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Abstract
Understanding the dynamic behaviour of nanoscale quantum-dot cellular automata
(QCA) networks involves the simulation of large numbers of QCA devices, with
the complexity of the full quantum treatment exponential in the network size. Previous attempts to limit this complexity introduce simplifying assumptions with
known inaccuracies. In this thesis we investigate an alternate approach, extracting
performance metrics through analysing the low energy eigenspectrum of a clocked
network. We make two major contributions.
In the first part of this thesis, we study the use of silicon dangling bonds
(SiDBs) as a platform for combinatorial logic, and ultimately nanoscale QCA. We
present models for understanding the preferred configurations and dynamics of
charges in these structures. We consider the clocking of SiDB-based QCA wires,
and reveal a complicated trajectory of charge states that serve as a challenge for
QCA operation. By studying SiDB-based QCA from the framework of the familiar 3-state model, in which these preferred charge states translate to eigenstates of a
system Hamiltonian, we determine conditions for which SiDB-QCA wires can correctly operate when clocked. These conditions are potentially impractical unless
net-neutral SiDB arrangements can be achieved.
The remaining bulk of the thesis revolves around the link between QCA clocking and quantum annealing. We first investigate the adiabaticity of simple 2-state
QCA networks under zone clocking. We present upper bounds on the clocking frequency beyond which adiabaticity falls below a 99% threshold, and demonstrate
how we can efficiently estimate clocking performance using only a few of the energy eigenstates. Due to a natural mapping between QCA cells and superconducting flux qubits, the potential for investigating performance using a physical quaniii

tum annealer is explored. Methods for embedding QCA networks onto the annealer
are discussed and a selection of annealing results are analyzed. Finally, we establish a method for decomposing the system Hamiltonian into contributions from
given components, and a means to identify meaningful components which critically affect clocking performance. This framework reveals a heuristic algorithm
for approximating the low energy eigenspectra of large QCA networks, enabling
future investigations into the performance of networks well beyond previous size
limitations.
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Lay Summary
There is increasing interest in technologies which extend beyond the expected scaling limitations of silicon transistors. Quantum-dot cellular automata (QCA) is a
potential approach which can represent binary information by the arrangements of
electrons among a collections of atoms or within single molecules. At this small
scale, understanding the behaviour of QCA circuits requires modelling large numbers of devices as they are being clocked. This requires an exponential amount of
computational resources.
In this work, we make two major contributions. First, we assess one potential
architecture for implementing nanoscale QCA using silicon dangling bonds. Second, we develop an approach to understanding the behaviour of QCA arrangements
by looking at the rate of transitions between a few of the lowest energy states of the
system, and present an efficient method for finding these low energy states even for
large QCA circuits.
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Preface
This work was supervised by Dr. Konrad Walus and is focused around two
related research efforts. First, a collaboration with the research group of Dr. Robert
A. Wolkow at the University of Alberta to understand and model the behaviour of
networks of silicon dangling bonds (SiDBs) on hydrogen passivated silicon. The
second effort is the main contribution of my research, a study of the behaviour of
quantum-dot cellular automata (QCA) networks near the adiabatic limit employing
knowledge of the low energy eigenspectrum. Several parts of this thesis contain
content which has previously been published or is currently in submission.
The first three chapters present a review of models and simulation techniques
for QCA devices and performance, including a discussion on quantum annealing
and its link to QCA clocking. Chapter 4 presents on overview of published work
regarding SiDB structures with content from the following:
[1] M. Rashidi, W. Vine, T. Dienel, L. Livaderu, J. Retallick, T. Huff, K. Walus,
and R. A. Wolkow, “Initiating and monitoring the evolution of single electrons within atom-defined structures,” Phys, Rev. Lett., vol. 121, no. 16,
p. 166801, Oct. 2018.
[2] S. S. H. Ng, J. Retallick, H. N. Chiu, R. Lupoiu, L. Livadaru, T. Huff,
M. Rashidi, W. Vine, T. Dienel, R. A. Wolkow, and K. Walus, “SiQAD:
A design and simulation tool for atomic silicon quantum dot circuits,” IEEE
Transactions on Nanotechnology, vol. 19, pp. 137-146, 2020.
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[3] H. N. Chiu, S. S. H. Ng, J. Retallick, and K. Walus, “PoisSolver: a tool for
modelling silicon dangling bond clocking networks,” in 2020 IEEE 20th International Conference on Nanotechnology (IEEE-NANO). IEEE, Jul. 2020,
pp. 134-139
The experimental work by Wolkow’s group discussed in [1] was the motivating for the models and tools in [2–4] that followed. My main contribution to the
manuscript for [1] was in discussion of interpreting the experimentally observed
slow dynamics, the potential influence of the tip on charge transitions, and heuristic models which would be used in later work. An effort in implementing SiQAD,
a CAD tool for designing and simulating SiDB structures is discussed in [2]. I
developed the initial version of the graphical interface, as well as much of the low
level code for design definitions and tools. In additional, I was responsible for
the models used both for defining low energy metastable charge configurations in
SiDB arrangements as well as the hopping model and its Python implementation.
The solver for the general Poisson equation and the resulting manuscript [3] was
primarily the work of Nathan Chiu. My main contribution was in early discussion on scalable strategies for solving arbitrary electrode arrangements as well as
commenting the manuscript.
For all remaining content, I was the lead researcher, prepared the manuscripts,
and produced all code, data, and figures. Dr. Walus provided insight for directing
the investigations and advice for manuscript development. A version of Chapter
5 has been published in [4]. The discussion has been slightly expanded to better
integrate with the rest of this thesis.
[4] J. Retallick and K. Walus, “Population congestion in 3-state quantum-dot cellular automata,” Journal of Applied Physics, vol. 127, no. 24, p. 244301,
2020.
Chapter 6 has been published in [5]. New results regarding better estimates of
performance using the low energy spectrum have been added.
[5] J. Retallick and K. Walus, “Limits of adiabatic clocking in quantum-dot cellular automata,” Journal of Applied Physics, vol. 127, no. 5, p. 054502, 2020.
vii

Chapter 7 contains work published in a number of forms. The embedding algorithm was based on earlier work by Michael Babcock, Miguel Aroca-Ouellette,
and Shane McNamara; however, the more recent implementation and its improvements were my work, as well as all results discussed in the manuscript [6]. An
unpublished expanded discussion can be found on the arXiv [7]. Annealing results
using the quantum annealer developed by D-Wave Systems Inc. were done with
the assistance of Aidan Roy, and a sample of these results previously presented at
the ACS Spring Meeting in 2017 [8].
[6] J. Retallick, M. Babcock, M. Aroca-Ouellette, S. McNamara, S. Wilton,
A. Roy, M. Johnson, and K. Walus, “Embedding of quantum-dot cellular
automata circuits onto a quantum annealing processor,” in 2014 Conference
of Optoelectronic and Microelectronic Materials & Devices. IEEE, Dec.
2014.
[8] J. Retallick and K. Walus, “Investigation of quantum-dot cellular automata
networks using a quantum annealing processor,” Presented at the 253rd ACS
National Meeting, San Francisco, USA, Apr. 2017
A version of Chapter 8 has been submitted and conditionally accepted by
IEEE Transactions on Nanotechnology. Code for extracting performance metrics
from the heuristic estimate of the low energy spectra has since been implemented.
Appropriate results are included in Section 8.4 which are not currently included in
the submitted work.
[9] J. Retallick and K. Walus, “Low-energy eigenspectrum decomposition (LEED)
of quantum-dot cellular automata networks,” submitted for publication, June
2020
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Chapter 1

Introduction
1.1

Background and Motivation

In recent years, there has been great interest in technologies that extend beyond
the projected scale limits of conventional CMOS, ranging from new transistor designs with alternate channels [10, 11] to entirely novel computational architectures [12–14]. Quantum-dot cellular automata (QCA) encodes binary information
in the distribution of charges in devices or cells composed of arrays of quantum
dots [15, 16]. Schematics of some common QCA devices are shown in Fig. 1.1.
Coulombic interactions between occupying charges facilitate coupling between the
charge states of neighbouring cells. Arrangements of these cells can be designed
with ground states that encode familiar logic gates [17]. Inverters and majority
gates form the fundamental basis of logic functions for the vast majority of QCA
designs. Suitable arrangements for these functions are shown in Fig. 1.2. Early
proof-of-concept implementations have been fabricated and tested using metallic
island devices [17–21], and nanomagnetics [22–24]. More recent efforts have focused on the potential for nanoscale implementations of QCA. Among the most
promising candidates are mixed-valence molecular devices [25, 26] and patterned
dangling bonds on hydrogen passivated silicon [14, 27, 28]. Each QCA cell occupies only a few nm2 in area, potentially offering high device densities of 1014 cm−2 .
Significant challenges must be solved for any realistic QCA implementation, such
as limiting device power at high density using reversible gates [29, 30], designing
1

(a) 2-State

(b) 3-State

Figure 1.1: Schematics and polarizations for common QCA devices. The shaded
quantum dots show the locations of mobile charges. Inter-dot tunneling paths are
indicated by the lines.

(a) Wire / Shift Register

(b) Inverter

(c) Majority Gate

Figure 1.2: Common QCA building blocks used in larger QCA circuits. Red
and blue shaded cells indicate inputs with +1 or -1 polarization respectively. The
rightmost yellow cells produce the logical output. In this work, we will denote by
“Wire-N” a wire of N cells and “Maj-ABC” a majority gate with binary inputs as
indicate: ex Maj-101 shown.
robust wire crossings [31] and clocking networks [32, 33], and interfacing with the
existing CMOS architecture.
The operation of QCA networks requires the generation of multi-phase clocking fields which control information flow by sequentially activating QCA devices
[20]. One common approach is to segment the network into clock zones, regions
which each share a clocking phase. Fig. 1.3 shows a schematic of this clocking
protocol. This approach is used in QCADesigner [34], a popular QCA design and
simulation tool, and is ubiquitous in the design literature. The complexity of computing the ground state of a clock zone is exponential in the number of cells. Mean
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LATCH

(a) Schematic of 4-phase clocking

0
1
(b) XOR

Figure 1.3: (a) Schematic of the 4-phase clocking protocol. Regions of QCA
devices are driven between unpolarized relaxed and polarized latched states: eg. by
modulating their inter-dot tunneling energies, γ. Adjacent clock zones are π/2 phase
shifted to enforce directional information flow. (b) An example XOR gate with
suitable clock zones phases indicated by the colours. We are primarily interested
in the switching phase, in which the polarization ground state needs to be achieved.
field methods are often employed to approximate the ground state using manageable resources [15, 35]. These methods are known to produce incorrect ground
states for certain QCA arrangements [36]. QCA designs and selections of clock
zones are often influenced by what these approximation methods can reliable handle rather than any expectation of real behaviour. An alternative approach is to
employ electrodes, each addressed with one of the clock phases, to generate a dynamic clocking wave which can be swept over the network [30, 37]. Instead of
clock zones being activated in sequence, devices are then activated within the rising edge of the travelling clocking wave. A schematic comparison of zone and
wave clocking is shown in Fig. 1.4. Example electrode arrangements appropriate
for either zone or wave clocking are shown in Fig. 1.5. Columnar or 2DWave [38]
floor plans are suitable for feed-forward combinatorial networks but cannot implement feedback. A scheme like the USE floor plan proposed in [32], or similar [33],
can be used for more general QCA networks.
Current nanofabrication limitations constrain the minimum separation for clocking electrodes to tens of nm [39]. Not only does this restrict possible electrode ge3

1

3

2

Zone Clocking

4

1

4-Phase Wave Clocking

Figure 1.4: Schematics of both clocking protocols. For zone clocking, all devices
see the same clocking field. By using 4-phase buried electrodes, we a generate a
travelling wave where computation is done within the rising edge.
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(b) 2DWave [38]

(c) USE [32]

Figure 1.5: Example electrode arrangements for 4-phase clocking. The phase of
each electrode is indicated. Arrows show the direction of information flow. All are
infinitely tileable.
ometries, but it results in a lower bound on the size of a region of a QCA network
that has non-trivial dynamics. In zone clocking, our clock zones have minimum
dimensions and cannot be arbitrarily assigned based on simulation requirements;
for wave clocking, we must expect multiple QCA devices to occupy the region of
the rising edge. It is not yet clear how much computation can be reliably achieved
within a single clock zone at some desired operational frequency. Such a question
requires a greater capacity for estimating the behaviour of larger QCA networks.
Work by Tóth and Lent demonstrated that the inaccuracies in the mean field
models resulted from missing inter-cell correlations [36, 40]. Their proposed intermediate model which incorporates a subset of these correlations has proven suc-
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cessful at producing more accurate results; however, there remain challenges in
applying this approach to general arrangements of QCA cells [41, 42]. In this thesis, we consider an alternate approach to studying the dynamic behaviour of QCA
networks in the fully coherent regime. We will investigate QCA clocking from
within the framework of quantum annealing, in which performance is governed by
particular details of the low energy spectrum.

1.2

Thesis Overview

This thesis is organized as follows. In Chapter 2, a brief overview of the various
models and simulation methods used in the study of QCA devices is given, with
emphasis on reduced basis approximations of the system Hamiltonian and dynamics. In Chapter 3, we discuss quantum annealing, adiabatic evolution, and present
the link to QCA clocking. Chapters 4 and 5 contain a study of silicon dangling
bonds and their potential applications for combinatorial logic and nanoscale QCA.
In Chapter 6, we perform a detailed investigation of the performance of small 2state QCA networks under zone clocking, extracting meaningful metrics from the
low energy spectrum. In Chapter 7, we discuss one potential approach to studying
larger QCA networks: direct hardware simulation on a quantum annealing processor. Finally, in Chapter 8, we develop a methodology for understanding the
spectra of QCA networks in terms of contributions from network components, and
present a novel method for approximating the low energy spectrum of large QCA
networks.

5

Chapter 2

Modelling and Simulation of
QCA Devices
For an arrangement of N devices, each composed of some number of quantum
dots with a finite set of possible charge and spin states, the Hamiltonian can be
expressed as a Hubbard model in second quantization [43]:
Ĥ = ∑ E0 n̂mi,σ −
m,i

∑

m,i6= j

ti j â†mi,σ âm j,σ + ∑ EQ n̂mi,↑ n̂mi,↓ +
m,i

Kc

n̂mi,σ n̂k j,σ 0
n̂mi,σ n̂m j,σ 0
+ Kc ∑
, (2.1)
hmki,i, j ~rmi −~rk j
m,hi ji ~rmi −~rm j

∑

where â†mi,σ and âmi,σ are the creation and annihilation operators for a spin state σ
at the i’th dot of the m’th device, n̂mi,σ = â†mi,σ âmi,σ is the corresponding number
operator, and the~rmi give the positions of each dot. The first term accounts for the
on-site energy of a charge occupying a given dot. The second term represents the
energy associated with tunneling between two dots within a device. Intuitively, a
particle with a given σ is first annihilated at one dot and then created at the other.
The third term represents the energy of two charges with differing σ occupying the
same dot. Finally, the remaining two terms define the Coulombic interactions of
charges respectively within and between devices, where Kc = q2e /4πε for electron
charge qe and electrical permittivity ε. Einstein summation is employed over the
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2-Dot Devices

4-Dot Devices

Figure 2.1: Example polarization configurations for 2-state QCA devices.
spin states σ , σ 0 for conciseness. This model excludes terms associated with charge
hopping between devices.

2.1

Reduced Basis Representations

The Hubbard model produces a Hilbert space which is impractically large in dimension for most QCA networks of interest. For example, among the most common model devices considered in QCA is a 4 dot cell containing two charges of
opposite spin [43]. In this case, there are 16 possible charge configurations in the
single cell Hamiltonian. For N cells, the full Hilbert space is then 16N is size. Even
finding the ground state of such a system is computationally intractable beyond a
handful of devices. Using Lanczos iteration [44], which can make use of the sparsity and Hermitian structure of the Hamiltonian, eigenvalue decomposition is at
least as complex as matrix-vector multiplication. In the basis of charge states, the
Hamiltonian contains 16N diagonal elements, and each row of the matrix contains
6N off-diagonal non-zero elements. The off-diagonal elements correspond to states
that can be reached by hopping one charge to one of its potential alternate sites in a
cell: 2N charges, 3 locations per charge. In total then, matrix-vector multiplication
requires 16N (1 + 6N) multiplications. At 5 devices, we already have about 32.5
million operations per Lanczos iteration. In practice, we assume each device can
be modelled using a subset of the full set of charge states.

2.1.1

Two-State Approximation

For the 4-dot devices discussed, it has been shown that the ground state can be
approximately described within a subspace of the 16 dimension Hilbert space given
by the 2 polarization states shown in Fig. 2.1 [43]. The projection of the system
7

Hamiltonian into this reduced basis is known as the two-state approximation. We
can express the Hamiltonian of a single 2-state QCA device in the {|+1i, |−1i}
basis as
Ĥi (t) =

"
#
hi
−γi (t)
1
,
=
2 −γi (t) −hi

− 21 γi (t)σ̂x + 12 hi σ̂z

(2.2)

where γi (t) is the tunneling energy with γi /} a measure of the rate of tunneling
between the two polarization states, hi is some polarization bias, and the σ̂µ for
µ ∈ {x, y, z} are the Pauli matrices, included for convenience:
σ̂x =

0 1

!

1 0

,

σ̂y =

0 −i
0

i

!
,

σ̂z =

1

0

!
.

0 −1

Devices in this model are clocked by manipulating the tunneling rates γi . In the
case of metal island QCA, tunneling barriers between the sites could be directly
controlled, thereby enabling a simple mechanism for clocking [18, 20]; however, it
is not yet clear if this model of clocking is appropriate for nanoscale QCA. For N
cells, we incorporate coupling between polarization states of neighbouring devices
via the so-called kink energy, Eikj , the cost of two cells having opposite polarizations. The Hamiltonian takes the form
"
Ĥ(t) =

− 12

∑

γi (t)σ̂xi + 12

i

#

∑

hi σ̂zi −

i

∑

Eikj σ̂zi σ̂zj

,

(2.3)

hi ji

k P is understood to arise from interactions with fixedwhere here hi = ∑D EiD
D
polarization driver or input cells, and the σ̂µi operate on device i. These Pauli

operators are constructed by replacing the i’th of N identity operators in a Kronecker product with the corresponding Pauli matrix:
ˆ
σ̂µi = Iˆ ⊗ · · · ⊗ σ̂µ ⊗ · · · ⊗ I.
In this form, the polarization of cell i in the ground state is given as Pi = hσ̂zi i.
Matrix-vector multiplication in this approximation involves a somewhat more manageable 2N (1 + N) terms. This allows us to handle networks approximately 4 times
larger using the same computational resources. In practice, simulations without
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3-Dot Devices

6-Dot Devices

Figure 2.2: Example polarization configurations for 3-state QCA devices.
further approximation are feasible for networks of at most 20 or so devices. Note
that while Tougaw and Lent also demonstrated that the dynamical behaviour of
a driven 3 cell QCA wire in this approximation shows close similarity to results
obtained using the full basis [43], the general robustness of the two-state approximation is likely strongly dependent on the particular QCA implementation.

2.1.2

Three-State Approximation

Another important model for QCA devices is the three-state approximation. In
this case, we consider devices which accommodate both two polarization states
as well as a third null or inactive state. This null state produces no polarizationlike interaction with neighbouring devices. An example of such a device and its
configurations are shown in Fig. 2.2. It is common to exclude tunneling between
polarization states, in which case the Hamiltonian of a 3-state cell can be expressed
in the {|+1i, |−1i, |0i} basis as


hi

 
Ĥi (t) = −γi Γ̂ + hi P̂ − Ci (t) N̂ − Iˆ =  0
−γi

0

−γi



−hi


−γi .

−γi

Ci (t)

(2.4)

Here γi defines the tunneling between the polarized and null states, hi is again
a polarization bias, and Ci describes a modulated clocking field controlling the
energy of the null state. The appropriate operators can be expressed as


0 0 1





Γ̂ = 0 0 1,
1 1 0



1 0 0


P̂ = 0 −1 0,
0 0 0
9



1 0 0





N̂ = 0 1 0.
0 0 0

It is clear that Γ̂ takes the role of σ̂x from Eq. (2.2) and P̂ the role of σ̂z . The
polarization is similarly defined as P = hP̂i. Another useful quantity is the activation or population, N = hN̂i. For theoretical manipulations, it can be useful to
express these
 operators
in terms of the Gell-Mann matrices: Γ̂ = λ̂4 + λ̂6 , P̂ = λ̂3 ,
√
and N̂ = 1 2Iˆ + 3λ̂8 . The Gell-Mann matrices are included in Appendix D.1.
3

Details of this method, including considerations for the N cell Hamiltonian, will be
discussed later in Chapter 5. For completeness, the number of non-zero elements

in the 3-state Hamiltonian is 3N 1 + 43 N .

2.1.3

Intercellular Hartree-Fock Approximation

While the reduced basis approximations somewhat limit the computational complexity when compared to the full Hubbard model, the space of states remains
exponential. There are a number of strategies we might employ to further reduce
complexity. Perhaps the most extreme is the Intercellular Hartree-Fock Approximation (ICHA), a ground state approximation method employing the Hartree-Fock
method on the N cell Hamiltonian [15, 35]. It attempts to find the lowest energy
state which can be expressed as a product state: |ψ0 i =

NN

i=1 |ϕi i.

For the 2-state

Hamiltonian, Eq. (2.3), the |ϕi i end up being the ground states of effective cell
Hamiltonians
Ĥi = − 21 γi σ̂xi + 12 h̃i σ̂zi ,

(2.5)

where h̃i = hi − ∑ j6=i Eikj P j is the effective polarization bias for the current cell polarizations, P j = hϕ j |σ̂z |ϕ j i. These polarizations must be computed self-consistently.
For these simple 2 × 2 cell Hamiltonians, the ground state can be computed analytically and an expression for Pi found:
−h̃i
.
Pi = q
γi2 + h̃2i

(2.6)

The ICHA is known to be highly susceptible to being trapped in higher energy
metastable configurations [36], the most well-known of which being a majority
gate with uneven input wire lengths. An example of this scenario is shown in
Fig. 2.3. If we initially assume all cells to be unpolarized, the polarization of the

10

(a) Majority Gate schematic

(b) ICHA ground state

Figure 2.3: A majority gate with uneven input lengths exhibits incorrect behaviour
using the ICHA. If we start with all cells unpolarized, the shortest input reaches the
output cell in fewer iterations of the self-consistency method. The output cell then
in turn biases the center cell which blocks the other inputs from contributing. The
darker shaded cells here are fixed polarization inputs with P = +1 (red) or P = −1
(blue). In (b), a typical ground state produced with the ICHA is shown. The lighter
shading is mainly to help with interpreting the cell polarizations. The two cells
adjacent to the cross from the longer inputs tend to be weaker in polarization due
to backpressure.
shortest input will reach and polarize the output cell in fewer iterations. From
that point, the center cell will always see two equally polarized neighbours and
be resistant to flipping polarization, even when the other inputs eventually arrive.
A common but non-ideal solution to this is to define clock zones such that, for
example, all majority gates have inputs of the same length. This imposes rules
on QCA design which have nothing to do with performance but instead merely
limitations in the simulation tools.

2.2

Dynamics Using Reduced Correlation Models

If we ignore any decoherence mechanism, the dynamics of a network are given by
the Schrödinger equation:
i}

d
|ψi = Ĥ(t)|ψi.
dt
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It is useful to express the dynamics in dimensionless form
d
f˜ |ψi = −iĤ(s)|ψi,
ds

(2.7)

where s = f t for some frequency scale f , Ĥ( f t) = E Ĥ(s) for energy scale E, and
f˜ is a dimensionless characteristic rate defined by 2π f˜ = f / f0 with f0 = E/h =
E × 241.8THz/eV. The relevant energy scale is defined by the kink energies of
the particular QCA implementation, on the order of tens to hundreds of meV for
nanoscale QCA. Regardless of our choice in ordinary differential equation (ODE)
solver, we are limited again by the matrix-vector product complexity of a Hamiltonian which is exponential in the QCA network size. When including decoherence
effects, it is common to apply the Liouville-von Neumann equation with a relaxation term [29]. It can be expressed in dimensionless form as
d
f˜ ρ̂(s) = −i[Ĥ(s), ρ̂(s)] − ξ˜ [ρ̂(s) − ρ̂ss (s, ρ̂)]
ds

(2.8)

where ρ̂ss is the steady state density operator and 2π ξ˜ = 1/τ f0 defines the dimensionless relaxation rate for some characteristic time τ that it takes the system to
relax to its steady state. In general, we allow ρ̂ss to be a function of both time and
the current system state.

2.2.1

Coherence Vector Formalism

Due to suspected limited correlations in QCA networks, it has been proposed to
express the dynamics in terms of the coherence vector formalism (CVF) [36, 42].
The density operator can be expressed in the basis of the generators of SU(2N ):
"
#
1 ˆ
ij i j
i i
ρ̂(s) = N I + ∑ λa σ̂a + ∑ Kab σ̂a σ̂b + · · · ,
2
i
hi ji

(2.9)

where we employ Einstein summation for the subscripts over the set {x, y, z}. The
dynamics of ρ̂ are equivalent to those of the real-valued coefficients: λai = hσ̂ai i,
ij
Kab
= hσ̂ai σ̂bj i, etc. These coefficients are classified by the number of cells they
consider: each cell is assigned a coherence vector λ i containing the 3 single-point
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expectation values λai ; each pair of cells gets a two-point correlation tensor K i j
ij
containing the 32 two-point correlations Kab
; and so on. The power of this formal-

ism comes in the capacity to limit the number of terms used to approximate ρ̂. The
dynamics of any one of these terms can be computed as
d
f˜ Λk (s) = i [Ĥ(s), Λ̂k ] − ξ˜ [Λk (s) − Λss
k (s, ρ̂)],
ds

(2.10)

with Λ̂k any of the operators in Eq. (2.9), Λk its expected value, and Λss
k = Tr ρ̂ss Λ̂k .
Only the lowest order approximation of the dynamics is usually considered. This
produces a dynamic equivalent of the ICHA, including only the coherence vectors,
and excluding two-point and higher correlations. The resulting system of equations
is given by
d
λ i − η i ),
f˜ λ i = Γ i × λ i − ξ˜ (λ
(2.11)
ds
i
hi − ∑n6=i Enik λzn and η i the local dissipation vector. Ab-

h
with Γi = −γi , 0, 12
sent dissipation, this has the nice property that each cell can be seen to evolve
under an instantaneous Hamiltonian dependent on the λzi values of neighbouring
cells. These are precisely our ICHA single-cell Hamiltonians:
!
Ĥi = − 21 γi σ̂x + 12 hi − ∑ Eikj λzi σ̂z ,

(2.12)

j6=i

where we note Pi = λzi by definition. This guarantees unitary evolution of the
system state.

2.2.2

Higher Order Models

By excluding all higher order correlations, the coherence vector formalism suffers
all the same issues as the self-consistent ICHA approach for the ground state. As an
attempt to resolve this issue, Tóth et al. detail an approach employing a restricted
set of the correlation tensors [40]. There are two main concepts to apply. First,
we consider the equations obtained from Eq. (2.10) for higher order correlation
ij
i jk
tensors. Expressions of ih[Ĥ, Λ̂]i can be found for any given Kab
, Kabc
, etc. by

applying a set of rules summarized in Fig. 2.4. These rules translate patterns in
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bz

→ ib

Figure 2.4: Super and subscript pattern conversion rules for generating equations
ij
i jk
for Eq. (2.10). Each matching pattern in a given Kab
, Kabc
, etc. produces a single
term in ih[Ĥ, Λ̂]i. The order of superscript-subscript pairs is arbitrary. Each arrow
describes a conversion of a subscript a → b which produces a term with a given
signed weight. In (c), the sum is over all cells which are not in the original term.
i jk···
ij
the super-subscript pairs of Kabc···
into corresponding terms in Eq. (2.10). Take Kxz

as an example, which includes components from all rule-sets. From Fig. 2.4(a),
i

i

j

j

ij

ij
ij
ij
k i
we have Kxi zj → −hi Kyi zj and Kxz
z → −γi Kxyy ; from (b), we have Kx z → Ei j λy ; finally,
i

i n

jnn
from (c) we get the sum, Kxi zj → ∑n6∈{i j} Enik Kyi zz
z . We arrive at the dynamic equation

d ij
ij
ij
i jn
ij
ij
= −γi Kxy
− hi Kyz
+ Eikj λyi + ∑ Enik Kyzz
− ξ˜ Kxz
− Kxz
f˜ Kxz
ds
n6∈{i j}


.
ss

ij
Appropriate definitions for the steady state term Kxz
|ss and similar can be found

in Ref. [45]. The equations for all the two-point correlations are summarized in
Appendix D.2. These rules make it trivial to automatically generate the relevant
equations for any order of included correlations. The second important concept
lies in assessing the so-called correlation tensor propers:
D
E
ij
ij
Mab
= (σ̂ai − λai )(σ̂bj − λbj ) = Kab
− λai λbj ,
D
E
i jk
Mabc
= (σ̂ai − λai )(σ̂bj − λbj )(σ̂ck − λck )


jk i
i jk
ij k
ik j
= Kabc
− Kab
λc + Kac
λb + Kbc
λa + 2λai λbj λck ,

(2.13a)
(2.13b)

and so on. These terms relate to the strength of specific correlations. If we either
set or assume these terms to be zero, we can approximate higher order correlations
ij
ij
as combinations of lower order terms: e.g. Kab
= Mab
+ λai λbj ≈ λai λbj . In Fig. 2.5,

we see the dependence of the tensors for two-point interactions, before and after
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Figure 2.5: Graph representations of the interdependence of correlation tensors.
All terms related to two-point correlations are shown in (a). Edges indicate a dependence of the dynamics of one node on the current values of the other. The
structure of the conversion rules makes all dependencies symmetric. If three-point
correlations are neglected, additional dependencies are introduced. Each arrow in
(b) represents a new direct dependence of the root node: e.g. xz is now dependent on zz. These dependencies tend not to be symmetric. The new single-point
correlation dependences are not shown.
i jk
applying Eq. (2.13) to approximate Kabc
. Similar constructions can be made for

correlations in 3-state QCA.
Tóth demonstrated that the difficulties experienced with the ICHA are primarily due to missing correlations in critical circuit components such as majority gates
[36]. By reintroducing even just the two-point correlations, much of these issues
are resolved. There are, however, caveats when attempting to apply this method.

2.2.3

Challenges with the CVF

It has previously been noted that calculated values of Mxy and Myz during simulations of 2-state dynamics tend to be much smaller than other two-point correlations
[36, 41, 42]. It was argued by Karim that Kxy and Kyz are therefore good candidates
for approximation with λa values. We need to be careful making such arguments,
for reasons that follow. From Eq. (2.11), we see that the cell polarizations, λzi ,
are essentially just the integrals of γi (s)λyi (s). As the values of γi are independent
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Figure 2.6: Simulation of a five cell QCA wire using a few correlation models
excluding any dissipation. Each of (a-c) gives the coherence vector values for each
cell in the wire throughout a clocking protocol discussed in Chapter 6; the details
are otherwise unimportant here. In (d), we show that the arbitrary exclusion of
Mxy and Myz results in smaller amplitude λy , and thus a failure of the wire to fully
polarize. Including all two-point correlations produces a result similar to (a). The
value of f˜ in these results is set at 1 × 10−3 , slow enough to be approximately
adiabatic.
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of f˜, we see that for a cell to go from unpolarized to fully polarized over a clock
cycle, the scale of the λy values must be effectively proportional to f˜: i.e. if the
clock takes twice as long, the values of λyi must be roughly half as large. In fact,
it is trivial to show (see Appendix B.3) that for any energy eigenstate of a 2-state
Hamiltonian, the expected value of any product of Pauli operators with an odd
number of σ̂y terms is exactly zero. It follows that any Mabc··· term with an odd
number of y subscripts will be small for a sufficiently slowly clocked system. The
ij
ij
values of λyi , Mxy
, and Myz
are all small for precisely the same reasons and under

the same circumstances. The same argument that leads to negating Mxy would also
justify setting λyi to zero, neglecting all dynamics entirely. The same discussion applies to the 3-state Hamiltonian where σ̂y is replaced by any linear combination of
n
o
λ̂2 , λ̂5 , λ̂7 with real coefficients. In Fig. 2.6, simulations for a 5-cell wire using
different included correlations demonstrate this result.
There is a more general issue when identifying correlations which may be
i jk···
excluded. As Kabc···
is the expected value of a product of Pauli operators, the

values must satisfy certain constraints. For example, as each of the Pauli operators have eigenvalues of ±1, it follows that for any properly normalized state,
i jk···
−1 ≤ Kabc···
≤ 1. More complicated relationships are satisfied by groups of the
i jk···
Kabc···
. The simplest relates the λai for any given device: (λxi )2 + (λyi )2 + (λzi )2 ≤ 1.
i jk···
Whatever the values of Mabc···
, they must satisfy such normalization constraints.

Arbitrarily assigning values without additional considerations can easily lead to
physically non-viable states.

2.2.4

Multicellular ICHA Approach

One well behaved approach to incorporating additional necessary correlations which
maintains all normalisation constraints is to use a generalized variation of the ICHA
employing multi-cell Hamiltonians [36, 41]. A general interpretation of the ICHA
can be seen as two approximations: (1) the system Hamiltonian is a sum, in particular a Kronecker sum, of cell Hamiltonians; and (2), the system state is a product
state of individual cell states. These approximations can be summarized by the
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(a) Multi-cell selection

(b) Corrected ground state

Figure 2.7: Describing the entire 5-cell cross using a single multi-cell Hamiltonian, the errors observed using the ICHA can be avoided.
following equations:
Ĥ =

M
M

Ĥm ,

|ψi =

m=1

where, for example,

M
O

|ϕm i,

m=1

L3

m=1 Ĥm

d
f˜ |ϕm i = −iĤm |ϕm i,
ds

(2.14)

= Ĥ1 ⊗ Iˆ ⊗ Iˆ + Iˆ ⊗ Ĥ2 ⊗ Iˆ + Iˆ ⊗ Iˆ ⊗ Ĥ3 denotes the

multi-term Kronecker sum, and

N3

m=1 |ϕm i

= |ϕ1 i ⊗ |ϕ2 i ⊗ |ϕ3 i is the Kronecker

product. For the traditional ICHA, each Ĥm is a single cell Hamiltonian given by
Eq. (2.5) and M = N is the number of non-fixed-polarization cells. In general,
Ĥm can describe any group of cells rather than a single cell. In Fig. 2.7, we show
one multi-cell choice which solves the issues observed in the majority gate with
uneven input lengths. Each group Hamiltonian is treated as a normal multi-cell
QCA network where, as with the ICHA, instantaneous cell polarizations produce
additional contributions to the effective h biases in neighbouring Ĥm . More detail
on a conceptually similar approach will be seen in Chapter 8. In the language of
i jk···
the previous discussion, this multi-cell ICHA neglects all Mabc···
involving cells

in different groups; all correlations within groups are maintained. In addition, as
each |ϕm i simply evolves under a Schrödinger equation for an effective Hamiltonian, the evolution is unitary and all normalisation-like constraints are satisfied
automatically.
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Figure 2.8: Two majority gates in series with potential multi-cell groups shown.
Here it is necessary to combine the two majority gates into a single multi-cell group
in order to avoid incorrect behaviour.
This approach is effective at resolving issues with individual majority gates,
and similar cases such as certain inverters and fan-outs; however, there are known
problems. As an example, Karim describes two majority gates in series [41]. A
similar arrangement is depicted in Fig. 2.8. If the multi-cell groups are chosen
simply to be the two majority gates, then for certain input lengths and polarizations
we arrive at a similar problem to that of the ICHA. The order of events is roughly
as follows. The rightmost negative input initially polarizes the second gate before
its corresponding positive input arrives. The now negative second gate biases the
output of the first gate. If this bias arrives before both of the positive inputs, the
first gate will eventually remain in a situation where it sees two negative and two
positive inputs. The output of the first gate remains negative, as will then be the
output of the second gate. This can be corrected by increasing the distance between
the majority gates, but we then again would be constraining our design choices to
what a solver can handle. Alternatively, if both majority gates, as well as the connecting wire, are included in a single multi-cell group, then the correct behaviour
is achieved. There remain two issues here: (1) it is not necessarily trivial to identify the set of groups which avoid all problems; and (2), these larger combined
groups are constrained in size by the largest Hamiltonian size we can handle for
matrix-vector multiplication. These issues are partially addressed in Chapter 8.
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Chapter 3

QCA Clocking as Quantum
Annealing
Adiabatic quantum computing (AQC) describes an approach to finding the ground
state of a complicated system by slowly evolving an initially simple Hamiltonian
into one of interest [46, 47]. In practice, the system of interest is typically constructed so that its ground state encodes the solution to some NP problem. In
theory, the ground state of any such system is guaranteed to be found if the system is isolated from its environment and the evolution is sufficiently slow [48];
however, the exact meaning of sufficiently slow relates to details of the low energy
eigenspectrum (LES): see Section 3.1.1. Quantum annealing (QA) is a heuristic
approach which employs quantum evolution to attempt to find the lowest energy
configuration of a given energy function, without strictly adhering to the conditions
required for AQC [49]. QA can be implemented numerically as in simulated quantum annealing [50–52], or in hardware [53, 54]. It can be interpreted as an attempt
to realise the ideal of AQC with the understanding that real systems cannot always
be completely isolated, that the strict constraints on annealing speed demanded by
AQC are not necessarily practical for all problems, and that often a sufficiently
low energy approximation of the true optimum is good enough. In this chapter, a
brief overview of the QA protocol is presented, and the link between QA and QCA
clocking is demonstrated.
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3.1

Quantum Annealing

Our goal is to find the ground state of a Hamiltonian of interest, ĤP . We begin
with some simple initial Hamiltonian, ĤI , with an easy to achieve ground state.
Often, this ground state is an equal superposition of all the eigenstates of ĤP . The
time-dependent Hamiltonian of the system can be expressed as
Ĥ(s) = A(s)ĤI + B(s)ĤP ,

(3.1)

where A(s) and B(s) define the annealing schedule satisfying A(0)/B(0)  1 and
B(1)/A(1)  1. The quantity A(s)/B(s) plays a similar role in QA to the temperature in simulated annealing (SA).

3.1.1

The Adiabatic Theorem

The guarantee of finding the ground state is provided by the quantum adiabatic
theorem. A complete proof is not presented here, but it is informative to see the
main idea. Following the approach of Born and Fock [48], we express the quantum
state of the system in the basis of instantaneous eigenstates of Ĥ(s):
˜

|ψ(s)i = ∑ cn (s)|ϕn (s)ie−iθn (s)/ f ,

(3.2)

n

where Ĥ(s)|ϕn (s)i = En (s)|ϕn (s)i and θn (s) =

Rs
0

En (s0 )ds0 . The dynamics of the

coefficients cn can be found by differentiating Eq. (3.2):
d
ds cn

d
= −cn hϕn | ds
|ϕn i −

∑

cm

m6=n

d
Ĥ|ϕm i −i(θm −θn )/ f˜
hϕn | ds
e
.
Em − En

(3.3)

The first term can be set to zero by adding an arbitrary phase eiφn (s) to each eigenstate: see Ref. [55]. If we assume that we start in the ground state, c0 (0) =
1, cn6=0 (0) = 0, and integrate in the limit of small f˜, we eventually obtain
h
i
˜
cn6=0 (s) = i f˜ Tn (0) − e−i(θn (s)−θ0 (s))/ f Tn (s) + O( f˜2 )
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(3.4)

where we define the transition parameters
Tn (s) =

d
hϕn | ds
Ĥ|ϕ0 i
.
(En − E0 )2

(3.5)

Here the Ĥ, En , and hence also Tn are assumed to be dimensionless. In full units,
the Tn are scaled by the ratio f /E of the frequency and energy scales. In Eq. (3.4),
these scale factors are ultimately absorbed into f˜. Though not strictly necessary
for this discussion, it is useful to note
|cn6=0 (s)| = f˜|Tn (s)|[1 + O(|Tn (0)|/|Tn (s)|)] + O( f˜2 )

(3.6)

and that typically either Tn (0) is small as a result of the choice in annealing schedule, or at least Tn (0)/Tn (s) is small when cn (s) is significant. The probability of
being in the ground state is simply P0 (s) = |c0 (s)|2 = 1 − ∑n6=0 |cn (s)|2 , and the
evolution is adiabatic if P0 (s) remains sufficiently close to 1. That is, the |cn (s)| are
all sufficiently small. We then arrive at the usual condition for adiabaticity:
d
|hϕn | ds
Ĥ|ϕ0 i|
<δ
s,n6=0 (En − E0 )2

max |cn (s)| ∝ f˜ max

s,n6=0

(3.7)

For some small δ  1. This in turn can be reinterpreted as an upper bound on the
characteristic rate:
f˜ < f˜max ∼ min

s,n6=0

(En − E0 )2
.
d
hϕn | ds
Ĥ|ϕ0 i

(3.8)

This condition is often simplified to the softer bound f˜max = O(∆20 /σmax ) where
∆0 = mins (E1 − E0 ) is the smallest energy gap between the ground and first excited
d
state and σmax = maxs || ds
Ĥ||2 is the largest L2 matrix norm of

3.1.2

d
ds Ĥ(s)

[56].

Landau-Zener Approximation for Diabatic Transitions

Determining a specific value for f˜max requires additional information about the particular eigenspectrum. The simplest model with an analytic solution was separately
presented by Landau [57] and Zener [58]. The Landau-Zener approximation is a
simplification of a two state avoided level crossing, shown in Fig. 3.1, with two
assumptions: (1) the energy difference between the two states is a linear function
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Figure 3.1: Schematic avoided level crossing described in the Landau-Zener approximation. It is assumed that the ground and excited states swap during the
crossing. The dashed lines show the energies of |1i and |2i. The coupling term
opens a gap at the point of crossing, producing a hyperbolic energy gap in the
eigenenergies, shown with the solid lines.
of time: h2|Ĥ|2i − h1|Ĥ|1i = α · (s − s0 ); and (2), the coupling term is a non-zero
constant determined by the minimum gap: h1|Ĥ|2i = ± 21 ∆0 . Under these assumptions, the energy gap between the two eigenstates takes the form of a hyperbola:
∆(s) = ∆0

q
1 + W12 (s − s0 )2 ,

(3.9)

where W is a measure of the width of the crossing. The probability of a diabatic
transition out of the ground state can be expressed analytically as
˜

Pg→e = e−2π∆0W /4 f ,

(3.10)

and the appropriate bound on the annealing rate for a defined adiabaticity, PA , is
f˜max =

π∆0W
−2 ln(1 − PA )
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(3.11)

3.1.3

Special Case of Quadratic Optimization

One important class of NP problems are those that can be expressed in terms of
quadratic unconstrained binary optimization (QUBO). A large set of challenging
and important problems can be mapped, either exactly or as an approximation, to
QUBO problems: graph partitioning and colouring [59], Hamiltonian cycles and
travelling salesman [60], protein folding [61], boolean satisfiability (k-SAT) [62],
integer factorization [63], and more [62, 64, 65]. In general, QUBO involves the
minimization of a quadratic energy function
E(xx) = ∑ bi xi + ∑ Qi j xi x j
i

(3.12)

hi ji

with variables xi in either {0, 1} or {±1}, exchangeable under a linear transformation, and bi and Qi j some real-valued weights. The optimal solution exactly
corresponds to the ground state of an Ising model, with Hamiltonian
ĤIsing = ∑ hi σ̂zi + ∑ Ji j σ̂zi σ̂zj .
i

(3.13)

hi ji

If the QUBO problem is expressed in the {±1} basis, then hi = bi and Ji j = Qi j
up to some positive scaling factor. As a QA problem, it is practical to begin
N
in a superposition of all possible solutions of Eq. (3.12): |ψ(0)i = ∑n |xxn i/2 /2 ,
summed over all 2N possible binary vectors. This corresponds to the ground state of
ĤI = − ∑i σ̂xi , which defines a suitable initial Hamiltonian. The full time-dependent
Hamiltonian can be expressed as
Ĥ = 12 A(s)ĤI + 21 B(s)ĤIsing
"
=

− 21 A(s)

∑

σ̂xi + 12 B(s)

i

#

∑
i

hi σ̂zi +

∑

Ji j σ̂zi σ̂zj

,

(3.14)

hi ji

with the factors of 1/2 added for convention. This is the so-called transverse Ising
spin glass (TISG) or sometimes transverse field Ising model: see for example Ref.
[66]. This model is, by far, the most widely studied application of QA. It is simultaneously simple to implement as well as powerful due to its link to QUBO.
It also describes the operational Hamiltonian provided by the quantum processing
24

unit (QPU) developed by D-Wave Systems Inc. [54, 67].

3.2

QCA Clocking

As discussed in Chapter 1, there are two main approaches considered for clocking
QCA networks: zone clocking, and dynamic wave clocking. The relevant terms for
clocking are the tunneling rates γi (s) and null state energies Ci (s) for 2 and 3-state
QCA respectively. The distinction between zone and wave clocking is fundamentally the same in both models; we consider 2-state clocking for simplicity.

3.2.1

Zone Clocking

In zone clocking, all cells within a single clock zone satisfy γi (s) = γφ (s) for one of
the clock phases. By comparing Eq. (2.3) and Eq. (3.14), we see that zone clocking
in the 2-state approximation exactly corresponds to QA with a TISG model. A
suitable mapping is given by
A(s) = γφ (s),

B(s) = 1,

hi = hQCA
,
i

Ji j = −Eikj .

(3.15)

3-state QCA zone clocking is somewhat different and will be discussed in more
detail in Chapter 5. It can, however, still be understood as a QA problem, where
the system is initialized with all cells in the null state, |ψ(0)i =

i |0i,

N

and slowly

transitioned towards a fully polarized final state.

3.2.2

Wave Clocking

For wave clocking, each cell experiences a clock dependent on its position: γi (s) =
γ(s,~ri ). The exact dependence is determined by the floor-plan of the clocking
electrodes: see Fig. 1.5. In general, wave clocking cannot be expressed in the form
of Eq. (3.1); however, the adiabatic theorem, as well as the concepts of avoided
level crossings and diabatic transitions, still apply.
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Chapter 4

Dangling Bonds on Hydrogen
Passivated Silicon
So far, we have left ambiguous the actual structure of any physical QCA implementation. In this chapter we discuss a recent and promising candidate architecture for
nanoscale QCA. Work by Wolkow et al. has made possible the precise fabrication
of arrangements of silicon dangling bonds (SiDBs) on hydrogen passivated silicon
substrate: H-Si(100)-2×1 [68–70]. A schematic of the relevant surface structure is
shown in Fig. 4.1. Each SiDB is constructed by applying a voltage pulse through
a scanning tunneling microscope (STM) tip positioned over a surface hydrogen,
desorbing the hydrogen and leaving exposed a dangling bond [70–73]. The possible locations of SiDBs are constrained by the lattice geometry. The case for
H-Si(100)-2×1 is shown in Fig. 4.1(b); however, alternate geometries such as the
hexagonal lattice of H-Si(111) and its surface reconstructions could be of potential
interest [74]. It has been demonstrated that particular patterns of SiDBs are capable of reproducing logic functions, such as the binary wires and OR gate described
and investigated by Huff et al. [28]. The potential application of SiDBs as an architecture for nanoscale QCA has also been previously proposed [14, 27], with a
simple biased QCA cell comprised of 4 SiDBs studied. Further details on fabrication can be found in the literature [68, 70, 75]. This chapter is structured in order
to highlight both the properties of the SiDB architecture as well the capabilities
of the simulation methods developed by members of Walus Lab. These methods
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(a) H-Si(100)-2×1 surface

(b) SiDB positions

Figure 4.1: Hydrogen atoms cap the top-most layer in 2 × 1 reconstructed Si(100).
By applying a current through STM tip, surface hydrogen is desorbed exposing a
dangling bond with charge states in the band gap. The dimensions and possible
positions for created SiDBs are indicated in (b).
are included in the design tool discussed in Ref. [2]. Wherever appropriate, the
models and simulated results are presented immediately following the theoretical
discussion and experimental results.

4.1

Charge States of SiDB Arrangements

The core idea behind implementing logic using arrangements of the SiDB structures is relatively simple. Each SiDB can contain some number of electrons and
take an appropriate charge state. The electrons in neighbouring SiDBs experience
Coulombic repulsion, coupling the charge states and making certain charge configurations more favourable than others. Tunneling between the SiDBs as well as
transport between the surface and available states in the bulk result in a capacity
for the system to tend towards a low energy configuration. Here we discuss the
nature of the SiDB charge states, experimental observations of the charge configurations of multi-SiDB arrangements, as well as a simple model for predicting these
configurations.

4.1.1

The Preferred Population of an SiDB

Depending on the doping of the substrate, the distribution of charge in the nearby
surface, and any applied bias in an STM or atomic force microscope (AFM) tip,
SiDBs have been demonstrated to take on one of three charge states [27, 75]: an
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Figure 4.2: Schematic of the SiDB charge configurations and the band structure
of the silicon substrate. The charge transition levels are known to lie in the gap
between the valence and conduction bands. The bulk Fermi level, EFSi is a function
of the doping and establishes the charge state of an isolated SiDB absent other
effects. Additional interactions at the surface are taken both to shift the transition
levels relative to EFSi as well as induce band-bending, shown in (b). In (c), we show
AFM scans of an isolate SiDB at different surface-tip biases.
unoccupied positive state (DB+), singly occupied neutral state (DB0), and a doubly occupied negative state (DB-). We use population to describe the number of
charges in an arrangement of SiDBs. The charge transition levels between these
states are known to lie in the band gap of the bulk silicon [27]. It is argued that
this isolates the surface charge states from the bulk, allowing for discrete and stable charge population in the surface [76]. A schematic of the band structure of the
silicon bulk with the appropriate charge transition levels can be seen in Fig. 4.2.
Absent all other influences, a single isolated SiDB takes on a charge state determined by the position of the Fermi energy of the doped silicon bulk with respect
to the transition levels [28]. For example, if the Fermi energy lies between the
two transition levels, than a double occupied DB- SiDB should eventually lose one
electron to the bulk, and any unoccupied DB+ SiDB should eventually take on an
electron from the bulk. In this way, the “default” charge state is tunable by controlling the doping during fabrication. Further band-bending can result in a shift
of these transition levels with respect to the Fermi energy, and thereby change the
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preferred charge state. A number of factors can contribute to band-bending near
the surface, such as tip induced effects [1, 77] or charge interactions at the surface [78]. Understanding how these interactions adjust the energy landscape of the
surface is essentially to predicting the behaviour of these devices.

4.1.2

Stable Configurations of Interacting SiDBs

The experimental results of Huff et al. regarding their OR gate implementation are
included in Fig. 4.3. In these, and all other experimental results, the doping of
the substrate produces a Fermi level above the (0/-) transition level, resulting in a
preferred DB- charge state. Constant current STM is employed to visualize the locations of created SiDBs, whereas non-contact AFM is suitable for distinguishing
between DB0 and DB- states. See Ref. [1] for a discussion on the conditions under
which AFM imaging can be expected to influence the surface configuration. There
are two qualitative observations that can be made: (1) not all SiDBs are doubly
occupied; and (2), those that are seem to be fairly spread out.
Non-neutral SiDBs interact through Coulombic repulsion. These interactions
result in shifts in the transition levels of each SiDB with DB- or DB+ neighbours.
In Ref. [28], measurements were made of the shift in the (0/-) transition level in a
test SiDB at various distances from a nearby DB- SiDB. The amount of shift was
found to be consistent with a screened Coulomb potential of the form
∆E(r) ≡ qeV =

Kc −r/λT F
e
,
r

(4.1)

with Kc · εr = 1.44 eV nm, ri j the SiDB separation, and both the relativity permittivity εr and Thomas-Fermi screening wavelength λT F fit to experimental data. Values
of εr = 5.6 and λT F = 5 nm were reported. In Ref. [78], Huff et al. measured this
shift in the presence of various surface defects, each having its own fit parameters. For SiDB-SiDB interactions, the appropriate values were εr = 4.1 ± 0.2 and
λT F = 1.8 ± 0.1. These two sets of values were extracted from experiments on
different regions of the H-Si(100)-2×1 surface and are significantly different. We
must allow then that for different samples, and potentially different locations on
each sample, the physical parameters necessary for modelling may vary.
If we approximate a DB- state as a single electron at the center of a host silicon
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STM
AFM
Schematic
Figure 4.3: Experimentally observed charge configurations for the OR gate designs by Huff et al. [28]. In the top row, constant current STM scans reveal the
locations of the exposed dangling bonds. The inputs of the gate are defined by
the presence or absence of perturber SiDBs at the top: see the schematic representations on the bottom row for clarity. In the middle row, non-contact AFM
reveal the individual charge states. Adapted with permission from Springer Nature
Customer Service Center GmbH: Springer Nature, Nature Electronics, [28] (Huff
et al. , Binary atomic silicon logic), ©2018.
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atom, then we can associate the level shift with an electric potential Vi j = ∆Ei j /qe .
A DB- SiDB raises the transition levels of its neighbours, potentially raising the
(0/-) level above the Fermi energy. As two DB- SiDBs are placed closer together,
their mutual repulsion raises their transition levels until they pass the Fermi energy.
At this point, only one additional charge can exist between them. The number of
charges in the surface is not simply a function of the number of SiDBs, but depends
significantly on the particular arrangement and spacing of those SiDBs.

4.1.3

Predicting Stable Configuration

Using this observation of screened charge interactions, we can understand the task
of finding stable charge configurations of any arrangement of SiDBs as a constrained energy optimisation problem. We assume the total energy of an arrangement of charged SiDBs can we expressed as
E(nn) = ∑ Viext ni + ∑ Vi j ni n j ,
i

(4.2)

hi ji

where ni ∈ {−1, 0, +1} is the net charge at each SiDB, Vi j is the Coulombic interaction energy given by Eq. (4.1), and Viext is the local potential at each site arising
from any external sources such as electrodes or nearby impurities or surface inhomogeneities. Each SiDB experiences a local potential arising from both the
external sources as well as the instantaneous population of all other sites:
Viloc (nn) = Viext + ∑ Vi j n j .

(4.3)

j6=i

The amount of upward band-bending experienced by a given SiDB is −Viloc . We
impose two metastability criteria. Any electron in a DB- site should prefer to tunnel
or hop to a nearby DB0 site if doing so reduces the total energy. We refer to this
as configuration stability. This can be understood from the perspective of the local
potentials. The change in energy associated with a charge ni at site i moving to a
previously uncharged site j can be found to be


∆Ei j = − Viloc − (V jloc −Vi j ni ) ni ,
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(4.4)

where the V loc are computed prior to the change. In the case of a DB- site, we have
ni = −1, and thus the energy decreases if V jloc −Vi j ni > Viloc . Our configuration stability criterion is equivalent to the statement that all DB- SiDBs, after subtracting
off their own influences Vi j ni from all DB0 sites, should not see a higher V jloc .
As discussed, a stable charge configuration requires that the transition levels
be appropriately positioned with respect to the Fermi energy. We define µ− =
ET L − EF to be the energy difference between the (0/-) transition level and the
Fermi energy for an isolated SiDB without any external bias. After band-bending,
the (0/-) transition levels of every DB0 and DB- state must be above and below
the Fermi energy respectively. We then require Viloc ≥ µ− for all DB- sites and
Viloc ≤ µ− for DB0 sites. This we refer to as population stability. Note that we
impose configuration stability even if the resulting change in state would violate
population stability. Based on expected in-surface [79, 80] and bulk-surface [81]
tunneling rates, it is assumed that the in-surface dynamics are much faster than the
bulk-surface ones. A simulated annealing algorithm was implemented by Samuel
Ng to find solutions to this problem [2, 82]. It makes use of a number of physically
inspired heuristics to both efficiently explore the space of possible charge states
and enforce metastability. Discussion on the criteria for DB+ states can be in [2].
In Fig. 4.4, we show simulated results for the OR gate from Fig. 4.3. As discussed in Ref. [2, 82], the particular physical parameters relevant to the original
OR gate presented by Huff et al. are uncertain. Further, there is strong evidence
of tip influence in the AFM scans, particularly in the case of the 11 input with 5
DB- sites in close proximity. Using the values of εr and λT F reported in Ref. [28],
we fail to produce either the experimental results or even suitable OR gate outputs;
however, there exists a small range of parameters which produce the correct behaviour. An example set is shown in the middle row of Fig. 4.4. In Ref. [2], we
demonstrated that a slight modification of the original design, simply moving the
bottom-most SiDB to the lower site of the dimer, produces a much more robust OR
gate with a large range of operating parameters.
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Figure 4.4: Simulated charge configurations of SiDB OR gates, showing the lowest energy metastable configurations for all inputs. The top row shows the results for the OR gate in Fig. 4.3, using the reported εr = 5.6, λT F = 5 nm, and
choosing µ− = −280 meV. The middle row uses a parameter set which reproduces the correct OR gate behaviour: εr = 10, λT F = 10 nm, µ− = −250 meV. In
the bottom row, we shift the perturber on the output down from the upper to the
lower site of the dimer, weakening the repulsion on the output SiDB. This modification functions using the experimental parameters: εr = 5.6, λT F = 5 nm, and
µ− = −280 meV. Filled circles indicate DB- sites. Half-filled circles indicate SiDB
pairs with a charge degeneracy: a single electron occupying either site without any
difference in energy.
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4.2

Clocking SiDB Structures

The dopant concentration establishes the default charge state through setting the
Fermi energy; however, we now understand that band-bending at the surface can
result in a shift in the preferred charge states of SiDBs. This observation leads
to a potential scheme for clocking SiDB arrangements by manipulating the bandbending through an externally controlled surface potential, thereby populating and
depopulating the SiDBs. This effect was experimentally verified through use of
a titanium silicide “island” created on the silicon surface with an array of SiDBs
placed in proximity [83]. The island behaves like a Schottky contact. When applying an electrical bias to the silicide, STM measurements of the surface revealed
upward band-bending. This allowed the controllable depopulation of all SiDBs
near the island. In [2], we proposed a more general approach to clocking using
either buried or suspended electrodes. These electrodes would be used to controllably induce band-bending at the surface, allowing the activation and deactivation
of regions of the surface by raising or lowering the effective local (0/-) transition
levels relative to the Fermi energy.

4.3

Dynamic Behaviour

Pairs of SiDBs have been investigated as a potential candidate for charge qubits
[79, 80]. The tunneling and decoherence rates of a shared charge were estimated
to be on the order of terahertz, with the precise value rapidly decaying with the
separation: from 103 THz at 3.84 Å, to 101 THz at 3 × 3.84Å. We should expect
any observations of dynamics at this scale to be limited to very specific methods
of investigation, such as time-resolved pump-probe scanning tunneling microscopy
[81]. Observations of actual charge states of SiDB arrangements have thus far been
limited to relatively slow AFM scans. However, recent results demonstrate that in
certain circumstance much slower dynamics can be observed [1, 28].

4.3.1

Degenerate Hopping

In Fig. 4.5, one of the results of Rashidi et al. is reproduced [1]. An arrangement of
six SiDBs was designed such that the two innermost sites share a single electron.
Due to the symmetry of the arrangement, there is no preferred location absent
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Figure 4.5: Symmetric structure studied in Ref. [1], with six SiDBs and a charge
degeneracy between the two inner sites: (a) AFM scan at low tip-surface separation, revealing all SiDBs as DB- sites; (b) 800 AFM line scans, back and forth over
the structure over about 18 minutes with a large tip-surface separation to prevent
tip-induced band-bending. Adapted from [1] with permission, copyright from the
American Physical Society.
additional bias. Repeated AFM scans were made, passing the tip back and forth
over all SiDBs, observing the evolution of the charge state over a period of about
18 minutes. If the electron were distributed between the two degenerate sites, and
assuming the interaction with the tip to be non-perturbative, we might expect to
see both SiDBs as partially charged with ∆ f between the DB0 and DB- values.
Alternatively, we might expect that, as the tip approaches, the charge is fixed to
one side or the other. In that case the location would be randomized between
scans due to the expected fast tunneling. Instead, we see that the charge state
persists over multiple scans. This stabilization is attributed to lattice relaxation [1,
28], which serves as an additional energy barrier to charge dynamics that becomes
significant in the cases of degeneracy. This barrier is potentially overcome in these
experiments through a combination of thermal fluctuations and tip influence.
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(a) SiDB-SiDB Hopping

(b) Surface-Bulk Hopping

Figure 4.6: Schematic of hopping rates in the hopping model. For surface reconfigurations, rates are computed only from DB- to DB0 sites using Eq. (4.6).
Population/depopulation is modelled by surface-bulk hopping, where each SiDB is
paired with a state in the reservoir with an energy of µ− . The appropriate energies
are shown in blue.

4.3.2

Hopping Rate Model for Charge Dynamics

A number of models were considered for approximating charge dynamics. An important qualifier for any chosen model should be that the metastable configurations
defined in Section 4.1.3 be stable under the dynamics. One simple approach is to
interpret all charge reconfigurations as sequences of hopping events. In particular,
over some small time step dt, we allow some probability of a charge at a DB- site
to hop to a DB0 site: pi→ j (t; dt) = νi j (t)dt where νi j is the hopping rate. In this
discussion, we will address our two metastability criteria separately.
Configuration Stability
If a hop is associated with a decrease in Eq. (4.2) we should require a large νi j ;
an increase in energy should be heavily penalized. A schematic of this scenario is
shown in Fig. 4.6(a). Two suitable models for the hopping rate were implemented:
Mott or Miller-Abrahams variable range hopping (VRH) [84], and Marcus Hopping [85]. The hopping rate between a DB- and DB0 site is expressed as
νi j ∝ e−2αri j η(∆Gi j )

(4.5)

where ri j is the distance between the SiDBs, α is the spatial decay of the hopping
rate, ∆Gi j is the change in Gibbs free energy associated with the hop, and η is
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some function of ∆Gi j which depends on the choice of hopping model. In the
current implementation, we equate ∆Gi j to the change in electrostatic energy, ∆Ei j
from Eq. (4.2), associated with the hop, plus an optional self-trapping energy, ρi ,
intended to approximate any expected effect of lattice relaxation. It is convenient
to use a calibrated form for νi j :
VRH : νi j = ν0 e−2α(ri j −r0 ) e−∆Ei j /kB T
Marcus : νi j = ν0 e−2α(ri j −r0 ) e−∆Ei j [∆Ei j +2(ρi −λ0 )]/4λ0 kB T

(4.6a)
(4.6b)

where here ν0 is the experimentally observed hopping rate between two degenerate
(∆Ei j = 0) SiDBs at a separation of r0 , λ0 is the reorganization energy in Marcus
theory, and kB T is the thermal energy. Note that for VRH, assuming the same
self-trapping energy for all DB- sites, ρi is absorbed into ν0 . For the results in
Fig. 4.5, we have at least 23 hops over 18 minutes and a separation of 5 dimers:
ν0 ≈ 21 mHz, r0 = 19.2Å. In all results, a spatial decay of α = 1 nm−1 and a thermal energy of kB T = 0.36 meV at 4.2 K is assumed. Note that for non-degenerate
hopping, the ∆Ei j are typically on the order of tens of meV. In this case, even
though ν0 is slow, the νi j may be on the order of GHz or faster.
Population Stability
For each SiDB, we require that its local potential from Eq. (4.3) be compatible with
its charge state: including the self-trapping energy, a DB- site should depopulate if
Viloc + µ− ≤ ρi , and a DB0 site should populate if Viloc + µ− ≤ 0. For DB- states,
we define a depopulation rate νi,B , associated with a hop between the surface SiDB
and some charge reservoir, here understood to be the valence band of the bulk. We
can define a similar population rate, νB,i , between the reservoir and each DB0
site. We set the energy of charges in the reservoir to be at µ− . A schematic of
surface-bulk hopping is shown in Fig. 4.6(b) with the appropriate energies. We
assume self-trapping is present only for DB- sites and thus it is ignored for νB,i .
It is not clear that the form of these rates should be anything like those of surface
hopping. We anticipate that there is some maximum surface-bulk tunneling rate
νB and invent some function f : ∆E → [0, 1], which translates an energy difference
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Figure 4.7: Simulation of the system in Fig. 4.5: (a) lowest energy metastable
configuration, including the observed degenerate pair; (b) simulated degenerate
hopping using calibrated VRH. The same tip trajectory used in [1] is simulated:
800 line scans over 18 minutes. This figure first appeared in [2].
between the surface-bulk states into a scaled hopping rate. We can write
νi,B = νB f (−Viloc + ρi − µ− ),

(4.7a)

νB,i = νB f (µ− +Viloc ).

(4.7b)

The function f should increase from f (−∞) = 0 to f (∞) = 1. In this work, we
opted to use a sigmoid of the form f (∆E) = 1/(1 + exp(−∆E/kB T )), consistent
with a state of thermal equilibrium between the surface and bulk sites. In Ref.
[81], expected values for bulk to surface tunneling rates were measured. At a
temperature of 4K, values range from a few kHz to MHz. In our results we use
νB = 1 MHz. In Fig. 4.7, we show a simulation of the same system studied in Ref.
[1]. In these results, the trajectory of a tip was simulated travelling at 8.9 nm/s
in order to achieve 800 line scans over 18 minutes to match the AFM scan. The
charge of each SiDB was recorded as the “tip” passed over. No tip-induced bandbending or other interactions were considered. Further results using the hopping
model will be presented in Section 4.5. Details on the implementation hopping
model can be found in Appendix A.1.
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4.4

SiQAD: Simulation and Design of SiDB Structures

Silicon dangling bonds show promise as a platform for nanoscale computing; however, exploration of this design space requires tools for the rapid design and simulation of arbitrary SiDB arrangements. To this end, a computer-aided design (CAD)
tool was developed, with the code base and simulation tools developed by members
of Walus Lab, and experimental calibration and additional theoretical discussion
from members of Wolkow’s group.
Silicon Quantum Atomic Designer (SiQAD) is an open source CAD tool that
provides both functionality for the rapid design of arrangements of SiDBs as well
as a number of simulation suites to approximate the behaviour of those arrangements [2]. The graphical user interface (GUI) is designed using the Qt C++ framework [86]. A custom application programming interface (API) is provided for the
modular integration of any simulation tools. This API also offers limited capacity
for future efforts in design automation; an external tool can provide a list of commands to, for example, create or remove SiDBs, or specify electrode placement
based on the current design. There are currently three simulation engines included
with SiQAD:
SimAnneal: a simulated annealing algorithm implemented by Samuel Ng
which attempts to efficiently find the lowest energy metastable configurations as
defined in Section 4.1.3. For a detailed discussion on the implementation of SimAnneal, as well as a comparison against other potential solvers, see Refs. [2, 82].
HoppingDynamics: a graphical tool which allows users to run the hoppingbased dynamics model in Section 4.3.2 and Appendix A.1 on designs made in
SiQAD. Dynamics can be computed and observed in “real-time”, up to a timescaling factor, with model and clocking parameters adjustable without interrupting
or resetting the simulation. In the current implementation, it is not possible to add
or remove SiDBs during the simulation, except perturbers with fixed charge.
PoisSolver: a finite element method (FEM) solver for the generalized Poisson
equation developed by Nathan Chiu allowing for arbitrary arrangements of buried
or suspended electrodes. Details of this method can be found in Ref. [3].
For an expanded discussion on the design and capabilities of SiQAD, see Refs.
[2, 82].
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0.768 nm

1.302 nm

(a) STM scan

(b) SiDB layout

Figure 4.8: Constant current STM scan of a biased 4-dot QCA cell composed of
4 SiDBs designed by Haider et al. [27]. Adapted with permission from Ref. [27].
Copyrighted by the American Physical Society.

4.5

SiDB Implementations of QCA

Haider et al. demonstrated a simple 4 SiDB design which, when biased by two
additional DB- sites, behaved like a 4-dot QCA cell. The relevant STM scan and
SiDB layout are reproduced in Fig. 4.8. Beyond this result, there have been no further experimental investigations into the behaviour of larger arrays of SiDB-QCA
cells. In his thesis, Ng presented a design for a 4-dot QCA cell made using SiDBs
in a slightly different geometry. Calculations using SimAnneal were presented for
some some simple components: a wire, an inverter, a 90◦ wire bend, and a majority
gate [82]. Ng demonstrated that, at a certain value of µ− , these arrangements have
the correct metastable configurations. While an important result, this leaves open
the question of whether they would operate correctly when clocked. SimAnneal
cannot directly tell us anything about clocking performance; however, we can attempt to use it to find the sequence of lowest energy metastable configurations as
the applied clocking field is swept. If we assume the physical system evolves to
track these configurations, this sequence gives us an idea of the trajectory of charge
states a clocked arrangement must go through.
In Fig. 4.9, we present an SiDB-based inverting chain with dimensions consistent with Ng’s design. Each vertical pair of SiDBs can be understood as a 2-dot
QCA cell. We add an input perturber to the left with the same separation as the
40

3.072 nm
3 rows

2.304 nm

8 columns

(a) SiDB layout

(b) Equivalent QCA schematic

Figure 4.9: SiDB implementation of an inverting chain and its equivalent QCA
representation. The leftmost SiDB serves as the input, and the rightmost SiDBs
apply back-pressure without any polarisation bias. This emulates the effect of the
rest of the circuit. The orange cells in (b) represent cells with fixed charge distribution. Important dimensions and a sub-region of the lattice are shown.
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-0.180

-0.054

-0.113

-0.030

-0.096

-0.016

-0.093

Figure 4.10: Sequence of lowest energy metastable configurations of the inverting
chain as the value of µ− is swept. Perturber sites are excluded for simplicity.
The numbers indicate the smallest magnitude µ− , in eV, necessary for the shown
configuration. The intended final state is highlighted. Values shown are for εr =
5.6, λT F = 5 nm.
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3.072 nm

(a) SiDB layout

(b) Equivalent QCA schematic

Figure 4.11: SiDB implementation of a non-inverting wire and its equivalent QCA
representation. Note here that without drawing in the boundaries of each QCA cell,
the distinction between four 4-dot QCA cells forming a wire, and eight 2-dot QCA
cells forming an inverting chain is made non-arbitrary only by the differences in
inter- and intra-cell distances.
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Figure 4.12: Sequence of lowest energy metastable configurations of the wire as
the value of µ− is swept. Bias sites are excluded for simplicity. The numbers
indicate the smallest magnitude µ− , in eV, necessary for the shown configuration.
The correct state is highlighted. Values shown are for εr = 5.6, λT F = 5 nm.
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cell-cell spacing. The two SiDBs at the right are there to apply back-pressure to
the chain without adding any polarization bias. These make up for the missing
band-bending due to truncating the chain. In Fig. 4.10, we sweep the value of µ−
from slightly below zero1 down until we first observe a lowest energy metastable
state with one too many charges. The first value of µ− at which each state is observe was recorded. When clocking a QCA wire, the idea is to propagate the input
polarization from cell to cell. This is not what we see here. The charge repulsion means that the wire populates effectively from the middle outwards. We will
study this sort of population order more in the next chapter. We show very similar
behaviour for a non-inverting wire of 4-SiDB cells in Fig. 4.11 and Fig. 4.12.
This picture of clocking, where we sweep the value of µ− shared by all SiDBs,
is consistent with applying a uniform external voltage at the surface. This could be
achieved over a finite region using an electrode like the zone clocking arrangement
shown in Fig. 1.4. It is clear that some of the issues might be reduced by using
wave clocking, which in this case would afford better control over where population/depopulation events occur. In Fig. 4.13, we show a simulation of an inverting
wire under wave clocking using HoppingDynamics. An important quantity here
is the ratio between the clocking wavelength, λ , and the inter-cell separation. We
used a wavelength of 48 nm in order to demonstrate that, in principle, with a small
enough wavelength these population order issues can be resolved; however, current
limitations in nanofabrication techniques constrain the minimum electrode pitch,
and hence also the clocking wavelength. A wavelength on the order of 200 nm
is more realisable, four times the contacted gate pitch in current FinFET fabrication processes [39]. If we used a 200 nm clocking wave, we would require cell
separations of about 12 nm in order to produce similarly well behaved clocking.
This is roughly twice the Thomas-Fermi screening distance at 5.6 nm, significantly
weakening the cell interactions. We will see in the next chapter that the inclusion
of a tunneling energy within the SiDB-QCA cell model further helps here, potentially making wires practical; however, higher density regions like the center of a
majority gate would still be a challenge.

1 If we start at zero, the perturbers themselves are unpopulated. We start the sweep at the weakest
µ− needed to populate the perturbers.
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Input

3.072 nm

(a) Inverting chain layout

(b) 4-phase electrode schematic

(c) Charge states at π/2 increments in clocking phase.

Figure 4.13: HoppingDynamics simulation of an SiDB inverting chain under 4phase wave clocking. Clocking was implemented using buried electrodes, 100 nm
below the surface with a clocking wavelength of λ = 48 nm. At that depth the field
at the surface is approximately a travelling sinusoid, chosen to have a peak-to-peak
amplitude of 200 mV. Values of V ext (x,t) are indicated by the colorbar. In (c), we
show the charge states in a dynamic simulation at time slices corresponding to π/2
phase shifts. With such a small clocking wavelength, the bit-packet propagation
behaves as expected. Between φ = π/2 and φ = π, we changed the input state in
order to demonstrate that multiple wave packets can be propagated independently.
The colorbars show V ext (x,t). A version of this figure first appeared in [2].
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4.6

Summary

This chapter gave an overview of the potential of silicon dangling bond structures
as a platform for binary logic, and in particular, their candidacy as a means of implementing nanoscale QCA. We demonstrated that experimentally observed charge
states of arrangements of SiDBs can be understood as a constrained energy minimization problem. A simulated annealing solver, SimAnneal, was developed by
Samuel Ng for the purpose of efficiently solving this problem. Despite expected
rapid tunneling between neighbouring SiDBs, experimental results suggest significant lattice relaxation in H-Si(100)-2×1 which enforces charge localisation among
degenerate SiDBs pairs over time scales on the order of seconds to minutes. This
behaviour motivated a hopping model for the dynamics and ultimately a simulation
tool, HoppingDynamics. We briefly introduced SiQAD, a CAD tool for developing
and simulating SiDBs arrangements which makes use of SimAnneal, HoppingDynamics, and PoisSolver, our in-house FEM solver for finding the time-dependent
electric potential at the surface due to any arbitrary arrangements of clocking electrodes. Finally, while it is possible to design SiDBs arrangements which reproduce
the functionality of simple QCA networks, we discussed the potential challenge
to clocking that arises due to the complex charge state trajectories that result from
out-of-order population of even simple wires. In the next chapter, we will raise this
issue of population order from the perspective of conventional QCA analysis.
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Chapter 5

Population Congestion in 3-State
QCA
When designing QCA networks, the predominant focus is on the coupling between
polarized states, arising from the energy cost of neighbouring cells having the same
or opposite polarizations. For 3-state mixed valence molecule (MVM) devices, it is
known that additional interactions between the null and polarized states of neighbouring devices lead to an increase in the required clocking field needed to activate
a cell [87, 88]. It has been proposed that complexities arising from these interactions can be mitigated by employing a dynamic clocking wave with a sufficiently
large maximum field strength. In the previous chapter, we observed that for SiDBbased QCA implementations, the order of cell activations, in this case SiDB population events, can be complicated. We will use the term congestion to refer to this
effect of strong population repulsion. SiDB devices pose an additional challenge
in that a large applied clocking field can easily produce too large of a surface population. It is therefore unclear whether SiDB based QCA devices could be operated
in a regime of clocking parameters for which this congestion is mitigated.
In this chapter, we investigate the conditions under which these congestion
interactions contribute significantly to 3-state QCA devices and the behaviour of
these devices in the regime of strong congestion. In Section 5.1, we discuss the N
cell 3-state QCA Hamiltonian including congestion and polarization interactions.
In Section 5.2, we consider two potential MVM and SiDB-QCA devices and ap46

proximate the dependence of the interaction energies on the device geometries.
In Section 5.3, we study the ground states of simple QCA networks. We present
an analytical estimate of the single cell ground state and calculate the maximum
congestion interaction strength beyond which a QCA network displays irregular
ground states. Finally, in Section 5.4, we discuss the extent to which dynamic
wave clocking addresses these challenges for SiDB-QCA devices.

5.1

Full 3-State Hamiltonian

The Hamiltonian of a single 3-state QCA device in the presence of some clocking
field was given in Eq. (2.4), repeated here for convenience:

Ĥi (t) = −γi Γ̂ + hi P̂ − Ci (t) N̂ − Iˆ
The cell population/activation, Ni = hN̂ i i, is the probability of a device being in
either of the polarized states, or equivalently, not in the null state. For multiple
devices, the full Hamiltonian will take the form
ˆ
Ĥ(t) = − ∑i γi Γ̂i + ∑i hi P̂ i − ∑i (Ci (t) − µi )(N̂ i − I)
− 12 ∑hi ji Eikj P̂ i P̂ j + ∑hi ji Di j N̂ i N̂ j

(5.1)

where charges in the upper sites both interact via their polarizations through Eikj
and inhibit population of neighbouring devices with congestion energy Di j . We
also introduce a term µi which represents a population/congestion bias. Individual
effective device Hamiltonians from the 3-state ICHA are given by

Ĥi = −γi Γ̂ + h̃i P̂ − (Ci − µ̃i ) N̂ − Iˆ ,

(5.2)

with h̃i = hi − 12 ∑ j6=i Eikj P j as with the 2-state ICHA and instantaneous effective
congestion biases µ̃i = µi + ∑ j6=i Di j N j for current populations N j . We can argue
for a suitable value of Di j in the same way we define Eikj . Suppose we had a pair
of 3-state devices with γi = hi = µi = Ci = 0. The pair then has a Hamiltonian
Ĥi j = − 21 Eikj P̂ 1 P̂ 2 + Di j N̂ 1 N̂ 2 .
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(5.3)

The eigenstates with non-zero energy are those with both devices in a polarization
state. They have energies
|−1, −1i : − 21 Eikj + Di j

|−1, +1i : 12 Eikj + Di j

|+1, −1i : 12 Eikj + Di j

|+1, +1i : − 12 Eikj + Di j

The kink energy is then the change in energy when one of the polarizations is
switched, and the congestion energy is the average. That is, if E++ and E+− are
the energies of |+1. + 1i and |+1, −1i absent all other devices and biases, then
Eikj = E+− − E++ ,

5.2

Di j = 12 (E+− + E++ ).

(5.4)

Considered Devices

We consider two interesting candidates for atomic scale QCA: zwitterionic nido
carborane (Fc+ FcC2 B−
9 ) [26] and the discussed SiDBs [14, 28]. We assume E+−
and E++ can be expressed as a sum of point charge interactions between devices:
E(nn) =

∑ ∑ V (|~ri −~r j |)ni n j

(5.5)

i∈Ω1 j∈Ω2

where ni is the number of electrons at site i located at ~ri , V gives the distance
dependence of the charge interaction, and Ωi is the set of sites in the i’th device.

5.2.1

Zwitterionic Nido Carborane

A number of mixed-valence species have been considered as candidates for molecular QCA. Of particular interest in recent studies are diferrocenyl acetylene, having
two Fe centers serving as quantum dots, and self-doping zwitterionic nido carborane. The latter contains two Fe centers as well as a carborane cage, providing
three quantum dots, one fixed electron and a mobile hole [89]. The schematics of
the appropriate 3-dot and 6-dot devices using Fc+ FcC2 B−
9 are shown in Fig. 5.1.
We will focus on wire arrangements with device centers separated by some distance s ≥ d. If the device separation is sufficiently large, we can find approximate
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3-Dot Device Geometry

6-Dot Device Geometry

Figure 5.1: Schematics for 3-state Fc+ FcC2 B−
9 devices. Devices always remain
net neutral. Parallel 3-dot devices produce inverting wire chains. 6-dot devices are
made from pairs of 3-dot devices with upper sites forming a square.
expressions for our devices. Assuming no screening, V (r) = Kc /r, we arrive at
k
≈−
E3-dot

D3-dot ≈

i
Kc d 3 h
( /s) 1 − 83 (d/s)2 ,
2d

Kc v 3
( /s) ,
v

(5.6a)
(5.6b)

for the 3-dot devices. Both parameters are cubic in inverse distance indicative of a
dipole-dipole interaction between devices. For the 6-dot device, we get
6Kc d 5
( /s) ,
d
i
4Kc v 3 h
D6-dot ≈
( /s) 1 + 23 (d/s)2 .
v
k
E6-dot
≈

(5.7a)
(5.7b)

Interestingly, while the kink energies fall off as (1/s)5 , the congestion energy decay
remains cubic. From the point of view of congestion, there is no distinction between the two polarized states. In this view, both the 3-dot and 6-dot devices are
effectively dipoles with some positive charge in the upper sites, negative charge
in the lower site(s), and a length scale of v. For the 6-dot device this has the unfortunate outcome that the congestion persists between devices at separations well
beyond the kink energies. Fig. 5.2 compares the exact E k and D values computed
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Figure 5.2: Kink and congestion energies for both Fc+ FcC2 B−
9 device configurations. Dashed lines show the values computed from Eqs. (5.6) and (5.7). The right
axis gives values for the D/E k ratio. For the 6-dot device, s < 2d is excluded as it
has dot-dot separations between cells which are smaller than intra-cell separations.
Values are shown for d = 1 nm, h = 0.5 nm, εr = 1. The red gradient indicates the
thermal energy at 300K for reference.
from Eq. (5.5) to the approximations. Device separations must be kept small to
keep the kink energies above the thermal energy; however, at these separations the
congestion energy is also significant. A higher clocking field must be applied in
order to guarantee the eventual population of all devices.

5.2.2

Silicon Dangling Bonds

Dimensions for SiDB devices are shown in Fig. 5.3(a-b). We use the screened
potential discussed in Section 4.1.2: V (r) = Kc exp(−r/λT F )/r, and opt to use
the fit values given in Ref. [78]: εr = 4.1, λT F = 1.8 nm. These values are more
favourable for the D/E k ratio. Absent evidence that doubly occupied and unoccupied states can be present at the same dopant concentration, we should expect
QCA devices made of SiDBs to be either net negative or net positive. This hints
at the susceptibility to congestion observed in employing them for logic gates. For
the 2-dot device, we approximate the interaction strengths as
Kc −s/λT F
e
F1 (s/λT F )(d/s)3 ,
2d
h
i
Kc
D2-dot ≈ e−s/λT F 1 − 41 F1 (s/λT F )(d/s)2 ,
s
k
E2-dot
≈−
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Figure 5.3: SiDB device geometries and separations are constrained by the
H-Si(100)-2×1 surface lattice shown in (a). In (b) we define the relevant dimensions for 2-dot and 4-dot SiDB devices. The corresponding interactions energies
are shown in (c) and (d) with d = 1 nm and w = 1.15 nm. At 4.2 K, the thermal
energy is only about 0.36 meV.
where F1 (x) = 1 + x is the first of a set of polynomials which describe the screening dependence of the dominant terms in the expansion. Similarly, for the 4-dot
devices:
Kc −s/λT F
e
F3 (s/λT F )(d/s)2 (w/s)2 ,
2s
h
i
Kc
D4-dot ≈ e−s/λT F 4 − F1 (s/λT F )(d/s)2 + F2 (s/λT F )(w/s)2 ,
s
k
E4-dot
≈

(5.9a)
(5.9b)

with F2 (x) = 2F1 (x) + x2 and F3 (x) = 5F2 (x) + 2F1 (x) + x3 . The calculated interaction energies are shown in Fig. 5.3(c) and (d). Even with screening, we see
that congestion dominates. We will see that for such large congestion energies 3state QCA operation is a potential challenge. We conclude with a summary of our
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Figure 5.4: Simple normalised wave profiles. In our case, observe that the maximum clock occurs as s = 1/2.
approximations of the ξ = D0 /E0k ratios, keeping only the most dominant term:
ξ3 ≈ 2(v/d )2 ,
ξ6 ≈ 23 (v/d )2 (d/s)−2 ,
2
2
ξ2 ≈
(d/s)−2 , ξ4 ≈
(d/s)−2 (w/s)−2 .
F1 (s/λT F )
3F1 (s/λT F )

5.2.3

(5.10)

Clocking

We will consider both zone and wave clocking: refer to Fig. 1.4. We write the
clocking field in either case in the form
Zone Clocking :

¯
Ci (t) = C0 + ∆C
2 × C( f t),

(5.11a)

Wave Clocking :

¯
xi
Ci (t) = C0 + ∆C
2 × C( f t − /λC ).

(5.11b)

where C0 and ∆C define the average and peak-to-peak amplitude of the clocking
field at the surface, f is the frequency of one of the clocking phases, xi are the devices locations, λX is the wavelength of the clocking field, and C¯ is some function
¯ ≤ 1 which defines the clocking profile. For
with a period of 1 satisfying −1 ≤ C(s)
wave clocking, we disregard any complexities of the generated field and merely
¯ we consider
assume it to be some wave translated in x̂. For the clocking profiles, C,
only trapezoidal and sinusoidal waveforms, shown in Fig. 5.4 for completeness.
We note also that the interpretation of the clocking field is slightly different between MVM and SiDB devices. For the 3-dot and 6-dot devices, we are interested
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in the difference in electrical potential between the null and upper sites. This is
approximately determined by the ẑ component of the electric field and the null
site depth, v: Ci (t) ≈ ~E(xi ,t) · vẑ. For the 2-dot and 4-dot devices, the clocking
field is just the applied electrical potential at each site associated with the clocking
electrodes: Ci (t) = Viext (t) [2].
There are two main constraints we need to impose on our clocking fields. First,
we set a minimum clocking wavelength of 200 nm consistent with current nanofabrication limitations: see Section 4.5. Second, we must consider practical upper
bounds on the clocking fields for our two architectures. For MVM devices, the
combinations of large kink energies and small v gives rise to large electric fields.
A required clocking field equal to E k necessitates an electric field on the order of
102 or 103 meV/nm. While a few V/nm is realisable [88], larger electric fields are
potentially a challenge. For SiDB devices, it is relatively easy to populate both of
the SiDBs in a 2-dot device [2]. The population of one of the SiDBs raises the transition level of the other by an amount equal to V (d), approximately 200 meV for
our chosen parameters. The difference between a sufficiently large clocking field
for full population and the case of over-population is then only about 200 meV. We
will see that this constraint limits the benefits of wave clocking for SiDB devices.

5.3

Ground State Characterisation

Here we investigate the ground states of 3-state QCA devices. First, we look in
detail at how a single device responds to all our parameters. Then we consider the
conditions for which the ground state of simple QCA components indicate correct
device operation.

5.3.1

Single Device Analysis

It will be useful to fully understand the ground state of a single 3-state device under
different parameters. We take the single-cell Hamiltonian given in Eq. (2.4) where
we understand µ to merely act as a shift in the clock C. The population N and
polarization P can be expressed in terms of the ground state energy, E0 :
N=

C − E0
,
(C + hP̃) − 2E0

P̃ =
53

P
2E0 h
= 2
;
N E0 + h2

(5.12)
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Figure 5.5: Spectra of the 3-State Cell Hamiltonian: (a) γ = 10 meV, h = 0 meV;
(b) γ = 10 meV, h = 50 meV. Dotted lines indicate E = C, 0, ±h. We subtract C/2
from the energies to highlight symmetries in the spectrum. Energies are in meV.
however, E0 is non-trivial to express analytically. In Fig. 5.5, we show spectra for
the two limiting cases of |h|: small and large with respect to γ. In both of these
cases, the ground state energy is approximately the lower half of a hyperbola with
center (C, E − C/2) = (−|h|, −|h|/2). It is natural then to assume a general form of
E0 = 12 (C − |h|) − 12

q

α 2 + (C + |h|)2 .

(5.13)

This is exact up to some parameter α(γ, h, C). In Appendix B.1, we discuss our
approach to estimating α 2 . Here, it is sufficient to note that 4γ 2 ≤ α 2 ≤ 8γ 2 with the
minimum and maximum values achieved at lim|h|→∞ and h = 0. The assumption
of a hyperbolic form for E0 is equivalent to assuming α is independent of C. We
use a general approximation
h
i
p
α 2 (γ, h, C) = 4γ 2 2 + u2 − u 2 + u2 ,

(5.14)

with a parameter u that depends on the desired accuracy. In Table 5.1, we give
numerically achieved upper bounds on the errors relating to different forms of u.
These bounds are independent of γ, justified as follows. From Eq. (5.12), we see
that if E0 /γ is a function only of (h/γ , C/γ ) then so are N and P̃. We can also rewrite
Eq. (2.4) in the form Ĥ(γ, h, C) = γ H̄(h/γ , C/γ ). It follows that
E0 (γ, h, C) = γ E¯0 (h/γ , C/γ ).
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(5.15)
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Figure 5.6: Polarization and population responses for the two limiting cases of
biases: (a) h = γ/10; (b) h = 5γ. The population is approximately a sigmoid with
center C = −|h| (indicated) and a width of α ∝ γ.
Table 5.1: Worst-case errors over all (h, C) for different u parameter approximations.
Approximation
u = 1/2 ⇔ α 2 = 6γ 2
up
= |h|/γ
u = 3|h|/( 9γ 2 + C 2 − C)

∆E0 /(E0 − C/2)
13.4%
4.7%
1.1%

∆P̃
0.037
0.1061
0.006

∆N
0.039
0.019
0.013

This form also holds for Eq. (5.13) if the u parameter depends only on (h/γ , C/γ ), as
is the case for our approximations. The worst cases for the absolute errors of N and
P̃ and the relative error of any linear combination of (E0 , h, C) then occur at specific
(h/γ , C/γ ) pairs and are otherwise independent of the choice in γ. In Fig. 5.6, we
show the typical cell response for low and high |h|/γ . A fair approximation of the
population is the sigmoid
"

2(C+|h|)
− α(γ,h,−|h|)

N ≈ 1+e

#−1
(5.16)

obtained by expanding Eqs. (5.12) and (5.13) about C = −|h|. This sigmoid approximation gives a maximum error of ∆N . 0.06 for u = 1/2. If the polarization
bias is strong, the degree of polarization, |P|, is essentially given by the population;
1 In

the case of u = |h|/γ , the large error in P̃ occurs in the regime where both C is large and
|h|  γ. This corresponds to the presence of some kink at a populated cell. For C < 0, the error in P̃
is less than 0.014.
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Inverting Wire

Non-Inverting Wire

Figure 5.7: Wire arrangements with a driver cell to the left with fixed polarization
and population of 1. Wires shown in their ideal fully populated configuration.
otherwise, the polarization will tend to lag behind the population as the clocking
field is increased.

5.3.2

Populating a Wire near the Classical Limit

The influence of the congestion energy comes into effect only when multiple devices are being considered. In the ICHA picture the situation is intuitive: the instantaneous polarizations act to shift the biases, hi , of each of the devices, and
the populations shift the effective clocking fields, Ci . The net effect is to shift the
population sigmoid to a new center, which we will refer to as the activation energy:
Cia = µi + ∑ Di j N j − hi − 21 ∑ Eikj P j = µ̃i − |h̃i |,
j6=i

(5.17)

j6=i

neatly expressed in terms of the instantaneous effective biases from the ICHA
Hamiltonian. We should expect a device to have a population of about 1/2 when
the local clocking field is equal to the instantaneous activation energy. Using this
idea, we can estimate bounds on the minimum clocking field needed to operate a
functioning biased QCA wire as shown in Fig. 5.7. In Appendix B.2, we discuss
a and C a , during
bounds on the smallest and largest expected activation energies, Clo
hi

wire clocking. Note that for wires which populate out-of-order a larger range of
activation energies may be possible. Using u = 1/2 in Eq. (5.16), we expect that
with a clocking field 5γ above Cia we get a population of Ni ≈ 0.98. We extend
our expected lower and upper bounds on the activation energy by this 5γ factor to
guarantee sufficient population and depopulation during clocking. We then obtain
values for the average clock and clock swing:
a
a
C0 = 12 (Clo
+ Chi
),

a
a
∆C = Chi
− Clo
+ 10γ.
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(5.18)

n+1

n+2

Figure 5.8: Driven inverting wire in the weak tunneling limit after successfully
populating the first n cells. In-order population would be violated if cell n + 2 has
a lower activation energy than n + 1.
In the absence of congestion, wires tend to populate in-order. For zone clocking, this simply means Nn+1 ≤ Nn for all devices, n. In wave clocking, we are only
concerned with the devices within the rising edge. We will consider the constraints
on ξ which produce in-order population. The result is simple if we can ignore tunneling: γ = 0. We suppose that some number of the cells have populated in-order.
This scenario is depicted in Fig. 5.8. The wire will continue to populate in order if
a
a . From Eq. (5.17), this corresponds to the constraint
Cn+2
≥ Cn+1

ξ≤

(|h̃n+1 | − |h̃n+2 |)/E0k
.
(µ̃n+1 − µ̃n+2 )/D0

(5.19)

In our case, the contributions to C a from congestion fall-off more slowly than from
polarization. As a wire populates, we should then expect this bound to decrease.
We assume then that there are only two cases of interest: (1) the first cell to populate
in an unpopulated wire; and (2), the next cell to populate in an infinite wire. If
we consider only the dominant term in our estimates of the kink and congestion
energies, we can make a useful approximation of the cell interaction in a wire:
|Eikj | ≈ E0k |i − j|−p ,

|i− j|−1

Di j ≈ D0 αs

|i − j|−q ,

(5.20)

where αs = e−s0 /λT F is the Thomas-Fermi screening factor for nearest neighbour
cell-separation s0 , and p and q are some powers determined by the dependence on
s in our interaction energy estimates. Note that we keep αs only in the case of the
congestion energies in SiDBs as all of our other energies decay at least as fast as
s−3 . Contributions from next-nearest neighbours are effectively negligible. As an
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Table 5.2: Upper limits on ξ for in-order population of a wire in the weak tunneling limit. Values for αs correspond to device separations of 1.15 nm and 2.30 nm.
Device Geometry
3-dot
6-dot
2-dot
4-dot

p
3
5
3
5

q
3
3
1
1

αs
1
1
0.527
0.278

Eq. (5.22)
0.500
0.554
0.594
0.563

Eq. (5.23)
0.402
0.500
0.402
0.500

example, for a wire of 3-dot devices, we get
Eikj ≈ −

Kc d 3
Kc
( /si j ) = − (d/s0 )3 |i − j|−3 .
2d
2d

(5.21)

We would then have Eikj ≈ −E0k |i − j|−3 . Assuming interactions of the form given
by Eq. (5.20), the first populated cell in a wire gives the constraint

ξ≤


2p − 1
2q−p−1 .
2q − αs

(5.22)

For the case of the infinite wire, it depends on whether the wire is inverting or
non-inverting:

(1 − 1/2 p−1 )ζ (p) − 1 , Inverting
2
ξ≤
1,
Non-Inverting
2

(5.23)

where ζ is the Riemann zeta function. The resulting constraints on ξ are summarized in Table 5.2. We can combine these constraints with our ratio estimates
in Eq. (5.10) to obtain approximate requirements on our device geometries. For
example, for a 3-dot device of the form presented in Fig. 5.1(a) to achieve in-order
population of a wire using zone clocking with γ = 0, the device height must satisfy v ≤ 0.45d. In Fig. 5.9, we show the polarizations and populations given by
the ground states of biased 3 cell wires using zone clocking in the weak tunneling
limit. We see that in this limit even the 3-dot and 6-dot wires would show out-oforder population for v = 0.5d. Similar ideas about out-of-order wire population
have been seen in work by Karim et al. , although their focus was on identifying
maximum required clocking fields [90]. Note that out-of-order population of non58
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Figure 5.9: Ground state polarizations and populations of biased 3 cell wires: (ac) show an inverting 3-dot wire with cells labelled and congestion ratios of (b)
0.35 and (c) 0.45; (d-f) show a non-inverting 6-dot wire with ratios (e) 0.45 and (f)
0.55. The polarizations for the indicated cells are shown by the bar color with the
solid black line showing the population. The half-populated regimes in (c) and (f)
indicate a degeneracy between populating cells 1 and 2.
inverting wires will not result in incorrect polarizations and thus presents less of an
obstacle for properly functioning QCA networks. While this may be the case for
wires, this argument will not apply in general as we will see in Section 5.3.4. For a
2-dot SiDB device, the appropriate constraint is (s/d )2 ≤ 0.201[1 + (d/λT F )(s/d )]. In
order to find a solution with s ≥ d, we require that d be at least 2.5λT F . The regime
in which SiDB-based QCA wires operate in the classical limit using zone clocking
corresponds to a case where the SiDBs barely interact at all.
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Figure 5.10: Ground state polarizations and populations of a biased 3-dot inverting
wire with γ = E0k /10 and congestion ratios of (a) 0.5, (b) 0.6, (c) 0.7, and (d) 0.8.
The solid green line shows Nn − Nn−1 with the dashed line indicating zero.

5.3.3

Congestion for Nonzero Tunneling

For non-zero γ, the population of a cell does not switch suddenly. In this case,
we must consider a suitable condition for ordering. Previously, it was sufficient
that within the region of clocking we had Nn+1 ≤ Nn ; however, we might not necessarily be concerned if a later cell becomes slightly populated. As an example,
Fig. 5.10 shows the ground states of the 3-dot inverting wire for different congestion ratios at γ = E0k /10, a value often seen in the literature. Beyond ξ ≈ 0.5, cell 3
takes on a slight incorrect polarization associated with the same out-of-order population seen in Fig. 5.9c. However, this effect is initially minimal. We might define
a more forgiving in-order metric as something like
Nn+1 − Nn ≤ N∗
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∀ n, C

(5.24)

max

Maximum Ratio
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3-Dot
6-Dot
2-Dot
4-Dot

0.5
0.4
0.000 0.025 0.050 0.075 0.100
Scaled Tunneling, /|E0k|

Figure 5.11: Maximum congestion ratios for 3 cell wires using devices for varying
tunneling rates. The dashed lines show the values for the self-consistent ICHA.
Values computed for a wire of length 3. For such a short wire, the γ = 0 limit lies
between the estimates made by Eqs. (5.22) and (5.23).
for a threshold value N∗ which is somewhat arbitrary. At ξ = 0.6, the out-oforder population is relatively clear with an observed maximum value of N3 − N2
of about 0.33. We take N∗ = 0.3 to be suitable. In Fig. 5.11, we show the maximum values of ξ which satisfy this criterion for all our considered devices over a
range of γ. We compare the trends for the ground state of the full Hamiltonian with
those achieved using the ICHA. These are obtained by self-consistently computing
the polarizations and populations using Eq. (5.12), initialized with those from the
previous clocking fields. Beyond about γ = 0.075E0k for inverting and γ = 0.03E0k
for non-inverting interactions, all the trends are approximately linear. For sufficiently high ξ , we should expect congestion to dominate. In this case, the ground
state would depend primarily on D0/γ = ξ /(γ/E0k ) as observed. Note that the arbitrary
selection of N∗ changes the slope of this linear regime.
We conclude this discussion by observing that even without employing wave
clocking, correct operation of the 3-dot and 6-dot wires is achievable with modest
tunneling rates. In the case of the highest ξ for 3-dot devices at 1 nm separation,
we note that correct operation is possible above γ ≈ 0.15E0k . For larger separations,
γ = 0.1E0k is sufficient. The 2-dot and 4-dot SiDB devices, however, would require
much higher tunneling rates on the order of γ ≈ 0.5E0k .
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Figure 5.12: Ground states of the majority gate shown in (a) with congestion ratios
of (b) 0.15, (c) 0.20, and (d) 0.25. The first three cells are adjacent to the inputs,
cell 4 experiences the highest congestion at the center of the cross, and cell 5 is the
output, expected to take on a polarization of +1. By ξ = 0.2 we already observe
undesirable behaviour in the output polarization.

5.3.4

The Case of the Majority Gate

Here we consider the case of a majority gate with inputs (+1, −1, +1), a challenging case for zone clocking [5]. A schematic of the network as well as the ground
states for a number of ξ values is shown in Fig. 5.12. It is not clear that in-order
population should matter here. It is important then that we identify exactly the
sort of behaviour that suggests a challenge to clocked operation. In Section 3.1.1,
we determined an upper bound on the maximum characteristic rate of the dyd
namics that relates to transition parameters Tn (s) = hϕn | ds
Ĥ|ϕ0 i /(En − E0 )2 . In

Fig. 5.13, we show the ground states, energy gaps, and transition parameters for the

d
d
majority gate using two different γ values. Here ds
Ĥ(s) = − ∑i ds
Ci (s) N̂ i − Iˆ =

d
− ds
C(s) ∑i N̂ i − Iˆ for zone clocking. We assume a trapezoidal clocking profile,
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which gives

d
ds C

= 4∆C. We will expand on the application of this transition pic-

ture in the next chapter. It suffices here to note that the characteristic rate of the
dynamics for adiabatic evolution is limited by the inverse of the maximum Tn (s).
When tunneling is weak, each change in the ground state that occurs as the
clocking field is swept produces a local minimum in the energy gap. If γ is sufficiently small the avoided level crossings are hyperbolic and well approximated
by a Landau-Zener model: see for example Ref. [91]. The values of the minima
can be roughly categorized based on the number of population-depopulation events
they involve. For example, the population or depopulation of a single cell would
produce a gap of roughly 2γ as in Fig. 5.5(b). The first minima in Fig. 5.13(b) corresponds to the simultaneous population of two cells, and has a gap smaller than
2γ. The remaining three minima can each be seen to describe three simultaneous
events: a single depopulation and two populations. As we have assumed no tunneling between the upper sites, we decompose the change of the polarization of cell
5 as a depopulation immediately followed by a population. As we increase γ, it is
these polarization-flip transitions which yield the smallest gaps and most strongly
constrain the dynamics. We can see this in the transition parameter results, where
the final transition dominates. We see also that the value of γ will have a significant effect on the potential operating speed of the 3-state devices. Increasing γ
from 0.02E0k to 0.05E0k yielded a three order of magnitude reduction in the diabatic
transition rates. Accounting then for non-zero tunneling, we define the majority
gate to display poor behaviour when the ground state contains a change in cell
polarization after first achieving an incorrect polarization of magnitude |P| ≥ 0.3,
keeping with out earlier defined N∗
Returning then to Fig. 5.12, we see that at ξ = 0.15 the ground state is well
behaved; however, even at ξ = 0.20 we observe undesirable behaviour of cell 5,
the output. It is an interesting exercise justifying the order of events here. For example, in Fig. 5.12(c), the ground state is correct until C ≈ −0.1E0k . At this point,
we have cells 1, 3, and 4 in the correct polarization. As soon as cell 2 is populated
there is too much congestion at cell 4, which depopulates in favour of the output
cell; however, the output cell is now under inverting diagonal interactions from the
populated cells 1 and 3 and takes on the wrong polarization. A different sequence
of populations occurs at ξ = 0.25. The inclusion of non-zero tunneling for the ma63
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Figure 5.13: Ground states, energy gaps, and transition parameters for the majority
gate in Fig. 5.12(a) for ξ = 0.20 and non-zero tunneling. In the left column, we
show the case for weak tunneling, γ = 0.02E0k , where each change in the ground
state produces a clear hyperbolic gap. For the stronger tunneling, γ = 0.05E0k , on
the right, we see that the gaps corresponding to simple changes in cell population
increase significantly, leaving the most crucial gap corresponding to the change in
polarization of cell 5. Vertical dotted lines are added to help correlate the minima
to features in the ground states. We see in the transition parameters that the final
change in the ground state is critical, and that the value of γ will significantly
influence the maximum rate of the dynamics.
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jority gate does not increase ξ as much as for the wire. At γ = E0k /10, the onset of
poor ground state behaviour increases from ξ = 0.18 to ξ = 0.23. To operate the
majority gate using 6-dot devices, we require either a larger value of γ or a smaller
value of v. For example, using γ = 0.1E0k requires that we satisfy v < 0.3d. Alternatively, using v = 0.5d, we require γ > 0.92E0k . For net-negative 4-dot devices, a
zone clocked majority gate of this form requires γ > 0.85E0k . Large γ/E0k can be
realised by increasing the device separation but may cause other complications due
to the resulting weak E0k . Note that the OR gate design in Ref. [28] and additional
gates in Ref. [2] demonstrate that alternate gate designs involving fewer charges are
possible. If we cannot otherwise mitigate these congestion interactions, we should
take this result as inspiration to consider such alternatives for SiDB devices.

5.4

Wave Clocking of Wires

By applying a spatially varying clocking field, we can overcome some of the challenges observed in zone clocking. The discussion is most easily understood for
wires. From the perspective of activation energies, the effect of wave clocking is
relatively simple. By populating a wire under a clocking gradient, the condition
for in-order population becomes
a
Cn+1
< Cna + (Cn+1 − Cn ) ≈ Cna + ∇Cn ∆xn

(5.25)

for clocking field gradient ∇Cn at site n and cell separation ∆xn . In the weak tunneling limit, the result is to increase the constraint on ξ by an amount
∆ξ = min
n

−∂x Cn ∆xn
.
µ̃n+1 − µ̃n

(5.26)

For a trapezoidal clocking wave, and assuming a wire has populated in-order, this
becomes
∆ξ = 4

∆C s0
.
E0k λ

(5.27)

For a sinusoidal clocking wave it depends on the gradient of the clock when the
cell is populating. We can, however, set an upper bound given by the maximum
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Figure 5.14: Increases in the maximum congestion ratios of 3 cell wires for wave
clocking at various tunneling rates: (a) and (b) respectively show results for a
trapezoidal and sinusoidal wave with λ = 200 nm; (c) and (d) show results for
λ = 100 nm. Minimum device separations are used.
gradient
∆ξ ≤ π

∆C s0
.
E0k λ

(5.28)

We will begin this discussion first in the absence of any adjustment in ∆C, an approach discussed in Section 5.4.2.

5.4.1

Dependence on Device Dimensions

In Fig. 5.14, we show ∆ξ for each of our devices as a function of the tunneling
rate using the minimum ∆C from our zone clocking considerations. As discussed,
clocking wavelengths below 200 nm are currently a challenge. Values for λ =
100 nm are shown simply to demonstrate that the ∆ξ would approximately double
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as expected. We see also that the sinusoidal wave results are approximately π/4
times those of the trapezoidal wave, indicating that the cells happen to populate
when the clocking gradient is strongest. Perhaps most importantly, we see that ∆ξ
is small for λ = 200 nm. This should not be surprising, as for nanoscale devices
s0/λ

is on the order of 10−2 and our zone clocking ∆C/E0k is of order 1. To enable

SiDB wire operation we need an order of magnitude further increase of ∆ξ . One
potential approach is to increase s0/λ either by decreasing λ or increasing s0 . The
former we know to be effective. The applicability of changing s0 is more involved.
We see in Figs. 5.2 and 5.3 , that increasing s0 decreases E0k and may significantly increase ξ . Decreasing E0k has a number of consequence. First, the limiting
frequency scale of clocking is approximately proportional to the energy scale of
the system [5]. By decreasing E0k we likely decrease the operating speed of our
devices. Secondly, we risk thermal excitations out of the ground state if the energy scale of the system approaches the thermal energy. For the 1 nm scale MVM
devices, separations greater than ∼ 3 nm decrease E0k to below the room temperature thermal energy. For SiDB devices at liquid helium temperatures, the thermal
energy scale is reached at 5.1 nm and 5.4 nm separations for the 2 and 4-dot devices respectively. At room temperature and ignoring other necessary alterations,
the thermal energy is achieved at around 1.6 nm and 2.6 nm. These consideration
limit how high we can set s0 . The most significant consequence, however, comes
from the relative increase in the strength of γ/E0k which grows faster than ξ . The
approximations in Section 5.2 suggest (γ/E0k )/ξ is proportional to s30 for MVM
devices and s0 for SiDB devices. We know also from Fig. 5.11 that the maximum
ξ /E0k for zone clocking is linear in γ. As an example, for 2-dot devices and some
fixed γ, doubling s0 will increase ξ by a factor of 4, γ/E0k by a factor of 8, and thus
ξmax will grow faster than ξ . This increase tends to be more significant than the
∆ξ from wave clocking.

5.4.2

Raising the Maximum Clocking Strength

We are free to increase the clock sweep by increasing the maximum clocking
a in Eq. (5.18) with some larger value. As discussed
strength: i.e. replacing Chi

in Section 5.2.3, there are limits to how strong the clocking field can be. For MVM
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Figure 5.15: Dependence of the minimum required clocking fields on the null site
depth for a 3-dot wire using a 200 nm trapezoidal wave. Three choices of γ/E0k are
shown. The horizontal line shows 3 V/nm for reference: s0 = 1 nm.
devices, the electric fields can be quite large. As an example, for a 3-dot inverting
wire with s0 = 1 nm and v = 0.5 nm using a 200 nm trapezoidal clocking wave, the
minimum required clocking field for γ = 0.2E0k is about Chi = 1.92E0k ≈ 880 meV.
This corresponds to an electric field strength of Cmax /v = 1.76 V/nm. The required
electric field needed to achieve a given C can be reduced by increasing the null
site depth, v. However, for MVM devices, ξ is proportional to v2 , increasing the
required clocking field for correct device operation. In Fig. 5.15, we show the
minimum required electric field needed to operate a 3 cell wire of 3-dot devices
in-order as a function of v for a few different choice of tunneling strength. We see
that increasing v is only a benefit in cases where v is small. There is an interesting
regime over which the required field is independent of the choice in v, indicating
that the required C is proportional to v. We finally note that there is some maximum
v beyond which the required fields quickly increase.
Unfortunately, this approach has limited application for SiDB devices due to
the discussed problem of populating additional dangling bonds in our devices. We
take the maximum allowable clocking field to be about 200 meV above the largest
observed activation energy. As an example, we consider 2-dot devices and set γ =
6.2 meV, equal to E0k /10 for s0 = 1.15 nm. For a 200 nm trapezoidal wave, a 3 cell
inverting wire correctly operates for maximum clocking fields above 63E0k ≈ 3.9 V,
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and the highest observed activation energy is about 5E0k ≈ 0.3 V. This difference
is much larger than our allowed 200 meV. We can again reduce the clocking fields
by increasing the device separation. At s0 = 1.92 nm, leaving 4 hydrogen between
each SiDB device, E0k is reduced to 14.1 meV and thus γ = 0.44E0k . This γ is
nearly large enough to allow operation under zone clocking, yet it still requires a
clocking field 350 meV above the largest activation energy. At the next possible
device separation of s0 = 2.30 nm, we no longer need to increase the clocking
field above the zone clocking estimate with E0k = 7.8 meV and a large γ value
of 0.8E0k . Similar results are observed for larger values of γ: the constraints on
the maximum clocking field simply do not easily allow a significant increase in
the clock sweep without operating in a regime in which E0k is small and γ/E0k is
large. We should not necessarily exclude the possibility that wires can still function
within the rising edge of the clock despite overpopulation elsewhere. In this case,
it may be acceptable to allow higher clocking fields. Further investigation into
the dynamic behaviour of the SiDB devices in a more complete charge basis is
required. If we must avoid overpopulation, these results suggest that SiDB based
QCA may not significantly benefit from wave clocking unless λ can be further
reduced or a relatively high γ/E0k is realisable.

5.5

Summary

The observed prominence of congestion interactions in SiDB devices raises questions about the feasibility of certain higher density arrangements such as logic gates
or even simple QCA devices. These interactions are relatively easily overcome for
molecular QCA devices such as zwitterionic nido carborane by employing dynamic
wave clocking with an increased maximum clocking field. We have investigated
the role of these congestion interactions in 3-state QCA, identifying limits for the
amount of congestion allowable before the ground state displays undesirable behaviour, both for zone clocking as well as wave clocking. For zone clocking, we
find reasonable parameter ranges for molecular QCA which enable both wire and
majority gate operation. We find that the high congestion energies of net-negative
SiDB structures makes even wire operation under zone clocking challenging unless the inter-dot tunneling rate is allowed to be quite large: roughly half the kink
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energy or more. Such large values may pose other challenges. For majority gate
operation, it may be necessary to employ architecture specific gates, such as those
presented in Ref. [28] and Ref. [2], rather than the common 5 cell cross usually
considered in QCA design. We argue that the capacity for overpopulation of these
SiDB devices limits the extent to which wave clocking can mitigate congestion interactions for current constraints on clocking wavelengths. These large congestion
energies emerge due to the use of net-negative SiDB devices. If a net-neutral variant could be demonstrated, the congestion energies would decay similarly to those
of molecular QCA devices and SiDB-based QCA operation would be more easily
achieved.
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Chapter 6

Limits of Adiabatic Clocking for
2-State QCA Networks
We will now look more closely at the link between QCA clocking and quantum
annealing introduced in Chapter 3. It was established that zone clocking in 2state QCA could be understood as quantum annealing with a transverse field Ising
model. We will use this understanding to investigate the adiabaticity and maximum
clocking frequency of a subset of the basic building blocks of QCA networks. In
particular, we consider the frequency below which a QCA logic gate gives the correct output with at least 99% likelihood. The selection of building blocks, with
the relevant naming schemes, are shown in Fig. 1.2. The analysis is divided into
three contributions. In Section 6.1, we discuss how the choice in clocking schedule influences overall performance, including how basic knowledge about the low
energy spectrum can inform a better choice in schedule. In Section 6.2, we study
the performance of our building blocks in the coherent limit, excluding any environmental interactions. Finally, in Section 6.3, we incorporate a simple model of
thermal dissipation, and discuss the extent to which dissipation changes the performance estimates.
It is necessary to emphasize the distinction between two different rates that will
be included in this discussion. The operation in QCA zone clocking which parallels quantum annealing corresponds to the switching phase in Fig. 1.3. It is natural
to restrict our normalized time s to this phase, which represents only a quarter of
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the clocking period. As a consequence, the characteristic rate of the dynamics as
defined in Section 2.2 does not directly correspond to the actual clocking frequency
of the network. This clocking frequency, expressed relative to the f0 , can be obtained as f˜c = f /4 f0 = π f˜/2 where the frequency scale f should be understood to
be the inverse of the switching period.

6.1

Choosing a Clocking Schedule

The choice of annealing schedule has a significant effect on the ultimate performance of a quantum annealing process: see, for example, [92]. From Section 3.2
and Eq. (3.14), the Hamiltonian of interest for 2-state zone clocking is
#

"
Ĥ(s) = − 21 A(s) ∑ σ̂xi + 12 B(s)
i

∑ hi σ̂zi − ∑ Eikj σ̂zi σ̂zj
i

.

(6.1)

hi ji

For now we allow B(s) to be time dependent and define the initial transverse and
classical Hamiltonians ĤX = − ∑i σ̂xi and Ĥcl = ∑i hi σ̂zi − ∑hi ji Eikj σ̂zi σ̂zj . We will
use the term clocking schedule to describe the profile of A(s) used for a given clock
zone. QCADesigner, uses a sinusoidal schedule which is approximately linear over
the switching regime [34]. Linear clocking schedules have also been considered
for the 3-state QCA model [93]. In this section, we make some considerations for
how details of the shape of the clocking schedule influence the behaviour of the
system during clocking.

6.1.1

Performance Metrics

The first task is to better establish metrics for QCA performance. As we will be
considering dissipation, it is natural to use the density operator, ρ̂(s), to define the
state of the QCA network, with dynamics calculated with Eq. (2.8). We make the
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following definitions, explained in the following discussion:
Adiabaticity:

MA (s) = Tr ρ̂(s)P̂g (s)

(6.2a)

Classical Performance:

Mcl = Tr ρ̂(1)P̂cl
1
ML = |Ω| ∏ (1 + λzi (1)Picl )
2 i∈Ω

(6.2b)

Logical Performance:

(6.2c)

For adiabatic clocking, the system should remain near the ground state at all times.
MA (s) describes the overlap between the system state and the space of potentially
degenerate ground states of Ĥ(s), given as the expected value of the ground state
projection operator P̂g (s) = ∑d |ψgd ihψgd |. Clocking ideally results in the system
reaching the ground state of the classical Hamiltonian Ĥcl . We assume a nondegenerate classical ground state with a projection operator P̂cl = |ψcl ihψcl |. Mcl
describes the overlap with this state. Absent correlations in ρ̂(1), Mcl simplifies
to
M̃cl ≈

1
2N

N

∏(1 + λzi (1)Picl ),

(6.3)

i=1

with Picl = Tr P̂cl σ̂zi the polarization of each cell in the classical ground state. In
principle, the polarizations of certain output cells may be logically correct even if
the state fails to reach the ground state. By restricting the product in Eq. (6.3) to
a finite subset, Ω, of the cells, we can define a logical performance, ML . In this
investigation, we consider a “high performance” target of Mcl ≥ 0.99.

6.1.2

Figures of Merit for the Ground State

For typical QCA networks, we will have a non-degenerate ground state. We can
therefore use non-degenerate perturbation theory to determine important figures of
merit for the initial and final ground states:

M0 = hP̂X i(0) = 1 − α0−2 F0 + O α0−3 ,

M1 = hP̂cl i(1) = 1 − α12 F1 + O α13 ,

(6.4a)
(6.4b)

where P̂X is the projection operator onto the ground state of ĤX , expectation values
are taken for the ground state of Ĥ(s), α0 and α1 are the initial and final values of
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Figure 6.1: QCA Device dimensions and computed kink energies relative to E.
We ignore the 0.03 and weaker interactions.
Table 6.1: F-parameters in Eq. (6.4) from Eq. (6.5) for the simulated devices.
Device
F0
F1

Wire-N
1
16 (N + 3)

Inverter
0.581
2.217

Maj-111
1.012
1.141

Maj-101
1.012
2.259

Maj-110
1.012
1.735

the ratio α(s) = A(s)/B(s), and F0 and F1 are network-specific parameters dependent
only on (hi , Eikj ). In the limit of slow clocking, Mcl approaches M1 . It is necessary
then to choose α1 such that M1 > 0.99. For Ĥcl , we find
N

F0 =

1
4

N

N

∑ |hi |2 + 161 ∑ |Eikj |2 ,

i=1

F1 =

hi ji

1
4

1

∑ h̃2 ,

(6.5)

i=1 i

with h̃i = hi − ∑ j6=i Eikj Picl calculated for the polarizations of the ground state of
Ĥcl . For our performance target, we obtain a necessary constraint on α1 :
α1−1 ≥ max

p

F1/1 − M∗ ,

(6.6)

with some M∗ > 0.99. Schematics of the device interactions are shown in Fig. 6.1
with the computed F0 and F1 shown in Table 6.1. Our constraint is approximately
α1 ≤ 1/15. If we can assume that MA (1) is independent of α1 when α1 is small,
then it can be shown that [5]
Mcl ( f˜, α0 , α1 ) ≈ Mcl ( f˜, α0 , 0)M1 (α1 ).
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(6.7)

We will use QCADesigner’s default value of α1 = 1/20, giving M∗ = .9943 which
satisfies our 0.99 performance constraint.

6.1.3

Candidate Clocking schedules

An optimal choice of clocking schedule will depend on details of the environmental
interaction and will not be addressed here. Instead, we introduce a schedule which
mimics the standard linear schedule used in quantum annealing studies. We assume
the following: (1) the kink energies are fixed by the network geometry and hence
B(s) = 1; (2) the tunneling energies cannot be made infinite or zero; and (3) the rate
of change of the eigenstates for the linear schedule is a good choice for quantum
annealing. The eigenstates of Eq. (6.1) depend only on the ratio α(s). We define
our clocking schedules by their initial and final ratios α0 and α1 . We consider for
comparison an appropriate Linear schedule with B(1) = 1:
AL (s) = 1 − (1 − α1 )s,

(6.8a)

BL (s) = 1 − (1 − 1/α0 )(1 − s).

(6.8b)

Imposing B(s) = 1, we define an analogous schedule with the same eigenstates:
AQ (s) = AL (s)/BL (s),
AQ (s) = 1 + (α0 − 1)

1 − ks
,
1 + (α0 − 1)s

(6.9)

which we refer to as the Quasilinear schedule, as it is perhaps the closest we
can get to the linear schedule under the given constraints. The k here satisfies
AL (1/k) = BL (1/k) and has value k = 1 + (1 − α1 )/(1 − α0−1 ). Finally, the Sinusoidal schedule in QCADesigner has the form
AS (s) =

 α +α
π
α0 − α1
0
1
√
(s + 1/2) +
.
cos
2
2
2

(6.10)

Schematics of these clocking schedules and the corresponding low energy eigenspectra of an inverter are shown in Fig. 6.2. If we assume a simple Landau-Zener
model for the minimum energy gap, we can make a first order performance estimate. The gap was fit to Eq. (3.9), with the Landau-Zener parameters summarized
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Figure 6.2: Schedule energies for the considered clocking schedules with α0 =
0.5, α1 = 1/20. Spectra are shown for the QCA inverter, including only the 10
lowest energy eigenvalues with the ground state subtracted. The location and size
of the minimum gap is indicated for comparison. The gap was fit using Eq. (3.9)
within ∆s = 0.07 of the minimum gap. The fit is shown in the inset over the shaded
region representing ±W about the minimum.
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Table 6.2: Fit parameters for the hyperbolic approximation of the minimum gap of
the inverter for the different clocking schedules. Errors indicate 2σ estimates from
the fit covariance matrix where significant.
Clocking schedule
Linear
Quasilinear
Sinusoidal

∆0
0.233
0.362
0.362

W
0.162
0.168 ± 0.005
0.087 ± 0.002

∆0W
0.037
0.062 ± 0.002
0.030 ± 0.001

in Table 6.2. If the avoided crossing were well described by the Landau-Zener
model we should expect the characteristic rate needed to achieve a given Mcl to
be proportional to ∆0W ; however, we have not established that the eigenstates involved in the avoided crossing satisfy the conditions inherent to the Landau-Zener
approximation. Further, the hyperbolic fit is not particularly convincing for the
Quasilinear schedule and we are ignoring other details of the spectrum. Nevertheless, this result suggests that the Quasilinear schedule might outperform both the
Linear and Sinusoidal schedules. The classical performance was computed for our
simple QCA components using Eq. (2.8) for the different clocking schedules, with
the system initialized in the ground state of Ĥ(0). Performance comparisons are
shown in Fig. 6.3, including the maximum characteristic rate at which Mcl = 0.99
was achieved. In all cases, the Quasilinear schedule performed at least as well as
the Linear and Sinusoidal schedules; in most cases, it was a significant improvement. Unless stated otherwise, it will be used for all results that follow.

6.1.4

Initial Coherent Oscillations

Even if we initialize the system in the ground state of Ĥ(0), we will observe oscillations induced by the clocking field. These oscillations manifest in our performance
metrics as can be seen in Figs. 6.4 and 6.5. We can approximate the magnitude of
oscillations using time dependent perturbation theory for the ground state and first
excited state of Ĥ(0), ignoring degeneracy for this simple analysis. If A(s) has an
initial linear component, we get a transition probability into the excited state for
small s of

d
| ds
A(0)|2
Pg→e (s) ∝
A40
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ω s
r
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2

(6.11)
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Figure 6.3: Comparison of classical performances for the different clocking schedules: α0 = 5, α1 = 1/20. Dashed lines mark the maximum characteristic rate, below
which Mcl ≥ 0.99. Schedule smoothing employed: see Section 6.1.4.
where A0 = A(0) and ωr ≈ A0/f˜. If A(s) has no initial linear component, we calculate

2

Pg→e (s) ∝

d
2
| ds
2 A(0)|



A40

f˜
A0

3

sin2

ω s
r
.
2

(6.12)

These oscillations are “Rabi-like” in that they match what we would expect if we
replaced the clocking field with a weak oscillation given by the ωr component of
its frequency decomposition. Importantly, if f˜/A0  1 we can significantly reduce
these initial oscillations by modifying the initial clocking schedule in order to remove any linear component. We employ a smoothing procedure in which we apply
the map


2
2
s0 = s 1 − e−s /2σ .
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(6.13)
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Figure 6.4: Coherence vector and adiabaticity for a simulation of Maj-101 using
the Quasilinear schedule with f˜ = 3 × 10−2 , α0 = 5, α1 = 1/20. Initial coherent oscillations arise due to the changing Hamiltonian. These oscillations tend to weaken
during clocking; however, a lowered adiabaticity when approaching the critical
regime of avoided level crossings can propagate to a reduced final performance.
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where there is a clear avoided level crossing in the LES, smaller α0 values yield
higher performance. We use the left-most intercept when defining maximum characteristic rate to account for potential performance oscillations. The lower F0 value
of the wire gives it a higher M1 upper bound.
This map has a few useful properties: (1) it leaves the initial value of the schedule
unchanged; (2) it cancels the linear component of the initial schedule; and (3), it
only affects the schedule over a period of ∼ 2σ , meaning we can remove the initial
oscillations without affecting the later schedule. We set σ = 4π f˜/A0 to smooth over
two periods of the oscillations. The effect is clear in Fig. 6.5b.

6.1.5

Choosing the Initial Clocking Field

For Maj-101 in Fig. 6.5, the choice of α0 did not significantly influence the classical performance. This will not generally be the case. In Fig. 6.6, we see the
performance for both the wire and inverter for different initial clocking values. In
these cases, the lower the value of α0 , the higher the performance. If we assume
the only important feature of the clock to be a single Landau-Zener-like avoided
level crossing, the maximum characteristic rate that allows a given adiabaticity is
f˜max ≈

π∆0W
,
−2 ln(1 − MA )
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(6.14)
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Figure 6.7: Low energy spectra of the simulated devices relative to the ground
state energy with the location and size of the minimum gap indicated. Only 10
energy levels are shown for the inverter.
where the gap width, W , is inversely proportional to the slope of the clocking field
near the minimum gap. For the Quasilinear schedule, the slope satisfies
α02
d
d
AQ (s) =
AQ (1),
2
ds
[1 + (α0 − 1)s] ds
where

d
ds AQ (1)

(6.15)

= −(1 − α1/α0 ) ≈ −1 for small α1 . We then expect f˜max to be

proportional to [s∗ + (1 − s∗ )/α0 ]2 with s∗ the location of the minimum gap. The
spectra for most of the simulated devices are shown in Fig. 6.7. For majority gates,
the minimum gap occurs in the classical limit, s∗ = 1, hence we expect no α0
dependence. If the minimum gap occurs at some earlier s∗ , we expect f˜max to
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decrease with increasing α0 as observed.
QCADesigner uses a value of α0 = 5 and from these considerations we might
naı̈vely assume we should use an even smaller value of α0 ; however, we are ignoring some important caveats. We initialize the system near the ground state of
Ĥ(0). If α0 is small, the initial state already has a significant projection onto the
classical ground state. In that sense, much of the work the clocking is supposed to
achieve must have been done by whatever process set up the initial state. Indeed
from Eq. (6.4) we see that α0 = 5 gives a projection onto the ground state of ĤX
of only M0 = 0.96 in the worst case of a majority gate. In addition, the cell polarizations, λzi , will have initial values on the order of α0−1 , as high as 0.2 in Fig. 6.4,
pointing to a second issue: with small α0 , “deactivated” cells may remain partially
polarized, perhaps enough that the next clock zone may bias our outputs. Both of
these issues are resolved by using a higher value of α0 ; however, we see in Fig. 6.6
that there is only minimal decrease in performance beyond α0 = 5. We conclude
then that we cannot justify using a smaller value of α0 , nor would we expect using
a larger value to influence performance within the scope of our analysis.

6.2

Coherent Behaviour of QCA Components

Here we consider the behaviour of our QCA components excluding any dissipation.
In all results that follow, we use clocking ratios of α0 = 5 and α1 = 1/20.

6.2.1

Analysis of QCA Wires

In Fig. 6.9, we consider the performance of wires of various lengths. For the special
case of a left-driven wire as in Fig. 1.2, the Hamiltonian is of the form
h
i
N
N
1
1
ĤW (s) = − A(s) ∑ σ̂xi + B(s) σ̂z1 − ∑ σ̂zi σ̂zj .
2
2
i=1
hi ji

(6.16)

Using a slight modification to the Jordan-Wigner transform approach used for the
unbiased wire [94], we can obtain an analytic description of the low energy spectrum for biased wires in terms of the set of eigenenergies
q
εk = B2 (s) sin2 (qk ) + [A(s) − B(s) cos(qk )]2 ,
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(6.17)
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Figure 6.8: Landau-Zener parameters as a function of the wire length: (a) comparison of Eq. (6.18) to values extract from fitting the lowest energy gap in the
spectrum; (b) example wire spectrum with a hyperbolic fit of the gap. As the wire
length increases, the gap becomes more hyperbolic.
with k ∈ {1, · · · , N} and pseudo-momenta qk =

kπ/(N + 1).

Each energy level of

ĤW (s) is found by summing over a subset of the eigenenergies εk . For large N, each
of the εk can be fit to the hyperbolic form Eq. (3.9) with the minimum occurring
for A(s∗ ) = B(s∗ ) and parameters:
∆0 ≈ B(s∗ )qk ,
where ∆m =

d
ds |A − B|(s∗ )

W=

∆0
B(s∗ )qk
≈
,
∆m
∆m

(6.18)

is the difference in schedule rates at the gap. Fig. 6.8

compares Eq. (6.18) with ∆0 and W parameters fit to computed wire spectra. As
the wire length increases, the lowest energy gap becomes increasingly hyperbolic
and Eq. (6.18) becomes more accurate. For a wire of length N, both ∆0 and W are
approximately proportional to qk ∝ (N + 1)−1 . The Landau-Zener approximation
then predicts an adiabaticity of
MA (N, f˜) ≈ 1 − e−

2πν/4 f˜(N + 1)2

.

(6.19)

If there were only one excited state, ν/(N + 1)2 would correspond to ∆0W for k = 1
and large N; however, we see from Fig. 6.8(b) that there are multiple potentially
relevant excited states. We then take ν to be some parameter dependent on the
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Figure 6.9: (a) Performance of wires of different length as a function of the characteristic rate using the Quasilinear schedule. Maximum characteristic rates are
indicated by the vertical lines. In (b), we summarize these rates for all clocking
schedules. Dashed lines are predictions from Eq. (6.20) using fit ν.
clocking schedule. Using Eq. (6.7) and solving Eq. (6.19) for f˜ , the maximum
characteristic rate for 99% classical performance is then
f˜max (N) ≈ −

πν
,
2 log(1 − 0.99/Q1 (N))(N + 1)2

(6.20)

Simulations were run for wires of various lengths and their maximum characteristic rates extracted. The results are shown in Fig. 6.9. These rates were fit with
Eq. (6.20) for N ≥ 4 to obtain νL ≈ 1.60, νQ ≈ 2.93, and νS ≈ 1.18 for our respective Linear, Quasilinear, and Sinusoidal schedules. It is clear that the Landau-Zener
model gives a good estimate of wire performance, at least beyond N = 3. Using
Eq. (6.18) and considering only the first excited state, we can estimate ν ≈ ν1 :
ν1 = (N + 1)2 ∆0W |k=1 ≈

π2 2
B (s0 ).
∆m

(6.21)

The other excited states serve as additional channels for diabatic transitions and
hence we should expect ν < ν1 . For our schedules, we can find expressions for ν1 :
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Table 6.3: Comparison of fit and analytical estimates of the Landau-Zener ν parameter for wires. Errors indicate 2σ deviations from the fit covariance matrix.
Clocking schedule

ν f it

ν1

Linear
Quasilinear
Sinusoidal

1.60 ± 0.02
2.93 ± 0.07
1.18 ± 0.04

1.80
3.19
1.99

ν1L = π 2

(1 − α1/α0 )2

= 1.80,
[2 − (α1 + 1/α0 )]3
k + (α0 − 1)
ν1Q = π 2 2
= 3.19,
k (α0 − 1)
4π
= 1.99.
ν1S = p
(α0 − α1 )2 + 4(α0 − 1)(1 − α1 )

(6.22a)
(6.22b)
(6.22c)

For comparison, the fit ν and analytical estimates of ν1 are listed in Table 6.3.
We see that ν < ν1 as expected. Further, with the exception of the Sinusoidal
schedule, the first excited state gives a good estimate for ν. We arrive at two
important observations: (1) QCA wires seem to adhere to the simple Landau-Zener
model for adiabaticity, even considering only the first excited state; and (2), in the
absence of additional factors, the (N + 1)−2 scaling of f˜max means the maximum
characteristic rate of any QCA network under zone-clocking will quickly be limited
by the longest wire to be clocked. The Landau-Zener character of wires, in addition
to the ease of calculating the energy spectrum, suggests an obvious target for future
investigation of an optimised wire clocking schedule.

6.2.2

QCA Building Blocks

We consider now the coherent performance of our set of basic QCA components.
We transition from using the classical performance to using the logical performance, Eq. (6.2c), for the component output cells. This is perhaps a more meaningful metric for real device performance and will also allow more direct comparison with the ICHA results in the next section. Fig. 6.10 shows all the performance
metrics for each device as a function of the characteristic rate. There are a num85
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Figure 6.10: Performance metrics for the QCA building blocks. 99% thresholds
for the different metrics are indicated.
ber of things to note: (1) in the limit of high adiabaticity, or slow f˜, the metrics
approximately differ only by the ratios determined in Section 6.1.2:
Mcl/MA

≈ M1 ,

ML/MA

≈ 1 − 14 α12/|h̃n |2 ,

(6.23)

with h̃n the effective bias for the output cell in the classical limit; (2) the remaining
features and oscillations in the performance arise later in the simulations and are
not a consequence of the initial Rabi oscillations discussed in Section 6.1.4; (3) the
predicted maximum characteristic rate for wires doesn’t significantly depend on
the choice of metric, meaning our discussion in the previous section also applies
to the logical performance; and (4), we observe that in certain cases the logical
performance gives significantly higher maximum characteristic rates than either of
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Figure 6.11: (a) and (b) show the low energy spectrum and performances of Maj110. Both the classical ground state (c) and the first excited state (d) have the
same logical output. This results in an increased ML metric over Mcl and higher
characteristic rates. These states differ only where indicated.
the other metrics. Note that a network is logically correct either when in the ground
state or when in an excited state which happens to have correct outputs. This is the
case for Maj-101 and Maj-110; the latter is illustrated in more detail in Fig. 6.11.
A summary of the maximum clocking frequencies for the different devices and
metrics is included in Table 6.4. Due to their simplicity, we should expect wires to
be the highest performing devices of a given size. Our inverters have an input-tooutput path length of 5 cells and maximum clocking frequencies similar but slightly
lower than those of Wire-5. Majority gates have a path length of 3 cells from each
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Table 6.4: Maximum clocking frequencies, π f˜max/2, relative to f0 , for our basic
QCA circuits based on different metrics. We include also Wire-3 which has a comparable size scale to the majority gates. Minimum gaps are included for reference.
Device

Adiabatic

Classical

Logical

∆0

Wire-5
Inverter

4.7 × 10−2
2.9 × 10−2

4.4 × 10−2
2.2 × 10−2

4.5 × 10−2
3.0 × 10−2

0.500
0.362

Wire-3
Maj-111
Maj-101
Maj-110

9.8 × 10−2
8.8 × 10−2
5.1 × 10−2
5.7 × 10−2

9.4 × 10−2
7.8 × 10−2
3.7 × 10−2
4.5 × 10−2

9.5 × 10−2
8.1 × 10−2
7.6 × 10−2
8.8 × 10−2

0.707
0.556
0.449
0.448

input, which we can compare against the results for Wire-3. This suggests our
bounds for wires found in the previous section may serve as upper bounds on more
complicated components through an effective input-to-output path length. Another
necessary observation is that majority gates, unlike wires and inverters, do not have
a prominent hyperbolic minimum gap. In such cases, or when there are multiple
minima in the spectrum which might significantly contribute, the minimum gap
tends not be a good predictor for performance. A more detailed analysis of the low
energy spectrum would yield a better prediction.

6.2.3

Estimating Performance from the LES

Here we will use the formulation discussed in Section 3.1.1 to construct efficient
methods of investigating adiabaticity either directly from the LES or by simulating
dynamics using a reduced subset of the energy eigenstates. We determined that
in the limit of small f˜, the adiabaticity can be approximated in terms of transition
d
parameters Tn = hϕn | ds
Ĥ|ϕ0 i/(En − E0 )2 . It is possible to use this simple observa-

tion to construct a rough estimate of the maximum characteristic rate directly from
the Tn . We take P0 (s) = 1 − ∑n6=0 |cn (s)|2 , and impose our adiabaticity condition:
P0 (s) ≥ 0.99 ∀s. Applying our approximation of cn (s) from Eq. (3.6), we arrive at
s
f˜max ≈

1 − 0.99
.
maxs ∑n6=0 |Tn (s)|2
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(6.24)
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Figure 6.12: Transition parameters for all our QCA devices. When there is only
one primary peak, there is good agreement between Eq. (3.8) and the measured
clocking frequencies. In the case of the majority gates, multiple peaks produce a
higher overall diabatic transition probability and hence a lower maximum clocking
frequency.
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Table 6.5: Maximum clocking frequencies computed using different adiabaticity
estimation methods. The exact values are taken from Table 6.4. For Eq. (6.25), the
number of included excited states is listed.
Eq. (6.25)
1 Excited
2 Excited

Device

Table 6.4

Eq. (6.24)

Wire-5
Inverter

4.7 × 10−2
2.9 × 10−2

2.94 × 10−2
1.70 × 10−2

4.84 × 10−2
3.07 × 10−2

4.76 × 10−2
2.98 × 10−2

Wire-3
Maj-111
Maj-101
Maj-110

9.8 × 10−2
8.8 × 10−2
5.1 × 10−2
5.7 × 10−2

6.50 × 10−2
7.80 × 10−2
3.54 × 10−2
4.47 × 10−2

9.90 × 10−2
9.25 × 10−2
8.48 × 10−2
4.71 × 10−2

9.82 × 10−2
8.79 × 10−2
5.28 × 10−2
5.06 × 10−2

There are a number of inaccuracies in this approximation. First, Eq. (3.6) requires
that f˜ be sufficiently small. We are not necessarily in a suitable regime near f˜max .
Second, we are still ignoring all interactions between excited states. Nevertheless,
in Fig. 6.12, we calculate |Tn (s)| from the LES of all our devices. The resulting
maximum clocking frequencies are included in Table 6.5. In this case, Eq. (6.24)
always underestimates the maximum clocking frequency of our devices: at a max
of about 40% in the case of the inverter. Another potential approach is to directly
d
simulate the dynamics of cn (s) through Eq. (3.3). After excluding the hϕn | ds
|ϕn i

term, we have
d
ds cn

=−

∑ cm

m6=0

d
Ĥ|ϕm i −i(θm −θn )/ f˜
hϕn | ds
e
,
Em − En

(6.25)

with c0 (0) = 1 and cn6=0 (0) = 0. The maximum clocking frequency is the lowest
π f˜/2 such that |c0 (1)|2 < 0.99. In Fig. 6.12, we see that only a few of the eigenstates sufficiently couple to the ground state to be worth including. The simplest
model includes only the ground state and a single excited state. The result maximum clocking frequencies are also included in Table 6.5. This model produces
good agreement with the exact values for the wires and inverter, a fairly good estimate for Maj-111 and Maj-110, but a poor estimate of Maj-101. Looking again at
Fig. 6.12, we can make some justification. Transitions in the wires and inverter are
dominated by the first excited state. Additional excited states, primarily the second
excited state, are non-negligible for all majority gates, with the contribution actu90

ally overcoming that of the first excited state in Maj-101. Even including just this
second excited state, we get much improved accuracy.

6.3

Dissipative Behaviour

We will consider two approaches to modelling a simple dissipation mechanism
for environmental interactions: spectral relaxation, in which the density operator
relaxes to some ρ̂ss (s) dependent only on the eigenspectrum of Ĥ(s) as in [95];
and mean field relaxation, where the coherence vectors of each cell relax to a local
dissipation vector given by the instantaneous state of the network [45]. For spectral
relaxation, we consider three different potential steady states:
Boltzmann [95] :

ρ̂ssβ (s) =

1 −β Ĥ(s)
Zβ e

(6.26a)

Ground :

ρ̂ssG (s) =

1
Zg P̂g (s)

(6.26b)

Classical [96] :

ρ̂ssC (s) =

1
ZC P̂cl

(6.26c)

where the Z are appropriate normalization constants such that Tr ρ̂ss (s) = 1. Each
of these spectral steady states has a local dissipation vector:
ηai = Tr ρ̂ss σ̂ai .

(6.27)

For the ICHA, a mean field steady state is usually employed of the form [29],
ηai = − tanh



 Γi
a
,
Γi |
|Γ

β
Γ
2 |Γ i |

(6.28)

with Γ i as in Eq. (2.11). While it is possible to construct a steady state density
operator from the local dissipation vectors by defining the higher order steady state
elements [45], we have found this process to be prohibitively slow. We will present
results for mean field relaxation only via the ICHA. All performance results are
now in terms of the logical performance. Dynamics using ρ̂(s) are computed using
Eq. (2.8), while ICHA results use Eq. (2.11).
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6.3.1

Spectral Relaxation of the Density Operator

We consider the steady states specified in Eq. (6.26) that depend only on the energy
eigenspectrum. As an example, Fig. 6.13 shows the logical performance for Maj101 over a range of both the characteristic rate, f˜, and the relaxation rate, ξ˜ . There
are three regimes of interest illustrated in Fig. 6.14. If the characteristic rate is large
with respect to the relaxation rate, f˜ & 10ξ˜ , then the dynamics are approximately
coherent. In this regime, the choice of steady state does not significantly affect the
performance. If the relaxation rate is large with respect to the characteristic rate,
ξ˜ & 10 f˜, then the system tracks the steady state and the performance is entirely
governed by whether the steady state has the correct logic. For small α1 , both the
ground state and classical steady states give the correct logic and thus have high
performing relaxed regimes. For a Boltzmann distribution the behaviour is more
complicated. The logical performance in the relaxed regime has a lower bound
approximately defined by the first excited state with incorrect output logic. To first
order for sufficiently small thermal energies,
ML > 1 − d1 e−β ∆1 ,

(6.29)

with ∆1 the gap between the ground state and the lowest energy incorrect state and
d1 its degeneracy. We should expect a region of high performance in the relaxed
regime for β above approximately
β ∗ ≈ [log(d1 ) − log(1 − 0.99)]/∆1 .

(6.30)

For Maj-101 we get ∆1 = 0.554, d1 = 2, and an estimated transition at β ∗ ≈ 9.6.
In Fig. 6.13(c-f) we observe a domain with ML above 0.99 emerge somewhere
between β = 5 and 20. The transition actually occurs just above β = 10.0 (see
Fig. 6.13(e)) which is fairly close to our estimate. The exact value of ML in the
limit of infinite ξ˜ for a Boltzmann steady state is obtained as
ML (β ) = 21 (1 + | Tr ρ̂ssβ (1)σ̂zn |)

(6.31)

for output cell n. In Fig. 6.15, we show ML (β ) for all the QCA components. Table 6.6 compares the β ∗ estimates using Eq. (6.30) with the values from Fig. 6.15.
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Figure 6.13: Logical performance of Maj-101 for different spectral steady states:
β
(a) ρ̂ssG ; (b) ρ̂ssC ; (c-f) ρ̂ss for β = 1, 5, 10+, 20. The dashed line represents equal
characteristic and relaxation rates and the solid contour represents a performance
of 0.99. (e) shows the behaviour immediately after the critical inverse temperature:
10+ = 10.1
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Figure 6.15: Logical performance in the relaxed regime for QCA components with
the Boltzmann distribution steady state. ML = 0.99 thresholds are indicated.
The most significant difference occurs for the inverter, which has a second incorrect excited state with a slightly higher energy gap of 0.554. The contribution of
this state is ignored in our estimate. If the characteristic and relaxation rates are
of the same order, the behaviour depends on the interplay between the coherent
dynamics and the relaxation. Of the steady states considered, the most interesting
behaviour occurs for ρ̂ssC , with a band of low performance along ξ˜ ≈ f˜. This result
is easily explained by observing that the classical ground state will generally be a
high energy configuration of Ĥ(0) and very near the ground state of Ĥ(1). Ini94

Table 6.6: Threshold β value for high performance in the relaxed regime. Parameters for Eq. (6.30) are estimated from the spectrum of 21 Ĥcl
Device

d1

∆1

Eq. (6.30)

Fig. 6.15

Wire-5
Inverter
Maj-111
Maj-101
Maj-110

5
1
1
2
5

1
0.416
0.554
0.554
1

6.2
11.1
8.3
9.6
6.2

6.3
12.5
8.7
10.0
6.2

tially, the dissipation acts to excite the network out of the ground state; later in the
clock, the dissipation acts to help drive the network back down in energy. Increasing ξ˜ initially hurts performance until the relaxation is strong enough to overcome
these initial excitations.
We summarize the performance for each QCA component by extracting the
maximum clocking frequency as a function of ξ˜ for each choice of steady state.
The results are shown in Fig. 6.16. Each set of data is obtained by first finding
f˜max in the coherent limit and then tracking the ML = 0.99 contour as ξ˜ is increased. We first mention a few unsurprising results: (1) the clocking frequency is
approximately independent of the choice of steady state in the coherent limit; (2)
the trends become parallel to f˜ = ξ˜ in the relaxed regime, meaning performance is
guaranteed as long as ξ˜/f˜ is sufficiently large; and (3), for Boltzmann steady states
the performance is improved as the temperature is decreased. There are apparent
discontinuities in some of the trends. These correspond to cases like Fig. 6.13(e),
where we observe two regions of high performance. Interestingly, unless ξ˜ is sufficiently large, we observe a decrease in maximum clocking frequency for any of
our spectral steady states.

6.3.2

Spectral Relaxation with the ICHA

In Fig. 6.17 we repeat the analysis using the ICHA. The behaviour in the relaxed
regime matches what we observe in Fig. 6.16. On inspection, the limits in the coherent regime differ slightly, with the maximum clocking frequency slightly higher
for wires and inverters and lower for majority gates. In the transition regime,
however, we observe significantly different results, particularly for Wire-5 and
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Figure 6.16: Maximum clocking frequencies relative to f0 for different spectral
steady states. A sample set of β values are indicated for the Boltzmann distribution.
Classical steady state results are cropped for ease of view. The shaded region and
dashed line indicate the approximate edges of the transition regime.
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Figure 6.17: ICHA: Maximum clocking frequencies relative to f0 for the different
spectral steady states. A sample set of β values are indicated for the Boltzmann
distribution.
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Figure 6.18: (a) Oscillations in the ICHA simulation of Wire-5: f˜ = 2 × 10−2 .
These oscillations manifest in the coherent performance metrics (b) and produce
interesting features in the logical performance contours. We compare the ground
state relaxation using the density operator (c) and ICHA (d).
Maj-101. To understand this behaviour, we need to consider the dynamic equations of the ICHA. Absent any dissipation, Eq. (2.11) is stationary only if λ i ∝ Γ i ;
otherwise, coherent oscillations occur as has been previously studied [95]. This
can be seen by taking the derivative of the λyi equation in Eq. (2.11):
d2
f˜2 2 λyi = −(h̃2i + γi2 )λyi + O(γn λyn ),
ds
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(6.32)

where the remaining terms tend to be small near the end of the switching phase.
For sufficiently fast f˜, the λyi can remain non-zero and will then oscillate with
angular frequencies νi2 = (h̃2i + γi2 )/ f˜2 . The λxi and λzi are driven to oscillate by the
remaining equations:
d
f˜ λxi = −h̃i λyi ,
ds

d
f˜ λzi = −γi λyi .
ds

(6.33)

Fig. 6.18 shows the coherence vector for Wire-5 using the ICHA for a particular
choice of f˜. In this case, these coherent oscillations are clear. From Eq. (6.32), we
can predict an oscillation frequency for Wire-5 in non-dimensional units:
fosc =

1
2π f˜

 42
1/2
|λz | + α12 .

(6.34)

Taking |λz4 | ≈ 1, we get fosc ≈ 8.0 which matches the observed oscillation. This
leads to oscillations in the performance both in the coherent limit (Fig. 6.18(b)) as
well as when dissipation is added (Fig. 6.18(d)). In Fig. 6.18(d), we see also a band
of slightly lower performance along ξ˜ ≈ f˜. That this effect appears significant is
entirely a consequence of our arbitrary choice of the 0.99 threshold. This region of
lower performance also exists in Fig. 6.18(c); however, we observe slightly higher
ML values in the low f˜ regime when using the density operator approach, keeping
this region above 0.99.

6.3.3

Mean Field Relaxation with the ICHA

We conclude by considering the commonly used mean field method: Eq. (6.28).
As this method is β dependent it is natural to compare it with our analysis of the
Boltzmann steady state. We can determine the β ∗ sufficient to guarantee a high
performing relaxed regime by making two observations: (1) in the limit of high
ξ˜ we have λ n = η n and hence ML = 1 (1 + |η n |) for output cell n; and (2), in
z

z

2

z

this limit the Γi in Eq. (6.28) becomes a function of the vector η z of all the ηzi
values. We can then obtain η z as a fixed point of Eq. (6.28) by iteration starting
with the ground state polarizations of Ĥ(1). The results of this process are shown
in Fig. 6.19 with a comparison of the extracted β ∗ to those of the Boltzmann steady
state shown in Table 6.7. With the exception of Maj-111, we get lower β ∗ values
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Figure 6.19: Logical performance in the relaxed regime for the mean field relaxation with the ICHA. Maj-101 and Maj-111 are indistinguishable for sufficiently
large β .
Table 6.7: Comparison of β ∗ values for the two temperature dependent steady
states.
Device
Boltzmann
Mean Field

Wire-5
6.3
4.7

Inverter
12.5
12.0

Maj-111
8.7
8.7

Maj-101
10.0
8.7

Maj-110
6.2
4.9

using the mean field.
In Fig. 6.20, we show the maximum clocking frequencies for the mean field
steady state. We use spectral relaxation to the ground state as reference. Qualitatively, there is much in common with the Boltzmann steady state, keeping in mind
the slightly different β ∗ transitions. One significant feature that was not observed
in our previous results is that the mean field can give maximum clocking frequencies higher than what can be achieved using spectral relaxation to the true ground
state. This is likely a result of the tendency for the mean field to reinforce the polarizations of cells, increasing the output cell polarization and hence ML . See, for
example, the cell response in Ref. [41].
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Figure 6.20: Maximum clocking frequencies relative to f0 for mean field relaxation using the ICHA. The results for the ground state are shown for reference and
comparison to Fig. 6.17.
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6.4

Summary

By interpreting QCA clocking as quantum annealing, we arrived at an understanding of some of the mechanisms by which properties of the low energy spectrum
influence dynamics and, ultimately, clocking performance. We identified criteria
for choosing a clocking schedule, and arrived at an improved schedule allowing
for high performance, defined as a 99% likelihood of observing the correct ground
state, at higher clocking frequencies. In the case of wires, this new schedule can be
operated roughly 2.5 times faster than the existing schedule in QCADesigner. In
the coherent limit, we observed upper bounds on the clocking frequency 1-2 orders
of magnitude below the intrinsic frequency f0 = E/h. Earlier work by Timler et al.
established similar bounds at 1-3 orders of magnitude below f0 [29]. Their analysis was based on constraining the expected amount of power dissipated by device
operation in a given area. This suggests that while considerations of power are
important for evaluating QCA implementations, we should carefully consider the
conditions under which QCA networks can be expected to produce correct outputs.
Using an analytical solution for driven wires, we determined that they are well
approximated by a simple Landau-Zener model for adiabaticity, having a maximum clocking frequency that falls off with the square of the wire length. This
suggests an unforgiving trade-off between operational frequency and maximum
clock zone size unless alternative decoherence mechanisms can be invoked [97].
We also observed for this small dataset that wires present an upper bound for more
complicated networks through an effective longest input-to-output length. Further
work would be needed to determine whether this is of general use.
We investigated a simple thermal bath relaxation model for decoherence. While
the choice in steady state does influence performance, the effect is relatively small
unless the system is operated in a regime where the rate of relaxation dominates.
Outside of this regime, we observe either of two cases. If the steady state has the
correct logic in the relaxed regime, then we observe at worst an approximate factor of 2 decrease in maximum clocking frequency compared to the coherent limit;
otherwise, there is a maximum allowable relaxation rate beyond which high performance is not achievable. The bounds in this near-coherent regime are therefore
within a factor of 2 of those in the coherent limit.
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Chapter 7

Simulating 2-State QCA on
Quantum Annealing Hardware
In the previous chapter, it was demonstrated that through understanding QCA
clocking as a QA process, information about the LES could be used both to characterize the choice in clocking schedule as well as predict clocking performance.
Without further development, this method is practical only for small networks
where the LES can be easily computed; however, the link to QA suggests that
additional insight might be gained by investigating an analogous QA hardware architecture, in which numerical simulation is not a limitation. Work by D-Wave
Systems Inc. in Burnaby, Canada, to realize a large scale quantum annealing platform has made it possible to explore physical quantum annealing in real-world applications including large numbers of variables [67, 98]. Most of the discussion in
this chapter focusses on the previous D-Wave 2000Q QPU, which offers 2048 potential physical superconducting flux qubits in a 16 × 16 grid of 8-qubit tiles. One
challenge to running the QPU on a given problem lies in the sparse connectivity
between qubits. The 2000Q uses the “Chimera” topology, summarized in Fig. 7.1,
with each qubit connected to at most six neighbours. The more recent Advantage
QPU offers more than 5000 qubits and uses a higher connectivity topology, termed
“Pegasus” [99, 100]. Pegasus introduces four additional couplers within each tile,
shown in Fig. 7.2, as well as additional inter-tile couplings. Each qubit in the Pegasus topology is connected to at most 15 qubits. Details on the tile connections
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(a) Qubit schematic

(b) Chimera graph

Figure 7.1: Qubit layout for one tile of the QPU. There are 4 vertical and 4 horizontal qubits with couplers at the intersections. Couplers between tiles are indicated
by the dashed lines. In the graph representation qubits are represented by nodes
and couplers by the connecting edges. Each qubit has at most 6 adjacent qubits.

Figure 7.2: The Pegasus topology adds 4 internal couplers within each 8-qubit tile.
This enables the mapping of 3-cycles, allowing for more compact embeddings.
are given in Appendix C.1. This connectivity constraint ultimately means that it
is not possible to embed a given QCA network onto the QPU using a one-to-one
mapping between individual QCA cells and qubits. Additional qubits are needed
to facilitate all interactions, with multiple qubits representing a single QCA cell.
The choice of these multi-qubit groups defines the embedding of a QCA circuit.
In this chapter, we discuss the challenge of embedding and the steps necessary for
simulating QCA networks on the D-Wave QPU.
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(b) Chimera

(c) Pegasus

Figure 7.3: Minimal embeddings for K4 on the Chimera and Pegasus topologies.
Colours show the corresponding node in the K4 problem graph. Coloured edges
are internal to the vertex model with J = −1. Dashed edges are optional. The
embeddings are not unique; in Chimera for example, any horizontal qubit in a tile
can we swapped with any other, and similarly for the vertical qubits.

7.1

Embedding Problems on the QPU

In general, any QUBO or equivalent problem can be mapped to the D-Wave QPU.
To avoid confusion between the hi and Ji j terms of an Ising model and those of the
QPU, we will use the bi and Qi j notation from QUBO. We can represent a given
problem by a problem graph, with the bi values mapped to node weights, and the
coupling terms, Qi j , to edge weights. Similarly, we can understand the potential
qubits and couplers on the QPU as a hardware connectivity graph, where each
qubit is a node, and each coupler an edge between the corresponding qubit nodes.
A single tile of the Chimera graph is shown in Fig. 7.1(b). In the literature, nodes
in the problem graph tend to be called logical qubits and nodes in the hardware
graph are called physical qubits. Ideally, each logical qubit would be mapped to a
single physical qubit; however, the edges in the hardware graph are limited by the
QPU connectivity. The solution is to map each logical qubit to a set Ω, called a
vertex model, of physical qubits. This task is known as minor embedding [101].
As an example, embeddings for the complete graph of 4 nodes, K4 , which use the
fewest number of physical qubits are shown in Fig. 7.3. There are a few rules for
assigning parameters to physical qubits in vertex models [102]:
• Couplers between physical qubits in a vertex model should attempt to force
the qubits to be of the same spin in the ground state. As parameter ranges on
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the QPU are constrained to |hi |, |Ji j | ≤ 1, this translates to Ji j = −1 within
the vertex model.
• Edges and the corresponding Qi j between logical qubits must map to edges
between the corresponding vertex models. If multiple edges are available
between two vertex models, the edges must satisfy ∑n∈Ωi ∑m∈Ω j Jnm = Qi j .
In this work, we set one of the Ji j to Qi j and leave the rest disabled.
• Node weights within a vertex model must satisfy ∑n∈Ωi hn = bi . We choose
to set hn = bi /|Ωi | ∀n ∈ Ωi .
For a real QPU, some of the qubits or couplers may be disabled due to issues in
fabrication or calibration [103]. This does not fundamentally change the task, only
further restrict the hardware connectivity graph. Finding efficient embeddings is
known to be NP-hard [101], with deterministic algorithms having complexity exponential in the size of problem graph [104]. Fortunately, polynomial time heuristic algorithms exists for attempting to find graph minors [104, 105]. Results for
embedding larger problems will be summarized in Section 7.1.3; however, we first
need to establish the problem graph structure of 2-state QCA networks.

7.1.1

QCA Connectivity Graph Representations

It is natural to discuss the interactions between QCA cells in terms of a connectivity
graph. There are two species of 2-state QCA cell often considered in the literature:
the 4-dot cell with quadrapole-quadrapole like interactions; and the 2-dot cell with
dipole-dipole interactions. Typical device geometries, polarization states, and Ji j
terms are shown in Figs. 7.4 and 7.5. Importantly, we can consider each cell as a
vertex in a connectivity graph, with edge weights given by Ji j . Due to the rapid
fall-off of cell interactions, we can ignore most interactions, and thus the degree
of such graphs is often relatively small. A few important examples are shown in
Fig. 7.6. The 4-dot majority gate and inverter often represent the highest density
of cells in 4-dot networks, and have degrees of only 4 and 5 respectively. The
somewhat more complicated 2-dot majority gate has a higher degree of either 10
or 12 depending on the choice of included interactions. This is representative of
the highest device density typically observed in 2-dot networks. Higher density
106

(c)

-1

0.0

07

(a)

0.

22

3

(b)
-1

-0.03

Figure 7.4: Schematic of the 4-dot cell. Intra- and inter-cell distances are defined
in (a). In (b), we define the two polarization states given by antipodal charge
occupation of the dots; here each cell has two holes (red) and two electrons (blue).
In (c), we show computed Ji j parameters for different cell separations, scaled to the
strongest observed interaction. The colours aid in identifying the sign of Ji j with
dotted lines showing weak interactions which are usually ignored. Values shown
for d = 1 nm and s = h = 2 nm.
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Figure 7.5: Schematic of the 2-dot cell: (a) intra- and inter-cell distances; (b),
polarization states; (c), scaled Ji j parameters. Here the next-to-nearest interactions
are sufficiently strong that their contribution cannot necessarily be ignored. Values
shown for d = 1 nm, s = 1.5 nm, and h = 2 nm.
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(a)

(b)

(c)

Figure 7.6: Connectivity graph representations of basic components in QCA networks: (a) 4-dot majority gate, (b) 4-dot inverter, and (c) 2-dot majority gate. The
colored edges in (c) are added to remove clutter and highlight slightly weaker interactions. The weaker -0.065 interaction is neglected for simplicity.
devices can be speculated, such as multi-wide wires [106, 107] or 5-input majority
gates [108]; however, these are not currently common in QCA design. Larger QCA
networks are usually sparsely connected arrangements of these or similar relatively
dense sub-networks. Embeddings for the majority gate and inverter are shown in
Figs. 7.7 and 7.8.

7.1.2

Summary of Embedding Algorithms

Early embedding experiments were targeted for the 512 qubit D-Wave Two hardware graph. Due to the sparsity of QCA connectivity graphs, an in-house algorithm
was developed for comparison against D-Wave’s heuristic minorminer [105]. A
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Figure 7.7: Minimal embeddings for the majority gate. The extra intra-tile couplers in the Pegasus topology do not reduce the number of required physical qubits;
however, they do offer additional choices for edges, which is potentially useful if
some couplers/qubits are not functional on the QPU.
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(b) Chimera

(c) Pegasus

Figure 7.8: Minimal embeddings for the inverter. In this case, a perfect embedding
is possible in the Pegasus topology.
brief overview of the two algorithms is given here for comparison.
Dense Placement Algorithm
The Dense Placement (DP) algorithm uses a simultaneous “place-and-route” approach commonly used in field-programmable gate array (FPGA) design [109]. It
attempts to place every logical qubit onto a single corresponding assigned physical qubit. Chains of physical qubits are routed between the assigned qubits if no
edge exists. A number of strategies are used for selection and assignment of the
first logical qubit, order of logical qubits to embed, maintenance and reservation
of available neighbours for future routings, and recovery when no neighbours are
available. If an embedding is found, a linear programming approach is used to
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convert this “assigned qubit and interaction chain model” into an equivalent set of
vertex models. Details regarding the DP algorithm can be found in Appendix A.2
or in published work [6, 7].
D-Wave’s Heuristic Algorithm: Minorminer
For each node in the problem graph, assign an initial vertex model as follows. If
none of the current node’s neighbours have been assigned a vertex model, randomly
select a physical qubit as the vertex model. Otherwise, find the qubit with the
smallest total path cost to all of the adjacent vertex models and assign this qubit
as the root of the vertex model. Initially, the same qubit can be used by multiple
paths at a high cost. Paths to the adjacent vertex models are distributed between
vertex models to minimize the largest vertex model size. After initial placement,
iteratively loop through each problem node, forget the previously assigned vertex
model and try to find a better one. The metrics for improvement are defined as the
number of times a single qubit is used in the set of all vertex models (must be no
more than once for a successful embedding), the sum of vertex model sizes, and
the largest vertex model size. A detailed discussion on minorminer can be found
in Ref. [105].
Recent Advancements
Since our initial investigation, more recent efforts by Pinilla and Wilton [110] have
introduced layout aware embedding of QCA networks. In some cases, this approach has been shown to produce embeddings requiring fewer physical qubits
than either the DP algorithm or minorminer. In addition, minorminer has undergone a number of revisions, improving performance. We include here a limited
sample of the original embedding results in order to demonstrate general trends.

7.1.3

Embedding Results

We consider 4-dot QCA using two potential levels of connectivity: Full Adjacency, where we include both nearest neighbour (Ji j = −1) as well as diagonal
(Ji j = 0.233) interactions; and Limited Adjacency, where we exclude diagonal interactions except those on the output of an inverter. Refer to Fig. 7.4, for context.
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Figure 7.9: Number of physical qubits used for each benchmark circuit. Smaller
dots are individuals embeddings, with 100 attempts per circuit. The large markers
show the average. The 4 bit 2-1 multiplexer and accumulator could not be embedded onto the 512 qubit QPU using full adjacency.
Table 7.1: Benchmark circuits and the number of non-driver cells
Circuit
SR Flip Flop
Selectable Oscillator
XOR Gate
Full Adder

Cells
20
31
73
98

Circuit
Memory Loop
Serial Adder
4 Bit 2-1 MUX
4 Bit Accumulator

Cells
120
126
192
273

Both algorithms were run on two categories of QCA networks: a set of benchmark
circuits of differing complexity and number of cells, and randomly generated QCA
connectivity graphs. We assume here a Chimera topology without any disabled
qubits or couplers. For performance of the algorithms with disabled qubits, see
Appendix C.2.3.

7.1.4

Benchmark Circuits

The list of considered benchmark circuits and the corresponding number of cells
is included in Table 7.1. For each benchmark, we attempted 100 embeddings using both algorithms and adjacency types. The results are summarized in Fig. 7.9.
The DP algorithm required fewer physical qubits for limited adjacency, with minorminer requiring fewer for full adjacency. In Fig. 7.10, we compare the average
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Figure 7.10: Comparison of physical qubit usage and vertex models sizes for both
algorithms and adjacencies. In (a), we show the averages from Fig. 7.9, with the
black line indicating a one-to-one embedding, and coloured lines showing linear
fits. The average largest vertex model sizes are shown in (b).
physical qubit usage and maximum vertex model size for all cases. We see that the
number of required qubits is approximately proportional to the number of cells.
There is less of a trend for the vertex model sizes, which likely depend more on the
circuit complexity.

7.1.5

Generated Circuits

A stochastic circuit generator was implemented to investigate the range of QCA
circuits that can be embedded onto the QPU. Each generated circuit connectivity
graph is comprised of a random set of QCA components: inverters, majority gates,
fixed polarization inputs. These components are wired together by generating random trees from the component outputs to random sets of available inputs. We
generated 2000 circuits in both adjacencies and attempted to find embeddings. For
each circuit, ten attempts were made with a maximum allowed runtime of 30 seconds, after which the embedding was assumed to have failed. The average required
physical qubits for all successfully embedded circuits are shown in Fig. 7.11. We
see similar trends to what was observed for the benchmark circuits. In Fig. 7.12,
we show the single trial success probabilities as a function of the number of cells.
These values correspond to the number of generated circuits of a given size which
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Figure 7.11: Average number of physical qubits needed to embed generated QCA
circuits of different sizes. The solid black lines show power function fits which are
approximately linear.
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Figure 7.12: Average single trial embedding success probabilities using both algorithms. Points are obtained by counting the number of generated circuits with
sizes in bins of 5 cells that were successfully embedded. Sigmoid fits are shown.
were successfully embedded within ten trials. We see that minorminer is much
more likely to succeed in a given embedding attempt.
Further embedding results can be found in Appendix C.2, including average
run times for finding embeddings of generated circuits, characteristic run times for
larger QPUs, and results when random sets of disabled qubits are considered.
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Figure 7.13: Annealing schedule for the D-Wave 2X, used in all presented annealing results and calculations. For reference, 1 GHz ≡ 4.1356 µeV

7.2

Annealing Results

Here we present a number of results run on the 1152 qubit D-Wave 2X. The annealing schedule for the QPU is shown in Fig. 7.13. The energy scale on the QPU
is comfortably expressed in GHz. This conversion relates to the energy of a photon
with a given frequency f : E = h f , for the Planck constant h = 4.1356 µeV/GHz.
When running problems on the QPU, users have control of a number of parameters. Relevant here are the number of annealing trials per gauge transformation,
an arbitrary redefinition of the spin conventions of the qubits, and the annealing
time, ta , which defines our characteristic rate: f˜ = 10−3 GHz · µs/E · ta . Staying
consistent with the framework in Chapter 6, we set E = B(1) ≈ 9.5 GHz. The anneal times are typically on the order of 101 µs to 103 µs, meaning our characteristic
frequency is on the order of 10−5 to 10−7 . These are much slower than the 10−1
to 10−2 sufficient for adiabatic evolution as determined in Chapter 6. This poses a
potential issue for investigating the performance of small QCA devices if the goal
is to study diabatic transitions near the coherent limit. At such relatively slow annealing speeds we should expect all our devices to run adiabatically. Any diabatic
transitions likely arise due to other details of the evolution or QPU implementation,
such as thermally assisted excitations [103, 111, 112].
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Figure 7.14: Annealing results for wires of different lengths with various annealing times. In (a), we show the proportional of trials returning the correct ground
state. Each mark represents an annealing run of 50,000 trials. Two wires of each
length were embedded using different sets of qubits. The lines pass through the average. Lengths of 5, 10, 15, 20, 30, and 50 were used; the markers are staggered for
ease of view. The wire length at which the minimum gap falls below the thermal
energy at 15 mK is indicated: N ∼ 18.45. In (b), we present the minimum energy
gap as a function of the wire length. The black dashed line gives the approximation from Eq. (6.18): ∆0 (N) ≈ B(s∗ )π/(N + 1), with A(s∗ ) = B(s∗ ) = 1.934 GHz
at s∗ = 0.413.

7.2.1

Adiabaticity of Wires

An important test for the QPU behaviour is simple wires of various lengths. They
have both an analytical spectrum, Eq. (6.17), as well as a guaranteed one-to-one
embedding. In Fig. 7.14, we present the measured adiabaticity, approximated by
the number of annealing trials which return the correct ground state, for a selection
of wires. We saw in Section 6.2.1 that long QCA wires are well approximated by a
simple Landau-Zener model; however, the results here fall off far too quickly. Using Eqs. (6.18) and (6.20), we can calculate that the largest wire we should be able
p
to run for a given adiabaticity, PA , should be Nmax ≈ −20.2 GHz · ta / ln(1 − PA ).
Even for the shortest annealing time, ta = 5 µs, we should have an adiabaticity of
0.99 at Nmax ≈ 147. This approximation ignores both environmental interactions
as well as any additional details of the qubit behaviour. We see in Fig. 7.14 that
the minimum energy gap of the wire becomes smaller than the thermal energy be-
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tween N = 18 and N = 19. This roughly corresponds to the start of the fall-off in
the adiabaticity curves. This raises the possibility that what we are seeing is the
result of thermal excitations.

7.2.2

Changes in the Spectrum after Embedding

Before looking more closely at the dependence on the annealing time, ta , it is necessary to discuss a potential issue. While our choice in embedding and parameter
assignment guarantees that the ground states in the classical limit (s = 1) before and
after embedding correspond, we have not yet considered what happens to the rest
of the spectrum during annealing. In Fig. 7.15, we present the low energy spectra
for a few simple QCA components that require only one additional physical qubit
for embedding. In the case of the adapter, which connects normal 4-dot QCA cells
to a rotated variant, we see barely any change to the spectrum after embedding,
with the exception of some of the higher energy states and a slight decrease in the
minimum gap. For Maj-101, we again see a slight decrease in the minimum gap
but also significant change among the first three excited states. The most prominent change occurs for the inverter, with a large decrease in the minimum gap. In
fact, at s = 1 the first excited state for the embedded inverter has a kink within the
vertex model, describing a state which has no analog in the original network. It
would be possible to avoid this new state by increasing the relative strength of the
Ji j within the vertex models, achieved by decreasing all other hi and Ji j by some
scaling factor; however, this would effectively increase the thermal energy, making
thermal excitations more likely.

7.2.3

Transition Parameters

It is informative to look at the transition parameters associated with these spectra,
shown in Fig. 7.16. Unlike previous cases, we are not expressing our spectra in
dimensionless units. The transitions parameters are then given in units of inverse
energy: GHz−1 . We will primarily focus our analysis on the first excited state.
For the adapter, we observed a 21.7% decrease in the minimum gap. If only the
eigenenergies have changed, we should expect the transition parameter T1 , inversely proportional to the gap squared, to have increased by 63%. We observe
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an increase of 64%. Similarly for Maj-101, we should expect an increase in T1 of
about 36%, and we observe 38%. We infer from this that the embedding did not
d
significantly change hϕ1 | ds
Ĥ|ϕ0 i. It might in principle be possible then to correct

for this increase in T1 by reducing the annealing speed near the minimum gap, decrease the transition rate and thereby recover some estimate of the dynamics of the
original network, at least if we anneal slow enough that the rest of the eigenstates
can be ignored. The same argument does not apply for the inverter. For a 77.5%
reduction in the gap, we should expect T1 to increase by nearly 20×, yet we obd
served only about 6×. This means that hϕ1 | ds
Ĥ|ϕ0 i is significantly different near

the minimum gap. This is consistent with our observation that the first excited state
at s = 1 is incompatible with any state in the original system. Interestingly, we see
that despite having a much smaller gap, the second excited state ends up having a
higher transition parameter near the end of the anneal, suggesting a much stronger
coupling if not for the larger gap. This second excited state ends up corresponding
to the original first excited state, which can be seen in the spectra.

7.2.4

Dependence on the Annealing Time

In Fig. 7.17, we show the ground state probabilities as a function of the annealing
time for both a subset of the wires as well as the adapter, majority gate, and inverter.
Unlike in the Landau-Zener model, where running things slower always improves
adiabaticity, here we see an optimum annealing time for each given embedding.
That time differs even for the same problem embedded using different qubits. The
decline in performance with the increase in annealing time has been attributed
to coupling to the environment [111, 112]. It is argued that for fast annealing,
the dynamics are similar to diabatic transitions seen in the Landau-Zener model,
or perhaps other descriptions of closed system phase transitions (see Ref. [112]).
Such transitions are inverse to the annealing time. Due to the presence of thermal
noise, excitations into energy levels with gaps on the order of the thermal energy
are possible [111]. The longer the system spends near the minimum gap, where
such transitions are easiest, the more likely it is for the system to be excited out of
the ground state.
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7.3

Summary

In this chapter, we have discussed the potential for applying a physical implementation of quantum annealing as a means of investigating the dynamic behaviour
of QCA networks, in particular the QPU developed by D-Wave Systems Inc. For
the particular qubit connectivity available in the Chimera or Pegasus topology, it
is not possible to map all QCA networks to the QPU without the use of additional qubits. Schemes for embedding a given QCA network onto the QPU were
discussed, where each QCA cell is mapped to a connected set of physical qubits
called a vertex model. We found that the use of these addition qubits results in
a difference between the spectra of the original and embedded networks. In the
simple case, we observe a slight decrease in the minimum gap without any signifd
icant change in hϕ1 | ds
Ĥ|ϕ0 i. The embedding of an inverter introduced a new first

excited state which did not correspond to a polarization state. For this embedding,
it is questionable whether any meaningful estimate of performance could be extracted. For larger networks, not only is it a challenge to determine the spectrum in
order to check the consequences of the embedding, but we typically end up having
multiple vertex models containing more than two physical qubits. This suggests
that additional work would be needed in order to better understand how to map the
annealing results back to performance estimates of the original system.
We saw from the annealing results that there are two competing mechanisms
for diabatic transitions on the QPU. For fast annealing rates, transitions consistent
with closed system dynamics dominate. These transitions decrease as the annealing
time is increased. As the annealing time is increased further, transitions associated
with coupling to the environment become prominent. This results in an optimum
annealing time which produces the largest adiabaticity. It is not clear how these
transition mechanism on the QPU map to those of any particular QCA implementation.
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Chapter 8

Eigenspectrum Decomposition of
QCA Networks
In Chapter 6, we concluded that the low energy spectrum was a powerful tool for
understanding QCA performance, but that its applicability was limited by the intractable diagonalization of the N-cell Hamiltonian for larger QCA networks. In
the previous chapter, we noted that extracting performance metrics for larger QCA
networks embedded on the QPU would require a better understanding of how embedding effects the spectrum. We will conclude by addressing two ideas related to
QCA spectra. First, we investigate a means to decompose larger QCA networks
into meaningful subcomponents, and how important features in the low energy
spectrum of the full network can be attributed to those components. Secondly, we
discuss how to estimate the spectrum for large QCA networks. In Section 8.1, we
discuss how the system Hamiltonian in the 2-state approximation can be decomposed into meaningful sub-Hamiltonians given some partition or decomposition of
a QCA network into components. These sub-Hamiltonians give estimates of the
reduced density operators of each component. In Section 8.2, we establish an objective function which gives a measure of how well a given decomposition captures
the low energy characteristics of the full network. Using this metric, we identify
the problem of network decomposition as a graph partitioning problem with signed
edge weights. Strategies for finding the optimal network decomposition for smaller
QCA networks with exactly solvable ground states are discussed. We show how
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the low energy spectra of the component Hamiltonians describe features of the full
spectrum. In Section 8.3, we introduce a heuristic method based on the component
Hamiltonian construction which allows for the study of larger networks. In Section 8.4, we discuss the computation of transition parameters. In Section 8.5, we
demonstrate one potential application of this formalism, the meaningful comparison of alternate variations of network components. Finally, in Section 8.6, we give
a few additional details relating to extensions of the component model to 3-state
QCA and for dynamic wave clocking.

8.1

Decomposing the QCA Network Hamiltonian

When designing QCA networks, it is practical to conceptually decompose the network into smaller interconnected components, typically logic gates. It is meaningful then to ask whether it is possible to understand properties such as the performance of a given QCA network in terms of contributions from subsets of the
network. The first step is in understanding how to decompose the Hamiltonian.
We can define a network partition {Sk } to be any set of non-empty components,
where each QCA cell belongs to exact one of the components Sk . Note that for our
models of QCA, the Hamiltonian only ever contains operators that affect at most
two cells. Then for a given partition, we can always decompose Ĥ as
Ĥ = ∑ Ĥk +
k

∑ M̂k` ,

(8.1)

hk`i

where Ĥk only contains terms within Sk and M̂k` contains all the terms between
components Sk and S` . A good choice for the Ĥk and M̂k` will be discussed
later. In QCA, we are mostly interested in quantities that relate to either individual
cells or pairs of cells. If we assume the system is in thermal equilibrium, then the
expectation value of any operator Ôk that influences only cells within Sk can be
expressed as
hÔk i = Tr Ôk ρ̂ =

1
Z

Tr Ôk e−β Ĥ ,

(8.2)

with inverse temperature β = 1/kB T and normalization constant Z = Tr e−β Ĥ . As
Ôk depends only on Sk , we can take the trace over the complement of Sk to obtain
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the reduced density operator ρ̂k = Trck ρ̂ and get
hÔk i = Trk Ôk ρ̂k

8.1.1

(8.3)

The Ideal Component Hamiltonian

For any finite temperature and reduced density operator ρ̂k , there always exists a
Hamiltonian Ĥk that captures the physics of all operators Ôk . In particular, we

express ρ̂k in two forms: (1) its own eigenbasis Wkα , |uαk i with Wkα ≥ 0; and (2),
a Boltzmann distribution:
ρ̂k = ∑ Wkα |uαk ihuαk | =

1 −β Ĥk
.
Zk e

(8.4)

α

Every eigenstate |uαk i is also an eigenstate of Ĥk with eigenvalue Eα = −β −1 logWkα −
β −1 log Zk . We can write
ˆ
Ĥk = −β −1 ∑ logWkα |uαk ihuαk | − β −1 log Zk I.

(8.5)

α

Ideally, we would equate these Ĥk to those in Eq. (8.1); unfortunately, computing
Ĥk in this way requires knowledge of the full system density operator and is thus
not practical for larger networks. Instead, we will employ mean-field theory to
attempt to estimate Ĥk .

8.1.2

Mean-Field Theory Approximation

The approach here is to estimate properties of the reduced density operators in the
absence of correlation terms between the components. We begin with the CallenSuzuki identity [113]:
hÔk i ≈

1
Tr Êk (Ôk )e−β Ĥ ,
Z

where
Êk (Ôk ) =

Trk Ôk e−β H̄k
,
Trk e−β H̄k
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(8.6)

(8.7)

is an operator on the complement of Sk for the expected value of Ôk over the
degrees of freedom of Sk . The Hamiltonian H̄k here contains all terms of Ĥ that
affect Sk . In particular, for the terms defined in Eq. (8.1),
H̄k = Ĥk +

∑ M̂k`

(8.8)

`6=k

We will use the 2-state approximation as a specific case study. From Eq. (2.3), we
can write H̄k explicitly as
"

#

∑ γi σ̂xi + 21 ∑ ĥi σ̂zi − ∑

H̄k = − 12

i∈Sk

Eikj σ̂zi σ̂zj

(8.9)

hi ji∈Sk

i∈Sk

where ĥi = hi Iˆ − ∑`6=k ∑ j∈S` Eikj σ̂ zj is a biasing operator containing all interactions
involving site i excluding those internal to Sk . We make the ansatz that, for i and j
in different components, we can exchange the σ̂ zj term with some constant m j : i.e.
σ̂zj σ̂zi → m j σ̂zi . These mi would typically be called magnetisations; however, we
will simply called them the mean fields. Then H̄k represents an Ising spin-glass
model on Sk with ĥi ≈ h̃i Iˆ for a constant:
h̃i = hi −

∑ ∑ Eikj m j .

(8.10)

`6=k j∈S`

As this form of H̄k satisfies [H̄k , Ĥ − H̄k ] = 0, it follows that this approximation
is equivalent to assuming a decomposable density operator given by the Kronecker
product of the reduced density operators: ρ̂ =

N

k ρ̂k .

Here we again assume ρ̂

is given by a Boltzmann distribution. Conventional mean field theory tells us we
should use [113]
mi = Trk σ̂zi ρ̂k =

1
Tr σ̂zi e−β H̄k .
Zk

(8.11)

We can now define our estimate of the terms in Eq. (8.1):
#

"
Ĥk = − 21

∑ γi σ̂xi + 21 ∑ h̃i σ̂zi − ∑
i∈Sk

M̂k` = − 21

∑ ∑ Eikj

i∈Sk

Eikj σ̂zi σ̂zj



σ̂zi − mi σ̂zj − m j + Ek`

i∈Sk j∈S`
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(8.12a)

hi ji∈Sk

(8.12b)

where Ek` = 21 ∑i∈Sk ∑ j∈S` Eikj mi m j is just a constant. The necessary identity operators that accompany all constants are suppressed for conciseness. In practice, we
need to compute Ĥk self-consistently with mi via Eq. (8.11).

8.2

System Energy-Based Decomposition

When operating near the adiabatic limit, the low energy eigenstates of a QCA network produce important information about network performance [5]. We consider
the relevant case of determining the energy of a QCA network. Observe that in
the limit of zero thermal energy, ρ̂ becomes equal to the ground state of Ĥ. In
this case, the mi are analogous to the instantaneous ground state polarizations used
in the multi-cell ICHA discussed in Section 2.2.4. If the thermal energy is on the
order of the energy gap between the ground and first excited states, then ρ̂ and the
ρ̂k contain contributions only from a few of the lowest energy eigenstates. If we
want to estimate the energy of the system, we have
E = hĤi = ∑hĤk i +
k

∑ hM̂k` i.

(8.13)

k6=`

We define hÂir as our estimate of the expected value of Â using only the reduced
density operators, and ∆(Â) = hÂir −hÂi. We can then split the error in our estimate
of the system energy into two components: the error internal to each component,
arising from any inaccuracy in the estimation of ρ̂k , and the error in estimating
inter-component interactions. If we used the exact ρ̂k defined in Eq. (8.4), the
former would be exactly zero; however, for our mean field approximation we are
left with an error:
"
∆Eint =

− 12

∑
i

γi ∆(σ̂xi ) + 12

#

∑

hi ∆(σ̂zi ) −

i

∑ ∑

Eikj ∆(σ̂zi σ̂zj )

.

(8.14)

k hi ji∈Sk

The error arising from inter-component couplings is given by
∆Eext = − 21

∑ ∑ ∑ Eikj ∆(σ̂zi σ̂zj ).

hk`i i∈Sk j∈S`
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(8.15)

As discussed, our definition of the mean fields, mi , produces a density operator of
the form ρ̂ =

N

k ρ̂k .

It follows that the ∆(σ̂zi σ̂zj ) terms in Eq. (8.15) are given by

ij
∆(σ̂zi σ̂zj ) = −Mzz
+ ∆(σ̂zi )hσ̂zj i + hσ̂zi i∆(σ̂zj )

(8.16)

plus an additional term ∆(σ̂zi )∆(σ̂zj ) taken to be small. The correlation proper
ij
Mzz
= hσ̂zi σ̂zj i − hσ̂zi ihσ̂zj i is a measure of the loss of information about the cou-

pling between sites i and j due to neglecting inter-component correlations [36, 42].
The latter two terms can be absorbed into Eq. (8.14) by subtracting Eikj hσ̂zj i terms
from the hi . This leaves
∆E = ∆Eint ({mi }) + 21

∑ ∑ ∑

ij
Eikj Mzz
.

(8.17)

hk`i i∈Sk j∈Sk

Here ∆Eint is now a function of the hσ̂zi i, or equivalently the mean fields. By
definition, a good approximation of the reduced density operators produces small
∆ terms for operators internal to the components. We assume then that ∆Eint will
be small relative to the second term in Eq. (8.17). We are tempted at this point to
identify the decomposition of QCA networks as a graph partitioning problem.

8.2.1

Energy-Optimal Component Decomposition

If our goal is to identify a decomposition which best reproduces the reduced density
operators when the system operates nearly adiabatically, i.e. to capture information
about the lowest energy eigenstates of the approximate sub-Hamiltonians, we see
that the best choice of components in a decomposition should minimize the error
term in Eq. (8.17) arising from the correlation propers. That is, we should minimize
a cost function of the form
C({Sk }) =

∑ ∑ ∑ Eikj Mzzi j .

(8.18)

hk`i i∈Sk j∈S`

We assume for now that the correlation propers are known from the ground state
of the full system. In Section 8.3, we discuss an approach for approximating these
values for systems too large to solve exactly. Using the connectivity graph structure
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defined in Section 7.1.1, we see that QCA network decomposition becomes a graph
partitioning problem with signed edge weights and an objective function C. In
particular, the partitioning takes the form of a minimum k-cut problem [114, 115].
There are two challenges here. First, common graph partitioning libraries employ
an objective function given as a linear combination of edge weights. To address
this, we could define two objective functions C+ and C− :
C± ({Sk }) =

∑ ∑ ∑ ±Eikj Mzzi j .

(8.19)

hk`i i∈Sk j∈S`

We can then find the optimal partitions, {Sk }± , for both of these objective functions. Whichever produces the smallest absolute value of their corresponding C±
ij
optimises C. The second challenge is due to the signed edge weights wi j = Eikj Mzz
.

Available solvers require non-negative, typically integer-valued, edge weights. We
will not attempt to solve the signed partitioning problem in this work. Instead, the
results we present are achieved in two steps. We first consider an upper bound on
Eq. (8.18):
C({Sk }) ≤ C̃({Sk }) =

∑ ∑ ∑

ij
Eikj Mzz
.

(8.20)

hk`i i∈Sk j∈S`

This objective can be optimized using a standard solver such as METIS [116] with
ij
edge weights wi j = |Eikj Mzz
|. Where integer weights are required, simple quantiza-

tion is used. We take the resulting partition as an initial guess of the true optimum.
Local adjustments are then made manually in order to further reduce the values of
Eq. (8.18). This refinement process could be automated in future.

8.2.2

Decompositions for Clocked Networks

Network clocking manifests as some time varying parameter in the Hamiltonian.
The decomposition which optimizes Eq. (8.18) then may vary with time. This
is not particularly appropriate for our purposes. We instead consider a different
objective function. In particular, we define the optimal decomposition as that which
minimizes the highest observed value of C over a set of sample times, {tn }. We
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define the dynamic objective function
Cd ({Sk }) = max
tn

∑ ∑ ∑ Eikj (tn )Mzzi j (tn ) .

(8.21)

hk`i i∈Sk j∈S`

Again, we can find an initial partition using the upper bounded variant with edge
ij
(tn )|. Of interest during QCA clocking are the inweights wi j = maxtn |Eikj (tn )Mzz

tervals over which the gap between the ground and first excited state is minimum
[5]. We use these mimima as our tn .

8.2.3

Decomposition of a Solvable System

Let us consider the 2-dot majority gate in Fig. 7.6(c) where we fix the inputs to
have respective polarizations of (+1, −1, +1) or binary 101. The Hamiltonian of
this 19 cell network is too large for exact eigenvalue decomposition in a reasonable
time; however, using sparse matrix methods we can successfully employ Lanczos
iteration to reliably approximate the spectrum [44]. In Fig. 8.1 we show a few possible decompositions of the majority gate and the resulting energy eigenspectra.
These spectra are achieved as follows. First we find the k lowest eigenpairs of the
full system Hamiltonian Ĥ(γ) using a Python wrapper of the ARPACK package
[117, 118]. It is assumed that all cells share a clock: γi = γ. Using the computed ground states, we construct the low-temperature mean fields mi (γ) = hσ̂zi i.
We compute the component Hamiltonians using the instantaneous effective biases
h̃i (γ) from Eq. (8.10), and then the lowest energy eigenstates in the component
spectra. We can make a few interesting observations: (1) the best choice of network decomposition is not typically the one which evenly divides the network into
equally sized components; (2), when the components are chosen well, the component spectra seem to reproduce important features of the full spectrum; and (3),
even a slight deviation from the optimal decomposition can drastically change the
component spectra and result in a failure to predict important features. Any decomposition that splits up the two high density columns fails to reproduce the first
minima in the component spectra.
It is worth considering what the component spectra actually describe. We consider the basis of product states of the eigenstates of the component Hamiltonians.
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Figure 8.1: Sample decomposition of the 2-dot majority gate with binary inputs
101. The orange shaded devices have fixed polarization and simply provide h biases to their neighbours. In this case, the network is decomposed into 2 components
indicated with red and blue. The corresponding energy eigenspectra are shown as
the clocking parameter, γ, is swept. Ground state energies are subtracted to highlight features in the spectra. Here the black dashed line shows the spectrum of the
full system. The colored spectra are obtained from the component Hamiltonians
given by Eq. (8.12a) with the mean fields given by the polarization of the full system ground state. In (a), we use a naı̈ve balanced decomposition, where we simply
split the network in half. The decomposition based on our dynamic objective function, Eq. (8.21), is shown in (b). We see that the component spectra closely reproduce the features of the true spectrum. In (c), we see that a slight deviation from the
optimal decomposition can drastically change the component spectra, which fail to
predict the first minimum. Only the few lowest energy excited states are shown.
Values of Cd are shown for the set γ ∈ {1.196, 0.11}.
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By subtracting the ground state energies, a given component spectrum describes
product states where all other components are in their ground state. This follows
from the observation that for our definition of the mean fields and given that only
one component is excited, at least one of σ̂zi − mi and σ̂zj − m j will have an expected
value of 0 for i and j in different components. If a feature in the true spectrum
matches one of the component spectra, this suggests that both the ground state and
the corresponding excited state must be approximately such product states. This
holds for the ground state when the instantaneous value of Eq. (8.18) is small,
and thus the ground state energy is approximated by the component ground states.
Our choice of decomposition does not directly consider whether this is true for the
excited states; however, by choosing our sample times {tn } to correspond to the
minima in the energy gap, we attempt to guarantee at least one of the necessary
criterion for the full and component spectra to agree.

8.2.4

Additional Details on Finding Partitions

In Fig. 8.1, we can get a decomposition with a slightly lower cost then our presented
optimal if we simply use the cell adjacent to the 0 input as the first component. For
the given inputs, that cell has very little influence on the rest of the network and
does not significantly contribute. This decomposition gives Cd = 0.043. The component spectrum of the rest of the network is effectively that of the full network.
Such decompositions, however, are not particularly informative as they do not attribute features in the spectrum to individual network components. There are a
number of ways we might avoid this scenario. Firstly, we have said nothing about
how many components should be used in a decomposition. We are free to increase
this number to attempt to force the partitioning algorithm to identify non-trivial
components. Additionally, solvers like METIS attempt to minimise the objective
function, in our case the so-called edge-cut function, while trying to keep the component sizes balanced. A constant ε is defined such that for K components, the
largest component contains at most a fraction (1 + ε)/K of the cells. For all results
presented in this work, initial partitioning was done using METIS 5.1.0 set for
k-way multilevel partitioning using the “cut” objective type and set to force contiguous partitions. The value of ε, through the “ufactor” parameter, was set to 0.3
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by default but adjusted for each network if unsuitable components were produced.

8.3

Heuristic Solver for Large Networks

ij
When the true ground state of the system is known, we can determine the Mzz

exactly and attempt to find an optimal decomposition. However, the size of the
Hilbert space for 2-state networks scales as 2N for N cells, meaning the complexity
of exact eigenvalue decomposition is at least as hard as O(4N ). This is solvable
for practical hardware and time scales for only a dozen or so cells. Using sparse
heuristic solvers which employ methods such as Lanczos iteration [44, 119], we
can extend this to 20 or so cells. Beyond this limit, we must begin to make approximations. One approach would be to employ something like density matrix
renormalization groups (DMRG) [120]. Interestingly, the component decomposition approach we have established introduces a potential related solution. In identifying the optimal decomposition, we used information about the ground state
to construct mean fields which produce useful component Hamiltonians. We can
consider the inverse problem. Given an approximation of the component Hamiltonians, we attempt to efficiently produce an estimate of the ground state, or indeed
additional states, of the full system. We will employ a variational procedure based
on basis reduction, similar in concept to DMRG. This approach will be referred to
as the Component Mode (CM) solver.

8.3.1

Component Mode Formulation

We suppose we are given some initial partition and a guess of the mean fields.
We assume for now that each component is small enough to be solved exactly:
|Sk | / 20. We can now construct our estimates of each of the component Hamiltonians, Eq. (8.12a). Recall that our mean field approximation was equivalent to
assuming a density operator of the form ρ̂ =

N

k ρ̂k .

If this were truly the case, the

ground state of the full system would be the product state of the ground states of
each of our component Hamiltonians. We observe that we must assume a number
of inaccuracies: (1) the initial decomposition will generally be sub-optimal; (2),
the given mean fields may be inaccurate; and (3), the mean-field model itself is imperfect. For simplicity we assume there are only two components. From Eq. (8.12),
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the Hamiltonian of the full system can be expressed up to a constant as
Ĥ = Ĥ1 ⊕ Ĥ2 − 21

∑ ∑ Eikj



σ̂zi − mi ⊗ σ̂zj − m j ,

(8.22)

i∈S1 j∈S2

Where here we understand the Ĥn and σ̂zi to be of dimension 2|Sn | and explicitly denote the Kronecker sum and product. Our approach will be to select a subset of the
eigenstates of each of the component Hamiltonians. In DMRG, we would find the
dominant eigenpairs of the reduced density operators, those with the largest eigenvalues [121]. As we have assumed our reduced density operators to be Boltzmann
distributions, these dominant eigenstates are exactly the lowest energy eigenstates
of the component Hamiltonians. For each component, we select some number, dn ,
of the lowest energy eigenstates. We call these states the component modes, which
|Sn | ×d
n

form the columns of the transformation operators Un ∈ C2

. We then obtain

reduced basis representations of the relevant component operators of size dn × dn :
H n = Un† ĤnUn ,

σ iz = Un† σ̂ziUn .

(8.23)

The reduced basis representation of the full system Hamiltonian is then constructed
simply as
H = H 1 ⊕ H 2 − 12

∑ ∑ Eikj



σ iz − mi ⊗ σ zj − m j ,

(8.24)

i∈S1 j∈S2

with a dimension of d = Πn dn . For decomposition into K components we make
two adjustments: (1) we replace Ĥ1 ⊕ Ĥ2 with

L

n Ĥn ,

the Kronecker sum over

all component Hamiltonians; and (2), we have a coupling term for each pair of
components, made easier by first constructing the d × d representations of the σ iz .
ϕ 0 i, or even additional low energy
We can then estimate the ground state of H , |ϕ
eigenstates. Using the reduced basis representation of σ̂zi , we can get new estimates
of the mean fields and correlation propers:
ϕ 0 |σ
σ iz |ϕ
ϕ 0 i,
mi = hϕ

ij
ϕ 0 |σ
σ iz σ zj |ϕ
ϕ 0 i − mi m j ,
Mzz
= hϕ
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(8.25)
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Figure 8.2: Example decomposition tree of a large QCA network. The cell colours
indicate the components at that level of the decomposition. Orange cells have
fixed polarization and belong to either of two classes. Dark orange cells indicate
fixed inputs in the full network. Faded orange cells indicate representative biases
arising from inter-component interactions. These should be understood as cells
with fixed polarizations defined by the current mean field estimates. Note that the
fixed polarization cells do not get split between the components. They are copied
to all components which they influence.
again using the full d × d dimensional version of σ iz . The mi can then be fed back
into Eq. (8.22) after updating the Ĥn and the ground state solved self-consistently.
In addition to estimating the low energy spectrum of the full system, note that this
method necessarily produces the component spectra in finding the reduced basis.

8.3.2

Larger Networks

If the components themselves are too large for exact diagonalization, we can employ this heuristic method recursively. We observe that the component formulation
produces a useful reduced basis representation of the system Hamiltonian. Note
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Figure 8.3: Circuit diagram and the equivalent 4-dot QCA network for the considered 49 cell XOR gate, not counting fixed input cells.
also that there is nothing in Eq. (8.22) that requires Ĥn or σ̂zi to be in their full
representations, only that the σ̂zi be in the same representation as their corresponding Ĥn . Then for each component, we either apply exact diagonalization if the
component is sufficiently small, or recursively call the CM solver to construct an
appropriate reduced basis representation. This requires two additions to the CM
solver: First, we must now provide both the component spectra as well as the reduced representations of the σ̂zi as computed in Eq. (8.23). Second, we now require
a tree of decompositions which inform the solver of how each component is further
broken down into sub-components. An example of such a tree is shown in Fig. 8.2.
We can apply our existing understanding of identifying decompositions here, either automatically using Eq. (8.20), or by manually specifying the decomposition.
Details on the implementation of the CM solver are discussed in Appendix A.3.

8.3.3

Example Network

Of primary interest are relatively compact QCA networks, 10-20 cells across and
perhaps 40-100 cells in total, that can be fit within a single clock zone. Most larger
networks are typically just sparsely wired together combinations of such networks.
As an example, we consider the 49 cell exclusive-or gate shown in Fig. 8.3 with
inputs 0 and 1. Even though simple, this network is beyond exact diagonalization
and of sufficient complexity for our purposes. In Fig. 8.4, we show a selection
of decompositions and the corresponding low-energy spectra and objective costs.
We compare against the energy gap between the ground and first excited states as
computed using the DMRG implementation in ITensor v3.1.3, an open-source tensor network library [122]. For each value of γ, the ground and excited state were
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Figure 8.4: Sample decompositions of the XOR gate. Colours indicate both component cells and the corresponding spectra. The low energy spectrum computed
using the CM solver is indicated by the dashed lines. The crosses show the first
excited state as computed using a DMRG. The first 2-component decomposition
in (a) is achieved purely using the kink energies as weights: wi j = |Eikj |. The blue
component fairly accurately predicts the location and value of the lowest minima.
A second minima is seen in the full spectrum but is not obviously associated with
either component. The ground states at the minima, γn ∈ {0.673, 0.295}, were used
to compute Cd , from which we achieved the optimal 2-component decomposition
shown in (b). We see that the adjusted red component contributes two features: the
γ → 0 limit, as well as part of the first minima observed in the DMRG results. This
motivates a search for a 3-component decomposition. The optimum is shown in
(c). The particular choice of DMRG accuracy parameters used were often unable
to correctly track the ground state for small γ, leading to the scattered values. A
ij
self-consistency limit of 0.001 was used for the CM solver, hence values of Mzz
and thus Cd are only reliable to that order.
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retained to initialise the DMRG at the next instance. Instability in the DMRG results is apparent near the γ → 0 limit; however, we will see that the second lower
γ minimum gap is expected to contribute far less towards transitions in the dynamics than the higher γ minimum. Verification against the DMRG results in this
regime is therefore less critical. Further refining of the accuracy parameters may
have resolved the instability. We observe that even using the simplest 2-component
decomposition shown in Fig. 8.4(a), much of the features of the first excited state
are captured assuming the DMRG results to be accurate. That being said, it is
not clear that the red component spectrum predicts anything of interest. Outside
of the noted instability, the ground states for both methods agreed to two decimal
places. Using the minima from the CM solver as not to bias the choice in γn using
the DMRG results, we identified the optimal 2-component decomposition shown
in Fig. 8.4(b). The predicted minima did not change. The two observed minima
in the red component spectrum motivates an optimized 3-component decomposition shown in Fig. 8.4(c). Not only do we observe close agreement between the
predicted features and the DMRG results, we see clearly how each component
contributes to the spectrum.

8.4

Estimating Transitions in the Component Mode Basis

The CM solver produces estimates of a limited subset of the low energy eigenstates.
It is natural then to consider whether it possible to compute the transition parameters in order to get some idea of clocking performance. The Tn (s) require that
d
we evaluate both hϕn | ds
Ĥ|ϕ0 i as well as the energy gaps, En − E0 , for each state.

While we can produce both an estimate of the eigenvalues of the system as well
as the corresponding eigenstates, these eigenstates are expressed in a somewhat
non-intuitive basis: a recursively defined product space of component eigenstates.
It would be very useful if we could express

d
ds Ĥ

in this same basis. Fortunately, the

component mode construction both allows and requires that we maintain representations of σ̂zi in the component basis. It is trivial, to keep track of σ̂xi as well. The
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component basis representation of

d
ds Ĥ

is given by :
#

"
d
ds H

=

− 21

∑

i
d
1
ds γi σ x + 2

i

∑

i
d
ds hi σ z −

i

∑

d k i j
ds Ei j σ z σ z

.

(8.26)

hi ji

If we assume clocking via γi (s) only, then we have the simple expression
d
hϕm | ds
Ĥ|ϕn i = − 12 ∑
i

d
ϕ m |σ
σ ix |ϕ
ϕ n i.
γi (s)hϕ
ds

(8.27)

The computed transition parameters are shown in Fig. 8.5. We can also consider
transitions from the perspective of the component Hamiltonians.
Tnk (s) =

d
Ĥk |ϕ0k i
hϕnk | ds
(Enk − E0k )2

(8.28)

where Ĥk |ϕnk i = Enk |ϕnk i for the n’th eigenstate of the k’th component Hamiltod
d
ϕk
σ ix |ϕ
ϕk
Ĥk |ϕ0k i ≈ − 21 ∑i∈Sk ds
γi (s)hϕ
nian, and hϕnk | ds
n |σ
0 i. The results are included
in Fig. 8.5(b). We see that the transition parameters computed using the component spectra almost perfectly reproduce those of the full spectrum. This should not
be surprising as we have chosen our decomposition such that the first excited state
is approximately a product state with all but one of the components in the ground
state. Transitions from the ground state to the excited state should exactly correspond to transition from the ground state of that component to its excited state.
The only exceptions occur near crossings between the component spectra, in which
case the full system eigenstates tend to be superpositions of the crossing states.
We do not include dynamics calculations here; however, it is possible also
to directly compute the dynamics using the reduced basis approach used in Section 6.2.3. In the component mode basis, we have
d
ds cn

≈−

∑ cm

m6=n

ϕ n | dds H |ϕ
ϕ m i −i(θm −θn )/ f˜
hϕ
e
Em − En
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(8.29)

Transition Parameter

30
25
20
15
10
5
0
1.0
0.5
Clocking Field,

0.0

(a) Full Spectrum

Transition Parameter

30

0
0

25
20

1

0

1
0

15
10
5
0
1.0
0.5
Clocking Field,

0.0

(b) Component Spectra

Figure 8.5: Estimates of the transition parameters for the 49 cell XOR gate. Asd
sumes a linear schedule with 12 ds
γi (s) = −1 The multiple crossings among higher
energy states in the full spectrum lead to rapid changes in some of the parameters.
In (b), we consider the transition parameters computed using only the component
spectra. Values for the lowest energy states in (a) are overlaid for comparison.
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8.5

Component Substitution

For a given network decomposition, we can consider the effect of altering the design of one of the components. As an example, suppose we substituted the inverter
component in the XOR gate with another symmetric variant, as in Fig. 8.6(a).
There are a few points to consider here. Firstly, if the component substitution
does not significantly change the mean fields of the cells at the component interfaces throughout the full range of clocking parameters, then the component spectra
of all other components should remain approximately unchanged. Secondly, if
the decomposition remains of high quality, having a small value of Cd , after the
substitution, then any changes to the component spectrum for the new inverter
should correspond to changes in the full spectrum. We can see both of these effects
in the computed spectra in Fig. 8.6(b), with the transition parameters computed
in Fig. 8.6(c). This simple observation suggests a potential strategy for targeting
weaknesses in designs and making systematic improvements.

8.6

Application to Alternate QCA Models

The effectiveness of the decomposition method and heuristic solver arise due to
the sparsity of the network connectivity graphs and expected limited correlations.
There is nothing special about our focus on 2-state QCA or even our use of zone
clocking. Here we briefly discuss the other common model for QCA devices, the
3-state QCA, as well as an important consideration for dynamic wave clocking.

8.6.1

Modifications for 3-State QCA

For the N device Hamiltonian in the 3-state approximation, Section 5.1, a similar
analysis to Section 8.1 will reveal that we should replace hi and µi in the component
Hamiltonians with effective parameters
h̃i = hi −

∑ ∑ Eikj P j ,

(8.30a)

∑ ∑ Di j N j ,

(8.30b)

`6=k j∈S`

µ̃i = µi +

`6=k j∈S`
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Figure 8.6: Change in the low energy spectra and transition parameters associated
with substituting the inverting element in the green component with an alternate
variant. Regions of interest are highlighted. In this particular case, there is a slight
increase in the minimum gap associated with the blue component. This results in a
decrease in the corresponding transition peak.
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where Pi = hP̂ i i and Ni = hN̂ i i are the mean fields. The component coupling
operators are just
M̂k` = − 12

∑ ∑ Eikj



P̂ i − Pi P̂ j − P j

i∈Sk j∈S`

+

∑ ∑ Di j



N̂ i − Ni N̂ j − N j + const. (8.31)

i∈Sk j∈S`

For component decomposition, the appropriate objective function is
C({Sk }) =

∑ ∑ ∑



ij
ij
Eikj MPP
− 2Di j MNN
,

(8.32)

hk`i i∈Sk j∈S`
ij
ij
with MPP
= hP̂ i P̂ j i − Pi P j and MNN
= hN̂ i N̂ j i − Ni N j . The details of network

decomposition and the heuristic method are otherwise analogous.

8.6.2

Dynamic Wave Clocking

The dynamic objective function Eq. (8.21) applies perfectly well in the case where
the clocking fields are cell specific. The primary challenge here is that wave clocking does not employ clock zones, and importantly lacks the discrete boundaries
between those zones. In zone clocking, we can limit the set of cells to be considered to those within a single clock zone. Cells in adjacent zones either experience relatively high or relatively low clocking fields, and thus do not significantly
change their state as the current zone is clocked. As a result, they are effectively
just biases. Neither the CM solver not DMRG will cope well with potentially thousands of cells in the entire QCA network for some of the larger designs. For wave
clocking, we can still keep the idea of a finite set of relevant cells; however, that set
evolves as the clocking wave travels. Efficiently computing the spectra then likely
requires a strategy that tracks the set of cells within the rising edge of the clocking
wave that cannot be assumed to serve only as biases. One simple approach would
be to include cells once their clocking fields surpass some threshold value, and set
them as biases once their polarization in the estimated ground state surpasses some
magnitude. Further investigation would be needed.
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8.7

Summary

In this chapter, we have produced two significant results. The main goal of our
investigation was to demonstrate that important features of the low energy spectrum can be attributed to individual components of the network. We established
one way to identify these critical components when the spectrum is known. This
form of decomposition is useful from a design perspective as it allows us to directly link overall weaknesses in the network performance with individual choices
in components. Future research may provide new design rules based on selecting components which optimize features in the spectrum. The second result was
the formulation of the CM solver, which naturally emerges from the component
decomposition. It has proved promising for approximating the low energy spectrum of larger networks, where exact diagonalization of the system Hamiltonian
d
is infeasible. We were able to extract the necessary parameters, hϕn | ds
Ĥ|ϕm i, for

estimating diabatic transitions efficiently in the component mode basis. This potentially allows estimation of clocking performance for large QCA networks.
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Chapter 9

Conclusion and Future Work
Nanoscale implementations of QCA offer the potential for high frequency, low
power computation beyond the limits of conventional CMOS. However, at such
small dimensions, additional challenges emerge. One such challenge is the need
to simulate the behaviour of large numbers of devices. In the limit of full coherence, this can mean manipulating quantum states with exponentially many variables, seemingly possible only for small networks. The contributions of this thesis can be broadly split into two related categories: (1) modelling the behaviour
of clocked SiDB arrangements and investigating their suitability as a platform for
nanoscale QCA, and (2), a study of QCA clocking from the perspective of quantum
annealing, ultimately determining how details about the low energy eigenspectrum
during clocking relate to QCA performance.

9.1

SiDBs as a Platform for Nanoscale QCA

In Chapter 4, we discussed simple models which reproduce observed behaviour in
fabricated SiDBs. This included an understanding of the preferred charge states
taken on by arrangements of SiDBs as a constrained energy optimization problem, as well as a hopping model for the slow dynamics observed when charges
are shared between degenerate sites. SiQAD, a CAD tool for designing and simulating SiDB arrangements, emerged as an attempt both to understand existing
experimental results, as well as to predict and study new designs, such as potential
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SiDB-based QCA implementations. This tool was made open source with the aim
to promote efforts in exploring the design space, as well as to develop additional
simulation engines and design tools. Using clocking electrodes, the electric potential at the surface can be manipulated, producing controllable band-bending in regions of SiDBs. This allows for a population-based clocking scheme, where SiDB
devices are deactivated by inducing upward band-bending. When this method was
applied to SiDB-based QCA wires, a complicated trajectory of preferred configurations was revealed, with devices populating out-of-order.
In Chapter 5, we studied this out-of-order population from the familiar terrain
of 3-state QCA, with preferred charge configurations becoming ground states of
a 3-state Hamiltonian with strong congestion interactions. In this framework, a
change in the preferred configuration translates to an avoided level crossing between the current ground and first excited states. We ultimately determined that if
we assume SiDB-based QCA devices to be net-negative when activated, and only
consider tunneling between the SiDBs and null sites (bulk), then even wire operation may be a challenge. Familiar designs for logic gates such as majority gates
would likely need to be replaced with SiDB-specific arrangements. If, in the future,
it is demonstrated that net-neutral SiDB devices can be implemented, potentially
using both DB- and DB+ states, then SiDB-based QCA may be more feasible.
Inclusion of a tunneling energy between the SiDBs may also be of interest.

9.2

Estimating QCA Performance using the Low Energy
Spectrum

Much progress has been previously made in understanding the dynamics of QCA
networks. Use of the ICHA, though computationally efficient, results in an approach to QCA design and clock zone selection which is not practical for the relative dimensions of clocking electrodes in nanoscale QCA. Intermediate models including additional inter-cell correlations have shown some success in more closely
reproducing the behaviour of the full quantum treatment; however, there remain
challenges which have yet to be resolved. In this thesis we took a different approach by establishing the importance of the low energy spectrum in understanding the behaviour of QCA networks. Previously, the spectrum has been used to
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justify reduced basis approximations [43], and more recently in discussing adiabatic switching of individual QCA cells [93]. This work aims to position the study
of the energy spectrum as an essential tool for assessing the behaviour of QCA
designs.
Chapter 6 served as a demonstration for some useful applications of the spectrum for small QCA networks. First, we established criteria for the shape of the
clocking profile in order to increase adiabaticity. These ideas were based on properties of the resulting ground state and early dynamics. An analytical model for
biased QCA wires in the 2-state approximation was presented and used to demonstrate that zone-clocked QCA wires beyond a few cells adhere to a simple LandauZener model. We compared estimates of threshold clocking frequencies beyond
which performance suffered. Merely looking at the eigenenergies was not sufficient to accurately predict performance with the exception of the wire; however, by
d
incorporating the values of hϕm | ds
Ĥ|ϕn i, we achieved high accuracy using only the

lowest few energy eigenstates. This demonstrates that once the spectrum is known,
the dynamics can be efficiently simulated. This left the challenge of efficiently
computing the spectrum.
The parallels between QCA zone clocking and quantum annealing on the QPU
developed by D-Wave Systems Inc. presented an obvious potential method for
directly studying the performance of clocked QCA without being limited by computational resources; however, a number of as yet unresolved challenges became
clear. The main obstacle is in understanding how the particular choice of embedding changes the spectrum, and ultimate the effective dynamics of the original
QCA network. In the cases where this change was minimal, we observe evidence
of diabatic transitions likely resulting from coupling with the environment. This
highlights an important point which should be addressed. The claim is often made
in the QCA literature that as the nearest-neighbour kink energies for nanoscale
QCA lie above 25 meV, operation at room temperature should be possible without
suffering from thermal excitations. There are a couple of contentions we see from
the experimental annealing results. First, the kink energies may give a measure
of the gap between the ground and first excited states in the classical limit, but
we see from the spectra that the actual minimum gap during clocking can easily
be an order of magnitude smaller. Further, even in the case where the minimum
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gaps lie above the thermal energy, as is the case for the embedded majority gate
in Fig. 7.15, as the annealing time is increased we still see evidence of weak but
non-negligible thermal excitations. More work is needed, both in order to improve
the agreement between the spectra of the original and embedded network but also
in order to determine if there is any mapping between the diabatic mechanisms
exhibited by the QPU and those in any particular implementation of QCA.
The final contribution was in attempting to address the need for understanding
the spectra of large QCA networks. This investigation simultaneously touched on
the question of how we might study the behaviour of large QCA circuits through
knowledge of individual components. We established a method for decomposing
the system Hamiltonian into contributions from a given set of components, and a
means to identify components which contribute important features to the spectrum.
This result is primarily significant in that it will allow researchers to identify important sub-circuits which significantly impact performance. This may stimulate
research into design rules which optimize these critical components. The component formulation naturally led to a heuristic approach for estimating the low energy
spectrum of large QCA networks, particularly in such a way that the terms needed
for estimating dynamics using a limited subset of the energy eigenstates are efficient to compute. There are a number of open questions here. First, the current implementation leaves the decomposition only semi-automated, still requiring some
familiarity and guesswork in order to converge on the optimal decomposition. A
more robust method is needed, potentially also addressing the necessary challenge
of signed graph partitioning. Dynamic wave clocking remains a conceptual challenge from the perspective of analysing the low energy spectrum. It is clear that
only a relatively small subset of the network contributes to the dynamics at any give
time; however, the exact approach to efficiently implement either the component
mode solver or the decomposition method is not immediately clear.
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[20] G. Tóth and C. S. Lent, “Quasiadiabatic switching for metal-island
quantum-dot cellular automata,” Journal of Applied Physics, vol. 85, no. 5,
pp. 2977–2984, 1999.
[21] A. O. Orlov, R. Kummamuru, R. Ramasubramaniam, C. S. Lent, G. H. Bernstein, and G. L. Snider, “Clocked quantum-dot cellular automata shift register,” Surface Science, vol. 532-535, pp. 1193–1198, Jun. 2003.
[22] R. P. Cowburn, “Room temperature magnetic quantum cellular automata,”
Science, vol. 287, no. 5457, pp. 1466–1468, Feb. 2000.
[23] G. Csaba, A. Imre, G. Bernstein, W. Porod, and V. Metlushko, “Nanocomputing by field-coupled nanomagnets,” IEEE Transactions on Nanotechnology, vol. 1, no. 4, pp. 209–213, Dec. 2002.
[24] A. Imre, “Majority logic gate for magnetic quantum-dot cellular automata,”
Science, vol. 311, no. 5758, pp. 205–208, Jan. 2006.
[25] C. S. Lent, B. Isaksen, and M. Lieberman, “Molecular quantum-dot cellular
automata,” Journal of the American Chemical Society, vol. 125, no. 4, pp.
1056–1063, 2003, pMID: 12537505.
[26] J. A. Christie, R. P. Forrest, S. A. Corcelli, N. A. Wasio, R. C. Quardokus,
R. Brown, S. A. Kandel, Y. Lu, C. S. Lent, and K. W. Henderson, “Synthesis
of a neutral mixed-valence diferrocenyl carborane for molecular quantumdot cellular automata applications,” Angewandte Chemie International Edition, vol. 54, no. 51, pp. 15 448–15 451, 2015.
[27] M. B. Haider, J. L. Pitters, G. A. DiLabio, L. Livadaru, J. Y. Mutus, and
R. A. Wolkow, “Controlled coupling and occupation of silicon atomic quantum dots at room temperature,” Phys. Rev. Lett., vol. 102, p. 046805, Jan
2009.

150

[28] T. Huff, H. Labidi, M. Rashidi, L. Livadaru, T. Dienel, R. Achal, W. Vine,
J. Pitters, and R. A. Wolkow, “Binary atomic silicon logic,” Nature Electronics, vol. 1, no. 12, pp. 636–643, 2018.
[29] J. Timler and C. S. Lent, “Power gain and dissipation in quantum-dot cellular automata,” Journal of Applied Physics, vol. 91, no. 2, pp. 823–831,
2002.
[30] C. S. Lent, M. Liu, and Y. Lu, “Bennett clocking of quantum-dot cellular
automata and the limits to binary logic scaling,” Nanotechnology, vol. 17,
no. 16, pp. 4240–4251, aug 2006.
[31] D. Abedi, G. Jaberipur, and M. Sangsefidi, “Coplanar full adder in quantumdot cellular automata via clock-zone-based crossover,” IEEE Transactions
on Nanotechnology, vol. 14, no. 3, pp. 497–504, May 2015.
[32] C. A. T. Campos, A. L. Marciano, O. P. Vilela Neto, and F. S. Torres, “USE:
A universal, scalable, and efficient clocking scheme for qca,” IEEE Transactions on Computer-Aided Design of Integrated Circuits and Systems, vol. 35,
no. 3, pp. 513–517, March 2016.
[33] E. Blair and C. Lent, “Clock topologies for molecular quantum-dot cellular
automata,” Journal of Low Power Electronics and Applications, vol. 8, no. 3,
2018.
[34] K. Walus, T. J. Dysart, G. A. Jullien, and R. A. Budiman, “QCADesigner: a
rapid design and simulation tool for quantum-dot cellular automata,” IEEE
Transactions on Nanotechnology, vol. 3, no. 1, pp. 26–31, March 2004.
[35] C. S. Lent and P. D. Tougaw, “Lines of interacting quantum-dot cells: A
binary wire,” Journal of Applied Physics, vol. 74, no. 10, pp. 6227–6233,
1993.
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Appendix A

Algorithm Details
A.1

SiDB HoppingDynamics Engine

The in-text discussion for HoppingDynamics related the dynamics to hopping rates,
νi j . In practise, it can be inefficient to run simulations by time-stepping using the
rate equations: in some cases the rates can be unchanged for relatively large periods of time; in others, multiple hopping events can occur within a single time step
and it can be tricky to determine the correct final state. Here we will discuss a more
appropriate interpretation of the hopping model, as well as some additional details
on limiting complexity.

A.1.1

Hopping Intervals

Rather than calculating hopping probabilities in time steps pi j (t; dt) = νi j (t)dt,
we can reinterpret the hopping model in terms of hopping intervals, τi . These
intervals define the amount of time before an electron at a DB- site performs a hop,
and satisfy P(τi ≤ t) = 1 − exp(−

Rt

0 ν̄i (t

0 )dt 0 ),

where ν̄i (t) = ∑ j6=i νi j (t) + νi,B (t)

is the net outgoing hopping rate. Here we include only SiDB-SiDB rates and the
surface-bulk hopping; however, any additional channels can be included. It is not
sensible to generate a hopping interval as a random variable whose distribution
depends on future values of the tunneling rates. To resolve this, we generate a
simple exponential random variable τ̄i ∼ Exp(λ = 1) which satisfies P(τ̄i ≤ t) =
1 − exp(−t), define a depletion rate

d
dt τ̄i (t)
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= −ν̄i (t), and set the hopping interval

τi as the time for τ̄i to reach 0. Then τ̄i =
Rt

0 ν̄i (t

0 )dt 0 )

= 1 − exp(−

Rt

0 ν̄i (t

0 )dt 0 )

R τi
0

ν̄i (t 0 )dt 0 and P(τi ≤ t) ≡ P(τ̄i ≤

as required. This is a useful trick, as we can

generate τ̄i every time a charge arrives at a new site, and τ̄i will reach zero over a
hopping interval consistent with the future rates.
This approach is particularly useful when there are no time-varying external
fields Viext (t). In this case, the hopping rates only change when there is a reconfiguration of charge in the surface, or a surface-bulk hop. The next event that will
happen will occur in ∆τ = mini τ̄i /ν̄i seconds. We can advance the system by this
amount, decrement the τ̄i by ν̄i ∆τ, determine and perform the appropriate hopping
event (see next section), update the νi j , and continue. In generating Fig. 4.7, we do
not time step over the full 18 minutes of simulated hopping events, we simply calculate all hopping events that will occur over that interval, compare that list against
the times when the tip will be over the SiDBs, and read off the charge states. If
dynamic fields are used, we step time in increments of ∆t over which we assume
the fields to be constant. Within each increment, we compute all hopping events.

A.1.2

Event Selection

After τi seconds, the charge at site i hops to some target j. We set the probability of
a given target being selected to be proportional to the corresponding tunneling rate:
Pi→ j (t) = νi j (t)/ν̄i (t). The target j here can also be the bulk for a depopulation
event.

A.1.3

Cohopping

In certain circumstances, lower energy configurations exist which, if only single
charge hops are allowed, would require passing through a higher energy configuration to reach. In this case, it may be justified to allow for cohopping, where two
charges hop simultaneously. An example and schematic of cohopping is shown in
Fig. A.1. In the current version of HoppingDynamics, cohopping is used primarily
as a mechanism for escaping high energy metastable configurations, rather than
taken as physically justified. For a cohopping event from sites (i, j) to (k, l), we
assign a rate
νi j→kl = ν0 e−αCH ri j χi j→kl η(∆Gi j→kl )
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(A.1)
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(a) Metastable Configurations

(b) Hopping Trajectories

Figure A.1: Cohopping schematic. In (a), we show two metastable configurations
for a biased pair of SiDB QCA cells. In order to reach the lower energy state on the
bottom, both of the charges in the right cell must hop. Using only single hopping
events, the least expensive way trajectory is to first hop the rightmost charge at
site 3. Due to the repulsion from the other charge, this would increase the system
energy. If cohopping is enabled, we can hop both charges simultaneously without
having to overcome the temporary barriers.
where ν0 is the calibrated pre-factor from Eq. (4.6), αCH is a cohopping spatial
attenuation factor which restricts cohopping to nearby sites, χi j→kl describes the
dependence on the distances between the involved sites, and η defines the energy
dependence for the chosen hopping model with ∆Gi j→kl = ∆Ei j→kl + ρi + ρ j . We
define χi j→kl in terms of the spatial components of the single charge hopping rates:
χi j where νi j = ν0 χi j η(∆Gi j ):
χi j→kl =

1
2


χik χ jl + χil χ jk ,

(A.2)

We can understand a cohopping event from i j → kl as either of two trajectories:
i → k and j → l, or i → l and j → k. If we assume two hopping events to be simultaneous but independent, the probability would satisfy pi→k, j→l (t; dt) = νik ν jl dtdt
with a spatial component χik χ jl . Our choice in Eq. (A.2) is simply the average over
both trajectories.
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A.1.4

Restricted Range Hopping

There are potentially O(N 2 ) possible νi j and O(N 4 ) possible νi j→kl . Realistically,
hopping events between sufficiently distant SiDBs are unlikely to ever contribute.
Similarly for cohopping, two charges which are far apart are unlikely to be sufficiently correlated to justify them as candidates for cohopping. We define two
distance bounds: the maximum hopping distance Rhop , and a maximum cohopping
pair separation RCH . For each DB− site i, we only keep track of νi j for DB0 sites
j within a radius of Rhop . For each DB− pair (i, j) with ri j < RCH we track νi j→kl
for DB0 sites satisfying rik < Rhop and r jl < Rhop . For all results shown, we use
Rhop = RCH = 5 nm.

A.2

Dense Placement Algorithm

The Dense Placement algorithm uses a simultaneous “place-and-route” approach
commonly used in FPGA design [109]. It attempts to place every node in the QCA
connectivity graph onto a corresponding assigned qubit in the Chimera graph. Interactions between cells are facilitated either by direct coupling or by chains of
qubits routed between these assigned qubits.
Initial Seed
We begin by selecting an initial seed, the first QCA cell and its corresponding
qubit, as follows. We select QCA cell i with probability proportional to Aip where
Ai is the number of neighbours of the cell and p is a constant. In this paper, p was
selected to be 3 to prioritize high adjacency cells but still allow some chance for
lower adjacency cells. To select the seed qubit, we first select a tile according to
a Gaussian distribution about the center of the QPU with width σ . The qubits of
that tile are then randomly ordered and iterated through until a qubit is found with
enough neighbours to facilitate the interactions of the selected seed cell. If no such
qubit is found, a new tile is selected. In this work, σ was chosen to be 1 to strongly
bias initial placement near the center of the Chimera graph.
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Cell Placement
Building from the initial seed, for each iteration of the main loop we look at the set
of unplaced cells adjacent to the set of placed cells and sort by decreasing number
of unplaced connections. For each cell to be placed, we aim to select a qubit
with sufficiently many available neighbouring qubits to facilitate all interactions.
Such a qubit is referred to as suitable. The chosen qubit is that which is both
suitable and yields the shortest total path to all qubits assigned to adjacent cells.
This is achieved by simultaneously running a lowest-cost-path search from each
such qubit until a suitable qubit is reached by all search trees. The cost of each edge
in the search contains two components: a contribution from the type of coupling
to the new node (internal or external to a tile), and an edge proximity contribution
which weighs nodes in tiles closer to the edge of the processor more strongly. For
dense placement, internal tile placements are preferred so internal couplers have
lower cost than external couplers. The external coupler cost was chosen to be 1.9
times the internal coupler cost such that one external coupler was preferable to
two internal couplers. The edge proximity cost increases linearly as the minimum
distance to the processor edge decreases. An increase in cost of 0.5 per tile was
used. The chosen parameters tightly pack long chains of low adjacency cells and
reduce the risk of running out of room for embedding.
Routing
The routing algorithm is based on negotiated congestion, a well-established path
finding technique used in mapping netlists to FPGAs [109]. This method aims to
minimize the path length for each route by use of a cost scheme that penalizes the
using a qubit for more than one path.
Seam Opening
In the case that there is no suitable qubit available, the translational symmetry of the
Chimera graph allows an avenue of qubits and couplers to be “opened” by shifting
all qubits after or before a row or column. We interpret this as opening a seam
between two rows or columns. As specific qubits or couplers may be inactive due
to manufacturing yield, some shifted qubits may require remapping. Such qubits
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(a) Serial adder QCA cell layout. Driver
cells are shaded.

(b) Sample Embedding

Figure A.2: Example embedding of a serial adder QCA circuit. Here qubits are
represented by line segments with active couplers shown by black circles. Darker
shaded qubits indicate those assigned to QCA cells with lighter shaded qubits indicating virtual qubits. Only tiles with used qubits are shown.
are said to “conflict.” Following such a shift, remapping is achieved by finding
new placements for cells with conflicting assigned qubits and rerouting conflicting
paths. The new cell placements can result in recursive calls to seam opening and
remapping. We select the seam to open according to a simple metric. For the cell
being placed, we consider all seams adjacent to assigned qubits of the cell’s placed
neighbours. For each of these seams and each opening direction, we check that
there is a free row or column to shift into. If so, we assign to that seam a cost, C,
given by
C = cq nq + c p n p + cd d,

(A.3)

where nq and n p are the number of conflicting assigned qubits and paths, d is the
seam distance defined as the minimum distance between the seam and the mean
location of all assigned qubits, and cq , c p , and cd are the relevant cost factors. In
this work, the cost factors were chosen as cq = 3, c p = 4, and cd = 3. Typically,
fewer qubits were needed for replacing a small number of qubits than rerouting a
number of paths.
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Figure A.3: Occurrence probability of qubit chain lengths and vertex-model sizes
for the Dense Placement and Heuristic algorithms respectively for a sample trial of
the serial adder with full adjacency. Chain lengths are measured by the number of
couplers used with models measured by the number of qubits. Due to the different
interpretations of embedding used by the two algorithms, the distributions represent how each model allocates virtual qubits. Note the occurrence of long qubit
chains for the Dense Placement algorithm.
The Dense Placement algorithm is good at keeping most routes between mapped
qubits to only one or two couplers. However, as the placement builds outwards
from the center and does not currently account for how the final cells to be placed
are connected, there are often long chains of ten or more qubits about the perimeter
of the embedding needed to facilitate the final connections. The QCA cell layout
and a sample embedding for a serial adder are shown in Fig. A.2 with the distribution of qubit chain lengths shown in Fig. A.3. Note the long chains that are around
the perimeter as discussed.

A.2.1

Parameter Assignment and Model Conversion

Between each pair of qubits assigned to adjacent QCA cells there can exist a chain
of virtual qubits. The interaction term Ji j between the two cells can be assigned to
any coupler along this chain without changing the effective interaction between the
assigned qubits, given that all other connectors are assigned Jc = −1. Parameter
assignment then takes the form of finding an effective vertex model for each cell by
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chain k
Figure A.4: Schematic of a chain between two end nodes. Squares and circles
represent assigned and virtual qubits respectively. The filled squares are the end
nodes terminating chain k and the unfilled squares are internal nodes within chain
k. Dotted boundaries indicate the end-node vertex models.
deciding where along each virtual qubit chain to assign the interaction term. Once
the vertex models are found, we can proceed as above to assign bias and interaction
parameters.
In [6], we argue that the energy of the first excited state in a system of two
interaction wire, serving as analogs for vertex models, is maximized if the wires
are of similar size. We assume then that be should aim to minimize the largest
vertex model in our embedding. One can formulate the allocation of virtual qubits
with the aim to minimize the maximum of all vertex-model sizes as a linear optimization problem. First, to maintain the correct number of connectors between
vertex models observe that any cell with greater or less than 2 neighbours must
contain in its vertex model its assigned qubit. It is then useful to reinterpret the
QCA circuit connectivity graph as a set of “end node” (Ai 6= 2) cells connected
by chains of “internal node” (Ai = 2) cells. The Dense Placement algorithm then
effectively constructs chains containing virtual and internal nodes between the end
nodes. One such chain is illustrated in Fig. A.4. Note that the internal nodes could
be placed anywhere along these chains without changing the embedding as long as
their order is maintained. Qubit allocation then reduces to determining the number
of qubits at the end of each chain assigned to the vertex models of the end nodes.
The remaining qubits of each chain are divided evenly between the internal-node
cells. Only chains containing virtual qubits need to be considered.
The kth chain contains Nk internal nodes and total of Mk qubits, excluding the
end nodes. Of these qubits, nk and mk qubits are assigned to the vertex models of

168

the end nodes at the beginning and end of the chain respectively. Then the kth chain
has an average internal-node vertex-model size, s̄k , of
s̄k =

Mk − nk − mk
.
Nk

(A.4)

If S` is the sum of all ni , m j associated with the `th end node, then each end node
has a vertex-model size, s` of
s` = 1 + S` .

(A.5)

The linear programming problem is then given as minimizing the maximum of the
set of all s̄k and s` with constraints ni , mi ≥ 0 ∀i and ni + mi ≤ Mi − Ni ∀i. This is an
integer programming problem and hence is potentially computationally intensive;
however, the number and allowed range of parameters is typically small so this
was not a concern. If necessary, linear programming (LP) relaxation can be used,
removing the integer constraint on ni and mi , with some consideration to rounding
in post-processing. This method optimizes the maximum vertex-model size but
does not consider the distribution of the remaining vertex models. Better results
could be obtained from a nonlinear optimization which considers all vertex-model
sizes.

A.3

Component Mode Solver

Here we discuss a number of details relevant to the implementation and application
of the CM solver for the results in this work.
Initial Conditions
As a variation approach, the CM solver cannot guarantee convergence to the optimal ground state from some arbitrary initial condition. The solver is best applied as
a means of tracking the low energy spectrum of a QCA network as some parameter
is continuous changed. This is appropriate for studying QCA clocking, in which
the mean fields in the depolarized regime are simple: mi ≈ 0. Assuming that the
mi change sufficiently continuously as the clocking fields are adjusted, the solver
is provided with a good estimate.
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Selecting the Reduced Basis
In general, the reduced basis representations of the σ̂zi are dense, and thus we need
to keep d , the dimension of H , reasonable if we want to have fast diagonalization. In particular, we define a maximum dimension, dthresh , allowed for H , chosen
based on constraints on available resources and the desired trade-off between accuracy and speed. We then require that d = Πn dn ≤ dthresh . The remaining question
is choosing how many states from each component to included. We employ an approach which effectively translates dthresh to a temperature constraint. If the density
operator is taken to be a Boltzmann distribution, the energy eigenstates contribute
with weight pn ∝ e−β (En −E0 ) . We might consider the important eigenstates to be
those which satisfy pn ≥ p∗ or equivalently En − E0 ≤ kB T ∗ for some temperature
bound T ∗ . We add component eigenstates to the basis in order of increasing energy
after subtracting off the component ground state energies. States are added until
the next addition would push d beyond dthresh . For all results shown, a value of
dthresh = 5000 was used.
Order of Mean Field Updates
There are a number of schemes that could be considered for when to update the
mean fields during the self-consistency and recursive steps. In the case where
recursion is not necessary, we update the mean fields upon a new estimate of the full
system ground state. However, when each component is solved during recursion
we obtain a new and potentially better estimate of the fields for that component. We
could self-consistently solve each component before constructing its reduced basis;
however, this makes the self-consistency loop potentially exponential in the depth
of the decomposition tree. In addition, despite a significant increase in runtime, we
have not observed an cases where this method gave different results than simply
waiting for the full system ground state. In this work, convergence was achieved
when maxi |∆mi | ≤ 0.001 and typically only one or two iterations were required at
each value of γ.
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Sub-Decomposition
Further decompositions of the components were done automatically using METIS
with weights wi j = |Eikj |. At each level of the decomposition tree, components
larger than 16 cells were split into two connected sub-components with the larger
containing at most 2/3 of the cells: ε = 1/3.
Decomposition Updates
Optimal decomposition is a question both of identifying the set of minima used
ij
in the dynamic objective function as well as accurately computing the Mzz
. In

experimenting with the CM solver, we found that the accuracy of the first excited
state is largely dependent on the choice of decomposition. Roughly speaking, the
poorer the choice in components, the more component modes are needed and thus
either the slower or less accurate the result. However, unless the initial choice is
particularly poor, the ground state itself can be computed with speed and accuracy
comparable to DMRG. In addition, even a rough estimate of the locations of the
minima seems to be suitable for identifying good decompositions.
Note on Complexity
For a given choice of accuracy parameters, both the CM solver and DMRG require O(N) diagonalization steps per iteration. We should expect then that both
have runtime complexity which scale comparably with the number of devices. The
challenge in characterizing complexity comes from understanding how the needed
accuracy parameters depend on the complexity of the network. Further investigation is needed to address this. As an example, the considered XOR gate results
included 200 γ values, and took about 2-3 minutes for both the CM solver and
the DMRG implementation on a single core: roughly one second per update. Neither our Python implementation of the CM solver nor our choice in parameters for
ITensor’s DMRG were particularly optimized.
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Appendix B

Additional Derivations
B.1

Analytical Estimate of the 3-State QCA Cell Ground
State Energy

We give exact expressions for the population and polarization of a 3-state QCA cell
in Eq. (5.12) given the ground state energy E0 of the form
E0 =

1
1
2 (C − |h|) − 2

q
α 2 + (C + |h|)2

We solve the for the ground state exactly in a few limits:
E0 (γ, 0, C)

= 21 C − 12

q
8γ 2 + C 2

p
E0 (γ, h, 0) = − 2γ 2 + h2
q
lim E0 (γ, h, C) = 21 (C − |h|) − 12 4γ 2 + (C + |h|)2

|h|→∞

from which we obtain a suitable form for α:
h
i
p
α 2 (γ, h, C) = 4γ 2 + u2 − u 2 + u2
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(B.1a)
(B.1b)
(B.1c)

with u(γ, h, 0) = |h|/γ . After numerical experimentation, we obtain a better approximation by noting that u(γ, h, C) nearly satisfies
u(γ, h, C) = u(γ, h, 0)/ f (C/γ )
where f (x) is approximately the hyperbola

B.2

(B.2)

p
1 + x2/9 − x/3.

Clocking Field Range for 3-State QCA Wires

In a completely depopulated wire, the first device to populate is adjacent to the
fully polarized driver cell and has an activation energy of
a
Clo
= ξ − 12
k
E0

(B.3)

This defines a lower limit on the clocking field. For a fully populated wire, taken
to be infinite, a cell in the middle experiences maximum congestion and has an
activation energy of
a
Chi
E0k


2ξ · ζ (q, α ) − (1 − 1/2 p−1 )ζ (p), Inverting
s
=
2ξ · ζ (q, α ) − ζ (p),
Non-Inverting
s

(B.4)

where ζ (q, α) = α −1 Liq (α) with Liq (α) = ∑k α k/kq the polylogarithm function
which satisfies Liq (1) = ζ (q) and Li1 (α) = − ln(1 − α). Note that the activation
energy is slightly higher for an inverting wire as the contributions to the polarization bias do not all add. If ξ is sufficiently small, it is possible for the polarization
bias to have a larger contribution to the activation energy than the congestion, resulting in a negative activation energy. We observe in this case that the last cell in
the wire experiences half of the congestion and polarization bias of a cell in the
middle, and hence has half the activation energy. In this special case, we should
a to half of its value. These cases account for all results
increase the negative Chi

shown in this work.
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B.3

Y Spin Invariance in the 2-State Approximation

In the 2-state approximation, we are free to choose the “up” conventions for each
of our spin directions. In particular, we are free to select which of the eigenspinors
1
 
√1
and √12 1i in the z-spin basis correspond to |+yi. Swapping between the
2 −i
two y-spin conventions corresponds to taking the complex conjugate of all spin
operators: (σ̂x , σ̂y , σ̂z ) → (σ̂x , −σ̂y , σ̂z ). Further, any state |ψi in one convention
becomes its conjugate |ψi∗ in the other. From these results, we make two important
observations. (1) As there are no σ̂y terms in the Hamiltonian, Ĥ given in Eq. (2.3),
an energy eigenpair (E, |ψi) of Ĥ is also an eigenpair of Ĥ ∗ . It follows that in the
z-spin basis all energy eigenstates have real coefficients: |ψi = |ψi∗ . (2) For any
product Ô of σ̂µi operators, hψ|Ô|ψi = (−1)ny hψ ∗ |Ô|ψ ∗ i with ny the number of σ̂yi
terms. For energy eigenstates, we then have hÔi = (−1)ny hÔi. The expected value
of any product of Pauli spin operators with any energy eigenstate is zero if there
are an number of σ̂y terms. All out considered steady states are of the form:
hÔiss = Tr ρ̂ss Ô = ∑ rk hφk |Ô|φk i

(B.5)

k

for real rk and energy eigenstates |φk i. Hence hÔiss = 0 for all Ô containing an odd
number of σ̂y terms.
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Appendix C

Supplemental Details
C.1

Pegasus Topology

The Pegasus topology is effectively three nested Chimera graphs with added edges.
Four additional couplers are added within each 8-qubit tile, shown in Fig. 7.2.
In Fig. C.1, we show how the tiles in Pegasus are connected. Tiles within a
Chimera sub-graph have the same connections as in Chimera. We can call this
intra-Chimera coupling. Tiles in different sub-graphs are connected in a triangular
lattice. This we call inter-Chimera coupling. In Fig. C.2, we show the specific
inter-Chimera couplings between qubits in each tile. In total, each qubit has 5
internal couplers within each tile, 2 intra-Chimera couplers, and 8 inter-Chimera
couplers.

C.2

Additional Embedding Results

C.2.1

Embedding Time

For such a specific class of embedding problems, it is not meaningful to discuss
theoretical worst-cases for time complexity. Instead, we consider only a best-fit to
the average run times for the generated circuits. More specifically, we quantize the
algorithm run times by the value of the fitted model at the size µ where the single
trial embedding success probability is 50%: see Fig. 7.12. In Fig. C.3, we show the
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(a) Intra-Chimera Coupling

(b) Inter-Chimera Coupling

Figure C.1: Tile connectivity of the Pegasus topology. The tiles can be divides
into three nested Chimera graphs, indicated by the colors. All the Chimera-like
couplers between tiles in each Chimera sub-graph still exist. Coupling between
sub-graphs can be described by a triangular lattice.

Figure C.2: Connectivity between qubits in different Chimera sub-graphs. Though
each qubit has 8 inter-Chimera couplings, the distribution depends on the choice
of qubit in the tile.
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Figure C.3: Average run times for generated circuits on the 512 qubit processor
for both algorithms with best fits. The inset of (b) shows the maximum run times
for bins of 20 cells with a power fit.
average run times for the generated circuits for both algorithms and both adjacency
types. Run times for the Dense Placement algorithm are approximately linear with
the circuit size due to the local nature of cell placement. For minorminer, run times
were best fit by an exponential. Note the significant difference in time scale between the two algorithms, particularly for large circuits. Minorminer is reported
in [105] to have a worst case time complexity of O(nH nG eH (eG + nG log(nG ))
with n and e the number of nodes and edges in the source graph, H, and the
target graph, G. In our case H is the QCA circuit connectivity graph and G the
Chimera graph. Depending on the complexity of a circuit of Ncells cells and the
range of included interactions, the number of edges in H is between Ncells − 1 and
1
2 Ncells (Ncells − 1). Hence the worst case time complexity of minorminer should
2 N2
3
2
be between O(Ncells
qbits log(Nqbits )) and O(Ncells Nqbits log(Nqbits )) for a processor

containing Nqbits qubits. For a given processor, we should then expect the run times
to have an upper bound of the form tmax (N) ∝ N α with 2 ≤ α ≤ 3. The inset in
Fig. C.3b shows the maximum run times within bins of 20 cells and the associated
power law fits. The trends for limited and full adjacency were found to have powers of 2.21 ± .16 and 2.73 ± .21, which lie within expected values. All embeddings
were done using a single core of an Intel Core i7-2670QM processor.
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Figure C.4: Metrics for the 50% circuit size and characteristic run time for both
algorithms and adjacencies as a function of the processor size.
Table C.1: Power law fit parameters for the characteristic circuit size, µ, and run
time t(µ).
Method
DP-L
DP-F
MM-L
MM-F

C.2.2

Aµ (cells)
11.6 ± 1.0
5.5 ± 0.6
10.3 ± 0.2
8.0 ± 0.2

bµ
1.26 ± 0.04
1.34 ± 0.06
1.53 ± 0.01
1.57 ± 0.02

At (ms)
1.15 ± 0.20
0.84 ± 0.19
0.41 ± 0.11
0.31 ± 0.06

bt
2.85 ± 0.08
2.91 ± 0.11
4.89 ± 0.14
4.95 ± 0.11

Scaling Performance

Here we investigate the trend of the 50P circuit size, µ(N), and the characteristic
run time, t(µ, N), of both algorithms over a range of processor sizes. We consider
only square processors. That is, we assume there are N rows and M = N columns
of 8 qubit tiles. Due to its exponential run-time performance, we only tested minorminer up to processors of size N = 10. The Dense Placement algorithm was
tested on processors up to size N = 16. The estimated values of µ(N) and associated run times t(µ, N) are shown in Fig. C.4 with power law fits. The fit parameters
are included in Table C.1 where µ(N) = Aµ N bµ and t(µ, N) = At N bt . The inset in
Fig. C.4b has the y-range expanded to better see the Dense Placement algorithm
performance. While the power law fits for µ(N) appear accurate up to N = 10,
there is a notable fall-off for the Dense Placement algorithm for larger processor
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Figure C.5: Relative decrease in the embeddable circuit size as a function of the
proportion of qubits disabled. Fits are shown.
sizes, likely due to the need to coordinate the discussed long chains for the final
cell placements.

C.2.3

Resilience to Processor Yield

So far, we have assumed all of the qubits and couplers in the processor to be available. Here we investigate the performance of both algorithms for generated circuits
with different percentages of the available qubits disabled. A new set of disabled
qubits is uniformly generated for each embedding trial for each circuit. Fig. C.5
shows the relative µ values for different percentages of disable qubits on a 512
qubit processor. Here µ0 indicates the value of µ when no qubits are disabled. We
fit a model of the form
h
i
β
µ(ndis ) = µ0 1 − αndis

(C.1)

where 0 ≤ ndis ≤ 1 is the proportion of qubits disabled. As typical values of ndis
are small (∼ 0.05), of importance is the observation that µ(ndis ) for the Dense
Placement algorithm falls off quickly with ndis . In contrast, minorminer seems to
be much more resilient to yield.
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Appendix D

Equations
D.1

Gell-Mann Matrices



0 1 0


λ̂1 = 1 0 0
0 0 0


0 0 1


λ̂4 = 0 0 0



0 −i 0


λ̂2 =  i 0 0
0 0 0


0 0 −i


λ̂5 = 0 0 0 

1

0

λ̂6 = 0
0

i 0 0


0 0 0


λ̂7 = 0 0 −i
0 i 0

D.2

0 0

0 0

0 1
1 0



1

0

0





λ̂3 = 0 −1 0
0

0

0



1 0 0


λ̂8 = √13 0 1 0 
0 0 −2

Equations for All Single and Two Point Correlations

For completeness, we include here the ih[Ĥ, Λ̂]i components of the dynamics equation up to two-point correlations.The single-point correlations are easily obtained
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as
in
λxi : −hi λyi + ∑ Enik Kyz

(D.1a)

in
λyi : γi λzi + hi λxi − ∑ Enik Kxz

(D.1b)

λzi : −γi λyi

(D.1c)

n6=i

n6=i

ij
ji
Making use of the equality, Kab
= Kba
, we obtain six two-point correlations with

equations
ij
ij
: −hi Kxyji − h j Kxy
+
Kxx

∑

i
h
jin
i jn
+ Enk j Kxyz
Enik Kxyz

(D.2a)

n6∈{i j}
ij
ij
ij
ij
: γ j Kxz
− hi Kyy
+ h j Kxx
+
Kxy

∑

i
h
i jn
i jn
− Enk j Kxxz
Enik Kyyz

(D.2b)

n6∈{i j}
ij
ij
ij
Kxz
: −γ j Kxy
− hi Kyz
+ Eikj λyi +

∑

i jn
Enik Kyzz

(D.2c)

n6∈{i j}
ij
ij
ij
Kyy
: γi Kyzji + γ j Kyz
+ hi Kxy
+ h j Kxyji −

∑

h
i
i jn
jin
Enik Kxyz
+ Enk j Kxyz

(D.2d)

∑

i jn
Enik Kxzz

(D.2e)

n6∈{i j}
ij
ij
ij
: γi Kzzi j − γ j Kyy
+ hi Kxz
− Eikj λxi −
Kyz

n6∈{i j}
ij
Kzzi j : −γi Kyz
− γ j Kyzji

(D.2f)
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