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ABSTRACT: A performance-based multi-objective design optimization framework for 

nonlinear/hysteretic multi-degree-of-freedom (MDOF) structural systems subject to evolutionary 

stochastic excitation is formulated. The core of the developed framework is an efficient approximate 

dimension reduction technique based on the concepts of statistical linearization and of stochastic 

averaging for determining the non-stationary system response amplitude probability density functions 

(PDFs); thus, computationally intensive Monte Carlo simulations are circumvented. Note that the 

approach can handle readily stochastic excitations of arbitrary non-separable evolutionary power 

spectrum (EPS) forms that exhibit strong variability in both the intensity and the frequency content. 

Further, approximate closed-form expressions are derived for the non-stationary inter-story drift ratio 

amplitude PDFs corresponding to each and every DOF. In this regard, considering appropriately 

defined damage measures structural system related fragility curves are determined at a low 

computational cost as well. Finally, the structural system design optimization problem is formulated as 

a multi-objective one to be solved by a Genetic Algorithm based approach. A building structure 

comprising the versatile Bouc-Wen (hysteretic) model serves as an example for demonstrating the 

efficiency of the methodology. 

 

The performance-based engineering (PBE) 
framework aims at providing information for 

facilitating risk-based decision-making via 
performance assessment and design methods that 

properly account for the presence of 

uncertainties. As far as the decision variable 

(DV) is concerned, the seismic life-cycle cost 

(LCC) accounting for the structure lifetime 

expected damage costs is commonly adopted; see 

(Wen and Kang 2001; Ellingwood and Wen 

2005; Taflanidis and Beck 2009) for some 

indicative references.  

Further, several approaches have been 

developed for relating the seismic hazard to the 

system fragility and for producing corresponding 

fragility curves. These range from the ones that 

employ a limited number of nonlinear time-

history analyses with prescribed IM level 

compatible scaled real earthquake records 

(Vamvatsikos and Cornell 2002), to the ones that 

employ standard or efficient Monte Carlo 

simulation (MCS) based methodologies such as 

importance/line sampling, and subset simulation 

(Schueller et al. 2004). Nevertheless, note that 

there are cases where the computational cost of 

the MCS based techniques can be significantly 

high; thus, rendering their use computationally 

cumbersome, or even prohibitive. In this regard, 
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an interesting contribution relating to the 

development of an efficient approximate 

technique is the work by Der Kiureghian and 

Fujimura (Der Kiureghian and Fujimura 2009), 

where an efficient tail-equivalent linearization 

based approach was applied for fragility analysis 

of a nonlinear building structure.   

In this paper, a PBE multi-objective design 

optimization framework for nonlinear/hysteretic 

multi-degree-of-freedom (MDOF) structural 

systems subject to evolutionary stochastic 

earthquake excitation is formulated. The core of 

the developed framework is an efficient 

approximate analytical dimension reduction 

approach for determining the system response 

evolutionary power spectrum (EPS) matrix based 

on the concepts of statistical linearization and 

stochastic averaging; thus, computationally 

intensive Monte Carlo simulations are 

circumvented (Kougioumtzoglou and Spanos 

2013). Further, approximate closed-form 

expressions are derived for the non-stationary 

response amplitude PDFs of the inter-story drift 

ratios (IDRs) corresponding to each and every 

DOF. In this regard, considering appropriately 

defined damage measures (DMs) structural 

system related fragility curves are determined at 

a low computational cost as well. Furthermore, 

note that a multi-objective optimization treatment 

(Jensen 2009) allows for objectives that exhibit 

potentially conflicting requirements to be treated 

simultaneously. In the present formulation, 

solving the multi-objective optimization problem 

yields the determination of a set of Pareto 

optimal solutions (Pareto front). Each solution of 

the Pareto front constitutes an acceptable design 

configuration compromising the potentially 

conflicting sub-objectives of the problem.  

1. NONLINEAR STOCHASTIC RESPONSE 

DETERMINATION 

1.1. Statistical linearization treatment 

Consider an n-degree-of-freedom nonlinear 

structural system governed by the equation 

                         (1) 

where       and   denote the response 

acceleration, velocity and displacement vectors, 

respectively, defined in relative coordinates; M, 

C and K denote the       mass, damping and 

stiffness matrices, respectively;         is 

assumed to be an arbitrary nonlinear       

vector function of the variables   and   ; and 

                            is a       zero 

mean, non-stationary stochastic vector process 

defined as                   where     is the 

unit column vector, and        is a stochastic non-

stationary excitation process (e.g. earthquake 

excitation) characterized by an evolutionary 

power spectrum (EPS)     
     . Further,      

possesses an EPS matrix         of the form 

        

 
 
 
 
 

  
     

                                   

                     
     

              

                                                        
                                   

     
      

 
 
 
 

   (2) 

while the non-stationary stochastic process      

is regarded to be a filtered stationary stochastic 

process. In this regard, the excitation EPS matrix 

Eq.(2) can be written as  

                              (3) 

where the superscripts (T) and (*) denote matrix 

transposition and complex conjugation, 

respectively;        is the modulating matrix 

which serves as a time-variant filter; and        

is the power spectrum matrix corresponding to 

the stationary stochastic vector process      .  

In the following, a statistical linearization 

approach (Roberts and Spanos 2003) is 

employed for determining the response EPS 

matrix        . In this regard, a linearized 

version of Eq.(1) is given in the form 

                             (4) 

Relying next on the standard assumption that the 

response processes are Gaussian, the time-

dependent elements of the equivalent linear 

matrices     and     are given by the 

expressions 
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  (5) 

In general, for a linear MDOF system subject to 

evolutionary stochastic excitation a matrix input-

output spectral relationship of the form 

                            
  

       (6) 

can be derived, where 

                 
 

 
                   (7) 

In Eq.(7)      denotes the impulse response 

function matrix. Further, the time dependent 

cross–variance of the response displacement can 

be evaluated by the expression 

      
           

  

  
          (8) 

It can be readily seen that Eqs.(5-8) constitute a 

coupled nonlinear system of algebraic equations 

to be solved numerically for the system response 

covariance matrix. Next, omitting the 

convolution of the impulse response function 

matrix with the modulating matrix can lead to 

substantial reduction of computational effort, 

especially for the case of MDOF systems. In this 

manner, Eq.(7) takes the form 

                      (9) 

where      is the frequency response function 

(FRF) matrix defined as 

                             
  

  (10)                               

Consequently, taking into account Eq.(3), Eq. (6) 

becomes 

                           (11) 

Note that Eq.(11) can be regarded as a quasi-

stationary approximate relationship which, in 

general, yields satisfactory accuracy in cases of 

relatively stiff systems. Considering next Eqs.(2), 

(8) and (11) yields for the i-th degree of freedom 

   
                  

    
  

  

 

           
      

                    (12) 

and 

    
                    

    
  

  

 

           
      

                                (13) 

Eqs.(12) and (13) hold true in the approximate 

quasi-stationary sense delineated earlier. Clearly, 

Eq.(11) can be used in conjunction with Eq.(5) 

and (7-8) to form a nonlinear system of algebraic 

equations to be solved for determining the 

MDOF system response covariance matrix at a 

low computational cost (Kougioumtzoglou and 

Spanos 2013); thus, circumventing 

computationally intensive Monte Carlo 

simulations 

1.2. Dimension reduction approach 

Following next the dimension reduction/ 

decoupling approach developed in 

(Kougioumtzoglou and Spanos 2013) an 

auxiliary effective linear time-variant (LTV) 

oscillator corresponding to the i-th DOF can be 

defined as 

                        
              (14) 

where the time-varying equivalent stiffness 

      
     and damping           elements can be 

determined by equating the variances of the 

response displacement and velocity expressed 

utilizing the quasi-stationary FRF of Eq.(14) 

with the corresponding ones determined via 

Eqs.(12-13); this yields 
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(16)   
     

         

Clearly, Eqs.(15) and (16) constitute a 

nonlinear system of two algebraic equations to 

be solved for the unknowns       
     and 

         . Further, relying primarily on the 

assumption of light damping, a stochastic 

averaging technique (Kougioumtzoglou and 

Spanos 2013) is applied. Next, the system non-

stationary response amplitude    is assumed to 
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follow a time-dependent Rayleigh distribution of 

the form  

         
  

     
     

  
 

      
  (17) 

yielding a first-order ODE of the form   

                        
                

      
    

 (18) 

which can be solved via standard numerical 

integration schemes such as the Runge-Kutta; see 

also (Kougioumtzoglou and Spanos 2013)  for a 

more detailed presentation of the topic.  

Further, the herein considered damage states 

(DS) are expressed in terms of the inter-story 

drift ratio (IDR) that is defined as the difference 

of the horizontal displacements between two 

successive stories, normalized by the inter-story 

height  . Considering in the ensuing analysis the 

IDR amplitude      , a direct transformation of 

the response amplitude PDF         yields the 

non-stationary IDR amplitude PDF in the form  

             

     
     

    
 

      
  (19) 

Furthermore, of particular interest from a 

reliability assessment perspective is the time 

instant where the IDR amplitude reaches its most 

critical value, i.e.                    . In the 

following, this is assumed to be the time where 

      reaches its peak value, and thus, the PDF of 

Eq.(19) takes its most broad-band form yielding 

higher failure probabilities. Specifically, the 

failure probability    defined as the probability of 

exceeding various levels of damage     

conditioned upon the peak ground acceleration 

(PGA), is expressed as 

 

                       
    

(

(20) 
                   

  
 

 

    

2. LIFE-CYCLE COST PBE FRAMEWORK 

The PBE methodology serves as a potent 

stochastic framework for assessing the 

performance of engineering structural systems 

subject to various hazards via an appropriately 

defined decision variable (DV). The uncertainty 

in seismic ground motions is normally described 

in terms of the probability distribution of a 

seismic intensity measure, such as the PGA. In 

this regard, the seismic hazard is presented as a 

mean seismic hazard curve        , which 

provides the annual probability of exceeding 

specified levels of PGA (Cornell et al. 2002); 

that is,   

                     (21) 

In various PBEE studies as well as in the ensuing 

analysis, discrete DS are considered. The non-

stationary IDR amplitudes       serve as global 

EDPs while the employed relationship between 

the EDP and the DS is based on the work by 

Ghobarah (Ghobarah 2004) related to ductile 

reinforced concrete (RC) moment resisting 

frames (see Table 1).  
 

Table 1: Damage states, IDR limits and costs 
Damage State IDR (%) Cost (% Cin) 

(I)-None             0 

(II)-Slight             0.5 

(III)-Light             5 

(IV)-Moderate             20 

(V)-Heavy             45 

(VI)-Major             80 

(VII)-Destroyed         100 

 

Further, the seismic fragility curves serving as a 

quantitative tool of the structure vulnerability are 

evaluated for various damage levels. Specifically, 

based on the approximate nonlinear stochastic 

dynamics technique outlined in section 1, the 

seismic fragility curves are efficiently 

determined by simply integrating the critical 

non-stationary response IDR amplitude PDF 

        for the time instant    ; see Eqs.(19-20). 

Next, considering the i-th DOF of the MDOF 

system, the annual probability of exceeding a 

given state of damage can be defined as 

 

                             
   

(

(22)  
        

     
        



12
th

 International Conference on Applications of Statistics and Probability in Civil Engineering, ICASP12 

Vancouver, Canada, July 12-15, 2015 

 5 

In the herein study, the earthquake occurrence is 

assumed to follow a Poisson process 

(Ellingwood and Wen 2005). Further, the 

expected value of the life-cycle cost (LCC) due 

to seismic hazard can be expressed in the form 

                
 

   

                 

       

   

   

    

   

          
              

            
                            (23) 

where     is the total number of damage states 

considered;      is the number of degrees of 

freedom of the MDOF system,   is a constant 

discount rate/year,    is the design life of the 

structure,    is the cost associated with the  -th 

damage state, given in Table.1 as a percentage of 

the initial cost;      
 refers to the  -th DOF and 

represents the   -year probability of exceeding 

the  -th damage state given by the expression 

      
                (24) 

Note that in the herein proposed LCC model the 

contribution of each and every DOF is 

considered resulting in a better account of the 

system overall performance; this is not the case 

with commonly used LCC models in PBEE 

studies where the system performance is 

associated with the most critical component only.  

3. NUMERICAL APPLICATION 

3.1. Three-story Bouc-Wen hysteretic building 

In this section, the proposed methodology is 

applied to a 3-story reinforced concrete building 

which is modeled as a nonlinear/hysteretic 3-

DOF structural system subject to evolutionary 

stochastic earthquake excitation, with h=3 m and 

                . A Young’s modulus of 

           and mass density of       
         are considered herein. The 

nonlinearity is assumed to be in the form of the 

Bouc-Wen hysteretic model (Ikhouane and 

Rodellar 2007). Columns’ cross-section dime-

nsions for a given floor are assumed to be equal, 

and thus, the vector of design variables   has one 

component for every story, i.e. the width of the 

cross-section. The 3-DOF nonlinear structural 

system is governed by Eq.(1) where 

                          (25) 

and  

 

                                       
             (

 (26) 
 

In the Bouc-Wen model the additional state    is 

associated with the relative displacement    via 

the nonlinear differential equation 

 

                        
        

(

(27) 
         

       

In Eq.(27) the parameters       and   are 

capable of representing a wide range of 

hysteresis loops. The values       , 
       ,     and     are considered 

herein. Further, the elements     
 and     

 are 

given by the expressions (Roberts and Spanos 

2003) 

     
  

 

 
  

        

      
  

       
       (28) 

and 

     
  

 

 
        

    
        

     
  

   (29) 

respectively. The damping matrix of the 

structural system   takes the form 

    
      

      
    (30) 

where     is assumed to be proportional to the 

stiffness matrix of the structure according to the 

expression  

              (31) 

where    is considered to be equal to       . 

Regarding the excitation EPS     
     , it is 

assumed to have the form  

     
                      (32) 
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where        represents a stationary process 

power spectrum and      denotes a time-

modulating function described by 

                       (33) 

where        and       ; k is a normali-

zation constant so that          . The widely 

used Kanai-Tajimi spectrum appropriately 

modified by Clough and Penzien (Clough and 

Penzien 1993) is considered for       ; that is 

 

         

      
 

         
        

       
 

  

(

(34) 
  

       
   

   

   
          

   
   

  

where    is the amplitude of the bedrock 

excitation spectrum, modeled as a white noise 

process;    and    are the damping factor of the 

soil and the fundamental natural frequency, 

respectively; and     and    are parameters 

describing the Clough-Penzien filter. The 

parameters values chosen are           

                             . The dura-

tion of the earthquake excitation    is taken equal 

to           . Note that in the ensuing analysis 

the following definition for      is adopted; i.e.,  

                                (35) 

Thus, to provide with a mapping between the 

     and the modulated C-P excitation spectrum 

intensity factor   , several MCS are conducted 

for various    values via the spectral 

representation approach (Shinozuka and 

Deodatis 1991). In this manner, the relationship 

         depicted in Fig.(1) is obtained. 
 

 
Figure 1: Mapping between the amplitude           

of the excitation spectrum and     . 

 

Next, the seismic hazard curve of Eq.(21) is 

expressed in the approximate form used in 

(Cornell et al. 2002), i.e., 

                
      (35) 

where               and          were 

considered. Note that when dealing with the 

evaluation of the expected value of LCC (see 

Eq.(23)), and for the purpose of taking into 

account all possible earthquake scenarios a 

structure is anticipated to encounter during its 

lifetime, all seismic events with acceleration 

input      values between     and    are 

considered. In this setting, a wide range of 

imposed seismic inputs      is regarded while 

neglecting those with ground acceleration less 

than      that are not expected to cause 

significant damage to the structure. 

3.2. Pareto Optimal Set 

The objective function is defined as a weighted 

linear combination of the initial cost function and 

of the expected value of the LCC. Further, the 

response of the structural system is constrained 

in terms of the modes (i.e. most probable values) 

of the non-stationary response IDR amplitude 

PDFs of every DOF of the hysteretic MDOF 

system. The design variables are the dimensions 

of the square cross-section of the column 

elements. Columns’ cross-section dimensions for 

a given floor are assumed to be equal, and thus 

the vector of design variables   has three 

components, one for every story. Next, assuming 

an initial design                          

and boundary constraints   
        

     
        ,where                          

the optimization problem takes the form 

                               (36) 

under the stochastic constraints 

        
       

      

 
    

        (37) 

and 
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                    (38) 

and the deterministic constraint  

                             (39) 

In Eq.(36)        stands for the initial cost; 

                is the expected value of the 

LCC, evaluated at the design variables vector  . 

In Eq.(37)        
       is a vector of the modes 

(i.e. most probable values) of the non-stationary 

response IDR amplitude PDFs of every DOF of 

the hysteretic MDOF system. The structure 

design service life    is considered to be equal to 

fifty years while the discount ratio,  , is taken to 

be equal to   . Regarding the stochastic 

constraints of Eqs.(37) and (38) the critical 

excitation was selected to be the one with 

intensity factor   
  yielding an earthquake input 

     equal to      , whereas    
      =    .  

The technique not only provides with the 

system response amplitude PDF for each and 

every DOF, but also decouples the original  -

DOF system of Eq.(1) into   SDOF LTV 

oscillators of the form of Eq.(14) yielding time-

varying effective stiffness       
     and damping 

          elements. This important additional 

output of the technique is exploited in the 

constraint of Eq.(38) for avoiding “moving 

resonance” phenomena. In this regard, it 

facilitates the optimization process to avoid 

unnecessary optimal design searching in areas 

where surely optimal designs do not exist. 

Specifically, considering the quasi-stationary 

treatment of the LTV oscillator in Eq.(12), it can 

be reasonably argued that the maximum response 

variance of the original MDOF system occurs 

when the excitation EPS     
      resonates with 

the LTV oscillator equivalent natural frequency 

         . To avoid resonance phenomena, the 

constraint of Eq.(38) is formulated so that 

          is kept outside a critical range in the 

frequency domain [               where the 

excitation EPS     
      takes its largest values. 

In this regard, the expression  

       
              

          (40) 

is adopted, where       
      is a selected EPS 

value given as a percentage   of the peak EPS 

value       

       corresponding to the time 

instant where         takes its peak value. In the 

herein considered application,   was taken equal 

to    . Further, according to (Wen and Kang 

2001)  

 
                             

(

(41)                          

The Pareto front curves for both the expected 

value of the LCC and the expected value of the 

total cost with respect to the initial cost are 

presented in Fig.(2) 

Figure 2: Pareto front curves for the expected values 

of LCC and total cost against the initial cost. 

Next, to highlight the flexibility of the proposed 

methodology, the compromise design solution 

from the Pareto front curve exhibiting the lowest 

expected value of the total cost, as well as the 

ones corresponding to the two tails (see Fig.(2)) 

are presented in Table 2. In this setting, the 

designer/analyst possesses a considerable amount 

of information for every compromise solution 

configuration regarding the initial cost and the 

expected values of both the LCC and the total 

cost.  
 

Table 2: Designs from Pareto front curves 
Designs x(m) Cin(x)  

       

                 
       

A 1
st
 

2
nd

 

3
rd

 

0.3892 

0.3701 

0.3294 

 

       
 

 

       
      

 

       

B 1
st
 

2
nd

 

0.4750 

0.4749 
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3
rd

 0.3981       
      

C 1
st
 

2
nd

 

3
rd

 

0.5492 

0.5489 

0.5471 

 

       

 

      
      

 

       

 

4. CONCLUSIONS 

In this paper, a performance-based multi-

objective design optimization framework 

considering LCC has been developed for 

nonlinear/hysteretic MDOF structural systems 

subject to evolutionary stochastic excitations. 

Although the developments herein have been 

tailored specifically for earthquake engineering 

related applications, they can be readily modified 

to account for other hazard kinds as well.  

The core of the developed framework is an 

efficient approximate dimension reduction 

technique for determining the non-stationary 

system response amplitude probability density 

functions (PDFs) based on the concepts of 

statistical linearization and of stochastic 

averaging; thus, computationally intensive 

Monte Carlo simulations are circumvented. In 

this regard, considering appropriately defined 

damage measures structural system related 

fragility curves for each story are determined at a 

low computational cost as well. Finally, the 

structural system design optimization problem is 

formulated as a multi-objective one to be solved 

by a Genetic Algorithm based approach; thus, 

various compromise solutions are obtained 

providing the designer with enhanced flexibility 

regarding decision-making analysis. A building 

structure comprising the versatile Bouc-Wen 

(hysteretic) model has served as a numerical 

example for demonstrating the efficiency of the 

proposed methodology. 
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