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Abstract  

Hall-sensor-controlled brushless dc (BLDC) motors are widely used in many electromechanical 

applications due to their simplicity, low cost, and good torque-speed characteristics. The 

conventional commutation methods include the 120-degree and 180-degree switching logics. For 

these commutation methods, the maximum torque per Ampere (MTPA) and maximum torque per 

Voltage (MTPV) control schemes are often considered to achieve the optimal properties. 

Previously, many analytical and numerical implementations of MTPA and MTPV have been 

developed and widely applied. However, the common limitations such as deviation from the 

optimal operation due to machine parameters and high computational cost of controllers 

necessitate further research and improvements. In this thesis, three simple and novel control 

schemes have been proposed. Firstly, a hybrid MTPA/MTPV method is proposed based on the 

equations of 180-degree operation to combine the advantages of both methods. This hybrid method 

is shown to achieve high efficiency in steady state and fast response during electromechanical 

transients. Secondly, a numerical implementation of the MTPA and MTPV strategies has been 

developed for BLDC motors with 120-degree commutation to achieve better torque-speed 

characteristics compared with the conventional implementations. Thirdly, the switching logic has 

been extended to cover any conduction angle between 120 and 180 degrees while maintaining the 

MTPA optimal property. This proposed method is demonstrated to achieve up to 10% higher 

maximum achievable phase voltage than the conventional 120-degree operation from the same dc 

source voltage. Since the new methods are simple and computationally efficient, it is envisioned 

that they may be easily adopted in many applications utilizing Hall-sensor controlled BLDC 

motors where higher efficiency and faster transient response are desirable.   
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Lay Summary 

Hall-sensor controlled brushless dc (BLDC) motor drives have been widely used in many 

electromechanical applications due to their simplicity, low cost, good torque performance, etc. For 

those motors, the control schemes often focus on developing the maximum torque for a given 

current or for a given available dc voltage. These control goals are referred to the maximum torque 

per Ampere (MTPA) and maximum torque per Voltage (MTPV), respectively. However, the 

conventional control methods often deviate from their ideal operation, resulting in lower efficiency 

and slower transient response. This thesis proposes several methods that improve the operation of 

BLDC motors in steady state and during electromechanical transients, as well as better utilization 

of the available dc source voltage. The proposed methods have been verified against the 

conventional methods and demonstrated to result in more efficient and faster performance. It is 

envisioned that the new methods will become adopted in many applications utilizing Hall-sensor 

controlled BLDC motors where higher efficiency and faster transient response are desirable. 
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Chapter 1:  Introduction  

 

1.1 Background 

Due to the low-cost, high-power density, high efficiency, and good torque-speed characteristics, 

brushless dc (BLDC) motor drive systems are playing an important role in many electromechanical 

applications including electric vehicles, drones, automation robots, hoists, elevators, conveyor 

belts, computer disk drives, office printers, copy machines, washing machines, water pumping 

systems, fans, air conditioners, etc. [1]. Specifically, the Hall-sensor-controlled scheme is well-

accepted in many low-cost applications such as underwater robotics [2] and small electric vehicles 

[3] due to its simplicity and reliable operation [4], where the sensorless control schemes may not 

be suitable or justified. 

A typical BLDC motor drive consists of a permanent magnet synchronous machine (PMSM) 

driven by a voltage-source inverter (VSI). Two conventional control schemes of VSI, i.e., the 120-

degree and 180-degree conduction switching schemes are commonly adopted. In the 180-degree 

commutation, each inverter switch (transistor) conducts 180 degrees in one electrical cycle, which 

results in continuous phase currents [5] and high-power delivery [6]. Particularly, this type of 

commutation logic has been utilized in applications such as electric bicycles [7] and turbochargers 

[8]. 

As for the 120-degree switching scheme, the conduction duration is reduced to 120 degrees for 

the inverter transistors and the phase current becomes zero twice (for 60 degrees each time) during 

one electrical cycle [9]ï[10]. Despite the decreased voltage utilization and discontinuous current, 

the 120-degree commutation naturally achieves the approximation of the maximum torque per 

Ampere (MTPA) operation. This optimal and desirable property makes the 120-degree strategy 



 

2 

very common in a wide range of applications including water pumping systems [11], elevator 

systems [12], reciprocating compressors [13], flying drones [14], robotics [15], electric propulsion 

[16], etc.  

In addition, to achieve different torque-speed characteristics for each of the above conduction 

logic, the relative position between the rotating magnetic field of the stator and the rotor field due 

to the permanent magnet is also controlled by the VSI [5]. For this purpose, the phase voltage is 

advanced relative to the rotor poles with a so-called advance in firing angle by simply shifting the 

conduction logics with respect to the rotor position. Three typical schemes of controlling the firing 

angle are considered in this thesis: common operating mode (COM); maximum torque per Ampere 

(MTPA) mode; and maximum torque per Voltage (MTPV) mode. The COM is the simplest control 

method with a fixed firing angle, which achieves the approximation of alignment between the 

phase voltages and the respective back electromotive forces (back EMFs). Specifically, the firing 

angle is fixed at zero in 180-degree operation [5], while it is fixed at 30 degrees with 120-degree 

conduction logic [9]ï[11]. 

Unlike the simple COM without any optimal goals, the MTPA operation maximizes the ratio 

of the motor torque over the stator current amplitude. In other words, this control achieves the 

smallest stator current for a given torque, which in turn reduces the copper losses and increases 

the efficiency. Due to this optimal property, the MTPA is often used with BLDC motor drives in 

electrical vehicles [17]ï[18], blender machines [19], pump applications [20], etc. that operate in 

steady state for a prolong period of time and energy savings are important. 

The MTPV is another well-known control mode. The MTPV also aims at maximizing torque 

during the motor operation. However, it maximizes the torque for a given available dc source 

voltage. Instead of the current, the MTPV fully utilizes the voltage provided by the inverter [5], 
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[21]ï[22], which results in operation over a wider speed range. Compared with the MTPA, the 

MTPV is more advantageous for high-speed applications [23]ï[24]. Another advantage of the 

MTPV is the fast speed response due to the highest torque for a given dc voltage [25]. In contrast, 

the MTPA is known to be slower in response to the load changes [26]. Both MTPA and MTPV 

strategies are commonly incorporated with the pulse-width modulation (PWM) technique to 

effectively adjust the phase voltage of BLDC motors, when the input dc voltage of the VSI is 

constant [5]. 

 

1.2 Motivation  

Considering the optimal properties, the MTPA and MTPV operations are to be properly 

incorporated with different conduction switching schemes. Previously, analytical and numerical 

methods have been developed for the 180-degree and 120-degree operations, respectively. 

However, several problems commonly exist in the most practical implementations of the MTPA 

and MTPV methods, which makes their operation not optimal. Some major challenges are 

identified and listed in this thesis.  

Firstly, aiming at different optimization goals, the MTPA and MTPV achieves different 

machine performances. The MTPA is typically adopted because of its high efficiency, while it is 

not suitable for applications with high-speed operation or requirement of fast dynamic response 

due to its relatively low voltage utilization. Meanwhile, the MTPV operation has demonstrated 

advantages in terms of high-speed operation and fast speed response, but it has degraded the 

steady-state efficiency. To utilize the advantages of both methods and achieve a wide operating 

range of speed, the controllers have been developed to allow the MTPA operation in the low-speed 

range while switch to MTPV method at high speed [27]ï[31]. This type of combined strategy has 
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become a typical method for applications with wide-speed ranges. However, there is seldom 

consideration for another type of combination which achieves the high efficiency as the MTPA 

and the fast dynamic response as the MTPV. With full utilization of these two properties, the 

machine performance is expected to be further improved. 

Secondly, the 120-degree commutation applies non-complementary switching, which indicates 

that both transistors in the same phase leg are turned off twice for 60-degree intervals per 

revolution. Meanwhile, with the present of the stator inductance, the phase current cannot turn zero 

instantaneously. Instead, the phase current gradually goes to zero with a period referred to the 

commutation interval [9]ï[10]. The length of commutation interval depends on machine 

parameters (i.e. time constant) and operating conditions [10], which varies the voltage waveforms 

and makes the derivation of the explicit analytical equations difficult (if not impossible). 

Meanwhile, the conventional control which achieves the approximation of the MTPA in COM can 

result in an operating point far away from the optimal due to the commutation process. To restore 

the MTPA optimal operation, some numerical methods have been developed. One of the most 

commonly adopted strategies is to control the stator currents based on the corresponding equations 

with respect to the desired torque [32]ï[37]. Specifically, for Hall-sensor-controlled BLDC motors 

with round (non-salient) rotors, a proportional-integral (PI) controller is adopted in [37] to fix the 

current component along the d-axis of rotor reference frame at zero. However, the controller 

developed in [37] introduces high-order filter to reduce the current harmonics, which increases the 

complexity. Another type of MTPA methods is to directly eliminate the angle difference between 

the stator current and the back EMF by either measuring [38] or estimating this angle difference 

based on analytical equations [39]ï[40]. Nevertheless, the existing implementations of the MTPA 

operation increases the complexity and the cost by including either long equations or additional 
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measurements. Therefore, a computationally-efficient, and simple and straightforward to 

implement method is very desirable. 

As for the MTPV operation, this method is seldom applied for BLDC motors with 120-degree 

switching logic. Since for the 120-degree switching logic the commutation angle is operating-

point-dependent and there is no explicit analytical expression for it, it becomes challenging to 

develop an analytical expression for the MTPV operation as well. In the literature, only a few 

numerical strategies have been developed for PMSMs. The strategies could be classified into the 

methods based on analytical approximations [27]ï[31], [41]ï[44] and the methods based on 

lookup tables (LUTs) [45]ï[47]. The former ones derive the analytical current equations by 

applying voltage and current limits [41]ï[42]. Subsequently, the current expressions could be 

utilized in current regulators [43]ï[44] or vector current controllers (which are more common) 

[27]ï[31]. As for the methods based on LUTs, the current values could be obtained from a table 

of pre-collected data (from detailed simulations or hardware experiments), which removes the 

calculation errors and reduces the computational burden for the microprocessor [45]. Considering 

the optimal properties, MTPV is highly desirable to be extended to the BLDC drives with 120-

degree commutation to achieve the highest torque utilization, especially for high-speed operation. 

Thirdly, a recent attention has been given to switching methods with the conduction angles 

other than conventional 120 and 180 degrees. For example, 150-, 160-, and 165-degree 

commutation schemes have been proposed and shown to reduce the torque ripple and current 

harmonics when compared with the 120-degree operation [48]ï[51]. Studies have also been carried 

out in [52] to investigate the performance and voltage waveforms with conduction angles up to 

168.75 degrees. These switching logics could be extended to achieve any conduction angles 

between 120 and 180 degrees. Specifically, with the increase of the conduction angle, the 
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increasing trend of ac phase voltage is observed in [51]. Therefore, operating with the extended 

conduction angle provides a feasible scheme for voltage adjustment on top of the conventional 

PWM. However, many of the previous studies have been carried out without the MTPA control, 

and the corresponding results may not be optimal ones. Instead, it is always very desirable to 

maintain the optimal operation during the voltage adjustment, and this point has not been addressed 

in the prior literature. Therefore, it is crucial to consider the MTPA method for the extended 

switching logics. Similar to the 120-degree operation, any extended switching logic will also apply 

non-complementary switching of transistors and be subjected to the operating-point-dependent 

commutation intervals.  

 

 

1.3 Research Objectives 

This thesis is focused on the challenges in achieving the MTPA and MTPV controls of BLDC 

motors with different conduction switching logics: (1) to achieve both advantages of high 

efficiency as the MTPA and fast dynamic response as the MTPV, a hybrid MTPA/MTPV control 

is to be proposed for the 180-degree operation; (2) to reduce the computational cost and remove 

additional measurements, simple and straightforward numerical implementations of the MTPA 

and the MTPV are proposed for the 120-degree operation; (3) the extended switching logic with 

conduction angles between 120 and 180 degrees is developed for voltage extension while ensuring 

the MTPA optimal property. The details of the objectives are summarized as below: 
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1.3.1 Objective I: A Hybrid MTPA/MTPV control of BLDCs operating with 180 -

degree switching logic 

So far, simple and explicit equations for calculating the firing angles to achieve the MTPA and 

MTPV operating strategies have been well-known for BLDC motors operating using 180-degree 

switching logic [5]. Based on these equations, this thesis aims to develop a hybrid MTPA/MTPV 

control scheme to fully exploit the advantages of both MTPA and MTPV methods. The goal of 

this scheme is to smoothly switch between these two methods based on the operating conditions. 

Specifically, during steady-state operation, the MTPA should be adopted due to its high efficiency 

and reduced losses optimal property, which can save the energy in the long term. However, to fully 

exploit the torque capability and achieve faster dynamic response, the controller should convert to 

the MTPV operation in transients. This objective will achieve the energy savings in the long-term 

during steady state as well as achieve fast dynamic response due to higher available torque during 

transients. 

 

 

1.3.2 Objective II: MTPA and MTPV control of BLDC motors with 120 -degree 

switching logic 

For BLDC motors operating with 120-degree switching logic, it is difficult to derive analytical 

equations for the firing angle corresponding to the MTPA and MTPV schemes due to the 

operating-point-dependent commutation interval [10]. This Objective aims to develop effective 

numerical approximations and implementations of the MTPA and MTPV schemes that improve 

upon the conventional control methods which neglect the commutation phenomena and impact of 

motor parameters.  
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Specifically, the MTPA strategies presented in the prior literature have increased the 

computational complexity of control algorithms by requiring solutions of large equations and/or 

increased the cost by requiring additional measurements. This research Objective aims to develop 

a simple and computationally efficient method to restore the MTPA operation with 120-degree 

switching logic. Additionally, to reduce the computational cost and simplify the controller, the 

methods based on lookup tables may be considered to fix the gap and develop an effective MTPV 

strategy for BLDC operating in 120-degree commutation.  

 

 

1.3.3 Objective III: Generalizing the conduction switching scheme for extended voltage 

under the MTPA operation  

In this Objective, an innovative extended conduction switching scheme with a conduction angle 

between 120 and 180 degrees is developed. By increasing the conduction interval beyond 120-

degree, the motor phase voltage tends to increase [51]. Therefore, operating with an extended 

conduction angle provides a voltage extension above the conventional 120-degree operation with 

PWM. Operation in extended voltage range is expected to reduce the torque ripple, current ripple, 

and iron losses caused by the PWM [53]. Meanwhile, the MTPA implementation in Objective II 

should be extended to incorporate the generalized switching logic over the entire range of voltage. 

This control scheme should be discretized and implemented in a digital signal processor (DSP). 
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1.4 Platforms for Verification  

For the purpose of conducting steady-state and transient studies to verify the proposed control 

schemes, simulations and hardware experiments are conducted as needed in each case. In this 

thesis, the simulations are built in MATLAB/Simulink [54]. Therein, the circuit toolbox SimScape 

Electrical [55] is used for implementing the detailed switching model of the VSI with parameters 

listed in Appendix 1.4. This toolbox is widely used by engineers and researchers in the industry 

and academia for accurate detailed simulations of power-electronic-based systems. Specifically, 

its VSI model could properly simulate the detailed operation of each transistor and automatically 

include the effect of conduction and commutation [56]. For the purpose of generality and flexibility 

of defining the parameters, the PMSM is modelled separately using conventional Simulink blocks. 

For many of the studies presented in this thesis, a typical industrial BLDC motor with parameters 

listed in Appendix A.1 has been considered. Other motors with diverse parameters have been 

considered as well to verify performance of the proposed control algorithms under various 

operating scenarios. Generally, the results of detailed simulations of BLDC motor-drive systems 

may be considered acceptable for verification of control schemes, since such models have 

relatively good accuracy and agreement with experimental prototypes as has been demonstrated 

in [10].  
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Figure 1.1 Experimental setup of the BLDC motor drive system in UBC lab Kaiser 3085-B. 

 

For the hardware experiments, a setup shown in Figure 1.1 has been considered. The setup 

includes a voltage-source inverter board (DRV8301-HC-EVM) controlled by a microcontroller 

(TMS320F28035); a BLDC motor; a dc dynamometer which provides a mechanical load; a dc 

power supply; and a computer data acquisition system for recording measurements and subsequent 

analysis. The details including the layout, functional block diagram and schematic of the VSI 

boards are listed in Appendix D. Additionally, the BLDC motors model 86EMB3S98F, model EC 

167131, and model JK80BLS02 are considered. The details are shown in Figures 1.2ï1.4 and their 

parameters are listed in Appendix A.1ï3, respectively. These three BLDC motors are typical 

industrial motors and have many applications such as water pumping systems [11], reciprocating 

compressors [13], industrial automation and robotic applications [57], etc. 
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Figure 1.2 Arrow precision brushless dc motor (Model 86EMB3S98F) considered in studies. 

 

Figure 1.3 Maxon precision brushless dc motor (Model EC 167131) considered in studies. 

 

Figure 1.4 JKONG brushless dc motor (Model JK80BLS02) considered in studies. 
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Chapter 2:  A Hybrid MTPA/MTPV  Strateg y 

for  BLDC  Motors  with 180 -Degree Operation  

 

The BLDC motors with inverter operating under the 180-degree conduction mode apply 

complementary switching logic to the transistors in the same phase leg, which results in the typical 

six-step voltage waveforms and continuous currents [5]. Moreover, with the known pattern of 

phase voltages, simple and straightforward equations for the MTPA and the MTPV strategies have 

been investigated and developed in the literature [5]. Aiming at different optimization goals, the 

MTPA and MTPV strategies result in different torque-speed characteristics. The MTPA achieves 

high efficiency in steady state, but does not fully utilize the torque capability during transients. 

Meanwhile, the MTPV allows faster dynamic response, but degrades the efficiency in steady state 

conditions. To fully exploit the advantages of both methods, this chapter proposes a novel hybrid 

control scheme which utilizes the MTPA or the MTPV method based on the operating conditions. 

Specifically, during a steady-state operation, the MTPA is adopted due to its higher efficiency, 

while the controller converts to the MTPV during transients to fully exploit the torque capability 

and achieve faster dynamic response. The proposed hybrid control method is demonstrated through 

simulations and is verified to achieve high efficiency in steady state (similar to MTPA) and fast 

dynamic response (similar to MTPV). 
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2.1 Operation of BLDC Motors with 180-Degree Switching Logic  

 

A typical Hall-sensor-controlled BLDC motor drive system considered in this thesis is depicted 

in Figure 2.1. Therein, a permanent magnet synchronous machine (PMSM) is driven by a voltage-

source inverter (VSI) whose six switches (transistors 1S  through 6S ) are commutated based on the 

rotor position rq . The rotor position angle is estimated using the three Hall-effect sensors depicted 

in Figure 2.1 as 1H , 2H  and 3H , respectively. The Hall sensors produce logical 0 or 1 depending 

on whether a sensor is under North or South rotor pole, respectively. The Hall sensor signals are 

denoted by variables 1h , 2h  and 3h , which are used to estimate the angular position Ĕq. This 

position estimates the summation of the rotor angular position rq  together with the physical shift 

of the Hall sensors vf which is also referred as the advance in firing angle. To further flexibly 

adjust the firing angle, a compensation of firing angle defined as vfD  is added with the estimated 

position Ĕq. Then, the compensated angle 'q is used to determine the switching of the six switches 

based on the pre-defined commutation logic table. Specifically, different commutation logics could 

be developed by specifying the transistor conduction angle conD  (e.g., the conventional 180-degree 

operation is with 180conD = )̄. It is also possible to control the effective dc voltage from a fixed 

dc voltage supply dcV  by incorporating the PWM in the commutation and adjust the corresponding 

duty cycle 
pwmd . For the purpose of analysis and design of control schemes, a detailed model of 

the BLDC motor drive system [10] has been developed. 

 



 

14 

a cb

+

C
o
m

m
u
ta

ti
o
n

lo
g

ic Vdc

S1 S2 S3

S4 S5 S6

+
ibsvbs

ias ics

vas vcs

Hall sensor

outputs

as'

as

bs'

cs

bs

cs'

H1

h1

h2

h3
H2

H3

Advance in firing angle

idc

as-axis

cs-axis

bs-axis

q-axis

d-axis

0

1

120°

180°Dcon

dpwm

Position

estimation

+

+

-

-ɗ

vʟ ȹ

vʟ 

vʟ 

vʟ 

ɗr

ɤr

ɗ'

 

Figure 2.1 A voltage-source-inverter-driven BLDC motor controlled by Hall -effect sensors. 

 

 

2.1.1 Modelling of the PMSM 

For consistency with [10], the model of the PMSM is developed with the following 

assumptions: (a) the effect of saturation is negligible; (b) the eddy currents and hysteresis losses 

are negligible; (c) the rotor is round (non-salient); and (d) the back EMFs are sinusoidal. Hence, 

the stator voltage equation in phase coordinates can be expressed as 

 abcs
abcs s abcs

d

dt
= +

ɚ
v r i ,  (2.1) 

where [ ]
T

abcs as bs csf f f=f  and f  may represent voltage, current or flux linkage. The stator 

resistance matrix is 



 

15 

 [ ]s s s sdiag r r r=r .  (2.2) 

The flux linkage equation is 

 abcs s abcs m'= +ɚ L i ɚ .  (2.3) 

where the inductance matrix and rotor flux are 

 

0.5 0.5

0.5 0.5

0.5 0.5

ls m m m

s m ls m m

m m ls m

L L L L

L L L L

L L L L

+ - -è ø
é ù
= - + -
é ù
é ù- - +ê ú

L ,  (2.4) 

 ( )

( )

sin

sin 2 3

sin 2 3

r

m m r

r

' '

q

l q p

q p

è ø
é ù

= -é ù
é ù+ê ú

ɚ .  (2.5) 

Here, lsL  and mL  are stator leakage and stator magnetizing inductance, respectively; m
'l  is the 

rotor permanent magnet (PM) flux linkage; and rq  is rotor (electrical) angle. Based on (2.1)ï(2.5), 

the phase back EMF voltages are expressed as 

 ( )

( )

cos

cos 2 3

cos 2 3

r

abcs r m r

r

'

q

wl q p

q p

è ø
é ù

= -é ù
é ù+ê ú

e ,  (2.6) 

where rw  is rotor (electrical) speed. Then, a model is established in the qd-rotor reference frame, 

where Parkôs transformation [5]  

 

( ) ( )

( ) ( )

cos cos 2 3 cos 2 3

sin sin 2 3 sin 2 3

1 2 1 2 1 2

r r r

r

s r r r

q q p q p

q q p q p

- +è ø
é ù
= - +é ù
é ù
ê ú

K ,  (2.7) 

is used to transform the stator variables in phase coordinates abcsf  to qd-rotor reference frame 
qdsf  

as 

 ()r

qds s r abcsq=f K f .  (2.8) 
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According to the selection of the rotor reference frame, the d-axis is aligned with the rotor North 

pole. Hence, the transformed back EMFs 
qdse  can be expressed as 

 ,       0qs r m dse ' ewl= =.  (2.9) 

Subsequently, the stator voltage equations are written as [5] 

 
qs

qs s qs ss r ss ds qs

di
v r i L L i e

dt
w= + + +,  (2.10) 

 ds
ds s ds ss r ss qs

di
v r i L L i

dt
w= + - ,  (2.11) 

where 1.5ss ls mL L L= +  is the stator self-inductance in qd-coordinates. For a round-rotor machine 

with P poles, the electromagnetic torque is calculated as 

 
3

4
e m qs

P
T ' il= .  (2.12) 

In this thesis, it is also assumed that the mechanical subsystem is composed of a single rigid 

body with the moment of inertia J (combined rotor and load inertia). The dynamics of the 

mechanical subsystem can be expressed as 

 ( )
2

r
e m

d P
T T

dt J

w
= - ,  (2.13) 

 r
r

d

dt

q
w= ,  (2.14) 

where mT  is the load mechanical torque including friction. 

2.1.2 Modelling of VSI with 180-Degree Conduction Logic 

For BLDC motor drives, the switching of the six inverter transistors in Figure 2.1 could be 

determined based on the 180-degree conduction logic depicted in Figure 2.2. Here, the discrete 

switching logic of each transistor is determined according to the compensated angular position 'q, 
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which is defined with the position estimated from the Hall signals Ĕq and the firing angle 

compensation vfD  as 

 Ĕ
v'q q f= +D,  (2.15) 

From Figure 2.2, each of the transistor is observed to conduct 180 degrees per electrical cycle, 

and thus, the conduction duration denoted by conD  equals to180 degrees. Since the VSI is supplied 

from a fixed dc source with voltage dcV , the phase voltage is additionally modulated using PWM, 

as is also depicted in Figure 2.2. Changing the duty cycle of the PWM denoted by 
pwmd , the root-

mean-square (RMS) value of the phase voltages is also changed enabling effective voltage control 

of BLDC motors. 
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Figure 2.2 Typical commutation logic of the six-step 180-degree VSI operation with PWM. 

 

2.1.2.1 Position Estimation 

The estimated position Ĕq in (2.15) to construct the commutation logic is the estimation of the 

angular position denoted by 

 r vq q f= + ,  (2.16) 
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It could be estimated based on the signals coming from the Hall-effect sensors, which output 1s 

and 0s based on the position of the rotor magnetic poles [5], as depicted by Figure 2.3(a).  

To estimate the position efficiently, the Hall state integer variable sh  is defined by combining 

the Hall sensor outputs as [58] 

 1 2 34 2sh h h h= + +.  (2.17) 
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Figure 2.3 Signals assuming standard Hall sensors: (a) Hall-sensor outputs, (b) Hall state integer, and (c) 

quantized position and estimated position. 

 

Assuming the standard Hall sensor outputs, this state integer changes with the switching interval 

I-II -III -IV-V-VI -I as the sequence 4-6-2-3-1-5-4 shown in Figure 2.3(b). At each step transition of 

the state integer sh , the angular position could be updated. The obtained position is quantized as 

depicted in Figure 2.3(c). In practice, the values of the previous state and the current state are 

compared with the expected sequence to avoid any invalid updates caused by Hall signal errors. 
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Assuming that at the nth step transition of the Hall state, the time instance is nt  and the quantized 

position is ()H ntq , the rotor speed can be estimated as 

 
() ( )1

1

Ĕ( )
H n H n

r n

n n

t t
t

t t

q q
w -

-

-
=

-
.  (2.18) 

Then, the position angle q between nt  and 1nt +  [exemplified in switching interval V of Figure 

2.3 (c)] at the point m  can be approximately predicted based on the estimated speed as 

 () () 1
Ĕ Ĕ( ) ,        

m

n

t

m H n r n n m n
t

t t t dt t t tq q w += + ¢ ¢ñ .  (2.19) 

where mt  is the time instant of point m . Practically, the estimated speed (2.18) and its integral 

(2.19) are reset at every update of the quantized position (at every switching interval). The 

estimated angular position Ĕq is depicted in Figure 2.3(c) (superimposed with the quantized 

position). Therefore, the rotor angle may also be calculated from the estimated position with the 

physically shifted angle of Hall sensors by 

 () ()Ĕ
r m m vt tq q f= -.  (2.20) 

 

2.1.2.2 Average-Value Modelling of 180-Degree Conduction Logic 

With the estimated position (2.19) and (2.20), the discrete operations of individual inverter 

transistors in Figure 2.1 could be determined based on the logic depicted in Figure 2.2. For the 

analysis of controller performance considered in this section, it is sufficient to focus on the slower 

dynamics. In the so-called average-value models, the effect of fast switching is averaged-out 

(neglected) using the fast averaging defined as  

 () ()
1

,       
3sw

t

sw
t T

sw r

f t f d T
T

p
x x

w-
= =ñ ,  (2.21) 
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where f  represents the average value of the variable f , and swT  is equal to one switching interval 

of the inverter (numbered as IïVI in Figure 2.3).  

With the six-step 180-degree operation (shown in Figure 2.2), the average values of the stator 

qd voltages can be obtained as [10] 

 
2 2

cos cosr

qs pwm dc v dc vv d V ' v 'f f
p p
= = ,  (2.22) 

 
2 2

sin sinr

ds pwm dc v dc vv d V ' v 'f f
p p

=- =- ,  (2.23) 

where dcV  is the fixed input dc voltage of the inverter, dcv  is the effective average value of the dc 

voltage, and v'f  is the total firing angle (i.e. the compensated firing angle) defined as physical 

firing angle with its compensation as 

 v v v'f f f= +D.  (2.24) 

The overall average-value model of the BLDC system can be obtained using (2.9)ï(2.14) where 

the stator voltages 
qsv  and 

dsv  in (2.10)ï(2.11) are replaced with their average values from (2.22)ï

(2.23).  

For a typical BLDC with 180-degree operation in COM (i.e., the advanced firing angle is fixed 

at zero), the voltage and current waveforms obtained from the detailed model as well as the 

average-value model are shown in Figure 2.4. From the detailed model, the six-step voltage 

waveform and continuous current can be observed, which are consistent with the typical 

waveforms shown in the literature [10]. Meanwhile, the results from the average-value model are 

aligned with those obtained from the detailed model, while the fast-switching details are neglected. 

The average-value model predicts the performance of BLDC motor in this mode of operation very 

effectively and numerically efficiently. 
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Figure 2.4 Typical waveforms of BLDC motors with 180-degree commutation in COM: (a) phase voltage, and 

(b) phase current. 

 

 

2.2 Classical MTPA and MTPV Strategies 

In COM, the advanced firing angle is fixed and could be properly incorporated into the 

switching logic by simply adjusting the physical position of the Hall sensors while fixing the firing 

angle compensation at zero. For 180-degree operation, this physical shift is generally fixed at 0 

degree. However, for MTPA and MTPV operations which may be more desirable, the firing angle 

needs to be adjusted with respect to different operating strategies [5] and the compensation is no 

longer zero. To effectively incorporate the changing firing angle with the fixed shift of the Hall 

sensors, a non-zero compensation angle vfD  is added to the estimated angular position Ĕq (shown 

in Figure 2.1).  
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2.2.1 MTPV Operation 

Maximum torque per voltage (MTPV) control aims at maximizing the electromagnetic torque 

for a given dc voltage. To obtain the firing angle that results in this maximization of torque, the 

partial derivative of torque with respect to v'f  is first obtained and then set to zero. For the purpose 

of deriving the expression of torque with respect to the advanced firing angle, the steady state 

voltage equations are first obtained from (2.10) and (2.11) by setting the current derivatives to zero 

as 

 
qs s qs r ss ds qsV r I L I Ew= + +,  (2.25) 

 
ds s ds r ss qsV r I L Iw= - .  (2.26) 

From (2.9) and (2.25)ï(2.26), the steady state q-axis current could be expressed as 

 
2 2 2
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+
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According to (2.12), the steady state torque is proportional to the q-axis current as 
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+
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Here, the voltages could be replaced with their average values in (2.22) and (2.23). Subsequently, 

the averaged steady state torque is as 
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The partial derivative of (2.29) with respect to v'f  is  
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Setting (2.30) to zero, one can obtain the optimal angle MTPVv'f f=  as [5] 

 
1

MTPV tan r ss
v

s

'
L

r
f

w
f -å=

õ
= æ ö

ç ÷
.  (2.31) 

Additionally, to maintain the desired speed 
*

rw , the average dc voltage dcv  could be adjusted 

by controlling the PWM duty cycle 
pwmd  (e.g., through a PI controller). The schematic diagram of 

the MTPV control method is shown in Figure 2.5. Therein, the total firing angle for MTPV 

MTPVv'f f=  is calculated using (2.31) based on the estimated speed from (2.18). Then the angle of 

compensation vfD  could be obtained by deducting the shift of Hall sensors vf from the total firing 

angle. Meanwhile, the estimated speed Ĕrw  is regulated to the speed setpoint 
*

rw  by a PI controller 

through adjusting the effective dc voltage, which is done by properly adjusting the duty cycle of 

the PWM. 
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Figure 2.5 Diagram of the MTPV control method.  

 

 

2.2.2 MTPA Operation 

In the maximum torque per Ampere (MTPA) control, the ratio of the motor torque over the 

stator current amplitude is maximized. Equivalently, the stator current is minimized for a given 
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torque, which reduces the copper losses and increases the efficiency. For the round machines, this 

is done by controlling the angle v'f  such that the d-axis current of stator dsi  is maintained at zero, 

since dsi  does not contribute to the motor torque according to (2.12). For this goal, the steady state 

d-axis equation is derived from (2.9) and (2.25)ï(2.26) as 
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Here, the voltages could be replaced with their average values in (2.22) and (2.23). Subsequently, 

the averaged d-axis current is as 
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Setting (2.33) to zero, one can obtain 

 
2n

2 2
0cos siss r sdc v dc vs r s mv ' vL r L ''fw w l

p
f

p
- - =.  (2.34) 

Replacing cos v'f  with 21 sin v'f-  according to the Pythagorean identity and reordering the 

equation, a quadratic function with respect to sin v'f  is obtained as 

 

2 2 2 2 2
2

2

2

22
sin s 0in 1

4

s ms r ss r
v v

r s

m

dcs ss dc

r
'

r ' 'L
'

L v L v

w p w
f f

w

p l l+
+ + -= .  (2.35) 

The solution of (2.35) could be determined based on quadratic formula and the optimal angle 

MTPAv'f f=  for the MTPA operation is obtained as  
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where, for simplicity, two intermediate variables have been introduced as 
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The schematic diagram of the MTPA control method is shown in Figure 2.6, where a PI 

controller is used to regulate the estimated speed from (2.18) to the desired speed 
*

rw  by adjusting 

the effective average dc voltage dcv . For the purpose of adjusting dcv , the PWM technique is used 

and the duty cycle of PWM is calculated by dividing the effective dc voltage by the fixed dc supply 

dcV . Meanwhile, the total firing angle for MTPA MTPAv'f f=  is calculated based on (2.36)ï(2.38) 

with the estimated speed from (2.18) and the effective dc voltage from the output of the PI 

controller. Then, the angle of compensation vfD  is obtained by deducting the shift of Hall sensors 

vf from the total firing angle. 
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Figure 2.6 Diagram of the MTPA control method.  

 

 



 

26 

2.3 A Hybrid MTPV -MTPA Strategy 

In the proposed hybrid method, the control dynamically adopts either the MTPV or the MTPA 

depending on the operating condition. In a steady state, the BLDC is operated with the MTPA 

using MTPAf  defined in (2.36)ï(2.38) to increase the efficiency. However, during transients, the 

BLDC is operated with MTPV using the firing angle MTPVf  defined in (2.31) to fully exploit the 

torque capability of the machine for faster transients. The schematic diagram of the proposed 

combined MTPV/MTPA control method is shown in Figure 2.7.  

As shown in Figure 2.7, in order to determine whether the system is in steady state or transient, 

a speed error index is defined as 

 

*

*

Ĕ
r r

r

e
w w

w

-
= ,  (2.39) 

which is the normalized difference between the actual speed Ĕ
rw  and the speed reference command 

*

rw .  
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Figure 2.7 Diagram of the proposed hybrid control method for BLDC motors.  

 

To distinguish between the transient and steady-state operations, as well as enable the transition 

between them, the absolute value of e  is compared with some assumed thresholds (i.e., threshold-

1 and threshold-2, as shown in Figure 2.7, which may be defined for a considered 

electromechanical application and the given BLDC motor). Knowing such thresholds, if the 
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system originally operates in a steady state (switching state denoted as ss is at 1), once the absolute 

value of e  exceeds the threshold-1, a transient can be identified and the state ss is switched to 0. 

Also, if the system operates in a transient (i.e., ss = 0), once the absolute value of e  becomes less 

than the threshold-2, then the system is assumed to reach a steady state and the state ss is switched 

to 1. The proper values for threshold-1 and threshold-2 may be set based on the system parameters 

and dynamic performance requirements. Accordingly, the control logic used to switch between the 

MTPV and the MTPA is based on the system operating conditions as is illustrated in Figure 2.7.  

In each case, the effective dc voltage dcv  is regulated with a PI controller to achieve the desired 

speed, as shown in Figure 2.7. However, it should be noted that the levels of average dc voltage 

required to operate the MTPV and the MTPA are different. In order to achieve the transition 

between MTPV and MTPA, the output of the PI regulator is also compensated as shown in Figure 

2.7. This compensation is needed since for a given operating point defined by the torque and speed 

while driving a particular mechanical load, the average dc voltage dcv  and the corresponding angle 

v'f  would be different for the MTPV and the MTPA operations, respectively. Therefore, a voltage 

compensation dcvD  is introduced to deal with the change in dcv . This value is defined as: 

 ( )c dcdc d v vv v ' 'fD = - ,  (2.40) 

where ( )dc vv 'f  is the average dc voltage corresponding to the current firing angle; dcv'  denotes the 

un-compensated average dc voltage that comes out of the speed regulator, as depicted in Figure 

2.7. This value is assumed to be followed with the firing angle of MTPV, which means the dcv'  is 

corresponding to the average dc voltage operating with MTPV.  

With this definition, the compensation is approximately equal to 0 during the MTPV operation 

and becomes activated during the switch to the MTPA operation. When the steady state is reached 
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and the MTPA method is again enabled, the compensation becomes approximately equal to

MTPA( ) dcdcv v'f - . (The approximation is caused by the low-pass filters and the influenced period is 

relatively short.)  

Since the compensation is only needed during the steady-state operation in MTPA, the steady-

state equations can be considered for evaluating ( )dc vv 'f . Reordering (2.28), the steady state dc 

voltage is expressed as 
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However, the electromagnetic torque is hard to measure from the actual machine. To calculate 

the torque, the dcv'  which is assumed to be with the firing angle of MTPV is considered again. 

Replacing firing angle v'f  in (2.28) with the firing angle of MTPV operation MTPVf , the steady 

state torque in MTPV operation can be expressed as 
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Figure 2.8 Diagram depicting the voltage compensation calculation used in Figure 2.7.  

A diagram depicting the calculation of the average dc voltage compensation is shown in Figure 

2.8. The averaged torque is first calculated using (2.42) with the MTPV firing angle MTPVf  and its 



 

30 

corresponding dc voltage dcv'  (i.e., the output of the PI controller). This equation is also based on 

the rotor speed which could be estimated from (2.18). Then, the obtained averaged torque together 

with the current total firing angle v'f  and the estimated speed are as the inputs of (2.41). The 

compensated dc voltage is obtained and the compensation could be further calculated by deducing 

the dc voltage directly from the PI controller. The effective dc voltage is then adjusted accordingly 

by changing the duty cycle of the PWM. 

In order to avoid sudden changes in the firing angle values and the average dc voltage 

commands, which may cause spikes in the torque, the lower-pass filters (LPFs) are utilized to 

smoothen the transition. The LPFs used in this paper are assumed to be of the following form 

 
1

LPF( )
1L

s
st

=
+

,  (2.43) 

where Lt  is the time constant. For better performance, similar to different threshold-1 and 

threshold-2, different time-constants 1Lt-  and 2Lt-  are used depending on whether the transition is 

from the MTPA to the MTPV, or from the MTPV to the MTPA, respectively, as shown in Figure 

2.7. 

2.4 Computer Studies 

Here, performance of the proposed hybrid control method is verified against the conventional 

MTPV and MTPA techniques, as well as the COM where the advanced firing angle is set to 0 (i.e., 

0v v'f f= = ¯). For this purpose, the system depicted in Figure 2.1 has been implemented in 

MATLAB/Simulink in full detail with the subject BLDC motor (with parameters listed in 

Appendix A.1). The controller parameters have been tuned properly and their values are 

summarized in Appendix B.1. Specifically, the speed PI controller is tuned to make the closed-

loop step response critically damped/overdamped. Also, in the following computer studies, the 
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load mechanical torque is assumed to be quadratic with respect to the rotor speed, as 
2

1m m rT K w=  

(as listed in Appendix C.1).  

First, it is assumed that the system is initially operating in a steady state at operating point A 

with 
* 600rad/srw=  (machine speed n =1432.39 rpm). Then, at t = 3.3s, the rotor speed command 

is stepped up to 800rad/s (n = 1909.86 rpm). After a short period of transient, the machine reaches 

a new steady-state operating point B. These two operating points are shown in Figure 2.9, based 

on the respective steady-state torque-speed characteristics of the BLDC motor with different 

control techniques. It is important to notice that for a given operating point, the MTPV and the 

MTPA require different average dc voltages, as indicated in Figure 2.9. The transient responses 

observed in several systemôs variables are shown in Figures 2.10ï2.12. 
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Figure 2.9 Steady-state torque-speed characteristics of the BLDC motor assuming MTPV, MTPA, and COM. 

The mechanical load torque characteristic intercepts indicating the considered operating points. 
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As it can be observed in Figures 2.10ï2.12, similar to the MTPV, the proposed method has a 

much faster transient response compared to the conventional MTPA and common mode operation 

(i.e., almost 0.27s vs. 1.04s vs. 1.54s of settling time, respectively). The efficiency of the BLDC 

motor at the two considered operating points using different control methods are summarized in 

Table 2.1. It is also seen in Table 2.1 that, similar to the MTPA, the proposed hybrid method 

achieves significantly higher efficiency compared to the conventional MTPV and common mode 

operation (i.e., 96.86% vs. 15.18% vs. 87.9% at 600 rad/s, and 95.85% vs. 25.27% vs. 77.36% at 

800 rad/s, respectively). It is noted that the significantly lower efficiency of MTPV compared to 

other methods is also expected from Figure 2.10(c)-(d), where the stator current for the MTPV is 

considerably higher than the one with other methods, resulting in increased losses and lower 

efficiency.  
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Figure 2.10 Transient response of the subject control methods when the command speed is increased at t = 3.3s 

for several system variables: (a) mechanical speed, (b) electromagnetic torque, (c) phase current, and (d) root 

mean square of the phase current. 

 

Table 2.1 Efficiency of the BLDC motor with different control methods for operating points A and B 

Operating Point COM MTPV MTPA & Proposed 

A (n =1432.39 rpm) 87.90% 15.18% 96.86% 

B (n = 1909.86 rpm) 77.36% 25.27% 95.85% 
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Figure 2.11 Magnified view of the rectangular in Figure 2.10 for the variables: (a) electromagnetic torque, and 

(b) phase current. 
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Figure 2.12 Transient response of the subject control methods for several system variables when the command 

speed changes at t = 3.3 s: (a) firing angle, and (b) average dc voltage. 
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Overall, it is verified that the proposed hybrid control method of BLDC motors inherits the 

advantages of both the MTPV (in transient) and the MTPA (in steady state) methods and provides 

a practical solution for electromechanical applications that need both fast transient response and 

high steady-state energy efficiency. 
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Chapter 3:  MTP A and MTP V Strategies  of 

BLDCs with 120 -Degree Operation  

Many BLDC motor drive systems are commonly controlled using the 120-degree commutation 

method since this method naturally achieves an approximation of the MTPA operation with the 

common mode of operation. However, due to the winding inductance and commutation process, 

the fundamental component of the phase current will experience some delays, resulting in a sub-

optimal operation that may be especially noticeable for motors with large inductance (and small 

resistance). A simple and direct method to compensate for the operating-point-dependent 

commutation angle has been proposed in this chapter. It is shown that a simple PI-control can be 

used to regulate the averaged d-axis current to zero, which restores the MTPA operation and 

improves the torque-speed characteristic.  

Additionally, to fully utilize the torque capability for a given dc voltage, a straightforward 

MTPV strategy for the 120-degree operation has been developed based on a two-dimensional 

lookup table. The detailed models are simulated in a loop to store the firing angle that results in 

the maximum torque corresponding to different dc voltages and machine speeds. With the pre-

stored table, the firing angle could be adjusted properly for different operating points and better 

torque utilization is shown to be achievable. The proposed MTPA and MTPV schemes are 

demonstrated with detailed simulations of a typical industrial BLDC motor and are shown to be 

effective over a wide range of operating conditions. 
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3.1 BLDC Motors with 120-Degree Conduction Logic 

In this chapter, the BLDC motor drive systems shown in Figure 2.1 is controlled through 

operating the individual inverter transistor based on the 120-degree conduction logic depicted in 

Figure 3.1. Here, the logic is developed with respect to the position 'qwhich is the summation of 

the estimated angle Ĕq from (2.19) and the firing angle compensation vfD  as shown in Figure 2.1. 

In this switching logic, the conduction duration of each transistor is reduced to 120 degrees (i.e., 

120conD = )̄ and both transistors in the same phase leg turn off twice (for 60 degrees each time) 

over one electrical revolution.  

Additionally, to control the effective dc voltage from a fixed dc supply dcV , the 120-degree 

conduction logic is also used together with PWM (e.g., non-complementary and complementary 

PWM mode [59], PWM-ON mode [60]ï[61], ON-PWM mode [60], [62], PWM-ON-PWM mode 

[63], PWM-OFF-PWM mode [64]). Here, the PWM-ON mode is shown in Figure 3.1, wherein 

only one conducting transistor is PWM-controlled for 60 degrees. This strategy is commonly used 

due to its simplicity, low torque ripple, and high dc bus utilization [60]ï[61]. By changing the duty 

cycle of the PWM 
pwmd , the effective dc voltage is changed to dcv and the RMS value of the phase 

voltages is changed as well. 
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Figure 3.1 Typical commutation logic of the six-step 120-degree VSI operation with PWM-ON mode for the 

BLDC motors. 

The voltage and current waveforms obtained for a typical BLDC motor with firing angle fixed 

at 30 degrees and the duty cycle of PWM at 1 is shown in Figure 3.2. It can be observed that one 

switching interval with the time duration swT  consists of two subintervals. For the phase with both 

transistors off, the corresponding phase current firstly approaches to zero with a commutation 

period comt . Afterwards, the other two phases conduct the full current during the conduction 

interval with a length of cond sw comt T t= - . This effect of commutation and conduction could be 

automatically included by the appropriate circuit simulator (e.g., Simulinkôs SimScape Electrical 

[56], PLECS [65], etc.).  
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Figure 3.2 Typical waveforms of BLDC motors with 120-degree commutation in COM: (a) phase voltage, (b) 

phase current. 

 

 

3.2 MTPA Strategies 

For BLDC motors with the 120-degree operation, the waveforms shown in Figure 3.2 is 

influenced by the duration of the commutation interval comt . Depending on machine parameters 

and operating conditions, the commutation interval as well as the averaged voltage equations could 

change dramatically [10]. It becomes difficult to obtain a determined and accurate analytical 

expression of the firing angle for MTPA operation. Instead, the numerical strategies have been 

considered. 

 

3.2.1 Conventional Strategy 

Conventionally, a BLDC motor with 120-degree conduction logic is assumed to achieve a 

build-in MTPA operation in the COM, where the Hall sensors are shifted to achieve a fixed 30-

degree firing angle. Under this condition, the ideal steady-state performance with standard Hall 



 

40 

sensors will be similar to that depicted in Figure 3.3 (assuming phase a as an example). Therein, 

the alignment of the back EMF and the fundamental component of current is approximately 

achieved when the advance in firing angle is 30 degrees. Also, the (preceding) commutation point 

is about 30-degree earlier than the zero-crossing point of the back EMF. However, this is only 

applicable to the BLDC machines with small inductance, which has been commonly assumed in 

previous works [66]ï[68]. 

For BLDC machines with large inductances, the impact of the commutation interval will be 

magnified and the misalignment between the back EMFs and the fundamental components of 

currents can become more significant with the conventional 30-degree firing angle, as depicted in 

Figure 3.4 (see circle).  
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Figure 3.3 Expected operation using conventional MTPA strategy, i.e., in COM (applicable to BLDC motors 

with small inductance): (a) switching signals related to phase a; (b) back EMF; and (c) phase current and its 

fundamental component. 
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Figure 3.4 Expected operation using conventional MTPA strategy, i.e., in COM (applicable to BLDC motors 

with large inductance): (a) switching signals related to phase a; (b) back EMF; and (c) phase current and its 

fundamental component. 

3.2.2 Proposed Strategy 

To eliminate the commutation errors caused by the commutation presenting in conventional 

strategy, a simple and straightforward compensation method is developed in this section. The 

MTPA control aims at maximizing the electromagnetic torque for a given value of phase current 

[5]. According to (2.12), the torque is proportional to q-axis current, while d-axis current does not 

contribute (assuming a round machine). Therefore, for a fixed current magnitude, the 

electromagnetic torque is maximized when the d-axis current is 0. It should be noticed, when the 

d-axis current is zero, the phase current is aligned with the q-axis as well as the back EMF voltage 

which is on the q-axis only, based on (2.9). With this alignment, the maximum current utilization 

will  be achieved. To maintain a zero d-axis current, the advance in firing angle needs to be 

compensated by a proper controller and the compensation is to be incorporated into the 

commutation logic with (2.15) and (2.24). 


