetrical

EI | -6 -6 -12 12 : .
[k] L L L ’I"E L2 | | . (7
GJ ‘
0 0 0 A 0 B
' -G GJ
0 0 0] 0 T EI
- |

5. Stiffness Matrix of a Straight Member Considering Length Changes

The possible rotations, vertical deflections and axial deformations
of a typical member are shown by numbered arrows in the positive direction
in Fig. 7.

| 61 . . 3
L EI, AE, L .
— —>
6 q 5 66
05 . 8

4

Fig., 7 Flexural member subject to length changes

Agaih, the first four specified deformations are the same as those of
the straight member in section 2 and, therefore,.the first L x 4 portion of
the required stiffness matrix is as in Eq. 4.

For a unit axial deformation along direction 5 the forces required in

each of the speéified directions are,

~
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= AE" - _AE
"I and k65 -

k I

55
where A 1is the éross sectional area of the member,
Similarly

= k = 0

kg =Kog = kgg = Kig

AE AE
keg = =T and kg =7
Arranging these coefficients in matrix form, the stiffness matrix of a mem-

ber, taking it's length chahges into account, becomes

L
2 I Symmetrical
& & 12
I I 2 |
< EI L
[k]"f (8)
-6 -6 -12 12
L L. 2 2
A
0 0. o 0o 3
-4 A
o o, o o "2 &
i I I

6., Stiffness Matrix of a Member Considering the Effect of Shear Deflections

»Though the overall effect of shéaring strains i§ generally small, it
is sometimes desirable to take them into account.. |
The typical member for this case remains the straight member §f section
2, shown in Fig. 1.
If, instead of the Moment Area Theorems, the unit load theorem(a) is
used to evaluate the member stiffness influence coefficients and the-strain.

energy 'due to shear forces is considered, the required stiffness matrix is

(a) Hall, S,A. and Woodhead, R.W., "Frame Analysis", John Wiley € Sonms,
Inc. 1961, pp 31 -~ 33 and pp. 150 - 152,
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obtained as

3e + l

3e -1 3e + 1 Symmetrical

Ml - EL| 6 be 12 oy
[k] - L L L 12 , .(9)
I
? T 2 2

in which the shearing strain parameter e is

“e =

(10)

1
1+ 12 —%—I—
L2G

At any member cross section, the numerical factor A is used to multiply
the average shearing stress to obtain the shearing stress at the centroid.
'For rectangular sections A = 1,5, while for circular sections A = 4/3,
When shear deflections are neglected it is assumed that AG =00, so
that € equals 1. On substituting unity for € in Eq, 9 , the resulting
matrix is identical with that of Eq.‘ L. obtained for a similar meﬁber with-

out taking into account the effect of shear deformations,

7. Stiffness Equation of a Structural System

As for a single member, the loads acting on a structure are related

to its resultant deformed shape by the basic stiffness equation

&} - [x] {»} | )

.

in which,
{P}' = the column vector of loads acting on the structure,
[K]: = the stiffness matrix of the system,

{D} = the column vector of the deformations of the system.
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8. Evaluation of the Stiffness Matrix of a System

Though the main stiffness matrix of a structure K may be generated
following the fundamental definition as illstrated for a single mémber, this

becomes a cumbersome procedure. Several simplified methods have been devel=

15

oped using reduced stiffness matrices

17

code number approach™', The last mentioned, which is a special application

» external strain energy16 and the

of the strain energy method, is extremely suitable for efficient computer
application and has been used for all the problems presented in this thesis;

External Strain Energy Method

a., -Transformation Matrices

When a structﬁre deforms under the influence of external loads, the
deformations of its constituent members, {6} » must conform with those qf
‘the‘system, '{D} . This relation 1s expressed by the following compat;bi- :
lity equationsr' | - _
o -0 o (12)
wherein the coefficient matrix [T] ‘is called a transformation maﬂrix. ‘
"Each member has its own transformation matrix, which depends on its location
and interconnection in the structure aﬂd‘can be easily expressed by visual
inspection, _ . 4

The compatibility equations fér members 1, 2 and 3 6f the portal frame
iﬁ Fig., 8, with respect to the assumed deformation directions of a typical
member are: |

For member 1, from an examination of the figure,

1 = O D1 + 0, D2 + 0, D3
62 = ], Dl + 0, D2 + 0. D3
by = 0.Dy+0.D,+0 Dy | .
51“ = 0, D + 0. D, + 1. Dy
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N\ 1200 ™\
P

x
0103
=

[o]
0203

Fig, 8 Example portal frame

In matrix form C '
{o}, - [r], o}
in which . |

-[le -

o O O
D)

. 1.

o O =+ O
O O - O O

is the transformation matrix of member 1.

Similarly, for members 2 and 3

1. o. o. 0. 0. o,

- lo. 1. o, | 0. 1. O.
12 =lo. o o =¢ (75 = lo. o o
o. 0. o, | lo. o 1

The generation of the stiffness matrix of a structure from the trans-
formation and stiffness matrices of its individual members is based on the

principle of conservation of strain energy, which states that
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"The total strain energy of a system-is equal to the4sum of the straiﬁ
energies stored in each constituent mem‘ber". . | |

In other words the sum of the work done by the ibads, {P} ,of a
system along its possible. joint defdmatiohs R {D} , must equal.. the work
dpne by the stress resulta'nts‘ {p} of the indi_vidugl members along their
respective end deformations {8} . Therefbre, |

| Mo

3(py Dy ¢ py Dy + === p; D;) = émz-l (Pyy 8y * Po B * =)

where M is the number of mémbefs?

In matrix notation,after cancelling 3 from both sideé ,
. M o ) '
{D}T {P} = ;2;:1 ip}m _{p}m (m =1 ---, for all members) ‘T

Substituting for {P} , {8} and {p} from Egs. 11 , .12 and 1.

respectively,

O L0 - 3 OF [0 [ [, (o)

must equal

It follows that

[K] -\ fl [T]:: [k]m [‘I‘]m (m =1 -=-M, for all members) | (13)

m =v,
wherein [K] is the required stiffness matrix of the system,

b. The Code Number Approach

When the directions of the deformations of a system coincide with those
of the members, the transformatior_x matrices consist only of zeros and ones,
In such a case, the main stiffness matrix can be generated directly without

carrying out the triple matrix products indicated above,
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Each member is given a code number which characterizes it's location
in the structure and is compoged of those deformationsvof the system which
coincide with the specified deformations of £he membe# in quéstion. These
numbers correspond to the non-zero terms of the trahsformation matrices and
are written down by visual inspection. In writing a code number, it is
neceséary to follow the same sequence as assumed for humbering the end defér-
mations of the typicél member, One end deformation is taken at a time and
the number of the deformaﬁién of the system coincidiné with that.partiéular
member end deformation is entered into thgncode'number. If there is no
coinciding system deformation, a zero is inserted.

As an example,consider member (1) of the frame in Fig. 8., The left and
right end rotations of the member coinclde with deformations O-and 1 of the
system, whereas the left and righp end translations coincide with deformations
0 and 3 of the system, Therefore, its code number is 0103,

To generate the main stiffness matrix using code numbers,‘each number
is taken at a time and coupled first with itself and then with the remaining
numbers in the code number, The sequential order in the code number of the
nurber and of that with which it is coupled constitute the row and column
numbers of the elements to be taken from the individual member stiffnes§
matrix, whereas the corresponding numbers themselves indicate the row and
column numbers of the general stiffness matrix into which these elements must
be placed. This operation.must be repeated for all the constituent members
of é structure to obtain its general matrix, Note that zero code numbers |
“do not contribute to the géneral stiffness métrix. .

As'an example, consider member (1) of Fig. 8 again. Its code numbgr

0103 indicates the following information:



Sequence Number -1 2 3 L

Code Number ol [1] {o] [3

Element 22 of [k], is placed into 11 of [x]syét;ﬁ_u

o2 n n 13 o n
1 L, 1 . no 33 f
n 42 u " 31 . n

Besides being used to generate the maiﬁ stiffness matrix of a structure,
code numbers also indicate the appropriate deformation of the system to be
used during the back substitution process to determine the final end moments
and shears of the individual members as-subsequently indicated in the pro-

cedure of analysis,

9. Concept of Joint Loads

To facilitate the application of matrix methods, all the external loads
applied on a structure are replacéd by equivalent joint loads acfing along
the specified directions of deformations. Joint loads may be regarded as
the resultant forces transférred ﬁo the joints from the‘ends of a member
and, therefore, are obtained for each joint in the strﬁcture by the suﬁ of
the fixed end moments and reactions of all the members meeting at each '
Joint, with their directions revefsed. The fixed end reactions are calcula-
ted by assuming the members to be clamped at both ends. Note that no sp;cial
consideration or modification factor is necessary in the case of members
with hinged ends, The condition of zero moment at a hinged support is auto-
matically satisfied in the stiffness method by specifying a rotation at the
hinge.

When determining the final stress resultants of the individual members
in accordance with Eq. 5, the fixed end reactions are sﬁbsiituted with their

proper signs,
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10. Procedure of Analysis for Planar Rectangular Grids-

Step 1 The members and possible joint deformations are mnumbered on a sketch .

of the structure to be analyzed. -
Step 2 The code numbers of each member are written alongside thé members,

~Step 3 The individual stiffness matrices [k] of each member of the struc-

ture are evaluated.

Step 4 The main stiffness matrix of the system [K] is generated by means

of the member code numbers, from the individual stiffness matrices.,

Step 5 The column vector of joint loads {P} 1is determined by taking the

sum of the fixed end reactions at each Joint, with their signs reversed,

Step 6 The basic stiffness equation of the structure, given by Eq.'ll

{P} = .[5] {?L is now used to yield the required deformations {1)} of the:‘
system either, from : :
pr- @t o
\ or, by applying Gaussean eiimination directly to the stiffness equation. In
most cases the elimination process requires considerab;y less comput er time

than inversion and is, consequently, preferred,

Steg'z Finally, the stress resultants {p} of each individual member are

computed by means of bagk substitution in the member stiffness equation

(Eq. 5), -
{p} = [x] {e} ~{r}
The column vector of deformations {6} 'is:composed of the appropriate
deformations of the system and is easily obtained using the member code num-
bers, by spelling out the information initially stored in them. The column

vector {F} represents the fixed end reactions of the member,
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The fdllowing example plaparvgrid with only threé'possible joint
deformations, i.e. 3 unknowns, is manually solved to demonstrate the pro-

cedure outlined above,

11, Numerical Example

-

EI = 100.0 units
GJ = 30,0 units

Fig. 9 Examplq planar rectangular grid

Step 1 The members and joint deformations of the grid are numbered as

shown in Fig. 9. }
Step 2 The code numbers are written alongside each member.,
Step 3 Individual member stiffness matrices are evaluated.

The typical member shown in Fig. 6, considering torsional rotations,

is adopted. Therefore, substituting numeriecal values into Eq; 7,
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[ 10 ]
20 . 4O o : Symmetrical
6 6 12
(] =70 ¢ -6 - .2 1.2
0o 0 o 0o - 3.0
00 0 0 0 =30 3.0

which is the same for all the four members,

Step 4 Using the member code ﬂumbers,zthe stiffness matrix of the struec-

" ture is obtained:as -

1 —( 3+ 3) 'o | 0 i— %6 0 o—
A LO + 1O o
Tkl 2-6+6> [1.2+1.2\ -6+6 = o 48 o
[ ]Sys"e’n N (1.2 N 1.2) ‘
3 0 0 LO + L 0O 0 = 86
| 3+3 B N

Step 5 Joint loads are obtained from the fixed end reactions. The fixed

end reactions of member (1) are shown in Fig. 10,

.ot
e S ¢ S
PL . k-ft :
4'“_8—’=_|2'5 4 PL _ 12 5".'ft
o ~ J, i 8 '
‘P __ck . o Pk
2="5" - -z =78

- Fig, 10 Fixed end reactions of member (1)
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' Therefore, the joint loads

are
Pl = 0
P2 = + 50k
P, = =12,5 k ft .

Note that the signs of the joint loads are with respect to the assumed posi-

tive directions of the typical member,

Step 6 Deformations of the system from Eq. 14,

Y T S ( Y

| Dy Vg ~© 0 0 A °

10,0 . |0 Yyg O 5.0 0 o 4 L0k
1 A_

\?3‘ | 0 0 /86—J - 12,5 e .11;5-J

Step 7 For each member,the final stress resultants are evaluated by back-
substituting the appropriate joinf deformations of the system into the mem-
ber stiffness equation in accordance with Eq. 5.

For member (1),

) B - T YO [ a 8 n
P Lo 20 6 -6 0 0 0 o ]-12,5 -21.65
P, 20 Lo 6 -6 0 © -0.145 | +12,5 + 0.45
Py 6 6 1.2 -1.2 0 0] ]o0 - |- 5.0 - 7.12
P, -6 <6 -1.2 1.2 0 .0 1.041{ = |- 5.0 - 2.88
P, 0 0 0 0 3 -3 0 0 0
p 1.0 0 o0 0 -3 '3 0 0 )

L,éd L : — - - L o~ L -J<

The final stress resultants of the remaining members are computed in
a similar manner and shown in Fig.'ll; -The computer cutput of the above
examplé,'obt;ined ﬁsing the program presented in Appendix A, is given on the

following page{A



L

[D NUMBER - €663

6.249 6,249 - 1,249 -1,249 -.u36. 436

PRINTED FOR S. TEZCAN ON MAR, 31 AT 3 HR, 21,5 MIN;
EXECUTE FORTRAN PROGRAM, '
43 - o
NO. LENGTH El GJ ubL | “LOAD U ~CODE NUMRE®
1+ 10,06  10C.00 30,00 0.00 6. 00 5.00 . 0.3 0 2 ¢ 1
25 10,00 100, GO 30.00 0.0C c.CC . C.CO 3 0 2 0 1-06
310,00 1CC.CC 30.60 0.00 .00 C.06c0 o T ¢ 2 0 3
b .10.6C . 10C.CC 30.CC ~ 0.00 N.00 . 0.0C 1 0 2 0 3 ¢
DEFORMATIONS OF THE SYSTEM —
O 0.000C 2 1.0816a 3 =-,1453
FINAL END. MOMENTS AND REACTIONS | | -
M1 M2 o RY. . R2 T -T2 - o
(KL ft) (KTTE) (Kips) ™ "(Kips) ™~ (Kift) (K.ft) i
la -21.656 W36 -T.122 0 -2.877 c.000 0.00C+ N
2 L4360 3,343 V377 -.377 0.0C0 G.000. .
T3 6,209 —6.249 =1,20L9 175549 36 TTTITIRG
2

PROGRAM CAME TO NORMAL END
ALL DATA CARDS WERE READ BY THE PROGRAM

END OF THIS RUN AT 3 HR. 25,7 MIN,
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_ LlJ —3 /;//<)kk l . Lng ‘T .
12 /-\Qjo.k‘_" v0.38 - lose

MomeMs'm k- ft
Sheprs in K

Fig, 11 Final stress resultants

12. Comparative Results with Other Methods

(a) Woinowsky - Krieger's1 method

-The four glrder grld shown in Fig, 12, originally. presented by
Woinomsky-Krleger, was analyzed by the stiffness method strictly for the
purpose of comparison. In his method,Woinowsky-Krieger neglects the torsion-
al rigidities of the grid members and, further, replaces the Bending stiff-
ness ef.the cross girders by that of a continﬁous torsionless plate of the
‘same length as the main girders..'Baeed,on these assumptions, the.longi-

tudinal bending moments are expressed uéing Clapeyren's equations in‘termS'
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of ﬁnknown joigt deflections. The joint deflections in turn, as well és,
“the exterﬁal loéds are expressed in Fourier series and Sack sﬁbstiﬁuted
.into Clapéyronfs equations to form a system of homogeneous linearAequations.
The eigen value solutions of these equations yield the required final

moments in the form of a sine series,

N

- Longitudinals 1 € &,
- I 10,000.0 unlts
. S
. - Longitudinals e 3,
' | . I 6,000,0 units
' ' ~ Transversals, = |
R I = 183.0 units

@@@@

IL _ 3@ 25m = 7.5m J

Fig. 12 Woinowsky-Krieger's grid '

For the grid shown in Fig. 12, Woinowsky-Krieger gives the longitu-
dinal bending moments at the mid spans of the main girders due to loads

P, and P.. These values are tabulated in Table 1 along with the corres-

1 2
(a)

ponding stiffness analysis and Stahlbau-Kalénder results,

(a) Vval. Stahlbau—Kalendar 1934, S, 342, Berlin 1943,
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P2 =1 k at midspan

GIRDER Pl =1 k at midspan
NO. Girder 1 Girder 2
Woinowsky | . ) Woinowsky
Krieger Stahlbau | Stiffness Krieger Stahlbau | Stiffness
1 | 6.68 6.70 6,694 2.9, | 2.92 2.928 |
2 1.76 1.74 1,757 2,82 2,84 - 2,830 .
-3 0.43 . 0.42 0.411 1.54L - 1.56 1.563

Table 1, Comparative Midspan Moments

(b) Method of moment distribution by Ewell, Okubo € Abrams>

Ewell, Okubo and Abrams eliminate two of the three unknown quanﬁities

at each joint by a moment and torque distribution process. The unknown

deflections are then expressed in terms of auxiliary forces at the grid

‘ joints and, therefore, only one series of linear equations has to be solved

: in order to define the deflection pattefn. Torsional rigidities are duly

considered and the procedure is applicable to grids of any configuration'and

support conditions. Howevér, for large unsymmetricalAgrids the arithmetical

‘calculations become tedious, A separate solution must be made for each

joint displacement, followed by. the corresponding reactions at each joint)

and, finally, to obtain the 'deflections a set of simultaneous équations which‘

satisfy the shear relations must be solved.

In some‘casés,'the problem may be reduced by adopting the method of

successive shear corrections, analogoué to that used for planar frames with

sidesway, as suggested by Scordelis

(a)

The symmefrical grid shown in Fig. 13, presented by Lwell, Okubo €

Abrams, .consisting of members of equal*length and cross seétion, has been

(a) Scordelis, A.C., Discussion of "Deflections in Gridworks and Slabs®
ASCE Transactions, Vol. 117, 1952, p. 869. _
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analyzed for comparison by the stiffness method. The results are compared
with those evaluated by Scordelis in Fig. 13, the latter values being indi-

cated by parantheses.‘

ks

A 178.1
N (176.0)

69.0
N4
Q(GS.O)

Fig. 13 Ewell, Okubo & Abrams grid

The only value computed by Ewell, Okubo & Abrams is

MAi = 181,27 ?L
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CHAPTER 2 ORTHOGONAL TRANSFORMATION OF AXES

1, Axis Transformation of Fbrces and Deformations at a Point

A system of forces acting at a point O, represented by components'along
coordinate axes X, y, 2, may be transformed into an eqﬁivalent system
along another set of axes x', y', 2' with the same origin O, as shown in

Fig. 14.

System "a" System "b"

Fig. 14 Transformation from x, y, 2z to x', y', 2!

To write the relations between the original and transformed'séts of

forces, referred to as "a" and "b" respectively, consider for example the
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transformed force‘,pi 5. Wwhich, ih terms of the.original forcés may be
expressed as ‘ “ |

| pi ‘? 1x Py + m# P, * j# p3-.
.where 1x’ m, and n are evidently the direction_cqsines-of axis x'
with respect to the original axes x,'y,'i.v Writing similaf equations for
the remaining forces‘the desired maﬁri%‘relation between the two systems

-

is obtained as

. . L I -
- 1R ™ q; 1 ’ P
P; 1y ' my ny 0 P,

' L : ,
-p3'.» = _.12 1 I - '<\p3r . as)
P B ] 1, o q;' p| ' -

P; 0 | ly my N ny, p5
%6 b L B R AR

e B, - 1], By, o | ae

Note that the transformation matrix [Tja consists ehtirely of the direc-
tibn’cosines of x', y', 2' with fesﬁect to x, .y, z .,

As forces and deformations are identically related to the coordinate
system and a deformation can be expressed as a vector,‘a system-bf deforﬁa-
tions "a" can be transformed to an equivalent system "b" by a siﬁilar -

_equation. , - -
Bhoo LW e

2. Transformation of Member Stiffness Matrices

To enable the analysis of dizgrids and spatial grids it is necessary

to obtain the stiffness matrix of the structure with respect to the chosen
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. common axes. Consequently, the stiffness matrices of each individual member

have to be transformed from their member axes to the common axes before
generating the main stiffness matrix of the structure.
.Let us assume that x, y, 2z

represent the common axes of the system -

while x!', y', 2' are the member axes, The work done by the forces of the

common axes along the correspOnding deformations must .be equal to the work
done Ey the statically equivaient'forces'of the member,axes; along the cor-
responding deformations,

This may be written as

- % {§}sz ip}%y - % {5}., {kﬂ} - ",‘ ‘. ' (18):%‘

A xlylz! ‘xlylzl

V'From the ba51c stiffness equatlon of 2 member (Eq. 5);
B - Blys O n
FET 5 I "{w}x.y.z.
From Eq. 16;-after appiying_the.rule ef-@atrix transposition -
ST Loy T T . : -
OSSP O

Therefore, substituting the above values of {p} , {pj , {6?- in Eq. 18.

and cancelling‘l from both sides,
NN GICIENN [T NGNS (DR

Comparlng the left and right hand 31des of the above equatlon, the

transformed stiffness matrix k of the common axes is obtained from the

stiffness matrix k_,y,z,' of the,member axes in the follpwing form

[N o N ) B

xlvl&l
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CHAPTER 3 - SPATIAL GRIDS

1. Stiffness Matrix of a Spatial Grid Member

The number of péssible end deformations of a spatial grid member is

ﬁwelve as depicted in Fig. 15.

A Z
4
A3
A | Ely,El,,6J, AE L N 12 XA

2

(e}

xl

Fig. 15 End deformations of a spatial grid member

Sign convention: Translations are positive in the positive sense of the
' ' "axes and rotations are positive in accordance with the
right hand screw rule,

Deformations 6&. -— 6L correspond to flexural rotations and deflec-

: ' : '
tions in relation to the major axis x'; 5. and 66 represent torsional

5
' ' t 4 .
rotations; 67 ~——— 610 are the directions of flexural rotation and deflec-
tion with respect to the minor axis z', while 8! and 6. are axial

11 12

deformations. In other words, the stiffness matrix of a s?ace nember con-
sists of the stiffness matrices of fléxural mémbers acting about the ﬁajor_
and minof'axes; a pureliorque member énd thét of a member subjectto axial
: deformations dhly. |
‘ A somewhat»irreéuiar pattern of humbering was adopted for the defor-

mation directions in order to obtain the corresponding stiffness matrix
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in a very regular and convenient form as shown below,

1 2 3 4 5 6,7 8:9 101l 12
R | v T
22 svm o o0lo o 0 otlo o
oL ym i | . g
€L, - ! : o -
XX 10 010 00 o0lo o
' 6EI, 6ET I2E1 -I2EL! R
X X ’ -
= =5 il 0 0 00 o':o._o
“6EL -65L -l | oy b
FERR o0 0 000
{070 0 ;T_E‘ 210 0 0 0100 |
= ol I Lo
.[k]x'y'Z!c. 0.0 0 o BE4E 0 0 0 0 o 0 | 32
- . - -'n‘ ————— ‘- —-— S Swnews  weam  ema St -—-—_‘--
< . . I4E |
6 .0 oo;ool'r; sym (O O
. .A. . N ‘," ) .
. ~ | 261, 421 l
o 0 0 0 0-"0‘:'2_[_‘2—1‘2 LRI
| - leer, 6EL, REI RET
0.0 O 0. : OAO | L27 LZZ‘L::,Z. L3zlo (o)
e -6EL,-6EL, =I2EL,I2EL 10+
6 0 0 0 o O;ngl_z_ézl_z,lo 0"
Sttt el it Py Sy
0 0 00 l0 010 0 00 =
o. 0 00 ioco,0 0 o o \Fefe

2. Axis Transformation of a Spatial Membter

A typical space member with its possible deformationé‘marked along the
member and common axes ié'shown in Fig. 16, with the. same order of numbering
as previoﬁsly-adopted for it's stiffness matrix.

The end forces and dequmations given with respect to the member and

common axes may be related to each other by means of a transformation

matrix T in accordance with qu. 15 and 16. To éorrespond with the new

order of numberlng for the member end deformatlons as shown 1n Flo. 16, the

- 'transformatlon matrix is rearranged and given by
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| /ﬂy'(ly,my,ny) "} | Az.
2*(Minor axis) /2‘ : - . _ }
|
R N |
(1z,mz,07 ) Ny 7 6"

2"V
19
I
x'( Major axis)

_“xvmx‘"x)

Member axes . , Common axes

Fig. 16 A space member with i‘eSpect to member and common axes



rpi\ rlx © 0 0 m 0 O n 0 O 0 O Py
P, 0.1, 0 0 0 m n O 0 .0 0.0 P,
pé 0 O n, 0 O. 0 | 0 0 - 0 lZ m, 0 Ap3
pL 6 0 O n, 0 0 0.0 1Z 0 O m, P,
P 1, 0 0 0 m 0 0 n 0 0.0 O Ps
*pgw _ 0 1,0 0 0 m n 0.0 0 0 0 {pé
P} © 1,0 0 0 m.n 0 O 0 0 O p7>’ .
P} 1, 0 0 0 m 0 0 n 0 O 0 O Py
pé 0 0.0 n O o'o‘ 00 1, 0 0 m Pg
Mo 0 0 n, 0 0 0 0 0 0 1L m O Pio
pil 10 0 ng O‘ ©c 0 0 0 q v Ty 0 P11
Lpigjx‘y;z! : —? 0 O ny‘ 0 :,O, 0 0 -~ 1y ¢ O mz_ _¥pl%nyZ

3. Direction cosines of the member axes with réépect to the common axes

In general, the common axes are hormaily chosen for a structure to
"be along the transverse, longitudinal and gravity directions. These are
shown in Fig. 17 by‘ X, ¥ ;nd Z respectively;

The direction cosines of the member axes xt, y', 2! with respect to

the common axes x, y, 2z, may be obtained in terms of the coordinates of

the ends of the member as follows.
First, the direction cosines of the member centre line axis y', by

definition, are

) Ir =7 ‘
BRCRRS!
My T L N _ § (24)
z, - 2

(23)
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in which the member length L, is

L

]

S = 1P ey =y e (2 = 2P e

> Y

Common axes X, y, 2
Member axes:

‘x' - major axis
y' - member centre line:
z' - minor axis :

Fig. 17 Spatial grid member

; Nekt; it is assumed that the' x! axié of the member is hopizontal‘ i.e.
parallel to the x; y plane, as is normally the case fof most struétures.
Therefore, | A :

n = 0 - | (26)
The remaining direction cosines of the x' and 2' axes are evaiuéted in

terms of ly, my and ny from the conditions of normality and orthogonality.
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 Conditions of normality:

2 2 2 - » ' :
L +m "+ n " = 1 . . (27)
12+m2+n? =1 - ' (28)
y y y .
2 2 2 | , |
lz +m +n = 1 o . .(29)

Conditions of orthogonality:

1xly +mm s = 0 , o (30>
lxlz +Am.xmZ +nn = 0 B | (31)
E | 1ylZ + m.ymZ + nynz = ,O. : . (32)
From Eq. 30,
‘ : o1 , ' - ‘

and 1 e ' S
m = -—QX ' 4 : : - (35) -
) )
where Q = 1y + my

- Substituting.the above values into Eq. 31,

L,
m, = - (36)
X
or, usiﬁg.Eq. 33,
. . T o |
mL T ST N 1))
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From Eq. -32,after replacing for m, from Eq. 37,

11 +—=—= 1 +nn = 0
vz 2 Tz Yz
_ y
whereby, '
1 .
. % 2

nZ = - n 1 Q ] B . . (38)

yy :

Substituting for m, and n from Egs. 37 and 38 into Eq.v29'

-2 2
| 1% 1
2 2 Tz 2 -
Yty T2 722 @* 1
| Ty % Yy
. Solving this for 1_,
;z = - —%51}' | : o = - (39)

The negative value of the solution for lZ .is used in order to conform with
the directions qf the assumed right-hand reference system, |
Finally, from Egs. 37 and 39, |
m ‘; - b SR (40)
Z Q _ -
Similarly, from Egs. 38 and 39, .
n,o=Q (41)

All the reguired direction cosines have now been determined and are shown

in Table 2.

Major Axis x! Centre line axis y' Minor Axis z!
-m = = -
1, ="y Gy = 1)L 1, = - 1,n/Q
m}»c =.- ly/Q B my = (y2 - yl)/L m, = - myny/Q
n =0 | n, =‘(22‘— zl)/L n, = Q
= 2 - 2 _ 2. 0= 2
foo =237 e Gy =) v (= )% Qs [1 2wy

Table 2, Direction cosines of member axes x!, y', z' with respect to
common axes X, ¥, Z. o
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L. Procedure of Analysis for Spatial Grids

Except for a few important differences, the procedure remains the same
as described for planar grids., However, for the purpose of clafity, the

steps in the analysis are fully enumerated below,

Step 1 The members, joints and possible joint deformations are numbered 6n
a sketch of the structure. The joint deformations are indicated by arrows
along the positive seﬁse i.e., translations in the direction of the axes

and rotations according to thé right hand screw rule. _ L

Step 2 The following input data is prepared:

a. Number of membersand deformations.

b. Coordinates of the joints with reference to a chosen common axes.

c. Rigidities of each member, EI , EI , GJ ' and AE,

d. Code numbers of each member as illustrated in the following mumerical
example, -

e. External loads acting on the structure,

Step 3 The individual member stiffness matrices [k]%,y,z, of Eq. 22, with

respect to the member axes are evaluated numerically for each member.

Step L The transformation matrices of each member [T] of Eq. 23, consis-
ting of the direction cosines of its member axes are computed. The recuired
, direction cosines are defined -entirely by the cdofdinates of the ends of the

member with reference to the common axes, as shown in Table 2.

Step 5 The transformed stiffness matrix [k] - of each member is obtained

by carry’nv out - the trlple matrlx product of Eg. 21

tep 6 The main stiffness matrix of the system [K] is genefated by means

of code numbers from the transformed individual stiffness matrices.,
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Step 7 The column vector of joint loads {»P}, acting along the assumed
. directions of deformation of the'joints, is determined by taking the sum of

the fixed end reactions at each Joint, with their signs revérsed.‘
Step 8 The basic stiffness equations of the structure,
(¢} = [x] {0}

are now used to yield the required deforﬁations {D} of the system albng

the common axes either, by inversion from-

- Mt

or by Gaussean elimination,

Step 9 The final stress resultants’ {p}xyz' of each member along the common
axes are evaluated by means of back substitutibh into the member stiffness
“equation, Eq. 5,

)(.p])'xyz " .[k]xyz .{6}xyz y {F}
The column vector of deformations {.6}, is composed of the appropriate
deformations of the system and is obtainéd by means of the member code num-

bers, The column vector {:F} represents'the fixed end reactions of the

member,

: ‘SteE 10 In case the final stress resultants along the member axes {pﬁgx'y'z'

are reguired, the folléwing trardformation of Eq. 16 is applied to {p}xyz'
P = |T p
CEPEIC IR

- xly'zl
5, Numerical Example (Hyperbolic Paraboloid Space Grid)

kL line diagram of the grid is shown in Fig. 18, The structure is
symmetrical and has LO members and 126 joint deformations. The beams are

assumed to be - 18 WF 114, - The torsional rigidity of this section was
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' calculated from the corresponding formula given in Table B , Appendix B.
As an example the code number of member 3, invaccofdance with the order

of numbering of the deformations shown in Fig; 15, is

1 13. 2 1, 3 15 1 4 17 5 6 18

4 \ Unit &

\ Unit 6 \
. \

‘98

DATA:

"I, =2033.8 in*
I, = 255.6 in* .
J = 13.4 in%
A = 335 in®

Fig. 18 Line diagram of hyperbolic paraboloid space grid
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The external loads and the final bending moments along the member axes of
the members for a quarter of the structure are shown in Fig. 19. The par=-
tial computer output corresponding to the final stress resultants of members

1 to 21 is also given in the following pages; The stress resultants of the

remaining‘members may be easily obtained from symmetry. -

<V

Fig, 19 Hyperbolic paraboloid space grid (Moments in k.ft.)
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X 28=
X 29= 5,09550450
X 30= -. 00000140

UNIT NOo 1 T

" LOAD NO. 1. : S .
‘ X 1= - S9LT5HTT
x 2= _ -7025365840
X 3= ”028607302
X7 4= 4 35409652
X 5= 45614705
X 6= =5,05769620
X 7= =L 28607360
X 8= ~7.25367670
X Q= -e59475412
X 10= = 35409496
X ll= 5.05766090
X 12= -.185615530

FINAL STRESS RESULTANTS (IN KIPS AND KIP-FT)
FIRST LINE IS WRT COMMON,SECOND LINE IS WRT MEMBER AXES

R ooy -

<—&

vy
~o

W s G e N w L

MXT" MX2 WA 12 MYl MY?2
| MZ2 Mzl X2 X1 2R | v2
——— —————MEMBER NUMBERS - A

UNIT NO. 1
"LOAD NO. 1.
1. = 14,949 =17.761 9.999 -9.999 86,137 29.689
“80586 —]6.114 2.“]6 '2.&]6 2.3‘3 -203‘3‘
Ve 86,137 29.689 5.618 -5.618 -.175 175
-250707 '2]0980 ’2.313 203]3 8.6]7 -80617
2 86,137 . 29.689 9.999 -9.999 14,949 “17.761-
- 18,586 16,114 2.313 -2.313 2.u16 -2.416
2 86,137 29,689 5.618 -5.618 175 -175
25.707 21,080 2.313 -2.313 8.617. ~8.617
UNIT NO. 2
LOAD NO. |




— len - .
3T 0

w ot N W

3,306

60,700

3 -.318 ~4.u35 -3.,306 -11.557
=11TRO) =.765 078 =078 S TAN -
3 11,557 60.700 3,051 -3.051 017 -, 017,
Z12.23% - 829 LRI AT T 276 =17376
b . 18.079 61,071 6.692 —6.692 ~18.132 . -14:925
TSNS 19:357 5337 ~—=5.337 502 =1.502
b 18.079 61,071 3,839 -3,839 .080 -.080
- 21,674 26,519 5,337 =7.337 5,683 25,483
5 -18.132 14,925 6692 —6,692 118.079. 61,071
SV 6 T19.%52 1,502 ST 602 3,337 =5, 337
5 18,079 61,071 3.839 -3,839 ~.080 . .080
21,673 Z26.5190 =2.337 7,337 5683 ~5.483 '
: ' o
6 ~11.557 60.700 3,306 -3.306 -.318 -4 $u35 )
NEPY VR 765 BT =R 078" =078
6 -11.557 60,700 3,051 ~3.,051 -.017 4017
127235 829 S IAR -8 o276 17276
UNIT .NO. 3
COAD~NO -1
7 -4 435 -.318 -3.306 3,306 -60.699 114557,
0765 ", ”.11‘0"‘ 0078 -|078 ".8“ - . 08]]
7 ~60.699 11.557 -3.051 3,051 017 .017
829 V2,235 BT = 8T 15276 17278
8 8.870 67.396 6.613 ~6.613 0.000 0.000
\ 0.000 0.000 0000 0000 1622 =1 622"
8 8.870 67396 3,699 ~3.699 0.000 0.000
~07000 0:000 02000 05000 5717 —=57717
9 -3,682 -3,693 1.692 -1,692 -42,463 52,729




1.258

~9.451 -9.,u27 2.581- -2.581 -1,258
9 TH2TIG3 527729 7537 =637 0700007000
CS10.47 ~10,121 -1.258 1,258 3,020 -3,020
10 I Yy 52,7729 Vo697 V692 =37682 =3T693
9.u51 9428 1.258 -1,258 2.581 -2.581" ,
Y0 CEOTH6? 527779 537 =TE3T —07000 0000
100147 10,121 1,258 -1,258 3,020 -3.,020
T 0,000 0,000 57613 5,673 —§ 870 57396
0.000 0.000 1,622 -1.622 0.000 0.000
n 8TRT0 677396 37699 37699 0700007000
12 =60.700 11,557 =37306 —37306 SHTH35 7318 .
) "0765 R “1].,40' "a8]] ’0811 0078 "0078 g
12 S607700 T TNTISST =005 TTTTTT37051 017 =017 !
' T -.829 -12.23y T 811 1.276 -1.276
UNIT NO. & : :
LOAD NO. 1 .
K3 = B TY IGTORY ~GTO99 9099 Z20TEBG =85 7137
C 160114 18.586 2,416 -2,416 -2.313 2,313
13 =29 .689 =86,V37 —5.478 57618 V75 =175
~ 215980 25,707 2.313 -2.313 8.617 -8.617
—1% 167079 ETT071 5692 =67692 ~T8T132 V57025
~15.716 -19.352 -2.337 2.337 . 1.502 =1.502 "
e 18,079 61,071 3,839 S3TE30 = 0680 ~ 080
-21.674 -26.519 . =2.337 2.337 5,683 -5.683
15T 3,693 <3682 1692 T 697 Z%2.729 L2463
-2.581.

9.428

9.u451

2.581

-1.258

- 1.258




-25,707

-52.729 42,463 -, 637 o637 0.000 0,000
10,121 10,147 1.258 -1,258 3,020 -3,020
6 60,008 357750 0000 0. 000 0,000 0. 000
0.000 0.000 0.000 0.000 4,139 -4.139
16 =60, 008 35,750 =1.506 1.506 0.000 0.000
0.000 0.000 0.000 0.000 3.855 ~3.855 .
Y 0000 0,000 0000 02000 =607009 357750
‘ 00000 0.000 “0‘39 -h.139 0.000 00000
V7 260,009 357750 17506 7,506 0.000 0. 000
0.000 0.000 0.000 0.000 3,855 . '~3,855
18 T892 7663 Y692 17692 37693 —=37687
-9.428 -9.u51. -1,258 . 1,258 2.581 2581
NE ] 52,739 U2,56% =637 T 637 0.000 70,000 0
-10.121. =107 -14258 1.258 3,020 £3,020 =
V9™ YBTV32 T TTIETO25 57692 =57692 187079 " ETI0T -
15,716 19,352 1,502 -1.502 -2.337 24337
LR Y8, 079" 6107 3,839 ~3,839 080 —>080
21,674 26,519 2.337 -2.337 5,683 -5 683
207 =29 889 =86, 138 Z9.999 G99 el o 3 TTETOR9
20 29,689 ~867138 =5.618 57618 —TETYTS Y75
v -2‘.980 "25.707 -203]3 203'3 8.6‘7 . '8.6]7
D T TE S S
10 - LOAD NO, I _
; 21=13 7 B6TI37T T TTT295689 97999597999 15959 177761V
, C . -18.586 T -16.114 -2,313" 2,313 2,416 -2.416
5. , _ .
; 2TEI3~""867137 T 297ABY 576718 =574T18 =TS 175
L : -21,980 -2.313 2.313 84617 -8.617
2
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CHAPTER L PLANAR DIAGRIDS

1. Stiffness‘Matrix of a Diagrid Member

A diagrid may be regarded as a speciallcase of a space grid, Some of

the possible beam outlines of planar diagpids are illustrated in Fig. 20

|
=
X

Lattice Model Diagrid . Skewbridge

Fig, 20 Common typeé of planar diagrids .

As for rectangular planar grids, the ends of the constituent members
of a diagrid are subject to bending rota@ions 61, 62, vertical transla-

)

tions & .and torsional rotations 65, 66 as shown by numbered arrows

374
in Fig. 2l.

The directions of the end deformations are not the same as those shown

in Fig, 6 for rectangular grid members, but, instead; they coincide with the -

diregtions of‘the correSponding.deformations adopted for space members in
Fig. 15. Accordingly, translations are spécified along the positive sense
" of the coordinate axes and rotétions obey the right hand screw rule;
Nevertheless, following the basic definition; the sti}fness matrix
of a diagrid member is Cbtainedv in exactly the same form as Eq. 7

for rectangular planar gr'ids;

N
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. 5. . 5
y' f\gs 12 eres 4{\86 sy
\A _/ P U ~
x' - ;.)" . .

Fig, 21 End deformations of a diagrid member .

2. Axis Transformation of a Diagrid Member )

The possible end deformations of a typical diagrid ﬁeﬁbér are shown in
Fig, 22 along the member and common axes, | .
Since the end deformations of a diagrid are identical with the first
6 assumed end deformations of a’typical spatial grid member, the matrix
[T]a required for the‘purpoée of‘transforming forces from the common axes
to the member axes of a diagrid is exactly the same‘as the first 6 by_é.

submatrix of Eq. 23. That is,

fa) . : F_l' 0 T . Y
1 . .
P, ) 0 lx 0 0 O m. Py
p. 0 0 n O O O P Lo _
2 30 . :
) ?4?' "lo o o o o] ( (2)
pl+ nz ph ) .
H 1 O \
P, , 0 0 0 m 0| P
P, , 0 1. 0 0 0 m P
Lepyrar - |~ 7Y AR
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«
( Iy ,mz,nz‘)

zl
T3
yl . 5| \l’x'
Member axes x,y,2' Common axes X,y,Z

'Fig. 22 Member and common axes of a diagrid

3. Direction Cosines of a Diagrid Member

The direction cosines of a diagrid member, as required by Eq. 42, may

be

obtained from those of a space member using Table 2, However, it is possible

to further simplify them as follows.

The direction cosines of the member centre line axis, which always lies

in the xy p].'ane, are
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T2 o
m, o= S
. n =0
Yy
in which L = [(x, = )2 + (y, ~ ¥ )2'
A ' 2" 1 2" N

Since ny is zero, in order to satisfy'the condition of normality of

Eq. 28,

Using this value of Q, the remaining direction cosine; reduce to the values

shown in Table 3.

Major Axis x' | Centre line Axis y'' 1 Minor Axis 2!
X3 = Xy ) : .
1x =m . | ly I =_l » lz_ 0
Ty =7 :
m = «~1 m = =2 lon | m.=0
X y . 2
n = 0 ny =0 n, = 1

Table 3., Direction cosines of member
axes x'y'z' of a diagrid

L. Transformed Stiffness Matrix of a Diagfid Member

" The transformed stiffness matrix [k]xyz is obtained by carrying out
the triple matrix product of Eq. 21.
Representing the ratio of %%‘ by q , the required transformed matrix

3

[k]xyz is obtainedlgs
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—
bmg
ql™/ -
2m§ fhmg
-ql\ + ql
b S 12 Symmetrical. ‘
[k] = E L L L2
Ixyz L o A | (43)
L L L2 »L2
<-L;ml> (—2ml> -6l 61 <u§>
i\ aml A= aml/ L "L agm”
Loml\ ol -61 61 21 A%
-~ gml + qml L L gm qm

In order to save computer time,4the transfdrmed stiffness matrix was fed into
the diagrid programme directly in the above form; thus eliminating the time

otherwise required to carry out a triple matrix product for each member,

5. Procedure of Analysis for Diagrids

The procedure of analysis, whiéh,remains exactly the same-as for spatial

grids, has been i1lustrated below by several numerical examples;

6. Numerical Examples

a) Two beam grid

Step 1l The members, joints and possible joint deformations of the structure-

are numbered as shown in Fig, 23,
Step 2 The code numbers of each member are written alongside the members.

Step 3 Individual member stiffness matrices are obtained by substituﬁing
the numerical values of EI, GJ and L into the member stiffness matrix of

Eq. 7. These matrices for all the members are
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— -
LO
20 LO Symmetrical
6 6 1.2
[k]x'ylzl
: - 6 - 6 - l.2 1.2
0 0 0 0 3.0
. —
(0,17.30)
EI =100.0 units
GJ = 30.0units
L= 10.0 ft.
(10,17.30)
Fig. 23 Two beam diagrid
Step 4 The transformation matrix [T:] of Eq. 42 has to be evaluated for

each member. The required direction cosines of members 1 and 2 as taken
from Table 3, are

X
1 = 2—2 - 2220 o o

L -10

_ Y377 _ 8.65-0
m T 5 0.865.
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Therefore,

0.85 - O 0

0 0.265 0

- o o0 1

fr =7l =

I =[], e
-0-5 O O

0 - 0,5 0

Similarly, for members 3 and 4

l] = x3 _ xl = 5 -0 =
A T 10
U Y37 865 -0
m ? 0
[ 0.865 0 0
0 0.865 0
0 0 1
[T]3 = [T]h = o 0 0
0.5 0 0
0 0.5 0

Step 5 The original member stiffness matrices [k]x

o

005

o

o

0.865

0.865

0.865

tytzt

0.865

0

0.865

-

of step 3 are

transformed tn the common axes by carrying out the triple matrix product of

Eq. 2L

the same results as follows;

Alternatively, the transformed stiffness matrix of Eq. 43 yields
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T 30.7 T
14.25 30.76 - symmetrical
5,20 5.20 | 1.20
[k]1 = [k]Z = - '
, -~ 520 - 5,20 =1,20 1.20
16.05 - 9.97  3.01 =3.001 12.28
9.97 16,05  3.00 = 3,00 2,76 12,28
L . =
and,similarly, - ‘ _ s IR
[ 30.76 ]
, 14.25 30.76  symmetrical
: 5,20 5.20 1,20
[k]B = [k]a = . |
- 5020 - 5-20 . »- 1120 1020
~ 16,05 - 9.97 -3.00 3,00 12.28
- 9.97 - 16.05 - 3.01 - 3,01 2,76 12,28

'Step 6 Using the code numbers shown in Fig, 23, the stiffness matrix of the

structure is obtained from thé transformed member matrices as

1 2 ‘ 3 :
1| /30.76 + 30.76) ' 7] ﬁ23.oa o 0 |
0'76 + 30.74 symmetrical
[k] = 2|f 5.2+ 5.2 2+ 1.2 -] 0 s o
- 5.2 + 5,2 1.2 + 1.2 , .
' 3 (9.97 + 16.05 \ /- 3,01 + 3,01\ / 12.28 + 12.28 0 0 149.12
\- 16.05 - 9.97/\- 3.01 + 3,01/ \+ 12,28 + 12,28/ - -

Step 7 A single concentrated load is applied in a direction opposite to

that of deformation 2. Therefore the joint loads are : .
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Step 8 Deformations of the system:

D, | 1/123.04 0
< D2>‘ = 0 1/4.8
D. 0 4]
. 3.¢ |
Step 9 The final stress resultants{

1/49.12

p}xyz

0

0

-l

with respect to the common axes,

using the member stiffness equation,are, given for member 1 by

p | |30.76
P, 14,25 30,76
1 e
p1+ "5-20 "‘5'20 -1-20

P 16.05 . 9.97 3.0L

P 9.97 16.05 3.01
s L .

The required final stress resultants {pq

1.20

-3.01 12.28

-3.01

member axes are given by Eq, 16.

) N
Pyl . 865 O. 0
1
P2 0 .865 0
1
Py _ 0 0. 1
1! g 0 0
ph o
1
- 0
p5 5 0
1 .
\Péjxlylz! L 0 > 0

2,76 12.28
|

<

-

— ~

symmetrical

ho.a1

10,81

2.50

-2.50

6.25

xt'y'zt

6.25
)

Xyz

o ] [0) [wo.a

ol |10.81

0 0 2,50
o+ o (o350

0 0 6.25
J ;OJ | 6.25J

-

-

with respect to the

(12.50]
12.50

2.50
-2.50

0.0

0.0 |
- X!yt z!

The stress resultants of the remaining members are similar to those

of the first member because of symmetry.

!
!
[



- 59 -

b) Cantilever Diagrid

The cantilever diagrid shown iﬁ Fig. 24 was analyzed by the étiffness
‘method, both for zero and for an assuméd torsional figidity,{ GJ = 0;2 EI.
The final beﬂdinglmomenti§alues along thé member axes obtained in the two-
cases as well as the error pefcentagés caused by neglecting torsion are sﬁqwn

in Table 4. In addition, the complete computer output for the torsional

'anéiysis is also'presented in the fdllowing pages.

For oll members '
EI = 1000.0 units
GJ 3 200.0 units

Fig. 2L Centilever diagrid
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e i e P & e

Bending Moment (Kip ft.) v
c . . . . X Error
Member onsidering Tqrsxon Neglecting Torsion

No. GJ = 0,2 EI - & =0 : ‘ %
Left ‘Right Left Right Left Right
1l 103.27 - 42,18 98,66 - 62,52 = L.,5 48,2
2 - 87.55 - 35,70 98.66 | ~ 35.8L | 12.7 - 0.4
3 | - 72.18 66.LL . -~ 83,00 - 67,20 15.0 1.1
1+ : - 67024-6 3&036 - 67.20 13 031 - O.LL - 61‘3
5 61.31 16.06 - 86,32 27.29 40.8 . 69.9
6 10.64 13,36 - 13,31 . 23.88 - 225.1 78,7
7 35,03 ~ 10,53 35.84L | - 11,08 | 2.3 5.2
8 68.00 - 18,18 76.05 - 11.46 . 11.8 - 37.0
-9 - L3.90 66.38 - L5.94 71,67 Lob 2.0
10 =161.96 52.20 - 71;67 59.73 . 15.7 “1L.4
11 -~ 52,08 . 40,30 - 59.73 50.19 - 14,7 2L.5
12 - L5.12 . 13.09 . -~ 50.19 - 30,52 10.5 133.2
13 - 16.18 -'16,22 - 13.65 - 11.94 - 15.6 - 26.1,
14 - 14,38 17.8L - 23,89 2L4.33 66.1 36.4
15 12.21 10.28 ©11.08 16,08 - 9.3 56,h
16 21.42 - 3.85 11,46 15.47 < Lb.4 - 501.8
17 “43.51 - 56.5L 29,70 - 76.07 - 31.7 34,5
18 - 29.68 . 36,75 - 15,47 ° LOJ L4 - L7.9 10.0
19 - 36- 76 18-52 ' - L{—O.l{.b . ‘ 2L033 looo 310[+
20 - 5.27 | - 17.72 - 9.82 - 0,96 86,3 87.6
21 - 6,95 hel3 - - 16,08 2.15 131.4 - L7.9
22 - 37.01 - 5,97 L2 L0 | - 1.92 30.8 - . 67.8

Table L. Bending Moments of Cantilever Diagrid

e s s 2h

S




Wi Ut O N0 W

ID NUMBRER - (663

L] 3p09 MIMO

PRINTED FOR S. TEZCAN - ON MAR, 32 AT 0 KR
. cnurrIchcp DIAGRID FOR THESIS (TORbIONAL CASE)
EXECUTE FOKTRAN PROGRAM,
25
3 1113 , - : : .
UNIT - SIZE MEMBERS UNCOMMOM MEMBERS
S 1a 6 8 u
2 12 13 . . 8
34 12 LN 10
X O6AMD Y COORDINATES OF THE JOINTS - :
2B G.C C.C 2 c.0 25.¢C 3 ¢.0 ug.0 y 5.0 10,0
5 5030 C 6 IGTC oee T YGTOTTT200G g 100U STC
9 15.¢ 1¢.0 K¢ 15,6 30,Ca 11 2C.0C ¢e0 12 .0 20.C
13 2.6 uG.C
T = - —— ]
: | . NO. 1 GJ . b
UNIT 1, JO= 1 2 1 4 uw 6 2 u _ .
; e TTI000 ,0Q T 2 GOVQO o e e e e
2 1000.00 : G0.0C.
3 1000, G0 2rc.cf
. Yy Y0005 CG , 20070¢C
UNIT 2. Jo= 2 3 2 5 u 7 6 9 9 w1 7T 9 5 7 3 5
- 5 150060 200.00
& V0000 2C07CC
7 100C.00 200.GC
8. 1000, 00 .200.C0
9~ 160C309 20070¢C
10 100C.C0 200.08
SR 10¢0,00 200.00
) 12 Ye00ToC 200700 ,
UNIT 3, Jo= 3 8 § 8 7 1C -9 12 'V 12 1¢ 12 8 ¢ 8 13 10 13 12 13
- : - 13 100000 200, '
vy TEOOT 0 200, Pa-
15 FOOoQ .. Gn 200,00,
6 1900.00 200,00
17 (R elel ot ik 2C0TCC
18 T16CC .00 230.00
o g

19 1500, 00



i 12
1
2 10
3 8

c oy
4 6

5
5. 4
3

000,00 200.0¢C

20
21 1600.0C , 20¢.0C
227 TOCGTCC 200V ET
CODE NUMBERS y S - o _ » o
1 c v ¢ 2 0 3 2 N 4 0 5 0 6 3 40 5 C 6 0
m R I R Y 5 ¥ S e S €A - M Iy € R e R B —
7 4y ¢ 5 ¢ & C 8 c 0 0 °¢G 0 0 : o
! VT2 ¢ 309 2 115 2 vy 302 3 4 13 5 v H 15
I VR N I R A e B 5 L T St I G ¢ e 2 ¢ 5 [N T un T s B it I S <
7 10 13 .11 tu 12 15 8 7 10 8 11 9 2 9 - 7 0 8 0 9 D
1C 10 01 ¢ 12 ¢ v 13 0 1y G 15 5 2. 16 G 17 0 18 0
T3 (¢ C ¢ R I ¢ R ¢ - , g . ) -
I 719 8 20 9 21 2 ¢ 19 11 2¢ 12 21 3 13 22 tu 2% 15 2u
Ba 16 25 17 26 18 27 ° 5 0 25 € 26 0 27 6 22 25 23 26 24 27 ,
7 19722 2¢ 23727778 8 TGT28T20TT29T 2N TRGTTTTTT GTTT22TOR T2 TR
G 25 28 26 29 27 3C ' ' : .
JOINT LOADS OF UNIT 1. . .
"LOADING NC. - Y
. 0.000 G.00C ¢.Ca0 ¢.000 © 0.000G 44000 o
JOINT LOADS OF UNTT 2 : ’ - T
LOADIMNG NO, 1 . ,
¢.CCG =10, CC¢ G2 CCC G, Ce0 0L.CCC 0.0CT gLcce 0L Cor
0,600, 0.000 C0.0C6 ¢.0G0 :
JOINT LOADS OF UNIT 3%
LOADING NO. ! , _ ,
' C.CCC C.CGC o dde c.0Ge C.COC c.CcCC c.cee c.CC
G.0Ce 0T 0CC— 0o COC 07 CCC - .
JOINT DEFORMATIONS
UNIT NO. 3
LOAD NO. 7 — : _ T -
: . X19= -1.,62661u43C .
X20= -u3.733212C0
X2T= =T8TT26953
X22= -1,393u141¢
X23= -2U , 618306700




<

—_
-— N

i
i

—
<>

- X2L4= -.65263376

L R N -~ -]

X25= -1.G0052320
X26= SQVSToETOTE
X2T= " -.,60801556
X28= . =1,u303077¢C
TX29E T E3E 9 T3US B0
X3C= = .86502215
UNTT NOL, 2
LOAD NC. ! _ : :
: o X 7= -1,96705980
X T8= S52VTTE9VSCD
X 9= - BTTLTTYL
X10= -1,68473808
Xii= =30TRTIS520
X12=" -.59077318
X13= =1 ,22888080
XIS STRTTTSS UGS '
X15= - 3uT769U05 vy
XV16= ~.613922L9 v
XVTr= T3V2VTVYGGYTC
CX18= -, 15061570
UNTT NO.
LOAD NO. 1 o e
X 1= -1.,L5L5L93G
X—z= 1675817300
X 3= -.00629858
X u= -.81833589
X—5= =39 66590
X 6= -.0960L986
FINALTSTRESS RESULTANMTS
. FIRST LIME IS WRT COMMON,SECOND LINE TS WRT MEMBER AXES | ,
M1 : M2 A 12 -ovd Y2
, (K.ft) (K.ft) (Kips) (kips) (K.ft) (K.ft)
UNIT NO. 1° ' _ ' o '
CORT NG 17" = = = o o e e
1 103,271  -42,183 3.054 -3,054 £ 962 - 062
| 163.271 ~42.183 3.05u -3.054 962 1 =.,062
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¢) Four Girder Skew Bridge

%, page 13,

The grid shown in Fig., 25 has been taken from Hendfyle Jaeger
and analyzed by the stiffness approach.

The final bending moments of all the members are shown in Fig. 25.
In addition, the bending moment diégrams of girders 1 and 2 and cross girde}

GG, furnished by Hendry € Jaeger are compared with those of the stiffness

analysis in Fig, 26.

: ”
I'ongifUdinal 25,256.0 |n‘
Itr«:nsver'sal ' 4430 in
J o= J = 0

-FPig, 25 OSkew Bridge from Hendry € Jaeger
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Fig. 26 Comparaiive results of stiffness and harmonic analysis
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CHAPTER 5. SPECIAL TOPICS

1. Reduction due to Symmetry

In view of the fact that the computer time requiréd for the solution
of lineérlsimultaneous equations,or the inversion of matrices, iS appréxi-
‘mately proportionai to the cube of the number of unknowns, any reductioni
_that iS possibie in their sizes is naturally desirable, For grids Qith one
way symmetry, tﬁe number of equations can be halved as follows. Note ﬁhat .
the loading need not be symmetrical, because any unsymmetrical irregular
ioading‘may be considerédvas the sum of avsymmetrical and.an antisymmetrical
loading, |

If the numbering of the joint deformaﬁions of a symmetrical structﬁre
follows a symmetrical pattern 31m11ar to that of the structure, the cdlumn
vectors of 301nt loads and deformatlons can be divided 1nto two equal por-
tions.. In case of symmetrlcal loading, the deformatlons and j01nt loads of
vthe two portlons are 1dent;cal, Aoplylng matrlx partltlonlng to Eq. 11 this

may be expressed as

el T B - ‘ - (kb))
P 1K :K 1D : » :
It follows that : . - ‘ - _
- [Kn * KlZ] { } [K] {D} _ . (65)
" where  [K]s is the effectlve stlffness matrix of a symmetrlcally loaded
grid,
On the othér hand, for anti-symmetrical loading, although the deforma-

tiens and'the joint loads of the two portions are eéqual, they are opposite
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in sign;' Therefore,. Eq, 11 becomes

1 ’ ‘ L '
, _}_f_li . (W)
- P Ka ¥ | P)

Pl - 'K [ D]

'Thisbgivés

[K.n - K12] {o} d INRLI j - (47)
in which [K]a denotes the effective stiffness matrix of an anti-symmetri-

cally loaded grid. - ' - '

i

. ql%
e

&3\{\

E ' . ' 9 lzh
o ' ‘ 10 :
i o - AXlS of
Symmetry 3/—-—~=—~ L R o At Symmefry
/ . A A/ *
: : \ : C ’ / 1] -

Fig. 27 Reduction due to symmetry

There is no difficulty encountered in applying Egs. 45 € 47 to a
structure such as shoﬁn in Fig. 27 (a), in which the joints 'are equally
Adividedbby the axis of symmetiry. But, if the axis of symmetry lies along
a line‘of Joints as in Fig, 27 (b), thé dgformatiohs'and joint loads can-

_not be divided equally, It is possible, however, to make the latter case
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similar to the former by considering the members along the axis of symmetry
to Ee dummy members as they remain straight upon the application of symmetri-
. cal or anti-symmetrical loads and, therefore, do not contribute to the .

strength of the structure, -

2. Thermal Effects

The effect of témperature changeé on a structﬁfe may be taken into
.accounﬁ by the introduétion of fictitious forces acting on the individual
" members. These forces are equal %o the forces réquired tb deform the mem-
bers ty an amount equal to that which would be causéa by the known tempera-
_ﬁure change. ‘

For a uﬁiform temperature rise Ai, “the elongation of a member is

"AL = a0t L ' ' (;8)

b

where «, is the coefficient of thermal expénsion of the material and L

t
is the .length of the member. Thé éxial force requifed to produce the same

" elongation is

P = % AL R | T (49)
. Substituting for AL from Eq. 48, the fictitious force to replace the effect

of the temperature change becomes:
P = ( o At) AE - . (50)

h Obviéusly; the force P {s tenéilé for a temperature rise and coﬁpressive
for a tgmperature drop. |

In case the top and bottom faces df a member.are subject to unequal
' temperapure changes, Ati and 'At2 as éhoﬁn in Fig;_28, the fiétitious_
loads consist of an axial fqrce'and a moment, Assuming a lineér variatién

of temperature between the two faces, the elongation of the centre line,

from Eq. 48, is



AL = a, —E— 2 o (51)

Consequently, the fictitious axial force is obtained as

At., + At

1 2

P = .at.‘——i—:_—'AE_ . (52)

Fig. 28 Non-uniform temperature change

. The rotation 6 of the section due to theluneQual length changes of"
the top and bottom fibres is - »

o, L (at, = at,) : , '
e = : d2 — < _ : (53)

where d 1is the distance between the'faées. Thé fictitiocus end moment
required to develop the same rotatidn is obtained from the fundamental
“expression for flexural strain given by

1 M

R ° EI _(54)
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in which

It

R - - (55)

" ©

Substituting Eqs. 53 and 55 into Eq. 5L,

At = At ‘ -
M = “t i__iljf___ll EI . (56)

To‘simulate tﬁeAeffect of thermalichanges, the structure is‘conéidered
- to be loaded by a set of_joint loads, which are calculated from the'sﬁm of
the fictitious member fofces given'by either, Eq. 50 in the case of ﬁniform,
or, Eqs. 52 and 56 in the case of non-uni form temperature change. The rest
of the analysis remainé‘the same as described in the pfevious éhapters.“
However, note that, as the assumed‘loads are fictitious, these must be sub-
ﬁracted from the calculated stress resultants of the members.concerned in

‘ 6rder to obtain the éctual thermal stresses, .

3., Support Settlements

B A statically indeterminate sigpcture subject to support gettlemeﬁts
ﬁay bé anaiyzed by specifying addiiional Joint deformations élong the direc-
,tions of the settlements and enlarging the stiffness matrix of the system
to include the rows and columns corresponding to the newly introduced defor-
mations.':The enlarged stiffne;s matrix is then multiplied by ‘the column
vectqr of knovwn displacements i.e, the settlements of the structure, to
yield a column vector of external loads. These are, by definition, the
forces reduired aﬁ ﬁhe Jjoints to prefent the rest of the structure from de-

. forming when the support'settlementé take place, Therefore, to simulate the
actual deformed shape of the strugture,.that ié to obtaiﬁ the final joint
defbrmations dﬁe'to subport settlemeﬁts,.the calculated external loads are

.reversed in sign to yield the fictitious joint loéds. The analysis then
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proceeds in the usual manner, as for an ordinary structure under external
‘loads, Howéver, it is to be noted that the support settlements are consi-

. dered as part of the finél end deformations of the members concerned,

Le 'Solution of Extremely Large Structures by Band Matrices

Large numbers of equations can be solved within the limited core memory
capac1ty of dlgltal computers, 1f the coefficient matrix is obtalned in a
band form, This is easily achieved by adoptlng a regular pattern for num-
bering the joint defprmations. :TheAwidth of the bard is entireiy dependent
on the number ofijoints in thé transverse direction oflthe structure.
Thereforg; in order.to obtain the‘narrowest possible baqd width, the num- |
. bering of déformations should start from one énd of tﬁe frame and proceed
consecﬁtively along the longer dimension_of‘the struéture, covering the -full
' width at'ea;h»stage, so that the differéncé between an& two adjacent. defor-
" mation numbers ié kept miniﬁum.‘
ihen a’étructure is divided into substructures by transverse planéé
across it's Qidth, the correspoﬁdinéjstifanSS matyixlis also divided into
. sub-matrices, suéh that fdr.each,substfucturen;onsidered there is a hain
biock‘located aloﬁg the diagonélzand twb side“blbcks‘on-either side consis-
ting of ierms cgntributed.by members co@mon with the adjécent substructures.
iTherefore, the stiffness matrix of anyvstructure'diVided into substructures
‘is of & trip]e block band matrix form. The mathematical~solution of such
a matrlx can be achleved by applying Gausoean ellmlnatlon and matrlx parti~
tlonlng as described below.

- A group of unknowns can be elihinated by meané Qf matrix.partitioning

from a set of equations, represented by Eq._S?, aé,folléws:'

{12 1 1 . o (57)
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K19 *Kp Py 2 By
Kn D+ EpDy = By
Solving for Dl from Eq. 58, -
- -1 -1
Dy = K RH-Ky K
and, substituting into Eq. 59
| K- D . P
2272 7 "2
where
K , : =1
Ky = (Kpp =Ky Kpg
%

2 = (P =Ky ¥y

K12

1)

(58)

(59)

(60)

. (61)

) (62)

(63)

The same procéss'of elimination may be applied successively'to large band

matrices, This is exempiiﬂied‘beiow for a structure divided into four

units: .
o P R R
f%_é-ﬁ}g.-o 0 Dl Pl
K. 1K, K of|. |p P -
O K3y K33 K30 105 F3 |
LT
04 O Kz Kl B L)
— I — . J ~
After eliminating Dl' using Eq. 61, the above equatién becomes
= Kk - *
Koo 1 Ky O P F2 |
-___'—_——r__ — — ] -— ’
K K D = P
f32 1 %33 Bau) % » (65)
0 ' K K D P
B .{ L3 Lk L L
in which KZZ and Pz. are the same as in Egs. 62 and 63, respectively.,

Next, eliminating D2

from Eq. 65 in a similar manner,



& g D p

33 36 430 L 13 (66)
SRR Fl

where

Koy = (K £t k) (6
33 = (K33 = Kpp Kopm Ky (67)
* | SR R | ‘

Py = (P3 Ky K22 P2) / (68)

Finally, eliminating D3 from Eq. 66,

ey -y e
in which | ' ‘

X=1

(K, = K3 K337 Kg) (70)

=

Kx
Ll

PPo= (p ~K KTt ()

*
b i3 K337 B3

Solving the last group of unknowns from Eq. 69,

{Dh} - [KZI-I {PZ‘} | | | (72)

These values are now back substituted step by step in accordance with Eq, 60

to obtain the remaining deformations of the structure, " This gives

‘Pﬂ'=- BJJ'{%;”%LWJ | ”3
{92] - 1{22] -1 {P; - K2’3. DB} | (78)
{Dl} - 1.1]-l { | K12 Dz} | | (75)

The chief advantage of the above technique for‘the_solution of large
rumbers of unknowns is that it is extremely convenient for computer appli-

cation, because the calculations follow a uniform pattern and only the
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standard expressions of Egs, 60 and 61 are repeatedly emplbyed.(a)

A computer programme for the "Solution of large capacity band matrices™
using triple block matrices, developed by 5.5, Tezcan is available
through the IBM 1620 library, Computing Centre, The University of
British Columbia; Programme No., (C~FTN-P) M6-3,
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. CHAPTER 6. HARMONIC ANALYSIS

1. Brief Outline

Hendry ¢ Jaeger's method of harmonic analysié_is Bésed on, the assump-
‘tion of a coﬁti'nuous transverse spread medium, in v:hicﬂ the torsional rigi-
: dities of the tfans'versals are neglected.

For ;any given loading w = w (x) ajsplied on a simple beam, Hendry €

Jaeger express the load in terms of sine functions as follows,

sinnm.

w = w-sin@—<+w sj‘n-’?—ﬂ-—)i-+----+w + m—
1 L 2 L ' n L. ’
: : 1 : .
nz=ee nnx ‘ ‘ ' ' |
ew = ngl w, sin =7 | ' I (76)

Then, by successive integration, the shear force F, the bendi'ng‘momént. M,

the slope -® and the deflection y, are obtained as

' L LEF W, naTx - .
L2 nE=>e v nmx : "

s AP (78)
m n=1 n

3 n=c w S
L n nmx '

8 = — cos . - (79)
B nzijl n L - 7
| Lk nioo Y nmx '

y = - —- sin - (&0)

L 1 nh L : g

EIr n

The constants of integration are zero at each stage because of the assumed
hinged ends.

Applying Fourier series to Eq. 76, the coefficients Wy, W, === W are



given by

e L - . ) . N ) 4",»
w o= 2 Jf w sin 20X 4x ' , (81)
’ o : '

For a uniform load w per unit length; Eq. 21 reduces to

w = 0 if n is even

n .
\ .
\'4 = Ly 4Af n is odd
n ™ ) #

‘Substituting these values into Eq. 76,

Jlwoogeme 1o 3wx . T
= o sinyT #Fsin ST+ e _ (82)

For a point load W' at a distance. b’ from the left-hand support, the

~corresponding harmonic series for the load is

v,
W o= 20 sin T b sin 22 + sin 21 b sin 20X, (83)

T L L r UL

Once thé relevant load serie§ iS'determined; the shéar; momént, siOpeiand
deflection curves are readily computed using'Eqs. 77'-£80;
For the analyéis of single span.interconnectéd bridge girdérs with

more fhan onellongitudihal, Hendﬁye Jgeger eveluate distribution coefficients
-of the first and higher harmonics of the free deflection cufve.of one.of the
. 1oﬁgitudingls; assuming that it carries the entire loading.by itself. These.
:distribuiionicoefficient$ are obtaineq by considéring tﬁe relativé deflec=-

. tioné of’the'lonéitﬁdina}s-in the transverse direéfion, in térms of the.
dimensionlesé grid parmnéter a , which répresentsbthe>stiffness of the
;fr;me. | | |

3 nEL, - - ‘
- 12 /L T
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‘where, Elr = flexural rigidity of a transversal,

EI = flexural rigidity of a longitudinal,

n = number of cross'girders,
h =, spacing of the léngitudinals;'

The distribution factors derived to distribute‘the free.deflécpion
.curve are assumed to be equally valid fqr distributing the loads, shears
and bending moments, TFurther, the same distribution factor is used for the
" whoie 1eﬁgﬁh of a longitudinal, irrespectiﬁe_of the position of the load,
This is not really the.case and the aécuracy of these factoré‘is limited,
as 1s amply illustfated by the examples in the following section.._

For gfids with 2 - 6 longitudinals, Hendry € Jaéger provide the value§
~of the distribution factor p , for zero (B % 0) and full torsion,i(ﬁ;; 00 ).
The torsional parameter. B characterizes the torsional rigidity §f the grid A

and is given by

iﬁ which GJL is the torsional-rigidity of the longitudinals, For inter-
mediate values of B, Hendry & Jaeger recommend the following interpolation
function for the distribution factors,

8 Vo ' (86)

Pg 7 po,+(poo - po) IR T

3+ gfa T

To evaluste the transversal bending moments, the deflected shape 6f
" the longi£udihals and, hence, the relative deflections of the ends of the
tfansvefsals are determined, Slope deflécfion equations then yield the
reqﬁired moments., The traﬁsvérse momgnt expressions, in terms of ihe longi-

tudinal bending moment distribution coefficients and the free bending
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" moment curve, are tabulated in Appendix IC.
In order to demonstrate the method of harmonic analy51s and to compare
the results with those of the stlffness approach a two glrder bridge is

completely analyzed below.

2. Numerical Example - Two Girder Bridge

Longitudinals
EI, = 10,000.0 units .
GJ, = 3,550.0 units
Transversals

) / EIy= - 500.0 units
/ GJTz 177.5 units
o _

= 25"

Fig., 29 Two girder bridge-

Step 1 Using an average number of transversals i.e. n = 8, the dimension-

- less parameters are:

' J nEI 3
12 . 100\° 8 x 500 _ -
@ = I <h T, < 10,000 = 2-154

AN 3550 1 o
, - 2n \L/ EIT 2x8 ICO 500. - e



Step 2 By Eq. 86, the interpolation function for B = 1.25 is

1.25 V3.15,

P = p +(py =p.)
(1.25) o e 3+ 1.25 /3.154

P(1.25) = Po * (P =Pg) 0.651

Step 3 Referring to Appendix I-B Pg. 252, the first harmon;c bending moment

distribution factors for a load on girder (1)'are obtained as follows:.

For B = o, Py = 1.0
P =0 . o
For ' B =, pll's_i - 2 = 0.728
| I .
a
o -

0.272

: : . 8 8y .
wbere, a = a(l - ;5) = '3.l5h (1.- ﬂz) = 0.597

;Interpolating for B = 1.25, the reqﬁired distribution factbrs become

1.0 + (0.728 = 1.0) 0.651 = 0,822

p =
n - |
Pry = 0. + (0,272 -0). 0.651 =.0,178
Step & The simple bending moment diagram for the grid treated as a singie

. girder is shown in Fig. 30.
: Step 5 The longitudinal bending moments are obtained simply by distributing
the simplé tending diagram in proportion with the calculated distribution

factors, Fof~example the bending moment at the load pdint, leC’. is =
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My = M =0.822 x 234,37 = 193.0 k.ft

The remaining moments at the nodal points are similarly calculated,

Ms234.37 k-ft

Fig, 30 Simple bending moment diagram

Step 6 TFrom Appendix I-C 4p8. 260, the transversal bending moments are

yp =) d=179— (py =0,) M = yM” (87)

L

per unit length of the transverse medium. The distribution factor W intro-
" duced here will be referred to as the transverse bending moment coefficient,
Substituting the appropriate numerical values into Eq. 87, the required

transversal bending moments are obtained as

M

12 "My - 1.79 x =25

100

2 x 3.154 (0.822 = 0. 178) M = 0,0091 M

| Hence, for the loaded transversal

Mgg = 0.0091 x 234,37 x 12.5 = 26,65 k.ft
The remaining transversal bending moments are calculated in iike fashion,

and the complete results of harmonic ana1y51s, as well as, the corresponding
stlffness solutlon are shown in Fig, 31. 1In addition, the complete IBM-7090

computer output of the above example for °everal loading conditions is also

.'presented in the follow1ng pages.
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46 32 22 36

1

CODE NUMBERS,I1CD(I)

_-TWO_BEAM GRID _USED TO CHECK_HENDRYS DISTRIBUTION. FACTORS(27T)

3 5 3 4

1 1 2 033 0 3 2 2 4 33 34 6 34 35 5 7
e 4683536 7 9 5 81036 37 911 - 6 10 12 37 38 11 13 .
7 12 14 38 39 13 15 8 14 16 39 015 0 9 1718 0 40 0 19 -
; 1018 20 40 41 19 .21 11 20 22 41 42 21 23 12 22 24 42_43_23_25
13 24 26 43 44 25 27 14 26 28 44 45 27 29 15 28 30 45 46 29 31
16 30 32 460 31 O 17 3 19 33 402 18 18 5 21 34 41 4 20
19 7 23 35 42 6 22 20 9 25 36 43 8 24 21 11 27 37 44 10 26
. 22.13.29.38 45 12 28 23 15 31 39 46 14 3Q
LENGTHS OF THE MEMBERS S , h
12.5 12.5 12.5 12.5 12.5 12.5 12.5 12.5_.
12.5 12.5 12.5 12.5  12.5 12.5 12.5. 12.5
25.0 25.0 25.0 25.0 25.0  25.0 25.0

EI VALUES OF THE MEMBERS
10000.0 10000.0 10000.0 10000.0:10000.0_10000.0 10000.0_10000.0__

lOOOO 0 10000.0 10000.0 10000.0 10000.0 10000.0 10000,.,0 10000 0
500.0 500.0 500.0 500.0 _..500.0__ 500.0__ 500.0
GJ VALUES OF THE MEMBERS . A .
3550.0 3550.0 3550.0 3550. 0 3550.0 __3,5_ 50.0: 3550.0__3550.0:
3550.0 3550.0 3550.0 3550.0 3550.0 3550.0 3550.0 3550.0
167.5 167.5 167.5 167.5 ___ 167.5 167.5 __167.5 :
"INVERSE OF SG FROM NS+1 (DEFLECTION'II\‘FLUENCE SURFACE) '
33 - ‘
0.2962 D.4732 0.5363 045159 0.4350 0.3122 0.1626
0.1025 0.1860 0.2368 0. AZA 91 0.2242 0.1680 0.0897
34 A : . |
. 0.4732___ 0.8321 0.9884____0.9707___0.8276__ 0.59T4___0.3122__
0.1860 0.3398 0.4358 0.4616  0.4176 0.3141 0.1680
35 - - ' |
0.5363 0.9884 1.2663 1.2998 1.1329 - 0.8276 " 0.4350
0.2368 0.4358 - 0.5648 0.6046 _0.5517 0.4176 0.2242_
36 T 3 R . :
0.5159 _ 0.9707 1.2998 14284 1.2998 0.9707 0.5159
0.2491 0.4616 0.6046 . 0.6550 0.6046 " 0.4616 . 0.2491
37 . - o |
0.4350 0.8276 1.1329 . 1.2998 1.2663 0.9884 0.5363
02242 Qa4ll6 0. 5511__~_04b05b 0..5648_ 0.4358 0.2368_
38 ' = S
" 0.3122 O. 597&__*“0 8276__ 0.9707 0.9884 0.8321___ 0.4732__-
0.1680 0.3141 0.4176 0.4616 0.4358 0.3398 Q 1860
39 o e
0.1626" 0.3122 0.4350 '-0.5159 0.5363_ 04732 0.2962
0.0897 0.1680  0.2242 0.2491 ____ 0.2368 _0.1860_ __ 0.1025 -
40 : ] o 4
0.1025__ 0.1860 ‘0.2368 0.249)1 -~ 0.2242  0.1680 . 0.0897 _
0.2962 :+ 0.4732 0.5363 0.5159 0.4350 0.3122 0.1626
4;1 - ‘. . .
0.1860 0.3398 0.4358 0.4616 0.4176 . 0.3141" .. 0.1680
0.4732 ___ Q0.8321 0.9884 ' 0.9707 0.8276 0.5974 0.3122
42 : - - N -
e 042368 _0.4358. 0.5648 0.6046 0.55171 0e4176_ . _0.2242
- 0.5363 0.9884 1.2663 - 1.2998 1.1329 0.8276 0.4350
43 . ' ' i . i .
0.2491 0.4616 0.6046 0.6550 0.6046 0.4616 0.2491
0.5159 0.9707 1.2998 l.4284 _ 1.2998 . 09707 00,5159
4 4 , . . . . 3
0.2242 -0.4176 >'0.5517 0.5648' 0.4358 0.2368

_0.6046
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0.4350 0.8276 1.1329 1.2998 1.2663 0.9884  0.5363
45 o
0.1680 0.3141 0.4176 0.4616 0.4358 0.3398 0.1860
0.3122 0.5974 0.8276 - 0.9707 0.9884% 0.8321  0.4732
46 ' , :
0.0897 0.1680 0.2242 0.2491 0.2368 0.1860 0.1025
0.1626 0.3122 0.4350 0.5159 0.5363 0.4732 0.2962
FINAL END MOMENTS FOR 10K (IN k.ft) . -
1 -0.000 =-96.915 -0.00035 2 96.112 =72.079 =-0.00028]
3 71.835 -52.805 -0.00015 4 . 52.884 -38.036 -0.00010
5 38.288 -26.396 0.00003 6  26.732 -16.708 0.00016
7 17.080 ~ -8.111 0.00018 8  8.498 0.000 0.00009]
9 -0.000 ~-12.461 =0.00006 10 _ 13.264 =-21,673 =0.00007|  1OAD AT
11 21.917 =-25.323 0.00002 12 ~ 25.243 =-24.467 -0.00000} 14
13 24,214 =-20.482 -0.00000 14 20.146 =14.544 0.00004
15 14.171 -7.515 0.00004 16 . 7.128 0.000 0.00003
17 4.052 4.052 0.00000 18 5.004 5.004 0.00000]|
19 4.182 4.182 -0.00000 20 2.956 2.956 0.00000
21 1.869 1.869 0.00000 22 1.055  1.055 =0.00000
23 0.471 0.471 ‘ :
1 ~-0.000 =-72.954 -0.00060 2 71.560 =149.529 —-0.00060]
3 148.809 —-109.996 -0.00039 4 110.004 =79.128 -0.00020
5 79.543 —=54.697 0.00019 6 55.321 =34.474 0.00033}| o
7 35.195 -16.684 0.00038 8 17.446 0.000 0.00018
9 -0.000 =-20.799 -0.00011 10 22.192 -37.975 -0.00015
11 38.694 -46,259 0,00001 12 46,251 =-45.877 -0,00000]  TOAD AT .
13 45,462 =39.057 0.00003 14 38.434 =28.029  0.00008 1B
15 27.309 -14.568 0.00006 16 13.805 0.000 0.00007
17 5.016 5.016 -0. 18 8.218 8.218 0.00000
19 7.938 7.938 -0.00000 20 6.032 6.032 0.00000
21 3.999 3.999 -0.00000 22  2.336  2.336 0.00000], .
23 1.064 1.064 . ‘ ‘
1 -0.000 =54.014 -0.00066 2 52.491 =110.709 -0.00066
'3 109.572 —-175.739 -0.00039 4 175.356 -126.578 -0.00023
5 126.957 —-87.144 0.00010 6 87.942 —=54.619 0.00030}|
7 55.630 =-26.317 0.00048 8.  27.425 0.000 0.00021
9 '-0.000 -24.114 -0.00015 10 . 25.636 =45.546 —0.00015| LOAD AT
11 46,682 =-58.642 0.00003 12 59.025 =-60.929 -0.00005¢ C
13 60.550 =53.487 0.00002 14 . 52.689 -39.135 0.00007 - -
15 38.124 =-20.560 0.00008 16 19.452 0.000 0.00009
17 4,204 4.204 0.00000 18 *7.950 7.950 -0.00000]
19 10.055 10.055 0.00000 20 8.967 8.967 0.00000
21 6.491 6.491 -0.00000 22 . 4.010 4.010 0.00000
23 1.887 1,887
1 -0.000 ~=39.250 -0.00063 _ 2 37.865 =80.095 —0.00061)
3 78.912 —-127.191 -0.00057 4 126.425 -183.675 -0.00031
5 183.674 —126.425 0.00017 6 127.190 =78.912 0.00034
7 80.095 -37.864 0.00057 . 8 39.250 0.000 0.00031
9 -0.000  -23.252 -0.00015 10 24,638 =44,910 =0.00021|  roup am
11 46.092 -60.316 -0.00001 . 12 - 61.081 - -66.333 0.00000F ™",
13 66.333 -61.081 0.00003 14 60.316 =-46.092  0.00009
15 44.910 =-24.637 0.00009 16 23.252 0.000 0.00011
17 2.980 . 2.980 0.00000 18 6.049 6.049 0.00000
19 8.972 8.972 -0.00000 20 . 10.503 10.503 0.00000
21 8.972 8.972 -0.00000 22 6.049 6.049 0.00001
23 2.980 - 2.980
UNIFORM LOADS ON THE MEMBERS '
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
0. 0. 0. 0. 0. 0.

0.

0. .




.. D. _ O. O.

.0

SET OF LOADING NO. 1

DEFORMAT IONS_OF THE SYSTEM TIMES E (INCHES)

1 2.8621 2 2.5999 3 -0.5401
6 1.0296 7 -1.2886
11, -1.2886 12 =-1.9394 13
16

=-0.9917
~0.5004

23
28

-1.2886

22
27

21
26

0.5004
-1.2886

4
14

24
29

1.9394
-2.5999

-0.0000
-0.9917

5

15

25
30

-0.9917

8 =-0.0000_ 9 =1.3919_ 10 _~-1.0296__

=-0.5401

-2.8621 17 1.3047___18. 1,2089_ 19 -0.5401__ 20 _ 0.9253

-1.2089

31 -0.5401 32 -1.3047 33 34.6494

36
41
46

29.4153 42 43

15.9097

38.4357 41.6012

34

44

63.3612

38.4356

35

45

82.1128

88.6115 37 82,1128 38 63.3612 39 34.6493 40 15.9098

29.4153

M1 M2 CHECK M1

-0.002 ~393.495 -0.00299 2

M2

639.758 —-789.814 -0.00245 4

1
3
7 646.551 -384.170
9

297.774
414.962

0.00325 8 393,493
12

14

-382.102 0.00050
-385.647 _0,00037.

11
13

0.002

153.398
43.933

-162.717 . 0.00066 16

17 25.136 25,136 -0.00002_ 18

15 290.980

43.933

0.001

.23

19 55.012 55.012 0.00003 20 58.626

4 3_,'_9_3 2

21 55.012 __55.012 =0.00001__22
25.136  25.136 ‘ -0

43.932

CHECK

384,172 —646.553 =0.00137]
786.266 -835.085 -0.00318
835.082 —-786.267 0.00146 6 789.814 -639.753 _0.00356
0.,00179
-0.000 -153.398_ _0.00019._ 10 162.718_—=290.981 _—-0.00083
385.649 —414.962

' 0.00001 |
382.102_=297.773

0.00052
0.00079
0.00000.
58.626 -0.00003
0.00003.

.. 263

54.6

Zgo 4.

6.5

87.1f—

HARMONIC ANALYSIS:

b o——— [P o o

. Fig. 31 Final Bending Moments (k.ft) 7

- STIFFNESS ANALYSIS
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3. Compérison of Harmonic and Stiffness Analysis Distributidh Factors

Several‘exémple grids with 2 - 6 longitudinals at a moderate spacing
were selected in order to -provide a relative idea of the results obtained
by harmonic and étiffness analysis, In every case, 'seven transversals were
used to simulate Hendry € Jaegeris assumption.of a uniform transverse
- spread medium.j' ,

Constant values of‘ EIL = l0,000, and- EIT = 500, ﬁnits were adopted

for the elastic rigidities of the longitudinals and traﬁsversals, respec-
utiﬁely.. Each grid was analyzed firs£.assuming the.membérs to possess zero
 torsional rigidity (B = 0), and then assuming £he torsional rigidity‘of each
. member to be of such a value thét the harmonicfanél&sis tofsional paraméter.
LB equals 1,25, which almost gorresp&nds ﬁo-infinite torsional rigidity. In
order to cover a wide rangé of loading conditions, a poinp load and afuni-
formly distribﬁted load of unit intensity were non-éoncurrently applied at
the joints and along the 1ongltud1nals respectively.

In the following tables, the harmonic analy81s longltudinal and trans-
versal bendlng moment distribution coefficients p and p, calculated as
‘ descriﬁed in.the ﬁrecéding numeriecal example, are tabulated against the cor-
',respondiﬁg values of stiffness aﬂalyéis. It is cleérly seen, that.the harmonic'
'analysis distribution factors are entirély iﬁdependent of ﬁhe 1ocation of the
sectlon and the p01nt of appllcatlon of the load along the 1ongltud1nals.
ThlS approx1mation glves rise to con51derable 1naccuracies, as the exact
‘analysis provides different values for each different section and point of
application of the load. These errors range from : lO to + 200p depending

upon the arrangement of the girders and loads. h



c5 : % STIFFNESS ANALYSIS E?‘)
= . Load on Girder 1 Q™
5 | 3 [ |58
SR Point Load at uoL | = =
g X {1251 c2sLf*375L] SL | 4

+385 T7O L 676 £0% Drdie
2501y b gy, 1 P
2770 | «798 | 2703 | *633 | “G30
*25L 4, l. 1. 1. i,
676 | +703 | 750 | €675 673
c .375L e le lmf [ lc )
' *609 | 633 | . 1735 | €69 |
sy I il P D ’ 1 .i'v'
563 | 585 | +G20 | 675 | 673 | ‘822
625Li, i, I L. P I
| 535 | 551 | *5as | 6 690
750175 55 1.58 '._33 ;
518 :555 56> | 609 |« 719
.8751- " '- |a 'l - |o
el this ] s230 | cBay | 0331 | 28]
fsh o | o o' |'s | o
230 | r202 |+287 |*23¢7 | «310
*25L1 o | © o o o
*32u | 297 | <250 { +325 | 317
1% o0 | o ol o | o 7
-2 i | 391 | *367 | 4325 | <265 | +331 | V2
' o o o © | O |78
. ‘437 | ~415 | 380|225 [217 ] O
. sges | eyt | s | 267 *3i0
0 S B B S
) *Le2 | *u65 | w437 | 391 | +28I
_ Table 5.
(8.) The plj

DISTRIBUTION FACTORS FOR LONGITUDINALS(a)

{ij -2 GIRDERS

10,000 units
500.0 units
3,550. units
177.5 units

values, when multiplied by the simple moments, yield the longitudinal moments.
(b) The lower values are for zero torolon. (8 = 0)




(a).

(b)

Hij

-2 GIRDERS

: STIFFNESS ANALYSIS o v
] A ; HH
. Load on Girder 1 20
2|8 ' 5 o
y i P Point Load at &=
. gi §§ UDL EEE
E% g slasb ] «2sb ] -375L 5L
O x p X 104
tyzeg | u3a | wor | 387 | 375
Rl B ] o o o
s | 378 | 386 | 383 | b2:0 [ 3746 ] gj0
| Ll s o o | © o o
- ey | 270 | 24.8 | 3.2 | 3807 | 37S
5L g o o | o o
L2:6 | 439 § 40.7 | 238.7 | 37:S
251 | o 0 | o. o) o)
o [0 |75 |80 |38 [w20 31 | 90
o ° 0 0 e} o)
270 | 298 | 342 | 387 | 37: 5
5L o o o) o) o

Table 6. DISTRIBUTION FACTORS FOR TRANSVERSALS(a)

The kg j values. when multiplied by the simple moments, yield the transverse moments per

unit length of the transverse medium,

The lower values are for zero torsion (B = 0)

hand sides of interior supports.

The torsional values are given for the left

- 88



. » . S
. ;% % STIFFNESS ANALYSIS Eg‘ S % VTIFFNESS ANALYSIS Q0
e 5 Load on Girder 1 %w . = Load on Girder 2 58
poge|
o | ] Point Load at ZENRS R | Point Load at =
g1 @ UDL |t < | p5. | @ UDL | %
O X |-est|e2sL| 2751 5L f & x | t125L| +25L] 3754 ‘S5L )0
a3y, r670 | *586 | NES | hG12 43 | 252, * 316} 261 [.278
1250 D9l a0y | -ser | w830 | -374 “125L) +098 | +195 | +277 | *338 |.25¢2
670 | 721 {588 | +49% | 574 . <252 | <215 | «296 | 34y | +298
25L | .g0u | +91y | -874 | -2u2 | -865 250 { -ja5 | w172 | -252 | -314 | +270
549 | 152 | -654 | *554 | *553 | 326 | +296 | «au6 | <310 | *310
375U «g¢1 | -87% | +891 | *860 | «B59 f *SSLL 277 | 252 | -214 | -278 | +282 30
' 469 | 499 |55y | *¢35 | .Sug | " i |.gy |72t | v3tn | 30t 255 o3 | Ji2
I |'su |36 | -suz | -geo | -85 | 859 | -ces | *338 | -3tu | +278 | -227 | 286 | +287
420 | o442 | ugs | 554 | 0553 | -863 | +374 $366 | +3uB | 310 | 310 | o7y
‘G251 10 | *820 | ‘836 | 860 *859 *625L +380 *361 328 °278 +282
. 390 | ‘408 | sLu2 | -499 | =Sy 376 | +374 | -366 | ~3hu | r29¢ -
‘75L | -797 | -805 | +820 | *8u2 | *865 *75L | 405 | -3% | .36) | *314 | -270
376 | *390 | -h20 | -L69 | <612 373 | 376 | 37u] cae | 276
"875L| 790 | 797 [+810 | 830 | 874 "875L| w20 | <405 | +380 | «338 | -252
, “t3y | -252 | *316 | - 361 | -276 : 732 | pd6 | 48 | <278 | +40L3B
12511098 | .yg5 | -277 | 338 | 252 1251 -gog | c610 | -4ue | w324 | 498
' 252 | 215 | +296 | -3uu | 208 496 | 570 | 4o | +312 | -uoy
*25L | v4a5 | a2 252 | *214 | .27 *25L | -gio | 656 | 496 *272 | *héo
+326 | *29¢ 246 | 310 | *310 348 408 | +s08 | -280 | -380 .
375U w97 | c252 | c2ry | +218 | -8 |4, "275L| ohus | 496 | -572 | -nul | w36 _)Lz
: 361 | 34y [ <310 [ 85 |31k | .gy <278 | +312 | <380 | ‘430 | «3721 .
E? SL | 338 | o3y [ -278 | -227 | -286 23 SU ooy | o372 | ks | sug | oag | 426
224 | -366 | e3ug | v310 {210 | 274 252 | .2¢8 | -304 | .r3gp | r380 | ‘452
"625L) .30 | 361 | -z28 | 278 | -282 6L wu0 | w278 | v3ub | -yuu | 436
376 | 374 | <366 | *3uy | *298 ) 248 | 252 | 268 | «212 | 4oy
*75 L 1 cqos | +230 | +361.]| o314 | «270 75L | .90 | +2206 | v278 *372 | 460
373 | +276 | -374 [ +36) | 276 254 fs24u8 | +252 | -278 | 443
875 L ..420 | *uo5 | 380 | «23g | -252 *8I5L) sjgo | w190 | c240 | 321496
Table 7. DISTRIBUTION FACTORS FOR LonGTTuDINALS )

fii-3GIRDERS

10,000. units

500.0 units
L,430. units
221.5 units

(a) The Pi3 values, when multiplied by the simple moments , y1e1d the longitudinal moments.
(b) The lower values are for zero torsion, (g = 0)



STIFFNESS ANALYSIS

DISTRIBUTION FACTORS

Table 7. (cont'd)

FOR_LONGITUDINALS

- 9]
. . —
S |z STIFFNESS ANALYSIS mm S = m @
B = Load on Girder 1 MM m = Load on Girder 2 m =
: _ < € X =
Q 2 Point Load at == (@) 8. Point Load at < <
g | UDL <[/ |[@ UDL| &
o o d 125L ) -2sL |*375L) S L % &) X *l2s5L | 250 |-3751L S L %
. c035 | 078 | <118 | <170 12 <134 | 252 316 s361 | +276-
125L | 538 |-r098 |-*138 |69 |-a26 125L1 .0ag |-135 |.277 |.338 |-252
078 |06y [-116 |-157 |-128 4252 |+-2157 [+296 |34y | -298
"25L.1.0aq |.v0g6 [-1126 {aise |-3s Z5L1gs |72 |.252 |y |e270
+125 e | 100 | "136 37 . , 328 +296 246 +310 310
275t aag |-ae |aos |-as | / 375L1 277 | 252 |2 | 2278 |ag0
: 70 | 157 | 136 |+n0 | riyo |43 L m L 361 | 3y | B0 255 |3y mw
u 5L <169 |15 l-1zg |-n2 |-oys ‘048 u +338 | .31y 278 1227 {.286 | *287
, -4137
206 |+t32 |67 | <136 | a3y | 374 | 366 | 3L8 | +D10 | 310 | 274
o eBblaso |t ey |-u3s sdLiN '625L] 380 | 361 [ -328 |-218 |.2%2
, 234 [ +218 | +192 | 457 | «128 i 316 |34 ] 2366 | Bhy | 298
5L 1202 195 |-qg1 [|-rise |-e13s 5L vhos | v330 |36t [ a1y |e270
251 -23Y4 |-206 | 170 | ‘112 313 | 2376 | 2374 | 361 | 276
875LL210 |202 [-190 [|-163 |~r126 87501 .420 | +uos | 280 |.338 |.252

-06-



(a)
(b)

STIFFNESS ANALYSIS o0 STIFFNESS ANALYSIS o0
. - i o
o 2ul o =
2|z Load on Girder 1 %S o § Load on Girder 2 9’(% »
<1}
5| Point Load at oL |21 E | & Point Load at |, |B =
(=) © X< || A =2} oo
ﬁ % ‘125L| «25L 1 *3751] «5L ﬁ v «125Lf -25L | 3754 5L o
3] - ; L o | Tk
o= u x 10 px 10
52.5 | n2.7 | w72 [ 416 | 42y -3 [-293 | -27.0] <166 | - 210
*35LL o o o o o L] o o o | o o
1292 | uns | u2.0] 28.8 1 yns | 62°6 120 | 165 | =213 [-21:2 1 - 19.0 | -23-0}
| |sv |76 o o ol o o _| 5L o o o o 0 0
23:8 | 27.8 | 241 | 4.6 | yuy =648 | ~2:2 | =58 |-16+6 | 210
751 o <] o o o ‘75L |- o o) [¢] o o
-52:3 |-425 | =465 | ~4003 | -yn3 ] 37| 420 | 452 | 370 | 29,
25L 1-29.0]|-228 | -29.0]-288 | -248 ‘251 1.58.6 | ur16 | 58.0 | 576 | 53,
: 2 5L ~377 | -4042 | -42.0 {-38.0 |-U&S | -72:3 2 1335 1 310 | Moo | 2647 | 38.0 | L3D
-288 | -288 |-21.6 |~22.7 [-274 | -20.3 SLolsag {516 | 552 | 474 | su.8 | tob
qsL {720 -25:4 [ -32:2 | -yoe3 f-uu3 | ' 151 3.4 | 184 ] 26-7{ 37.0 | 33.} :
~20:6)-22.0 | -290| -28.% |-2(.8 L1.2 | Lk0 | 5222 | 576 | 53.¢4
. ~15h |-13.7 |-200 |[-328 [-213 e | 23700 | =293 | =270 {-16:6 [-210
st 3 () o) o o 5L o o o o) o
{272 [-2502 [-208 |6y | =226 [ =394 -12.0 |-16.5 |23 [~21.2 | <1g.p | ~22©
3 SL o o o o o 3 SL ol 6. | o o o o o
. ~30-6 { -30.0 |-28:3 |-32.8 |-21'3 . =68 |-2:2 [~5.81-16:6 |-210
75L | o o | ¢ | o o SLln | o6 o o o

Table 8. DISTRIBUTION FACTORS FOR TRANSVERSALS(®)

The “ij values, when multiplied by the simple moments, yield the transverse moments per

unit length of the transverse medium.
The lower values are for zero torsion (g = 0).

hand sides of interior supports,

The torsional values are given for the left

- 16 -



(b) The lower ‘values are for zero torsion. (B =0)

fij - 4 GIRDERS

o o &
e e 1are
DATA:

EIL = 10,000,
EIT = 500.0
GJL = 3,940,
GJT = 197

e

e 180

units
units
units

units

S - STIFFNESS ANALYSIS Q0N 3| = STIFFNESS ANALYSIS ‘,z_%.."i
0
= 18 Load on Girder 1 S22 1l =18 Load on Girder 2 % b3
& > [ : <t
g S Point Load at | ypf, g g é 8 Point Load at UL | &
O x| 25l e25L | 23750 5L 7 & | = | aesL] -25L | 3750 o5L o
Bl <SyH | *5iB | cuio | +581 chb) | +258 | +321 | +Dhab | ©270
250 .gég(b) .%}; 739'2 -;29 -8!0; 125L1 <112 | «218 | «304 | +365 | -274
+640 690 | 559 | »u70 | *545 258 | 217 | <293 | -330 | -290
*25L | 958 [ e375 | -81S | +765 | <799 25L | w218 | 2192 | 276 | r3y) | .29y
518 | *559 | 29 | «5286 | 525 . 391 | 293 | 242 | 300 | 300
*375L1 796 | +815 | +guo | 792 | -7% 37501 «30 | +276 | -23h | 302 | +306
I 440 | 470 | 526 | w10 | 518 f,. J . 34 ] 330 | 300 | 248 | 303 })17_
& 5L +749 65 | 192 *830 | T8¢ «5a¢ SL ‘364 A4} 302 1 w247 *310 282
. 03972 413 356 | 526 525 <296 347 343 320 330 +300 -297
625L] -1y | -728 | +756 | <792 | <190 625L1 o5 | 385 | +353 | +302 | -306
36y | +380. 1 413 | <470 | .545 _ 340 | +3nh | 2343 | 330 | 290
T5L | gee | r702 | 722 | -765 | -799 T50 | cyae | euvy | oaags | e3w | c294
350 | +36Y4 | +332 | ‘Huo | +S8L 33| o340 | 347 | c3uh | 270
‘875L) 15 | 688 | -7y | 749 | 4812 875L1 o | 422 | wos | 3¢5 |21
N *258 | *221 | 3L | <270 *697 | *uu5 | 285 | *226 | 400
25L | ez | e218 | 304 | -365 | 274 {1250 } 165 | 552 | vhioo | 300 | 465
258 | -217 | .293 | +330 | .290 4us | 529 | 386 | 262 | 354
*25L | g | 192 | 2% | -3t | o209y '25L | .ss2 | <610 | 45t | 3t | 428
. *321 | 293 |-2uy2 | +300] .300 »295 | *35€ | k63> [ +331 | *33p
C|"375L) vany | 276 | o234 | 0202 | 2306 s 3L oo | -651 | 539 | rwiz | ewos 7
2 3uy | +330 [ 300 | *2u8 | -303 | % 2 0226 | *262° | *331 | 7 | 0323} 22
& SL o laey | 3w {302 | w7 {310 | 282 | € I'SL {300 | c3wr | w2 0519 | oo +368
. 347 | 343 |+332 |«300 | -300| ‘297 1*205 | 219 [ -256 | +331 | 330 | ‘422
6251 'Yos <385 «35% 2302 -30{ LY 246 274 *326 Lz Loé
. 340 | 3uh | 343 | 2330 | 290 s | 1204 | r206 | -219 2262 | 354
5L | g | gy 385 | +3ul | -294 <220 | -23g {27y | c3ul | pg
. 334 | +3uo 347 {34y | 270 . <208 | *204 | 205 | +226 | woo
815L] wuyo | 422 | -uos | 365 | -2y 875L| 210 | 220 |-246 | 300 |.yes
. : a
Table 9. DISTRIBUTION FACTORS FOR LONGITUDINALS( )
(a). The py values s when multiplied by the simple moments, yield the longitudlnal moments

| | ]t




vm.n..u. - STIFFNESS ANALYSIS - m m .nNu. _ STIFFNESS ‘ANALYSIS m m
S Load on Girder 1 185 S Load on Girder 2 O b4
] £ - #2 8 | B . g
a - i =2 a © < =
B m Point Load at UDL 32 g |8 Point Load at uDL | 2
© x | 12st|-25L)-375L] 5L % o o | -12slf -25L1-375L) -sL 5

03y | ~077 | <121 | +160 | 108 127 | 222 | +26% | 1269 | 222

250 [0y =01t | 103 | 027 | -om 25kt 3y | cmo | 296 | ezio | f2u6

077 | <070 | 110 | 1u1 | 22 2222 ] 184 | 240 | 262 | «23y

*25L |_.on1 |~-'005 ool | *022 01 251 2yp | c202 | 248 | c294 | *242

121 | 00 1 .095 | 128 | .29 263 | WO | 94 | e2u1 | e240

3751 w003 | ooy | 001 | w016 | 013 315L1 w296 | «248 | s220 | 268 | 270
2 160 | w7 |28 | t03 | 432 %m_ 3 | 2269 | 262 | 241 | 201 | o2 f22
5L o217 f.re22 | co1g | ton |9 | t103 SbL | 310 | nag | 268 |+223 | 272 | c2u7
AQL ) 77 | 156 | 128 | 129 | tOV7 259 | 2261  +258 | 2ul | 2u0 | 1263

*625L | w054 | cowy | 030 | 016 018 *625L| 296 | *298 | 292 | «268 | 270

1210 | 88 | 47T ) e} 22 246 | 253 | :260 | c262 | .23y

5L | o | cobl | vouy | o2z | -ols 5L | 273 | 286 | -298 | -298 | w262

221 | 210 | 194 | 160 | 109 236 | 2u6 | 259 | 249 | 22

87541 093 | w17 | resy | c021 | omy B15L1 w55 | 213 | 236 | w310 | 246

5 c010 | r025 | rOuI L 2057 | 037 +03Y4 | 077 } r121 ] <160 | +ICY

M25L [i623 [-065 (=163 [~ |=rio 25l 1o f-rort {003 | w021 | o4

. ‘ “025 | 0235 | +038 | .053 | ou3 0717 | 0106 | 110 wl | 22

*25L 1065 [-+061 |-+095 [~129 |-+109 *25L |11 |-v00s | ooy | ro22 | -6

| out | «038 | 033 | rous | 0u6 : H2U L epio | 095 | r128 ) 123

CL 3TL]v03 |-095 f-vogt |-r12 |-riny 5 *375L| 003 | w004 | c007 | -0t | +a1g
; «057 | «053 | ~0u6 | 1038 [ soug | 74! : (160 | 7 | 128 | w03 | 432 %ﬁ.
4q | 140 |-129 |=112 {-030 |_eig | 012 q "SL 027 | 022 | eoig | o1z | -o19 | 103
. "~ |07z | 067 | 058 | roub | ‘046 -+110 i ] isu | <177 ] 456 | v128 | 129 03

€2SL 1ty [-+158 |-1139 [orii2 |-tiry 625L] oy | oty | w020 | 016 | o8

085 | 078 -| 067 | <053 | 043 . U0 | 188 117 | w922

751 |19y {4180 . |-+158 [-+129 |-+108 *T5L | w077 | wosy | cony | 022 | e0r6

| eo9u | 085 | +073> | «057 | 03] . 221 - 2210 | 119y | +160 | *i09

*B75L1-209 |-s19y |-a71 |-r1uo |10 875L] 595 077 | cosy | c0271 | roth

Table 9, (cont'd)

DISTRIBUTION FACTORS FOR LONGITUDINALS
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(a)
()

bi; —4 GIRDERS
. STIFFNESS ANALYSIS =gz . STIFFNESS ANALYSIS 24
e | = Load on Girder 1 %a 213 Load on Girder 2 g g
o & Fi
= . < £ . <
Point Load at Point Load at = =
3 3 unL | £ Z % 8 : oL | = 2
g v) 25401 284 ) «375L] SL S 1250 ] «2sL ] .375L) -5L
* p x 10k >~ u x 104
53.3 L3.4 Yé.2 %2 Lie| =342 [ ~2£.6 (=218 | =92 | -5
sk o o o o o 25L L 5 |l o o o o
5L 36.0 } 392 {yig | 334 | 39.9 | 85-3 L -3:5{-4a.y |-15.7 | ~17.2 } -12:9 | -23.5
l o o) (o) 0 o o I -5 o} o} (o} o) o - I}
20-7 | 2S5 | 31,0 | 3%.2 | yhu ! 4.7 | to4 | 225 | -2 [-15:5
‘75L) o e} ) o o st | S o o o o.
2t =521 | =430 | 452 | -37.3 | =3%¢b 25l S4eq | 439 | uaed | 3wy | 380
=36 | -33.8 | -31.5 | -38.4 | =359 > EL5 ['50.1 | S0 | syl | 5241
22 oL |23 | -373 -gosl [ =372 | <38y | -95-0 22 5L | A6 | 3wk 388 | 36y | 36:3 | u86
-390 {-38 | -3(-8 |~3158 [-3b6 | -36-4 7 52:8 | 544 | 5.l W8 | 529 | 52.8
<170 | -2p2 |-28:31-27.3 | =394 o N 102 | g 2302 1204 | 38,0
TSL 1.23 | L35 | -37.3 | =324 |-35.9 BL A 3u | 3ag | 468 | 5wy | 527
s 187 | -6t | =239 [-29.3 | -24.8 . -38u | 23002 {210 |-15.5 | =201
251 -2 | ~10.Yy -lé»? ~23.0 |- 19:.0 251 =139 |=-q.L [- 4.0 7-3 2-1
3 451_ -306 |-29.3 }-25.5 |-20:7 |-26:3 | 7176 3 . -10-3 {=15.6 |=204 |~22.0 |—-18,8 | 52
= =254 {-23.0 |-19.5 |-18:5 (-20.4 §-19.¢ 1.4 7.3 24 }-0.6 Yl 2]
75l (T3 [ =334 [-324 [-29.3 [-2u.8 asp | 6-2 | 2h |- |-iss -2
324 ] -30.8 {~27.7 |-23.0 [-19:0 3103 1 2604 | 1827 7.3 21
o 61 [ =57 -89 |19 [=tos “13.0 | =t | =156 | 182 | ~15:5
Bt o o ) o o 25l o o 0 ° o
‘l sl 120 { =119 [-10.4 =8t [-106.7 [—22-1 s -1q. | <180 {160 {-12.8 =162 |-39.2
o o 0 o o) 0 é} el B 0. o 0 o o)
. ~18:0 | =167 [~14b [~1.9 |-10-1 174 [-18.3 |-18:& [-18.2 |-15'5
75L o o o o fe) 75k (o) (@) o) Q C

The By values, when multiplied by the simple

unit length of the transverse medium.
The lower values are for zero torsion (B = 0).
hand sides of interior supports.

FOR 'I‘RANSVERSALS(a)

Table 10, DISTRIBUTION FACTORS

moments, yield the transverse moments per

The torsional values are given for the left

-176-



(b) The lower values are for zero torsion,

(B =0)

/A v 4 - 5 GIRDERS
f . . .
[ ] ] / EL, = 10,000. units !
! [ / / / 3 EL, = 500.0 units a
~ T .
b GJp = 5,910 units
. © G = 2 '
H / / / / . JT 95 units
i ~ )
[ A
- ! !
0] @ ® ® 6
- —5 157 L1575k 1S5 157 e
s l= STIFFNESS ANALYSIS gal g | . STIFFNESS ANALYSIS = ﬁ g | = STIFFNESS ANALYSIS | Eﬁ
= | = Load on Girder 1 Z9 & S Load on Girder 2 % 5 & S Load on Girder 3 %E
518 ' = Al £+ £
N m . : A < @] : < & i 0 o 3 < =
0 | o Point Load at Point Load at - - Point Load at
& UDL %-.3 H 2 _ wL |5 E |8 — UDL | <
(& xx 4250 -25L [ -375L| 5L f x ‘250 25U *375L] *sUL f) o cj25Lf 25l [«3715L]| S L f
2755, 1 "538 | *HOO | 324 | 4% _ U359 f 273 | 3k | +312 [*260 | <050 | 108 | 158 | v3y | 4135
‘1250 .gmw, .3.—, 0 | -684 |62 25l 120 1 v247 | +332 | .38y 294 | 125l -4003 | «012 | *OUY | 06T | rOS3
538 | 605 | 451 | 9357 | bbbl 1273 | 225 | +288 | 306 [-276 5L +108 [-0396 | <143 | 180 |+150
25L | .g17 | -g28 | «7¢5 | -705 |-745 251 1oy |2y | e296 | 362 [e31s c012 | +617 |+oul |01y |-058
400 [ -451 | «5LO [ +4206 |eL20 . 314 | +28% | 238 | -286 |-292 958 f w3 | a0 | 157 |59
315L | .0 | v7e5 | «8op | +738 |-735 f 3751|332 |.20¢ |-254 | -323 |.32¢ 3751 cony | roL) | 038 | 060 |-062 J
' |22y | 357 w20 [ 52 s [V .| |e312 {306 [+2B6 | 260 |-284 70'2 5 {94 | (80 | 157 [+127 |16t | 13
| 5L |.ggy [-705 |-738 | 187 |.730 | ‘482 | SLo1.agy | ez |'323 | 265 | 330 | 276 | L {w0e7 |07y |-0¢0 |0t |06y | #1310
28y |-304 |.3uy | 420 [-420 | *T43 29y | +299 [-301 | 286 [+282 | *bI7 . 2215 | -204 | 186 | 157 |+158 | 060
25| .uy | -ceo | 693 | 738 |+735 62501 3 | 2399 | 371 | 323 |.326 625L1 123 |08 |-085 | 060 |-062
263 | 2276 | 304 | +357 | bkl ' 275 | 286 | 299 | 306 |-276 . 2226 | 0220 | 204 | <180 | 150
15L 1 g5 | 632 |60 | <705 | 745 *ISL | w30 | 420 |e339 | 362 |.315 5L tasy |-136 |«108 | ro4 | -0s8
+254 10263 [e224 | 324 (483 263 | 275 | 294 | 312 260 8751 230 | 226 {215 | 119y | 135
8151 {600 | <615 |-guy | 684|762 8I5L 436 | 430 243 284 | 294 L7z A5 |23 | 067 | c053
N ]
Table 11, DISTRIBUTION FACTORS FOR LONGITUDINALS(a) ©
: N
(a) The Pij values, when multiplied by the simple noments , yield the longitudlnal moments. !




STIFFNESS ANALYSIS

STIFFNESS ANALYSIS

Table 11. (cont'd) DISTRIBUTION FACTORS FOR LONGITUDINALS

S| = STIFFNESS ANALYSIS SR 3 - SR = R
Z | O . =0 = o ] =nlh & | S ~ =4
& = Load on Girder 1 o m e H Load on Girder 2 ehll o | B Load on Girder 3 o
: € ; < i © Al d | o . i
-:‘533 2 Point Load at UBL %5 Q| = Point Load at .o IS | & | 8 Point Load at UDL %%
. . . . L)
o X {25l | e25L [-»I5L) 5L f & x -125L) -28L | 3750 c5L f &) x  {ea2sLfe2nL | 275L| 5L })
vasL 159 273 |3y | 2312 | +260 ‘25t 638 | 36t | e228 | BT 1 3us q25L 1251 e222 | 243 | s232 1 4224
oz o™ ean7 | o332 [ o384 | -294 25 <720 | o486 | +334 [ 254 | 418 152 256 |.2ay | +288 |24y
-27% | -275 | -288 | <306 | 276 . 361 465 | 290 |.212 | -360 222 | (181 | -226 | «232 |24
250 |.2u7 | e2an | 296 |36 | '3 5L 1-486 | 5o | 392 |22y |0379 250 | a5¢ | can | w268 | -282 | 256
gy | 21 | 288 | 238 | 2g6 | 282 .37'5L 228 | 230 | *h08 | .22y |.278 aqsy| 243 | 226 | -186 | 220 | 217
‘332 | *296 | 254 | 323 | -326 , 33 | 332 | (L0 |38 | 357 . (294 | 268 | -221 | -264 | -2¢2 | p
i 21 : I 22 5 Joaz J
2 312 [ 306 | 286 |+240 | 284 2 487 f c212 | 2224 | 356 | <272 ~ 2 g | 232|232 | 220 |87 |218 | J23
_ 5L l.zsu |-262 | -203 |.265 | 0230 | .27¢ 5L feasy 291 | 362 |-474 | 350 | +312 ‘288 [ 1282 | -26h | -222 |-264 | u224
' 204 {283 | 301 |-226 | 282 | 217 ‘ d8s | 189 ez |22y | 278 | 37 . 212 1.220 226 |.220 | -2 | o256
176250 {103 |23 | 371 | 323 | 326 ' 625L | 219 | «238 |.282 |.262 |.357 : 262 | +270 | *276 | .264 | 262
275 | 286 | 299 | 306 | -276 q9y %0 | -183 | 212 |.200 [ 198 | 1207 | +220 | 232 | -204
5L 450 |-420 ~389 359 35 :'75L *209 217 238 22\ +373 :.7SL 0237 252 270 | 2282 | 258
e L2en 275 |29y |31 | 204 202 7| w19y | -85 | 187 |+3u5 gz | 120 | 198 | r212 1 r232 420k
81501 436 Lozo | w3 |39k | 260 "85L) <208 | 203 | 213 254 |41 81511 a20 | w237 | -2627| 289 | un
c050 {108 | 158 |9y | *I35 . 125 1,202 | 263 {232 | -204. . <630 | *340 | 99 | (ISU | 320
1250 1505 | o2 | eouy | 1047 | 083 125L 152 | +256 | :294 | -288 |24y 12501 .702 | .43 | »»23 | 25 [ -Lo3
«[0% | -09¢ | b3 | 180 | 150 222 | 81 | 226 232 |21y 340 | Lu8 | e2eh | 179 | 272
250 fuoiz | w017 | oyt | oy | w058 251 1 asg | | e8| 282 | .a2sg 250} en sty | o380 | 298 | 370
AT5L 158 | <143 § <120 | +157 | *I5B 3751 243 | e226 | #186 | +220 | 247 ' (199 |26k | .38 | s2k6 |.250
oLy | coul | ro28 | «060 | 062 f 294 | 268 | 22l | 264 | -262 90 3751 [ 2323 | -380 | 482 | 354 |35y
3 Josp [c19u |80 [ 157 | w27 feier .5‘ 3 5L 23y | 232 | 220 |-i87 |-zi8 | 732 B | |5t {479 | e [ 373 | 242 &5
" |06z | ro7y | r060. | 10w | o ELN | B 288 | 282 |26y | 222 |eaen | 22U SLo| 256 | -288 |35y |65 | 345 | <291
a5t 215 1 <204 | -136 [ 457 | *158 * 060 ) ‘212|220 [ -226 | +220 | +217 256 A e | es2 476 | ~246 | -250 |*368-
: (123 | 107 | -085 | «060 {062 625L | 263 | +270 | 276 |-2¢n 262 | 47625L1-230 | aauy | 280 {354 |-35%
5L 226 1 +220 | -20h | #1880 | *ISO 5L (198 [ -207 | -220 [+232 | -2y . A52 | IS | el52 | <179 | e272
5y [ 136 | 107 | o7y | 058 237 | 252 | -210 | 282 }.256 TSLleoig | 228 | .24y | -288 | 370
2230 | 226 c215 .04 | 135 190 | 198 212 | 232 | -204 159 52 {46 | 151 | +320
875L 1172 | sy | 23 | 067 [rosn 875L 1920 | 237 |-262 |29 | -2un 1°85L 2216 | <218 | 230 |.256 |-uo8
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. 0 ' > d [SND]
S . STIFFbﬂ?SS ANALYSIS o0 e = STIFFNESS ANALYSIS E E e = STIFFNESS ANALYSIS 29
e S Load on Girder 1 = gz =] H Load on Girder 2 %E = = Load on Girder 3 gs

£ = . ~ < || X : ' =
o i g3 8 2 Point Load at <= || o ] Point Load at < =
& % Point Load at UDL = Z| & e v, |E 2| B = voL| 2
O ~ |+12s5Y -2s5L|-3754 -5L P x  |-2sL] 254 2751 5L £ x | <1250 -25L( -375U «SL P
025 | *OB2 [ <080 | +iOT | 013 . Oy [ 083 | I35 | «l6L |16 135 <2272 243 | 222 | -204
1250 |01z |-*031 |-+023 |-+ouy |-+029 125Lfe01r [-ou3 |088 |-131 {-08Y LSh 152 o256 |29y |-288 f-2ub
|-o52 |.ou7 |04 |+099 |-082 <093 [+082 |22 |-152 | -128 2222 | <181 | 2226 |23 [ 214,
*25L |..031 |-028 |-roul |--0S1 |-wou2 125t |-ou3 J-ou3 |.01g [-ng |-093 *25L J.g5¢ | 211|268 |-292 |-25¢
-080 [-07Yy |+0O64 | <086 |-087 35 |22 Je102 te1ny §el3y . o2u3 | <226 | <186 | -220 |-217
+375L |~+033 {-coll) |--03H j-roul j--ous *275L).08¢ |*018 |-067 |-035 | -099 23150 | -390 | -268 |.221 |-264 | 262 ?
: slo7  |+049 | 086 | 070 |-089 ﬂ.. , el [-152 {133 {108 | 437 Pua 232 | 232 |+220 | 187 {:218° .‘*3
4 S L {ouy |-rost {-roLy |-+035 |-0u5 | .06l 4 SL Ja3) [-116 {035 [-015 [102 | w127 4 5L 1282 1-282 | 264 | 1222 1-26N4 22k
. 129 14120 |-10§ |«086 |.087 _eoL3 qQ0 F 172 A7 133 | 13y 0385 212 <220 |-22¢ | 2% 0217 T2se
6250 |-v0s8 |-105€ |-r05) |-Ouk -ous |- "625L|-163 (148 | 124 | 035 | -099 | 625L|2¢2 | 1270 1276 |-2¢4 |-262
Auly 135 [-120 [+093 | -082 189 f18h |72 |52 | 128 198 | -207 |-220 |+232 |24
750 |57 {1057 |-r056 [-*051 [-r0n2 *75L (181 (169 {133 [*116 | 033 "ISL 1237 fe262 {270 f-282 |-254
54 [-i4u |-129 | 017 | 013 C o [+132 1189|181 |a6h | -6 <1950 | 138 | -212 [.232 | .20}
BI5L{-+054 |-057 |-r058 |-roul |-025 815L1.130 | 181 |-163 |31 | eo8n 875L) 20 |237 |-262 |-288 |.2uy
013 |.030 |+ouT | 065 |-043 023 | +052 | -0go | 107 | -om3 050 | «108 | <152 | +1au [413s
25l {-"c20 |-*okY [-076 [--078 |-0 ‘12501015 1-+0321 |-+033 |-*oub [-+039 125LL.003 [-012 | oy | 067 |<053
+030 |[+027 |+0u3 [*060 [-0y3 052 f.ou |-07y |+099. {082 ‘o8 | +09¢ |+ly3 |-180 [-i50
*25L {—oul [~ouyl [-r065 |-'0%0 |-076 *25L |-0%1 |--028 |-royl [--05] |-so42 25L vo12 | 1017 | oul - ‘014 1:058
) cou7{.043 | 038 |-052 {-052 i ‘080 | 07y {.06k |:086 | +08] 158 | 143 | 2120 | 157 |+138
‘375L]-1070 |-*065 [-+057 [--078 |-'080 $ 3751033 forout {03y eyl [-tous SB5L L oyy | oyl | 038 | 060 | 0c2
5 065 1060 [+052 [-0oK2| o5y Si 5 <407 |+099 |.086 {'070 | *083 ‘PSZ 5 - “19y | 180 |-157 {127 |6l '{)53
: ‘5L 1-c018 [-'0%0 |--078 [-r0g3 |-030 | ‘051 5L l-wouy f-ros1 [-rouy f-r035 [~*0u5 | epg, SL l.oe7 | -0Tu | 060 | rouT |rotu | +131
-080 |04 [065 |-052 |.052 |-r077 129 |120 [¢105 |-086|+087 [ _, 45 »215 | 20y {186 |57 |-158 | *060
*625h|-122 |~112 [-+097 |-+018 |-+080 *625L|-058 |-+05¢ |-:051 -*oLy |--0b5 625U.153 |+108 085 | *060 | +062
-092 |+085 [-014 |+0G0 {-0ul ‘hy |35 |20 |+039 | 082 *226 | 220 204 | <180 |50
75k f-ya |-1%0 |12 |--0%0 [-r076 ‘75L |07 f-057 |-r056 [-r051 |--ou2 I5L lasy fe136 |-108 | o1y 058
1+099 |-092 [-080 [-065|-ou3 5y ) aawk [ 29 [s107 | c073 2230 | +224 | -218 [ +194 |35
875L1 sy |14 <122 |-018 |07 *875L w051y |--057 |-+058 |-roub |-+039 | 815L1 72 Jasy |23 |-061 (053
Table 11. (cont'd) DISTRIBUTION FACTORS FOR LONGITUDINALS 3
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S STIFFNESS ANALYSIS . wll 2 - STIFFNESS ANALYSIS E:é‘) (50; 2 = STIFFNESS ANALYSIS Eg,
; § Load on Girder 1 %E & E Load on Girder 2 gs 5 H Load on Girder 3 ga
3 ; B2 2 |8 [ Pa » 218 |8 - at | 2
) . = . oint Load at <=Z| Point Load at < 2
g é Point Load at UDL % Z g A UDL | = < | H n UDL| = <
© ~x -1251} -2s5L)-3754 -5L P x ‘qosl] e2s5L) 3750 5L Y > <125l -2s5L| -375 5L P
14023 052 QB0 [ +i07 | 013 - 0Ly | r083 | I35 [ <16 YL | 116 ‘135 227 243 | -232 | -20u
1250 |_co15 [=+031 |-+033 [--0ul [-+039 (150 eqiy [rou3 |-088 |-t3z1 |.0RY4 12SLi.ys2 fase |.294 |28 |-2uy
|-os2 |.ou7 [r0T4 [093 | -082 093 [ 082 |22 |-152 | -128 «222 | -181 2226 {2232 b2y,
*25L 1..031 |-028 |-roul |-051 |-oul *25L 1.0u3 [-ou3 [-018 |-11g |-093 *25L fagg 1 o211 | o268 |-282 |-256
‘080 |-074 |-O6Y |+086 |-087 35 |r122 |02 |33 | i3y , ' w243 | +22¢ | +186 | -220 |-217
*375L |-+033. [-*0LS ]--03h [-sony |-ro4s : 3751 .58 018 |-067 |-035 | -099 23150 129y | 262 |-221 | .26l | 262 2
‘o7 {099 | 086 | -070 '083. '_PL.] . 6l 152 133 [ 108 | 137 Ph’l. 232 | 239 220 | 187 |+218° .1‘3
4 5L jooyy [—rost {-roly |-1035 [-ous | a6 4 5L SEL <16 1+035 |05 | +102 | 27 4 SL 288 |-282 |26y | 1222 264 224
(129 |+120 [-105 | +086 1087 |_ .43 B 472 5T 1133 ) i3 | «095 212 1-220 {-226 {220 |-217 1256
‘6250 |--058 |-056 |-05] |-'OLl |--0u5 - "625L 163 |18 |-124 |-035 |-099 6251} -2¢2 |:270 | -276 |-2¢h |-262
Jauy 35 |+120 |-099 { ‘082 A1gq |-184 [-172 {132 | 128 ‘ass {.207 | 226 {222 .2y
‘750 o057 |-r057 [~r056 [-"051 |-1042 S75L [ 1B (163 |33 {IM6 | 033 15L 237 | 252 |-270 [-282 |-25¢
A5y |4k (129 | -10T | 073 *192 | 189 . | 1By 164 | MG _ <150 {198 | -212 | -232 |20}
BI5L {05y |—057 |-r058 |-roul 035 915L1.190 | 181 |-163 |er3t | eosy 81511 220 | 237 |-2627|-288 |-2uy
. B OIE .030 |*OLT | 065 [-043 : ‘023 | «052 |+0@0 |07 | 073 " |-050 | +108 | -188 1L 138
‘125L |-*02¢ |--ouy |--070 [-:078 |-0m ‘125L 11015 [-+031 [|-+033 |-"cul |--039 125L Loz 012 | ony | 067 |-053
+030 [ 027 [-0u3 |'060 | -049 052 |-ou1 |07y {099 | -082 108 | +096 |-u3y |-180 |50
*25L j--ouls -0yl [-r065 |[-'0%0 {-076¢ *25L |--031 [-+028 [-+oyl |-0s] |-+042 '25L 1oz *O17 |oul t+074 |-05%3
+047 j-043 | 038 |-052 |-052 i 080 | 07y | r06L |+0B6 | 081 158 | +143 | 1120 [«157 |53
. "375L1--070 |-'065 [-+057 |--018 [-+080 P 37501033 <roun |-r03Y [-vonl |-'0uS SB5L 1 oyy | -oul | 038 | 060 {062
5. <065 [ +060 |+052 [.ou2|-05y | 'S 5 107 |-093 |.086 |+070 | +083 1052 5 ' 19y [ <180 |-157 {127 [*16! '?5
‘5L |..078 |-*0%0 [--078 |-*063 |-r080 | *051 SL |aeayy =051 |-s0ul [-1035 [-*0L5 | on¢y S L 067 |04 | 080 |-aul |-obh | <13
080 |04 |065 [-052 |.0589 |--077 129 [+120 [*1058 |-0B& | 081 —ou3 2215 20y |-186 {57 |-158 | *O60
*625L[-122 |-+112 {-+097 [~+078 |-080 *625L |-058 |-r05¢ |-+0S\ |-toay [--0u5 '625U.123 | 108 |.085 060 | 062
-092 |+-085 |+674 |+0G0 [-04yS by | 135 1120 |°+039 | -082 *226 | 220 | *20Y4 | -180 |-150°
*75L {—1q2 |~ 130 o112 |--0%0 |-r07¢ 75 L_ =057 [-*057 |-*056 |-*05| [-.0u2 TSt lasy [136 |-108 s07h_| 1058
039 |:0392 }-080 |-065]|-0u3 (54| by je1G |10 | c073 <230 226 1218 |13y |36
815U sy |- 1u2 |22 [--018 (-0 '875L |05y |-+057 |-058 |-roul |-039 8T5L 412 |15 | a23 |-067 053
Table 11, (cont'd) DISTRIBUTION FACTORS FOR LONGITUDINALS
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-5GIRDERS

-22:5[~20.3 [ 170 |- 1301

—li |

Hij
STIFFNESS ANALYSIS Snll o | = | STIFFNESS ANALYSIS Q9
%' = Load on Girder 1 %g z E Load on Girder 2 g %
£ E Point Load at UDL § %:. é % Point Load at  |ypy, = ':22
E ‘J—,J ‘125L | -25L | -375L| -SL H +125L] «25L ) 3150 SL
© x b ox 101+ x pox 10h
“25L | -41-0 |-32.9 | -4o:3 | -3%8 | 319 _ 25L [ 634 | 51y [ 547 [-454 | 414
O | -5L |-336|-39.8 |-3%0 | -23.8 | =3By =381 o |5t ute {456 | 489 | uly | u6s | 410
5L | =346 | -33.7 | -3268 | -39.8 |-319 (I5L J et o | 342 | 456 | 476
5L -lgg -16:7 | ~260 ;BMO -233 5L foyse) | -t0 -5 ] € 02 .
25 et 1oz Doawo L o290 [ <232 o203 | =298 35 Lo aes |Gy | 03 (-9 | 206 | '3
o lersU [ -bbel ] ~428 | -394 [ -3Ww0 | -2843 750 |22 oy | 15T | bkt 0-2
2250 | =58 | =54 | -2 |13 | =1 5L [~7.0 [-55 [-T7 [-19 | -6
4 [-sL f-tws |-t o |29 (g [T g st -88 (-9 | -el TS T R B AT
5L 1SL [ o6 |-0e} |56 |-T] | =g

.Table 12, DISTRIBUTION FACTORS FOR TRANSVERSALS(a)

(a) The p ij values, vhen multiplied by the simple moments, yield the transverse moments per

unit length of the transverse medium.

(b) The values given are for zero torsion only (B = 0).
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. STIFFNESS ANALYSIS . STIFFNESS ANALYSIS o0 . STIFFNESS ANALYSIS owm
(@] = - 0w (@] = - EH (@] = - H
= = Load on Girder 1 gall = |8 Load on Girder 2 S8 = |8 Load on Girder 3 %%
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Table 13. DISTRIBUTION FACTORS FOR LoNGrTUDINALS (2) .
0
(a) The P44+ values, when multiplied by the simple moments, yield the 10ng1tud1na1 moments. No
]

(b) The lower values are for zero torsion. (g =0)
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Table 13, (éont'd) DISTRIBUTION FACTORS FOR LONGITUDINALS
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Hij ~ 6GIRDERS

STIFFNESS ANALYSIS. . .

STIFFNESS ANALYSIS

STIFFNESS AMNALYSIS

(v) The values given are for zero torsion only (B =

unit 1ength of the transverse medium.

0).

2al o 0 | 24
g = Load on Girder 1 S8l o= Load on Girder 2 25 g’ = Load on Girder 3 SR
S o g4l 2|8 : sHl =18 02 52
E § | Point Lgad at . < E E. Evrj Point Load at UDL ;é:z: ?;é; g Point Load at | .. |£Z
& @3 ye125Lf +251] -375L -5L | |erestgo-2sL | -275L) WSL B Y2 |rest)eest|.275L 5L
° = u x 10% 7= A w x 10% e b x 10b
2250 | =45.01-36-8 | ~hIrh | -37.9 -3, 2251 | 624- 513 | W6 | 349 | kLY 5L | -wS 1-2:9 | 7.7 | 20. |10.8
2 5L |-3621-379 |-389 |-3wg =376 [~377 || D [+5L | 282 |34.9 | 423 | L2 | 386 | 400 D | -5L 2600 2000 183 | 5.2 |k 2l
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150 {-4l5 1-4602 =050 Lopylo =304 75L [=t5et [ 153 (435 | TG [ -0 5L | 35.0 364 | uog [ UM | 53
250 | <103 |-10.8 (=173 (=239 | -20.] 250 =122 { ~%0 |[-1T |-109 |-9:2 250 |~ 606 P41 | Geo (1A A
4 SL|-26:2 | =239 |-206 {-16.3 |-201.5 |-208 4 SL [-109 {-1ho [-9.6 |-710 |-9:6 ~To 4 5L {263 | 1) (oS LWy |z |tk
C | eTBL (=375 -3l 3000 [-23.9 | -20:] 5L - 10 f-2ly {-740 {-1649 |-9.2 750 [ 329 | 30 {274 {19 | 9.9
25L | -3-7 |=3:5 |-59 |-84 |- T2 ‘ 251 ’-s-q -38 |-56 |-7.1 |-58] 250 =70 | <43 -5 (<105 |-1.3
5 "SL. i L - T Iy DY PO Y VI s YA B A 5 SL -8 [ -7 |-6o [-w8 =63 | -6l 5 ‘5L (=03 |-I'S [-15 {-6:8 =12 [-13
STSL -ty q =133 (—h0 | ~8 | -T2 5L | -7-8 -8 [-80 {~7.1 |-5.3 5L 137|197 | 40 |-1'5 -).3
Table 14. DISTRIBUTION FACTORS FOR TRANSVERSALS(a) |
(a) The Py values, when multiplied by the simple moments, yield the transverse moments per
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CHAFTER 7. ANISOTROPIC PLATE THEORY

1. Brief Outline

Guyon's8 method of planar grid analysie, based on anisotropic plate
theory, was generalised by MassonetlL to iﬁcludevthe torsional resistance of
the constituent members. | I

For the evaluation of longitudinel and transverse moments, Mx and’AMy,
.due'to the application of é concentrated load P at any point on the grid,

Massonet derives the following equations in terms of Fourier series,

(0]

M, (x, y) = E?—% zi: 33 K, (e, y) sin 2 g € sin g = ‘(88)
ST o m=1m
0
. My (x, y) - = Z%TE 55;-1 M sin & ; < sic o g X : (89)
where, 1 = length of the grid; 

"b = half width of the grid,

K = transverse distribution coefficients of the load,

¢ = distance of tﬁe load from the origin of axes,

X = distance of tﬁe section at which the moment is calculated,

bp = characteristic ccefficients for trcnsvcrse cending moments.

The values of Km and o for a particular grid depend on the grid factor

8 and its torsional parameter «, which are given by

, 2
P
o - %f—f (50)
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In the above expressions,

elestic rigidity per unit length in the longitudinal direction,

Pp

elastic rigidity per unit length in the transvéfse direction,

torsional rigidity per unit length in the longitudinal direction,

q : . .
e e
] no

torsional rigidity per'unit lengfh in the transverse direction,
N (

Hvidently, for zero torsional rigidity o = 0, and for full torsional
rigidity « %_l. For these boundary values, Massonet has prepared tables
giving K and p  values for‘.e,= 0 to 3.162. For intermediate values of

a, the interpolations recommended are

Ky = K, +. (Kl' - Ko)/? (92)

Mec o + (i) = p )V | (93)
and, a linearninterpélation is considered adequa£e for intermediate values
of 6. Note; however, that for thé Fourier series terms of Egs. 82 and 89,
lgm =m 6, Therefore, it is only possible.to consider the first 2 or 3 terms
'withoup falling outside the range of 6 given by Massonet.

After the coefficients K and u have.been determined, the required
longitudinal and transvefse bending moments may be computed from Egs. 88 and
89. ,However; as the Fourier series tends to converge somewhat siowly for the
bending moments of loaded girders, it is advisable, in the author's opinion,
to restrict the use of these eguations to unloaded girders only. The bending
monents of the loaded girders are obtained readily by éubtracting the sum of
the bending moments of the unloaded girders from the free bending moment,
regarding the entire grid as a simply supported 5eam.

For the purpose of investigating the accuracy of the anisotropic plate

theory coefficients given by Massonet, a five longitudinal grid with seven

transverse beams was analyzed for several loading conditions, first neglecting
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and then including the torsionsl rigidities of the members. The comparative
" results of stiffness analysis and pl_ate‘theory are summarized in Tables 17
and 18. In order to illustrate the procedure of Massonet's method, the

typic'al calculations involved in the example are given below,

2, Five Girder Bridgé Lxample
‘ A X

[ riy i
F[ / / /[ /Z /1nner ;ongiaudinals

f / / / IL = 10,000,0 units
E/ / ,/ /’ JL = 7,7,0.0 units
D ; Outer Longitudinals
c Z/ //. // j/ I, = 5,000.0 units
J. = 3,870.0 units
108 B/ / / [ L ’
/ / 7 Transversals
I, = = 337.0 units

JT = 250.0 \unit,s

Fig. 32 Five girder bridge for the comparison of
stiffness and snisotropic plate theory results

Step 1 The grid.perameters, for E =1 and G = 0.5, ere

: KL, 10000 L
Pp = —é- = —]—.5—— = 666.67 unlts



: - —L o 33T | ;
PE d = 12.5 - 27.0 units

b JQ: 30, 666.67 '
o = 3 L& = b = 0,669

0 2
1 PE 10 7 | |

Ei& +<ffz 0.5 x 7760 0.5 x 250
(04 = d = 15 1205 l.O

€
2 /PPPE 2 ,/666.67 x 27 -

Step 2 The longitudinal and transversal bending moment distribution factors
K- and u, determined for various values of the grid factor © “by inter~

. polation from Massonet's charts, are listed in Tablels,

Load Grid Torsionai K for Girders - lux 10—1“ for trans-
gi Factor |Parameten versals
Girder| © o< 1 2 3 L 5 1] 2 | 3 |4 |5

o669 | O |5.984| 2,113 0.120 |-0.517 |0.692| 0 [-2123 |-L418| -1,35| O
1 1 2.811| 1.511| 0.733 ] 0.36L | 0.202|0 |- 591 |~ 419} -213|0
y=-bly a3g | O 12,257 0.223]-0.562 |-0.093 +0.113|0 ~ 873 |~ 256|- 73/0
1 5,608 | 1,387 | 0.295 | 0,067 | 0,016/0 |~ 216|- 62!~ 15/0
2 |o.669 0 2.113| 1.919| 1.055 | 0,195 |=0,517|0| 1306~ 103|-175{0
. ’ 1 1.511 | 1.477] 0.995 | 0.580| 0.364{0] 30|~ 322]-221|0
V%5 3 O ]0.237] 3.115| 0.736 =0,100 |-0.093|0| 892|- 150~ 60|0
e 1 1.387| 2.297| 0.828 | 0.190 | 0,067|0}- 60|~ 77]- 23]0].

0.669 | © ]0.120]1.055 1.618|1.055| 0,120/0| 266| 1828| 2660
’ 1 0.733| 0.995! 1.248| 0.995| 0.733|0|- 86| 1096/~ 86/0
3 h.ase 0 }0.562| 0.736 | 3.008 | 0.736 -0.562|0 |~ 62| 962|- 620
v =0 * 1. - |0.295]| 0.828 2.125| 0.828 | 0.295{0|~ &L| 606i- 8L O
2.007 0 }0.086 [+0.120] 4.460 [+0:120 |~0.086{0|- 80| 596|- 200
’ 1 10.050| 0.55 | 3.125| 0.55 |.0.050{0|- 3C|- 350/~ 300

Table 15, _Anisotropic Plate Theory Distribution Coefficients
Step 3 The longitudinal pénding moments M _, per unit width of the grid,

due to a single concentrated load, P = lOK, applied on girder lat ¢ = 1/8,
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‘as shown in Fig, 32, in accordance with Eq. 88, are

: ” - ¢
Mx.(x, y) = ;gaé;%gg (Kl si;1% s5in 2i5 + 7? sin>% sin 2 E X, ?; sin
31 391 X
gosin == + --—- )

Substituting X = L/S, for the transverse section 4,

N T o % i I .KB .3 L1 30

f (L/8.v) =3.38 (K. sinZ sinT v 2 sin T ein T + =2 sin 2 sin F 4 —mm
M, (L/8, y) = 3.38 (Yl sing sing + 7% sin | sin T + 2 sin S5 sin <5 + )

Using the K values given in Tablel5, the bending moments of the unloaded

girders at section A, for a = O, are

M, = 3.38 x 15(2.113 x 0.382% + Qzégi’x 0.7072) - 17,20 .28,

¥y, - 3.38 x 15(0.120 x 0,382° —‘94%93 % o.7o7é) = - 2.68 k.f£.
) = 3-38 x 15(50.517 x 0,382° ~ 222 x 0.7072)‘ e - hkh Rt
Mg, = 3.38 x 7.5(~0.692 x 0.3822_+ EE%%Q % 0.707%) = - 2.2 kgt

4 7.87 k.ft.

The bending moment of the loaded girder at section A is now obtained by .
subtracting the above sum of the loaded girder moments from the simple

moment, Hence,

. _10x12,5 x 87.5 _ _
My = = 7.87 = 10150 k.ft.

A

Step L The transverse bending moments .My’ pef unit length of the grid,
‘ .

‘due to the same loading i.e. P = 10 at ¢ = I‘/B on girder 1, using

Eq. 89, are

M"(x ) = 2 x 10 x 30 ( sin a sin X, sirxﬂ.sin 21X + ;--- )
y 9 100 by e L *tHpsing

L
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For the transverse section A, at which the'load‘is,applied, substitu-

ting X = L/8,

g (L = in T sipn O L L
Ly (+/8, y) = 6.0 (pl sin 8.51n 5+ Ez ;n 7 sin g+ : )

Réferring to Tablel5 for the nontorsional p values and takiﬁg the first
two terms of the Fourier series of the above equation, the bending moments

of the transversals are obtained as

M = M =0

Al A5 | '\
MAé = 6.0 x 12.5(-».2123 # 0.362° - .0873 x o.7072) = - 7.5 k.ft.
My; = 6.0x 12.5(~ .118 x 0.382° - .0256‘x 0.707°) = = 2.52 k.ft.
My, = 6.0 x12.5( L0135 % 0.382% ~ .0073 x 0.707%) = = 0.75 k.ft.

Step 5 For the purpose of comparison, the transverse distribution factors,
p -at section A,Aare.calcﬁlated for both the plate theofy and stiffness

analyses from the respecﬁive final longitudinal‘bending moments and shown

in Tablelb.
Longitudinal . p
Girder " moments (k.ft) Distribution factors
M Massonet [Stiffness Massonet | 3tiffness
1 iy | 101.50 9L.90 92,8% 86.7%
2 HQA 17.20 21.69 15.7% 19.9%
‘ - - . - 7 - 1.8%
3 MBA 2.68 2.00 2.5 1.8%
L L - L.Lh ~ 3.18 - L.0% - 2.9%
5 Mgy | - 2,21 | - 2,04 - 2,05 | - 1.9%
’ - r Coa 4

Tablelb, Comparison of transverse distribution factors
for section A.
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Likeﬁise, the comparative distribution factors of all the transverse
sections were calculatea for 12 different loading conditions, for botﬁvtOr—
'sional and non tofsional.cases, and are.shoﬁn in Table 17. In addition,‘
the bending moments of tﬁe loaded transversals, as obtained by the plate

theory and stiffness methods, are directly compared in Table 18,



. P=]l on Beam 1 at ,125L || P=1 on Beam 1 at ,25L P=1 on Beam 1 at ,375LI4 P=) on Beam 1 at . 5L
9 DISTRIBUTION FACTORS DISTRIBUTION FACTORS DISTRIBUTION FACTORS DISTRIBUTION FACTORS
5 FOR GIRDERS FOR GIRDERS FOR GIRDERS " FOR GIRDERS
G [T (23 & s (a2 s3Ta s (a2l s 5[ =2]3s]s
-86¢ [ <138 |-:018 | ~c029|--019 ©739 | +377 [-c012 | -<06Y |- ol ‘631 | +508 | c02Y4 {=1049 |~+045 559 | +590 | 077 {128 | -+040
~123L | 28 | 157 |-+025| 0w |—ror0 | | gy | 333 |-+03¢ |~1085 |~wous | | Tk | S0y |-+o18 |-+127 |-1075| | 589 | +634 | -OK5 |-+153 |-+108
251, +739 | 377 [--012 | —ro6y | -s0}) «770 | +327 |-+000 |-°059 |~+038 662 | 362 ] 023 |~+0%0 |- 0G0 581 556 | -oby -7 |- 6Ly
* 834 | 333 [~+03b =085 |~045 | [*838 | +303 [-ep22 [-10Tb |~043 7727 46D [-00T =115 [~e070 Gl | 0599 1037 flqé 100
631 | 508 | 024 |--098 =065 | | b2 | 462 | 023 [~ 09D (060 | | My 1398 | c026 -1 016 1-005310 | s630 | +8AS | 049 [~ 101 |-072
. 375L < L esoly =018 [ = 12T {075 ) o727 | 4l |00t [-r115 =00 760 | -396 | +00d [—+098 {-+ 0621 | +659 | 532 | «629 {--13] |-+037
552 14590 | 077 |-+128 [-+090 | | 581 | *556 { 06y |~117 |=r083 | 1630 | 495 | cold [-e10! |-e072 ] | 698 | <liel | -037 |-+082]-059
5L 589 | +63Y4 [ +ol5 |-¢153 |--t10B Gy 10599 | 037 j-rlub {-a100 659 | 532 ] v02g j~e 13 w087 | | <72V | y3y | 0022 o108 [~r070
LaS 1634} I3 =y [~ || 520 | 61D | 11O |-13F [-eloY 565 | +568 | «017 (=123 {-.0%0 | | 4630 | +495 |+04] [-r101 |--072
«625L 1. 125 sT6 | 122 =88 (=10 [ {480 | 724 | 086 [-115 |-r128 561 | «Gho | 063 Fe1ss |-109 659 1 *S3L {4029 [~i3] {--0%7
SR ) 458 | 176 1-n189 (0133 e | bLS | g |-+152 =122 520 17613 | 110 {138 I-vtoy | 5% 4556 | roth - 11T {-r0%3
«TOL 1291 {e8ey |21y o200 |-e168 || 368 | o1y | +163 |-q2 |-osy || ug0 | 72y | <09b |18 |-n28 | | 61y | 0599 | 027 =tlkb |=+100
Y37 | 0668 | - - - . 6 9| - -133y 45 | 1636 | 131 |—iuB |- llYy 552 [+590 [ 1077 |-+ 128 1--00
751150y 1o | aad |oosor |otas | | o | “5en | “ma |ooaod Jooics | | iom | 776 | otas 1085 || | 556 | "e3h | 003 |ov152 10
12 Le2n2 beestl oo | rooy U6 o6t b erts | oS | oeseq | o2t {426 172 10T [ c0tb | 9233 Jey3p 0220 | 027 | 02
125L1 682 | 218 [ ~ol7 | r025 | 007 || uo3 | <385 13k [-060 | c01b || 255 | +u3] [ 1193 | +08% [-ory || 224 Lol {228 113 1034
1 eye7 1366 |2 | eons | w009 o6 | +302 ] <102 | sout [+009 | |-272 | +3al 156 [-0656 |01y 269 {+419 203 | 040 | 020
«25L |63 | 286 |13g | -0t0 016 502 | *316 | 120 | 054 [rO1Y 2230 +392 1172 08t | r022f 249 1auod 210 ] 165 |02
216 |26 [ 172 [Tt | e01g T2 |3 | 56 ekl |eotu ] euTy o323 1 032 F 05T ] e013 ‘240 | »3%0 [ 176 {018 |07
«375L| 255 | ‘439 193 | 1033 | o2y 334 | 9392 | 172 [ 081 |02z | {tL48 | 320 f 14> | -069 | 019 | [+21y | 385 |82 [-09) {-025
<233 | +u30 [.220 | <047 | c021 263 | +W19q P20y {090 fr020 340 | 390 | 176 <078 [«0I7 | |-454 |-326 |-142 | 063 | -0tk
5 L Loy | we3 [iag [ 113 |63 249 o409 210 {105 |02 | 314 | +385 | +g2 |-04l | 025 {:430 [-325 | 150 | .07y | 021
192 [-uob [.253 | <120 {027 | |21 | -liu [2238 | .0l |-025 | [+257 |.uiy [«202 | c097. 022 | [43ho |390 | 176 | -078 | 017
#625L1 33y |357 |yt |31 |w038 | |3 [-298 231 | 1123 |eo3s | [2u0 |uo8 |23y | 123 |05 | |31y | 285 |-I182 | -0q1 |-025
A7y 1383 273 [438 feodu | |85 | 4398 | 260 [-128 feoaq || -2k | cull (0238 el [ 1025 269 | 417 | <203} 090 :ofo
«T5L | 202 |-36y |-2u0 |1 feouz | |-209 | 303 |1auo |34 |.039 | [-223 [+288 |-231 j.123 | -035 | |-2u4 ::‘1 ‘i;o 'lC;S '04‘1|'
. . . (150 {07 A4 {0383 | -273 | (38 [+03D2 | |-192 |06 |+253° 1 .120 |-0271 2232 10430 o0]-0q7}:02
-875L Jgi -E%% -%ﬁ? ‘170 '2;2 on 36U aul jeob2 |23y (o357 Le2bt ] otd 1038 | |22 ] egod | f228 1 <113 | e03)

246

Table 17. DISTRIBUTION FACTORS FOR LONGITUDINALS(a)

to stiffness analysis.

These factors, when multiplied by the simple moments, yield the longitudinal moments.
The lower values correspond to anisotropic plate theory, and the upper values correspond

- I11 -



Table 17..

- P=] on Beam 2 at ,125L P=1 on Beam 2 at .25L P=1 on Beam 2 at .375L P=] on Beam 2 at .5L
m DISTRIBUTION FACTORS DISTRIBUTION FACTORS DISTRIBUTION FACTORS DISTRIBUTION FACTORS
m. FOR GIRDERS FOR GIRDERS FOR GIRDERS FOR GIRDERS
B |1 12 3] slsilalels3lalst{alelalulslalalaslels
: c0qq | -77u ]t [000 {~v015) 189 | .518 | 238 ] 018 |-r032] | 1250 | LLD | 30D feou |_.ose| [ 2295 | +368 ) .316 | 086 |-e0bY
«125L :07¢ | <820+l | +008 | ~r020] | 167 | 625 232 | ip1g |=rot2| {252 | 415|360 |c034 |—v0t3| |*214 | 372|318 | 049 |-+016
189 | 578 2281+ 018 |~vo32] 16y | 1636 L v08 | 021 [~r029) 231 [ udDL 2277 so4S [~ 0uS) {278 | L4o2 | <304 | 1075|4554
«25L 467 | 625232 1019 {-con2] 150 {r670 | NqD [r026 |-+038] ]+232 | 52y | <266 ] 035 |—050] | *366 | (415|300 | <659 {-:073
2254 | oLL3 | 0203 | *0u2 |—r050 | e231 | <433 ] 277 | oS |-rotS | |19 | ST | 223 | oU0 [-038] {eal | Lb5] 42178 | +061 [- 051
-375L 252 | +L75 | <300 | <036 |-r063] | 2232 | 524 {260 | 635 |=+058 1 | 4198 | «6OY | 2215 <033 [-¢04T| {266 |+L81 |27 | 0L 1~ 066
295 | +368 | 316 | 1086 |~robl] | 218 | -q02 | 304 | +075 |-059 1} | 248 | -LeS | 4278 | 06t |-«051] 2203 | 559 231 | rolT |-r0ul
5L {29372 318 | 2069 |- cor5 || 300 | cul5 |-300 [+05F {—ro13] {266 |48y | 2 [rOouS |-0bb] fe217 1.58D | 216 | 037 |-054
625L 348 | -33Y | 306 | 1T =074 | | 306 | +350 ) 0305 | 110D |-06q]| | 285 ) ¢33} | 2302 c08Y |~-04Y] | 24B | sL65 | 278|061 |-r051]
. "33 | +331 | 300 | 076 |-«oqy | | 362 | ¢3U3 | 303 |07 |-.087| {320 | koo [-292 | *065 |-e018) |-264 | L8l | 1271 ] coud |- w0kl
75L 329 | 321 | 290 139 |~epg0] | *322 ] 330 | «299 | 1125 =016 | 306|350 [ «335 ]| 03 [-069] {278 | 4062 3oL {1015 |-+ 059
¢ 432 10320 233 [ flb [—oyot | | Uo7 | 310 1280 | 2100 [~epQ6] 1362 1383|303 | 019 [-0087| [+360 | LIS | 300 |+059 {013
.875L 330 | 3G | 278 | 451 =082 103291 320 | 290 | 139 |=0830 | 1318 o334 Je304 |17 [-ro My |25 | 0368 216 |00686 |~vObL
453 136 ] 202 LAY je oS 1432 1 32010233 [ 14 f-elo ] | 0388 |33 {00 | 076 (—0W | 3] |372]318 |-06] |--076
. 106 | *705 | A3k jroud | wic 18> | 6B .22 C0%0 | r022 *2iB 1 e03Y |28 13T 036 | | 5 [ R0 [ 255 | 175 | 04T
125L 09 | T2 | e11g 050 | i3 b 493 +Lu8 | c226 | lok | +030 {220 |«30y | *283 | +1u] | -045) 1202|298 | 263 | +180 | 1057
25 83 | 46% | 237 f090 | 022 51 | +S50 1 197|082 o2\ |4145 | 390 | -2581 125 {0331 {210 | 204 | 290} 162 { 0u5
* 193 | eyyg | v226 jetol | 030 1551537 | 191 7| 083 | c027 496 {370 | 260 | 134 [eobl | 204 [ 1309 {1263 | 167 | <0b2
213 {3 |28t | 127 | 036 45 | *390 | +253 ) 125 [ 033|162 | L8A| 213 | 106 | 02| | 195 | 36T| 258 -l |.039
«375L <220 | +30h4 283 |14 | «us %% | *370 ) 260 134 | ol 60| 48] c204 | 113 035 | 193 | 360 | 256 | (L6 | 046
H 218 ey | 288 | <175 | royq <210 Jo4 | *280 | <162 | rous 95| -367 | 258 ) «dyt [w039] [ 163|015 <] L] 032
.5 202 |-298 | ©263 | 180 057 || «204 | ©309 | -268 | «167 {r052 | | 193 [ *3bo [+256 | 146 | cou6 [ [-163 |46 |21y | -1 037
.20% 1255 | 213 | 203 | 060 ] {201 | 268 | 280 | 190 | 056 | |+207| 300 | «27% | 170 | c0uB| | -1a5 | 34T | 258 | clul | -0239
.625L 079 | -291 (269 | 96 | 066 day e85 {273 1187 [so6t | [r204 ] 302 | 270 | 170 | ‘055 | -19% | +3bo |+25C | <Iu& | +0ub
132 {253 | «267 | 220 {+069 2499 | 286 Fo273 | 210 [ rosl | [+207 ] +268 | 280 ({q0 [+05G] [ +210 | *30L | +280 | 162|045
-75L 182 {345 | 262 |201 [*OTI 484 [ 309 |-236 0l | 067 A9 1288 | 273 - 187 ..oS 204 | *309 | *268 | <167 | 052
8 sl | o255 | 258 1220 075 | | c1a2 [ 1253 | 267|220 | 069 | [+2031.256].278 |+203 |+0&0 | |+245 {274 [+283 [+175 | rouq
.875L 204 [+374 {140 14198 |085 182 | 4245 |.202] 201 0T 479 {e2a1 | 02691 196 | -066] [P 202 | 0238 | 1263 | 18C {057
(cont'd) DISTRIBUTION FACTORS FOR LONGITUDINALS
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P=] on Beam 3 at ,125L

P=1 on Beam 3 at .25L

P=1 on Beam 3 at .375L

P=]1 on Beam 3 at .5L

=
2 DISTRIBUTION FACTORS DISTRIBUTION FACTORS DISTRIBUTION FACTORS DISTRIBUTION FACTORS
5 - FOR GIRDERS FOR GIRDERS FOR GIRDERS FOR GIRDERS
5] - -
@ [1 12 13[sl5|l2l213]u4ls 1 ]2 (3l als|[rl2i3]4]s
—~00R | it | 2738 | gyt -r009 ] fmre06] <238 | 1515 ) 238 o006 ‘012 | *303 ] 276 | -303 ] 012 c03% | 316 ¢ .292 | -316 | 038
«128L1-ov2) sny | -7as ) cny fevor2 [ =018 c222 | +592} 222 --018 | |-rc0% | +300 | -L20 | 300 |-r00q | } 022 | 318 | 220 ] -218 | ,022
5 + ]-ro06| <238 | -515 | 238 [-+006 | |-+ 000 - 208 | *58Y ]| - 208 {~-000 c012 | 277 *lhas| -277| o1z |-022 | -30u ! 328 | -20u | 032
«25L --013 | +232 | 572 | +232(~+018 | |-*0on}| 193 | +635{ 193 |[~e0li| 003 | 266 U5 | <266 {-*003 *019 | +3001{-364 1} .300] 019
375L 012 | <303 | 370 | 303 | *0i2 ror2 | <277 | L25 {277 | -0l2 cory | 2230 518 (223 Q13 co2h | c278 1 -3A6 | -278 | ro2ny
¢ -+003 | *300 | *420 | 300 |--009 ~*003 | +26€ | +L4715 | *266 [~-006> ‘002 | +215 1 5601} +215 | 002 20151+ 270 29 271 | 015
51 *O3B | -316 | +292 | +316 | ‘038 | |-+032 | 304 | :328| dou | “032} | 024 | 272 | +396 | -278 | w024 ]| -018 | 221 | +501 ] 221] 018
o 022 | +318 | 320 | +318 | 022 “0ta | 300 | ‘364 | 200 | <01 015 fe2791 | <429 *271 | rO15] | ot} s216 | *5L6 | c206 | 01
625L c066 | ‘306 | 257 | 306 | 066 ‘055 | *305 | 276 | 3205 | 055 038 | 302 313 | 302 ‘038 02y | 278 1 -39¢ | 278 -0y
° 061 | +300 |28t | <300 | .06l 048 | +303 | 298 | <203 | -ous 031 | +292 ] -354 | 292 | 03t 01s ¢ 2 | 429 ] *2171 | sot8
75L, 08¢ ) 290 | *2y2 | 296 1 «08% 0751 °299 | w253 | 7299 | ~075) | r055 | v305 | 276 | -305 | -o55 0321 -dol | 3281 3oL ] 032
d f107 | +233 1320 | 2331 -107 ‘081 | -280 { +278 | -28¢ | c081] | +oh8 | -303 | 292 | 4303 | -0ud ‘019 | 200 *3bYy | 300 | *014
875L $102.1..278 | *239} <278 102 088 | 1220 | s2uz | 230 | c08B| | c0bL | 1306 ] <257 206 {066 ‘DB 1 2316 1 2292 | 316 | 108
* 4y | 202 ["308 | -202 | -1kl NOT | 1233 {1320 | <233 l-io’{ 061 ] 3601 *281 | 2300|061 022 | -318 1 «320¢ 318 | 022
vozg | 436 L <878 | 136 | -o2t ©556 1 -237 1 JLiy | <237 ] 058G 086 | 281 | ‘267 | -281 | 080 110 | 288 | 205 *285 | <110
S125L | cony i arig |1y -Hg 03y 068 | +226 | 13 | 21 | -0l8 096 | -283 | <242 | +283 | -096 Sllly 263 §e2L6 | f263 | -1
‘056 | +237 | <4l | *237 | *056 <051 { -1a1 | -505 ] *197 | c051 +018 | 258 | <320 | 288 | -078 102 | ‘280 | <238 ] <280 -l02
«25L | .ces | -22¢ Y13 | e226 1 1063 «06o [ +1a1 | *499 | <131 | -06n -006 | +260 | *308 | 260 | r086 S105 | 288 |-254 | -248 |+ 105
7 036 | +2%1 | -247 | 281 | 086 618 |+25% | 220 | ‘258 | 078 066 213 slho! 213 ] -06C +088 | '258 | *307 | +258 | 088
- 375L <096 | -283 | -2u2 | w283 | +010 086 | -260 | <308 | -2606 | <086 2072 | 206 bty | c204 | 072 | |r0q1 | -2586 | 306 | 256 | 0%
‘1o °28% | +205 | -286 | -Vi0 (o2 | 4280 | 228 | 280 | *lD2 +08¢ | *258 | 307 | 258 | -0%8 SO 216 | th25 216 | 0
S L Loy ez [2u6 | g | oy <105 | +248 | «254 | ~268 | <105 | | *091 | *256 | -306 | +256 | 0% *O5 | el el2d | 021l 2075
427 10278 | <491 | 278 | (127 <19 | e2%0 | 202 ] v280 | -1\Q 106 | *2718 1 223 | 278 | ‘106 <088 | -258 | -307 | 258 | -08%
-6251' 2] <269 222 269 1 et n OaYA #2713 £222 | o273 | < H1g ‘114 270 | +2u8 | .270 -11Q Q1 | c25¢ *3Q% | 256 | -0Q1
(n7 | 2267 Ay | o267 | 1370 a3t | 2273 4193 | 203 | -0 *11q | 280 | c202 | -280| - 19 (162 0280 | -23% [ 4280 | +102
. 75L 2120 1202 <358 | <202 | 120 120 {+236 1227 }.236 | ~120 16 ey 222 | <2734 -G 108 | 268 ) t25L | 268 | “105
‘g2 ] -258 | 200 | *258 | cl42 BT {267 | 1qb4 | 267 | o137 127 1278 | 1901 | c278 | f127 10 {239 | 205|288 | 110
o | oy 120 | 202 |-*358 {202 | 120 | |20 {269 {222 | 2263 | .12

.875L

S b o | euqd

clily | o2y | e2hb ] 226> | IR

DISTRIBUTION FACTORS FOR LONGITUDINALS

- Table 17, (cont'd)
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Table 1¢. COMPARATIVE RESULTS OF TRANSVERSAL BENDING MOMENTS (k. ft.) (a

)

(a) The. upper vélues correspond to Stiffness analysis, and the lower values correspond to
Anisotropic plate theory. :

m .
‘é BENDING MCMENTS OF LOADED TRANSVERSALS BENDING MOMENTS OF LOADED TRANSVERSALS
LOAD . == Nontorsional Case (a = 0) Torsional Case (a = 1)
0 - -
POSITION g ;M l 2 3 A 5 1 2 3 L 5
& [Right | Left [Right | Left Right | Left Right | Left| [Right | Left IRight. Left Right | Left Right | Left
fe] -5.3¢ | -~5-36 ~1-n -1 -0:35 1 ~0-35 O. REERT -9.09 | -0:24 | =|+77 | ~0:15 | -0.58| —0:07 | —0.14
o g 125L | A o -7.56 | -7.56 | 252 | ~2.52 | =075 | -0.75 o 0 -7 | -w17 | -0.69 -q-Gq -0.29{ -0129 o
2 e o —ne3y | ovay | -yise [ onese | —1as | —1418 o 11.81 | —15:22| 0.31 | =526 | -0:28 | —1.97 | - 023 | - 0-k8
Iﬁ‘ g t; -25L. B O =150 | -1590 | «7.2U | =T 24 | 233 | -2.33 le) 0 -4{.02| =4o2 | -2e04 | ~2:04 [ -0-95 | -035 o
o lg 3)) 375L c o] “rge2t | =2t | w7 [ =707p |- 223 - 2023 0 12:59 | ~16.75| 0.90 | -7:62}| —p.4f | =228 -0.28 | - 063
T o ° o ~17:38 1 17238 | -106:00 | -12,00 | -4-(GL | - b6 o o) - 465 ) <465 | -2:92 1 22492 =143 - 143 o
. n‘”o".:g 5L D .0 “1427 [ —1ye%7 | - 8281 -832 [ -1:88 | —1:3B%. 0] 12:61 -16:99-] 1018 -7-70}|-0:21 | -2.69 | ~0.29 |- 0:69
‘ o ~17:60 | =17.66 | -10:5%} -10:53 | ~3.57 | =357 0. o) - 4.8) |-4. 31 -2 <2 th | =160 | - 1.40 o
JizsL|a | 2 4-80 | L-80 | -72-20] ~2:20 4 -0:21 | o2l | O -2.93 466 | 1577 | -4-71 | 008 [ —1ioe [ <008 | -5.24
o o g -1 SL A [9) th.00 14.00 | -=t4o0| ~ ¥ Lo ~-0'42 1§ ~orli2 o fo) -5:5] |-05) | -0-65]-065 | ~0-331-033 o
e © q-06 Q:06 | - 3.10] =310 | = 1+10] ~1:l0 e} -2.1) 7.43 | tou2 | =7.u5 | 0.80 | ~3.68) -0.15 | ~0.78
:g gg °25L B (0] 15.00 1500 | =125 - 185 | - 1+ 10 ~-Lio o o ~0-52 ~0:82 ~Lgo | ~-180 — oo | —lhoO o
(o] 3 8 C o} 1036 1026 =265 -2:65| -~ 162 | ~1:63 Io) ~2:66 7:38 147 -7.79 | 140 — .37} -015 —ie27
T o] -375L o 16207 16-20] ~lo | - 1:40 | = 1e2l4 | —1:3Y 0 e} -0:09 | ~-0.09 | ~2:34| -2.3Y -1:50 | -tS50 o
oG 5L D 0 10:53 | 1053 | = 1255} —1-55 | — l:42 | .~ 142 o -2.34% | 7.99 | t1e75 | ~-7.76| 1+53 | =473 | ~oey | —tins
1° Q 6. 60 16:60 |~y | —loy | - 130 - 131 o] o) o5 | Lo.is -2.49 | ~2.49 - 1465 | - |5 o
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CONCLUSICONS

. The principies of the stiffness method have proved to be exﬁremely
efficient for the general analysis of grid frameworks. The technique
employed is readily applicable to the'analysis‘of both plénar and spatiai
grids of any shape and complexity and, as no approximations are resorted to,
the resultsfobtéined are exact, Furthermore, without any considerable change
in the fbrmulation.éf the problem, the effects of torsional, axial and shear
défdrmations,.variable moments §f ineftia and»support.settlements can be
- easily taken into‘acc§unt. It is-élsoba point of ihterest.that the same for- -
" mulation remains valid‘for ﬁhe.aﬁalysis of lattice modelworks into which a |
,piate or shell may be_idealizéd,;

In‘éontrast, the numerous hand calculation methods developed so far are
based on hig?ly'theoretical and complicaﬁedvbackgrounds, sﬁch as anisotropic
‘Aplate theoryiand_harmonic analysis.“However, realizing‘ﬁhe complexity of
" their own methods, several authorsB’l*’é’13 prpvidé'numericalbtablesvof,moment
distribution factors covéring a limited range of éroblems. For a grid'falling
outside the rangé of these tables, extrémely tedious calculations are inVolved
and the bossibility of a general.solutidn becomes impractical.

A

Hendry € Jaeger'_s3 and Massonet's™ moment distribution factors are
found to be reasoﬁably accurate only ip the immediate vicinity of the
applied loads. - In unloaded areas, the errors are substantial despite the
fact that the example grids analyzed'for comparison were espeéially arranged
to have closely spaced-tranSversgls, in order to meet the authors' assump~
tion of a uniform transvérse medium.

In hgrmonlc analy51s the errors arise partly because the moment dis-

- tr1but1on fahtors are obtalned w1thout regard to the p051t10n of the load
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éiong thé girders and, further, they ars assuméd to'remain constant at
‘every transverse section., This assumption is completelyAunjustifiea by
stiffness analysis, beéauss tﬁs exact distribution factors are different
at every transverse section for etery position of the load, as clearly
indicatsd in Tables 5 tollh. For instanse, in the torsional case of the
five beam grid of Table 11, 35 different stiffness distribution factors
- ranging from .25, to .755 are tabulated agalnst Hendry € Jaeger's ’ingle
alue of P = 0. h82. |

Although Msssonet's anisotropic plate theory approach-provides differ-
: ent distribution factors at evsry section~fdr each load position, the degree
of accuracy.is still insufficient, Table 17 shows that,.in loaded areas
the errors normally lie within 10 —'20%,_but, away'ffom the loads discre-
psncies from 50 - 100% are not uncbmmon. |

Besides belng approxmmate, most of the hand calculation methods are
© limited .- to - spec1f1c types of problems. Consequently, the ‘same methoa
vmay not be applicablé to ahy two different grids. The stiffness method,
however, is'completely generai and islnot restricted to any particular>
-type of grid. Morcover, ths stiffness'approadh‘is 50 versatile that, once
a general computer programme has been developed, the analy51s of any type
of grid is reduced merely to the clerlcal JOb of fllllng out the basic
'geometrlc and elastic data on a standard form,

| In view'of the facts stated above about the relative merits of stiff;

ness analysis, the author 1s convinced that upon the avallablllty of a
dlgltal computer, hand calculatlon methods of grid analysxs are rendered

obsolete,
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NOTATIONS
STIFFNESS ANALYSIS:
A = Cross sectional area;

End stiffness coefficients of a member with variable
moment of inertia;

a,b,c

{p}

Column vector of joint deformations of the sytem;

d = Depth of a prismatic member; -

ET " = Elastic rigidity of a memher;

{F} ‘ = Column vector of fixed end reactions of a member;
FEM, FER = -Fixed end momentsland shéars, respéptively:

aJ - = Torsional rigidity of a member; |

J 4 a = Number of joints in a structure;

(x] = Stiffness matrix of the -sytem;

(k] = .Stiffness matrix of an individual member;

L = Length of a member;

l,m,n = Direction cosines 6f the member axes with respect to

the common axes;

Number of joint deformations;

-
{P} . Column vector of joint loads of the structure;~
{p}
R

[1]

xyz;x'y'z'

S
4
€
P

Column vector of final stress resultants of a'member;

= Number of support restraints; or, radius of curvature;

i}

Transformation matrix;

Common and member axes;

Coefficient of thermal expension;

Column vector of final end deformations of a member;

= Change in temperature§

Shearing strain parameter;

Shearing stress numerical factor;

HARMONIC ANALYSIS:

EI, EIT- = Elastic rigidities of the longitudinals and transversals,
: respectively '

F = Shear force;

GJ =

L Torsional rigidity of a loqgitudihal;
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= Spacing of the longitudinals;
~ = Length of the grid; ’

= Bending moment;

= Number of cross girders;

= Load;

= Deflectiong

= Grid stiffnesslparameter{
Torsional parameter;

= Ratio of EI / EI. ;.

outer inner

= Slope ;

SOOI Y = 5 % b
1)

= Transverse distribution factors;

ANISOTROPIC PLATE THEORY:

b - = Half width of the grid;

= Distance of load from the origin. of coordinate axes;

d,e = Spacing of transversals and longitudinals, respectively;

Km , - = Longitu@inal and transversal bending moment coefficients,
respectively;

1 = Length of.the grid; 4

x = Distance of the section at which the moment is calculated;

8 = Torsional parameter;

XP ’ XE = Torsional rigidity per unit length in the longitudinal and’

transverse direction;
"= Grid factor;

Jﬁé 'jﬂg' = Elastic rlgldlty per unit length in the 10ng1tud1nal and
. transversal direction; ‘ .

APPENDIX B

J ' = Torsional constant;
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APPENDIX
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APPENDIX A -

COMPUTER PROGRAMME FOR STIFFNESS ANALYSIS OF GRIDS

1. General Remarks

[}

The maximuﬁ size of structures fhat can be handled is limited by the
- core memory capacity of the computer used.  If no special technique is

embloyed, the limiting number of unknowns, for example, is about 50 for
the IBM 1620 and 160_for.thé IBM}7090. When the method of triple block
band matrices described in Chapter 5 is used; the capacity can be inéreaéed
‘tq as higﬁ as 1200 unknowns withlﬁhe IBM 1620 and well o&er 10,000 with the
IR 7090, | |
| No accurate relation has been arrived at to estimate the execution
time.required for a particular grid problem. The time taken for the solu-
“tion of linear simultaﬁeous equationslvaries'approximately with -the cube
of the number of unknowns, while for most of the remaining parts of the
. aﬁalysis.the time requirea varies proportionately with the number of members.
-A‘reiativé idea éan be formed from the fact that the execution time was 20
mins, for 22 unknoﬁns and 60 mins. for L, unknowns using an IBM 1620 com-
puter with a 1405 DiskhFile‘and 19AO Prinfer. On thé‘other hand, an execu-
. tion time of only 68 seconds was required to analyzeAa grid with 68 unknowns
using an IBM 7090.

The FORTRAN II programme preseﬁted»in the following pages is capable

of analyzing planar rectangular grids with a maximum of 47 unknowns and 43 .
members.“For the general analyéi§ of larger grids, diagrids and spatial -
grids, special large capacity programmeé using t}iple block band matrices
- were developed, Howevér, a discu#sion of these is beyond the scope of this

thesis,



2, Input Data Cards

. ' . Example Data
Card Variables r'Definition for. Problem of Fig, 9 FORMAT
1 ME, N Number of members and deformations L 3 2413
2 (s(1), I =1, ME) Lengths of the members 10, 10. 10. 10, 13F6,0
3 (BI(I), I =1, ME) - Elastic Kigidities of the members 100, 100, 100, 100, 13F6.,0
L (GJ(I), I = 1, ME) Torsional rigidities of the 30, 30, 30. 30. 13F6.0
o members
5 (W(I), I =1, ME) Distributed loads on the members 0. 0. o0, o0, 13F6.0
6 (c(1), I =1, MB) Point loads on the members 10. 0. 0. R 13F6.0
7 (W(1), 1 =1, ME) Distances of point loads to the .
- o oo - © |left hand support ‘ 5. 0. 0. 0. 13r6.0
8 - |((xcp(1,d), J=1, 6), I=1, ME) Identification code numbers of 0°'3 02 0 1° :
A N . |{each member (see Ch. 1) -3 0 2201 0 LT3
) - : 01 02 03 H
1 02 0 3 0 '

3. Other Symbols Used in the Programme

Symbol

Definition
FIL(I,J) Jth fixed end reaction of member I
SI(1,J) individual stiffness matrix of a member (6 by .6)
P(I) Joint loads '
SG(1,J) Stiffness matrix of the system (N by N)
D(I) Deformations of the system
DEL(I) Deformatlons of a member

F(I)

Final stress resultants of a member

- 22T -
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J... FORTRAN.I_PROCRAMME FOR_PLANAR RECTANGULAR GRIDS_FOR AN If3{ 1620 WITH A 1405 _DISK FILE_

1D NUMBER - 1643 |
PRINTED FOR R KINRA ON  MAR. 31 AT 1 HR. L6.7 MIN,

FORTRAN 2 COMPILE. - ' '
DIMENSION s(u3),51(u3),1c0(u5 6),W(u3)1((u3)'U(uv),FIX(b 43y,

1P(48),y SI(646),GJ(43)

COMMON MEyNyWsCoUy Sy ICDYET,GJ
READ 2,ME,N

® - ZPRINT 2,ME,N LT T
READ 202, (S(T751=15HE] ' T :
READ 202, (EI(1)s1=1,ME)
READ 202, (GJ(]),yI=1,ME)

READ 202,( W(I),I=1,ME)
READ 202, ( C(I)yI=1,ME)
R FA.D;.‘.Z02.,1,..(_._U_,(_.I_1_1_1 =14.ME)

READ 2, ((ICD(I4J)9d=146),1=1,ME)
WRITE DISK1(0GO, 2,(\ILD(IyJ)yJ—‘yb)qI-T ME)

PRINT 215

2.4 FORMAT(2u13)

DO 8(C8 I=1,ME .
808 PRINT 21&71 S(I)yEI(I),GJ(I)yH(I?sC(I)qU(I)y(ICD(I,J)yJ-l,é)

204 FORMAT(I2,FB,2,4F10.2,F9.2, 5X,615)

;‘- €21 -

202 - FORMAT(13F6.0)

215 FORMAT(/3HNQ. s IXy6HLENGTH6X 4 2HEL 38X, 2HGJ,87 5HUDL16X1MHLOAD X,

- FTHU, 9X, 1 THCODE NUMBER)-
CALL FIXMOM
CaLl _SITORS

CALL LINK(1)
END

TABLE OF MEMORY ALLOCATIONS.

PROGRAMNSTARTS AT 15546

PROGRAM ENDS AT 17746
LOWER END OF COMMON AT 36119
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FORTRAN 2 COMPILE.

SUBROUTINE FIXMOM

1P(LuB),SI (6, 6)yGJ(u$)

COMMON ME;N,W CryUy Sy ICDy EI,GJ
DO_209 1I=1,

D-IMENSTON—SAl 3.} EI(43 )., 1CDL 43, )W (L3),CLU3),Ulb3),FIX(6, 43),

B= S(I)-U(I)
FIX(?yI)”-(W(I)*S(I)*S(I))/'

CFIX(2y0)= +W(I)ES(I)#S(I)/ 12,4

- COI)*U(I)=B=8/(S(L)*S(1))
CII)+U(I)=U(T)*B/(S(I)%S(1))

O FIX(3yI)==0.5*W( D) =S(N-CUD)+B/S(T) + . (FIXCT, IV +FIX(2,1))/5(1)
- FIX(hL, I)“-W(I)%S(I)—C(I) FIX(3,1) . .

FIX(591)=C.

209

FIX(6,1)=0.
CONTINUE
LEX=20GG

WRITE DISK LFX475, ((FIX(Js1),yd=
‘DO.u5 [=1,N

P(1)=0,

T,6), [T, ME)

-MSA'

DO 325 I=1,ME

‘DO 325 L=1,N

DO_325 J=1,6

BER AL

322

IF (ICD(L,J)-L) 325,322,325

PL)=P(L)=FIX(JsI)

325 CONTINUE
LP=20CC+ME
) WRITE DISK LP:?S,(P(I),I—‘ N)
75 FORMAT (6E1u4,.8) '

RETURN
END

TABLE OF MEMORY ALLOCATIONS,

PROGRAM_STARTS._ AT 15602

PROGRAM ENDS AT 19688
LOWER END OF COMMON AT 36119
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EORTRAN 2 COMPILF.

SUBROUTINE SITORS

]P(hB)ySI(é 6),GJ(L43)
COMMON MEsNyWiCyUy Sy ICDYEI G
1.51=30C0

IMENSION~5(M3),EI(uj)qICD(M5,6L4W(N3L4CLAS)JU(Uﬁ),FIX(b,uj)'

DO 26 I=1,ME
PSI=2.#FI1(1)/S(1)
SI1(1,41)=2,%PS1

SI(2,1)=pPS1
SI(3,1)=(>3. /S(1))=PSI
SI(hy1)=-S1(3,1)

"SI{24,2)=51(141)
SI(312)=SI(391)
SI(Ly2)=8ST(l,y1)

SI(3,3)=6.%PST/(S(I)#S(1))
SI(M13)=“SI(393)
SI{4y4)=ST(3,3)

22

DO 22 K=546
DO 22 J=1,u4
ST(KyJ)=G-

S1 (5,5):6\,(1)/5( I )-w....,.,..
ST(645) =2S1(5,5)

R XA

DO 23 L=1,5
LP=L+]
DO_23 J=LP,6

23

SI{L,J)=ST(JyL)
LSI=LSI+6

WRITE DISK LST,4531,((SI(KyJ),d=

1,6)4yK=1,6)

531

26

FORMAT (6E14.,8)
CONTINUE
RETURN

CEND

 PROGRAN

JTABLE _OF MEMORY_ALLOCATIONS,

~.LOWER END.OF.-COMMON AT --36119-wv

)T:\RTU AT
PROGRAM ENDS AT

15612
16264
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FORTRAN 2 COMPILE,

LINK()

h'MENSIOV~4CD(u3,6),SI(6 6.4 SGAUTHUu8)
COMMON . ME 4N .
DO 2 =1y N

DO_2 J=1,M

SG(I,J)=0,
READ DISK 106G,207,((ICD(I, J)qJ—]yb)yI—‘sME)
LSI=3000

DO 8ulY [=1,ME
LSI=LSI+6
READ DISK_ LSLnguy((SI(KvJ)yJ*1 &), K=146)

8.u2

DO 841 K=1,6
IF(ICD(I,K)) 842,841,842

NN=1CDA(1,K)

DO 84lad=1,6 .
IF(ICD(I,J)) 843,841,843
MM=I1CD(1,4J)

8ul

SGINNyMM) =SG (NNyMM)+ST (KyJ)
CONTINUE ‘

CWRITE DISK 6000, 234, ((SGIT,J)yJd=1,8),1=1,N)

- 9z1|-

207
2 34

FORMAT {24 1I3)
FORMAT(6E 1L .8)
CALL LINK(2)

END

TABLE OF MEMORY ALLOCATIONS.
PROGRAM STARTS AT 36366
PROGRAM_ENDS_AT. 38326

LOWER ENM OF COMMON AT 39089

©

SUBRROGRAMS_CALLED. LMK

LIBRARY FUNCTIONS CALLED,
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FORTRAN 2 COMPILE,
LINK(2)

G SOLUT-I 0N OE_LINFAR_FOUATIONB ;
DIMENSION SG{uT7,u48),P(48),D0(L8)
COMMON ME N

LP=2CCC+ME

1 N)

READ DISK LP, ?hSy( (I =
(( Ied)ed=T4NYs1=1,4N)

READ DISK6&GQRU,2u5,
NP=N+1

)1
SG(

NM=N-
DO 2 I=1,N
2 SGLI,MP)Y=P(])

DO 3 I=1,NM
IP=1+1
DO 3 J:'IpyN

R=SG(JyI)V/SG(I,1)
DO 3 K=IP NP :
3 SGIJeKI=SG(JyKI-SG(T,K)=R

DIN)=SGINyNP}/SG(NyN)
DO 4 [=2,N
J=N-T+1

- LZ‘[ -

JP=J+]
D(J)=SG(JsNP)
DO 5 K=JP,N

5 D(J)=D(J)-D(K)=SG(J,4K)

y DEJI=D(J)/SG(UyJ)
WRITE DISK 850032“51(0(1)1I=]vN)
PRINT 832

. PRINT 833,(I,D(1)yI=1,N)
833 FORMAT(5(16,F1C.4) ).

245 FORMAT(6ETL.B)
8 32 FORMAT(/26HDEFORMATIONS OF THE SYSTEM)

CALL LINK(3)

END

e TABLE_OF_MEMORY ALLOCATIONS. _____ [OWER END-OF COMMCK AT -39929

PROGRAM STARTS AT 35696
PROGRAM ENDS AT 3872
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FORTRAN 2 COMPILE.
LINK(3)

G— FINAL—END—MOMENT.S.-.AND _REACT.IONS_OF_EACH MEMBER

DIMENSION ICD(U3,6),FIX(6443),51(6, 6),D(UB)yDEL(6),F(6)

COMMON ME 4N

READ DISKICGC,22L4, ((ICD(T,J) 4

Y,6),I=1,ME)

READ DISK20GCuuT7, ((FIX(Jy1)4J —116)71=',ME)

READ DISK 8500,447,(D(1),1=1,N)
LS1=30C0

PRINT 96
DO 6 I=1,ME
DO 3 L=1,6

CIF (ICD(I,L)) 31,31,32
31 DEL(L) =0,
60 .10 3

32 M=ICD(IsL)
DEL(L)=D(M)
3 CONTINUE

LSI=LSI+6
READ DISK LquhM?y((SI(K’J)sJ—‘
DO 4 J=1,

6)1K=]16)

= 8l

F(J)’Cn
DO 5 K=1,6
FOJ)=F(J)+ST(JyK)*DEL(K)

o)

y FOIV=F(J)+FIX(Jy 1)
PRINT ?111(F(J)9J=I,6)

6 A CONTINYE

24 ,FORMAT(12,6F0Q. 3)

96  FORMAT(//3VHFINAL END MOMENTS AND REACTIONS/8X,2HM1,6X,2HM2,7X,

- 12HR 137X 4 2HR 2, 8Xy2HT1,7X,2HT2/)

224 FORMAT (2413)
uu7 FORMAT (6E14,8)

$TQP

~ END

PROGRAM STARTS AT 17016
PROGRAM EMDS AT 19712
_LOWER.END-CF COMMON. AT._39980

TABLE_OF _MEMORY ALLOCATIONS,
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APPENDIX B

TORSIONAL CONSTANTS

The torsional moment of inertia of rectangular sections is, in general

given by

~in which h is the depth of the section, b

- MY h

is the width and

is the

torsional_facﬂor-giﬁen in Table A(a) for values of h/y betweeh i and- o0 .
=h/p | 1 1.2 | 1.5 2 2,5 3 L 5 10 e
] AL | .166 | .196 1,229 |.2u9 |.263 |.281 |.201 |.312 | .333

 Table A.

Torsional Constants for Rectangular Sections

Values of the torsional moment of inertia for various other types of

sections are given in Tables B(b) and C(c),

oo T Lo K . ' A ) - \i‘v ~0 iy
Steel .1 =t S cﬁ; STy HE LT
Sections 1, HE= Rl AT bty s s
. . e e 1 ty Z, =l~ Cr
CWebere 1| & Lt 084 |4 =% tsm015a) | =Lt stm 1201 sr= B s 1o 280
F roh- f{/’b /-87/4249 J..—-_E- ll——lo IGdJ J =—3—[l.‘“,-.13—' ?""('J . = 5}_17‘ 3= \Li0 ] ? =§[~ 1Ha— ’“4,] —§-~ 1 Fl—2, (.]
L Schrregene_ i
Z.

L '
onw, Math 1okl =5 T1=0,1444¢"
Bd. 151620}

e
Jo=5 S -0.0788d

Table B.

Torsional Constants for Steel Sections

(a) Timoshenko, S., "Theory of Elasticity",
(b) Poschl, Theodor,'Elemanter Mukavemet",

1952,

McGraw Hill Inec., 1939, page 248.

Technlcal University of Istanbul,

(¢) "The otrength of Aluminium! Aluminium Company of Canada, Ltd., page 76.
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Factor for Factor for
Section Torsion Constant, J Maximum Stress, Ultimote Torque,
’ - c' Cu . ’
. ) . t
1. Thin Walled b, 8 Spe ! T She
Open Section r b 3 “t ;noximum thickness 2
= i
b, —-l-/ ! - ) -
. ' 4 A 1
2. Thin Walled . ) S‘(iy' JAT 2At
Closed Section t )
== minimum thickness,
3. Thin Walled
Closed Scction, “ %’i 2:“ 2Ar
Uniform Thickness t .
ti= t=— :
‘ p i SR h s, bt,? .r. ) [1 5+1(—R—+—"- L%
4. |.Beam T —ib 4= + 4+ 2{nt,-035 (t,-¢, 2\t TR )IT
b"{_ L b,—] T ¥ ' “Sec an. C for value of n. % <.;R_ <2
. 1
t
.L_T”' ' ¥ /R 6\t
5. Channel or n t.]] b, 2 _l%l’ + b,;, + 2[nt.+045 (h-f:] [ 1 +—3—(T+T T'
Z t. K * .
Section f-. T o] t See Fig. C for value of . %< '1‘ <2
} § b 1
6. Rectangular b _‘3’3%_ Zlbt 20bt
s
Hollow t (':l"i"?‘) :
e o S t = minimum thickness.
t
A | 1
7. . Square Hollow b bt Ty 2b
8. Thin Wolled - Ty .
27 Rt . 2 7Rt
Tube 2Rt
e b’ . 0s3 2 + 0052 (<) | 3(b+0.6a) )
9. Solid Rectangle : 3 b : Y —-a—,b,'—- -c's—(Bb-u)
f e<b - K
ey —
; ‘ 1 "
10. Solid Square b 0.141 bt 0.2085° E
1. Solid Round @ 7R 2 7R
. 3 R 3

Nomenclature: A=arco enclosed by the medion line of the wall of a closed section,

The highest shear stress in a shape is obtained by multiplying the applied torque by C,.

U =the perimeter of the median line of o closed section.

The ultimate torque for a shape is given by:rhc product of the ultimate shear stress and C.

TASLE C — TORSION CONSTANTS FOR STRUCTURAL SHAPES




