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T R I- 6 7 - 2  ERRATUM

The right hand sides of Eq. 5 and 6 should be multiplied by y “2 

to take account of the changed energy for an equilibrium orbit at 

a given radius when the field deviates from isochronism. This leads 

to the cancellation of the factor (1 + y ' )  in E q . 9, 22, 25 and 27. 

The trim coil spacing is thus relaxed by a factor y, but since y 

does not exceed 1.53 and because an upper limit is imposed on the 

spacing the total number of coils required is only reduced by 3
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ABSTRACT

This report discusses the tolerances which beam dynamical 

requirements place on the accuracy to which the cyclotron 

magnet must be constructed and its magnetic field 

measured. The tolerance most significantly affecting 

manufacturing methods is probably that demanded of the 

spiral shape of the sectors to keep vertical focusing with

in acceptable limits. At large radii the precision 

required reaches ±0 .033" and will necessitate a shimming 

programme subsequent to manufacture. The associated ±7 G 

tolerance on the field flutter should be easier to achieve.

Isochronism sufficient to give 36% microscopic duty factor 

can be provided by a radial field gradient correct to 

±2 G/ft together with 35 circular trim coils. Separated 

turn acceleration would require ±1 G/ft with 54 trim coils 

and very closely controlled dee voltage, radio frequency 

and magnet excitation.

To avoid the poor energy resolution resulting from large 

radial betatron oscillations, the first harmonic field 

amplitude must not exceed 0.2 G; this demands 72 harmonic 

trim coils, ±0.14° accuracy in placing the sectors, and 

uniformity in their reluctance to 0.5%. Finally, to keep 

electric stripping of the H" ions within ±10% limits, the 

hill magnetic field must meet ±0.4% limits over the outer 

20 in.
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INTRODUCTION

The intensity and shape of the magnetic field of a sector- 

focused cyclotron are determined by the need to keep the H“ 

ion beam isochronous and focused within certain limits as it 

is accelerated. It is the choice of these limits which 

decides the accuracy to which the specified magnetic field 

must be achieved. In practical terms this determines

(i) the dimensional tolerances and material specifi

cations for the magnet;

(ii) the extent to which shimming may be profitably 

pursued;

(iii) the precision required in magnetic field 

measurements.

Our method follows that of Richardson . 1 ’ 2 The tolerances 

quoted are to be regarded as standard deviations of a normal 

distribution about the specified value (i.e. there is a 32% 

chance the actual value will lie outside the tolerance 

limits). They are also combined as standard deviations. At 

first sight this may seem to run counter to our usual notions 

that engineering construction tolerances have rectangular 

probability distributions. However, most quantities depend 

on a number of individual measurements, and as their errors 

are combined a normal distribution is soon approached.

The design specifications and tolerances recommended are 

summarized at the end of this report.
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I SOCHRONISM

An ion of charge q, rest mass mQ and velocity v orbiting in a 

cyclotron will have a mean angular frequency

„ .  y. . a l  . s i  (i)
r m yih '1 o

where B is the time average of the axial magnetic field it 

encounters, and its mass m is proportional to the relativistic 

factor

Y = a  . , + t  , — !—  (2)
m m C  r,---- r~r)
o o /] - 3Z

T being the kinetic energy of the ion and 3 = v/c. In a sector- 

focused cyclotron the radius of an ion varies with azimuth 

because of the orbit scalloping; the "average radius" r = orbit 

length/2ir. We also note from (1) that the momentum

p = mv = gym c = /y2 - 1 m c = qBr. (3)
o o

For isochronous acceleration of the ions by an applied radio 

frequency of = vw' (where a' - m and v is the harmonic 

order) we must require that <o be nearly constant, and therefore 

that B vary with radius as

—  _ mco Ymnto _ n  !!c---
6 T  ~ S ~  = T = ■'l - (r/re )^ W

where this equation defines "central field" Bc> The "cyclotron

radius" rc is defined by rc = c/oi, so that r = 3rc . Note that

B r = m c/q = 1233.5 kG-in for all H- cyclotrons, 
c c o

In this section we will be concerned with evaluating the precision

with which (A) must be satisfied, taking account of the 

allowable phase excursions of the ions, and the help of the 

circular trim coils in making small corrections to B.
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2.1 Phase Acceptance and Duty Factor

If the orbit frequency of the ion is not precisely a sub

ha rmoni c ~  of the applied voltage , there will be a vari at ion in 

the phase a. (a is defined with respect to the RF wave such 

that a = 0° for maximum acceleration.) The change in phase per 

ion turn is given by

6a 0 a) - ai' „ 6B /c<.
—  = 2 ttv -------  = 2 ttv (5 Jon to B

where 6B is the difference between the actual and the

isochronous fields. Then, if is the peak dee voltage,

6a  2 itv6B
cos a Tr =

(6 )

To find the phase change over a given radial interval we note 

from (3) that, without invoking any isochronous assumptions, we 

may wri te

T + m c2 = ym c2 = m c2 /I + (rFq/m c ) 2 (7)o o o o

so that

ijl = (B + A  . (8)
dr^ 2m y dr

sin a2 - sin aj = 2irv f 2 (1 + pO B2 ~ r  (9)

Thus the change in phase over a radial interval from r^ to r2 

may be written, with some shuffling, and using (3) again,

:2 jr? ^  SB dr

i*l
where \i' = (r/F) (dB/dr). For an isochronous field where B 

satisfies (h),

y ' = y 2 " 1. (10)

Examining relation (9) we see that the spread in sin a remains 

invariant with radius (provided |a| $ ^ tt) because all the ions 

have the same shape for the plot of their history of sin a vs. 

radius (Fig. 1), the only difference being a displacement along
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the sin a axis corresponding to a difference in the initial 

value sin 0 4 .  But in order to have continuous, single-pass 

acceleration we must always have iv > a > -air so that the 

energy gain per turn

6T/6n = k qVj cos a (11)

is positive. The ions that wander beyond these limits 

experience deceleration and are lost for our purposes.

Now picture the situation in which axial injection is used to 

start ions out at all possible phases with respect to the RF.

If strict isochronism obtained, all ions would have sin a = 

constant independent of radius, and all would be accelerated 

to the final radius (with varying number of turns required for 

each phase). In practice, however, the plots of sin a vs. 

radius for different particles will wander in parallel paths 

(see Fig. 1) and those which exceed the above limits will be 

wiped out. Let us say that the maximum variation in sin a for 

a single particle during the acceleration process is 

sin - sin a . Then the total spread in sin a at any radius 

for the particles which will survive the acceleration process 

is given by

S = sin a r - sin a, 
t b

= 2 - (sin a u - sin a ) = constant (12)

where is the most forward phase and is the most backward 

phase to be found in all the particles at that radius.

However, the duty factor D at a particular radius is defined 

by

D = (â - - a^)/2ir (13)

in terms of the spread in a, rather than the spread in sin a, 

and hence varies with radius. Thus for a given value of S the 

duty factor D will be a maximum when or = 90° and a 

minimum when |a^| = | | . For example, if S = 1.809 with

(ora^) = ±90° and (orap) = ±5^° then D = k0%, but if the 

spread is symmetric so that | ot̂  | = (a^| = 64.8° then D = 36%.
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In general

cos (a, - a, ) = cos 2ttD = 1 - S (14)
f  b'max max '

cos (a, - a, ) = cos 2ttD = 1 - £ s 2 . (15)f b sym sym v '

The variation of D and D with S are shown in Fiq. 2.max sym s
Unfortunately, there are reasons (below) connected with 

acceleration time for taking the symmetric case as most repre

sentative of a practical situation.

2.2 Dependence of Beam Loss on Phase and Duty Factor

Because of induced radioactivity and other considerations, it is 

desirable to confine the injected beam to those phase angles 

which continue to satisfy the requirement a > - iv throughout 

the acceleration process. This factor gives us a limit on the 

number of trim coils and the tolerance on the magnetic field. In 

addition there is another factor which plays a role in TRIUMF, 

and that is the lifetime of the H" ions for gas and electric 

st ri pp i n g .

Let us pursue our investigation under the assumption that the 

excitation of the magnet and the gas pressure are held constant. 

Then the loss in beam per unit energy interval due to both kinds 

of stripping will depend on particle phase in the following way:

4^1 ^ N (path length) “ N (number of turns) a -r-K —    (16)
dI 6T cos a

As shown above, the field will be designed to minimize the 

variation of phase during acceleration, so for any particular 

particle we will assume a = constant.

Let f = fraction of beam remaining after accelerat ion atphase a,

f = fraction of beam remaining after accelerat ion atphase a = 0°.-

Then integrating the above relation from injection to final 

energy we have
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£n ^  s £n f = (17)

so f = (fQ )sec a . (18)

Fig. 3 shows a plot of the fraction of beam remaining, f, as a 

function of the phase angle a for three different values of f . 

If the phase angles spread from - Dtt to + Dir (symmetric case) 

then

/iD*f da
t  0 2 ftDir fsec a,f  ------------  —  I f da (19)

C^Dtt , ttD 0 0da
1 o

is the net average value of the beam remaining with a duty

factor D. The results are shown in Fig. 4.

Another way of evaluating these results is to assume that the

amount of beam that can be extracted is limited by the amount of

beam lost in the accelerator. Then if I and I are theo
allowable initial beam intensities for D 4 0 and D = 0 

respectively, we have

I (1 - 7) = I (1 - f ) = constant (20)
o o

where for TRIUMF this constant is the equivalent of 20 pA at

500 MeV. Then increasing the duty factor from 0 to D changes

the extractable beam in the ratio

If
I f
o o

1 - fa
1 - f -f- . (21)

Fig. 5 shows the resu1ts for the fraction of the beam current 

that can be extracted with the duty factor D compared to that 

which could be extracted if all the beam were accelerated on the 

peak of the RF wave. From this figure we see that a duty 

factor of k0% will reduce the extractable beam by one third.

In practice, a more critical limitation on the microscopic duty 

factor is provided by the beam dynamics in the central region.
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For instance, ions with phase ~55°< |a|<+35° do not gain enough 

energy to clear the centre post on the first half-turn, and 

even if they did the centre point spread would become unaccept- 

ably large. A further factor is the strength and phase 

dependence of the vertical electric focusing over the first few 

turns, which make it difficult to match the magnetic focusing 

over a wide phase range. These considerations limit the 

attainable microscopic duty factor to about 25% in the central 

reg i o n .

2.3 Tolerance on the Radial Field Gradient and 
Design of the Trim Coils

When a circular trim coil is powered, the field inside the coil 

is raised or lowered uniformly, while outside the coil the shift 

is much smaller and in the opposite direction.3 In the region 

of the coil itself there is therefore a change in the radial 

field gradient (dB/dr). When a spiral ridge cyclotron is tuned 

up by the use of trim coils, the process involves adjusting the 

gradient dB/dr in the radial interval governed by the particular 

trim coil in such a way that the phase of the ions is constrained 

to move through the minimum possible change while being 

accelerated to final energy. Over the small radial interval 6r<<r 

governed by one of the trim coils the integral in (9) giving the 

phase change may be approximated by taking average values of the 

quantities over that interval (these being indicated by brackets) 

y i eld i ng

Deviations from isochronism with a wavelength A >> 26r or A << 25r 

are relatively easily corrected. The most difficult situation 

occurs when A - 26r, especially if the extrema coincide with the 

coil positions; if the tolerance to which the radial gradient has

least favourable case the extreme deviation from the isochronous

sin oi2 “ sin = 2ttv + v'> (22)

been corrected by shimming is denoted by +A (tolerances are

indicated by the symbol A throughout this report), then in the
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field is given by

dB
dr

and to first order the result for the mean deviation is

fdBl<6B> = 4 f  A dr

We insert this in the above relation and obtain

<5r =  M l
.2

4B, 2 - S
m c
o

fHR]
rA

[drj
2ttv <l+y^> <32>

(23)

(24)

(25)

where, as above, we denote the allowable wandering of sin a by 

2 - S, and S is related to the duty factor D as shown in Fig. 2.

From the discussion above, it seems reasonable to adopt the goal 

of D = 36% for TRIUMF for the symmetric conservative case, giving 

2 - S = 0.191. For the tolerance on the magnetic field gradient 

= ±2 G/ft = 0.17 G/In, which may be compared to thewe take A
dB
dr

required isochronous values

dB_
dr = (Y2 - l ) f -

B 3 y 3 B. ( 2 6 )

of 33 G/ft = 2.74 G/in at 50 MeV (r = 129 in) and 245 G/ft =

20.4 G/in at 500 MeV (r = 311 in), given Bc = 3-00 k G ,

r = 4 1 1  in. Then taking 4qV, = 0.4 MeV per turn and v = 5 we 
c 0

obtai n

<5 r 0.18" =  0 . 18"
r <1 + y'> <gk> r<3^y2> (27)

6 r
= 4.4 x 10‘For example, at 500 MeV, 32y 2 = 1.35 and 

Thus 6r/r = 2.1 x 10“2 and the spacing between trim coils should 

be 6.5 in at this radius. Proceeding in this way one can work 

out the required positions of the trim coils to give a symmetric 

duty factor of 36? when faced with deviations from the
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isochronous gradient of ±2 G/ft. The following table gives the 

radial positions of these coils in inches:

324 277 214 144 74
318 269 204 134 64
312 261 194 124 54
306 252 184 114 44
299 243 174 104 34
292 234 164 94 24
285 224 154 84 14

Addi t ional coi1s at smal 1 and large radius are

basis of exper i ence wi th other cyclotrons. In

trim co i 1 spacing is; not permitted to exceed 10

width of the region over whi ch a trim coi1 can ,

Total 35 coiIs

The coils should be circular, not scalloped to follow ion orbits; 

however, small deviations to circumvent pumping ports or skyhooks 

would be acceptable, preferably being repeated every 60° or 120°.

The power provided to each trim coil must be sufficient to enable 

it to change the radial gradient by ±A = ±2 G/ft. The
dr^

central 80% of the field rise DB across a trim coil occurs3 in a 

radial interval which depends a little on the coil width, but which 

closely approaches half the pole gap g for relatively narrow coils 

such as will be used for TRIUMF. Here g = 20 in, so we require

-■5- , 100 g .
DB “ f “Bo" 2 A

dB
dr

= 2.1 G. (28)

Now for a trim coil near the maximum radius r , presumablym

DB(rm ) _ d B ( r J
W J 7  ' dTTTTT (29jtc me

where (Nl) is the excitation (in ampere-turns) required for the 
tc

trim coil pair, and (Nl) is that for the main coil pair. At
me

smaller radii the trim coils are more efficient3 so that, insert

ing numerical values from model measurements,14 we have
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(30)

2.1 x 0.084 x 720,000 
" 0 4  x 47^0

= 670 Amp-turns/pair

Model measurements are recommended to check these conclusions 

for the TRIUMF magnet. If it were ever desired to accelerate

ions to a significantly (say 5%) greater energy than 500 MeV, at

the same r , considerably more excitation would be required to 
m* '

trim the field sufficiently. Meanwhile a somewhat higher 

excitation should be considered for safety and flexibility.

2. 4 Seventh Harmonic Acceleration

The above design is based on the assumption of a factor of five 

between the resonator frequency and the ion frequency (v  = 5). 

On the other hand, if one wants to increase this ratio to seven 

(v = 7), expression (25) above becomes

Under these circumstances one can either increase the number of 

trim coils from 35 to 39 and keep the tolerance on the magnetic 

field gradient at ±2 G/ft or one can keep the number of trim 

coils at 35 and refine the tolerance to ±1.4 G/ft. An alternative 

procedure would be to leave the number of trim coils at 35 and 

the field gradient tolerance at ±2 G/ft and accept the reduced 

duty factor which would result, namely 2 - S = 0.267 instead of

0.191 and the symmetric duty factor D = 33% instead of 36%.

2.5 Operation at Low Dee Voltages

The threshold voltage V ^ is defined as the minimum peak dee 

voltage for which particles can be accelerated. As the dee voltage 

is lowered the phase wander will increase and the accelerable 

phase spread S decrease, since

2 - S = sin a  - sin a .  1  v / V  , 
u I d

(32)
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Threshold occurs when S, and hence the duty factor, reaches 0, so 

that for a given harmonic number

2Vth = (2 - S)Vd . (33)

For v = 5 and S = 1.809 for V, = 100 kV, we find V , = 3.6 kV.d th
For v = 7 V ^ will remain at 3.6 kV provided the field tolerance 

or the number of trim coils is adjusted to keep the same S; but

if they are left unchanged so that S falls to 1.733, then V ^

will rise to 13.^ k V .

Operation of the cyclotron at a dee voltage below the design value 

will result in an increased fraction of the beam being stripped 

and lost. This is because the number of turns required to get to 

full energy, and hence path length in the cyclotron, will be 

increased, by

(i) the reduced energy gain per turn at a given phase

(ii) the increased phase wander carrying ions to less

favourable phases.

The fractional loss will approach 100% as drops to V On

the other hand the accelerable duty factor falls as is reduced,

so that the beam current loss will rise at a slower rate, reach a

maximum at some intermediate V, and fall to zero at V tL.
d th

Unfortunately a quantitative estimate of the dependence of the 

stripping on V d does not seem to be possible without knowing 

exactly how B deviates from isochronism and the consequent form 

of the phase wander. Nevertheless it is clearly advisable to 

operate at a reduced beam current for dee voltages significantly 

below 100 kV but significantly above V

2.6 Separated Turn Acceleration

The separated turn acceleration of ions in a cyclotron is a concept 

observed at low radii or at low energies but it has never been 

achieved at or near the full output energy of a cyclotron. In 

this concept the injected blob or "fish" of ions, having a certain
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azimuthal spread 60 and a certain radial spread 6r, maintains its 

physical integrity throughout the acceleration history and 

emerges as a pulse of ions in a certain time 6t with a spread in 

energy 6T.

As a result of the acceleration process the ions receive an energy 
N

T = ZjAqVp cos a^where n is a running index indicating the number 

of ion revolutions up to a total number N. Suppose we enquire

about the possibility of limiting the energy spread to 6T = ±50 keV.

This can be achieved by limiting the variation of the phase 

a  to ±Aa and the dee voltage to ±AVp. In order to minimize the 

spread in energy 6T for a given variation in phase ±Aa we must have

the average phase of the ions centred at a  = 0°. In this case we
a 2can use cos a = 1 - —  + .... and consider that a has a normal 

distribution centred at a = 0°. We see that T will not have a 

normal distribution but will have a skew distribution with its maxi

mum near

T = T (1 -  j ( A a )2 ) . (34)max

Thus we take

26T m ( A a )2 2 x 50 — 2 x i n _tt f 3 S1
T ‘ 2 _ 500 x 103 " L X IU

and so Aa = ±2 x 10"2 rad - ±1°. If we substitute this as

sin a2 - sin ai = 4 x 10”2 in the previous section, we see that

this requirement decreases the tolerance on the isochronous condi

tion by a factor of 4.8 from the previous value of 0.191.

This tightening of tolerances could be met by requiring a tolerance 

of ±1 G/ft on the radial gradient instead of the previous ±2 G/ft 

and by increasing the number of circular trim coils in the ratio 

✓4.8/2 = ✓ 2 T  = 1.55. That is, we would require 54 trim coils for 

v = 5 or 60 trim coils for v = 7 (where v is the harmonic number).

Separated turn acceleration also exerts stringent requirements on 

the radio-frequency accelerating voltage. It is clear from the
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above relation that the dee voltage must be regulated (including 

ripple) to be constant to one part in 104 . It may be that the 

best way of accomplishing this regulation would be to base it on 

the radial position of the beam.

Since = 1250 turns are involved in the acceleration, the

magnetic field and radio frequency must be held constant to one 

part in 360 x 1250 v = 2.25 x 106 .

The injection time will be confined to ±1° out of the whole RF
2 1

cycle. This means a pulse length of x x 10”6 - 0.2 n sec 

and a duty factor D = 0.6%.

A more detailed analysis of the interplay between the tolerances 

on the shape of the magnetic field on the one hand and the 

tolerances on the frequency of the RF and magnet regulation on 

the other hand for separated turn acceleration will be presented 

as an addendum to this report. These considerations do not mate

rially affect the tolerances given here.
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3. VERTICAL FOCUSING

The vertical focusing needed to keep ions near the median plane 

of an isochronous cyclotron is provided by the "edge focusing" 

which occurs when ions cross a boundary between high and low 

magnetic field regions at an angle to the normal. The focusing 

requirement thus leads naturally to the characteristic spiral 

sector shape of the magnet poles - a form which also enables the 

average field ¥  to be varied radially to satisfy isochronism. In 

this section we shall be investigating the tolerances allowable 

on this pole shape.

The focusing power of the sectors depends on two more or less 

independent factors. The first is the azimuthal "flutter" in 

the magnetic field, defined by

c2 - <(B ~ B)2> = <B2> - P  ^ 6 )
P  P

and determined mainly by the height and azimuthal width of the 

pole pieces; however, these also determine B, which must be main

tained isochronous, so the range of flutter available is not 

unlimited. The second factor is the magnitude of the spiral 

angle tan e = rd0/dr.

Assuming that the restoring forces are linear on average, the

strength of the vertical focusing can be conveniently described

bv v , the number of vertical betatron oscillations per revolution, 
7 z

According to the flat field, hard edge, approximation, which is 

sufficiently accurate for our purposes, in a sector-focused 

cyclotron is given by

v2 _ -v ' + p2 (1 + 2  tan2e) . (37)

As explained in Sec. 2.1 above, the logarithmic field gradient

U ' E  |  I dO)

is necessarily positive in order to satisfy isochronism, and
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therefore necessarily defocusing. It is counteracted by the 

focusing term F2 (1 + 2 tan2e) provided by the flutter and spiral

angle as described above. The angle e here is the mean spiral

angle of a sector, given in terms of the spiral angles of its

focusing and defocusing edges e^, by (cf. Fig. 6)

tan = tan e - tan y (38)
t o

tan e , = tan e + tan y (39)d o

Here yQ is the angle of flare required to increase the angular

sector width n sufficiently to maintain B isochronous: in our
o

approximation of flat hill and valley fields B^ and B^, and 

where there are N sectors, we have

tan u0 = I  37" = if (y2 ■ 0  bh - Bu ' m

Since the TRIUMF cyclotron magnet will always be used at sub

stantially the same excitation, it is more economic to provide 

the field variations described by F and tan e by means of shaping 

the steel parts of the magnet rather than by auxiliary electric 

currents in coils. This situation lies in contradistinction to 

that applying in the case of multi-particle cyclotrons such as 

ORIC, the Berkeley 88 inch, etc. It follows that the tolerances

on F and tan e will be reflected in tolerances on the steel

parts. No corrections to these quantities will be made with 

coi1s .

In order to calculate the tolerances on F and tan e we see from

(37) that we must first decide how much freedom can be allowed 

v . This will depend on three factors - the range of vz accessible, 

the need to avoid undesirable values, and the variability 

permi ss i ble.
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3. 1 The Range of v Accessible

From (10) we see that \i' increases more and more rapidly with 

energy so that the focusing term F2 ( 1 + 2  tan2e) in (37) must 

be increased commensurate 1y to keep v 2 > 0. This becomes most 

difficult at maximum radius, especially since the flutter 

available there is limited by the joint requirements of low 

maximum field Bu to avoid excessive electric stripping of H" ions, 

but high average field B to keep the cyclotron magnet to a 

reasonable size. This economic consideration in fact dictates 

that the focusing will be weak, say 0 <v^ <1.

The preliminary cyclotron design (271" maximum orbit radius) thus 

required only a minimal ^2 Q f o.05 (v = 0.23 or one complete 

oscillation every four turns). At 500 MeV, y 2 - 1 = 1.35 so that 

a focusing term F2 (l + 2 tan2e) of 1.40 was required, to be 

provided by F2 = .076 and tan e = 2.96 (ê . = 62.5°, = 76.0°).

In practice, when model measurements were made,5 neither the 

flutter nor the spiral angle required could be obtained near 

maximum radius, although at smaller radii they were generally a 

little more than adequate, giving v z = 0.3- Since it did not seem 

possible to increase the flutter at a 271" maximum radius, and 

since increasing the spiral angle was expected to be relatively 

ineffective (it eventually brings the sectors closer together and 

begins to reduce F2 faster than it increases ( 1 + 2  tan2e)), the 

maximum radius was increased to 302". Model measurements showed 

that this increase was indeed an improvement - the flutter F2 rose 

toO.l atmaximum radius giving positive focusing there, while at 

smaller radii vz - 0.4. The further increase in radius to the 

present 311" design, made to compensate for the much shorter than 

expected lifetimes recently found6 for H" ions in the electric 

field range appropriate to the TRIUMF cyclotron, should ease the 

focusing problem still more.

3.2 Undesirable Values of v z

There is no importance in achieving any precise value of v .

There are, however, special values which must be avoided - namely
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resonances between the vertical oscillations and

(a) the structure of the magnetic field

(b) the generally much-larger-amplitude radial oscillations.

The nearest serious resonance is v = 5  which we take as an
z

absolute upper limit. The effects of other resonances will need 

to be further investigated. Fortunately, experience with 

sector-focused cyclotrons so far has shown that their large 

energy gain per turn enables many resonances to be traversed 

without discomfort.

As well as being kept away from resonance values, v 2 must not be 

allowed to drop abruptly below zero for anything of the order of 

of < | 2ttvz I >- 1 turns, or serious defocusing will result. The 

adiabatic approach of v 2 to zero is discussed below.

3.3 Variability Permissible in v _

Changes in the strength of the vertical focusing will be 

accompanied by changes in the maximum amplitude z a n d  maximum 

angle of divergence of the vertical betatron oscillations. 

Suppose

and

z = z s i n v cot ( A l )
m z

C = C cos v cot (42)m z

Then c and z are related by
m m

/ OJ \
= V (7r)zm = I z . z . (43)m x '

Also, in the absence of coupling with the radial oscillations 

the beam emittance E^ in vertical phase space will be conserved:

E = Trmvt z = irm oj v z2 v = constant. (44)
z m m  o 1 m z



- 18 -

Assuming that changes in y and vz take place adiabatically (i.e. 

slowly compared to the period of an oscillation), we can use 

this relation to predict the associated variations in amplitude 

and divergence

z cc (45)
m /yvz

(46)

Neglecting the y factor, which only contributes 24% damping all 

the way from 0 - 500 MeV, we see that z * l/Z^T” so that a fall 

in vz by a factor four will produce a two-fold increase in

amplitude. In comparison,the effect of a change in v z on the 

angular divergence will generally be masked by the collimation 

produced by acceleration to higher velocities.

Clearly we must not allow vz to vary by too large a factor, and 

especially it must not be allowed to come too close to zero. 

Furthermore, it is undesirable for vertical focusing to be 

stronger at injection, or weaker at extraction, than in the main 

body of the machine. While magnetic focusing is naturally weak 

in the central region, phase dependent electric focusing effects 

will have to be carefully considered. At the periphery too, 

care will be needed to ensure that v z does not fall off too rapidly, 

causing beam blow-up there.

3 .b Tolerances on the Flutter and Spiral Angle

In light of these considerations, especially the improved flutter 

obtained by increasing the magnet radius, we are in a position 

to re-examine the design specification for v . In particular, it 

might be advantageous to demand a higher value than the conserva

tive preliminary one of 0.05 for v^, in order to keep away from 

the defocusing region without imposing very restrictive tolerances 

on \>z . The value and tolerance we suggest are

\>z = 0.125 ± 0.05 (47)
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From the model experiments we know this to be in an accessible 

range of values; moreover, it places v 2 squarely between the two 

chief undesirable values 0 and (0.5)2 , with 2.5 tolerances of 

leeway on either side. In so far as the tolerances can be 

regarded as standard deviations, there is a 1.2% probability that 

one or other of the limits will be reached. If v 2 fell by two

tolerances from 0.125 to 0.025, the resulting beam amplitude

increase would only be by a factor 1.7.

The point of making the tolerances symmetric in rather than v 2 
is, of course, so that we may set symmetric tolerances on the 

magnet parameters in the equation

v2 = _y - + F2(] + 2 tan2e). (37)

Now the tolerance Ap" is already settled by the assignment 

A(dB/dr) = ±2 G/ft made in Sec. 2.3, for at a given radius r the

percentage error permitted on B is negligible compared to that on

dB/dr, and therefore Ap^ = (r/¥) A(dB/dr). Thus at 500 MeV we 

assign values and tolerances to (37) as follows

0.125 ± 0.05 = -1.35 ± 0.01 + 1.A75 ± 0.05.

(Throughout this section we shall illustrate the general procedure 

by quoting numerical values for the 500 MeV radius, where the 

tolerances are tightest. Values for smaller radii are listed in 

Section 6.2. A "Mark V" design is assumed.)

The percentage tolerance available on the focusing term 

F2 (1 + 2 tan2e) amounts to ±3-3% at 500 MeV. To the spiral term, 

where the situation is most critical, we assign a percentage 

tolerance 0.955 as large:

A(1 + 2 tan2e) = n AfF2 ( 1 + 2  tan2e)] ^

1 + 2 tan2e F2 ( 1 + 2  tan2e)

i.e. 3-2% at 500 MeV. The percentage tolerance available for the
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flutter is then 0.30 as large:

AF2 . a [f 2 (1 + 2 tan2e)]
F2 - °-3° V 2 0  + 2 tan2e) ™

i.e. 1.0% at 500 MeV. As mentioned above, model magnet measure

ments yield values of 0.10 for the flutter factor F2 = <(B-"b) 2>/B2 

at maximum radius so that with a tolerance AF2/F2 = ±1.0% then 

AF/F = +0.5% and A<(B-¥)2>^ = ±7-4 0. This tolerance appears to 

be readily achievable and would be checked by a suitable averaging 

of 720 field measurements at 0.5° intervals around a circular 

path; fewer measurements would be required at small radii.

The above assignment for the flutter leaves for the spiral angle 

( 1 + 2  tan2e) = 14.75 or tan e = 2.63, and for its tolerance (48) 

g i ves

A (1 + 2 tan2e) ,rn,
Stane ' 4 tan s (50)

- 0.955 x 0.033 x -  - -T 1 tgofll , 0.045.
h tan e

Recalling that d(tan e ) = sec2e de we write

Ae = 1 = ±5-6 mrad = ±0.32°.1 + tan^e

From a construction point of view we are interested in the 

tolerances on the focusing and defocusing edges of the hill. From

(38) and (39) above, given tan = 1.27 at 500 MeV, we find 

tan Ej. = I .36 (e^ = 53-6°) and tan = 3-90 (e^ = 75.6°). Also 

we see that

2 tan e = tan e ^ + tan e ^. (51)

In order to see how to divide the available tolerance between

and e ^, we introduce, in view of (51), a weighting angle A such 

that
Atanc , = Ae ,/c o s 2e , = 2 cosA.Atans (52)d d d

Atane.p = A e ^/c o s 2e ^ = 2 sinA.Atane.
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Now in the outer regions of the magnet the tolerances turn out to 

be small enough that shimming techniques will have to be used to 

achieve them. If we assume that the work involved in shimming is 

inversely proportional to the angular tolerance aimed at, then 

the choice of X which minimizes the sum of the work required on 

the two edges is given by

tan3X = cos2e^/cos2e ^ . (53)

Then at the 500 MeV radius, tan X = 0.53 and Ae^ = ±4.7 mrad,

Ae^ = ±17 mrad.

Now consider the specification of the spiral in polar co-ordinates, 

r and 6. Over short distances, the accuracy on r can be made as 

precise as one pleases while over large distances the tolerance is 

quite relaxed. Thus we can write for the azimuthal tolerance (see 

Fig. 6 )

(54)

Ay. = -7= A tan e. = -7= cos e. Atan e . = -7= — —  [ i=f ,d]
1 /2 1 /2 1 1 /2 cosej

where we suppose that the measurements from which the spiral angle 

is determined are made at regular intervals h along the sector 

edges. The factor /2 appears because the tolerance available has 

to be divided between the two endpoints of each interval. Putting 

h = 10", equal to half the magnet gap, then

Ayd = 0.707 x 10 x 0.0047/0.25 = 0.13" 

and Ayf = 0.707 x 10 x 0.017/0.60 = 0.20"

give the required tolerances on the azimuthal positions for the 

focusing and defocusing edges of the hill.

In the manufacture of the spiral sectors and the checking thereof,

it may be more desirable to lay a straight edge, wire, or line of

sight across the chord of the spiral. The length of h can again 

be determined as well as necessary to make Ah -* 0.
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To get the tolerance on the shape of the spiral hill in terms of 

a distance a perpendicular to the tangent to the spiral, one can 

make use of the relation
(55)

h h
A a . = A y . cos e . = —  cos2e . Atan e. = —  A e .. [i = f ,d ]

From above Aa^ = ±0.033"

and Aa^ = ±0 .12".

Fortunately, tolerances as tight as these are only required close

to the 500 MeV radius r . The table in Sec. 6.2 shows that Aa .
m d

and Aa^ rise to ±0 .10" and ±0 .15", respectively, at r = 0 .90 rm

and to ±0 .20" and ±0 .35" at r = 0.80 r . (it should be borne inm
mind that until the spiral sector shape has been finalized, these 

values can be regarded as preliminary only. The spiral angles of 

the edges, and hence their tolerances, are particularly sensitive 

to small changes in the design.)

If the smaller tolerances quoted above were to be transferred 

directly to tolerances on the shape of the hill pole pieces, it 

appears that we would end up with a very expensive magnet indeed. 

Fortunately, a logical and ordered programme of shimming the 

contours of the pole pieces can provide us with the desired 

tolerances. For example, if the manufacturing tolerance on the 

pole piece contours is ±5 inch, it would appear reasonable to shave 

all the iron contours by inch and plan on adding shims of the 

necessary thickness (along the direction a) to achieve the desired 

magnetic field contours. One point which should be answered by 

model magnet studies is the required vertical extent of these 

shims. Would, for instance, two inches be enough?
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It. RADIAL MOTION - TOLERANCES ASSOCIATED WITH THE FIRST HARMONIC

Expressed in a Fourier expansion of the magnetic field as a 

function of azimuth, the TRIUMF magnet will be designed to have 

large amplitudes in the sixth and eighteenth harmonics. This 

expansion may be written:

and we adopt the usage that k = 1 is called the first harmonic. 

This first harmonic component of the field is probably the most 

difficult magnetic quantity to measure. Also it is difficult to 

make quantitative predictions of the precise effects of a certain 

amplitude of first harmonic on beam quality, energy spread, etc. 

The most reliable method is to follow a complete beam path on the 

computer (with acceleration) from injection to extraction after 

introducing various amounts of first harmonic at various radii. 

This would have to be done for very many beam paths and would 

require a large amount of computer time. In the interim, we 

follow the procedure of Reference 2, particularly Sections 3-5 and

The equation for radial motion with a first harmonic forcing term 

may be wri tten

where x is the radial displacement from the equilibrium orbit.

The resulting motion is thus the "interminable beat" of a forced 

but undamped oscillator; close to the resonance v p = 1 the slowly 

varying amplitude of these oscillations is given by

where n is the number of turns made subsequent to starting from 

an equilibrium orbit. This must be compared with the amplitude

00

B - B  = ' E b. sin (k9 - . )
k = 1 k K

(56)

*».3.

de B
(57)

Ax B( v  -  1) 
r

bir
sin (v -  l ) i m  

r
(58)
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of the oscillations inherent in the radial emittance E r of the 

injected beam (cf. (44) and (45) above):

To keep A the same fraction of x as in conventional cyclotrons 
y x m 1

(for the same emittance, same energy and hence supposedly the

same v ), we must therefore have 
r ’

“ J l L  = constant. (60)
xm Bc W

If we take the Berkeley 88" cyclotron as our model (Bc = 16 kG 

and b 1 < 2 G ) , then for TRIUMF the tolerance on the first harmonic 

field amplitude must be (16/3)3/2 = 12 times more severe, or 

b 1 < 0.2 G. We propose that this criterion be satisfied by means 

of coils and that the magnetic field measurement program only be 

required to detect the presence of amplitudes of 1 G in the first 

harmon ic.

We note that the maximum correction provided by the first 

harmonic coils in the design of the TRIUMF proposal (as in the 

UCLA proposal7) is ±2.5 G. In view of the many types of construc

tional defects which can contribute to a first harmonic, and in 

view of our desire to assign a tolerance of 1 G to the contribution 

of each of these types of defects, we recommend that the 

correction amplitude achievable from the first harmonic coils be 

increased to±10G. We also recommend that the number of 

independent radial regions for first harmonic correction be 

increased from four to twelve.

4.1 Azimuthal Positioning of the Magnet Sectors

Azimuthal misplacement of one of the hill sectors and yokes can 

produce a first harmonic. Let us assume a simplified model and 

calculate the tolerance A0 on the azimuthal placement of the hill 

(see Fig. 7). We assume flat-topped hills and valleys of equal

Trm o)y v
(59)
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azimuthal width and B^ - By = 2<5B. Then if we place the 0 = 0 

origin correctly, we can ignore and the expression for the 

amplitude of the first harmonic becomes

(B - F) sin 0 d 0 . (61)
-ir

When there is no error, bj = 0 because (B - ¥) is an even function. 

But when one of the hills is displaced, the integrals over the 

six hills and six valleys no longer cancel out exactly, and we are 

left with

■rrbj = -

.-15+A0

6B sin 0 d0 +

' -45

,1 5+A0 

6B sin 9 d9 - 
-15+A0

.45

6B sin 0 d0 

15+A0

Thus

= 46B sin 15° sin A0 - ^6B A0 sin 15°. (62)

” ”  = A 0 sin 15° - 0.33 A 0 .
6B it

Now if b ^ S B  is to be kept to 1/1200, we must have

Ae * w “ ± 0 -]k°

as the tolerance on the placement of the azimuthal position of one 

of the hills.

At the extraction radius of 311" the above tolerance A0 corresponds 

to a linear positioning tolerance along the orbit of ±0.78". At 

smaller radii the linear tolerance would, of course, be smaller.

4.2 Magnetic Uniformity of the Sectors

An important aspect of the first harmonic tolerance is its 

influence on the required uniformity of construction and chemical 

composition of the various hills. Some appreciation of the require

ments may be obtained by making an analysis in terms of an 

"effective fractional change in total reluctance" AZt/Zt . The
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concept of reluctance refers to the picture of the magnetic 

ci rcui t where

f/Bda = flux = ^-Sieto-motive force = M  ^  (6 }
11 total reluctance Zt

Ẑ . = ZZ is the sum of all the reluctances in the magnetic circuit, 

combined in the same way as resistances in an electric circuit.

Now suppose one of the six hills, though otherwise identical, has 

a reluctance differing from the other five by AZ^.. Then the flux 

density would be

B =
I + A z ”/ Z t ° BH 11 - 4 V Z t>'

(64)

For the purpose of the Fourier analysis we place this hill at 

0 = 90°. Then

irb1 =

.105

<5B (1 - AZt/Zt) s i n 0 d 0  +
75

-75

6B sin 0 d0 (65 ) 
■105

where we have written down the parts of the integral which do not 

match out to zero. Thus we obtain

irbx = -26B(AZt/Zt) cos 75c (6 6 )

and

AZ. irb1 1 1
8 B 0.518 200

where we have again assumed a limit of b x = 1 G and 6B = 1200 G.

The discrepancy in the reluctance of one of the hills may arise 

from a number of possible causes. For example, the chemical 

composition of the steel in one of the hills may differ from the 

average to the extent that its effective permeability differs 

from the average by Ay.
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We can make an approximate estimate of the tolerance on the 

effective permeability by making use of the efficiency e of the 

magnet (see Section 3-2 of Reference 2). In simple terms, the 

efficiency e = <B >/<B >. where <B > is the actual mean field in
g g i g

the magnet gap and <Bg>j is the mean field one would obtain if 

the reluctance of the iron were negligible and the reluctance of 

the fringing field were infinite. These latter assumptions are 

so far from being true in the TRIUMF magnet that e - 35%.

In the magnetic circuit picture we let

$^ = fringing flux

$ = flux across hill gap
g

= reluctance corresponding to fringing flux 

Z = reluctance across gap
g

Z = total reluctance of rest of magnet.

We can simplify the analysis according to the relation

*f (67)0 J t ttN 1$ -------
9 z + zfzq

[Zf+ZgJ

so i f we assume
g

AOn 2 AZ

*g 3 Z

Thus we see that in this rough estimate we get the tolerance on 

the effective permeability to be given by

Ap AZ 1 
P Z “ 150 •

It is clear from this analysis that the structure of the magnet 

must embody some concept of averaging the steel from different 

melts over the various hills so that on the average the above 

condition is satisfied as well as possible.
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The possibility of having a small separately energized coil around 

the yoke of each of the six sectors should be investigated. These 

coils could trim out asymmetries such as those being discussed 

here.

In addition to variations due to chemical composition there may be

variations from sector to sector due to accidental air gaps or

variations in necessary air gaps in the yoke. In the same spirit

of our rough approximation above we see that the tolerance — ■ -

corresponds to a tolerance on an air gap in the yoke of 
1 2

yjjg- x j  x 20 = 0.08". This tolerance refers to an air gap trans

verse to the flux path in the magnet.

h.3 Effects of Subsidiary Structures

Care should be taken to consider the effects of subsidiary structures

such as pumps, support beams, jacks, etc. on the first harmonic of

the field. Some of these effects must be studied on the model 

magnet. If these effects exceed the tolerance given above, plans 

must be made either to shim them out or to convert them to field 

irregularities which have a six-fold symmetry.
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5. ELECTRIC STRIPPING AND TOLERANCE ON THE HILL FIELD

Since the binding energy of the second electron in an H" ion is

0.755 eV, it is relatively easy to remove. There are two 

processes which may occur during acceleration in the cyclotron 

which will result in the removal of this electron and the 

consequent loss of the ion from the beam. These are:

(a) scattering by residual gas in the cyclotron vacuum chamber;

(b) electric dissociation by motion through the magnetic field. 

We shall only be concerned with the second of these here.

An H" ion travelling through a stationary magnetic field B with 

velocity v = Be experiences in its rest frame an electric field

If the value of E becomes large enough, the potential barrier 

retaining the extra electron will become sufficiently distorted 

that quantum mechanical penetration of the barrier occurs, 

allowing the electron to escape and the resulting neutral atom 

to fly off at a tangent to the ion orbit. The amount of beam 

loss which can be tolerated from this cause sets an upper limit 

to the magnetic fields that may be utilized in an H“ cyclotron.

The lifetime t of H“ ions in the electric field range of interest 

to TRIUMF (E = 2 MV/cm) has recently been measured by

Olsen et a l . As seen from Fig. 8, their results are well
0

fitted by a curve of the form suggested by Hiskes

but with new values for the coefficients:

A = b.8 x 10_li+ sec.MV/cm 

C = ^3.6 MV/cm.

The lifetime varies very rapidly with electric field (roughly an 

order of magnitude shortening of x for a 10% increase in E) so

E_(MV/cm) = 0.3 Y £  x £(kG) . ( 68 )

(69)
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that all the significant stripping in the cyclotron takes place 

within a narrow band of electric fields close to the maximum 

value reached; i.e. only on the magnetic hills and near 

maximum energy. Over such a narrow region (69) may be adequately 

approximated by the simple power law

t =  t  (E /E)'0 0 (70)

where the value of k is chosen to equalize the slopes dx/dE of 

(69) and (70) at the point (Eq ,T ). This requires

k = 1 + -jf- 

or k - 23 for E - 2 MV/cm.

(71)

In the laboratory frame of reference the rate of loss of ions is 

given by

, = 1 dN 
A " N dt

a
yx (72)

where the y factor takes account of time dilation and a - nQ/2ir 

is^the fraction of an orbit where the magnetic field has the 

flat hilltop value Bu . The total loss must be obtained by 

integrating numerically from injection to extraction for the 

field shape of the particular design. In the case of the TRIUMF 

cyclotron the requirement that the total loss by electric 

stripping shall not exceed 16 pA (12%) determines a maximum value 

for Bu of 5.76 kG.h

In view of (72), the tolerances on A, a and E at a given energy 

are related by

AA' 2 Aa 2
+ Ax

A a X
Aa AE

(73)

We shall require the beam loss A to be within 10% of its design 

value. The tolerance on the hill width a already implicitly set
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by the isochronous and vertical focusing requirements on the 

field shape, discussed in Secs. 2 and 3 above, will be much 

smaller than 10%, so that we may write

(74)
B |_j k X

- ±0.4%

or AB.. = ±23 G where Bu = 5-76 kG. Since k is pretty well 
H n

constant over the region in which electric stripping is signifi 

cant (1.8 < E < 2 . 0  MV/cm), the same ±0.4% tolerance on B^ 

throughout that region (i.e. from 400 to 500 MeV, or 293" to 

311") will keep the total loss within ±10% of that planned.
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6. COMPILATION OF DESIGN PARAMETERS AND TOLERANCE SPECIFICATIONS

6.1 Isochronism and Separated Turn Acceleration

Microscopic duty factor 

Phase spread

Phase variation: sin a -sin a fu i

Increase in stripping

Reduction in extractable beam

Threshold voltage

Tolerance required on dB/dr 
- before powering trim coils

Number of trim coils

Minimum trim coil spacing

Maximum trim coil spacing

Energy spread

Time variation of dee voltage 

Time variation of

Large 
Duty Factor 
Operat ion

due to
phase
spread

±65°

0.191

25%

9.6 kV

±2 G/ft 

35 

6 "

10 "

±520 keV 

<1.5 in 103

Separated
Turn

Acceleration

0 .6%

± 1°

0.04

0%

±1 G/ft 

54 

4" 

10"  

±50 keV 

<1 in 104

magnetic field 
radio frequency

<1 in 4 x 105 <1 in 2.25 x 106
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6.2 Vertical Focusing

Number of vertical betatron = 0.125 - 0.05
oscillations per turn _ n ,r + 0-07

vz " °'35 - 0.08

Tolerances at approximately 30" radial intervals

(in.)
E

(MeV)
A ((B-D2)* 
(gauss)

Ae
(mrad)

AYd
(in.)

Ayf
(in.)

Aad
(in.)

Aaf
(in.)

311.0 500 ± 7 ± 5.6 ±0.13 ±0.20 ±0.033 ±0.12

278.7 340 13 13 0.18 0.29 0.10 0.15

248.2 240 21 27 0.29 0.43 0.20 0.35

218.4 170 30 53 0.47 0.71 0.40 0.65

189.8 120 39 11 1 1 1 1 1 1 11

159.4 80 48 11 1 1 1 1 1 1 11

128.8 50 53 11 1 1 1 1 1 1 1 1

101.3 30 56 11 1 1 1 1 1 1 11

N.B. These values are based on the Mark V sector shape, scaled up
from 302" to 311", and should be regarded as preliminary only.

6.3 Fi rst Harmonic

Amplitude of radial oscillations induced by first harmonic

Amplitude of radial oscillations inherent in beam from 
ion source

First harmonic field amplitude (ultimate)

First harmonic field amplitude (by steel shimming)

Number of harmonic coils 

Field correction by harmonic coils 

Tolerance on azimuthal sector placement 

Tolerance on uniformity of sector reluctance 

Tolerance on uniformity of sector permeability 

Tolerance on transverse air gaps in yoke

Same as 
8 8 "  

cyclotron

<0.2 G 

<1 G 

6 x 12

±10 G 

±0.14° 

±0.5% 

±0.1% 

± 0 . 080"

6.4 Electric Stripping

Permitted deviation in beam loss by electric stripping ± 10%

Tolerance on hill magnetic field B̂ j (293" -*■ 311") ±0.4%



- 34 -

ACKNOWLEDGEMENTS

We should like to thank Sherman Oraas for computing, Paul van 

Rookhuyzen for the figures, and Ada Strathdee and Beverly Little 

for their patience and accuracy in typing the text and equations.

REFERENCES

1. J.R. Richardson, UCLA P-53 (1963), unpublished report

2. J.R. Richardson, Prog. Nucl . Tech. Instr. J_, 1-101 (1965)

3. R.E. Berg, H.G. Blosser and W.P. Johnson, MSUCP-22 (1966),
unpublished report

R.G. Allas, C.M. Davisson, A.G. Pieper, R.B. Theus,
Phys. Rev. 6̂ 4, 333 (1968)

4. E.G. Auld, private communication

5. E.G. Auld, J.J. Burgerjon, M.K. Craddock, TRI-67“ 1

6. W.C. Olsen, private communication

7. "Pion Facility - A High Energy Cyclotron for Negative Ions", 
UCLA, 1964, unpublished report

8. S.N. Kaplan, G.A. Paulikas, R.V. Pyle, Phys. Rev. 131,
2574 (1963)

9. T.A. Cahill, J.R. Richardson, J.W. Verba, Nucl. Inst. Meth. 
39, 278 (1966)



sin a

FIG. 1. Hypothetical phase history of ions between radii ^  and .
The variation of sin a is independent of starting phase a 1 
so that the accelerable ions lie within a fixed spread S 
in sin a.
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spread S in sin a. For a given value of S the duty 
factor D may take any value between the upper limit Dmgx 
and the lower limit D .
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FIG. 6. Geometry of a Spiral Sector



of B-B  
SB

I

A0

FIG. 7. Schematic field variation for azimuthal displacement of 
a hill. A simplified flat field hard edge model is used 
with equal hill and valley widths.



FIG. 8. Experimental H" lifetimes as a function of electric field as 
determined by Olsen et al.6 and by Cahill et al.y The 
prediction of Hiskes8 and that from a fit to Olsen's data are 
also shown.






