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Abstract 

Hall-sensor-controlled brushless dc (BLDC) motors are widely used in many electromechanical 

applications due to their simplicity, low cost, and good torque-speed characteristics. The 

conventional commutation methods include the 120-degree and 180-degree switching logics. For 

these commutation methods, the maximum torque per Ampere (MTPA) and maximum torque per 

Voltage (MTPV) control schemes are often considered to achieve the optimal properties. 

Previously, many analytical and numerical implementations of MTPA and MTPV have been 

developed and widely applied. However, the common limitations such as deviation from the 

optimal operation due to machine parameters and high computational cost of controllers 

necessitate further research and improvements. In this thesis, three simple and novel control 

schemes have been proposed. Firstly, a hybrid MTPA/MTPV method is proposed based on the 

equations of 180-degree operation to combine the advantages of both methods. This hybrid method 

is shown to achieve high efficiency in steady state and fast response during electromechanical 

transients. Secondly, a numerical implementation of the MTPA and MTPV strategies has been 

developed for BLDC motors with 120-degree commutation to achieve better torque-speed 

characteristics compared with the conventional implementations. Thirdly, the switching logic has 

been extended to cover any conduction angle between 120 and 180 degrees while maintaining the 

MTPA optimal property. This proposed method is demonstrated to achieve up to 10% higher 

maximum achievable phase voltage than the conventional 120-degree operation from the same dc 

source voltage. Since the new methods are simple and computationally efficient, it is envisioned 

that they may be easily adopted in many applications utilizing Hall-sensor controlled BLDC 

motors where higher efficiency and faster transient response are desirable.   
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Lay Summary 

Hall-sensor controlled brushless dc (BLDC) motor drives have been widely used in many 

electromechanical applications due to their simplicity, low cost, good torque performance, etc. For 

those motors, the control schemes often focus on developing the maximum torque for a given 

current or for a given available dc voltage. These control goals are referred to the maximum torque 

per Ampere (MTPA) and maximum torque per Voltage (MTPV), respectively. However, the 

conventional control methods often deviate from their ideal operation, resulting in lower efficiency 

and slower transient response. This thesis proposes several methods that improve the operation of 

BLDC motors in steady state and during electromechanical transients, as well as better utilization 

of the available dc source voltage. The proposed methods have been verified against the 

conventional methods and demonstrated to result in more efficient and faster performance. It is 

envisioned that the new methods will become adopted in many applications utilizing Hall-sensor 

controlled BLDC motors where higher efficiency and faster transient response are desirable. 
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Chapter 1: Introduction 

 

1.1 Background 

Due to the low-cost, high-power density, high efficiency, and good torque-speed characteristics, 

brushless dc (BLDC) motor drive systems are playing an important role in many electromechanical 

applications including electric vehicles, drones, automation robots, hoists, elevators, conveyor 

belts, computer disk drives, office printers, copy machines, washing machines, water pumping 

systems, fans, air conditioners, etc. [1]. Specifically, the Hall-sensor-controlled scheme is well-

accepted in many low-cost applications such as underwater robotics [2] and small electric vehicles 

[3] due to its simplicity and reliable operation [4], where the sensorless control schemes may not 

be suitable or justified. 

A typical BLDC motor drive consists of a permanent magnet synchronous machine (PMSM) 

driven by a voltage-source inverter (VSI). Two conventional control schemes of VSI, i.e., the 120-

degree and 180-degree conduction switching schemes are commonly adopted. In the 180-degree 

commutation, each inverter switch (transistor) conducts 180 degrees in one electrical cycle, which 

results in continuous phase currents [5] and high-power delivery [6]. Particularly, this type of 

commutation logic has been utilized in applications such as electric bicycles [7] and turbochargers 

[8]. 

As for the 120-degree switching scheme, the conduction duration is reduced to 120 degrees for 

the inverter transistors and the phase current becomes zero twice (for 60 degrees each time) during 

one electrical cycle [9]–[10]. Despite the decreased voltage utilization and discontinuous current, 

the 120-degree commutation naturally achieves the approximation of the maximum torque per 

Ampere (MTPA) operation. This optimal and desirable property makes the 120-degree strategy 
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very common in a wide range of applications including water pumping systems [11], elevator 

systems [12], reciprocating compressors [13], flying drones [14], robotics [15], electric propulsion 

[16], etc.  

In addition, to achieve different torque-speed characteristics for each of the above conduction 

logic, the relative position between the rotating magnetic field of the stator and the rotor field due 

to the permanent magnet is also controlled by the VSI [5]. For this purpose, the phase voltage is 

advanced relative to the rotor poles with a so-called advance in firing angle by simply shifting the 

conduction logics with respect to the rotor position. Three typical schemes of controlling the firing 

angle are considered in this thesis: common operating mode (COM); maximum torque per Ampere 

(MTPA) mode; and maximum torque per Voltage (MTPV) mode. The COM is the simplest control 

method with a fixed firing angle, which achieves the approximation of alignment between the 

phase voltages and the respective back electromotive forces (back EMFs). Specifically, the firing 

angle is fixed at zero in 180-degree operation [5], while it is fixed at 30 degrees with 120-degree 

conduction logic [9]–[11]. 

Unlike the simple COM without any optimal goals, the MTPA operation maximizes the ratio 

of the motor torque over the stator current amplitude. In other words, this control achieves the 

smallest stator current for a given torque, which in turn reduces the copper losses and increases 

the efficiency. Due to this optimal property, the MTPA is often used with BLDC motor drives in 

electrical vehicles [17]–[18], blender machines [19], pump applications [20], etc. that operate in 

steady state for a prolong period of time and energy savings are important. 

The MTPV is another well-known control mode. The MTPV also aims at maximizing torque 

during the motor operation. However, it maximizes the torque for a given available dc source 

voltage. Instead of the current, the MTPV fully utilizes the voltage provided by the inverter [5], 
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[21]–[22], which results in operation over a wider speed range. Compared with the MTPA, the 

MTPV is more advantageous for high-speed applications [23]–[24]. Another advantage of the 

MTPV is the fast speed response due to the highest torque for a given dc voltage [25]. In contrast, 

the MTPA is known to be slower in response to the load changes [26]. Both MTPA and MTPV 

strategies are commonly incorporated with the pulse-width modulation (PWM) technique to 

effectively adjust the phase voltage of BLDC motors, when the input dc voltage of the VSI is 

constant [5]. 

 

1.2 Motivation 

Considering the optimal properties, the MTPA and MTPV operations are to be properly 

incorporated with different conduction switching schemes. Previously, analytical and numerical 

methods have been developed for the 180-degree and 120-degree operations, respectively. 

However, several problems commonly exist in the most practical implementations of the MTPA 

and MTPV methods, which makes their operation not optimal. Some major challenges are 

identified and listed in this thesis.  

Firstly, aiming at different optimization goals, the MTPA and MTPV achieves different 

machine performances. The MTPA is typically adopted because of its high efficiency, while it is 

not suitable for applications with high-speed operation or requirement of fast dynamic response 

due to its relatively low voltage utilization. Meanwhile, the MTPV operation has demonstrated 

advantages in terms of high-speed operation and fast speed response, but it has degraded the 

steady-state efficiency. To utilize the advantages of both methods and achieve a wide operating 

range of speed, the controllers have been developed to allow the MTPA operation in the low-speed 

range while switch to MTPV method at high speed [27]–[31]. This type of combined strategy has 
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become a typical method for applications with wide-speed ranges. However, there is seldom 

consideration for another type of combination which achieves the high efficiency as the MTPA 

and the fast dynamic response as the MTPV. With full utilization of these two properties, the 

machine performance is expected to be further improved. 

Secondly, the 120-degree commutation applies non-complementary switching, which indicates 

that both transistors in the same phase leg are turned off twice for 60-degree intervals per 

revolution. Meanwhile, with the present of the stator inductance, the phase current cannot turn zero 

instantaneously. Instead, the phase current gradually goes to zero with a period referred to the 

commutation interval [9]–[10]. The length of commutation interval depends on machine 

parameters (i.e. time constant) and operating conditions [10], which varies the voltage waveforms 

and makes the derivation of the explicit analytical equations difficult (if not impossible). 

Meanwhile, the conventional control which achieves the approximation of the MTPA in COM can 

result in an operating point far away from the optimal due to the commutation process. To restore 

the MTPA optimal operation, some numerical methods have been developed. One of the most 

commonly adopted strategies is to control the stator currents based on the corresponding equations 

with respect to the desired torque [32]–[37]. Specifically, for Hall-sensor-controlled BLDC motors 

with round (non-salient) rotors, a proportional-integral (PI) controller is adopted in [37] to fix the 

current component along the d-axis of rotor reference frame at zero. However, the controller 

developed in [37] introduces high-order filter to reduce the current harmonics, which increases the 

complexity. Another type of MTPA methods is to directly eliminate the angle difference between 

the stator current and the back EMF by either measuring [38] or estimating this angle difference 

based on analytical equations [39]–[40]. Nevertheless, the existing implementations of the MTPA 

operation increases the complexity and the cost by including either long equations or additional 
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measurements. Therefore, a computationally-efficient, and simple and straightforward to 

implement method is very desirable. 

As for the MTPV operation, this method is seldom applied for BLDC motors with 120-degree 

switching logic. Since for the 120-degree switching logic the commutation angle is operating-

point-dependent and there is no explicit analytical expression for it, it becomes challenging to 

develop an analytical expression for the MTPV operation as well. In the literature, only a few 

numerical strategies have been developed for PMSMs. The strategies could be classified into the 

methods based on analytical approximations [27]–[31], [41]–[44] and the methods based on 

lookup tables (LUTs) [45]–[47]. The former ones derive the analytical current equations by 

applying voltage and current limits [41]–[42]. Subsequently, the current expressions could be 

utilized in current regulators [43]–[44] or vector current controllers (which are more common) 

[27]–[31]. As for the methods based on LUTs, the current values could be obtained from a table 

of pre-collected data (from detailed simulations or hardware experiments), which removes the 

calculation errors and reduces the computational burden for the microprocessor [45]. Considering 

the optimal properties, MTPV is highly desirable to be extended to the BLDC drives with 120-

degree commutation to achieve the highest torque utilization, especially for high-speed operation. 

Thirdly, a recent attention has been given to switching methods with the conduction angles 

other than conventional 120 and 180 degrees. For example, 150-, 160-, and 165-degree 

commutation schemes have been proposed and shown to reduce the torque ripple and current 

harmonics when compared with the 120-degree operation [48]–[51]. Studies have also been carried 

out in [52] to investigate the performance and voltage waveforms with conduction angles up to 

168.75 degrees. These switching logics could be extended to achieve any conduction angles 

between 120 and 180 degrees. Specifically, with the increase of the conduction angle, the 
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increasing trend of ac phase voltage is observed in [51]. Therefore, operating with the extended 

conduction angle provides a feasible scheme for voltage adjustment on top of the conventional 

PWM. However, many of the previous studies have been carried out without the MTPA control, 

and the corresponding results may not be optimal ones. Instead, it is always very desirable to 

maintain the optimal operation during the voltage adjustment, and this point has not been addressed 

in the prior literature. Therefore, it is crucial to consider the MTPA method for the extended 

switching logics. Similar to the 120-degree operation, any extended switching logic will also apply 

non-complementary switching of transistors and be subjected to the operating-point-dependent 

commutation intervals.  

 

 

1.3 Research Objectives 

This thesis is focused on the challenges in achieving the MTPA and MTPV controls of BLDC 

motors with different conduction switching logics: (1) to achieve both advantages of high 

efficiency as the MTPA and fast dynamic response as the MTPV, a hybrid MTPA/MTPV control 

is to be proposed for the 180-degree operation; (2) to reduce the computational cost and remove 

additional measurements, simple and straightforward numerical implementations of the MTPA 

and the MTPV are proposed for the 120-degree operation; (3) the extended switching logic with 

conduction angles between 120 and 180 degrees is developed for voltage extension while ensuring 

the MTPA optimal property. The details of the objectives are summarized as below: 
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1.3.1 Objective I: A Hybrid MTPA/MTPV control of BLDCs operating with 180-

degree switching logic 

So far, simple and explicit equations for calculating the firing angles to achieve the MTPA and 

MTPV operating strategies have been well-known for BLDC motors operating using 180-degree 

switching logic [5]. Based on these equations, this thesis aims to develop a hybrid MTPA/MTPV 

control scheme to fully exploit the advantages of both MTPA and MTPV methods. The goal of 

this scheme is to smoothly switch between these two methods based on the operating conditions. 

Specifically, during steady-state operation, the MTPA should be adopted due to its high efficiency 

and reduced losses optimal property, which can save the energy in the long term. However, to fully 

exploit the torque capability and achieve faster dynamic response, the controller should convert to 

the MTPV operation in transients. This objective will achieve the energy savings in the long-term 

during steady state as well as achieve fast dynamic response due to higher available torque during 

transients. 

 

 

1.3.2 Objective II: MTPA and MTPV control of BLDC motors with 120-degree 

switching logic 

For BLDC motors operating with 120-degree switching logic, it is difficult to derive analytical 

equations for the firing angle corresponding to the MTPA and MTPV schemes due to the 

operating-point-dependent commutation interval [10]. This Objective aims to develop effective 

numerical approximations and implementations of the MTPA and MTPV schemes that improve 

upon the conventional control methods which neglect the commutation phenomena and impact of 

motor parameters.  
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Specifically, the MTPA strategies presented in the prior literature have increased the 

computational complexity of control algorithms by requiring solutions of large equations and/or 

increased the cost by requiring additional measurements. This research Objective aims to develop 

a simple and computationally efficient method to restore the MTPA operation with 120-degree 

switching logic. Additionally, to reduce the computational cost and simplify the controller, the 

methods based on lookup tables may be considered to fix the gap and develop an effective MTPV 

strategy for BLDC operating in 120-degree commutation.  

 

 

1.3.3 Objective III: Generalizing the conduction switching scheme for extended voltage 

under the MTPA operation  

In this Objective, an innovative extended conduction switching scheme with a conduction angle 

between 120 and 180 degrees is developed. By increasing the conduction interval beyond 120-

degree, the motor phase voltage tends to increase [51]. Therefore, operating with an extended 

conduction angle provides a voltage extension above the conventional 120-degree operation with 

PWM. Operation in extended voltage range is expected to reduce the torque ripple, current ripple, 

and iron losses caused by the PWM [53]. Meanwhile, the MTPA implementation in Objective II 

should be extended to incorporate the generalized switching logic over the entire range of voltage. 

This control scheme should be discretized and implemented in a digital signal processor (DSP). 

 

 



 

9 

1.4 Platforms for Verification 

For the purpose of conducting steady-state and transient studies to verify the proposed control 

schemes, simulations and hardware experiments are conducted as needed in each case. In this 

thesis, the simulations are built in MATLAB/Simulink [54]. Therein, the circuit toolbox SimScape 

Electrical [55] is used for implementing the detailed switching model of the VSI with parameters 

listed in Appendix 1.4. This toolbox is widely used by engineers and researchers in the industry 

and academia for accurate detailed simulations of power-electronic-based systems. Specifically, 

its VSI model could properly simulate the detailed operation of each transistor and automatically 

include the effect of conduction and commutation [56]. For the purpose of generality and flexibility 

of defining the parameters, the PMSM is modelled separately using conventional Simulink blocks. 

For many of the studies presented in this thesis, a typical industrial BLDC motor with parameters 

listed in Appendix A.1 has been considered. Other motors with diverse parameters have been 

considered as well to verify performance of the proposed control algorithms under various 

operating scenarios. Generally, the results of detailed simulations of BLDC motor-drive systems 

may be considered acceptable for verification of control schemes, since such models have 

relatively good accuracy and agreement with experimental prototypes as has been demonstrated 

in [10].  
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Figure 1.1 Experimental setup of the BLDC motor drive system in UBC lab Kaiser 3085-B. 

 

For the hardware experiments, a setup shown in Figure 1.1 has been considered. The setup 

includes a voltage-source inverter board (DRV8301-HC-EVM) controlled by a microcontroller 

(TMS320F28035); a BLDC motor; a dc dynamometer which provides a mechanical load; a dc 

power supply; and a computer data acquisition system for recording measurements and subsequent 

analysis. The details including the layout, functional block diagram and schematic of the VSI 

boards are listed in Appendix D. Additionally, the BLDC motors model 86EMB3S98F, model EC 

167131, and model JK80BLS02 are considered. The details are shown in Figures 1.2–1.4 and their 

parameters are listed in Appendix A.1–3, respectively. These three BLDC motors are typical 

industrial motors and have many applications such as water pumping systems [11], reciprocating 

compressors [13], industrial automation and robotic applications [57], etc. 
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Figure 1.2 Arrow precision brushless dc motor (Model 86EMB3S98F) considered in studies. 

 

Figure 1.3 Maxon precision brushless dc motor (Model EC 167131) considered in studies. 

 

Figure 1.4 JKONG brushless dc motor (Model JK80BLS02) considered in studies. 
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Chapter 2: A Hybrid MTPA/MTPV Strategy 

for BLDC Motors with 180-Degree Operation 

 

The BLDC motors with inverter operating under the 180-degree conduction mode apply 

complementary switching logic to the transistors in the same phase leg, which results in the typical 

six-step voltage waveforms and continuous currents [5]. Moreover, with the known pattern of 

phase voltages, simple and straightforward equations for the MTPA and the MTPV strategies have 

been investigated and developed in the literature [5]. Aiming at different optimization goals, the 

MTPA and MTPV strategies result in different torque-speed characteristics. The MTPA achieves 

high efficiency in steady state, but does not fully utilize the torque capability during transients. 

Meanwhile, the MTPV allows faster dynamic response, but degrades the efficiency in steady state 

conditions. To fully exploit the advantages of both methods, this chapter proposes a novel hybrid 

control scheme which utilizes the MTPA or the MTPV method based on the operating conditions. 

Specifically, during a steady-state operation, the MTPA is adopted due to its higher efficiency, 

while the controller converts to the MTPV during transients to fully exploit the torque capability 

and achieve faster dynamic response. The proposed hybrid control method is demonstrated through 

simulations and is verified to achieve high efficiency in steady state (similar to MTPA) and fast 

dynamic response (similar to MTPV). 
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2.1 Operation of BLDC Motors with 180-Degree Switching Logic  

 

A typical Hall-sensor-controlled BLDC motor drive system considered in this thesis is depicted 

in Figure 2.1. Therein, a permanent magnet synchronous machine (PMSM) is driven by a voltage-

source inverter (VSI) whose six switches (transistors 1S  through 6S ) are commutated based on the 

rotor position r . The rotor position angle is estimated using the three Hall-effect sensors depicted 

in Figure 2.1 as 1H , 2H  and 3H , respectively. The Hall sensors produce logical 0 or 1 depending 

on whether a sensor is under North or South rotor pole, respectively. The Hall sensor signals are 

denoted by variables 1h , 2h  and 3h , which are used to estimate the angular position ̂ . This 

position estimates the summation of the rotor angular position r  together with the physical shift 

of the Hall sensors v  which is also referred as the advance in firing angle. To further flexibly 

adjust the firing angle, a compensation of firing angle defined as v  is added with the estimated 

position ̂ . Then, the compensated angle '  is used to determine the switching of the six switches 

based on the pre-defined commutation logic table. Specifically, different commutation logics could 

be developed by specifying the transistor conduction angle conD  (e.g., the conventional 180-degree 

operation is with 180conD =  ). It is also possible to control the effective dc voltage from a fixed 

dc voltage supply dcV  by incorporating the PWM in the commutation and adjust the corresponding 

duty cycle 
pwmd . For the purpose of analysis and design of control schemes, a detailed model of 

the BLDC motor drive system [10] has been developed. 
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Figure 2.1 A voltage-source-inverter-driven BLDC motor controlled by Hall-effect sensors. 

 

 

2.1.1 Modelling of the PMSM 

For consistency with [10], the model of the PMSM is developed with the following 

assumptions: (a) the effect of saturation is negligible; (b) the eddy currents and hysteresis losses 

are negligible; (c) the rotor is round (non-salient); and (d) the back EMFs are sinusoidal. Hence, 

the stator voltage equation in phase coordinates can be expressed as 

 abcs
abcs s abcs

d

dt
= +

λ
v r i ,  (2.1) 

where [ ]
T

abcs as bs csf f f=f  and f  may represent voltage, current or flux linkage. The stator 

resistance matrix is 
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 [ ]s s s sdiag r r r=r .  (2.2) 

The flux linkage equation is 

 abcs s abcs m'= +λ L i λ .  (2.3) 

where the inductance matrix and rotor flux are 

 

0.5 0.5

0.5 0.5

0.5 0.5

ls m m m

s m ls m m

m m ls m

L L L L

L L L L

L L L L

+ − − 
 

= − + −
 
 − − + 

L ,  (2.4) 

 ( )

( )

sin

sin 2 3

sin 2 3

r

m m r

r

' '



  

 

 
 

= − 
 + 

λ .  (2.5) 

Here, lsL  and mL  are stator leakage and stator magnetizing inductance, respectively; m
'  is the 

rotor permanent magnet (PM) flux linkage; and r  is rotor (electrical) angle. Based on (2.1)–(2.5), 

the phase back EMF voltages are expressed as 

 ( )

( )

cos

cos 2 3

cos 2 3

r

abcs r m r

r

'



   

 

 
 

= − 
 + 

e ,  (2.6) 

where r  is rotor (electrical) speed. Then, a model is established in the qd-rotor reference frame, 

where Park’s transformation [5]  

 

( ) ( )

( ) ( )

cos cos 2 3 cos 2 3

sin sin 2 3 sin 2 3

1 2 1 2 1 2

r r r

r

s r r r

    

    

− + 
 

= − + 
 
 

K ,  (2.7) 

is used to transform the stator variables in phase coordinates abcsf  to qd-rotor reference frame 
qdsf  

as 

 ( )r

qds s r abcs=f K f .  (2.8) 
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According to the selection of the rotor reference frame, the d-axis is aligned with the rotor North 

pole. Hence, the transformed back EMFs 
qdse  can be expressed as 

 ,       0qs r m dse ' e = = .  (2.9) 

Subsequently, the stator voltage equations are written as [5] 

 
qs

qs s qs ss r ss ds qs

di
v r i L L i e

dt
= + + + ,  (2.10) 

 ds
ds s ds ss r ss qs

di
v r i L L i

dt
= + − ,  (2.11) 

where 1.5ss ls mL L L= +  is the stator self-inductance in qd-coordinates. For a round-rotor machine 

with P poles, the electromagnetic torque is calculated as 

 
3

4
e m qs

P
T ' i= .  (2.12) 

In this thesis, it is also assumed that the mechanical subsystem is composed of a single rigid 

body with the moment of inertia J (combined rotor and load inertia). The dynamics of the 

mechanical subsystem can be expressed as 

 ( )
2

r
e m

d P
T T

dt J


= − ,  (2.13) 

 r
r

d

dt


= ,  (2.14) 

where mT  is the load mechanical torque including friction. 

2.1.2 Modelling of VSI with 180-Degree Conduction Logic 

For BLDC motor drives, the switching of the six inverter transistors in Figure 2.1 could be 

determined based on the 180-degree conduction logic depicted in Figure 2.2. Here, the discrete 

switching logic of each transistor is determined according to the compensated angular position ' , 
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which is defined with the position estimated from the Hall signals ̂  and the firing angle 

compensation v  as 

 ˆ
v'  = + ,  (2.15) 

From Figure 2.2, each of the transistor is observed to conduct 180 degrees per electrical cycle, 

and thus, the conduction duration denoted by conD  equals to180 degrees. Since the VSI is supplied 

from a fixed dc source with voltage dcV , the phase voltage is additionally modulated using PWM, 

as is also depicted in Figure 2.2. Changing the duty cycle of the PWM denoted by 
pwmd , the root-

mean-square (RMS) value of the phase voltages is also changed enabling effective voltage control 

of BLDC motors. 
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Figure 2.2 Typical commutation logic of the six-step 180-degree VSI operation with PWM. 

 

2.1.2.1 Position Estimation 

The estimated position ̂  in (2.15) to construct the commutation logic is the estimation of the 

angular position denoted by 

 r v  = + ,  (2.16) 
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It could be estimated based on the signals coming from the Hall-effect sensors, which output 1s 

and 0s based on the position of the rotor magnetic poles [5], as depicted by Figure 2.3(a).  

To estimate the position efficiently, the Hall state integer variable sh  is defined by combining 

the Hall sensor outputs as [58] 

 1 2 34 2sh h h h= + + .  (2.17) 
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Figure 2.3 Signals assuming standard Hall sensors: (a) Hall-sensor outputs, (b) Hall state integer, and (c) 

quantized position and estimated position. 

 

Assuming the standard Hall sensor outputs, this state integer changes with the switching interval 

I-II-III-IV-V-VI-I as the sequence 4-6-2-3-1-5-4 shown in Figure 2.3(b). At each step transition of 

the state integer sh , the angular position could be updated. The obtained position is quantized as 

depicted in Figure 2.3(c). In practice, the values of the previous state and the current state are 

compared with the expected sequence to avoid any invalid updates caused by Hall signal errors. 
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Assuming that at the nth step transition of the Hall state, the time instance is nt  and the quantized 

position is ( )H nt , the rotor speed can be estimated as 

 
( ) ( )1

1

ˆ ( )
H n H n

r n

n n

t t
t

t t

 
 −

−

−
=

−
.  (2.18) 

Then, the position angle   between nt  and 1nt +  [exemplified in switching interval V of Figure 

2.3 (c)] at the point m  can be approximately predicted based on the estimated speed as 

 ( ) ( ) 1
ˆ ˆ ( ) ,        

m

n

t

m H n r n n m n
t

t t t dt t t t   += +   .  (2.19) 

where mt  is the time instant of point m . Practically, the estimated speed (2.18) and its integral 

(2.19) are reset at every update of the quantized position (at every switching interval). The 

estimated angular position ̂  is depicted in Figure 2.3(c) (superimposed with the quantized 

position). Therefore, the rotor angle may also be calculated from the estimated position with the 

physically shifted angle of Hall sensors by 

 ( ) ( )ˆ
r m m vt t  = − .  (2.20) 

 

2.1.2.2 Average-Value Modelling of 180-Degree Conduction Logic 

With the estimated position (2.19) and (2.20), the discrete operations of individual inverter 

transistors in Figure 2.1 could be determined based on the logic depicted in Figure 2.2. For the 

analysis of controller performance considered in this section, it is sufficient to focus on the slower 

dynamics. In the so-called average-value models, the effect of fast switching is averaged-out 

(neglected) using the fast averaging defined as  

 ( ) ( )
1

,       
3sw

t

sw
t T

sw r

f t f d T
T


 

−
= = ,  (2.21) 
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where f  represents the average value of the variable f , and swT  is equal to one switching interval 

of the inverter (numbered as I–VI in Figure 2.3).  

With the six-step 180-degree operation (shown in Figure 2.2), the average values of the stator 

qd voltages can be obtained as [10] 

 
2 2

cos cosr

qs pwm dc v dc vv d V ' v ' 
 

= = ,  (2.22) 

 
2 2

sin sinr

ds pwm dc v dc vv d V ' v ' 
 

= − = − ,  (2.23) 

where dcV  is the fixed input dc voltage of the inverter, dcv  is the effective average value of the dc 

voltage, and v'  is the total firing angle (i.e. the compensated firing angle) defined as physical 

firing angle with its compensation as 

 v v v'  = +  .  (2.24) 

The overall average-value model of the BLDC system can be obtained using (2.9)–(2.14) where 

the stator voltages 
qsv  and 

dsv  in (2.10)–(2.11) are replaced with their average values from (2.22)–

(2.23).  

For a typical BLDC with 180-degree operation in COM (i.e., the advanced firing angle is fixed 

at zero), the voltage and current waveforms obtained from the detailed model as well as the 

average-value model are shown in Figure 2.4. From the detailed model, the six-step voltage 

waveform and continuous current can be observed, which are consistent with the typical 

waveforms shown in the literature [10]. Meanwhile, the results from the average-value model are 

aligned with those obtained from the detailed model, while the fast-switching details are neglected. 

The average-value model predicts the performance of BLDC motor in this mode of operation very 

effectively and numerically efficiently. 
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Figure 2.4 Typical waveforms of BLDC motors with 180-degree commutation in COM: (a) phase voltage, and 

(b) phase current. 

 

 

2.2 Classical MTPA and MTPV Strategies 

In COM, the advanced firing angle is fixed and could be properly incorporated into the 

switching logic by simply adjusting the physical position of the Hall sensors while fixing the firing 

angle compensation at zero. For 180-degree operation, this physical shift is generally fixed at 0 

degree. However, for MTPA and MTPV operations which may be more desirable, the firing angle 

needs to be adjusted with respect to different operating strategies [5] and the compensation is no 

longer zero. To effectively incorporate the changing firing angle with the fixed shift of the Hall 

sensors, a non-zero compensation angle v  is added to the estimated angular position ̂  (shown 

in Figure 2.1).  
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2.2.1 MTPV Operation 

Maximum torque per voltage (MTPV) control aims at maximizing the electromagnetic torque 

for a given dc voltage. To obtain the firing angle that results in this maximization of torque, the 

partial derivative of torque with respect to v'  is first obtained and then set to zero. For the purpose 

of deriving the expression of torque with respect to the advanced firing angle, the steady state 

voltage equations are first obtained from (2.10) and (2.11) by setting the current derivatives to zero 

as 

 
qs s qs r ss ds qsV r I L I E= + + ,  (2.25) 

 
ds s ds r ss qsV r I L I= − .  (2.26) 

From (2.9) and (2.25)–(2.26), the steady state q-axis current could be expressed as 

 
2 2 2

s qs ss r ds r s m

qs

s r ss

rV L V r '
I

r L

  



− −
=

+
.  (2.27) 

According to (2.12), the steady state torque is proportional to the q-axis current as 

 
2 2 2

3

4

s qs ss r ds r s m

e

s r s

m

s

rV L V r 'P
T

r L
'
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


− −
=

+
.  (2.28) 

Here, the voltages could be replaced with their average values in (2.22) and (2.23). Subsequently, 

the averaged steady state torque is as 

 

'

2 2 2

2 2
co

3
s si

4

ns dc v r ss dc v s r m

me

s r ss

P
T

r v ' L v ' r

'
r L
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 



+ −

+
= .  (2.29) 

The partial derivative of (2.29) with respect to v'  is  

 
2 2 2

2

3

2
sin c

4

oss dc v r ss dc v

m

v s r ss

e

r v ' L v '

'
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' r
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Setting (2.30) to zero, one can obtain the optimal angle MTPVv' =  as [5] 

 
1

MTPV tan r ss
v

s

'
L

r



 − =


=  

 
.  (2.31) 

Additionally, to maintain the desired speed 
*

r , the average dc voltage dcv  could be adjusted 

by controlling the PWM duty cycle 
pwmd  (e.g., through a PI controller). The schematic diagram of 

the MTPV control method is shown in Figure 2.5. Therein, the total firing angle for MTPV 

MTPVv' =  is calculated using (2.31) based on the estimated speed from (2.18). Then the angle of 

compensation v  could be obtained by deducting the shift of Hall sensors v  from the total firing 

angle. Meanwhile, the estimated speed ˆ
r  is regulated to the speed setpoint 

*

r  by a PI controller 

through adjusting the effective dc voltage, which is done by properly adjusting the duty cycle of 

the PWM. 
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(PI Controller)
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vdc

−
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ϕMTPV

+

ϕv

Δϕv
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Vdc
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Figure 2.5 Diagram of the MTPV control method.  

 

 

2.2.2 MTPA Operation 

In the maximum torque per Ampere (MTPA) control, the ratio of the motor torque over the 

stator current amplitude is maximized. Equivalently, the stator current is minimized for a given 
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torque, which reduces the copper losses and increases the efficiency. For the round machines, this 

is done by controlling the angle v'  such that the d-axis current of stator dsi  is maintained at zero, 

since dsi  does not contribute to the motor torque according to (2.12). For this goal, the steady state 

d-axis equation is derived from (2.9) and (2.25)–(2.26) as 

 

2

2 2 2

ss r qs s ds r ss m

ds

s r ss

L V rV L '
I

r L

  



+ −
=

+
.  (2.32) 

Here, the voltages could be replaced with their average values in (2.22) and (2.23). Subsequently, 

the averaged d-axis current is as 
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Setting (2.33) to zero, one can obtain 

 
2n

2 2
0cos siss r sdc v dc vs r s mv ' vL r L ''  





− − = .  (2.34) 

Replacing cos v'  with 21 sin v'−  according to the Pythagorean identity and reordering the 

equation, a quadratic function with respect to sin v'  is obtained as 
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The solution of (2.35) could be determined based on quadratic formula and the optimal angle 

MTPAv' =  for the MTPA operation is obtained as  

 
( )2 2 2 2

1

MTPA 2 2

1 1
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,  (2.36) 

where, for simplicity, two intermediate variables have been introduced as 
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 ss
s

s

L

r
 = ,  (2.37) 
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


= .  (2.38) 

The schematic diagram of the MTPA control method is shown in Figure 2.6, where a PI 

controller is used to regulate the estimated speed from (2.18) to the desired speed 
*

r  by adjusting 

the effective average dc voltage dcv . For the purpose of adjusting dcv , the PWM technique is used 

and the duty cycle of PWM is calculated by dividing the effective dc voltage by the fixed dc supply 

dcV . Meanwhile, the total firing angle for MTPA MTPAv' =  is calculated based on (2.36)–(2.38) 

with the estimated speed from (2.18) and the effective dc voltage from the output of the PI 

controller. Then, the angle of compensation v  is obtained by deducting the shift of Hall sensors 

v  from the total firing angle. 

* Speed Controller

(PI Controller)
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÷

Vdc
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Figure 2.6 Diagram of the MTPA control method.  
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2.3 A Hybrid MTPV-MTPA Strategy 

In the proposed hybrid method, the control dynamically adopts either the MTPV or the MTPA 

depending on the operating condition. In a steady state, the BLDC is operated with the MTPA 

using MTPA  defined in (2.36)–(2.38) to increase the efficiency. However, during transients, the 

BLDC is operated with MTPV using the firing angle MTPV  defined in (2.31) to fully exploit the 

torque capability of the machine for faster transients. The schematic diagram of the proposed 

combined MTPV/MTPA control method is shown in Figure 2.7.  

As shown in Figure 2.7, in order to determine whether the system is in steady state or transient, 

a speed error index is defined as 

 

*

*

ˆ
r r

r

e
 



−
= ,  (2.39) 

which is the normalized difference between the actual speed ˆ
r  and the speed reference command 

*

r .  

 



 

27 

Firing Angle

Calculation with MTPV
Equation (2.31)

*

0

1

ss

Low-pass Filter

with τL-1 

+

DC Voltage
Compensation

Evaluation

÷

ss = 1?

|e|<threshold-2?

ss = 0

Switching Logic

YesNo

+

+

0

1

ss

|e|> threshold-1?

Speed Controller

(PI Controller)

Firing Angle

Calculation with MTPA
Equation (2.36-2.38)

Low-pass Filter

with τL-2 

YesYesNo No

vdc

ϕMTPA

ϕMTPV

v'dc

ss

ss

Δvdc

vdc

ss = 1 ss = 0 ss = 1

ωr

ωr −
e

ϕ'v

+

ϕv

Δϕv

−

dpwm

  

÷

Vdc

× 

 

Figure 2.7 Diagram of the proposed hybrid control method for BLDC motors.  

 

To distinguish between the transient and steady-state operations, as well as enable the transition 

between them, the absolute value of e  is compared with some assumed thresholds (i.e., threshold-

1 and threshold-2, as shown in Figure 2.7, which may be defined for a considered 

electromechanical application and the given BLDC motor). Knowing such thresholds, if the 



 

28 

system originally operates in a steady state (switching state denoted as ss is at 1), once the absolute 

value of e  exceeds the threshold-1, a transient can be identified and the state ss is switched to 0. 

Also, if the system operates in a transient (i.e., ss = 0), once the absolute value of e  becomes less 

than the threshold-2, then the system is assumed to reach a steady state and the state ss is switched 

to 1. The proper values for threshold-1 and threshold-2 may be set based on the system parameters 

and dynamic performance requirements. Accordingly, the control logic used to switch between the 

MTPV and the MTPA is based on the system operating conditions as is illustrated in Figure 2.7.  

In each case, the effective dc voltage dcv  is regulated with a PI controller to achieve the desired 

speed, as shown in Figure 2.7. However, it should be noted that the levels of average dc voltage 

required to operate the MTPV and the MTPA are different. In order to achieve the transition 

between MTPV and MTPA, the output of the PI regulator is also compensated as shown in Figure 

2.7. This compensation is needed since for a given operating point defined by the torque and speed 

while driving a particular mechanical load, the average dc voltage dcv  and the corresponding angle 

v'  would be different for the MTPV and the MTPA operations, respectively. Therefore, a voltage 

compensation dcv  is introduced to deal with the change in dcv . This value is defined as: 

 ( )c dcdc d v vv v ' ' = − ,  (2.40) 

where ( )dc vv '  is the average dc voltage corresponding to the current firing angle; dcv'  denotes the 

un-compensated average dc voltage that comes out of the speed regulator, as depicted in Figure 

2.7. This value is assumed to be followed with the firing angle of MTPV, which means the dcv'  is 

corresponding to the average dc voltage operating with MTPV.  

With this definition, the compensation is approximately equal to 0 during the MTPV operation 

and becomes activated during the switch to the MTPA operation. When the steady state is reached 
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and the MTPA method is again enabled, the compensation becomes approximately equal to

MTPA( ) dcdcv v' − . (The approximation is caused by the low-pass filters and the influenced period is 

relatively short.)  

Since the compensation is only needed during the steady-state operation in MTPA, the steady-

state equations can be considered for evaluating ( )dc vv ' . Reordering (2.28), the steady state dc 

voltage is expressed as 

 ( )
2 2 2

2 2 2

4

3 ( ) 2cos 2 sin

e s r ss
dc v

s m r m s r ss v s v

T r L
v '

P r ' ' r L ' '

 


      

+
=

+ + +
.  (2.41) 

However, the electromagnetic torque is hard to measure from the actual machine. To calculate 

the torque, the dcv'  which is assumed to be with the firing angle of MTPV is considered again. 

Replacing firing angle v'  in (2.28) with the firing angle of MTPV operation MTPV , the steady 

state torque in MTPV operation can be expressed as 
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Figure 2.8 Diagram depicting the voltage compensation calculation used in Figure 2.7.  

A diagram depicting the calculation of the average dc voltage compensation is shown in Figure 

2.8. The averaged torque is first calculated using (2.42) with the MTPV firing angle MTPV  and its 
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corresponding dc voltage dcv'  (i.e., the output of the PI controller). This equation is also based on 

the rotor speed which could be estimated from (2.18). Then, the obtained averaged torque together 

with the current total firing angle v'  and the estimated speed are as the inputs of (2.41). The 

compensated dc voltage is obtained and the compensation could be further calculated by deducing 

the dc voltage directly from the PI controller. The effective dc voltage is then adjusted accordingly 

by changing the duty cycle of the PWM. 

In order to avoid sudden changes in the firing angle values and the average dc voltage 

commands, which may cause spikes in the torque, the lower-pass filters (LPFs) are utilized to 

smoothen the transition. The LPFs used in this paper are assumed to be of the following form 

 
1

LPF( )
1L

s
s

=
+

,  (2.43) 

where L  is the time constant. For better performance, similar to different threshold-1 and 

threshold-2, different time-constants 1L −  and 2L −  are used depending on whether the transition is 

from the MTPA to the MTPV, or from the MTPV to the MTPA, respectively, as shown in Figure 

2.7. 

2.4 Computer Studies 

Here, performance of the proposed hybrid control method is verified against the conventional 

MTPV and MTPA techniques, as well as the COM where the advanced firing angle is set to 0 (i.e., 

0v v' = =  ). For this purpose, the system depicted in Figure 2.1 has been implemented in 

MATLAB/Simulink in full detail with the subject BLDC motor (with parameters listed in 

Appendix A.1). The controller parameters have been tuned properly and their values are 

summarized in Appendix B.1. Specifically, the speed PI controller is tuned to make the closed-

loop step response critically damped/overdamped. Also, in the following computer studies, the 
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load mechanical torque is assumed to be quadratic with respect to the rotor speed, as 
2

1m m rT K =  

(as listed in Appendix C.1).  

First, it is assumed that the system is initially operating in a steady state at operating point A 

with 
* 600rad/sr =  (machine speed n =1432.39 rpm). Then, at t = 3.3s, the rotor speed command 

is stepped up to 800rad/s  (n = 1909.86 rpm). After a short period of transient, the machine reaches 

a new steady-state operating point B. These two operating points are shown in Figure 2.9, based 

on the respective steady-state torque-speed characteristics of the BLDC motor with different 

control techniques. It is important to notice that for a given operating point, the MTPV and the 

MTPA require different average dc voltages, as indicated in Figure 2.9. The transient responses 

observed in several system’s variables are shown in Figures 2.10–2.12. 
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Figure 2.9 Steady-state torque-speed characteristics of the BLDC motor assuming MTPV, MTPA, and COM. 

The mechanical load torque characteristic intercepts indicating the considered operating points. 
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As it can be observed in Figures 2.10–2.12, similar to the MTPV, the proposed method has a 

much faster transient response compared to the conventional MTPA and common mode operation 

(i.e., almost 0.27s vs. 1.04s vs. 1.54s of settling time, respectively). The efficiency of the BLDC 

motor at the two considered operating points using different control methods are summarized in 

Table 2.1. It is also seen in Table 2.1 that, similar to the MTPA, the proposed hybrid method 

achieves significantly higher efficiency compared to the conventional MTPV and common mode 

operation (i.e., 96.86% vs. 15.18% vs. 87.9% at 600 rad/s, and 95.85% vs. 25.27% vs. 77.36% at 

800 rad/s, respectively). It is noted that the significantly lower efficiency of MTPV compared to 

other methods is also expected from Figure 2.10(c)-(d), where the stator current for the MTPV is 

considerably higher than the one with other methods, resulting in increased losses and lower 

efficiency.  
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Figure 2.10 Transient response of the subject control methods when the command speed is increased at t = 3.3s 

for several system variables: (a) mechanical speed, (b) electromagnetic torque, (c) phase current, and (d) root 

mean square of the phase current. 

 

Table 2.1 Efficiency of the BLDC motor with different control methods for operating points A and B 

Operating Point COM MTPV MTPA & Proposed 

A (n =1432.39 rpm) 87.90% 15.18% 96.86% 

B (n = 1909.86 rpm) 77.36% 25.27% 95.85% 
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Figure 2.11 Magnified view of the rectangular in Figure 2.10 for the variables: (a) electromagnetic torque, and 

(b) phase current. 
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Figure 2.12 Transient response of the subject control methods for several system variables when the command 

speed changes at t = 3.3 s: (a) firing angle, and (b) average dc voltage. 
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Overall, it is verified that the proposed hybrid control method of BLDC motors inherits the 

advantages of both the MTPV (in transient) and the MTPA (in steady state) methods and provides 

a practical solution for electromechanical applications that need both fast transient response and 

high steady-state energy efficiency. 
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Chapter 3: MTPA and MTPV Strategies of 

BLDCs with 120-Degree Operation 

Many BLDC motor drive systems are commonly controlled using the 120-degree commutation 

method since this method naturally achieves an approximation of the MTPA operation with the 

common mode of operation. However, due to the winding inductance and commutation process, 

the fundamental component of the phase current will experience some delays, resulting in a sub-

optimal operation that may be especially noticeable for motors with large inductance (and small 

resistance). A simple and direct method to compensate for the operating-point-dependent 

commutation angle has been proposed in this chapter. It is shown that a simple PI-control can be 

used to regulate the averaged d-axis current to zero, which restores the MTPA operation and 

improves the torque-speed characteristic.  

Additionally, to fully utilize the torque capability for a given dc voltage, a straightforward 

MTPV strategy for the 120-degree operation has been developed based on a two-dimensional 

lookup table. The detailed models are simulated in a loop to store the firing angle that results in 

the maximum torque corresponding to different dc voltages and machine speeds. With the pre-

stored table, the firing angle could be adjusted properly for different operating points and better 

torque utilization is shown to be achievable. The proposed MTPA and MTPV schemes are 

demonstrated with detailed simulations of a typical industrial BLDC motor and are shown to be 

effective over a wide range of operating conditions. 
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3.1 BLDC Motors with 120-Degree Conduction Logic 

In this chapter, the BLDC motor drive systems shown in Figure 2.1 is controlled through 

operating the individual inverter transistor based on the 120-degree conduction logic depicted in 

Figure 3.1. Here, the logic is developed with respect to the position ' which is the summation of 

the estimated angle ̂  from (2.19) and the firing angle compensation v  as shown in Figure 2.1. 

In this switching logic, the conduction duration of each transistor is reduced to 120 degrees (i.e., 

120conD =  ) and both transistors in the same phase leg turn off twice (for 60 degrees each time) 

over one electrical revolution.  

Additionally, to control the effective dc voltage from a fixed dc supply dcV , the 120-degree 

conduction logic is also used together with PWM (e.g., non-complementary and complementary 

PWM mode [59], PWM-ON mode [60]–[61], ON-PWM mode [60], [62], PWM-ON-PWM mode 

[63], PWM-OFF-PWM mode [64]). Here, the PWM-ON mode is shown in Figure 3.1, wherein 

only one conducting transistor is PWM-controlled for 60 degrees. This strategy is commonly used 

due to its simplicity, low torque ripple, and high dc bus utilization [60]–[61]. By changing the duty 

cycle of the PWM 
pwmd , the effective dc voltage is changed to dcv and the RMS value of the phase 

voltages is changed as well. 
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Figure 3.1 Typical commutation logic of the six-step 120-degree VSI operation with PWM-ON mode for the 

BLDC motors. 

The voltage and current waveforms obtained for a typical BLDC motor with firing angle fixed 

at 30 degrees and the duty cycle of PWM at 1 is shown in Figure 3.2. It can be observed that one 

switching interval with the time duration swT  consists of two subintervals. For the phase with both 

transistors off, the corresponding phase current firstly approaches to zero with a commutation 

period comt . Afterwards, the other two phases conduct the full current during the conduction 

interval with a length of cond sw comt T t= − . This effect of commutation and conduction could be 

automatically included by the appropriate circuit simulator (e.g., Simulink’s SimScape Electrical 

[56], PLECS [65], etc.).  
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Figure 3.2 Typical waveforms of BLDC motors with 120-degree commutation in COM: (a) phase voltage, (b) 

phase current. 

 

 

3.2 MTPA Strategies 

For BLDC motors with the 120-degree operation, the waveforms shown in Figure 3.2 is 

influenced by the duration of the commutation interval comt . Depending on machine parameters 

and operating conditions, the commutation interval as well as the averaged voltage equations could 

change dramatically [10]. It becomes difficult to obtain a determined and accurate analytical 

expression of the firing angle for MTPA operation. Instead, the numerical strategies have been 

considered. 

 

3.2.1 Conventional Strategy 

Conventionally, a BLDC motor with 120-degree conduction logic is assumed to achieve a 

build-in MTPA operation in the COM, where the Hall sensors are shifted to achieve a fixed 30-

degree firing angle. Under this condition, the ideal steady-state performance with standard Hall 
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sensors will be similar to that depicted in Figure 3.3 (assuming phase a as an example). Therein, 

the alignment of the back EMF and the fundamental component of current is approximately 

achieved when the advance in firing angle is 30 degrees. Also, the (preceding) commutation point 

is about 30-degree earlier than the zero-crossing point of the back EMF. However, this is only 

applicable to the BLDC machines with small inductance, which has been commonly assumed in 

previous works [66]–[68]. 

For BLDC machines with large inductances, the impact of the commutation interval will be 

magnified and the misalignment between the back EMFs and the fundamental components of 

currents can become more significant with the conventional 30-degree firing angle, as depicted in 

Figure 3.4 (see circle).  
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Figure 3.3 Expected operation using conventional MTPA strategy, i.e., in COM (applicable to BLDC motors 

with small inductance): (a) switching signals related to phase a; (b) back EMF; and (c) phase current and its 

fundamental component. 
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Figure 3.4 Expected operation using conventional MTPA strategy, i.e., in COM (applicable to BLDC motors 

with large inductance): (a) switching signals related to phase a; (b) back EMF; and (c) phase current and its 

fundamental component. 

3.2.2 Proposed Strategy 

To eliminate the commutation errors caused by the commutation presenting in conventional 

strategy, a simple and straightforward compensation method is developed in this section. The 

MTPA control aims at maximizing the electromagnetic torque for a given value of phase current 

[5]. According to (2.12), the torque is proportional to q-axis current, while d-axis current does not 

contribute (assuming a round machine). Therefore, for a fixed current magnitude, the 

electromagnetic torque is maximized when the d-axis current is 0. It should be noticed, when the 

d-axis current is zero, the phase current is aligned with the q-axis as well as the back EMF voltage 

which is on the q-axis only, based on (2.9). With this alignment, the maximum current utilization 

will be achieved. To maintain a zero d-axis current, the advance in firing angle needs to be 

compensated by a proper controller and the compensation is to be incorporated into the 

commutation logic with (2.15) and (2.24). 
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Beforehand, to effectively control the d-axis current at 0, the current ripple (shown in Figure 

3.5) has to be eliminated. To achieve this goal, a high-order filter is introduced in [37] to obtain 

the fundamental component of the phase current. In this paper, a simple and easy-to-implement 

method is proposed based on averaging the current components in qd-rotor reference frame within 

a prototypical switching interval as 

 ( )
1

( ) ,       
3sw

t

ds ds sw
t T

sw r

i t i d T
T


 

−
= = .  (3.1) 

Here, the averaging is calculated over one interval with duration swT , since the currents in qd-

rotor reference frame have repeating patterns as shown in Figure 3.5. Therefore, with the averaging 

over only 1/6 of one electrical revolution, this method leads to fast transient and computational 

efficiency. 
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Figure 3.5 Steady state current waveforms of the 120-degree operation with 30-degree advance in firing angle: 

(a) phase current, (b) q-axis current, and (c) d-axis current. 
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Figure 3.6 Implementation of the control scheme to compensate the advance in firing angle for automatically 

maintaining the MTPA operation. 

 

Thereafter, it becomes possible to implement a simple PI controller that regulates the value of 

dsi  to zero. The corresponding controller is shown in Figure 3.6. This controller measures and then 

transforms the motor physical currents into the rotor reference frame using (2.8). The obtained d-

axis current is averaged using (3.1), and then effectively regulated at zero by a PI controller. The 

output of the PI controller is the compensation of the firing angle v , which is added to the 

estimated angular position ̂  (shown in Figure 2.1). 

The performance of the proposed compensation method for a BLDC machine with large 

inductance is shown in Figure 3.7. As seen, the proposed method can align the back EMF with the 

respective fundamental component of current by adjusting the advance in firing angle. It is also 

seen in Figure 3.7 that the (preceding) commutation point is earlier than the zero-crossing point of 

the back EMF by an angle larger than 30 degrees, which indicates the advance in firing angle is 

greater than 30 degrees.  
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Figure 3.7 Expected operation using the proposed compensation method for MTPA operation (applicable to 

BLDC motors with large and/or small inductance): (a) switching signals related to phase a; (b) back EMF; and 

(c) phase current and its fundamental component. 

Additionally, the firing angle advancement characteristic over a wide range of operating speed 

is obtained for a typical industrial BLDC (parameters listed in Appendix A.1) with a fixed effective 

dc voltage (i.e., 36Vdcv = ). Simulating the detailed model of the system in Figure 2.1 with the 

proposed MTPA strategy in Figure 3.6 over the desired range of speed, the compensated firing 

angle v'  is calculated with the output of the PI controller. The resulting angle is depicted in Figure 

3.8. As observed in Figure 3.8, the compensated firing angle is generally different from the 

conventional approximation of constant 30 degrees and is dependent on the operating point. It is 

also seen that the difference can be significant (e.g., up to 13.3 degrees) and should not be 

neglected especially for motors with large inductance. However, with the proposed MTPA method 
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and using the PI controller, the firing angle can be accurately adjusted over a wide range of 

operating conditions (i.e., speed, dc voltage, load, etc.). 
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Figure 3.8 The advance in firing angle over a range of speeds as obtained with the proposed and conventional 

MTPA methods (with dc voltage fixed at 36 V). 

3.3 Proposed MTPV Strategy 

The MTPV control aims at maximizing the electromagnetic torque for a given dc voltage [5]. 

This could be achieved by setting the derivative of steady-state torque equation with respect to the 

firing angle at zero as 

 0
' '

qs ds
s ss r

v v

V V
r L 

 

 
− =

 
.  (3.2) 

For the 120-degree operation, the operating-point-dependent commutation interval and voltage 

waveform make it difficult to derive an explicit equation for the firing angle from (3.2). If the 

commutation interval is neglected (applicable for motor with small inductance), the averaged 

voltages in qd-domain may be expressed as [10]  
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Taking (3.3) and (3.4) into (3.2), 
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Reordering (3.5), one can get a fourth-order function with respect to sin v'  as 
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The nonlinear equation (3.6) is still difficult to solve analytically, and only numerical/iterative 

solution is possible. Instead, another type of numerical methods based on the lookup table is 

considered in this thesis.  

The MTPV operation depends on the dc voltage, the operating speed, and the machine 

parameters. Therefore, it is assumed that the firing angle corresponding to the MTPV operation 

MTPV  can be expressed as an algebraic equation of the effective dc voltage dcv  and the machine 

speed r  for a given BLDC motor. To establish the lookup table that can be used as an algebraic 

function MTPV ( , )dc rv  , the detailed model of the BLDC systems in Figure 2.1 is run in a loop 
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Algorithm. Establishing the algebraic equation for MTPV firing angle using detailed simulation.

1. for Vdc=Vdc-min to Vdc-max step Vdc-step

2.     for ωr=ωr-min to ωr-max step ωr-step

3.         Initialize the maximum torque Te-max=0

4.         Initialize the firing angle corresponding to the maximum torque ϕMTPV=ϕv-min

5.         for ϕv=ϕv-min to ϕv-max step ϕv-step

6.             Initialize the detailed model

7.             Start simulation

8.             Compare the simulated averaged electromagnetic torque Te with the Te-max

9.             Re-assign the value of Te-max with Te if Te is larger

10.           Re-assign the value of ϕMTPV with ϕv if Te is larger

11.       end for

12.       Save Te-max, ϕMTPV in 2-D lookup tables in terms of Vdc, ωr

13.   end for 

14.end for
 

Figure 3.9 Pseudo-code for establishing the lookup table of the firing angle for the proposed MTPV strategy 

using detailed simulation. 

over a range of interesting operating conditions. The pseudo-code of this procedure is presented in 

Figure 3.9 to formulate a two-dimensional lookup table for the algebraic function MTPV ( , )dc rv  . 

For a typical industrial BLDC motor with parameter listed in Appendix A.1, the lookup table 

generated by the pseudo-code shown in Figure 3.9 are demonstrated in Figure 3.10. It is seen in 

Fig. 3.10, the firing angles of MTPV operation are quite different from the 30 degrees of the COM 

as well as the angles obtained from the proposed MTPA method.  

Thereafter, it becomes possible to interpolate/extrapolate from this lookup table for proper 

adjustment of firing angle to achieve the MTPV operation for BLDCs with 120-degree conduction 

logic over a range of operating conditions. 
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Figure 3.10 A lookup table of firing angle with respect to the effective dc voltage and the machine speed for a 

BLDC motor to operate in MTPV condition. 

 

 

3.4 Computer Studies 

The proposed MTPA and MTPV methods is verified against the common mode of operation 

with firing angle fixed at 30 degrees. The system depicted in Figure 2.1 has been implemented in 

MATLAB/Simulink in full details with the subject BLDC motor drive (with parameters listed in 

Appendix A.1). The parameters of the controller (i.e., the PI controller in the proposed MTPA 

strategy) have been properly tuned and are listed in Appendix B.2.  

Firstly, to verify the proposed MTPA method against the conventional MTPA method operating 

in COM, the steady-state performance of the motor operating at 1800 rpm with the effective dc 

voltage fixed at 36V is shown in Figure 3.11. As seen in Figure 3.11(c), the machine can achieve 

higher output torque (i.e., 1.9731Nm vs 1.8475Nm) with the proposed method compared to the 

conventional method. Also, since the proposed method achieves the actual MTPA operation, the 
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ratio of the average torque to the phase current magnitude is also higher with the proposed method 

(i.e., 0.1765 vs 0.1740), as seen in Figure 3.11(d).  

Also, the proposed MTPV strategy is verified against the conventional common mode of 

operation. For better demonstration, the dc supply is adjusted to drive the same mechanical load 

(i.e., at the same torque and speed). Specifically, the BLDC motor system in COM operates at 

1800 rpm and 1.85 Nm when the dc voltage is 36 volts. With the same mechanical load, the 

effective dc voltage is to be decreased to 25.9 volts for operation with the proposed MTPV method. 

The corresponding steady-state performance of these two methods is shown in Figure 3.12. It can 

be observed that the voltage and current waveforms of the MTPV operation have been changed 

significantly with a firing angle far away from the conventional 30 degrees. Though the torque 

ripple increases, the ratio between the averaged torque and dc voltage are largely increased by the 

proposed MTPV method (i.e., 1.85/25.9=0.0714 Nm/V vs. 1.85/36=0.0514 Nm/V), which 

indicates a better voltage utilization. 
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Figure 3.11 Simulated steady-state operation of the considered BLDC motor at 1800 rpm with the conventional 

COM and the proposed MTPA strategy: (a) phase current, (b) phase voltage, (c) electromagnetic torque and 

its average value, and (d) ratio of the averaged torque over the phase current magnitude. 
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Figure 3.12 Simulated steady-state operation of the considered BLDC motor at 1800 rpm and 1.85 Nm by COM 

with 36 volts dc supply and the proposed MTPV operation with 25.9 volts dc supply: (a) phase current, (b) 

phase voltage, and (c) electromagnetic torque. 
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Figure 3.13 Simulated steady-state torque-speed characteristics of the BLDC motor with conventional common 

operating mode, proposed MTPA and MTPV methods. 
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Finally, to overview the performance of the proposed MTPA, MTPV methods against the 

conventional COM, the calculated steady-state torque-speed characteristics for different methods 

with dc supply at 36 volts are shown in Figure 3.13. The proposed MTPA has demonstrated an 

overall higher output torque over a wide range of speed when compared with the conventional 

MTPA implementation by fixing the firing angle at 30 degrees. Nevertheless, the highest torque 

output could be achieved by the proposed MTPV strategy which achieves the highest voltage 

utilization for a given dc voltage. 
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Chapter 4: Extended Conduction of BLDC 

Motors Under MTPA Control 

 

Recently, the attention has been given to the operation of BLDC motors with conduction angles 

between 120 and 180 degrees (e.g., 150 degrees, 160 degrees, etc.), where some benefits such as 

low torque ripple may be gained. Specifically, the increasing trend of phase voltage by increasing 

the conduction angle is observed from the benchmark studies in [51]. Therefore, operating with an 

extended conduction angle provides a voltage extension above the conventional 120-degree 

operation with PWM. The extended operation is expected to reduce the torque ripple, current 

ripple, and iron losses caused by the PWM [53].  

Meanwhile, considering the property of high efficiency, the MTPA strategy proposed in 

Chapter 3 for 120-degree operation will be extended over the entire range of voltage adjustment. 

Regulating the averaged d-axis current to zero using a PI controller, the firing angle could be 

adjusted properly to align the phase currents and the corresponding back EMFs for the extended 

conduction methods beyond the 120-degree operation. 

For the purpose of verification, the proposed controller has been discretized and implemented 

in a digital signal processor (DSP). Both the simulations in MATLAB/Simulink and the hardware 

experiments based on the DSP demonstrate the steady-state and transient performance of the 

proposed scheme and its benefits over the conventional alternative methods. 
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4.1 Generalized Conduction Logic 

In the conventional 180-degree and 120-degree modes of operation with the fixed firing angle 

(i.e., 0v = ), the switching of the six inverter transistors could be determined directly based on 

the signals coming from the Hall-effect sensors. Specifically, from Figure 2.2 for 180-degree 

operation, the switching signals of the upper transistors 1S , 2S  and 3S  are coming directly from 

the Hall sensor outputs 1h , 2h  and 3h , as depicted in Figure 2.3(a), respectively. Meanwhile, the 

switching signals of the lower transistors 4S , 5S  and 6S  are complementary to those of the upper 

transistors. For the 120-degree operation, the switching logic shown in Figure 3.1 is a slight 

modification of the same Hall signals [shown in Figure 2.3(a)]. Specifically, the turn “OFF” of 

each transistor remains unchanged, and it coincides with the Hall sensor outputs in its sequence. 

However, the turned “ON” moment is delayed by 60 degrees and is obtained from the previous 

Hall signal (corresponding the previous phase within the considered sequence). Because of that, 

the conduction period becomes reduced to 120 degrees in one electrical cycle for each inverter 

switch. 

It is observed that the 120-degree can be obtained from the 180-degree Hall sensor signals by 

delaying the turn “ON” time by 60 degrees (which is effectively done using the preceding Hall 

sensor signal). To extend the switching logic, the conduction angle conD  may be in the range 

between 120 and 180 degrees in one electrical cycle as depicted in Figure 4.1. The delay angle can 

be defined as 

 180d conD = − ,  (4.1) 

where 

 120 180  (i.e. 60 0)con dD        .  (4.2) 
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Figure 4.1 A generalized commutation logic of VSI operation of BLDC motors with conduction angle between 

120 and 180 degree. 

 

Thereafter, it becomes possible to express the commutation logic that covers any angle from 

120 to 180 degrees by simply specifying the appropriate delay angle d . For the extended 

conduction methods, the commutation points can no longer be determined directly from the Hall 

sensor signals as it was for the conventional 180-degree and 120-degree modes with some fixed 

firing angles. Instead, the compensated position '  based on the estimated position ̂  from 

(2.19)–(2.20) is used in the switching logic. Here, for DSP implementation with fast sampling rate, 

the position estimation for point m  in (2.19) is discretized as 

 ( ) ( )ˆ ˆ ,       0H n I rm t mT m M  = +   ,  (4.3) 

where m  is also referred as the mth fast sampling point between nt  and 1nt +  [exemplified with 

switching interval V in Figure 2.3(c)]; M  is the total number of samples within the considered 

switching interval; and IT  is the fast hardware sampling period (i.e. hardware counter period). The 
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estimated speed and fast-sampling counter in (4.3) need to be reset with any updates of the 

quantized position. 

Considering the estimated position and the extended commutation logic, the typical waveforms 

of the phase voltage and current obtained for 120-degree, 140-degree, 160-degree and 180-degree 

operation with a typical BLDC motor are shown in Figure 4.2.  
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Figure 4.2 Typical steady-state waveforms obtained from simulations with 120-degree, 140-degree, 160-degree, 

and 180-degree operation under similar dc bus voltage for: (a) phase voltage, and (b) phase current. 
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Therein, the waveforms of the 120-degree and 180-degree operation are consistent with the 

typical waveforms shown in the literature, e.g. [10]. It can also be noticed in Figure 4.2, that the 

duration of time when the phase current is discontinuous and stays at zero is largest for the 120-

degree operation. The discontinuity interval becomes smaller with increasing the conduction angle 

conD , and completely disappears for the 180-degree operation (becomes continuous).  

At the same time, increasing the conduction angle conD  also prolongs the time when the phase 

terminals are connected to the dc bus, which also increases the RMS value of the phase voltage 

seen by the motor (for a considered value of dcv ). This has also been reported in [51] with a study 

regarding the phase voltage with 120-degree, 150-degree, 160-degree and 180-degree operations. 

Therefore, an extension of the voltage control may be readily implemented/achieved by adjusting 

the conduction angle conD . 

 

 

4.2 Implementation of Extended MTPA in DSP 

To maintain the optimal properties of MTPA over the operations with the extended 

commutation methods, the d-axis current which does not contribute to the electromagnetic torque 

(assuming a round machine) is to be kept at zero for alignment between the phase current and the 

back EMF according to section 3.2.2. However, depending on the conduction angle and motor 

parameters, the (averaged) d-axis current may be different from 0 without proper adjustment of 

the firing angle, as shown in Figures 4.3–4.4. The corresponding phasor diagrams are also shown 

in Figure 4.5(a)–(b), where it can be observed that a positive d-axis current results in phase current 

lagging the back EMF, while a negative d-axis current results in phase current leading the back 

EMF, respectively. This misalignment results in a suboptimal operation. In Figure 4.5(c), the phase 
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current and back EMF are aligned, which is achieved by adjusting the d-axis current to zero which 

results in the MTPA operation. To achieve this optimal operation, the advance in firing angle needs 

to be compensated as (2.24).  
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Figure 4.3 Steady-state current waveforms of the 140-degree operation with 20-degree advance in firing angle: 

(a) phase current, (b) q-axis current, and (c) d-axis current. 
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Figure 4.4 Steady-state current waveforms of the 160-degree operation with 20-degree advance in firing angle: 

(a) phase current, (b) q-axis current, and (c) d-axis current. 
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Figure 4.5 Phasor diagram of voltage, back EMF, and current under (a) suboptimal operation with the current 

lagging back EMF, (b) suboptimal operation with the current leading back EMF, and (c) optimal MTPA 

operation with the current aligned (in-phase) with back EMF. 

 

The compensation method based on a PI controller in section 3.2.2 is extended to incorporate 

with the extended conduction logics in a DSP. In DSP implementation, to eliminate the current 

ripple for better control of zero d-axis current, the averaging in (3.1) may be discretized by using 

a simple summation based on the fast sampling inside the switching (as indicated by interval V in 

Figures 4.3–4.4) as  

 ( )
1

1 M

ds dsi i m
M

=  .  (4.4) 

This value is updated at the end of switching interval. With respect to Figures 4.3–4.4, the value 

of ( )ds ni t  calculated by (4.4) becomes available at the end of switching interval nt . 
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Additionally, since the averaging in (4.4) is only over 1/6 of an electrical cycle, there is no need 

for measuring the entire current waveform, and this method lends itself to a computationally 

efficient implementation in a DSP. Moreover, since generally sensing the entire phase current is 

expensive, the proposed approach may be readily implemented by measuring the currents of only 

the lower-side transistors of the VSI. As an example, such measurement is depicted in Figure 4.3(a) 

and Figure 4.4(a) (see red line as measuredi −  on top of current asi ). It is observed that this measurement 

is available in each phase when its lower transistor or diode are conducting. This may be done by 

measuring the voltage across very small resistors that are connected in series with the lower-side 

transistors [69].  

Without loss of generality, the switching interval V is taken to depict this. Within this interval, 

both measured currents asi  and bsi  are available from the low-side current sensors. Assuming a 

star-connected winding, the phase c current can be calculated as 

 cs as bsi i i= − − .  (4.5) 

This allows obtaining all three currents in abcsi , from which the transformed current 
qdsi  is 

calculated using (2.8). Then, the d-axis current dsi  is obtained. Thereafter, it becomes possible to 

implement a simple PI controller that regulates the value of dsi  to zero. The corresponding 

controller is shown in Figure 3.6.  

Also, the DSP implementation of this controller is shown in Figure 4.6. In this thesis, the 

hardware interruption is assumed to be triggered with a frequency of 15 kHz (i.e., the hardware 

sampling interval 66.67μsIT = ). At the beginning of each interruption, the Hall sensor signals are 

executed and the Hall state sh  is calculated based on (2.16). The corresponding estimated speed is  



 

61 

Hardware Interrupt

Read Hall signals and calculate Hall states with (2.16)

Estimate speed with (2.18) and filter the speed with (4.6)

Estimate position with (4.3)

θ=θ+Δϕv   

θ in interval I? θ in interval III? θ in interval V?

Execute ADC to 

measure ibs and ics

Yes

Calculate ias and 

formulate iabcs

Execute ADC to 

measure ias and ics

Calculate ibs and 

formulate iabcs

Execute ADC to 

measure ias and ibs

Calculate ics and 

formulate iabcs

Yes Yes

Transform iabcs to iqds

Update the counter m 

and summation of ids

End of interval I?

Update the averaged 

current ids and reset the 

counter m=0

Yes

Transform iabcs to iqds

Update the counter m 

and summation of ids

End of interval III?

Update the averaged 

current ids and reset the 

counter m=0

Yes

Transform iabcs to iqds

Update the counter m 

and summation of ids

End of interval V?

Update the averaged 

current ids and reset the 

counter m=0

Yes

Regulate the averaged d-axis current to 0 by the PI controller

Update Δϕv and θ

Generate the switching signals of the transistors based on the commutation logics

Return

Slow-sampling 

rate n

Slow-sampling 

rate n

Hardware-

sampling rate m

 

Figure 4.6 Logical flow-chart of the DSP implementation for the proposed control scheme. 

calculated using (2.18).  
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To eliminate possible error caused by the unbalanced or misaligned Hall-sensors, the 

estimated speed is filtered with a six-step averaging [4] as 

 
5

0

1
ˆ ˆ( ) ( )

6
r n r n p

p

t t  −

=

=  .  (4.6) 

Then the position is estimated from the averaged estimated speed ˆ ( )r nt  using (4.3). With this 

position and the previous compensation of firing angle (the initial value is set at zero), it becomes 

possible to determine the position related to the switching intervals (numbered as I–VI in Figure 

2.2). For switching intervals I, III and V, the counter starts from zero at the beginning of the interval, 

while the three-phase current vector is formulated by executing the analog-to-digital converter 

(ADC) corresponding to the two of the effective current measurements and the currents in qd-

coordinates are calculated using (2.8). At the end of each interval, the averaged d-axis current is 

updated according to (4.4) for the PI controller to compensate the advance in firing angle. Here, 

the d-axis current averaging and the PI controller are operated with a slow sampling rate n  instead 

of the fast hardware sampling. At the end, based on the estimated position and the updated 

compensation of firing angle, the switching signals for the six inverter transistors is generated 

according to the commutation logic. 

 

 

4.3 Computer Studies 

The proposed control scheme for extended commutation angle has been verified with steady-

state and transient computer studies. The system depicted in Figure 2.1 has been implemented in 

MATLAB/Simulink in full details with the subject BLDC motor drive (with parameters listed in 

Appendix A.1). The parameters of the controller (i.e., the PI controller in the proposed MTPA 
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strategy) are listed in Appendix B.3. Additionally, the mechanical load torque is assumed to be 

quadratic with respect to the rotor speed, defined as 
2

2m m rT K =  (listed in Appendix C.2). 

First, the proposed voltage control is demonstrated by gradually increasing the phase voltage 

over its adjustable range. Specifically, the study first increases the PWM duty cycle 
pwmd  from 

0.25 to 1 within the 2 to 4 s, while keeping the conduction angle 120conD =  . Then, between 4 to 

6 s, the conduction angle conD  is linearly increased from 120 to 180 degrees, while keeping the 

PWM duty cycle maxed out, i.e., 1pwmd = . The corresponding results are shown in Figure 4.7, with 

a detailed view of some variables at around t = 4 s also shown in Figure 4.8.  

Since the increase in input voltage is relatively slow, the obtained results may be assumed in 

quasi steady-state. As it can be observed in Figures 4.7–4.8, the RMS phase voltage, RMS phase 

current, motor speed, and averaged electromagnetic torque all demonstrate increasing trends with 

the increasing of the PWM duty cycle 
pwmd  and also increasing of conduction angle conD . It is also 

noted that the increase in phase voltage stops for conduction angle between 167.5 and 180 degrees. 

This is because the BLDC motor considered in this paper has a large inductance, which results in 

a long commutation angle [10]. Specifically, after conD  reaches 167.5 degrees, the phase current 

becomes continuous, and the voltage waveform becomes identical to that of the 180-degree 

operation. It is also observed that the RMS phase voltage is increased from 15.3V (maximum 

possible with 120-degree operation at 1pwmd = ) to 16.9V (maximum possible with 180-degree 

operation at 1pwmd = ). 
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Figure 4.7 The profile of several variables when gradually increasing PWM duty cycle and conduction period: 

(a) duty cycle and conduction period, (b) firing angle compensation, (c) RMS of phase voltage, (d) RMS of 

phase current, (e) mechanical speed, and (f) average electromagnetic torque. 

 

 



 

65 

-20

0

20

v
a
s
 (
V

)
(a)

-10

0

10

i a
s

(A
)

(b)

2000

2020

2040

n
 (
rp

m
)

(c)

3.98 3.985 3.99 3.995 4 4.005 4.01 4.015 4.02

Time (s)

0.8

1

1.2

1.4

T
e

(N
m

)

(d)

 

Figure 4.8 Magnified view of the corresponding variables in Figure 4.7 at around t=4s for the: (a) phase voltage, 

(b) phase current, (c) mechanical speed, and (d) electromagnetic torque. 

 

Next, the proposed voltage extension method is compared in steady state with the conventional 

control for driving the same mechanical load (at the same torque and speed). To obtain the same 

electromagnetic torque under different duty cycles and conduction periods, the dc voltage has to 

be adjusted accordingly. The first operating point is defined by 2000rpmn =  and 0.9NmeT = .  

 

Table 4.1 Simulated steady-state performance of different commutation methods at 2000 rpm and 0.9 Nm 

achieved by adjusting dc voltage 



 

66 

Control Variables 

dcV  (V) as RMSV −  (V) THD ( asv ) (%) e rippleT −
 (%) 

 
pwmd  conD  

Conventional 

Method 

0.70  49.03 17.42 80.02 53.11 

0.85 120⁰ 40.42 15.82 59.39 46.96 

1.00  34.36 14.58 38.56 42.20 

Proposed 

Extended 

Method 

1.00 

140⁰ 32.40 14.19 29.61 25.61 

160⁰ 30.97 14.17 29.08 31.23 

180⁰ 30.38 14.25 31.24 30.15 

 

 

The resulting RMS of phase voltage, total harmonic distortion (THD) of phase voltage, and torque 

ripple are summarized in Table 4.1. Here, the torque ripple is calculated as follows: 

 ( ) ( )( )max min / 100%e ripple e e eT T T T− = −    .  (4.7) 

The first three rows in Table 4.1 (shaded in blue) correspond to the conventional 120-degree 

operation with duty cycle control. It is interesting to observe that with the increase of the duty 

cycle from 0.7 to 1, the phase voltage RMS, the voltage THD, and torque ripple values are 

decreasing; because Vdc should be decreased to ensure the same operating point. The best 

utilization of dc voltage ( 34.36VdcV = ) is achieved with 1pwmd =  (i.e., 14.58/34.36=42.4%) 

compared to when the duty cycle is 0.85 and 0.70 (i.e., 15.82/40.42=39.1% and 

17.42/49.03=35.5%, respectively). Moreover, having 1pwmd =  results in voltage THD of 38.56% 

and torque ripple of 42.20%; respectively, which are both lower compared to when having the 

pwmd  equal to 0.85 or 0.7. Extending the conduction period conD  from 120 to 180 degrees brings 

further reduction of the voltage THD (below 32%) and torque ripple (below 32%), as can be 
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observed in the last four rows of the orange-shaded part of Table 4.1. As can be expected, using 

the proposed method the best dc voltage utilization is achieved with 180conD =   (i.e., 46.91% with 

30.38VdcV = ).  

 

A transient study is also considered to demonstrate the performance of the proposed MTPA 

tracking method under changing conditions. First, it is assumed that the BLDC motor/inverter is 

supplied from the nominal dc source (36 volts), and operates under the 120-degree conduction 

with PWM duty cycle at 0.9. Then, at t = 2.002s, the conduction angle is stepped to 140-degree 

with duty cycle maxed out at 1. The corresponding simulated transient responses of several 

variables are shown in Figure 4.9. Since the effective value of the stator voltage has increased, the 

motor undergoes an acceleration transient. The performance of the PI controller is shown in Figure 

4.9(a), where the compensation angle is automatically adjusted to achieve the MTPA operation 

which is reached in the new steady state around t = 2.1s.  
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Figure 4.9 Transient response of several variables to step from 120-degree operation with PWM duty cycle of 

0.9 to an extended 140-degree operation without PWM at 2.002 s: (a) firing angle compensation, (b) phase 

voltage, (c) phase current, (d) electromagnetic torque, and (e) mechanical speed. 

 

4.4 Experimental Verification 

A hardware prototype as shown in Figure 1.1 has been set up for verification of the proposed 

extended operation. For the motors (Model 86EMB3S98F, Model EC 167131 and Model 
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JK80BLS02) with parameters in Appendix A.1–3, the PI controller is tuned with parameters listed 

in Appendix B.3. Also, a mechanical torque is emulated on the load shaft by coupling the motor-

drive system with a dc dynamometer. When the load resistance of the dynamometer is fixed, the 

speed-dependent mechanical torque could be approximately described by 3 4m m r mT K K= +  in the 

steady state (with detailed derivations provided in Appendix C.3). 

Firstly, the detailed studies are conducted for the motor Model 86EMB3S98F which has been 

primarily verified in the simulation. To demonstrate the motor drive operation around the nominal 

operating point with 2000rpmn =  and 0.9NmeT = , the steady-state voltage and current 

waveforms with different commutation methods under different dc voltage supplies have been 

measured as demonstrated in Figure 4.10. The results shown in Figure 4.10 are consistent with the 

simulated waveforms in Figure 4.2, which also verifies the DSP implementation of the generalized 

commutation logic. 

To demonstrate the operation of the proposed extended method over a wide range of operating 

conditions, the motor drive is supplied from the fixed dc source ( 36VdcV = ) and the dc 

dynamometer is connected with a fixed resistance (i.e., 3 4m m r mT K K= + ). Initially, the system 

operates under the 120-degree switching logic, and the voltage control is applied by slowly 

increasing the duty cycle from 0.25 to 1. After reaching the maximum PWM duty cycle (i.e., 

1pwmd = ), the conduction angle conD  is slowly increased from 120 to 180 degrees. The 

corresponding experimental measurements are shown in Figure 4.11. As it is observed in Figure  
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Figure 4.10 Measured steady-state waveforms obtained with different conduction angles: (a) phase voltage, and 

(b) phase current. 
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Figure 4.11 Measured steady-state profile of several variables with different commutation logics when the 

mechanical load is linearly proportional to the rotor speed: (a) RMS phase voltage, (b) RMS phase current, (c) 

mechanical speed, and (d) average mechanical torque. 

 

4.11, the phase voltage, phase current, mechanical speed, and dynamometer-measured torque all 

consistently increase in the conventional region as well as in the extended region (distinguished 

by colors red and green, respectively). It is interesting to note that the extreme point for the 

conventional region (defined by 120conD =   and 1pwmd = ) is reached at 2081 rpm and 0.92 Nm, 

while the proposed extended commutation angle method allows to further continuously increase 

the speed and torque to 2377 rpm and 1.01 Nm, respectively, in the extended region (extreme of 
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which is defined by 180conD =   and 1pwmd = ). These points also correspond to the increase of 

RMS phase voltage from 14.77 V to 16.38 V, which constitutes about 11% increase.  

Therefore, it is possible to define a modified duty cycle 
pwmd  that is ranging from 0 to maxd   

(here, max 1.11d  = ) that spans the entire range of operating voltages. This modified duty cycle 
pwmd  

in turn determines the actual 
pwmd  as 

 
max

0 1,

11,

pwmpwm

pwm

pwm

dd
d

d d

 
= 

  
.  (4.8) 

Also, due to the approximately linear profiles as seen in Figure 4.11, the delay angle d  (4.1) 

in the switching logic can be calculated as 

 ( )
( )

max

max

max

60 ,
0 1

60
1,

1

pwm

d pwm

pwm

d
d d

d d
d




 

 =  −
    −

.  (4.9) 

Next, to compare the proposed control scheme against the conventional method, the same 

torque-speed operating point (i.e., 2000rpmn =  and 0.9NmeT = ) is achieved for different values 

of conduction angle conD  and PWM duty cycle 
pwmd  by adjusting the dc-link voltage in the 

experimental setup. The corresponding results are summarized in Table 4.2. Here, the torque ripple 

is not included due to the limitation of the dynamometer, which only measures the average torque. 

Regarding the RMS and THD values of the ac phase voltage, consistent results as in Table 4.1 

(with simulations) are observed in Table 4.2 (with experiments). As seen in Table 4.2, compared 

to the conventional 120-degree operation (red rows), the extended method (green rows) reduces 

the RMS and THD of the ac phase voltage that is required to support the same mechanical load, 

which is consistent with simulation results in Table 4.1.  



 

73 

Table 4.2 Measured steady-state performance of different commutation methods at 2000 rpm and 0.9 Nm 

achieved by adjusting dc voltage 

Control Variables 

dcV  (V) as RMSV −  (V) THD ( asv ) (%) 
 

pwmd  conD  

Conventional 

Method 

0.70  49.0 16.48 80.65 

0.85 120⁰ 40.4 15.03 59.65 

1.00  34.4 14.15 43.70 

Proposed 

Extended 

Method 

1.00 

140⁰ 32.4 13.73 31.79 

160⁰ 31.0 13.56 27.97 

180⁰ 30.4 13.77 31.60 

 

 

Additionally, the transient performance of the proposed method is also validated here 

experimentally. The same speed-dependent mechanical load (emulated by the dc dynamometer 

with fixed resistive load) is used in this test. Initially, the BLDC motor is operating using standard 

120-degree switching logic with PWM duty cycle at 0.9. This operating condition is shown in 

Figure 4.12 as Operating Point A. Then, the effective voltage is stepped up by increasing the duty 

cycle to 1 and conduction angle to 140 degrees. After a short transient, the machine reaches a new 

steady-state Operating Point B. The corresponding measured responses are shown in Figure 4.12. 

Specifically, the responses of phase voltage and current Figures 4.12(a) and (b) very closely match 

the simulated results of Figure 4.9, which validates the model. The overall acceleration transients 

in Figure 4.9 and 4.12 are also very similar and confirm the proper operation of the proposed 

method.  
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Figure 4.12 Transient response of several variables to stepping from 120-degree operation with PWM duty 

cycle at 0.9 into 140-degree operation without PWM obtained from experimental measurements for: (a) phase 

voltage, (b) phase current, (c) mechanical torque, and (d) mechanical speed. 

 

The MTPA operation is further verified for Operating Points A and B. For this purpose, the 

measured Hall signal and phase a current are shown in Figure 4.13. Based on the recorded Hall 

signal 1h  in Figure 4.13(a), the corresponding back EMF is also reconstructed and plotted in Figure 

4.13(b). As it is observed in Figure 4.13(c), the fundamental component of the actual current is in 

phase with its corresponding phase back EMF for both Operating Points A and B, which verifies 

the optimal property of the MTPA operation is retained by the proposed control method. 
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Figure 4.13 Steady state waveforms of motor Model 86EMB3S98F at the operating points A and B with MTPA 

obtained from experimental measurements for: (a) recorded Hall signal, (b) reproduced corresponding back 

EMF, and (c) measured phase current and its fundamental frequency component. 

 

 

To further verify the applicability of the proposed methods for machines with different 

parameters, the studies are carried out to check the effectiveness for both the conventional and 

extended operating range with the other two machine models. To be consistent with previous 

study, the steady state waveforms for Point A operating in 120-degree mode with PWM duty cycle 

at 0.9 and Point B operating with 140-degree operation and no PWM are obtained as Figures 4.14 

and 4.15 for motor Model EC 167131 and motor Model JK80BLS02, respectively. The 

fundamental component of the actual current is in phase with its corresponding reconstructed phase 

back EMF for both Operating Point A and B regardless the machine parameters. It is verified the 
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proposed MTPA method is effective for machines with small inductance (e.g., Model EC 167131) 

and large inductance (e.g., Model JK80BLS02) for both the conventional and extended operation 

regions. 
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Figure 4.14 Steady state waveforms of motor Model EC 167131 at the operating points A and B with MTPA 

obtained from experimental measurements for: (a) recorded Hall signal, (b) reproduced corresponding back 

EMF, and (c) measured phase current and its fundamental frequency component. 
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Figure 4.15 Steady state waveforms of motor Model JK80BLS02 at the operating points A and B with MTPA 

obtained from experimental measurements for: (a) recorded Hall signal, (b) reproduced corresponding back 

EMF, and (c) measured phase current and its fundamental frequency component. 

 

Finally, to demonstrate the overall achieved benefit of the proposed extended conduction angle 

method, the steady-state torque-speed characteristics obtained with the conventional and the 

proposed control schemes have been obtained from both the detailed simulations and the 

experimental setup; the results of which are superimposed and shown in Figure 4.16. As seen in 

Figure 4.16, the simulated characteristics are very consistent with the measured results, which 

confirms the accuracy of the detailed model. The general trend of the torque-speed characteristic 

is as expected for the BLDC motors of this type when supplied from a constant dc source, with 

close-to-linearly decrease in speed with increasing torque. The characteristic is shifted upwards by 

either increasing the PWM duty cycle in the conventional region (see Figure 4.14, white area) or 
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by increasing the conduction angle in the extended region (see Figure 4.14, green area, which is 

achieved by the proposed extended angle method). 
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Figure 4.16 Measured and simulated steady-state torque-speed characteristics of the BLDC motor achieved by 

the conventional 120-degree and the proposed extended conduction angle methods. 

 

 



 

79 

Chapter 5: Conclusion 

 

5.1 Contributions and Anticipated Impact 

The research presented in this thesis has been focused on the MTPA and MTPV strategies of 

the Hall-sensor-controlled BLDC motor drive systems. With the optimal properties, the MTPA 

and MTPV are widely applied control methods aiming at maximum torque for a given phase 

current or a given dc voltage, respectively. For BLDC motors operating with different conduction 

logics, the applicable MTPA and MTPV strategies are different. In 180-degree operation, it is 

possible to derive simple firing angle equations with the well-known six-step voltage waveforms. 

However, the operations with 120-degree or the extended conduction logic include the operating-

point-dependent commutation processes and make it difficult to calculate the firing angle 

analytically in the form of explicit equations. Instead, numerical approximations coupled with 

tunable controllers (e.g., with a PI controller) are often considered for regulating the current. In 

this thesis, novel control schemes have been proposed that are shown to perform better than 

conventional alternative methods especially for machines with diverse range of performance. The 

main features of the new controllers and the contributions of each research objective are 

summarized as below. 

In Chapter 2, the Objective I is achieved by presenting a hybrid MTPA/MTPV control 

technique for the BLDC motors operating in the 180-degree mode. The proposed hybrid control 

scheme incorporates the conventional MTPA and MTPV methods which adjusts the advance in 

firing angle based on their simple explicit equations. Particularly, using a control logic, the hybrid 

method adopts the MTPA in steady state to achieve high efficiency, while in transients it smoothly 

converts to the MTPV to exploit the full torque capability of the machine, thus achieving faster 
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transient response. Comparing against the conventional MTPA and MTPV operations as well as 

the common mode of operation, the proposed method is shown to combine the advantages of both 

the MTPA and MTPV methods: in steady states, the scheme achieves a high efficiency similar to 

the MTPA operation; during transients, the performance is similar to the MTPV with a fast speed 

response. A practical solution of Objective I with smooth transitions between two methods has 

been provided and demonstrated. It is envisioned that the proposed hybrid MTPA/MTPV method 

may be an effective and straightforward control technique for many low-cost BLDC applications 

that require both high efficiency in the long term while operating in steady state as well as have 

access to higher torque during fast but intermittent transients. 

The Objective II is addressed in Chapter 3, where easy-to-implement and straightforward 

numerical strategies of MTPA and MTPV operations have been developed for the BLDCs with 

120-degree commutation logic. Specifically, the MTPA operation is conventionally achieved by 

fixing the firing angle at 30 degrees. However, it has been shown that for motors with large 

inductances, the commutation angle may be significant (e.g., up to 13.3 degrees for motor Model 

86EMB3S98F), leading to misalignment of the phase current and the respective back EMF, and 

reduction in torque (e.g., 6.37% reduction). To compensate for this angle (which is dependent on 

motor parameters and operating conditions), a simple controller has been proposed to dynamically 

regulate the average d-axis current to zero, thus restoring the desired MTPA operation and 

improving the steady-state torque-speed characteristic over a wide range of operating conditions. 

Additionally, the MTPV methods based on lookup tables have been extended to the BLDC motors 

operating in the 120-degree mode. An algorithm to collect the firing angle has been established 

using the detailed simulation. Then, the firing angle can be easily obtained from the table under 

different dc voltages and machine speeds and thus, achieving the MTPV operation and improving 
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the voltage utilization. The proposed MTPA and MTPV methods has been verified using the 

detailed simulations with a typical industrial BLDC motor (with large inductance), and 

demonstrated to be very effective. The easy-to-implement and straightforward properties of the 

proposed methods makes them advantageous for many low-cost applications. 

The Chapter 4 has presented a novel extended control method of BLDC motors to achieve 

Objective III. Therein, a generalized switching logic for the Hall-sensor-controlled BLDC motors 

has been developed which allows to continuously change the conduction angle between 120 and 

180 degrees. Aiming to maintain the optimal property of the MTPA, the strategy proposed in 

Section 3.2.2 has been extended to incorporate with the generalized/expended switching logic. 

Regardless of the motor parameters and the conduction angle (when it goes beyond 120 degrees), 

the alignment between the phase current (fundamental component) and the back EMF is 

automatically achieved with the proposed controller. Compared with the conventional method for 

increasing voltage range by simply increasing the dc source voltage, the proposed method has 

shown advantages of lower torque ripple and lower THD of phase voltage while achieving the 

same ac phase voltage with a lower dc voltage requirement. Additionally, the DSP implementation 

of this extended control method has been developed and is shown to be easy-to-implement and 

computational efficiency. Using the detailed simulations as well as hardware experiments based 

on a typical industrial BLDC motor, the proposed method has been demonstrated to be very 

effective and achieving up to 10% voltage (and speed-torque characteristic) extension for the same 

dc source voltage. 

It is envisioned that the proposed extended method may be very attractive for many low-cost 

BLDC applications that require high efficiency while maximizing the utilization of the available 
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dc source. These applications would include all battery-operated applications with BLDC motors, 

including vehicles, scooters, hand-held tools, flying drones, etc. 

 

5.2 Future Works 

The research presented in this thesis may be continued in several directions. Due to the limited 

space, I mention here only three possible directions that will soon be undertaken by other students 

in our group:  

Firstly, the hybrid MTPA/MTPV strategy has been developed for BLDC motors with 180-

degree operation in this thesis. It is also desirable for BLDCs with 120-degree conduction logic 

(which is very common) to achieve both high steady-stare efficiency and fast dynamic response 

with a similar hybrid strategy. However, the proposed strategy in Section 2.3 is based on the simple 

explicit equations for 180-degree operation with the well-known voltage waveforms. In 120-

degree operation, the commutation process and the stator inductance make it difficult to derive the 

closed-form analytical equations. Instead, the lookup-table-based extension of the proposed hybrid 

MTPA/MTPV strategy is expected to be developed for the BLDCs with 120-degree conduction 

logic. 

Secondly, it may also be possible to derive another operating mode that will optimize the 

efficiency directly, as opposed to the MTPA which is known in the literature not to result in 

minimal losses. To derive this new mode of maximum efficiency (ME), one would need to obtain 

the analytical expression for the losses and then minimize these losses with respect to the given 

value of torque. I envision that this control mode may be established analytically for the BLDC 

motors operating using 180-degree switching logic, but it will have to be established numerically 

using lookup tables for the 120-degree switching logic due to the operating-point-dependent 
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commutation angle. Because of this challenge, for the proposed extended switching logic, the 

envisioned ME operation may only be established numerically and implemented using lookup 

tables.   

Thirdly, the average-value models for the conventional commutation method (i.e., 180-degree 

and 120-degree modes of operation) have been well developed and play important roles in the 

industrial simulations and tuning of controllers. This is because the average-value models reduce 

the computational complexity by ignoring the fast-switching, which also makes the numerical 

linearization and subsequent frequency-domain analysis possible. For the generalized 

commutation logic developed in Chapter 4, it is also possible to develop a generalized average-

value model to take full advantage of its low-computational cost and the capability to conduct 

frequency-domain analysis. 
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Appendix A  Parameters of BLDC Motor 

Drive Systems  

 

A.1 BLDC Motor A 

Arrow Precision Motor Company, Ltd., Model 86EMB3S98F, 36 V, 2000 r/min, 8 poles, 

0.15 sr =  , 0.45 mHssL = , 
' 21.5 mVsm = , 

212 4 kgmJ e= − . 

 

A.2 BLDC Motor B 

Maxon Precision Motor Company, Inc., Model EC 167131, 48 V, 2680 r/min, 2 poles, 

0.674 sr =  , 0.41 mHssL = , 
' 86.2 mVsm = , 

212 4 kgmJ e= − . 

 

A.3 BLDC Motor C 

JKONG Motor Company, Ltd., Model JK80BLS02, 48 V, 3000 r/min, 4 poles, 0.28 sr =  , 

1.2 mHssL = , 
' 37.0 mVsm = , 

27.5 4 kgmJ e= − . 

 

A.4 VSI 

Snubber resistance 1 5 snubberR e=  . 
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Appendix B  Controller Parameters 

 

B.1 Parameters of the Proposed Hybrid MTPA/MTPV Controller for the BLDC with 

180-degree Operation (in Section 2.4) 

Speed regulator parameters:  

0.0269pK = , 0.2049iK = . 

Threshold:  

threshold-1 = 5%, threshold-2 = 0.05%. 

Low-pass filter parameters:  

1 0.500L − = , 2 0.005L − = . 

 

B.2 Parameters of the Proposed MTPA Controller for the BLDC with 120-degree 

Operation (in Section 3.4) 

PI controller parameters:  

0.0136pK = , 1.4880iK = . 

 

B.3 Parameters of the Proposed MTPA Controller for the BLDC beyond 120-degree 

Operation (in Section 4.3 and 4.4) 

PI controller parameters:  

0.0136pK = , 4.4640iK = . 
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Appendix C  Mechanical Load Conditions 

 

C.1 Assumptions of the Mechanical Load in Section 2.4 

2

1m m rT K = , where 
2 2

1 1.0 6Nm s /radmK e= − . 

 

C.2 Assumptions of the Mechanical Load in Section 4.3 

2

2m m rT K = , where 
2 2

2 1.5 6Nm s /radmK e= − . 

 

C.3 Approximation of the Mechanical Load in Section 4.4 

In the hardware experiments, the BLDC motor is coupled with a dynamometer with an 

equivalent circuit shown in Figure 0.1. In steady-state, the induced voltage is expressed as 

 ( )a a a extE I R R= + ,  (A.1) 

where the armature resistance is aR  = 0.77 Ω and the external resistance is fixed at extR  = 14.88 

Ω. Also, for the DC machine, the equations for back EMF and electromagnetic torque can be 

written as 

 a v rE k = ,  (A.2) 

 e t aT k i= ,  (A.3) 

where the voltage and torque constants are vk  = tk  = 0.23 Vs/rad . Based on (A.1)–(A.3), the 

electromagnetic torque eT  can be expressed in terms of the rotor speed r  as 

 
2 / ( )e v r a extT k R R= + .  (A.4) 
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Figure C.1 A permanent magnet DC dynamometer. 

 

Considering the friction torque, the load torque is expressed as  

 2 / ( )m e fric v r a ext fricT T T k R R T= + = + + ,  (A.5) 

where the friction torque 
fricT  is approximately constant and its value is 0.18 Nm. Overall, the load 

torque is described as 

 3 4m m r mT K K= + ,  (A.6) 

where 3 0.0034 Nm s/radmK =   and 4 0.18 NmmK = . 
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Appendix D  Diagrams of DSP 

D.1 Layout of DSP DRV8301-HC-EVM 

Hall 

Interface

Control 

Card

DRV8301

Voltage Source Inverter Plus 

Low-side Current Sense

Motor Connections

DC Bus Connections

 

Figure D.1 Layout of DSP DRV8301-HC-EVM. 
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D.2 Functional block diagram of DSP DRV8301-HC-EVM 

 

Figure D.2 Functional block diagram of DRV8301. 
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D.3 Schematic of DSP DRV8301-HC-EVM 

 

Figure D.3 Schematic of DSP DRV8301-HC-EVM. 


