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Abstract
Most lakes and reservoirs are temperature stratified for some period during the year, at
which time a typical fresh water body can be divided into a well-mixed, warm, surface layer
called the epilimnion, which is separated from the colder and relatively stagnant bottom
water, called the hypolimnion, by an intermediate region with strong temperature gradient
known as the metalimnion, which in conditions of temperature stratification only, is
sometimes called the thermocline. Internal standing waves or internal temperature seiches
within a stratified lake or reservoir play an important role in the physical and biological
dynamics.
Most previous studies have considered wind-generated internal seiches. Little attention
has been given to the problem of triggering internal seiche by unsteady withdrawal, which
was first proposed by Imberger (1980) as a possible pump-back scheme to optimize the
water quality in a lake or reservoir. The resonant internal seiche triggered by unsteady
withdrawal is studied numerically in this thesis using the C/C (Cloud-In-Cell) method. The
investigation is concerned with internal seiches in an viscous, incompressible and weakly
stratified fluid which is confined within a rectangular tank with a horizontal line sink in an
end wall. Two-layered fluid with a sharp interface and two-layered fluid with a diffuse
interface are investigated. Two-layered fluid with a sharp interface approximates conditions
of lakes and reservoirs in late summer or early autumn when the thermocline is quite thin,
while two-layered fluid with a diffuse interface approximates conditions of lakes and
reservoirs in spring and late autumn, when the thermocline can be quite thick.
The CIC method used in present study combines the best features of both Lagrangian
and Eulerian approaches, and is most advantageously applied to fluid dynamics problems

with density stratification. The numerical model solves, in finite difference form, the
governing equations in terms of stream function and vorticity, and therefore avoids the
complexity of solving the pressure field. The free surface boundary conditions in this case
are somewhat difficult to apply. However, for the case of small density variation, simplified
free surface boundary conditions may be chosen without affecting the main features of the
flow.
A two-layered fluid with a sharp interface supports only one vertical internal wave
mode. With the fluids in the upper and lower layers moving in the opposite directions, large
velocity shear develops at the density interface. The introduction of a continuously stratified
interfacial region between two homogeneous fluids enables more than one vertical internal
wave mode to exist, although the energy is usually partitioned into the first few internal
wave modes. It is found that the natural frequency of internal waves decreases with
increasing interface thickness and viscosity. The natural periods of a two-layered fluid
system with an exponentially stratified interfacial layer are well predicted by the numerical
model, in comparison with the theoretical solutions of Fieldstad (1933). By discharging fluid
from the tank, two distinct classes of internal waves are created, namely, forced and free
internal waves. The forced internal wave follows the forcing discharge and sustains as long
as the discharge is retained, while the free internal wave oscillates according to its natural
frequency with decaying amplitude due to viscous damping. Periodic beating is observed as
a result of the interaction between the forced and free internal waves. The resonant internal
seiche is created when the frequency of unsteady forcing discharge corresponds to the
natural frequency of internal waves.
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Chapter 1
Introduction
The dynamics of a lake or reservoir are largely determined by the combined action of the
sun, the wind, inflow, outflow and the density stratification. During summer, a typical fresh
water body can be divided into a well-mixed, warm, surface layer called the epilimnion,
which is separated from the colder and relatively stagnant bottom water, called the
hypolimnion, by an intermediate region with strong temperature gradient known as the
metalimnion, which in conditions of temperature stratification only, is sometimes called the
thermocline. Figure (1-1) is redrawn after Mortimer (1952) showing the typical temperature

profile of a lake during summer. The depth of the epilimnion is a measure of the vertical
extent to which wind energy and night-time cooling can maintain mixing against the density
gradient set up by solar surface heating. The thermocline between the epilimnion and the
hypolimnion acts as a barrier to the mixing and transport of heat, dissolved oxygen, and
plant nutrients which sustain life throughout the water body.
The vertical transport of nutrients and dissolved oxygen can be explained satisfactorily
by turbulent diffusion resulting from the predominantly horizontal mean flows. An
important mechanism for generating this turbulent diffusion is provided by the internal
standing waves or internal temperature seiches, occurring not only as isolated events, but
more or less continuously during summer stratification.
It has been clearly recognized that the wind is the most important driving force for the
internal seiches. The steady state response of a two-layered lake to a surface wind stress can
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be illustrated with the follow simple argument. When a wind starts up, the shear stress at the
air-water surface causes a surface tilt by forcing the fluid against the downwind end of the
lake. At the same time, to maintain equilibrium of the whole system, an interfacial tilt
appears to apply a balance force at the base of epilimnion. The resulting interface tilt is such
that the thermocline rises at the upwind end of the lake and is depressed downwind. The
magnitude of this interface tilt is much larger than that of the air-water surface due to the
reduced density difference. Figure (1-2) is a schematic plot showing the interfacial tilts of a
two-layered lake. When the wind drops, the hydrostatic forces, which formerly helped to
balance the wind drag, are now out of balance and both surface and internal free seiches are
set up with most of the energy concentrated in the latter. The slope on the water surface
resolves into a barotropic surface seiche with a period, to a first approximation for the first
mode or fundamental mode seiche, of
2L
gH

T=

where g is the acceleration due to gravity, L is the length of the lake along the water surface
which is much greater than H, the mean depth of the lake. Similarly, the very much larger
thermocline slope resolves into a series of interfacial oscillations with decreasing amplitude.
These oscillations have periods that are very much longer than that of the surface seiche. For
the simplified case of a rectangular lake of length L much greater than depth H, and with a
homogeneous epilimnion and hypolimnion of thickness h1 and h2 and density pi and P2
respectively, the period of the fundamental mode internal seiche, the baroclinic component
of oscillations, is given by

T =2Lil 131h2 M
802— Pdhlik

2

(1-2)

Chapter 1 Introduction

This is the formula used by Watson (1904) and Schmidt (1908), and is usually referred to as
Watson's formula.
Another possible mechanism of triggering the internal seiche, even a resonant internal
seiche, is unsteady withdrawal. This mechanism was first proposed by Imberger (1980) as a
possible pump-back scheme to optimize the water quality in a reservoir or lake. By
withdrawing fluid from one side of a reservoir or lake, the thermocline can be drawn up in
the vicinity of the discharge outlet and depressed at the far end of the discharge side, as
shown in figure (1-2). Thus a forced internal seiche can be generated by the unsteady
withdrawal process, and if the discharge or forcing period is close to the natural period of
the system a resonant internal seiche will be excited. Unsteady withdrawal has been
suggested as a possible means of enhancing the export of Mysis from Kootenay Lake,
British Columbia, Canada, by establishing a near-resonant transverse internal seiche
(Lawrence & Allan, 1991). Figure (1-3) is from Carmack & Gray (1982) showing the
location for the Kootenay river drainage basin. The proposed mechanism for inducing such a
resonant internal seiche is to vary the discharge rate sinusoidally at, or near, the natural
frequency from the Corra-Linn Dam at the downstream end of the West Arm of the lake. To
evaluate the feasibility of triggering resonant internal seiches by unsteady withdrawal, the
dynamic response of the thermocline to a transient forcing through the outlet needs to be
investigated. This can be done, in an abstract way, through the combination of numerical
and physical modeling.
The simplest approximation of the epilimnion/thermocline/hypolimnion structure of
density stratification is the two-layered fluid with a sharp interface which neglects the
thickness of the thermocline. This situation best approximates conditions in the late summer
and early autumn, when, as shown in the measurements of Mortimer (1952), the thermocline
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can be quite thin. However, it is a poor approximation of spring conditions or conditions
occurring in late fall. At these times, the thermocline region can be quite thick.
The resonant internal seiche triggered by unsteady withdrawal from a rectangular tank is
investigated numerically in this thesis. Parallel physical experiments are carried out and
described elsewhere (Allan, 1993). The scope of this thesis is now briefly summarized.
Chapter 2 seeks to review some relevant field, laboratory and numerical experiments, and
analytic solutions of both free and forced internal seiches. In Chapter 3 the governing
equations describing a density stratified flow in rectangular coordinates are presented.
Following the statement of equations written in the primitive variables of velocity
components and pressure, the Boussinesq approximation is introduced. Furthermore the
governing equations based on the stream function and vorticity will be derived to avoid the
complexity of solving the pressure field. Boundary and initial conditions are also presented
to define the problem. The numerical method is described in Chapter 4. The computer
program employed in this research is based on that used by Imberger, Thompson & Fandry
(1976), originally written to simulate selective withdrawal from a rectangular tank filled
with a linearly stratified fluid. It has been modified so that the non-slip boundary conditions
can be imposed. The numerical scheme involved in the computer program is so-called C/C
(Cloud-In-Cell) method used by Birdsall & Fuss (1969) which actually is the combination of
Eulerian and Lagrangian approaches. To increase the efficiency of the program, GaussSeidel iteration, SOR (Successive Over-Relaxation) and the ADE (Alternating Direction

Explicit) method are employed to help obtain quick convergence. Some general discussions
on numerical accuracy are also be presented. Chapter 5 discusses the results obtained by
implementing the computer program. Conclusions and recommendations as to further
research are presented in chapter 6.
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Chapter 2
Literature Review
2.1 Introduction
Rhythmic oscillations in the surface levels of lakes have long been known as standing waves
or seiches. Amplitudes of more than a few centimeters are only found on long lakes, and
then infrequently (Mortimer, 1952). In themselves, surface seiches play a minor part in the
physical and biological dynamics of a lake, but interest in them led directly to the study of a
more important class of oscillatory motion, the internal seiche. When investigations of the
vertical distribution of temperature became common, oscillations of much larger amplitude
in the level of thermocline were occasionally noticed.
The first correct interpretation of these oscillations was given by Watson (1904). He
observed oscillations in the level of the thermocline in Loch Ness, Scotland, with amplitudes
of the order of 30 meters and a period of 3 days. He interpreted them as standing waves on
the interface of two fluids of differing densities, and found fair agreement between the
observed period and that calculated from equation (1-2). Schmidt (1908) carried out
experiments on standing waves in a two-layered fluid with a sharp interface. His apparatus
was a rectangular tank which, when filled, was gently rocked and then held stationary while
the period of the resulting interfacial wave was measured. More detailed field observations
were made at Loch Earn, Scotland, by Wedderburn (1912) and Wedderburm & Young
(1915). Figure (2-1a), redrawn from Wedderburn (1912), shows the general behaviour of an
internal seiche. The great achievement of Wedderbum and his collaborators was the
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illustration, in considerable detail, of the course of the isotherms during these oscillations,
and the way in which they were affected by wind. Less success attended their efforts to
measure the currents. However, the main features of flow due to the seiche alone were
predicted for an idealized lake by Wedderburn & Williams (1911), and are indicated in
figure (2-1b). Except at the ends of the basin, where vertical components of flow become
important, the seiche is characterized by a horizontal drift, which changes sign at each halfcycle and is opposite in phase in the epilimnion and hypolimnion.
Some relevant field, laboratory and numerical experiments, and analytic solutions will
be reviewed in the following two sections. In the section on free internal seiches, the review
will mainly concentrate on the influence of finite amplitude, viscous damping and finite
interface thickness on the natural period. The section on forced internal seiches deals with
response of a density interface to external forcing mechanisms.

2.2 Free Internal Seiches
Any system in nature that can invoke a built-in restoring force for reestablishing its
equilibrium position, once it has been displaced from it, will perform free oscillations
provided the disturbing forces responsible for the initial displacement are not sustained. The
resulting oscillations are characteristic of the system only and are independent of the
exciting force, except, of course, as to initial magnitude. They must eventually die out under
the effect of friction as the system returns to rest. A free internal seiche is such a free
interface oscillation of a water body with different densities. The restoring force is provided
by the action of gravity tending always to return the interface to its horizontal equilibrium
position.
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2.2.1 Linear Inviscid Internal Seiches
Consider the internal standing waves, or internal seiches, in an incompressible and inviscid
fluid confined within a rectangular tank. The fluid consists of two homogeneous layers of
slightly different densities separated by a sharp interface. The equations of the motion are
linearized by assuming the amplitude of the motion is small. These linearized equations are
then applied to each layer separately. Within each layer the motion is irrotational and so
potential theory can be used to describe the flows above and below the density interface (see
Lamb, 1932). The interface profile is found to be sinusoidal, i.e.
(rh).= a sin(at)cos(kx)^

(2-1)

where ni is the displacement of the internal interface,
n is the horizontal mode number of the internal seiche,
a is the amplitude of internal seiche,
k = 2ir /A, is the wave number,

A = 2L/n, is the wave length,
L is the length of the tank,
27r I 7', is the angular frequency, and
T is the period of internal seiche.

Figure (2-2) shows density interface profiles for the first three horizontal modes of
internal seiches in a two-layered fluid with a sharp interface, where hi, p1 and h2, p2 are the
upper and lower fluid depths and densities respectively. It is noted that at half wave length
intervals (x = )/4, 3A/4, 5A/4, ...), density interface displacement is continuously zero with
time. These points are nodes and the intermediate points of rise and fall of density interface
are antinodes of the internal seiche.
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The general dispersion relationship is found to be
(72 . gk(p2— pi)tanhkhi tanh kh2
tanh kh2 + p2 tanh khi

(2-2)

The period of internal seiche T is
tanh kh2 + p2 tanh
T=21r/a= 2J(
gk(p2— tanh khi tanh kh2

1/2

(2-3)

Various special cases can be recovered using the limits tanhkhi —> 1 as khi^, and
tanh khi^khi as khi—> 0.
When both layers are deep, tanhkhi —> 1, this leads to
T=24 Pl

P2

)1/2

(2-4)

gk(p2—

When both layers are shallow, tanhkhi —> khi, this leads to
T 2L p1h2 + p2hi
n g(P2 VIA

)1/2

(2-5)

which is the result arrived at by Watson (1904). In the natural environment the density
difference (p2-pi) is much smaller than either pi or p2 so that equation (2-3) yields a period
of oscillation much greater than that of the surface seiche. Along with the period, the
amplitude of the internal seiche is also greatly increased over that of the free surface.
The above estimates of the natural period of internal seiches are subject to the affects of
finite amplitude, viscous damping, and finite interface thickness. Furthermore, a better
estimation of the natural periods to the conditions in natural lakes can be made by applying
more complex theory which takes the shape of the basin and the rotation of the earth into
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account (Mortimer, 1979). Hamblin (1978) pointed out that inclusion of the Coriolis force
and real bathymetry can lengthen the above estimates by about 10%.

2.2.2 Finite Amplitude Internal Seiches
By using an expansion technique first used by Stokes for surface waves, Hunt (1961)
obtained the theoretical profile and dispersion relation for finite amplitude standing
interfacial waves in deep fluids. Thorpe (1968a) made an extensive study, both theoretical
and experimental, of the internal seiche. In his theoretical study, Hunt's analysis was
extended to include finite fluid depths. It was found that, to third order, the dispersion
relation is
cf2 . gk(p2— pi)tanhkhitanhkh2 [1+ ^a2k2Sh
p1tanhkh2 + p2 tanh khi^32 tanh2 khitanh2 kh21

(2-6)

where Sh is defined as

Sh = (9 tanh2 kh, + 9 tanh2kh2 —18 tanh khi tanh kh2 —6 tanh3khi tanh kh2
—6 tanh3kh2 tanh kh, + 8 tanh2 khltanh2kh2)

(2-7)

Apparently if Sh> 0 then the frequency increases with increasing wave amplitude, whilst if
Sh < 0 then the frequency decreases with increasing wave amplitude.

If both khi and kh2 are large then equation (2-6) reduces to
a2 . gk(p2— pOr 1 a2k2 I
P1 +P2 L^8

(2-8)

Thus when both upper and lower fluids are deep, the frequency decreases with increasing
wave amplitude.
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If khi is small and khi is large (i j), then equation (2-6) reduces to
0.2 gk(p2 pi) tanh khi[i+ ^a2k2
(9 24 tanh khi + 17 tanh2
— 6 tanh3 khi )] (2-9)
+ pi tanh khi^32 tanh2 khi
khi
—

Thus the frequency increases with increasing wave amplitude if tanhkhi <0.54, i.e. if the
depth to wave length ratio is less than about 0.096, whilst the trend of frequency increase is
reversed if tanhkhi > 0.54.
The general behaviour of the frequency a for various values of tanhkhi, tanhkh2 is
indicated in figure (2-3). In region A, the frequency of internal seiches decreases with
increase of wave amplitude; in region B, the frequency increases with increase of wave
amplitude.

2.2.3 Viscous Effect
The damping effect will start acting as soon as the seiche begins. If such damping is
sufficiently great it will not merely cause the oscillation to die out but will have an
appreciable effect in increasing the period. Harrison (1908) considered the friction at the
density interface of a two-layered fluid with a sharp interface and showed that the effect of
viscosity at the interface between two deep fluids, if Lip p2, is to decrease the frequency
a, from the inviscid theoretical frequency a-0, by an amount
Ar _k
cr. 2(2a0

)1/2

(2-10)

In figure (2-4), the frequency variation Aa/cro is plotted against the eddy viscosity ve for
various values of k/Vcro. It is obvious that higher mode of oscillations are more severely
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damped. The effect of viscosity is also to decay the amplitude rii(t), such that
ni(t) = , where i(0) is the initial amplitude.

Equation (2-10) is only valid for deep water and is based on the assumption that no
mixing occurs and that the interface is sharp. In the case of finite water depth, internal waves
are damped more when the interface is near the surface or near the bottom (Thorpe, 1968a,
Ting, 1992). Furthermore a transition layer between upper layer and lower layer may well
decrease this estimation substantially (Thorpe, 1968a, Hyden, 1974).
Heaps & Ramsbottom (1966) investigated theoretically the dynamic response of a twolayered lake to wind stress. They assumed that the fluid was initially at rest and that
subsequent motions were unaffected by the earth's rotation and interfacial mixing. They also
assumed internal friction at the interface between the layers is zero. They considered both
frictionless and frictional bottom boundary conditions. The solutions obtained by using
frictional boundary conditions showed that the internal seiches would be damped by bottom
boundary layer dissipation. If the natural period is longer than the decaying time, the
motions will be overdamped. This overdamping is most likely to occur in the late fall and
spring when small density differences would cause longer periods than in the summer and
early fall.

2.2.4 The Effect of Finite Interface Thickness
A diffuse interface of finite thickness enables more than one vertical internal wave mode to
exist. The vertical internal modes are represented as vertical profiles of horizontal velocity.
An n -layered fluid system supports n-1 internal vertical wave modes. Therefore the
introduction of a continuously stratified interfacial layer between two homogenous layers

allows an infinite number of vertical internal wave modes. Furthermore the dispersion
11
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relation for the internal wave changes as the stratification changes. Hence, Thorpe (1968a)
and Hyden (1974) observed, in their physical experiments, fundamental natural periods up
to 12% larger than those calculated from linear inviscid theory of a two-layered fluid with a
sharp interface (equation 2-3). This is because the restoring force represented by gndpIdz,
where 17 is the vertical displacement of a fluid element from its equilibrium position,
decreases as the interfacial layer thickness increases.
The current profile of Loch Ness measured by Thorpe (1977) indicated that the strongest
currents frequently appear in the thermocline itself, not in the epilimnion. Also, currents in
the epilimnion and hypolimnion are often in phase with each other and out of phase with
currents in the thermocline. This velocity distribution can not be explained by the twolayered theory. Mortimer (1952) applied a three-layered model to field data. He presented an
analysis of internal wave motions in a system of three homogenous fluid layers and found
not one, but two possible vertical internal wave modes. The shorter-period vertical wave
mode is similar to the baroclinic wave in a two-layered fluid with a sharp interface. It has a
comparable period. The top and bottom layer fluids flow in the opposite directions, creating
the largest shear at the middle layer. With this wave mode, the middle layer oscillates as a
whole with little deformation. The second vertical wave mode is generally 2 to 3 times
slower than the first vertical wave mode. The top and bottom layer fluids flow in the same
direction with an opposite flow in the middle layer. This leads to the horizontal variations in
the middle layer thickness. See figure (2-5) for a schematic of the vertical internal wave
structures as well as the first and the second vertical modes oscillating mechanism in a threelayered fluid system.
The analysis of internal waves uses the linearized vertical momentum equation of an
isiviscid and Boussinesq fluid (Roberts, 1975). In the one-dimensional coordinate system
with y-axis pointing up vertically and the origin at the bottom, which may be written as
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d2v„+
( N2 — G2 jk2 v. = 0
02^
dy2

(2-11)

which is subject to the boundary conditions imposed at the free surface and the bottom
v„ = 0 at y = H
vn=0 at y=0

(2-12)

where vn is the vertical velocity component for nth vertical internal wave mode, and H is the
total fluid depth. The no-flow boundary condition at the free surface is usually satisfied,
since an internal wave produces very small vertical displacements of the free surface if the
density variation is very small (Phillips, 1966). N is the Brunt-Viiisiihd, or buoyancy,
frequency

N^gaP

—MY)

(2-13)

where p = p(y) is the density distribution and Po is a reference density which may be taken
as the mean density as the changes in density are very small compared to the absolute value.
At a given depth y, the buoyancy frequency N(y) determines the maximum frequency for
internal waves occurring at that depth.
For a prescribed distribution of N(y), equations (2-11) and (2-12) pose an eigenvalue
problem in which the possible vertical wave modes and the dispersion relation an(k)
associated with each wave mode are to be found. Although general analytic solutions are not
possible with arbitrary N(y), with particular density profiles some analytic solutions are
available. Phillips (1966) considered the case of two homogenous fluids separated by a
interface of thickness 5 which is much smaller than the wave length. It was assumed that for
the first vertical mode of internal wave motion, the vertical velocity v(y) changes little across
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the interfacial layer. equation (2-11) was then integrated over the range 6 and the dispersion
relation for the first vertical wave mode was found to be
pi)(ko+ tanh khi + tanh kh2 I
P.^tanh khi tanh kh2

0_2 _ gk(p2

(2-14)

—

Apparently, the above dispersion relation is just a modified version of that for a two-layered
fluid with a sharp interface, with k3 being the correction term. With this particular solution,
no analytic expression is specified within the interfacial layer and the only dispersion
relation found is for the first vertical internal wave mode. Furthermore the interface
thickness 8 should be much smaller than the wave length to keep equation (2-14) valid.
Fjeldstad (1933) considered the case of two homogenous fluids separated by a
exponentially stratified interfacial layer (figure 2-6). The density profile is given by
,

Pi

h2+8<y5_H

Aexpr -1-sif(h2+8- y)]
Lg
P2 = p1 exp(N25/g)

h2.yh2+3

(2-15)

Oy<h2

where h2, 8 and h1 are the individual layer thickness, from top to bottom, respectively.
Within the interface the buoyancy frequency N(y) is constant, and outside N(y) = 0. The
dispersion relation for the first vertical internal wave mode is
— o-21/2
tan[( N202

iN2_021,k tanh kill + tanh kh2)
k51 +^

o-2
( N2 — a2 ) tanh khi tanh kh2

=0

(2-16)

1^
0-2

The above exponential interface profile can be approximated, to the first approximation, by
a linearly stratified interface with p(y)= A(1+ N2 (h2 + 8 y)/g), because the density
—

variation Zip/po is small. For the case of small k8, equation (2-16) reduces to
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p1)(ks 4. tanh IA + tanh kh2 +1 T
P.^tanh khi tanh kh2

0.2 _ gk(p2

—

which is different from the dispersion relation of equation (2-14) (Phillips, 1966) for the
case of a small k3 . This is because of the Boussinesq approximation used in the derivation
of equation (2-16) (Keller & Munk, 1970).
Krauss (1966) considered the case of a hyperbolic tangent density profile in deep water
(figure 2-7a). With the y-axis being vertically upward and the origin at the center of the
interface, the density profile is given by
p = po exp[— 3tanh(Y-)]^--. y 5_ +00^(2-17)
P.^3

where 3 is the effective interface thickness, Po = p (0) is the mean density and
Ap = p( .) p(+.) is the total density difference. The dispersion relation is found to be
—

—

AP gk 2 8

P.

G2 =

k282 + 2(2n —1)k8 + n(n —1)

(2-18)

where n is the mode number of vertical internal wave. The variations of a2 / (kgAp/pc, )
against the relative interface thickness k3 for the first three vertical internal wave modes are
shown in figure (2-7b). In the case of 8 = 0, then only one vertical wave mode is possible
and the dispersion relation of equation (2-18) reduces to that of a two-layered fluid with a
sharp interface (equation 2-4). For given density profile and wave number k the natural
frequency of the first vertical internal wave mode decreases monotonically with increasing
interface thickness. Also noticed is that the natural frequency gets progressively smaller for
higher vertical internal wave modes.
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For an arbitrary density distribution N(y), equation (2-11) may be solved numerically.
This was first done by Fieldstad (1933). Krauss (1966) discussed the Runge-Kuua numerical
integration method applied to this eigenvalue problem. In his method, after assuming an
initial value vn = 0 at y = 0, the dispersion relation an(k) is obtained, by trial and error, so
that the boundary condition vn =0 at y = H holds.
While a seiche is usually a free oscillation of a fluid, it is possible to envision a forced
seiche, activated by a source of excitation such as unsteady withdrawal which continues to
feed energy to the system.

2.3 Forced Internal Seiches
2.3.1 Mass-Spring-Dashpot System Analogy
It is instructive to examine the purely mechanical analogy of a vibrating system before
investigating the resonant internal seiche. The equation of motion for the displacement X of
a linear vibrating mass-spring-dashpot system subject a disturbing force F(t), which is a
function of the time t, may be written as
d2X
X
+ c2X = F(ty
at^.
49t2^.^P-m

where mo:2 is the spring constant for restoring force,
/3 is the non-dimensional damping coefficient, and
ao is an angular frequency.
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The solution to this equation comprises two parts, the transient and steady state, or the
free and forced oscillations. The free oscillation X° is obtained by solving equation (2-19)
for the case of F(t) = 0, from which
= e 13"[asin(at)+ bcos(at)]^(2 20)
-

-

where a and b are amplitudes of the motion determined by initial conditions, and the natural
frequency a = a0(1—/32)1/2. The friction damping in the system, prescribed by the value of
J3, tends to cause the free oscillation to decay exponentially.

The forced oscillation Xf must satisfy equation (2-19) in full. In the case of a periodic
excitation of frequency co and the form
F(tY = F cos(am + 7)

(2-21)

With arbitrary phase angle y, the forced oscillation is found to be
= (FP/ 2)cos(cot + y a)
—

(2-22)

in which
= 1[1 - / )2]2 + [21340 / 0A2r1/2

(2-23)

tanh a = 213(col a.)[1 (a)I o .)2]^(2 24)
—

-

-

The quantity u is the dynamic amplification factor of the oscillation and a is the phase
angle by which the forced oscillation lags the excitation.
The complete oscillation then is
X=X.+Xf,^
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of which X0 decays and Xf persists as long as the excitation is applied.
The dynamic amplification factor p , from equation (2-23), obviously has the meaning
p — Xmax — X/X.
(F/a!)

(2-26)

where Xi is the amplitude of the input displacement. The well-known forms of functions
p(wArro) and a(akao) in terms of variable frequency ratio 0o/a0 are shown in figure (2-8).
Certain properties of figure (2-8) are worthy of noting: (a) The natural frequency of the
system is a= ao if the damping 2,3 « 1. Therefore the ratio acro is effectively the ratio of
the forcing frequency to the natural frequency. The dynamic amplitude p in figure (2-7) is
seen to approach its peak when acro 1. (b) When resonance occurs, the magnitude of the
motion may be several times that of the excitation amplitude. (c) When the frequency is
small, co/o-0 « 1, there is little or no magnification, p 1, and the phase relationship tends
to ensure that the resulting motion follows the excitation, a —> 0. On the other hand, if the
frequency ratio is large, oVao» 1, the induced motion becomes only a small fraction of the
input motion, p —> 0, and the motions tend to become out of phase, a —> 1800. (d) The
degree of damping 2fl has an important effect on the severity of resonance. The smaller the
damping, the sharper the resonance. Therefore for small damping, a small difference in co
may resulting in large difference in the amplitude of resonance.
The purely mechanical oscillator considered above differs in detail from the nonlinear
oscillations of internal seiches which may invoke many modes of oscillations, however as
can be seen in the following sections the analogy is helpful to illustrate some important
features of a forced internal seiche.
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2.3.2 Forced Internal Seiches
Observations of temperature structure, such as those in Loch Ness reported by Thorpe
(1971), frequently indicate the asymmetrical shape of internal seiches. This asymmetry of
the internal seiche can be interpreted as being due to a non-linear internal surge or bore,
which is the form taken by large amplitude internal seiches (Thorpe, 1968a). This internal
surge is sometimes observed to retain its magnitude over several periods, suggesting the
possibility of resonance with the wind. The internal surge in Loch Ness was later modeled
by Thorpe (1974) as a near-resonant internal seiche in a shallow two-layered fluid with a
sharp interface. The response of a two-layered fluid with a sharp interface to various wind
patterns, and the characteristics of wind-driven circulation in the upper layer were examined
theoretically by Heaps & Ramsbottom (1966). Their analysis indicates a large scale winddriven circulation in the upper layer with a downwind surface flow and a upwind return flow
in the lower part of the upper layer.
The generation of internal seiche in a submarine rectangular trench by normally incident
surface waves was investigated by Ting (1992). The density profile used consisted of two
homogeneous fluids of slightly different densities separated by a continuously stratified
transition layer. It was observed that, when the frequency of the surface wave corresponds to
the natural frequency of internal waves, the amplitude of internal seiche becomes large
compared to the amplitude of surface waves. The natural frequency of the first vertical
internal wave mode decreases as the thickness of the density interface increases and depth of
the bottom layer decreases. It was also found that the internal wave was strongly damped
when the depth of the bottom fluid was small compared to the wavelength of the internal
waves.
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Thorpe (1968a) carried out physical experiments on forced internal seiche in a
rectangular tank to test some of the theoretical conclusions made in the same paper (see
Section 2.2.2). The apparatus consisted of a rectangular tank and two plungers which were
fitted at the side walls. The forced internal seiche was then generated by moving the
plungers in and out of the tank in single harmonic motion. The density profiles used in his
experiments initially consisted of two homogeneous fluids with a sharp interface, however
due to the mixing of wave motion and molecular diffusion this interface tended to thicken.
Figures (2-9) and (2-10) are response curves obtained showing the amplitude of the forced
internal seiche subject to different forcing frequencies. Figure (2-9) is the response curve in
deep fluid, indicating that in deep water the frequency does decrease with increasing wave
amplitude, as predicted by the theory (equation 2-9). However the theoretical increase in
frequency with increasing amplitude, when the lower layer is sufficiently shallow, is not
observed at kh2=0.48, as indicated in figure (2-10). This is due to the extra damping effect
from the bottom when the lower fluid is shallow. The arrows on the a axis of figures (2-9)
and (2-10) indicate the measured fundamental natural frequencies of small amplitude
internal seiches, which are about 2.6% and 5.8% smaller than those calculated from the
linear inviscid theory of a two-layered fluid with a sharp interface (equation 2-2)
respectively.
Hyden (1974) studied the forced internal seiche of a two-layered fluid with a sharp both
numerically and experimentally. The experiments were carried out in a flume. At one end
the flume ended with a fixed wall, while at the opposite end flows were induced in different
directions in two layers with a piston. When the forcing period matched that of the
fundamental internal seiches, resonance ensued. It was observed that, when at resonance, the
movement of the density interface follows the forcing process. This is different from the
linear mass-spring-dashpot system. Also observed was a difference as large as 12% between

20

Chapter 2 Literature Review

the measured fundamental natural frequencies and those based on the linear inviscid theory
of a two-layered fluid with a sharp interface. This large discrepancy was mainly due to the
thickening of the interfacial layer. The numerical solution was based on the method of
characteristics and the boundary conditions were modeled by a sinusoidal discharge process

determined by the flows induced by the piston. Hyden's resonant internal seiche experiment
was later compared with the numerical model by Hodgins (1979), who used an implicit
finite difference scheme, the Crank-Nicolson scheme, to solve the equations of motion of a
two-layered fluid with a sharp interface in one dimension. Both numerical models used by
Hyden (1974) and Hodgins (1979) were formulated in terms of layer transport and thickness
in order to optimize the efficiency of the computer program. However, these two numerical
models have some drawbacks. Among them the most serious one is the breakdown when the
density profile departs from the two-layered fluid with a sharp interface due to the
thickening of the interface, and the continuously stratified density profile is impossible to
handle.
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Governing Equations
3.1 Introduction
The set of equations which describe the physical phenomenon of fluid motions are nonlinear partial differential equations. The essential nonlinearity of these partial differential
equations renders them insolvable analytically except in special cases. One approach to such
problems is to model the phenomenon on a laboratory scale. This approach is, however,
often limited by the impossibility of properly reproducing simultaneously all the parameters
which are important. It has the advantage of sometimes revealing physical processes which
have been overlooked in the mathematical formulation, or may, once the important
parameters have been discovered, give some useful extension of the solution beyond the
range for which solutions are impossible by other means.
An alternative approach to such problems is to find numerical solutions using various
numerical methods such as the finite-difference method. This approach has the advantage of
having the complete control over fluid properties such as density, viscosity, etc. It has
enormous flexibility in the choice of flow parameters and information can be easily
collected without disturbing the flow. But in no sense can numerical experiments ever
replace physical experiments and theoretical analysis. The ability of numerical models to
simulate and predict physical processes is largely limited by the ability to represent these
processes in terms of equations and coefficients. Finally, numerical models are as limited as
physical experiments in that they only gives discrete data for a particular parametric
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combination. They do not provide any functional relationship, beyond those obtained by
dimensional analysis. It is therefore no substitute for even the simplest theoretical analysis.
The present investigation is concerned with resonant internal seiches in an
incompressible fluid triggered by unsteady withdrawal from a rectangular tank. The
discharge occurs through a line sink at one side wall of the tank. The density profiles used
include the two-layered fluid with a sharp interface and the two-layered fluid with a diffuse
interface. The effect of the rotation of the earth is ignored and there is no motion of water in
transverse direction, i.e., motion is two-dimensional in the longitudinal section of the tank.
The fluid is viscous and diffusive. The viscous effects, including those from boundaries and
internal interface, may be represented by an eddy viscosity ve which describes the
momentum flux transfer of the fluid. This eddy viscosity is assumed constant and uniform
throughout the fluid. While a typical eddy viscosity in real lakes is ye =10-4 m2/s (Thorpe,
1971, Heaps & Ramsbottom, 1966), whereas, in laboratory experiments a value close to the
molecular viscosity, v = 10-6 m2/s is appropriate (Thorpe, 1968a, Allan, 1993).
In the following sections, the governing equations for two-dimensional incompressible
flow in rectangular coordinates will be presented. Following the statement of governing
equations written in the primitive variables of velocity components and pressure terms, and
the introduction of the Boussinesq approximation, the governing equations based on the
stream function iy and voracity ç will be derived. Furthermore boundary and initial
conditions are presented to define the problem.

3.2 Governing Equations in terms of Primitive Variables
The governing equations of motion relating to the flow of a viscous incompressible fluid are
the Navier Stokes equations. In a two-dimensional rectangular coordinate system, with the x-
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axis horizontal, the y-axis vertical and the origin at the bottom left-hand corner of the region,
these may be written
Du = 1 aPT v v2u
Dt pT dx

P--v =

(3-1)

dPT
g + veV2v
Dt pT dy
—

(3-2)

—

D

where — = + u + v denotes differentiation followin g the motion of a particle,
^Dt^
dr dx
^2^192^(92
V2 ax2 19y2

u,v are velocity components in the x and y direction respectively,
g is the acceleration due to gravity, and

ve is the eddy viscosity.
Pr

is the total pressure which can be decomposed such that
PT(Xly,r)

= P(y)+ P(x,Y,t)^

(3-3)

where P(y) is the hydrostatic pressure and P'(x,y,t) is the perturbation in pressure due to the
fluid motion.
Similarly, pr is the total density which can be decomposed such that
PT(x,y,r)= P(Y)+ P'(x,y,t)

^

(3-4)

where p(y) is the density profile when the flow is in hydrostatic equilibrium, and p'(x,y,t) is
the density variations induced by the motion which is much smaller than p(y) due to the fact
that the density difference is very small.
Substituting equation (3-4) into equation (3-1), (3-2) and rewriting them in the form
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121D u _^1 -aP
(1 +^
p -B7--p--L
ax 4-(1+q),V2u
P
( i 4. elDv . _ 1 ir )1' 7
1 Dt^p dy

(3-5)

ii 4. 12:..)g + (1 + Ljv y 2 v^
(3-6)
p
p

When the density ratio pilp is small, it produces only a small correction to the inertia and
viscous terms compared to a fluid of density p, but it is of primary importance in buoyancy
term. Thus the Boussinesq approximation is introduced which consists essentially of
neglecting variations of density so far as they affect the inertia and viscous terms, but
retaining them in the buoyancy term. Hence equations (3-5) and (3-6) become
Du1= dP
____
__ T + v V2u
Dt^p dx^•
Dv =1___
dP
____
T _,Tg+
D

Dt p dy p

1) eV2V

(3-7)

(3-8)

For completeness, the additional equations are the continuity equation for incompressible
fluid expressing the conservation of mass

du av
—+—=v
dx dy

(3-9)

and the advection-diffusion equation for total density pr
DPT = Kv2pr
Dt

(3-10)

where K is the molecular diffusivity.
Although it is possible to obtain numerical solutions for the above equations by using the
so-called the method of primitive variables, some complexities are encountered in the
calculation of the pressure field which are not expressed explicitly in the continuity equation
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for incompressible fluids. The central idea of the method of primitive variables is to transfer
the indirect pressure information in the continuity equation, either into the direct pressure
calculating scheme, or into the correction of the velocity field. Many numerical schemes
with the pressure and velocity components being the primary variables have been developed.
Among them the most famous one is the SIMPLE (Semi-Implicit Method for PressureLinked Equations) method of Patankar & Spalding (1971). In this method a first
approximation to the velocity field is obtained based on an initial guess for the pressure
field, and then a series of successive corrections to the pressure field are made so as to bring
the velocity field into conformity with the continuity equation. An alternative method to
avoid the pressure-solving complexities is based on stream function and vorticity equations
and will be referred to as yi—g method hereafter (Dix, 1963).

3.3 Governing Equations in terms of Stream Function and Vorticity
The pressure terms are eliminated from equation (3-7) and equation (3-8) by differentiating
equation (3-7) with respect to y and subtracting equation (3-8) after it has been differentiated
with respect to x. Defining the vorticity g as

du dv
C.=
-

(3-11)

This leads to the parabolic vorticity transport equation
B.; g

aPT + %VC

Dt p dx

(3-12)

The presence of equation (3-9) suggests that a stream function vi exists such that

u=

ay,^dyr
and v =
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In this way equation (3-9) will automatically be satisfied. Substituting equation (3-13) into
equation (3-11), equation (3-11) is recast as an elliptic Poisson equation
(3-14)
Note that no time derivative is specified in equation (3-14), the implication being that all
variables are prescribed at the same time. This property of the Poisson equation is directly
related to incompressibility of the fluid. That is, if a disturbance exists in one part of the
fluid it affects all other parts of the fluid.
Now that the governing equations are the Poisson equation (equation, 3-14), the
transport equation for vorticity g (equation, 3-12) as well as the transport equation for total
density pi, (equation, 3-10). If the transient pressure solution is required, take the partial
derivative of equation (3-7) with respect to x, the derivative of equation (3-8) with respect to
y, and then sum the resulting equations. Together with equation (3-9), the continuity
equation, this leads to

(32(PT/P) + d2(PT/P) = s
ax2^ay2^P

(3-15)

d'u^d2(uv) a2v .^
/P)
ay
Sp = ():2 + 2 axdy + ay2) g a(PT

(3-16)

where Sp is defined

If the transient pressure solution is not required, the ty—c method is preferable to the
method of primitive variables because it contains one less variable and avoids the
unnecessary complexity of solving the pressure field. The v-g method has some drawbacks,
however, in that it is impossible to define the stream function iv in most three-dimensional
flows, and the free surface boundary conditions are more difficult to apply. The v—g method
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is used here because simplified free surface boundary conditions may be chosen without
effecting the main features of the flow.

3.4 Boundary and Initial Conditions
3.4.1 Solid Boundary Conditions
The solid boundaries including the bottom and side walls are impermeable, rigid and nonslip. Since the solid boundaries are stream lines, the stream function y/ may be specified by
constant values. The solid boundary conditions for stream function yi are illustrated in figure
(3-1), i.e.
on 0<x<L,y=0andx=L,0<y<H
on x=0,0<y5hd

(3-17)

on x=0,hd<y5..H
where Q is the discharge rate per unit width of the tank, and hd is the elevation of the
discharge outlet
The solid boundary vorticity is an extremely important evaluation. The vorticity
transport equation determines how the vorticity is advected and diffused, but the total
vorticity is conserved at interior points. At a non-slip boundary, however, the vorticity is
produced. The vorticity is obtained from the non-slip conditions, using the bottom boundary
as an example, y/(i, 2) is expanded by a Taylor series out from the bottom values y/(i, 1)
a2,il.
yr(i,2)= tif(i,1)+^IiiAy +^0(Ay3)
dy '^2 dy2 '
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av

But —
ay I. = u(i,l) =0 by non-slip conditions
Now g =

av
au av , and Along the bottom,^i=
0
aY ax^ax '

— —

—

(..- v(i,1)= const = 0)

du

091).
Therefore, -a2vj
i,1 =^=
Substituting this into equation (3-18) and solving for g(i, 1) gives
g(i,l) = 2( v(i, 2) — v(i,1)) / Ay2 + 0(Ay)

(3-19)

Regardless of the wall orientation, this can be written as
= 2( vn, —^/ An2 + 0(An),

(3-20)

where A n is the distance from (w+1) to (w) normal to the solid boundary.
It may also be possible to model a slip boundary condition with the viscous governing
equations. This implies that the boundary layer is less than An thick. The v values can be
specified, and the vorticity is evaluated from a Neumann condition Cw = gw-f-i. However the
validity of this approach is unproven. It cannot provide a mathematically consistent system
of equations, since the boundary layer thickness cannot remain less than An as An )0
—

(Roache, 1972).

3.4.2 Free Surface Boundary Conditions
For numerical schemes formulated in terms of stream function v and vorticity g, the free
surface stress condition is very hard to apply (Harlow & Welch, 1965). Hence the free
surface itself is considered as a static and slippery open boundary, on which, however, a
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uniformly distributed vertical inflow is applied. This small inflow v ly.H = QIL is introduced
here to compensate for the discharge from the side wall. The free surface boundary
conditions written in terms of stream function viand voracity g are
(3-21)

vfly,__H = Qx I L
A^du

ay

av

ax

ft

=H=---=v
Y^

(3-22)

du
, = 0 on slippery boundary and, v = QIL= constant)
(... —
0Y

3.4.3 Initial Conditions
Initially the stream function yr and voracity g at interior points are assumed to be equal to
zero, i.e.

vci,D1,.0 = 0^
s(i,i)11=0

^

=0

(3-23)
(3-24)

Obviously, the initial conditions will affect the initial transient solutions, but this effect
often decays exponentially in time (Roache, 1972). Furthermore, the initial conditions
usually make little difference on the computer time required to obtain a completely
converged solution. The initial conditions make little difference because the error of the
initial guess of 'if and g is usually bounded and many orders of magnitude larger than the
convergence criteria c. For example, if the withdrawal rate is normalized to vfmax=0(1), then
a guess of 0.0= 0 at all the internal points will only give errors of 0(1). Any improvements
in the initial guess will be insignificant when convergence criteria like e = 10-4 are being
used.
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Numerical Method
4.1 Introduction
There are two approaches to the numerical representation of fluid motion. In one, called the
Lagrangian approach, the fluid is considered to be subdivided into a large number of finite
zones each of which characterizes an element of the fluid. This mesh of cells follows the
fluid motion in a manner which is determined by an approximation to the governing
equations. By following the motion of fluid elements, the artificial viscosity and diffusivity
errors are largely reduced and fine details can be resolved more easily and accurately. At the
same time, however, the approach suffers from certain drawbacks. In particular, the most
serious is the breakdown when the fluid becomes strongly distorted or large slippage occurs.
The other is the Eulerian approach. In this, the fluid is again subdivided into numerous
difference cells, but in this case the mesh of cells is fixed in a frame of reference at rest with
the observer and the fluid flows through the cells. The tremendous advantage of the Eulerian
approach is that the calculation proceeds without difficulty when there are large distortions
or slippage in the fluid. The Eulerian method has several disadvantages, however, in that it
is very difficult to resolve small features of the flow moving with the fluid through a coarse
Eulerian grid mesh system, and interfaces are not easily handled.
On the other hand, the PIG (Particle-in-Cell) method originally devised by Evans &
Harlow (1957) seems to combine the best features of both Eulerian and Lagrangian
approaches and is most advantageously applied to interface problems, because the discrete
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particles may be assigned different densities and vorticities to represent different fluids. In
the PIC method the fluid is considered to be subdivided into a large number of Eulerian cells
which remain at rest. There is, in addition, however, the Lagrangian mesh of particles
representing elements of the fluid which move through the Eulerian cell system. The
Eulerian mesh is used for the purpose of characterizing the field variables, while the
Lagrangian particles are used to characterize the fluid itself.
The Eulerian grid consists of a set of rectangular cells which cover the computational
domain. Each cell is Az long and Ay high. The resolution of the grid is determined by
NX*NY, where NX is the number of divisions in the horizontal direction and NY is the

number of divisions in the vertical direction. In each of these computational cells, physical
quantities of the fluid such as velocity, vorticity, density and stream function are calculated
at different locations. This treatment is commonly referred to as the staggered grid which
was first introduced by Harlow & Welch (1965). Figure (4-1) shows how the Eulerian field
variables u(i, j), v(i, D,

'xi, D, go, D and p-r(i, j) are arrayed in the xy plane. The relative

positions of v/(i,D and u(i, j) were chosen so as to stagger u(i, j) between w(i, j) and v(iji-1)
since u = vry. The positions of v(i, j) and g(i, j) are analogous. This implementation is also
convenient for imposing the boundary conditions.
The set of Lagrangian particles are initially located uniformly throughout the numerical
domain. When the average number of particles per cell is small, say of the order of four or
five, then the fluctuations caused by the motion of particles across cell boundaries are very
large, and it should be expected that such fluctuations would cause large effects on the
instantaneous values of local field quantities. In order to simulate correctly internal gravity
waves which have the property that small displacements cause small, continuous changes,
particles will not be thought of as being point-like, but rather as small volumes and may pass
through one another. Therefore this method is similar to the CIC (Cloud-in-Cell) method
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used by Birdsall & Fuss (1969). In this method, each particle is considered to occupy a
space dx by Ay and initially the particles are positioned uniformly through the numerical
domain at a spacing Axa and Ay/2. As the flow is initiated, the particles will move, for
simplicity the motion will be purely translational. Since there is no rotation, the position of
the K th particle can therefore be defined by its center point X(k),Y(k). Unlike the MAC
(Marker and Cell) method (Harlow & Welch, 1965) in which marker particles are only for
the purpose of indicating fluid configuration, in the CIC method, associated with each
particle, there are corresponding vorticity g(k) and density p7(k) which are assumed to be
evenly distributed throughout each particular particle. The Lagrangian particles are moved
according to the velocity components obtained using bilinear interpolation from the values
at nearby Eulerian grid points.

4.2 Computational Procedures
Once the computational domain has been defined and the staggered grid has been formed,
the governing equations are discretized and solved using the CIC method. The detailed
derivation of the finite difference equations is based upon the following sequence of events
by which the calculation is marched from one time step to the next:
(a) The stream function field ty(i, j) is calculated as an Eulerian field variable at the
beginning of each cycle. This requires the solution of the Poisson equation (equation, 3-14),
which may be accomplished by a relaxation technique.
(b) The Lagrangian particles are moved according to the velocity components in their
vicinities.
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(c) The Lagrangian particle properties (g(k) and pi(k)) are updated. The two material
derivatives are calculated; the products of these with the time increment per cycle then gives
the changes to be added to the old values.
(d) The Eulerian field quantities g(i, j) and p7(i, j) are updated.
This, then, completes the advancement of one entire calculation cycle. Actually, several
crucial points have been omitted in this brief summary; these are more easily discussed in
the detailed description to follow. The computational details will be outlined according to
the order of the calculation.

4.2.1 The Eulerian Calculation
At the beginning of each time step, the complete field of vorticity ^j) is known either as a
result of the previous time step of calculation or from the prescribed initial conditions, the
stream function ip(i, j) is then calculated by solving the Poisson equation.
As the first step the Poisson equation will be expressed in basic fmite-difference forms
using the Taylor series expansion. Consider the Taylor series expansion of w(i+1, j) and
'Ai –1, j) about the point (i, j):

d ig^1 .92 iv
v/(i +1, j) vfo^

1 19vi
4
3
•Ax2 + 1 Cr^

2 dx2 44^6 ax3 I idax
ax I ij^

+ HOT
+ — —I . .Ax4
24 ax4 4.'
(4-1)

AX 1
= 1/10j)– 11-1^+ 1 (92/P Ii,j2

-(92111 AX + (341If I idAr4 + HOT
6 thC3 .j^24 ax4

(4-2)
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where HOT is an abbreviation for high-order terms. A centered finite-difference
approximation of tv,z, can be derived by adding the equation (4-1) and (4-2)
411f I. i Ax4 + HOT
a21111Ax2
1/1(i ± 1,j) + Ilf(i -1,j) = 21g(i,j)+—
ax2 i.^+-1---.
12 ax4 '

(4-3)

Solving for yi.„, gives
az vi _ vf(i +1,D - 2 Vf(i,j)+ Vf(i -1,j) + c(1\x2)
dx2 ii.; - Ax2

(4-4)

where 0(4x2) is the order of truncation error.
The centered finite-difference approximation of vi,„ is then
a2 tg 1 _ yr(i +1, j) - 2 ty(i, j) + yr(i -1, j)
ax2

li,j

-^Ax2

(4-5)

which has a truncation error of order 4x2, i.e., a second order accuracy.
similarly, the finite-difference approximation for yfyy can be derived:
a2 Vf I= Vf(i, .i + 1) - 2 V/(i,j)+ 1/1(i, j - 1)
dy2 ii,J^Ay2

(4-6)

which has a truncation error of order 4y2.
Therefore the discretized form of the Poisson equation, using second order difference, is the
5- point formula
ty(i +1, j)- 2 vi(i, j) + v(i -1, j)

vi(i, j +1) - 2 vt(i, j) + vi(i, j -1)

±
Ax2^

where g(i, j) is known.
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In a rectangular domain where the maximum i = /VX and the maximum j = NY, equation
(4-7) and boundary equations give a system of N=(NX-1)*(NY-1) simultaneous linear
algebraic equations. These equations are generally solved by various iterative methods,
because: (a) they are very easy to understand and program while remaining flexible, (b) they
are also faster than most of the direct methods because they make use of the spareness of the
matrix formed by equation (4-7), i.e., all terms more than two positions off the diagonal are
zero.
Now if define the mesh aspect ratio /3 = dr/Ay and denote index m the number of
iterations, equation (4-7) can be rewritten in an iterative form
Ir+1(i,../)= Ilim(i,./)+

1 ^r
[r(j+1,./)+ Vfm(i-1,./)+P2r(i,./ +1)
2(1+ /32)

+02 Vim (i, i — 1) — 2(1 + 02)1//m(i,i) — Ax2C(i,./)]

^

(4-8)

which is referred to either as the Jacobi method or as Richardson iteration.
If the iterative process is convergent, it is expected that
Liml tifm+1(i, j) — ye' (i, j)I --> 0^
M

-1**

(4-9)

Therefore the bracketed term in equation (4-8) is the difference between successive
iterations and can be thought of as the error term. The tv(ij) can be calculated to any desired
accuracy by stopping the iterative process once the error terms for all grid points are less
than some tolerance e, i.e.

Max vf—i(i,f)— rci,DI e.^(4-10)
Two methods have been adopted in the numerical scheme to speed up convergence of
the iterative process. Noting that equation (4-8) is a two-level equation, requiring storage of
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Ir+1

and vn. If, at the (m+l)th iteration, the most recently computed values of v are happen

to be known, these new values should be used in calculating

Ir+1.

This method is referred

to either as the Gauss-Seidel iteration or as the Liebmann method. Asymptotically, m GaussSeidel iterations are worth 2m Jacobi iterations, and only require half the core storage. Since
the stream function field tp(i, j) for all (i, j) in the computational domain is needed to be
solved, the order in which the Eulerian field is solved or swept is important. If w(i, j) is
solved in an order that makes most use of previously determined values, Forsythe & Wasow
(1960) have shown that this can further double the efficiency of the iterative process. The
method so employed is usually referred to as the alternating direction method. The Eulerian
field is swept in following four successive passes:
(a) Sweep the computational domain from the bottom to the surface and from left to right.
(b) Sweep the computational domain from the bottom to the surface and from right to left.
(c) Sweep the computational domain from the surface to the bottom and from left to right.
(d) Sweep the computational domain from the surface to the bottom and from right to left.
Another method to speed up convergence is so-called SOR (Successive OverRelaxation) method. As mentioned early, the bracketed term in equation (4-8) is the
difference between iterations and will be denoted as residual Rm(i, j). In an iterative process
the aim is to reduce the residual Rm(i, j) to an acceptable level as quickly as possible. In the
SOR method this residual term is multiplied by a relaxation factor 0)R i.e., equation (4-8)
becomes
vfm+1(i,i ) = vim^+

wRiv"(i,i)

^

(4-11)

For convergence, it is required that 0 < coR < 2. If 0.)= 1 relaxation is absent. If 0 < coR <1
the under-relaxation is applied. If 1 < coR <2 the over-relaxation is applied. Under-relaxation
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is used when the residuals oscillate towards zero, while over-relaxation is used when the
residuals are decreasing monotonically.
After the stream function field tv(i, j) is solved by successive over-relaxation of the
Poisson equation, the velocity field u(i, j) and v(i, j) can be calculated from the definition of
the stream function, i.e.
u(1., D

d
111 l• • and v(i, j)= —13-11
=—
aY '''^ax iij

Using centered finite-difference approximations, as discussed earlier, this leads to
u(i, j) = lgi,.i + 1) — Vf(i,./)
Ay

(4-12)

D
v(i, j) = 1110, D - 10j)
Ax

(4-13)

4.2.2 The Lagrangian Calculations
Up until now, only the Eulerian field quantities were changed and the fluid has been
assumed to be momentarily at rest. The next step is to move the Lagrangian particles and
update their properties.
The Lagrangian particles move according to the velocity components in their vicinity. A
bilinear interpolation is performed to calculate the velocity with which a particle should
move. The interpolation weighting depends upon the distance of the particle center from the
four nearest velocity points in the Eulerian mesh of cells. This is equivalent to an area
velocity weighting in proportion to the area of overlap of a particle onto the four adjacent
Eulerian cells. To illustrate this bilinear interpolation, consider the horizontal velocity
component u(k) of the Kth particle as shown in figure (4-2). The area A(i+1, j+1) shaded

38

Chapter 4 Numerical Method

(EZ3) is assigned to grid point (1+1, j+1), the area A(1+1, j) shaded MEI is assigned to grid
point (1+1, j), the area A(i, j+1) shaded (la) is assigned to grid point (i, j+1) and the area
A(i, j) shaded (E2) is assigned to grid point (i, j). The horizontal velocity u(k) may be

obtained from

u(k)=

A(i +1, j +1)*u(i +1, j +1) + A(i +1, j)* u(i +1, j)+ A(i, j +1)*u(i, j +1) + A(i, j)*u(i, j)
Ax* Ay
(4-14)

which is of first order accuracy.
The movement of the Kth Lagrangian particle is accomplished as follows:
(a) Interpolate velocities at Xn(k), Yn (k). Here the index n=tIAt specifying the time step
number.
(b) Using velocities obtained in (a), calculate where the particle would move in half a time
step 1/2At. Denote this point as Xn+112(k), yn+112M.
(c) Interpolate velocities at Xn+112(k), yn+112(k).
(d) Using the velocities obtained in (c), calculate where the particle would travel in a full
time step At starting at Xn(k),Yn (k)
X'1+1(k)= X' (k) +

Un+112 (k)At^

(4-15)

r+1(k)=T1 (k)+ v".112(k)At.^

(4-16)

and

The Lagrangian particle properties ( g(k) and pr(k)) are updated from equations (3-9) and
(3-11) by calculating the total rate of change following the particle motion.

D pT^
. Kv2pr
Dt
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(3-11)

DC = g °Pr + v.V2g.
Dt pax

The finite-difference expressions for above equations, using centered finite-difference
approximations for time derivatives, are:

Pr 1 1:74

DA.^
) x+1/2
KV 2pC +1 /2
At^Dt
(

g n+1 — g n .^
(pc) ri+1/2 ( g dpr
At
LDt )^po
—
dx

(4-17)

n+1/2

+ v.V2g"112

(4-18)

Hence the properties of the Kth particle can be modified by using
pr (k)= p;.(k)+ (DA. I Dt)"+112 At ^(4-19)

and
ç1(k)= c."(k)+ (DO Dt)n+112 At ^ (4-20)

where (Dpr/Dt)n+1/2 and (DgOtr+1/2 are calculated as Eulerian field quantities by using
centered finite-difference approximations and then are interpolated back to the Kth particle
yn+1/2(k) by using the same bilinear interpolation technique as used in the
at X^
n+112(k),^

velocity interpolations.

4.2.3 Updating Eulerian Field Variables pi(ij) and go
As the third essential part of the CIC method, the Eulerian field variables pl(i, j) and go, D
are updated from Lagrangian particle properties p7(k) and g(k). To illustrate how p7(ij) and
g(i, j) are updated, consider again the km particle as shown in figure (4-2). The influence of
the Kth particle on grid point (i,

j)

is assumed proportional to the overlapping area A(ij).
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Therefore for a large number of particles contributing to point (i, j), the density field
p7m-1(i,j), for example, may be obtained by summing over the particles as
DP1(k)
(i, j). AU,
A(i, j)

(4-21)

where EA(i, j) is the sum of area of particles which overlap the cell centered at (i, j). Also
gn+1(i, j) can be updated by following the same procedures.
So far the entire cycle of calculation has been advanced from one time step to the next. A
new cycle of calculation is ready to begin starting from Section 4.2.1, if the time limit is not
reached.

4.3 Accuracy
Some common errors which may affect the accuracy are discussed here with some
numerical experiments. While more physically meaningful and quantitative estimations of
accuracy will be carried out later when investigating the physical properties of internal
seiches. All numerical runs carried out in this section have two-layered density profiles, with
the reduced gravity g'= 0.06 m2/s. The relative fluid depths are kh1=kh2= 0.39. The viscosity
used is 10-4 m2/s and the time step At = 0.025 seconds. The convergence criterion e for the
SOR process is equal to 10-4. The discharge process is sinusoidal with a forcing period
T = 55.0 seconds, which is close to the fundamental natural period of the internal seiche.

The average rate of the unsteady discharge Qa„ = 1.3*10-3 m2/s and the amplitude of the
discharge AQ = 1.2*10-3 m2/s.
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4.3.1 Truncation Error
Strictly speaking, truncation error is the error of the difference equation itself rather than the
error from the solving process. Some additional truncation errors will occur if the boundary
conditions are Dirichlet conditions (e.g. the solid boundary condition for vorticity c),
because some discretizations are needed. The interpolation process involved in the CIC
scheme may also introduce some truncation errors. The overall order of truncation error is
determined by the lowest order of the above errors. After Taylor expansion, the total
truncation error in the numerical model is evaluated to be of 0(4x) and 0(4y) in space and
of 0(At) in time domain.
To check on the grid spacing dependence, five computational runs were carried out for
different grid size. The time histories of normalized stream function v/Q at two different
stations, point A and B, are shown in figure (4-3b), (4-3c) and (4-3d). See figure (4-3a) for
the locations of point A and B. Since point A and B are located near the antinode and node
points of the fundamental internal seiche respectively, it is expected that the largest gradient
of y/ in x direction, thus the largest truncation error, occurs near point A and the largest
gradient of tir in y direction occurs near point B. The yi/Q variations at point A are shown in
figure (4-3b) which serves to illustrate the grid size dependence on Ax. It can be seen that the
curve for 11*41 grid deviates from other curves significantly, while the curve for 21*41 grid
and that for 41*41 grid agree with each other quite well. The ty/Q variations at point B are
shown in figure (4-3c) and (4-3d) which serve to illustrate the grid size dependence on Ay.
In figure (4-3c) there is a rather large discrepancy between the curves for the 21*21 and
21*41 grids. Further refining the grid size in y direction, as shown in figure (4-3d), results in
a much better agreement. It seems that a 41*41 grid is suitable as far as truncation errors are
concerned.
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The same kinds of experiments were carried out for time step dependence test on the
41*41 grid (see figure 4-4). It seems that a time step At = 0.025 seconds is a acceptable
choice. Another limitation on dt is the stability criteria which will be discussed later. Further
reduction on grid size and time step is still possible, however the trade off between
improved performance and increased C.P.U. time as well as round-off error doesn't warrant
further reduction. Unless this reduction is essential for other reasons.

4.3.2 Round-off Error
Round-off error is caused by the limitation of word-length of digital electrical computers.
This error may systematically accumulate during the solution of difference equations,
especially during iteration. By reducing the grid size and/or time step, descretizing
truncation errors can be effectively reduced while on the other hand this reduction could
mean a substantial increasing of round-off errors. Generally it is preferred not to use a very
fine grid and let truncation error control the round-off error.

4.3.3 Artificial Viscosity and Diffusivity Errors
Artificial viscosity and diffusivity are special kinds of truncation errors exhibited by some
finite difference schemes of advection equations. The first use of the term was by Von
Neumann & Richtmyer (1950), who explicitly added a viscosity-like term to the inviscid gas
dynamic equations in order to allow the calculation of shock waves. Their explicit artificial
viscosity term was deliberately made proportional to Ax2, so as to assume mathematical
consistency; that is, their explicit artificial viscosity term was indeed a second-order
truncation error.
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Instead of adding explicit artificial viscosity terms to the equations, artificial damping
may be added implicitly, just from the form of the difference equations in the sense of a nonphysical coefficient of second space derivatives. Noh & Protter (1963) first presented an
analysis of the implicit artificial viscosity of the upwind differencing scheme applied to the
linear model advection equation gt = -ucz. However by following the movements of
Lagrangian particles in the CIC method, the advective terms are removed from the transport
equations which reduces artificial viscosity and diffusivity.

4.3.4 Aliasing Error
Aliasing errors are those errors which occur because finite-difference method cannot resolve
waves with wavelength shorter than, or equal to, twice the grid length. It is helpful to have a
look at the turbulent flow analogy before discussing the aliasing errors of numerical model.
Physically the energy of turbulence cascades down from large eddies to small ones by
nonlinear interactions. Beyond small eddies, it is dissipated, or degraded into internal energy
via friction. The scale at which the energy is dissipated is determined by the Reynolds
number Re. The larger Re, the smaller the scale will be.
Numerically aliasing errors are associated with energy exchange between Fourier
components (here the energy is in the general sense of the first moment of the transport
properties such as g2). As already mentioned, the shortest wavelength component which can
be discriminated by the computational mesh is 24x. Generally accuracy of the long waves is
of interest, so this lack of short-wavelength discrimination might seem to be of little
consequence. Indeed, if the velocity field is everywhere uniform, no aliasing occurs. But, in
nonlinear problems, it is well known that the components interact in such a way that energy
moves down from the long wavelengths to the short. If there is not enough dissipation to
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remove energy from the short wavelengths, and if the grid size is not small enough to
distinguish these short wavelengths, the energy may reappear in the long wavelengths,
distorting those very components of the greatest interest, and even resulting in a kind of
computational instability. Three sets of numerical experiments were carried out on a 41*41
grid with the same parameters except the viscosity which varies from 10-4 to 10-6 m2/s. The
time histories of the interface elevation at the discharging wall are shown in figure (4-5).
Note that aliasing errors increase with decreasing viscosity.
The presence of any damping, physical or numerical, in the computation will alleviate
aliasing by providing a dissipative mechanism. Another way of reducing aliasing is to
reduce the grid size. Since viscosity cannot adjusted arbitrarily, the grid size is further
reduced to diminish the aliasing error.

4.3.5 Free Surface Boundary Treatment
In order to implement the yt g method, the free surface boundary conditions are simplified so
-

that no free surface wave is allowed. In reality, however, both internal and free surface
seiches can be set up as the result of the forcing discharge. However, due to the fact that the
magnitude of the free surface wave is smaller than that of the internal wave by a factor of the
order Ap/p2 and travels faster than the internal wave by a factor of the order

4i2TAT), for

the case of small density variation, this free surface wave is very small and travels much
faster than the internal wave. Hence the free surface movements are negligible and a static
free surface will not affect the main features of the flow as far as the internal waves are
concerned.
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4.4 Stability Consideration
The most commonly used method of stability analysis was originated about 1944 by J. Von
Neumann. In this method, a finite Fourier series expansion of the solution to a model
advective-diffusion equation is made, and the decay or amplification of each mode is
considered separately to determine stability or instability. After the Von Neumann stability
analysis, two restrictions are recognized in the case of a linear, constant coefficient
advection-diffusion equation in an infmite domain (see Roache, 1972).
The first restriction is Courant condition
C.+Cy 1^

(4-22)

where Cx = ltht/AX, Cy = vAt/Ay are Courant numbers in x and y directions respectively.
The second restriction is the diffusion restriction
d x + dy _1 1 2^

(4-23)

Where dx = veAtiza2, dy = veAtlAy2 are diffusion numbers in x and y directions respectively.
Considering the tank of height H = 0.6 m and L = 1.2 m used by Allan (1993) in the parallel
physical experiments, for a grid system of 41*81, velocity components u = v = 0.01 m/s and
a viscosity v = 10-6 m2/s, equation (4-31) and (4-32) give a stability criterion of Ati = 0.06
seconds and At2 = 0.26 seconds respectively. Both criteria may be considered together by
requiring that
1^1
At (— + --) 1
At2
this gives a stability criterion of At 0.18 seconds.
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Dividing equation (4-31) by equation (4-32) yields
Athy(wly + vAr) < 2

ve(dx2 + Ay2) —

(4-24)

For the special case of Ax = Ay = 4, this leads to
(u + v)A

R8^
=

V,

5.. 4^

(4-25)

Where Rg is the grid Reynolds number based on local velocities and a characteristic length
scale equal to the grid size A. Equation (4-25) presents a stability criterion which is
independent of time step At.
It should be mentioned that above restrictions are necessary, but not sufficient, and only
provide some guidelines to practical stability, because the non-linearity, or even nonconstant coefficient may also cause some numerical instabilities. Therefore it is advisable to
use trial and error procedure when actually testing the program.
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This chapter discusses the numerical results obtained by implementing the computer
program. The density profiles used vary from two-layered fluid with a sharp interface to
two-layered fluid with a diffuse interface. The two-layered fluid with a sharp interface
consists of two homogeneous fluids of slightly different densities separated by a sharp
interface of density discontinuity. This density profile approximates conditions of real lakes
or reservoirs in late summer or early autumn when the thermocline is quite thin, as shown in
the measurements of Mortimer (1952) (figure 1-1). The two-layered fluid with a diffuse
interface consists of two homogenous fluids of slightly different densities separated by a
continuously stratified interfacial region. This density profile approximates conditions of
real lakes and reservoirs in spring and late autumn, at these times the thermocline can be
quite thick.
The scope of this chapter is briefly outlined here. Section 5.1 seeks to illustrate some
flow features of free internal seiches in a two-layered fluid with a sharp interface. The
observed fundamental natural periods are compared with the theoretical values as well as
those observed in some physical experiments. Section 5.2 discusses two sets of numerical
experiments of forced internal seiche triggered by constant withdrawal. The first set of
experiments, experiment 1, has a piecewise linear density profile, which consists of two
homogeneous fluids separated by a linearly stratified interfacial layer. This experiment
serves to illustrate the flow features of internal seiche in a continuously stratified fluid
system. Furthermore the observed natural periods are compared with predictions based on
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the eigenvalue analysis. The density profile used in experiment 2 consists of two
homogeneous fluids separated by a exponentially stratified interfacial layer. The observed
natural periods are compared with the theoretical solutions of Fjeldstad (1933). The forced
internal seiche triggered by unsteady withdrawal is studied in section 5.3, which consists of
four sets of numerical experiments. Six numerical runs are carried out in experiment 1 to
compare with the parallel physical experiments of Allan (1993). Experiment 2 discusses the
dynamic response of a two-layered fluid with a sharp interface to the unsteady withdrawal
process. The dynamic responses of a piecewise linear fluid system to the unsteady
withdrawal are studied in experiments 3 and 4.

5.1 Free Internal Seiche in a Two-layered Fluid with a Sharp Interface
This section discusses nine numerical runs of free internal seiche in a two-layered fluid with
a sharp interface. The free internal seiche in a two-layered fluid with a sharp interface is
relatively simple in the sense that the external exciting force is absent and only one vertical
internal mode of oscillation can exist. Two different values of viscosity are used: an eddy
viscosity ve = 10-4 m2/s representing the typical values in real lakes (Thorpe, 1971), and a
viscosity close to the molecular viscosity v = 10-6 m2/s representing the typical values in
laboratory scale (Allan, 1993, Thorpe, 1968a). Detailed experimental parameters and results
for each experimental run are listed in table (5-1). The free internal seiche is started by
triggering the interface movement gently using a sinusoidal discharge process with the
fundamental natural period calculated from the linear inviscid theory. This discharge process
is only retained for one cycle, after that time the effect of initial discharge is negligible,
except as to the initial magnitude and the resulting oscillation should be characteristic of the
system only.
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To check the accuracy of the computer program, it is necessary to check if the computed
solutions exhibit proper physical properties of free internal seiches. It has been shown in
Chapter 2 that, based on the linear inviscid theory, the fundamental natural period T1 for a
two-layered fluid with a sharp interface can be estimated from equation (2-3). To check
whether the numerical model can give accurate estimations of this natural period, the
fundamental natural periods of the nine numerical runs are measured from time histories of
the stream function. As an example figure (5-1) shows the time series of the stream function
at three different stations. The fundamental natural periods can be measured from this plot
according to the points of inflection. Comparison of the fundamental natural periods
between the numerical experiments and linear inviscid theory shows a fairly good agreement
with the observed values being always larger than the theoretical ones. The discrepancies
range from 1.1% to 6.8%, as shown in table (5-1). This increasing of natural period is
mainly due to following two factors:
(a) The presence of finite thickness density interface. Numerically this interface
thickening is caused by some interfacial mixing and numerical truncation errors. Thus the
program does not model the stratification exactly as a two-layered with a sharp interface.
The average thickness of the interface is estimated, from the time series of the density
profile, to be in the order of 2Ay, where .Ay is the grid size in the y direction. Hence for a grid
system with 80 divisions in y direction, this represents a interfacial thickness of about 1/40
of the total fluid depth H. The increasing of natural periods due to finite interface thickness
was also noticed in the physical experiments of Allan (1993), Thorpe (1968a) and Hyden
(1974) who observed a discrepancy as large as 12%.
(b) The viscous damping. This effect is manifested by the fact that internal waves with
larger viscosity always have longer natural periods than those with smaller viscosity.
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In figure(5-2) the observed fundamental natural periods together with those from the
experimental work of Allan (1993) and Hyden (1974) are plotted against those calculated
from the linear inviscid theory of a two-layered fluid with a sharp interface.
The effect of viscosity is also to dissipate the wave energy thus decrease the amplitude
of internal seiche. Ting (1992) observed in physical experiments that internal seiches are
damped more when lower layer depth is small compared to the wave length. The decay of
the free internal seiches of run 3 and run 9 are compared to illustrate whether the numerical
model exhibits this kind of behaviour. Figure (5-3) shows the time history of density
interface elevations for run 3 and run 9 at x = L. It can be seen that the free internal seiche
with relatively shallow lower layer do decay much more rapidly than that with relatively
deep lower layer. The damping process can even be better demonstrated in the surface plots
of figure (5-4a) and figure (5-4b). These two graphs show the time history of the density
interface movement throughout the whole length of the tank rather than at a single point. It
should also be mentioned that the enhancement of damping due to shallow lower layer will
also have an important effect on the severity of the forced internal seiche. On the other hand,
the upper layer is generally thinner in lakes or reservoirs, this thin upper layer has the similar
effect of enhancing damping to a shallow lower layer, as shown by Thorpe (1968b).
Some flow patterns of the free internal seiche, from run 3, are discussed in detail here.
Figure (5-5) shows the time history of the horizontal velocity components at the central
points of both upper layer and lower layer. Also shown in the figure are the time history of
the density interface elevations at both x = 0 and x =L. Except during flow establishment
when there is a withdrawal existing to set up the initial interface displacement of the
subsequent free internal seiche, the two velocity components are out of phase with each
other and change their signs twice a cycle. A 90° phase angle difference can be found
between the interface movements and two velocity components, indicating that the velocity
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reaches its maximum value when interface is in its equilibrium position, while zero velocity
occurs when interface is at its maximum slope. Figure (5-6) shows, at a time interval of
0.5T1, four horizontal velocity profiles at x = 0.5L, where the dotted line indicates the
equilibrium position of density interface. With the fluid in the upper and lower layers
moving in the opposite directions, large velocity shear develops at the density interface. For
internal seiches, the maximum shear occurs at the nodes, i.e. the position of the maximum
interface slope instead of at the crests and troughs as for progressive internal waves. Hence,
Thorpe (1968a) observed, for sufficiently large wave amplitude, instability occurring at the
nodes of the internal seiche with the form of a vortex which changes direction of rotation
every half cycle. Moreover due to the fact that the non-slip boundary conditions are imposed
in the numerical model, there is another evident velocity shear near the bottom indicating the
existence of the bottom boundary layer. The velocity distribution is best illustrated in the
velocity vector plots of figure (5-7) which closely matches the general flow patterns as
depicted in figure (2-1b).

5.2 Forced Internal Seiche Triggered by Constant Withdrawal
This section discusses two sets of numerical experiments of forced internal seiche subject to
a forcing withdrawal with a constant discharge rate. This experiment serves to illustrate
some basic flow features of forced internal seiches in a two-layered fluid with a diffuse
interface. The forced internal seiche in a two-layered fluid with a diffuse interface differs
from the free internal seiche in a two-layered fluid with a sharp interface in two respects: (a)
The introduction of a continuously stratified interfacial layer between two homogenous
layers allows an infinity of vertical internal wave modes to exist, although the energy is
usually partitioned into the first few modes (LaZerte, 1980). These vertical wave modes may
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be combined with any horizontal wave mode to form a wide spectrum of oscillations, (b)
The presence of an external exciting force allows both forced and free oscillations to exist.
The free oscillation is caused by the restoring force, gravity, which always tried to
reestablish the equilibrium state. This free oscillation will eventually die out due to friction.
The external exciting force is responsible for the forced oscillation which persists as long as
the exciting force is applied.

5.2.1 Experiment 1
This experiment consists of two numerical runs both having piecewise linear density
profiles, as shown in figure (5-8a) where the two dotted lines indicate the interfaces between
the homogenous fluids and the interfacial region. Detailed experimental parameters for these
two runs are tabulated in Table (5-2). Where in the table h1, S and h2 are the individual layer
thickness, from top to bottom, respectively. p1 and p2 are top and bottom layer densities
respectively. Tii are the natural periods of different internal wave modes calculated from the
eigenvalue analysis, where i and j are horizontal and vertical internal wave mode number
respectively. Therefore T11 represents the natural period of the fundamental first vertical
wave mode which is of first mode in both horizontal and vertical directions, and T12
represents the natural period of the fundamental second vertical wave mode which is of first
mode in horizontal direction and of second mode in vertical direction. The numerical
program used in the eigenvalue analysis uses the shooting method to solve, in finite
difference form, the one-dimensional wave equation (equation 2-11), which is subject to the
no-flow boundary conditions at both free surface and the bottom (equation 2-22).

F =Q11013 is densimetric Froude number, where h' is the vertical distance between the
line sink and the density interface. Craya (1949) showed from dimensional analysis that the
densimetric Froude number is of primary importance in determining the nature of the flow
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induced by withdrawal through a line sink from a two-layered fluid with a sharp interface.
The densimetric Froude Number F is redefined here as a bulk parameter such that the
overall density difference from the top to the bottom is used to calculate the reduced gravity
g', and h' = kr(h2-1-0.5 8) is the vertical distance between the line sink and the center of the

interfacial layer.
Figure (5-8) shows, from the eigenvalue analysis, the vertical profiles of horizontal
velocity components for the first four internal vertical wave modes associated with the
density profile of run 1. The velocity profile for the first vertical wave mode appears to be
proportional to the density profile. With top and bottom layers moving in the opposite
directions, the interfacial layer oscillates as a whole with little deformation. However, the
second vertical wave mode is dominant in the interfacial layer causing the advection of fluid
within this layer. With top and bottom layers now moving in the same direction as each
other and in the opposite direction to the interfacial layer, this leads to a horizontal variation
of interfacial layer thickness. See figures (2-5c) and (2-5d) for a schematic of oscillating
patters for the first two vertical wave modes. The third and the fourth vertical wave modes
have the similar oscillating mechanisms to the first and the second vertical internal wave
modes respectively, but with different magnitudes and periods. The natural periods of these
vertical wave modes get progressively larger. As a result it is expected that the set-up time
for these wave modes also get progressively larger. Heaps & Ramsbottom (1966) showed
that for a particular wave mode to set up, the forcing must persist at least one quarter that of
the wave period.
The development of the horizontal velocity at x = 0.5L is shown in figure (5-9), where
the dotted lines indicate the upper and lower density interfaces. The first profile (t = 0.43T11)
shows dominant first vertical internal wave mode oscillation with top layer velocity being
larger than that of the bottom layer due to the constant forcing discharge. By t = 0.86T11
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(t = 0.40T12) the jet-like flow is developed in the interfacial layer showing the
commencement of the second vertical wave mode. The second jet-like return flow shows up
within the interfacial layer by the time of subsequent profile at t = 1.29T11 (t = 0.36T13)
indicating the development of the third vertical wave mode. The fourth vertical wave mode
is visible at t = 1.72T11 (t 0.33T14). Visual inspection of subsequent velocity profiles shows
no higher vertical modes to appear, since the energy is usually partitioned into the first few
wave modes and higher wave modes are more severely damped, as shown by LaZerte
(1980) and Crampin & Dore (1970). The reflections of the first and the second vertical wave
modes can be identified, while the movements of the third and the fourth vertical wave
modes are relative hard to follow.
The spectral analysis of interfacial oscillations are shown in figure (5-10). Figure (5-10a)
is the spectrum from the oscillation data of interfacial layer's center at x = 0. The dominance
of low frequency band is apparent with most of the energy concentrated in the range of
0.0-0.1 Hz. Figure (5-10b) shows the spectra calculated from the oscillation data of both
upper interface and interfacial layer's center in the range of 0.0-0.015 Hz, where the upper
interface is the interface between the top and interfacial layers. The four peaks with periods
of 35.7, 76.0, 133.3 and 192.4 seconds, examined in comparison with the predicted periods
based on the eigenvalue analysis, correspond to the fundamental first, second, third and
fourth free vertical internal mode oscillations (see Table 5-3). The Observed resonant
frequencies are reasonably close to predictions with the maximum discrepancy of 8%. This
discrepancy is mainly due to the viscous damping, as the predictions are based on the
solutions a linearized vertical momentum equation for an inviscid fluid. As mentioned the
second vertical wave mode is responsible for the advection of fluid within the interfacial
layer thus causing the expansion and shrinking of the interfacial layer, therefore the
oscillation data of upper interface has stronger second vertical mode signal than that from
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the center of the interfacial layer, as indicated in figure (5-10b). The significant peak with
period of 20.4 seconds corresponds the free internal wave mode which is of second mode in
horizontal direction and of first mode in vertical direction. Noting that the natural period for
this mode T21 is more than half that of the fundamental first vertical mode T11, this is due to
the fact that higher modes are more severely damped. An additional feature of note in figure
(5-10b) is the large peak at zero frequency for upper interface oscillation data. This peak
corresponds to the steady-state tilting of the upper interface due to the constant forcing
discharge. The steady-state tilting of the center of the interfacial layer is much smaller
compared to that of the upper interface.
Run 2 has a significantly smaller interfacial layer thickness than run 1. While both
experimental runs have comparable fundamental first vertical mode periods T11, run 2 has
much larger higher vertical mode periods than run 1 due to the much thinner interfacial
layer, as shown in table (5-2). Figure (5-11) shows the development of horizontal velocity
component of run 2 at x = 0.5L. Again the vertical first wave mode is dominant at the first
profile. By t = 0.84T11 (t = 0.25T12) the second wave mode has developed but with much
smaller magnitude compared to that in run 1. Subsequent velocity profiles shows no
evidence of higher vertical wave modes. With natural periods of higher vertical wave modes
being much larger than that of the first vertical wave mode and little energy being
partitioned into higher vertical wave modes, the first vertical wave mode is dominant and the
internal wave in this case effectively behaves as a two-layered fluid system, as shown by
Mortimer (1953) and Wiegand & Carmack (1986).

5.2.2 Experiment 2
This experiment consists of fourteen numerical runs. The density profiles used consist of
two homogeneous fluids separated by a exponentially stratified interfacial layer, as shown in
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equation (2-15). Two different values of reduced gravity are used with ,g; = 0.03 m/s2 and
= 0.06 m/s2, here g' is defined as a bulk parameter. The relative top and bottom layer
thicknesses, hi/L and h2/L, vary from 0.13 to 0.23, and the relative interfacial layer thickness

&L varies from 0.04 to 0.25. The detailed experimental parameters are listed in table (5-4).
Some comparisons as to the fundamental first vertical mode period T11 can be made here
between numerical results and theoretical predictions, since for this particular case the
theoretical solution of Fjeldstad (1933) is available (equation 2-16). The comparison is
shown in figure (5-12), where T11 is normalized with respect to T1, the fundamental period
in a two-layered fluid with a sharp interface when 6 = 0. The agreement is excellent with
maximum discrepancy being 1.2%. Also plotted in figure (5-12a) is the theoretical solution
of Phillips (1966) (equation, 2-14). It is not surprising to see the large discrepancy between
the numerical results and theoretical predictions of Phillips (1966) for large interfacial
thickness 61L, Since equation (2-14) is based on the assumption that k6 << 1.

5.3 Forced Internal Seiche Triggered by Unsteady Withdrawal
This section discusses four sets of numerical experiments, with different density profiles,
varying from two-layered fluid with a sharp interface to piecewise linear density profile. The
value of viscosity used ranges from 10-6 m2/s to 10-5 m2/s. The discharge process is
sinusoidal and determined by

Q = Q + Vsin(2,7rtIT f — 0.5x)^ (5 1)
-

where Q aye = 4.610-4 m2/s is the average discharge rate through the line sink and

AQ0.6Q„,,e is the amplitude of the discharge process. T1 is the discharge or forcing period,
which is stepped through a series of values for each numerical experiment to test the
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response properties of forced internal seiche. Detailed experimental parameters for all the
numerical experiments carried out in this section are listed in Table (5-5). The introduction
of a sinusoidal discharge process will set up a forced internal seiche with the same period as
the forcing. At the same time a set of free internal wave modes are also set up as soon as the
density interface is displaced from its equilibrium position. These free internal wave modes
oscillate according to their own natural periods. The resulting oscillation is the combination
of both forced and free internal seiches.

5.3.1 Experiment 1; Comparison with Physical Experiments
The physical experiments are carried out by Allan (1993) in the Hydraulic Laboratory of the
University of British Columbia. The experimental set up consists of a tank 2.40 m long, 0.60
m high and 0.59 m wide, a programmable pump under computer control, a conductivity
sensor. The tank is subdivided into a experimental section and a reservoir section by a center
wall 0.525 m high, 1.235 m from the discharge sidewall. Pumping occurs through a line sink
0.30 m above the bottom of the tank. The water pumped out is returned to the reservoir
section of the tank and flows over the center wall to maintain the overall water depth in the
tank. The conductivity sensor is mounted 10 cm from the discharge side on a traverse such
that it may be raised and lowered to desired depths within the tank. For each experiment the
variation of the interface elevation is interpolated from the varying conductivity data of the
probe, which is located at the center of the density interfacial region. Figure (5-13) is
redrawn after Allan (1993) showing the schematic of the experimental set up.
Six numerical runs are carried out for comparison with the corresponding physical
experiments. The density stratification is approximated by a piecewise linear density profile,
which closely resembles that determined by the conductivity probe in the physical
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experiment. The viscosity used in the numerical experiments is 10-6 m2/s which is
considered a typical value in the laboratory scale (Thorpe, 1968a, Allan 1993). During the
experiments the forcing period Tf is stepped through a series of values ranging above and
below the natural period of the fundamental first vertical internal wave mode Tn. The
normalized forcing period T1/T11 = 0.92, 0.94, 0.98, 1.00, 1.01 and 1.04 from run 1 to run 6
respectively.
The responses of density interface to the sinusoidal discharge process are plotted in
figure (5-14) showing the time series of interfacial movement 10 cm from the discharge side
(x = 0). Visual inspection of these plots shows a fairly good agreement, both in magnitudes

and in phase angles, between numerical and physical experiments. Two major features worth
of note are: (a) The large phase angle differences between numerical and physical
experiments in the first few cycles, (b) The beating phenomena. The large phase angle
differences are caused by the free oscillations of previous physical experimental runs which
are repeated one after another as a sequence of tests. As it may take as long as 30 to 40
cycles for these free oscillations to die out, therefore when the new experimental run is
started these free oscillations may be dominant in the first few cycles. As time passes the
forced oscillation gradually becomes dominate and those free oscillations turn into high
horizontal mode oscillations with decaying amplitude. The interaction between the forced
internal seiche and the fundamental first vertical mode free internal seiche is responsible for
the beating phenomena which will be discussed later. The close matching of the beating
envelopes between the numerical and physical experiments reflects the high accuracy of
numerical model in modeling the forcing discharge process and in predicting the natural
period of internal seiche.
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5.3.2 Experiment 2
Experiment 2 consists of six numerical runs, which serves to investigate the dynamic
response of a two-layered fluid with a sharp interface to the unsteady withdrawal. The
normalized forcing period Tfai is stepped from 0.83 to 1.20, where T1 = 38.7 seconds is the
fundamental natural period calculated from the linear inviscid theory of a two-layered fluid
with a sharp interface (equation 2-3).
The time series of density interface movement at x = 0 for all six numerical runs are
presented in figure (5-15) which shows the predominance of the forced oscillation with
forcing periods Tp A near-resonance occurs at run 3 with Tf = 40.0 seconds, which is
discussed in detail here. The development of horizontal velocity component at x = 0.5L is
shown in figure (5-16), where the dotted line indicates the equilibrium position of the
density interface. The first three profiles of the flow establishment show that both upper and
lower layer fluids move in the same direction towards the sink side wall. This flow pattern
of the initial set-up stage is different from that of a wind-driven internal seiche where there
is a wind-driven large scale circulation in the upper layer with a downwind surface flow and
a upwind return flow in the lower part of the upper layer (Heaps and Ramsbottom, 1966).
Subsequent velocity profiles show the typical flow pattern of the internal seiche in a twolayered fluid with a sharp interface, with progressively larger oscillating amplitudes as the
forcing discharge continuously feed energy into this particular wave mode. Figure (5-17)
shows the time series of the density interface movement at x = 0 as well as the
corresponding discharge process. Also shown in figure (5-17) are the time series of the
horizontal velocities at the central points of both upper and lower layers. The important
feature of note is that the forced oscillation follows the sinusoidal discharge process, thus
does not exhibits the common phase angle lag of a linear mass-spring-dashpot system as
depicted in figure (2-7b). This agree with the results of Hyden (1974) and Hodgins (1979).
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The time history of the resonant internal seiche are better illustrated by a surface plot which
shows the interface movement throughout the whole length of the tank rather than at a single
point, this is shown in the colour photograph of figure (5-18).

5.3.3 Experiment 3
Experiment 3 differs from experiment 2 in several respects, most significantly, is the
introduction of a linearly stratified interfacial layer. This experiment consists of eight
numerical runs with normalized forcing period Tian ranging from 0.25 to 1.68, where
T11 = 32.2 seconds is the fundamental first vertical mode natural period calculated from the
eigenvalue analysis. As mentioned in section 2.2.4, a linearly stratified interface can be
approximated, to the first order approximation, by an exponentially stratified interface if the
density variation is small. A fundamental first vertical mode natural period T11 thus
calculated is 31.9 seconds (see equation 2-16). The responses of the interfacial layer to the
sinusoidal discharge process are presented in figure (5-19), showing the variations of the
displacement of interfacial layer's center from its equilibrium position at x= 0. The spectral
analysis of run 1, 2, 5 and 8 are presented in figure (5-20).
Visual inspection of the interfacial oscillation data of run 1 with Tf = 8.0 seconds
( figure 5 -19a ) shows two dominant oscillations, the forced oscillation with a forcing period
Tf and the fundamental first vertical mode free oscillation with a period of about 30 seconds.

It is seen that the forced oscillation reaches its steady state very quickly and persists as long
as the discharge is sustained, while the free oscillation decays due to viscous damping. The
internal wave modes are more clearly illustrated in the spectrum of figure (5-20a), which
shows six apparent energy peaks. The two peaks with periods of 33.3 and 8.0 seconds
correspond to the fundamental first vertical mode free oscillation and the forced oscillation
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respectively. While the remaining four apparent peaks with progressively less partitioning
energy correspond to the second, the third, the fourth and the fifth horizontal free internal
wave modes respectively. Again noticed is the increasing of natural periods due to viscous
damping. An additional feature in figure (5-20a) is the small peak with the period of 122.0
seconds, which corresponds to the fundamental second vertical mode free oscillation, with
the predicted value of T12 being equal to 118.2 seconds. The point raised here is that, with
little energy being partitioned into the second vertical mode and T12 >> T11, the internal
wave will effectively act as a two-layered fluid system with little deformation of the
interfacial layer. The time history of interfacial movement for run 8 with T1= 54.0 seconds is
presented in figure (5-19h), which shows the predominance of the forced oscillation. The
spectral analysis of this run is presented in figure (5-20d) showing a dominant energy peak
of forced oscillation as well as three much smaller peaks corresponding to higher horizontal
free oscillation modes.
A further important feature of figure (5-19) is the periodic beating phenomena. This is
caused by the interaction between the forced internal seiche and the fundamental first
vertical mode free internal seiche. As mentioned earlier, the forced oscillation has the same
period as the forcing

Tf,

while the fundamental first vertical mode free internal seiche

oscillates according to its own natural period T11. If both oscillations have comparable
periods and magnitudes, the periodic beating occurs. Figure (5-20b) shows the spectral
analysis result of run 2 with Tf = 28.2 seconds. Noticing in this figure the two comparable
dominant energy peaks with periods of 28.2 and 33.3 seconds, these are the exact internal
wave modes responsible for the beating. However as the free oscillation is damped by the
viscosity, the beating will get progressively smaller.
A near-resonance occurs at run 5 with Tf=33.0 seconds, as indicated in figures (5-19e)
and (5-20c). The development of the horizontal velocity components of this run at x = 0.5L
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is shown in figure (5-21), where the dotted lines indicate the upper and lower interfaces. The
predominance of a forced first vertical wave mode is apparent in the first three profiles. By
t = 1.39Tii ( t = 0.357'12) the jet-like flow pattern is developed in the interfacial layer
indicating the commencement of the second vertical free internal wave mode. However due
to the fact that less energy is partitioned into the higher vertical wave modes for the case of
relatively small interfacial layer thickness, and higher vertical wave modes are damped
more, Subsequent profiles show no higher vertical wave modes to appear. As the forcing
discharge process continuously feeds energy to the force oscillation, the second vertical free
wave mode gets progressively harder to identify.

53.4 Experiment 4
This experiment consists of five numerical runs. While both experiments 3 and 4 have a
linearly stratified interfacial layer, experiment 4 differs from experiment 3 in that the
thickness of the interfacial layer 8 is significantly increased, as shown in table (5-5). The
fundamental first vertical mode periods Tu of both experiments are comparable, however,
due to the increased interfacial layer thickness, experiment 4 has a fundamental second
vertical mode period T12 of 83.4 second comparing with a T12 = 118.2 seconds in experiment
3. Hence it is expected that in this experiment higher vertical internal wave modes are
allowed to play a role in the interfacial oscillation.
The interfacial movement of run 1 (Tf = 10.0 seconds) is presented in figure (5-22a),
which shows the time series of the displacement of interfacial layer's center from its
equilibrium position at x = 0. Visual inspection of this figure shows a forced oscillation,
which is superimposed on a fundamental first vertical mode free oscillation with decaying
amplitude. The oscillation data of both upper and lower interfaces are shown in
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figure (5- 22b) , which shows the time series of the displacements of both upper and lower
interfaces from their equilibrium positions at x = 0. Note the expansion and shrinking of the
interfacial layer, this is due to the second vertical wave mode. The second vertical mode
oscillation is better illustrated in figure (5-22c), which shows the time series of interfacial
layer thickness at x = 0. Two apparent oscillations can be observed. The first one with a
period of about 10 seconds is the forced second vertical wave mode caused by the forcing
discharge, while the second one with a period of about 80 seconds corresponds to the free
second vertical wave mode. It can be seen, after comparing figure (5-22a) with (5-22c), that
the second vertical free wave mode is more severely damped compared to the first vertical
free wave mode. Figure (5-22d) shows the spectra calculated from the oscillation data of
both upper interface and the center of the interfacial layer. The three apparent energy peaks
with periods of 34.6, 83.3 and 156.3 seconds correspond to the fundamental first, second and
third vertical free internal wave modes respectively. The predicted natural periods for above
wave modes, from the eigenvalue analysis, are 34.2, 83.4 and 143.4 seconds respectively.
The energy peak with a period of 20.0 seconds corresponds to the internal wave mode which
is of second mode in horizontal and of first mode in vertical, and the energy peak with a
period of 10.0 seconds corresponds to the forced oscillation. An important feature of figure
(5-22d) is that, owing to the increasing of the interfacial layer thickness, the first three
vertical free internal wave modes are now in the same order of magnitude.
Run 2, run 3 and run 4 have similar oscillation patterns, as shown in figures (5-23),
(5-24) and (5-25). Run 3 with Tf = 33.0 seconds is discussed in detail here. With forcing
period Tf being close to T11, the forced first vertical wave mode oscillation is selectively
amplified, as shown in figure (5-24a). The predominance of the first vertical wave mode
oscillation can also been found in figure (5-24b), where the lower interface almost follows
the movement of the upper interface indicating little deformation of interfacial layer, thus
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less second vertical wave mode oscillation. Figure (5-24c) shows a dominant forced second
vertical wave mode with much smaller magnitude compared with that of the forced first
vertical wave mode. The predominance of the forced first vertical wave mode is also found
in the spectra analysis of figure (5-24d), where the energy peak with a period of Ti- is
dominant.
Run 5 has a forcing period T1 of 80.0 seconds, which is close to the natural period of
fundamental second vertical wave mode T12. With Tf being close to T12, a near-resonant
second vertical mode is created. With upper interface and lower interface being out of phase,
as shown in figure (5-26b), the second vertical wave mode is dominant in the interfacial
oscillations, as shown in figure (5-26c). The dominance of the second vertical mode is also
shown in the spectrum of figure (5-26d). The development of horizontal velocity
components at x = 0.5L is shown in figure (5-27). The first profile (t = 0.24T12) shows the
commencement of the first vertical wave mode. By t = 0.48T12 the jet-like return flow is
developed in the interfacial layer showing the development of the forced second vertical
wave mode. The third vertical wave mode shows up at the t = 0.96T12. Subsequent profiles
show the predominance of the forced second vertical mode oscillation, as the forcing
discharge continuously feeds energy into this particular mode.
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Conclusions and Recommendations
The resonant internal seiche in a viscous and incompressible fluid triggered by unsteady
withdrawal from a rectangular tank is investigated numerically in this thesis using the CIC
method. In the numerical model, two density profiles are used: a two-layered fluid system
with a sharp interface and a two-layered fluid system with a diffuse interface. The viscous
effects are represented by an eddy viscosity which is assumed constant and uniform
throughout the fluid. The following conclusions can be drawn from this investigation:
(a) The CIC method used here combines the best features of both Lagrangian and
Eulerian approaches, and is most advantageously applied to the fluid dynamics problems
with density stratification. The numerical model solves, in finite difference form, the
governing equations in terms of stream function and vorticity, therefore avoids the
complexity of solving the pressure field. The free surface boundary conditions in this case
are more difficult to apply, however, for the case of small density variation, simplified fire
surface boundary conditions may be chosen without affecting the main features of the flow,
as shown in the comparison with the parallel physical experiments of Allan (1993).
(b) The two-layered fluid system with a sharp interface allows only one vertical internal
wave mode to exist. With the fluids in the upper and lower layers moving in the opposite
directions, large velocity shear develops at the density interface. The observed fundamental
natural periods T1 agree well with the predictions based on the linear inviscid theory of a
two-layered fluid with a sharp interface (equation, 2-3). The discrepancies range from 1.1%
to 6.8% with observed values being always larger than the predictions. This increasing of
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natural periods is mainly due to the effect viscous damping and finite interface thickness, as
shown in the physical experiments of Thorpe (1968a), Hyden (1974) and Allan (1993). The
numerical experiments also show that higher internal wave modes are more heavily damped,
this is supported by the analytical solution of Harrison (1908) and the numerical solutions of
Crampin & Dore (1970).
(c) The introduction of a continuously stratified interfacial layer between two
homogeneous fluids enables more than one vertical internal wave modes to exist,
furthermore the dispersion relation changes as the density profile changes. The natural
periods of a two-layered fluid system with an exponentially stratified interfacial layer are
well predicted by the numerical model, in comparison with the theoretical solutions of
Fieldstad (1933) (equation, 2-16). However large discrepancies are found between the
numerical results and the theoretical solutions of Phillips (1966) (equation, 2-14) for large

ka because equation (2-14) is based on the assumption that the interface thickness is small
compared to the wave length, i.e.

a << 1. The numerical experiments with relatively small

interface thickness show only two vertical internal wave modes. With less energy being
partitioned into the second vertical wave mode and T12 >> T11, the internal wave in this case
effectively acts as in a two-layered fluid system with a sharp interface, with little
deformation of the interfacial layer. This is supported by the observations of Wiegand &
Carmack (1986). The numerical experiments with large interfacial layer thickness shows up
to five vertical internal wave modes.
(d) Both free and forced internal wave modes are created by unsteady withdrawal. The
free internal wave modes oscillate according to their own natural periods, while the forced
internal wave mode follows the forcing of the discharge. Periodic beating phenomena is
observed as a result of the interaction between the forced internal wave mode and the
fundamental first vertical free internal wave mode. This periodic beating gets progressively
smaller, as the free internal wave mode decays due to viscosity.
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Some recommendations as to further research are also made here. More modifications
can be made to the numerical model to make it more efficient and accurate. The use of a
non-uniform grid system allows finer mesh in the density interfacial region without largely
increasing C.P.0 time. Furthermore the multigrid technique can be employed so as to speed
up the iteration process. The development of a more versatile numerical model with velocity
components and pressure being the primitive variables is recommended. This model would
allow more accurate free surface boundary conditions and both free surface and internal
waves to exist for the case of large density variation. Other physical problems can be looked
into. One of them would be the effect of the Coriolis force and real bathymetry on the
natural periods of internal seiches, as most analytical solutions are based on the assumption
that the lake or reservoir basin is box-shaped and the flow is two-dimensional. Mortimer
(1979) presented a one-dimensional numerical model for a two-layered fluid system with a
sharp interface which accounts for the cross-section variation of a lake, however a more
general three-dimensional model which may account for arbitrary density distributions and
real basin topographies still needs to be developed. Finally the effects of viscous damping
and finite amplitude on internal waves need to be investigated in more depth.
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Run

1

2

3

4

5

6

7

8

9

L (m)

2.40

2.40

1.20

1.20

2.40

2.40

1.20

1.20

1.20

h1 (n)

0.30

0.30

0.30

0.30

0.30

0.30

0.30

0.30

0.45

h2 (m)

0.30

0.30

0.30

0.30

0.30

0.30

0.30

0.30

0.15

g' (m/s2)

0.06

0.06

0.06

0.06

0.02

0.02

0.08

0.08

0.06

Ve (m2/S)

10-4

10-6

10-4

10-6

10-4

10-6

10-4

10-6

10-4

Ti (theoretical) (s)

52.3

52.3

26.2

26.2

90.7

90.7

24.2

24.2

31.6

Ti (numerical) (s)

53.9

53.3

26.9

26.5

93.9

92.8

25.5

25.1

33.8

Table (5-1). Free internal seiche in a two-layered fluid with a sharp interface;
experimental parameters and results.

Parameter

Run 1

Run 2

L (m)

1.20

1.20

h1 (m)
8 (m)

0.15

0.25

0.30

0.10

h2 (m)
P1 (kg/m3)

0.15

0.25

1000.0

1000.0

N (Hz)

0.44

0.63

P2 (kg/m3)
v (n2/s)

1006.0

1004.0

10-6

10-6

F

0.036

0.043

T11 (s)

34.9

38.8

T12 (s)
T13 (s)

75.5
125.8

130.1
244.2

T14 (s)

178.2

357.2

Table (5-2). Forced internal seiche triggered by constant
withdrawal, experiment 1; experimental parameters.
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Observed Value

Predicted Value

Mode
Til

,^34.9 s

35.7 s

T12

75.5 s

76.0 s

Ti3

125.8 s

133.3 s

T14

178.2 s

192.4 s

Table (5-3). Forced internal seiche triggered by constant
withdrawal, experiment 1, run 1; comparison of observed and
predicted natural periods of fundamental internal wave modes.

Run

1

2

3

4

5

6

7

8

9

10

11

12 13

14

L (m)

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

1.2

h1 (C111)

27.5 25.0 22.5 20.0 17.5 15.0 20.0 15.0 27.5 25.0 22.5 20.0 17.5 15.0

8 (Cm)

5.0 10.0 15.0 20.0 25.0 30.0 20.0 30.0 5.0 10.0 15.0 20.0 25.0 30.0

,h2 (CIII)
g bulk (11/s2)

27.5 25.0 22.5 20.0 17.5 15.0 20.0 15.0 27.5 25.0 22.5 20.0 17.5 15.0
0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.03 0.03 0.03 0.03 0.03 0.03

1.) (M2/S)

104 10-6 104 10-6 10-6 104 icrs 10-4 10-6 10-6 10-6 10-6 10-6 10-6

Tn(theoretical) (s) 28.9 29.9 31.0 32.1 33.4 34.7 32.1 34.6 40.9 42.3 43.8 45.4 47.2 49.0
Tnthumerican (s) 28.7 30.1 30.9 31.9 33.3 34.7 32.5 35.0 40.7 42.6 43.9 45.0 46.7 48.7

Table (5-4). Forced internal seiche triggered by constant withdrawal, experiment 2;
experimental parameters and results.
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Parameter

Exp 1

Exp 2

Exp 3

Exp 4

L (m)

1.235

1.2

1.235

1.235

h1 (m)
8 (m)

0.345

0.45

0.323

0.225

0.044

0

0.075

0.200

h2 (m)
Pi (kg/m3)
N (Hz)

0.136

0.15

0.127

0.100

1001.42

1000.00

1000.08

1000.08

1.21

—

0.95

0.58

P2 (kg/m3)

1008.04

1004.00

1006.96

1006.96

V (n%)

10-6

10-6

10-5

10-5

AQ (m2 /s)
s)

2.76*10-4 2.76*10-4 2.76*10-4 2.76*10-4

F

0.029

0.067

0.034

0.020

T11 (s)

32.3

34.9

32.2

34.2

T12 (s)

150.8

—

118.2

83.4

T13 (s)

281.5

—

220.3

143.4

Table (5-5). Forced internal seiche triggered by unsteady withdrawal;
experimental parameters.
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0.2 -
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6.0^8.0^10.0^12.0^14.0^16.0

Temperature (co)
Figure (1-1). Temperature profile from Windermere northern basin showing
the typical temperature profile of a lake during summer (redrawn from
Mortimer, 1952).
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y=0
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x=L

Figure (1-2). Defming sketch of a two-layered reservoir model
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Figure (1-3). Location map for the Kootenay river drainage basin (from
Carmack & Gray, 1982).
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6HR^ 8HR

2HR^ 4HR

LOCH EARN
Aug. 9,1911
10HR^ I2HR^ I4HR

Figure (2-1). (a) Hourly positions of the thermocline bounded by
the 90 and 11°c isotherms on a longitudinal section of Loch Earn
redrawn from Wedderburn (1912), (b) general flow pattern of free
internal seiches in a two-layered lake, from Wedderburn &
Williams (1911).
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Second Horizontal Mode (n=2)

(b)

Third Horizontal Mode (n=3)

(c)

Figure (2-2). Interface profiles of internal seiches in a two-layered flukl with a
sharp interface; (a) first or fundamental horizontal mode (n=1), (b) second
horizontal mode (n=2), (c) third horizontal mode (n=3).
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0.4^f 0.6
0.8
^
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Figure (2-3). The variation of tanhkht and tanhkh2 for which the
variation of natural frequency with wave amplitude changes. In region
A, the frequency decreases with increasing wave amplitude; In region
B, the frequency increases with increasing wave amplitude (from
Thorpe, 1968a).
0.1

0.08

kiNkTo= 2.5
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or.
"
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Viscosity (m2/s)
Figure (2-4). Viscous effect on natural frequency of internal seiche in a
two-layered deep fluid.
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yIH

yIH
1

Mode 2

Mode 1
(b)

Figure (2-5). Schematic plot of a three-layered fluid system; (a) the density profile,
(b) the associated two vertical internal wave modes, (c) the oscillation mechanism of
the first vertical wave mode, (d) the oscillation mechanism of the second vertical
wave mode (redrawn from Stevens & Imberger, 1993).
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Figure (2-6). Density profile of a two-layered fluid system with a
exponentially stratified interfacial layer.
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P = P0exP{-4P12P0 tanNY18))

(a)
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Cl.
0.2

-

0.1 —
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Figure (2-7). (a) Hyperbolic tangent density profile in deep
fluid, (b) the associated dispersion relationship.
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Figure (2-9). Response curves for internal seiches in deep fluids with
dp/p2=4.7*10-3, where 2a/A is the wave steepness. The symbols represent
different total plunger amplitudes (from Thorpe, 1968a).
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Figure (2-10). Response curves for internal seiches in shallow lower fluid,
kh2=0.48, and deep upper fluid, and with Ap/p2=4.7*10-3 (from Thorpe,
1968a).
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Figure (3-1). Boundary conditions for stream function ty.
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Figure (4-3a). A sketch showing locations of points A and B.
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Figure (4-3b). Grid size dependence tests on dx; stream function versus
time at point A .
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Figure (4-3c). Grid size dependence tests on Ay, coarse mesh; stream function
versus time at point B.
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Figure (4-3d). Grid size dependence tests on Ay, fine mesh; stream function
versus time at point B.
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Figure (5-4). Free internal seiche in a two-layered fluid with a sharp
interface, run 3 and run 9; surface plot of interface movement showing
the damping process of free internal seiches.
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Figure (5-7). Free internal seiche in a two-layered fluid with a sharp interface, run 3;
velocity vector plots over one complete cycle.
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Figure (5-13). Forced internal seiche triggered by unsteady withdrawal, experiment 1,
comparison with physical experimnets; schematic of experimental setup (redrawn from
Allan, 1993).
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Figure (5-16). Forced internal seiche triggered by unsteady withdrawal, experiment 2,
run 3; horizontal velocity profiles at x = 0.5 L.
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Figure (5-18). Forced internal seiche triggered by unsteady withdrawal, experiment
2, run 3; surface plot of density interface movement of resonant internal seiche.

111

20
10

-10
-20

100

^

200^300
Time (sec.)

^

400

^

500

200^.^300
Time (sec.)

400

200^300
Time (sec.)

400

500

300
Time (sec.)
^

400

500

20

E 10

-20

100

Run 4
= 31.4 s.

200

Figure (5-19). Forced internal seiche triggered by unsteady withdrawal, experiment 3,
interfacial oscillation data at x=0.
(continued)
112

20 ■^

a

10

I

Run 5
= 33.0 S.

1

100

200300
Time (see)

400

^I
500

o

100

200300
Time (sec.)

400

500

o

100

200^300
Time (sec.)

400

500

o

100

200^300
Time (sec.)

400

500

20

.1
-20
20

g 40
-20

^

20

—g 10
..,

-20

^

Figure (5-19). Forced internal seiche triggered by unsteady withdrawal, experiment 3,
interfacial oscillation data at x=0.

113

...

:-

...

..

.. ..

..

Ifil
0.0^01^02

^

03

^

0.4

Frequency (Hz)

Frequency (Hz)
Figure (5-20). Forced internal seiche triggered by unsteady withdrawal,
experiment 3; spectra of interfacial oscillation data at x=0.
(continued)
114

10-8

10."
1042
1043 —

(c)
1111111111^VI

0.0^0.1

^

0.2^03^0.4

Frequency (Hz)

I

Run 8

Tf = 54.0 s.

...

...

... ... ...

.. ... ...

..

...

.. ...1.... . ^
0.1^0.2

03

0.4

Frequency (Hz)
Figure (5-20). Forced internal seiche triggered by unsteady withdrawal,
experiment 3; spectra of inwrfacial oscillation data at x=0.

115

Horizontal Velocity Profile At t =0.46 T11

Horizontal Velocity Profile At t =0.77 T11

1.0.
OS

Z.

0.6

0.4 ^

0.4

02

0.2

0.0:

0.0

-0.004^-0.002^0.000^0.002^0.004
U (m/s)
1.0

Horizontal Velocity Profile At t 1.08 T11 ^
1.0

0.8

08

0.6

0.6

OA

OA

02

0.2

0.0

-0.004

-0.002

0.000
U (raw

U

0.002
.^0.004

Horizontal Velocity Profile At t = 1.39 T11

0.0
0.002 0.004 -0.004 -0.002 0.000
U(Ws)

Horizontal Veloci Profile At t = 1.70 T11

1.0

-0.002

0.002

0.004

Horizontal Velocity Profile At t = 2.01 T11

1.0
0.8

OS
0.6

Z.

OA
0.2

0.6
OA
02

00

-0.002^0.000
U (mh)

0.022^0.004

Horizontal Velocity Profile At t =2.32 T11

0.0

-0.004

-0.002

OA00

U (ai/s)

0.002

0.004

Horizontal Velocity Profile At t = 2.63 T11

1.0
0.8
04

-

0.4
0.2
-0.002

0.000
U (m/s)

0.002

0.0

0.004

-0.002^0.000
U (is)

Horizontal Velocity Profile At t = 3.25 T11

Horizontal Velocity Profile At t = 2.94 T11

1.0

0.032^0.004

02
0.6
OA
02
0.0

-0.004

-0.0O2

0.000
U (Ws)

0.002

0.004

-0.004

-0.002

0.000
U (m/s)

0.002

0.004

Figure (5-21). Forced internal seiche triggered by unsteady withdrawal, experiment 3,
run 5; horizontal velocity profiles at x3.5L.
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Experiment 4, Run 1, Tr = 10.0 s.
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run 1; interfacial oscillation data of (a) the center of interfacial layer and (b) upper and
lower interfaces at x,',I, (c) time series of interfacial layer thickness at x=0.
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Experiment 4, Run 3, Tf = 33.0 s.
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Figure (5-24). Forced internal seiche triggered by unsteady withdrawal, experiment 4,
run 3; interfacial oscillation data of (a) the center of interfacial layer and (b) upper and
lower interfaces at x4), (c) time series of interfacial layer thickness at x=0.
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Figure (5-25). Forced internal seiche triggered by unsteady withdrawal, experiment 4,
run 4; interfacial oscillation data of (a) the center of interfacial layer and (b) upper and
lower interfaces at x4, (c) time series of interfacial layer thickness at x=0.
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Figure (5-25d). Forced internal seiche triggered by unsteady withdrawal,
experiment 4, run 4; spectra of interfacial oscillation data at x=0.
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Experiment 4, Run 5, Tf = 80.0 s.
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Figure (5-26). Forced internal seiche triggered by unsteady withdrawal, experiment 4,
run 5; interfacial oscillation data of (a) the center of interfacial layer and (b) upper and
lower interfaces at x4), (c) time series of interfacial layer thickness at x=0.
(continued)
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Figure (5-26d). Forced internal seiche triggered by unsteady withdrawal,
experiment 4, run 5; spectra of interfacial oscillation data at x=0.
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Figure (5-27). Forced internal seiche triggered by unsteady withdrawal, experiment 4,
run 5; horizontal velocity profiles at x(3.5L.
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