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Abstract: The objective of this study was to simulate the flow of graphene oxide (GO) dispersions, a
discotic nematic liquid crystal (DNLC), using the Ericksen-Leslie (EL) theory. GO aqueous suspension,
as a lubricant, effectively reduces the friction between solid surfaces. The geometry considered in this
study was two cylinders with a small gap size, which is the preliminary geometry for journal bearings.
The Leslie viscosity coefficients calculated in our previous study were used to calculate the stress
tensor in the EL theory. The behavior of GO dispersions in the concentration range of 15 mg/mL
to 30 mg/mL, shown in our recent experiments to be in the nematic phase, was investigated to
obtain the orientation and the viscosity profile. The viscosities of GO dispersions obtained from
numerical simulations were compared with those from our recent experimental study, and we
observed that the values are within the range of experimental uncertainty. In addition, the alignment
angles of GO dispersions at different concentrations were calculated numerically using EL theory
and compared with the respective theoretical values, which were within 1% error. The anchoring
angles corresponding to viscosity values closest to the experimental results were between 114 and
118 degrees. Moreover, a sensitivity analysis was performed to determine the effects of different ratios
of the elasticity coefficients in EL theory. Using this procedure, the same study could be extended for
other DNLCs in different geometries.

Keywords: discotic liquid crystals; rheological properties; graphene oxide dispersions; Ericksen-
Leslie theory

1. Introduction

The liquid crystalline phase is mesomorphic, which has properties intermediate of
solids and liquids, shows the long-range ordering of orientation, and can have the long-
range ordering of the positional degrees of freedom. Liquid crystal (LC) molecules can
diffuse, and viscous flow occurs like liquids [1]. There are multiple ways of classifying
LCs [2–4]. They can be classified based on their shape, phase, or order. Categorizing based
on shape leads to calamitic (rod-like) and discotic (disk-like) LCs. Based on the different
types of mesophase ordering, they can be classified as nematic, smectic, or cholesteric
LCs. Nematics are achiral substances with a high degree of long-range orientational order
but have no long-range translational order, and the molecules are aligned in a preferred
direction. Based on how the transition to liquid crystalline phase occurs, LCs are divided
into thermotropic, where the phase transition occurs due to a temperature change [5], and
lyotropic LCs, where the phase transition occurs due to the concentration of the amphiphilic
molecule [6]. Other factors such as molecule shape, size, and charge affect the transition.

In the present work, the study is restricted to a nematic, lyotropic, discotic LC. An
example of a nanoparticle solution that forms discotic nematic liquid crystal (DNLC) is
graphene oxide (GO) aqueous solution. GO has attracted significant attention due to its
specific rheological properties [7–12]. The chemical structure and physical properties of
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GOs were investigated in [8], showing the challenges and opportunities in this field. GO
forms stable dispersions in aqueous mediums as GO flakes produce large repulsion forces.

As the concentration of discotic GO flakes increases in water, the particles form or-
dered structures and become lyotropic LCs [7,13–15]. In our previous experimental study,
the formation of GO dispersions was studied by the polarized light imaging technique, and
it was shown that the fully nematic phase of GO dispersions starts at a concentration of
15 mg/mL [7]. Nikzad et al. [7] found that at low concentrations (less than 15 mg/mL),
no birefringence is observed, while at higher concentrations of GO dispersions, the bire-
fringence within an image of light scattering appeared. In the previous study, the rheo-
logical behavior was investigated, and it was shown that at low concentrations (less than
15 mg/mL), the shear viscosity of the dispersions possesses Newtonian behavior. However,
at higher concentrations, shear-thinning behavior was exhibited. In this study, the same
GO dispersions with the same characteristics were used.

The rheological properties of GO dispersions at high shear rates and the calculated
viscosity coefficients for GO dispersions from the previous study were used to simulate the
flow of nematic GO dispersions.

Due to its invaluable properties, GO has been used in a wide range of applications. In
order to commercialize GO, developing a cost-effective synthesis process applicable to the
bulk scale is essential. There are studies that modeled a Couette–Taylor reactor to improve
the GO synthesis process [16,17], where the mixture of an aqueous colloidal suspension of
GO and an additive was injected into the gap between the two concentric cylinders.

Furthermore, due to multifunctional properties of graphene-related materials, they
have been considered in different studies as self-lubricating solids [18–20] and as additives
in oils or water [21,22]. GO performance as a water-based lubricant has been evaluated and
was shown to effectively reduce the friction and wear of sliding surfaces [23]. Kinoshita
et al. [24] and Elomaa et al. [25] investigated the tribological properties of water-based GO
suspensions, showing the remarkable improvement in friction reductions and evaluating
the protective coating on surfaces. Elomaa et al. [25] showed that the friction coefficient
decreased by 57% compared to pure water. Therefore, the understanding of the rheological
and tribological properties of GO and its derivatives in water would have a significant
impact in the future.

Extensive research has been performed on the theoretical and computational front to
understand the morphology of LCs. In this study, the modeling of LCs was performed
using a continuum-based approach, the Ericksen–Leslie (EL) theory. Figure 1 represents
the director and the molecular orientations (which are represented by u) for discotic LCs.
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Figure 1. Schematic representation of director n for (a) calamitic, (b) discotic LCs.

Considering the symmetry of the director and taking it to be of unit magnitude,
Leslie simplified the equations based on Ericksen’s theory of anisotropic fluids [26]. The
constitutive equations were developed incorporating Frank’s theory to model the elasticity
of the LCs [27]. The basis of Frank’s elasticity coefficients is that LCs tend to resist and
recover from distortion, analogous to the tendency of elastic solids to resist strain [27]. The
EL theory is suitable for cases of slow-moving flows, where the flow time scale is slower
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than the internal one, in which the orientation dominates the rheology and the gradients of
the director of LC do not deviate by a large amount from the equilibrium position [28,29].

The shear flow behavior of nematic LCs depends on the magnitude of the reactive
parameter, or tumbling parameter λ, which is the ratio of the flow-aligning effect of shear
and the tumbling effect of vorticity. The value of the reactive parameter governs whether
an LC is flow aligning (|λ| > 1) or tumbling (|λ| < 1). The theory has been used to
study flow-aligning LCs and tumbling LCs to understand the behavior at different shear
rates [30]. Moreover, the EL theory is known to provide multiple solutions based on the
anchoring angle (the orientation at the boundaries in case of confined flows) and the flow
conditions. Lima and Rey [31] studied the Poiseuille flow of DNLCs and reported the
existence of multiple solutions based on the anchoring angle and the flow conditions. The
Couette flow of nematic LCs using the EL theory for a fixed velocity profile has been
previously implemented [32]. Similar implementations employing a fixed velocity profile
have been used to study Poiseuille flow [31,32] and Jeffrey-Hamel flow [33], as well. The
two-dimensional channel flow has been studied for tumbling nematic LC flows [34] under
the application of a magnetic field [35]. Furthermore, Cruz et al. [35] studied the three-
dimensional pressure-driven flow under the effect of a magnetic field. Anderson et al. [36]
studied the two-dimensional channel flow considering the assumption of unidirectional
flow. They explained the existence of multiple solutions and the energy requirements
for the stability of the flow solutions. Furthermore, shear and pressure-driven flows of
nematic LCs were studied by [37] under the thin-film approximation. Recently, GO aqueous
alkaline dispersion with and without shear flow was studied by [38], which showed that
the orientational dynamics play a critical role in the rheology of GO dispersions.

In the EL theory, the modified stress tensor is a function of rheological properties.
The viscous stress tensor is calculated based on six viscosity coefficients called the Leslie
viscosity coefficients, αi (i = 1:6) [39]. Nikzad et al. [7] defined a method to calculate αi for
disc-like liquid crystalline materials and these coefficients can be used to simulate the flow
of GO dispersions using the EL theory.

The main objective of this study is to investigate the rheological properties and the
orientation of the molecules in GO dispersions as DNLC. Since GO aqueous suspension, an
environmentally friendly lubricant, effectively reduces the friction between solid surfaces,
the geometry considered in this study is two cylinders with a small gap size, which is
the preliminary geometry for journal bearings. The results are validated by experimental
results. This study is a continuation of a previous article [7] where the viscosity coefficients
for DNLC, with GO as a case study, were calculated. The viscosity coefficients for the EL
theory were validated using rheological experimental data in the previous study [7].

The organization of the article is as follows. The method, the governing equations,
and the numerical setup are described in the next section. The results and discussion are
presented in the following section. Finally, the paper is concluded in the last section.

2. Methods

In this study, the EL theory is used to analyze the Couette flow of GO dispersions in
water as DNLC. The flow in this simulation is steady, incompressible, and isothermal, with
no gravity or external field.

2.1. EL Theory

The constitutive equations in the EL theory combine the effects of anisotropic viscous
properties and elasticity present in the LCs through modification of the stress tensor in
the Navier-Stokes equations. The EL theory consists of Equations (1)–(6), which govern
the flow and development of the orientation of LCs. These equations include the mass
conservation, linear momentum conservation, angular momentum conservation equations,
and the required constitutive equations. The mass conservation equation is as shown below.

ρ∇·u = 0 (1)
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where u is the velocity vector and ρ is density.
The conservation of linear momentum equation is as shown below.

ρ
Du
Dt

= −∇·((p + wF)I) +∇·τ + g·∇n + G·∇n + ρF (2)

where p is pressure, wF is elastic energy, τ is the viscous stress tensor, g is the internal body
force vector, n is the unit vector representing the orientation, G is the force vector due to an
external body moment, and F is the external body force per unit mass.

The angular momentum conservation equation is represented as shown below.

∇·
(

∂wF
∂∇n

)
− ∂wF

∂n
+ g + G = ϕn (3)

where ϕ is the Lagrange multiplier, which simplifies the balance of elastic and viscous
torques [40]. The elastic effects of the LCs are modeled using Frank’s theory, and the term
representing the elastic energy is as shown below.

wF =
1
2

k11(∇·n)2 +
1
2

k22(n·∇ × n)2 +
1
2

k33(‖n×∇× n‖)2 (4)

where k11, k22, and k33 are known as Frank’s elasticity coefficients for the splay, twist, and
bend, respectively [27].

In the present case, the LC orientation is affected only by the hydrodynamic field. The
stress tensor due to viscous forces is as shown below.

τ = α1(nn : A)nn + α2nN + α3Nn + α4A + α5nn·A + α6A·nn (5)

where αi represents the Leslie viscosity coefficients (i = 1 . . . 6), which are unique to each
liquid crystalline material. The Leslie coefficients are subject to certain thermodynamic
constraints, and these constraints can be found in any introductory material on LCs [2,40].
The internal body force can be evaluated using the equation shown below.

g = −γ1N− γ2A·n (6)

The rotational viscosities (γi) are defined as γ1 = α2 − α3 and γ2 = α5 − α6. In
Equations (5) and (6), the term N =

.
n−W·n, which describes the angular velocity of the

director relative to the fluid velocity. W = 0.5(∇u− (∇u)T) is the vorticity tensor and
A = 0.5(∇u + (∇u)T) is the rate of deformation tensor.

Flow alignment is a property of the LCs, which means that the LC molecules in the
bulk of the domain orient at a fixed angle compared to the direction of the velocity, and
that it is dependent on the Leslie viscosities and is therefore a material property [3]. The
flow alignment angle can be calculated using θal = 0.5 cos−1

(
1
λ

)
, where λ is the reactive

parameter and is calculated as λ = −γ2/γ1. The value of the reactive parameter governs
whether a given LC is flow aligning (|λ| > 1) or tumbling (|λ| < 1). For discotic LCs, λ < 0.

2.2. Simplified Equations of Couette Flow

The equations for Couette flow in this study are in polar coordinates, which were
derived by Atkins and Leslie [41]. As mentioned earlier, r is the radial distance, and θ
represents the angle of a given point from the horizontal in the anti-clockwise sense. These
equations were used by Noroozi and Grecov [42] to further study different nematic LCs.

Figure 2 represents the typical Couette flow geometry. The inner and outer surfaces
are at radii R1 and R2, respectively. The outer surface is provided with an anti-clockwise
angular velocity ω. The enlarged image shows the flow direction along with the orientation
θ of a discotic liquid crystal molecule.
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Furthermore, the orientation of a discotic LC molecule is shown along with the orienta-
tion angle. Equations (1)–(6) can be simplified by choosing the velocity vector u as (0,rω(r),0)
and the director n as (sin(θ), cos(θ), 0). The resulting equations in the dimensionless form
are as shown in Equations (7) and (8).

f̃ (θ)
[

1
r̃

∂θ

∂r̃
+

∂2θ

∂r̃2

]
+

1
2

d f̃ (θ)
dθ

[
1
r̃2 +

(
∂θ

∂r̃

)2
]
+ (γ̃1 + γ̃2 cos 2θ)

r̃
2

∂ω̃

∂r̃
= 0 (7)

1
r̃

∂

∂r̃

[
r̃3 g̃(θ)

∂ω̃

∂r̃

]
= 0 (8)

The terms f̃ (θ) and g̃(θ) are defined as shown in Equations (9) and (10), respectively.

f̃ (θ) = cos2 θ + ε sin2θ (9)

2g̃(θ) = 2α̃1 sin2 θ cos2 θ + (α̃6 − α̃3) cos2 θ + (α̃5 − α̃2) sin2 θ (10)

In Equations (7)–(10), the tilde represents that the parameters are non-dimensionalized.
The parameter ε = k33

k11
and the terms are non-dimensionalized as per Table 1.

Table 1. Non-dimensionalized variables for Couette flow.

~
ω

~
r γ̃i α̃i

ωL2η
k11

r
L

γi
η

αi
η

In Table 1, L represents the difference between the radii R1 and R2, and η represents
the average of the Miesowicz viscosities η1, η2, and η3. These viscosities are calculated as:

η1 =
1
2
(α3 + α4 + α6) ; η2 =

1
2
(α4 + α5 − α2); η3 =

1
2

α4 (11)

The three Miesowicz viscosities represent the viscosities of the LCs in a shear flow
when the LCs are aligned along the flow direction, along the velocity gradient direction,
and the vorticity direction. Figure 3 represents these different arrangements.
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Recent developments have been achieved to obtain these anisotropic viscosity coef-
ficients based on the rheological measurements without the application of magnetic or
electric fields [29]. Miesowicz introduced a technique to calculate the orientation in three
perpendicular directions of the LCs, and thereby, the viscosities measured are termed
as Miesowicz viscosities [43]. Based on the applications considered as a motivation for
this study, the focus is to study the behavior of flows of LCs. The stable planar solution
branches of nematic LCs under the application of shear flow are the in-plane elastic state,
the in-plane tumbling–wagging state, the in-plane viscous-driven state, and the in-plane
wagging state [44]. There are stable out-of-plane mode solution branches, as well [44]. In
this study, we focus on the in-plane elastic state and the in-plane viscous-driven state, and
the other solution branches are not discussed here.

2.3. Numerical Setup

In this section, the scheme to solve the EL theory’s equations is described. In the EL
theory, Equations (7) and (8) are non-linear, non-homogeneous, and second-order one-
dimensional ODEs. They can be solved numerically using either shooting or relaxation
methods. Since the LC system is prone to multiple solutions, using the relaxation method to
numerically solve these equations is preferable. This method was implemented by Noroozi
and Grecov [42] to model the flow of nematic LCs between concentric cylinders, and the
solution was computed on a mesh of 500 elements, representing a gap of 10−4 m. The
mesh independency study was conducted by comparing the change in the orientation
profile with mesh refinement. The relaxation method was used to obtain the solution of
the boundary value problem of a system of first-order differential equations. Therefore,
Equations (7) and (8) are re-written into a system of four equations, and the variables that
are solved are θ, ω, ∂θ/∂r, and ∂ω/∂r. In this method, the spatial derivatives of θ and ω are
calculated during the solution procedure. The methodology involves selecting an initial
guess of the solution, based on which the solution branch is selected. The finite difference
form of the equations is obtained to numerically solve the system of equations. The infinity
norm of the change in the solution was selected as the convergence criterion, and the value
of tolerance was set as 10−6. The solution methodology was previously implemented by
Noroozi and Grecov [42], and the scheme was validated using nematic liquid crystalline
materials DDA9 and AZA9.

In the governing Equations (7)–(10), two sets of material coefficients, namely, Leslie
viscosity coefficients and Frank’s elasticity coefficients, are present. In order to implement
the EL theory, Leslie viscosity coefficients are required. The viscosity coefficients of GO were
obtained using a model based on the rheological data of GO suspensions in water [7] and
are shown in Table 2. As shown, the coefficients are different for different concentrations of
GO. The elastic coefficients of GO suspensions in water are not available in the literature,
and therefore, a sensitivity study was conducted to determine the impact of the elastic
coefficients on the orientation of the LCs. The values of the elastic coefficients were chosen to
have the order 10 pN, which is the value typically observed for Frank’s elasticity coefficients
of nematic LCs. The results of the sensitivity analysis are presented in the results section
for EL theory.
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Table 2. Dimensionless Leslie coefficients (×100) of nematic GO dispersions at different concentrations.

Concentration (mg/mL) ~
α1

~
α2

~
α3

~
α4

~
α5

~
α6

15 −2.28 0.47 2.54 0.77 −0.14 2.89
20 −4.71 0.38 5.04 1.25 −0.14 5.28
25 −7.88 0.23 8.42 1.9 −0.14 8.5
30 −11.79 0.023 12.21 2.59 −0.1437 12.09

3. Results and Discussions

This section presents the results obtained from the study of Couette flow of GO
dispersion. Before the in-depth discussion of the results obtained, it is essential to look at
the stability diagram of the LC orientation for discotic LCs, shown in Figure 4 [28]. The
figure represents the stable and unstable alignment angles of the director. The alignment
angle θal is the angle that the director makes with respect to the primary direction of flow.
All the nematic LCs are uniaxial and the director states n and−n cannot be distinguished [2].
Therefore, a 180◦ rotation of the LC molecule results in the same orientation, which explains
both the stable and unstable alignment angles being 180◦ apart from each other.
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3.1. Orientation Profile of GO

This orientation of LCs depends on the balance of elastic and viscous forces. The
elastic forces are dominant at lower shear rates, and then as the shear rate increases, the
contribution of the viscous forces increases [45]. At low rotational velocities, due to the
dominance of the elastic forces, the orientation in the bulk of the domain is dependent on
the anchoring angle. With the increase in the velocity, a larger part of the molecules in the
domain reaches the alignment angle. At high shear rates, the viscous forces are dominant,
and except for a boundary layer where the orientation is at the anchoring angle, the bulk of
the domain reaches flow alignment. This has been previously reported for calamitic liquid
crystals [29].

In the present study, the orientation profile of GO is obtained for different concen-
trations of GO dispersions at a range of shear rates using the EL theory. The numerically
obtained orientation angle in the bulk of the domain is compared with the theoretical
value of the alignment angle. Flow alignment of LCs is observed at higher shear rates, and
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if the orientation in bulk reaches the flow alignment angle, it can be concluded that the
numerical solution is validated. Figure 5 shows the orientation profile of GO dispersion at
a concentration of 20 mg/mL obtained by the EL theory, across the dimensionless gap at
different dimensionless shear rates at ε = 0.5. This figure shows that the flow alignment
is obtained at high shear rates. The anchoring angle in the EL theory is considered as
0.53π = 95◦. The choice of anchoring angle is not arbitrary and was selected based on
the study performed to compare the numerically obtained viscosity with the theoretical
value, and the discussion is provided in the upcoming sections. The initial guess of the
orientation was selected as a value between the orientation angle and the anchoring angle.
The initial guesses of the velocity and the gradient were set as the typical Couette flow
profile. Figure 6 demonstrates the orientation profile for all the concentrations obtained
by the numerical solution of EL theory at a high shear rate, ω = 104. The numerical
values of the alignment angle are in good agreement with the theoretically calculated value,
which can be obtained as θal =

1
2∗ cos−1

(
1
λ

)
. Table 3 represents the comparison of the

alignment value obtained from the numerical solution with the theoretical alignment value
of the orientation angle for each concentration. The table confirms that the value of flow
alignment angle is obtained for all the concentrations, and the error for the simulation is
less than 1% for each concentration.
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Table 3. Comparison of theoretical and numerically obtained values for orientation angles at align-
ment.

Concentration
(mg/mL)

Simplified Theory
(deg)

Numerical Results
from the EL (deg) EL Error (%)

15 113.3 113.6 0.26%
20 105.3 105.3 0.00%
25 99.3 99.2 −0.10%
30 92.4 92.5 0.11%

3.2. Multi-Stability and Multiplicity of Solutions

The LCs are prone to having multiple orientation solutions and the solution branch
selected depends on the initial guess given to the solver [38,42]. In this section, studies
have been performed to show the stable and unstable branches of the solution. To highlight
the difference between the solution branch selection, the anchoring angle was chosen as
π/2 = 90◦. The study was performed using ε = 0.5. To obtain the stable branch of the
solution, the initial guess was above 90◦, and to obtain the unstable branch, the initial guess
was lower than 90◦. The stark contrast between the stable and unstable branches of the
solution are highlighted in Figures 7 and 8. The stable branch solutions are similar to the
cases studied in the previous section. At lowω, elasticity is dominant, and as it increases,
there is a competition between the elastic and the viscous term to dominate the orientation
of molecules. At high ω, a significant part of the domain reaches flow alignment. The
elasticity of GO is a combination of splay, bend, and twist as it is implemented by Frank
constants. Dietrich et al. showed that splay and bend elastic constants for lyotropic LCs are
similar, while the twist is much lower, which is true for LCs in general [46]. However, to the
best of our knowledge, there is no complete set of elastic constants for lyotropic nematics.

In the unstable branch, the solution develops oscillations, and the orientation does
not reach the alignment value with the increase in the shear rate. It was observed that the
initial guess for the orientational angle can make the results unstable and even diverge at
higherω, which was seen by other authors [31,42]. An initial guess lower than 90◦ showed
a higher chance of reaching the unstable solution, while an initial guess above 90◦ showed
a better chance of reaching the stable solution.
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At low ω, the contribution of the anchoring angle is more significant, and as ω
increases, the contribution of the viscous term increases, and unstable alignment is reached.
With a further increase in theω, the fluctuations propagate with higher frequencies.

3.3. Viscosity Response of Graphene Oxide

In the previous section, it was observed that the orientation angle reaches the alignment
value at higher shear rates. The next step was to examine the viscosity obtained at different
shear rates using the EL theory. In the study, the apparent viscosity is calculated, and it
is defined as the viscosity of a Newtonian fluid under the same conditions. The apparent
viscosity can be evaluated using Equation (12) [41].

η =
R2 − R1∫ r2
r1

ds
g[θ(s)]

(12)

In Equation (12), the function g(θ) is based on the definition shown in Equation (10).
Equation (12) is based on a function for nematic LCs and therefore applies to a discotic LC
such as GO. However, its applicability can be easily tested by ensuring that the calculated
Miesowicz viscosities match with the values obtained using Equation (11). Since the
scheme is planar, only the values of η1 and η2 can be tested for. Tables 4 and 5 represent the
theoretical and calculated values of η1 and η2 using the EL theory. To obtain the theoretical
value, Equation (11) was used, and the value was compared with those obtained from
Equation (12). η1 was calculated using the value of orientation set to 90◦ in the entire
domain, and to calculate η2, the value was set to 180◦. It is evident that the difference in
values is minimal, which justifies the use of Equation (11).

Table 4. Comparison of dimensionless theoretical values of η1 and calculated from the EL at different
concentrations.

Concentration (mg/mL) η1 from Simplified Theory η1 from Numerical Results from EL Difference

15 1.3737 1.3741 0.03%
20 2.5599 2.5603 0.01%
25 4.1659 4.1659 0.00%
30 5.9493 5.9497 0.01%
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Table 5. Comparison of dimensionless theoretical values of η2 and calculated from the EL at different
concentrations.

Concentration (mg/mL) η2 from Simplified Theory η2 from Numerical Results from EL Difference

15 0.036416 0.036535 0.32%
20 0.161637 0.161637 0.00%
25 0.338584 0.336735 −0.55%
30 0.516128 0.5140956 0.90%

In this study, we investigated the effect of anchoring angles at different concentrations.
Figure 9 shows that at lower shear rates, the anchoring angle results in different viscosity
values, while at higher shear rates, the anchoring angle effect becomes less significant.
Different anchoring angles do not affect the value at flow alignment. However, at low
shear rates, the anchoring angle affects the value of viscosity. For all the concentrations, the
viscosity values at a higher shear rate converged to their respective experimental values.
Higher anchoring angles led the viscosity to be closer to the experimental values but had a
numerical limitation. The anchoring angles corresponding to the viscosity values closest to
the experimental results [7] at concentrations of 15, 20, 25, and 30 mg/mL are 114, 117, 118,
and 118 degrees, respectively. Figure 10 represents the viscosity variation for GO at different
anchoring angles from the EL theory. It is evident that the increase in concentration results
in a higher viscosity at flow alignment.
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The results from the numerical simulation using the EL theory have been compared
with the experimental viscosities, as shown in Table 6, which indicates the excellent agree-
ment at different concentrations.

Table 6. Comparison of the dimensionless experimental values of alignment viscosity and calculated
from EL at different concentrations.

Concentration (mg/mL) ηexp ηEL

15 0.2568 ± 0.0885 0.2588
20 0.3319 ± 0.0221 0.3354
25 0.4303 ± 0.0177 0.4303
30 0.5288 ± 0.0044 0.5310

Both observations can be explained based on the Miesowicz viscosities and the ori-
entation angle in the domain. It was shown that when the orientation angle is 90◦, the
value of viscosity is expected to be equal to η1, and when the value of orientation angle
increases towards 180◦, the viscosity can be expected to be closer to η2. From Tables 4 and 6,
it can be understood that value of η2, along with the value of the alignment angle, results
in increasing values of viscosity when the concentration increases. Similarly, the trend of a
higher anchoring angle resulting in a higher viscosity can be explained by the orientation
in the domain becoming closer to the orientation representing η2.

The shear-thinning behavior has previously been reported for flow-aligning nematic
LCs and GO suspensions [38,47,48]. Choi et al. [38] and Adnan et al. [49] investigated the
viscosity of GO suspensions for shear rates up to 10 s−1 and showed that it increased for
different concentrations of GO from the isotropic to discotic phase. Giudice and Shen [48]
explored GO aqueous suspensions viscosity further, considering the higher shear rate of
102s−1, and showed that the shear-thinning behavior becomes more noticeable at higher
concentrations. Tesfai et al. [50] investigated the rheology of GO suspensions in the higher
range of shear rates (up to 500 s−1) for various concentrations (from 0.05 g/L to 0.5 g/L).
They showed that at high shear rates, the shear-thinning behavior of the viscosity is fol-
lowed by a shear-independent region (plateau). The viscosity behavior of GO suspensions
from these studies is qualitatively consistent with our results. The quantitative differences
between our study and other studies are due to different factors, such as dimensions and
the size distribution of the GO sheets.
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3.4. Sensitivity Analysis of Frank’s Elasticity Coefficients

As mentioned previously, there is no literary source available containing the elasticity
coefficients of GO suspensions. Dietrich et al. suggested an extremely low value for k22 and
a similar order of magnitude for k11 and k33 [46]. To remedy this, a sensitivity analysis was
performed using different ratios of ε = k33k11 . The tested values are ε = 0.5, 1, and 2, which
lie in the range of values typically expected in nematic LCs [33,51,52]. GO dispersions at
15 mg/mL with the anchoring angle of 0.53π = 95◦ were studied. It is important to note
that the value of k22 does not affect the simulations, except for the value of the average of
the elastic coefficients, and is maintained constant across the test cases. This value only
affects the dimensional value of the shear rate. Figure 11 represents the variation in the
viscosity with the shear rate for the different values of ε. It is evident that the changes in ε
do not change the overall trend for viscosity, and the final value of alignment viscosity is
the same.

Fluids 2022, 7, x  15 of 18 
 

3.4. Sensitivity Analysis of Frank’s Elasticity Coefficients 
As mentioned previously, there is no literary source available containing the elastic-

ity coefficients of GO suspensions. Dietrich et al. suggested an extremely low value for k22 

and a similar order of magnitude for 𝑘  and 𝑘  [46]. To remedy this, a sensitivity anal-
ysis was performed using different ratios of ε = 𝑘 ⁄ 𝑘 . The tested values are ϵ = 0.5, 1, 
and 2, which lie in the range of values typically expected in nematic LCs [33,51,52]. GO 
dispersions at 15 mg/mL with the anchoring angle of 0.53π = 95° were studied. It is im-
portant to note that the value of k22 does not affect the simulations, except for the value of 
the average of the elastic coefficients, and is maintained constant across the test cases. This 
value only affects the dimensional value of the shear rate. Figure 11 represents the varia-
tion in the viscosity with the shear rate for the different values of ϵ. It is evident that the 
changes in ϵ do not change the overall trend for viscosity, and the final value of alignment 
viscosity is the same. 

 
Figure 11. Dimensionless viscosity vs. shear rate in the sensitivity study of Frank coefficients using 
the EL theory. 

The next step is to examine the changes that the ratio causes in the orientation. It is 
known that at higher shear rates, the effect of the elasticity is limited to a boundary layer, 
while the orientation in the domain is primarily dominated by viscous forces [33]. Figure 
12. shows the overlap of orientation angles of the LCs close to the boundary from numer-
ical solutions using the LE theory. The orientation profile is compared at different values 
of ϵ at the anchoring angle 0.53π = 95° and the same non-dimensional shear rate 𝜔 =10 . The difference in the profile suggests that the ratio influences the transition from the 
anchoring angle to the alignment angle. 

Figure 11. Dimensionless viscosity vs. shear rate in the sensitivity study of Frank coefficients using
the EL theory.

The next step is to examine the changes that the ratio causes in the orientation. It is
known that at higher shear rates, the effect of the elasticity is limited to a boundary layer,
while the orientation in the domain is primarily dominated by viscous forces [33]. Figure 12.
shows the overlap of orientation angles of the LCs close to the boundary from numerical
solutions using the LE theory. The orientation profile is compared at different values of ε at
the anchoring angle 0.53π = 95◦ and the same non-dimensional shear rate ω = 103. The
difference in the profile suggests that the ratio influences the transition from the anchoring
angle to the alignment angle.
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4. Conclusions

In this study, the numerical simulations of GO dispersion as a DNLC between two
cylinders with a small gap size, which is a preliminary geometry for journal bearing, were
performed to characterize the orientation of flow-aligning particles in GO dispersions and
its effect on the viscosity response, i.e., the rheology, In our previous study, the Leslie
viscosity coefficients of GO dispersions at concentrations of 15, 20, 25, and 30 mg/mL were
calculated. At these concentrations, GO dispersions are in the nematic phase of LC. In this
study, the calculated coefficients were used to perform the simulations using the EL theory.
Applying this theory, the behavior of the molecule under a wide range of shear rates,
from 10−3 to 104, was studied. In the study, the numerically obtained values of alignment
viscosity showed agreement with the theoretical values. The flow alignment behavior of
molecules at high shear rates was obtained. Consequently, the shear-thinning behavior of
the flow-aligned LCs was observed. The orientation profiles obtained at different shear
rates showed that at lower shear rates, the elastic forces dominate the orientation profile of
the director, and as the shear rate increases, the viscous forces become predominant and
the orientation in the bulk of the domain reaches the alignment angle. The effect of the
anchoring angle on viscosity was explained and it was seen that the value of the viscosity
at a high shear rate is independent of the anchoring angle. Moreover, it was observed
that the solution’s stability depended on the initial guess, which indicates the presence
of multiple branches of solutions that the LC could take in the EL theory. Since Frank’s
elastic constants for GO were not available in the literature, a sensitivity analysis was
performed to determine the effect of different ratios of the elasticity coefficients in the EL
theory. The results showed that the alignment angle is not dependent on Frank’s elastic
constants in the considered range of 0.5 to 2. Besides understanding the GO suspensions,
the successful implementation of a simple model is a stepping stone towards studies of
GO in complex geometries and under different flow conditions. Therefore, the simulation
of GO suspensions in more complex geometries using the EL theory can be considered as
future work.
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