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Abstract

We discuss three problems related to combinatorial geometry, based on two
separate works. The first work concerns arrangements of intervals in R? for
which there are many pairs forming trapezoids, meaning the convex hull of
the pair is a trapezoid. We characterise arrangements forming more than a
certain number of trapezoids, showing that all such sets have underlying al-
gebraic structure. An important role is played in particular by conic curves.
The proof uses a transformation from intervals in the plane to lines in R3
and then relies on a theorem of Guth and Katz on intersecting lines in R3.
The second work concerns combinatorial problems for discretised sets,
where objects are only distinguishable up to some small scale. Discretised
sets can be used to approximate fractal sets, and our results imply improved
quantitative bounds for the 1/2-Furstenberg set problem in R? and the upper
Minkowski dimension of Besicovitch sets in R3, as well as slight generalisa-
tions of each of these problems. The techniques involved in this second
work are mostly combinatorial and our main ingredient is the discretised
sum-product theorem from additive combinatorics. In particular, we reduce
the 1/2-Furstenberg set problem to the discretised-sum product problem
and reduce the Besicovitch set problem to the Furstenberg set problem.
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Lay Summary

Geometric objects are constrained in how they can behave. For example,
a pair of lines can intersect in at most one point and this restricts the
properties that are possible for arrangements of lines. The general theme
considered in this thesis is to understand what arrangements are possible
for certain types of geometric objects.

We first consider line segments in the plane. We show that there are
essentially only three ways that an arrangement of line segments can have
many pairs forming trapezoids. We then consider sets of points in the plane
for which there are many lines that are close to many points from the set.
We show that, under certain conditions, such a set of points must always be
large. Lastly, we show that a set in 3-dimensional space containing a line
segment of a fixed length in each direction must also be large.
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Preface

This thesis is based on two papers, one of which is currently under review for
publication by an academic journal and the other is yet to be submitted for
publication. The work involved in these papers is the original intellectual
product of the author, Daniel Di Benedetto, having worked on parts in
collaboration with various coauthors.

Chapter 2 is based on the paper Combinatorics of intervals in the plane
1. This is a joint work with Prof. Jézsef Solymosi and Ethan White and
has been submitted for publication. The starting point for the paper was
the map defined in the proof of Lemma 2.4, which was an idea of Jozsef
Solymosi. The analysis of the various cases was performed by the author,
in collaboration with Ethan White. Half of the figures were created by
the author and half were created by Ethan White. The writing was done
collaboratively by the author and Ethan White, under the guidance of Jézsef
Solymosi.

Chapters 3 and 4 are based on the work New results for Besicovitch sets
and (o, 2a0)-Furstenberg sets. This is a joint work with Prof. Joshua Zahl and
will be submitted for publication. The suggestion that the improvements
for the two problems were possible using the techniques came from Joshua
Zahl. The applications of the various techniques and the calculations that
yielded the improvements were done by the author. All figures were created
by the author. The writing was done by the author, under the guidance of
Joshua Zahl.

Most of the content from these papers is unchanged in this thesis, except
for stylistic changes.
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Chapter 1

Introduction

Sets of geometric objects have natural associated combinatorial properties,
such as the number of intersections of a certain type or the numbers of oc-
currences of a specific geometric configuration. In many cases, the geometry
of the objects imposes constraints on the possible values of these combina-
torial properties, and combinatorial geometry is broadly the study of these
constraints.

We focus on extremal problems related to combinatorial geometry, which
involve understanding how much combinatorial structure is possible for sets
of geometric objects. A classical result of this type is the Szemerédi—Trotter
theorem from [30], which gives an upper bound on the number of point-line
incidences between sets of points and lines of a given size.

This thesis is based on two works. Chapter 2 is based on the first work,
which studies a variant of a typical question in discrete geometry on arrange-
ments with many occurrences of a particular configuration. In the second
work, we apply combinatorial techniques to problems in geometric measure
theory that have connections to harmonic analysis. This work contains two
main results. Chapter 3 focuses on the first of these; chapter 4 focuses on
the second.

Throughout, we use the notation A 2 B to mean there exists a universal
constant C' > 0 for which A > CB and A < B is defined similarly. If both
directions hold, we write A ~ B.

1.1 Combinatorics of intervals

The first work concerns a combinatorial problem for sets of intervals, or line
segments, in the plane. This is a natural analogue of extremal questions that
have been studied for point sets, where one fixes a geometric configuration
formed by some tuple of points and asks about the maximum number of
realisations of this configuration for any point set of a given cardinality.

A well known example of a problem of this type is Erdés’s unit distance
problem, first posed in [13], which seeks an upper bound on the number of
pair of points that can have unit distance within a set of n points. Similarly,
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Erdds and Purdy [14] attribute to Oppenheim an analogous question, where
pairs of points with unit distance are replaced with triples of points forming
a triangle with unit area. Also in [14], they raise questions on the maxi-
mum number of pairwise congruent triangles and the maximum number of
equilateral triangles.

For any of these extremal problems, an interesting further question
is: what can be said about the extremal arrangements? In many cases,
the known constructions share some form of rigid structure and this sug-
gests that such structure may be necessary. For example, a conjecture of
Elekes [12] says that a point set with quadratically many collinear triples
must have many points contained on a single cubic curve.

Elekes’s conjecture is consistent with a more general theme in combina-
torial geometry relating combinatorial structure to algebraic structure. This
theme has driven many recent advances in the field through the use of alge-
braic methods. A particularly effective technique has been the polynomial
method, which involves studying a polynomial related to the underlying set,
such as a polynomial vanishing on a certain subset. In successful applica-
tions of this method, combinatorial properties of the set imply algebraic
properties of the polynomial and these properties can in turn be used to
analyse the set.

Combinatorial problems for arrangements of intervals in the plane have
also been studied, for example in [29, 34, 35|, with research focusing on
their intersection or visibility properties. We instead consider a variant of
the questions asked by Erdés and Purdy, focusing on intervals forming a
particular geometric configuration.

For a pair of line segments in the plane, one can consider the shape
formed by the convex hull of the two segments. The case where this shape
is a trapezoid is somewhat special, in the sense that a generic pair of line
segments will not have this property. We address a related extremal problem,
showing that arrangements forming many trapezoids must have underlying
structure. In particular, we show that sets of intervals forming more than a
certain number of trapezoids must have a large subset that is algebraically
structured.

Theorem 1.1. Let J be a set of N distinct intervals in R%. If more than
> N3/2log N pairs of intervals form trapezoids then at least one of the
following holds.

0. There are > NY?log N parallel intervals.

1. There is a centre S and a ratio X such that for > N2 intervals from 3,
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one endpoint is the image of the other under a homothety with centre S
and ratio \.

2. There are two curves in R? of degree at most 2 such that > N'/? intervals
from J have an endpoint on each curve.

Our main tool in proving Theorem is an incidence theorem of Guth
and Katz [15], obtained as part of their solution to Erdés’s distinct distances
problem in the plane using the polynomial method. Specifically, we use an
incidence theorem on lines in R?, which asserts that if a set of lines has many
pairwise incidences, then a large subset of the lines must be structured.

We show that intervals in the plane can be mapped to lines in R? in such
a way that pairs forming trapezoids correspond to intersecting lines. This
allows us to apply the Guth—Katz theorem to determine that if a set of inter-
vals forms many trapezoids, then the corresponding line set is structured.
The main content of the proof involves understanding how this structure
relates to the original set of intervals.

A feature of the proof is that it gives a way to generate examples of
arrangements of intervals forming many trapezoids, which in many cases
appear difficult to construct by other means. We present a number of these
constructions.

1.2 Combinatorics of fractal sets

In the second work, we study two related problems in geometric measure
theory. While these problems also have the flavour of combinatorial geom-
etry, in this regime the sets of interest are infinite, with cardinality being
replaced by measure or by some notion of fractal dimension.

A Besicovitch set is a compact set E C R™ containing a line segment in
every possible direction. From the combinatorial perspective, one natural
extremal question is how small such sets can be, given that a small Besicov-
itch set would have to contain a set of line segments with many intersections
of high multiplicity.

In 1919, Besicovitch [2] showed that there exist such sets of Lebesgue
measure zero. His motivation concerned Riemann integration: the existence
of such sets proved that there are functions that are Riemann-integrable (by
Lebesgue’s criterion) in the plane but for which there exists no orthogonal
coordinate system with respect to which the function could be evaluated
using the repeated Riemann-integration in these two directions.
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There are finer notions of size available in geometric measure theory,
such as Hausdorff and Minkowski dimension. The idea behind these notions
is to extend the usual notion of dimension to one that can assume non-
integer values; in many cases, these notions can distinguish between ‘small’
and ‘large’ sets of Lebesgue measure zero.

Definition 1.2. For a bounded set EE C R™ and a small number § > 0, the
covering number of E, which we denote by Es(E), is the number of balls of
radius § needed to cover E. The upper Minkowski dimension of E is

S . log & (F)
dim s (E) = 1 o8call)
s (E) = i w30 11/5)

and the lower Minkowski dimension of E is
log & (F
dim,,(F) = liminf Lg().
5—0 log(1/9)
If the two values are equal, we simply say Minkowski dimension.

Definition 1.3. For a set E C R", the a-dimensional Hausdorfl measure

of E is
@ —1 f . FE i
HY(E) 5%12 {Zdlam CLZJU}

where the infimum is taken over all countable covers U = {U;} of E by balls
of radius at most §. The Hausdorff dimension of E is

dimy (F) = sup{a : HY(E) > 0} = sup{a : H*(E) = oo}
= inf{a : H*(F) < oo} = inf{a : H*(E) = 0}.

See [25, Section 4] for an introduction to Hausdorff dimension and its
properties. One property that follows from the fact that all balls have radius
¢ in the definition of Minkowski dimension, whereas in Hausdorff dimension
the balls can be arbitrarily small, is that

dimy (B) < dim, (B) < dimy (E)

holds for any set E.

The Kakeya conjecture says that any Besicovitch set in R", for n > 2,
has Hausdorff (and therefore also Minkowski) dimension n. This has been
proved in the affirmative for n = 2 by Davies [10] but is open for all other
dimensions, though there has been partial progress in for all n.
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This question is related to important conjectures in harmonic analysis
such as the restriction conjecture and the Bochner—Riesz conjecture. See [26]
for an introduction to these topics and their connections. In particular, the
Kakeya conjecture is known to follow from the restriction conjecture, which
in turn follows from the Bochner—Riesz conjecture [31]. Understanding Besi-
covitch sets is considered a major obstacle to progress on these problems.

In [38], Wolff introduced a new variant of the Kakeya conjecture related
to work of Furstenberg. An a-Furstenberg set is a compact set E C R? such
that for every direction, there is a line with this direction whose intersection
with E has Hausdorff dimension > «. The Furstenberg set problem seeks a
lower bound on the Hausdorff dimension of any such set.

Wolff [38] showed that any a-Furstenberg set has Hausdorff dimension
at least

1
max{a+2,2a}, (1.1)

and gave a construction showing that there exist a-Furstenberg sets of Haus-
dorff dimension (3 + 2)/2. He conjectured that every a-Furstenberg set in
fact has dimension at least (3a 4 2)/2, that is, that the construction given
is essentially the smallest possible.

In [27], Molter and Rela generalised the concept of an a-Furstenberg
set. In the original version, the associated set of lines each have different
directions, so the set of lines is a one-dimensional set in the parameter space
of lines; Molter and Rela considered («, 8)-Furstenberg sets, where the a-
dimensional property need only be satisfied for a S-dimensional set of lines.
They proved that any (a,3)-Furstenberg set has Hausdorff dimension at
least

max{a+§,2a+ﬁ—1}. (1.2)

This was later improved by Lutz and Stull [24] in the range 8 < 2«, who
showed that the Hausdorff dimension must be at least

a+ min{f + a}. (1.3)

When f = 2a and a < 1/2, both bounds and give a lower
bound of 2. Similarly, Wolff’s two lower bounds both yield 1 for the
dimension of a 1/2-Furstenberg set. Recently, Héra, Shmerkin and Yav-
icoli [23] improved the bound in this range to 1 + ¢, for some constant
¢ = ¢(a) > 0. The value of ¢ was not determined explicitly, and in partic-
ular the proof relies on a theorem of Bourgain for which an explicit bound
has not been computed, though it is estimated to be extremely small.



1.3. Besicovitch sets in R3

Our first main theorem in this second work is an improvement to the
lower bound on the Hausdorff dimension of («a, 2ar)-Furstenberg sets, in the
range 0 < o < 1/2.

Theorem 1.4. Every («,2a)-Furstenberg set in R? has Hausdorff dimen-
sion at least 2a + c(«v), where

a(l —a)

()= 501 1 )

In particular, every 1/2-Furstenberg set in the plane has Hausdorff dimen-
sion at least 1 + lem'

This result follows from an incidence theorem for discretised sets of points
and lines. Our proof relies on combinatorial arguments and ultimately we
apply the discretised sum-product theorem from additive combinatorics.

1.3 Besicovitch sets in R?

Our last main theorem concerns Besicovitch sets in R3. In [36], Wolff showed
that such sets have Hausdorff dimension at least 5/2. Obtaining bounds
beyond 5/2 is known to be a difficult problem due to the existence of 5/2-
dimensional sets that share properties with Besicovitch sets, such as the
Heisenberg group example given in [20]. The existence of these sets means
that the techniques required to go beyond this bound need to be able to
distinguish these sets from genuine Besicovitch sets.

In [20], Katz, Laba and Tao developed various techniques to show that
Besicovitch sets in R3 have upper Minkowski dimension at least 5/2 + e,
for some small but absolute constant g9 > 0. It is remarked in [20] that
g0 > 10710 but the quantitative value is not optimised, and a careful analysis
of the proof may lead to a substantially better, though still small, value.

At a qualitative level, we give a different proof of the theorem of Katz,
Laba and Tao, showing that Besicovitch sets have dimension greater than
5/2, however our arguments also apply to slightly more general sets. We
obtain a small quantitative improvement on the value of €y and we present
a fully explicit argument. This establishes a framework, so that subsequent
improvements on any of the subproblems involved can easily be converted
into improvements for the problem itself.

Theorem 1.5. Every Besicovitch set in R3 has upper Minkowski dimension
greater than 5/2 + 2.67 x 1075,
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The proof is essentially a reduction to the 1/2-Furstenberg problem from
Chapter 3. Specifically, we show that the existence of a Besicovitch set in
R3 with upper Minkowski dimension 5/2 +&q implies the existence of a 1/2-
Furstenberg set in R? with dimension close to 1; if ¢¢ is sufficiently small,
this contradicts Theorem [1.4L



Chapter 2

Combinatorics of intervals

2.1 Introduction

An interval in R? is a directed line segment. The convex hull of a pair of
interval forms a particular shape and in this chapter we consider a combi-
natorial problem on arrangements of intervals for which many pairs form
trapezoids.

We will denote an interval by an ordered four-tuple (a,b;c,d) € R*,
where (a,b), (c,d) € R? denotes the coordinates of the initial and terminal
point, respectively. We require that (a,b) # (¢, d), so the interval has pos-
itive length and we call the interval (c,d;a,b) the reverse of the interval
(a,b;c,d).

Formally, we say that a pair of distinct intervals (a, b; ¢, d) and (a’,0'; ¢/, d')
forms a trapezoid if

(a—ad)d—-d)=({b-b)c-{), (2.1)
(a—c)d—-V)=(c—d)b-d), (2.2)
(d—b)(d —d)=(d —b)(c—a). (2.3)

Equations and represent the case when a pair of endpoints from
each interval is parallel to the other pair. Whereas represents the case
when the two intervals are parallel. Note that these equations allow some
acceptable degenerate cases, namely where the two intervals lie on the same
line, or where they share an endpoint. Note also that both and
can be satisfied simultaneously, as in the case when the two intervals form
the diagonals of a parallelogram. All of these scenarios are illustrated in

Figure 2.1

Clearly there are arrangements of intervals for which every pair forms a
trapezoid: for example if a set of intervals are all parallel to a single direction

8



2.2. Main lemma

Figure 2.1: Intervals forming trapezoids: five cases

or if all the endpoints lie on two fixed parallel lines. These examples are very
rigidly structured and one can therefore ask if all arrangements with many
pairs forming trapezoids must have some similar structure. We answer this
question, showing that if the number of pairs forming trapezoids is above
a certain threshold, then many of the intervals must have rigid algebraic
structure.

Theorem 2.1. Let J be a set of N distinct intervals in R?. If more than
pe N3/21og N pairs of intervals form trapezoids then at least one of the
following holds.

0. There are > NY?log N parallel intervals.

1. There is a centre S and a ratio X such that for > N'/2 intervals from J,
one endpoint is the image of the other under a homothety with centre S
and ratio \.

2. There are two curves in R? of degree at most 2 such that > NY/2 intervals
from J have an endpoint on each curve.

If a set of intervals are themselves parallel, then any pair will automat-
ically form a trapezoid so the more interesting case is when this does not
occur. It is also clear that for a set of intervals created by a single ho-
mothety, any pair will form a trapezoid, however the third possibility in
Theorem is more surprising. Based on our proof of this theorem, we
construct examples of sets of NV intervals forming > N? trapezoids and with
underlying conic curve structure. For examples of sets forming many trape-
zoids with homothety or conic curve structure, see Figure 2.2 and Figure 2.3|
respectively.

2.2 Main lemma

In this section, we will prove the following technical lemma.
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] k

\
: \
| / / |
f’ J N \ \
— o \ \
Do - Lo \

Figure 2.2: Case 2

Figure 2.3: Case 3

Lemma 2.2. Let J be a set of N distinct intervals in R2. If more than
> N3/2log N pairs of intervals form trapezoids then at least one of the
following holds.

0. There are > N'/2 parallel intervals.

1. There are two parallel lines in R? such that > N2 intervals have an
endpoint on each line.

2. There are two parallel lines 1,0, C R? such that > NY? intervals
(a,b;c,d) € T satisfy (a,c) € 1 and (b,d) € {5.

3. There are two subsets J1,TJo C T such that for any i1 € J1 and any
io € Jg, the intervals i1,i2 form a trapezoid. In addition, |J1||J2| 2 N.

Note that in Item 2, the endpoints (a, b) and (¢, d) of the intervals are not
themselves contained on two lines; rather, the linear relationship is satisfied

10



2.2. Main lemma

separately by the x-coordinates and the y-coordinates. Note also that Item 3
subsumes the others, but we separate them as they arise from distinct cases.
For a typical set of intervals from Item 3, it will in fact be the case that no
pair of intervals from within the same family forms a trapezoid, however
there are some odd cases for which this is not true and yet the intervals do
not satisfy any of Items 0, 1, 2.

Our first aim of this section is to set up a correspondence between in-
tervals in R? and lines in R? such that a pair of intervals forms a trapezoid
when the corresponding pair of lines intersect. In equations , ,
we saw that there are three ‘ways’ for two intervals to form a trapezoid. If
many pairs of intervals satisfy , then many intervals are parallel simply
by pigeonholing. This accounts for conclusion 0 in Theorem [2.1. Therefore
we are more interested in determining the structure of a set of intervals when
or is satisfied for many pairs. With this in mind, we make the
following definitions.

Definition 2.3. Two intervals I = (a,b;e,d), Io = (a/,b;,d) form a
Type 1 trapezoid if they satisfy (2.1). Similarly I, I form a Type 2 trapezoid
if they satisfy (2.2).

Note that Type 1 and Type 2 trapezoids are not mutually exclusive,
see for example the middle pair of intervals in Figure Moreover, if I}
denotes the reverse of I, then I7, I form a Type 2 trapezoid if and only if
I, I form a Type 1 trapezoid. Also note the degenerate cases that Iy, I}
form both a Type 1 and Type 2 trapezoid.

In the following lemma we show that there is a correspondence between
intervals in R? and lines in R3 such that a pair of intervals forms a Type 1
trapezoid if and only if the corresponding pair of lines in R? intersect.

Lemma 2.4. Let J be a set of intervals in R? such that any vertical line
contains at most one distinct endpoint from the intervals in J. Then there
is a bijection L from intervals in R? to lines in R> that are not parallel to
the xy-plane, such that a pair of intervals forms a Type 1 trapezoid if and
only if their images under L intersect.

Proof. To every interval (a,b;c,d) we associate the unique line

b a
L(a,bie,d) =L [d] +t]|ec|:teR} CR (2.4)
0 1

Conversely, every line ¢ C R? that is not parallel to the xy-plane can be
normalized to have the same form as the line in (2.4). Define Z(¢) to be this

11



2.2. Main lemma

corresponding interval. Clearly £ is a bijection from intervals in R? to lines
not parallel to the zy-axis in R?, and Z is its inverse.
Let (a,b;c,d) and (a/,0';¢,d") be intervals such that

(a,b;c,d) # (a',b; ¢, d),

though we allow the possibility that (a’,b; ¢/, d’) is the reverse, (¢, d; a,b), of
(a,b;c,d). Observe that the lines L(a,b;c,d) and L(a',V';¢,d") intersect if
and only if there is a solution ¢t € R to the system of equations

tla—ad)=b-b; tlc—c)=d —d. (2.5)

Note that (2.5) implies (2.1). Conversely, (2.1) implies there is a unique
solution ¢ € R to (2.5)), except in the case a = a’, ¢ = ¢, and either b # b’ or

d # d'. But in this case either endpoints (a,b), (a’,b’) are distinct and on a
vertical line, or (¢, d), (¢/,d') are distinct and on a vertical line, contradicting
our assumption about J.

O]

We remark that our assumption that vertical lines contain only one end-
point is easy to achieve for any finite set of intervals by applying a generic
rotation of R2. Henceforth we will always assume a set of intervals has this
property. Crucially, the intersection of L(a,b;c,d) and L(a’,b’;¢,d’) does
not imply . Instead by the argument of Lemma we have that if
(a,b;c,d) and (a’,b';¢/,d’) are intervals without two endpoints on a single
vertical line then they form a Type 2 trapezoid if and only if L(c,d;a,b)
and L(d',b';c,d') intersect. As a result, in order to ‘capture’ all of the
pairs of intervals forming trapezoids as intersecting lines, each interval will
correspond to two lines in R?, one for it and its reverse.

Definition 2.5. Let J = {(a;,bi;¢i,d;i): 1 <i < N} be a set of N intervals
in the plane. Define the following set of 2N lines in R3

S(j) = {E(ai,bi;ci,di): 1< < N} U {,C(ci,di;ai,bi): 1< < N},
where L is defined as in (2.4).

As remarked upon earlier, an interval and its reverse form a Type 1 and
Type 2 trapezoid. The following lemma shows how the number of pairs
of intervals in J forming trapezoids compares to the number of pairs of
intersecting lines in £(7J).

12



2.2. Main lemma

Lemma 2.6. Let J be a set of N distinct intervals in R? such that an
interval and its reverse do not both appear in J. Let T be the number of
pairs of intervals in J that satisfy or (2.2), where a pair of intervals
satisfying both and is counted with multiplicity two. Then

2|T'| = #{ Pairs of intersecting lines in £(J)} — N.

Proof. Let 3 = {(a;,bi;¢i,d;): 1 < i < N}. For every pair of intervals
(a,b;c,d), (a',V,,d") € T satisfying one (resp. both) of equation(s) (2.1)),

(2.2), there are two (resp. four) intersections among the lines
L(a,b;c,d), L(c,d;a,b), L(a' b, d), L(,d;ad V).

Note that L(a;,bs;¢i,d;) and L(c;, d;; a4, b;) intersect exactly once for all
1 <4 < N. These intersections correspond to an interval forming a trapezoid
with its reverse direction. All other pairs of intersecting lines in £ correspond
to a trapezoid formed by distinct line segments. O

So far we roughly have an equivalence between intervals forming trape-
zoids, and intersecting lines in R3. The main tool that we will use to prove
that our sets of intervals have particular structure is a theorem of Guth
and Katz on incidences of lines in R3. The following is a corollary of [15,
Theorem 1.2] via a standard dyadic summation.

Theorem 2.7 (Guth and Katz [15]). Let £ be a set of N lines in R3. If
the number of pairs of intersecting lines in £ is 2, N3/2log N, then at least
one of the following holds.

1. There are > N2 concurrent lines in £.
2. There exists a plane containing > N'/2 lines of £.

3. There exists a requlus containing a subset of lines £r C £ such that the
number of pairs of intersecting lines in £r is 2 N.

The reason that reguli and planes appear here is that they are the only
doubly ruled surfaces in R?; the plane is in fact infinitely ruled. Recall that
a doubly ruled surface is one for which at every point on the surface, there
are two distinct lines contained within the surface and containing the point.
A regulus contains two families of lines such that there are no intersections
within a family but any pair of lines from different families intersect. That
is, if we select M lines from one ruling within a regulus and N lines from
the other, then there will be precisely M N pairs of intersecting lines.

13



2.2. Main lemma

In [15], the authors proved a breakthrough result on the Erdds distinct
distances problem, establishing the conjectured bound up to a multiplicative
factor of O(y/log N). Theorem Was the main ingredient used, as well as a
reduction from distinct distances to line incidences. Though Theorem is
tight up to the implicit multiplicative constant, the reduction appears not to
be sharp due to a particular application of the Cauchy—Schwarz inequality.
We note that our paradigm does not suffer from such a discrepancy, since
each pair of intersecting lines in R? corresponds to a pair of intervals in R?
forming a trapezoid, whereas in the distinct distances application such a
pair corresponds to a quadruple of points, therefore requiring an additional
step.

By combining our preliminary results with Theorem we are able to
prove Lemma,

Proof of Lemma|2.2. Let J be a set of N distinct intervals such that J does
not contain both an interval and its reverse. Put £ = £(J). For each pair
of intervals in J forming a trapezoid, one of the equations , ,
must be satisfied by the corresponding coordinates.

Case 0: Parallel intervals. First suppose that at least half of the trape-
zoids are formed by pairs of intervals satisfying (2.3). For each such pair,
the intervals are parallel so by pigeonholing we find a single direction to
which > N1/2]og N intervals are parallel.

We can now assume that at least half of the trapezoids are formed by
pairs satisfying either or (2.2). By Lemma if there are at least
> N3/2log N such trapezoids, then > N3/2log N pairs of lines intersect in
£, excluding the interval-reverse interval intersections. By Theorem [2.7]
many lines are concurrent, lie in a plane, or are contained in a regulus. We
consider these three cases separately, which correspond to 1, 2, and 3 in
Lemma 2.2,

Case 1: Concurrent lines. Suppose that 2> N 1/2 Jines of £ pass through
the point (u,v,w) € R3. Then > N'/2 lines of £ are of the form [u— aw, v —
cw, 0] + t[a, ¢, 1]. These lines correspond to = N 1/2 intervals with one end-
point on y = v — wx and the other on y = v — wx. Note that if u = v, then
many intervals are contained entirely on the line y = v — wx. In this case,
an interval and its reverse might be represented in the set of concurrent lines
passing through (u,v,w).

Case 2: Lines in a plane. Suppose that 2> N'/2 lines lie in the plane

14



2.3. Proof of Theorem

Ax+ By+Cz+ D = 0. A line in £ of the form (2.4)) belongs to this plane if
t(Aa+Bc+C)+ Ab+ Bd+ D =0,

for all t € R. Thus (a, c) is on the line Az + By + C = 0 and (b, d) is on the
line Az + By + D = 0. Note that A, B are not both zero, since no line in £
is parallel to the zy-plane. We conclude that > N2 intervals (a,b;c,d) of
J satisfy Aa+ Bc+C = Ab+ Bd+ D = 0.

Case 3: Lines in a requlus. Suppose there exists a subset £ C £ such
that the number of pairs of intersecting lines in £z is 2 N. As noted earlier,
L£r can be partitioned into £; and £9, where the lines in £; belong to one
ruling of the regulus and £9 from the other. There are no intersecting pairs
of lines within the same ruling, thus |£;(|£2| 2 N. Pulling back £, £ to
intervals in R? gives J1,J9 as described. O

2.3 Proof of Theorem

In this section, we prove Theorem [2.1| by analysing the geometry underlying
each of the situations in the conclusion of Lemma

Proof of Theorem [2.1. If the intervals in J form more than > N 3/21og N
trapezoids, then we can apply Lemma We will now consider each of the
cases permitted by this lemma.

Case 0 (Parallel) or Case 1 (Concurrent): In both of these cases,
there is nothing left to prove as they already give conclusions 0 and 2 of
Theorem 2.1, respectively. An example of the Concurrent case, where the
intervals have endpoints contained on two parallel lines, is given in Figure|2.4

Figure 2.4: Case 1: Intervals corresponding to a set of concurrent lines in £

Case 2 (Coplanar): Suppose that many intervals (a, b; ¢, d) of J satisfy
Aa+ Bc+ C = Ab+ Bd+ D = 0. Firstly, note that we cannot have
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2.3. Proof of Theorem

(A, B) = (0,0), since by Lemma /2.4 the plane Az + By+ Cz+ D = 0 cannot
be parallel to the xy-plane. We consider separately the case when B = 0.
In this case, we have Aa + C = 0 and Ab+ D = 0; since A # 0, this implies
that (a,b) = (-=C/A,—D/A). Thus, for any such interval (a,b;c,d), the
endpoint (a,b) is formed by a homothety with centre (—C/A,—D/A) and
the ratio zero applied to (¢, d).

Now suppose that B # 0. The equations Aa+ Bc+C = Ab+Bd+D =0
imply that ¢ = —(C'+ Aa)/B and d = —(D + Ab)/B. If A+ B =0, we have

C_@__C+Aa_a__0+@4+ma__g

- B - B B’

and D + Ab D+ (A+ B)b D
d—b=— + —b:——ii—i—L:—

B B B’

Thus, in this case, each endpoint (¢,d) must be a translate of (a,b) by
(—=C/B,—D/B). This is a special case of a homethety, where the centre is
‘at infinity’. We will now assume that A + B # 0. The point (z,y) € R? is
contained on the line containing the points (a, b) and (¢, d) precisely when

(D+(A+B)b)z— (C+ (A+ B)a)y +bC —aD = 0.
Clearly the point (—AJFLB7 —A%B) is contained on this line and since this is
independent of a and b, this point must be contained on all such lines. This
point will be the centre S of the homothety; it remains to be shown that
there is a ratio A such that

(Q®_<_Ai3“7AfB)_A(mﬁy_(_AiBffAfB>>'@@

Observe that

C A((A+ B)a+C)
c+ = —
A+ B (A+B)B
and
n C  (A+B)a+C
“TAYBT  A+B
Similarly,
Qs D — A((A+B)b+D)
A+B (A+B)B
and D A+ B)b+ D
b+ _ A5+ D

A+ B A+ B
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2.3. Proof of Theorem

—o
A=-1,B=3
—o
—o *—o
o o® —©
T
A=0,B=1 A=1,B=-1

Figure 2.5: Intervals coming from lines contained in a plane

We conclude that (2.6) holds with A = —A/B. See Figure for some

examples of arrangements of intervals formed in this way.

Case 3 (Regulus): Let J1, 72, £1, £9 be as in the proof of Lemma .
Let ¢; = {[bj,d;,0] + t[a;,cj,1]: t € R} for j = 1,2,3, be lines in £5. A
line £ = {[b,d,0] + t[a,c,1]: t € R} € £ intersects each ¢;, j = 1,2,3 and
therefore satisfies

(a—a)(d—dj)=(b-b)(c—c;), j=123. (2.7)

The above is a system of three degree two polynomial equations. Subtracting
two equations of the system gives the two linear equations

(dl — dg)a + (CQ — Cl)b + (bg — bl)c + (a1 — ag)d = bQCQ — b101
(dg — d3)a + (63 — Cg)b + (b3 - bQ)C + (GQ - a3)d = b363 — bQCQ. (2.8)

17



2.4. Examples of sets forming many trapezoids

We consider three encompassing cases in the system .

Subcase (i): The 2 x 2 coefficient matrix induced by the coefficients of
a and b in is invertible, or the 2 x 2 coefficient matrix induced by the
coefficients of ¢ and d in is invertible. If the 2 x 2 matrix induced by
the coefficients of a¢ and b in is invertible, then Gaussian elimination
on gives a and b linearly in terms of ¢ and d. Substituting these linear
relations into one equation of gives a degree two polynomial in ¢ and
d, i.e. the set of all (¢,d) lie on a conic or line. Thus the set of all (a,b)
also lies on a conic or line. An analogous result follows if the 2 x 2 matrix
induced by the coefficients of ¢ and d in is invertible. See Figures
and for examples.

Subcase (ii): Neither 2 x 2 coefficient matrix of Subcase (i) is invertible,
but has rank 2. Then all solutions (a, b) lie on one line, and solutions
(c,d) on a line, i.e. b can be given linearly in a, and d linearly in ¢. Sub-
stituting these linear relations into shows the set of all (a,d) lie on a
conic. See Figure for example.

Subcase (ii): has rank 1. In this case, the points of all of the sets
{(aj,bj)}?zl, {(aj,cj)};’zl, and {(aj,dj)}?zl are collinear. It follows that
there exist

mi, Mo, m3,71,72,73 € R

such that (aj,bj,¢;,d;) = (aj, mia; + r1,mea; + r2,m3a; + r3) for j =
1,2,3. Substituting this relation into gives a quadratic equation in ajz
with a ajz coefficient of m3 — myms. Since this quadratic equation has at
least three solutions (namely aq,as9,as), the leading coefficient is zero, i.e.
ms — mimeo = 0. This relation implies ¢1, ¢2, ¢35 all pass through the point
(r1, —remq + r3,—my). This cannot happen, since lines of the same ruling
in a regulus do not intersect. We conclude that Subcase (iii) never occurs.
The same argument also shows that in Subcase (i), the solution set of (a, b)
lies on a conic, not a line.

O]

2.4 Examples of sets forming many trapezoids

In this section, we give some specific constructions of sets forming many
trapezoids based on our proof of Theorem The conic curve case in
particular leads to interesting examples that appear difficult to construct
without using the correspondence established in Section 2.
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2.4. Examples of sets forming many trapezoids

2.4.1 Intervals from coplanar lines

As observed above, it is easy to see that for any set of intervals all satisfying
the homothety conclusion of Theorem every pair forms a trapezoid. We
will nevertheless highlight some special cases of this case. Suppose that a
set of intervals (a, b; ¢, d) is contained in the plane Az + By + Cz + D = 0.
If AB > 0 then the point (—ﬁ, —ﬁ) is on the interval corresponding
to (a,b;c,d), and if AB = 0 it is an endpoint of the interval. A special
case of this is when A = B and pairs of intervals are the diagonals of a
parallelogram. On the other hand, if A+ B = 0, then a + C/A = ¢ and
b+ D/A = d. This corresponds to a set of intervals that are translates of
each other. Hence, in this case the intervals are contained on a pencil of
lines. See Figure for examples.

2.4.2 Intervals from reguli

As was mentioned previously, the lines in a regulus have a complete bipartite
structure with respect to intersections. The conic curve case therefore re-
veals an interesting class of examples of sets of intervals forming trapezoids
in a complete bipartite way.

From Theorem we know that one possibility is that the endpoints
of J; and J2 lie on a conic (Subcase (i)), or a line (Subcase (ii)). We will
now showcase examples involving each type of conic, as well as the Subcase
(ii) situation. To facilitate simpler computation, we examine axis parallel
reguli. Up to a rigid motion (rotation and translation) of R3, any regulus
takes the form

2 2 2

X Yy z
or 9 9
€z Y

Equation describes a hyperboloid of one sheet, and describes a
hyperbolic paraboloid. We determine what the corresponding interval set
looks like in each case, and then discuss the arrangements that result from
rigid transformations of these standard forms of reguli.
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2.4. Examples of sets forming many trapezoids

Axis parallel hyperboloids

The hyperboloid (2.9)) is ruled by the following two families of lines, param-
eterized by 6 € [0, 27].

Asin 6 % cos 6 Asinf % cos 6
—Bcosf | +t gsinH , and Bcosf | +t —gsine ,teR.
0 1 0 1

This corresponds to the following two families of intervals parameterized by
0 € [0, 27].

A B
(C’ cosf, Asin0; I sin 6, —B cos <9> ,

and A 3
(C’ cosf, Asin0; el sin 6, B cos <9> .

Observe that the above intervals have their first endpoints on the ellipse
Cz? + y? = A% and their second on Cz? + y? = B2. Furthermore, the sec-
ond endpoint in the first family has a phase shift of —7/2 radians compared
to the first endpoint. In the second family, the second endpoint has a phase
shift of +m/2 compared to the first endpoint. If A = B and C' = 1, then the
two families of intervals are the reverse of each other. In this case for any
subset of the intervals, any pair of intervals forms a trapezoid. In all other
cases, the two sets of intervals have bipartite structure. Examples of both
of these cases are shown in Figure [2.6.

<

A \‘\i\‘-

Figure 2.6: Intervals from the hyperboloid x2/A4% + y?/B% — 22/C? = 1.
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2.4. Examples of sets forming many trapezoids

Axis parallel paraboloids

The hyperbolic paraboloid (2.10)) is ruled by the following two families of
lines, parameterized by A € R\ {0}.

A/(2)) AN/2 A/(2)) AN/2
—B/@N) | +t[Br2], and | B/@N) | +t|-Br2]| . teR.
0 1 0 1

This corresponds to the following two families of intervals parameterized by
A eR\{0}.

(AN/2, A/(2)); BA/2,—B/(2))) and (A2, A/(2)); —BA/2, B/(2)\)).

The left endpoint of all the above intervals lie on the hyperbola y = f—; and
the right endpoint lies on y = —f—j. The intervals in the first family intersect

the z-axis, and the intervals in the second family intersect the y-axis. See
Figure for an example of intervals coming from hyperbolic paraboloids.

Figure 2.7: Intervals from the hyperbolic paraboloid z = 22/A% — 32/ B>

Reguli under affine transformation

It is easy to understand the effect of translations in R? on sets of intervals
in the plane, and by this we can completely describe the sets of intervals
corresponding to axis parallel reguli in R3. A translation by the vector
(p,q,7) € R maps the line (b,d,0) +t(a,c,1) to (b+p,c+q,r) +t(a,c,1).
Hence the corresponding transformation on intervals maps (a,b;c,d) to
(a,b+p—ra;e,d 4+ q — rc). The effect of the translation by (p,q,r) in
R3 on J can therefore be described by the composition of three basic maps.
First, a vertical shift of all left endpoints of intervals in J by p. Second, a ver-
tical shift of all right endpoints of intervals in J by ¢. Third, an affine shear
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2.4. Examples of sets forming many trapezoids

transformation acting on all of R? by a factor r. See Figure for an exam-
ple of a set of intervals resulting from a translation of a hyperboloid, given
by translating the hyperboloid of the form withA=2B=1,C=1/2
by (2,0,1/2).

Evidently, R? translations do not change the type of conic that the end-
points lie on, so it is now clear that axis parallel reguli only produce intervals
with endpoints lying on either ellipses or hyperbolas. In what follows, we
will see that by rotating the axis parallel reguli it is also possible to produce
parabolas and pairs of lines (which is a degenerate conic), thereby showing
that each type of conic can be realised in this way.

If an interval is considered as a point in R?, then R3 translations induce
an affine transformation on R* The effect of R? rotations on J is more
complicated: the map induced by rotations of R? is in general not affine.
Rotations in R? are described by well-known matrices. For example, calcu-
lation with such a matrix shows that rotation around the z-axis by an angle
« induces the map

(a,b;¢,d)

a (bc — ad)sina + bcosa ccosa — sin« d
csina + cosa’ csina + cos o "ecsina 4 cosa’ esina+cosa )’

on intervals in R?. Thus, the type of conic containing the endpoints of the
intervals is in general not preserved under these transformations, and in-
deed there are examples where parabolas and pairs of lines arise as a result
of rotating the axis parallel reguli — see Figure [2.8

End points on a degenerate conic

All the Case 3 examples that we have seen so far belong to Subcase (i). We
finish this section with an example from Subcase (ii). Recall that we want a
family of intervals {(a;, b;; ¢i,d;)}i such that (a;,b;) and (¢4, d;) lie on lines,
and (a4, ¢;) lie on a conic, for all i. By rotating and scaling, we assume that
(@i, b;) lie on the line y = = and (a4, ¢;) lie on the hyperbola y = 1/x. These
choices determine the following two families of intervals

{(t,t;1/t,u/t +v): t e R} and {(t,ut;1/t,v+1/t): t € R},

where u,v € R, and u # 1. These intervals correspond to lines belonging to
the hyperboloid
zy =22+ 2(u+1) +u+ vz (2.11)
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2.5. Orthodiagonal quadrilaterals

Figure 2.8: Rotating the hyperbolic paraboloid z = x? — 3?2
by 7/2 around the x-axis produces intervals with endpoints

on the lines x = £1 and the parabola y = —%; applying a

further rotation by m/4 around the z-axis gives intervals with
2z2—1
4v2

endpoints on the parabolas y = +

When v = 1, the two families are identical, and (2.11) is a cone. See
Figure 2.9 for a drawing of this case.

2.5 Orthodiagonal quadrilaterals

An orthodiagonal quadrilateral is a convex quadrilateral with perpendicular
diagonals. Several geometric and arithmetic characterizations of orthodi-
agonal quadrilaterals are known. For example, a convex quadrilateral is
orthodiagonal if and only if the midpoints of the sides are the vertices of
a rectangle. Another well known characterization is that the sum of the
lengths of opposite sides is equal — see for example [19] and the references
contained therein.

Our proof of Lemma 2.2 can easily be modified to deal with some variants
of the the problem we have considered. An example is sets of intervals for
which there are many pairs forming orthodiagonal quadrilaterals, meaning
that the convex hull of the two intervals has perpendicular diagonals. This
property is illustrated in the leftmost diagram of Figure[2.10. Arithmetically,
two intervals (a, b; ¢, d), (a’,V'; ) d) forming an orthodiagonal quadrilateral
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2.5. Orthodiagonal quadrilaterals

Figure 2.9: The hyperboloid (2.11) with u = —1,v = 1,
produces intervals with endpoints on two pairs of lines

satisfy

(b—b)(d—d)=—(a—d)(c—) (2.12)
" (b—d)(d—V)=—(a—c)(c—d), (2.13)
" (d—b)(d — V) = —(c—a)(c —d). (2.14)

The arithmetic conditions (2.12),(2.13)),(2.14) are not exclusive to ortho-
diagonal quadrilaterals, i.e. other pairs of intervals can satisfy them and we
illustrate such possibilities in Figure [2.10.

The similarity of (2.12),(2.13)),(2.14) to (2.1),(2.2),(2.3) allows a reuse of
the previous techniques to create a result on orthodiagonal quadrilaterals,
similar to Lemma One notable difference is that two intervals coming
from two different rulings of reguli may form any of the arrangements in
Figure instead of exclusively forming orthodiagonal quadrilaterals.

Theorem 2.8. Let J be a set of N distinct intervals in R%. If more than

e N3/21og N pairs of intervals form orthodiagonal quadrilaterals, then one
of the following holds.
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2.5. Orthodiagonal quadrilaterals

~N el
PN
/- ~ A\
_ <
- e———o

Figure 2.10: These four pair of intervals all satisfy one of
(2.12),(2.13),(2.14) but only the first forms an orthodiagonal
quadrilateral

0. There exist subsets J1,Jo C T such that all intervals within J; are parallel
for i = 1,2 and all intervals in J1 are perpendicular to all intervals in
Jo. Furthermore, |J1||J2| 2 Nlog® N.

1. There exist u,v,w € R such that > N'/? intervals (a,b;c,d) satisfy
a\ (0 —w c " —v
b) \w 0 d u )’

2. There are two curves in R? of degree at most 2 such that > N1/2 intervals
from J have an endpoint on each curve.

In order to prove this theorem, one maps the interval (a,b,c,d) to the

b c
Lr(a,bie,d) =L | —a| +t|d]|:teR} CcR?
0 1

instead of using the map £ above. Under this alternative correspondence, a
pair of lines £ (a, b; c,d) and L (a’,V; ¢, d') intersect precisely when (2.12))
is satisfied. An interesting specific instance of conclusion 2 in Theorem
is when a subset of the intervals comes from the pull back of a set of copla-
nar lines. In this case there are two perpendicular lines such that > N 1/2
intervals have an endpoint on each line. In Figure we showcase two in-
stances of sets of intervals resulting from pulling back rulings of reguli by £+.
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2.5. Orthodiagonal quadrilaterals

Figure 2.11: Two configurations of intervals with many pairs
having endpoints on two perpendicular lines.

One can also adapt the method to treat a generalisation of the trapezoids
problem considered above. Two intervals form a trapezoid if two of the edges
of their convex hull are parallel, but our proof did not rely in an important
way on this parallel property. Indeed by mapping the interval (a, b; ¢, d) to
the line

b a
LP(a,b;c,d) = d| +t|pc|:teR} cR?
0 1

one obtains a correspondence under which a pair of lines £°(a,b;c,d) and
LP(a', b, d") intersect precisely when

(a—d')(d—d)=pb-V)(-c),

i.e. the slopes formed by the endpoints of the intervals have ratio p. Thus,
the arguments from Section 2 can now be applied, leading to an analogue
of Lemma [2.2]in the case of a fixed ratio p.
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Chapter 3

Furstenberg sets

3.1 Introduction

For 0 < o < 1, an «a-Furstenberg set is a compact set £ C R? such that for
every direction w € S! there is a line with direction w whose intersection
with E has Hausdorff dimension at least a. In [38], Wolff considered the
problem of estimating

v(a) = inf{dimpy (E) : E is an a-Furstenberg set},

and showed that
1 3 1
max{Qa,oz+2} <v(a) < 7a+§. (3.1)

He conjectured that the upper bound is sharp.

In [21], Katz and Tao showed that the discretised sum-product conjecture
(later proved by Bourgain [4]) would imply improved lower bounds on the
dimension of 1/2-Furstenberg sets. Recently, Héra, Shmerkin, and Yavicoli
[23] extended these arguments to obtain nontrivial estimates on the size
of («,2a)-Furstenberg sets, where the corresponding set of line segments
is 2a-dimensional rather than 1-dimensional. This variant was introduced
earlier by Molter and Rela [27], who in fact considered the more general
(a, B)-Furstenberg sets.

The main result in this chapter is a quantitative improvement to the
bound of Héra, Shmerkin, and Yavicoli [23].

Theorem 3.1. Every («,2a)-Furstenberg set in R? has Hausdorff dimen-
sion at least 2a + c(av), where
a(l —a)

cla) = m.

In particular, every 1/2-Furstenberg set in the plane has Hausdorff dimen-
sion at least 1 + WIALO'
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3.1. Introduction

We will prove a d-discretised version of this statement, where § > 0 is
any sufficiently small but fixed number; this is known to imply the Hausdorff
dimension bound, for example by [23, Lemma 3.3].

We will consider lines that are of the form y = mz + b, with 0 < m <1
and 0 < b < 1. We identify a line [ of this form with the point ¢(I) = (m,b) €
[0,1]2. If L is a set of lines, we define +(L) = {¢(I): [ € L}  [0,1]2. For each
leL,let P, ClnNB(0,1) be aset of points. Let 0 <a<1and 0 < g < 2.
We say that the pair (L, {P }ier) is a discretised («, 3)-Furstenberg set (at
scale §, with error ¢) if the following properties hold.

e #L > § P+ and for each ball B C R? of radius r > §, we have

#(BN (L)) < rPo=h=. (3.2)

e For each | € £, #P, > 6~“*¢, and for each ball B C R? of radius
r > §, we have
#(BNP) <r* ¢, (3.3)

The discretised version can now be stated as follows.

Proposition 3.2. Let (L,{P,}icr) be a discretised (o, 2a) Furstenberg set
at scale 6, with error €. Then

55(ZL€JLPZ> > §-20—e(@)+0(e) (3.4)

where

_a(l—-a)
A= Su@ta)

3.1.1 Proof strategy

At a qualitative level, the connection between sum-product estimates, point-
line incidences, and Furstenberg sets is well known. In [8], Bourgain Katz
and Tao proved a sum-product estimate over IF,,, and used this to obtain a
point-line incidence bound in ]FZ%. The argument used by Héra, Shmerkin,
and Yavicoli [23] is also based on these ideas, but uses the discretised projec-
tion theorem instead of the sum-product theorem. Our main contribution
is that our arguments are carefully structured to obtain an effective quan-
titative relationship between the discretised sum-product theorem and the
size of (o, 2a)-Furstenberg sets. One major difficulty is that while both the
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3.1. Introduction

(o, 2a)-Furstenberg problem and the discretised sum-product problem in-
volve sets that satisfy non-concentration conditions, not all paths between
these two non-concentration conditions are equally efficient.

At a qualitative level, the main argument is as follows. Suppose P is
a set of N points, L is a set of N lines, and the pair (P, L) determine
roughly N3/2 incidences. Write p ~ ¢ if the points p and ¢ are incident to
a common line. A typical point will be incident to about N/2 lines, each
of which is incident to about N2 points, and these N/2 sets of points
will be disjoint. Thus for a typical point p € P, there are about N = #P
points ¢ € P with p ~ ¢q. We will call this set of points the “bush” of
p. The basic idea is that the intersection of a pair of these bushes, as
illustrated in Figure looks approximately like a Cartesian product set,
up to a projective transformation. We find three collinear points p1, ps, p3,
and a fourth point py4, so that there are about N points contained in the
intersection of the bushes of pq,...,ps; call this set of points P’.

We apply a projective transformation that sends lines through p; to
vertical lines; lines through po to lines with slope —1; lines through p3 to
horizontal lines; and lines through p4 to lines through the origin. In particu-
lar, there are four sets L1, Lo, L3, L4 of lines, each of cardinality about IV 1/2
so that the lines in L; are vertical; the lines in Lo have slope —1; the lines
in L3 are horizontal; and the lines in L4 contain the origin; these four sets
of lines are precisely the images of the lines through p1, ..., p4, respectively.
Furthermore, if () is the image of P’ under the projective transformation
described above, then every point in () is contained in a line from each of
these families. If we define X to be the set of z-intercepts of the lines in
L1 and Y to be the set of y-intercepts of lines in Lo, then X and Y have
cardinality about N 1/2 the set Q has cardinality about NN, and the sets

Q Q
X =Y and X = Y each have cardinality about N1/2. This violates the
sum-product theorem. We conclude that the pair (P, L) must determine far
fewer than N3/2 incidences.

Figure 3.1: Points with approximate Cartesian product structure
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3.2. Combinatorial tools

3.2 Combinatorial tools

In this section, we record some combinatorial tools that we will use in later
sections. We start with some basic averaging arguments.

Lemma 3.3 (Dyadic pigeonholing). Let A be a finite set on which there are

functions p,v1,...,v, : A — RY. Suppose that we have
> n(A) = X, (3.5)
acA
and that for each 1 < i < k, logy; < log X. There is a subset A C A and
numbers myq, ..., my such that for all a € A" and for each 1 < i < k, we
have

m; < vi(a) < 2m;,

and
> p(a) 2 Xlog™* X.
acA’
Proof. We have
Clogy X
> Y sz
7=1 a€A:
27 <vq(a)<27+?

so by the pigeonhole principle, there is a number 1 < j < log X such that

> u(A)z Xlog ' X,
acA:
27 <vy(a)<29t1
Let ' .
Ay={ac A:2 <v(a) <2}

and repeat the argument on the set A relative to vo(-). This yields a set
As C Ay and we continue to repeat this process until we reach A’ := Aj. At
each step, we lose a < log X factor. O

Generally, logarithmic losses will be acceptable for our purposes. This
lemma therefore allows us to assume that any finite number of combinatorial
properties are essentially uniform over the set. In particular, when we have a
set satisfying an equation of the form (3.5)), we will often apply this argument
to obtain uniformity of u(-), by taking 1 = u.

We will also use a popularity argument from [11], which serves a similar
purpose in refining sets so that each element has high multiplicity relative
to some relation.
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3.2. Combinatorial tools

Lemma 3.4. Let G = (AU B, E) be a bipartite graph. Then there are sets
A" C A, B C B, and E' C E so that #E’ > #FE/2; each vertex in A’ has
degree at least 472%4; and each vertex in B’ has degree at least Z@—%.

As we count subconfigurations in later sections, we start by considering
simple objects and build on these to count richer objects. To do this, we
will use the following version of Holder’s inequality.

Lemma 3.5. Let A and B be finite sets and let ~ be a relation on the pairs
Ax B. If
#{(a,b) e AXxB:a~b}>X,

and k > 2 is an integer,then

Xk

#{(a&,...,ak,b)EAkXB:aiNbfori:l,...,k}2W7

where k' is the conjugate exponent of k, that is, 1/k + 1/k = 1.

Proof. By Holder’s inequality, we have

X <#{(a,b) e AxB:a~by =Y 1-#{ac A:a~b}
beB

1/k
< (#B)l/kl <Z#{(a1,...,ak) EAk:aiwaorizl,...,k}> ,

beB

and rearranging gives the result. O

3.2.1 Additive combinatorics

We will also require some results from additive combinatorics. Before stating
these, we introduce some relevant definitions. See [33] for a more thorough
introduction to the area.

For finite sets A, B in an Abelian group, the sum set A + B is the set
of elements a + b, where a € A and b € B. The difference set is defined
similarly, as well as the product set and ratio set if the group operation is
multiplication. The size of these sets represents the degree to which the sets
A and B are closed under the group operation, and this can therefore be
regarded as a measure of group-like structure.

For example, if A = B is a generic finite set within the real numbers,
each of the pairwise sums or differences will be distinct and the cardinality
of the sum set and the difference set will be as large as possible. On the
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3.2. Combinatorial tools

other hand, the closest thing to a finite subgroup of the real numbers under
addition is an arithmetic progression, and if we let A = B be an arithmetic
progression, we have #(A + A) = 2(#A4) — 1.

Sum sets and difference sets are central objects of study in the field of
additive combinatorics. In particular, there are various extremal questions,
seeking to understand under what conditions the sum set or difference set
can be small [33].

Observe that in order for A+ B to be small, there must be many values
of A for which there are many pairs (a,b) € A x B with

A=a+b.

On the other hand, it is easy to see that this property does not guarantee a
small sum set, since the union of an arithmetic progression and a generic set
will still have this property despite having a large sum set due to the generic
subset. In applications, it is often the case that only this weaker property
holds, whereas one would like to know that the sum set or difference set is
small. The Balog—Szemerédi-Gowers lemma roughly says that this stronger
property can always be achieved from the weaker one by taking a suitable
refinement of the sets.

The following generalisation of the sum set helps to make this idea pre-
cise. For a set of pairs F C A x B, we can consider the partial sum set
relative to F,

E
A+B={a+b:(a,b) € E}.
The partial difference set relative to E can be defined analogously.

Lemma 3.6 (Balog-Szemerédi-Gowers). Let X,Y be finite subsets of an
Abelian group G, and let E C X x Y. Then there is a set A C X such that

#E
A>TE
# ~Y #Y )
and
#X) (AKX = V)
#(A - A) rg 5
(#E)
Proof. This result follows by making a very small modification to [6, Lemma 2.2].
The exact version can be found as Lemma 8 in [18]. O

Similar to the partial sum and difference set is the idea of additive energy.
For finite sets A and B, the additive energy is the number of quadruples
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3.2. Combinatorial tools

(a,b,a’,b') € Ax Bx Ax B with a+b=ad +1b. The additive energy will
be large precisely when the partial sum or difference set is small relative to
a large set £ C A x B.

Since we will work with d-discretised sets, this definition requires some
modification. Indeed, for J-discretised sets A and B, we define the additive
energy of A and B to be

EL(A,B)=) Y #(Ns(@+B)NNs(y + 4)),

z€AyeB

where Njs(-) is the d-neighbourhood of a set. If the group operation is mul-
tiplication, then multiplicative energy is defined analogously, that is,

Ex(A,B) =Y #(Ns(z- B)N Ns(A-y)).

z€AyeB

When the ambient set is not just a group but a ring, we can compare
the additive and multiplicative versions of each of these notions to study the
interaction of addition and multiplication. The central theme along these
lines is the sum-product phenomenon, which concerns the incompatibility
of additive and multiplicative structure.

Our main ingredient in the proof of Theorem [3.2]is a quantitive statement
on the sum-product phenomenon, known as the discretised sum-product
theorem. We use the following variant of [16, Theorem 1.1].

Proposition 3.7. Let § > 0 be a small number and let A C [C~1,C] be a
d-separated set. Suppose that

1. #A> K[,

2. for all finite intervals J C R, we have #(ANJ) < Kp|J|*6~ ¢,
5. E5(A— A) < Kyfs(A),

4. By (A, A) > K HAP.

Then Caliiw

K}KSKYC K > 079W|1og 6| OW™ 27a . (3.6)

This result is essentially Theorem 1.1 from [16]. The statement of [16),
Theorem 1.1] requires that Es(A - A) be small, which is slightly stronger
than the assumption However, in the proof of [16, Theorem 1.1], the
assumption onthe size of £5(A - A) is only used to obtain a bound of the
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3.2. Combinatorial tools

form {4, with K3 = K4. Furthermore, in [16, Theorem 1.1] the dependence
on K7 and K> is not specified. The proof of Proposition is identical
to the proof of [16, Theorem 1.1], except we must track the dependence
on Ki, Ko, K3, K4 throughout the argument. We will briefly highlight the
key steps in the proof of [16, Theorem 1.1], which illustrate the precise
dependence on K1, Ko, K3, K4.

We first outline the idea of the proof. The key object to consider is the
set of ratios

A—A
A—A

{C” 92 e Afori= 1,2,3,4},
as — a4
and the proof splits into two cases based on this set. The first case is when
this set densely covers an interval of length ~ 1. This implies that (A —
A)/(A — A) must have a large covering number, and Pliinnecke’s inequality
then implies that either A— A or A- A have a large covering number. We call
this the ‘dense case’. Alternatively, it may be that the set (A — A)/(A— A)
has large gaps. In this case, the gaps can be exploited to find some other
set related to A which must have a large covering number. By Pliinnecke’s
inequality, this can again be converted into a lower bound for the covering
number of either A — A or A- A. We call this second case the ‘gap case’.
Observe that the denominators az — a4 in the set (A — A)/(A — A)
could be very small; the size of a3 — a4 affects the scale of the element
(a1 — ag)/(as — aq). For this reason, we use a threshold parameter v and
consider separately the case when the denominator ag—ay is or is not greater
than 67. In the end, v can be optimised to give the best combined bound
for the two cases.

Proof of Proposition |[3.7. Proceeding as in the proof of [16, Theorem 1.1],
using assumptions 3| and 4, we get

Es(aA' +£0B') < K2K4(#A).
Then following [16, Lemma 3.6], we get
Ex(dr A" + dpA') < (Ea(bA")) T KS K p*(#A)

and

"
> #A4

£a(bA") 2 K1 K0 cdodt Al

~ KKy teed™,
and therefore,

Es(di A+ daA') < K1 Ko KSK 1§67 p max(|dy), |da|)* (#A4).
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3.3. A discretised incidence theorem

The argument from [16, Lemma 3.7] then gives

Es(diAg + dyAg + - + daAg) SK KoK TF K| log 6|91 50
- p° P max(|di, |da])* (#A").
In the gap case, this leads to
K?KyKSK} > |log 6|0 g2r+a—t

or
K}KsKSK} > |log 6|~ 9M g,

in the dense case, we get
K}K3K K} > |log s|9Wge,

By choosing v = (1 — «)/(2 + «), we obtain the result.

3.3 A discretised incidence theorem

Let P C B(0,1) C R? be a set of points and let L be a set of lines in R?. We
say that a point p is incident to a line [ if dist(p,l) < 0. We write I5(P, L)

to denote the set of pairs (p,l) € P x L of incident points.

Suppose there exists a set I C I5(P, L) and a number V' > 1 so that the

following holds.

e For each line [ € L,

#{peP:(pl) eI} 20 V.

e For each ball B of radius r > ¢,

#{pe PNB: (pl)el} <r* > V.

e Each point p € P is incident to approximately an average number of

lines. More precisely,

(#1)
A(#P)

<#{lel: el <5t

(#P)

e For each point p € P, the lines incident to p point in a set of directions
that satisfies a“two-ends” condition. Specifically, for each nonzero

vector v € R? and each r > 6, we have

#{leL: (pl)el L(Il,v)<r}<Cr°#{l e L: (p,l) € I}.
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Proposition 3.8. Let P C B(0,1) C R? be a set of points, let L be a set
of lines, and let I C I5(P,L). Suppose that P, L, and I satisfy properties

(3:7)-(B.10). If #I < 672, then

#P > 0—0(1)5—204—0(04)-1—0(5)(520[#11)%‘/%’ (311)
where a )
« —
A = 504E T a)

If A and B are quantities that depend on §, we write A $ B if there is
an absolute constant C' so that A < 6~ CB for all § > 0 sufficiently small,
where ¢ is a fixed value for which we seek to prove Proposition IfASB
and B $ A, we write A = B.

Remark 3.9. The most interesting case is when V =1 and #L ~ §2°.
However, in order to use Proposition to obtain bounds on the size of
(a, 2a) Furstenberg sets, we will need to apply a two-ends reduction to ensure
that (3.10) holds. Because of this, we must also consider other values of
V>1, and éssets of lines with #L < §72*. For our applications, the specific
exponent Vies is not important; all that matters is that S > c(a) for all

168
ae(0,1).

Remark 3.10. When V =1 and #L ~ §2%, a straightforward argument
using the Cauchy-Schwarz inequality shows that #P 2 6§72, de (311
holds with ¢(a) = 0. The purpose of Proposition 1s to establish (3.11
for an explicit ¢(a) > 0.

Before proving Proposition (3.8, we observe that the non-concentration
condition (3.8)) implies a similar type of non-concentration condition for the
lines passing through a point.

Lemma 3.11. Let P C B(0,1) C R? be a set of points, let L be a set
of lines, and let I C I5(P,L). Suppose that P, L, and I satisfy properties
(3.7)—(3.10). For each p € P and each nonzero vector v and each r > 6, we
have

#{eL:(pl)el, Z(I,v) <r} S Cros*(#P)VL (3.12)

Proof. Let L' C L be the set of lines satisfying (p,1) € I, Z(l,v) < r. By
(3.7) and (3.8)), for each I’ € L’ there is a set Py C P of size #Py Z 6~V
so that |p — p/| > 69 for each p € Py. By (3.10), for each p/ € Py, there
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are 2, C7107%(#L)(#P)~1V lines I € L with (p/,1"”) € I and £(I',1") Z 1.
We conclude that

#{(l’,p’,l”) el xPxL: (p, l/) el, (p’,l’) el, (p’,l”) el \p—p’y z 1, 4([’,1’/) z 1}
Z CTH 6V (0“(#L)(#P)V)(#L))

By pigeonholing, there exists Ij € L that is an element of at least

S~ V)6~ (H#L)(#P) 'V)#L)
Y5

triples. Denote this set of triples by 7. Since the lines in L’ are d-separated
in parameter space and pass through a common point (up to uncertainty ¢),
the lines in L’ point in d-separated directions. Since Z(I', 1) > 6 for each
line I" € L', the intersection points I’ N [jj are g d-separated. This implies
that there are 2, C~1672%(#L')(#P)~1V? distinct -separated points p’ so
that (I,p/,1{j) € T. The points p’ are contained in an interval of [{j of length
< r, and thus by we have

g Cfl( — 071672a(#L/)<#P)71V2

0_15_2a(#L,)(#P)_1V2 é ro§ToVy.
Rearranging, we obtain (13.12)). O

In our arguments below, we will make use of a technical lemma called
two-ends reduction.

Lemma 3.12 (Two-ends reduction). Let § > 0 and let E C [0,1] be a set
of d-separated points. Then for each p > 0, there is an interval J C [0, 1] so
that

#(ENJ) > P (#E),

and for each interval J' of length v > §, we have
#(ENJT) < (/) H#ENT).
See e.g. |32] for details.

The forthcoming proof of Proposition will serve as a template for the
main argument in proving Theorem where we apply the same arguments
to more complicated objects. For this reason, we break the proof down into
small parts to which we can easily refer.
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3.3. A discretised incidence theorem

(c) Step 3 (d) Step 4

Figure 3.2: The main steps in translating point-line incidences to a sum-
product statement

Proof of Proposition|3.8. Counting triples relative to a fixed line
Let P,L,I be as in the statement of the Proposition. For each Iy € L, by

(7). (10, (3:9). and (33), we have

#{(p.l,q) € P x L x P:(p,lo), (p,1),(q,0) € I;|p—q| £ 1; Z(lo, 1) & 1;
there are < 0~ “V points incident to | between p and ¢}
R (0OV)(CTIOT L) F#P)TIV)(7V) = CTIo U (#L) (#P) TV
(3.13)

For each ¢ € P, let L(q) C L be the set of lines so that (-,1,¢q) is an element
of the set (3.13). For each [ € L(g), there are T 1 points p € P so that
(p,1,q) € (3.13). After applying a two-ends reduction (see Lemma [3.12)) to
the set of directions {v(l) : I € L(g)}, we can find an interval J C S' of
directions so that a £ 1 fraction of the lines | € L(q) satisfy v(l) € J, and
there are 2 (#L(q))* quadruples of lines [y, ..., 14 with v(l;,1;) Z |.J| when
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i # j. Let dg;, be the length of the interval J. After further pigeonholing,
we can refine the set (3.13) by a < 1 factor, and find a number dj, such that
dq 1, ~ dj, for every point ¢ € P that contributes to at least one triple from
(3.13)).

Applying Holder’s inequality By applying Lemma to the refine-
ment of (3.13)) described above, we have

#{(pla” '7p47l17' "7l47q) S P4 X L4 x P (pi7l0)7(pi7li)7(Q7 ll) S -[7
fori=1,...,4 € I;dist(p;,q) £ 1; Z(lo,li) &1, i=1,...,4;

p1 — p2| ~ [p2 — p3| ~ Ips — pal ~ diy} T CTOWTUFHLY (#P)TVE,
(3.14)

where in the above set we chose the labeling so that pi,...,ps appear in
that order along ly. Denote the above set of tuples by N, .

Note that if (pi,...,pa,l1,...,la,q) € N, then dist(ly,q) £ 1. By
(3.13), we also have that there are % 6~V points p’ € P with (p/,l3) € I
so that p’ is between p3 and ¢ on the line I3. Thus by and the fact
that Z(lp,13) £ 1, we have that there are g Ad~® points p’ € P so that
(p',l3) € I, dist(lp,p') 2 1, [p' —q| £ 1, and p’ is contained in the line
segment between ps and ¢ (i.e. p’ is contained inside the triangle A, ,, 4
spanned by p1,p4,q). This also implies that

dist(p, p1p’) £ diy, dist(p, pap’) L di,- (3.15)
Thus,
#{(p1, - pala, ... la,q,p) € Niy x P:(p,13) € I; dist(lo,p') 2 1;
' —al 170" € Dpy pigs
dist(p, p1p’) £ diy, dist(p, pap’) L diy }

% 0_0(1)5_13a(#L)4(#P)_7V9.
(3.16)

Summing over the lines Recall that the set described in (3.16) depends
on the choice of line lg. Let D be the union of such sets over all lines Iy € L,
ie.

D= {(l(]apla"'7p4alla"'7l47q7p/): (pla"'7p4al1>"'7l47q) eMo; (plvl3) € Ia
dist(lo,p) 2 1; 1P —al 10" € Dpy pugs

dist(p, p1p’) £ di,, dist(p,pap’) Z di, }-
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We have
#D 2 COWs B HL) (#P) V.

After dyadic pigeonholing, we can suppose there is a number d and a set
D' C D with #D’ £ D so that so that d;, ~ d for each tuple in D’

Fixing four special points

Next, we will use pigeonholing to select a choice of (ly, p1,pe, ps,p’) that
occur in many tuples from D’. There are #L choices for ly. Once Iy has
been specified, there are at most 6~“V choices for p;. Next, there are
S d*6~*V choices for each of py and ps. Finally, there are < #P choices
for p’. Thus there is a choice of (ly, p1,p2, ps,p’) that appears in

5 ALY (H#P) TV
FL) (6 V)(d*6-2V)2(#P)

g CfO(l) _ CfO(l)df2a5710a(#L)4(#P)78V6

tuples from #D’. Fix this choice of Iy, p1, p2, ps, p’. Note that the point p3
and line /3 are determined up to multiplicity S 1.

Write p ~ ¢ if there is a line [ € L with (p,1), (q,1) € I. Since |p; — ¢| £
1, i=1,2,4 and [p’ — ¢| £ 1, if p; ~ ¢ then there is S 1 line /; € L incident
to both p; and ¢. Similarly for p’ and ¢q. Thus we have

{qgeP:p1~q p2~q pa~q P ~q dist(lo,q) 1; |p' —q| R 1;
P € Ap, piqi dist(q,p1p’) R d; dist(q, prp) Z d}
% C_O(l)d_2a5_10a(#L)4(#P)_8V6.
(3.17)

Rescaling Cover B(0,1) Cc R? with finitely overlapping rectangles of
length 1 x 100d, each of which contain the line segment p;—p4. Each point
q in the above set is contained in O(1) of these rectangles. By five appli-
cations of dyadic pigeonholing, we can assume that we have M rectangles,
where each rectangle contains the same number of points, up to a factor
of two and each rectangle contains the same number of lines respectively
incident to each of p1, ps, ps and p, up to a factor of two. Moreover,
still holds up to a factor of < 1. For each rectangle, we must have at least
2 d72057100(H L) (#P)"8VOM ! associated points g. But each point ¢ is
contained in O(1) distinct rectangles and this implies that each rectangle
contains at most a < 1/M-fraction of the lines from each of p1, p2, ps,p’. By
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, each rectangle contains at most g 0%(#P)V 1M ! lines from each
of these points. We will now fix one such rectangle R.

Note that once ¢ has been specified, the lines [q,lo,l3 are fixed up to
multiplicity $ 1. The converse, however is not true; three lines [y, 12, l3
intersect in a rectangle of dimensions roughly § x d/d; the long axis of this
rectangle is parallel to the long axis of the rectangle R. By , there
could be as many as $ d~“V points ¢ in this rectangle that are incident to
l1,1l5 and 3. We will refine the set by a factor of < d~*V, so that for
each point ¢ in this set, ¢ is the only point in the corresponding rectangle
of dimensions § x ¢/d.

Let 0 = 6/d. We will translate and rescale the rectangle R so that it be-
comes the unit square [0,1]2. Let py, P2, s, 9’ be the images of p1, p2, pa, P/,
respectively, under this transformation. We have that p; = (0,0), ps =
(1,0), and p3 is contained in the é-neighborhood of the z-axis and has dis-
tance = 1 from p; and py.

Each of the rectangular boxes described above becomes a square @) of
dimensions ¢ x §, and each such square is connected to each of p1, ps, pa, P’
by a line (up to uncertainty 5) Denote this set of squares by Q; we have

#Q 2 ¢~ OWgag— L0yt p)Syopm—t, (3.18)

The lines incident to p; = (0, 0) satisfy an analogue of the non-concentration
estimate (3.12), with (dr)® in place of r® (indeed; if v is a non-zero vector
in R?, then the set of lines incident to p; and making angle < r with the
vector v correspond to a set of lines in the original set L that are incident
to p1 and make angle < dr with the pre-image of v). Similarly for ps, ps,
and p'.

Applying a projective transformation Next, we apply a projective
transformation that sends the z-axis to the line at infinity. Lines containing
(0,0) are mapped to vertical lines; lines containing (1,0) are mapped to
horizontal lines. Let Q denote the image of the boxes in Q@ under this
transformation, and let p! denote the image of 7 under this transformation.
We have that each set in Qf is contained in B(0,100) and pf € B(0,100).
After a translation we can suppose that p! is the origin. Let QT be the
image of Qf under this translation. The line (in the original configuration)
passing through p; and p’ is mapped to the y-axis, and the line passing
through p4 and p’ is mapped to the z-axis. Since each point ¢ from (3.17))
had distance g d from the lines p1p’ and pap’, each square in Q had distance
% 1 from the images of these lines, and thus each set in Off has distance
Z 1 from the x and y axes.
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3.3. A discretised incidence theorem

The lines incident to p; become lines parallel to the y-axis; let X be the
set of z-intercepts of these lines. The lines incident to ps = (1,0) become
lines parallel to the z-axis; let Y be the set of y-intercepts of these lines.
The sets X and Y are § separated, and X,Y C [Cgl, Cy] for some Cy =~
For each interval J we have

#(X NJ) 5 || (#P)V

#(Y N J) < |J|“ds (#P)V L. (3.19)

Applying a transformation of the form (z,y) — (T'z,y) for T ~ 1, we can
assume that lines incident to p3 map to lines with slope —1. Call this set
of lines Z. We also still have a set of lines, which we denote by W that are
incident to the origin and the entire set E. Recall that by and the
fact that R contains at most a < 1/M fraction of the lines incident to each
of p1,p2, pa,p’, we have

#X SOUHL)#P)TIVMT

#Y ST#HL)#P)vM T

#7 SO UH#L)(#P) VM
#W S OTHH#L)(#P) VML

(3.20)

Let E C X xY, with (x,y) € E if the corresponding box is an element

of Q. By (3.18),
#E % dfaéfIOa(#L)él(#P)fSV{’)Mfl'

Furthermore, if (z,y) € E, then x —y € Z, i.e.
E
#(X —Y) <#Z S5 HL)FP) VM

Applying Balog—Szemerédi—Gowers Next, we will use the Balog-Szemerédi-
Gowers lemma to find a large set A C X whose sum-set is small. Indeed,
by Lemma we extract a set A C X with

o) dfaéfloa(#L)4(#P)78v5Mfl
#L)#P) VM
_ C*O(l) <d72a678a(#L)3(#P)77v4> 5701

#AZ C™

and
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3.3. A discretised incidence theorem

(L) #P) VM)
(d-a5 100 (R L)A(#P)SVSM )
— 00 <d6a548a(#L)712(#P)36V718M76> (#A).

#(A—A) g cOW

5 (#A)

Since EN (A X Y) C E is still covered by #W lines through the origin,
we have )
(#(EN(AxY))
#W '
Thus, by Cauchy-Schwarz (see [33, Corollary 2.10]),

EX(A7Y) %

(B (A,Y))* _ (#(EN(AxY))*

EX(A7 A) Z

E.(V.Y) ~ (W)Y
But A
#EN(AxY) 2 HE L
so we get
(HE) (#4)° (HE) ,
BN 2 R @y e ~ @R Ex @t Y
% CfO(l) (d_aa_loa(#L)4(#P)_8V5M_l)5 (#A)3 (321)

(6= #L)#P) VM)
CfO(l) (d75a6740a(#L)10(#P)730V15M5) (#A)S

Applying the discretised sum-product theorem To summarize, we
have a set A C [Cyt, Cy] for Cp S 1, with

#AZ 00 (d2a58a(#L)*3(#P)7V*4)_15*% (3.22)
which satisfies the non-concentration condition
#(ANT) < (52"‘(#P)V‘1) 7]e5—, (3.23)
and

H#(A— ) § COW (025 (HL)2(H#P)V 1M O) (#4),
_ (3.24)
E, (A, A) g CfO(l) (d5a540a(#L)flo(#P)30Vfl5M75> 1(#A)3
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3.4. From Proposition to the Furstenberg set problem

Comparing this with Proposition 3.7/ and using the bounds (3.22), (3.23)),
and (3.24), we conclude that

CO(I) <d2a68a(#L)—3(#P)7V—4>3 (52a(#P)V—1>3
i <d6a548a(#L)fIQ(#P)36V718M76> 10 (d5a540a(#L)’10(#P)30V’15M’5)4
— (J360§6700(41.7,) =169 (4 p)B0LY =255 180 _ (520 P304 (520 )= 1697, -255

~ a(l—a)
Z 6 Ha

i.e.

a(l—a) a(l—a)

(52&#P)504 g C*O(l)d ST 86(1M805— ST (5204#[/)169‘/255.

It is now clear that the worst case occurs when d ~ 1 and M ~ 1, which
gives

16!

4P 2 0O 20ele) (2o ) Y8 (o) = 2L

T 5042+ a)
In particular, ¢(1/2) = =d55. This concludes the proof of Proposition O

Remark 3.13. When ¢ = 1/2, the discretised sum-product theorem (Propo-
sition gives a gain of roughly 6=/ The final gain in our discretised
Furstenberg result is roughly 50 times, or two orders of magnitude, worse
than this. Roughly speaking, one order of magnitude comes from repeated
pigeonholing and use of Cauchy-Schwarz, while the other order of magnitude
comes from the use of Balog-Szemerédi-Gowers. While some further opti-
mizations are likely possible, it appears that such optimizations would yield
rather modest gains. In particular, Proposition requires that the differ-
ence set A—A be small (rather than merely requiring that E4 (A, A) be large),
so it appears difficult to avoid using the Balog-Szemerédi-Gowers lemma).
While a more efficient sequence of pigeonholing and Cauchy-Schwarz argu-
ments might improve the final bound, since the current argument only looses
(roughly) one order of magnitude at this step, any improvement here would
at best yield a modest improvement in the final bound.

3.4 From Proposition 3.8/ to the Furstenberg set
problem

In this section, we apply Proposition to the Furstenberg set problem.
We restate the results here for convenience.
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3.4. From Proposition to the Furstenberg set problem

Proposition 3.14. Let (L, {P}icr) be a discretised (o, 2a) Furstenberg set
at scale §, with error €. Then

gé(lg Pl) Z 5—2a—c(a)+0(5), (3.25)

where
a(l —a)

A = 5@t a)
Corollary 3.15. Every (a,2a) Furstenberg set in R? has Hausdorff dimen-
sion at least 2a + c(«v), where
a(l —a)
A = 5@t a)
In particular, every Furstenberg 1/2-set in the plane has Hausdorff dimen-
sion at least 1 + WIALO'

Again, if A and B are quantities that depend on ¢, we write A < B
if there is an absolute constant C so that A < §=¢¢B for all § > 0 suffi-
ciently small, where this time ¢ is a fixed value for which we seek to prove
Proposition If AL Band B A, we write A~ B.

Proof of Proposition|3.2. Some preliminary refinements

Let P be a maximum J-separated subset of | J;c; Fj. Let Iy C P x L, where
(p,1) € Iy if there is a point p’ € P, with |p — p/| < 8. We have #1Iy ~ § 3¢,

Apply Lemma to the bipartite graph (P U L, Iy). We obtain sets
P C P, Ly C L, I C Iy, with #I; > #Iy. Each | € Ly has degree
> (#1)(#L)~!. Since each | € L contained ~ §~ edges in the original
graph (P U L, Iy), we must have #L; ~ 6 2%, and each [ € L; must still
contain ~ §~¢ edges in the new graph (P, U L, ;). What we’ve gained,
however, is that each p € P; now contains > (#1)(#P) ! 2 6 3*(#P)~!
edges in (P, U Ly, Ip).

For each p € Py, apply a two-ends reduction (Lemma to the set of
directions {v(l) : I € L1, (p,l) € I} with parameter € > 0. This yields an
interval J, C S L of directions so that

#{leLi: (pl)e i, v(l) € Jp} > 6#{l € Li: (p,1) € I },
and for every interval J' C S, we have

4l el (pl)el, vi)eJ} < (m)a#{l € Li: (p,1) € Iy, v(l) € J,}.

| Jp|
(3.26)
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3.4. From Proposition to the Furstenberg set problem

After pigeonholing, there is a set P, C P;, a number 0 < r < 1, and
a (large) number N so that #P, Z #P, and for each p € P, we have
r < |Jp| <2r and

N <#{leLi: (pl)el, v(l) € Jp} <2N.
Define Ly = L4, and define
I, = {(p, l) elin (PQ X LQ)Z ’U(l) € Jp}

Apply Lemma (3.4) to (P> U Lo, I5), and let (Ps U Lg, I3) be the resulting
refinement. Since each point p € P» had multiplicity between N and 2N,
we have N#P, < #I, < 2N#P,, and thus JN(#P) < #I3 < 2N(#P,).
Since each element of P3 has multiplicity at most 2V, we have # Ps > %#Pg,
and each p € P3 has multiplicity at least N/4. In particular, for each point
p € P3 and each interval J' C S! we have
’ AN
#{l e Ls: (pl) €5, v(l) € J} < 4(5) #{l € Ls: (p,1) € I3}

We still have that each | € L3 has multiplicity ~ §~“ under the incidence
relation I3.

Partitioning the arrangement For the remainder of the argument, we
will fix 7. Let X be a maximal r—separated subset of [0, 1]2, which we identify
with the set of lines y = mx +b with (m,b) € [0,1]?. For each X € X, define

Lx ={le Ls:|(l) — X| < 3r}.

For each p € Ps3, define [, to be the line that contains p whose direction
corresponds to the midpoint of the interval J,. Define

Px = {p€P3: ’[,(lp) —X’ ST’}

Clearly each [ € L3 is an element of at least one, and at most O(1) sets Lx.
Similarly, each p € P is an element of at least one, and at most O(1) sets
Px. Furthermore, for each X € X, if p € Px and (p,[) € I3, then | € Lx.
To see this, let X € X, let p € Px, and let | € Ls with (p,l) € I3. Then
(p,1) € I3 implies dist(p,l) < 0, and v(l) € J, implies |v(l) — v(lp)| < 7.
Thus |¢(1),¢(l,)| < 2r, so

(D), XT < [e(D)s e(lp)] + [e(lp), X| < 37

46



3.4. From Proposition to the Furstenberg set problem

In particular, for each X € X, each p € Pyx is incident (according to the
incidence relation I3) to about N lines in Lx, and this set of lines still
satisfies the non-concentration condition .
After three applications of dyadic pigeonholing, we can select a set X’ C
X such that
> #(Isn (Px x Lx)) 2 |log 6| 41,
Xex’

and the respective quantities # Py, # Ly, #(Ig N(Px X L X)) are essentially
equal (within a factor of two) for each X € X’. Since each point in Ps is
contained in O(1) such sets Py, we have #Px < #P3/#X’ and similarly,
#Lx < #L3/#X' for each X € X', Moreover, each X € X’ satisfies

#(I3 N (Px x Lx)) 2 |log 8| 2 #I3/#X'.

Let Ix = 13N (PX X LX).

Averaging within the rectangle Cover Rx by interior-disjoint rectan-
gles of dimensions 6r~1/2 x §/2, whose long-axis points in the direction vx.
Note that if a line [ € Lx is incident to a point in Px contained in the
interior of one such rectangle S, then its direction v(l) is within distance r
of the vector vx, which implies that [ is incident to any point contained in
S. After a O(1)-refinement of the set of nonempty rectangles S, we can as-
sume that any two rectangles have distance 2 ¢ in the direction orthogonal
to vx, while still contributing the same total number of incidences, up to a
O(1)-factor. After dyadic pigeonholing over the rectangles S, there is a num-
ber 1 < A; S 6 °r~® and a O(]logd|) refinement I of Ix so that for each
6r~1/2x§/2 rectangle S and any line [ € Ly, either SN{p € Px: (p,1) € I’}
is empty, or the set contains ~ A; points; the condition A > 1 is trivial,
while the condition 4; < 6~7~* comes from (3.3). Moreover, we still have
#I% 2 [logo| “#Is/#X.

After dyadic pigeonholing again, this time over the set Ly, we can as-
sume that each line [ € L' is incident to roughly the same number, Ay, of
points in Px under the relation I%, while still contributing > |log d| 141
incidences in total. Let I% be the set of incidences from I’ induced by
taking the subset L% C L;. Note that since L%, C L', each line | € L%
intersects ~ Ap/A; distinct rectangles S. Moreover, since L C Lx and
#Lx g #Lg/#X/, we have As z ‘10g(5’_5#13/#[/3.

Rescaling We will now apply a translation and anisotropic rescaling by
2r~1 in the direction perpendicular to vy and 2 in the direction of vy;
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3.4. From Proposition to the Furstenberg set problem

this maps Rx to a square of dimensions O(1) x O(1). Each of the §/r x ¢
rectangles described above is mapped to a 0/r x §/r rectangle, and these
rectangles are interior disjoint. Let Lx denote the image of L under this
transformation. The lines in Ly satisfy , with & = d/r in place of §.
Specifically, for any ball B of radius s > 0/r, we have

#(BNo(Lx)) S (rs)>67207 = §7°52(5/r) 2

and in particular, #Lx < 67¢(5/r) 2.

If Qis a 8/r x §/r rectangle, we say that | € Ly is incident to Q if
INQ # 0. Denote this set of incidences by Iy C Qx x Lx. Clearly the
number of incidences decreases by a factor of ~ A; compared to I, so we
have Iy > |log 6| P#I3(#X") T AT

Apply Lemmato each graph (Qx I_IIN/{(, Ix), and let (Q UL, Ih) be
the resulting refinement. Then we have #1I5 > |log | o#I3(#X") "t AT
Since #Lx < #L3/#X’, this shows that each line in L’y must be incident
to > |log 8| ®#I3(#L3) LA rectangles under the relation I%. Similarly,
since each nonempty rectangle in Qx contains the images of at least ~ A;
points from Px, we must have #Qx < #Px/A1 S 7‘#]3?,(7@&/"(’)*1141_1 and
hence, each rectangle in Q’X is incident to

> |log 6| °#I3/#Ps 2 |log 6| °N

lines under I ’. Since every line in Lx incident to a point inside a rectangle
is incident to all ~ A; relevant points within that rectangle, by fixing any
such point p and recalling the condition (3.26]), we get

#{le Ly :(p,l) eIy, v(l)eJ)<|logdPs*#{l € Lx : (p,1) € I}.

Let | € Ly and let B(x, s) be a ball of radius s > §/r whose intersection
with [ also intersects a rectangle from Q. Any such rectangle will be
wholly contained within the slightly larger ball B’ = B(x,2s) and thus by
the condition , we have

#(Q’ N B) S sYTYTE/ AL
Applying Proposition Let V.~ 67 ¢r=®/A; be such that V > 1.

Summarizing, we have a set I C Q' x I:fX where each rectangle Q € Q'
is incident to at least > |log|™°N and at most < N lines under I%. For

48



3.4. From Proposition to the Furstenberg set problem

every line [ € L'y,
#{Q € Qx : (Q,1) € I} Z |log 6| P I3(#L3) 1AL

2 [log 8| P6* # I (#L) ' r*V
> |log 8| 7502 # 1,621V
> log o]~ (6/r) V.

For any ball B of radius s > §/r,

#(Q' NB) S s Ay ~ s*(8/r) V.
For each @ € Q', and any nonzero vector v € R and each s > §/r, we have
#{le Ly (Q,) el /(1,v) <s} <|logdPs*#{l € L'y : (Q,1) € Ik}

This is precisely the setting in which we can apply Proposition [3.8 We
conclude that there are at least

2 (8/r) 72 ((0/r)* L)V 158
% 5720170(04) (52a#l~/X) (rc(a)v%)
interior-disjoint §/r x §/r squares in Q'.
Summing over the rectangles Undoing the rescaling, we see that there

are 3, 020 (204 T ) (e )V168) interior-disjoint d /1 X d rectangles, each
of which contains at least ~ A} ~ 6~ ¢r~“%/V points from Px. Thus,

#Px 2 (67207 (P L) (VTR ) (v V)

)
<T atc(o Vﬁ )
9

r—a—i—c ) %—1)

_ 6—204—0( 52(1#L

( )
R 07202 ¢ Lx)
= o 2emel@) (§2 g Ly )ret
> g5 4 Lx).

r 168

In the above equation we made crucial use of the fact that 168& > c(a),
and thus the exponent of r is negative.

Recall that each point p € P is contained in at most O(1) sets { Px } xcx
and each line [ € L is contained in at most O(1) sets {Lx }xexs. Thus,

$P > 3 pPx 26707 N7 (g2l ) 2 672 (2oL ) g geele),

Xex’ Xex’
(3.27)

Since P C | J;¢p, P, is 0-separated, we obtain (3.25). O
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3.4. From Proposition to the Furstenberg set problem

Remark 3.16. The reduction from Proposition[3.2 to Proposition|3.8 is a
variant of the two-ends reduction. For an argument of this type, there are
scales § < r < 1. We partition our arrangement of points and lines into
balls of radius r (in this case, the partitioning occurs in the parameter space
of lines), and we rescale each ball to have radius 1. The original “fine” scale
§ is rescaled to & =8 /r.

Compared to the usual two-ends reduction used for the Kakeya or restric-
tion problem, however, we encounter an additional difficulty, which is that
the points on each line satisfy an a-dimensional non-concentration condition
at scale §. If we had nearly matching upper and lower bounds on the number
of points inside each ball of radius §/r (such a bound would hold, for exam-
ple, if the set of points on each line was Ahlfors-regular), then this would
imply that the rescaled points on each line also satisfy an a-dimensional
non-concentration condition at scale 5. In our setting, however, we have an
upper bound on the number of points inside each ball of radius /r, but we
do not have a matching lower bound. In particular, the points could be very
sparsely concentrated at scale §/r, and then more densely concentrated at
larger scales. The parameter Ay in the proof of Proposition |3.2 was intro-
duced to help measure the extent to which this phenomenon occurs.
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Chapter 4

Besicovitch sets

4.1 Introduction

In this chapter, we apply the arguments from Theorem to obtain a bound
on the upper Minkowski dimension of Besicovitch sets in R3. Recall that
a Besicovitch set in R3 is a compact set £ C R3 that contains a unit line
segment in every direction. The main result of this chapter is the following.

Theorem 4.1. Every Besicovitch set in R3 has upper Minkowski dimension
greater than 5/2 + 2.67 x 1078,

In fact, our result applies more generally to certain discretised sets of
tubes. For a small fixed parameter § > 0, a §-tube is the §-neighbourhood of
a line segment of length 1. We say that a set of d-tubes T satisfy the Wolff
axioms up to error K, if for any rectangular prism of dimensions s X ¢ X 2,
there are at most < K,,std~2 tubes from T fully contained in the prism.
If K, ~ 1, we simply say that T satisfy the Wolff axioms. For a set of
d-tubes T, we will consider shadings {Y (T)}rer, each of which is a subset
Y (T) C T. We will prove the following discretised version of Theorem

Theorem 4.2. There is an absolute constant C such that for any ¢ > 0
there is a constant c. depending only on & such that the following holds. Let
(T,Y) be a set of d-tubes satisfying the Wolff axioms and suppose that

> V(T =6, (4.1)

TeT

for every 6 < p <1 we have

S CEpCEpl/Qfsol (42)

U Ny (7))

TeT

Then gy > 2.67 x 1078.
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4.1. Introduction

It is easy to see that the d-neighbourhood of a Besicovitch set satisfies
the Wolff axioms, however the tubes in a set merely satisfying the Wolff
axioms need not point in d-separated directions. This theorem therefore
implies Theorem by Definition

In order to apply the arguments from Theorem we require the tubes
to satisfy various properties. After recording some geometric results con-
cerning reguli in the next section, we will describe the required properties
and then proceed with the main argument assuming these. Each of these
properties has some associated parameters and we will therefore obtain a
result in terms of these parameters. In the subsequent section, we will show
that for any set of tubes satisfying the hypotheses of Theorem there
must be a refinement with these properties.

We finish this introductory section by listing some notation for various
objects used in the proof of Theorem along with the respective section
where the notation is defined.

Notation Meaning Definition location
T 0-tube Section [4.1]
T Set of J-tubes Section
Y(T) Shading of a tube Section
R nm Regulus generated | Section
by lines coaxial with
T, T2, Ts
(71, T2) Plane generated by | Section
lines  coaxial  with
T, T2
o(T) Unit vector with the | Section

same direction as the
line coaxial with 7T

Hy(Ti,...,T) The (joint) hairbrush Subsectionm
of Ti,..., Tk

H'(T1,72) The refined hairbrush Subsectionm
of 71 and T2

R(Th,T2) The regulus containing | Subection m
the joint hairbrush of
71 and T

Table 4.1: Notation
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4.2. Reguli

4.2 Reguli

Reguli play an important role in the incidence geometry of lines, as they
are the only doubly ruled algebraic surface — except for the plane which
is infinitely ruled. They will therefore also be relevant in the incidence
geometry of tubes, however there are additional difficulties in this setting.
For example, whereas the set of lines contained in a regulus is always 1-
dimensional, this is not true in the case of tubes: in the extreme case, some
portion of a ‘regulus’ may look essentially like a plane at scale § and then
the set of tubes contained in its §-neighbourhood is two dimensional.

In this section, we collect some geometric lemmas that will be important
in understanding how tubes intersect with neighbourhoods of reguli. Most
of these are proved in [22] though the dependences of the various parameters
are not given explicitly. We first recall some definitions from [22].

Definition 4.3 (Linear cone). Let L be a line in R3 and let II be a plane
containing L. A linear cone of angle o with vertex L is a set of the form

{p € R3: dist(p,II) < adist(n(p), L)},
where w(p) is the orthogonal projection of p to II.

Definition 4.4 (Quantitative skewness). Let L1 and Ly be two lines in R3
that intersect the unit ball. We define skew(L1, La) to be the minimum value
of a so that Lo N B(0,2) is contained in a linear cone of angle o with vertex
Li. We say that Ly and Lo are > c-skew if this number is at least > c.

Definition 4.5 (Quantitative separation). Let Ly, Lo be two distinct lines
that intersect the unit ball. We say that Ly, Ly are t-separated (with error ¢)
if

ct < dist(p, Ly) < ¢ 't for all p € Ly N B(0,1). (4.3)
We say that L1 and Lo are uniformly separated with error c¢ if they are
t-separated with error ¢ for some value of t.

Lemma 4.6. Let L1 and Ly be two lines intersecting the unit ball that are
uniformly separated with error c1 and > ca-skew. For each point p € Ly,
let 11, denote the plane spanned by Lo and p. Then for any two points
p1,p2 € L1 N B(0,1), we have

cica|p2 — p1| S £(1y,, p,) < cicalpa — p1l-
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4.2. Reguli

Proof. After applying a rigid motion we can assume that L; contains the
point (¢,0,0) and is parallel to the yz-plane and that Lo is the z-axis. Then
L1 can be written as

(¢,0,0) + R(0,a,1)

for some value a. Observe that the uniform separation and skewness between
Ly and L imply that cjeot < a| < cflcglt. Let p1 = (¢, s1a,s1) be a point
on L;. The closest point on Lg to p; will be the point (0,0, s1), so the plane
II,,, will have normal vector

(O’ 07 1) X (7ta —Si1a, O) = (Sla’ *t? O)

Thus, if po = (t, s2a, s2) is another point on L;, the angle 6 between I,
and IIL,, will be

(s —t,0) (530, —1,0)]
0~ ) = .
Si(0) = s, =1, 0) [ (520, =, 0]

A simple calculation then gives
ol < — 511 <O <celeslsy —si| < e testp, —
0162\192 P1!N6102!82 81|N ~ €1 Gy 82 =81 S C Gy \P2 pll-
O

Lemma 4.7. Let Ly, Lo be ci-separated and co-skew lines that intersect the
unit ball. Let L7, L5 be lines intersecting Ly, Lo inside the unit ball with

csdist(LeN L}, LaNL3) < dist(L1NLY, LiNL}) < eyt dist(LaN L}, LaNL3).

Then L%, L3 are uniformly separated with error cicacs and c3cy-skew. Fur-
thermore, for each pairi,j € {1,2}, we have

a S Z(Li, L}) S 1.
Proof. Observe first of all that since Ly, Ly are cj-separated, we have
a S 4L, L) S 1.
After applying a transformation that distorts angles by at most a factor
of < 01_202_1, we can assume that L is the z-axis, L3 is the z-axis, and Lo

is the line
(0,0,1) + R(0,1,0).
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4.2. Reguli

Let t = dist(Ly; N LY, Ly N L3). Then L} contains the point (¢,0,0) as well
as the point (0,#,1) for some value c3t <t S c3't. That is, L7 is the line

(¢,0,0) + R(—t,#,1),

which has distance max((1 — s)¢, st’) from the z-axis. This shows that L}
and L3 are uniformly separated with error cz. It is also clear that these two
lines are ~ 1-skew. Combining these estimates with the loss of < cf2cg !

due to the transformation gives the result. O

Lemma 4.8. Let L1, Lo, Ly be lines intersecting the unit ball such that L,
and Lo are uniformly separated with error c¢1, L1, Ls and Lo, Ly are > co-
separated, and the three lines are pairwise > c3-skew. Let Ly, L5 be two
lines intersecting each L; within the unit ball. Then L7, L5 are uniformly
separated with error cic3c3 and cies-skew.

Proof. Let p; = L1 N L} and let ¢ = dist(p1,p2). Then if II; is the plane
spanned by Lo and p;, Lemma implies that

crest S Z(Ih, 1) < epley 't

Since II; contains the line L;, the intersections II; N L3 take place within the
unit ball. Since L3 is > co-separated and > c3-skew to Lo, we must have

cocs S Z(Ls, I1;) < 1,
and this implies that
cregest S dist(L N Ly, Ly N L3) < ey tey eyt
Finally, an application of Lemma 4.7 gives the result. O

Lemma 4.9. Let Ly, Ly, Ly be three lines that intersect the unit ball. Sup-
pose that L1, Lo are uniformly separated with error c1, L1, L3 and Lo, L3 are
1-separated with error cy, and the three lines are pairwise > cs-skew. Let R
be the regulus containing L1, Lo, Ls and let p be any point on R. Then there
are lines L], L5, L3, L such that

o L7,L5, L5 and L are contained in R;

e L}, L} L} are pairwise 1-separated with error cics - min(cieacs, c3c5)
and c3c3-skew;

o L intersects each of L7, L5, L3 and the points of intersection are con-
tained in B(0, (c3c3 - min(c3eacs, c2c3))1);
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4.2. Reguli

e LNL]=p;
e c2cy-min(cieacs, 2cd) < /(L LY) S 1.

Proof. Let L} be the unique line containing p and intersecting L1, La, Ls.
Then let L5 and L3 be any two lines intersecting L1, Lo, L3 and such that
each pair of points Ly N L}, Ly N L is 2 1-separated. Now Lemma

*

implies that each pair L7, L; is 1-separated with error c3c3-min(cicacs, cics)

and c3cs-skew. Now let L be the unique line containing p and intersecting
*

1, L5, L3, and the last thing to note is that by the separation of each pair
Ly, L;k», we must have

Z(L,L}) 2 cies - min(cieges, c3cs).

Lemma 4.10. Let L1, Lo, L3, L s be four lines such that

o [, intersect Ly;

o L1, Ly are 2 1-separated and skew;

e L1, L3 are 2 ci-separated and 2 co-skew;

o Lo, Ly are 2 ci-separated and 2 co-skew;

o L3 makes angle 2 c3 with the plane parallel to L1, Lo.
Then Ry, 1,1, has gradient £ cicacs.

Proof. By applying an affine transformation that distorts angles by a O(1)
factor, we can assume that L is the x-axis and the line coaxial with Lo is

(1,0,1) + R(0,1,0,).

Now by applying a further affine transformation that distorts angles by a
factor of g cl_lcg_ 105 1 we can assume that the line coaxial with 75 is
(0,1,0) + R(0,0,1).

The regulus that vanishes on L7, L3, L3 is () = vy — 2 — yz + z, which has
gradient > 1/2 on Z(Q). The result follows. O

Lemma 4.11. Let Ly, Lo, L3, L, L, L be lines such that
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

L; intersect L ;

Ly, Loy are 2 1-separated and skew;

Ly, L3 are 2 c1-separated and 2, co-skew;

Lo, L3 are 2 cq1-separated and 2 co-skew;

L3 makes angle 2 c3 with the plane parallel to Ly, La;
e L and L' are 2 cy-separated and 2 1-skew with La;
e L3 intersects the r-neighbourhood of L, L.

Then any other line intersecting L as well as the r-neighbourhood of L, L'
is contained in the < CIQCE1cglcilr—neighbou7’hood of Riy.Ly,Ls-

Proof. By applying Lemma to the lines L1, Lo, L3, L4, we see that
there is a monic polynomial @ vanishing on the lines L; with |VQ| 2 c1cacs.
We now have two 2 1-separated points and a third 2 c¢j-separated point
along T4 that are d-close to Z(Q). This implies that the magnitude of the
restriction of @ to T4 is at most < 01_15. Similarly, the restriction of @ to
the r-neighbourhood of L and L’ has magnitude < rcfl.

Fix a further line L* intersecting L4 as well as the r-neighbourhood
of L,L'. By restricting @ to L*, we get a univariate polynomial which is
bounded in magnitude by < 7“01_1 at two points that are = 1-separated and
a third point that is 2 c4-separated. Now we can use Lagrange interpolation
to recover the restriction of @ to this line. This shows that |@| is bounded
by < ¢ tegtr on the L*. Since we have [VQ| > cicacs on Z(Q), we conclude
that L* is contained in the < cf2c§1651cglr—neighbourhood of Q. O

4.3 Properties of 5/2 + ¢)-dimensional Besicovitch
sets
In this section, we will describe some properties that a set of /-tubes may

satisfy. These properties will be important in enabling the reduction from

Theorem 4.2] to Theorem
Fix a set of tubes (T,Y) throughout this subsection.
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

(P1): Robust transversality I We say that (T,Y) is s-robustly trans-
verse (with error 1/100) if for each z € |JY (T, we have

#{T €eT:2eY(T); ZL(v(T),vz) < s} < ﬁ#{T eT:2eY(T)}.

If s is large, this property says that most pairs of tubes intersect at a large
angle. This ensures, for example, that for most pairs of tubes, the volume
of their intersection is small.

We will also a require robust transversality property to hold at a specific,
slightly smaller scale.

(P1’): Robust transversality IT If a set of tubes satisfies property (P1)
with associated parameter s, we say that property (P1’) holds if there is an
absolute constant C' > 0 such that (T,Y) is s%-robustly transverse with

error 84.

(P2): Averaging reduction We say that (T,Y") satisfies the averaging
reduction with multiplicity p if there is a number p such that for each
x € JY(T) we have

p<> xyn(@) < 2w (4.4)

TeT

With this property, we know almost exactly how many tubes pass through
each point in our set. This gives us more control when analysing the com-
binatorial properties of objects within our set of tubes.

In [36], Wolff considered the hairbrush of a tube within a hypothetical
Besicovitch set — this is the set of tubes from the set intersecting a single
tube, which we call the stem of the hairbrush. This is a fruitful object
to study because of the fact that distinct tubes in a hairbrush are mostly
disjoint far away from the stem, which means that if a hairbrush contains
many tubes then the union of its hairbrush must have large volume.

The next property controls the number of tubes from T that can intersect
the neighbourhood of a line segment.

(P3): Few tubes in a fat hairbrush We say that property (P3) holds
with associated parameter Cp if there is a number C'y such that for any
tube T € T and any § < p < 1,

H{T eT:Y(T)NN,(L) # 2} < Cyp*/?572.
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

(P4): Planiness We say that property (P4) holds if for every point p € R3
there is a plane II, so that if 7 € T and p € Y/(7), then

Z(v(T), M) < 575052,

Figure 4.1: A plany intersection point

Given a tube T, it could be the case that many of the tubes in its
hairbrush are almost tangent to a single regulus. The last property, based on
the regulus map introduced in [22], says that every hairbrush must contain
many tubes for which this is not the case. We say that a regulus R(T)
containing the line coaxial with T is (¢, ¢’)-non-degenerate if there are three
lines Ly, Lo, L3 contained in R(7) in the opposite ruling which are pairwise
> c-separated and > ¢/-skew.

For any tube 7, we let v(7) denote the unit vector with the same di-
rection as the line coaxial with 7. Moreover, for a tube 7’ and a regulus
R intersecting 7', we let Z(v(T’), R) denote the minimum angle between
v(T’) and the tangent plane T,R of R at any point p € 7 N R.

(P5): Regulus map reduction We say that property (P5) holds with
associated parameter cg if for any § < ¢,¢ < 1, there is a number cg =
cr(c, ) such that for any set of (¢, ¢’)-non-degenerate reguli { R(T)}rer,

(T’ € Hy(T): Z(u(T'), B(T)) > ep} = S#Hy (T)
for each 7 € T.

4.3.1 Hairbrushes

In this subsection we record some lemmas about hairbrushes in 5/2 + £¢-
dimensional Besicovitch sets. For some of these, we will assume that certain
properties (Pi) from the previous subsection are satisfied.

As in Chapter 3, if A and B are quantities that depend on §, we write
A 5 B if there is an absolute constant C' so that A < 5=%€B for all § > 0
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

sufficiently small, where ¢ is the fixed value for which we seek to prove
Theorem If AL Band B A, we write A~ B.

In the main argument, we will always be able to assume that the set of
tubes (T',Y”) that we are analysing satisfy

> IY(MIR (04T,

TeT

and this will lead to statements that hold up to a < 1 factor. Losses of
this type are acceptable in proving Theorem so we generally will not
be concerned with tracking the dependence explicitly. However, there is one
point within the regulus map reduction argument at which we have a set of
tubes for which we can only ensure

Y IYI(T) g 67C0 (8 #T).

TeT

Here, the dependence on g will be important. For this reason, some of the
lemmas that follow are explicit in the dependence on the size of the shading,
whereas others are not in order to avoid unnecessary complexity.

When we are not able to ensure that

> IY(TIR (04T,

TeT

it will be necessary for the shadings to satisfy a “two-ends condition”, up
to a < 1 factor. This can always be obtained by applying Lemma with
exponent ¢ to each tube.

(P6) Two-ends condition We say that (T,Y) satisfies property (P6)
holds if for each tube 7 € T there is a number r and ball B of radius r such
that

[BOY(T)| = 6°[Y(T)|,

and for all balls B’ of radius 6 </ <,
[B'NY(T)| = («'/r)* | BNY(T)|.

Observe that if a set of tubes (T,Y) is s-robustly transverse with error
1/100 and satisfies the averaging reduction with multiplicity u, then if we
let H(T) consist only of intersecting tubes making angle > s with 7, then
any tube in 7 with |Y(T)| Z |T| has #H(T) Z sud .

We will use the following refinement lemma, which is essentially a version
of Wolff’s hairbrush lemma from [36], based on Corddéba’s argument from [9].
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

Figure 4.2: A hairbrush

Lemma 4.12. Let (To,Y) be a set of d-tubes satisfying the Wolff axioms
up to error Ky, and intersecting a single tube Ty € T with

> IY(T)| = AMG*#To).
TeTo

Suppose moreover that each tube in Ty makes angle > s with the line coaz-
ial with Ty, and that the tubes Tq satisfy property (P6). Then there is a
refinement Y' of Y such that

Y IY'(T)I 2 AM6*#To),

TeTo
and for any x € R3,
T €Ty 2 Y (T)} SN ?Kyps .
Proof. Cover B(0,1) by a family of < l-overlapping d-balls B. We have

> ) (Y (T) N B) \ Nao(To)| = A6°#T,

BeBTeTy

so after dyadic pigeonholing over B, we get a subset B’ C B and a number
vp: such that
> Y(T)nB| ~ s,
TeTo
for each B € B’ and where each ball B € B’ is at distance 2 As from 7j.
For each T € Ty, let
Ye(T)= |J Y(T)nB,

Bep’
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

and then let T(, be the set of tubes in Ty with Yz (7)| £ A|T]. Since

> > |Ye(T) N B| & A§*#T,,

BeB' TeTy

we must have #T( T A#Ty.

Let T € #T{, and let p € T be a point that is Z As-separated from 7p.
Then for any angle «, the number of tubes in Ty that can intersect both p
and 77 and make angle < o with v(7) is at most S A" 1s71K,,ad 1. To see
this, observe that any such tube must be contained in the g A 1s7 K, 6-
neighbourhood of the plane spanned by the lines coaxial with 75 and 7, so
this bound simply follows from the Wolff axioms. Thus, by dyadic summa-
tion, we have

AN lg a0 Y [Ye(T)

BeB':  T'e#T

BNYy/ (T)#@
= 2 Z > Y (T)
BeB': T/ e#T):
BOYp(T)#2  9-k=1</(u(T"),L)<2"*

SAsTUK,0%,
and this implies that vg A 2s71K,63. That is, for each B € B, there
are S A\ 2s71K,, tubes T from #T} with Yp/ (T) N B # 9. O

This lemma clearly implies the following bound on the volume of a hair-
brush, which is a variant of [36, Lemma 3.4].

Lemma 4.13 (Wolff’s hairbrush lemma). Let (To,Y) be a set of d-tubes
satisfying the Wolff axioms and intersecting a single line Ly with

S Y(T)] = AE#To).

TeTy

Suppose moreover that each tube in Tg makes angle > s with the Lo, and
that the tubes Ty satisfy property (P6). Then

U YT\ Nau(To)| 2 MK, s(6°#To).
TETO

On the other hand, if the union of a set of tubes has small volume, then
there must be many pairwise intersections between the tubes, so this leads to
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4.3. Properties of 5/2 + ¢¢-dimensional Besicovitch sets

hairbrushes with large cardinality. The strategy in [36] involves comparing
these two properties and yields the following bound on the volume of a set
of tubes.

Theorem 4.14. Let (T,Y) be a set of d-tubes satisfying the Wolff axioms

with
D IY(T) = A
TeT

Then

U Y(T) é )\5/251/2(52#7]?)3/4.

TeT

Hairbrushes will be important for our argument, but we have to count
more complicated objects in order to ensure certain properties. We de-
note the intersection of the hairbrushes H(7y),..., H(Tx) by H(T1, ..., Tx).
Moreover, we define the refined hairbrush H'(T1,72) to be a set of tubes
in H(71,72) that intersect T2 with multiplicity < 1. Most of these lemmas
are stated in [22] but we require more explicit dependence of the various
parameters.

Lemma 4.15. Let (T,Y) be a set of d-tubes satisfying the Wolff axioms

with error K,, and with
YOIV A
TeT
and
U Y(T)| < §1/2eo,

TEeT

Suppose also that the tubes satisfy properties (P1) and (P2) with associated
parameters s and p, and property (P6). Then we have

#{T . T, T2) €T*: T € H(T, T2); (T, Ti) 2 s} & N K, s* 202 (#T).

Proof. By assumption, all tubes have at least Z sud~! and at most < pud~!
tubes in their hairbrush, each making angle 2> s with the hairbrush stem.
Let 71 € T. Then by Lemma [4.13] we have

U Y(7)| 2z VK, 's*us.
TeH(T1)
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For each 7' € T, we can now define

YR(Th=Y(Thn |J Y(T),
TeH(T1)

and by properties (P1) and (P2), we will have

> IYR(T) 2 XK, s s,
T'eT

where each 7' makes angle ~ s with the corresponding tube 7. Dyadic
pigeonhole to find a set of tubes Ty such that every 75 € Ty satisfies

Y7 (T2)| & MK, s 8 (#T2) ™
Then we have

#{(T, T, T2) €T : T € H(T1, T2); (T, Ti) 2 s} L MK, s 126 2(#T).

O]

In fact, we can show that for most of these triples, the tubes 77 and 75
must be quantitatively separated and skew.

For two tubes 71, 72, there is a unique plane containing the line coaxial
with 77 which is parallel to the line coaxial with 75 — denote this plane by
(75, T5).

Lemma 4.16. If (T,Y) is a set of 0-tubes satisfying the Wolff axioms with

error K, and with
ST = A

TeT
and
U Y(T) S 61/2_60-

TeT

Suppose also that the tubes satisfy properties (P1) and (P2) with associated
parameters s and p, and property (P6). Then we have

#{(T, T, T2) €T € H(T1, T2); (T, Ti) 2 5T, T; 2 MNOK, 055540 sep,
Ti, Tj 2 NP K, P56 skew} Z N3K 1 s 262 (#T).
(4.5)
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Proof. By Lemma we have
#{(T. T, T2) €T : T € H(T, T2); (T, To) 2 s} 2 N K, s*u*67 2 (#T1).

Denote this set of triples by S, and
Let C be a parameter to be determined and suppose that

#{(T,T1,T2) €S : T1,Ts are not O~ '-skew} Z NP K1s?u25 2 (#T)
Then we must have
#{(T,T1,T2) €S:Ta C Ne(II(T, 1))} T N K, s? 162 (#T).

By dyadic pigeonholing, we obtain a refinement T’ consisting of popular
tubes such that for each 7 € T, we have

#{(T1, ) € T* - (T, 71, T2) € S; To C N1 (I(T, Th))} 2 N3K s p?62.
By pigeonholing, we will select a tube 77 associated to each 7 such that
H#{T € H(T): T' C Ner(II(T, T1))} 2N K st

Fixing a tube T, we will now delete the associated set No—1 (II(7,77)) from
all shadings of tubes in T, that is for each 7’ € T we define the new shading

YUT') =Y(T")\ N+ (I(T , Th))-

We will iterate this procedure.

Let N > 1. Observe that by the Wolff axioms, the number of tubes
from T for which more than a N-fraction of their shading is contained in
the C~!-neighbourhood of a single plane is < NA~'C~1K,,62. Thus, after
iterating this procedure ~ AN~'C times, at least half of the tubes in T’ will
have lost at most a 5 MK 1 N~2C-fraction of their shading. By letting N ~
/\1/2K1;1/2(3’1/2, we can therefore iterate this procedure =~ )\1/2[(1;1/201/2
times and at least half of the tubes will still have at least half of their
shadings.

At each step, by Lemma the volume of the set that we delete is at
least

2 N K, 25l

Hence, we must have

01/2/\13/2[(;6/282#5 < §l/2—=0.
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In other words, we get a contradiction by taking
—1 ., \137-—5 44
CT = AK, s 0%,

It remains to prove the separation condition between 77 and 7. Observe
that since the tubes satisfy property (P2) with multiplicity u, for any 6 <
d < 1, we have

#{(T, T, T2) €T T € H(T1, T2); dist(TNT1, TNTa) < d} S dud 2 (#T).
This implies that we must have
#{(T,T1,T2) €S:Ti, Tz > C leskew; dist (T N 71,7 NT) N3 K,1s?}

2 NK, s 202 (#T)

But now the skewness between each such pair 77, 72 implies that each 77, 7>
are 2 MOK 650540 separated. O

Lemma 4.17. Let (T,Y) be a set of d-tubes satisfying the Wolff azioms,

such that
M IV(MIzT,
TeT
and
U Y(T) < 51/2*80‘
TeT

Suppose also that the tubes satisfy properties (P1) and (P2) with associated
parameters s and p. Then we have

#(T. T T2, T3) € TH:T € H'(Ti, T2); Ts € H(T); (T, Ti) Z 5
Ti,T; 2 $55%%0 _sep, e st6450 _skew;

dist(T1 N T, 73N T),dist(TaNT,T3NT) Z 1} 2 spds>.

(4.6)
Proof. By Lemma we have
#{(T. T, T2) € T°:T € H(T1, T2); (T, Ti) Z 55 (4.7)

T, 72 % $854¢0_gep, e stote0_skew} 2 s2ue4,
Thus, by properties (P1) and (P2),
#{(T. T, T2, Ts) € T T € H'(Th, Ta)i Ts € H(T); AT, o) Z 55
T, 72 % $85%%0_gep, e sto4e0_gkew
dist(T1 N T, 73N T),dist(TeNT,T3NT) L1} 2 spd6>.
(4.8)
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Denote this set of quadruples by Q. Let C' > 1 be a parameter to be
determined, and suppose that either

#{(T7ﬂ77§77?‘5) € Q : 7}) C NCfl(H(T,,]-l))} % 83/1/3575,
or
#{(7:7-177-2)73) € Q : 75 C chl(H(T,B))} 5 33/.1,36_5;

there is no loss of generality in assuming the former holds. Then in partic-
ular, we have

#{(T, T, T3) €T : T € H(T\, T2); Z(Ti, T) Z T3 € Ne— (1T, T1))}
> s2u261.

~
~

This estimate has the same form as the output of Lemma|4.15| up to a factor
of 5 57! so by Lemma 4.16, we get a contradiction by taking C~! ~ s5§4¢0
and that 73 is £ s9%0_geparated from each of 77, 7s. O

Lemma 4.18. Let (T,Y) be a set of tubes with

Y IY(MIZY,

TeT

g 61/2_60,

U v

TeT
Suppose also that the tubes satisfy properties (P1), (P1°), (P2), (P4). Then
H(T, T, T2, T3) € T T € H(T1,T2); Tz € H(T); L(T,T5) = s;
Ti,T; 2 $8540 _gep, e s154%0 _skew,
dist(TiNT,T3NT),dist(TaNT,T3NT) £ 1;
2(0(T3),(Th, o) Z s7V6%0} 2 s%p%67°.
Proof. By Lemma we have
#H(T. T, T2, Ts) € T T € H'(TLT2); Ts € H(T); (T, To) 2 1
Ti,T; R $554%0_gep, Z s*o4e0_gkew:
dist(T1 N T, 73N T),dist(TeNT,T3NT) L1} 2 spd6>.
Suppose there is a number § < p < 1 such that for at least half of these

quadruples (7,71, T2, T3), we have Z(v(T3),II(T1,72)) < p. Let p < a < 1
be another parameter to be optimised later. We must have either

#(T. 1. T2, T3) € Q:T; € H(T); Z(v(T3),1L(T1, T2)) < p;
Z(u(T),1(T1, T2)) < o} Z s°uP02,

(4.9)
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or

#(T, T, T2, Ts) € Q:Ti € H(T); £L(v(Ts), I(T1, T2)) < p;

L(w(T),I(T1,T2)) > a} Z 33670, (4.10)

If (4.9) holds, we get a contradiction by applying Lemma and taking
5 §4e
o A2 §°9%€0,
We therefore assume that (4.10) holds, which implies that there exists a
triple (7,71, T2) € T3 with

#{T3 € H(T) : L(0(T3),1I(T1, T2)) < p; Z(o(T), 1(T1, Ta)) > a} % s°pd ",
so there is a point p € Y(7) with

#{Ts € H(T) : p € Y(T3); £(v(T3),Il(T1, T2)) < p; Z(o(T)JU(T1, T2)) > o}
Z s3 .

But since v(7) makes an angle of less than §1/2720 with the plane map

~

II, at p, this implies that there is a vector v, such that

#{Ts € H(T) :p € Y(T3); L(0(T3), 1p) S pa '} Z .

Thus, taking pa~! ~ s contradicts property (P1’), so we get the result

with p &~ s¢ 50, O

4.4 Main argument

In this section we prove the main argument, which implies Theorem
in the case when properties (P1)-(P5) are satisfied. We start by briefly
outlining the argument; an outline of the reduction to this case is given in
the subsequent section.

Ultimately, we will map one subset of tubes in T to points in the plane
and another subset to lines, in such a way that a point-line pair is d-incident
if the corresponding tubes intersect. If the original set of tubes has small
volume, then there must be many intersecting tubes and this will lead to a
set of points and lines with many d§-incidences, to which we can apply the
argument from Proposition [3.8|

In order to successfully argue that the resulting planar arrangement has
too many incidences, this transformation needs to be approximately injec-
tive. To see this, observe that if the fibre of some point contains multiple
tubes from T, then we cannot control the number of tubes intersecting the
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Figure 4.3: Four fixed tubes in T with many intersecting pairs (7, 73)

tubes from this fibre, as any line incident to this point is incident to the
image of each corresponding tube. Injectivity of the map will be related
to tubes from T not being contained in neighbourhoods of lower dimen-
sional algebraic varieties. Thus, properties (P1) and (P5) are crucial to the
argument.

We will consider tubes in T intersecting some fixed, carefully chosen
tubes, which effectively lowers the dimension of the set of possible tubes.
For example, the set of lines intersecting two fixed lines is two-dimensional
as it can be described by the intersection point on each of the fixed lines.
This allows us to assign coordinates to the tubes in such a way that the
set essentially looks like a planar configuration, up to a transformation, and
restricts the ways in which the tubes can cluster close to lower dimensional
sets.

Rather than mapping the subsets to the plane and repeating the argu-
ments from Proposition we will apply most of the arguments directly to
the tubes in R? as this leads to a better quantitative bound. The main idea
of Proposition was to find a subset of the points that looked approxi-
mately like a Cartesian product set, so that geometric structure could be
interpreted arithmetically; we will find a subset of tubes that directly yields
such a set, once mapped to the plane. This allows us to almost directly
apply the discretised sum-product theorem.

Carrying out the combinatorial arguments on the tubes means that we
have to count rather complicated subconfigurations, so it is helpful to keep
the planar argument in mind. We start by finding four tubes Ta, Tg, 71, T2
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with many pairs
{(T.T3) € H(T1, T2) x H(Ta, Tp) : T € H(T3)}, (4.11)

as illustrated in Figure The tubes Ty, T, 71, To will then act as a frame
according to which we can assign coordinates to the tubes 7 and 77, based on
their intersection points with the frame. Given a fixed frame T4, 7Tg, 71, 7o,
the tubes T will be our ‘points’ and the tubes 73 will be our ‘lines’, thereby
identifying the set of pairs with point-line incidences.

As in the proof of Proposition we will count subconfigurations of
the forms in Figure This results in us fixing four special ‘points’, as
in Step 3 of Figure with many further ‘points’ ¢ incident to a common
‘line’ with each of the special ‘points’. A crucial component in implement-
ing this argument in Proposition was ensuring the separation between
various pairs of points among these quintuples and we require the analogous
properties.

Proposition 4.19. Let (T,Y) be a set of 0-tubes satisfying the Wolff axioms

with
Y Y(mIz1,
TeT

and

S 51/2—60'

U v

TeT

Suppose also that (T,Y) satisfy properties (P1)-(P5) with associated num-
bers s, pu,Crr,cr. Then

§—1/10 < ((CR(S45450 325450)) —12007/10 (CR(82252850 81051250))*4551/5
) M—39995—3999/201531102/58—0(1)5—42879750/5'
(4.12)

Remark 4.20. Assuming best case scenarios for the various parameters
can give an idea of the limitations of our methods on the value of 9. In
particular, assuming that the requlus case could be ruled out with constants
cgl <1andthatCy <1, would lead to a bound of approzimately 1076
for eq; significant improvements beyond this would require improvements to
the sum-product technology that we use, or new ideas in how to apply the
sum-product bound to Besicovitch sets. The limitations of our requlus map
methods are less transparent and it is possible that significant improvements
could be made, leading to improved constants cr and thereby improving the
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value of €9 beyond what is presented herein. We discuss this briefly in the
Conclusion.

The proof splits into three parts. In the first part, we build on the
lemmas from the previous section to estimate the number of configurations
of the form in Figure 4.3 Then we apply two-ends reductions in analogy
with the proof of Proposition [3.2, and the last part involves applying the
arguments from Proposition and mapping to the plane.

Proof. Part I: Reduction to a two-dimensional incidence problem
for tubes

By Lemma we have
#(T. T, T2, T3) € TH T € H'(T1, T2); Ts € H(T); 4T, To) Z
Ti,T; 2 $8540_gep, e sto%e0_gkew:
dist(Ti N T, T3NT),dist(TaNT,T3NT) £ 1;
£(T),1(T;, ) 3 $OWgte0} 2 53675,

Apply a dyadic pigeonholing argument to find a set of tubes T/ C T such
that for each 7 € T', we have

#{(T1. T2, T5) € T T € H(T1, T2); Ts € H(T); (T Ti) 2 s
Ti, Tj % s°6%-sep, Z s*6*0-skew;
dist(TiNT,T3NT),dist(TaNT, 7§ﬂT) Z 1
L(u(T3),TI(T1, Ta)) & s7Me*0} 2 6 P (#T) ™

Denote this set of quadruples by O;.
We claim that there is a number C' such that for any number § < p < 1,
any triple (71,72, 73) € T2 and any line L,

T eT: (T, 71,75, T3) € Qi; T C N,(L)} < Cp*/2571/2,
Indeed, suppose that for some number p, we have
#{T €T:(T,T1,T2,T3) € Qi; T C Ny(L)} > Cp'/?671/2,

for some parameter C.

Let Ty be this set of tubes. Let B be a minimal covering of B(0, 1) by
balls of radius §. By Lemma there is a refinement Y'(7) of Y/(7) for
each tube T € T, such that

> YT 2 MS*#Ty),

TeTr
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and for any z € R3,
#{TeTL:zcY (T} Ss™
Now, by property (P4), we have
#{(T,B,Ta) e Ty x B'x T (T, T1,T2,T3) € Qu;Ta € H(T); T C Ny(L);
Z(T,T1) 2 83 £(v(Ta), Ry 72,73) > cra}

Z Cp1/25M6_3/2,
(4.13)

where we let
cr1 = cp(s°6%0, 51510, (4.14)

But since the tubes T € T, are 5 s~ 1-overlapping for each such ball B, we
get

#UT,T2) €T x T(T, T, T2, Tz) € Qu; Ta € H(T); T C Ny(L); AT, Ta) Z s
Z((Ta), Rri7373) > cra} £ Cp'/2s2us=3/2,

Finally, note that any tube making angle greater than cr; with Ry 1 75
intersects the d-neighbourhood of R7; 773 in a set contained in at most

<colos-
< Cp,y 0-balls. Hence,

HTaeT: L(w(Ta),L) 2 s; TaN N,(L) # 2} Z cr1Cpt/2s?ud =32,
which contradicts Corollary by taking
C ~ 0;%7110]—[8_2,&_15_1/2.

Note also that since 77, T2, T3 are pairwise 2 s®§450-separated and Z, s*§4°0-
skew, Lemma implies that

H#{T €T (T, T1,T2,T3) € Qi;mindist(L,T) < p}

4.15
< c}—illCHS—QO(M—15—1/2)5—145(),01/25—1/2' ( )

Apply a dyadic pigeonholing argument to the triples (7,71, 72) within
the set of quadruples Q;. For any remaing triple, we have

T3 €T (T, T, T2, T3) € Q1} Z s°ud .
Moreover, each of these tubes T3 satisfies

Z(u(T),v(T3)) Z s,
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so by Lemma, we have

U Y5(T3)| 2 s'ud.
ToeT(T,T1 T3, T5)€ Q1

For each tube 7’ € T, define the shading

Y(T') =Ys5(T') N U Y5(7Ts).
T3:(T,T1,72,73) €1

Since each point has multiplicity £ p, we then have

> YT 2 s°us,

T'eT

where each 7’ makes angle = s with the corresponding tube 73 and satisfies
Z(v(T"),R(T3)) £ cr,1 for the set of reguli {R7; 73,7 }zeT, each containing
the line coaxial with the corresponding tube 73.

We will also dyadic pigeonhole over the set T within Q; to get a set of

tubes T’ for which
> IYI(T| 2 s*u’,
T'eT’

and each tube 7' € T' satisfies

Y/(T)| 3 $*p20(#T) .
We thus have
#H(T3, T) €T T (T, T1, T2, Ts) € QuY/(T) NY'(T') # 2} % 6?67,
and therefore,
#{(Tas T, T2, T3, Tg) € Q1 x T = Tz € H' (Ta, Tp)} £ s°u*67 6. (4.16)
Let Q5 denote this set of quintuples.

Part II: Two-ends reductions

For each quadruple (71, 72, 73, Tg) occurring in Qa, we have the sets

{TanTs: (Ta, T, 72,73, Tp) € Qa}.
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By applying the two-ends reduction (see Lemma to the tube T3, we get
a number rq,7; and a ball By, of radius rq7; containing a 7 7 -fraction of
these intersections and such that the portion of these intersections occurring
inside Br; satisfy the two-ends condition. By dyadic pigeonholing over the
quadruples (71,72, T3, Tp), we can assume that every remaining quadruples
has corresponding diameter ~ ri. Let Qs be the corresponding refinement
of QQ.

After applying dyadic pigeonholing to the set of triples (74, 73, Tp) ap-
pearing in Q3, we obtain a popular subset V C T3 with approximately
equal multiplicity. We now want to further refine this set so that each of
the pairs (T4, Tp) is quantitatively separated and skew. As a first step, we
will estimate the cardinality of V from below. Observe that for any fixed
triple (74,73, Tg), the number of pairs (77, 72) that can appear in a quin-
tuple in Qs with (T4, 73, Tp) is at most < p?6~2. Thus, by we have
#V 2 s°u26~4. Hence, by Lemma

#{(Ta, T3, TB) €V :Ta, T £ sOW §4e0_gep, Z sOW g0 gkew) 2 86t
and

#{(Ta, T, 72,73, TB) € Q3 : Ta,Te £ $55%%0_gep, be 545450—skew} e s2uteS.
(4.17)
Denote this refinement of Q3 by Q4. By the Lemma [3.5, we get

#{(Ta, T, T T2, T, T) € T° «(Ta, Th, T2, T3, T)s (T Th, T, o T) € Qa}
> B0 (spd™ )L = §TT675,

(4.18)
where dist(74 N 73,7 N T3) ~ r;. Note that since 71, T2, T3 are pairwise
Z O §4e0_geparated and zZ 9§40 gkew, by Lemma each pair Ty
and 7 must be uniformly separated with error ~ s@(1)§2820 and ~ O §12e0.
skew. Denote this set of tuples by S.

We claim that there is a number C' such that for any number § < p < 1,
any triple (71,72, 73) € T2 and any line L/,

#{Ts € T: T3 C N,(L')} < Cp'/2571/2,
Indeed, suppose that for some number p, we have
#{Tz €T: Tz C Ny(L')} > Cp'/2571/2,

Let B be a minimal covering of B(0,1) by balls of radius § and let Ty,
denote this set of tubes 73. By Lemma we can find a subset B” such
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that each ball is intersected with multiplicity < s~ by tubes in T/. Thus,
by properties (P1), (P2) and (P4), we get

#{(B’T,) € BH x T :(TA7ﬂ77-277E’>’TB) S Q37 (T7ﬂ77577?37TB) S Q37
T3 C Np(R); T' € H(T3); £(o(T'), R4, 7,75) > CR2}
> O 112625732

where we let
CR2 = CR(SO(l)(SQSEO, 80(1)(51280). (419)

But any tube making angle greater than cgro with Ry, 7 75, intersects the
d-neighbourhood of Ry 7, 7, in a set contained in at most g c]_%}Q d-balls.
Hence, we get

T e€T: L(0(Ta), L)) 2 s;TaN Ny(L') # 2} 2 craC ™ p' /220632,
which contradicts Corollary by taking
C= CHC§128_2H_15_1/2-

Recall that 74 and 7 are uniformly separated with error ~ s9(1)§28¢0 and
~ O §1220_skew, and that each of 7 and Ty is ~ sO()§40_geparated and
~ s §%1 skew. Lemma therefore implies that

#{Ts € T : mindist (T3, L') < p} § Crcpys OWs 50 (u1671/2)pl /25712,

After dyadic pigeonholing over the quadruples (74, 71, 72, Tg) in the set
S, we can assume that there is a subset Q*, with each quadruple satisfying

#UT . T3) € T2 (Ta, T, T1, T2, T, Tp) € S} R su'6 2 (#Q°) . (4.20)
Denote this set of pairs by Z*. By property (P2), we have #0* S u2675, so
" Z s P (4.21)

After dyadic pigeonholing over the tubes T appearing in this set of pairs,
we can assume that there is a set T* C T such that for each 7 € T*, we
have

HTeT: (T, T5) €T} 2 s'n 6 (#Q°) T H(#T) (4.22)

Now let Z** be the set of pairs from Z* for which the corresponding tube
T is in the set T*, and apply Lemma to the graph (T* U T,Z**). This
yields two subsets, which we denote by T% and T7, respectively.
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Recall that for any L, we have
#{T €T:(T,T1,T2,T3) € Q;mindist(L,T) < p} S C’Hc}_%h3_13(5—1550,01/26_1/2
and this in particular shows that we have

e 01}20%7133664050. (4.23)

Partitioning the arrangement At this point, the argument closely fol-
lows the two-ends reduction in the proof of Proposition [3.2

We will decompose the set of incidences into neighbourhoods of lines
intersecting 77 and 75. If we take a minimal ri-covering X of the set of
lines intersecting 77 and 7», then each tube in T will be fully contained in
at least one and at most O(1) tubes in Xj. Thus, we have

#I™ ~ > TN (Tp[X] x T}).
X1eX;

After dyadic pigeonholing over X;, we can assume that for each X; € X C

X1, the quantities Z°* N (T [X1] x T} ) and #T}H[X1] are respectively equal

up to a factor of two, and that for each X7 € X}, the number of tubes from
7 intersecting X is approximately equal.

We claim that any intersection from Z** for a tube in 7; can only occur
inside a small number of tubes in &A7]. To see this, recall that by the two-ends
condition, all of the relevant incidences occur within a single ~ ri-ball B.
By Lemma we can assume that the tubes in X7 intersect each of these
balls with multiplicity < s~!. Hence, for each X; € X], we have

IXI % I**(#‘Xl’)ia

Tpx, S #TH(#X]) ™,
Trx, S5 ' #Th(#X])

Averaging within the ri-tube Fix one such X;. Continuing in analogy
with Proposition we will further partition X into rectangular prisms of
dimensions §/2 x §/2x min(dr; ', §), with the long axis in the direction of the
line coaxial with X;. After dyadic pigeonholing over this set of prisms, we
obtain a number A; such that each prism intersects ~ A; tubes from T, x, .
Observe that any tube from Tp x, that intersects this box must intersect all
tubes from Ty, x, that intersect this prism and that we have

1< Ay S Creglys 3639012, (4.24)
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Rescaling By rescaling X by ~ 7| U in the two directions orthogonal
to the line coaxial with X, each tube from Tp contained in X; becomes
essentially a o7 L_tube. We denote the image of Tp by TTP and the image of
Tz by TTL. Note that for any T3 € ’]I‘TL we still have that for any line L and
any number 57‘1_1 <r<l,

#{T € ']I‘JID smindist(7,L) <71} < CHCE}IS*O(D(S*IE’ETUQ(57"1_1)*1/2,
(4.25)
but now for each 7 € Tt , we have

#{Ts € TE :mindist(73,L) < r} g CHCE}sto(l)67395141_17“171/27“1/2((51“1_1)71/2.
(4.26)
The next step involves repeating this two-ends argument to the other
family of tubes. For each T € ’]I‘;rg, apply Lemma to the set

{(TNT::(T,Tz) eI}

This gives a number ry 7 and a ball Br of radius 72 7 containing at least
a g r5 -fraction of these intersections and such that the portion of these
intersections occurring inside By satisfy the two-ends condition. By dyadic
pigeonholing over the tubes 7 € Tjrp, we can assume that each of these
diameters is ~ r9. Note that we must have

ro X Cpchos %%, (4.27)

Partitioning the arrangement By covering the set of lines intersecting
Ta and Tp by ~ re-neighbourhoods of lines X5, we can carry out an anal-
ogous rescaling argument to the one applied to Tp. We again have that
each tube in Ty, is contained in at least one and at most O(1) tubes in X»
and after dyadic pigeonholing we can assume that for each Xy € Xj, the
quantities ZT N (TTL [X2o] x ’]I‘ID) and #']I‘er: [X2] are respectively equal up to a
factor of two and similarly for the number of tubes from ’IFL intersecting Xo
is approximately equal.

Averaging within the ro-tube and rescaling On the other hand, each
tube in TI_T, intersects a single ball of radius ~ 79 by the two-ends condition
and we show that not many tubes from A7 can intersect this ball. Recalling
that

dist(T N T3, TaNT3) =~ 1,
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and that 74 and Tp are 2 s%5%€0 and 2 st§%%0_skew and repeating the
application of Lemma we get that each tube in ']I‘}, can intersect at
most S s™1 tubes from XJ.

After further partitioning the tubes in X5 by prisms of dimensions dr; ! /2%
ory ! /2 % 6r] 17“5 ! /2 and applying the analogous averaging and rescaling ar-
guments, we end up with a number

1 < Ay § Cpreglys OWg 100,12 (4.28)
and two sets Tg and TET of (5r1_1r2_1-tubes with
HTH S s T (#X0) 7 (#X2) 7145

#TH S s T L(#X0) 7 (#X0) AT
and
I Z (D) (#X0) 7 (#A2) AT A,

where Z1T = 7T (T}j X ’]I‘TLT) Moreover, for any tube in either of these sets,
the intersections in Z't along that tube satisfy the two-ends condition and
for any line L and any number §r; 'ry ' < 7 < 1, we have

#{Ts € TJ]ET smindist(73, L) <r} 5 CHC§}28_345_3950Aflrflmrl/z(6rf1r;1)_1/2
(4.29)
and

(T e Tg cmindist(7, L) < 7} S CHC§}187135715€0A2_17’2_1/2r1/2((57“1_17’2_1)’1/2.
(4.30)

For convenience, let C = CHC§}28_34(5_39€0 and Cy = CHC§}13_135_1550.

By dyadic pigeonholing, we can assume that each tube in a subset of ’]I‘Jg
has approximately the same multiplicity in Z'T, while still contributing the
same number of intersections, up to a 5 1-factor. We apply Lemma to
the graph (Tg U ’]I‘P,I”) to obtain refinements of ’]1‘]; and ’]I‘TLT, where each
tube has at least average multiplicity. Let up = (#IJ'T)(#’JI'};T)_1 and puy =
(#ITT)(7#9’]1"TLT)_1 denote the respective averages. Since the graph refinement
lemma prunes at most half of the edges and the multiplicity for each point
can only decrease, the previous application of pigeonholing ensures that each
point also has multiplicity < pp. Note that we have

pp 2 s(#I)(#Tp) A" (4.31)

and
pr % s(HI)(#TL) Ay (4.32)
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Part III: A two-dimensional incidence theorem for tubes

Fix a tuple (Ta, Ti, T2, Tiy, Te) € QF appearing in this refinement of S; we
will now apply the arguments from Proposition

Counting triples relative to a fixed line We have

#{(T. T To) €TF X T X T+ (T, T, (T, ), (T3, T) € T
dist(T, N7, Ty M) 2 1;dist(T, N Toys Ty N T0) 21} 2 13 pep-
(4.33)

For each tube 7, occurring in this set of triples, apply Lemma to the
corresponding sets 7, NT;, where (7, T;, 7;) is a triple in . This results
in a number r3 7, for each 7;, which is the diameter of a two-ends subset of
the tube. After dyadic pigeonholing over the tubes 7;, we obtain a uniform
diameter 73, for each remaining tube 7.

Applying Hélder’s inequality By Lemma [3.5 applied to (4.33), we get

#{(7;317' . '77;)477217 s 772477:1) S (TTFT)4 X (Tg)4 X Tg :
(Tois Tio)s (Tpis Tiy), (Tq, To) € T (4.34)

K3

foralli=1,...,4} 2 u%u%(#'ﬂ'}j)_g.
Since each tube T;, has degree Z i, in the graph I T, we then get
H(Tors - Towr T T oo Ty) € (TR)* x (T x (TH)?
(Tpi» Tio)s (Tpis Tiy), (Tq, Thy) € Thor all i = 1,45 (T, Tiy) € I}
2 ppup(#TH),
(4.35)

where each tube 7,y has dist(7, N Ty, Tp, N Tiy) & 73,1, and dist(Ty N T, TN
7;3) i 73,0+

Summing over the ‘lines’ Recall that this set of tuples depends on
T1,72,Ta, T, Ti,- Summing over all quadruples (74,71, T2, Tp) € Q" and
T, in the associated set ']I‘TLT, we get

U Z 1S b HFTHBH O HTT) 2 18 b T3 #0NIT

> 8 4 =3 .7 .7 5—5 1 14— 41 (4.36)
2 Ui up(HTR) s s 072 (#X1) H(#X2) TAT AL,
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where U is the set of 15-tuples
(7:4’71775’7ZO7TB77;177;277;377;4777177727723’724’7;77;/)7

with (74,71, T2, Tp) € Q* and the remaining tubes form a tuple of the form
(4.35)). After dyadic pigeonholing, we can assume that for each remaining
tuple, we have r3;, ~ r3 for a single number r3.

Fixing four special ‘points’ We now want to pigeonhole to fix a 9-
tuple (7a, 71, T2, Tiy, T8, Tpr s Tpes Tps, Tpr) occurring in many 15-tuples in U.
To this end, we first bound the number of possible 9-tuples. There are
< 072 choices for Tj,; once this tube is fixed, there are S (ud~1)* choices
for T, Ta,T1, T2, by properties P1 and P2. Having fixed these five tubes,
there are  pu, choices for 7,, and then < ((Cgrz_l/z/Ag)r?l)ﬂ(5r1_1r2_1)_1/2)2
choices for 7p,, Tp,. Finally, there are < #Tg choices for 7,,. In total, this
gives at most

<62 (6 pr (Cary 2/ Ao)ry (507 ey 1) )2 4]

) 4 . (4.37)
= Cyrirs Ay pr#Tpo

possible 9-tuples (74,71, 72, Tiys TB: Tprs Tps> Tpas Tpr)- By pigeonholing, we
thus fix a tuple
(72771775)77())7’377;7177;)27%47%’)
with
#{(7;73’771’ .. '777477:]) S TG : (TA7ﬂ77577705TB)7;1)7;277;477;’) S u}
2 1 pp (T 2T 0P (# X0) T (# X)L AT A (C s AL Pt # T 6T

= Oy 2 Wb (#TH) AT i 0% (#X1) T (#X2) LAT AT by
(4.38)

It remains to transform this subconfiguration to the plane and then we can
conclude the proof.

Mapping to the plane At this point, we have an additional step com-
pared to the argument in Chapter 3. This step involves describing the
transformation that will map the subconfiguration to the plane.

In order to facilitate the transformation to the plane, we first apply an
affine transformation T'(z) = Az + b such that (up to error of approximately
S oryry )

L(T1) — (0,0,0) + R(1,0,0);
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L(T3) — (0,0,1) + R(0,1,0);
L(Ta) — (0,0,0) + R(0,0,1).

We can obtain this via a sequence of simple transformations. Firstly, by
applying a translation and rotation, we can assume that (up to error g
6r1_1r2_1) the line coaxial with 77 is the x-axis, that the centre of 73 N Ty
is the origin, and that the plane spanned by the lines coaxial with 77 and
Ta is the xz-plane. Now, by applying a linear transformation that distorts
angles by at most a factor of g s~ we can also assume that 74 is the
z-axis. A further linear transformation that distorts angles by at most a
factor of < 5765740 preserves these properties and takes 72 N T to (up to
error 3 5_75_4805rf1r51) the point (0,0,1). Finally, a transformation that
distorts angles by at most a factor of 57457420 takes the line coaxial with
T2 to (0,0,1) +R(0,1,0). Let d be the distortion error, so in particular we
have d 2, st14%%.

This transformation distorts the picture, stretching some angles and
lengths so that the image of a tube is no longer exactly the dr 17"2_ L
neighbourhood of a line segment. Nevertheless, the image of a tube will
be contained in a genuine ~ d~1dr] 1r2_ !_tube, so the estimates from before
still hold as estimates about a set of = d_lérl_ 1r2_ Ltubes. Note however
that some pairs of tubes may still only be ~ J-separated.

Finally, the tubes may no longer be contained in the unit ball; by pi-
geonholing over a boundedly overlapping set of < d~3 balls we can find a
ball of radius ~ 1 containing at least a % d>-fraction of the intersections
between tubes (7, 73), where T € U’. Without loss of generality, we will
assume that this ball is centred at the origin. We now have

#{(7;377717 e 772477:1) S T6 : (7;177#1’EaﬁoaTBa%177;2a7;4a7;’) € U}
2 PO T pbF T TP 0% (#X1) T (# X)) AT AT T
(4.39)

For each T € ']I‘g, the sets 7 N71 and 7 N 75 are each contained in a ball
of radius $ s~ 'd~1§ centred at points (xo,0,0) and (0,yo,1) respectively,
where

‘1'0” ’y[)‘ ~ 1,

and the sets 7/ N Ty are < d~ '-overlapping. Observe that if we have

~

1ol ly1] £ 1 and |y1 — yo| > r, then

1 1

Yo Y1

1
Yoy1

>r

QY
=

_ ‘(yl )
Yoy1
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On the other hand, each T3 € ']I‘TLT intersects T4 in a 3‘1d_157’1_1r2_1—ball
centred at some point (0,0, zg), where |zg| ~ 1 and |1 — 29| & 1. Thus the
line coaxial with 73 has the form

(—azp, —b20,0) + R(a, b, 1),

for some values of a,b, determined up to error O(s~*d~'dr;'ry ). Since
Ts is 2, st0%0-separated from 7; and 7Tz, we must have |bzg| Z s*6%50 Since
20| < 1, this implies that |b| Z s*6%%0, and then |29 — 1] Z 1 gives [b—bzo| £
s*§420. We also have

la — azg| Z s*6%.

Since |20 — 1| < 1, this gives |a| Z s*6%%0, and therefore |azg| Z s*6*°.

We will now map each tube 7 in ”]I"Er to the point (1/zg,1/y) in the
plane, which is determined up to error ~ s~'d~1§, and each tube 73 in ’]I‘TLT
to the line

{(z,y) € R? : 1+ (bozo — bo)y + aozoz = 0},

which is determined up to error = s_ld_lérflrgl.

Let us first check that incidences are preserved under this transformation.
If 7 and 73 intersect, then for some value ¢t € R, we have

(1 —t)zo — a(t — 20)| = O(s_ld_lérflrgl)

and
[tyo — b(t — 20)| = O(sildflérl_lrgl),

where a, b, xg, Yo, 2o are the numbers associated to 7 and T3 as above. Re-
arranging this latter equation gives

L bat O(s~rd~tory tryh)
b—y

and by substituting this into the former we get
la(bzo—2z0(b—y0))—x0(b—yo—b20)| = |ayozo+(bzo—b)xo+xoyo| = O(s_ld_lérflrgl).
Finally, we divide through by xgyo to get

az bzg— b
14+ 24 =
Z0 Yo

= O(s™'d " tory gy ol " yol 7).

Since |zol,|yo| £ 1, we conclude that the distance between the image of
T and the image of T3 is at most S s~'d~'dr 'ry ', Thus, two tubes that
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4.4. Main argument

intersected at scale o7 1r2_ ! become a point-line pair that is s_ld_l(Srl_ 17°2_ L

incident. It remains to check the non-concentration and separation condi-
tions.

Suppose that two points (1/z1,s/y1) and (1/x2,1/y2) are at distance
< r, and let 7,7’ be the associated tubes. Then we must have

dist(T N7, T NT) S 7

and

dist(T N T2, T'NT2) S
By Lemma [4.8] this implies that
dist(T N T3, 7' NT3) S s 226 2eop,

where T3 is any tube in Ty, intersecting both 7 and 7. In particular, this
shows that the points pi, p2, p4 are pairwise g 52262820 5_separated and the

points ¢ are % 5226280 geparated from each of the points p1,pa, pa,p’. Let
o= 822(52850.

Fix a point p that is the image of a tube 7 and suppose that two lines
{(m,y) eR?:1 + (blzl — bl)y +a1z1x = 0}

and
{(x,y) eR?:1 + (bQZQ — bg)y + a2291 = 0}

are both 3‘1d_15r1_ 17“2_ Lincident to p and have angular separation < r. Let
T3, T4 be the tubes associated to these two lines. Observe that

lagzg —arz1| S 7
implies that 73 intersects the plane z = 0 within N, (L), where
L: (—ai1#,0,0)+R(0,1,0).

Moreover,
|(b2z2 — b2) — (b121 — b1)| S 7,

so 73 intersects the plane z = 1 within N, (L’), where
L' (0, —bi(21 — 1),1) + R(1,0,0),

Observe that L,L', T4 define a regulus R which contains 73. Thus, by
Lemma 75 is contained in the < s~17§~2%0rneighbourhood of R7; 73.7;-
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4.4. Main argument

But we know that Z(v(7g), R7i,7.73) & ¢r,1 and this implies that any such
tube 74 intersects B in a segment of length < cR, —17§=2020y Recall that
T and T4 are uniformly separated with error 2 s22§28%%0 and Z s!9§1%c0
skew. Moreover, Tp is % s®6%0-separated and 2, s*§*0-skew with each of
T,Ta. Thus, all such tubes 74 are contained in the g s~ O~ 56‘500;511

neighbourhood of a line. In particular, this implies that each of the lines
l1,12,13,14 makes angle 2 0(1)656800371 with the line [y. Furthermore, this

shows that for any point p and any vector v,, we have
#{l € L:dist(l,p) < 6; Z(1,vp) <71}
< CHCI_%’BS_O(]*)5_3950141—1741_1/2(8—0(1)5—56807,,)1/2(57“1—17,2—1)—1/2'
(4.40)
We now know that for each fixed line I3, the set of possible points

ps appearing in (4.39) with [3 is contained in a single ball of radius I
*0(1)6*56500_1 Ld~1or;'ry ! Thus, there is a fixed tube 7,, such that any

other valid tube must intersect 71 and 73 within distance g s —455—560 c_1 d- 157“1_ 17“2_ 1
of their intersections with 7,,. By Lemma“7 4.8 this 1mphes that all such tubes
intersect 7;, within a single ball of radius g s~ 91§~ 8o Ld=tortry

This shows that for each fixed line l3, there can be at most g Cgs 0§~ 84500 ! d_
points ps occurring together in and therefore,

#{(Zla'- . al47Q) € L4 x P :(nvﬂvﬁaﬁoaTBa%U%Q?’Tpm%/) € Z/[}
2 d*Cy P epapl ph(#TH) e840 00
PO (#X0) T (#X) T AT A T g
Furthermore, we know that the distance between each of py,ps,ps,p’ and
qis g 52262820 50 for each ¢ the set of possible lines I; makes angle =
5_236_285%_157“1_ 17’2_ ! with a fixed vector. This implies that the set of re-

lated possible tubes 7;, are contained within the g s~67§~84¢0 célld_ldrflrgl-
neighbourhood of a single line. Hence,

#{q epP '(TAaﬂa%aﬁoaTB77;177;2>7;477;)’) € u}
> C 4C 3CR3 dGMLHZ}l)(#Tg)745252EQSO(1)
PP (#X1) T (#X2) T ATAY iy
Note that since each pair ly,ly make angle 2 50(1)5565003717“3, the set of

points ¢ within distance s‘ld_lérl_ 1r2_ 1 of both lines must have correspond-
ing tubes 7, intersecting 7;, within a single ball of radius

= 8_455_5650Cvad_lrg(drl_lrQ_I),
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4.4. Main argument

by a similar argument as for the points p3. Thus, there are at most
§Cg(8_455_5680C’R,ld_lrg)l/QA; (5r ) 1/2
_ 028—45/25—28800]1%/7fd—1/2A2—1r2—1r?1)/2
such points ¢ so by refining by at most this number we can ensure

that each pair [ly,lo is mutually incident to at most one point ¢. In this
refined set, we have

#{q cP 1(7:4,7—177-%7?077-3’7;177;277;47 ’) = U}
> C 4C 4CR7/2d13/2:U’LuP(#TH) 4530850 O(1)
PO X0) T (#X) T Ad a2,

Rescaling We are now almost exactly in the same situation as in Propo-
sition . Apply a o~ !-scaling in the direction orthogonal to Iy so that each
point g is ~ 1-separated from lyp. Now cover B(0,1) by 100rs x 1-rectangles
containing the line segment p;—ps. After dyadic pigeonholing, we can as-
sume that each of M rectangles contains 2 #EM ~' points ¢ and that each
rectangle contains 3 upA; M1 lines 1nc1dent to each of py1,pa,ps,p’. Fix
one such rectangle R. After rescaling by < r3 in the direction of Iy, we can
assume that R has side 1engths ~ 1. Incidences now occur at scale

o SatsTla oty gt S s B B0 g g g g L (4.41)

Finally, by refining < 3*23(5*2850 d~! points ¢, we can ensure that every point
is d-separated.

Applying a projective transformation After applying a projective
transformation, we end up with two sets X,Y of J-separated points, each
contained in the interval [Cy !, Cp], with

#X,#Y S upATT ML
For any interval J, the set X satisfies
#(X NJ) S Oneglys OWa 00 ATty 1V2) g |1/2(5)=1/2 (4.42)
and we have
E(X — Y) pup AT MY
E(X + Y) ppATIM T
where

#E Z O7 O O ™ u pp (#T ) %5000 1882 (#.X1) ™ (#X) ™
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4.5. From Proposition to Theorem

Concluding the proof By applying Lemma |3.6[ and Proposition in
the same way as in Proposition this gives

- L d 4T 3
T S AT M O O O P T
-53365080(1),u352(#Xl)_l(#Xg)_1Ai1)’7“17“27“3_1/2M_1)_83 (4.43)

. (CHCI_%}QS*O(U5*6750‘41_17’1_1/2)3573/2.

After plugging in the estimates (4.41), (4.42)), (4.31), (4.32), (4.23)), (4.24),
(4.27)(4.28)) and rearranging, we obtain

s—1/10 < ((03(34645, 32(545))712007/10 (CR(52252857 8105125))—4551/5

. ,u_39995_3999/2 0?02/55—0(1)5—4287975/5.

(4.44)
O

4.5 From Proposition 4.19 to Theorem 4.2

In this section, we complete the proof of Theorem and therefore Theo-
rem We restate the theorem to be proved for convenience.

Theorem . There is an absolute constant C such that for any € > 0
there is a constant c. depending only on € such that the following holds. Let
(T,Y) be a set of 6-tubes satisfying the Wolff axioms and suppose that

> (M) =5, (4.1)

TeT
for every 6 < p <1 we have
U N (Y ()| < ecp©p/2=0. (4.2)
TeT

Then gy > 2.67 x 1078.

To achieve this, we will perform a sequence of refinements to the hypo-
thetical set of tubes until each of the properties (P1)—(P5) is satisfied, at
which point we can apply Proposition [4.19. The properties (P1)—(P4) are
standard reductions for Besicovitch sets; the main difficulty is establishing
property (P5).

We establish property (P5) by considering the ‘regulus map’ introduced
in [22] as well as the sticky reduction from [20]. The idea is that if property
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4.5. From Proposition to Theorem

(P5) does not hold, then after changing scales we can assume that the tubes
have very strong regulus structure. By comparing this with other proper-
ties satisfied by the tubes. we reach a contradiction if the original regulus
structure was too strong. This yields a parameter for which property (P5)
must hold.

To establish properties (P1) and (P1’), we use induction on scales. For
a given value of ¢ for which we seek to prove Theorem [4.2], this allows us to
assume that the conclusion holds at larger scales 6.

Base case For the base case of the induction, it suffices to prove Theo-
rem for a fixed value of 0 < § < 1. Suppose that ¢, is a small number for
which we will prove the theorem. If holds, then there is a tube 7 in
T with [Y(T)| > 6%|T| > ¢d?>*¢ for some absolute constant ¢. By choosing &
large enough so that ¢62T¢ > c., we get

> ¢ > c.61/27%,

U Ns(Y(7))

TeT

as required.

Inductive hypothesis For any ¢’ > §, Theorem holds.

For the remainder of this subsection, we show how to obtain some of the
properties described in Section 4.3 for a given set of tubes; we will apply the
forthcoming lemmas in the next subsection.

Lemma 4.21 (Robust transversality I). Let (T,Y) be a set of d-tubes sat-
isfying the Wolff axioms and with

> Iz 1L

TeT
Suppose also that

< 0/,

Uy

TeT

Then there is a refinement (T',Y") of (T,Y) that is s-robustly transverse
with error 1/100, where s £ 1.

Proof. This follows from a standard argument, so we only describe the idea;
a full proof in the four-dimensional case can be found as Proposition 2.3 in
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4.5. From Proposition to Theorem

[17]. The idea is that either the conclusion of the lemma holds, or the set can
be essentially partitioned into disjoint s-tubes. By rescaling each s-tube by
~ s~ in the directions orthogonal to its coaxial line, we can then apply the
inductive hypothesis and translate this into a lower bound on the volume of
the original d-tubes. The resulting bound is §1/2=c0g=1/2420 56 we must
have s = 69 or we get an improvement over the desired conclusion. O

A similar argument gives property (P1’).

Lemma 4.22 (Robust transversality II). Let (T,Y) be a set of 0-tubes sat-
isfying the Wolff axioms and with

YY)z 1L

TeT

Suppose also that

U v(m)| g6/,
TeT
and that (T,Y) satisfies (P1) with associated number s. Then there is a

refinement (T, Y") of (T,Y) that is s -robustly transverse with error s*.

Property (P2) can be obtained by a simple dyadic pigeonholing argu-
ment.

Lemma 4.23 (Averaging reduction). Let (T,Y") be a set of §-tubes satisfying
the Wolff axioms and with

Y IV(TIz 1L
TeT

Suppose also that

U rn| g

TeT
There is a refinement Y' of Y and a number

5805—1/2 é L é 5—1/2’

such that
S Y(Mz1 (4.45)
TeT
and for each x € | JY'(T) we have
w3 wrle) < 2, (4.46)
TeT
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4.5. From Proposition to Theorem

Proof. By dyadic pigeonholing applied to the points in |JY(7), we can
assume the existence of a number p and a refinement Y’ of Y satisfying

(4.45) and (4.46). The lower bound on p follows from (4.2)), whereas the
upper bound follows from Theorem applied to any set of tubes satisfying

(4.45). O

Notice that if a set of tubes (T,Y’) has property (P1) and Lemma [4.23]
is applied, then the resulting set still has property (P1). This is because for
each point x € R3, the quantities

#{T eT:2eY(T)}
and
T eTia e Y (T): L(o(T),v) < p}
either remain unchanged or are both equal to zero.
Property (P4) requires Bennett, Carbery, and Tao’s multilinear Kakeya

theorem from [1]; we will use a variant of this theorem due to Bourgain and
Guth.

Theorem 4.24 (Bourgain-Guth, [7], Theorem 6). Let T be a set of §-tubes
in R3. Then for each € > 0, there exists a constant C. so that

1/2
[ s o) no(m) nom)) < Co (6P
T, T2, T3€T
(4.47)

Lemma 4.25 (Plany reduction). Let (T,Y) be a set of d-tubes satisfying
the Wolff axioms and with

Y IV(MIz L
TeT
Suppose also that

U Y(T) S 61/2_60-
TeT
There is a refinement Y' of Y such that

DY IV(T)z1

TeT

and for every point p € R? there is a plane 11, so that if p € Y/'(T), then
Z(v(T), ) S A73075061/2,

Proof. This is a simple consequence of Theorem A proof can be found

in [22, Lemma 3.5]. O
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4.5.1 Sticky reduction

In order to obtain a better bound for property (P5), we will use a variant
of the sticky reduction from [20]. This reduction follows from Wolff’s X-
ray estimate from [37] and allows us to assume that the tubes must pack
together within thicker tubes. This is the the key point at which we use
the upper Minkowski dimension property that the covering number must be
small at all scales.

In [37], Wolff proved the following theorem (the statement therein is
slightly different but the proof still applies).

Theorem 4.26 (Wolff [37]). Let T be a set of d-tubes satisfying the Wolff
azxioms up to error M. Then

ZXT

TeT

5 5_1/5M1/5(52#T)7/10.

I T7w

Figure 4.4: Sticky tubes

dl

We apply this estimate along with the reductions from the previous
subsection to obtain the following result for a fixed scale § << p < 1.

Lemma 4.27. For a fired number § < p < 1, there is a number 1 < K, , <

p~Y0  a number
560571/2 é M é 571/2’

90



4.5. From Proposition to Theorem

and a number s 2 1 such that the following holds. There is a refinement
(T, Y") of (T,Y ) such that

Y IY(MIZL,

TeT
and there is a set of Z, p~2 p-tubes (T,,Y,) such that:

satisfy the Wolff axioms with multiplicity K, ,;

T,,Y,) satisfy property (P1) with associated parameter s = 1;

(Tp, Y))
( )
o (T,,Y,) satisfy property (P1°);
( )

T,,Y,) satisfy property (P3);

each p-tube T, € T, contains ~ Kl;}pdﬂpz tubes from T, which we
denote by T[T,], and for any T € T’ there is a p-tube T, € T, with
T CTpy;

o there is a number py, 5 Ky 1/4(6/p)_1/2 such that for every T, € T,
and x € Urerir) Y (T), we have

#{T, € T, : 3T € T[T,] with N,(z) NY'(T) # @} = p/ i},

Proof. Take a minimal p-covering of |JY(7) and let (T,,Y,) be a set of
essentially distinct p-tubes where each 7, € T, fully contains at least one
tube from T. By dyadic pigeonholing over the set of tubes in T,, we can
assume that the quantities #T[7,] are approximately equal for each T, € T,
Since T satisfy the Wolff axioms, we must have #T[T,] < p262; let Ky, > 1
be such that #T[7,] ~ K;i)p26_2. Note that this implies that T}, satisfy
the Wolff axioms up to error 5 Ky p.

We decompose the set into boundedly overlapping balls of radius p, which
cover B(0,2). Within each such ball B, we have the further decomposition
of the set into the sets T[7,] and we apply the averaging reduction within
each these sets. By dyadic pigeonholing over all such sets, we find a subset
with corresponding multiplicities approximately equal to a single number
;- For each T € T, let Y'(T) be the corresponding refined shading. Then

we still have
S YT
TeT
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and

U y'(m| g a2 =,

TeT

so we can now apply Lemmas |4.21] |4.22, 14.23/ and |4.25|to (T, Y”). This yields
a refinement Y of Y/ and a number

60512 < <6712,
such that for each 7 € T and every z € Y"(T),
#{T, € T, : 3T € T[T,] with x € Y"(T)} = p/ 3.

This set of tubes still satisfy (P1), (P1’) and the plany reduction, since for
the latter two lemmas each point z € R? is either selected or deleted from
all shadings containing the point.

We repeat this argument for each remaining k in the specified range.
For any scale that is not of this form, the property will still hold, up to g1
factors.

Let § < p < 6°¢ be an arbitrary scale. By Theorem we have

Z Xyl S 9_1/5K11u{2(P2#T;)7/10-
TeT, s

On the other hand, by Holder’s inequality we have

—2/5

Z XY“(T) > Z XY”(’T) U Y//(T) % p71/5+280/5(p2#r]r/p).

TeT, a TeT, 117T€T,

It follows that
(pQ#T;)f%/lO § Ki{?P_ZEO/s

and thus, K, , S p~*.

Fix a tube 7, € T, and let x € Y”(T) be any point contained in the
shading of some tube T € T[7,]. Apply a uniform scaling by p~! to the set
B(z, p), so that the p-segments of d-tubes in T[7,] now look essentially like
d/p-tubes. Then by Theorem

U Y"(T)| 2 2(6/0)"2 (#TIT,16720%) " 2 K34 0% (5/p) V2.

TEeT
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On the other hand,

)| £ Ko

U Y”(T

TeT

and comparing these estimates gives
WS Ky 6/p) R,
O

By applying this lemma at a range of scales, we can ensure that the
conclusion holds concurrently for any é < p < 1.

Lemma 4.28. For any § < p < 1, there is a number 1 < K, , = p*450, a
number
5606—1/2 S L S (5_1/2,

and a number s 2 1 such that the following holds. There is a refinement
(T",Y") of (T,Y) such that

Y IY(MIZ
TeT
and there is a set of Z, p~2 p-tubes (T,,Y,) such that:

satisfy the Wolff axioms with multiplicity K, ,;

T,,Y,) satisfy property (P1) with associated parameter s = 1;

(Tp, Y))
( )

o (T,,Y,) satisfy property (P1°);
( )

T, Y,

») satisfy property (P3);

each p-tube T, € T, contains ~ Kl;}p(S*QpZ tubes from T, which we
denote by T[T,], and for any T € T’ there is a p-tube T, € T, with
T CTpy

1/4(6/p) /2 such that for every T, € T,
we have

e there is a number p

* < K
p =
and x € Urerr) Y "(T),

#{T, € T, : 3T € T(T,] with N,(z) NY'(T) # @} = p/ ),
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Proof. We first apply Lemma at each scale of the form p/ = 6*¢, where
k=1,...,[1/e]. Any remaining scale p is within a g 1-factor of one such
scale, so the desired conclusion still holds up to a factor of I 1.Note also
that there are < 1 scales at which we apply a logarithmic refinement, so in
total we refine the set by a factor of g 1. O

Corollary 4.29. For any § < p < 1, let (T,Y’) and (T,,Y,) be the tubes
output by Lemma [{.28. Then for any tube T € T and any 6 < p < 1, we
have

HT €T V(T AN,(Y(T)) £ 2} S 5~ Lpm 00272,
Proof. Fix p. By Lemma [4.28| the tubes in
{TeT:Y(T')NN,(T) # @}

are contained within p-tubes from T, each containing ~ K, p6_2p2 tubes
from T. Thus, we have

#{Tp € T : Yo (T)NN,(Y'(T))} R Kupdp “#{T' € T: Y'(T')NON,(T) # &}
On the other hand, Lemma and imply that
#{7;7 eT,: Yp(%) N Np(Y/(T))} S Kw,ps_lp_Qpl/Q_an

and combining these two bounds gives the result. O

4.5.2 Regulus map reduction

In this subsection we show that we can assume that the tubes T lack regulus
structure in the following sense. Given a tube T, it could be the case that
many of the tubes in its hairbrush are almost tangent to a single regulus.
By analysing a set of tubes obeying the ‘regulus map’ introduced in [22], we
will reduce to the situation in which this never occurs. Specifically, we will
prove the following lemma.

Lemma 4.30. Let (T,Y’) be the tubes output by Lemma [{.28. For any

0 <c,d <1, there is a number

cr £ min ,

( (589056—240/—21) 1/(1-1672¢) , (657856486/57) 1/(1-2072¢)
(4.48)

)

(574256126/9) 1/(1-4072¢) 7 (5694&6366/45) 1/(1-2532¢) )
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such that for any set of (¢, ')-non-degenerate reguli { R(T)}7er, we have

(T € H(T) : Z(u(T'), R(T)) > cx} > y#H(T)

for each T € T.

We will prove this lemma by contradiction. Suppose that (T,Y”) has a
set of related (¢, ¢’)-non-degenerate reguli { R(T)}7er such that

(T € H(T): Z(o(T'), R(T)) < cn} > g#H(T).  (4.49)

For each 7 € T, redefine H(T) to consist only of these tubes. We will
show that one reaches a contradiction if cg is sufficiently small. This sub-
section will therefore consist of a sequence of statements that must hold if

Lemma fails.
Lemma 4.31. There is a number
§1/2750 < 9 < cp,

a refinement Y of Y', and a set of requli { R(T)}rer such that the

Y IY(TIZ L,

TeT

and for each T € T, if p e Y"(T) then
Z(Ilp, T,R(T)) ~ 6.

Proof. Since the tubes satisfy property (P3), for each tube 7 and each point
p € Y/'(T), we can define

Op,7 = £(Ilp, TyR(T)),
which is well-defined up to uncertainty §'/2=<0. By (4.49),

S KpeY/(T): 6" % < L(I,, T,R(T)) <cr} 2 > Y(T)Z 1,
TeT TeT

and after dyadic pigeonholing we can assume that there is an angle §1/2-¢0 <
0 < cg such that

> HpeY'(T):6/2< Z(IL, T,R(T)) <6} X 1.
TeT
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For each 7 € T, let Y”(T) be the shading consisting of points p € T for
which Z(I1,, T,R(T)) ~ 6. We then have

Y IY(MIz 1L

TeT

O]

In general, the set of lines intersecting three skew lines form one ruling
of a unique regulus, whereas the set of lines intersecting only two skew lines
is a two-dimensional family. If a set of tubes obey the regulus map, then
the degrees of freedom of the tubes are reduced, so that at scales close to 8,
the set of tubes intersecting only two skew tubes behaves like a set of tubes
intersecting three skew tubes. We can use the sticky reduction to change
scales and obtain relatively stronger regulus structure. We quantify this
statement in the following lemma

Lemma 4.32. There is a number 1 < Ky, 9 S 6=40 a4 number
550571/2 < m < 571/27
a number
* —1/4 _
Mp é Kwﬁ/ (5/0) 1/27

and a number s 2, 1 such that the following holds. There is a set of Z, 672
0-tubes (Ty,Yy) such that:

o (Ty,Yy) satisfy the Wolff axioms with multiplicity K, g;
e (Ty,Yy) are s-robustly transverse with error 1/100;

e cach Ty € Ty has a tube T € T[Ty] such that for every x € Yy(Ty), we
have

#{T,) € Tg: 3T € T[Tg] with x € Y'(T')} =~ p/ -

e for any T, € Ty, there is a further O-tube V(Tg') (which need not be in
T) such that T,V (T,!) are uniformly separated with error ¢'c® and
c2c/3-skew. This tube has the property that for any 6 < c1,co < 1 and
any tube 7;2 € Ty that is 1-separated with error c; and co-skew with
T4, every tube in H(Tg, T2) also intersects V(T,'). Here, c,c’ are the
non-degeneracy parameters associated to the regulus map.
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4.5. From Proposition to Theorem

Proof. The first two properties follow directly from Lemma the only
property that remains to be proven is the last one. Given a pair 7;1, 7'92 €Ty
of tubes that are l-separated with error £ ¢; and cy-skew, and a tube
To € H(T}, T7), there is a d-tube T € T[Tp] such that Y{(7) intersects the
Y{ shading of the distinguished d-tube 77 € T[T,'].

The regulus R(7;) is defined by three c-separated and ¢’-skew lines
L', L", L' that intersect the line coaxial with 7;. Let p € L' be a point at
distance d from L' N 77, for some parameter d to be determined, and let L =
L(71) be the line contained in R(77) containing p and in the opposite ruling
to L'. By Lemma the line coaxial with 77 and L are then uniformly sep-
arated with error ¢*¢’3 and ¢?c3-skew. Let V(T,!) = Ny(L) N B(0,2). Then
T is guaranteed to intersect V(7,!) as long as s71¢76¢76d% < 0. Thus, we
can take d 2 s1/2¢3¢301/2 and this property will hold for all tubes 7. We
now know that 7y intersects the three -tubes T, V(T,), T/ O

The #-tubes now have very strong regulus structure, as well as still satis-
fying properties (P1)—(P4). This is almost enough to obtain a contradiction.

We will obtain a contradiction by estimating the number of occurrences
of a specific object within our set of tubes. The object that we are interested
in is illustrated in Figure [4.5

Lemma 4.33. Let ¢, be the non-degeneracy parameters of the requlus map
and let s, Ky, 5, and p* be the parameters output by Lemma[4.3%. Let B be
a minimal covering of B(0,1) by balls of radius 6. Then there are numbers

1 % SPK 8000 (/)30 (#Tp)

and
o g SSK;?DQALEO (M/N*)8074(#T0)74

such that
H{(TL, Td, T, B) € ToxTgxTyxB : T, T c1-sep, co-skew; IT € H(T) with [TNB| Z 03

AT € H(T,, T¢) with T'NB Z 63;dist(B,T5) = s fori = 0,1} 3, K;fzsl‘:’(,u/u*)me_l.

Proof. Fix a tube T, € Ty with |Yp(7))|/|Ty| £ 1. By Lemma we
have

U Yo(T0) \ No(T9)| 2 5K, b/ p*0.
To€H(TY)
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4.5. From Proposition to Theorem

Figure 4.5: A quadruple (7'907 7;1, 7'92, B) with the associated tubes Ty, 7.

Let

Yi(To) = | Yo(To) 0 {J  Yo(To) | \ N:(T5).
ToeH(T3)
Since each point x € Yy(Ty) has multiplicity ~ p/p*, we thus have
> YH(To)| 2 $* Koy (11/1*)?6.
To€Ty

After dyadic pigeonholing, we can assume that each tube Ty in a refinement
Tg C Ty satisfies

Y5 (To)l/|To| Z Ko ps™ (/1) 207 (#T5)
We will now apply Lemma with A replaced by
No = Ky ps(/u*) 0~ (#Tp) ™",
which gives

#{(To, T3, T5) € (T9)° :Tp € H' (T3, T3 £(To, T3) 2 s
To', T Z c1-sep and co-skew} (4.50)
2 N 8™ () 1) 2072 (#T9),
where

16 -—6 4 p4
c1 2 Ay Ky ps 070
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4.5. From Proposition to Theorem

and
o N)\ 3K 5 40480

Thus, for any covering B of B(0, 1) by balls of radius ¢, we get
#{(70, Ty Tg', B) € (Tg)° x BTy € H'(T5, T3); £(Ts, Tg) 2 5;
To, T Z ci-sep and CQ—SkeW'

dist(B, Tg') & Aos} & AoH 8™ (1/1)?07° (#T5).

By Lemma [4.12 we can refine the balls B to a subset B’ such that the
tubes Tp are )\g‘s_le,p—overlapping. Thus, if we let Q, be the set of
resulting quadruples, we have

#QZ K5 (/)0
0

Note that for a typical triple (T2, 7', 7,2) within this set of quadruples,
at least a §9(0)fraction of the regulus R(7,',7,?) must be covered by the
hairbrush of 7”90, so a typical tube in the hairbrush of THO will intersect
Z, 09C0)9=1/2 distinct balls from B that intersect R(T;', 7).

On the other hand, we will show that the due to the curvature of the
regulus and the fact that it is algebraic of bounded degree, a typical tube
in the hairbrush of 7;0 will intersect the regulus transversely, thereby only
intersecting < 6—9(=0) distinct balls from B; this will be a contradiction for
small values of 8. In the following lemma we refine the set of quadruples to
obtain a subset for which each tuple is typical in the required sense.

Lemma 4.34. Let O denote the set of quadruples output by Lemma |4.35.
There are numbers
bl zK 11 15(/"/# )14‘97’

b2 Z ( 4 /3)65 mln(02,626/3)4K 11 15(,&/,& )1497’

such that we still have #Q' = #Q, where Q' is the set of quadruples
(TR, T,L, TZ, B) satisfying the following additional conditions.

For every triple (7;1, T2, B), no tube 7'00 occurring together in a quadruple
with (T, T7, B) is contained in the by-neighbourhood of R = R(T,, T?). For
every triple (7;0,7;1,7'92), no ball B contains a point p € R with

L(T,R,0(T)) S ba.
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4.5. From Proposition to Theorem

Proof. For any fixed triple (7;1, 72, B) and for any # < d < 1, the number of
possible tubes 7;0 contained in the d-neighbourhood of the regulus R(7;1 , 7;2)
is S dKy ,072. By letting

d<K 11 15(1“’//1' )1497’

we get that at most half of the quadruples in © have this property, so we
prune these quadruples and still retain at least half of the set.

Suppose now that there is a point pg € R for which Z(v(7}), Ty, R) < t,
for some parameter 6 < t < 1 to be determined. Since R is a regulus,
there are two lines L; and Lo contained in R that contain the point pg, one
from each of the two rulings in R. One of these two lines must intersect
’7'91, V(7;1),7'92 inside the unit ball; we will show that this implies angular
separation between L; and L. Indeed, suppose that Z(Lq, Lo) < « for some
0 < a < 1. Then by Lemma 4.6, we have

a Z (c*d®)?(c1)? min(c3, ¢*¢®) min(cy, min(c3, 5¢?)).

Since the angles between these two lines is at least «, one of the two lines,
say L1, must make an angle of at least 2 o with v(%o). If we move along
this line, the tangent plane to R rotates around the line; we can quantify
the rotation based on the pairwise skewness of lines contained in R. We
consider first the case when Lj is in the same ruling of R as 7'91. Then by
Lemma [4.6, for any parameter § < d < 1, as we move distance d along L,
the angle between the tangent planes is 2 max(cica, c®¢/®)d. Similarly, if L;
is in the opposite ruling, then as we move distance d, the angle changes by
Z (c*®)ef min(ez, 2?)4d.

In either case, if d ~ (c min(co, c2¢’3) 4, then the associated
tangent plane must make angle at least > ¢ with v(7,’). This implies that
the set of points p in R for which Z(v(7}),T,R) < t has covering number
at most S (c~*¢'~3)c;® min(cg, c2¢®)~4tH~2. But the covering number must
in fact be at least

_40/_3)01

>K 11 15(/"//‘ )1495’

so by taking
t (640/3)6? mln(02,020'3)4K 11 15(:“’/:“’ )1497’
we get the desired bound on bs. O

We can now show that a contradiction occurs for sufficiently small values
of 0, thereby proving Lemma [4.30.
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4.5. From Proposition to Theorem

Figure 4.6: Decomposing R according to its intersections with a family of
planes containing the line coaxial with 7;,0

Proof of Lemma [4.30. By Lemma [4.34] and bt pigeonholing, we fix a triple
(T2, T3, T}) for which

#{BeB :(T). T, 74, B) € @} 2 K, ) s" (n/u*)"16°.

Let K denote the cardinality of this set. Let II; be a set of ~ #-separated
planes containing L(7;0). We will now partition the regulus R according to
its intersection with the #-neighbourhoods of these planes, as in Figure |4.6].
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4.5. From Proposition to Theorem

Figure 4.7: Inside each plane

Indeed, we have
#{BeB (T, 74,75, B) € Q}
~> #{BeB: (T, 7,77, B) € Q;3Ts € H(T) with BNTy # }.
IL;

After a dyadic pigeonholing argument, we can assume that there is a number
M such that for each of M planes the 6-covering number of R N 1II; is ~
MK.

Each tube in H(7}) must be contained in the ~ #-neighbourhood of
one of the planes II;, so partition H (’7;0) according to the planes. Since we
have refined the set to only include points p with Z(v(7)),T,R) Z b2, each
set Ny(R) N Ny(IL;) is contained in the by 'f-neighbourhood of a degree 2
algebraic curve. In particular, for each plane, the intersection of the corre-
sponding set with B(0,2) has #-covering number < by 19=1 and this implies
that there are M Z ba#K distinct planes.

We will first show that if L intersects Np(R) in a line segment of length
> d, then L must make small angle with a line that is fully contained in
Ny(R). Indeed, suppose that L intersects Ny(R) in a line segment of length
d and makes angle > « with any line contained in R. Fix a point p € R
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4.5. From Proposition to Theorem

within distance 6 of L N Ng(R) and let L; and Ly be the lines contained in
R that contain the point p. We can assume without loss of generality that
L makes smaller angle with Li than Ls. After traveling a distance of ~ d
along both L and L, we get the points p;, and p1, respectively. Along with
p, these points form a triangle such that the interior is contained in Ny(R).
Note that pr, and p; are 2 da-separated.

By Lemma in the worst case we get

(c*3)ed min(ep, AP d?a < 6
a < (¢4 73)er® min(eq, 23 1 20.

Since L also intersects Lj, this implies that L N B(0,2) is contained in the
S (¢4 73) e P min(cg, ) ~4d~20-neighbourhood of L, as claimed.

For each plane, we will consider a quantity which is effectively the cur-
vature of the conic curve in the intersection of the plane with R. For each
such curve 7;, let m(;) be the length of the largest intersection of yNB(0, 1)
with the #-neighbourhood of a line. After dyadic pigeonholing over the set
of planes, we can assume that for each plane, the corresponding curve v has
m(vy;) ~ C~!. We will now show that we can assume C' to be small. Fix
one such plane II;. The #-neighbourhood of the corresponding curve within
B(0,2) can be partitioned into ~ C~10~1/2 parts, each of which is contained
in the &~ #-neighbourhood of a line segment of length ~ C'91/2. Thus, there
is a line L intersecting 7, that intersects Np(R) N Ny(IL;) in a line segment
of length ~ CHY2. The previous two paragraphs show that L is contained
in the S (¢7*¢~3)¢; ® min(cy, 2¢/3)~*C~2-neighbourhood of R.

We can repeat this argument for each of the remaining planes II;, of
which there are Z b0 K, to find such a line L for each plane. For at least
1/2 of these planes, the corresponding lines come from a single ruling of R.
Among these, we can find a triple of planes with pairwise angular separation
Z b20?K. Let Ly, Lo, L3 be the corresponding lines.

We have Z(L;, Teo) Z b, so each pair L;, L; satisfies Z(L;, Lj) Z b1b260° K.
Note that these lines intersect 7', V(%l), ’7;2 or are contained in the same
ruling as them. By Lemma [4.8 we therefore conclude that the lines L; are
pairwise 2, max(cjca, c5¢/%)by6% K-separated

Each of the three associated lines is contained in the

S (¢4 3P min(ceg, 23) 102

-neighbourhood of R; since R is of degree two, this implies that there is a
segment of 7:90 of length ~ d that is contained in the dj-neighbourhood of
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4.5. From Proposition to Theorem

R, for some
di S (¢4 e ® min(eq, 2e®)~1C 72

Thus, ’7'90 is contained in the ds-neighbourhood of R, for some
dy S d 2 (c™*¢73) e min(cq, AP)TAC 72,
which is a contradiction if
d72 (473 e P min(eg, AP)TACTE S by

We can therefore assume that

C~? = (') min(cz, 2¢®) max(ci ez, ¢®)2b1 BIK 260,

Partition 7;,0 into subtubes of length 6'/2. By pigeonholing over these
subtubes, we fix one contributing at least £ K 6'/2 balls in B. On one
hand, property (P4) implies that the set of tubes in H(7,) intersecting
this subtube is contained in the < 1/2—o_neighbourhood of a single plane;
this will lead to a contradiction. First, by dyadic pigeonholing, we can
assume that each tube in H(7,) intersecting the fixed subtube contributes
essentially the same number of balls in B. Furthermore, this number must
be at least 2 Kf0u,* and at most g CO~1/2,

By definition of the quantity m(-) and the fact that any relevant point
is at distance g s from 7”90, as we move along the curve, the points at which
the corresponding tubes intersect ’7'90 jumps by 2 s6Y/2 as illustrated in
Figure Thus, there are at most g s~ ! such tubes intersecting the fixed
subtube. Hence, we have

KpL/2 < g—1/2—e0 o—1g—1/2.
Plugging in the estimates on K and C' and rearranging leads to
KE2;47/23647/2(H/M*)2899144+315
< 6./-9/2 min((K;,p2s3094€(u/u*)26913), 23)~6
. maX((K;LOSGGQSeO (1) 1*)780%), 5/6) L.

Considering the various possible cases in the maximum and minimum and
plugging in the estimates on p/p* and K, , results in the desired bound,

cr > 6 Z min

)

( (589050—2461—21)1/(1—16725) ’ (557856480/57)1/(1_20725)

(574250120/9) 1/(1-4072¢) ’ (569456360145) 1/(1-2532¢) > .
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4.5. From Proposition to Theorem

O]

We can now complete the proof of Theorem by applying these reduc-
tions and then Proposition

Proof of 4.2. By Lemma we obtain a set of tubes (T,Y”) satisfying
properties (P1) with associated parameter ~ 1; satisfying property (P1’);
satisfying property (P2) with multiplicity p g §~Y/2+e0; satisfying property
(P3) with associated number Cy < p~°9; and satisfying property (P4).
Then by Lemma [4.30, we can assume that (T,Y”) satisfy property (P5)
with associated number

cr > 6 Z min

I

— _ 1/(1-1672¢ 1/(1-2072¢
< (5890806 240/ 21) /( 0) ’ (557850 0480/57) /( o)
1/(1—-4072¢ 1/(1-2532¢
(574250 6126/9) /( 0) , ( 569450 6366/45) /( 0) ) .

We can now apply Proposition to this set of tubes. After rearranging,
this leads to

1/10 0(1530904360832¢ 3 —34794228584¢( + 18725549)
o~ / é b 5(1672e0—1)(2072e9—1)

)

and hence,
g0 > 2.67 x 1078,
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Chapter 5

Conclusion

Many open problems remain related to the topics considered in this thesis.
In this section, we mention some questions that arise from our results.

5.1 Combinatorics of intervals

In Chapter 2, we considered the geometric property whereby a pair of inter-
vals forms a trapezoid. We showed that if a set of intervals has many such
pairs, then the set must have rigid structure, which is of one of three types.

Theorem|1.1|gives a threshold on the number of trapezoids, beyond which
there must necessarily be structure. One natural question is whether this
threshold can be lowered, while still obtaining a nontrivial (though weaker)
conclusion.

Problem 5.1. Let 0 < 1 < 1/2. Is there a constant ¢ = c(e1) > 0 such that
the following holds? Any set of N distinct intervals in R? with < N1/2=1
intervals in any of the arrangements 0, 1, 2, forms < N 3/2=¢ trapezoids.

The transformation used in the proof of Theorem from intervals
in the plane to lines in R? still applies, however progress on this problem
would require progress on the analogous variant of Theorem 2.7, This is
an interesting problem itself, which would likely have other implications in
combinatorial geometry.

Problem 5.2. Let 0 < 1 < 1/2. Is there a constant ¢ = c(e1) > 0 such
that the following holds? Any set of N lines in R® with < NV27¢1 [lines
containing a common point, contained in a single plane or contained in a
single requlus has < N3/2=¢ pagrwise incidences.

The polynomial method used in [15] is sensitive to that particular thresh-
old, so it appears new techniques are required. Nevertheless, algebraic meth-
ods may still have some part to play.
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5.2 Furstenberg sets and Besicovitch sets

Improving the bounds further on the (o, 2a)-Furstenberg set problem in R?
and the Besicovitch set problem in R? remains an interesting problem. Some
additional optimisations of our techniques may well be possible and some
bounds for intermediate results are likely far from sharp.

The reduction from geometric incidences to a sum-product problem that
was used in both Theorem and Theorem was expensive at the quan-
titative level, in particular due to the application of the Balog—Szemerédi—
Gowers lemma. It would be interesting to obtain a purely geometric proof of
the discretised point-line incidences theorem, Proposition [3.8, which avoids
this route.

Problem 5.3. Is there a purely geometric proof of Proposition|3.87

If possible, this could yield improved bounds for the («, 2a)-Furstenberg
set problem and the upper Minkowski dimension of Besicovitch sets in R3.
Such a result may also lead to improved bounds for the discretised sum-
product theorem.

In our reduction from Besicovitch sets to Furstenberg sets, one important
step was the regulus map reduction, Lemma 4.30, which allows us to assume
that the tubes lack regulus structure in a quantified sense. The degree to
which the tubes lack regulus structure depends on the value €y, and the
dependence given by our argument is rather weak. This loss ends up being
the main contribution to the size of the final bound. This means that,
for example, an improvement by an order of magnitude in the dependence
of the regulus map parameter should translate into an order of magnitude
improvement to the value of €y, up to potentially around 107, as explained
in Remark This therefore constitutes an interesting problem.

Problem 5.4. Is it possible to obtain improved bounds on Lemma |[4.30¢

We suspect that some improvement may be possible by using our tech-
niques in a more efficient manner, but there could also be a different argu-
ment that leads to a more substantial improvement.
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