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Abstract
Sparse channel estimation has great potential to address the challenges
caused by the large pilot training overhead and the high dimensionality of
the estimating channels when acquiring downlink channel state information
(CSI) for massive multiple-input multiple-output (MIMO) systems. In practice, the conventional sparse channel estimation schemes employing compressive sensing techniques are unable to achieve satisfactory performance due
to the sub-optimality when designing a random measurement matrix and
the inherent inefficiency of iterative reconstruction algorithms. This thesis
aims to improve sparse channel estimation by incorporating deep learning
techniques into the classical compressive sensing framework to optimize the
design of the measurement matrix and sparse channel reconstruction algorithms.
First, novel sparse reconstruction algorithms are proposed. The sparse
reconstruction problem is reformulated as a least-squares regression penalized by a trimmed `1 -norm regularizer, which removes penalties on several
large-magnitude elements and thus can lead to more accurate solutions compared to the widely-used Lasso regularizer. The difference of convex functions programming framework and gradient projection descent are applied
to develop sparse reconstructions algorithms. The proposed algorithms have
improved accuracy and require a shorter runtime compared to existing reconstruction algorithms.
After developing the novel sparse reconstruction algorithms, we improve
the measurement matrix design by using a data-driven method. The measurement matrix is closely associated with the pilot design and is crucial to
channel estimation performance. Several model-based autoencoders are proposed to acquire data-driven measurement matrices. When compared with
iii

Abstract
the existing random matrices, the acquired data-driven measurement matrices can achieve more accurate reconstructions and consume fewer pilots,
thereby allowing higher achievable rates in massive MIMO systems.
After optimizing the measurement matrix and the reconstruction individually, we propose a data-driven scheme to optimize jointly the pilot design and sparse reconstruction. The trimmed ridge regression, i.e., a leastsquares regression penalized by a trimmed `2 -norm regularizer, is proposed
for sparse reconstructions. The gradient projection descent algorithms of
trimmed ridge regression are derived and then unfolded into deep networks
to construct model-based autoencoders for joint data-driven pilot acquisition
and channel reconstructions. Compared with other deep learning methods,
the proposed autoencoders can achieve faster channel reconstruction with
higher accuracy using fewer pilots.
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Lay Summary
Wireless communication requires to estimate the channel properties, i.e.,
the combined effects on the transmit signal of the propagation environment
from transmitter to receiver. The massive MIMO system, which is often
equipped with hundreds of antennas, suffers high spectral cost to estimate
the channels since each pair of receiver antenna needs to send sufficient signals as the pilots to probe channels. Fortunately, the massive MIMO channel can be represented in sparse matrices having many zero-valued elements
and then can be reconstructed accurately from a few observations. In sparse
channel estimation, it is important to design the pilots and reconstruction
algorithms properly so that channels can be reconstructed accurately using
less pilots. In this thesis, several schemes, including novel sparse reconstruction algorithms, data-driven pilot design and a joint data-driven pilot and
sparse reconstruction optimization scheme are proposed to achieve faster
and more accurate channel reconstructions while consuming less pilots.
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Chapter 1

Introduction
1.1

Background and Motivation

Massive multiple-input multiple-output (MIMO) is a key technology for
the fifth-generation and future communication systems. By deploying a large
number of antenna elements at the base station (BS), a massive MIMO system can provide high spectral efficiency through spatial multiplexing over
a channel with favorable propagation. A massive MIMO system can either
operate in frequency division duplex (FDD) mode or time division duplex
(TDD) mode. In both modes, the massive MIMO system rely heavily on
accurate knowledge of channel state information (CSI) to obtain potential
performance benefits from large antenna arrays. Acquiring CSI is relatively
unproblematic in TDD massive MIMO systems. Based on channel reciprocity, one can accurately and efficiently estimate the downlink channels
through uplink pilot training in TDD massive MIMO systems; uplink pilot
overhead is affordable since it is only proportional to the number of user
equipments (UEs) and is independent with the number of BS antennas. On
the other hand, the FDD massive MIMO cannot use channel reciprocity
because the uplink and downlink channels occupy different spectrum bands.
Consequently, downlink channels are often estimated at the UEs and then
the UEs send back the estimated CSI to the BS. This downlink channel
estimation and CSI feedback process consumes prohibitively high communication resources because both the overheads of downlink pilots and CSI
feedback are proportional to the number of BS antennas. Therefore, acquiring CSI in a resource-efficient manner is the main challenge in practical
FDD massive MIMO systems. To overcome downlink CSI acquisition challenges for FDD massive MIMO, one can exploit channel sparsity in certain
1
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domains a priori and develop sparse channel estimation schemes to simplify CSI acquisition. In such schemes, unknown massive MIMO channels
are characterized as high-dimensional channel vectors, which are sparse or
can be represented as sparse vectors in a certain basis. Thus, the overhead
associated with the downlink pilots and CSI feedback can be substantially
reduced because they are no longer proportional to the number of antennas
at the BS, but mostly depend on the sparsity level of the channel.
Sparse channel estimation is regarded as a compressive sensing process.
Unknown sparse channel vectors are first mapped to a compact subspace
to obtain lower-dimensional measurements by a linear transformation associated with a measurement matrix, which is closely related to the pilots
for probing channels. Then, high-dimensional sparse channel vectors are
reconstructed from the lower-dimensional measurements given the known
measurement matrix. Channel reconstruction quality depends on both the
designed measurement matrix and the chosen reconstruction algorithms.
While the compressive sensing theory provides a well-defined mathematical
framework and suggests robust theoretical performance of existing sparse
channel estimation schemes, practical performance is often found to be unsatisfactory. The reasons for poor performance can be categorized into two
aspects: suboptimal random measurement matrices and inefficient reconstruction algorithms. First, compressive sensing techniques often adopt random measurement matrices

1

to acquire linear measurements. The random

measurement matrix performs a random projection, that is a linear transformation to map sparse channel vectors onto a compact subspace, which is the
column space of the adopted random measurement matrix. Random projections cannot fully exploit underlying channel structures. Furthermore, practical communication applications require precise CSI to be obtained within
the limited channel coherence time. Existing reconstruction algorithms are
usually iterative and computationally expensive, which cannot meet the requirements of low-latency and high-accuracy for practical implementations.
The primary motivation of this thesis is to correct the two aforemen1
The random measurement matrix is a matrix having the elements generated by a
random variable following a given distribution.

2
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tioned shortcomings inherent in existing compressive-sensing aided CSI acquisition schemes to improve the performance of sparse channel estimation.
First, data-driven projections are used to exploit additional structural features beyond simple sparsity of the massive MIMO channels. Next, accurate
non-iterative channel reconstruction algorithms are developed. The deep
learning techniques show great potential to develop data-driven schemes
for pilot design and channel estimation. Among a variety of deep learning
schemes, a model-based deep learning technique called deep unfolding is
applied since it enables us to develop smaller-sized deep networks that require less training data than conventional generic deep networks. To develop
model-based deep learning networks, this thesis proposes to transform the
conventional model-based iterative algorithms into data-driven algorithms
having customized trainable parameters. More specifically, classical compressing sensing algorithms will be integrated into deep learning architectures to develop a series of deep compressive sensing networks. The proposed
deep compressive sensing schemes are expected to have both the modelbased architectures and the data-driven properties, such that the proposed
deep compressive sensing networks are not only easy to interpret, but also
can improve the sparse channel estimation in terms of both accuracy and
computational speed.

1.2

Literature Review

Channel sparsity has been exploited for channel estimation for over a
decade in many communication applications such as the orthogonal frequencydivision multiplexing (OFDM) system [2], ultra-wideband communications
[3], pulse-shaping multicarrier systems [4] and underwater acoustic communication [5]. Channels in these applications have sparse impulse responses
since a multipath channel has a large delay spread with a small number of
nonzero taps [6]. In recent years, the interest in compressive sensing techniques for signal processing has significantly increased [7, 8]. Furthermore,
the compressive sensing framework has been widely employed to develop
various sparse channel estimations schemes [9]. Given that channels are
3
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sparse or can be sparsely represented in certain basis or dictionary, the compressive sensing theory provides a framework that enables the channel to
be robustly estimated from a significantly reduced number of measurements
[10–12].
For massive MIMO systems, channels in the angular domain (beamspace)
exhibit sparsity [13]. Due to the limited number of scattering clusters and
small angular spread of each scattering cluster, the majority of the channel
energy is occupied by a limited number of dimensions in beamspace such
that the majority of the elements of beamspace channels are either zero or
nearly zero. Based on the beamspace sparsity, various sparse channel estimation [14–21] and compressed CSI feedback schemes [22–30] have been
proposed using compressive sensing techniques. In compressive sensingaided beamspace CSI acquisition approaches, the number of required measurements for robust channel reconstructions only depends on the sparsity
level of the beamspace channel [11, 31]. Thus, non-orthogonal pilots can
be adopted such that the training pilots and CSI feedback overhead are
substantially reduced [20, 26]. Furthermore, additional structural features,
such as the common sparsity has been used to improve the compressive CSI
acquisitions [29]. The common sparsity can arise in the channels at different
pilot subcarriers [26] or in the channels of multi-user systems due to the
shared local scatterers by users [29]. Besides the widely-investigated multipath sparsity in beamspace, it was shown that the sparsity of the channel
covariance matrix can be exploited to perform the second-order statistic estimation of CSI [32]. More recently, the emerging hybrid analog-and-digital
(AD) architecture in millimeter-wave (mmWave) massive MIMO systems
causes additional challenges for channel estimation [33]. In such hybrid AD
systems, full-dimensional channel vectors have to be estimated from a few
number of observations due to the limited number of radio-frequency chains.
Since strong sparsity exists in beamspace mmWave channels, compressive
sensing-aided beamspace channel estimation and beamforming schemes have
provided promising solutions for the mmWave massive MIMO systems with
hybrid AD architectures [33–36].
Compressive sensing-based channel estimation schemes involve two main
4
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components affecting the channel reconstruction performance: the measurement matrix design and the sparse reconstruction algorithm. The existing
compressive sensing-aided CSI acquisition approaches commonly adopt random matrices as the measurement matrix, because the randomized matrices
drawn from Gaussian or Bernoulli distributions have been proven to achieve
accurate recovery solutions with high probabilities under the assumptions
of sufficient sparsity of the estimating vectors [10]. In practical implementations, the random measurement matrices were found to be suboptimal for all
channel realizations and do not lead to satisfactory reconstruction quality,
especially when the number of measurements is insufficient [18]. Improving the reconstruction qualities by increasing the number of measurements
will improve recovery accuracy, but this approach is undesirable because it
increases the required pilots and degrades the spectral efficiency. Therefore, many efforts have been made to optimize the measurement matrix to
reduce the number of required measurements for accurate sparse channel
reconstructions [7, 17, 18, 37, 38]. An alternative to the random matrix is
to design a deterministic matrix [39–41], which should satisfy the restricted
isometry property (RIP) to achieve accurate sparse reconstructions. However, it is non-deterministic polynomial-time (NP)-hard to determine explicitly whether a matrix satisfies the RIP [18, 38]. Some deterministic measurement matrices, which approximately satisfy the RIP, were designed for
specific applications in an ad hoc manner [42, 43], and do not perform well in
reconstructions for different channel realizations. The existing compressed
sensing-aided CSI acquisition approaches commonly adopt random matrices as the measurement matrix, because the randomized matrices drawn
from Gaussian or Bernoulli distributions have been proven to achieve accurate recovery solutions with high probabilities under the assumptions of
sufficient sparsity of the estimating vectors [10]. In practical implementations, the random measurement matrices were found to be suboptimal for all
channel realizations and do not lead to satisfactory reconstruction quality,
especially when the number of measurements is insufficient [18]. Improving the reconstruction qualities by increasing the number of measurements
will improve recovery accuracy, but this approach is undesirable because it
5
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increases the required pilots and degrades the spectral efficiency. Therefore, several efforts have been made to optimize the measurement matrix
to reduce the number of required measurements for accurate sparse channel
reconstructions [7, 17, 18, 37, 38]. An alternative to the random matrix
is to design a deterministic matrix [39–41], which should satisfy the restricted isometry property (RIP) to achieve accurate sparse reconstructions.
However, it is non-deterministic polynomial-time (NP)-hard to determine
explicitly whether a matrix satisfies the RIP [18, 38]. Some deterministic
measurement matrices, which approximately satisfy the RIP, were designed
for specific applications in an ad hoc manner [42, 43], and do not perform
well in reconstructions for different channel realizations.
Another essential issue is designing the reconstruction algorithms. Existing algorithms can be divided into two main categories: greedy algorithms and convex-relaxation algorithms. The representative greedy algorithms include orthogonal matching pursuit (OMP) [44, 45], CoSaMP [46]
and least angle regression (LARS) [47]. Greedy algorithms work well when
the estimating vector is sufficiently sparse, but the performance severely
degrades when the sparsity is reduced. Several popular convex-relaxation
algorithms have been developed from the `1 -relaxation optimization. The
sparse recovery problem is essentially a least squares (LS) minimization with
a `0 -norm constraint to force sparsity, but it is simpler to obtain approximate solutions by replacing the nonconvex `0 -norm constraint with a convex `1 -norm constraint. Numerous algorithms have been developed to solve
the relaxed `1 -norm constrained convex optimizations, such as the iterative
shrinkage-thresholding algorithm (ISTA) [48], the fast iterative shrinkagethresholding algorithm (FISTA) [49], the gradient projection sparse recovery
algorithm (GPSR) [50] and the sparse reconstruction by separable approximation (SpaRSA) [51]. These algorithms have theoretical guarantees of
convergence within a finite number of iterations due to the convexity of
the `1 -relaxation optimization. However, the `1 -norm constraint is a loose
approximation of the `0 -norm constraint, and will lead to biased estimates.
To improve the reconstruction algorithms, the weighted l1 -minimization was
proposed for downlink CSI recovery [21]. Recently, an adaptive reconstruc6
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tion algorithm called modified subspace pursuit was proposed for sparse
channel estimation. The modified subspace pursuit explores the temporal
correlation of massive MIMO channels and adapted to the prior channel
support quality parameter [27, 52].
Deep learning techniques have been successfully applied to develop datadriven channel estimations that are distinct from the model-driven channel
estimation schemes using compressive sensing techniques [53–62]. A variety
of deep learning-based CSI acquisition approaches adopt generic deep network architectures, such as the deep neural network (DNN), convolutional
neural network (CNN) and recurrent neural network (RNN), and have empirically shown satisfactory performance [53–55, 57]. However, those early
works often treated the deep learning networks as “black-boxes”, leading to
large-sized deep networks that require a vast amount of training data. The
parameter tuning for certain applications often lacks explicit guidelines and
requires extensive trial and error. Moreover, the training and prediction results are not easy to verify or interpret by human beings. The challenges of
adopting generic deep learning models motivate and inspire the emerging of
model-based deep learning techniques. Recently, model-based deep learning
methods have attracted significant attention from the wireless communication research community with a focus on solving inverse problems such as
the channel estimation and signal detection problems. Model-based deep
learning methods are attractive because one can integrate more domain
knowledge, including the well-defined system models, signal statistics, estimation and detection algorithms; these domain knowledge allows smaller
deep learning networks to be built with improved accuracy and flexibility
[63]. The model-based deep learning networks can learn various elements of
the model such as the signal representation, iterative parameters including
the step size, regularizers, or even the entire inverse function. To develop
model-based deep learning networks, deep unfolding is a promising technique
that transforms conventional iterative algorithms into learnable algorithms
that have trainable parameters and stacked iterative steps [1, 64]. The unfolded deep learning networks often can achieve faster convergence, have
better interpretation, and are easy to train even with a small amount of
7
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data. For example, the approximate message passing (AMP) algorithm [65]
was unfolded as the learned denoising-based approximate message passing
(LDAMP) network [66], and the LDAMP network has been adopted for
sparse beamspace channel reconstructions [56].
In a variety of deep learning-based channel estimation schemes, most
prior research investigated channel estimation and pilot design separately,
and the resulting design is suboptimal. For example, the LDAMP neural
network [66] was constructed for sparse beamspace channel reconstruction,
but a random measurement matrix was used for implementing the combining
network at the receiver [56]. More recently, several works started focusing on
developing an end-to-end pilot training and channel reconstruction model
and showed that joint design of pilot training and channel reconstruction
can improve channel estimation performance. For example, a deep learning model constructed by the two-layer neural networks (TNNs) followed
by the DNN was proposed for joint pilot design and channel estimation for
multi-user MIMO systems [57], and this method was subsequently extended
to massive MIMO systems [67]. Another deep learning model consisting
of a fully-connected dimensional reduction encoder followed by a cascaded
CNN decoder was proposed for massive MIMO systems [68]. A model consisting of a fully-connected layer followed by a CNN network was proposed
for MIMO-OFDM systems to learn frequency-aware pilots and channel estimations [69]. Several learned AMP (LAMP) models were proposed for the
channel estimation and feedback in mmWave massive MIMO systems [70].
In summary, existing channel estimation schemes can be categorized into
the compressive sensing-based methods and the deep learning-based methods. Compressive sensing-based channel estimation methods commonly use
random matrices as the measurement matrix for pilot design and use iterative sparse reconstruction algorithms to reconstruct the channels. On
the other hand, the deep learning-based methods commonly adopt generic
deep learning models. Several model-based deep learning approaches have
been proposed for channel reconstructions but they consider pilot design
separately. Therefore, an efficient data-driven measurement matrix design
is in demand for improving the general sparse reconstruction algorithms.
8
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Moreover, the model-based deep learning methods are desired to design the
non-iterative and interpretable channel reconstruction models that can also
jointly optimize the pilots. This thesis fill in these research gaps from three
perspectives. We first aim to improve traditional sparse reconstruction algorithms. Then, we propose data-driven measurement matrix design that can
further improve the sparse reconstruction algorithms. At last, we propose
the model-based deep learning models that can jointly acquire data-driven
pilots and accomplish non-iterative channel reconstructions.

1.3

Thesis Outline and Contributions

In this thesis, we investigate the sparse channel estimation that exploits
the sparsity feature of virtual channel representations for massive MIMO
systems. Both model-driven and data-driven methods are explored to improve massive MIMO sparse channel estimations. For the model-driven
method, we focus on the compressive sensing-based method and propose
novel algorithms to improve sparse channel reconstructions. On the other
hand, we incorporate the data-driven elements into the classical compressive sensing framework to design improved measurement matrices and noniterative sparse channel estimation algorithms. The developed model-based
deep learning schemes are referred to as the deep compressive sensing. In
particular, we present the following three research topics:
– We propose novel sparse reconstruction algorithms that can improve
the reconstruction ability of compressive sensing-based sparse channel
estimation methods.
– We propose data-driven measurement matrix designs for pilot constructions that can improve the sensing ability of compressive sensingbased sparse channel estimation methods.
– We propose end-to-end model-based deep networks that are datadriven alternatives to the classical compressive sensing-based framework and can jointly improve pilot design and sparse channel reconstructions.
9
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Chapter 1 presents the background and challenges on massive MIMO
channel estimation and the motivations of our research. In addition, this
chapter provides a detailed literature review on various approaches for sparse
channel estimations, especially compressive sensing-based approaches and
deep learning-based approaches. After that, the thesis outline and main
contributions are summarized.
Chapter 2 provides the required technical background for the thesis.
First, the massive MIMO channel model and sparse virtual channel representations are presented. Next, compressive sensing-based and deep learningbased sparse channel estimations are introduced. We present the two main
classes of approaches: the model-driven approach and the data-driven approach. The technical premise of compressive sensing and deep learning
techniques are also reviewed.
Chapter 3 investigates the issue of sparse reconstructions and proposes
novel sparse reconstruction algorithms for compressive sensing-based channel estimations. The sparse reconstruction, which is an NP-hard `0 -norm
minimization optimization, is formulated as an LS minimization with a novel
non-convex regularizer, i.e., trimmed `1 -norm regularizer. The trimmed `1 norm regularizer is equivalent to (instead of approximates) the original `0 norm constraint, thus it can lead to more accurate reconstruction results
compared to the convex relaxation methods. The resulting nonconvex optimization is solved by applying the DC programming and gradient projection
descent, and three novel algorithms are developed.
Chapter 4 explores the issue of measurement matrix design, which is
closely related to the pilot design in channel estimations, and proposes
data-driven measurement matrices to improve the compressive sensing-based
sparse channel estimations. The proposed sparse algorithms in Chapter 3 are
shown to be further improved by using the proposed data-driven measurement matrices to replace common random matrices. To acquire data-driven
measurement matrices, the deep compressive sensing framework is proposed
that uses the deep unfolding technique and incorporates the classical compressive sensing framework into building model-based deep networks. More
specifically, the subgradient descent of the `1 -minimization sparse recon10
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struction, which is referred to as the basis pursuit algorithm, is unfolded
to construct autoencoders. The constructed autoencoders are trained to
acquire data-driven measurement matrices that can achieve more accurate
reconstructions while requiring less pilots.
Chapter 5 explores join pilot design and channel estimation by an endto-end data-driven method and is distinct from Chapter 3 and Chapter 4
that separately improve the sparse reconstructions and measurement matrices. Novel sparse reconstruction algorithms are first derived and then
unfolded into deep networks. The unfolded deep network functions as a decoder and is connected with a linear encoder to fit in the deep compressive
sensing framework. Novel model-driven deep compressive autoencoders are
proposed and then trained to acquire a data-driven measurement matrix and
jointly perform channel estimation. Simulation results show the proposed
deep compressive sensing autoencoders can produce faster and more accurate sparse channel reconstructions while using less pilots than conventional
compressive sensing-based methods.
Chapter 6 summarizes the key findings presented in this thesis and summarizes the contributions. In addition, some future works are also suggested.
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Chapter 2

Background on Sparse
Channel Estimation in
Massive MIMO Systems
In this chapter, we will introduce background knowledge on sparse channel estimation for massive MIMO systems. The multipath channel model of
massive MIMO will be first introduced and then followed with a discussion
on sparse virtual channel representations. After that, two classes of channel
estimation approaches will be introduced: the compressive sensing-based
and the deep learning-based approaches, which respectively represent the
model-driven and data-driven methods for channel estimation. Also, the
basic knowledge about compressive sensing and deep learning will be briefly
reviewed.

2.1

Massive MIMO Channel Model

Wireless channels of a massive MIMO system refers to all the effects on
transmitted signals from transmitter antennas to receiver antennas. The
effects on a radio signal are the combination of three physical propagation
mechanisms including reflection, diffraction, and scattering from surrounding objects, leading to a phenomenon known as the multipath propagation.
This section first introduces the physical characterization of the multipath
propagation channel of a massive MIMO system. Next, the virtual sparse
representations of massive MIMO channels are discussed.
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2.1.1

Multipath Propagation Channel Model

For a massive MIMO system equipped with uniform linear arrays (ULAs)
having Nt antennas at the transmitter and Nr antennas at the receiver, the
channel in spatial-temporal space can be modelled as a linear, time-varying
system H(·). The signal s(t) ∈ RNt transmitted through the channel can be
represented as [9]

H(s(t)) =

Z
R

H(t, f )S(f )ej2πf t df

(2.1)

where H(s(t)) ∈ CNr is the channel output; H(t, f ) ∈ CNr ×Nt is the fre-

quency response matrix of the channel, which is time-varying due to the
motions of the transceiver and the objects in the propagation environment;
S(f ) ∈ CNt is the Fourier transform of the signal s(t).

Due to multipath propagation, the received signal is the superposition of

multiple copies of the transmitted signal, i.e., multipath signal components,
where each multipath signal component arrives at the receiver with different
attenuation, delay, phase shift and frequency shift. The channel response
matrix H(t, f ) can be expressed using the multipath model as [9, 71]

H(t, f ) =

p

Nr Nt

Np
X

j2πvl t −j2πτl f
βl αr (θr,l )αH
e
t (θt,l )e

(2.2)

l=1

where Np is the number of multiple paths; βl is the complex path gain for
the lth path; αr (θr,l ) and αt (θt,l ) are respectively the array steering vectors
of receiver and transmitter array for the lth path, and the corresponding
angle of arrival (AoA) and the angle of departure (AoD) are θr,l and θt,l ;
τl ∈ [0, τmax ] and vl ∈ [−vmax /2, vmax /2] are the delay and Doppler shifts of

the lth path, and where τmax and vmax are the delay and Doppler spreads of

the channel. An array steering vector represents the array phase profile as a
function of physical AoA or AoD. For the one-dimensional ULA having Nt
transmitter antennas and Nr receiver antennas, the array steering vectors
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for a signal having the AoD θt and the AoA θr are
1
αr (θt ) = √ [1, e−j2πθt , e−j4πθt , ..., e−j2πθt (N −1) ]T
Nt
1
αr (θr ) = √ [1, e−j2πθr , e−j4πθr , ..., e−j2πθr (N −1) ]T
Nr

(2.3)

where θt , θr ∈ [−1/2, 1/2] is the normalized spatial angle, which is related
to the physical angle ϑr , ϑt ∈ [−π/2, π/2] by θt =

d
λ

sin (ϑt ), θr =

d
λ

sin (ϑr ),

and where d = λ/2 is the half-wavelength antenna spacing and λ is the wavelength. For the signal propagated through Np paths, the channel response
can then be expressed as
H(s(t)) =

Np
X
p
j2πvl t
βl αr (θr,l )αH
s(t − τl ).
Nr Nt
t (θt,l )e

(2.4)

l=1

Now, a real-valued signal s(t) is considered to have a duration T and a
two-sided bandwidth B, which results in a temporal-frequent signal space
having the dimension of BT . According to the relationship between the
signal parameters, including the signal duration T and the signal bandwidth
B, and the channel parameters, including the Doppler spread vmax and the
delay spread τmax , the channel can be classified into four categories, as shown
in Table 2.1 [9].
Table 2.1: Channel Types
Channel Type
Nonselective Channels
Frequency-Selective Channels
Time-Selective Channels
Doubly-Selective Channels

2.1.2

Bτmax
1
≥1
1
≥1

T vmax
1
1
≥1
≥1

Virtual Sparse Channel Representation

The channel model H(t, f ) in (2.2) describes physical characterization
of the Np path propagations using the parameters {βl , θr,l , θt,l , τl , vl } for
14
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l ∈ {1, ..., Np }. Instead of requiring those propagation parameters for each

path explicitly, a communication system usually requires to know the channel response matrix H(t, f ). However, for a massive MIMO system having
large number of transmit antennas, to estimate directly the matrix H(t, f ),
which is high-dimensional, often requires a large number of pilot symbols
and causes high computational complexity. Fortunately, the sparse virtual
channel representations can be exploited to simplify the channel estimation.
The channel response matrix H(t, f ) can be approximately represented

using the four-dimensional Fourier series as [9]
H(t, f ) ≈

Nr X
Nt X
D X
S
X

Hv (i, j, d, s)αr (

i=1 j=1 d=1 s=−S

i
j j2π s t −j2π d f
B
)αH
)e T e
t (
Nr
Nt
(2.5)

where Hv (i, j, d, s) is the virtual channel coefficients;
j2π Ts t

{e

}, {e

d
j2π B
f

j
αr ( Nir ), αH
t ( Nt )

and

} comprise the spatial-spectral-temporal Fourier bases. This

four-dimensional Fourier bases defines a fixed uniformly sampling of H(t, f )
in the virtual angular-delay-Doppler domain at the following rate,
∆θr = 1/Nr , ∆θt = 1/Nt , ∆τ = 1/B, ∆v = 1/T.

(2.6)

Eq. (2.5) shows that the channel response matrix H(t, f ) is a linear representation of the virtual channel coefficients {Hv (i, j, d, s)} for i ∈ [1, ..., Nr ], j ∈
[1, ..., Nt ], d ∈ [1, ..., D], s ∈ [−S, ..., S]. The number of virtual channel co-

efficients is V = Nr Nt D(2S + 1), where Nr , Nt , D := dBτmax e + 1 and
S := dT vmax /2e represent the number of resolvable virtual AoAs, AoDs,

delays and one-sided Doppler shifts in the angular-delay-Doppler domain
respectively.
The virtual channel coefficient Hv (i, j, d, s) can be represented by H(t, f )
as
1
Hv (i, j, d, s) ≈
BT

Z
0

T

Z

B
2

−B
2

αH
r (

s
d
i
j
)H(t, f )αt ( )ej2π T t e−j2π B f dtdf.
Nr
Nt
(2.7)

After a substitution of (2.2) into (2.7), the virtual channel coefficient can
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be expressed as [9]
Hv (i, j, d, s) ≈

≈

Np
X
l=1

∗
βl fNr (i/Nr − θr,l )fN
(j/Nt − θt,l )e−jπ(s−T vl )
t

sinc (s − T vl ) sinc (d − Bτl )
X
βl

(2.8)

l∈Sr,i ∩St,j ∩Sτ,d ∩Sv,s

where fNr (·) and fNt (·) are Dirichlet kernels, and a Dirichlet kernel is dePN −1 −j2πiθ
fined as fN (θ) := N1 i=0
e
; sinc(·) is the Sinc function defined as
sinc(x) := sin(πx)/πx. Sidelobes of Dirichlet kernel and sinc function lead
to power leakage, which can be observed by the approximation signs in
(2.8). The approximation becomes more accurate when increasing T, B, Nr
and Nt . The sets Sr,i , St,j , Sτ,d and Sv,s in (2.8) are
Sr,i := {l : θr,l ∈ (i/Nr − 1/2Nr , i/Nr + 1/2Nr ]}
St,j := {l : θt,l ∈ (j/Nt − 1/2Nt , j/Nt + 1/2Nt ]}
Sτ,d := {l : τl ∈ (d/B − 1/2B, d/B + 1/2B]}

(2.9)

Sv,s := {l : vl ∈ (s/T − 1/2T, s/T + 1/2T ]}
where Sr,i is the set of all propagation paths having the AoAs within the
range of [i/Nr − 1/2Nr , i/Nr + 1/2Nr ]; St,j is the set of all propagation

paths having the AoDs within the range of [j/Nt − 1/2Nt , j/Nt + 1/2Nt ];
Sτ,d is the set of propagation paths having the delays within the range of

(d/B − 1/2B, d/B + 1/2B]; Sv,s is the set of propagation paths having the
Doppler shifts within the range of (s/T −1/2T, s/T +1/2T ]. Therefore, Sr,i ∩

St,j ∩Sτ,d ∩Sv,s represents the set of all the propagation paths whose physical

AoAs, AoDs, delays and Doppler shifts within the (i, j, d, s)th virtual bin,

which is located around the sampling point (i/Nr , j/Nt , d/B, s/T ) and has
the size of ∆θr × ∆θt × ∆τ × ∆v in the four-dimensional angular-delay-

Doppler domain, where ∆θr , ∆θt , ∆τ , and ∆v are defined in (2.6). Hence,

we can interpret that the virtual channel coefficient Hv (i, j, d, s) is essentially
the sum of all complex channel gains of the physical paths having the AoAs,
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AoDs, delays and Doppler shifts within the (i, j, d, s)th virtual bin.
Equations (2.5) and (2.7) indicate that the virtual channel coefficients
{Hv (i, j, d, s)} can completely define the channel response matrix H(t, f ).

Thus, channel estimation of H(t, f ) can be equivalently completed by estimating all the virtual channel coefficients {Hv (i, j, d, s)}. Considering that

a limited number of scatters exist in the propagation environment, and that
each scatter has limited angular, delay and Doppler-shift spreads, only a
few virtual bins contain physical paths while most of the virtual channel
coefficients are zero or nearly zero. This feature of most virtual channel
coefficients being zeros is known as the channel sparsity of massive MIMO
channels.
A special case: narrowband virtual sparse channel representation
For narrowband block-fading massive MIMO channels, we can neglect

the time varying and frequency dependency in a channel coherence block,
i.e., H(t, f ) = Hc . The multipath propagation channel model in (2.2) reduces to
Hc =

Np
X
p
Nr Nt
βl αr (θr,l )αH
t (θt,l ).

(2.10)

l=1

The channel matrix in (2.5) reduces to
Hc ≈

Nr X
Nt
X

Ha (i, j)αr (

i=1 j=1

i
j
)αH ( )
Nr t Nt

(2.11)

= Ur Ha UH
t
where Ut ∈ CNt ×Nt and Ur ∈ CNr ×Nr are unitary digital Fourier transform
(DFT) matrices, and they can be expressed using the array steering vectors
as

Ut = [αt (θt,0 ), αt (θt,1 ), ..., αt (θt,Nt −1 )]T

Ur = [αr (θr,0 ), αr (θr,1 ), ..., αr (θr,Nr −1 )]T

(2.12)
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where θt,i = i/Nr for i = {1, ..., Nr } and θr,j = j/Nt for j = {1, ..., Nt } are
the virtual AoDs and AoAs. The virtual channel coefficient reduces to
Ha (i, j) = αH
r (
=

Np
X
l=1

≈

i
j
)Hc αt ( )
Nr
Nt

∗
βl fNr (i/Nr − θr,l )fN
(k/Nt − θt,l )
t

X

(2.13)

βl .

l∈Sr,i ∩St,j

Eq. (2.13) indicates that the beamspace channel coefficient Ha (i, j) is the
sum of the complex channel gains of all propagation paths whose AoAs and
AoDs are within the (i, j)th virtual grid (i/Nr − 1/2Nr , i/Nr + 1/2Nr ) ×

(j/Nt −1/2Nt , j/Nt +1/2Nt ). The virtual channel coefficients Ha (i, j) can be

represented by a matrix Ha , which is also called the beamspace channel. Due
to the limited number of scatters in the propagation environment and the
high dimensionality of massive MIMO channels, only few virtual grids can
contain at least one physical path. Consequently, the beamspace channel Ha
is sparse, meaning that most of the beamspace channel coefficients {Ha (i, j)}

are zero or nearly zeros [71].

2.2

Compressive Sensing for Channel Estimation

Channel estimation approaches can be grouped into two categories: the
blind channel estimation and the pilot training channel estimation. The
blind channel estimation infers the CSI by exploring the statistics of the
received data-carrying signals. For the pilot training channel estimation,
transmitters first send pilot signals to probe the channels, and then receivers infer the CSI from the received pilots symbols. It is unsuitable to
estimate the rapid time-varying channels in real time using blind channel
estimations. Also, the blind channel estimation often involves the inversion computations of large-size matrices. On the contrary, the pilot training
channel estimation is more prevalent in existing massive MIMO systems
because it has relatively lower computational complexity and can acquire
18
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Figure 2.1: Categories of pilot training channel estimation methods
the real-time CSI. The scope of this thesis focuses on pilot training channel
estimation. As shown in Fig. 2.1, we classify existing pilot training channel estimation methods into two main classes: the model-driven method
that uses compressive sensing and the data-driven method that uses deep
learning. The model-driven method often describes the system with explicit models under certain statistical assumptions, while the data-driven
method optimizes a trainable deep learning network using a large amount
of ground truth data without an explicit model or statistical assumptions.
These channel estimation methods will be introduced in this section and the
next section.

2.2.1

Model-Driven Channel Estimation

The model-driven method for pilot training channel estimation is illustrated in Fig. 2.2. Usually, the model-based method assumes a linear model.
Given the expectations of reducing pilot overhead and computational complexity of massive MIMO systems, the pilot training channel estimation is
a task of inferring a large number of unobserved parameters from a limited
number of observations. It is generally computationally intractable to infer
high-dimensional unobserved parameters from a low-dimensional linear ob19

2.2. Compressive Sensing for Channel Estimation

Figure 2.2: Representation of model-based pilot training channel
estimation
servations because the underlying problem is under-determined. However,
this underdetermined problem is solvable with a certain a priori. For example, the problem is solvable when the sparsity is known. In Section 2.1
we have shown that a massive MIMO channel exhibits a sparsity feature
when mapped into the angular-delay-Dopper domain using a standard fourdimensional DFT dictionary. By using the channel sparsity as a priori, the
compressive sensing technique performs well when solving the channel estimation problem with notable advantages including reducing the number
of required measurements without degrading the reconstruction fidelity. In
the following section, we will first give a brief review on compressive sensing
theory and then present how to apply the compressive sensing framework
to solve the massive MIMO channel estimation problem.

2.2.2

A Brief Review on Compressive Sensing Theory

Compressive sensing theory provides a paradigm that collects a small set
of linear measurements and allows accurate recovery of the high-dimensional
sparse data. The compressive sensing framework is illustrated in Fig. 2.3,
where s is an unknown high-dimensional data, x is the sparse representation
of the data s, Ψ is the dictionary for sparse representation, A is the sensing
matrix, Φ is the measurement matrix, y is the measurement vector containing the compressed measurements, x̂ is the reconstructed sparse vector and
ŝ is the recovered data. Two processes are involved in the compressive sensing framework, i.e., sensing and reconstruction of data. The sensing process
obtains a limited number of linear samples by combining the conventional
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Figure 2.3: Compressive sensing framework
sampling and compression steps. The reconstruction process answers the
central question of how to reconstruct the high-dimensional signal from a
small number of linear measurements accurately and provide performance
guarantees by a variety of sparse recovery algorithms.
2.2.2.1

From Nyquist–Shannon Sampling Theorem to

Compressive Sensing
The Nyquist-Shannon sampling theorem states that to rebuild a band
limited time-continuous signal, the sampling frequency should be at least
two times higher than the highest frequency component of the signal. A
discrete version of the sampling theorem states that for a discrete signal
x ∈ RN , such as an image with a set of N pixels, the number of required

Fourier samples should be equivalent to the dimension of the signal N [72].
However, the required sampling rate can be prohibitively high in many practical applications since processing a large number of samples increases the

cost of transmission and storage. Fortunately, many real-world signals have
a much lower effective dimensionality than the size of the signal; therefore,
one can accurately reconstruct the signal using a sub-Nyquist sampling rate
[72]. For example, discrete sparse signals have been shown to achieve perfect reconstructions from partial Fourier coefficients [10, 31, 73]. This phenomenon has inspired the idea of “compressive sensing”, which considers
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that instead of first sampling a signal at high rate and then compressing the
sampled data, we can sense the data directly in a compressive way, i.e., using
a lower sampling rate than a standard Nyquist sampling rate. Sampling a
time-continuous signal means to obtain measurements by extracting specific
points in time, while the sampled measurements of discrete signals are obtained by the inner-product operations between the discrete signal and the
given measurement functions [74]. In most compressive sensing contexts,
the discrete signal is referred to as a sparse finite-dimensional vector, and
the sampling reduces to a matrix-vector product between the measurement
matrix and the vector. The compressive sensing has two key factors, namely,
the sparsity of the sampled signal and the randomness of sampling [74].
Definition 2.1 (K-sparse signal). For an N -dimensional vector x, the vector x is called K-sparse when it has at most K nonzero elements, i.e.,
kxk0 ≤ K for K  N . The set of nonzero coordinates is defined as the

support of x and denoted as supp(x), i.e., supp(x) = {i : x(i) 6= 0} for

x = [x(1) , ..., x(N ) ], and the |supp(x)| denotes the cardinality of supp(x),
i.e., |supp(x)| = kxk0 .

In practice, we can obtain the K-sparse approximation of nearly sparse

signals by retaining the K elements having the largest absolute values and
setting the rest of elements to zeros. Signals are considered as compressible
when the signals can be well-approximated by K-sparse signals. A finitedimensional signal has a sparse or compressible representation if the signal
can be represented or well-approximated by a few non-zero coefficients in
an appropriate basis or dictionary. Suppose s ∈ CN is a signal that can be
represented by a sparse vector x in the basis Ψ, i.e., s = Ψx. The sensing

process can be expressed as y = As = AΨx = Φx, where x is the sparse
vector containing K nonzero entries and K  N , A is called the sensing

matrix; Ψ is called the dictionary where the columns are the basis vectors,

Φ = AΨ is called the measurement matrix and y ∈ CM is the measurement

vector consisting of a set of measurements or samples, where the number of
measurements M is much smaller than the dimension of the original signal
N , i.e., M  N .
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Compressive sensing theory states that a sparse signal x with a finite
dimension can be recovered from a small set of linear, nonadaptive

2

mea-

surements y [74]. Here, two main theoretical questions are involved: first,
how should we design the measurement matrix Φ to ensure that it preserves
the information in the signal x; second, how can we recover the sparse signal
x from measurements y using practical algorithms?
2.2.2.2

Measurement matrix construction

The RIP is a well-known sufficient condition for a desirable measurement
matrix to guarantee the successful recovery of the original sparse signal from
a few of compressed measurements.
Definition 2.2 (RIP). An M ×N matrix Φ satisfies the restricted isometry

property of order K if there exists a δK ∈ (0, 1) such that
(1 − δK )kxk22 ≤ kΦxk22 ≤ (1 + δK )kxk22

(2.14)

holds for all N -dimensional sparse vector x with |supp(x)| ≤ K. The smallest δK is called the restricted isometry constant of Φ.

The RIP condition states that a linear transformation by the matrix
should be approximately isometric on all K-sparse vectors. In other words,
a matrix has restricted isometry if and only if all subset matrices of the size
M × K (any subset of K columns) are almost isometric. It is possible to

construct a deterministic matrix of the size M ×N satisfying the RIP of order

K, as shown in [39, 40, 75, 76]; however, the required M was often found
to be large. For example, in the constructions of [39] and [76], the required
number of measurements are M = O(K 2 log N ) and M = O(KN α ), where
α is a constant. Fortunately, the random matrices can be shown to have
restricted isometries with high probability if the elements are drawn from
Gaussian, Bernoulli or the general sub-Gaussian distribution. For example,
a matrix with i.i.d. entries drawn from sub-Gaussian distribution satisfies
the RIP or order 2K with the probability at least 1 − 2 exp(c1 δ 2 M ) with
2

The measurments are non-adaptive meaning that the rows of the sensing matrix are
fixed in advance and do not depend on the previously acquired measurements.
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2 ) for δ
M = O(K log(N/K)/δ2K
2K ≤ δ, where c1 > 0 and δ ∈ (0, 1) are

constants [72, 74]. Other types of random matrices that have been proven

to satisfy the RIP with high probabilities include the random Fourier matrix
constructed by randomly selecting rows from an N × N DFT matrix and
the random sub-matrices of orthogonal matrices constructed by randomly
selecting rows from an N × N orthonormal matrix, such as the Hadamard
matrix [72, 74].

In some applications where the signal s has a sparse representation x by
a known dictionary Ψ, i.e., s = Ψx, we need to design the sensing matrix
A by considering the dictionary Ψ so that the matrix product AΨ satisfies
the RIP. Fortunately, the random matrices have a property referred to as
universality [74]. Given that a sensing matrix A is drawn from a certain
random distribution and the dictionary Ψ is orthonormal, it is easy to show
that the entries in the matrix AΨ follow a same random distribution as the
matrix A such that the matrix product AΨ also satisfies the RIP with high
probability [74]. The universality of random matrices provides significant
advantages since the sensing matrix A can be constructed using random
matrices without additional consideration of the matrix Ψ.
2.2.2.3

The `1 -minimization sparse reconstruction

The sparse reconstruction can be formulated as an `0 -norm minimization
optimization problem. In a noiseless scenario, the sparse reconstruction can
be expressed as
min kxk0
x

s.t. y = Φx.

(2.15)

For noisy scenarios, the sparse reconstruction is
min kxk0
x

s.t.

ky − Φxk22 ≤ 

(2.16)

where  is a small constant related to the noise level. Both the `0 -norm
minimization optimization problems in (2.15) and (2.16) are NP-hard [72].
Approximation solutions are often found by two methods: the greedy search
and the convex relaxation methods. The greedy search method tries to
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approximate the exact solution while the convex relaxation method tries to
solve an approximate problem exactly. Common greedy search algorithms
include the OMP [44], CoSaMP [46], and the LARS [47]. The most popular
convex relaxation method is the `1 -norm relaxation that replaces the `0 -norm
constraint using the convex `1 -norm constraint to approximate the original
optimization problem.
An important result in the compressive sensing theory reported that a
sparse signal with |supp(x)| ≤ K can be recovered exactly from the noiseless

measurements y = Φx when the measurement matrix Φ satisfies the RIP

with δ2K ≤ 1 by solving the following `1 -norm minimization problem [72, 74],
min kxk1
x

s.t. y = Φx.

(2.17)

The problem (2.17) can be reformulated into a linear programming (LP)
problem, which is a class of well-studied optimization problems and can be
conveniently solved using various solvers. We first define the intermediate
nonnegative variables u = (x)+ and v = (−x)+ such that x = u − v, where
(·)+ denotes the positive-retaining operation that sets the negative elements

to zeros. Then we denote the nonnegative vector by z = [uT , vT ]T , such
that the problem (2.17) can be rewritten as
min
z

2N
X
i=1

zi

s.t. y = [Φ, −Φ]z,

z≥0

(2.18)

where zi denotes the ith element of the vector z.
When measurements are contaminated by some noise, the recovery is still
proven to be stable given the noise is small and the measurement matrix satisfies the RIP [72, 73]. By the `1 -norm relaxation, the sparse reconstruction
for noisy scenarios can be expressed as
min kxk1
x

s.t. ky − Φxk22 ≤ .

(2.19)
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The problem (2.19) can be rewritten as
min ky − Φxk22
x

(2.20)

s.t. kxk1 ≤ t
where t is a nonnegative real parameter that controls the sparsity level of
the reconstruction vector. Using an appropriate multiplier λ ≥ 0, problem

(2.20) can be rewritten in an equivalent form as
min
x

1
ky − Φxk22 + λkxk1
2

(2.21)

where λ ≥ 0 is a penalty parameter to balance the data-fidelity and regular-

ization; it is important to note that the penalty parameter λ is challenging to
tune. Since the `1 -regularizer λkxk1 forces equal penalties on each element
of x, a larger λ will force a sparser solution x̂ but can increase the residual
error ky − Φxk22 , whereas a small λ will lead to a solution that is insufficiently sparse. Cross-validation is a common approach to find a proper value

of λ, but it is computationally intensive for large-scale problems having an x
vector with a high dimension. Moreover, it is impractical to select a proper
parameter by cross-validation due to a large number of distinct instances.
The problem (2.21) is known as the Lasso 3 regression in statistical literature
or machine learning while it is referred to as basis pursuit denoising in signal
processing. The `1 -norm term in (2.21) is not differentiable at the origin,
but a variety of convex optimization techniques can be used to compute the
solutions, such as the coordinate descent [77], subgradient method [78], and
proximal gradient methods. For example, the well-known ISTA and FISTA
algorithms were developed by applying the proximal gradient methods on
(2.21). It is worth noting that problem (2.21) can be regarded as the maximum a posteriori (MAP) estimator for the vector x in the linear model
y = Φx + n under the assumption that the measurements follow a Gaussian
distribution and the estimating parameters follow a Laplace distribution.
Now, we consider a more general problem setting, i.e. a class of regular3

Lasso refers to least absolute shrinkage and selection operator.
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ization problems where the objective function can be described as the sum
of a loss function and a regularizer,
min L(Θ, x) + λR(x)
x

(2.22)

where L(·) and R(·) denotes the loss function and the regularizer and the Θ
represents the observed data and the known parameters. For a sparse reconstruction problem where Θ = (Φ, y), the negative log-likelihood function for
the linear Gaussian distributed measurements y is
L(y, Φ, x) = − log P (y|Φx) − log P (Φ)
= − log
1
=
2

M
X
i=1

M
Y
i=1

P (yi |φTi x) − log P (Φ)
(2.23)

(yi −

φTi x)2

+C

1
= ky − Φxk22 + C
2
where C = log

√

2π − log P (Φ) is a constant that does not depend on x.

Given that the elements in x follow a Laplace distribution with the parame-

ter λ, i.e., p(xi ) = λ/2e−λ|xi | , the regularizer can be obtained by calculating
the negative log-likelihood,
R(x, λ) = − log P (x|λ)
= − log
=λ

N
X
i

N
Y
i=1

P (xi |λ)
(2.24)

|xi | + C 0

= kxk1 + C 0
where the constant C 0 = − log(λ/2) does not depend on x. It is worth

mentioning that the loss function and the regularizer terms in (2.22) can be
replaced with other functions to accommodate other kinds of assumptions
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regarding the model and its estimating parameters. For example, when the
regularizer in (2.21) is replaced by the `2 -norm, the Lasso regression problem
becomes the Ridge regression problem, i.e., min 12 ky − Φxk22 + λkxk22 . More
x

q

generally, with the prior P (x|λ, q) = C(λ, q)e−λkxkq , we have a general qnorm regularized regression problem min 12 ky − Φxk22 + λkxkqq . When we
x

extend the standard linear regression model to the generalized linear model4

with exponential-family noise, the loss function of the maximum-likelihood
parameter estimation becomes the Bregman divergence [72].

2.2.3

Compressive Sensing-Based Sparse Channel
Estimation for Narrowband Massive MIMO Systems

For a narrowband block-fading massive MIMO channel 5 , the beamspace
channel can be represented by Ha = UH
r Hc Ut , as shown in (2.11). Transmitting the known pilots P ∈ CNt ×M from the BS through the channel, the
pilot signal received at UE is

R = Hc P + W

(2.25)

where R ∈ CNr ×M is the received pilot observations, and where M is the
length of training pilot sequence for each antenna; Hc ∈ CNr ×Nt is the
channel response matrix, P is the transmitted pilot matrix; W ∈ CNr ×M is
the additive white Gaussian noise matrix whose elements are independent
identical distributed (i.i.d.) complex Gaussian random variables having a
mean of zero and a variance of σn2 . Conventional estimation methods such
as the linear minimum mean square error estimation (LMMSE) or the LS
4

The linear model y = φT x +  assumes the mean of the observation y is linear with
the model parameters x, i.e., E[y] = φT x, while the generalized linear model assumes the
the mean of the observation y is a function, which is usually nonlinear, with the model
parameters x, i.e., E[y] = f (φT x)
5
In this thesis, the proposed approaches are applied to narrowband block-fading channels of massive MIMO. It is worth mentioning that our proposed approaches can be
conveniently applied to other types of sparse channels as long as the channel has sparse
representations in certain domains. For example, the proposed approaches can be applied
to channel estimation of wideband time-varying channels for massive MIMO systems. The
only required modification is to exploit the channel sparsity in a virtual angular-delayDoppler domain.
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estimation require M ≥ Nt to obtain accurate estimates, whereas the sparse
channel estimation is expected to reconstruct Ĥc for M  Nt . From (2.11),

we have Hc = Ur Ha UH
t , which can be substituted in (2.25) to obtain
R = Ur Ha UH
t P + W.

(2.26)

By taking the transposes and right multiplications with UH
r on both sides
of (2.26), we have
RT UH = PT U∗t HTa Ur UH
+ W T UH
| {z r}
| {z } | {z r} | {z r}
R̃

Φ̇

H

(2.27)

W̃

We simply write (2.27) as
R̃ = Φ̇H + W̃

(2.28)

M ×Nr , H = HT U UH ∈ CNt ×Nr , W̃ ∈ CM ×Nr ,
where R̃ = RT UH
r ∈ C
a r r

and the matrix Φ̇ = PT U∗t ∈ CM ×Nt . The beamspace channel estimation
Ĥ = ĤTa can be obtained by solving the linear equation (2.28) given the

known measurement matrix Φ̇ and measurements R̃. To this end, both
an efficient sparse recovery algorithm and a proper measurement matrix
are essential to the estimation performance. Eq. (2.27) suggests that the
pilot matrix P depends on the measurement matrix Φ̇. To design the pilot
matrix, we can first determine a measurement matrix Φ̇, and then obtain
the pilot matrix by P = Φ̇T Ut , where Ut is a DFT matrix. Due to kΦ̇k2F =

kPT U∗t k2F , the power constraint on a pilot matrix kPk2F = P can be imposed
√
0
via scaling the measurement matrix by Φ̇ = P kΦ̇Φ̇0 k , where Φ̇0 is the
F

unscaled measurement matrix, and k·kF represents the Frobenius norm of a

matrix.

To solve the multiple measurement vector (MMV) problem (2.28), we
propose the column-wise broadcasting vectorization method to vectorize the
matrix H. Thus, the MMV problem (2.28) can be transformed into parallel
single measurement vector (SMV) problems. Therefore, although the proposed algorithms are developed for an SMV model, they can be extended to
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the MMV problem. We express the linear equation (2.28) as
[r1 , r2 , ..., rNr ] = Φ̇[h1 , h2 , ..., hNr ] + [w1 , w2 , ..., wNr ]

(2.29)

where ri is the ith (1 ≤ i ≤ Nr ) column of R̃; hi is the ith (1 ≤ i ≤ Nr )
column of H; wi is the ith (1 ≤ i ≤ Nr ) column of W̃. For the ith column
of R̃, H and W̃ in (2.28), we have

ri = Φ̇hi + wi .

(2.30)

We can further express (2.30) by an equivalent real-valued linear equation
"

<(ri )

#

=(ri )
| {z }
y

"
=
|

<(Φ̇) −=(Φ̇)
=(Φ̇)

{z
Φ

<(Φ̇)

#"

<(hi )

#

=(hi )
} | {z }
x

"
+

<(wi )

#

=(wi )
| {z }

(2.31)

n

For the presentational simplicity, we concisely express (2.31) as
y = Φx + n.

(2.32)

Thus, we formulate the sparse channel estimation problem as an SMV problem in (2.32), which can be solved by sparse reconstruction algorithms.

2.3

Deep Learning for Sparse Channel
Estimation

In the last section, we have introduced the sparse channel estimation
using the compressive sensing technology. The compressive sensing-based
channel estimation approach is a model-based method and has well-defined
system models and statistical assumptions. For example, the received pilots have a linear relationship with the estimating channels, the massive
MIMO channel has virtual sparse representations and the noise is assumed
to follow a Gaussian distribution. Under these assumptions, the massive
MIMO channel estimation has been formulated as a sparse reconstruction
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problem. To solve the sparse reconstruction problem, we have introduced
the Lasso regression optimization, where the solution can be interpreted as
a MAP estimator for a linear regression assuming the Gaussian noise and
Laplace-distributed parameters. In practice, the simple linear model and
statistical assumptions cannot describe the real physical process accurately.
Therefore, the data-driven approaches based on state-of-the-art deep learning techniques becomes increasingly appealing.

2.3.1

Data-Driven Channel Estimation

In contrast to a model-driven approach using explicit model and statistical assumptions, the data-driven approach based on deep learning can
deal with the situations where the underlying physical process is too complicated to formulate mathematically and where the estimating parameters
have unknown statistics. The data-driven channel estimation pipeline is
shown in Fig. 2.4. The deep learning-based approach uses a large amount
of data to train a deep learning network to “learn” the underlying physical
process and statistics in the data so that the trained neural network has
the ability to make accurate predictions when supplied with new data. We
group the data-driven methods into two categories: the generic deep learning
method and the model-based deep learning method. The generic deep learning method uses generic deep learning networks such as the common DNN,
CNN, and RNN. Generic deep networks have some drawbacks, such as low
interpretability and often require a large training data set. Moreover, when
there is insufficient training data available, overfitting often occurs, such
that the generic deep networks have a low generalization ability. Unlike the
generic deep learning method, the model-based deep learning perfectly combines and balances the domain knowledge from the model-based method and
data-driven ability from the deep learning. For example, the deep unfolding
technique can build small-sized, interpretable model-based deep networks
based on the established model-based algorithms. In the following discussions, we will introduce the DNN and learned ISTA (LISTA) networks as
examples for the generic deep learning method and the model-based deep
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learning method.

Figure 2.4: Data-driven pilot training channel estimation pipeline

2.3.2

Generic Deep Learning Networks

A DNN is an artificial neural network consisting of multiple differentiable computational layers between the input and output layers. Each intermediate layer has forward-pass and backward-pass computations. The
forward-pass computation of a layer takes the input x and produces an output y(k) = q (k) (x), where q (k) (·) denotes the computational operations of
the kth layer. The backward-pass computations are also called the backpropagation, which is the basic training technique to optimize the neural
network parameters. Each layer of the neural network has trainable and
non-trainable parameters. The trainable parameters are also called the
weights which are optimized to minimize the loss function during training
phase by backpropagation, while the non-trainable parameters are called
hyper-parameters which need to be defined explicitly and manually.
The forward-pass of an L-layer DNN architecture can be denoted by
y = AΘ (x), where Θ denotes the trainable parameters of the network. For
a DNN AΘ (·), given the training dataset D = {xi , yi |i = 0, ..., n − 1}, where
xi denotes the ith input samples and yi denotes the corresponding target,
training the DNN based on the dataset is essentially solving the following
optimization problem:
min
Θ

n−1
X
i=0

L(ŷi , yi )

(2.33)

s.t. ŷi = AΘ (xi ), i = 0, ..., n − 1.
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The training process usually adopts the first-order mini-batch stochastic
gradient descent as the optimization algorithm. Meanwhile, a variety of optimization techniques such as the momentum [79, 80] or the gradient regularization [80, 81] can be incorporated to accelerate the convergence. During
training, the gradients of the loss function with respect to the weights are
computed using the chain rule and back propagation through the networks.
The input of the backward-pass computation for a layer is the gradient of
the training loss with respect to the output of a layer. Various loss functions can be used, such as the MSE, cross entropy, and softmax functions.
In particular, the MSE loss function is defined as
LM SE

M −1
1 X
=
(ŷm − ym )2
M

(2.34)

m=0

where ym denotes the mth element of the M dimensional target y.
The simplest DNN architecture is the feedforward neural network that
stacks multiple layers of linear affine transformations with nonlinear activation functions. The forward-pass computation of the kth layer can be
expressed as
q (k) (x(k−1) ) = σ(Wk x(k−1) + b(k) )

(2.35)

and the input of the network is q (0) = x; the σ(·) denotes the nonlinear
activation function which performs elementwise on its input. A DNN architecture can be represented as AΘ (x) = q (L) (q (L−1) ...(q (0) (x))), where

Θ = {Wi , bi |i = 1, ..., L} and L is the number of network layers. The
most popular activation function is the rectified linear unit (ReLU) function
defined as
ReLU(x) = max(0, x).

(2.36)

Other common activation functions include the sigmoid function (also known
as the logistic function) and the hyperbolic tangent function tanh(·).
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2.3.3

Deep Unfolding for Model-Based Deep Learning

Deep unfolding is a popular way to incorporate the domain-knowledge
into a deep network architecture and develop partial data-driven approaches.
Deep unfolding or deep unrolling, which was proposed by Hershey et al. [64],
builds the deep networks by implementing the iterative algorithms derived
from classical statistical models as the differential computational layers. A
high-level overview of an unfolding network is illustrated in Fig. 2.5. The
built deep network is essentially a stacking of unfolded iterations. The number of iterations is usually fixed and the trainable weights for each layer
can be nominated from the parameters of the algorithms. The training of
the unfolded network adopts the backpropagation mechanism and stochastic
gradient descent optimization algorithm, which are the same as in generic
neural networks.

Figure 2.5: Unfolding an iterative algorithm into a deep network [1]
Several sparse recovery algorithms have been unfolded. For example, the
ISTA [48] and AMP [65] have been unfolded into the learned algorithms as
LISTA [82] and LDAMP [66]. In the following discussion, we introduce the
LISTA as an example. The LISTA is the earliest unfolding deep network
proposed by Gregor and LeCun [82], and it is the built on the classical sparse
recovery algorithm ISTA. The following derivation of ISTA was originally
presented in [51] and [82].
The ISTA algorithm can be derived by performing the proximal gradient
descent on the sparse reconstruction problem in (2.21). Here, we denote the
objective function as f (x) = L(x) + λR(x), where L(x) = 12 ky − Φxk22 and

λR(x) = λkxk1 . The tth iteration solves the quadratic approximation of
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f (x), that is
x(t+1) = min L(x(t) ) + ∆L(x(t) )T (x − x(t) ) +
x

1
kx − x(t) k22 + λR(x)
2αt

1
= min kx − (x(t) − αt ∆L(x(t) )T )k22 + αt λR(x).
x 2

(2.37)

The solution is the proximal gradient algorithm
x(t+1) = proxαt ,R x(t) − αt ∆L(x(t) )T



(2.38)

where the proxαt ,R is referred to as the proximal operator with respect to
αt , R(·). Generally, the proximal operator on z with respect to R(·) is the
solution to

1
proxR (z) = min kx − zk22 + R(x).
x 2

(2.39)

For R(x) = αt λkxk1 , the proximal operator proxR (z) is the soft threshold
Sαt ,λ (z), and one applies the following operation to each element zi of z,
(2.40)

zi ← sign(zi ) max{0, |zi | − αt λ}.

With z = x(t) − αt ∆L(x(t) )T , and ∆L(x(t) ) = −ΦT (y − Φx(t) ), we obtain
the ISTA iteration,

x(t+1) = Sαt λ x(t) + αt ΦT (y − Φx(t) )




= Sαt λ (I − αt ΦT Φ)x(t) + αt ΦT y .

(2.41)

Based on the derived ISTA iteration in (2.41), the corresponding ISTA algorithm and the unfolded network structure of LISTA are shown in Fig. 2.6.

35

2.3. Deep Learning for Sparse Channel Estimation

Figure 2.6: LISTA: deep unfolding of the ISTA [1]
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Chapter 3

Nonconvex Regularized
Gradient Projection
Algorithms for Sparse
Channel Reconstruction
In this chapter, novel sparse reconstruction algorithms are proposed.
We first formulate the sparse reconstruction problem as an optimization to
minimize an LS objective having a nonconvex regularizer. This regularizer
removes the penalties on a few large-magnitude elements from the conventional `1 -norm regularizer (known as the Lasso regularizer). Then, we perform gradient projection updates within the DC programming framework
to develop accurate and fast reconstructions. A double-loop algorithm and
a single-loop algorithm are proposed via different DC decompositions, and
these two algorithms have distinct computational complexities and convergence rates. Then, an extension algorithm is further proposed by designing
new step sizes for the single-loop algorithm. The extension algorithm has
a faster convergence rate and can achieve approximately the same level of
accuracy as the proposed double-loop algorithm.

3.1

DC Representation for `0 -norm Constraint

In Section 2.2.3, a massive MIMO sparse channel estimation was formulated into an SMV problem to solve the underdetermined linear system
y = Φx + n in (2.32), where x = [<(hi )T , =(hi )T ]T represents an arbitrary
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sparse channel vector hi for 1 ≤ i ≤ Nr . In this section, we introduce the

top-(K, 1) norm [83] to reformulate the sparse reconstruction optimization
problem into an LS minimization with a novel penalty term.

According to (2.32), reconstructing x from y and Φ using the sparsity
as a priori is an NP-hard `0 -minimization problem [72], which is defined as
min kxk0
x

s.t. ky − Φxk22 ≤ τ

(3.1)

where τ is nonnegative and real. Problem (3.1) can be rewritten in an
equivalent form as
min ky − Φxk22
x

(3.2)

s.t. kxk0 ≤ K
where K is an upper bound for the number of nonzero elements in x, and
it is uniquely determined by the parameter τ in (3.1) [72].
Instead of using the common `1 -relaxation, we introduce the top-(K, 1)
norm to seek an equivalent expression for the constraint kxk0 ≤ K in the

original problem (3.2). The top-(K, 1) norm kxkK,1 is defined as the sum

of the K largest elements of the vector x in terms of the absolute values,
namely
kxkK,1 := |x(1) | + |x(2) | + · · · + |x(K) |

(3.3)

where |x(i) | denotes the element whose absolute value is the ith-largest

among the N elements of the vector x, i.e., |x(1) | ≥ |x(2) | ≥ · · · ≥ |x(N ) |.
The constraint kxk0 ≤ K is equivalent to the statement that the (K + 1)th-

largest element of the vector x is zero, i.e., kxkK+1,1 − kxkK,1 = 0. Thus, we

have an equivalent relationship between the following two statements [83]
kxk0 ≤ K ⇔ kxk1 − kxkK,1 = 0.

(3.4)

Since both kxk1 and kxkK,1 are convex, we say the equality kxk1 −kxkK,1 = 0

is an exact DC representation for the sparsity constraint. By replacing
the sparsity constraint kxk0 ≤ K in (3.2) using the DC constraint kxk1 −
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kxkK,1 = 0, we rewrite the sparse reconstruction problem as
min ky − Φxk22
x

(3.5)

s.t. kxk1 − kxkK,1 = 0.
Using an appropriate Lagrange multiplier ρ, from (3.5) we obtain the following unconstrained optimization problem
1
ky − Φxk22 + ρ(kxk1 − kxkK,1 ) := F (x)
2

min
x

(3.6)

where ρ is the regularization parameter that balances the data consistency
and the penalty term. Our formulated optimization problem (3.6) differs
from the conventional `1 -regularized sparse reconstruction

6

only in terms

of the subtracted top-(K, 1) norm kxkK,1 in its penalty term. The regularizer

ρ(kxk1 − kxkK,1 ) is better than an `1 -norm regularizer because it removes
the penalties on the K largest-magnitude elements 7 .

To ensure the equivalence between the unconstrained problem (3.6) and
the constrained problem (3.5), the following theorem specifies the range for
the penalty parameter.
Theorem 3.1. Let xρ∗ be an optimal solution to (3.6) with given ρ∗ . Suppose there exists a constant q > 0 such that kxρ∗ k2 ≤ q for any ρ∗ > 0.

Then xρ∗ is also optimal to (3.5) if

ρ∗ ≥ max{q(kΦT Φei k2 + |(ΦT Φ)ii |/2) + |(ΦT y)i |}
i

where 1 ≤ i ≤ N ; ei represents the unit vector in which the ith element is
one while the other elements are zeros; (ΦT Φ)ii represents the ith diagonal
elements of matrix ΦT Φ; (ΦT y)i indicates the ith element of the vector
ΦT y.
Proof: See Appendix A.
6
7

min 12 ky − Φxk22 + λkxk1
x

In practice, if the sparsity level of reconstructing vector is already known, we set K
as the number of nonzero elements of reconstruction vectors; otherwise, we can use cross
validation to determine an approximation of K.
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Theorem 1 indicates that given a penalty parameter ρ having a suitably
large value, the optimal solution to (3.6) is also the optimal solution to
(3.5). To calculate the lower threshold ρ∗ , we can first estimate a constant
q such that kxρ∗ k2 ≤ q. In practice, to avoid the computationally intensive

inequality in Theorem 1, we can use cross validation to select a suitable
value for the penalty parameter ρ.

3.2

Double-Loop DC Gradient Projection
Descent for Sparse Reconstruction

We have formulated the sparse reconstructions into a nonconvex optimization problem (3.6). In this section, we use DC programming and gradient projection descent to solve (3.6) and propose a double-loop DC-GPSR
algorithm.

3.2.1

DC Programming Framework

For a nonconvex unconstrained optimization problem
min f (x) − g(x)

(3.7)

x

where f (x) and g(x) are two convex functions.

The DC programming

method solves the following convex subproblem at the tth-iteration,
min f (x) − xT ∂g(xt−1 )
x

(3.8)

where the second convex function g(x) in (3.7) is linearized by xT ∂g(xt−1 )
in (3.8), and where ∂g(xt−1 ) represents the gradient (or subgradient) of
g(xt−1 ) with respect to xt−1 . The DC algorithm framework can be outlined
as follows:
1. Start: Given a starting point x0 , and a terminate condition
2. Repeat: For t = 1, 2, ...
Compute the gradient (or subgradient) ∂g(xt−1 ).
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Solve the convex subproblem (3.8) to obtain xt .
3. End: Until a terminate condition is satisfied.
The DC programming is an iterative algorithm framework that can ensure global convergence, which means the DC algorithm can converge from
an arbitrary initial point 8 .

3.2.2

A Double-Loop DC-GPSR Algorithm

Following the DC programming framework, we decompose our objective
function in (3.6) as the difference of the two convex functions of f (x) and
g(x)

1
ky − Φxk22 + ρkxk1 − ρkxkK,1 .
2
{z
} | {z }
|

min
x

f (x)

(3.9)

g(x)

At the tth-iteration, we solve the following convex subproblem
min
x

f (x) − ρxT ∂kxt−1 kK,1

(3.10)

where ∂kxt−1 kK,1 denotes the subgradient of top-(K, 1) norm of xt−1 , and

where the superscript t − 1 indicates the (t − 1)th update. The subgradient
∂kxkK,1 of the top-(K, 1) norm of x is defined as [83]
∂kxkK,1 := argmax
w

(N
X
i=1

xi wi

N
X
i=1

)
|wi | = K, wi ∈ [−1, 1] .

(3.11)

By substituting the f (x) defined in (3.9) into (3.10) and denoting wxt−1 by
a feasible value for the subgradient ∂kxt−1 kK,1 , we write the subproblem
(3.10) as

min
x

1
ky − Φxk22 + ρkxk1 − ρxT wxt−1
2

(3.12)

where wxt−1 ∈ ∂kxt−1 kK,1 . A feasible subgradient wxt−1 can be simply ob-

tained by setting the signs of the K largest elements of |xt−1 | to the corre8

The global convergence property has been comprehensively studied for general DC
algorithms, hence it is also valid for the proposed algorithms. Further details can be
found in the following references: [84, Sec. 3.2], [85, Sec. 2], [86, p. 10], [87, pp. 5-8].
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t−1
sponding elements of wxt−1 , i.e., (wx )t−1
(i) = sign(x(i) ), where the subscript i

indicates the ith element of a vector, and setting the other elements of wxt−1
to be zeros.
We obtain a convex subproblem (3.12). We will turn (3.12) into a constrained quadratic problem so that we can solve it using the gradient projection descent method. Specifically, we split the positive and negative part
of x, and represent x as the difference of its positive part u and its negative
part v, that is
x = u − v,

u  0, v  0.

(3.13)

where u = (x)+ , v = (−x)+ , and where (·)+ is the positive-taking operation
that retains the positive elements and sets the other elements to be zeros. More precisely, (x)+ represents the operation of (x)+ = max{0, x} for
each element x in vector x; (−x)+ represents the operation of (−x)+ =
max{0, −x} for each element −x in vector −x.
1T u

+

1T v,

Noticing that kxk1 =

the subproblem (3.12) can be written as a bound constrained

quadratic problem (BCQP) problem
min
u,v

1
ky − Φ(u − v)k22 + ρ1T u + ρ1T v
2
− ρuT wut−1 − ρvT wvt−1

(3.14)

s.t. u  0, v  0
where wut−1 and wvt−1 , respectively, represent the positive and negative part
of wxt−1 , i.e., wut−1 = (wxt−1 )+ , wvt−1 = (−wxt−1 )+ . Let z denote the concatenation of u and v, i.e., z = [uT , vT ]T , Next, (3.14) can be rewritten into a
compact form

1 T
z Bz + cT z := G(z),
2
s.t. z  0

min
z

(3.15)
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where
z=

" #
u
v
"

c=

"
,

B=

−ΦT y
ΦT y

#

ΦT Φ
−ΦT Φ

#
−ΦT Φ
ΦT Φ

,
(3.16)

+ ρ1T − ρwzt−1

and where 1T represents an all-ones column vector having the same dimension as z, and wzt−1 = [(wut−1 )T , (wvt−1 )T ]T . Note that wzt−1 is a subgradient
of kzt−1 kK,1 , i.e., wzt−1 ∈ ∂kzt−1 kK,1 . Since zt−1  0, a feasible subgradi-

ent wzt−1 can be an indicator vector having either one-valued or zero-valued

elements, where the indices for the one-valued elements of wzt−1 correspond
to the indices of the K largest elements of zt−1 . Eq. (3.15) is an equivalent problem for the subproblem (3.12). We apply the gradient projection
descent method to solve (3.15), thus the kth update is


1
z(k+ 2 ) = Proj z(k) − αk ∇G(z(k) ) ,

(3.17)

1

z(k+1) = z(k) + β k (z(k+ 2 ) − z(k) )

where αk > 0 is the step size and it can be determined by the BarzilaiBorwein (BB) step size, which is calculated as αt =

kzk −zk−1 k2
;
(zk −zk−1 )T (G(zk )−G(zk−1 ))

β k ∈ (0, 1] is another step size to ensure the monotonic-decrease of the objective and it can be calculated in closed-form as β k =
δk = z

(k+ 12 )

(δ k )T ∇G(zk )
,
(δ k )T Bδ k

where

− z(k) [50]; Proj(·) represents the operation of orthogonal pro-

jection that projects the vector onto the nonnegative orthant 9 ; ∇G(z(k) )

represents the gradient of G(z) defined in (3.15) with respect to z(k) . We
have ∇G(z(k) ) = Bz + c, which can be calculated by
"
∇G(z(k) ) =

ΦT Φ(u(k) − v(k) )

−ΦT Φ(u(k) − v(k) )

#
+

"
#
−ΦT y
ΦT y

(3.18)

− ρwzt−1 + ρ1T .

Essentially, the proposed algorithm computes the following two steps
9

Let RN
+ = {x = (x1 , x2 , ..., xN )|x1 ≥ 0, x2 ≥ 0, ..., xN ≥ 0} be the nonnegative orthant
of RN .

43

3.3. Single-Loop DC Gradient Projection Descent for Sparse Reconstruction
iteratively until convergence:
wzt−1 ∈ ∂kzt−1 kK,1
1
(b) zt = argmin{ zT Bz + cT z}
2
z0
(a)

(3.19)

where z, B and c are defined in (3.15). The step (b) in (3.19) is calculated by
applying the gradient projection descent updates in (3.17). We summarize
this double-loop DC-GPSR algorithm in Algorithm 1.
Algorithm 1: Double-loop DC-GPSR (DlDC-GPSR)
Input: measurements y, measurement matrix Φ and a small
number 
Output: reconstruction x̂
Initialization: u0 , v0 , z0 ← [(u0 )T , (v0 )T ]T
1:
2:
3:
4:
5:
6:
7:
8:
9:

10:

3.3

for t = 1, 2, . . . do
Compute a subgradient wzt−1 ∈ ∂kzt−1 kK,1 .
for k = 1, 2, . . . do
Compute gradient ∇G(z(k) ) by (3.18).
Perform gradient projection descent (3.17) and obtain z(k+1) .
Check convergence, set z∗ ← z(k+1) and proceed to Step 7 if
convergence is satisfied; otherwise return to Step 3.
end for
zt ← z∗
Check terminate condition kzt − zt−1 k2 ≤  and return to Step 1 if
not satisfied; otherwise, terminate with zt = [(ut )T , (vt )T ]T , and
obtain the reconstruction x̂ = ut − vt .
end for

Single-Loop DC Gradient Projection Descent
for Sparse Reconstruction

In the proposed DlDC-GPSR algorithm, at each iteration we solve a
nonsmooth convex subproblem (3.12) using another iterative algorithm, i.e.,
the gradient projection descent updates. This double-loop procedure can be
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computationally inefficient. In this section, we derive a closed-form solution
to the convex subproblem by performing a special DC decomposition to eliminate the inner iterations. Thus, we propose a basic single-loop DC-GPSR
algorithm. Interestingly, we observe that the proposed basic single-loop DCGPSR algorithm can be interpreted as simple gradient projection descent
updates with a required step size. Furthermore, we accelerate the singleloop DC-GPSR algorithm using the BB step size and propose an extension
algorithm for the single-loop DC-GPSR.

3.3.1

A Basic Single-Loop DC-GPSR Algorithm

We first rewrite the LS term of the objective in (3.6) in an equivalent
form as

1
l
ky − Φxk22 = kxk22 −
2
2



l
1
kxk22 − ky − Φxk22
2
2


(3.20)

where l ≥ 0 is a Lipschitz constant of the least square objective. By sub-

stituting (3.20) into (3.6), we write the unconstrained sparse reconstruction
problem as
min
x

l
kxk22 −
2



l
1
kxk22 − ky − Φxk22
2
2


+ ρ(kxk1 − kxkK,1 ) := F (x).
(3.21)

Then, we perform the following DC decomposition on the objective F (x)
defined in (3.21), and we have
l
min kxk22 + ρkxk1 −
x 2
|
{z
}
f (x)


l
1
2
2
kxk2 − ky − Φxk2 + ρkxkK,1
2
2
|
{z
}


(3.22)

g(x)

where the functions f (x) and g(x) are convex. The convexity of g(x) can be
ensured by confirming the convexity of 2l kxk22 − 12 ky − Φxk22 , which is given

in Theorem 2.

Theorem 3.2. The least squares objective

1
2 ky

− Φxk22 is smooth and its

gradient function is Lipschitz continuous with the Lipschitz constant l =
λmax (ΦT Φ), where λmax (·) denotes the maximum eigenvalue of a matrix.
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Thus, the function h(x) =
convex.

l
2
2 kxk2

− 12 ky − Φxk22 for l = λmax (ΦT Φ) is

Proof : See Appendix B.
Writing the `2 -square terms in (3.22) by standard quadratic forms, we
have
min
x

l T
x x + ρkxk1
2
{z
}
|
f (x)




l T
1 T T
T
T
−
x x − x Φ Φx + (Φ y) x + ρkxkK,1 .
2
2
{z
}
|

(3.23)

g(x)

We split the positive and negative parts of x by letting u = (x)+ , v = (−x)+ .
By denoting z = [uT , vT ]T , we express (3.23) as
min
z

l T
z z + ρ1T z −
2
|
{z
}
f (z)




l T
1 T
T
T
z z − z Bz + q z + ρ1K z
2
2
|
{z
}
g(z)

(3.24)

s.t. z  0
where
z=

" #
u
v

"
,

B=

ΦT Φ
−ΦT Φ

#
−ΦT Φ
ΦT Φ

"
,

q=

ΦT y

#

−ΦT y

(3.25)

and 1K is an indicator vector having either one-valued or zero-valued elements, and the one-valued elements of 1K indicate the K largest elements
of z.
Following the DC algorithm framework to solve the problem (3.24), we
perform the following two steps repeatedly until convergence:
(a) ∂g(zt−1 ) = lzt−1 − Bzt−1 + q + ρ1t−1
K

l
(b) zt = argmin{ zT z + ρ1T z − zT ∂g(zt−1 )}
2
z≥0

(3.26)
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where the superscripts t − 1 and t, respectively, indicate the (t − 1)th and

the tth update. The subproblem (b) of (3.26) has a closed-form optimal
solution. To derive it, we rewrite the subproblem (b) of (3.26) as
min
z

s.t.

l T
z z + ρzT 1 − zT ∂g(zt−1 )
2
z0

(3.27)

where ∂g(zt−1 ) = lzt−1 − Bzt−1 + q + ρ1t−1
K . Next, the problem (5.10) can

be expressed as


1
l
kz −
∂g(zt−1 ) − ρ1 k22
z
2
l
s.t. z  0.

min

(3.28)


The objective of problem (3.28) is to minimize the kz − 1l ∂g(zt−1 ) − ρ1 k2

over z  0 with respect to variable z. The solution is simply the Euclidean

projection of 1l ∂g(zt−1 ) − ρ1 onto the nonnegative orthant. Thus, the

gradient projection descent update has a closed-form optimal solution



1
z∗ = Proj
∂g(zt−1 ) − ρ1
l



1
t−1
=
∂g(z ) − ρ1
l
+

(3.29)

where the Proj(·) represents the Euclidean projection onto the feasible set
z  0, which is simply the positive-taking operation (·)+ . Applying the

closed-form solution (3.29) to the subproblem (b) of (3.26), we simplify the
DC programming procedure in (3.26) to perform the following two singlestep computations repeatedly until convergence:
∂g(zt−1 ) = lzt−1 − Bzt−1 + q + ρ1t−1
K


1
(b) zt =
(∂g(zt−1 ) − ρ1)
.
l
+
(a)

(3.30)

We summarize the updates (3.30) as a single-loop DC gradient projection
algorithm in Algorithm 2. By avoiding the inner-loop iterations, the com-
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putational complexity of Algorithm 2 for each iteration is largely reduced
compared with Algorithm 1. However, we comment that if the parameter
l is large, Algorithm 2 can be slow to converge. Therefore, we will further
propose an accelerated algorithm in the following section.
Algorithm 2: Single-loop DC-GPSR-Basic (SlDC-GPSR-Basic)
Input: measurements y, measurement matrix Φ and a small
number 
Output: reconstruction x̂
Initialization: u0 , v0 , z0 ← [(u0 )T , (v0 )T ]T
for t = 1, 2, . . . do
Compute the gradient ∂g(zt−1 ) = lzt−1 − Bzt−1 + q + ρ1t−1
K as (a) of
(3.30).

3:
Perform the optimal projection operation zt = 1l (∂g(zt−1 ) − ρ1) +
as (b) of (3.30).
4:
Check terminate condition kzt − zt−1 k2 ≤ , return to Step 1 if not
satisfied; otherwise, terminate with zt = [(ut )T , (vt )T ]T , and return
the reconstruction x̂ = ut − vt .
5: end for
1:

2:

3.3.2

An Extension Algorithm for Single-loop DC-GPSR
Using Monotonic BB Step Size

A crucial observation on SlDC-GPSR-Basic (Algorithm 2) is that we
can interpret it as a simple gradient projection descent method to solve a
nonconvex optimization problem with a guarantee of global convergence.
This observation can be obtained by substituting ∂g(zt−1 ) in (a) into (b) of
(3.30) such that Step 2 and Step 3 in Algorithm 2 can be combined to be
the tth update of zt



1
t−1
t−1
t−1
z = Proj z
−
Bz
− q − ρ1K + ρ1
l



1
= zt−1 −
Bzt−1 − q − ρ1t−1
+
ρ1
.
K
l
+
t

(3.31)
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Thus, we can clearly see that the SlDC-GPSR-Basic is just a gradient projection descent method to solve the following nonconvex problem with the
required step size 1/l for l = λmax (ΦT Φ)
1 T
z Bz − qT z − ρ1TK z + ρ1T z := F (z)
2
s.t. z  0

min
z

(3.32)

where z, B and q have been defined in (3.24). The problem (3.32) is an
equivalent form of the sparse reconstruction problem (3.6), but it uses a
nonnegative double-sized variable z = [(x)T+ , (−x)T+ ]T to express the sparse
vector x. The gradient projection descent is a mature method for convex
optimizations. However, its convergence is unguaranteed for solving a nonconvex problem. Thus, in general, the gradient projection descent method
cannot be directly applied to a nonconvex problem. Interestingly, as shown,
the proposed SlDC-GPSR-Basic algorithm can be viewed as the gradient
projection descent method applied to nonconvex optimizations. Since this
algorithm is derived from DC programming, it carries the same global convergence property as the other DC programming algorithms [86].
Although the fixed step size 1/l ensures a global convergence for the
SlDC-GPSR-Basic algorithm, this step size can be too small in practice
provided that l is the Lipschitz constant of least squares objective. Thus, we
design a variable step size to accelerate the single-loop DC-GPSR algorithm.
We denote αt by a variable step size for the (t + 1)th update, and extend the
update (3.31) to be a gradient projection descent update for the problem
(3.32) with step size αt , i.e.,

z̃t+1 = Proj zt − αt ∇F (zt )

= zt − αt Bzt − q − ρ1tK + ρ1

(3.33)


+

where αt can be explicitly calculated by the BB step size method by
αt =

(zt

−

kzt − zt−1 k2
.
(F (zt ) − F (zt−1 ))

zt−1 )T

(3.34)
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To prevent the step size being overly large, we employ a scaler β t+1 ∈ (0, 1]
to limit the update so that the objective will descend monotonically
zt+1 = zt + β t (z̃t+1 − zt ).

(3.35)

We can calculate β t to minimize the objective F (zt+1 ) by
βt =

(δ t )T ∇F (zt )
(δ t )T Bδ t

(3.36)

where δ t = z̃t+1 − zt . We summarize the updates (3.33) and (3.35) in

Algorithm 3 and name it SlDC-GPSR-BB, which is an extension of the

single-loop DC-GPSR algorithm since it extends Algorithm 2 by introducing
the BB step size.
Algorithm 3: Single-loop DC-GPSR with monotonic BB step size
(SlDC-GPSR-BB)
Input: measurements y, measurement matrix Φ and a small
number 
Output: reconstruction x̂
Initialization: u0 , v0 , z0 ← [(u0 )T , (v0 )T ]T , α0
1:
2:
3:
4:
5:
6:

7:

3.4

for t = 0, 1, 2, . . . do
Compute update z̃t+1 using (3.33).
Compute step size β t using (3.36).
Compute update zt+1 using (3.35).
Compute step size αt+1 using (3.34).
Check terminate condition kzt+1 − zt k2 ≤ , return to Step 1 if not
satisfied; otherwise, terminate with zt+1 = [(ut+1 )T , (vt+1 )T ]T and
return the reconstruction x̂ = ut+1 − vt+1 .
end for

Complexity Analysis

Table 3.1 shows the computational cost of the main computing operations and compares the computational complexities of the proposed algo50
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Table 3.1: Computational Complexities for Operations and Algorithms
Operation
Time complexity
Algorithm
Time complexity

∂kzkK,1
O(2N log(2N )) 11
DlDC-GPSR
SlDC-GPSR-Basic
O(M N )
I × O(M N ) 12

Bz
O(M N )
SlDC-GPSR-BB
O(M N )

rithms, where N is the dimension of the sparse vector x, and 2N is the length
of vector z, M is the dimension of the measurements y. Common operations for all three algorithms mainly contain matrix-vector multiplications,
vector inner products, vector sums, scaler-vector multiplications and the
subgradient of the top-(K, 1) norm for a nonnegative vector. Among these
operations, the computationally intensive terms have the subgradient computation ∂kzkK,1 and the matrix-vector product Bz whose computational
costs are shown in Table 3.1. To analyze the overall time complexities of
the proposed algorithms, we consider both the computational costs at each
iteration and the convergence rates. The computational costs at each iteration

10

for these algorithms are shown in Table 3.1, while the convergence

rates will be illustrated in Section VII.B. By taking into account of the convergence rates, we can conclude that, among the three proposed algorithms,
SIDC-GPSR-BB has the lowest time complexity.

3.5
3.5.1

Numerical Results
Experiment Setup and Performance Metrics

We consider a downlink massive MIMO system having a half-wavelength
spaced ULA at the BS. The number of BS antennas is set to be Nt = 256.
10
To compare fairly, one iteration is considered from Step 2 to Step 5 for DlDC-GPSR,
Step 2 and Step 3 for SlDC-GPSR-Basic and from Step 2 to Step 5 for SlDC-GPSR-BB.
10
A feasible subgradient computation of ∂kzkK,1 requires the indices of the K largest
elements to be obtained by sorting the elements, which can be accomplished with the time
complexity O(2N log(2N )). This time complexity is only an estimate, as more efficient
sorting algorithms can exist.
12
We assume that an arbitrary outer iteration of DlDC-GPSR has I inner loops. Given
a termination condition, the number of inner-loop iterations I can vary for each outer-loop
iteration of DlDC-GPSR.
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The number of UE antennas is set to be Nr = 1 without loss of generality13 .
We consider the narrowband block-fading channels, and set a channel coherence block as Nc = 600 symbols. We randomly generate 1, 000 channel
vectors according to the Saleh-Valenzuela channel model described in (2.10),
where the number of paths is set as Np = 3. For each path, the complex
channel gain αl follows a complex Gaussian distribution; the AoA and AoD,
i.e., θr,l and θt,l , are uniformly distributed over [−π/2, π/2]. We transform
the generated channel vectors into the angular domain using a DFT. To
consider power leakage, we set the number of nonzero channel coefficients
as Ns = 16 by neglecting the small-value beamspace channel coefficients

14 .

Various random matrices can be adopted as the measurement matrix. After
evaluating the proposed reconstruction algorithms that adopt various random matrices (such as Gaussian, Bernoulli, and partial Fourier matrices),
we conclude that the reconstruction performance of these random matrices
is similar. Unless stated otherwise, we adopt the random Gaussian matrix
as the measurement matrix Φ̇G ∈ RM ×Nt , and the pilot matrix can be ob-

tained by P = Ut Φ̇TG ∈ CNt ×M . All of the simulations were implemented

on a desktop computer equipped with a 3.2 GHz Intel Core i7-8700 CPU
with 8GB of physical memory.
We adopt the normalized mean squared error (NMSE) to evaluate the
n
P
kHi −Ĥi k2F
channel reconstruction accuracy. The NMSE is defined as n1
,
kH k2
i=1

i F

where n is the number of channel samples. We use achievable spectral effi-

ciency to evaluate the influences of pilot overhead and SNR penalty caused
by imperfect channel estimation on data communication. The achievable
spectral efficiency R/B is defined as R/B = (1 − α)C(SNReff ) [88, eq.
(5.195)], where R is the achievable rate, B is the bandwidth, α is the ratio
of pilot training in a channel coherence block duration, C(SNReff ) is the
13
According to the proposed column-wise broadcasting method to vectorize the
beamspace channel matrix H ∈ CNt ×Nr , to reconstruct H we simply reconstruct its
Nr columns independently.
14
Although in practice the number of nonzero channel coefficients can be unknown and
uncertain, in the simulation we fix the number of nonzero channel coefficients for fair
performance comparisons. We set Ns = 16 because our observations revealed that the 16
largest-magnitude channel coefficients can cover most of the energy of a channel vector,
i.e., khi k22 for 1 ≤ i ≤ Nr .
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channel capacity at SNReff , and SNReff refers to the efficient SNR by considering imperfect channel estimation [88]. Note that α can be calculated
as M/Nc , where Nc is the length of channel coherence block. According to
the linear equation R̃ = Φ̇H + W̃ in (2.28), we define the system SNR as
SNR =

kΦ̇Hk2F
2
W̃F

, where Φ̇ is the measurement matrix, H is the beamspace

channel, and W̃ is the noise.
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Illustrations of Beamspace Channel Reconstructions
and Algorithm Convergence Property
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Figure 3.1: Channel magnitudes of a true channel sample xopt and the
reconstruction x̂ by the conventional `1 -regularized GPSR algorithm, the
proposed algorithms DlDC-GPSR and SlDC-GPSR-BB. The normalized
squared `2 -error is defined as kxopt − x̂k22 /kxopt k22
In this subsection, we evaluate the reconstruction accuracy and convergence rate of DlDC-GPSR (Algorithm 1) and SlDC-GPSR-BB (Algorithm
3)

15

15

by reconstructing an arbitrary channel vector sample x and compare

As we have shown, the SlDC-GPSR-Basic (Algorithm 2) has an interesting theoretical
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Figure 3.2: Objective values versus iterations for reconstructing a sample
of beamspace channel vector. The evaluating objectives are
1
2 + ρ(kxk − kxk
ky
−
Φxk
1
K,1 ) for DlDC-GPSR and SlDC-GPSR-BB, and
2
2
1
2
is 2 ky − Φxk2 + ρkxk1 for `1 -regularized GPSR
the performance with the conventional `1 -regularized GPSR algorithm [50].
For fair comparisons, we adopt BB step sizes for the inner loops of DlDCGPSR. The pilot length is set as M = 128. Fig. 3.1 shows the magnitudes
of the true sparse beamspace channel and the reconstructions. We can observe that the DlDC-GPSR and SlDC-GPSR-BB algorithms can achieve
perfect reconstructions with normalized squared `2 -errors 6.22 × 10−33 and
8.77 × 10−34 , whereas the `1 -regularized GPSR reconstruction has notice-

able errors with the error 5.01 × 10−2 . By setting the termination con-

dition as kx̂t − x̂t−1 k2 ≤ 10−30 , the runtimes are about 0.08, 0.08 and
0.05 seconds for `1 -regularized GPSR, DlDC-GPSR and SlDC-GPSR-BB,
respectively. To show their convergence properties within runtimes, we plot

objective values versus iterations in Fig. 3.2. It should be noted that the
objective of the proposed DlDC-GPSR and SlDC-GPSR-BB algorithms is
1
2 ky

− Φxk22 + ρ(kxk1 − kxkK,1 ), whereas the objective of conventional `1 -

interpretation since it can be treated as a pure gradient projection algorithm, but the
required step size 1/l is often too small to converge within a reasonable period. Therefore,
we do not consider Algorithm 2 in simulations.
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Figure 3.3: Objective values ( 12 ky − Φxk22 + ρkxk1 ) versus iterations for
the reconstruction of a sample of beamspace channel vector
regularized GPSR is 12 ky − Φxk22 + ρkxk1 . For DlDC-GPSR algorithm, the

red dots indicate objective values for outer iterations, and the blue solid line
shows the objective values along all inner iterations. We can observe that
the proposed DlDC-GPSR algorithm decreases its objective significantly after the sixth outer-step and approaches the optimal value at the eighth
step. The SlDC-GPSR-BB algorithm has the fastest convergence and can
achieve almost the same objective value as the DlDC-GPSR algorithm. On
the contrary, the objective of the `1 -regularized GPSR algorithm converges
to a relatively large value. Fig. 3.3 shows the evolution of `1 -norm penalized least-square objective values, i.e., ky − Φxk22 + ρkxk1 . In Fig. 3.3, we
also plot the optimal values of the penalty term ρkxopt k1 , where xopt represents the true sample of a beamspace channel vector. We can observe that

the DlDC-GPSR and SlDC-GPSR-BB algorithms can arrive and stay at
the objective value ρkxopt k1 , which is the optimal value that the objective
ky − Φxk22 + ρkxk1 can reach when ky − Φx̂k22 = 0 and ρkx̂k1 = ρkxopt k1 .
However, the `1 -regularized GPSR algorithm cannot achieve this optimal
value and has a noticeable gap from the optimal value. It is meaningful to
observe this minimum objective gap between our proposed algorithms and
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Figure 3.4: Reconstruction error (kx̂ − xopt k22 /kxopt k22 ) versus iterations for
the reconstruction of a sample of beamspace channel vector
the conventional `1 -regularized GPSR algorithm, because this gap can provide important insight into the approximation error introduced by relaxing
the `0 -norm as `1 -norm. Fig. 3.4 shows the normalized squared-`2 errors of
reconstruction versus the number of iterations. We observe that both the
DlDC-GPSR and SlDC-GPSR-BB algorithms can achieve accurate reconstruction having errors on the order of 10−33 and 10−34 , which is far more
accurate than the reconstruction by the conventional `1 -regularized GPSR
algorithm having an error on the order of 10−2 .

3.5.3

Performance Comparisons With Other Algorithms

We compare the reconstruction performance of the proposed algorithms
with several existing sparse reconstruction algorithms including the `1 -regularized
GPSR [50], ISTA [48], and OMP [45], as well as the existing state-the-art
channel estimation schemes including the SD

16

[89] and the SCAPMI algo-

rithms [90].
16

The SD algorithm is referred to as the support detection-based channel estimation
algorithm [89].
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Figure 3.5: Channel reconstruction NMSE versus SNR (dB) with training
pilot length M = 128
In Fig. 3.5, we compare the channel reconstruction NMSE with conventional channel estimation methods including the LS and LMMSE, and
popular sparse reconstruction algorithms including the OMP, ISTA and `1 regularized GPSR. For conventional LS and LMMSE channel estimation
methods, we use the optimal pilot matrix that contains orthonormal training pilot sequences having the length of M 0 = 256. For the sparse reconstruction algorithms including DlDC-GPSR, SlDC-GPSR-BB, OMP, ISTA
and `1 -regularized GPSR, we set the training pilot length as M = 128.
Fig. 3.5 shows that the proposed DlDC-GPSR and SlDC-GPSR-BB algorithms achieve approximately the same accuracy. Even after consuming
more training pilots, both LS and LMMSE channel estimation methods have
higher channel reconstruction errors than the sparse reconstruction methods. Also, the proposed algorithms DlDC-GPSR and SlDC-GPSR-BB have
higher accuracy than the other sparse reconstruction algorithms. The average runtimes required for reconstructing a channel sample are summarized
in Table 3.2 for different sparse reconstruction algorithms.
For sparse channel reconstructions, increasing the pilot length can improve reconstruction accuracy. However, longer pilot length will also increase
57

3.5. Numerical Results
Table 3.2: Average Runtimes Per Channel Sample Reconstruction
SlDCGPSR-BB

DlDCGPSR

SNR = 40 dB
SNR = 30 dB
SNR = 18 dB

0.03s
0.07s
0.16s

0.67s
1.61s
2.39s

Achievable Spectral Efficiency (b/s/Hz)

Algorithm

`1 regularized
GPSR
0.12s
0.19s
0.26s

ISTA

OMP

0.61s
0.86s
1.89s

0.16s
0.21s
0.31s

6
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Figure 3.6: Achievable spectral efficiency R/B versus training pilot length
at SNR = 25 dB
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Figure 3.7: Achievable spectral efficiency R/B versus training pilot length
at SNR = 40 dB
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the training overhead and subsequently degrade the spectral efficiency. In
other words, there exists a tradeoff between the training pilot overhead and
spectral efficiency. To illustrate this tradeoff for different sparse reconstruction algorithms, we plot the achievable spectral efficiency versus training
pilot length M for SNR = 25 dB and SNR = 40 dB in Fig. 3.6 and Fig. 3.7,
where the length of a channel coherence block is set as Nc = 600 symbols, and the training pilot length is set as M ∈ {32, 64, ..., 256}. We can
observe that the achievable spectral efficiencies increase when the training

pilot length M increases, and then decrease after reaching the peak values. When M has a small value, the channel estimation error can be decreased by increasing the number of training symbols, such that the efficient
SNR, i.e., SNReff , increases and dominates the achievable spectral efficiency.
However, when M is sufficiently large, a further increase of M will give a
diminishing benefit while the data communication ratio (1 − α) decreases
linearly. Fig. 3.6 and Fig. 3.7 show that the proposed DlDC-GPSR and

SlDC-GPSR-BB algorithms can attain higher achievable spectral efficiencies than the `1 -regularized GPSR, ISTA and OMP sparse reconstruction
algorithms.
We now compare the performance of the proposed algorithms with the
state-of-the-art beamspace channel estimation methods including the SD
and SCAMPI algorithms. For fair comparisons, we selected a 16 × 16 lens

antenna array size for SCAMPI, and chose Nt = 256 for the ULA antenna

number for both the SD and the proposed algorithms. The training pilot
length is set as M = 96. To allow the proposed algorithms to be contrasted
fairly with the SD and SCAMPI algorithms, we constructed the same type
of measurement matrix used in [89] and [90]. The measurement matrix is a
Rademacher matrix, which contains entries drawn from {+1, −1} with equal
probabilities. Fig. 3.8 shows the results of channel reconstruction NMSE

versus SNR. At high SNR, the SD and SCAMPI algorithms appear to reach
an error floor of approximately 10−2 , while the proposed SlDC-GPSR-BB
and DlDC-GPSR algorithms achieve lower reconstruction errors. Fig. 3.9
compares the achievable spectral efficiencies by different channel estimation schemes. The proposed SlDC-GPSR-BB and DlDC-GPSR algorithms
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Figure 3.8: NMSE comparison for the training pilot length M = 96. The
SCAMPI algorithm under uniform distribution is configured to have a
16 × 16 lens antenna array. The SD algorithm and the proposed
SlDC-GPSR-BB and DlDC-GPSR algorithms are configured to have a
ULA with 256 antennas.
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Figure 3.9: Comparison of the achievable spectral efficiency R/B for the
training pilot length M = 96. The SCAMPI algorithm under uniform
distribution is configured to have a 16 × 16 lens antenna array. The SD
algorithm and the proposed SlDC-GPSR-BB and DlDC-GPSR algorithms
are configured to have a ULA with 256 antennas.
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achieve higher spectral efficiency than the SD and SCAMPI algorithms.

3.6

Summary

We proposed three DC programming gradient projection sparse reconstruction algorithms for massive MIMO beamspace channel estimation, and
they are DlDC-GPSR, SlDC-GPSR-Basic and SlDC-GPSR-BB. We designed
these algorithms by solving an LS problem having a nonconvex regularizer. The regularizer is simply the difference between an `1 -norm and a
top-(K, 1) norm, which was introduced to remove the penalties on the K
largest-magnitude elements of the reconstructing vector. We employed DC
programming and a gradient projection method to solve the nonconvex
sparse reconstruction, and derived different double-loop and single-loop algorithms by different DC decompositions. The double-loop DlDC-GPSR algorithm is simple, accurate, and robust. The SlDC-GPSR-Basic algorithm
has simple single-loop updates, and it shares the same theoretical convergence property as the other DC programming methods. We observed that
the SlDC-GPSR-Basic updates can be perfectly interpreted as simple gradient projection descent updates. Based on this observation, we adopted the
BB step-size strategy and proposed an extension algorithm SlDC-GPSR-BB,
which has a significantly improved convergence rate and can achieve approximately the same level accuracy as the double-loop algorithm DlDC-GPSR.
Several numerical demonstrations were provided to show the proposed algorithms have high accuracy and efficient implementation.
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Chapter 4

Improving Sparse Channel
Reconstruction via
Data-Driven Measurement
Matrices
In Chapter 3, we proposed DC-GPSR algorithms that have improved
sparse reconstruction performance than existing channel estimation. However, the proposed algorithms use common random measurement matrices,
which are widely-used but suboptimal solutions to measurement matrix design. In this chapter, we explore using data-driven measurement matrices
to improve further sparse channel estimation.

4.1

Real-valued Measurement Matrix Design

As described in Section 2.2.3, the sparse channel estimation problem can
be formulated into an SMV problem in (2.31) as shown
"

#
<(ri )
=(ri )

"
=

<(Φ̇) −=(Φ̇)

=(Φ̇)

<(Φ̇)

#"
#
<(hi )
=(hi )

+

"
#
<(wi )
=(wi )

(4.1)

where i for 1 ≤ i ≤ Nr ; <(·) and =(·) denote the real part and imaginary part

of a complex matrix or a vector. Now, we adopt the design criterion to force
the measurement matrix to take real values Φ ∈ RM ×Nt , i.e., =(Φ̇) = 0,
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Φ = <(Φ̇). Thus, eq. (4.1) can be expressed as
#
"
<(r)
=(r)

=

#
#"
<(h)

"
Φ

0

0

Φ

=(h)

"
+

#
<(w)
=(w)

(4.2)

where the subscript i is omitted. Eq. (4.2) can be equivalently expressed by
<(r) = Φ · <(h) + <(w)
=(r) = Φ · =(h) + =(w).

(4.3)

When adopting real-valued measurement matrices by forcing the imaginary
part of Φ to be zeros, the computational complexity reduces to a half of
the original complex-valued matrix-vector multiplication. Moreover, the reconstruction performance of the real-valued matrices, such as the Gaussian
matrix or Bernoulli matrix, were tested and found to be similar to the reconstruction performance of the complex-valued random Fourier matrix. We
conclude that the real-valued random matrix design can reduce the computational complexity without degrading the reconstruction performance.
We consider two application scenarios to apply the real-valued measurement matrix Φ to downlink CSI acquisitions in FDD massive MIMO systems. The first application is to design downlink pilots. Based on (2.27), the
pilot matrix P and the measurement matrix Φ can be related by P = Ut ΦT ,
where the matrix Ut is a DFT matrix. Thus, designing a complex-valued
pilot matrix

17

P can be equivalently realized by designing a real-valued

measurement matrix Φ. A practical pilot matrix design needs to consider
a power constraint, and ideally each column of P is expected to have unit
`2 -norm to satisfy the power constraint on the pilot sequences transmitted
by each BS antenna. This power constraint on the pilot matrix can be
equivalently accomplished by normalizing the columns of the measurement
matrix Φ. The second application of the measurement matrix Φ is CSI feedback reduction. If ideal CSI is already known at the UE via perfect channel
estimations, then the UE can linearly compress the beamspace channel H
17
Note that the pilot matrix P is complex valued because Ut is a complex-valued unitary
matrix.
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by simply multiplexing the measurement matrix Φ. Instead of transmitting
the high-dimensional beamspace channel H, the UE sends the compressed
measurements Y = ΦH back to the BS. At the end of the process, the
beamspace channels can be reconstructed at the BS. This process of compressed CSI feedback reduces the CSI feedback overhead significantly.

4.2

Learning Measurement Matrices

For the application of either pilot design or CSI feedback compression,
it is essential to design a suitable measurement matrix Φ to reconstruct
the sparse beamspace channels accurately, since the choice of measurement
matrix Φ highly influences reconstruction performance. Random matrices
are widely adopted in existing sparse channel reconstruction schemes, but
they are suboptimal. We will provide improved data-driven measurement
matrices acquired via training our proposed model-based autoencoders. In
particular, we propose a model-based framework of deep unfolding basis
pursuit autoencoders (BP -AE), which are designed by unfolding the linear
compression and the iterations of basis pursuit sparse reconstructions. Following this framework, we propose two basic autoencoder models to acquire
data-driven measurement matrices. Moreover, we propose two extension
models to acquire measurement matrices having double columns, which further improves sparse reconstruction performance.

4.2.1

Framework of Deep Unfolding BP-AE

For a beamspace channel dataset {X} containing n beamspace channel

samples, we represent this dataset by

{[H1 , H2 , ..., Hn ]} = {[<(hb,1 ), =(hb,1 ), <(hb,2 ), =(hb,2 ), ..., <(hb,n ), =(hb,n )]}.
(4.4)

Without loss of generalization, we refer to the vector x ∈

RN

as an arbitrary

column in the dataset {X}, and thus the vector x represents either <(hb,i )

or =(hb,i ) for 1 ≤ i ≤ n. Then, we express the sparse channel reconstruction
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Figure 4.1: Framework of deep unfolding BP -AE
problem in a general form by the underdetermined equation
y = Φx + n

(4.5)

where y ∈ RM is the measurement vector, x ∈ RN is a sparse vector, n ∈ RM

is the noise vector. We will design an autoencoder that can learn the latent
representation (code) y for input data x, and can subsequently output the
reconstruction x̂ such that x̂ ≈ x. An autoencoder consists of two main

parts: an encoder that maps the input into the code, i.e., y = g(x), and
a decoder that maps the code to the reconstruction of the original input,
i.e., x̂ = f (y). Here, functions g(·) and f (·) represent the overall nonlinear

transformations of the encoder and the decoder respectively. Based on an
observation that the compressive sensing and recovery process can be regarded as a realization of a feedforward computation of an autoencoder, we
propose an autoencoder framework called deep unfolding BP -AE, which
mimics the process of linear compression and basis pursuit sparse reconstruction. As shown in Fig. 4.1, the deep unfolding BP -AE consists of a
linear encoder and a nonlinear decoder, which are represented by
g{Φ} (x) := Φx
f{Φ} (y) := argmin kxk1

s.t. y = Φx

(4.6)
(4.7)

x
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where k·k1 represents the `1 -norm, which is defined as the sum of abso-

lute values of all elements in a vector. The encoder g{Φ} (x) in (4.6) per-

forms a linear dimension reduction; the decoder f{Φ} (y) in (4.7) solves an

`1 -minimization sparse reconstruction, which is also known as the basis pursuit in signal processing. We choose to unfold the basis pursuit algorithm
because the linear constraint in (4.7) can strictly force the measurement matrix to perform a proper dimensionality-reduction mapping and retain more
useful information of the sparse vectors. Another important observation is
that we can treat the measurement matrix as the weights used within the
deep unfolding BP -AE. Therefore, we can parameterize the autoencoder
with a trainable measurement matrix Φ as the tied weights of both the encoder and the decoder, so that the measurement matrix can be optimized
during model training with given dataset by backpropagation algorithms.
The loss function of the deep unfolding BP -AE is defined as the MSE between input samples and output reconstructed vectors,
n

1X
L(x, x̂) =
kxi − x̂i k22
n

(4.8)

i=1

where n is the number of training samples in dataset {X}; xi represents
the ith input sample; x̂i represents the ith reconstructed vector. From

the viewpoint of feedforward computation, the autoencoder performs a linear dimension reduction jointly with a basis pursuit sparse reconstruction,
thus it can be interpreted as a compressive sensing and reconstruction process. From the viewpoint of backward propagation, the autoencoder back
propagates and minimizes the reconstruction error in (4.8) by optimizing
the measurement matrix, thus it can be interpreted as a stochastic optimizer for the measurement matrix. The optimizer can adopt any standard
backpropagation algorithm in deep learning such as the stochastic gradient
descent (SGD) algorithm [91]. After training, we can extract the weights
Φ ∈ RM ×N from the trained autoencoder and save it as the acquired datadriven measurement matrix.
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Figure 4.2: Diagram showing the structure of deep BP -AE

4.2.2

Specific Structures of Deep Unfolding BP-AE

The overall network structure of deep unfolding BP -AE is shown in
Fig. 4.2. The encoder is simply a linear fully-connected layer without an
activation function as shown in (4.6). The measurements y are the input
of the decoder

18 .

The first-layer decoder is set as x(0) = ΦT y. For the

decoder layers from x(1) to x(L) , the network is designed by stacking the
unfolding
by

x(t+1)

19

iterations of sparse reconstruction, which can be represented

= fΦ (x(t) , y) for 0 ≤ t ≤ L − 1. We derive an iterative solution

by solving the basis pursuit sparse reconstruction, then we can specify the
decoder structures by unfolding the derived iterations.

To solve the basis pursuit sparse reconstruction problem in (4.7), we
adopt the projected subgradient descent method [78], and the update is
18

We suggest to use noiseless measurements in the proposed autoencoders. We observed
that the reconstruction performance negligibly changed after adding an additive Gaussian
noise layer to the encoder, but the training time increased significantly.
19
The method of using an iterative solution to construct a deep neural network is called
deep unfolding [64]; this method regards each step of iterations as a single layer of a neural
network and is used to transform a traditional iterative algorithm into a stack layers
for a neural network. Unlike traditional iterative algorithms having predefined stopping
conditions and manually-tuned parameters, the unfolding neural networks have a fixed
number of iterative layers and the trainable parameters are learned from the training
data.

67

4.2. Learning Measurement Matrices
given by

x(t+1) = Proj x(t) − αt · sign(x(t) )

(4.9)

where t > 0 indicates the tth update, αt is the step size, sign(·) represents
the sign function that is the subgradient of the `1 -norm term k·k1 and Proj(·)
represents the projection operation onto the convex set {x0 : Φx0 = y}. The

projection of a vector z onto the set {x0 : Φx0 = y} has the following
closed-form solution

Proj(z) = z + Φ† (y − Φz)

(4.10)

where Φ† = ΦT (ΦΦT )−1 is the Moore-Penrose pseudo-inverse of Φ. From
(4.9) and (4.10), we substitute the vector z = x(t) − αt · sign(x(t) ) into the

projection operation (4.10) and obtain the tth-step update as

x(t+1) = x(t) + Φ† (y − Φx(t) ) − αt (I − Φ† Φ) · sign(x(t) ).

(4.11)

Eq. (4.11) is an iterative solution of the basis pursuit sparse reconstruction
in (4.7). The step size parameter can be set as αt = α/t according to the
diminishing step size rule [78]. Given a proper starting point x(1) and a stopping condition, the update (4.11) can be used to obtain the reconstruction
x̂. To reduce the intensive computations required to calculate the pseudoinverse Φ† , we will simplify the pseudo-inverse computation by replacing Φ†
with the transpose ΦT . Thus, the decoder update x(t+1) = fΦ (x(t) , y) for
1 ≤ t ≤ L − 1 can be represented by
x(t+1) = x(t) + ΦT y − ΦT Φx(t) − (α/t)(I − ΦT Φ) · sign(x(t) ).

(4.12)

We design the decoder structure x(t+1) = fΦ (x(t) , y) for 0 ≤ t ≤ L − 1 by
unfolding the iterations of (4.12). By specifying the measurements y used

in each step of updates in different ways, we construct two explicit decoder
structures named the BP -sAE decoder and the BP -gAE decoder, which
are explained below.
BP -sAE decoder: We specify y as the measurements only in current
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Figure 4.3: Computation graph of a BP -sAE decoder; the module BN
represents batch normalization

Figure 4.4: Computation graph of a BP -gAE decoder; the module BN
represents batch normalization
layer, i.e., y = Φx(t) . By substituting y = Φx(t) into the decoder update
(4.12), we obtain a simplified update
x(t+1) = x(t) − (α/t)(I − ΦT Φ) · sign(x(t) ).

(4.13)

Eq. (4.13) is the tth-layer computation for the BP -sAE decoder, and its
computation graph

20

is shown in Fig. 4.3.

BP -gAE decoder: We specify y as the measurements obtained in previous layer, i.e., y = Φx(t−1) . By substituting y = Φx(t−1) in the decoder
update (4.12), we obtain
x(t+1) = x(t) + ΦT Φx(t−1) − ΦT Φx(t) − (α/t)(I − ΦT Φ) · sign(x(t) ).
(4.14)
Eq. (4.14) is the tth-layer computation for the BP -gAE decoder, and its
computation graph is shown in Fig. 4.4. The advantage of the BP -gAE
decoder is that we introduce a shortcut from the previous output x(t−1)
by treating the measurements y as Φx(t−1) . We refer to this as pseudo
20
In deep learning, the computation graph is used to represent a math function in the
language of graph theory for visualizing the computation flow.
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Figure 4.5: Diagram that shows the BP -sAEcat extension model; the
module BN represents batch normalization and ReLU stands for a rectified
linear unit
residual learning and it can improve the autoencoder performance since the
introduced special unit ΦT Φx(t−1) − ΦT Φx(t) can be understood as a special

residual learning unit [92].

In the deep unfolding BP -AE structure shown in Fig. 4.2, we can specify
the decoder computations from x(1) to x(L) by repeating the computations of
the BP -sAE decoder ((4.13) or Fig. 4.3) and the BP -gAE decoder ((4.14)
or Fig. 4.4) for L times, thus we can construct two autoencoder models called
BP -sAE and BP -gAE. The output layer of the autoencoder is represented
by x̂ = x(L) . The loss function is the MSE between input data {X} and
output reconstructions {X̂}, as shown in (4.8). The trainable variables are

{Φ, α}, where Φ is configured to be the tied weights of autoencoder and
it is also the measurement matrix that we aim to optimize by training the
autoencoder.

4.2.3

Extension Models for Learning the Measurement
Matrices Having Double Columns

In the previous subsections, we have proposed the BP -sAE and BP -gAE
autoencoders to acquire data-driven measurement matrices having the size

70

4.2. Learning Measurement Matrices

Figure 4.6: Diagram that shows the BP -gAEcat extension model; the
module BN represents batch normalization and ReLU stands for a rectified
linear unit
of M × N , where M is the compressed dimension and N is the dimension of
sparse vectors. To further improve the measurement matrix performance,
we introduce an artificial feature, i.e., non-negativity, to the dataset and
propose two extension models which are referred to as the BP -sAEcat and
BP -gAEcat. Distinct from the BP -sAE and BP -gAE, the BP -sAEcat
and BP -gAEcat produce measurement matrices having the size of M × 2N .
We perform variable splitting at the input of encoder. The channel vector

x is represented by the difference between its positive part and negative part,
i.e., x = u − v, where

u = x+ ,

v = (−x)+ ,

(4.15)

where x+ denotes retaining the positive components of vector x and setting
the other elements as zeros, i.e., (x+ )i = max{xi , 0} for i = 1, · · · , N ; (−x)+

denotes retaining the positive components of the vector −x and setting the

other elements be zeros, i.e., ((−x)+ )i = max{−xi , 0} for i = 1, · · · , N .

Thus, the problem (4.7) can be rewritten as
min k(u − v)k1
u,v

s.t.

(4.16)

Φ(u − v) = y, u ≥ 0, v ≥ 0.
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We use the double-sized channel vector x̃ to denote the concatenation of u
and v, i.e., x̃ = [uT , vT ]T , and rewrite the problem (4.16) as
min kx̃k1
x̃

s.t.

[Φ, −Φ]x̃ = y, x̃ ≥ 0.

(4.17)

We use the double-column sized matrix Φ̃ ∈ RM ×2N to replace the matrix

[Φ, −Φ], where Φ ∈ RM ×N , and the problem (4.17) can be simplified to be
min kx̃k1
x̃

s.t. Φ̃x̃ = ỹ, x̃ ≥ 0.

(4.18)

Eq. (4.18) and Eq. (4.7) express the same sparse reconstruction problem,
but they have different formulations. First, the variables x̃ and Φ̃ in problem
(4.18) are double-sized when compared with the variables x and Φ in problem (4.7). Second, we impose an auxiliary nonnegativity constraint x̃ ≥ 0
on problem (4.18).

We apply the autoencoders BP -sAE and BP -gAE to the intermediate
variables x̃. At the output layer, we first apply the ReLU
function to

x̃(L)

21

activation

and obtain


x̃(L+1) = ReLU x̃(L) .

(4.19)

Then, we treat the first half of x̃(L+1) as the reconstruction of the positive
part of x, which can be expressed as û = x̂+ . Next, we treat the second
half of x̃(L+1) as the reconstruction of the negative part of x, which can be
expressed as v̂ = (−x̂)+ . Thus, we obtain the final reconstruction as
x̂ = û − v̂

(4.20)

where û is the first-half slice of vector x̃(L+1) , and v̂ is the second-half
slice of vector x̃(L+1) . Fig. 4.5 and Fig. 4.6 display the structures of the
BP -sAEcat and BP -gAEcat extension autoencoder models respectively.
Compared with the data-driven measurement matrix Φ ∈ RM ×N acquired
21

ReLU is a type of activation function defined as ReLU(x) = max(0, x) when x is a
scalar. When the input is a vector, ReLU(·) is applied in an element-wise manner.
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Figure 4.7: Diagram of the performed experiment
by BP -sAE and BP -gAE, the data-driven measurement matrix Φ̃ ∈ RM ×2N
acquired by the extension models BP -sAEcat and BP -gAEcat have double-

sized columns. To use the measurement matrix Φ̃ for sparse reconstructions,
we only need to perform variable splitting and concatenation at the input
as shown in (4.15), and perform slicing and subtraction at the output as
shown in (4.20).

4.3

Numerical Results

We have proposed four deep unfolding BP -AE autoencoder models to
acquire data-driven measurement matrices. In this section, we will evaluate
the reconstruction performance of the acquired data-driven measurement
matrices and compare the results with several common random matrices.
To this end, we adopt three sparse reconstruction algorithms including linear programming recovery [93], GPSR [50], and the recently proposed DCGPSR [94] to solve sparse reconstructions. We also design a toy experiment
presented in the Appendix C to show visually that the learned measurement
matrix can adapt with the structural feature of the given dataset.
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4.3.1

Experiment Setup and Autoencoder Training

The performed experiment

22

contains three phases including dataset

generation, model training and performance evaluation. A diagram of the
performed experiment is shown in Fig. 4.7. In the phase of dataset generation, we randomly generate 50, 000 spatial-domain channel realizations
according to the channel model in (2.10). We consider a massive MIMO
system having 256 antennas at the BS and a single antenna at each of the
UEs. We generate spatial channels for each user and obtain a dataset containing spatial-domain channel vectors. For each channel, three scattering
clusters were selected, including one line-of-sight path and two non-lineof-sight path. The Ricean K-factor of the scattering clusters is set to be
13.2 dB [95]. The AoDs of scattering clusters follow a uniform distribution
between [−π/2, π/2], and the complex path gains follow zero-mean Gaussian distribution. The spatial-domain channel vectors are transformed into
sparse beamspace channel vectors with the sparsity level Ns = 16 since it
was observed that the 16 largest-magnitude channel components are sufficient to occupy most of the channel energy. We stack the real part and
imaginary part of each beamspace channel vector column-wise, and obtain
a dataset {X} consisting of 100, 000 real-form sparse vectors, which are

{X} = {[H1 , ..., H50000 ]} = {[<(hb,1 ), =(hb,1 ), ..., <(hb,50000 ), =(hb,50000 )]}.
We normalize each beamspace channel vector such that the performance is

independent of the path loss, i.e., kHi kF = khb,i k2 = 1 for i ∈ {1, ..., 50000}.

For simplicity, we will use the column vector x ∈ R256 to represent an arbitrary sample in the dataset {X}. We split the samples of the dataset into

training, validation and testing datasets by the ratio of 0.96/0.02/0.02. The

training and validation datasets are used to train autoencoder models, and
the testing dataset will be used for performance evaluations.
In the model training phase, we train the proposed autoencoder models.
The depth of decoder is set to be 15 layers, i.e., L = 15. The measurement
matrix is initialized with a truncated normal distribution that has a standard
22

Our experiment was performed on a desktop computer equipped with a 3.2 GHz Intel
Core i7-8700 CPU with 8GB of physical memory.
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√
deviation of σ = 1/ 256. The trainable step size parameter α is initialized
to be α = 1.0, and its value is optimized during training. The SGD is used
as the optimizer to train the autoencoders. The training parameters are set
as follows: learning rate is 0.01, batch size is 128 and the maximum number
of training epochs

23

is set as 1, 000. Reconstruction errors were checked for

every 5 epochs over the validation dataset. The tolerance of the training
epochs is set to 5 to allow the early stopping of the training process if validation errors cannot be reduced within 5 epochs. The training processes are
repeated over different compressed dimensions between 24 ≤ M ≤ 72. After
training concludes, we extract the weights as the data-driven measurement

matrices Φsae , Φgae , Φsaec and Φgaec from the trained autoencoder models
BP -sAE, BP -gAE, BP -sAEcat and BP -gAEcat, respectively.
In the performance evaluation phase, we evaluate the reconstruction performance by applying the learned data-driven measurement matrices to classical sparse reconstruction algorithms, and the results will be presented in
the following sections. The trained autoencoders can be used to perform
reconstructions directly and therefore are used to perform sparse channel
reconstructions over the testing dataset. The testing NMSE

24

of the pro-

posed autoencoder models for different compressed dimensions M are shown
in Table 4.1. We can observe that the test errors decrease when the compressed dimension M increases. The BP -gAE has lower test errors among
the four types of autoencoders. This result confirms that the proposed residual learning module for BP -gAE, i.e., the term ΦT Φx(t−1) in (4.14), can
improve data fitting compared with the BP -sAE model. The BP -gAE has
a test error below 0.01 for M ≥ 64; therefore, it is valid to perform sparse

reconstructions using the trained autoencoder BP -gAE when the measurements are sufficient. However, it should be noted that the BP -AE models
are designed to acquire data-driven measurement matrices, instead of to be
used for sparse reconstructions. Therefore, we propose to apply the learned
measurement matrices to the classical sparse reconstruction algorithms such
23

An epoch refers to a full passof the training algorithm
over the entire training dataset.

The NMSE is defined as E kx − x̂k22 /kxk22 , where x is a sample from the testing
dataset.
24
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Table 4.1: Reconstruction NMSE Over Testing Dataset of the Proposed
Autoencoder Models
NMSE

Model

M
24
32
40
48
56
64
72

BP -sAE

BP -gAE

BP -sAEcat

BP -gAEcat

0.201
0.143
0.104
0.084
0.057
0.057
0.041

0.147
0.064
0.030
0.020
0.012
0.009
0.008

0.047
0.037
0.038
0.027
0.027
0.024
0.022

0.047
0.039
0.034
0.031
0.024
0.022
0.022

that improved reconstructions can be achieved than using random matrices.
The performance of the corresponding reconstructions are displayed and
discussed in the following sections.

4.3.2

Reconstructions by Linear Programming Recovery

In this section, we will evaluate reconstruction performance by linear
programming recovery using various measurement matrices over the testing
dataset. We denote Φsae ∈ RM ×256 , Φgae ∈ RM ×256 , Φsaec ∈ RM ×512 and
Φgaec ∈ RM ×512 as the learned data-driven matrices by BP -sAE, BP -gAE,

BP -sAEcat and BP -gAEcat respectively. We choose four types of random
matrices for comparisons including the random Gaussian matrix, the random
Bernoulli matrix
matrix

26 .

25 ,

the partial Fourier matrix, and the random selection

For the learned matrices Φsae , Φgae and the random Gaussian

matrix G ∈ RM ×256 , the random Bernoulli matrix B ∈ RM ×256 , the random
selection matrix S ∈ RM ×256 and the partial Fourier matrix F ∈ RM ×256 , we

use the linear programming method to solve the sparse reconstruction problem in (4.7). For the learned matrices Φsaec , Φgaec and the random Gaussian
matrix Gc ∈ RM ×512 , random Bernoulli matrix Bc ∈ RM ×512 , random se-

lection matrix Sc ∈ RM ×512 and the partial Fourier matrix Fc ∈ RM ×512 , we
25
26

For a random Bernoulli matrix, entries are −1 or 1 with equal probability.
For a random selection matrix, entries are 0 or 1 with equal probability.
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Table 4.2: Reconstruction NMSE by Linear Programming Recovery with
Different Compressed Dimensions M for Various Measurement Matrices
NMSE M
Matrix
Φsae
Φgae
G
B
F
S
Φsaec
Φgaec
Gc
Bc
Fc
Sc

32

40

48

56

64

72

0.01
0.01
0.1
0.1
0.1
0.1

0.006
0.003
0.07
0.06
0.06
0.06

0.003
0.001
0.04
0.04
0.02
0.04

0.0006
0.0005
0.02
0.02
0.07
0.02

0.0005
7 · 10−6
0.006
0.005
0.07
0.005

9 · 10−5
2 · 10−6
0.0006
0.0005
0.02
0.0004

0.06
0.004
0.1
0.1
0.1
0.2

0.03

0.004
5 · 10−5
0.04
0.04
0.05
0.05

0.001
5 · 10−30
0.02
0.02
0.06
0.02

3 · 10−15
5 · 10−30
0.006
0.004
1 · 10−6
0.006

3 · 10−15
6 · 10−30
0.0009
0.0005

0.0006
0.07
0.07
0.07
0.09

0.02
0.0007

use linear programming with an auxiliary nonnegativity constraint to solve
the sparse reconstruction problem in (4.18).
Table 4.2 shows the reconstruction NMSE for different matrices with
different compressed dimensions M . The NMSE generally decreases when
the compressed dimension M increases for all matrices. The learned datadriven matrices Φsae , Φgae , Φsaec and Φgaec significantly outperform the
random matrices for all compressed dimensions of M in terms of reconstruction NMSE. The learned matrix Φgae has lower reconstruction NMSE
than the learned matrix Φsae ; the learned matrices Φsaec and Φgaec have
lower reconstruction errors than the learned matrices Φsae and Φgae . The
learned matrix Φgaec can reconstruct accurately with an NMSE on the order of 10−30 when the compressed dimensions are M = 48, M = 56 and
M = 72. Table 4.3 shows the accurate reconstruction percentages, which
refers to the ratio of the number of accurate reconstructed samples over
the total number of samples in the testing dataset. We consider that a
sample is accurately reconstructed when the normalized squared `2 -error
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Table 4.3: Accurate Reconstruction Percentages by Linear Programming
Recovery with Different Compressed Dimensions M for Various
Measurement Matrices
Percentage (%)
Matrix
Φsae
Φgae
G
B
F
S
Φsaec
Φgaec
Gc
Bc
Fc
Sc

M

24

32

40

48

56

64

72

11.2
11.9
0
0
0.1
0
16.9
21.9
0
0
0
0

44.2
53.8
0
0
0.1
0
61.9
60.1
0
0
0
0

76.6
78.5
0.1
0
0.1
0.1
87.3
90.7
0
0
1
0

89
92.5
1.6
3.3
16.7
4.6
98.9
98.1
1.8
1.9
0.7
1.6

97.4
98
32.1
32.8
0.3
24.4
99.9
100
21.8
32.5
0.1
22.5

99.3
99.8
61.9
70
0.0
74.7
100
100
68.4
77.7
99.8
67.5

99.6
99.9
95.7
95.2
8.5
98.1
100
100
92.4
96
31.8
95.7

of its reconstruction is no more than 10−8 , i.e., kx − x̂k22 ≤ 10−8 . In the

small compressed dimension range, such as for 24 ≤ M ≤ 40, the random
matrices cannot reconstruct accurately and show almost no accurate reconstructions, while the data-driven measurement matrices have significantly
higher accurate reconstruction percentages. For example, the learned matrices Φgae , Φsaec and Φgaec can achieve over 50% accurate recoveries for
compressed dimension M = 32, whereas the random matrices have the percentages which are almost all zeros. When M = 40 the data-driven matrix
Φgaec achieves over 90% accurate reconstructions, while the percentages for
random matrices are all below 1%. From Table 4.2 and Table 4.3, we can
infer that the learned matrices can achieve more accurate reconstructions
using fewer measurements. At the same level of reconstruction accuracy,
the learned data-driven matrices can reduce the requiring measurements by
approximately 2Ns , where Ns = 16 represents the sparsity level. For example, in Table 4.2, random matrices can achieve an NMSE on the order of
10−3 when M = 64, while the learned matrix Φgaec can achieve the same
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Figure 4.8: Effective achievable rates versus compressed dimension M for
different measurement matrices
accuracy at M = 32. In Table 4.3, the learned matrix Φgaec can achieve a
reconstruction percentage over 90% at the compressed dimension M = 40,
while the required least number of measurements is M = 64 for the random
matrix Fc and is M = 72 for the other types of random matrices.
A larger compressed dimension M will lead to higher reconstruction accuracy, but a lower spectrum efficiency. To analyze the tradeoff between
compressed dimension M and recovery accuracy, we define the effective
achievable rate as Re = R0 (1 − M/Nc )Pr [37], where R0 is the average
achievable rate for a user when perfect CSI is available and it is calculated

to be R0 = 10 bps/Hz, M/Nc is the pilot occupation ratio in a transmission block, Nc is the block length that is set as 100 symbols, and Pr is the
probability of successful recoveries. The effective achievable rates for various measurement matrices are shown in Fig. 4.8 and Fig. 4.9. The learned
data-driven matrices significantly outperform random matrices in terms of
effective achievable rates. In particular, the learned matrices Φsae and Φgae
have higher effective achievable rates than random matrices G, B, F and S,
and the learned matrices Φsaec and Φgaec have higher effective achievable
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Figure 4.9: Effective achievable rates versus compressed dimension M for
different measurement matrices
rates than random matrices Gc , Bc , Fc and Sc . However, it should be noted
that the learned matrices Φsaec and Φgaec have higher effective achievable
rates than the learned matrices Φsae and Φgae . Moreover, the maximum
effective achievable rates occur at smaller compressed dimensions M for the
learned matrices when compared with random matrices.

4.3.3

Reconstructions Using the DC-GPSR Algorithm

The DC-GPSR algorithm [94] was used to perform reconstructions with
different measurement matrices after choosing a sample of a beamspace
channel. In Fig. 4.10, we plot the magnitudes of the original channel and reconstructed channels using the learned matrices Φsae ∈ R32×256 and Φgae ∈

R32×256 , the random Gaussian matrix G ∈ R32×256 and random Bernoulli
matrix B ∈ R32×256 . The normalized squared `2 -error is on the order of

10−2 for the random Bernoulli and Gaussian matrices, while the errors are
on the order of 10−3 for the learned matrix Φsae and are on the order
of 10−6 for the learned matrix Φgae . In Fig. 4.11, we show the magnitudes of the original channel and reconstructed channels using the learned
80
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Figure 4.10: Sparse channel reconstruction illustrations produced using the
DC-GPSR algorithm with measurement matrices of the size 32 × 256
matrices Φsaec ∈ R48×512 , Φgaec ∈ R48×512 , the random Gaussian matrix

G ∈ R48×512 and random Bernoulli matrix B ∈ R48×512 . The normal-

ized squared `2 -errors are on the orders of 10−1 and 10−2 respectively for
the random Bernoulli and Gaussian matrices, whereas the reconstructions
are much more accurate using the learned matrices Φgaec and Φsaec , which
achieve normalized squared `2 -errors on the order of 10−32 and 10−33 .
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Figure 4.11: Sparse channel reconstruction illustrations produced using the
DC-GPSR algorithm with measurement matrices of the size 48 × 512

4.3.4

Reconstructions Using the GPSR Algorithm

The GPSR algorithm was adopted to perform reconstructions in noisy
scenarios using 1, 000 channel samples. The results of NMSE versus SNR
are plotted in Fig. 4.12 - Fig. 4.15 for the compressed dimensions M ∈
{32, 40, 56, 72}. The GPSR algorithm was proposed to solve the `1 -norm
constrained LS optimization for sparse reconstructions [50]. By comparing

the four plots in Fig. 4.12 - Fig. 4.15, the NMSE is generally more accurate
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Figure 4.12: Reconstruction NMSE versus SNR produced using the GPSR
algorithm at compressed dimensions M = 32 for the learned matrices
Φsae ∈ RM ×256 , Φgae ∈ RM ×256 , Φsaec ∈ RM ×512 , Φgaec ∈ RM ×512 and
random matrices G ∈ RM ×256 , B ∈ RM ×256 , Gc ∈ RM ×512 , Bc ∈ RM ×512
at a larger compressed dimension for both the learned matrices and the
random matrices. For all of the compressed dimensions, the learned matrices
show lower reconstruction errors than the random matrices. As shown in
Fig. 4.12 and Fig. 4.13, at small compressed dimensions such as M = 32
and M = 40, the learned matrices show distinct reconstructions errors, and
the learned matrix Φgae shows the best reconstruction accuracy. As shown
in Fig. 4.14 and Fig. 4.15, at large compressed dimensions such as M = 56
and M = 72, the learned matrices show similar reconstruction accuracy,
and their NMSE plots coincide together. The random matrices can achieve
lower reconstruction errors at larger compressed dimensions; but even at
M = 72, the random matrices have less accurate reconstructions than the
learned data-driven matrices.
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Figure 4.13: Reconstruction NMSE versus SNR produced using the GPSR
algorithm at compressed dimensions M = 40 for the learned matrices
Φsae ∈ RM ×256 , Φgae ∈ RM ×256 , Φsaec ∈ RM ×512 , Φgaec ∈ RM ×512 and
random matrices G ∈ RM ×256 , B ∈ RM ×256 , Gc ∈ RM ×512 , Bc ∈ RM ×512

4.3.5

Complexity-Accuracy Tradeoffs of the Learned
Matrices for Practical Applications

We have proposed four autoencoder models to acquire different datadriven matrices. In practical applications, we need to consider the tradeoffs
between the computational complexity and the reconstruction performance
to choose an appropriate data-driven measurement matrix. In terms of reconstruction performance, the matrices Φsaec and Φgaec perform similarly
and they can achieve better reconstructions than Φsae and Φgae . One plausible reason is that the larger-size matrices Φsaec and Φgaec have more variables to be optimized in the neural network, which means more degrees of
freedom. Another reason is that the introduced nonnegativity constraint
x̃ ≥ 0 in (4.18) provides an obvious feature that can be more easily learned

by the neural network, and the corresponding adaptation to this auxiliary
data feature can be automatically adapted to by the measurement matrices
Φsaec and Φgaec . On the other hand, the reconstruction of the matrix Φgae
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Figure 4.14: Reconstruction NMSE versus SNR by GPSR algorithm at
compressed dimensions M = 56 for the learned matrices Φsae ∈ RM ×256 ,
Φgae ∈ RM ×256 , Φsaec ∈ RM ×512 , Φgaec ∈ RM ×512 and random matrices
G ∈ RM ×256 , B ∈ RM ×256 , Gc ∈ RM ×512 , Bc ∈ RM ×512
shows noticeable improvements unlike the matrix Φsae . This result confirms that our proposed residual learning module in BP -gAE can improve
the measurement matrix optimization.
The training complexities for acquiring these four types of data-driven
matrices are Φsae < Φgae < Φsaec < Φgaec . Apart from training complexity, another issue to be considered is the computational complexity in
compressive sensing reconstruction algorithms. For linear programming recovery, the matrices Φsaec and Φgaec are twice as difficult to compute than
the matrices Φsae and Φgae since the optimization problem requires solving
dimensions that are twice as big. However, when we use the GPSR and
DC-GPSR algorithms for reconstructions, the computational complexities
for the four types of learned matrices are the same. We also should consider
the dimension limitations when using the matrices in specific applications.
For example, the downlink pilot matrix design requires the matrix size to be
M × N to match the unknown channel vectors of the dimension N , whereas

the CSI feedback compression can use matrices having sizes of both M × N

85

4.4. Summary

Figure 4.15: Reconstruction NMSE versus SNR by GPSR algorithm at
compressed dimensions M = 72 for the learned matrices Φsae ∈ RM ×256 ,
Φgae ∈ RM ×256 , Φsaec ∈ RM ×512 , Φgaec ∈ RM ×512 and random matrices
G ∈ RM ×256 , B ∈ RM ×256 , Gc ∈ RM ×512 , Bc ∈ RM ×512
and M × 2N , since the UE can transform the known beamspace channel

vectors into h̃b = [(h)Tb,+ , (−h)Tb,+ ]T of the dimension 2N ; then we can use
a measurement matrix of the size M × 2N to compress the channel vec-

tors. Essentially, the matrices Φsaec and Φgaec are suggested to be used in
CSI feedback and the matrices Φsae and Φgae are suitable to be used for
downlink pilot designs.

4.4

Summary

We proposed a data-driven approach to acquire measurement matrices. Specifically, we proposed a generic model-based autoencoder framework called deep unfolding BP -AE that consists of a linear dimensionalreduction encoder and a decoder that stacks the iterations to mimic basis
pursuit sparse reconstructions. Under this framework, we constructed two
model-based autoencoders BP -sAE and BP -gAE as well as two extension
models BP -sAEcat and BP -gAEcat. The proposed autoencoder models
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are parameterized by the measurement matrix so that they can be trained
to optimize the measurement matrices given the sparse beamspace channel
dataset. We provided numerical demonstrations to show that the learned
data-driven measurement matrices can work well with general compressive
sensing reconstruction algorithms, such as the linear programming, GPSR
and DC-GPSR algorithms. The learned data-driven matrices can attain
higher achievable rates for CSI acquisitions than conventional random matrices, because more accurate reconstructions can be accomplished using
fewer measurements. Therefore, the learned data-driven measurement matrices can be applied to design pilots or compress CSI feedback to reduce the
overheads of downlink CSI acquisitions. This work demonstrates a useful
application of deep learning techniques to design massive MIMO systems.
By exploiting the data-driven method to improve the measurement matrix
for traditional compressive sensing and reconstructions, we believe that our
study opens up new perspectives for parameter optimizations of classical
model-based algorithms using deep learning.
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Chapter 5

Joint Pilot Design and
Channel Estimation via Deep
Compressive Sensing
In Chapter 3 and Chapter 4, it was shown that sparse channel reconstructions can be improved by optimizing either the sparse reconstruction
algorithm or the measurement matrix. Using a standard DFT dictionary
for sparse representation, designing a measurement matrix is equivalent to
designing the pilot matrix. However, individual optimization on the reconstruction algorithm or the pilot design does not necessarily lead to optimal
results on channel estimations. In this chapter, we explore the data-driven
method for joint pilot design and sparse reconstructions. We first propose
novel iterative algorithms for sparse reconstruction, then we unfold the proposed iterative algorithms into deep networks to construct model-based autoencoders. The trained autoencoders can be used to acquire the data-driven
measurement matrix and estimate the channels in real-time.

5.1

Trimmed Ridge Regression Algorithms for
Sparse Reconstructions

In this section, we propose to use the trimmed ridge regression for sparse
reconstruction, followed by a derivation of iterative algorithms to solve the
trimmed ridge regression. Different from the common ridge regression, the
trimmed ridge regression has a trimmed `2 -norm regularizer that removes the
penalties on a few large-magnitude elements to achieve sparse solutions. The
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trimmed ridge regression is a non-convex optimization, and we solve it using
DC programming and gradient projection descent. We first derive a singleloop iterative solution via a special DC decomposition. Then, we design
two practical step size strategies and propose two accelerated algorithms
based on the derived iterative solution. Finally, the proposed accelerated
algorithms are unfolded into deep networks to construct autoencoders, which
will be presented in the next section.

5.1.1

Trimmed Ridge Regression for Sparse Reconstruction

As described in Section 4.1, the sparse channel reconstruction problem
reduces to the SMV problems in (4.3). We generally express the SMV problem as
y = Φx + n

(5.1)

where y ∈ RM , Φ ∈ RM ×N , x ∈ RN , n ∈ RM , and M  N . Here,

we use the vector x to denote the real part or the imaginary part of a
beamspace channel vector uniquely, i.e., x = <(h) or x = =(h). The under-

determined linear system (5.1) can be solved using the following constrained
LS optimization
min ky − Φxk22
x

(5.2)

s.t. kxk0 ≤ K.
The `0 -norm constraint kxk0 ≤ K in (5.2) results in an NP-hard optimiza-

tion.

We introduce the top-(K, 2) norm kxk2(K,2) to replace the `0 -norm con-

straint kxk0 ≤ K [96]. The top-(K, 2) norm is the sum of squares of the K
elements that have largest magnitudes for the vector x, i.e.,
kxk2(K,2) := x2(1) + x2(2) + · · · + x2(K)

(5.3)

where x(i) denotes the element whose magnitude is the ith-largest among
the N elements of the vector x, i.e., |x(1) | ≥ |x(2) | ≥ · · · ≥ |x(K) |. By using

the top-(K, 2) norm, we have kxk22 − kxk2(K,2) = 0 ↔ kxk0 ≤ K. Thus, we
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can rewrite the sparse reconstruction optimization in (5.2) as
min ky − Φxk22
x

(5.4)

s.t. kxk22 − kxk2(K,2) = 0.

By using the Lagrange multiplier ρ, the constrained optimization (5.4) can
be transformed into an unconstrained optimization problem
min
x

1
ky − Φxk22 + ρ(kxk22 − kxk2(K,2) ) := F (x).
2

(5.5)

The optimization in (5.5) is referred to as the trimmed ridge regression. The
trimmed ridge regression is similar to a ridge regression, which is min 12 ky −
x

Φxk22 + ρkxk22 , but they have different regularizers. The trimmed ridge
regression benefits from the novel regularizer to achieve sparse and accurate
solutions since it removes the penalties on K largest-magnitude elements of
the reconstructing vector.

5.1.2

Solving Trimmed Ridge Regression Under the DC
Programming Framework

We perform a special DC decomposition and derive a single-loop iterative
solution to the trimmed ridge regression by applying the gradient projection descent under the DC programming framework. The trimmed ridge
regression in (5.5) can be equivalently written as
l
1
l
F (x) = kxk22 − kxk22 + ky − Φxk22 + ρ(kxk22 − kxk2K,2 )
2
2
2

(5.6)

where l ≥ 0 is a Lipschitz constant of the least square objective 12 ky − Axk22 .

Then, we perform the following DC decomposition on the objective function
in (5.6), and obtain
l
min kxk22 + ρkxk22 −
x 2
|
{z
}
f (x)




l
1
2
2
2
kxk2 − ky − Φxk2 + ρkxkK,2
2
2
|
{z
}

(5.7)

g(x)
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where the functions f (x) and g(x) are convex. The convexity of g(x) can
be ensured by confirming the convexity of
shown in Appendix B.

l
2
2 kxk2

− 12 ky − Φxk22 , which is

Next, we split the positive and negative parts of x by letting u =
(x)+ , v = (−x)+ , where u = (x)+ , v = (−x)+ , and where (·)+ is the
positive-taking operation that retains the positive elements and sets the
other elements to be zeros. More precisely, (x)+ represents the operation
of (x)+ = max{0, x} for each element x in vector x; (−x)+ represents the
operation of (−x)+ = max{0, −x} for each element −x in vector −x. By
denoting z = [uT , vT ]T , A = [Φ, −Φ] we can express (5.7) as
l
kzk22 + ρkzk22 −
2
|
{z
}

min
z0

f (z)


1
l
2
2
2
kzk2 − ky − Azk2 + ρkzkK,2 .
2
2
|
{z
}


(5.8)

g(z)

To solve (5.8), we apply the DC programming procedure by computing the
gradient (or subgradient) ∂g(z(t) ) for an arbitrary tth iteration and then
solve the convex subproblem min f (z) − zT ∂g(z(t) ) to obtain z(t+1) . In other
z0

words, we perform the following two steps repeatedly until convergence:
(t)

(a) ∂g(z(t) ) = lz(t) − (y − Az(t) ) + 2ρzK
l
(b) z(t+1) = arg min kzk22 + ρkzk22 − zT ∂g(z(t) )
z0 2
(t)

(5.9)

(t)

where zK is the gradient of top-(K, 2) norm while noting that zK = z(1) +
z(2) + · · · + z(K) , where z(i) denotes the element whose magnitude is the
ith-largest among the elements of the vector x, i.e., z(1) ≥ z(2) ≥ · · · ≥ z(K) .

The step (b) in (5.9) has a closed-form optimal solution that can be

rewritten as
min
z0


l + 2ρ
kzk22 − zT ∂g(z(t) ) .
2

(5.10)

Next, problem (5.10) can be expressed as
min
z0

l + 2ρ
1
kz −
∂g(z(t) )k22 .
2
l + 2ρ

(5.11)
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The objective of (5.11) is to minimize a quadratic function with respect to
the vector z over the set z  0. We can obtain a closed-form optimal solution
to (5.11), which is simply the Euclidean projection of

1
(t)
l+2ρ ∂g(z )

onto the

nonnegative orthant. The optimal solution to (5.11) can be expressed as
follows
∗



z =


1
(t)
∂g(z )
.
l + 2ρ
+

(5.12)

The DC programming steps in (5.9) reduce to
(t)

(a) ∂g(z(t) ) = lz(t) − (y − Az(t) ) + 2ρzK


1
(t)
(t+1)
∂g(z )
.
(b) z
=
l + 2ρ
+

(5.13)

Next, we substitute ∂g(z(t) ) in step (a) into step (b) of (5.13) and obtain
the tth update for z(t) expressed as
z

(t+1)




1  (t)
(t)
=
lz + 2ρz(t) − 2ρz(t) − AT (y − Az(t) ) + 2ρzK
l + 2ρ

1  T
(t) 
A (y − Az(t) ) + 2ρz(t) − 2ρzK + .
= z(t) −
l + 2ρ |
{z
}
∇F (z(t) )


+

(5.14)

Thus, we obtain (5.14) as an iterative solution for solving the optimization
in (5.8), which is an equivalent expression of the trimmed ridge regression
for sparse reconstruction in (5.5). Since (5.14) is derived from the DC programming method, the update in (5.14) shares the same global convergence
property as DC programming.

5.1.3

Practical Algorithms for Trimmed Ridge Regression

When examining (5.14) it should be noted that it is a gradient projection
descent update with a special step size of 1/(l+2ρ), where l = λmax (AT A) is
the maximal eigenvalue of AT A and ρ is the regularization parameter. The
tth-step update of the gradient projection descent iteration can be expressed
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as
z

(t+1)


= z(t) −

1
∇F (z(t) )
l + 2ρ


(5.15)
+

where (·)+ is the projection operation that projects a vector onto the nonnegative orthant

27 ,

and
(t)

∇F (z(t) ) = AT (y − Az(t) ) + 2ρz(t) − 2ρzK .

(5.16)

It should be noted that (5.15) is a valid iterative solution for trimmed ridge
regression. However, in practice, the fixed step size 1/(l + 2ρ) is too small to
converge in a reasonable amount of time. Next, we design two variable step
size strategies and propose two accelerated algorithms for trimmed ridge
regression.
Monotonic BB Step-size Gradient Projection Descent (MoGPD): Using
a monotonic BB step size strategy, the tth-step update can be expressed as


w(t+1) = z(t) − α(t) ∇F (z(t) ) ,
z

(t+1)

(t)

=z

(t)

+ β (w

(t+1)

+
(t)

(5.17)

− z ).

where α(t) > 0 is the step size for the tth update and β (t) ∈ (0, 1] is the

extrapolation parameter that prevents the step size from being too large to
ensure the objective value descends monotonically.
Nesterov’s accelerated gradient projection descent (NaGPD): Using the
Nesterov’s acceleration method, the tth-step update of the accelerated gradient projection iterations can be expressed as


w(t+1) = z(t) − α(t) ∇F (z(t) ) ,
+

z

(t+1)

=w

(t+1)

(t)

+ β (w

(t+1)

− w(t) ).

(5.18)

In (5.17) and (5.18), ∇F (z(t) ) represents the gradient of the function

F (·) in terms of z(t) which is defined in (5.16).
27

The nonnegative orthant is a generalization of the first quadrant in N dimensions for
N ≥ 2, i.e., RN
+ = {x = (x1 , x2 , ..., xN )|x1 ≥ 0, x2 ≥ 0, ..., xN ≥ 0}.
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We summarize the updates (5.17) and (5.18) as sparse reconstruction
algorithms Algorithm 4 and Algorithm 5, which can be used to solve the
sparse channel reconstruction with either random measurement matrices or
data-driven measurement matrices. In this chapter, we focus on developing
data-driven methods; therefore, we further unfold Algorithm 4 and Algorithm 5 into deep networks to build deep compressive sensing autoencoders.
Algorithm 4: Trimmed ridge regression via monotone gradient
projection descent (Trr-MoGPD)
Input: measurements y, matrix A and a small number 
Output: reconstructed x̂
Initialization: u(0) , v(0) , z(0) ← [(u(0) )T , (v(0) )T ]T
1:
2:
3:
4:
5:

6:

5.2

for t = 1, 2, . . . do
(t)
∇F (z(t) ) ← AT (y − Az(t) ) + ρ(z(t) − zK )
w(t+1) ← z(t) − α(t) ∇F (z(t) ) +
z(t+1) ← z(t) + β (t) (w(t+1) − z(t) )
Check terminate condition kz(t+1) − z(t) k2 ≤ , return to Step 1 if
not satisfied; otherwise, terminate with
z(t+1) = [(u(t+1) )T , (v(t+1) )T ]T , and return x̂ = u(t+1) − v(t+1) .
end for

Trimmed Ridge Regression Autoencoder for
Joint Data-Driven Pilot Design and Channel
Reconstruction

In the last section, two sparse reconstruction algorithms were derived
starting from the trimmed ridge regression for sparse reconstruction and applying gradient projection descent under the DC programming framework to
solve it. In this section, we build model-based autoencoders to augment the
proposed algorithms. More specifically, we use a deep unfolding technique
to transform the proposed algorithms into stacked layers of deep networks
by treating each update step of the iterations as a layer of a deep network.
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Algorithm 5: Trimmed ridge regression via Nesterov’s accelerated
gradient projection descent (Trr-NaGPD)
Input: measurements y, matrix A and a small number 
Output: reconstructed x̂
Initialization: u(0) , v(0) , z(0) ← [(u(0) )T , (v(0) )T ]T
1:
2:
3:
4:
5:

6:

for t = 1, 2, . . . do
(t)
∇F (z(t) ) ← AT (y − Az(t) ) +ρ(z(t) − zK )
w(t+1) = z(t) − α(t) ∇F (z(t) ) +
z(t+1) = w(t+1) + β (t) (w(t+1) − w(t) )
Check terminate condition kz(t+1) − z(t) k2 ≤ , return to Step 1 if
not satisfied; otherwise, terminate with
z(t+1) = [(u(t+1) )T , (v(t+1) )T ]T , and return x̂ = u(t+1) − v(t+1) .
end for

The unfolded deep networks are then used as the decoders of the built autoencoders named the trimmed ridge regression autoencoders (TrrAE). In
the following subsections, we first present the framework of trimmed ridge
regression autoencoders and then present its two types of decoder structures
by unfolding Trr-MoGPD or Trr-NaGPD algorithms. Then, we discuss the
pipeline of using the proposed deep compressive sensing autoencoders for
joint pilot design and beamspace channel estimation.

5.2.1

The Trimmed Ridge Regression Autoencoder

The framework of TrrAE is shown in Fig. 5.1, consisting of a single-layer
encoder from x to y and a multi-layer decoder from y to x̂. The encoder
performs a linear dimension reduction y = Φx. The input sparse vector x
is projected onto the subspace spanned by the columns of the measurement
matrix Φ to get the compressed measurement vector y. The decoder plays
the role of the sparse reconstruction from y to x̂ in a feed-forward manner.
The decoder is constructed to mimic the trimmed ridge regression algorithms
Trr-MoGPD or Trr-NaGPD to obtain the reconstructed x̂. We can interpret
the decoder by three functional parts, which are the initializing layer, the
unfolding layers and the output layer.
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Figure 5.1: The framework of the TrrAE
Initializing decoder layer (y to z(0) ): The first two layers can be understood as the initialization of a sparse reconstruction algorithm, that originates from the input of the compressed measurement matrix r and is used
to get the initialized positive vector z(0) . For the first layer, instead of simply initializing x(0) to be a zero vector as is done in the conventional sparse
recovery strategy, we set
x(0) = ΦT y.

(5.19)

The second layer assists with preparing an equivalent positive initialization
vector z(0) by separating and concatenating the positive and negative part
of x(0) , that is z(0) = [(u(0) )T , (v(0) )T ]T , where u(0) = ReLU(x(0) ) and
v(0) = ReLU(−x(0) ).
Unfolding layers of trimmed ridge regression (z(1) to z(L) ): The second
part of the decoder performs a forward update from z(1) to z(L) , which consists of L structural-identical blocks. Each block is a one-step iteration of the
sparse reconstruction algorithm. More specifically, we cast the update steps
of the gradient projection descent or its acceleration algorithm into stacked
layers of the decoder, and set the measurement matrix Φ as the tied weight
matrix for each layer. We empirically set the extrapolation parameter to
be β (t) =

t
t+3 .

We construct two types of structures for the unfolding re-

construction layers by unfolding the proposed Trr-MoGPD and Trr-NaGPD
updates. The single-layer structures of the unfolding Trr-MoGPD and TrrNaGPD updates are shown in Fig. 5.2 and Fig. 5.3. It is worth noting that
the ReLU activation function in the unfolding layers is the exact replacement of the projection operations (·)+ in the Trr-MoGPD and Trr-NaGPD
updates.
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Figure 5.2: A single-layer structure of the unfolding Trr-MoGPD

Figure 5.3: A single-layer structure of the unfolding Trr-NaGPD
Output layer: The last layer is the output layer, in which we obtain the
(L)

(L)

recovered sparse vector x̂ from z(L) . After setting z(L) = [z1 , ..., z2N ], we
have
x̂ = u(L) − v(L)
(L)

(L)

(L)

(5.20)
(L)

where u(L) = [z1 , ..., zN ] and v(L) = [zN +1 , ..., z2N ].
Loss function: The encoder and decoder are jointly trained together to
minimize the mean squared error of the reconstruction. The loss function is
defined as

n

L(x, x̂) =

1X
kxi − x̂i k22
n

(5.21)

i=1
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where n denotes the number of training data samples.
Trainable parameters: The trainable parameters are {Φ, ρ, α}. In par-

ticular, we cast the measurement matrix Φ as the tied weights for both the
encoder and multiple layers of decoder so that the measurement matrix can
be optimized while training. Given the training dataset, the weight matrix
Φ is optimized by backpropagation to minimize the loss function in (5.21).
Then, the optimized measurement matrix Φopt can be extracted after training the autoencoder. Once we obtain the optimized measurement matrix
Φopt , we can then obtain the optimized pilots using Popt = Ut ΦTopt .
The processing pipeline when using the TrrAE for data-driven pilot design and channel estimation is shown in Fig. 5.4. The proposed TrrAE is
first trained offline to acquire the optimized data-driven measurement matrix
for pilot design, then the trained decoder is implemented online to estimate
the beamspace channels in real time.

Figure 5.4: Processing pipeline that shows the offline training process and
the online estimation process for designing data-driven pilots and
estimating the beamspace channels
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5.2.2

Theoretical Insight for Joint Learning of
Measurement Matrix and Sparse Reconstruction

The model-based TrrAE autoencoders have been proposed to learn the
measurement matrix Φ and the best reconstruction F(·) := RM → RN

jointly. In this section, we provide theoretical insights regarding the design of an autoencoder for learning optimal measurement matrix and reconstruction

28 .

Given a measurement matrix Φ, we assume a dataset

Dtrain = {(x1 , y1 ), ..., (xn , yn )}, where yi = Φxi for 1 ≤ i ≤ n, and n

denotes the number of samples in the training dataset. According to the
infomax principle [97, 98], the measurement matrix should be optimized to
maximize the mutual information of x and y, that is
Φ̂ = arg max I(x; y)
Φ

= arg max H(x) − H(x|y)
Φ

= arg max E[log(p(x|y))]
Φ

n

(a)

1X
log(p(xi |yi ))
n→∞ n

= arg max lim
Φ

= arg max lim e
Φ

i=1

n→∞

= arg max lim
Φ

1
n

(5.22)

i=1
n
P
ln(p(xi |yi ))

n→∞

n
Y
i=1

p(xi |yi )

(1/n)

where the equality (a) holds due to the law of large numbers; p(·) represents
the probability mass function (PMF). Eq. (5.22) implies that the optimal
measurement matrix Φ can be obtained by maximizing the conditional probability of ground-truth samples x given the compressed measurements y in
an asymptotic setting. For the real-world dataset having limited number of
samples we have
Φ̂ = arg max
Φ

n
Y
i=1

p(xi |yi )

(5.23)

28

It is worth mentioning that this section is not a rigorous mathematical proof. Instead,
we show some understanding of the proposed method from the theoretical perspective.
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Eq. (5.23) implies that the optimal pilots Φ can be obtained by maximizing the probability of the samples {xi } in the training dataset given the

compressed measurements {yi } for 1 ≤ i ≤ n.

Now we consider jointly optimizing the pilots sequences Φ and a re-

construction function F(·) := RM → RN . We further assume that the

reconstruction function FΘ (·), which is parameterized by Θ, reconstructs

the samples x̂i = FΘ (yi ) for 1 ≤ i ≤ n. Then, similar to (5.23), we can de-

fine the optimal measurement matrix and the best reconstruction function
as the ones that maximize the conditional probability of original training
samples given the reconstructions, as shown below
(Φ̂, Θ̂) = arg max
Φ,Θ

n
Y
i=1

p(xi |x̂i ).

(5.24)

In the asymptotic setting, we can rewrite (5.24) as
(Φ̂, Θ̂) = arg max lim

Φ,Θ N →∞

= arg max lim

Φ,Θ N →∞

n
Y
i=1
n
Y
i=1

p(xi |x̂i )
p(xi |yi = Φxi ; Θ)

(5.25)

= arg max Ex [log p(x|y = Φx; Θ)].
Φ,Θ

Since the true PMF of p(x|x̂) is unknown, we assume a parametric PMF
that has the probability of p̃(x|x̂). The Kullback–Leibler divergence is nonnegative, i.e.,
DKL (pkp̃) =

X
x

p(x|x̂) log

p(x|x̂)
≥0
p̃(x|x̂)

(5.26)

and therefore
Ex [log p̃(x|x̂)] ≤ Ex [log p(x|x̂)].

(5.27)

Eq. (5.27) indicates that we can create a lower bound of the true mutual
information between x and x̂ using the parametric distribution p̃(x|x̂). Since
x̂ is associated with the measurements y = Φx and Θ, we can express (5.27)
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as
Ex [log p̃(x|y = Φx; Θ)] ≤ Ex [log p(x|y = Φx; Θ)].

(5.28)

Thus, we can maximize the lower bound of the true mutual information to
optimize Φ and Θ approximately. Accordingly, we maximize the opposite
of conditional entropy, i.e., Ex [log p(x|y = Φx; Θ))] to optimize Φ and Θ
jointly
Φ0 , Θ0 = arg max Ex [log p̃(x|y = Φx; Θ)]
Φ,Θ

= arg max lim

Φ,Θ n→∞

= arg max lim

Φ,Θ n→∞

n
Y
i=1
n
Y
i=1

p̃(xi |yi = Φxi ; Θ)

(5.29)

p̃(xi |x̂).

Eq. (5.25), (5.28) and (5.29) provide insight as to why it is reasonable to
learn pilot matrix and reconstructions jointly in an end-to-end deep network.
Assuming an estimation error  = x − x̂ whose entries follow a Gaussian

distribution, i.e.,  ∼ N (0, λI), allows us to obtain p̃(xi |x̂) ∼ N (x̂, λI).

Then, the maximization in (5.29) can be realized by minimizing the MSE,
n
P
i.e., n1
kxi − x̂i k22 , which is set as the loss function of the entire deep
i=1

network.

5.3

Numerical Results

In this section, we evaluate the performance of the proposed TrrAEMoGPD and TrrAE-NaGPD autoencoders, where the TrrAE-MoGPD is
the TrrAE with the unfolding Trr-MoGPD decoder, and TrrAE-NaGPD is
the TrrAE with the unfolding Trr-NaGPD decoder. We choose the modelbased deep learning method LISTA, and the generic deep learning network
CNN as the baselines for performance comparisons. The LISTA method is
implemented by changing the decoder in our proposed TrrAE framework to
the LISTA network shown in Fig. 2.6 [1]. The generic CNN method is set
up according to the implementation in [68], which proposed a DNN network
consisting of a linear encoder and stacked CNN decoder. Also, we compare
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the channel reconstruction performance with the previous proposed schemes,
including the scheme proposed in Chapter 3, i.e., the DlDC-GPSR algorithm
with the random Gaussian measurement matrix, and the scheme proposed
in Chapter 4, i.e., DlDC-GPSR algorithm with a data-driven measurement
matrix learned by the autoencoder BP -gAE. In the following subsections,
we first present the experiment set up, and then provide the performance
evaluation results.

5.3.1

Experiment Setup

We consider a massive MIMO system having Nt = 256 antennas at the
BS and a single antenna at the UEs

29 ,

i.e., Nr = 1. We randomly gener-

ate 10, 000 channel vectors according to the narrowband Saleh-Valenzuela
channel model in (2.10), and set the number of paths as Np = 3. For each
path, the complex channel gain αl follows a complex Gaussian distribution; the AoA and AoD, i.e., θr,l and θt,l , are uniformly distributed over
[−π/2, π/2]. We transform the generated channel vectors into beamspace
channel vectors using a standard DFT dictionary as shown in (2.11). To
consider power leakage, we set the number of nonzero channel coefficients
as Ns = 16 by neglecting the small-value beamspace channel coefficients

30 .

We stack the real part and imaginary part of each beamspace channel vector
column-wise, and obtain a dataset {X} consisting of 20, 000 real-form sparse
vectors, which are {X} = {[<(h1 ), =(h1 ), <(h2 ), =(h2 , ...)]}. We split the

samples of the full dataset using a ratio of 0.8/0.1/0.1 into training, vali-

dation and testing datasets, where the training and validation datasets are
used to train autoencoder models, and the testing dataset is used for performance evaluations.
29

For Nr > 1, to reconstruct the beamspace channel matrix H ∈ CNt ×Nr , we can simply
reconstruct its Nr columns independently.
30
Although in practice the number of nonzero channel coefficients can be unknown and
uncertain, in the simulation we fix the number of nonzero channel coefficients for fair
performance comparisons. We set Ns = 16 because our observations revealed that the 16
largest-magnitude channel coefficients can cover most of the energy of a channel vector,
i.e., khi k22 for 1 ≤ i ≤ Nr .
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5.3.2

Performance Comparisons With Other Deep Learning
Methods

In this section, we evaluate the channel reconstruction errors when the
pilot lengths and noise levels are varied. Fig. 5.5 shows that in noiseless
scenarios the reconstruction accuracy of the proposed TrrAE-NaGPD and
TrrAE-MoGPD is higher than the LISTA and CNN methods, and particularly the TrrAE-NaGPD has the best reconstruction accuracy. In noisy
scenarios, as shown in Fig. 5.6 and Fig. 5.7, when the noise level is low
to median, the proposed autoencoders are more accurate than the LISTA
and CNN methods. When the noise level is high, Fig. 5.8 shows that all the
schemes have similar reconstruction errors, but the proposed TrrAE-NaGPD
and TrrAE-MoGPD still achieve lower reconstruction errors when the number of pilots are sufficiently large. Comparing the proposed TrrAE-NaGPD
and TrrAE-MoGPD, we observe that the TrrAE-NaGPD outperforms the
TrrAE-MoGPD in noiseless and low-noise scenarios shown in Fig. 5.5 and
Fig. 5.6 respectively; at higher nose levels, their reconstruction performance
is similar as seen in Fig. 5.7 and Fig. 5.8.
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Figure 5.5: The NMSE versus pilot length for noiseless scenarios
Next, we investigate how the NMSE changes over different noise levels.
We plot the NMSE against different noise standard deviations when the pilot
length is M = 64 in Fig. 5.9. We then plot the NMSE against different noise
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Figure 5.6: The NMSE versus pilot length when the standard deviation of
noise is σ = 0.001
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Figure 5.7: The NMSE versus pilot length when the standard deviation of
noise is σ = 0.01
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Figure 5.8: The NMSE versus pilot length when the standard deviation of
noise is σ = 0.1
standard deviations when the pilot length M = 128 in Fig. 5.10. We can observe that the behavior of the CNN is relatively consistent at different noise
levels, while the TrrAE-NaGPD, TrrAE-MoGPD, and LISTA show reduced
reconstruction NMSE when decreasing the noise power. When compared
with the other deep learning methods, the proposed TrrAE-NaGPD and
TrrAE-MoGPD autoencoders are shown to be more accurate. The proposed
TrrAE-NaGPD has the best performance and shows significant advantages
especially when exposed to low noise levels, such as when σ = 0.001 or
σ = 0.
Next, we compare the achievable rates of different methods against different pilot lengths when taking reconstruction errors into account. The
achievable rate is computed as the lower bound of efficient spectrum efficiency, which is given by [67]
"
#
M
1 kĥk22
C = (1 −
)E log2 (1 + 2
)
Nc
σ + N

(5.30)

where  is the NMSE of the estimated channel ĥ; Nc is the length of a channel
coherence block which we set to be Nc = 300 symbols. The achievable rates
versus pilot lengths in noisy scenarios are shown in Fig. 5.11. We can observe
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Figure 5.9: The NMSE at different noise strengths when the pilot length is
M = 64 (symbols)
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Figure 5.10: The NMSE at different noise strengths when the pilot length
is M = 128 (symbols)
that the achievable rate of the CNN method has relatively consistent performance at a lower achievable rate even when the pilot lengths increase. The
achievable rates of the other methods increase until a maximum is reached
and then decrease afterwards. The proposed TrrAE-NaGPD autoencoder
achieves the highest achievable rate around 8.9 bps/Hz at the pilot length
M = 64, while the proposed TrrAE-MoGPD autoencoder achieves its high106
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Figure 5.11: The efficient achievable rate versus pilot length when the
standard deviation of noise is σ = 0.001
est achievable rate rate around 7.8 bps/Hz at the pilot length M = 96,
which are both higher than the best achievable rate of LISTA. We can conclude that, compared with other deep learning methods, such as the generic
CNN and the unfolding network LISTA, the proposed autoencoders use less
pilots and are more accurate when used to estimate massive MIMO sparse
channels.

5.3.3

Performance Comparisons With Previous Proposed
Sparse Channel Reconstruction Schemes

In this thesis, we have explored different sparse channel reconstruction
schemes: in Chapter 3, we explored novel sparse reconstruction algorithms,
while adopting the common random measurement matrices; in Chapter 4,
we explored the data-driven measurement matrices that can be used to further improve the performance of the proposed sparse reconstruction algorithms; in this chapter, we explored the end-to-end data-driven method for
joint measurement matrix design and channel reconstruction. Now, we compare the sparse channel reconstruction performance of the different schemes.
We choose the proposed schemes having the best reconstruction accuracy
in each chapter, which includes the DlDC-GPSR algorithm with a random
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Gaussian matrix in Chapter 3, the DlDC-GPSR algorithm with the datadriven measurement matrix learned by the BP -gAE in Chapter 4, and the
TrrAE-NaGPD in this chapter, and evaluate the reconstruction NMSE versus different noise levels for pilot lengths M = 48, M = 64 and M = 80 in
Fig. 5.12, Fig. 5.13 and Fig. 5.14, respectively.
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Figure 5.12: Reconstruction errors of our proposed schemes when the pilot
length is M = 48
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Figure 5.13: Reconstruction errors of our proposed schemes when the pilot
length is M = 64
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Figure 5.14: Reconstruction errors of our proposed schemes when the pilot
length is M = 80
Figure 5.12 shows that for the pilot length M = 48, the proposed DlDCGPSR algorithm with the learned measurement matrix achieves higher reconstruction accuracy when the noise is low or absent. Fig. 5.13 and Fig. 5.14
show that the proposed TrrAE-NaGPD becomes more accurate when increasing the pilot length. In Fig. 5.13, the DlDC-GPSR algorithm with the
learned measurement matrix still has lower reconstruction error in noiseless
scenarios, whereas Fig. 5.14 shows the joint learning measurement matrix
and reconstruction scheme performed by TrrAE-NaGPD remains more accurate at all noise levels. Finally, it is important to mention the computational
speed advantage of using the trained TrrAE for online channel reconstruction. In Table 3.2 of Chapter 3, it was shown that the computation times
using various iterative algorithms are from tens of milliseconds to a few seconds for each channel sample reconstruction. However, the trained TrrAE
only takes 1.2-1.5 seconds when reconstructing 1, 000 channel samples

31 ,

which means the computation speed using the trained TrrAE is between 10
and 1, 000 times faster than using the iterative algorithms.
31

The channel reconstruction tests using the TrrAE were implemented using the same
computer hardware that was previously used for the experiments in Chapter 3. The
desktop computer is equipped with a 3.2 GHz Intel Core i7-8700 CPU with 8GB of physical
memory.
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5.4

Summary

In this chapter, we explored model-based deep learning methods for joint
data-driven pilot design and sparse channel estimation. We first proposed
the trimmed ridge regression to formulate the sparse reconstruction problem,
and then we derived an iterative solution for trimmed ridge regression using
DC programming and gradient projection descent. Based on the derived
iterative solution, we proposed two novel algorithms for sparse reconstructions and then unfolded the iterative algorithms into deep networks that can
be used as sparse reconstruction decoders. We proposed the model-based
autoencoder framework that consists of a fully connected linear encoder and
a unfolded sparse reconstruction decoder. By unfolding the proposed TrrNaGPD and Trr-MoGPD sparse reconstruction algorithms as the decoder,
we construct two autoencoders named as the TrrAE-NaGPD and TrrAEMoGPD. Numerical results show that, compared with other deep networks
such as the generic CNN and the unfolding sparse reconstruction network
LISTA, the proposed autoencoders achieve higher accuracy while using less
pilots at reconstructing sparse channels. Furthermore, it should be noted
that practical implementations require massive MIMO channels to be estimated accurately and in real time, and therefore fast computations are
important. The sparse channel reconstructions using trained autoencoders
are well suited for practical implementations since they can maintain satisfactory accuracy and are computationally faster than using the iterative
algorithms.
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Chapter 6

Conclusions
In this chapter, we summarize the contributions of this thesis. We also
present several potential future research topics related to our work.

6.1

Summary of Contributions

In this thesis, we investigated sparse channel estimation for massive
MIMO systems. Starting from the conventional compressive sensing framework, we first improved sparse reconstruction algorithms, and then we explored the use of a data-driven method to improve the measurement matrix
design. Furthermore, we extended the data-driven method by using it to
perform joint measurement matrix design and sparse reconstructions. Here
we summarize the main contributions in each chapter of this thesis.
Contribution 1: We reformulated the sparse reconstruction optimization problems and proposed novel algorithms that significantly improved
the performance of sparse reconstructions compared to conventional convex relaxation methods. By introducing the top-(K, 1) norm, the sparse
reconstruction problem is reformulated into an LS minimization penalized
by a trimmed `1 -norm regularizer, which removes the regularization on the
K largest magnitude elements compared to the common `1 -norm regularizer. The resulting optimization problem is nonconvex, but it is expected to
produce more accurate solutions. Then, the DC programming framework
and gradient projection descent are applied to solve the resulting nonconvex
optimizations. Several DC-GPSR algorithms, including the DlDC-GPSR,
SlDC-GPSR and SlDC-GPSR-BB, have been proposed and show significant
advantages over existing reconstruction algorithms. These advantages result
in more accurate reconstructions and faster runtimes.
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Contribution 2: We proposed a model-based deep learning method to
acquire data-driven measurement matrices, which were demonstrated to improve upon the reconstruction performance of conventional random measurement matrices. The data-driven measurement matrices also further improved the channel reconstruction accuracy when using the proposed DCGPSR algorithms. To acquire data-driven measurement matrices, we use
a deep unfolding technique to construct several model-based autoencoders
named the deep unfolding BP -AE. The subgradient descent algorithm of
basis pursuit for sparse reconstruction is unfolded into a multi-layer deep
network, which functions as the decoder and is jointly trained with a singlelayer dimensionality-reduction encoder. We set the measurement matrix
as the tied weights for each layer of the constructed autoencoders so that
the measurement matrix can be optimized by backpropagation algorithms.
Using the acquired data-driven measurement matrices instead of random
matrices, sparse reconstruction algorithms can attain more accurate reconstructions using fewer pilots, thereby leading to a higher achievable rate in
massive MIMO systems.
Contribution 3: After separately optimizing the sparse reconstruction algorithm and measurement matrix under the conventional compressive sensing framework, we explored a joint optimization method for both the pilot
design and the sparse reconstruction; this method was named deep compressive sensing, which was built by the model-based deep learning method
and is an alternative to the conventional compressive sensing framework.
We first reformulate the sparse reconstruction problem into an LS regression with a trimmed ridge regularizer, which removes the penalties on the
K largest-magnitude elements from the common `2 -norm regularizer. An
iterative solution was derived for the trimmed ridge regression by applying DC gradient projection descent, and then the solution was developed
into two algorithms: the Trr-MoGPD and Trr-NaGPD. By unfolding the
proposed trimmed ridge regression algorithms into learnable deep networks,
novel model-based autoencoders TrrAE are proposed. The proposed autoencoders are trained offline to obtain the data-driven pilots, and then the
trained decoders can be used online for channel estimations in real time.
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When compared with other deep learning methods, the proposed joint pilot learning and channel estimation scheme using TrrAE can achieve faster
channel reconstructions with higher accuracy using fewer pilots. Moreover,
when compared with our previous proposed schemes which employ iterative
sparse reconstruction algorithms, the TrrAE can perform channel reconstruction significantly faster because a batch of unknown channels can be
reconstructed non-iteratively and simultaneously in a parallel manner using
the TrrAE trained decoder.

6.2

Future Works

Some potential future works related to this thesis are summarized in
this section. In Chapter 3, we proposed several DC-GPSR algorithms. It
is of interest to construct novel autoencoders by unfolding the DC-GPSR
algorithms into deep networks for sparse reconstruction, and subsequently
comparing the performance with the TrrAE proposed in Chapter 5. Another potential future work is to apply the Trr-NaGPD and Trr-MoGPD
algorithms proposed in Chapter 5 with either random measurement matrices or the data-driven measurement matrices acquired in Chapter 4, and
compare their channel reconstruction performance with the DC-GPSR algorithms proposed in Chapter 3. In Chapter 4, we proposed a data-driven
measurement matrix design, and have shown significant improvements in
sparse reconstructions over random matrices. It is of interest to analyse the
obtained data-driven measurement matrix to better understand the aspects
of its performance that make it superior over random matrices. In Chapter
5, we successfully unfolded the Trr-NaGPD and Trr-MoGPD algorithms into
neural networks and built the TrrAE-NaGPD and TrrAE-MoGPD autoencoders. It is important to obtain theoretical insights regarding the empirical
success of unfolding iterative algorithms into neural networks to solve sparse
reconstruction problems. Moreover, it is of interest to investigate the convergence rate of the unfolded algorithms and study the tradeoffs between
convergence rate and reconstruction accuracy.
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Appendix A

Proof of Theorem 3.1
Suppose that xρ∗ is an optimal solution to (3.6) given ρ∗ , then xρ∗ is also
optimal to (3.5) as long as kxρ∗ k0 ≤ K (or kxρ∗ k1 −kxρ∗ kK,1 = 0) is satisfied.

Thus, we only need to prove that kxρ∗ k0 > K is infeasible. We assume that

xρ∗ is an optimal solution to (3.6) with ρ∗ > maxi {|(ΦT y)i |+q(kΦT Φei k2 +

|(ΦT Φ)ii |/2)}. For kxρ∗ k0 > K, we construct a feasible solution to (3.5) as

x0 = xρ∗ − xi ei , where i represents the index of the ith-largest-magnitude

element of vector xρ∗ ; ei represents the unit vector in which the ith element
is one while the other elements are zeros and xi represents the ith element
of vector xρ∗ . By writing the objective of (3.6) as
1
F (x) = xT ΦT Φx − (ΦT y)T x + ρ∗ kxk1 − ρ∗ kxkK,1
2

(A.1)

we have
F (xρ∗ ) − F (x0 )
= F (xρ∗ ) − F (xρ∗ − xi ei )
1
1
= xTρ∗ ΦT Φxρ∗ − (ΦT y)T xρ∗ − (xρ∗ − xi ei )T ΦT Φ(xρ∗ − xi ei )
2
2
T
T
∗
∗
+ (Φ y) (xρ − xi ei ) + ρ |xi |
1
= xi eTi ΦT Φxρ∗ − x2i (ΦT Φ)i,i − xi (ΦT y)i + ρ∗ |xi |
2
1
≥ −xi eTi ΦT Φxρ∗ − x2i (ΦT Φ)i,i − xi (ΦT y)i + ρ∗ |xi |
2
1
T T
≥ −|xi |kei Φ Φk2 kxρ∗ k2 − |xi |kxρ∗ k2 |(ΦT Φ)i,i | − |xi | · |(ΦT y)i | + ρ∗ |xi |
2

1
= |xi | ρ − keTi ΦT Φk2 kxρ∗ k2 − kxρ∗ k2 |(ΦT Φ)i,i | − |(ΦT y)i | > 0
2
(A.2)
which contradicts the assumption that xρ∗ is an optimal solution to (3.6).
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Proof of Theorem 3.2
We first derive the Lipschitz constant l = λmax (ΦT Φ), then we prove
the convexity of h(x). We denote the LS objective by the function w(x) =
1
2 ky

− Φxk22 . Since w(x) is smooth if and only if its gradient function is

Lipschitz continuous, we assume there exists l < ∞, which is named as a

Lipschitz constant, such that

k∇w(x) − ∇w(z)k2 ≤ lkx − zk2 .

(B.1)

For w(x) = 12 ky − Φxk22 , we have
k∇w(x) − ∇w(z)k2 = kΦT (Φx − y) − ΦT (Φz − y)k2
= kΦT Φ(x − z)k2
≤

ΦT Φ

kx − zk2
2

(B.2)

= λmax (ΦT Φ)kx − zk2
where |||·|||2 represents the spectral norm of a matrix, and λmax (·) represents

the largest eigenvalue of a matrix. Thus, we obtain the Lipschitz constant
l = λmax (ΦT Φ).
For h(x) = 2l kxk22 − 12 ky − Φxk22 , we have the Hessian matrix ∇2 h(x) as
∂(∇h(x))
∂x
∂(lxT − ΦT (Φx − y))
=
∂x
T
= lI − Φ Φ

∇2 h(x) =

(B.3)

where I is the identity matrix. For l = λmax (ΦT Φ), we have lI − ΦT Φ  0,
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which means that the Hessian matrix lI − ΦT Φ of h(x) is semidefinite pos-

itive. Thus, h(x) is a convex function of vector x.
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Appendix C

A Toy Experiment With a
Manually Structured Dataset
To show the data adaption of the data-driven matrices visually, we construct a toy dataset that has a certain visualizable structural feature. We
randomly generate 20, 000 spatial-domain channel realizations

30

according

to the channel model in (2.10). We transform the generated spatial-domain
channel vectors into beamspace channel vectors x0 ∈ R256 , where the sparsity level is set to be three, i.e., S = 3. Furthermore, we construct a dataset
consisting of the sample vectors xc = [x0T , 0T ]T , where xc ∈ R512 , x0 ∈ R256

and the all-zero vectors 0T has the length 256. We use this manually structured dataset to train the BP -sAE and BP -gAE autoencoders proposed
in Chapter 4, and visually illustrate the learned data-driven measurement
matrices. The compressed dimension is configured to be M = 15. For model
training, we initialize the trainable measurement matrix using the Gaussian
matrix G ∈ R15×512 in which the elements follow a standard Gaussian distri-

bution with row-wise normalization. After training, the data-driven matrix
learned by BP -sAE is denoted by Φ0sae ∈ R15×512 ; the data-driven matrix
learned by BP -gAE is denoted by Φ0gae ∈ R15×512 .

We illustrate the Gaussian matrix G, the learned matrices Φ0sae and Φ0gae

in Fig. C.1, Fig. C.2 and Fig. C.3. The greyscale images for the matrix
G, Φ0sae and Φ0gae are shown in Fig. C.1 (a), Fig. C.2 (a) and Fig. C.3 (a),
respectively. The greyscale for Gaussian matrix G exhibits a uniform pat30

The number of scattering clusters is set to be three; the AoDs of scattering clusters
follow a uniform distribution between [−π/2, π/2]; the scattering clusters include one lineof-sight path and two non-line-of-sight paths; the Ricean K-factor is set to be 13.2dB; the
complex path gains follow a zero-mean Gaussian distribution; the number of antennas at
the BS is set to be 256.
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(a) Greyscale illustration of the random Gaussian matrix G

(b) Zoomed in region of the matrix G which is denoted by the red
circle in (a)

(c) Plot of sample columns of the matrix G
Figure C.1: A visual illustration of a random Gaussian matrix G
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(a) Greyscale illustration of the learned matrix Φ0sae

(b) Zoomed in region of the matrix Φ0sae which is denoted by the red
circle in (a)

(c) Plot of sample columns of the matrix Φ0sae
Figure C.2: A visual illustration of the data-driven matrix Φ0sae acquired
via training BP -sAE
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(a) Greyscale illustration of the learned matrix Φ0gae

(b) Zoomed in region of the matrix Φ0gae which is denoted by the red
circle in (a)

(c) Plot of sample columns of the matrix Φ0gae
Figure C.3: A visual illustration of the data-driven matrix Φ0gae acquired
via training BP -gAE
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tern for the whole matrix, while the greyscales for the learned matrices Φ0sae
and Φ0gae show distinct patterns for the first-half and second-half columns.
To show the differences more clearly, we zoom in on the region between
the 246th and 266th columns. The zoom-in images for the matrix G, Φ0sae
and Φ0gae are shown in Fig. C.1 (b), Fig. C.2 (b) and Fig. C.3 (b), respectively. Each small grey square represents an element in the matrix, and
different grey-scaled colors indicate different element values with darker colors indicate larger values. In Fig. C.2 (b) and Fig. C.3 (b), the columns
from the 246th to the 256th column have the elements with different values, while the columns from the 256th to the 256th column show a unique
value. Then, we select the 250th column and the 260th column which are in
first-half and second-half columns respectively, and plot their element values in Fig. C.1 (c), Fig. C.2 (c) and Fig. C.3 (c), respectively. The plot of
Fig. C.1 (c) shows the element values for the initialized Gaussian matrix G,
while the plots in Fig. C.2 (c) and Fig. C.3 (c) show the element values for
the learned matrices Φ0sae and Φ0gae . The 260th columns for Φ0sae and Φ0gae
are all zero-valued, which implies the second-half columns from the 256th
to the 512th column are all zeros. This result indicates the learned matrices
can adapt to our manually structured feature of the dataset. The all-zero
columns of the learned measurement matrices are adaptive with the all-zero
elements of the concatenating vectors xc = [x0 , 0]T .
We evaluate the reconstruction performance of the Gaussian matrix G
and the learned matrices Φ0sae and Φ0gae , and compare them in Table C.1.
We can observe that the reconstruction accuracy improves from 12.4% for
the Gaussian matrix G to 93.67% for the matrix Φ0sae and 96% for the matrix
Φ0gae . Furthermore, the NMSE decreases from 0.36 for the Gaussian matrix
G to 0.08 for the matrix Φ0sae and 0.05 for the matrix Φ0gae . When compared
with the random Gaussian matrix G, the reconstruction performance of the
data-driven matrices Φ0sae and Φ0gae are significantly improved.
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Table C.1: NMSE and Accurate Reconstruction Percentage Comparisons
Matrix
Gaussian matrix G
Data-driven matrix Φ0sae
Data-driven matrix Φ0gae

NMSE
0.36
0.08
0.05

Reconstruction percentage
12.4%
93.67%
96%
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