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Abstract

Graph alignment aims at recovering the vertex correspondence between two
correlated graphs, which is a task that frequently occurs in graph mining
applications such as social network analysis, computational biology, etc. Ex-
isting studies on graph alignment mostly identify the vertex correspondence
by exploiting the graph structure similarity. However, in many real-world
applications, additional information attached to individual vertices, such as
the user profiles in social networks, might be publicly available. In this the-
sis, we consider the attributed graph alignment problem, where additional
information attached to individuals, referred to as attributes, is incorpo-
rated to assist graph alignment. We establish both the achievability and
converse results on recovering vertex correspondence exactly, where the con-
ditions match for a wide range of practical regimes. Our results span the
full spectrum between models that only consider graph structure similarity
and models where only attribute information is available.
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Lay summary

Graphs, as the mathematical abstraction of entities and their relationships,
widely appear in data science studies, such as social network analysis, com-
putational biology, etc. In many of these applications, one may observe
graph data about the same group of entities from multiple sources. For
example, in social networks, individuals often maintain accounts on differ-
ent platforms. The social networks obtained from different platforms often
share some structural similarities, because they reflect the same underly-
ing friendship network. Given a pair of such correlated graphs, a natural
question to ask is: can we find the vertex correspondence between them?

In this thesis, we study the graph alignment method, a technique for
finding the vertex correspondence between two correlated graphs. We pro-
pose a random graph model that generates correlated graph pairs with side
information attributed to each vertex. Under our model, we characterize
the information-theoretic limits of exactly aligning those graph pairs.
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Preface

This thesis is a result of the joint work with Dr. Weina Wang and Dr. Lele
Wang. Most of the contents come from the preprint [29]. A shorter version
of this work is published in the 2021 IEEFE International Symposium on
Information Theory.

Dr. Weina Wang and Dr. Lele Wang initially proposed the attributed
graph alignment problem and formulated the attributed Erdés—Rényi pair
model. They provided precious guidance on research directions as well as
academic writing. My contribution to this work includes (1) establishing the
parameter regime where exact attributed graph alignment can be achieved
by the MAP estimator; (2) establishing the parameter regime where no
algorithm guarantees exact alignment; and (3) specializing these regions in
three closely related models: the Erdés—Rényi model, the bipartite model,
and the seeded graph model.
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Chapter 1

Introduction

1.1 Motivation

The graph alignment problem, also known as the graph matching problem or
the noisy graph isomorphism problem, has received growing attention in re-
cent years, brought into prominence by applications in a wide range of areas
[1, 13, 25]. For instance, in social network de-anonymization [15, 21], one is
given two graphs, each of which represents the user relationship in a social
network (e.g., Twitter, Facebook, Flickr, etc). One graph is anonymized
and the other graph has user identities as public information. Then the
graph alignment problem, whose goal is to find the best correspondence of
two graphs with respect to a certain criterion, can be used to de-anonymize
users in the anonymous graph by finding the correspondence between them
and the users with public identities in the other graph.

The graph alignment problem has been studied under various random
graph models, among which the most popular one is the Erdds—Rényi graph
pair model (see, e.g., [4, 23, 27]). In particular, two Erdés—Rényi graphs
on the same vertex set, G and Gg, are generated in a way such that their
edges are correlated. Then GG; and an anonymous version of Gy, denoted
as G, are made public, where GY is modeled as a vertex-permuted Gy with
an unknown permutation. Under this model, typically the goal is to achieve
the so-called exact alignment, i.e., recovering the unknown permutation and
thus revealing the correspondence for all vertices exactly.

A fundamental question in the graph alignment problem is: when is
exact alignment possible? More specifically, what conditions on the statisti-
cal properties of the graphs are required for achieving exact alignment when
given unbounded computational resources? Such conditions, usually referred
to as information-theoretic limits, have been established for the Erdés—Rényi
graph pair in a line of work [4, 5, 23, 27]. The best known information-
theoretic limits are proved in [5, 27], where the authors establish nearly
matching achievability and converse bounds.

In many real-world applications, additional information about the anonymized
vertices might be available. For example, Facebook has user profiles on
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their website about each user’s age, birthplace, hobbies, etc. Such associ-
ated information is referred to as attributes (or features), which, unlike user
identities, are often publicly available. Then a natural question to ask is:
Can the attribute information help recover the vertex correspondence? 1f so,
can we quantify the amount of benefit brought by the attribute information?
The value of attribute information has been demonstrated in the work of
aligning Netflix and IMDb users by [22]. They successfully recovered some
of the user identities in the anonymized Netflix dataset based only on users’
ratings of movies, without any information on the relationship among users.
In this thesis, we incorporate attribute information to generalize the graph
alignment problem. We call this problem the attributed graph alignment
problem.

To investigate the attributed graph alignment problem, we extend the
current Erdés—Rényi graph pair model and we refer to this new random
graph model as the attributed Erdés—Rényi pair model G(n, p;m,q). For a
pair of graphs, G1 and G», generated from the attributed Erdés—Rényi pair
model, each graph contains n user vertices and m attribute vertices (see
Figure [1.1). Here, the user vertices represent the entities that need to be
aligned; while the attribute vertices are all pre-aligned, reflecting the public
availability of the attribute information. There are two types of edges in
each graph, i.e., edges between user vertices and edges between user ver-
tices and attribute vertices. Here, edges between user vertices represent the
relationship between users (e.g., friendship relations in a social network);
edges between user vertices and attribute vertices encode the side informa-
tion attached to each user (e.g., user profiles in a social network). These
two types of edges are correlatedly generated in the following way: for a
user-user vertex pair (i,j), the edges connecting them follow a distribution
p = (p11,P10, P01, P00), Where pi; is the probability that ¢ and j are con-
nected in both G; and G, and p1g, po1, poo represent the three remaining
cases respectively: ¢, 7 are only connected in (G, only connected in Ga, and
not connected in neither G; nor Gs; for a user-attribute vertex pair, the
edges connecting them are generated in a similar way following a distri-
bution ¢ = (q11, ¢10, 901, 900). This random process creates an identically
labeled graph pair (G, G2) with similarity in both the graph topology part
(user-user edges) and the attribute part (user-attribute edges). The graph
(G2 is then anonymized by applying a random permutation on its user ver-
tices and the anonymized graph is denoted as G%. Under this formulation,
our goal of attributed graph alignment is to recover this unknown permuta-
tion from G and GY, by exploring both the topology similarity and attribute
similarity.
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O a
user vertex [
attribute vertex (@)

user-user edge —_—
Q ¢ user-attribute edge ====-.

Figure 1.1: An example of the attributed Erdés—Rényi graph pair. Graph G; and
G+ are generated on the same set of vertices. The anonymized graph G5 is obtained by
applying IT* = (1)(2, 3) only on V. of G2 (permutation II* is written in cycle notation).

1.2 Results Overview

Under our attributed Erdés—Rényi pair model, we use the maximum a pos-
terior (MAP) estimator for aligning (G1, G%), and establish the achievability
and converse results for exact alignment. To get an intuitive understand-
ing of how the existence of attribute information contributes to exact graph
alignment, we present a simplified result by considering a special case that is
typical and interesting in practice. We defer the general result to Section|[2.1]
In most social networks, the degree of a vertex is much smaller than the total
number of users. Based on this observation, we assume that the marginal
edge probabilities are bound away from 1, i.e., 1 — (p11 + p1o) = ©(1) and
1 — (p11 + po1) = ©(1). In addition, two social networks on the same set
of users are normally highly correlated. Based on this, we assume that the
correlation coefficient of user-user edges, denoted as py, is not vanishing,
i.e., pu = O(1). Moreover, we assume that the number of attributes satisfies
m = Q((logn)?). Under these three assumptions, we establish the following
asymptotically matching achievability and converse result as n — co.

e Achievability: If
np11 + mqi1 — logn — oo, (1.1)

then there exists an algorithm that achieves exact alignment with high
probability (w.h.p.)
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e Converse: If
np11 +mqi; — logn — —oo, (1.2)
then no algorithm guarantees exact alignment w.h.p.

Here np1; is the average number of common users between G1 and G9 that
are connected to a identical user vertex, and mgqi; is the average number
of common attributes. Intuitively, the key quantity npi; + mqi1 (average
common vertex degree) quantifies the topology and attribute similarity be-
tween G1 and G3. The above results simply show that if this similarity
measure is large enough, then exact alignment is achievable, or otherwise no
algorithm can exactly recover the true alignment. It is also worth noticing
that the average common vertex degree in attribute, i.e., mqi1 out of the
overall average common vertex degree highlights the extra benefit from at-
tribute information. The achievability and converse results are illustrated
in Figure [1.2]

From the information-theoretic limits we derive for the attributed graph
pair, we could obtain information-theoretic limits on other existing random
graph models as special cases (see Figure . Here, we highlight how our
results, by comparing with the three specialized settings, help answer some
of the existing problems in the graph alignment literature. We defer a more
detailed comparison to Chapter [2.2]

e Specializing our model by setting gog = 1, we remove the effect of the
attribute vertices and get the correlated Erd6s—Rényi graph pair model.
This specialized result recovers the information-theoretic limits on Erd6s—
Rényi graph alignment in [5, 27]. Comparing the specialized and un-
specialized results allows us to quantify the benefit brought by the at-
tribute information.

e Specializing our model by setting p = q, we can then treat the m at-
tribute vertices as pre-aligned user vertices and get the seeded Erdos—
Rényi model. Our specialized results provide information-theoretic limits
on the seeded graph alignment problem.

e Specializing our model by setting pgo = 1, we remove all of the user-user
edges and get the correlated bipartite graph pair model. The specialized
results provide information-theoretic limits on bipartite graph alignment
[3, 24].
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mqia

/Poo =1

e Erd$s—Rényi
Seeded

————— Bipartite

logn + w(1) np11

Figure 1.2: Simplified information-theoretic limits on the attributed Erdds—
Rényi graph pair alignment. The green region in the figure is information-theoretically
achievable, which is specified by condition ; the shaded grey region is not achievable
by any algorithm and is specified by condition . The three lines represent three
specialized settings respectively: (1) the blue line, which corresponds to the correlated
Erd8s-Rényi model, is obtained by setting goo = 1; (2) the yellow line, which corresponds
to the seeded Erdés—Rényi model, is obtained by setting p = q (correspondingly p11 =
g1 in the figure); (3) the red line, which corresponds to the correlated bipartite model,
is obtained by setting poo = 1 The intersections of the lines with the achievable and
not achievable regions give the information-theoretic limits of the correlated Erdés—Rényi
model, seeded Erdés—Rényi model and the correlated bipartite model respectively.
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1.3 Model Formulation

In this section, we describe the attributed Erdés—Rényi graph pair model.
Under this model formulation, we formally define the exact attributed graph
alignment problem. An illustration of the model is given in Figure [1.1].

User vertices and attribute vertices. We first generate two graphs,
G1 and Go, on the same vertex set V. The vertex set )V consists of two
disjoint sets of vertices, the user vertex set V, and the attribute vertex set
Va, 1., V = VyUV,. Assume that the user vertex set V, consists of n
vertices, labeled as [n] = {1,2,3,...,n}. Assume that the attribute vertex
set V, consists of m vertices, and m scales as a function of n.

Correlated edges. To describe the probabilistic model for edges in G
and Go, we first consider the set of user-user vertex pairs & = V, x V, and
the set of user-attribute vertex pairs & = Vy x V.. Then for each vertex
pair e € £ £ £,U&,, we write G1(e) = 1 (resp. Ga(e) = 1) if there is an edge
connecting the two vertices in the pair in Gy (resp. G2), and write G1(e) =0
(resp. Ga(e) = 0) otherwise. Since we often consider the same vertex pair in
both G and G, we write (G1, G2)(e) as a shortened form of (Gy(e), Ga(e)).

The edges of G; and G4 are then correlatedly generated in the following
way. For each user-user vertex pair e € &, (G1,G2)(e) follows the joint
distribution specified by

(1,1) w.p. p11,
1,0) w.p. ,
(G, Ga)(e) = 4 120 WP Po (1.3)
(0 1) W.p. Poi1,
(0,0) w.p. poo,
where p11,p10,Po1, Poo are probabilities that sum up to 1. For each user-

attribute vertex pair e € &,, (G1, G2)(e) follows the joint probability distri-
bution specified by

(1,1) w.p. q,
. (1,0) W.p. 410,
(@160 =1 ) T (1.4)

- qo1,
(0,0) w.p. qoo,

9

where q11, q10, o1, goo are the probabilities and they sum up to 1. The cor-
relation between Gi(e) and Ga(e) is measured by the correlation coefficient
defined as

oe) & Cov(Gi(e), Ga(e))
\/Var[Gl(e)] \/Var[Gg(e)} ’
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where Cov(Gi(e),Ga(e)) is the covariance between Gip(e) and Ga(e) and
Var[G1(e)] and Var[Ga(e)] are the variances. We assume that Gp(e) and
Ga(e) are positively correlated, i,e., p(e) > 0 for every vertex pair e. Across
different vertex pair e’s, the (G1,G2)(e)’s are independent. Finally, remem-
ber that there are no edges between attribute vertices in our model.

For compactness of notation, we represent the joint distributions in

(2.12) and (2.30) in the following matrix form:

p= (pn p10> and q= <Q11 C]10> _
Pbo1  Poo do1  qoo
We refer to the graph pair (Gi,G2) as an attributed Erdés—Rényi pair
G(n,p,m,q). Note that this model is equivalent to the subsampling model
in the literature [23].

Anonymization and exact alignment. In the attributed graph align-
ment problem, we are given (G; and an anonymized version of G, denoted as
GY. The anonymized graph GY, is generated by applying a random permuta-
tion IT* on the user vertex set of GGo, where the permutation II* is unknown.
More explicitly, each user vertex i in Go is re-labeled as I1*(¢) in G%. The
permutation IT* is chosen uniformly at random from &, where S, is the
set of all permutations on [n]. Since G1 and GY are observable, we refer to
(G1,GY) as the observable pair generated from the attributed Erdés—Rényi
pair G(n,p, m,q).

Then the graph alignment problem, i.e., the problem of recovering the
identities/original labels of user vertices in the anonymized graph G5, can be
formulated as a problem of estimating the underlying permutation II*. The
goal of graph alignment is to design an estimator 7(G1, G5) as a function of
Gh and GY to best estimate II*. We say 7(G1, GY) achieves ezact alignment
if 7(G1,G%) = II*. The probability of error for exact alignment is defined
as P(7(G1,GY) # IT*). We say that exact alignment is achievable w.h.p. if
there exists 7 such that lim, . P(7(G1, Gy) # II*) = 0.

1.4 Related Work

The exact graph alignment problem has been studied under various random
graph models. One of the most popular models is the correlated Erdés—
Rényi pair model G(n,p), which generates simple graph pairs without any
side information. Under this model, the optimal alignment strategy, derived
from the MAP estimator, is enumerating all possible permutations in or-
der to make the two graph achieve the maximum edge overlap. While the

7
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optimal strategy is NP-hard, numerous studies have proposed polynomial-
time approaches that exactly solve the graph alignment problem with high
probability [7-9, 19]. Here, we do not attempt to provide further detailed
discussions on efficient algorithms, but focus on surveying the information-
theoretic limits of exact alignment. Currently, the best-known information-
theoretic limits on Erdés-Rényi graph alignment are shown in [5] and [27]
by analyzing error event of the MAP estimator. In particular, both [5] and
[27] prove achievability in the regime n(,/pr1poo — \/p10p01)2 > (2+¢€)logn
using a combinatorial method called cycle decomposition. In [5], the au-
thors further prove that under some sparsity assumptions, the achievability
result can be improved to npi;; > logn + w(1); in [27], the authors prove
that in the symmetric case where p1g = po1, the achievability result can be
extended to n(\/Pr1Poo — \/p10p01)2 > (14 €)logn. Conversely, [5] proves
that exact alignment is not achievable if np;; < logn —w(1) by showing the
existence of isolated vertices in the intersection graph G N Ge; [27] expands
the converse region to n(/p11poo — \/p10p01)2 < (1 —¢€)logn by showing the
existence of permutations that can fail the MAP estimator by swapping two
vertices. From the aforementioned results, we can see that there is a gap
between the achievability and the converse. Closing this gap is still an open
problem in the field.

Recently, there has been a growing interest in studying graph alignment
with side information. For example, in the seeded alignment setting, the
side information appears in the form of a partial observation of the latent
alignment. For the seeded graph alignment problem, there have been a
number of studies concentrating on designing polynomial-time algorithms
with performance guarantees [10, 18, 20]. Some other more general settings
treat any form of side information as vertex attributes and formulate this
as the attribute graph alignment problem [31]. There is a line of empirical
studies on the attributed graph alignment [30-32], yet, to the best of our
knowledge, there is no known result on information-theoretic limits on graph
alignment with attribute information.

1.5 Summary of Contributions

The main contributions of this thesis can be summarized as follows.

1. Model Formulation. We propose the attributed Erdés—Rényi pair
model, which incorporates both the graph topology similarly and the at-
tribute similarity. Such model formulation allows us to align graphs with
the assistance of publicly available side information. Moreover, our model

8
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serves as a unifying formulation in the graph alignment literature and in-
cludes the correlated Erdés—Rényi model, seeded Erd6s—Rényi model and
the correlated bipartite model as its special cases.

2. Information theoretic limits. We establish the achievability and con-
verse results on exactly aligning random attributed graphs, which co-
incide under assumptions that are typical and interesting in practice.
Our results span the full spectrum from the traditional Erdés—Rényi pair
model where only the user relationship networks are available to models
where only attribute information is available, unifying the existing results
in each of these settings.

3. Proof techniques. The proof techniques for the achievability results are
mainly inspired by the previous study on Erdés—Rényi graph alignment
[5]. For the converse result, our proof of the converse first studies the
sharp phase-transition phenomenon on the existence of indistinguishable
vertex pairs, which may of independent interest in research about random
graphs [11].

1.6 Thesis Outline

In this Introduction chapter, we give an overview of our problem formulation,
present a simplified version of our results, and summarize our contributions.
The rest of this thesis is organized as follows: our main results are presented
in Chapter 2 In Chapter we present both the achievability and converse
results on the exact attributed graph alignment. Then, in Chapter [2.2] we
specialize our results into three closely related random graph models, and
compare our specialized results with the best-known results in the literature.
In Chapter |3, we present the detailed proof of the achievability results. In
particular, we derive the general achievability result in Chapter [3.1] and
prove the achievability of the sparse region in Chapter In Chapter 4],
we prove the converse result. In Chapter |5 we summarize several extensions
and potential future directions of our work.



Chapter 2

Main Result

In Chapter we present the achievability and the converse results. Our
achievability results characterize the parameter regime of the attributed
Erdés-Rényi model, under which there exists an algorithm that guaran-
tees exact alignment with high probability; while the converse result shows
the parameter regime, under which no algorithm achieves exact alignment
with high probability. Here, our analysis of both the achievability and the
converse is based on the assumption that we have access to unbounded
computational power and do not require the algorithms to be computa-
tionally efficient. In Chapter we compare our specialized results with
the best-known results on three well-studied models in the graph alignment
literature.

2.1 Achievability and Converse

In this section, we state the general achievability results (Theorem |1| and
Theorem [2) and the converse results (Theorem [3). To better demonstrate
the benefit from attribute information, we also present a simplified version
of the result under some mild and practical assumptions as Corollary
For compactness when present our results, here we define 1, = (v/P11P00—

,/p10p01)2 and 1, = (\/qllqoo — \/q10q01)2. We will use these notations
throughout the thesis.

Theorem 1 (General achievability). Consider the attributed Erdds—Rényi
pair G(n,p;m, q). If

%+mwa—logn:w(1), (2.1)

then the MAP estimator achieves exact alignment w.h.p.

Theorem 2 (Achievability in sparse region). Consider the attributed Erdds—
Rényi pair G(n,p;m,q). If

p=0 (1"5”) : (2.2)

10



2.1. Achievability and Converse

pio +por = O (1(,;”) ; (2.3)
PioPo1r 1
P11Po0 © <(10g")3> ’ (2.4)
npi1 + map, — logn = w(1), (2.5)

then the MAP estimator achieves exact alignment w.h.p.

Theorem 3 (Converse). Consider the attributed Erdds—Rényi pair G(n, p, m, q).
If

np11 + mqi1 — logn — —oo, (2.6)

then no algorithm guarantees exact alignment w.h.p.

To better illustrate the benefit of attribute information in the graph
alignment problem, we present in Corollary (1| a simplified version of our
achievability result by adding mild assumptions on user-user edges moti-
vated by practical applications. This simplified result also makes it easier to
compare the achievability result to the converse result in Theorem |3, which
will be illustrated in Figure [1.2Note that these additional assumptions are
not needed for technical proofs.

In a typical social network, the degree of a vertex is much smaller than
the total number of users. Based on this observation, we assume that the
marginal probabilities of an edge in both G1 and G4 are not going to 1, i.e.,

1= (p11 +p10) = O(1), 1= (p11+po1)=06(1). (2.7)

In addition, two social networks on the same set of users are typically highly
correlated. Based on this, we assume that the correlation coefficient of user-
user and user-attribute edges, denoted as py and p, , are not vanishing, i.e.,

Pu = 6(1)7 Pa = @(1) (2'8)

Corollary 1 (Simplified achievability). Consider the attributed Erd&s—
Rényi pair G(n, p;m, q) under conditions (2.7) and (2.8)). If

np11 + m, —logn — oo (2.9)

then there exists an algorithm that achieves exact alignment w.h.p.
If we further have m = ((logn)?), then the above condition (2.9) becomes

np11 + mqi1 — logn — oo, (2.10)

11
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mqis

0(mg*/?) I

logn — w(1)

logn + w(1) np11

Figure 2.1: Simplified information-theoretic limits on the attributed Erd&s—
Rényi graph pair alignment. The green region is information theoretically achievable

and is specified by condition (2.11); the shaded grey region in not achievable according the

Theorem The gap between the achievability and converse represent gi1 — 1., = O(qf{2).

In particular, this gap is negligible up to £w(1) when m = Q((logn)?), which is the other
simplified case presented in Figure

If m = o((logn)?3), the above condition (2.9) becomes the following.

npi1 + mqi1 — ma, — logn — oo, (2.11)

where a, = q11 — Ya = O(q?{Q).

This simplified achievability and the converse results are visualized in
Figure [2.1. The gap between the achievability and the converse comes from
the difference between mgq;; and mi,. This gap is negligible up to +w(1)
when m = Q((logn)?) (Figure[1.2). Closing the gap for the m = o((logn)?)
case remains an open problem.

2.2 Specialization and Comparison

In this section, we specialize our main results (Theorem |1, Theorem 2| and
Theorem [3) on exact alignment of attributed Erdés—Rényi pair model and
compare them with the best-known results from three closely related graph

12



2.2. Specialization and Comparison

alignment topics: the Erdés—Rényi graph alignment, the seeded Erdés—
Rényi graph alignment and the bipartite graph alignment.

2.2.1 Erd6s—Rényi graph pair

The correlated Erd6s—Rényi pair model G(n, p) is the most commonly stud-
ied setting for graph alignment tasks that consider only graph topology
similarity [4, 5, 7, 23, 27]. This model generates graph pairs that contain
user vertices only. For a pair of graphs GG1, G2 obtained from this model
G(n,p), we use V, to denote their vertex set and [V,| = n. The edges in
G1 and G are jointly generated in the following way: for a pair of users

e € (VQ“), we have

Ww.p. P11,

)
) W.p. Do,
)
)

(G1,Ga)(e) = (2.12)

W.p. Poi,
W.P. Poo-

The anonymized graph GY is obtained by applying a random permutation
IT* on the vertices of Gy directly. This model can be specialized from the
attributed graph pair model by setting the number of attributes m = 0.
For aligning such correlated Erdés—Rényi pair, the best-known information-
theoretic limits are established in [5, 27] and we state the combined results
here for ease of comparison.

Theorem 4 ([5, 27]). Consider the correlated Erdés—Rényi pair G(n,q).
Achievability:

If
n(y/P11Poo — v/Propor)” > 2logn + w(l), (2.13)

or
pi1 =0 (IO§”> : (2.14)
p1o +po1 =0 (loén) : (2.15)
pupw ~ O () (216)
np11 > logn +w(1), (2.17)

13
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then the MAP estimator achieves exact alignment w.h.p.
Converse:
If there exists a constant € such that

n(y/p1ipoo — v/Propor)” < (1 — €)logn,
or
np1 < logn —w(1),
then no algorithm guarantees exact alignment w.h.p.

To compare our results with the best-known information-theoretic limits
on Erdés—Rényi graph alignment, we first specialize our model to fit the set-
ting in the correlated Erd6s—Rényi pair model. The attributed Erdés—Rényi
pair model G(n, p;m, q) degenerate to the Erdés—Rényi pair model G(n, p)
by removing the attributed vertices. As a consequence of the specializa-
tion, we directly obtain the following achievability and converse result from
Theorem |1, Theorem [2| and Theorem [3. Comparing the specialized results
(Theorem [5) and the best-known results (Theorem [4)), we can see that the
specialized achievability is the same as the best-known achievability, while
the specialized converse is strictly contained by the best-known results in
Theorem 4l

Theorem 5 (Specialization to the correlated Erdés—Rényi pair model).
Consider the attributed Erdés—Rényi pair G(n,p;0,q).
Achievability: If

n(yv/P11poo — v/Propor)” > 2logn + w(l), (2.18)
or
p11=0 (k’i”) : (2.19)
p10 +po1 = O (loén) : (2.20)
0 (1), o
np1; = logn + w(1), (2.22)

then the MAP estimator achieves exact alignment w.h.p.
Converse: If

np11 < logn —w(1),

then no algorithm guarantees exact alignment w.h.p.

14
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2.2.2 Seeded Erd6s—Rényi pair

In the seeded graph model G(n,m,p), a pair of graphs Gi,G2 are gener-
ated from the correlated Erd6s—Rényi pair model G(n + m,p). Then the
anonymized graph G is obtained by applying a random permutation on
the vertices of G2. In addition to knowing G and G, in the seeded graph
setting, we are also given the true alignment on part of the user vertices,
which is known as the seed set Vs. The number of aligned pairs in Vs
is a fixed number m. The seeded alignment problem has been studied
by [15, 17, 18, 20, 28]|H To the best of our knowledge, the best information-
theoretic limits of the seeded alignment problem are given by [20, 26].

Theorem 6 (Best-known information-theoretic limits [20, 26]). Consider
the seeded Erdés—Rényi graph pair G(n,m,p).

Achievability from [20]: Assume that pio = po1, plﬂlpm = 0(1) and (n +
m)pi1 — log(n +m) — co.

1. Suppose that for a fized constant € > 0, we have

)(pn + p10)? <

P11
m

(n+m n+m)'/27¢,

> (TL + m)—1/2+36_
m-+n

Then Algorithm 1 in [20] achieves exact alignment with probability at
least 1 — o(1).

2. Here, we define the constants a,b € (0,1] as

)(pn + p10)?
P11

(n+m =b(n+m)".

Letd = L%J +1 and s = plfjr;oo' Suppose that

s and M S 3001og (n +m)

< ———M— .
~16(2 — s)2 m+n — ((n+m)p1)¢1!

Then Algorithm 2 in [20] achieves exact alignment with probability at
least 1 —4(n +m)~ L.

'In the literature, both random [15] and deterministic [28] seed sets are considered.
Here, we focus on the deterministic seed set setting which is closely related to our at-
tributed Erd6s—Rényi pair model.

15
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3. Suppose for a fized constant € < 1/6, we have

)(pn +]910)2 <(

(n+m
p11

n+m)<,

> (n+m)71+3e'

m-+n

Then Algorithm 8 in [20] achieves exact alignment with probability at
least 1 —o(1).

Achievability from [26] Assume that pi1y = po1, plf’jrlplo =0(1), and ml;%‘))z
o(1).

1. In the regime where mp11 = Q(logn), if for a constant € > 0, we have

(n+m)p11 > (1+¢€)logn,
then the ATTRRICH algorithm in [26] achieves exact alignment w.h.p.
2. In the regime where mp11 = o(logn), if for a constant 7 > 0, we have

np11 — logn = w(1),
2logn
Tlog(p11/(p11 + p10)?)’

mpi1 >

then the ATTRSPARSE algorithm in [26] achieves exact alignment w.h.p.

Converse from [20] Consider the seeded Erdés—Rényi graph pair G(n, m,p).
If

(n+m)p11 <log(n+m)+O0(1), and m = O(n),
then any algorithm fails with probability at least O(1).

To compare the best-known information-theoretic limits of the seeded
Erdés—Rényi alignment with our results, we specialize the attributed Erd6s—
Rényi pair model by setting p = g, where m attribute vertices are pre-
aligned seeds. Notice that a small difference between the G(n, p; m, p) model
and the seeded model G(n, m, p) is that there are no edges between the seeds
in the specialized model but those edges exist in the seeded model. Such
distinction may lead to a difference in the design of seeded graph alignment
algorithms (e.g. algorithms from [20] used seed-seed edges). It turns out
that such seed-seed edges have no influence on the optimal MAP estimators
for the two models, which leads to the next lemma.
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Lemma 1. The information-theoretic limits on aligning the seeded Erdds—
Rényi pair model G(n, m,p) and the information-theoretic limits on aligning
the specialized attributed Erdés—Rényi pair model G(n, p;m,p) are identical.

Proof. See Lemma [6in the Appendix. O

Based on Lemma |1, we directly obtain the achievability and converse
results on seeded graph alignment from Theorems [1}, 2 and [3| by setting
p = q. The specialized achievability and converse results strictly improve
the best known achievability and converse in the literature for seeded graph
alignment.

Theorem 7 (Specialization to the seeded Erdés-Rényi pair model). Con-
sider the attributed Erdés—Rényi pair G(n,p;m,p).
Achievability: If

(n+m)(v/P11po0 — v/Propo1)” > 2logn + w(1), (2.23)
or
pu =0 (), (2.24)
P10 +po1 = O (bén) , (2.25)
piey = O (w) @229
np11 + m(y/pripoo — v/Propo1)” = logn + w(1), (2.27)

then the MAP estimator achieves exact alignment w.h.p.
Converse: If

(n+m)p11 <logn — w(l),
then no algorithm guarantees exact alignment w.h.p.

In particular, for seeded graph pairs that satisfy the two assumptions on
typical social networks (condition 2.7 and (2.8) in Chapter 2.1)), we have the
following achievability and converse results.

Corollary 2. Consider the seeded Erdés—Rényi pair model G(n, m, p) under
conditions (12.7) and (2.8).
Achievability: If

(n+m)p11 > logn + w(1), (2.28)
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then the MAP estimator achieves exact alignment w.h.p.
Converse: If

(n+m)p11 <logn — w(l), (2.29)

then no algorithm guarantees exact alignment w.h.p.

Remark 1. In Corollary 2, we obtain asymptotically tight achievability and
converse results under conditions and (2.8).

Comparison between the achievability results: The achievability result in Corol-
lary |2| strictly improve the best-known achievability results for seeded align-
ment [20, 26]. In the following, we provide a comparison between the achiev-
ability results in Corollary [2| and Theorem 6]

e For algorithms in [20], they all require
(n+m)pur > log(n +m) +w(1),
which is strictly contained by achievability condition
(n+m)p11 > logn + w(1).
To illustrate the strict inclusion, consider the case where

_ log(n+m)
. n4m

, p1o=po1 =0, and m =n’

P11
Then we have (n+m)p1; = log(n+m) < log(n+m)+w(1), which is not
feasible using algorithms from [20]. However, for such choices of p11
and m, we have (n+m)p11 = log(n+m) = log (n + n?) > logn+w(1),
which is feasible according to condition (2.28). Moreover, we have

1—(p11+po1) = 1—(p11+p10) = 1—1031(17;111) = 0O(1) and py = pa = 1,
satisfying conditions and . For later examples illustrating
the strict inclusion, they all satisfy conditions and , which
can be checked following the same verification procedure. In those

examples, we do not repeat such verification steps for compactness.
e For algorithms in [26], the ATTRRICH algorithm requires that
(n+m)p11 > (1+¢€)logn,

which is a strict subset of condition (2.28)). To illustrate the strict
inclusion, consider the case where
logn + loglogn

P11 = and pig = po1 = 0.
n-+m

18
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Then we have (n + m)pi; = logn + loglogn < (1 + €)logn, which is
not feasible using the ATTRRICH algorithm. However, for such choice
of p11, we have (n +m)p11 = logn +loglogn > logn + w(1), which is
feasible according to condition (2.28]).

The ATTRSPARSE algorithm requires that

mp11 — logn > w(1),

which is also strictly covered by our condition (2.28). To illustrate the
strict inclusion, consider the case where

2logn
n-—+m

Then we have mp1; = logn < logn 4+ w(1), which is not feasible using
the ATTRSPARSE algorithm. However, for such choice of p;; and m,
we have (n+m)p11 = 2logn > log n+w(1), which is feasible according

to condition (2.28).

Comparison between the converse results: Our converse result in Corollary
further improves the best-known converse result in [20]. To see this, here
we first simplify the converse result from Theorem [6l Note that under the
condition m = O(n), we have log (n +m) = logn + O(1). Therefore, the
converse condition in Theorem [6]is equivalent to

p11 = , Pro=po1 =0, and m =n.

(n+m)p11 <logn+ O(1), and m = O(n).

Then we can directly see that in the regime m = O(n), our specialized con-
verse condition (n+m)pi; < logn—w(1) implies the converse in Theorem [6].
However, in the m = w(n) regime, Theorem |§| does not provide a condition
for converse, while our converse condition is still valid when m = w(n).

2.2.3 Bipartite graph pair

In the bipartite graph pair model G(n, m, q), each graph contains two disjoint
and independent sets of vertices, i.e., the user vertex set V, and the attribute
vertex set V,. Edges between the two sets of vertices are generated in the
following way: for e € V; X V,

w.p. qi1,
W.p. qio,
W.p. qo1,
W.P. qoo-

(
(G, Go)(e) = E (2.30)
(
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The anonymized graph GY is obtained by applying a random permutation
IT* only on the user vertex set of GGo. The task of aligning such correlated
bipartite graphs can be viewed as a special case of the database alignment
problem, where the entries of the database are assumed to be independently
drawn from the same Bernoulli distribution. [6] provides the best-known
information-theoretic limits. Here, we state in Theorem |8 their results of
this special case.

Theorem 8 (Specialization of Theorems 1 and 2 in [6] to bipartite graphs).
Consider the bipartite graph pair model G(n,m,q).

Achievability:

If

m
-5 log (1 — 2(\/q11q00 — +/q10901)%) > logn + w(1), (2.31)

then there exists an estimator that achieves exact alignment w.h.p.
Converse:

If

m
5 log (1 — 2(\/q11900 — v/@10401)%) < (1 — (1)) logn (2.32)
then any estimator achieves exact alignment with probability o(1).

To compare our results with the best-known database alignment information-
theoretic limits, we specialize the attributed Erdés—Rényi pair model to the
bipartite graph pair by removing all of the edges between user vertices, i.e.,
setting pog = 1. Correspondingly, we obtain the following achievability and
converse results on bipartite graph alignment.

Theorem 9 (Specialization to bipartite graph pair model). Consider the
attributed Erdés—Rényi pair G(n, p;m,q) with poy = 1.

Achievability:
If
m(v/a1q00 — v/@10q01)* > logn + w(1), (2.33)
then the MAP estimator achieves exact alignment w.h.p.
Converse:
If
maqu < logn —w(1), (2.34)

then no algorithm guarantees exact alignment w.h.p.
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Remark 2. The achievability result from [3] contains our specialized
achievability result (2.33). To see this, recall that log(1+z) < z for all z >
—1. Therefore we have —log (1 —2(4/q11900 — \/q10q01)2) > 2(\/q11900 —
\/M)Q, and condition implies condition (2.31]).

Remark 3. Our specialized converse result can slightly expand the
best-known converse regime in (2.32). To give an example of the newly
covered region, consider the case where q11 = ¢s%, go1 = qi0 = ¢s(1 — 5)
and qoo = 1 — q11 — qo1 — quo for some ¢ = o(1) and s = O(1). Here
we show that in this regime implies . By our assumptions on
g, we have (\/q11q00 — /@10q01)> = (1 — o(1))gs® = o(1). For we
have that —2 log(1 — 2(y/q11900 — \/@10901)%) = mgs® — o(mgs?) + ¢*s*(1 —
o(1)) < (1 —Q(1))logn. Thus condition implies that mgs? < (1 —
Q(1))logn + o(mgs?). Here we also get that mgs? = O(logn) and then
we have o(mgs?) = o(logn). Finally, from condition (2.32)), we can derive
mgs? < (1 —Q(1))logn + o(mgs?) < logn — w(1) which is exactly (2.34).
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Chapter 3

Proof of the Achievability

In this chapter, we give detailed proof of the general achievability result
(Theorem (1) and the achievability in the sparse region (Theorem [2). For
both results, we prove by showing that the error probability of the MAP
estimator converges to 0 as the number of users m goes to infinity. For
Theorem (2, we focus on a regime where the edge density is relatively small,
which allows us to obtain a tighter upper bound on the error event, and thus
enlarge the achievable region from Theorem

3.1 General Achievability (Theorem

Here in this proof of the general achievability result, we begin by solving the
exact alignment as an inference problem. To be more specific, the observed
graph pair (G1,G)) are aligned using the MAP estimator, which further
simplifies to a minimum weighted distance estimator (see Lemma [2). This
minimum weighted distance estimator is optimal in the sense that it achieves
the minimum probability of error. Along this line, in Chapter[3.1.2| we prove
our general achievability result by showing that under some conditions on the
attributed graph pairs G(n, p;m, q), the error probability of the minimum
weighted distance estimator goes to 0 as n goes to infinity. To elaborate
on this, in Chapter we obtain a closed-form upper bound of this error
probability using tools from enumerative combinatorics in Lemma |3 which
are inspired by [4, 5]. From the obtained upper bound of error probability,
we finally prove the general achievability result by figuring out sufficient
conditions under which the closed-form upper bounds converge to 0 as n
goes to infinity.

3.1.1 MAP estimation

In this section, we state a simple algorithm derived from MAP estimator,
which is optimal for aligning graphs generated from G(n,p;m,q), and we
defer the proof to Appendix [Al Here we first introduce some basic notation
for graph statistics needed in stating the MAP estimator. For any attributed
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3.1. General Achievability (Theorem

g on the vertex set V,, UV, and any permutation 7 over the user vertex set
Vu, we use m(g) to denoted the graph given by applying 7 to g. For any two
attributed graphs g; and g2 on V, U V,, we consider the Hamming distance
between their edges restricted to the user-user vertex pairs in &, denoted
as

Ag1,92) = > Yagr((4,4)) # g2((6,5)) }; (3.1)

(4,7)€€u

and the Hamming distance between their edges restricted to the user-attribute
vertex pairs in &,, denoted as

Agr.g2) = Y Lai((i,0)) # g2((i, )} (3.2)

(i,v)EEa

Lemma 2 (MAP estimator). Let (G1,G%) be an observable pair generated
from the attributed Erdés—Rényi pair G(n,p;m,q). The MAP estimator of
the permutation IT* based on (G1,GY) simplifies to

imap(G1, GY)

= argmin{wi A" (G, W_I(Glg)) + wa A* (G, W_I(G/Q))}a
TES)

where wy = log (p“poo), = log (q“‘m), and

PpiopPo1 q10901

AN Gy, 7 H(Ge)) = ) L{Gi((4,)) # Ga((m (@), w(5))},

(i.5)€€u
AYGr,mH(GY) = Y H{G((i,v) # Gy((r(i), )}
(i,v)EEa
3.1.2 Proof of the general achievability (Theorem [1)

Theorem 1 (General achievability). Consider the attributed Erdds—Rényi
pair G(n,p;m,q). If

" 4 map, — logn = w(1), (2.1)
then the MAP estimator achieves exact alignment w.h.p.

Proof of Theorem 1. Given the observable pair (G, G}), the error probabil-
ity of MAP estimator can be upper-bounded as

P(fmap(G1, Gy) # 117)
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= Z P(wyap (G, Gb) # o |[IT* = 7*)P(IT* = 7*)

T*ESy
= Z P(imap(G1, Gy) # m*[IT* = 7¥) (3.3)
‘Sn| T*ESn
= P (fmap(G1, Ga) # mia|lI" = miq) (3.4)
= P(mapr(G1, G2) # Tia) (3.5)
< P@Er € S, \ {mia}, 0x(G1,G2) <0), (3.6)

where m;q denotes the identity permutation, and

6+(G1,G2) 2 w1 (AY(G1,7(Ga)) — AY(G1,Ga))
+ ’u}g(Aa(Gl,ﬂ'<G2)) — Aa(Gl, Gg)) (3.7)

Here follows from the fact that II* is uniformly drawn from S,
which implies P(II* = 7*) = 1/|S,,| for all 7*; is due to the symmetry
among user vertices in G and Go; (3.5) is due to the independence between
IT* and (G1, G2); is true because by Lemma mvap(G1, G2) minimizes
the weighted distance, and myap # miq only if there exists a permutation m
such that 7 # mq and 0,(G1,G2) < 0.

Now to prove that implies that the error probability in con-
verges to 0 as n — oo, we further upper-bound the error probability as
follows

P (37‘(‘ €S, \ {Wid},(sﬂ-(Gl, GQ) < 0)

< )T P(5x(G1,G2) < 0) (3.8)
m€Sn\{mia}

=> " ) P(5:(G1,Gs) <0) (3.9)
ﬁ=2ﬂ'€$nﬁ

< D ISnal max {P(3x(G1, G2) < 0)}
n=2 ’

WGSn,fL

< Znﬁ max {P(0-(G1,G2) <0)}.
n=2

Here follows from directly applying the union bound. In , we
use Sy to denote the set of permutations on [n] that contains exactly
(n — n) fixed points. In the example of Figure the given permutation
IT* = (1)(23) has 1 fixed point and (1)(23) € S32. Furthermore, we have
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|Snal = (5) (1) < n™, where !, known as the number of derangements,
represents the number of permutations on a set of size 7 such that no element
appears in its original position.

Now, we apply Lemma (3| to obtain a closed-form upper bound on the
term maxres, , {P(0x(G1,G2) <0)}. Lemmais stated after this proof and
its proof is presented in Chapter With the upper bound in Lemma 3]

we have

P(HT['ES \{Fid} 5 (Gl,Gg) SO)
<Zn (1— 2¢)"

—Z< (1= 200) T (1 - 2¢4) % )n (3.10)

(1 - 2¢a)

For this geometry series, the negative logarithm of its common ratio is

~togn — "2 log (1 2¢4) — 7 log (1 - 2¢)
—logn + ”T*szﬁmzpa (3.11)
— w(1). (3.12)

Here we have ¢, = (/p11poo — v/Piopo1)? < 1/4 and ¢, = (\/qi1qo0 —

V/@10q01)? < 1/4. Therefore, (3.11)) follows from the inequality log (1 + z) <
x for z > —1. Equation (3.12)) follows from condition (2.1) by noting that

Yy, is no larger than 1. Therefore, the geometry series in (3.10) converge to
0 as n — oo. This completes the proof that MAP estimator achieves exact
alignment w.h.p. under condition (2.1)). O

Lemma 3. Let (G1,G2) be an attributed Erdés—Rényi pair G(n,p;m,q).
For any permutation m, let

6:(G1,G2) & w1 (A" (G, 7(Ga)) — AY(G1, Ga))
+ wg(Aa(Gl, F(Gg)) — Aa(Gl, GQ))

Then when w has n — N fized points, we have

P (0x(C1, G2) < 0) < (1 - 2¢00) T (1 —20) %"
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3.1.3 An interlude of generating functions

To prove the upper bound on P(3;(G1,G2) < 0) in Lemma [3, we will use
the method of generating functions. In this section, we first introduce our
construction of a generating function and how it can be used to bound
P(0x(G1,G2) < 0). We then present several properties of generating func-
tions (Facts and [3), which will be needed in the proof of Lemma

A generating function for the attributed ErdSés—Rényi pair. For
any graph pair (g, h) that is a realization of an attributed Erdés—Rényi pair,
we define a 2 x 2 matrix p(g, h) as follows for user-user edges:

Hi1 H10
M h’ - )
ulg,h) (Mm Moo)

where pij = > .ce. 1{g(e) = i,h(e) = j}. Similarly, we define v(g, h) as
follows for user-attribute edges:

Vi1 V10
v(g,h) = ,
(9: 1) <V01 V00>
where v;; = Zeesa {g(e) =1i,h(e) =3}
Now we define a generating function for attributed graph pairs, which

encodes information in a formal power series. Let z be a single formal
variable and  and y be 2 x 2 matrices of formal variables where

r = (9600 9601) and y = <y00 y01> _
10 711 Yo Y11

Then for each permutation , we construct the following generating function:

Alz,y, 2 Z Z 20 (9:0) phu(9:h) g v (9:1) (3.13)
g€{0,1}€ he{0,1}¢

where

n(g,h) A& poo o1 110 H11
z = oo " Tor "L L1l o

v(g,h) & Voo Vo1 V10 V1L
y” Yoo "Yo1 "Yi0 " Y11 -

Note that in the above expression of A(x,y,z), we enumerate all possi-
ble attributed graph pairs (g, h) as realizations of the random graph pair
(G1,G2). For each realization, we encode the corresponding (g, h),v(g, h)
and (g, h) in the powers of formal variables x,y and z. By summing over
all possible realizations (g, h), the terms having the same powers are merged
as one term. Therefore, the coefficient of a term z97xMyY represents the
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number of graph pairs that have the same graph statics represented in the
powers of formal variables.

Bounding P(0,(G1,G2) < 0) in terms of the generating function.
We first argue that when we set € = p and y = q, the generating function
A(p, q, z) becomes the probability generating function of d,(G1, G2) for the
attributed Erdés—Rényi pair (G1,G2) ~ G(n,p;m,q). To see this, note
that the joint distribution of G; and Gg can be written as P((G1,G2) =
(g,h)) = p*9hg¥(@h)  Then by combining terms in A(p, q,z), we have
P(6:(G1,G2) = d) = [29A(p, q, ), where [29]A(p, q, z) denotes the coeffi-
cient of z¢ with [29] being the coefficient extraction operator. We comment
that the probability generating function here is defined in the sense that
A(p,q,z2) = E[z‘s“(Gl’G?)]. Since 0, (G1, G2) takes real values, this is slightly
different from the standard probability generating function for random vari-
ables with nonnegative integer values. But this distinction does not affect
our analysis in a significant way since d,(G1,G2) takes values from a finite
set.

Now it is easy to see that

P(6x(G1,G2) <0) =Y [z A(p, q,2). (3.14)
d<0

Cycle decomposition. We will use the cycle decomposition of permu-
tations to simply the form of the generating function A(x,y, 2).

Each permutation 7 induces a permutation on the vertex-pair set. We
denote this induced permutation as 7€, where 7€ : € — & and 7¢((u,v)) =
(m(u), 7(v)) for u,v € V. A cycle of the induced permutation 7€ is a list of
vertex pairs such that each vertex pair is mapped to the vertex pair next to
it in the list (with the last mapped to the first one). The cycles naturally
partition the set of vertex pairs, £, into disjoint subsets where each subset
consists of the vertex pairs from a cycle. We refer to each of these subsets
as an orbit. For the example given in Figure [1.1], the induced permutation
on & can divide it into 4 orbits of size 1 (1-orbit): {(2,3)}, {(1,a)}, {(1,b)},
{(1,¢)}, and 4 orbits of length 2 (2-orbit): {(1,2),(1,3)}, {(2,a),(3,a)},
{(2,0),(3,0)}, {(2,0),(3,0)}.

We write this partition of £ based on the cycle decomposition as £ =
Uk>10g, where Oy denotes the kth orbit. Note that each cycle consists of
either only user-user vertex pairs or only user-attribute vertex pairs. If a
single orbit O contains only user-user vertex pairs, we define its generating
function on formal variables z and x as

A(’)k (CC, Z) = Z Z zéﬂ(grh)wﬂ(gvh)_

9€{0,1}%k he{0,1}k
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If Ok contains only user-attribute vertex pairs, we define its generating func-
tion on formal variables z and y as

Ao, (y,2) = Z Z 20 (9:h) v (9:h)

9€{0,1}%% he{0,1}%%

Here, we extend the previous definitions of §,, p and v on attributed graphs
to any set of vertex pairs. Let & be an arbitrary set of vertex pairs. Then
we define 8, for any g,h € {0,1}¢ as

h) =wiy  (L{g(e) # h(n®(e))} — L{g(e) # h(e)})
ecE'NEy

+twe Y (Hgle) # h(@®(e)} — UHgle) # hie)}). (3.15)

ecf'NE,

For g, h € {0,1}", we keep u(g,h) and v(g, h) as 2 x 2 matrices as follows:

u(g,h) _ (Mn,/ﬁlo) and u(g, h) _ <V11,V10> 7

o1, 100 Vo1, Yoo

where

Mij = Hij 97 Z 1{9 ( ) .7}7 (316)

ec€'NEy

vy =vis(g: ) 2 S 1{g(e) = i, hle) = j}. (3.17)

ec€'NE,

We remind the reader that by setting the set of vertex pairs £’ to be £ these
extended definitions on d, p and v agree with the previous definition where
g, h are attributed graphs.

Now, we consider the generating functions for two orbits O and Oys. If
the size of Oy equals to the size of Oy and both orbits consist of user-user
vertex pairs, then we claim that Ap, (x,2) = Ao,,(x,2). This is because
to obtain Ap, (x,2), we sum over all realizations g, h € {0,1}%%, which is
equivalent to summing over g,h € {0,1}9 . Similarly, if the size of O
equals to the size of Oy and both orbits consist of user-attribute vertex
pairs, we have Ao, (y,2) = Ao, (y,2). To make the notation compact,
we define a generating function A;(x,z) for size [ user-user orbits and a
generating function A;(y, z) for size | user-attribute orbits. Let &' denote a
general user-user orbit of size [ and &} denote a general user-attribute orbit
of size [. Then

A, 2) & ) > rehgrloh), (3.18)

g€{0,1}0" he{0,1}"

28



3.1. General Achievability (Theorem

PIPEESD SR SRR O] (3.19)

9€{0,1}°1" he{0,1}50

Properties of generating functions. Here we provide some proper-
ties of the generating functions defined above. These properties are mainly
used for upper bounding error probability of the MAP estimator through
probability generating functions.

Fact 1. The generating function A(x,y, z) of permutation 7 can be decom-
posed into

A($7 Y, Z) = H Al($, Z)thl(y, Z)t?a

>1

where t}' is the number of user-user orbits of size I, t7 is the number of
user-attribute orbits of size l.

Fact 2. Let * € R**2 and z # 0. Then for all | > 2, we have Aj(x,z) <
Ag(x,2)7 and A(,z) < Ay(x,2)2.

We refer the readers to Appendix [C| for the proof of Fact [1, and Theo-
rem 4 in [5] for the proof of Fact 2. Combining these two facts, we get

A(mv Y, Z) SAl(wv Z)tlllAl(ya Z)tZli
9 nm—t§

Ao(x,2) 2 Ag(w,2) = . (3.20)

Here, in (3.20), we use t" to denote the total number of user-user pairs and
t" =35, 1 = (5). We have the closed-form expressions for A; and A,

following from their definition in (3.18) and (3.19)

Ai(z, 2) = oo + 210 + To1 + 211, (3.21)
A1(y, 2) = yoo + Y10 + Yo1 + Y11, (3.22)
Az (, z) = (w00 + 10 + To1 + 711)°

+ 2xgoz11 (2290 — 1) + 2x10m01 (27241 — 1), (3.23)
Az(y,2) = (Yoo + Y10 + Yo + y11)°

+ 2yooy11 (2°? — 1) + 2y1001 (2722 — 1). (3.24)

Moreover, we have Fact [3| which gives explicit upper bounds on the coeffi-
cients of a generating function
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Fact 3. For a discrete random variable X defined over a finite set X, let
O(z) £E[ZY] =) P(X =i)7 (3.25)
i€EX

be the probability generating function of X. Then, for any j € X and z > 0,

[27]®(2) < 277 ®(2). (3.26)
For any j € X and z € (0,1],

Z[zi]cp(z) < 2790(2). (3.27)

For any j € X and z > 1,

g [2']®(2) < 277 ®(2). (3.28)
i>;
1€X

Proof. We write p; = P(X = i) in this proof. For any j € X and z > 0, we
have

ZIB(2) = []0(2) =Y _pi T —pj =) pi 7 >0,
i€X itj
iEx

which establishes (3.26).
For any j € X and z € (0,1), we have >, . p; <>, p;z~7. Therefore,
we have

SR = p < pi T <Y g = 202,

i<g ] i<g i€X
ieX ieX ieX

which establishes (3.27)).
For any z > 1 and j € X', we have Zi>j p; < Zi>j pizt 1. Therefore, we
have - -

SR = m <> pi T <Y g = 20 (2),

1> = > ieX
i€X 14 i€X
which establishes (3.28). O
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3.1.4 Upper bound on the error event of MAP (Lemma 3)

Now with techniques about generating functions from last section, we are
ready to prove Lemma

Lemma 3. Let (G1,G2) be an attributed Erdds-Rényi pair G(n,p;m,q).
For any permutation , let

57|-(G1, Gg) é wl(Au(Gl, TF(GQ)) — Au(Gl, GQ))
+ ’U)Q(Aa(Gl, W(Gg)) — Aa(Gl, Gz))

Then when ™ has n — 1 fized points, we have

n(n—2) nm
2

P (57F(G17 GQ) < 0) < (1 - 2¢u) 4 (1 - 277/}21)
Proof. For any m € S, 7» and any z; € (0,1), we have
P (6,(G1,G2) <0)

=Y [z A(p.q,2)
d<0
S Al (pa Z)tlllAl(qa Z)t%
As(p,2) 7 As(g, 2) T (3.30)
< Aa(p,2) T Mg, 2) T (3.31)

In (3.29)), we set z € (0,1), and this upper bound follows from Fact 3. (3.30))
follows from the decomposition on A(p, q, z) stated in Fact Equation

3.31) follows since A;(p, z) = Ai(q, z) = 1 according to their expression in
3.21) and (3.22). To obtain a tight bound, we then search for z € (0,1)
that achieves the minimum of (3.31). Following the definition of As(p, 2) in
and using the inequality a/x + bx > 2v/ab, we have

As(p, 2) = 1+ 2poop11 (22°F — 1) + 2p1opor (27241 — 1)
> 1 —2poop11 — 2p10po1 + 44/Poop11P10Po1

=1 —2(y/poop11 — VPiopor)* £ 1 — 24y (3.32)
Here the equality holds if and only if 2?1 = giégg L. Recall that wy =

log (%). Therefore, A;(p,z) achieves the minimum when z = e~ /4,

Similarly, we have

As(q, 2) = 1+ 2q00q11 (2% — 1) + 2q10q01 (27242 — 1)
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3.2. Achievability in Sparse Region (Theorem |2)

> 1 —2qo0g11 — 2910901 + 4+4/q00911910901
=1—2(y/q00q11 — V/@10q01)” £ 1 — 2¢,. (3.33)

Here the equality holds if and only if 22¥2 = /%. With wy = log (M>,

410901

we have that As(q, z) achieves the minimum when z = e~ Y4, Therefore,
z = ¢~ Y/* minimizes (3.31) and we have
P (6-(G1,G2) <0)
Ut} mn—t§
S (1 —=2¢y) 2 (1 —29¢0,) 2
n(2n—n—2) Am
< (1—20) T (1 — 20) % 3.34)
n(n—2) Aam
<(1—200) 7T (1-20) % (3.35)

In (3.34)), we use the following relations between the number of fixed vertex
pairs t}', t§ and number of fixed vertices 7

n—mn n—n n
<tr < — 3.36
(Pl e
=(n-n)m.
In the given upper bound of ¢}, (";ﬁ) corresponds to the number of user-

user vertex pairs whose two vertices are both fixed under 7, and 5 is the

upper bound of user-user vertex pairs whose two vertices are swapped under
7. In (3.35)), we use the fact that n < n. O

3.2 Achievability in Sparse Region (Theorem

In this section, we prove Theorem [2, which characterizes the achievable re-
gion when the user-user connection is sparse in the sense that py; = 0(105”).
We use R to denote the number of user-user edges in the intersection graph
and it follows a binomial distribution Bin(¢%,p11). In the sparse regime
where p1q = O(lo%), the achievability proof here is different from what
we did in Chapter [3.1. The reason for applying a different proof technique
is that, in this sparse regime, the union bound we applied in Chapter
on P(3r € Sy \ {ma},dx(G1,G2) < 0) becomes very loose. To elaborate on
this point, notice that the error of union bound comes from counting the
intersection events multiple times. Therefore, if the probability of such in-
tersection events becomes larger, then the union bound will be looser. In our
problem, our event space contains sets of possible realizations on (G, G2)

32



3.2. Achievability in Sparse Region (Theorem |2)

and an example of the aforementioned intersection events is { R = 0} which
lays in the intersection of {§,(G1,G2) < 0} for all © € S,,. Moreover, other
events where R is small are also in the intersection of {6,(G1, G2) < 0} for
some 7 € S, and the number of such permutations (equivalently the times
of repenting when apply union bound) increases as R gets smaller. As a
result, if p;; becomes relatively small, then the probability that R is small
will be large and thus union bound will be loose.

To overcome the problem of the loose union bound in the sparse regime,
we apply a truncated union bound. We first expand the probability we want
to bound as follows

P (E|7T S Sn \ {Wid},&F(Gl,Gg) < 0)
=> P (3r € 8y \ {ma},6x(G1,G2) SO[R=7)P(R=r).

r>0

We then apply the union bound on the conditional probability on the error
event P (3r € S, \ {mia}, 0=(G1,G2) < 0|R = r) . As we discussed before, the
error of applying union bound directly should be a function on r. Therefore,
for some small 7, the union bound on P (37 € Sp, \ {mia}, 6-(G1,G2) <O0|R =7)
is very loose while for the other r, the union bound is relatively tight. There-
fore, we truncate the union bound on the conditional probability by taking
the minimum with 1, which is an upper bound for any probability

P (31 € 8, \ {mia}, 6(G1, G) < O|R = 1)

=min{l, Y P(6:(G1,G2) <OR=r)}.
€S \{mia}

Through such truncating, we avoid adopting the union bound when it is too
loose and obtain a tighter bound. For example, given that R = 0, we have
P(6:(G1,G2) <0|R=0) =1 for all 7 € S,,. Thus, by using the truncated
union bound, we obtain 1 as a the upper bound instead of (n! —1). Overall,
the key idea of our proof is first derive P (0,(G1,G2) < 0|R = r) as a function
of r and then apply the truncated union bound according to how large this
conditional probability is. This idea is inspired by [5] and is extended to
the attributed Erd6s—Rényi pair model. We restate the lemma to prove as
follows.

Theorem 2 (Achievability in sparse region). Consider the attributed Erdds—
Rényi pair G(n,p;m,q). If

p=0 (1"5”) : (2.2)
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3.2. Achievability in Sparse Region (Theorem |2)

pio +por = O (1(,;”) ; (2.3)
PioPo1r 1
P11Po0 © <(10g")3> ’ (2.4)
npi1 + map, — logn = w(1), (2.5)

then the MAP estimator achieves exact alignment w.h.p.

Proof of Theorem 3. We discuss two regimes p1; = O(%) and w(%) <pn <
O(*5")

BT) .

When p11 = O(%), we have nyy < np;; = O(1). Thus, the sufficient
condition ({2.1) for exact alignment in Theorem

n

54+ mi, —logn = w(l)
is satisfied when condition (2.5
np11 + m, — logn = w(1)

is satisfied. By Theorem [1|, exact alignment is achievable w.h.p.

Now suppose w(1) < pyy < @(10%). Note that the number of edges in
the intersection graph of G; and G has the following equivalent represen-
tation

R=11(G1,G2) = Y _ 1{Gi(e) = 1,Ga(e) = 1}.
ec&y
Then, R ~ Bin(t", p11) and E[R] = t"p11 = (5)p11 = w(n). By the Cheby-
shev’s inequality, for any constant € > 0,

Var(R) 1-pnu 1 (1
P(R — EIR]| > E[R]) < pipn =1 g = ° (n) |

In the following, we upper bound the probability of error by discussing two
cases: when R < (1 + €)E[R] and when R > (1 + ¢)E[R]. We have

P (371’ S \ {Wid},(sﬂ-(Gl,GQ) < O)
= Z P(3r € Sp\{ma},0:(G1,G2) <O|[R=7r)P(R=r)

r=0
<Y P(Er € S\{ma},0x(G1,G2) <O|R=r)P(R=7) + P (IR — E[R]| > ¢E[R])
r<(14€)E[R]
=Y P(@EreS\{ma},0:(G1,G2) <O[R=r)P(R=r)+0(1)  (3.37)
r<(14+€)E[R]
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< > 3n’gP(R=r1)+o0(1) (3.38)

r<(1+4€)E[R]

¢ -

= % () ) m o)

r<(14€)E[R]

tu
tu T u
= 3n%(1 — 2™ ; <T>p71°16_4n(1 —p11)t "4 0(1)
2 4 ¢

=3n"(1 — 2¢0)™ <p116_5 +1-— p11> +o(1) (3.39)
< 3n2(1—2¢)™ (1= 2p11)" + o(1). (3.40)

Here (3.37) follows from the Chebyshev’s inequality above. In (3.38), z5 =
exp{—Z + 2 log (1 — 2t4h,) + O(1)}. This step will be justified by Lemma ,
which is the major technical step in establishing the error bound. To apply

Lemma |4, we need the conditions (2.2) (2.3) (2.4) and » = O(E[R]) =

O(nlogn) to hold and we will explain the reason in the proof of Lemma [4.
Equation (3.39)) follows from the binomial formula and (3.40) follows from
the inequality e* — 1 < z. Taking the negative logarithm of the first term

in (3.40), we have

—log <3n2(1 — 2p,)™ (1 — %pu)tu>

= —2logn — mlog (1 — 2¢,) — t" log (1 — %) +0(1)

4
z—zmgn+2m¢a+tW€§~+ou) (3.41)
= —2logn + 2my, + 2np11 + O(l) (3.42)
— w(1). (3.43)

Here, we have (3.41)) follows from the inequality log (1 + z) < x for = > —1.

We get equation (3.42) by plugging in t* = (). Equation (3.43) follows from
the assumption (2.5) in Theorem |2 Therefore, we have (3.40]) converges to
0 and so does the error probability. O

Lemma 4. Let (G1,Ga) ~ G(n,p;m,q) and R =) . 1{G1(e) = 1,Ga(e) =
1}. If p satisfies constraints (2.3) (2.4), and r = O(nlogn), then

PEr € S, \ {ma},0,(G1,G2) <0 | R=r) < 3n%22,

where zg = exp{—2- + 2 log (1 — 2¢,) + O(1)}.
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Proof. We will establish the above upper bound in three steps. We denote

the set of vertex pairs that are moving under permutation 7€ as &, = {ee
m¢(e) # e}. Let

R= Y 1{Gi(e)=1,Ga(e) =1}

e€EmNEn

represent the number of co-occurred user-user edges in &y, of G; A Go. In
Step 1, we apply the method of generating functions to get an upper bound
on P(5 (G1,G2) < 0| R = 7). The reason for conditioning on R first is
that the corresponding generating function only involves cycles of length
[ > 2 and its upper bound is easier to derive compared with the probability
conditioned on R. In Step 2, we upper bound P(6,(G1,G2) < 0| R =)
using result from Step 1 and properties of the Hypergeometric distribution.
In Step 3, we upper bound P37 € S, \ {mia}, 0x(G1,G2) < 0| R =r) using
the truncated union bound.

Step 1. We prove that for any 7 € Spn, 7 = O(m%), and z3 =
(1 - 2wa)%a
P (5,T(G1, Go) <0|R= F) < fighah (3.44)

) and some z5 = O(1).

for some z4 = O(1555

For the induced subgraph pair on &, x £, define the generating function
as

Ay, 2)= > > rlehgrlahyvioh) (3.45)

g€{0,1}6m he{0,1}€m

Recall for g,h € {0,1}%m, the expression for the extended 6.(g,h), u(g, h)
and v(g, h) in (3.15), (3.16) and (3.17). We have

h) =wi)y (1{gle) # h(n®(e))} — Lg(e) # h(e)})

e€EmNEn

twe Y (Hale) # h(@®(e)} — UHgle) # hie)}) .

e€EmNEa

For the 2 x 2 matrices p(g, h) and v(g, h), their entries p; ; and v; ; are

pij = pij(g, h) = Z {g(e) =1, h(e) = j},

eeEmNEn

vij =vi(g:h) = D Lgle) =i, h(e) = j}.

e€EmNE,
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Moreover, according to the decomposition of generating function in Fact
and using the fact that &, only contains orbits of size larger than 1, we
obtain

Az, y, 2 H.Alwz H-Al (Y, 2

1>2 1>2

where ¢} is the number of user-user orbits of size [ and ¢} is the number of
user-attribute orbits of size .
Now, by setting

T =21 Iy <Poo Pbo1 )
P10 Z11P11

and y = q, the generating function A(x11,q, 2 z) Contains only two formal
variables z11 and z. Recall the expression of A in For each g, h €
{0,1}%= the term in the summation of A(x11,q, 2 ) can be written as
h
Zéﬂ'(gah)xil’](-g )qu(g,h)

= 25“(9’h)x’f111(97h)p“(97h)q"(9’h)

= P((GE», G5™) = (g,h)) 2o=lomghin @)

where we use G‘fm to denote the component of GG; that only concerns the
vertex pair set &, and thus the support of G‘lg"‘ is {0,1}%». The event
{(G‘lgm, G‘;m) = (g,h)} is a collection of attributed graph pairs (g1, g2) each
of which have exactly the same edges in the vertex pair set &y, as (g, h).

Notice that the fixed vertex pairs £ \ €™ do not have a influence on
6(G1,Gs). The event {R = 7,6,(G1,Gs) = d} is a collection of attributed
graph pairs (g1, g2) such that ,un(gfm,gg‘“) =7 and (57r(g‘1€m,g§m) = d. Then
by summing over all possible g, h € {0,1}%m , we have

P((Sﬂ'(GlﬂGQ) = d7R = f) = [Z 1:;1]“1(931171/72)'

Thus, we can write

p ((LT(GI, Go) <0, R = f)
= [zdwil]"i(a’117 q, Z)

= [Zdl"’]:_l] ./4[(:13].17Z)t}l"éll(qa’?’/)t;l
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< (211) 7Y N[ A, 2) Aulg, 2)1T (3.46)
d<0 1>2

< (21) ][ A1, 2)5 Ai(q, 2)" (3.47)
1>2

< (on) " Aa(m11,2) T As(g,2) E (3.48)

In (3.46), we set z11 > 0 and the inequality follows from (3.26)) in Fact 3]
In (3.47), we set z € (0,1) and this inequality follows from (3.27) Fact [3|
Inequality in (3.48) follows from Fact |2, where

=t =[EnNEy|
1>2

is the number of moving user-user pairs and

=)t =& N | = m
1>2

is the number of moving user-attribute pairs. .
Next, let us lower bound P(R = 7). Note that R ~ Bin(t",p11). We
have

7’:

pie=r) = )oiaa—pu)®

o\ fu
> <M> (1—pu)", (3.49)

where equation (3.49) follows since (}) > (n/ k) for any nonnegative inte-
gers k < n.
Now we combine the bounds the term in (3.48) and (3.49) to upper

bound P <6W(G1,G2) <0|R= f). Define pj; £ lfgn for 4,5 € {0,1}. We

have
P(0,(G1,G2) <0,R =)

P (5W(G1,G2) <0 R:F) _

P(R=7)
mi 7 T A2($11,Z)>£u/2
< 2 = . .
< As(g, 2) (xnp,ntu> < 0 —p)? (3.50)

For the first term, similar to what we did in (3.33), we set z = e~ /%, which
satisfies the condition z € (0,1) in Fact 3. Recall the expression of As(y, 2)

in (3.24), we have
-/42<q7 Z)%
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3.2. Achievability in Sparse Region (Theorem |2)

= (1 + 2qo0q11 (2% — 1) + 2q10g01 (222 + 1)) kil (3.51)
= (1 — 2q00q11 — 2410901 + 4/00q11q10G01) ? (3.52)
= (1—2( \/QHQOO - vVq10901) )Wén
=(1-2¢,)7
2.0, (3.53)

where (3.51) follows since goo + go1 + qi0 + q11 = 1 and (3.52) follows by

plugging in z = e /4 and wy = log <giégg?) For the second term in (3.50),
we set

rlogn + p11t~u
oy = BTl (3.54)
Pt

which is positive. Then, we have

7 7 7 7 1 \7
1P} tY rlogn + p11t® logn

For the third term in (3.50), using equation (3.23) with z = e Y4 we have

Az (11, 2)
(1—p11)?
(1—pu + zupn)? 211P11 P00 V prbos — 1) 2p10p01(\/% -1
R — + e
( pll) ( pn) ( pn)

= (14 phyz11)? — 2211911 Ph0 — 2010P01 + 2(z11 + 1)\/17/11196019/101761
<1+ (phyan)® + 205211 (Do + por) + 2(211 + 1)\/17/111)6017/1017617

where the last inequality follows since 1 — pj, = p}o + ph; and —2p)py; < 0.
/2
Taking logarithm of <w> , we get

(1—p11)?
t~u ./42(3311, Z))
A 3.56
2 % < (1 —p11)? (3.56)
1. - -
< §tu(p'119011)2 + t'prizn (o + por) + £ (x11 + D/ PhphoPioPir,  (3-57)

where (3.57)) follows from the inequality log(1 + x) < z. Let us now bound
the three terms in (3.57)).
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3.2. Achievability in Sparse Region (Theorem |2)

e For the first term, we have

7§u(ﬁ”’llxll)2
- [Tlogn 2
=" + p11
tll
logn
(ogn)® g F + 27(log n)p11 + 1"piy
(1
( og7) ) + 27(logn)p1y + " pn (3.58)
_ ( logn #(logn)? N fz(logn)2> (3.59)
n n
ofF + 7

where (3.58) follows from the assumption 7 = O(Eulzgn) in (3.44)
and (3.59) follows since p1; = O(*%") and # < fn.

e For the second term in (3.57), we have

'y (Pho + Po1)

= (Flogn + "p11) (Pl + Po1)

7(p1o + po1) log n + anp11(p1o + po1)
1—pn

=O(F+n), (3.61)

(3.60)

where (3.60) follows from #" < fin and (3.61)) follows since po; + p1o =
O(logn) P11 = O(lo%), and 1 —p;; = O(1).

e For the third term in (3.57)), we have

(211 + 1)1/ P11P0oP 0001
u rlogn +p11tu
=t" - Ph1P0oPhoPon
pnt

= (Flogn + pritt + p11t“ PioPor
P11Poo
< (Flogn + prina + piynn)py P1opo (3.62)
P11Poo
=o(r 4+ n). (3.63)
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3.2. Achievability in Sparse Region (Theorem |2)

Here (3.62) follows since " < 7in. (3.63) follows since p}; = O(p11) =
0 (1£2), pho = O(1), and 2122t = 0 (s ).

In summary, the third term of (3.50) is upper bounded as

.AZ(ZBll,Z) /2 ~ ~
<(1—1711)2> < exp{O(7 +7)}. (3.64)

Finally, combining (3.53) (3.55)) (3.64), we have

<(1_ mh -
< (1—2¢,) 2 <logn> exp{O(F +n)}
mn 60(1) ’ o) n
<(1-— =2 (1
(1= 2¢) > <1ogn> (e )
= 20250

for some z4 = O(loén) and z5 = O(1).

Step 2. We will prove that for any 7 € S,, 5 and r = O(nlogn),
P(0,(G1,G2) <0 | R=r) < 28 (3.65)

for some zg = exp{—2 + 2 log(1 — 2t,) + O(1)}.

In this step, we will compute P(d(G1,G2) < 0|R = r) through P(0,(G1, G2) <
O\R = 7), which involves using properties of a Hypergeometric distribution.

Recall a Hypergeometric distribution, denoted as Hyp(n, N, K), is the
probability distribution of the number of marked elements out of the n ele-
ments we draw without replacement from a set of size N with K marked ele-
ments. Let ®uyp(2) be the probability generating function for Hyp(n, N, K)
and ®pi,(z) be the probability generating function for a binomial distri-
bution Bin(n, %) A few useful properties of the two distributions are as
follows.

e The mean of Hyp(n, N, K) is nK/N.
e For all n, N, K € N and z > 0, we have ®nyp(2) < Ppin(2) [2].

o Ppin(2) = (1+K(z—1)"
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3.2. Achievability in Sparse Region (Theorem |2)

In our problem, we are interested in the random variable §|R =r. We
treat the set of moving user-user vertex pairs £&; N &y as a group of marked
elements in &,. From &, we consider drawing r vertex pairs and creating
co-occurred edges for each chosen vertex pair. Along this line, the random
variable R\R = r, which is the number of co-occurred edges in &y N &y,
represents the number of marked elements out of the r chosen elements
and it follows a Hypergeometric distribution Hyp(r, t%,#%). From this point
and on, we always consider generating functions ®uyp(2) and ®pin(2z) with
parameters n = r, N = t%, K = t'. Moreover, from [5, Lemma IV.5], we
have the following upper bound on ®y,(2) for any z € (0,1)

Priyp(2) < exp {%(72 + 55+ 262)} . (3.66)

Now, we are ready for proving (3.65). We first write

P(0r(G1,G2) <0 | R=r)

=P(0:(G1,G2) <O,R< 7 |R=r)

+P(6,(G1,G2) <0, R>7 | R=r). (3.67)
Here we set 7* = CE[R | R = r] = C%, where C' > 0 is some positive
constant to be specified later. Note that t* = (}) and r = O(nlogn) from

the assumption, then we have 7" = 0(5“1%)_

e For the first term in (3.67), we have

P(6:(G1,G2) <O, R< 7 | R=r)

=3 P(R=7|R=r) P(6:(G1,G2) <O | R=7) (3.68)
F<F

< Z P(R=7|R=r)z220 (3.69)
F<T*

7=0
— ZQLZ?(I)Hyp(Zﬁ) (370)
< g e { (-2 4 5 + 20m) @.7)
= (O exp { -2 4 e g O(pk ) (372)
< e {7 (-2 +0(1)} .73
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In (3.68), we use the conditional independence of R and d,(G1,G2)
given R, which can be proved as follows

_ P(6:(G1,G2) <0,R=FR=r)
P(R: rR=r)
P((sﬂ-(Gl,GQ) <O7R:’F7R_R:’I"—’F)

= P((6:(G1,G2) < O|R =7),

where (3.74) follows from the fact that d:(G1,G2) and R are deter-
mined by Em while R — R is determined by those fixed vertex pairs.

In (3.69), we have 7 = O(tu 1Og”) and this inequality follows from
- from Step 1. Equation - ) follows from the definition of the
probability generating function for Hyp(r, t*, t%). - ) follows form
the conclusion about probability generating function of the hyperge-

ometric distribution in (3.66) with z4 € (0,1). (3.72) is true since
24 =0 (hén) and z5 = O(1). (3.73) is true since r = O (nlogn).

For the second term of (3.67), we have

P(6,(G1,G2) <0,R>7 | R=r)
=Y P(5:(G1,G2) <0, R=7|R=r)

T>T*

=Y P(6:(G1,G2) 0| R=F)P(R=7|R=r) (3.75)
7‘>T

< max {P(6:(G1,G2) <O|R=7)}P(R>7|R=r).

Here follows from the conditional independence of 0,(G1,G2)
and R given R. To find this maximum probability, we consider the
extreme case. Recall that d, = wi(AY(G1,7(G2)) — AY(G1,G2)) +
wz(Aa(Gl,ﬂ'(Gg)) — Aa(Gl, Gg)) We have that wg(Aa(Gl, W(Gg)) -
A?(G1,Gs)) is independent of R. From the upper bound on generating
function in , we consider 7€ consisting of only 2-cycles. Since
A" (Gy,7(G2)) — A"(G1,G2) > 0 only if there exist user-user vertex
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3.2. Achievability in Sparse Region (Theorem |2)

pairs such that (G1(e),G2(e)) = (1,1) and (G1(7¢(e))G2(n¢(e))) =
(0,0), we have A"(G1,7(G2)) — A"(G1,G2) < 0 with probability 1
given R = 0. Therefore, given R = 0 the probability that 6, < 0 is
maximized. We have

ax {P(0x(G1,G2) <0 | R =7)}

<
< B0 (3.76)
where follows from in Step 1 with # = 0. Now we get
P(6:(G1,G2) <0,R> 7 | R=r)
< AALP(R>7 | R=7)

= 2528 ) [ Puyp(2) (3.77)
i>T*

< 2820 By (2) (3.78)
< 252827 Opin(2) (3.79)
= 2 (1 oG- 1)) (3.80)
< PP exp {%(z - 1)} (3.81)
= 2820 exp {—f* + (e — 1)} (3.82)
= e {H(-C-1+0)} (3.83)
< 20z exp {’;f((:jf)) “l+te } (3.84)
<zyexp{n(L(-C—1+e)+0(1))} (3.85)

=o(Hexp{i(-Z+0(1))}) (3.86)

In (3.77), ®uyp(2) is a probability generating function for Hyp(r, t, £%).
In (3. 78 , We Set z > 1 and the inequality follows from (3 in Fact .
In (3.79 , ®pin(2) is a probability generating function for Bin(r, %) and
this 1nequahty follows from the property of a Hypergeometric distri-
bution. - ) follows from the deﬁmtlon of ®piy(z - ) follows
form the inequality 1 + z < e*. In , we set z = e. In (3.83)), we
plug in 7 = CZL (e—l). In (3.84)), we use the
relation % > M from and t* = (5). In (3.85)), we plug in
z5 = O(1). is true because we can always find C' > e + 1 such
that is exponentially smaller than (3.73)).
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3.2. Achievability in Sparse Region (Theorem |2)

We conclude that the second term of (3.67) is negligible compared with
the upper bound of the first term given in (3.73). Combining the two

terms, can be bounded as
P(0r-(G1,G2) <0 | R=r)
< exp {n ( 2r + 5 log(1 — 24,) + O(l))}
=
Step 3. We now establish the desired error bound
P(3r € S, \ {mia},6:(G1,G2) <0 | R =7) < 3n%2¢,

where 26 = exp{—2- + Zlog(1 — 2¢/,) + O(1)}.
When nzg > 2/3, we have

P(3r € Sp\ {mia},0-(G1,G2) <0 | R=7) <1< 3n222.
Now assume that nzg < 2/3. We can bound

P(HTFES \{Wid} Or (Gl,Gz) §0|R:’I")

<Z > P(6:(G1,G2) 0| R=) (3.87)

n=27TESy 7

< D 18ual max (P(5:(G1,Ga) <O| R =)}
2 |

n
< ISualed (3.88)
n=2
n ~ ~
<> nag (3.89)
=2
< (nzg)?
- 1- n26
< 3n%2, (3.90)

where follows from the union bound, follows from inequality
(3.65) proved in Step 2, follows since |S,,.7| < n", and holds
since nzg < 2/3.

In summary, 3n22623 is always an upper bound on the conditional proba-
bility. This completes the proof of Lemma O
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Chapter 4

Proof of the Converse

In this chapter, we give a detailed proof for Theorem Let (G1,G2) be
an attributed graph pair generated from G(n,p;m,q). In this proof, we
focus on the intersection graph of G; and G4, which is denoted as G1 A Ga.
The intersection graph has vertex set V = V,, UV, and its edge set is the
intersection of the edge sets of G; and G2. We say a permutation 7 on the
vertex set V is an automorphism of G1 A Go if 7 is edge-preserving, i.e., a
vertex pair (7, ) is in the edge set of G1 A Gy if and only if (7 (i), 7(j)) is
in the edge set of G1 A G5. Note that the identity permutation is always an
automorphism. We use Aut(G1 A G2) to denote the set of automorphisms
of G1 A G2. By Lemma |5 below, we can further argue that exact alignment
cannot be achieved w.h.p. if Aut(G; AG2) contains permutations other than
the identity permutation. Along this line, we establish the condition for not
achieving exact alignment w.h.p. by analyzing automorphisms of G; A G.

Lemma 5 ([4]). Let (G1,G2) be an attributed Erdds—Rényi pair G(n, p;m, q).
Given |Aut(G1AG2)|, the probability that MAP estimator succeeds is at most
1

[Aut(G1AG2)| "

In the proof of Theorem [3| we focus on the automorphisms given by
swapping two user vertices. To this end, we first define the following equiv-
alence relation between a pair of user vertices. We say two user vertices ¢
and j (i # j) are indistinguishable in G1 A G, denoted as i = j, if (G1 A
G2)((i,v)) = (G1 AN G2)((j,v)) for all v € V. It is not hard to see that swap-
ping two indistinguishable vertices is an automorphism of G1 A Ga, and thus
|Aut(G1AG2)\{identity permutation}| > |{indistinguishable vertex pairs}|.
Therefore, in the proof below, we show that the number of such indistin-
guishable vertex pairs is positive with a large probability, which further
implies that |[Aut(G; A G2)| > 2 with a large probability and eventually
proves Theorem

Theorem 3 (Converse). Consider the attributed Erdés—Rényi pair G(n,p,m,q).
If

np11 + mqi1 — logn — —oo, (2.6)
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Chapter 4. Proof of the Converse

then no algorithm guarantees exact alignment w.h.p.

Proof of Theorem[3. Let G1 and G2 be an attributed Erdés—Rényi pair
G(n,p;m,q) and let G = G1 A G3. Let X denote the number of indis-
tinguishable user vertex pairs in G, i.e.,

X= > ii=j}

1<j: 4,JEVy

We will show that P(X = 0) — 0 as n — oo if the condition (2.6) in
Theorem 3] is satisfied.
We start by upper-bounding P(X = 0) using Chebyshev’s inequality
Var(X) E[X?] - E[X]?

PX =0) < s =~ expp (4.1)

For the first moment term E[X], we have
E[X] = Z P(i = j) = (;‘) P(i = j). (4.2)
1<)
For the second moment term E[X?], we expand the sum as
E[X?]=E [Z i=j}- > Uk= 1}]
i<j k<l

:E[ZL{izj}—k > 1{i=j)}-1{k=1}

1<j 1,5,k 0 i<, k<l

i,7,k,l are distinct
+ Z Wi=j=k=1}
1,5,k 1<g,k<l

{4,j} and {k,} share one element

_ <Z>P(i:j)+ (Z) (2‘)%‘:]‘ and k:l)+6<Z>P(z’:j:k),

(4.3)

where 1, j, k, [ are distinct in (4.3). With (4.2) and (4.3), the upper bound
given by Chebyshev’s inequality in (4.1) can be written as

k)
2

Var(X) 2 N 4n—-2)P(i =
E[X]2 nn-1PGE=j) nn-1) P@

Il .
S
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(n—2)(n—3)P(i=jand k =1)
n(n —1) P(i = j)?

~ 1. (4.4)

To compute P(i = j), we look into the event {i = j} which is the intersection
of A; and Ay, where Ay = {Vv € VY, \ {i,j}, G((i,v)) = G((j,v))}, and
Ag = {Vu € Va, G((i,u)) = G((j,u))}. Recall that in the intersection graph
G = G1 A G4, the edge probability is pi; for user-user pairs and ¢i; for
user-attribute pairs. Therefore,

= (gt + (1 —aqu)*)"
Since A1 and A are independent, we have
P(i=7) (4.5)
= P(41)P(4)
= (Pt + (1 =p)”)" (@ + (1))
— (1= 2p11 +2p%)" 2 (1 — 2q11 +2¢3)"™ . (4.6)

n—

Similarly, to compute P(i = j = k), we look into the event {i = j = k}
which is the intersection of events By, By and By, where By = {G((4,7)) =
G(( k) = G(G k)} By = {¥o € W\ {id,k}, Gl(i,v)) = G((.v) =
G((k,v))}, and By = {Vu € V,, G((i,u)) = G((j,u)) = G((k,u))}. Then,
the probabilities of those three events are

P(Bo) = pt; + (1 — p1)?,

P(B1) = (p} + (1 —p1)®)" ",

P(B2) = (gi1 + (1 —qu)*)"
Since the events By, By and By are independent, we have

Pi=j=k)
= P(Bo)P(B1)P(B2)

= (ph+ @ =pu)*)" (g + (1 —a1)*)"
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= (1= 3p11 +3p1)" (1 — 3qu1 + 3¢i)"™

To compute P(i = j and k = 1), we look into the event {i = j and k = [}
which is the intersection of Cy, C1, Cf, Co and C%, where Cyp = {G(i, k) =
G(]7 k) = G(Z7l) = G(]v l)}a Cy = {\V/’U € Vy \ {ivjvkal}vG(i?U) = G(j,’U)},
Cp = {VYv € Vu\{i,4,k,1},G(k,v) = G(l,v)}, Co = {Vu € V,,G(i,u) =
G(j,u)} and C) = {Vu € V,,G(k,u) = G(l,u)}. The probabilities of those

events are

P(Co) = pf1 + pii(1 = p11)® +pH (1 — p11)* + (1 — p11)°,
P(Cy) =P(C}) = (p}; + (1 —p11)*)" %,
P(C2) = P(Ch) = (g, + (1 — q11)*)™

Since Cy, Cy, C1, Cz and CY are independent, we have

P(i=jand k =1)
= P(Co)P(C1)P(C1)P(C2)P(Cs)
= P(Co)(pTy + (1 = p1)))" *(aiy + (1 — qu1)*)*™

Now we are ready to analyze the terms in (4.4). For the last two terms,

note that (()7(711)3) — 1 and % — 1 because p11 < Og"

the condition (2.6). Therefore, we have (";(272(7"53) P(Elj(;lgf =) 150 as

n — oo. Then We just need to bound the first two terms in ( . For the
first term W plugging in the expression in . gives

from

2
n(n—1)P(i = j)
=2logn + (n — 2)log (1 — 2p11 + 2p%;) +mlog (1 — 2q11 + 2¢%,) + O(1)
> 2logn — 2np11 — 2mgi1 + O(1) 4.7)
=w(1). (4.8)

Here follows from the inequality log (1 — 2z + 222) > —2x for any z €
[0, 1], which can be verified by showing that function f;(z) = log (1 — 2z + 222%)+
2z is monotone increasing in [0,1] and thus fi(x) > fi1(0) = 0. Equation
follows from the condition in Theorem . Therefore, the first

term in " m%()asn%oo.

Next, for the second term igz:ﬂ Péfé;f) in (4.4), we have

_1og<i<2:2> P(z‘zzjz)k))

— log

—
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1-3 3p? 1-3 3¢°
zlogn—(n—2)log< Pu + 172112> —mlog( u + q2112>+0(1)
(1 - 21711 + 2]711) (]- - 2q11 + 2q11)
>logn — np11 —maqi +0O(1) (4.9)

—w(1). (4.10)

Here (4.9) follows from the inequality log (%) < z for any x €

[0, 1], which can be verified by showing that the function f2(z) = log (%) -

x is monotone decreasing in [0, 1] and thus fo(z) < f2(0) = 0. Equation
follows from the condition in Theorem . Hence, the second
term in also converges to 0 as n — oo, which completes the proof for
P(X=0)—0asn— oo
Now we derive an upper bound on the probability of exact alignment
under the MAP estimator, which is also an upper bound for any estimator
since MAP minimizes the probability of error. Note that by Lemma [5,
P(mvap = | X =2) < %H, which is at most 1/2 when = > 1. Therefore,
P(mvap = II*) = P(muap = II*|X = 0)P(X = 0)
+ P(myap = 1I°| X > 1H)P(X > 1)
ng:m+%szn
1

1
=4+ -P(X=0

which goes to 1/2 as n — oo and thus is bounded away from 1. This

completes the proof that no algorithm can guarantee exact alignment w.h.p.
O
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Chapter 5

Concluding Remarks

In this thesis, we focus on studying the attributed graph alignment prob-
lem. We contribute mainly from three perspectives: propose the attributed
Erdés—Rényi pair model, characterize the information-theoretic limits on
exact alignment, and specialize our results for understanding three other
well-studied graph alignment models. The current limitation is that there
is still a gap between our achievability results and the converse result. In
this chapter, we highlight several extensions and potential future directions
for our work.

A potential improvement on the converse: In our proof of the con-
verse result (see Chapter , we examine the existence of indistinguishable
vertex pairs, which leads to a failure of the MAP estimator. In a very recent
study [27], the authors consider a different error event, which includes our
error event about the indistinguishable vertex pair as a special case. From
their more general error event, the authors prove the converse of Erdds—
Rényi graph alignment problem. Inspired by this, we tried an easy extension
of their technique and generalized our error event about the indistinguish-
able vertex pair under the attributed Erdés—Rényi setting. As a result, we
are able to demonstrate that when np11poo + mqiiqoo < logn — w(1), the
MAP estimator cannot achieve exact alignment with high probability. We
defer the detailed proof to Appendix |EL This new result extend our converse
region in Theorem [3, and also imply the possibility of further proving an
enlarged converse region by implementing the entire idea of [27].

The interplay between graph alignment and graph clustering:
Alignment and clustering of graphs are both important topics in graph
structure data science research. While graph alignment aims at recovering
the vertex correspondence of multiple graphs, graph clustering is concerned
with recovering the community structure of a single graph. There has re-
cently been a growing interest in combining the two methods. There are two
distinct ways to combine them: using graph alignment to assist graph clus-
tering, or using the graph clustering method to assist graph alignment. For
example, in [12], the authors investigate the problem of community recovery
from two graphs generated from the correlated Stochastic Block Model [16].
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They present an approach that first partially aligns two graphs, and then
performs community recovery for both within and outside the aligned ver-
tex set. The feasible regions of their algorithm include an interesting case
where exact community recovery is not achievable using a single graph but
achievable using a pair of correlated graphs.

Our study on the attributed graph alignment sheds light on the second
idea of combining—using the graph clustering methods to assist graph align-
ment. Let us consider such a setting: a graph pair is generated from the
correlated Stochastic Block Model, where the community labels of the two
graphs ares recovered already using graph cluster method as a pre-processing
step. The community labels provide a natural partition in the graphs, which,
combining with our study of attributed graph model, eventually allows us
to perform graph alignment in a step-by-step manner. For example, we
may consider the following algorithm: out of the several communities, we
first perform graph alignment only on the most strongly correlated commu-
nity. Then we treat vertices in the the aligned community as attributes and
perform attributed alignment on the second strongly correlated community.
This procedure can be repeated iteratively for multiple community graphs.
The intuition behind this is that knowing the community structure enables
us to determine an “easy to hard” order for aligning those subgraphs. More
specifically, strongly correlated subgraphs are easier to align, so we align
them first. The strategy of treating the aligned vertices as attributes allows
us to incorporate side information on less correlated subgraphs, and thus
make the later alignment steps easier.

Correlation between attributes and graph structure: Our at-
tributed Erd6s—Rényi model is initially motivated by the existence of side
information associated with individual vertices in real-world networks, such
as user profiles from social networks. In our model formulation, we assumed
that the user-attribute edges are independent of the user-user edges, which
is not necessarily the case in practice. In the social network example, users
studying at the same university are more likely to be friends than users
attending different universities. This observation suggests an improvement
in the random graph models — the correlation between attribute informa-
tion and the graph structure should also be captured. Under such new
model formulations, it would be practically meaningful to investigate both
the information-theoretic limits and design efficient algorithms for graph
alignment. Although there is no existing work on graph alignment under
these models, there are several recently proposed attributed graph models
that capture the correlation between attributes and graph structure. For
example, in [14], the authors proposed a random graph model, named the

52



Chapter 5. Concluding Remarks

multiplicative attribute graph model, where the probability of a user-user
edge depends on the product of individual attribute-attribute similarity.
Models like this could bring more practical relevance in future graph align-
ment research.
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Appendix A

MAP Estimator

Lemma 2 (MAP estimator). Let (G1,G%) be an observable pair generated
from the attributed Erdés—Rényi pair G(n,p;m,q). The MAP estimator of
the permutation IT* based on (G1,Gh) simplifies to

map(G1, GY)
= argrélin{wlAu(Gl, 7T_1(G/2)) + wa A* (G, 7T_1(G/2))}7
TESH

P11Poo 411900

where wy = log (m), we = log (M)’ and

AN G H(G) =D H{G((, ) # Ga((m (@), 7 (5))},

(4,5)€€u

AYG, 7N (GY) = ) HG1((6,v)) # Ga((n(i), v))}-

(i,v)€Ea

Proof. Let (g1,45) be a realization of an observable pair (G1,G%) from
G(n,p;m,q). Then the posterior of the permutation IT* can be written
as:

P(IT* = 7|G1 = g1, G5 = g5)

_ P(G1=91,G5 = go|II" = m)PI" = 7)
P(G1 = g1,G5 = g5)

x P(G1 = g1,G5 = go|IT" = ) (A1)
=P(G1 = g1,G2 = 7 (dh)) (A-2)
_ H pgﬁ(gm-l(gg» q:;j(gl,w*(g;)y (A.3)

(i,5)€{0,1}2

Here equation follows from the fact that II* is uniformly drawn from
S, and P(G1 = g1, G = g4) does not depend on 7. Equation is due
to the independence between ITI* and (G1, Ga).

To further simplify equation , note that the total number of edges
in a graph is invariant under any permutation. We define "(G1) as the
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Appendix A. MAP Estimator

total number of user-user edges in graph G and SY(7m~1(GY%)) for graph
771(GY). Similarly, we define 8%(G1) and (7 ~1(GY%)) as the total number
of user-attribute edges for graph G; and 7~ 1(G%), respectively. Recall our
definitions on Hamming distance A%(G1, 7~ 1(G%)) and p(Gy, 7~ 1(GY)), and
notice that A%(G1, 7 1(GY)) = pio + po1. Moreover, we have 8%(G1) =
pa1 + p1o and BY(G) = B~ H(GS)) = pa1 + po1. Then, for the user-user
set £y, we have

BUGL) + B (rH(GY)) _ AYG T (GY))

pa1 = 5 _ 2
110 = BY(Gy) — ﬁ;(ﬂl(gé)) . Au(Gl’;Tl(Glz))
po1 = ﬂu(”_l(%;) - BGY) A“(Gl,g‘l(Gg))
oo = (;‘)5“(01) N G)_ANG T (Gy)

Similarly, for the user-attribute set &,, we have A?(Gq, 7~ 1(GY%)) = vio+1o1,
B2(G1) = v11 + vi9 and B2(Ge) = B2(7~1(GY)) = v11 + vo1. Therefore, we
get

BG1) + B (nH(Gh)  AMNG1, 7 (GY))

v = -

2 2
_ G — B (r~H(GY)) n A Gy, 7 H(GY))
Y10 2 2
B H(GY)) — BM(GY) N A Gy, 7 1(Gh))
vor = 2 2
PG A AMTHGY)  AMNG, T HGY))
Voo = nm 5 5 .

Since BY(Gq), 8% (7~ HGY)), f2(G1), and B2(7m~1(G%)) do not depend on T,
we can further simplify the posterior as follows

P(IT* = |Gy = G1, G = GY)
1 (G, 1 (GY)) vij(Grm1(Gh))
1T # %ij
(4.5)€{0,1}2
_AYGy,m (G AY(Gy,mL(GY))

08

~ <P11P00 2 Q11QO0> 2 (A.4)
P1oPo1 q104901
Au —1 ! Aa —1 /
:exp{—wl (Gl?g (GZ)) — wy (Gh;r (GQ))}, (A5)
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P1opo1 4104901
wsy > 0 since we assume that the edges in G1 and G are positively correlated.

Therefore, of all the permutation in .S, the one that minimizes the weighted
Hamming distance wiA%(G1, 7 1(Gh)) + waA?(Gy, 77 1(GY)) achieves the
maximum posterior probability. O

where w; £ log (M) and wy £ log (M). Note that w; > 0 and

Now consider the seeded Erdés—Rényi pair model G(n, m, p). Recall that
when specializing the attributed Erdés—Rényi pair model by setting p = g,
we can treated the m attributes as m seeds. The only difference between
the G(n, p; m,p) model and the seeded model G(n,m, p) is that there are no
edges between seeds in the specialized model, but those edges exist in the
seeded model. Here, we show that this distinction has no influence on the
information-theoretic limit of exact alignment. To see this, we prove that
the optimal estimator — MAP estimator still simplifies to minimizing the
Hamming distance of the user-user edges and user-seed edges.

Lemma 6. Let (G1,GY) be an pair seeded graphs generated from the seeded
Erdés—Rényi pair G(n,m,p). The MAP estimator of the permutation 1I*
based on (G1,GY) simplifies to

Fumap(Gi, Gh) = argmin{A"(G1,77'(Gh)) + A*(G1, 71 (GY))},
TES,
where

AYNGrL 7 H(G) = D H{G((, ) # Ga((m (@), 7 (5)},

(4,)€€u
AYGr,m N (GY) = Y H{Ga((i,v) # Gy((x (i), v))}-
(i,v)€Ea
Proof. To start, we have the posterior of the underlying permutation.
P(II* = 7|G1 = g1, G5 = g5)
_ P(GL = g1, G = gyl = m)PT" = m)
P(G1=g1,G5 = g5)
x P(G1 = g1, G5 = g5|II" = ) (A.6)
=P(G1 = g1,Go =7 (gh))- (A.7)
Here follows since IT* is uniformly drawn. follows since IT* is

independent of G and Gs. For ease of notation, we use g3 to denote 7 (g5).
Then according to the seeded graph model in Chapter we have

P(G1=9g1,G2 = g3)
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:pﬁl (91795)p580(91,gg)pﬁéo(gl,gg)pgin (91,95)' (A.8)

In ,We define
p11(g1,95) = Z 1{,91,,§j}+ Z 1{31.‘95,}

ijeve "7 ijevs T
+ Z 1{1'%]'@'95]} * Z l{igwljigérj}
ievy jeys ’ ievs jeyv '

91 . . . 91 . . .
ijeve! IRy %] 19yl j

pogg5) 2 D> 1 ay+ D> 1
)" B o)
+ Z 1 g 95 - Z 1 .91..g§.
{'L } {’LN‘LZ?&J}

g1 .. .
eV jeys \IVIIFI 0 jeys jevw

po1(g1,95) = Z 1{g1 gg}‘|‘ Z 1{91 gg}
i,jEVS

i jev! W aERA] igig

+ 1{.97,3.95.}+ > 1{2%}
AR ) - AR

iV jeys PRI ieys jey! hred

Moo(gl,gg)é Z 1{g1 g§}+ Z 1{g1 gg}
i,jEVS

iepu! %Gt ikjid]
+ Z 1 91 93 + Z 1 91 93 )"
iEVu/,jEVS 1040l iEVS,jEV“/ 1’7["777»’76.7

where V¥ £V, \ V* is the set of unmatched users vertices and V? is the set
of seed vertices. Notice that the term summing seed-seed edges is always
the same for every m € S, since we only permute user vertices. Here, we
define

/ ™ A
(g, g5) & ) 1{ig o3 }+ > 1{ig 3 } + 0y 1{291,55
ijevy’ P ey jeps P ey jevw e
/ T\ A
Mlﬂ(glng) = Z 1 97 + Z 1 9 95 + Z 1 97
i,jEV“l 1~ g,i0b ] iEV“/,jEVS ISIRY %] ievs7jevul 15,0905
/ A
MOl(glvgg): Z 1{'91”950}“‘ Z 1{A91Hgg}+ Z 1{91“%’}
igeve U7 e jevs TS eys jepw 7T
/ ™\ A&
/’LOO(QIMQQ) - Z 1 Agl.,gg, + Z 1 glAAggA + Z 1 Ag11‘92
i,jEV“l 10 g il iEV“/,jEVS 104l ] iEVS,jEV“I ib g it
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We therefore have

11(91,93)  160(91,95) 110(91,95) 161 (91,93)
P(Gl :glyG2 295) O(plliln(gl Qz)po(())o( 1 2)101(1)0( 1,92 poi)l 1,92

(A.9)

So far the MAP estimator we derived here is exactly the same as the esti-
mator for attributed graph alignment. Applying Lemma |2, we get

wmap (91, g5) = argmin{ (g1, 95) + p61(91.95) 1,

TESy

= argmin{A"(Gy, 7 1(Gh)) + A*(Gy, 71 (GH))}.
7'('€Sn
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Appendix B

Proof of Corollary

Corollary 1 (Simplified achievability). Consider the attributed Erd&s—
Rényi pair G(n, p;m,q) under conditions (2.7) and (2.8). If

np11 + m, —logn — oo (2.9)

then there exists an algorithm that achieves exact alignment w.h.p.
If we further have m = Q((logn)?), then the above condition (2.9) becomes

npi1 + mqi1 — logn — oo, (2.10)
If m = o((logn)?), the above condition (2.9) becomes the following.

np11 + mqi1 — ma, — logn — oo, (2.11)
3/2
where a, = q11 — ¥, = O(q1{ ).
Proof of Corollary (1. In this proof, we first show that, under the assump-
tions on the user-user edges in condition (2.7)) and (2.8, the achievability
result becomes
npi1 + map, —logn = w(1)

Next, we apply the assumptions on the user-attribute edges from
and derive the two cases in this Corollary by approximating 1),.

For the user-user edge part, we check the two regimes p;; = w(
and p11 = O(lo%) separately. If p1; = w(loin), then with the assumption
on the user-user edge density (2.7), we also have ¢, = w(lo%) because
Yy = O(p11) isee Fact . Therefore exact alignment is achievable according

1

to Theorem : % + m, —logn = w(logn) +mi, —logn = w(1). Now we

10gn)

n

check the case when p;; = O(k’%). Notice that under the assumption on the

edge correlation (2.8), we have p1g = O(p11) and po1 = O(p11) (see Fact .

Then it follows that the sparsity constrains in Theorem[2] (2.2) (2.3) (2.4) are
all satisfied. Therefore, we just need np11 +mw, —logn = w(1l) to guarantee

that exact alignment is achievable. Combining the two case, we come the the
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conclusion that, under the assumptions , the achievability result
simplifies to np11 + my, — logn = w(1).

From the above discussion, we further simplify the achievability results
so that we can see how it influenced by only on npi; and mgqy1, which
are the two only parameters in the converse bound, and thus show when the
achievability and converse are tight (up to £w(1)). From the achievability in
last step: np11+mip,—logn = w(1l), we then need to determine the difference
between mi, and mgq;;. If at the boundary of the achievable region (i.e, the
region where npi1 +m, —logn is converging to infinity at constant order),
we have mq1; — mi, < w(1) for every npii1, then npi; +mi, —logn = w(1)
implies that np1; + mqgi1 — logn = w(1), and thus we get the matching
achievability and converse in ; Otherwise we keep the achievability at
the form of which is another way of saying npi1 + my, — logn — oo.

To see when the achievability matches the converse, first note that at the
boundary of achievable region, we have my, = C'+logn—np11 where C' — oo
at constant order. Therefore, m, at the boundary region attains maximum
when npy; = 0 where mi, = ©(logn). Further combine the conclusions in
Fact |41, = ©(q11) and mqgi11 —ma, = O(mqi’f), we come the to conclusion
that the gap between mqi; and map, is of order at most m(logn/m)3/?, and
the gap attains maximum when np;; = 0. Therefore, if m(logn/m)3/? <
w(1), i.e., m = Q((logn)?), we have the matching achievability and converse
as and ; otherwise, we left the achievability as where a,,
stands for the gap between the achievability and converse which grows to

infinity faster than constant.
O
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Appendix C

Orbit decomposition

Fact 1. The generating function A(x,y, z) of permutation ™ can be decom-
posed into

A($7 Yy, Z) = H -Al(w7 Z)t}lAl(yv Z)t?>
I>1

where t}' is the number of user-user orbits of size I, t is the number of
user-attribute orbits of size l.

Proof. Recall the definition of A(x,y, z) for a given 7
Az, y, = Z Z 20 (9. o hr(9:h) g v (9:1)
9€{0,1}€ he{0,1}€

According to the cycle decomposition on 7¢, we write £ = U;>10;, where

use O; is the ith orbit and there are N orbits in total. Then we have

Az, y, z Z Z 207 (9:1) i (g:h) 4 v (9:1)

g€{0,1}€ he{0,1}€

— Z Z Hz 7 (gesh xuge,he)y'/(ge,he) (C.1)

g€{0,1}¢ he{0,1}€ e€€

N
- Z Z Hf(gowhoz‘) (02)

9€{0,1}€ he{0,1}* i=1

N

gole{o,l}ol ho, €{0,1}91 hp, €{0,1}ON i=1

- > > [flgoiho,) (C.4)

=1 \go,€{0,1}% ho,€{0,1}:

N
H (x,y,z (C.5)
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— [ At =) Ay, 7). (C.6)

>1

Here we use ge/ to denote a subset of g that contains only vertex pairs in
& and hg to denote a subset of h that contains only vertex pairs in &,
where £’ can be any set of vertex pairs. In (C.1), ge (resp. he) represent
a subset of g (resp. h) that contains a single vertex pair e. In (C.2), go,
(resp. hp,) represents the subset of g (resp. h) that contains only vertex
pairs in orbit O;. We define f(go,, ho,) as a function of go, and hp, where
f(g0;,ho,) = Tleeo, 20n(geshe) gh(gehe) if O only contains user-user pairs,
and f(go,,ho;) = [l.co, 207 (gehe) v (9e:he) if O; only contains user-attribute
pairs. Equation follows because O;’s are disjoint and their union is
E. Note that f(go,, ho,) only concerns vertex pairs in the cycle O; since for
e € O; we have 7¢(e) € O;. Then, follows because f(go,,hq,)’s are
independent functions. In , we use Ap, (x,y, z) to denote the generat-
ing function for the orbit O; where Ap,(x,y, 2) = Ao, (x, z) if O; contains
user-user vertex pairs; Ao, (x,y, z) = Ao, (y, 2) if O; contains user-attribute
vertex pairs. To see this equation follows, note that if O; contains only user-
user vertex pairs, then

Z Z [0, ho,)

90,€{0,1}% ho,€{0,1}%i

- ¥ S A gniaehe)

90,€{0,1}%i ho,€{0,1}9i e€O;

— Z Z 07(90,;:h0;) p1(90;,h0;)

90,€{0,1}%i ho,€{0,1}%:

= Ao, (x, 2).

If O; contains only user-attribute vertex pairs, then

Z Z f(gOiv hoi)

90,€{0,1}% ho,€{0,1}%i

_ Z Z H (geshe ) v(geshe)

90,€{0,1}% ho, €{0,1}9i e€O;

_ Z Z 20 (90,0, )yV(goi ho,)

90,€{0,1}%i ho,€{0,1}%:

== AOZ‘ (y7 Z)‘
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In (C.6), we apply the fact that orbits of the same size have the same
generating function. ]
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Appendix D

Relation to subsampling
model

Fact 4. If
1 — (p11 + p10o) = O(1),
1 — (p11 +po1) = ©(1),
pu = O(1),

then we have ¥y = O(p11),u = p11 — OP), pro = O(p11) and por =
O(p11). Note that the same statement holds if we change to q and this can
be shown through the same proof.

Proof. To make the notation compact, we consider the equivalent expression
from the subsampling model. We have

<p11 pw) _ < PS182 ps1(1 — s2) >
po1 Poo p(l—s1)s2 p(1—s1)(1—s3)+1—p)"

The above three conditions on p can be written as

1 —ps; = 06(1), (D.1)
1 —pse = O(1), (D.2)
pu= LPWVER g (D.3)

T VT —psi/1— psy

Combining the above three conditions, we have s; = ©(1), s = O(1) and
1—p =0(1). Therefore, we can directly get p1op = O(p11) and po1 = O(p11).

To see 1, = O(p11), we write ¢, using parameter from subsampling
mode and we have

Yu = (v/P11P00 — v/P1oPo1)*
= (vVpuu((1 —p) +p(1 — s1)(1 — s2))
—VP2s152(1 = s1)(1 — $2))°
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2
=(1-ppn <\/1 + p(1*5112$*52) _ \/p(1511$52)>

= (1 — p11 . (D'4)

(\/1+p(1311)g $2) +\/p(1 31)(1 52>

In (D.4), we have that (1 —p) = ©(1) and i eg) Pl

1—
©(1). Therefore ¢, = O(p11). ’
To see ¢y = p11 — @(pzf{Q), we take

Yu = (v/P11P00 — /P1opo1)?

= P11P00 +P10p01 - 2\/ P11PooP1oPo1
=pui((1 —p) +p(1 —s1)(1 —s2))
+p23182(1 — 81)(1 — 82)
— /P (= p) +p(1— 1)~ s2))p(L — s1)(1 — s2)
= pi — O(B)),

where the last step follows from s; = ©(1) and sy = O(1).
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Proof of a new converse

Other than considering the existence of indistinguishable user pairs, here
we extend to analysing a more general error event £, which represent the
existence of permutations that swap exactly two users and fail the MAP
estimator. Recall that the MAP estimator simplifies to find a permutation
on the n user vertices such that the weighted Hamming distance of the two
graphs is minimized, which is equivalent to find a permutation such that the
weighted edge overlap of the two graphs is maximized.

7frl\/IAP(CTVb G/Z) = a'rgmin{wlAu(Gla Fﬁl(GIZ)) + wQAa(le ﬂ-il(GIZ))}

TES,
= argmax{wipfy (G177 (G5)) + wapih (Gr. 7™ (G1))
TEON
This equivalence comes from the conservation of total number of edges in
each graph, and a more detailed argument can be found in the proof of
Lemma 2| from the Appendix.

To better understand the above objectives and the error event £*, we
rewrite the the edge overlap of two graph using matrix product. We denote
the adjacency matrix on the user part by A" € {0,1}"*™ and the adjacency
matrix on the attribute part by A* € {0, 1}"*™. For a permutation 7 that
swaps two users v and v, we use P;; to denote the corresponding permutation
matrix. Then we can represent the weighted edge overlap difference as

w1y (G, G2) + wapdy (G1, G2) — w1y (G1, m(Ge)) — wapiy (G1, 7(Ge))
= w1 ((AY, Ay) — (A], P A3 Pij)) + wa((AY, P A3) — (AY, PijAy))

=wi ) (AN — (A1) (A3)ik — (A3)x))

ki,

+ws > (AN — (AN k) ((A3)ir — (43)5x))
KEV,

=w Z Xijk + weo Z Yijk,
ki, kEVa

where we defined
Xije 2 (ADae — (AD)k) ((A3)ar — (A3) ),
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Yija = (AD)ie — (A)jr) ((A3)ik — (A3)j1),

Here X;; , and Yj;  are discrete random variables taking values from {—1,0,1}.
We have X;;;, = 1 with probability 2p11poo, X;jx = —1 with probability
2p10po1, and Xij,k = 0 with probability 1 — 2p11pg0 — 2p10P01; }/ij,k =1 with
probability 2q11qoo, Yijr = —1 with probability 2gi0qo1, and Y;;, = 0 with
probability 1 — 2q11q00 — 2¢10qo1. For convenience, we define a £ 2p11poo,
/A A VAAN
a’ = 2q11q00, b = 2p1opo1 and b" = 2q10qo1-
Correspondingly, the error event

EF = {32,] € Vy, s.tawq Z Xij’k/‘ + wao Z Y;ij < 0}.
e kEVa

In the following part of this section, we prove the converse statement by
showing the probability of subsets of £* is at least a constant. More specif-
ically,

1. In Theorem [3, we have already show with high probability the error
event £ = {there exist indistinguishable user pairs in the intersection
graph} happens.

2. In Lemma |7, we show that with high probability the error event £5 =
{there exist i, j € V, such that for all k # i, X;; <0 and Yj;; < 0}
happens.

Lemma 7. Consider the attributed Erdés—Rényi pair G(n,p,m,q). If there
exists a constant €, such that

na +ma' < (2 — ¢€)logn, (E.1)
then P(E5) =1 —o0(1)

Proof of Lemma [7. In this proof, we show the existence of i, € V, such
that for all & # 4,5 X, < 0 and Yj;, < 0. To this end, for a pair of
users (7,7), we define the event A;; = {Vk € Vy \ {4,7}, Xijr <0, and Vk €
Va, Yijr < 0} and we further use N to represent the total number of user
pairs satisfy the description, i.e., N £ Zi,jeva iy = Zi,jeva N;j. In the
following, we will prove P(N > 0) = 1 — o(1) using the second moment
method.

(E.2)
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To compute the first and second moments in this upper bound (E.2)), we
first recall our definition of X;;; and Yj; i,

1 wp. a 1 w.p. d
ka =<¢—1 wp. b Y;‘j,k =49 -1 w.p. v
0 wp. 1—a—>, 0 wp. 1—d -V.

Then, we have the first moment term in equation (E.2))

n

eVl = (5P

= (Z) P(VE #i,7, X1 <0, or Y, <0)

= (g) I P <0) J] P <0) (E.3)

ki,j kEV,
= (Z) 1-a)"2(1—a)m (E4)

> exp{2logn — (na +ma') + o(na + ma')}

> exp{elogn + o(1)}

= nerol), (E.5)
Here, equation (E.3) follows because only Xj; i (or Y;;x) is determined by
the edges between ik and jk, and thus Xj;;;’s and Yj; ;’s are mutually inde-
pendent Equation (E.4) follows from plugging in P(X;;; < 0) =1 —a and
PV <0)=1—a

For the second moment term in equation (E.2), we can write is as

2
EN? =E || D> Ny
%,5€Vu
=E [Z N;j + Z N;; Ny + Z Niijl]
1<j 1,7,k 1<g,k<l i,9,k,0: 1<g,k<l
1,j,k,l are distinct {i,7} and {k, [} share one element
-2

(E.6)

Here in the last equation, ¢, j, k, [ represent distinct user vertices. Plugging
(E.6) into lower bound (E.2)) on the error event from the second moment
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method, we have the following.

(EN)? I
ENY 5 (PG G0 )

BN T (@Pan) T ()Pt

We then show that the three terms in the denominator of are all at
most a constant separately.

(1) For the first term in the denominator of (E.7), we have ﬁ = o(1),
which follows from the lower bound on the first moment .

(2) For the second term in the denominator of (E.7), we have

P(Nij =1, Nix, = 1) = P(Ny; = 1)P(N;; = 1| Ny, = 1)

= P(Ar)P (A Air)

=PAn) JI P&iju<0Xiu<0) J] P(Viju < 0Vigu <0) (E8)
weVL\{%,5} UEV,
n—2 nm 1 2 1 / "

<(1-a)"*(1-ad) 1—§a 1—§a . (E.9)

Here holds because conditioned on A;;, X;;, and Yj;, is only func-
tion of the edges between j and u, thus Xj;,’s and Yj;,’s are mutually
independent. In equation (E.9), we plug in P(4y) = (1 — a)"%(1 — o)™
and we use the following upper bounds on P(X;;, < 0/X;;, < 0) and
P(Yiju < 0|Yir, <0). We have

P(Xiju < 0| Xigu <0)

_ p11(1 — p3y + po1 + p1o + poo(1 — p11)?)
1 — 2pgop11

< 1 —3p11poo
~ 1 —2p11poo

1
Sl—P11p00:1—§a

and

P(Yiju < 0]Yiku < 0)

_ q11(1 — @3y + q01 + q10 + qo0(1 — q11)?)
1 —2qo0q11

< 1 —3q11900
— 1 —2q11900
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1
<1l-quqo=1- 50

Therefore, we get the following.
6(5)P(Aij, Aix)
((5)P(4i)*
= ®<exp{—n (log(l —a) —log (1 - g)) (E.10)

~m(tog(1 ~ o) ~10g (1 5 ) ) ~toxn

/ !
=0 <exp{—logn+na+ ma —i—o(% + ma )})

2 2 2 2
< exp(—elogn + o(logn))
=n 00, (E.11)
(3) For the last term in the the denominator of , we have
P(Nij =1,Np =1) = P(N;j = 1|Nyy = 1)P(Niy = 1)
= P(Aij[ Ap)P(Ar)
< P(Ag)P(Vu # ijkl, Xiju < 0 or Yy, < 0Ag)

=P(An) JI P&Xiu<0) J]PYiu<0) (E.12)
uFijkl,u€Vy u€EV,
= (1—a)™ 51 —d)*™. (E.13)

Equation (E.12) follows since Xj;,’s (or Yj;:’s) are mutually independent
and they are independent of Ay;. In (E.9), we plug in P(Ag) = (1—a)"2(1—
a')", P(Xiju <0) =1—a, and P(Yjj, <0) =1—a'. Therefore, we have

(5) ("3)P(Aij: Aw) _ ol(1-a)2) =00 E.14
Gy o) e ma
Plugging the three terms (E.5), (E.11)and (E.14) into (E.6)), we have
(EN)? _
E[N2 = 0O(1). (E.15)

Therefore, we show that the error probability is not diminishing using to
the second moment method

2
WN>®2i&2=®®.
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