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Abstract
Bedload transport is the movement of coarse grains through river channels
by bouncing, rolling, and sliding. Because coarse grains control river stability, predicting the rate of bedload transport is a fundamental problem
in river science. This problem is usually approached with continuum mechanics, but this approach is questionable considering that coarse sediment
grains rarely move in densities approximating a continuum.
An alternative approach describes bedload transport from the trajectories of individual grains using statistical physics. This approach has become increasingly popular in recent decades, but many fundamental issues
prevent this approach from being widely adopted. In particular, the connection between individual particle trajectories and transport rates remains
unclear, and particle trajectory models remain highly simplified. Feedbacks
between topography and sediment transport remain challenging to analyze,
and basic properties of bedload motions like downstream travel velocities
remain incompletely understood. Buried particles cannot appreciably move
downstream, but even this simple observation has not been comprehensively
described in the statistical physics approach.
This thesis presents four projects completed in my PhD which overcome
these issues to provide new understanding of bedload transport from a statistical point of view. First, I demonstrate how to calculate the sediment
flux from the dynamics of individual grains, and I model the trajectories
of grains alternating through motion and rest having fluctuating velocities
in the motion state. This links the sediment flux to the grain-scale dynamics and describes particle trajectories with additional detail compared
iii

to earlier descriptions. Second, I include feedbacks between local bed elevations and sediment transport, quantifying the interplay of bed elevation
changes and sediment transport rates and predicting how long particles can
stay buried in the river bed. Third, I incorporate the sediment burial process into a model of downstream sediment transport, predicting how grains
move downstream when they can become buried. Finally, I describe bedload dynamics on short timescales, predicting the movement velocities of
bedload particles using methods adopted from granular physics. I conclude
by summarizing these developments, discussing their implications for the
statistical description of bedload transport, and suggesting how we can use
this modeling progress to better understand landscapes.
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Lay Summary
Predicting the flow rates of gravel through river channels is important to
manage environmental issues involving rivers. Most approaches to predict
gravel flow consider gravel as if it were a heavy fluid. These descriptions
oversimplify the problem, since gravel flow is actually composed of individual
grains bouncing and rolling downstream, which is hardly like a fluid.
In this thesis, I consider gravel flow as the result of individual grains.
Using physics and probability, I calculate how fast individual grains move
downstream, then I demonstrate how to use their downstream movement
paths to predict overall gravel flow rates. This research produces a more
realistic description of gravel movement in rivers which helps us understand
how rivers change through time.
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Preface
This thesis is entirely the original research of Kevin Pierce, including all figures, writing, and calculations. The supervisory committee and especially
the research supervisor Marwan Hassan provided guidance in the research.
Suggestions from Michael Church, Rui Ferreira, Roger Beckie, Peter Ashmore, Bernard Laval, and Brett Eaton improved the clarity of the writing.
The thesis includes two published works, Chapters 3 and 4, available in
Journal of Geophysical Research: Earth Surface and Geophysical Research
Letters respectively, with Marwan Hassan as coauthor (Pierce and Hassan,
2020a,b). Chapters 2 and 5 will be submitted for publication following
acceptance of the thesis.
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Figure 4.1
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joint distribution tends toward a more uniform distribution than Gaussian. . . . . . . . . . . . . . . . . . . . . .

Figure 4.2
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Panel (a) sketches conceptual trajectories of grains, while
panel (b) depicts Eq. 4.8 with mean motion time 1.5s, rest
time 30.0s, and velocity 0.1m/s. The burial timescale is
7200s (two hours), and grains start from rest (θ1 = 1).
The solid line is Eq. 4.8 and the points are numerically
simulated. Panel (b) demonstrates four distinct scaling
ranges of σx2 : local, intermediate, global, and geomorphic.
The first three are diffusive. Crossover times τL , τI , and
τG divide the ranges. Slope keys demonstrate the scaling
σx2 ∝ tγ in each range. Panel (a) demonstrates that different mixtures of motion, rest, and burial states generate
the ranges. At local timescales, grains usually either rest
or move; at intermediate timescales, they transition between rest and motion; at global timescales, they transition between rest, motion, and burial; and at geomorphic
timescales, all grains become buried.
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Figure 5.1

Rarefied sediment transport involves turbulent fluid drag
and episodic particle-bed collisions. In the collision model
developed in this chapter, pre-collisional streamwise velocities u are transformed instantaneously to post-collisional
velocities ε. The parameter ε is an “elasticity” with 0 ≤
ε ≤ 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Figure 5.2
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Left and right panels are paired. Left panels show velocity realizations as gray traces. Velocities are calculated
from Monte Carlo simulations. Individual realizations
are singled out as black traces. Particle-bed collisions
imply sudden downward-velocity jumps. Flow forces generate fluctuating positive accelerations between collisions.
Right panels show simulated histograms of particle velocities and exact solutions from Eq. 5.9. As the elasticity
ε varies, the particle velocity distributions interpolate between exponential (inelastic) and Gaussian (elastic) forms. 105

Figure 5.3

The particle velocity distribution approaches an exponential distribution in panel (a) as particle-bed collisions
become extremely elastic (ε → 1), and it approaches a
Gaussian in panel (b) as they become extremely inelastic
(ε → 0). On the abscissa, the mean sediment velocity is
standardized by its mean ū and standard deviation σu .

Figure 5.4

. 106

The available experimental data on velocity distributions
is compared to Eq. 5.9 with calibration parameters ν, ε,
and D. In all cases there is good agreement, indicating
that the model produces the range of distributions seen
in the experimental data. . . . . . . . . . . . . . . . . . . 108
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Chapter 1

Sediment transport and
channel evolution
Landscapes evolve when water, wind, and ice erode along the gradients produced by tectonics. Channels initiate along faults and depressions wherever climatic conditions are suitable, incising networks in the landscape
and transferring sediments from uplands to lowlands. Earth’s biota colonize these networks which form conduits for migration, transmitting water,
genetic information, and organic material alike, while biota and chemical
decomposition convert sediments to soils, staging the joint evolution of life
and landscapes which has occurred across geological time.
Human impacts on these old patterns have become severe, in what has
been characterized as an environmental and social crisis (Slaymaker et al.,
2021). Research demonstrates unprecedented recent shifts in ancient climatic (Sivan et al., 2004; Slater et al., 2021), denundational (Hooke, 2000;
Szabo et al., 2010), and biotic patterns (Walther et al., 2002; Willis and
Bhagwat, 2009), requiring effective aquatic habitat restoration, contaminant
management, and engineering strategies more than ever before.
In this context river geomorphology as a scientific discipline has shifted
toward more quantitative methods that enable concrete predictions about
the natural world (Church, 2005, 2010). Sediment transport in river channels
is especially amenable to this quantitative approach since it is mechanisti1

cally the result of fluid and granular physics. Sediment moves in different
modes depending on the relative importance of the fluid forces against the
weight of sediment grains (Bagnold , 1956). When particles are coarse, as
in gravel-bed rivers, fluid forces are relatively weak and particles move as
“bedload”, by bouncing, rolling, and sliding along the bed surface (Kalinske,
1947). In bedload transport conditions, fluid turbulence and the irregular
bed surface adopt particular control over the sediment dynamics (Ferreira
et al., 2015).
Bedload transport exerts unique influence over channel morphology and
stability (Church, 2006; Recking et al., 2016), in part because the coarsest
grains in a river provide a partially-immobile skeleton upon which sedimentary deposits can develop (Eaton et al., 2020; Hassan et al., 2008). A
longstanding problem in river science is therefore to determine the bedload
flux, or the rate of coarse sediment movement. Unfortunately, existing approaches to compute the bedload flux are inadequate, and predictions often
deviate from measured values by orders of magnitude (Barry et al., 2004;
Bathurst, 2007; Gomez and Church, 1989; Recking et al., 2012). Given that
the problem has been researched intensively for over a century now (Gilbert,
1914), it is clear that new research strategies are needed (Ancey, 2020a).
Predicting bedload fluxes is challenging because transport is not always
well correlated to average characteristics of the flow and bed material. Local
fluxes can range through orders of magnitude as details of turbulent fluctuations and bed organization vary, while average characterizations of flow and
sediment remain constant (Charru et al., 2004; Hassan et al., 2008; Sumer
et al., 2003; Venditti et al., 2017). The same turbulence and sediment organization details which correlate with the bedload flux are also modified
by it. Turbulent impulses drive sediment motion (Amir et al., 2014; Celik
et al., 2014; Shih et al., 2017; Valyrakis et al., 2010), but moving sediment
affects turbulence characteristics (Liu et al., 2016; Santos et al., 2014; Singh
et al., 2010). The surface arrangement and consolidation of grains affects
sediment mobility (Dwivedi et al., 2012; Miller and Byrne, 1966; Paintal ,
1971), but transport rearranges grains and consolidates the bed (Allen and
Kudrolli , 2018; Charru et al., 2004; Kirchner et al., 1990; Masteller et al.,
2

2019; Pretzlav et al., 2020). Bedload fluxes are in cyclical feedback with
their controls (Jerolmack and Mohrig, 2005), and this challenges us to step
beyond descriptions based on averaged values (Ancey, 2020b).
The approach taken in this thesis is to consider bedload transport as an
aggregate result of many individual transported grains whose movements
have probabilistic characteristics. This departs from the traditional strategy of correlating transport rates to the average flow and sedimentary characteristics (Meyer-Peter and Müller , 1948; Parker , 1990; Wilcock , 2001).
Because the trajectories of individual grains are governed by Newtonian
mechanics, this approach brings powerful tools to the problem, but it is
nonetheless complicated because the forces driving and resisting sediment
motion vary through space and time due to fluid turbulence and the erratic
interactions of moving particles with the bed.
To address these complications, I develop in this thesis a handful of new
bedload transport models using methods adopted from statistical physics.
To provide context and motivation, the thesis begins by reviewing earlier approaches to bedload transport which my work is most related to, rephrasing
works as necessary to indicate common themes, highlight the shortcomings
to be addressed, and show continuity with my own developments which
follow in subsequent chapters.

1.1

Theories of individual particle movement

A basic problem in sediment transport modeling is to predict the downstream movements of individual particles. At first glance, this seems an elementary problem in general physics, but numerous challenges appear. Particles moving as bedload are driven downstream by a turbulent fluid flow, but
relationships between the fluid flow and the applied forces are known only
approximately (Michaelides, 1997; Schmeeckle et al., 2007). Downstream
movement is resisted by frictional encounters between moving particles and
the bed (skidding, pivoting, colliding), but since the bed is a granular surface, its geometry is difficult to characterize (Gordon et al., 1972), and the
role of bed interactions is challenging to describe (Niño and Garcı́a, 1998;
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Sekine and Kikkawa, 1992).
Entrainment and deposition provide an additional layer of complexity.
Moving particles that encounter the bed with sufficiently low velocities can
settle into pockets which protect them from the flow (Miller and Byrne,
1966) and cause deposition (Charru et al., 2004). These pockets are not
permanent shelter because rearrangement of the surrounding bed by entrainment of neighboring particles or subsurface creep (Frey, 2014; Houssais
et al., 2016) can re-expose particles to the flow, and sufficiently strong turbulent fluctuations (e.g. Cameron et al., 2020) can overcome shelter even
if its geometry is not disturbed (Celik et al., 2014; Valyrakis et al., 2010).
As a result, particles generally alternate through sequences of entrainment
and deposition, but the exact times at which these alternations occur are
difficult to characterize (Einstein, 1937).
Particles at rest on the bed surface can also become covered by other
transported particles (Yang and Sayre, 1971). These buried particles cannot move appreciably until those burying them have been transported away
(Nakagawa and Tsujimoto, 1981), generating long periods of relative immobility (Ferguson and Hoey, 2002; Hassan and Church, 1994).
Individual trajectories of particles therefore involve a number of contributing processes which occur over different characteristic timescales, from
seconds to years (Pretzlav et al., 2021), and each of these processes has so
far evaded any exact description.
Nikora et al. (2001a, 2002) provided a conceptual framework which helps
to organize this complexity. Nikora et al. divided the downstream trajectories of individual particles into three timescales, or “ranges”, termed local,
intermediate, and global. The local range refers to the period of motion
between subsequent interactions with the bed, when the particles accelerate downstream within the turbulent flow. The intermediate range reflects
particle motions through sequences of bed encounters, when particles alternately accelerate and decelerate. The global range refers to particle trajectories through sequential entrainment and deposition events as they cycle
between motion and rest. Hassan and Bradley (2017) added an additional
range, referred to as “geomorphic”, to reflect the even longer period over
4

which particles become buried within the subsurface or embedded among
sedimentary deposits (Bradley, 2017). This set of timescales – local, intermediate, global, and geomorphic – are used below to organize the literature
describing trajectories of individual grains.

1.1.1

Motivation: Tracers and basic understanding

An early motivation to understand individual particle motions was to predict the efficiency of sediment transport measurements (Ettema and Mutel ,
2004), and this motivation still drives a great deal of research into individual particle motions today (Hassan and Bradley, 2017; Pretzlav et al.,
2021). A common technique to estimate sediment transport is to seed a
stream with tracer stones and track their progress downstream (Einstein,
1937; Pretzlav et al., 2021; Takayama, 1965). In principle, tracers provide a
proxy for the population of grains in a stream, so one can estimate virtual
velocities of tracers, then multiply by an estimate of the number of grains
available for motion to calculate the overall sediment flux (Ferguson and
Hoey, 2002; Wilcock and McArdell , 1997). In practice, challenges arise due
to the distinct behavior of tracers over the local, intermediate, global, and
geomorphic timescales. Apparently, tracer virtual velocities depend on the
observation time, in a phenomenon which has been called “advective slowdown” (Ferguson and Hoey, 2002; Haschenburger , 2011, 2013; Pelosi et al.,
2016). This observation-time dependence obscures the relationship between
measured tracer virtual velocities and actual sediment fluxes, exposing a
need for further research into how exactly individual particle motions depend on observation scale and what processes generate advective slowdown.

1.1.2

Einstein’s random walk model

Einstein was probably the first to model the movements of individual particles through streams (Einstein, 1937). Watching painted tracers move
through a flume, Einstein came to the conclusion that the movement characteristics of any one particle could not be predicted, so he turned to probabilistic methods to characterize their transport.
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Einstein’s key insight was to represent particle motions as an alternating sequence of movements and rests having random characteristics. As his
interest was on the global range of particle motion when many motion-rest
alternations have occurred, and because the duration of particle motions
is usually short compared to rests, Einstein made the approximation that
individual motions (between entrainment and deposition) are mathematically instantaneous. With this approximation, the downstream movement
of sediment becomes an alternate cycle of instantaneous steps of random
length and rests of random duration. Implicitly, this concept of sediment
trajectories assumes that movement velocities are infinite.
Einstein’s experiments indicated that both step lengths and resting times
were well-described by exponential distributions, and the focus of his Ph.D.
was to find the probability density P (x, t) that a particle had traveled a
net distance x after a time t has elapsed. In the course of this research,
Einstein formulated an example of what is now called the continuous time
random walk, but this approach not formalized until much later (Montroll ,
1964). In Earth science, random walks have been widely applied to hydrologic problems (Berkowitz et al., 2006), but their application to Earth
surface processes remains relatively uncommon (e.g. Schumer et al., 2009).
Einstein’s assumptions of infinite movement velocity, random resting duration, and random movement distance imply that the particle position x(t)
can be expressed by the dynamical equation
ẋ(t) = µ(t),

(1.1)

where ẋ = dx/dt, and µ(t) is a Poisson pulse noise (Van Den Broeck , 1983),
which is essentially a sequence of pulses having random heights with mean
height ` (the mean step length), and random locations in time with mean
separation 1/kE (the mean resting time, interpreted as the reciprocal of the
entrainment rate kE ). A particular realization of this pulsed noise can be
written
N (t)

µ(t) =

X

si δ(t − ti ).

i=1
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(1.2)

Here N (t) is the number of particle entrainments in time t which is a Poisson
random variable, distributed as P (N ) = e−kE t (kE t)N /N !. The ti are the
times at which particle entrainment events occur. These are separated by
resting times τ = ti+1 − ti distributed as P (τ ) = kE exp(−kE τ ). The si are
step lengths distributed according to P (s) = `−1 exp(−s`−1 ). Fig. 1.1 panel
(a) sketches the pulsed noise µ(t), and panel (b) sketches the resulting global
range bedload sediment trajectories as an alternating sequence of steps and
rests.
Eq. 1.1 is a phenomenological equation representing how the position
of a sediment grain evolves through time (Kubo et al., 1978), similar to
Newtonian mechanics (Goldstein, 1997) but with random driving term 1.2
and involving the sediment velocity, not acceleration.

(a)

(b)
x(t)

x(t)

1/kE

t

t

Figure 1.1: Panel (a) indicates the representation of Einstein’s model
as an idealized Poisson pulse noise, as indicated in Eq. 1.2,
while panel (b) shows the “stair-step” trajectories of sediment
particles moving downstream through cycles of steps (which are
instantaneous) and rests (which have mean duration 1/kE ).
The governing equation of the distribution P (x, t) to find the particle at
x can be calculated as an ensemble average of δ(x−x(t)) over all possible realizations of the noise (Moss and McClintock , 1989; Risken, 1984). Different
methods exist to compute such averages (Balakrishnan, 1993; Hänggi , 1978,
1984; Van Den Broeck , 1983), but whatever the approach, the governing
equation for the distribution comes out as

`∂x ∂t + kE `∂x + ∂t P (x, t) = 0.
7

(1.3)

This equation can be solved by standard methods (series solutions or transform calculus) (Arfken, 1985; Prudnikov et al., 1992) to reproduce the original result of Einstein (1937) for the probability distribution of position of
a sediment particle:
h

r
−kE t

P (x, t) = δ(x)e

−kE t−x/`

+e

kE t 
I1 2
`x

r

kE xt i
θ(x)θ(t).
`

(1.4)

Here, Iν is a modified Bessel function of order ν. The probability distribution Eq. 1.4 fully characterizes the downstream movement of an individual
particle alternating randomly through steps and rests.
This distribution displays both advection and diffusion. Advection occurs because particles move downstream. Diffusion occurs because step
lengths and entrainment times vary from one particle to the next.
One can calculate all moments of the position by multiplying Eq. 1.3 by
xn

and integrating over space. This gives the mean position of the particle
hx(t)i = kE `t.

(1.5)

This equation indicates that in Einstein’s model, sediment grains move with
virtual velocity Vvirt = kE ` given by the product of the single-particle entrainment rate kE and mean step length `.
The rate at which particles spread apart due to differences in their trajectories can be represented by the variance of position, σx2 = hx2 i − hxi2 .
This gives
σx2 (t) = 2kE `2 t,

(1.6)

so particles in Einstein’s model spread apart as a normal diffusion process
σx2 = 2Deff t (Sokolov , 2012), with an effective diffusivity Deff = kE `2 .

1.1.3

Inclusion of the movement duration

Einstein’s model provides an adequate description of global range particle
transport when the period of interest is much larger than the timescales
of individual particle movements (local and intermediate ranges) and much
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smaller than the timescales over which particles become embedded in sedimentary deposits (geomorphic range).
The advent of high speed camera experiments produced new insight into
the local and intermediate ranges of bedload motion (Abbott and Francis,
1977; Drake et al., 1988; Francis, 1973) which Einstein (1937) probably did
not intend for his model to describe. In the local range, particles move
with a fluctuating velocity due to the variable drag of the turbulent flow
(Fathel et al., 2015; Lajeunesse et al., 2010) and changes in the particle
height within the flow profile (van Rijn, 1984; Wiberg and Smith, 1985). In
the intermediate range, particle-bed collisions impart additional variability
to sediment velocities (Gordon et al., 1972; Martin, 2013). Einstein’s instantaneous movement assumption obscures the timescales over which these
processes occur.
Studies by Lisle et al. (1998), and Lajeunesse et al. (2017) generalized
the Einstein theory to include intermediate timescales. They approximated
particle velocities as constant (neglecting fluctuations), and they assumed
that the movement times are exponentially-distributed random variables
just like resting times, but this time characterized by a deposition rate kD ,
whose reciprocal is the average period of time a particle spends in motion
between entrainment and deposition. The analogue of Einstein’s model Eq.
1.1 with a finite movement velocity V can be written
ẋ = V η(t),

(1.7)

where the noise is now a “dichotomous Markov noise” (Bena, 2006; Van
den Broeck , 1990), which is essentially a random switch or telegraph signal
that alternates between “on” (η(t) = 1, meaning the particle is moving)
and “off” (η(t) = 0, meaning the particle is resting) (Cox and Miller , 1965;
Horsthemke and Lefever , 1984; Masoliver and Weiss, 1991; Masoliver et al.,
1996). This noise is displayed in Fig. 1.2 panel (a). Some particle trajectories produced by Eq. 1.7 are displayed in Fig. 1.2 panel (b).
The governing equation of the position probability distribution P (x, t) =

9

hδ(x −

Rt
0

V η(t0 )dt0 )i becomes (cf. Balakrishnan, 1993)

∂t2 + V ∂x ∂t + kE V ∂x + k∂t P (x, t) = 0,

(1.8)

where kE and kD are the entrainment and deposition rates, V is the particle
velocity during the motion state, and k = kE + kD . This partial differential
equation is called an asymmetric telegrapher’s equation (Rossetto, 2018),
and although the symmetric analogue of this equation is well-studied (Masoliver and Lindenberg, 2017; Weiss, 2002), the asymmetric problem is not
often encountered.

(a)

(b)

1/kD

V

x(t)

x(t)

1/kE

V
0

t

t

Figure 1.2: Panel (a) indicates the generalization of Einstein’s model
to include the interval of sediment motion between entrainment
and deposition, now represented with dichotomous noise Eq.
1.7, while panel (b) shows the tilted stair-step trajectories of
sediment particles moving downstream in cycles of motion at
velocity V (with mean duration 1/kD ) and rest (with mean
duration 1/kE ).
For the initial condition that particles have a probability kE /k to start
in motion, reflecting steady-state conditions as far as alternation between
motion and rest are concerned (e.g. Ancey et al., 2006), the solution of Eq.
1.8 is (Lisle et al., 1998)
−χ−τ

P (x, t) = e

r
kE χ
kD
√
√
δ(τ ) +
I1 (2 χτ ) +
I0 (2 χτ )
V
V
τ
V
r
i
kE kD τ
kE kD
√
+
I1 (2 χτ ) +
δ(χ) θ(χ)θ(τ ), (1.9)
kV
χ
kV

hk

E
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where χ = kD x/V and τ = kE (t − x/V ) are shorthand notations. Incorporating the duration of sediment motion, the mean position of the sediment
grain remains linear in time: hx(t)i = kE V t/k, representing movement with
a virtual velocity Vvirt = kE V /k, which is the fraction of time spent in
motion (kE /k) (Ancey et al., 2006) multiplied by the velocity during the
motion state. In contrast to the instantaneous step model, the variance now
develops a two range scaling. Computing σx2 provides
σx (t)2 =

2kE kD V 2 
1 −kt 1 
t
+
e
−
,
k3
k
k

(1.10)

which is a non-trivial result. At short times, for t  1/k, Eq. 1.10 shows
diffusion σx2 ∼ t2 , which is a faster “ballistic” rate of spreading than the
Einstein model predicts (Sokolov , 2012). At long times (t  1/k), the
diffusion becomes normal again (σx2 = 2Deff t), with an effective diffusion
constant Deff = kE kD V 2 /k 3 . The rapid spreading of particles at short
timescales occurs because some are completely stationary while others move
with velocity V .
The eventual transition to normal diffusion occurs because particles eventually become well-mixed among motion and rest states. An analogous diffusion phenomenon is described in Taylor (1920).
In this trajectory model, both intermediate and global ranges are adequately represented, but local and geomorphic are not, the former since
fluctuations of the velocity between entrainment and deposition have been
neglected, and the latter since particle burial was not incorporated.

1.1.4

The Newtonian approach

Some authors have modeled local and intermediate ranges of individual
particle trajectories by writing approximate Newtonian equations for the
dynamics of individual particles and integrating them numerically. Early
efforts applied time-averaged fluid forces linked to a logarithmic mean flow
velocity profile (van Rijn, 1984; Yalin, 1963), and later efforts included collision models to modify particle velocities upon bed contact (Niño and Garcı́a,
1998; Sekine and Kikkawa, 1992; Wiberg and Smith, 1985).
11

Researchers eventually included realistic granular interactions in manyparticle simulations of bedload transport using the discrete element method
(e.g. Cundall and Strack , 1979; Wachs, 2019).

The early works utiliz-

ing this approach used a two-dimensional domain with a simplified “slab”
flow geometry (Gotoh and Sakai , 1997; Jiang and Haff , 1993), while later
works included synthetic turbulence to drive particles (Maurin et al., 2015;
Schmeeckle and Nelson, 2003) or clever reduced-complexity representations
of the flow (Clark et al., 2015, 2017).
The state of the art within this category of sediment transport models is
to simulate both fluid and particle phases simultaneously. Particle-particle
interactions are represented with the discrete element method, while the
fluid flow is modeled either by large eddy simulation or direct numerical
simulation of the Navier-Stokes equations. A majority of these approaches
simulate the fluid without including the no-slip boundary conditions on individual particles (e.g. González et al., 2017; Schmeeckle, 2014; Vowinckel
et al., 2014), although some works have resolved these particle-scale fluid
boundary conditions with the immersed boundary method (e.g. Elghannay
and Tafti , 2018; Ji et al., 2013, 2014; Youse et al., 2020). These computational physics models produce impressive insight into the underlying granular and fluid mechanics producing bedload transport (Frey and Church,
2011), but analytical models are nevertheless desired for further insight into
the problem.

1.1.5

Mechanistic-stochastic models for the sediment
velocity distribution

One category of analytical models describes bedload particle velocities during the motion state using Langevin equations (Ancey and Heyman, 2014;
Fan et al., 2014), whereby the particle dynamics are driven by Gaussian
white noise (Kubo et al., 1978).
Experimental studies on bedload velocities have provided two major conclusions for the shape of the particle velocity distribution. One subset of
observations shows that bedload velocities follow exponential distributions
(Fathel et al., 2015; Furbish et al., 2012a; Lajeunesse et al., 2010), and an12

other subset shows Gaussian distributions (Ancey and Heyman, 2014; Heyman et al., 2016; Martin et al., 2012).
Fan et al. (2014) set out to describe exponentially-distributed bedload
particle velocities with the Langevin equation
u̇(t) = −∆sgn(u) + F +

√
2Dξ(t).

This equation drives the particle velocity u by a fluid drag F +

(1.11)
√

2Dξ(t),

where F is a constant, D is a diffusivity that characterizes the magnitude
of drag fluctuations, and ξ(t) is a Gaussian white noise with unit variance
and vanishing mean (Gardiner , 1983). This drag is resisted by a heuristic
Coulomb friction term −∆sgn(u), introduced as a proxy for particle-bed collisions. This model is reminiscent of Brownian motion models with Coulomb
friction from the physics literature (e.g. De Gennes, 2005; Menzel and Goldenfeld , 2011; Touchette et al., 2010). The equation governing the probability
distribution P (u, t) of the particle velocity is called a Fokker-Planck equation, and this can be derived from Eq. 1.11 as (Risken, 1984; Van Kampen,
2007)
i
∂
∂ h
∂2P
P (u, t) = −∆
sgn(u)P + D 2 ,
∂t
∂u
∂u

(1.12)

implying that the steady-state velocity distribution (∂t P (x, t) = 0) provided
by Eq. 1.11 is
P (u) =

 −∆|u| + F u 
∆2 − F 2
exp −
.
2∆D
D

(1.13)

This is the (two-sided) exponential distribution observed in one subset of
experiments.
Ancey and Heyman (2014) formulated a different Langevin model to
describe the Gaussian velocity distributions observed in the other subset of
experiments. They wrote for the streamwise velocity
tr u̇(t) = −(U − u) +

√
2Dξ(t),

(1.14)

where U represents the mean velocity of particles, D characterizes the mag13

nitude of velocity fluctuations, and ξ(t) is again a Gaussian white noise with
vanishing mean and unit variance. The timescale tr is a relaxation time over
which velocity fluctuations decay. This time, the Fokker-Planck equation is
∂
∂ h U − u i D ∂2P
P + 2
P (u, t) = −
,
∂t
∂u
tr
tr ∂u2

(1.15)

and the steady-state solution becomes
r
P (u) =

 t (u − U )2 
tr
r
exp −
,
2πD
2D

(1.16)

which is the Gaussian velocity distribution from the other subset of the
experiments. These two models of bedload velocity distributions are summarized in Fig. 1.3. Although these descriptions describe two end-member
sediment velocity distributions, Gaussian and exponential, the underlying
mechanical reason why bedload transport has shown multiple velocity distributions remains an open question, and several experiments have revealed
other distributions besides exponential and Gaussian which still lack any
physical description (e.g. Houssais and Lajeunesse, 2012; Liu et al., 2019).
A comprehensive model of the full range of bedload transport observations
remains a desirable target.

1.1.6

The definition of the flux

Perhaps a surprising summary of bedload transport research is that no one
definition of the sediment flux has been agreed upon despite over a century
of research (Ballio et al., 2018). Today, there are two main complementary
definitions of the bedload flux being applied in stochastic modeling (but see
Ballio et al. (2014, 2018) for other definitions).
The first definition is reminiscent of continuum mechanics and formulates
the flux as a current of sediment across a control surface S (Ballio et al.,
2014; Furbish et al., 2012a; Heyman et al., 2016):
Z
c(x, t)u · dS.

q=
S
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(1.17)

u

Fan et al (2014)

(a)

(b)

Ancey et al (2014)

(c)

(d)

0

u
0

t

P(u)

Figure 1.3: Panel (a) demonstrates the trajectory of a particle within
the Fan et al. model, where Coulomb friction impedes turbulent drag. Panel (b) shows the resulting exponential particle
velocity distribution, having relatively large fluctuations with
mode at u = 0. Panel (c) shows the analogous trajectory from
the Ancey et al. model, where fluctuating Stokes drag generates the Gaussian velocity distribution seen in panel (d). The
latter has relatively narrow and symmetric fluctuations, with a
positive mode well above u = 0.
This definition involves the volumetric concentration c of particles and their
velocities at the instant they cross the control surface. These quantities
require careful interpretation because bedload particles do not constitute a
continuous field (Furbish et al., 2012b). Typically one represents the concentration as a sum of indicator or Dirac delta functions (cf. Gardiner , 1983,
Sec. 8.5.1).
The second definition formulates the downstream flux in terms of the
number of particles moving within a control volume V :
Φ=

1X
ui .
L
i∈V
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(1.18)

Figure 1.4: Particle fluxes can be defined with a control volume V
or a control surface S. Here, particles are shown moving from
time t − ∆t (faint white particles) to time t (grey particles).
The downstream displacement ∆xi for each particle is indicated. These displacements define the downstream velocities
ui ≈ ∆xi /∆t. At the instant t, the surface definition of the flux
Eq. 1.17 gives q = L1 (u6 + u7 ), while the volume definition Eq.
1.18 gives Φ = L1 (u1 + · · · + u5 ), showing the non-equivalence of
these two definitions.
Here, the flux is evaluated as a sum over all downstream velocities of particles
within the volume (of which there are a fluctuating number), and the division
by the downstream length of the control volume is incorporated to count only
that proportion of particles near the downstream boundary of the volume.
These two definitions, q defined with a surface and Φ defined with a volume,
are generally not equivalent (Ballio et al., 2014).

1.1.7

The scaling arguments of Bagnold

One of the most influential formulations of the bedload flux is due to Bagnold (1956, 1966), who derived a formula for the mean sediment flux using
an energy balance approach. Bagnold understood sediment transport as a
process which converts flow energy to heat via the effective friction (e.g.
Bagnold , 1954) of grains against the bed as they move downstream through
a succession of collisions (Bagnold , 1973). He assumed that the flow power
Pf available to move sediment in a volume scales as Pf ∝ τ − τc , where τ
is the average bed shear stress and τc is the threshold shear stress at which
16

particles first begin to move. Considering that the average volumetric flux
of particles is Φ, and particles move with mean velocity proportional to
the fluid velocity near the bed, Bagnold hypothesized that the power Pg
required to sustain particle motion in a volume scales as Pg ∝ Φ/τ 1/2 . Balancing flow energy against frictional dissipation (Pf = Pg ) then provides
Bagnold’s sediment transport formula
Φ = k(τ − τc )τ 1/2 ,

(1.19)

which has shown good correspondence with laboratory data provided the
constant factors k and τc are carefully calibrated.
The large shear stress limit Φ ∼ τ 3/2 of Bagnold’s formula is shared in
common with many other empirical formulas describing the mean downstream flux of bedload (e.g. Meyer-Peter and Müller , 1948; Parker , 1990;
Wilcock and Crowe, 2003; Yalin, 1972). A distinguishing feature of Bagnold’s formula is its derivation from mechanistic reasoning, although many
of Bagnold’s assumptions have since turned out to be incorrect. Bagnold’s
assumption that the power available to move sediment scaled with the excess
shear stress leads to unphysical results over arbitrarily sloping beds (Seminara et al., 2002), and the flow power dissipated by sediment transport
shows only a weak correlation with the sediment flux (Ancey et al., 2008),
while Bagnold assumed they were directly proportional. These issues are
hinted at when calibrating Bagnold’s formula to data, where the parameters k and τc take on unphysical values at low transport rates (Niño and
Garcı́a, 1996). Bagnold’s formulation also faces the notorious challenge of
defining the critical shear stress τc for the initiation of sediment transport
(Allen and Kudrolli , 2018; Clark et al., 2017; Houssais et al., 2015; Kirchner et al., 1990; Pähtz et al., 2020; Paintal , 1971). The difficulties with
Bagnold’s approach have motivated many revisions of his theory. These
are often based on more carefully incorporating the properties of individual
particle motions into the sediment transport energy budget (Engelund and
Fredsoe, 1976; Luque and van Beek , 1976; Martin and Church, 2000; Niño
and Garcı́a, 1998).
17

1.1.8

Einstein’s probabilistic approach

Among revisions of Bagnold, one category shows a return to the probabilistic ideas of Einstein (Ancey et al., 2006; Parker et al., 2003). Einstein
formulated his original model of individual particle trajectories in terms of
entrainment and deposition rates using the idealization of grains moving
downstream through a sequence of instantaneous steps (Einstein, 1937).
Later, Einstein calculated the sediment flux with these same probabilistic
ideas (Einstein, 1942, 1950). This formulation of the sediment flux now provides an alternative to Bagnold’s scaling approach. The conceptual picture
that Einstein considered is depicted in Fig. 1.5.

S

V
n=...

V
n=3

V
n=2

V
n=1

Figure 1.5: Einstein’s conceptual picture, modified from Yalin (1972),
involves an array of adjacent control volumes. Particles move in
discrete jumps of length ` from left to right. The bedload flux
is the rate of particles crossing the surface S per unit width and
time, collected from all upstream control volumes.
Einstein partitioned the channel into a sequence of identical control volumes (V ) and calculated the average rate at which particles cross a control
surface (S) by aggregating the contributions from each upstream control
volume. Each control volume has downstream length ` which is also the average particle step length. Denoting by Pn the probability that an individual
grain undergoes at least n jumps of length ` in a time interval T , meaning
it travels at least a distance n`, and considering that there is a density ρ of
particles at rest on the bed, it follows that on average ρ`Pn particles will
displace a distance n` or more from within each control volume during the
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time interval T . As a result, since grains crossing S in a time T could have
come from any upstream location, the number of grains crossing S in T is
P∞
a sum over all control volumes:
n=1 ρ`Pn . Dividing by the time T to get
the average rate of grains crossing S provides the mean flux:
∞

q=

ρ` X
Pn .
T

(1.20)

n=1

The final quantity to evaluate is Pn , the probability a particle entrains at
least n times in a time T .
Einstein originally constructed this probability by assuming that each
particle had n independent entrainment opportunities in the period T , each
with probability p, so that Pn = pn , giving q ∝ p/(1 − p) by a geometric
series, but this approach has been criticized by Yalin (1972) and others
(Armanini , 2017; Armanini et al., 2015; Cheng, 2004; Paintal , 1971). Some
authors have argued convincingly that instead, one should calculate Pn as
an exceedance probability. The central critique is that there is a distinct
difference between exactly and at least n entrainment events in T .
If the entrainment rate of an individual grain is kE (probability per
unit time), then the probability that it entrains exactly n times in time T ,
denoted by pn (distinct from Pn ) is a Poisson distribution (Cox and Miller ,
1965):
pn =

(kE T )n −kE T
e
.
n!

(1.21)

This implies that the probability that it entrains at least n times is Pn =
P∞ (kE T )i −k T
E , so Einstein’s mean sediment flux across the control suri=n
i! e
face (Eq. 1.20) becomes
∞

q=

∞

∞

ρ` X X (kE T )i kE T
ρ` X (kE T )n −kE T
e
=
n
e
= ρkE `.
T
i!
T
n!
n=1 i=n

(1.22)

n=1

Noticing that ρkE is the entrainment rate of a single grain multiplied by the
density of grains available for entrainment on the bed, we can summarize
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the Einstein theory as
q = E`,

(1.23)

where the quantity E = ρkE is the “areal entrainment rate”, representing
the number of grains entrained per unit streambed area (Furbish et al.,
2012a; Wilcock and McArdell , 1997).
Einstein’s formulation requires expressions of the single particle entrainment rate kE and step length ` in terms of the flow and sediment characteristics. Although Einstein and many followers have attempted to formulate
these connections (e.g. Einstein, 1950; Grass, 1970; Paintal , 1971), there are
still no comprehensive solutions. Linking Einstein’s entrainment and deposition rates to the grain scale mechanics remains an active area of research
with many open problems (e.g. Dey and Ali , 2018; Tregnaghi et al., 2012).

1.1.9

Fusing Einstein and Bagnold: The erosion-deposition
model

One uniquely successful strategy to relate Einstein’s model to flow and sediment characteristics was developed by Charru et al. (Charru, 2006; Charru
et al., 2004). This “erosion-deposition model” phrases sediment transport
as a mass balance within a control volume using Einstein’s entrainment rate
E and the complementary deposition rate D. These rates are related to
flow and sediment properties using scaling relations obtained from experiments (Charru, 2006; Charru et al., 2004; Lajeunesse et al., 2010, 2015;
Seizilles et al., 2014). The Charru et al. approach can be characterized as
a mixture of the Einstein and Bagnold strategies for its incorporate of both
probabilistic rates and scaling relations.
The erosion-deposition model is
∂t γ + ∂x V γ = E − D.

(1.24)

In this equation, γ is the “particle activity”, which is the number of moving
particles per unit area (Furbish et al., 2012a), V is the ensemble averaged
movement velocity of sediment grains (which in unsteady conditions may
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depend on space and time), E is the areal entrainment rate (the number
of particles transitioning into motion per unit area and time), and D is the
areal deposition rate (the number of particles coming to rest on the bed per
unit area and time).
Scaling arguments provide relations for E, D, and V in terms of the fluid
shear stress τ , particle size d, particle settling velocity Vs , and critical shear
stress τc :
E = α1

τ − τc
,
d3 Vs

γVs
,
d
√
√
V = α3 + α4 ( τ − τc ).
D = α2

(1.25)
(1.26)
(1.27)

The constant coefficients αi are calibrated in experiments.
Eq. 1.24 indicates that the mean flux in steady transport and flow
conditions is the implicit solution to the equation E = D. Using the scaling
Eqs. 1.25 and 1.27 produces the mean particle activity
γ=

α1 τ − τc
.
α2 d2 Vs2

(1.28)

Expressing the mean flux as Φ = γV , the relationship between flux and bed
shear stress becomes
Φ=


√
√ 
α1
τ − τc α3 + α4 ( τ − τc ) .
2
2
α2 d Vs

(1.29)

This recovers the Bagnold scaling Φ ∝ τ 3/2 at large bed shear stresses.

1.1.10

The nonlocal formulation

Einstein’s model of the bedload flux is inherently nonlocal in that it aggregates particle motions from all upstream locations (Martin et al., 2012;
Schumer et al., 2009; Tucker and Bradley, 2010). Originally Nakagawa and
Tsujimoto (1976) and later Parker et al. (2000) formalized this by writing
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the sediment flux in an explicitly nonlocal form:
∞

Z
q(x, t) =

dx0 F (x0 , t)E(x − x0 , t).

(1.30)

0

In this equation, motions are considered instantaneous, and F (x, t) is the
probability that a particle entrained at t = 0 steps at least a distance x
before deposition at time t.
Furbish et al. (2012a, 2017) generalized the Parker model to include a
finite duration of motion. They wrote
Z

∞

q(x, t) =
0

dx0

Z

∞

dt0 F (x0 , t0 )E(x − x0 , t − t0 ),

(1.31)

0

where F (x, t) now represents the probability density that just-entrained particles move at least a distance x in time t before deposition. In general, this
approach can handle non-uniform conditions by including space and time
dependence in E and F .
For a simple example of the Furbish et al. formalism, consider that
particles move with a constant velocity V and have a deposition rate kD .
Then the probability density that a particle moves exactly a distance x in
time t is δ(x − V t)kD exp(−kD t), so the probability that it moves at least a
distance x in t is
Z ∞
F (x, t) =
δ(x − V t)kD exp(−kD t)dx = θ(V t − x)kD exp(−kD t). (1.32)
x

Considering uniform conditions with a density ρs of particles available for
motion on the bed surface, each having entrainment rate kE , the areal entrainment rate can be expressed as E = ρs kE , and Eq. 1.31 provides a mean
flux
Z
q = ρs kE

∞

dx
0

0

Z

∞

dtθ(V t − x)kD exp(−kD t) = ρs kE V /kD .

(1.33)

0

Since 1/kD is the average time spent in motion, V /kD is the average step
length `, and Eq. 1.33 provides another perspective on Einstein’s central
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result q = E`, but with the added ability to describe unsteady conditions
(Furbish et al., 2012a).

1.1.11

Channel evolution

Exner (1925) was probably the first to write a mathematical formula linking
sediment transport to topographic change in a river channel. He wrote
(1 − φ)

∂z
(x, t) = −∇q(x, t).
∂t

(1.34)

This equation links the temporal evolution of the bed elevation z at a location x = (x, y) to spatial gradients in the sediment flux q. The parameter φ
is the bed porosity.
Nakagawa and Tsujimoto (1976) and Tsujimoto (1978) developed an
alternative statement of the Exner equation using Einstein’s entrainment
and deposition rates. According to their formulation, spatial gradients in the
sediment flux arise due to local discrepancies in entrainment and deposition:
∂x q(x, t) = E − D.

(1.35)

In combination with Eq. 1.34, this expression of the sediment flux gradient
implies the relation
(1 − φ)∂x z(x, t) = D − E

(1.36)

by which bed evolution can be described in terms of Einstein’s rates. In a
nonlocal framework, as in Eq. 1.31, sediment deposition can be interpreted
as the eventual result of entrainment from all upstream locations, giving
Z
(1 − φ)∂x z(x, t) =

∞

dx
0

0

Z

∞

dt0 E(x − x0 , t − t0 )F (x0 , t0 ) − E(x, t). (1.37)

0

This “entrainment form of the Exner equation” (Furbish et al., 2017; Nakagawa and Tsujimoto, 1976; Parker et al., 2000) relates channel morphodynamics to a probabilistic interpretation of sediment transport.
The major limitation of these approaches are that they assume river
beds are continuous. This can be justified as an average over the detailed
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spatial configurations of individual bed grains (Coleman and Nikora, 2009).
This averaging process is expected to obscure the relevant morphological
evolution processes whenever individual grains are large compared to the
scales of interest (e.g. Shobe et al., 2021).

1.1.12

Fluctuations and scale dependence

Sediment transport rates always fluctuate (Hoey, 1992; Kuhnle and Southard ,
1988; Recking et al., 2012), even under the most controlled laboratory conditions available (Ancey et al., 2006; Roseberry et al., 2012).

At short

timescales, fluctuations arise from the intermittent arrivals of individual
grains (Ballio et al., 2018; Böhm et al., 2004). At moderate timescales they
emerge from waves of moving grains (Heyman et al., 2014) or the episodic
entrainment of clusters of grains (Papanicolaou et al., 2018; Strom et al.,
2004). At the longest timescales, they originate from migrating bedforms
(Guala et al., 2014), cycles of aggradation and degradation in pools (Dhont
and Ancey, 2018). These mechanisms generally occur in conjunction with
other sources of bedload transport fluctuations like grain size sorting (Cudden and Hoey, 2003; Iseya and Ikeda, 1987), flow discharge variations (Mao,
2012; Redolfi et al., 2018; Wong and Parker , 2006), and sediment supply perturbations (Elgueta-Astaburuaga and Hassan, 2019; Lisle et al., 1993; Madej
et al., 2009).
Despite widespread acceptance that sediment transport rates always fluctuate, we still have relatively little understanding of how to describe these
fluctuations. Hamamori (1962) was probably the first to calculate a probability distribution for the sediment flux, but this subject fell into relative
obscurity for a long period, until it was revisited by Nikora et al. (1997),
Sun and Donahue (2000), Ancey et al. (2006), and others.
Recognition that sediment transport rates fluctuate requires careful interpretation of sediment transport measurements. In practice, sediment
transport measurements always involve time or space averaging, whether
measurements are obtained by light tables (Chartrand et al., 2018; Zimmermann et al., 2008), impact sensors (Mendes et al., 2016; Rickenmann
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and McArdell , 2007), computer vision (Ancey and Heyman, 2014; Roseberry et al., 2012), or sediment traps (Bunte et al., 2004; Papangelakis and
Hassan, 2016).
The averaging process in conjunction with transport fluctuations introduces scale-dependence to sediment transport measurements, whereby mean
sediment transport rates (and other statistical moments) depend on the averaging timescale (Ancey and Pascal , 2020; Campagnol et al., 2012; Turowski ,
2010). A fundamental question raised by scale-dependence is how large averaging windows must be for sediment flux measurements to converge. To
date, very few mathematical models have addressed this issue (e.g. Ancey
and Pascal , 2020).

1.1.13

Birth-death models for bedload fluctuations

The prevalence of large bedload fluctuations motivated Ancey et al. (2006,
2008) to revisit Einstein’s assumptions to develop a model of the bedload flux
as a random process. They derived the probability distribution of the flux
by counting the number of moving particles in a control volume, considering
that this number changes through time as a result of particles migrating
into the volume from upstream, entraining, depositing, and migrating out
of the volume to downstream.
To obtain realistically-wide fluctuations in particle activity, Ancey et al.
introduced a positive feedback they called “collective entrainment”, whereby
the entrainment rate of grains increases in proportion to the number of
moving grains in the control volume (Ancey et al., 2008; Heyman et al.,
2013).
Their governing equations are completely analogous to a stochastic population model (Cox and Miller , 1965; Pielou, 1977) where arrivals of moving
particles to the volume are “births” and departures are “deaths”. Ancey et
al. formulated the probability distribution P (n, t) of the number of moving
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grains in the control volume at time t as


∂t P (n, t) = λ + (n − 1)µ P (n − 1, t)


− [n + 1]αP (n + 1, t) − λ + n(α + µ) P (n, t). (1.38)
The terms on the right hand side of this equation describe respectively
particle entrainment and migration in with rate λ, collective entrainment
with rate µ, and deposition and migration out with rate α. The final term
encodes the possibility that n stays constant for a period of time. These
coupled equations (one for each n = 0, 1, . . . ) can be solved by generating
functions (Cox and Miller , 1965), providing the steady-state distribution
P (n) =

Γ(r + n) r
p (1 − p)n ,
Γ(r)n!

(1.39)

where r = λ/µ and p = 1 − µ/α. This is a negative binomial distribution,
which is a wide-tailed generalization of the Poisson distribution.
From Eq. 1.39, the mean number of moving particles is
λ
,
α−µ

(1.40)

λα
.
(α − µ)2

(1.41)

hni =
and the variance is
σn2 =

Owing to the collective entrainment process, particle activity fluctuations
can be arbitrarily wide: σn2 /hni = α/(α − µ), whereas in the absence of
collective entrainment (µ = 0), the strength of fluctuations is always pinned
to a fixed value, σn2 /hni = 1, as the distribution Eq. 1.39 limits to a Poisson
distribution where the mean and variance are equal (e.g. Ancey et al., 2006).
Using the probability distribution of the number of moving particles
Eq. 1.18, the probability distribution of the bedload flux can be computed with the control volume definition assuming that the particle velocities and the number of moving particles are independent. Writing Pk (u) as
the probability distribution for the sum of k independent particle velocities
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(u = u1 + · · · + uk ), the sediment flux probability distribution P (Φ) becomes
(Ancey and Pascal , 2020)
P (Φ) = L

∞
X

Pk (LΦ)P (n = k).

(1.42)

k=0

A limitation of this approach is that in reality, entrainment and deposition
modify the bed elevation, which in turn modifies the rates of entrainment
and deposition (Sawai , 1987; Wong et al., 2007). This highlights a need to
incorporate bed elevation change in statistical sediment transport models.

1.1.14

Renewal models for scale dependence

The final bedload transport model to summarize calculates the sediment
flux probability distribution from an “inter-arrival time distribution” representing the statistics of times between subsequent arrivals of particles to a
control surface (Ancey, 2020a; Heyman et al., 2013; Turowski , 2010).
The sediment flux distribution obtained from these approaches shifts
depending on the observation time T over which particle arrivals are counted,
so approaches based on inter-arrival times explicitly model scale dependence.
In statistics, the problem of counting probabilistic arrival events is called
renewal theory (Cox , 1962).
Earlier studies have considered different arrival time distributions to calculate the probability distribution of the time-averaged sediment flux, but
only the simplest exponential case is reviewed here. The exponential interarrival time distribution is P (t) = Λ exp(−Λt), so the rate of particle arrivals
is Λ. In this case, the flux observed over a period T can be represented with
a Poisson pulse noise, similar to the particle position in the Einstein model
reviewed in Sec. 1.1.2:
q(T ) =

1
T

Z
0
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T

dt0 µ(t0 ).

(1.43)

(a)

(b)
q(T)

(T)

1

T

T

Figure 1.6: The scale-dependent sediment flux is described as a renewal process. Panel (a) indicates the arrivals of particles at
rate Λ, while panel (b) shows an ensemble of realizations of the
sediment flux versus the observation time T . Note that different realizations of the flux converge toward the same value
at large observation times, whereas at small observation times,
uncertainty in the flux is large. This is scale dependence. The
properties of this convergence depend on the particle dynamics
in a manner which has not yet been specified.
Here, the noise is
N (t)

µ(t) =

X

δ(t − ti ),

(1.44)

i=1

as indicated in Fig. 1.6 panel (a). In this equation, N (t) is distributed
as P (N ) = (Λt)N /N ! exp(−Λt). The flux in Eq. 1.43 is a random variable
as indicated in Fig. 1.6 panel (b). Its probability distribution P (q|T ),
which is contingent on the observation time T , can be derived by evaluating
RT
P (q|T ) = hδ(q − 0 µ(t0 )dt0 /T )i. This equation entails an average over all
possible realizations of the noise in Eq. 1.44, producing (Van Kampen, 2007)
l
∞
X
ΛT −ΛT
l
P (q|T ) =
e
δ(q − ),
l!
T

(1.45)

l=0

which is a scale-dependent Poisson distribution for the sediment flux across
the control surface.
The mean flux hq(T )i =

R∞
0

dqP (q|T ) derived from this renewal scheme
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becomes
hq(T )i = Λ,

(1.46)

which is independent of the observation scale, while the magnitude of bedload transport fluctuations scales with 1/T :
σq2 (T ) =

Λ2
.
T

(1.47)

Even this simple model gives a non-trivial conclusion that the relative uncertainty in a measurement of bedload transport depends on the observation
time: σq (T )/hq(T )i ∝ T −1/2 . Our uncertainty in a sediment transport measurement diverges as the observation time becomes short.
A limitation of renewal approaches to calculate the flux is that they
do not obviously relate to the dynamics of individual particles. In renewal
models as they are phrased now, the inter-arrival time distribution not based
on the underlying mechanics of particle transport.

1.2

Summary

This literature review has indicated that successful bedload transport descriptions have been developed to describe individual particles and bedload
fluxes, although many limitations are left in need of further research attention.
All of the works reviewed so far are either mean field models that do
not include fluctuations, or stochastic models that calculate probability distributions for the quantities of interest. The common thread of all of these
models is that they take advantage of various devices to side step the complex interplay of turbulence and granular physics which ultimately controls
bedload transport.
In the case of mean field models, the devices are heuristic scaling arguments and semi-empirical formulas, while in the case of stochastic models, they are phenomenological equations driven by idealized noises, like
sequences of pulses, alternating switches, and erratic fluctuations. This thesis applies the latter methodology to many of the limitations highlighted in
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the review. An outline of the problems to be addressed follows below.

1.3
1.3.1

Outline of the thesis
Problem 1: The scale-dependent flux from individual
particle dynamics

The original model by Einstein (1937) described particle trajectories as a
sequence of instantaneous steps. This model was subsequently improved to
include a finite duration of motion at constant velocity (Lajeunesse et al.,
2017; Lisle et al., 1998).
In reality, particle velocities fluctuate during movements due to turbulence and particle-bed collisions, so there is a need to go one step further and
account also for the velocity fluctuations of moving particles in Einstein-type
models.
In addition, although the scale-dependent sediment flux has been calculated from renewal models (Ancey and Pascal , 2020; Turowski , 2010), these
approaches are not based on the dynamics of individual particles in transport, so it remains unclear how the sediment flux distribution and its scale
dependence originate from the transport characteristics of individual grains.
Chapter 2 introduces a new model of individual bedload trajectories
that includes velocity fluctuations in the motion state. The chapter demonstrates how these trajectories can be used to calculate the scale-dependent
probability distribution of the bedload flux. This work joins together and
extends studies from Einstein (1937) to Ancey and Pascal (2020) to develop
new understanding of individual particle motions and the scale-dependent
sediment flux.

1.3.2

Problem 2: Feedbacks between sediment transport
fluctuations and bed elevation change

Birth-death models calculate the flux probability distribution assuming that
entrainment and deposition do not change the local bed elevation (Ancey
and Heyman, 2014; Heyman et al., 2013), but this assumption violates con-
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servation of mass.
Bed elevation changes imply sediment burial, and although sediment
burial is known to affect tracer particle motions at geomorphic timescales
(Ferguson and Hoey, 2002; Hassan and Bradley, 2017), our understanding
of how long sediment can remain buried is limited.
Chapter 3 generalizes the model of Ancey et al. (2008) to include bed
elevation changes in order to evaluate the effect of bed elevation change on
bedload transport fluctuations and to study how the timescales of sediment
burial relate to the movement characteristics of individual grains.

1.3.3

Problem 3: The effect of sediment burial on
downstream transport of sediment tracers

Modeling sediment transport as an alternating sequence of motion and rest
intervals implies particles are either moving or resting on the bed surface.
Although this provides a useful description of bedload transport across local and intermediate timescales, it requires modification to describe longer
global and geomorphic timescales.

At longer timescales, particle burial

moderates the downstream movements of grains (Bradley, 2017; Hassan
and Bradley, 2017), yet the burial process has not been incorporated into
Einstein-type models of particle trajectories.
Chapter 4 generalizes the model of Lisle et al. (1998) and Lajeunesse
et al. (2017) to incorporate a new sediment burial state as suggested by
the observations of Bradley (2017). The resulting model evaluates sediment
trajectories including sediment motion, rest, and burial. This provides the
first description of sediment trajectories over local, intermediate, global, and
geomorphic timescales.

1.3.4

Problem 4: The control of particle-bed collisions over
bedload particle velocity distributions

Finally, the Langevin models of Fan et al. (2014) and Ancey and Heyman
(2014) describe the velocity distributions of sediment moving downstream
in the local and intermediate ranges between entrainment and deposition.
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These models produce two different end-member sediment velocity distributions, but no descriptions have yet been constructed which produce the full
range of distributions observed in experiments.
Chapter 5 presents a stochastic Langevin model including episodic particlebed collisions formulated by analogy with the theory of granular gases (Brilliantov and Poschel , 2004). The episodic representation improves on the
static Coulomb-like friction representing collisions in earlier models. The
improved model is demonstrated to describe all of the different bedload velocity distributions which have been reported in experiments.
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Chapter 2

From particle dynamics to
the scale-dependent flux
2.1

Introduction

A relativity weak flow shearing a bed of sediment entrains individual particles into a state of motion controlled by turbulent forcing and intermittent
collisions with other grains at rest on the bed, generating wide fluctuations
in the sediment velocity (Fathel et al., 2015; Heyman et al., 2016). Bedload
particles move downstream until they are disentrained when they happen
to encounter sufficiently sheltered pockets on the bed surface to interrupt
their motions (Charru et al., 2004; Gordon et al., 1972). Eventually, the bed
around them rearranges and destroys this shelter, or turbulent fluctuations
overcome the shelter (Celik et al., 2014; Valyrakis et al., 2010), and resting particles are once again entrained. Bedload transport is thus a kind of
intermittent motion, characterized by alternation between fluctuating movements and periods of rest.
To date, descriptions of bedload transport have simplified the problem
in various ways to enable modeling progress. The foundational work is due
to Einstein, who considered bedload motions as instantaneous so he could
describe bedload transport as an alternating sequence of “steps” and rests
having random length and duration (Einstein, 1937), in a pioneering ap33

plication of the continuous time random walk (Montroll , 1964). Einstein
concluded that particles move downstream with a mean velocity hui = kE `,
where kE is the rate at which the individual bed particle is entrained into
motion, and ` is the mean length of each downstream step. Later, Einstein
applied these ideas to calculate the mean downstream flux due to the movements of many such particles (Einstein, 1950). Einstein reasoned that if the
density of resting particles on the bed is ρb , the overall areal entrainment
rate of particles can be written E = ρb kE , giving a mean sediment flux
hqi = ρb hui = E`.
Many researchers have since refined Einstein’s approach to provide more
realistic descriptions of individual particle motions than his instantaneous
step model. One set of efforts has neglected the particle deposition process
to calculate the downstream velocity distributions of moving particles using
mechanistic equations with noise terms representing turbulent fluid forces
and particle-bed collisions (Ancey and Heyman, 2014; Fan et al., 2014).
Another set of works have described particles alternating between motion
and rest considering that motions occur with a constant velocity (Lajeunesse
et al., 2017; Lisle et al., 1998). No models have yet been formulated which
describes particles alternating between motion and rest while motions have
realistic fluctuating velocities, even though this is how bedload particles
actually move.
Parallel to these efforts to better describe individual particle trajectories, a complementary set of studies have roduced stochastic formulations of
the sediment flux which improve on the mean field description provided by
Einstein (Ancey, 2020a; Furbish et al., 2012b; Turowski , 2010). Sediment
fluxes generally exhibit wide fluctuations due to variations in the number of
moving particles and their velocities (Ancey et al., 2006; Böhm et al., 2005;
Furbish et al., 2012b), the migration of bedforms and sediment waves (Guala
et al., 2014; Recking et al., 2012), and a host of other processes (Dhont and
Ancey, 2018). Because these fluctuations occur over disparate timescales,
measurements of mean sediment fluxes depend on the timescale over which
they are collected, a phenomenon called scale dependence (Ancey, 2020a;
Dhont and Ancey, 2018; Saletti et al., 2015; Singh et al., 2009; Turowski ,
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2010). To date, very few models have calculated the probability distribution of the bedload sediment flux due to individual particle motions (Ancey
and Heyman, 2014; Ancey et al., 2008), and even fewer have described any
observation-scale dependence of the flux (Ancey and Pascal , 2020; Turowski ,
2010). Among those that do include scale dependence, none formulate the
sediment flux in terms of the trajectories of individual grains.
This survey provides context for the two problems addressed in this chapter. First, we lack the capability to describe individual sediment trajectories
through motion and rest including velocity fluctuations in the motion state;
and second, we need more understanding of how to connect individual particle trajectories through motion and rest to the overall streamwise sediment
flux, including its probability distribution and the dependence of its statistical moments on the observation time. These two problems limit our
understanding of the sediment flux and undermine our ability to phrase fluvial processes like bedform initiation (e.g. Ashley et al., 2021) and bedrock
erosion (e.g. Li et al., 2020) in terms of the dynamics of individual grains.
Here, I develop a new statistical physics-based formalism which addresses
both of these problems by describing individual particle trajectories with a
stochastic Langevin equation. This dynamical equation describes alternation between motion and rest at random intervals while particles in motion
have velocities that fluctuate around a mean value. Using the probability
distribution of particle position generated by this model, I construct a formalism to derive analytically the probability distribution of the sediment
flux. This distribution exhibits observation-scale dependence as a result of
velocity fluctuations among moving particles. Below, I develop the new formalism in Sec. 2.2, solve it in Sec. 2.4, and discuss the implications of these
results and future research ideas in Secs. 2.5 and 2.6.

2.2

Description of motion-rest alternation with
velocity fluctuations

The starting point for this analysis is an idealized one-dimensional domain,
infinite in extent, populated with sediment particles on the surface of a
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Figure 2.1: Panel (a) sketches a realization of the noise in Eq. 2.1,
while panel (b) shows the trajectory derived from it (in blue)
alongside other possible trajectories. Keys in panel (a) indicate
the average movement time 1/kD and rest time 1/kE , while
the key in panel (b) shows the average movement velocity V .
Velocity fluctuations produce tilted stair-step trajectories with
unsteady slopes in the x − t plane. This can be compared with
Fig. 1.2 which does not include fluctuations.
sedimentary bed. Particles are set in motion by the turbulent flow and
move downstream until they deposit, and the cycle repeats. The downstream
coordinate is x, so that ẋ describes a velocity in the downstream direction.
The flow is considered weak enough that interactions among moving grains
are very rare, although interactions between moving particles and the bed
may be common, characteristic of rarefied transport conditions (e.g. Furbish
et al., 2017; Kumaran, 2006). Particles are considered to have similar enough
shapes and sizes so as to have nearly identical mobility characteristics. These
conditions allow for all particles to be described as independent from one
another but governed by the same underlying dynamical equations.

2.2.1

Dynamical equation for grain-scale sediment
transport

From these assumptions, the first target is to write an equation of motion
for the individual sediment particle encompassing two features. First, particles should alternate between motion and rest. Entrainment occurs with
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probability per unit time (or rate) kE , while deposition occurs with rate kD .
Second, velocities of moving particles should jitter around a mean value V
due to turbulent drag and particle-bed collisions.
The simplest equation of motion including these features is
√
ẋ(t) = [V +

2Dξ(t)]η(t).

(2.1)

Here, V is the mean particle velocity while D is a diffusivity [units L2 /T 3 ]
representing the magnitude of velocity fluctuations. ξ(t) is a Gaussian white
noise having zero mean and unit variance which produces the velocity fluctuations. η(t) is a dichotomous noise generating the motion-rest alternation.
This noise takes on values η = 1, representing motion, and η = 0, representing rest. The transition rate from η = 0 to η = 1 is kE , and the transition
rate from η = 1 to η = 0 is kD . Times spent in motion and rest are respectively distributed as P (t) = kD exp(kD t) and P (t) = kE exp(kE t). The
notation k = kE + kD is a shorthand used throughout this chapter.
Equation 2.1 describes the downstream movement of particles alternating through motion and rest with velocity fluctuations in the motion state.
This model can be viewed as a generalization of the “flashing diffusion”
models developed by Luczka and coworkers in physics (Luczka et al., 1992;
Luczka et al., 1993, 1995). Some trajectories produced by the Langevin
equation 2.1 are sketched in Fig. 2.1. The driving term in panel (a) displays
erratic fluctuations due to the assumption that velocities evolve as Gaussian
white noise with no temporal correlations, but the particle trajectories in
panel (b) which integrate these fluctuations are well-behaved and visually
similar to those of earlier studies (cf. Bialik et al., 2015; Fan et al., 2016).
Eq. 2.1 generalizes the constant velocity model of Lisle et al. (1998) and
Lajeunesse et al. (2017) that was presented in Sec. 1.1.3, providing the first
extension of these works aimed at a refined description of bedload particle
trajectories through motion and rest.
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2.2.2

Derivation of the master equation for the sediment
position distribution

The solution of Eq. 2.1 for a given realization of the two noises η(t) and
ξ(t) gives one possible trajectory of a particle. The probability distribution
P (x, t) that a particle which started at position x = 0 at time t = 0 has
traveled to position x by time t can be formulated as an average over the
ensemble of all possible trajectories.
This probability distribution of position is formed as P (x0 , t) = δ(x0 −
x(t))

η,ξ

, where x(t) is the formal solution of Eq. 2.1 and the average is over

both noises. This symbolic equation is not directly useful as taking averages
over both noises is a challenging mathematical problem (e.g. Hänggi , 1978).
This calculation is completed in the appendix Sec. A.1, providing the master
equation
(∂t2 + V ∂x ∂t + kE V ∂x + k∂t − D∂x2 ∂t − kE D∂x2 )P (x, t) = 0
for the position probability distribution.

(2.2)

The master equation 2.2 is a

diffusion-like equation governing the probability distribution of position for
individual particles alternating between motion and rest, with the movement
velocity considered as a fluctuating quantity.
One can see in particular that taking the entrainment rate kE very large,
meaning that particles are very often moving, implies a classical advectiondiffusion equation (∂t +V ∂x −D∂x2 )P = 0 for the position, characteristic of a
particle moving downstream with Gaussian velocity fluctuations. Otherwise,
there is a possibility that the particle comes to rest and the advectiondiffusion process is interrupted, giving rise to the additional terms in Eq.
2.2 and providing an asymmetrical structure reminiscent of Eq. 1.8 from
the earlier motion-rest model.

2.3

Formalism for the downstream sediment flux

The probability distribution of the sediment flux can be calculated using the
probability distribution of particle position P (x, t) derived as the solution of
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Eq. 2.2. The method I present here is modified from the approach recently
developed by Banerjee and coworkers in physics (Banerjee et al., 2020). This
approach generalizes the nonlocal formulation of Sec. 1.1.10 to provide the
probability distribution of the flux, and it re-frames the renewal approach
of Sec. 1.1.14 in terms of the mechanics of individual particles in transport.
The basic idea, as depicted in Fig. 2.2, is to initially distribute N particles in all states of motion along the domain −L ≤ x ≤ 0. Later, the number
of particles N and the size L of the domain will be extended to infinity such
that their ratio ρ = N/L remains constant. This limit will provide a configuration similar to the one constructed in the nonlocal formation of Sec.
1.1.10.
From this initial configuration, particles move downstream through time
according to Eq. 2.1. The flux is calculated as the average rate of particles
crossing to the right of the control surface at x = 0 after the sampling time
T . This time-averaged flux is
N
1X
q(T ) =
Ii (T ).
T

(2.3)

i=1

In this equation, the Ii (T ) are indicator functions which equal 1 if the ith
particle has passed the control surface (x = 0) at the observation time T
and 0 otherwise. All particles which have not crossed the control surface (or
which have crossed and then crossed back) do not contribute to the flux.
The probability distribution of the flux is then the average of Eq. 2.3
across all possible initial configurations of particles and their trajectories
N
E
D 
1X
Ii (T ) .
P (q|T ) = δ q −
T

(2.4)

i=1

These averages are again most easily conducted in Laplace space. Taking
the Laplace transform over q (i.e. forming the characteristic function of
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Figure 2.2: The left panel indicates the configuration for the flux.
Here, the observation time increases from the bottom to the
top. The particle trajectories within demonstrate alternation
between rest and motion with fluctuating velocities. Particles
begin their transport with positions −L ≤ x ≤ 0 at T = 0, and
as depicted in the right panel, the flux is calculated with the
number of particles N> (T ) which lie to the right of x = 0 at
the observation time T , divided by T : q(T ) = N> (T )/T . The
probability distribution of q(T ) is determined from all possible
realizations of the trajectories and initial positions as N and L
tend to infinity while the density of particles ρ = N/L to the
left of the control surface is held constant.
P (q|T )) obtains

P̃ (s|T ) =

=

=

D

exp

N D
Y
i=1
N h
Y

N
s X

T

E
Ii (T )

i=1

 s
E
exp − Ii (T )
T

1 − 1 − e−s/T

i=1
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i
Ii (T ) .

(2.5)

This progression relies on the independence of averages for each particle (so
that the average of a product is the product of averages) and the observation
that eaI = 1 − (1 − ea )I because I is either 0 or 1.
The average over initial conditions and possible trajectories for the ith
particle involved in this characteristic function can be written
1
hIi (t)i =
L

Z

0

dx

0

∞

Z

−L

dxP (x − x0 , t),

(2.6)

0

where P (x, t) is the position probability distribution which solves Eq. 2.2.
Eq. 2.6 describes the probability that the ith particle is found to the right
of control surface by time T provided it started at a random location somewhere to the left. These hIi (t)i are the components of the flux that depend
on the particle dynamics.
Inserting Eq. 2.6 into Eq. 2.5 and taking the limits L → ∞ and N →
∞ as the density of particles ρ = N/L remains constant, producing the
configuration of the nonlocal formulation in Sec. 1.1.10, provides

N

1
P̃ (s|T ) = lim 1 −
1 − e−s/T Λ(T )
N →∞
N
h
i

= exp − 1 − e−s/T Λ(T ) .
where Λ(T ) = ρ

R∞
0

dx

R∞
0

(2.7)

dx0 P (x + x0 , T ) is a rate function, similar to the

rate constant in the renewal process models of Sec. 1.1.14, except that it is
now formulated in terms of individual particle trajectories via the probability distribution of particle position P (x, t), which itself originates from the
Langevin equation 2.1 governing the particle dynamics.
Eq. 2.7 is the characteristic function of a Poisson distribution (Cox and
Miller , 1965). Expanding in e−s/T and inverting the Laplace transforms
provides a key equation of this chapter, the probability distribution of the
flux held contingent on the sampling time T :
P (q|T ) =

∞
X
Λ(T )l
l=0

l!
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e−Λ(T ) δ(q −

l
).
T

(2.8)

This equation implies that the mean flux is hq(T )i =
Λ(T )/T . Similarly the variance is

σq2 (T )

=

Λ(T )/T 2 .

R∞
0

qP (q|T )dq =

For the case when

Λ(T ) is proportional to the observation time (Λ ∝ T ), these formulas become identical to the renewal theory approach reviewed in Sec. 1.1.14. This
correspondence demonstrates that the renewal approach can be formulated
equivalently by considering the dynamics of individual particles as a starting
point.

2.4
2.4.1

Results
Position probability distribution of sediment particles

The master equation 2.2 describes the evolution of the probability distribution of position through time. The solution of this equation should be some
combination of the Einstein (1937) model for particle transport (Sec. 1.1.2)
with the Gaussian solution of the advection-diffusion equation (e.g. Morse
and Feshbach, 1953a).
Because the master equation is second order in time, it requires initial
conditions for both P and ∂t P . Considering that particles start at rest in a
mixture of motion and rest states, with a fraction kE /k starting in motion
and a fraction kD /k starting in rest, these conditions derive from the initial
state

r

h (x − V t)2 i k
1
D
exp −
+
δ(x)
(2.9)
4πDt
4Dt
k


which gives P (x, 0) = δ(x) and ∂t P (x, 0) = kkE Dδ 00 (x) − V δ 0 (x) (cf. Weiss,
kE
P (x, 0) = lim
t→0 k

2002).
The master equation 2.2 is solved by transform calculus in Sec. A.2 of
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Figure 2.3: Panel (a) indicates the probability distribution of particle
position 2.10 as it evolves through time. From the initial mixture of motion and rest states, particles advect downstream as
they diffuse apart from one another due to differences in their velocities and transition times between motion and rest. In panel
(a), the initial position persists as a delta function spike for the
black t = 10τ curve. Panel (b) shows the resulting particle diffusion (Eq. 2.13). At timescales t  2D/V 2 , the diffusion is
normal since the movement is approximately a standard Brownian diffusion process. For larger timescales, 2D/V 2  t  τ ,
particles undergo ballistic diffusion similar to Lisle et al. (1998)
as a result of some particles being stationary as others advect.
Finally at times longer than the timescale τ = 1/k associated
with entrainment and deposition, diffusion is again normal since
particles are well-mixed among motion and rest states. All results are scaled by the mean hop length ` = V /kD and the
timescale τ = 1/k of the motion-rest alternation. In both plots,
the lines are analytical results while the points are the results of
Monte Carlo simulations based on evaluating cumulative transition probabilities on a small timestep (e.g. Barik et al., 2006).
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the appendix, providing


P (x, t) = − ϕD∂x2 + V ϕ∂x + k + δ(t) + ∂t
Z t  p

I0 2 kE kD u(t − u) e−kE (t−u)−kD u
×
0
r
h (x − V u)2 i
1
exp −
×
du, (2.10)
4πDu
4Du
where ϕ = kD /k is the probability the particle starts at rest and I0 is
a modified Bessel function. This equation generalizes the earlier result Eq.
1.9 for alternation between motions and rests to include velocity fluctuations
within the motion state.
The distribution Eq. 2.10 is shown evolving through time in Fig. 2.3
panel (a), where the advection and diffusion characteristics of Eq. 2.2 are
both evident. The integral in Eq. 2.10 encodes the earlier expectation of
Einstein model-like behavior mixed with a Gaussian propagator, in that it
convolves the Bessel function probability that the particle has been in motion
for a period u out of a time t with the Gaussian probability that a particle
has traveled a distance x in time u within the motion state. The prefactors
of this integral term can be understood as adapting this distribution to the
initial conditions.

2.4.2

The moments of particle position through motion-rest
alternation

The moments of position produced by Eq. 2.10 could be derived by integrating it directly, but this is difficult. Instead, the moments can be calculated
from the master equation 2.2 (e.g. Cox and Miller , 1965).
Multiplying Eq. 2.2 by xl and integrating over all x provides
∂t2 hxl i − V l∂t hxl−1 i − kE V lhxl−1 i + k∂t hxl i
− Dl(l − 1)∂t hxl−2 i − kE Dl(l − 1)hxl−2 i = 0. (2.11)
For l = 1, this equation generates the mean position hxi(t) = kE V t/k,
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which is unaffected by diffusion (since Gaussian velocity fluctuations are
symmetric). The case l = 2 provides the second moment, implying the
variance of position is
σx (t)2 =

2kE kD V 2 
1 −kt 1 
kE D
t
+
e
−
+2
t.
k3
k
k
k

(2.12)

This equation describes a non-trivial multi-scale diffusion phenomenon, whereby
the rate at which particles spread apart from one another depends on how
long their dynamics have been ongoing.
Provided that 2D/V 2  kD /k 2 , series expansion of Eq. 2.12 in t and
1/t reveals three different scaling behaviors:



t,


σx2 ∼ t2 ,



t,

t

2Dk
,
V 2 kD

2Dk

V 2 kD
t  k1

t  k1 .

(2.13)

In the physical condition when k ≈ kD , which is generally satisfied for
bedload transport since motions are typically short compared to rests (Hassan et al., 1991; Wu et al., 2019a), the above condition for existence of
three ranges becomes Pe  1, where Pe = V 2 /(2kD D) is a Péclet number
(e.g. Heyman et al., 2014). This dimensionless number measures the relative importance of advection and diffusion to the downstream movements of
particles.
The large Péclet limit (Pe  1) is the physically-relevant condition for
bedload transport, where velocity fluctuations are typically small compared
to mean downstream movement velocities, so that particles rarely move
upstream any appreciable distance (e.g. Fathel et al., 2015). This limit also
generates the three-range diffusion exemplified by Eq. 2.13, so we should
expect bedload particles to spread apart with three different scaling ranges
depending on how long they have been observed (cf. Nikora et al., 2001a,
2002), at least within the assumptions of the model. Fig. 2.3 panel (b)
sketches the predicted three-range diffusion, which is discussed further in
Sec. 2.5.2.
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Below, this anomalous diffusion behavior (cf. Sokolov , 2012) is shown
to affect the rate constant Λ(t) in the sediment flux. As a result of these
multi-scale particle dynamics, the sediment flux becomes scale-dependent in
a richer way than the renewal model of Sec. 1.1.14.

2.4.3

Calculation of the sediment flux

From the formalism in Sec. 2.3, the central parameter of the sediment flux
distribution is the rate function
Z ∞
Z
Λ(t) = ρ
dxi
0

∞

dxP (x + xi , t).

(2.14)

0

This represents the number of particles crossing x = 0 at the observation
time T given they started somewhere to left of x = 0 at T = 0.
Using the probability distribution of position Eq. 2.10, the integrals in
Eq. 2.14 are performed in appendix Sec. A.3, providing the rate function
Z
Λ(t) = ρ
0

t

 p

I0 2 kE kD u(t − u) e−kE (t−u)−kD u
"r
kD  −V 2 u/4D
D ~
×
[∂t + k]u −
e
πu
2k
!#
r
V ~
kD 
V 2u
+
[∂t + k]u −
erfc −
du. (2.15)
2
k
4D

In this equation, the notation ∂~t means that the partial time derivative
acts from the left of all terms in which it is involved, as in f (t)∂~t g(t) =
∂t [f (t)g(t)].
This is an intricate result for the rate function in the sediment flux
distribution Eq. 2.8. This mathematical complexity may not be surprising
given that Eq. 2.1 involves two interacting diffusion processes. As displayed
in Fig. 2.4, as a result of Eq. 2.15 the mean sediment flux takes on a
non-trivial scale-dependence, characterized by a decay toward the Einstein
prediction q0 = ρkE V /k ≈ E` as the observation time becomes much larger
than 1/(kD Pe).
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Figure 2.4: The mean sediment flux is plotted for different values of
the Péclet number Pe = V 2 /(2kD D), characterizing the relative
significance of particle velocity fluctuations during motion. The
flux is normalized by the prediction q0 = E` of the Einstein
model (Sec. 1.1.8). For nonzero velocity fluctuations in the
motion state (moderate Pe), the Einstein limit is approached
as the observation time T grows. Stronger velocity fluctuations
(smaller Pe) slow the convergence to this limit. In all cases,
convergence of the mean flux is achieved when the observation
time satisfies T  1/(kD Pe), as expected by Eq. 2.16. Plotted
lines are the analytical result Eq. 2.15, while the points are the
results of Monte Carlo simulations. Vertical dotted lines indicate the convergence time T = (kD Pe)−1 for each simulation.
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Further insight into the rate constant of the sediment flux distribution
can be gained by investigating extreme cases of the observation time. As
shown in appendix Sec. A.4, Eq. 2.15 takes on relatively simple forms at
extreme values of T :
Λ(T ) =


q
 ρkE DT
k
π
 ρkE V T
k

T  (kD Pe)−1
T  (kD Pe)−1 .

(2.16)

Since the mean flux is hq(T )i = Λ(T )/T , the condition on the observation
time so that the flux converges to the Einstein value q0 = ρkE V /k = E` can
be expressed as T  (kD Pe)−1 . It is related to the Péclet number and
is proportional to the time particles spend in motion (1/kD ). As a result,
when particle velocity fluctuations during motions become appreciable in
comparision to the mean particle velocity, Eq. 2.16 indicates that the flux
becomes slow to converge to the Einstein result.

2.5

Discussion

This chapter has generalized earlier descriptions of individual sediment trajectories (e.g. Lajeunesse et al., 2017; Lisle et al., 1998) to include velocity
fluctuations in the motion state.
Using results from this generalized model as an example, I demonstrated
how to calculate the sediment flux probability distribution, phrasing earlier
renewal theory approaches (e.g. Ancey, 2020a; Turowski , 2010) more directly in terms of the underlying particle dynamics. This method can also
be viewed as a generalization of the nonlocal formulation (Sec. 1.1.10) to
describe sediment flux probability distributions, rather than just mean values.

2.5.1

Fluctuations and collective motions

The sediment flux probability distribution 2.8 represents a Poisson distribution with an observation scale-dependent rate. Poisson distributions have
relatively narrow tails, meaning their fluctuations are typically small (An-
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cey et al., 2006). In reality, sediment flux distributions are only Poissonian
at high transport rates, whereas in other conditions they have wide tails
representing the possibility of extremely large transport fluctuations (Ancey
et al., 2008; Saletti et al., 2015; Turowski , 2010) which appear as bursts (e.g.
Goh and Barabási , 2008) in the sediment flux timeseries (Benavides et al.,
2021; Dhont and Ancey, 2018; Singh et al., 2009). This highlights a need to
generalize the mechanistic description of the sediment flux I developed here
to produce wider transport rate fluctuations.
Descriptions of sediment transport based on population dynamics in a
control volume have produced realistically-wide fluctuations by incorporating a positive feedback between the number of moving particles and the
particle entrainment rate called collective entrainment (Ancey and Heyman,
2014; Ancey et al., 2008). This feedback generates waves of moving particles (Ancey and Heyman, 2014; Heyman et al., 2014) and produces nonexponential inter-arrival time distributions (Heyman et al., 2013) which imply wide-tailed flux distributions when incorporated in the renewal theory
(e.g. Ancey, 2020a; Turowski , 2010).
Collective entrainment has been attributed to particle-particle interactions such as small granular avalanches and collision-induced entrainment
(e.g. Lee and Jerolmack , 2018; Pähtz et al., 2020), and to fluid-particle interactions, such as coherent structures entraining particles en masse as they
sweep downstream (Ancey and Heyman, 2014; Cameron et al., 2020). Given
the prevalence of large coherent structures, gravel beds must often times
be conditioned to them. Therefore particle-particle interactions seem more
plausible as a mechanism for collective entrainment. In particular, contact forces within granular media are known to organize into “force chains”,
where a minority of contacts provide a majority of the strength (e.g. Azéma
and Radjaı̈, 2012; Radjai et al., 1996). Fluid entrainment of a key particle within a near-surface force chain could entail a collective release of the
particles relying on it for stability. Likewise, collisions between moving particles and stationary particles might induce entrainment of otherwise stable
surface particles.
Such particle-particle interactions would be challenging to include in a
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mechanistic model for the sediment flux like I developed here, but the basic structure can be sketched. Eq. 2.1 would generalize to a stochastic
P
Newtonian form ẍi (t) = Fi (xi , ẋi , t) + i6=j Gij ({xj }, t), where the Fi are
the driving forces unique to each particle while the Gij are some (generally
stochastic) terms representing interactions between the ith and jth particles (Goldstein, 1997). As an approximation, this forcing structure might
alternate between moving and resting modes as a dichotomous process (e.g.
Bena, 2006).
The resulting joint distribution of particle positions and velocities –
P (x1 , v1 , . . . , xN (t) , vN (t) , t) – might be formulated by analogy to the theory of reaction-diffusion systems (Cardy, 2008; Pechenik and Levine, 1999),
granular gases (Brilliantov and Poschel , 2004), or other interacting particle
systems available in physics literature (Escaff et al., 2018; Hernández-Garcı́a
and López , 2004).
A suitable generalization of the model developed in this chapter to include particle-particle interactions should be capable of producing realisticallywide sediment transport fluctuations. Such a development will be a challenging next step for research. The present chapter only lays the groundwork.

2.5.2

Velocity correlations and bedload diffusion

Fig. 2.3 panel (b) indicates that bedload sediment particles described by
the model spread apart with a rate which depends upon observation scale,
transitioning through three different ranges consistent with the concept of
Nikora et al. (2001b, 2002). Nikora et al. originally proposed that sediment
diffusion would be super-diffusive at local timescales, normal at intermediate
timescales, and sub-diffusive at global timescales. Here, the local range
diffusion is normal, not super-diffusive, indicating a discrepancy between
the Nikora et al. concept and the model of this chapter.
This discrepancy could originate from the representation of velocity fluctuations in Eq. 2.1 as Gaussian noise with a vanishing correlation time. In
actuality, particle velocities are temporally correlated, and this will modify the diffusion characteristics on timescales comparable to the correlation
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time. The simplest modification of Eq. 2.1 to include velocity correlations
would be to replace the Gaussian white noise with an Ornstein-Uhlenbeck
noise (e.g. Hänggi and Jung, 1995; Luczka, 2005). A more challenging (but
perhaps more realistic) modification would be to describe the evolution of
position by a second-order equation, as in ẍ = F (x, ẋ, t)η(t), where F is an
appropriate stochastic driving term switched on and off by the dichotomous
noise η(t) (e.g. Masoliver , 1993). Either of these alternatives would introduce correlations to particle velocities and modify the resulting short-range
diffusion characteristics, unfortunately at the cost of mathematical difficult.
The short-timescale diffusion may also be affected by the assumption
that entrainment and deposition processes are instantaneous within dichotomous noise models. Campagnol et al. (2015) showed from experimental data
that particle “unsteadiness” during entrainment and deposition can give rise
to diffusion exponents even larger than those for ballistic motion. Likely,
the representation of entrainment and deposition with an instantaneous alternation obscures the local-timescale physics of these processes (e.g. Celik
et al., 2014; Valyrakis et al., 2010). The simplest modification to include
the timescales of entrainment and deposition would introduce a uniform acceleration during entrainment and deposition, in effect “tilting” the sharp
motion-rest alternation of the dichotomous noise. The relatively lower velocities of particles during the acceleration phase should modify the predicted
local-timescale particle diffusion characteristics, possibly producing a fasterthan-ballistic spreading as proposed by Campagnol et al. (2015).

2.5.3

Scale-dependent fluxes and channel evolution

Fig. 2.4 indicates that the sediment flux described by Eq. 2.15 converges
when T  (kD P e)−1 to its eventual value q0 = E` predicted by the Einstein model. Because particles move for durations 1/kD on average, the
typical variance of velocity among moving particles can be estimated as
σV2 = 2D/kD . In terms of this quantity, the convergence condition for the
flux is T  σV2 /(kD V 2 ), now phrased in terms of easily measurable quantities – the velocity of particles, the average time spent in motion, and the
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magnitude of velocity fluctuations.
The Exner equation of Sec. 1.1.11 used to describe channel evolution is
derived by evaluating mass balance within a control volume (e.g. Coleman
and Nikora, 2009). When the sediment flux changes values for observation
scales t < T , as in this chapter, how the channel evolution predicted by the
Exner equation is affected remains an open question. Future studies should
include fluctuating and scale-dependent sediment transport rates into the
Exner equation to evaluate their implications.
Presumably, the inclusion of a scale-dependent stochastic transport rate
generates a stochastic bed elevation field h(x), producing a probability distribution of field configurations P (h(x), t) which depends on the observation scale. Jerolmack and Mohrig (2005) included a stochastic sediment
transport rate within the Exner equation, although they only investigated
particular realizations of h(x), not the probability distribution of bed configurations or its scale dependence. Mathematical tools to formulate such a
stochastic Exner equation might be adopted from works on surface growth
and polymer physics, where the evolution of random fields is common topic
of inquiry (e.g. Barabasi and Stanley, 1995; Kardar , 2007; Kawakatsu, 2001).

2.5.4

Collective motions

It has long been recognized that many processes lend variability to the sediment flux, including bedform migration (Guala et al., 2014; Hamamori ,
1962) and entrainment of clusters (Papanicolaou et al., 2018; Strom et al.,
2004). Understanding these processes has been a challenging problem, in
part because different sources of fluctuations mix within measured transport signals (e.g. Dhont and Ancey, 2018; Hoey, 1992; Saletti et al., 2015;
Singh et al., 2009).
Although the present model has analyzed independent particles and does
not include these processes, we can wonder if better understanding fluctuations from single-particle sources will improve our understanding of more
complex collective sources. An attempt to subtract the signature of individual particle dynamics from spectra of bedload transport may be a useful
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step to understand more complex morphological sources of sediment transport variability in channels. A comprehensive understanding of the linkage
between individual particle dynamics and sediment fluxes, as I have worked
toward here, provides the foundation for such a subtraction process.

2.6

Summary

This chapter introduced a two-noise stochastic dynamical equation to describe individual bedload trajectories for particles alternating between motion and rest states. The motion state included velocity fluctuations, providing the first analytical model of this type.
The probability distribution of the bedload sediment flux was calculated from these particle dynamics, and the resulting flux distribution was
demonstrated to adopt scale-dependence from the underlying dynamics of
individual particles. The observation timescales over which sediment flux
observations converge were expressed in terms of the mean particle movement velocity and the typical magnitude of its fluctuations, characterized
by a Péclet number.
These results generalize the bedload trajectory models of Einstein (1937),
Lisle et al. (1998), and Lajeunesse et al. (2017) to include fluctuating movement velocities. This work also builds a particle dynamics framework underneath earlier renewal models of the sediment flux probability distribution
(Ancey, 2020a; Lajeunesse et al., 2010).
This chapter further quantifies the dependence of the sediment flux on
the observation scale and provides guidance as to the measurement times
required to resolve sediment transport without ambiguity, at least under
the idealized assumptions for which the model was developed. The next
steps are to include interactions between particles to produce wider sediment
transport fluctuations and to modify the description of velocity fluctuations
to include temporal correlations.
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Chapter 3

Analysis of bed elevation
change and sediment
transport fluctuations
The transport characteristics of coarse grains moving under a turbulent flow
ultimately control a wide set processes within rivers, including the export
of contaminants (Macklin et al., 2006; Malmon et al., 2005), the success of
ecological restoration efforts (Gaeuman et al., 2017), and the response of
channel morphology to disturbances (Hassan and Bradley, 2017). Although
the displacements of individual grains are a mechanical consequence of forces
imparted from the flow, bed, and other grains (González et al., 2017; Vowinckel et al., 2014; Wiberg and Smith, 1985), accurately characterizing these
forces within natural channels is practically impossible, especially considering the intense variability these forces display (Celik et al., 2010; Dwivedi
et al., 2011; Schmeeckle et al., 2007). In response, researchers have developed a stochastic concept of bedload transport (Einstein, 1937), wherein
the erosion and deposition of individual grains are modeled as the random
results of undetermined forces (Ancey et al., 2006; Einstein, 1950; Paintal ,
1971).
Essentially two types of bedload transport model have been developed
from this concept. The first type provides the probabilistic dynamics of a
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small population of tracer grains as they transport downstream (Einstein,
1937; Hubbell and Sayre, 1964; Lajeunesse et al., 2017; Martin et al., 2012;
Nakagawa and Tsujimoto, 1976; Wu et al., 2019a), while the second provides
the statistics of the number of moving grains (“the particle activity”) within
a control volume (Ancey et al., 2006; Einstein, 1950; Furbish et al., 2012b).
In the first type, individual displacements are considered to result from alternate step-rest sequences, where step lengths and resting times are random
variables following statistical distributions (Einstein, 1937). Differences between the random-walk motions of one grain and the next imply a spreading
apart (i.e., diffusion) of tracer grains as they transport downstream.
Resting time distributions have been carefully studied in relation to these
models because the predicted diffusion characteristics are critically dependent on whether the distribution has a light or heavy tail (Bradley, 2017;
Martin et al., 2012; Weeks and Swinney, 1998). Resting times have puzzled researchers because early experiments showed exponential distributions
(Einstein, 1937; Hubbell and Sayre, 1964; Nakagawa and Tsujimoto, 1976;
Yano, 1969; Yano et al., 1969), while later experiments showed heavy-tailed
power-law distributions (Bradley, 2017; Liu et al., 2019; Martin et al., 2012;
Olinde and Johnson, 2015; Pretzlav , 2016; Voepel et al., 2013). A predominant hypothesis is that power-law distributed resting times originate from
buried grains (Martin et al., 2014; Voepel et al., 2013). This permits surface
grains to retain exponential resting times. Conceptually, when grains rest
on the surface, material transported from upstream can deposit on top of
them, preventing entrainment until its removal, driving up resting times and
imparting a heavy tail to the distribution.
Martin et al. (2014) have provided the only direct support for this hypothesis by tracking grains through complete cycles of burial and exhumation in a narrow flume. They observed heavy-tailed resting times of buried
grains and described their results with a mathematical model similar to an
earlier effort by Voepel et al. (2013). Both of these models treat bed elevation changes as a random walk and interpret resting times as return periods
from above in the bed elevation timeseries (Redner , 2007). Each describes
resting time distributions from different experiments, but they rely on differ55

ent random walk models, and their treatment of bed elevations as a process
independent of sediment transport is questionable at first glance, since bedload transport is the source of bed elevation changes (Wong et al., 2007),
yet neither model explicitly describes bedload transport. Models of sedimentary bed evolution incorporating sediment transport processes might
enhance understanding of sediment resting times.
The second type of stochastic model prescribes rates (probabilities per
unit time) to the erosion and deposition events of individual grains within
a control volume to calculate the particle activity (Einstein, 1950). These
approaches aim at a complete statistical characterization of the bedload
flux (Fathel et al., 2015; Furbish et al., 2012b, 2017; Heyman et al., 2016),
including probability distributions (Ancey et al., 2006, 2008), spatial and
temporal characteristics of its fluctuations (Dhont and Ancey, 2018; Heyman, 2014; Roseberry et al., 2012), and the dependence of these statistical
characteristics on the length and timescales over which they are observed
(Saletti et al., 2015; Singh et al., 2009, 2012). A recent surge in research
activity has generated rapid progress in this area. For example, Ancey et al.
(2006) demonstrated that a constant erosion rate as originally proposed by
Einstein (1950) was insufficient to develop realistically large particle activity
fluctuations, so they added a positive feedback between the particle activity
and erosion rate they called “collective entrainment” (Ancey et al., 2008;
Heyman et al., 2013, 2014; Lee and Jerolmack , 2018). While this feedback
was deemed necessary to model realistic activity fluctuations, the implications of collective entrainment for the bed topography have not been fully
explored.
In this work, I present the first stochastic model coupling the erosion
and deposition of individual bedload grains to local bed elevation changes.
This model extends the birth-death model approach reviewed in Sec. 1.1.13
to describe the interplay between the bedload flux and the bed elevation
within a control volume. This new model evaluates the effect of collective
entrainment on bed elevation change, and it allows for investigations of the
residence times of particles buried under the bed surface. The model has two
major assumptions: First, bedload erosion and deposition are characterized
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by probabilistic rates (Ancey et al., 2008; Einstein, 1950); and second, these
rates are contingent on the local bed elevation, encoding the property that
erosion of sediment is emphasized from regions of exposure, while deposition
is emphasized in regions of shelter (Sawai , 1987; Wong et al., 2007).
Below, Sec. 3.1 introduces the stochastic model and Sec. 3.2 presents solutions of the model from a mixture of numerical and analytical techniques.
Model solutions illustrate several new features of particle activity and bed
elevation statistics that result from feedbacks between the erosion and deposition rates with bed elevation change. Sec. 3.3 present these features,
while Secs. 3.4 and 3.5 conclude with the implications of these features and
the suggestions they raise for future research.

3.1

Stochastic model of bedload transport and
bed elevations

The model in this chapter is formulated by considering a volume of downstream length L containing some number n of moving particles in the flow
and some number m of stationary particles composing the bed at time t,
as depicted in Fig. 3.1. The value m is defined relative to the mean number of grains within the control volume, so that it can be either positive or
negative. n is always a positive integer including 0.
All particles are considered approximately spherical with the same radius
a, so their mobility and packing characteristics are similar. Following Ancey
et al. (2008), basically four events can occur at any instant to modify the
populations n and m. These events are (1) migration of a moving particle
into the volume from upstream (n → n + 1), (2) the entrainment (erosion)
of a stationary particle into motion within the volume (m → m − 1 and
n → n + 1), (3) the deposition of a moving particle to rest within the
volume (m → m + 1 and n → n − 1), and (4) the migration of a moving
particle out of the volume to downstream (n → n − 1). The four events are
depicted as arrows in Fig. 3.1. As the events occur at random intervals, they
set up a joint stochastic evolution of the populations n and m characterized
by a joint probability distribution P (n, m, t) for the number of particles in
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motion and rest in the volume at t.

Figure 3.1: Definition sketch of a control volume containing n moving
grains and m resting grains. Migration, entrainment, and deposition are represented by arrows, and the instantaneous bed
elevation is depicted by dotted lines. The bed is displayed in a
degraded state where m < 0. The marginal distributions of n
and m are indicated in the upper right panel, while the bottom
panel is a realized timeseries of bed elevations computed from
m using Eq. 3.1.
The populations n and m provide the volumetric bedload flux Φ and the
local bed elevation z. The mean transport rate is given by Φ = us hni/L,
where us is the characteristic velocity of moving bedload and
P
hni = n,m nP (n, m) is the mean number of grains in motion (Ancey et al.,
2008; Charru et al., 2004; Furbish et al., 2012b). The bed elevation is related
to m through the packing geometry of the bed. This relationship depends
on the packing fraction φ of grains in the bed (Bennett, 1972). Considering
the bed as two-dimensional (Einstein, 1950; Paintal , 1971), the deviation
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from the mean bed elevation can be expressed as
z(m) =

πa2
m = z1 m.
φL

(3.1)

The constant z1 = πa2 /(φL) is an important scale in the problem. z1 is the
magnitude of bed elevation change in an average sense across the control
volume associated with the addition or removal of a single grain.
Bed elevation changes modify the likelihood of entrainment and deposition in a negative feedback (Sawai , 1987; Wong et al., 2007). Aggradation increases the likelihood of entrainment, while degradation increases
the likelihood of deposition. Wong et al. (2007) concluded that bed elevation changes induce an exponential variation in entrainment and deposition
probabilities, while Sawai (1987) concluded that the variation is linear. For
simplicity, this chapter utilizes the scaling of Sawai (1987). This scaling
is equivalent to the Wong et al. (2007) scaling when bed elevation changes
are small. Because experimental distributions of bed elevations are often
symmetrical (e.g. Crickmore and Lean, 1962; Martin et al., 2014; Pender
et al., 2001; Wong et al., 2007), the erosion and deposition feedbacks are
considered to have the same strength. As bed elevation changes drive up
(down) erosion rates, so they drive down (up) deposition rates to the same
degree.
Merging these ideas with those of Ancey et al. (2008) produces expressions for the four possible transitions with local bed elevation-dependent
entrainment and deposition rates:
RM I (n + 1|n) = ν

migration in,

(3.2)

RE (n + 1, m − 1|n, m) = (λ + µn)[1 + κm],

entrainment,

(3.3)

deposition.

(3.4)

migration out.

(3.5)

RD (n − 1, m + 1|n, m) = σn[1 − κm],
RM O (n − 1|n) = γn

In Eqs. 3.3 and 3.4, κ is a coupling constant between bed elevations and the
entrainment and deposition rates. In terms of κ I will later demonstrate the
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relationship
κ≈

z1  2
2l

(3.6)

where l is a characteristic length scale of bed elevation change that can be interpreted as the active layer depth (Church and Haschenburger , 2017; Wong
et al., 2007). In the rate equations 3.2-3.5, ν is the rate of migration into the
control volume, λ is the conventional entrainment rate, µ is the collective
entrainment rate, σ is the deposition rate, and γ is the rate of migration
out of the control volume. At m = 0, these equations reduce to those of
the Ancey et al. (2008) model. Away from this elevation, entrainment and
deposition are alternatively suppressed or enhanced depending on the sign
of m, constituting a feedback between bed elevations and entrainment and
deposition.
All four rates are independent of the past history of the populations and
depend only on the current populations (n, m). As a result, the model is
Markovian (Cox and Miller , 1965; Van Kampen, 2007), meaning time intervals between any two subsequent transitions are exponentially distributed
(Gillespie, 2007).
The master equation for the probability flow can be written using the
P
Kolmogorov equation ∂P (n, m; t)/∂t = n0 ,m0 [R(n, m|n0 , m0 )P (n0 , m0 ; t) −
R(n0 , m0 |n, m)P (n, m; t)] (Ancey et al., 2008; Cox and Miller , 1965; Gillespie, 1992) as
∂P
(n, m; t) = νP (n−1, m; t)+[λ(m+1)+µ(n−1)][1+κ(m+1)]P (n−1, m+1; t)
∂t
+ σ(n + 1)[1 − κ(m − 1)]P (n + 1, m − 1; t) + γ(n + 1)P (n + 1, m; t)
− {ν + λ + µn(1 + κm) + σn(1 − κm) + γn}P (n, m; t). (3.7)
The joint distribution P (n, m; t) that solves this equation fully characterizes the statistics of n and m – proxies for the bedload flux and local bed
elevation.
The average entrainment and deposition rates E and D over all bed
elevations are E = λ + µhni and D = σhni. The solutions of Eq. 3.7
are expected to adjust from whatever initial conditions toward a steady60

state distribution Ps (n, m) – independent of time – if the constant factors in
the transition rates are representative of equilibrium transport conditions.
Equilibrium requires E = D, meaning there is no net change in elevation,
and ν = γhni, meaning mass is conserved in the control volume (inflow
= outflow). This master equation describes a two-species stochastic birthdeath model (Cox and Miller , 1965) of a type well known in population
ecology (Pielou, 1977; Swift, 2002) and chemical physics (Gardiner , 1983).
In context of this chapter, the two populations are the moving and stationary
grains in the control volume.

3.2

Model solutions

Unfortunately, Eq. 3.7 does not admit an analytical solution unless κ = 0
(but see Swift (2002) for the generating function method which fails in this
case). The difficulty originates from the product terms between n and m
representing the bed elevation dependence of collective entrainment and
deposition rates.
Because the model is Markovian, it is nevertheless possible to numerically simulate Eq. 3.7 with the Gillespie algorithm (Gillespie, 1977, 1992,
2007). In conditions when the coupling constant κ between the entrainment/deposition rates and the bed elevation is weak, it is also possible to solve
the master equation approximately with mean field and Fokker-Planck approaches (Gardiner , 1983; Haken, 1978). The Gillespie simulation algorithm
is described below in Sec. 3.2.1, while these analytical approximations are
described in Sec. 3.2.2.

3.2.1

Numerical study of the joint model

The Gillespie algorithm takes advantage of the defining property of a Markov
process: when transition rates are independent of history, time intervals
between transitions are exponentially distributed (Cox and Miller , 1965).
As a result, to step the Markov process through a single transition, one
can draw a first random value from the exponential distribution of transition
intervals to determine the time of the next transition, then draw a second
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flow

ν

λ

µ

σ

γ

(a)
(g)
(i)
(l)

5.45
7.74
15.56
15.52

6.59
8.42
22.07
14.64

3.74
4.34
3.56
4.32

4.67
4.95
4.52
4.77

0.77
0.56
0.68
0.48

Table 3.1: Migration, entrainment, and deposition rates at z(m) = 0
are tabulated from Ancey et al. (2008). Units are s−1 (probability/time). Bed elevation changes modulate these rates in accord
with Eqs. 3.2-3.5.

random value to choose the type of transition that occurs using relative
probabilities formed from Eqs. 3.2-3.5. The transition is enacted by shifting
t, n, and m by the appropriate values to the type of transition (that is,
entrainment is m → m − 1 and n → n + 1, and so on). This procedure can
be iterated to form an exact realization of the stochastic process (Gillespie,
2007). The appendix Secs. B.1-B.1.3 provide additional background on the
stochastic simulation method.
Using this method, I simulated 4 transport conditions with 13 different
values of l taken across a range from l = a (a single radius) to l = 10a (10
radii). These values include the range exhibited by the available experimental data on bed elevation timeseries (Martin et al., 2014; Singh et al., 2009;
Wong et al., 2007).
For the migration, entrainment, and deposition parameters representing
bedload transport at each flow condition (ν, λ, µ, σ, γ), I used the values
measured by Ancey et al. (2008) in a series of flume experiments: these are
summarized in Tab. 3.1. Flow conditions are labeled (a), (g), (i), and (l),
roughly in order of increasing bedload flux (see Ancey et al. (2008) for more
details). In all simulations, I took the packing fraction φ = 0.6 – a typical
value for a pile of spheres (e.g. Bennett, 1972), and I set L = 22.5cm and
a = 0.3cm, values from the original Ancey et al. (2008) experiments. Each
simulation was run for 250hrs of virtual time, a period selected to ensure
convergence of particle activity and bed elevation statistics.
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3.2.2

Approximate solutions of the joint model

The n and m dynamics in Eq. 3.7 can be approximately decoupled using the inequality l  z1 (equivalently κ  1) which holds for large values of the active layer depth l. These inequalities imply that many individual entrainment or deposition events are required for an appreciable
change in the entrainment and deposition rates. Concentrating on steadystate conditions ∂P/∂t = 0, one can introduce the exact decomposition
P (n, m) = A(n|m)M (m) to Eq. 3.7, with the new distributions normalized
P
P
as m M (m) = 1 and n A(n|m) = 1 (e.g. Haken, 1978). This provides
the steady-state equation
0 = νA(n−1|m)M (m)+[λ+µ(n−1)][1+κ(m+1)]A(n−1|m+1)M (m+1)
+ σ(n + 1)[1 − κ(m − 1)]A(n + 1, m − 1)M (m − 1) + γ(n + 1)A(n + 1|m)M (m)
− {ν + [λ + µn](1 + κm) + σn(1 − κm) + γn}A(n, m)M (m). (3.8)
Summing this equation over n provides a still exact description of the distribution of bed elevations M (m) in terms of the conditional mean particle
P
activity hn|mi = n nA(n|m):
0 = [λ + µhn|m + 1i][1 + κ(m + 1)]M (m + 1)
+ σhn|m − 1i[1 − κ(m − 1)]M (m − 1)
− {[λ + µhn|mi](1 + κm) + σhn|mi(1 − κm)}M (m). (3.9)
Unfortunately, these two equations are no easier to solve than the original
master equation, since the amount of coupling between n and m is not
reduced in Eq. 3.8.
The simplest approximation to these equations holds that κ is so small
that the dynamics of n are totally independent of m: A(n|m) = A(n).
Taking this limit in Eq. 3.8, summing over m, and using hmi = 0 reproduces
the Ancey et al. (2008) particle activity model. As shown in Sec. 1.1.13,

63

this has the solution
A(n) =

Γ(r + n) r
p (1 − p)n .
Γ(r)n!

(3.10)

which is a negative binomial distribution for the particle activity with parameters r = (ν+λ)/µ and p = 1−µ/(σ+γ). This result implies hn|mi = hni,
so with the definitions of E and D and the equilibrium condition E = D,
Eq. 3.9 provides
0 ≈ [1 + κ(m + 1)]M (m + 1) + [1 − κ(m − 1)]M (m − 1) − 2M (m). (3.11)
This mean field equation matches the discrete Ornstein-Uhlenbeck model of
bed elevation changes developed by Martin et al. (2014). The independent
bed elevation and particle activity models of Martin et al. (2014) and Ancey
et al. (2008) derive from the model Eq. 3.7 in a mean field approximation
when κ is insignificant.
In the appendix Sec. B.2.2 I show that the Fokker-Planck approximation (Gardiner , 1983) formed by expanding M (m ± 1) to second order in m
within Eq. 3.11 provides the solution M (m) ∝ exp(−κm2 ): this is a normal
2 ∝
distribution of bed elevations with variance σm

1
2κ .

As I will demonstrate

in Sec. 3.3, and as I have already suggested with Eq. (3.6), this is a poor
approximation to the bed elevation variance. Nevertheless, this approximation does capture the Gaussian shape of the bed elevation distribution. The
essential issue with this mean field approach is that in actuality, the conditional mean particle activity hn|mi varies significantly with m, especially
when collective entrainment contributes to the mean entrainment rate E.
A more careful approximate solution to Eq. 3.9 can be obtained by
prescribing a phenomenological equation for hn|mi into Eq. 3.9 in order to
close the equation for m without solving Eq. 3.8. As explained in appendix
Sec. B.2.3, comparison with the numerical simulations determines that the
relationship

hn|mi ≈ hni 1 −

2κm 
1 − µ/σ

(3.12)

captures the general features of the conditional mean particle activity. In64

troducing this closure relation to Eq. 3.9, making the Fokker-Planck approximation, and neglecting terms of O(κ2 ) provides
r
M (m) ≈

2κ −2κm2
e
,
π

2 =
representing a Gaussian distribution with variance σm

(3.13)
1
4κ

– smaller than

the former mean field theory by a factor of two and in agreement with the
result of Eq. 3.6. This closure equation approach shows good correspondence
with numerical solutions of Eq. 3.7, at least for the flow parameters in Tab.
3.1.

3.3

Results

From the initial conditions, all simulations show a rapid attainment of
steady-state stochastic dynamics of n and m which support a time-independent
joint distribution P (n, m). The bottom panel of Fig. 3.1 shows an example
elevation timeseries. In order to describe the implications of coupling bedload transport to bed elevation changes, the numerical and analytical results
for the probability distributions of bedload transport and bed elevations are
presented in Sec. 3.3.1 and the statistical moments of these quantities are
presented in Sec. 3.3.2. The effects of collective entrainment on bed elevation changes are studied in Sec. 3.3.3, and the resting times of sediment
undergoing burial are evaluated in Sec. 3.3.4.

3.3.1

Probability distributions of bedload transport and
bed elevations

The joint distribution is computed numerically by counting occurrences of
the states (n, m) in the simulated timeseries. From this joint distribution
the marginal distributions P (n) and P (m) are obtained by summing over m
and n respectively. A representative subset of these marginal distributions is
displayed in Fig. 3.2 alongside the approximate results of Eqs. 3.10 and 3.13.
The mean field equation 3.10 for the particle activity n closely represents the
numerical results, and while there are small differences between numerical
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Figure 3.2: Panel (a) presents the probability distribution of particle
activity n and panel (b) presents the probability distribution
of the relative number of particles m for a representative subset of simulations. These distributions represent different flows
from Tab. 3.1, distinguished by color, and different values of
the active layer depth l (equivalently the coupling constant κ),
distinguished by the marker style. The mean field theories (mft)
of Eqs. 3.10 and 3.13 are displayed as solid black lines.
and analytical results for the relative number m of resting particles, the
numerical solutions approximately match Eq. 3.13, having Gaussian profiles
consistent with the assumption of a symmetric scaling between erosion and
deposition rates and bed elevation changes.

3.3.2

Statistical moments of bed elevation and the particle
activity

The moments of n and m are calculated by summing over P (n, m). The jth
order unconditional moment of the particle activity n is defined as
hnj i =

X

nj P (n),

(3.14)

n

while the jth order moment of n held conditional on m is
hnj |mi =

X
n
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nj P (n, m).

(3.15)
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Figure 3.3: Data from all simulations demonstrates that the active
layer depth l characterizes bed elevation changes as described
2 ≈ (l/z )2 .
by Eq. 3.6: σm
1
The moments of m show no dependence on the value of n. The mean
elevation is always hmi = 0 due to the initial assumption of symmetry in
the entrainment and deposition rate scaling with m.
Fig. 3.3 demonstrates that the variance of bed elevations is approxi2 =
mately σz2 = z12 σm

1
4κ

= l2 , agreeing with the approximation in Eq. 3.13;

this result indicates that l is a characteristic length scale of bed elevation
fluctuations. The close correspondence between the mean field approximation and the numerical simulations in Fig. 3.2 panel (a) suggests the
unconditional moments of n correspond closely with the Ancey et al. (2008)
result. They appear identical within numerical uncertainty.
The coupling between bed elevation changes and the erosion and deposition rates develop a strong dependence of the particle activity on m.
Fig. 3.4 displays the mean shift [hn|mi − hni]/hni and the variance shift
[var(n|m) − var(n)]/var(n) of the particle activity due to departures of the
bed elevation from its mean position. Fig. 3.4 panel (a) demonstrates that
the flow conditions in Tab. 3.1 support departures of the mean particle activity by as much as 60% from the overall mean value when the bed is in a
degraded state z ≈ −3l, and the activity can be decreased by 20% when the
bed is in an aggraded state. The closure model 3.12 used to derive the approximate bed elevation distribution 3.13 is plotted behind the conditional
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Figure 3.4: The particle activity moments conditioned on instantaneous bed elevations shift from their over-all mean values. Panel
(a) indicates the mean particle activity shift versus the bed elevation measured in units of σz = l. This shift displays asymmetric dependence on m at the flow conditions of the Ancey
et al. (2008) experiments, and departures of the bedload transport mean can be as much as 60% when the bed is in a severely
degraded state with z ≈ −3l. The closure equation 3.12 is plotted in panel (a). Panel (b) demonstrates a more symmetrical
variance shift with some dependence on flow conditions displaying variations of up to 20% with bed elevation changes. These
results indicate that bedload statistics measurements on short
timescales could be severely biased by departures from the mean
bed elevation.
mean profiles in Fig. 3.4 panel (a), where it appears as a crude approximation since it does not capture the asymmetry. Nevertheless, Fig. 3.3
demonstrates the variance 1/(4κ) derived from this closure equation is representative of the numerical relationship. For the parameters of the Ancey
et al. (2008) experiments, Fig. 3.4 panel (b) displays a variance shift with
bed elevation changes that is less severe than the mean shift but is nevertheless appreciable, with bed elevations changing the magnitude of bedload
activity fluctuations by as much as 20%. These results indicate that bed
elevation changes regulate the first and second particle activity moments,
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with a moment suppression effect when the bed is aggraded, and a moment
enhancement effect when the bed is degraded.

3.3.3

Collective entrainment and bedload activity
fluctuations

Noting that bed elevations affect the particle activity moments, the next
step is to study the influence of collective entrainment on this effect by
modifying the relative proportion of the individual to collective contributions in the mean entrainment rate E = λ + σhni. The equilibrium condition E = D implies that the fraction of entrainment due to the collective
process is f = µhni/E = µ/σ. This fraction can be used to hold E constant
and modify the prevalence of the collective entrainment process by setting
λ = E(1 − f ) and µ = σf . Interpolating f between zero and one interpolates the particle activity component of the master equation 3.7 from a
purely Poissonian model to a negative binomial model, isolating the effect
of collective entrainment on the particle activity statistics over a dynamic
sedimentary bed. Fig. 3.5 depicts the modification of the particle activity mean and variance as the importance of collective entrainment is tuned
(through λ and µ) with all other parameters fixed. When f = 0, the bed
elevation ceases to influence the particle activity mean or variance, while
larger fractions increasingly enable the moment regulation effect identified
in Sec. 3.3.2.

3.3.4

Resting times of sediment undergoing burial

Resting times for sediment undergoing burial are obtained from analyzing
the return times from above in the timeseries of m (e.g. Redner , 2007).
Following Voepel et al. (2013) and Martin et al. (2014), I concentrate on a
particular bed elevation m0 , and find all time intervals separating deposition
events at m = m0 from erosion events at m = m0 + 1. These are the return
times from above of the sedimentary bed conditional to the elevation m0 .
Binning these conditional return times (using logarithmically-spaced bins
to reduce computational load) and counting the occurrences in each bin
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Figure 3.5: Panel (a) displays the shift of the mean particle activity with departures of the bed elevation from its mean value,
while panel (b) displays the shift of the particle activity fluctuations. All simulations are conducted with flow condition
(g) from Tab. 3.1, except that λ and µ are modified to shift
the fraction f = µ/σ of the over-all entrainment rate E due
to collective entrainment. Collective entrainment drives strong
departures of the bedload statistics away from the mean field
model (Eq. 3.10) at large departures from the mean bed elevation. Panel (b) shows particle activity fluctuations suppressed
by 90% when z ≈ −3l and collective entrainment is the dominant process. When collective entrainment is absent, meaning
µ/σ = 0, this moment regulation effect vanishes, as it is a consequence of collective entrainment.
obtains the exceedance distribution of return times tr held conditional to
the elevation m0 : P (T > tr |m0 ). The marginal probability distribution of
bed elevations P (m) displayed in Fig. 3.2 panel (b) derives the unconditional
exceedance distribution of resting times as a sum over all elevations (Martin
et al., 2014; Nakagawa and Tsujimoto, 1980; Voepel et al., 2013; Yang and
Sayre, 1971):
P (T > tr ) =

X

P (m0 )P (T > tr |m0 ).

m0
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(3.16)
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Figure 3.6: Resting time statistics scale differently with transport
conditions and the bed elevation variance. Panel (a) shows different flow conditions at a fixed l value, while panel (c) shows
fixed flow conditions at different l. When scaled by T0 (Eq.
3.17), both types of difference collapse in the tails of the distributions, as shown in panels (b) and (d), where the black dotted
lines indicate a power law decay of the collapsed tails having
parameter α ≈ 1.18 .
Fig. 3.6 displays a representative subset of these results. Comparing panels
(a) and (c) in this figure shows two separate variations with input parameters: first, the distributions vary with the flow conditions, and second, they
vary with the standard deviation of bed elevations (l). However, as shown
in panels (b) and (d), a characteristic timescale T0 is found to collapse away
both variations. This T0 can be obtained heuristically by considering the
characteristic speed of bed elevation change. Because the mean number of
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grains leaving the bed per unit time is E and the removal of a single grain
changes the bed elevation by z1 (Eq. 3.1), bed elevations change with a
characteristic speed v = z1 E. Since the range of elevation deviations is l
(Fig. 3.3), the time required for the bed to shift through this characteristic
distance is l/v, or equivalently
T0 =

l
.
z1 E

(3.17)

Scaling the resting time by this T0 obtains the collapse shown in Fig. 3.6.
Using the log-likelihood estimation technique described by Newman (2005),
the scaled resting time non-exceedance distributions are estimated to decay
as a heavy tailed power law with parameter α = 1.18 ± 0.32 for all return
times satisfying T /T0 > 103 . These distributions are sufficiently heavy tailed
to violate the central limit theorem and drive anomalous super-diffusion of
bedload, a result which supports the earlier conclusions of Voepel et al.
(2013) and Martin et al. (2014).

3.4
3.4.1

Discussion
Context of the research

Einstein developed the first stochastic models of bedload tracer diffusion
(Einstein, 1937) and the bedload flux (Einstein, 1950), and his ideas can
be viewed as the nexus of an entire paradigm of research that extends into
the present day (e.g. Ancey et al., 2008; Hassan et al., 1991; Hubbell and
Sayre, 1964; Nakagawa and Tsujimoto, 1976; Wu et al., 2019a). These
approaches aim to predict bedload transport characteristics from stochastic
concepts of individual particle motions. With some exceptions (Nakagawa
and Tsujimoto, 1980; Pelosi et al., 2016; Wu et al., 2019a,b; Yang and Sayre,
1971), existing descriptions are spatially one-dimensional, concentrating on
the motion of grains in the downstream direction without including the
vertical dimension wherein local bed elevation changes imply sediment burial
(Martin et al., 2014; Voepel et al., 2013) and change the mobility of surface
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grains (Nakagawa and Tsujimoto, 1980; Yang and Sayre, 1971).

3.4.2

New contributions

This chapter has modified the birth-death approach to describe sediment
transport in a control volume. This model was applied to study the interplay between bedload transport and bed elevation fluctuations and to
investigate resting time distributions of sediment undergoing burial. This
model is the first description of bedload transport and bed elevations as a
coupled stochastic population model based on individual grains. Numerical solutions and analytical approximations provided negative binomial distributions of bedload activity and normal distributions of bed elevations.
Although experiments under more natural conditions with segregation processes, migrating bedforms, or sediment supply perturbations have shown
particle activity distributions with heavier tails (Dhont and Ancey, 2018;
Saletti et al., 2015) and non-Gaussian bed elevations (Aberle and Nikora,
2006; Singh et al., 2012), the results of this chapter reproduce the key features of the most controlled bed elevation (Martin et al., 2014; Wong et al.,
2007) and bedload transport (Ancey et al., 2008; Heyman et al., 2016) experiments.
The inclusion of coupling between the bed elevation and entrainment and
deposition rates revealed a novel dependence of particle activity on bed elevation changes, highlighting a new consequence of the collective entrainment
process (Ancey et al., 2008; Lee and Jerolmack , 2018). This coupling develops a significant variation of the particle activity moments with deviations
of the bed from its mean elevation. These particle activity variations with
bed elevation changes disappear in the absence of collective entrainment.
Finally, the model allowed resolution of resting times for sediment undergoing burial within the sedimentary bed. These timescales were obtained
by analyzing return times from above in the bed elevation timeseries. This
analysis produces heavy-tailed power-law resting times with tail parameters sufficient to drive anomalous diffusion of bedload at long timescales.
The power-law tails were found to collapse across flow conditions using a
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timescale formed from the mean erosion rate and the active layer depth.
As the model in this chapter builds on earlier works describing particle
activity and bed elevation changes independently, it also reduces to these
works in simplified limits when the coupling between the particle activity
and the local bed elevation vanishes. With the mean field approach in Sec.
3.2.2, the Martin et al. (2014) Ornstein-Uhlenbeck model for bed elevations
and the Ancey et al. (2008) birth-death model for the particle activity were
derived as simplified limits of the coupled model developed in this chapter. While the mean field description of bed elevations over-predicts the
bed elevation variance by approximately a factor of two, it does capture
the Gaussian shape of the bed elevation distribution, and its conclusions on
the tail characteristics of resting time distributions for sediment undergoing
burial are identical to the model in this chapter within the numerical uncertainty. Martin et al. (2014) described a power-law distribution with tail
parameter α ≈ 1 which falls neatly within the estimation α = 1.18 ± 0.32
presented here.

3.4.3

Next steps for research

The model presented in this chapter computes statistical characteristics of
the bedload particle activity and bed elevation within a control volume by
assuming all particles on the bed surface have similar mobility characteristics while sediment transport and bed topography are in equilibrium. In
actuality, particles span a range of sizes, and spatial organization occurs
both in the forces imparted to particles by the flow (Amir et al., 2014;
Shih et al., 2017) and in the mobility characteristics of particles on the bed
surface (Charru et al., 2004; Hassan et al., 2008; Nelson et al., 2014). Together, these factors may generate spatial correlations in particle activities
that models concentrating on a single control volume will be unable to capture. Models chaining multiple control volumes together have shown spatial
correlations in the particle activity as a result of collective entrainment (Ancey et al., 2015; Heyman et al., 2014), and similar approaches have also been
applied to study correlations in turbulent flows (Gardiner , 1983). In light
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of this work, the model presented in this chapter is considered a preliminary
step toward a multiple-cell model of particle activities and bed elevation
changes with potential to express spatial correlations between longitudinal
profile and particle activity statistics.
Like the theory developed by Martin et al. (2014), the model 3.7 produces heavy-tailed power-law resting times for sediment undergoing burial
by treating bed elevation changes as an unbounded random walk with a
mean reverting tendency. This result suggests sediment burial can explain
the heavy-tailed rests seen in field data (Bradley, 2017; Olinde and Johnson,
2015; Pretzlav , 2016). The resting time distributions derived in Sec. 3.3.4
show a divergent variance and possibly a divergent mean, since this occurs
for α < 1 (Sornette, 2006) which is within range of the results.
Divergent mean resting time distributions present a paradox, since they
imply all particles should eventually be immobile, violating the equilibrium
transport assumption. Voepel et al. (2013) demonstrated that a bounded
random walk for bed elevations provides a power-law distribution that eventually transitions to a faster thin-tailed decay, allowing for power-law scaling
like the result in this chapter and Martin et al. (2014) without this divergent mean paradox. One resolution to this issue could come from a spatially
distributed model with multiple cells. Neighboring locations might bound
excessive local elevation changes through granular relaxations from gradients above the angle of repose. In this interpretation, divergent mean power
law resting time distributions may be relics of single cell models for bed
elevation changes. We should always expect a maximum depth to which
the bed can degrade relative to neighboring locations; this could temper the
power law tail without required the reflecting boundaries used by Voepel
et al. (2013).
Finally, this chapter presented the probability distribution functions and
first and second moments of the particle activity and bed elevation, indicating novel coordination between the statistical characteristics of these quantities which deserve experimental testing. Some relatively recent particle
tracking experiments have demonstrated joint resolution of bed elevations
and bedload transport (Heyman et al., 2016; Martin et al., 2014). A suitably
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designed experiment using this methodology could test the prediction that
bed elevations regulate particle activity statistics, as essentially represented
in Figs. 3.4 and 3.5.
Many other statistical characteristics of bedload transport have been
left for future studies. For example, the dependence of bedload transport
(Saletti et al., 2015; Singh et al., 2009) and bed elevation statistics (Aberle
and Nikora, 2006; Singh et al., 2009, 2012) on the spatial and temporal
scales over which they are observed is an emerging research topic which was
previously referenced in Sec. 1.1.14. Whether bed elevation distributions
are also scale-dependent like the sediment flux distribution of Ch. 2 is an
interesting question for future research.

3.5

Summary

This chapter presented a stochastic model for particle activity and local
bed elevations including feedbacks between elevation changes and sediment
transport. This model includes collective entrainment, whereby moving particles tend to destabilize stationary ones. The model was analyzed using a
mixture of numerical and analytical methods, and two key results were presented:
1. Resting times for sediment undergoing burial lie on a heavy-tailed
power law distributions with tail parameter α ≈ 1.2;
2. Collective entrainment generates a statistical regulation effect, whereby
bed elevation changes modify the mean and variance of the particle
activity by as much as 90%: this effect vanishes when collective entrainment is absent.
These results imply measurements of bedload transport statistics could be
biased at observation timescales smaller than adjustments of the bed elevation timeseries when collective entrainment occurs. The next step is to
generalize the model in this chapter to a multi-cell framework to study channel morphodynamics in a stochastic framework.
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Chapter 4

Burial-induced three-range
diffusion in sediment
transport
Many environmental problems including channel morphology (Hassan and
Bradley, 2017), contaminant transport (Macklin et al., 2006), and aquatic
habitat restoration (Gaeuman et al., 2017) rely on our ability to predict
the diffusion characteristics of coarse sediment tracers in river channels.
Diffusion is quantified by the time dependence of the positional variance σx2
of a group of tracers. With the scaling σx2 ∝ t, the diffusion is said to be
normal, since this is found in the classic problems (Einstein, 1905). However,
with the scaling σx2 ∝ tγ with γ 6= 1, the diffusion is said to be anomalous
(Sokolov , 2012), with γ > 1 defining super-diffusion and γ < 1 defining subdiffusion (Metzler and Klafter , 2000). Einstein (1937) developed one of the
earliest models of bedload diffusion to describe a series of flume experiments
(Ettema and Mutel , 2004). Interpreting individual bedload trajectories as
a sequence of random steps and rests, Einstein originally concluded that a
group of bedload tracers undergoes normal diffusion.
More recently, Nikora et al. realized coarse sediment tracers can show
either normal or anomalous diffusion depending on the length of time they
have been tracked (Nikora et al., 2001b, 2002). From numerical simulations
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and experimental data, Nikora et al. discerned “at least three” scaling ranges
σx2 ∝ tγ as the observation time increased. They associated the first range
with “local” timescales less than the interval between subsequent collisions of
moving grains with the bed, the second with “intermediate” timescales less
than the interval between successive resting periods of grains, and the third
with “global” timescales composed of many intermediate timescales. Nikora
et al. proposed super-diffusion in the local range, anomalous or normal
diffusion in the intermediate range, and sub-diffusion in the global range.
They attributed these ranges to “differences in the physical processes which
govern the local, intermediate, and global trajectories” of grains (Nikora
et al., 2001b), and they called for a physically based model to explain the
diffusion characteristics (Nikora et al., 2002).
Experiments support the Nikora et al. conclusion of multiple scaling
ranges (Fathel et al., 2016; Martin et al., 2012), but they do not provide
consensus on the expected number of ranges or their scaling properties. This
lack of consensus probably stems from resolution issues. For example, experiments have tracked only moving grains, resolving the local range (Fathel
et al., 2016; Furbish et al., 2012a, 2017); grains resting on the bed surface
between movements, resolving the intermediate range (Einstein, 1937; Nakagawa and Tsujimoto, 1976; Yano, 1969); grains either moving or resting
on the bed surface, likely resolving local and intermediate ranges (Martin
et al., 2012); or grains resting on the surface after floods, likely resolving
the global range (Bradley, 2017; Phillips et al., 2013). At long timescales, a
significant fraction of tracers become buried under the bed surface (Ferguson
et al., 2002; Haschenburger , 2013; Hassan et al., 1991, 2013; Papangelakis
and Hassan, 2016), meaning burial dominates long term diffusion characteristics (Bradley, 2017; Martin et al., 2014; Voepel et al., 2013), possibly at
global or even longer “geomorphic” timescales (Hassan and Bradley, 2017)
than Nikora et al. originally considered. As a result, three diffusion ranges
can be identified by patching together multiple datasets (Nikora et al., 2002;
Zhang et al., 2012), but they are not resolved by any one dataset.
Newtonian bedload trajectory models also show multiple diffusion ranges,
although they also do not provide consensus on the expected number of
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ranges or their scaling properties. The majority of these models predict
two ranges of diffusion (local and intermediate) without predicting a global
range. Among these, Nikora et al. (2001b) used synthetic turbulence (Kraichnan, 1970) with a discrete element method for the granular phase (Cundall
and Strack , 1979); Bialik et al. (2012) used synthetic turbulence with a random collision model (Sekine and Kikkawa, 1992); and Fan et al. (2016) used
a Langevin equation with probabilistic rests. To my knowledge, only Bialik
et al. (2015) have claimed to capture all three ranges from a Newtonian
approach. They incorporated a second resting mechanism into their earlier
model (Bialik et al., 2012), implicitly suggesting that three diffusion ranges
could result from two distinct timescales of sediment rest. However, Newtonian approaches have not evaluated the effect of sediment burial on tracer
diffusion, probably due to the long simulation timescales required.
Random walk bedload diffusion models constructed in the spirit of Einstein (1937) provide an alternative to the Newtonian approach and can
include a second timescale of rest by incorporating sediment burial. Einstein originally modeled bedload trajectories as instantaneous steps interrupted by durations of rest lying on statistical distributions (Hassan et al.,
1991), but this generates only one range of normal diffusion (Einstein, 1937;
Hubbell and Sayre, 1964; Nakagawa and Tsujimoto, 1976). Recently, researchers have generalized Einstein’s model in a few different ways to describe multiple diffusion ranges. Lisle et al. (1998) and Lajeunesse et al.
(2017) promoted Einstein’s instantaneous steps to motion intervals with
random durations and a constant velocity, providing two diffusion ranges –
local and intermediate. Wu et al. (2019a) retained Einstein’s instantaneous
steps but included the possibility that grains can become permanently buried
as they rest on the bed, also providing two diffusion ranges – intermediate
and global. These earlier works suggest the minimal required components
to model three bedload diffusion ranges are (1) exchange between motion
and rest intervals and (2) the sediment burial process.
In this study, I incorporate these two components into Einstein’s original
approach to describe three diffusion ranges with a physically based model,
as called for by Nikora et al. (2002). Einstein was a giant in river geophysics
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and fostered an entire paradigm of research leveraging and generalizing his
stochastic methods (Gordon et al., 1972; Hubbell and Sayre, 1964; Nakagawa
and Tsujimoto, 1976; Paintal , 1971; Yang and Sayre, 1971; Yano, 1969).
Einstein’s model can be viewed as a pioneering application of the continuous
time random walk (CTRW) developed by Montroll (1964) in condensed
matter physics to describe the diffusion of charge carriers in solids. To
incorporate motion intervals and sediment burial, I utilize the multi-state
CTRW formalism developed by Weiss (1976, 1994) that extends the CTRW
of Montroll (1964). Below, I develop and solve the model in Sec. 4.1. Then,
I discuss the predictions of this model, present its implications for local,
intermediate, and global ranges of bedload diffusion, and suggest next steps
for bedload diffusion research in Secs. 4.2 and 4.3.

4.1

4.1.1

Bedload trajectories as a multi-state random
walk
Assumptions of the burial model

Particle trajectories are formulated as a three-state random walk where the
states are motion, surface rest, and burial. These states are labeled as i = 2
(motion), i = 1 (rest), and i = 0 (burial). The target is the probability
distribution p(x, t) to find a grain at position x and time t if it is known to
have started with the initial distribution p(x, 0) = δ(x). Times spent moving or resting on the surface are characterized by exponential distributions
ψM (t) = k2 e−k2 t and ψ1 (t) = k1 e−k1 t , since numerous experiments show
thin-tailed distributions for these quantities (Ancey et al., 2006; Einstein,
1937; Fathel et al., 2015; Martin et al., 2012; Roseberry et al., 2012). The
end results will not be contingent on the specific distributions chosen, since
all thin-tailed distributions provide similar diffusion characteristics in random walks (Weeks and Swinney, 1998; Weiss, 1994). Grains in motion are
considered to have a characteristic velocity v (Lajeunesse et al., 2017; Lisle
et al., 1998), and burial is modeled as long lasting enough to be effectively
permanent (Wu et al., 2019a), with grains resting on the surface having
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a probability per unit time κ to become buried. This means Φ(t) = e−κt
represents the probability that a grain is not buried after resting for a time
t, while 1 − Φ(t) represents the probability that it is buried. The initial
conditions are specified with probabilities θ1 and θ2 to be in rest or motion
at t = 0. Normalization requires θ1 + θ2 = 1.

4.1.2

Governing equations

With these assumptions, the governing equations for the set of probabilities
ωij (x, t) that a transition occurs from state i to state j at position x and
time t can be derived using the statistical physics approach to multi-state
random walks (Schmidt et al., 2007; Weeks and Swinney, 1998; Weiss, 1994).
Denoting by gij (x, t) the probability for a particle to move a distance x in
a time t within the state i before it transitions to the state j, the transition
probabilities ωij (x, t) sum over all possible paths to the state i from previous
locations and times:
ωij (x, t) = θi gij (x, t) +

2 Z
X

x

dx0

0

k=0

t

Z

dt0 ωki (x0 , t0 )gij (x − x0 , t − t0 ). (4.1)

0

Defining another set of probabilities Gi (x, t) that a particle moves by a
distance x in a time t within the state i and possibly remains within the
state, a similar sums over paths for the probabilities to be in the state i at
x, t produces:
pi (x, t) = θi Gi (x, t) +

2 Z
X
k=0

x

dx

0

Z

0

t

dt0 ωki (x0 , t0 )Gi (x − x0 , t − t0 ).

(4.2)

0

Finally, the overall probability to be at position x at time t is
p(x, t) =

2
X

pk (x, t).

(4.3)

k=0

This joint density is completely determined from the solutions of Eqs. 4.1
and 4.2 given specification of the distributions gij and Gi .
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4.1.3

Probability distribution of particle position with
burial

These distributions can be constructed from the assumptions described in
Sec. 4.1.1. Since particles resting on the bed surface become buried in a time
t with probability Φ(t), and resting times are distributed as ψ1 (t), these assumptions obtain g12 (x, t) = δ(x)k1 e−k1 t e−κt and g10 (x, t) = δ(x)k1 e−k1 t (1−
e−κt ). Since motions have velocity v for times distributed as ψ2 (t), the
assumptions provide g21 (x, t) = δ(x − vt)k2 e−k2 t . Since burial is quasipermanent, all other gij = 0. The Gi are constructed in the same way except
R∞
using the cumulative probabilities t dt0 ψi (t) = e−ki t , since these characterize motions and rests that are ongoing (Weiss, 1994). Using the cumulative
probabilities provides G1 (x, t) = δ(x)e−k1 t and G2 (x, t) = δ(x − vt)e−k2 t .
Eqs. 4.1 and 4.2 with these gij and Gi are solved using Laplace transforms in space and time (x, t → η, s). This method, similar to Weeks and
Swinney (1998), unravels the convolution structure of these equations, eventually producing
p̃(η, s) =

1 (s + κ + k 0 )s + θ1 (s + κ)ηv + κk2
,
s (s + κ + k1 )ηv + (s + κ + k 0 )s + κk2

(4.4)

where k 0 = k1 + k2 . As explained in appendix Sec. C.1, inverting this
result using known Laplace transforms (Arfken, 1985; Prudnikov et al., 1992)
obtains
i
k1 
1 − e−(κ+k1 )t δ(x)
κ + k1
r
 h
p i
p 
1
τ
+ e−Ωτ −ξ θ1 k1 I0 2 ξτ + k2
I1 2 ξτ
v
ξ
r
h
p 
p i
ξ
+ θ2 k1 δ(τ ) + k2 I0 2 ξτ + k1
I1 2 ξτ
τ
i
1 κk2 −κξ/(κ+k1 ) h
+
e
(θ1 /Ω)Q2 (ξ/Ω, Ωτ ) + θ2 Q1 (ξ/Ω, Ωτ )
v κ + k1
(4.5)

h
p(x, t) = θ1 1 −

for the joint distribution that a tracer is found at position x at time t. This
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result generalizes the earlier results of Lisle et al. (1998) and Einstein (1937)
to include sediment burial. This equation uses the shorthand notations ξ =
k2 x/v, τ = k1 (t−x/v), and Ω = (κ+k1 )/k1 (cf. Lisle et al., 1998). The Iν are
modified Bessel functions of the first kind and the Qµ are generalized MarRy
√
cum Q-functions defined by Qµ (x, y) = 0 e−z−x (z/x)(µ−1)/2 Iµ−1 (2 xz)dz
and originally devised for radar detection theory (Marcum, 1960; Temme,
1996). The Marcum Q-functions derive from the burial process. Because
resting grains can become buried with an exponential probability, while the
probability that particles rest follows a modified Bessel distribution (Einstein, 1937; Lisle et al., 1998), evaluating the probability that particles rest
and become buried generates the Q-function convolution structure.

Figure 4.1: Joint distributions for a grain to be at position x at time t
are displayed for the choice k1 = 0.1, k2 = 1.0, v = 2.0. Grains
are initially at rest (θ1 = 1, θ2 = 0). The solid lines are the analytical distribution in Eq. 4.5, while the points are numerically
simulated, showing the correctness of the mathematical derivations. Colors pertain to different times. Units are unspecified,
since the aim is to demonstrate the general characteristics of
p(x, t). Panel (a) shows the case κ = 0 – no burial. In this case,
the joint distribution tends toward Gaussian at large times (Einstein, 1937; Lisle et al., 1998). Panel (b) shows the case when
grains have rate κ = 0.01 to become buried while resting on
the bed surface. Because of burial, the joint distribution tends
toward a more uniform distribution than Gaussian.
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Fig. 4.1 depicts the distribution Eq. 4.5 alongside simulations generated
by a direct method based on evaluating the cumulative transition probabilities between states on a small timestep (Barik et al., 2006). When grains
do not become buried, as in panel (a) of Fig. 4.1, the distribution becomes
Gaussian-like at relatively large observation times, exemplifying normal diffusion and satisfying the central limit theorem. When grains become buried,
as in panel (b) of Fig. 4.1, the Q-function terms prevent the distribution
from approaching a Gaussian at large timescales, exemplifying anomalous
diffusion (Weeks and Swinney, 1998) and violating the central limit theorem
(Metzler and Klafter , 2000; Schumer et al., 2009).

4.1.4

Downstream diffusion

To obtain an analytical formula for tracers diffusing downstream while they
gradually become buried, the first two moments of position are derived by
taking derivatives with respect to η of the Laplace space distribution 4.4
using an approach similar to Shlesinger (1974) and Weeks and Swinney
(1998). These moments produce the positional variance σx2 = hx2 i − hxi2 .
The first two moments are
hx(t)i = A1 e(b−a)t + B1 e−(a+b)t + C1 ,
hx2 (t)i = A2 (t)e(b−a)t + B2 (t)e−(a+b)t + C2 ,

(4.6)
(4.7)

so the variance is
σx2 (t) = A(t)e(b−a)t + B(t)e−(a+b)t + C(t).
In these equations, a = (κ + k1 + k2 )/2 and b =

√

(4.8)

a2 − κk2 are effective

rates having dimensions of inverse time, while the A, B, and C factors are
provided in Tab. 4.1.
The positional variance Eq. 4.8 is plotted in Fig. 4.2 for conditions
θ1 = 1 and k2  k1  κ. The notation “” is interpreted in this context
to mean “of at least an order of magnitude greater”. These conditions
are most relevant to tracers in gravel-bed rivers, since they represent that
84

Table 4.1: Abbreviations used in the expressions of the mean (Eq.
4.6), second moment (Eq. 4.7) and variance (Eq. 4.8) of bedload
tracers are defined.
v
k1 + θ2 κ 
θ2 +
2b
b−a
k1 + θ2 κ 
v
θ2 −
B1 = −
2b
a+b
v  k1 + θ2 κ k1 + θ2 κ 
C1 = −
+
2b b − a
a+b
i
2 h
v
(κ + k1 )(θ2 κ + k1 )
A2 (t) = 3 (bt − 1)[k1 + θ2 (2κ + k1 + b − a)] + θ2 b +
[(bt
−
1)(b
−
a)
−
b]
2b
(b − a)2
i
2 h
v
(κ + k1 )(θ2 κ + k1 )
B2 (t) = 3 (bt + 1)[k1 + θ2 (2κ + k1 − a − b)] + θ2 b −
[(bt
+
1)(a
+
b)
+
b]
2b
(a + b)2
h
i
2
v
2b − a
a + 2b
+
C2 = 3 (κ + k1 )(θ2 κ + k1 )
2b
(b − a)2
(a + b)2
A(t) = A2 (t) − 2A1 C1 − A21 exp[(b − a)t]
A1 =

B(t) = B2 (t) − 2B1 C1 − B12 exp[−(a + b)t]
C(t) = C2 − C12 − 2A1 B1 exp[−2at]

grains are initially at rest (Hassan et al., 1991; Wu et al., 2019a), motions
are typically much shorter than rests (Einstein, 1937; Hubbell and Sayre,
1964), and burial requires a much longer time than typical rests (Ferguson
and Hoey, 2002; Haschenburger , 2013; Hassan and Church, 1994). Fig.
4.2 demonstrates that under these conditions the variance 4.8 shows three
diffusion ranges with approximate power law scaling (σx2 ∝ tγ ) that are
identified as the local, intermediate, and global ranges proposed by Nikora
et al., followed by a fourth range of no diffusion (σx2 = const) stemming from
the burial of all tracers. Following Hassan and Bradley (2017) I suggest to
call the fourth range “geomorphic”, since any further transport in this range
can occur only if scour re-exposes buried grains to the flow (Martin et al.,
2014; Nakagawa and Tsujimoto, 1980; Voepel et al., 2013; Wu et al., 2019b).

4.1.5

Diffusion exponents and three-range scaling

Two limiting cases of Eq. 4.8 provide the scaling exponents γ of the diffusion
σx2 ∝ tγ in each range. Limit (1) represents times so short that a negligible
amount of sediment burial has occurred, t  1/κ, while limit (2) represents
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Figure 4.2: Panel (a) sketches conceptual trajectories of grains, while
panel (b) depicts Eq. 4.8 with mean motion time 1.5s, rest time
30.0s, and velocity 0.1m/s. The burial timescale is 7200s (two
hours), and grains start from rest (θ1 = 1). The solid line is Eq.
4.8 and the points are numerically simulated. Panel (b) demonstrates four distinct scaling ranges of σx2 : local, intermediate,
global, and geomorphic. The first three are diffusive. Crossover
times τL , τI , and τG divide the ranges. Slope keys demonstrate
the scaling σx2 ∝ tγ in each range. Panel (a) demonstrates that
different mixtures of motion, rest, and burial states generate
the ranges. At local timescales, grains usually either rest or
move; at intermediate timescales, they transition between rest
and motion; at global timescales, they transition between rest,
motion, and burial; and at geomorphic timescales, all grains
become buried.
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times so long motion intervals appear as instantaneous steps of mean length
l = v/k2 , 1/k2 → 0 while v/k2 = constant. Limit (1) provides local exponent
2 ≤ γ ≤ 3 depending on the initial conditions θi , and intermediate exponent
γ = 1. If grains start in motion or rest exclusively, meaning one θi = 0, the
local exponent is γ = 3, while if grains start in a mixture of motion and rest
states, meaning neither θi is zero, the local exponent is γ = 2. Limit (2)
provides global exponent 1 ≤ γ ≤ 3 depending on the relative importance
of κ and k1 . The extreme k1 /κ  1 produces γ = 1 in the global range,
while the opposite extreme k1 /κ → ∞ produces γ = 3. To summarize, when
k2  k1  κ so all three diffusion ranges exist, Eq. 4.8 implies:
1. local range super-diffusion with 2 < γ < 3 depending on whether
grains start from purely motion or rest (γ = 3) or from a mixture of
both states (γ = 2),
2. intermediate range normal diffusion γ = 1 independent of model parameters, and
3. global range super-diffusion 1 < γ < 3 depending on whether burial
happens relatively slowly (γ → 1) or quickly (γ → 3) compared to
surface resting times.
Finally, the burial of all tracers generates a geomorphic range of no diffusion.

4.2
4.2.1

Discussion
Local and intermediate ranges with comparison to
earlier work

This chapter has extended Einstein (1937) by including motion, rest, and
burial processes in a multi-state random walk (Weeks and Swinney, 1998;
Weiss, 1994) to demonstrate that a group of bedload tracers moving downstream while gradually becoming buried will generate a super-diffusive local
range (Fathel et al., 2016; Martin et al., 2012; Witz et al., 2019), a normaldiffusive intermediate range (Nakagawa and Tsujimoto, 1976; Yano, 1969),
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and a super-diffusive global range (Bradley, 2017; Bradley et al., 2010) before the diffusion eventually terminates in a geomorphic range (Hassan and
Bradley, 2017). Nikora et al. (2002) highlighted the need for such a physical description, although they suggested to use a two-state random walk
between motion and rest states with heavy-tailed resting times, and they
did not discuss sediment burial. However, other works have demonstrated
that a two-state walk with heavy-tailed rests provides two diffusion ranges
– not three (Fan et al., 2016; Weeks et al., 1996), and although heavy-tailed
resting times have been documented for surface particles (Fraccarollo and
Hassan, 2019; Liu et al., 2019), they are more often associated with buried
particles (Martin et al., 2012, 2014; Olinde and Johnson, 2015; Pelosi et al.,
2016; Pierce and Hassan, 2020a; Voepel et al., 2013), while surface particles retain light-tailed resting times (Ancey et al., 2006; Einstein, 1937;
Nakagawa and Tsujimoto, 1976; Yano, 1969). Accordingly, I developed a
random walk model of bedload trajectories with light-tailed surface resting
times that incorporates sediment burial.
The local and intermediate range diffusion characteristics resulting from
this model correspond closely to the original Nikora et al. concepts, while the
global range has a different origin than Nikora et al. envisioned. Nikora et al.
(2001b) explained that local diffusion results from the non-fractal (smooth)
characteristics of bedload trajectories between subsequent interactions with
the bed, while intermediate diffusion results from the fractal (rough) characteristics of bedload trajectories after many interactions with the bed. This
chapter represents these conclusions: non-fractal (and super-diffusive) bedload trajectories exist on timescales short enough that each grain is either
resting or moving, while fractal (and normal-diffusive) bedload trajectories
exist on timescales when grains are actively switching between motion and
rest states. I conclude that local and intermediate ranges stem from the
interplay between motion and rest timescales, as demonstrated by earlier
two-state random walk models (Lajeunesse et al., 2017; Lisle et al., 1998)
and by all Newtonian models that develop sequences of motions and rests
(Bialik et al., 2012; Nikora et al., 2001b), even those including heavy-tailed
rests (Fan et al., 2016).
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4.2.2

Global and geomorphic ranges with next steps for
research

Nikora et al. explained that divergent resting times generate a sub-diffusive
global range. However, studies have demonstrated that divergent resting
times can generate super-diffusion in asymmetric random walks (Weeks and
Swinney, 1998; Weeks et al., 1996), and both experiments (Bradley, 2017;
Bradley et al., 2010) and models (Pelosi et al., 2016; Wu et al., 2019a,b)
of bedload tracers undergoing burial have demonstrated global range superdiffusion. While my own results also show global range super-diffusion, they
do not necessarily refute the Nikora et al. conclusion of sub-diffusion at long
timescales. I assumed sediment burial was a permanent condition which developed a non-diffusive geomorphic range. In actuality, burial is a temporary
condition, because bed scour can exhume buried sediment back into transport (Wu et al., 2019b), probably after heavy-tailed intervals (Martin et al.,
2014; Voepel et al., 2013). A generalization of the model in this chapter to include heavy-tailed timescales between burial and exhumation might develop
four ranges of diffusion, where the long-time decay of the exhumation time
distribution would dictate the geomorphic range diffusion characteristics as
depicted in Fig. 4.2. If cumulative exhumation times decay faster than
T −1/2 , as suggested in Ch. 3, other equilibrium transport models (Martin
et al., 2014; Voepel et al., 2013), and laboratory experiments (Martin et al.,
2012, 2014), the geomorphic range is expected to be super-diffusive (Weeks
and Swinney, 1998). However, if they decay slower than T −1/2 , as implicitly suggested by the data of Olinde and Johnson (2015), the geomorphic
range is expected to be genuinely sub-diffusive (Weeks and Swinney, 1998),
leaving Nikora et al. with the final word on long-time sub-diffusion.
The analytical solution of bedload diffusion in Eq. 4.8 reduces exactly to
the analytical solutions of the Lisle et al. (1998) and Lajeunesse et al. (2017)
models in the limit without burial (κ → 0), the Wu et al. (2019a) model in
the limit of instantaneous steps (k2 → ∞ and l = v/k2 ), and the original
Einstein (1937) model in the limit of instantaneous steps without burial.
These reductions demonstrate that the majority of recent bedload diffusion
models, whether developed from Exner-type equations (Pelosi and Parker ,
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2014; Pelosi et al., 2016; Wu et al., 2019a) or advection-diffusion equations
(Lajeunesse et al., 2017; Lisle et al., 1998), can be viewed equivalently as
continuous-time random walks applied to individual bedload trajectories.
Within random walk theory, sophisticated descriptions of transport with
variable velocities (Masoliver and Weiss, 1994; Zaburdaev et al., 2008), correlated motions (Escaff et al., 2018; Vicsek and Zafeiris, 2012), and anomalous diffusion (Fa, 2014; Masoliver , 2016; Metzler et al., 2014) have been
developed. Meanwhile, in bedload transport research, variable velocities
(Furbish et al., 2012a; Heyman et al., 2016; Lajeunesse et al., 2010), correlated motions (Heyman et al., 2014; Lee and Jerolmack , 2018; Saletti and
Hassan, 2020), and anomalous diffusion (Bradley, 2017; Fathel et al., 2016;
Schumer et al., 2009) constitute open research issues. Further developing the
linkage between existing bedload models and random walk concepts could
rapidly progress our understanding.

4.3

Summary

In this chapter, I developed a random walk model to describe sediment tracers transporting through a river channel as they gradually become buried,
providing a physical description of the local, intermediate, and global diffusion ranges identified by Nikora et al. (2002). Pushing their ideas somewhat
further, I followed Hassan and Bradley (2017) to propose a geomorphic
range describing particle diffusion characteristics at timescales larger than
the global range when burial and exhumation both moderate downstream
transport. At base level, this work demonstrates that (1) durations of sediment motions, (2) durations of sediment rest, and (3) the sediment burial
process are sufficient to develop three diffusion ranges that terminate when
all tracers become buried. A next step is to incorporate exhumation to better
understand the geomorphic range. Ultimately, the multi-state random walk
formalism used in this chapter has been demonstrated to implicitly underlie
most existing bedload diffusion models. The random walk formalism is an
alternative perspective on the Langevin approaches used elsewhere in this
thesis, and it provides a powerful tool for researchers targeting landscape-
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scale understanding from statistical concepts of the underlying grain-scale
dynamics.
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Chapter 5

Collisional Langevin model
of bedload sediment velocity
distributions
5.1

Introduction

Bedload transport rates show wide and frequent fluctuations which originate from coupling between the fluid and granular phases. Owing to these
fluctuations, measured transport rates often show slow convergence through
time (Dhont and Ancey, 2018; Turowski , 2010), and predicted rates can deviate from measured values by several orders of magnitude (Martin, 2003;
Recking et al., 2012). These challenges limit numerous ecological and engineering applications that rely on sediment transport predictions (Gaeuman
et al., 2017; Malmon et al., 2005).
In recent decades, stochastic formulations of the bedload flux have become increasingly popular for their potential to predict the mean transport
rates required by applications while also predicting the magnitude of transport fluctuations and quantifying the dependence of measurements on the
observation scale (Secs. 1.1.13 and 1.1.14). Recent indications that sediment
transport fluctuations might explain longstanding open problems in alluvial
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channel stability, such as channel width maintenance (Abramian et al., 2019,
2020) and bedform initiation (Bohorquez and Ancey, 2016; Jerolmack and
Mohrig, 2005) provide additional motivation to develop these stochastic approaches.
One subset of stochastic methods expresses downstream transport rates
as a sum over the instantaneous streamwise velocities of all particles in motion within a control volume (Sec. 1.1.13). This formulation requires the
instantaneous velocity distributions of sediment particles (e.g. Ancey and
Pascal , 2020), yet our understanding of these distributions remains limited.
There is as of yet no consensus on the shape of the bedload velocity distribution, and although the models described in Sec. 1.1.5 describe some extreme
end-member distributions (e.g. Ancey and Heyman, 2014; Fan et al., 2014),
no models have been developed that describe all experimental observations
reported to date (Fathel et al., 2015; Heyman et al., 2016; Houssais and
Lajeunesse, 2012; Lajeunesse et al., 2010; Liu et al., 2019). In this chapter, I develop a stochastic model of particle velocities which addresses this
shortcoming.
High-speed video experiments have measured different streamwise particle velocity distributions without indicating why one distribution or another
appears in a given set of hydraulic and sedimentary conditions. One set of
studies has shown exponential particle velocity distributions (Charru et al.,
2004; Fathel et al., 2016, 2015; Lajeunesse et al., 2010; Roseberry et al.,
2012; Seizilles et al., 2014). These experiments involve uniformly-sized small
sands or glass beads (0.05−2mm) in turbulent and subcritical flows, but not
always; the experiments of Lajeunesse et al. (2010) were turbulent and supercritical, while the experiments of Charru et al. (2004) and Seizilles et al.
(2014) were laminar and likely subcritical. A second set of studies show
Gaussian particle velocity distributions (Ancey and Heyman, 2014; Heyman
et al., 2016; Martin et al., 2012). In these experiments, particles are typically larger (2 − 8mm) uniformly-sized gravels or glass beads, and flows are
generally turbulent and supercritical. Other experiments display velocity
distributions that are intermediate between exponential and Gaussian that
appear visually more like a Gamma distribution (Houssais and Lajeunesse,
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2012; Liu et al., 2019). Houssais and Lajeunesse (2012) used a bimodal distribution of glass beads with diameters 0.7mm and 2.2mm in turbulent and
supercritical flow conditions, while Liu et al. (2019) used sand having median
diameter 1.1mm in turbulent and subcritical flow. From this experimental
record, the velocity distribution shape apparently does not consistently relate to the flow conditions. There is however a loose trend within the particle
size. Smaller particles tend to show more exponential-like distributions (e.g.
Fathel et al., 2015), while larger ones show Gaussian distributions (e.g. Heyman et al., 2016). This summary suggests that streamwise bedload velocity
distributions could be controlled by the particle size.
Existing models of streamwise bedload velocities can be divided into
computational and stochastic physics categories. Computational models numerically integrate some approximate coupled dynamics for individual grains
and the fluid, generally modeling particles as spheres interacting through repulsive forces and numerically integrating the Navier-Stokes equations (or
some approximation of them) to describe the flow forces on grains. When
streamwise particle velocities have been analyzed in such simulations, they
show exponential tails (Furbish and Schmeeckle, 2013; González et al., 2017)
that agree with one subset of the experimental data.
Stochastic models have incorporated fluctuating driving and resisting
terms into Newtonian equations of individual grains to develop Langevinlike descriptions of bedload particle motions (Sec. 1.1.5). Fan et al. (2014)
represented turbulent drag as Gaussian white noise and included a static
Coulomb friction term to model particle-bed collisions, while Ancey and
Heyman (2014) applied an Ornstein-Uhlenbeck process which combines the
fluid and driving forces into a simplified velocity-dependent force, again modeling fluctuations with Gaussian white noise. Each of these models derives
one end-member distribution from among the range of distributions reported
in experiments. A physical description for the full range of experimentallyobserved bedload velocity distributions remains an elusive target.
In this chapter I explore the possibility that the particle velocity distribution is controlled by momentum dissipation from particle-bed collisions by
incorporating ideas from the physics of granular media. A major paradigm
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in granular dynamics is to describe particles as a continuum or “granular
liquid” having an effective rheology (e.g. Andreotti et al., 2013; Jenkins and
Hanes, 1998), but as discussed in Ch. 1 such a continuum assumption is
unlikely to be satisfied for weak bedload transport conditions.
Instead, particles in these conditions are better characterized as a rarefied
granular gas (e.g. Furbish et al., 2021). In granular gases, dissipative collisions are known to cause departures toward an exponential velocity distribution from the Gaussian form expected for perfectly elastic collisions (Brilliantov and Poschel , 2004). Gas theory formulates particle-particle collisions
as a nonlocal integral within the master equation for the probability distribution of particle velocity called the Boltzmann equation (Brilliantov and
Poschel , 2004; Chapman and Cowling, 1970; Landau and Lifshitz , 1969).
Collisions in these models involve episodic kicks to the particle momenta
at random times, usually parameterized by billiard ball-like models of the
underlying rigid body dynamics (e.g. Brach, 1989). Such episodic forcing is
distinct from the smooth friction terms included in the current stochastic
models describing bedload particle velocities.
I develop in this chapter an improved model for sediment grains in transport which replaces the smooth friction terms of earlier models by episodic
particle-bed collisions. I present the model and explain its key assumptions
in Sec. 5.2. Then I explain the analytical solution of the model and other
major results in Sec. 5.3. Finally I discuss the implications of these results,
summarize key findings, and suggest ideas for further research in Secs. 5.4
and 5.5.

5.2

Mechanistic description of particle velocities

Fig. 5.1 indicates the configuration of the model in this chapter. Nearly
spherical particles of diameter d and mass m move as bedload over a granular bed. The flow is just strong enough to drive grains into the rarefied
transport often typical in gravel-bed rivers (e.g. Ashworth and Ferguson,
1989; Warburton, 1992). Particles saltate downstream through a sequence
of particle-bed collisions, and moving particles collide often with stationary
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particles but rarely with other moving particles (cf. Williams and Furbish,
2021).
Particles respond to turbulent flow forces and episodic particle-bed collision forces. In contrast to the computational physics approach, I do not
aim to characterize the exact timeseries of the forces on an individual particle. Instead, I model the ensemble of possible force timeseries that particles
could conceivably experience. Each force timeseries realization implies a different velocity timeseries u(t) in the downstream direction. The objective is
to calculate the probability distribution P (u, t) of this downstream velocity
by averaging over the ensemble of forces.
The description of bedload particle velocity fluctuations will be more
detailed than the simple white noise model Ch. 2, but alternation between
motion and rest will be neglected, meaning the model of this chapter is
only applicable to moving particles. In analyzing the velocities of moving
particles, I include the most realistic particle-bed collision and fluid forces
possible while still allowing for analytical solutions.

5.2.1

Episodic collision forces

Collisions between bedload particles dissipate translational momentum, partly
by converting it to vertical, lateral, or angular momentum, partly by deforming particles and the bed and generating heat (Schmeeckle, 2014; Williams
and Furbish, 2021), and partly by pressurizing the fluid between approaching particles (Joseph et al., 2001; Schmeeckle et al., 2001). The microscopic
details of particle-particle collisions have been thoroughly studied (Brach,
1989; Lorenz et al., 1997; Montaine et al., 2011), although in bedload transport the coefficient of restitution may be less relevant than other factors
such as collision geometry and bed deformation (Pähtz et al., 2021). Here,
I introduce a simple elasticity parameter ε as a first attempt at modeling
dissipation by episodic collisions, as indicated in Fig. 5.1. This elasticity
characterizes the fraction of downstream momentum lost in a collision. If
the streamwise velocity just prior to a collision is u, just after the collision
it becomes εu. The elasticity ranges from ε = 0, representing a completely
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Figure 5.1: Rarefied sediment transport involves turbulent fluid drag
and episodic particle-bed collisions. In the collision model developed in this chapter, pre-collisional streamwise velocities u
are transformed instantaneously to post-collisional velocities ε.
The parameter ε is an “elasticity” with 0 ≤ ε ≤ 1.
inelastic collision, to ε = 1, representing a completely elastic collision.
Since the elasticity combines effects of particle shape and collision geometry and should vary from one collision to the next, the elasticity ε is
interpreted as a random variable, characterized by a statistical distribution
ρ(ε). Some granular gas models have also included random elasticity (e.g.
Serero et al., 2015), but this topic has not been completely explored in the
literature.
Assuming that the average number of collisions per unit time is ν (the
collision rate) and that the time intervals between subsequent particle-bed
collisions are exponentially distributed (e.g. Gordon et al., 1972), the collision force in the downstream direction can be written as a Poisson pulse
noise (Sec. 1.1.8):
Nν (t)

FC (u, t) = −mu

X

(1 − εk )δ(t − τk ).

(5.1)

k=1

Here, Nν (t) is the number of collisions in time t (a Poisson random variable),
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the τk (k = 1, 2, . . . ) are times at which collisions occur, and the εk are the
elasticity coefficients, drawn from the distribution ρ(ε) characterizing the
fraction of momentum lost in each particle-bed collision. The time intervals
∆τ = τk −τk−1 between collisions are distributed as P (∆τ ) = ν exp(−ν∆τ ),
so the number of collisions n = Nν (t) in time t is distributed as P (n) =
(νt)n exp(−νt)/n!. This collision force is a sequence of random impulses
which are proportional to the pre-collisional streamwise momenta. This
collision model should be adequate when the contact times between moving
and resting particles are small compared to the times between collisions.
These conditions should be satisfied for typical saltation trajectories as in
Fig. 5.1.

5.2.2

Turbulent fluid forces

Fluid forces on coarse particles are parameterized by the particle Reynolds
number Re p = V d/λ, involving the particle size d, slip velocity V between
particle and fluid, and kinematic viscosity λ. These forces have been calculated from the Navier-Stokes equations for spherical particles at small (or
vanishing) Re p and include drag, virtual mass, buoyancy, fluid pressure gradient, Basset history integral, Saffman lift, and Magnus lift terms (Auton,
1987; Hjelmfelt and Mockros, 1966; Maxey and Riley, 1983). At realistic
Re p , analytical results for the fluid forces on a particle remain inaccessible,
so it is standard practice to introduce empirical corrections to the small Re p
formulas (e.g. Clift et al., 1978; Schmeeckle et al., 2007).
Our understanding of the fluid forces remains incomplete. Existing formulas were derived in the absence of boundaries, so it is unclear how these
formulas should be modified near the bed. Even ignoring this complication,
the added mass and Basset forces are difficult to compute and therefore
impractical to include in analytical models. These challenges require us to
adopt the most complex expressions of the fluid forces that are compatible with our modeling goals (e.g. Armenio and Fiorotto, 2001; Michaelides,
1997). From this same requirement, a majority of bedload transport models include fluid drag (and possibly pressure gradient) terms as the only
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force(s) driving the downstream movement of bedload particles (Ancey and
Heyman, 2014; Elghannay and Tafti , 2018; Fan et al., 2014; González et al.,
2017; Schmeeckle, 2014).
The downstream drag force with an Re p correction is usually written
FD =

π
ρf d2 CD (Re p )|V |V,
8

(5.2)

where ρf is the fluid density, d is the particle diameter, CD (Re p ) is an
empirical drag coefficient, and V = U − u is the slip velocity calculated as
the difference of fluid (U ) and particle (u) velocities (Coleman, 1967; Dwivedi
et al., 2012; Schmeeckle et al., 2007). Experiments on stationary particles
indicate that drag forces fluctuate rapidly and lie on wide Gaussian-like
distributions (Celik et al., 2014; Dwivedi et al., 2010; Hofland and Battjes,
2006; Schmeeckle et al., 2007). Drag forces on moving particles have not
been experimentally measured, but even in globally steady flow conditions,
slip velocities are expected to fluctuate due to particle acceleration, fluid
turbulence, passage of other moving particles, and vertical movement of
particles within the flow profile. The nonlinearity in Eq. 5.2 will amplify
slip velocity fluctuations, generating large and erratic drag force variations
that only add to the undetermined contributions of the neglected fluid forces.
Here I assume with earlier computational (Elghannay and Tafti , 2018;
González et al., 2017; Schmeeckle, 2014) and analytical (e.g. Ancey and Heyman, 2014; Fan et al., 2014) models of bedload transport that fluid drag is
the primary force driving sediment particles downstream. I further assume
with Fan et al. (2014) and Ancey and Heyman (2014) that the fluctuating component of this force can be represented by a Gaussian white noise.
This latter assumption is justified insofar as drag forces fluctuate rapidly
compared to the inertial response times of particles and the timescales over
which particles change height within the flow profile. Defining C̄D as the empirical drag coefficient evaluated at V̄ and ξ(t) as a Gaussian white noise of
mean 0 and variance 1 (e.g. Gardiner , 1983), the fluid drag force considered
in this chapter is

√
FD (t) = Γ +
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2Dη(t),

(5.3)

where Γ =

π
2
2
8 ρf d C̄D V̄

is the steady component of the drag. Although

this representation of the fluid forces is a simplified approximation, it is
similar to the representations used in earlier stochastic models in that it
has no dependence on the vertical structure of the flow (e.g. Ancey and
Heyman, 2014; Fan et al., 2014). This level of simplification is required for an
analytically tractable model of bedload particle velocities (e.g. Michaelides,
1997).

5.2.3

Langevin equation for collisional bedload transport

With the above forces, the Langevin equation mu̇(t) = FD (t) + FC (t) for
the sediment dynamics in the downstream direction becomes
√
mu̇(t) = Γ +

2Dη(t) − mu(t)ξν,ε (t).

(5.4)

This equation replaces the steady friction terms of earlier models with an
episodic term, designed to provide a more realistic representation of particlebed collisions. Mathematically, Eq. 5.4 is a Langevin-like equation representing a jump-diffusion process (Daly and Porporato, 2006) with multiplicative Poisson noise (Denisov et al., 2009; Dubkov et al., 2016). Collisions
introduce velocity jumps while turbulence generates velocity diffusion. The
collision term is multiplicative in the sense that u multiplies the Poisson
noise ξν,ε (t).
Models like Eq. 5.4 have long been studied in the stochastic physics
literature (Hänggi , 1978; Van Den Broeck , 1983), but solving such equations remains extremely challenging (Daly and Porporato, 2010; Dubkov and
Kharcheva, 2019; Mau et al., 2014). One issue is that multiplicative white
noises imply the prescription dilemma of stochastic calculus (Gardiner , 1983;
Risken, 1984), meaning Eq. 5.4 is not defined without further specifying an
integration rule (Suweis et al., 2011). Here, the Itô interpretation (lower
endpoint integration rule) is the physical choice the energy dissipated by
collisions depends strictly on pre-collisional velocities, not post-collisional
(e.g. Gardiner , 1983). Given this integration rule, the remaining issues are
to obtain the master equation characterizing the ensemble of velocities de100

fined by Eq. 5.4, and then to solve this equation for the velocity distribution
P (u, t).

5.2.4

Master equation and particle-bed collision integral

The equation governing the streamwise velocity distribution P (u, t) is derived in the appendix Sec. D.1 with a limiting procedure, providing
ν −1 ∂t P (u, t) = −Γ̃∂u P (u, t) + D̃∂u2 P (u, t) + Ic (u, t).

(5.5)

The parameters Γ̃ = Γ/(νm) and D̃ = D/(νm) scale the steady and fluctuating components of the fluid force against the collision rate ν. The term
Z
Ic (u, t) = −P (u, t) +
0

1

dε u 
P , t ρ(ε)
ε
ε

(5.6)

is a “collision integral” term representing particle-bed collisions.
Eq. 5.5 is a nonlocal extension of the Fokker-Planck equation used in
earlier bedload models (Ancey and Heyman, 2014; Fan et al., 2014). Nonlocality is introduced by the collision integral of Eq. 5.6 which transfers probability from higher pre-collisional velocities u/ε to lower post-collisional velocities u. This term is analogous to the collision integral within the Boltzmann
equation of kinetic theory (Brilliantov and Poschel , 2004; Duderstadt and
Martin, 1979). Physically, it corresponds to binary collisions between particles having different masses and random restitution coefficients (cf. Serero
et al., 2015) in the limit that the mass of one particle (here, the particle
resting on the bed) diverges to infinity. Mathematically, the collision integral represents the probability distribution of the product between the
elasticity ε and the downstream momentum (p = mu), considering them as
uncorrelated random variables (cf. Feller , 1967).
Owing to its nonlocality, Eq. 5.5 does not admit analytical solutions
as is, so further approximation is necessary. To make progress, I assume
the distribution of elasticity ρ(ε) is sharply peaked at some most common
(mode) value ε0 to allow for a Kramers-Moyal type expansion of the particlebed collision integral (e.g. Gardiner , 1983). Such a mode value in the colli101

sion elasticity distribution is present in experiments on rigid body collisions
(Glielmo et al., 2014). For particle-bed collisions of bedload, a modal elasticity is also expected since experiments indicate a most common collision
geometry (e.g. Gordon et al., 1972; Martin, 2013).
Expanding all terms in the integrand except ρ(ε) provides
Ic (u, t) = −P (u, t) +

∞
h
1
u  X αk
u i(k)
0 k 1
P
,
t
+
(ε
−
ε
)
P
ε0
ε0
k!
ε
ε
k=1

where the αk =
modal elasticity

R1
0
ε0

ε=ε0

, (5.7)

dερ(ε)(ε − ε0 )k are the central moments of ε around the
and the superscript (k) denotes the kth derivative.

In what follows, I drop all but the first two terms in this expansion to
obtain the leading order contribution of particle-bed collisions to the velocity
distribution. Higher orders could always be included later by perturbation
theory (Morse and Feshbach, 1953b). I solve the resulting approximate
equation in steady-state, when ∂P (u, t)/∂t = 0. Eq. 5.5 indicates that this
solution will be a good approximation to the time-dependent problem when
particle motions generally survive multiple collisions (t  ν −1 ).

5.3
5.3.1

Results
Derivation of the bedload velocity distribution

Hereafter I drop the prime on the most common streamwise restitution
coefficient ε0 . With the truncation to two terms, Eq. 5.5 gives
1 u
0 = −Γ̃∂u P (u) + D̃∂u2 P (u) − P (u) + P
,
ε
ε

(5.8)

which is an advanced functional differential equation. This equation is “functional” in the sense that it is nonlocal in velocity due to the last term on the
right hand side, and it is “advanced” in that u/ε is advanced beyond the argument u involved in the rest of this equation (since 0 < ε < 1). Such equations have seen some attention in the mathematics literature, where they are
sometimes called pantograph equations (Hall and Wake, 1989; Kim, 1998;
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Zaidi et al., 2015).
In the appendix Sec. D.2 Eq. 5.8 is solved with Laplace transforms,
providing
∞

−l

θ(−u) X
ε−l eλ+ ε u
P (u) =
Ql
2 −2m + Γ̃λ ε−m + 1)
K+
+
m=1 (−D̃λ+ ε
l=0

∞

−l

θ(u) X
ε−l eλ− ε u
+
. (5.9)
Ql
2 −2m + Γ̃λ ε−m + 1)
K−
−
m=1 (−D̃λ− ε
l=0

The factors λ± are defined in appendix Eq. D.7. They are proportional to
Γ̃/D̃. The normalization factors K± are
K± = D̃(λ+ − λ− )

∞
Y
(−D̃λ2± ε2l + Γ̃λ± εl + 1).

(5.10)

l=1

Although this velocity distribution has a complex mathematical structure,
R
one can verify that this is a normalized probability distribution ( duP (u) =
1) which has very simple limiting behaviors as the mode elasticity ε approaches fully elastic (ε = 1) and inelastic (ε = 0) values.
It is possible to derive the moments of this probability distribution by
multiplying Eq. 5.8 by u, integrating, and then solving the resulting moment
evolution equations (e.g. Cox and Miller , 1965). These calculations are
provided in the appendix Sec. D.3, where the mean bedload velocity is
derived as
hui =

Γ
Γ̃
=
.
ν(1 − ε)
1−ε

(5.11)

This result scales linearly with the mean fluid drag and nonlinearly with
the rate and typical elasticity of collisions, indicating a strong influence of
particle collisions on bedload velocities. The second moment is
hu2 i = 2

D̃ + Γ̃hui
,
1 − ε2
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(5.12)

leading to the velocity variance (σu2 = hu2 i − hui2 )
σu2 =

2D̃ + Γ̃2
.
1 − ε2

(5.13)

This result demonstrates that within the model, velocity fluctuations originate from both the steady and fluctuating components of the flow forces, yet
the variance is linear in these factors and is therefore relatively insensitive
to the fluid flow. This is consistent with the similarities apparent between
viscous and turbulent flow experiments (e.g. Charru et al., 2004; Lajeunesse
et al., 2010). In contrast, particle velocity fluctuations in Eq. 5.13 depend
sharply on the parameters representing particle-bed collisions, suggesting
collisions could be the leading control on particle velocity fluctuations.
Fig. 5.2 depicts the velocity characteristics of particles for different realizations of the fluid and collisional forces. Fig. 5.2 reveals an apparent
transition from exponential to Gaussian-like velocity distributions as collisions vary from more inelastic (ε → 0) to more elastic (ε → 1). In between,
the full distribution Eq. 5.9 resembles a Gamma distribution, although it is
represented by Eq. 5.9, not a Gamma distribution.

5.3.2

Exponential and Gaussian regimes: Limits to earlier
work

In fact, the apparent transition from exponential to Gaussian in Fig. 5.2 can
be demonstrated analytically from Eq. 5.9. Despite its complex appearance,
simple Gaussian and exponential forms derive from this equation as exact
mathematical limits. When particle-bed collisions are completely inelastic
(ε = 0), Eq. 5.9 becomes an exponential distribution, and when they are
completely elastic (ε = 1), Eq. 5.9 becomes Gaussian. Fig. 5.3 demonstrates
in detail the approach of the distribution toward these limits.
The exponential limit of Eq. 5.9 as ε → 0 is easy to see. Taking ε → 0
in Eq. 5.9, all terms in the series except for the one at l = 0 become exponentially small, leaving behind the same two-sided exponential distribution
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Figure 5.2: Left and right panels are paired. Left panels show velocity realizations as gray traces. Velocities are calculated from
Monte Carlo simulations. Individual realizations are singled out
as black traces. Particle-bed collisions imply sudden downwardvelocity jumps. Flow forces generate fluctuating positive accelerations between collisions. Right panels show simulated histograms of particle velocities and exact solutions from Eq. 5.9.
As the elasticity ε varies, the particle velocity distributions interpolate between exponential (inelastic) and Gaussian (elastic)
forms.
derived by Fan et al. (2014) up to differences in notation:
√

D̃

P (u) = p
e
Γ̃2 + 4D̃

Γ̃u
−
2D̃

Γ̃2 +4D̃|u|
2D̃

.

(5.14)

Thus, for bedload transport conditions with typically very inelastic particlebed collisions, we can expect exponential-like velocities and large deviations
from a Gaussian behavior.
The Gaussian limit as ε → 1 of Eq. 5.9 is more difficult to evaluate. The
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Figure 5.3: The particle velocity distribution approaches an exponential distribution in panel (a) as particle-bed collisions become
extremely elastic (ε → 1), and it approaches a Gaussian in panel
(b) as they become extremely inelastic (ε → 0). On the abscissa,
the mean sediment velocity is standardized by its mean ū and
standard deviation σu .
challenge is that the statistical moments (Eqs. 5.11 and 5.13) diverge at the
same time as the denominator factors of the distribution Eq. 5.9. In the
appendix Sec. D.4 I return instead to the original equation 5.8 to evaluate
the completely elastic limit, obtaining
2

(u−ū)
1
−
P (u) = p
e 2σu2 .
2πσu2

(5.15)

This result is identical to the velocity distribution derived by Ancey and
Heyman (2014), up to notation.

5.3.3

Comparison with experimental data

A variety of velocity distributions have been observed in bedload transport
experiments, ranging from exponential to Gaussian in shape. This section
compares Eq. 5.9 with the results of six different experiments. Comparing
Eq. 5.9 with experimental data requires values for the steady component
of the drag force Γ, the particle mass m, the magnitude of turbulent drag
fluctuations D, the rate of particle-bed collisions ν, and the modal elasticity
of collisions ε.
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In each case, the particle mass is computed from experimental parameters assuming spherical sediment as m = πρs d3 /6, where ρs is the sediment
density and d is the particle diameter. The characteristic slip velocity entering the steady component of the drag force in Eq. 5.3 is not obviously
related to any one velocity scale of the fluid flow. It should really be calculated as an average over different particle heights, particle velocities, and
fluid velocities within the flow profile. For lack of a better option I simply
assume the typical slip velocity scales with the shear velocity of the flow, as
it would for a small particle resting on the bed. Using this assumption, the
steady component of the drag force is estimated as
Γ=

π
ρCD (Re p )d2 u2∗ ,
8

(5.16)

where ρ is the fluid density and CD (Re p ) is the drag coefficient, given as
(Clift et al., 1978; González et al., 2017)
CD =

24
(1 + 0.194Re 0.631
).
p
Re p

(5.17)

Particle Reynolds numbers are estimated using the shear velocity: Re p =
u∗ d/λ. The magnitude D of turbulent fluctuations, collision elasticity ε,
and collision rate ν are treated as calibration parameters and are tuned to
provide best fit between the distribution 5.9 and the experimental data.
The parameters for each experiment and the best-fit calibration parameters are collected in Tab. 5.1, while the results of fitting the model to
the available experimental data are shown in Fig. 5.4. In each case, good
agreement is obtained between the theoretical and empirical velocity distributions, suggesting that the Langevin model Eq. 5.4 captures the essential
physics.

5.4

Discussion

In this final chapter I developed a Langevin description of bedload sediment transport which includes episodic collisions between particles and the
bed. The model relates the shape of the instantaneous streamwise particle
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Experiment
(a) Fathel et al
(b) Lajeu. et al
(c) Liu et al
(d) Heyman et al
(e) Ancey et al
(f ) Martin et al

d [mm]

u∗ [cm/s]

Re p [-]

St [-]

Fr [-]

ε [-]

ν [s−1 ]

0.5
2.2
1.1
6.4
8.0
7.1

2.0
4.4
8.6
9.7
7.4
5.8

9.97
99.
94.
620.
590.
410.

2.9
29.
29.
180.
170.
120.

0.3
1.5
0.3
1.3
2.1
3.7

0.08
0.21
0.28
0.96
0.92
0.89

24.
2.6
34.
13.
4.8
2.1

Table 5.1: Parameters used to fit the distributions in Fig. 5.4. The
first five columns involve data from the experiments for particle
diameter d, shear velocity u∗ , particle Reynolds number Re p ,
Stokes number St, and Froude number Fr . The final two columns
involve values that were tuned to fit Eq. 5.9, the elasticity ε
and the collision rate ν. Units are indicated in square brackets.
One can see a generally increasing relationship between particle
size and elasticity, and likewise a decreasing relationship between
particle size and collision frequency.

Figure 5.4: The available experimental data on velocity distributions
is compared to Eq. 5.9 with calibration parameters ν, ε, and D.
In all cases there is good agreement, indicating that the model
produces the range of distributions seen in the experimental
data.
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velocity distribution to the elasticity of particle-bed collisions. This work
generalizes earlier approaches available in the literature which did not include episodic collisions (Ancey and Heyman, 2014; Fan et al., 2014), and
provides a new physical explanation for the different streamwise sediment
velocity distributions resolved in experiments.
Although in reality, the turbulent forces on moving sediment particles
vary in a complex spatio-temporal way, I have approximated the fluid forces
on bedload particles as spatially-uniform Gaussian white noise for reasons
of analytical tractability (e.g. Michaelides, 1997). Even though the nonGaussian, space- and time-varying, and history-dependent aspects of fluid
turbulence certainly do impact sediment movement (Cameron et al., 2020;
Celik et al., 2014), this flow model appears more or less justified since sediment transport experiments provide similar velocity distributions regardless
of whether the flow is laminar or turbulent (Charru et al., 2004; Lajeunesse
et al., 2010), and since particle relaxation times are typically large compared
to the timescales of turbulent fluctuations (Hofland and Battjes, 2006; Nakagawa and Tsujimoto, 1981; Schmeeckle et al., 2007). Nevertheless, it is
possible that the vertical flow structure, and in particular the size of particles in comparison to the thickness of the laminar sub-layer, may be explanatory of the different velocity distributions resolved in bedload transport
experiments, and future studies should investigate this possibility.
The model developed in this chapter described particle-bed collision
forces as a sequence of instantaneous impulses in an approach that is reminiscent of the kinetic theory of gases (Brilliantov and Poschel , 2004; Landau
and Lifshitz , 1969). The effect of each collision on the streamwise particle
velocity was described by a simple elasticity-like coefficient. Although such
approximate descriptions of particle-particle collisions are common in the
theory of granular gases, the elasticity coefficient introduced here is not
equivalent to the “coefficient of restitution” typically applied in granular
gas theory. The coefficient of restitution is defined normal to the contact
plane of two particles during a collision, and it characterizes energy loss due
to deformation of the colliding particles in the absence of a viscous fluid
(Brach and Dunn, 1992; Ismail and Stronge, 2008).
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In bedload transport, colliding particles are submerged in a viscous fluid,
and this introduces additional damping processes besides particle deformation (Joseph et al., 2001; Schmeeckle et al., 2001; Yang and Hunt, 2006).
The model developed here does not consider these viscous forces, nor does
it explicitly model the geometry of collisions, as ε was defined as a parameter
applying to the downstream velocity only. Thus, although I have included
episodic particle-bed collisions in a stochastic sediment transport model for
the first time, the key parameter ε in this formulation has a rather heuristic character and is not clearly related to the coefficient of restitution from
granular gas theory. Future studies should formulate particle-bed collisions
in stochastic sediment transport models considering more details of collision
geometry (Sekine and Kikkawa, 1992), fluid-particle interactions (Marshall ,
2011), and traditional restitution (Brach, 1989) using the stochastic methods in the present study as a starting point.

5.4.1

Does the velocity distribution depend on particle
size?

Several researchers have considered why particle velocity distributions differ
from one experiment to the next. A prevailing view is that it relates to flow
hydraulics (Wu et al., 2020). Many of the experiments producing Gaussian
velocity distributions were conducted in supercritical flows (e.g. Ancey and
Heyman, 2014; Heyman et al., 2016; Martin et al., 2012), whereas many
producing exponential distributions were conducted in subcritical flows (e.g.
Charru et al., 2004; Fathel et al., 2015; Seizilles et al., 2014). However several
experiments run counter to this hypothesis. The experiments of Lajeunesse
et al. (2010) produced distinctly exponential velocity distributions in flows
well within the supercritical regime (Fr = 1.5), whereas Liu et al. (2019)
produced Gamma-like distributions in the subcritical regime (Fr = 0.3).
An alternative viewpoint, formulated in this chapter, is that the shape
of the velocity distribution originates mainly from granular interactions.
Particle size enters the Langevin model Eq. 5.4 explicitly within the steady
component of the drag, but it may also enter implicitly through the elasticity
parameter ε. The analytical velocity distribution Eq. 5.9 was fit to six
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different experimental datasets in Fig. 5.4, and the best fit parameters were
presented in Tab. 5.1. These fit parameters suggest collisions are generally
less elastic for smaller particle sizes, whereas they are more elastic for larger
particle sizes. This suggests that the amount of momentum dissipated by
collisions may depend on particle size.
Because the elasticity ε lumps together collision geometry and dissipation effects, it is challenging to attribute the increasing relationship between
elasticity and particle size evident in Tab. 5.1 directly to particle size. Yet
this would be consistent with experiments of idealized particle collisions in
viscous fluids. These demonstrate that momentum dissipation varies sharply
with particle size, being more elastic for large particles, and less elastic for
small particles (Joseph et al., 2001; Schmeeckle et al., 2001; Yang and Hunt,
2006), exactly like the trend in the table. A definite conclusion that particle
size controls the shape of the bedload velocity distribution requires additional experimental and theoretical study. This work nevertheless produces
suggestive ideas.

5.5

Summary

This chapter has presented a Langevin description of individual bedload
particles saltating downstream through episodic collisions. The model suggests that episodic particle-bed collisions control the shape of the particle
velocity distribution, and it is the first model to describe the range of bedload velocity distributions which have to date been reported in experimental
studies.
This work suggests that particle-bed collisions may be a leading order
control over the velocity distributions of bedload particles, although future
study is required for a definite conclusion. The next steps are to build up the
episodic collision model presented in this chapter to include the geometric
details of particle-bed collisions and to introduce slip velocity dependence
and vertical structure into the flow forces acting on moving particles. These
efforts would produce additional insight into the controls of fluid turbulence
and transverse, vertical, and rotational movements on the downstream ve-
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locities of individual bedload grains.
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Chapter 6

Summary and future work
This thesis has described bedload transport from the statistical physics of
individual grains. This work describes the movements of grains along a
wider range of timescales than before, highlights Langevin equations, master equations, and random walks as the common threads of stochastic sediment transport modeling, and provides more realistic descriptions of bedload
transport. In particular, within the thesis I have
1. developed the linkage between sediment flux probability distributions
and individual particle trajectories (Ch. 2),
2. described particle trajectories alternating through motion and rest
with fluctuating velocities (Ch. 2),
3. evaluated the control of bed elevation changes over sediment transport
rates (Ch. 3),
4. characterized how long particles can remain buried within the sedimentary bed (Ch. 3),
5. incorporated the process of sediment burial in a description of downstream particle movement (Ch. 4), and
6. formulated the velocity distributions of sediment particles including
episodic particle-bed collisions (Ch. 5).
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These developments bring us closer to a comprehensive mathematical description of sediment transport in streams and bring powerful physics and
mathematics tools to longstanding problems in river science.

6.1
6.1.1

Overall methodology of the thesis
Langevin and master equations

The overarching strategy in all of these developments has been to identify control and response variables, represent control variables by idealized
noises (entrainment and deposition events, particle burial events, turbulent
forces, or particle-bed collisions), and then formulate dynamical equations
relating the response variables to these stochastic control variables. This
strategy phrases sedimentary dynamics in terms of Langevin-like equations,
stochastic and phenomenological analogues of Newton’s F = ma, where the
acceleration a is swapped for the response variable of interest in the problem
and the force F is a stochastic combination of the control variables.
Once the stochastic dynamical equations were written for a given problem, its solutions were averaged over realizations of the control variables to
produce a master equation for the problem, an integro-differential equation
governing the probability distributions of the response variables.
The solutions of the master equation in a given problem provide the
probability distribution for the response variable of interest, which in the
thesis has included at different points the bedload particle position (Chs. 2
and 4), the particle velocity (Ch. 5), the bed elevation (Ch. 3), and the
sediment transport rate (Ch. 2). The same stochastic strategy should be
applicable to a wide range of problems in geomorphology where phenomena
can be built up from component parts with apparently noisy characteristics.

6.1.2

Idealized noises and their combinations

A major challenge in this research is that only a handful of noises in statistical physics are comprehensively understood (Horsthemke and Lefever ,
1984), so the available options in stochastic modeling are constrained. The
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noises used in this thesis include Gaussian white noise, Poisson pulse noise,
and dichotomous noise, representing erratic fluctuations, sequences of spikes,
and random switches respectively (Van Den Broeck , 1983). Turbulence was
described using Gaussian white noise, while instantaneous steps, particle
arrivals to a control surface, and particle-bed collisions were described with
Poisson noise. Alternation between motion and rest was represented by
dichotomous noise. Whenever these processes acted in combination, the dynamical equations describing the response variable included multiple sources
of idealized noise as required. This inclusion of multiple noise sources has
not yet to my knowledge been pursued in any earlier stochastic models of
sediment transport.
River science offers no guarantee that these idealized noise sources which
we happen to understand best are sufficient to describe its phenomena.
White noises in particular are an idealization which is probably never realized in nature (Gardiner , 1983; Kubo et al., 1978). In contrast, colored
noises in which fluctuations have favored frequencies are well-known to occur in many fluid and granular physics phenomena, most famously in fluid
turbulence (Kolmogorov , 1941; Nikora and Goring, 2002) and granular collapse (Bak et al., 1987; Jensen, 1998). In river science, many phenomena
exhibit colored spectra, including the size distributions of bedforms (Guala
et al., 2014; Nikora et al., 1997), the fluid forces on bed particles (Amir
et al., 2014; Dwivedi et al., 2011), the roughness characteristics of gravel beds
(Aberle and Nikora, 2006; Singh et al., 2012), and sediment flux timeseries
(Chartrand and Furbish, 2021; Dhont and Ancey, 2018). Unfortunately,
dynamical equations driven by colored noise are extremely challenging to
solve, so progress has been mainly limited to dichotomous and OrnsteinUhlenbeck noises (Hänggi , 1978; Hänggi and Jung, 1995; Luczka, 2005). In
this context, even if the idealized noise models developed in this thesis are
not exactly accurate, their development remains necessary as a basis for
comparison when formulating and solving more challenging colored noise
models (e.g. Fox , 1986; Moss and McClintock , 1989).
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6.2
6.2.1

Key contributions
Calculation of the probability distribution of the
sediment flux from individual particle trajectories

The first major contribution of this thesis is in Ch. 2. Here, I formulated the
probability distribution of the sediment flux from the trajectories of individual particles moving downstream. This work unifies the sediment trajectory
models originating from Einstein (Secs. 1.1.2 and 1.1.3) with the renewal
approach to calculate the sediment flux (Sec. 1.1.14). The striking feature
of this formulation is that, as a result of the particle dynamics, the mean
bedload flux becomes scale-dependent, whereby the expected magnitude of
the flux depends on the timescale over which it is observed.
Ballio et al. (2018) explained that scale-dependence originates from individual particle trajectories, but this had not been described in a mathematical model until now. Descriptions of the mean sediment flux from
the movement characteristics of individual grains have existed now for a
long time (Sec. 1.1.8), and an emerging body of research has produced
the full probability distribution of the flux without referencing individual
movement characteristics (Secs. 1.1.13 and 1.1.14). This work unifies these
two research themes and provides a statistical mechanics formulation of the
bed load sediment flux probability distribution based on individual particle
trajectories.

6.2.2

Inclusion of velocity fluctuations into Einstein’s
model of individual particle trajectories

Second, in Ch. 2 I developed the first analytical description of sediment
trajectories through motion and rest including velocity fluctuations within
the motion state. Einstein originally formulated sediment transport as a
sequence of instantaneous steps and rests (Sec. 1.1.2), and this was later
improved to include the duration of motion (Sec. 1.1.3). Until this thesis, movement velocities in analytical models were considered constant, an
unrealistic assumption. Although some numerical models have described
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motion/rest cycles with velocity fluctuations (Bialik et al., 2012; Fan et al.,
2016; Schmeeckle, 2014), they had not resolved the novel three-range diffusion characteristics these dynamics imply.
This description predicts multiple-range diffusion across local, intermediate, and global scales as a result of particle velocity fluctuations within the
motion state; it introduces a dimensionless Péclet number as an important
characteristic of bedload sediment transport; and it relates the timescales at
which transitions between local, intermediate, and global timescales occur
to the movement characteristics of individual grains. These developments
constitute new understanding of bedload movement across its timescales
and invite generalizations that include interactions between particles and
temporal correlations to bedload movement velocities.

6.2.3

Quantification of the control of bed elevation
fluctuations over sediment transport fluctuations

Third, Ch. 3 modified the birth-death description of bedload transport (Sec.
1.1.13) to include feedbacks between the local bed elevation and the entrainment and deposition rates. This allowed for a mathematical investigation of
(1) how bed elevation changes affect sediment transport rates and (2) how
bed elevation changes control the residence times of particles buried in the
bed.
Sediment transport fluctuations have come under increasing scrutiny
with the resurgence of stochastic modeling in sediment transport, while the
burial times of particles are crucial for using sediment tracers to predict sediment transport. Earlier birth-death models had generally considered that
entrainment and deposition rates of particles remain constant even though
these processes imply bed degradation and aggradation respectively, which
are known to modify the entrainment and deposition rates in a negative
feedback.
This work demonstrates that this negative feedback buffers bedload
transport fluctuations whenever collective entrainment occurs, meaning the
magnitude of bedload transport fluctuations depends on the relative bed
elevation. The residence times of buried particles are random variables that
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lie on heavy-tailed power-law distributions. These distributions allow for
arbitrarily long resting times, which poses challenging implications for researchers attempting to determine downstream sediment fluxes from sediment tracer data.

6.2.4

Characterization of sediment burial controls on the
downstream transport of sediment particles

Fourth, Ch. 4 presents a model of sediment trajectories through motion,
rest, and burial, describing sediment transport across local, intermediate,
global, and geomorphic ranges (Sec. 1.1), and producing new understanding
of how exactly the distinct spreading characteristics of particles within each
of these ranges arise (e.g Pretzlav et al., 2021).
Until this work, the mechanisms which produce the different spreading
rates of particles across the scaling ranges identified by Nikora and coworkers
had been uncertain for several decades, and earlier works had included what
were believed to be the required features without describing three or more
scaling ranges. Ch. 4 brings some closure to these studies and demonstrates
that many approaches to describe individual particle motions are particular
adaptations of the continuous time random walk formalism from physics,
indicating unity within a diverse body of research and bringing powerful
tools from statistical physics to the sediment transport problem.

6.2.5

Description of how particle-bed collisions control
movement velocities of grains

Finally, Ch. 5 displayed a new theoretical model of individual grains saltating downstream in a turbulent flow through a sequence of particle-bed collisions. This work provides the first comprehensive description of all bedload
velocity distributions sar far observed in experiments (Sec. 5.3.3), while
earlier works had described only particular end-member distributions (Sec.
1.1.5). This work incorporates ideas from the kinetic theory of granular
gases into the description of weak bedload transport and invites generalizations that explicitly include the geometry of particle-particle collisions and
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more realistic particle height and slip velocity-dependent fluid forces.

6.3

Limitations and future research directions

This thesis has produced new understanding of how to describe bedload
transport using statistical physics, but the developments introduce many
limitations deserving of future research attention. In some cases these are
specific to the models produced in the thesis, but in others, they are shared
in common with a majority of models in the stochastic sediment transport
research paradigm (e.g. Ancey, 2020a; Furbish and Doane, 2021).

6.3.1

Channel morphodynamics

The first limitation concerns the assumption, implicit in every chapter of
this thesis, that sediment transport characteristics are steady and uniform in
time and space. This assumption contrasts with conditions in real gravel-bed
rivers, where riffles, bars, and steps coordinate the movements of individual
grains (Ashmore and Church, 1998; McDowell and Hassan, 2020), sediment
is supplied in episodic bursts from mass movements (Benda, 1990; Müller
and Hassan, 2018), woody debris directs sediment accumulation (Eaton
et al., 2012; Reid et al., 2019), and variable flow conditions modify bed
texture and sediment availability (Mao, 2012; Phillips et al., 2018).
To date, very little work has concentrated on developing stochastic sediment transport models for unsteady conditions (e.g. Bohorquez and Ancey,
2016). The most obvious scheme to address unsteadiness is to introduce
time and space dependence to movement velocities, diffusivities, or entrainment and deposition rates, but how exactly one should express these rates
in terms of time and space is a matter for speculation. These expressions
would be contingent on a given context, given our limited understanding
of how these parameters relate to the flow hydraulics and granular physics
(e.g. Heyman et al., 2016).
Future studies might investigate in more depth the linkage between flow
hydraulics, the geometric arrangement of grains on the bed, and the bed
topography with the entrainment and deposition rates of individual particles
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to develop our foundational knowledge to later incorporate temporally or
spatially variable flow and sedimentary conditions into stochastic models of
sediment transport.

6.3.2

Grain size distributions

The second limitation of this work concerns grain size. Sediments in rivers
span a range of sizes, and differential mobility based on particle size produces
spatial sorting, both vertically as in bed armoring (Aberle and Nikora, 2006;
Parker and Klingeman, 1982; Wilcock and Southard , 1989), and laterally as
patch, particle cluster, or riffle development (Nelson et al., 2014; Venditti
et al., 2017).
Only a few works on stochastic modeling of sediment transport involve
multiple grain sizes (Parker et al., 2000; Sun and Donahue, 2000), but these
approaches are not spatially distributed, so there is as yet no stochastic
method to understand sorting processes (cf. Ancey, 2020b).
Future studies should revisit the stochastic framework applied to multiple grain sizes. Simplified experimental geometries based on bimodal sediment beds (e.g. Houssais and Lajeunesse, 2012) would be a great context
to revisit these issues. Extending the motion-rest model of Ch. 3 to two
grain sizes with a matrix formulation, then calibrating its parameters to
experiments would be a nice starting point.

6.3.3

The full range of geophysical flows

The final limitation I will mention is that all of the efforts in this thesis
were concentrated on weak bedload transport, where densities of moving
particles are low enough that they may interact with the static bed but
never with each other. This assumption is justified insofar as weak bedload
transport conditions are common within gravel-bed rivers (Ashworth and
Ferguson, 1989; Warburton, 1992), but it is nonetheless a limitation given
the diversity of processes which move sediment over Earth’s surface.
Earth’s landforms are shaped by numerous transport phenomena from
catastrophic debris flows (Iverson, 1997) to barely perceptible hillslope creep
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(Deshpande et al., 2021). Different transport phenomena are basically distinguished by the relative importance of fluid, granular, and gravitational
forces in sustaining them (Jerolmack and Daniels, 2019).
Weak bedload transport is characterized by fluid forces small in comparison to gravity, and collision forces comparable to gravity. Viewed in this
way, the work in this thesis targets a minute region of the vast parameter
space spanned by Earth’s geophysical flows, and geomorphology requires
characterization of them all. Future studies should continue the effort (e.g.
Furbish and Doane, 2021) to describe these processes as different expressions
of the same basic statistical mechanics building blocks.

6.4

Conclusion

This thesis has described the movements of individual grains along streambeds
using probabilistic methods. The research relates the overall sediment transport rate to the movements of individual grains. At base level, the thesis
embraces variability as an intrinsic part of Earth surface dynamics, and it
produces descriptions of sediment transport which predict mean values as
well as the magnitude of their fluctuations.
The founders of process geomorphology always acknowledged the role
of variability in landscape evolution (Horton, 1945; Langbein and Leopold ,
1964; Strahler , 1952), although their main efforts were to develop strategies to describe landscapes without including variability, like averaged shear
stresses to avoid fluid turbulence (Bagnold , 1954; Meyer-Peter and Müller ,
1948), competent conditions to replace climatic fluctuations (Wolman and
Gerson, 1978; Wolman and Miller , 1960), and representative grain sizes to
avoid evolving surface grain size distributions (Andrews, 1983; Parker and
Klingeman, 1982).
The stochastic descriptions of sediment transport developed in this thesis show a methodology we can use to step beyond averaged descriptions
of geomorphic change, propagate noises through the equations governing
landscape change, and revisit the old question in geomorphology: How does
variability shape Earth’s surface?
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Appendix A

Calculations involved in the
dynamical bedload flux
model
A.1

Derivation of the master equation for
particle position

Here I derive the master equation 2.2 for the probability distribution of
particle position from the Langevin equation 2.1. This is closely based off
on the approach of Balakrishnan (1993).
The master equation satisfies P (x, t) = hhδ(x − x(t))iξ iη , where the averages are over all realizations of the two independent noises. It is most
convenient to take these averages after taking Fourier transforms and manipulating time derivatives of the resulting equations.
Integrating the Langevin equation 2.1, substituting the solution in the
above definition, and taking the Fourier transform in space gives
P̃ (g, t) =

DD

h

Z

exp − ig

√

t

du[V +
0
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iE E
2Dξ(u)]η(u)

η ξ

(A.1)

This can be rearranged as
P̃ (g, t) =

D

Z t
Z t
iD
h √
iE E
h
. (A.2)
duη(u) exp ig 2D
duξ(u)η(u)]
exp igV
0

ξ η

0

Using the classic identity for an average over white noise of an exponential (Balakrishnan, 1993; Van Kampen, 2007) gives, after recognizing that
the dichotomous noise satisfies η 2 = η since η is either 0 or 1,
P̃ (g, t) =

D

h

2

Z

t

exp (igV − g D)
0

iE
.
duη(u)

(A.3)

η

Now I will take time derivatives in order to apply the so-called FurutsuNovikov formula to evaluate the ensemble average over dichotomous noise
(Shapiro and Loginov , 1978). Applied to the dichotomous noise in Fig. 1.2,
the Furutsu-Novikov formula is, for an arbitrary functional F of the noise,


∂t hη(t)F [η(t)]i = hη∂t F i + k hηihF i − hηF i .
Making the shorthands G = igV − g 2 D and F = exp G

(A.4)
Rt
0

η(u)du and

taking a time derivative of Eq. A.3 gives
G−1 ∂t P̃ (g, t) = hηF i.

(A.5)

Taking a second time derivative opens up the possibility of using the FurutsuNovikov formula A.4:


G−1 ∂t P̃ (g, t) = ∂t hηF i = GhηF i + k hηiP̃ (g, t) − G−1 ∂t P̃ (g, t) .

(A.6)

Applying Eq. A.5 finally gives
∂t2 P̃ (g, t) = (igV − g 2 D − k)∂t P̃ + kE (igV − g 2 D)P̃ ,
and inverse Fourier transforming provides the master equation 2.2.
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(A.7)

A.2

Solution for the position probability
distribution

The position probability distribution can be obtained from Eq. 2.2 for the


initial conditions P (x, 0) = δ(x) and ∂t P (x, 0) = kkE Dδ 00 (x) − V δ 0 (x) using
Fourier transforms in space and Laplace transforms in time. Taking these
transforms provides
P̃¯ (g, s) =

s + k + ϕDg 2 − igV ϕ
,
s(s + k) + (Dg 2 − igV )(s + kE )

(A.8)

where ϕ = kD /k is the probability a particle starts at rest.
The numerator terms encode the initial conditions. The denominator
terms are where the real structure of the solution is contained. The numerator terms involving g can be expressed as first and second derivatives with
respect to x. The problem, then is to calculate the inverse Fourier integral
of the denominator. The inverse Fourier transform can be calculated by
expanding the denominator of Eq. A.8 in partial fractions and applying the
contour integral (e.g. Arfken, 1985)
Z

∞

−∞


1 e−igx
dg = σ(c)θ(−xσ(c)) exp − |cx| .
2πi g − ic

(A.9)

In this equation σ(c) = sgn(c) is a shorthand for the sign function. The
above integral can be obtained with the residue theorem by considering
different cases for the signs of x and c and applying square contours around
the upper or lower-half regions of the complex plane.
Rearranging the governing equation gives
1
ϕDg 2 − igV ϕ + s + k
˜
P̂ (g, s) =
D(s + kE )
g2 − i V g +
D

s(s+k)
D(s+kE )

.

(A.10)

The roots of the denominator are at
g± =

i
iV h
1±R ,
2D
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(A.11)

where

s
R=

1+

4D s(s + k)
.
V 2 s + kE

(A.12)

The partial fractions expansion is therefore
1
V
g2 − i D
g+

s(s+k)
D(s+kE )

=

D h 1
1 i
−
,
iV R g − g+ g − g−

(A.13)

giving
P̃ (x, s) =

−ϕD∂x2 + V ϕ∂x + s + k
V R(s + kE )
"Z
#
Z
dg e−igx
dg e−igx
×
−
, (A.14)
2πi g − g+
2πi g − g−

or eventually
P̃ (x, s) =

−ϕD∂x2 + V ϕ∂x + s + k
V R(s + kE )
"
#
V x

V x

× θ(x) exp
(1 − R) + θ(−x) exp
(1 + R) . (A.15)
2D
2D

This simplifies slightly to
P̃ (x, s) =

h V x V |x| i
−ϕD∂x2 + V ϕ∂x + s + k
exp
−
R .
V R(s + kE )
2D
2D

(A.16)

Taking the inverse Laplace transform symbolically provides the desired
probability density function
(
−1

P (x, t) = L


1
− ϕD∂x2 + V ϕ∂x + k + s
V
× exp


 V x  exp −
2D

V |x|R
2D

(s + kE )R

)
(t). (A.17)

Using the shift property of Laplace transforms (e.g. Arfken, 1985), this be160

comes
(

1 −kE t −1 
P (x, t) = e
L
− ϕD∂x2 + V ϕ∂x + kD + s
V


|x|R∗ )
 V x  exp −V2D
, (A.18)
× exp
2D
sR?
where

r

4D(kD − kE ) 4D 
kE kD 
+
s
−
.
(A.19)
V2
V2
s

Using the property that L−1 sf˜ = (δ(t) + ∂t )f (t) (Arfken, 1985) gives
R∗ =

P (x, t) =

1+


1 −kE t 
− ϕD∂x2 + V ϕ∂x + kD + δ(t) + ∂t
e
V
h
i
(
|x|R∗ )
hV xi
− exp −V2D
× exp
L−1
(t). (A.20)
2D
sR∗

Finally, using the identity
−1

L

n1
s

o Z t  p

g̃(s − a/s) =
I0 2 au(t − u) g(u)du

(A.21)

0

from Bateman and Erdelyi (1953), pg. 133 (which can be derived by either
u-substitution or series expansion in powers of a) provides
P (x, t) =

hV xi

1 −kE t 
− ϕD∂x2 + V ϕ∂x + kD + δ(t) + ∂t exp
e
V
2D
Z t
 p

×
duI0 2 kE kD u(t − u)
0
h
i)
(
|x| √
a + bs
exp −V
2D
√
× L−1
(u), (A.22)
a + bs

where a = 1 + 4D(kE − kE )/(V 2 ) and b = 4D/V 2 are shorthands.
Using the trick of introducing a parameter and integrating over it to remove the square root from the denominator (an integral analogue of ”Feyn-
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man’s trick”), the remaining transform can be evaluated from standard tables (Prudnikov et al., 1992), eventually giving (after integrating over and
setting to 1 the fake parameter),
Z


 t  p
2
P (x, t) = −ϕD∂x +V ϕ∂x +k+δ(t)+∂t
I0 2 kE kD u(t − u) e−kE (t−u)
0
r
h
1
(x − V u)2 i
×
exp − kD u −
du, (A.23)
4πDu
4Du
as reported in Eq. 2.10.

A.3

Calculation of the scale-dependent rate
function Λ(T )

The central object required to calculate the sediment flux probability distribution in Eq. 2.3 is
Z

∞

Λ(T ) = ρ

Z

∞

dxi

dxP (x + xi , T ).

0

(A.24)

0

This represents the rate at which particles start at xi , anywhere to the left
of x = 0, and manage to cross x = 0 by time T .
Again it is easiest to conduct the necessary calculus after Laplace transforming. This gives
Z
Λ̃(s) = ρ

∞

Z

∞

dxi
0

dxP̃ (x + xi , s).

(A.25)

0

The Laplace transform of the rate function therefore follows after integrating
Eq. A.16 twice.
Noting that x + xi is always positive, The first integration gives
∞

Z
Λ̃(s) = ρ

dxi exp

h V (1 − R)x i
i

2D

1−R
ϕ
2D(s + k)
× ϕ
−
− 2
, (A.26)
2R(s + kE ) R(s + kE ) V R(1 − R)(s + kE )
0
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and the second integration provides
Λ̃(s) = −

ρϕD
2ρDϕ
+
V R(s + kE ) V R(1 − R)(s + kE )
+

V

4ρD2 (s + k)
. (A.27)
− R)2 (s + kE )

3 R(1

Taking the inverse transform, converting the s factor in the numerator
of the last term to ∂t + δ(t), and using the shift property gives (e.g. Arfken,
1985)
(
Λ(t) = ρL−1

 )
4D2 ∂~t + k
ϕD
2Dϕ
−
+
+
.
V R? s V R∗ (1 − R? )s V 3 R? (1 − R? )2 s

(A.28)

Here the notation ∂~t means the derivative acts from the left on all terms
multiplying it (as in f (t)∂~t g(t) = ∂t [f (t)g(t)]).
After some work, using Eq. A.22 and tabulated Laplace transform pairs
(e.g. Arfken, 1985; Prudnikov et al., 1992) to perform the inverse Laplace
transforms, the net result for the rate constant is
Z
Λ(t) = ρ
0

t

 p

I0 2 kE kD u(t − u) e−kE (t−u)−kD u
"r
kD  −V 2 u/4D
D ~
[∂t + k]u −
e
×
πu
2k
!#
r
kD 
V 2u
V ~
+
[∂t + k]u −
erfc −
du, (A.29)
2
k
4D

as reported in Eq. 2.15.

A.4

Asymptotic limits of the flux rate function

Eq. 2.15 is difficult to work with. To explore the behavior at extreme values
of the observation time T , one can apply Tauberian theorems (Weiss, 1994)
to invert the Laplace-transformed rate function of Eq. A.27 at the opposite
extreme of s.
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For example, at short times, expanding Eq. A.27 as s → ∞ gives
ρkE V
ρkE
Λ̃(s) =
+
2
2ks
k

r

ρkE V T
ρkE
Λ(t) ∼
+
2k
k

r

which inverts to

D
4s3

(A.30)

DT
,
π

(A.31)

giving the small T behavior. This has two scaling limits within it. Provided
that T  4D/V 2 /π < 2D/V 2 , the scaling goes as Λ(T ) ∼ T −1/2 . But if
T  4D/V 2 /π, it goes as Λ(t) ∼ T . For large times, taking s → 0 gives
Λ̃(s) =

ρkE V
,
ks2

(A.32)

and this inverts to Λ(T ) = ρkE V T /k as the long time solution, providing a
mean flux equivalent to the Einstein model (Sec. 1.1.3). These limits are
summarized in Eq. 2.16.
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Appendix B

Calculations involved in the
bed elevation model
B.1

Numerical simulation algorithm

The Gillespie stochastic simulation algorithm (SSA) generates exact realizations of a Markov random process from a sequence of random numbers.
It was originally developed for chemical physics by Gillespie (1977) and
is reviewed in Gillespie (1992) and Gillespie (2007). The SSA hinges on
the defining property of a Markov process. When the transition rates from
one state to another are not dependent on the distant past, the process is
Markov (Cox and Miller , 1965). The following sections demonstrate that
the time intervals τ between subsequent transitions are exponentially distributed within the model of Ch. 3. The SSA follows as a consequence of
this property.

B.1.1

Times between transitions of any kind

The joint description of bedload transport and bed elevation changes is
characterized by a set of states (n, m) where n and m are integers. The
description involves four possible transitions (migration in, entrainment, deposition, migration out) with rates given in Eqs. 3.2-3.5.
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From the state (n, m), the rate (probability per unit time) for any transition to occur is the sum over all possibilities:
A(n, m) = RM I (n + 1, m|n, m) + RE (n + 1, m − 1|n, m)
+ RD (n − 1, m + 1|n, m) + RM O (n − 1, m|n, m). (B.1)
Using this, the probability that no transition occurs from the state (n, m) in
a small time interval δτ is 1−A(n, m)δτ . If Q(τ |n, m) denotes the probability
density that a transition of any kind occurs from the state (n, m) after a
time τ , the probability density that a transition happens after a slightly
larger time τ + δτ can be written


Q(τ + δτ |n, m) = 1 − A(n, m)δτ Q(τ |n, m).
Taking δτ → 0 produces a master equation

d
dτ Q(τ |n, m)

(B.2)

= −A(n, m)Q(τ |n, m),

from which it follows that the time τ between subsequent transitions is distributed as
Q(τ |n, m) = A(n, m)e−A(n,m)τ .

(B.3)

This equation demonstrates that the time τ to the next transition from a
state (n, m) is exponentially distributed with mean value τ̄ = 1/A(n, m).
This means if the stochastic process transitioned to the state (n, m) at a
time t, the next transition will occur at a time t + τ with τ a random
variable drawn from the exponential distribution in Eq. B.3.

B.1.2

Selection of transitions that occur

So far, Eq. B.3 demonstrates how to step the time from one transition to
the next, but it remains unclear how to step the state variables n and m at
each transition time. There is a need to characterize the type of transition
which occurs at a given transition time.
Intuitively, this will depend on the relative magnitudes of the rates from
Eqs. 3.2-3.5. The transition with the highest rate is most likely to occur.
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This is formalized by generating the ratios
(
S=

RM I (n + 1, m|n, m) RE (n + 1, m − 1|n, m)
,
,
A(n, m)
A(n, m)
)
RD (n − 1, m + 1|n, m) RM O (n − 1, m|n, m)
. (B.4)
,
A(n, m)
A(n, m)

By construction,

P

S = 1. Forming cumulative sums of the four ratios

partitions the unit interval [0, 1] into four chunks, each associated with a
transition – either migration in, entrainment, deposition, or migration out.
The transitions with the highest rates have the largest associated chunks.
Drawing a random number on [0, 1] can then select the transition which
occurs at a given transition time by querying which chunk it falls within.
In summary, to step the process through a single transition, the SSA
draws the time interval to the next transition from the distribution (Eq.
B.3), draws a uniform random number from [0, 1], then uses this uniform
random to select the transition that occurs from the cumulative sum of the
ratios in Eq. B.4. Iterating this random number generation and selection
process simulates exact realizations of the stochastic process. These are
series of n and m through time from which any statistics of interest can be
calculated.

B.1.3

Pseudocode for the Gillespie SSA

Simulations are initialized by the initial conditions n0 and m0 , the model
parameters used in Eqs. 3.2-3.5, and the desired simulation duration tmax .
The SSA uses these inputs to generate timeseries of n and m as follows:
t=0
n = n0

. Set the initial state (n0 , m0 )

m = m0
while t < tmax ; do

. Simulation will go until t surpasses tmax

record (n, m, t)

. Build timeseries of n and m

draw τ from Eq. B.3

. Select time to next transition
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t := t + τ
draw a random number r in [0, 1]

. Select type of transition that

occurs
compute the ratios r1 , r2 , r3 , r4 in Eq. B.4
P
form the cumulative sums ri = 1≤j≤i rj . Now enact the transition
if 0 ≤ r < r1 then
n := n + 1

. Migration in

else if r1 ≤ r < r2 then
n := n + 1

. Entrainment

m := m − 1
else if r2 ≤ r < r3 then
n := n − 1

. Deposition

m := m + 1
else if r3 ≤ r ≤ 1 then
n := n − 1

. Migration out

end if
end while

B.2

B.2.1

Approximate solutions of the master
equation
Mean field solution of particle activity

Assuming the dynamics of the particle activity are totally independent of
the bed elevation and summing Eq. 3.7 over all values of m obtains a mean
field equation for the particle activity:
0 = νA(n − 1) + [λ + µ(n − 1)]A(n − 1) + σ(n + 1)A(n + 1)
+ γ(n + 1)A(n + 1) − (ν + λ + µn + σn + γn)A(n). (B.5)
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This can be solved by introducing the generating function (Cox and Miller ,
P
1965) G(x) = n xn A(n), providing
0 = (ν + λ)(x − 1)G + [µx2 + σ + γ − (µ + σ + γ)x]

∂G
,
∂x

(B.6)

which is separable and integrates for

G(x) =

γ+σ−µ
γ + σ − µx

! ν+λ
µ

(B.7)

after applying the normalization condition G(1) = 1. From the definition of
G it follows that A(n) =

1 dn G
n! dxn |x=0 ,

giving the negative binomial distribu-

tion of particle activity demonstrated by Ancey et al. (2008), stated in Eq.
3.10, and introduced originally in Sec. 1.1.13.

B.2.2

Mean field solution of bed elevations

The negative binomial distribution provides hn|mi = hni, so Eq. 3.7 produces
0 = [λ + µhni][1 + κ(m + 1)]M (m + 1) + σhni[1 − κ(m − 1)]M (m − 1)
− {[λ + µhni](1 + κm) + σhni(1 − κm)}M (m). (B.8)
Identifying E = λ + µhni and D = σhni and incorporating E = D gives Eq.
3.11:
0 = [1 + κ(m + 1)]M (m + 1) + [1 − κ(m − 1)]M (m − 1) − 2M (m). (B.9)
This can be solved using the Fokker-Planck expansion (Gardiner , 1983)
that effectively converts this discrete master equation for m into a diffusion
equation for the quasi-continuous variable z = z1 m. This works since z1 is
small. Introducing z and writing κ = κ/z1 gives
0 = [1 + κ(z + z1 )]M (z + z1 ) + [1 − κ(z − z1 )]M (z − z1 ) − 2M (z). (B.10)
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κ should not depend on z1 since the magnitude of the feedbacks between
bed elevations and entrainment and deposition rates depends on elevation
changes, and not on the size of grains or the length of the control volume.
Expanding the entire first and second terms to second order z1 provides the
Fokker-Planck equation
0 = −2κz1 [zM (z)]0 + z12 M 00 (z).

(B.11)

Taking into account that this distribution should be normalizable,
limz→±∞ M (z) = 0, the solution is
2

M = M0 e−κ(z/z1 )

(B.12)

as provided in Ch. 3.

B.2.3

Closure equation approach for bed elevations

This section produces an approximate relationship to close hn|mi in terms
of m valid to first order in κ. Writing
hn|mi ≈ hni − κcm,

(B.13)

for the mean particle activity conditional to the elevation m into Eq. 3.7,
noting E = D, and neglecting terms of O(κ2 ) provides
h
n
h
n
µc oi
σc oi
0 ≈ 1 + κ(m + 1) 1 −
M (m + 1) + 1 − κ(m − 1) 1 +
E
E
h
n (σ + µ)c oi
M (m) (B.14)
− 2 − κm
E
At this point, c is considered an undetermined positive constant that may
depend on the entrainment, migration, and deposition rates. Taking the
Fokker-Planck expansion and requiring the distribution M (m) to vanish at
infinity for normalization yields

nh
o0
(σ − µ)c 
(σ + µ)c i
M (m) + 2 − κm
M (m) .
0 = 2κm 2 +
E
E
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(B.15)

Finally, integrating, expanding to first order in κ, and exponentiating to
solve for M produces
M (m) = M0 exp

n

h
(σ − µ)c io
− κm2 1 +
.
2E

2 =
Since the numerical solutions show σm

tion

hn|mi = hni 1 −

1
4κ ,

(B.16)

this suggests the closure rela-

2κm 
1 − µ/σ

(B.17)

corresponding to c = 2E/(σ − µ). This is the closure relationship provided
in Eq. 3.12 and plotted with the numerical simulations in Fig. 3.4. The
elevation distribution Eq. 3.13 follows by combining Eqs. B.16 and B.17.
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Appendix C

Calculations involved in the
sediment burial model
C.1

Calculation of the distribution function

Owing to the convolution structure of Eqs. 4.1 and 4.2, their solution is
a formidable problem. Luckily, we have the device of Laplace transforms.
These project integro-differential equations into an alternate space in which
convolutions are unraveled (e.g. Arfken, 1985). The double Laplace transform of a joint probability distribution p(x, t) is defined by
Z
p̃(η, s) =

∞

−ηx

Z

dxe
0

∞

dte−st p(x, t).

(C.1)

0

The Laplace-transformed moments of x are linked to derivatives of the
double-transformed distribution Eq. C.1 (cf. Berezhkovskii and Weiss, 2002).
Eq. (C.1) implies
hx̃(s)k i = (−)k ∂ηk p̃(η, s)

η=0

.

(C.2)

This means the variance of position can be derived as as σx2 (t) = hx2 i−hxi2 =
L−1 {hx̃2 i; t}−L−1 {hx̃i; t}2 , where L−1 denotes the inverse Laplace transform
(e.g. Arfken, 1985).
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Double transforming Eqs. 4.1 using the definition Eq. C.1 gives
ω̃0 (η, s) = θ1 g̃1 (η, s) + ω̃2 (η, s)g̃1 (η, s) − ω̃1 (η, s),

(C.3)

ω̃1 (η, s) = θ1 g̃1 (η, s + κ) + ω̃2 (η, s)g̃1 (η, s + κ),

(C.4)

ω̃2 (η, s) = θ2 g̃2 (η, s) + ω̃1 (η, s)g̃2 (η, s).

(C.5)

This algebraic system solves for

θ1 + θ2 g̃2 (η, s)
g̃1 (η, s) − g̃1 (η, s + κ) ,
1 − g̃1 (η, s + κ)g̃2 (η, s)
θ1 + θ2 g̃2 (η, s)
ω̃1 (η, s) =
g̃1 (η, s + κ),
1 − g̃1 (η, s + κ)g̃2 (η, s)
θ2 + θ1 g̃1 (η, s + κ)
ω̃2 (η, s) =
g̃2 (η, s).
1 − g̃1 (η, s + κ)g̃2 (η, s)
ω̃0 (η, s) =

(C.6)
(C.7)
(C.8)

Double transforming Eqs. 4.2 gives
1
p̃0 (η, s) = ω̃0 (η, s),
s
p̃1 (η, s) = θ1 G̃1 (η, s) + ω̃2 (η, s)G̃1 (η, s),

(C.10)

p̃2 (η, s) = θ2 G̃2 (η, s) + ω̃1 (η, s)G̃2 (η, s).

(C.11)

(C.9)

The total probability is p(x, t) = p0 (x, t) + p1 (x, t) + p2 (x, t). Using Eqs.
C.6-C.11 this becomes, in the double Laplace representation,

θ1 + θ2 g̃2 (η, s)
1
g̃1 (η, s) − g̃1 (η, s + κ)
p̃(η, s) =
s 1 − g̃1 (η, s + κ)g̃2 (η, s)




θ1 G̃1 (η, s) + g̃1 (η, s + κ)G̃2 (η, s) + θ2 G̃2 (η, s) + g̃2 (η, s)G̃1 (η, s)
+
.
1 − g̃1 (η, s + κ)g̃2 (η, s)
(C.12)
Plugging the propagators outlined in Sec. 4.1.3 into Eq. C.12 gives
p̃(η, s) =

1 (s + κ + k 0 )s + θ1 (s + κ)ηv + κk2
.
s (s + κ + k1 )ηv + (s + κ + k 0 )s + κk2
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(C.13)

In this equation, k 0 = k1 + k2 , and the normalization requirement of the
initial probabilities θ1 + θ2 = 1 has been incorporated. The double inverse
transform of this equation provides the distribution p(x, t). The transform
over η is inverted first. Using the results [15.103] (transform of exponential),
[15.123] (transform of derivative), and [15.141] (transform of Dirac delta
function) from Arfken (1985) provides
s+κ
1  (s + κ + k 0 )s + κk2
δ(x) +
s(s + κ + k1 )
v
s(s + κ + k1 )
h (s + κ + k 0 )s + κk x i
θ1 (s + κ)[s(s + κ + k1 ) + κk2 ] 
2
−
exp −
. (C.14)
s(s + κ + k1 )2
s + κ + k1
v
p̃(x, s) = θ1

Inverting the remaining transform over s, applying results [15.152] (substitution), [15.164] (translation), and [15.175] (transform of tekt ) from Arfken
(1985), and defining the shorthand notations τ = k1 (t − x/v), ξ = k2 x/v,
and Ω = (κ + k1 )/k1 , gives the simpler form
h
i
1
k1
1 − e−(κ+k1 )t δ(x) + exp[Ωτ − ξ]
p(x, t) = θ1 1 −
κ + k1
v
n

θ1 k1 + θ2 k2 θ1 k1 k2
θ2 κk2
θ1 κk1 k2
× L−1 θ2 +
+
+
+
s
s2
s(s − κ − k1 ) s2 (s − κ − k1 )
o
 k1 ξ 
× exp
; τ /k1 . (C.15)
s
Using entries [2.2.2.1], [2.2.2.8], and [1.1.1.13] from Prudnikov et al. (1992)
in conjunction with the definition of the generalized Marcum Q-function
Qµ (x, t) (Temme, 1996), and inserting the Heaviside functions to account
for the fact that grains can neither travel backwards nor at speeds exceeding
v, then finally produces Eq. 4.5 for the joint distribution p(x, t).

C.2

Calculation of the moments

The first two moments of position x and ultimately the variance are computed using Eq. C.2. The first two derivatives of the double Laplace-
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transformed distribution Eq. C.13 are
∂η p̃(η, s) = −v
∂η2 p̃(η, s) = 2v 2

1 [(s + κ + k 0 )s + κk2 ][θ2 (s + κ) + k1 ]
,
s [ηv(s + κ + k1 ) + (s + κ + k 0 )s + κk2 ]2

(C.16)

1 (s + κ + k1 )[(s + κ + k 0 )s + κk2 ][θ2 (s + κ) + k1 ]
. (C.17)
s
[ηv(s + κ + k1 ) + (s + κ + k 0 )s + κk2 ]3

Evaluating these at η = 0 and applying Eq. C.2 provides the Laplacetransformed moments
hx̃(s)i
1 θ2 (s + κ) + k1
θ2 (s + κ) + k1
1
=
,
=
v
s (s + κ + k 0 )s + κk2
s (s + a + b)(s + a − b)

(C.18)

hx̃2 (s)i
1 (s + κ + k1 )(θ2 (s + κ) + k1 )
=
2
2v
s
[(s + κ + k 0 )s + κk2 ]2
1 (s + κ + k1 )(θ2 (s + κ) + k1 )
=
. (C.19)
s (s + a + b)2 (s + a − b)2
The parameters a = (κ+k 0 )/2 and b2 = a2 −κk2 were introduced to factorize
the denominators. These equations can be inverted using the properties
[15.164] (translation), [15.11.1] (integration), and [15.123] (differentiation)
from Arfken (1985) after expansion in partial fractions. For the mean, the
calculation is
Z t
n
o


2b
1
1
hxi = θ2 + (k1 + θ2 κ)
dt L−1
−
;t
v
s+a−b s+a+b
0
h
k1 + θ2 κ i (b−a)t h
k1 + θ2 κ i −(a+b)t
e
− θ2 −
e
= θ2 +
b−a
a+b
hk + θ κ k + θ κi
1
2
1
2
−
+
.
b−a
a+b
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(C.20)

This equation rearranges to Eq. 4.6. The second moment (Eq. C.19) is
h
2b2 2
hx
i
=
θ2 (δ(t) + ∂t ) + (θ2 (2κ + k1 ) + k1 )
v2
Z t i
dt
+ (κ + k1 )(θ2 κ + k1 )
0
n
1
1
× L−1
+
(s + a − b)2 (s + a + b)2
o
1
1
−
+
; t . (C.21)
b(s + a − b) b(s + a + b)
This becomes
Z t i
h
2b3 2
hx i = θ2 ∂t + [θ2 (2κ + k1 ) + k1 ] + (κ + k1 )(θ2 κ + k1 )
dt
v2
0


× (bt − 1)e(b−a)t + (bt + 1)e−(a+b)t
(C.22)
which evaluates to Eq. 4.7. Finally, σx2 = hx2 i − hxi2 derives the variance in
Eq. 4.8.

C.3

Limiting behavior of the moments

The diffusion exponents γ in the local, intermediate, and global ranges using
the two limiting cases described in Sec. 4.1.5. Limit (1) is κ → 0. Taking
this limit in Eqs. C.18 and C.19 with initial condition θ1 = 1 obtains
1
,
s2 (s + k 0 )
s + k1
hx̃2 i = 2v 2 k1 3
.
s (s + k 0 )2
hx̃i = vk1

(C.23)
(C.24)

Laplace inverting and combining these equations provides the variance
σx2 = 2v 2



k1   1 0 −k0 t 1 −2k0 t 
0
0
−k0 t
k
−k
te
−
e
+k
−2+k
t+(2+k
t)e
. (C.25)
1
2
k 04
2
2

This result encodes two ranges of diffusion and can also be derived from the
governing equations of the Lisle et al. (1998) and Lajeunesse et al. (2017)
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models. Expanding for small t provides σx2 (t) = v 2 k1 t3 /3 – local range superdiffusion. Expanding for large t provides σx2 (t) = 2v 2 k1 k2 t/k 03 – intermediate
range normal diffusion.
Limit (1) can be further investigated for arbitrary initial conditions. By
applying Tauberian theorems, the t → 0 variance can be determined from
the s → ∞ limits of Eqs. C.18 and C.19 (e.g. Weeks and Swinney, 1998;
Weiss, 1994). Expanding these equations in powers of 1/s and inverting the
resulting transforms gives
1
hxi = vθ2 t + v(θ1 k1 − θ2 k2 )t2 + O(t3 ),
2
1
hx2 i = v 2 θ2 t2 + v 2 (θ1 k1 − 2θ2 k2 )t3 + O(t4 ).
3

(C.26)
(C.27)

This equation highlights the effect of initial conditions on the diffusion characteristics of the local range:
1
σx2 (t) ∼ v 2 θ1 θ2 t2 + v 2 (θ1 k1 + θ2 k2 )t3 .
3

(C.28)

This equation includes only leading order terms for any option of θ1 and
θ2 . Eq. C.28 shows local range exponent γ = 2 when initial conditions are
mixed (both are non-zero) and γ = 3 when initial conditions are pure (one
is zero).
Limit (2) is 1/k2 → 0 and v → ∞ while v/k2 = l. Under this limit, Eqs.
C.18 and C.19 provide
1
,
s(s + κ)
s + κ + k1
hx̃2 i = 2l2 k1
.
s(s + κ)2
hx̃i = k1 l

(C.29)
(C.30)

Inverting these equations and introducing the variables c = lk1 (an effective
velocity) and Dd = l2 k1 (a diffusivity) provides positional variance
σx2 (t) =

2Dd (1 − e−κt ) (1 − e−2κt − 2e−κt κt)c2
+
.
κ
κ2
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(C.31)

This is mathematically identical to the key result of Wu et al. (2019a).
Expanding for small t provides σx2 (t) = 2Dd t – intermediate range normal
diffusion, while sending t → ∞ provides σx2 = (2Dd κ + c2 )/κ2 – a constant
variance in the geomorphic range. The global range is characterized by
competition between terms in Eq. C.31 and shows 2 ≤ γ ≤ 3 depending
on the ratio k1 /κ (cf. Wu et al., 2019a). Finally, both Eqs. C.25 and C.31
reduce to the Einstein result σx2 (t) = 2Dd t in further simplified limits.
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Appendix D

Calculations involved in the
collisional Langevin model
D.1

Derivation of master equation

To derive the master equation from Eq. 5.4, I temporarily consider the
Gaussian white
p noise (GWN) ξ(t) as a Poisson jump process having rate r
and jumps 2D̃h with h distributed as f (h). I will later take a GWN limit
from this noise. Similar derivations are available in some references (e.g.
Kanazawa, 2017; Suweis et al., 2011), and the precise connection between
GWN and Poisson noise is discussed in Van Den Broeck (1983).
From this starting point, integrating Eq. 5.4 over a small time interval
δt under the Itô interpretation for the collision term provides


u(t) + Γ̃δt
with probability 1 − rδt − νδt


p
u(t + δt) = u(t) + 2D̃h with probability rδt
.



εu(t)
with probability νδt

(D.1)

Considering the probability P (u, t + δt) as a sum over possible paths
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from P (u, t) develops
∞

Z

dwδ(u − w − Γ̃δt)P (w, t)

P (u, t + δt) = (1 − rδt − νδt)
Z
Z ∞
dw
+ rδt

dhf (h)δ(u − w −

p
2D̃h)P (w, t) (D.2)

−∞
1

−∞
∞

Z
+ νδt

−∞
∞

Z

dερ(ε)δ(u − wε)P (w, t).

dw
−∞

0

Evaluating all integrals over δ-functions provides
P (u, t + δt) = (1 − rδt − νδt)P (u − Γ̃δt, t)
Z ∞
p
+ rδt
dhf (h)P (u + 2D̃h)

(D.3)

−∞
1

Z
+ νδt

0

D̃ε
u
ρ(ε)P
.
ε
ε

Finally, taking δt → 0 and limiting the Poisson noise involving
Gaussian white noise by taking r → ∞ as h → 0 such that

h2 r

p

2D̃ to a

= 1 obtains

the master equation 5.5.

D.2

Derivation of steady-state solution

Defining P̃ (s) =

R∞

ius P (u)
−∞ due

as the Fourier transform (FT) of P (u) and

taking the FT of Eq. 5.5 develops the recursion relation
P̃ (s) =

P̃ (sε)
.
q(s)

(D.4)

where
q(z) = D̃z 2 − iΓ̃z + 1.

(D.5)

Recursing N + 1 times provides
P̃ (s) =

P̃ (sεN +1 )
.
q(sε0 )q(sε1 ) . . . q(sεN )
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(D.6)

The polynomials q(z) can always be factored as q(z) = D̃(z − iλ− )(z − iλ+ )
where
Γ̃ h
λ± =
1±
2D̃

q
i
1 + 4D̃/Γ̃2 .

(D.7)

Using these factors to expand P̃ (s) in partial fractions provides
P̃ (s) = P̃ (sεN +1 )

N h
X
l=0

Rl+ i
Rl−
+
,
sεl − iλ− sεl − iλ+

(D.8)

where the coefficients Rl± are the residues (up to constant factors) of the
product [q(sε0 ) . . . q(sεN )]−1 :
Rl± =

sεl − iλ±
q(sε0 ) . . . q(sεN )

s=iλ± ε−l

.

(D.9)

The Fourier-transformed Eq. D.6 has a convenient feature as N → ∞:
since 0 < ε < 1, the prefactor P̃ (sεN +1 ) becomes the normalization condition P̃ (0) = 1 for the probability distribution P (u). Taking this limit and
evaluating the residues provides

P̃ (s) =
+

D̃(λ+ − λ− )

D̃(λ+ − λ− )

1
Q∞

∞
X

1
Q∞

εm )

m=1 q(iλ−
∞
X

m=1 q(iλ+ ε

m)

l=0

l=0

(sεl − iλ− )

(sεl − iλ+ )

−i
Ql

i
Ql

m=1 q(iλ− ε

m=1 q(iλ+ ε

−m )

−m )

. (D.10)

Finally, the Fourier transforms are inverted term by term with contour integration (another use of the integral given in Eq. A.9), and the definition of
q(z) from Eq. D.5 is incorporated to obtain the steady-state solution quoted
in Eq. 5.9.

D.3

Calculation of the moments

Taking Eq. 5.5, multiplying by uk , integrating over all space, and taking
account of normalization of P (u) provides a recursion relation for the mo-

181

ments:
0 = D̃k(k − 1)huk−2 i + Γ̃khuk−1 i + (εk − 1)huk i.

(D.11)

k = 1 provides the mean (given in Eq. 5.11)
hui =

Γ̃
Γ
=
,
1−ε
ν(1 − ε)

(D.12)

while k = 2 provides the second moment
D̃ + Γ̃hui
,
1 − ε2

(D.13)

2D̃ + Γ̃2
1 − ε2

(D.14)

hu2 i = 2
leading to the velocity variance
σu2 =
given in Eq. 5.13.

D.4

The weak collision limit

Now I will demonstrate that weak collisions imply a Gaussian-like distribution for sediment velocities. The limit is challenging since the steady-state
distribution Eq. 5.9 and the moments above all diverge as ε → 1. Following
Hall and Wake (1989), this divergence suggests normalizing the distribution
P (u) using the scaled variable
z=

u − hui
,
σu

(D.15)

giving a scaled distribution
Q(z) = σu P (u).

(D.16)

The resulting differential equation for Q(z) is well-behaved in the elastic
collision limit ε → 1. Incorporating this transformation into Eq. 5.5 provides
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the “normalized” master equation
√
D̃
Γ̃ 1 − ε2 0
00
(1 − ε )
Q (z) − p
Q (z) − Q(z)
2D̃ + Γ̃
2D̃ + Γ̃2
√
h1 − ε
Γ̃ 1 − ε2 i
1 
z+ p
+ Q z+
= 0. (D.17)
ε
ε
ε 2D̃ + Γ̃2
2

This equation remains exact and is only a change of variables from Eq. 5.5.
Now I approximate the equation for ε → 1 by expanding the final term to
second order around z = 0 before setting ε = 1, obtaining
Q00 (z) + zQ0 (z) + Q(z) = 0,

(D.18)

which is the classic Ornstein-Uhlenbeck Fokker-Planck equation whose solution is the standard normal distribution for Q(z) (e.g. Gardiner , 1983). This
solution provides Eq. 5.15 when transformed back to the original variables
P (u) and u.
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