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Abstract

Coarse-grained (CG) models reduce the number of degrees of freedom in a sys-
tem, allowing the dynamics of large systems to be studied for longer times. Many
biological simulations today are performed using CG potentials. However, the use
of Newtonian equations of motion (EOM) for mesoscopic variables only yields
correct equilibrium properties but with the wrong dynamics. Conventional CG
mapping schemes such as the center-of-mass mapping are also not suitable for
coarse-graining nonbonded fluid systems.

The conservative terms in the CG EOM derived using Mori-Zwanzig theory
are studied. The fluid systems are divided into cubic subcells with equal vol-
umes. Atomistic particles associated with a subcell are mapped to a set of position-
dependent CG variables using either a Heaviside function or a fuzzy function. A
diffusion blob model is developed to qualitatively understand the correlation be-
tween two subcells. The distribution of CG mass is found to change from symmet-
ric and discrete to skewed and continuous. The form of the CG potential can be
approximated as a multivariate Gaussian.

Distribution function theory is used to derive the parameters of the CG poten-
tial analytically. The behaviour of the potential parameters as a function of differ-
ent geometric relationships, the size of the subcell or the fuzziness of the subcell
boundary, is discussed.

A density-based expansion method is developed to quantitatively understand
the behaviour of the one-dimensional distribution of CG variables. The origin of
the skewed mass distribution comes from the asymmetry in the variance of CG
mass distribution conditioned on a fixed number of atoms. The projected fluxes are

studied with distribution function theory and Gaussian process regression.
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This work provides a basis for correctly simulating complex fluid systems at a
mesoscopic scale without any ad-hoc assumptions. The Gaussian-like CG potential
is general for single-component, atomic fluids. Parameters of a CG potential are,
for the first time, computed from analytical theories. Understanding the source of
the skewed mass gives a complete solution to finding the correct fluctuation for
densities. This solves a long-standing problem in fluctuating hydrodynamics. The
density-based expansion formula gives a complete solution to the back-mapping

problem in performing multiscale simulations.
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Lay Summary

This research work aims to develop a framework that generalizes fluid dynamics.
The properties of the equations of motion derived from projecting atomistic in-
formation are analyzed. In this framework, a fluid system is divided into many
cubic subvolumes. Variables that represent the system are associated with atoms
moving within cubic subvolumes. It is found that the interaction between these
variables can be described by a simple quadratic function whose parameters can be
calculated analytically using rigorous theories from an atomistic level. A density-
based expansion equation is derived to compute the distributions of these variables.
Such an equation also explains why the mass variable is skewed. These theoretical
findings are verified by simulation and numerical tools.

This work significantly advances our understanding of mesoscopic dynamics.
Interactions between mesoscopic variables can now be described by analytical the-
ories. This discovery solves crucial, long-standing problems in multiscale simula-

tion and fluctuating hydrodynamics.
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Chapter 1

Introduction

1.1 Modeling of fluids overview

Understanding the behaviours of fluid systems plays a vital role in science and
engineering. From atomistic to continuum scales, as shown in Figure 1.1, many
models have been developed to study the dynamics of fluids. Recent rapid ad-
vances in nanoscience and biology stimulate the need of creating fluid models that
excel at a mesoscopic level. Therefore, it is necessary to review the strength and
weakness of some representative fluid models, paving the way for a better fluid
model. Such a model should not only work at the mesoscopic level but potentially

connect atomistic theories with continuum ones.

1.2 Atomistic model: molecular dynamics

At the atomistic level, the most often used method is Molecular Dynamics (MD) 23,
In classical MD, Newton’s equations of motion are solved, and interactions be-
tween atoms are computed from Force Fields (FF). The evolution of the fluid
system is captured at an atomistic resolution. Equilibrium and dynamic proper-
ties of a fluid are calculated from statistical mechanics theories. For example, one
can compute the temperature from the fluctuation of the momentum, the diffusion
coefficient from the velocity autocorrelation function etc. The accuracy of the sim-

ulation largely depends on the quality of the FF and the length of simulation time.
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Figure 1.1: Schematic representation of the modeling of nanoparticle growth.
(This figure is taken from ' with permission)

One can use forces computed from a pairwise additive potential up to quantum
mechanics on-the-fly*. With the power of modern supercomputers, classic MD
can do an all-atom simulation of a complex fluid system such as a protein in water
for hundreds of nanoseconds>®. However, many biological processes, like protein
folding take place on a time scale of seconds’, which is beyond the capacity of
MD. Moreover, when a system contains more than millions of atoms, there is no
point in calculating exactly the momentum and positions of all atoms at every time
step. Identifying the problem of interest and using reduced degrees of freedom to
describe unimportant details are much more feasible and efficient. This idea is the

key to the development of mesoscopic models.

1.3 Mesoscopic models

At the mesoscopic level, the focus is to describe the motion of a cluster of atomistic
particles. One approach is Coarse-Grained (CG) MD®!! where CG FF are used to
propagate the Newtonian-type Equations Of Motion (EOM) for CG variables. Each

CG variable can contain many bonded or nonbonded atomistic particles. The devel-



opment of the CG FF is generally based upon two different routes '*~'>. Bottom-up
approaches construct the CG FF from atomistic simulations, while top-down ap-
proaches use experimental data like thermodynamic properties to generate the CG
FF. In general, the process of constructing the FF is done iteratively to optimize the
FF parameters. The CG MD has been widely used in simulating polymers and bi-
ological systems and can reproduce correct equilibrium properties. However, one
often finds that the Newtonian EOM gives incorrect self-diffusion coefficients '°.
This indicates that the dynamics of CG variables is not adequately described by
Newton’s equations.

Another approach is Dissipative Particle Dynamics (DPD)!” in which the CG
EOM is constructed in a physically intuitive way. The CG EOM has three pairwise
force terms, a linear repulsion term derived from a potential, a dissipative term,
and a stochastic term. The last two terms are called a “pair-wise Brownian dash-
pot”, which is momentum conserving and serves as a minimal model for showing
viscous forces and thermal fluctuations between dissipative particles '®. The DPD-
related models have been applied to various fields for their simplicity. However,
simplicity also brings several limitations to DPD. For example, linear conservative
forces are not able to reproduce the correct thermodynamics behaviour. Moreover,
the parameters of the system are often calculated in an ad-hoc way, making DPD

less flexible when the number of dissipative particles changes.

1.4 Continuum models

Continuum fluid models are built under the “continuum hypothesis” where the size
of the fluid element is large enough that physical quantities change continuously
from one element to its neighbour. This allows the dynamics of the fluids to be
described by partial differential equations like Navier-Stokes equations. Finding
analytical solutions for these equations remains a challenge but powerful numeric
integration methods have been developed in the field of Computational Fluid Dy-
namics (CFD))!®. There are in general two groups of methods in CFD, one is
the mesh-based method and the other particle-based method. In the mesh-based
method, an Eulerian perspective is taken where the fluid is divided into fixed vol-

ume elements, usually associated with an underlying lattice or mesh. Two general



ways of studying the evolution of the fluid system are to solve the Navier-Stokes
equations, using for example the Finite Volume Method (FVM)?, or to use the
Lattice Boltzmann Method (LBM)?!.

In the FVM, conservation equations for mass, momentum and energy are dis-
cretized and integrated using the volume elements. The size of the volume element
is chosen to be large enough so that properties, like mass and velocity, are contin-
uous and can be approximated as continuous linear functions of the distance. The
evolution of a continuum variable is done by combining its fluxes on all surfaces
of the volume element. However, this continuum approximation will break down
as the size of the volume element shrinks and the discreteness of particle masses
amplifies. Quantifying these behaviours is still an open question. Also, setting
boundary conditions for the FVM requires input parameters like viscosity, which
encapsulate the atomistic behaviour in the fluid.

In the LBM, the fluid system is described by distribution functions generated
from Boltzmann equations??. By using the Bhatnagar, Gross and Krook (BGK)
model?3, the collision term in the Boltzmann equation is replaced by a relaxation
term that only depends on the relaxation time and the equilibrium distribution func-
tion?*?>, This approximation greatly simplifies the computational cost, but the
relaxation time in a dense fluid is hard to determine in theory. To propagate the
local velocity distribution in the lattice BGK model, the most common approach is
the N-Dimensional B-velocity (DNQB) model> where the discretized equilibrium
velocity distribution of a small volume is represented by a sum of b directional
equilibrium distributions. Each directional distribution is computed using a func-
tion that contains a lattice vector that specifies the direction and a weight associated
with that direction. The more directional velocities are used, the more accurate the
lattice BGK model is. Overall, the question remains whether there exists a gen-
eral lattice-like theory that can accurately model the behaviour of fluids from the
atomistic scale up to the continuum limit.

Alternatively, The Lagrangian perspective decomposes a fluid into “fluid par-
ticles”, with an accompanying particle-like equation of motion. Smoothed par-
ticle hydrodynamics is a particle method?%?7 that partitions a fluid system into
macroscopic particles. Physical quantities at any position are computed using in-

terpolation formulae where contributions from nearby particles are combined and

4



weighted by a distance-dependent smoothing kernel. However, the construction
of the kernels is somewhat ad-hoc. For example, the golden rule is to assume the
kernel is a Gaussian?’ without much physical interpretation associated with that
choice.

Finally, there are many attempts at using continuum models to study meso-
scopic flows. Researchers have found that continuum models can reproduce cor-
rect diffusion coefficients down to a nanoscale?®%?. To account for the large de-
viation of density at small scales, fluctuating hydrodynamics are proposed3’. Its
idea is to add a fluctuating term in the continuum equations to correctly model the
fluctuations at equilibrium. Correctly constructing the fluctuating term requires the
knowledge of density distributions at a mesoscopic scale, which can only be gained

from atomistic or mesoscopic simulations?!.

1.5 Multiscale models

Another popular field of research is multiscale modelling®? where methods that
work at different scales are combined to simulate the dynamics of fluids, such as
the MD plus CG MD model*?, MD plus CFD model**, CG MD plus CFD model %
and so on. The general idea of multiscale simulation is to understand the subsys-
tem of interest in detail while treating the rest of the system at a coarser resolution.
Usually, a buffer region is placed between these two resolutions to ensure cor-
rect boundary conditions and thermodynamic behaviour. In principle, to exchange
information consistently, one needs to know exactly how the low-resolution infor-
mation is mapped to the high-resolution model and vice versa. However, mapping

and back-mapping problems are non-trivial and often done in an ad-hoc way>°.

1.6 Summary

In summary, various fluid models have proven their usefulness. Exploring the ways
to improve these models is still an active area of research. Nonetheless, the cen-
tral question for developing new fluid models is, “How can we correctly describe
the transition from atomistic behaviours to mesoscopic behaviours and even to
continuum behaviours?” Answering it will help us understand a series of issues

mentioned earlier like what is the correct EOM for CG systems, what are the phys-



ical interpretations for many ad-hoc treatments, how to quantify the continuum
hypothesis and ultimately how do atomistic EOM become continuum ones in the
large number limit. We argue that such a problem must be studied within rigor-
ous statistical mechanics theories involving projection operators’ and distribution

8 in a bottom-up manner. From Mori-Zwanzig projection theory 4%,

functions?
the general EOM for CG variables have the form of Langevin equations. The elim-
inated degrees of freedom appear in the memory term and the noise term. In the
meantime, the mapping scheme that maps atomistic information to a CG space
should be general so both bonded and non-bonded systems can be studied. Com-
bining projection operator theories with general mapping schemes in studying the

dynamics of CG fluid systems will be elaborated in Chapter 2.



Chapter 2

Theoretical background

2.1 Mori-Zwanzig theory

What the CG mapping does is to package some degrees of freedom of the system
into quantitively lesser variables. Therefore, CG variables are defined as a function
of those degrees of freedom and are generally considered as dynamical variables.
In classical mechanics, the time evolution of dynamical variables is associated with
the Liouville operator L, which is defined by the system’s Hamiltonian H (p,r) as

L=t 0 _oHO 21

Then, the time dependence of a set of dynamical variables A(z(z)) is given as

0A(2(1))

S = LA(z(1)) 2.2

Consider a classical system with n particles, where microstate z is a point in the
phase space with a set of 37 momenta p and 3 positions r.

The solution of this operator equation is
A(z(t)) = ¢'"A(2(0)), 2.3

where A(z(0)) and A(z(¢)) are values of the dynamical variables at time 0 and t, re-



spectively. To simplify the notation, we use to A(0) and A(r) represent A(z(0)) and
A(z(t)) below when we discuss the time dependence of A. This shows the effect of
¢! is to propagate CG variables along the CG space trajectory. Another property
of ¢ is that it can be moved inside a function. Equation 2.3 and properties of /"
will be used later in the derivation of the CG EOM by Mori-Zwanzig projection.

The general idea of the Mori-Zwanzig formalism 3%+

is to consider Equa-
tion 2.2 as a linear partial differential equation. In the matrix representation of
this equation, dynamical variables can be expanded by infinite orthogonal sets in
Hilbert space’’. Suppose we are interested in the behavior of a chosen set of in-
dependent dynamical variables A (or sometimes called relevant variables A in the
literature). In Hilbert space, A is considered as a vector and hence independent dy-
namical variables form a subspace. The action of studying a set A is to partition the
Liouville matrix in Hilbert space. This can be done formally with the projection

operator P, whose action on any function B is defined as
PB = (B,A)(A,A)'A, 2.4

where (B, A) represents the inner product of two vectors in the Hilbert space. This
operator projects the function B to the subspace spanned by the set of relevant vari-
ables A. If B does not contain any component of A, the projection result will be
a zero vector. By using the projection operator P and operator properties, Equa-
tion 2.2 can be rearranged as a general Langevin equation. This process is given as

follows. First, split the Liouville operator into a projected part and a left-over part,
L=PL+(1-P)L, 2.5
then use the operator identity
el = I-PIL 4 /z dse(t_s)LPLes(l_P)L, 2.6
0

and multiply the quantity (1 — P)LA(0) to the right of both sides of the equation.
After some derivation and rearrangement together with Equation 2.3 and Equa-



tion 2.4, we obtain the general form of the CG EOM as

agit) —iBA(1) — /0 "dsK(s)A(t — )+ F (1), 27

where

iB=(LA,A)(A,A)7,
K(1) = —(LF(1),A)(A,A) ",
F(r) =U=PL(1 - P)LA(0). 2.8

The first term on the right-hand side of Equation 2.7 represents for projected
dynamics in the CG space. The second term represents a memory term that in-
tegrates the interaction between A and F (). The third term partly represents the
influence of the bath (or irrelevant variables) on A. In theory, this term is deter-
mined by the initial state of irrelevant variables. However, one is often not inter-
ested in details of the irrelevant variables, so this term is treated as a noise term in
a Langevin equation. One can also show that the memory term and noise term are

related and give the fluctuation-dissipation relation
K(t) = (F(1),LA)(A,A)~" = (F (1), F(0))(A,A)~", 29

when the inner product is chosen as the equilibrium average. This relation confirms
that Equation 2.7 is a generalized Langevin equation. Therefore, those three terms
are often called conservative, memory, and noise terms following the convention
used with studies of the Langevin equation. The exact behavior of the noise is
unknown and assumed to be a zero-mean and non-Gaussian random process. In
general, the operation of eliminating irrelevant variables gives memory and noise
terms. The conservative term determines the equilibrium structure while the rest of

the terms produces the correct dynamics of the CG system.

2.2 General mapping scheme

Many CG mapping models have been developed to suit the need in different sit-

uations. For example, one bead is used to represent one water molecule with its



position being the Center Of Mass (CoM)*#!=**_ Such a mapping is widely used

and can be written as
n
m;
Rg=Y df —r
1 28]
=1 Mk

n
Py =Y dfp;. 2.10

i=1
Here, n is the total number of particles, r; and p; are the atomistic momenta and
position of particle i, N is the total number of CG particles so that K is an integer

which cannot exceed N, M is the total mass of CG particle K, and d,-K is usually
defined as

1,if atomistic particle i is included in CG particle K;

0, otherwise.

This means one atomistic particle belongs to one specific CG particle, and this as-
signment is fixed in time. Such a mapping effectively reduces the computational
cost since it packs 6n degrees of freedom into 6N few CG variables and does mimic
the dynamics of bonded systems with fixed dX. On the other hand, a static assign-
ment may be less accurate in the study of nonbonded particles. One can imagine
that atomistic particles that belong to one CG variable may move toward different
directions without the constraint of the chemical bond. As a result, the COM posi-
tion merely becomes a statistical average and is unable to tell the rough location of
the atomistic particles. This problem in dealing with unbonded particles motivated
a new CG mapping scheme where the membership function is a function of the
particle’s atomistic position.
Lynn and Thachuk* used the following choice of A(z),

dfmi(r; —Rf,)
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where dX is a distance-dependent function, W is a mass-weighted difference be-
tween the COM of CG particle K and its reference point, RX | and P is the mo-
mentum of CG particle K. The last relation defines a symmetric mass matrix M
since Mgy, = Mpg. The mass of a CG particle K can be calculated by summing
over the columns or rows of matrix M; that is 25:1 Mg; = Mg and by using the

fact arising from the conservation of mass and momentum that
N
Y daf =1 2.13
K=1

This general CG mapping is motivated for several reasons. The coefficient dX
specifies the weighting of atomistic momenta, position or mass of particle i. The
reference point RIIZb can be set as a fixed point in space. When one coarse grains
unbonded particles, a CG particle K becomes a lattice-like CG variable. If one
wishes to coarse grain a protein in the system, then setting Rl[ib to be zero will do
the job. Later we can see that the definition of a symmetric mass matrix M shows
up naturally from the derivation of CG probability density.

The general mapping scheme not only can be used to model both bonded
and unbonded systems, but also allows one to study a complex system. Several
distance-dependent mapping functions are discussed below with a focus on a hy-
brid mapping scheme. More specific examples of the mapping schemes are dis-
cussed in Chapter 3 and Chapter 4.

The simplest scheme is called a constant mapping in which all dX in Equa-
tion 2.12 remain constant in time. The constant mapping scheme can be thought of
as a generalization to the COM mapping mentioned in Equation 2.10. If one sets
dX to be a mass-based coefficient and lets the reference point be the origin, then
constant mapping is similar to the COM mapping. This choice of dX may be use-
ful in coarse graining molecules since the contribution from each atomistic particle
is fixed in time. In Figure 2.1, a complex molecule is represented by a chain of
triangles. These triangles may represent atoms or functional groups. With a con-
stant mapping scheme, segments of the molecule are bonded in a CG sense. Such
a mapping greatly simplifies the EOM since dX does not depend on the position of
particle i.

11



Lattice mapping removes the restriction of constant mapping by allowing dX
to change in time. In this case, the value of dX is always one when the particle is
assigned to CG variable K and remains zero otherwise. One can expect this CG
strategy to be used in representing chunks of nonbonded particles. As shown in
Figure 2.1, a system is coarse-grained into four slabs, each of which also represents
the territory of a CG variable. A particle i represented by a blue circle in the
bottom- right slab will be in the top-right slab after moving across the border shared
between these two slabs. Numerically, this means right after the crossing, the value
of dX will be set to one if K is the top-right slab, and the value of d* will be set

to zero if L is the bottom-right slab. The fuzzy mapping scheme considers the

.. .o ..‘ﬁ:l ®

Q
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Figure 2.1: Illustration of a hybrid scheme. The left panel shows a system
coarse grained by a hybrid scheme. Circles represent nonbonded par-
ticles being assigned to a lattice mapping scheme. A constant map-
ping scheme is employed to bonded particles represented by triangles.
The assignment of atomistic particles to each CG particle is shown by
a unique color. The right panel shows the same system some time later.
When time goes by, nonbonded particles may belong to different lattice
CG site while bonded particles are fixed to one CG site forever.

position dependence in a more careful way, allowing dX to decrease when particle
i moves away from reference point Rﬁh. The form of the fuzzy mapping function
can be one of the sigmoid functions. In this case, one CG variable does include all
atomistic particles. Compared with the lattice case, fuzzy dX should give a better
description about the mass flux between CG particles since the discrete jumping in
CG variables is replaced by continuous change.

Now, recall that Equation 2.7 is obtained with dX being a function of distance,

which enables us to study a rather complicated system by applying multiple map-

12



ping schemes. For example, in Figure 2.1, if one wants to study protein folding by
CG MD, the solvent water molecules may be adequately coarse-grained by a lat-
tice mapping scheme to mimic bulk water. Protein structures and its solvation shell
should be modeled with a constant mapping scheme which is capable of coarse-
graining molecules. Then, one can obtain the CG EOM under a hybrid mapping
scheme. However, many questions concerning the basic properties, such as usage
and effectiveness of those primary mapping schemes need to be clarified before the

future application of the hybrid scheme.

13
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2.3 Derivation of equations of motion

We followed the work of Espafiol et al.*® who used a projection operator Py based upon the equilibrium conditional expec-

tation. The action of Py on a set of dynamical variables B(z) is given by

1

P¢B(Z)Z<F>:W

/ B(2)p*(2)5[A(z) — §dz, 2.14
Here,(...) stands for the average in the atomistic space, p®?(z) is an equilibrium density and & [x] is the Dirac delta function.
The probability density of a set of CG variables, @, is Q(¢) with

Q(9) = [ p1(2)5(A(2) - 9ldz. 2.15

in which Q(¢) selects the number of microstates that satisfy the relation A(z) = ¢. Operator Py projects a dynamical
variable B(z) onto the CG space spanned by @ through averaging B(z) with microstates z such that A(z) = ¢. For example,
in Equation 2.12, ¢ represents possible values of CG variables on the left-hand side while A(z) are the expressions of CG
variables in terms of z on the right-hand side.

Lynn and Thachuk* used Equation 2.12 and took p¢(z) to be the canonical probability density function, p°?(z) =
Z 'exp(—BH(z)) with B = 1/kT, k the Boltzmann constant, T the temperature of the system, and Z an appropriate normal-
ization factor, and derived their general CG EOM. They showed the expression for CG probability is

N
Q(W,P,M) = (27kT) V2 M| 32 exp —g (PrxMyp; Py + Py, Pry+ P My PrL) — BV (W, M) | 2.16
1J=1



Sl

where W = (W, W,, ... Wy),P=(P|,P,,...,Py), MI_Jl denotes the IJ-th element of the inverse of the mass matrix and
the effective CG potential V (W, M) is given by

N n
e PVYOWM) Zl/dreﬁU(r){Hé[(Zd{m[(ri—R{ab)>—W1]}
r =1 i=1

N n
X { H 0 [(Zd{dljml> —M[J] } s 2.17
1.J=1 i=1

in which Z, is the normalization factor of the conditional configuration integral. This probability indicates that after inte-
grating the momentum part to the CG space, CG momentum shows up together with the mass matrix elements M;;. The
natural appearance of mass matrix elements motivates the choice of mass matrix elements as CG variables. Q(W,P,M) is
the probability density function for CG variables. That is, for a given set of W, P, M, Q(W,P,M) gives the probability
of having that state in CG space. CG averages can be calculated by integrating the CG space with this probability density
function. One then can define the entropy of the CG system (in the thermodynamic limit sense) as

S(W,P,M) = kInQ(W,P,M)

3 1 Y B B B 1
= So— 5kln\My ~57 ) [PLMy, Py + Py Py + PLMG, P — ?V(W,M) 2.18
1J=1

with Sy being a constant and x,y,z being component of CG variables . Finally, the CG EOM for Wk, Px, Mg can be derived
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using a similar way shown in Section 2.1 resulting in

dWg
dt

dPg
dt

dMk;,
dt

N
Pi+ Y (Ggp)-M;,'Py
=1
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L1

+ l/tds §<5MQ()5WQ<0)>-ﬁ+i<5MQ()5PQ(0)> 98 | i (5ME (5)5MC(0)) - 23
xJo P KL\S 1 oW, P KL\S i 8P1 = KL IJ EY
+ " ds ii«wQ (s)6WQ(O)>+ii<6MQ (5)8PL(0)) + i J (8MZ, (5)8MZ(0))
0 ~ oW, KL I = JP; KL I ~ OMrr My, KL 1
+ MY (1)
in which
8X2(t) = exp(tQL)XZ(0) = exp(tQL)QLXk, 2.20
ad
Gy, = Zm, i—RE,)d o 2.21
U ddX
G%JK = Zmid{dij 81’2’ 2.22

where X can be either of W, PorM,and 0 =1—P

As we can expect, the introduction of distance-dependent CG variables results in this complicated EOM. In the conser-
vative terms, GL;, G7,x account for the change of atomistic particles’ contributions to CG particle K caused by their motion.
The memory part of the equation contains kernels like <3W,Q((s)5WIQ (0)) and their derivatives arising from the action of
projected Liouville operator on the noise. The evaluation of those time integrals thus requires a certain understanding of the

noise term.



Equation 2.19 is currently not useful in practice for three reasons. First, mem-
ory terms in their EOM are non-Markovian and contain information about the evo-
Iution of the dynamical variables in the subspace orthogonal to the projected space.
But the dynamics of that part is complicated due to the unclear definition of the op-
erator Q associated with this process. Second, provided the momentum part of the
EOM can be evaluated analytically, the positional part of the projection is difficult
to deal with, which makes the CG potential nontrivial to model. Third, weight-
ing functions and their positional derivatives appear in the EOM. Thus, different
choices of weighting function will give contrasting CG EOM with various charac-

teristics.

2.4 Simulation details
Our strategy is to study Q(W,M,P) from CG distributions generated from MD

simulations, using Gromacs*’, for a model atomic system. LJ reduced units rela-
tive to particle 1 were used throughout with o7, € and 4/m; 612 /€ the units for dis-
tance, energy and time. All MD simulations used cubic cells with periodic bound-
ary conditions in the NVT ensemble with a reduced time step of 0.001 and the
velocity-rescale coupling method to maintain the temperature. The total number
of particles was varied from 125 to 6250 so that finite-size effects on CG variables
could be studied. In all cases, the energy of the systems was first minimized us-
ing the steepest descent method. Systems were then equilibrated for 100,000 time
steps before being used for production runs with up to 2,000,000,000 time steps.
To reduce atomistic correlation effects, for analysis of the liquid states, atomistic
trajectories were stored at time intervals longer than twice the time it took for the
atomistic velocity autocorrelation function to decay to zero. These times were typ-
ically 2 reduced time units. In principle, studying the effective CG potential only
requires microstate data from the configurational space. The cheapest way is to
perform an equilibrium Monte Carlo sampling. We chose to perform MD simu-
lations because we also want to check the theoretical expressions involving CG
momentum, the correlations concerning CG momentum, plus the time evolution of
the CG variables.

With in-house coded scripts, atomistic trajectories were converted to CG ones
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using Equations (2.12). Lennard-Jones (LJ) fluid systems were used for all sim-
ulations (with a cutoff radius of r = 2.50) for several different systems and state
points as shown in Table 2.1, where the form of the LJ potential is given by
o 12 o.6
Vi(r) =4e[(—) —(=) ], 223

r r

in which € is the depth of the potential from zero energy, o is the distance at which

the intermolecular potential between the two particles is zero.

Table 2.1: Lennard-Jones state points at which atomistic molecular dynamics
calculations were performed, reported in reduced units relative to particle
1. The first two cases are single-component systems while the last two
are mixtures at the stated mole fractions of particle 1, x;.

Case | Phase 62/61 82/81 mz/ml pf = Gl3p1 X1 T = kT/81
1 gas 1 1 1 0.029 1.0 2.500
2 liquid 1 1 1 0.8178 1.0 0.7867
3 liquid | 1.176 | 0.625 1 0.5819 0.5 0.7000
4 liquid | 1.176 | 0.625 2 0.5819 0.5 0.7000

The first two cases are single-component systems in the gaseous and liquid
states. The final two cases involve 50:50 liquid mixtures with differing ratios of &
and €. These are the same except the mass of particle 2 is doubled in one simu-
lation (to reveal mass effects). Consulting the phase diagrams for LJ mixtures*3,
we chose state points giving a range of different physical behaviour to test the
robustness of the CG results.

Figure 2.2 shows the radial distribution functions, often denoted as g(r), for
Cases 1 and 2. For the binary mixtures of Cases 3 and 4, the like and unlike radial
distribution functions are plotted in Figure 2.3.

When converting atomistic trajectories to CG ones, the number of CG vari-
ables, N, is equal to the number of subcells created by slicing each edge of the
cubic simulation cell into ¢ slices. For example, with £; = 2, a cubic simulation
cell with edge length L is divided into eight identical subcells each with an edge
length of L* = L/2. From the mapping side, this means the atomistic positions and
momentum are mapped to 8 CG vectors W and 8 CG vectors P (each having x, y,
z components), along with an 8 x 8 diagonal mass matrix, M. The same atomistic
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Figure 2.2: Radial distribution functions for the single component systems,
Case 1 (left) and Case 2 (right).

trajectory can be used to generate many different CG ones by changing the value
of £;. In general, any particular choice will give N = £3 by producing subcells with
edge lengths L//. Later, we will often use half the edge length, that is £ = L/(2(y).
In-house codes were then used to analyze CG trajectories, including averaging,
constructing distributions, and calculating statistical correlation coefficients, rap,
given by (here A and B represent any component of a CG variable)
rAB = (AB) — 4)(B) >6;C<:;><B ) : 2.24
in which the average and variance of a set of T data points a; is given by (a) =
T 'Y7  a; and 62 = (a?) — (a)?, respectively. This correlation coefficient ranges
from —1 to 1 and is often used to estimate the linear correlation between two data
sets. The bigger the absolute value of the coefficient, the stronger the correlation.
If the coefficient is zero, then there is no linear correlation. However, higher order

correlation may still exist which requires other methods to uncover.
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Figure 2.3: Like and unlike radial distribution functions for LJ mixtures,
Cases 3 and 4, where g(r,;) means the radial distribution function of
particle b using particle a as the reference.
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Chapter 3

Lattice mapping scheme

3.1 Introduction

! The standard CG approach is suitable for bonded atoms because the particle posi-
tions remain localized, even when vibrating, ensuring a CG bead is always located
in a spatial region corresponding to its constituent atoms. This is not the case for
non-bonded systems in which particles are free to move relative to one another,
as illustrated in Figure 3.1 in which the circles and triangles represent two dif-
ferent kinds of particles, and the colour coding indicates particles assigned to the
same CG variable. Over time, the particles in a standard CG bead move far away
from one another and have no collective relationship, producing unphysical results.
Coarse-graining systems of independent particles requires a different approach.

In the present work, this is done by dynamically changing the CG assignments.
For example, imagine we assign the particles in Figure 3.1 to four CG “beads” rep-
resented by the four colours in the left hand panel. In time, all these colours would
become evenly mixed as particles move. To prevent this, the CG assignments are
continuously reset like, for example, assigning particles in the top left hand region
of Figure 3.1 always to green, regardless of their origin. This means as particles en-
ter and exit certain spatial regions, their CG association (that is, “colour’”) changes

dynamically, ensuring CG “beads” stay localized in space, even though the under-

Most of this chapter is reprinted with permission from [J. Phys. Chem. A 2021, 125, 6486-6497].
Copyright [2021] American Chemical Society.
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Figure 3.1: Illustration of a lattice mapping scheme. The left panel shows
a two-component system coarse grained by a lattice mapping scheme.
Circles and triangles represent atomistic particles of two kinds. The as-
signment of particles to each CG particle is shown by a unique colour.
The right panel shows the same system some time later when the parti-
cles have moved to different sites and their assignments (that is, colours)
have dynamically changed as a result.

lying particles are moving. Mathematically, this is accomplished with a function d/
that specifies to which CG variable [ particle i is assigned. This function depends
upon position, and in principle can give fractional values (meaning a particle can
be assigned to more than one CG bead simultaneously). In the standard CG bead
approach, di] can only take on the value O or 1, and these values remain fixed in
time. Standard CG beads have static definitions with particles belonging only to
one bead, while the current approach is a generalization providing dynamic defini-
tions, including the ability to tailor the size and shape of the CG “beads”.

There have been some reports in the literature using similar schemes. Espafiol
et al.*® and Flekkgy et al. *>>! used a distance-based CG mapping that defined CG
variables as cells in a Voronoi lattice. Han et al. % group particles in a local region
into CG beads. These approaches take a Lagrangian perspective, seeking to define
“fluid particles” moving as a group. This has a particle-like flavour. In the current

approach, the alternative Eulerian perspective is taken, using fixed regions in space,
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through which particles flow. This is the usual perspective used in computational
fluid dynamics, for example. Furthermore, all these approaches are bottom-up,
constructing the CG interactions from the underlying atomistic ones. Top-down
approaches have also been used, defining CG solvent beads in the Lagrangian per-
spective.** For example, MARTINI® models four water molecules by a fixed CG
bead.

As detailed in Chapter 2, recently we used Mori-Zwanzig theory to derive equa-
tions of motion for CG variables with distance-dependent assignments for treating
non-bonded systems. This bottom-up theory is mathematically rigorous but the
resulting formal equations can be difficult to implement. The theory is also quite
general, allowing regions in space to be defined arbitrarily and the boundaries be-
tween those regions to be fuzzy (that is, particles can be part of more than one
region simultaneously). We hope though that basic physical understanding of this
CG scheme can be obtained by studying simpler systems, so for the present work
we consider only the CG potential for the mapping scheme in Figure 3.1, that is
where the system is divided into cubic regions arranged in a lattice. The effects of
fuzzy boundaries, dissipation, and other terms in the equations of motion will be
the subject of later chapters and future work.

Using lattices to represent physical systems has a long history, for example the
Ising model>? for interacting spins, the Hubbard model>* for particles interacting
on a lattice, lattice Boltzmann methods?! for fluid motion, Ewald summation>>
for calculating electrostatic energies, and block spin analysis in renormalization
group theory,® to name a few. Many of these treatments use simple models with
parameterized nearest neighbour interactions while the current work makes no a
priori assumptions about the form or extent of the interactions. The current work
is also closely tied with the definition of the chosen CG variables, and general lat-
tice models cannot be used to get this specific information. In other words, we are
interested in understanding how the particular choice of CG variables made here
relates to the interactions among the subcells in the system, and whether general
behaviour can be physically rationalized. In this sense, the current work is new
and should provide insights for producing CG models of fluids from first princi-
ples, using a bottom-up approach. Since the CG variables in this case resemble

fluid elements typically used in computational fluid dynamics, the results may also
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connect with fluctuating hydrodynamics theory. >

More specifically, we will employ Lennard-Jones fluids, both single-component
and binary mixtures, at several different state points, and examine the form of the
resulting CG potentials for the CG variables described in the Methods section. Ul-
timately, the changing of the CG labels as particles move among subcells is the
source of new physics, and because this is a generic effect (only weakly dependent
on the atomistic interaction potential) the resulting CG interactions may also be
more generic in nature. If so, the form of the CG potentials should be relatively
unaffected by different atomistic interactions and compositions. This would repre-
sent a significant simplification, especially for modelling complex fluids, and is a

particular focus of the present work.

3.2 Properties of lattice mapping scheme

The lattice mapping scheme uses a Heaviside function in the membership function

in Equation 2.12. To define d!, consider a switching function, /(r), with properties

0, r<—4
h(r)=41/2, r=0 , and h(r)+h(-r)=1 3.1
1, r>/

and construct a series of cubic boxes with centers located at Rf a» and edge lengths
2. To simplify notation, let i!, = h(riy — (R},,, —{)) and h_, = h((R], , +
0) —riy), for y={x,y,z}. For a particle travelling in the positive y direction, hﬂ_y
changes from O to 1 as it moves from outside to inside subcell /, passing through
the boundary at Rf aby ~ ¢, and b y changes from 1 to 0 as it moves from inside to
outside subcell /, passing through the boundary at R}, , +¢. Also i, = 1/2 when
iy = R{ab# —{ and h’,y =1/2 when r;y = Rfab’},—k £. These functions switch CG
assignments as particles enter or exit the region centered at R{ab. The sharpness of
the boundaries of this region depends upon the steepness of the change from 0 to 1
in the function A(r) in the range —¢ < r < /.

Using the symmetry of A(r) and noting the distance between the centers of any
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two adjacent subcells is 27, one can show that

I+y 1
= iy
-r _
W)= 11—, 3.2

in which I &y labels the subcells to the right and left of subcell / in the Y direction.
These functions permit d! to be written in a general way as

di(x;) = h nt n n nl H

Xt —xlqy byt 7t —z

= Hh(ri#_R{ab,y+£)h(R{ab,y+€_ri,}’)' 3.3
¥

The properties of h(r) in Equation 3.1 guarantee this expression for d/ is properly
normalized. We now show this condition shown in Equation 2.13 is automatically
satisfied by Equation 3.3 provided the properties of Equation 3.1 are obeyed by the

switching function /(r), that is

h1

y o=y

N
_ Il gl
Norm = ) hl h' h' -,
=1

N n_n! :idle 3.4
1= =1
for every position r;.

Consider a particle located in one of the octants of subcell /. Because h(r)
changes sign over a domain of length 2/, the particle can be included, at most, in
8 CG variables corresponding to the subcells nearest the octant. Without loss of
generality, consider the octant where the neighbouring subcells are in the positive

X, y, and z directions, so that explicit counting gives
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significantly complicates the practical application of the CG mapping scheme.

lLifiel;

0, otherwise.

3.5

in which the second line was obtained by setting the appropriate elements to unity (since the particle is far from the opposing
subcell boundaries) and using Equation 3.2 in the x-direction. Subsequent lines use Equation 3.2 in the other Cartesian
directions. Therefore, the properties of Equation 3.1 provide a range of switching functions for which the normalization is

easily dealt with. Choosing functions outside this range could result in a position-dependent normalization factor, which

The definition of /(r) and Equation 3.3 together provide a general framework for defining CG variables based upon
a grid of reference points Rfab. The variables resemble cubes with fuzzy edges (in general) thus allowing particles to be
included in more than a single CG variable at one time, depending upon their positions in space. For the current work, we

will choose the conceptually simple case with /(r) as the Heaviside function (k(r) = 1 for r > 0 and zero otherwise), so that
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This scheme produces sharp subcell boundaries thus simplifying the calcula-
tion of CG variables, and making the mass matrix M diagonal, that is M;; = M; 8y,
where §;; is the Kronecker delta. In Chapter 4, we will consider switching func-

tions producing fuzzy subcell boundaries.

3.3 Statistical behaviours of fluids

Computational methods mentioned in Section 2.4 are used to study the statistical

behaviours of fluids.

3.3.1 One-dimensional distributions of W, P, and M

First, we examine one-dimensional distributions obtained by integrating Q over all
CG variables save one. From the form of Equations 2.12 and 3.6, W and P should
distribute evenly on both sides of zero since atomistic positions and momenta dis-
tribute uniformly along any direction, on average. The average mass in subcell /
is (M) = my (n}) + my(nl) with n! and n} being the number of particles of type
1 and 2 in cell I, respectively. Because the systems have uniform, average densi-
ties we expect (n!) = nx;/N fori= 1,2, and the distribution of Mj; to be symmetric
about the average. However, if the average number of particles in a subcell is small,
these distributions may skew towards larger values because by definition, the mass
must always be positive. For easier comparisons, we will sometimes use the scaled
mass M;; = My /(Mj;). Finally, Equation 2.16 predicts the distribution of P; to be
normal with a variance depending upon mass and temperature.

Since the equilibrium system is isotropic, the one-dimensional distributions
should be independent of direction. For example, the x-component of W should
have the same one-dimensional probability distribution as the z-component of W.
In our analysis, we calculated the distributions separately for each variable compo-
nent and compared them. As expected, they all gave the same results. Therefore,
all one-dimensional distributions presented below are obtained by combining all
these components together for better statistical sampling.

A sample of the one-dimensional probability distribution functions is shown
in Figure 3.2, together with their Gaussian fits. In this case, a MD simulation of

Case 2 with 1000 particles was converted into a CG trajectory with N = 8 ({; = 2).
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Figure 3.2: One dimensional probability distribution functions for compo-
nents of the CG variables (a) W, (b) P, and (c) M* for Case 2 (single-
component Lennard-Jones liquid) using £; = 2. The dashed lines show
the best Gaussian fits to the solid blue distribution data determined from
CG trajectories.

As seen in Figure 3.2, the distributions look very close to normal with zero mean
for the components of W, P, and mean one for Mj;. To test this, the fourth mo-
ments calculated from the simulation data were compared with the theoretical ones
expected from the fitted parameters. The ratios of these two fourth moments for W,
P and M were 0.99683, 0.99704 and 1.0000 respectively, showing the distributions
can be well-approximated as normal.

Note the distribution of Mj; is strictly discrete because at any one time, an
integral number of particles reside in a subcell. This discreteness is so fine as to
be invisible on the scale of the plot in Figure 3.2. The dashed line in this case
represents a fit to the values only at these discrete mass points and should not
be interpreted as a continuous distribution. Finally, such distributions calculated

for the other Cases were consistent with Figure 3.2, being well-approximated as
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normal, except for the mass distributions. In Figure 3.3 and Figure 3.4 are one-
dimensional probability distribution functions analogous to Figure 3.2 except for
the binary liquids of Cases 3 and 4, respectively. In all cases, the distributions of
W and P remain normal. The distributions of mass show more structure because
of the discreteness of the mass of the particles and the sharpness of the subcell
boundaries. The mass within a subcell can only change by integral amounts of the
particle masses. In this case, there are only 24 particles on average in a subcell, with
12 of each particle type. As seen in Table 2.1, for Case 3, the particles have similar
sizes and masses so the mass distribution looks normal because the discreteness of
the mass changes is too small to be seen on the scale of the graphs. For Case 4,
the two types of particles have the same size but particle 2 has twice the mass of
particle 1. So, the discrete aspect of the mass change is magnified and is now visible
in the distributions. Note the distributions are still symmetric with envelopes well-

approximated as normal.

0.150

0.125

0.100 1
[V
0 0.075-
o

0.050 1

0.025

0.000-

20

0.
0.0 05 1.0 15 2.0
My

Figure 3.3: One dimensional probability distribution functions for compo-
nents of the CG variables (a) W, (b) P, and (c) M* for Case 3 using
s = 5. The dashed lines show the best Gaussian fits to the solid blue
distribution data determined from CG trajectories.
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Figure 3.4: One dimensional probability distribution functions for compo-
nents of the CG variables (a) W, (b) P, and (c) M* for Case 4 using
f; = 5. The dashed lines show the best Gaussian fits to the solid blue
distribution data determined from CG trajectories.

In general, the discreteness of the mass distributions can be more pronounced,
especially in mixtures with particles of different sizes and masses having small

numbers of particles per subcell.

Fluctuations of CG momentum and position

To make quantitative comparisons of the variances determined from the normal fits
to the CG momentum distributions, it requires comparison with the theoretically
predicted values*’, which for the switching function used here reduce to

N 2

P
(P;-Py)cG = 3kT (My)c8yy , and (Y M—’>CG = 3NKkT , 3.7
=111

where (...)cg denotes an average in CG space, k is Boltzmann constant and 7

the temperature. Note these theoretical expressions hold for a system free from
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constraints. However, in the MD simulations, the total momentum of the system is
held fixed, and since Equation 2.12 conserves momentum, the total CG momentum
is also conserved. This means the temperature calculated from Equation 3.7 must
be multiplied by the factor of N/(N — 1) to account for the loss of the degrees of

freedom due to this conservation.
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Figure 3.5: Temperatures calculated from one-dimensional distributions of
CG momentum determined for Case 2 using different values of /.
Open diamonds are temperatures calculated using Equation 3.7 directly.
Black squares are these values multiplied by N/(N — 1) with N = ¢3.
The dotted line shows the temperature used in the MD simulation.

In Figure 3.5 we compare the simulation temperature against that calculated
using Equation 3.7 and our one-dimensional CG momentum distributions to evalu-
ate (...)cc with and without the correction factor. All the results in Figure 3.5 come
from the same atomistic MD trajectory run at the liquid state point (0.8178,0.7867)
with 1000 particles. We simply coarse-grain this trajectory at different levels by
varying the value of ¢; from 2 to 5. As seen, the CG trajectory yields the cor-
rect system temperature to within about 2% after applying the N/(N — 1) factor,
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indicating the CG procedure is predicting the expected results.

Figure 3.5 also shows a significant finite-size effect in the CG system that does
not exist in the atomistic one. The reason is that the MD simulation involves hun-
dreds of particles with independent momenta, so the loss of one degree of freedom
in each component as a result of total momentum conservation has a small effect.
The CG procedure converts hundreds of atomistic particles into only a few CG
variables (8 values of P for £, = 2 and 125 values for ¢, = 5). This is a dramatic
reduction in the number of degrees of freedom (which of course is precisely why
coarse-graining is used) but the result is that the loss of one degree of freedom
per component in the CG system now can represent a significant constraint. It is
akin to running an atomistic simulation with only 8 particles, for example, wherein
we expect significant finite-size effects. For this reason, a value of at least /; > 5
should be used when gathering CG statistical results if finite-size effects are to be
minimized.

The calculated fluctuations of CG momentum agree with theoretical results,
once one accounts for the loss of degrees of freedom due to center-of-mass removal
in the MD simulations. The fluctuations in W reflect the spatial distribution of
particles in a subcell. Consider, for example, the x-component and define §; =

Fix — R}y, . 50 that using Equation 2.12 gives

O-VZVI = <Zd{d§mlmj5,5]> . 3.8
ij

Using Equation 3.6 and considering first a low-density system (that is, uncorrelated

particle positions), gives the approximate expression
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Gy~ L2(07) = ()4 o) - — M M) L Zm)0) (1) 39

~ 12 1202 p
in which the average (5?) was estimated by integrating §? from —L*/2 to L* /2 using the uniform probability distribution
p=1/L*, and quantities were expressed in terms of n, p, and ¢;. We expect this relation to hold for an ideal gas, hence the
superscript label on the variance. It should also be the same for each Cartesian component of W; and independent of /.
Table 3.1 shows values of GVZV: / Gé/[,-dw, for each Case with the variances calculated from the numerical distributions. The
gas values are very close to the ideal limit while those for the liquids are significantly smaller, and decrease relatively as the
subcell size increases. This latter trend is expected because particle positions are correlated in a liquid, and a rough estimate

of (8;0;) shows the contribution will be negative when i # j, hence reducing the value from the ideal limit.

Table 3.1: Values of szvl / Gé/ideal averaged over all Cartesian components of W for LJ state points (Cases 1 and 2
1

correspond to a single-component gas and liquid, Cases 3 and 4 are binary mixtures) as a function of total number
of atomistic particles, n, and average atomistic particles per subcell, (n}), (n}). All results were obtained with

ly=5(N = 125).
. n[(nl)] Case 3 | Case 4
125[1] | 400[3.2] | 625[5] | 1350[10.8] | 3200[25.6] | 6250[50] n [(n}),(n})]
1 [0.9985 | 1.003 | 1.008 1.011 1.016 1.019 3000[12,12]
2 107452 | 04782 |0.4322 | 0.3291 0.2636 0.2241 || 0.3190 | 0.3759




Fluctuations of CG mass

The value of Mj; changes when particles enter or exit subcell /. Thus, fluctuations
in CG mass are proportional to number fluctuations. However, each subcell has
constant volume V; = L*3, temperature T and chemical potential because it is in
equilibrium with its neighbours. Thus, each subcell should sample a grand canoni-
cal ensemble, for which we can derive needed expressions. For a single-component
system, fluctuations in n/, o/, are related to K;/‘, the isothermal compressibility of

a finite system with volume V37, through

2 Vi
(o _ kT x; ' 3.10
(nf) |4

Heidari et al.”® showed for an canonical ensemble with number density p, the

relationship between the isothermal compressibility K}G of a subcell within a finite

volume Vj and its value in the thermodynamic limit k7, is

PY

Si 3.11

PkT k) = pkT K (1 —A%) +
with A = (V;/V,)'/3 and 7 being a proportionality constant. The first term on the
right hand side arises from the difference between the canonical and grand canon-
ical ensembles, while the second captures the finite-size effect of a subcell. This
result provides a way of relating an isothermal compressibility in the thermody-
namic limit to one calculated from a subcell.

We would like to test the accuracy of Equation 3.11, noting A = 1//;. Start-
ing with the CG mass distributions for Cases 1 and 2, we calculated oy, and .
These values were then used in Equation 3.10 to get finite-volume isothermal com-
pressibilities. For each state point, subcells with different /; were chosen and then
fit using Equation 3.11 to obtain estimates for the isothermal compressibility in the
TL. We found Equation 3.11 fits the data very well. The results are compared with
reference data in Table 3.2.

The gas phase point should behave like an ideal gas with x7° = 1/P (P the ther-
modynamic pressure). For the liquid state point, we extrapolated from experimen-

tal measurements of isothermal compressibilities> for argon to obtain a reference
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Table 3.2: Values of pkT k7 and Yy calculated from CG mass distributions us-
ing Equation 3.11 and compared with reference values for Cases 1 and 2.

Case Phase pkT k7 (calculated) | pkT k7 (reference) Y
1 dilute gas 0.992 1 0.0000
2 liquid 0.0622 0.0623 0.4497

value. As seen in Table 3.2, the calculated and reference values for the gas agree
very well.

Overall, gathering this information together shows the variance of the diago-
nal mass elements for single-component systems can be well-approximated by the

expression

2 2.2 - 1 gsp4/3
Oj,, =M Oy = m(Mp) |pkTxy (1 — [3) + _TE
N

14 3.12

This expression involves just one adjustable parameter, ¥, and relates the fluctu-
ations to experimentally determined quantities. For low-density systems, the last
term can be ignored if the system is large enough but for liquid-like densities, this
approximation will be poor unless 7 is quite large.

The situation is more complicated for the binary systems of Cases 3 and 4

niTnl o, and interactions between com-

where G[l2411 = m%Gj,l + m%onzé +2mimy G, Oy 1yt
ponents produces non-zero correlations in the number fluctuations. We have not
tried to model these Cases but expect an expression similar to Equation 3.12 to
hold, with some additional terms to account for these correlations. This can also
be determined in the ideal gas limit. From a statistical point of view, for an canon-
ical ensemble of non-interacting particles in a single component fluid, the proba-
bility for finding a particle in a subcell is p = V /Vy. Assuming all subcells have
the same volume, after randomly placing n particles, the probability for finding
n; particles in subcell 7 is given by the binomial distribution with (n;) = np and
G,%I = np(1 — p). This is the behaviour expected for a low-density LJ fluid, that
is 62

2 /({(n1)(1—£3)) = 1. Using the values of the variance and average from the

numerical fit to the gas phase data of Case 1, we found this ratio to be unity with an

error of less than 0.2%. Furthermore, combining these binomial expressions with
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Equation 3.10 gives

2

V [ o

kTKV—n< ”’> =1-p=1-213, 3.13
p T VO <f’l1> p

which matches Equation 3.11 since pkT k7 = 1 for an ideal gas. Thus, we expect

Y =~ 0 for a low density system. As well, when 7 is large, a binomial distribution

is very well approximated by a normal distribution. All these things are consistent

with our numerical results in Table 3.2.

3.3.2 Two-dimensional distributions of W and M

In this section, we explore correlations among CG quantities involving W and M,
to learn about the form for V(W,M). To better present our results, we define
geometric relationships among subcells based upon the distance separating their
centers and their direction in space. “Closest” or “d = L*” denotes two subcells
sharing a common face. “Second closest” or “d = V2L* denotes two subcells
touching only along an edge. Finally, “one subcell away” or “d = 2L*” denotes
two subcells separated by one subcell in a Cartesian direction. Figure 3.6 illus-
trates these relationships. The terms “parallel” and “orthogonal” will indicate how
subcells are positioned relative to vector components. For example, “closest par-
alle]” means correlations between W;, and W, , with subcells I and J touching
faces in the x-direction. The same would apply if x were replaced everywhere by
y or z. However, “closest orthogonal” would mean correlations between Wy, and
W; » with subcells I and J touching faces in the y or z directions. All correlations
are calculated in a pair-wise manner, and no simplification methods, such as using

symmetry, is used in the data analysis.

Correlations between M elements

Mass correlations can arise when atomistic particles cross between neighbouring
subcells. As expected from the isotropic nature of the system, when we calculated
the correlation coefficients of M;; among all possible neighbours, we found the
same values for all pairs with the same geometric relationships, regardless of the

direction of the neighbour in space. All calculations were done with g = 5 to min-
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Figure 3.6: Illustration of several subcell pairs. Red arrows show the posi-
tional relationships between subcells. In scenario 1, subcells are closest
neighbours touching faces with centers separated by d = L*. In sce-
nario 2, subcells are second closest neighbours touching along edges
with centers separated by d = v/2L*. In scenario 3, subcells are sepa-
rated by one subcell with centers separated by d = 2L*.

imize finite-size effects and the unphysical coupling introduced by the boundary
condition. The average number of atomistic particles per subcell was also varied
for Cases 1 and 2 to investigate the subcell-size dependence of the correlations.
Table 3.3 shows correlation coefficients for the gas state, Case 1. These values
are very small and just within our ability to capture statistically. We believe these
values are small but might be non-zero. However, quantitative comparisons are not
likely meaningful. The values for the remaining Cases, all liquids, are summarized
in Table 3.4.
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Table 3.3: Correlation coefficients between pairs of Mj; for Case 1 organized by geometric relationship as a function of
total number of atomistic particles, n and average number of particles per subcell, (n}). All results were obtained
with £ =5 (N = 125), and the numbers within round brackets estimate the deviation in the last reported digit.

6¢

neighbouring n[(nt)]

distance(d) 125[1] | 400[32] | 625[5] | 1350[10.8] | 3200[25.6] | 6250[50]
(Zl‘is‘zsf) -0.005(2) | -0.006(2) | -0.007(2) | -0.007(1) | -0.006(1) | -0.009(2)

second closest

e /3Ly | 0:008(1) | -0.008(1) | 0.008(1) | -0.008(1) | 0.008(2) | -0.008(2)

one (Sc;ﬂicggf;way -0.008(1) | 0.008(1) | 0.009(2) | -0.006(1) | -0.008(2) | -0.008(1)




oy

Table 3.4: Correlation coefficients between pairs of M}y for Cases 2-4 organized by geometric relationship as a function
of total number of atomistic particles, n and average number of particles per subcell, (n}), (n). All results were
obtained with ¢, = 5 (N = 125), and the numbers within round brackets estimate the deviation in the last reported

digit.
neighbourin Case 2 Case 3 Case 4
diftanclelz(d)g n [<n€>] n [<”€> <”£>]
125[1] 400[3.2] 625[5] 1350[10.8] | 3200[25.6] | 6250[50] 3000[12,12]
((;(ff*t) -0.112(4) | -0.160(1) | -0.135(1) | -0.136(1) -0.118(2) | -0.108(1) | -0.0406(2) | -0.113(2)
Se(ilor_ld\%iie;t 0.005(3) | 0.001(1) | 0.004(1) | -0.006(5) -0.004(1) | -0.002(2) | 0.000(2) | -0.003(1)
one (Scl;licglngway -0.025(2) | 0.015(1) | 0.015(1) | -0.008(1) -0.002(2) | -0.004(1) | -0.008(2) | -0.004(2)




For the single-component system, Case 2, a mass element shows a negative
correlation with all its closest neighbours, regardless the subcell size. There is a
statistically significant non-monotonic trend with subcell size, as seen by examin-
ing the values left to right in the first row of Table 3.4. The magnitude of these
correlations are due to the attractive part of the atomistic potential. To show this,
we performed atomistic MD simulations at the same density and temperature but
with the LJ potential replaced with a steep, purely repulsive potential located at a
short distance. The corresponding values in Table 3.4 all decreased to the same
order of magnitude seen in Table 3.3 for a gas. These same trends hold for the
binary liquids in Cases 3 and 4. A detailed rationalization of these behaviours will
be given in a later subsection.

Once particles travel through a subcell, their motions begin to be randomized
by collisions and this reduces the correlation two subcells away. This trend is seen
in Table 3.4 where the values in the last row are significantly smaller than the values
for the closest neighbour. They are effectively zero once there are approximately 10
particles per subcell. For very small subcells, particles can traverse to neighbouring
subcells quite easily, extending correlations there. Table 3.4 shows the correlation
coefficients between the second closest neighbours are statistically zero. This is not
surprising because very few particles cross the shared edge between these subcells.
Thus, the results in Table 3.4 are consistent with expectations based upon particle

motions.

Correlations between W components

Since we expect each Cartesian component of any W; to have the same behaviour,
knowing the correlation of one component with the rest is enough to understand
all the correlations. We computed all the pair correlations for Cases 1-4, and show
some representative two-dimensional probability distributions in Figure 3.7.

First, significant correlations are seen only in pairs with the same Cartesian
component. For example, the x-component of W in one subcell is correlated
with the x-component of some neighbouring subcells but not with the y- or z-
components of W for those subcells. Similarly, the correlation of the x-components

of two neighbouring subcells is the same as the y-components (or z-components)
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Figure 3.7: Representative plots of joint probability distribution functions for
W, pairs with non-zero correlations. This shows the correlation be-
tween Wy, and the x-component of its closest neighbours in the (a)
x direction, (b) y direction and (c) z direction. The state point is
(0.8178,0.7867) with £, = 5.

of two neighbouring subcells with the same geometrical relationship.

Second, a clear directional dependence is observed, as shown in Figure 3.7.
A strong positive correlation is found between the same components for closest
neighbours lying in that same direction, that is the x-component of one subcell is
positively correlated with the x-component of a closest neighbour lying in the x-
direction. Conversely, a weak negative correlation is found between the same com-
ponents for closest neighbours in orthogonal directions, that is the x-component of
one subcell is negatively correlated with the x-component of its closest neighbours

lying in the y or z directions.
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Table 3.5: Correlation coefficients between pairs of W for Case 1 organized by geometric relationship as a function of
total number of atomistic particles, n and average number of particles per subcell, (n}). All results were obtained
with £ =5 (N = 125), and the numbers within round brackets estimate the deviation in the last reported digit.

neighbouring geometric n[(nt)]
distance(d) relationship 125[1] 400[3.2] 625[5] 1350[10.8] | 3200[25.6] | 6250[50]
closest parallel | 0.001(1) | -0.002(3) | 0.002(1) | -0.002(1) | 0.002(1) | 0.003(1)
d=1L" orthogonal | -0.000(3) | -0.001(3) | -0.001(2) | -0.001(2) -0.001(2) | -0.002(1)

second closest 45 degrees | -0.001(4) | 0.001(4) | 0.000(2) 0.000(2) 0.000(2) 0.000(1)
(d =/2L") orthogonal | -0.001(2) | -0.002(1) | 0.001(1) | -0.000(1) 0.000(2) 0.000(2)
one subcell away parallel 0.005(3) | 0.003(1) | 0.000(2) 0.000(2) 0.001(1) 0.001(1)
(d=2L%) orthogonal | -0.001(3) | 0.001(3) | -0.000(1) | 0.007(2) 0.000(1) | -0.001(1)

To quantify the results, we computed linear correlation coefficients for W pairs with the same components for Cases 1-4.
For the gas state (Case 1), Table 3.5 shows all the values are statistically zero, meaning no correlation is found among W
pairs in the gas phase. The results for the liquid states (Cases 2-4) are summarized in Table 3.6. The results qualitatively
mirror those seen in Figure 3.7 with positive correlations with neighbours in the parallel direction but negative correlations
with those in the orthogonal direction. There is no discernible correlation with the second closest neighbours that share a
common edge. As seen in the last row of Table 3.6, some correlations do survive one subcell away for the smallest subcell
(with 125 particles) but this decays rather quickly to zero as the subcell size increases. Finally, by examining the quantitative
variations of the correlations with subcell size (that is, increasing number of atomistic particles) one sees those with the
closest neighbours show a non-monotonic dependence for small size but appear to be reaching a plateau as the subcell size
increases.

As a first step in trying to understand the correlations in the liquid state, we duplicated the Case 2 calculations using the
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Table 3.6: Correlation coefficients between pairs of W for Cases 2-4 organized by geometric relationship as a function
of total number of atomistic particles, n and average number of particles per subcell, (n}), (n). All results were
obtained with ¢; = 5 (N = 125), and the numbers within round brackets estimate the deviation in the last reported

digit.
neighbouring geometric CaseIZ Case 3 T ‘ Clase 4

distance(d) relationship nlim)] nlin), (m)]

125[1] | 400[3.2] | 625[5] | 1350[10.8] | 3200[25.6] | 6250[50] 3000[12,12]
closest parallel 0.348(1) | 0.162(1) | 0.289(1) | 0.206(1) 0.230(1) | 0.232(2) | 0.155(1) | 0.222(3)
d=L" orthogonal | -0.079(2) | -0.098(1) | -0.076(5) | -0.094(1) | -0.081(1) | -0.072(1) | -0.048(2) | -0.074(1)
second closest | 45 degrees | 0.000(2) | 0.004(9) | 0.005(2) | 0.000(3) 0.000(1) | 0.000(2) | -0.001(4) | 0.001(2)
(d =+/2L%) orthogonal | -0.002(2) | -0.014(1) | 0.008(1) | -0.003(2) | -0.001(1) | 0.000(2) | -0.005(1) | 0.001(2)
one subcell away parallel 0.074(2) | -0.014(9) | 0.009(1) | -0.005(5) | -0.001(1) | 0.002(3) | -0.001(1) | 0.003(1)
(d=2L%) orthogonal | -0.003(2) | 0.009(3) | -0.001(1) | 0.004(2) -0.000(1) | -0.001¢1) | 0.000(1) | -0.001(1)

same density and temperature but with the LJ interaction potential replaced with a steep, repulsive potential located at a short
distance. The correlations for all the cases in Table 3.6 went to zero. This suggests it is not density but attractive interactions

at the molecular level that are responsible for non-zero correlations.



Correlations between W and M elements

When an atomistic particle exits a subcell, the mass decreases there and the mass
asymmetry of the neighbouring subcell increases. Thus, one expects correlations
between CG mass elements and W components. We computed all these pair cor-
relations for Cases 1-4, and show some representative two-dimensional probability

distributions in Figure 3.8.
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Figure 3.8: Representative plots of joint probability distribution functions for
M and W pairs. This shows the correlation between Mj; and (a) Wy,
(b) Wiy1x, and Wy_y ,, where I — 1 and I + 1 represent cells in the x
direction to the left and right, respectively of the cell of interest. This is
for Case 2 with ¢/, = 5.
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Figure 3.8 shows a positive correlation with neighbouring cells in positive x directions but a negative correlation with
those in negative x directions. There is no correlation between the mass element and W components of the same subcell.
Although not shown, these correlations are mirrored in the y and z directions. Correlation coefficients for Cases 2-4 are
summarized in Table 3.7. For the gas state (Case 1), Table 3.8 shows all the values are statistically zero, analogous to the W

pair correlations.

Table 3.7: Correlation coefficients between My and Wi, (neighbouring in the positive x direction) for Cases 2-4
organized by geometric relationship as a function of total number of atomistic particles, n and average number of
particles per subcell, (n!), (n}). All results were obtained with £, = 5 (N = 125), and the numbers within round
brackets estimate the deviation in the last reported digit.

neighbourin Case 2 Case 3 ‘ Case 4
diftancZ(d)g n [<n{>] n [<”€> <”£>]
125[1] | 400(3.2] | 625[5] | 1350[10.8] | 3200[25.6] | 6250[50] |  3000[12.12]
((;O_S‘zsf) 0.2023) | 0.175(1) | 0206(1) | 0.1652) | 0.163(0) | 0.158(0) | 0.081(1) | 0.157(1)
second closest | 061(3) | -0.002(5) | 0.0013) | -0.0013) | 0.000(1) | 0.000(1) | 0.0013) | 0.000(1)
(d=+2L)
one (S;EC?LI%WE‘Y L0.004(1) | 0.032(1) | -0.017(1) | 0.012(1) | 0.00000) | -0.004(1) | 0.000(1) | -0.003(0)

Overall, the trends observed in Table 3.7 are similar to those seen in Table 3.6, namely the strongest correlations are
seen with nearest neighbours. These show a non-monotonic trend as a function of subcell size with values approaching an
asymptotic value for the largest ones. There are no discernible correlations with second-closest neighbours, and those with

neighbours one subcell away are also negligible, except for the smallest subcells where the average number of particles is
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Table 3.8: Correlation coefficients between M;; and Wy, . (neighbouring in the positive x direction) for Case 1 or-
ganized by geometric relationship as a function of total number of atomistic particles, n and average number of
particles per subcell, <n{) All results were obtained with £, = 5 (N = 125), and the numbers within round brackets
estimate the deviation in the last reported digit.

neighbouring n [(n})]

distance(d) 125[1] | 400[3.2] | 625[5] | 1350[10.8] | 3200[25.6] | 6250[50]

(‘;lo_se;f) 0.001(0) | 0.003(0) | 0.003(0) | 0.002(0) | 0.006(1) | 0.002(1)
second closest

=L | ©-000(1) | 0.000(2) | 0.000(1) | 0.000(1) | -0.001(2) | 0.000(2)
Onef;licggf;way 0.0002) | 0.001(0) | 0.000(1) | 0.0003) | 0.001(1) | 0.001(1)

quite small. The values for the single-component and binary mixtures are comparable.



Correlation Model

We propose a simple model to qualitatively understand the behaviour of the correla-
tions shown above. This model enumerates different consequences when atomistic
particles cross the boundary between a pair of neighbouring subcells, as illustrated
in Figure 3.9. First, consider the structure of W, in Equation 2.12. The r; — R/,
term means particles to the left of the subcell center have negative contributions
to W; and those to the right have positive ones. So, a particle entering a subcell
from the left decreases W;, and one exiting to the left increases it (since a nega-
tive contribution will be removed). Similarly, a particle entering or exiting on the
right increases or decreases Wy, respectively. Second, for the present CG scheme
Equation 2.12 shows Mj; is simply the total mass of all the particles in subcell 7,
and increases or decreases as particles enter or leave the subcell, independent of di-
rection. Thus, if a particle exits a subcell and enters a neighbouring one, the mass
decreases in the subcell it left but increases in the neighbour. In other words, a neg-
ative correlation is expected regardless the Cartesian direction the particle crosses.
This explains the negative values seen in Table 3.4.

Consider a particle moving across a boundary from one subcell to another in
the positive x-direction. The value of W, is reduced in the subcell it leaves but also
reduced in the subcell it enters. In other words, the changes are positively corre-
lated. This positive correlation exists whether the particle moves in the positive or
negative x direction, and is represented by the arrow in Figure 3.9 linking yellow
circle 2 with the green circle directly above it. The “+” label indicates the positive
correlation. If the particle moves quickly enough and enters the upper quadrant of
the next subcell (the arrow from yellow circle 1 to the green circle directly above
it) W, would decrease in the subcell left behind and increase in the subcell being

T3]

entered, thus producing a negative correlation, hence the next to this arrow in
Figure 3.9. This pattern continues as more quadrants are crossed, as shown by the
arrows linking yellow circles 3 and 4 with the green circles directly above them.
These arguments suggest the signs of the correlation coefficients should be positive
for closest neighbours in the parallel direction, as seen in Table 3.6.

Now, when a particle crosses a subcell boundary in the y direction, it also

changes the values of W, because the particle is removed from one subcell and
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Figure 3.9: Illustration of several boundary-crossing scenarios. The yellow
circles in the bottom-left subcell represent particles or blobs that can
diffuse to neighbouring subcells in the directions indicated by the ar-
rows. Green circles represent possible motions in the positive x direc-
tion, and blue circles in the positive y direction. The plus or minus signs
next to each path show the corresponding sign of the correlation be-
tween W, for the two subcells. The reference point of each subcell is
its center, that is, the crossing point of the two dashed lines. Each path
describes situations where crossings occur across different numbers of
subcell quadrants.

added to another. Consider the arrow connecting yellow circle 1 to the blue circle
just to the right, in Figure 3.9, which gives an example of this motion. The value
of W, still decreases in the subcell left behind, as before, but now the value of
W, of the subcell being entered (i.e. the one to the right) increases, producing a
negative correlation. This occurs because the particle is always on the “same side”
of the subcell center when it crosses in the y direction. This negative correlation
happens regardless the value of x when the particle crosses in the y direction. That

is, the correlation associated with all the arrows connecting yellow and blue circles
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in Figure 3.9 is negative. The same negative correlation will occur between W,
components if particles move in the z direction, as well. These arguments suggest
the signs of the correlation coefficients should be negative for closest neighbours
in the orthogonal direction, as seen in Table 3.6.

Combining these arguments with the CG mass shows that a particle leaving
a subcell in a positive Cartesian direction decreases the mass of the subcell left
behind and also decreases the W component in the neighbour (since it enters from
the left) thus producing a positive correlation. Analogously, a negative correlation
is produced if the particle moves in a negative Cartesian direction since the mass
of the subcell left behind decreases but the value of W increases in the neighbour
(since the particle enters from the right). These arguments rationalize the signs
seen in the correlation coefficients of Table 3.7.

However, all these arguments don’t tell the whole story because they involve
the motion of a single particle. A real system has many moving particles. If a
moving particle’s “hole” is quickly filled by another particle, little change in mass
or W will occur. Similarly, if the addition of a particle to a subcell is quickly
compensated by the movement of other particles away from the area, again mass
and W are little affected. If the motions of particles are uncorrelated and density
fluctuations quickly dissipate, one expects the correlations will disappear once the
effect of these motions is averaged. This explains why no correlations are seen in
the gas phase data of Tables 3.3, 3.5 and 3.8.

Thus, non-zero correlations require correlated particle motions producing den-
sity fluctuations with long enough lifetimes to survive the averaging process. From
the radial distribution function of an LJ liquid, we know every particle is sur-
rounded by several solvation shells. So when a particle crosses a subcell boundary
it is likely a blob, consisting of the particle and its solvation shells, crosses as well.
This produces a localized decrease in density in the subcell left behind and an in-
crease in the entering subcell. Furthermore, there is a reasonable lifetime for this
density fluctuation because it takes some time for the fluid to return the density
back to the average value. This then allows the correlations induced by the blob
movement to survive upon averaging. In other words, the circles in Figure 3.9
should represent moving blobs in the liquid case, not just single particles, once the

effect of averaging is included.
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The “diffusing blob” model also rationalizes the quantitative trends in the cor-
relations seen in Table 3.6. For example, we expect the negative correlations in the
orthogonal direction for the closest neighbour to be relatively insensitive to the size
of the subcell, because as seen in Figure 3.9, this correlation is preserved regard-
less of the particular displacement of the blob in the orthogonal direction. This is
supported by the corresponding values in Table 3.6 that are about —0.08 £ 0.01,
and show no discernible pattern. However, the predicted behaviour in the parallel
direction is different. A blob has a characteristic size of at least several particle di-
ameters. Thus, if a subcell is large relative to this size, then blobs can only diffuse
between adjacent quadrants, like the paths shown in Figure 3.9 connecting yellow
circle 2. So, we expect the correlations to become fairly independent of subcell size
once the subcells are noticeably larger than the size of a blob. However, as subcells
shrink in size, blobs will extend over multiple quadrants and start to access paths in
Figure 3.9 connecting to yellow circle 1. This won’t affect the correlations in the
orthogonal direction but will cause those in the parallel direction to decrease, since
one is now adding a negative correlation component to what was previously a pos-
itive value. As the subcell continues to shrink, a blob will diffuse even further, and
in fact could extend through a neighbouring subcell and into the next one. Once
it extends through another quadrant in the neighbouring subcell, the correlations
will start to increase due to the contributions of the next available paths (like those
in Figure 3.9 associated with yellow circle 3). So, because the sign of the parallel
correlations oscillates depending upon the number of quadrants crossed (that is the
paths taken in Figure 3.9), one expects the correlation coefficients associated with
a diffusing blob to oscillate as the subcell decreases in size. This is precisely the
trend seen in Table 3.6 and nicely rationalizes these values, including the appear-
ance of correlations one subcell away for the smallest subcell (which in this case
contains only a single particle - so clearly is much smaller than the size of a liquid
blob).

The arguments above apply in the same way to the correlations between mass
elements and components of W. When a blob exits a subcell, it will always de-
crease its mass element. If it exits in a positive Cartesian direction it will also
decrease the W component in the neighbour, provided it only enters the nearest

quadrant. If the blob extends to the next quadrant, the magnitude of the correla-
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tion will decrease because the contribution to W from that further quadrant will be
positive. Thus, we expect the correlation coefficients between the mass elements
and W to become fairly independent of size for large subcells but to oscillate as
the subcell size decreases. For the very smallest subcells, we also might expect
correlations to show up in subcells one farther away. These trends are precisely the
ones seen in Table 3.7, again showing the consistency of the “moving blob”” model.

In summary, the trends in the correlation coefficients seen in Tables 3.4, 3.6
and 3.7 are consistent with the diffusion of liquid blobs across subcell boundaries.
Their magnitudes depend upon the relative sizes of these blobs compared with
the subcell size, as well as the lifetime of the density fluctuations produced by
their movements. Their values depend upon the presence of correlated particle
motions caused by these blobs, and this explains why the correlations disappear
when the attractive part of the LJ potential is removed. We thus predict the strength
of the correlations is proportional to the attractive part of the atomistic interaction

potential.

3.4 The form of V(W,M)

Examining all the results for the dependencies and correlations of M and W shows
that Q(W,M) is well approximated by a multivariate Gaussian which, as implied

by Equation 2.17, means the potentials are generalized quadratic functions, that is

kT
V(%) = S (x— 1) "E7 (x— p) —KTIn (27:)*2N\>:|ﬂ . 314
in which

v Zvw, Zmw, Zmw. M

2w Zwwx O 0 W,
I A . and x= 3.15

zMwy O EWW"y O Wy

EI{/IWZ 0 0  Zww, W,

with M the N x 1 vector of values M;;, Wy the N x 1 vector of the Cartesian com-
ponents ¥ of Wy, Envm, way, and ZMWW the N x N correlation matrices, respec-

tively with general elements, X;; = r;;070;, and i, the mean of x. The last term
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in Equation 3.14 arises from the normalization of Q(W,M) and is independent of
CG variables. Since potential energies can be shifted to new reference points, this
last term can be ignored in practice.

The potential form already explicitly accounts for the lack of correlation among
components of W in different Cartesian directions. With Equation 3.14 the deriva-
tive of the potential with respect to CG variables can be written analytically, re-
sulting in linear terms. Thus, all the forces are essentially Hookean. Again, the
values M are discrete for the particular form of d! chosen in this work. So, the
meaning of a derivative with respect to these variables is not well-defined. How-
ever, for any smooth switching function, the elements of M will be continuous and
derivatives can be meaningfully taken using the expression from the multivariate
Gaussian written above.

As shown above, the correlation matrices are sparse, with known structure, in-
volving (in most cases) non-zero values only with neighbouring cells. This allows
for efficient matrix operations and numerical implementations. Note that nearest
neighbour coupling does not imply banded matrices because in general, nearest
neighbour subcells will not be associated with neighbouring indices. In this way,
localized interactions eventually propagate through the entire system. We give an
example that details a specific application of the general potential equation to a
simple system, and also demonstrates other tests of the form.

Let’s consider an example to see how Equation 3.14 is used in practice by
imagining a single component system in a simulation cell with L = 4 divided into
8 subcells (£; = 2, £ = 1) whose centers are labelled with the following coordinates:
Rllab =(L,1,1), Rlzab =(3,1,1), Rl3ab =(3,3,1), R?ab = (1,3,1), Rlsab =(1,1,3),
Rléab =(3,1,3), R}, = (3,3,3), R?ab =(1,3,3). We know py; = mp(L/l;)*1 =
8mp1 and pw = 0 with 1 being a vector with all components equal to unity. Fur-
thermore, the variances (denoted szv) are the same for all Cartesian components
of all the W values, and are parameters that must be determined from simulation
or modelling (such as those appearing in Table 3.1). The variances (denoted 63;)
for the elements of the mass matrix are also the same for all elements and given by
Equation 3.12 in terms of the isothermal compressibility. In practice, one needs to
determine the parameter ¥ in this equation unless approximations are being used

which treat it as small and negligible.

53



If the density is low enough that correlation coefficients are negligible then
Y is diagonal and all CG variables uncorrelate from one another. However, the
more likely scenario is that coupling will exist. Let’s consider the case where only
closest neighbours are coupled (the usual case except for very small subcells). Let
ry be the correlation coefficient for the mass elements of neighbouring subcells
(this is the same in each Cartesian direction). This value needs to be calculated and
would be like the ones, for example, listed in Table 3.4. Let ry,| and ry | be the
correlation coefficients between components of W for neighbouring subcells in the
parallel and orthogonal directions, respectively. These values need to be calculated
and would be like the ones appearing in Table 3.6, for example. Let ryw be the
correlation coefficient between the mass element in one subcell and the component
of W in the neighbouring cell in the positive Cartesian direction. These values also
need to be calculated, and will be the same for all positive Cartesian directions. As
seen in Table 3.7, correlations for subcells in the negative Cartesian directions will
be —ryw.

Putting all this information together gives the correlation matrices in Equa-
tion 3.15 as

1 my O rmy y O O O
me 1 gy 0O 0 ry 0 O
O m 1 rmy 0 O ry O
sl 0 oy 1 0O 0 0 ry
EMM = Oy
vy 0 0 O 1 vy 0 ry
O ry 0 O rmy 1 ry O
0O O rm O O ry 1 ry
0O 0 0 ry vy O ry 1
1 w,| 0 w1 mwe O 0 0
w| I mw1 O 0 m1 O 0
0 w1 1 w,| 0 0 w1 0
Tww. — G\/Qv rwie O w,| 1 0 0 0 rw.
rwi O 0 0 1 w,| 0 rwo
0 ma1 O 0 rw)| 1 rw. O
0 0 m1 O 0 rwy 1 rw,|
0 0 0 rwi rwl 0 w)| 1
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0 0 0 0 w0 0 0
0 0 0 0 0O ruw O 0
0 0 0 0 0 0 ruw
Tuw. — Owow 0 0 0 0 0 0 0  ruw
’ —ruw 0 0 0 0 0 0 0
0 —rMw 0 0 0 0 0 0
0 0 —ruw 0 0 0 0 0
0 0 0 —ryw 0 0 0 0

3.16

One then uses these matrices, along with the mean values in Equation 3.14 to con-
struct the potential. One can see explicitly from the forms above that the matrices
are sparse but not banded. The coupling of nearest neighbours in space does not
translate to coupling between adjacent matrix elements. Also, in practice, peri-
odic boundary conditions would be used with the simulation cell replicated in all
Cartesian directions. In this case, one would use a much larger grid of subcells so
that periodic images of subcells would not be neighbours. In the simple example
above, subcells 1 and 2 are neighbours in the main simulation cell but would also be
neighbours with their periodic images. This would lead to large finite-size effects
but it serves to illustrate how the matrix elements are determined. In the example
here, the elements of the matrices wouldn’t change if periodic boundary conditions
were used because so few subcells are present. However, in the more usual case,
one would have to include terms due to periodic images for those subcells along
the edge of the main simulation cell. In general, each row of the Xy and Xww
matrices would have a maximum of 6 non-zero elements off the diagonal, and each
row of the Xyw matrices would have a maximum of 2.

As an additional check of the proposed form for V, we calculated fourth-order
moments from the numerical W and M distributions and compared them with the
analytical values predicted from the bivariate Gaussian forms, and they compared
very well. For example, for Case 2, the calculated value of (W2WZ) was 0.100
while the predicted one was 0.102. The calculated value of (M7, M3,) was 0.011
while the predicted one was 0.012. Thus, the agreement between calculated and

predicted fourth-order moments suggests the multivariate approximation for V is
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quite reasonable.

We also made some tests to check for non-linear correlation among the CG
variables by performing a substitution in those distributions and checking to see
whether the result matches what we expect. For example, if Wi and W, to-
gether distribute according to a bivariate Gaussian then the distribution of Wy _+W,,
should be Gaussian with variance 612 = 612 + 622 + 2r1201 0, where 612 and 622
are the variances of Wi and W, and ry, is the correlation coefficient of this pair.
Figure 3.10 plots the logarithm of two representative distributions for the sum of
two CG variables along with quadratic fits to them, from which variances are ex-
tracted. Notice in both cases the curves are well fit by a quadratic function so the
distributions are very close to Gaussian. In the left panel of Figure 3.10, values
of 612 o calculated from the fit equation and the theory are 1804 and 1764, re-
spectively. In the right panel of Figure 3.10, the corresponding values are 0.080
and 0.084, respectively. These values differ by less than 5%, meaning the bivari-
ate Gaussian is a good approximation to the joint distribution of W pairs and M

element pairs.
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Figure 3.10: Plots of the natural log of the probability distribution function
for the sum of two CG W components (left panel) and two M ele-
ments (right panel). Red dots are the raw data points obtained from the
numerically determined distributions while the blue lines are quadratic
fits to the raw data.
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3.5 Conclusions

Virtually all CG schemes used today have a particle-like nature in which atoms in
bonded molecules are grouped into CG beads. The CG interaction potentials in
such systems inherit the same flavour, having two-body representations depending
upon the distance separating CG beads. In this work, a CG scheme for non-bonded
atoms is examined with a lattice-like nature in which atoms positioned in a subcell
are assigned to CG variables defined there. As a result, the interaction potential
among these CG variables does not resemble particle potentials. Rather it has a
strong directional dependence in space, and is strongest for closest neighbours. It
does not couple mass with W in the same subcell, nor different Cartesian compo-
nents of W. In other words, this potential has a lattice-like flavour.

We have examined the CG probability distributions at different orders and with
correlations between different pairs of CG variables, and in every case, the result
was well described with a multivariate Gaussian. This means the CG potential is
a general quadratic function whose derivative can be determined analytically. We
believe this is linked with the nature of the CG mapping. The values of W; are
strongly peaked near zero, and those of Mj; around the average number of particles
per subcell. Significant density fluctuations are needed to produce values away
from these averages, and in practice such fluctuations are rare. Instead, most den-
sity fluctuations simply cause the values to oscillate somewhat about the average,
to the extent this behaviour is well captured with a quadratic dependence.

For this reason, we expect the form for the potential will be robust to changes
in the switching function and the atomistic interaction potential, whose effects are
embedded in the values of variances and correlation coefficients. This was tested
in the current work by studying both single-component fluids and binary mixtures,
covering a range of densities, mass ratios and potential interactions. While not
exhaustive, this study suggests the general quadratic form could be more univer-
sal, thus simplifying greatly the description for different kinds of fluids, especially
since the procedure for obtaining the parameters in the potential involves straight-
forward statistical averaging of microscopic information. As well, because of this
form, one can transform the CG space to a set of variables that diagonalizes the

corresponding covariance matrix. The result, akin to normal modes, would be a set
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of statistically-independent CG variables for which the equations of motion might
be considerably simplified.

Finally, we introduced a “diffusing blob” model to rationalize the signs and
relative magnitudes of the correlations among the CG variables. The key idea of
this model is built upon analyzing the way particles cross subcell boundaries. In
other words, it is intimately linked with the changing of the CG assignments of
particles, which is the core of the CG mapping scheme. This implies the correla-
tions have a statistical, counting origin modified by the physical parameters of the
underlying atomistic system. We believe this is another manifestation of the CG
mapping scheme, namely that atomistic properties are subsumed in potential pa-
rameters while the basic physics deals with particle fluxes - a view consistent with
continuum fluid dynamics. The model also shows the most complex behaviour is
expected when subcells become small relative to the size of the blobs. In this case,
blobs can extend over multiple subcells at the same time, producing more complex
correlation patterns. Thus, one can expect more complex behaviour in systems
with particles that differ greatly in size, if small subcells are used. However, the
main strength of the present CG scheme is to treat larger numbers of particles so
that solvents, for example, can be effectively modelled. Thus, in practice, one is
likely to use larger subcells, containing many particles, in which the correlation
behaviour is simpler and converged.

In the next chapter, we will test the robustness of the potential form by consid-
ering switching functions that change value over a finite width, so that the “edges”
of subcells are not sharp but rather fuzzy, with particles being shared between
neighbouring subcells. Such switching functions are more appealing because they
produce continuous mass matrix elements, and also allow for a smoothing from the

discreteness of atomistic particles to the continuum nature of fluid elements.
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Chapter 4

Fuzzy mapping schemes

4.1 Introduction

! We studied the behaviour of the conservative terms in this CG EOM using a Heav-
iside switching function in Chapter 3. We found the CG potential has a quadratic
form while the effect of particles crossing subcell boundaries shows up as linear
correlations between CG variables. The CG diagonal mass elements are discrete
but their distributions can be described by a multivariate Gaussian. The evolution
equation of the CG mass elements is thus problematic due to the discrete nature
of the Heaviside function at the subcell boundary. Using a fuzzy switching func-
tion, that is, continuously switching a particle’s membership in a given lattice sub-
cell, can turn the discrete variables to continuous®. In other words, the system is
divided into interpenetrating “subcells” such that atomistic particles continuously
change their memberships as they move through space. This is done by using fuzzy
switching functions to define overlapping regions between subcells with fractional
particle occupations. In this case, a full mass matrix is required to describe the sys-
tem, and its off-diagonal elements are nonzero and contribute to the CG potential.

There is a long history of studying the use of a fuzzy switching function.
Zadeh®! and Klaua® independently introduced fuzzy set theory where an element

can partly belong to multiple sets. The relation of an element and a set is defined by

'Most of this chapter is reprinted with permission from [J. Phys. Chem. A 2022, 126, 4517-4527].
Copyright [2022] American Chemical Society.
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a membership function that ranges from zero to one. Fuzzy logic plays an impor-

tant role in engineering and other fields %364

since many problems are so complex
that their data usually comes with imprecision®. Our approach of studying fluids
with fuzzy switching functions is a way of performing a quantitative fuzzy simu-
lation. The inputs are the atomistic trajectories, the outputs are CG variables, and
the membership functions are fuzzy switching functions at the boundaries of finite
volumes. We are interested in how fuzzy switch functions will affect the behaviour
of the CG potential. In other words, we aim to study the behaviour of the outputs
obtained from a fuzzy simulation.

Our ultimate goal is to develop mixed-resolution schemes with some parts of
the system treated atomistically, and others with CG. Fuzzy boundaries allow atom-
istic contributions to smoothly mesh with CG variables so offer the possibility of
interfacing regions where particles and CG variables meet. This work examines
the CG part of that interface.

In this chapter, we explore the form of the CG potential using two fuzzy switch-
ing functions. Subcells of two sizes are used to study the size dependence of the
potential parameters on the finite volume. The distributions and correlations of
CG variables are computed as a function of the fuzziness of the switching func-
tion. This allows one to determine the conditions where the CG potential is easy
to model. This work is important because we not only obtain the form of CG
potential for the dynamically correct EOM but the optimal way of defining CG
variables. Moreover, the discrete nature of the local density of the fluids are exam-
ined carefully, which may give some insights to the quantitative understanding of

the continuum hypothesis.
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4.2 Properties of fuzzy mapping schemes

This time, the choices of the switching functions are

2
Rt gy = Htagw or 4.1
0, s < —od;
plinear(g) = 3;0%, —al <s<al 4.2
1, s> ol,

for the tanh and linear mappings, respectively. The parameter ¢ controls the over-
lap or “fuzziness” of h(s) at the boundary of a subcell and must be bounded as
0 < a < 1. When a = 0, #'®"(s) and A% (s) (and any h(s)) become A" (s)
giving subcells with sharp, non-overlapping boundaries. As « increases, the over-
lap region increases until o = 1 where it extends to the center of each neighbouring
subcell.

For an arbitrary switching function, o can be defined from the variance, o of

dh/ds by .
a-fc-f(/dsszd}i:)>/ . 4.3
Ideally, 7(—af) = 0 and h(ol) = 1, as satisfied by A/ (s). However, for A% (s)
and other more general switching functions, long tails may prevent this from being
strictly satisfied if Equation 4.3 is used. In these cases, the parameters of A(s)
should be adjusted so the values are within about 0.02 of the ideal ones. This is
why in Equation 4.1 the factor of 2 appears in the argument of tanh instead of the
factor 1.57 which would have been required by Equation 4.3.

Unlike the lattice mapping scheme, every atomistic particle now is shared by
multiple subcells. As shown in Figure 4.1, imagine a system with two subcells, a
“white” subcell on the left and a “black” subcell on the right. Atomistic particle
i near R}Z}g’e has a large dl.Whi’e and a relatively small df’l”‘d‘, as shown pictorially
in the bottom panel of Figure 4.1. As the atomistic particle moves towards the
“black” subcell, df’l‘wk increases and d}" hite decreases. When the particle is midway

between the two subcells, it will contribute 50:50 to each. This type of mapping
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scheme allows us to study a system where CG variables vary smoothly compared

to the lattice mapping function.
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Figure 4.1: Plots of /'“(s) and h'"" (s) for two different values of o (top
panel) The bottom panel shows the impact of the hyperbolic switch-
ing function on the atomistic particle contributions with o = 0.8. The
boundary separates a “white” subcell on the left from a “black” subcell
on the right. Atomistic particles are represented by circles. Their df’l“"k
and d""¢ values are associated with the portion of the corresponding
wedges.

The time evolution of CG variables with /' (s) and h'®'i¢ () using two o val-
ues are compared in Figure 4.2. Overall the three trajectories are similar, with the
one from the lattice mapping being the only trajectory that is not continuous. For
o = 0.01, even though the overlap of the boundary is small, the sharp jumps in the

trajectory are smoothed out completely using 4“*"(s). As a increases, the curve
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gets smoother, reflecting the averaging effect of the increase in overlap between
subcells. That is, fuzzier boundaries produce smoother behaviour, which presum-
ably is easier to describe with the resulting CG equations of motion. For the time
evolution of the CG mass, the sudden change of the CG mass in the blue curve is
replaced by a gradual change in the orange or green curve. This means the dis-

crete CG mass distributions observed in the lattice 1imit®® do become continuous

distributions.
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Figure 4.2: Time evolution trajectories of CG variables using /' (s) and
various ¢ for Case 2 with 50 particles per subcell and /; = 5. The «
values for the blue, orange and green curves are 0, 0.01, 0.2, respec-
tively. Note the mass values are scaled by the average mass per subcell.

4.3 One-dimensional distributions

Here we compare one-dimensional distributions of CG variables using the linear

and the hyperbolic tangent mappings for two systems, a gas and liquid phase point.
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4.3.1 CG mass matrix

In general, diagonal elements Mgk will have nonzero mean, and off-diagonal el-
ements Mg (K # L) will have both zero and nonzero mean values. Some off-
diagonal elements will always be zero if two subcells K and L are far away, since
the product of dXd’ in Equation 2.12 will be zero. Also as & increases and the
overlap between subcells extends, more particles will contribute to two subcells,
meaning the off-diagonal elements increase and the diagonal ones decrease, When

a = 0, all off-diagonal elements are strictly zero. Therefore, we split these oft-

diagonal elements into four classes according to the distance ARKL = ]Rl T

ARKL=L*  ARKL=\/2L*  ARKL—\/3L*
between subcells K and L, and call them M;"" ", My,'* V2 s My, V3 and
MAREEVL

The trend of the mean values should be u ARK% e > [,L ARI(L N
u Mf% N ARKL>\[L* = 0. So, the goal of understandmg the mass matrlx is to

understand the behav10ur of the nonzero elements. The total mass of subcell K is
given by
N
Mg =Y dfm, 4.4
i=1
and we expect this mass to behave similarly for different values of ¢ even if the
mass matrix elements change significantly. Last but not least, the accuracy of the
shape of the mass distributions highly depends on how they are numerically con-
structed, setting the size of each bin too large can result in incorrect distributions.
Figure 4.3 compares representative one-dimensional distributions of diagonal
mass elements for a series of ¢ values. When o = 0.44, the discreteness of the di-
agonal mass is completely smoothed by the fuzzy-boundary mapping, giving a dis-
tribution that is also nicely fit by a Gaussian. As shown in Chapter 3, where @@ = 0,
the distribution of the diagonal mass elements is discrete and can be modelled by a
Gaussian. Between these two limits, the distribution displays an intermediate state
when a continuous Gaussian transits to a discrete one. So, if we move slightly
away from the discrete scenario and set o = 0.01, the distribution starts turning
to a continuous one as some particles are now being shared by multiple subcells.
This mixed distribution has several narrow peaks at the same location of the peaks
as those for @ = 0, but also a non-zero baseline between peaks. It is worth noting

that in this mixed distribution both the discrete part and the continuous part can
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be modelled by an unnormalized Gaussian using the lattice mean and variance, as
shown in the first column of Figure 4.3. However, understanding the exact mathe-
matical form of the CG potential for the mixed distribution may be rather difficult.
Generally, the mean and variance of the diagonal mass distribution decrease as o
increases. Comparing distributions generated with 5 and 50 particles per subcell
shows the minimum o value needed to produce a continuous Gaussian distribution
will decrease as the average number of atomistic particles in a subcell increases,
that is as the subcells get larger.

Because the distributions of the nonzero off-diagonal mass elements vanish as
o goes from 1 to 0, plotting them is not easy since they can have very small mag-
nitudes. We show the distributions of representative off-diagonal masses for Case
2 with & = 1 in Figure 4.4. When we tried to fit these distributions to a Gaussian, a
tiny skewness was detected and became more significant as ARKL increased or the
number of particles per subcell decreased. Such a result is also true for the diagonal
mass distribution with o = 1. We found that a Weibull function can better describe
the behaviour of these distributions while a Gaussian remains a good approxima-
tion when having 50 particles per subcell. Because the variance of the off-diagonal
masses vanishes as o — 0, when « is small, it is reasonable to approximate these
off-diagonal masses as constants or zero.

Using Equation 4.4 we can combine the diagonal and off-diagonal masses and
consider the behaviour of the total subcell mass alone. Figure 4.5 shows represen-
tative one-dimensional distributions of Mg for a series of o values. Overall, the
behaviour of the total subcell mass is similar to that of the diagonal mass. There
is a transition from a discrete distribution to a continuous one as ¢ increases from
0 to 1. The mean value of Mk is always 1 since the average particle density in a
subcell is constant and the mass values are scaled by the average mass per subcell.
The variance of Mg decreases as ¢ increases since particles that used to contribute
to a single subcell become more shared by multiple subcells. Like the behaviour
of the diagonal mass, having more particles per subcell (that is, a larger subcell)
allows the total subcell mass to be modelled as a Gaussian with a smaller &. We
also found that when « is large the skewness of the total subcell mass starts to show
up since both diagonal and off-diagonal elements display a skewed distribution.

In all, we found that in terms of modelling the CG mass part of the potential,
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Figure 4.3: One-dimensional distributions of diagonal CG mass elements us-
ing A'“""(s) and various a.. Although not shown, the trends are the same
using A'"¢ (s5). The mass values are scaled by the average mass per
subcell. The « values, from the left to right, are 0.01, 0.05 and 0.44,
respectively. All distributions are obtained using Case 2 and ¢; = 5,
with the first row having 5 particles per subcell (smaller subcell) and
the second row 50 particles per subcell (larger subcell). Dashed curves
are Gaussian fits to the raw blue distributions. Orange curves in the first
column are unnormalized Gaussians plotted using the mean and vari-
ance from the corresponding lattice mapping results.

the best way to define a CG variable is to have a decent amount of particles per
subcell and a small ¢ value. The diagonal mass distribution can be modelled by a
Gaussian and off-diagonal mass a constant. The total subcell mass behaves like a
Gaussian as well.

Since our interest is to use a Gaussian to model the distributions of CG mass,
we computed the mean u and standard deviation ¢ of some mass elements as a

function of ¢, with a representative set shown in Figure 4.6. First, the mean value

67



200 1000
401 150 - 750 1
L
a) 100 - 500 1
= 20
50 - 250 1
Y/
0- 0- 0-
0.02 0.05 0.08 0.11 0.00 0.01 0.02 0.000 0.002 0.004
200 900 500
150 -
600 1 3000 -
[N
S 100
300 1 1500 -
50 -
0- 0- 0-
0.06 0.07 0.08 0.010 0.012 0.014 0.0015 0.0020 0.0025
Mﬁf/’éﬁ,ﬂ* Mﬁ/f%:ﬁﬂ Méﬁ,ﬁﬁ,:@ﬂ

Figure 4.4: One-dimensional distributions of off-diagonal mass elements
with /"¢ () and o = 1. Although not shown, the trends are the same
using #/“""(s). The mass values are scaled by the average mass per sub-
cell. All distributions are obtained using Case 2 and ¢; = 5, with the
first row having 5 particles per subcell (smaller subcell) and the second
row 50 particles per subcell (larger subcell). Dashed and orange curves
are Gaussian and Weibull fits to the raw blue distributions, respectively.

of the total subcell mass is always 1 and is not shown in the figure. The curves
for the mean values of diagonal mass for 5 and 50 particles per subcell lie on top
of each other. This is expected since scaled masses are used here, and this scal-
ing removes the linear dependence of the average number of particles per subcell.
The standard deviations of the diagonal and total subcell masses increase as o de-
creases, which is consistent with results obtained from previous mass distributions.
Also, for a given «, the standard deviation increases as the number of particles per
subcell decreases. In Case 1, the dilute gas state, u and ¢ vary linearly with «, and
the separation between o for the diagonal and total subcell masses happens as soon

as « is nonzero. In the liquid state, Case 2, the separations of these two standard
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Figure 4.5: One-dimensional distributions of total subcell mass using 4/ (s)
and various «. Although not shown, the trends are the same using
hlinear(s). The o values, from left to right, are 0.01, 0.05 and 0.44, re-
spectively and all mass values have been scaled by the average mass per
subcell. All distributions are obtained using Case 2 and ¢; = 5, with the
first row having 5 particles per subcell (smaller subcell) and the second
row 50 particles per subcell (larger subcell). Dashed curves are Gaus-
sian fits to the raw blue distributions. Orange curves in the first column
are unnormalized Gaussians plotted using the mean and variance from
the corresponding lattice mapping results.

deviations happens after ¢ increases to 0.5 and the trend of the standard deviation
is not linear. These qualitative trends are the same for the two different switching
functions plotted. These results have been for one-component systems. However,
we also calculated means and variances for binary systems, Cases 3 and 4, and
these results are shown in Figure 4.7. The qualitative trend for these Cases is the
same as that seen in Figure 4.6, indicating the behaviour is less dependent on the

nature of the system but instead on the partitioning induced by the coarse-graining
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Figure 4.6: Statistical parameters of diagonal mass (Mkg) and total subcell
mass (M) distributions plotted as a function of a using A“*"(s) and
hlinear(s), ¢s = 5. Mass values are scaled by the average mass per sub-
cell. The parameters for 5 and 50 particles per subcell (smaller and
larger subcell) are shown in red and blue, respectively. Solid lines show
the mean value of the diagonal mass. Dotted and dashed lines show the
standard deviation of total subcell and diagonal masses, respectively.
The first row is obtained from Case 2 while the second is from Case 1.

scheme.

4.3.2 CG momentum and positions

We examined one-dimensional distributions of CG P and W as a function of o and
found they can be modelled by Gaussians with zero means. The Gaussian form
of the momentum has already been discussed, and the variance can be computed
by the ratio between the averages of the diagonal mass and total subcell mass®.

As for the CG W components, they showed Gaussian behaviour at the lattice limit

in Chapter 3, and making the boundary fuzzy does not change the form of the
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Figure 4.7: Statistical parameters from the diagonal and total mass distribu-
tions plotted as a function of c using /' (s) and h'™" (s), £; = 5. The
results for Case 3 and Case 4 are shown in red and blue with £, = 5, re-
spectively. Solid lines show the mean value of the diagonal mass. Dot-
ted and dashed lines show the standard deviation of total and diagonal
masses, respectively.

distribution. We plot some representative standard deviations as a function of «
in Figure 4.8 with #“"(s) and /"% (s). The standard deviations converge to the
same values both at the lattice limit (&t = 0) and at @ = 1. In the gas phase, standard
deviations decrease almost linearly with &, and do not show a dependence on the
number of particles per subcell. For the liquid phase Case 2, the standard deviation
with 50 particles per subcell decays faster than with 5 particles but consistent with
Figure 4.6 has values that are smaller for each a. For both 5 and 50 particles per
subcell the decay speed of the standard deviation becomes slower as ¢ increases.

The two different switching functions give the same qualitative dependence.

71



htanh(s) hlinear(s)

N o
% 0.6 L3
© ©
S J
2 0.4 1 |, =
= 2 3
o) e}
0.2 -
1
- 25
3.5 -
— —
(] (]
0 0
© ©
O 3.01 L20 ©
% %
= N
B 25 e}
15
0.0 0.5 1.0 0.0 0.5 1.0
a a

Figure 4.8: Standard deviations of a CG position component plotted as a
function of & using A" (s) and h'"¢" (s) with £; = 5. The variances
for 5 and 50 particles per subcell (smaller and larger subcell) are shown

in red and blue, respectively. The first row is obtained from Case 2 while
the second is from Case 1.

4.4 Correlations

In this section, the correlations between all possible pairs of CG variables W and M
are studied. We will use the lattice results (¢ = 0) as a reference. Our understanding
of these correlations is gained by analyzing the new effects arising from the fuzzy
boundaries. In addition to the correlations shown below, additional calculations
were performed to check for non-linear correlations, especially as a function of «.
Essentially, predictions for sums of CG variables are well-predicted assuming the
variables themselves have Gaussian distributions, as seen in Figures 4.9 and 4.10.
Coupling between mass elements and W are more complex, as seen in Figure 4.11,
where the correlations between sz 7 and Wy, are compared. If the distributions of
mass and W are Gaussian, it is possible to analytically predict the correlation using

the means, variances, and correlation coefficients of the CG variables alone. When
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these predicted values are plotted and compared as a function of o against ones
calculated from simulation data, the curves are indistinguishable. This is true for
both 5 and 50 particles per subcell, suggesting the underlying distributions are well
represented as Gaussians, and that there is no correlation unaccounted for beyond
the linear regime. The good agreement seen in Figure 4.11 is interesting because,
as seen in Figure 4.3, the mass distribution undergoes a transition from a discrete
to a continuous Gaussian as ¢ varies, yet this transition does not seem to affect the

accuracy of the analytical formula used to predict the correlation values.
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Figure 4.9: Comparisons of the logarithm of the probability density function
for the sum of two diagonal mass elements. Dots are values calculated
from the simulation data while lines are predictions calculated from the
linear correlation coefficients, assuming the distributions are Gaussian.
Deviations between the dots and lines are expected if the CG variable
distributions are not Gaussian. These results are for Case 2 with 5 par-
ticles per subcell using 4% (s) with £, = 5 and & = 0.05
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Figure 4.10: Comparisons of the logarithm of the probability density function
for the sum of two vector components of W. Dots are values calculated
from the simulation data while lines are predictions calculated from the
linear correlation coefficients, assuming the distributions are Gaussian.
Deviations between the dots and lines are expected if the CG variable
distributions are not Gaussian. These results are for Case 2 with 5
particles per subcell using /4’ (s) with £; = 5 and o = 0.05

We also calculated correlations between W7, and My, which can be evalu-

ated analytically if the underlying distributions are Gaussian, giving W2 My =

2 2 4 \~2  Q _ _
KW, . W, My, OW,..OM;; | \/ (4;,LWI Oy, +20y, ,X)O'Mu' Since uw, , = 0 we expect W2 My =

0 as well. When these correlations are calculated from the simulation data, we
generally observe the values to be quite small. For example, for the off-diagonal
mass elements AR, = AR%b’x = L*, we find W2 My = —0.001 when o = 0.05
but —0.035 when o = 1. This latter result is non-zero, and is attributed to the
skewness in the off-diagonal mass distribution when « is close to 1. Thus, some
non-linear correlation between Wy, and Mj; can appear in the off-diagonal mass
elements when « is close to 1 and there are a small number of particles per subcell.

Overall, apart from the presence of some non-linear correlation in the case
mentioned above, upon checking both the distributions and higher-order correla-

tions for a variety of CG variable combinations, we found that knowing the linear
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Figure 4.11: Correlations between W, and MJZJ plotted as a function of o
using #'®"(s). I and J are nearest neighbours with ARY, = ARV, =
L*. The correlations for 5 and 50 particles per subcell are shown in
red and blue, respectively. Solid lines and dashed lines are correlations

computed from the formula ry, o = 24, rw; . M, / 4”1%/1,, + 261\2/1“

and from CG trajectories, respectively. All correlations are computed
for Case 2 and ¢, = 5.

correlation coefficients was enough to determine all other correlated values, as-

suming the corresponding distributions were Gaussian.

4.4.1 Correlations between W components

First, we show the correlation between W pairs of the same vector component in
Figure 4.12 for nearest neighbours (AR%b = L*) in the parallel (\AR%M =L*)and
orthogonal (AR%b’x = 0) directions. When o = 0, we observe a strong positive cor-
relation in the parallel direction and a weak negative correlation in the orthogonal
direction. This is consistent with the h/@!i () result in Chapter 3. As « increases

from zero, the correlations in the parallel direction decrease and in the orthogonal
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Figure 4.12: Correlations between CG position components Wy, and W,
plotted as a function of « using A“(s) and h'"¢¥ (s). I and J are
nearest neighbours with AR%b = L*. The correlations for 5 and 50 par-
ticles per subcell (smaller and larger subcell) are shown in red and blue,
respectively. Solid and dashed lines are correlations for |ARZ}; J=L

(parallel) and AR%b . = 0 (orthogonal), respectively. All correlations
are computed for Case 2 and /; = 5.

direction increase until they meet each other at zero, before changing sign. Further-
more, this crossing point moves to smaller ¢« as the number of particles per subcell
increases, that is as the size of the subcell grows. This balance point might not
occur if the subcell changes shape and loses its symmetry in both directions. For
any «, the correlations with 50 particles per subcell (larger subcell) are always less
than those with 5 particles (smaller subcell), and the general behaviour is the same
for both switching functions. As shown in Figure 4.13, this general behaviour also
describes the results for binary mixtures (Cases 3 and 4) so is quite generic.

For the correlation between W pairs with different vector components, we ex-

pect the behaviours of the xy, yz or xz pairs to be similar. We thus show the nonzero
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Figure 4.13: Correlations between CG position components Wy, and W,
plotted as a function of « using A“(s) and h'"¢¥ (s). I and J are
nearest neighbours with AR%,) = L*. The results for Case 3 and Case 4
are shown in red and blue with £; = 5, respectively. Solid and dashed
lines are correlations for AR%b_x = L* (parallel) and in AR%M =0 (or-
thogonal), respectively. ' /

correlations between Wy and W , in Figure 4.14 where we observe a strong cor-
relation for subcells in the v/2 direction (AR%b = +/2L*), and a relatively weak
correlation in the /3 direction (AR%b =+/3L*). This is expected because the over-
lapping region between subcells shrinks on going from the v/2 to /3 direction.
Note that the sign of these correlation switches for the +L* versus —L* direction
hence each curve is reflected about zero. These correlations are zero when @ = 0
and remain negligible until about @ = 0.4 where they start to grow in magnitude. It
is only for larger o that the overlapping region between these diagonally oriented
subcells become large enough to produce non-negligible correlations.The rest of

the Wy, and W;,, pairs have zero correlations due to the symmetry of the system.
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Figure 4.14: Correlations between CG position components Wy, and Wj,
plotted as a function of o using 4" (s) and A" (s) where I and J
are diagonally oriented, AR%b = /2L* (solid lines) and AR{Zb =/3L*

(dashed lines) with \AR%M] = L*. These correlations appear in pairs

with opposite signs, corresponding to mass elements to the left or right
of subcell 1. All correlations are computed for Case 2 and ¢, = 5.

4.4.2 Correlations between M elements

The correlations between nearest neighbour total subcell mass pairs and diagonal
mass element pairs (ARKL = L*) are shown in Figure 4.15. There is no difference
between the parallel and the orthogonal directions since mass elements are scalars
and the system is isotropic. The behaviour of the diagonal mass and total subcell
mass is similar. As we move away from the lattice mapping limit o = 0, the sign of
the correlation goes from negative to positive and passes through zero at a particular
value of ¢, which in turn decreases as the subcell size increases.

The next part considers the correlation between mass elements M;; and Mg,
when I # L and K # L. This covariance matrix has in principle N*(N? —1)? el-

ements but many are zero when subcells /,J and K,L are too far away. Like the
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Figure 4.15: Correlations between closest neighbours of total subcell mass
and diagonal mass elements plotted as a function of & using A" (s)
and h'"ar(s). The correlations for 5 and 50 particles per subcell
(smaller and larger subcell) are shown in red and blue, respectively.
Correlations of Mk, My pairs and Mg, My, pairs are plotted with solid
lines and dashed lines, respectively (K and L are nearest neighbours,
ARZ% = L*). All correlations are computed for Case 2 and ¢, = 5.

correlations in diagonal mass element pairs, there are many equivalent off-diagonal
mass element pairs having the same correlation, simply due to the isotropic nature
of the system. Finally, we expect these correlations to vanish as o approaches zero
since all off-diagonal mass elements go to zero in this limit.

For simplicity, we present the correlation between M;A]Rgb:ﬁ (nearest neigh-
bours) and Mg, to give an idea of their behaviour. The strongest correlations,
shown in Figure 4.16, are for the closest neighbours of M;; including a diagonal
element. Both correlations start at large positive values for o near 1 and then de-
creases towards zero as ¢ decreases from one to zero. However, the correlation
between M;Aij‘J’b:L* and M;x with AR{fb = /2L* first dives to weak negative values
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Figure 4.16: A collection of the strongest correlations between off-diagonal
ARl =L* . . ;
mass M;; " and M as a function of & using 4" (s) and h'"ear s).
s . ARl =L*
The solid lines show the correlation between M, ' and M;;. The

*

dashed lines curve show the correlation between MIA]RLJ*”:L and Mg
with AR/ = \/2L* and AR/X = L* The correlations for 5 and 50 par-
ticles per subcell (smaller and larger subcell) are shown in red and blue,
respectively. All correlations are computed for Case 2 and /; = 5.

before returning to zero, showing a rather complex behaviour. It is hard to give a
simple qualitative argument for this behaviour because now the correlation arises
mainly from the “interaction” of two overlapping regions, IJ and KL, in general.

Other weak correlations are summarized in Figure 4.17.

4.4.3 Correlations between W components and M elements

Finally, we consider the correlation between the vector components of W and all
mass elements. To simplify our discussion, we chose the vector component Wy ,,
and show the major correlations in Fig 4.18. The largest correlation comes from
the Wy, Mk pair, where AR{fb = \AR{fbx| = L*. The second-largest is the cor-
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Figure 4.17: Correlations between off-diagonal mass MIAJR"’FL and M as a

function of o using A% (s) and h'""*?(s). The solid lines show cor-
relations with M;x when AR/K = L*. The dashed lines show corre-
lations with M;x when ARf[’fb — /2L* or with Mg, when AR{fb =L
ARIL = ARKL — \/2L*. The correlations for 5 and 50 particles per
subcell are shown in red and blue, respectively. All correlations are
computed for Case 2 and /; = 5.

relation between W, and groups of Mgg where ARfC’fb = |AR{5bx\ = L* which is
consistent with the lattice limit result in Chapter 3. All mass eleinents mentioned
above are close and share a large overlapping region with W;. Similar to the cor-
relation between position components, the sign of the correlations switches when
the same mass element changes it location from one side of 7, x to another. As the
overlapping region increases, contributions opposite to the original correlation in
the lattice mapping scheme are enhanced and turn the correlation to positive. Other
weak correlations are summarized in Figure 4.19.

6

In general, the correlations observed in the lattice case ®® continue to exist in the

fuzzy-boundary cases. These correlations first decrease to zero, and then change
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Figure 4.18: A collection of the strongest correlations between CG posi-
tion components W; . and M, as a function of & using h""’h(s) and
hlinear (5). The solid lines show the correlation for Wi« and Mk where
AR}, = |ARE, | = L*. The dashed lines show the correlation for W;
and Mgg where ARJK = |ARK | = L*. These correlations appear in
pairs with opposite signs, corresponding to mass elements to the left
or right of subcell /. The correlations for 5 and 50 particles per subcell
(smaller and larger subcell) are shown in red and blue, respectively.
All correlations are computed for Case 2 and /5 = 5.

their signs as « increases. This means that having an overlapping region weakens
the effect of a particle crossing the subcell boundaries. The rest of the correlations

are zero at the lattice limit and mostly become more significant as & increases.

4.4.4 The form of V (W, M)

Gathering all we have discovered thus far, it is clear the CG probability distribu-
tions have a multivariate Gaussian form with a covariance matrix consisting of co-

variances of W components pairs, M element pairs and W component-M element
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Figure 4.19: Correlations between CG position components Wy , and Mg;, as
a function of a using A'“"(s) and K/ (s). The solid lines show
the correlations when K = I, AR{fb = 2L*, ARf§b7x = L* or when
ARIE, = L°,ARfS, = 0 . ARYE, = ARIE, = L and AR — V2L
The dashed lines show the correlations when AR%, = AR[K, = L*,
ARKL — [* ARKL = 0. The correlations for 5 and 50 particles per
subcell are shown in red and blue, respectively. All correlations are
computed for Case 2 and ¢; = 5.

pairs. So the form of the CG potential (being the negative logarithm of the CG
probability distribution), can be written in the same way shown in Equation 3.14

where
M;
by by M M
Y= I;JM MW , and x= = N 4.5
W,
A%

[a]
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where M is the N x 1 vector of values M;;, J = 1,...,N while M; in the lattice case
isonly a 1 x 1 vector with one element M;;, Wy is the N x 1 vector of the Cartesian
components Y of Wy, and p is the mean of x.

In theory, this covariance matrix has a dimension of (N +3)N by (N +3)N with

KL __ KL __y* KL __ *
L[(N+3)*N? 4+ (N + 3)N] elements. In Ty, Mﬁﬁ’“"_o,Mlgl"b_L , Mﬁi’“b_\/ﬂ ,

Méﬁﬁ’: 3L are nonzero so there are around 2N? elements. In Zyw, W 4M con-
tributes N2 /2 elements. In Zww, Wi yWy contributes 2N elements. Therefore,
around 2.5N? + 2N elements in the covariance matrix are needed to specify the
potential. Such a requirement can be further reduced since the strength of the cor-
relation is usually negligible when pairs are more than 2L* away. Also, only a few
elements are unique and the rest can be found by using equivalence and symme-
try. For a homogeneous system with hundreds of particles per subcell and a small
« value, in the covariance matrix, only close neighbour correlations need to be
considered and all off-diagonal masses can be treated as constant zeros. So, the

number of unique parameters of this CG potential can be less than 10.

4.5 Conclusions

With fuzzy boundaries, d! changes gradually when particle i is in the effective vol-
ume of subcell /. Compared to the lattice mapping, there are two major changes.
One is that effective volumes of neighbouring subcells overlap giving regions in
which all particle motions produce correlated changes in CG variables. This be-
comes stronger as ¢ increases. The other is that the motion of atomistic particles
can simultaneously affect the CG variables of many subcells and induce correla-
tions among them. For example, inducing correlations between different vector
components of W, such as Wk , and Wy, if subcells K and L are close. Such cor-
relations don’t exist for the lattice mapping. The “moving blob”” model introduced
in Chapter 3 explained the signs and relative magnitudes of correlations in terms
of the regions in space where particles crossed the sharp subcell boundaries of a
lattice. In principle, the same general model applies with fuzzy boundaries ex-
cept the “crossing” points are distributed in space, leading to the superposition of
many possible paths, sometimes with opposing trends. In the end, the situation is

complex enough that simple explanations for trends as a function of ¢ are unlikely.
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The results above are qualitatively the same for different switching functions,
and for single-component and binary systems. Only changing & produces signifi-
cant differences. This suggests the form of the CG potential is fairly insensitive to
the particular choice of switching function or the detailed molecular composition
of the system. Rather, it is the size of the overlapping region between subcells
that is important. That is, the fractional counting nature of d! in the overlapping
regions predominantly dictates the structure and parameter values in the CG po-
tential, suggesting the form of the potential is generally applicable to a wide class
of real fluids. It should be possible to describe the physical properties of many
single-phase fluids with the proper determination of the potential parameters.

The choice of « is probably the most important decision that needs to be made.
When o is small, off-diagonal mass elements are very small so might be reasonably
ignored. Coupling between different Cartesian components of W is also effectively
zero in this limit, as are all couplings with off-diagonal mass matrix elements. This
greatly reduces the number of non-zero correlations needed in the CG potential.
However, the mass distribution is effectively discrete when ¢ is small, and this
introduces complex behaviour in the CG equations of motion from any terms in-
volving derivatives with respect to mass. When « is close to one, this complexity
is removed because the mass distribution adopts a near Gaussian-like form. How-
ever, this limit also produces large off-diagonal matrix elements, including cou-
pling with them, and also couples different components of W. All these effects
produce a more complex CG potential.

The optimal value of & appears to be one which is small enough to reduce as
much as possible the magnitudes of the off-diagonal mass matrix elements, and
component coupling of W but large enough to give a Gaussian-like mass distribu-
tion. In fact, there are particular & values where the coupling between the same
W components, the diagonal mass elements, and the coupling between W and M
can all be simultaneously minimized. For example, consider the /7" (s) results
with 50 particles per subcell and o ~ 0.17 in Figures 4.12, 4.15, and 4.18. In each
case, the corresponding correlation coefficients are very close to zero, suggesting
a completely uncoupled CG potential. Thus, there appears to be optimized values
of o giving particularly simple CG potentials with little variable coupling. This

optimized value depends upon the number of particles per subcell, going towards
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smaller a as this number increases (that is, as the subcell size increases). The
existence of an optimal « value that minimizes correlations is perhaps the most
surprising observation from this study, and provides the best argument for wanting
to have fuzzy boundaries between subcells rather than sharp ones.

The transition from discrete to smooth mass distributions seen in Figures 4.3
and 4.5, we feel, signals the change in the nature of the system from particle-like to
continuum-like. In other words, once « is large enough, the discrete nature of the
particles in the system is completely averaged out, giving a continuous Gaussian
distribution. As seen in the figures, even 50 particles per subcell will produce this
result with & = 0.05, a value quite close to the lattice limit. Any continuum theory
will produce a continuous density distribution for a finite volume and thus cannot
be fully correct if the mass distribution still has a discrete nature. The Navier-
Stokes equations have been used to accurately describe nanoflows in fluids 32
but this length scale is about an order of magnitude larger than the scales in the
present work. Now, even when the mass distribution is continuous, the variance
is still substantial so fluctuations are significant in the system. Thus, fluctuations
must be incorporated into a continuum theory, such as is done with fluctuating
hydrodynamics, in order to produce the correct distributions. Work to bridge this
theory and molecular dynamics has been reported3!, where it is shown some level
of coarse-graining has to be employed to produce matching distributions. In our
case, the fuzzy switching functions effectively model the fractional change in mass
as particles cross subcell boundaries, and are one way to transition the mass dis-
tribution from discrete to continuous. We suggest that finding the value of ¢ that
transitions the total subcell mass distribution is the correct way to bridge the CG
theory to fluctuating hydrodynamics.

The CG potential incorporates correlations from neighbouring subcells, with
different values in the parallel, orthogonal, v/2 and /3 directions. This has the
same flavour as the directional distributions used in the DNQB models in the LBM
description of fluids in Chapter 1. While the constructions of these directional dis-
tributions is formulated in a separate way, we suggest that if significant correlations
are found in these directions in the CG potential, the corresponding LBM descrip-
tion likely needs to consider these directions in the DNQB models, as well. This

could then signal when a simpler (and computationally less expensive) model will
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produce acceptable accuracies.

Finally, when o is large enough, a mass matrix is required to fully describe the
dynamics in the system, where the contribution of off-diagonal elements is non-
zero. However, in practice, the mass matrix introduces many more variables into
the CG potential, along with a corresponding increase in the number of unique
correlation values. One would prefer to use the total subcell mass. As seen by
comparing Figures 4.3 and 4.5, the total subcell mass and diagonal mass have the
same qualitative behaviour. Thus, one can sum the off-diagonal terms in the equa-
tions of motion, and by neglecting a few terms with residual off-diagonal character,
produce an approximate equation of motion for the total subcell mass alone. This
is a much simpler description but one that contains the same basic behaviour as the
original mass matrix. By using correlations with the total subcell mass, the desired
CG potential can be constructed. In practice, this will likely be preferred to using
the full mass matrix.

Overall, the simple and general quadratic potential form found in the lattice
case is preserved in the fuzzy boundary case, except with more non-zero terms. In
practice, many more non-zero correlation coefficients are needed for the CG poten-
tial. In this work, these are calculated using atomistic MD trajectories but clearly
this is not ideal. Analytical expressions for these correlations using microscopic
fluid information, such as the density and radial distribution function, are shown in
the next chapter. There is an optimal value of « that reduces as much as possible the
coupling in the system while at the same time producing a smooth, Gaussian mass
distribution. This approach is particularly suited for a mixed description where
part of the system is treated atomistically and part with the CG variables used here.
In that case, an atomistic particle has to be subsumed into a subcell so its corre-
sponding value of ¢/ must continuously change during that transition. The overlap
regions between subcells can then be naturally used to transition atomistic particles

into subcells and vice versa.
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Chapter 5

Theoretical formulation of
potential parameters

5.1 Introduction

In Chap. 4 we showed that, for single-phase and single-component fluids, the CG
total distribution function can be approximated as a multivariate Gaussian. This
result can also be extended to homogeneous, multi-component fluid systems. This
finding greatly simplifies the numerical procedure needed to reconstruct the CG po-
tential since only a few Gaussian parameters are unique while the duplicates can be
generated in a generic way using periodic boundary conditions. However, generat-
ing potential parameters from analyzing MD trajectories is often time-consuming
and not transferable. Moreover, it fails to answer questions such as when can we
make some approximations to simplify the potential without losing too much ac-
curacy in the simulation. Indeed, it is necessary to consider using rigorous theories
to formulate the potential parameters.

The quantities we wish to compute are ensemble averages of CG variables. In
particular, we want to develop theoretical tools to compute the first and second
moments among CG positions and masses. From the definition of CG variables,
it is noted that CG positions and masses are also functions of atomistic positions.
One can compute the averages of these CG variables as the averages of some dy-

namical variables in phase space’®. Therefore, what we need in the formulation
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is expressions for atomistic particle distribution functions. For a homogeneous
fluid system, the single-particle distribution function is a uniform distribution while
the two-particle distribution function is quite complex due to the interaction be-
tween atomistic particles. Kirkwood and Buff have shown that the two-particle
distribution function is related to the radial distribution function g(r), and the in-
tegral involving g(r) — 1 is associated with the particle number fluctuation®’. This
Kirkwood-Buff integral allows us to express the variance of some CG variables in
terms of isothermal compressibility.

This chapter is organized as follows: first, we show the general formulation
for computing the first and second moments of position-dependent dynamical vari-
ables, then, we derive the expressions for all parameters of the CG potential and
analyze their behaviour. The comparison between the results calculated from the

theory and those from the computer experiment is also shown for the CG positions.

5.2 General formulation for calculating ensemble
averages

Consider a cubic system with edgelength L and volume V and uniform density
p =n/V. Now divide each edge into N, equal segments of length 2/, so the system
is divided into N = N3 cubic subcells each with edge length 2¢ and volume V, =
(2¢0)3, giving L = 2Ns¢ and V = L3 = NV, = 8N/>. The average number of particles
per subcell is ny = n/N = pV,. The number of particles associated with a particle
CG variable fluctuates in time as particles move, and can also be fractional. Thus,
ng 1s just an expectation for the average number of particles arising from dividing
a uniform density among N objects. With this division of the system, d/(r;) can be
constructed as Equation 3.3. This form locates the origin of a switching function
h(s) in each Cartesian direction at distances +¢ from the corresponding reference
point R{ - The switching function changes from 0 to 1 and this defines the spatial
region in which particle i contributes to the CG variable labelled /.

Substituting any of these switching functions mentioned in Equation 4.1 and
Equation 4.2 gives a product of six functions, two for each Cartesian direction. To
simplify notation, the condensed notation i (r+a) = h(ry+ay)h(ry+ay)h(r. +a;)
will be used so that Equation 3.3 becomes d! (r;) = h(r;— R} , + €)h(R] , +£—1;)
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with € =/4(X+§+12).
Expressions for the components of W; or Mj; in Equation 2.12 take the general

form ;
B]: Zm,’b](l'i) 5.1
i=1

in which 7 can represent a collection of indices and/or components, and the function
bi(r) incorporates all factors except mass. For example, W; =Y | m;b;(r; — Rf ub)
where by (r;) = r;d! (r;) while My = Y7 m;by (x;)b; (r;) where by (x;) = d! (r;)d! (r;)
For a fluid mixture of 1) species, each with n. particles (so that Z?:l n. = n) the
equilibrium ensemble average of the product B;B; can be expressed as a sum of
one- and two-particle contributions, that is
n
(BiB;) =Y (

c=1

n a1 ,
B[B] 1+ B[B] CL Z Z Z <B[B_]>§C 5.2
'=1 c=1c'=c+1

L#L

in which
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L/2
(BiB)) = mfz / dr; P{(r; +RJ )by (r;)by(r; — ARY) 5.3

) L/2 L2
(BiBy)y = / / dr jP5° (x; + Riyp, ¥+ Ry, )by (i) by () 54
= JLp L2
i#]
y L/2 L2
BiBE = memy Y / o / dr;P5 (v + Rl 1)+ RY, )by () by (r) 5.5
i=1j=1

in which ARY = RlJab . R{ab, and the origins for r; and r; have been placed at R{ b and R{ . Tespectively. Here P (r) is
the probability for finding a particle of species ¢ at position r, P5¢(r,r2) is the probability for finding two particles each of
species c, one at position ry and the other at r», and Pf"/ (ry,ry) is the probability for finding two particles, the first of species

c at position r; and the second of species ¢’ at r,. These probabilities are normalized to unity for the whole system, that is

L)2 L)2 L2 L2 L/2
/ drPf (r) :/ dry dryP5¢(ry,1)) / drl/ dr2P2 (ri,r)=1. 5.6
“L2 ) L2 L2

For a homogeneous system at equilibrium, this gives

1
. n I ..
ey = () gaeln-n) 58
/ 1 Aol
e = e (i n) 59
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in which g“(r) and g""/(r) are radial distribution functions for like and unlike species, respectively. The integrals in Equa-
tions (5.3) are the same for each i and j. As well, since d < ¢, the maximum domain over which @/ (r;) has non-zero values

is —2¢ to 2/, relative to Rf ab- Thus, the limits of integration in Equations (5.3) can be reduced to these limits, giving

20
(BB, = x.pm? / dr by(t)by (r — ARY)
20

e 2
(B[BJ>EC = xgpzmg/%drl 2Zdl‘z gc0(|r1 —I'Q—ARH’)Z)I(I'l)bJ(I’Q)

, 20 20 ,
(BiB))S¢ = xcxcfpzmcmc// pdrl [drzg“(\rl—rz—AR”\)bl(rl)bJ(rz), 5.10

with x. = n./n the mole fraction of species c. The two-particle contributions can be further simplified by transforming to
rip =r; —ry, and noting

a a
/ driy / dray I(ri2y,12y)
—da

—da
0 a 2a a—riy
= /2 drlz,y/ drz,yl(rlz,y,rz,y)+/() drlzm/ dray I(r2y,72,)
—za

—a—riy —a

a—riy

2a
— o drlZ,}// drzﬂ{l(r]g’y,rz’y)+I(—r12,y,—r2,y)} . 5.11

—a

which when extended to three Cartesian components gives
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a a 2a a—riox a—riy a—ria;
/ dr dry I(r12,x,712,y, 12,2, 72,0, 72,5 12.2) / dl‘12/ drzx/ drz,y/ dra;

—a —a —a

XU (120,712, 712,25 1200 T2,y, 12,2) F1(F12,0 712, —F12,2 72,0, 2.5 —T2.2)
+I(r12,x’ —T12,y,F12,2,2.x, =12y, 172, Z) +I(r12 xy M2y, = F12z,2x—512y, _rZ,Z)
HI(=F12,0, 112y, M2, = T2 T2y 12,2) (= T12,0, T12,y, —F12,2 =20, 12y, —12.2)

FI(—=1120, =712, P12, =20, =125 122) FI(—=T120, —T12,y, =F12,2 =20, — T2y, —T22) } - 5.12

When applying these expressions, the components of AR” determine the geometrical relationship between subcells 7 and
J. Recall that because of the way the system is divided into subcells, AR” must be a multiple of 2¢. For example, ARY =
AR” AR” 0 implies I = J so gives contributions of the given subcell, that is variances of the CG quantities. The eight
possible neighbouring subcells at the corners of subcell I (which we label v/3) are specified with ARY =42/, AR” +24,
and AR” +2/¢. The closest neighbours J in the parallel direction to I (say the correlation of Wy W, with subcell J
situated in the x-direction) are specified with ARY = 4-2¢, AR” AR” 0. The same correlation but with subcells J in
the orthogonal direction would have ARY = AR = 0 and AR” +20, or ARY = AR = 0 and AR = £2(. The twelve
subcells J along the edges (which we label v/2) would be specified using ARY = +2¢, AR’ S =£2/, AR” 0, or AR = +2¢,
AR =0, ARY = £20, or ARY = 0, AR = £2/, AR = £2(. Neighbours two subcells away would use the next multiple
of 2/, so that ARY = +4/, AR;,J = ARgJ = (0 would label J two subcells away from [ in the parallel direction. Taking all
possible combinations of the components of AR’ gives the contributions of subcells J in all possible geometric positions.
The expressions above will now be applied to specific combinations of CG variables. Substituting Equation 5.10 in

Equation 5.2 shows only the prefactors are modified in the presence of mixtures. Thus, for simplicity, only expressions for
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one-component expressions will be given explicitly but these are easily generalized to mixtures using the formalism given

above.

5.3 Correlations of W;

5.3.1 Theory of calculating correlations of W;

For correlations of W; we have b;(r) = h(r + £€)h(£ — r)r which when substituted into Equations (5.10) give
2
(WW,), = pm? / dr h(r -+ £)h(€ — r)h(r+ £ — ARY)A(ARY + £ — 1) r(r — ARV)T
—2

(W, W), = pPm? / Zdrl j;dm g(|r1 —ry — ARY | )(ry 4 0)h(€ — v )h(ry + £)h(£ —13) rirh . 5.13
Some general conclusions follow from these equations. First, because A(ry + ¢)h({ — ry)ry is an odd function of ry, the
integral over ry will give zero when the other terms in the integrand don’t depend upon ry. Thus, (W;,W; )1 =0 for y # 7.
Second, this same symmetry shows (W;,W; )2 = 0 if ¢ = 1 for all distances (that is for ideal gases). Third, because the
components of AR are multiples of 2¢, and the switching function is zero for arguments less than —/, (Wi W) y)1 will be
zero when |AR§,J | > 2¢. This means the one-particle contribution will only contribute to the average for subcells that touch
subcell / (when all possible directions are considered). Finally, by changing the signs of the position vectors, the integrals
remain the same if ARY is replaced by AR’ This symmetry implies (W;W,) = (W;W;), as expected.

We refer to CG position pairs whose components are the same as diagonal elements while those whose components are
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different as off-diagonal elements. Applying Equation 5.12 to the diagonal elements of the two-particle term gives
2 o (Y 1
Wiy Wiy)o=pm /0 driy ATg(r, ARY)
20—ri2x
X /Zé dryx h(rizx+rax+0h(L—ri2x—rax)h(rax+ (€ —rx)

247}”12,))
8 /24 dryy h(riay +ray+Oh(C—ri2y —ray)h(ray +Oh(E = r2y)

20—r12,;
X /zg dVZ,z h(r]Z,z‘i‘rZ,z'i‘E)h(g—}’]2‘2—}’27Z)/’l(7‘27z—|—€)h(€—rZVZ)(rlzﬂ_i_rz’y)rZ,y

and for the off-diagonal elements (with ¥ # 7 and 8 the Cartesian coordinate different from y and y')

a0
Wiy Wiy)o=p°m’ A dri; A" g(r2,ARY)
2£—r12_ﬁ
[, drp gt rag t OME =g = rap)h(rag + OB —r2p)
2[—}"12‘7
. /72/ dray h(rizy +ray+ Oh(E =12y —r2y)h(rey + Oh(€ = r2y) (ri2y +1r2,)

2€—r1217/
% /24 dray h(riay +roy + Oh(U—riay —roy)h(ray + O = ray)ry

where

5.14
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A number of general properties follow directly from Equation 5.14. First, if
g = 1 for all distances then A~g = 0 and (W;,W; )2

different Cartesian components of Wy is only possible for non-ideal systems, and

= 0 so coupling between

only in regions where the radial distribution function is not unity. Second, if AR}/ =

Oor AR’ J =0then A~ g =0, again making (W} yWry)2 = 0. This means in general,

no couphng between different Cartesian components will occur if / = J or if J is
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in the same Cartesian direction as y or Y/, that is closest neighbours. However,
this coupling could occur for subcells lying in diagonal directions, for example
those labelled v/2 or v/3. For the latter case, consider ARg,J = AR;J = AR%J =2
(ARY = 2+/3(). If the subcells are large enough that g(r) ~ 1 for r > 2/ then

A" g~ gl(rinp — 207+ (ray — 20 + (riny —20)%] — 1 5.18

because most of the terms in A~ g are unity (having arguments that produce dis-
tances greater than 2¢). This factor is significant only when all components of ry,
are close to 2/, that is for particles lying close to the corners of the subcell. This
restricted domain will make the contribution small, even more so if the switch-
ing function defines a narrow boundary region among subcells. In practice, it will
probably be a reasonable approximation to ignore all coupling between different
Cartesian components of W unless ¢, the fuzziness of the switching function
used in CG mapping schemes, is close to unity. This analysis agrees with the sim-
ulation results calculated for Case 2, n; = 50 where the magnitude of (W;,W; )
(ARY =24/30)is 1.213 when oo = 0 and 4.8172 when o = 1.

The integrals of Equations (5.13) can be performed numerically to obtain the
variances and cross-correlation coefficients but it is possible to obtain analytical ex-
pressions for the linear switching function. Using Equation 4.2 in the one-particle

contribution of Equations (5.13) gives
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(lf%a)z[lfa)(l+(x2)+%a3] ., J=I
—%a(l—%a) (1—%062) , parallel J
~ 8 ta(1-4a)[(1-a)(1+a?)+2a’] , orthogonal J
Wy W)y )i = 8,y —pm?0° x { © 3 SR 5.19
WraWor i W3p —11—2062 (1—%06) (1—%052) , J in v/2 direction
ot (1-1a?) J in /3 direction
0, otherwise

The two-particle terms in Equation 5.14 and Equation 5.15, with the help of symbolic language software, can be simplified

analytically to give for the diagonal elements

inear 8 It
(Wi Wop)3" = 2 pm*CpVs /0 dr f"V (rp) fo' " (rp ) 7Y (ry) A g (24, ARY) 5.20

and for the off-diagonal elements

. 1+a
(Wi Wy )5 = —8pm*pV / dr fo™ (rg) fo " (ry) o (ry )ryry ™ g(20r, ARY) 5.21
0

in which r = ry,/(2¢) and 3 and B’ are the Cartesian components different from y or ¥. The f functions have different
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expressions depending upon the value of a. For o < 1/2 they are

Ww
0

(r)

1—r,

(@’ —2(1-r)%)/(6a%),
®’/(60%)

0,

0,

Ba*(1-r)—(0-1)%)/(3a?),

0<r<a
a<r<l—-a
l—-a<r<i1
1<r<l+a

otherwise

((502(1 — a)* +50r*(2r — &) (r + )

0<r<a
—r(@r* —5)— o’ +5a° — 15ar?)]/(5a2) ,
(1—r) (0?32 -2a(1-r)), o<r<l—-a
—[0*(0* —5/%) — 1000 (0* —3r?)
+300’0(w* —r*) — 100 (50° — %) l-a<r<i1
+40*(100 —3a)]/(10a?)
o’ (0> —5r%)/(1002) , 1<r<l+a

otherwise

5.22
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while for & > 1/2 they are

((3a*(1—r)—(0—1)%)/(3a?), 0<r<l-a
(P—0-r’+3a(o—r)—(@—1)3)/(60?), l-a<r<a
V() = {(0®=2(1-7r)%)/(602), a<r<l
o’/(60%), 1<r<l+a
L0, otherwise
(
(5a*(1 —a)* +50r*(2r — a)(r+a) 0<r<l_q
— (4 =5)— o’ +50° — 15ar?)]/(5a?) ,
(10a(1 + o) (w —3r) — 87° a<r<a
+10° (14 ) — 0’ (0* —5r%)) /(10a?) ,
A = { —[0}(0* =57 —1000*(0* —3r?) 5.23
+30a’ (0 — %) — 100° (50° — %) a<r<l
+40*(100 —3a)]/(100?) ,
o’ (0*—5r%)/(1002) , 1<r<li+a
0, otherwise

with @ = 14 o — r. Setting oo = 0 in these expressions gives the results for the lattice switching function, that is

- 8
(W y Wy )R = 8,y 5u§pm2€5 : 524
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so that compared with the result in Eq. 5.19, this one-particle term contributes only to the variance of Wy, and

1
(W Wy ) ittice Spmzﬁsp\/s/ dr AT g(20r, ARY) (1= r) (1= ry) (1= r2) (1= 21y — 2r3)

3
8
~ SOy, / Pdr f% (r) (g(26r) - 1) 5.25
for the diagonal element, and
1
(W Wy p)iuiee — _8om?5pV / dr A”g(2r, ARY)(1 — ) (1= 1) (1 = 1) ryry
~ —8pm*lpV; / ridr [ (r)(g(26r) — 1) 5.26

for the off-diagonal elements. If the subcells are large enough that g(r) ~ 1 for r > 2/ then the integrals over the unit
cubes can be replaced by integrals over unit spheres, and the angular integrations performed analytically. This is how the

approximate expressions above were obtained, which after some algebra and noting fol dry(1 —ry)(1 =2r,— 2r72,) =0 gives

(1075 — 64r* +15(27 — 3)73 + 28012 — 15077 + 60m) /15, T =1
r(—10r* 411217 — 15(3 + 87)r> +120(2 + m)r —907) /30, parallel J
r(—10r* 4+ 32r% +45r% — 160r +307) /30 , orthogonal J
r?(r(2r2—9)+8)/12, J in /2 direction
r3(—10r2 +48r—45)/120, J in v/3 direction
0, otherwise

Iin(r) = 5.27
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and

}’2

ﬁ%‘,}gd(r) = mSgH(ARg,J)Sgn(ARg/J) X
0,

—57r3 +16(4+m)r> —60(1 +m)r+ 160, J in /2 direction, ARY =0
r(5mr? —64r+60)/2

J in /3 direction 5.28

otherwise

where sgn(x) is 1 for positive x, -1 for negative x and zero when x = 0. As expected, these expressions show that correlations

become weaker as neighbouring subcells become further separated. In the limit of very large subcells, the factor of g(2¢r) — 1

is zero except for increasingly smaller values of r. In this limit, using Equation 5.24, Equation 5.25, Kirkwood-Buff theory

and the fact that the vairance of CG position in the ideal gas case is given by Equation 5.24 due to zero many-body correlation,

the variance can be expressed as

2 _ lattice
Oww tartice = WryWry) e

with K}/S the isothermal compressibility of the subcell.

}g(<W17yWJ7y>ﬁattice + <VV[7yWJ73/>12amce)

/ 8 20

lim gpmzﬁs [1 +4np [ dr*(g(r) — 1)}
0

f—soo0
}Lm <W1,yvvl7y> llatticeka K.‘T/s

ka K;o (Wl7ym7y>lattice7ideal ’ 5.29



We expect the correlation to go to zero as the subcell size increases. This is
because all the two-particle terms contain an integral of g(r) — 1, which will be
a constant in the large subcell limit. Therefore, two-particle terms will converge
to a finite value as ¢ increases. On the other hand, one particle terms increase as
¢ increases. if we combine Eq. 5.25 and Eq. 5.29, the correlation coefficient for
diagonal elements when [ is in the parallel direction of J is given in the large ¢
limit as

N . <VVI ,}'WJ, )/> lzattice
r"VI.yWJ.y = lim lattice
8 71205 2¢,2 WW
3PP Jo rdr fiana(5)(8(r) — 1)
= lim g —
{—yo0 §pm2€5ka KTS

20
/ rdr(g(r)—1)=0, 5.30
0

lim —
(= 2kT Kl

where the last line is obtained by taking the dominant contribution to fl‘;vlvz from
Equation 5.27 for large . |

As expected, the correlation coefficient will go to zero as £ increases. However,
complex behaviour for the correlations is expected for systems with ¢ comparable
to its g(r). Even in the large ¢ limit, the contribution from the two-particle term to
the variance will be negligible, but not zero. The correlation goes to zero because
the covariance term grows relatively slower compared to the variance term. We be-
lieve this is a general behaviour and any correlation coefficient in the large subcell

limit can be derived using the same procedure presented here.

5.3.2 [Examination of the W; correlations with experiments

Calculations are performed on the variance and covariances of W; using the equa-
tions shown in the previous subsection. It was very easy to check the correctness of
the one-particle terms so we focused the calculation on computing the values of the
two-particle terms. These values are compared against the experimental (This re-
ally means computer experiments and the same meaning applies below) variance or
covariance values subtracted by the one-particle contribution predicted by the the-

ory. In this way, both terms are checked against experiments performed in Chap. 4.
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We choose Case 2, ng = 5 as the testing case since it is quicker to integrate over a

small subcell volume. From then on, we use Expt. as the notation for simulations.

—0.45 A
—eo— Theory
—0.50 A
—e— Expt.
—0.55 A
N
X —0.60 1
§>< —0.65 A
E —0.70 A
—0.75 A
—0.80 A
0.0 0.2 0.4 0.6 0.8 1.0

od

Figure 5.1: Comparison between the theoretical and the experimental values
of the two-particle term in the variance of Wy, as a function of & using
hlinear (s). The two-particle terms computed from the experiment and the
theory are shown in red and blue, respectively. All values are computed
for Case 2, ng =5 and ¢, = 5.

The comparison between the theoretical and experimental values of the two-
particle term for the variance of W , is shown in Fig. 5.1, and a similar comparison
for the two-particle term in the covariance of Wy ,W; . is shown in Fig. 5.2. Over-
all, a decent match between the theoretical results and the experimental ones is
observed in these two figures. Sometimes significant fluctuation in the theoretical
calculation shows up because of numerical problems in computing the integral of
the complex g(r) of a liquid. A high-order extrapolation scheme for integration
was used in this calculation and the spikes in the numerical result were found to
appear at different locations in identical trials with different values of iuput points,
showing that the integration converges very slowly for some of the & values. Such
a slow convergence was observed to be persistent as the extrapolation order in-
creased from 15 to 19!

Finally, we computed the correlation between Wy \W; . as a function of ¢ and
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0.28 Theory
—e— Expt.
0.26
BN
x
— 0.24
=3
;—‘ 0.22
0.20
0.18
0.0 0.2 0.4 0.6 0.8 1.0

a

Figure 5.2: Comparison between the theoretical and the experimental values
of the two-particle term in the covariance of W; W; , as a function of

o using A" (s), AR/, = L* and AR%b,x = L*. The two-particle terms

computed from the experiment and the theory are shown in red and blue,
respectively. All values are computed for Case 2, n; =5 and ¢; = 5.

compared it with the experimental values given in Table. 3.6. This result is shown
in Fig. 5.3. Again, the theoretical results match the experiment very well. As we
expect, the behaviour of the correlation between CG positions is quite complex due

to the structure of the liquid g(r) when the subcell size is small.
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Figure 5.3: Comparison between the theoretical and the experimental values
of the correlation of W; \W; , as a function of £ using h/“"*(s), AR, =
L* and AR%b . = L*. The correlations computed from the experiment
and the theorSf are shown in red and blue, respectively. All values are

computed for Case 2, and ¢, = 5.
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5.4 Correlations of W; and M ¢

For elements of the mass matrix, My, we have b;(r) = h(r + £ — ARY)h(ARY + £ — r)h(r + £ — ARV )h(ARY + £ —r)

which when substituted into Equations (5.10) gives correlations with Wy in the general form as

20
(WiM;p)y = pm? l Z/drrh(r+£)h(£—r)h(r—i—K—AR”)h(AR” +£—r)
xh(r+£—ARY)h(ARY +£—r)
20 20
<W[MJJ’>2 = pzmz/zedl’l Zpdl’z g(]rl —I'Q—ARH’) I']h(l'] —i—f)h(f—l‘])/’l(l'z-i-f)h(f—rz)

xh(ry +€— AR (AR +€—1,) |

5.31

Following the same procedure used in the previous section, the two-particle contribution is more efficiently evaluated by

transforming to rj; and using Equation 5.12 to give
s 5 4/
WiyMyp)2 = pm A drp,

2€_r12,ﬁ
X /_2( dl"zﬁ h(i‘lzﬁ +l"27ﬁ +€)h(€—r127ﬁ—r27ﬁ)h(r2ﬁ +£)h(€—}’2ﬁ)

2=ryp g
X /72? dl”zﬁ/ h(}’]zﬁ/—|—l’27ﬁ/+£)h(€—r12’ﬁ/ _rzﬁ’)h(rZ,ﬁ’+£)h(£_r27[3’)

'2[—1‘12?},
X / 2 di’zn/ (}"12’7/4-r21y)]’l(r12,y—|—7‘27y—|—€)h<€—1”1277/—?'2,)/)
Xh(ray+O)h(l—r ) AT

5.32
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where

ArL = I(rapg,rapsn2yrap.rapsrey) H1(=rog,raps oy, —rp:rpHry)

+ I(rigg, —riap 12,y 128, — 128 12,y) (=128, =712,/ 712,y =285 T2,8/512.7)
— I(rizp,rap,—rzy.rap,rap,—r2y) —I(=rapg,rop, —ry, —rap.rap,—ry)

— A(riag, —riops—T12,y: 72,8, — 12,8, —T2y) —I1(=Fi2p;, —T128,—T12,9, =128, — T2/, —T27) 5.33

with

1(”12,;371’12,;3/,”12,7/, Fz,ﬁﬂ’z,ﬁ',rz,y) =
h(ryp +0— ARE VR(ARE +0—ry g)h(ry g+ 0 — AR Vh(ARE +C—ry 1)

/ ’ 1/2
X h(ryy+0— AR{/J )h(AR{/J +l—ry)g < [(m.ﬁ - AR;{)Z + (riapr — AR’BJ/)Z + (rizy— AR;’/J)Z} > 5.34

in which B and B’ are the Cartesian components different from y. Again, some general properties follow from Equa-
tions (5.31) and (5.32). From the symmetry of the integrands and A[ I, it follows that (W;M;)1 = (W;Mj;)2 = 0 so there
is no coupling between W and mass elements when all indices refer to the same subcell. Analyzing the domains of the
switching functions also shows that (W;M;;/); = 0 unless J = J', that is the one-particle term only couples W with diagonal
mass elements in neighbouring cells. Also, (W;M;; ), =0 when g = 1 at all distances and AR{/, = 0. The coupling is the
same if J and J' are exchanged. This follows from the symmetry of the mass matrix and can be seen explicitly by referencing
r from R/, instead of R/ ;. As well, (W; ;M;;)2 = 0 when AR}/ =0 and AR}/ " =0, that is for subcells in the orthogonal

direction. Furthermore, the one- and two-particles terms each change sign if the signs of AR"” and AR’/ " reversed. This
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means the correlations (W;M, ;) will have the same magnitude but opposite sign for subcells in the left and right Cartesian
directions.

The one-particle contribution can be found analytically for the linear switching function as

1— %)2 ,  parallel J

. 1 4 (1 — g) J in v/2 direction
Wi M hnear:5 , m2£4a a+5 son ARI] % 12 2 ?
(Wi yMyp )y JJ 12OP ( )sgn( y) (%)2, Jin /3 direction
0

, otherwise

5.35

This coupling is quite small and vanishes completely when o = 0, that is for sharp subcell boundaries.

The two-particle contribution can be evaluated analytically for the linear switching function using the same procedure
employed with the components of W giving

o1 l+a l+a l+a AR
(W yMj )5 = ﬁpmzﬂ“p%/o drﬁ/o drﬁ’/o dry{ e (r% 22' )
ARY' AR 12
() ) s )
_|_

ARY' AR%)
wM (.. __ B WM (. B g
0 \TB e )0 TP Ty
AR/ 1/2
(20rg — AR )* + (2rg + ARE))? + (24ry — AR’yf)z] ) +

g
ARY' AR 12
1 (Vﬁvzg ) o (r,;/, T > g ([(mﬁ +ARY 2+ (2rg + ARY)? + (2ry — ARY | )

1/2
(20rg + ARY')> + (26rg: — ARG ) + (20ry — ARg,J)Z} )

|
|
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1

(;/VM ('ﬁv
gVM <r[57
gVM (rﬁ7

JJ'
WM ( _ARY
b

Py
ARY' AR
WM (. B WM
0 [3,726 0 rﬁ/,
ARJJ’) (
_ WM .

2
JJ
ARﬁ W
20 )70

JJ
’

B
0 0
M< -
JJ
ARﬁ WM
20 )0 BT

in which r = r»/(2¢). From our previous discussion we know

ﬁ )g({(Zﬁrﬁ—AR;;J)Z—I—(%r[;/—AR;;J/) (2£ry+AR” )
12

) (ZErﬁ—I—ARﬁ + (20rg — ARG, + (24r y—i—AR”)} )

JJ’ 12
) ( (2rg — ?+ (2rg + AR (2€ry+AR§,J)2} )+
JJ’
ﬁ 1772 1J\2 2112
5/ ) ({(Zérﬁ—FARB) +(26rg +AR}) +(2£ry+ARy)] ))} 5.36

ARV JJ/’
25 or — 2? can only be —1, 0 or 1. Otherwise, the
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correlations will be zero. Therefore, we use A to represent 2? to simplify the notation. For @ < 1/2 the f functions are

(0t +2ar(0® — ) +1%)/20%),  0<r<a
a, o<r<l—o
Mra=-1) = {Qo-a) +o0’2o—0)/2ad%), 1-a<r<l
o’ (2a—w)/(2a?) , 1<r<li+a
0, otherwise
(2r*(r—3a)+3a*(2—a))/a?, 0<r<a
6(l—r)—a, a<r<l—-a
fMrA=0) = {(—o*+20* +4oa(w®—a?)/2a®), 1—a<r<1
o*/(20%) 1<r<li+a
0, otherwise

A=) = {(a—r>3<a+r>/<2a3>, 0<r<a .

0, otherwise



Cll

IWM(r?A_ _l)
IWM(rvAZO)
IWM(,-’A:])

\

{

(0 +47° +50r(20° +4a*r —2ar* — 1)
—5(a*+r*+20°r—2a%)) /(10a°)

a(zr_l)a Oc§r§1—a
(0 —2a)’ +10r(ac — @)* + 5r0° 20 — @)

0<r<a

l-a<r<li1
+100*(a—w))/(100°) ,
o’ (10ar — Sor— 0?)/(10a) , 1<r<li+a
0, otherwise
r(8a +r)2—a)+ar*(5sr—12a—4))/203), 0<r<a
6r(1—r)+o(l—2r), a<r<l-a

(—0° +220° + 200ar(@* — o) + 5r(20* — 0*)

l-a<r<l1
+10wa(0® —40’a +8wa® —7a?))/(10a°) ,
o*(0+5r)/(10a3) , 1<r<l+a
0, otherwise

(a—rP@r—o?+Tar+5(a+r)/(106?), 0<r<a
0, otherwise

5.38
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while for & > 1/2 they are
(g}VM( rnA=—1)
fo M (rA=0)
foMna=1)

{

(ot 4 2ar(a® —r?) +1*)/(2a7) ,
D42 —6a) + 203 +2a(3r—1))/2a), 1-a<r<a

((r—
2(0—-a)'+ 0’20 -w))/(2a7)
(03(20‘ 0)/(2a%)

0,
2r(r—3a)+3a*(2—a))/a?,
(—0* —20* + 400 (0® — a?)

+4ar(3a’ —3ar+r%))/(207) ,

(—o*+20* +4oa(w? - o?))/(2a%) ,

o*/(20),

0,

(a—rP(a+r)/a®), 0<r<a
0, otherwise

0<r<l—-a«a
a<r<l1
1<r<l+ua
otherwise

0<r<l—-a«a

l-a<r<a

a<r<l1

1<r<l+ua

otherwise

5.39
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(0 +4r +50r(20° +40r — 20 — 1)
0<r<l—-u«o
—5(a* +r*+20°r—2ar%)) /(10°) |
(87 +5a(2a—1) (o —1)(2r—1) = 5a*(4r  —6r° +1) + 1
l-a<r<a
WM — 102 (2% —2r +1))/(10&) ,
1 (V,A: _1) =
(0 —2a)° +10r(0t — 0)* + 5r0* (20 — @)
a<r<l1
+10a* (o — w))/(10a°) ,
o3 (10ar —Sor— »?)/(1003) , 1<r<i+a
0, otherwise
(r((803 +r)2—a) +ar’(5r— 1200 —4))/(2a®), 0<r<l—a
(—0° +320° + 200ar(w® — ) — 5r(8a* + o*)
+100a(w® —40* o+ 8wa’ — 8a’) + 10r* l-a<r<a
WM +400* (200 — 1)) /(100°)
1 (r,AZO) —
(—0° +220° + 20war(w® — a®) + 5r20* — w*) ey
r<
+ 1000(0® —40° 0+ 8wa® —7a’)) /(10a°)
o*(w+5r)/(10a%) | 1<r<lto
0, otherwise
a—r)3@4rr—a’+7or+5(a 10), 0<r<a
wa_y _ @R @ Tarts(atn)/(100), 0<rs <
0, otherwise

These functions for A = 0 are almost an order of magnitude larger than those with A # 0, so the largest couplings are expected
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when J = J', that is for the diagonal mass elements. This trend agrees with simulation results. The results for the lattice

switching function are obtained by setting & = 0, giving

. 1
(Wi Myp)2ice = §;,80m*¢*pV /0 dr Ay g(20r, ARY) (1 — 1) (1 —ry)(1 = 1)y

Q

1
81y 8pm**pV /O rdr fYM(r)(g(20r) — 1), 5.41

in which the expression for A} g(2/r, AR') can be inferred from Eq.(5.36), and where the last line is an approximation valid
if g(r) = 1 when r > 2/ with

—8r3 +15(1 +7m)r* —20(4 +m)r+ 307 , parallel J

16r2—152+nx 68)/4 , J in v/2 directi
A () = o sam(agt) < {107 2O in 2 direction 542
30 r2(—8r+ 15)/4, J in v/3 direction
0, otherwise

5.5 Correlations of mass matrix elements

The analysis of correlations among the mass matrix elements involves many terms and in principle, one may take several
different approaches. To begin, the average of the mass matrix elements themselves are needed when calculating correlation

coefficients. These are much simpler to obtain in practice because they involve only one-particle contributions, namely

20 , ,
(Mip)y = pm [ drh(r+€)h(€—r)h(r+£€—ART)h(ART +£—1) . 5.43
-2/
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It is possible to obtain analytical expressions for this average for the linear switching function, giving

(1-ia)’, r'=1
21— %a)Z ,  parallel/orthogonal I’
(Mpp)™™ = ngm x (%)2 (1- %(x) . I' in /2 direction 5.44
(%)3 , I’ in v/3 direction
0, otherwise

so the lattice result (when o = 0) is <M11/>l"mi°e = 9;pngm, as expected. The fuzzy boundary conditions thus spread the mass
contributions among the different off-diagonal mass elements, according to the degree of overlap, a. However, the total

subcell mass, given by

N n
M] = Z MII’ = Zdllml 5.45
=1 i=1

has an average that is preserved, as can be verified by recalling there are 6 neighbouring subcells in the parallel/orthogonal

directions, 12 in the v/2 direction, and 8 in the /3 direction, so using the expressions in Equation 5.44 gives

1\’ 1 \? 2 1 3
(Ml)znsm{<1—3a> +6><Z(1—305> +12><(%) (1—3a>+8x(z> }:nsm. 5.46

One can consider correlations at the level of individual matrix elements M or among the masses per subcell, M;. We

will consider each in turn beginning with the latter since it is simpler. Following the same approach as used for the other
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correlations, those between different M; for the one- and two-particle contributions are

20
(MiM;); = pm? fdrh(r—i—f)h([—r)h(r—i—e—AR”)h(AR”+£—r):m<MU>
-2
20 20
(MiMy), = pzmz/ Edrl [drzg(|r1—rz—AR”|)h(r1+£)h(£—r1)h(r2+£)h(£—r2), 5.47
-2 -2

in which Eq, (5.43) was used to give an exact relation for the one-particle contribution in terms of the averages of the mass

matrix elements. Transforming the last expression to ry; gives

44
<M1M1>2 = p2m2/0 dl’uAJrg(l‘lz,ARU)

20—ri2x
X / y di’z’x h(rllx + 72 x =+ Z)h(ﬁ —r2x— rz"x)h(l’z_’x —i—g)h(f — rz,x)

2€—r12,y
« / L dray by ey + O = iy =y h(ray +Oh(E=12,)

2=ri2,;
x / L drach(riact rat Oh(E= rae= (e + Oh(E= ) 5.48

As expected, due to the isotropic nature of the system and the scalar nature of mass, each of the components is treated in the
same way. Equation (5.47) shows non-zero values are expected for the correlations among all possible pairs of M; but the
values are the same whenever |R”| is the same. For example, all subcells in the /2 direction give the same value.

For the linear switching function, the two-particle expression can be evaluated analytically by noting the similarity with
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Equation 5.14 to give
. I+a
(MpM;)inear — nsmszS/O dr [V (r) iV () f Y (r) At g(26r, ARY)
I+o
= nim®+nm’pV; /0 dr £V (r) £V () £V () (AT g (260, ARY) — ) 5.49

in whichr =rj,/(2¢), and in the last line we have used fol "% drfW (r) = 1/2 for all . This result can be used to determine

the variance of the mass per subcell for the linear switching function, using Equations (5.44), (5.47) and (5.49) to give

Ointiinear = (MP™™ = (M;)*
o3 1+a
= m<M,>{(1—3) +8pV [ dr ) ()R () (s(2en) - 1) 5.50

We can obtain the corresponding expressions for the lattice switching function by setting & = 0 in Equations (5.47) and

(5.49), since in that limit M;; = M;, and using Equation 5.22 to give
. 1
(MiMpYe = &y + nm® + nsmszs/ dr (1—r,)(1=r)(1 —r) (AT g(20r, ARY) —38)
0
1
< [t pve [ ar 70 e(26) - ) 551
0

in which the last line is an approximation that holds when the subcells are large enough so that g(r) ~ 1 for r > 2/. In that

case, the integration over the unit cube and can be replaced by integration over a quadrant of a sphere, and the angular parts
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of the integral evaluated analytically, giving

Ag—6mr+8r2—r3, J=I
r(6m — 16r+3r?)/6 , parallel /orthogonal J

MM (r) =< r2(8—3r)/12, J in /2 direction 5.52
P /8, J in v/3 direction
0, otherwise

\

The relative sizes of these expressions show that correlations are expected to weaken systematically as neighbouring cells

are further separated. These results can also be used to evaluate the variance for the lattice switching function, giving

2
cyMMJatlice 1
e = 180V, [ dr (1) (1= ) (1 =) (e(281) ~ 1
! b 3 2 o) 1 3
1+47tst/ redr 1—§r+—r ——r | (g(20r)—1).
0

Q

T 4w
5.53

Applying the same arguments used for Equation 5.26 shows that in the limit of very large subcells the integral is dominated

by the first term giving
20

2
o oo
MM fatices _ 4 amp | dr P (g(r)—1) = pkT k) 5.54
0

m < MI > lattice

an equation identical in structure to Equation 5.29 for the variance of the W components. This is reasonable since particles

crossing subcell boundaries change both the subcell mass and the values of W. This only applies though to the sharp
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boundaries in the lattice case. For fuzzy boundaries, the CG variables can sense the positions of the particles as they move

from one cell to another, and in this case, the variances of the mass and W obey different relations.
The correlations among M; are fairly straightforward to determine while those among different elements of the full mass

matrix are more involved. However, the general procedures used above apply just as well, giving the one- and two-particle

contributions as

20 , ,
(MypMyp), = pmz/ dr h(r+£)h(€ —r)h(r +£— ART)h(AR" +-£ 1)
-2
xh(r+£— AR YR(ARY 4+ € — r)h(r + £ — AR” )h(ARY + £ —r)
20 20
<M[[/MJJ/>2 = pzmz/zgdl‘l 2Edl‘z g(|1‘1 —l‘z—ARHD /’l(l‘l +£)h(£—r1)h(r2+£)h(£—r2)

xh(ry +£€— AR Yh(ARY 4+ £ —r))h(ry + € — AR V(AR + £ —1,) . 5.55

Transforming the last expression to ri; gives

4
(MypMyy), = p°m? A dri

'2(—"12,)C
X / y dryy h(rizx+rx+0)h(l —riax—rax)h(rox +0)h({ —ryy)

2€—r12,y
X /2[ dr27yh(r127y—|—r27y+€)h(€—rlg’y—rz.’y)h(rz,y—i—ﬁ)h(f—rz,y)

2(—1‘12‘1
x / L drach(riact ract Oh(E=rag = h(rag+ Oh(E= 1) 7T 5.56
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where

AT

with

I(r12,., 12,y 112,20 72,0 2,y, 12.2) H1(—F12,0, P12,y P12, = 1205 T2,y 72.2)

(
+ I(ri2e, =12y, M2 720 =12y, 12.2) F (7120, =112y, M2, =120 12,9, 12.2)
+ I(riax M2y, =227 12y, —12.2) (T2, P12, —F12.2 =20, T2y, —12.2)
+ I(r120 =12y, 112,25 7200 T2y, —122) F (=120, =112,y =122, =720, = T2y, —T2.2)
5.57
I(F12,6, 712,712,272, 12y, 12.2) =
h(rigx+rox+0— AR,{C[/)h(ARjC]/ Hl—riax—rax)h(ra,+ 10— ARij/)h(AR;JcJ/ +l—12,)
h(riay + 12y — L~ ARIR(ARY + 0 —ripy — 1oy )h(ray + € — ARV VR(ARY + 01,
h(rize+r2e+€—ARTYR(ARY + 0 —rip — 1y )h(rao+€— AR VR(ARY +0—1y,)
8 ([(rio.e = ARY) 4+ (rizy — AR+ (1 — ARV ) ) 5.58

For the linear switching functions these expressions can be evaluated analytically giving

linez 2 MM (APIT Apl] ARII'\ pMM (A DIl A pl] A plJ'
(MypMyy )™ = ngm Joi (AR, ;AR ,AR") 0,1 (ARy JARY ARy )
MM (ARl Apl] APl
xfoq (AR; ,AR;,AR;") 5.59
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in which r =r,/(2¢). The functions f(’)‘:’lM (A1,A2,A3) are symmetric with respect to exchange,
o (A, 80,85) = [ (A1, As, o) = fo 11" (82, A1, A3) = £51" (A3, M0, Ar) 5.61

and with respect to negation,
FoM (AL, A, Az) = f M (—A1, — Do, —As) 5.62

and are zero if any two non-zero arguments have the opposite signs (since in this case the integrand is identically zero
because there are always two switching functions that don’t overlap at any distance). In fact, these properties are general and
don’t apply just to the linear switching function. In any case, many different combinations of 1,1’,J,J’ will give the same

one-particle contribution. There are only 4 distinct combinations giving non-zero values, namely

(1-2a), Aj=A=A3=0
o /20, precisely one A = +2/
f(%M(AI,Az,Ag) = o /30, precisely two A = +2/ 5.63
/20, A=Ay = A3 = 424
0, otherwise

Using Equation 5.63 in Equation 5.59 for I = I’ and J = J' and comparing with Equations (5.44) and (5.47) shows that for
any o, (MM, Jj>llinear < (MM J>11inear with the equality applying only for the lattice case, a = 0. In other words, the one-
particle correlations for the diagonal elements are always smaller than those for the total mass per subcell. Turning now to

M

the two-particle contributions, the fé‘f’z functions satisfy

Jo (r =80, —Ar) = fo (A1, A) 5.64
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for any switching function so there only a couple of unique ones. The non-zero expressions that are valid for any o are

(o —r)*(2r+3a)/(600*), 0<r<a
0, otherwise
a/30—r*(5-5r/a+(r/a)®)/(30a), 0<r<a

0, otherwise

A (A =08 = 1) = {

A =1,0=1) = {

25wa(@? —4oa+5a%) — (0 —a)’ —90°)/(15a%), 1-a<r<l1
o (nA =1,0=-1) = 20%(0*-S5wa+502)/(15a%), 1<r<l4+a 565

0, otherwise

while those that depend upon the domain of & can be divided into two cases. For o < 1/2 they are

1-3a/5—7r(200° —1002r+73)/(15a%) , 0<r<a
l—r—o/3, a<r<l—-oa
o (nA=0,A0=0) = { @—d4a/l5-0* (0’ —200a>+400)/(30a*), 1-a<r<l
> /(30a*) , 1<r<l+a
L0, otherwise
/20 +r(104+10r/a —20(r/a)* +5(r/a)® +2(r/a)*) /10, 0<r<a
a/6, a<r<l-a
M rA=1,0=0) = { (30°—6a°—(0—2a) +50a(4a—30))/(600*) l—a<r<1 566
o*(5a —2m)/(60a*) , 1<r<li+a
L0, otherwise
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while for o > 1/2 they are

(1-3a/5—1r2(20a° —10a%r +73)/(15a*) 0<r<l-a
1+7a/154 (0*(—@® +2000” — 40a°)
2 3 2 3 4 l—asr=a
PN =0, =0) = +r°(=2r 4+ 20ro.” —40a”))/(30a”) ,
' o —40/15— 0*(0® — 2000 +400) /(300Y), a<r<1
®’ /(30at) , 1<r<l+a
0, otherwise

(/20 +r(10+10r/ 0t —20(r/)? +5(r/ ) +2(r/a)*) /10, 0<r<1-a
(Bw® —14a° +7r° — (0 —20)° + (r+ a)°

l-a<r<a
FIM (AL =1 A= 0) = +50°a(4a —30) + 50 (o — 617)) /(60a’) | s67
’ (B’ —60° — (0 —2a)° + 50’ a(4a —30))/(60a) a<r<l
o*(50 —2w)/(60a*) , 1<r<l4a
L0, otherwise

Using these expressions, along with Equations (5.63) and (5.64), allows some special cases to be identified. For example,
setting I =J and I’ = J’ gives

. 1+
<M11,M11l>121nea.r = 8nsm2st/ dr g(2€r)
0

! ! I ! ! d
fM M r ARfCI AR)ICI fM M r ARy AR)ICI fM M r AR? AR? 5.68
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in which r = r,/(2¢), and along with Equations (5.59) and (5.44) can be used to evaluate the variances of the mass matrix

elements. Setting I = I’ and J = J' and using Equation 5.59 gives

< MII MJJ)linear _

_l’_

ngm” f3 (0, AR ,0) £y (0,ARY,0) £ (0,ARY ,0)
1+
ngm*pV /0 dr fo5 (re,0,0) f55 (ry,0,0) f55 (r,0,0)A" g(26r, ARY)
AN
no® f31(0,RY,0) 1311 (0, ARY0) £ (0, ARY0) +-nm? (1 - 5)

1+a
ngm’pV /0 dr fo5 (re,0,0) 35 (ry,0,0) £33 (r2,0,0) (AT g (26r, ARY) —8) , 5.69

where in the last line we have used fOHa dr f(’)‘j’zM (r,0,0) = (1 —a/3)?/2 for all @. When a = 0 this expression reduces to

the lattice result given by Equation 5.51, as it should. However, the equation above can also be compared with Equation 5.49

which is the analogous equation but for the total subcell mass. The two results differ because with fuzzy boundary conditions,

the magnitude of the diagonal mass elements decrease as the mass distributes itself among the off-diagonal pieces. The total

subcell mass sums these off-diagonal contributions so is not subject to this decrease, even in the presence of fuzzy boundaries.

More specifically, setting I = J in Equation 5.69 and using Equation 5.44 gives the variance of the diagonal matrix elements

as

GAZ,,MJI-MW = <M”M”>lineal’_(<M”>linear)2

3 3 14+a
= ngm? [(1—5a> —|—8ns/ dr [y (r+,0,0) /35" (ry,0,0) f35" (r2,0,0)(g(2¢r) — 1) 5.70
A :



which can be contrasted with Equation 5.50 for the total subcell mass variance.

5.6 Conclusions

We have shown that the parameters of the CG potential can be derived using atom-
istic distribution functions. From there, the behaviour of potential parameters is
explored as a function of & or ¢. A decent match between theoretical results and
experimental values is found for correlations of CG positions. The numerical inte-
gration remains a challenge due to the complexity of the g(r).

In this theoretical formulation, a connection between finite-size isothermal
compressibility and the variance of the CG position or mass element is found.
Such a connection shows that thermodynamical properties can be extracted from
the equilibrium distributions of CG positions or masses. Using these derived equa-
tions, one not only knows many potential parameters are always zero from ana-
lyzing the symmetry of the integrand, but when to drop weak correlations before
carrying out CG simulations.

Our analysis suggests that all correlations will become zero in the large subcell
size limit. This result is consistent with the hydrostatic equation in fluid dynam-
ics where there is no correlation between subcells and the density of each subcell
remains constant. However, it is not clear whether the large subcell size limit is
the same as the length scale mentioned in the continuum hypothesis. Examining
the behaviour of the mass correlation at large ¢ may provide some insights into
answering this question.

Finally, it is worth noting that the theoretical formulation for potential param-
eters also gives the effect of atomistic particle numbers on the magnitude of the
mass variances. Therefore, we have the tool to compute the variance of the CG
mass for a fixed number of particles within the subcell. This finding is vital in

understanding the skewed mass distribution in the next chapter.
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Chapter 6

Understanding skewed mass
distributions

6.1 Introduction

In Section 4.3.1, it is observed that the distributions of CG mass elements undergo
a transition from a discrete symmetric distribution to a skewed distribution as «
goes from O to 1. From previous discussions, we are forced to reject the lattice
mapping scheme in practice since the trajectory of CG variables, in that case, is
discrete. However, moving into the fuzzy region gives rise to skewed mass dis-
tributions, which makes the behaviour of CG variables more difficult to model.
Understanding the origin of the skewness in the mass distributions could help us
know when it is appropriate to make the Gaussian approximation to the mass dis-
tributions. The goal is to find the microscopic relation that links the behaviour of
atomistic particles with that of CG masses. Such a relation could also give fun-
damental insights into the general framework of CG theories since the mass of
a particle or the density of a subcell is a common quantity used widely in many
effective models discussed in Chapter 1.

In this chapter, we first revisit the skewed mass problem in fuzzy mapping
schemes. Next, we propose a microscopic way to evaluate the CG variable distri-
butions. Then, a case study of the LJ fluid is performed to verify the correctness

of the relation we discovered. Several remarks and the impact of this relation are
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given at the end.

6.2 A revisit to the skewed mass problem

To quantify the skewness of a distribution, we used Fisher’s moment coefficient of

skewness whose expression is

(84°)
(647)

Skew(A) = 6.1

)

(SIS

where 0A = A — (A). The magnitude of skewness gives a quantitative measure of
the symmetry of a distribution. If the skewness is negative, a distribution has a
longer left tail while it has a longer right tail with a positive skewness coefficient.
A symmetric distribution with a finite third moment has a skewness of 0.

For an ideal gas like Case 1, the distribution of diagonal mass element at o =0
is a binomial distribution since the probability of putting any atomistic particle into
a subcell is the same and is proportional to the inverse of the number of the sub-
cells. Note that the mass is always positive, and the truncated binomial distribution
is highly asymmetric for a small ng with £; = 5. As the n; increases, the skewness
will go to zero since a binomial distribution will go to a discrete Gaussian in the
large number limit. For an LJ liquid like Case 2, experimental data in Section 4.3.1
shows that the distribution of the atomistic particles in a subcell is a discrete Gaus-
sian even for small n;. Therefore, it is expected that for small n;, a liquid density
has a higher symmetry compared to a gas density providing that liquid systems
have more complex interactions and correlations between atomistic particles!

In Figure 6.1, we show the skewness of the diagonal mass element as a func-
tion of & for both Case 1 and 2 with the linear mapping scheme. As expected, the
skewness in the gas has a higher magnitude than that in the liquid when o = 0. For
Case 1, the skewness in the scenario where n; = 5 is more significant than that of
ngy = 50, which agrees with our analysis. For Case 2, the behaviour of the ny, =5
scenario is quite complex. The skewness increases from 0, then decreases and
changes its sign as & goes to 1. This could be due to the complex fluid structure. In
theory, calculating skewness requires expressions for two- and three-particle dis-

tribution functions. For larger ny, it is observed that the magnitude of the skewness
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Figure 6.1: Skewness of Mxx plotted as a function of o using /'™’ (s). The
correlations for 5 and 50 particles per subcell are shown in red and blue,
respectively. Solid lines and dashed lines are skewness computed from
CG trajectories of Case 2 and 1 with ¢/; = 5, respectively.

of Mgk distribution increases as ¢ increases. In the following sections, we shall

explain why this is the case.

6.3 Density-based expansion for CG variables

The standard way of computing the one-dimensional distributions of CG variables
is to integrate the total CG distribution function with all the degrees of freedom
saving one. This is extremely difficult to do because one has to know the analytical
form of the total distribution function and then perform a high-dimensional inte-
gration. Now, recall the physical picture of sampling the CG trajectory with the
fuzzy mapping at the atomistic scale: at each snapshot, there is a fixed number of
atomistic particles 7 inside a subcell, and the values of CG variables are computed
from their definitions. For each number density p;, there will be a distribution of
CG variables since the values of CG variables still change when a fixed density of
atomistic particles moves inside that subcell. So, a sum over these number densi-

ties is needed to produce the distributions of the CG variables. The weight of the
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density is given by the equilibrium number density spectral P(i) discussed in the
last section.

Therefore, an alternative way of generating one-dimensional distributions of
CG variables is to expand the CG variables in terms of atomistic number densities,
that is

P(A) = iP(i)P(A(i)) : 6.2

where A can be any CG variable, P(A(i)) is the distribution of A at p;. One should
also note that the distribution of CG variables depends only on the number density
of the atomistic system and the effective size of the CG variables when « is fixed.

To use this equation, one first needs to compute P(i) from MD simulations.
Calculating P(A(i)) is not trivial since, in theory, one has to know the i-particle
distribution function. For CG positions and masses, only particle distribution func-
tions are needed, while for CG momentum, P(A(i)) requires information about
distributions of atomistic positions and momenta.

From the definition of CG variables in Equation 2.12, P(W; ,(i)) and P(P;(i))
are symmetric because at the atomistic level, particles distribute symmetrically
with respect to R{a » and the distribution of momentum is symmetrical, respectively.

So, the Gaussian approximation to CG positions and momenta is always good.

6.4 Origin of the skewed diagonal mass

To examine the skewness in mass, we choose Case 1 whose behaviour is close to
that of the ideal gas so that a uniform distribution is a good approximation to the

many-particle distribution function. The binomial distribution is given by

n!

Plenp) = i —n

pa=p 6.3
where £ is the number of successes out of n trials, and p is the probability of success
in one trial. For the binomial distribution of particle number Z, one replaces k with

i, n with total number of atomistic particles, n, and p with one over the number of
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subcells, -15. This yields

n! 1 1 :
— (1= )" 4
i!(n—i)!f?’( 53) 6

s

Pideal (l) —

The number of particles in the atomistic system is set to be 625, £, =5 and a =
0.2 to simplify the summation process. A Monte Carlo code is written to sample
P(Mkk (i)). Note that in this fuzzy case, the effective size the subcell extends more
than one physical volume of the subcell. So, the actual p in the calculation is
set to be &% to include the contribution of all possible atomistic particles to the
subcell. Some representative P(Mkg(i)) are shown in Figure 6.2. As the number
of atomistic particles in a subcell increases, P(Mgx (i)) becomes more symmetric

and less discrete.
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Figure 6.2: P(Mxg(i)) plotted as a function of i using 4% (s). All distribu-
tions are computed from a Monte Carlo code with ¢/, =5 and o¢ = 0.2
for Case 1.

Combining all the P(Mkg(i)) with Equations 6.2 and 6.4, we can generate

the one-dimensional distribution of Mkg in theory. The comparison between the
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theoretical distribution and the experiment is shown in Figure 6.3. Overall, a decent
agreement is found between the theory and the experiment when we include 120
conditional distributions in Equations 6.2 starting from i = 1. This indicates that
when using Equations 6.2 in practice, a better way to cut off the full summation
is to only consider P(Mkk(i)) near the average number of particles in subcell K.
These P(Mkg(i)) will have a more significant contribution to P(Mgg compared
with those conditioned on the number of particles that is away from the average

number.

141 Expt.

—— Theory_sum_to_120
—— Theory_sum_to 70
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Figure 6.3: Comparison of theoretical P(Mkx) with experimental P(Mxx)
using A" (s). The theoretical distributions, generated from summing
70 and 120 conditional distributions, are shown in green and blue solid
lines, respectively. The experimental distribution shown in red dashed
line is computed from a CG trajectory with £; =5 and o = 0.2 from
Case 1.

According to Equation 6.2, the skewed mass can be considered as a weighted
sum over many distributions at fixed number densities. Since in most scenarios
P(i) is almost symmetric, the statistical behaviour of P(Mkg(i)) determines the
final symmetry of the mass distributions. From Equation 5.70 we see that the
variance of P(Mkk(i)) is a quadratic function of atomistic particle numbers. In

particular, in the ideal gas limit, the factor of the quadratic term should be non-
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negative. This means the width of P(Mkk (7)) increases with i. Combine this result
with a symmetric P(i), P“* (Mg) will always have a longer tail on the right, that
is, positive skewness, which is consistent with Case 1 results in Figure 6.1. As for
Case 2 results in Figure 6.1, the behaviour is quite complex since the behaviour of
the variance is determined by the complex integral over g(r) in Equation 5.70.

In general, it is observed that the necessary condition for having a symmetrical
diagonal mass distribution is that the variance of P(Mgk(i)) is symmetric around
ns, the mean of the symmetric P(i). Of course, such a condition is very difficult
to satisfy. However, as for the application of the CG theory, especially for large i,
we would expect the differences in the variance of P(Mgk (i)) to be small since the
ratio between the standard deviation and the mean of Mk (i) goes with & for very

small ¢ using Equation 5.43 and Equation 5.70.

6.5 Conculsions

The density-based expansion method solves the skewed mass problem. In short,
the skewness of the mass distribution originates from the difference in the vari-
ances of the CG mass distributions at different numbers of atomistic particles. We
quantitatively show that the symmetry of the variance of P(A(i)) is crucial to the
symmetry of P(A). One can convert Equation 6.2 into an integral and find the an-
alytical expression for one-dimensional distributions of CG variables. In this case,
for large i, P(A(i)) can be approximated as a Gaussian with its mean and variance
depending on i.

One can expect Equation 6.2 will be very useful in the context of multiscale
simulation. Since it shows how the value of CG variables corresponds to the distri-
bution of atomistic densities, it tells us how to exchange information between two
resolutions to maintain correct equilibrium at both scales.

Symmetry and symmetry breaking play an important role in particle physics.
It is tempting to think the symmetry to asymmetry transition we have seen for CG
mass may indicate something that is even more fundamental. For example, mi-
croscopic expressions for pressure tensors and other physical quantities are also
computed by combining the contributions of all particles in a subcell. Therefore,

similar asymmetric distribution of physical quantities of fluids in a confined space

134



may be explained in a similar vein. In the large number limit, we expect the con-
tinuous CG mass distribution will become symmetric using the central limiting
theorem. This means, as the size of the subcell increases, there is a transition from
an asymmetric CG mass distribution to a symmetric one. In general, developing
a theory concerning the symmetry of CG systems could also be useful in under-

standing why theories in continuum dynamics are so successful.
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Chapter 7

Understanding projected flux

7.1 Introduction

In the past three chapters, we discussed the form and the behaviour of CG poten-
tial. What remains in the conservative part of the CG EOM are G terms in Equa-
tions 2.21 and 2.22, which come from projecting onto the time derivative of CG
variables®. The projected flux, PyLA, is a high-dimensional integral conditioned
on all CG variables from Equation 2.14. The result of the integral is a function
that depends on all CG variables. Such a function can only be studied by finding
the relationship between CG variables and LA from sampling the atomistic phase
space conditioned on CG variables, since evaluating this integral is not feasible.

We propose two ways to understand the behaviour of the G terms. On the one
hand, we hope to understand how the values of G change from the microscopic dy-
namics of the atomistic motion. This can be answered by computing the moments
of G using atomistic particle distribution functions. From the symmetry and theo-
retical analysis, we can find which G terms are small or have small fluctuations as
well as how n; and ¢ affect G. Proper approximations can be made after acquiring
this knowledge.

On the other hand, one can compute G integrals in a brute-force way. This
means, for any values of CG variable ¢ = ¢, one generates the conditional dis-
tribution of LA as LA(¢ = ¢,z) by sampling the atomistic phase space, and then
taking the conditional average using p®/(z) to get LA(¢ = ¢ ). Alternatively, one
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can replace the ensemble average with the time average over time . By sampling
trajectories, such a method produces the distribution P(LA|¢ = ¢) that describes
the frequencies of LA(¢ = ¢,¢) and computes LA(¢ = ¢) from the mean of the
distribution. However, sampling the phase space requires an enormous amount of
data if the number of CG variables in the projected flux problem is large, which
is beyond the capability of current simulation methods. Therefore, we turned to
machine learning methods for our rescue.

In this chapter, our goal is to establish a general framework to study the pro-
jected flux. We perform a theoretical analysis to the moments of G. Then, an
experimental examination is carried out to verify the correctness of the theoret-
ical expressions. Next, we test machine learning methods for studying the low-
dimensional behaviour of G. In the end, some comments and future work are

presented.

7.2 Theoretical analysis for G terms

The CG equations of motion also contain two terms - the G terms - accounting
for changes induced when particles move between subcells. These quantities, in
general, depend upon all the CG variables. What is calculated below are the full
CG averages of those quantities. The full CG averages involve only one-particle
integrals, and considering the homogeneous case with the origin of the coordinate
systems shifted to Rllib gives

137



8¢

20
(Gki) = pm drrh(r+£—ARK’>h(ARK’+f—r>;.(h<r+e>h<z_r>) 7.1
20
1
(GLx) = pm 2 dr h(r +£— ARM)h(ARM + £ —r)h(r + £ — AR* )h(ARY 4 £ )
20

xaar (h(r+£€)h(€—r)) 7.2

The elements of G, depend upon two Cartesian components, ¥ and 7/, the components of r and d /dr, respectively. For the

linear switching function, the integrals in Equation 7.1 can be performed analytically giving
(Gkiyy) = nsmfy (ARED) f57 (AR 157 (ARS) 7.3
when the components are the same, and

(Gkry) = nsmfy (ARG A7 (ARYT) £57 (ARY) 74



when they differ, where B and B’ are the components different from y and ¥/, and
the fC! functions are given by

11—« / 3, A=0
84a)y = A=42/0 7.5
, otherwise
+a/12, A=420
o) = {F . 76
0, otherwise
(a—3)/6, A=0
Gla) = 3+a )12, A=420 7.7
otherwise
1/2, A==+2¢
98) = *L 2, 78
0 , otherwise

Notice the lattice switching function expressions, with & = 0, are all zero except
for the diagonal terms with K = I or K and I being neighbours in the direction along
the component Y. In contrast, for fuzzy boundaries, the off-diagonal components
become non-zero but only when K and I are in the orthogonal, /2 or v/3 directions.
Thatis, (Gg; ) =0 when K =1.

For each set of indices {I,J,K}, G7,x is a vector whose components are la-
belled by 7. For the linear switching function, the integrals in Equation 7.2 can be

performed analytically giving
ngm
(Gloky) = =515 (ARG", ARG [ (ARg/ AR ) [P (ARy' ARYT) 7.9

in which 8 and B’ are the Cartesian components different from y and the functions

satisfy the symmetry relations

f2(A1LA) = f§(A2,A1)  and  fP2(ALAD) = [P (A2, A1) 7.10
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with the unique values

l—a/2, Aj=0,A,=0
a/12 Al =0,Ay = +20

(AL A) = /12, e 7.11
a/12, A =420,A =420
0, otherwise
{;1/12, A =0,A) =420

G2(ALAY) = SF1/6, A =420 A =420 7.12
0, otherwise

The corresponding results for the lattice switching function are obtained by setting
o = 0. In almost every case, this will yield zero. In fact, the only non-zero values
occur when 7, J, and K label two cells are coincident with the third being a nearest
neighbour lying in the same Cartesian direction as the vector component.

To check the theoretical formulation, we sampled the diagonal elements of
(G),) from MD simulation and compute their time averages with their theoretical
values computed from Equation 7.3 as a function of «. This result is shown in
Figure 7.1. The experimental values agree well with the theory. As expected,
(Gk/..) equals (G, ) while they do not equal to (G, ..). Some deviation from
the theory is observed for <G}(I,zz> at a very small o. This could be due to the
insufficient sampling from the experiment. When « is small, there is a tiny slit
where the derivative of the membership function is nonzero, making the effective
sampling of those events a challenge when n, is small. Note that these averages
are not the same averages in the CG EOM, which are functions of CG variables
generated by the projection. In the next section, we will show an alternative way

to study these projected fluxes using a statistical learning method.
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Figure 7.1: Comparison between the theoretical and the experimental val-
ues of averages of (G, ,,) as a function of o using 4"’ (s), ARf, =
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<G}(1’xx>Expt.a <G}(17yy> Expr. and <G}(]7ZZ> Expe. are shown in red squares,
green circles and blue stars, respectively. The diagonal terms computed
from the theoretical expressions, <G}(]7M>Theory and <G}(1,zz>Th€0'}’ are
plotted as orange and blue lines respectively. All values are computed

for Case 2, ng =5 and ¢, = 5.

= L*. The diagonal terms computed from the experiment,
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7.3 Gaussian process regression for G terms

7.3.1 Input data preparation

We attack this data-driven problem by considering it as a high-dimensional regression problem with a small and noisy data
set. Several machine learning models concerning the memory term have been discussed in the past®® but a machine learning
model for understanding the projected flux has not been developed. We note that in the time-average approach, LA (¢ = ¢y,1)
produced from dynamics simulations can be treated as a LA(¢ = ¢) with noise. The distribution of the noise is described
exactly by P(LA|¢ = ¢y). We present a machine-learning method that learns the noisy data and predicts the projected flux
in the CG space.

To simplify the complexity of the problem, we focus on the projected flux of G' first. The conditional expectation of

G}g following Equation 2.14, Equation 2.12 and Equation 2.21, for example, is
1 U(r)-V(WM - I x \9df N o I
(Gg) = /dr e P ID-V(WM) Y mid (r; —Rj,) al.l_ x T8 || X dimi(ri—Ri,) | — Wi
i=1 i =1 i=1

N n
x{ [1¢ [(Zd{d{mi) —M,,] } : 7.13
1J=1 i=1

in which V(W M) is the CG potential, f3 is the thermodynamic beta and U (r) is the interacting potential among n atomistic
particles. Any G term is a function of CG variables and can be further written as (G) = %, where W=(W |, W,,..., Wy),
M=(M;1,M,2,...,Myy), N is the number of the CG variables.



As mentioned earlier, it is not practical to compute G(W,M) with a small set
of data. However, we can learn the functional form of G(W,M) using a machine
learning model. It is clear that one also needs to know the CG potential to compute
the projected flux of G. We argue that the CG potential is the projected atomistic
potential, so the model we develop for studying G(W, M) should also work for the
CG potential.

The atomistic trajectory is converted to a CG trajectory where dynamical vari-
ables G(z) are evaluated at each frame using Equation 2.21. The accuracy of
computing dynamical variables is high and the trajectory of these dynamical vari-
ables can be considered as noiseless. However, when we feed the input data to
the machine learning model, we let the model consider G(z) as the projected flux
G(W,M) with noise. In this sense, the input label ”G(W,M)” does contain noise
whose distribution is given by P(G|W,M). The distribution of the noise depends
on the atomisc system and the specific CG mapping one chooses. In our case,
Case 2 with a linear mapping scheme, £; = 5 and n, = 50 with & = 0.2 produces a

Gaussian-like noise. Other forms of the noise will be tested in the future.

7.3.2 Gaussian process regression

The problem we want to answer is a high-dimensional regression problem. Among
current regression models, Gaussian process regression Gaussian Process Regres-
sion (GPR) provides a non-parametric way of learning arbitrary functions using
kernels. It not only provides a predicted output but also the Bayesian uncertainty
associated with the prediction. The noise of the output can also be modelled in
GPR. With a proper choice of the kernel, GPR can be used to extrapolate unseen
values of a high-dimensional function®. All these properties make GPR a good
candidate for the machine learning models for studying projected flux. In the GPR
model, a Gaussian process is trained to find the parameters for the kernel that max-

imizes the marginal likelihood
17 -1, 1 2q M
lnP(y]X):—Ey (K+07) y—iln]KqLG I\—Eln2n’, 7.14

where y = (y1,...,y,,) is a set of noisy G(W,M), X = (xy, ..., x,,) is a set of (W,M)
that produces y, K is a matrix of kernel functions k(x;,x;),i,j = (1,...,n;), n; is the
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number of training points, o is the standard deviation of the noise of the G(W,M)
and I is identity matrix. For any x* = (W* M*), the predicted output is equal to

the mean of the Gaussian posterior as
f=k" (x*)(K+ o). 7.15
The uncertainty of the prediction is given by the variance of the posterior as
6% = k(x*,x*) — kT (x*)(K + 6°1) " k(x"). 7.16

The performance can be measured by the root mean squared error between predic-
tions and true outputs. However, when the data set is very noisy, computing the
root mean squared error is not very useful since the test data is also very noisy.
So, we will only compare the trained function with G(W,M) obtained from MD
simulations. Kernel selection is performed by computing the Bayesian information

criterion Bayesian Information Criterion (BIC)
1
BIC =InP(y|X) — Enklnn,. 7.17

where n; is the number of parameters in the kernel. This criterion penalizes the use

of complicated kernels and reduces overfitting.

7.3.3 Result and discussion

We start by studying G(W,M) in low dimensions with a data set of 1000 points.
First, we consider a one-dimensional regression problem and check whether a GPR
model can optimize the posterior and the noise by comparing with MD data. Then,
we increase the dimensionality of the problem to three and explore the better kernel
using BIC. A 95% confidence interval is used in all uncertainty calculations. The
experimental inputs are called observations in this section.

We use a simple squared exponential (SE) kernel to perform regression. The
results are shown in Figure 7.2. In Figure 7.2(a), we show the noisy nature of
the G1, (Wi ) given by P(Gy, ,,|Wi ). The optimized posterior and uncertainty

along with experimental Ghm(Wl’x) are plotted in Figure 7.2(b). The posterior
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Figure 7.2: Results of using one-dimensional GPR model to study
G! (Wi x). (a) Input data along W; , and G}l,xx(WLX) learned by the

11,xx
model (b) Posterior with uncertainty is compared with experimental

G}Lxx(WLx) (c) Modelled noise compared with experimental noises for

each conditional distribution P(G}, W ).

gives a better prediction of the function near Wi , = 0 because the distribution of
Wi x is centered at zero and thus has better statistics. The same issue happens to
those error bars of the experimental values. The standard deviation noise of the
model is optimized to around 3 and is plotted with experimental noises in Fig-
ure 7.2(c). This shows that, again, in the region where the statistics of the label are
good, the optimized noise matches well with the experimental noise with less than
5% deviation. Overall, a simple GPR model produces a good posterior and noise
in the one-dimensional cases. Our study indicates that to improve the prediction
result, we need to add more labels that are near the edge of the Wy , distribution.
The result found in one-dimension suggests that a GPR model can produce a
decent result for one W variable. According to Equation 2.12, W and M have

different properties and distributions. So, we increase the complexity of the prob-
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G}Lxx(WLx,Mu,Mzz). (a) Input data along W; , and G%lvm(Wl,x,M“ =
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Squared exponential kernel (SE), Matérn kernel (ME) and Periodic ker-
nel (PER). Experimental G{Lxx and its uncertainty are shown as a red
line and a red, shaded area, respectively.

lem by studying G%Lxx(Wl,x,Mn,Mzz)- In Figure 7.3(a)(b), we show the noisy
Gh,xx(Wl,vall’MZZ) obtained from input data. The learned function is flatter
compared with the one-dimensional case. Due to the poor sampling statistics from
the experimental side, we only compute G}l’xx(Wl xMi1,My) at (Wi, =0,M; =
0.81,M5; = 0.81) in Figure 7.3(c). This value is compared with the predicted re-
sult obtained from four models. It is hard to tell which model performs better from

experiments because the uncertainty of the experimental calculation plotted as the
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filled red region is too high. We also computed BIC of these models and found
Matérn 3/2 kernel wins slightly. Overall, more data from the experiments need to
be computed to further understand G% l,xx(W‘ M1, M).

7.4 Conclusions

Once again, we show that atomistic particle distribution functions are great tools
for understanding the behaviour of projected flux. It is found that many G terms
have a significant contribution to the conservative terms of the EOM even when
o is very small. In the future, it would be useful to study the fluctuation of G. If
we can show that for large ¢, the fluctuation is very small compared to its mean,
then G can be treated as constants. Such knowledge would simplify the EOM
tremendously.

GPR can be used to study the projected flux problem because the noise of
the conditional distribution of G and G(W,M) can be accurately modelled by a
simple GPR model at low dimensions. This is exciting because studying projected
flux using MD at low dimensions takes weeks and the best we can do might be
to understand a five-dimensional problem. On the other hand, for 1000 inputs,
training a GPR model usually takes minutes and can provide decent results.

As the dimensionality rises, sampling G from experiments will be a diffi-
cult task. It is necessary to consider, for example, using machine-learned low-
dimensional functions as a tool to study a high-dimensional problem. In the mean-
time, our understanding of the CG potential shows that the interaction between
subcells is localized. So, it is often a good approximation to write G as a function
of its local CG variables. A general GPR model should be able to learn from an

arbitrary noise distribution since the noise is, sometimes, non-Gaussian.
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Chapter 8

Conclusions and future work

8.1 Conclusions

A theoretical framework for understanding the theory of coarse-graining is estab-
lished. In this framework, an Eulerian perspective is used and the dynamics of
fluids is described by the time evolution of the CG variables associated with each
subcell. In Chapter 2, a set of dynamically correct EOM for the CG variables is
derived from the evolution equations of dynamical variables using Mori-Zwanzig
theory. This thesis, in particular, focuses on understanding the conservative part of
the CG EOM using theoretical and numerical tools.

A position-dependent mapping scheme is proposed to convert atomistic infor-
mation to mesoscopic variables. In Chapter 3, it was found that our definition of the
membership function d/ conserves total mass and momentum. When the switch-
ing function in d/ is set to a Heaviside function, the total distribution function of
the CG variables exhibits a multivariate Gaussian behaviour while the CG mass
distribution is discrete. The source of the linear correlation between neighbouring
subcells is qualitatively explained by a diffusing blob model for the dense liquid
phase. When the switching function in @/ is set to be fuzzy in Chapter 4, the CG
mass becomes continuous and integrable. A transition from discrete mass to con-
tinuous mass is observed as the fuzziness of the system increases. The CG potential
can still be approximated by a Gaussian. However, complex correlations show up

as the mass matrix becomes non-diagonal. Interestingly, the mass distributions are
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found to be more skewed as the fuzziness increases.

In Chapter 5, a comprehensive analysis of the analytical behaviour of the mo-
ments of CG variables is carried out using the atomistic distribution function the-
ory. If the CG potential can be approximated by a Gaussian, then computing up to
second moments of CG variables is enough to reconstruct the potential from the-
ory. Such an analysis shows the dependence of these moments on the number of
atomistic particles and the fuzziness of the system. In the large number limit, all
correlations between the subcells are gone, which is consistent with fluid dynamics.

The skewed mass issue is examined in detail in Chapter 6. A density expansion
method is proposed to reconstruct the one-dimensional distribution of CG vari-
ables. Combining this idea with the finding in Chapter 5, the origin of the skewed
mass comes from the asymmetric distribution of the variance of the CG mass distri-
bution conditioned on a fixed number of atomistic particles using a fuzzy mapping
scheme. This means fuzzy mapping schemes produce continuous mass, and con-
tinuous mass is always skewed. Luckily, in the large number limit, the skewness
of the mass distribution is marginal since the width of the mass distribution over
its mean scales as one over the square root of the number of atomistic particles
associated with it.

In Chapter 7, the remaining terms in the conservative EOM, the projected flux
G, are studied. Two approaches are taken in this study. First, the CG average of the
projected flux is analyzed through atomistic distribution functions, showing that
many components of G are zero or negligible from the symmetry of the integral.
Second, Gaussian process regression is found to be a potential method to study the
data-driven problem of calculating the numerical form of G(W,M). The trick is to
consider the conditional distribution of G(W, M) as a posterior with noise.

In summary, a systematic approach is created to study the conservative terms
in the CG EOM. In the meantime, an understanding of the fluid’s behaviour at a
mesoscopic scale is gained. The highlights of this study are that, i) in most cases,
the CG potential for a homogeneous, single-component fluid can be modelled by
a Gaussian, ii) analytical formulas are derived to describe the behaviour of the po-
tential parameters from statistical mechanics, iii) a density expansion formula is
discovered and it successfully explained the skewed mass issue and iv) the pro-

jected dynamics can be studied by combining particle distribution function theory
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and Gaussian process regression.

Several generalizations can be made from these findings. Any CG mapping
scheme using local density will yield a discrete distribution of CG mass. Adding a
fuzzy switching function at the boundary of the CG mass solves the discrete issue
but also introduces a skewed distribution. The density expansion formula is gen-
eral and deepens our understanding of the distributions of CG variables. Any CG
variables, including density-related variables in continuum science, can be studied
in this approach. This formula also serves as an analytical tool to connect two reso-
Iutions, which is very useful in the field of multiscale simulations. From analyzing
the moments of CG variables and the asymptotic behaviour of these potential pa-
rameters, questions such as how to quantify the continuum hypothesis, and how to
know the validation of the fluid dynamics models at small scales, are understood
from a microscopic theory. Such knowledge makes it possible to correctly simulate
fluid systems at a nanoscale.

The impact of this work is, i) The Gaussian form of the CG potential is quite
general and should work for any kind of atom-like fluid particles. This form can
be used to describe the classical, mesoscopic, dynamic behaviour of dense gas and
liquid such as water or methane, which no mesoscopic or continuum method can
correctly describe. ii) The dynamical correct EOM gives a basis for simulating
complex biological systems with correct solvent behaviours. Implementing this
method in a mix-resolution model or with a hybrid mapping scheme will produce
the correct dynamics for complex systems. iii) Our understanding of the skewed
mass distribution solves a long-standing problem in fluctuating hydrodynamics the-

ory, that is, what is the correct behaviour of the fluctuating density term.

8.2 Future work

In the future, it would be interesting to explore the behaviour of the CG potential in
multi-component or multi-phase systems. One expects that the differences in the
interaction between different species play an important role in the form of the CG
mass. As for a two-phase system, a double well may be necessary to describe the
dynamical equilibrium.

For a single-phase and single-component fluid, we are currently working on
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implementing the conservative part of the CG EOM and exploring the effect of
each conservative term. Since the form of the potential for a single-phase fluid is
known, one can write a Monte Carlo program to sample the CG ensemble. It is
still an open question whether the equilibrium sampling will produce the correct
distribution since at this time CG mass is coupled with CG momentum, meaning
that changing the value of the mass will affect the corresponding momentum term
in the total distribution function expression in Equation 2.16.

For the projected dynamics, more analysis on the fluctuation of G is needed
to know when the fluctuation is negligible and G can be treated as a constant.
In the meantime, building a universal Gaussian process regression model for the
high-dimensional, noisy dataset is still a challenge.

Another unknown part of the EOM is the memory term which contains the ef-
fect of the unprojected dynamics. A possible treatment is to consider the memory
effect as Markovian“® if the timescale of the unprojected dynamics can be sepa-
rated from the projected one. If the Markovian approximation fails, one may turn
to machine learning models 3.

Finally, it is still a vital question: how can we develop EOM that excel at all
resolutions from atomistic to continuum. Developing analytical theories of coarse-
graining plays a central role because it aims to understand the dynamics of dy-
namical variables from atomistic to continuum scales. Understanding the full CG
EOM not only allows us to study the correct dynamics of CG systems but provides

a solid starting point in generalizing continuum dynamics.
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