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ABSTRACT

Elastic structures exhibit instabilities which arise through the
occurrence of finite displacements even when constitutive properties re-
maia linear. A non-linear analysis which recognizes rotations in the
strain‘disp1acement relationship is formulated for analyzing three-
dimensiona? framed structures.

A ffnite element method is used whereby the rotations within each
element-are restricted in size by use of a local element reference frame
attached to the element. Two such coordinate systems are developed. Then
an incremental solution technique based on an instantaneous linearization
of a Taylor series expansion of the forces about the displacement config-
uration at the beginning of each increment is developed.

The snap-through buckling of shallow frames, arches and domes is
studied with a view to documenting the effect'on the equilibrium paths of
the type of moving coordinate fréme, the number of elements, and the size

of the increment step.
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CHAPTER I
INTRODUCTION

Classical structural analysis implies a unique solution to every
structural problem since the theory is based on infinitesimal linear dis-
placements. In fact, real structures exhibit instabilities associated -
with nbn-unique solutions and, in order to detect these, it is necessary
to introduce non-linear analysis. _

Instabilities may arise through non-linear material properties or
through the occurence of finite disp]acements even when the constitutive
proﬁerties remain elastic. We confine our attention to the latter, the
elastic instabilities associated with finite disp]acements.

Elastic instabilities can be of three kinds:

1. Bifurcation, |

2. Snap-through,

3. Finite Disturbance.
The first may be detected by the solution of the classical eigenvalue
problem which has been formulated to include rotations of infinitesimal
elements in the equilibrium equations of elasticity. Recognition of the
second and third requires a solution technique capable of tracing the
equilibrium path after the advent of finité displacements. This necessi-
tates the récognition of rotations in the strain displacement relation-
ships. Frame structures exhibit either bifurcation or snap-through
buckling, and we 1imit ourselves here to theAstudy of such structures.

In the finite element analysis of frame structures, large rotations
may be dealt with in one of two methods:

1. The member properties may be deduced, with



respect to a reference frame fixed in space,
on the basis of the full non-linear strain-
displacement relations.

2. The member properties may be deduced, with
respect to a moving reference frame attached
to the members in question. Then, by sub-
dividing the structure into a sufficient num-
ber of members or "elements", we may restrict
the rotations within each element relative to
its own reference frame to any desired extent.

The latter approach is used here. Member properties are bésed on the
ass&mption of small rotations and strains which are small compared to the
rotations. The assumptions are adequate for the detection of bifurcation
points in the equilibrium path derived from classical e]asticit&, but when
finite displacements are studied, the moving coordinate systems as des-
cribed above are required. Non-linear problems are then solved by an in-
‘cremental procedure based on an instantaneous linearization within each
increment of a Taylor series expansion of the force vector about the dis-
placements at the beginning of the increment.

Early work on the theoretical analysis of elastic post-buckling was
performed by Koiter (2). His work, using a continuum mechanics approach,
centered on the investigation of imperfection sensitive structures.
Britvec and Chilvers (5) developed matrix methods based on a potential
energy formulation to analyze the initial post-buckling curves of rigidiy-
jointed plane frames. Martin (6), Supple (7), and Roorda (8), (9), have

also done research into initial slopes of post-buckling paths with and



without imperfections.

Snap-through buckling of shallow arches and plane frames have been
studied by Argyris (1), Jennings (4) and Williams (10). Ebner and
Ucciferro (12) compared several finite element me thods énd their appli-
cations . to geometrically nonlinear structural problems. Their work was
confined to planar structures only. A complete summary of the finite
element analysis of nonlinear structures is given by Mallett and Marcal
(3). The present work takes element stiffness matrices from Nathan (11).

Two-dimensional structures are studied with a view to documeﬁting
computational experience. Snap-through buckling of frames and arches is
investigated with respect to factors such as element size and number,
increment size, and choice of element moving reference system.

The necessary'relationships are developed for extending the work of
previous investigators into three-dimensions. A simple three-dimensional
space dome element is studied and results compared to theoretical work by
Wright (13). The snap-through buckling of a large ring dome is then
studied. No attempt is made to study bifurcation buckling of the
structures presented. Such modes of instabilities are prevented from

occurring.



CHAPTER IT -
COORDINATE SYSTEMS

1. Configuratidn Space

We restrict the class of structures being studied to plane and space
frames, i.e. where the length of each hember predominates over its width
andbthickness.: The structure can then be subdivided into any number of
line elements connected to each other at "nodes". Displacements of a}]
points within each element are completely determined by the dispTacements
of the nodes. Thus, if there are a total of N nodal displacements or
_"degrees of freedom" defined by the\vectorjf s the configurétion of the
structure will be completely determined by the position of the point with
coordinates ¥ in an n-space, the so-called "configuration spacé".

We are at liberty to choose the locations of our nodes and thus of
the number and sizes of our elements. Such choice as this represents the
essential step in the mathematical idealization of the structure.
0bvious1y there must be sufficient constraints on the degrees of freedom
to provide for global equilibrium of the structure as a whole.

We begin by defining the necessary coordinate systems in which we
measure displacements and forces and then we relate these reference frames
to each other.

We require a global cartesian reference frame (:x;) with base vectors

Lo
X_ whose origin and axes orientations are quite arbitrarily fixed in

space. We measure all nodal coordinates and global forces in this fixed

frame.

Relative to the (1@;) frame we envision an arbitrary member JK ,



connecting nodes j to k ; at each of these two nodes are.fixed Tocal
global reference frames. These two frames, termed the (X’) and CK")
frames with base vectors g’ and 2"‘ respectively, have origins fixed,
with reference to the (X)frame, by position vectors f_’“ and Ek respec-
tively. The position vectors describe the distance from the (}@l) frame
origin to the initial position of the nodes J and k respectively. The
(XJ) and ()(k) frame axes are fixed parallel to the global reference
frame (};) axes. Within these local global frames we measure the nodal
deformations of the structure ¥ . The rotations !:r are taken about the
original (}{) axes in a defined order and the translations r’t are in

the global axes directions where:

d N

r\

~7

-T
(+.
u‘,

w’ <7

and




At node J of member T K we define an initial local reference frame
/\‘> .
named (50) with base vectors Y . The coordinate axes of this frame
are defined by the orientation of the undeformed member itself; the base

A,’ (xd) ' Ao
vectors X° of the frame are related to the tj base vectors of

<

(‘jo) by an orthonormal transformation _Sf— :
Ao . AJ
‘j = Y- X

_ . |
' where Lj_— is a matrix function of the constant angular rotations

(y\ oy .’ )T defining the initial orientation of the member.

e s

The derivation of the \l—o transformation and the determination of the

o

‘ ° o\ 7T
initial angular rotations ( v U e ) will be covered in
Chapter ITI.
Now we must relate the position of the deformed member J K to the

local global reference frames {x')) and (XK) by two moving coordinate
A s

ity Ry 3 N .
systems (3) and (gj )w1th base vectors 4 and Y affixed to

. Ay
nodes J and K respectively. The base vectors X“ are related to the

N _
base vectors Lj“ by an orthogonal transformation ‘f—“ whose derivation

follows in Chapter III:

A AJ
4 =X

where xl) is a matrix function of the large global rotations

o <o o T
(Y;* r\s* r‘b*)r which correspond to (I’,_} rs” 1) and

which define the current orientation of the member tangent at nodej .
Similarly, at node K we have

K K

k A
= 4 X

e

K . - ..‘ - -x ¥ -' T
where \+ 1ds a matrix function of large rotations (t'lo 0 N2 ) .

—
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In order to evaluate the I’ we require to add the effect of deform-

ations to the angles defining the initial orientation of the member. How-

ever, " and _rr are not directly additive and therefore we introduce

intermediate measures of deformations ¥ . These are peculiar to a given

. = ¥ o
member and are given by ¥ =¥ - v , where

-—

4 N
G
r\
2
.‘,\}
J E¥S o
G ~
» o
Fs - %
l";‘ - r“:
P= |
r\8
Fa
SRR
to
* o
i’:‘ ("5
¥ o
r\uz - ‘A(a
\ /

The ¥ are related to the structure nodal deformations " by an incre-

mental relationship

)
(kay

i
v

™
(B



where

S"ia
S,

[ °N2

The global translations _f* for the element are equivalent to the
structure nodal translations of T but the element rotations " can be

related to the structure nodal rotations of r only by the incremental

equation given above, where

N‘S‘l a1l

(e X
1l
o7l I3 v

i



and

6‘-" 0 Vpd

t-s!
"
p 1 e L |
0

N

Each member has associated with it a local moving coordinate system in
which e]emént displacements are measured and in which the stiffness matrix
is formulated. The local hoving frame base vectors are functions of the
global deformations r ' .

| The element stiffness matrix can be transformed to the(:X;\ syétem and
thus, ultimately, the response of the member in g]obal coordinates can be

related to the response of the structure in. local element coordinates.

2. The Global Coordinate Systems

A right-handed cartesian reference ffame called. the structure global
coordinate system(}{\ is shown in Figure 2.1. This arbitrary reference
frame remains fixed in space and all geohetry ultimately re]afes to this

coordinate system. Let P’ and Pk be vectors defining the position of

nodes | and kK of member Jx respectively where:
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GLOBAL COORDINATE SYSTEMS
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A
i
~2

and ' , o (2.1)
( KW _ _
P,

N\ /

il

If F’A and EDK are initial position vectors, then the straight line

element J K has vector direction F’k_ F'J Node coordinate systems
(x}) and (X")'defined at nodes_j and k respectively have base vectors
Aj AK

X’ and X  where:

X'= | &}

and . . (2.2)
A
EK

12X>
"
15¢>
Nox

1<y




' A ~AK .
The components of the )_(J and X are themselves vectors, they define

the vector direction of each of the coordinate axes. We assert that the
A Y n~y Ak
base vectors X , x° , X are the same since the X and X base

vectors remained fixed in orientation throughout all and any load displace-
ment history of the structure. The initial position vectors £>) and f?“
fix the origins of the (xj) and (X“) systems. We measure the nodal
degrees of freedom I or structure (global) genera]ized displacement co-

ordinates in these node coordinate systems.

3. Element Coordinate Systems

Structural problems involving finite displacements can be solved, as
previously stated, by one of the following procedures. Firstly, we can
include the effects of finite rotations within the element Boundaries when
deriving the element stiffness. Secondly, we can subdivide the structure
into many elements sc as to reduce the rotations and translations of the
element to within small acceptable bounds. A less refined e]emeht stiff-
ness is used and the problem of the large rotations is handled by the use
of moving member coordinate systems'fixed to the elements in question.

The 1atter‘procedure is employed in this work. We use an incremental
load ana displacement technique to follow the 1oad-disp1acement_behaviour
of the structure. At eaéh increment step we recalculate the stiffness of
each element and reassemble the global stiffness, an instantaneous stiff-
ness tangent to the real load-displacement surface. We define a moving
‘member coordinate system which is fixed to each element, and which moves
through the global displacements r~. In fact, two such element coordinate

systems - the first called the tangential reference frame, and the second

12



called the secant reference frame are studied herein.

The tangential reference frame (\:st) has unit base vectors given by

A
‘jt where: :
- (At )
3,
A-t A% + ‘ .
4 =14, - - (2.3)
N '
3,
“- Ve )
. ' At
The (\dt) frame has its origin at node | of the element JiK . The Y

t

base vector is- tangent to the centroidal axis of the element at nodej .
~E

The Y

-

base vector is coincident with:the major principal axis of the

. A ’
element cross section at node J while the ‘Jt base vector is coincident
: J4 | |
with the minor principal axes. Stiffness matrices are presented for rec-

tangular cross sections only. Figure 2.2 illustrates this reference
frame. A1l element deformations in this system will be defined by the dis-

placements relative to these reference axes.

Al
S
The secant reference frame (ljs) has unit base vectors given by ‘j

where: , N
s

N -

1>
i"

(2.4)

1 (S5

s
L 3

/
NS

In this frame the ‘j
2

The principal axes of the cross section at node J are not

base vector is defined by the vector joining node

3 to node K .

. S : ‘g
in general normal to the Y  axis. Arbitrary definitions are therefore

13
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FIGURE 2.2

TANGENTIAL ELEMENT COORDINATE SYSTEM
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= s

given below for the directions of the coordinate axes ‘jz and *jz .
After given displacements at nodes J and K we can calculate the

base vector as: .

- - - \T
S _ (al+r‘l -n A trg-n a3+rq—r3) (2.5)

L

! /(a' 1’(.7"V,)2+ (asz‘g_rz)z 4 (aaf\“q ‘F‘a)?-

where g = (a, a, 53)1- are the projections on the global axes of
the initial member Ji. Figure 2.3 shows the secant coordinate frame. We
define the other base vectors by Equations 2.6 and 2.7.

Pal
As ‘é

3 El (2.6)

1

33 5w g s @

In this coordinaté system the element deformations are described by

displacements measured at both nodes of the element.

15
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CHAPTER 111
DISPLACEMENT RELATIONSHIPS

1. Global Degrees of Freedom for an Element

Each element has twelve global degrees of freedom, six at each node,
which are defined by ';che corresponding structurg degrees of freedom I at
that node. At each node there are three translational degrees of freedom
acting élong the (X) coordinate syst.em-axés and three rotational degrees
of freedom whose axes of rotation depend upon the orientation of the mem-
ber in space. Since the intention is to deal with finite rotations, the
definitions of these axes of rotation is rather complex. Figure 3.1 éhows
the six degrées of freedom for node J of an element J K where single
arrows denote translations and double arrows denoté rotations.

We call the six element translational degrees of freedom E‘t where

t . .
" is defined in Chapter II as

(v )

151
A
1)
SIFIIT TS

/
These translations can be related to the element or local displacements of

“

the element by a vector trans formation. However, the finite global rota-

tions P where 7 “is defined in Chapter II as

7 \

]
1
TSI, IO

\
IDie

F
-
)
A

17
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FIGURE 3.1 GLOBAL DEGREES OF FREEDOM AT NODE j
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vdo not transform as vectors. - Problems of this type can be handied by
specifying a partfcu]ar order for the rotations or by the use of Euler
angles. However, since there is no single system of Euler angles “covering
a whole sphere without ambiguity, the former method will be used here. It
is to be noted that three finite rotations taken in an order different
from that specifjed will lead to a different orientation in space.
Therefbre, the rotations at each node of our element will be defined
as.having occurred in a specific order and this order will be adhered to
throughout the development of this thesis. It is asserted that this w111
lead to no insurmountable difficuItigs provided care_is used in problem
inbut and interpretation of results. Ambiguities can thus be avoided.

3 K
2. Transformation Matrices '+‘ and Yy

The EfA métrix was introduced in Chapter II as a matrix function of

2J

rotations re]ating the base vectors.of two coordinate systems, the X

() : J , ny
of the ()( ) frame and an arbitrary ('j J frame with base vectors Y- .
. R . A . - —
The 4} will be the transformation of the XJ vectors into the gd

— -—
—

vectors at node J of element JK .
r\J N A\S
9y = 4! X (3.1)

We have defined HU’ previously as a matrix function of finite rotations

( ry ¥ r*s* r‘:)T where:

4 N\ ¢’ o — N\
> Ny
5* = rEO *'F;
K e th

~ / N s



The (n," s i",,")T define the initial member orientation in space. We
propose to order the rotations as follows: first \"Z* , then l"; ,. and,
finally, Y;,*'. .

First of aH}, the r;* rotation transforms from the base vectors _/_)2“
to a set of instantaneous base vectors ;:(I of an intermediate coordinate

frame by Equation 3.2:

AT ~Y '
X'= ¢ X | (3.2)

—

V—I is a single rotation as shown by Figure 3.2 and '+I is given byA:

! O o

H-I - o | Cos(e® |Sin(ry*)

—

o [-SnX)| Cos(ry?)

and ¢ ar
T =1
N
X = I)ZI
- -2
.’gI
L 72
Secondly, the r;.,* rotation transforms from a known set of base vectors
A : AT
)_(_I to the instantaneous coordinate frame base vectors X of an inter-
mediate frame (XL‘) by Equation 3.3:
X = &{.]1- X - (3.3)
where : . e ,)
Cos(rsg ) ° - Sin s
T
3" = o / o

Sin (1s*) o | Cos(rs¥)




and ’A]I\ .
X
I
2
I
3
/

"
1<

~
X

~

The ﬁ;* rotation was about an instantaneous axis defined by the 2.1

=2
»
base vector. Finally, the T, rotation, which is about the instantaneous
AT ~: .
X, base vector, transforms to the base vectors y’j of the (EjJ) frame

ST ‘ oy ¢ - .
from the known base vectors X of the (X ) frame by Equation 3.4:

,qu o A0 (3.4)
where
Cos(r?) | sin(’)| o
l{-m.: - Sin (vY) Cos(\;a‘) o
o o |
The rotations rg*'and r:’ are shown in Figures 3.3 and 3.4. From Equa-
tions 3.2, 3.3 and 3.4 we derive Equation 3.5:
A -
‘93 - V‘j Q’J

where

21
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and Cos ( l’q*) Sin (r(:)
Cos (rs*) (os(r(,d’) .
+Sin (%) Sin(rs )oslr)

tSin (C;‘) Sin (f},*)

- Cos(i?)Sinlr2)cos(ry)

| * o k 4
- ooty S| o) )
B —Sin(5") Sn (VS (F)

Cos(rf) S5 Sin()
* Sina (l"b*) Cos (W’*)

Sin (l’s*) - Sin (Y::) @S(G“L)-

. . . L 4 ¥
where the order of rotations is, again, Y, , ¥g ,

It can be easily shown that \FJ is an orthonormal transformation

since it has the following properties

!
S R N

where superscript T denotes the transpose of the matrix and [ I.] is the

identity matrix. Thus

- v

An arbitrary vector v in the ()g’) frame wi

T

?—jl

!
v= |V

V3

.

w= ‘%t v

Cos( Qf) Cos("s*)

¥
.

th components

will have components in the (%]) frame given by w in Equation 3.7:

(3.7)

23



" where

W= lw,

Ws

are the components of W , which are the components of v measured in the
(4') frame.

At node K of element JK we have a transfﬁrmation matrix U-K which
was introduced in Chapter II as a matrix of rotations relating the base
vectors of the (XK) frame and the base vectors of an arbitrary ('5‘()
frame. The _\,ﬁ-K will be the transformation of the )_/Ek vectors into the
gk vectors by Equation 3.8: '

—

A K k AK
Yy =4 X (3.8)

_ K _
The Y transformation is composed of large angle rotations

- .
(V\o* Y}‘* r;;) in that specific order and is similar in form to L_{-_—J .

Coq (‘1:) Sin (nz*) - Cbs(rw*)gh(r..*}@s(ny’)
Cos ('”uf) C(.)S(nz*') + Sin (rlu*) Sin (n\")ws(n;) +Sin (r\;*) Sin (‘nz*)
K Cos(nid) Gslng’) Cos (. ?) Sin(6") Salre')
= |-cos(6X)Sia(rd)|
- =0 ) e = S'\.n(r\:) Sln (rn*)Si.n (rl;) + an (‘"\3‘) Cos(ﬁ;)
Sin (nX) - Sin () Gs (n.*) Cos(ad) Cos("n*)

3. The Initial Coordinate Frame (30)

In Equations 3.6 and 3.8 we defined the relationships between the base

vectors of the node global coordinate systems and the arbitrary coordinate
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sys tems (\jj) and (3k) at the’J and k nodes of member JK respect-
N

. AN 18
ively. If we give the base vectors _{(-3 and X the following values:

Mo (e e &)
, (3.9)
“= (& & &)

x> |

where T
e= (1 o o)

2= (o | O)T

im

3

1q

A .
then the base vectors 31 will be the rows of \pJ and the base vectors
AR - - ’

Y will be the rows of L_I:K, i.e.:

gg= (w3, $(g,2) LP’.(c}a))T

85 2 (WL 4 (G2 $R )

(3.10)

L i=1,2,3

3 A ANY A AT
where =
. (94 9,)

= (§F g )T

Initially, before any deformations have been applied to the structure;

1D

and

feC>

the elements will be straight and the (‘13) and (‘jk) frames will be
aligned in space. The transformation matrices _L’(.J and 4" reduce to an
initial transformation matrix (i-o which ‘relates the initial nodal coordin-

. ate frame (\jo) base vectors and the ;-\(‘\ or SK base vectors. We can
ca-]culate the initial angles, defined ash ( r,° r‘s° r‘:)T, knowing the
initial geometry of each member. This requires that we know the coordinates
of all the nodes as well as a point which defines the initial orientation

of the member cross section in space. Figure 3.5 illustrates the initial

coordinate system base vectors in relation to the node global coordinate
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FIGURE 3.5 INITIAL COORDINATE FRAME

node k
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system base vectors. :
The (3°) frame has base vectorsg° where:
Ao Ao Ny A T
§s 08 g 5
The q; axis is defined as the minor principal axis for flexure of the
undeformed element cross section. The ‘j: axis is defined as the major
principal axis and \jf is the centroidal axis of the element.

Now, if we write:

with

(3.13)

~and 3; = ( H; L'j;z 3;3 )T

A Ao o ©
then the components of fj‘ and 33 s Yo o0 Yoo etc., are easily deter-

No

mined from the coordinates of the nodes. ( §° is dependent upon %\ and

Ao
%3 and yields no new information) But, from Equation 3.10, we know the
- l\ o . A [Y o
components of Y and 33 in terms of r;° >z , and Y;° , viz. Equa-
oy | fid
tion 3.14: ' T
Ao Sin (£7) Sin () Goslre™) = Cos (%) Sin (1) Gs(%)
‘él = \Cos(r’ ) Goslry) + Cos(%°) Sin (r.) 1+ Sin(n’) S‘"’\(r‘:)
AO : o . 0" o o g o T
Y. = ( S.’n('”s) - Sin () Cos("s-) COS(\"q) Cos(rs ))
=3

Thus we write the following equations which will be solved for the three

o

o . °
angles, =, sy , and 1,

A _ ,
4 - (3.12)

(3.14)
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‘jl‘: = Cos (rg°) Ces (ry*) |

‘:hzd = Cos (‘r«°5 Sia (re®) + Sin(r,’) Sin(rg®) cos (r")

4is = Sin (vy°) Sin (ref) ~ Cos (") Sin(rs’) Gs ("e°)

° (3.15)

Y31 = Sin (rs°) '

Y37 = — Sin(ra’) Cos (rg’)

Y3 = Cos (re®) Gs (rg”)

Solving Equation 3.15 yields 3.16:

Sin(rs®) = Yai

Cos (rs®) = /(%32)2 +(4s557)°

Sin () = —E—; provided (os(r._;);fo
: Cos(rs®) -
Cos (vy°) = L provided Cos (vs°)# 0
Cos (¥s°
. oS S ) ) ] ) (3.16)
(a) ’ S‘n (rb"): ﬁjlzo Co$2 (!’5°) 4+ Y3, Y9a, ‘3“ '
' Yas Cos (rg°)
provided Yax# 0 and Cos(rs®) #0
Cos CV(;) = __%__“__
Cos (¥5®) W . ®
(b) or ) . W2 GCrs®) + Y33 Y20 Ya
Sin (re ) =

. = Yaz Cos( rs®)
provided y,J#o0 and cos ()£ 0

If  Y33=0 choose Equation (b), but if %302 also = 0,

then use the following procedure.

There are two singular points for which the above equations are not valid

and that is when ‘d; =1 ; it follows then that ‘53‘2":0 and
4y =c and the Cos(r")=0O . The (3") frame would have its tj;

' ~ A ©C
axis along the X direction as shown in Figure 3.6. The 4, base vector
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FIGURE 3.6  SINGULARITY OF INITIAL COORDINATE FRAME
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will lie in the X, X3 plane and thus the \juo component will be zero.
Therefore:
C05 (r}*o) = ‘
Si'q (r4°) = 0
Cos (rg’)= © |
> (3.17)
Sin C rso): i

Cos ( \’.(:) =+ ‘j\;

“ Sin ( \"(,o)z ‘j:;

4. The Incremental Structure Deformations S ¥

The relationship between the intermediate incremental deformations
S¥ and the structure incremental nodal degrees of freedom S¥r follows
using equations 3.2 and 3.3. It will be recalled that 5‘,-" are the in-
crements in the rotations f’ arising from increments 51:" in the
structure degrees of freedom \* . Thus r: , Sr, , and Svr, are all
rotations about the Xf axis; but 1’54 and S Fs -are rotations about

S . .
the X, axis while Sr. is about the Xz‘!

. ¥ -
axis; and ¥ _ anq S\—(’
are rotations about the xg axis while 3!’9 is about the )(; axis.
At node kK similar observations can be made.

Therefore the transformation from Sy to Sr is given by

S

191

= _b_ ) r | (3.18)
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where:

1 © 2 S
b = © b o =)
e o |1 | o
© © © =
| c o
b = o Ces(v)) Sin (1)

Sin (l's*) =Sin (Q.*)(OS(G#) Co s(ﬁ,* )C)S (T;)

{ _ (@) o
bz = O Cos( no*) Sin (ﬁ:)

Sin (Y“;x) - Sin(\"\g)@s(r:) Cos(\"\:) Cos(r\\*)

{ (o} o)
I: o \
(@) @} \
and
O O
© = ©
®) o

Figure 3.7 shows the incremental rotations for node \j of element

IK.
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CHAPTER 1V
TANGENTIAL REFERENCE FRAME

1. Definition of the Element Degrees of Freedom S

The displacements of the nodes of an element with reference to the

local coordinate system, the 'local degrees of freedom' s are functions

of the structure degrées of freedom r defined previously in Chapter III.
For the tangential reference frame there are six degrees of freedom per
element, all defined at one node as shown in Figure 4.1. The S are kept
small with respect to the length of the element by suitably increasing the
number of elements required to model a given structure under a large
rotation or translation.

< _ )
The translations (S¢ S; S3) act along the tangential reference
AL T

frame base vectors Y respectively and the rotations ( S4 Ss s)

are rotations about these same base vectors. Actually the (s, Ss Se)T
A

; t
are only approximately about the Y base vectors, as will be shown in the

following sections, but the approximations will be found acceptable. The

-t o ) i . . .
(\3 ) frame coincides with the (‘j )frame defined in Equation 3.5, i.e.

.

qt:: q};“ | (4.1)

2. Derivation of the Translational S

Figure 4.1 shows the element in the tangential reference frame before
and after the finite displacements v, in which the element deformations
are exaggerated for clarity.

Consider the element J K with J at the origin of the (XJ ) frame

33
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jnitially and having length L . Before the displacements, the nodal co-
. N T
ordinates of | in (X“) are ( © © ©) andof K are given by the

components of A where:

- = = AT
A=(a, a, a,) and L

A -A (4.2)

After the displacements r‘t where y_b is defined in Chapter II, node

. i . r .
J has (XJ) frame coordinates of ! ] and node K has coordinates
3

2
a|+ 5 r’
a, + g
a; *Ya

In the' (‘j‘t) frame, the coordinates of j and K before displace-
ments are Lg] and [E] respectively. If the displacement were a rigid
‘body motion, these coordinates would remain unchanged; node K would not
move in the (‘jt) frame. The difference between the acfua] motion of node
K and that corresponding to a rigid body motion is the deformation vector

( sis2 S;)T . Therefore, the deformations (S, S, S3 )T , seen as
components of displacement of kK with respect to:! in the ('xj) frame,

are given by Equation 4.3 and called S*:

a, 5 N 2 ()
S*= _ + _ -L . (4.3)
2 a, My r, Gd (,2)
53 nl )“3 L‘f‘"‘ ( | 13)
where q,j(;).) are the x?* -components of the length of the ele-
Ll wi(y2)
W'(|\3) A't

ment which is oriented along the ‘j‘ direction. In the (‘jt) frame, the
local coordinate system, the vector _S_t: (S, S, S5 )T is the 5=

transformed by Equation 4.4.



s'= ¢! s

*

(4.4)

‘+3 has been derived in Chapter III and is composed of rotations

given as in Chapter II:

4

\

o

7

)

&7

=

x 9y

¥*
2

5

/

1 \

o

R+

el

o
I

w
+
w

3. Derivation of the Rotational Components of S

We have the following transformations from Equations 3.5 and 3.8:

/\S "A‘
§¥= ¢ 3

K
3- 4t 8

We can relate base vectors at nodes j and K from Equations 3.5 and 3.8

/\
by noting that the base vectors X)

W - [

and

A

9 =

—

ESIEA A

-

We define the transformation

vectors

AR

q

A K
d
K

. T
X = [Q;n) I[L}—K] which relates base

~k
and 5

are identical.

Thus:

(4.5)

~J
and j . This transformation matrix, composed of three

Y
rotations (e, &, 623)- , Wwill have the following form:
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Cos (6)) Sin(83) | Gs(8) Sim(e,)os(6

Cos(e’z)@s(as) ” ) > () Smieeste)
+Sin(0,)Sin(8,) Gs(6) [+ Sin(e)) Sin (e3)

Cos () Cos(€3)  |Gs(8)Sin(8,)Sh @)

B o= |7 @s(0)SnO3) | o (6,)5ia(0,)Sa @)+ Sin (0))Cos(63)
Sin (&) - Sin(&) Gs(6,) | Cos(e)) ws(6,)

Although this transformation matrix impl’ies that ©,; is about the *3?

axis, ®, is about some intermediate axis between 3{2" and \j: , and &,
is about the tj: axis, the rotations are small and the axes of rotation
can be considered to be the th axes. If we assume that the sine of the

angle is the angle itself and the cosine of the angle is unity, ¥ reduces

to:
{.o 63 "ez
- —e
¥ = 3 o © (4.7)
=2 -6 l.o

We make the assumption that ( s, Ss Se )1 are the rotations
(e ©, ©3 )T respecfive]y. It is felt that these approximations
will not affect the required derivatives of § with respect to £ . From
Equations 4.5 ang 4.7 we obtain Equations 4.8:
Se= -2 #5310 - $i(20)
i-

(a.8)

Sg = i \{-k(S,L) “\/—j(li[’) -,

(4.6)
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3 L | o
Se= -2 ¥%(2,0) - ¢3(,i) _ - (4.8
e

cont.)

In summary, for the tangential coordinate system, we have:
S, = (a,+y-1)) \/—j(‘,|)+ (a,+-1) t,l.j(l,2)+(a3+q-r‘3)q—j(l,3)-l_
50 = (@t 1) 4 (21) ¢ (Gt 1) 4 (2,2) + (a4 -5y (23)
s, = (a4 +r-n) ) Gi) + (&Z+r8-r2) W (3.2) + (a5 +5 -5)¢6,3)
S =~ R(5,0) F) - 45,2 $3(2)2) - 44 (G,3) Y &)
so= ¢5(3,0) Q1) +¢X(32) ¢30,2) + ¢ (33) +°0,3)
se= —4%(2,) 31, 1) -45(2,2) P (,2) - (33) ¥ (13)

(4.9)



CHAPTER V
- SECANT REFERENCE FRAME

1. The Element Degrees of Freedom S

In the secant reference.framé, Tike the tangential reference frame,
the element will have six local degrees of freedom S . This number res-
ults after subtracting the six ri gid body motions from the twelve global
degrees of freedom for the element. The six retained degrees of freedom
consist of an elongation, four bending rotations, and a torsional rotation;
two bending rotafions are at node J and the other four are at nodek .
Figure 5.1 shows the member beforé and after finite displacements I~ ,
where the member displacements have been gxaggerated for clarity. The
figure shows the base vectors of the (X)) system transformed through
( \r-,_,-* 7 Q*)T to the (‘jj) system at node J' and throﬁgh
( v r“* r;z’")T to the ij) system at node K by Equations 3.5 and
3.8 respectively. .

)
The secant reference frame base vectors !js have been defined by

Equations 2.5, 2.6 and 2.7. Equation 2.5 e]im-i-nates translational rigid
body motions. ‘Equation 2.6 sets 32 orthogonal to gls and the tangent
base vector \3: (i.e. orthogonal to the plane containing ‘25_'5 and the
minor principal axis of the cross section in its deformed position at ) ).
Equation 2.7 completes the right-handed orthogonal triad.

We will also need a local coordinate system at node K aligned with
the S.S base vector in ordef to define the element degrees of freedom
adequately. We call this coordinate frame the (Zs)frame with base vectors

~nS
Z  which are given in Equations 5.1, 5.2 and 5.3.
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2. Derivation of § as a Function of

AS
? (5.1)
Ak NS
3, X &=
(5.2)
A ns
4, X 2
/\S AS :
ZL X Z, (5.3)

We begin by noting that since the element deformations are required

to be small, then the (‘;j‘l) coordinate system and the(‘js) coordinate

systems will be almost coincident. Likewise, the (Y K)coordinate frame

and (Zs) coordinate frame are almost coincident and therefore the rotation -

~ transformations relating their base vectors will be composed of small

angles. MWe can say, then, thaf the following simplifications to the

scalar products hold:

AN

1,

-

= Cos (d‘>g l.o

since <« is considered small

Cos (G0 °T%2) 5 ¥ %z

1

o]

= cCos ( 90 .td.a): + Ay

X, , 93 are also small angles

4



The elongation of the element 3; is determined by the extension of

the line joining node § to node K :

- 2 —_ bA - 2
5‘:’ /(ql AL "rl) + (Clz + r\8°r'2) + (03+Q—G\ - L (5.4)

where L defines the length of the element, L=\/ a‘z-\- azz-t 532 and
(a" a, a_,,)T are the initial components of the length vector.

From Figure 5.2 it can be seen that:

A ) _

Sz = 9, Y, . ' (5.5)
~) AS

S, = 3, - 9, (5.6)

At node kK we obtain similar éxpres'sions for the Ss and S< ro-

tations:
AR A S ) '
Sg = — .‘él‘ - ‘%3 .‘(5.7)
o A K ~s - |
Se = Y, - Z: | (5.8)

The final degree of freedom, the angle of twist of the element, can be
_ AS s
approximated by the‘ scalar product of vectors 4 and _7—2 .

AT :7.\ S ( )
= . 5.9
Sq :ja -2
In summary, for the secant element coordinate system, we have the following

degrees of freedom

_ 2 _ -
3= \/(CJ,+ r—,‘ﬂ) + (a, +r8“’2_)l+ (a3 +Yq - 3)2 -L

/\:\ NS

S25 T d, - Y, (5.10)
~j AS

S = ?\ i jz
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CHAPTER VI
FORCE-DISPLACEMENT RELATIONSHIPS

1. 4E]ement Stiffness

The element stiffness matrices were taken from Nathan (11). They
were developed for a doubly-symmetric thin prismatic element with eleven
degrees of freedom: three translational, fdur rotafiona], two torsional
and two rate of change of twist angle. Nathan's stiffness matrices were
reduced from eleven degrees of freedom to six by eliminating thoée which
are restrained in the present case. The matrices were also transformed
to conform to the present coordinate system definitions We present hére
only the stiffness matrices for the cantiiever e]ement since the secant

element stiffness can be derived from the given matrices.

In reference (11) the element forces 2?& are first determined as non-

linear functions of the displacements 5 : S; = SL (_5) . These
equations are then linearized by an expansion of the element forces in a
Taylor series about some instantaneous element displacements S° . By
making the displacement increments As suitably small, terms past the

first can be discarded from Equation 6.1.

S, (s)-8:(s7) = 8- = 85

)

AS = 2435 D3 (5) L LS JASKES’(S) +
bs . 2 4 K sy s |
+ --- (6.1)

‘A/S/(:é S),SI(S)

b S s°
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| &
0

or AS =k 438 | (6.2)
where _‘3 = }S{ (§>

| 2S5 s°
The matrix ‘_? can be written k= _K_’_‘, -+ B i , where the.stiffn‘ess

matrix R, is independent of S° and the matrix Ry 1is linear in S~ .
Use of the matrices given below requires that elongations, shear displace-
ments, and rotations remain small. Displacements must be small compared
to the element dimensions and the rotati'ons must be much less than unity.

Nathan's transformed element stiffnesses follow:

AE
L
1zEI
O -‘_—'3—3
I2ET2
° o | T3 | - >yYm
o ————
o o] '
(DE? o 4"5:’:2
° o L2 .
_(.oEIB . 45]:3
= o ==
© LZ © © l l_

where I:5 js the moment of inertia about the cantilever coordinate system

'jz axis and Iz is about the ‘jt axis. T_ is greater than I3 .

2 2
= torsional moment of inertia
= element area
element length

= Young's modulus of elasticity

& m - >4
n

= Torsional modulus
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El(sly) = S‘o
K (s5)= S,
k‘ (5;): S;

O
o o Sym
ehE '
O O SL’Z
E I
) o o =
ARE 2 A&
(@] (= oL O /75 .
-AE 2 ne
o oL o o o 75
o
0AE
Se* e
. S:jm
(@] o o
_ET
C O ——l:'g‘,’ (@]
-2( ET ,
o O O‘ —3- Lzz (@)
- AE -
ioL o o o o o
(&)
O O
sSum
6 AE d
22.] o | o
_6EL
o | © ©
E
(oL © o O o
O o |#EL] o o

(6.4)

(6.5)

(6.6)
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o
o o Sym
_ %T&: o o
° e {
k()= “21 €% | (6.7)
© 5 T2 o©
2 AE
s o (o) (o o
\« EI2
o
-AE
(o) © snm
. |l o o o (6.8)
k|(se)= S6 21 EI, '
- © (&) 5 T2 (& ]
» I
o ° o |¥5 | ©
Z AE
s & (&) o O o

2. Global System Equilibrium

We turn now to the problem of deducing the system respohse in global
coordinates from the element equilibrium equations.

We suppose that there are N independent global degrees of freedom
" . The element or 1oca1'degreesvof freedom S have been expressed 1in

previous chapters as functions of the coordinates f;.

Y
-

;= F(F) =12 -+ m (6.9)

The element incremental displacements follow as:



Ss, = 83t SF

br]
¥ - _ :
= ay ([) ka (r) Sr‘K (6.10)
or expressed in matrix notation:
§s = a" b sr
(6.11)
= a S_t:‘

The transformation matrix & is a function of the global coordinates
E . By the principle of virtual work, the external work of the B forces
moving through the corresponding virtual displacements Eﬁj must be equal
to the internal work of the element forces é? moving through the compat-

ible virtual displacements &s . Thus,
TR=ss' S
or K= S§s 4o - (6.12)
Using the compatibility thation 6.11, we have

Sr™R = St a' & (6.13)

If 6.13 is true for an arbitrary virtual displacement 51', we may con-

clude that:

R=a'3 (6.14)

We expand the R, in a Taylor series about an initial global displace-

ment ‘t°, on the assumption that there are no singularities. The domain

of v is suitably restricted to ensure a one-to-one correspondence between

—-—

load and displacement.
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2, :
""Jé ?% 0 R, (r) anarg| 4 --- (6.15)
re o) O E

= dRi(r)ay
J ov

AR, =

If we restrict the increments Ar such that the second and subsequent

terms of thé expansion can be neglected, we obtain:

AR = = DRilr)] 4 rj | (6.16)
N 3 _r:’
or in matrix form:
AR = K Ar (6.17)
where K = [ Ps) RL(_‘:)“
—_ 2y Ay

The J th column of K 1is given by

2R - 2 [a%) 8]
ovy rT on e
= aT(E) 38 L A (E) ()|
-7 S_FS X3 ¥

(6.18)
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where _O(J is a column vector of zeros with a one in theJ th place,
' 2
and, \/'* _ E> S

-t ST drc
ci= 9ob
> e

—r

Thus the global stiffness K 1is given by

K= Ko + K ¥ K, (6.19)
where . Ko= al k. @
K= a" k(5% a
and the colums of I, = [%—‘: ( ‘_{f*z t ‘ExEC)TbJJJ 8

The element stiffnesses I_Qo and R are found in Equations 6.3 to

6.8.

: ¥ ¥ _
3. Derivation of the @ and V Matrices

Having outlined the equilibrium equations required to solve the large
displacement structural problem, we next consider the Q*, y” and <
matrices necessary for‘ the computation of the instantaneous stiffness l_<
of Equation 6.17. Then, given the global displacements I and I and
the element forces § at any stage, we shall be able to calculate-the
global 1'nstantane_ous or tangent stiffness of the structure E . This stiff-'
‘ness defines the tangent plane to the load-displacement surface at the
ins tantaneous displacement configuration.

The Toads R are assumed to be a continuous twice differentiable
single-valued function of the displacements * . This assumption 1is, in

fact, violated in the case of bifurcation buckling, which will be discussed
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separately below.

The differentiation of Equations 4.9 and 5.10 for the secant or tang-
ent element stiffness systems is a mechanical process; however, the
results are extremely lengthy énd have been included directly in the com-
puter program and there seemé 1ittle point in reproducing these results

here.

4. Incremental Solution Technique

When the loads are sing]e;valued functions of displacements, an in-
cremental displacement method can be used. This method is most useful in
following the complete load displacement histbry of snap-through buckling
problems where the same total load occurs at different displacements.
Otherwise an incremental load method may be used. No attempt is made here
4to ana]yze'struétures whose load-displacement curves involve bifurcations
of_the buckling paths beypnd the bifurcation point.

The following illustrates the procedures involved during one increment
of the solution techniqhe.

At the beginning of an increment, the total global displacements 1
at the end of the previous increment are used to calculate the gfﬁ, !3 and
.Y*ﬁmtrices defined by Equations 6.10, 3.18 and 6.18. The element dis-
p1acéments S at the end of the previous increment are used in the stiff-
ness matrix 5~(§), and then the matrix products of Equation 6.19 are cal-
culated to produce the instantaneous tangent stiffness matrix K of Equa-

tion 6.17. 4

The stiffness matrix K is to be inverted by a band inversion routine.

For maximum solution efficiency the band width of the matrix should be a
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minimum. Both positive-definite and positive semi-definite mafrices are
allowed.

A one parameter (») load system is applied to the structure and is
assumed to varyhlinearly with displacement during the increment. For the
incremental load solution method, the load increment vector which is
supplied by the‘ana1yst is used in equation 6.17 to produce the incremental
deflection vector. However, for the displacement increment methoﬁ, a unit

load vector /2 is .applied to produce the deflection vector 7

—

Kaq =/ 4 (6.20)

The load increment A is cé]cu]atéd by linearly proportioning the

deflections ~ and § .

,\=/§_-’ o  (6.21)

where o s the displacement increment speciffed by the analyst and ;
is the displacement at the same degree of freedom as © under the unit
load vector 73 |
Thus we have:
AR = X3 (6.22)

and Ar = A7 : -  (6.23)

These increments of global force and displacement are added to the
total force and displacement vectors R and r respectively. §s is
then calculated by Equation 6.11 and SQ§7 by Equation 6.2 before

proceeding to the next increment of the solution.
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CHAPTER VII
BIFURCATION BUCKLING

Many structures exhibit a branching of their equi]ibrjum paths that
is associated with some mode of structural instability. For most.such
structures, the determinafion of this 'critical value' involves using the
linear stiffness based on thé initial geometry plus a non linear contri-
bution based on some small perturbation from the initial position. Thus
the stiffness matrices Ko , f;: , and l<z should be useful for deter-
mination of the bifurcation point. The nature of the equilibrium paths
in the immediate post buckling range is of interest to the analyst, but
an investigation of this problem will not be attempted here. |

Unfortunately, the solution of the eigenvalue problem associated with
the determination of the bifurcation point involves the inversion of a
full matrix and this puts a constraint on the size of the problem which
can be handled. But if only a few of the smaller eigenvalues are re-
quired and the stiffness matrices are well banded, then an iterative al-
gorithm is possible. The method is efficieﬁt for finding a few of the
lowest eigenvalues of a positive definite matrix E;>. No attempt should
be made to determine all of the eigenvalues by this iterative scheme. A
problem in convergence does arise when two eigenvalues are the same or
almost equé] but we assume that this case does not occur often and that,
when it does, it can be solved by an alternate procedure.

The procedure for determining the Towest critical value only will be
outlined here, since the interest of the analyst is usually confined to
this one. An iterative algorithm has the advantage that the solution can

be obtained to any desired accuracy consistent with the inherent roundoff
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errors of the computer.
We restrict the load configuration on the structure to a single para-
meter system where the loads increase uniformly according to a factor A

/ .

The deflection vector 5_" corresponding to a normalized force vector
p 4

SR s calculated using the linear stiffness Ko . ¥i and Kz are

then built using this deflection vector to yield:
Ke= Ki(sr') + ¥z (sr') | (7.1)

We form the total stiffness of Equation 7.2 assuming that __K? is

linear up to some critical value of A, A
(Ko + A Ke)Sr'= S® (7.2)

The classical eigenvalue problem results when the right-hahd side of
Equation 7.2 vanishes. On rearrangement we obtain:

I Ko Sr = —Ke Sr

——

Ao (7.3)

where Sj_‘ corresponds to the eigenvector and, again, X< is the eigen-
value. .

In the iterative scheme, a trial vector S_r” is inserted in the
right-hand side of Equation 7.3, and the left-hand side is used to solve
for an improved eigenvector S_r'" . The length of the new vector is a
first approximation of the inverse of fhe eigenvalue V'/\c.’ . We normalize

g_t"’ and repeat this procedure unfﬂ the critical value Xc,~ stabil-
izes according to some convergence criterion or until the number of
iterative cycles exceeds some given number. The rate of convergence to

Acr and 3r , the eigenvector, and the time required depends on the size



of the problem as well as on the relative difference between the first and

second eigenvalues.

Derivation of this procedure is given in Wilkinson (16).
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CHAPTER VIII
NUMERTCAL EXAMPLES

1. Williams' Toggle

In 1964 Williams (10) extensively studied the snap-through buckling
phenomena of a shallow planar frame illustrated in Figure 8.1. The geo-
metric and elastic properties of this frame, called a 'toggle’ by Williams,

are the following:

EI = 9.27 x 103 1b. inch?
AE = 1.885 x 106 1b.

L = 26 inch

h = 0.32 inch

The large def?ectioﬁ behaviour of this structure under a vertical applied
load on the centerline is characterized by a softening region followed by
a hardening region.

Ebner and Ucciferro (12) in a recent paper reviewed and compared five
particular methods and their applications to geometric non-linear planar

problems. These five formulations are:

1. Argyris (1964), (13)

Martin (1965), (6)

Jennings (1968), (4)

Mallet and Marcal (1968), (3)

(8] = w n
. B ° .

Powell (1969), (14).

In all of these methods the non-linear force displacement relationships
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EI

AE

I

.27 x 16% b inch?

.885 X 10° 1b

Fise ot ¢ .32 inch

FIGURE 8.1

WILLIAMS' TOGGLE WITH CENTRAL LOAD
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have been formulated in terms of stiffness matrices. The solution tech-

niques incorporated were:

1. direct solution,
2. Tload incrementation,

3. displacement incrementation.

Williams' toggle was used by Ebner and Ucciferro for testing the five
methbds. The solutions for the toggle under a constant centerline verti-
cal load of eightyvpounds-are given in Table 1. In view of symmetry, only
half of the structure was modelled and only eight elements were used.

The results, as can be éxpectéd, varied but Jennings' procedures give
excellent agreement with Williams' solution for all three solution teéh-
niques. The 'secant' and 'tangential' element solutions for various dis-
placement increment sizes and numbers of elements (modelling half of the
toggle) are showh in Table 2 and Table 3. For this example, the 'secant’
element solutions converged monotonically to a lower centerline deflection
than the 'tangential' element solution with the number of elements cons-
tant at ten per half span. However, the difference of 0.002 inches in
0.6159 or 0.3% is negligible. When the displacement increment size was
kept constant at 0.01 inch and the number of elements used to model the
structure were varied, the 'secant' elements performed extremely well even
when using only one element. The 'tangential' element solutions showed a
more rapid convergence a]though no solutions are available for using one
or two elements per half span. This element behaves poorly when the ele-
ment displacements become too large. It is probable that the 'tangential’

element gives a poor reflection of the axial deformation when element



TABLE 1

SOLUTIONS FOR WILLIAMS' TOGGLE

(Under 80 1b. load and 8 elements per half)

Jennings
Powell
Mallet-Marcal

Williams
Jennings
Powell
Martin

Jennings
Martin

*Tangential' element

'Secant' element

Formulation

Direct
Direct
Direct

Exact
1 1b. load
1 1b. load

1 1b. load

0.007 inch.
0.007 inch.

0.007 inch.
0.007 1inch.

increments

increments

increments

displ.
disp1l.

displ.
displ.

increments
increments

increments
increments

60

Centerline

Deflection

(inches)
0.611
0.611
0.600

0.611
0.639.
0.639
0.640

0.616
0.621

.6203
.6161
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TABLE 2
WILLIAMS' TOGGLE

0.01 inch displacement increments and 80 1b. load

'Tangential' Elements 'Secant' Elements
-Centerline Deflection Centerline Deflection

(inches) (inches)
1 element per half - 0.6312
2 elements per half : - . 0.6308
5 elements per half 0.6550 0.6191
10 elements per half 0.6200 0.6179
20 elements per half "~ 0.6180 0.6179

TABLE 3

WILLIAM'S TOGGLE

10 elements per half and 80 1b. load

‘Tangential' Elements 'Secant' Elements
Centerline Deflection Centerline Deflection
(inches) (inches)
0.007 inches per increment 0.6178 0.6159
0.010 inches per increment 0.6200 0.6179
0.020 inches per increment 0.6262 0.6246

0.040 inches per increment 0.6406 0.6387
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deflections are large. This would be importanf in the structure under
discussion. - |

Jennings (4) derived two element stiffnesses including varying
degrees of geometric non-linearity, and was able to obtain good agreement
with Williams' results. He noted that where geometric changes were sig-
nificant, many more of his less sobhisticated elements were required than
of his sophisticated non-linear elements to accurateiy model the load
deformation behaviour of the structure. Although Jennings does not speci-
fy what displacement increment sizes he used, the 'tangential' element
gave similar results fo Jennings' less sophisticated element solutions.
The 'secant' element solutions appear to agree with the results by
Jennings' better é]ement. | |

In general the 'secant' elements performed better than the 'tangentia1“
elements. However, the time required for the ‘secant' element solution
was greater than for the corresponding 'tangential' element solution. Also,
the difference in the results between using twehty elements per half span
and ten elements per half span is small, indicating that the ultra-fineness
of solution is not warranted. The reduced increment size seems more impor-
tant than increasing the number of elements in the structure.

Some of the load deflection paths for this structure are shown in

Figure 8.2.
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2. Argyfis' Arch

Ebner and Ucciferro ({2) also used a plane arch, first tested by
Argyris (1), to compare the five various formulations cited previously.
The results of these formulations are given in Table 4 along with the
‘tangential ' and 'secant' element solutions fér the same number of ele-
ments per half span and size of displacement increment.

The elastic and geometric properties of the arch shown in Figure

8.3 are as follows:

EA = 107 1b.

ET = 107 1b. inches?
rise = 3.14 inches
radius of curvature = 400 inches
length = 100 inches

The arch is pinned at the ends and the load is applied vertically at the
centerline. Since straight line elements are used, at least ten elements
are required to model the entire aréh as a polygonal arc. The fewerbe1e—
ments used, the poorer the mathematical model of the intended structure.
For this problem, there was little difference in the results between
the 'secant' element and 'tangential' element solutions. Agreement with
the displacement incrementation solutions of Martin, Jennings and Argyris
is good. Definitely, smaller deflection increment sizes and more incre-
ments produced 'better' results for the arch of a reasonable number of ele-
ments than for the same structure composed of many elements but a larger
increment size; In the snap-through buckling of this arch, the true solu-

tion curve can be expected to fall below the upper snap value that the



L
EA = 107 1b
_EI = 107 b i'nch.z
rise = 3.4 inc‘:s.
rqdius of curvature = 400 inch,
L = (oo inch,

FIGURE 8.3 ARGYRIS' ARCH
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Formulation

Martin Load}Incr.
Powell Load Incr.
Jennings Load Incr.

Martin Displ. Incr.

Jennings Displ. Incr.

Argyris

'Setant' Elements

'Tangential' Elements

TABLE 4

ARGYRIS' ARCH . .

Number
of elements Increment Upper Snap Lower Snap
1b. 1b.
5/half 25 1bs. 2300 -
5/half 25 1bs. 2300 -
5/half 25 1bs. 2300 -
5/half 0.07 inch 2344 814
10/half 0.07 inch 2360 828
5/half 0.07 inch 2360 836
10/half 0.07 inch 2358 837
10/half '0.157 inch 2450 800
5/half 0.07 inch 2328 849.6
. 10/half 0.07 inch 2356 838.
10/half 0.157 inch 2460 _ 846.
5/half 0.07 inch 2325 824.9
10/half 0.07 inch 2355 835.
10/half 0.157 inch 2460 843.8
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'secant’ andﬂ'tangentia]' element solutions predict. Nevefthe1ess the
solutions for the arch modelled by five elements per hé]f span predict
lowef upper snap values than the corresponding solution value for the ten
elements per half span arch. Quite likely the polygonal structures are
sufficiently different for these two cases to account for this anomaly. .
One adVantage possessed by the displacement incrementation solution
technique, compared with the load .incrementation solution method, is the
ability to follow the complete load deflection curve of a snap-through
buckling prob]em. »Severa] such curves for the arch for variods incre-

ment sizes and numbers of elements are shown in Figure 8.4.

3. Wright's Reticulated Shell Segment

~D.T. Wright.(13) in 1965, in a paper cohcerning the design and sta-
bility of retic&]ar doméd structures, gave some theoretical calculations
for snap-through buckling of a particular spherical shell segment shown in
Figure 8.5. He considered the behaviour of this segment under a vertical
load P at node A. In the derivatiqn’of the load deflection curve he

assumed that the shell was shallow and that the following ratios held:

L = Sin L ~ tan L
L¢ Ly Lr
where L~ = the radius of curvature of the dome

| L the length of the element shown in Figure 8.5.

When he considered the nodes B to be pinned and ignored members BB which
do not contribute any moment resistance, he arrived at an upper bound
solution for snap-through buck]ing of the shell. His theoretical solution

was:



p. 2AE h'(n°-h'?) + 44 €T (h-h') a1)
L3 . L3 ‘ .

where h and h' are defined in Figure 8.5.
Differentiating Equation 8.1 with respect to h' he found that snap

through buckling would only occur when the following condition held:

rg < .263 h (8-2)_
where rq = /% » the radius of gyrati’on of the members

h = the rise of the element.
When he considered the case where the jdints B are allowed to translate
and the members BB are extensibTe, he arrived at the lower bound solu-
tion for the 1oad-déf.lection curve of the shell given by Equation 8.3.
P = % P_L_IBE K (n?-h'?) +4—4§_C7:; (h—h') © (8.3)
" The critical values for this equation upon differentiating with res-

pect to h' occurs when:

To verify Equations 8.1 and 8.3 the material properties of the toggle
of Figure 8.1 were substituted into these equations.
The radius of gyration, rg, for this structure is .072 inches. Thus

both equations 8.2 and 8.4 are satisfied since

IN

A0S

W

kj for equation é.Z

rg < . o7+ for equation 8.4
Therefore snvap' through buckling will occﬁr for the pinned structure and
for the structure which allows members é& to extend. Buckling out of

plane has been prevented as we are solely interested in verifying Wright's

calculations.
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FIGURE 8.5 WRIGHT'S SHELL SEGMENT
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TABLE 5
WRIGHT'S SHELL SEGMENT

8B Inextensible

Wright's formulation
12 'Secant' elements 0.01" deflection increments

12 'Tangential' elements 0.01" deflection increments

BB Extensible
Wright's formulation
12 'Secant’' elements 0.01" deﬂection increments

12 'Tangential ' elements 0.01" deflection increments

* Solution does not exhibit maximum or minimum

Upper Lower
Snap Snap
1b. 1b.
99.9 48.5
96.8 59.4
96.1 49.0 .
75.2 73.4
* *
71.8 71.6
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By symmetry, we need consider only one sixth of the shell segment.
Twelvéﬁe]ements were used to model this structure and def]ection incre-
ments of 0.01 inches were used. Agreement with the formulas 8.1 and 8.3
was fair as shown in Table 5. The theoretical load-deflection curves and'

the experimental results are shown in Figures 8.6 and 8.7.

4, Three Dimensional Elbow

In order to compafe the accuracy of the 'tanggntiaT' and ‘secant’
elements, the structure shown in Figure 8.8, an elbow fixed at both ends
was.subjected to an app]fed.force increment. The-actﬁal appTied fofces
were compared with those required to equilibrate calculated internal
forces (Equation 6.14: R=a"'8 ). |

Firstly, the elbow was modelled by sixteen elements and twenty verti-
cal force increments of -30 were applied at node 9. Secondly, twenty |
increments- of moment about the ICZ axis of 60 were applied at node 9. The
results given by Table 6 compare the known total applied force with the
forces calculated by equation 6.14 for various increment steps. Ajso
shown are the deflections under the applied force and the vector of
calculated forces at node'9 of the structure for increment step 20. All
but the applied force component of this vector should be zero but the
magnitude of the error when compaked with the applied force is small.
Considering the size of the deflection, 0.9 in a length of 4, and of the
rotation, 0.265 radians in only twenty increment steps, the results are

cons.idered reasonable.
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TABLE 6
THREE DIMENSIONAL ELBOW

Applied Vertical Force Increments

A : Force Calculated by
Increment ATS%?ld
Step . gorce 'Tangential' . Elements 'Secant' - Elements
Force Deflection Force Deflection
5 - 150 _?_]50.03 - 0.2481 - 149.95 - 0.2492
10 - 300 - 300.18 - 0.4849 - 299.92 - 0.4953
15 - 450 - 450.32 - 0.7023 - 449.90 - 0.7343
20 - 600 - 600.69 - 0.8982 - 599.93 - 0.9633
R= _G_T/_S{ for node nine and increment step 20
'‘Tangential' (- 4.44, - 9.53, - 600.69, 7.48, 3.79, - 1.18)
'Secant’ (- 4.51, - 10.20, - 599.93, 0.21, - 0.21, 0.08)
Node forces ( Fx,, Fxz, Fry, Mx,, Mxz, Mx, )
Applied Moment Increments
Moment Calculated by
Increment Ago$?ld
Step Mogent i _'Tangential’ " Elements 'Secant' Elements
Moment - Rotation HMoment Rotation
5 300 299.95 . 0.0655 299.97 0.0655
10 600 599.85 0.1314 599.87 0.1312
15 900 899.74 0.1974 899.64 0.1977
20 1200 1199.60 0.2646 1199.15 0.2654
R=a' g

for node nine
'Tangential' (- 0.79, - 0.12, - 0.02, 0.97, 1199.60, - 83.04)
‘Secant' (- 0.23, 0.32, - 0.08, 0.32, 1199.15, - 83.39)
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5. Ring Dome

The large ring dome shown in Figure 8.9 répresents a practical struc-
ture. By symmetry only half of the dome was modelled. This helped reduce
the band width of the problem immensely and meant that subdividing the
structure into moré elements would not seriously increase this band width.

The elastic and geometric properties of the ring dome are as follows:

A1l members:

144 in.* (torsional moment of inertia)

(o] -
~ -
| 1l

= 720 in.* (strong bending plane)
‘I, = 48.0 in.* (weak bending plane)

Area 4.0 in.?
Diameter of dome = 80 ft.

Rise at Centre = 8 ft.

Radius of Curvature = 104 ft.
E = 3000 ksi
G = 1200 ksi

The vertical plane was made the strong bending p]ane and the exterior
nodes were fixed. | |

The structure was divided fnto 108 ;cant11ever' elements resulting in
504 degrees of freedom and a band width of only 42. The 'tangenfia]' ele-
ments were chosen primarily because of cost. The principal intent was to
show the load deflection behaviour of the dome. For this, the upper ring
was subjected to 16 vertical deflection {ncrements of 0.25 feet under a uni-
form vertical load on the upper ring. The load deflection curve and the
configuration of a radius of the structure after 16 increments are shown in

Figure 8.10 and figure 8.11. Howaver no aftempt has been made to



thoroughly analyze all the instabilities of this structure; Had another
mode of failure occured other than that shown, then the computer program
would have at least indicated this when the stiffness matrix went
negative definite. ATthough there is no solution with Vhich to compare
these results, they are self-consistent and there is every indication
fhat the method was able to handle this cdmparative]y large problem

successfully.
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CHAPTER IX
CONCLUS IONS

A procedure was developed, using non-linear stiffness matrices from
Nathan (11), to follow the load deflection paths of sﬁallow framed struc-
tures. The necessary transformation matrices and geometrical relation-
ships were formulated for extending previous two-dimensional work to three
dimensions.

An incremental soidtion technique was used and shown to be practical.
Two moving element coordinate systems and elements, the 'sepant' and
'tangentfa]' systems, Were developed énd related to a fixed global system.

The snap-through buckling paths of plane frames, arches and space.
frames were studied. The 'secant' element was found to be more efficient
fqr some large deflection problems in that fewer elements were required to
reach a suitable so]utiép. However, the 'tangential' solution required
about one half the computer time of the corresponding. 'secant' solution.
Reducing the increment step size was found more effective than increasfng

the number of e]ements.used to model the structure.
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PRCGRAM TO FOLLCW THE LOAD DEFLECTION HISTORY CF FRAMED STRUCTURES
ECTE CANTILEVER ANLC SECANT TYPE ELCMENTS
I¥PLICIT REAL®XQ(A-E,0-2)
REAL %4 TITLE
CIMEKSICYN ELCCK CNE AND Tuwn
COMICH /JPLKYZ CWM4FEL1,4P2,SV¥KCy NP
CCvVMON /BLK2/ C44C54S54,S5,C104C119S1C4S11,SNMPREV,A
CIMENSLION JOINT AMCUNTS
CIMENSICN X(15C),Y{(150),2(150),JN(150),RE(15C,6)
CIMENSICN MEMBER AMCUNTS
ey JNL(1S50)ING(ISC) NTYPE(150),MLN{15C)
¥gRRI1S50412)eSFF{150,£) 4SS{15C,6€),JdLNI150),54C(150),C40(150)
~,SSC(133) Cﬁ((lSC),SéO(ICC),Coc(15C),XQRIP(15C),YORIC(150)
+¢ [CRIC(150),TR{(150,12)
CINENSICN LCAC ANMCUNTS
1EV(6LO)QDQ(GCC),DCL(l“O),PCRIT(lS )
CIMENSION OTHERS
%y TITLE(2CG)sR(B6 Y, PALLIS) EX(L1S),EY(15)4EZ(15),EEE(15) ,GGG(15),ES(6)
¥9FCONSUE) yTCT2L(2Z25) 4LCEG(25)Y 3y AP{12)4SHMKD (E496)4CEFL( 2)
*,EER(12),ER(12),SMPREV(6,6),EDS(6),EDSF(é)yA(é.lZ),NDL(B)
¥ 3V I(1296412)9SVIE12412)3SMKL(646),SSKC{12412),SSK1(12,12),ATC(12,6)
¥gATI(124€)4TEVI(25),BLKA(4S),BLKB{116)yNINCR{20),SINCOS(E)XYZ(3)
%9SKC(250CC),SK1(25CCC)
ECUIVALENCE (BPLKA(1),OM), (ELKE(1),C4)
CATA NINCR/1,2,35,6511,21,31,41,51,61,71,81,91, 101,111 121,151,
¥176,42C1,1CCl/

FCRMAT(2024)

FCRMAT(2CI4)

FCRAAT(TI4,3F1C.3)

FCRIZAT(6F1C .3

FORMATUIZ2F1IC.3,214)

FCRMAT(1HL)

FCRMAT( /20Xy * STRUCTURE NUMBER*,I4,"% HASY, 14, "' JOINTS AND®,14,' M
#MBERSY"/2CXs* THERE ARE',14,' INCREFMENTS AND',14,' ELENENY TYPBES Y/
20X, " NBIF I[S',14," N7 IS',I14,' ANLC N8 IS',144' AND NELMT {S*,14
¥9/20Xy% (NELMT IS C MEANS CANTILEVER ELEMENTS, NOCN ZERO MEANS SECA

AT ELEMENTS) ')

FCRMAT(/* JCINT NCe THE £ CEGREES CF FREEDOM THE INITIAL JOINT
¥ CCORDINATZS'Y/11X,! X Y I MY MY MZV, 10X, X' 39X, 'Y 1 ,9X,1 2!
%) '

FORMATLEX » T4 41X 4€1444X,4371C3)

FCRMAT( /" MEMBER  JNL JNG JCINT IN X1-X3 PLANE MEMBER TYPE
* XP YP Lpt)

FCRINATALX 14 42X 14,2X,14,SX,14,20X,14,9%X,3012.4)

FCRAAT(/* THS CIFFERENT ELEMENT TYFES: HUMBER AREA I(x1)
* [(X2) [(X2) E G')

FCRMAT(3L1X,14,6C12.4)

FCRVMAT(/ ' CEFLECTICN FARAMETEK CIVICED BY LENCTH QF',F10.3,/°' TEE
* CCRTION F THE EIGENVECTOR LSER AS A DEFLECTICH INCREMENT [St,F1
#Ce4st (THIS IS USED ONLY IF NEBIF .NE. C)')

FCPMATI/SCX, *JCINT  L[ECREE OF FREECOM NUMBERS!')

FORMAT(4GX,,14,4%X,614)

FCaMAT (/' THE TCTAL NUMDBER OF CEGREES OF FPEEDOM =7,14)

FCOMAT(TI4,6FE.C)



56 18 FCRAAT(214,2FE.C)

57 19 FCRMAT(' THEE PMAXINMUM HALF EANC WIDTH INCLUDING DIAGONAL'y 14/ 85
58 %' TCTAL NULNMPER CF LCCATICGNS IN STIFFNESS NUXNB',16)
56 20 FCRMAT(/54X, "INCREMENT NUNMBER ',15)
60 21 FORMAT(/01X, *NFEMBER DATA'/S0X,' MN JNL JNG I XX Ivy
L 61 % 1212 £ G AREAt)
£2 22 FCPMAT(S50X,13,214,3E12.4,3011.3)
63 24 FORMAT (' ELENENT TOTAL DISPLACEMENTS RY,1CX,€F14,.5/,40X,6F14.5)
64 25 FCRMAT({1GX,' ELENENT TOTAL FORCES S'",6X,6F14.4)
€5 2¢€ FCRMAT('Y RATIC CET =',LCl4.5)
€6 21 FCRMAT( 41X, 'CEGREE QF FRECCCW TOTAL FORCE'/50(45X,y14,7X,014.5/7))
67 28 FCRMAT('%%,/211C/2CA4)
€8 25 FCRMAT(EF12.7)
65 30 FCRMAT(' (THESE FCRCES ARE NCRMALIZEC TO A UNIT FORCE VECTCR IN ¢,
7¢C *V[EE APPLIELC CEFLECTICN INCRENMENT NMETHQD) ')
71 2] FCRMAT(2CX, % AFPLIED FORCE INCREMENT METHCD USECY)
72 22 FCRMAT(2CX,*' APPLIEC CEFLECTICM INCREMENT METHCC USED*)
L 13 7CcC FORMAT(' JCINT APPLIED FORCES'"/2X 4,14 ,2X%X,6F12.3)
74 701 FCRMAT(* JCINT CCF NDEFL DEFL"3214,3(14,612.3),G12.3/)
15 7C2 FCRMAT(2CX,' CRSERVEL MEMBRERS',4X,2014)
76 702 FCRMAT(' PCSITN NUMBERS FCR NMEMBER' ,14,/1X,1214)
77 801 FCRMAT({20Xs* E G AR ST1 ST2 ST3 DM'",1X,7612.3,/20X," XM YM ZV P1
78 %P2 F3 P41,2X,7G12.3)
.19 202 FCRMAT{3CX! ELEMENT SMKO',/6(1X,6G12.3/))
ec 704 FCRMAT(2CX,' GBSERVED JCINTS',5%X,2014)
81 70¢ FCRMAT (30X, *STRUCTURE DATAY/ /' JCINT DEGREES GF FREEDOM X
82 % Y ')
83 104 FORMAT(714,3%X,3D12.4)
84 701 FORMAT (30X ' MEMBER NUMBER',15)
. 85 7CE FCRVMAT( * ELENMENT CELTA R CISPL.',12F9.5)
86 7Cs FCRAAT(10X,® ELENENT DELTA S CISPL" y7X36F14.5,/10X," TOTAL S
87 F'CISPLLYy15X46F14.5)
88 204 FCRMAT(/50X, "8 NATRIX',/ £(11G11.3,G10.2/))
£9g €0¢ FORMAT(//5CX s * TWELVE V MATRICES',// 12{6(11G11.3,G10.3/7)//))
<S¢ 71¢C FORMAT(1CXs* ELEMENT INCRENENTAL FCRCES'42Xy,6F1l4.4)
91 711 FORMAT (40X, *V*SFF MATRIX'/,12(11611.2,G10.3/})
92 712 FCRMATIS5CA+" K1 STIFFNESS'/6{2CX46C13.5/))
© g3 U¢ FORMAT{SCX,' ELENMENT STIFFNESS KC#K1'/ 6(20X,6613.5/7))
94 . 7113 FCRMAT(40X, " ATHKO*A'Y,/12(1X,12(1PE1IC.2)/))
<5 114 FCRMAT (40X, ATHKIXA' ,/12(1X412(1PE10.3)/))
. 96 €06 FCRMAT(' SKC'1X,11E811.2)
P97 81C FORMAT (' SK1'41X,11E11.3)
cg 715 FCRMAT(' CR IANCR.',1X,10(1PC12.3)/(1CX,1C(1PC12.3)))
56 1CC1  REAC(S5,14ENC=1CCC) TITLE
1CO WRITE(5,5)
1C1 WRITE(6,1) TITLE
1C2 REAL(S ¢ 2INRSy NIy AMyNINCRT4NELMT L ITYPENBIF,NT 4 N8y NWRTL,NWRT2,LCCI
1C3 WRITE(Gye€) NRSyNJIsNMGNINCRT I TYPEZNBIF ¢NT7,N8yNFLMT
104 IF(LOCTNELCIWRITE(6,31) : -
*1C5 [F(LCOIECCIWRITE(6,32)
1C6 C** NRS I3 THE STRUCTURE NUMBER
1C7 C#% NJ IS THE NUMRER CF JCINTS
1C8 Ck% NM IS THE NUNMBER CF MEMBERS
1c9 Cx* NINCRY IS THE NUMBER OF INCRENMENTS
110 Cx% ITYPE IS THE NUMBER (OF DIFFERENT ELEMENT TYPES
111 Cx% NEIF = O CC NCT FINC LOWEST PUCKLING LOAD
112 Cx% NEIF NE C CALCULATE LCWEST BUCKLINC LCAD
113 Cx% N7 JNE.C OUTPLT CN UNIT 7 NE.ANE.O CUTPLT CN UNIT 8
114 Cx+ NELNMT ZERC FCR CANTILEVER ELEMENTS

Hon

115 Cxx NCN 7ERC FCR SECANT ELEMENTS



116 C*% AWRTY IS TRD INCREMERNT NULMBER AT WHICH OUTPLT CN UNITS 7 AND 8

117 C** STARTVS 86
113 Cx* ANWRT?2 IS ThE INCREMENT NUMBER AT WHICH THIS GUTPUT STOPS
119° C*% LCDI = O FCR AFPLIEC CEFLECTION INCREMENT METHCC
12¢ C*¥* LCOI = NON C FCR AFPLIED FORCE INCREMENT WETHCOD
121 Cx¥% REAC IN THE JCINT INFORMATICA
122 DC 100 I=1,MJ
123 REACES5,2) UNCI)o{NDET Ky K=y &)X L) ,YLI),211)
124 1CC CCNTINUE
125 WRITE(E,7)
1Z6 WRITE(EE) (JINIT) o (ND(T K gK=136) g XU 1YY (I),Z2(1),1=1,NJ)
127 Cx% REAC IN INITIAL MEMBER DATA: JUNL JNG JNP NTYPE
128 Cxx JUNP IS A JCOINT EXISTING IN THEE X1-X3 FLANE NECESSARY TO DEFINE X3 AXIS
129 WRITE(€45)

130 Cx*
131 CC 101 [=1,NV
122 REAC(S52) JNLUID) ING(T) 4 IJNPLNTYPE(T)

L33 RI1)=X{INPI=X{INL(T))
134 RI2)=Y(JINPI-Y (JNL (1))
125 R{2)=Z2(JINP)-2(INL(I))
136 RI4)=X(INCGII))=X{INL(I))
137 R(S)I=Y(ING(I))=Y LINL (1))
13¢ RIE)=Z(INGLI)I=Z(INL(E))
139 CALL CROSS(R(4),R(1),ER)
140 CALL CROSS{ER,R(4}4R(1))
141 XE=RELVY4+X(JIAL(I))

142 YP=R(2)+Y{JINL (1))

143 IP=R(3)+Z(JNLLI))
=144 WRITE(6,1C) I,JNLUT)3ING(I),IUNPLNTYPE(IL),XP,YP,ZP
145 XCRIGUI)=X(IAG(I))-XLINLLID)

146 ¢ YORIG(I)=Y(JINGII))=Y(JNLI(I))

147 ZCRIGUII=ZEINGUIN)=Z (JNL LI D))
148 XFC=XP-X (INL(I))
149 YEC=YP=Y {(JNL(I))

t}50 ZPO=ZP-2(JINL(T))

151 CLZ=CSQRT(XPCx*2+YPO##2+42P0%%2) ' -

'152 X1=CSCRTIXCRIG(I)**2+YCRIG(L)*#2+7CRIGII)%%2)

153 XC1=XCRIG(I) /X1
154 YO1=YCRIG(I)/ X1

. 185 ZC1=2CRIC(TI)/ X1

ul56 XC2=XP0O/DLZ

157 YC2=YPU/ULZ
158 7C02=1P0/0LZ
159 Tl= DSCRT(1.,-XC2%%2)

*160 IF{CABS{TL1).LT.1.C-14)C0OTC145
161 CaCli)= 702/711
“1€2 S4C(1)=-YC2/T1
162 csClry= 11
64 S5C{I)= xN2
165 C60(1)=XC1/T1
166 IF(CABS(Z02).,LT.1.C-12)GCTC226
167 SEC({I)I=(YOL*TLI*T1+YC2#Xx02%¥X01)/(Z202%T1)

168 GCTO101
1€6 z2¢ IF(CABS(YC2).LT.1.L-12)GCTC227
170 SEC({I)==(IC1L2TIXT1I+202%XCLRAC2V/(T1%YC2)

171 GCTU101

172 221 SeCil)=YCl1
172 GCTL101
174 14¢ C4C{1)=1.0C

175 S4C(1)=0.LC



137

1G2

csC(n)
SSC(I)=XU2

C6CHLTI)==-XD2 *I0Q1

SeC(1)= YCl

CONTINUE

WRITE(6,11)

CC 102 I=1,ITYPE

REAC(S5,4) 2OA(L)EXCL),EY(I)EZ(T)LEEE(T) GGG ()

0.0C

WRITE(E6412) T,AAA(T) ,EX{1)EY(L)LEZ(T),,EEE(T),CGG(T)

CONT INUE

PRITE OUT INITIAL CATA

READ(5,22) PLCTL,EICFAC,JCINT,NDCF
WRITE(G6,13) PLCTLLEIGFAC

REAC IN THE DEFLECTICN PARAMETER ARU LCAC CCNFIGURATION
CARE SBHCULD BE EXERCISEC IN CHCCSING TFE
NLPTS IS THE NUVMBER CF JOINTS WHERE LOAUS ARE APPLIED

REAC{542) NLFTS

WRITE(6414)
IFINBIF.NELCINRIF=]

NL=1

BC 104 J=1,NJ

L0 105 I=1,¢6 .
IF(ND(J,1)-1 ) 2C0,4201,202
NC(J,1)=0C

GC T 105

NCtJ,1)=NU

NU=NU+1

GC TQ 10¢

NAN=NDUJ, 1)

KC{JsI)Y=NC (NN, T)

CONTINUE. .
WRITE(€E518) UNUJI)S{ND(JyK)yK=1,6)
CCNT INUE

NU=NU-1

WRITE(G6,1€) NU

INCEX=0

TF{JCINT NELC ANCLANCCF.NELG)INCEX=NC(JCINT,NCOF)
N=1

NINCRT=NINCRT+1

TF=C.CO

NGCNE=O

NN=C

CG 102 J=1,NLPTS
REAC(S41T7T)JCINT, (FCONS(K),K=1,¢)
CC 137 K=1,¢

MaND (JOINT,XK)
IF(M.EQ.0)GCTCYI3T
IF{FCCNS({K) . EQ.CL.EO)CCTCGL3T
NN=NN+1

LEEGINN)=NM

IFUINDEX SCCLCIINCEX=LDEG(1)
TFV(RKN)Y=FCCANS (K)
TCTAL(NN)=C.LCC
TEF=TF4+TFV(NN)*%2

CONT INUE
WRITE(6,7CCIIJCINT ${FCCNS (K}, K=1,46)
CCNTINUE

NLFTS=NN
IF(LCDI.NELCYSETC 144

CEFLECTICN PARANMNETER

87



TF=DSGRT(TF) .
DG 138 J=1,NLPTS 88
TEV{J)I=TFV(J)/TF
13¢ CONTINUE
WRITE(E42C)
144 REAC(5,1C) JCINTHMNEDF4{DEFL(K),K=1,2)
C*¥% NCCF = 1 [IF THE CEFLECTICNS APPLIEL ARE TRANSLATICNS
C#% NCGF = 4 IF THLE CEFLECTIONS APPILED ARE ROTATICNS
K=0
224  IUNT=ND(JCINTNCCF+K)
IF(UNT.ECL.CIGCT(C222
NEL(K+1)=JNT
K=K+1 '
IFIK.EC.3)IGCTL225
CC1C224
223 NCL(K+1)=1}
CEFL(K+1)=C.C
K=K+1
IF{K.GE.2)G0TG225
GCTL224 )
225 CEFLD=DEFL{1 ) %*x2+CEFL(2)%x2+DEFL(3 ) %*2
WRITE(G6,7CL)JCINT «NCOFs(NDL({K),DEFL(K) 4K=1,3)
2C4 N19=N+19 .
REAC(S5,2) (MLN(J) sJ=N4N1G)
C REAC 1IN THOSE NENBERS THAT YCU WISH TC SEE A CCMPLETE LOAD-CEFLECTICN
C HISTORY
IF(MLN(N)}.EQ.C) GG TO 203
IFAMININ) e NEeCaANCoNTNELOIHRITELT s702) (MLN{J)2J=N4yN19)
N=N+20
GC TO 204
203 CCANTINUE
C REAC IN THOSE JCINTS THAY YCU wWISH TC FOLLOW THRCUCGH THE LOAD CTEFLECTI
C FISTQORY
N=1
2C6 N1S=N+19
REAC(542) (JLN{JY,J=N,N19)
IF(JLHIN)LEQ.C) CC TO 2065
TF(JLNIN) e NE e CoANCoNTNELOIWRITE(T7 27041 IJLN(J) 4 J=N,4,N13)
hN=N+20
CC TO 20¢
205 CCNTINUE
REWIND 1
REWIND 2
REWIND 3
NCCNE=Q
NB=C
PCR=DABS(TFV(1))/TFVI(L)
[FINE.EQ.CIWRITE(O,21)
C CALCULATE POSITICN NUMBERS NP
CC 106 K=1,0P
I=JNL (K)
J=JNG(K)
NF{1)=ND(1,1)
NP(2Z2)=ND(1,2)
NF(3)=ND(1,3)
RNEL4)=NG(T,4)
NP(S)=ND(145)
NPL6)=NUI(I],6)
NE{T)=ND(J, 1)
NFE{3)=ND{(Je2)
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1C¢

1C¢

14¢

NE(G1=ND(J,s3)
NFLL0O)Y=NC(Jya)
NELYLY=NE(J, )

NP (12)Y=NC(J,¢€)
L=NTYPE(K)
TFONTONELCIWRITEL(T7,7C3)
E=EEE (L)

G=CCG(L)

AR=AAA(L)
ST1=EX(L)

STZ=EY (L)
ST3=EZ(L)
IF(G.EQC.C.)G=E/2.6

89

KyAP

IF{STl.EQeCa) ST1=STZ+ET3

XM=X{J4)1=-X{1)
YrF=Y(J)-Y(T)
Iv=2(4)=-21(1)

CHM=DSQRT(XM¥%2+4YMNFX247¥%%2)

P1=ARXL/CW¥
P2=12.%E*ST3/{(LV*%3)
P3=12.*%E*ST2/ (CM*%3)
P4=G*ST1/C¥V

CALL ELMSTC(PY,PZ2,F2,P4,SMKO,EM,NELNMT)

WRITE(1) BLKA

[1=0

J1=1000

DC 107 L=1,12

N=NP(L)

TF(NJEQ.O) GC TC 107
IF(I1.LT.N)L1=N
IF{J1.GT.N) Jl1=N
CONTINUE

NB1=11-J1+1
IFINB.LT.NEY IAB=NB1
IF{NB.NE.CIWRITE(E,8C1)
IFINBNELCIWRITE(E,8C2)
IFINB.EQ.CIWRITE(6,422)
COANTINUE

NTCTAL=NUL=NE
WRITE(E6,16) NB,NTCTAL
CC 108 K=1,NL

CR{K) =0.

CCNT IMUE

[TUNIT=2

JUMIT=3

NSEVEN=NT

NeIGHT=NE

CALCULATE CLASSICAL STIFFNESS FOR THE ELENENT
CALCULATE MEMBER EBANC WICTH

E)GQAR'STI. 1ST?ySTB'CB”XM,YM,ZM'PI'PZ'pB,PL&
SMKO
Ky lgeJsST1,5712,S573,E4G4AR

[IF{NWRTZ JEQ.CINWRT 2=NINCRT

CC 14¢€ J=1,¢
ER{J)=0.

ER{J+6)=C,
ES(J)=0.DC

CONTIHUE

COo 110 Jd=1,12

FC 110 K=1,4NhM
TR(K,J)=C.CC
RR(K,,J1=C,.CC
IF(J.CT.e) GC TC 110
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369
217¢
271
272
273
274
275
376
277
378
379

28C-

281
282
3183
28 4
285
386
g7
2g8
289
390
261
292
393
. 4G4
. 2G5
- x296
397
acg
299
4T0
4C1
4C2
4C3
4G4
5(5
436
4C7
408
4(S
41C
411
412
413
414
415

x.L?uMHC\DmsJC.\

11C

226

111

201

231

2C¢
206

21C
113

114
211

11¢

117
212

SFF{K,J)=C.0C

SS(KyJdl=C.TC

CONTINUE

CC 109 JK=1,NINCRT

JKM=K-1

N8=0

N7=0

IFINWRTYL eLE.JKMOANCONWRT2 CE LJKMINT=NSEVEN
TFINWRTL LT CJKNMOANDJNWRTZ2 oGE L JKMINB=NE IGHT
IF{JKM.EN «CeANCNT7L.EC.DIGRTNZ22S
WRITE(6,2C) JKM

[TEMP=IUNIT

TUNTT=JUNIT

JUNIT=ITEMP

NINC=0

EC 111 L=1,2C
IF(NINCRIL)LEQJKININC=1
ITFI(NINC.EQLYL) GC TC 207
CONTINUE
[F(NTNELCIWRITE(£E,7C5)
IF(N7.NE.O0)YGCTC221

TF(IKM NToCaANCAMNINCLECLLIWRITE(GE,705)
IF(JKMANE eCoeANDoNINC.ECeCeANCLJLN(L) JNELOIWRITE(6,705)
DC 112 Ji=1,.NJ

BC 113 J=1,3

NN=ND (JL+J)

IF(NNL.EQ.C) GO TG 113

GC TO (208,20S,210),4
ACIJLY =X (JLY+ER(NN)

cC 10 112

YOJILI=Y (JL)+ER (WN)

GC Y6 113

Z3L)=Z{JLI+CR(NN)

CONTINUE

1JdT7=0
IF(JKN.EC.C.ANDLNTLEC.O)CCTRLL?
CC 114 L=1,5CC
IFCJLNILYLEQ.CIGL TO 211
TF(JLNIL)JECLJLYTUT=1
IF(IJT.EQ.LIGC TC 211

CCNTINUE

ITF{IJTeEC ] cCR.ANTNELOLORLNINCLEQe 1YWRITE(E,T7C6) UNCJL),

FANCAIL WL sL=1,46), X0JL) Y (JL),,Z(JL)
CONTINUE

OC 115 I=1.NTCTAL

SKC(1)=0.

SK1(I)=0.

CCNTINUE

REWING 1

REWINDG 2

REWIND 3

DO 116 ML=1,NV

REAC{L) ELKA

IFN=0

0C 117 L=1,°5CC
IF(MLN(L)Y.EQL.CICGC TO 212
IF(MLNIL) Qo MLYINMN=]
IF(IMNLECLLIGC TC 212

CCONTINUE

[F(JKMGEC CCAARCNTLEC.OIGCTOZ228

90
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416
417
418
419
420
421
422
4232
424
425
476

427

428
426
420
431
4272
423
434
435
436
437
438
436

440 .

441
442
443
L44
445

446"’

447

448

446G
450
451
452
4953
454
455
Lt E
. 457
458
55¢
4¢0
461
462
463
464
465
466
467
468
469
47C
471
4712
473
474
475

22¢

12C

118

119

121

122

124

122

215

FRUIMNLEC . LeCReNTNELDCRANINC.NELCIRRITE(O,TOTIML
L0 120 J=1,6 g1
ECR(J)=0.C

ECR({J+€)=C.C

ECS(J)=0.

ECSF(J)=0.

COMTIRNUE

6C 118 J=1,12

NS=NP(J)

IF(NS.LEL.CGIGUTC]1B

ECR(J)=DR({NS)

TRINLJI=TR{ML,JI+ECR(Y)

CONTINUE

IF(JKM.ECL.CIGCTCZ215
ITFINTONEC.CReINMNNELCIWRITE(E,7CBY(EBR(J)4J=1,12)
REAC(IUNIT) BLKB

CC 119 K=1,¢

DC 119 J=1,12

ECS(K)=ECS(K}+A(K,J)*EDR(Y)

CONT INUE

DC 121 J=1,¢6

SS(ML,J)=SS(NML,JIFEDSLY)

ES(J)=SS{rL,I) '

CONTINUE

T5=EDR(5)

ECR(S5)=TE*C4+ECR(6)*S4
ECRIO6)=ECR{4)1*S5-T53S43C5+EDR (6) *C 4%C S

TS=EDR(11)

ECR({(11}=TE*C1C+ELR(12)%S1Q
ECR(12)=ELR(1C)I*S11-T5*S10*C11+ENR(12)*C10*C11

CC 122 J=1,12

RRIML»J)=RRIML,JI+ECRLJ)

ER(JI=RR (ML, )

CONTINUE

IF(NT NECCReINNGNELOORSNINC.NESCINRITE(6,T7CI) EDS,ES
IFINTNECeCR IMNEGC1ORNINC.NES CYWRITE(O,Z24) (TR(ML,JI) J1=1,12)
CC 123 J=1,¢

CC 124 K=1,6€

ECSF(J)=SMPREV(J,,KIFEDS(K)+EDSFLJ)

SFF{ML ,J)=SFF{ML,J)Y+EDSF(J)

CONTINUE

IF{IMNCEQGele TR NRToNECCeCRANINCNELCIYWRITE(H 925 ) (SFF(ML,J)2J=1,6)
IFINT.NE.O) WRITE(6,710) EDSF

XYZC(1)=XCRIG (ML)

XYZG(2)=YCRIG(¥L)

XYZO(2)=20RIG(NML)

SINCOS(1)=54C (ML)

SINCCS(2V=C4C (ML)

SINCOS(31=S5C(¥L)

SINCUS(4)=C5C (ML)

SINCGS(5)=56C (ML)

SINCOS(e)Y=CeC (ML)

ITF{NELMT.ERCICALL AVMATCIV,ER,XYZC,SINCES)
ITFANELMT NELCICALL AVMATS(V,ERXYZ(C4SINCCS)

CALL TRANS (V)

IFINT7.MNELO) WRITE(7,804)0{A0J4K)4K=1,12),0=1,6)
lF(f\B.HE.O)\NRITE(t’»,BOS)(((V(K,J,I),K=l,12),J=1,6) ,I=1, 12}
LC 125 K=1,12

CC 126 Jd=1,12

SVIJ4K)=0.C



416
“17
478
479
4eC
431
182
583
184
185
486
YET
4E8
489
4G C
451
492
433
4G4
4G5
496
5¢7
4G8
4§9
5CC
5C1
5C2
5C3
£C4

5C5

5C6
5C7
5C8
5C9
51¢
€11
512
513
5% 4
. 515
- 816

517

CEY:

519
520
£zl
5¢¢
523
524
525
526
527
528
523
530
£131
512
523
534
5325

127
12¢
12¢€

128

13C

126

132
131

134
123

13¢
13¢
116

141

DO 127 1=14+6

SSV{JeK)= SVIUK) +VIK, T JIESFFR{ML, 1)

CCNTINUE

CONT INUE

CCNTINUE

IFINTNELCIWRITE(TyTLIY((SV(JyK) K=1412),4J=1,12)
CALL ELMST1(P1l,P2,UM,ESySMKI,NELMT)

CC 128 I=1l,¢

CC 128 J=1,¢

SMPREV(I,J)=SVMKC{1,4J)+SMKLI(T )

CONT INUE
ITF(NTMELCIRRITE(T,T12)((SFKL(T14d),I=1,6)40=1,6)
IF(NB.NELCIWRITE(8,8CEY{{SNPREVIIZJ) 4I=14€6),0=1,6)
WRITE(JUNIT) BLKSB

CC 129 L=1,12

CC 129 K=1,12

SSKO(K,L)=C.

SSK1(K,L)=C.

IF(L-€)12C,13C,129

ATC(K,L)=C.

AT1(K+L)=0.

CCNTINUE

CC 131 K=1,12

CO 131 J=1,¢

CC 132 I=1,¢

ATCUK 3 J)=ATC Ky J)+AL T K)IESKFKO(T,J)

ATH(K 3 J)=ATLIK,3I+AL I K)=SMKLI(I,J)

CCNT INUE

CCNTINUE

DO 133 K=1,12

CO 133 J=1,12

CC 134 1=1,56

SSKCIK3J)=SSKCHKsJ)+ATO (K, [)%¥2(1,5J)
SSKI(KsJ)=SSKL(K JY+ATL(K,T1)*:A(1,J)

CCNTINUE

CCNTINUE
IF(NT.NELCIWRITE(T,713) (
IF(NTNELCINRITELT,714)
CC 135 t=1,12

CC 136 M=1,12

M1=NP (L)

M2=NP(M)

IF(M1.EQ.CIGC TC 135
IF(M2.EQ.CIGC TC 136
[F{M1.CT.¥2)5C TC 136
K= (Ml=1)*%(NE-1)+V2
SKC(K) = SKC{K)I+SSKCO({L M)
SK1{K)= SKI(K)=SSKI{LyM)I=SVIL,M)

CCNTINUE

CCANTINUE

CCNTINUE

IF(NBNEOIWRITE(B,809) (SKC(JI)VeJI=1,NTOTAL)
ITFINBJNE.CIYWRITE(8,310) (SKL1(JI)4JI=1,NTCTAL)
IF(NBIFoNELCoANCLJUKLLEL2)CALL CRITLU(SKO,SKL g NUZNBJK,DR,
*EV,EIGFAC,PCR)

[F(JKaCT ol ANC . AEIFLNELOJANDLJKLLEL2)ICC TC 216

DC 141 J=1,NTCTAL

SKC{J)=SKC(J)I=-SK1(J)

SKI(J)=SKC(J)

CCNTINUE

(SS5KO(K,J),4K=1,12),J=1,12)
(SSKL(Ksd)} »K=1,12),0=1,12)
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216

136

14C

217

218

N
i
(@]

142
222

142

232

233
221

21¢€

1Cs

10CC

CO 139 J=1,NU

CR1J)=0.

CCNTINUE

LC 140 J=14NLPTS

CRILDEG(II)Y= TFV(J)

CCNTINUE

CET=1.D-14

NSCALE=1

IF(NGONE.EQ.C)CALL DFBAND(SKO)CRyNUsNB41,DETHAET,JET,NSCALE)
IFINGCNECC.C.ANC.LET.LTLLD-14)GC TC 217
TF{NGCONE) 22C,22(,218

NCONE=1

GC 10 216

CALL DBANDI(3K1,CR,NUNB,y1,DET)

IF(JKM.EQ C.ANCJNTLECLCIGAOTOZ23C
WRITE(E64,261)CET
CIV={CR{NDUL(1D)IXCEFL(L)4CRINDL(Z2))SCEFL(2)4CRINCL(3))
#*%CEFL(2))/CEFLD

Civ=i./01V
IFINBIF.NELC.ANCL.JUK.ECL1ICIV=1,
IF{LODINE.C)CIV=1.0

DO 142 J=1,NU

CR{J)I=DREJIXCIV

COCNTINUE

DO 142 J=1,NLPTS ‘
TCTAL(S)=TCT 2L (I ) +TFV{JI*CIYV

CONTINUE

IF{JKM.ELC)IGCTLC232

JKL=JK-NBIF

JKR=JKL-1

IF{JKR,EC.C)JKR=]

PCRIT(JKLI=TCTAL(1)/PCR
CCLIJKL)=DABS(CRUINDEX)/PLOTLI+DCL{JKR)
GLTC233

PCRIT(1)=TCTAL(1)/PCR
CCL{1)=DARS(CR{INDEX)/PLCOTL)

WRITE(G64+27) (LCEC(J),,TCTAL(J)J=1,NLPTS)
ITFINTNESCIWRITE(T,715) (CR{JI)dI=1,NU}
GC YO 109

CIv=PCR

[F{JK.EC.3ICEV=C.

CC 1Q 2272

CCNTINUE

WRITE(O0,28) NRSHZJKL,,TITLE

WRITE(C 28 (PFCRIT(I) LELL{T), I=14UKL)

GC TO 1001

STOP

ENC

SUBRUGUTINE TRANS (V)

IMPLICIT REAL%*8{A-H,0-27)

CCMMON /PLX2/C44C5,54,55,C1G,C11,S510,S11,SM,uA
CINENSICRN SFMUE,6)Y,A1E,12) v {1246412),G(12,12)
F9R1(3,2),0(2343) 3T (64125 L0 €E412)80E4,12),TM(3,3)
CC 1 J=1,12

CC 2 K=1,12

G({K,J)=0.8C

IFIReEDd)IGIK,3)=1.D0

IF(K.CT.EICCTC?2

BiK,J)=A(K,J)

A(K,J3)=0.DC
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596
567

558,

569
6CC
£01
6C2
6C3
£C4
£C5
406

£ECT »

£C8
609
610
611
‘t12
613
614
€15
616
617
£18

€19
620

621
€22
623
624

£25 .
€26

627
628
€29
€30
631
€22
23
634
635
£.26
€27

. p28

639
e4C
641
542
643
b4y
£45
646
€47
548
649
650
451
€52
653
£54
€55

2G1
2CC

1C1
1CC

104
1C3
1C2
1C5
10¢

69

41
40

€C

1c

CONT INUE
CONTINUE
G(545)=Ca
Gle,6)=C4a%l5
G(E,6)=54
G(E4+5)=-54%C5
ClE44)=S5¢
G{11,11)=C1G
G(12,12)=C11*C1C
G{11412)=51C
G(12,11)=-51C=*C11
G(12,10})=511

DC 106 N=1:7+6€
B0 200 J=1,3

LC 201 K=1,3

B1(K,J) =G {K+2+N,J+2+N)
CONT INUE

CCNTINUE

CC 105 M=1,4,3

BC 102 I=1,12

DC 100 J=1,12

BC 101 K=1,3 ‘
TN K, J)=VITsK+M=1,J+N+2)
CCNTINUE

CONTINUE

CC 150 J=1,3

DC 151 K=1,3
C(K,yJ)=0.DC

EC 152 L=1,3

CIKyJ)=CUKsJI+TN{KyL)FR1(L,J)

CONTINUE
CONTINUE

CONT INUE

pC 103 J=1,3
DC 104 K=1,2
VIIK+M=1,J+N+2)=C{K,J)
CONTINUE
CCNTINUE
CCHTINUE

CONT INUE

MNh=1

N1=4

N2=6

CC 40 J=1,3

CC 41 K=1 +3
TM{KsJ)Y=C.CZ
CONTINUE
GCTC(504+€6047C48C)yNN
TN{Z2,2)=-54
T™(2Z2,2)=C4
TM(3,2)=—C4%(C>
TF(3,43)=-54%(5
M=4

GCT081
TM(3,11=C5
TM(3,2)=54%S55
TM(2,2)=-C4%S5
M=5

GCTC81
TM(Z,2)=-S1C
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656

€57
658
659
£60
tEl
662
c63
EE4
€S
£66

eE67 .

€68
669
670
€11
&72
673
674
e715
676
677
£78

79
s@o.
681

€82
683
684
€85

€86

687
688
EBG
£90
691
462
6973
684
€95
S £856
. 697
- 698
&6 9
1C0
7C1
102
iC3
1C4
¢S5
1Ce
7C7
7C8
7C9
71C
711
712
713
114
715

8C

g1

91
52
SC

94
53

251
25C

w Han

T™M(2,3)=C10

TM{3,2)=-ClC=*C1]

TM13,3)=-S1C*C11

M=1C

N1=10

Ne=12

Gerogl

TM3,1)=C11

TME3,2)=51C%S11)

TM(3,43)==-C1C*S11

M=11

CC 90 J=1,¢

DC 92 K=N1,4N2

DO 91 L=N1,NZ

ACI KI=ALJ, KI+B (I, L) ATM{L-N1+1,K-N1+1)
CONTINUE

CCNTINUE

DO 93 K=N1,N2

CC 94 J=1,¢
V(NpJ'K)z\I(N'J,K)‘PA(J'K)
A{J4KI=0.0C

CONTINUE

CONTINUE

NAN=NN+L

IFINN.LE.4)GCTCSS

bC 250 K=1,12

BC 251 J=1,¢

T(I4K)=V(E4J4K)

UlJ,K)I=v(1l,J,K)

CONTINUE

CCNTINUE

O 2 J=1,¢

CC 4 K=l.12

VU4 ,.J4K) =V {4 4dsKI+VELI,K)ESH
V(5,J.K)=T(J'K)*C4°V(6'J,K)*S4*C5
V633, KI=T(JI,KI¥S44V (640, KI®CAXCH
V(]CVJQK)=V(IC'J'K)+V(121J1K)*SII
VI114J,K)=L{J,KI*CL10-V(12,J,KI*¥S10D*C11L

VI12,J,K)=U(J,K)I*S10+4V(12,4,KI*¥C10%C11

CC % L=1,12

ALJ Ky SALJK)+B(J,L)%G(L,K)
CONT INUE

CONT INUE

CCNTINUE

RETURN

ENC

SUBRUUTINE ELMSTC(A,B83CsCyXyLyNN)
REALYS ALB,CoCylK(6,86)

DC 1 1=1,¢&

L ¢ Jd=1,¢

K{J,11)=0.

CONTINUE

CONT INUE

ITFINNJNELCIGCTCIC

K(l.l)‘-‘A

K{Z2y2)=C

K{240)=—,8%C*L

K(2,3)=8

KU, 8)=,832%

e

Kl{Aqea)=0
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116

717

118

T19.

7120
721
122
123
124
T25
126
Te?
128
129
13C
731
722
733
124

135

736
Q37
138

739
740,

741

742 .
743

144
145
146

147

748
749
7s5¢C
751

4752
153
154
755

156
157

758

159
16C
1¢1
162
163
‘1€4
165
166
167
168
169
17C
111
172
173
174
775

1C

11

(€8]

10

2CC

K{E4S5)=p*L*L/3,

K(e,6)Y=CxLEL/3.

GCTO11

K(l,1)=A

KUZ,42)=B%L*L/3,

K{Zzs5)=K(2,2)/2.

K(3,3)=C*L*L/3.

K{3,6)=K(3,3)/72.

K{444)=D

K{5,4,5)=2%L*L/3,

K{€s6)=CxLxL/3.

CC 2 I=14¢

CO 2 J=1,¢

K{Jdy1)=K(1,J)

CONTINUE

RETURN

ENC

SUERQUTINE ELMST1(P1,P2,DMySySMKI1,NN)

REAL®8 Pl ,P2,CFySCyS1E)4SKKL (646}

DC 2 Izlqé

CC 2 J=1,¢

SFMK1(I,4)=C.

IF(NN.NE.CIGCTCIC

SMK1(246)= —.1%P1%S(1)

SMK1{3,3)= 1.2*%¥P1/DM%*S(1)

SMK1(2,5)= .1%P1*S{1)

SMK1(444)= P2%0M/s12.%S(1)

SMKL1(5,5)= 2./15.%P13DM%5(1)

SMK1(E46)= 2./715.%PL%DFxS{1)

SMKYI(2,2)= 1.2%P1/DM*%S(1)

SMK1(143)= +,1%P1%S(E) +1.2%P1/DM%S(3)

SFR1I{145)= +2./15.%P1%CM%xS(5) + .1%P1%S(3)
SMK1(Z44)=-4,2/12.%P2%0MkS{5)- .5%P2%S5(3)
SMK1(44,6)= 43,2/712.%P2%DM*DM%S(5) + 4.2/12..%P2%DM%S(3)
SFKI{1,42)=-.1%P1%S(6) +1.2%P1/CM%xS(2)
SMKI(1,6)==-.1%P1%S({(2) + 2./15.%P1*CM*%S5(6)
SMKI(344)= 4,2/12.%P2%0OMXS(6)= .H%P2%S(2)
SMK1(445)= 3,2/12.%F24CMAIONMERS(6)— 4,.2/12.%P24CM%S(2)
GETe200

SHMK1(242)= 2./715.%P1%DM%S(1)

SMK1(3,3)= SFMK1(2Z2,2)

SFK1(2,5)= —-P1%xCF%S(1)/30.

SMK1{2,€6)= SMK1(2,5)

SMK1(44,4)= P2%CM/12.%S(1)

SMK1{545)= 2./15.*F1L%CM%S (1)

SMKLI{&4+€6)= 2./715.%P1=DF%ES(1)

SMK1(3,4)= .8/12.%P2%DM¥DMES(2)+P2%DMEDM/12.%S51(5)
SMRKL(44,6)=3.2/12.%F23LNM¥CNAS (S )+P23CMELN/12.%5(2)
SMK1I{143)= 2./715.%F1%DF%S(3)-P1*CM/30.%S{6)
SMK1(146)= 2./715.%P1%ONMXS(E)-PI%ROM/3C.%S(3)
SMKI(244)= oB3/12.%P23DMADNMFS (3)+P23ONXDM/12.3S(€)
SMKI{4,5)=3.2712.%F2%CMxDNES{6)+P240MXEM/12.235(3)
SHK1(142)= 2./715.%PL¥DP%S(2)- P1=DM/30.%S5(5)
SMKL(145)= 2./15.*P13DMAS(E)~ PL*DM/3C.%S5(2)

pC 2 1=1,¢

0C 2 J=1,¢

SMKI(J,1)=5SFKI(I,J)

CONTINUE

RETURN

ENLC
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7176 SUBROUTINE CRITLLC(SKO,SKLyNsVMyJK,DRLEV,EIGFAC,PCR)

171 INFLICIT REAL*B(A-H,C-2)
778 DIMSENSION CR(1)y SKO(L1),SK1(1),EV{1),ST(25CC)
779 IF(JK.EQLLIGC TC 1
- 7ecC IF{JK.EC.3)GC TC 10
781 EFS=1.D-¢
~782 EPSV=1.D-4
7€3 IT=100 :
’78{1 : CALL DVPC\\Q(SKC1SK1yN,"'7"‘1EV,'\,EVALIQIQEPSyEPSVyIT'STvCOND)
785 PCR=EVALI
“786 WRITCE(6,4) EvALI
787> 4 FCRMAT(' CRITICAL LCAL IS',El4.5)
1¢8 CIV=0.0
789 DO 16 J=1,N
r 16C EVR=CABS(EV(J))
791 1€ CIV=DMAX1(CI\,EVR)
“792 LO 2 J=1,N
793 2 EVII)=EVIJI/CIV
AT WRITE(E+3) (EV{JI),JI=1,4N)
795 3 FORMAT(//*% CIGENVECTOR'// 1CO(1X%X,12G10.371))
_ 196 CC 5 J=1,N
" 197 £ CR{J)=DR(JI*(PCR-1.)
- 758 1 RETURN
,799 10 D0 15 J=1,N
8CO 15 CRIJI=EVIJIXEIGFAC
£C1 RETURN
_8CzZ END
803 SUBROUTINE CROSS(A,B,C)
- 804 REAL*8 A,B,C
,eC5s DIVMENSION A(1),B(1),C(1)
RCE C(1)=A(2)*P({3)-A(3)%B(2)
807 ClZ)=A(3)*B(1)-A(1)*B(2)
808 C(2)=p(L)*E(2)-A(2)%3(1)
£CS RETURN
810 END
. 811 SUBROUTINE CEANCI(A,ByNsMyLT,CET)
S B12 IMFLICIT REAL*8(A-H,(~2)
va13 CCMMDON /IDET/ CELNCN
‘B14 CGMMON /2CN/ CCND
. B15 CIMENSION 2(1),8(1)
S 1. 816 DCUBLE PRECISICN CSCRY,DARS,CSIGN
. 817 IF(M.EQ.Y) GC TC 1cCC
818 MM=M-1
“€19 AM=N%M
€z0 NMI=NM=NMY
821 IF (LT.NE.1) GC TCO 5S¢
822 CCNC=1.0
823 NCAN=C
CBZ4 DE=C.
825 MP=M+1
826 KK=2
ez7 FAC=DET
€28 NROW=1
829 IF(A(1).EQ.C.) GC TO &C
€3C ' SLNF=0.DO
g2l DC 77 I=1,»
g22 T7 SUM=SUM+A(L1)Y%*A(])
£23 S=1.0/CSCRI(CALS(A(L)))
834 CE=A(1)

835 A(l)=S



836
£37
A28
839
€40
84l
842
843
44
45
c4b
R4
48
€49
850
g5y
£52
£53
BS4
ges
856
57
258
259
gbo!
861
8e2
853
864
£55 .
8E6
Be7
868
£6S
a27¢G
11
872
13
£74
. 875
1E716
817
‘878
819
e8C
281
C .E82
883
8R4
“35
<86
EE7
- 888
£89
890
BELE
£62
893
£8¢4
€65

2

€4
€5

€€

E£¢

16

IF(A(L)eLTL0) A(Y)==5
CCANC=COND/ (A(LYXA(L)YXDSCRT(SUN))
SUMZA(2)%A[2)+A(NMFIXA(NP)
MZ=2%M

BIGL=UABS(A(1))

SML=BIGL

MPP=MP +1

CC 88 1=NPP,N2
SUM=SUM+A(T)I%A(T)
A(2)=A(2)%CABS(A(1))
S=A(MP)-A(2)%A(2)*DSIGN{1.D0O,A(1))
IF(S.NELC) GC TC 1€
NRCw=2 '

GO TO &0
A(MF)=1.C/CSCRT(CABS(S))
CE=DE%S
COND=COND/ (A {NMP) *A(MP)%DSCRT(SUM))
[F(S.LT.0.) A(NMP)==A(NP)
AAA=DABS(A(NMF))
IF(AAA.GT.EBIGL) BIGL=ARA
IF(AAA.LT.SML) SNL=AAA
[FIN.EQ.2) GC TC 53
MP=MP+M

DC 62 J=MP,NNM1,WN

JP=J-MM

MZC=0

IF(KK.GE.¥) GC TC 1
KK=KK+1

I1=1

Jc=1

GC 10 2

KK=KK+M

I I=KK-MM

JC=KK-MM

CO ¢S5 I=KK,JE,MM
IF(A(I).EQ.C.)GC TQ 64

GC TO 6¢

JC=JC+M

MZC=MIC+1

ASUM1=0.

GC TC ¢l

MNZC=MMkN2C

II=11+4M2C

KMN=KK+MMZ2C
SUMSA(KM)®A(KN)
A(KM)=A(KNMYXCABS(A(JC))
ASUMI=A(KMIEA{KNM)ADSIGN(1.D0,A(JC))
IF(KM.GE.JP)ICC TC 6
KJ=KM4+MM

JJ=4cC

CO 5 I=KJyJP,N¥M
SUM=SUM+A(T %2 (])

JI=JJ+M

ASUM2=0.

IV=1-MM

I1=11+1

KI=II1+MMZC

K2=JC

CC 7 K=KN, 1IN, MV

ASUNZ=ASLN2+A{KI ) *A({K)I*DSICN(1.00,A({KZ))
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CETS
387
EC8
239
SCC
cCl
902
3073
SC4
25
.08

A

9C9

$10

591
917z
913
914

515

316
§17

L

Si8

919

21
522
523

524

625
<26
5z7
G28
G29
G30
RED!
$32
$22
G324
G635
836
S47
/638
539
340
€41
S42
G4 3
344

[~

i3> .

246
947
548
546
950
951
€52
5§53
954
955

€1

€3

144

145

12

13

Vol

KZ=KZ2+M

KI=K[+MHM

ACL)Y=(A(TI)-ASUNM2)XCABS(A(KI))
ASUNMI=2ASUMIH+AL ) XA(T1)%DSICGNI1.C04,A1(JJ))

CCNTINUE

COCNTINUE

RLEENE S 3

CO 23 I=Jd.JWMV

SUM=SUM+A(T)*A(])

S=p(J)-ASLN])

IF{S.NE.C.) GC TC €2

NROW=(J+MNM )}/ N

GC 10 €0

A(JY=1.0/CSGRT(CABS(S)H)

CCND=CONL/(A{JIXA(JI) XD SOQRT(SUN))

CeE=CE*S

IF{CABS(DE).CT.1.E-15) GC TO 144

CE=DE*1l.E+1S

NCA=NCN-15

GC TO 145 )

IF(CABS{DE).LT.1.E+15) GC TO 145

CE=CE*l.E~-15

NCN=NCN+15

CONTINUE

IF{S.LT.C.C) A(J)Y=-A(J)

AAA=DABS(RA(I))

IF(AAA.GT.EIGCL) EIGL=ALA

IF(AAALLT.SML) SMNL=ARA

CCNTINUE

GC 7O 53

WRITE(6,59) ARCh

DET=0.

FORMAT (35+CERRCOR CONDITION ENCCUNTERED IN ROw,16)

RETURN

DET=SKL/21IGL
B(1)=B(1)*CAES(A(1))
KK=1

Kl=1

J=1

L4=1

CC 8 L=2,N\

BSUM1=0.

LVM=L-1

J=J+M

IF{KK.GE.MIGL TC 12
KK=KK+1

GC 19 13

KK=KK+M

Kl=K1+1

La=L4+M

JK=KK

LS=L4

CC 9 K=Kl,L¥
BSUMI=BSULNMI+A(JUK)*B(K)*XDSICN(1.CC,A(LH))
JK=JK+MM

L5=L5+M

CONTIKRUE
BALY=(B(L)-BSUML)Y*CABS(A(Y) )
BINI=B(N)*A(NV])
NMM=NMI
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1]
10

1CC

1c1

—

MN=N-1

NL=N 100
0C 10 L=1,NN.

BSUM2=0.

NL=N-L

NL1=N-L+1

ANM=NFM-p

NJLI=NMM

[F(L.GE.M)IND=NC-1

DO 11 K=NL1,NC

NJ1=NJ1+1

BSULMZ=BSLIMZ2+L2(NJ]1)*B(K)

CCATINUE

BINL)I=(BINL)=-BSUN2)XA(NMNM)

RETURN

CO 101 1I=1,N

[F(A(I).EQ.C.C) CC TO €0

e{l)=e(I)/72(1)

RETURN

END

SUPROUTINE AVNATC{V,RsXX4SN)

IMNFLICIT RER2L*R(A-H,(C-2)

CCMMON /BLKZ/C44C5454,55,C10,C11,5S1C,S11,SVMPREV,A
CIMENSION WI(3,3),WJ(243),AA({3),T{5),P(5),0(6),DWI(3,3,3),0WJI(3,3,
3) 3 CT(S4E)4yCP (546 )9yCCIELE)»DDWI{392,42,2),0DWJ(343,3,3)
FeA(6412)9VI(1246912) XX (3)4SK{6),RI12),SHPREV (6,6)
0O 1 J=1,12

BC 1 I=1,¢

C 1 K=1,12

A(I,J)= C.CC

VIKyI1,J}=0.CC

CCNTINUE
C4=DCOS{R(4))=SN(2)-DSIN(R(4))I*SN(1)
S4=CCOSIR(4)IXSN{(1)+DSIN(R(4))*SN(2)
C5=CCOSIR(S5})I*¥SN (4)=-DSIN(R(5))}*SN(2)
SS=CCOSIR{E})IEXSN{3V+DSINIR(5))I%SN(4)
Co=DCOSIR{ENIIEASNIO)I-DSINIR(6))ASN(S)
S6=CCOS{RIE) )*SN(S)+DSIN(R(6)I*XSKN(E)
Cl1=DCOS(R{I1I)IIXSN{4)Y-CSIN{(R({(11))I®RSEN(3)
STI=0DCOS(RIYTIIIESN(2I+DSININ(1I1) I %SN(4)
Cl0=DCOSIR{ICHI)I*SN{2)-CSIN(R{IC)}I*EN(1)
S1C=DCCSIR{1ICII*SAN(1)+CSIN{R(10))%SN(2)
S12=DCOS{R{12Z2)Y)*SN(S5)+LSIN(R(L2))I*=SN(6)
Cl2=DCOS(R(12))I%SN{6)}~DSIN(R(12))}%SN(5)
WI(l,41)=C5%Cé

Wi{l,2)=-CE=%SE

WI{14+3)= S5

WI(Z241)= Ca%SH64S54%S52CE

Wl(242)1= C4%CE-S4*S85%S¢

WI(243)= -S4*CH

WI(3,1)= S4xS6-C4%55%CE

WI(3,2)= S4*xCEe+C4*S5%S¢

WI(2,3)= C4%C5H
Wl{1ls1)=C11%C12
WJ(1,2)==-C11%512
Wh{l,2)= S11
WJ{2,1)= C1C*S5124S5104511%C12
Wd(242)= CLCHC12-S10%S11*S12
WJd(2,3)=-51C3C11

):

Wl (3,1 SIC*S12-C10#S11%C12



1016 ' WJ(32,2)= S1C*C12+C10*S11%S512

1C17 WJ(2,2)= C1C3C11
1c18 AA{L)=XX(1)4+ RIT)-R(1) 101
19 AAL2)=XX(2)+ R(8)=-R(2)
0Z0 AA({3)=XX{3)+ R(S)-R(3)
6zl DO 20 K=1,2
€22 CC 20 1=1,3
€czz2 LC 20 J=1,3
Cza GC TO(21,2C423),K
~25 21 IF(T1.E0.1)IChI(K,1,d)=0.D0
126 IF(I.EQe2)CWI(Kylyd)==wI(3,J)
1¢27 IF(I.EQe3ICWI(KyT4Jd)= WI(2,4J)
128 IF(I1.EQ.1)CwJ(Ksl,J)=C.DC
1C29, IF(1.EQa2)ChnJ(K,y14J)=-WJI(2
1L.C2Cy IF(I.EQ.3)DRJI(K,yI,J)= WJI(2,4J)
1631 GCTC20
(32 23 ITF(JeEQeLICWI(K I 4J)=nwI(1,2)
1023 IF(J.EC.IIDWILK, I 4d) =J(1,2)
16034 IF(JeEQa2)ICWI(K T4 d)==n1(1I,41)
1C35) IF(JeEQe2)CWI(KsTI,d)==WI(I,1)
1026 IF(J.EQe3)CWI(K,1,J)=0.D0
1c27 IF(J.EQ.3)ICwJ(K,I,4)=0.00
-C38] 20 CCNTINUE ,
L 1c39! CWI(2,141)==55%C6
1C4C DwI(2,1,2)= S$5%S¢
 1041 DwI(2,1,2)= CE
1c42 DWI(2,2,1)= S4%C5%C6
1§f3 CwI(2,2,2)==S4%(C5%S6
1044 CWI(24242)= S4%SS5
1,645 DWI(243,1)==C4*C5%C6
1C46 CWI(2,3,2)= C4*C5%S6
1C47 DWI(24343)=—C4%S5S
1648 DWJ(251,1)==S11%C12
1C49 CWJd(2,1,2)= S11%S12
1-£5¢C Cwd(2,1,3)= C11
1551 CWJ(2,2,1)= S1C*C11%C12
1¢52 1 BWJ(24242)=-S1C*C11%S12
53 DhJ(2+2,3)= S10%S11
1254 ChJ(2,3,1)=—C1C*C11%C12
.1€55 DwJ(243,2)= ClC*C11%S1z
S1£56 CWwJ(2,3,3)=—-C1C*S11
16857, TO1Y=-WJ(2+3)5WI(3,1)+WJI(3,3)%hI(2,1)
158" TU2)==WJ(1,3)%S5%CE +WJ(2,2) *S4%CS5%C6-WI(3,3)%C4%C5%C6H
159 TE2)= WALl ,3 )W I (1324w (2,3 )%WI(2,2)4WJ(3,3)3WI(3,2)
1ee0: T(4)=-T(1)
1C61 T(S)= CLI*WI(1,1) +S10#S11*WI(2,1)-C10%S11%nI(3,1)
11062 Pll1)= —WJ(2,3)%W1(2,2) +WJ(3,3)%W1(2,2)
1663 P(2)= WJl1,3)%S52S6~WJ(2,3)%S43C5%S6+HI(3,3)%C4%*C5%56
1C64 PU2)=-WJl1,3)%WI(1,1)-wJ(2,3)%nI(2,1)-%J(3,3)%RI(3,1)
I¢65 . Pla)= —-P(1)
1Ce6 | : PI5)= Cl1*wI(1,2)+S10*%S11%hI(2,2)-C1lC¥S11%KI(3,2)
1C67 Q1) ==WJ(2,2)%WI1(3,1)4+nJ(3,2)%n1(2,1)
1068 QU2)==WJ(1,2)%S5%C 6 +WJ(2,2) %S4%C5%C6-WI(3,2)%C4%C5%CH
1569 C{2)= WI(142)%WI(1,2)40J(2,2)%W1(2,2)4WJ(3,2)%WI(3,2)
‘1¢70 Gla)= -G(1)
1671 C(5)= S11#S12%WI(1,1)-S10%C11%S12%nl{2,1) +CLC*C11%S12%KW] {3,1)
1C72 ClO)==WI(L1 g1 )FAI (1,1 )=wJI 2, 1) %WI(2,1)-WJI(3,1)FWI(3,1)
1¢73 CC 15 J=1,3
1C74 DC 16 K=1,2

1C75 AlJ oK)= WK,y J)



€76 ACJyKEE)==A(J4,K)

Cc17 A(Je5)= AALKI*CRI(2,KeJ)4A(J,5) _ 102
C73 16 CCNTINUE
75 - Aldsa)==AA(2)15WI(3,J)4AA(3)%WI(2,0)
{80 All146)= AALII*WI(J,2)42(1,4€)
CR1 A2,6)==2A(J)EWI(Jy1)+A(2,€)
(82 1€ CCATINUE
cg2 CC 12 K=1,3
C84 A(S,K+3)= T(K)
(g5 A(4 ,K+3)==P(K)
€ : A(EK+3)==C(K)
lC°7' IF(K.EG.2)GCTCL2
{0as8 A(5,K+9)= T(K+3)
‘ces Al4,K+9)=-P(K+3)
C90 . A& K49 )==C(K+3)
91 12 CONTINUE \
€92 A(6412)= —C(6)
(53 CC 84 N=1,3
C54 DC 84 K=1,3
€95 DO €4 (=1,3
€S6 CC 84 J=1,3
€97 GCTU(85,E44+8€),K
chs as IF(1.EQ.1)CCRI(N,Ky14J)=C.D0
(59 IF(T.EQ.2)CCWIIN,KyI,J)==CWI(Ny3,J)
1100 IF{I.EC.3)CCRIIN,Kel 3J)= ChE(N,2,5J)
101 IF(I.EQ.1ICCRhJIN,K,y1,3)=0.00
‘162, [F(I.EQe2)ICCWIINIKyI,J)==0WJ(N;y3,J)
13 IF(I.EC3ICERI(NyKyI 3d)= CWI(Ny2,J)
,104 GCTC84
{105 . 86 IF(J.EC.IICCWI(NyKyI9J)= CWIINy1,2)
116 IF(J.EC.LICChI(N Kyl 9d)= OWI(N,1,2)
1107 IF(JeCC.2)ICDRWI (N K oI 4yJ)=—CWI(N,1,41)
.1C8 IF(J.EQ-Z)CDKJ(NpKQIvJ)=-DHJ(N1111)
1€s : IF(J.EQ.3)CCRI(NyK,1,J)=0.CO
110 IF(J.EQ.3ICChIIN,K,1,J)=0.C0
141 84 CGNTINUE
112 CC 87 J=1,3
1293 CCWI(1s2,1,3)=0.CC
1b14 CCWJ(192414J)=CCC
115 , CCWI(3,2,J43)=0.C0
-416 CCwJ(3,4244s3)=C.T0
117 CEWI(242yJs1)=ChI(24J42)
118 CCWJ(342,J91)=DnJ(24J,2)
1149 CEWI(342,J52)==Cwi(2,J,1)
1120 CCWJ(2925J92)==CJ(2,Jy1)
1121 CEWI(242,1,d)==WI(1,J)
1122 CCWJ(2+291yd)==WI(1,d)
1152 CCRI(1,2924d)==Chi(2,3,4J)
i124 CCWJ(19242,3)==ChJ(2,3,J)
1175 ‘ COWI(1424343J)= CWI(Z2,244)
126 CCWJ(142435d)= CWJ(2,2,J)
1127 87 CCNTINUE
128 COWI(292¢3,1)= C4%S5%CE
1129 CCwJ(2,2,3,1)= C1C%S11%C12
(130 CCWI{242,3,2)=-C4%55%S¢
1331 CCWJ(2,5293,2)=—C10*S11%S12
1132 CCwi(2,2,3,3)=-C4*C5
1123 CLWJ(242,3,3)==-C1C%C11
1134 CCWI(29242,1)==S4%S5%C¢€
1135 CCWJ(2,2,241)=-510%511%C12

4



1136
1127,
1138
Y 26|
140!
141:
142
147,
144,
45
La%6,
1147
1148,
{146
1150,
1,51
152
1153
Li54
155
156
157
158
(156
{{60 !
1161

162
i63
194
L1€5
i
167
168
169
170
171
‘172
L3
1574
1175

S 76

177

178
179

180

-71181

i182

13

184

1185

[18¢

1187

188

T1ES

1150

191

{152

1193

154

. 195

CCWIl2,2+242)= S4*S55%S¢
CCWJ(24524242)= SICHE11%S12
COWI(24242+3)= S42C5
CCWIZ2,4242,43)= C11%S10
VI5,1,1)=SE%C¢
VI6e1lyl)==nl(1,2)
V(491y2)= “1(391)
VI541,4,2)=-54%C5%(C6

VIEs142)=—0n1(2,2)

V(4|113)=“NI(2'1)

V(57113)= Ca%*(CS*(C6

V(6,1'3)=—h1(3,2)
VI491,4)==AR(2)%HT{(2,1)}-22{3)%KWI(3,1)

V(Sel,a)= A2(2)FCAa%CS5%CE +2A(3)1%S43C5%CH

VI 651,4)=-2002)3w1(2,2) +28(3)%WI(2,2)
V(8|l’4)=-“1(391)

V(q'1'4)= MI(Z,I)
VISs135)=-2A(L)%C5%CE-2A(2)%S4%3SS5XCE6+AA(3)*C4%S5%C6
V{6, 145)= BA{1)%*S5%S6-AA(2)%S44COH%SE6+AA(B)%C4L4*L5%S6
VI{7,145)= -S5%(6 . :

VIB4s145)= S4%(C5%(C6

VI9,1,5)==C4*%C5*C¢
VISs146)=~2A(1 )% I(1,1)-RA(2)3W1(2,1) —AA(3)*WI(3,1)
V(?,l,é)z h[(lyZ)

VI241,4,6)= Wl(Z2,2)

V{9,1,6)= WI(3,2)

VI5,24,1)1=-55*S6

V(6,291)= h[(lyl)

V(4'212)= kl(3,2)

VI{5:242)= S4%4C5%S6

VIE42,:2)= WI(2,1)

V(412y3)='h1(2'2)

VI542,3)1=-C4%(5%S6

VI642,4,3)= Wl(3,1)
VI{432¢4)=—BA(2)*RWI1(2,2)-AA(3)%WI(3,2)
VI(54294)==2A(2)%C43C5%S6 —AA(3)=xS543CS*SE

VIE,244)= AM(2)¥WI(3,1) —A2(3)%RI(2,1)
V(B,ZQQ):‘kI(BQZ)

V(9924+4)= WI(2,2)

VI{549295)= AB({1)%COHFSE+DAA(2)RS4ASHESE-AA(3)%C4%S55%56
VIE92+5)= AA(1)XSSFCE-LA(2)*=S4*¥CS5*CE+AB(3)VRCL*C5%Co
VIT,245)= S£5%S56

VI{B4y2,5)=-S4%C5%S6

V{G4+295)= C4*C5%56

VIEs256)= —AA(L)FWT{142)-2A(2)%KWI(2,2)-AA(3)%KI(3,2)
V(79296)='HI(1y1)

VIE 246)=—nl{2,1)

VI3424€)==0nl(3,1)

VI543,1)= -CH

V‘4t3v2)=5[(313)

V{54342)=-54%55

V(41313)= ~hl(2,32)

VI{5+3,3)= (4355

Vl443434)= A2 (2V%0T1(2,3)420(3)%CWI{1,2,3)

V(8939Q): —hI(B,?

VI9,:3,4)= wil{2,2)

V(Z93,5)==-R22(1)%S5 +AA(2)*S54%CE —AM(2)=2C4%C5
vI(7,:3,5)= C5

VI8s3,5)= S43S5

V{G43,5)=-C4%S5
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1196
1167
11G8

1¢G
.£C0

1201

12Cz
12¢3
12C4%
Z(5
.20k
12C7
2c8
12¢9
121¢
211
1212
1213
1214
1214
121
£217
Jd21%
”121%
i1220;
1221
1227
1z23
1227

f?}f
122
1228
1229
1.23C
1231
1232
w233
1224,
11235,
11236
L1227
1238
T T3g;
1240
1241
1242
41243}
1244
\ 1245
1246

1247

1248 .
1249 .
1250,
1251
1¢52
1253
1254
‘1255

1225

- 12¢C

CC 120 Jd=1,3

DT l4d)=~0wd(2,3)%0WI(J,2, 1)+ WI(3,3)%0K1(Js2,1) 104

Tl 4J43)=-CWJ(Js2:2)3n1(3,1)-CWJILJy2,2)xWI(Z,y])

DTC2,J)=4WJdl1,3)3LCRT(Js291s1)4WI{2+3)20CGRTI(J92:2,1)4WI(3,3)13CCWIL
*Js2¢3,1)

DT 24J43)=4CWJ(Js)1s3)30WTI(2,14104D0J(Js243)¥CWI(242,1)+DWI(I3,3)%
*ChIl2,3,1)

CT(34J)1= Wdl143)*0WI(J,1,2)+0WI(2,3)1%CWI(J42,2}4WI(3,3)%0WE(J,4342)

CT(3,J43)=CWJI(Js 193} FENI(142)+0WI(I92+3)Fw1(2,2)+DWHI(J,3,3)%WI(3,2)

DTI(4,J)=-DT(1,J)

CT(4,J43)=—CT(1,J+3)

ET(S5,d)= BWJI(241¢3)%0WI(Jsly 1I+0HIL2:2+3)%DWI(I42,41)4D0WI(243,3)%
xCwi{J,e3,1) '

DTSy J+3)=CCRI(J 9291 33)%nI(1y 1) +C0WI(J92,2,3)5WI(2,1)4+D0WI(S42,3,3
¥1EWI(3,1)

CF1,J)==WJd(2,3)*DWI(J+3,2)+WI(3,3)*0WI(J,2,2)

CPl1lyJ#3)=-CWwI(Js2+43)%WI(342)+LWI(J93,3)}*WI{2,2)

DP(2,J)=WJ(1+3)*DDKI(J42:1+2)+0J(2,3)*%0DWI(J92,242)+WI(3,3)FCCWIL{
$J924+342)

CPUZ,J+3)1=DWJ(Jy1,3)%CRWT(2,142)40WI(I,2,3)%0WI(2,2,2)+DWI(J,3:3)%*
*DwWi(2,2,2)
CP(3,J)==WJI(1,3)¥DWI(Jyls1)-WI(2:3)3DWI(Js2,1)-WI(3,3)*%DWI(J,3,1))

EP(3,J43)=-Chd(Jsl43)%nI(l,1)-CWJI0J52,3)1%WI(2,1)-DWJI(Is343)%WI(3,1
%)

CP(4,J)=-CP(1,J)

DPla,J+3)Y=-CF(1,J+3)
DP(54J)=DWJ(24132)%CWI{Jy132)+4LRWI(2,243)FDWI(J92:,2)2+DWI{2,3,3)%
*CWI(Jd,3,2)
CPISyJ+3)=CLwJ{Js29s 142 )2WI()1,2)4C0WI(J924243)%KI(2,2)+DDWI(UJ,+2,3,3
2)FWI(2,2)

BClLled)=—WI(242)%DKRI(J,3,1)+WI(3,2)%DWI(I42,1)

CCUL14043)==ThJ(Js242)*WI{3,1)+CWI(Js2,2)%WI(2,1)

CCU23J)=WJ (1421 *CCWI(J925 91 )4WI(242)V%00WTI(J+9292,L)4WI(3,2)%CCWI(Y
%92:2,1)

CC 2,J43)1=CWI(J5 1,21 3DWI(2,1, 1)+DWI(J42,2)%001{(2,2,1)1+DWI(Jy3,2)%
*BwI(2,3,1)
DC(34J)=WI(L1y2)¥LWI{Js142)4WI{Z242)30WI(J42492)+nWJ(3,2)%DWI(I,43,2)
DC(3433043)=ChJ{Js142) %W T(142)+C0WJ(J92,2)FWI(2:2)+DWI(J,3,2)1%WI(3,2)
DCl4,J)= -DC(1,J)

DC(4,J04+3)=-CC(1,J+2)
CCU5+d)=0UWJI{2:142)#DWI{Is 14 1) ¥CHI{Z242,2)%DWI(I,2,1)4DWI(2,3,2)=
*0wWllJd,3,1)
CE(54J43)=CC00J(J9241,2)%WT{L 1 )+0CWI(J4242:2)%WI(2,1)}+CCWI(I,243,2
*)3WI(3,1)

CCl643)=—wI(1,1)3CWI{Js1,1)}-WI(2:,1)%DHI{Js251)-KWI(3,1)%0WI(J,3,1)

CCUE4I+3)="DhrJ(Jsl ol )W I(1 1 }-CWI(Js2s 1 1=RI(Z241)-DWId(Js3,1)xWI(3,1
3)

CCNTINUE

V(4,5,4)=0T(1,1)

V(545,4)=CT{1,2)

V(é’5y4)=t1(173)

V(101514)=CT(114)

V11+594)=CT(1,5)

V(5'5'5)= ET(Z!Z)

V(éySyS): ET‘2,3)

VI1C,5,5)1=CT(2,44)

V(11,545)=0T(2,%)

VI1C+546)=CT(3,4)

VI11,+5,6)=CT(32,9)



1256
1257
1258
259
126C
LZ&I
L1262
1263
1264
1265
1766
1267
7268
1269
127¢C
3212 71
‘1272
1273
1274
1275
1276
w277
12178
%279
280
1281
1282
»283
1284
nZ2es
r2e6
1287
1288
1289
12s¢C
261
1292
L2973
1294
1265
S 1296
1297
1268
1269
¥3CC
12C1
12C2
13C3
13C4
208
12C6
1307
12C8
$2C9
1310
1211
1212
1313
1214
1215

32
31

42
41

[

V(10'5'10)=CT(494)

VI11,541C)=CT(4,5)

V(ll,5'11)=CT(505)

cg 31 J=1,3

CC 32 K=1,3

VIK+3,4,J43)==-CP(J4K)

IFI{K.CEL3IGOTO 32

VIK+9,4,J43 )==-CP(J,K+3)

IF(J.GE.2)GCT(32

VK49 ,44,J+4G)=~-DP({J+3,K+3)

CONT INUE

CONTINUE

CC 41 J=1,3

DO 42 K=1,3

VIK+43,6,J43)==CC(J,K)

VIK+9,6,J43)=-CC(JsK+3)

VIK+9,064,J4G)}=-DQ(J+3,K+3)

CCNT INUE

CONTINUE

CC 51 K=1,12

£O 52 J=1,¢

BC 53 [=],12

VII 3 JyK)= NV {KyeJel)

COMTINUE

CONT INUE

CINTINUE

RETURN

ENC

SUBROUTINE AVMATS(V,R4XX,SN)

IMFLICIT REAL*B(A-H,(—-1)

CCMMON /BLK2/ C4,C5,45445%,C10,C11,451C4S11,SMPREV,A
CIMENSION A(€,12)43V(1246412),SMPREV(65€),XX(3),SN(6),R{12)
CINMENSICN WIT(342)eWJJ(2,3)422(3),YSI(2),BS(3),YSJ{3),YSKI(3),
FZST(3)4CS{23)4ZS5J(3),42SK{3),DWT(3+3,3),0WJI(343,+3),CEL(9),DYSI(3,9),
¥*DBS(3,9)4LCS(349),DYESJ(9)DZESI(9) ,0YSU(3,9),0725J(3,49),DYS5K(3,9),
¥CZSK{349)sCYIST(S),CZISTI(S)s0YISJ(I),4DZISI(S)H,ELYISK(G),DZISKI(S)
CIMENSION CDEL(S3S)yCDYSI(G43,4G5),DCWI(393453,43),C0WJ(2,3,3,3),
*CEBS(9,3,6),L0CS(S43,9),0DYESI19,9),0DZESI{(9,9),00YSI(9,3,9),
*LCZ2SJ(9,3,G),CCYSK(9,42,9),CDZSK(943249),DDYIST1{(9,3),D0ZIST1(S:S),
¥CCYISJ(9,49)+CCZISJ(949),,CLYISK(9,9),4,CCZISK(9,5)

CO 1 J=1,12

CC 1 I=1,¢

CC 1 K=1,412

A(I,d)= C.CC

VIKy144)=0.LCC

CCANTINUE

C4=DCCS{R{4))*SN(2)-CSIN{R{4})I*SN(1)

S4=CCOS{R(4) IHESNC1)+4DSIN(R(4))*SN{ 2)
C5=CCOSIR{S)I=SN(4)-DSIN(R(5))*SKN{2)
S5=CCCSIR(E)IXSN{3)+LSINIR(5) I*SN{4)
C6=CCOSREE)IHSNIGEI-DSINIR(6)) %SN(5)
S6=CCOS(R{&))*SN(D)+DSIN(R(6)IXSN(E)
Cl1=DCCS(R(11)})*SN{4)-CSIN(RI1I1))I*SN(3)
S11=DCOS(R(LIL))FSNEZ)+CSINIR{11))*SN(4)
ClC=0DCOS{R(1IC)I)I®RSNI2)-CSINIR(IC)IFSN(L)
S1C=DCCSIR(LC)II=SA(LI+CSINIR(IC)Y)}*SN(2)
S12=DCOSIR(12Z2))*SN{S)+CSIN{R(LZ))=SN(¢€)
Cl2=DCOS{R(12))IESN{6}-DSIN(R(12))*%SN(5)

WIT(1,1)=C5%(C6

WIL{1,2)=-Cc%*S¢
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"1316
1217
1218
"219

- 1220
1221

o222
1223

1224
1325
1326
1227

228
1229
1220
w221
1222
223
¥2134
1235
1336
1227
1228
1335
7340
1241
1242
1343
1244
1345
1346
1247
1248
1349
125¢C

1281

1252
1353
1254
. 1355
1356
. 1257
1358
359
13€e¢
12¢1
1362
13€e3
1264
~1265
1366
1267
1268
1269
127¢
1271
L1272
1273
1274
1275

w"ﬁ

21

23

WIl(1,3)= 55

WII(2,1)= C43S56+4S4%554C¢

WIT(2,2)= C4*C6-S4%55%8¢

WIT(2,3)= —-S4*C5

WIT{3,1)= S&4%S6=-C4*SSxCE

WII(3,42)= S4*C6+4(4%55%%¢

WIT(3,2)= C4%C5

WJJ(1,1)=C112C12

WJJ(1,2)=-C11%5172

WJJd{1l,2)= S11

WIJ(2,1)= C1C*S124S1C*S11=%C12
WJJ(2,2)= C1C*C12-S10+S11%S12
WJJ(2,31=-51C*C11

WAdJ(3,1)= S1C*512-C1C*S11*C1i2
WdJ(3,2)= S1C=*C12+4C10%#511%512
WJdJd(3,3)= C1C*Cl1

AA{1)=XX{1}+ R{(T7)-R{1)

AAM(2)=XX(2)+ RI{B)I-R(2)

AAL3)=XX(3)}+ R(G)~R{3)
EL=DSCRT(ABA(1)*#*2+AA(2)%%24AA(2)*%x2)
YSI(1l)= AA(Y)/EL

YSI(2)}= AA(2)/EL

YSI(3)= AA(3)V/EL

BS(1)= WII(243)%YSI(2)-WII(3,3)*YSI(2)
BS(2)= WII(3,3)%YST(1)-WIT(1,3)%YSI(2)
BS(2)= WII({1,3)*YSI(2)-WII(2,3)%YSI(1)
YESJ=DSQRT(BS(1)#*2+4BS(2)%%2+8S(3) ¥%*2)
YSJ(1l)= ES(1)/YESJ

¥YSJ(2)= BS(2)/YESJ

YSJ(3)= BS{3)/YESJ

CALL CROSSI(YSI,YSJ,yYSK)

ZST{1)=Y<SI (1)

IST(2)=YS1(2)

ZST(3)=YSI(3)

CSIL)= WiJ(2,43)%YST(2)-wJJI(3,3)%YSI(2)
CS{2)= WiJ(343)%YST(1)-WJJ(1,3)*YST(3)
CS(3)= WJJ(1,3)*YSI(2)-wJJ(2,3)%YSI(1)
ZESJ=CSCRT(CS (1 }**2+4CS(2)1*%2+4CS(3) #%2)
Z2SJ(1)=CS(1)/LESY

2SJ(2)=CS(2)/2ESY

1S3 (3)=CS(3)/Z2€ESJ

CALL CRCSS(2S514284425K)

YISI=WII{(l:)=YST(D)+WIT(2,1)*YST{Z)+WII(3,1)%YSI(3)
ZISI= WJIJ(L, 1I*YST(1)4WJI(2, 11*YST(2)+KWJI(3,1)1*YSI(3)
YISK=WIT(1,1)*YSK{L)+WIT(2,0 )%YSK{Z)+WIT(3,1)%YSK(3)
YISI=WIT (1,1 )#YSJCL)+wIT(2,1)xYSH(2)+WII(3,1)%YSI(3)
ZISI=WIJLy 1) ¥ZSICL)V+WJII(2,1)%ZSI(2)+WII(3,1)%Z2SI(3)
ZISK=WJIJ(1 L} =ZSKI1)+WJIJI(2,1 ) *7SK2)+WIJ(3,1)%ISK(3)

DC 20 K=1,3

CO 20 1=1,3

LC 20 Jd=1,3

GO TC(21420423),K
IF{T.EQL)ICnI(K,1,0)=0.00
IF(T.EQe2ICnI(KyI»J)==-WII(32,0)
IF(ICEQ3ICWI(K,14J)= wID(2,3)
IF(ILEQ.LICWI(K,L1,J)=0.00
[IFIIEQa2)CWI(KyI4J)=-nJJ(3,4)
IF(I.EQ.3)CWI (K, T,J)= WJII(2,3)
GCYC20
IF(JeEQelICWI (K T 4J)=WII(I,2)
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137Q
1217
278!

79
;L‘f g C

1281

1282
1383
1284

85

2¢C

31
3C

4C

FFIJEQIICWIIK,, T, J)=WJI(T,42)
[FIJ.EC2)I0nI Kyl gd)¥==hII(I,1)
IF(JEQ.2)ICnJ (K1 4d)==-WJdd(]I,1)
IF(J.EQ.3ICKIIK,1,4J)=0.D0
IF{J.EC.3)CWJ(K,y,1,4)=0,00

CCNTINUE

CwI(24141)=—S5%C6

Cwi(2,1,2)= S5%S6

CwhIt2,1,2)= C5

Chi(2,241)= S4&=*CS*C6

Cwi(2,242)=-S4*%C52S56

Cwi(2,3,1)=-C4*CE=CH

Cwi(243,2)= Ca*xC5*S6

Chl(2,3,3)=-C4*SS

DwJd(2,41,1)=-S511=*C12

LWJ(249142)= S11%S12

Pwd(241,3)= C11

DwWwJd(2,2,1)= S1C*C1l1%*C1l2

DWd(2,2,2)=-S1C*C11*S1¢

DWJd(2+243)= S10%S11

Cwd(2,341)=-C1lC*C11%C12

DwJd(2+34,2)= CIC*C11%S12

CWJ(2+3,3)=-C1C=*S11

CC 30 J=1,3

DEL(J)= -YSI(J)

DEL(J+3)=C.C

DEL{J+6)=—-CEL (J)

DC 31 K=1,3

CEL(K)=-YSI(K)

CEL(K+6)=—-CEL(K)

DYSI(J.K)=+0EL(J)*CEL(K)/EL
IF(JEQ.KICYST(J,K)=0YSI(JyK)-1./EL ]
CYSI(JK+E)=-DYSI(J,K)

CYSTI{J,K+3)=C.0

CONTINUE

CONT INUE

CC 40 J=1,3

DC 40 K=1,3

M=J+1

IF(M.EQ.4)F=1

N=NM+1

IF(N.EQ.4)IN=1

CBS{J K)= WIT(NM,2)*DYSTINGKI=-WIT{N,3)%0YSTI(V,K)
CCSUJsK)= WIJUINMG2)ACYSTINSKI=WII{N,2)XDYSI(V,K)
DBS(JsK+€)=—CES({J,K)

CCS{JK+E)==-CCS(J4K)

CBSUJyK+3)= CWI(KyM,3)AYSTIN)I-CWIIK H,2)5YST (M)
CCS{UsK+2)= DKV y3)RYSTIN)-CWIIK sNs3)XYSI(VM)
CONTINUE

B 50 K=1,9
CYESJ(KI=(DBS(1,K
CZESJ(K)I={DTCES(1,K
CO0 21 J=1,3
CYSJU(J4KI={LESUILK)=-DYESJIKIXYSI(J))/YESI
CZSJIsKI=(CCSHIWKI-CZESJHIKIXISI(I) DI/ ZES I
CCNTINUE

CC 150 K=1,9

EC 52 J=1,3

M=g+1

BS(1)+CBS (2,K)*ES(2)+DBS(3,K)}*BS(2))/YESY
CSUL)Y+CCS(2,4,K)I®RCS(2V+LCS(3,KI=CS(2))/7ICSY

*
>
<
¥

- —
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1436
14237
1438
439
‘HQC
441
1‘:4&
1443
‘1444
'445
446
L4717,
i48
449
.45C
4511
452l
1453
l#54
455
1456,
457
1458
459;
ﬂbCi
461
462
ME3
GE4
465
fwéb
.467
468
469
L67C
(471
1472
3773
A4
(475

S a6

%77

478

L4179
t48¢C
l481

. 1482

1583
1484
1485
1486
1487
1488
1489
145C
491
1462
1493
1494
1495

eC

1C

71

13

12

14

15

1€

IF(M EQ.4 =1

h=M+1

IF(N.EQ.4IN=1 | 108
DYSK{JyK)= YSI(MIH*DYSIIN,K)+DYST(M,,KI&=YSIINI-YST(N}*DYSI(M,K} "
1 —CYSTANK)®YSI(PF)

DZSK{JsK)= YSI(MIXDZSIINGJKI+CYSTIMaKIXISHJINI-YST(N)XDZSJ(M,K)
1 -CYSTINLKI*ZSJ(V)

CONTINUE

COCANTINMNUE

DO UO K= 11.4

CYISI(K)=WIT(Lly 1 )3CYST(L,K)+RIT(2,1)3DYSI(2,K)+WIT(3,1)%DYSI (3,K)
CZIST(K)=wJJd{ls2)HLYST(L,K)+WJIJI(2,1)2CYST(2,KI4WJII(3,1)2DYST (3,K)
DYISI(K+€)=—CYISI{(K)

CZIST(K+6)}=—CZISI(K)
DYIST(K+3)=Cwi(Kyl,1)#YST(L)+CHI(K,2,1)%YST(2)+ DWI(K,3,1)%YS1(3)
CZIST(K43)=CuJ(Kyoyly1)*YST(L1I+DWI(K42,1)3YST(2)+ DWI(K,3,1)0%YSI(3)
DYISJU(K)=RTI(141)*%CYSJU(L,K)+RWIT(2,1)3¥0YSI(2,K)+WIT(3,1)%DYSJI(3,K)
DYISJ(K+€)=-LYISJ(K)

DZISY(K)I=WII(TI 1) *CZSIU 1, K}+WIIL2, 1) FDZ2SU(2,KI+WII(3,1)%DZISI(3,K)
DZ21SJ(K+€)=—CZISJ(K)

CYISJ(K+3)=w1I{1,1)40YSJ(1, K+3)+w11(¢.1) CYSJ(2,K+3)+WII1 (3, 1)*DYSJ
{2 ,K+31+lwI(K,151)2YSY(L) 4DWI(K,2,1)%YSU{2) +CHI(K,3,1)%YSJ (3)
DZISJIK+2)=WIJ{1 411 %DZCSI {14 R+3)+WII(2,4,1)1*DZ2SI{2,K+3)+WIJ(3,1)*C2SJ
F(3,K+3J40WI(K;1,1)1%2Sd(1) 4DWI{K4241)1F2SJ(2) +DWI(K3,1)%ZSJ(3)
CYISK{K)=wII (1) ¥CYSK(L K)+WIT(2¢1)3DYSK(2,KI+WITI(3,1)*xDYSK{3,K)
DZISK(K)I=WJJ {1, 1) #DZ2SK(1 1K)+ WIJ(2,1)#DZ2SK(2,K)+WII{3,1)1*DZSK(3,K)
CYISK{K+&)}=—CYISK(K)

DZISK{K+£)=-LZISK(K)

DYISK(K+3)= WII(1,1)*%CYSK{1,K+3)+WII(2,1)%DYSK(2,K+3)+WII(3,1)*DYS
FRKO3 K43 )40WT(Ky 1, 1) HYSK{1)4DWI (K321 )%YSK(2) +DWI{K,3,1)%YSK(3)
EZISK(K43)= wJJ{1,1)#L2SK(1,K+2)+HJIJ(2,1)FDZSK{2,K+3)+WJIJ(3,1)*0ZS
B2 ,K43)3+D0J(Ky1 g1 )% ZSK{LI4DWI(K92 91 I%FZ2SK{2) +CWI(K,3,1)=%7Z5K(3)
CCNTINUE *

CC 70 K=1,5 : '

A{l,K})= CEL(K)

DC 71 K=1,6

A{2+K)={=YIST*OYISK{K)+YISK*DYISI{(K) )/YISI*%2

A3y KY=(YISI*CYISJ(K)-YISJIEDYISI(K})I/Y IS I*%2

M=1

N=3

CC 72 K=VF,N\

ALSK)=(-2IST*CZISK({KY+ZISKXCZIST(K))/ZIST*%2

ALS K)=(+ZIST*CZISI(K)-ZISI*DZISIIK)I/ZISTH%2

Al4,K)= CYSK{1,K)*ZSJ(1)+0YSK{2,K)FZSI(2)+0YSK(3,K)*2ZSJ(3) +CZSJ{1
1yK)®YSK{1)+ EZSJ(2,K)*YSK(2) +CZSJ{3,KI*YSK(3)

CONTINUE

IF(M.EC.L)ICCTC74

GCTC75

M=7

N=9

GCTC73

CC 76 K=4,¢

ALS yK+E€)=(-ZIST*CZISK(KY+ZISKHEZISI(K))I/ZISI*%2
ALEWK+E)=(ZIST*CZISIKI-ZISI*CZISTUK)II/ZIST*42

Al4,K)= CYSK{L1,K)I*FZSU(L)+CYSK{2,K)FZSJ(2) +CYSKI(3,K}*ZSJ(3)
Al4,K+6)= BZSI{1,KYERYSK(L1)+ DZSI(2,KIEYSK(2)+ LZSJI(3,KIRYSK(3)
CONTINUE :

EC 80 J=1,3

O B0 K=1,6

ECEL{JK)=-CYST{J,K)



1456 CCEL(J+3,Kk)=C.0

1457 CCEL(J+E,K)I=—CDEL (J4K) 109
1468 80 CCNT INUE
469 CC 81 1=1,9
15C0 CC 81 J=1,3
1501 0O 81 K=1,3
15¢2 , CCYSI(I JoK)=+CCEL(J,I)*OEL(K)/EL+COEL(K, I)*CEL(J)/EL
15¢C2 #-CEL(J)%DEL({KIXCEL(I)/EL%%
15C4 IF(J.EQK) CCYSI(I, JeKI=DDYSI (I 4JsK)+DEL(I)/ (EL%XEL)
T 8C5 CCYSI(L,4JyK46)==COYSI(1yJ,yK)
.5C8 CCYSI(I4JsK+2)=C.C
5C7 g1 CONTINUE
508 CC 84 N=1,3
15CG CC 84 K=1,3
1510 DC 84 I=1,3
t511 DO 84 J=1,2
1512 GCTO(85,84,86),K
1513 as IF(I.EC.LICCwE(A,K,y1,J)=0.CO
1514 IF(T.EQ.2)COWIIN,K,I,4)==Ch1(N,3,J)
1515 IF(IEQ.3)ICEWIINK I ,J)= DWI (Ny2,J)
1516 IF(I.EC1)ICCRJIINGKyI,J)=0.CO
517 IF{I.EQ.2)CDRJIN,KyI 1 J)==DhJ(N,3,J)
1518 IF(LI.EQ.3)CCRWIINKyTsJ)= DWIINy2,4J)
T 1519 GCTLR4
152¢C ee IF(J.EQuLICECRIINGKHI 3d)= CWhI(N,1,42)
1521 IF(J.EQa1)IDDWJI(NsKyIod)= DWI(NyI,42)
1522 [F(JeEQe2ICCWIINGKyI4Jd)==CWI(N,I,1)
1523 TF{JeEC.2ICDRI(NK T 9d)=-CWJ(N,I,1)
1524 IF(J.ECQ3)CDWI(N,K,I,J)=C.DO
1?25a TF(J.EQe3)CCWIINIK,I,J)=0C.CO
1526 g4 CCANTINUE .
1527 DC 87 J=1,3
1528 CCWi(l1,2,1,4)=0. DO
1529 CCwWwd(ly241,d)=C.
1526 CCwI(2,2,J43)=C. LC
1'531 CCWJ(2,2,J,3)=C.DC
1532 CCWI(3,429d91)=CHI(2,J,2)
V533 CCRI(3,2,4,1)=00d(2,J,2)
1534 EEWI(B,Z,J,Z)=-Ck1(2.Jy1)
1535 CLWJ(342+452)=-CWI(2,J,1)
1536 COhI(2,241,d)==kIT(1,4)
L1827 CCWJ(242514d)==WJJ(1,])
1538 CCW1(1,2+24J)=-DWI{2,3,4)
1539 CLWJ(142+253)=-ThJ(2,3,J)
1240 ECWI(142434d)= CRIlZ2,42,4)
1541 COWJ (1,2,35,J)= DWJ(2,42,44)
1542 817’ CONT INUE
1943 COWI(24292,1)= C4%SE
1544 CCWJ{2,2,3,1)= C1C*S11%C12
545 CLWI(2:293,2)=—C4%855%5¢
£346 CLWJ(24243,2)=-C1C*$11%S12
1547 COWI(242,2,3)=-C4%CS
1548 CLWJI(2,243,3)==-C1C%C 11
1549 CCWI(2,24241)=-S4%552C¢€
155G CCWJ(2424,2,1)=-51C*S11%C12
1551 CCWI(24242,2)= S4%S5%5¢
1552 CCWJ(2,242,2)= S10%S11%S12
1552 CCWI(24242,3)= S4%(CS
1554 CCWJ(242,7,3)= C11%S1C
=113
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‘1556

1557
558
1’559
15¢0
1561
1562
15¢3
1564
565
566
567>
568
1569
1570
U571
1572
1573
1574

1575

1576
1577

1578
1579

1580

1581

1582
l§83
1584

2,12585

1586

1587
1588

1589
1590
561

"1562

75973

1594

1565

1596

1597
1568
1599
1'6CO
16C1

1€C2
1603
16C4
~1€C5

ieCo
16G7

1608
“1e(9
1610

1611

€12
1€13
1614
1615

82

-
'

Sl
S0

93
19C
151

pC 82 J=1,3

DC 82 K=1,2 '

M=J+1 : 110
IF(NM.EQ.4YM=1 :
N=M+1

IFIN.EQs4)IN=1

CLESCI o JoK)I=WIT(My2)2DOYST(I oNoK) —WITIN,3)%CDYSI(I,4M,K)
CECS(IsJsKI=WJdI(NM¢3)HCCYSTUTI g NeXK)-WIIING3)IECCYSI(I4M,K)
DCBRS{I+JyK+€)=—DDBS([,J,K)

CCCS{I4J4K46)}=—CCCS(1,J,K)

CCBSCI sJeK+3 )= CRI(K M3 )%XCYST{NsI) ~DWI(KyNs3)*DYSI(M, 1)
CCCSUT4JsK+2)= CRI(K M3 )XCYSI{NGI) —-DWI(KyN,3)*DYSTI(VM, 1)
CLBS{I+64JsK)= WITIM3)%DDYST {1464 NoKI=WITI{N:3)}*DDYSI{146,4M,K)
CCCS(I+64dsK)= WII M, 3)=DDYST(T+6 9N KI-WIJIN,3)ELCDYSI(1464M,K)
CCBS(I+64yJyK+6)= -DDBS(I+£&4J,K)

CLCS{I1+46,J4K+6)= —DDCS(T+649J,4K)

CLBS(I46,JeK43)= LWI(KMy2).RDYST(HNyI46) —DWI(KsNs3)%DYSI(VM,]I+6)
COCS(I+64J9K43)= CWI(K M BIXCYSTIN,I46) ~CHI(K,N,3)ZDYST(M,]146)
CCBS(I4+34JsK)= DWI(IyMy33)%DYST(NyK)=OWI{IyNe3)%DYSI{(M,K)
COCSUI434J9K )= DWILT oMy 3)%CYST(NK}I-DWILTyNy2)%DYSI{M,K)
CCBSUI+34s0sK4+3)= COWILTI sKoyVMy3)XYSTIN)-CDWI{I  KyNy3)XYSI(M)
CLECS{I+2,3J,K+3)=DDWI(T yKyMs3)*YSTI(N)-DDKRJI(I yKyN,3)%YSI (M)
CCBES(I+43,J,K46)= -DDBS(I+3,J,4K)

CCCSEI+3,JdeKe6)= —CUCS(]I43,4,K)

CCNTINUE )

o 90 I=1,9

DC 91 K=1,9

CEYESUIK,I1=(CDBS(T+1,K)*BS{1)}+CEBS(]1 ,K)*DBS{1,1)+0CDBS(142,K)*BS
X(2)+0BS(2,K)ISCBS{2,1)4+DDBS(I 4+ 3,4,K)})EBS{3)+0BS(3,K)*0DBS{3,1))/YESI
-LYESJIKI*CYESJUTI/YES]
CCZESJ(KHyI)=(COCS(I41,KI*CS{L)+CCS(1,K)*DCS(1,1)+DDCS(I,2,K)I=*CS
¥{2)4+DCS(2,K)%LCS{2,1)1+DDCS (1 43,KI*CS{3)+DCS(3,K)*CCS(3,1))/ZESY
¥—CZESJUKIXCZESS(TINI/2ESY

BC 92 J=1,:3
CCYSJ(I4JsKI=(COBS(I4JyK)=CDYESIIKyI)%®YSU(J)-CYESI{KI*®DYSI(J,1))/
AYESY ~CYSJ(JI,KI*CYESJ(L)/YESY

BDZSJ( 14 JsyX)=(CLCSCT 4 J,KY-COZESHK,1I=Z2SJUI)-CZESI(KI®=DZISI{IL1))/
¥ZESJ- DZSJI{ILKIXDZESJ(T1)/ZESY

CONTINUE

CCNTINUE

CONTINUE

oG 191 1=1,9

0L 19C K=1,S

0DC 93 J=1,3

M=Jd+1

IF(M.EG.4)N=1

N=N+1 )

[IF(NEQ.4IN=1

CCYSK{T4JsK)= DYSTIM,I)XDYSHIN,KI+YST{M)I*DODYSI (I ,N,K}+DOYST(1,M,K)
FRYSI(ON)H+CYSTANGKIREYSI(N IY-DYSTINSI)ICYSU(NZK)-YSTINI*CDYSJ (I 4M,K
#)-COYST(T N K)IXYSI(M)-DYSTIN,KIXCYSY(M,1)
CLZSKA{T4JsK)=CYSI(MyT)*DZST(N,KI+YSTIA(MIREDZSI(THJNJKIH+DDYST({T,M,yK) %
FISTINIACYSTUNGKIFCZSIIN, DI-0DYSTIN, D)AINZSIIMyK)-YSTINI®DDZSJ(],4M,K)
¥-TCYSTI{TI N KYFZSI(MI-DYSTINGK)HLZS IV, 1)

CONTINUE

CONT INUE

CCATINVUE

DC 94 K=1,3

£0 95 [=1,9

COYISTI (KT )=w T Tl 1 %CCYSTIUTy ) K)4WTIT(Z, V)=CCYSINI2,KY4HTIT(3,1)%



1€16
1£17
618
1519
1620
1621
lezZ
1623
]1624
€25
626
627
zZ8
€26
1620
t€31
1622
16’3
1634
1€25
1636
637
1¢38

1639

Is4c
1€41
1642
“643
1e44

1£45

646
1647
1648
1649
165C
1451
1652
353
654

1€55

1e56
1857

1€58
1259
66 C
1661
1662
1663

1664

165
1866
1€€7
1668
1569
167¢C
1271
1672
1673
1674

1675

S5
G4

164

16&

Sé¢€

167

FCCYSI(T1,2,K) 111

CCZIST(K»yIY=hJdJ( Y, 1) *0DDYST (I 21 oKIEWII(251)I20CYSI(T,2,K)4+WII(3,1)%
2CCYSIC(IL3,K)

CEYISUIKyI)=nIT (1, 1) %CEYSU(Ts1,KI+WTI(2,1)%CCYSU(TI,2,KItNITI(3,1)%
ACCYSSH(I,3,K)

CLZISI Ky II=wJJ 14 1)3002S (T 3 1oRIFWIIU291)%DCZSI(T 323K +WII(3,1)%
FLLZSICL,2,K)

CCYISK(KyI)=WIT{1,1)%DDYSK(I 91 4K)+WII(2)1)*%DCYSK(I,2,K)+nIT(3,1)=
*CLCYSK{I,3,K)

CLZISKIKyIY=wJJ (1oL} *L0ZSK(T 31 4KI+RJIJ(2,11%CL2SK{T,42,K)4WII(3,]1)%
FCCZ2SK(I42,K)

CONTINUE

CONTINUE

BC 195 K=1,3

DC 194 ]=4,6

N=1-3

CEYISIUKST)=Cwl (Nl 1) %DYST(14K)+DWIIN2,1)%CYSI(2,K)+DWI(N,
¥3,1)%0YSI(2,K) ’

CCZISTI(KyI)=CWJIINs 1, 1)1 2DYST (1, K)+DWJI(Ng2y3 L}IXCYST(24K)+DWI(N,
*¥3,1)%DYSI(3,K)

CCYISU(K s 1 )=CCYISJ(K, I)+DkI(Npl L)SDYSJ(L4K)+CWI(N,2,1)1%DYSJII(2
¥ yK)+DWI(N,341)%CYSJ(2,K)

CCZISU(KI)I=CCZISIIK,II4+CRIINyLy L) FCZSI(LsK)I4CWIIN 25 1) 2DZ2SI (24K} +
FDWJIINL2,1I¥CZ2SI{2,K)

CCYISK(K I)=LLYISK(K, I)4DWI(Ny141)*0YSK{1,K)}+DWI(Ns24+1)%DYSK(2,K)+
FLWhIAING3,1)*CYSK({2,K)

CCZISK(KsT)=CLZISK{K 1) 4DWJI(INS1,1)¥DZSK{L4K)+DWI(N2,1)1*DZSK(2,K)+
*CWJI(N 23,1 )*CZSK(2,K)

CCNTINUE

CCNTINUE

00 196 K=1,3

cC 197 1=1,6

CCYISI(K+&,1)Y=-CLYIST(K,1)

CCZISI(K+€,1)=—CDZISI(K,1)

CCYISJU{K+6,1)=~-CCYISJ(K, 1)

CCZISJU(K+€E,1)}=—CLZISJ(K, 1)

CCYISK{K46E41)=—CCYISK(K,I)

CLZISK(K+€é4,1)=—CLZISK(K,1I)

M=K+3

CEYISI(MyI)=CwTI (Kol yL)*CYST(L,I)4DWT(K,2,1)FCYSTI(251)+DHI(Ky3,41)%
30YSI(2,1)

CLZISI(MeI)=CWIIKs1y1)EDYSTI(1y0)+DWI K 241 )%CYSI(2,I)+DWI(Ky3,1)%
*CYSI(3,1)

CEYISU{MyI)=%TT1(141)%CCYSJU{T 41 yMI+WIT(2,) )%CCYSI{T142,MY+WIT(3,1)%
ACEYSJ(TI 433 MI+CWIIK 1, 1)RDYSY( L4 I+ CWE(K251)120YSI(2,,1)140HI(K,3,1)%
¥CYSJ(3,1)

CLZISU(MyII=wJI(1,41)%00ZS3{1, 1, MI4+wJI(2,1)%C07SU{I,2,M)4WJJ(3,1)%
¥CCZSI{T 434 M) 4CWI(K 1o 1)ADZSI( 1, 1) 4 0WHIIKy 21 ¥%CZSI(2 1) 4+DWI(Ke3,41) %
¥C72Sd(341)

CCYISK(MyII=wIT( (1l )=CCYSK(T 1 yMI+WTIT(241)*%CLYSK(I42,M}4WTI(3,1)%
FCCYSK (T 434 M) 4CWI(Keylgl)RDYSK{1,I)¢CWI(Ky2y1)%CYSK(241)}4DWI(K43,1)x
*CYSK{3,1)

CEZISK(MaI)=wJJI( 142} %CCZSK({T 31 yMI*RII(241)*CCZSK{T424M)¥JJ(3,1) %
FCLZSK(T 923 ¥)40WI(K 141 )5DZSK{ 14+ DWI(K 9291 )X*CZSK{241)4DWJI(K43,1)%
*C7SK{(3,1)

CCNTINUE

CGNTINUE

CC 198 K=1,3

DC 199 1=4,4¢

M=K+3



V676
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t79
£8C
{e8l
1682
(683
684
85
586,
Leﬂ
FEB
689
¢cC
&91.
L
692
653
£G4
€85
696 |
6,97
658,
699
TCC|
7C1
702,
203,
TC4
2C5)
Y06
7C7
7C8
7C9
710

712
13
714
. 115
.. 116
- T1T
718
'.\19
120
721
ez
723
124
3eZs5
726
127
.728
1529
730
17131
1722
1723
1734
1725

15¢
1G¢

111
11C

114
113

116

11¢
11¢

117

11€

N=1-3 112

CCYISTI{M,I)=COWI(N,K,1, l)*YSI(l)*C[HI(\yK:Z L)YRYSI(2)+C0WI(NIKy 3,1
2)%ySI(2)

CCZISTI(M,I)=CCWJIN4X,1, 1)*YSI(1)*DFHJ(N'K 2+1)Y2YSI(2)+DDHWI(NGK43,1
¥)%YS1(3)

CCYISJIMyI)Y=CCYISO(M,, IV +CWIINs141)RCYSJU(LyM)I4CWI(N,2,1)F0YSI(2,M)+
ACWI(N 291 )%DYSI(2, MY +DOWIIN Kyl 1) 2YSH(II+DUWIINSK 2,431 )¥%YSI(2)+
FCCWIINGZK3,1)%FYSU(3) ’

ECZISU(MGEI=CCZESIIMHyII+CWI(Ns s 1)ICZISI(LyMIFEWI (NG 2,1)%DZSI(2,M)+
Y0WJ (N3 L)*CZSU( 2, M) +DDWIIN Ky 1, 1) *%¥ZSH(1)J+D0CRWIINGK 42,1 )%7S4(2)+
FCCWJINGZKy3,11%254(3)

CEYISK(M I )=CCYISK(NMZI)4+CWIINs L 1) 3CYSK{1,M)+CWTI (Ny2,1)%DYSK (2,M)+
ADWTI (N33 ) *CYSK{24MIADDWIIN Kol 1) EYSKIL)+DUWTI (N K 2,41 )%xYSK(2)+
CCWIINGK,3,1)2YSK(3)

CCZISK(M,I)=ECZ[SK(V.I)+CkJ(N,l,l)*CZSK(I,V)*CNJ(N,211)*DZSK(ZyM)+
IDWI (N 231 )%DZSKI2 MI+CCWJIINyKel4 L) FZSK(1)}4DDWI(NJK 92,41 )%ZSK(2)+
ICCHJINIKe341)%ZSK (3)

CCNTINUE

CCNTINUE

DO 110 I=1,9

CC 111 K=1,9

V{Is14K)Y= CCEL(I,4K)

CONTINUE

CCNTINUE

DC 113 I=1,6G

DC 114 K=1,9

VII32,KI=(=YISIH*DDYISKIK,T1)=-DYISI{I)=DYISK(K)I+YISK*DDYISI(K,I)+
FDYISKUIIXCYIST(K))Y/ZUYISI*%2) =2.%A{2,K)EDYIST(I)/YISI

VI3, K)=(YISI*CCYISJIKy I)4DYISI(TI)*OY ISJ(K)I-YISI*DDYISI(¥,1)-
*DYISJ(I)*PYISI(K))/YISI*‘? 2«FA(3,K)EDYISI(I)/ZYEISI

M=1

N=K

IF(leCEL4ANCL.ILLE.H)IN=T46

IF{K.GE.4.ANCK.LE.G6IN=K+E

VINSyN)={-ZIST*CCZISK(KyI)=-CZISTI(1}ADZISKI{K)I+ZISK*DDBZISI{K, 1)+
FOZISK(TI)*DZ2IST(K)Y/ZISTIX%2-2 %A(S4NIXDZ2IST(T)/21S1

VIMeybyNI=(Z2ISTI*COZISJ(KZI)+DZISICEI*DZISIH(KI-ZISUXDDZIST(K,I )=
ADZISJ(TI)FCZIST(K )Y/ ZISTI*%2=-2.%A(€,N)XDZISI(I)}/ZISI

CCNTINUE

COCNTINUE

M=1

N=2

Ml=1

N1=3

CC 115 I=¥,N

DC 116 K=N1,M1

VIIg44,K)Y= COYSK(T41,K)%ZSJ(1I+EYSK(L4,K)I*CZSJ(1,1I) +DDYSK(T1,42,K)*ZS
$J(2) 4DYSK(2,K)Y*CZSJ(2,1) +DDYSKI{I 43 ,K)IXZSJ(3}+DYSK(3,K}xDZSJ(3,1)
¥ HCCZSICT sl oK)IXRYSK{1)Y40Z2SJ{L4KIRLYSK({1ly 1) 4DCZSJ(I,42,K)*YSK{2)+D7SY
FU29KIEDYSK(243I)+CCZSI(I42,K)XYSK(3)+DZSS(3,KI*CYSK{3,1)

CONTINUE

CONTINUE

IFIMJEQLLTIGCTIC1YY

GCTG 118

M=7

N=6

GCTGl19

M=1

N=3
1F(M1. EQ.-)GCTCI’O



172¢ M1=1

1737 N1=3 113
1738 GCTC 124
1 .729 13C M1=7
;140 N1=9
1741 GCTO01l1l9
1742 124 DC 120 1=4,6
1743 BC 121 K=M14NM1
1744 VIIy44K)= COYSKIT1,K)I*ZSI(1)+CUYSKIT42,KI%ZSJI(2)4DDYSK(L 43,K)%*2SJ
145 #(3) +CZ2SJI0Y o K)HCYSKUY3T) 4025 J(2,KYFLYSK(2, [)402SJ(3,K)%DYSK(3,1)
i4¢ 121  CCNTINUE
147 12¢C CCNTINUE
148 IF{M1.EQ.1)GCTC122
145 GCTC123
150 122 M1=7
751 N1=9
152 GCTC124
153 122 DC 12& I=4,¢
Y54 £O 126 K=NM1,N1 :
755 VII+64344K)= CYSK(14KIADZSJIL1,1)40YSK{2,K)*DZSJ(2,1)+DYSK(3,K)*DZSJ
1756 (2,11 +DD2SJ(T 319 K)RYSK(L)4CDZS I 142 ,KIXYSK(Z2I4CCZSI(1,2,K)I%YSK {3)
257 12¢ CONTINUE
758 IF(M1.EQ.7T)GCTC121
1758 GCTC132
1€C 131 Ml=1
761 N1=3
1762 GCTC123
‘763 132 0C 132 I=NM1,sN1
164 DO 134 K=4,¢
1165; VIIg4,4K)= CCYSK(T41,K)#ZSS{1I+CYSK(1,KIEDZSI(1,1)+DDYSK{L 42,K)%*2Z5J
€6 #(2)+DYSK(24K)I¥CZSJI(2, IY40DYSK (I 434K)*ZSU(3)+CYSK(3,KI%EDZSI(3,1)
167 VIIs4,K+EY=DCOZSI{T 41 4KIXYSK{LI+DZSI(L,KIXDYSK{L,I)+DDZSJ(T,42,K)%YS
1768 - #K(2)+DZSJI(24K)XCYSK{Z,y TV400ZSIUI 43 ,KI=YSK(3)4DZSI(3,KI*DYSK{3,1)
17€S 134 CCNTINUE
K770 132 CCNTINUE
1771 IF(M1.EQ.1)GCTO135
1772 GCTO136
K173 13¢5 M1=7
174 N1=9
1775 GCTO132
1776 13¢ CC 137 I=4,6
%77 CC 138 K=4,4¢
1778 VIIy4,K)= COYSK{T,143K)*ZSICL)I+CDYSKL I 2,K)I%2SI{2)+DDYSKI(I +3,K)%ZSY
'779 #(3)
l'7ecC VII+6,44K)=CYSK{T4K)*DZSJI(Y 3T )4CYSK(2,K)%0ZSI(2,1)14DYSK(3,XK)#0ZSJ(
1781 ¥3,1)
782" VI ,K4€)= C2SI(1,KIXCYSKIL, II+D2SI(2,K}%DYSK(2,1)+DZSJI(3,K)%*DYSK
|783 *(3,1)
784 VII+644,K+6)=CCZSI(T,1,KI*YSK{T1Y+DCZSI(1,2,K)I*YSK(2)4DD2ZSJI(I ,3,K)*
| 85 *YSK(3)
\V1E6 13¢ COCNTINUE
1787 137 CCNTINUE
:788 RETURN
1°89 ENC

- CF FILE

IC



