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Abstract
Motivated by applications such as viral marketing, the problem of influence
maximization (IM) has been extensively studied in the literature. The goal
is to select a small number of users to adopt an item such that it results
in a large cascade of adoptions by others. Existing works have three key
limitations. (1) They do not account for the economic considerations of a
user in buying/adopting items. (2) They cannot model the complex interactions between multiple items. (3) For the network owner, maximizing social
welfare is important to ensure customer loyalty, which is not addressed in
prior work in the IM literature. In this work, we address all three limitations
and propose a novel model called Utility driven Independent Cascade (UIC)
that combines utility-driven item adoption with influence propagation over
networks. We focus on several types of items such as mutually complementary only, competing only, and a mix of the two in the context of the filter
bubble problem. We formulate the problem of social welfare maximization
under each of these settings. We show that while the objective function
is neither submodular nor supermodular, a constant or instance-dependent
approximation can still be achieved. With comprehensive experiments on
real and synthetic datasets, we demonstrate that our algorithms significantly
outperform all baselines on large real social networks.
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Lay Summary
Currently, there is a significant interest in the problem of influence maximization. In economics, it is well accepted that the adoption of items is
governed by the utility that a user derives from their adoption. In this work,
we propose a model that combines utility-driven item adoption with the viral network effect helping to propagate adoption of and desire for items from
users to their peers. We study the model for influence maximization and
filter bubble problem.
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Chapter 1

Introduction
The reach of online social networking websites such as Facebook, Twitter,
etc. has rapidly increased over the past decade. Fueled by this growth, the
study of the social influence propagation has received immense interest from
several communities within computer science such as data mining [38, 83,
110, 126], machine learning [134, 135], theoretical computer science [24, 46,
102], algorithmic game theory [49, 69, 122], etc.
The study of social influence involves understanding how an individual’s
belief, opinion, or behavior impacts other individuals via social interactions
[120]. Sociologists and psychologists have been studying the problem of
characterizing social influence for several decades [11, 15, 26, 48, 54, 87, 88].
However, the advent of social networks has reshaped the dynamics of influence, and has led to the study of computational social influence. As individuals are getting more connected in these social platforms, their actions such as
sharing a news article or tweeting about a product are frequently triggering a
viral effect over the entire network [71]. There are several studies confirming
the role of this effect in the context of marketing [73, 119], elections [21, 44],
news propagation [7, 136], etc. Therefore, the study of computational social
influence on a social network, has drawn a lot of interest. A fundamental
algorithmic problem that has garnered significant attention in the context of
computational social influence, is the influence maximization (IM) problem.
This thesis identifies and addresses the shortcomings of the existing works
on the IM problem, particularly in the context of multi-item propagation
where complex relationships among the items play a key role. In what follows, an overview of the classical influence maximization problem involving
single item propagation is given in Section 1.1; the basic constructs introduced in this section, will be used in the later chapters of the thesis. Then
in Section 1.2 a review of a body of research is presented. These works have
extended the study of IM for multiple items. Lastly, Section 1.3 highlights
some fundamental shortcomings of the existing research works. Then the
section summarizes the way this thesis addresses the existing shortcomings,
and how that enables the study of some interesting applications under the
IM paradigm.
1

1.1. Overview of the classical influence maximization problem

1.1

Overview of the classical influence
maximization problem

Influence maximization (IM) problem in social network was first introduced
by Kempe et al [83], where the goal is to select influential users in the network
such that if a campaign is started from those influential users, maximum
number of other users can be influenced. Formally speaking, the inputs are
the following:
1. A probabilistic graph G = (V, E, p), where a node v ∈ V represents
an individual, edge (u, v) ∈ E represents the existence of a connection
between individuals, and the probability of an edge p(u, v) → [0, 1]
denotes the edge weight.
2. A positive integer k < |V | as budget.
3. A diffusion model M that describes the random process of how influence propagates from a set of nodes of initial adopters to other nodes
in G.
Given the input, the goal of IM is to find a set of nodes S such that |S| ≤
k, and by targeting nodes in S as initial adopters, following the diffusion
model M , the expected number of activated nodes in the entire graph G is
maximized.
The set S is called the seed set in IM literature. The influence spread
function is denoted as σ : 2V → R≥0 , where σ(S) denotes the expected
number of activated nodes at the end of the propagation, called the influence
spread.
A diffusion model governs how the influence propagates from one node to
another, in other words, how nodes get activated. Various diffusion models
have been proposed in the literature, but the two classic and fundamental
ones are the independent cascade (IC) model [62] and the linear threshold
(LT) model [67]. The nodes can be either active or inactive under these
models. Models are progressive, meaning once an inactive node becomes
active, it stays so till the end of the propagation. This thesis primarily
focuses on the IC model, hence the model is described with an example
next. Readers are referred to [35] for more details of these models and their
generalizations.
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Figure 1.1: Graph of the example propagation shown in Figure 1.2.

Figure 1.2: Illustrating propagation of influence under IC

1.1.1

Independent cascade (IC) model

IC model was first introduced in [83] and shares close resemblances with
propagation models used in marketing research [62, 63] and epidemic modeling [6]. In more recent studies [77] on the so-called patient-0 problem,
where the goal is to find the source of an infectious disease, propagation
models similar to IC have been found to be useful to model the disease
spread. The propagation under IC is described next.
In the beginning, all nodes are inactive. Propagation proceeds at discrete
time-steps starting from time t = 1 when the only seed nodes become active.
At any time t > 1, every node u that became active at t − 1 makes one
attempt to activate its inactive out-neighbor v, v ∈ N out (u), in other words,
node u tests if the edge (u, v) is “live” or “blocked”. The attempt succeeds
(the edge (u, v) is live) with probability puv := p(u, v). The propagation
process ends when there is no additional node that can be activated.
A sample diffusion under IC is illustrated using an example next.
Example 1. A graph G with edge probabilities is shown in Figure 1.1.
Suppose that the budget k = 1 and node v1 is selected as the only seed
node. The diffusion from v1 is shown in Figure 1.2. At a given timestep
t, a black ring denotes a node that is not activated by time t; if a node is
activated node, then it is shown in solid black. At time t = 1, only the seed
node v1 is activated. Then at t = 2, outgoing edges of v1 are tested: edge
3

1.1. Overview of the classical influence maximization problem
(v1 , v3 ) fails (shown as red dotted line), but edge (v1 , v2 ) succeeds (green
solid line). Consequently v2 is activated at time t = 2. Next at t = 3, v2 ’s
outgoing edge (v2 , v3 ) is tested. As it succeeds, v3 is activated. Since there
is no outgoing edge from v3 , no more node can be activated, therefore the
propagation ends.
Also note that, v1 is in fact the best seed that can be selected under the
budget constraint k = 1. σ(S) = 3, when S = {v1 }; whereas for S = {v2 },
σ(S) = 2, and for S = {v3 }, σ(S) = 1.
Next some key properties of the spread function σ(.) are presented.
These properties help design effective algorithms for the IM problem.

1.1.2

Key properties of the objective

Using a reduction from the set cover problem [82], the problem of IM is
shown to be NP-hard under IC [83]. Further, it was also shown in a later
work [38], using a reduction from the counting problem of s-t connectedness
in a directed graph [133], that it is #P-hard to even compute σ(S) for a
given S. However, approximation algorithms are still designed leveraging
some properties of the set function σ(S).
Algorithm 1: Greedy seed selection(G, k)
1
2
3
4
5

S=∅
for i = 1 to k do
v = arg maxu∈V \S [σ(S ∪ {v}) − σ(S)]
S = S ∪ {v}
Return S

A few important properties of a set function are often considered while
designing IM solutions. A set function f : 2V → R is monotone if f (S) ≤
f (T ) whenever S ⊆ T ⊆ V ; submodular if for any S ⊆ T ⊆ V and any
x ∈ V \ T , f (S ∪ {x}) − f (S) ≥ f (T ∪ {x}) − f (T ); f is supermodular if −f
is submodular; and f is modular if it is both submodular and supermodular.
σ(S) is monotone and submodular with respect to S under IC. In fact
σ(·) is monotone and submodular under a general propagation model called
general threshold model that subsumes IC as a special case [102].
Nemhauser et al. in [107] showed that using a simple Greedy hillclimbing algorithm, maximizing a monotone and submodular function subject to a cardinality constraint can be approximated with a factor of 1 − 1e .
Therefore, the same 1− 1e approximation can be achieved for the IM problem
4
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by selecting the seed set S in the following way: Initialize S = ∅. Choose
the k seeds one by one by repeatedly picking a seed that offers the maximal marginal gain w.r.t. the spread function. The pseudo-code is shown in
Algorithm 1.
Although Greedy enables the constant approximation, it cannot circumvent the #P-hardness of computing σ(S); this computation is required in
Line 3. Use of Monte-Carlo (MC) simulation was proposed to address this,
which causes the approximation to drop to 1− 1e −ϵ, for any ϵ > 0, where the
exact value of ϵ is a function of the number of MC iterations. These repeated
MC simulations pose a great challenge in terms of efficiency. In particular,
it takes weeks to select even a mere 50 seeds for graphs containing only a
few thousand nodes [35]. Next, the contributions of some seminal works on
IM for addressing the efficiency challenge are presented.

1.1.3

Scalable influence maximization

Leskovec et al. [89] proposed a cost-effective lazy forward method, called
CELF, that improved the running time of Greedy by a factor of 700. Goyal
et al [65] devised CELF + + which improved the efficiency by another 61%.
However, all these techniques were still variants of MC simulations that
could not scale for real networks having billion-sized node sets [22].
Borg et al. [22] introduced the concept of Reverse Reachable (RR) sets
to estimate the influence spread. Tang et al. [128] proposed Two-phase
Influence Maximization algorithm (TIM) which is a randomized algorithm
using RR sets. Later the same authors improved the sampling efficiency of
TIM using a martingale approach and developed an algorithm Martingale
based Influence Maximization (IMM) [127]. IMM is shown to be orders of
magnitude faster than its predecessors. Nguyen et al. parallelly developed
a tighter sampling approach, called SSA, to sample RR sets [110], their
algorithm outperforms IMM, especially for the initial few rounds of seed
selection [74].
Several effective heuristics are also proposed to solve the IM problem efficiently. Chen et al. [39] proposed Maximum Influence Arborescence (MIA)
for IC propagation model [37]. Local Directed Acyclic Graph (LDAG) [40]
and SimPath [66] algorithms were introduced for LT propagation model.
Galhotra et al. [55] introduced their OSIM heuristic for opinion aware influence propagation.
All these works focused on single-item propagation in the network, whereas
this thesis focuses on multi-item propagation that is more prevalent in real
social networks. In the next section multi-item IM works are discussed.
5

Figure 1.3: Taxonomy of different configurations that can be considered
under the UIC model
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1.2

Multi-item influence maximization

While the classical IM problem looked at the propagation of one item, several works studied the problem of influence maximization when multiple
items are propagating. Two early works [47, 106] studied multi-item IM for
non-competing items. Datta et al. [47] studied IM where under the assumption that items propagate independently, and devised a 1/3-approximation
algorithm. In [106], Narayanam et al. proposed a model for multiple items
where items are partitioned into two sets; an item can be adopted by a node
only when it has already adopted a corresponding product in the other set.
Thus between the two sets, items are complementary.
In competitive influence maximization, nodes are allowed to adopt at
most one item from the set of multiple items that are being propagated
[17, 23, 25, 28, 34, 70, 90, 96, 116]. Many of these works focused exclusively
on the “follower’s perspective” [17, 25, 28, 70], where given competitor’s
seed placement, the aim is to select seeds that maximize the spread of a
specific item, corresponding to the follower’s item, oftentimes at the cost of
minimizing the competitor’s spread. Later Lu et al. [96] proposed a method
to maximize the total influence spread of all campaigners from a network
host perspective while ensuring fair allocation of the seeds among them.
Multi-item propagation for a mix of competing and complementary items
was first studied in [97]. Garimella et al. [57] introduced the problem of
balanced exposure for two items, to break the filter-bubble effect using IM.
Filter bubbles are observed when users of social networks are confined to
only a specific type of items (or opinions). Matakos et al. [98] extended it
for multiple items where both items and nodes (users) are known to have a
leaning score on a polarity spectrum of items/opinions. In [132], propagation
of two items is studied, where the goal is to ensure a balanced exposure of
both the items to the maximum number of users in order to reduce the
polarity in the network.
Despite these advancements, there are some fundamental limitations
with all of these existing works. The next section highlights those limitations and provides an overview of how this thesis aims to address those.

1.3

Challenges and contributions

Even after a substantial amount of research, there are several key limitations,
that are not addressed in these prior studies. Those limitations are presented
here using a running example.
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Example 2. Consider three items iP honeP ro, iP honeM ini, and AirP od,
that are in propagation. Notice that for a typical user owning iP honeP ro or
iP honeM ini individually is useful. However, AirP od cannot be used without owning iP honeP ro or iP honeM ini first. Further, although iP honeP ro
and iP honeM ini are competing products of the same type (which is, phone),
for a user owning both can be useful to reap the advantages of the two different sizes that the two phones offer. Therefore the competition is not “pure”
competition, rather partial competition.
The limitations of the existing works in modeling propagation, involving
item of different types, are listed below.
Firstly, in multi-item propagation, items exhibit a varying degree of competing or complementary relationship among them [14]. Earlier works have
restricted this choice: for example, in the context of competing items, earlier studies focused primarily on pure competition, where each node can
adopt at most one item. On the contrary, items may be involved in more
complex relationships. As shown in Example 2, iP honeP ro and AirP od
exhibit a complementary relationship. Additionally, while iP honeP ro and
iP honeM ini do exhibit competition, it is not necessarily pure competition.
Accommodating these arbitrary relationships in items is, therefore, necessary to correctly model how items are co-adopted and propagated in the
network.
Secondly, in most of the propagation models it is assumed that whenever
v is a seed node or node v is influenced by a neighboring node u on a certain
item, node v will certainly adopt the item. However, this is far from reality.
Suppose that a node v has not adopted iP honeP ro or iP honeM ini. If v
is influenced by u with AirP od, then clearly v will not adopt AirP od as
AirP od by itself has no use without owning iP honeP ro or iP honeM ini
first. Even in the case when v has adopted say iP honeP ro and is later
influenced with iP honeM ini, then she may or may not adopt iP honeM ini
depending on the value proposition of owning the two phones. In fact,
it has been noted in economics [104] that users take a stochastic decision
regarding adoption after being informed about an item, instead of always
deterministically adopting it. The only propagation model that takes this
into account, is the work of Lu et al. [97]. In their model, a node-level
automaton (NLA), governed by transition probabilities, is used to decide
whether a non-seed user will adopt an item given the user’s earlier adoptions.
However, their main study was limited to the diffusion of two items, and
their general parameter settings could lead to anomalies such as one item
complementing a second item but the second one competing with the first
8
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one or being indifferent to it. Therefore a more well-founded formalism is
needed to model how users adopt items after being influenced.
As a consequence of focusing solely on maximizing item adoptions, the
earlier work neglects the users’ satisfaction. Recent studies, however, have
shown users’ overall satisfaction from using the service is of utmost importance for user retention. Therefore in this thesis a different maximization
objective is studied, called welfare maximization. After introducing the
concept of social welfare, it will be shown with an example (Example 3),
that maximizing item adoption is not the same as welfare maximization
that indeed focuses on users’ satisfaction. A related observation on most
studies [95, 96, 116, 138] on competition is that they study the objective of
maximizing the influence of one item given all other items, or minimizing
the influence of existing items, and do not consider maximizing the overall
experience caused by all item adoptions.

1.3.1

Contributions of this thesis

The economics literature has extensively studied how users decide to adopt
items [105, 113]. It is noted in those studies that item adoption by a user is
driven by the utility that the user can derive from the item (or itemset). The
utility of a user for an item(set) is computed as the difference between the
valuation that the user has for the item(set) and the price she pays. In the
field of combinatorial auctions, several studies [52, 81, 84] have focused on
the problem of finding an optimal allocation of items to users that maximizes
the sum of users’ utilities, or social welfare, where users’ valuations are
provided as input. However, note that the economics literature does not
consider the effect of influence propagation in networks. As stated earlier,
in a social network, users desire items because of the influence from their
in-neighbors who already adopted items, and then these users may, in turn,
adopt the items if they could obtain positive utility from the adoption.
Consequently, their out-neighbors get influenced by these items. Considering
such network propagation is important for the application of viral marketing
[83] which this work focuses on.
This thesis takes the first step to combine viral marketing (influence
maximization) with a framework of item adoption grounded in the economic
principle of item utility. A novel and powerful framework is proposed for
capturing the interaction between these two paradigms, called utility driven
independent cascade (UIC) model. In the UIC model, after being influenced
following an IC model, nodes adopt items based on items’ utilities. The
utility of an item (or itemset) is defined to be the valuation minus the price.
9
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Our formalism also enables the study of social welfare in this context, which
is the sum of utilities of itemsets adopted by users at the end of a campaign,
in expectation. Different from maximizing item adoption, maximizing social
welfare results in higher user utilities and user satisfaction. Therefore this
welfare maximization objective not only helps the users but also benefits the
network host as more satisfied users are more likely to continue using the
network, which in turn helps to grow the user base. Additionally, it is shown
later in the thesis (Chapter 4) how welfare maximization can help build a
better social space overall by mitigating problems such as filter bubbles.
Next, it is illustrated how welfare maximization using utilities differ from
classical adoption maximization objective using a simple example.
Example 3. Consider again the three items iP honeP ro, iP honeM ini, and
AirP od, abbreviated resp. iP p, iP m, AP . As mentioned before, owning iP p
or iP m individually is useful, but AP is not without owning iP p or iP m first.
iP p, and iP m exhibit partial competition. Finally, owning all three provides
a user with many advantages that the apple ecosystem offers. Inspired by
this, assume the following utilities for itemsets: U({}) = 0, U({iP p}) = 1,
U({iP m}) = 1, U({AP }) = −1, U({iP p, AP }) = 2, U({iP m, AP }) = 2,
U({iP p, iP m}) = 1.5, U({iP p, iP m, AP }) = 6.
Let the campaign budgets for iP p, iP m, and AP be 1, 1 and 2 respectively. Now consider a network consisting of two isolated nodes A and B and
two allocations α and β. In α, all three items are assigned to user A (say)
and one remaining copy of AP is assigned to user B. In β, iP p and AP are
assigned to user A and iP m and AP are assigned to user B. Note that a
user adopts an itemset that has the highest utility, whereas no user adopts
an itemset that has a negative utility. Since users will not adopt itemsets
with negative utility, α results in user A adopting all three items and user
B adopting none. However, under allocation, β, users A and B are both
assigned itemsets with positive utility and so they each adopt two items.
Since the network is disconnected, there is no diffusion to consider. Allocation α leads to 3 adoptions and β to 4. However, the net social welfare,
which is the sum of utilities, for the two allocations, are 6 and 4 respectively.
Thus an allocation that maximizes the adoption count, does not necessarily
maximize the welfare and vice versa.
This thesis studies adoptions of items that are governed by the utility of
items, by combining a basic stochastic diffusion model with the utility model
for item adoption. IC model is used as the diffusion model, however, the
diffusion does not readily cause activation of nodes. Instead, nodes become
aware of the items via diffusion. Then, based on the utility model, the nodes
10
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are activated. The utility model is grounded in the theory of economics
where the utility of items is studied extensively [45, 105, 111, 113]. Recall
that, the utility is defined to be the difference between the value and the
price. The previous works suggest that in practice, prices of items may be
known, but our knowledge of users’ valuation for items is generally uncertain.
Thus in our formulation, random noise is added to the utility function to
model the uncertainty. The final model is U IC, which is formally described
in detail in Section 2.3.
Different interesting objectives can be formulated in UIC. This thesis
formulates the novel optimization problem of finding the optimal allocation
of items to seed nodes under item budget constraints to maximize the expected social welfare. Maximizing welfare ensures that users of the social
network earn a higher utility from their adoptions. Since the adoptions are
resulted from the recommendations users received via campaigns, a higher
utility means that the campaigns are more effective in keeping the users
happy. This in turn results in better user retention and helps the network
owner to grow the network. Moreover, it enables the host to foster a better
social space for the users where the effect of problems such as filter bubbles
can be minimized.
Across different chapters of the thesis, the social welfare maximization
objective is studied under different settings, namely, when items are complementary, competing or a mix of the two types. As a preview, readers can
refer to Figure 1.3, which demonstrates how different parameters of UIC can
be configured to formulate different problems. Under any of those different
configurations, the task is NP-hard, but more challenging is the result that
the expected social welfare does not exhibit properties such as monotonicity,
submodularity, or supermodularity that help design efficient approximation
algorithms. The major configurations that this thesis will focus on, and
an outline of different chapters of the thesis is presented in the following
section.

1.3.2

Thesis outline

Chapter 2 studies the complementary items and considers noise to be global,
which implies that every node shares the same noise parameter. A novel
propagation model, U IC, is also formally introduced first in Chapter 2.
The key contributions of this chapter are as follows:
• In Section 2.3 it is shown how to incorporate utility-based item adoption with influence diffusion into a novel multi-item diffusion model,
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called Utility-driven IC (UIC) model. The model, UIC is shown to
support any mix of competing and complementary items that different chapters of this thesis study individually.
• In Section 2.3.4 UIC model is studied for complementary items. The
differences from existing works are highlighted by surveying several
categories of the relevant literature in Section 2.2. It is shown in Section 2.4 that under the reasonable assumptions that price and noise
are additive, the expected social welfare is monotone but neither submodular nor supermodular.
• Despite the lack of submodularity, in Section 2.5 an efficient algorithm
is designed that achieves a (1 − 1/e − ϵ)-approximation to the optimal expected social welfare, for any small ϵ > 0. While the main
algorithm is still based on the greedy approach for solving submodular function maximization, its analysis is far from trivial, because the
objective function is neither submodular nor supermodular. As part
of the proof strategy, a novel block accounting method is developed
for reasoning about expected social welfare for properly defined blocks
of items. Another important feature of the algorithm is that it does
not require the valuations or prices of items as the input, and merely
the fact that item valuation is supermodular while price and noise
are additive is sufficient to guarantee the approximation ratio. This
means that the algorithm does not need to obtain the valuations or
marginal valuations of items, which may not be straightforward to get
in practice.
• The proposed algorithm is evaluated with other baselines on five large
real networks, with both real and synthetic utility configurations in
Section 2.6.
Chapter 3 focuses on competing products. The expected social welfare
is not even monotone in this setting. The chapter also shows that it is
not possible to approximate the general problem within any constant c, unless P = N P . Therefore different algorithms are developed that provide
approximation guarantees only under specific assumptions. The major contributions of this chapter are as follows:
• The propagation model, UIC is extended for competing items in Chapter 3. Then a novel problem, CWelMax, is formulated in the context
of competitive social welfare maximization in Section 3.3. CWelMax
12
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considers a more general seed assignment problem, where some of the
seeds are already frozen, in other words, they are already chosen and
remain fixed.
• Under competition, it is even more challenging to design an approximation algorithm, because unlike Chapter 2 the social welfare function
is also not monotone, besides being neither submodular nor supermodular. Further, it is NP-hard to approximate the general version
of CWelMax within any constant factor. In Section 3.4), the inapproximability result is shown by designing a non-trivial gadget that
highlights the specific challenges in approximating the problem.
• Since the general problem is inapproximable, in Section 3.5, a first
algorithm having utility-dependent approximation guarantee is proposed for the general problem. Then other algorithms are developed
which provide approximation guarantees only under specific assumptions, which render the objective monotone and submodular. With
stronger assumptions, the approximation quality is shown to progressively improve, leading to a constant 1 − 1e approximation.
• In Section 3.6 an extensive experimental evaluation is conducted over
several real social networks comparing the proposed algorithms of this
chapter with the existing baseline algorithms. Under various utility
configurations, it is shown that the proposed algorithms constantly
outperform the baselines both on social welfare and running time.
Chapter 4 uses UIC for a different application, which is to tackle the
problem of mitigating filter bubbles. It is shown that the objective of mitigating filter bubble requires a utility function that combines the flavor of
competition and complementarity. Therefore, maximizing the utility is akin
to maximizing social welfare for a mix of items showing both competition
and complementarity among them. As a result, the problem, is significantly
more difficult to solve. The significant contributions made in this chapter
are as follows:
• In Section 4.2, an extensive review of existing research works on mitigating the filter bubble problem is presented. It is shown that a
competition parameter is essential to correctly model the spirit of filter bubble which existing works lack. Consequently, in Section 4.3,
a utility driven propagation model is designed which combines both
competition and complementarity in the adoption decisions of nodes.
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• In Section 4.4, it is shown that the objective function emulates a combination of competing and complementary items. As a result, the resulting social welfare objective is significantly hard to maximize. Unlike
Chapter 3, even under natural restrictive assumptions, the objective
is shown to be not monotone and not submodular.
• In Section 4.5, instance dependent approximation algorithms are devised first. It is shown that for one of the algorithms, the approximation it achieves is tight. Further by leveraging graph structure, a
non-trivial heuristic is developed, which is empirically shown to have
superior performance. In Section 4.6, the proposed algorithms are
compared against existing baselines. It is shown that the algorithms
proposed in this chapter outperform the baselines in terms of both
efficiency and quality.
Finally, Chapter 5 presents some of the several interesting problems that
can still be formulated using the utility driven diffusion model that this
thesis introduces. The challenges that remain to be solved are highlighted
and in conclusion a brief hypothesis of how future research can address those
challenges is presented.
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Chapter 2

Maximizing Welfare in Social
Networks under A Utility
Driven Influence Diffusion
model
2.1

Introduction

Motivated by applications such as viral marketing, the problem of influence
maximization has been extensively studied in the literature [93]. The seminal paper of Kempe et al. [83] formulated influence maximization (IM) as
a discrete optimization problem: given a directed graph G = (V, E, p), with
nodes V , edges E, a function p : E → [0, 1] associating influence weights
with edges, a stochastic diffusion model M , and a seed budget k, select a
set S ⊂ V of up to k seed nodes such that by activating the nodes S, the
expected number of nodes of G that get activated under M is maximized.
One of the fundamental diffusion models is independent cascade (IC). In
IC every activated node makes a one-shot attempt to activate its neighbor
based on the edge probability. The neighbor is activated if the attempt
succeeds. IC based models and their extensions on IM have mostly focused
on a single item or phenomenon propagating through the network and have
developed efficient and scalable heuristic and approximation algorithms for
IM [22, 38, 40, 42, 66, 127].
Subsequent work studies multiple items propagating through a network
[17, 25, 31, 70, 96, 97, 116], mostly focusing on the objective of maximizing the number of items that get adopted. Among these, the majority of
studies have concentrated on items, products, or campaigns competing with
each other (see Section 2.2 for more details). One exception is the Com-IC
model by Lu et al. [97], which studied the effect of complementary products
propagating through a network. The efficiency of most of these algorithms
depends on two key properties of the objective function, namely: mono15
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tonicity and submodularity. Lu et al. [97] for their general model which is
non-submodular, achieved a data-dependent approximation by developing a
novel sandwich approximation strategy.
A significant omission from the literature on IM and viral marketing is
a study with item adoptions grounded in a sound economic footing, where
users rationally adopt itemsets to maximize their own utility.
Adoption of items by users is a well-studied concept in economics [105,
113]: item adoption by a user is driven by the utility that the user can
derive from the item (or itemset). Precisely, a user’s utility for an item(set)
is the difference between the valuation that the user has for the item(set)
and the price she pays. A rich body of literature in combinatorial auctions
(see [52, 81, 84]) studies the optimal allocation of goods to users, given the
users’ valuation for various sets of goods. These studies are not concerned
with the influence propagation in networks, whereby users’ desire for items
arises due to the influence from their network neighbors who already adopted
items, and then these users may in turn adopt the items if they could obtain
positive utility from them and start influencing their neighbors about these
items. Considering such network propagation is important for applications
such as viral marketing [83].
This thesis takes the first step toward combining viral marketing (influence maximization) with a framework of item adoption grounded in the
economic principle of item utility and proposes a simple, elegant, yet powerful framework for capturing the interaction between these two paradigms.
As a result of this seamless integration, this thesis studies an optimization objective, called social welfare, which is the sum of utilities of itemsets
adopted by users at the end of a campaign, in expectation. While social
welfare is well studied in combinatorial auctions, to our knowledge, it has
not been studied in the context of viral marketing, taking into account the
recursive network effect of items propagating via user adoptions and desires. This chapter specifically focuses on a setting where the items are
mutually complementary. This is achieved by modeling user valuation for
itemsets as a supermodular function (definition in Section2.2). Supermodularity nicely captures the intuition that between complementary items,
the marginal value-gain of an item w.r.t. a set of items increases as the set
grows. Many companies offer complementary products, such as, Apple offers
iPhone X, Apple Watch, and AirPower, and Microsoft offers XBox console,
XBox controller, and XBox games, etc. This chapter studies adoptions of
complementary items, by combining a basic stochastic diffusion model for
propagation with the utility model for item adoption. While the framework, results, and techniques carry over to any triggering model (see [83])
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this chapter uses the well-known IC model for ease of exposition.
In practice, prices of items may be known however, the knowledge of
users’ valuation for items may be uncertain. In this thesis, noise is explicitly
introduced in the framework to model this uncertainty. No distributional
assumptions about the noise is made, except for the standard assumption
that it is zero mean, which implies that the distribution is centered at zero.
This thesis studies a novel objective of optimizing expected social welfare
using the proposed diffusion model. Specifically, the problem is formulated
as finding the optimal allocation of items to seed nodes so as to maximize
the expected social welfare. Expected social welfare naturally generalizes
the expected spread and hence is readily shown to be NP-hard to optimize.
The resulting objective function of expected social welfare is monotone, but
unlike most known studies in IM, it is neither submodular nor supermodular.
It is shown that under the simple and reasonable assumption that price and
noise are additive and valuation is supermodular, it is possible to efficiently
find an allocation of items to seed users that achieves an expected social
welfare that is within a factor of (1 − 1/e − ϵ) of the optimum. To our
knowledge, this is the first such result in the context of IM where, for a nonsubmodular (and non-supermodular) objective function such a high-quality
approximation is achieved.
While the main algorithm for item allocation, proposed in this chapter,
is a simple greedy algorithm, proving that it achieves the approximation
guarantee above is far from simple and involves intricate reasoning about the
propagation of items, some combinations of which may have negative utility
but may combine with other (complementary!) items to become positive. A
novel accounting method is developed for reasoning about expected social
welfare, which may be of independent interest.
A remarkable property of the allocation algorithm is that it does not
require valuations or prices as input, in other words, it is agnostic to this
information. In contrast, the existing adoption maximization algorithms
for complementary products [97] need the adoption probabilities of an item
given an already adopted itemset, as input.
The algorithm and analysis demonstrate in a rigorous way the power of
bundling — one should bundle complementary items together as much as
possible to achieve high social welfare, irrespective of the actual valuations,
prices, or noise distributions of items. The next example illustrates the
framework as well as the challenges.
Example 4. Consider the network shown in Figure 2.1, where all edge
probabilities are assumed to be 1. Clearly nodes v5 and v1 are the two nodes
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Figure 2.1: An illustrative network

Itemset
{i1 , i2 }
{i1 , i3 }
{i1 , i2 , i3 }

Utility
1
1
3

Table 2.1: Item subsets having nonnegative utility

with the highest expected spread, in order. There are three items {i1 , i2 , i3 }
propagating in the network. Assume no (that means, zero) noise. Table 2.1
shows item subsets with non-negative utilities. All other item subsets have
strictly negative utility and hence are not adopted by any node. Let the
budget for i1 , i2 , i3 be 2, 1, 1 respectively. Now a greedy allocation simply
allocates all three items to node v5 (the top node in terms of expected
spread), and i1 to v1 . After the end of the propagation, nodes v3 —v7 adopt
{i1 , i2 , i3 }, because the item-set {i1 , i2 , i3 } is of the highest utility. Thus the
expected social welfare, the sum of utilities of all nodes, obtained by greedy
allocation is 5 × 3 = 15. Notice that the expected number of item adoptions
is also 15.
Now consider another allocation that allocates {i1 , i2 } to node v1 and
{i1 , i3 } to v5 . In this case after the propagation ends, nodes v1 , v2 adopt
{i1 , i2 }, v3 , v4 adopt {i1 , i2 , i3 } and the remaining nodes adopt {i1 , i3 }. In
terms of the number of adoptions, this allocation is superior to greedy: it
results in a total of 16 adoptions among all items. However, the social
welfare produced is 11, which is inferior to that of greedy. The example can
be extended so that the (expected) number of adoptions for greedy is much
worse than the alternative allocation, while greedy allocation has superior
social welfare. This shows an important aspect of the problem — optimizing
the number of item adoptions is not aligned with optimizing social welfare,
which makes the latter problem challenging.
A byproduct of the algorithmic solution is an adaptation of the state-of18
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the-art single-item influence maximization algorithm IMM [127] to satisfy
the prefix-preserving property for multiple items with diverse budgets. That
is, assuming every item i has budget bi , the algorithm outputs an ordered
set S of b = maxi bi seeds, such that with high probability, simultaneously
for all items i, the prefix of S with bi nodes is a (1 − 1/e − ϵ)-approximate
solution to the optimal solution with bi seeds, where ϵ > 0 is a small constant
on the approximation accuracy. The prefix-preserving property is achieved
efficiently with the near-linear expected running time in the same order
as the IMM algorithm on the largest budget b, essentially independently
of the number of items considered in the diffusion. This prefix-preserving
algorithm could be of independent interest in its own right in multi-item
IM.
Finally, in this chapter extensive empirical evaluations are conducted of
the proposed algorithm together with a number of baselines, on both real
and synthetic datasets. The empirical results demonstrate that the proposed
algorithm significantly outperforms all baselines in terms of one or both of
the quality of social welfare achieved and the running time.
The rest of the chapter is organized as follows:
• A survey of different categories of the existing relevant literature is
presented in Section 2.2. In addition, the section highlights the differences that this chapter has from those works.
• In Section 2.3 it is shown how to incorporate utility-based item adoption with influence diffusion into a novel multi-item diffusion model,
Utility-driven IC (UIC) model. The proposed model, UIC is shown to
support any mix of competing and complementary items.
• UIC model is studied for complementary items in Section 2.3.4. A
greedy allocation algorithm is shown to achieve a (1−1/e−ϵ)-approximation
ratio, even though the social welfare function is neither submodular
nor supermodular (Section 2.4 and Section 2.5).
• Along the way, a prefix-preserving IM algorithm is designed for multiitem influence maximization that may be of independent interest, with
running time in the same order as the IMM algorithm on the maximum
budgeted item, independent of the number of items in the diffusion
(Section 2.5).
• A detailed set of experiments is conducted comparing the performance
of the proposed algorithm with baselines on 5 large real networks, with
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both real and synthetic utility configurations. The results show that
the proposed algorithm significantly dominates the baselines in terms
of running time or expected social welfare or both, and also provide
insights on the effect of budget skew between items on the expected
social welfare (Section 2.6).
• In Section 2.7, the chapter is summarized with some future research
directions that is conducted in the later chapters.
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2.2
2.2.1

Background & Related Work
Single-item Influence Maximization

As mentioned in Chapter 1, in classical IM, social network is represented
as a directed graph G = (V, E, p) , V being the set of nodes (users), E
the set of edges (connections), with |V | = n and |E| = m. The function
p : E → [0, 1] specifies influence probabilities (or weights) between users.
The influence spread of a seed set S, denoted σ(S), is the expected number
of active nodes after the diffusion that starts from the seed set S ends.
Influence maximization (IM) is the problem of finding, for a given number
k and a diffusion model, a set S ⊂ V of k seed nodes that generates the
maximum influence spread σ(S).
Most existing studies on IM rely on the corresponding influence spread
function σ(S) being monotone and submodular (see Section 1.1.2 for the
definitions). Borgs et al. [22] proposed the notion of random reverse reachable sets (rr-sets) for estimating the spread function σ(S). Building on the
notion of rr-sets, a family of scalable approximation algorithms such as TIM,
IMM, and SSA, have been developed for IM [74, 110, 127, 128] which are
orders of magnitude faster than the classic greedy algorithm making use of
MC simulations for estimating the spread [83].
Motivated by designing an influence oracle, that responds to queries to
find seeds for any given budget, Cohen et al. [42] proposed an IM algorithm
called SKIM that leverages bottom-k sketches. A noteworthy property of
SKIM is that it produces an ordering of the nodes such that any prefix of
the ordering consisting of k nodes is guaranteed to have a spread that is at
least (1 − 1/e − ϵ) times the optimal spread for a seed budget of k. Thus,
SKIM is essentially a prefix-preserving algorithm in context of single item
IM. However, as shown in [42], SKIM does not dominate TIM in performance. Given that IMM is orders of magnitude faster than TIM, there is
a natural motivation to build a prefix-preserving IM algorithm by adapting
IMM to a multi-item context, which is done in this chapter.
Influence maximization under non-submodular models has been studied
in previous works [36, 91, 97, 121]. Most of them show hardness of approximation results [36, 91, 121]. In terms of approximation algorithms, Chen et
al. rely on a low-rank assumption to provide an algorithm solving the nonsubmodular amphibious influence maximization problem with an approximation ratio of (1 − 1/e − ϵ)3 [36]. Lu et al. use the sandwich approximation
to give a problem instance dependent approximation ratio [97]. Schoenebeck
and Tao provide a dynamic programming algorithm for influence maximiza21
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tion in the restricted one-way hierarchical blockmodel [121]. Li et al. provide
an approximation algorithm with approximation ratio (1 − ϵ)ℓ (1 − 1/e), in
a network when at most ℓ nodes are ϵ-almost submodular and the rest of
the nodes are submodular [91]. In contrast, the algorithm presented in this
chapter achieves the (1 − 1/e − ϵ) approximation ratio (same as the ratio for
submodular maximization) for a non-submodular objective function, under
a general network without further assumptions.

2.2.2

Multi-item Influence Maximization

More recently, multiple items have been considered in the context of viral marketing of non-competing items [47, 106]. However their proposed
solutions do not provide the typical (1 − 1/e − ϵ)-approximation guarantee. Specifically Datta et al. [47] studied IM where propagations of items
are assumed to be independent and provided a 1/3-approximate algorithm.
In [106], Narayanam et al. propose an extension, where items are partitioned
into two sets. A product can be adopted by a node only when it has already adopted a corresponding product in the other set. Such partition of
itemsets, with strong dependencies on mutual adoptions of items in the two
sets, represents a restricted special case of item adoptions in the real world.
Competitive influence maximization is studied in [17, 23, 25, 28, 34, 70,
96, 116] (see [35] for a survey), where a user adopts at most one item from
the set of items being propagated. The works mainly focus on the “follower’s
perspective” [17, 25, 28, 70], where, given competitor’s seed placement, select
seeds so as to maximize one’s own spread, or minimize the competitor’s
spread. Lu et al. [96] focused on maximizing the total influence spread of all
campaigners from a network host perspective, while ensuring fair allocation.
Lu et al. [97] introduced a model called Com-IC capturing both competition and complementarity between a pair of items, leveraging the notion
of a node level automaton (NLA). An NLA is a stochastic decision-making
automaton governed by transition probabilities for a user adopting an item
given what it has already adopted. Their model subsumes perfect complementarity and pure competition as special cases. However, their main study
is confined to the diffusion of two items, and a straightforward extension
to multiple items would need an exponential number of parameters in the
number of items. Moreover, their general parameter settings could lead to
anomalies such as one item complementing a second item but the second
one competing with the first one, or being indifferent to it.
All of the above works on multiple item propagations focus on maximizing the expected number of item adoptions, which is not aligned with social
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welfare (see Example 4).
Myers and Leskovec analyzed the effects of different cascades on users
and predicted the likelihood that a user will adopt an item, seeing the cascades in which the user participated [104]. McAuley et al.[100] proposed a
method to learn complementary relationships between products from user
reviews. None of the works models the diffusion of complementary items,
nor study the IM problem in this context.

2.2.3

Combinatorial Auctions

Combinatorial auctions are widely studied and a complete survey is beyond
the scope of this section. Instead, a few key papers are discussed. In economics, adoption of items by users is modeled in terms of the utility that
the user derives from the adoption [72, 105, 113, 118]. A classic problem
is given m users and n items and the utility function of users for various
subsets of items, find an allocation of items to users such that the social
welfare, which is the sum of utilities of users resulting from the allocation,
is maximized. This intractable problem has been studied in both offline and
online settings [45, 52, 81, 84] and various approximation algorithms have
been developed. All of them assume access to a value oracle or a demand
oracle. A value oracle is a black box, which given a set of items as a query,
returns the value of the itemset. A demand oracle is a black box, which
given an assignment of prices to items, returns the itemset with maximum
utility, where utility is value minus price. Also, the utility function in these
settings is typically assumed to be sub-additive and as a result, this property extends to social welfare. Notably, these works do not consider the
interaction of utility-maximizing item adoption with recursive propagation
through a network. On the other hand, they consider more general settings
where the utility functions are user-specific.
Inspired by the economics literature, the proposed model base item adoptions on item utility. Specifically, items have a price and a valuation and
the difference is the utility. It is a well-accepted principle in economics and
auction theory [45, 111] that users (agents), presented with a set of items,
adopt a subset of items that maximizes their utility. It is this principle that
is used in the framework proposed in this work, to govern which users adopt
what items.
The use of utility naturally leads to the notion of social welfare and this
chapter studies the problem of assigning seed nodes to various items in order
to maximize expected social welfare, in a setting where items are complementary. To our knowledge, in the context of viral marketing, this work is
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the first to study the problem of maximizing (expected) social welfare.

2.2.4

Welfare maximization on social networks

There are a few studies related to welfare maximization on social networks,
but they all have significant differences with the proposed model and problem setting of this chapter. Sun et al. [124] study participation maximization
in the context of online discussion forums. An item in that context is a discussion topic, and adopting an item means posting or replying on the topic.
Item adoptions do propagate in the network, but (a) item propagations are
independent (in other words, valuation of itemsets is additive rather than
supermodular or submodular), and (b) they have a budget on the number
of items each seed node can be allocated with, rather than on the number
of seeds each item can be allocated to as studied in the model of this chapter. Bhattacharya et al. [19] consider item allocations to nodes for welfare
maximization in a network with network externalities, but the major differences with problem of this chapter are: (a) they use network externalities to
model social influence, hence, a user’s valuation of an item is affected by the
number of her one- or two-hop neighbors in the network adopting the same
item, but network externalities do not model the propagation of influence
and item adoptions, the main focus in this chapter is in modeling the viral marketing effect; (b) they consider unit demand or bounded demand on
each node, which means items are competing against one another on every
node, while this chapter focuses on the case of complementary items rather
than competing items, and item bundling is a key component in the solution presented in this work; (c) they do not have budget on items so an item
could be allocated to any number of nodes, while the problem studied in this
chapter, has a budget on the number of nodes that can be allocated to an
item as seeds and the proposed model relies on propagation for more nodes
to adopt items. Despite these major differences, an empirical comparison
of the proposed algorithm versus their algorithms is performed to demonstrate that with propagation the proposed algorithm can achieve the same
social welfare with only a fraction of item budgets used in their solution.
Abramowitz and Anshelevich [1] study network formation with various constraints to maximize social welfare, but it has no item allocation, no item
complementarity, and no influence propagation, and thus is further away
from the work of this chapter. In summary, to our knowledge, this chapter
is the only one addressing social welfare maximization in a network with
influence propagation, complementary items, and budget limits on items.
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G, V, E, n and m
p : E → [0, 1]
I
P, V, N and U
⃗b
b
S
S
SiS
SS
IS
v
RS (u, t) and AS (u, t)
σ and ρ
W , W E, W N
Grd and OP T
B and B
ei
Bia and ai

Graph, node set, edge set, number of nodes and number of edges
Influence weight function
Universe of items
Price, Value, Noise and Utility
Budget vector
Maximum budget
Seed allocation, as set of node-item pairs
Seed nodes
Seed nodes of item i in allocation S
All seed nodes of allocation S
Items allocated to seed node v in allocation S
Desire and adoption set of u at time t in allocation S
Expected adoption and social welfare
Possible world, edge and noise possible world
Greedy and optimal allocation
A block and a sequence of item disjoint blocks
Effective budget of block Bi
Anchor block and anchor item of block Bi

Table 2.2: Table of notations

2.3

UIC Model

In this section, a novel propagation model is proposed, called utility driven
independent cascade model (UIC for short), that combines the diffusion
dynamics of the classic IC model with an item adoption framework where
decisions are governed by utility. Table 2.2 summarizes the notations used
henceforth.

2.3.1

Utility based adoption

Utility is a widely studied concept in economics and is used to model item
adoption decisions of users [52, 105, 113]. Next, in this section idea of utility
is briefly reviewed, and the specific formulation is provided which is used in
this chapter. For general definitions related to utility, the reader is referred
to [52, 113]
Let I denote a finite universe of items. The utility of a set of items I ⊆ I
for a user is the pay-off of I to the user and depends on the aggregate effect
of three components: the price P that the user needs to pay, the valuation
V that the user has for I and a random noise term N , used to model the
uncertainty in our knowledge of the user’s valuation on items, where P,
V and N are all set functions over items. For an item i ∈ I, P(i) > 0
denotes its price.
P Price is assumed to be additive. Thus, for an itemset
I ⊆ I, P(I) = i∈I P(i). Notice that UIC can handle any generic valuation
function. Section 2.3.4 focuses on complementary products. Hence it is
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assumed that V is supermodular (definition in Section 1.1.2), meaning that
the marginal value of an item with respect to an itemset I increases as I
grows. Later in the thesis, Chapter 3 focuses on competing products, where
the value is assumed to be submodular, in other words, marginal value of an
item with respect to an itemset I decreases as I grows. It is also assumed
that V is monotone since it is a natural property for valuations. For i ∈ I,
N (i) ∼ Di denotes the noise term associated with item i, where the noise
may be drawn from any distribution Di having a zero mean. Every item has
an independent noise distribution. For a set of items I ⊆ I, it P
is assumed
that the noise is additive, therefore, the noise of I, N (I) :=
i∈I N (i).
Similar assumptions on additive noise are used in economics theory [72, 76].
Finally, the utility of an itemset I is U(I) = V(I) − P(I) + N (I). Since
noise is a random variable, utility is also random. Since noise is drawn from
a zero mean distribution, E[U(I)] = V(I) − P(I). Also, V(∅) = 0.

2.3.2
2.3.2.1

Diffusion Dynamics
Seed allocation

Let ⃗b = (b1 , ..., b|I| ) be a vector of natural numbers representing the budgets
associated with the items. An item’s budget specifies the number of seed
nodes that may be assigned to that item. Sometimes, notation is slightly
abused and bi ∈ ⃗b is used to indicate that bi is one of the item budgets.
The maximum budget is denoted as b := max{bi | bi ∈ ⃗b}. An allocation is
defined as a relation S ⊂ V × I such that ∀i ∈ I : |{(v, i) | v ∈ V }| ≤ bi .
In words, each item is assigned a set of nodes whose size is under the item’s
budget. The nodes SiS := {v | (v, i) S
∈ S} are referred to as the seed
nodes of S for item i and nodes S S := i∈I SiS are referred to as the seed
nodes of S. The set of items allocated to a node is denoted as v ∈ V as
IS
v := {i ∈ I | (v, i) ∈ S}.
2.3.2.2

Desire and adoption

Every node maintains two sets of items – desire set and adoption set. Desire
set is the set of items that the node has been informed about (and thus
potentially desires), via propagation or seeding. Adoption set is the subset
of the desire set that the node adopts. At any time a node selects, from its
desire set at that time, the subset of items that maximizes the utility, and
adopts it. If there is a tie in the maximum utility between itemsets, then
it is broken in favor of larger itemsets. Later in Lemma 1 of Section 2.4,
it is shown that breaking ties in this way results in a well-defined adoption
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behavior of the nodes. Following previous literature, a progressive model is
considered: once a node desires an item, it remains in the node’s desire set
forever; similarly, once an item is adopted by a node, it cannot be unadopted
later.
For a node u, RS (u, t) denotes its desire set and AS (u, t) denotes its
adoption set at time t, pertinent to an allocation S. The time argument t
is omitted to refer to the adoption (desire) set at the end of diffusion.
The diffusion process of UIC is presented next.
2.3.2.3

The diffusion model

In the beginning of any diffusion, the noise terms of all items are sampled, which are then used until the diffusion terminates. The diffusion then
proceeds in discrete time steps, starting from t = 1. Given an allocation
S at t = 1, the seed nodes have their desire sets initialized : ∀v ∈ S S ,
RS (v, 1) = IS
v . Seed nodes then adopt the subset of items from the desire
set that maximizes the utility, breaking ties if needed in favor of sets of larger
cardinality. Thus, a seed node may adopt just a subset of items allocated
to it.
Once a seed node u′ adopts an item i, it influences its out-neighbor u
with probability pu′ ,u , and if it succeeds, then i is added to the desire set of
u at time t = 2. The rest of the diffusion process is described in Fig. 2.2.
The diffusion under UIC is illustrated using an example next.
Example 5. The graph G with edge probabilities and the utilities of the
two items after sampling the noise terms, are shown in Figure 2.3. Note
that the graph is the same as that of Example 1. The items i1 and i2 are,
respectively, iP honeP ro and AirP od of Example 3, hence they have the
same corresponding utilities. The diffusion is shown in Figure 2.4. At time
t = 1, node v1 is seeded with item i1 and v3 with i2 , hence they desire
those items respectively. Since i1 (resp. i2 ) has a positive (resp. negative)
individual utility, v1 adopts i1 (resp. v3 does not adopt i2 ). However i2
remains in the desire set of v3 . Then at t = 2, outgoing edges of v1 are
tested for transition: edge (v1 , v3 ) fails (shown as red dotted line), but edge
(v1 , v2 ) succeeds (green solid line). Consequently v2 desires and adopts i1 .
Next at t = 3, v2 ’s outgoing edge (v2 , v3 ) is tested. As it succeeds, v3 desires
i1 . Since it already had i2 in its desire set, it adopts the set {i1 , i2 }. Since
there is no outgoing edge from v3 , the propagation ends.
Note that the influence propagation is similar to the propagation of Example 1, but it is appended with item utilities that govern the final item
adoptions of this example.
27

2.3. UIC Model

1. Edge transition. At every time step t > 1, for a node u′ that
has adopted at least one new item at t − 1, its outgoing edges are
tested for transition. For an untested edge (u′ , u), flip a biased coin
independently: (u′ , u) is live w.p. pu′ ,u and blocked w.p. 1 − pu′ ,u . Each
edge is tested at most once in the entire diffusion process and its status
is remembered for the duration of a diffusion process.
Then for each node u that has at least one in-neighbor u′ (with a live
edge (u′ , u)) which adopted at least one item at t − 1, u is tested for
possible item adoption (2-3 below).
2. Generating desire Set. The desire set of node u at time t,
RS (u, t) = RS (u, t − 1) ∪u′ ∈N − (u) (AS (u′ , t − 1)), where N − (u) = {u′ |
(u′ , u) is live} denotes the set of in-neighbors of u having a live edge
connecting to u.
3. Node adoption. Node u determines the utilities for all subsets of
items of the desire set RS (u, t). u then adopts a set T ∗ ⊆ RS (u, t) such
that T ∗ = arg maxT ∈2RS (u,t) {U(T ) | T ⊇ AS (u, t − 1) ∧ U(T ) ≥ 0}.
AS (u, t) is set to T ∗ .

Figure 2.2: Diffusion dynamics under UIC model

2.3.3

Definition of Social welfare Maximization

Let G = (V, E, p) be a social network, I the universe of items under consideration. A novel utility-based objective is considered here. The objective
is called social welfare, which is the sum of all users’ utilities of itemsets
adopted by them after propagation converges. Formally, E[U(AS (u))] is the
expected utility that a user u enjoys for a seed allocation S after propagation
ends. Then the expected social welfare (also P
known as “consumer surplus”
in algorithmic game theory) for S, is ρ(S) = u∈V E[U(AS (u))], where the
expectation is over both the randomness of propagation and randomness of
noise.
Key features of UIC.
The proposed utility driven model has several benefits over existing models.
Firstly, the seed users in the proposed model are treated as rational
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Figure 2.3: Graph and utility configuration of the example propagation
shown in Figure 2.4; for simplicity, assume noise is zero.
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Figure 2.4: Illustrating propagation of items under UIC model

users. Thus they also go through the same utility based decision making
like every other user of the network.
Secondly, Com-IC cannot handle the arrival of a set of items together. It
had to use arbitrary tie-breaking in a case when a node becomes aware more
than one items simultaneously, to put an order in the adoption. In UIC,
this is treated by creating an explicit desire set for nodes first. The utility is
a set function as opposed to the point probability of GAP. Therefore even if
more than one items arrive at the same time instance, the utility can treat
them as a set, without the need of enforcing an explicit order.
Third, the notion of utility opens up a whole new objective of social
welfare maximization, where instead of maximizing just the adoption, the
utility earned from the adoptions is aimed to be maximized. No other model
reported to date, has been able to study social welfare maximization. UIC
is the first framework which enables the study of utility in IM context.
Fourth, for complimentary products under UIC, a greedy allocation algorithm that preserves 1 − 1e approximation guaranty with respect to optimal
social welfare, although social welfare is not submodular in seed size. This
greedy algorithm is independent of the model parameters. Hence it can
be easily extended to multiple items, whereas for Com-IC extending the
algorithm beyond two items was difficult due to parameter explosion.
The problem of maximizing expected social welfare is defined (WelMax )
as follows. This chapter refers to V, P, N , as the model parameters and
denotes them collectively as Param.
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Problem 1. [WelMax] Given G = (V, E, p), the set of model parameters Param, and budget vector ⃗b, find a seed allocation S ∗ , such that ∀i ∈
∗
I, |SiS | ≤ bi and S ∗ maximizes the expected social welfare, thus, S ∗ =
arg maxS ρ(S).
Unfortunately, WelMax is NP-hard.
Proposition 1. WelMax in the UIC model is NP-hard.
Proof. It is easy to verify that Influence maximization under the IC model,
an NP hard problem, is a special case of WelMax.
The result follows from the fact that the IM problem under the IC model
is a special case of WelMax: let I = {i}, set V(i) = 1, P(i) = 0 and set the
noise term for item i to 0. This makes U(i) = 1 so any influenced node will
adopt i. Thus, the expected social welfare is simply the expected spread. It
is known that maximizing expected spread under the IC model is NP-hard
[83].
2.3.3.1

Function Types

Notice that the functions V and U are functions over sets of items, whereas σ
is a function over sets of network nodes, and ρ is a function over allocations,
which are sets of (node, item) pairs. When a certain property (such as, submodularity) of a function of a given type is discussed, the property is meant
w.r.t. the applicable type. For example, σ is monotone and submodular
w.r.t. sets of nodes.
2.3.3.2

Design choices

In the UIC model, the desire set of a user is triggered either by seeding or by
the influence on a user as her peers adopt items. Thus following standard
practice in IM models, the model is kept to be progressive: a desire set never
shrinks. On the other hand, the adoption decisions are driven by a standard
assumption in economics [20], that users aim to maximize the utility when
they adopt item(sets). UIC inherits this assumption to govern adoption
decisions of the users. In UIC, it is assumed that price is additive. There
are different ways of pricing a bundle of items: additivity is a simple and
natural pricing model in the absence of discounts [32]. Further, supermodular value functions to model the effect of complementarity and competition
respectively, among the products. This again follows the standard practice
in the economics literature [101, 129].
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The zero mean assumption for the noise distribution is an technical assumption that is made. The results of the chapter will hold if the mean is
non-zero, as long as all the noise distributions of the items have the same
mean value. Finally, the way noise is modeled as a global parameter, can
be viewed as reflecting the uncertainty in the population’s reaction to an
item. One may further introduce personalized noise to model individual uncertainty, thereby users can have vastly different utilities for different items.
Alternatively, one can consider where utilities can change based on different
times of the diffusion. All these considerations would make algorithm design
and analysis more difficult. The approximation bound of this chapter would
not hold when noise is personalized and when valuation is not supermodular.
Although specific design choices are made in this chapter for simplicity and
tractability of the model, the UIC model can encompass any general form of
value, price, and noise parameters and works for any triggering model [83].
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2.3.4

UIC For Complementary items

This section, focuses on a setting where the items are mutually complementary, by modeling user valuation for itemsets as a supermodular function. Recall that a function f : 2U → R is supermodular if for any subsets
S ⊂ T ⊂ U and item x ∈ U \ T , f (S ∪ {x}) − f (S) ≤ f (T ∪ {x}) − f (T ).
Supermodularity captures the intuition that between complementary items,
the marginal value-gain of an item w.r.t. a set of items increases as the set
grows. Many companies offer complementary products, e.g., Apple offers
iPhone, and AirPod. The marginal value-gain of AirPod is higher for a user
who has bought an iPhone, compared to a user who hasn’t. Complementary
items have been well studied in the economics literature and supermodular
function is a typical way for modeling their valuations (e.g., see [27, 129]).
As a preview, the experiments conducted later indeed show that complementary items are natural and that their valuation is indeed supermodular.
We study adoptions of complementary items, by combining a basic stochastic diffusion model with the utility model for item adoption. The highlights
of the section are as follows:
1. We propose a greedy allocation algorithm, and show that the algorithm achieves a (1 − 1/e − ϵ)-approximation ratio, even though the social welfare function is neither submodular nor supermodular (Section 2.4
and Section 2.5). Our main technical contribution is the block accounting
method, which distributes social welfare to properly defined item blocks.
The analysis is highly nontrivial and may be of independent interest to
other studies.
2. We design a prefix-preserving seed selection algorithm for multi-item
IM that may be of independent interest, with running time and memory
usage in the same order as the scalable approximation algorithm IMM [127]
on the maximum budgeted item, regardless of the number of items (Section
2.5).
3. We conduct detailed experiments comparing the performance of our
algorithm with baselines on five large real networks, with both real and
synthetic utility configurations. Our results show that our algorithm significantly dominates the baselines in terms of running time or expected social
welfare or both (Section 2.6).
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2.4

Properties Of UIC Under Supermodular
Valuations

Since WelMax is NP-hard, this section first explores properties of the welfare function – monotonicity and submodularity, which can help to design
efficient approximation strategies. An equivalent possible world model is
presented to help the analysis.

2.4.1

Possible world model

Given an instance ⟨G, Param⟩ of UIC, where G = (V, E, p), a possible world
associated with the instance is defined as a pair W = (W E , W N ), where
W E is an edge possible world (edge world), and W N is a noise possible world
(noise world); W E is a sample graph drawn from the distribution associated
with G by sampling edges, and W N is a sample of noise terms for each item
in I, drawn from the corresponding item’s noise distribution in Param.
As all the random terms are sampled, propagation and adoption in W is
fully deterministic. For nodes u, v ∈ V , v is said to be reachable from u in W
if there is a directed path from u to v in the deterministic graph W E . NW (i)
denotes the sampled noise for item i and UW (I) denotes the (deterministic)
utility of itemset I, in world W . For a node u and an allocation S, its desire
S
and adoption sets at time t in world W are denoted as RS
W (u, t) and AW (u, t)
respectively. When only the noise terms are sampled, in other words, in a
noise world W N , the utilities are deterministic, but the propagation remains
random.
Given a possible world W = (W E , W N ) and an allocation S, a node
v ∈ V adopts a set of items as follows: (i) if v is a seed node, then it desires
S
IS
v at time t = 1 and adopts an itemset AW (v, 1) := arg max{UW (I) | I ⊆
S
Iv }; (ii) if v Sis a non-seed node, and t > 1, then it desires the itemset
−1
S
S
RS
W (v, t) := ( u∈N −1 (v) AW (u, t − 1)) ∪ RW (v, t − 1), where NW (v) denotes
W

the in-neighbors of v in the deterministic graph W E , thus, at time t, node v
desires items that it desired at (t − 1) as well as items any of its in-neighbors
in W E adopted at (t − 1); node v then adopts the itemset AS
W (v, t) :=
S (v, t − 1) ⊆ I}. If there is more than
arg max{UW (I) | I ⊆ RS
(v,
t)
&
A
W
W
one itemset in RS
W (v, t) with the same maximum utility, it is assumed that
v breaks ties in favor of the set with the larger cardinality.
V(·) is supermodular while P(·) and NW (·) are additive and hence modular, so it immediately follows that UW (·) is supermodular with respect to
sets of items. Thus the expectation of utility w.r.t. edge worlds is supermodular. However, UW N is not monotone, because adding an item with a
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very high price may decrease the utility.
A basic property is proven next, which helps in showing that the adoption
behavior of the nodes is well defined in U IC. In any possible world, given a
set of items that a node desires, there is a unique set of items that it adopts.
Specifically, if there are multiple sets tied for utility, the node will adopt
their union. For a set function f : 2U → R, let f (T | S) = f (S ∪ T ) − f (S).
An itemset A is said to be a local maximum w.r.t. the utility function
UW , if the utility of A is the maximum among all its subsets, formally
speaking, UW (A) = maxA′ ⊆A UW (A′ ). The following lemma is based on
simple algebraic manipulations on the definitions of supermodularity and
local maximum.
Lemma 1. (Local maximum). Let W be a possible world and A, B ⊆ I be
any itemsets such that A and B are local maximum with respect to UW . Then
(A ∪ B) is also a local maximum with respect to UW , that is, UW (A ∪ B) =
maxC⊆A∪B UW (C).
Proof. For any subset C ⊆ A ∪ B,
UW (C) = UW (C \ B | B ∩ C) + UW (B ∩ C)
≤ UW (C \ B | B) + UW (B)

(2.1)

= UW (C ∪ B)

= UW (B | C \ B) + UW (C \ B)
≤ UW (B | A) + UW (A)

(2.2)

= UW (A ∪ B).

Inequality (2.1) follows from applying supermodularity of UW on the first
term, and applying local maximum of B on the second term. Inequality (2.2)
follows applying supermodularity of UW on the first term, and applying local
maximum of A on the second term.
An immediate consequence of Lemma 1 is that when two itemsets have
the same largest utility, their union must also have the largest utility, and
thus the tie-breaking rule is well-defined. Another consequence is the following lemma.
Lemma 2. For any node u and any time t, the itemset adopted by u at time
t, AS
W (u, t), must be a local maximum.
Proof. It is proven by an induction on t. The base case of t = 1 is true
because by the model, node u adopts the local maximum among all subsets of
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items allocated to it. For the induction step, suppose for a contradiction that
S
AS
W (u, t) is not a local maximum but AW (u, t−1) is a local maximum. Then
S
there must exist a C ⊂ AW (u, t) that is a local maximum and UW (C) >
S
UW (AS
W (u, t)). By Lemma 1, C ∪ AW (u, t − 1) is also a local maximum, and
S
S
thus C ∪ AS
W (u, t − 1) cannot be AW (u, t). But since UW (C ∪ AW (u, t −
S
S
1)) ≥ UW (C) > UW (AW (u, t)), u should adopt C ∪ AW (u, t − 1) instead of
AS
W (u, t), a contradiction.
The next result shows that in any given possible world, adoption of items
propagates through reachability. Reachability is a key property to be used
later in Lemmas 5 and 7 while establishing the approximation guarantee of
the algorithm.
Lemma 3. (Reachability). For any item i and any possible world W , if a
node u adopts i under allocation S, then all nodes that are reachable from
u in the world W also adopt i.
Proof. Consider a possible world W and a node u that adopts item i.
Consider any node v reachable from u in W that does not adopt i. Let
(u, v1 , ..., vk , v) be a path in W E . Assume w.l.o.g. that v is the first node
S
on the path that does not adopt i. AS
W (vk , t) and AW (v, t + 1) respectively are the itemsets adopted by vk at time t and by v at time t + 1.
S
S
Let J = AS
W (vk , t) ∪ AW (v, t + 1). Clearly i ∈ J and J ⊂ RW (v, t + 1),
S
desire set of v at t + 1. Notice that both AS
W (vk , t) and AW (v, t + 1) are
local maximums by Lemma 2. Then by Lemma 1, J is also a local maxiS
mum, hence utilW (J) ≥ utilW (AS
W (v, t + 1)), as AW (v, t + 1) ⊂ J. Also,
|J| > |AS
W (v, t + 1)|, as J contains at least one more item i. Thus as per the
diffusion model v at time t should adopt the larger cardinality set J. Hence
i is adopted by v.
The social welfare of an allocation S in a possible world W = (W E , W N )
is defined P
as the sum of utilities of itemsets adopted by nodes, formally,
ρW (S) := v∈V U(AS
W (v)). The expected social welfare of an allocation S
is ρ(S) := EW E [EW N [ρW (S)]] = EW N [EW E [ρW (S)]]. It is straightforward
to show that the expected social welfare of allocation S defined in Section
2.3.3 is equivalent to the above definition.
The properties of social welfare are presented next.

2.4.2

Properties of social welfare

The following theorem summarizes the property of social welfare function.
The key intuition is that in each possible world, the social welfare is mono35

2.4. Properties Of UIC Under Supermodular Valuations
tone, a result proved by induction on the propagation time. However it is not
submodular because the valuation is supermodular, and it is not supermodular because the propagation based on IC model would have submodular
influence coverage.
Theorem 1. Expected social welfare is monotone with respect to the sets of
node-item allocation pairs. However it is neither submodular nor supermodular.
Proof. Monotonicity is shown by induction on propagation time that the
social welfare in any world W is monotone. The result follows upon taking
expectation. Consider allocations S ⊆ S ′ and any node v.
S′
Base Case: At t = 1, desire happens by seeding. By assumption, IS
v ⊆ Iv .
′
S
S
Thus, RS
set of v in
W (v, 1) ⊆ RW (v, 1), where RW (v, 1) denotes the desire
S ′ (v, 1) is nonworld W under allocation S. Suppose J := AS
(v,
1)
\
A
W
W
empty. From the semantics of adoption of itemsets, UW (J | AS
W (v, 1) \
S ′ (v, 1). By supermodularity of utility,
(v,
1)
\
J
⊆
A
J) ≥ 0. Now, AS
W
W
′
S (v, 1) ⊆ RS ′ (v, 1), by the
S
UW (J | AS
W
W
W (v, 1)) ≥ 0. Since J ⊆ AW (v, 1) ⊆ R
′
semantics of itemset adoption, the set J ∪ AS
(v,
1)
will
be
adopted by v
W
′
at time 1, a contradiction to the assumption that AS
(v,
1)
is
the adopted
W
itemset by v at time 1.
Induction: By Lemma 3, it is known that once a node adopts an item, all
nodes reachable from it in W E also adopt that item. Furthermore, reachability is monotone in seed sets. From S
this, it follows that AS
W (v, τ +
′
S
S
(v,
t).
By
definition,
an
1) ⊆ AW (v, τ + 1). Define AW (v) := t AS
W
P
S
adopted itemset has a non-negative utility, so, ρW (S) = v∈V UW (AW (v))
P
′
′
≤ v∈V UW (AS
W (v)) = ρW (S ). This shows that the social welfare in any
possible world is monotone, as was to be shown.
For submodularity and supermodularity, counterexamples are given. Consider a network with single node u and two items i1 and i2 . Let P(i1 ) > V(i1 )
and P(i2 ) > V(i2 ). However V({i1 , i2 }) > P(i1 ) + P(i2 ). Assume that
noise terms are bounded random variables, hence, |N (ij )| ≤ |V(ij ) − P(ij )|,
j = 1, 2. Thus expected individual utility of i1 or i2 is negative, but when
they are offered together, the expected utility is positive. Now consider two
seed allocations S = ∅ and S ′ = {(u, i1 )}. Let the additional allocation pair
be (u, i2 ). Now ρ(S ∪ {(u, i2 )}) − ρ(S) = 0 − 0 = 0: for S, no items are
adopted and for S ∪{(u, i2 )} the noise N (i2 ) cannot affect adoption decision
in any possible world, so i2 will not be adopted by u in any world.
However, ρ(S ′ ∪ {(u, i2 )}) − ρ(S ′ ) > 0, as under allocation S ′ , i1 is
not adopted by u in any world, while under allocation S ′ ∪ {(u, i2 )}, u will
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adopt {i1 , i2 } in every world, resulting in positive social welfare and breaking
submodularity.
For supermodularity, consider a network consisting of two nodes v1 and
v2 with a single directed edge from v1 to v2 , with probability 1. Let there
be one item i whose deterministic utility is positive, thus, V(i) > P(i).
Again, assume that the noise term N (i) is a bounded random variable,
hence, |N (i)| ≤ |V(i) − P(i)|. Now consider two seed allocations S = ∅
and S ′ = {(v1 , i)}. Let the additional pair be (v2 , i). Under allocation S ′ ,
both nodes v1 and v2 will adopt i in every possible world. Hence adding
the additional pair (v2 , i) does not change item adoption in any world and
consequently the expected social welfare is unchanged. Thus,

ρ(S ∪ {(v2 , i)}) − ρ(S) = E[U(i1 )] > 0

= ρ(S ′ ∪ {(v2 , i)}) − ρ(S ′ )

which breaks supermodularity.
The node level adoption exhibits supermodularity because the utility
function is supermodular, but the propagation behavior is governed by
reachability (Lemma 3), and thus exhibits submodularity. Therefore, the
combined propagation and adoption behavior in UIC exhibits a complicated
behavior that is neither submodular nor supermodular. In the next section, it is shown that surprisingly, despite such complicated behavior, it is
still possible to design a greedy algorithm that achieves a (1 − 1/e − ϵ)approximation to optimal expected social welfare.

2.5
2.5.1

Approximation Algorithm
Greedy algorithm overview

Given that the welfare function is neither submodular nor supermodular,
designing an approximation algorithm for WelMax is challenging. Nevertheless, in this section we show that for any given ϵ > 0 and number ℓ ≥ 1,
a (1 − 1e − ϵ)-approximation to the optimal social welfare can be achieved
with probability at least 1 − |V1|ℓ , using a simple greedy algorithm. To
the best of our knowledge, this is the first instance in the context of viral
marketing where an efficient approximation algorithm is proposed for a nonsubmodular objective, at the same level as submodular objectives. We first
present our algorithm and then analyze its correctness and efficiency.
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Our algorithm, called bundleGRD (for bundle greedy) and shown in Algorithm 2, is based on a greedy allocation of seed nodes to items. Given a
graph G, the universe of items I, item budget vector ⃗b, ϵ, and ℓ, bundleGRD
first selects (line 2) the top-b seed nodes S Grd := Sb for the IC model (disregarding item utilities), where b = max{bi | bi ∈ ⃗b}. Then, (line 4) for
each item i with budget bi , it assigns the top-bi nodes from S Grd to i. We
will show that this allocation achieves a (1 − 1e − ϵ)-approximation to the
optimal expected social welfare. For this to work, the seed selection algorithm must ensure that the b seeds selected, Sb , satisfy a prefix-preserving
property (definition in Section 2.5.3). That is, intuitively, for every budget
bi ∈ ⃗b, the top-bi seeds among S Grd must provide a (1− 1e −ϵ)-approximation
to the optimal expected spread under budget bi . This property is ensured
by invoking the PRIMA algorithm (Algorithm 3) in line 2 of Algorithm 2.
The following is the main result for the bundleGRD algorithm.
Theorem 2. Let S Grd be the greedy allocation generated by bundleGRD, and
S OPT be the optimal allocation. Given ϵ > 0 and ℓ > 0, with probability at
least 1 − |V1|ℓ , we have
ρ(S Grd ) ≥ (1 −

1
− ϵ) · ρ(S OPT ).
e

(2.3)

The running time is O((b + ℓ + logn |⃗b|)(m + n) log n/ϵ2 ).
We note that our bundleGRD algorithm has the interesting property that
it does not need the valuation functions, prices, and the distributions of
noises as input, and thus works for all possible utility settings. It reflects
the power of bundling — as long as we know that all items are mutually
complementary, then bundling them together as much as possible would always provide a good solution in terms of social welfare, no matter what the
actual utilities. This is in stark contrast with the algorithmic solution in [97]
for the complementary setting. Further, known algorithms for social welfare maximization in the combinatorial auction literature typically assume
a value oracle (e.g., see [52, 81, 84]), which given a query as an itemset,
returns the utility of the itemset. Works on IM for complementary items
[97], require the knowledge of adoption probabilities of every item given
already adopted item subsets. However, such an oracle can be quite expensive to realize in practice for non-additive utility functions, since there are
exponentially many itemsets. In Section 2.5.2, we show the approximation
guarantee of our algorithm through the novel block accounting method, then
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Algorithm 2: bundleGRD(I, ⃗b, G, ϵ, ℓ)
1
2
3
4

5
6

S Grd ← ∅;
S Grd ← PRIMA(⃗b, G, ϵ, ℓ)
for i ∈ I do
Assign item i to the first bi nodes of the ranked set S Grd , i.e.,
SiGrd ← top bi nodes from S Grd
S Grd ← S Grd ∪ (SiGrd × {i})
return S Grd as the final allocation

in Section 2.5.3 we describe the prefix preserving influence maximization algorithm PRIMA. Algorithm 3 is described and its correctness and running
time complexity are established in Section 2.5.3.

2.5.2

Block accounting to analyze bundleGRD

The analysis of the algorithm is highly non-trivial, because it needs to consider all possible seed allocations, propagation scenarios, with budgets possibly being non-uniform among items. Our main idea is a “block” based
accounting method: we break the set of items into a sequence of “atomic”
blocks, such that each block has non-negative marginal utility given previous blocks, and it can be counted as an atomic unit in the diffusion process.
Then we account for each block’s contribution to the social welfare during
a propagation, and argue that for every block, the contribution of the block
achieved by the greedy allocation is always at least (1 − 1/e − ϵ) times the
contribution under any allocation. In Section 2.5.2.1 we first introduce the
block generation process. Then using block based accounting, in Section
2.5.2.2 we establish the welfare produced by bundleGRD, and later in Section 2.5.2.3, show an upper bound on the welfare produced by any arbitrary
allocation. The technical subtlety includes properly defining the blocks,
showing why each block can be accounted for as an atomic unit separately,
dealing with partial item propagation within blocks, etc.
In the rest of the analysis, we fix the noise world W N , and prove that
ρW N (S Grd ) ≥ (1 − 1e − ϵ) · ρW N (S OPT ), where ρW N denotes the expected
social welfare under the fixed noise world W N . We could then simply take
another expectation over the distribution of W N to obtain Inequality (2.3).
Let UW N be the utility function under the noise possible world W N .
Given W N , let I∗W N ⊆ I be the subset of items that gives the largest
utility in W N , with ties broken in favor of larger sets. By Lemma 1, I∗W N
39

2.5. Approximation Algorithm
is unique. This implies that the marginal utility of any (non-empty) subset
of I \ I∗W N given I∗W N is strictly negative. Further recall that UW N is supermodular. Hence the marginal utility of any subset of I \ I∗W N given any
subset of I∗W N is strictly negative, which means no items in I \ I∗W N can ever
be adopted by any user under the noise world W N . Thus, once we fix W N ,
we can safely remove all items in I \ I∗W N from consideration. In the rest of
Section 2.5.2, for simplicity we use I∗ as a shorthand for I∗W N .
2.5.2.1

Block generation process

We divide items in I∗ into a sequence of disjoint blocks such that each block
has a non-negative marginal utility w.r.t. the union of all its preceding
blocks. We also need to carefully arrange items according to their budgets
for later accounting analysis. We next discuss how the blocks are generated.
Let I∗ = {i1 , ..., i|I∗ | }. We order the items in non-increasing order of
their budgets, which is, b1 ≥ b2 ≥ · · · ≥ b|I∗ | .
Figure 2.5 shows the process of generating the blocks. Note that this
block generation process is solely used for our accounting analysis and is
not part of our seed allocation algorithm. Hence it has no impact on the
running time whatsoever Given I∗ and W N , we first generate a global
sequence I of all non-empty subsets of I∗ , following a precedence order ≺
(Step 2), explained next.
For any two distinct subsets S, S ′ ⊆ I∗ , arrange items in each of S, S ′ in
decreasing order of item indices. Compare items in S, S ′ , starting from the
highest indexed items of S and S ′ . If they match then compare the second
highest indexed items and so on until one of the following rules applies:
1. One of S or S ′ exhausts. If say S exhausts first, then S ≺ S ′ .
2. The current pair of items in S and S ′ do not match. Then S ≺ S ′ , if the
current item of S has a lower index than the current item of S ′ .
We illustrate this step using the following example.
Example 6 (Generation of I). Suppose we have three items I∗ = {i1 , i2 , i3 }
with b1 ≥ b2 ≥ b3 , then we order the subsets in the following way: I = ({i1 },
{i2 }, {i1 , i2 }, {i3 }, {i1 , i3 }, {i2 , i3 }, {i1 , i2 , i3 }). Between subsets {i3 } and
{i1 , i3 }, {i3 } is ordered first according to rule 1, whereas between {i1 , i2 }
and {i3 }, {i1 , i2 } is ordered first according to rule 2.
The sequence I has the following useful property:
Property 1. For any subsets S and T in the sequence I, if (a) T is a proper
subset of S, or (b) the highest index among all items in T is strictly lower
than the highest index among all items in S, then T appears before S in I.
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1. Input for the process contains I∗ and W N .
∗

2. Generate the 2|I | − 1 non-empty subsets of I∗
Sort the subsets following the precendence order ≺. Put the sorted
subsets in sequence I
B ← ∅; B ← the first entry in I
3. Repeat the following
steps until I is empty
S
(1) If UW N (B | B) ≥ 0 then,
B ← B ⊕ B i.e., append B at the end of sequence B
remove all sets B ′ from I with B ′ ∩ B ̸= ∅
B ← the first entry in I
(2) Else

B ← the next entry in I after B

4. B is the final sequence of blocks

Figure 2.5: The block generation process

From I, blocks are selected following an iterative process, as shown in
Step 3 of Figure 2.5. We scan through this sequence, with the purpose of
generating a sequence B of disjoint blocks. For each subset B being scanned,
if its marginal utility
given all previously selected blocks is non-negative,
S
thus, UW N (BS| B) ≥ 0, where B is the currently selected sequence of
blocks, and B is the union of all items in these selected blocks, then
we append B to the end of selected sequence B, thus, B = B ⊕ B, where
⊕ denotes “append”. After selecting B, we remove all subsets in I that
overlap with B, and restart
the scan from the beginning of the remaining
S
sequence. If UW N (B | B) < 0, then we skip this set and go to the next
one.
Example 7 illustrates the process.
Example 7 (Block generation). Continuing from Example 6, assume the
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following utility assignments for noise world W N :
UW N (i1 ) = UW N (i2 ) = UW N (i3 ) = UW N (i1 , i2 ) = −1
UW N (i1 , i3 ) = UW N (i2 , i3 ) = 1; UW N (i1 , i2 , i3 ) = 4

Then as per the block generation process, {i1 , i3 } will be chosen as the
first block B1 , since it is the first block in I with non-negative marginal
utility w.r.t. ∅. Once B1 is chosen all itemsets containing i1 or i3 are
deleted from I, thus only {i2 } remains in I. Since UW N ({i2 } | {i1 , i3 }) =
UW N (i1 , i2 , i3 )−UW N (i1 , i3 ) = 4−1 > 0, {i2 } is chosen as B2 and the process
terminates with B = ({i1 , i3 }, {i2 }).

By the fact that I∗ is a local maximum, it is easy to see that the blocks
generated form a partition of I∗ . Let B = {B1 , B2 , . . . , Bt } be the sequence
of blocks generated, where t is the number of blocks in the block partition.
We define the marginal gain of each block Bi as
i−1
∆i = UW N (Bi | ∪j=1
Bj ).

(2.4)

We have the following properties regarding the marginal gains.
P
Property 2. ∀i ∈ [t], ∆i ≥ 0 , and UW N (I∗ ) = ti=1 ∆i .

Let A ⊆ I∗ be an arbitrary subset of items. We partition A based on
block partition B: Define Ai = A ∩ Bi , ∀i ∈ [t]. If Ai = Bi , we call Ai a full
block, if Ai = ∅, then it is an empty block, otherwise, we call it a partial
block. Define ∆A
i = UW N (Ai | A1 ∪ . . . ∪ Ai−1 ). By Property 1 and the
fact
that
B
is
the
first block in I with non-negative marginal utility w.r.t.
i
Si−1
j=1 Bj , it follows that
Pt
A
Property 3. ∀i ∈ [t], ∆A
i ≤ ∆i , and UW N (A) =
i=1 ∆i .
∆A
i

Using this property, we devise our accounting where each Ai contributes
in its social welfare.

2.5.2.2

Social welfare under greedy allocation

We are now ready to analyze the social welfare of our greedy allocation
(Algorithm 2) using block accounting. We first show that, before the propagation starts, each seed node would adopt exactly the prefix of full blocks
allocated until the first non-full block, and then show that all these adopted
full blocks will propagate together, so we can exactly account for the contribution of each block to the expected social welfare. The following lemma
gives the exact statement of the first part.
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Lemma 4. Under the greedy allocation, suppose that at a seed node v, Ai
is the first non-full block assigned to v, then before the propagation starts, v
adopts exactly B1 ∪ ... ∪ Bi−1 .
Proof. This proof relies on the supermodularity of UW N , the block generation process, the greedy allocation procedure, and Property 3. Let M
be the set of items adopted by v before the propagation starts, and let
M1 = M ∩ (B1 ∪ ... ∪ Bi−1 ) and M2 = M \ M1 . Since Ai is a partial
block, we know that M2 ̸= Bi . We first show that M2 = ∅ and then
M1 = B1 ∪ ... ∪ Bi−1 .
Suppose, for a contradiction, that M2 ̸= ∅. We know that UW N (M2 |
M1 ) ≥ 0, and by supermodularity UW N (M2 | B1 ∪ ... ∪ Bi−1 ) ≥ 0. If M2
is ordered before Bi in sequence I, then M2 should be selected instead of
Bi , a contradiction. If M2 is ordered after Bi in I, by the block generation
process we can conclude that all items in Bi have budgets no less than the
minimum budget for items in M2 , which by greedy allocation implies that
all items in Bi should be allocated to v, contradicting the fact Ai is a partial
block. Thus M2 = ∅ and M = M1 ⊆ B1 ∪ ... ∪ Bi−1 .
Next, by Property 3,
UW N (M ) =

i−1
X
j=1

∆M
i

≤

i−1
X
j=1

∆i = UW N (B1 ∪ ... ∪ Bi−1 )

Thus v should adopt B1 ∪ ... ∪ Bi−1 instead of M .
Effective budget of blocks. For a block Bi , we define its effective budget
ei = minj∈B1 ∪···∪Bi bj . In bundleGRD (Algorithm 2), the first ei seed nodes of
S Grd are assigned all the full blocks {B1 ∪ ... ∪ Bi }. By Lemma 4, only those
nodes actually adopt the block Bi before the propagation starts. Such seed
GrdE . Thus
nodes are called effective seed nodes of block Bi and denoted as SB
i
in summary, under the greedy allocation, before the propagation starts, all
GrdE adopt B together with B , . . . , B
seed nodes in SB
i
1
i−1 , and none of the
i
GrdE
seed nodes outside SBi
adopts any items in Bi , Bi+1 , . . . , Bt .
GrdE always adopt B toAs established earlier that the nodes in SB
i
i
gether with B1 , . . . , Bi−1 and without considering the effect of propagaGrdE adopts B or any other
tion, no other seed nodes outside the set SB
i
i
blocks Bi+1 , . . . , Bt . Bi is not adopted because at least one of the previous B1 , ..., Bi−1 blocks is not allocated to those nodes. Also since Bi is not
adopted, none of the subsequent blocks can be adopted. We illustrate this
using an example next.
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Example 8 (Block budgets). Revisit the blocks shown in Example 7. Let
us assume that b1 > b2 > b3 . Recall that B1 = {i1 , i3 } and B2 = {i2 }. Let
S2 , S3 be the top b2 , b3 nodes in the greedy allocation respectively, and S3 ⊂
S2 . Then under the greedy allocation, B2 as a full block will be allocated
to nodes in S2 . The effective budget of B2 is e2 = minj∈B1 ∪B2 bj = b3 . The
GrdE = S , since nodes in S are allocated both
effective seed set of B2 is SB
3
3
2
B1 and B2 and will adopt both B1 and B2 according to Lemma 4 (can also
be verified by checking the utility settings given in Example 7 manually).
For nodes in S2 \ S3 , even though they are allocated the full block B2 , they
are only allocated a partial block A1 = {i1 }, and thus by Lemma 4 they will
not adopt B2 or A1 .
We are now ready to show the social welfare of the allocation made by
bundleGRD.
Lemma 5. Let S Grd be the greedy allocation obtained using Algorithm 2.
Then
social welfare of the allocation S Grd in W N is ρW N (S Grd ) =
P the expected
GrdE
GrdE are the effective seed nodes of block B un) · ∆i , where SB
i
i∈[t] σ(SBi
i
der allocation S Grd , σ(·) is the expected spread function under the IC model,
and ∆i is as defined in Eq. (2.4).
Proof. To account for the effect of propagation, we use the Reachability
GrdE adopt all
Lemma (Lemma 3). By that lemma, nodes reachable from SB
i
the blocks B1 , ..., Bi . For a full block Bi only the effective seeds of Bi and
nodes reachable from them adopt Bi . Thus the expected number of nodes
GrdE ). From
that are reached by block Bi and consequently adopt Bi , is σ(SB
i
Property 2, adoption of every such Bi contributes ∆i to the overall social
welfare. Moreover, the
adoptions are disjoint union of full blocks.
Ponly item
GrdE ) · ∆ .
Hence ρW N (S Grd ) = i∈[t] σ(SB
i
i
2.5.2.3

Social welfare under an arbitrary allocation

Unlike greedy, in an arbitrary allocation, for the effective seed nodes, we
cannot conclude that a block Bi is offered with all previous full blocks
B1 , . . . , Bi−1 . Thus our accounting method needs to be adjusted. Our idea
is to define the key concept of an anchor item ai for every block Bi , which
appears in B1 ∪ · · · ∪ Bi . We want to show that only when Bi is co-adopted
with ai by any node, Bi could contribute positive marginal social welfare
(Lemma 6), and in this case its marginal contribution is upper bounded by
∆i (Property 3). Hence we only need to track the diffusion of the anchor
item ai to account for the marginal contribution of Bi . Finally by showing
44

2.5. Approximation Algorithm
GrdE | of B ,
that the budget of ai is exactly the effective budget ei = |SB
i
i
GrdE ) by the prefix preserving
we conclude that σ(Sai ) ≤ (1 − 1/e − ϵ) σ(SB
i
property explained in Section 2.5.1.
We define the budget of a block to be the minimum budget of any item
in the block. Then the anchor block Bia , of a block Bi is the block from
B1 , . . . , Bi that has the minimum budget. In case of a tie, the block having
highest index is chosen as the anchor block. Notice that anchor item ai is
the highest indexed and consequently minimum budgeted item in its corresponding anchor block Bia . Notice that, by definition, if block Bj is the
anchor block of block Bi with j < i, then block Bj is also the anchor block
for all blocks Bj , Bj+1 , . . . , Bi . Moreover, the effective budget ei of a block
Bi , is the budget of its anchor item ai , which is, the minimum budget of all
items in B1 ∪ · · · ∪ Bi . We illustrate the concept of anchor block and item
using the example below.

Example 9 (Anchor block and item). Anchor block of block B2 in Example
8, is B2a = B1 . Its corresponding anchor item a2 is the highest indexed item
of block B2a , which is, i3 . Block B1 ’s anchor block is the block itself and
consequently its anchor item a1 is again i3 .
Lemma 6. Let ai be the anchor item of Bi , and suppose ai appears in Bj ,
j ≤ i. During the diffusion process from an arbitrary seed allocation S, let
A be the set of items in Bj ∪ . . . ∪ Bi that have been adopted by v by time t.
If ai ∈
/ A and A ̸= ∅, then UW N (A | B1 . . . , Bj−1 ) < 0.
Proof. Suppose that UW N (A | B1 ∪ · · · ∪ Bj−1 ) ≥ 0. By the definition of the
anchor item, we know that all items in A \ Bj have strictly larger budget
than the budget of ai , otherwise one of items in A \ Bj should be the anchor
item for Bi . This means all items in A \ Bj have index strictly lower than
ai . Notice ai ∈
/ A, and thus all items in A ∩ Bj also have index strictly lower
than ai . Then by Property 1, A should appear before Bj in sequence I.
Since UW N (A | B1 . . . , Bj−1 ) ≥ 0, the block generation process should select
A as the j-th block instead of the current Bj , a contradiction.
Using the above result, we establish the following lemma, which upper
bounds the welfare produced by an arbitrary allocation.
Lemma 7. For any arbitrary
seed allocation S, the expected social welfare
P
N
in W is ρW N (S) ≤ i∈[t] σ(Sai ) · ∆i , where Sai is the seed set assigned to
the anchor item ai of block Bi , and ∆i is as defined in Eq. (2.4).
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Proof. For an edge possible world W E , suppose that after the diffusion
process under W E , every node v adopts item set Av . Let Av,i = Av ∩ Bi for
v
all i ∈ [t], and ∆A
i = UW N (Av,i | Av,1 ∪ . . . ∪ Av,i−1 ). Thus, we have
"
ρW N (S) = EW E

#
X

v∈V

UW N (Av ) = EW E 

X

EW E

i∈[t]


XX

v
∆A
i

v∈V i∈[t]

"
=



#
X

v
,
∆A
i

(2.5)

v∈V

where the expectation is taken over the randomness of the edge possible
worlds, and thus we use subscript W E under the expectation sign to make
it explicit. By switching the summation signs and the expectation sign in
the last equality above, we show that the expected social welfare can be
accounted as the summation among all blocks Bi of the
hPexpectedi marginal
Av
for each
gain of block Bi on all nodes. We next bound EW E
v∈V ∆i
block Bi .
Under the edge possible world W E , for each v ∈ V , there are three
v
possible cases for Av,i . In the first case, Av,i = ∅. In this case, ∆A
= 0,
i
Av
so we do not need to count the marginal gain ∆i . In the second case,
Av,i is not empty but it does not co-occur with block Bi ’s anchor ai , that
is ai ̸∈ Av , and Av,i ̸= ∅. In this case, Let A′ = A ∩ (Bj ∪ . . . ∪ Bi ), where
′ |
Bj is the anchor block of Bi . Then A′ is not empty and we know
PUi W N (A
Av
′
B1 ∪ . . . ∪ Bj−1 ) < 0. Since we have UW N (A | B1 ∪ . . . ∪ Bj−1 ) = j ′ =j ∆j ′ .
′
v
Thus the cumulative marginal gain of ∆A
j ′ with j ≤ j ≤ i is negative, so
v
we can relax them to 0, effectively not counting the marginal gain of ∆A
i
either.
Finally, Av,i is non-empty and co-occur with its anchor ai , hence ai ∈ A
v
v
and Av,i ̸= ∅. Since Av is a partial block, ∆A
≤ ∆i , we relax ∆A
to ∆i .
i
i
This relaxation occurs only on nodes that adopt ai . A node v could adopt ai
only when there is a path in W E from a seed node that adopts ai to node v.
As defined in the lemma, Sai is the set of seed nodes of ai . Let Γ(Sai , W E )
be the set of nodes that are reachable from Sai in W E . Then, there are at
v
most |Γ(Sai , W E )| nodes at which we relax ∆A
to ∆i for block Bi . Hence,
i
X
v∈V

E
v
∆A
i ≤ |Γ(Sai , W )| · ∆i .

(2.6)

46

2.5. Approximation Algorithm
Furthermore, notice that EW E [|Γ(Sai , W E )|] = σ(Sai ), by the live-edge
representation of the IC model. Therefore, together with Eq. (2.5) and (2.6),
we have
X


EW E |Γ(Sai , W E )| · ∆i
ρW N (S) ≤
i∈[t]

=

X
i∈[t]

σ(Sai ) · ∆i .

This concludes the proof of the lemma.
GrdE | = e . Hence
Notice in Lemma 7, |Sai | ≤ ei , whereas in Lemma 5 |SB
i
i
the combination of Lemma 5 and Lemma 7, together with the fact that
GrdE is a (1 − 1/e − ϵ)-approximation of the optimal solution with e seeds
SB
i
i
(by the prefix-preserving property), leads to the approximation guarantee
of bundleGRD (Eq. (2.3) of Theorem 2), which we prove next.

Theorem 3. (Correctness of bundleGRD) Let S Grd be the greedy
allocation and S be any arbitrary allocation. Given ϵ > 0 and ℓ > 0, the
expected social welfare ρ(S Grd ) ≥ (1 − 1e − ϵ) · ρ(S) with at least 1 − |V1|ℓ
probability.
Proof. From Lemma
5 , we have for a possible world W N = (W E , W N ),
P
GrdE ) · ∆ , where the size of S GrdE is the effective
ρW N (S Grd ) = i∈[t] σ(SB
i
Bi
i
budget of Bi .
For an arbitrary allocation S, since ai is the anchor item of Bi , by its
GrdE |. By the correctness of the prefixdefinition we know that |Sai | = |SB
i
preserve influence maximization algorithm we use in line 2 (Definition 1, to
be instantiated in Section 2.5.3), we have that with probability at least 1 −
1
GrdE ) ≥ (1− 1 −ϵ)σ(S ), for all blocks B ’s and their corresponding
, σ(SB
ai
i
e
|V |ℓ
i
anchors ai ’s.
Let the distribution of world W N be DN . Then, together with Lemma 7,
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we have that with probability at least 1 −

1
,
|V |ℓ

ρ(S Grd ) = EW N ∼DN [ρW N (S Grd )]


X
GrdE
σ(SB
) · ∆i 
= EW N ∼DN 
i
i∈[t]


≥ EW N ∼DN 


X

i∈[t]

(1 −

1
− ϵ)σ(Sai ) · ∆i 
e

1
− ϵ)EW N ∼DN [ρW N (S)]
e
1
= (1 − − ϵ)ρ(S).
e

≥ (1 −

Therefore, the theorem holds.
In the following section, we explain the component PRIMA that provides
the prefix preserving property.

2.5.3

Item-wise prefix preserving IMM

We first formally define the prefix-preserving property.
Definition 1. (Prefix-Preserving Property). Given G = (V, E, p)
and budget vector ⃗b, an influence maximization algorithm A is said to be
prefix-preserving w.r.t. ⃗b, if for any ϵ > 0 and ℓ > 0, A returns an ordered
set SbGrd of size b, such that with probability at least 1 − |V1|ℓ , for every bi
∈ ⃗b, the top-bi nodes of S Grd , denoted S Grd , satisfies σ(S Grd ) ≥ (1 − 1 − ϵ)
b

bi

bi

e

OPT bi , where OPT bi is the optimal expected spread of bi nodes.

Unfortunately, state-of-the-art IM algorithms such as IMM [127], SSA
[110], and OPIM [126] are not prefix-preserving out-of-the-box. In this section, we present a non-trivial extension of IMM, called PRIMA (PRefix preserving IM Algorithm) (Algorithm 3), to make it prefix-preserving. The
classical models of influence propagation assume a single item and IMM is
one of the state of the art algorithms for influence maximization. For a
single item, as well as for multiple items with uniform budgets, the prefix property is trivial. In the presence of multiple items with non-uniform
budgets, an algorithm that returns a seed set of high quality with only a
probabilistic guarantee need not satisfy the prefix preserving property (Definition 1). We present PRIMA (PRefix IMM), shown in Algorithm 3, which
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is a prefix-preserving extension of IMM for multiple items. Notice that
NodeSelection(R, k) is the standard greedy algorithm for finding a seed set
of size k by solving max k-cover on the set of RR sets R. For more details,
the reader is referred to [127]. The NodeSelection algorithm used in PRIMA
is same as Alg 1 of IMM, which we donot repeat for brevity.
State-of-the-art IM algorithms including IMM use reverse influence sampling (RIS) approach [22] governed by reverse-reachable (RR) sets. An RR
set is a random set of nodes sampled from the graph by (a) first selecting
a node v uniformly at random from the graph, and (b) then simulating the
reverse propagation of the model (e.g., IC model) and adding all visited
nodes into the RR set. The main property of a random RR set R is that:
influence spread σ(S) = n · E[I{S ∩ R ̸= ∅}] for any seed set S, where I is
the indicator function. After finding large enough number of RR sets, the
original influence maximization problem is turned into a k-max coverage
problem – finding the set of k nodes that covers the most number of RR
sets, where a set S covers an RR set R if S ∩ R ̸= ∅. All RIS algorithms use
the same well-known coverage procedure, denoted as NodeSelection(R, k)
in [22], and thus we omit its description here. These algorithms mainly
differ in estimating the number of RR sets needed for the approximation
guarantee. The number of RR sets generated by these algorithms is in general not monotone with the budget k, making them not prefix preserving.
Our PRIMA algorithm carefully addresses this issue, even with nonuniform
item budgets, while keeping the efficiency of the algorithm.
PRIMA ingests four inputs, namely the budget vector ⃗b, graph G, ϵ and ℓ,
with ⃗b sorted in non-increasing order as stated in Definition 1. Given ℓ, for a
budget k, IMM generates a set of RR sets R, such that |R| ≥ λ∗k /OPT k with
probability at least 1 − 1/nℓ . PRIMA derives a number ℓ′ > ℓ as a function
of ℓ (Algorithm 3, line 2), the details of which we provide in Lemma 9.
Before that, we briefly describe PRIMA. Extending the bounding technique
of [127], for each budget k, we set

(2 + 32 ϵ′ ) · (log nk + ℓ′ · log n + log log2 n) · n
′
λk =
,
(2.7)
ϵ′2
λ∗k = 2n · ((1 − 1/e) · α + βk )2 · ϵ−2 ,

(2.8)

√
where, α = ℓ′ log n + log 2 is a constant independent of k, and βk =
q

(1 − 1/e) · (log nk + ℓ′ log n + log 2). Note that we use log without a base
to represent the natural logarithm.
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Algorithm 3: PRIMA (⃗b, G, ϵ, ℓ)
1

2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

√
Initialize R = ∅, s = 1, n = |V |, i = 1, ϵ′ = 2 · ϵ,
budgetSwitch = false;
ℓ = ℓ + log 2/ log n, ℓ′ = logn (nℓ · |⃗b|);
while i ≤ log2 (n) − 1 and s ≤ |⃗b| do
k = bs , LB = 1;
x = 2ni ; θi = λ′k /x, where λ′k is defined in Eq. (2.7);
while |R| ≤ θi do
Generate an RR set for a randomly selected node v of G and
insert in R;
if budgetSwitch then
Sk = the first k nodes in the ordered set Sbs−1 returned from
the previous call to NodeSelection
else
Sk = NodeSelection(R, k)
if n · FR (Sk ) ≥ (1 + ϵ′ ) · x then
LB = n · FR(Sk ) /(1 + ϵ′ );
θk = λ∗k /LB, where λ∗k is defined in Eq. (2.8);
while |R| < θk do
Generate an RR set for a randomly selected node v of G
and insert in R;
s = s + 1; budgetSwitch = true
else
i = i + 1; budgetSwitch = false
if s ≤ |⃗b| then
θk = λ∗bs /LB;
R = ∅;
while |R| < θk do
Generate an RR set for a randomly selected node v of G and
insert in R;
Sb = NodeSelection(R, b);
return Sb as the final seed set;

The basic idea of PRIMA is to generate enough RR sets such that for any
′
budget k ∈ ⃗b, |R| ≥ λ∗k /OPT k , with probability at least 1 − 1/nℓ . Since
OPT k is unknown, we rely on a good lower bound of OPT k , i.e., LBk , as
proposed in IMM [127]. Specifically PRIMA starts from the highest budget,
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i.e., b1 . For a given budget k ∈ ⃗b and i it samples enough RR sets into R first
(lines 6-7) and then checks the coverage condition on the sampled set of RR
sets (line 12). Note if R already had enough number of RR sets (generated
at a previous budget), then it skips RR set generation and moves directly
to coverage check. If the coverage condition succeeds, then a good LB for
the budget k is determined. It uses the LB to find the required number of
RR sets (lines 14-16) for k and moves to the next budget. It then reuses the
prefix of the ordered seed set found for budget k as the seed set found for the
new budget, avoiding a redundant call to the NodeSelection procedure. This
is fine because NodeSelection is a deterministic greedy procedure in finding
seed nodes, and the last call to NodeSelection before the budget switch, is
using the same RR set collection R with a larger budget, and thus it already
found all the seed nodes for the new budget. If the coverage condition fails,
it increments i to sample more RR sets for the current budget k (line 19).
If for any budget, all possible i values are tested, PRIMA breaks the
for-loop and generates RR sets (for that budget) using LB = 1 (line 21),
which is the lowest possible value of LB. Further, since budgets are sorted
in non-increasing order and λ∗k is monotone in k (Eq. (2.8)), there cannot
be any remaining budget k ′ , where k ′ ≤ k, for which λ∗k′ /LB (line 21) is
higher. Hence the RR set generation process terminates.
Lastly, after determining |R|, those many RR sets are generated from
scratch (line 23) on which the final NodeSelection is invoked. This addresses
a recently found issue of the original IMM algorithm [33]. PRIMA then
returns the top-b seeds obtained from NodeSelection (line 25).
The correctness and the running time of the PRIMA algorithm mainly
follow the proof of the IMM algorithm [33]. We first show the correctness
and towards that we prove that the following lemma holds.
Lemma 8. Let R be the final set of RR sets generated by PRIMA at the end
and let k ∈ ⃗b be any budget. Then |R| ≥ λ∗k /OPT k holds with probability at
′
least 1 − 1/nℓ .
Proof. Given x ∈ [1, n], ϵ′ and δ3 ∈ (0, 1) and a budget k. Let Sk be the
seed set of size k obtained by invoking NodeSelection(R, k), where,

(2 + 32 ϵ′ ) · (log nk + log(1/δ3 )) n
|R| ≥
· .
(2.9)
ϵ′
x
Then, from Lemma 6 of [127], if OPT k < x, then n·FR (Sk ) < (1+ϵ′ )·x with
n
probability at least (1 − δ3 ). Now let j = ⌈log2 OPT
⌉. By union bound, we
k
′
can infer that PRIMA has probability at most (j − 1)/(nℓ · log2 n) to satisfy
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the coverage condition of line 12 for the budget k. Then by Lemma 7 of [127]
and the union bound, PRIMA will satisfy LBk ≤ OPT k with probability at
′
least 1 − nℓ . We know that for any k ∈ ⃗b, |R| ≥ λ∗k /LBk , hence the lemma
follows.
We are now ready to prove the correctness of PRIMA.
Lemma 9. PRIMA returns a prefix preserving (1 − 1/e − ϵ)-approximate
solution Sb to the optimal expected spread, with probability at least 1 − 1/nℓ .
Proof. We know from Lemma 8 that the RR set sampling for any budget
can result in the coverage condition (Algorithm 3, line 12) failing with prob′
ability at most 1/nℓ . By applying union bound over all the budgets, we
have that
probability of the coverage condition in PRIMA is at
P the failure
′
′
most k∈⃗b 1/nℓ = |⃗b| · 1/nℓ . By setting ℓ′ = logn (nℓ · |⃗b|), we bound this
failure probability to at most 1/nℓ . Thus ℓ′ is used for computing α and βk
in Eq. (2.8). Further once θk is determined, we generate those many RR
set from scratch. This follows the fix proposed in [33]. Without the fix, the
top Sb nodes returned by the last call to NodeSelection (line 25), cannot be
shown to have a (1 − 1/e − ϵ)-approximate solution with probability at least
1 − 1/nℓ . For every budget bi ∈ ⃗b, we can then choose the prefix of top-bi
nodes of Sb and use that as a solution Sbi for that budget, with the guarantee
that with probability at least 1 − 1/nℓ each Sbi is a (1 − 1/e − ϵ)-approximate
solution to OPT bi .
By union bound, PRIMA returns a (1 − 1/e − ϵ)-approximate prefix preserving solution with probability at least 1 − 2/nℓ .
Finally by increasing ℓ to ℓ + log 2/ log n in line 2, we raise PRIMA’s
probability of success to 1 − 1/nℓ .
Running time
The running time of PRIMA essentially involves two parts: the time
needed to generate the set of RR sets R and the total time of all NodeSelection
invocations. From Lemma 9 of [127], we have for any budget k, the set of
RR sets generated for that budget Rk satisfies,
E[|Rk |] ≤

3max{λ∗k , λ′k } · (1 + ϵ′ )2
.
(1 − 1/e) · OPT k

Since λ′k and λ∗k are both monotone in k (Eq. ((2.7)) and ((2.8))), we
know their maximums are achieved for k = b.
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Further let OPT min := OPT b|I| be the minimum expected spread, i.e.,
minimum value of OPT , across all budgets, then for any Rk ,
E[|Rk |] ≤

3max{λ∗b , λb′ } · (1 + ϵ′ )2
(1 − 1/e) · OPT min

= O((b + ℓ′ )n log n · ϵ−2 /OPT min ).
Further since PRIMA reuses the RR sets instead of generating them from
scratch for every budget, for the RR set R generated by PRIMA,
E[|R|] = maxk∈⃗b {E[|Rk |]}

= O((b + ℓ′ )n log n · ϵ−2 /OPT min ).

(2.10)

For an RR set R ∈ R, let w(R) denote the number of edges in G pointing
to nodes in R. If EP T is the expected value of w(R), then we know, n ·
EP T ≤ m · OPT min . Hence using Eq. (2.10), the expected total time to
generate R is determined by,
X
E[
w(R)] = E[|R|] · EP T
R∈R

= O((b + ℓ′ )(n + m) log n · ϵ−2 ).

(2.11)

Notice that generating RR set from scratch for the final node selection,
following the fix of [33], only adds a multiplicative factor of 2. Hence the
overall asymptotic running time to generate R remains unaffected. Thus
intuitively, there are two changes in PRIMA’s running time. The budget k
of a single item of IMM is replaced with b, the maximum budget of any
item. Secondly, by applying union bound on every individual item’s failure
probability, a factor of logn |⃗b| is added to the sample complexity. Using
Lemma 9 and Eq. (2.11) we now prove the correctness and the running time
result of PRIMA.
Theorem 4. PRIMA is prefix preserving and it returns a (1 − 1/e − ϵ)approximate solution to IM with at least 1 − 1/nℓ probability in O((b + ℓ +
logn |⃗b|)(n + m) log n · ϵ−2 ) expected time.
Proof. From Lemma 9, we have that PRIMA returns a prefix preserving
(1 − 1/e − ϵ)-approximate solution with at least 1 − 1/nℓ probability. In
that process PRIMA invokes NodeSelection, log2 n − 1 times in the while
loop and once to find the final seed set Sb . Note that, we intentionally avoid
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# nodes
# edges
avg. degree
type

Flixster
7.6K
71.7K
9.43
undirected

Douban-Book
23.3K
141K
6.5
directed

Douban-Movie
34.9K
274K
7.9
directed

Twitter
41.7M
1.47G
70.5
directed

Orkut
3.07M
234M
77.5
undirected

Table 2.3: Network Statistics

redundant calls to NodeSelection when we switch budgets, which saves |⃗b|
additional calls to NodeSelection.
Let Ri be the susbset of R used in the i-th iteration of the loop. Since
NodeSelection
involves one pass over all RR set, on a given input Ri , it takes
P
O( R∈Ri |R|) time. Recall |Ri | doubles with every increment of i. Hence
it is a geometric sequence with a common ratio of 2. Now from Theorem
3 of [127] and the fact that there is no additional calls to NodeSelection
during
P budget switch, we have total cost of invoking all NodeSelection is
O(E[ R∈R |R|]).
Since |R| ≤ w(R), for any R ∈ R, then using Eq. (2.11) we have,
X
X
O(E[
|R|]) = O(E[
w(R)])
R∈R

R∈R
′

= O((b + ℓ )(n + m) log n · ϵ−2 )
= O((b + ℓ + logn |⃗b|)(n + m) log n · ϵ−2 ).
Hence the theorem follows.
Finally, the combination of Theorems 3 and 4 gives our main Theorem 2.

2.6
2.6.1

Experiments
Experiment Setup

We perform extensive experiments on five real social networks. We first
experiment with synthetic utility (value and price) functions. For real utility functions, we learn the value and noise distributions of items from the
bidding data in eBay, and obtain item prices from Craigslist and Facebook
groups to make them compatible with used items auctioned in eBay. All
experiments are performed on a Linux machine with Intel Xeon 2.6 GHz
CPU and 128 GB RAM.
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Figure 2.6: Expected social welfare in four configurations (on the
Douban-Movie network)

2.6.1.1

Networks

Table 2.3 summarizes the networks used in the experiments and the characteristics of the networks. Flixster is mined in [97] from a social movie site and
a strongly connected component is extracted. Douban is a Chinese social
network, where users rate books, movies, music, etc. In [97] all movie and
book ratings of the users in the graph are crawled separately to derive two
datasets from book and movie ratings: Douban-Book and Douban-Movie.
Twitter is one of the largest public network datasets. Finally Orkut is a
large social network that we use to test scalability. Both Twitter and Orkut
can be obtained from [123].
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(a) Flixster

(c) Douban-Movie

(b) Douban-Book

(d) Twitter

Figure 2.7: Running times of bundleGRD, RR-SIM+ , RR-CIM, item-disj and
bundle-disj (on Configuration 1)

2.6.1.2

Algorithms compared

We compare bundleGRD against six baselines – RR-SIM+ , RR-CIM, item-disj,
bundle-disj, BDHS-Concave and BDHS-Step. RR-SIM+ and RR-CIM are two
state-of-the art algorithms designed for complementary products in the context of IM [97]. However, they work only for two items. Extending the ComIC framework and the RR-SIM+ and RR-CIM algorithms for more than two
items is highly non-trivial as that requires dealing with automata with exponentially many states. Hence in comparing the performance of bundleGRD
against RR-SIM+ and RR-CIM, we limit the number of items to two. Later
we experiment with more than two items. Below, by deterministic utility
of an itemset I, we mean V(I) − P(I), i.e., its utility with the noise term
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(a) Flixster

(c) Douban-Movie

(b) Douban-Book

(d) Twitter

Figure 2.8: Number of RR sets generated by bundleGRD, RR-SIM+ ,
RR-CIM, item-disj and bundle-disj (on Configuration 1)

ignored.
1. Com-IC baselines. For two items i1 and i2 , given seed set of item
i2 (resp. i1 ), RR-SIM+ (resp. RR-CIM) finds seed set of item i1 (resp.
i2 ) such that expected number of adoptions of i1 is maximized. Initial
seeds of i2 (resp. i1 ) are chosen using IMM [127].
2. Item-disjoint. Our next baseline item-disj allocates only
P one item to
every seed node. Given the set of items I, item-disj finds i∈I bi nodes,
say L, using IMM, where bi is the budget of item i. Then it visits
items in L in non-increasing order of budgets, assigns item i to first
bi nodes and removes those bi nodes from L. By explicitly assigning
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(a) Configuration 5

(b) Configuration 6

(c) Configuration 7

(d) Configuration 8

Figure 2.9: Expected social welfare in four configurations (on the Twitter
network)

every item to different seeds, item-disj does not leverage the effect of
supermodularity. However it benefits from the network propagation:
since the utilities are supermodular, if more neighbors of a node adopt
some item, it is more likely that the node will also adopt an item. Thus,
when individual items have positive utility and hence can be adopted
and propagate on their own, by choosing more seeds, item-disj makes
use of the network propagation to encourage more adoptions.
3. Bundle-disjoint. Baseline bundle-disj, aims to leverage both supermodularity and network propagation. It first orders the items I in nonincreasing budget order and determines successively minimum sized
subsets with non-negative deterministic utility, maintaining these sub58
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(a) Effect of number of items

(c) Running time

(b) Welfare

(d) Budget skew

Figure 2.10: (a) Impact of number of items on the running time and
(b-d) Experiments using real Param (on the Twitter network)

sets (“bundles”) in a list. Items in each bundle B are allocated to a
new set of bB := min{bi | i ∈ B} seed nodes. The budget of each item
in B is decremented by bB , and items with budget 0 are removed.
When no more bundles can be found, we revisit each item i with a
positive unused budget and repeatedly allocate it to the seeds of the
first existing bundle B which does not contain i. If bB > bi (where bi
is the current budget of i after all deductions), then the first bi seeds
from the seed set of B are assigned to i. If an item i still has a surplus
budget, we select bi fresh seeds using IMM and assign them to i.
4. Welfare maximization baselines. Our last two baselines, BDHS-Concave
and BDHS-Step are two state-of-the-art welfare maximization algo59
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Figure 2.11: (a-c) Comparison against BDHS algorithms and (d) Scalability of bundleGRD

rithms under network externalities [19]. As discussed in Section 2.2,
their study has significant differences from our study, but we still make
an empirical comparison with their algorithms with the goal to explore
what fraction of the budget is needed by our model with network propagation to achieve the same social welfare as their model which has
network externality but no network propagation. We defer the details
of the comparison method to Section 2.6.4.

2.6.1.3

Default Parameters

Following previous works [74, 110] we set probability of edge e = (u, v) to
1/din (v). Unless otherwise specified, we use ϵ = 0.5 and ℓ = 1 as our de60
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No
1
2
3
4

Price
i1 = 3
i2 = 4
{i1 , i2 } = 7

Value
i1 = 3, i2 = 4
{i1 , i2 } = 8
i1 = 3, i2 = 3
{i1 , i2 } = 8

Noise
i1 : N (0, 1)
i2 : N (0, 1)
{i1 , i2 } : N (0, 2)

GAP
qi1 |∅ = 0.5, qi2 |∅ = 0.5
qi1 |i2 = 0.84, qi2 |i1 = 0.84
qi1 |∅ = 0.5, qi2 |∅ = 0.16
qi1 |i2 = 0.98, qi2 |i1 = 0.84

Budget
Uniform
Nonuniform
Uniform
Nonuniform

Table 2.4: Two item configurations

fault for all five methods as recommended in [128]. The Com-IC algorithms
RR-SIM+ and RR-CIM use adoption probabilities, called GAP parameters
[97], to model the interaction between items. The GAP parameters can be
simulated within the UIC framework using utilities shown in Eq. (2.12).
The derivation follows simple algebra. Here, qi1 |∅ (resp., qi1 |i2 ) denotes the
probability that a user adopts item i1 given that it has adopted nothing
(resp., item i2 ).
Let i1 and i2 be the two items. Suppose the desire set of a node u only
has item i1 . The condition that u adopts i1 is V(i1 ) − P(i1 ) + N (i1 ) ≥ 0.
Thus the GAP parameter qi1 |∅ is given by:
qi1 |∅ = Pr[V(i1 ) − P(i1 ) + N (i1 ) ≥ 0] = Pr[N (i1 ) ≥ P(i1 ) − V(i1 )].
Now suppose i1 has been adopted by u, and i2 enters the desire set. The
GAP parameter qi2 |i1 is the probability of adopting i2 given that i1 has been
adopted. So we have
qi2 |i1 = Pr[V({i1 , i2 }) − P(i1 ) − P(i2 ) + N (i1 ) + N (i2 ) ≥
V(i1 ) − P(i1 ) + N (i1 ) | N (i1 ) ≥ P(i1 ) − V(i1 )]

= Pr[N (i2 ) ≥ P(i2 ) − (V({i1 , i2 }) − V(i1 )) | N (i1 ) ≥
P(i1 ) − V(i1 )].

Since noise N (i2 ) is independent of noise N (i1 ), we can remove the above
condition in the conditional probability, and obtain
qi2 |i1 = Pr{N (i2 ) ≥ P(i2 ) − (V({i1 , i2 }) − V(i1 ))}.
The other two GAP parameters, qi2 |∅ and qi1 |i2 can be obtained similarly.
To summarize, we have
qi1 |∅ = Pr[N (i1 ) ≥ P(i1 ) − V(i1 )],

qi1 |i2 = Pr[N (i1 ) ≥ P(i1 ) − (V({i1 , i2 }) − V(i2 ))],

(2.12)

qi2 |∅ = Pr[N (i2 ) ≥ P(i2 ) − V(i2 )],

qi2 |i1 = Pr[N (i2 ) ≥ P(i2 ) − (V({i1 , i2 }) − V(i1 ))].
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2.6.2

Experiments on two items

We explore four different configurations corresponding to the choice of the
values, prices, noise distribution parameters, and item budgets (see Table
2.4). While UIC does not assume any specific distribution for noise, in our
experiments we use a Gaussian distribution for illustration.
In Configurations 1 and 2, individual items have non-negative deterministic utility. In this setting item-disj and bundle-disj are equivalent. In
Configurations 3 and 4 one item has a negative deterministic utility while
the other item has a non-negative one. In this setting, however, bundleGRD
and bundle-disj are equivalent. One may also consider configurations where
every individual item has negative deterministic utility. In such a setting,
item-disj produces 0 welfare, which makes the comparison degenerates.
For every parameter setting, we consider two budget settings, namely
uniform (e.g., Configuration 1) and non-uniform (resp. Configuration 2).
In case of uniform budget, both items have the same budget k, where k is
varied from 10 to 50 in steps of 10. For non-uniform budget, i1 ’s budget is
fixed at 70, and i2 ’s budget is varied from 30 to 110 in steps of 20.
2.6.2.1

Social Welfare

We compare the expected social welfare achieved by all algorithms on all
four configurations (Fig. 2.6). We show the results only for Douban-Movie,
since the trend of the results is similar on other networks. In terms of social
welfare, bundleGRD achieves an expected social welfare upto 5 times higher
than item-disj (Fig. 2.6(d)).
A similar remark applies when bundle-disj
and bundleGRD are not equivalent (e.g., Fig. 2.6(b)). Further, notice that
RR-SIM+ and RR-CIM produce welfare similar to bundleGRD. It follows from
Table 4 of [97] (full arxiv version) that under this configuration, RR-SIM+
and RR-CIM end up copying the seeds of the other item. Hence their allocations are similar to bundleGRD. However, as shown next, bundleGRD
is much more efficient than the other two algorithms, and easily supports
more than two items, which makes bundleGRD more suitable in practice for
multiple items over large networks.
2.6.2.2

Running time

We study the running time of all algorithms using Configuration 1 as a
representative case. The results are shown in Fig. 2.7. As can be seen,
bundleGRD and bundle-disj are equivalent and hence have the same running
time. However, bundleGRD significantly outperforms all other baselines on
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every dataset. RR-SIM+ and RR-CIM are particularly slow. In fact, on the
large Twitter network, they could not finish even after our timeout after 6
hours (hence they are omitted from Fig. 2.7(d)). In comparison with the
baselines, bundleGRD is upto 5 orders of magnitude (resp. 1.5 times) faster
than RR-CIM (resp. item-disj). Running times on other configurations show
a similar trend, and are omitted.
2.6.2.3

Memory

Lastly we study the memory required by all algorithms using Configuration
1. The results are shown in Fig. 2.8. Since the amount of memory required is
directly related to the number of RR sets each algorithm produces, we show
the RR set numbers in the plots. RR-SIM+ and RR-CIM are based on TIM,
whereas the other three algorithms leverage IMM, which generates much
less number of RR sets than TIM. Further for the comic algorithms, the
two separate pass involving forward and backward simulations also results
in more RR sets generation.

2.6.3

More than two items

We use the largest dataset Twitter for tests in this subsection.
2.6.3.1

The configurations

Having established the superiority of bundleGRD for two items, we now consider more than two items. Recall that RR-SIM+ and RR-CIM cannot work
with more than two items, so we confine our comparison to item-disj and
bundle-disj. We gauge the performance of the algorithms on social welfare
and running time. We also study the effect of budget distribution on social
welfare. We design four configurations corresponding to the choice of budget
and utility (see Table 2.5). For all configurations, we sample noise terms
from N (0, 1). Price and value are set in such a way as to achieve certain
shapes for the set of itemsets in the lattice that have a positive utility (see
below).
• Configurations 5-7. Configuration 5 is the simplest: every item
has the same budget; price and value are set such that every item
has the same utility of 1 and utility is additive. Thus, by design,
this configuration gives minimal advantage to any algorithm that tries
to leverage supermodularity. The next two configurations (6 and 7)
model the situation where a single “core” item is necessary in order
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No
5
6
7
8

Value
Additive
Cone-max
Cone-min
Level-wise

Budget
Uniform
Non-uniform
Non-uniform
Uniform

Table 2.5: Multiple item configurations

to make an itemset’s utility positive. E.g., a smartphone may be a
core item, without which its accessories do not have a positive utility.
We set the core item’s utility to 5. The addition of any other item
increases the utility by 2. Thus, all supersets of the core item have a
positive utility, while all other subsets have a negative utility. Hence,
the set of subsets with positive utility forms a “cone” in the itemset
lattice. In Configuration 6 (resp. 7), the core item is the item with
maximum (resp. minimum) budget. Finally, we design a more general
configuration where the set of itemsets with positive utility forms an
arbitrary shape (see Configuration 8 below).
• Configuration 8. We consider the itemset lattice, with level t having
subsets of size t. We randomly set the prices and values of items in
level 1 such that a random subset of items have a non-negative utility.
Let At be any itemset at level t > 1 and i ∈ At any item. We choose
a value uniformly at random, ϵ ∼ U [1, 5], and define
V(i|At \ {i}) = maxB∈P(At \{i},t−2) {V(i|B) + ϵ}

(2.13)

where P(A, q) denotes the set of subsets of A of size q. That is, the
marginal gain of an item i w.r.t. At \ {i} is set to be the maximum
marginal gain of i w.r.t. subsets of At of size t − 2, plus a randomly
chosen boost (ϵ). E.g., let A4 = {i, j, k, l}, t = 4 then, V(i|{j, k, l}) =
max{V(i|{j, k}), V(i|{k, l}), V(i|{j, l})} + ϵ.

Recall that the value computation proceeds level-wise starting from
level t = 0. Thus, for any itemset At in Eq.(2.13), V(i|B) for subsets
B is already defined.
Finally, we set V(At ) = maxi∈At {V(At \ {i}) + V(i|At \ {i})}. Now we
show that this way of assigning values ensures that the value function
is well-defined and supermodular.

Lemma 10. The value function of Configuration 8 is supermodular.
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Proof. First we show that for an itemset At at level t, and an item i ∈
/ At ,
V(i | At ) ≥ V(i | B), where B ⊂ At is any subset of At . We prove this claim
by induction on level.
Base Case: Let t = 1 and A1 be any singleton itemset. Then V(i | A1 ) =
V(i | ∅) + ϵ ≥ V(i | ∅).
Induction: Suppose the claim is true for all levels t ≤ l. We show it holds
for t = l + 1. From our method of assigning values we have, V(i | Al+1 ) =
maxBl ∈P(I,l) {V(i | Bl )} + ϵ, where P(I, l) is the set of all itemsets at level l.
Thus V(i | Al+1 ) ≥ V(i | Bl ). By induction hypothesis, V(i | Bl ) ≥ V(i | B),
for any subset B ⊂ Bl , and thus V(i | Al+1 ) ≥ V(i | B).
It then follows that for any itemsets B ⊂ A ⊂ I and item i ∈ I \ A,
V(i | A) ≥ V(i | B). Hence value is supermodular.
Lemma 11. The value function of Configuration 8 is well defined.
Proof. We show that for an itemset At at level t, V(i | At \ {i}) + V(i) =
V(j | At \ {j}) + V(j), for any i, j ∈ At .
Let V(At ) = maxk∈At {V(At \{k})+V(k|At \{k})} = m. Then according
to our configuration V(i | At \ {i}) = m − V(i). Similarly V(j | At \ {j}) =
m−V(j). Hence V(i | At \ {i})+V(i) = m−V(i)+V(i) = m−V(j)+V(j) =
V(j | At \ {j}) + V(j).
2.6.3.2

Social welfare

First, we study the social welfare achieved by the algorithms, in each of
the above configurations, with the total budget varying from 500 to 1000
in steps of 100. For Configurations 7 and 10, we set the budget uniformly
for every item. For other configurations, the max budget is set to 20%
of the total budget, min budget to 2%, and the remaining budget is split
uniformly. The results of the experiment on Twitter network are shown
in Fig. 2.9. Under Configurations 8 and 9, bundleGRD and bundle-disj
produces the same allocation, hence the welfare is the same. However in
general bundleGRD outperforms every baseline in all the four configurations
by producing welfare up to 4 times higher than baselines.
2.6.3.3

Running time vs number of items

Next, we study the effect of the number of items on the running time of the
algorithms. For this experiment, we use Configuration 5. We set the budget
of every item to k = 50 and vary the number of items s, from 1 to 10. Fig.
2.10(a) shows the running times on the Twitter dataset. As the number of
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items increases the number of seed nodes to be selected for item-disj and
bundle-disj increases. Notice both item-disj and bundle-disj select the same
number of seeds, which is k × s. item-disj selects it by one invocation of
IMM, with budget ks, while bundle-disj invokes IMM s times with budget
k for every invocation. So their overall running times differ. By contrast,
the running time of bundleGRD only depends on the maximum budget and
is independent of the number of items. E.g., when number of items is 10,
bundleGRD is about 8 times faster than bundle-disj and 2.5 times faster than
item-disj.

2.6.4

Experiment with real value, price, and noise
parameters

In this section, we conduct experiments on parameters (value, price, and
noise) learned from real data. We consider the following 5 items: (1) Playstation 4, 500 GB console, denoted ps, (2) Controller of the Playstation, denoted c, and (3-5) Three different games compatible with ps, denoted g1 , g2
and g3 respectively. We next describe the method by which we learn their
parameters from real data.
2.6.4.1

Learning the value, price, and noise

Predicting a user’s bid in an auction is a widely studied problem in auction
theory. Jiang et al. [76] showed that learning user’s valuations of items
improves the prediction accuracy. Given the bidding history of an item,
their method learns a value distribution of the item, by taking into account
hidden/unobserved bids. We use it to learn the values of itemsets from
bidding histories. Recall that in our model value is not random, instead
noise models the randomness in valuations. Hence we take the mean of the
learned distribution to be the value and the noise is set to have 0 mean and
the same variance as the learnt distribution. While UIC does not assume
specific noise distributions, for concreteness, we fit a Gaussian distribution
to noise. We take 10, 000 independent random samples from the learnt
distribution to fit the gaussian.
We mine the bidding histories of different itemsets from eBay. To match
the used products bidden in eBay, we use prices for the used products on
Craigslist and Facebook groups. Since the items bidden in eBay are typically used products, to match them with the right price information, we use
Craigslist and Facebook groups where the exact same old product is sold.
The price obtained is C$260 for ps, C$20 for c, and C$5 each for g1 , g2
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Itemset
{ps}
{ps, c}
{ps, g1 , g2 , g3 }
{ps, g1 , g2 , c}
{ps, g1 , g2 , g3 , c}

Price
260
280
275
290
295

Value
213
220
258
292.5
302

Noise
N (0, 4)
N (0, 6)
N (0, 4)
N (0, 5)
N (0, 7)

eBay bidding link
https://ebay.to/2ym9Ioj
https://ebay.to/2Escb68
https://ebay.to/2QYpmxh
https://ebay.to/2ClEnF2
https://ebay.to/2P60y99

Table 2.6: Learned parameters

and g3 . For some of the itemsets, we show the learned parameters and the
links to the corresponding eBay bidding histories used in the learning, in
Table 2.6. The rest of the itemsets are omitted from the table for brevity.
We describe the parameters of those omitted itemsets here. Firstly, any
of c, g1 , g2 , g3 , without the core item ps, is useless. Hence values of those
items are set to 0. Secondly, we did not find any bidding record for an
itemset consisting of ps, c and a single game. This is perhaps because typically owners of ps own multiple games and while selling they sell all the
games together with ps. Hence, we consider the itemset with ps, c and a
single game to have negative deterministic utility. However, as the table
shows, itemsets with ps, c and two games have non-negative deterministic
utility. Finding the bidding history for the exact same games is difficult,
so since games g1 –g3 are priced similarly and valued similarly by users, we
assume that any itemset with ps, c and any two games has the same utility as that shown in the fourth row of Table 2.6. From the value column,
we can see that the items indeed follow supermodular valuation, confirming
that in practice complementarity arises naturally. Lastly, the only itemsets
that have positive deterministic utility are itemsets with ps, c and at least
two games. All other itemsets including the singleton items, have negative
deterministic utility. Consequently, we know that the allocation produced
by item-disj will have 0 expected social welfare, so we omit item-disj from
our experiments, discussed next.
2.6.4.2

Effect of total budget size

We compare bundleGRD with bundle-disj on the Twitter dataset with different sizes of total budgets. Given a total budget of items, we assign
30%, 30%, 20%, 10%, and 10% of that to ps, c, g1 , g2 , g3 respectively. Then
we vary the total budget from 100 to 500 in steps of 100. Fig. 2.10(b) shows
the welfare: as can be seen, bundleGRD outperforms bundle-disj in both high
and low budgets. In fact with higher budget, bundleGRD produces welfare
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more than 2 times that of bundle-disj. Next we report the running time of
the two algorithms in Fig. 2.10(c). Since bundle-disj makes multiple calls to
IMM, its running time is 1.5 times higher than bundleGRD.
2.6.4.3

Effect of different item budget given the same total
budget

Our next experiment studies the following question. Suppose we have a
fixed total budget which we must be divided up among various items. How
would the social welfare and running time vary for different splits? Since we
have seen that in terms of social welfare bundleGRD dominates all baselines,
we use it to measure the welfare. Given a total budget of 500, we split
it across 5 items following three different budget distributions, namely (i)
Uniform: each item has the same budget 100, (ii) Large skew: one item, ps
has 82% of the total budget and the remaining 18% is divided evenly among
the remaining 4 items; and (iii) Moderate skew: Budgets of the 5 items,
[ps, c, g1 , g2 , g3 ], are given by the budget vector ⃗b = [150, 150, 100, 50, 50].
Fig. 2.10(d) shows the expected social welfare and the running time
of bundleGRD under the three budget distributions on the Twitter dataset.
The welfare is the highest under uniform and worst under large skew, with
moderate skew in between. Running time shows consistent trend, with uniform being the fastest and large skew being the slowest. The findings are
consistent with the observation that with large skew, the number of seeds
to be selected increases and the allocation cannot take full advantage of
supermodularity.
2.6.4.4

Effect of propagation vs. network externality

We next compare our bundleGRD against the other two baselines, namely,
BDHS-Concave and BDHS-Step (referred to as BDHS algorithms for simplicity). BDHS-Concave and BDHS-Step correspond to the concave and step
externality algorithms respectively (i.e. Alg 1 and 3 of [19]). Our overall
approach is, despite the differences between our model and BDHS model
as highlighted in Section 2.2, we try to convert our model in a reasonable
way to their model by means of restriction, and use their algorithms to find
the total social welfare that they can achieve. Then we gradually increase
the budget of items in our model to see at which budget the social welfare achieved by our solution reaches the social welfare achieved by their
solution that has no budget and assigns items to every node directly. This
would demonstrate the budget savings due to our consideration of network
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propagation.
We now describe how we convert our model to their model. First, our
model uses network propagation with the UIC model while their model uses
network externality without propagation. To align the two models, we try
two alternatives. The first alternative is to sample 10,000 live-edge graphs,
and the propagation on one live-edge graph bears similarity with the 1-step
function, and thus we use 1-step externality function on each live-edge graph
to compute the total social welfare and then average over all live-edge graphs.
We refer to this alternative BDHS-Step. The second alternative works when
we restrict our UIC model such that every edge has the same propbability
p. In this case, the activation probability of a node v is 1 − (1 − p)k , where
k is the number of active neighbors of v which is at most the size s of its
2-neighborhood support set. This resembles the concave function case in
the BDHS model, and thus we use the concave function 1 − (1 − p)s in their
2-hop model. We refer to this alternative BDHS-Concave.
Second, to align their unit demand model with our model, we treat
each item subset as a virtual item in their model, so that they can assign
item subsets as one virtual item to the nodes. Finally, their model has no
budget, so they are free to assign all item subsets to all nodes. We use this
as a benchmark of the total social welfare they can achieve, and see at what
fraction of the budget we can achieve the same social welfare due to the
network propagation effect.
We used the Orkut as one of the large networks in this study, which also
enables the study of the performance of bundleGRD on a large network other
than Twitter (which is already used in Figure 2.7(d), 2.9, and 2.10).Fig.
2.11(a-c) shows the results on Orkut, Douban-Book and Douban-Movie networks respectively. The x axis shows the fraction of the budget needed by
bundleGRD, where 100% corresponds to a budget of n, i.e., #nodes in the
network, which corresponds to the setting of [19]. As can be seen, for dense
networks like Orkut, bundleGRD needs less than 35% as the budget. We
found a similar result on F lixster, not included here for the lack of space.
For a sparse graph like Douban-Book it needs 82%, which is still less than
the budget of BDHS. Further, since propagation has a submodular growth,
much of the budget is used to increase the latter half of the welfare. E.g.,
even on Douban-Book, 75% of BDHS’ welfare is obtained by only using 50%
budget. This test clearly demonstrates that our bundleGRD could leverage
the power of propagation, compared to the BDHS approach that only considers externality.
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Budget distribution
Uniform
Large skew
Moderate skew

bundleGRD
37719
144328
50839

MAX IMM
37719
144328
50839

IMM MAX
37719
144328
50839

Table 2.7: The number of RR sets generated

2.6.4.5

Scalability test

Our next experiment shows the impact of network size on bundleGRD using
Orkut with two types of edge probabilities: (1) 1/din (v) and (2) fixed 0.01.
We use a uniform budget of 50 for all items. We then use breadth-firstsearch to progressively increase the network size such that it includes a
certain percentage of the total nodes. The results are shown in Fig. 8(d).
With increasing network size, the running time in both cases roughly has a
linear increase, whereas the welfare depicts a sublinear growth. It is worth
noticing that even for the entire million-sized network and fixed probability,
bundleGRD requires mere 129 (time 2) seconds to complete, which again
attests to its scalability.
2.6.4.6

Memory usage

Lastly we assess the memory usage of bundleGRD. Since the main memory usage is on the RR set storage, we evaluate the number of RR sets
bundleGRD generates in comparison to IMM for the three aforementioned
budget distributions. Since IMM works only with a single item (i.e., one
budget), we consider two variants. In the first variant IMM is invoked with
maximum budget, called IMM MAX. The second variant iterates over all
budgets and reports the budget that generates the maximum number of RR
sets, called MAX IMM. Notice IMM MAX and MAX IMM are not equivalent because the number of RR sets generated by IMM is not monotone
in budget. The results are shown in Table 2.7. In all three budget configurations the numbers of RR sets generated by the three algorithms are
exactly the same, from which we can conclude that bundleGRD has a similar
memory requirement as IMM.
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2.7

Summary & Discussion

We propose a novel model combining influence diffusion with utility-driven
item adoption, which supports any mix of competing and complementary
items. Focusing on complementary items, we study the problem of optimizing expected social welfare. Our objective function is monotone, but neither
submodular nor supermodular. Yet, we show that a simple greedy allocation
guarantees a (1 − 1/e − ϵ)-approximation to the optimum. Based on this,
we develop a scalable approximation algorithm bundleGRD, which satisfies
an interesting prefix preserving property. With extensive experiments, we
show that our algorithm outperforms the state of the art baselines.
Our results and techniques carry over unchanged to any triggering propagation model [83]. We assumed that price is additive and valuations are
supermodular. If we use submodular prices, that would further favor item
bundling. In this case, utility remains supermodular and our results remain
intact. Further a user specific budget constraint can also be considered,
which is left as a future work.
Independently of the extensions mentioned above, UIC can also be studied for competing items using a submodular value function. This study is
conducted in the next chapter of the thesis.
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Chapter 3

Maximizing social welfare in
a utility driven, competitive
diffusion model
3.1

Introduction

Influence maximization (IM) on social and information networks is a wellstudied problem that has gained a lot of traction since it was introduced by
Kempe et al. [83]. Given a network, modeled as a probabilistic graph where
users are represented by nodes and their connections by edges, the problem
is to identify a small set of k seed nodes, such that by starting a campaign
from those nodes, the expected number of users who will be influenced by
the campaign, termed influence spread, is maximized. Here, the expectation
is w.r.t. an underlying stochastic diffusion model that governs how the
influence propagates from one node to another. The “item” being promoted
by the campaign may be a product, a digital good, an innovative idea, or
an opinion.
Existing works on IM typically focus on two types of diffusion models –
single item diffusion and diffusion of multiple items under pure competition.
The studies on multiple-item diffusion mostly focus on two items in pure
competition [35, 96, 116, 138], that is, every node would only adopt at most
one item, never both. The typical objective is to select seeds for the second
item (the follower item) to maximize its number of adoptions, or minimize
the spread of the first item [35].
There are a number of key issues on multiple item diffusion that are not
satisfactorily addressed in most prior studies. First, most propagation models are purely stochastic, in which if a node v is influenced by a neighboring
node u on certain item, it will either deterministically or probabilistically
adopt the item, without any consideration of the utility of that item for
the node. This fails to incorporate economic incentives into the user adoption behavior. Second, most studies focus on pure competition, where each
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node adopts at most one item, and ignore the possibility of nodes adopting
multiple items. For instance, when items are involved in a partial competition, their combined utility may still be more than the individual utility,
although it may be less than the sum of their utilities. Third, most studies
on competition focus on the objective of maximizing the influence of one
item given other items, or minimizing the influence of existing items, and do
not consider maximizing the overall welfare caused by all item adoptions.
The study of Chapter 2 is unique in addressing the above issues. It
proposes the utility-based independent cascade model UIC, in which: (a)
each item has a utility determined by its value, price and a noise term, and
each node selects the best item or itemset that offers the highest utility
among all items that the node becomes aware of thanks to its neighbors’
influence; and (b) the utility-based adoption naturally models the adoption
of multiple items, in a framework that allows arbitrary interactions between
items, based on chosen value functions. The previous chapter studies the
maximization of expected social welfare, defined as the the total sum of the
utilities of items adopted by all network nodes, in expectation. However, the
study is confined to the complementary item scenario, where item utilities
increase when bundled together.
In this chapter, we complement the study of Chapter 2 by considering
the social welfare maximization problem in the UIC model when items are
purely or partially competitive. Partial (pure) competition means adopting
an item makes a user less likely (resp., impossible) to adopt another item. To
motivate the problem, we note that for a social network platform owner (also
called the host), one natural objective might be to optimize the advertising
revenue, as studied by Chalermsook et al. [31], or a proxy thereof, such
as expected number of item adoptions. On the other hand, one of the key
assets of a network host is the loyalty and engagement of its user base, on
which the host relies for its revenue from advertising and other means. Thus,
while launching campaigns, it is equally natural for the host to take into
account users’ satisfaction by making users aware of itemsets that increase
their utility. Social Welfare, being the sum of utilities of itemsets adopted
by users, is directly in line with this objective.
As a real application, consider a music streaming platform such as the
Last.fm. Benson et al. [14] using their discrete choice model showed existence of competition across different genres of songs in the Last.fm dataset.
In a platform such as Last.fm, the platform owner (i.e., host) completely
controls the promotion of songs and the host would like to keep making
engaging recommendations to the users. Even when there are multiple competing songs from different genres, the host should recommend based on
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users’ preferences, i.e., the users’ utility. A similar idea extends to different competing products that an e-retailer like Amazon sells directly. Those
products are already procured by the e-retailer and it has full control over
how it wants to sell them.
Once again, in this setting, keeping users’
satisfaction from adopting these products high helps maintain a loyal and
engaged user base. Thus maximizing the overall social welfare is in line
with the goal of the platform. While the previous chapter studies this problem for complementary items, social welfare maximization under competing
products is open. Moreover, under pure competition, the bundling algorithm of Section 2.5 would lead to nodes adopting at most one of several
competing items, leading to poor social welfare.
Compared to Chapter 2, in this chapter a more flexible setting is considered where the allocation of some items has been fixed (e.g., the items had
the seeds selected by the host earlier) and the host is only allocating seeds
for the remaining items. Once again, the objective is still to maximize the
total social welfare of all users in the network. We call this the CWelMax
problem (for Competitive Welfare Maximization).
As it turns out, CWelMax under UIC is significantly more difficult than
the welfare maximization problem in the complementary setting studied in
Chapter 2 We show that when treating the allocation as a set of item-node
pairs, the welfare objective function is neither monotone nor submodular.
Moreover, with a non-trivial reduction, we prove that CWelMax is in general NP-hard to approximate to within any constant factor. In contrast a
constant approximation was possible in the setting considered in Chapter 2
Despite all these difficulties, we design several algorithms that either provide an instance-dependent approximation guarantee in the general case, or
better (constant) approximation guarantee in some special cases. In particmin
ular, we first design algorithm SeqGRD which provides a uumax
(1 − 1e − ϵ)approximation guarantee for the general CWelMax setting, where umin is
the minimum expected utility among all individual items, umax is the expected maximum utility among all item bundles, and ϵ > 0 is any small
positive number. Next, when the fixed itemset is empty, we complement Se1
(1 − 1e − ϵ)-approximation, where
qGRD with MaxGRD, which guarantees m
m is the total number of items. Thus, when SeqGRD and MaxGRD work
1
min
together, we can guarantee max( uumax
,m
)(1 − 1e − ϵ)-approximation when
there are no prior allocated items. We can see that when the utility difference among items is not high or the number of items is small, the above
algorithms can achieve a reasonable approximation performance. Finally,
in the special case where we have a unique superior item with utility better than all other items, all other items have had their allocations fixed,
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and items exhibit pure competition, we design an efficient algorithm that
achieves (1 − 1e − ϵ)-approximation.
We extensively test our algorithms against state-of-the-art IM algorithms
under seven different utility configurations including both real and synthetic
ones, which capture different aspects of competition. Our results on real networks show that our algorithms produce social welfare up to five times higher
than the baselines. Furthermore, they easily scale to large networks with
millions of nodes and billions of edges. We also empirically test the effect
of social welfare maximization on adoption count and show that whereas
the overall adoption count remains the same, social welfare is maximized
by reducing adoption of just the inferior items. To summarize, the major
contributions made in this chapter are as follows:
• We are the first to study the competitive social welfare maximization
problem CWelMax under the utility-based UIC model (Section 3.3).
• We show that social welfare is neither monotone, submodular, nor
supermodular; furthermore, it is NP-hard to approximate CWelMax
within any constant factor, in general (Section 3.4).
• We provide several algorithms that either solve the CWelMax in the
general setting with a utility-dependent approximation guarantee, or
have better (constant) approximation guarantees in special cases (Section 3.5).
• We conducted an extensive experimental evaluation over several real
social networks comparing our algorithms with existing algorithms.
Our results show that our algorithms significantly dominate existing
algorithms and validate that our algorithms both deliver good quality
and scale to large networks (Section 3.6).
Background and related work are discussed in Section 3.2. We conclude
the chapter and discuss future work in Section 3.7.

3.2

Background & Related Work

Recall that in the classical IM problem, a directed graph G = (V, E, p)
represents a social network with users V and a set of connections (edges) E.
The function p : E → [0, 1] specifies influence probabilities between users.
Independent cascade (IC) model is a commonly used discrete time diffusion
model [35, 83].
For a seed set S ⊂ V , we use σ(S) to denote the influence spread of S,
i.e., the expected number of active nodes at the end of diffusion from S. For
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a seed budget k and a diffusion model, influence maximization (IM) problem
is to find a seed set S ⊂ V with |S| ≤ k such that the influence spread σ(S)
under the model is maximized [83].
Works on single item diffusion are reviewed in Chapter 1. In this section,
works on multi-item competitive IM are reviewed, that are more relevant to
the work of this chapter.

3.2.1

Multiple item competitive IM

More recently, IM has been studied involving independent items [47], and
competing items [17, 25, 70, 90, 96, 138]. In [95] authors studied the problem
under pure competition, whereas [57] aims to maximize balanced exposure
in the network in presence of two competing ideas,and [96] ensured fairness
in the adoption of competing items. These works, however, are restricted
to specific type of competition. The Com-IC model proposed by Lu et
al. [97] can model any arbitrary degree of interaction between a pair of
items. Their main study is therefore restricted to the diffusion of two items.
[92] looks into different facets of items to compute influence (e.g., topics of
documents). However, unlike our work, they do not consider item utility in
adoption decisions made by users. Furthermore, their objective function is
based on traditional (expected) number of item adoptions. In addition to
the above differences, our objective is to maximize the social welfare that
none of these papers have studied. For a more comprehensive survey on
competitive influence models, see [35, 93].

3.2.2

Social welfare maximization

Utility driven adoptions have been studied in economics [1, 20, 105, 113].
Given items and users, and the utility functions of users for various subsets
of items, the problem is to find an allocation of items to users such that
the sum of utilities of users, is maximized. Since the problem is intractable,
approximation algorithms have been developed [52, 81, 84]. [14] proposed
a discrete choice model to learn the utilities of itemsets from the users’
adoption logs. Learning utility is complementary to our problem. Moreover
none of these works consider a social network and the effect of recursive
propagation of item adoptions by its users.
Host’s perspective in the context of IM have been studied. [8] directly
maximizes the revenue earned by a network host, whereas [9] aimed to minimize the regret of seed selection. These works donot consider the overall
social welfare. Utility based adoption decisions of users are also not part of
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their formalism. Welfare maximization on social networks has been studied in a few recent papers[19, 124].
Bhattacharya et al. [19] consider
item allocations to nodes for welfare maximization in a network with network externalities. Their model does not consider the effect of recursive
propagation nor competition. In addition, they do not consider budget
constraints. In contrast, the focus of this chapter is on competition, with
budget constraints on every item.
Chapter 2 studies welfare maximization under viral marketing using the
UIC propagation model that is also used in this chapter. However, the
work of the previous chapter focuses strictly on complementary items, with
supermodular value functions. As a result, the objective is shown to be
monotone, and further satisfies a nice “reachability” property (details in
§2.4), which paved the way for efficient approximation. However such complementary only setting fails to model many real world platforms where
competing items are also present as highlighted in the introduction. This
chapter, instead, focuses on competing items. Consequently, the objective
becomes not only non-monotone, non-submdular, and non-supermodular,
but unlike in Chapter 2, is inapproximable within any constant. In spite
of this, utility dependent approximation algorithms as well as a constant
approximation algorithm for special cases are developed in this chapter.
In summary, to our knowledge, study of this chapter is the first to address social welfare maximization in a network with influence propagation,
competing items, and budget constraints, where item adoption is driven by
utility.

3.3

UIC Model under competition

In this section, we first briefly review the utility driven independent cascade
model (UIC for short) proposed in Chapter 2. Then we describe the competitive setting of UIC studied in this chapter and formally state the new
problem we address.

3.3.1

Review of UIC Model

UIC integrates utility driven adoption decision of nodes, with item propagation. Every node has two sets of items – desire set and adoption set. Desire
set is the set of items that the node has been informed about (and thus
potentially desires), via propagation or seeding. Adoption set, is the subset
of the desire set that has the highest utility, and is adopted by the user. The
utility of an itemset I ⊆ I is derived as U(I) = V(I) − P(I) + N (I), where
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V(·) denotes users’ latent valuation for an itemset, P(·) denotes the price
that user needs to pay, and N (·) is a random noise term that denotes our
uncertainty in users’ valuation.
Budget vector ⃗b = (b1 , ..., b|I| ) represents the budgets associated with
the items, i.e., the number of seed nodes that can be allocated with that
item. An allocation is a relation S ⊂ V × I such that ∀i ∈ I : |{(v, i) | v ∈
V }| ≤ bSi . SiS := {v | (v, i) ∈ S} denotes the seed nodes of S for item i and
S S := i∈I SiS . When the allocation S is clear from the context, we write
S (resp., Si ) to denote S S (resp., SiS ).
Before a diffusion begins, the noise terms of all items are sampled, and
they are used until the end of that diffusion. The diffusion proceeds in
discrete time steps, starting from t = 1. RS (v, t) and AS (v, t) denote the
desire and adoption sets of node v at time t. At t = 1, the seed nodes have
their desire sets initialized according to the allocation S as, RS (v, 1) =
{i | (v, i) ∈ S}, ∀v ∈ S S . These seed nodes then adopt the subset of
items from the desire set that maximizes the utility. The propagation then
unfolds recursively for t ≥ 2 in the following way. Once a node u′ adopts
an item i at time t − 1, it influences its out-neighbor u with probability
pu′ u , and if it succeeds, then i is added to the desire set of u at time t.
Subsequently u adopts the subset of items from the desire set of u that
maximizes the utility. Adoption is progressive, i.e., once a node adopts an
item, it cannot unadopt it later. Thus AS (u, t) = arg maxT ⊆RS (u,t) {U(T ) |
T ⊇ AS (u, t − 1) ∧ U(T ) ≥ 0}. The propagation converges when there is
no new adoption in the network. For more details readers are referred to
Section 2.3.

3.3.2

Social welfare maximization

Social welfare maximization relative to a fixed seed set: Let G =
(V, E, p) be a social network, I the universe of items under consideration. We
consider a utility-based objective called social welfare, which is the sum of all
users’ utilities of itemsets adopted by them after the propagation converges.
Formally, E[U(AS (u))] is the expected utility that a user u attains for a
seed allocation SPafter the propagation ends. The expected social welfare
for S, is ρ(S) = u∈V E[U(AS (u))], where the expectation is over both the
randomness of propagation and randomness of noise terms N (.)
In a social network, a campaign may often be launched on top of other
existing campaigns, where the seeds for some items I1 ⊂ I may already be
fixed. Let S P be this fixed allocation for items in I1 . Then I2 = I \ I1 is the
set of items for which the seeds are to be selected. We define the problem
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of maximizing expected social welfare, on top of a fixed seed allocation as
follows.
Welfare maximization under competition:
To model competition,
we assume that V is submodular [27], i.e., the marginal value of an item with
respect to an itemset I ⊂ I decreases as I grows. We assume V is monotone,
since it is a natural property for valuations. We set V(∅) = 0. For i ∈ I,
N (i) ∼ Di denotes the noise term associated with item i, where the noise
may be drawn from any distribution Di having a zero mean. Every item
has an independent noise distribution. For a set of items I ⊆ I, we assume
the noise and price to be additive. Since noise is drawn from a zero mean
distribution, E[U(I)] = V(I) − P(I). Below, we refer to V, P, {Di }i∈I , as the
model parameters and denote them collectively as Param.
We now illustrate using a toy example how our framework models competition.
Example 10. Let’s revisit the example items of Example 3. Suppose a
user wants to buy a phone and desires (because of influence) an iP honeP ro
(abbreviated as iP p) and an iP honeM ini (abbreviated as iP m). Since
the user does not own a phone yet, she enjoys no valuation, which is captured by V(∅) = 0. However after she adopts one phone, then although
the overall value increases by adopting a second phone (V(.) is monotone),
the marginal value gain decreases (V(.) is submodular). Formally speaking,
V({iP p, iP m}) = V({iP p}) + V({iP m} | {iP p}). Since value is monotone
and submodular, 0 ≤ V({iP m} | {iP p}) ≤ V({iP m}), hence V({iP p}) ≤
V({iP p, iP m}) ≤ V({iP p}) + V({iP m}).
Finally price determines the exact adoption set of a user. The itemset
that offers the highest utility is adopted by the user. If the second phone has
a low price (i.e., P({iP m}) ≤ V({iP m} | {iP p})), then the user may still
adopt both the phones (partial competition). Otherwise (i.e., P({iP m}) >
V({iP m} | {iP p})), a user who has already adopted iP p will not adopt
iP m.
Problem 2 (CWelMax). Given G = (V, E, p), the set of model parameters
Param, an existing fixed allocation S P , and budget vector ⃗b, find a seed
∗
allocation S ∗ for items I2 , such that ∀i ∈ I2 , |SiS | ≤ bi and S ∗ maximizes
the expected social welfare, i.e., S ∗ = arg maxS ρ(S ∪ S P ).
Note that this problem subsumes the typical ”fresh campaigns” setting
as a special case where I1 = ∅ (and hence S p = ∅).
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3.3.3

An equivalent possible world model

In Section 2.4.1, an equivalent possible world interpretation of the diffusion
under UIC is presented, which will be useful for the analysis of this chapter
as well. It is briefly reviewed below.
Let ⟨G, Param⟩ be an instance of
CWelMax, where G = (V, E, p). A possible world w = (w1 , w2 ), consists an
edge possible world (edge world) w1 , and a noise possible world (noise world)
w2 : w1 is a deterministic graph sampled from the distribution associated
with G, where each edge (u, v) ∈ E is sampled in with an independent
probability of puv ; and w2 is a sample of noise terms for items in I, drawn
from noise distributions in Param. Note that propagation and adoption in
w is fully deterministic. In a possible world w, Nw (i) is the noise for item
i and Uw (I) is the (deterministic) utility
I. The social welfare
P of itemset
S
of an allocation S in w is ρw (S) := v∈V U(AW (v)), where AS
W (v) is the
adoption set of v at the end of the propagation in world w. The expected
social welfare of an allocation S is ρ(S) := Ew [ρw (S)] = Ew1 [Ew2 [ρw (S)]] =
Ew2 [Ew1 [ρw (S)]].

3.4

Properties of UIC

It is easy to see that CWelMax is NP-hard.
Proposition 2. CWelMax in the UIC model is NP-hard.
Sketch. Classic IM is a special case of CWelMax.
Given the hardness, we examine whether social welfare satisfies monotonicity, submodularity or supermodularity.

3.4.1

Item blocking

Under the complementary setting Chapter 2 leveraged the reachability property: if a node v adopts an item i in any possible world w, then all the other
nodes that are reachable from v in w will also adopt i. This property does
not hold under the competitive setting. In fact, adoption of one particular item can block the propagation of another item, making social welfare
non-monotone and non-submodular.
Theorem 5. Expected social welfare is not monotone, and neither submodular nor supermodular, with respect to sets of node-item allocation pairs.
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Proof. We show a counterexample for each of the three properties. Consider
a simple network with two nodes u and v, and a directed edge (u, v) with
probability 1. Assume that there is no noise, i.e., noise is 0. There are three
items in propagation whose utility configuration is shown in Fig. 3.1.

Figure 3.1: Utility configurations, used in Theorem 1

Figure 3.2: Utility configurations, used in Theorem 2

Monotonicity. Consider the two allocations S 1 = {(u, i1 )}, and S 2 =
{(u, i1 ), (v, i2 )}. Clearly S 1 ⊂ S 2 . Under S 1 , both u and v adopt i1 ,
thus ρ(S 1 ) = 8. However under S 2 , u adopts i1 but v adopts i2 . Thus
ρ(S 2 ) = 7 < ρ(S 1 ).
Submodularity. Consider S 1 = {(v, i2 )}, S 2 = {(v, i2 ), (v, i3 )} and (u, i1 ).
Clearly S 1 ⊂ S 2 and (u, i1 ) ∈
/ S 2 . Under S 1 , only v adopts i2 . Under
1
S ∪ {(u, i1 )}, u adopts i1 and v adopts i2 . So ρ(S 1 ∪ {(u, i1 )}) − ρ(S 1 ) = 4.
Under S 2 , v adopts i3 . Under S 2 ∪ {(u, i1 )}, u adopts i1 and v adopts i1
and i3 . So ρ(S 2 ∪ {(u, i1 )}) − ρ(S 2 ) = 5 > ρ(S 1 ∪ {(u, i1 )}) − ρ(S 1 ).
Supermodularity. Consider S 1 = ∅, S 2 = {(v, i2 )} and (u, i1 ). Clearly
S 1 ⊂ S 2 and (u, i1 ) ∈
/ S 2 . Under S 1 , there is no adoption by any node.
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Under S 1 ∪{(u, i1 )}, u and v both adopt i1 . So ρ(S 1 ∪{(u, i1 )})−ρ(S 1 ) = 8.
Under S 2 , v adopts i2 . Under S 2 ∪ {(u, i1 )}, u adopts i1 and v adopts i2 .
So ρ(S 2 ∪ {(u, i1 )}) − ρ(S 2 ) = 4 < ρ(S 1 ∪ {(u, i1 )}) − ρ(S 1 ).
The absence of these properties makes CWelMax really hard to approximate, as shown next.

3.4.2

Hardness results

NP-hardness.
We show that Influence maximization under the IC model, an NP hard
problem, is a special case of CWelMax.
The result follows from the fact that the IM problem under the IC model
is a special case of CWelMax: let I = {i}, set V(i) = 1, P(i) = 0 and set the
noise term for item i to 0. This makes U(i) = 1 so any influenced node will
adopt i. Thus, the expected social welfare is simply the expected spread.
We know maximizing expected spread under the IC model is NP-hard [83].
Hardness of approximation.
Theorem 6. CWelMax in the UIC model is NP-hard. Further there is
no P T IM E algorithm that can approximate CWelMax within any constant
factor c, 0 < c ≤ 1, unless P = NP.
Proof. We prove the theorem by a gap introducing reduction from SET
COVER. Suppose there is a PTIME c-approximation algorithm A for CWelMax, for some 0 < c ≤ 1. Given an instance I = (F, X) of SET COVER,
where F = {S1 , ..., Sr } is a collection of subsets over a set of ground elements X = {g1 , ..., gn }, and a number k (k < r < n), the question is whether
there exist k subsets from F that cover all the ground elements, i.e., whether
∃C ⊂ F : |C| = k and ∪kS∈C S = X. We can transform I in polynomial time
to an instance J of CWelMax.
As an overview, our reduction will show that for a YES-instance of SET
COVER, the optimal expected welfare in the corresponding CWelMax instance is high and for a NO-instance, it is low. More precisely, let x∗y (resp.,
x∗n ) be the optimal welfare on the transformed instance J whenever the
given instance I is a YES-instance (resp., NO-instance). Our reduction ensures that x∗n < cx∗y . In this case, running A on J will clearly allow us to
decide if I is a YES-instance or not, which is impossible unless P = NP.
For the rest of the discussion we assume no noise, i.e., noise distribution
has 0 mean and variance. Also all the edge probabilities of the graph are
set to 1. The details of the reduction follow.
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Value, price and utility: We consider four items – i1 , i2 , i3 and i4 , with
the following utility configuration: i1 competes with i2 and i3 , and i1 has a
higher individual utility than both. However {i2 , i3 } as a bundle has higher
utility than i1 . Item i4 has a very high utility, much higher than that of
any other individual item. A node adopting i1 adopts i4 if it arrives later.
However if a node adopts the bundle {i2 , i3 }, then it will not adopt i4 later.
We use this configuration in the following way. For a YES-instance, i1 blocks
i2 and i3 , consequently allowing a large number of nodes to adopt i4 . For a
NO-instance, however, most nodes adopt {i2 , i3 }, blocking i4 adoption. Thus
by setting c · U(i4 ) > U({i2 , i3 }), the desired gap in the optimal welfare is
achieved. Lastly, as we will see later in the proof that we need, U({i2 , i3 }) <
c/4 · U({i1 , i4 }).
Assuming no noise terms, Fig. 3.2 provides an abstract summary of this
utility configuration, focusing on the items {i1 , i2 , i3 , i4 }. Note that in addition to the aforementioned constraints, the value function is monotone and
submodular, as required. Further, we give one such complete configuration
(over all four items i1 , i2 , i3 , i4 ) in Table 3.1, for c = 0.4.
The network: The graph instance constructed from the given instance of
SET COVER is illustrated in Fig. 3.3(a). We first create a bipartite graph
having two partitions of r nodes {s1 , ..., sr } corresponding to the sets Si and
n nodes {g1 , ..., gn } corresponding to the ground elements gj respectively.
There is a directed edge from si node to gj node iff gj ∈ Si in the SET
COVER instance. There are also n number of “a”, “b”, “e”, “f ” nodes.
Node ai is connected with a directed edge to the corresponding gi node. For
each gi , there is an incoming (directed) edge from ai and an outgoing edge to
fi . Each node bi is connected to fi with a path of length 2, i.e., bi→ei→fi ,
where ei is the intermediate node between bi and fi . This construction
creates the following behavior. If all the g nodes adopt i1 then all the f
nodes adopt i1 . However if any one of the “g” nodes adopts i2 and all the
“e” nodes adopt i3 , then all the “f ” nodes adopt {i2 , i3 }. The significance
of this behavior will be clear in the remaining part of the proof.
For a large N >> n that is a multiple of n, we create nodes d1 , ..., dN .
For 1 ≤ i ≤ n, we add the edges (fi , d(i∗N/n−N/n)+1 ), ..., (fi , di∗N/n ). This
gadget helps create the gap in the welfare that we are aiming for.
We create n copies of “j” nodes. Each ji is connected to oi by a directed
path from ji to oi of length 3, where li and mi are the intermediate nodes.
Similar to fi , each oi is connected to N/n “d” nodes – d(i−1)N/n+1 , diN/n . As
a preview, the “a” nodes (resp., “b” nodes, “j” nodes) will serve as seeds for
item i2 (resp., item i3 and item i4 ). Note that the length of the paths from
“j” nodes (seeds of i4 ) to “d” nodes is 4, while the paths from the seeds of
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i2 and i3 to “d” nodes are of length 3. Thus, if {i2 , i3 } are not blocked by
i1 , all the “d” nodes will adopt {i2 , i3 } and cannot adopt i4 when it arrives
later. This completes one copy of the graph, shown in Fig. 3.3(a). All edge
probabilities are set to 1. We will explain the significance of node color and
the surrounding box soon.
Budgets and seed allocation: We set the budgets for i2 , i3 , i4 to n each.
The “a” nodes are seeded with i2 , “b” nodes are seeded with i3 and “j”
nodes are seeded with i4 . These seeds are fixed (see Fig. 3.3). The budget
for i1 is set to k and these seeds are to be selected so as to maximize the
expected social welfare. We complete the construction of the instance J of
CWelMax by making N copies of the graph described above.
Notice for YES-instance of the set cover, the N number of “d” nodes
adopt {i1 , i4 }. Hence we have,
Claim 1. Suppose I = (F, X) is a YES-instance and J ′ the transformed
instance of CWelMax corresponding to Fig. 3.3(a) and the seed allocation
described above. The optimal welfare on J ′ is x∗ > N × U({i1 , i4 }).

Proof. For a YES-instance, choosing the corresponding s nodes of the SET
COVER solution maximizes the welfare. In this case, every “g” node has
at least one in-neighbor that adopted i1 at time t = 1. Thus, all “g” nodes
adopt i1 at time t = 2. Consequently all the “f ” and “d” nodes adopt i1 at
time t = 3 and t = 4 respectively. Later at t = 5 when i4 arrives, those “d”
nodes adopt {i1 , i4 }. The optimal welfare in this case x∗ > N × U({i1 , i4 }).
For a NO-instance, if we hypothetically fix the seeds of i1 nodes to s
nodes, then since there are no k “s” nodes that can cover all the g nodes,
there will be at least one gi node that will not have an in-neighbor adopting
i1 . Thus that gi node, at time t = 2, will adopt i2 , being influenced by the
corresponding ai node. At t = 3, since {i2 , i3 } as bundle has a higher utility
than i1 , all “f ” nodes adopt {i2 , i3 }, consequently all “d” nodes will also
adopt {i2 , i3 } and will not be able to adopt i4 . Thus in this case, assuming
a very large value of N , x∗ ≤ U({i2 , i3 }) × N + o(1). However, for a NOinstance, the optimal welfare cannot be achieved by choosing “s” nodes as
seeds for i1 . Instead, the g nodes should directly be seeded with i1 . In that
case, before i2 arrives, at t = 1, those k seeded “g” nodes adopt i1 . At t = 2
all “f ” nodes also adopt i1 and at t = 3 all “d” nodes adopt i1 . Later these
“d” nodes adopt i4 . Thus welfare is similar to that of YES-instance (which
is undesirable).
Completing construction of J :
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To circumvent the above mentioned problem, we next create N copies
of the structure J ′ described above as shown in Fig. 3.3(b). Except for
the “s”, “a”, “b” and “j” nodes, all other nodes and their connections are
duplicated exactly the same way in each of those N copies. The nodes that
are not duplicated are colored in red. The duplicated nodes are connected
to non-duplicated nodes in the same way across all the N copies of the
structure. E.g., across different copies, the same duplicated gi nodes are
connected to the (non-duplicated) si node, depending on whether gi ∈ Si
in the SET COVER instance. Similarly j1 is connected to copies of l1 ,
i.e., to l11 , ..., l1N . In other words the network structure of Fig. 3.3(a) i.e.
enclosed in the box, is replicated N times, shown using N boxes in 3.3(b).
Together with the seed allocation of items i2 , i3 , i4 above, this completes the
construction of instance J of the problem.
Now there are N 2 number of “d” nodes. Following Claim 1 for a YESinstance of the set cover, “d” nodes adopt {i1 , i4 }. Hence,
Claim 2. Suppose I = (F, X) is a YES-instance and J the transformed
instance of CWelMax corresponding to Fig. 3.3(b) and the seed allocation
described above. The optimal welfare on J is x∗ > N 2 × U({i1 , i4 }).

Proof. There are N 2 “d” nodes in all. For a YES instance, the optimal seeds
for i1 are exactly the solution of SET COVER. It follows from Claim 1 that
the optimal welfare in that case is
x∗y > N 2 × U({i1 , i4 }).

(3.1)

For a NO-instance, maximum number of “d” nodes adopt i4 . The only
candidate seeds which could achieve that are “s”, “g”, “f ”, “e”, and “o”
nodes. We show that regardless of which k seeds are chosen for item i1 ,
the welfare achieved is x∗n < cN 2 U(i4 ). First, observe that choosing k “g”
nodes as seeds of item i1 achieves a welfare no less than that of any other
choice of k seeds for i1 .
In the k copies where g nodes are seeded with
i1 we have the following adoptions. 1 number of “g” and n number of “f ”
nodes adopt i1 ; n − 1 number of “g” adopt i2 ; n number of “e” adopt i3 ; n
number of “l”, “m” and “o” nodes adopt i4 ; and N number of “d” nodes
adopt {i1 , i4 }. For the remaining N − k copies we have: n number of “g”
nodes adopt i2 ; n number of “e” nodes adopt i3 ; 3n number of “l”, “m”
and “o” nodes adopt i4 ; N number of “d” nodes and n number of “f nodes
adopt {i2 , i3 }. Lastly from the seeds, n number of “a” nodes adopt i2 ; n
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number of “b” nodes adopt i3 ; and n number of “j” nodes adopt i4 . So the
total welfare for a NO-instance is:
k[(n + 1)U(i1 ) + (2n − 1)U(i2 ) + 2nU(i3 ) + 4nU(i4 )

+ N U({i1 , i4 })] + (N − k)[(2n)U(i2 ) + (2n)U(i3 ) + 4nU(i4 )
+ (N + n)U({i2 , i3 })) + n(U(i2 ) + U(i3 ) + U(i4 )].

= (kn + k)U(i1 ) + (n − k + 2N n)U(i2 ) + (2N n + n)U(i3 )

+ (3N n + n)U(i4 ) + N kU(i1 , i4 ) + (N − k)(N + n)U(i2 , i3 ) (∗)
Since U({i2 , i3 }) > U(i1 ) > U(i2 ) = U(i3 ),
(∗) < (k + 2n + 5N n + N 2 − kN )U({i2 , i3 })
+ (3N n + n)U(i4 ) + N kU({i1 , i4 })

= N 2 U({i2 , i3 }) + (k + 2n + 5N n − kN )U({i2 , i3 }

+ (3N n + n)U(i4 ) + N kU({i1 , i4 })

< N 2 U({i2 , i3 }) + (8N n − kN )U({i2 , i3 }

+ 4N nU(i4 ) + N kU({i1 , i4 }) (∗∗)

Figure 3.3: Social network: (a) The structure of one copy, J ′ ; (b) Instance J , obtained from N copies of the structure shown on the left side;
seeds of i2 : {a1 , ..., an }; seeds of i3 : {b1 , ..., bn }; seeds of i4 : {j1 , ..., jn }.

We can set the values and prices of items and itemsets such that U({i2 , i3 }) <
c/4 · U({i1 , i4 }) (see Fig. 3.2). Choosing a sufficiently large N : N >
max{k/c, 8n/c}, we can see that each term in the expression (∗∗) above
is strictly less than cN 2 U({i1, i4}). There are 4 terms in the expression (∗∗)
and their sum is < 4 × c/4 × N 2 × U({i1 , i4 }). Thus, the optimal welfare on
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a NO-instance is
x∗n = (∗) < 4 × c/4 × N 2 × U({i1 , i4 }) = c × N 2 × U({i1 , i4 }).

(3.2)

Hence combining this with Claim 2 we get,
Claim 3. Given a SET COVER instance I, transform it into an instance
J of CWelMax and run the algorithm A on J . I is a YES-instance iff
the welfare returned by A is > cN 2 U({i1 , i4 }). I is a NO-instance iff the
welfare returned by A is < cN 2 U({i1 , i4 })
Proof. Suppose I is a YES-instance. Then, by Claim 2, the optimal welfare
of J is > N 2 U({i1 , i4 }), so the welfare returned by Algorithm A on J is
> cN 2 U({i1 , i4 }). Suppose I is a NO-instance. Then the optimal welfare of
J is x∗n < cN 2 U({i1 , i4 }). Thus, even if Algorithm A returned the optimal
welfare on the NO-instance J , it would be strictly less than the welfare
returned on the corresponding YES-instance.
For a NO-instance the optimal welfare is upper bounded by Eq. 3.2.
Hence, the claim follows.
The theorem follows, A cannot exist unless P = N P .

3.5

Approximation Algorithms

Since the CWelMax problem cannot be approximated within any constant
factor in general, in this section we propose several approximation algorithms
that either produce a non-constant approximation guarantee dependent on
the problem instance or a constant approximation guarantee for a special
case of CWelMax. We first define some important notions.
Truncated utility. For accounting the social welfare of an allocation,
we develop the notion of truncated utility of an item. Recall that when
the noise of an item makes its utility negative, no node adopts the item.
Hence what contributes to the final expected social welfare is the set of
non-negative contributions to utility. We call this the truncated utility,
denoted U + (I) := max(0, U(I)). Thus for a (node, item) allocation pair
(v, i), its expected social welfare (when there are no other allocations) is
ρ(v, i) = E[U + (i)]σ({v}), where σ({v}) is the influence spread of {v}.

Minimum and maximum utility bundle. Let, umin = mini∈I E[U + (i)]
be the minimum expected truncated utility of any item in I, and umax =
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Item bundle
∅
i1
i2
i3
i4
i1 , i2
i1 , i3
i1 , i4
i2 , i3
i2 , i4
i3 , i4
i1 , i2 , i3
i1 , i2 , i4
i1 , i3 , i4
i2 , i3 , i4
i1 , i2 , i3 , i4

Value
0
15.1
105
105
101
114.9
114.9
116.1
210
206
206
214.6
214
214
210.5
214.6

Price
0
10
100
100
1
110
110
11
200
101
101
210
111
111
201
211

Utility
0
5.1
5
5
100
4.9
4.9
105.1
10
105
105
4.6
103
103
9.5
3.6

Table 3.1: Utility configuration for different item bundles

E[maxI⊆I U + (I)] be the expected maximum truncated utility of any item
bundle in I. Note that the definitions of umin and umax are not symmetric:
(a) umin takes the minimum of an expectation, while umax takes the expectation of a maximum; and (b) umin takes minimum on single items while
umax takes maximum among all bundles. The reason of this asymmetry will
be clear in our analysis.
Superior and inferior item. A given itemset I is said to have a superior
item im , if the least possible utility of im is strictly higher than the highest
possible utility of any item in I \ {im }. Notice the definition of superior
item entails that the noise distribution should be bounded in some way. We
discuss a practical way to bound the noise in our experiments (§2.6). Given
a superior item, all the other items of the itemset are called inferior items.
In what follows, we present three different algorithms with progressively
better theoretical guarantees, under progressively stronger assumptions. As
min
a preview, our first algorithm SeqGRD provides a uumax
(1− 1e )-approximation
in the most general case. Our second algorithm, MaxGRD, assumes no prior
1
(1 − 1e )allocations, i.e., S p = ∅. Under this assumption, it provides a m
approximation, where m is the number of items. By simply returning the
better of the two allocations produced by SeqGRD and MaxGRD, the bound
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1
min
,m
is improved to max{ uumax
}(1− 1e ), when S p = ∅. Our final algorithm SupGRD assumes that there exists a superior item in the itemset, the allocations
for all inferior items are fixed, and that items exhibit pure competition. Under these assumptions, it provides a (1 − 1e )-approximation.

3.5.1

SeqGrd Algorithm

The pseudocode of our first algorithm SeqGRD is shown in Algorithm 4.
Algorithm 4: SeqGRD(G, ϵ, ℓ, S P , I2 , ⃗b)
S P ← Seed nodes of the allocation S P
P
S Seq ← PRIMA+ (G, ϵ, ℓ, S P , ⃗b, i∈I2 bi )
S Seq ← ∅
Sort I2 in decreasing order of the expected truncated utility
Added ← ∅
for i ∈ I2 do
SiSeq ← top bi nodes from S Seq
if ρ(S Seq | S P ) < ρ((S Seq ∪ (SiSeq × {i})) | S P ) then
S Seq ← S Seq ∪ (SiSeq × {i})
Remove those bi nodes from S Seq
Added ← Added ∪ {i}
for i ∈ I2 \ Added do
SiSeq ← top bi nodes from S Seq
S Seq ← S Seq ∪ (SiSeq × {i})
Remove those bi nodes from S Seq
Return S Seq

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Algorithm SeqGRD considers the general setting where a set of items
have already been seeded and S P corresponds to this partial allocation. Let
S P := {v | (v, i) ∈ S P } be the seed set allocated in S P and let I2 denote
the remaining items which have yet to be allocated. The algorithm takes a
graph G, to-be-allocated itemset I2 , item budget vector ⃗b for the items in I2 ,
accuracy parameter ϵ, tolerance parameter ℓ, the partial
S P as
Pallocation
1
Seq
input. It first selects a seedset S
of size b, where b := i∈I2 bi (line 2).
To select the seeds it uses an algorithm, called PRIMA+ , which delivers a set
of seeds that are approximately optimal w.r.t. the marginal gain σ(S|S P ).
We present the PRIMA+ algorithm in §3.5.2.1 and establish its properties.
1

We assume I1 ∩ I2 = ∅.
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SeqGRD then sorts the items based on their truncated utility (line 4).
Starting from the item i having the highest truncated utility, it tries to
allocate the item to the top bi nodes of S Seq , SiSeq . If the allocation SiSeq ×{i}
yields a positive marginal welfare, it is added to the existing allocation and
nodes of SiSeq are removed for future considerations (Lines 8-11). The items
that are not allocated in this iteration are appended following an arbitrary
order (lines 12-15) and allocated at the end.
Let Γw (S) be the set of nodes reachable from a seed set S in the possible
world w. We first establish the following lemma.
Lemma 12. Let S be an allocation, S be its seedset, let w be a random
possible world. Then for any node v ∈ V , we have


umin ≤ Ew Uw (AS
w (v)) | v ∈ Γw (S) ≤ umax .
Proof. Let w = (w1 , w2 ) where w1 is the edge possible world and w2 is the
noise possible world. Note that, (a) reachable set Γw (S) is only determined
by the edge possible world w1 , so we can use Γw1 (S) to represent it; (b)
utility function Uw (·) is only determined by the noise possible world w2 , so
we can use Uw2 (·) to represent it; and (c) adoption set AS
w (v) is determined
S
by both w1 and w2 , so we use Aw1 ,w2 (v) to represent it.


Ew Uw (AS
w (v)) | v ∈ Γw (S)



= Ew1 Ew2 Uw2 (AS
(3.3)
w1 ,w2 (v)) | v ∈ Γw1 (S) .
We first prove the lower bound umin . To do so, we prove that for any
fixed edge possible world w1 and conditioned on v ∈ Γw1 (S), we have
+
Ew2 Uw2 (AS
E [U + (i)]. Once this
w1 ,w2 (v)) ≥ umin = mini E[U (i)] = min
 i wS2 w2

is proved, from Eq. (3.3), we immediately have Ew Uw (Aw (v)) | v ∈ Γw (S) ≥
Ew1 [umin ] = umin .
Consider first a seed u ∈ S. Let AS
w1 ,w2 (u, 1) be the set of items adopted
by u initially at time 1 before the propagation starts. Let I u be the set of
items allocated to u in S. Note that I u is determined purely by the fixed
allocation S and is not affected by the noise or edge possible world. By
our model, node u will select the best item bundle in I u and adopt them
S
+
as AS
w1 ,w2 (u, 1). Then we know that Uw2 (Aw1 ,w2 (u, 1)) ≥ maxi∈I u Uw2 (i).
Therefore, we have




S
+
Ew2 Uw2 (Aw1 ,w2 (u, 1)) ≥ Ew2 max
Uw2 (i)
i∈I u




≥ max
Ew2 Uw+2 (i) ≥ min Ew2 Uw+2 (i) = umin .
u
i∈I

i∈I
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This means that for the initial seed adoption, we have that their expected
utility is at least umin . Now for any v ∈ Γw1 (S), v is reachable from some
seed node u ∈ S via some shortest path in the edge possible world w1 . By
the propagation model, then the utility of v’s final adoption Uw2 (AS
w1 ,w2 (v))
S
should be at least the utility of u’s initial adoption, Uw2 (Aw1 ,w2 (u, 1)). Then




S
we have Ew2 Uw2 (AS
w1 ,w2 (v)) ≥ Ew2 Uw2 (Aw1 ,w2 (u, 1)) ≥ umin . This concludes the proof.
The proof of
upper bound umax
straightforward
 the S
 is obtained using
+
arithmetic: Ew Uw (Aw (v)) | v ∈ Γw (S) ≤ Ew [maxI⊆I U (I) | v ∈ Γw (S)] =
Ew [maxI⊆I U + (I)] = umax .
Lemma 13. Let S be an allocation and S its corresponding seed nodes.
Then umin · σ(S) ≤ ρ(S) ≤ umax · σ(S).
Proof. The lower bound is derived below:
"
#
X
X


ρ(S) = Ew
Uw (AS
Ew Uw (AS
w (v)) =
w (v))
v

=

X

≥

X

v

v

v



Pr[v ∈ Γw (S)] · Ew Uw (AS
w (v)) | v ∈ Γw (S)
w

Pr[v ∈ Γw (S)] · umin = umin · σ(S),
w

where the inequality is by Lemma 12. The upper bound can be shown in a
similar way.
We are now ready to prove the following bound for SeqGRD.
Theorem 7. Let S Seq be the allocation returned by the Algorithm SeqGRD.
min
Given ϵ, ℓ > 0, we have ρ(S Seq ∪ S P ) ≥ uumax
(1 − 1e − ϵ)ρ(S A ∪ S P ) w.p. at
least 1 − |V1|ℓ , where S A is any arbitrary allocation of items in I2 respecting
the budget constraint.
Proof. Let S Seq , S A and S P be the
seed sets of the allocations S Seq , S A
P
and S P respectively. Then |S A | ≤ i∈I2 bi . By SeqGRD, S Seq exhausts all
P
budgets for items in I2 , so |S Seq | = i∈I2 bi . Since S Seq are the top seeds
returned by PRIMA+ , we have that w.p. at least 1 − |V1|ℓ ,
σ(S Seq | S P ) ≥ (1 −

1
− ϵ)σ(S A | S P ).
e
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From this, it follows that
σ(S Seq ∪ S P ) ≥ (1 −

1
− ϵ)σ(S A ∪ S P ).
e

Therefore, we have
ρ(S Seq ∪ S P ) ≥ umin · σ(S Seq ∪ S P )
≥ umin · (1 − 1/e − ϵ) · σ(S A ∪ S P )
1
umin
(1 − − ϵ)ρ(S A ∪ S P ),
≥
umax
e

where the first and the last inequality follow from Lemma 13, while the
middle inequality follows from using PRIMA+ .
We note that the property of PRIMA+ that is exploited in the proof
above is its ability to select seed nodes S such that they are approximately
optimal w.r.t. the marginal gain over an existing seed set S P . The prefix
preserving on marginals property of PRIMA+ is not needed in the above
proof. However, our next algorithm MaxGRD relies on the prefix-preserving
property.

3.5.1.1

SeqGRD-NM Algorithm

The proof of the approximation bound above does not rely on marginal check
(Algorithm 4, line 8). We call the version of SeqGRD that does not perform
marginal check SeqGRD-NM (No Marginal). Specifically, SeqGRD-NM simply sorts the items based on their truncated utility, allocates item i to the
first bi nodes of S Grd , where S Grd is selected using PRIMA+ , and removes
those bi nodes from S Grd .
Computing marginals involves sampling, which takes significant time in
large networks. On the other hand, the marginal check avoids the phenomenon of items with lower (truncated) utility blocking those with higher
utility, to some extent. Thus even though SeqGRD-NM is faster than SeqGRD and has the same approximation guarantee, under certain utility
configurations, the welfare produced by SeqGRD-NM can be worse than
that of SeqGRD. We explore this in our experiments in §2.6. On the other
hand, we still append all items in the end to exhaust the budget in SeqGRD
(lines 12–15). To really discard a certain itemset, we need to exhaustively
search through all itemset combinations, which is time-consuming. So we
only do a simple marginal check in SeqGRD, and append all items at the
end to ensure the theoretical guarantee.
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3.5.2

MaxGrd Algorithm

1
Our next algorithm MaxGRD provides m
(1− 1e )-approximation, when S P =
∅, i.e., no prior allocation. The pseudocode is shown in Algorithm 5. Like
SeqGRD, MaxGRD also selects its seedset S Max using PRIMA+ , but the
size of the seedset is different: b := maxi∈I2 bi , i.e., the maximum budget
of any unallocated item (line 1). Then for every item i ∈ I2 , it computes
the expected marginal social welfare of the allocation ρ((SiMax × {i}) | S P ),
where SiMax is the set of first bi nodes of S Max . It returns the allocation
with the maximum welfare (line 3).

Algorithm 5: MaxGRD(G, ϵ, ℓ, S P , I2 , ⃗b)
+
1 S Max ← PRIMA (G, ϵ, ℓ, S P , ⃗
b, maxi∈I bi )
2

2
3

4

SiMax ← top bi nodes of S Max , ∀i ∈ I2
imax ← arg maxi∈I2 {ρ(SiMax × {i} | S P )}
× {imax }
Return SiMax
max

Notice that MaxGRD is applicable even when S p ̸= ∅, so we have provided the algorithm for this general case. However, it enjoys an approximation bound only for the special case, when S p = ∅.
We prove the
following lemma under this constraint, which is instrumental in the proof of
the approximation bound. A key observation is that given a possible world
w, the utility function Uw (·) in that possible world is submodular. This follows from the fact that valuation is submodular and price and noise, being
additive are both modular.
Lemma 14. Let S := ∪m
where Si is
i=1 (Si × {i}) be an arbitrary allocation,
Pm
ρ((S
the set of seed nodes of item i. Then ρ(∪m
(S
×
{i}))
≤
i × {i})).
i
i=1
i=1
Sketch. Consider an arbitrary but fixed possible world w and an arbitrary
item i ∈ I2 . Let v be any node that adopts i in w under the allocation
∪m
i=1 (Si × {i}). We can show that v must also adopt i in w when the
allocation is only (Si × {i}). The lemma follows from this.
Theorem 8. Suppose that S P = ∅. Let S Max be the allocation produced by
1
(1 − 1e − ϵ)ρ(S A ) w.p. at
MaxGRD. Given ϵ, ℓ > 0, we have ρ(S Max ) ≥ m
1
A
least 1 − |V |ℓ , where S is any arbitrary allocation.
Proof. Recall that item i has a budget bi and expected utility ui . Since
in an arbitrary allocation |SiA | ≤ bi , from the prefix preserving property of
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PRIMA+ we have,
σ(SiMax )



1
≥ 1 − − ϵ σ(SiA ).
e

(3.4)

Let E[U + (i)] be the expected positive utility of item i. We have ρ(SiMax ×
{i}) = E[U + (i)] · σ(SiMax ) and ρ(SiA × {i}) = E[U + (i)] · σ(SiA ). Therefore,
from Eq.(3.4) we have


1
Max
(3.5)
ρ(Si
× {i}) ≥ 1 − − ϵ ρ(SiA × {i}).
e
When S P = ∅, using Eq. 3.5 and Lemma 14, we have
ρ(S Max ∪ S P ) = ρ(S Max ) = max{ρ(SiMax × {i})}
i∈I2

X
m
m
X
1
1
1
Max
≥
ρ(Si
× {i}) ≥
1− −ϵ
ρ(SiA × {i})
m
m
e
i=1
i=1




1
1
1
1
A
1 − − ϵ ρ(∪m
(S
×
{i}))
=
1
−
−
ϵ
ρ(S A ).
≥
i=1 i
m
e
m
e

Can MaxGRD produce better welfare than SeqGRD? Hypothetically, there can be situations where MaxGRD can produce better welfare
than SeqGRD. E.g., consider a network with nodes {u, v, w, x} and edges
{(u, v), (v, w), (x, w)} where all edge probabilities are 1. There are two items
i, j, with all noise terms being 0. The utilities are U({i}) = 10, U({j}) =
1, U({i, j}) = 0 and both items i and j have a budget of 1. Then SeqGRD
will yield the allocation S Seq = {(u, i), (x, j)}, resulting in a social welfare
of 2 × 10 + 1 × 2 = 22. On the other hand, MaxGRD will only allocate u to
i, resulting in a social welfare of 3 × 10 = 30.
In our experiments, however, we find that situations where MaxGRD
dominates SeqGRD are rare. We hypothesize that this is because in a large
network, with a number of seeds that is a small fraction of the network size
n, blocking caused by the allocation of seeds to additional items by SeqGRD
is less likely to occur.
Note that the approximation guarantee of SeqGRD holds also when S p =
∅. Thus running both SeqGRD and MaxGRD individually and returning
1
min
the allocation with higher welfare would achieve a max{ uumax
,m
}(1 − 1e )approximation, as a consequence of Theorems 7 and 8.
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3.5.2.1

PRIMA+

We now present our PRIMA+ algorithm used by SeqGRD and MaxGRD to
select seeds. First, we formally present the property of prefix preservation
on marginals.
Definition 2. (Prefix Preservation on Marginals). Given G =
(V, E, p), budget vector ⃗b, the number of seeds to be selected b and a fixed
seed set S P , an influence maximization algorithm A is prefix-preserving on
marginals w.r.t. ⃗b and S P , if for any ϵ > 0 and ℓ > 0, A returns an ordered
set S of size b, such that w.p. at least 1 − |V1|ℓ , σ(S | S P ) ≥ (1 − 1e − ϵ)
OPT P and for every bi ∈ ⃗b, the first bi nodes of S, denoted Si , satisfies
b|S

σ(Si | S P ) ≥ (1 − 1e − ϵ) OPT bi |S P , where OPT b|S P is the optimal marginal
expected spread of b nodes on top the existing seeds S P .

In Section 2.5.3, a seed selection algorithm was developed called PRIMA,
that is prefix-preserving in spread, using the Reverse Reachable Sets (RRsets). Here, we modify the standard RR-set construction slightly to account
for the presence of existing seed set S P : Given an existing allocation S P , we
construct a marginal RR-set as follows. Choose a root node v ∈ V uniformly
at random, add it to Rv and start a BFS from v. Whenever u ∈ Rv , sample
each incoming edge (u′ , u) w.p. pu′ u and add it to Rv . Stop when no new
nodes are added to Rv ; if at any stage Rv overlaps S P , i.e., if Rv ∩ S P ̸= ∅,
then set Rv := ∅. That is, whenever a generated RR-set “hits” S P , just set
it to ∅. Algorithm 6 shows the pseudo code of this marginal RR-set sampling
process. Given graph G, a number θ denoting how many RR-sets needs to
be sampled and a fixed seed nodes S P , M arginal Sampling generates θ
number of RR-sets to R from G, based on the marginal on S P .
Algorithm 6: M arginal Sampling(G, R, θ, S P )
1
2
3
4
5
6
7

while |R| ≤ θ do
Select v from G uniformly at random
R ← BF S(v)
if R ∩ S P ̸= ∅ then
R←∅
R←R∪R
Return R

PRIMA+ using M arginal Sampling, achieves the property of prefix preservation on marginals. Its pseudo code is shown in Algorithm 7.
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Algorithm 7: PRIMA+ (G, ϵ, ℓ, S P , ⃗b, b)
1

2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

√
Initialize R = ∅, s = 1, n = |V |, i = 1, ϵ′ = 2 · ϵ,
budgetSwitch = false, ⃗b = ⃗b ∪ b
ℓ = ℓ + log 2/ log n, ℓ′ = logn (nℓ · |⃗b|)
while i ≤ log2 (n) − 1 and s ≤ |⃗b| do
k = bs , LB = 1
x = 2ni ; θi = λ′k /x, where λ′k is defined in Eq. (3.8)
M arginal Sampling(G, R, θi , S P )
if budgetSwitch then
Sk = the first k nodes in the ordered set Sbs−1 returned from
the previous call to NodeSelection
else
Sk = NodeSelection(R, k)
if n · FR (Sk ) ≥ (1 + ϵ′ ) · x then
LB = n · FR(Sk ) /(1 + ϵ′ )
θk = λ∗k /LB, where λ∗k is defined in Eq. (3.6)
M arginal Sampling(G, R, θk , S P )
s = s + 1; budgetSwitch = true
else
i = i + 1; budgetSwitch = false
if s ≤ |⃗b| then
θk = λ∗bs /LB
R=∅
M arginal Sampling(G, R, θk , S P )
Sb = NodeSelection(R, b)
return Sb as the final seed set;
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P
It runs in time O((b + ℓ + logn |⃗b|)(n + m) log n · ϵ−2 ), where b := i∈I2 bi
for SeqGRD and b := maxi∈I2 bi , for MaxGRD.

3.5.3

SupGrd Algorithm

Our third algorithm SupGRD provides a constant (1 − 1e )-approximation.
The bound holds under more restrictive conditions as given below.
Conditions required for SupGRD approximation bound. (i) There
exists a superior item (defined in §3.5) im in the item set: i.e., under any
noise possible world w2 , Uw2 (im ) > Uw2 (i), ∀i ∈ I \ {im }. (ii) Seeds for all
the inferior items are fixed: that is, I2 = {im } is the only item for which an
allocation needs to be found; and (iii) There is pure competition between
all items: every node can adopt at most one item. Under these conditions,
we first show that the social welfare is monotone and submodular.
Lemma 15. Given S P and I2 , let S1 and S2 be two allocations over I2
such that S1 ⊆ S2 . Then ρ(S1 ∪ S P ) ≤ ρ(S2 ∪ S P ).
Proof. In an arbitrary but fixed possible world w = (w1 , w2 ), we have,
P
S2 ∪S P
1 ∪S
Uw2 (AS
w1 ,w2 (v)) ≤ Uw2 (Aw1 ,w2 (v)). This is because if v changes its adoption between the two allocations, then it must change it to im since all other
inferior item seeds are fixed. Since im is the superior item, the claim holds.
Since this holds for every w, the lemma follows.
Lemma 16. Given S P and I2 , let S1 and S2 be two allocations over I2
such that S1 ⊆ S2 . Let s = (u, im ) ∈
/ S2 be an allocation pair. Then
ρ(s | S1 ∪ S P ) ≥ ρ(s | S2 ∪ S P ).
Proof. Let w = (w1 , w2 ) be a arbitrary but fixed possible world. Let Ci
denote the set of all nodes that adopt im under allocation s but not under
Si ∪ S P , i = 1, 2. Then C2 ⊆ C1 . Thus,
X
P
2 ∪S
(Uw2 ({im }) − Uw2 (AS
ρw1 ,w2 (s | S2 ∪ S P ) =
w1 ,w2 (v)))
v∈C2

≤

X
v∈C1

P

1 ∪S
(Uw2 ({im }) − Uw2 (AS
w1 ,w2 (v)))

= ρw1 ,w2 (s | S1 ∪ S P )
Since this holds for every w, the lemma follows.
Since social welfare is monotone and submodular, a standard greedy
selection based on the marginal welfare will have (1 − 1e )-approximation.
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However since computing spread itself is #P-hard, computing the exact
marginal is not feasible. In IM, sampling using RR-sets has been used to
achieve state of the art performance. In what follows, by extending IMM
[127], we adopt a martingale approach for seed selection in SupGRD. Given
ϵ and ℓ, SupGRD returns a seed set that has a (1 − 1e − ϵ)-approximation
w.p. at least 1 − n1ℓ .
In the classical setting, RR-set samples are used to compute an unbiased
estimation of the spread. In our case we need to estimate the marginal
welfare using the RR-sets. Towards that we define a notion of weight for
every RR-set. The weight of an RR-set Rv denotes the marginal gain in the
expected social welfare achieved by activating the root v of the RR-set Rv .
Thus it is the difference between the expected truncated utility of the item
that the root v adopts under the existing partial allocation S P and that of
im . To ensure that the root v indeed adopts im , the path from some seed
of im to v should be no longer than that from any seed of S P to v. Thus, a
weighted RR-set is constructed as follows.
Definition 3. (Weighted Reverse Reachable Set). For a given fixed allocation S P and a node v ∈ G, a weighted RR-set of v, Rv is obtained by starting
with Rv = {v} and starting a BFS from v such that: for u ∈ Rv , sample
each incoming edge (u′ , u) w.p. pu′ ,u and add it to Rv ; stop when either no
new nodes are added or Rv overlaps S P (so the distance from any node in Rv
to v along the reversely generated edges is at most the distance from S P to
v). Then, the weight of Rv is w(Rv ) = U + ({im }) − maxi∈I s |s∈S P ∩R(v) U + (i),
where I s denotes the items allocated to node s in the allocation S P .
SupGRD samples RR-sets using an early termination as described in
Definition 3. This construction ensures that if any member of a weighted
RR-set is seeded with im , the root of the RR-set, v, will adopt im . In what
follows, we first establish the connection between marginal social welfare
and weighted RR-sets and then present efficient seed selection and RR-set
sampling algorithms to maximize the marginal social welfare.
For a node set S, let I[.] be an indicator function denoting whether S
covers the (weighted) RR set R, i.e., I(S ∩ R ̸= ∅) = 1, if S ∩ Rv ̸= ∅, 0
otherwise. Also let L(G) denote the distribution of all the live edge graphs,
then extending the result of Borg et al., we now prove the following lemma
for weighted RR-sets.
Lemma 17. For given seed sets S and S P , we have Ew1 ∼G [ρw1 (S | S P )] =
n · Ev∼V,w1 ∼G [I(S ∩ Rv ̸= ∅) · w(Rv )] where n = |V | is the number of nodes
in G.
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Algorithm 8: N odeSelection(R, b′ )
1
2
3
4
5
6

Initialize Sb′ = ∅, i = 1
while i ≤ b′ do
Select v ∈ V \ Sb′ which has the highest MR (Sb′ ∪ v) − MR (Sb′ )
Sb′ ← Sb′ ∪ {v}
Remove R from R if v ∈ R
return Sb′ as the final seed set

Proof.
#

"
P

Ew1 ∼L(G) ρw1 (S | S ) = Ew1 ∼L(G)

X
v∈V

I(S ∩ Rv ̸= ∅) · w(Rv )

= n · Ev∼V,w1 ∼L(G) [I(S ∩ Rv = 1) · w(Rv )]
We now extend the RR-set based efficient approximation IM algorithm,
IMM, for maximizing welfare. Similar to IMM, our algorithm SupGRD has
two key phases, namely, N odeSelection and Sampling. The N odeSelection
phase is similar to that of IMM, except we consider the weight of RR-sets
while selecting seed nodes. For
P a node set S and a collection of weighted
RR-sets R, define MR (S) := R∈R I[S ∩ R ̸= ∅] · w(R). Let b′ = bim be
the budget of the superior item im . Given a set R, N odeSelection selects
b′ seeds that maximizes MR (Algorithm 8).
Next, the goal of the Sampling phase (Algorithm 9) is to generate R
such that |R| ≥ λ/OP T , where OP T is the optimal welfare, and λ is defined
as follows,
λ = 2n · ((1 − 1/e) · α + β)2 · ϵ−2 ,
(3.6)
√
where,
2 and
q α = ℓ log n + log

n
β = (1 − 1/e) · (log b′ + ℓ log n + log 2).
Since OP T is unknown, the Sampling first ensures that it finds a lower
bound to OP T w.h.p. For that it deploys a statistical test using a binary
search on the range of OP T . The maximum possible value of the welfare
OP T is U B = n×umax , when every node in the network adopts the superior
item im , umax is the utility of im . Thus the binary search ranges from 1 to
U B (Line 2).
A good lower bound is found when the condition of Line 5 is satisfied.
Different from IMM, this condition directly operates on welfare. This is a
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Algorithm 9: Sampling(G, k, ϵ, ℓ)
1

2
3
4
5
6
7
8
9

√
Initialize R = ∅, LB = 1, U B = |V | × umax , i = 1, ϵ′ = 2 · ϵ,
ℓ = ℓ + log 2/log n
for i = 1 to log2 U B − 1 do
x = n/2i , θi = λ′ /x while |R| ≤ θi do
Add a random RR set to R
Si = N odeSelection(R, k) if nθ · MR (Si ) ≥ (1 + ϵ′ ) · x then
LB = nθ · MR /(1 + ϵ′ )
Break;
R = ∅ while |R| ≤ λ/LB do
Add a random RR set to R

key step in the correctness of the algorithm, hence we prove it explicitly in
Lemma 18.
Lemma 18. Let x ∈ [1, U B], ϵ′ and δ ∈ (0, 1), then if we invoke N odeSelection
with |R| = θ, where

(2 + 32 ϵ′ ) · (log bn′ + log(1/δ)) n
θ≥
·
(3.7)
ϵ′2
x
and S is the output N odeSelection returns, then if OP T < x,
(1 + ϵ′ ) · x, w.p. at least (1 − δ).

n
θ

· MR (S) <

Proof. Let xi be a random variable for each Ri ∈ R defined as, xi =
w(Ri )·I(S∩Ri ̸=∅)
, where wmax is the maximum weight possible for any RR
wmax
set. Thus, 0 ≤ xi ≤ 1, which ensures the martingle property. Now let
(S)
(1+ϵ′ )·x
FR (S) = MwR
, p = E[FR (S)] and α = np·w
− 1, Using Lemma 17 and
max
max
linearity of expectation,
MR (S)
] = E[ρ(S | S p )]/(wmax )
wmax
≤ OP T /(wmax · n) ≤ x/(wmax · n)

p = E[FR (S)] = E[

Consequently α > ϵ′ · x/(np) and from Lemma 6 of [127],
P r[

n
· MR (S) ≥ (1 + ϵ′ ) · x] ≤ δ/
θ

Finally by applying union bound we get
least (1 − δ).

n
θ

n
b′



· MR (S) < (1 + ϵ′ ) · x, w.p. at
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# nodes
# edges
avg. deg.
type

NetHEPT
15.2K
31.4K
4.13
undirected

Douban-Book
23.3K
141K
6.5
directed

Douban-Movie
34.9K
274K
7.9
directed

Orkut
3.07M
117M
77.5
undirected

Twitter
41.7M
1.47G
70.5
directed

Table 3.2: Network Statistics

Thus by setting λ′ using Eq. (3.8), we get Theorem 2 of [127]

n
2 ′
′
(2
+
ϵ
)
·
(log
′
3
b + ℓ · log n + log log2 n) · n
λ′ =
,
(3.8)
ϵ′2
The rest of the proof is similar to that of IMM, which gives us the
following result.
Theorem 9. Let S P be a partial allocation on the inferior items. Let S Grd
be the allocation of the superior item produced by SupGrd. Given ϵ, ℓ > 0,
we have ρ(S Grd ∪ S P ) ≥ (1 − 1e − ϵ)ρ(S A ∪ S P ) w.p. at least 1 − |V1|ℓ , where
S A is any arbitrary allocation.

Running time: Let wmin be the minumum weight of an RR set. Then
using Lemma 9 of [127], the expected total time to generate R is determined
by,
X
E[
wid(R)] = E[|R|] · EP T
R∈R

m
OP T /wmin
n
= O((b′ + ℓ)(n + m) log n · ϵ−2 /wmin )
≤ O((b′ + ℓ)n log n · ϵ−2 )/OP T ·

Notice that generating an RR-set from scratch for the final node selection
(line 8), following the fix of [33], only adds a multiplicative factor of 2. Hence
the overall asymptotic running time to generate R remains unaffected.

3.6
3.6.1

Experiments
Experiment Setup

All our experiments are run on a Linux machine with Intel Xeon 2.6 GHz
CPU and 128 GB RAM.
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Figure 3.4: Running times of greedyWM, Balance-C, TCIM, MaxGRD,
SeqGRD and SeqGRD-NM (on Configuration 1)
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3.6.1.1

Networks

Our experiments were conducted on five real social networks: NetHEPT,
Douban-Book, Douban-Movie, Twitter, and Orkut, whose characteristics
are summarized in Table 3.2. Of these, NetHEPT, Douban-Book, and
Douban-Movie are benchmarks in IM literature [97], while Twitter and
Orkut are two of the largest public networks available at [123].
3.6.1.2

Algorithms compared

In the experiments our four algorithms – SeqGRD, SeqGRD-NM, MaxGRD,
and SupGRD are compared against three baselines – TCIM, Balance-C and
greedyWM. There is no previous work that can deal with both arbitrary
degree of competition and multiple items in propagation. Our first two
baselines each covers one aspect. TCIM [95] in particular assumes a propagation model which is an extension of the IC model under pure competition.
It can, however, handle more than two items. Given fixed seed sets of other
competing items, TCIM selects seeds of an item under a budget constraint,
such that the number of adoptions of that item is maximized. When we run
TCIM for multiple items, we select seeds for each of the items one by one,
while keeping the seeds of other items fixed and then report the allocation
that produces the maximum welfare.
In contrast, Balance-C [57] does not assume pure competition, but it
works only when number of items in propagation is two. Given an initial
seed placement of the two items, Balance-C chooses the remaining seeds
such that at the end of the propagation, the number of nodes seeing either
both the items or none, is maximized. Thus for competing ideas, Balance-C
ensures that there is a balanced exposure of the two ideas to the most
number of nodes. It is non-trivial to extend Balance-C for more than two
items hence we compare against it only in two item set up.
Both TCIM and Balance-C aim to maximize adoption count, not social welfare. Our third baseline greedyWM maximizes the social welfare
directly. It greedily selects iteratively the (node, item) pair that maximizes
the marginal social welfare, till the budgets are exhausted. Below, by deterministic utility of an itemset I, we mean V(I) − P(I), i.e., its utility with
the noise term ignored.
3.6.1.3

Default parameters

Following previous works [74, 110] we set probability of edge e = (u, v) to
1/din (v), where din (v) is the in-degree of node v. Unless otherwise specified,
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Figure 3.5: Expected social welfare in four configurations (on the
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we use ϵ = 0.5 and ℓ = 1 as our default in all the algorithms that use
these parameters. We test the algorithms across a wide variety of utility
configurations to cover different aspects of competition. We will describe
the configurations as we present the corresponding experiments. Whenever
marginal gains are required, we run 5000 simulations and take the average
result.

3.6.2

Experiments with two items

For our first set of experiments we restrict the number of items to two so
that we can compare against all of the mentioned baselines. We also consider
four different configurations to capture different kinds of competition. The
details of the configurations are given in Table 3.3. In configurations C1
and C2, the items exhibit pure competition. In C1, items have comparable
individual utility. In C2, the difference between individual utility is high:
i’s deterministic utility is 1, 10 times higher than that of j. C3 and C4
exhibit soft competition. Except for C4, in all configurations we consider
the same budget for both items (uniform); budget is varied from 10 to 50
in steps of 10. In C4, we fix the budget of i to 50 and vary j’s budget
(non-uniform) from 30 to 100 in steps of 20. We assume S p = ∅ in these
configurations. Since it does not meet constraints required by SupGRD, we
defer the comparison until Section 3.6.2.3.
3.6.2.1

Running time

First we compare the running time of the algorithms using C1 as a representative case. Fig. 3.4 shows the result on four networks. SeqGRD-NM
is orders of magnitude faster than other algorithms in every network. The
reason is that SeqGRD-NM does not compute any marginal. Each marginal
computation requires iterating over 5000 samples, which significantly increases the running time. For the same reason greedyWM and Balance-C
exhibit exorbitantly high running time: they do not in fact complete in 6
hours on a large network like Orkut. Hence they are not included in Fig.
3.4(d). Except for SeqGRD-NM, none of the other algorithms scale to the
largest network Twitter. We will compare SeqGRD-NM and SupGRD on
Twitter later. Performance on other configurations shows similar trends,
and is hence omitted for brevity.
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3.6.2.2

Social welfare

We now compare the expected social welfare achieved by the algorithms on
the four configurations (Fig. 3.5). We show the results only for DoubanMovie , since the trend of the results is similar on other networks. In all
configuration SeqGRD, SeqGRD-NM and greedyWM outperform all other
algorithms. The difference in welfare is up to 3× higher. MaxGRD in particular allocates just one of the two items. Thus when items exhibit soft competition (C3 and C4), ,MaxGRD performs significantly worse. Balance-C
performs comparatively better under soft competition (C3), however for a
non-uniform budget again its performance drops. TCIM on the other hand
aims to maximize the adoption count of the item being allocated. Thus it
also ends up allocating both the items in same seed nodes. This reduces the
overall social welfare for configuration such C1, where both Balance-C and
TCIM perform comparatively worse. Social welfare produced by greedyWM
is consistently good, but its running time is exorbitantly high, which prohibits its applicability on any decently sized network. SeqGRD-NM on the
other hand is the fastest algorithm, which produces similar welfare across all
these four configurations. However, notice that in none of these four configurations, item blocking is effective. We will show later in Section 3.6.3.2 that
in the presence of multiple items, when avoiding item blocking is critical,
the performance of SeqGRD-NM deteriorates.
3.6.2.3

Comparison against SupGRD

In this experiment we compare SupGRD and SeqGRD-NM on the two
largest networks, Orkut and Twitter. We use utility configurations of C1
and C2, but adopt the seed placements needed to meet the constraints required for SupGRD. Recall that for SupGRD the seeds for the inferior items
need to be fixed. Hence we select the top 50 nodes using IMM and set
them as seeds of j. Then, the seeds of i are selected using SupGRD and
SeqGRD-NM with the budget being varied from 10 to 50 in steps of 10. We
call these new configurations C5 and C6 respectively.
Since the top nodes in terms of the spread are given to j, these two cases
pose a unique challenge of dealing with arbitrary degree of competition when
maximizing welfare. When items’ utilities are similar, in C5, new seeds of
i should be chosen in a way that minimizes i’s overlap with j propagation.
Instead in C6, when i has much higher utility, it should be allocated to the
top seed nodes. That way, the number of nodes that can be reached by i
is much higher and that helps boost the overall social welfare. As can be
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No

Price

C1

i=3

C2

j=4

C3
C4

{i, j} = 7

Value
i = 4, j = 4.9
{i, j} = 4.9
i = 4, j = 4.1
{i, j} = 4.1
i = 4, j = 4.9
{i, j} = 8.7

Noise

Budget

i : N (0, 1)

Uniform
Uniform

j : N (0, 1)

Uniform
Nonuniform

Table 3.3: Two item configurations

seen from our results next, that SupGRD can navigate through these varied
”strategies”, while SeqGRD-NM cannot.
Fig. 3.6 (a) and (b) shows the result on the expected social welfare
on Orkut and Twitter respectively. “SeqGRD-NM-C5” (resp. “SupGRDC5”) refers to SeqGRD-NM (resp. SupGRD) on C5 and “SeqGRD-NM-C6”
(resp. “SupGRD-C6”) on C6. Notice that in C5 the welfare produced by
the two algorithms are comparable. However in C6, where the gap between
the individual utilities of the two items is higher, difference between the
welfare of SupGRD and SeqGRD-NM is also larger. The reason for that is
as follows. SeqGRD-NM uses PRIMA+ to select the seeds of i. Consequently
to maximize the marginal gain in spread, it minimizes the overlap in the
spread of i and j and hence allocates i to lower ranked nodes in terms of
spread. However i is the superior item, so allocating lower ranked nodes to
i decreases the overall welfare.
Fig. 3.6(c) and (d) compares the running time of the two algorithms
on Orkut and Twitter. Both the algorithms scale on these large networks.
Unlike SeqGRD-NM, running time SupGRD depends on the utility configurations as well. As our running time analysis (Section 3.5.3) suggests, when
the minimum utility of an item is lower, the running time of SupGRD is
higher. However as can be seen, even on large networks, the difference in
the running times is not very high: e.g., in configuration C6, the running
time of SupGRD is only a 2× that of SeqGRD-NM, whereas in C5 the
running times are similar. To summarize, SupGRD addresses this unique
challenge of dealing with an arbitrary degree of competition, with a slightly
higher running time.

3.6.3

More than two items

Except for Balance-C, all the algorithms can deal with multiple items. In
this section, we study their performances when the number of items is more
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U(i) = 2
U({j}) = 0.11
U({k}) = 0.1
U({i, k}) = 2.1

U({i, j})<0
U({j, k})<0
U({i, j, k})
<0

Table 3.4: Three item configuration

than two. First, we show the impact of increasing the number of items on
the running time and social welfare produced. Then we study how the algorithms behave under some challenging configurations designed using multiple
items.
3.6.3.1

Impact of number of items

For this experiment, the configuration we test is as follows. Each individual
item has expected utility of 1 and the items exhibit pure competition. Every
item has budget 50 and S p = ∅.
Fig. 3.7(a) and (b) show respectively, the running time and social welfare
produced by the five algorithms. Since Balance-C cannot run on more than
two items, it is omitted. Running time of algorithms greedyWM, TCIM,
MaxGRD, and SeqGRD increases significantly w.r.t the number of items.
As the number of items increase, the number of times marginal check is
needed for these algorithms, also increases. The marginal check is the most
time consuming portion in their running time. SeqGRD-NM on the other
hand relies solely on RR-sets and does not do any marginal checks. Hence
the growth in running time is not high. With higher number items, the
difference between the running time of SeqGRD-NM and other algorithms,
increases.
In terms of social welfare, TCIM and MaxGRD perform worse than
the other algorithms. MaxGRD selects only one item in the final allocation,
hence it misses out on the additional welfare that could come from allocating
the remaining items. Similarly TCIM tries to maximize the spread of the
last allocated item, at cost of propagation of other items. Thus their welfare
does not increase with more items, unlike the other algorithms.
3.6.3.2

Effect of marginal check

In our experiments so far, social welfare of SeqGRD-NM has been similar
to other algorithms that perform marginal checks. One exception being
SupGRD (Section 3.6.2.3), but SupGRD assumes specific constraints that
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item
{indie}
{rock}
{industrial}
{progressive metal}

p
0.107
0.091
0.015
0.011

q
na
na
na
na

UD
7.0
6.8
5.0
4.7

Table 3.5: Learned parameters

are not general. By not performing the marginal check, SeqGRD-NM runs
much faster compared to other algorithms. This begs the question if there
is any advantage of using the marginal check altogether. In this experiment
we show how marginal check helps avoid item-blocking that SeqGRD-NM
fails to circumvent.
For this experiment, we consider three items in the propagation. Their
expected utilities are specified in Table 3.4. i has the highest expected
utility, followed by j and k has the least. i and k exhibit soft competition
hence bundle {i, k} has a positive utility, but all other item bundles have
negative utilities, exhibiting pure competition. We set the budget of i to
500, and increase the budget of j and k from 100 to 500 each in steps of 100
and study the effect on the welfare produced by SeqGRD-NM and SeqGRD.
Fig. 3.7(c) shows the result on the NetHept network. Both algorithms
first allocate i as it has the highest individual utility. Then SeqGRD-NM
allocates j next, however this allocation is “adjacent” to i since NetHept is
small, and blocks propagation of i more. Since the utility of i is significantly
higher than j, allocating j this way in fact causes a negative marginal.
SeqGRD, using marginal check, postpones allocation of j. After i, it instead
allocates k. Although k also has a low individual utility, because of soft
competition, it does not block propagation of i and the marginal is nonnegative. It later allocates j, which is now further apart from i, hence
cannot block i’s propagation. Thus SeqGRD produces a social welfare which
is higher than that of SeqGRD-NM. Further, as the budget of j increases,
the amount of blocking also increases, hence the welfare difference between
the two algorithms also goes up.
3.6.3.3

Scalability of SeqGRD-NM

Our next experiment shows the impact of network size on SeqGRD-NM
using Orkut with two types of edge probabilities: (1) 1/din (v) and (2) fixed
0.01. We use a uniform budget of 50 for all three items. Instead of using
the full network, we use breadth-first-search to progressively increase the
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network size so that it includes a certain percentage of the total nodes in the
network. At 100%, the full network is used. Fig. 3.7(d) shows the results.
“SeqGRD-NM, time 1” and “SeqGRD-NM, time 2” depict the running time
of SeqGRD-NM on the two types of edge probabilites respectively. As the
network size increases, the running time in both cases roughly has a linear
increase.

3.6.4

Real item experiments

In this section, we learn the utilities of items from real dataset instead of
the synthetic utilities used in earlier experiments. The dataset used is the
LastfmGenres generated from the listening behavior of users of the music
streaming service Last.fm [30, 85]. This dataset was used in [14] to learn
the adoption probabilities of different items, where each genre is treated
as an item. This dataset also echos our first motivating example in the
introduction.
We next establish the connection between the adoption probabilities and
the utilities, which enables us to learn the parameters using [14].
3.6.4.1

Learning the utilities

In [14], every item i is associated with an adoptionQprobability pi . Adoption
probability of an itemset I = {i, ..., k} is pI = γ|I| j∈I pj + qI , where qI is a
correction received depending on the way items in I interact with each other:
if the items are complementary, then the correction is positive, if competing
then it is negative, and 0 if the items are independent. These probabilities
and corrections are learnt in [14] from the dataset of how frequently items
are selected together by the users.
P
According to Observation 2.2 of [14], pi = evi / j evj , where vi is the
expected utility
P of item i as per our utility model. Given a set of learnt pi ,
we first set j evj = 10000. Then for every i, we set vi = ln(10000 · pi ).
We choose the number 10000 to ensure that the corresponding utilities are
positive. Finally we set the expected utility of item i, U(i) = vi . Next
for an itemset I = {i, ..., k}, [14] learns two parameters γ|I| and qI′ . By
using qI = γ · qI′ the probability of adopting the bundle, pI is derived. The
expected utility of the bundle is similarly set to be U(I) = ln(10000 · pI ).
Notice that the exact values of utilities are not as important as the relative
order of utilities of different itemsets. The way utilities are learnt is in
correspondence with the adoption probabilities learned in [7].
Table 3.5 shows the utilities of four different items (i.e., genres) in the
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Figure 3.8: Performance of TCIM, MaxGRD, SeqGRD and SeqGRD-NM on
real utility configurations (Table 3.5)
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dataset: rock, indie, industrial and progressive metal, learned using the
above described method. Larger bundles are either not present in the dataset
or have smaller learned utilities compared to the individual items in the bundle, suggesting that items are in pure competition in our utility model.
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Network

Budget

NetHEPT

10

NetHEPT

40

Orkut

10

Orkut

40

Algorithm
RR
Snake
SGRD-NM
RR
Snake
SGRD-NM
RR
Snake
SGRD-NM
RR
Snake
SGRD-NM

Real Utility Configuration (as shown in Table 3.5)
indie
rock
industrial
203
217
191
204(+0.005)
201(-0.081)
207(+0.083)
255(+0.252)
199(-0.082)
188(-0.016)
496
493
491
483(-0.026)
496(+0.006)
488(-0.004)
673(+0.357)
499(+0.012)
419(-0.147)
37790
38888
38331
38241(+0.012)
37401(-0.038)
39818(+0.039)
50800(+0.344)
40837(+0.050) 31189(-0.186)
58142
58586
59939
57211(-0.016)
56922(-0.028)
61603(+0.028)
106876(+0.838) 54909(-0.063)
42218(-0.296)

progressive metal
196
195(-0.005)
165(-0.158)
475
488(+0.027)
365(-0.189)
34711
34260(-0.013)
26895(-0.225)
54607
55538(+0.017)
27272(-0.501)

welfare
4473.08
4458.64(-0.003)
4951.8 (+0.112)
10795.3
10758.2(-0.003)
11264.5(+0.043)
828368.2
828235.4(-0.002)
864154.3(+0.040)
1276650.6
1272190.7(-0.035)
1397770.8(+0.095)

Synthetic Utility
i
277
258(-0.068)
306(+0.105)
667
648(-0.028)
800(+0.199)
69151
67648(-0.021)
76784(+0.110)
119039
117454(-0.013)
150926(+0.268)

Configuration (as
j
244
246(+0.008)
220(-0.098)
576
581(+0.009)
510(-0.114)
49730
50511(+0.016)
50219(+0.010)
83291
82937(-0.043)
63577(-0.237)

shown in Table 3.4)
k
welfare
234
513.2
261(+0.115)
478.4(-0.068)
227(-0.030)
577.4(+0.125)
645
1227.3
669(+0.037)
1194.5(-0.027)
514(-0.203)
1510.6(+0.230)
67405
110032.5
68510(+0.016)
107227.7(-0.026)
57199(-0.151)
124210.9(+0.129)
113359
183853.2
115338(+0.018) 180269.4(-0.020)
87480(-0.228)
253427.9(+0.378)

Table 3.6: Comparison of adoption counts of different items and the overall social welfare
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3.6.4.2

Results using real parameters

We use the learned utility configuration to compare the social welfare produced by the algorithms on two networks, namely NetHEPT and Orkut. For
the experiment we set uniform budget for all the four items, which varies
from 10 to 40 in steps of 10. The algorithms compared in this section are,
TCIM, MaxGRD, SeqGRD and SeqGRD-NM. The results are shown in Fig
3.8.
In terms of running time the results are similar to our previous experiments (Fig 3.8(a)-(b)). SeqGRD-NM outperforms the other algorithms by
orders of magnitude, since it does not require the time consuming marginal
gain computation. For social welfare, notice that the real utility configuration exhibits pure competition. As noted earlier, under pure competition,
social welfare produced by SeqGRD and SeqGRD-NM coincide. MaxGRD
and TCIM on the other hand typically encourage the adoption of one single
item. Hence the difference in social welfare produced by these algorithms
compared to SeqGRD-NM is higher since the number of items are also more
than the previous configurations we used.
3.6.4.3

Social welfare vs adoption

Our final set of experiments compare the relationship between the social
welfare and item adoptions. In particular, we want to investigate whether
maximizing welfare for competing items could result in a significant drop in
the number of item adoptions. For this experiment, we focus on two utility
configurations – (i) Real utility of Table 3.5, which exhibits pure competition
and (ii) Synthetic utility of Table 3.4, which exhibits a mix of partial and
pure competition. NetHEPT and Orkut are the two networks used and each
item’s budget is set to two different values, 10 and 40.
We compare our algorithm SeqGRD-NM against two baselines. After
selecting the seed nodes, the first baseline allocates items to the nodes
in a round robin manner, hence it is called Round − robin. The second
baseline, called Snake, is similar to Round-robin, but it flips the order
for every successive sequence of allocations. To illustrate, if there are 4
seed nodes s1 , ..., s4 , in order, and two items i, j, SeqGRD-NM allocates
as s1 : i, s2 : i, s3 : j, s4 : j, Round-robin allocates as s1 : i, s2 : j, s3 : i, s4 : j
and Snake allocates as s1 : i, s2 : j, s3 : j, s4 : i. Table 3.6 shows the adoption count of each item and the social welfare produced by these algorithms
under different configurations.
In terms of the social welfare objective, SeqGRD-NM dominates across
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all different configurations. Round-robin produces the next highest welfare.
Hence we report the fractional change (+ denotes increase and − denotes
decrease), in comparison to Round-robin, next to each entry of the table.
The entries that deserve more attention are highlighted in green.
As can be seen, the total number of adoptions of all the items remains the
same across all three algorithms. However, SeqGRD-NM generally increases
the adoption of the superior product to increase the welfare, while reducing the adoption of the inferior item. On NetHEPT, for budget 10, the
maximum drop in adoptions happens for the most inferior item (progressive metal), by 15.8%. For a higher budget, the drop increases (to 18.9%),
because when budget increases for the superior item, SeqGRD-NM allocates
lower ranked seeds for the inferior item.
The highest drop in adoption i.e., 50.1%, also happens for the item
progressive metal for budget 40 on Orkut. This is because when items are
purely competing, number of items is high and each item has a large budget,
the inferior items’ seeds are in fact much lower ranked. However, if it exhibits
partial competition with a superior item, then leveraging it the adoption
does not decrease that much. That is why in Orkut even when the budget
is 40, for the synthetic utility configuration, the highest drop in adoptions
for the inferior items is only 23.7%. Also notice SeqGRD-NM produces
significantly higher social welfare compared to the baselines, the increase
being up to 37.8%. In summary, we see that our welfare maximization
algorithm provide more adoptions to the superior items and fewer adoptions
to the inferior items, but the amount of change is not too drastic. We argue
that this is the ”price” of enhancing the overall user satisfaction; also the
drop in the adoptions of the inferior items is exactly because they are not
as competitive.
To conclude this section, we generally observe that: (a) when the conditions required by SupGRD are met, it is the best option providing the
best social welfare and competitive running time; (b) in the general case,
SeqGRD-NM performs well in most cases and has the best running time,
but when item blocking is significant, its marginal-checking version SeqGRD
could provide better social welfare, at the cost of higher running time; (c)
MaxGRD could be used to enhance the theoretical guarantee when the utility difference is high, but its superiority is not typically observed in large
networks; (d) our algorithms outperform all baselines on social welfare and
running time and scale to large networks. Our algorithms achieve superior
welfare at the expense of a reasonable drop in the adoption count of inferior
items, keeping the total adoption count unchanged.
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3.7

Conclusions and future work

In this chapter, we studied the problem of maximizing social welfare over
competing items under the UIC model. The problem is not only NP-hard
but is also NP-hard to approximate within a constant factor. Further we find
that due to conflicting requirements, it is challenging to design a single algorithm that can work effectively for all different utility configurations. Yet we
propose a cohort of efficient algorithms that not only provide approximation
guarantees but also scale well to real large networks, and their performance
is validated through extensive experiments on real-world networks.
Although welfare maximization under competition ensures that users’
total utility from adoptions is maximized, it does not directly ensure fairness.
For a campaigner who often pays for advertising, ensuring that her item is
seen at least by a certain number of users is critical. While fairness in IM has
been studied recently, incorporating fairness in social welfare maximization
will be an interesting challenge.
Further, this chapter and Chapter 2 studied competition and complementarity in isolation. Designing algorithms for an arbitrary mix of competing and complementary items is an intriguing problem. The next chapter
demonstrates that in the context of mitigating the filter bubble problem, a
utility configuration, combining competition and complementarity, naturally
arises. It proposes algorithms under such configuration.
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Chapter 4

Mitigating the filter bubble
problem using a utility
driven diffusion model
4.1

Introduction

With the proliferation of social networks, new ways have emerged to provide users with an abundance of information [29] and engage them in the
propagation of the information [3, 18]. Although access to information has
never been easier, social media have also led to increased societal polarization [53]. Two common polarization effects that have been widely observed
in the social networks are, (i) echo chambers [10, 59], where users are found
to be confined to information only from like-minded individuals, and (ii)
filter bubbles [112, 115], where, in an attempt improve user’s engagement,
algorithms present the user only those type of information that aligns with
the user’s viewpoint. Existence of such echo chambers and filter bubbles,
impedes natural and fair opinion formation [103]. This can in turn inhibit
free and open discourse among people with different viewpoints and can
lead to one-sided policy decisions [117], and potentially lead to reduced social trustworthiness [108]. Attempts to address these issues have resulted
in research across several dimensions. Earlier works focused on measuring
the extent of polarization [2, 4, 68, 99], identifying the groups of users to
whom “counter-information” could be propagated in order to balance their
exposure to opposing viewpoints, and also what kind of counter-information
needs to be propagated [50, 61, 131]. By creating new links among users of
opposing viewpoints, researchers have attempted to mitigate the echo chamber problem [5, 56, 103, 137]. To address the filter bubble problem, a recent
body of research has effectively used the influence propagation paradigm in
social networks [57, 98, 132].
Influence propagation is extensively studied in the context of the influence maximization (IM) problem. Starting from a small set of users,
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called seeds, in a given social network, influence cascades unfold following
a stochastic diffusion model which specifies how influence propagates from
one user to another in the network. While the classical IM objective is to
select k seeds to maximize the expected number of influenced users, works
related to the filter bubble problem aimed at developing methods for balancing [57, 132] and diversifying [98] information exposure, while the information spreads through the network following the same stochastic information
propagation model used in the classical IM literature. As a result, there are
several limitations of these works.
Many studies on the filter bubbles problem have reported that items containing opinion-challenging information spread less extensively than other
items [59, 130], i.e., from the propagation point of view, some items are competing by nature. As an example, suppose that a user has been exposed to
article A arguing for relaxing gun control. Assume that the user is swayed
by the article and has adopted the viewpoint that it promotes. Consider
an article B arguing that gun ownership should be more restricted citing
studies revealing a strong correlation between gun ownership and violent
crime. If the user is then exposed to article B, she may not readily “adopt”
the viewpoint of article B at the same time! Thus, she may not propagate
information about article B to her social peers. Earlier works completely
ignore this aspect. Instead, they tacitly assume that a user, once influenced
by a peer, and exposed to two opposing viewpoints, will adopt both of them.
Thus, they focus on maximizing the objective of balancing the exposure of
users to opposing viewpoints, assuming no competition between their adoption. Therefore, in order to truly capture the effect of countering a filter
bubble, it is necessary to model two seemingly conflicting requirements: (i)
in terms of propagation, the items (as in opposing viewpoints on an issue)
need to be competing, and (ii) the objective function measuring the effectiveness of a strategy for countering the filter bubble needs to treat the two
items as complementary in that the reward for a user adopting both items
should be significantly greater than the reward for adopting any one item.
To our knowledge, none of the existing works is able to capture this. In
addition to lacking competition, the configurations used in the prior works
have other unnatural assumptions that do not capture the true essence of
the filter bubble. It was noted in [132] that the objective of [57] is not natural as it rewards a strategy for users who do not adopt any item! Similarly,
[98] uses an objective where the score improves even when users adopt more
items that are with the same or similar (political) leaning. In [132] seeds
are constrained to be disjoint, as a result influential nodes that are selected
as seeds are forced to stay in the filter bubbles.
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In Chapter 2 this thesis introduced a propagation model, called utilitydriven independent cascade (UIC), where influence is decoupled from item
adoption and users’ adoption decision is driven by the utility of itemsets.
In this chapter, we use the expressive power of UIC to meet the needs of
the filter bubble problem. We set the utility function to be a combination
of complementary and competitive aspects. The first component of the
utility is a complementary reward function that awards a reward for a user
adopting two items from opposite viewpoints, that is significantly higher
than the user adopting any one item. However, the second component is
a competition parameter which controls the probability of a user adopting
the second item when she has already adopted the first item. That is,
user’s adoption decision captures the inherent competition between opposing
viewpoints. The objective is to maximize the social welfare, i.e., the sum of
utilities of all the users at the end of the propagation. Although UIC helps
to realistically model the requirements of the filter bubble problem, it poses
some unique technical challenges.
In the previous two chapters, studies on UIC were restricted either to
only complementary utility (Chapter 2) or only competing utility (Chapter 3). Even in the case of utility function for only competing items, it
was shown that welfare maximization is NP-hard to approximate within
any constant factor (Section 3.4). Hence it is no surprise that for a utility which is a combination of competing and complementary functions, the
optimization problem is difficult. Specifically, the objective function is neither monotone nor submodular, hence approximation algorithm cannot be
obtained by leveraging these properties. In fact, unlike Chapter 3, in this
Chapter it is shown that the objective function remains non-monotone and
non-submodular even under several simplifying assumptions.
We therefore develop two instance-dependent approximation algorithms
for the general problem. We show that the bound provided by our first algorithm, SpreadGRD, is a tight bound. Our second algorithm, SandwichGRD,
leverages sandwich approximation [97] after bounding the non-submodular
objective function. However, none of these algorithms explicitly optimizes
for the social welfare objective. To that end, we design a non-trivial heuristic
– WelfareGRD using the RR set machinery which is extensively used by the
state-of-the-art IM algorithms [110, 127]. WelfareGRD owes its efficiency
to the fact that it directly extends RR sets for the welfare maximization
problem.
In summary, we make the following contribution in this chapter:
• We extend the UIC model for the filter bubble problem. In Section
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4.3, we introduce competition parameter and reward parameters which
drive the adoption and show how they interact with the underlying
propagation model. Then we formally develop the FBWelMax problem
to mitigate the filter bubble problem.
• In Section 4.4 we show that the objective of FBWelMax is neither
monotone nor submodular for the general case and even under simplifying assumptions. Therefore it is difficult to design a constant
approximation algorithm for our problem.
• Since it is difficult to get a constant approximation, in Section 4.5 we
devise two instance-dependent approximation algorithms for FBWelMax, namely, SpreadGRD and SandwichGRD. We also show that the
bound of SpreadGRD is a tight bound.
• Later in Section 4.5, we also develop an effective heuristic, called WelfareGRD. WelfareGRD makes non-trivial extensions to RR sets such
that RR sets can be used for the welfare maximization objective of
FBWelMax.
• We conduct extensive experiments on five real-world networks in Section 4.6. We test our algorithms against two state-of-the-art algorithms for countering filter bubbles under several different configurations. Our results demonstrate the efficacy and efficiency of our
algorithms over the baselines in all those configurations.
Related work is discussed in Section 4.2 and we conclude this chapter in
Section 4.7.

4.2

Background & Related Work

As discussed in the earlier chapters, in IM problem, a social network is
represented using a directed graph G = (V, E, p) where users are nodes of
V , their connections are edges of E, and function p : E → [0, 1] is used
to denote the influence probabilities between nodes. Influence propagates
following a diffusion model; one such diffusion model that is widely used
as a discrete-time diffusion model is Independent Cascade (IC) [35, 83].
Diffusion under IC unfolds in discrete time steps as follows. Given a seed
set S ⊂ V , at time t = 0, only the seed nodes in S are active. For t > 0, if
a node u becomes active at t − 1, then it makes one attempt to activate its
every inactive out-neighbor v, with success probability puv := p(u, v). The
diffusion stops when no more nodes can become active.
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The expected number of active nodes at the end of diffusion, i.e., the
influence spread for a given seed set S ⊂ V , is denoted by σ(S). Under
a budget constraint k, influence maximization (IM) problem is to find a
seed set S ⊂ V with |S| ≤ k such that the influence spread σ(S) under the
specified diffusion model is maximized. More details related to the classical
IM problem is discussed in Chapter 1. Remainder of this section focuses on
works related to the echo chamber and welfare maximization problems.

4.2.1

Echo chamber and filter bubble

A number of recent studies characterized the presence of echo chambers
and filter bubbles in social networks. Echo chambers form when users only
interact with like-minded individuals and get exposed to information only
from them [10, 59]. When search and recommendation algorithms present
personalized content to users in an effort to improve accuracy/relevance
based on the content the user has consumed so far, users tend to get exposed
to a narrow world view, as a result of which filter bubbles are formed [10,
115]. Both echo chambers and filter bubbles lead to polarization in discourse.
Numerous research papers have measured how strongly these phenomena
manifest themselves on social networks by quantifying polarization in the
network [2, 4, 41, 43, 58, 68, 99].
Mitigating filter bubbles and more generally polarization is important.
The mitigation task poses multifaceted research questions such as which
users to target, what viewpoints to promote, or how best to present possibly
opposing viewpoints to users [94]. Works such as [5, 56, 103, 137] attempted
to solve the echo chamber problem by building connections between users
from groups of opposing viewpoints. These works use the opinion-formation
model and assume that the underlying graph can be tweaked by adding or
removing edges.
In contrast, this chapter leverages the power of influence cascade using
a propagation model, to solve the filter bubble problem. A recent body of
work [57, 98, 132], which is most similar to the work of this chapter, aims to
tackle the filter bubble problem using an influence propagation setting; they
aim to ensure a balanced exposure of conflicting opinions to the maximum
number of users of the network. However these works do not differentiate
between exposure and adoption: a user being exposed to opposing viewpoints is not guaranteed to adopt both view points and certainly not share
both of them on with her social peers. One significant aspect lacking in
the propagation model of the above body of works is the presence of competition among the different opinions that are spreading. Put differently,
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they assume that when exposed to different viewpoints, a user will share
all of them with their peers! There are several studies on filter bubbles
that have established that items containing opinion-challenging information
spread less than other items [59, 60, 130]. The UIC propagation model enables to adequately capture the competition effect, by separating awareness
from adoption. Further, the objectives studied in the previous papers do
not align well with mitigating the filter bubbles problem. E.g., the framework of Matakos et al. [98] is based on an exposure quality function which
tracks how balanced information exposure is. Surprisingly, it yields a higher
quality score even when a user is exposed to more items with the same
(e.g., political) leaning! Exposure to more items of the same leaning should
intuitively make the balance lower as it increases the skew. This chapter
addresses these concerns by using reward parameters to more accurately
capture the needs of the filter bubble problem.
Orthogonal to these works, the fairness aspect of IM has also received
significant attention [50, 61, 131]. In these studies, there are no competing
items and the primary goal is to identify different node communities in the
network and ensure that all the different communities are well represented
in the influence coverage.

4.2.2

Social welfare maximization

Several works in economics have characterized utility-driven auction design
and allocations [1, 20, 105, 113]. These works focus on finding an allocation
of items to users for a given itemset and set of users, and the utility functions
of users for various subsets of items, such that the sum of utilities of users,
is maximized. Since the problem is intractable, approximation algorithms
have been developed [52, 81, 84]. However, none of these works consider a
social network and the effect of recursive propagation of item adoptions by
its users.
Sun et al. [124] study participation maximization where an item is a
discussion topic, and adopting an item means posting or replying on the
topic. They, however, assume that items are independent, and also their
budget constrains the number of items each seed node can be allocated with,
rather than the number of seeds each item can be allocated to as studied in
our model. As a result any number of nodes can be selected as seed nodes
in [124].
Considering the host’s perspective, [8] directly maximizes the revenue
earned by a network host, whereas [9] aims to minimize the regret of seed selection. These works do not consider the overall social welfare. Utility-based
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adoption decisions of users are also not part of their formalism. Welfare maximization on social networks has been studied in a few recent papers[19, 124].
In [19], Bhattacharya et al. consider item allocations to nodes for welfare
maximization in a network with network externalities. A user’s valuation of
an item is affected by the network externality, i.e., the number of her direct
one- or two-hop neighbors in the network adopting the same item. Their
model does not consider the effect of recursive propagation nor competition.
In addition, they do not consider budget constraints.
The previous two chapters of this thesis, namely Chapter 2 and Chapter
3, study welfare maximization under viral marketing using the UIC propagation model. However, the works of those chapters, require items to be
complementary only or competing only. In contrast, as we highlighted in
the introduction, mitigating filter bubbles requires a combination of both
functionalities. As a result, the problem is more difficult to solve; even
for only competing items the problem is shown to be NP-hard to approximate in Section 3.4. However, when items are only competing, under some
simplifying assumptions, algorithm having constant approximation can be
designed 9. The problem studied in this chapter remains difficult to approximate even after several simplifying assumptions. Still, we propose an
instance-dependent approximation bound and prove that our bound is tight.
In summary, to our knowledge, the study of this chapter is the first to use
the power of a influence propagation model that have user decision engines,
for holistically solving the filter bubble problem, where the challenges of the
filter bubble problem is more accurately modeled using a combination of
competition and complementary functions.

4.3

UIC-FB Model for filter bubble

In this section, we first present the adaptation of utility driven independent
cascade model (UIC for short) proposed in [12], for the filter bubble problem,
which we call the UIC-FB model. We use a and b to denote the two polarized
opinions (items) being propagated. After describing the propagation model,
we formally state the new problem that we study under the UIC-FB diffusion
model.

4.3.1

The UIC-FB Model

UIC amends item propagation using independent cascade with utility driven
adoption decision of nodes. Each node maintains two sets of items, namely
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awareness set and adoption set. Propagation or seeding populates the awareness set of a node i.e., the set of items that the node has been informed about.
The node then adopts a subset of the awareness set which constitutes the
adoption set. UIC-FB inherits the concept of awareness and adoption sets.
Additionally, it uses competition parameter and reward parameters using
which a node computes its utility. Utility governs the subset of items from
the awareness set that a node adopts, i.e., it regulates whether a node adopts
only the first item it is made aware of or both items it is made aware of. We
describe the competition parameter and reward parameters next.
Competition parameter.
A node is said to be polarized when it has adopted exactly one of the
two propagating items. If a node is not polarized, i.e., has not adopted any
item yet, then it always adopts the first item it becomes aware of. However,
if the node has already adopted an item (and therefore polarized), then it
adopts the second item with probability c, where 0 ≤ c ≤ 1, where c is a
competition parameter. The competition parameter indicates the degree of
competition between the two items, a lower value of c indicating that it is
more difficult to penetrate an already polarized node with the second item,
i.e., opposite viewpoint.
Reward parameters.
Our reward parameters capture the complementary aspect – a node that
adopts both the items earns a higher reward than one adopting one item,
which in turn is higher than adopting no item. Notice that this is in spite of
the two items being competitive. We argue that this is a necessary requirement for faithfully capturing the effect of polarization and filter bubble. In
particular, the reward for adopting no item is 0, for adopting one item is δ,
and for adopting both items is δ + ∆, where ∆ > δ > 0. We will explain our
rationale for choosing such reward values in our design choices in Section
4.3.4 later.
Propagation model.
Budget vector ⃗k = (ka , kb ) represents the budgets associated with the
items, i.e., the number of seed nodes that can be allocated with each item.
An allocation is a relation S ⊂ V × {a, b} such that ∀i ∈ {a, b} : |{(v, i)∈ S |
v ∈ V }| ≤ ki .SLet SiS := {v | (v, i) ∈ S} denote the seed nodes of S for item
i and S S := i∈{a,b} SiS .
When the allocation S is clear from the context, we write S (resp., Si )
to denote S S (resp., SiS ). Further Sa ⊂ S (resp. Sb ), denotes the allocation
involving only item a (resp. b).
The diffusion proceeds in discrete time steps, starting from t = 1. RS (v, t)
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and AS (v, t) denote the awareness and adoption sets of node v at time t.
At t = 1, the seed nodes have their awareness sets initialized according to
the allocation S as, RS (v, 1) = {i | (v, i) ∈ S}, ∀v ∈ S S . Awareness sets of
non-seed nodes are initially empty.
These seed nodes then adopt the items from the awareness set following
the competition parameter. If a seed node becomes aware of the two items
simultaneously, then it breaks the tie arbitrarily to decide which one of the
two it adopts first. The propagation then unfolds recursively for t ≥ 2 in
the following way.
Once a node v adopts an item i at time t−1, it influences its out-neighbor
u with probability pvu , and if it succeeds and if i is not in u’s awareness set,
then i is added to the awareness set of u at time t. If u has not adopted any
item yet, then u adopts i, w.p. 1, else w.p. c. If a node u is influenced by
two in-neighbors at the same time t, then a random permutation ov of u’s
in-neighbors is generated. Then, u is tested with each in-neighbor’s adopted
item following ov to decide which item (a or b) u adopts first. If there is
an in-neighbor of u, v such that v adopted both a and b at t − 1, then u
considers the items according to the same order of adoption used by v. There
is no time delay between becoming aware and adopting an item. Adoption
is progressive, i.e., once a node adopts an item, it cannot unadopt it later.
The propagation converges when there is no new adoption in the network.

4.3.2

Utility of a node

We define utility to be the stochastic reward a node earns at the end of
the propagation. The utility of node u is denoted as U(A(u)) where its
adoption set is A(u). Recall that when |A(u)| = 0, then the reward is
0, if |A(u)| = 1, then reward is δ, and if |A(u)| > 1, then the reward is
δ + ∆, where ∆ > δ > 0. However, note that when a node is aware of two
items, it does not necessarily adopt both due the presence of the competition
parameter c. This accurately reflects the challenge of filter bubble, where
users are less likely to adopt item (opinion) from the opposite spectrum.
Different from the deterministic reward parameter, utility takes into account
the effect of c. Therefore, accounting for the competition parameter, the
maximum possible stochastic utility of a node is c(δ +∆)+(1−c)δ = δ +c∆,
which is less than the maximum possible reward of δ + ∆.
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4.3.3

Welfare maximization to mitigate filter bubble

Given a social network G = (V, E, p) and a seed allocation S, we consider
a utility-based objective called social welfare, which is the sum of all nodes’
expected rewards of itemsets adopted by them after the propagation converges. Formally, E[U(AS (u))] is the expected reward that a user u attains
for a seed allocation S
Pafter the propagation ends. The expected social welfare for S, is ρ(S) = u∈V E[U(AS (u))], where the expectation is over both
the randomness of propagation and competition parameter c.
In a social network, information bubbles are formed because of existing
campaigns. To capture this we assume that the seed set of item a, Sa is
fixed. Seeds of item b are to be selected so as to maximize the social welfare.
We define the problem of maximizing expected social welfare, as follows.
Problem 3 (FBWelMax). Given G = (V, E, p), competition parameter c,
reward values δ and ∆, a fixed allocation of item a, Sa , and a budget kb
for item b, find a seed allocation Sb∗ for item b, such that |Sb∗ | ≤ kb and
Sb∗ = arg maxSb ρ(Sa ∪ Sb ).

4.3.4

Design choices

The utility is higher when a node adopts both items. Therefore, our framework primarily incentivizes to select seeds in a way so that more nodes are
informed about both the items, hence encouraging an algorithm to try to
reduce the effect of a filter bubble. Additionally, utility is 0, when a node
does not adopt any item. It avoids the unnatural scenario that some previous works [57] are susceptible to, whereby nodes are encouraged to adopt
no item!
Also, note that our problem formulation reflects the “follower allocation”
found in competitive IM literature [17, 95, 138], where, given a fixed seed
set for one item, seeds of other item is selected. However, unlike classic
competitive IM with a follower perspective, we are not trying to neutralize
the propagation of any item. This is a property of the utility function we
are using.
At this juncture, we would like to highlight another important design
decision we take. Suppose that the given fixed a seeds are of low quality
in terms of spread. Then the b seed selection objective has two possibilities
to consider - (i) selecting b seeds that only maximizes co-adoptions, and
therefore forced to be of inferior quality in terms of spread or (ii) selecting
good quality b seeds that do not necessarily lead to many co-adoptions.
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Note, if δ = 0 then the second possibility does not arise, and the objective is
then just maximizing co-adoption that one previous study has used [132]. In
our work, we let our welfare-maximizing algorithms decide based on social
welfare. The rationale behind our decision is as follows. Firstly, from a
business perspective, where maximizing influence is the primary goal, having
no reward for influencing with one item is unnatural. Thus setting δ > 0 is
a more natural choice. Further, in our attempt to minimize filter bubbles,
we should not stop the spread of information altogether. Doing so prevents
access to information which is a basic need. We show the effect of this
decision empirically in Section 4.6.4.

4.3.5

An equivalent possible world model

For our analysis later, it will be useful to have a possible world interpretation
of the UIC-FB propagation model.
Let ⟨G, M ⟩ be an instance of FBWelMax, where G = (V, E, p), and
M = (c, δ, ∆) denotes the set of model parameters.
A possible world w = (w1 , w2 ), consists an edge possible world (edge
world) w1 , and an adoption possible world (adoption world) w2 . w1 is obtained by sampling a deterministic graph from the distribution associated
with G, where each edge (u, v) ∈ E is sampled with an independent probability of puv . w2 is obtained by establishing a random but fixed order ov
for overall the in-neighbors of node v and then sampling a value tv , where
0 ≤ tv ≤ 1. When v is influenced by more than one in-neighbors at the same
timestep t, it selects a neighbor following the order ov and adopts the corresponding item as the first item. v adopts the second item after becoming
aware of it only when tv ≤ c.
Note that propagation and adoption in w is fully deterministic.
The
P
S
social welfare of a given seed allocation S in w is ρw (S) := v∈V U(Aw (v)),
where AS
w (v) is the adoption set of v at the end of the propagation in world
w. The expected social welfare of an allocation S is ρ(S) := Ew [ρw (S)] =
Ew1 [Ew2 [ρw (S)]] = Ew2 [Ew1 [ρw (S)]].
Further given a seed set S and an edge world w, we use ϕw (S) to denote
the nodes reachable from S in w. Note that to realize the set ϕw (S), we do
not require adoption world sampled. Therefore the reward of the nodes are
still random.

4.4

Properties of UIC-FB

It is easy to see that FBWelMax is NP-hard.
129

4.4. Properties of UIC-FB
Proposition 3. FBWelMax in the UIC-FB model is NP-hard.
Proof. We show that Influence Maximization under the IC model, a wellknown NP hard problem [83], is a special case of FBWelMax: let Sa = ∅, set
δ = 1.2 Hence, there will be only one item, b, in propagation. Additionally,
since δ = 1, an allocation of item b maximizes the expected social welfare iff
the corresponding seed set maximizes the expected spread.
Given the hardness, we examine whether social welfare satisfies monotonicity or submodularity.

Figure 4.1: Non-monotone and non-submodular example

Theorem 10. Given a fixed a allocation Sa , expected social welfare is neither monotone nor submodular, with respect to b allocation Sb under the
propagation model UIC-FB.
Proof. We show a counterexample for each of the two properties. Consider
the network shown in Figure 4.1. The edge probabilities are all 1.
Monotonicity. Consider the fixed a allocation Sa = {(v1 , a)}. Let Sb1 =
{(v4 , b), (v5 , b)} and Sb2 = {(v3 , b), (v4 , b), (v5 , b)}. Clearly Sb1 ⊂ Sb2 . Let
S i = Sa ∪ Sbi , for i ∈ {1, 2}. Under S 1 , v1 , v2 and v3 adopt a w.p. 1; both
v4 and v5 adopt b w.p. 1, and later when a arrive via v3 , they adopt a w.p.
c. thus ρ(S 1 ) = 3δ + 2(δ + c∆). However under S 2 , v1 and v2 adopt a w.p.
1; v3 adopts b w.p. 1 and then a w.p. c; v4 and v5 adopt b w.p. 1, and
a w.p. c2 ( because they can adopt a only when v3 also adopts a). Thus
ρ(S 2 ) = 2δ + (δ + c∆) + 2(δ + c2 ∆). ρ(S 1 ) − ρ(S 2 ) = c∆(1 − 2c) > 0, for
any c < 21 which violates monotonicity.
Submodularity. Again consider the fixed a allocations Sa = {(v1 , a)}.
Let Sb1 = {(v4 , b), (v5 , b)} and Sb2 = {(v2 , b), (v4 , b), (v5 , b)}. Clearly Sb1 ⊂
Sb2 . Let x = {(v3 , b)} ∈
/ Sb2 . Note that adding x to S 2 does not change
the adoption of any node. Therefore, ρ(x | S 2 ) = 0. Whereas, from the
counterexample to monotonicity above, we have ρ(x | S 1 ) < 0 = ρ(x | S 2 ),
(when c < 21 ). This breaks submodularity.
2

The choice of ∆ is immaterial.
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The absence of these properties makes FBWelMax hard to approximate.
In our attempts to alleviate that we inspect the effect of using a surrogate
propagation model and a surrogate objective next.

4.4.1

Sequential propagation model UIC-FB-sequential

We first study a slightly modified propagation model called UIC-FB-sequential.
Under UIC-FB-sequential, we assume that the propagation of one item completes before the propagation of the second item begins. In particular, we
assume propagation of b starts after a’s propagation has ended. We next
show that monotonicity and submodularity hold for UIC-FB-sequential.
Theorem 11. Given a fixed a allocation Sa , the expected social welfare is
monotone and submodular, with respect to b allocation Sb under the propagation model UIC-FB-sequential.
Proof. We show that monotonicity and submodularity hold for any arbitrary but fixed possible world w. Recall in w both edges and adoption are
deterministic.
Monotonicity. Consider any fixed a allocations Sa . Let Sb1 and Sb2 be two
b allocations where Sb1 ⊂ Sb2 . We show that ρw (S 1 ) ≤ ρw (S 2 ). For that we
1
S2
argue that for any node v, AS
w (v) ⊆ Aw (v).
1
S2
If a ∈ AS
w (v), then v ∈ ϕw (Sa ), hence a ∈ Aw (v) because Sa is fixed
and UIC-FB-sequential lets a propagates first. That is, propagation of a
1
1
in UIC-FB-sequential is monotone. If b ∈ AS
w (v), then v ∈ ϕw (Sb ). From
2
monotonicity of spread we know v ∈ ϕw (Sb ) must be true. Also if the same
node v adopted a before, that implies tv ≤ c in w. Since w remains fixed,
2
b ∈ AS
w (v) must be true as well. Therefore, monotonicity follows.

Submodularity. As before let fixed a allocation be Sa and let Sb1 and Sb2 be
/ S 2 be an additional pair.
two b allocations where Sb1 ⊂ Sb2 . Let x = (u, b) ∈
To prove submodularity we show that ρw (x | S 2 ) ≤ ρw (x | S 1 ). Consider
any node v ∈ ϕw (x | Sb2 ), by submodularity of spread, v ∈ ϕw (x | Sb1 ) must
be true. Therefore, if v adopts only b under {x} ∪ S 2 , v will adopt b under
{x} ∪ S 1 as well. If v also adopted a under S 2 , since Sa is fixed, v would
adopt a under S 1 , and also since tv ≤ c, v will adopt b as well. Hence
submodularity holds.

Since the expected social welfare is monotone and submodular under
UIC-FB-sequential, a simple greedy algorithm achieves (1− 1e )-approximation.
While this is encouraging, it still does not provide any guarantee for the original UIC-FB model because the welfare under UIC-FB is neither an upper
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Figure 4.2:
Example network showing UIC-FB is worse than
UIC-FB-sequential

bound nor a lower bound of welfare under UIC-FB. In fact, it can be arbitrarily worse in both directions compared to the welfare of UIC-FB-sequential
as shown in the following lemma.

Figure 4.3: Example network showing UIC-FB-sequential is worse than
UIC-FB

Lemma 19. Given an allocation S, ρ(S) under UIC-FB can be arbitrarily
worse than ρ(S) under UIC-FB-sequential and vice versa.
Proof. UIC-FB arbitrarily worse than UIC-FB-sequential. Consider
the network shown in Figure 4.2, where all edge probabilities are 1. Let
Sa = {(va , a)} and Sb = {vb , b}.
Under UIC-FB-sequential a propagates first. Therefore, all m + 1 nodes
va , v1 , ..., vm adopt a. Later when propagation of b starts from vb , v1 , ..., vm
adopt it with probability c. Therefore the total welfare 2δ + m(δ + c∆).
Under UIC-FB a and b start propagating at the same time. They arrive
only at v1 at the same time, but for all the
v2 , ..., vm , b arrives
P other nodes
i ∆). As m increases it
first. The total welfare in this case 2δ + m
(δ
+
c
i=1
becomes arbitrarily worse compared to welfare of UIC-FB-sequential.
UIC-FB-sequential arbitrarily worse than model. We now show the
opposite is true using the network of Figure 4.3. Again Sa = {(va , a)} and
Sb = {vb , b} and all edge probabilities are 1.
Under UIC-FB-sequential when a propagates first, all the nodes in the
network, including vb , adopt a. Later when propagation of b begins, at
node vb , the utility is δ + c∆. Every other node earns a utility of δ + c2 ∆.
Therefore the total utility is (δ + c∆) + (m + 1)(δ + c2 ∆).
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Under UIC-FB at time t = 1 va adopts a and vb adopts b, at t = 1 all
nodes experience first level competition. Therefore the utility is (m + 2)(δ +
c∆). Thus for a large m and small c it is arbitrarily better than welfare
produced under UIC-FB-sequential.

4.4.2

Surrogate objective of maximizing first level
competition

Next, we study how UIC-FB behaves under a surrogate objective. For this
part of the discussion, we assume that there exists an arbitrary but fixed
edge world, w1 . In a fixed w1 , the maximum utility any node can achieve is
δ +c∆. The surrogate objective aims to maximize the number of such nodes.
Given a seed allocation S, the first level competition nodes are a set of nodes
that are reached by both the items, and also every node in that set adopts
the second item with a probability of at least c. Let ψ(S) denote the set of
first-level nodes. Our surrogate objective aims to maximize the size of the
set ψ(S). Note that for the first level node, the expected utility is δ+c∆, and
this is the maximum utility that any node can achieve under UIC. Therefore
maximizing the size of ψ(S) indeed helps maximize the overall utility.
However, as it turns out ψ(S) is not monotone or submodular either.
Theorem 12. Given a fixed a seedset Sa , the expected number of first level
nodes, Ew [|ψw (S)|], is neither monotone nor submodular with respect to the
b seedset Sb under the propagation model UIC-FB.
Proof. We use the same examples of Theorem 10 as the counterexamples
here.
Monotnicity. Recall the graph is as shown in Figure 4.1. Sa = {(v1 , a)},
Sb1 = {(v4 , b), (v5 , b)} and Sb2 = {(v3 , b), (v4 , b), (v5 , b)}, where Sb1 ⊂ Sb2 .
Note under allocation S 1 , both v4 and v5 are the first level competition
nodes. Therefore ψ(S 1 ) = {v4 , v5 }. Under S 2 , ψ(S 2 ) = {v3 }. Therefore it
is not monotone as |ψ(S 2 )| < |ψ(S 1 )|.

Submodularity. In this example, Sa = {(v1 , a)}, Sb1 = {(v4 , b), (v5 , b)},
Sb2 = {(v2 , b), (v4 , b), (v5 , b)} and x = (v3 , b). ψ(S 2 ) = ψ({x} ∪ S 2 ) = {v2 }.
ψ(S 1 ) = {v4 , v5 }, but ψ({x} ∪ S 1 ) = {v3 }. Hence |ψ({x} ∪ S 2 )| − |ψ(S 2 )| =
0 > |ψ({x} ∪ S 1 )| − |ψ(S 1 )| = −1, which violates submodularity.

The results of this section demonstrate how difficult it is to approximate the general version of FBWelMax problem, even under simplifying
133

4.5. Algorithms
assumptions. In the following section, we develop instance dependent approximation algorithm and an effective heuristic algorithm to tackle the
problem.

4.5

Algorithms

Since the FBWelMax problem under UIC-FB model is difficult to approximate, in this section we propose several algorithms that either produce
a non-constant approximation guarantee which is dependent on the problem instance or heuristic that is later shown to have empirical prowess in
Section 4.6. In particular, we propose three algorithms in the subsequent
sections. Given a fixed Sa , our first algorithm, SpreadGRD, produces a
δ
( c∆+δ
(1 − 1e − ϵ)ρ(Sa ∪ Sb∗ ) + ( 1e + ϵ)ρ(Sa ))-guarantee, where Sb∗ is the optimum b allocation for the given budget k. The algorithm is presented in
Section 4.5.1 where we also show that the guarantee is tight. Our second
algorithm, SandwichGRD, described in Section 4.5.2, leverages the sandwich approximation proposed in [97]. Lastly, in Section 4.5.3 we present our
final algorithm, WelfareGRD, which is an effective heuristic. WelfareGRD
is built extending the RR-set machinery that is used in the state-of-the-art
IM literature [74, 110, 126], for our filter bubble problem.

4.5.1

SpreadGRD Algorithm

Our first algorithm is a greedy algorithm based on the spread, called SpreadGRD. The algorithm takes a graph G, fixed a allocation Sa , budget of item
b kb , accuracy parameter ϵ, tolerance parameter ℓ.
The pseudocode is shown in Algorithm 10. The idea is simple. It selects
seeds Sb of size kb using an algorithm, called M IM M (Marginal Influence
Maximization Method), which delivers a set of seeds that are approximately
optimal w.r.t. the marginal gain σ(Sb |Sa ) (Line 1). I.e., σ(Sb |Sa ) ≥ (1 −
1
′
′
e − ϵ)σ(Sb |Sa ), where Sb is an arbitrary b allocation of size kb . We formally
present the M IM M algorithm in Section 4.5.1.1 and establish its properties.
SpreadGRD return the final b-allocation as Sb × {b}.
Algorithm 10: SpreadGRD(G, Sa , kb , ϵ, ℓ)
1
2

Sb ← M IM M (G, Sa , kb , ϵ, ℓ)
Return Sb × {b}
We now analyze the performance of SpreadGRD. Before proving its ap134
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proximation guarantee, we first show a bound on the welfare for any arbitrary allocation S, where S is the set of corresponding seed nodes of
allocation S.
Lemma 20. Given allocation S, its expected welfare has the following bound,
δσ(S) ≤ ρ(S) ≤ (δ + c∆)σ(S)
Proof. Consider an arbitrary but fixed edge possible world w. Recall that
in w ϕw (S) is a deterministic set. Further the minimum utility for any node
v ∈ ϕw (S) is δ, because v must adopt at least one item. The maximum
utility for v is δ + c∆, when the v is a first level node. Thus for v ∈ ϕw (S),
δ ≤ AS
w (v) ≤ (δ + c∆).
From Section 4.3.5, we know,
X
ρw (S) =
U(AS
w (v))
v∈V

=

X
v∈ϕw (S)

S
U(AS
w (v)), since, ∀v ∈ V \ ϕw (S), Aw (v) = 0

= σw (S)U(AS
w (v))
Using the bound of U(AS
w (v)), we get, δσw (S) ≤ ρw (S) ≤ (δ +c∆)σw (S).
Since it holds for every possible w, the lemma follows.
Let Sb and Sb′ be an arbitrary b allocation. We now show the following
guarantee for SpreadGRD
Theorem 13. Let Sb be the allocation returned by SpreadGRD. Given fixed
δ
Sa and ϵ, ℓ > 0, we have, ρ(Sa ∪Sb ) ≥ δ+c∆
(1− 1e −ϵ)ρ(Sa ∪Sb′ )+( 1e +ϵ)ρ(Sa ),
1
′
w.p. at least 1 − |V |ℓ , where Sb is an arbitrary b-allocation of size kb .
Proof. Using the upper bound of Lemma 20, for the arbitrary allocation Sb′ ,
we know that,
ρ(Sa ∪ Sb′ ) ≤ (δ + c∆)σ(Sa ∪ Sb′ )

ρ(Sb′ | Sa ) + ρ(Sa ) ≤ (δ + c∆)(σ(Sb′ | Sa ) + σ(Sa ))
By rearranging the above we get,
σ(Sb′ | Sa ) ≥

ρ(Sb′ | Sa ) + ρ(Sa )
− σ(Sa )
δ + c∆

(4.1)
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Figure 4.4: Node clusters

Now for allocation Sb we have,
ρ(Sa ∪ Sb ) = ρ(Sb | Sa ) + ρ(Sa )

≥ δσ(Sb | Sa ) + ρ(Sa ), from the lower bound of Lemma 20
1
≥ δ(1 − − ϵ)σ(Sb′ | Sa ) + ρ(Sa ), from MIMM’s guarantee
e
ρ(Sb′ | Sa ) + ρ(Sa )
1
≥ δ(1 − − ϵ)(
− σ(Sa )) + ρ(Sa ), from Equation 4.1
e
δ + c∆
(1 − 1e − ϵ)c∆
δ
1
=
(1 − − ϵ)ρ(Sb′ | Sa ) + ρ(Sa )(1 −
)
δ + c∆
e
δ + c∆
1
δ
1
=
(1 − − ϵ)ρ(Sa ∪ Sb′ ) + ( + ϵ)ρ(Sa )
δ + c∆
e
e

Hence the theorem follows
We now prove that the above bound is tight.
Lemma 21. Bound of Theorem 13 is a tight bound.
Proof. Consider a network of nodes shown in Figure 4.4. Each vi and wi
node is directly connected to all
P the nodes of row i and there are pi number
of nodes in row i. Let p =
i∈[k] pi . Likewise, each uj node is directly
connected to all the nodes of column j and there are qj number
of nodes in
P
row j (these nodes are different from row nodes). Let q = j∈[k] qj . Clearly,
q
1
p = 1 − e.
136

4.5. Algorithms
Now let ka = k, Sa = {v1 , ..., vk }. Therefore ρ(Sa ) = pδ. Also let kb = k.
Therefore if Sb′ = {w1 , ..., wk }, then ρ(Sa ∪ Sb′ ) = p(δ + c∆).
SpreadGRD selects {u1 , .., uk } as the b seeds. The welfare in this case,
ρ(Sa ∪ Sb ) = δ(p + q)

= qδ + pδ
1
= p(1 − )δ + pδ
e
δ
1
=
(1 − )p(δ + c∆) + pδ
δ + c∆
e
1
1
δ
(1 − )ρ(Sa ∪ Sb′ ) + o(1)( )ρ(Sa )
=
δ + c∆
e
e

Hence the bound is tight.
4.5.1.1

MIMM Algorithm

In this section, we present the MIMM algorithm used by SpreadGRD to
select the seeds.
Algorithm 11: M arginal Sampling(G, R, θ, S P )
1
2
3
4
5
6
7

while |R| ≤ θ do
Select v from G uniformly at random
R ← BF S(v)
if R ∩ S P ̸= ∅ then
R←∅
R←R∪R
Return R

In [22], the authors proposed an efficient seed selection algorithm that
used the Reverse Reachable Sets (RR-sets) samples. We adopt the standard
RR-set construction slightly to account for the presence of existing seed set
Sa using marginal RR-sets. Given an existing allocation Sa , we construct
a marginal RR-set as follows. A root node v ∈ V is chosen uniformly at
random, then v is added to Rv and a BFS is originated from v. Whenever
u ∈ Rv , sample each incoming edge (u′ , u) w.p. pu′ u and add it to Rv . The
process stops when there are no new nodes that can be added to Rv . If
Rv overlaps Sa at any stage, i.e., if Rv ∩ Sa ̸= ∅, then set Rv := ∅. In
other words, if a generated RR-set “hits” Sa , we discard it by setting it to
∅. Algorithm 11 shows the pseudo-code of this marginal RR-set sampling
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process. Given graph G, a number θ denoting how many RR-sets needs
to be sampled and a fixed seed nodes Sa , M arginal Sampling generates θ
number of RR-sets to R from G, based on the marginal on Sa .
M IM M using M arginal Sampling, achieves the approximation guarantee on marginals. The pseudo-code of M IM M is shown in Algorithm
12.
Algorithm 12: M IM M (G, ϵ, ℓ, Sa , kb )
1
2
3
4
5
6
7
8
9
10
11
12
13

√
Initialize R = ∅, n = |V |, i, LB = 1, ϵ′ = 2 · ϵ
while i ≤ log2 (n) − 1 do
x = 2ni ; θi = λ′ /x, where λ′ is defined in Eq.9 of [127]
M arginal Sampling(G, R, θi , Sa )
Sk = NodeSelection(R, k)
if n · FR (Sk ) ≥ (1 + ϵ′ ) · x then
LB = n · FR(Sk ) /(1 + ϵ′ )
break
λ∗
θ = LB , where λ∗ is deined in Eq.6 of [127]
R=∅
M arginal Sampling(G, R, θ, Sa )
Sb = NodeSelection(R, kb )
return Sb as the final seed set

This idea is similar to the marginal sampling used in Section 3.5.2.1.
As the analysis of the Section 3.5.2.1 shows, the sampling runs in time
O(ka + kb + ℓ)(n + m) log n · ϵ−2 ).

4.5.2

Sandwich Approximation Algorithm

The sandwich strategy was proposed in [97] to provide a data-dependent
approximation guarantee for non-submodular maximization under a cardinality constraint. Since our objective function ρ(·) is also non-submodular,
we leverage the sandwich to have a similar data-dependent guarantee.
The main result of [97] is as follows. Given a nonsubmodular objective
function f : 2V → R≥0 , on a ground set V , let fl and fu be functions
on V such that, fl (I) ≤ f (I) ≤ fu (I), ∀I ⊆ V , and both fl and fu are
monotone and submodular. Then run the greedy algorithm on fl , f , and fu
and let Sl , S, and Su be the corresponding greedy solutions. Set Ssand =
arg maxT ∈{Sl ,S,Su } f (T ), then we have the following theorem from [97],
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Theorem 14. Applying sandwich approximation we get,
f (Ssand ) ≥ max{

f (Su ) fl (S ∗ )
1
,
}(1 − )f (S ∗ )
fu (Su ) f (S ∗ )
e

where S ∗ is the optimal solution of maximizing f .
Not that the above approximation bound is better as we get tighter fl
and fu . Hence we try to find such tight bounds for our objective ρ
4.5.2.1

Establishing upper bound

To find an upper bound, we slightly tweak our propagation model; note that
this new propagation model is used only for technical interest. Recall that,
according to our original model, UIC-FB, if a node u has adopted item a
(or b) first, then if it is influenced by b (or a) later, then it adopts b (a) with
a probability c. W.p. (1 − c) does not adopt the second item. When u does
not adopt an item, in UIC-FB, it blocks the propagation by not propagating
the item any further. In the tweaked propagation model, called UIC-Tattler,
a node u propagates all the items it is influenced by, even in the case when
u does not adopt all. We keep the reward function unchanged. Thus if u is
influenced by both a and b and adopts one item, the utility at u is δ, but u
propagates both the items.
We denote ρT (·) to denote the objective under UIC-Tattler. We now
show that ρT (·) is monotone and submodular under UIC-Tattler. Towards
that, we first prove the following lemma.
Lemma 22. Given a possible world w, a seed nodes Sa and b seed nodes
Sb , every node that is reachable from a seed node, is influenced by the corresponding item.
Proof. We show it by induction on the hop count t from seed nodes. As a
base case, when t = 0, the claim holds. Let this be true for a node u which
is t hops away from a seed node. An out-neighbor of u, node v, will also be
influenced via u irrespective of whether v adopts the item. Hence for the
node v that is t + 1 hops away, the claim holds.
We are now ready to prove the monotonicity.
Lemma 23. Given a fixed a seedset Sa , ρ(S) is monotone in Sb , i.e., for
Sb1 and Sb2 , where Sb1 ⊆ Sb2 , ρ(S 1 ) ≤ ρ(S 2 ), where S i = {Sa × a} ∪ {Sbi × b}
for i ∈ {1, 2}.
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Proof. We show that the claim holds for any arbitrary but fixed edge possible
world w. Note that if a node is influenced by one item only, then the utility
of that node is δ, whereas if it is influenced by both the items then the utility
is (c∆ + δ) > δ.
Let ϕw (Sa ) be the set of nodes reached by a when the seed nodeset is Sa .
From Lemma 22, ϕw (Sa ) remains the same, when the allocation is changed
to S 2 . Also, ϕw (Sb1 ) ⊆ ϕw (Sb2 ), from monotonicity of spread. Consequently,
ϕw (Sa ) ∩ ϕw (Sb1 ) ⊆ ϕw (Sa ) ∩ ϕw (Sb2 ).
Therefore, if a node is influenced by both the items under S 1 , the node
will be influenced by two items under S 2 as well. Further, as a direct
consequence of Lemma 22, if a node is influenced by one item under S 1 ,
it will be influenced by at least one item under S 2 . Hence the welfare is
monotone.
We now prove the submodularity.
Lemma 24. Given a fixed a seedset Sa , ρ(S) is submodular in Sb , i.e., for
Sb1 and Sb2 , where Sb1 ⊆ Sb2 , and x = (b, v), ρ(x | S 2 ) ≤ ρ(x | S 1 ), where
S i = {Sa × a} ∪ {Sbi × b}, for i ∈ {1, 2}.
Proof. We show that the claim holds for any arbitrary but fixed edge possible
world w.
Consider a node v ∈ ϕw (x | Sb2 ). Using monotonicity of reachability,
v ∈ ϕw (x | Sb1 ) must be true. Further since Sa is fixed, if v ∈ ϕw (x | Sa ),
it will be so under both S 1 and S 2 . Therefore for any v which is in the
reachable node set of x | Sb2 , its utility under x | S 1 is at least that of under
x | S 2 . Hence submodularity holds.
Therefore using a greedy algorithm we get 1 − 1e approximation under
UIC-Tattler.
We now show that the welfare under the UIC-Tattler model is an upper
bound on the welfare produced by our model, UIC-FB.
Lemma 25. Given seed allocation S, ρT (S) ≥ ρ(S).
Proof. We show this holds in any arbitrary edge possible world w.
In our model, if a node v in w has utility greater than δ, then v definitely
is reachable from Sa and Sb . Therefore under tattler model v will have a
utility of δ + c∆.
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Alternatively if v has utility δ in our model, then v is reachable from at
least one node of Sa ∪ Sb . Therefore under the tattler model, v will have a
utility of at least δ.
Since this is true for every node v in w, the claim follows.
4.5.2.2

Establishing a lower bound

We first prove a useful property regarding the effect of c on the objective
ρ(·) under the UIC propagation model.
Lemma 26. ρ(·) is monotone w.r.t. competition parameter c for a given
seed allocation S.
Proof. We show it holds in arbitrary but fixed possible world w. Recall that
in w, the graph is deterministic and each node v in the deterministic graph
samples a fixed value tv . For a given c, v adopts the second item if tv ≤ c.
Let ρw (S, c1 ) denote the welfare of allocation c in w when the competition
parameter is c. We want to show that ρw (S, c1 ) ≤ ρw (S, c2 ), for any c1 ≤ c2 .
Towards that we first establish the following claim. Consider a node v in
w. Let At (v, c1 ) and At (v, c2 ) be the two item subsets that v adopts at time
t under allocation S for c1 and c2 respectively. Then we show by induction
that At (v, c1 ) ⊆ At (v, c2 ). Let be t = 1, then v is a seed node. If v adopts
a single item under c1 , then clearly v as a seed node will adopt at least
one item under c2 as well. Otherwise if v adopts two items then v must be
seeded with both items and tv ≤ c1 . Since c1 ≤ c2 , tv ≤ c2 , hence v will
adopt both the items under c2 as well.
Let this be true for time until t − 1, we then show that it holds for t. If
|At (v, c1 )| = 2, then there is some neighbor of v that adopted item a and b
by t − 1, let the nodes be v1 and v2 (it is possible to have v1 = v2 ). Clearly
since w is the same v1 and v2 will remain to be neighbors of v. Further using
IH, they will adopt a and b respectively under c2 . Also we know tv ≤ c1 .
Hence following c1 ≤ c2 , tv ≤ c2 . Therefore the claim follows.
Therefore we can conclude that the lemma holds.
A direct consequence of Lemma 26 is that by setting c = 0 we get a lower
bound for ρ(·), i.e., for any allocation S, ρ(S, 0) ≤ ρ(S, c). Further when
c = 0, every node can adopt at most one item, hence maximizing welfare is
same as maximizing the spread. Hence ρ(S, 0) is monotone and submodular
w.r.t. S, hence a greedy solution has 1 − 1e approximation.
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Let ST be the greedy solution on ρT , then from Theorem 14 we get,
ρ(S) ≥ max{

ρ(ST ) ρ(S ∗ , 0)
1
,
}(1 − )ρ(S ∗ )
ρT (ST ) ρ(S ∗ )
e

where S ∗ is the optimum b seeds for ρ(·).

4.5.3

WelfareGRD

Our previous algorithms, although have approximation guarantees, do not
attempt to maximize our welfare objective directly. Since maximizing welfare is difficult to approximate, in this section, we propose a non-trivial
heuristic, called WelfareGRD (Welfare Greedy) to that effect.
WelfareGRD uses RR-sets that are used in all state-of-the-art IM algorithms in recent times. However, there are a few key differences that we
make to the standard RR set machinery, to adopt it for our problem. First,
in standard RR set construction there are two random steps - (a) the root of
the RR set is a node chosen at random from the node-set, and (b) the edges
are then sampled according to the edge probability as the RR set grows
from the root. In addition to these, for our case, we also fix the randomness
associated with the competition parameter c and the order of adoption ov .
Next, once the RR sets are constructed, in the standard IM papers, the
nodes are greedily selected by solving the set-cover problem. We instead
require solving a weighted set cover problem, where the weight of a node in
the RR set denotes its contribution to welfare if selected as a seed. Lastly,
we restrict an RR set to be a tree to enable an efficient weight computation
of the nodes. We will show that using a recursive rule, the node weights can
be computed by only using a linear pass when the RR set is a tree.
In what follows, we first formally describe the RR tree construction process in Section 4.5.3.1. We then present the recursive formula to compute
node weights of the RR tree in Section 4.5.3.2. Finally in Section 4.5.3.3
we present WelfareGRD that uses node weights of the RR trees to greedily
select the seed nodes.
4.5.3.1

RR tree construction

As mentioned earlier, in the classical setting, RR-set samples are used to
compute an unbiased estimation of the spread. In our case we need to
estimate the marginal welfare using the RR-sets. Towards that we define a
notion of weight for each node in every RR-set. To compute these weights
efficiently we restrict an RR set as a tree. Therefore our RR tree construction
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works as follows. Given a graph G = (V, E, p) and Sa , we randomly select
a node v ∈ V as the root of the RR tree RTv . Set RTv = {v}, then start a
BFS such that: for u ∈ RTv , sample each incoming edge (u′ , u) w.p. p(u′ , u)
and add it to RTv if u′ ∈
/ RTv . Stop when no new nodes can be added. For
each u ∈ RTv , set - (i) tu = 2 w.p. c, or tu = 1 w.p. (1 − c); (ii) ou as a
random order of its in-neighbors; (iii) wu as the weight of u that denotes
the welfare contribution of node u to the root v when selected as a b seed.
We next elaborate how to compute the weight wu .
4.5.3.2

Node weight assignment

Recall in the traditional RR set, any node u in the RR set activates the root,
when selected as seed. Therefore every node has a uniform contribution of 1
towards the spread. In our setting, each node can contribute one of the three
possible values among 0, δ, and ∆. Hence we weigh each node differently
based on how much the node would contribute; for a node v its weight can
thus be 0, or δ, or ∆. We describe the recursive process of computing the
weight; Algorithm 13 shows the pseudo-code of it.
Algorithm 13: W elf areW eight(RTv , Sa , v)
1
2
3
4
5
6
7
8
9

if RTv ∩ Sa = ∅ then
setW eight(v, δ)
Return
if tv = 1 then
setW eight(v, 0)
Return
setACounts(RTv , Sa )
Set r = a(v)
W elf areW eight-helper(v, r, Sa )

Algorithm 14: setACounts(RTv , Sa )
1
2
3
4
5

for Node u ∈ RTv do
Set a(u) = 0
for Node s ∈ Sa do
Set P = path(s, v) for u ∈ P do
a(u) = a(u) + 1
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Algorithm 15: W elf areW eight-helper(u, r, Sa )
1
2
3
4
5
6
7
8

Set wu = ∆
for u′ ∈ v.children do
if tu′ = 1 and a(u′ ) = r then
setW eight(u′ , 0)
if tu′ = 1 and a(u′ ) < r then
setABasedW eight(RTu′ , Sa )
if tu′ = 2 then
W elf areW eight-helper(u′ , r, Sa )

Algorithm 16: setW eight(u, w)
1
2
3

Set wu = w
for u′ ∈ v.children do
setW eight(u′ , w)

Suppose RTv ∩ Sa = ∅, then any node u ∈ RTv when selected as a b seed,
results in a b adoption at the root v. Hence for every such u, wu = δ (Line
2). This is done using the setW eight method, that takes a node v and a
weight w as input, and sets weights of every node rooted at the subtree v as
w as shown in Algorithm 16. Now suppose RTv ∩ Sa ̸= ∅ and tv = 1 for root
node v. Since tv = 1, v can never adopt two items. Also RTv ∩ Sa ̸= ∅, v
adopts a already and obtains a utility of δ which is the maximum utility v
can have. Therefore in this case, for every u ∈ RTv , we set wu = 0 as shown
in Line 5.
Now lastly for the case when RTv ∩ Sa ̸= ∅ and tv = 2, for a node
u ∈ RTv , wu can be either 0 or ∆. This is because without any b seed v
definitely adopts a as RTv ∩ Sa ̸= ∅. If a b seed causes it to adopt both
a and b then the marginal gain is ∆, otherwise it is 0. Root v adopts one
item if our choice of b seed blocks propagation of a, or the existing a seed
blocks b to reach v. Hence in this case, we need to know the exiting a
propagation paths. We first make a pass on the tree to compute the number
of a paths that passes through each u, let a(u) denote the count (Line 7).
Since RTv is a tree, there is a unique path from each ua ∈ Sa to any u;
a(u) is the count of total number of such paths to u. Note a(u) for every
u ∈ RTv can be computed by visiting root v from each ua ∈ Sa as depicted
in Algorithm 14. Running time is O(nv ), where nv is the number of nodes
in RTv . Let r be the total number a paths that reaches root v (Line 8). We
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Algorithm 17: setABasedW eight(RTu , Sa )
Set u = root(RTu )
if a(u) = 0 then
3
setweight(u, ∆)
4
Return
5 Set Q = ∅
6 enqueue(u) while Q.notEmpty() do
7
u′ = Q.dequeue
8
S = u′ .sibblings ∩ Sa
9
if S = ∅ then
10
wu′ = ∆
11
for u′′ ∈ u′ .children do
12
enqueue(u′′ )
13
else
14
for u′′ ∈ u′ .children do
15
setW eight(u′′ , 0)
16
else
17
wu′ = ∆
18
Pb = path(u′ , u)
19
for s ∈ S do
20
Pa = path(s, u)
21
N odes = Pb ∩ Pa
22
for node ∈ N odes do
23
if tnode = 1 and of irst = {a, b} then
24
wu′ = 0
25
break
26
if wu′ = 0 then
27
break
1
2
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then begin computing the weights for this case using the recursive function
W elf areW eight-helper as shown in Algorithm 15.
W elf areW eight-helper recurses on the children of the nodes. Each child
is categorized into one of the following three subcases.
(i) Consider a child u such that tu = 1 and a(u) = r. This means that all
the a paths to root passes via u and u can adopt only one item. Then for
all the nodes u′ , of the subtree rooted at u (including u), wu′ = 0 (Line 4).
This holds because if for any b seed selected in this subtree u adopts b, then
v cannot adopt a as there is no other path via which v can adopt a. Thus
v only adopts b in this case. Otherwise, if u does not adopt b, then v only
adopts a.
(ii) Now suppose tu = 1 and a(u) < r (note a(u) > r is impossible). In this
case there is at least one a path that reaches v but not via u. Hence all the
nodes in the subtree rooted at u, RTu , that as a seed makes u adopt b, has
weight ∆. All other nodes of the subtree RTu has weight 0. We set this
weights by doing a level-order traversal on RTu in Line 6. The pseudo code
of the traversal in shown in Algorithm 17. Clearly when there is no a seed
in RTu (therefore a(u) = 0), any node when selected as b seed leads to b
adoption at u, hence they all have weight ∆ (Line 3). If there is an a seed,
then any node that is at a level below the level of first a seed, has a weight
0, because a would reach u before b can reach from any such node (Line
15). For a node u′ that is at the same level of the first a seed s, we compute
the path from u′ and s to root of RTu . If there is a node where these paths
intersect then at that node both a and b arrive together. If there is node in
that intersecting path that adopts only one item, and the first node of the
intersecting point has a first in its order of irst , it will block propagation of
b, resulting in a weight of 0 for u′ (Line 24). If no such blocking exists then
u′ has weight ∆ (Line 17).
(iii) Lastly when, tu = 2 (note this the case for root v as well), wu = ∆ (Line
1). In this case u adopts both items, hence v will do so. Further for the
subtree rooted at this node we can recursively encounter one of the three
subcases again. Hence we invoke W elf areW eight-helper again for this case
(Line 8).
We now present the seed selection algorithm, WelfareGRD.
4.5.3.3

Seed selection

Pseudocode of WelfareGRD is shown in Algorithm 18. Similar to classical
IM algorithm, IMM [127], WelfareGRD first samples a set of RR trees R,
where |R| = θ, and θ is provided as a input parameter. Then for every node
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Algorithm 18: W elf areGRD(G = (V, E, p), θ, Sa , kb )
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Sample θ number of RR trees from G in R
for v ∈ V do
Set w(v) = 0
Set Sb = ∅
for RT ∈ R do
for v ∈ RT do
w(v) = w(v) + W elf areW eight(RT, Sa , v)
for i = 1 to kb do
vmax = arg maxv∈V w(v)
if w(vmax ) ≤ 0 then
break
Sb = Sb ∪ vmax
for RT ∈ R do
if vmax ∈ RT then
for v ∈ RT do
w(v) = w(v) − W elf areW eight(RT, Sa , v)
Return Sb

v ∈ R, it computes the sum of its weight contribution in each RR trees
(Line 7). After that, it greedily selects the node that has the highest weight
contribution (Line 9). If the weight contribution is greater than 0 then it is
selected as a b seed. Every time a new node is selected as a seed, the RR
trees, where the node is present, are discarded from the future consideration
(Line 16). This process is repeated kb times, where kb is the budget of item
b.

4.6
4.6.1

Experiments
Experiment Setup

Our experiments are performed on a Linux machine with Intel Xeon 2.6
GHz CPU and 128 GB RAM.
4.6.1.1

Networks

We conduct our experiments of this section on four real social networks:
NetHEPT, Douban-Book, Douban-Movie, and Orkut; properties of these
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# nodes
# edges
avg. deg.
type

NetHEPT
15.2K
31.4K
4.13
undirected

Douban-Book
23.3K
141K
6.5
directed

Douban-Movie
34.9K
274K
7.9
directed

Orkut
3.07M
117M
77.5
undirected

Table 4.1: Network Statistics

networks are summarized in Table 4.1. Among these networks, NetHEPT,
Douban-Book, and Douban-Movie are benchmark datasets in the IM literature [97]. Orkut is a large publicly available network that is made available
at [123].
4.6.1.2

Algorithms compared

We compare the three algorithms we developed , namely SpreadGRD, SandwichGRD, and WelfareGRD against two baselines – TDEM [98], Balance-C
[57].
Similar to our work, Balance-C [57], considers propagation of two items.
Given an initial (and partial) seed placement of both the items, the remaining seeds are chosen such that at the end of the propagation, the number of
nodes influenced by either both the items or none, is maximized. Thus by
ensuring that most nodes are adopting both items or none, Balance-C manages to achieve a balanced exposure of the two items to the most number of
nodes.
TDEM, in contrast, relies on the “leaning scores” of nodes (users) and
items, provided as input. An exposure quality function g(·) is defined based
on the leaning scores of the items and that of the node which is influenced
by those items. The goal is to maximize the sum of exposure qualities over
all the nodes in the network. We will establish a connection between this
g function and our reward parameters later in Section 4.6.1.3. It is worth
noting at this point that no existing work, including Balance-C and TDEM,
distinguishes awareness from adoption, and consequently lacks a competition
parameter such as c. In other words, they consider c = 1.
4.6.1.3

Default configuration

In this section we describe the default configuration we use for the algorithms; Unless explicitly stated, all the parameters are set to the default
values as mentioned in this section.
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Following previous works [74, 110] we set probability of edge e = (u, v)
to 1/din (v), where din (v) is the in-degree of node v. We use ϵ = 0.5 and
ℓ = 1 as our default in all the algorithms that use these parameters.
For TDEM we require to set leaning scores for the nodes and items. As
required by TDEM, the leaning score should be in the range [−1, 1], where
−1 and 1 denote the two extreme leaning and 0 denote neutral. Therefore,
for each node v ∈ V , we l(v) = 0, considering each node as a neutral node.
Further the exposure quality is noted to be highest for TDEM, when the
items’ leaning scores are evenly spaced out in [−1, 0, 1] ([98]). Hence we select the leaning scores a and b as −0.5 and 0.5 respectively, to provide TDEM
with the best possible configuration. Using the exposure quality function
g(·), that takes leaning scores as input, we set δ and ∆ to be the exposure
quality of adopting one item and both. Thus δ = g({−1, −0.5, 0, 1}) =
g({−1, 0, 0.5, 1}) = 0.625 and ∆ = g({−1, −0.5, 0, 0.5, 1}) = 0.8125. Additionally, for our algorithms, we set competition parameter as c = 1−(∆−δ).
This captures the effect that when the rewards are further away, i.e., ∆ >>
δ, it is more difficult to make the user adopt both, although the reward,
in that case, will be high, and vice versa. The default value is therefore,
c = 1 − (0.8125 − 0.625) = 0.8125. Notice that the default value of c being
high favors the baselines that implicitly assume c = 1 as they do not differentiate between awareness and adoption. However, even under this relatively
favorable setting, we show that our algorithms outperform the baselines.
Unless specified otherwise, budget of an item i, ki = 50, where i ∈ {a, b}.
Whenever marginal gains are required, we run 5000 simulations and take the
average result. If an algorithm does not complete its execution in six hours,
it is omitted from the comparison.

4.6.2

Scalability and quality

For our first set of experiments, we compare the running time of the algorithms in the four networks. For this experiment, the seeds of item a are
kept fixed. Given the default budget ka = 50, Sa is set to be the seeds
returned by IMM for ka . Budget of item b ranges from 10 to 50 with a
step size of 10. The results are presented in Figure 4.5. When the network size increases or when the budget of b increases, the running times of
all the algorithms increase. However, it is seen that the running times of
SpreadGRD, TDEM, and WelfareGRD are orders of magnitude faster than
Balance-C and SandwichGRD. This is because Balance-C and SandwichGRD use costly MC simulations, in comparison SpreadGRD, TDEM, and
WelfareGRD use a much faster alternative of RR sets for sampling. In fact,
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Figure 4.5:
Running times of
SandwichGRD, and W elf areGRD

30
Budget

50

(d) Orkut
T DEM ,

Balance-C,

SpreadGRD,

Balance-C and SandwichGRD do not complete after six hours on Orkut,
hence they are excluded in the plot.
Using the same setup, we next compare the quality of the seeds selected
by the algorithms in terms of the social welfare produced. The results are
shown in Figure 4.6. SpreadGRD produces the lowest welfare because it
selects the b seeds that maximize the marginal spread and hence the number
of nodes co-adopting both is the minimum. WelfareGRD dominates in all
the networks, in a certain network, such as NetHept, WelfareGRD produces
50% more welfare than the closest baseline TDEM. Notice that, since the
value of c under the default configuration is set to be high, performance
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Figure 4.6: Expected social welfare of T DEM , Balance-C, SpreadGRD,
SandwichGRD, and W elf areGRD
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Figure 4.7: Expected social welfare under different values of competition
parameter c

the competition-agnostic baselines are comparable with WelfareGRD. This
is because to maximize co-adoption these algorithms select the same seeds
for a and b. We will show next in Section 4.6.3, that for a lower value of c,
selecting the same seeds for both the items do not work well, and hence the
difference between the baselines and WelfareGRD increases.

4.6.3

Impact of the competition parameter

For this subset of experiments, we hold all the parameters, except c, to the
same value as described in the section before. Value of c is set as one of the
four values - 0.8, 0.6, 0.4 and 0.2. The results are shown in Figure 4.7.
As c decreases, competition increases, and consequently welfare produced by any algorithm decreases. However, the drop for SpreadGRD is
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Figure 4.8: Expected social welfare under different initial allocation of a

the minimum because SpreadGRD optimizes marginal spread, hence increasing competition has very little impact on its performance. Note that,
since the baselines are not designed for competition, their performance deteriorates fast for a low value of c. In fact for a value of c = 0.4, they perform
worse than SpreadGRD. WelfareGRD also experience a drop in the overall
welfare. However, unlike the baselines, it does not blindly co-allocate the
seeds. Hence for a low value of c = 0.2, its performance is similar to that of
SpreadGRD.

4.6.4

Different fixed a allocations

In the previous sections, a seeds are chosen to be the approximately optimal
nodes of the network in terms of the spread. Therefore many nodes of the
network were guaranteed to be exposed to at least one item, i.e., a. In
this section, we see the impact of choosing spread-wise inferior nodes as a
seeds. In particular, we use two alternative approaches of finding Sa - (i)
Random: In this case, ka nodes are chosen at random to be the a seeds
and (ii) Low degree: In this case, ka number of nodes having the lowest
out-degrees are chosen to be the a seeds. Ties are broken arbitrarily. The
results corresponding to these new a allocations are shown in Figure 4.8.
Generally speaking, given an inferior a allocation, the welfare produced
by any algorithm reduces. However, notice when a seeds are really bad,
SpreadGRD significantly outperforms baselines TDEM and Balance-C. This
is because, as the baselines co-allocate the seed nodes, they cannot produce
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high welfare if the given seed node of one item, i.e., item a, is of low quality.
SpreadGRD on the other hand will still select spread-wise high-quality b
seeds. Similarly, WelfareGRD also does the same, because it can choose a
candidate seed that activates a really high number of nodes, say n1 , with
reward δ over another candidate that activates a tiny number of nodes, say
n2 with reward ∆, i.e., n1 δ >> n2 ∆.
We would also like to revisit the question we raised in Section 4.3.4 when the potential of co-adoption is low, should the second propagation
sacrifice the potential to influence new nodes? As stated before, we think
the answer is no, which we motivated by arguing the business objective
and right of access to information, i.e., our quest for balanced information
spread should not stop the spread of information altogether. Results that we
obtain in this section, particularly for the low degree setting, demonstrate
the necessity.

4.7

Conclusions

Our work takes the first step of realistically modeling the effect of the filter bubble, where the two opposing information exhibit competition among
them, whereas the objective encourages co-adoption of the information that
results in a complementary objective. We show that designing a constant
algorithm, under such conflicting needs, is difficult. Hence, we resort to
instance-dependent approximation and heuristic for our optimization objective. Breaking away from the co-allocation that the existing baselines
end up doing, our algorithms are shown to outperform the baselines in real
networks.
There are still some interesting research questions that remain to be
addressed. Our work is limited to a propagation involving two opinions,
however, in the real-world, multiple views propagate concurrently. Further,
it is assumed that the competition parameters are global i.e., they have the
same value for all the users. In reality, users have individual perceptions
that lead to non-uniform parameters, which follow-up works need to look
into.
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Chapter 5

Summary and discussions
In this thesis, we have proposed a novel utility-driven decision engine to
augment the classical independent cascade (IC) propagation model; the new
model is called UIC. The utility function is powerful enough to capture the
various kinds of relationships among the propagating items, such as complementary, competition, and a mix of the two. As a result, UIC can be
studied under such configurations. Further, it also enables the study of the
filter bubble problem, where the requirement involves a mix of complementary and competing behavior.
Additionally, UIC opens up the study of a novel optimization objective
in the context of multi-item influence maximization, called welfare maximization. We show that by incorporating the item relationships, higher
social welfare, i.e., the users’ satisfaction from adopting various items, can
be achieved. This, in turn, results in user retention in a social network
and also provides a balanced overall exposure which can help mitigate filter
bubbles.
In Chapter 2 we introduced UIC and studied it under a setting where
items are only of complementary type. In a first-of-a-kind result, we show
that even when the objective is not submodular, a simple greedy achieves
1 − 1e approximation guarantee. We also devise an efficient prefix preserving
seed selection algorithm along the way. This chapter showcases how UIC
can effectively solve the influence maximization problem for complementary
items, which the traditional influence maximization papers have overlooked.
The greedy algorithm also uses a prefix preserving seed selection algorithm. We devised an efficient way to extend the state-of-the-art reverse
influence sampling-based seed selection algorithm, IMM, to make it prefix
preserving. As a result, our algorithm is shown to scale for real networks
having millions of nodes.
Chapter 3 extends the study of the UIC framework for competing items.
We show that the objective is not monotone, not submodular. In fact, by
using a non-trivial gap preserving reduction, we show that welfare can not
be approximated within any constant unless P = N P .
We, therefore, propose algorithms that have either instance-dependent
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approximation or constant approximation under reasonable assumptions.
Our analysis shows that with stronger assumptions, the approximation quality improves. This chapter also demonstrates the power of UIC to model a
spectrum of competition among the propagating items, which those existing
models could not do.
Finally, in Chapter 4, in the context of mitigating the filter bubble problem, UIC is used for an objective that involves both complementarity and
competition. While it models the real world more realistically, it makes the
optimization problem significantly more difficult. Even under reasonable
assumptions, a constant approximation could not be provided, hence we design instance-dependent approximation algorithms and effective heuristics.
We hope that our work in this chapter provides a more realistic paradigm,
using a combination of competition and complementary behavior, which is
needed for tackling the filter bubble problem.
In summary, we show that awareness does not necessarily lead to adoption, and hence separating the two is an important step to achieving a more
powerful and realistic influence propagation model. We formalize the adoption decision using the utility theory of economics, whereas awareness comes
via influence propagation. We believe that our principled approach can benefit the ongoing influence maximization research on several fronts. To that
end, we propose some future extensions of our work presented in this thesis.
• Local model parameters: Throughout this thesis we assumed that
model parameters are not user-specific. Therefore we used a global
noise distribution in Chapters 2 and 3, and in Chapter 4, global competition and reward parameters. However, several works on item
adoption have shown that the decision-making process is individual
[19, 73, 80], therefore having a noise distribution specific to individual
users, will be more realistic. However, having such general noise makes
the problem more difficult to tract. A feasible middle ground can be
clustering users into communities and then having community-specific
noise distributions.
Further, the noise distribution assumed in the thesis is a zero-mean
Gaussian distribution; therefore it is a symmetric distribution around
the mean. In reality, however, utility is far from being symmetric.
Instead, it would have a long tail representing the skew in users’ valuations. Users’ sentiments such as brand loyalty often cause such skews.
Therefore, extending the results for asymmetric distributions will be
an interesting option for future research.
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• Modeling users’ decision making process: Throughout the thesis it is assumed that the value function is learned at the beginning
of the propagation and then it is used to model how users adopt and
propagate items. In contrast, users’ valuations can be learned by receiving feedback in the form of actions they take in the network. It
requires extending our current model using a learning paradigm such
as reinforcement learning [125].
Further, our current adoption model assumes that users’ adoption decisions are rational and are governed only by the absolute utility of the
items. Later works in economics have shown that the concept of relative utility plays a major role in real-world decision-making related to
adoptions by the users. Therefore alternatives such as prospect theory
[79] have emerged as a more realistic way to model the adoption decisions. Extending our UIC model for prospect theory-based adoption
decisions will be an interesting future research to consider.
• Alternatives to the greedy approach: The algorithms devised in
different chapters of the thesis, primarily use a greedy algorithm for
the seed selection. Some of the key advantages of using greedy are as
follows - (a) greedy is shown to achieve a (1− 1e ) approximation bound,
which is the best possible approximation guarantee for the underlying
IM problem [51]; (b) Using a reverse influence sampling technique,
greedy can effectively scale for billion-sized real social networks. However the greedy algorithm needs to store all the samples, and as a
result, it suffers from high memory requirement [114].
Attempts to address this issue either use a simplified problem instance
that in turn degrades the solution quality [114], or they rely on properties specific to a diffusion process [109], while still using an overall
greedy strategy. Departing from the greedy approach, a recent work
[16] has proposed the use of a fractional approach to solving the IM
problem that addresses the memory issue while providing state-of-theart solution quality. Other optimization techniques such as branchand-bound [86], can be considered as alternatives. However, more
research is needed to ensure that such algorithms also scale for large
social networks and conjoining them with users’ adoption decisions.
• Approximation algorithms for non-monotone, non-submodular
functions: As we move closer to reality, the objective function loses
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properties, such as monotonicity or submodularity, that are the cornerstones of having an approximation guarantee for the greedy algorithm.
In our work, we show that under certain conditions it is possible to
achieve a constant 1− 1e approximation even when the objective is nonsubmodular. Further research is needed to generalize this observation,
which we believe would provide more insight into having constant approximation for non-submodular objectives in general.
• Multi-item filter bubble: In Chapter 4, the filter bubble problem is
studied in the context of two item propagation. A natural extension is
to study it for more than two items. In a real network, propagations of
such nature are observed quite often. To illustrate, consider the topic
of abortion, where the opinions can be pro-abortion, anti-abortion,
abortion only under certain circumstances such as age, health condition developed, etc. Under multiple items, designing the right objective is even more challenging, as it is not clear to what extent an item
would counter the effect of the filter bubble created by some other
item. Signed embedding of graphs has been proposed recently to measure the effect of polarization in a network where multiple opinions can
propagate [75]. Extending such a model that can capture the relations
of multiple items and then mitigate the effect of filter bubbles, is an
interesting research direction to pursue.
• Considering the effect of time: Time is an important parameter
to consider in real propagations. As time progresses, new nodes and
edges may be added to the network as more users join and new connections are created. Likewise, some nodes and edges get deleted as
time proceeds. Further, the influence weights of the existing edges
can also change over time. Therefore a dynamic graph concerning the
time parameter can be considered to accurately model these effects.
The thesis assumes a static graph in contrast. Hence the algorithms
introduced in this thesis, need to be extended for such dynamic graphs.
Additionally, time also plays a critical role for a particular campaign
to be effective. E.g., in the context of a filter bubble, if there is a
significant delay between the two propagations, then users’ stance after
seeing the earlier opinion could get hardened. Consequently, it would
be more challenging to convince such users with the opposite opinion.
There is a significant research opportunity to extend UIC under such
time-sensitive influence propagation.
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• Other application areas: IM is currently used for various applications besides viral marketing. We have studied one such, filter bubble
in the thesis. Outbreak detection [89], detecting the source of an infection [78] are other such applications to name a few. As seen with the
filter bubble problem, the “utility” changes as the application changes.
Therefore designing new utility functions and studying their impact
on the welfare objective would be interesting.
• Alternative diffusion models This thesis uses discrete time-independent
cascade (IC) as the only propagation model. Several other alternatives
are studied in the literature such as linear threshold (LT) [116] and
continuous-time models [64]. UIC needs to be extended for those propagation models in further research attempts.
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