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Abstract

In this thesis, we study the Multidimensional Knapsack Problem (MKP) and two closely
related special cases: the Unsplittable Flow Problem on Trees (UFPT), and the Unsplittable
Flow Problem on Paths (UFPP). For these problems, when the natural integer programming
formulation is relaxed to a linear program, the integrality gap is O(n). Previous work on
UFPT and UFPP has established that the addition of rank constraints to the linear program
can be effective in some cases at reducing the integrality gap. However, Friggstad and Gao
proved that even with all rank constraints added, the integrality gap of UFPT is Q(1/Iogn).
Faenza and Sanita showed that a formulation for these problems which approximates the
integer hull arbitrarily well must either have exponentially many facets or be described as
an extended formulation (i.e., described in a higher dimensional space). We are interested
in polynomially sized formulations, so we focus our study on extended formulations.

Our first contribution is a greedy algorithm which finds an optimal solution to the linear
programming relaxation for the special case of UFPT where all requests share a common
endpoint. We apply this to tighten the analysis of hard instances described in the litera-
ture. Following this, we describe two approximate extended formulations for MKP using
disjunctive programming. The first is a formulation which improves upon the integrality
gap of the linear relaxation using only a small number of extra variables and constraints.
The second is a polyhedral (1 — €)-approximate extended formulation for MKP for any
0 < € < 1, which was originally given by Pritchard. We then introduce a new hierarchy of
strengthened formulations for MKP, which we study in the context of UFPT. The strength-
ened formulations are NP-Hard to separate over, but they can be (1 — €)-approximated
using the aforementioned result. We conclude by evaluating the strength of this hierarchy
when applied to the known hard instances from the literature. Our results suggest that this
hierarchy may be most useful in conjunction with the rank constraints, but open questions

remain.
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Lay Summary

Knapsack problems are about finding the best way to select items given some capacity
constraints. For example, consider the problem of finding which items to pack in a knapsack
so that it isn’t too heavy and the items you pack offer the greatest benefit. This thesis
examines problems like this, but focuses on the case where there are multiple constraints,
such as a limit on the number of cars on each street of a road network. Many of these
problems are considered too difficult to solve exactly, so our focus is on finding fast ways to
achieve good approximate solutions. Our approximate solutions are of a particular form:
they are points on the surface of high-dimensional convex shapes. Describing the solutions
in this way has many advantages which we use to derive new ways of approximating these

problems.
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Preface

The ideas behind the proof in Section 1.4.1 were developed with input from F. Bruce
Shepherd. The results in Section 2.2.1 and Chapter 4 are the product of a paper co-
authored with Adam Jozefiak and F. Bruce Shepherd, which is currently being prepared for
publication. Section 3.2 is a generalization of a result by Daniel Bienstock and Benjamin
McClosky [BM12]. Section 3.3 is a result by David Pritchard [Pril0], with the presentation
modified for clarity. The remainder of this document is original and unpublished work by

the author, Noah Weninger.
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Chapter 1

Introduction

The primary motivation of this thesis is the development of improved approximation al-
gorithms for the unsplittable flow problem on trees (UFPT). This well-studied NP-hard
problem is of theoretical interest as well as practical: UFPT has many applications includ-
ing bandwidth allocation, caching, optical networks, resource allocation, and scheduling
[CMS07, GMWZ18]. In the context of approximation algorithms, UFPT is intriguing be-
cause the best known polytime result is an O(log? n)-approximation, but the existence of
an O(1)-approximation has not been ruled out. We also consider the special case of UFPT
called the unsplittable flow problem on paths (UFPP), which concerns path graphs rather
than trees. For UFPP, polytime O(1)-approximations are known and it remains open to
find a polynomial-time approximation scheme (PTAS). Both UFPT and UFPP have been
extensively studied. These problems can be seen as generalizations of the 0-1 knapsack
problem (KP), or as special cases of the 0-1 multidimensional knapsack problem (MKP).
Many of our results are, in fact, given in the more general setting of MKP, and hence the
results may be useful on general MKP instances, or for other special cases of MKP. We be-
gin by discussing some preliminaries before introducing these problems, our contributions,

and related work.

1.1 Preliminaries

We assume the reader is familiar with the basics of the theory of linear and integer pro-
gramming, including the existence of optimal extreme point solutions, duality, and comple-
mentary slackness, as well as basic literacy in the topics of graph theory, algorithmics, and
computational complexity.

We consider only maximization problems, that is, problems where all feasible solutions
are associated with some profit value, and our objective is to find a feasible solution of

maximum profit. To clarify what we mean by an approximation algorithm in this context,



suppose that for some problem, we have an algorithm A which finds a solution A(Z) of
maximum profit for any instance Z, and an algorithm B which finds a feasible solution
B(Z) which is not necessarily optimal. For a > 1, we say that B is an a-approximation
algorithm if for all instances Z, the profit of A(Z) is at most « times the profit of B(Z).
Due to inconsistencies in the literature, we also use the term a-approximation algorithm
when 0 < a < 1 to mean that the profit of B(Z) is at least o times the profit of A(Z)
for all instances Z. In either case, when a = 1 the algorithm is exact, and the quality of
approximation decreases as a becomes further away from 1.

As the title suggests, our approach involves the use of approximate extended formula-
tions. Extended formulations are not needed for the material in this chapter or in Chapter 2

and are introduced in Chapter 3.

1.2 Knapsack
We begin by defining the 0-1 knapsack problem (KP), the most fundamental problem we

study. This section also introduces some general definitions that are used throughout the
paper.

An instance Z = (a,c,w) of this problem consists of a capacity ¢ and n items, with
item 7 having some size a; (0 < a; < ¢) and nonnegative profit w;. The objective is to
select a subset of the items which achieves the maximum possible total profit and has total
size at most the capacity. We can formulate this by the following integer program (IP),
which encodes whether to select item 4 by the 0-1 values z;. We write w” 2 to mean the dot
product of vectors v and x, that is, wlz = Y"1 | w; z;. We also define [k] = {1,2,...,k}.

max waL'

such that ofz <e¢
0<z;<1 Vié€]ln]
T €L,

In general, for some formulation P (such as K7), we say that z is in the associated feasible
region of P if x satisfies the constraints but is not necessarily optimal. This may also
be denoted by saying x € P. The optimal value of some instance Z for a formulation P is
written OPT p(Z) and may be shortened to OPTp or OPT when the instance or formulation
is clear from context. Note that OPT is a scalar, not a vector, since OPT = max{w”z :
x € P}.

Solving KP, or equivalently, optimizing over K, is NP-Hard [PKP13], hence our focus on

approximations. To find approximations, it is common to consider the linear programming



(LP) relazation K, of K, where the constraint z € Z" is replaced by = € R"”. We sometimes
call this the natural LP relaxation because it is derived from the IP without any additional
constraints added. The number of variables and constraints in this LP is polynomial in n

and thus it is solvable in polynomial time using standard linear programming algorithms.

max ’U}Tl'

such that ofx <e¢
0<x; <1 Vie [n]

r e R".

Evidently, for any instance Z, the feasible region of K is a subset of the feasible region
for K7, and so OPTgk, > OPTgk,. To get an approximation algorithm for Ky, we find
an optimal solution x for K, and then apply some polynomial time algorithm A which
“rounds” z into a feasible solution A(x) € Z" for K;. This two step method (solving the
LP relaxation to optimality and transforming the output into an integral solution) is a
common technique and has been shown to work well on the 0-1 knapsack problem.

Consider some integer program I and corresponding linear relaxation L (such as Kj
and Kp,). To show that this technique is effective we have two concerns: (1) that OPT;
is “close” to OPTp, and (2) that we can find an algorithm A such that for any x which
is optimal for K, A produces a vector A(z) € Z" that has value “close” to the value
of z. We formalize (1) with the notion of integrality gap: we say that a formulation has
an integrality gap of o on a set S of instances if for Z € S, OPT(Z)/OPT;(Z) < «a.
To formalize (2) we say that the rounding ratio of some algorithm A is the supremum
of (wlz)/(w? A(z)) over all instances. If we find a rounding algorithm which achieves a
rounding ratio equal to the integrality gap «, then we have an a-approximation algorithm
since OPT[(Z) < OPT.(Z) = wlx < aw? A(z).

We show that the integrality gap of K is 2 and that a simple algorithm realizes the
ideal rounding ratio of 2. Therefore, this technique gives a 2-approximation. This result is
well known (e.g., see [PKP13]). To show this we first describe a greedy algorithm which

produces a solution which is optimal for Ky, as a means to analyze OPTg, .
Lemma 1. Algorithm 1.1 produces a vector x which is optimal for Ky,.

The proof of this lemma is omitted. We instead prove a more general version of this
statement in Section 1.4. However, the following result is easy to show and is key to

deriving the 2-approximation algorithm.

Lemma 2. Let x be the output of Algorithm 1.1 on some instance. There is at most one

index i such that 0 < x; < 1 (i.e., x; is fractional).

3



1 Order items such that wy/a; < wg/ag < -+ < wy/ay

2 Let x € R®

3r<c

4 fori=1,...,ndo

5 x; < min(1, max(0,7/a;))

6 r<—Tr—a; T;

7 end

8 return z

Algorithm 1.1: The greedy algorithm for 0-1 knapsack.

Proof. Since the x; are set such that 0 < x; < 1 and each a; > 0, we know r is monotonically
non-increasing in the loop. As long as r > a;, x; is set to 1. If we reach an iteration p such
that r < a,, we set x, to r/a,, and then decrease r to r — a,(r/a,) = 0. Hence, on all

iterations ¢ > p, r = 0 so x; is set to 0. ]
Theorem 1. The integrality gap of K1 is at most 2.

Proof. Let = be the optimal solution for Ky, returned by Algorithm 1.1. If no index p (as
described in Lemma 2) exists, then x € Z™ and thus z is optimal for both K and K7,
meaning the integrality gap is 1 for this instance. Otherwise, if p exists, then let z° be the
vector with wg =1 and w? =0 for i # p. Let 2! be = but with :c}o = 0. Since 2%, 2! € Z",
both are feasible for K; and therefore w’a? < OPTg, and wlz! < OPTg,. Therefore,
OPTk, = wlz <wl(2° + 2') < 20PTg,, ie., OPTk, /OPTg, < 2. O

The structure of this proof in fact immediately reveals how to create an algorithm to realize
the rounding ratio of 2. We now know w?z? wla! < OPTg, < w? (2% + 21), so the larger
1

of wTz? and w”z! must be at least OPTk, /2. Therefore, a 2-approximation is achieved

by defining the rounding algorithm simply to return z° if w’z® > w”2! and return 2!

otherwise.

1.3 Multidimensional knapsack

In this section we generalize the 0-1 knapsack problem to have multiple knapsack constraints.
This generalization can be thought of as adding more dimensions to the problem, where
items can have a different size in each dimension and each dimension has its own capacity.
For example, we may be concerned with maximizing profit while independently limiting the
size, weight, and cost of items. A feasible set of items must not violate the capacity of any
dimension. This problem is also known as the multi-constrained knapsack problem.

An instance Z = (a, ¢, w) of the 0-1 m-dimensional knapsack problem (m-KP or MKP)

consists of m nonnegative vectors of item sizes o/ € R™ along each dimension j € [m],



scalars ¢/ denoting the capacity of each dimension j € [m], and a vector w € R" of item

profits. Our goal is to select a subset of the items which maximizes profit while satisfying

the knapsack constraint Y i ;alz; < ¢ for all j € [m]. Note that when m = 1 this is

equivalent to the 0-1 knapsack problem.

max wTa;

such that Y ", a{mi <cd  Vje[m]
0<a <1 Vi€ [n]

T e 7™

m—K]

We denote the LP relaxation of this IP by m-K7.

To simplify analysis, we make a few assumptions about the instances we examine. We
assume that for each dimension j and item ¢, a{ < ¢/, i.e., that each item can be feasibly
packed by itself. We also assume that it is not possible to feasibly pack all items, i.e., we
do not have > 7" | ag < ¢ for every dimension j, since otherwise the problem is trivial.

MKP is evidently a very general problem. It can be thought of as a general 0-1 IP but
with the restriction that all coefficients in the constraint matrix are positive. The additional
assumptions we make only eliminate degenerate or trivial instances and do not impact the
generality of the formulation. Hence, we might expect solving MKP to be nearly as hard
as solving general 0-1 IPs. Nonetheless, there is some structure we can exploit.

A simple greedy algorithm analogous to Algorithm 1.1 which solves m-K7, to optimality
is not known. However, a generalization of Lemma 2 is well-known and can be proved by
standard LP theory [PKP13].

Lemma 3. There exists an optimal solution x to m-Kp which has at most m fractional

variables (variables x; such that 0 < x; < 1).

Proof. We assume that m < n; otherwise the statement holds trivially. First, we rewrite

m-K, in standard form by introducing slack variables y and z.

max UJTfL'

such that Az +y=2»
r+z=1
z,y,z >0
z,z € R"
y € R™.



Let (z,y, z) be a basic feasible solution to this LP. The LP has n+m constraints and 2n+m
variables. So, in (z,y, z) there are at most n + m non-zero variables and at least n zero
variables. Among the zero variables at least n — m are part of either x or z, since y € R™.
For any variable x; = 0, it must be that z; = 1, so neither is fractional. Similarly, when
z; = 0, it must be that x; = 1. So, of the z;, at least n — m must be zero or one, leaving at

most m of them with fractional values. O
We can now easily arrive at a result analogous to Theorem 1.
Theorem 2. The integrality gap of m-Ky is at most m + 1.

Proof. Let & be a basic feasible solution to m-Kr. Let I = {i: &; =1} and F = {i: 0 <
#; < 1}. Let 2! be the vector described by I, i.e. a:ZI =1if¢ € I and :Uf = 0 otherwise. For
every j € F, define a vector zf7 with xfj =1if7=j and a:fj = 0 otherwise. We know that
|F| < m by Lemma 3, so there are at most m+ 1 vectors in the set S := {z! 21, ... 2fIF},
All item sizes are positive, ! € m-K;, and since we assume each item is feasible by itself,
xfi € m-Kj for each j. So, for x € S, wl'z < OPT,,. k,. Furthermore, the sum 2’ = Zzes T
has x; > &; for every i, so wl'2 < wl'z’. Since |S| < m+1, we have wl'z’ < (m+1)OPT,, g, .
Therefore, wTi/OPTm_KI <'m + 1 so the integrality gap is m + 1. O

Generalizing from KP, we can easily conclude with an m—+1 approximation algorithm: solve
the LP relaxation m-Kp, then choose the highest profit vector from the set S as defined in
the proof of Theorem 2. Since the sum of all m + 1 vectors has profit at least OPT,, g, ,
the best vector must have profit at least OPT,, g, /(m + 1).

We have now seen how to use linear programming to (m + 1)-approximate m-KP. How-
ever, this approximation ratio is far from ideal and in Chapter 3 we improve upon it. This
concludes our basic introduction to knapsack problems, which is sufficient background to

understand our results. For a more comprehensive discussion please see [PKP13].

1.4 Unsplittable flow on paths and trees

The unsplittable flow problems on paths (UFPP) and trees (UFPT) are generalizations of
KP and special cases of MKP. Since UFPP is a special case of UFPT, we use the term
UFPT to refer generally to the two problems. Unlike KP and MKP, we frame UFPT in
the context of routing demands along paths in a tree, rather than packing items into a
container. The unsplittable flow problem was initially introduced as the problem of routing
flow along a single (i.e., unsplittable) path in a general graph, but we focus on the case
where the graph is a tree. For further discussion about the history of this problem, please

see Section 1.6.



An instance Z = (T, R) of UFPT consists of an undirected capacitated tree ' = (V, E, u)
and a set of requests R, defined as follows. V is the set of vertices and each edge ¢ € F has
some positive capacity u.. Each request »r € R imposes some nonnegative demand d, on all
edges along the unique simple path P, between s, € V and t, € V. We denote the number
of requests |R| by n and the number of edges |E| by m. For simplicity, we assume that
R=/{1,...,n} = [n] and that s, # t, for all »r € R. We say that a subset S C R of requests
is feasible or routable if, for each edge e € E, the total demand of all requests r» € S such
that e € P, is at most the capacity u. of that edge. The goal is to select a feasible subset
S C R which maximizes the profit ) _qw,. We formalize this with the following IP.

max U)T.I

such that ) cp..cp drtr < Ue Vee F UFPT,

0<z, <1 VreR

T € 7™

The LP relaxation UFPT of UFPT; is defined by replacing x € Z™ with x € R™. UFPP
has an identical formulation, with the only difference being that T must be a path, that is,
the degree of every vertex must be 2, except for the two end vertices which have degree 1.

For simplicity, we make the same assumptions as for m-Kj. We assume that all requests
are routable on their own, i.e., for each r € R and e € P,, d, < u.. Any request which does
not satisfy this condition cannot be included in any feasible solution, so it can be discarded.
We also assume that it is impossible to route all requests together, as the optimal solution
would then be trivial.

In terms of generality and approximability, UFPT is harder than KP and easier than
MKP. When T consists of only a single edge, UFPT reduces to KP. UFPT can be thought of
as MKP but with the restriction that for each item ¢ and dimension j, ag € {0,d;} for some
d € R, and the sizes ag which are nonzero for a particular item ¢ must correspond to the
edges of a simple path. UFPT is also closely related to 0-1 column restricted packing integer
programs (CPIP), which are more general, lacking the additional constraints of which sizes
can be nonzero [CEK09].

Both UFPT and UFPP have been extensively researched. Important special cases of
importance are those where all items have equal profit (unit-profit instances), when all
requests route on some common edge (intersecting instances), and when all requests share
a common endpoint (single-sink instances). Other cases have been studied less extensively,

such as when the input graph is a cycle or star! or when the profit of each request equals

'In the case of a star, the problem generalizes the maximum weight matching problem: make a leaf for
each item in the matching, make a request connecting each pair of items that can be matched, and set all



its demand.

Similarly to MKP, we refer to the constraints for each edge e as the knapsack constraint
for e. We refer to the corresponding knapsack instance for a given edge in by Kj(e), and
the corresponding MKP instance for a set S of edges by K(S). Hence, K;(E) = UFPT.
Like MKP, we do not have a simple greedy algorithm for solving the LP relaxation of UFPT
on paths or trees. However, for single-sink instances, which we discuss extensively, we show

that such an algorithm exists.

1.4.1 LP optimum for single-sink UFPT instances

In this section we describe a greedy algorithm which finds an optimal solution to UFPT/,
in the single-sink case, where all requests share a common endpoint vertex r. As far as
we know, such an algorithm has not been described in the literature. We use this result in
Chapter 2 to tighten the analysis of the integrality gap of some well-known UFPT instances.

Assume T is rooted at r, with the root at the top of the tree. Note that by nature of
single-sink instances, we may assume that if edge e; lies below edge es in the rooted tree,
then wu(e1) < wu(ez). If this is not the case, then we could contract e; to a single vertex
without affecting the feasible region. To analyze the algorithm we use a slightly different
but equivalent formulation for UFPT, where variables z; range from 0 to d; rather than
from 0 to 1.

max ., WiZ;

such that 3, p @i < ue Ve c E UFPT/
0<x; <d; Vi € R

This LP has the following dual.

min ZZ diz; + Ze UeYe

such that 2+  cp ye >w; Vi€R UFPT}-DuaL

0< 2y

Thus, the complementary slackness conditions are:

Ti > 0 = Zi + ZeEPj Ye = Wy, (1)
Ye >0 = ZieRe Ty = Ue, (2)
zi >0 = x;, =d;. (3)

demands and capacities to 1.



We say that an edge e is tight if ZiGRe T; = Ue. Assume WLOG that we have wy > we >
... > wy. We define a greedy algorithm to produce a primal feasible  and dual feasible

(y, 2), and then use complementary slackness to show that this solution is optimal.

12+ 0

2 fori=1 tondo

3 Increase Z; until some some edge becomes tight or until &; = d;
4 If an edge e first became tight on this iteration, define ¢t; = ¢
5 end

6 w < w

7y+0

8 2+ 0

9 for i =n down to 1 do

10 if t; is set then

11 Up, W,

12 for je R:t; € P; do

13 ‘ W = wj — w;

14 end

15 else if z; = d; then

16 |z W]

17 end

18 end

19 return 7,9y, 2

Algorithm 1.2: The greedy algorithm for single-sink instances of UFPTY.

Theorem 3. The vector T returned by Algorithm 1.2 is optimal for UFPTY.

Proof. To show this, we prove that the vectors Z, g, Z returned by Algorithm 1.2 are feasible
and satisfy complementary slackness. Note that since we assume the edge capacities are
strictly decreasing away from the root, only one edge can become tight on each iteration.

First, it is easy to see that z is feasible for UFPT/, because elements Z; are > 0 and
only increased until some capacity constraint goes tight or until z; = d;, which are exactly
the conditions for feasibility.

Next we show complementary slackness conditions (2) and (3). If Z; > 0 then clearly
Z; = d;, since z; is not set otherwise, so (3) is satisfied. If g, > 0 for some e, then e = ¢; for
some 4. Therefore, e is tight, i.e., Y ;cp Zi = u. and hence (2) is satisfied.

We now prove that condition (1) holds and that g, z is dual feasible. Consider some
i € Rand let T = {e € P, : e is tight}. Since all tight edges are associated with some
tj, we can write T' = {t;,,...,t;,} for some ¢ and sequence ji,...,j,. Furthermore, since
T C P;, we can assume that the edges t;,,...,t;, are ordered by decreasing distance from

r. After some edge e goes tight, no edge in the subtree below e can go tight, because no



Figure 1.1: An example depicting the tight set 1" and path P; for some request ¢ € R.
The source of request i is s;, the doubled edges (=) are those in T', and the
dashed edges are those not in P;. Request ¢ made j;, go tight (so i = ¢1), then
request jo made t;, go tight, and finally request j3 made ¢;; go tight.

more demand can be routed on e. Hence, t;, went tight first, and ¢;, went tight last, so we

can assume j; < --- < jg. See Fig. 1.1 for an illustration of this.

On any iteration £ not in {ji,..., js}, the values w;k are not changed, because t; ¢ Pj,
for any k; otherwise t; would be in T. Hence, w}q is never modified before the iteration

with ¢ = j, of the loop on lines 9-17, so Yt;, = Wiy~ We claim that on any iteration j; with

k < g the algorithm sets 7, = wj, —wj,,,.
/
J

iteration j,_1, it assigns gtjq_l = w}q_l = wj,_, — wj, and sets

On the iteration with ¢ = j,, the algorithm sets w} <« wj, — wj, for all k. So, on

/ / /
Wy = Wy, — Wy

Jg—1 = w]k - w] - (qu—l - w]q) = w]k - qu—l

q

for all k. It follows by induction that on any iteration j with k < ¢ the algorithm sets

Ut; = wj, —wj,,, as desired.

j
kSince Jk < Jrg1 for all k < ¢, we have wj, — wj,,, > 0, which is needed for dual
feasibility. Furthermore, > cp ¥ = wj, + ZZ; wj, — wj, ., = wj,. If t; is defined, then
i = j1, because otherwise one of the other tight edges would be blocking request 7 from
routing at all. So, Z; > 0 and we have ) . p, Je = wj. Therefore, in this case, condition (1)
is satisfied and ¢, z is dual feasible. Assume instead that t; is not defined. If Z; = d;, then
the algorithm sets z; = w; —w;, by a similar argument to how we determined #;, , and hence
Zi + ) eep, Yo = Wi, satisfying (1) and dual feasibility. Finally, if #; = 0, then we only need

to check dual feasibility. We know j; < i because request j; blocked request i, so wj, > w;
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and hence the solution is dual feasible. O

1.4.2 Rank formulations for UFPT

In this section, we discuss the use of rank constraints as a means for strengthening the LP
formulation of UFPT. Intuitively, the rank of some set of requests is the size of the largest

feasible subset, and a rank constraint enforces that limit.

Definition 1. Consider some UFPT instance. For S C R define
rank(S) = max{|T|: T C S and T is feasible}.

To motivate this, we make a simple observation. Let P be the feasible region of some IP. We

say that some inequality a” = < b is a valid inequality for this IP if conv(P) C {x : a’x < b}.

Observation 1. Let S C R. The inequality ), g x; < rank(S) is a valid inequality for
UFPT.

Hence, including all such inequalities is a valid formulation for UFPT, which we call the

rank LP or rank formulation.
max . wi;

such that ZTGS;%PT diz; < U Vee &

>ies i < rank(S) VSCR Rank-UFPT
0 < Ty < 1 Vre R
z € R".

Unfortunately, we cannot compute rank(.S) efficiently for general instances of UFPT because
rank(.9) is itself the optimal value of an UFPT instance where all w; = 1, which is known to
be NP-hard to compute [CEK09]. Formally, rank(S) is the optimal value of the following
IP.

rank(S) = max ) . x;

such that Z%SzeeRﬂ diz; < ue Veec FE
0<z <1 VreR
x eZ™.

Card-UFPT

The best known approximation for Card-UFPT, and hence for rank(S), is an O(log |S])-
approximation [CEK09]. Although it is hard to approximate rank(S) for arbitrary sets S, it

11



turns out that for certain sets S we can compute rank(S) efficiently, and that enforcing the
rank constraints only for those sets is sufficient to solve the rank LP to within a constant
factor. Specifically, Friggstad and Gao show that we only need to consider rank constraints
for a collection F of sets S with rank(S) = 1 in order to 9-approximate Rank-UFPT [FG15].
We call these sets S with rank(S) = 1 cliques. They use this result to define a formulation
called the compact rank LP. In their paper, |F| = O(nm), so this formulation is solvable in

polytime.
max )y, W;T;

such that >° diz; < U Veec E

reS:eepP,
Yieg®i <1 VS eF Compact-Rank-UFPT
0<ux; <1 Vre R
xz € R".

Theorem 4 (Theorem 5 from [FG15]). If x is feasible for Compact-Rank-UFPT then x/9
is feasible for Rank-UFPT.

In Chapter 2 we present a family of single-sink tree instances for which Rank-UPFT has
integrality gap Q(y/logn). Furthermore, adding the rank constraints only improves the
integrality gap by a constant factor over the natural LP relaxation for these instances. On
the other hand, for intersecting path instances it is known that Rank-UFPT has integrality
gap O(1) [CEK09]. For general path instances, the integrality gap of Rank-UFPT is known
to be O(logn), and it is conjectured to be O(1) [CEK09].

Although the rank formulation does not improve significantly on the natural LP relax-
ation in the general case, there are some interesting properties of the rank LP which we

present in Chapter 2.

1.5 Our contributions

In Chapter 2 we tighten results related to a class of UFPT instances introduced by Frig-
gstad and Gao [FG15], determining exactly the optimal solutions to the IP and LP (see
Theorem 6). To accomplish this, we also prove a number of new structural results about
the instances, some of which are used in Chapter 4.

In Chapter 3 we generalize a result by Bienstock and McClosky [BM12] from knapsack
to multidimensional knapsack. Our result is a linear extended formulation which performs
better than the natural LP relaxation yet only has O(n) times as many variables and
constraints (see Theorem 9). Following this, we present a result by Pritchard [Pril0],

which, for any 0 < e < 1, gives a (1 — €)-approximate formulation for multidimensional
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knapsack which does not depend on the profits (see Theorem 10). We do not improve on
Pritchard’s result, but we have modified the presentation for clarity.

In Chapter 4 we introduce a new hierarchy of strengthened formulations for multidi-
mensional knapsack problems called the knapsack intersection hierarchy and investigate
its performance in the context of UFPT. Using results from Chapter 3 we show that the
strengthened formulations can be approximately separated in polynomial time when the
number of rounds is constant (see Corollary 2). We then prove that after applying ¢ rounds
of this hierarchy to the natural LP relaxation for UFPT, the integrality gap is Q(n/t) (see
Theorem 11). However, this result does not generalize to the rank LP and our results suggest
that this new hierarchy may be effective where the rank LP is not: for the Friggstad-Gao
instances, which evidence the worst known integrality gap for the rank LP, we prove that
the hierarchy performs better, achieving an integrality gap of ©(1/¢) after n® rounds for
any ¢ > 0 (see Theorem 12).

1.6 Related work

The name “unsplittable flow problem” was introduced in the doctoral thesis of Kleinberg
[K1e96]. In the original definition, it is not required that the underlying graph is a tree.
Hence, one not only has to determine which requests to include in the solution but also
which path between terminals to route those requests on. This problem was also sometimes
referred to as the integer multicommodity flow problem in operations research, a name
which Kleinberg remarks did not have a standardized meaning in the literature, leading
him to adopt the term unsplittable flow. The idea of routing flow on a single path can be
further traced back to the ring loading problem introduced by Cosares and Saniee [CS94],
which examined the case where the graph is a simple cycle.

The name unsplittable flow would go on to refer to a wide variety of problems as well,
including the special cases of paths and trees, where all flows are inherently unsplittable
(the route between two vertices cannot be “split” between multiple paths since there is only
one such path). Additionally, the same name has come to refer to both the cases where the
no-bottleneck assumption—which states that the maximum demand must be at most the
minimum capacity—is assumed and where it is not (Kleinberg assumes it in the original
definition, calling it the balance assumption).

The term all-or-nothing flow (ANF) was introduced to deal with this problem [CKS13].
It captures the essential property that for any request we must route all the demand (= d;)
or nothing (= 0). However, most recent papers still use the UFP terminology. On paths,
the problem has also been studied under names such as resource allocation, bandwidth allo-
cation, resource constrained scheduling, temporal knapsack, and interval packing [BSW14].

Although the name “unsplittable flow on trees” is not ideal, for consistency with the
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recent literature, we adopt it. Specifically, we define the unsplittable flow problem on paths
(UFPP) and the unsplittable flow problem on trees (UFPT) without the no-bottleneck
assumption. The no-bottleneck case was effective settled in [CMSO07].

We now discuss related work regarding UFPT and UFPP. The literature on integer
programming hierarchies, extended formulations and disjunctive programming is discussed
in Chapters 3 and 4.

1.6.1 UFPT

Currently, the best known approximation for UFPT is an O(k logn)-approximation where
k is the pathwidth of the tree [ACEW16]. All trees have pathwidth O(logn), so this is an
O(log2 n)-approximation in general. Furthermore, this result holds for arbitrary submodular
objectives, and implies an O(logn) approximation for UFPP since paths have constant
pathwidth. Prior to this work, an O(log? n)-approximation was first given by Chekuri, Ene,
and Korula [CEK09]. Later, Friggstad and Gao matched this with an LP formulation for
UFPT with integrality gap O(log?n) [FG15].

When all demands and item profits are 1 it is possible to obtain a 2-approximation for
UFPT, and with arbitrary profits there is a 4-approximation [CMS07]. On the other hand,
when all profits are 1 but demands are arbitrary, the best known result is an O(logn)-
approximation [CEK09]. This suggests that much of the difficulty in this problem comes
from the fact that the requests can vary in demand.

UFPT is known to be APX-hard, thus ruling out a PTAS unless P = NP [GVY97].
However, there is a quasi-PTAS under some assumptions about the number of leaves and
the magnitude of demands and capacities [ACHO09]. It can be shown that UFPT is APX-
hard when the number of leaves is Q(n€) for any ¢ > 0 [ACH09].

1.6.2 UFPP

Since every path graph is a tree, the results from the previous seciton on UFPT all apply
to UFPP. However, UFPT is known to be a harder problem, so better results are known
for UFPP. Of the two problems, UFPP has received the most attention in the literature.
At the time of writing, the best known polytime approximation for UFPP is a (1 + %Jre +
€)-approximation by Grandoni, Mémke, and Wiese [GMW20]. Prior to this, Grandoni,
Mo6mke, and Wiese also published a (5/3 + €)-approximation, the first paper to break the
2 + € barrier, which stood for a number of years [GMWZ18]. Many recent results classify
requests as either small or large depending on how large their demand is relative to the
smallest capacity edge that they route on (the bottleneck edge). For instances that contain
only large or only small requests, a PTAS is known, so a (2 + €)-approximation can be

achieved by either discarding all small requests or all large requests [AGLW18]. To achieve

14



a (5/34¢€)-approximation, a dynamic programming algorithm is used that is able to partially
combine the solutions for only small and only large requests.

Prior to the (24 ¢)-approximation, an extended formulation with integrality gap (7 +¢)
was defined by embedding a dynamic program into an LP [AGLW13]. This is currently
the best known LP formulation for this problem. Before this, a combinatorial (7 + €)-
approximation was already known [BSW14]|. This was the first O(1)-approximation for
UFPP; the best result prior to this is an O(logn)-approximation—the first known o(n)
approximation—which uses dynamic programming [BFKS09]. An O(n)-approximation is
easily obtained by rounding the natural LP relaxation (see Theorem 2).

It is not known whether a PTAS for UFPP exists, and resolving this is considered an
important open problem [GMWZ18]. However, a quasi-PTAS is known, which suggests a
PTAS may indeed exist since the existence of a quasi-PTAS rules out APX-hardness unless
NP C DTIME (2P°Wloe(™)) [BCES06]. Currently, the fastest quasi-PTAS for UFPP runs in
time nO<(loglogn) [GMW?21].

Despite this open problem, a PTAS is known for many important special cases of UFPP.
We already mentioned that there is a PTAS for instances with only large or only small
requests. More formally, there is a PTAS if for some § > 0 the instance contains only
requests which have demand at least a d-fraction of the capacity of the smallest edge they
route on [AGLW18]. On the other hand, if no requests fit this criteria (all requests are
small), then there is also a PTAS [CMS07]. A PTAS is also known for instances where all
requests cross an edge from a set of O(1) edges, and hence for intersecting instances as well
[GMWZ17]. Other cases which admit a PTAS include the case where the profit density of
the requests falls within a constant sized range [BGK*14], and in the case where all profits
are 1 and the optimal profit is a fixed parameter [Wiel7]. When the number of edges is
constant, there is a PTAS via MKP (see Section 3.3).

15



Chapter 2

Hard Instances

In the literature on UFPT, two notable instances were introduced which serve to evidence
lower bounds on the integrality gap of UFPT} and Rank-UFPT. The first such instance S™
has T defined as a path graph on n vertices, for which UFPT, has an integrality gap of ©(n)
but Rank-UFPT has an integrality gap of O(1). The second is a tree T, on O(2"*) vertices
for which UFPT, and Rank-UFPT both have an integrality gap of ©(y/logn). Hence, S"
evidences how poor of an approximation the LP relaxation is, while T’ }’G evidences that the
rank LP is not ideal either.

In this section we first define S™ and prove some of its well-known properties. We then
define TﬁG and prove some new structural results and tightened bounds for it. These new

results are key to our contributions in Chapter 4.

2.1 Staircase instances

For n > 2, we define the staircase! instance S™ = (T, R) as follows. Let T be a path graph
on n vertices, that is, V' = {1,...,n} and E = {(1,2),(2,3),...,(n — 1,n)}. We refer to
vertex 1 as the root or just 7. For each i =1,...,n — 1, define u; ;1) = 2= and create a
request i with s; = i, t; = n, d; = 2", and w; = 1. See Fig. 2.1 for an illustration. These
instances were first described by Chakrabarti, Chekuri, Gupta, and Kumar [CCGKO02].

Theorem 5. On instances S™, the integrality gap of UFPTY, is n/2, but the integrality gap
of Rank-UFPT is 1.

Proof. First we show that the integrality gap of the LP relaxation is n/2. Notice that each
request routes on an edge with capacity equal to the demand of the request. So, since all

requests share a common endpoint, for any two requests there must be an edge which both

'In the literature, this instance is referred to as a staircase because of a common way of visualizing UFPP
instances where the capacity is plotted above the vertices on the Y axis.
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Figure 2.1: Instance S® is a path graph on 8 vertices. Each vertex marked with a
bullet (e) is associated with a request (dashed line) which routes between that
vertex and r. The value under each edge denotes the capacity of that edge, and
the value above each vertex denotes the demand of the request associated with
that vertex. All requests have profit 1.

requests route on, with capacity equal to the demand of the larger of the two requests.
Hence, routing either of the requests does not leave enough capacity for the other, so any
optimal integral solution must contain only a single request. All requests have profit 1, so
therefore the optimal integral profit is 1.

We now show the LP optimum. Recall that the greedy algorithm in Section 1.4.1 selects
requests in order of decreasing profit density. Request i has profit density 2! 7%, so the greedy
algorithm starts by fully routing request 1, i.e., it sets 1 = 1. Now, the remaining capacity
on the edge with capacity 2 is 1; to fill this capacity we can route 1/2 of the request with
demand 2, i.e., we set x5 = 1/2. Inductively for all other i, the edge with capacity 2'~! is
1/2 full when we assign to the request with demand 2¢~!, so we set x; = 1/2 in order to fill
the capacity. This gives a profit of 1 4+ (n — 2)/2 = n/2. Hence, the integrality gap of the
LP relaxation is (n/2)/1 = n/2.

We now determine the rank LP integrality gap. We saw that no two requests can route
together integrally. Thus, rank(R) = 1 so ) ,x; < 1 is a valid rank inequality. With this
inequality there is clearly no assignment that produces a profit greater than 1, so the optimal
profit for the rank formulation is 1, and hence the integrality gap of the rank formulation

is also 1, i.e., the rank LP is equal to the integer hull. O

We can conclude from this that in general, the integrality gap of the LP relaxation is Q(n).
These instances evidence the worst known integrality gap for the natural LP relaxation,
yet the rank formulation (in fact, only a single rank constraint) is equal to the integer hull.
So, it is natural to question whether the integrality gap of the rank formulation is O(1)
in general. This is not currently known—for path instances the integrality gap is known
to be O(logn), and is conjectured to be O(1) [CEK09]. However, for tree instances, the
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d, Wy
99 _ 96 90
96 _ 93 9—2
93 _ 90 9—4

Figure 2.2: Instance Tp. Each vertex marked with a bullet (o) is associated with a
request which terminates at r; a select few such requests are indicated by dashed
lines. The values on the left indicate the demands/capacities of requests/edges
in each level, respectively. The values on the right indicate the profit of the
requests in each level.

integrality gap is Q(y/logn) [FG15].

2.2 Friggstad-Gao instances

In this section, we describe the family of Friggstad-Gao UFPT instances, and prove that they
have an integrality gap of ©(y/logn) for both the LP relaxation and the rank formulation.

We define the tree T I@G with height h > 2 as follows. There is a root vertex r which
has a single child v;. Apart from r, all vertices have 2"~1 children. We denote the set
of vertices with distance k from r by levely, that is, levely = {r}, level; = {v1}, and for
k € [h], |levely| = 2P~V For each edge e = uv with u € levely_1 and v € levely, define
ue = 2Mh=k+1) For all k > 1 and each vertex v € levely, create a request associated with
v with s, = v, t, = r, demand d, = 2Mh—k+1) _ oh(h=k) "and profit w, = 2~ r~DE-1)  GQee
Fig. 2.2 for an example. This defines a single-sink instance since every request terminates
at r. Moreover, since the profit of each request in any level is the inverse of the number
of requests in that level, the total profit of requests in any level is exactly 1. A simple
calculation shows that the number of requests—and equivalently the number of edges or

number of vertices—in levels 0 through ¢ is

-1
1y 2(/7,—1)( -1 B 3
n() = Y (@Y = S = 6 (2E). (2.1)
=0

Thus, h = ©(y/logn), where n := n(h) is the total number of requests/edges, and for any
_ log n(£)
¢, we have £ = © (T)
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We denote by K (e) the set of vectors x > 0 which satisfy the edge capacity constraint
for e. Hence, a subset J of requests is routable if and only if 1; € K(e) for every edge e.
For convenience, when referring to this instance, we often associate a request R, routing
between r and v with the vertex v or variable z,. We write T<" to denote the subtree
rooted at v with v itself removed. We use 1g to denote the indicator vector of the set S,
that is, the vector with (1g); =1ifi € S and (1g); =0ifi ¢ S.

2.2.1 Basic properties

Our main results rely on the following lemmas.

Lemma 4. For any edge e = uv where u € levely_1 and v € levely for some £, the set of

requests in T<V is routable on e. That is, 1p<v € Kj(e).

Proof. In any level k > ¢, 2Mh=k+1) is an upper bound for the demand 2(h—k+1) _ gh(h—Fk)
of the requests. The number of vertices in level, that are also in the subtree below
e is 20=D(E=0  Thus, the demand on e from routing all requests in levelj, is at most
o(h=1)(k=0)gh(h=k+1) — oh?~hl—k+E+h Therefore, summing over all k > £, we have

h h2—hl—k+b+h _ oh?—hl+04+h x\—h —k
Zk:é—&-l 2 =2 Zk;:ﬂ—i—l 2

— 2h27hf+g+h(2*f _ 27]1,)
< gh(h—t+1) 0
Lemma 5. The vector % is in K1(e) for every edge e.

Proof. Consider any edge e = uv where u € levely_1 and v € level;. The only requests
which route on e are those in the subtree rooted at v. Therefore it is sufficient to show that
b= %(1{1)} + 17<v) € K7(v). Note that 1{1)} is in K(e) since

dy = 2Mh=t+1) _gh(h=l) - gh(h—+1) —
and by Lemma 4, we have that 1p<. € Kj(e). It follows that any convex combination of
these vectors, and hence b, lies in K(e). O

Lemma 6. Let r be the root of the tree Tpg and P be any path from r to a leaf. Then the

demands for the requests of P form a routable set.

Proof. The requests associated with level £ have demand Qh(h=k+1) _ oh(h=k) g4 the total

19



demand of such a path is

>

Z oh(h—k+1) _ oh(h—k) _ gh? _ oh(h=1) | oh(h—1) _ oh(h=2) 4 .. 4 92k _oh | oh _ 90
k=1
— ol _ 1,

This is less than 2h2, the capacity of the topmost edge. A similar argument shows that no

other edges are violated by leveraging the self-similar structure of the tree. O

Lemma 7. For any £ > 1, any request v € levely, and any k > £, the set of requests
{v}U{u: u € levely is in the subtree below v}

s not feasible.

Proof. Recall that the demand of v is 2Mh—=1) — 2h(h=0) and the demand of u € levely, is
oh(h=k+1) _ 9h(h=k) The number of requests u € level, which are in the subtree below v is
(2h_1)k_€ = 2(h=1)(k=0 Qo in total the demand is
oh(h—t+1) _ gh(h—t) 4 o(h—1)(k—0) , <2h(h—k+1) _ 2h(h—k))
— oh(h—t+1) _ gh(h—0) + 2h2—hz+h+2—k _ 2h2—h€+€—k

oh(h—t+1) 4 oh(h—0) | <2h+£—k _ otk _ 1)

S gh(h—t+1).

Since 2/(h—t+1) is the demand of the edge immediately above v, this set is not feasible. [

2.2.2 Integrality gap of the natural LP relaxation

In their paper, Friggstad and Gao proved an upper bound of 2 for the integral optimum
and a lower bound of i /2 for the linear optimum on instances TI@G, implying an integrality
gap of h/4 [FG15]. Here, we tighten these results by deriving closed form expressions for
the optimal solutions to the IP and LP formulations, and hence for the integrality gap. We
show that the true integral optimum is at most 1.5625 and the linear optimum is at least
(h+1)/2, implying an integrality gap of (h + 1)/3.125.

Theorem 6. For instances TQG, the integrality gap of the natural LP relaxation is
(h+1)2h—1

ToR¥I_5 1
2hT1_9 > h + o ﬁlogn).

“h_12 | 220D | < 3125
L4270 LWJ
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To prove this, we first establish the LP optimum and then the IP optimum.

Lemma 8. The optimal profit of the LP relaxation for instances TﬁG is

h
(h;;ljlﬂ_ 5 ! > h;_ L ©(+/logn).

Proof. In this proof we consider instances T]%G to be “hanging down” from the root vertex r,
with the leaves at the bottom, as in Fig. 2.2. By Theorem 3, the LP optimum is achieved by
an algorithm which greedily routes requests to the maximum (fractionally) feasible extent
in order of decreasing profit density w;/d;. The solution we construct assigns the same value
to every request in a given level, so we represent it by a vector z € R”.

Recall that the root is in level 0, and the leaves are in level A. In level k of the tree,
requests have profit 2= ("=D*=1) and demand 2(h—k+1) _ oh(h=k) "o their profit density

increases monotonically towards the leaves:

9—(h—1)(k—1)
oh(h—k+1) _ 9h(h—k)

=0 (211,

By Lemma 4, we can route all the requests from any individual level together, so the greedy
algorithm first assigns a value of 1 to each request in the lowest level of the tree (k = h),
i.e., it sets xp = 1.

By Lemma 7, we know that we cannot fully route any two levels of the tree together.
Hence, the other levels must be fractionally routed. We now determine how much we can
fractionally route the requests in level h — 1, given how much capacity is occupied by the
requests in level k. The requests in level h have demand 2" — 1. Since the branching factor
is 2"=1 the demand imposed by the requests in level h on the edges immediately above level
h—1is201. (2h — 1). Since these edges have capacity 2/(h—(h=1)+1) — 92k the amount of
remaining capacity is 22 — 2h=1. (20 — 1) = 20=1. (2h — 1),

By Lemma 4, even if all of these edges are tight, none of the other edges can be violated
by these requests alone, so we only need to consider the capacity of these edges at this step.
h—1)+1) _ 9h(h—(h—1)

The requests in level h — 1 have demand 27— ), so to fill the remaining

capacity the greedy algorithm assigns

2h=1. (2" — 1) 2" +1

Th—1 = oh(h—(h=1)+1) _ 9h(h—(h—1)) = 92h+1 _ 9~

We now show by induction that for k& < h—2, the greedy algorithm assigns x;, = 2"~1/(2" —
1). Assume k < h—2 and that z;1 < 1. This assumption holds at the base case of k = h—2,
since 7,1 < 1. It also holds in the inductive case because 2"~1/(2" — 1) < 1.

Since xx4+1 < 1, the edges below level k must be tight; otherwise the greedy algorithm
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would have assigned more value. Thus, the demand imposed so far on the edges above
level k is equal to the branching factor 2"~! times the capacity of the edges below level

k. Simplifying, this is 201 . 2h(h=(k+1)+1) — 9h(h—k+1)=1 = Gince the edges above level k

h—k+1) h—k+1) _ gh(h—k+1)—1 _

have capacity 2/ , the amount of remaining capacity is 2N

2h(h=k+1)=1 Hence, the requests in level k can be assigned value

oh(h—k+1)-1 9h—1

Tk = Sh(h—kt1) _ oh(h—k) _ 9k _ 1’

concluding the inductive argument.

Recall that in any level k, the profit of each request is 2~ (*~D(*=1) and the number of
requests is 2"~ D=1 Since we assign the same value to all requests in a level, the profit
contributed by the requests in level k is a, - 2~ (=D (k=1 . o(h=1)(k=1) — 2, i ¢ the profit of
those requests is simply equal to the value assigned to them. Therefore, the total profit of

the constructed solution is

h h h—1 h
2h 41 2 (h+1)2" —1
in:1+2h‘+1_2+(h_2)'2h—1: g~ O -
i=1

Lemma 9. The optimal integral solution profit for instances TﬁG 18

9h(h—1)

142 (=12 12 | <1 5695
+ S | < 15625

Proof. We consider instances TQG to be “hanging down” from the root vertex r as in Fig. 2.2.
To prove this, we show a stronger statement: for any request/vertex v which is in level k of
the tree, the maximum profit of any feasible subset S of the requests in the subtree rooted

at v is

h(h—F)
—(h=1)(k=1) | o—(h=1)2 | 2
——]

The case k = 1 proves the lemma. The proof is by induction from k = h to 1. For the base

case where k = h, v is a leaf, so the subtree rooted at v contains only v itself. Since h > 2,

oh(h—F)

2h —1
so it suffices to show that the profit of S = {v} is at most 2~ (h=1(k=1) " and indeed,
w, = 27D " concluding the base case. We now assume that k& < h and that the

we have
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claim holds for all children of v, and show that it holds for v itself. We consider two cases:

where v € S and where v ¢ S.

Case 1: v € S. Here, we gain profit 2~ (~D¢*=1) from o itself, so it remains to show that

the rest of the requests in .S contribute profit

2—«h—1xh—1>{2h0‘k”J'

2h — 1
After routing v, the amount of capacity remaining on the edge immediately above v is

oh(h—k+1) _ <2h(h7k+1) _ 2h(h7k)> — oh(h—k)

The requests in level h have the highest profit density (see Lemma 8), so filling the remaining
capacity fractionally with requests from that level achieves the maximum possible fractional
profit. We show, in fact, that filling the remaining capacity integrally with those requests
is the optimal choice, even if there is a small amount of remaining capacity.
Recall that the requests in level h have demand 2" — 1. Level h contains 2(h—D(h—1)
requests and 2h(h_k)/(2h -1 < 2(h=1)(h=1) g5 there are enough such requests to completely
fill the remaining capacity. We add to S as many of these requests as possible while
maintaining feasibility. However, since we need an integral solution, there may be some
remaining capacity. Since the demand of requests in levels < h is even higher than for
level h, there is not enough capacity left to include any requests from other levels in S.
Furthermore, removing any set of level h requests from S in order to include a request from
a level < h would reduce the profit of S: since demand increases by a factor of 2" for each
level towards the root, we would need to remove at least 2" — 1 level h requests from S to fit
one request from level h — 1. If we performed this operation, the difference in profit would

be at most

_(2h _ 1)2(h—1)(h—1) + 2(h—1)(h—2) < 0

Therefore, including only v and as many level h requests as possible in S is optimal, and

this produces the desired profit.

Case 2: v ¢ S. By the induction hypothesis, for each of the 2"~ children of v we can gain
profit

o (-)(k+1)-1) | o-(r-n@u-y | 2T
o 1
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Therefore, the maximum profit of a feasible subset of the subtree rooted at v is

h(h—(k+1 h(h—k
oh1 | <2<h1><<k+1)1) L+ g-(h-1)? F(}L”))J) < 9=(h=1)(k=1) | g—(h=1)* r ( )J
oh—1 |)=

as desired. O

Proof of Theorem 6. From the previous two lemmas it is straightforward to show that the

integrality gap is

(ht1)2"—1 h+1 bl
2i+1—2 2
2 = =0 (h) = ©(y/logn). 0
14 2-(h-1? LMJ = 1563 3125 o O(V/logn)
2h—1

2.2.3 Integrality gap of the rank LP

It remains to show that the integrality gap of the rank formulation is at most a constant
factor better than the natural LP relaxation, that is, the rank formulation also has inte-
grality gap ©(y/logn). To show this we follow a similar proof to one presented by Friggstad
and Gao [FG15].

Theorem 7. For instances TgG, the integrality gap of the rank LP is ©(y/logn).

Proof. First, we show that given any set S C R, at least two of the requests in the set can
be routed together. Let 7, € R be arbitrary requests and suppose i € level, and j € levely,
WLOG with a < b (if @ = b, then the requests could not conflict). If i and j were to conflict,
they would do so on the parent edge of ¢ because capacity increases towards the root. The
capacity of this edge is 2("=2+1) the demand of i is 2/(h—at1l) _ 9h(h—a) "4n( the demand
of j is 2Mh=b+1) _ oh(h=b) < gh(h—a) _ gh(h—a=1) Hence, the total demand is less than the
capacity, so the two requests can route together. So, given any S C R, any two requests in
S can route together and thus rank(S) > 2. Hence, there are no clique constraints for this
instance and thus Compact-Rank-UFPT is equivalent to UFPT},.

Therefore, the optimal solution z* to UFPT, given in Lemma 8, is also optimal for
Compact-Rank-UFPT. By Theorem 4, z*/9 is feasible for Rank-UFPT, and hence the
integrality gap of Rank-UFPT on this instance is ©(y/logn)/9 = ©(y/logn). O

Instances T° l’}G evidence the worst known lower bound for Rank-UFPT, i.e., the integrality
gap of Rank-UFPT is Q(y/logn). However, the integrality gap of Rank-UFPT is known to
be O(logn) on general instances [CEK09]. It remains an open problem to close this gap,

either by tightening the upper bound to O(y/logn) or finding an instance with integrality

gap w(v/logn).
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Chapter 3

Extended Formulations

In the previous section, we saw that the rank formulation for UFPT, while somewhat
effective at strengthening the natural LP relaxation, still has an integrality gap of Q(y/logn).
To improve this gap, one might consider generalizing the rank inequalities, for example to
those of the form Y a;x; < b for a; € {0,1,2}. Although these directions may in fact
lead somewhere, some negative results are known which suggest there are limits to this

approach—which extended formulations can overcome.

Definition 2. Let w € R} and 0 < e < 1. A (1 — €)-approzimate extended formulation
for P C R™ is a polyhedron Q C RY with N > n, such that for all x € P there is some
x' € RN=" such that (z,2') € Q, and

max{w!z:z € P} > (1 — ¢) max{wlz : Iz’ e RN s.t. (x,2) € Q}.

We may also refer to (1+€)-approximate extended formulations where it is more convenient

to do so. For € > 0 we have a (1 + €)-approximation if
T .. / N—n / T, .
max{w” z : Jz' € R st. (z,2") € Q} < (14 ¢)max{w = : x € P}.

Evidently, there is a (1 + €)-approximation if and only if there is a (1 — €')-approximation;
just take € = ¢€/(1+€) or e = €//(1 — €). Since we only deal with maximization problems,
this is not ambiguous; we can determine what is meant by x-approximation depending on
whether x > 1. We motivate this definition using the following result of Faenza and Sanita
[FS15].

Theorem 8. For sufficiently small € > 0, there is no (1 — €)-approzimate formulation
Q C R™ for a 0-1 knapsack polytope P C R™ such that the number of facets of Q is

polynomial in n.
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Therefore, if we want to define a (1 — ¢)-approximate formulation for KP which has a
polynomial number of facets for every fixed €, we need to use an extended formulation; no
formulation in the original space R" exists.

In this section we explore approximate extended formulations for multidimensional knap-
sack using a technique called disjunctive programming; in the next section we apply these

formulations to derive strengthened formulations for UFPT.

3.1 Disjunctive programming

Let P C [0,1]" be an arbitrary set, w € R, and suppose we wish to solve max{w’z : x €
P}. We say that Q',...,Q" C [0,1]" is a disjunction for P if P C Q' U---UQ". The Q°
are called the disjuncts. Clearly, Q := conv(Q' U---U Q%) D P and therefore

max {wa cx € P} < max{wa cx € QY

so @ is a relaxation for P. Disjunctive programming effectively amounts to enumerating a
number of cases (the Q°), but the enumeration is implicit—we end up with a single convex
optimization problem with extra variables (an extended formulation). By the definition of

conv(-), we can optimize over () with the following formulation:

max ’U}T:E

such that 25:1 Nt =z

25:1 XN=1 DP1
N>0 Vi€ [L]
e Q' Vi€ [L]

However, this formulation is nonlinear because of the Az’ terms. This can be alleviated
if we have a linear description of the @Q?, that is, if there is some A’ and b® such that
Q' = {z € [0,1]" : A%z < b'} for all i. If we have such a linear description, then we can
linearize the optimization problem over ) by making each term Az’ into a variable which
we denote by 2*. This is called homogenization and is achieved by adding an extra dimension

24 for each 2'. Optimization over @ can thus be formulated as an LP which uses the extra
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variables z*:

max wTZL‘

such that Z{;l z; =xz; Vjen]

L i
Zi:l 0 = 1 DP2
4>0 Vie [L]
Alzt < ip Vie [L]
zj-ﬁzé Vie[L],Vje|[n]

Lemma 10. DP1 and DP2 are equivalent.

Proof. If we take (z,)\) € DP1, then we can define z{ = A" and z§ = X‘x; for i € [L] and
j € [n], so that (z,2) € DP2. Conversely, for any (x,z) € DP2, we can take \' = 2} for all
i, so that (z,\) € DP1. O

The following result is key for the application of disjunctive programming to approximation

algorithms.

Lemma 11. Let OPT = max{w’z : x € P}. If there is a constant 0 < v < 1 such that for
each i € [L] we have OPT > (1 —y)max{w’z : 2 € Q'}, then OPT > (1 — v) max{w’z :
x € Q}.

Proof. Let (z,2) be optimal for DP2. Then for all i € [L], we have 2% € 2§ Q¢, so
2 OPT > 2 (1 — y) max{w’z : z € Q'} > (1 — y)w’ 2"

If we sum this over all i € [L] we find, as desired, that

L L
OPT = Z 2, OPT > (1 —7) Zszi = (1 -ywlz. O

i=1 i=1
This simple result is enough for us to begin applying disjunctive programming. For a more
comprehensive introduction to disjunctive programming, please refer to [Bal79]. We first
give a simple disjunctive programming formulation for m-KP which improves upon the
(m + 1)-approximation seen in the introduction. Following this we present a polynomially

sized (1 — €)-approximate formulation for m-KP for any 0 < e < 1.
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3.2 Simple disjunctive programming approximation for
m-KP

In this section we give a (140.79m)-approximate extended formulation for m-KP which uses
just O(n) disjuncts. This result is generalized from a 1.79-approximate extended formulation
for KP given by Bienstock and McClosky [BM12]. Their result was provided in response
to the question of whether there was any “simple” relaxation for KP with polynomially
separable inequalities which has an integrality gap of less than 2 (the integrality gap of the
natural LP relaxation). We show that their result generalizes very cleanly to m-KP. Their
result uses only O(1) disjuncts while we require O(n), but the construction is still relatively

simple.

Theorem 9. There is a (1 +m - r(m))-approzimate extended formulation for m-KP with

size polynomial in n and m, where

_ V8mA+28m3 +29m? + 10m + 1 —3m — 1
B 4m? + 2m

r(m) < 0.79.
If desired for simplicity, the analysis also works with r = (v/19 — 2)/3, but the above

definition of r gives a tighter bound for large m, since lim,, o 7(m) = v/2/2.

Proof. Fix some instance Z and assume WLOG that the optimal profit OPT, for m-K7, is
m + 1. If not, we can scale all the profits so that this is the case. Let OPT; be the optimal
profit for m-Kj. Since m is fixed, we write r instead of r(m). As we showed in Section 1.3,
the integrality gap of m-Kp, is m+1, i.e., OPT/OPT; < m+ 1, and therefore OPT; > 1.
We now define an extended formulation relaxation for m-Kj of size polynomial in n and
show that it has optimal profit at most (1 + mr)OPT.

We divide the disjuncts we define into three types: @7, @}, and Q°. Let Q = {i : w; > r}
and ), = {i € Q\ {h} : a! +a} < Vj € [m]}. First, for each h € Q2 such that Q, # 0, we

make a disjunct Qi as follows:

S aln <d Vj € [m]
Irp = 1 2
S i > 1 (@3)
0<z; <1 Vi € [n]
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Next, for every h € ) we make a disjunct Q,ll:

Y aly < Vj € [m)]

=1

zi =0 VieQ\ {h} (@)
x; =0 Vi where 35 s.t. a{+a{L>cj

0<xz <1 Vi€ [n]

And finally we make a single disjunct Q°:

Yoy a{xi <d Vj € [m]
z; =0 VieQ Q%
0<z; <1 Vi€ [n]

We now show that this construction has the desired integrality gap. Let () be the convex
hull of the union of all of these disjuncts. We claim that m-K; C Q C m-K. Let S be
such that 1g € m-K;. If |[SNQ| > 2, then 15 € Q2 for every h € SN If [SNQ| = 1, then
it is easily verified that 1g € @}, for {h} = SN Q. If [SN Q| =0, then clearly 15 € Q. So,
m-K; C Q. Now let z € Q. Since all disjuncts have the constraints >, af x; < ¢ for all
j € [m], we have x € m-K|, by definition. So, Q@ C m-Kp,.

If there is some h € Q such that Q # 0, then for every i € Qp, Liniyy € m-Kj.
Furthermore, 1y, ;3 achieves profit at least 2r because h,¢ € €2 so both h and i have profit
at least r. Since OPT [, = m+1, as desired the integrality gap of @) is at most (m+1)/(2r) <
1+mr.

Now we assume that Q;, = () Vh € ), i.e., no two items of profit at least r can be packed
together feasibly. So, we are only concerned with the disjuncts Q}L and QU from this point
on.

Let h € Q be arbitrary and let & be an extreme point optimal solution to max{w’z :
T € Q,ll} Observe that if w4 < 1 + mr, then the integrality gap is at most 1 + mr as
desired, since OPT; > 1. Therefore, we assume wld > 1+ mr.

Furthermore, observe that if for some i we have w; > (m + 1)/(1 + mr), then we are
done because then packing item i alone implies that OPT; > (m + 1)/(1 + mr), so the
integrality gap of m-Kr—and hence the integrality gap of (Q—is at most

m+1
(m+1)/(1+ mr)

=1+ mr

So, we assume from here on that w; < (m + 1)/(1 + mr). Now, since & € Q}, & contains
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exactly one nonzero item h from €2, so we have the following:

. m—+1
Zwi$¢:wh<

e 1+mr
and Za{ﬁ:izaj Vj e [ml].
1€Q)

Let ' = {i & Q : Vy, ag + mingecq ai < cj}. Clgarly ' NQ = (. Recall that Q,ll has the
constraint that z; = 0 for all i such that a] + aj > ¢/ for some j. For i ¢ T'U €, there is
some j such that ag + mingco ai > ¢J. Since h € Q, we have ag + ai > af + mingeq ai > ¢,

so #; = 0. So, TUQ = {i: &; > 0}. Therefore, since we assumed w’& > 1 + mr, we have

A A R m+1
Zwixi:wa—Zwimi >1+mr—

)
el 1€Q 1+ mr
and Za{ii:Zagi“ifZag:%igcjfa% Vj e [m].
el % 1€

Since £ € m-Ky,, which has integrality gap m + 1, we can use the rounding algorithm from
Section 1.3 to find a feasible set S C I" which achieves profit at least (3 ;. wi#;)/(m + 1).
So, there exists a set S C I' with 1g € m-K; which satisfies the following:

1 m+1
Zwiz— 1+ mr— ,
m+1 1+ mr

€S
and Zaggcj—a% Vj e [m].
€S

There is enough space left along each dimension to pack item h along with S, so there is a
feasible integral solution S U {h} with profit at least

1 1 1
R 1+mT_m+ L m + ’
m+1 1+ mr 1+mr

i.e., OPT; > (m+1)/(1+mr). Note that the above inequality requires a significant amount
of algebra to prove and depends on the value of ». We have omitted this for brevity. Since
wl# < OPT = m + 1, the integrality gap of Q,ll is 14+ mr.

Finally, if Q} = 0 for all h, then Q@ = Q. In the definition of Q° we force x; = 0 for
all items with w; > r. By Lemma 3 any extreme point optimal solution has at most m
fractional items, so the profit of the LP is less than OPT;+mr < (1+mr)OPT;. Therefore,
the integrality gap of Q¥ is at most 1 + mr, as desired.

We have now shown that every disjunct has optimal value at most (1 + mr)OPTy, so

if we take v = mr/(1 + mr), then by Lemma 11, @ itself also has optimal value at most
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(1 4+ mr)OPT and therefore is a (1 4 mr)-approximate extended formulation. O

3.3 Disjunctive programming (1 — ¢)-approximation for
m-KP

In this section we present a (1 — €)-approximate extended formulation for m-KP for any
0 < € < 1 which has size polynomial in n for fixed ¢ and m. This construction was first
given by Pritchard [Pril0]. In his paper, Pritchard presents a non-polyhedral version of
this result in detail and notes how to modify the construction to achieve a polyhedral
approximation. Here, we present the full details of the polyhedral version. We do not
improve upon the original result, but have modified the presentation for clarity. Our proof
also borrows ideas from an earlier result for the 1-dimensional case by Bienstock [Bie0§],
which was the inspiration behind Pritchard’s result.

This section partially answers a question posed by Van Vyve and Wolsey [VWO06], which
asked whether there exist (1+¢)-approximate extended formulations for knapsack polytopes

which have size polynomial in n and e!.

The formulation we present here is polynomial
in n for each fixed € but is not polynomial in e~!. It remains an open problem to find an
extended formulation with size polynomial in both n and €', even for the 1-dimensional
case. We discuss this further in the conclusion of this section.

In this section we denote the integral multidimensional knapsack polytope m-KP by Py.

The main result is the following:

Theorem 10. Let 0 < € < 1. There exists some A € RS*", A’ €¢ R**!, and b € R® with
t=0m™ Y and s = O(n'+™° <) such that

PrCP:={zeR":32' eR" s.t. Az + A'2’ <b},
and for any w € RY},
max{wT:L‘:x P} > (1—e)max{wT:B cx € P},

It is easy to see that the extended formulation P, has size polynomial in n for any fixed €
and m, and thus can be optimized over in polynomial time. Since P, does not depend on
the profits w, we have the following additional desirable property. We show in Chapter 4
that this implies that the intersection of many polytopes F, is itself a (1 — €)-approximation

for the intersection of the corresponding integral polytopes P.
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Corollary 1. P, is a polyhedral (1 — €)-approzimation for Py, that is,
(1—e)P.C P CP..

The idea behind this construction mirrors a well known approach for achieving a PTAS for
multidimensional knapsack. In essence, we want to guess a set of the largest sized items
that are assumed to be in the solution, and then solve the LP relaxation for the remaining
small items. Since the LP only decides whether to include relatively small items, it can be
rounded to an integral solution without much loss. As long as the size of the large item set
we guess is constant, there are only polynomially many such sets to try, so the algorithm
run in polytime.

We now describe how to construct P, before proving that it achieves the desired ap-

proximation.

3.3.1 Construction

The construction uses disjunctive programming to effectively enumerate all possible guesses
up to a certain size. Let H be an integer depending on ¢ and m which we define later. Our
guesses are of size H.

First, we handle the cases where the number of items in the solution is smaller than H.
To do this we create a disjunct Q% . for all sets S C [n] such that |S| < H and 15 € P.
These disjuncts are trivial: they only contain the single point 1g. There are O(n*’) such
disjuncts.

Next, we create a disjunct Qfarge for each set family S = {51, 52,...,S,} such that for
all j, |S;| = H and 1g,,..us,, € Pr. Hence, the number of these disjuncts is O(n™H). S is
analogous to the guess described above and Qf;r ge 18 analogous to the LP for the remaining
small items after the guessed items are fixed. For convenience we say S = S1 U --- U Sy,.
Essentially, we want the feasible solutions for this disjunct to include all items in .S, and
exclude items not in S which have size larger than those in §; for some dimension j. In
other words, we only allow our guess S along with fractionally feasible items that are smaller

on every dimension than the items we guessed. So, we define Qfm, ge 88 follows:

z=1 Vies (3.1)
xr, =0 Vi¢gS:3j ag > minges; ai (3.2)
x€P (3.3)
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3.3.2 Analysis

First, we show that this disjunctive formulation is indeed a relaxation for P.
Lemma 12. Let P. be the convex hull of the union of all disjuncts. Then Pr C P..

Proof. For x € [0,1]" define suppt(xz) = {i : ; = 1}. We claim that if z € Prn{0,1}",

then z is in one of the disjuncts. If | suppt(x)| < H, then trivially = € Qzlﬁztl(w). Otherwise,
we show x € wage for some & = {S1,...,Sm}. For each dimension j, let S; contain the

H largest items in suppt(z). Then, we have x; = 1 for each i € S, satisfying Eq. (3.1). For
each dimension j, we picked S; to contain the H largest items in suppt(x), so no other item
in suppt(z) can have size greater than minges, ai, and hence Eq. (3.2) is satisfied. Finally,
Eq. (3.3) is trivially satisfied because x € Pr. O

It remains to prove that this formulation has the desired integrality gap.

Lemma 13. Let w € R’} and let OPT = max {sz tx € PI}. For any disjunct @,

OPT; > (1 — e)max {wlz: 2 € Q}.

S

Proof. First consider the case of the small disjuncts. For any S, Q%

; contains only the
single point 1g, which is in P; by definition, so the inequality trivially holds.

Now we consider the large disjuncts Qfar ge- Let S be arbitrary. It suffices to prove that
for any extreme point optimal solution z for max {wa rx € Qf”ge}, we have OPT; >
(1 — e)wlz. By Lemma 3, x contains at most m fractional elements. Let X = {i : z; > 0}
be the set obtained by rounding up all of these fractional elements. For each dimension j,
let Dj = argmin{w(D) : D C X, [D| =m, 3 cx\p ag < ¢/}. In other words, Dj is the
smallest profit set of m items from X such that X \ D satisfies the knapsack constraint for
dimension j. Let I = X \ (D1 U---U D,,) be the feasible set resulting from deleting all D;
from X.

Fractional elements of = are not in S and thus are subject to Eq. (3.2). So, for ¢ € Sy
and i’ fractional, we have a{ > a{,, i.e., the elements in S; are all larger than the fractional
elements. Deleting the fractional elements of x from X must yield a feasible set. Hence, for
any D C S; with |D| = m, deleting D from X yields a set which is feasible for dimension
J, that is, we have ). X\D a{ < ¢J. Therefore, such sets D are among those considered by
the arg min when selecting the sets D).

There must exist some such set D which has profit at most F;w(S;), the average profit
of m items from S;. Furthermore, since S; C X, we have Zw(S;) < Hw(X). Hence, each
set D; also has w(D;) < Fw(X). There are m sets D1, ..., Dy, so the profit of their union

33



is at most mﬁzw(X ). Therefore,
m? m? m?
OPT; > w(I) > w(X) — ﬁw(X) = (1 - ) w(X) > <1 — > wl'z,

and taking H = [m?/¢] finishes the proof. O
We can now conclude with Theorem 10.

Proof of Theorem 10. In Section 3.1, we saw how we can optimize over disjunctive programs
using the linear formulation DP2, which is equivalent to optimizing over P. := conv(Q! U
U QF) for disjuncts Q°. By Lemma 12, P. is a relaxation for P;, and given Lemma 13
we can apply Lemma 11 to conclude that P. is indeed a (1 — €)-approximation. From the
construction it is clear that P. does not depend on the profits w as desired.

There are at most (, ;) = O(n™#) disjuncts Q‘lsmge and at most S ¢, (1) = O(Hn™)

mH
disjuncts Q3 .. so the homogenized LP DP2 has O((n+m)(n™# + HnM)) = O(nttm*e ™)
constraints and O(n!t™H + Hp!TH) = O(n!*m*<") variables. O

In comparison with the simple disjunctive programming formulation given in Section 3.2,
this construction is significantly larger when € is set to achieve a similar approximation
factor. In Section 3.2 we achieved a (1 4 r(m) - m)-approximation, or equivalently, a (1 —
r(m) - m/(1 + r(m) - m))-approximation. If we take e = r(m) - m/(1 + r(m) - m), the
construction here sets H = O(m?) and thus uses O(n™") disjuncts, in stark contrast to the
O(n) disjuncts used by the simple formulation.

However, the construction in this section is a polyhedral approximation (i.e., not de-
pending on the cost function; see Corollary 1), while the construction in Section 3.2 is not.
There is a non-polyhedral variant of this construction given by Pritchard [Pril0], which
requires only O(n) disjuncts to achieve the same approximation factor. Still, the simple
construction does better, which suggests that there may be some room for improvement
here. In particular, it may be possible to use ideas from the simple formulation to find a
(1—e)-approximate extended formulation with size polynomial in both n and ¢!, answering

the open question posed by Van Vyve and Wolsey [VWO06].

3.4 An extended formulation for UFPT?

We have now seen a (1 — €)-approximate extended formulation for MKP, and by extension
for UFPT. However, the size of the formulation for UFPT that this approach gives is
exponential in the number of edges. Since MKP is such a general problem, it is natural to
question whether there is an extended formulation which exploits the structure of UFPT

instances to get a (1 — €)-approximate formulation with size polynomial in the number of
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edges and requests. This would imply a PTAS, so given that UFPT is APX-hard, we do not
expect this to be possible. However, UFPP is not known to be APX-hard, so a formulation
may exist for path instances—although, we expect this to be quite hard to resolve, because
no PTAS for UFPP is currently known despite the significant effort put towards finding
one.
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Chapter 4

The Knapsack Intersection

Hierarchy

In this section we introduce a method of strengthening LP formulations for multidimensional
knapsack which we call the knapsack intersection hierarchy. We study the application of
this hierarchy to UFPT, but it is a general framework that may have applications in other
settings.

Computational solution strategies for MKP often use some form of branch and cut
method. One of the most effective approaches is to rely on cuts for the knapsack polytopes
associated with individual constraints [CJP83]. For each j € [m], let K(j) denote the
polytope {z € [0,1]" : >, a{xi < ¢/}, i.e., the polytope associated with constraint j. The
knapsack cuts for K(i) are the inequalities which are valid for the integer hull K;(j) =
conv(K (j) N {0,1}™). On each iteration of a branch and cut approach (e.g., see [Sch98]),
one has a feasible—but fractional—solution Z for a current relaxation P’ of m-K;. One
then generates knapsack cuts for some constraint. That is, for some j, we find a valid
inequality bz < d for K;(j) for which b¥# > d. Adding these inequalities to P’ gives a
tighter formulation for m-K; on which to recurse.

This approach has also been extended to multi-row cuts. This can be done in two distinct
ways: (1) By aggregating multiple constraints to form a single knapsack and using it to
generate cutting planes [DLTW14, Xav17, DM18] and (2) by considering cuts associated
with the integer hull of the intersection of several knapsack polytopes [LW08, KPP04]. The
latter set-up is potentially stronger in the following sense: there are instances where adding
all cuts of type (2) defines the integer hull but adding (any number of) cuts of type (1) does

not.1

'A well-known example for the Chvétal rank actually shows that one may need an unbounded number
of rounds of aggregated cuts in order to obtain the integer hull (e.g., see Section 23 in [Sch98]).
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We discuss a framework to measure the strength of cuts in the latter setting. For
some S C [m], we study the intersection of the knapsack polytopes K(S) := NjesK(j).
The paradigm generates cuts for the associated integer hull K;(S). We define a knapsack

intersection hierarchy of relaxations for Py as follows. For each t = 1,...,m, define

P'= () Ki(S).
|S|=t

In other words, P! is obtained from P by adding, for each S C [m] with |S| = ¢, all valid
inequalities for K;(S). Clearly, Pt*! C Pt and P™ = Py, so we have the following hierarchy:

PopP'o>...DP"D>pm=p.

Since separating over K(S) is NP-Hard, it is already hard to separate over P! (a fate shared
by the Chvétal closure of a polyhedron [Eis99]). However, we show that a polynomially
sized, but approximate, formulation can be used when ¢ is constant.

This hierarchy appears to differ from other integer programming hierarchies in the sense
that the levels of the hierarchy are parameterized by the number of constraints (m), rather
than the number of variables (n). For example, the hierarchies introduced by Lovész-
Schrijver [LS91], Sherali-Adams [SA90], Parillo [Par03] and Lasserre [Las01] are all equal to
the integer hull P; at level n. However, it can be shown that for any UFPT instance there
exists an equivalent instance with m < 4n (see Appendix A.3 in [FG15]), so our hierarchy

is equal to the integer hull at level 4n.

4.1 Primary results

We show how to approximate P! using the formulation presented in Section 3.3, which
gives a polyhedral (1 —e)-approximate extended formulation for multidimensional knapsack

problems. This leads to the following result:

Proposition 1. For 0 < € < 1, there is a (1 — €)-approzimate extended LP formulation for
Pt of size O(nt3€_1+t+1), i.e., a formulation for which the value of an optimal solution is

at most a (1/(1 — €))-factor larger than the optimal solution to P'.
Corollary 2. For fized t there is a PTAS for max{w’x : x € P'}.

Let Pank and P!

ran

. be the polytopes P and P! with all rank constraints added. We deter-
mine the integrality gap of P! and Plfank for the “staircase” instances S™ and the Friggstad-
Gao instances TﬁG which we used to lower bound the integrality gap of LP formulations
in Chapter 2. The following result establishes a lower bound using the instances S"—for
which Pk, and hence P!

rank’

is known to have an integrality gap of O(1).
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Theorem 11. The integrality gap of Pt is Q(n/t), even for path graphs where all requests

share a common endpoint.

The proof of this result is simple, and possibly even expected, given that the same lower
bound holds for the Sherali-Adams hierarchy [CEK09]. With a bit more work, we can also
lower bound the integrality gap for tree instances by using the Friggstad-Gao instances.
We were not able to resolve a general upper bound on the integrality gap for P?; however,
specifically for the Friggstad-Gao instances, we give an upper bound matching our lower
bound.

Theorem 12. For constant t, the integrality gap of both P* and Pt is Q(y/logn). How-

a.

ever, on the Friggstad-Gao instances, for any ¢ > 0 the integrality gap of both P™ and Pr’;cnk
is ©(1/c).

Unfortunately, for ¢ = o(n®), the integrality gap of P

nk 1S super-constant, and hence this

does not lead to a quasi-PTAS. The Friggstad-Gao instances have no cliques, that is, each
pair of requests is routable. So, we speculate whether this improved integrality gap upper
bound could hold for general tree instances which do not have any cliques, and whether the

rank formulation could be effective against instances which do have cliques.

4.1.1 Proof of Proposition 1
Proof of Proposition 1. In Section 3.3, following the work of Pritchard [Pril0], a (1 — e)-

approximate extended formulation is given for K(S) with size O(n!*t#°¢™"). For 0 < e <1,
denote the projection of this extended formulation onto R™ by K (S). Furthermore, denote
by P! the polytope szt Ke(S). Since K(S) is a polyhedral approximation, as shown in
Corollary 1, we have (1 — €) K (S) C K;(S) C K.(S5). It follows that

L-aP =(1—¢) () ElS) = () (1= KLS) S [ Ku(S) =P

|S|=t |S|=t |S|=t

and

P'= () Ki(S) C ) K(5) =P
|S|=t |S|=t

Therefore, P! is a polyhedral (1 — €)-approximate extended formulation for P'. There are

(1) = O(n') sets S with S = |T, so since each K,(S) has size O(nt+m*e nOt*/9) | Pt has

size O(n'+°< ") . O(nt) = O(n?’¢ ' +1+1) as desired. O
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4.2 Integrality gap lower bound

In this section, we prove Theorem 11 and the lower bound part of Theorem 12. In Sec-
tion 4.2.1, we start by showing that the knapsack intersection hierarchy may be an ineffective
approach for approximating the solution to certain path instances—for which adding the
rank constraints yields a constant integrality gap. However, in contrast we show in Sec-
tion 4.2.2 that on the Friggstad-Gao tree instances, for any ¢ > 0 the integrality gap is
reduced to (1/c) for both P™ and P7 .. despite that the rank LP has integrality gap
Q(v/Togn) for these instances.

4.2.1 Path instances

For path instances, it is known that the integrality gap of Prank is O(logn) and it is con-
jectured to be O(1) [CEK09]. However, the natural LP formulation has an integrality gap
of Q(n), as evidenced by the staircase instances S™. We now prove Theorem 11 by showing
that the integrality gap of P! is Q(n/t).

Proof of Theorem 11. Let t > 1. We show that 1:4%1 € P! for instances S™, as defined in
Section 2.1. Let S C E(S™) with |S| = t. For each edge (i,7 + 1) € S, request i is routable
alone. All other requests can route together without violating this edge’s capacity, because
any other request j which routes on (i,i + 1) has demand 27, edge (i, + 1) has capacity
2% and Z;;% 2J < 2. This defines a partition of R(S™) into t + 1 sets: a set for each of
the requests with the same indices as the t edges of S and a set of all other requests. Since
all of these sets are routable, the indicator vector for each of these sets lies in K(.5). Since
1

these sets partition R(S™), the vector ;37 is a convex combination of these sets, and hence

tJ%l € K;(S). Since this holds for every such S, we have t% € P! and its total profit is

Q(n/t), thus establishing the integrality gap. O

4.2.2 Tree instances

In this section, we prove the first part of Theorem 12 which gives a lower bound on the
integrality gap of P! on instances T := TﬁG. Recall that Lemma 5 establishes 1/2 € P!
by proving that for each edge e, the 1/2 vector can be written as a convex combination of
(incidence vectors of) two sets, each of which is routable on e. We generalize this to any
value of ¢ by showing that for 1/c € P! for sufficiently small ¢, and thus the integrality gap
is Q(vlogn/c).

Let S C E(T). We call a set X C R(T) S-routable if Ve € S, }_,cxrp(e)di < He-
Our key structural result gives a condition when we can express a vector 1/c as a convex

combination of S-routable sets.
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We cast this convex combination question as a question of colouring the set of all re-
quests. For S C E(T), we define the S-chromatic number, denoted by x(S), to be the
minimum value ¢ such that R(T") can be partitioned into ¢ sets, each of which is S-routable.
Given such a partition, the vector 1/c¢ is trivially a convex combination of the indicator
vectors of the S-routable sets in the partition. Thus, if we can show that x(5) < ¢ for
every |S| = t, we have guaranteed that 1/c € P!. Hence, the integrality gap established by
Friggstad and Gao decreases by at most a factor of ¢/2 for P!, since the result of Friggstad
and Gao is associated with the feasible vector 1/2 € P°. In fact, the following holds even if

we start with the stronger formulation P,.,; we explain why at the end of this section.

Observation 2. The integrality gap of Pt is Q(h/c), where c(t) := max{x(S) : S C R,|S| =
t}.

The lower bound half of Theorem 12 follows from the next results.
Proposition 2. If |S| < 2V then x(S) < c+ 1.

Corollary 3. For constant t and S C R with |S| = t, x(S) < 2 for sufficiently large h.
Thus, the integrality gap of P is Q(h).

Our proof is based on the following colouring result. The tree T” plays the role of a subtree

essentially induced by the edges from some set S with |S| = t.

Lemma 14. Let T' be a subtree of T rooted at some vertex v. If each level of T' has at most

2Me=1) wertices, then V(T') can be partitioned into at most ¢ sets which are E(T")-routable.

Proof. We prove this by induction using a stronger induction hypothesis. Specifically, not
only does the colouring exist but we may use the following special type of colouring. We
define layers Ly of T” inductively where L; = {v}. For each k > 1, Ly, consists of the
children of the requests in layer Ly which are contained in 7”. Then for each : = 1,2,...,¢
we claim that X; = L; U Li1. U Ljto. U ... is E(T')-routable. Hence, X, Xs,..., X, is a
valid c-colouring which we call layered. We claim that a layered colouring always exists for
any such subtree T”. The base case is a single-vertex tree which is trivially true for any
c>1.

Now consider the children of v in 7. Call these v1,v2, ... v, and let T; be the subtrees
of T" associated with each v;. By induction, each T; has a layered colouring which uses
at most ¢ colours. Assume we have such a colouring and without loss of generality that
each v; has colour class 2, the next layer below that has color class 3, and so on up to
color class ¢, after which the next layer has color class 1. We show that v can be added to

color class 1. Let X; denote the union of the colour classes ¢ which occur for the T;. Each
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Ly

Lo

Ls

Lc+1

Lc+2

Figure 4.1: A diagram to aid with understanding the proof of Lemma 14. The key
observation is illustrated by the arrows on the left: the total demand of every
request in the box at the tail of an arrow is at most the demand of a single

request at the tip of that arrow.

layered colour class X; is E(T;)-routable and thus is also F(T”)-routable. Hence, it only
remains to show that X7 U{v} is also E(T")-routable. Note that X; U{v} consists of layers
LiULcy1ULyey1 U...U Lgeqq of T’ for some choice of g. Recall that Lemma 6 asserts

that the requests along any path from v to the leaves of T is routable. We show that for

all 4, the total demand of requests of L;.+1 is at most the demand of a single request in

L(;—1)et2, s0 the total demand from requests in X; on any edge is at most the demand from

routing a path from v to a leaf, and thus is routable. See Fig. 4.1 for a visual depiction of

this. Suppose this is not the case. By the self similarity of the tree, we can assume that the

demand of a request in Ljc41 is

2h(h—(ic—1)+1) _ 2h(h—(i0+1)) — (2h _ 1)2h(h—ic—1)

and the demand of a request in L;_1)cq2 18

2h(h—((i—1)c+2)+1) _ 2h(h—((z’—1)c+2)) — (2h
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Then, we have

|Licy1] - (27 — 1)2h(h=ie=1) 5 (9h _ 1)9h(h=(=1)e=2)
=
2h(h—(i—1)c—2) he—1)

[ Lict1| > WZQ 5

which contradicts our hypothesis. O
We now complete the proof of Proposition 2.

Proof. Let v be the least common ancestor of the vertices which are incident to the edges
in S. We now create a subtree 7" which is a sort of closure of S. T” is obtained by adding
edges to S of any path between v and some vertex incident to an edge e € S. We also
include the parent edge of v. We claim that T satisfies the hypothesis of Lemma 14. To
see this, consider some level of T” consisting of vertices ai,...,a,. Let E; denote the set
of edges which are either incident to vertex a; or lie in its subtree. Note that the E; are
disjoint. Since each a; is either incident to an edge of S, or is the internal vertices of
some path used to define the closure 7", it follows that E; NS # () for each 7, and hence
p< Y [EinS| < |S] < 2,

We now colour all the requests of 7. We first invoke Lemma 14 to colour R(7”) using ¢
colours. We can partition R(T)\ R(T") as AU B, where B denotes the requests “below” T”
(their paths to the root of T intersect 77) and A denotes the remaining “above” requests.
The set B is S-routable by Lemma 4. Requests in the set A do not even route on any edge
of S. Hence, AU B can be the (¢ + 1)* colour class. O]

To establish that this lower bound holds even when all rank inequalities are added, we
use Theorem 4, a result by Friggstad-Gao [FG15] which shows that z/9 satisfies all rank
constraints if x satisfies all valid constraints of the form z; + x; < 1, which are trivially
satisfied by the vector 1/c.

4.3 Integrality gap upper bound
In this section, we prove the upper bound part of Theorem 12, namely that for instances

Th and ¢ > 0, the integrality gap of both P™ and P, is O(1/c).

a.

Theorem 13. Let ¢ be the largest integer such that n(¢) < t. The integrality gap for
optimizing over P! (with profits defined in Section 2.2) for instances The, is O(h/Y).
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We saw in Section 2.2 that ¢ = © (log(n(f))/h) and h = © (y/logn). For ¢ > 0 and
t = n¢, the theorem statement chooses ¢ = O (log(n®)/h), so the integrality gap is O(h/{) =
O(1/c) as desired.

We show a particular way to partition the requests of the tree into O(h/f) sets, and
then show that for each set the profit of any x € P! which uses only the requests in that
set is O(1). Since the integral optimum for instances T2, is ©(1) (see Lemma 9), it follows
that the integrality gap of P! is O(h/f) on these instances. The proof relies on the self
similar structure of the Friggstad-Gao instances, namely that every vertex except for the

leaves and the root has exactly 2/1

children, and capacities and demands scale down by
2" for each step away from the root.

For v # r let T be the subtree consisting of the first £ levels of the children of vertex
v along with the edge immediately above v. The edge immediately above v has its upper
endpoint outside of the subtree. We denote the edges of the subtree, vertices of the subtree,
and requests with an endpoint inside the subtree by E(TY), V(TY), and R(TY), respectively.
For Friggstad-Gao instances, |E(TY)| = |V(T)| = |R(TY)|; we denote this size simply by
|T¢|. Notice that we have |T¢| < n(¢) by self similarity—and this holds with equality—
unless v is less than £ levels from the leaves. Since we assumed n(¢) < t, we have || < t.
For vectors z € R", we denote by z¢ the restriction of x to those requests with an endpoint
in T

We now define, for each 0 < i < [h/(], a set of subtrees P; = {T} : v € level;p1}. Let
xp, denote the restriction of x to those requests with an endpoint in some Tf € P;. Observe
that the union P = |J7P; of these subtrees is a partition of T8 \ {r} into edge and vertex
disjoint subtrees. See Fig. 4.2 for a visual depiction of this. The following lemma bounds

the profit obtainable using requests with an endpoint in some P;.
Lemma 15. For any feasible vector x € P! we have w%impi <2 for all 0 <i < [h/{].

Proof. Let T¢ € P;. First we show that every feasible subset of R(TY) has profit at most
2—(h=1)il+1 " Thig follows by the self similarity of the instance; scaling all demands and
capacities in Tf by 2" and all profits by 2(h=1)it hroduces a tree identical to T fl (recall vy
is the single child vertex of the root r). From Lemma 9 we know that every routable set
has profit at most 1.5625 so if we only use requests in Tfl the profit certainly must be less
than 2. By scaling as necessary, it then follows that any feasible subset of R(TY) has profit
at most 2~ ("—Di+1 a5 desired.

Now, we show that to determine feasibility of a subset of R(TY) it is sufficient to check
only the capacity constraints of the edges F (Tf). If S is routable, then clearly no capacity
constraints are violated, so assume conversely that S is not routable. By Lemma 4, no edge

which is outside of E(TY) and is an ancestor (towards the root) of any edge in S has its
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Figure 4.2: The partition of TﬁG used to upper bound the integrality gap of the
knapsack intersection hierarchy. Each vertex marked by e is associated with a
subtree TY, indicated here by a dashed triangle. Each triangle spans ¢ layers of
the tree, i.e., if a vertex marked by e is in level k, then the vertex marked by o
immediately below it are in level k + ¢ — 1. The set P; contains the i** level of
subtrees. For example, Py contains the single triangle under r and P; contains
all the triangles immediately below that.

capacity violated by routing all requests in T'. Furthermore, any other edge which is outside
of E(TY) is not routed on by the requests in S and thus cannot be violated. Thus, in order
for S to not be routable, the capacity of one of the edges in E(TY) must be violated.

Since K7(E(T')) is an integer hull, any x € K;(E(TY)) can be written as a convex
combination of integral vectors in K;(E(TY%)). We saw that to determine feasibility of a
subset of R(TY) it is sufficient to check the capacity constraints of edges in E(TY). Thus,
for x € K;(E(TY)) such that z < 1 R(T?), We can write z as a convex combination of integral
vectors 1g for routable sets S C R(T"), which we know all have profit at most 2~ (A= Di+1,
Given |Tf| < t, any x € P! has x € K;(E(T})), s0 wi-jxpe < 2~ (h=1)it+1 " Binally, |P;| =

|levelip1| = 2(h=1)il g we can conclude that ’LU%Z,.’IJ'pi < 9= (h=D)ilt1  o(h=1)il — o d

Proof of Theorem 13. Let x € P'. From Lemma 15, we know that for each < i < |h/{]
we have wgixpi < 2. Summing over all i, we find that wlz < 2|h/¢] < 2h/¢. We know
that the integral optimum is (1), so the integrality gap of P! is O(h/¢). Since the rank

formulation is stronger than the natural LP formulation, the integrality gap of Plfank is

O(h/?) as well. O
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4.4 Comparison with other integer programming
hierarchies

The use of hierarchies for integer programs dates back to the notion of Chvatal rank [Chv73].
The Chwdtal closure of a polyhedron P is the polyhedron P’ C P which is defined by the
system of Chvatal-Gomory cutting planes obtainable from P. If we denote by Pé = P,
then the hierarchy is generated by ngl = (PL). Chvétal proved that P D PL D> ... D
Pgil 2 Pp = Pr. Other hierarchies have also been introduced and widely studied, such
as those introduced by Lovasz-Schrijver [LS91], Sherali-Adams [SA90], Parillo [Par03], and
Lasserre [Las01].

There are few studies on the effectiveness of classical integer programming hierarchies
on UFPT. Friggstand and Gao showed that the Lovasz-Schrijver hierarchy is ineffective at
reducing the integrality gap of UFPT after 2 rounds, and amounts to adding the clique
constraints [FG15]. Additionally, Chekuri, Ene, and Korula prove that after applying ¢
rounds of the Sherali-Adams hierarchy to the natural LP relaxation, the integrality gap
is Q(n/t) [CEKO09], matching the result for our hierarchy. For the case of 0-1 knapsack,
Karlin, Mathieu, and Nguyen show that ¢ rounds of Lasserre reduce the integrality gap to
t/(t — 1) [KMN10], but there does not appear to be any work done on whether this would
generalize to UFPT or m-KP.
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Chapter 5

Conclusion

Our investigation of extended formulations for MKP and UFPT has led to new results and
revealed some interesting new directions for future research.

In Chapter 2 we re-examined the hard instances for UFPT introduced by Friggstad and
Gao and presented a tight analysis of the integrality gap for those instances. We could not
find any way to modify the Friggstad-Gao instances to make the integrality gap larger.

In Chapter 3 we gave a new (1 4 0.79m)-approximate extended formulation for m-KP
which uses only a linear number of extra variables and constraints. At a matching approx-
imation ratio, this formulation is significantly smaller than Pritchard’s (1 — €)-approximate
extended formulation, which we presented in Section 3.3. We speculate that it may be
possible to use ideas from our result to derive an improved (1 — €)-approximate formulation.
Future work in this area would also include modifying our result to not depend on the
objective function.

In Chapter 4 we introduced a new hierarchy of strengthened formulations for multi-
dimensional knapsack and related problems which measures the ultimate power of adding
“t-row cuts”. While separating over the t** level P? is NP-hard, there is a (1—¢)-approximate
version based on results of Pritchard. We examined the efficacy of this hierarchy for the
well-studied unsplittable flow problem on trees. An important problem we did not resolve is
to analyze the integrality gap of our hierarchy for general instances when applied to the rank
LP. We have yet to establish any strong link between this new hierarchy and others, such
as those introduced by Lasserre, Parillo, Lovasz-Schrijver, or Sherali-Adams. Our hierarchy
may also be useful in strengthening formulations for other special cases of multidimensional
knapsack. We speculate that it will be most beneficial in the case when each item has a
relatively large size in only a few dimensions, because then a formulation close to the integer

hull could be captured by adding t-row cuts for small t.
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