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Abstract

Let F be a finite extension of Q,, k the algebraic closure of ;- for some 7, and G = SLy(F').
In the context of the mod-p Local Langlands correspondence, it is natural to study the
pro-p Iwahori Hecke algebra H := Endyq(k[G/I], k[G/I]) attached to the pro-p Iwahori
subgroup I < G. One reason is that when I’ = Q,,, there is an equivalence between the
category of H-modules and the category of smooth k-representations of G generated by
their I-fixed vectors. Unfortunately, this equivalence fails when F' is a proper extension of
Q-

We overcome this obstacle somewhat by passing to the derived setting. When F' is
a proper extension and [ is a torsion free group, it was shown by Schneider that we can
obtain an equivalence between the derived category of smooth representations and a certain
derived category associated to H. Relatively little is known about this equivalence. In
understanding more, we can consider the cohomology algebra E* := Ext*(k[G/I], k[G/I]).
The goal of this thesis is to study the related algebra Ej := Eth*%epk(G)(k[G /P, E[G/P])
when P is taken to be either the Iwahori subgroup J of G or the maximal compact subgroup
K = SLy(Zy), both of which contain I. We are able to give explicit descriptions of these
algebras, including the full product. Surprisingly, we deduce that E}, is commutative (not
graded commutative) and that it is isomorphic to the centre of £%.
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Lay Summary

A square is a highly symmetric object; it has both rotational and reflectional symmetry.
In mathematics, the set of symmetries of an object is called a group. Given a group, can
we represent the symmetries as matrices? If so, how? These are the basic questions which
underlie the branch of mathematics known as representation theory.

The mod-p Local Langlands conjecture is an important unsolved problem which con-
nects representation theory to other areas of mathematics. It posits that there is a cor-
respondence between certain mod-p representations of the group Gal(@p/ F) and certain
mod-p representations of the group GL,(F'). Recently it has become clear that there is a
family of algebraic objects, called the parahoric Hecke Ext-algebras, which may be useful
in studying this conjecture. The goal of this thesis is to write down explicit descriptions of
two distinguished parahoric Hecke Ext-algebras.
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Preface

This thesis is comprised of three chapters. Chapter 1 gives a very brief historical account
of the mod-p Local Langlands program, and explains how the work presented here fits
into the bigger picture. Chapter 2 mostly consists of background material. Its purpose is
twofold: first, to ensure that the thesis is somewhat self-contained, and second, to define
the notation which we shall often refer to in Chapter 3. Much of this chapter is standard
material and was drawn from [BHO06], [Her08], [Her13], [Hum90], [Mil20], and [Ser73],
though the exposition is original. Finally, in Chapter 3 we present the original work of the
author. These results build on previous work of Ollivier and Schneider (mainly [OS19] and
[0S21]) as well as work of Ollivier currently in preparation. We plan to submit a version
of Chapter 3 for publication as a part of [OS].
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Chapter 1

Introduction and background

Let Q, be the field of p-adic numbers, where p is a prime number, and let IF,, be the field
with p elements. Denote by @p and Fp their respective algebraic closures. We fix F' to be
a finite extension of Q,. Then F' admits a discrete valuation extending the one on Q,; in
particular, the residue field of F' is a finite extension of IF,,. Roughly speaking, the goal of
the classical local Langlands correspondence for G = GL,(F) is to establish some sort of
“natural” correspondence

of Gal(Q,/F) over Qy-vector spaces of GL,,(F) over Q-vector

certain n-dimensional representations certain representations
(up to isomorphism) spaces (up to isomorphism)

where £ is a fixed prime. Part of the challenge is that we do not know a priori exactly what
form the correspondence should take. For example, which representations do we actually
want to consider on both sides? And what does “natural” mean in this context?

The case ¢ # p was essentially solved in the early 2000’s through the work of Henniart
[Hen00] and Harris and Taylor [HT01], who describe a correspondence between isomor-
phism classes of certain n-dimensional continuous representations of Gal(Q,/F') over Q-
vector spaces and isomorphism classes of certain smooth and irreducible representations of
GL,(F) over Q,-vector spaces. Here, smooth (sometimes called locally constant) represen-
tations of G = GL,,(F') are representations for which the set Stabg(v) :=={g € G| g-v = v}
is open in G for all v. Their correspondence is also compatible with “reduction modulo £,
namely, we retain a correspondence after reducing to representations over Fy-vector spaces
(see [Vig01]).

In contrast, when ¢ = p the situation is much more complicated and no analogous
correspondence is fully understood in general beyond the case of G = GL2(Q)). The £ =p
case is often called the p-adic local Langlands correspondence and, just like in the ¢ # p
case, we would also like to find a correspondence which is compatible with reduction modulo
p, this latter correspondence being called the mod-p local Langlands correspondence. The
mod-p version is largely what we concern ourselves with here; specifically, we would like a



correspondence of the form

certain n-dimensional F,-
representations of Gal(Q,/F) ¢ <— {

certain Fp—representations of }
(up to isomorphism)

GL,(F) (up to isomorphism)

Generally speaking, classifying the objects on the left-hand side is “easy”, and all of the
hard work must be done on the right-hand side. In 1995, Barthel and Livné [BL95] made
significant progress in the case where n = 2 and F' = Q, by classifying the smooth irre-
ducible representations of GLa(Q,) over F, (really, over any algebraically closed field of
characteristic p) arising from parabolic induction. In passing, they also come across an ex-
otic family of irreducible smooth representations called “supersingular” for which they were
unable to say much about. In 2003, Breuil [Bre03] finished off the classification of smooth
irreducible representations of GL2(Q)) by describing explicitly what these aforementioned
supersingular representations look like. Moreover Breuil was able to establish a mod-p cor-
respondence between the supersingular F)-representations of GL2(Q,) and 2-dimensional
irreducible F,-representations of Gal(@p/ F). Finally, in 2013, Colmez, Dospinescu, and
Paskunas [CDP14] determine the p-adic version of the correspondence, essentially finishing
off the case F' = Q, and n = 2. Remarkably, the p-adic and mod-p correspondences for
GL2(Q)) are induced by a functor.

The cases F' # Q, or n > 3 are more difficult and remain largely a mystery. For
example, the irreducible smooth representations of GL, (F') have not yet been classified.
In the next section we discuss tools valid for any p-adic reductive group G over a p-adic

field F.

Hecke algebras Let G be the F-rational points of a p-adic reductive group over a p-
adic field F. We fix a pro-p-Iwahori subgroup I of G contained in a maximal compact
subgroup K. Denote by Rep,(G) the abelian category of smooth representations of G
over a fixed algebraically closed field k£ of characteristic p. Part of the difficulty in un-
derstanding Rep,(G) for F' # Q, comes from the fact that there are more supersingular
representations than when F' = Q, (in the sense that they outnumber the 2-dimensional
irreducible representations of Gal(Q,/F), see [BP12]), and they have not been classified as
of now. One approach is to instead study the category Mod(H) of modules over the pro-p
Iwahori Hecke algebra H = Endyq)(k[G/I],k[G/I]) attached to I. The reason for doing
so is that there exists a left exact functor h: Repy(G) — Mod(H), which, when F' = Q,,
becomes an equivalence of categories between Mod(H) and Mod!(G) ([O1109], [Koz16]).
(Here, Mod!(G) is the subcategory of all smooth representations of G generated by their
I-fixed vectors.) Even when the functor is not an equivalence of categories, it appears that
the category Mod(H) encodes a lot of information about Rep(G) and may play an im-
portant role in the local Langlands correspondence: for example, when G = GL,,(F’) there
is a numerical correspondence between the set of n-dimensional irreducible supersingular
H-modules and the set of n-dimensional irreducible Galois representations ([O1110]).



The Spherical Hecke algebra Hp is also of particular importance in the representation
theory of p-adic reductive groups. It was used by Barthel and Livné in their classification
of irreducible smooth representations of GL2(Q)). Their idea was that any such repre-
sentation in characteristic p is a quotient of the compact induction c-ind% ,(o) (where o
is an irreducible representation of K and Z is the centre of G) by a Hecke operator 7'
This was eventually generalized by Herzig in [Her11]. It should also be pointed out that
both the Iwahori and Spherical Hecke algebras are natural objects considered in geometric
representation theory, so their study may enlighten a geometric perspective of the mod-p
local Langlands correspondence.

Hecke Ext-algebras The functor h introduced previously fails to induce an equivalence
of categories in general. Since h = Homg (X, —), we see that b is left exact and its left
adjoint is

t: Mod(H) — Mod!(Q)
M+— X @y M,

where X denotes the compact induction of the trivial character of I. In general, h will not
be right exact, so it makes sense to study its right derived functors. Recently, Schneider
[Sch15] justified this approach by showing that, when I is a torsionfree pro-p group (so,
for example, for I the pro-p Iwahori subgroup of SLy(Q,) and p > 5), there exist derived
versions of h and t which give an equivalence between the derived category of smooth
representations of G and the derived category of differential graded modules over a certain
differential graded pro-p Iwahori-Hecke algebra H*®.

Unfortunately, not much is known about the derived categories in question, and under-
standing them is an active area of research. In [0S19], the graded cohomology algebra

E* = EXtEepk(G) (:X.7 X)

of H®, dubbed the pro-p Iwahori Hecke Ext-algebra, is studied and the first results about
its structure emerged. Its product is described explicitly and it is deduced that E* is only
supported in degrees 0 < ¢ < d when [ is an Iwahori pro-p subgroup with dimension d as
a p-adic Lie group (really, for I any Poincaré group of dimension d). When F = Q,, for
example, one has d = 3. Moreover, a certain duality is present between the E? and E4~!
graded pieces whereby E9~ can be realized as the finite vector space dual of E*.

Let P be a parahoric subgroup of G = SL2(Q,) containing the Iwahori subgroup J.
The main goal of this thesis is to study the parahoric Hecke Ext-algebra

E;}k) = Eth*{Cpk(G) (X[]), Xf}))

where X is the compact induction of the trivial character of P.



The structure of this thesis

Chapter 2 is expository in nature. In particular, we introduce the field of p-adic numbers
Qp, discuss smooth representations of locally profinite groups, and define some of the
language used to describe the modern theory. It should be noted that our treatment of
locally profinite groups includes a heavy emphasis on the examples GL,,(Q)) and SL,(Q,)
even though things can often be stated in greater generality; we attempt to point out
some of these generalizations when appropriate. Finally, Chapter 3 contains the main new
results. We are able to describe fully the Iwahori and Spherical Hecke Ext-algebras E7
and Ej in the case G = SL2(Qp), p > 5, when k is algebraically closed of characteristic
p. We find many familiar properties inherited from the pro-p Iwahori Hecke Ext-algebra;
for example, E}- and E7 are supported in d degrees, there is a duality, and so on. At the
same time, many intriguing properties are discovered: one of the main results we present
is that 7 is commutative and moreover we deduce that it is isomorphic to the centre of

Further questions

As work progresses, we are also met with many new and exciting questions. It is believed
that several results obtained here can be extended much beyond the case G = SL2(Q)).
It should be pointed out that in characteristic different from p, Venkatesh [Venl9] intro-
duced the Spherical Hecke Ext-algebra in the context of cohomology of arithmetic groups.
Relatively little is yet known about the Spherical algebra in our context, although there is
certainly some promise. For instance Ronchetti [Ron19] recently described a derived ver-
sion of the Satake isomorphism. Furthermore, we suspect that understanding the Spherical
Hecke Ext-algebra will allow us to extend the notion of supersingularity to Mod(E7), and
perhaps even to the derived category of differential graded modules over H®. An eventual
goal is to have a concrete understanding of Schneider’s equivalence in the derived setting
and its role in the mod-p Langlands correspondence.



Chapter 2

Smooth representations

2.1 Representations of finite groups

We begin with the basics. Let G be a group, k a field, and V' a finite-dimensional vector
space over k. Denote by GL(V) the group of linear automorphisms of V. For now, we
impose no restrictions (e.g. finiteness) on G.

Definition (Group representation). A k-representation of G is a pair (p, V') where V is a
k-vector space and p is a group homomorphism p: G — GL(V).

We will often omit the k in k-representation when the coefficient field is clear from
context. A morphism of k-representations T': (p,V) — (7,W) is a linear map V" — W
such that the following diagram commutes for all g € G:

v L, w
oo | (2.1)

v L. w

Such a map T is also often called a G-equivariant map. In any case, we can now make
sense of the category of all k-representations of G, which we denote Rep,(G). It is an
abelian category.

On the other hand, let k[G] be the group algebra of G over k. As a vector space, it is
the set of finite formal k-linear combinations of elements of G. Its product is induced by
the product in the group; in other words, we set g - h = gh and extend linearly. Letting
Mod(k[G]) denote the category of (left) k[G]-modules, we have a functor

Repy,(G) — Mod(k[G))
(p,V)—V, (2.2)



where we define the k[G]-module structure on V' via g - v := p(g)(v), extending linearly.
Conversely, given a k[G]-module M, we obtain a k-representation of (7, M) by defining
7(g)(m) := ¢g - m. One surmises that the functor (2.2) is an equivalence of categories (it
is, though what we have here is even a little stronger). With this in mind, we will often
identify the representation (p, V') with its underlying vector space V' and write g - v for
p(g)(v). A subrepresentation of V' is then simply a submodule of the k[G]-module V.

Remark 1. Given a group G, we always have the representation of G defined by viewing
k[G] as a module over itself. This is called the (left) regular representation. The field k
can also be made into a representation by defining ¢g-a = « for all a € k; this is the trivial
representation (or trivial character) and we denote it 1g.

For the remainder of this section, we suppose that G is finite. Given a subgroup H of
a group G, there is a functor turning representations of H into representations of G.

Definition (Induced representation). Let G be a finite group, H a subgroup of G, and V'
a representation of H. Then

k[G] @y V

is a representation of G, with g - (h ® v) = gh ® v. It is called the induced representation
and is denoted ind% (V).

Remark 2. Note that one can still make sense of the above definition even if G is not
finite. In the context of smooth representations, for example, this functor is called compact
induction. Refer to §2.3.

If H is a subgroup of G and V is a representation of G, then denote by Vg the
representation of H obtained by restricting V to H.

Proposition 3 (Frobenius reciprocity for finite groups). Let G be a finite group, H a
subgroup of G, and V' a representation of H and W a representation of G. We have

Homyg) (indf; V. W) 2 Homy ) (V, W) (2.3)
as vector spaces.
Proof. Consider the map
T Homyg(indfj V, W) — Homyy (V. Wlp)
o — (v p(l®w)). (2.4)

First, note that the map v — ¢(1 ® v) is H-equivariant since (1 ® ah-v) = p(ah @ v) =
ah - p(1 ®v) for any h € H and « € k. Therefore T is well-defined. Linearity of T is
clear. If ¢ € ker(7T), then ¢(1 ® v) = 0 for all v € V which implies that ¢(ag ® v) =0
for all & € k and g € G since ¢ is G-equivariant. So T is injective. For surjectivity, if
Y € Homy g (V, W|n) then T'(p) = 1) where ¢ is defined by p(ag ® v) = ag-¥(v). It is
straightforward to verify that this ¢ is well-defined. O



Remark 4. It is not so hard to check that in fact the isomorphism (2.4) is functorial in both
V and W. In other words, ind%(—) is left adjoint to (—) . Alternatively, notice that for V' a
representation of G' there is a natural isomorphism of k[H]-modules V = Homy g (k[G], V)
sending v € Vjz to the map 1 +— v. (Here, k[G] is viewed as a (k[G], k[H])-bimodule.) Then,
by the hom-tensor adjunction, one recovers the content of Frobenius reciprocity.

Remark 5. More generally, let R and S be arbitrary rings and let f: R — S be a
morphism of rings. There is a functor Hompg(S, —): Mod(R) — Mod(S), sometimes called
coinduction. It is the right adjoint of the restriction functor (—)r: Mod(S) — Mod(R)
which takes an S-module M and defines r-m := f(r) - m for r € R. Taking f to be the
inclusion k[H] < k[G], where H < G, we have the adjunctions

ind% (=) 4 (=)g - coindf(—) = Homy (k[G], —).

When G is finite, the coinduction and induction functors coincide, so that induction is
both left and right adjoint to restriction. This is not true in general.

2.2 The field Q,

In this section we introduce the field of p-adic numbers Q,. We first briefly recall the
notion of an inverse limit of a sequence rings. Given a sequence of rings (A,)72 ; together
with ring homomorphisms

~--]%—+§Anﬁ>z4n_1f"—_§---£>141

for all n, we define the inverse limit of (A, fn)nen to be

n=1

{iin(An,fn) = {a = (an)pey € H Ay | fulan) = ap—1 for all n > 2} .

The inverse limit A = lim, (A, f,) is in particular a subring of [[>2 | A,,, with addition
and multiplication defined component-wise. It comes with the map ¢,: A — A, which
extracts the nth component of a € A. We will often abbreviate €,(a) by ay,.

We now let A,, = Z/p"Z for a fixed prime p. For all n > 1, there is a natural (surjective)
map 7, : Z/p" 7 — 7./p"Z.

Definition (The p-adic integers). Let p be a prime. The ring of p-adic integers Z,, is the
inverse limit of (Z/p"Z, m,).

Remark 6. There is a natural inclusion Z < Z,. Its image is the set of all eventually
constant sequences.

Proposition 7. We have Z; = Zy \ pZy, i.e. x € Zy is a unit if and only if it is not
divisible by p.



Proof. 1t is clear that Z; C Z;, \ pZy. Conversely, suppose x ¢ pZy,. Then x, is invertible
in Z/p"Z for any n. Hence let y,, € Z/p"7Z be such that x,y, = 1. It remains only to show
that the sequence (...,y2,y1) lies in Z,, namely, that m,(y,) = yn—1 for all n. Indeed,
since z,y, = 1 we have 7, (z,y,) = 1in Z/p" 'Z i.e. 2, 1m,(yn) = 1. Since inverses are
unique, m,(Yn) = Yn—1, as desired. O

Proposition 8. We have Zy,/p"Z, = Z/p"Z for n > 0.
Proof. Simply note that the map e,,: Z, — Z/p"Z has kernel p"Z,. ]
In Z, we have the infinite chain of ideals
Zp D> pZy Dp*Ly DL D - (2.5)

with (,~op"Z, = {0}. For any nonzero x € Z,, there exists an integer N such that
T € pNZp but x ¢ kap for all £ > N. This integer N is called the p-adic valuation of x.
More precisely, we define the p-adic valuation v,: Z, — Z to be

(2) {max{nGN:p”]x}, if x#0
vp(x) =

o, otherwise.
The p-adic valuation determines an absolute value | - |, on Z, by setting
|, = p~+r () (2.6)

and [0, = 0. This, in turn, defines a topology on Z,, where two elements of Z, are
considered close if their difference is divisible by a large power of p. The sets p"Z, forn € N
are therefore open balls centred at 0; we see that the sequence (2.5) forms a neighbourhood
basis of 0, meaning that any neighbourhood of 0 contains p"Z, for some n. In fact, any
point « € Z, has the neighbourhood basis {x + p"Z},en.

We also remark that the copy of Z lying in Z, from Remark 6 is dense, and that Z, is
the completion of Z with respect to the p-adic absolute value.

Proposition 9. The p-adic valuation satisfies the following properties: for all x,y € Z,,
(i) vp(zy) = vp(x) + vp(y); and
(ii) vyl + y) = min(vp(), vp(y)).
Proof. This follows immediately by the definition of v,. O
Proposition 10. Z, is an integral domain.

Proof. Suppose zy = 0 in Z,. By property (i) above, co = v,(x) + v,(y) so that either
z=0ory=0. ]



Definition (The p-adic numbers). The field of p-adic numbers Q,, is defined to be the field
of fractions of Z,.

One extends v, to Q,, by defining v, (z/y) = vp(x) —vp(y) for all z € Z, and y € Z,\ {0}.
This defines a topology on @, via the p-adic absolute value | - |, defined in (2.6). The set
p"Z, corresponds to the closed ball {x € Q) : |z[, < p"} which is also open Q.

Proposition 11. Q, with | - |, is locally compact.

Proof. Every point € Q, has the open neighbourhood = + Z,,. It remains only to show
that x + Z, is compact; though it suffices to only show that Z, is compact as translation
preserves compactness. Since Z, is complete, this amounts to showing that Z, is totally
bounded.

To that end, let € > 0. Choose n so that p"Z, is a ball of radius less than €. For any
x € Zp, the ball x + p"Z, is also of radius less than e. The set of open balls {z + p"Z, :
x € Zy} evidently covers Z,; moreover, it is finite by Proposition 8. This shows that Z,, is
totally bounded, as desired. O

A brief note on local fields The field Q,,, as well as its finite extensions, are important
examples of what are called local fields. A local field is a topological field! F with a
non-trivial absolute value | - | such that F' is locally compact in the induced topology.
Here we have shown that Q, is a local field with respect to the p-adic absolute value
| - |p. Furthermore, Q, is non-Archimedean as a local field. This means that | - |, satisfies
a stronger version of the triangle inequality: namely, |z + y[, < max(|z|,,|y|p) for all
x,y € Qp. This fact follows from Proposition 9 (ii).

For any non-Archimedean local field F', its ring of integers O is a local ring with unique
maximal ideal m and finite residue field O/m. In the case of Q, we can see this directly.
Its ring of integers, Zy, is a local ring with maximal ideal pZ, (c.f. Proposition 7). Then
Zyp/pZy = 7/pZ by Proposition 8.

If 7 € O generates the maximal ideal m, then 7 is called a uniformizing parameter, or
simply a uniformizer, of O. With Q, we will almost always take m = p.

As an aside, it is of note that there are only three classes of local fields: the non-
Archimedean local fields of characteristic zero (Q, and its finite extensions), the non-
Archimedean local fields of positive characteristic (the Formal Laurent series F,((T")) with
q a prime power), and the Archimedean local fields R and C.

'A topological field is a field in which the field operations (addition, multiplication, inversion) are
continuous.



2.3 Smooth representations of GL,,(F)

Definition (Topological group). A topological group is a group G together with a topology
on G such that the maps

GxG— G G — G

(9,h) — gh, gr—r g

are continuous. (Here, G x G is given the product topology.)

Remark 12. Continuity of the maps (g,h) ~ gh and g — ¢!

continuity of the map (g, h) — gh™!.

is equivalent to the

The groups (C*,-) and (C™, +) are both familiar examples of topological groups (with
respect to the standard topology on C). Note that any ordinary group can be made into
a topological group by giving it the discrete topology. Our main example of a topological
group, however, is GL,,(Q,). We have already seen that (Q,, +) and (Z,, +) are topological
groups with the topology induced by the p-adic valuation. If G = GL,(Qp) or SL,(Q,),
then we give G the topology induced by its inclusion in Q;}z. Since inversion in G is a
continuous operation, GG is a topological group.

One of the goals of this section is to lay the groundwork needed in order to study the
so-called smooth representations of G = GL,(Q)) or SL,(Q,).

Definition. A representation V of G is smooth if

v= |J v
H<G
H open

where VH .= {v € V: h-v=v for all h € H} is the subspace of H-fixed vectors.

One checks that if T': V; — V5 is a G-equivariant map between smooth representations
(i.e. it is linear and satisfies (2.1)), then its kernel and image will again be smooth.
The class of smooth representations together with G-equivariant maps forms an abelian
category. It is a full subcategory of Rep,(G). By abuse of notation, we refer to the category
of smooth representations by Rep(G), replacing our earlier notation. All representations
are assumed to be smooth from this point forward.

Lemma 13. If H is an open subgroup of a topological group G, then so are the cosets gH
and Hg for all g € G.

Proof. Let g € G and let ¢, be the continuous map G x G — G defined by ¢4(h) = gh.
Then Hg = go;fl (H) is open. Similarly, gH is open. O

Proposition 14. Let V be a representation of G. The following are equivalent:

10



(i) V is smooth,

(ii) the map ¢: G xV =V given by p(g,v) = g - v is continuous, where V is given the
discrete topology,

(i1i) the set Stabg(v) :=={g € G| g-v="v} is open in G for all v.

Proof.

(ii) = (iii). Let v € V. The set Stabg(v) is the preimage of the open set {v} C V under
the restriction of G x V. — V to G x {v}.

(iil) = (i). If v € V, then v € V5%Pc(¥) and Stabg(v) is open.

(i) = (ii). Suppose W C V and (g,v) € ¢~ *(W). By assumption, there exists an open
subgroup H such that h-v = v for all h € H. Then (g,v) € gH x {v} C ¢~ }{(W). But
gH x {v} is open by Lemma 13. Therefore, o~ 1(W) contains a neighbourhood of each of
its points, and so it is open. ]

Definition. A locally profinite group is a topological group G in which every neighbour-
hood of the identity contains a compact open subgroup.

Proposition 15. (Qp, +), (Q,,-) and GL,(Qyp) are all locally profinite groups.

Proof. In fact we have already seen that (Q,,+) and (Q),-) are locally profinite; the
sets {p"Zp}nen and {1 + p"Zy}nen, respectively, form neighbourhood bases of the iden-
tity consisting of open compact subgroups. For GL,(Q,), we have the following (open)

neighbourhoods of the identity:
CL,(Zp) D1+ pMu(Zy) D1+ p* My (Zy) D -+ . (2.7)

These are open balls in GL,(Q,), so any open neighbourhood of the identity must contain
one of them. It remains to show that GL,(Z,) is compact. Note that we can realize
GLn(Zyp) as the inverse image of Z under the continuous map det: GL,(Q,) — Q. By
Proposition 11 and its proof, Z, is compact, hence GLy,(Z,) is compact. O

Remark 16. Proposition 15 remains true if we replace Q, with a finite extension of Q,
or GL, with SL,. The proof is similar.

Induction

Let G be alocally profinite group, H a closed subgroup of G, and V' a smooth representation
of H. One needs to be careful when attempting to define the induced representation of V.
In the case of finite groups, for instance, recall that we have

ind% (V) := k[G] @y V = {f: G = V| f(hg) = h- f(g) for all h € H}
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where the action of G on (xx) is given by g - f(x) = f(zg). This isomorphism is non-
canonical and indeed fails in general for infinite groups; we have a strict inclusion of (x)
in (x*) whose image is functions which are of finite support modulo H. This gives us two
different versions of induction.

Definition (Induced representation). Let G be a locally profinite group and H a closed
subgroup of GG. For a smooth representation V of H, define

Ind§ (V) :={f: G = V| f(hg) =h- f(g) forall h € H, g € G}
where (—)>° denotes the largest smooth subrepresentation of (—).

The action of G on (#x) is usually not smooth, which is why we instead take (%)
above.

Definition (Compactly induced representation). Let G be a locally profinite group and
H a closed subgroup of G. For a smooth representation V of H, define

c-ind% (V) := {f € Ind% (V) | the image of supp(f) in H\G is compact}.
Remark 17. The fact that H\ supp(f) is compact in the definition of compact induction
implies that c-ind% (V) = k[G] ®p(a) V', just like with finite groups.

Proposition 18 (Frobenius reciprocity for smooth representations). Let H be a closed
subgroup of G, V a smooth representation of H, and W a smooth representation of G.
Then

Homyc(c-ind% (V), W) = Homyg (V, W1g),  and
Homy,g) (W, Ind$; V') = Homy g (W |w, V)
as vector spaces. Moreover, this isomorphism is functorial in both V and W.

Proof. The proof is similar to the case of finite groups; we refer the reader to Proposition
3 and its proof or to [BHO06]. O

2.4 Decompositions of GL,(F')

The purpose of this section is to give a brief overview on Weyl groups as they relate to
GL,,. Few proofs are given; we refer the reader to [IM65], [Vig05], [Hum90]. As usual, the
main example we will have in mind is G = GL2(Q)) or G = SL2(Q)).

We begin with the following definition.

Definition (Coxeter system). A Cozeter system is a pair (W, S) where W is a group and
S = {s1,52,...,5n} generates W subject only to relations of the form (s;s;)"% =1 where
my; = 1 and m;; > 2 for i # j. If there is no relation involving s;s;, we write m;; = oo.
The group W is called a Cozeter group.
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An immediate consequence of the definition is that each generator has order 2. Reflec-
tion groups (groups generated by reflections in Euclidean space) are an important class of
examples of Coxeter groups, and Coxeter groups are in some sense a generalization of this
concept. Another prototypical example is S, the symmetric group on n letters, generated
by the set of transpositions (7,74 1) for 1 <i <mn — 1.

Given a Coxeter system (W, .S), there is a natural notion of “length” on W, described
as follows. Let 1 £ w € W. Since S generates W and every element of S has order 2, we
may decompose w as the product w = s;, s;, - - - 4, for some s;; € S. Define the length of
w, denoted ¢(w), to be the smallest possible value of n in such a decomposition of w. We
then define £(1) = 0. Immediately, we see that £(w) = £(w™!) and £(ww') < £(w) + £(w')
for all w,w’ € W.

2.4.1 The Bruhat decomposition

Let k be a field and G = GL,(k) or SL,(k). Let B be the subgroup of GL, or SL,
consisting of upper triangular matrices, i.e.

k* ok *
* *
B .= (2.8)
0

(with non-zero entries on the diagonal, and which multiply to 1 in the case of SL,). We
call B the (standard) Borel subgroup of G.

Proposition 19 (Bruhat decomposition for GL,,). Let k be any field. We have the disjoint
UNILON
GL,(k) = | J BwB
weWw

where W is the set of permutation matrices.
Proof. The process of decomposing a matrix g into the product bjwbs € BwB essentially

reduces to row-reducing g using a sequence of elementary row operations. The finer details
are left for the reader. O

Remark 20. The set of permutation matrices is not a subgroup of SL, (k) since any odd
permutation will have determinant —1. However, we can rectify this by replacing a single
1 with —1 in every odd permutation. This gives the Bruhat decomposition for SL,,.

Notice that in the Bruhat decomposition for GL,,, W 22 S, can be given the structure of
a Coxeter group. It is in fact an example of a Weyl group, a class of Coxeter groups which
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arise naturally in the study of Lie groups and Lie algebras. The goal for the remainder of
this section will be to investigate extensions of the Bruhat decomposition, each indexed by
a particular Weyl group, when G = GL,,(F) and F is a finite extension of Q,,.

To that end, let F' be a finite extension of Q, with ring of integers O and maximal ideal
m. Let G = GL,(F) (resp. SL,(F)), K := GL,(O) (resp. SL,(0O)), and T the subgroup

of G of diagonal matrices. The subgroup K is a maximal compact subgroup of G.

Definition (Finite Weyl group). Define the finite Weyl group Wy of G to be N(T')/T,
where N(T) is the normalizer of T in G.

One computes that N(T') is the set of generalized permutation matrices (with determi-
nant one in the case of SL,), i.e. N(T) = W x T. We conclude the following.

Proposition 21. We have
(i) Wo = Sy,;
(ii) The coset BwB is well-defined for w € Wy;

(iii) G = Upew, BwB.

Proof. Since N(T') is the set of generalized permutation matrices, the map N(T') — S,
sending a matrix to its permutation type has kernel T'. For (ii), note that if g1T = goT
in Wy then ¢1B = g2B since B contains 7. In particular, Bg1B = BgeB. Finally, (iii)
follows from the Bruhat decomposition. O

Remark 22. When G = GL,(F) we can view the finite Weyl group as a subgroup of G
(via set of permutation matrices). This is not the case for SL,,(F"). Indeed, if ¢ is an odd
permutation matrix, then the coset ¢g7" has order 2 in Wy but any element of g7 has order
4 in SL, (F).

2.4.2 The Bruhat-Tits decompositions

For simplicity, we now focus on G = GL,(F"). We suppose that the field O/m has charac-
teristic p. Fix the following unipotent subgroup of GLy,:

1 x % -
|
U .=
0 *
1

It is a subgroup of the Borel subgroup B.
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Definition. The Iwahori (resp. pro-p Iwahori) subgroup of G is the inverse image of
B(O/m) (resp. U(O/m)) under the map GL,(0O) — GL,(O/m).

Let J and I be the Iwahori and pro-p Iwahori subgroups of G, respectively. Our goal
is to find an analog of the Bruhat decomposition for J and I. In other words, we want to
decompose G into the disjoint union of the cosets JwJ and ITwl.

Definition. The extended affine Weyl group W of G is defined to be N(T')/(T N K).

We may view the finite Weyl group as a subgroup of the extended affine Weyl group.
We have the following.

Proposition 23 (Bruhat-tits decomposition for J). For w € W the cosets Jw.J is well-
defined and we have the disjoint union

GL,(F) = ] Juwl.
weW
Proof. See [IM65, Theorem 2.16]. O

The extended affine Weyl group is generated by the transpositions si, ..., s,—1 of Wy
along with the element

0 1 0 0
0 | 0
ro=|: o | (2.9)
0 1
p 0 0O --- 0

Despite no longer being a Coxeter group (12 # 1), we can still define a length function on
W as follows. Let s; € Wy be a generator of Wy and Wag be the subgroup? of W generated
by Wy and the element rs;7~!. It is a Coxeter group. Furthermore, it is normal in W and
we have the semi-direct product W = Wog x R where R is the subgroup generated by r.
For wr¥ € W we then define £(wr*) = f(w).

We further extend W by defining W := N(T)/(TNI). Let Q := (TNJ)/(TNI). It can
be viewed as a subgroup of W and is isomorphic to the set of diagonal matrices with entries
in O/m, so it is abelian and normal in W. We have W = W x Q. This is summarized by
the existence of an exact sequence

0—Q—W —W —0.

Although W is again not a Coxeter group (in the sense we have defined here), the
length of W may be used to define a length on W via ¢(ww) = ¢(w) for w € W and w €
(see [Vig05]). All elements of Q have length zero.

2Wag is called the affine Weyl group.
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Proposition 24 (Bruhat-tits decomposition for I). For w € W, the coset Twl is well-
defined and we have the disjoint union

GLy(F) = | J IwlI.
weW
Proof. This follows by using the semi-direct product W=WxQ along with Proposition
23. O

Remark 25. Versions of Proposition 23 and 24 hold identically for SL,,(F'). The generators
of W are given by the transpositions si,...,s,—1 and r, appropriately modified to be
elements of SL,(F) instead of GL,(F). (For example we replace a 1 in r by p~1.) We
investigate the example SL2(Q,) below.

Example (Decompositions of SL2(Q))). Let us be explicit and determine the Bruhat-Tits
decompositions of G = SLy(Q,). We do so by computing the Weyl groups W and W. In

this case, we have
1+ pZ Z 7 7
I — 4 P C V4 'Y — J
( pZ, 1+ pr> (pr Zy

where all matrices are assumed to have determinant 1. The normalizer of T here is the
subgroup of diagonal matrices together with the anti-diagonal matrices. From this, it
is straightforward to compute that a set of coset representatives for TN K in N(T) is
(s051)% U (s180)% where

_(0 1 _ (0 —p!
50.—<_1 0), and s1:= <p 0 )

This gives us the extended affine Weyl group W. Meanwhile, recall that in general we have
Q = T(FF,) where T(F,) is the set of diagonal matrices in SLo(IF,). Specifically,

we 0
Q:{(O wgl):xEF;}

where w, denotes a lift of x € F), in Z,,. Then W =W x Q.

2.5 The pro-p Iwahori Hecke algebra

Recall that in the representation theory of finite groups, there is an equivalence between
the category of representations of G and the category of k[G]-modules. This equivalence of
course fails if we replace the category of k-representations of G with the category of smooth
k-representations. Indeed, there is no need for an arbitrary k[G]-module to correspond to
a smooth representation. For smooth representations, it is useful to instead study modules
over the Hecke algebra, as we shall see.
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Definition. Let G be a locally profinite group and U an open subgroup of G. The Hecke
algebra Hy associated to U is defined to be

Hy = Endyg (X)),

where Xy := c—indg (1y) is the compact induction of the trivial character of U.

Consider the k-vector space k[U\G /U] with basis the set of double cosets U\G/U. One
may view it as the vector space of U-biinvariant functions G — k (i.e. functions such that
fluigus) = f(g) for all g € G and uy,us € U) with compact support. We can turn it into
a k-algebra by giving it the convolution product

(o))=Y elowlg'a)= Y ¢l@g )(g) (2.10)

geG/U gEU\G
for ¢, € E[U\G/U].
Proposition 26. As k-algebras, Hy is isomorphic to (k[U\G/U],-)°P, where - is the con-
volution product (2.10).

Proof. Consider the G-representation k[G/U]; as a vector space it has basis the cosets
G/U, and the action of G is given by the usual action of G on G/U. So k[G/U] identifies
naturally with Xy as representations of G. A function f € Xy corresponds to

D flg)gU € k[G/U],
geG/U
and the fact that we use compact induction ensures that this is a well-defined element of
k[G/U]. By Frobenius reciprocity, we have
Endyc (Xy) = Homypg (1a, Xacly) = Homyp (1, [G/U])

as vector spaces. However, Homy (1, k[G/U]) is just the space k[G/UJY of U-fixed vec-
tors; i.e. kK[U\G/U]. The fact that the products coincide follows by a straightforward
computation. O

Remark 27. Recall that the group algebra k[G] as the set of finite formal k-linear com-
binations of elements in G. There is, however, a natural identification (as vector spaces)
between k|G| and the the space of functions G — k with finite support. Tracing the product
of k[G] through this identification, we find that the product of two functions ¢, 9: G — k
is given by the convolution

(p-)(@) =Y wlg)lg "), (2.11)

geG

which resembles the convolution product (2.10).
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The pro-p Iwahori Hecke algebra We now let G = SL,(Q,) and I to be its pro-p
Iwahori subgroup. Suppose k has characteristic p. The pro-p Iwahori Hecke algebra is
Hy; as is tradition we often write H for H; and X for X;. Recall that the Weyl group
W = W x Q indexes the set of double cosets I\G/I. For w € W, denote by 7, the
characteristic function of TwlI. We have

H = @ kTy-
weW
The extended affine Weyl group is generated by the transpositions si,...,s,—1 as well as
the element r (see §2.4 and in particular Remark 25). If s is one of these generators and
v, W € W, then
TyTw = Tow, if {(vw) = €(v) + £(w) (braid relations)

2= —eiT, (quadratic relations)

€] = — E Tw-

weN

where

The element e; is a central idempotent (see [OS19]).
In the context of the mod-p Local Langlands correspondence, the importance of the
pro-p Iwahori Hecke algebra is due in part to the existence of the functor

h: Repy(G) — Mod(H)
Vi— VI
where V7 is the set of I-fixed vectors.
Proposition 28. The functor ) sends non-zero representations to non-zero modules.

Proof. We will prove this for G = GL,,(Q,) from which the result for SL,(Q,) will follow.
Write an element of I in the form 1+ A where A € M, (Z,) and define the map I —
(M,,(Z/pZ),+) by 1+ A+ A where A denotes the matrix A with entries reduced modulo
pZyp. This map is well-defined with kernel 1 + pM,(Z,). Likewise, for k£ > 1, the map
1+ p* My (Zy) — (M (Z/pZ), +) defined by 1+ p*A — A has kernel 1+ p*™1 M,,(Z,). We
conclude that the subgroups

14+ pMu(Zy) D1+ p* Mu(Zy) D - - (2.12)

are open neighbourhoods of the identity, each normal in I and of p-power index.

Now, let V' be a smooth representation of I. Fix 0 # v € V, and choose an open
subgroup H of I which fixes v. Since H contains one of the neighbourhoods (2.12), we
may simply assume H is normal and of p-power index. Then the representation V' descends
to a representation of the p-group I/H. Any representation of a p-group over a field of
characteristic p admits fixed vectors (see [Ser77, Prop. 26]). Since a I/H-fixed vector will
be an I-fixed vector of V, we are done. O
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Remark 29. More generally, a pro-p group is a compact Hausdorff topological group which
contains a neighbourhood basis of the identity consisting of normal subgroups of p-power
index. Here we have shown that I is a pro-p group, hence its name.

Proposition 30 ([Kozl6]). Let F' = Q, and k be an algebraically closed field of charac-
teristic p. Then the functor b induces an equivalence of categories between Repé(G) and
Mod(H), where Repl(G) is the category of smooth representations which are generated by
their I-fixed vectors.

Note that the left action of H on V! is given by the following right action of Endy g (X)
on VI. We have V! = Homy,7 (17, V), so 7a= Homy, (X, V) by Frobenius reciprocity.
Let ¢, be the element of Homy, (X, V) corresponding to v € V! (namely, so that ¢,(17) =
v where 1; is the characteristic function of I). Finally, for 7' € Endy(X), define v - T =
¢y o T(1y).

In the next chapter, we discuss the failure of this functor to induce an equivalence for
more general F', and introduce the parahoric Hecke Ext-algebras.
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Chapter 3

Parahoric Hecke Ext-algebras

Let F' be a finite extension of Q,, G = GL,,(F'), and k a field of characteristic p. We saw
earlier that it is helpful to study the functor

h: Repy(G) — Mod(H)
Vi— Vi

where [ is the pro-p Iwahori subgroup of G. Since h = Homyq (X, —), this functor is left
exact and has the right adjoint

t: Mod(H) — Repi(G)
M+— Xy M

where Repi(G) denotes the category of all smooth representations which are generated
by their I-fixed vectors. In general, h fails to be an equivalence and furthermore as it
is not usually right exact. It makes sense, then, to consider the derived picture, where
the situation improves somewhat. In [Sch1l5], Schneider shows when p > 5 that there
are derived versions of h and t which induce an equivalence between the derived category
of smooth representations and the derived category of differential graded modules over a
certain differential graded pro-p Iwahori Hecke algebra H*®. Unfortunately, the derived
categories in question, and even the algebra H®, are still quite poorly understood.

One thing we can do is study its cohomology algebra E* := Ext*Repk(G) (X, X)°P. In
[0OS19], Ollivier and Schneider describe its product explicitly and deduce, in particular,
that it is only supported in degrees 0 to d when [ is a pro-p Iwahori subgroup of dimension
d as a p-adic Lie group.

For the remainder of this chapter, we let G = SL2(Q,), p > 5, and take k to be the
algebraic closure of a finite extension of IF,. Let P be a parahoric subgroup containing
J, which means that P is the union of double cosets JwJ. In [OS] the parahoric Hecke
Ext-algebra

Eak) = EXt;{epk(G)(X?v Xqp)P
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is introduced. In this chapter we study the Iwahori and Spherical versions of E3, namely,
the algebras

E} = EXt;{ka(G) (XJ, XJ)Op, and
E;{ = EXt;{epk (G) (XK, XK)Op

where J is the Iwahori subgroup J and K is the maximal compact subgroup SLa(Z,).
In [OS], the following result is shown.

Proposition 31 ([OS]). Let P be a parahoric subgroup of G containing J. There exists
an idempotent ep € Hyp such that epE*ep and Ej are isomorphic as k-algebras.

In light of this result, we are able to study E7% and E7 as algebras! inside E*. The
assumption p > 5 allows us to say, among other things, that E* is supported in degrees 0
to 3. The same will be true for £ and E.

3.1 Preliminaries

We first recall the key objects in this context. Refer to §2.4 and [0S21] §2.3.

Fix uniformizer m = p of Z,. There is a nested sequence of open compact subgroups
I C J C K in G consisting of the Iwahori subgroup J, its pro-p Iwahori subgroup I, and
the maximal compact subgroup K. When G = SLy(Q,), we can be explicit and write

K = SLy(Zy),
X
I—<1+pr T >, and J—(Zp Z,,)}
DLy 1+ pZy, >

where (by abuse of notation) all matrices are understood to have determinant 1.

Let T C G be the torus of diagonal matrices, T° its maximal compact subgroup,
T' its maximal pro-p subgroup, and N(T') its normalizer. We set W := N(T)/T' and
W := N(T)/T°. These are the affine and extended affine Weyl groups, respectively, and
they are related via the short exact sequence

0—Q—W —W—0

where Q := TY/T" can be identified with the torus of diagonal matrices in SLo(F,). Here,
W is generated by the two elements

_ (0 1 (0 —pt
so.—<_1 0), 51._<p ) )

(By abuse of notation, here and throughout, we write elements of W as matrices in G.)
Meanwhile, W is generated by sg, s1, and w for w ranging over ). Setting 6 := sgs1, the

'We do not call epE*ep a subalgebra of E* as the units are not the same. The unit in ep E* e is esp.
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length function £ on W can be pulled back to W yielding £(0%) = |2i| and £(s00%) = |1 —2i|.
Elements in 2 C W have zero length.
We have the following decompositions into disjoint cosets:

G=J Jwi= | IuI, K=JulJsgJ = |J Iwsyl, J=|J Iwl
weW wew Zg}{%&}} weN
(3.1)

Since the elements of W index a set of double coset representatives for I\G/I, the charac-
teristic functions of Twl for w € W forms a basis for the pro-p Iwahori Hecke algebra H.
We denote by 7, the characteristic function of Twl.

One obtains the decomposition of vector spaces

=H*(I,X)= P H* (I, X(w
weWw
where X (w) := ind?*Z(1;). For each 4, define also the decreasing filtration
F'E' = P H'(I,X(w)) (3.2)
weW
L(w)>n

and the increasing filtration

F.E' = P H(I,X(w)) (3.3)
weW
L(w)<n

(see [0S21] §2.2.4).
3.1.1 Idempotents
We also define the following class of idempotents. To a k-character \: Q — k*, define

ey = — Z Mw ™7, € H.
weN

Then e) is an idempotent. Recall that we have the isomorphism

(3.4)
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where w, denotes a lift of x in Z,. When k has characteristic p, the inclusion F, — k*
composes with the inverse of (3.4) to produce the following family of k-characters of 2
(indexed by m € Z):

id™: Q i)F; — kX
z — ™.

One may verify that {ejgm }fn;QO is a family of orthogonal idempotents with sum equal to
1. Of particular importance to us here will be the central idempotent

€y 1= Eiq1 F E3q-1- (3.5)

By orthogonality, we have e - ey, = e, - e; = 0 as long as p # 2.
The idempotents e; and ex as defined in Proposition 31 are given by

€J:—ZTw, e = — Z Tw56:€J+TSO€J. (3.6)
we weN
1€{0,1}

The idempotent ey is in fact central in H. It is the same as the idempotent e; of [OS19].

3.1.2 Finite duals

Recall the anti-automorphism J of E* (see [OS19] §6) with the property that J(a - 8) =
(—=1)¥3(B) - J(a) for a € E* and B € E7. Tt acts on E* by the following

B(Tw) = Tw—1, 3((0,60,0)w) = (_1)€(w)(07 0070)11)*1 (37)
Ibw) = du-1,  3((0,°,0)0) = (=1)"(0,a°,0),-1. (3.8)

Also, J(ey) = ey and J(ex) = ek.

If V is a vector space which decomposes into a direct sum indexed by /I/I\?, we denote
by VV+/ its finite dual as defined in [0S19, §7]. For 0 < i < 3 we have an isomorphism of
H-bimodules A?: E? — (J(E=H3)V:/ (see [0S19] §7.2.4). Here (3(E?=9)3)V+/ is the finite
dual of (E9%)J and this latter space denotes the twisted H-bimodule obtained by taking
the space E4~% and defining the action of H via (1,3,7') — (') - 8- d(7) for .7/ € H
and B € B9,

For any parahoric subgroup P containing .J, the restriction map (E*)V-f — (epE'ep)V
is a homomorphism of H-bimodules. We denote by (epE%5)Y+/ the image of this map.
From [OS] we have the following.

Lemma 32 ([0S]). We have an isomorphism of epHep-bimodules

epElep — ep((B)) Y ep = (HepEep)?) (3.9)
ejp':L"ef]:b—)eg)-J:V'e(p.
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3.1.3 The H-bimodule structure of E!

The H-bimodule structure of E! is studied in [0S21] §4 and §7. We recall a few results
here.
The elements of E! can be represented as triples (refer to [0S21] §4). Briefly, for

w € W, abbreviate the subspace HY(I,X(w)) of E! by h'(w). There is a decomposition
Al (w) = hl (w) ® hj(w) @ h (w) (3.10)
with
B (w) 2 Hom(Zy/pTp, k)

B w) = Hom((1 4 pZy) /(1 + p*Zp), k), if L(w) > 1
" o, if £(w) =0

h’ (w) 2 Hom(Zy/pZp, k)

(3.11)

obtained via the Shapiro isomorphism h'(w) = Hom((I,)e, k) (see in particular [0S21]
Remark 4.2). Here (I,)e refers to the Frattini quotient of I,,. For ¢ € Hom(Z,/pZ,, k)
and co € Hom((1+pZ,)/(1+4p*Zy), k), we denote by (¢~ c?, ¢™),, the corresponding triple
in h!(w) under the isomorphisms (3.11).

The H-bimodule action on these triples is given in [O0S21] §4.4-4.6. In particular, we
highlight the following. By equation (70) loc. cit. the right action of e;qm on an element
of E' satisfies the following identity:

(077 CO’ C+)w‘eidm = eidm(_l)e(w)_Q'(Cf, 0, 0)w+€idm(—1)4(w) '(07 CO’ 0)w+€idm(_1)€(w)+2 '(07 0, C+)w'
(3.12)

We set some notation. There is an isomorphism

o

v (1+pZy) /(1 + p*Zy) — Ly /Py
1+ px — z (mod pZy)

0

which we use to fix once and for all elements o, a®, ¢, and ¢® which satisfy

a € Z,/pZ,\ {0}, a®=:1"Ya), ccHom(Z,/pZ,, k) such that c(a) =1, c:=c
(3.13)
(see [0S21] §4.2.3). For w € W, we make note of the element (0, c’,0),, € ht(w). We also
set
WO = {we W | l(sow) = L(w)+1},  W°:={we W |l(sow) = (w)+1}, (3.14)
Whi={we W | l(sw) =L(w)+1},  W':i={we W |l(syw) =L(w)+1}. (3.15)
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For the remainder of this subsection, refer to [OS21] §7. The element
C:=(Tsy +€5)(Ts, +€7) + Ts, Ts (3.16)
is central in H. We use it to define the following H-bimodule endomorphisms f and g of
E*:
fle)=¢-c-¢—c
and
gle)=C-c—c-¢
for all ¢ € E*. Denote by f; and g; the maps f and g, respectively, when restricted to the
graded pieces E'. Evidently ker(fy) = {0} and ker(gg) = E°.
We now recall a few useful technical results regarding the two submodules ker(f;) and
ker(gy) of E'. First, when p # 2,3, there is the exact sequence of H-bimodules

0 — ker(f1) ® ker(g1) — E' — E'/(ker(f1) @ ker(g1)) — 0 (3.17)

where E'/(ker(f1) @ ker(gy)) is four-dimensional as an H-bimodule. It has k-basis the
cosets of z,y,x - 75,, Yy - Ts, Where

r=-¢eq-(0,0,¢)1 - €41 (3.18)
Yy =é€q-1-(¢,0,0)1 - e (3.19)

with ¢ as in (3.13). Second, we have
(1= eyg) “ker(f1) = (1= eyy) - hL (W) (3:20)

by [OS21] Remark 7.8. By the orthogonality of the idempotents e;qm, multiplying both
sides of (3.20) by e; = e; gives ey - ker(f1) = e; - hL(W). However, the right-hand side
here is zero by (3.12). Therefore e - ker(f1) = ker(f1) - es = 0.

A useful corollary is the following:

Lemma 33. We have ep - ker(f1) = ker(f1) - ep = 0 for any parahoric subgroup P of G
which contains J.

Proof. This is immediate by the previous paragraph after using the fact that ep = e;-ep =
ep-eyg. ]
We will also need:
Lemma 34 ([OS21] Proposition 7.3). The map
F'H — ker(g;)

(0,¢°,0)y, if f(w) > 2 and w € WO
(0 O - > 1

e (0,¢”,0) 4, if f(w)>2 andw e W (3.21)
(0,¢°,0)5,0 — €iq - (0,0,c% 1), if w=siw € 510

—(0,¢%,0) 500 — €39-1 - (€%71,0,0), if w = sow € 5082

is an isomorphism of H-bimodules.
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Lemma 35. For any parahoric subgroup P containing J, we have epE'ep =2 ep(F H)ep
as epHep-bimodules.

Proof. The exact sequence (3.17) yields the exact sequence
0 — ep(ker(f1) @ ker(g1))ep — epFrep — ep(E/(ker(f1) @ ker(g1)))ep — 0.

Some simplification is possible. On the left, we have ep(ker(f1) @ ker(g1))ep = epker(gi)esp
as a consequence of Lemma 33. Meanwhile, recall that E'/(ker(f;) @ ker(g1)) has basis ,
Y, T Tsy, and y- 75, (refer to (3.18), (3.19)) which are all killed on the left (and right) by e
(in particular by ep). Therefore ep(E!/(ker(f1) @ ker(g1)))ep = 0. The resulting simplified
exact sequence shows that epElep = epker(gy)ep. Conclude by applying Lemma 34. [

3.1.4 The H-bimodule structure of E?

Recall the isomorphism A?: E? — (3(E1)?)V>/. In light of (3.11), and given the natural
identification between the dual of a Homp, space and tensor over F, the element o €
(h*(w))Y corresponding to ¢ = (¢, % ¢T), € h'(w) can be viewed as the triple

(a™,a" a™)y € Z,/pZy @k, k x (1+pZy,) /(1 + p*Z,) @, k x Z,/pZ), @5, k
for £(w) > 1 (with middle term zero if £(w) = 0). We have a(c) = ¢~ (a™)+c(a®)+cF (at).
For w € W, the elements (0,c°,0),, € E' and (0,a?,0), € (3(E))V:/ = E? are dual to
each other. The left action of H on these triples is given in [0S21] Prop. 5.5.
Lemma 36. The map

ker(go) — 4 ((F1H)Y7)? (3.22)
(0,00,0) s  TwlPr wE we (3.23)
’ ’ _7_1\1§|F1H7 Zf?UGWl

is an isomorphism of H-bimodules.

Proof. See [0S21] Proposition 7.14 and its proof. O

We define (F'H)Yf to be the image of the restriction map HYf — (F'H)Y. The
following is the analog of Lemma 35 for E2.

Lemma 37. For any parahoric subgroup P containing J, we have ep E*ep =2 €?<F1H)V’f€fp
as Hp-bimodules.

Proof. Recall that E? = ker(f2)@ker(go) by [0S21] Proposition 7.12. By Corollary 7.19 loc.
cit. ker(f1) and ker(fz) are isomorphic as Hc-modules, where H¢ denotes the localization
of H in (. In particular, they are isomorphic as H-modules and so by Lemma 33 we have
that ep - ker(fa) = ker(fs) - ep = 0. Therefore ep E?ep = ep ker(ge)ep. However, by Lemma
36, we have

ep ker(ga)ep = epd (FYH)V Yep = ep(FLH) ep

where the second isomorphism is obtained by applying J: H — H. O
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3.1.5 The H-bimodule structure of E?

Given a basis (7w),, .57 for E° we naturally obtain the dual basis () ey for (I(E)I)VoT =
E3. We denote by ¢, the element in E* corresponding to 7,7. The formulas for the H-

bimodule action on (?(E°)?)Vf are given in [0S19] Prop. 8.2.

Remark 38. For any w € W with £(w) > 1 there exists a unique ¢ € {0,1} with w € W*.
We define ¢y, := Ti—¢c - ¢y = Ps;_.w — €7 - . The set of all 1, generates the subspace
ker(8%) of E3 (see [0S21] Remark 2.12). By the proof of Prop. 8.6 in [0S19] we have the
decomposition E? = ker(83) @ key - ¢1.

3.2 The Iwahori Ext-algebra

Let P be a parahoric subgroup containing J. There exists a subgroup 2 of W such that
‘:P — Uwew? JU)J'

Lemma 39 ([OS]). Each double coset WpwWsy for w € W contains a unique element of
minimal length d.

We call the set of all such minimal length elements $Dy. They index the set of double
cosets Wp\W/Wsy.
Let 72 denote the characteristic function of PwP in Hp. We then have the following.

Proposition 40 ([OS]). The map epHep — Hyp of k-algebras induced by the map

H— H,
0 ' »Dy
Tw — ’ wa¢f}i2/f})
[P: 17, ifwe Dy

is an isomorphism. Moreover, [P : I| # 0 in k.

By Proposition 40, a basis for H; is given by the set of all Tc‘l] for d € ;D;. Since
Wy = {1}, we have ;D; = W. It follows that a basis for eyjHe is {ejTwe s }wew -

A basis for ejFE'e; By Lemma 35, we have that eJE}eJ =esker(gi)e; = ey (F'H)ey
as H-bimodules. This isomorphism is induced by (3.21), which we temporarily call f.
We may obtain a basis for e;ker(g;)es by studying the action of f on a basis of F1H.
The submodule F'H of H has basis {1, : w € W,f(w) > 1}. The image of f simplifies
somewhat when restricted to e F'He;. Since eyHe; has basis {ejTpes : w € W}, a basis
element of ey F'Hej is of the form e 7, e with w € W and £(w) > 1. For such an element,
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we have

flesrwes) = esf(Tw)es
es(0,e,0) ey, if £(w) > 2 and £(sow) = L(w) + 1
—e7(0,¢% 0)pes, if L(w) > 2 and £(s;w) = £(w) + 1

= A _ (3.24)
es(0,¢”,0)wey, if we s1Q
—e7(0,¢°,0)pey, if w € sofd
It follows that a basis for e;E'e; = ejker(gy)eys is
{e(0,c% 0) ey | w e W, L(w) > 1}. (3.25)

Remark 41. Let w € W \ W. Then by the above, e;(0,c% 0),e; = 0 and in fact
eshl(w)ey = 0. In particular H'(J,,k) = 0. Since H'(Jy,I) = Hom((Jy)s,k), where
(Jw)o is the Frattini quotient of J,,, we conclude that (J,)s = 0.

The above suggests that the Frattini quotient of J itself is trivial. We record this now
and present an alternate (direct) proof.

Proposition 42. The Frattini quotient of J is trivial.

Proof. We proceed analogously to the proof of [OS18] Proposition 3.62. Recall the Iwahori

factorization J = (p%p (1)) T ((1) le). For t € Z,; and b, ¢ € Z, one computes

[(5.%), (8%)] = (§@p=)
[((t) tgl) J (p%p )] = ((t_Q—ll)pr (1))
_pbe 2c —pbc
[(plc(f) ’ ((1) 11))] - (—poPbbCQ 1+pb€ﬁ-p2b202) = <P21Zp (1J> (1 é?b (lfp(l)Jc)_1> ((l]p?p) :

Since p > 5, (t? — 1)Z, = Z, and (t72 — 1)Z, = Z,. (If t = 2 then evidently t* — 1
is invertible in Z, for p > 5. Moreover t~2 — 1 = 471 — 1 # 0 (mod pZ,), so it too
is invertible in Z,.) Therefore ®(.J) contains I = (p%p [1)) Tt ((1) le). We then have the
formula [J : I] = [J : @(J)][®(J) : I]. The left-hand side is p — 1, and since [J : ®(J)] is a
power of p, this forces [J : ®(J)] = 1. O

=Oo

A basis for eyE?e; We proceed in an analogous way compared to eyFE'e;. By Lemma
37, we have ejF%e; = GJ(FIH)v’fQJ as H-bimodules. This isomorphism can be written
explicitly using Lemma 36 and simplifying. Since a basis for e;(F'H)V-7es is the set of
ey (| p1)es with w ranging over W with £(w) > 1, a basis for e;E?e; is

{e(0,a’,0)pes | w e W, £(w) > 1}. (3.26)
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A basis for e;E3e; By Lemma 32, the H-bimodule isomorphism A3: E3 — (3(E%)3)V/
sending ¢, to 7,/ restricts to an isomorphism e;E3e; — e;(?(E®)9)V:e; and moreover we
have the identification e;(?(E°)?)V-fe; = (I(eyE%;)?)Vf. A basis for e;E3e; is therefore
given by

{€J¢w€J ’ w e W} (327)

Remark 43. By Lemma 35 and Lemma 37, ejEle; = e;F'Hey and eyE%e; = ey (F'H)V Te;
as H-bimodules. We then have the following injective H-bimodule homomorphisms:

eJElejiejFlﬂeJ%ejHej (328)
eJE2€J i> €J(F1H)V’f€J (329)
€JE3€J i> 3<6JHV’f€J)3 i) eJHv’fGJ (3.30)

where the first arrow in (3.30) is the restriction of A® and the second arrow is induced by
induced by the isomorphism J: H — H. The restriction map e;HY'e; — ej(FTH)V e,
shows that in fact €J(F1H>\/’fej is a quotient of e;H""Te; modulo the subspace generated
by e;7’. We conclude that for each 0 < i < 3, there exists an injective H-bimodule map
sending ey E'e; to one of ejHey, GJHV’fCJ, or a quotient of esHY I e;.

3.2.1 The product in e;FE*e;

The left action of H = E° on E' for i = 1,2, 3 is given in [0S21] Prop. 4.9, 5.5, and [0S19]
Prop 8.2, respectively. The action simplifies when restricted to e;E’e;. For € € {0,1} and
w € W with ¢(w) > 1, we have

—e;(0,¢%0 , ifwews
Ts. - €7(0,%,0) ey = es( Co )scwe. 1 w ) (3.31)
—ej(0,c”,0)pey, ifweW ¢
0, if we We
7o - €7(0,a’,0)pe; = { —ey ((0,a,0) — (0,a°,0)5.0) €y, if w e W€ with £(w) > 2
—e7(0,a%,0) 67 if w € W1=¢ with f(w) = 1.
(3.32)
And forw e W, w € Q
vV _ LV if c Wl—e
To cegries =47 (Tow = mw)es, 1w , (3.33)
0, otherwise,

where the element 7,7 € I(H"-/)d = E3 denotes the dual of 7,,. Using the anti-involution
J, one then readily obtains the right action of H on ejE*e;.

We now investigate the full product in the algebra ejE*ej. The product of E* in
Cg+(Z), the commutator of the centre of H, is described explicitly in §9 of [OS21]. It is
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Prop. 9.1 loc. cit. that Cg+(Z) coincides with ker(g), in which case we see that eyE*e; is
fully contained in Cg~. This implies in particular that e; commutes with ker(g;). Define
the map

esF'Hey @y egF Hey —s e (FYH)YY)e,

R —ej(to - Tolpm)es, ifl(w)=1
0, if {(w) > 2

ey (Ty @ Tyw)es (3.34)

Remark 44 ([0S21] Remark 9.4). In fact the map above has e ;(7, @ 7y)es — 0 if £(v) > 2
or {(w) > 2.

We also introduce the map ejE%e; — ey(F1H)Y"fe; which is given via the composite

Az'e E2e >~
ejE%e; —25 e ;9 ((ker(g1))V ) es — e (FTH) V') e, (3.35)

Here the second map is induced by the inverse of (3.21). We see that the element
eyt ppes € ey ((FYH)Y)e; on the right-hand side corresponds to e;(0,a®, 0),e; €
ejE?%e; on the left-hand side if w € W° and —e (0, a®,0),e; otherwise.

We then have the following commutative diagrams of H-bimodules ([OS21] Prop. 9.5
and 9.6):

Yoneda product

6JE1€J®€JE1€J >€JE26J
l(3.21)—1®(3.21)—1 l(3.35) (3.36)
ejF'Hey®@pesF'He;y 430 e (FYH) )le,
€JE1€J ® eJE2€J Yoneda product N €JE3€J
l(3.21)*1®(3.35) lA3|eJE3 (3.37)
esF Hey o e (FUH)Y ey T2 00, o ((byvh e,
6JE2€J ® €JE1€J Yoneda product N 6JE36J
l(3.35)®(3.21)—1 lASIEJEs (3.38)

e (FTH)Y ey @ esFl Hey a@r—a(=3(r) e ((H)V e,

In the proofs of [OS21] Prop. 9.5 and 9.6, the product on the generators of Cgi(Z) is
computed. Restricted to ejE*ey, they are as follows. For e € {0,1} and w € W with
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(w) > 1, we have

e7(0,c°,0),,. - (0,c°,0)s, ey =0 (3.39)
e7(0,c%,0),,. - (0,c%,0)s.e;5 = (=1)1";(0,a°,0)s, (3.40)
—Wsew w) f € Wl—e
eJ(O, CO7 0)85 i (O7a07 O)weJ _ eJ( ¢ € + qb ) 1L w . (341)
0, otherwise
1 f(w)+1 — s " if -1 c Wl—s
e7(0,a%,0)y - (0,c°,0)5.5 = (=1) es(=Pus. + dw), i w ‘ (3.42)
0, otherwise

In light of Remark 44, the product e;E'e;@pesEle; — ejE?ey is fully described by (3.39)
and (3.40). We now write down the formula for the products ejFle;@pesEle; — ejE3ey
and ejEle; @y ejFE%e; — ejEey.

Proposition 45. Let v e W¢, v=t € W, w € W with £(w) > 1. We have

e7(0,c%,0)s.0 - (0,a%,0) ey (3.43)
B {(—1)Z(S€U)+1€J(—¢Sevw + dpw)es, if l(scvw) < U(sev) + L(w) and ((scv) < L(w)
0, otherwise
e7(0,a°,0)y - (0,¢%,0)ps5e7 (3.44)
_ {(—1)“”)“6(1(—%@55 + duv)es, if Lwvss) < l(w) + L(vss) and L(vss) < L(w)
0, otherwise

Proof. We check (3.43) first. Proceed by induction on ¢(v). The case ¢(v) = 0 is already
covered by (3.41). Next, assume that (3.43) holds for scv; we will show it holds for sj_¢s.v.
We have

€J- (07 CO7 0)8175551] : (07 a07 O)w
= —€JTs1_ " (O, CO’ 0)851) : (07 a()’ O)w

B — (=D e pr (=g + ow),  if L(scvw) < £(sev) + £(w) and £(scv) < L(w)
B 0, otherwise

This can be simplified using [0S21] §2.3.9 and equation (40) therein. We have three cases.
Case 1 ({(scv) < £(w)). In this case we have scvw € W€ and vw € W'=¢. We get

_(_1)6(1))6J7_51,6 : (_(bssvw + ¢Uw> = (_1>£(86v)eJ<_¢51,55611w + (bsevw)a

as desired.
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Case 2 ({(scv) = ¢(w)). In this case we wish to show e;Ts, . - (—®s.0w + Pvw) = 0.
Indeed, ¢(scvw) = 0 so that both scvw € W17¢€ and vw € W', This proves the
result.

Case 3 ({(sev) > ¢(w)). Evidently the product is zero here by the induction hy-
pothesis.

This shows (3.43). The equation (3.44) follows by using the fact that J(a-8) = J(8)-d(«)
for « € E? and 8 € E' along with the equations J((0, a’,0),) = (=1)“*)(0,a’,0),,-1 and
3((0,€%,0)) = (=1))(0,¢°,0) 1

O

3.2.2 The centre of e;E*e;

In this section we will compute the centre (not the graded centre) of ejE*e;. Recall the
central element ¢ in (3.16). The element e;¢ is again central and in fact the centre of
ejHey is ejk[(].

Recall the elements 1), € E3 defined in Remark 38. We denote by Eg’dd the linear
subspace of E® generated by elements of the form Vg, (s0s1)" T Uso(s1s0)n for m > 0.

Lemma 46. The component of the centre of ejE*ey lying in ejE3ey is €J(E2dd® kor)ey.

Proof. By Remark 38, it suffices to show that the component of the centre in e ker(83)e,
is generated by the elements €;(1s, (sos1)» + Vso(s1s0)7)€s for n > 0. Suppose that z €
ey ker(83)ey is a central element of e;E*. We write

n
xr = Z ey, (3.45)
i=1

with a; € k and w; € W. For w € W and € € {0,1}, the element 75, acts on v, as follows

—eghy, ifwe Wl

es(Ts. - Pw) = {0, if we W€ and £(w) =1 (3.46)
ejls, w, ifweWeand l(w) > 2
0, if wl € We

ej(hw - Ts.) = { —egtu, if w™t € W€ and f(w) =1 (3.47)

es(Vws, — V), ifw™t e W= and f(w) > 2.

To simplify the notation of what follows, for ¢, € {0,1} let W, denote the subset of
W€ consisting of elements w with w=! € W.
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As z is central and 7521 = —ejTs, We have —75, - = 75, - ¢ - T5,. Expanding both sides,

eJ | — Z aiwsowi"’_ Z aid]wi

w; s.t. w; s.t.
wiéwl ’LUZ'GWO
L(w;)>2

=€ Z aiwsowisl_ Z aiwsmui_ Z aiq/}wisl"i‘ Z aiwwi

w; s.t. w; s.t. w; s.t. w; s.t.
wiEWOl wZEW(} wiEW(()) wiEW(())
U(w;)>3 U(w;)>2

and canceling,

ey | — Z aiwsowi_‘_ Z aiwwi =€ Z aiwsowisl_ Z O‘iwwisl . (348)

w; s.t., w; s.t. w; s.t. w; s.t.
w; €W} w; WY w; EWS w; EWY
L(w;)>2 L(w;)>3 L(wq)>2

Similarly, using the equation 74, - * = 75, - T - T5,, We obtain

€J | — Z ai¢s1wi+ Z O‘iqui =e€eJ Z ai%mma— Z ai@bwiso . (349)

w; s.t. w; s.t. w; s.t. w; s.t.
wiGWg 'UJZ'EVVO1 'LUiGWIO wiGWf
U(w;)>2 O(w;)>3 Lw;)>2

Let n > 0. From (3.48), we conclude that the coefficient of v, 4)» in (3.45) must be
the same as the coefficient of 1, (s, 50)ns,; likewise, (3.49) shows that the coefficient of
Y(s9s;)» Must be the same as the coefficient of 7, (4 s,)ns,- Therefore if £(w) is even then
the coefficient of 1), is zero.

Now, using (3.48) again, we see that the coefficient of Vsg(s1s0)» Mmust be the same
as the coefficient of 1, (5,5,)». This shows that the component of the centre in e JE3e;
is contained in e JEg’dde J- The opposite inclusion holds as one readily checks using the
formulas (3.46) and (3.47). For n > 0 and € € {0, 1}, we see that

Tse (wsl(sosl)" + wso(slso)") = d}(sesl,E)" - d}se(slfese)" = (¢31(5031)" + 711130(5150)") " Tse-
O]
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Lemma 47. We have ejE%e; = ejker(8)e; as H-bimodules.

Proof. We chain together the following H-bimodule isomorphisms

~

eJE2eJ (3—_29;) (eJFlHej)v’f = (BJEOQJ)VJ/keJTl\/ i)zl 6JE36J/]€€J¢1 Zey ker(SS)eJ,

(A3
(3.50)
where the last isomorphism is due to the fact that there is the decomposition of H-
bimodules e;E3e; = e ker(83)e; @ kejor. d

Remark 48. We denote by e E? J1q€s the preimage of eJEOddeJ in e;E%e; via (3.50). For
w € W€ and w™! € W", the isomorphism acts on basis elements as follows

e (0, a’, 0)wes = (—1)1_6€J(¢w + Ps1—cw + Ysesiew + 0 Vs, e,

with inverse e j¢pes — (—1)1¢es[(0, &, 0)y + (0,a,0)s,_.w]es. The subspace esE2 e
therefore has as a basis the set of elements

€J (_(07 aO’ 0)81(5081)" - (07 aO’ 0)(5081)" + (Oa a07 0)50(8150)” + (07 aO’ 0)(5130)") €J (351)
for n > 0.
Let f be the isomorphism e;F'H — e;E! induced by (3.21).

Proposition 49. For 0 < i < 3, let Z;(ejE*ey) denote the component of the centre of
ejE*ey lying in eyE'ey. The centre of eyE*ey is given component-wise as follows

(i) Zo(esE*e;) = esk[(],

(i) Zi(esE*es) = ey f(¢ — 1)k[C],
(iii) Za(esE*ey) = e E% ey,
(iv) Zs(ejE*ey) = e (E3,, & kér)es

Proof. (i) Evidently Zy(esjE*es) C esk[(] as esk[(] is the centre of e;He; C ejE*ey.
On the other hand, let x € ejk[(]. By Remark 43, for any z € ejE*e; there is
an injective H-bimodule homomorphism sending z to an element in either eyHey,
(ejHey)Vf, or a quotient of (e;Hey)Y /. Tt remains only to check that e ;¢ commutes
with (eyHey)Vf. Using the formula (3.33) we compute that for any e;r\ € ey HVf
with w € W€ and w™! € W7,

Tars if {(w) =0 Tars if {(w) =0,
ITe G =31, if f(w) =1, Cr-egmy =< 1Y, if O(w) =1,
Tursy_ysys i £(w) > 2 T o if £(w) > 2.

Indeed, the elements wsi_ys, and scsi_cw are equal for £(w) > 2.
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(ii) Let y € Zi(esjE*es). Then the pre-image of y in e;F'H under f is central in
esjHey and thus lies in ejk[C]. It is a straightforward computation to verify that
eyFYH Nesk[¢] = es(¢s — 1)k[¢], which gives Z1(ejE*es) C ey f(Cs— 1)k[¢]. On the
other hand, note that

fles(¢—1)) = €J[—(0,CO,O)SO + (0,60,0)51 — 75, (0, cO,O)S0 + 75, (0, cO,O)sl]
=€J [7(07 CO’ O)SO + (O’ CO) 0)81 - (07 CO’ 0)507-81 + (07 CO’ 0)317-50]

Using (3.39) and (3.40), one computes

e (0, Coyo)sé ' [_(07 CO>0)80 + (0, C()’ 0)s, —(0, CO’ 0)s07sy + (0, Coa 0)517'30]
=¢;(0, aov 0)s, +es(0, aov 0)scTs1

= 6](07 a07 0)857
and

[—(0,¢%0)5, + (0,¢%,0)5, — 75, (0, ", 0)50 475, (0, %, 0)5,] - €5(0, % 0)s,
=ey(0, a’, 0)s, +ej7s,_. (0, a’, 0)s,
=¢;(0, aO,O)SE.

Meanwhile, for w € W€, w=! € W? we have

6](0, a07 O)w ’ [_(07 0070)80 + (07 CO7 0)81 - (07 CO7 0)507-81 + (07 CO7 0)517-50]
ﬁbwsl,g - ¢w + (bwsl,(;s[; - ¢w51,5)7 1f K(w) Z 2
bw + $1), if f(w) =1

—w T Ows,_ss5), i L(w) > 2
—buw + ¢1), if /(w) =1

(
(
(
(

and

[—(0,¢%0)5, + (0,¢%,0)5, =75, (0, %, 0)5y + 75, (0,¢",0)5,] - €5(0, ", 0)¢y

_ ey (¢s175w — Gw + Gsy_sew — ¢5176w)7 if g(w) > 2
ey (—pw + 1), if O(w) = 1
_Jer (=bu+ bay_sew), if L(w) > 2
e (=pw + é1), if f(w) =1

The elements wsi_ss; and sj_.scw are of course the same. Therefore the element
esf(¢ —1) is central.
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(iii) If 2 € esjE%eys is central, then its image in e;E3e; via (3.50) is central in e;E*ey;
hence Zs(ejE*ey) C e JEgdde 7. To show the opposite inclusion, we simply check
that the basis of engddCJ commutes with eyFEle;. Because ejFEle; is generated
by €;(0,c° 0)s,es and e;(0,c°, 0)s,e; as an H-bimodule, it suffices to only check
commutativity on these elements. For n > 0, we have

(07 ch 0)80 : [_(07 a07 0)31(3031)" - (07 a07 O)(S()sl)" + (07 a07 O)so(slso)" + (07 aO’ 0)(5130)”]
- eJ(¢sl(sosl)"*1 - ¢(sosl)” - ¢(8150)“ + (Z)so(slso)")
_(Oa a0> O)sl(sosl)" - (07 a07 0)(3051)" + (07 a07 0)50(5150)” + (Oa a()’ 0)(5180)”] ’ (07 CO7 O)so

and

=

—

0, ch 0)81 : [_(07 an 0)51(3051)" - (07 aO7 0)(5051)” + (07 a07 0)30(5130)" + (07 aO’ 0)(5130)"]
eJ(_gbso(slsQ)"*l + (b(sosl)" + gb(slso)” - ¢81(5081)n)
= _(Oa aO’ 0)51(5051)" - (Oa a07 0)(5051)" + (Oa a07 0)80(5150)” + (07 aO’ 0)(5150)"] : (07 Coa 0)81 :

(iv) By Lemma 46.
O

Remark 50. We have really computed the centre here rather than the graded centre, and
the fact that the centre contains a nontrivial square (see (3.40)) shows that they are not
the same.

3.3 The Spherical Ext-algebra

In this section we describe the Spherical Ext-algebra E7..
A basis for Hg is the set of all Tj( for d € Dk, where Dk consists of elements
d € W which have minimal length in their coset W dWpr. We compute Dy explicitly.

Lemma 51. We have xDx = {w € W : £(sow) = l(wso) = L(w) + 1} = {s1(s0s1)" | n >
0} U{1}.

Proof. Recall that W = {1,s0}. Therefore w € W has minimal length in the coset
Wr wWp if and only if £(sow) = £(wsy) = ¢(w) + 1. Moreover, each coset has exactly
one element such that ¢(sow) = {(wsg) = ¢(w) + 1. This proves the first equality. For the
second equality, simply note that an arbitrary element w € W is either of the form (sgs1)"”
or (sgs1)"so for n € Z. O

Recall that E7, identifies with ex E*ex where ek is the idempotent defined in (3.6).
The degree 0 component of the isomorphism is given explicitly in Proposition 40. It follows

that a basis for ex Hey is {€KTw€K}wef5/-
K¥YK
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A basis for exFElex We proceed in an analogous way to §3.2. By Lemma 35, we
have that eKE}{eK = ex ker(g1)ex = ex(F'H)ex as H-bimodules. This isomorphism is
induced by the isomorphism f: F1H — ker(g;) described in (3.21). A basis for e F1Hey
is {exgTwer | w € ;@?,E(w) > 1}. Since all elements w € ;@? have £(sow) = (wsg) =
l(w) + 1, for w € ;a)_; with ¢(w) > 1 we get

flexTwer) = ex f(Tw)ex
ex(0,c%, 0)per,  if L(w) > 2 and £(sqw) = £(w) + 1
—er(0,e%,0) ek, if f(w) > 2 and £(syw) = £(w) + 1
ex (0,¢%,0) ek, if we s1Q
—er (0, 0)pex, if w € 5N

= ek (0, cO,O)weK.

We conclude that a basis for e Eley = e ker(gy)ex is

{ex (0, 0)wer | w € KDk} (3.52)

Remark 52. Similar to Remark 41, we conclude that H! (K, k) = 0 for any w € W\;ﬁ;
and that the Frattini quotient of K is trivial.

We record this latter fact here and provide an alternate proof.
Proposition 53. The Frattini quotient of K is trivial.

Proof. By Proposition 42, we have ®(.J) = J which yields the sequence of nested subgroups
J C ®(K) C K. Therefore [K : J| = [K : ®(K)][®(K) : J]. The left-hand side is p + 1
which forces [K : &(K)] = 1. O

Remark 54. The proof above generalizes readily to any parahoric P subgroup containing
J due to the fact that [P: J] =1 (mod p) for any P.

The following is again analogous to §3.2.

A basis for exE?ex A basis for ex (F'H) ek is {ex (Tw|piy)er | w € ;@E,E(w) >

1}. The isomorphism ex E?ex = e (F'H VWofer from Lemma 37 then naturally defines
the following basis for ex E2eg:

—_~—

{BK(O,QO,O)U,BK ‘ (NS K’DK,E(U}) > 1}
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A basis for exE3e;;  Using the isomorphism A?: E3 — (3(EY)9)V:/ and restricting, we
obtain the following basis for ex E3e:

—_—

{exdwer | w € gDk}
Proposition 55. The map
Z(ejE*ey) — exE*ek
2 EKREK = K7 (3.53)
is a k-algebra isomorphism, where Z(ejE*ey) is the centre of eyE*ey .

Proof. This map is a homomorphism of k-algebras. We show that it is bijective on each
graded piece, i.e. on Z;(ejE*ey) for 0 < i < 3.

e For ¢ = 0, one computes that
BKCNBK — 6[((1 +7s + o+ Tsl(sosl)”_l)eK'

Recall that the elements ex T, (505, )7€K, 7 > 0, together with ey define a basis for
ex E*eg. Therefore the map (3.53) restricted to Zy(esE*) is injective with image
exElex. Its inverse is eKTs, (sos1)n €K +r €7 (¢ — 1).

e Fori =1, recall that ex Flex = ex FYHeg as H-bimodules by Lemma 35. The: =1
component of (3.53) then factors through the following H-bimodule homomorphisms

Zi(egE*ey) = egf(¢ — Dk[Cles = es (¢ —1)k[C] K e F'Hep —» exE'ex
(3.54)

By the proof of the i« = 0 case, we know that the second arrow is indeed bijective.

e We now check i = 3 (as we will need this for i = 2). Recall that we have ex¢ex =0
when w € W' or w=! € W'. Therefore, for n > 0, (3.53) has

eJ (wsl(SOSl)" + 1/}80(8180)") — eKwsl(Soéq)neK - _€K¢81(8081)"€K'

The elements eer(Sosl)neK for n > 0 define a basis for (ex F'Heg)Y»/. Therefore

(3.53) restricted to E3, is injective with image (ex F'Hex )" /. Hence the restriction
to Zs(eyE*), i.e. the map Zs(ejE*ey) = Egdd ® kejor — (exEex)V S, is bijective.

(o]

e For i = 2, we proceed analogously to the i = 1 case. We have that exFE?er =
(ex F'Heg )Y/ by Lemma 37, so the i = 2 component of (3.53) factors through

ZQ(@JE*ej) = Egdd (3—:;5) Egdd EK—.; (EKFlﬂeK)v’f i> €KE26K.

The second arrow is bijective by the i = 3 case.
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3.3.1 The anti-involution on ex E*ex

Recall the anti-involution J: E* — E* we introduced in §3.1.2. Its action on the basis
elements of ex E*ek is given therein. We denote by Jx the map J restricted to ex F*eg.
It acts almost trivially:

Proposition 56. For o € exE'ey, we have

fa, ifi=03
gK(a)_{—a, ifi=1,2.

—_—

Proof. Let a € H'(I,X(d)) where d € xDy. Since d~! = —d, the formulas (3.7) and (3.8)
then imply that exJ(a)ex = egaer if i = 0,3 or —egaek if i = 1,2. Therefore the claim
holds on a basis for ex E*ek. ]

Remark 57. The somewhat surprising fact that £} is commutative (rather than graded
commutative) is implied directly by Proposition 56 as follows. If a € exFE'ex and 3 €
exFler then we can proceed by cases based on the values of ¢ and j. For example, if
i=j=1,then a- B € H?*(K,X) and

a-B=73k(a) Ixk(B)
=—IJk(f-a)
=B«

where we use Proposition 56 for the first and third equalities. The remaining cases are
similar.
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