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ABSTRACT 

This study i n v e s t i g a t e s the s t a b i l i t y of a simple surge tank 

operating i n conjunction w i t h a t u r b i n e . The t u r b i n e i s assumed to be 

governed f o r constant power output or f o r constant gate opening, depending on 

whether the instantaneous head a c t i n g on the t u r b i n e i s greater or smaller 

than the rated head. 

E a r l y i n v e s t i g a t i o n s on the s t a b i l i t y of o s c i l l a t i o n s assumed that 

the governor on a t u r b i n e ensured constant power output. In p r a c t i c e , the 

governor on a t u r b i n e can maintain constant power output only when the 

o s c i l l a t i o n s remain above the rated head and the f u l l - g a t e p o s i t i o n i s not 

reached. For t h i s case, a computer study showed that r e s u l t s of the i n v e s t i 

g a t i o n are i n c l o s e agreement w i t h the r e s u l t s of s e v e r a l i n v e s t i g a t o r s . 

A r e v i s e d form of the Thoma's formula f o r surge tank s t a b i l i t y w i t h o s c i l 

l a t i o n s of l a r g e amplitude i s proposed. 

When the head during the maximum downsurge f a l l s below the r a t e d 

head of the t u r b i n e the constant gate opening c o n d i t i o n must be considered. 

A computer program was developed to study the s t a b i l i t y of o s c i l l a t i o n s of 

l a r g e amplitude under constant gate opening c o n d i t i o n . The t r a n s i e n t condi

t i o n s f o r three cases of load demand w i t h i n i t i a l steady s t a t e discharge of 

zero, one quarter and one h a l f of the f i n a l steady s t a t e discharge were 

stu d i e d . The g r a p h i c a l form of the r e s u l t s allows the p r e d i c t i o n of surge 

tank s t a b i l i t y f o r o s c i l l a t i o n s of l a r g e amplitude f o r a simple surge tank. 

The graphs f o r a l l three c o n d i t i o n s show that an increase i n the rated head 

has a s t a b i l i z i n g i n f l u e n c e on surge tank o s c i l l a t i o n s . 
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NOTATION 

UNITS 

a 

F 

f 

F, 

h 

g 

HG 
H 

Th 

H 
i 

h 
i 

L 

N 

n 

q 

Q 

Q 

A c c e l e r a t i o n of flo w i n conduit 

C r o s s - s e c t i o n a l area of surge tank 

C r o s s - s e c t i o n a l area of conduit 

Thoma's c r i t i c a l area of surge tank 

Sum of v e l o c i t y head and f r i c t i o n l o s s i n conduit 

A c c e l e r a t i o n of g r a v i t y 

Gross head 

Net head a c t i n g on tu r b i n e during surge c o n d i t i o n 

Net head a c t i n g on turbine i n f i n a l steady s t a t e c o n d i t i o n 

Head l o s s i n conduit i n f i n a l steady s t a t e c o n d i t i o n 

Rated head of turbine 

R e l a t i v e rated head, i . e . , r a t i o of rated head to gross head 

Length of conduit 

f t / s e c ^ 

f t 2 

f t 2 

f t 2 

f t 

f t / s e c 2 

f t 

f t 

f t 

f t 

f t 

f t 

i n 

R a t i o of surge tank c r o s s - s e c t i o n a l area to Thoma's c r i t i c a l area -

R e l a t i v e i n i t i a l discharge, Q. /Q 
° i n o 

3 
Momentary tu r b i n e discharge f t /sec 

3 
Momentary conduit discharge f t /sec 

3 
I n i t i a l and f i n a l steady s t a t e values of conduit discharge f t /sec 

3 

F u l l gate t u r b i n e discharge under rated head f t /sec 

Time i n seconds sec 
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UNITS 

V V e l o c i t y i n conduit i n surge c o n d i t i o n f t / s e c 

V q F i n a l steady s t a t e v e l o c i t y i n conduit f t / s e c 
3 

w Unit weight of water l b / f t 
h 

X Dimensionless parameter, 1  

Dimensionless parameter, -

• V 

g-F o 

h 
H o 

Height of water l e v e l i n surge tank, measured from r e s e r v o i r 

l e v e l ( p o s i t i v e downward) f t 

Height of water l e v e l i n surge tank, measured from f i n a l 

steady s t a t e water l e v e l i n surge tank f t 

Amplitude of o s c i l l a t i o n of f r i c t i o n l e s s flow r e s u l t i n g from 

/
L- f f t 

2 
L-f-V 

e Vogt's dimensionless parameter, ~̂ 
g-F-h 
h Q ° 

8 Vogt's dimensionless parameter, — — 
H G 

The s u b s c r i p t s , i , a, e, r e f e r to i n i t i a l , average and end values r e s p e c t i v e l y 

of the v a r i a b l e s y, h, Q, H^ and q. 
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INTRODUCTION 

Surge tank s t a b i l i t y i s a f f e c t e d by sudden load changes and 

unpre d i c t a b l e i n t e r r u p t i o n s of water power d e l i v e r y which cause o s c i l 

l a t i o n s of l a r g e amplitude i n the surge tank. Undamped o s c i l l a t i o n s i n 

the surge tank r e s u l t i n constant hunting of the governor. For s a t i s 

f a c t o r y load r e g u l a t i o n of a turbo-generator i t i s necessary that the 

o s c i l l a t i o n s i n the surge tank be damped w i t h i n a few minutes. 

This study discusses the s t a b i l i t y of a simple surge tank i n 

conjunction w i t h a tu r b i n e operating under v a r i o u s heads. F i r s t , o s c i l 

l a t i o n s of s m a l l amplitude are considered. From the equation of motion, 

the c o n t i n u i t y equation, and the equation of constant power output, a 

general d i f f e r e n t i a l equation re p r e s e n t i n g o s c i l l a t i o n s i n a simple surge 

tank i s obtained (equation (13) i n Chapter I ) . I f the amplitudes of 

o s c i l l a t i o n are s m a l l , the nonl i n e a r d i f f e r e n t i a l term and the terms equal 

to and higher than second degree may be neglected. The general d i f f e r e n t i a l 

equation w i l l be s i m p l i f i e d to a l i n e a r d i f f e r e n t i a l equation of the second 

order as f o l l o w s (equation (16) i n Chapter I) : 

,2 
•S-f + 2a • - j * f - + b-z = 0 (1) 
d t 2 d t 

where a and b are constants. The f i r s t term i n v o l v e s a c c e l e r a t i o n and the 

second term i n v o l v e s v e l o c i t y of the water i n surge tank and the l a s t term 

i n v o l v e s displacement of water surface. 
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The s o l u t i o n of equation (1) w i t h a = 0 f o r the case of o s c i l l a 

t i o n s of constant amplitude leads to the Thoma formula 

2 
L - f V 

F T h = — ( 2 ) 

2g-H -h 6 o o 

where 

F = Thoma's c r i t i c a l area of surge tank 

L = length of conduit 

f = c r o s s - s e c t i o n a l area of conduit 

V q = f i n a l steady s t a t e v e l o c i t y i n conduit 

H q = net head a c t i n g on tu r b i n e at f i n a l steady s t a t e c o n d i t i o n 

h = head l o s s i n conduit i n f i n a l steady s t a t e c o n d i t i o n , o 
In a surge tank w i t h c r o s s - s e c t i o n a l area F

T^> the o s c i l l a t i o n s have con

st a n t amplitude. 

Several terms are neglected i n the s o l u t i o n of the general d i f f e r 

e n t i a l equation by Thoma and t h i s l i m i t s the v a l i d i t y of the s o l u t i o n to the 

case when the o s c i l l a t i o n s i n the surge tank are s m a l l . Hence t h i s c r i t e r 

i o n f o r the s t a b i l i t y of a simple surge tank i s a p p l i c a b l e only to the case 

of o s c i l l a t i o n s of s m a l l amplitude. For the case of o s c i l l a t i o n s of l a r g e 

amplitude, Thoma's c r i t e r i o n leads to i n s t a b i l i t y . Therefore, Jaeger,* 

Frank,* and others suggested that Thoma's c r i t e r i o n had to be r e f i n e d f o r 

* see reference (3) 
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the case of o s c i l l a t i o n s of l a r g e amplitude. C o r r e c t i o n f o r Thoma's 

c r i t e r i o n suggested by Jaeger i s 

Z 
N = = (1 + 0.482 - * ) (3) 

FTh HG + h o 
where 

F = c r o s s - s e c t i o n a l area of surge tank 

H = gross head 

Z, = v . A^-
o y g - F 

A l l c o r r e c t i o n s f o r Thoma's c r i t e r i o n suggested by previous i n v e s t i g a t o r s 

are given i n the s e c t i o n 4 i n Chapter I I i n dimensionless form. 

When o s c i l l a t i o n s of l a r g e amplitude are considered, the neglected 

terms are no longer n e g l i g i b l e and must be included i n the s o l u t i o n . No 

s o l u t i o n by d i r e c t i n t e g r a t i o n i s p o s s i b l e and numerical i n t e g r a t i o n by 

d i g i t a l computer i s , t h e r e f o r e , used f o r the s o l u t i o n of the equation. 

In d e a l i n g w i t h the s t a b i l i t y of o s c i l l a t i o n s of l a r g e amplitude, 

previous i n v e s t i g a t o r s have assumed that during the t r a n s i e n t s t a t e the 

governor keeps the power output constant; thus 

q-H^ = constant (4) 

where 

q = momentary tu r b i n e discharge 

= momentary net head. 
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In p r a c t i c e , the governor a c t i o n r e s u l t s e i t h e r i n constant power 

output or i n constant gate opening. The l a t t e r case occurs when the f u l l -

gate opening i s reached. The head-discharge r e l a t i o n s h i p f o r constant gate 

opening c o n d i t i o n i s approximately 

q^/H^ = constant (5) 

For an instantaneous head greater than the r a t e d head of the t u r b i n e , the 

governor keeps the generator power output constant; f o r an instantaneous 

head l e s s than the rated head, the governor maintains the gate opening 

constant. 

Sudden load increases from steady s t a t e c o n d i t i o n s corresponding 

to f o l l o w i n g r e l a t i v e discharges were considered : 

(1) n = Q . N / Q o = 0 

(2) n = Q. /Q = 0.25 
i n o 

(3) n = Q. /Q = 0.50 
x o 

where 

Q = i n i t i a l steady s t a t e discharge i n 
Qq = f i n a l steady s t a t e discharge. 

This study shows that the r e s u l t s of the s t a b i l i t y analyses derived 

by Jaeger, Frank, and others based on the constant power output c r i t e r i o n , 

are a p p l i c a b l e i f the net head on the t u r b i n e remains greater than the rated 

head during the o s c i l l a t i o n s . For o s c i l l a t i o n s of l a r g e amplitude, Thoma's 

c r i t e r i o n must n e c e s s a r i l y r e s u l t i n i n s t a b i l i t y i f the constant horsepower 

output c r i t e r i o n i s imposed. 
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CHAPTER I STABILITY OF SMALL OSCILLATIONS 

1. Turbine Performance C h a r a c t e r i s t i c s 

I t has long been r e a l i z e d that the t r a n s i e n t behaviour of a surge 

tank i n a water power system i s p r i m a r i l y i n f l u e n c e d by the a c t i o n of the 

turbine-. Hence i t i s appropriate here to introduce f i r s t the performance 

c h a r a c t e r i s t i c s of a t u r b i n e . 

The r a t e d head, H , of a tu r b i n e i s the head at which the f u l l -r 
gate output i s equal to the ra t e d generator power output. With a net head 

greater than the ra t e d head, u n i t output i s l i m i t e d by the cap a c i t y of the 

generator. With the net head l e s s than the ra t e d head, t u r b i n e power output 

i s l e s s than the ra t e d output of the generator and the gates are kept at the 

f u l l y open p o s i t i o n . Therefore, w h i l e the t u r b i n e i s operating under vary

in g heads during the surge c o n d i t i o n , the governor keeps the power output 

constant as long as the instantaneous head exceeds the ra t e d head. 

As the t u r b i n e head decreases, during the down surge w h i l e the net 

head i s s t i l l g reater than the rated head, the discharge i s increased to 

maintain constant power output u n t i l the f u l l - g a t e p o s i t i o n i s reached. At 

t h i s p o i n t , although the head s t i l l continues to decrease, the discharge 

a l s o decreases according to the f u l l - g a t e opening discharge curve and con

st a n t power output i s no longer maintained. In t h i s t h e s i s the f u l l - g a t e 

discharge of a turbine," considered as the discharge through an o r i f i c e , i s 
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assumed to be independent of the speed, and to vary as the square root of 

the net head. The f u l l - g a t e head-discharge r e l a t i o n s h i p can be expressed as 

r r 

where K i s a constant. This equation i s p l o t t e d on head-discharge diagram 

i n Figure 1 as a p a r a b o l i c curve which passes through the p o i n t (1,1). K = 1 

f o r equation ( 1 ) . 

I t f o l l o w s that w i t h the instantaneous head of the t u r b i n e above 

the r a t e d head the power output i s l i m i t e d by the c a p a c i t y of the generators, 

but w i t h the instantaneous head below the rated head, the f u l l - g a t e c a p a c i t y 

of the t u r b i n e l i m i t s the output of the p l a n t . 

As an example, the p r e d i c t e d performance of Shasta Power P l a n t 

o perating over a wide range of head i s shown i n Figure 2, The regions of 

constant power output and constant gate opening are i n d i c a t e d i n t h i s f i g u r e . 

2. Equation of Governor 

For l a r g e o s c i l l a t i o n s , the governor equation <r H
n = constant i s 

v a l i d f o r the instantaneous head greater than the r a t e d head and q H = 

constant f o r the instantaneous head l e s s than the r a t e d head as shown i n 

Figure 3. 

For small o s c i l l a t i o n s , the governor w i l l operate e n t i r e l y i n ac

cordance w i t h e i t h e r (1) the equation q-H n = constant, or (2) the equation 

q /y H n = constant. The former case i s i n d i c a t e d by the heavy l i n e AB i n 

Figure 3. 
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For case (1) p o i n t s A and B w i l l l i e on the curve q'H = constant 
n 

and both and Hg are higher than H^. For case ( 2 ) , p o i n t s A and B w i l l 

l i e on the curve q l-^j = constant w i t h both and l e s s than H^. 

I f the t r a n s i e n t c o n d i t i o n f a l l s w i t h i n the range of the constant 

gate c o n d i t i o n , as i n case ( 2 ) , a l l surges are damped independently of the 

discharge, surge tank area and length and area of the conduit. Conversely 

f o r case ( 1 ) , as the head decreases the discharge i s increased to maintain 

constant power output. I t i s the discharge increase that induces the prob

lem of s t a b i l i t y . 

3. B a s i c Assumptions 

The i n v e s t i g a t i o n of o s c i l l a t i o n s of s m a l l amplitude i s based on 

the f o l l o w i n g s i m p l i f y i n g assumptions : 

(1) Both conduit w a l l s and water are incompressible. 

(2) O s c i l l a t i o n s are s m a l l . 

(3) Turbine governor maintains power output constant. 

(4) Turbine e f f i c i e n c y i s constant. 

(5) C r o s s - s e c t i o n of surge tank i s constant. 

(6) Penstock f r i c t i o n and a c c e l e r a t i n g head are neglected. 
2 

(7) Conduit v e l o c i t y head V / 2g i s n e g l i g i b l e . 

(8) A c c e l e r a t i o n of water i n surge tank neglected. 

(9) Governor i s h i g h l y s e n s i t i v e . 

(10) I s o l a t e d system. 



F I G U R E k G E N E R A L I N S T A L L A T I O N OF SURGE T A N K 
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4. Fundamental Equations and t h e i r S o l u t i o n s 

The general i n s t a l l a t i o n of simple surge tank i s i l l u s t r a t e d i n 

Figure 4. 

(a) The Equation of Motion 

In Figure 4, the unbalanced pressure f o r c e between the i n t a k e A 

and surge tank entrance B i n the conduit i s 

P.. = w f - (z + h - h) 1 o (2) 

i n which 

w = u n i t weight of water 

f = c r o s s - s e c t i o n a l area of conduit 

z = height of water l e v e l i n surge tank, measured from f i n a l 

steady s t a t e water l e v e l i n surge tank 

h = f r i c t i o n l o s s i n conduit at f i n a l steady s t a t e c o n d i t i o n o 
h = instantaneous head l o s s i n conduit. 

The a c c e l e r a t i o n of water column i n the conduit i s 

a = 
dV 
dt (3) 

where 

V = v e l o c i t y i n the conduit. 

Hence the r e q u i r e d unbalanced f o r c e to a c c e l e r a t e the water column AB i n the 

conduit i n the d i r e c t i o n of motion i s 
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From the Newtonian laws of motion i t f o l l o w s that the unbalanced 

pressure f o r c e a c c e l e r a t e s the water column i n the conduit during the surge 

c o n d i t i o n . We o b t a i n the equation of motion by equating P^ and P^ as f o l 

lows : 

_ H _ . f . L . _ i y _ = w . f ( z + h _ h ) (5) 
g dt o 

or 

L d V = z + h - C-V- |V| (6) g dt o 

where h = CV«[v|. The arrow i n Figure 4 defines the p o s i t i v e d i r e c t i o n of V. 

(b) The C o n t i n u i t y Equation 

Consider the c o n t i n u i t y at p o i n t B. The discharge i n the penstock 

equals the discharges from conduit and the surge tank. Hence 

V-f + F - 4 5 - = q ( 7 > dt 4 

i n which 

F = c r o s s - s e c t i o n a l area of surge tank. 

(c) The Governor Equation 

The governor maintains power output constant. Therefore 

q. (H„ - h - z) = Q -H = f-V -H (8) 
^ G o x o o o o 

i n which 

H = gross head of the p l a n t G 
= f i n a l steady s t a t e discharge 
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or 

Then 

H = H„ - h = f i n a l steady s t a t e net head on t u r b i n e o G o J 

V q = v e l o c i t y i n conduit at f i n a l steady s t a t e c o n d i t i o n . 

..By e l i m i n a t i n g q from equation (7) and (8) , we o b t a i n 

f-V -H 
o o v > f + F dz_ ( 9 ) H -h -z dt 

G o 

V - H
 V A 

v ^ - - - r ~ 3 r • • ( 1 0 ) 

G o 

Jl , . 2F-V -H , V 2-H 2 

2 _ F . dz . 2 _ o o dz _j o o (11) 
" V ( d t } " f - ( W z ) ' d t ( H - h - z ) 2 

G o 

and 

dV 
dt 

V -H 
o o 

(H G-h o-z) 
dz 

2 dt d t 2 

(12) 

S u b s t i t u t i n g equations (11) and (12) i n t o equation ( 6 ) , we o b t a i n 

d t 2 

Cg-F , f _ d z _ 2 
,L-f ^ dt ; 

2g-C-V -H 
o o 

L-(H - z) 
o 

f-y.H. 
. o o 

F-(H - z ) ' o 

dz g. f 
+ ? P • z dt L.F 

+ 
g-f-h. 
L-F 

g-f-h -H 
o o 

L-F-(H - z ) ' o 
= 0 (13) 

The b i n o m i a l terms i n equation (13) expand i n t o a s e r i e s as f o l l o w s : 

1 z z 
+ — R - + o - + H H H 
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( V z ) ' H H H 

The l a s t equation becomes 

d z _ C-g-F /_dz_s2 . 2 L'.f ' { dt ; 

dt 

f .V 2 
2 - + - 2 2 — + + 

2g-C-V O /•, z z 
— (1 + — — + — — + H H 

H H H 

g-f-h c 

L-F 
2 z + H H 

dt + L'F 

= 0 

For s m all o s c i l l a t i o n s , we neglect (1) the product of f i r s t degree 

terms H and dz — , (2) the second degree terms of (——) and the non-t n 
° dz 2 ° l i n e a r term of ( ^ ) , and (3) higher degree terms. Then 

d 2 z 

dt .2 
+ 

2g-C-V f-V 
F-H 

dz 
dt + (- L-F 

2g.f-h c 

L-F-H -)z = 0 (14) 

or, on rearrangement 

d t 2 

2g-OV f-V 
F-H 

dz 
dt + JLlL 

L-F 
, V 3 h o , 

G o 
= 0 (15) 

Equation (15) i s v a l i d f o r o s c i l l a t i o n s of small amplitude. 
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By r e w r i t i n g equation (15), we o b t a i n 

j 2 
-S-f- + 2 a — S f - + b-z = 0 (16) 

2 dt 

where 
g-C-V f-V 

o o_ 
3 L 2F-H 

o 
, H -3h 

= _JL^ 2 _ 
L-F H 

o 
— a t 

I f we put z = u-e , we o b t a i n f o r u an equation of the form 

A2 7 

+ ( b - a
Z ) u = 0 (17) 

dt 
2 2 

Let K = b - a . Then the s o l u t i o n of equation (17) i s 
u = A-Cos Kt + B-Sin Kt 

The general s o l u t i o n of equation (16) i s 

z = u-e" a t = e " a t (A-Cos Kt + B-Sin Kt) . . . . . (18) 

—at 
The term "a" i n the f a c t o r e i s c a l l e d the "modulus of o s c i l l a t i o n . " 

The o s c i l l a t i o n s of s m a l l amplitude can be c l a s s i f i e d as f o l l o w s : 

(1) For a > 0, the o s c i l l a t i o n s are damped s i n c e as t in c r e a s e s , 
—at 

the f a c t o r e decreases. 

(2) For a = 0, a l l o s c i l l a t i o n s are of constant amplitude and z = A-Cos Kt + B-Sin Kt (19) 
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This c o n d i t i o n leads to Thoma's c r i t e r i o n f o r surge tank area 

g-C-V f-V 
o o _ n 

3 L 2F-H " U 

o 2 2 V _ . . . . L-Q 
T? = ° - L ' £ ° 
*Th 2g H -z " 2g.f-H -h • • • • u u ; 

° o o ° o o 
(3) For a < 0, the o s c i l l a t i o n s are increased s i n c e as t in c r e a s e s , 

— a t 

the f a c t o r e a l s o i n c r e a s e s . 

The c r i t i c a l area of a surge tank f o r o s c i l l a t i o n s d e rived by Thoma 

i s given i n equation (20). In the tank which has i t s area equal to Thoma's 

c r i t i c a l area, surges are n e i t h e r damped by f r i c t i o n nor a m p l i f i e d by gover

nor a c t i o n . 

I f the surge tank area i n a system i s smaller than Thoma's c r i t i c a l 

area, i t i s p o s s i b l e f o r an i n i t i a l l y s m a l l o s c i l l a t i o n to increase i n am

p l i t u d e . Small surges, i n s t e a d of being damped by f r i c t i o n , are a m p l i f i e d 

by the i n t e r a c t i o n of the surge tank and the governor. 

I t i s noted that the r e q u i r e d Thoma's c r i t i c a l area i s i n v e r s e l y 

p r o p o r t i o n a l to the net head. Therefore, the l a r g e s t r e q u i r e d Thoma's c r i 

t i c a l area occurs a t the lowest net head where a constant power output can 

s t i l l be maintained, that i s , a t the r a t e d head. 
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CHAPTER I I STABILITY OF LARGE OSCILLATIONS 

1. B a s i c Equations of Large O s c i l l a t i o n s 

For a n a l y s i s of o s c i l l a t i o n s w i t h l a r g e amplitude i n a simple surge 

tank i t w i l l be convenient to l e t "y" equal the height of water l e v e l i n 

surge tank measured from r e s e r v o i r l e v e l , so that y = z + h Q , (see Figure 4). 

The equation of motion of the water i n the conduit AB, and the 

equation of h y d r a u l i c c o n t i n u i t y a t B are r e s p e c t i v e l y : 

- y-cv|v| (i) 
and 

v-f + - ^ - F = q (2) 

As f o r the case of s m a l l o s c i l l a t i o n s , the governor equation i s 

used as a boundary c o n d i t i o n a t the o u t l e t of surge tank. This boundary 

c o n d i t i o n depends not only on the head v a r i a t i o n s caused by o s c i l l a t i o n s of 

l a r g e amplitude but a l s o on the r a t i o of r a t e d head to design head. Owing 

to the wide range of net head f l u c t u a t i o n f o r o s c i l l a t i o n s of l a r g e amplitude, 

the range of operation w i l l u s u a l l y i n c l u d e both the constant power output 

and constant gate opening cases as shown i n Fi g u r e 5, where p o i n t s A and B 

represent two extreme p o i n t s of f l u c t u a t i o n . Depending on the d i f f e r e n t 

values of r a t e d head, the equation r e p r e s e n t i n g constant horsepower output 

or constant gate opening must be used as the governor c r i t e r i o n . 
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Turbine Discharge q 
FIGURE $ TURBINE HEAD-DISCHARGE RELATIONSHIP 

LARGE'OSCILLATIONS 
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For constant horsepower output 

Q (HG - Y ) = Q . H N = Q Q.H O = constant (3) 

and f o r constant gate opening 

H 
n 

H H r r 

or 

_ 9 = _ r constant (4) 

When the f i n a l steady s t a t e head i s much higher than the rated head 

of t u r b i n e , the governor might maintain constant power output without reaching 

the c o n d i t i o n of constant gate opening, i . e . , the whole range of head f l u c 

t u a t i o n i s above the rated head. This case leads to the c r i t e r i a of l i m i t i n g 

o s c i l l a t i o n s of l a r g e amplitude r e s u l t i n g from constant power output. The 

r e s u l t of t h i s s p e c i a l case i n t h i s study and i t s comparison w i t h the work 

of previous i n v e s t i g a t o r s are given i n s e c t i o n 4 of t h i s chapter. 

t i o n s f o r l a r g e o s c i l l a t i o n s are as s t a t e d i n the preceding chapter, except 

as f o l l o w s : 

(1) The governor maintains constant power output at heads above 

the r a t e d head and constant gate opening at heads below the r a t e d head. 
2 

(2) The conduit v e l o c i t y head V /2g i s considered i n numerical 
s o l u t i o n s . 

In order to s i m p l i f y a n a l y s i s by numerical procedures, a l l assump-
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2. Computer S o l u t i o n s of D i f f e r e n t i a l Equations 

D i f f e r e n t i a l equations f o r which no d i r e c t s o l u t i o n i s p o s s i b l e , 

can be solved by step-by-step methods of i n t e g r a t i o n . For an a r i t h m e t i c a l 

i n t e g r a t i o n , the d e r i v a t i v e s dV/dt and dy/dt i n the b a s i c d i f f e r e n t i a l equa

t i o n s 

ft- - -H^- <« 
and 

1' Hn = V H o • • (7) 
or 

q _ q r 
r — - J — . . . (8) 

are replaced by the small f i n i t e d i f f e r e n c e quotients AV/At and Ay/At, where 

4 T ' Q % V F < 1 0 > 

q -H = Q -H (11) 
a na o o 

q q 
a r (12) 

,/H ,/H 
y na Y r 
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From ( 9 ) , (10) we o b t a i n 

AQ = AV'f = - f — f-At (y - h ) (13) 

Ay = ~f~< ( q a - Q a) (14) 

The r e s u l t i n g four equations, (11), (12), (13), and (14) are then 

solved by a s s i g n i n g values f o r v a r i a b l e s , y , h , q , and Q , and c a l c u l a t i n g 
a a. a a 

a l t e r n a t i v e l y AQ and Ay. For a given time i n t e r v a l , 

y e = y± + A y • (15) 

Q e = Q. + AQ (16) 

y 0 = y,- + Ay/2 (17) 

Qa = Q + AQ/2 (18) 

2 I / h = C-V = C ^ (19) a a ^2. 

In these d i f f e r e n c e equations (11) to (19), the s u b s c r i p t s , i , a, 

e, r e f e r to i n i t i a l , average and end values r e s p e c t i v e l y of the v a r i a b l e s y, 

h, Q, H and q f o r time i n t e r v a l under c o n s i d e r a t i o n . Q , q , and H repre-' x ' n ^ o o o 
sent f i n a l steady conduit discharge, discharge through t u r b i n e and net head 

on t u r b i n e r e s p e c t i v e l y . 

The average height of the water l e v e l i n the surge tank or the 

average discharge i n the conduit during the time i n t e r v a l under considera

t i o n must f i r s t be estimated. I t i s p r e f e r a b l e to estimate the average 

conduit discharge. A s u f f i c i e n t l y accurate method f o r e s t i m a t i n g the average 

conduit discharge assumes that the discharge at the beginning of i n t e r v a l i s 
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increased by one h a l f of the increment r A Q , already found f o r the previous 

i n t e r v a l . For s a t i s f a c t o r y accuracy of the s o l u t i o n s , more than a hundred 

time i n t e r v a l s i n a q u a r t e r c y c l e of a surge were u t i l i z e d i n the computer 

programs. 

The numerical analyses f o r surge tank s t a b i l i t y were c a r r i e d out 

i n dimensional form w i t h the use of the dimensionless parameters e and 3 

of Vogt and f o r v a r i o u s values of r e l a t i v e r a t e d head h^, where 

h 
o 
0 2 L-f-V o 

e = 2" 
g-F-h 
a o 
H 

To e s t a b l i s h the c r i t e r i a f o r c r i t i c a l o s c i l l a t i o n s , a value of g 

was s e l e c t e d on a t r i a l and e r r o r b a s i s to s a t i s f y a given e and H^. From 

given values of e and and t r i a l v alue of 3 and chosen constant values of 

H„, f , L, and F, values f o r the v a r i a b l e s h and V were c a l c u l a t e d . G o o 
These values formed the input data f o r the computer program and 

were used to c a l c u l a t e one and one h a l f c y c l e s of the t r a n s i e n t surge con

d i t i o n . The computer compared the f i r s t and second computer downsurge and 

a u t o m a t i c a l l y r e v i s e d the t r i a l value of 3 u n t i l both downsurges were of 

equal magnitude. The t r i a l values of 3 were r e v i s e d according to the f o l l o w 

i n g expression : 

8, - - - B -o R 
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where 

8 = f i r s t t r i a l value of 8 o 
8̂  = second t r i a l value of 8 

D = computed second maximum downsurge minus computed f i r s t 

maximum downsurge (see Figure 6a) 

R = values v a r i e d from 100 to 1500, depending on the values 

of E, f o r l a r g e r value of e the greater value was used 

and v i c e v e r s a . 

For the given s p e c i f i e d i n i t i a l sudden increase i n t u r b i n e d i s 

charge q and w i t h the help of the procedure described above f o r est i m a t i n g 

the average conduit discharge, and w i t h the i n i t i a l values of the primary 

v a r i a b l e s H , and z, the d i f f e r e n c e s of these v a r i a b l e s can be determined 

from the above d i f f e r e n c e equations. The values of the primary v a r i a b l e s 

at the end of the time i n t e r v a l are then obtained. 

I f H-na>H , the computer obeys the requirement of constant power 

output, that i s , i t solves equations ( 9 ) , (10), and (11) simultaneously. 

On the other hand, the constant gate opening requirement i s followed when 

H <H , i . e . , the computer solves equations ( 9 ) , (10), and (12) s i m u l -

taneously. 

Damped o s c i l l a t i o n i s described as " s t a b l e " and i s represented by 

the decreasing s p i r a l on Q-y plane shown as curve i n Figure 6b. Curve 

(j?) represents the l i m i t i n g c o n d i t i o n when the surge i s n e i t h e r damped nor 

a m p l i f i e d but i s i n d e f i n i t e l y maintained. O s c i l l a t i o n i n t h i s case i s r e 

f e r r e d to as " c r i t i c a l " . Surge which increases i n amplitude w i t h time i s 

represented by curve as an i n c r e a s i n g s p i r a l and t h i s o s c i l l a t i n g con

d i t i o n i s r e f e r r e d to as "unstable". 
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i, 6 DETERMINATION OF'STABLE , CRITICAL, AND 
UNSTABLE OSCILLATIONS 
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To o b t a i n the c r i t i c a l c o n d i t i o n f o r a surge tank, i t i s necessary 

t h a t the f i r s t downsurge and second downsurge are equal, i . e . , the o s c i l l a 

t i o n s have constant amplitude. An a d d i t i o n a l v e r i f i c a t i o n of the computer 

r e s u l t s was obtained by ensuring that the conduit discharge equals the 

i n i t i a l conduit discharge, when the water e l e v a t i o n y i n the tank, (z i n 

computer programs) equals i t s i n i t i a l steady s t a t e e l e v a t i o n . For example, 

i n case of f u l l - l o a d demand, the c r i t i c a l o s c i l l a t i o n i s v e r i f i e d by ensuring 

Q equals zero when y = 0, as f o r curve i n Figure 6b, where the i n i t i a l 

conduit discharge i s zero. 

For computer programs see Appendixes 1(A), 1(B), and 1(C). 

Figure 7 shows a p l o t of water surface e l e v a t i o n y w i t h respect 

to conduit discharge Q f o r the case n = 0 as c a l c u l a t e d by the computer. 

Curve A i s based on constant power output only, w h i l e curve B i s based on 

both constant power output and constant gate opening. Both curves f o r the 

same data are i d e n t i c a l between the i n i t i a l s t a t i c head and the r a t e d head 

( i . e . , between a and b ) . Curves A and B between p o i n t s b and c show the 

dampening e f f e c t of the constant gate output c r i t e r i o n . 

3. S t a b i l i t y of Surges of Large Amplitude 

The extent of the e f f e c t of changes i n t u r b i n e discharge on the 

t r a n s i e n t behaviour of a surge tank depends on the r e l a t i v e values of i n i t i a l 

steady s t a t e t u r b i n e discharge and f i n a l steady s t a t e t u r b i n e discharge. 

These r e l a t i v e values are designated as "n" where n = Q....../ Q_. ,, 
& i n i t i a l f i n a l 

and range from 0 to 1.0. For example, f u l l - l o a d demand i s represented by 
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n = 0. L i m i t i n g o s c i l l a t i o n s f o r three d i f f e r e n t r e l a t i v e i n i t i a l d i s 

charge n = 0, n = 0.25, and n = 0.50, and f o r more widely v a r y i n g values 

of r e l a t i v e r a t e d head were s t u d i e d . 

R e s u l t s of analyses are shown on a dimensionless plane w i t h e 

as a b s c i s s a and 3 as ordinates and h^ as a parameter i n Figures 8, 9, and 

10 f o r the cases n = 0, n = 0.25, and n = 0.50 r e s p e c t i v e l y . The s t a b i l i t y 

c r i t e r i a i n t h i s dimensionless e - B plane i s d i v i d e d i n t o two main areas 

separated by an enveloping curve, or "curve of constant power output". 

Previous i n v e s t i g a t o r s , ignored the i n f l u e n c e of constant gate opening on 

surge tank s t a b i l i t y , and considered a l l o s c i l l a t i o n s i n the r e g i o n above 

the enveloping curve to be unstable. 

In r e a l i t y , whether the t u r b i n e accepts a load demand from zero 

to f u l l load or from p a r t i a l to f u l l l o a d , the t u r b i n e discharge can ob

v i o u s l y not be increased f u r t h e r once the f u l l - g a t e p o s i t i o n has been 

reached, and t h e r e f o r e the generator can no longer maintain i t s r a t e d out

put w h i l e the head on the t u r b i n e i s l e s s than the r a t e d head. The e f f e c t 

of constant gate opening has to be introduced i n t o the s t a b i l i t y c r i t e r i a 

f o r o s c i l l a t i o n s of l a r g e amplitude. 

Hence the r e g i o n above the enveloping curve i s d i v i d e d i n t o two 

zones by the curves of parameter, h^, as i n Figures 8, 9, and 10. For the 

r e g i o n to the l e f t of the curve f o r a given r a t e d head, the c r i t e r i a of 

s t a b l e o s c i l l a t i o n s i s s t i l l met. 

In the zone to the r i g h t of the curve f o r a given r a t e d head, os

c i l l a t i o n s are unstable. 

In the r e g i o n below the enveloping curve, o s c i l l a t i o n s of l a r g e 

amplitude are s t a b l e . 
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FIGURE 10 CRITERIA OF STABILITY FOR OSCILLATIONS OF LARGE AMPLITUDE (n = 0 , 5 0 ) 
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Figures 8, 9, and 10 show that a l l curves of parameter h^ are 

tangent to the enveloping curve. A l l p o i n t s on the segment of enveloping 

curve to the r i g h t of the i n t e r s e c t i o n of the p a r t i c u l a r h^ curve represent 

the c o n d i t i o n of o s c i l l a t i o n s of constant amplitude w i t h the whole range of 

head f l u c t u a t i o n above the r a t e d head. This c o n d i t i o n was s t u d i e d by the 

previous i n v e s t i g a t o r s who considered that governor ensures only constant 

power output. 

A comparison of the previous i n v e s t i g a t o r s ' f i n d i n g s and the r e s u l t 

of the study f o r n = 0 i s given i n the s e c t i o n 4 i n t h i s chapter. 

Three d i f f e r e n t cases which were s t u d i e d and p l o t t e d on a dimen

s i o n l e s s plane are described as f o l l o w s : 

(A) Sudden load demand w i t h the r e s u l t i n g discharge increase from 

zero to f i n a l steady s t a t e discharge Q q (n = 0 ) . 

The s t a b i l i t y c r i t e r i a of the developed e - 8 - h^ r e l a t i o n s h i p 

i s i l l u s t r a t e d i n Figure 8. The r e l a t i v e r a t e d head ranging from 0.50 to 

0.80 i s p l o t t e d on the f i g u r e as a parameter. The curves of l i m i t i n g os

c i l l a t i o n s are tangent to the enveloping curve of constant power output. 

(B) Sudden load demand w i t h the r e s u l t i n g discharge i n c r e a s e from one-

quarter discharge to f i n a l steady s t a t e discharge Q q (n = 0.25) 

Figure 9 shows a p l o t s i m i l a r to that i n F i g u r e 8 w i t h a s l i g h t 

change i n the range of the rated head and enveloping curve. 

(C) Sudden load demand w i t h the r e s u l t i n g discharge i n c r e a s e from 

one-half discharge to f i n a l steady s t a t e discharge Q q (n = 0.50) 

The r e s u l t s are shown i n Figure 10. 
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For cases other than the three i n d i c a t e d ab ove, the method of 

i n t e r p o l a t i o n can be used. S t a b i l i t y c r i t e r i a f o r cases n > 0.50 can be 

i n t e r p o l a t e d between the enveloping curve i n F i g u r e 10 and Thoma's curve i n 

Figure 11. 

4. L i m i t i n g Curves R e s u l t i n g from Constant Power Output 

Introducing Vogt's parameters 

h L-f-V 2 

o , o and e = 

i n t o Thoma's equation, 

G g-F-h 
o 

V 2 

we o b t a i n 

Th 2g H -h 
° o o 

= 2(1 - 3Th) 
eTh ~ e T h 

(20) 

Jaeger* gives as the r e s u l t of h i s work 

8 8 
- y - i — + 0 . 4 8 2 ^ ( ^ - i - j — ) 2 .0 • • • ( 2 D 

In Figure 11, 3 ^ i s the curve derived by the w r i t e r , using a 

d i g i t a l computer. I t i s developed f o r the c o n d i t i o n of constant power 

output and f o r the c o n d i t i o n of o s c i l l a t i o n s of l a r g e amplitude i n the case 

* see reference (3) 
# 8 i s the enveloping curve i n Figure 8 (n = 0) 
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of sudden load acceptance from zero to f u l l - l o a d . This curve i s compared 

w i t h the curves of equations (20) and (21) above, together w i t h the curve 

f o r Frank's Bpr* which was obtained by d i r e c t g r a p h i c a l methods. A l l 

curves are p l o t t e d i n Figure 11. 

Values of Thoma's g m l_, of Frank's R of Jaeger's 6 T , and of 
Th F r , & J 

w r i t e r ' s 8 C developed by computer s o l u t i o n f o r n = 0 and f o r given e are 

shown i n Table I and I I . 

Table I 

R f o r n = 0 c 

e 100 90 80 70 60 50 40 30 20 10 

g c 0.0191 0.0211 0.0236 0.0266 0.0308 0.0363 0.0442 0.0561 0.0741 0.1048 

Table I I 

8 T H > 8 F R , and f o r n = 0* 

e 100 50 40 30 20 10 

3Th 0.0196 0.0385 0.0476 0.0620 0.0910 0.1670 

3 F r 0.0196 0.0368 0.0440 0.0566 0.0750 0.1045 

B J 0.0181 0.0344 0.0424 0.0545 0.0776 0.1380 

* see reference (3) 
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There i s good agreement between Frank's and the w r i t e r ' s c r i t e r i a 

f o r surge tank s t a b i l i t y w i t h the governor maintaining constant power output 

f o r o s c i l l a t i o n s of l a r g e amplitude (n = 0). 

For f u r t h e r comparison w i t h some other i n v e s t i g a t o r s ' r e s u l t s , the 

above v a r i a b l e s are f u r t h e r transformed by i n t r o d u c i n g the f o l l o w i n g dimen

s i o n l e s s parameters : 

X = 
/HI . V 

y g-F c 

Y = 1 - H 

S u b s t i t u t i o n of X and Y i n t o equation (20) r e s u l t s i n 

Y = 2X 2 (22) 

and i s shown as curve T̂) i n Figure 12. 

Fol l o w i n g some previous work by Paynter,* M a r r i s * deals w i t h the 

problem of the s t a b i l i t y of o s c i l l a t i o n s of l a r g e amplitude i n a way d i f f e r e n t 

from other i n v e s t i g a t o r s . His f i n a l formula i s 

X 2 = Y 
(2 - Y) + (2 - Y ) 2 + 2 4 Y ^ 

. (23) 

whereas Paynter's d e r i v a t i o n y i e l d s 

2 2 
Y = 2(1 - Y) -X (24) 

* see reference (2) 
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Two curves (IT) and drawn on Figure 12 represent equations (23) and (24) 

respectively. 

Jaeger's derivation, equation (21), ; can be rewritten 

2 
Y + 0 . 4 8 2 — — - — — = 0 (25) 

X x2 

denoted by curve (jt^ i n Figure 12. 

The results for o s c i l l a t i o n s of large amplitude calculated with 

the computer program are drawn on Figure 12, as curve ^5^- The following 

equations were obtained by the least squares method of curve f i t t i n g . 

Y = - 0.013 + 0.232 X + 0.886 X 2 (26) 

or 
Y = 0.003 + 1.66 X 2 (27) 

The curve f i t t i n g computer programs used are given i n Appendix I I . 

To allow for o s c i l l a t i o n s of large amplitude, the Thoma's c r i t i c a l 

area must be increased. Formula (27) i s the simplest and most direct one 

which can be used. As a modified Thoma's c r i t e r i o n for o s c i l l a t i o n s of 

large amplitude, equation (27) could be used for the correction of Thoma's 

c r i t e r i o n . 

Transformation of equation (27) i n dimensional form gives 

2 h h 
o 

V 
-2- = 0.003 + 1.66 2 (28) 
H • • -T -4= 2 
o L • f " /L 

g . F 
o 
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from which we o b t a i n 

L-f-V h 
F = 2-T" (1T' 

1.66e*h o 
o 

- 0.003) (29) 

I t f o l l o w s that 

N = — = 1.2 
F T h 

H 
1 - 0 . 0 0 3 ( ~ - ) h o 

1 
(30) 

or 

F = 1.2 
Ho 

1 - 0.003(-r—) Th (31) 
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CHAPTER I I I CONCLUSIONS 

The primary o b j e c t i v e of t h i s study was to demonstrate the i n f l u e n c e 

of gate area r e s t r i c t i o n on the s t a b i l i t y of o s c i l l a t i o n s of l a r g e amplitude 

of the simple surge tank. When the combined e f f e c t s of constant power output 

and constant gate opening on tu r b i n e governing are considered, the rated head 

of the t u r b i n e i s of great s i g n i f i c a n c e . 

Previous i n v e s t i g a t o r s d e a l i n g w i t h surge tank s t a b i l i t y f o r o s c i l 

l a t i o n s of l a r g e amplitude assumed that the governor ensures constant power 

output. I n r e a l i t y , however, the governor can maintain a constant power out

put during surge c o n d i t i o n s only when the whole range of head f l u c t u a t i o n i s 

above the r a t e d head of the t u r b i n e . Therefore, i n general, the constant 

power output c r i t e r i o n i s not a complete b a s i s to analyse the problem of 

o s c i l l a t i o n s of l a r g e amplitude i n a surge tank. 

The p o r t i o n of t h i s i n v e s t i g a t i o n f o r o s c i l l a t i o n s of l a r g e ampli

tude based on the constant power output i s i n c l o s e agreement w i t h the f i n d 

ings of s e v e r a l i n v e s t i g a t o r s , e s p e c i a l l y w i t h the r e s u l t s of research by 

Frank who used a g r a p h i c a l method of s o l u t i o n . 

Rated head has a s t a b i l i z i n g i n f l u e n c e on o s c i l l a t i o n s i n surge 

tank. Figures 8, 9, and 10 demonstrate t h i s e f f e c t . Conditions corresponding 

to a po i n t l o c a t e d above the enveloping curve, and to the l e f t of the curve 

d e s i g n a t i n g a given rated head, w i l l lead to i n s t a b i l i t y f o r the constant 

power output c r i t e r i o n ; however f o r the constant power output and constant 

gate opening c r i t e r i o n combined, the r e s u l t i n g surge tank o s c i l l a t i o n s w i l l 

be s t a b l e . 
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Figure 11 shows the comparison of the l i m i t i n g curves f o r the 

constant power output obtained by previous i n v e s t i g a t o r s and by the w r i t e r . 

From t h i s f i g u r e i t can be concluded that Thoma1s s t a b i l i t y c r i t e r i o n must 

n e c e s s a r i l y give i n s t a b i l i t y f o r o s c i l l a t i o n s of l a r g e amplitude. 

The w r i t e r , f o r the case of a surge tank subjected to o s c i l l a t i o n s 

of l a r g e amplitude, has derived the f o l l o w i n g expression f o r the case of 

constant power output, (equation (31) i n previous chapter) 

F = 1.2 
H 

1 - 0 . 0 0 3 ( ^ - ) n o • F T h ( 1 ) 

This equation gives the r e q u i r e d minimum area f o r surge tank s t a b i l i t y f o r 

e>20. For E<20 the w r i t e r 'suggests the equation 

F = 1 , 2 FTh (2) 

In p r a c t i c e the t u r b i n e gates w i l l move to the f u l l open p o s i t i o n 

when the head drops below the r a t e d head under the surge c o n d i t i o n s . During 

the constant gate opening c o n d i t i o n , the o s c i l l a t i o n s are t h e r e f o r e reduced 

because of the l i m i t a t i o n of gate opening on power output. I f the range of 

head f l u c t u a t i o n f o r o s c i l l a t i o n s of l a r g e amplitude i s above the rated head, 

the constant power output i s maintained, the Figure 11 i s then a p p l i c a b l e f o r 

the case. The Figures 8, 9, and 10 are used to p r e d i c t the surge tank s t a b i l i t y 

f o r the case of o s c i l l a t i o n s of l a r g e amplitude w i t h the range of operation 

i n c l u d i n g constant power output and constant gate opening.! 



41 

REFERENCES 

1. Frank, Josef. N i c h t s t a t i o n a r e Vorgange In den Zuleitungs und  
Ableitungskanalen von Wasserkraftweken, Springer, V e r l a g , 
B e r l i n , 1957. 

2. Jaeger, Charles. A Review of Surge Tank S t a b i l i t y C r i t e r i a , 
Annual Meeting of The A. S. M. E., 1959. 

3. Jaeger, Charles. Engineering F l u i d Mechanics, B l a c k i e & Son L i m i t e d , 
London, 1956. 

4. Krueger, R. E. S e l e c t i n g H y d r a u l i c Reaction Turbines, Bureau of 
Reclamation, Denver, 1954 (Engineering Monographs No. 20). 

5. Paynter, H. M. Surge and Water-Hammer Problems, E l e c t r i c a l Analogies 
and E l e c t r o n i c Computers Symposium, Trans. A.S.C.E., V o l . 118, 1953, 
p. 962. 

6. M a r r i s , A. W. The Phase-plant Topology of the Simple Surge Tank  
Equations, The U n i v e r s i t y of Texas, A u s t i n , Texas. 

7. M a r r i s , A. W. Large Water-Level Displacements i n The Simple Surge  
Tank, Trans. A.S.M.E., J o u r n a l of B a s i c Engineering, 1959, p. 446. 

8. M a r r i s , A. W. H y d r a u l i c S t a b i l i t y i n The Simple Surge Tank, 
Canadian J o u r n a l of Technology, V o l . 34, 1956. 

9. McCracken & Dorn. Numerical Methods and F o r t r a n Programming, 
Wiley & Sons, New York, 1964. 



o 
X 

o II 
o: x x 
O. V 
< 

IS) O <3 
II 

X 

LO 

'3 

liJ 
G 

G 

I - « 
', G u. 

>-r.O u_ <}• 

tO . c ,—< 

i—< 1 [ V c\l i/) ! X >- ; —1 j «-• <xi •~X i O 
• 

z 1 T 
CO 

< 
I.L j ' UJ i ~~ 113 | 1-#» 

t£ j !1J -:J-'3 j :IJ • tO CO ! FO 
LL ! " — 

o r I A 
1— 

' — 

! Q <c iX. 
C ! ! - 1 J G 

1.3 I.L 

fV II o j 1— zx. i v£> co fV Z l."L ( o 1 
1 

L L j ••Pi (̂  1 G G u 

!l! II I 

q n 
i * O xl O Li.) II i3 II z G i -i 
c 

X X 

<\J o 
*• I X 

. <!• C L 
._, < - i.U 

x> II 
I — 

z < o 
_J <• -- o 
'-0 X fL r-I L : .-i 
X 
o * 

l<"» X 
rv' •* 

I.L] »> ,xj <]- X • r\j 
to 

Li. X 
m 

ii < I-L.' 
I — >-. 
LU • -« 
CQ L-X X 
r- -1-< i— 

I.IJ a; 
<xi 

c 
I 

c x 
o o 

L L 

IX rvi xi — INI —: UJ 
i—: x ,o • v ! 

O •: 
O -0 

XX (XI O (XI * lj_ 
CO .H O * to LL! x x .ri o i/> * x x ! > * ! . x :|: c c . o > o 

I O m 

< LL X 1/3 

o o o 
! 

II II' II < !U i.U 
o xi o 

ijj 
II H-

x :s 

X »• I N . — o b I— • u o 

< '.n j X 
:> I L II} of | II o «< o 3 C 

o X O 
o 
(XI 

-I 

iY | o m x >xi < X X • LL! * X 
I i o e' >:< ~ 

\ rx ; < O' < + +! 3 * 
c ! o •; :i: II j to U J I.L( * L U o j — INI INI; G c ffi . I u i—! n II I I , n 

' ! II Z <X X xi O b, L U < i.U < UJ 
L_3 n. x ,NJ} x o l.O 

o 
(XI O l— 

I o 
xl 
<i — 
Xl' fit 
I "1~ 

11 -

42 

< o 
to 

o; 
o1 z 
a x n i—; x 

G lO 

X —. — 
K' tc; v3 C Z tO 
'-0-,'O 

! 
I 

ii x 'Si -ii L L X >-

•o 
< to L-

z- o Q; .-: 'O OX isj o z 
'.J, O to I (3 O —t O III ̂  U 
rij 'll O I — ; :Q ll 
<J i— v>: < 

< z - < 

I I 1 G O b L L -3 '-*,' : 3̂ G U '— i/3 | | I ci i ( X 

LP; o H 
: .XI O LiJ 



43 

CO 

O 
— l i j 

O I 

O (\j 
|J.-

x i n o i.n 
i\i o «\ I— 
f\J • o 
CO IS 

o 
LL 

X 
o 

o • r\j 
I I 

o 1 
O 
d 

o i6 j i6 O < X 6 m O o Hr 
t 
O 1 <\1 o i— l.U IN] 

o 

INJ 
LL-G O 

^0 O 
L-

O 

o 

o 
I — 

o 
c o c 

O 
G O 
ui c 
a o ! o 

o 
c 

(Ll C 
CN! I-
U O O 

L L 1-4- • 
d 

I.L c - i j I i—i i UJ 1— l i j • • i 
• 
d ' 1 LLJ • I i N J u 

_! —j- i d i i i—1 INI Q C o in 1 '.Ll <J -4- ! < 
a X j X j « •a X I.L! | X • 'X IN] i— 1 U ! J _ -t c • i-H UJ • 1-1 • d o + ••fl o o i UJ I.L < • 
'Nj «r c—1 !lJ IN] O i-j X X Jj !— *> X X j a i o INI u T! 1-1 — ! I I 
!L) — + —1 < Lu 0 H- — I I <r I I - I.L + — UJ i » I I o Nj 9 " INJ (~j rj I I I I 

' ft l~ 1/; -j. l.d < O 1 LlJ UJ < INJ i I I 1- d - J <-J f.Q \j i4 | Ll.J 1— 1-II I I IN) 1— J>~ UJ i I I I I li, i— I.LJ < < I I ll j <£ -a; -- >4 I I r-J —\ —- !l iX | < I I i N J — i- ii: I.L I-L dr O I.JL ! 

CC O li < LlJ Ui IY. o v: <r I J J !.|J <L o ii. O LL i. I.L 

'-1 I.L >—i u o IN! M ( 1 2 I.L L_J I-N] INJ O d LO 1— a 1 ) :.D T. _j u 

< I — 

m <]- CO 
K l i.n o 

I.O. 

c INI ijj 
I I Q 



APPENDIX.—1(B) - — - _ - - —- _ _ 

SFORTRAN. 
_Q i _ . :  

C N = 0 . 2 ^ 
C P R O G R A M O F S U R G E A N A L Y S I S 3 Y U S I N G 0*H = C O N S T A N D H/HR= ( Q/GO •) ##2 

6 R E A D ( 5 i 6 ) 6 1 J A , rlO • HR, F A C T , F » S F • CO, C E • K » I, CKT 
8 F O R M A T ( F 8 . A , 7 F 8 . 2 , 214- F S . 2 ) 

M = 1 
N = 0 
CKD.£.Z-_=—0... . R — 

10 T = 0 . 
H N = 1 0 0 . 
WR.I.T.E-( 6.».12J--SE.T-A-»_X-»_-Jrl£ j ; 

1 2 0 F 0 R M A T ( / / / / 3 0 X »• 7 H B E T A = F 8 . 4 , 2X, 10HEPSI LON = » 14* 2 X » 5 H H R = 
I •> F 5 . 0 » //12X» 4 H T IM E > 4 5 X ? 2 H Z E » 13X, 1 7 H 0 A AT Z E A P P R O . 0 ) 
V-0„ = „C0....# -'.HO 
C = HO / VG-IH;-2 
V I = V 0 / 4. 
Q A—=- - V - l . _•«- — S F_ 
Z E = C V l * * 2 
QE = OA. 

-.soA . = . . . V O . . s . i 0 ' 
QO = VO * S r ' 
.QOHO = 00 * ( 1 0 0 . - HO ) 
0.R _=__0 0 H 0 f. H R ' 
C G N S T B = QR / S O R T ( H R ) 

•15 D E Z = (SQA - O A ) / ( 2 . * F •) 
Z AX._=_.Z.£_+_..0 ..5_*_0.£Z , 
Z E X = Z E + D E Z 
H A = C * QA-"<•2 / S F**2 

• O.E.Q , .r.....C.E * LZAX-^—hiAJ 
H N = 1 0 0 . - ZAX 
I F ( H N . L T . MR) GO TO 20 
CO.N.SX _= _.S..GA *_ H M . j. 1 
I F ( A B S ( C O M S T - Q O H O ) . L T . 10.) GO TO 25 
SO A = QOHO / HiM 
GJD__LQ_JL5. 

20 CONSl = S Q A / SORT(HN) 
I F ( A B S ( C O N S T - C O N S T B ) . L T . 0.3) GO TO 25 

_.' S.QA„= _C.0N.S.I5.S.Q.RIJ..H.N.) , 
GO TO 15 

4̂  
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APPENDIX 11 (A) 
$ FORT RAN 
C 
C _ _ F I N D I M G EXPERIMENTAL FORMULA FROM DATA BY USING LEAST SQUARES CURVE F I T T I N G 

- c Y = A~+:""B #X~+~ 'C*X'**2 
C 

DIMENSION X( 200) »• Y( 200 ) » C ( 3 » 3 ) » 1(3)* P ( 4 ) » DC3)  
WR'I'T E"("6Tro") : : : 

10 FORM-AT (20X» 1 2 H C 0 E F F I C I E N T S / / ) 
R E A D(5 9l5'J M 

1'5^F0RMAT"( 12 ) ; 
DO 25 I = 1 , 2 0 0 
READ (5*2 0 ) X ( I ) , Y d )  

2 0 FORMA T l 2 F T O . 5) : 
I F ( X ( I ) ) 2 5 , 3 0 , 25 

25 CONTINUE . 
STOP " ' 

30 NUMB = I - l 
MX2 = M * 2 
D"0~35~r~="TTKlX"2 :  

P ( I ) = 0 « 0 
DO 3 5 J = 1*NUMB 

-3-5- p ^^--^.^^—-.^-j^.^ 
N = M + 1 
DO 50 I = l i N 
Q-Q—5-Q—j—= ITN" : : 

K = I + J - 2 
'_ IF (K> 4 5 _ 4 5 , 40  

40" C ( " I , J T = "POO ; : : 

GO TO 50 
45 C( 1 • 1) = NUMB 
575~cWTTNU"E : ' : 

D ( 1) = 0 o 0 
_DO _5 5_J_ _= _,NUM3 • ' 

5 5 Dl 1 ) = D~(T) "+ Y( I ) " "~ 
DO 60 J = 2*N 
D(J) = OoO 
DO 60 I = 1,NUMB 

60 D U ) = D ( J 5 + Y ( I ) * X ( I ) * * ( J - 1 > ' ' . *• 
_ C A L L SOLVE <C_, 3_»__D__Z) °_ 

65 FORMAT C 2 X ' , 4H2 ( 1 ) , 1 6 X , 4HZ C 2 ) // 2 F 2 0 . 5 ////) 
W R I T E ( 6 , 6 5 ) ( Z ( I ) » 1 = 1 , 3 ) 
STOP 



/ 

75 

80 
85 

"95" 
99 

END 
SUBROUTINE SOLVE(A» N» B* T) 
DIMENSION•A C3»3)» B(3) » T ( 3 ) 
"NM"~="'N~~1 
DO 8 5 K = 1»NM 
R = 1 a / A(K<>K) 
~D"0"75~J^"KTN 
A(K»J) = R * A(K»J) 
B ( K ) =_ BA K) * R  

"KP "='~K ~+~T~ 
DO 85 I = KP»N 
S = A ( I 9 K ) 

A U . J ) A ( I , J ) - S * A(K»J) 
B( I ) = B l l ) - S * B (KJ 
~TTN ~) =~ BTN ) /™ ATNTN") 
DO 99 K = 1»NM 
I = N - K 

T C P-S—I"+—j 
S = B C I ) 
DO 95 J = KP»N 
S = S - A ( I »J) 
T ( I ) = S 
RETURN 
"END — 1 

SENTRY 
2 

i 2 1 1 
i 0 

"OoTOOOO" 
Oo10530 
Oo11170 
o e r r s w 
Oo11950 
Oo 12400_ 
"Oo 14150' 
Oo15800 
_0_o_18250_ 
Oo 20000 
OoOOOOO 

0o01950 
0,02160 
0_o0_2410_ 

_0 • 0 2"5"7"5 
Oo 02730 
0o02945 
0." 0 3770" 
0o04620 
0o05950 
O0O688O 

5 



AEPEHDIX "11(B) ' _ _ . ;  

SFORTRAN 
C ' 
C Fa-WDJbLG.-.->XR-E.Rl̂  
C ASSUME Y = A + B#X**2 
G 

D I MENS-I-ON X..(-2-0-0J-? -Y-C-2-0 0-)-, C-(-2- ,-2.-)-»--Z.(-2-)-v--?P-( A..)-»—04 
W R I T E ( 6 * 1 0 ) 

10 FORMAT ( 2 OX , 12HCOFFFICI ENTS// ) 
R-F- A D- (-5- v 1-5-) —M - . 

1 5 FORMAT(12) 
DO 25 I = 1,200 
R.EADT..5.., 20-)- -X.U-) .,__Y..(..U ... 

20 FORMAT(2F20.5) 
I F ( X ( i ) ) 2 5 , 30, 25 

.2 5- -C 0 NT.I -MU E • - _ 
STOP 

3 0 NUMB =1-1 
MX2~=~M-~* -2 — — 
D 0 3 5 I = 2 •> M X 2 » 2 
P( I ) = 0.0 
DO -3-5—J-= -1-,-N.UM-ii 

3 5 P ( I i = P ( I ) + X ( J )•-"-•"-1 
N = M 
DO„ 5 0_.1— = I., N -
DO 5 0 J = 1,N 
K = I -r J - 2 
L=2*fc [ 
IF(L) 45, 4 5, 40 

40 C( I,J) = P ! L) 
GO...TO'3.0. * 

•4 5 C ( 1 , I ) = . NUMB 
5 0 CONTINUE 

D_L1J_=__G_._0 : 
DO 5 5 I .= I, NUMB 

55 D I D = D ( 1 ) -s- Y ( I ! 
DJ.2J.SOL. o . 
DO 6 0 I = 1» NUMB 

60 D ( 2 ) =D( 2 ) + Y ( I i X ( I ) #*2 
C A L U.£Jj±yjiJj:.,^j>.^_>__3.J :. 

65 FORMAT i 12X , 4HZ ( I ) , 16X, 4HZ ( 2 ) // 2F20": 5 ////) 
WRITE < 6 ,65 ) ( Z ( l ) , 1=1,2) STOP. 

o 
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