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Abstract

We construct and study a theory of bivariant cobordism of derived schemes. Our
theory provides a vast generalization of the algebraic bordism theory of character-
istic 0 algebraic schemes, constructed earlier by Levine and Morel, and a (partial)
non-Al-invariant refinement of the motivic cohomology theory M GL in Morel—
Voevodsky’s stable motivic homotopy theory. Our main result is that bivariant
cobordism satisfies the projective bundle formula. As applications of this, we con-
struct cobordism Chern classes of vector bundles, and establish a strong connection
between the cobordism cohomology rings and the Grothendieck ring of vector bun-
dles. We also provide several universal properties for our theory. Additionally, our
algebraic cobordism is also used to construct a candidate for the elusive theory of

Chow cohomology of schemes.
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Lay Summary

Algebraic geometry is the study of geometric objects—schemes—that admit a de-
scription as solution sets of systems of polynomial equations. Schemes are often
studied via their invariants, such as their dimension and degree. In order to con-
struct more refined invariants, one often considers the scheme itself as its own
invariant, up to a suitably chosen notion of equivalence. A variation of this idea
naturally leads one to consider algebraic cobordism, where, roughly speaking, two
schemes are considered equivalent if they can be interpolated by a continuous one-
dimensional family. We provide a vast generalization of the previous theories of al-
gebraic cobordism using techniques originating from homotopy theory. Moreover,
by computing the algebraic cobordism group of a “projective bundle” in terms of
its “base”, we are able to establish strong relationship of our invariant with other

fundamental invariants in algebraic geometry.
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Preface

This thesis provides a streamlined account of part of the material from the articles
[4, 6-8, 11]. The research of [11] was conducted under an equal collaboration with
Professor Shoji Yokura from Kagoshima University, and the other articles were a
product of independent research. Moreover, we have also included unpublished

results from an equal collaboration with Ryomei Iwasa.

» Chapter 2 introduces the reader to the bivariant formalism. The chapter is
mostly expository, but contains some original contributions from [7, 8], such

as the definition and the basic properties of bivariant ideals.

* Chapter 3 is an introduction to derived algebraic geometry. Section 3.1 is
expository, whereas Sections 3.2 and 3.3 contain some original material from
[6] generalizing well-known classical facts to derived algebraic geometry.

Section 3.4 contains some original results from [4, 7, 11].

» Chapter 4 presents a streamlined construction of bivariant algebraic cobor-
dism, based on the articles [4, 6, 7, 11].

* Chapter 5 provides a streamlined proof for the projective bundle formula,

and various applications, based on the articles [4, 6, 7, 11].

* Chapter 6 provides a universal property for bivariant algebraic cobordism,
which is based on unpublished joint work with Ryomei Iwasa, related to the
article [10].

* In Chapter 7, we prove that bivariant algebraic cobordism extends Levine—

Morel’s algebraic bordism, based on the articles [7, 8].



* In Chapter 8, we study the operation of twisting oriented bivariant theories,

and its applications, based on the articles [4, 6, 7].
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Chapter 1

Introduction

Ask, and it will be given to you,; seek, and you will find; knock, and
the door will be opened to you. — Matthew 7:7
In topology, complex cobordism is the universal cohomology theory with a com-
plex orientation. In algebraic geometry, similar role should be played by algebraic
cobordism, but unfortunately the situation is less clear. First models of algebraic
cobordism appeared as a piece of Voevodsky’s original approach to the proof of the
Milnor conjecture [64], but later its role in the proof was suppressed [65, 66]. In
this approach, algebraic cobordism is treated, rather abstractly, as the cohomology
theory represented by the motivic spectrum M G L in the motivic homotopy theory
of Morel and Voevodsky [48]. This approach has two major downsides. First of
all, the theory produced this way is automatically A'-homotopy invariant, which
should not be true for a genuine theory of algebraic cobordism. Secondly, it does
not easily yield geometric models similar to those in topology [53] (however, there
exists recent work in this direction [20-22]).

A geometric model for algebraic cobordism was constructed by Levine and
Morel in their seminal treatise [40], and later simplified by Levine and Pandhari-
pande [41]. What they actually construct is the corresponding homology theory,
algebraic bordism, for finite type schemes over a field of characteristic 0. How-
ever, as in the case of Chow groups [24], this theory restricts to a multiplicative
cohomology theory on smooth schemes. The biggest drawback of this approach

is its degree of generality: since Levine and Morel made liberal use of resolution
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of singularities [30, 31] and weak factorization [1], their methods are restricted to
algebraic schemes over a field of characteristic 0. Still, this approach has led to
several interesting applications [32, 33, 41, 56, 57].

Derived algebraic geometry was introduced to the subject by Lowrey and Schiirg
in their innovative work [43], providing an alternative construction of Levine—
Morel’s algebraic bordism, transforming the most intricate part of the original
construction—the construction of Gysin pullbacks—completely transparent. How-
ever, Lowrey and Schiirg did not exploit the full potential of derived geometry in
studying algebraic cobordism and related cohomology theories in algebraic geom-
etry. In this thesis, I explain some of the results of my research program, the aim of
which is to construct a workable and concrete theory of algebraic cobordism using
derived geometry. A lot of material had to be left out: most importantly, we com-
pletely overlook the results of [9], by which algebraic bordism groups over fields
and nice enough discrete valuation rings are, after inverting the residual character-
istic exponent in the coefficients, A'-homotopy invariant and generated by bordism
classes of regular schemes; and the results of the joint article with Ryomei Iwasa
[10], in which the first steps towards a geometric construction of non-A!-invariant
higher algebraic cobordism are taken. Most of our attention will be focused on
studying the universal precobordism theory, which is an intermediate step in the
construction of algebraic cobordism. The associated cohomology theory of univer-
sal precobordism already satisfies many of the properties expected from algebraic
cobordism, and this, together with the simplicity of its construction, justifies the

attention we give to it.



Contents of the thesis

Chapters 2 and 3 are essentially background sections that introduce the reader to bi-
variant theories and derived algebraic geometry, respectively. In Chapter 4, we con-
struct the universal precobordism as well as the algebraic cobordism of S-schemes,
where S is a nice enough fixed base scheme. The main result of this Chapter is that
the Euler class of the tensor product of line bundles may be computed by the means
of a formal group law. In Chapter 5, we prove the main result of this thesis: uni-
versal precobordism satisfies the projective bundle formula. As an application, we
construct Chern classes of vector bundles in universal precobordism, and prove
that the Grothendieck ring of vector bundles can be recovered from the universal
precobordism rings by “enforcing the multiplicative formal group law”. In Chapter
6, following unpublished joint work with Ryomei Iwasa, we prove that universal
precobordism is the universal bivariant theory that satisfies a weak version of the
projective bundle formula. We also provide similar universal properties for the
associated homology and cohomology theories. In Chapter 7 we show that our
bivariant algebraic cobordism extends Levine—Morel’s algebraic bordism to a bi-
variant theory of quasi-projective derived algebraic k-schemes, where k is a field
of characteristic 0. Finally, in Chapter 8 we study universal precobordism and
algebraic cobordism with rational coefficients, using the operation of twisting bi-
variant theories. We also establish a cohomological counterpart of Baum—Fulton—
MacPherson’s Grothendieck—Riemann—Roch theorem [13].

Throughout the thesis, we will freely use the language of co-categories (see
e.g. [45]). Moreover, a basic familiarity with the theory schemes (see e.g. [28])

and, to a much lesser extent, formal group laws (see e.g. [29]), is assumed.



Chapter 2

Bivariant theories

In this preliminary chapter, we recall the bivariant formalism. Bivariant theories
were originally introduced by Fulton and MacPherson to aid in the study of charac-
teristic classes of singular spaces, and to unify several types of Riemann—Roch the-
orems [25]. Such a theory, assigning an Abelian group to each morphism in a cat-
egory, contains both a homological and a cohomological theory, and the bivariant
axioms ensure that these theories interact with each other in a well-behaved man-
ner. The operational bivariant theories have attracted attention [2, 3, 24, 27, 36, 37],
especially in the context of toric varieties, as the operational cohomology rings of
toric varieties tend to admit pleasant combinatorial descriptions. More relevant for
us, however, is Yokura’s work on universal bivariant theories [67, 68], which is one
of the main ingredients of our construction of bivariant algebraic cobordism, the
other one being derived algebraic geometry. Unlike the operational theories, the
universal bivariant theories admit a natural geometric description; moreover, they
contain more refined information.

Our own contributions in the content of this chapter are rather modest. Mostly
it consists on the choice of subject material, as well as some simple definitions
(such as that of a bivariant ideal), which make using the bivariant formalism slightly
more pleasant. In Section 2.1, we recall the basics of bivariant theories. Section
2.2 is dedicated to the study of universal bivariant theories, following the work of
Yokura [67]. In Section 2.3, we define two useful tools to manipulate bivariant

theories, namely quotients by bivariant ideals and extensions of scalars.



2.1 Bivariant formalism

In this section, we carefully lay out the bivariant formalism of Fulton—-MacPherson
[25]. We start by defining bivariant theories in Section 2.1.1, after which we re-
call the construction of bivariant cross product in Section 2.1.2. A bivariant the-
ory contains a homological and a cohomological theory whose basic properties
are recalled in Section 2.1.3. One of the most interesting aspect of bivariant the-
ories are the orientations they may admit. The theory of orientations of bivari-
ant theories is recalled in Section 2.1.4, where it is also noted that the associated
(co)homology theory of oriented bivariant theories satisfies many of the axioms of
oriented (co)homology theories. In Section 2.1.5 we recall the definition of strong
orientations, which implies an analogue Poincaré duality for a subclass of objects.
We also record categorical conditions, under which such statements automatically
hold. Finally, in Section 2.1.6, we study additive bivariant theories, as well as rings

of coefficients for bivariant theories.

2.1.1 Basic definitions

Before defining bivariant theories, we need to fix the desired functoriality.

Definition 1. A (bivariant) functoriality is a tuple % = (C, %, .¥,.), consisting
of

1. C, an co-category with a final object pt and all fiber products;

2. €, a class of morphisms in C regarded as confined morphisms, which con-
tains all equivalences and is closed under compositions and pullbacks; more-
over, if f, f’ are equivalent morphisms X — Y in C, and if f in ¥, then so

is f’: in short, € is closed under equivalences;,

3. ., aclass of Cartesian squares in C regarded as independent squares, which

contains all squares of form

x 1,y X =5 X
Idx \LIdy and lf lf
x 1.y y M,y



is closed under vertical and horizontal compositions, and is closed under

equivalences of Cartesian squares;

4. .7, a class of morphisms in C regarded as specialized morphisms, which

contains all equivalences and is closed under compositions and equivalences.

Many of the classical bivariant functorialities (e.g. that of bivariant K -theory
[25] or of operational bivariant theories [2, 24, 27]) are straightforward modifica-

tions of the following functoriality.

Example 2. Let C be the category of schemes. Then the tuple (C, %, .7,.7) is a
bivariant functoriality, where & consists of proper morphisms, .# consists either of
all Cartesian squares or of all Tor-independent Cartesian squares, and . consists

of formally Ici morphisms.

On the other hand, the derived bivariant theories we are going to consider in

this work are fairly straightforward modifications of the following functoriality.

Example 3. Let C be the co-category of derived schemes. Then the tuple (C, %, .7, .¥)
is a bivariant functoriality, where € consists of proper morphisms, .# consists of

all Cartesian squares and . consists of formally quasi-smooth morphisms'.

We are now able to define bivariant theories with a fixed functoriality.

Definition 4. Let F be a bivariant functoriality. A bivariant theory B (with func-

toriality F) is the assignment of

1. an Abelian group B(X ER Y’) to each morphisms X — Y in C, depending
only on the equivalence class of f in C; the morphism f is often omitted

from the notation for simplicity;

2. abivariant pushforward homomorphism g, : B(X hog, Y) — B(X' LN Y)
to each factorization f ~ h o g such that g is confined; the morphism g,

depends only of the equivalence class of g € C;

! Quasi-smooth morphism is a derived geometric analogue of an Ici morphism.



3.

a bivariant pullback homomorphism ¢g* : B(X ER Y) = B(X' Ly ) to

each independent square

x Ly

oL
x 1,y

depending only on the equivalence class of the square, i.e., the equivalence
class of g € C;

f

. a bi-additive bivariant product @ : B(X 5 Y) x B(Y % Z) — B(X LN

Z) to each composition, depending only on the equivalence classes of f, g

andgo f.

The above structure is required to satisfy the bivariant axioms:

(A1)

(A2)

(A3)

associativity of e: given morphisms X — Y — Z — W in C and bivariant
elements « € B(X —»Y),8€B(Y — Z)andy € B(Z — W), then

(aepf)ey=ae(fey) cBX = W)

covariant functoriality of bivariant pushforward: if X — Y factors through

a composition X Iy x5 X7 where f and g are confined, then

gx 0 fv = (gof)*J
moreover, Id, = Id;

contravariant functoriality of bivariant pullback: if the Cartesian squares

X —— Y X" — Y
I
X ——Y X — Y

are independent, then
frog®=(g90f)%

moreover, Id* = Id;



(A12) product and pushforward commute: given o € B(X — Y), f € B(Y —
Z), and a confined morphism f : X — X' through which X — Y factors,
then

folaof) = fi(a)e € B(X = Y);

(A13) bivariant pullback is multiplicative: givena € B(X — Y)and 8 € B(Y —
7)) and suppose that the Cartesian squares

X — Y Y — 7

b e b

X —Y Y — 7

are independent?, then

h*(cce 8) = h'*(a) @ h*(B) € B(X' — Z');

(Ag3) bivariant push-pull formula: given a € B(X — Z) and a Cartesian diagram

f/

X' Y’ 4
I L
f
X Y Z
such that f is confined and

X — 7 Y —— 7
lh// lh‘ and lh/ lh
X — 7 Y —— 7

are independent, then

W (fu(@)) = fu(h"(a)) € BY' = Z');

2This implies that their horizontal composition is independent as well.




(A123) bivariant projection formula: given a commutative diagram
X ——Y

b,

X/

such that g is confined and the small square on the left is independent, and
elements & € B(Y — Z) and 5 € B(X’ — Y’), then

g.(g"(B) e ) = B eg.a) e B(X = Z);

(U) existence of units: for each X € C, there exists an unit® 1x € B(X — X)
satisfying that forall « € B(X — Y')

Ixea=acBX =Y),
and forall 8 € B(Z — X)

felx =pe€B(Z— X).
The majority of bivariant theories defined in geometric terms are commutative
in the following sense.

Definition 5. The class of independent squares is symmetric if

X — Y

]

X —Y

being independent implies the independence of

X — X

L]

Y —— Y.

3The unit is necessarily unique.



A bivariant theory with a symmetric class of independent squares is commutative

if for all independent squares

and elements @ € B(X — Y) and 8 € B(Y' — Y), the equality
g (@) e = f"(B)ea
holds.

Often, bivariant theories admit a useful (partial) grading.

Definition 6. A grading of a bivariant theory consists of isomorphisms

B(X »Y)=@PB(X - Y),
€L

depending only on the equivalence class of X — Y in C, such that
1. bivariant pushforwards and pullbacks preserve the grading;

2. the bivariant product is graded, i.e., induces bi-additive pairings

o B(X = Y)xB(Y - Z) =B (X = 2).

A graded bivariant theory B* is a bivariant theory B together with a specified
grading.

Unfortunately, bivariant algebraic cobordism seems not to admit a natural grad-
ing in general, but only for the bivariant groups associated to morphisms of finite

type. This motivates the following definition.

Definition 7. Let B be a bivariant theory with functoriality 7 = (C, ¥, .¥,.¥), and
let C’ be a sub-oo-category of C such that C’ contains a final object of C and is closed
under fiber products. Then, we define 7' := (C', ¢, .9",."), where €', #' and

10



" consists of those morphisms and squares in ¢, .# and .¥ respectively, which
are contained in C’. Clearly the tuple F” is a bivariant functoriality and the bivariant
theory B restricts to a bivariant theory B|z on F.

A (F')-partial grading on B is a grading of B|z. A bivariant theory with
a specified partial grading is referred to as being (F')-partially graded. Such a
theory is denoted by B; however, whenever a morphism X — Y belongs to C’,
the associated bivariant group is denoted by B*(X — Y'), and it is considered as a

graded Abelian group.

Of course, in addition to bivariant theories, we will be interested in bivariant

transformations between them.

Definition 8. Let B and B’ be bivariant theories with functoriality F. Then a

Grothendieck transformation n) : B — B’ is a collection of homomorphisms
nx—y B(X =Y) =B (X -Y),

depending only on the equivalence class of X — Y in C, such that

1. if X — Y factors through a confined morphism f : X — X' and a €
B(X — Y), then

nx =y (fe(@)) = f(nx oy (@));

2. if the Cartesian square

is independent and o € B(X — Y'), then
nx—yr (g7 (@) = g* (nx -y (@);
3. ifaeB(X - Y)and 8 € B(Y — Z), then

nx—z(oe ) =nx_y(a)eny_z(B).

11



For simplicity, the morphism X — Y is often omitted from the notation. A (par-
tially) graded Grothendieck transformation 1 between (partially) graded bivariant

theories is a Grothendieck transformation that preserves the (partial) grading.

2.1.2 Bivariant cross product

Before considering bivariant cross products, it is useful to restrict our attention to
functorialities, in which independent squares satisfy the usual cancellation property

of Cartesian squares.

Definition 9. The class of independent squares has the cancellation property if the

independence of the large square and the bottom small square in

X — X

L]

Y — Y

L]

7 —— 7

imply the independence of the top small square, and if the independence of the

large square and the rightmost small square in

X' Y’ A
X Y Z

imply the independence of the leftmost small square.

Example 10. The class of Tor-independent squares in schemes satisfies the can-

cellation property.

In order to define the cross product pairing X : B(X; — Y1) xB(Xy — Y2) —

12



B(X1 x X9 — Y] x Y3), we form the following Cartesian diagram

XixXo — X7 xYy — X

| | !

Y1><X2*>g YixYy — Y

| J» !

X2 Y2 pt.

Definition 11. Let B be a bivariant theory. Moreover, suppose that each absolute

product square
XXY —Y

L]

X ——pt

is independent and that the independent squares satisfy the cancellation property.
Then each square of the above diagram is independent, and the cross product of
a1 € B(X; — Y1) and ag € B(Xy — Y3) is be defined as

a1 X g = g*(f*(al)) ° h*(ag) € B(Xl X X2 — Yl X Yg)

The cross product is compatible with pushforwards.

Proposition 12. Let oy € B(X; — Y1) and ag € B(Xo — Y3), and suppose that
X1 — Y7 and Xy — Y5 factor through confined morphisms f1 : X1 — X{ and
fa: Xo — X, respectively. Then f1 X fo: X1 x X9 — X x X/ is confined and
the equality

(f1 X f2)s(a1 X a2) = fra(an) X fas(a2)

holds.

Proof. That f; x f5 is confined follows easily from the stability of confined mor-

phisms in pullbacks and compositions. In order to prove the rest, we consider the

13



Cartesian diagram

Idx, x fa
X1XX2*>X1XX2*>X1XYV2*>X1

f1><IdX2 f1
IdX/XfQ
X xXg —— X| x X —— X| xYy —— X]

Idy, X f /
VixXo 2B yvicxt L yvixy, Loy
h
f2 /
X2 X2 Y2 pt.

In the notation of the above diagram, we compute that

(f1 X f2)(o1 x a2)

= (IdXi X fg)*< f1 X IdX2 Idy1 X f2 (f*(oq))) [ ] h*(az)))

(
((

— (g  f). (7 x ). (10, x o (f*(al)))) er() ()
= (Idx; x f2)« ((Ile X fa)* < ’*(f*(fl*(O‘l)))) ° h*(O@)) (A23)
= g" (" (frs(a1))) o (Idy; x f2)(n"(2)) (A123)
=g" (f*(fl*(al))) o h*(fax(a2)) (A23)
= fie(a1) X fax(2),

as desired. UJ

2.1.3 The induced homology and cohomology theory

A bivariant theory contains both a homology theory and a cohomology theory as
a part of it. Moreover, the bivariant axioms ensure that these theories interact in a

well-behaved manner.

Definition 13. Let B be a bivariant theory with functoriality ¥ = (C, %, .#,.7).
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Then the induced cohomology theory B® assigns for every X € C the ring

the ring structure of which is given by the bivariant product. Bivariant pullbacks
induce a contravariant functoriality along all morphisms in C for the rings B®*(X).
The induced cohomology theory of a graded bivariant theory inherits a grading, and
is denoted by B* instead of B®. For partially graded bivariant theory, the induced
cohomology rings are denoted by B*(X) rather than B®(X) only in the case that
they admit a grading.

Definition 14. Let B be a bivariant theory with functoriality 7 = (C, %, .#,.7).
Then the induced homology theory B, assigns, for every X € C, the group

Be(X) :=B(X — pt).

The bivariant pushforwards induce a covariant functoriality along the confined
morphisms of C for the groups Be(X ). The induced homology theory of a graded

bivariant theory inherits a grading with the convention that
B;(X) :=B (X — pt).

In this situation, the induced homology theory is denoted by B, rather than B,.
For partially graded bivariant theory, the induced homology groups are denoted by
B, (X) rather than B, (X) only the case that they admit a grading.

Let us then record some immediate results. First, the bivariant cross product
induces a cross product for the associated cohomology and homology theories. For

the cohomology theory, this product admits a pleasant alternative description.

Proposition 15. Let B be a bivariant theory. Then the induced cross product on

the associated cohomology rings satisfies the formula
a1 X ag = pri(ag) e pri(asz) € B*(X x Y),
where pry and prq are the projections X XY — X and X XY — 'Y, respectively.
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Proof. Follows immediately from the definition. O

The bivariant product makes the associated homology groups Be (X)) left B®(X)-
modules. The bivariant axioms imply that a projection formula holds for this struc-

ture.

Proposition 16. Suppose that f : X — Y is confined. Then, for all o € B*(Y')
and B € Bo(X), the equation

fo(f (@) @ B) = ave fi(B)
holds.

Proof. Apply the bivariant axiom (A123) to the diagram

N

P
=

—
s}
<—
«Q

~
a
~

pt.

2.1.4 Orientations and Gysin morphisms

Orientations are one of the main reasons that make the study of bivariant theories
worthwhile. They induce functoriality in the “wrong direction” for the associated
homology and cohomology theory, generalizing, among other things, the Ici pull-
back of Chow groups [24]. Moreover, Grothendieck transformations that do not
conserve the orientation often lead to several Grothendieck—Riemann—Roch type

formulas.

Definition 17. Let B be a bivariant theory. An orientation of B is a choice of an
element 6(f) € B(X ER Y') for each specialized map f : X — Y, satisfying

1. 0(1d) = 1x € B(X % X);

2. 0(gof)=06(f)eb(9) e B(X — Z)whenever f : X - Y andg:Y — Z

are specialized.
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An oriented bivariant theory* is a bivariant theory together with a specified ori-
entation. A Grothendieck transformation between oriented bivariant theories is
orientation preserving if it conserves the orientation.

If the class . of specialized morphisms is stable under independent pullbacks,
then an orientation 6 that is stable under independent pullbacks is referred to as
being stable under pullbacks. A bivariant theory equipped with such an orientation

is called stably oriented.

Remark 18. The derived bivariant theories we are going to consider in this work
are stable under pullbacks. However, many classical bivariant theories, such as
the operational bivariant theories [2, 24, 27], do not have this property: there, the

orientation is stable only under Tor-independent pullbacks.

Another interesting class of oriented bivariant theories is given by the centrally

oriented theories, which generalize oriented commutative bivariant theories.

Definition 19. An oriented bivariant theory B with a symmetric class of indepen-

dent squares is centrally oriented if, whenever

holds.

Example 20. The operational bivariant theories [2, 24, 27] are centrally oriented.
However, it is not clear in which generality they are commutative and in any case,

commutativity is not clear from the definition.

*Here, our terminology differs from that used by Yokura [67]. Yokura defines an oriented bi-
variant theory to be a bivariant theory together with special characteristic operators for objects in a
category L fibered over C (e.g. C is a category of schemes and L is the category of line bundles over
the schemes in C). However, the notion of orientation we consider here seems more fundamental,
because the special operators are essentially canonical Euler classes of line bundles, and these can be
defined using the bivariant orientation.
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The orientation of a bivariant theory induces an interesting structure on the

associated cohomology and homology theories.

Definition 21. Let B be an oriented bivariant theory. Then for each confined and
specialized morphism f : X — Y and o € B*(X), one defines the Gysin pushfor-
ward by

fila) == fula e d(f)) e B*(Y),

and for each specialized morphism g : X’ — Y’ and 8 € Be(Y”), one defines the
Gysin pullback by
g'(B) :=0(g) e .

The associated cohomology theory of an oriented bivariant theory has pleas-
ant formal properties. These properties are analogous to a subset of the axioms
of an oriented cohomology theory, used in Levine—Morel’s treatment of algebraic
cobordism ([40] Definition 1.1.2).

Proposition 22. Let B be an oriented bivariant theory. Then the induced cohomol-

ogy theory B® satisfies the following properties:

1. covariant functoriality: the Gysin pushforwards are functorial;
2. projection formula®: if f : X — Y is both specialized and confined, then,
forall o € B*(Y) and 5 € B*(X), the equality
il (a) e B) = ae fi(B)

holds.

Moreover, if B is stably oriented, then the associated cohomology theory satisfies

the following further property:

3. push-pull formula: if the square

X sy

Ll

X 4.y

>The projection formula is equivalent to requiring fi to be a map of B*(Y")-modules.

18



is independent and if f is both specialized and confined, then the equality
g o fi=flog" i B'(Y") = B*(X)
holds.

Proof. 1. Clearly Id, = Id. It is therefore enough to check that, for specialized
and confined morphisms f : X — Y and g : Y — Z, the equality gy o f) =
(g o f)1 holds. But this is straightforward: for any o € B®(X), we compute

that
a(fi(0)) = gu (f- (a0 0(1)) # 0(9))
= g.(fo(aw0(f) 2 0(9))) (A1)
— (g0 /)-(aslgo f)
= (g o fhila),
as desired.

2. By a straightforward computation, the equality

fi(f (@) e B) = fu( () @ Be0(f))
=aef.(Be0(f)) (A123)
=ae fi(B)

holds, as desired.

3. Let o € B*(Y”). Then the equality

9" (file)) = g" (fla e 0(f)))
= fi(g" (a0 0(f))) (A23)
= fi(9"(a) e g*(0(f))) (A13)
=f! (g’* (a) e Q(f’)) (stability)
= fi(g"(a))
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Similar result holds for the associated homology theory. The properties are
analogous to a subset of the axioms of an oriented Borel-Moore homology theory,

used in Levine—Morel’s treatment of algebraic cobordism ([40] Definition 5.1.3).

Proposition 23. Let B be an oriented bivariant theory. Then, the induced homol-

holds, as desired.

ogy theory B, satisfies the following properties:

1.

2.

contravariant functoriality: the Gysin pullbacks are functorial;

cross product is compatible with pushforward: if all absolute product squares
are independent and if independent squares satisfy the cancellation prop-

erty, then, for all a € Be(X) and B € Bo(Y), and confined morphisms

f:X—>Xandg:Y =Y/,

(f X g)e(ax B) = fu(a) x g«(B);

cross product is compatible with Gysin pullback: if B is centrally and stably
oriented, if all absolute product squares are independent, and if the inde-
pendent squares satisfy the cancellation property, then, for all & € Be(X)
and B € Be(Y), and for all specialized morphisms f : X' — X and

g:Y' =Y,
(f x 9)'(ax B) = f(e) x g'(B);

push-pull formula: if B is stably oriented and the square

XLy

L]

X 45y
is independent, if f is confined and if g is specialized, then the equality
gofe="flog" :Bo(Y') = Ba(X)
holds.
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Proof. 1. Follows immediately from the definition.
2. This is a special case of Proposition 12.
3. Consider the Cartesian diagram

Id -/
X' xY XY xr vy — 5 X/

!

XxY — s xxy 2. x

| | |

Y’ g Yy — 5 pt.

By definition, a x 3 = 7. (c) @ 3, and

(f < 9)'(ax B)

= (1dx: x )} ((f x 1y} (x} () » 5))
= 0(Idy x g) ® O(f x Idy) e 75-(a) ® B
= 0(1dx: x g) e 7 (0()) o )-B

= (f (@) 0 ¢'(B)
= f'(a) x ¢'(8)

holds, as desired.

4. Suppose o € Bo(Y”). Then,

(stability, A;3)

g (my(6(f) @) @b(g) e (stability, centrality)

g'(fu(@)) = 0(g) @ fu()
= fL(f*(0(g)) ® @) (A123)
= f1(6(g) ® ) (stability)
= fi(g" (),

as desired.
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2.1.5 Strong orientations and Poincaré duality

Often, in oriented bivariant theories that naturally appear in algebraic geometry,
the orientations along smooth morphisms have the following property, which gives

rise to phenomena analogous to Poincaré duality.

Definition 24. Let B be an oriented bivariant theory and f : Y — Z a specialized
morphism. The orientation of f is strong if for all X — Y, the map

—o0(f):B(X =Y)—>B(X — 2)

is an isomorphism.

In particular, if mx : X — pt is specialized and has strong orientation, then the
above morphism, “capping by the fundamental class”, gives rise to an isomorphism
B*(X) — Be(X). In order to obtain stronger results, it is useful to consider the

following definition.
Definition 25. A subclass .7, C .7 is called a class of very special morphisms® if
1. .#, is stable under compositions and pullbacks;

2. if f: X — Y is very specialized, then all Cartesian squares of form

X — X

Lk

Y — Y
are independent;

3. if X — Y is very specialized, and if s is a morphism ¥ — X such that

f os=1d, then s is specialized.
The following result is just the formalization of [24] Proposition 17.4.2.

Proposition 26. Let B be a centrally and stably oriented bivariant theory such
that the independent squares satisfy the cancellation property (Definition 9). Let

®1n [7], the terminology specialized projection was used instead.
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Sy C & be a class of very specialized morphisms. Then, the orientation of B is

strong along morphisms in .%,.

Proof. Letg:Y — Z be a very specialized morphism, and let f : X — Y be an
arbitrary morphisms. Then all squares in the Cartesian diagram

>.<

x —1
f A
111

lr
XxzY — 5 YxzV 25 v

l,,

X

%

/ g

g A

Q
R

are independent. We claim that the inverse to right multiplication by 6(g) is given
by 0(I'¢) ® g*(—). Indeed, for any € B(X — Y'),

O s) e g* (a0 6(g)) = O(Ts) @ g™ () » 6(g") (Avs, stability)
=aef(A)ed(g") (centrality, stability)
=«

and, for any § € B(X — Z2),

O(Ty)eg*(B)eb(g) =0(T;)e6(g")ep (centrality, stability)

as desired. O

If a class of very specialized morphisms is chosen, then X € C is a very spe-
cialized object if the structure morphism wx : X — pt is very specialized. The

homology group of such an object admits an intersection product.

Definition 27. Let X be a very specialized object. Then A : X — X x X is

specialized, and one defines the intersection product

~:Bo(X) x Bo(X) — Bo(X)

23



as

a~ B:=A(axp).

The intersection product equips the homology group of a very specialized ob-
ject by a ring structure. The following analogue of Poincaré duality identifies it

with the associated cohomology ring of X.

Proposition 28. Let B be a centrally and stably oriented bivariant theory such that
all absolute product squares are independent and the independent squares satisfy
the cancellation property (Definition 9), and let X be a very specialized object.
Then, —e0(mx) : B*(X) — Be(X) is an isomorphism of Abelian groups, and for
all a, p € B*(X),

(aep)ef(mx)=(aeb(rx)) ~ (Beb(nx)).
In particular, the intersection product —~ is associative.

Proof. The first claim follows immediately from Proposition 26. To prove the

second claim, we consider the Cartesian diagram

XxXx 2, x

[

X = pt.
By the proof of Proposition 26, the equality
O(A) ey (e f(rx)) =«
holds, and therefore

(e b(mx)) ~ (Beb(rx)) = A'((aeb(mx)) x (B 0(rx)))
=0(A)emx (e b(nx))e3eb(ry)
=ae3ef(rx),

as desired. O
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2.1.6 Further properties of bivariant theories

In this section, we recall miscellaneous properties of bivariant theories that will be
relevant to our work.

Additivity

Here, we study additive bivariant theories. Note that our treatment differs slightly

from that of Yokura [67]. We start by fixing kind of bivariant theories, where the
notion of additivity is sensible.

Definition 29. Let 7 = (C,%,.#,.) be a bivariant functoriality. Then F has

good coproducts if
1. the co-category C has all finite coproducts;

2. for all non-initial objects X € C, the mapping space Map. (X, ) is empty,

where () is an initial object;

3. amorphism f : X UY — Z is confined (specialized) if and only if the
morphisms f|x : X — Z and f|y : Y — Z are confined (specialized);

4. all squares of form

Xxz2'UY Xz 2/ —— 7'

1:1 and l l

Y Xy —— 7

) ——
|
Y

are Cartesian, where ¢; are canonical inclusions;

L
*2> X

5. all Cartesian squares of form

Vi—— X Vi——V
l o= |
V — XUY X ‘- Xuy

are independent.

Several other properties follow from the above assumptions.
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Lemma 30. Let F be a bivariant functoriality with good coproducts. Then
1. canonical inclusions are stable under pullbacks;

2. a square of form

Id X

>

d 1

S

L
1L XUy

>

is Cartesian.

Proof. 1. AsV ~ (V X XY X) U (V X XY Y),the map V xx vy X =V

is a canonical inclusion.

2. As X ~ (X xxuy X)U (Y xxuy X),andas Y x xuy X ~ 0, it follows
that the natural map X X x ;v X — X is an equivalence. ]

The following further ingredients are needed for a sensible notion of additivity.

Definition 31. Let B be an oriented bivariant theory with good coproducts. Then
B is well oriented if the orientations along canonical inclusions are stable under

(independent) pullbacks.
We are now ready to define additive bivariant theories.

Definition 32. Let B be a well oriented bivariant theory. Then B is additive, if, for
all X ~ [];_, X;, the equation
-
D (0w) = 1x
i=1

holds, where ¢; are the canonical inclusions X; — X.

Additive theories have many useful properties. In particular, the associated ho-
mology and cohomology groups of an additive bivariant theory are additive func-

tors in the usual sense.
Proposition 33. Let B be an additive bivariant theory. Then

1. forallY € C, the group B(0) — Y') is empty;
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2. forall X1 U Xo —'Y, the map
by = [Ll* Lz*] B(X, = Y)@B(Xz = Y) = B(X;UXs = Y)

is an isomorphism, the inverse of which is given by

:B(Xl L Xy — Y)

S BX; = Y)®B(Xs — Y);

3. forall X — Y1 UYs, the map

*
‘i] B(X - Y1 UYs) > B(X; = Y1) @ B(Xs — )
)

* .

is an isomorphism, the inverse of which is given by

(= 06(1)) th(~ 0 0(12))] : B(X: = Y1) @ B(X, = V3)
- B(X - Y1 UYs),

where X; and U} are as in the Cartesian diagram

Xi —Y;

ok

X — Y1 uYs.

Proof. 1. By assumption 1j equals an empty sum, i.e., it is zero. Hence, for any
a € B() — Y), we have that & = 15 @ « = 0, proving that B() — V') = 0.

2. Considering the commutative diagram

| I

Xj*>X1|_|X2*>YV,
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where the left square is an independent Cartesian square, one deduces from
the bivariant axiom (Aj23) and the well orientedness of B, that for all o €
B(X; —Y),

a ifi=j;

0 ifi#j.

Hence 6(¢) ® 1.(—) is the identity morphism. To conclude that ¢.(6(¢) ® —)

0(c;) @ Lix(cr) =

is the identity, we compute that, for every 5 € B(X; U Xy — Y),

2 2
D un(0() e B) = 1in(6(u)) o 5 (A12)
i=1 =1
— 8.

. Considering the independent Cartesian diagram

Xij X Y;
RN
X, Z X YiUY,

we deduce from the bivariant axiom (Asgg3), that, for all & € B(X; — Y;),

SO (e u(i) = (e (i) ifi=j;
LZ(J( (J))) 0 iz

Moreover, considering the independent Cartesian diagram

X; Y, —4—

b o s

Li

Xi — Y, — YUYy,

it follows from the bivariant axiom (A;3) and the well orientedness of B that

¥ (o ®0(1;)) = a. Hence the composition
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is the identity. To verify that the other composition is the identity as well, we
compute that, for every 5 € B(X — Y; U Y3),

2
D (1 (B) 0 0(1) =D B erin(0(1i)) (A123)
] =1
=5,

as desired. O

Rings of coefficients

It is often useful to consider bivariant theories taking values in modules over a ring,

rather than just Abelian groups.

Definition 34. A ring of coefficients for a bivariant theory B is a ring R together
with a map of rings R — B®(pt). Such a bivariant theory B is referred to as being

R-linear.
The terminology is explained by the following properties of [2-linear theories.
Proposition 35. Let B be an R-linear bivariant theory. Then

1. B(X —Y) is an R-R-bimodule with the actions defined as

and

ar = a ey (r);

2. bivariant pullbacks and pushforwards are maps of R-R-bimodules;

3. bivariant products are R-balanced and they induce maps of R-R-bimodules

B(X —-Y)®rBY — 2) - B(X — Z2).

Moreover, if B is oriented, then

4. the Gysin-morphisms are maps of R-R-bimodules.
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Proof. The fourth claim is an immediate consequence of the first three, so we will

only prove them.

1. Since the bivariant product e is Z-bilinear, it follows that B(X — Y") is both
a left and a right R-module. The equality

r(as) = (ra)s

follows from the associativity of e.

2. Suppose that X — Y factors through a confined morphism f : X — X/,
and let « € B(X — Y'). Then,

(
= 7/(5) ® fula) (A123)
)

and

= fu(@) oy (s) (A12)

so bivariant pushforwards are maps of R-R-bimodules.

Consider then a morphism ¢ : Y/ — Y and form the Cartesian square
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Then, given o € B(X — Y'), we compute that

g (ra) = g*(rx(r) e a)
=g"(rx(r)) e g"(a) (A13)
=7y/(r) e g*(a)
=rg*(a)

and similarly one shows that g*(ar) = ¢*(«)r, so bivariant pullbacks are

maps of RR-R-bimodules as well.
3. Letushave o« € B(X — Y) and 5 € B(Y — Z). Then
(ar) e f = (aemy(r)) e

= e (my(r)ep)

= e (rp),
i.e., o is R-balanced. Moreover, the induced morphism
B(X—-Y)®rB(Y = 2Z2) > B(X — 2)

18 R-R-linear since

and similarly one shows that o e (8r) — (v e 5)r. O

Of course, if B is a commutative bivariant theory and R is a commutative ring,
then the structure of a bimodule is extraneous: in such a case, it is simply the
case that B takes values in 2-modules and all the relevant structure morphisms are
R-linear.

There exists a natural notion of transformation of R-linear bivariant theories.
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Definition 36. A Grothendieck transformation  from an R-linear bivariant theory

B to an R-linear bivariant theory By is R-linear if the induced map
n: B*(pt) — B*(pt)

is a map of R-algebras.

Proposition 37. A Grothendieck transformation n : By — Bo between R-linear

theories is R-linear if and only if all the induced morphisms
n:B1(X —=Y) = By(X = Y)

are maps of R-R-bimodules.

Proof. Clearly the condition above is at least as strong as ?-linearity. To prove that
the two conditions coincide, we consider an R-linear Grothendieck transformation
n,and o € B (X — Y'), and compute that

One proves that n(ar) = n(a)r in a similar fashion. O
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2.2 Universal bivariant theories

In this section, we recall Yokura’s construction of the universal bivariant theory
[67]. In addition, we consider a variant of this theory, namely the universal additive
bivariant theory, which provides a convenient basis for our construction of bivariant

algebraic cobordism.

2.2.1 Universal stably oriented bivariant theory

Here, we recall the construction and the universal property of Yokura’s universal
bivariant theory. Throughout this subsection, 7 = (C,¥,.#,.¥) is a bivariant

functoriality in which all Cartesian squares of form

X —Y X — X
l lf and l l
X — Y vy Ly,

such that f is confined, are independent (F satisfies € -independence), the class of
independent squares is symmetric, and in which specialized morphisms are stable

under independent pullbacks.

Definition 38. Let F be as above. Define Miz(X — Y) as the free Abelian
group on equivalence classes [V — X| of confined morphisms V' — X such that
the composition V' — Y is specialized. One defines the bivariant operations as

follows:

1. bivariant pushforward: if X — Y factors through a confined map g : X —
X', then the bivariant pushforward is defined by linearly extending the for-
mula

(V5 X)) = v 25 X7,

2. bivariant pullback: if
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is an independent square, then the bivariant pullback is defined by linearly

extending the formula

where f’ is the pullback of f along ¢’; the element [V’ Iy x T is well

defined because the outer square in

Vv’ X’ Y’
!
Vv X Y

is independent (by % -independence), and because specialized morphisms

are stable under independent pullbacks;

3. bivariant product: the bivariant product is defined by bilinearly extending

the formula
V- X]e[W — X]:=[V'— X],

where the morphism V/ — X is as in the diagram

1 X' 1%
| |
1% X Y Z;

the element [V/ — X] is well defined because V' — Z is the composition
of the specialized maps V' — W and W — Z.

Our first task is to verify that the above data satisfies the axioms of a bivariant

theory.

Lemma 39. Mz, equipped with the orientation defined by the formula
0(f) = [X % X] e Mr(X L V),

is a stably oriented commutative bivariant theory.
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Proof. We begin by verifying the bivariant axioms.

(A1) Givenelements [V — X] € Mg(X - Y),[W = Y] € Mg(Y — Z) and
[U — Z] € My(Z — P), then both ([V — X]e[W — Y])e[U — Z] and
[V — X]e([W — Y]e[U — Z]) coincide with [V — X| € Mz (X — P),

where the map Vj — X is as in the three-dimensional Cartesian diagram

Vs X W
- <

Vv’ X'

| e
‘/27*>X27 Y2 U

V/ ' v /

X Y Z P.

(Az) Follows directly from the definition.

(A3) Follows directly from the definition.

(Ap2) [V - X] e Mp(X - YY), [W Y] e Mp(X - Y),andif X - Y
factors through a confined map f : X — U, then, by investigating the

diagram
v’ X' U’ w
L1 L
% X U Y Z,

we conclude that f,.([V — X] e [W = Y]) = f.([V — X]) ¢ [W = Y],

(A1s) If all the squares of the Cartesian diagram

Xo Yo Zo
I
X Y Z

are independent, and if [V — X] € Mg(X — Y) and [W — Y] €
Mz(Y — Z), then both g*([V — X] e [W — Y]) and ¢"*([V — X]) e
g*([W — Y]) coincide with [V — X3] € Mr(X2 — Zs), where Vi —
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X5 is as in the three-dimensional Cartesian diagram

Vl
V2 —_— | — X2 E— Yé Z2
' ' v v
\%4 X Y Z.

X/ y! 7
lh” lh’ lh
x Ly Z

are independent, if f is confined, and if [V — X| € Mz(X — Z), then
both 2*(f«([V — X])) and f.(h*([V — X])) coincide with [V/ — Y] €
Mz(Y' — Z'), where V' :=V xy Y.

(Aj23) Suppose
X — Y
ol

X —Y

is an independent square such that g is confined. If Y — Z is a morphism,
[V — Y”] belongs to the bivariant group Mz(Y’ — Z) of the composition,
and [W — X| € Mzr(X — Y), then both ¢, (¢*([W — X]) e [V — Y]
and [W — X] e g.([V — Y’]) coincide with [V' — X] € Mz(X — Z2),
where V/ .= W xy V.

(U) The element 1x := [X 1, X] e Mp(X 1, X)) satisfies the requirements

of an unit.

It is straightforward to check that € is multiplicative, that #(Id) = 1, and that 6 is
stable under pullbacks. The commutativity of M follows from the commutativity
of fiber products. O
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Now that we have verified that Ml r is indeed a bivariant theory, we prove a

universal property for it.

Theorem 40. Let F be a bivariant functoriality and suppose that the class of
independent squares is symmetric, that F satisfies € -independence, and that the
class of specialized morphisms is stable under independent pullbacks. Let B be a
stably oriented bivariant theory with functoriality F. Then, there exists a unique

orientation preserving Grothendieck transformation n : M r — B.

Proof. Let us denote the orientation of B by ¢’. As
V5 X] = £.(0(9)) € MFA(X > V),

where g is the composition V' — Y, the desired Grothendieck transformation must

satisfy
n([V = X]) = £.(0'(9)).

This formula gives rise to well-defined group homomorphisms
Nx—y  Mrp(X =Y) = B(X = Y);

we need to verify that these homomorphisms are compatible with the bivariant

structure.
1. The maps n are compatible with pushforward: this is obvious.

2. The maps n are compatible with pullbacks: consider a Cartesian diagram

V/ fl X/ Y/
LT
Vv X Y

in which the rightmost little square is independent, f is confined, and the
composition V' — Y is specialized. From %-independence it then follows

that all squares of the diagram are independent. Let us denote the horizontal
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compositions by ¢’ and g respectively. To verify the claim, we compute that

n(h*([V = X])) = n([V' — X))

(
“(f<(0'(9))) (Ags, stability)
(

as desired.

3. The maps n are compatible with bivariant products: consider a Cartesian

diagram
v L x W
I
v L x Y 7z

in which f and h are confined, and the compositions g : V' — Y and ¢’ :
W — Z are specialized. By € -independence, all the squares of the diagram
are independent, and therefore the composition ¢” : V' — W is specialized.

In order to verify the claim, we compute that

n([V = X]e[W = Y])=n(V' = X])
=B (f1(0'(d" 2 g")))
=R (fL(0'(g") 0 0'())
=h,(fu(0'(4")) 0 0'(g")) (A12)
=R (R*(f«(6'(9))) #0'(g")  (Ass, stability)
= [(0'(9)) ® hi(0'(9")) (A123)
=n([V = X]) en([W — Y]),

as desired. O

2.2.2 Universal additive bivariant theory

Here, we consider a straightforward variant of the the universal bivariant theory

M £, where the addition is compatible with disjoint unions.
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Definition 41. Suppose that the functoriality F has good coproducts, that it satis-
fies € -independence, that the class of independent squares is symmetric, and that
specialized morphisms are stable under independent pullbacks.

Then, we define A z(X — Y') as the free Abelian group on equivalence classes
[V — X] of confined morphisms V' — X such that the composition V' — X is

specialized, modulo all the decomposition relations, i.e., the relations of form
WViuVe — X]=[Vi — X]+ [Va — X].

The bivariant operations are defined similarly to those of Mz in Definition 38.
These operations respect the decomposition relation because coproducts distribute

over fiber products.

Lemma 42. A x, equipped with the orientation defined by the formula
0(f) =X % X] e ar(x L V),

is an additive bivariant theory. Moreover, it is commutative and stably oriented.

Proof. That Ar is a commutative and stably oriented bivariant theory follows im-

mediately from Lemma 39. It is also clearly additive. O

Theorem 43. Suppose that the functoriality F has good coproducts, that it satis-
fies € -independence, that the class of independent squares is symmetric and that
specialized morphisms are stable under independent pullbacks. Let B is a stably
oriented additive bivariant theory with functoriality F. Then, there exists a unique

orientation preserving Grothendieck transformationn : Ar — B.

Proof. Let us denote the orientation of B by 6. Following the proof of Theorem

40, it suffices to show that the formula

n([V L X)) = 1.0(9)),

where ¢ is the composition V' — Y, gives rise to well defined group homomor-
phism7n : Ar(X — Y) — B(X — Y) for each morphism X — Y in C. In

order for 1 to be compatible with the decomposition relations, it suffices to show
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that, when V' ~ V; U V5, then €' (g) = 11.(6'(91)) + t2+(0'(g2)), where ¢; are the
canonical inclusions and g; := g o ;. Indeed, if this was the case, then

W[V LX) = £.0(9))
= Fu(11(0(91)) + Fu(12:(0 (92)))
= f1:(0'(91)) + fox(0(92))

= (Vi 2 X)) + (2 2 X)),

where f; := f o ;, as desired.
The claim follows from the fact that 1y = ¢1.(6(¢1)) 4 t24(6(¢2)). Indeed, one

computes that

0'(9) =1v e 8'(9g)
= (11(0(11)) + 124 (0(c2))) ® 0'(9)
= 11:(0(c1) 0 0'(9)) + 12:(0(e2) © 0'(g)) (A12)
= 11:(0(g1)) + 2:(0(g2)),

which proves the claim. O
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2.3 Manipulation of bivariant theories

In this section, we define some basic tools that have proven to be useful in the ma-
nipulation of bivariant theories. We start by studying bivariant ideals, the possible
kernels of Grothendieck transformations, in Section 2.3.1. After this, in Section
2.3.2, we investigate the kind of stability properties a bivariant ideal has after be-
ing restricted to the associated homology or cohomology theory. Finally, in Section
2.3.3, we recall how to extend the ring of coefficients of a bivariant ideal along a

ring homomorphism.

2.3.1 Bivariant ideals

In a sense, bivariant theories are like rings. Hence, in order to impose relations on

bivariant theories, it is natural to consider ideals in them.

Definition 44. Let B be a bivariant theory. A bivariant subset S C B is a collection
of subsets
S(X=Y)CBX—=Y),

one for each morphism X — Y in C. A bivariant subset Z C B is called a bivariant
ideal if

1. the subsets Z(X — Y) C B(X — Y') are subgroups;

2. the subsets Z(X — Y') are closed under bivariant pushforwards and pull-
backs;

3. forany s € Z(X — Y)andany o € B(V — X) and g € B(Y — Z), we
havethat ce s €e Z(V — Y)and se f € Z(X — Z).

If S C B is a bivariant subset, then the smallest bivariant ideal containing S, the
bivariant ideal generated by S, is denoted by (S)p. The subscript B is often omitted

from the notation.
The following results are immediate.

Proposition 45. Let B be a bivariant theory. Then,
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1. if T C B is a bivariant ideal, then the quotient theory B/Z, defined as
B/I) (X =-Y):=B(X =>Y)/Z(X = Y),

and with the operations inherited from B, is a bivariant theory;

2. ifn: B — B is a Grothendieck transformation, then the kernel KL C B of n,
defined as
K(X =Y):=ker(nx_y),

is a bivariant ideal. O
Proposition 46. Let T C B be a bivariant ideal. Then

1. if B is an oriented bivariant theory with orientation 0, then its image 6 pro-

vides an orientation for B/Z;

2. the following properties of (oriented) bivariant theories are inherited by quo-
tients:
(a) commutativity;
(b) being stably oriented;
(c) being well oriented;
(d) additivity;
(e) R-linearity. O

For certain kinds of bivariant theories, the generated bivariant ideal (S) admits

a concrete description.

Proposition 47. Let B be a bivariant theory with functoriality F satisfying € -
independence (Section 2.2.1). Let S C B be a bivariant subset. Then (S)(X — Y)

is the group generated by elements of form

filaeg(s)ef),
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where f and g are as in the commutative diagram

A" A B’ Y
Lk
A—— B,

f is confined, the bottom square is independent, o« € B(A” — A'), s € S(A —
B),and € B(B' = Y).

Proof. Clearly such elements are contained in the generated ideal (S), so it is

enough to show that they form a bivariant ideal.
1. Stability under pushforwards: this is obvious.

2. Stability under pullbacks: let

X —Y

b b

X —Y
be an independent Cartesian square. Then, by % -independence, so is

Al/l f/ Xl

b

A, X,

and we deduce from the bivariant axiom (Az3) that
W (fo(a o g(s) o B)) = fi(h*(a e g"(s) ® B)).

The right-hand-side element is of the correct form by bivariant axiom (A;3).

3. Stability under left multiplication: let o € B(X’ — X) and consider the
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commutative diagram

A/// A//
|7 lf\
X’ X

As f is confined, the square is independent. Using bivariant axiom (Aj23),

Y.

we compute that

o/ o filaeg(s)eB)=fi((f(a))ea)eg’(s)e ).
The right-hand-side element is of the correct form.

4. Stability under right multiplication: let 5’ € B(Y — Y”). Then, by bivariant
axiom (Alg),

filaog(s)ep)ep = fi(aeg (s)e(Bef)).

The right-hand-side element is of the correct form. O

2.3.2 Homological and cohomological ideals

Relating the universal properties of a bivariant theory and of the associated ho-
mology and cohomology theories is often done by relating quotients of bivariant
theories to quotients of homology and cohomology theories. To do so efficiently,

we consider the following structures.

Definition 48. Let B be a bivariant theory. Then a homological subset S C B is
a bivariant subset such that, if Y is not a final object, then S(X — Y) = (. A
homological subset Z is a homological ideal if, for all X € C, (Z)(X — pt) =
Z(X — pt). The smallest homological ideal containing the homological subset
S, the homological ideal generated by S, is denoted by (S)p,, or by (S), if the

bivariant theory B is clear from the context.

Definition 49. Let B be a bivariant theory. Then a cohomological subset S C B is
a bivariant subset such that, if X — Y is not the identity morphism, then S(X —
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Y) = 0. A cohomological subset Z is a cohomological ideal if, for all X € C,
(I)(X — X) =Z(X — X). The smallest cohomological ideal containing the
cohomological subset S, the cohomological ideal generated by S, is denoted by
(S)pe, or by (S)* if the bivariant theory B is clear from the context.

It turns out that, under certain assumptions, homological and cohomological
ideals admit a concrete characterization. The following notion will be useful for

the characterization.

Definition 50. Let B be an oriented bivariant theory. Then B is generated by orien-
tations if, foreachmap X — Y inC, B(X — Y') is generated, as a B®(pt)-B*(pt)-
bimodule, by elements of form

f(6(9)),

where f : V — X is a confined morphism such that the compositiong : V — Y

is specialized.

We next characterize homological ideals. Note the similarity between this char-

acterization and that of the sets of relations used in e.g. [40, 43].

Proposition 51. Let B be a bivariant theory with functoriality F that satisfies € -
independence, and in which all absolute product squares are independent. Then a

homological subset 1 is a homological ideal if and only if
1. forall X € C, Z(X — pt) C B(X — pt) is a subgroup;
2. T is closed under pushforwards in the associated homology theory;

3. given s € Z(X — pt) and o € B(Y — pt), we have that s X o € B(X X
Y = pt)and a x s € B(Y x X — pt);

4. foralla e B(X - Y)ands € Z(Y — pt), v es € I(X — pt).

If B is oriented and generated by orientations, then the condition 4. is equivalent

to

4'. T is closed under Gysin pullbacks in the associated homology theory.
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Proof. Since absolute product squares are independent, homological cross prod-
ucts are well defined (Section 2.1.2). By Proposition 47, Z(X — pt) is generated

by elements of form

filavomy(s) o ),

where the notation is as in the commutative diagram

N

V —— AxB

N

A — pt,

fis confined, « € B(V — A x B),s € B(A — pt) and 5 € B(B — pt). As

si=7(s)e 3

=sx B €ZL(AxX B —pt),

such elements are contained in Z satisfying the assumptions 1.-4. above. On the
other hand, a homological ideal Z always satisfies the assumptions 1.-4.: to see that
axseI(Y x X — pt), we note that a X s = w5 (a) e s, and such an element
is contained in Z(Y x X — pt) by stability under left multiplication.

Suppose then that B is an oriented bivariant theory generated by its orientations.
It is clear that 4. implies 4'. To see that the converse holds, it is enough to prove that
7 is stable under left multiplications by elements of form a f,(6(g))b, where a,b €
B*(pt). As the left B®(pt)-module structure on B*(X) coincides with that given
by the cross product, it suffices to show that Z is stable under left multiplications

by elements of form f,(6(g)). But this is obvious, as

f«(0(g)) @5 = fi(0(g) ®s)
= f.(d'(s)),

and the last element belongs to Z by 4’. and 2. 0
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There exists the following analogous characterization for cohomological ide-

als.

Proposition 52. Let B be a stably oriented bivariant theory with functoriality F
that satisfies € -independence. Suppose that B is generated by orientations. Then,

a cohomological subset T is a cohomological ideal if and only if
1. forall X € C,Z(X — X) C B(X — X) is an ideal;
2. T is closed under pullbacks in the associated cohomology theory;
3. I is closed under Gysin pushforwards in the associated cohomology theory.

Proof. By Proposition 47, (Z)(Y — Y') is generated by elements of form f,(« e

s e (3), where f is a confined morphism that factors as
VoX-=Y,

aeBV = X),seZ(X - X)and f € B(X — Y). As the sets Z(X — X)
are ideals, and as B is generated by orientations, we may assume that o = g.(6(h)),
where g is a confined morphism W — V such that the composition h : W — X
is confined.

Our first claim is that for all r € B(X — X)

g+(0(h)) e = g.(h"(r) # O(h)).

It is enough to verify that this formula holds for r of form 1. (6(l)) where ! : U — X
is a specialized and confined morphism. Since both g.(6(h)) and 1.(6(l)) are in
the image of the map Mz — B from the universal theory M £ (Section 2.2.1), it is

enough to verify that this formula holds in M . Forming the Cartesian diagram

w2 v U
N
w—215vVv x 4, x
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we observe that the product equals g (I/(6(1")) ® 6(h)). As

L(6W) = h* (1. (60)))

this proves the claim.

Thus, applying bivariant axiom (A;2), we conclude that (Z)(Y — Y') is gener-
ated by elements of form f,(se3), where f : X — Y isconfined, 5 € B(X — Y),
and s € Z(X — X). Without loss of generality, 5 = g.(0(h)), where g : V' — X
is a confined morphism such that the composition A : V — Y is specialized.

Forming the commutative diagram

V—mV

bl

X — X —> Y,

we compute that

fi(s 0 g (0(h) = fx(g:(g"(5) @ O(h))) (A123)
(

which is contained in Z by the assumptions made above. Hence, Z satisfying the
above conditions is a cohomological ideal.

On the other hand, it is clear that a cohomological ideal satisfies the conditions
1.-3. above. O

2.3.3 Change of coefficients

We have considered R-linear bivariant theories in Section 2.1.6. Given an R-linear
theory B, and a homomorphism R — R’ of rings, it will be useful to construct, in a
universal fashion, an R'-linear bivariant theory B’. For example, universal bivariant
theories with the desired formal group law will be constructed in this fashion later,
by using the case where R = L. and where the homomorphism I — R’ represents

the desired formal group law.
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Definition 53. Let R be a commutative ring, and let B be a commutative R-linear
bivariant theory. Let R’ be an R-algebra. Then the bivariant theory R’ @ B is
defined by the formula

(R orB)(X -Y):=R @rB(X —-Y)

and using the bivariant operations inherited from B. It is clear that there exists a

canonical R-linear Grothendieck transformation B — R’ @ B.

Note that if R — R’ is a ring homomorphism, then any R’-linear bivariant
theory B’ may be regarded as an R-linear theory. Change of coefficients is the left

adjoint to this process.

Proposition 54. Let B and B’ be R and R'-linear bivariant theories respectively,
let R — R’ be a ring homomorphism, and let n : B — B’ be an R-linear
Grothendieck transformation. Then there exists a unique R'-linear Grothendieck
transformation

n:R @rB— B

such that the composition
B R opB B
coincides with 1.
Proof. Follows immediately from the corresponding property of modules. O
Many properties of bivariant theories are conserved in extension of scalars.

Proposition 55. Let B be an R-linear bivariant theory and let R’ be an R-algebra.
Then

1. if B is an oriented bivariant theory with orientation 0, then its image 0’

provides an orientation for R' @ B;

2. the following properties of (oriented) bivariant theories are preserved in

change of coefficients:
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(a) being stably oriented;
(b) being well oriented;

(c) additivity.
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Chapter 3

Derived algebraic geometry

In this preliminary chapter, we will introduce the reader to the basics of derived
algebraic geometry. The fundamental references of the subject are the joint work
of Toén and Vezzosi [62, 63], as well as the work of Jacob Lurie [45-47]. Besides
these, other useful references include the book of Gaitsgory and Rozenblym [26]
and the survey article by Toén [61].

In derived algebraic geometry, one studies derived schemes, which are geo-
metric objects that are locally modeled by the spectra of derived rings, which,
roughly speaking, are the (algebraic-structure-preserving-)homotopy types of (nice
enough) topological rings. The topology on these rings allows one to efficiently,
and in a natural fashion, keep track of extra data, that is related to degeneracy of
the equations defining the algebro-geometric object. This turns out to be rather
useful when studying cohomology theories in algebraic geometry that are related
to algebraic cobordism, as we will observe later in this thesis.

The structure of this chapter is as follows. In Section 3.1 we will introduce the
basics of derived algebraic geometry. Due to the technical nature of the subject,
our discussion will be woefully far from being self contained. In Section 3.2, we
will introduce the theory of ample line bundles and quasi-projective morphisms in
the context of derived geometry. Section 3.3 deals with derived complete intersec-
tions, a subject of critical importance for our construction of algebraic cobordism.
Finally, in Section 3.4, we recall the derived blowup construction of Khan and

Rydh, which will be an important tool for performing cobordism computations.
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3.1 Basics of derived geometry

Here, we state the basic facts of derived algebraic geometry. The results of this

section are well known to the experts.

3.1.1 Derived rings and derived schemes

In this section, we introduce derived rings and derived schemes. We start from the
following definition from Chapter 25 of [47].

Definition 56. Let Poly be the category whose objects are the polynomial rings
Z[z1, ..., x,;], and whose morphisms are ring homomorphisms. The oco-category
dRing of derived rings is defined as finite-product preserving' functors Poly°P? —

S, where S is the oo-category of spaces.

Let us unpack the above abstract definition. If A is a derived ring, then |A| :=
A(Z]x]) is to be interpreted as its underlying space. Moreover, the maps x — |A|,
induced by the maps Z[z] — Z defined as x — 0 and 2 — 1, give the zero and
the identity point of the derived ring. The addition and multiplication is encoded
by the maps |A| x |A] — |A| induced by the maps Z[z] — Zly, z| defined as
r — y + 2z and x —> yz, respectively. Rest of the structure of a functor encodes

higher coherence data for these structures.

Remark 57. The category dRing is equivalent to the co-category obtained from
simplicial commutative rings with its usual model structure [52]. The above defi-

nition is just a concise way to write this down directly in co-categorical terms.

Definition 58. Let A be a derived ring. The truncation my(A) of A is the commuta-
tive ring, the elements of which are the connected components of A. Moreover, for
each ¢ > 0, the homotopy groups 7; (| A|; 0) admit the structure of a 7y(A)-module.
These modules are called the homotopy modules of A, and they are denoted by
mi(A).

Next, we define some useful classes of derived rings and their morphisms.

Definition 59. Let A be a derived ring. Then,

"Products in Poly°P are given by tensor products of commutative Z-algebras.
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. A is Noetherian if the truncation my(A) is Noetherian, and if the homotopy
modules 7;(A) are finitely generated mo(A)-modules; the Krull dimension

of a Noetherian derived ring is the Krull dimension of its truncation;

. A s local if the truncation 7y (A) is local; if A’ is another local derived ring,
then a ring homomorphism ) : A — A’ is local if and only if the truncation
() : mo(A) — mo(A) is local in the usual sense;

. if A’ is a derived ring and 1) : A — A’ is a homomorphism of derived rings,
then 1 is of finite type (a surjection) if the truncation mo(¢)) : mo(A) —

mo(A) is a morphism of finite type (surjective);

. if A’ is aderived ring and ¢ : A — A’ is a homomorphism of derived rings,
then,

(a) Y is finitely presented if it can be obtained as a finite colimit of copies
of Alz];

(b) % is locally of finite presentation if it is a retract of a finitely presented
derived A-algebra;

(¢c) v is almost of finite presentation, if for all n > 0, there exists a finitely
presented derived A-algebra B, and a derived A-algebra homomor-

phism B — A’ such that 7;(B) — m;(A) is an isomorphism for i < n.

Concretely, finitely presented derived A-algebras are those that can be formed

by adjoining finitely many “free” variables (of varying simplicial degrees) to A.

Similarly, almost finitely presented derived A-algebras are those that can be formed

by adjoining “free” variables to A, with only finitely many variables for each sim-

plicial degree.

We record the following useful observation.

Proposition 60. A finite type morphism 1 : A — A’ between Noetherian derived

rings is almost of finite presentation.

Proof. See [44] Proposition 3.1.5. O]

Next, we globalize the notion of derived rings in order to obtain derived schemes.

However, before being able to do so, we introduce the following useful concept.
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Definition 61 (cf. [47] Construction 1.1.2.2). A derived ringed space X is a
pair (|X|, Ox) consisting of a topological space | X| and a sheaf Ox of derived
rings on |X|. Given a sheaf of rings R on a topological space X, and a contin-
uous map f : X — Y, one defines the pushforward sheaf f.R by the formula
(feR)(V) := R(f~1V). One defines the co-category of derived ringed spaces,
ToPgRing, s the source of the coCartesian fibration Sqring — Top that represents
the functor assigning to each topological space X € Top and to each morphism,
the pushforward functor f,. In other words, a (1-)morphism f : X — Y of de-
rived ringed spaces consists of a continuous map |f| : |X| — |Y| and a map
f¥: Oy — |f|+Ox of sheaves of derived rings.

A derived ringed space X is a derived locally ringed space if its stalks Ox ;
(defined in the obvious fashion) are local derived rings. The co-category of derived
locally ringed spaces, Top}fﬁing, is the subcategory of derived ringed spaces con-
sisting of derived locally ringed spaces with those morphisms f : X — Y such
that the induced morphisms Oy f|(,) — Ox o are local.

Definition 62. A derived scheme is a derived locally ringed space X = (| X|, Ox),
where Ox is a hypercomplete? sheaf of derived rings on X, satisfying

1. the truncation X := (| X|, mo(Ox)) is a scheme in the classical sense;

2. each of the homotopy sheaves m;(Ox), defined as the sheafifications of the
presheaves that assign the 7y(Ox (U))-module 7;(Ox (U)) to an open sub-
set U C | X|, is quasi-coherent as a 7y(Ox )-module.

The oco-category of derived schemes, dSch, is the full subcategory of derived lo-

cally ringed spaces consisting of derived schemes.

As in Chapter 1.1 of [47], one shows that for each derived ring A, one can
construct a derived locally ringed space Spec(A), the spectrum of A, the underly-
ing topological space of which is the Zariski spectrum of m(A), and satisfying the
universal property that for each locally ringed space X,

MapTOPlffiing (X, Spec(A)) ~ Mapgging (4, Ox (X))

2Any sheaf on a finite-Krull-dimensional Noetherian topological space is automatically hyper-
complete [45]. Since we will almost exclusively focus on schemes whose underlying topological
space satisfies this property, the reader may safely ignore this concept altogether.
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It is then possible to show that a derived locally ringed space X is a derived scheme

if and only it admits an open cover by spectra of derived rings.

Remark 63 (Functor of points of a derived scheme). Another useful perspective to
derived schemes is to consider them via their functor of points. A derived scheme
X defines a functor hx : dRing — S, the functor of points of X, by the formula

hx(A) := Mapggen (Spec(4), X).

It turns out that this is a fully faithful embedding of dSch to Fun(dRing, S) (see
[47] Chapter 1.6 for the analogous claim in spectral algebraic geometry), and the
essential image of this embedding consists of functors that admit a Zariski cover-

ing® by functors of form Map ging (A, —), where A is a derived ring*.

The oo-category of derived schemes has analogous properties to the category

of ordinary schemes. Importantly, it admits fiber products.

Definition 64. Let X — Z and Y — Z be maps of derived schemes. Then, the
fiber product of X and Y over Z is a derived scheme X X 7z Y, together with maps
X XxzY — X and X xzY — Y, such that for every derived scheme V, the

induced map
Mapggeh (V. X Xz Y) = Mapggen (Vs X) Xap,ga (v,2) MaPgsen (VoY)

is an equivalence of spaces. In other words, the datum of amap V — X xz Y
is equivalent to the data of maps V' — X, V' — Y and a homotopy of the two
compositions V' — Z in Mapygq, (V, Z).

It is possible to check locally that the above functor of points description is
locally modeled by tensor products of derived rings>, and therefore is indeed a de-
rived scheme. There is an important subtlety related to fiber products in derived

algebraic geometry. Namely, even though the category of classical schemes em-

3Defined in an analogous way to the Zariski coverings of set-valued functors on commutative
rings.

*Note that this is just the functor of points of Spec(A).

SConcretely, derived relative tensor products of simplicial commutative rings.
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beds fully faithfully to dSch as the derived schemes with a discrete structure sheaf,

this subcategory is not closed under fiber products.

Proposition 65. Let X — Z andY — Z be classical schemes, and let X ><CZl Y
denote the classical fiber product. Then the canonical map X ><CZ1 Y > X xzY
is an equivalence if and only if the fiber product is Tor-independent. ]

Let us then list some special classes of derived schemes and their morphisms.

Definition 66. A derived scheme X is Noetherian if its underlying topological
space is quasi-compact and if it admits an affine open cover by spectra of Noethe-
rian derived rings. The Krull dimension of a Noetherian derived scheme X is the

Krull-dimension of its underlying topological space | X|.

Definition 67. A derived scheme X is gcgs (quasi-compact and quasi-separated)

if the truncation X is.
Definition 68. Let f : X — Y be a map of derived schemes. Then,

1. f is an open embedding if f identifies X as (U, Oy |U), where U C |Y| is

an open subset and Oy |U is the restriction of the structure sheaf of Y to U;

2. f is a proper morphism (a finite type morphism, a gcqs morphism, a closed

embedding) if the truncation f.; : X — Y, is in the usual sense;

3. fisalocally closed embedding if it factors as a closed embedding followed

by an open embedding.

4. fis locally of finite presentation (locally of almost finite presentation) if, for
every affine open Spec(A) C Y and an affine open Spec(B) C X mapping
to Spec(A), the induced map A — B is locally of finite presentation (of

almost finite presentation) as a map of derived rings.

Clearly amap f : X — Y is of finite type (a closed embedding) if and only if,
for every affine open Spec(A) C Y and every affine open Spec(B) C X mapping
to Spec(A), the induced map of derived rings A — B is of finite type (surjective).
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3.1.2 Quasi-coherent sheaves

To every derived scheme X, one can associate the symmetric monoidal stable co-
category QCoh(X) of quasi-coherent sheaves on X. There are many equivalent
characterizations of this category, but perhaps the most intuitive one is as the full
sub-co-category of derived O x-modules® spanned by those modules that, on each
affine open Spec(A) C Oy, are modeled by a derived A-module. If X is a clas-
sical scheme, then QCoh(X) is closely related to the unbounded derived category
of X (the derived category can be recovered by its homotopy category with the
induced triangulated structure, see [46] Chapter 1). For the rigorous definition, we
refer to Chapter 2 of [47].

We will denote suspensions of objects 7 € QCoh(X) by F[1]. Moreover,
each quasi-coherent sheaf F has naturally associated homotopy sheaves 7;(F) for
all ¢ € Z, which are naturally regarded as classical quasi-coherent sheaves on the

truncation X). Additionally, each 7 € QCoh(X) takes part in a cofiber sequence
T2i+1f —F = Tgif,

where 7>, F — F is the universal map to F from a quasi-coherent sheaf with 7
trivial for j < n and where F — 7<,F is the universal map from F to a quasi-
coherent sheaf with 7; trivial for j > n. Moreover, 7j(7>,F) = m;(F) for j > n
and 7 (1<pF) = mj(F) for j < n.

Definition 69. A quasi-coherent sheaf F is connective if the natural map 7>¢F —
F is an equivalence. If is eventually connective if there exists an 7 € Z such that

the natural map 7>;F — F is an equivalence.

Definition 70. A map F — G of connective quasi-coherent sheaves on X is surjec-

tive if the induced map mo(F) — mo(G) is a surjection of sheaves in the classical

SConcretely, a derived module M over a derived ring A is described by a spectrum object in
simplicial modules over a simplicial ring A, representing A in the Quillen model structure. If M is
connective, then it can be described by a single simplicial Ao-module.

7As every derived scheme has an underlying spectral scheme, and as the (symmetric monoidal
stable) oo-category of quasi-coherent sheaves on a derived scheme is identified with that of the
underlying spectral scheme, we may refer to [47] for results concerning quasi-coherent sheaves in
derived algebraic geometry.
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sense. A connective quasi-coherent sheaf F is globally generated if it admits a

surjection from ), ; Ox, where I is an indexing set.

Much like in classical algebraic geometry, given a qcqs morphism f : X —
Y of derived schemes, there exists an adjoint pair of functors consisting of the
pushforward
f« 1 QCoh(X) — QCoh(Y)

and the pullback®
f*:QCoh(Y) — QCoh(X).

If the morphism f is clear from the context, f*F is often denoted by F|x. These
operations are functorial and satisfy many good properties, as exemplified by the
following result ([47] Proposition 2.5.4.5 and Remark 3.4.2.6).

Proposition 71. Pushforwards and pullbacks of quasi-coherent sheaves satisfy the

following properties:

1. push-pull formula®: given a Cartesian square

x Ly

such that g is gcgs, then there exists a natural equivalence of functors f* o
g« = gi o f™* : QCoh(Y') — QCoh(X);

2. projection formula: given a gcqgs morphism f : X — Y, F € QCoh(X),
and G € QCoh(Y), then there exists a natural equivalence

F(F(G) @ F) ~ G @ [fu(F).

Another fundamental concept in the study of quasi-coherent sheaves is that of

the global sections.

8Pullbacks are defined along arbitrary morphisms of derived schemes.
°Note that, in classical algebraic geometry, the analogous result (with derived pushforwards and
pullbacks) holds only in Tor-independent Cartesian squares.
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Definition 72. Let F be a quasi-coherent sheaf on a qcqs derived scheme X.
Then the spectrum of global sections T'(X; F) is defined as the pushforward of
F to Spec(Z) with its natural spectrum structure. The space of global sections

[T'(X; F)| is defined as the mapping space Mapqcon(x)(Ox, F)-

As QCoh(X) is a stable co-category, it has a canonical enrichment over the co-
category of spectra. Moreover, it is not difficult to show that I'( X ; F) is recovered
as the spectrum of maps Ox — F. Hence, [['(X; F)| is the underlying space of
I'X;F).

The following lemma is often used to reduce to a situation where only finitely

many of the homotopy sheaves 7;(F) are nontrivial.

Lemma 73 (Grothendieck vanishing). Let X be a Noetherian derived scheme with
Krull dimension n < oo, and let F € QCoh(X). Then, forall j € 7Z,

;i (D(X; F)) = i (D(X; 7<i(F)))

assoonasi>n+j.

Proof. Using the fundamental cofibre sequences
D(X;mip ()i +1]) = D(X; 7<ip1(F)) = T(X;7<i(F))

and the classical Grothendieck vanishing, we conclude that 7; (I'(X; 7<;(F))) sta-
bilize for ¢ > 0, and therefore (by Milnor sequence)

Wj (F(X;]:)) = limwj(F(X;ng‘(}—)))'

7

The bound for ¢ follows from the fact that a Noetherian topological space of Krull

dimension n has cohomological dimension n. O

Next, we list the most important finiteness conditions of quasi-coherent sheaves

and state their basic properties.

Definition 74. Let F be a quasi-coherent sheaf on a derived scheme X. Then,
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1. F has Tor-amplitude in the interval [a,b] C Z if, for every discrete quasi-

coherent sheaf G, the homotopy sheaves 7;(F ® G) are trivial whenever

i & [a,b];

2. F has finite Tor-amplitude if there exists a finite interval [a, b] C Z in which
F has its Tor-amplitude;

3. if F is connective, then we say that F has Tor-dimension 1 if it has Tor-

amplitude in [0, i[;
4. if F is connective, then it is flat if it has Tor-dimension 0.

A family of concrete examples of a flat quasi-coherent sheaves is given by the
locally free shaves. If X is a derived scheme and JF is a quasi-coherent sheaf on X,
then F is locally free (of finite rank) if there exists n < oo, an open cover (U;);cr
of X, and equivalences F|y, ~ (’)?}fi, where n; < n. Moreover, if all the n; can

be chosen to be equal to n, then F has rank n.

Definition 75. Let X be a derived scheme, and let F be a quasi-coherent sheaf on
X. Then,

1. F is perfect if, locally on each affine open Spec(A), F is a retract of a finite
colimit of shifts of A; if X is qcgs, then perfect objects are precisely the
compact objects of QCoh(X);

2. F is almost perfect if it is eventually connective, and for all n > 0 there
exists a perfect object G and a map G — F inducing an isomorphisms
mi(G) — mi(F) for i < n; if X is Noetherian, then this is equivalent to
F being eventually connective and the homotopy sheaves 7;(F) being co-

herent sheaves on X;

3. if X is Noetherian, then F is coherent if it is almost perfect and only finitely

many of the homotopy sheaves are nontrivial.

On a qcgs scheme, an almost perfect object is perfect if and only if it has
finite Tor-amplitude. Moreover, there exists a convenient characterization of those
almost perfect sheaves that are locally free (clearly any locally free sheaf of finite

rank is almost perfect).
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Proposition 76. Let X be a Noetherian derived scheme. Then an almost perfect
sheaf F is locally free if and only if it is flat.

Another useful fact is that the Tor-dimension of an almost perfect sheaf can be

measured using the following local procedure.

Lemma 77. Let A be a Noetherian local derived ring with a residue field k,
and let M be an almost perfect derived A-module (i.e., a quasi-coherent sheaf
on Spec(A)). Then M has Tor-amplitude in |a,b] C 7Z if and only if the homotopy
modules m;(k @ 4 M) of K ® 4 M vanish whenever i & [a, b].

Proof. As any discrete A-module can naturally be regarded as a mp(A)-module, it
is enough to compute the Tor-amplitude of my(A) ®4 M. The claim then follows
from standard facts concerning complexes of finitely generated modules over local

Noetherian rings. O

If X is a derived scheme, then we denote by Perf(X) the full subcategory of
QCoh(X) spanned by the perfect objects. It is known that perfect objects coincide
with the dualizable objects in QCoh(X), i.e., to those quasi-coherent sheaves F
that admit a dual F" satisfying certain natural conditions. The most important

properties of duals are listed below.
Proposition 78. Let X be a derived scheme and let F € Perf(X). Then

1. for any Q € QCoh(X), there exists a natural equivalence of spaces
Mapqeon(x) (F>9) ~ [T(X; FY @ G)l;

2. the double dual F"V is naturally equivalent to F;
3. if Fis locally free (of rank r), then so is F";
4. if F is a rank I locally free sheaf, then F @ F¥ ~ Ox.

We end by recalling that a morphism & — F of locally free sheaves is an
inclusion if the induced morphism of duals F — £V is a surjection. As the fiber
of a surjection of locally free sheaves is a vector bundle, the cofiber of an inclusion

of locally free sheaves is locally free.
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3.1.3 The cotangent complex

The cotangent complex is one of the most important objects in derived algebraic ge-
ometry. Much like the sheaf of Kihler-differentials, it admits an universal property
as the target of the universal derived derivation, or, alternatively, as a quasi-coherent

sheaf classifying infinitesimal derived extensions'”

, as explained in a rather pleas-
ant way in [S1]. As any derived scheme is a limit of derived infinitesimal extensions
that start with a classical scheme, the cotangent complex may be regarded as a key
to understanding derived algebraic geometry.

As we will need only the most elementary properties of the cotangent complex,

we will keep this subsection rather concise. Let us start by fixing the terminology.

Definition 79. Let X — Y be a morphism of derived schemes. Then, we will
denote by L y/y the relative cotangent complex of X over Y. The cotangent com-
plex is a connective quasi-coherent sheaf. The absolute cotangent complex Lx is

the relative cotangent complex associated to the morphism X — Spec(Z).
Next, we record the useful properties of L y/y.
Proposition 80. The cotangent complex satisfies the following properties:

1. if the square
X — Y
o
X —Y

is Cartesian, then there exists a natural equivalence f*Lx/y >~ Lx//y: 1.

2. given a sequence X 5Ly 52 of derived schemes, then there exists a

natural cofiber sequence

g*LY/Z — Lx/z = Lx/v;

Note that, in classical algebraic geometry, the cotangent complex does not admit a universal
property in terms of deformation theory.

"Note that, in classical algebraic geometry, this is not true in general. If the classical Cartesian
square is Tor-independent, then the result holds.
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3. if the square
X sy

ol
X —Y
is Cartesian, then the induced map f*Lx/y @ g"Ly )y — Lx//y is an

equivalence.

Finiteness properties of f and of the relative cotangent complex are intimately
related, as the following result ([44] Proposition 3.2.18) shows.

Proposition 81. Let f : X — Y be a map of derived schemes. Then the following

are equivalent:
1. f is locally of finite presentation (locally of almost finite presentation);

2. fa : Xa — Ya is finitely presented and L x )y is perfect (almost perfect).
O

3.1.4 Vector bundles and related derived schemes

Much like in classical algebraic geometry, it is often useful to consider locally free

sheaves as geometric objects.

Definition 82. Let X be a derived scheme, and let £ on X be a locally free sheaf.
Then, the vector bundle E associated to & is the derived X -scheme such that, for

every derived X -scheme .5, there exists a natural equivalence
Mapgsen, (9, E) >~ [I'(S; E]s)]-

In particular, the space of sections of the structure map £ — X is equivalent to the
space of global sections of £. The vector bundle of a locally free sheaf of rank 1 is

referred to as a line bundle, and is often denoted by .Z.

One can check locally that the above functor of points description gives rise to
a derived scheme. From now on, we will be rather careless in distinguishing vector

bundles from locally free sheaves as they contain equivalent data.
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Definition 83. Let X be a derived scheme, let E be a vector bundle on X, and let
s be a global section of E. Then, the derived vanishing locus of s is defined as the
fiber product
Vx (S) — X
j 0
X —> > E.
Note that there exists a natural equivalence between the two inclusions Vx (s) <

X as both 0 and s are sections of £ — X. The derived vanishing locus of line

bundle section of .Z is referred to as a virtual Cartier divisor.

Moreover, for each vector bundle, one can construct several interesting exam-

ples of derived schemes, namely the relative Grassmannians.

Definition 84. Let X be a derived scheme and let £/ be a vector bundle on X.
Then the Grassmannian of n-planes in E, Gr,,(E), is the derived X -scheme such
that, for each derived X -scheme S, the space of X-morphisms S — Gry,(E) is

equivalent to the space of inclusions
F—FE ‘S

of vector bundles on S, where F' is a vector bundle of rank n. The scheme Gr;(E)
is called the projective bundle associated to E, and it is denoted by P(E)'?. Fol-
lowing the classical convention, the universal subbundle of E on P(F) is denoted
by O(—1). At times, it is useful to keep track of the base of the bundle, in which

case we will use the notation Px (E).

Again, it can be verified that the above description gives rise to a derived
scheme. Clearly an inclusion of vector bundles £ — F' induces a closed em-
bedding of Grassmannians Gr,,(F) — Gr,(F'). In order to study this inclusion
(in the special case of projective bundles) in more detail, we record the following

useful result.

"’If E is a vector bundle on X, then we will denote by P (E) the universal scheme representing
surjections £ — Z. However, we use this notation rarely.
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Lemma 85. Let X be a derived scheme and E a vector bundle on X. Then, the

natural cofiber sequence
O-1)—=FE—->Q

of vector bundles on P(E) induces a natural equivalence |I'(X; E)| ~ |T'(P(E); Q)|

of spaces of global sections.

Proof. Let m be the structure morphism P(E) — X. Then one checks locally and
by reducing to classical algebraic geometry that the natural map 7. (7*(E)) — E
is an equivalence. Similarly, 7.(O(—1)) ~ 0. The claim then follows from the

fact that cofiber sequences push forward to cofiber sequences. O
We now show that projectivized linear embeddings are derived vanishing loci.

Proposition 86. Let £ < F' be an inclusion of vector bundles, and let us denote
the cofiber of the inclusion by G. Then, the inclusion P(E) — P(F) is the derived

vanishing locus of the global section s of G(1) that corresponds to the composition
O(-1)—=F -G

of maps of vector bundles on P(F).

Proof. The space of X -morphism from a derived X -scheme S to the derived van-

ishing locus Vp(p) (s) is equivalent to the space of commuting diagrams,

[~

F|S —_— G|S

As E — F — (G is a fiber sequence in quasi-coherent sheaves, the claim follows.
O
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3.2 Quasi-projectivity and ample line bundles

Here, we study ample line bundles and quasi-projective morphisms in derived al-
gebraic geometry. These results originally appeared in the background section of
[6] and slightly earlier in the unpublished note [5]. Of course, the results are rather

straightforward analogues of well-known results in classical algebraic geometry.

3.2.1 Ample line bundles

The purpose of this subsection to define and study ample line bundles in the context

of derived algebraic geometry.

Definition 87. Let X be a Noetherian derived scheme of finite Krull dimension
and let .Z be a line bundle on X. Then . is ample if, for any point z € X, there
exists n > 0 and a section s € I'(X; . £®") such that X := X \V (s) is affine and

contains x.

The following result will be important when analyzing the implications of the

above definition.

Lemma 88. Let X be a finite-Krull-dimensional Noetherian derived scheme, let
Z be a line bundle on X and let s be a global section of £. Let F be a quasi-

coherent sheaf on X, and consider the sequences
H'(X;F) S H(X; 20 F) S H(X; 220 F) 5 -
Then there are natural isomorphisms
colim, H'(X;.£%" @ F) = H'(X,; F)
given by sending f € H'(X; " ® F) to f/s" € H'(Xg; F).

Proof. It is enough to prove this for 7 = 0. Since applying the truncation 7> does
not change the zeroth cohomology, we can assume that F is connective. Finally,
by Grothendieck vanishing (Lemma 73) we may reduce to the situation where the
nontrivial homotopy sheaves of F lie between degrees 0 and n, where n is at most

the Krull dimension of X. Our argument proceeds by induction on n. Notice that
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the base case n = 0 is classical (see e.g. [58] Tag 0OOMR). To prove the general
case, we consider the cofiber sequence

.7:, - F = 71'0(]:).

Since the nontrivial homotopy sheaves of F’ lie between degrees 1 and n, we can
apply the induction assumption to F’ and mo(F), and the claim follows from 5-
lemma applied to the diagram comparing the cohomology long exact sequences

(note that sequential colimits preserve exact sequences). O

Ample line bundles admit the following useful characterization.

Proposition 89. Let X be a finite-Krull-dimensional Noetherian derived scheme,

and let £ be a line bundle on X. Then, the following conditions are equivalent:
1. L is ample;

2. for every connective almost perfect sheaf F on X, the sheaves L™ @ F
are globally generated for n > 0.

Proof. By Grothendieck vanishing (Lemma 73), we can assume that F is coherent.
Let us first assume that . is ample, and choose s; € I'(X; . £®"), i = 1..r, in

such a way that X, form an affine open cover of X. As
mo(C(Xs: F)) = T (X5 m0(F)),

we can use Lemma 88 to conclude that, for d; > 0, there exist global sections
of #®%ini @ F generating it at the points of X,.. Letting N = nj - - - n,, it then
follows that Z®*N ® F is globally generated for i > 0. Since the last conclusion
is also true for the sheaves .Z ® F, ..., Z®N~-1 @ F, it follows that Z®" @ F is
globally generated for n > 0.

Suppose then that, for all coherent sheaves F, ™ @ F is globally generated
forn > 0. Let x € X be a point, and let U be an affine open neighborhood of x
such that .Z |y is trivial. Let Z < X be the complement of U with the reduced

scheme structure, and consider the cofiber sequence

I—>Ox—>OZ.
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If %" @7 is globally generated, then it is possible to find such a global section s
that its image in s’ € T'(X; £®") does not vanish at z. It follows that X, C U is

an affine open subset containing x. O
Next, we consider the relative version of ampleness.

Definition 90. Let f : X — Y be a morphism of finite-Krull-dimensional Noethe-
rian derived schemes. Then, a line bundle .Z on X is relatively ample (or f-ample)
if, for every affine open set Spec(B) — Y, .& restricts to an ample line bundle on
the inverse image f~Spec(B).

If Y is affine, then a line bundle . on X is relatively ample over Y if and only
if .Z is ample. Combining this observation with the following lemma allows us to

check relative ampleness on an affine cover of Y.

Lemma9l. Let f : X — Y be a morphism of finite-Krull-dimensional Noetherian
derived schemes, let (U;);c1 be an open cover of Y, and let £ be a line bundle on
X. Then, £ is f-ample if and only if for all i € I, we have that £; .= ZL| -1y, is
fi-ample, where f; : f~'U; — Uj is the restriction of f.

Proof. The only if direction is clear, so let us prove that all .%; being f;-ample im-
plies the relative ampleness of .Z. In other words we have to prove the following:
if Y = Spec(B) is affine, by, ...,b, € B are functions such that (Y;,)!_; is an
affine open cover of Y with .Z| Xy, ample for all 7, then . is ample. But this is
obvious: if z € X, then z lies inside one of the open subsets X3, and we may use
Lemma 88 to find a global section s of .Z®™ with X, C X, affine and containing
x. O

As a consequence, we prove that relatively ample line bundles behave well in

compositions and in derived pullbacks.

Proposition 92. Let f : X — Y be a morphism of finite-Krull-dimensional

Noetherian derived schemes having a relatively ample line bundle £. Then,
1. if f factors through ' : X —Y', L is f'-ample;

2. ifg: Y — Z admits a relatively ample line bundle ., then X & f*.HM™
is (g o f)-ample for n > 0;
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x Ly

P b
x .y

is Cartesian with X' and Y' Noetherian, then h'*.% is f'-ample.

Proof. 1. This follows from Lemma 91 and from the stability of ample line

bundles under restrictions to open subschemes.

2. The proof is the same as the classical proof, see [58] Tags 0C4K (1) and
0892.

3. Without loss of generality we can assume that both Y and Y are affine. It
follows that A’ is affine, and as ample line bundles are stable under affine

pullbacks, the claim follows. 0

It is also true that relative ampleness can be checked on the truncation, at least

for proper morphisms.

Proposition 93. Let A be a Noetherian derived ring of finite Krull dimension, and
let X — Spec(A) be a proper morphism of derived schemes that is locally of
finite presentation. Then, for a line bundle £ on X, the following conditions are

equivalent:
1. £, is ample on Xy,

2. given an almost perfect quasi-coherent sheaf F on X and i € 7, we have
that
mi(T(X; F @ Z9) = Ta(X;m(F @ Z%"))

forn > 0;
3. Zis ample.

Proof. Let us first assume that the truncation .7, is ample. By Grothendieck van-

ishing, it is enough to ensure that condition 2. holds for F coherent and connective.
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We will proceed by induction on n, where n is the largest ¢ such that 7;(F) is non-

trivial. The base case n = 0 is easy: in this situation

]:®(9X LM ~ ]:®0Xc1 $®m,

cl

and the claim follows from the classical result of Serre on the vanishing of sheaf

cohomology (see, e.g., [58] Tag 0B5U). In general we have a cofibre sequence
F—-F—=n 0 (.7'— )

Applying the induction assumption to F” and 7o (F), the result holds for them for
m large enough. Then for any such m, and n > m, it follows from the associated

cohomology long exact sequence that

mi(T(X; F @ 2%")) =
i (D(X; F @ 29)) 2 Ta(X;m(F © £%"))  fori > 0;
Lo (X;mo(F © £9™))) for i = 0;
0 fori < 0.

This shows that .Z satisfies condition 2.

Suppose then that . satisfies condition 2. Applying this to all truncated co-
herent sheaves, we can immediately conclude that ., is ample using the result of
Serre cited above. As global sections of .,?fla” lift to global sections of .£®" for
n > 0, the ampleness of .Z implies that of .Z. O

3.2.2 Quasi-projective morphisms
Here, we define and study the basic properties of quasi-projective morphisms. Let

us begin with explaining what we mean by a quasi-projective morphism.

Definition 94. A locally almost finitely presented morphism f : X — Y of finite-
Krull-dimensional Noetherian derived schemes is quasi-projective if it admits a

relatively ample line bundle. A proper quasi-projective morphism is called projec-
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tive'3.
In light of Proposition 93, we may generalize the notion of projective morphism

further to get rid of the Noetherian hypothesis.

Definition 95. Let f : X — Y be a proper morphism of derived schemes that
is locally of almost finite presentation. Then, f is projective if there exists a line
bundle .Z on X such that .Z,; is f.-ample.

We have chosen to use the above definitions for (quasi-)projectivity, as it has

the following good properties.

Proposition 96. Quasi-projective morphisms between Noetherian derived schemes
of finite Krull dimension are stable under compositions and pullbacks in which the
fiber product is Noetherian. Projective morphisms are stable under pullbacks and

compositions.

Proof. The first claim follows immediately from Proposition 92. The second claim
follows immediately from the analogous fact in classical algebraic geometry, see
e.g. [58] Tags 0C4K and 0893. O

Quasi-projective morphisms have the benefit over more general morphisms that

they often admit convenient global factorizations.

Theorem 97. Let f : X — Y be a quasi-projective morphism of finite-Krull-
dimensional Noetherian derived schemes. Then, if Y admits an ample line bundle,
f admits a factorization

X 4P Sy,

where i is a locally closed embedding and T is the natural projection. If f is

projective, then i is a closed embedding.

BIn [6] we did not assume that f is locally of almost finite presentation, only of finite type.
However, in order to ensure the compatibility of our algebraic cobordism with K-theory, we need to
fix a class of projective morphisms with the property that pushforward of an almost perfect object is
almost perfect. For this, we need to assume that f is locally of almost finite presentation [47]. This
definition has also the added benefit that a quasi-projective derived scheme over a Noetherian derived
ring A is automatically Noetherian.
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Proof. By assumption, X admits an ample line bundle .Z; let b1, ..., b, be a se-
quence of global sections of . such that X}, is an affine open cover for X. As
ample line bundles truncate to ample line bundles, there exists n > 0 and a generat-
ing sequence of global sections sg, ..., S, of .,S/’ﬁ@” such that the induced morphism
X — P x Y, is a locally closed embedding ([58] Tag 0B42). Then by Lemma
88, there exists such an m > 0 that the global sections s;; := bZ@m(X)sj of .Zf?“”rm)
lift to global sections §;; of .Z®( ™) As the morphism i¢ : Xo < P" x Yy
induced by the s;; is still a locally closed embedding, the map 7 : X — P" x Y in-
duced by the s;; is a locally closed embedding of derived schemes. Thus, we have

proven the first claim. The second claim follows from the fact that ¢ is proper. [J
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3.3 Derived complete intersections

This section is dedicated to the study of complete intersections in derived alge-
braic geometry. We start with Section 3.3.1, in which we recall the basic facts
concerning quasi-smooth and smooth morphisms in derived algebraic geometry.
In Section 3.3.2, we study the corresponding absolute notion, i.e., that of a derived
complete intersection ring. The results of this subsection were originally stated in

the background section of [6].

3.3.1 Smooth and quasi-smooth morphisms

In this section, we study smooth and quasi-smooth morphisms and related notions
in derived algebraic geometry. We say that a morphism f : X — Y of derived
schemes is locally of finite Tor-dimension, if, for each affine open Spec(A) C Y
and an affine open Spec(B) C X mapping to Spec(A), B has finite Tor-dimension
as a derived A-module.

Let us begin with the following definitions.

Definition 98. Let f : X — Y be a morphism of derived schemes that is locally of
finite Tor-dimension. Then, f is formally smooth if the relative cotangent complex
Lx /vy has Tor-dimension 0'4. A formally quasi-smooth morphism morphism f is

smooth if it is locally of (almost) finite presentation.

Definition 99. Let f : X — Y be a morphism of derived schemes that is locally
of finite Tor-dimension. Then, f is formally quasi-smooth if the relative cotangent
complex L x/y has Tor-dimension 1. A formally quasi-smooth morphism is quasi-
smooth if it is locally of (almost) finite presentation. A derived regular embedding

is a quasi-smooth closed immersion.

As the cotangent complex of a quasi-smooth morphism is perfect, quasi-smooth

morphisms admit a notion of relative dimension.

4We have made being locally of finite Tor-dimension part of the definition of a formally (quasi-
)smooth morphism in order to ensure that bivariant K -theory admits orientations along such mor-
phisms. Perhaps, at least under some fairly weak additional hypothesis, this would follow from the
cotangent complex having Tor-dimension < 1. See e.g. [12] for some classical results in this direc-
tion. In any case, this condition may be dropped from the definition of a (quasi-)smooth morphism,
as it is automatic under the other hypotheses.
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Definition 100. Let f : X — Y be a quasi-smooth morphism, and assume that
the relative cotangent complex Ly has constant virtual rank r. Then, f is said
to have relative virtual dimension r. If i : Z — X is a quasi-smooth closed im-
mersion of relative virtual dimension r, then we say that it has virtual codimension

—r.

Remark 101. The relative virtual dimension is well-defined on each connected
component of the source. Hence, the only problem for defining it in general is
when the source is a disjoint union of derived schemes that have different relative

virtual dimensions over the target.

The classes of morphisms defined above have many good properties, as sum-

marized in the following result.

Proposition 102. Formally quasi-smooth morphisms (formally smooth morphisms,
quasi-smooth morphisms, smooth morphisms, derived regular embeddings) satisfy

the following properties:
1. they are stable under compositions and derived pullbacks";

2. whenever the relative virtual dimension is well defined, it is stable under

pullbacks and additive in compositions;

3. amorphism f : X — Y of classical schemes is smooth (quasi-smooth, de-

rived regular embedding) if and only if it is smooth (Ici, regular embedding);

4. whenever a quasi-smooth morphism factors as
f P
X =>P=Y,
where p is smooth, then f is quasi-smooth.

Proof. All the claims follow directly from the theory of cotangent complex in de-

rived and classical algebraic geometry and the properties of Tor-dimension. O

5Note that formally Ici morphisms, lci morphisms and regular embeddings are not stable under
classical pullbacks. This is the main reason why it seems necessary to use derived geometry to
construct a good theory of bivariant algebraic cobordism.
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Derived regular embeddings admit a local characterization as the derived van-
ishing locus of a sequence of functions on the target. To state this more precisely,

we recall the following definition from [34].

Definition 103. Let A be a derived ring, and let a1, ..., a, € A. Then the derived
quotient A/(a1, ..., a;) is defined as the tensor product A ®z,, . . 1 Z of derived
rings, where the maps Z[x1, ..., ;] — A and Z[x1, ..., z,] are defined as x; — a;

and z; — 0, respectively.

Example 104. Derived vanishing loci of vector bundles are locally described as
opposites of derived quotients. Moreover, Spec(A//(aq,...,a,)) — Spec(A) is
equivalent to the derived vanishing locus of the section (ay, ..., a,) of the trivial

vector bundle OéBl:ec( Ay

The following result is Proposition 2.3.8 of [34].

Proposition 105. A closed embedding i : Z — X of schemes is a regular embed-
ding if and only if, Zariski locally on X, it is equivalent to the inclusion of derived

vanishing locus of a sequence of functions on X.

Moreover, derived regular embeddings of codimension 1 are virtual Cartier
divisors, i.e., vanishing loci of sections of line bundles (this is a consequence of
Proposition 3.2.6 of [34]).

Proposition 106. Let i : D — X be a derived regular embedding of codimen-

sion 1. Then there exists a line bundle Ox (D) on X, a global section sp €
IT(X, Ox (D))

, and an equivalence of derived X -schemes D ~ Vx (sp).
The above result allows us to define sum of virtual Cartier divisors.

Definition 107. Let Dy and D> be virtual Cartier divisors on a derived scheme
X. Then their sum, D1 + Do, is the virtual Cartier divisor that is obtained as the
derived vanishing locus of the global section sp, ® sp, of Ox (D7) ® Ox(D2).

3.3.2 Derived complete intersection schemes

Here, we study an absolute counterpart of quasi-smoothness.

75



Definition 108. A Noetherian local derived ring A is called derived complete in-
tersection if only finitely many of the homotopy modules 7;(A) are non zero, and
if the cotangent complex L, /4 is perfect and concentrated in degrees 1 and 2. A
Noetherian derived scheme X is derived complete intersection (or derived regular)

if all of its local derived rings are derived complete intersection.

Example 109. If A is a regular local ring and a1, ..., a, is a sequence of elements

of A, then A//(ay,...,a,) is a derived complete intersection ring.

Definition 108 captures the notion of derived local rings that are derived quo-

tients of regular local rings, as shown by the next result.

Lemma 110. If a derived complete intersection ring B admits a surjection A — B
from a regular local ring A, then there exists elements aq, ..., a, and an equivalence
B ~ AJ/(a1,...,a,) of A-algebras. In other words, a closed immersion from a

derived regular scheme to a regular scheme is a derived regular embedding.
Proof. Let k be the residue field of B and consider the sequence A — B — k.
Then, from the fundamental triangle

K &B LB/A — L/{/A — LK)/B

we can deduce that £ ®p L4 is concentrated in degree 1. Thus L, 4 has Tor-
dimension 1 and the claim follows from 105. O

This allows us to prove the following useful characterization of derived regular

schemes.

Proposition 111. Let X be a Noetherian scheme that admits a finite-type mor-
phism f : X — Y to a regular Noetherian scheme Y. Then X is derived complete

intersection if and only if X — Y is quasi-smooth.

Proof. Locally, f factors as X S AT XY Y, where the first morphism is
a closed embedding. As f is quasi-smooth if and only if ¢ is a derived regular

embedding (Proposition 102), the claim follows from Lemma 110. 0

Warning 112. In [6], Proposition 111 was stated without any finite-type assump-
tions. The proof of this is not correct, and the statement may be false. In the
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paper, the result was used to identify the absolute algebraic bordism of X with
any bivariant group of form Q(X — Y) where Y is regular (Y = Spec(Z) being
a canonical choice). Using the above result, algebraic bordism may be identified

with such bivariant groups only when X — Y is of finite type.
We end with the following useful result.

Proposition 113. Let X be a derived regular scheme, and V. — X a formally

quasi-smooth morphism. If V' is Noetherian, then V is a derived regular scheme.

Proof. Without loss of generality, we may assume that X ~ Spec(A) and V' ~
Spec(B), where A is a derived complete intersection ring and B is a derived local

ring with residue field . Considering the fundamental triangle
k®pLp/a— Lea— Lep,

the claim follows if we can show that LL,; /4 is concentrated in degrees < 1. Note
that the map A — & factors through A — &/, where «’ is the residue field of A.

Considering the cofiber sequence
K @ ]L/@’/A — ]Ln/A — IL,K/K/,

we observe that it suffices to show that L, ./ is concentrated in degrees < 1. But
this is always the case, as one can see by factoring the field extension into a sepa-
rable extension followed by a purely inseparable one, and computing the cotangent

complex. O

77



3.4 Derived blowups

One of the main technical tools used in the study of derived algebraic cobordism is
the derived blowup construction of Khan and Rydh [34]. Here, we recall the basic
facts related to this construction. The results following Theorem 116 are compiled
from [4, 11].

Definition 114. Let Z — X be a derived regular embedding. Then, for any X-

scheme S, a virtual Cartier divisor on S lying over Z is the datum of a commutative

diagram
D cL S
o]
Z — X
such that

1. ip is a derived regular embedding of virtual codimension 1;
2. the truncation is Cartesian square in the ordinary category of schemes;

3. the canonical morphism
* AV V
9Nz x =N D/S
is surjective.

The universal property of derived blowups can be phrased in terms of virtual

Cartier divisors lying over the center.

Definition 115. Let Z — X be a derived regular embedding. Then the derived
blowup Blz(X) is the derived X -scheme representing virtual Cartier divisors lying

over Z. In other words, given a derived X -scheme S, the space of X-morphisms
S — BI A (X )

is naturally identified with the space of virtual Cartier divisors of S that lie over Z.

Derived blowups satisfy the following basic properties.
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Theorem 116. Let i : Z — X be a derived regular embedding. Then,

1. the derived blowup Blz(X) exists and is unique up to contractible space of

choices;

2. the structure morphism 7 : Blz(X) — X is projective, quasi-smooth, and

induces an equivalence
Blz(X)-€& = X - Z,
where £ is the universal virtual Cartier divisor on Blz(X) lying over Z
(also called the exceptional divisor);
3. the derived blowup Bly(X) — X is stable under derived base change;

4. in the blowup square

<, Bly(X)
’ |
X

—

N——— ™

the induced surjection NZV/X — NSV/BIZ(X) identifies £ with ]P)(NZV/X)"
hence Ng/Blz(X) ~O(1);

5. 0fZ <i> XL VYisa sequence of quasi-smooth closed embeddings, then
there exists a canonical derived regular embedding j : Blz(X) < Blz(Y)

called the strict transform;

6. if Z and X are classical schemes, then there exists a natural equivalence
Blz(X) ~ BI3(X),

where the right hand side is the classical blowup.

Proof. Every claim expect the projectivity of 7 : Blz(X) — X follows directly
from [34] Theorem 4.1.5 (see also ibid. 4.3.4 and 4.3.5 for the fourth claim). As
Khan-Rydh prove 7 to be proper, it suffices to find a line bundle on the blowup
that truncates to a relatively ample line bundle in the usual sense. Clearly, O(—&)

is such a line bundle. O
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For the sequel, it will be useful to understand the behavior of strict transforms

on the exceptional divisors.

Lemma 117. Consider a sequence Z — X — Y of derived regular embed-
dings. Then the derived pullback of the strict transform Blz(X) — Blz(Y)
to the exceptional divisor of Blz(Y') is equivalent to the projectivized inclusion

PNz x) = P(Nzy).

Proof. Recall that the strict transform is induced by the outer square in

N‘Q

]

N

where the upper square is the blowup square associated to Blz(X). By the ba-

sic functoriality properties of the cotangent complex, the morphism ¢* %/ y

v . . : : ..
NP( Nzyx)/Blz(X) 18 naturally identified with the composition

INzpy = 9 Nzix = N /1)
which clearly gives rise to the desired morphism. O

The above result allows us to prove the following useful result about blowing

up intersections of derived regular embeddings.

Proposition 118. Let X be a Noetherian derived scheme, and let Z1 — X and
Zo —» X be derived regular embeddings. Let us denote by Z15 — X the inclusion
of the intersection of Z1 and Zy inside X. Then,

1. the exceptional divisor
P(NZIQ/X> = P<NZ1/X|Z12 @NZ2/X’212) — B1Z12 (X)
meets the strict transform Blz,,(Z;) < Blz,,(X) in P(Ny,_, /x|2,,);
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2. the strict transforms Blyz,,(Z1) — Bly,,(X) and Blyz,,(Z2) — Blyz,,(X)

have an empty intersection.

Proof. 1. As Nz, 172, =~ Nz, / x |2y, the claim follows immediately from

Lemma 117.

2. Outside the exceptional divisor of Blz,, (X)), the strict transforms are clearly
disjoint. The claim then follows from the fact that the linear subbundles
PNz, /x|25,) and P(N7, /x| z,,) have an empty intersection inside the bun-
dleIP’(NZl/X‘ZIQEBNZ2/X|212). O

Next, we analyze the behavior of pullbacks of divisors in derived blowups.
This will be of fundamental importance later on, as it leads to the derived blow-up
formula in cobordism, which in turn is employed in almost all cobordism compu-

tations. We start with the following preliminary result.

Lemma 119. Let D1 and D be virtual Cartier divisors on a derived scheme X.

Then there exists a natural commutative square

D1 XXD2 —>D2

Js J

Dy —— Dy + Dy

of derived X -schemes. Moreover, the map Lp, /p, 4 p, [—1] — N1¥1XXD2/D2 is a

surjection.

Proof. The maps D; — D1 + D5 are induced by the paths s; ® 2 and 71 ® so
in the spaces of global sections |I'(D;; O(Dy + Ds))
path s; ~ 0in [['(D;; O(D;))|. Moreover, the product 7 ® 72 gives a homotopy
in [I'(Dy xx Da; O(D; + D3))| between the paths v; ® so and s1 ® 72, hence

equipping the square in the statement with this homotopy makes it commutative,

, Where ~y; is the canonical

proving the first claim. The second claim follows from the fact that the composition
* AV * V
g NDl/X — g LDl/D1+D2 [_1] - NDl XxDQ/DQ
is an isomorphism, so the latter morphism must be a surjection. Note that the
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shifted cotangent complex Lp, /p, 4 p, [—1] is connective because D; is a closed
derived subscheme of Dy + Ds. O

We are now ready to prove the following important result.

Lemma 120. Let Z — D — X be a sequence of derived regular embeddings,
where D is a virtual Cartier divisor on X. Then, denoting 7 : Blz(X) — X, we

have an equivalence

(D) ~ & + Blz(D)
of virtual Cartier divisors on X, where 7*(D) denotes the pullback of D — X to

the blowup.

Proof. One checks locally and by reducing to the classical case that, for any quasi-
coherent sheaf F on X, the unit map F — m.(7*(F)) is an equivalence [35].
Hence, recalling that € is the projective bundle P(N /x) over Z, we deduce that
the cofiber sequence

O(D - &) 25 O(D) — 0g(D)

pushes forward to

where 7,y is the fiber of Ox — Oz. The sequence Z — D < X provides us

with a commutative diagram
Ox
D
Ox (D) —— 0Oz(D)

which by the above analysis corresponds to a global section of sp of O(D — &),
where D’ is, by definition, the derived vanishing locus of sp.

As m*(D) = D' + &, it is enough for us to identify D’ with the strict transform
Blz(D). Denoting by £’ the intersection of £ and D’ inside Blz(X), we may form
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the commutative diagram

[

E —— (D) — Blz(X)
] |

7 D « X,

where the commutativity of the square in the bottom-left corner follows from the

general properties of fiber squares. We claim that the square

exhibits a virtual Cartier divisor on D’ lying over Z. Indeed the square trun-
cates into a classical Cartesian square as a composition of two squares with this
property, and the canonical morphism g*\/) p = N, /pr 18 @ surjection, because
g* %//D — Ng\//ﬂ*(D) is (and because of the second claim of Lemma 119).

We have obtained a canonical morphism D’ — Blz(D). We claim that this is
an equivalence. Using naturality in pullbacks, it is enough to verify the claim in the
cases where X = A" = Spec(Z[z1, ...,x,)), D is the derived vanishing locus of
x1, and Z = {0} is the derived vanishing locus of z1, ..., z,,. But this is classical,

so we are done. O

Next, we study derived blowups along derived vanishing loci of global sections
of vector bundles, which admit an alternative universal property as the universal
derived scheme on which the section can be replaced by a nowhere-vanishing one.

Suppose that X is a derived scheme, E is a vector bundle on X, and s a global
section of E. Let us denote by s’ the global section of @ on P(E) corresponding
to s under the equivalence of Lemma 85. On the derived vanishing locus 7 :=
V() (s'), there exists a canonical null-homotopy of s’, and therefore the section s

lifts canonically to a global section § of O(—1)|z. As Vz(3) is naturally identified
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as Vp(g)(s), we may form the commutative square

where ¢ is the restriction of P(E) — X over Vx(s).

Lemma 121. The above square exhibits a virtual Cartier divisor on Z lying over

Vx (s). Moreover, the induced map Z — Bly, () (X) is an isomorphism.

Proof. The outer square of the commutative diagram

Vz(3) —— Z —— P(E)

Js \)J(

Vx(s)

is Cartesian, and therefore one concludes from the cofiber sequence of cotangent
complexes associated to the upper row that the induced map g* : N‘\//X (s)/x
./\/'\\//Z (5)/2 is surjective. Next we prove that the induced map Z — Bly, () (X)is
an equivalence. Since being an equivalence can be checked locally, and as both
constructions are stable under pullbacks, it is enough to prove this only in the case
when X = A", F = Ofg}, and s = (z1,...,x,). But this is a classical result, so

the claim follows. O

Hence the derived blow ups of vector bundle section admit the following uni-

versal property as “resolution schemes™'®.

Theorem 122. Let X be a derived scheme, E a vector bundle on X, and s a global
section of E. Then, for each X -scheme S, the space of X -morphisms S — Bly, ()

1A resolution scheme may be associated to an arbitrary morphism of vector bundles E — F by
considering the derived vanishing locus of a natural map of vector bundles on a relative Grassman-
nian. However, when the ranks of £ and F' are more than 1, these schemes do not admit a description
in terms of derived blowup of a derived regular embedding.

84



is equivalent to the space of commutative diagrams

Oy
sly
LN,

of vector bundles, where the horizontal map is an inclusion of a line bundle into

the vector bundle F.

Proof. Combining the universal properties of projective bundles and derived van-
ishing loci, we see that the space of X-morphisms S — Bly, (,) is equivalent to

the space of commutative diagrams
Oy
EN
sly
L —— Ely — Q,

where the bottom row is a cofiber sequence. However, such diagrams are equivalent
to diagrams in the statement as cofiber sequences of quasi-coherent sheaves are

fiber sequences. 0
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Chapter 4

Algebraic cobordism and its basic
properties

In this Chapter, we construct the bivariant algebraic cobordism (2, following the
work done in [4, 6, 7, 11]. The basic idea of the construction is rather easy: what
one needs to do is to combine the construction of derived algebraic bordism of
Lowrey—Schiirg [43] with Yokura’s universal bivariant theory in order to obtain a
bivariant theory, the associated homology theory of which recovers derived alge-
braic bordism. However, instead of using the original Lowrey—Schiirg relations to
define our theory, we use slightly more geometric set of relations, closely related

to the double point relations of Levine—Pandharipande [41].
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4.1 Universal precobordism

4.1.1 The bivariant functoriality

Here, we record the bivariant functorialities that will be relevant in this thesis. The

most general bivariant functoriality we are going to work with is the following.

Definition 123. We denote by F, := (Cy, Ga, Yu, -7,) the bivariant functoriality

in which

1. C, is the full sub-oco-category of derived schemes consisting of qcgs derived

schemes!;

2. %, consists of projective morphisms;

3. #, consists of all Cartesian squares;

4, .7, consists of all formally quasi-smooth morphisms.

At times it will be useful to restrict our degree of generality.

Definition 124. Let S be a finite-Krull-dimensional Noetherian derived scheme
that admits an ample line bundle. Then, Fgs := (Cg, €5, -Zs,-%s) is the bivariant

functoriality in which

1. Cg is the full sub-co-category of derived S-schemes consisting of those ob-

jects that are quasi-projective over S
2. % consists of projective S-morphisms;
3. Zg consists of all Cartesian squares;

4. s consists of all quasi-smooth S-morphisms?.

In [6] we restricted our attention to the full subcategory of those finite-Krull-dimensional
Noetherian derived schemes that admit an ample line bundle (or an ample family of line bundles).
However, this is problematic as the Noetherian property is not stable under fiber products! Hence, for
formal reasons, we have to define C, as above, even though we only care about the bivariant groups
of morphisms of pleasant enough Noetherian schemes.

2As all morphisms in Cg are locally of almost finite presentation, every formally quasi-smooth
morphism in Cs is quasi-smooth.
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If S = Spec(A), then, then the notation F 4 is also used.

Note that any nice enough oriented bivariant theory with a functoriality as

above has strong orientations along smooth morphisms, as explained below.

Lemma 125. The class of smooth morphisms forms a class of very specialized
morphisms for Fg. In particular, if B is a centrally and stably oriented bivariant

theory with functoriality Fg, then
1. the orientations along smooth morphisms are strong;
2. B satisfies Poincaré duality for smooth objects (Proposition 28).

Proof. The results follow immediately from the basic properties of smooth mor-

phisms in derived algebraic geometry, and from the results of Section 2.1.5. O
We end this subsection by the following remark concerning partial grading.

Remark 126. The universal additive theory Az, admits a partial grading (Defini-
tion 7) along morphisms that are locally of almost finite presentation. Indeed, if
X — Y is such a map, then an element [V — X] € Ar, (X — Y), where V
is connected, the morphism V' — X is projective, and the composition V' — Y
is (formally) quasi-smooth, has degree d, where —d is the relative virtual dimen-
sion of V over Y. The corresponding graded bivariant group shall be denoted by
A% (X —Y). Moreover, the universal additive theory A r,; admits a grading, and
the theory shall be denoted by A’ _. The sets of relations imposed on these theories
in this section in order to obtain bivariant algebraic cobordism are homogeneous in

the sense that algebraic cobordism inherits the above (partial) grading.

4.1.2 Universal precobordism

Here, we construct and study the universal precobordism §2, which is an interme-
diate step in the construction of bivariant algebraic cobordism. It is obtained from
the universal additive theory with the desired functoriality, by enforcing the de-
rived analogue of Levine—Pandharipande’s double point relations. Importantly, we
will show that the Euler classes of line bundles satisfy a formal group law, which

provides 2 with an L-linear structure, where L is the Lazard ring [38].

88



Definition 127. The universal precobordism §2 is defined as the quotient of A r,
by the bivariant ideal Ly, of derived double point relations, where Zgp (X — Y')
is the subgroup of Az, (X — Y') generated by elements of form

[WO — X] — [Dl — X] — [DQ — X] + [PD1ﬂD2(O(D1) ) O) — X],

associated to a projective morphism W — P! x X such that the composition

W — P! x Y is formally quasi-smooth, where
1. Wy is the fiber of W — P! x X over {0} x X;
2. the fiber W, of W — P! x X over {00} x X is the sum of virtual Cartier
divisors D¢ and D5 on W,
3. Dy N Ds is the fiber product of D; over W.

It is straightforward to check that Zg, is indeed a bivariant ideal. Similarly, but

starting with Az, one constructs the universal S-precobordism Q5.

Remark 128. Clearly, there are natural isomorphisms

ax Ly =ax Ly
compatible with all the bivariant operations and orientations, where f is obtained
from the S-morphism f by forgetting the structure morphisms and the homotopy

witnessing the commutativity of the triangle

x .y

X
Y

S.

From now on, when we prove that a result holds for {2, then, in order to avoid
unnecessary repetition, we will not explicitly mention that the analogous result
holds for 2 as well. The same applies for the precobordism groups with bundles

constructed below.

Following the classical paper of Lee and Pandharipande [49], we will construct

“algebras” over £, in which the cycles are equipped with line or vector bundles on
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the source. These theories will be useful for algebraic cobordism computations,
as we shall see in the sequel. Let us begin with the following modification of the

universal additive bivariant theory.

Definition 129. Let F be either F, or Fg. Then we define the additive bivari-
ant theories with bundles (A%", o5) and (A%", eg) as the bivariant theory where
A}’*(X — Y) is the Abelian group generated by equivalence classes [V — X; E],
where V' — X is a projective morphism such that the composition V' — Y is
(formally) quasi-smooth, and where E is a vector bundle on X, modulo relations

of form
ViuVe - X5 B UEy)] = [Vi — X By + [Va — X Eal.

If E has rank r, then [V — X; E] € A% (X — Y). The bivariant operations are
defined as follows:

1. bivariant pushforward: if X — Y factors through a projective map g :
X — X/, then the bivariant pushforward is defined by linearly extending

the formula

0.V L x;B) = v 2L Xt By,

2. bivariant pullback: if

X —Y

is Cartesian, then the bivariant pullback is defined by linearly extending the
formula
* / ! *
g (V= X, E)) = [V! = X'y g™ (E)),

where f’ is the pullback of f along ¢’ and ¢” is the natural map V' — V;

3. bivariant products: the two bivariant products are defined by bilinearly ex-

tending the formulas

[V — X;E]eg [W — X; F|:=[V' = X; E|ly & F|y/]
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and
[V— X;E]eg [W — X; F| := [V’ — X; E|ly @ Fly/],

where the morphism V/ — X is as in the diagram

1% X’ W
[
1% X Y Z;

One checks that these operations are well defined similarly to the proof of Lemma
39. Note that the second degree is additive in 4 but multiplicative in eg. More-

over, we define the additive theory with line bundles as the subtheory (A;}l, oy) of

(A;—l*v .®)'

These theories are stably oriented by the elements
0o(f) == [X = X;0] e A (X = V)

and
0s(f) == [X = X;0x] € A (X = V)

respectively, where f : X — Y is a formally quasi-smooth morphism. Moreover,

all three theories are additive in the sense of Definition 32.

The universal property of A r induces a Grothendieck transformations A r —

(A%, eg) and Ar — (A%", eg) which are defined by the formulas
[V = X]— [V = X;0]

and
[V = X]— [V = X;0v],

respectively. Moreover, there are also the forgetful Grothendieck transformations

(A%, eq) — Ar and (A%", egy) — A, which forget the vector bundle.

Definition 130. The precobordism theories with bundles (Q°*, eg) and (Q**, eg)
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are defined as the quotients of (A%, g, ) and (A%, eg), respectively, by the bivari-
ant ideal I(;I’)*t of derived double point relations with bundles, where I(;I’)*t (X —=Y)
is the subgroup of A}: (X — Y) generated by elements of form

[WO —)X,E’WO] — [Dl —)X;E’Dl] — [DQ —)X;E|D2]—|—[P—>X;E’]}n],

where P = Pp,np,(O(D1) @ O), associated to a projective morphism W —

P! x X such that the composition W — P! x Y is formally quasi-smooth, and
1. E'is a vector bundle on W;
2. Wy is the fiber of W — P! x X over {0} x X;

3. the fiber Wy, of W — P! x X over {oo} x X is the sum of virtual Cartier
divisors D¢ and D- on W,

4. D1 N Dy is the fiber product of D; over W.

It is straightforward to check that I:h’)*t is indeed a bivariant ideal. Similarly,
but starting with A%, one constructs the S-precobordism theories with bundles
(Qg*v .@) and (Qg"*v .®)'

We will denote the induced Grothendieck transformations Q — (2**, eg,) and
Q — (2%*, e3) by tg and (g, respectively. The same notation is used in the case

of S-precobordism groups as well.

4.1.3 Euler classes

Euler classes of vector bundles will play a fundamental role in our study of alge-

braic cobordism.

Definition 131. Let B be an oriented bivariant theory with functoriality F, or Fg.
Then, if X € C and F is a vector bundle on X, the Euler class of X is defined as

e(E) ==io(lyy (o)) € B*(X),

where i : Vx(0) < X is the derived vanishing locus of the zero-section of E.
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Clearly, in case the vector bundle E has rank r, e(E) € Q"(X). The following
result will be useful in practice.

Lemma 132. Let X be a derived scheme, E a vector bundle on X, and let s be a
global section of E. Then

e(F) = [Vx(s) =» X] € Q" (X).

Proof. By definition, e(E) = [Vx(0) — X] € Q*(X). Let xp ® s be a section of
E(1) on P! x X. Then, the map Vp1, y (79 ® s) — P! x X realizes the desired
equation in Q*(X)3. O

In particular, the Euler class of a vector bundle admitting a nowhere-vanishing
section (e.g., a trivial line bundle), is trivial. Euler classes are multiplicative in

cofiber sequences of vector bundles.

Proposition 133. Let X be a derived scheme. Then, if E' — E — E" is a cofiber
sequence of vector bundles on X, we have that e(E) = e(E') e e(E") € Q*(X).

Proof. Let s be a global section of E, and let s” be the induced global section of
E". Then, on Vx (s"), the section s admits a natural lift to a section s’ of E’, and
moreover Vi, (y7)(s’) is naturally equivalent to Vx(s). Thus, denoting by i the

inclusion Vx (s”) < X, we have

e(E) = i1(e(E' vy (s))
e(E") @ i(1yy (s7)) (projection formula)
— o(E') e e(E"),

as desired. O

4.1.4 The extended double point relation

There exists an analogue of Levine—Pandharipande’s extended double point re-
lations (see [41] Lemma 16) for 2. Before proving this, we record the derived

blowup formula, which will be useful in cobordism computations.

3Here, we take Do = 0.
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Lemma 134. Let Z — X be a derived regular embedding. Then,
1x = [Blz(X) = X]+[Pz(Nz/x®O) = X]=[Pe(O(-1)0) — X] € Q" (X)),

where & — Blz(X) is the exceptional divisor.

Proof. Consider W := Blyxz(P! x X). Then, by Lemma 120, the fiber of
W — P! over oo is the sum of Blz(X) and the exceptional divisor &' < W,
leading to the above formula. As O(&’)|¢r ~ O(—1), the third term of the right

hand side is of the correct form. O

We are now ready to prove the extended double point formula. Let us start by
fixing notation. Let X be a derived scheme and let .#; and .4 be line bundles on
E. For simplicity, let us denote .25 := 4] ® %. Then,

P = Px(.,iﬂQv D O),
Py 1= Pp(g0.2,)(0(=1) © O);
Py .= P(.ﬁ,ﬂl O LD O)

Lemma 135. Let everything be as above. Then

e(Ls) =e(LA) +e(L) —e( L) ee( L) o [P — X
+ 6(31) (] 6(32) (] 6(33) ° ([PQ — X] — [Pd — X])

in Q¥ (X).

Proof. Let Dy, Dy and D3 be the derived vanishing loci of arbitrary sections of
L, %L and &, respectively. Let 7 : X' — X be the derived blowup of X at
Di1NDs,let D’1 and Dg be the strict transforms of D; and D3, repectively, and let
D, be the pullback of D5 to X'. Note that D} and D% do not intersect, and that the
virtual Cartier divisors Dj and D' + Dy are rationally equivalent.

Next, denote by X" the blowup of X’ at D/, N D5, by D4 and Dy the strict
transforms of D) and D}, respectively, and by DY the pullback of D} to X”. As
D/ and Df do not intersect, the natural map DY — D] is an equivalence. As the

virtual Cartier divisors D4 and DY 4+ DY are rationally equivalent and disjoint, they
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give a rise to a morphism X” — P! with DY the fiber over 0 and D} + DY the
fiber over co. The induced derived double point relation is

(D5 — X] = [Df = X]+[Dj = X| = [Ppyapy (O(DY) @ 0) — X] € Q(X).

We will investigate each term of the equation.

1. [D5 — X]: As Dy is the composition of two derived blowups along virtual
Cartier divisors, [Df — X| = [D3 — X| = e(.%3)

2. [DY — X]: As DY is the derived blowup of D; along a virtual Cartier
divisor, we have that [D] — X| = [D1 — X] = e(A).

3. [Df — X]: Arguing as above, DY is equivalent to the derived blowup
Blp,np,nps(D2). Hence, applying the derived blowup formula, we com-
pute that

[D3 = X] = [D2 = X]| = [Pp,np.nps (O(D1) & O(D3) & O) — X]
+ Pep, pynn, (O(D1@O(Dy)) (O(—1) @ O)]
= 6(.,%2) + 6(.,%1) ° 6(0%2) ° 6(33) ° ([PQ — X] — [Pg — X])

4. [Pprapy(O(DY) ® O) — X]: As D} and Dj do not intersect, the natural
map DY N DY — D) N D) is an equivalence. On the other hand, as

D,2 X xr D ~ (DQ Xx X/) X xr D1
~ Dy xx Dy,

DiﬁDé:DlﬂDz.AS

O(DY)|py =~ O(D})|py
= O(7*(D1) = €)|p;
= O(D1 — D3)|p,
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where & is the exceptional divisor of X', we have that

oy (OUD) & 0) = X] = [Py, (O(D1 — D5) & 0) = X
=e(ZL)ee( L) e [P — X|.

Combining the above equations yields the desired formula. O

As the first application of the above result, we prove the nilpotence of Euler

classes.

Proposition 136. Let X be a finite-Krull-dimensional Noetherian scheme that ad-
mits an ample line bundle. Then, for each vector bundle E on X, the Euler class
e(FE) is nilpotent in Q(X).

Proof. If E/ admits a sequence of sections sy, ..., S, such that they simultaneously
vanish nowhere, then e(E)" = 0. In particular, since X is quasi-compact, such a
finite sequence can be found for E that is globally generated.

Suppose then that . is a line bundle the dual of which is globally generated.
Then, it follows from Lemma 135 by setting .4 = . and % = £, that

0=e(ZL)+e(ZLY)—e(L)ee(LY)e [P — X],

or, in other words, that

B e(£Y)
1—e(ZY) o [P1 — X’

e(Z) =

where the right hand side is well defined because e(.£") is nilpotent. From this
formula, it follows that also e(.%) is nilpotent.

As X admits an ample line bundle, any line bundle . on X is equivalent to
one of form £ ® %, , where 2] and %, are globally generated. Applying Lemma

135 again, we compute that

(L)t el — (L) o (L) o [P > X]
1—e(Z)ee(Ly) e ([Py — X]— [P3— X])’

e(Z)

and the nilpotence of e(.¢) follows from that of e(.#]) and e(.%).
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Finally, let £/ be a vector bundle on X. As X admits an ample line bundle,
there exists a line bundle .% such that £V ® & is globally generated. Let 51, ..., 5,
be a sequence of morphisms £ — % that correspond to a sequence of global
sections of £V ® . the simultaneous vanishing locus of which is empty. In other
words, they give rise to a surjective map E¥" — & of vector bundles, the kernel

of which we denote by F'. As Euler classes are multiplicative, we have that

and the nilpotence of e(E) follows from that of e(.Z). O

4.1.5 The formal group law of universal precobordism

In order to prove that the Euler class of a tensor product of line bundles can be
computed by means of a formal group law, we will need to be able to compute
classes of certain projective bundles in the precobordism ring. To do so, we will
compute certain elements in the precobordism theories with bundles.

It will be useful to fix the following notation.

Definition 137. Given a derived scheme X and a line bundle . on X, we recur-

sively define the following pairs:
(P(X,2), #(X, 2)) := (X, 2)
and
(Pi+1(X7«$)a///z‘+1(X7 g)) = (PPi(X,rf)(///i(Xa 3)@0)7«//4()(73)(]{%1))7

where O(H; 1) is the hyperplane bundle on Pp, (x, o) (#i(X,.2) ® O). If X =
Spec(Z) and . = O, then these pairs are denoted more simply by (P;, .#;).

Moreover, we define elements
Bi := [P; — Spec(Z), ;]

in Q%! (Spec(Z)), with the convention that 3; = 0 if i is negative.
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Lemma 138. Ler X be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle, and let £ be a line bundle on X. Then, the equation

(X = X;.2]=) e(ZL) o (Bi — Bi—1 0a [P(L @ O) —» X;0))

>0
holds in Q1 (X).

Proof. Consider the derived blowup W of P! x X at oo x D, where D is the derived
vanishing locus of a section of .Z. Moreover, let .#” be the line bundle .Z(—&) on

W, where £ is the exceptional divisor of 7. The line bundle .’ restricts to
1. £ on the strict transform of 0 x X;
2. Ox on the strict transform of co x X;
3. Z(1) on the exceptional divisor £ ~ Pp(Z ¢ O);
4. Ox on the intersection of the strict transform of co x X and £.

Hence, the derived scheme P;(W, ") together with its natural map to P! x X and
the line bundle .; (W, £"), realizes the equation

[Pi(X,Z) = X; M(X, L))

= [P(X,0) = X; 4;(X, O)]

+ [Pis1(D, Z|p) = X M1 (D, Z|p)]

= [P(Pp(Z|p ® 0),0) = X; Mi(Pp(ZL|p & O),0)]
= Bi +e(L) og [FPis1 (X, Z) = X Mi11(X, L))
—Piege(L)ex [P(LD0O)— X;0].

Since e(.Z) is nilpotent, the claim follows from the above formulas. O

In order to use the above results in order to compute the classes of projective
bundles, we need to be able to construct precobordism elements given a precobor-

dism element equipped with a bundle.
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Definition 139. The projectivization transformations P,P : QX - Y) —»
Q(X — Y) are defined by the formulas

[V = X;E|— [Py(FE) — X]

and
[V - X;E] —~ [IP’PV(E)((’)(—I) @ 0) — X]

respectively. Clearly these maps are well-defined group homomorphisms. One

defines P, P Q*S* — 2% in a similar fashion.

These transformations are not Grothendieck transformations. However, in a

sense, they are maps of 2-bimodules.

Proposition 140. Let € be one of the transformations P, P. Then,
1. € commutes with pushforwards;
2. € commutes with pullbacks;

3. ifae QX =Y)and € Q¥ (Y — Z), then

e(ta(e) og B) = e ()

and

c(te(a) g B) = a e e(B);
4. ifaeQ* (X =>Y)and p € QY — Z), then
c(a e ia(B)) =ela)ep

and

el ey 1z(B)) = e(a) e f.

Proof. The claim follows from the fact that forming projective bundles is compat-
ible with pullbacks. ]

As a first application, we prove the following formula.
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Lemma 141. Let X be a Noetherian derived scheme that admits an ample line
bundle. Then, for each line bundle £ on X, the equation

Zizo Bz/'+1e(«=§/ﬂ)i
Zizo Bie(L)

holds in Q*(X), where (3 := [P; — Spec(Z)] € Q*(Spec(Z)), and where P; as
in Definition 137.

P(L & 0) — X] =

Proof. Rephrasing Lemma 138, we obtain

(X = X;.21 =) e(L) o (B — Bi1 %0 1a([P(L @ 0) — X])) € Q7! (X).

i>0

Moreover, if we denote by [O] the class [Spec(Z) — Spec(Z); O] in the ring
Q"1 (Spec(Z)), then P(B; e, [O]) = B, unless i is negative, and hence, comput-
ing P([O] o¢, [X — X;.Z]) using the two sides of the above equation, we obtain

the formula

[P(Z®0) = X]=) (L) B — ) e(L) o BP(L & O) = X],

>0 i>1
from which the desired equation follows by solving [P(.£ & O) — X]. O

Secondly, we need to compute the classes [P, — X | and [P3 — X that appear

in the extended double point formula (Lemma 135).

Lemma 142. There exists power series G(x,y), H(z,y) € Q°*(Spec(Z))|[x,y]]

such that, if X is a Noetherian derived scheme with an ample line bundle, then,
L [Ppize(z02)(0(—1) ® 0) = X] = G(e(£), e(L));
2. [P(4 & (A R L)D0O) - X] = H(e(A), e(L)).

Proof. 1. The claim follows by expressing

X = X; %4 & (4 0.%))
=X = X; %) eg ([X — X;0] 0g [X — X; L))
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as a power series in (-] ) and e(.%%) and with coefficients in Q**(Spec(Z))
which can be done by using Lemmas 138 and 141, and then applying the

transformation IP.

2. The claim follows by expressing

X = X; 4 0 (@A e2%)00]
=X = X; 4] eg ([X = X; L] 0x [X — X; L)) e B[X — X; O]

as a power series in (-] ) and e(.%%) and with coefficients in Q**(Spec(Z))
which can be done by using Lemmas 138 and 141, and then applying the

transformation P. ]
We are now ready to prove the main result of this section.

Theorem 143. There exists a power series F(xz,y) € Q*(Spec(Z))[[x,y]] such
that, given a Noetherian derived scheme X admitting an ample line bundle, and

line bundles L1, % on X, then

6(.;2”1 & .iﬂg) = F(e(.iﬂl), e(.iﬂg))
=: Z aije(fl)i o e(fg)j S Q*(X)
4,520
Moreover, the formal power series I' is a commutative formal group law.

Proof. AsP(ZY & 0) ~P(O& %), we may combine Lemmas 135, 141 and 142
to obtain the formula

(L @ L)
Zizo 6zl‘+1€(f$2)i
Zizo /Bz{e(gz)i
(L) ee( D)oL @ L) o (G(e(,,sﬁ), () — H(e(2), e(,,%))),

=e(A)+e(Ln) —e(Lr)ee(Ls)e

from which the desired formula for e(.Z] ® %) may be obtained. That F'(z,y)
is a commutative formal group law, follows from the basic properties of tensor

products of line bundles. O
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There exists a canonical linear structure on §2 over the Lazard ring.

Corollary 144. Let L be the Lazard ring. Then, the ring homomorphism L. —
Q*(Spec(Z)) classifying the formal group law of Theorem 143 equips Q* with a

canonical LL-linear structure. O
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4.2 Algebraic cobordism

Here, we concisely recall the definition of bivariant algebraic S-cobordism, where
S is a finite-Krull-dimensional Noetherian derived scheme that admits an ample
line bundle. There exists also a base independent, and in a sense, simpler, version
of the definition we consider below, which was studied in [6], but we will not recall
it here.

Suppose that we are provided with the data of a virtual Cartier divisor D — W,
and an equivalence

D~nyDy+---+n,.D,

of virtual Cartier divisors on W with n; > 0. Then, denoting by +f the formal
addition given by the formal group law F' and by [n]r- the formal multiplication

(iterated formal addition), the formal power series

nilp -1 +F - +F [ne]F - 2

in 7 variables has a unique expression of form

Z XIF}”"”’”" (T1, ey r),

Ic{1,2,...,r}
where

XI = Hl’z

and F;"""""(z1,...,2,) contains only variables x; such that i € I. Note that

Fél Lo (., @) = 0. Using this notation, we make the following definition.

Definition 145. Let everything be as above, and suppose that W is a quasi-smooth

and quasi-projective derived S-scheme. Then, we define

CW.p.D1vooDy = D Li(F}“""’nr(e(O(Dl)),...,e(O(Dr))>olDI/pt)

Ic{1,2,...,r}

in Qf (D), where ¢/ is the inclusion D; < D of the derived intersection N;c7D;
inside W.
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In the definition of bivariant algebraic S-cobordism, the following special case

plays an important role.

Definition 146. Let I be a smooth and quasi-projective (derived) S-scheme. Then
an S-snc divisor on W is the data of an effective Cartier divisor D — W, Zariski

connected effective Cartier divisors Dy, ..., D, — W with
Dy := NierD;

smooth and of the expected relative dimension over S forall I C {1,2, ..., 7}, such

that there exist positive integers ny, ..., n,, and an equivalence
D ~niDy+-+n.Dy
as Cartier divisors on W. Somewhat abusively, we will use the shorthand notation

Cw,p := CW,D,Ds,...,D,

whenever D < W and D; form an S-snc divisor.

We are now ready to recall the definition of bivariant algebraic cobordism over
S.

Definition 147. Bivariant algebraic S-cobordism theory is the additive stably ori-
ented bivariant theory with functoriality .#g defined as the quotient

Qg = Qg /(RF),
where RS'C is the bivariant subset of snc relations consisting of
Cw,p — 0(mp) € QL5(D — pt),

where D — W ranges over all S-snc divisors, and (Rg°) is the bivariant ideal

generated by Rg'°.

Remark 148. Suppose that S is a finite-Krull-dimensional regular Noetherian
scheme that admits an ample line bundle. Then, the algebraic S-bordism group
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Q7(X) == Q5" (X — S) is generated by cycles of form [V ER X], where f
is projective and V' is a derived complete intersection scheme (Proposition 111).
Moreover, it can be shown that the defining relations do not depend on S (see [6]).
We expect that Q2 (X) is a correct model for the absolute algebraic bordism of X,
i.e., the cobordism analogue of the theory of Chow-groups and K-theory of co-
herent sheaves. Some evidence of this is provided by Corollary 217, which states
that, for a field k of characteristic 0, 0¥ essentially recovers the algebraic bordism
theory of Levine and Morel [40].
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Chapter 5

Projective bundle formula and
applications

Here, we prove the projective bundle formula for any bivariant theory that is the
quotient of universal precobordism £). Of course, the analogous results holds then
for quotients of the universal S-precobordism theories €27, in particular for the
bivariant algebraic S-cobordism {2§. As an application we construct Chern classes
of vector bundles and use them to prove that the zeroth algebraic K -theory can be
recovered from the cobordism ring. Originally, these results appeared in [4, 6, 11]

in various degrees of generality.
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5.1 Projective bundle formula

In this section, we prove the projective bundle formula. Throughout the section B

will denote a bivariant theory that is obtained as a quotient of ).

5.1.1 Projective bundle formula for trivial bundles

The purpose of this section is to prove the projective bundle formula for trivial

projective bundles. The following two preliminary results will be useful.

Lemma 149. Let X — Y be a morphism of derived schemes, and and let E and
F' be vector bundles. Then the bivariant pushforward

i« :B(P(E) = Y) 5 B(P(E®F)—>Y)

is an injection.

Proof. We prove the result by showing that P(E) is almost a retract of P(E @ F').
Let us denote by 7 : P — P(E @ F') the blowup of P(E @ F') at P(F'). As P(E)
and P(F") do not intersect inside P(E & F'), we have a Cartesian square

P(E) — " P

W |

P(E) —— P(E® F)

On the other hand, by Proposition 86 and Theorem 122, P has a universal property,
by which it is the universal P(E @ F')-scheme on which the natural composition
O(—-1) — E @ F — E, factors through a line bundle O(—1 + &) that embeds
into E. In particular, the inclusion O(—1 + £) < F induces a projective map

p: P — P(E), and the composition p o i’ is the identity. As

- .
P« OT Oty = Px 01y

—1d,

it follows that 7, is an injection. O
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Lemma 150. Let X — Y be a morphism of derived schemes, and let E a vector
bundle on X. Let V. — X be a projective morphism such that the composition
V' = Y is formally quasi-smooth, and let s1,s2 : £ — E be two inclusions of
vector bundles on V', where £ is a line bundle. Then, the maps s1 and so induce

projective morphisms f1, fo : V. — P(E) over X, and
v L4 p(E) = v BR(E) eBEE) - Y).
Proof. Let us define a morphism
s:=x081 + 1182 : L — E(1)

of vector bundles on P! x V, and let Z be the derived vanishing locus of s. By
Theorem 122, s factors through a natural inclusion .Z(€) < E(1) on the blowup
Blz (P! x V), and therefore we obtain a projective morphism Blz (P! x V) —
Ppi, x (E(1)) such that the composition Blz(P! x V) — Y is formally quasi-
smooth. As the derived vanishing locus Z of s" is disjoint from 0 x V and co x V,

the above data induces the relation

as desired. O

Consider then the group
B(P™ x X —Y) := colimp>oB(P" x X —Y),

where the colimit is taken along a sequence of pushforwards along linear embed-
dings, and let i, be the natural map B(P" x X —Y) — B(P® x X — Y). Itis
clear that B(P>° x X — Y) admits the structure of a B®*(X)-B®(Y')-bimodule.
By Lemma 150, a precobordism cycle in B(P>* x X — Y) is uniquely de-
termined by [V — X;.%], where V' — X is a projective morphism such that
the composition V' — Y is formally quasi-smooth, and where .£ (the pullback of
O(1)) is a globally generated line bundle. Hence, Q(P>* x X — Y') is closely
related to the bivariant group with line bundles 2*(X — Y') we studied earlier.
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Accordingly, we have the following result.

Lemma 151. Let X be a gcgs derived scheme and let £ be a globally generated
line bundle. Then,

(X = X;.2] =) e(L) (v —7i[P(L ® 0) = X]) e BF™ x X — X),
i>0

where y; = [P; x X — X; 4] in the notation of Definition 137.

Proof. This follows from the proof of Lemma 138 with the difference that the line
bundle .#" = £(—&) on the derived blowup W := Blyxp(P! x X) should
be replaced by .Z(1 — £). Indeed, as oo x D is the derived vanishing locus of a
section of O(1) @& .Z, by Theorem 122, there exists an inclusion of vector bundles
O(&) — O(1) & £ on W, and therefore a surjection £ & O(1) —» L(1-E). It
follows that .Z’(1 — &) and all the line bundles .#; (W, ") are globally generated.
The proof of Lemma 138 runs through, because e(.¢) is nilpotent by the global
generation hypothesis. O

Hence, we have proven the following result.

Lemma 152. Let X be a qcgs derived scheme. Then, the ; generate B(P™ x
X — X) as a B*(X)-module. Moreover, the same is true for the elements p; :=
P x X — X;O(1)].

Proof. The group B(P*™° x X — X) is generated by cycles of form [V I x .7,
where f is projective and quasi-smooth, and where .Z is a globally generated line
bundle. As

VL X, 2] = (Idp x £)u([V = Vi 2] 0 0(f)),

where (Idpe X f)i : B(P® x V — X) — B(P>* x X — X) is induced by the
pushforwards along Idpr x f : P" x V — P™ x X, and as

[P, xV — X, ;) = [V — X],
the first claim follows from Lemma 151.

109



The second claim follows by computing [P* x X — X:;O(1)] using Lemma
151: indeed, this yields formula for p; as a B*(X)-linear combination of +;, where
J < i, and where the coefficient of 7; is 1, showing that v; can be expressed in

terms of p;. O
We are now ready to compute B(P>° x X — Y') in terms of B(P*° x X — Y).

Theorem 153. Let X — Y be a morphism of qcqs derived schemes. Then, the

map

éIBB(X —Y)=>BP*xX YY),

n=0

where the n'" morphism is given by the composition
in(0(prg)e—) :B(X -Y)=>BP'xX -Y)>BP*xX —=Y),

is an isomorphism of B®(X)-B*(Y')-bimodules.

Proof. The map is clearly a homomorphism of B®(X)-B®(Y')-bimodules, so we
only need to show that it is bijective. Observe that the n‘* map sends [V — X]| €
B(X -Y)to[P"xV — X;0(1)] € B(P*® x X — Y) and therefore the surjec-
tivity follows from Lemma 152, and from the fact that, for a projective morphism
f 'V — X such that the composition g : V' — Y is quasi-smooth, and a globally
generated line bundle .2 on V/, we have that

[V = X; 2] = (Idp= x f)u([V = V;Z£]00(g)),

where (Idpe X f), is as in the proof of Lemma 152.

To prove the injectivity, let

ORES Z in(0(pry) ® ),
n=0

where o; € B(X — YY) are such that o, # 0. Then, denoting by pr,, the
“pushforward” B(P>® x X —Y) — B(X — Y'), we observe that

pra. (e(O(1))" e @) = o,
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which proves the desired injectivity. O

As a corollary, we prove projective bundle formula for trivial projective bun-
dles.

Corollary 154. Let X — Y be a map of qcqs derived schemes. Then, the map

n
PBX V) > BP"x X - Y),
=0

where the i*" map is e(O(1))"  §(prs) ® —, is an isomorphism.

Proof. Since, by Lemma 149, the natural map i, : B(P" x X — Y) — B(P> x
X —Y) is an injection, and as i, o (e(O(1)) @ O(pry) ® —) = i, _;(0(pry) ® —),
it suffices to show that

i;(0(pry) e —) : éB(X SY) S BP®x X —Y)
j=0

surjects onto the image of 7,,. But this is clear, because by Theorem 153, the map
surjects onto the subgroup of those elements that are killed by e(O(1))"*!, which
contains the image of i,,. O

5.1.2 Lifting classes to projective bundles

Before proving the general projective bundle formula, we need to construct an
element ny g € B*(P(£)) that pushes forward to 1x € B®*(X). By the following

result, the existence of such an element implies several useful results.

Lemma 155. Let f : X' — X be a projective and quasi-smooth map of derived
schemes, and suppose that there exists 1 € B*(X') such that fi(n) = 1x. Then,

1. if g : X" — X' is another projective and quasi-smooth map of derived
schemes and i € B*(X") satisfies gi(n) = 1x, then

(fogh(n eg*(n) =1x;
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2. the “pullback” morphism
O(f)e—:B(X —=Y)—=BX —Y)
is an injection for all maps X — Y;
3. the pullback morphism
fFiBY(X) — B*(X)
is an injection;

4. if B € B*(X') is the inverse of f*(«), where o € B*(X), then fi(3 e n) is
the inverse of a in B®*(X).

Proof. 1. Indeed, we may use Proposition 22 to compute that

(fogh(n' eg* () = filgr(n') e n)

as desired.
2. Indeed, for any o € Q*(X — Y') we compute that
f*(77°9(f)°a)Zf*(77°9(f))'04 (A12)
= filn) e a

:Oé,

from which the claim follows.

3. Indeed, we may use Proposition 22 to compute that, for any o € Q*(X), we
have that

H(f () en) = e fi(n)

:Oé,
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from which the claim follows.

4. Indeed, we may use Proposition 22 to compute that

Ix = filn)
= fi(f*(a) e Beon)
=ae fi(Ben),

as desired. O

The construction of nx g is based on the following lemma.

Lemma 156. Let X be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle, and let E' be a vector bundle on X. Then,
oo . .

Ix =) e(E) o[P(E®O) — X] e ([Blz(X) = X]—[Pe(O(-1)®0) — X])
=0

in Q*(X), where i : Z — X is the derived vanishing locus of a section of E, and
E < Blz(X) is the exceptional divisor.

Proof. Let W := Blyoxz(P! x X). Then the fiber of the canonical map W — P!
is sum of virtual Cartier divisors Bl (X) and Pz (E & O) intersecting at £. Hence,
the ' fiber power of Py (E @ O) over W realizes the relation

P(E®O) = X'

= [P(E®O) — X]' e Blz(X) = X] +i([Pz(EaO) — Z]"t)
—[P(E®O) = X]" e [Pe(O(—1) ® O) — X]

= [P(E®O) - X]|' e [Blz(X) = X] +¢e(E) o [P(E® O) — X]|™!
—[P(E®0O) = X]' o [Pe(O(—1) ® 0) — X] € Q*(X).

As e(E) is nilpotent (Proposition 136), the above formulas may be combined to

obtain the desired equation. O

Definition 157. Let X be a finite-Krull-dimensional Noetherian derived scheme

that admits an ample line bundle, and let £ be a vector bundle on X. Then we
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define

e(Q) — e(E) o [Pp) (O(—1) ® O) = P(E)]

(= e(B) s Pag (B0 0) 5 P(E)] - 2L FE)

NX,E =

where
O(-1) = FE—Q

is the tautological cofiber sequence of vector bundles on P(E).
The class 1x, g has the desired property, as we now verify.

Proposition 158. Let X be a finite-Krull-dimensional Noetherian derived scheme
that admits an ample line bundle, let E be a vector bundle on X, and denote by m

the structure morphism P(E) — X. Then,
m(nx,eg) = 1x € Q°(X).
Proof. By Theorem 121, we have [Blz(X) — P(E)] = e(Q) and
[€ = P(E)] = e(O(=1)) 0 e(Q) = e(E).
Hence, the claim follows immediately from Lemma 156. O

5.1.3 Projective bundle formula

Here, we prove the projective bundle formula for general projective bundles. Let
X — Y be a map of derived schemes and suppose that E is a vector bundle on X.

Consider the diagram

B(P® x X —Y)

£

B(P(E) = Y) —2 colim,B(P(E & O°") - V).

By Lemma 149, i, and jg are injective. In fact, under relatively mild hypotheses,

JE is an isomorphism.

114



Lemma 159. Let X be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle. Then jr; is an isomorphism.

Proof. By Lemma 150, the generating cycles of colim,, B(P(E®O®") are uniquely
described by [V END'S ; L], where f : V' — X is a projective morphism such that
the composition g : V' — Y is formally quasi-smooth, and .Z is a line bundle that
admits a surjection from EY & O®Y for some N. As

VL X2 = F(IV = V2] 0 6(g)),
where f, is the map
colim,B(Py (E|y & O%™") = Y) — B(P(E @ 0%") - Y)

induced by the obvious pushforwards, it is enough to show that [V — V; ] is in
the image of jg,, .

In order to prove the claim, we mimic the proof of Lemma 138. Consider a
surjection £V @ O®N — Z on V, and let D < V be the derived vanishing locus
of a section of . Let W := Blooxp(P! x V) and let &’ := £ (1 &) on W. By
Theorem 122, there exists a surjection of vector bundles O(—1) & £ — O(=€)

on the blowup W, which can be used to construct a surjection
EVo 0T o 20001) - 2(1-¢).

Moreover, given a line bundle .7 that admits a surjection £Y & O%" — _#, then,
on P(.# & O), the tautological surjection .#" & O — (O(1) can be used to

construct a surjection
EVo 0%t LS 004 — . #(1).

Hence, using the notation of Definition 137, the line bundles .#; (W, .Z") on the

derived schemes P;(W,.#") admit a surjection from EY & O%™ for m > 0.
Hence, as in the proof of Lemma 138 the natural maps P;(W,.¢") — P! x V,

together with a lift P;(W,.Z") — Ppiyy (E & OP™) for m > 0 such that O(1)
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pulls back to .#; (W, £"), realize relations

(P(V,Z) =V M:(V,2)]
= [Pz xV = V7%] +€($)0 [Pz+1(V,.$) — V,%_H(‘/,f)}
—[Pia xV = Vidlia]ee(ZL) o [P(L @ 0) = V]

in colim,,B(P(E@® O®") — V'), which, by the nilpotence of e(.¥’), may be used to
express [V — V; 2] as a Q*(V)-linear combination of [P; x V' — V; .#;]. Since
the line bundles .#; are globally generated, the classes [P; x V' — V; ;] lie in
the image of jgy, . This implies that [V — V'; .Z] lies in the image of jp,, . O

Definition 160. Let X — Y be a map derived schemes, and suppose that X is
Noetherian, of finite Krull dimension, and admits an ample line bundle. Let E be

a vector bundle on X. Then we define the fundamental embedding
ig:BP(E)=Y)=>BP*xX —=Y)

as the composition jgl o i Clearly, i is an injection.
Hence, for any o € B(P(F) — Y)

N
ip(a) = Zlg (0(pry) @ uj(a))

Jj=0

for some uniquely determined u;(c) € B(X — Y) called the coefficients of a;

moreover, these coefficients uniquely determine «.

The coefficients of bivariant elements play a fundamental role in the proof of
projective bundle formula. We begin our attack by making the following observa-

tion.

Lemma 161. Ler X be a finite-Krull-dimensional Noetherian derived scheme that
admits an ample line bundle, and let E be a vector bundle of rank r on X. Then,
there exists d;(E) € B*(X) such that

e(O(L))" =) di(E) 0 e(O(1))" " € B (P(E)).
i=1
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Proof. Let m be the natural projection F1(E) — P(E) and let n € B*(F1(E))
be such that m(n) = 1lp(g). Such an 7 can be found by 158 as 7 is a tower of

projective bundles. Let
O=FCFEFC---CE._1CFE.=F

be a filtration of E on F1(E) with line bundle quotients .%; := E;/F;_;. Then,

since

it follows that also

e(L/ (1)) o0 e(L/ (1)) = nvp(e(Zi(1))) @ - - @ invp(e(L(1)))
=0,

where inv g is the formal inverse power series for the formal group law of Theorem
143. Hence,

s T

[T (F(e(£Y (—1)),e(0(1))) — e(0O(1))) =[] (e(£") — e(O(1)))
i=1 =1
vanishes. In conclusion,

D (1) si(e(LY), (L)) 0 e(O(1) = 0 € B*(FI(E)),
=0

where s; are the elementary symmetric polynomials, and the claim follows with
4i(E) 1= (=1 m (s:(e( L), e(LY)) )

from the projection formula. 0

The above result can be used to show that the first » coefficients of a bivariant

class o« € B(P(E) — Y), r being the rank of E, completely determine «.
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Lemma 162. Let X be a finite-Krull-dimensional Noetherian derived scheme that
admits an ample line bundle, and let E be a vector bundle of rank r on X. Then, if
a € B(P(E) = Y) is such that u;(a) = 0 for all i < r, we have that o = 0.

Proof. Clearly

e(O(1)" e 1p(a) =Y i;(0(pry) @ ujr(a)).
J
On the other hand, by Lemma 161, we can also compute that

e(0(1)) o Lo Zd O1)) " e 1p(a)

and therefore

UT—H Z dr j 0 'LLj_H'(CV).

Hence, if u;(ar) = 0 for all ¢ < r, it follows that all the coefficients u;(c) vanish,

and therefore o = 0. O

Hence, the map
uo(=)
: :B*(P(E) — X) — B*(X)%"
ur—1(-)
is an injection of B*®(X )-modules. The following observations allow us to find a
B*®(X)-linear basis for B*(P(F) — X).

Lemma 163. Let X be a finite-Krull-dimensional Noetherian derived scheme that
admits an ample line bundle, and let E be a vector bundle of rank r on X. Denote
by  the structure morphism P(E) — X. Then u,_1(0(w)) € B*(X) is a unit and
u;(0(m)) € B*(X) is nilpotent for all other i.

Proof. We start with the case of a split vector bundle, i.e.,

B~ éﬁ
i=1
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By construction of i, it is enough to understand the image of 6(7) inside
B*(P(O* @ E) — X) := colim,>oB*(P(O" & E) — X).
If B = @,c; % forsome I C {1,...,7} and n > 0, we will denote by
[P(OP" @ E') — P(O™ & E)]

the class of the obvious linear embedding.

Let E' := @;_, % and consider P(O®. L G E’). As £ (1) has a section with
derived vanishing locus P(O & E’) and O(1) has a section with derived vanishing
locus P(.% & E') we may use the LL-linear structure of B* provided by the formal
group law (Theorem 143) to compute that

[P(O®E') — P(O® o E)]

=P(ADE) —PO®3E)]

+e(L) e [P(O® L © E) — P(O°° ¢ E))

+ 3" aie(0(1)) e e(A) o [P(LA ® E') = P(O¥™ & E)).
i,5>1

From the above, we can solve

[P(Z & E') < P(O® & E)|
= H(e(O(1)),e(A)) ([IP’((’) @ E') < P(O® & E)]

—e(A) e [P(O® L & E) — PO & E)]),

where )
H(t,x) := 4 - ¢ L[[¢t, x||.
( :E) 1 + Zile aijtz_l P H l’]]
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Hence

[P(A ®E') — PO®aE))
=(-1)171 3T H(e(O(1)), e(£1)) " e e(H)1
i1>1

o [P(O%1 ¢ E') — P(OP>® & E)].

The other .Z; can be dealt with in a similar fashion, and therefore [P(F) <
P(O> & E)] equals to

> <H(—1)i’“1(H(e(O(1)), (L))" o e(ciﬂk)ikfl)

111 >1 \ k=1

° [P(O®i1+~--+ir) SN P(O@oo D E)]) .

From the above we can solve that u;(6(7)) = H (e(£1), ..., e(.%;)), where
Hi(z1,...,xy) € L[[z1, ..., z/]]

are universal symmetric power series with [L-coefficients. Moreover H,_1 has
constant coefficient 1, while the other H; have no constant coefficients, proving
the claim in the case of a split vector bundle.

We are left with the general case. As one easily checks that coefficients are
compatible with pullbacks, we may pull £ back along the structure morphism
FI(F) — X, F1(FE) being the flag bundle, where F admits a filtration

O=FEyCFEiC---CFE,_1CE,=F

with line bundle quotients .%; := FE;/FE;_;. Since F1(E) — X is a tower of projec-
tive bundles, Lemma 155 and Proposition 158 imply that the coefficient u;(0())
is invertible or nilpotent in B®(X) if and only if it is invertible or nilpotent in
B*(F1(E)), respectively. Denoting by E’ the sum €;_, .%;, by n’ the structure
map P(E’') — X, and by v and v, the natural inclusions P(E) — P(E & FE’)
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and P(E") — P(E @ E') respectively, we may compute that

so the general case follows from the split case. O

Lemma 164. Let X be a finite-Krull-dimensional Noetherian derived scheme that
admits an ample line bundle, and let E be a vector bundle of rank r on X. Then,
foralli <r—1andj <r—1, there exist unique o ;(E) € B®*(X), which satisfy
r—1 . .
. 1x lfk=l,‘
up| D e(O(1)) o 8(r) 0 aji(E) | =
=0 0 ifk <randk # 1,

where T is the structure morphism P(E) — X. Moreover, [ ;(E)| is an invertible

matrix with coefficients in B®(X).

Proof. Consider the matrix A(F), whose entries are

A(B)ji =u;(e(O(1))" # ()
=Uj+j5 (9(7‘1’)) .

The matrix A(E) can be interpreted as follows: given

Qg
a=| : |eB0)

Qr_1

then A(E)a is the vector of first r coefficients of z;:& e(O(1))" o §(r) o a.
By Lemma 163, A(E) has units on the anti-diagonal and nilpotent elements ev-
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erywhere else, and therefore, by basic linear algebra, A(F) is invertible. Then

[oi(E)] := A(E)~! is the unique matrix with the desired property. O

The following lemma establishes the fact that for any choice for the first r

coefficients, there exists a bivariant element in B(X — Y') realizing them.

Lemma 165. Let X — Y be a morphism of derived schemes, suppose that X is
Noetherian, of finite Krull dimension, and admits an ample line bundle, and let E
be a vector bundle of rank r on X. Moreover, let uy, ..., u,—1 € B(X — Y). Then

|
_

|
—

= e(0(1)) e 0(r) @ o ;(E) ® u;
i=0 j

.
I

)
Il

=)

is the unique element of B(P(E) — X)) with u;(o) = u; forall i < r.
Proof. This follows immediately from Lemma 164. 0
We finally have all the ingredients to prove the projective bundle formula.

Theorem 166. Let X — Y be a morphism of derived schemes, suppose that X
is Noetherian, of finite Krull dimension, and admits an ample line bundle, and let
E be a vector bundle of rank v on X. Then, for any bivariant quotient B of the
universal precobordism theory (), the map

r—1

e(O(1)) e b(m) e —: (PB(X - Y) = B(P(E) - Y)
=0

is an isomorphism, where 7 is the structure morphism P(E) — X.

Proof. By Lemma 165, for each ug, ..., u,—1 € B(X — Y), the element

r—1 r—1
a:=Y e(O(1)) e b(m) e (Z aji(E)e uz)
j=0 1=0

has u;j(«) = w; for i < r. By Lemma 164, any element of B(P(E) — Y)
is uniquely determined by its first r coefficients, and by Lemma 164, the matrix

[aj,i(E)] is invertible. The desired bijectivity follows from this. O
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5.2 Chern classes

The purpose of this section is to define Chern classes of vector bundles on Noethe-

rian derived schemes admitting an ample line bundle.

Definition 167. Let X be a finite-Krull-dimensional Noetherian derived scheme
that admits an ample line bundle, and let E be a vector bundle of rank r on X.

Then, by the projective bundle formula (Theorem 166), the equation

Y (~1)'e(0(1) e cri(E) = 0 € Q' (P(EY))

=0

holds for uniquely defined ¢;(E) € Q'(X) with ¢o(E) = 1x. The element ¢;(E)
is called the i'" Chern class of E.

Chern classes satisfy the expected properties, as the following result shows.
Theorem 168. Define the total Chern class of a rank r vector bundle E as
o(B)=1+c1(E)+ - +c(E).
Then, the Chern classes satisfy the following properties:

1. naturality: f*c;(E) = ¢;(f*E), where f : Y — X is a map of finite-Krull-

dimensional Noetherian derived schemes admitting ample line bundles;

2. Whitney sum formula: given a cofiber sequence
E - E—E"
of vector bundles on X, the equation
c(E)=c(E')ec(E") € Q*(X)

holds;

3. normalization: if E is a rank r vector bundle, then ¢, (E) = e(E).
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Proof. Naturality is trivial. To prove the Whitney sum formula, we can pull back

to flag bundles to reduce to the case where both £’ and E” admit filtrations
0O=EyCEC---CE,=F

and

OZE(/),CEi,CC ;///: "

with graded pieces line bundles .¢/ := E!/E!_; and ./ := E!'/E! | respec-
tively. One then argues as in Lemma 161 to show that

ci(E') = s; (e(le), e e(Z//)),

‘s

G(E") = s;(e(L),....e(L0))

r

and

G(E) =si(e(L]),....e(Lh),e(L), ....e(L0))

T,/

proving the Whitney sum formula. Normalization is trivial for line bundles, and
follows for general vector bundles from the Whitney sum formula after pulling
back to a flag bundle. O
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5.3 Cohomological Conner-Floyd theorem

Here, we prove the following analogue of a well-known theorem of Conner and
Floyd [15, 16].

Theorem 169. Let X be a finite-Krull-dimensional Noetherian derived scheme

that admits an ample line bundle. Then, the map
0K+ Zn QL Q°(X) = K°(X)

defined by the formula
V5 X1 [£.0V]

is an isomorphism, where Z,, is the integers, considered as an LL-algebra via the
multiplicative formal group law = + y — xvy, and where K°(X) denotes the K-
theory of perfect complexes on X.

Our result generalizes that of Levine and Morel [40], which holds for smooth
varieties over a field of characteristic 0. There exists another generalization of
the aforementioned result by Dai [17], which states that G-theory (also known as
the K-theory of coherent sheaves and K-theory homology) of a quasi-projective
scheme over a field of characteristic 0 can be recovered from its algebraic bordism

by enforcing the multiplicative formal group law.

5.3.1 Bivariant K -theory

Here, we concisely recall bivariant algebraic K -theory in the context of derived
algebraic geometry. In classical algebraic geometry, this theory was introduced in
[25].

Definition 170. Let f : X — Y be a map of derived schemes. Then, a quasi-
coherent sheaf F € QCoh(X) is f-perfect, or relatively perfect, if F is an almost
perfect object of QCoh(X), and has a finite Tor-amplitude as an f~'Oy-module!.

The bivariant K -theory group K°(X EN Y') is defined as the Abelian group
generated by the equivalence classes of f-perfect objects, modulo the relations

'In other words, for each affine open Spec(A) C Y and an affine open Spec(B) C X mapping
to Spec(A), the derived B-module F|spec(p) has finite Tor-amplitude as a derived A-module.
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[F] = [F'] + [F"] whenever
F' = F—F"

is a cofiber sequence of f-perfect objects in QCoh(X).

The bivariant operations are defined as follows.

1. Bivariant pushforward: Suppose X — Y factors through a proper morphism
g : X — X' that is locally of almost finite presentation. Then, given [F] €
KX —Y), we define

F([F) = [fF] € KO(X' = Y).

Note that f.F is relatively perfect over Y because f. preserves almost per-
fect objects ([47] Theorem 3.7.0.2), and because for any affine open U C Y
and an affine open V' C X’ mapping to U, f.(F)(V) = F(f~1V) has finite
Tor-amplitude as a finite limit of modules of finite Tor-amplitude.

2. Bivariant pullback: Let
X — Y

b

X —Y

be a Cartesian square, and suppose [F] € K°(X — Y'). Then, we define
g ([F]) = [g"Fl e K°(X" = Y").

3. Bivariant product: Let X i> Y4 Zbea sequence of morphisms of derived
schemes. Then, for any [F] € K°(X — Y) and [G] € K°(Y — Z), we
define

[Fle[G] :=[F® f*G] € K°(X — Z).

Note that F ® f*G is almost perfect as a tensor product of almost perfect
objects ([46] Proposition 7.2.4.11 and [45] 5.5.8.6). That it has finite Tor-
amplitude over Z follows from the basic properties of tensor products of

derived modules.
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Moreover, for a formally quasi-smooth morphism f : X — Y, we define
0(f) = [0x] € K%(X = Y).

Proposition 171. With the above definitions, K° is a stably oriented bivariant
theory with functoriality F,, as defined in Section 4.1.1. Hence, there exists a

unique orientation preserving Grothendieck transformation
i s Q= K
which, on a morphism X — Y, is defined by the formula
v LX) (100

Proof. The proof that bivariant algebraic K -theory gives a bivariant theory on clas-
sical schemes is essentially contained in [14], as noted in [25]. We omit the proof

in the derived setting. 0

5.3.2 Proof of Theorem 169

Here, we prove the Conner—Floyd theorem. An important fact that we are go-
ing to use is that, for a derived scheme X admitting an ample line bundle, the
Grothendieck ring KY(X) has a presentation as the Abelian group generated by
equivalence classes [E] of vector bundles, modulo the relations [E] = [E’] + [E”|
whenever £/ — FE — E" is a cofiber sequence of vector bundles. For the proof
of this in the context of classical algebraic geometry, see e.g. [60], and in the con-
text of derived geometry, see [5]. With this fact in mind, we make the following

definition.

Definition 172. Let X be a finite-Krull-dimensional Noetherian derived scheme

that admits an ample line bundle. Then, we define the map

chy, : K°(X) = Z, @1 QF(X)
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by the formula
[E] = rank(E) — ¢1(EY),

which is well defined due to the additivity of first Chern classes in cofiber se-

quences of vector bundles.
The map ch,,, satisfies many pleasant properties which will be useful later.

Lemma 173. Let X be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle. Then,
1. chy, : KY9X) = Zy, ®L Q*(X) is a map of rings;

2. if fisamap X — Y of finite-Krull-dimensional Noetherian derived schemes

that admit an ample line bundle, then ch,, o f* = f* o ch,;,;
3. ngochy, =Id: K%X) —» K°%X);
4. ch,, sends Chern classes to Chern classes.

Proof. 1. Indeed, using the well-known formula
Cl(E & F) = Cl(E) + Cl(F) — Cl(E)Cl(F)
for K-theoretic Chern classes, we compute that

chy, ([E ® F)) = rank(E)rank(F) — ¢;(EY @ FY)
= rank(E)rank(F) — c1(EY) — c1(FY) + c1(EY)er (FY)
= chy, ([E])cho ([F]),

proving that ch,,, is compatible with the multiplication. It is trivial that ch,,

is compatible with addition.
2. This follows immediately from the naturality of Chern classes.

3. This follows immediately from the fact that, in K -theory, first Chern classes
satisfy the formula
c1(E) = rank(E) — [EY].
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4. If % is a line bundle, then

chp(c1(Z)) = chp([Ox]) — chy ([£V])
=lx — (Ix — a(X))
= Cl(f),

proving the claim for line bundles. The general claim follows from this by

the splitting principle, and from the fact that ch,,, is a map of rings. O

The final ingredient required for the proof is that ch,, commutes with Gysin
pushforwards. Due to the global factorization results of projective morphisms be-
tween Noetherian schemes admitting an ample line bundles, this splits into two
cases: pushforwards along the projection P* x X — X and pushforwards along

derived regular embeddings. The following result takes care of the first case.

Lemma 174. Let X be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle. Then, chy, commutes with Gysin pushforward along
pry : P x X — X.

Proof. Since for any K -theory class @ € K°(X), we have

J a ift < n;
T (c1(O(1)) e pri(a)) = <

0 otherwise,

it suffices to show that the analogous formula holds for Z,, ®r, 2*. By projection
formula, we conclude that we want to show that

r(a(O@y N s

0 otherwise.

In other words, we aim to show that forall m > 0, [P x X — X] = 1x € Q*(X).

To do so, we use an argument from the Proof of Lemma 4.2.3 in [40]. In order
to make the notation less heavy, we will denote for each vector bundle F on P™ x X
by [Ppn (E)] the element [Ppny x (E) — X] € 2°(X); moreover, the tautological
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hyperplane bundle will be denoted by O(H) in order to distinguish it from the
O(1) of P™.

Analyzing the Chern class of O(1 + H) on P« (O®™ @ O(1)®!), we arrive at
the formula

[Ppn (O™ @ O(1)1)]
— [Ben (0P @ O(1) )] + [Pn 1 (0™ & O(1)F)
— [Bon s (0P @ O(1)7)],

Using this repeatedly, and using the convention that P~! = (), we compute that
[Pen (O)] = [Ppn (O(1))] + [Ppn—1 (O & O(1))] = [Ppn—1 (O(1))]

= Z[P]Pn—i(o(1>@i+l)] _ [Ppn—i—1((')(1)®i+1)]
i=0

=D [PRI(PY ] - [P )).
i=0

We are now ready to argue by induction: if it is known that, for all 7 < n, []P’ZX] =

1x, then most of the terms in the above equation vanish, leaving us only with
[P%] = [Px] — 1x + [Pk],

from which we can deduce that [P"y,| = 1, as desired. O

Next, we prove that ch,, commutes with Gysin pushforwards along regular

embeddings. We begin with the following observation.

Lemma 175. Let X be a finite-Krull-dimensional Noetherian derived scheme that
admits an ample line bundle, and let m : P — X be a quasi-projective morphism
admitting a section i : X — P, which can be identified as the derived vanishing

locus of a section of a vector bundle E on P. Then ch,, commutes with i,.
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Proof. Indeed, for all « € K°(X),

as desired. O

We are now ready to prove the case of a general regular embedding.

Lemma 176. Let X be a finite-Krull-dimensional Noetherian derived scheme that
admits an ample line bundle, and let i : Z — X be a derived regular embedding.

Then ch,,, commutes with 1.

Proof. Consider the Cartesian diagram

00 X Z —25 Py (O @ Ny/x)
ljoo JL

P! x Z — Blooxz (P! x X)
Tjo Ts

0x Z — 5 {0} x X,

where F is the strict transform of P! x Z < P! x X, and denote by ¢ the canonical
map Blooxz(P' x X) — X. By Lemma 175, ch,,, commutes with ¢, and s;.
Moreover,

not*oF =308 ok (5.1)

since ¢jo¢* and s;0 s* correspond to multiplications by the Euler classes of O(1) ~
O(E+Blz(X)) and O(&), respectively, and because the strict transforms of P! x Z
and oo x X do not intersect inside the blowup. Additionally, as ¢) o * coincides

with multiplication by e(O(E)), it commutes with ch,,.
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For o € K°(Z), denote by & its pullback to K°(P! x Z). Then,

ir(chy (@) = @1 o 1) 0 ine(chy, ()
=qo L!(Chm ]
=qo L!(Chm ] (
= q o u(chm (" o Fi(a)
= q o u o (chy(Fi(@)
= q(chp (0" o Fi(@)

= qi(chy,(s10 5" 0 Fi(a@))) (5.1)

=qos (chm(s* o Fi(a

— chun(qi 0 51 0 8 0 Fi(@)) (gos=1Id)

= chy,(q1 0 810 jor (@)
= Chm(i!(a))’

as desired. O

We have shown that ch,,, commutes with Gysin pushforwards along projective
and quasi-smooth morphisms of Noetherian derived schemes admitting an ample

line bundle. We are now ready to prove the main result of this section.

Proof of Theorem 169. Let X be a finite-Krull-dimensional Noetherian derived
scheme that admits an ample line bundle. We have already shown that the com-
position 7y o ch,, is the identity morphism K°(X) — KY(X), and therefore it
suffices to show that the composition ch,, o ng is the identity. As both nx and
ch,,, preserve the identity elements and commute with Gysin pushforwards from

projective quasi-smooth X -schemes, we conclude that

chy, o ng ([V EN X]) = chy o (fi(ly))
= fily)
=v LX),

and as such cycles generate " (X)), we are done. O
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Chapter 6
Universal property of ()¢

Universal properties are useful both as tools to construct transformations between
theories, and, more abstractly, as explanations of the “role” of a theory. By con-
struction, universal precobordism is obtained from the universal additive bivariant
theory by imposing the derived double point cobordism relation, and therefore it is
obvious that ) is the universal stably oriented additive bivariant theory satisfying
this relation. What is not clear is that £} has another universal property: namely,
it is the universal stably oriented additive bivariant theory that satisfies the pro-
jective bundle formula for trivial projective bundles. This universal property was
first discovered during a joint project with Ryomei Iwasa, but it has not been ex-
plicitly written down before. It served as a motivation for the concept of pbf-local
sheaves defined in [10], which we hope will some day yield a useful model for
non-A'-invariant higher algebraic cobordism.

Throughout this chapter, S will be a fixed finite-Krull-dimensional Noetherian
derived scheme that admits an ample line bundle. We will use the restricted func-
toriality Fg (Section 4.1.1) instead of the more general functoriality JF,, because
it will be important for us that every derived scheme we deal with admits an ample

line bundle.
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6.1 Bivariant universal property of (25

In this section, we prove a universal property for Q¢ as a bivariant theory with

functoriality Fg.

6.1.1 Formal group law of a bivariant theory with a weak projective
bundle formula

Here, we show that, in a bivariant theory satisfying a weak version of the projective

bundle formula, the Euler class of a tensor product of line bundles may be com-

puted by the means of a formal group law. We begin with the following definition.

Definition 177. Let B be a stably oriented additive bivariant theory with functorial-
ity Fg. Then, B satisfies the weak projective bundle formula if, for every X € Cg,
and all n > 0, the map

B*(X)[t]/(t""!) — B*(P" x X)
is an isomorphism, where B®(P" x X) is considered as an B®(X) algebra via prj,

and where ¢ maps to e(O(1)) € B*(P" x X).

In particular, the n = 0 case implies that ¢; (Ox) = 0 € B(X). Theories with

weak projective bundle formula satisfy a naive algebraic cobordism relation.

Lemma 178. Let X € Cg, and denote by 1y and 1~ the natural inclusions X —
P! x X at 0 and oo, respectively. Then, if B satisfies the weak projective bundle
Sformula,

is =it B(P! x X) — B*(X).

Proof. As both i and 7%, annihilate e(O(1)), the claim follows from the fact that
they are sections of pry : P! x X — X. U

It follows that Euler classes may be expressed in terms of derived vanishing

loci.

Proposition 179. Suppose that B satisfies the weak projective bundle formula.
Then, given X € Cg, a vector bundle E on X, and a global section s of E,

e(E) = ja(lyy(s)) € B*(X),
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where js is the inclusion Vx (s) — X.

Proof. Considering the Cartesian diagram

Vy(0) — 0 X

we compute that

e(E) = jo(lvy(0))

=i (j! (1V]P,1 XX(IO@)S))) (Proposition 22)
=15 (jx (1\/]1,,1 XX(QCO@s))) (Lemma 178)
= Jst(Lyy(s)) (Proposition 22)
as desired. 0O

Next, we study Euler classes of tensor products.

Definition 180. Suppose that B satisfies the weak projective bundle formula. Then,

there exists a unique formal power series
Fg(z,y) € B*(S)[[z, y]]
such that
e(O(1,1)) = Fi(e(O(1,0)),(0(0,1))) € B* (P x5 Py)

for all n,m > 0.

Similarly, there exists a unique formal power series
Gu(z,y) € B*(5)[[z,y]]
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such that
e(0(1,-1)) =Gp (e((’)(l,O)), e(O(0, 1))) € B*(P§ xs PY)
for all n,m > 0.
Lemma 181. Suppose that B satisfies the weak projective bundle formula. Then,
1. forall X € Cg and globally generated line bundles & and %5 on X,
e(fl X gg) = Iy (6(31), 6(32))

and

6(92”1 (024 .ﬁ/ﬂz\/) =Gp (6(92”1), e(DgQ));
2. Fp(x,y) is a commutative formal group law;

3. GB(FB(ﬂf,y),y) =T,

4. Gg(z,y) = Fg(x,ig(y)), where ig(y) € B*(S)[[y]] is the formal inverse

power series of the formal group law Fp.

Proof. 1. This follows immediately from the naturality of Euler classes in pull-
backs.

2. This follows immediately from the properties of tensor products of line bun-
dles.

3. Indeed, consider Id x A : P% x g PG — PG x5 P& x5 P%. Then,
6(0(17 ]-7 _]-)) = GB (FB (6(0(]—7 07 O))? 6(0(07 ]-7 0))) ) 6(0(07 07 1)))7
and pulling this back along Id x A, we obtain the formula

e(0(1,0)) = Ga (Fa (e(0(1,0)), ¢(0(0, 1)), (0(0,1))).

Taking the limit as n goes to oo, we obtain the desired formula.
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4. As Fp is a formal group law, there exists a unique formal power series
Gp(z,y) satisfying the equation Gg(Fp(x,y),y) = x, and this is given
precisely by G (z,y) = Fi(,iB(y)). O

In particular, Euler classes of tensor products of arbitrary line bundles (not just

of globally generated ones) can be computed via the formal group law.

Proposition 182. Suppose that B satisfies the weak projective bundle formula.
Then, for all X € Cs and all line bundles £, " on X, the formula

(@)= FB(G(X),C(.,Z”')) € B*(X)
holds.

Proof. As X admits an ample line bundle, it is possible to find equivalences .Z" ~
LA RYL and &~ L @ LY where £ and £/ are globally generated. As

f@f’ﬁ(ﬁ1®${)®($2®$2,)v7

we compute, using basic properties of formal group laws, that

(L ® L) GIB%<FIB(€ ), FB(e(%)»@(%’)))
_ FB(FB(e 2) i (Fa (e(2), (2)) )
— ra(Falel2 zg)),FB(ew{),iB(e(%’))))
= Fa(e(2),e(2")),
as desired. -

6.1.2 Derived double point relations for bivariant theories with a
formal group law

Here, we show that bivariant theories, where Euler classes of tensor products of
line bundles can be computed via a Formal group law, satisfy a derived analogue
of Lee—Pandharipande’s double point cobordism relations (i.e., the relations used

in Definition 127). Let us begin with the following definition.
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Definition 183. Let B be a stably oriented additive bivariant theory with functori-
ality Fs. Then B has good Euler classes if

1. Euler classes of line bundles are nilpotent;

2. forall X € Cg, line bundles .Z on X, and global sections s of ., we have

6(3) = i[(lVX(s)),
where ¢ is the derived regular embedding Vy (s) — X;

3. there exists a formal group law

Fa(z,y) =z +y+ > bya'y! € B*(S)[x,y]]
ij>1

such that, for all X € Cg, and all line bundles .47, % on X, we have

e(L @ L) = F(e(£),e(L)) € BY(X).

By the results of the previous subsection, a theory satisfying the weak projec-
tive bundle formula has good Euler classes. Let us continue with the following
Lemma, which is essentially Lemma 3.3 from [41]. It is also closely related with
Lemma 141, which gives another formula for the class [P(.Z & O) — X].

Lemma 184. Suppose that B has good Euler classes. Then, for all X € Cg and
all line bundles & on X, we have

(lP f@@) Z bzge gv) te ]B'(X),
i,7>1

where T is the structure morphism P(.Z & O) — X.

Proof. Consider the inclusion X ~ P(O) — P(.¥ @ O), which has normal bundle
. Then, analyzing the derived blowup W := Bl x (P! x P(Z @ O)), we note
that the fiber of the natural map W — ]P’}q over

1. 0, is equivalent to P(.Z & O);
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2. 00, is the sum of the strict transform D of oo x P(Z®0) — P xP(ZL 3 0O)
and the exceptional divisor P(.Z @ O) ~ £ C W, whose intersection is X.

Moreover, the restrictions of O(D) and O(€) to X are equivalent to £ and .Z,
respectively. Hence, if we denote by ¢ the natural map W — X, we have

m(lpzao)) = @(e(O(1)))
= a(Fs(e(0(D)),e(0(¢))))
from which the desired equation follows immediately. O

Next, we prove that a theory with good Euler classes satisfies the derived dou-
ble point relations. Since a theory with good Euler classes is by assumption stably
oriented and additive, it is a target of a unique orientation preserving Grothendieck
transformation from the universal additive theory A% . Hence, it is sensible to use

notation [V — X] to describe an element of B(X — Y').

Proposition 185. Suppose that B has good Euler classes, and that X — Y is a
morphism in Cg. Then, for any projective morphism 7 : W — P' x X such that

the composition p : W — P! x Y is quasi-smooth, the equation
[Wo — X] = [Dl — X]+[D2 — X]—[PD10D2(O(D1)€BO) — X] S B(X — Y)

holds, where
1. Wy is the fiber of W — P! x X over 0 x X;

2. the fiber Woo of W — P! x X over oo x X is the sum of virtual Cartier
divisors D1 and Dy on W.

Proof. Suppose first that W = X = Y. Then, denoting by j the derived regular
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embedding D1 N Dy — W, we compute that

[WO — W]

= ¢(O(1))

= Q(O(Dl + Dg))

=[D1 — W]+ [Dy — W]

+ ) bije(O(D1))" " 0 e(O(D2))’ ™' @ [Dy N Dy — W]

i,j>1

= 1Dy = W]+ D2 > W)+ X el0D) o e(0(DY )
ij>1

= [Dy = W]+ [Dy — W] +J!< > e(0O(D1) e e(0<—D1>>j‘1>
ij>1

— [Dy = W]+ [Dy = W] = ji([Ppynp, (O(D1) & O©) = Dy N Dy))

= [Dy = W]+ [Dy = W] — [Pp,np,(O(D1) ® O) — W],

where, in the fifth equation, we have used the fact that O(1) ~ O(D; + D»)
restricts to trivial line bundle on W.
The general case follows from the above by applying the transformation 7, (— e

0(p)) to the obtained equation. O

6.1.3 Universal property of Q)¢

Here, we show that 25 is the universal stably oriented additive bivariant theory

that satisfies projective bundle formula.

Theorem 186. Let S be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle. Then,

1. Q% is the universal bivariant theory that satisfies the weak projective bundle
formula: given another such a bivariant theory B, then there exists a unique

orientation preserving Grothendieck transformation 0§ — B;

2. Q5 is the universal bivariant theory that has good Euler classes: given an-
other such a bivariant theory B, then there exists a unique orientation pre-

serving Grothendieck transformation Qg — B.

140



Proof. The first claim follows from the second, as a theory that satisfies the weak
projective bundle formula has good Euler classes. Since a theory B that has good
Euler classes is by hypothesis stably oriented and additive, it admits a unique orien-
tation preserving Grothendieck transformation from the universal additive theory
n: A, — B. By Proposition 185, 1 factors through Q%, so the claim follows. [
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6.2 Homological and cohomological universal properties

Here we record universal properties for the associated homology and cohomology
theories of the universal precobordism €25. This makes it easier to study the as-
sociated theories, for they no longer have to be considered as a part of a bivariant

theory for the universal property to hold.

6.2.1 Universal property of the universal precobordism cohomology

Inspired by Proposition 22, we make the following definition.
Definition 187. An Fg-oriented cohomology theory H® consists of

1. a contravariant functor H* from Cg to the category of (discrete) rings; the
contravariant functoriality along a map f : X — Y is denoted by f*, and it
is called the pullback along f;

2. additive Gysin pushforwards f : H*(X) — H®(Y') along projective and
quasi-smooth morphisms f : X — Y

satisfying

1. additivity: the equality
Lx,ux, = tn(lxy) +ea(lx,)

holds in H® (X1 X5), where ¢; are the canonical inclusions X; — X;UX>!;

2. covariant functoriality: for all projective and quasi-smooth f : X — Y and
g:Y — Z,
(goflhi=gofy

moreover, Id; = Id;

'In fact, assuming the other hypotheses of a Fs-oriented cohomology theory, this is equivalent
to requiring the map

2]

{“] CH* (X5 U Xs) — H(X1) x H*(Xa)

to be an isomorphism or rings. The other direction proven similarly to the proof of Proposition 33,
and the other direction is proven by an easy computation.
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3. push-pull formula: if the square

X 25y

b

X —Y

is Cartesian and f is both quasi-smooth and projective, then
g ofi=flog™

4. projection formula: if f : X — Y is projective and quasi-smooth, then, for
all « € H*(Y') and 8 € H*(X), the equality

fi(Ff*(a) e B) = ae fi(B)

holds.

A transformation of Fg-oriented cohomology theories is a natural transformation
n : H} — HS such that, for all quasi-smooth and projective morphisms f : X —
Y, the square
H}(X) — H3(X)
lf ! lf !
H}(Y) —— H3(Y)
commutes.

The following preliminary result gives an universal property for the associated
cohomology theory A’ of the universal additive bivariant theory with functorial-
ity Fg (also denoted by A}S).

Lemma 188. Let H® be a Fg-oriented cohomology theory. Then, there exists a

unique transformation of Fg-oriented cohomology theories 1 : A — H®.

Proof. Since a transformation of Fg-oriented cohomology theories preserves iden-
tities and commutes with Gysin pushforwards, 7, if it exists, must satisfy the for-

mula
(v s X)) = fi(1y).
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In order to conclude that this describes a well-defined transformation, we must

show that, given projective and quasi-smooth map f : V; LI Vo — X, then

N(viove) = fu(lvy) + fa(lyy),

where f; : V; — X are the restrictions of f. However, this follows immediately

from the formula
Iviuv, = tn(1vy) + eai(ly,) € HY (V3 L Va)

and the functoriality and additivity of Gysin pushforwards. O

Since the definitions of a bivariant theory satisfying the weak projective bun-
dle formula and of a bivariant theory having good Euler classes only mention the
associated cohomology theory, it is easy to export these definitions to the context

of Fg-oriented cohomology theories.

Definition 189. Let H® be a Fg-oriented cohomology theory. Then, H® satisfies

the weak projective bundle formula if the map
H*(X)[#]/(£" ) — H*(P" x X)

is an isomorphism of rings, where H®(P" x X)) is considered as an H?® (X )-algebra
via pr3, and where ¢ maps to e(O(1)) € H*(P™ x X). The theory H® has good

Euler classes if it satisfies the conditions 1., 2., and 3. of Definition 183.

Following the proof of Propositions 179 and 182, one arrives at the following

result.

Lemma 190. A Fg-oriented cohomology theory that satisfies the weak projective

bundle formula has good Euler classes. O
Following the proof of Proposition 185, we arrive at the following result.

Lemma 191. Let H® be a Fg-oriented cohomology theory that has good Euler

classes. Then, for any projective quasi-smooth morphism = : W — P! x X, the
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equation

[WO —)X}
= [Dl — X] + [DQ — X] — [PDlﬁDg(O(DI) ) O) — X] S H.(X — Y)

holds, where
1. Wy is the fiber of W — P! x X over 0 x X;

2. the fiber Wo, of W — P! x X over oo x X is the sum of virtual Cartier
divisors D1 and Dy on W. O

And hence, we obtain the following universal properties for H?®.

Theorem 192. Let S be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle. Then,

1. Q% is the universal Fs-oriented cohomology theory that satisfies the weak
projective bundle formula: given another such a Fgs-oriented cohomology
theory H®, there exists a unique transformation 0 — H® of Fg-oriented

cohomology theories;

2. Q5 is the universal Fs-oriented cohomology theory that has good Euler
classes: given another such a Fg-oriented cohomology theory H®, there
exists a unique transformation 0 — H® of Fs-oriented cohomology theo-

ries. O

6.2.2 Universal property of the universal precobordism homology

Here, we provide Q7 with universal properties analogous to the bivariant and the
cohomological universal properties studied above. Unfortunately, since the bivari-
ant universal properties are rather cohomological in nature, it takes more effort to
translate them into homological universal properties than it did to translate them
into cohomological ones.

Inspired by Proposition 23 (cf. [40] Definition 5.1.3), we make the following

definition.
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Definition 193. Let us denote by CY the subcategory of Cs whose objects are those
of Cg, and whose morphisms are the projective morphisms in Cg. Then, a Fg-

oriented Borel-Moore homology theory consists of

1. a covariant functor H, from Cj to the category of (discrete) Abelian groups;
the covariant functoriality along a projective morphism f : X — Y is de-

noted by f,, and it is called the pushforward along f;

2. for each quasi-smooth morphism f : X — Y, a Gysin pullback homomor-
phism
i HG(Y) — He(X);

3. anelement 1 € H,(S), and for each X,Y € Cg a bi-additive pairing
X : He(X) X Ho(Y) — Ho(X xgY),

referred to as cross product, which is associative, admits 1 as a unit, and is

commutative in the sense that the square

He(X) ® Hy(Y) —— Ho(X xg V)

! I

He(Y) ® Ho(X) —— Ho(Y xg X)

commutes, where o is the canonical involution A ® B — B ® A and ¢ is the
canonical involution X xgY — Y x g X; for each quasi-smooth X € Cg, we
will denote by 1 the fundamental class ' (1), where 7x is the structure
morphism X — S;

satisfying

1. additivity: the natural map
e izt HL(X) © Ha(X2) = Ha(X) LX)

is an isomorphism, where ¢; are the canonical inclusions X; — X7 Ll Xo;
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2. contravariant functoriality: if f : X — Y and g : Y — Z are quasi-smooth,
then

(gof) =fog;
moreover, Id' = 1d;
3. functoriality of cross products: if f : X — X' and g : Y — Y are projec-

tive, then, for all & € He(X) and § € Hq(Y'),

fela) X gu(B) = (f x g)«(a X B);

if f: X > X'and g : Y — Y’ are quasi-smooth, then, for all o € H,(X")
and 5 € Ho(Y'),

Fa) x g'(B) = (f x g)'(a x B);

4. push-pull formula: if
A
b
X 2oy

is Cartesian, f is projective, and g is quasi-smooth, then
! / "
gofi=Tfiog.

A transformation of Fg-oriented Borel-Moore homology theories is a natural
transformation of functors from Cg to (discrete) Abelian groups that commutes

with Gysin pullbacks.

The following preliminary result gives an universal property for the associated
homology theory ATS of the universal additive bivariant theory with functoriality
Fs.

Lemma 194. Let H, be a Fs-oriented Borel-Moore homology theory. Then, there
exists a unique transformation of Fg-oriented Borel-Moore homology theories m :
A" - H..
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Proof. Since a transformation of Fg-oriented Borel-Moore homology theories
preserves fundamental classes and commutes with pushforwards, 7, if it exists,

must satisfy the formula

n(vV L X)) = 1.0v).

In order to conclude that this describes a well-defined transformation, we must
show that, given projective map f : V3 U Vo — X with a quasi-smooth source,
then

f*(]‘VIUVQ) = fl*(1V1) + f2*(1V2)’

where f; : V; — X are the restrictions of f. By pushing forward, this would follow

immediately from the formula

Lv,uvy = tix(1yy) + t24(1y,) € Ho (V1 U V),

where ¢; are the canonical inclusions V; — V; LI V5. We will prove this formula.

By hypothesis, the map
2= [11e i2]  HL(VA) @ Ha(V2) > Ha(V U V)

is an isomorphism, and from the push-pull formula it follows that its inverse is
given by

!

.

= ! ,1] CHo (ViU VR) = Ho (Vi) @ He(V5).
Lo

As

1V1UV2 = lx (L! (1V1 uva ))
= 11.(1y,) + t24(1y3), (push-pull formula)
the claim follows. 0

The conditions of Definition 193 imply that a Fg-oriented Borel-Moore ho-

mology theory H, is, in a sense, linear over the commutative ring H, (5).

Proposition 195. Let H, be a Fg-oriented Borel-Moore homology theory. Then,
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1. the cross product provides each Hq (X ) with the structure of a He (S)-module;
2. pushforwards and Gysin pullbacks are He(S)-linear;
3. the cross product is He(S)-bilinear;

4. for all quasi-smooth X € Cg, and all o € Hq(Y'), we have

pré(a) =lxy xae H.(X Xg Y)

Proof. The claims 1., 2., and 3. follow immediately from the definition. The
fourth claim follows from the definition after observing that pry, = wx x Idy,

where mx : X — S is the structure morphism. O

Definition 196. If H, is a Fg-oriented Borel-Moore homology theory, X € Cg,

and F is a vector bundle on X, then we define the Euler class operator as
e(E) =iy 0i : Ho(X) — He(X),

where i is the derived regular embedding Vx (0g) <— X, Og being the zero-section
of .

Euler class operators are natural in the following sense.
Proposition 197. Let H, be a Fg-oriented Borel-Moore homology theory. Then,

1. if f : X — Y is a quasi-smooth morphism in Cg and E is a vector bundle
on'Y, then, for all o € He(Y),

FHe(B) (@) = e(f*E)(f!());

2. if f : X — Y is a projective morphism in Cs and E is a vector bundle on
Y, then, for all 5 € Hq(X),

Fe(e(f*E)(B)) = e(E)(£.(8))-
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Proof. Consider the Cartesian diagram

-/

Vx(Of*E) Z*> X

b

Vy(OE) % Y.
Then,

1. if f is quasi-smooth, we have that for all @« € He(Y),

(f*(i'(a))) (push-pull formula)
(@)))

as desired;

2. if f is projective, we have that for all 8 € H,(X),

Fe(e(f*E)(B)) = [ (3" (8)))
= i (f1(1"(8)))
=i, (i'(f.(B))) (push-pull formula)
= e(E)(f«(8))
as desired. ]

Moreover, they commute with each other.

Proposition 198. Let H, be a Fg-oriented Borel-Moore homology theory. Then,
foreach X € Cg, and vector bundles E and F on X, we have

e(E)oe(F)=e(E®F)=c¢e(F)oe(FE).
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Proof. Considering the Cartesian square

Vx(0por) <2 Vx(0F)

[r :

VX (0 E) = X
we compute that

e(E)oe(F)=j,0j oi,oi
= jeoiloj"oi (push-pull formula)
= (joi)so(joi)
=e(EaF)

from which the claim follows, as direct summation of vector bundles is commuta-
tive. ]

Next, we will closely follow Sections 6.1.1 and 6.1.2 in order to produce the

desired homological universal properties.

Definition 199. A Fg-oriented Borel-Moore homology theory satisfies the weak
projective bundle formula if, for all X € Cg, and all n > 0, the map

e(O(1)) (prhy(—)) : P Ha(X) — Ho(P" x X)
1=0

is an isomorphism, and e(O(1))"*! is the zero operator.

Lemma 200. Suppose H, satisfies the weak projective bundle formula, let X € Cg,
and let iy and i be the inclusions X — P! x X at 0 and o, respectively. Then,

i =iy, : He(P! x X) — Ho(X).

o0

Proof. As e(0) is the zero operator on H, (X ), both i} and i' annihilate the image
of e(O(1))* (pry(—)) by Proposition 197. The claim then follows from the fact that
both i and i, are sections of pry. O
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It follows that Euler classes may be expressed in terms of derived vanishing

loci.

Proposition 201. Suppose that H, satisfies the weak projective bundle formula.

Then, given X € Cg, a vector bundle E on X, and a global section s of E,

e(E) = jsx oj}s?
where js is the inclusion Vx (s) — X.

Proof. Considering the Cartesian diagram

Vi(0) — 0 X

o=

Ik

Vplxx(xo ®S> ‘]—> Pl x X

s/
]\/Lw

[

V(s) —= 5 X,

we compute that

. ]
e(E) = jox © o
. NI 1
= Jox © Jp © 70 © PTy
VI !
= J0x Oty © ) OPry
.l . .1 1
=1907x ) ©oPpry
.1 . .1 !
=1, ©Jx 0] ODIy
. S !
= Jsx Olgo ©J OPIy
. NI !
= Jsx ©Js O log ©PI2

. |
= Jsx O Js>

as desired.

(push-pull formula)
(Lemma 200)
(push-pull formula)

Next, we study Euler class operators of tensor products.



Definition 202. Suppose that H, satisfies the weak projective bundle formula.

Then, there exists a unique formal power series

Fa(z,y) = 3 biga'y? € Ho(S)[lz, ]

i,j>0

such that
e(O(1,1)) (1ngspgl) = Iy (6(0(1> 0)),e(0O(0, 1))) (1P§XSP’£)

in He (P x5 P) for all n,m > 0.

Similarly, there exists a unique formal power series
Gu(z,y) € He(S)[[z, y]]

such that
e(O(1, -1))(1pzxspr) = Gu(e(O(1,0)),e(0(0,1))) (1pzx s )

in H, (P x g P) for all n,m > 0.

Before studying the above formal power series further, we make the following

observation.
Lemma 203. Let H, be a Fg-oriented Borel-Moore homology theory, let X,Y €
Cs, let E be a vector bundle on X, and let o« € Hqo(X) and 8 € He(Y'). Then,
e(priE)(a x B) =e(E)(a) x f € He(X x5Y)
and
e(pr;E) (B x a) = B x e(E)(a) € Ho(Y x5 X).
Proof. Since

ix 1d
Vixgy (Oprzg) = Vi (0p) xs Y &5 X xg Y

| | Jprl

VX<0E) < : X

153



is Cartesian, we have

e(priE)(a x B) = (i x Idy)*((i X Idy)!(a X B))
=i.(i'(a)) x B
=e(E)(a) x B,

proving the first claim. The second claim is proven in a similar fashion. O

Next, we prove that the power series govern the Euler class operators of tensor

product.

Lemma 204. Suppose that H, satisfies the weak projective bundle formula, that
X € Cg, and that £y and % are globally generated line bundles on X. Then,

e(LH ® L) = Fy (6(31), e(.,%))

and

6(.;%1 X f;) = GH(G(Dgl), 6(.,2”2))

Proof. The proof of the second claim is similar to that of the first one, so we will
only provide a proof for the first claim. Let f : X — P xg P be such that
ffO(1,0) ~ & and f*O(0,1) ~ %. Then, denoting by I's the graph map
X — P x P x X, we compute that, for all « € Hq(X),

€($1 ®$2)(0¢) = F!f (e(prik (1, 1))(1]}wsl><s]pwsn X a))
= Flf (6(0(1, 1))(1]}DEXSP7§1) X Oé)
= 3 bty (6(0(1,0))i 0 e(0(0,1)) (1pax g ) X a)

4,70
= 3 b (e(priO(1,0)) o e(priO(0, 1)) (1py g X 0))
4,720
=Y bije(2) 0 e(L) (a),
4,70
as desired. OJ

Hence, we obtain the following analogue of Lemma 181.
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Lemma 205. Suppose that H, satisfies the weak projective bundle formula. Then,
1. Fy(z,y) is a commutative formal group law;
2. Gu(Fu(z,y),y) = =,

3. Gu(z,y) = Fu(x,ig(y)), where ig(y) € He(S)[[y]] is the formal inverse

power series of the formal group law Fy.
Proof. Proof is the same as that of Lemma 181. O

In particular, the following result is proven in exactly the same fashion as

Proposition 182.

Proposition 206. Suppose that H, satisfies the weak projective bundle formula.
Then, for all X € Cg and all line bundles £, %" on X,

e(Z ® L") = Fu(e(L),e(L"))
as operators on He(X). O

This result leads naturally to the following definition.

Definition 207. Let H, be a Fg-oriented Borel-Moore homology theory. Then,

Hq has good Euler classes if
1. Euler class operators of line bundles are nilpotent;
2. for all X € Cg, line bundles .Z on X, and global sections s of ., we have
e(L) =i, o0,
where i is the derived regular embedding Vx (s) — X;

3. there exists a formal group law

Fa(z,y) =z +y+ Y byz'y! € Ho(S)[[z, ]
ij>1

155



such that, for all X € Cg, and all line bundles .4}, % on X, we have
e(.ﬁfl & gg) = Fp (e(.,%), 6(32))

as operators on Hg (X).

A theory that satisfies the weak projective bundle formula has good Euler

classes.

Lemma 208. Suppose that He has good Euler classes. Then, for all quasi-smooth
X € Cg and all line bundles & on X, we have

m(lp(ze0) = = Y biye(L) " oe(LVYH(1x) € Ho(X),

3,j>1
where T is the structure morphism P(.Z @ O) — X.

Proof. Consider the inclusion X ~ P(O) — P(.¥ ® O), which has normal bundle
. Then, analyzing the derived blowup W := Blyox x (P! x P(.Z @ O)), we note
that the fiber of the natural map W — P{, over

1. 0, is equivalent to P(.¥ & O);

2. oo is the sum of the strict transform D of co x P(Z @ 0) — P! x P(L @ O)
and the exceptional divisor P(.£ & O) ~ & C W, the intersection of which
is X.

Moreover, the restrictions of O(D) and O(£) to X are equivalent to .#" and .Z,
respectively. Hence, if we denote by ¢ the natural map W — X, we have

T (lp(za0)) = ¢+ (e(O(1))(1w))
= ¢.(Fa(e(0(D)), e(0(€))) (1) )

from which the desired equation follows immediately. O

The above Lemma allows us to prove that the derived double point formula

holds for any Fg-oriented Borel-Moore homology theory that has good Euler
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classes. Given a Fg-oriented Borel-Moore homology theory H,, we will use the
notation
[V = X]:= fi(ly) € Ho(X)

for every projective morphism f : V' — X where V is quasi-smooth.

Proposition 209. Suppose that He has good Euler classes. Then, for each X € Cg,
and each projective morphism ™ : W — P! x X where W is quasi-smooth, the

equation
[WO — X] = [Dl — X] + [DQ — X] — [PDIQDQ(O(Dl) D O) — X] S H.(X)

holds, where
1. Wy is the fiber of W — P! x X over 0 x X;

2. the fiber Wos of W — P! x X over co x X is the sum of virtual Cartier
divisors D1 and Dy on W.

Proof. Suppose first that W = X. Then, denoting by j the derived regular embed-
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ding D1 N Dy — W, we compute that

[W() — W]

= ¢(O(1))(1w)

=¢e(O(D1 + D2))(1w)

=[D1 — W]+ [Dy — W]

+ 3 biye(O(D1)) ™! 0 e(O(Dy)P "N ([Dy N Dy — W)

2,7>1

:[D1—>W]+[D2—>W]

3. X belOD)) 0 0D 1))
i,j>1

3. X Bie(@(D) " o 0D 1y,
i,j>1

= [Dl — W] + [Dg — W] _,j*([]P)DlmDQ(O(Dl) D O) — DN DQ])

= [Dl — W] + [Dg — W] — []P)DlmDQ(O(Dl) D O) — W],

where, in the fifth equation, we have used the fact that O(1) ~ O(D; + D»)
restricts to the trivial line bundle on W,. The general case follows from this by

pushing forward to X. O

We have proven the following universal property for Q*S .

Theorem 210. Let S be a finite-Krull-dimensional Noetherian derived scheme that

admits an ample line bundle. Then,

1. Qf is the universal Fg-oriented Borel-Moore homology theory that satis-
fies the weak projective bundle formula: given another such a theory H,,
there exists a unique transformation of Fs-oriented Borel-Moore homology

theories Qf — H,;

2. Q*S is the universal Fs-oriented Borel-Moore homology theory that has good
Euler classes: given another such a theory H,, there exists a unique trans-

Sformation of Fg-oriented Borel-Moore homology theories Q*S — H,. O
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Chapter 7

Comparison with Levine-Morel’s
algebraic bordism

Here, we prove that the algebraic bordism homology groups, obtained from the
bivariant algebraic cobordism considered in Section 4.2, recover the algebraic bor-
dism groups of Levine and Morel for quasi-projective schemes over a field of char-
acteristic 0. We do this by first extending Lowrey—Schiirg’s algebraic bordism [43]
to a bivariant theory df);. on F}, and then establishing an equivalence of this bi-
variant theory with 27. Throughout the chapter, k£ will denote a field.
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7.1 Lowrey—-Schiirg’s algebraic bordism dQ" and its
bivariant extension

Here, we recall the construction of Lowrey—Schiirg algebraic bordism groups over
fields, with the slight adjustments made in [8]. Simultaneously, we extend it to
a bivariant theory on Fj. Recall that A*f’“ is a Fi-oriented Borel-Moore homol-
ogy theory!; given such a theory Hl,, and a collection of subsets S(X) C H,(X),
we will denote by (S)y the F-oriented-homology ideal generated by S, i.e., the
smallest collection of subsets that contains S and that is stable under sums, push-
forwards, Gysin pullbacks, and external products by arbitrary elements.

We will construct the bivariant theory d2; and the homology theory dQF as
quotients of L* ® A% and L, ® AT, respectively, where L* and L, are the
the Lazard ring, equipped with its cohomological (non-positive) and homologi-
cal (non-negative) grading, respectively. As L* @ A% , and any quotient B thereof,
is generated by orientations, Proposition 51 implies that the Fj-oriented-homology
ideals of B, are exactly the restrictions of bivariant ideals of B to B,.

The construction is given in several steps.

Construction 211 (Naive derived cobordism, cf. [43] Definition 3.4). We define
dQl:,naive — L* ® Af’“/Rﬁb,

where Rf" is the homology ideal of homotopy fiber relations. In other words,

REP(X) is the L-module generated by elements of form
[Wo = X] — [Wa — X] € L, @ A¥(X),

where W — P! x X is a projective morphism with W quasi-smooth over k, and
where W and W, are the fibers of W — P! over 0 and oo respectively.

Similarly, we define

dQZ‘,naive =1L ® A.);:k /Rﬁbv

'In fact, by Lemma 194, it is the universal one.
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where R’(X — Y) is the L-module generated by elements of form
Wo — X] — [Woo = X] € L* @ A} (X),

where W — P! x X is a projective morphism such that the composition W —
Qk,naive
ES

P! x Y is quasi-smooth. Clearly, d
das);

k,naive*

is the associated homology theory of

Euler classes of vector bundles can be expressed in terms of vanishing loci in

naive derived cobordism.

Lemma 212. Let X € Cj, and let E be a vector bundle on X. Then, for every
global section s of E,

e(B) = [Vx(s) = X] € d ... (X).

k,naive
Proof. Same as that of Lemma 132. O

In particular, Euler classes of globally generated vector bundles are nilpotent.

Let us denote by
Funiv(xa y) € L[[xv y“

the universal formal group law.

Construction 213 (Derived precobordism, cf. [43] Definition 3.16 and Lemma
3.17). The theory d€2; __ is constructed from €2}

k,pre k,naive

1. We define R(X) C dQF"*¥*(X) as consisting of elements of form

in two steps.

(6(31 ® Z2) — Funiv(e(21), 6(32))) o lx,

where X is smooth over k and .Z; are globally generated line bundles on X.
Set

dQYRPre .= goknaive jipfely L
Similarly, we define R'8!(X) C €2}, | aive(X) as consisting of elements of
form

e(H ® L) — Finiv(e(A1), e(%))
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where X is smooth over k and .Z; are globally generated line bundles on X,
and set
dQZ’:pre = sz,naive/<ng1>d9k,naive'

Since the orientations along smooth morphisms are isomorphisms (Proposi-
tion 26), d2*P™ is the associated homology theory of A e

. Secondly, we set
fgl
QP = dOUEP (R gobore,

where the subset Rffl(X ) C dQFP™(X), for X smooth over k, consists of

elements of form
(e(g) - FllIliV (e(fl)y Zunlv(e(DgQ)))) [ ] 1X7

where % and .%, are globally generated line bundles on X, . ~ £, 0.2,

and ¢ypjv 18 the formal inverse power series of Fipy-.

Similarly, we set

* * fgl
ko,pre = dQ./k,pre/<R-§ >dQ§€

)
,pre

where Rffl(X ) C dQ (X)), for X smooth over £, consists of

6(3) — Funiv (6(9%1), iuniv(e("ip?)))7

where .7 and %, are globally generated line bundles on X, and where £ ~

L @ L. Clearly, d2EP™ is the associated homology theory of A pre-

Lemma 214. The bivariant theory d€)} has good Euler classes (Definition

k,pre

Proof. Let us verify that d2};  , satisfies the conditions of Definition 183.

1. If A4 and % are globally generated, then their Euler classes are nilpotent,

as is

e(4 ® gg\/) = Funiv (e<ZI)7 Z'univ(e(D%Q)))
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As every line bundle is equivalent to one of the form £ ® %) with .%;
globally generated, if follows that Euler classes of line bundles are nilpotent.

2. This is Lemma 212.
3. This is proven similarly to Proposition 182. O
We are finally ready to construct d€; and dQk.

Construction 215 (Derived algebraic cobordism, cf. [43] Definition 3.20). We

define RS C dQP™ as the collection of homology elements containing
CVV,D — 1D c dQ]:’pre(D)

where D — W ranges over all k-snc divisors in all W that are smooth over k, and

Cw,p is as in Definition 145. Then the derived algebraic k-bordism is defined as
A (X) := dP/(R™) gpppre
It is the homology theory associated to the bivariant theory
A€y = S, pre/ (R™) g, pre-

For a quasi-projective classical k-scheme X, we denote by §2,.(X) the algebraic
bordism group of Levine—Morel [40]. By the results of Levine—Pandharipande [41]
it admits a presentation where the generators are isomorphisms classes of smooth
k-varieties V together with a projective map V' — X, and the relations are given by
double point relations, the derived analogues of which we have used in he definition

of universal precobordism. The following is Theorem 5.12 of [43].

Theorem 216. If k is a field of characteristic 0, then, for all quasi-projective de-

rived k-schemes X, the map
Q. (Xq) — dOF(X),

given by the formula
[V = Xa]— [V — X],
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is an isomorphism.
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7.2 Comparison of ); and d2;

Here, we prove that the bivariant theories €27 and d(); are equivalent. In particular,

we obtain the following result.

Corollary 217. Let k be a field of characteristic 0. Then, for all X € Cy, the map
Qu(Xa) — QF(X),

given by the formula
[V = Xa|— [V = X],

is an isomorphism.

In other words, in characteristic 0, the bivariant algebraic k-cobordism is a
bivariant extension of Levine—Morel’s algebraic bordism. We begin with the fol-

lowing observations.

Lemma 218. There exists a unique orientation preserving Grothendieck transfor-
mation
n: Q — dS)

*
k,pre*

Proof. By Lemma 214, d€2;; . has good Euler classes, so the claim follows from

one of the universal properties of 2; given in Theorem 186. O

Lemma 219. There exists a unique 1L-linear orientation preserving Grothendieck
transformation
0 dQ

* *
k,pre - Qk?

where . has the L-linear structure provided by its formal group law (Theorem

143).

Proof. Indeed, since d(Y} | . is constructed as a quotient of L*®A’ , there exists at
most one such a Grothendieck transformation. The proof then reduces to checking
that the unique transformation L* @ A% — Q kills the relations imposed in

Constructions 211 and 213, which is obvious. O

As the composition
o Loao; Lo

*
k,pre
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is the identity transformation, we have almost proven that n and 7’ are inverse

isomorphisms. This is finished by the following observation.

Lemma 220. The transformation 1 : ), — d€} pre 18 L-linear.

Proof. We wish to show that n : Q7 (Spec(k)) — dQ}

k,pre(spec(k)) isa map of

LL-algebras. By the universal property of the Lazard ring, it suffices to show that n

sends the formal group law

F(z,y)=z+y+ Y agaz'y’ € Q(Spec(k))[z,y]
i,j>1
to the formal group law
Fllay) =z +y+ ) aja'y’ € d(Spec(k))([z,y]]-
3,5>1

As 7 sends Euler classes to Euler classes, for all n,m > 0

e(0(1,0)) +¢(0(0,1)) + > > " n(aij)e(O(1,0))" o ¢(O(0,1))

i=1 j=1

=n(e(O(1,1)))
—e(O(1,1))

=e(0(1,0)) +e(0(0,1) + ) > aj;e(O(1,0))" o ¢(O(0, 1));

i=1 j=1

however, since we do not know if d€); pre Satisfies the projective bundle formula,
the claim does not follow immediately. Nonetheless, if 7(a;;) and agj differ for

some 1 <i<mand1l < j < m,then, in the partial ordering where (i, j) < (i, j)
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ifi <i’ and j < j/, we can find a minimal pair (¢’, ;') where they differ, and then

e (n(asy) — aly)e(O(1,0))1 o (OO, 1>>f‘)

i=1 j=1

=n(ay;) — a;/j,,

where 7 is the structure morphism P} Xgpec(x) P, which is a contradiction since

by assumption 7(a; ;) # a;,j,- O

We have shown that the Grothendieck transformations 7 and 7’ are inverse

isomorphisms. The following result is an immediate consequence of this.

Proposition 221. There exists a unique orientation preserving Grothendieck trans-

formation

QF — dQy,
which is an isomorphism of bivariant theories.

Proof. Indeed, €2} and d€); are obtained from Q and dQvare by imposing equiv-

alent relations. O

Corollary 217 follows immediately from the above and Theorem 216.
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Chapter 8

Twisting bivariant theories

In this Chapter, we study the process of altering the orientation of a bivariant the-
ory called twisting, which is inspired by the closely related twisting operation for
oriented cohomology theories in topology [53] and oriented Borel-Moore homol-
ogy theories in algebraic geometry [40]. Most of these results appeared originally
in [7].

Throughout the section, S will be a finite-Krull-dimensional Noetherian de-
rived scheme that admits an ample line bundle. We will work with the restricted
functoriality Fg, as we shall make use of Chern classes, which we have defined

only for those Noetherian derived schemes that admit an ample line bundle.
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8.1 Twisting oriented bivariant theories

Throughout this section, B will denote a stably oriented bivariant theory with func-
toriality Fg that has good Euler classes. By Theorem 186, there exists a unique
orientation preserving Grothendieck transformation 2% — B. In particular, B has

a theory of Chern classes which satisfies the properties listed in Theorem 168.

Definition 222. Let 7 := (719,71, T2,...) be an infinite sequence of elements of
B(Spec(A)) with 79 = 1. Then, for any line bundle .Z on X € Cg, we define its
inverse (T-)Todd-class by

Td; (L) = Z ric1(ZL)" € B*(X).

By splitting principle, there exists a unique extension of this to all vector bundles,
satisfying, that, whenever
E - E— E"

is a cofiber sequence of vector bundles on X € Cg, then

Td Y(F) = Td; (E') e Td-Y(E") € B(X).

T

Using this, Td~!(c) may be defined for all K-theory classes o € K9(X). The
(7-)Todd-class Td,(c) is defined to be the inverse of Td ! (a).

We can now define the twisting operation.

Definition 223. Let 7 be as above. Then we define the twisted oriented bivariant
theory B(™) to be the bivariant theory B equipped with the orientation () which,
for a quasi-smooth morphism f : X — Y, is defined by 0(7)(f) := Td, (LY /Y) o
0(f)-

Lemma 224. The twisted theory B(") is a stably oriented bivariant theory.

Proof. Clearly #(7)(Id) = 1. Moreover, given quasi-smooth morphisms f : X —
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Yandg:Y — Z, we compute that

07 (f) 007 (g) = Tdr(LY,y) @ 0(f) @ Td-(Ly,,) ® 6(9)
=Td, (]LX/Y) o Td (f* Ly/Z) 0(f)e0(g) (commutativity)
= Td-(LY,,) ®0(g 0 f)
=0 (go f );
hence, 0(7) is an orientation. It is stable under pullbacks as Todd classes of duals

of relative cotangent complexes are, and as @ is a stable orientation. O

For clarity, we will distinguish Gysin pushforwards, Chern classes and Euler
classes in the twisted theory B(") by marking them with the symbol (7) in a con-

venient location. Moreover, we will use the notation

Zﬂ e B*(S)[[a]]

We then have the following result.

Lemma 225. For all X € Cg and all line bundles £ on X, we have
e (L) = A (e( L)) € B*(X).

Proof. Indeed, denoting by i the derived inclusion Vx(0) < X, where 0 is the

zero-section of .Z, we have

(L) =i\ (Lvx )
=it (Td- (L (0y/x)))
= it(Td-(Lvy0)[-1]))
= Td; (L) e ii(1yy (o))
=Td; ' (£) e (L),
from which the claim immediately follows. O

Let us denote by A-!(z) the inverse of \,(x) with respect to composition.
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Then, we define 7 := (7, 71, T2, ...) to be the sequence satisfying

Zn e B*(9)][]).

The following result is useful.

Lemma 226. Let B be a stably oriented bivariant theory that has good Euler
classes. Then, for all « € K°(X), we have

Td='(o;B™) e Td ' (a) = 1x € B*(X),
where Td="(a; B(")) denotes the inverse 7-Todd class of E, computed in the ori-
ented bivariant theory B\"). In particular; (B(?))(T) =B = (IB%(T))(T).

Proof. By splitting principle and multiplicativity of Todd classes, it suffices to
check that this formula holds for & = [.%], where . is a line bundle on X. This
boils down to showing that

-1
A (o ()2

() =1 € B(9)((2)),

T
x
where for a power series 1(z) with zero constant coefficient, we have denoted by

(1 /x)(x) the power series such that x - (¢/z)(x) = 1 (z). This formula follows

from the simple computation

P A )\;1 () M (x
- e
_ =z Ar(z)
Ar(z)
=1,
so we are done. O]

By the next result, twisting preserves pleasant properties of Euler classes.

Proposition 227. The bivariant theory B(") has good Euler classes. Moreover, the
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formal group law ofIB(T) is given by

FB(T> (.’L’, y) = )‘T (FB(A;l(x)a A;l(y)))
Proof. We verify that B(") satisfies the conditions of Definition 183.

1. Nilpotence of the Euler classes of line bundles of B(™) follows immediately

from the corresponding fact for B.

2. Suppose that X € Cg, .Z is a line bundle on X, and s is a global section of
Z. Then, denoting by i the derived regular embedding Vx (s) — X, we
have that

T j) _ Z bie(g)i-i—l
—Zbe .ZSI 1Vx(s))
1=0

g

=g (T (VX(S x) @ 0(is))

= ii! )(1VX(3))’
as desired.

3. We compute that

6(7)($1 QL) = A FB(e(iﬂl),e(.fz)))

(
—\ (FB(/\;l(e(T>($1)), AJI(G(T)(%))))’

as desired. O
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8.2 Grothendieck—-Riemann—Roch theorem

Here, we prove our version of the Grothendieck—Riemann—Roch theorem. Essen-
tially, it is a cohomological analogue of the Grothendieck—Riemann—Roch for sin-
gular varieties, proven by Baum—-Fulton—MacPherson [13]. We begin by defining

the two bivariant theories that will play an important role in the theorem.

Definition 228. The universal additive S-precobordism is defined as
nga = Za ®]L Q:§7

where Z,, is the integers, considered as an [L-algebra via the additive formal group

law x + y. Similarly, the universal additive S-cobordism is defined as
Q5 4 = Za 1 V.

By the results of Levine—Morel and Corollary 217, if A = k is a field of char-
acteristic 0, then the associated homology theory of Qz ., recovers the Chow groups
(see e.g. [24]). Hence, one should regard Q’fg ., as a “bivariant intersection theory”;
in particular the associated cohomology theory Qj‘g o, provides a candidate for the
elusive Chow cohomology theory. Its relationship with other (partial) candidates
[23, 42, 54] remains poorly understood.

Definition 229. The universal multiplicative S-precobordism is defined as
QSJ’n = Zm ®]L QS?

where Z,, is the integers, considered as an IL-algebra via the multiplicative formal
group law x+y—xy. Similarly, the universal multiplicative S-cobordism is defined
as

Qg m = Zpm Q1 Qg.

By Theorem 169, the associated cohomology theory of {25 ,, is naturally equiv-
alent to the K -theory of perfect complexes K. As the snc-relations (see Definition
147) are satisfied in bivariant K-theory, also {)g,, has K 0 as its associated coho-

mology theory.
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Next, we will prove that the bivariant theories Q ® Q;ya and Q ® Qg ,,, and
Q® nga and Q ® Qg ,, are equivalent as unoriented bivariant theories. Moreover,
we express the difference between the orientations using a relatively simple inverse
Todd-class.

Let 7 := (79, 71, T2, ...) be the sequence of rational numbers that satisfies
M(z) = 1— e € Qlfal].
One solves from the above that
A (@) = Ae(e) = —In(1 — 2) € Q[[«]]

Twisting a Q-linear oriented bivariant theory by these sequences has the following

interesting property.

Lemma 230. Twisting by T changes the additive formal group law © + y to the
multiplicative x + y — xy. Twisting by T has the opposite effect.

Proof. 1t suffices to prove the first claim. Using Lemma 227, we compute that if a
Q-linear oriented bivariant theory B has formal group law z + v, then B(") has the

formal group law

l—exp(n(l—2z)+In(l—-y)=1—-(1-2)(1—y)
=z +y—ay,
as desired. ]

Clearly Qg , and Qg , are the universal stably oriented bivariant theories that
have good Euler classes with formal group laws z + y and = + y — xy, respec-
tively. On cohomology rings, the transformation induced by the universal property

acquires a familiar form, after identifying the source with K -theory.

Lemma 231. Let ch be the unique orientation preserving Grothendieck transfor-

mation Q&m —-0Q® ngl Then, the induced homomorphism
K°(X) - Q®0§,(C)
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of cohomology rings sends [ £ to exp(e(L)), where £ is a line bundle on X.

Proof. By definition,

(L] 1 -7 (2Y)
= (1 — e_cl(‘fv))

= exp(c1(Z)),
as desired. O

Lemma 232. The unique orientation preserving Grothendieck transformation ch :

Qg > Q® Q(STBI induces an isomorphism

chg : Q®Qg,, — Q® Q)

a’

The result remains true if we replace g, and g , by Qg and Q5 respec-

tively.

Proof. Denote by ch’ the unique orientation preserving Grothendieck transforma-

tion Qgﬂ - Q® Q(Si)n Clearly the compositions

h ) chg
QO Qg —5QRQY) —5 Q8 Qg

and
ch! = h
Qe 05, — Qo)) =5 Qe0s,

are orientation preserving, and therefore identity transformations. Hence, chg and
/ . . . . .
chg are inverse isomorphisms, proving the first claim.
In order to prove the second claim, we show that cth is compatible with the
snc relations in the sense that, if W is smooth over S and D ~ n1 D1 +- - - +n, D,

is an S-snc divisor on W, then

ch(mw,p — 1p) = ue (nw,p — 1p) € QF*(D),
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where u is a unit in Qg ,,, (D). As

ch(1p) = Td-(L})/5) ® 1p,

it suffices to show that

Ch(/@(m/l/,D) = Td;(ﬂlg/s) ® NW,D-
which is the content of Lemma 233. O

Suppose that B is a stably oriented bivariant theory on Fg that has good Euler
classes, and let 7 = (1,71, 72,...) be a sequence of elements of B*(Spec(A)).
Then, if W is quasi-smooth and quasi-projective derived S-scheme, and if D ~

n1 D1 + - 4+ n, D, is a virtual Cartier divisor on W, we denote by

the images of ¢w.p,p,,..D, € Qf (D) under the unique orientation preserving
Grothendieck transformations g — B and Q¢ — IB%(T), respectively.

Lemma 233. Let everything be as above. Then,

Cx(a?p,pl,...,pr = Tdz(Lp,s) ® (w,D,Dy,...D,

in Be(D).

Proof. Suppose that, for each I C {1,2,...,r}, we have a formal power series
fr(z1,...,z,) € B*(S)[[x1, ..., z,]], such that

1. fop=0;
2 Y e X fi(@n, ) = [lg, @1 +r o+ 0] - 2R,

where x! = [Iic; z:- Then, applying the projection formula, we observe that

W01 = I (f1(e(O(DY)), o e(O(D,))) @11, ) € Ba(D),

IC[r]
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where ¢! is the closed immersion Nic; Di — D.
Let us denote the formal group law of B and B(") by F' and F(7), respectively,
and let F™>" and F("T )"”’”T be the formal power series corresponding to the

formal linear combination [n|p-z1+p- -+ [n,]F -z, in B and B(7), respectively.
Moreover, let

Fvn,l,...,?’l/»,—(w_:L7 --~7mr) — Z XIF}”L---J“”(I’l, ..-,xr)
IC[r]

be the unique expression, where F;'""7"" (x1, ..., z,) contains only those variables,
whose index lies in I. Then,

F(T)""’n’“(wl, vey Tp)
— A (Fm" (A (1), s A;l(xl)))
— A, (F”l’""”’"()\;l(xl), )\;1(3:1)))

_ ﬁ(me (/\;1(%1)7 - A;l(ml)))FnL...,nr ()\;1(331), ...,)\;1(3:1))

x

- Ar (e — -
:I [])\Tl(x)lx<F Tyeers T(ATl(lll)?"‘)ATl(lll)))
Cir

CFP (A7 (@), A7 @)

-1
_ Z XI%(X)Iﬁ<Fm,...,m ()\;l(ml), ...,)\;1(%1))>

x
IC[r]

CEPtt (AN (@), e AT ()

Let us denote by .%; the restrictions of Oy (D;) to D, by % the restriction of
Ow (D) to D, and, for I C [r], by £} the sum ,_; .%;. By applying the obser-
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vation we made at the beginning of the proof, we obtain the desired formula

C(T)
W,D,D,...,D,

=3 (Td;l(JI;IB%(T)) e Td71(.2)
IClr]

A (Td;l(jfj; B™) e TdZL(2)
IC[r]

o FJ1 T (o), o)) 0 T, (L ) 0 1,

= 3 (T (2B 0 TA () 0 Tao(L, )
Iclr]

o I (o(4), v e( ) @ 101)
=3 (Td;l(.iﬂj;B(T)) o T (L) o Td, (LY 5)
1Ch]

. F}Ll,...,nr (6(31)7 s e(jr)) ° 1D1>

= Td,(Lys) o Y ot (Td:(£5:30) 0 Td(20)
I1C]r]

° FIan’nT (e(gl), ey e(fr)) ° 1D1>

= Td,(LY5) e Y ! (FI”“ (e(LA), . e(L)) o 1D,)
IC]r]

= TdT(Lg/S) L CW,D,Dl,...,Dr7

where, in the second-to-last step, we have used Lemma 226.
Combining the above results we obtain the following theorem.

Theorem 234. The maps
ch:Q® K(X) —» Q®Q5,(X)

defined by the formula
[Z] = exp(c1(Z))
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on line bundles, and extended additively to all elements of Q @ K°(X) using the
splitting principle, are isomorphisms of rings that commute with pullbacks along

morphisms in Cg. Moreover, if f : X — Y is projective and quasi-smooth, and if
a € Q® K9%X), then

ch(fi()) = fi(ch(a) o Td (LY y),

where Td([.Z]) = %}f;‘p) and Td, is extended to all elements in K° in a

multiplicative fashion using the splitting principle. ]
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8.3 Algebraic cobordism with rational coefficients

Here, we show that the bivariant .S-(pre)cobordism can be obtained from the uni-
versal additive theory by tensoring it with the rational Lazard ring Ly := Q ® L
and twisting.

We begin by recalling some classical results on formal group laws (see e.g.
[29]). Consider the polynomial ring B = Q[by, b, ...] with infinitely many gener-

ators. Denoting
Ao (2) i= & + bia? + bea® + - - - € Bl[z]],
we define a formal group law on B by the formula
F'(z,y) = A (A5 (2) + 251 ().

In classical terminology, \p () is the (inverse) logarithm of the formal group law
F’. The formal group law F” is classified by a ring homomorphism Ly — B. Let
us denote by A, (z) € Lg[[z]] the inverse logarithm of the universal formal group
law. The coefficients of Ar, induce a morphism B — L that sends Ay, to Ar. As
the compositions Lo — B — Lg and B — Lg — B are identities, we have
identified Lg with B.

Denote by b the sequence (1, b1, bo, ...) of elements of B.

Lemma 235. The unique orientation preserving Grothendieck transformation
Qe Qs+ Bo Q)

is an isomorphism. The result remains true if we replace Qg with Q§ and Q5 ,

. *
with Q&a-

b). .
) is given

Proof. By construction and Proposition 227, the formal group law of Qg j

by F’. Moreover, as Q ® Qg’) has the additive formal group law, there exists a

unique orientation preserving Grothendieck transformation

B Qs, —Q ®Q(Sb)
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that sends Ap, to the image of A, in Q ® Q5(S). As the composition
Qe Qs — BoOY) - Qo Q%
is orientation preserving, and as
BoQ;, »Q20P - BoOj,

is orientation preserving and preserves B, they are the identity transformations.
This proves the first claim. By Lemma 233 the identification we have obtained is

compatible with the snc relations, and therefore the second claim follows. O

The following result follows from the above by combining it with Theorem
169 and Lemma 232

Theorem 236. For each quasi-projective derived S-scheme, there exists an iso-
morphism of rings
Q®QH(X) — Lo ® K(X).

Moreover, these maps commute with pullbacks along morphisms in Cg and Gysin

pushforwards along quasi-smooth and projective morphisms f : X — Y such that

In particular, we can compute the precobordism with rational coefficients of

local rings.

Corollary 237. Let A be a local Noetherian derived ring of finite Krull dimension.
Then Q ® " (Spec(4)) = Lg,. O
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Chapter 9

Conclusion

Algebraic cobordism was first introduced as an extraordinary motivic cohomology
theory in [64] and later in a geometric form in [40]. In this thesis, we have con-
structed a geometric theory of bivariant algebraic cobordism, thus providing a vast
generalization of the theory considered in [40]. Our theory, and its associated co-
homology theory, cannot be constructed employing motivic homotopy theory, as
they are not A'-invariant (see e.g. [19] for bivariant theories in motivic homotopy
theory).

By proving the validity of projective bundle formula for the bivariant cobor-
dism, we were able to construct cobordism Chern classes of vector bundles. This
in turn, analogously to the well-known Conner—Floyd theorem [15, 16], enabled us
to recover algebraic K -theory rings—another non-A'-invariant theory of funda-
mental importance in algebraic geometry—from the cobordism cohomology rings,
thus providing strong evidence that at least the algebraic cobordism cohomology
theory we have constructed is the correct one. Moreover, this result allowed us
to express the algebraic cobordism cohomology rings, taken with rational coeffi-

cients, in terms of algebraic K -theory.
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9.1 Open problems

Even though some progress has been made in the articles [4, 6-11], the study of
the derived-geometric approach to algebraic cobordism is still in its early stages.

Here, we list several interesting problems that remain open.

1. Localization. One of the most important computational tools in the study
of Levine—Morel’s algebraic bordism is the localization exact sequence. We
expect that, for a regular Noetherian scheme S of finite Krull dimension that
admits an ample line bundle, and for a closed immersion ¢ : Z — X of

derived S-schemes with open complement j : U < X, the sequence

05(2) = 08(x) L QS(U) = 0

is exact. If S = Spec(k), where & is a field of characteristic 0, then this is a
theorem of Levine and Morel. The surjectivity of ;' was proven in [9] with
Z[e~!-coefficients in the case S = Spec(A), where A is either a field or
an excellent Henselian discrete valuation ring, and where e is the (residual)

characteristic exponent of A.

2. Comparison with MG L. In [39], Levine constructs natural isomorphisms

0 (X) = MGLY,, ,(X)
for all quasi-projective varieties X over a field of characteristic 0, where
M GL;* is the motivic Borel-Moore homology theory associated to the al-
gebraic cobordism spectrum M G L. In other words, the geometric algebraic
bordism of Levine—Morel recovers a slice of “higher algebraic bordism”.
The same should be true over a more general regular basis scheme S. Note
that this is a sensible expectation: the groups Q° (X) are expected to be
Al-invariant, and, in fact, the A!-invariance was proven in [9] with Z[e_l]—
coefficients in the case S = Spec(A), where A is either a field or an excellent
Henselian discrete valuation ring, and where e is the (residual) characteristic
exponent of A. In the proof of [39], the localization exact sequence plays

a fundamental role. However, it is conceivable that a geometric model of
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MGL, similar to that studied in [21] but which allows studying also the
non-connective part of M GL, might lead to a direct proof that avoids the

employment of the localization exact sequence.

3. Algebraic cobordism of a local ring. It was proven by Levine and Morel that
the algebraic cobordism of Spec(k), where £ is a field of characteristic 0, is
naturally isomorphic to the Lazard ring .. We have proven the analogous
result for a general Noetherian local (derived) ring A of finite Krull dimen-
sion, after taking rational coefficients. In [9], it was proven that, for a field &
of characteristic p > 0, Q (Spec(k))[p~!] and L*[p~'] coincide in degrees
> —2. This follows from the fact, also proven in [9], that Q} (Spec(k))[p~!]
is generated by classes of regular projective k-schemes, combined with well-
known resolution of singularities and birational factorization results for sur-

faces.

4. Comparison with Chow groups. Levine and Morel prove that, for an alge-
braic scheme over a characteristic 0 field &, the natural map ncy : Z, QL
Q2,.(X) — CH,(X) defined by

VL X] e fuiy),
is an isomorphism, where CH, (X) is the Chow group of X [24]. It would
be interesting to establish a similar result over fields k of characteristic p > 0
as well. With Z[p~!]-coefficients, ncy is a surjection, because every closed
subvariety Z of X admits a generically finite morphism (resolution by a p-
alteration) of p-power degree from a regular k-variety [18, 59]. The main
difficulty in proving that ncy is an isomorphism with p-inverted coefficients
is comparing the classes of different resolutions in Z,[p~!] @1 Q¥ (X), which
in characteristic 0 can be achieved by employing the weak factorization the-

orem [1].

5. Comparison with candidates of Chow cohomology. This is an open problem
even over a field k of characteristic 0, but of course the question makes sense
over all fields k, and even over more general base schemes .S. Namely, what

is the relationship between the additive cobordism ring QZ’Q(X ) and the left-
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Kan-extended Chow rings [23]? The same question can be asked about the
rings constructed by applying Bloch’s formula to singular schemes [54]. If
X 1is of pure dimension d, then what is the relationship of QZ, o(X) with
Levine—Weibel’s group of zero-cycles on X [42]?

6. Bivariant (or homological) Conner—Floyd theorem. It would be interesting
to extend the cohomological Conner-Floyd theorem to a bivariant Conner—
Floyd theorem. In other words, for any finite-Krull-dimensional Noetherian
derived scheme S admitting an ample line bundle, we would expect that the
natural map

L OL V(X = Y) = KY(X = Y)

given by the formula
[V 5 X] = [£.0]

is an isomorphism. Note that, using the twisting results of Chapter 8, such
a result would allow us to express the groups Q ® Q§(X — Y) in terms
of bivariant K-theory. This would be interesting even in the special case
where S is regular and Y ~ §: for example, we could conclude that the
the localization sequence with rational coefficients is exact!. Moreover, if
S = Spec(k), where k is a field, then it would follow that Q, ® Q¥(X) =
Q ® CHL(X) [13].

7. Higher algebraic cobordism. In this thesis, we have considered only what
should be the truncation of a spectrum-valued invariant of maps derived
schemes, the higher (bivariant) algebraic cobordism. Finding the correct
model for higher algebraic cobordism is an interesting open problem: not
only does it provide a more refined invariant, but there are also many proper-
ties of the spectrum-valued invariant that do not hold for the truncation, the
most obvious being Nisnevich descent. In a joint project with Ryomei Iwasa,
we study candidates of higher algebraic cobordism, which are motivated by
the fact that universal precobordism is the universal bivariant theory satisfy-
ing the weak projective bundle formula, see [10]. It is still too early to tell

how successful this approach turns out to be.

'As j is an open immersion, twisting the orientation does not affect Gysin pullbacks along it.
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The higher algebraic cobordism cohomology theory (2 is expected to satisfy
at least the following properties:

(a) €2 should be a Nisnevich sheaf of spectra on a suitable co-category of

derived schemes;
(b) € should satisfy the projective bundle formula;

(c) € should satisfy a higher analogue of Conner—Floyd theorem, i.e., a
non-A'-invariant analogue of [50]; in particular, ) should not be Al-

invariant;

(d) by applying a suitable A'-localization functor to €2, one should recover
the algebraic cobordism theory represented by M G L in the stable mo-

tivic homotopy category.

8. Excision in derived blowups. Given a derived blowup square

s/

— . Bly(X)

T

2 X7

N ™

is the sequence

-k * ES *

0F(X) 25 0F(2) @ QF(Blz (X)) — Q(€)

(or the analogous sequence for {2*) exact?

There are two motivations for this question:

(a) this is the analogue of the zero-level “shadow” of a spectrum-level re-
sult that holds for all additive invariants of derived categories (e.g. al-
gebraic K-theory) [35];

(b) imposing an analogous spectrum-level property is useful when trying
to construct higher algebraic cobordism; however, something like the
exactness of the above sequence would be needed for comparing the

zeroth homotopy group of higher algebraic cobordism with Q* (or 2%).
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I have all the symptoms of fright....It really seems like I'm cut loose
and very vulnerable....Still, I have a feeling of strength....I'm feeling
it internally now, a sort of surging up of force...something really big

and strong. And yet at first it was almost a physical feeling of just
being out alone, and sort of cut off from a support I have been
carrying around...(pause)...I have the feeling that now I am going to
begin to do more things. — A client to Carl Rogers [55].
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