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Abstract

In this thesis we investigate strongly localized solutions to systems of singularly
perturbed reaction-diffusion equations arising in several new contexts. The first
such context is that of bulk-membrane-coupled reaction diffusion systems in which
reaction-diffusion systems posed on the boundary and interior of a domain are cou-
pled. In particular we analyze the consequences of introducing bulk-membrane-
coupling on the behaviour of strongly localized solutions to the singularly per-
turbed Gierer-Meinhardt model posed on the one-dimensional boundary of a flat
disk and the singularly perturbed Brusselator model posed on the two-dimensional
unit sphere. Using formal asymptotic methods we derive hybrid numerical-asymptotic
equations governing the structure, linear stability, and slow dynamics of strongly
localized solutions consisting of multiple spikes. By numerically calculating sta-
bility thresholds we illustrate that bulk-membrane coupling can lead to both the
stabilization and the destabilization of strongly localized solutions based on intri-
cate relationships between the bulk-membrane-coupling parameters.

The remainder of the thesis focuses exclusively on the singularly perturbed
Gierer-Meinhardt model in two new contexts. First, the introduction of an in-
homogeneous activator boundary flux to the classically studied one-dimensional
Gierer-Meinhardt model is considered. Using the method of matched asymptotic
expansions we determine the emergence of shifted boundary-bound spikes. By lin-
earizing about such a shifted boundary-spike solution we derive a class of shifted
nonlocal eigenvalue problems parametrized by a shift parameter. We rigorously
prove partial stability results and by considering explicit examples we illustrate
novel phenomena introduced by the inhomogeneous boundary fluxed. In the sec-

ond and final context we consider the Gierer-Meinhardt model in three-dimensions
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for which we use formal asymptotic methods to study the structure, stability, and
dynamics of strongly localized solutions. Most importantly we determine two dis-
tinguished parameter regimes in which strongly localized solutions exist. This is
in contrast to previous studies of strongly localized solutions in three-dimensions
where such solutions are found to exist in only one parameter regime. We trace
this distinction back to the far-field behaviour of certain core problems and formu-
late an appropriate conjecture whose resolution will be key in the rigorous study of

strongly localized solutions in three-dimensional domains.
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Lay Summary

The formation of patterns in biological models is often described by systems of
reaction-diffusion equations describing ways in which diffusing chemicals inter-
act with one another. A detailed description of the patterns that emerge in these
systems is often unattainable without extensive computer simulations. However,
when one of the chemicals is assumed to diffuse very slowly, patterns described by
strongly localized solutions emerge. Such solutions are characterized by the con-
centration of chemicals at discrete points and can be accurately described using a
variety of mathematical techniques. In this thesis we apply and extend these tech-
niques to analyze the structure and behaviour of localized solutions in several new

models.
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Chapter 1

Introduction

In 1952, Alan M. Turing’s paper The Chemical Basis of Morphogenesis [93] laid
down the foundations for a rich and insightful direction of biological and mathe-
matical enquiry that continues to this day. Early embryonic development, Turing
hypothesized, is guided by pre-patterns of biochemical morphogens that undergo
passive diffusion with prescribed reaction kinetics. Turing’s key insight was that,
under certain conditions on the morphogens’ diffusivities and their reaction kinet-
ics, a spatially homogeneous distribution of morphogens could undergo a symme-
try breaking bifurcation resulting in the formation of morphogen patterns. Sur-
prisingly, this insight implies that diffusion, which is typically assumed to have a
smoothing and stabilizing effect, could instead have a structured coarsening effect
leading to the formation of spatial patterns.

While the biological implications of Turing’s original theory of morphogenesis
continue to be influential, it is Turing’s mathematical approach that is most relevant
for this thesis. In particular, to illustrate his insights Turing considered a system
involving two morphogens whose concentrations, u and v, satisfy a two-component

reaction-diffusion (RD) system of the form
uy = D, Au+ f(u,v), vi = D,Av+g(u,v), in Q, (1.1)

where D, and D, denote the morphogens’ diffusivities and f(u,v) and g(u,v) their
respective kinetics. With a simple choice of reaction-kinetics reflecting a chemi-



cal reaction, Turing determined conditions under which a spatially homogeneous
equilibrium of (1.1) that is stable with respect to the reaction-kinetics may bifur-
cate into a spatially heterogeneous equilibrium. Such a transition to a spatially
heterogeneous equilibrium is the result of what is now commonly referred to as a
Turing, or diffusion-driven, instability, while the resulting spatially heterogeneous
states are often referred to as Turing patterns. In addition to discovering this mech-
anism for pattern formation, it is also important to highlight that by restricting
his attention to a system of the form (1.1), Turing distilled the complex and mul-
tifaceted problem of pattern formation in biological systems into an analytically
tractable model equation from which key insights about the pattern-forming poten-
tial of two interacting mechanisms, mainly passive diffusion and reaction-kinetics,
can be inferred. Such an approach is now ubiquitous in mathematical biology (see
[68]) and has led to the ongoing application, extension, and refinement of Turing’s
original ideas.

Reaction-diffusion systems exhibiting pattern forming behaviour, often times
through a Turing, or Turing-like, instability mechanism, have been proposed in a
variety of applications including animal coat markings [67], stripe patterns in the
marine angelfish Pomacanthus [50], sea shell patterns [80], early limb develop-
ment [64], morphogenesis in the fresh water polyp hydra [23, 62], plant growth
[35, 36, 69], ecological models [86], and the formation of crime hot spots [8, 87]
among many others (see [59] for a review of chemical and biological applications).
These models typically prescribe reaction-kinetics that reflect specific chemical re-
actions, such as in the Gray-Scott [30, 31] and Brusselator [79] models, or other
phenomenologically motivated interactions as in the activator-inhibitor model of
Gierer and Meinhardt [23]. Originally motivated by the role of lateral inhibition in
visual pattern recognition, the Gierer-Meinhardt (GM) model is particularly impor-
tant in the literature for its recognition of the importance of autocatalytic feedback
loops and inhibitory reactions, commonly referred to as local self-activation and
long-range inhibition, in biological pattern formation.

While some molecular candidates for morphogens have been identified [42]
(see also [62, 88]) the experimental establishment of a Turing mechanism driving
pattern formation in biological systems remains an area of ongoing research [61,

88]. Moreover, theoretical shortcomings of the classical Turing mechanism such



as a sensitivity to initial conditions and a lack of robustness have been recognized
[61]. Such shortcomings do not repudiate Turing’s original ideas however, but
instead serve as an opportunity to better understand pattern formation in general.
One way this has been done is by incorporating additional mechanisms to reaction-
diffusion systems of the form (1.1). For example, studies incorporating growth
[10, 14, 25, 52, 78], mechanical feedback [7, 63], and bulk-membrane coupling
[54, 58, 81] have shown favourable results. The latter, mainly the introduction of
bulk-membrane coupling, serves as the primary motivation for Chapters 2 and 3 of
this thesis and is reviewed in more detail in §1.2 below.

In addition to serving as a model equation for pattern forming systems, reaction-
diffusion systems of the form (1.1) and its extensions discussed above have also
been the focus of the application and development of numerous mathematical
ideas. While classical stability analysis predicts parameter thresholds beyond which
a spatially homogeneous equilibrium is destabilized, it does not adequately pre-
dict the equilibrium, if one exists, to which it settles. Linear stability analysis
is therefore often accompanied with full numerical simulations to explore system
dynamics beyond the onset of instabilities [77]. Alternatively, techniques from a
dynamical systems perspective such as centre manifold reductions [9] and weakly
nonlinear analysis [76] can be used to further examine the system dynamics near
the onset of linear instabilities. However, for parameter values far from the sta-
bility thresholds predicted by the linear theory, diverse techniques need to be em-
ployed (see [15, 72]). A particular class of reaction-diffusion systems of the form
(1.1) for which substantial progress has been made in understanding pattern for-
mation far from the onset of Turing instabilities occurs when the ratio between
the species, D, /D,, is asymptotically small. Such reaction-diffusion systems often
exhibit localized patterns that are characterized by large amplitude solutions com-
pactly supported in asymptotically small spatial regions [100] (see also [44] for
an overview of localization in general dissipative systems). The natural separation
of spatial scales exhibited by these solutions makes them particularly amenable to
analysis by both asymptotic and rigorous reduction methods, both of which have
been highly successful in characterizing the existence, structure, and stability of
these solutions. These types of solutions, and especially the asymptotic methods

used to analyze them, underlie the bulk of this thesis and are outlined in §1.3.



In the preceding paragraphs we have outlined several of the theoretical and
applied aspects as well as recent modelling and mathematical developments of
Turing’s original theory of biological pattern formation. Two key aspects from
this discussion constitute the primary motivation and core technical aspects of this
thesis. The first is the incorporation of bulk-membrane coupling into models of
intracellular processes. The resulting bulk-membrane-coupled (BMC), or bulk-
surface-coupled, models explicitly incorporate the inherent compartmentalization
of cytosolic- and membrane- bound biochemical processes often found in intracel-
lular processes. These models serve as the primary motivation for Chapters 2 and
3/and are therefore reviewed in more detail in §1.2. The second aspect constitutes
the core technical component of this thesis and involves the asymptotic analysis
of localized patterns in singularly perturbed reaction-diffusion systems and is re-
viewed in more detail in §1.3 below. To more explicitly place both of these aspects
in the context of Turing instability driven pattern formation, we first provide an
outline of the calculation of Turing instability thresholds for the two-component

reaction-diffusion system (1.1) using classical linear stability analysis.

1.1 Classical Linear Stability Analysis

The starting point for the classical analysis of Turing instabilities is the assumption
that (1.1) admits a spatially homogeneous steady state that is stable with respect to

the reaction-kinetics. This means that constants #* and v* can be found such that
fw* v)=g(u*,v)=0, traceJ* <0, detJ" >0, (1.2)

where J* is the Jacobian evaluated at (u,v) = («*,v*) and explicitly given by

8u 8y

We close (1.1) by imposing homogeneous Neumann boundary conditions so that
the spatially homogeneous solution is an equilibrium of the closed system. Next we
let p; > 0 and ¢ (x) (k > 0) denote the eigenvalues and accompanying eigenfunc-

tions of —A in Q with homogeneous Neumann boundary conditions on dQ. We



recall that ¢o = 1 while the eigenvalues satisfy the ordering 0 = g < i < pp < ---.
Although we are assuming that (u*,v*) is stable with respect to the spatially homo-
geneous k = 0 mode, it may become unstable with respect to k > 1 modes and we

therefore consider perturbations of the form
u=u+EMp(x),  v=v+netp(x),  (k>1).

Substituting int (1.1) and linearizing yields an eigenvalue problem with character-
istic polynomial
22— ()2 + 8 () =0,

where
t(u) = trace J* — (D, +D,)u, &(u) =D, D,u* — (Dyug:+ D, f})u +det J*,

and for which we are interested in conditions under which an unstable root (i.e.
with positive real part) can be found. Since 1 > 0 and trace J* < 0 we deduce that
T(w) < 0 for all k > 1 and Turing instabilities are therefore triggered if 8 (1) <0
for some k > 1. From the form of §(u) we deduce that a Turing instability will
be triggered provided that D, g + D, f; is sufficiently large. Indeed, by calculating

the roots of (i) we determine the necessary condition for a Turing instability

D /D
D—Vf;*—Z D—VdetJ*+g§>0. (1.3)
u u

We emphasize that this inequality is a necessary condition and in practice the re-
quirement that §(uy) < O for some k > 1 often requires that D, /D, exceeds the
threshold predicted by (1.3). In some cases the requirement for a large diffusiv-
ity ratio needed to trigger Turing instabilities is physically prohibitive which has
motivated the exploration of extensions to the classical Turing mechanism. Most
pertinent to this thesis, and reviewed in more detail in §1.2 below, is the proposal
that bulk membrane coupling can lead to the formation of Turing-like patterns.
Together with the assumption that (u*,v*) is stable with respect to k = 0 modes,
(1.3) provides us with insights on the reaction-kinetics for which (1.1) admits Tur-

ing instabilities. In particular, trace J* < O implies that at least one of f; or g



is negative. Without loss of generality we assume that g < 0, with which (1.3)
implies f;r > 0. Furthermore, the condition that det J* > 0 implies that f;" and g},
are of opposite sign which characterizes activator-inhibitor and activator-substrate
models depending on whether f, >0 and g, < Oor f, <0 and g, > 0 respectively.

To directly illustrate the above analysis we consider the one-dimensional GM
model posed on the unit interval with homogeneous Neumann boundary condi-
tions. Specifically, we consider

up um
ut:Duuxx—u—i——q, Tv,:vaxx—v—i——s, 0<x<1, (1.4)
V y

with 1,(0) = u,(1) = v,(0) = v,(1) = 0 and for which we impose the constraints
p>1,g>0,m>0,and s > 0 on the GM exponents. The spatially homogeneous

steady state is then given by u* =v* = 1 with which the Jacobian is explicitly given

by
(Pl —q
mt ! —(1+s)t7')’

and from which we deduce that (u,v) = (u*,v*) is linearly stable with respect to
the reaction-kinetics provided that
1+ p—1 m

0<T< ——, 0<tf—«< .
p—1 q 1+

(1.5)

Calculating

1 —(p—D(1
S(H)ZDuDvM2—<(p—1)DV—;LSDM>LL+mq (p - JA+3) 16

we then determine that (1.3) implies

Do 2mg [, (45)(p-1) (491
Du>(p_1)2f(1_ h +\/1— o ) (1.7

Since ;= (7k)? and ¢y (x) = cos wkx (k > 0), the system (1.4) is susceptible to
Turing instabilities provided that § (72k?) < 0 for some k > 1.

In the commonly studied case where the GM exponents are given by (p,q,m,s) =
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Figure 1.1: Solid lines indicate values of o(u) versus u for the GM expo-
nents (p,q,m,s) = (2,1,2,0), with D, = 2, 7 = 0.25, and specified val-
ues of D, > 0. Markers indicate the values of the modes L = k>
for which O () < 0 and the spatially homogeneous pattern becomes
susceptible to Turing instabilities.

(2,1,2,0) we calculate that T < 1 in order for the spatially homogeneous solution
to be linearly stable with respect to the reaction kinetics. On the other hand, af-
ter fixing T = 0.25, (1.7) implies that D, /D, > 23.4 is a necessary condition for
Turing instabilities. Fixing D, = 2 we then find that as D,, is decreased the k = 1
mode is the first to go unstable at a value of D, ~ 0.067 for which D, /D, ~ 29.8.
In Figure 1.1 we plot 8(u) for values of D, = 5x 1072,5 x 1073,5 x 107> for
which we note that, respectively, the k =1, 1 <k <4, and 1 < k <45 modes are
linearly unstable. In Figure 1.2 we plot the solution at discrete times obtained by
numerically solving (1.4) when D, = 5 x 1072 and D,, = 5 x 107>. In the former
case only the k = 1 mode is linearly unstable and this is qualitatively reflected in
the solution’s time evolution. Using the proximity of the diffusivity ratio D, /D, to
the Turing instability threshold a weakly nonlinear analysis could be used to track
the sole unstable mode and effectively characterize the resulting equilibrium solu-
tion. On the other hand, when D, = 5 x 105 our previous calculations indicate
that 45 distinct spatial modes are linearly unstable. These modes interact nonlin-
early eventually leading to the formation of the spiky solution shown in Figure 1.2.
In particular, this illustrates that perturbation techniques using the closeness of the
diffusivity ratio to the Turing instability threshold fail to hold when D, < D,, in
part due to the emergence of a large band of unstable spatial modes. However, the
resulting numerically computed solution illustrates that this large band of unstable

modes leads to a localized solution and suggests that perturbation methods that
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Figure 1.2: Snapshots of numerically computed solutions of the one-
dimensional singularly perturbed Gierer-Meinhardt model with expo-
nents (p,q,m,s) = (2,1,2,0) when T =0.25,D, =2 and D, = 5 x 1072
(top) and D, = 5 x 107 (bottom).

exploit large disparities between spatial scales can instead be used approximate
the resulting solution. Indeed, a combination of both rigorous and formal asymp-
totic methods have been used to study such localized solutions and we provide an

outline of these developments in §1.3 below.

1.2 Bulk-Membrane Coupled Models

One of the key biological motivation for the recent interest in mathematical models
incorporating bulk-membrane coupling is the naturally occurring compartmental-
ization of cytosol- and membrane-bound processes found in complex intracellular
self-organizing processes. One classic example of such compartmentalization is
the Min System in which the dynamics of cytosol- and membrane-bound MinC,
MinD, and MinE are believed to drive the positioning and localization of the con-
tractile Z-ring ultimately leading to cell septation [37]. Another classic example
can be found in the establishment of cell polarity by the Rho family of guanosine-
triphosphate binding proteins (GTPases) for which GTPases undergo activation

and inactivation on the cell membrane in addition to cell membrane attachment



and detachment [65, 81]. While early mathematical models of these intracellu-
lar processes recognized the compartmentalization of bulk- and membrane-bound
biochemical agents by separately modelling their respective concentrations and
reaction kinetics, the resulting mathematical models did not explicit model cell
membrane attachment and detachment [37, 38, 65]. However in 2005 Levine and
Rappel studied the formation of Turing-like patterns in a bulk-membrane-coupled
(BMC) reaction-diffusion (RD) system and found that the details of the membrane
attachment and detachment process can have a pronounced effect on pattern for-
mation [54]. This discovery has motivated numerous additional investigations of
pattern formation in a new class of BMC RD systems. In particular, the systematic
incorporation of bulk-membrane-coupling has been introduced into new models of
the Min System [5, 6, 33] and GTPase driven cell polarization [16, 17, 29,75, 81].
More generally Halatek et. al. [34] have proposed that the key mechanism under-
lying intracellular pattern formation involves the mass-conserving redistribution
of proteins by cytosolic diffusion together with the cycling of proteins between
bulk- and membrane-bound states. Such a restriction to mass-conserved BMC RD
systems however neglects the synthesis of proteins or other signalling molecules
within the cytosol. In this context it remains pertinent to understand pattern for-
mation in more general BMC RD systems incorporating cytosolic synthesis by
introducing, for example, cytosol-bound reaction-kinetics [58] or cytosol-bound
spatial inhomogeneities (see Chapter 3).

In the remainder of this section we outline several key recent developments
in the analysis of Turing-like patterns in BMC RD systems. First however we
introduce the general mathematical description of BMC models. Letting Q be a
bounded domain in RY (N > 2) a BMC RD system governing the concentrations
U= (Uy,....U,)T and u = (uy,...,u,,)T of n bulk-bound and m membrane-bound

species respectively is given by

130U = DAU +F(U), in Q, (1.8a)
Dpd, U = yq(u,U), on 0Q, (1.8b)
Ty = DyAjou+ f(u) —q(u,U), in JQ, (1.8¢)

where 7 and Dp are matrices consisting of the time constants and diffusivities of



the bulk-bound species while 7y, and Dy, those of the membrane-bound species, F
and f reflect the bulk- and membrane-bound kinetics respectively, and g reflects
the membrane attachment-detachment process while ¥ > 0 accounts for asymme-
tries in the exchange. With some notable exceptions (see [16, 17]) authors studying
BMC-RD models have primarily modelled the membrane attachment-detachment
process as a Langmuir process (see §4 of [43]) which is reflected by choosing g as a
linear function of the membrane- and bulk-bound concentrations. In particular this
leads to Robin boundary conditions and linear terms in the bulk-bound problem
and membrane equations respectively. Unless otherwise specified, the models we
discuss in the remainder of this section use a Langmuir process to describe mem-
brane attachment-detachment. Finally we note that (1.8) is to be understood as a
leading order approximation of a system of two N-dimensional RD systems, one
posed inside of the bulk and the other posed on a thin external protrusion, in the
limit of the external protrusions thickness going to zero. The systematic derivation
of this leading order approximation is presented in Appendix A.

In the two-component BMC-RD system considered by Levine and Rappel [54]
the membrane-bound diffusivities were assumed to be identically zero in order to
reflect experimental observations that indicate membrane-bound diffusivities are
much smaller than bulk-bound diffusivities [55]. In addition the authors assumed
that within the bulk the two species only diffuse and decay but do not react, with
reactions being instead restricted to the membrane. Under these assumptions the
two-component BMC-RD system reduces to a system coupling two bulk-bound
linear partial differential equations (PDEs) to two membrane-bound nonlinear or-
dinary differential equations (ODEs). For this simplified model Levine and Rappel
performed a linear stability analysis about an equilibrium that is spatially homoge-
neous on the boundary and demonstrated that even if the bulk-bound diffusivities
of two species are equal, bulk-membrane-coupling can lead to pattern formation on
the membrane. Thus, bulk-membrane-coupling provides an attractive extension to
classically studied models exhibiting Turing instabilities which otherwise require
large differences in diffusivities to initiate pattern formation.

Motivated both by the natural compartmentalization between bulk- and membrane-
bound processes and by the weakened restrictions for Turing-like instabilities illus-

trated by Levine and Rappel [54], numerous additional studies have explored the
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effects of bulk-membrane-coupling on pattern formation. In the context of sym-
metry breaking in cell signalling networks, Ritz and Roger have studied the for-
mation of Turing-like patterns in a two-component BMC-RD system with nonzero
membrane-bound diffusion in which only one species detaches into the bulk where
it undergoes passive diffusion and bulk-decay [81, 83]. Similarly, Madzvamuse
et. al. [57, 58] studied the formation of Turing-like patterns in a general two-
component BMC-RD system with diffusion and reactions in both the bulk and the
membrane. In both the studies by Rétz and Rogers and those of Madzvamuse et. al.,
criteria for Turing-like instabilities were derived using an analogue of the classical
linear stability analysis reviewed in §1.1 above. Moreover the authors in both stud-
ies used numerical methods, a phase-field approach in the former and a BMC finite-
element method in the latter, to verify their linear stability predictions and explore
the resulting patterns formed beyond the onset of linear instabilities. The effects
of cell shape and diffusion barriers for two-dimensional BMC-RD systems were
investigated by Giese et. al. [24] through extensive in silico experimentation on the
cell polarization models of Goryacheyv et. al. [29], for which a Turing-like instabil-
ity drives polarization, as well as that of Mori et. al. [65], in which wave-pinning
is the central polarizing mechanism. We conclude by noting the studies of Dieg-
miller et. al.[17], as well as Cussedu et. al. [16], for which the wave-pinning model
of Mori et. al. [65] was extended to explicitly model bulk-membrane coupling in
three-dimensional domains. These latter models consist of a single-component
BMC-RD system for which membrane attachment-detachment is modelled by a
nonlinear Hill function. In contrast to the self-activation and lateral inhibition re-
quired for Turing instabilities, the wave-pinning mechanism instead relies on the
interplay between bi-stability and mass conservation.

With the exception of the analysis of the wave-pinning model found in [16, 17],
the analysis of Turing-like patterns in the BMC-RD systems discussed above have
been primarily limited to in silico experiments and linear stability analysis. While
weakly nonlinear analysis and the derivation of amplitude equations have been
used to analyze dynamics beyond the onset of linear instabilities [73, 74] there are
no studies analyzing of patterns formation far from equilibrium in BMC-RD sys-
tems. This gap serves as the primary motivation for the contents of Chapters 2 and

3/for which pattern formation is investigated in two singularly perturbed BMC-RD
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systems. In particular, in these chapters we study the effects of incorporating bulk-
membrane coupling into two well studied singularly perturbed RD systems: the
one-dimensional GM model, and the two-dimensional Brusselator model posed on
the unit sphere. These two models are part of a large class of singularly perturbed
RD models that exhibit strongly localized solutions for which substantial rigorous
and asymptotic developments have been made in the past two decades and which

we outline in more detail in the next section.

1.3 Strongly Localized Patterns

Although a detailed analysis of far-from-equilibrium solutions to general two-
component reaction-diffusion systems of the form (1.1) is typically intractable,
substantial progress has been made for a wide class of singularly perturbed reaction-

diffusion systems of the form
uy = €2Au+ f(u,v), v, =DAv+g(u,v), xeQ, (1.9)

where Q C R? (d > 1) and € < 1 is an asymptotically small parameter. Specifi-
cally, when the reaction kinetics f(u,v) and g(u,v;€) are of activator-inhibitor or
activator-substrate type (see §1.1) the system (1.9) exhibits strongly localized so-
lutions in the sense that the activator u(x, ) is of a large amplitude in asymptotically
small spatial regions. This separation of spatial scales makes (1.9) particularly well
suited to analysis by both formal and rigorous reduction methods. In this section
we outline some of the key developments in the analysis of strongly localized so-

lutions to (1.9).

Historically, the Gierer-Meinhardt (GM) model given by

u,zezAu—u—i—Z—:, 'Evt:DAv—v—i—L:}—’:l, xeQcCR? (1.10)
duu=0, =0, x € 0Q, (1.11)

where d > 1 and the GM exponents (p,q,m,s) satisfy (1.5), has been one of the
primary models driving the development of both formal and rigorous techniques

in the study of strongly localized solutions. Early work on the GM model focused
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on the shadow-limit obtained by letting D — oo and for which v(x,t) — &(¢) is
spatially constant. By an appropriate rescaling, steady state solutions to (1.10) in

the shadow limit can be found by solving the single equation
EAu—u+u’ =0, xeQ, du=0, xe€0Q, (1.12)

which has a variational structure with energy functional

2
€ 1 1 1
Je[u] = —|Vul?+ zu? — ul ™ >dx, uy =max(0,u).

2

In this case both formal asymptotic [39, 40, 102] and rigorous [32, 51, 107] (see
also the review articles [71, 108] and book [112]) methods have been used to
construct multi-spike equilibrium solutions and study their stability. Interestingly,
while many multi-spike equilibrium solutions exist in the shadow limit, only those
equilibrium solutions consisting of a single spike concentrating on the boundary
at a non-degenerate local maximum of the mean curvature are stable. In contrast,
by using the method of matched asymptotic expansions when D > 0 is finite Iron
et. al. [41] demonstrated that symmetric multi-spike equilibrium solutions to (1.10)
when d = 1 are stable provided that D is sufficiently small. Similar methods were
also used by Ward and Wei [104] to construct asymmetric multi-spike solutions.
In contrast to the shadow limit, the equilibrium system for (1.10) when D > 0
is finite does not have a variational structure thereby limiting the availability of
rigorous techniques for studying the existence and stability of multi-spike equilib-
rium solutions. Such rigorous results have nevertheless been established for d = 1
[20,90,111] and d = 2 [45, 110] dimensional domains.

While many of the formal asymptotic studies discussed above were in the con-
text of the singularly perturbed GM model (1.10), the techniques used have been
successfully applied to study localized solutions in various d = 1, d = 2, and
d = 3 dimensional singularly perturbed RD systems such as the one- and two-
dimensional Gray-Scott [12, 47] and Brusselator [96, 97] models, the Brusselator
and Schnakenberg model on the surface of a sphere [84, 91] and torus [95] re-
spectively, as well as the three-dimensional Schnakenberg model [98]. In each of

these studies the method of matched asymptotic expansions is used to reduce the
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problem of calculating an N-spike equilibrium solution to that of calculating the
N spike locations as well as N parameters that determine the local spike profiles.
In particular, the N spike profile parameters are found by solving a nonlinear alge-
braic system arising from a leading order matching condition, whereas the N-spike
locations are found by calculating equilibrium configurations to an ODE system
arising from a higher order solvability condition and describing slow spike dynam-
ics. While the method of matched asymptotic expansions typically proceeds in a
similar way for constructing localized spike solutions, differences in the choice of
reaction-kinetics and dimension of the domain lead to pronounced technical differ-
ences in the details of the analysis. In particular the key role of the dimension of

the domain arises through the free-space Green’s function satisfying
AGr=—-8(x—&), xcR/, (1.13)
and the reduced wave Green’s function satisfying
AG—K’G=-8(x—E&), xeQCR, (1.14)

with appropriate boundary conditions if dQ # 0, both of which are prominently
featured in the method of matched asymptotic expansions with the former deter-
mining the far-field behaviour of the inner solution and the latter playing a key role
in the construction of outer solutions. Moreover, the choice of reaction kinetics
and order of D and 7 with respect to € < 1 leads to pronounced qualitative and
quantitative differences in the formulation of the appropriate inner problem.

In addition to differences in the details of the method of matched asymptotic
expansions, different choices of reaction-kinetics and parameter values also lead
to diverse dynamics of multi-spike solutions. In particular multi-spike solutions
may undergo oscillatory, competition, and splitting instabilities depending on the
choice of parameter values and reaction-kinetics. Moreover, detailed thresholds
for both Hopf and competition instabilities can be calculated by using the method
of matched asymptotic expansions to derive a Globally Coupled Eigenvalue Prob-
lem (GCEP) which, for certain reaction-kinetics and parameter regimes, can be
further reduced to a Nonlocal Eigenvalue Problem (NLEP). While GCEPs are typ-
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ically analytically intractable, a substantial collection of rigorous stability results
for various NLEPs have been established [99, 107, 112]. In cases where such
rigorous results are not applicable, instability thresholds can nevertheless be cal-
culated by using a numerically-aided winding number argument [105] as well as
standard root-finding algorithms. Additionally, we remark that under appropriate
conditions NLEPs can be explicitly solvable whereby they can be reduced to sim-
pler algebraic equations [66, 70]. Finally, due to the fast decay of higher-mode
localized perturbations when d > 2, splitting instabilities are independent of global
contributions and instead depend only on the local spike profile. We note that that
splitting instabilities when d = 1 arise through a different mechanism altogether
[46]. While the instability thresholds calculated in these studies predict the onset
of linear instabilities, recent progress has been made to determine the criticality of
Hopf [26, 28, 101] bifurcations and splitting [113] instabilities.

1.4 Main Contributions and Thesis Outline

As discussed in §1.2, BMC-RD systems provide an attractive extension to classical
Turing-instability driven pattern forming models. However, with the exception of
studies performing a weakly nonlinear analysis near the onset of Turing-like insta-
bilities, the majority of BMC-RD system studies have focused on the calculation
of linear Turing-like instability thresholds predicting the onset of spatial instabili-
ties near analogues to spatially homogeneous steady states. With patterns arising
far from the onset of Turing-like instabilities in BMC-RD systems being primarily
explored through in silico experiments there is a gap in our detailed understanding
of such far-from-equilibrium patterns. By using the formal asymptotic methods
that have been successfully used to develop a detailed understanding of strongly
localized solutions to singularly perturbed RD-systems as outlined in §1.3 we aim
to develop an analogous understanding of strongly localized patterns in singularly
perturbed BMC-RD systems in the first part of this thesis. Specifically, by in-
troducing bulk-membrane-coupling to two well-studied singularly perturbed RD
systems, mainly the one-dimensional GM model and the Brusselator model posed
on the unit sphere, we investigate the effects of bulk-membrane-coupling on both

the structure of multi-spike equilibrium solutions as well as their linear stability.
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The analysis of these two singularly perturbed BMC-RD systems is pursued in
Chapters 2 and 3 with our main contributions outlined in more detail below.

In the remainder of the thesis, mainly Chapters 4 and 5, we pursue the anal-
ysis of strongly localized solutions for the GM model in two new context: in
a one-dimensional domain with an inhomogeneous activator boundary flux, and
in a three-dimensional domain. While numerous studies have considered multi-
spike solutions for the one-dimensional GM system with homogeneous Neumann
[41, 105] and Robin [60] boundary conditions, the effects of an inhomogeneous
boundary flux have not yet been investigated. In 2018 Tzou et. al. [96] considered
the effects of a non-zero boundary flux for the inhibitor, but a similar investigation
for the activator has not been pursued. With a growing interest in bulk-membrane
coupling, understanding the effects of non-zero boundary fluxes for both activator
and inhibitor is increasingly important. By considering a non-zero activator bound-
ary flux for the one-dimensional GM system in Chapter 4 we initiate this line of
investigation as outlined in more detail below. The final context in which we study
strongly localized solutions is the three-dimensional GM model. Although our
analysis is heavily influenced by the work of Tzou et. al. [98] in which strongly
localized solutions of the three-dimensional Schnakenberg model are analyzed,
our analysis provides key new insights into the formation of strongly localized
solutions in three-dimensional systems in general. Specifically, in contrast to the
Schnakenberg model for which localized solutions can only be constructed in the
D = O(g7") regime, we find that localized solutions can be constructed in both
the D= 0(¢~") and D = (1) regimes for the three-dimensional GM model. We
trace this distinction back to the far-field behaviour of a particular core problem
and by calculating this far-field behaviour numerically we formulate several key
conjectures. The formulation of these conjectures as well as the detailed asymp-
totic analysis of localized patterns in the three-dimensional GM model is pursued
in Chapter 5 as outlined in more detail below.

The detailed outlines of the remaining chapters of this thesis are as follows.

In Chapter 2 we analyze a BMC PDE model in which a scalar linear two-
dimensional bulk diffusion process for the inhibitor is coupled to the classically
studied activator-inhibitor GM model posed on the domain boundary. In the sin-

gularly perturbed limit of a long-range inhibition and short-range activation for the
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membrane-bound species we use formal asymptotic methods to analyze the exis-
tence of localized steady-state multi-spike membrane-bound patterns and to derive
a nonlocal eigenvalue problem (NLEP) characterizing instabilities of these pat-
terns. A novel feature of this NLEP is that it involves a membrane Green’s function
that is coupled nonlocally to a bulk Green’s function. By considering two special
cases, mainly when the domain is a disk or when the bulk-bound inhibitor diffusiv-
ity is infinitely large, we can calculate this membrane Green’s function explicitly
which allows for the use of a hybrid analytical-numerical approach for determining
unstable spectra of the NLEP. This analysis reveals how bulk-membrane coupling
modifies the well-known linear stability properties of multi-spike equilibrium solu-
tions to the singularly perturbed one-dimensional GM mode in the absence of bulk-
membrane-coupling. In particular, bulk-membrane-coupling is shown to exhibit
both stabilization and destabilization with respect to either oscillatory instabilities
due to Hopf bifurcations or competition instabilities arising due to zero-eigenvalue
crossings. Moreover, in the case of oscillatory instabilities our analysis reveals an
intricate dependence on the coupling parameters as well as the diffusivity and time-
scale constant of the bulk-bound inhibitor. Finally, linear stability predictions from
the NLEP analysis are confirmed with full numerical finite element simulations of
the coupled PDE system. We remark that our approach is valid in more general
settings than the disk or the well-mixed shadow system, with the key hurdle being
the computation of the relevant Green’s functions. By restricting our detailed anal-
ysis to these two specialized cases, we can bypass the computational challenges of
calculating the Green’s functions and therefore focus instead on the novel effects
of coupling on the construction and stability of multi-spike solutions.

In Chapter 3 we incorporate bulk-membrane-coupling to the Brusselator model
posed on the unit sphere by coupling it to a passive diffusion process with an in-
homogeneous source for the activator within the bulk. Motivated by studies of the
Min and GTPase systems, for which proteins and signalling molecules originating
in the bulk attach to the membrane, our model proposes a mechanism whereby a
bulk-bound activator source term is transported to the membrane by diffusion. The
resulting membrane-bound feed term substitutes the external feed term included in
the classically studied Brusselator model required for sustaining pattern formation.

Our model therefore proposes a mechanism by which pattern sustaining feed terms
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can be introduced in a self-contained manner. In the singularly perturbed limit
where the membrane-bound activator diffusivity is asymptotically small, we use
formal asymptotic methods to construct and study the stability and slow dynamics
of localized solutions. In particular we derive a nonlinear algebraic system, glob-
ally coupled eigenvalue problem, and system of ODEs that determine, respectively,
the structure, stability and slow dynamics of a multi-spot solution. Furthermore we
highlight the key differences introduced by bulk-membrane coupling in compari-
son to previous studies of the uncoupled Brusselator model on the sphere [84, 91]
and unit disk [96]. In particular, we find that changes to the linear stability due
to bulk-membrane-coupling primarily result from a recirculation mechanism for
the membrane-bound activator. This recirculation effect also introduces an attrac-
tive term to the slow dynamics, but we show that it is weaker than the classically
observed coupling-independent repulsive term. Finally, analogously to results ob-
tained for the Brusselator on a two-dimensional disk [96], we find that spots are
attracted to local maximum points of the membrane-bound, bulk-originating, feed
term.

In Chapter 4 we study the effects of an inhomogeneous activator boundary flux
on the existence, linear stability, and slow dynamics of multi-spike solutions to the
singularly perturbed GM model on the unit interval in the singularly perturbed limit
of an asymptotically small activator diffusivity £2 < 1. Specifically, we use the
method of matched asymptotic expansions to construct multi-spike solutions using
two classical methods pioneered in [39, 104]. One of the novel aspects introduced
by assuming inhomogeneous Neumann boundary conditions for the activator is that
it necessitates the concentration of spikes at the boundaries. Furthermore these
spikes are parameterized by a shift parameters which plays a central role in the
linear stability of these boundary-bound spikes. Proceeding with standard methods
previously used for the singularly perturbed one-dimensional GM model we derive
a system of NLEPs governing the linear stability on an &'(1) timescale as well as
a system of ODEs governing slow spike dynamics on an ¢'(£~2) timescale. In the
simplest case of a single boundary-bound spike we formulate a scalar shifted NLEP
for which we establish partial stability results rigorously. Finally, by applying the
asymptotically derived structure, linear stability, and slow dynamic results as well

as full numerical simulations to examples of two-spike configurations involving
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both boundary and interior spike we highlight some of the novel phenomena that
arise.

In Chapter 5 we study the existence, linear stability, and slow dynamics of lo-
calized multi-spot solutions to the GM model in an arbitrary three-dimensional do-
main in the singularly perturbed limit of an asymptotically small activator diffusiv-
ity £2 < 1. Using the method of matched asymptotic expansions we determine that
in the D = 0(1) only symmetric multi-spike patterns can be constructed and these
are always linearly stable on an ¢/(1) timescale. In contrast, in the D = &'(e~!)
regime we find that both symmetric and asymmetric multi-spike patterns can be
constructed. However we show that the asymmetric patterns are always linearly
unstable on an (1) timescale whereas the symmetric patterns may, upon ex-
ceeding certain numerically computed thresholds, undergo oscillatory instabilities
through a Hopf bifurcation or competition instabilities through a zero-eigenvalue
bifurcation on an ¢(1) timescale. Both of these instability predictions are sup-
ported by full numerical simulations of the three-dimensional GM model using the
finite-element software FlexPDE 6 [1]. Furthermore, the existence of multi-spot
solutions in both the D = @(1) and D = €(e~!) regimes is traced back to the
far-field behaviour of a certain core problem which we may compute numerically
and from which we formulate several key conjectures. Additionally, we derive
a system of ODEs governing the slow dynamics of multi-spot solutions over an
0(£73) timescale in both the D = ¢/(1) and D = &(¢~!) regimes. Finally, by per-
forming a linear stability analysis we determine that multi-spike solutions in the
weak-interaction D = ¢/(&?) regime may undergo peanut-splitting instabilities and

we numerically demonstrate that this leads to a cascade of self-replication events.
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Chapter 2

The Linear Stability of
Symmetric Spike Patterns for a
Bulk-Membrane Coupled
Gierer-Meinhardt Model

The primary goal of this chapter is to initiate detailed asymptotic studies of strongly
localized patterns in coupled bulk-surface RD systems. To this end, we introduce
such a PDE model in which a scalar linear 2-D bulk diffusion process is coupled
through a linear Robin boundary condition to a two-component 1-D RD system
with Gierer-Meinhardt (nonlinear) reaction kinetics defined on the domain bound-
ary or “membrane”. Similar, but more complicated, coupled bulk-surface models,
some with nonlinear bulk reaction kinetics and in higher space dimensions, have
previously been formulated and studied through either full PDE simulations or
from a Turing instability analysis around some patternless steady-state (cf. [81],
[82], [83], [58], [58], [83], [56]). Our coupled model, formulated below, pro-
vides the first analytically tractable PDE system with which to investigate how
the bulk diffusion process and the bulk-membrane coupling influences the exis-
tence and linear stability of localized “far-from-equilibrium” (cf. [72]) steady-state

spike patterns on the membrane. In the limit where the bulk and membrane are
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uncoupled, our PDE system reduces to the well-studied 1-D Gierer-Meinhardt RD
system on the membrane with periodic boundary conditions. The existence and
linear stability of steady-state spike patterns for this limiting uncoupled problem is
well understood (cf. [107], [41], [20], [21], [1O5]).

Our model is formulated as follows: Given some 2-D bounded domain Q we

pose on its boundary an RD system with Gierer-Meinhardt kinetics

O = €292u —u-+uf )V, O0<o<L, >0, (2.1a)
7,0v =D,d2v— (1 +K)v+KV +& " )V, 0<o<L, t>0, (2.1b)

where ¢ denotes arc length along the boundary of length L, and where both u and
v are L-periodic. In Q we consider the linear 2-D bulk diffusion process

17,0,V = DpAV —V, xeQ, Dyd,V +KV =Ky, x€dQ, (2.1¢)

where the coupling to the membrane is through a Robin condition. The Gierer-
Meinhardt exponent set (p,q,m, s) is assumed to satisfy the usual conditions (cf. [41
1071])

p>1,  ¢>0, m>0, s>0, o<p;1<s+ml. (2.2)
In this model 7, and 7, are time constants associated with the bulk and membrane
diffusion process, D;, and D, are the diffusivities of the bulk and membrane in-
hibitor fields, and K > 0 is the bulk-membrane coupling parameter.

The remainder of this chapter is organized as follows. In §2.2 we use the
method of matched asymptotic expansions to derive a nonlinear algebraic system
for the spike locations and heights of a multi-spike steady-state pattern for the
membrane-bound species. A singular perturbation analysis is then used to de-
rive an NLEP characterizing the linear stability of these localized steady-states to
0(1) time-scale instabilities. A more explicit analysis of both the nonlinear al-
gebraic system and the NLEP requires the calculation of a novel 1-D membrane
Green’s function that is coupled nonlocally to a 2-D bulk Green’s function. Al-

though intractable analytically in general domains, this Green’s function problem
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is explicitly studied in two special cases: the well-mixed limit, D, > 1, for the bulk
diffusion field in an arbitrary bounded 2-D domain with C? boundary, and when Q
is a disk of radius R with finite Dj,.

In §2.3 we restrict our steady-state and NLEP analysis to these two special
cases, and consider only symmetric N-spike patterns characterized by equally-
spaced spikes on the 1-D membrane, for which the nonlinear algebraic system
is readily solved. In this restricted scenario, by using a hybrid analytical-numerical
method on the NLEP we are then able to provide linear stability thresholds for
either synchronous or asynchronous perturbations of the steady-state spike ampli-
tudes. More specifically, we provide phase diagrams in parameter space charac-
terizing either oscillatory instabilities of the spike amplitudes, due to Hopf bifur-
cations, or asynchronous (competition) instabilities, due to zero-eigenvalue cross-
ings, that trigger spike annihilation events. These linear stability phase diagrams
show that the bulk-membrane coupling can have a diverse effect on the linear sta-
bility of symmetric N-spike patterns. In each case we find that stability thresholds
are typically increased (making the system more stable) when the bulk-membrane
coupling parameter K is relatively small, whereas the stability thresholds are de-

creased as K continues to increase. This nontrivial effect is further complicated

t = 0.00 seconds t = 10.00 seconds t = 50.00 seconds

2.5

Figure 2.1: Snapshots of the numerically computed solution of (2.1) starting
from a 2-spike equilibrium for the unit disk with € = 0.05, D, = 10,
T, = 0.6, 7, = 0.1, K = 2, and D, = 10 (this corresponds to point 2 in
the left panel of Figure 2.12). The bulk inhibitor is shown as the colour
map, whereas the lines along the boundary indicate the activator (blue)
and inhibitor ( ) membrane concentrations. The results show a
competition instability, leading to the annihilation of a spike.
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Figure 2.2: Snapshots of the numerically computed solution of (2.1) starting
from a 2-spike equilibrium for the unit disk with € = 0.05, D, = 10, 7, =
0.6, 7, = 0.1, K = 0.025, and D, = 1.8 (this corresponds to point 5 in
the left panel of Figure 2.12). The bulk inhibitor is shown as the colour
map, whereas the lines along the boundary indicate the activator (blue)
and inhibitor ( ) membrane concentrations. The results show a
synchronous oscillatory instability of the spike amplitudes.

when studying synchronous instabilities, for which there appears to be a complex
interplay between the membrane and bulk timescales, 7, and 7, as well as with the
coupling K. At various specific points in these phase diagrams for both the well-
mixed case (with D, infinite) and the case of the disk (with D, finite), our linear
stability predictions are confirmed with full numerical finite-element simulations
of the coupled PDE system (2.1).

As an illustration of spike dynamics resulting from full PDE simulations, in
Figures 2.1 and 2.2 we show results computed for the unit disk with D, = 10,
showing competition and oscillatory instabilities for a two-spike solution, respec-
tively. The parameter values are given in the figure captions and correspond to
specific points in the linear stability phase diagram given in the left panel of Figure
2.12.

In §2.4 we use a regular perturbation analysis to show the effect on the asyn-
chronous instability thresholds of introducing a small smooth perturbation of the
boundary of the unit disk. This analysis, which requires a detailed calculation of
the perturbed 1-D membrane Green’s function, shows that a two-spike pattern can
be stabilized by a small outward peanut-shaped deformation of a circular disk. Fi-

nally, in §2.5 we briefly summarize our results and highlight some open problems
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and directions for future research.

2.2 Spike Equilibrium and its Linear Stability: General
Asymptotic Theory

2.2.1 Asymptotic Construction of N-Spike Equilibrium Solution

In this section we provide an asymptotic construction of an N-spike steady-state
solution to (2.1). Specifically, we consider the steady-state problem for the mem-

brane species

€202u, — e +uP /vl =0, 0<o <L, uisL-periodic, (2.1a)
D,02ve— (1+K)ve +KV,+e " /v =0, 0<o <L, visL-periodic,
(2.1b)
which is coupled to the steady-state bulk-diffusion process by
DAV, -V, =0, xe€Q,; Dy0d,V,+ KV, =Kv,, x€dQ. (2.1¢)

From (2.1c), the bulk-inhibitor evaluated on the membrane is readily expressed

in terms of a Green’s function as
L
Vo) =K | Ga(.5)n(5)ds, (22)
0

where we have used arc-length to parameterize the boundary. Here, Go(0,6) is

the Green’s function satisfying

DbeGQ(X,é) — GQ(X,&) =0, xeQ
Dy0,Go(0,6)+KGo(0,6)=38(c—6), 0<o<L.

(2.3)

We remark that the values of the bulk-inhibitor field within the bulk can likewise
be obtained with a Green’s function whose source is in the interior. However, for

our purposes it is only the restriction to the boundary that is important.
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At this stage the steady-state membrane problem takes the form

€202u — e +ul /v =0
L 2.4)
D,02v. — (1+K)v, —|—K2/ Ga(0,6)v.(6)d6 +¢&'ul /vi =0,
0

for 0 < o < L and which differs from the problem studied in [41] for the uncoupled
(K = 0) case only by the addition of the non-local term. This additional term leads
to difficulties in the construction of spike patterns. In particular, it complicates the
concept of a "symmetric" pattern since, in general, the non-local term will not be
translation invariant. Moreover, in the well-mixed and disk case, the construction
of asymmetric patterns is more intricate as a result of the non-local term.

We now construct an N-spike steady-state pattern for (2.4) characterized by an
activator concentration that is localized at N distinct spike locations 0 < 071 < ... <
oy < L to be determined. We assume that the spikes are well-separated in the sense
that |67(j11) moan} — 0; mod L|> g fori=1,...,N. Upon introducing stretched
coordinates y = ¢! (o — 0;), we deduce that the inhibitor field is asymptotically

constant near each spike, 1. e.
Ve ~ Vej = Ve(0). (2.5)

In addition, the activator concentration is determined in terms of the unique solu-

tion w(y) to the core problem

w —w4+wl =0, yeR,
(2.6)
w(0)=0, w(0)>0, w()—0 as |y|—oo.

Since the solution to the core problem decays exponentially as y — oo we deduce
that

N
u (o)~ Y viw(e'lo—0oj]), as e—0", (2.7)

N 1\
w(y):<p;r> [sech<p2y>] : (2.8)
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Next, since u, is localized, we have in the sense of distributions that

N
e Ul vy — o Y ve(0)]"8(6—0;)  as €07,
Jj=1

where we have defined

O = / :[W(y)]’”dy- (2.9)

In this way, for € — 0T, we obtain from (2.4) the following integro-differential

equation for the inhibitor field:
L N
D,d%v, — (14+K)v, +K2/ Ga(0,6)v.(6)dG = —w, Y Vi 8(c—0y).
0 j=1

To conveniently represent the solution to this equation we introduce the Green’s

function Gy (0, §) satisfying

Dvacer(?Q(G7 C) - (1 +K)G99(67 C)

L (2.10)
+8 [ 6a(0.6)Goa(6.£)d6 = ~5(0 - {),
0
for 0 < 0, < L. In terms of this Green’s function, the membrane inhibitor field is
given by
N —
ve(0) = 0n Y vl Gaalo,0)). (2.11)

j=1
Substituting 6 = o;, and recalling the definition v,; = v.(0;), (2.11) yields the N
self-consistency conditions

N
Vei — O Y Vi7Goq(0i,05) =0, i=1,...,N. (2.12)
j=1
These conditions provide the first N algebraic equations for our overall system in
2N unknowns to be completed below. The remaining N equations arise from solv-
ability conditions when performing a higher-order matched asymptotic expansion
analysis of the steady-state solution.

To this end, we again introduce stretched coordinates y = £~ (G —0j), but we
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now introduce a two-term inner expansion for the surface bound species for € — 0

as

e(y) ~ vew(y) +eur (y) + O (%),
ve(y) ~vej +Evi(p) +O(€%), Ve~ O(1).

(2.13)

Upon substituting this expansion into (2.1), and collecting the &'(€) terms, we get

— M -1 _ o r-1
Lour =uyp —ur +pwPup =gy whvy,

s m (2.14)
val tv, W =0.

Since £yw' = 0, the solvability condition for the first equation yields that
qu,-_] / wPw'vidy =0 — / (wPhvidy =0.
Then, we integrate by parts twice, use the exponential decay of w(y) as |y| — oo,
and substitute (2.14) for v . This yields that
oo ym—s

+ ;;v / L)Wy =0

L)i(y)

—oo

where we have defined I fo )]? +1dz. Since w is even, while I, is odd, the

integral above vanishes, and we get
Vi(4e0) +v](—o0) = 0.

In this way, a higher order matching process between the inner and outer solutions

yields the balance conditions,
8Gve(6i+0)+8ove(0'i—0):0, i=1,...,N.

By using (2.11) for v,, we can write these balance equations in terms of the Green’s

function Gyq, as

v [06Gaq(0i+0,01) + d6Gaa(0;— 0,0)] +2 Y v!7 9:Gaq(0;, 07) =0,
J#i
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fori=1,...,N. We summarize the results of this formal asymptotic construction

in the following proposition:

Proposition 2.2.1. As € — 0" an N-spike steady-state solution to (2.1) with spikes

centred at Gy, ..., Oy is asymptotically given by

N N
(o)~ Y viw(e 'lo—0jl),  ve(o)~an ) vl *Goa(o,0)), (2.159)
=1 =
N ) L
V(o) ~ ok Y1y /O Ga(0,8)G)a(6,0,)d5, (2.15b)
J:

where @, = [*_[w(y)]"dy, y=q/(p—1), and Gq and G q are the bulk and mem-

brane Green’s functions satisfying (2.3) and (2.10) respectively. Here the steady-
state spike locations Gy, ...,0n and Ve, ..., ven, which determine the heights of the
spikes, are to be found from the following non-linear algebraic system:

N
Vei — @ Y VY Gaq(0i,05) =0, (2.16a)
Jj=1
Vi [06Ga(0i+0,01) + 95Gya(0i —0,0:)] +2 Y vI7 " 95Gya(0i,6;) =0, (2.16b)
J#

foreachi=1,... N.

2.2.2 Linear Stability of N-Spike Equilibrium Solution

In our linear stability analysis, given below, of N-spike equilibrium solutions we
make two simplifying assumptions. First, we focus exclusively on the case s = 0.
Second, we consider only instabilities that arise on an ¢'(1) timescale. Therefore,
we do not consider very weak instabilities, occurring on asymptotically long time-
scales in &, that are due to any unstable small eigenvalue that tends to zero as
e —0.

Let u.(0), v.(0), and V,(x) denote the the steady-state constructed in §2.2.1.

For A € C, we consider a perturbation of the form
u(0) = u(0) +e*9(0), v(0) =ve(0) +eMy(0), V(x)=Velx) +eMn(x),
where ¢, v, and N are small. Upon substituting into (2.1) and linearizing, we
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obtain the eigenvalue problem

2020 — ¢+ pul v 19 —qulv, Ty =29,  0<o<lL,
D2y —pi w+Kn=—me Wy, 0<o<L,
DyAn —uhn =0, x€Q,
Dydan +Kn =Ky,  x€aQ,

where we have defined i, and 1, by

P = VI+K+TA, Wy =V1+5A.
The bulk inhibitor field evaluated on the boundary is represented as
L
1(0) =K | Gh(0.0)w(0)do,
where Gg is the A-dependent bulk Green’s function satisfying

DyAGh(x,6) — u% Go(x,6) =0, xeQ,
Dy0,Gb(0,6)+KGh(0,6)=8(c—6), 0<o<L.

Next, we seek a localized activator perturbation of the form

¢(0) ~ Z, 9;(e"'[o —aj]),

(2.17a)
(2.17b)
(2.17¢)
(2.17d)

(2.18)

(2.19)

(2.20)

where we impose that ¢;(y) — 0 as |y| — co. With this form, we evaluate in the

sense of distributions that

el mu" g — mivlﬁm_l) </°° [w(y)}m_]q)j(y)dy) S(c—o0;) ase—0".

Jj=1
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By using this limiting result in (2.17b), the problem for y becomes
L
D05y — ufw+1<2/0 Gk (0,6)y(6)dé
m— —
—n X ([ ooy e - o)
j=1 —oo

The solution to this problem is represented as

oo

mz 1nDGh (6,0) / WO )y, @2D)

—oo

where Ggg is the A-dependent membrane Green’s function satisfying

L
D,33G5q(0,8) — 11, Gho(0,0) + K /0 G4(0,6)G54(6,8)dé =—8(c— (), (2.22)

for0 <o, < L.

Next, it is convenient to re-scale v, as

1 |
Ve(G) = 0y " 0.(0), Vej = @O " Dej. (2.23)

In the stretched coordinates y = €' (0 — 0;), we use (2.21) to obtain that (2.17a)

becomes
1
W g;dy
i+ pwP Lo — mgw” vy 'Gh 0;,0 prim= l)f = L2 =2
— i+ pw ¢ —mq JZ 50(0i,0))0; T dy 0
To recast this spectral problem in vector form we define
(o) Vet 0 Gho(01,01) -+ Gh (01, 08)
¢= o= G = : , 224
on 0 Ve Gho(on,01) -+ GAg (0w, o)
and we introduce the matrix & by
&=y gl Y. (2.25)
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In this way, we deduce that ¢ must solve the vector nonlocal eigenvalue problem
(NLEP) given by

LSS Ee () dy

"(y) — wP ! — mqw = = . .
" ()=o) +pw d(y) —mg = w0 dy A(y). (2:26)

We can reduce this vector NLEP to a collection of scalar NLEPs by diagonalizing
it. Specifically, we seek perturbations of the form ¢ = ¢¢ where ¢ is an eigenvector
of &, that is

Ec=x(A)e. (2.27)

Then, it readily follows that the vector NLEP (2.26) can be recast as the scalar

NLEP i}
o wm) 1o (y)dy

Jo )] dy

where x(A) is any eigenvalue of &. In (2.28), the operator %), referred to as the

Lo —max (A)w” =19, (2.28)

local operator, is defined by

Lo =0"(y) — () +pw’ 1o (y). (2.29)

Notice that we obtain a (possibly) different NLEP for each eigenvalue x (A1) of &.
Therefore, the spectrum of the matrix & will be central in the analysis below for

classifying the various types of instabilities that can occur.
2.2.3 Reduction of NLEP to an Algebraic Equation and an Explicitly
Solvable Case

Next, we show how to reduce the determination of the spectrum of the NLEP (2.28)

to a root-finding problem. To this end, we define c¢,, by

Jo )" e () dy
Jow)mdy

cm=mgx (L) (2.30)

and write the NLEP as (%) — )¢ = ¢,,wP, so that ¢ = c,,(L — A)~'wP. Upon

m—1

multiplying both sides of this expression by w” ", we integrate over the real line

and substitute the resulting expression back into (2.30). For eigenfunctions for
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which [ w" !¢ dy # 0, we readily obtain that 2 must be a root of &7 (1) = 0,

where

dA)=CA)—FA), CA)=—

[ O™ N (L — L) w(y))Pdy
[ w)Imdy

Since, it is readily shown that there are no unstable eigenvalues of the NLEP (2.28)

/ w" lody =0,

the roots of <7 (A ) = 0 will provide all the unstable eigenvalues of the NLEP (2.28).
For general Gierer-Meinhardt exponents, the spectral theory of the operator

(2.31)

for eigenfunctions for which

2 leads to some detailed properties of the term .% (1) for various exponent sets
(cf. [105]). In addition, to make further progress on the root-finding problem
(2.31), we need some explicit results for the multiplier y(1).

For special sets of Gierer-Meinhardt exponents, known as the “explicitly solv-
able cases” (cf. [70]), the term .% (1) can be evaluated explicitly. We focus specif-
ically on one such set (p,q,m,0) = (3,1,3,0) for which the key identity Zyw? =
3w? holds, where w = v/2sechy from (2.8). Thus, after integrating by parts we

obtain
°° “ (LA (L - A1) wd
/_WW2(30_A)lw3dy: f—oo( 0 )";_(AO ) w-ay
f WL —A) (L —A) Wy [T wdy
3—14 3-2

By making use of the identities

377: °°
5 3
wdy = — widy =2,

we obtain that .7 (1) = 9/[2(3 —A)], so that the root-finding problem (2.31) re-
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duces to determining A such that
HdA)=—~<——F=0. (2.32)

In addition to the explicitly solvable case (p,q,m,s) = (3,1,3,0), the root-
finding problem (2.31) simplifies considerably for a general Gierer-Meinhardt ex-
ponent set, when we focus on determining parameter thresholds for zero-eigenvalue
crossings (corresponding to asynchronous instabilities). Since Zyw = w" —w +

pwP = (p—1)w?, it follows that .Zo_lwl’ = ﬁw, from which we calculate

Therefore, a zero-eigenvalue crossing for a general Gierer-Meinhardt exponent set
occurs when .
mq
g(0)=————"—=0. (2.33)
x(0) p—1

2.3 Symmetric N-Spike Patterns: Equilibrium Solutions
and their Stability

For the remainder of this chapter we will focus exclusively on symmetric N-spike
steady-states that are characterized by equidistant (in arc-length) spikes of equal
heights. Due to the bulk-membrane coupling it is unclear whether such symmetric
patterns will exist for a general domain. Indeed it may be that a spike pattern with
spikes of equal heights may require the equidistant requirement to be dropped.
These more general considerations can perhaps be better approached by requiring
that the Green’s matrix %akg admit the eigenvector e = (1,...,1)7. A detailed study
of the geometries for which such an eigenvector can be found remains to be done.

Avoiding these additional complications, we focus instead on two distinct cases
for which symmetric spike patterns, as we have defined them, can be constructed.
The first case is the disk of radius R, denoted by Q = Bg(0), and the second case
corresponds to the well-mixed limit for which D, — oo in an arbitrary bounded

domain with C? boundary. The membrane and bulk Green’s functions in these two
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special cases can be found in the Appendices B.1.2 for the well-mixed case, and
B.1.3 for the disk. In both cases the Green’s function is invariant under translations,

satisfying
Gio(o+0® modL,{+0 modL)=Gya(0,8), Vo,{e[0,L), VR

By using this key property in (2.16a), we calculate the common spike height as

kL I—ym+s
Vej = Ve = |:a)m GaQ <N70>:| . (2.1)
k=0

With a common spike height, the balance equations (2.16b) then reduce to

N—1
kL
[5G0 (07,0) +95Gya(07,0)] +2 Y 95Gaq <N,o) =0, (2.2)
k=1
which can be verified either explicitly or by using the symmetry of the Green’s
function.
For a symmetric N-spike steady-state the NLEP (2.28) can be simplified sig-
nificantly. First the matrix &, defined in (2.25), simplifies to

_ Aym—=15A
&= Veo gaﬂ‘

Therefore, from (2.27) it follows that (1) = ﬁzgl_lu(l), where 1(A) is an eigen-
value of the Green’s matrix %;Q defined in (2.24). Furthermore, by using the bi-

translation invariance and symmetry of Ggg, we can define
A — A A ..
Hf;_; = Gho(l0i — 0j],0) = Gho(li — JIL/N,0), (2.3)

which allows us to write the Green’s matrix as

A A A A
H Hi Hy --- Hy_,
A A A A
y) Hy , Hy H{ -+ Hy,
gBQ = . . . . . )
A A A A
Hj Hy Hj Hy
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which we recognize as a circulant matrix. As a result, the matrix spectrum of galg

is readily available as
N-1 T
.27 - 2T -2m(N-2) :27(N—1)
(L) = Z;ﬁlg%j cr(L) = (1,61%",... P e %”) 4
J=0

forallk=0,...,N—1.

For each value of k =0,...,N — 1 we obtain a corresponding NLEP problem
from (2.28). Since ¢o = (1,...,1)T we can interpret this “mode” as a synchronous
perturbation. In contrast, the values k =1,...,N — 1 for N > 2 correspond to asyn-
chronous perturbations, since the corresponding eigenvectors ¢, (A ) are all orthog-
onal to (1,...,1)". Any unstable asynchronous “mode” of this type is referred to
as a competition instability, in the sense that the linear stability theory predicts that
the heights of individual spikes may grow or decay, but that the overall sum of all
the spike heights remains fixed. For each value of k, the NLEP (2.28) becomes

oW o(y)dy a
! JoL )] dy =19, (2.5)

209 —maqxi(A)w

where

_ () _ m(A)
) = ST G GLINO) — Hol0) (2.b)

Thus, each NLEP leads to a distinct algebraic system of the form (2.31) corre-

sponding to yx(A) for k =0,...,N. In particular, for the explicitly solvable case

(2.32) becomes
1 B 9/2
Cou(d) 3-47

In addition, note that when K = 0 the bulk dependent term in (2.22) vanishes and

2 (A)

Ggg reduces to the uncoupled periodic Green’s function (see Appendix B.1.1).
In such a case the expression for y;(A) in (2.5) reduces to that of the classical
uncoupled case. When K > 0 further analysis of the NLEP (2.5) requires details of

the Green’s function Ggg, which are available in our two special cases.
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2.3.1 NLEP Multipliers for the Well-Mixed Limit

In the well-mixed limit, D;, — oo, the membrane Green’s function, satisfying (2.22),

is given by (see (B.5) of Appendix B.1)

2
Ghglo.0) =T (o~ L)+ B = KN

. Q6
My u (1 +B)— KB -

where B = KL/A. Here I'* is the periodic Green’s function for the uncoupled
(K = 0) problem, which is given explicitly by (B.2) of Appendix B.1 as

1 Usp L Mgy 1 . Hp,
M) =~ coth h —————sinh
0 =5 7, < <2N/DV>C°S <x/lTv|x|> 2/Dopty (xﬁ g |>

After some algebra we use (2.4) to calculate the eigenvalues p;(4) of the Green’s

matrix as

N
Z I (jL/n)e! ot S0 ‘u%

SA
B 1 cosh( zx%) sinh( 2/%1)1/%‘,) s Ny,
2Dy sinh (B85 4 ) sinh (Bl im0 2

where ;o is the Kronecker symbol. In this way, we obtain from (2.5) that the
NLEP multipliers are given by

() = z\/D%m Com(ﬁ%) NVA’ .
b con sk ) +52
| cosh (- ) sin (ﬁi%—v)
2(A) = 2Pt sinn (50 + ) sinh (55— ) 2.7b)

)
1 .u'xOL N Y0
5—=—— coth
2/D, 110 (ZN\/DV) + U

fork=1,...,N —1. We observe from the y(A) term in (2.7), that any synchronous
instability will depend on the membrane diffusivity D, only in the form N?D,. This

shows that a synchronous instability parameter threshold will be fully determined
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by the one-spike case upon rescaling by 1/N?. We remark here that the numer-
ator for ) (A) can be simplified by using the identity sinh(z + ia)sinh(z — ia) =
1[cosh(2z) — cos(2a)] so that jxx(A) is real valued whenever ImA = 0.

2.3.2 NLEP Multipliers for the Disk

In the disk we can calculate the membrane Green’s function as a Fourier series (see
(B.7) of Appendix B.1)

oo

1 Lo
G%Q(Gag):ﬁ Z gieR(G C), (2.8)

n—=—oo

where gff is given explicitly by

1
A
8n = 2 (293)
D.(3) 45—k}
and where
1 I, (@1
o py(r) = I @) B (2.9b)

- DyPy(R)+K’ Ly (@p2R)’ Dy,

Here I,(z) is the n'" modified Bessel function of the first kind. From (2.4) the

eigenvalues of the Green’s matrix become

21 (k+n)j

wA) =5 Y gb Y e
27R =71 15
By using the identities

Nl j22lken) N né€eNZ-—k,

eV = , and g’_L 0= g,’} ,
j=0 0 otherwise
the eigenvalues are given explicitly by
N 2, N v A
(L) = AR T oaR ng,l (&nvk + &nv—r)-
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Therefore, since yx(A) = pr(A)/uo(0), the NLEP multipliers are given by

A oo A A
_ gk +Zn:1 (gnNJrk +gank)

Xk(A) -
( g0 +2Ym 8y

., k=0,....N—1. (2.10)

2.3.3 Synchronous Instabilities

From (2.33), and the special form of y;(24) given in (2.5), we deduce that

A(0) =1~ % <0,

where the strict inequality follows from the the usual assumption (2.2) on the
Gierer-Meinhardt exponents. As a result, synchronous instabilities do not occur
through a zero-eigenvalue crossing, and can only arise through a Hopf bifurcation.
To examine whether such a Hopf bifurcation for the synchronous mode can oc-
cur, we now seek purely imaginary zeros of <% (A ). Classically, in the uncoupled
case K = 0, such a threshold occurs along a Hopf bifurcation curve D, = D}(t;)
(cf. [105]). We have an oscillatory instability if 7, is sufficiently large, and no such
instability when 7, is small (cf. [105], [106]). Bulk-membrane coupling introduces
two additional parameters, 7, and K, in addition to the quantities L and A for the
well-mixed case, or R and D,, for the case of the disk. Thus, it is no longer clear
how the existence of a synchronous instability threshold D, = D} (1) will be mod-
ified by the additional parameters. Indeed, the analysis below reveals a variety of
new phenomenon such as the existence of synchronous instabilities for 7, = 0 and
islands of stability for large values of 7;,. These are two behaviours that do not
occur for the classical uncoupled case K = 0.

We begin by addressing the question of the existence of synchronous instabil-
ity thresholds. The key assumption (supported below by numerical simulations)
underlying this analysis is that synchronous instabilities persist as either the bulk
and/or membrane diffusivities increase. While this assumption is heuristically rea-
sonable (large diffusivities make it easier for neighbouring spikes to communicate)
an open problem is to demonstrate it analytically. With this assumption it suffices
to seek parameter values of 7y, 7, and K for which no Hopf bifurcations exist when

D, — o in the well-mixed limit Dj, — oco.
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As a first step, we remark that in [105] it was shown that Re.# (iA;) is mono-
tone decreasing when A; > 0 for special choices of the Gierer-Meinhardt exponents
(see also [106]). The monotonicity of this function for general Gierer-Meinhardt
exponents is supported by numerical calculations. Thus we expect that Re.Z (id;)
decreases monotonically from Re.# (0) = meq] > 1 as 4; > 0 increases. Further-
more, numerical evidence suggests that Re%((iA;) is monotone increasing in A;.
Since 6,(0) = 1 there must exist a unique root ; = A} > 0 to Re#/(id;) =0
bounded above by A/, the unique solution to Re.Z (iA}") = 1, which depends solely
on the exponents (p,q,m,0). Therefore in the limit D,, — oo the well-mixed NLEP

multiplier, as given in (2.7), becomes

o(a) ~ ot + B) ~ KB [ pi + B
s (i +B)—KB \ o +B )

Seeking a purely imaginary root of <% (A) = 0 we focus first on the real part. We

calculate

148 KB 1 .
Rea (i) = 1+IB+K<1+K_ 14+B 14 (f’fB’)Z> ~ReF i),

and note that the root A; = A/ (15, K) to Re.a%(iA;) = 0 is independent of 7,. Next,
for the imaginary part we calculate

. 1+ KB 1B ) .
Imaty(id)f) = ————| 7 . A —ImZ (iA]).
m O(ll) 1+ﬁ+K(T+1+B1+(;’TII3)2 1 m (ll)

Fortunately, at each fixed value of 7, the threshold K = K(7,) can be calculated
as the t;-level-set of a function depending only on K and 7. Indeed the condition

Im.a% (iA}) = 0 can equivalently be written as

1+B

Ima(id;) = T+B+K

(rs - ///(rb,K)>/1,* =0, .11
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where we have defined

) = 1+B+K\ ImZ(iA}) KB 5 o
R N AF 1+ 1+(%§)2 '

Inthe (p,q,m,s) = (3,1,3,0) explicitly solvable case we find that Im.% (id}) =
1A/ ReZ (i}), so that by solving Re#(iA;) = 0 for Re.Z (iA}"), (2.12) becomes

1
1+K KB [ 1ipt3
%(T}”K): 3 - 1_|_B 1 TAf\ 2

+(1+ﬁ)

By substituting this expression into (2.11), we deduce the existence of two distinct
threshold branches obtained by considering the limits K > 1 and K < 1. In this

way, we derive

11 1
T— M (T, K) ~Ty— =+ — T — = +6’(K*1) for K> 1,
3 Bo 3
11
Ts—j/(rb,K)Nfs—g—gK—kﬁ(I@) for K<,

where ffy = L/A. Notice that in ordering both of these asymptotic expansions we
have used that 0 < A;* < A, where the upper bound is independent of K. In the
K > 1 regime we deduce that if 7, = % — ﬁo(rs — %), then Im.a%(iA}) = 0 forces
K — oo, implying the existence of a threshold branch emerging from K = o at
these parameter values. We remark here that in the K = oo limit we have V = v
on the boundary and therefore the contribution of V to the membrane equation
is just the Dirichlet to Neumann map of v. Furthermore, since 7, approaches 0
when T, tends to %(ﬁ + 1), we deduce that this branch will disappear for suffi-
ciently large values of 7;. In addition, in the K < 1 regime we find that a new
branch given by K ~ 37, — 1 emerges when 7, > % The left panel of Figure 2.3
shows the numerically-computed contours of .# (7,,K) for the explicitly solvable
case (p,q,m,s) = (3,1,3,0). The right panel of Figure 2.3 shows a qualitatively
similar behaviour that occurs for the prototypical Gierer-Meinhardt parameter set

(p,q,m,s) = (27 1’270)'
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. oContour Plot of M(tg, K) for (p,q,m,s)=(3,1,3,0)
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Figure 2.3: Level sets of .#(7,,K) for Gierer-Meinhardt exponents
(p,q,m,s)=(3,1,3,0) (left) and (p,q,m,s) = (2,1,2,0) (right). In both
cases the level set value corresponds to a value of 7, = .#(7,,K). Note
also the contours tending to a vertical asymptote, and the emergence of
a horizontal asymptote as 7; exceeds some threshold. Geometric param-
etersare L=27 and A = 7.

The preceding analysis does not directly predict in which regions synchronous

instabilities exist, as it only provides the boundaries of these regions. We now
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Figure 2.4: Colour map of the synchronous instability threshold Dj in the K
versus T, parameter plane for the well-mixed explicitly solvable case for
various values of 7; with L =27 and A = m. The dashed vertical lines
indicate the asymptotic predictions for the large K threshold branch,
while the dashed horizontal lines indicate the asymptotic predictions
for the small K threshold branch. The unshaded regions correspond to
those parameter values for which synchronous instabilities are absent.

outline a winding-number argument, related to that used in [106], that provides
a hybrid analytical-numerical algorithm for calculating the synchronous instabil-
ity threshold D, = D} (K, 1, ;). Furthermore, as we show below, this algorithm
indicates that synchronous instabilities exist whenever .Z (175, K) < T;.
Synchronous instabilities are identified with the zeros to (2.31) having a posi-
tive real-part when ¥ (4) in (2.31) is replaced by xo(A). By using a winding num-
ber argument, the search for such zeros can be reduced from one over the entire
right-half plane Re(A) > 0 to one along only the positive imaginary axis. Indeed,
if we consider a counterclockwise contour composed of a segment of the imagi-

nary axis, —p < ImA < p, together with the semi-circle defined by |A| = p and
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—m/2 < argA < m/2, then in the limit p — o the change in the argument as the
contour is traversed is
Aarg #y(A) = 21(Z — 1), (2.13)

where Z is the number of zeros of 7 with positive real-part. Here we have used
that xo(A4) # 0 when Re(A4) >0, while .% (1) has exactly one simple (and real) pole
in the right-half plane corresponding to the only positive eigenvalue of the self-
adjoint local operator .%y (cf. [107]). We immediately note that .# (1) = O(A~1)
for |A| > 1, |argA| < w/2, whereas for |A| > 1 and |argA| < /2

N\/ DVTS ),1/2
TR ’

Go(A) ~ 210 (0)VTDAY2, Go(A) ~ 1o (0) (2.14)

for the well-mixed limit and the disk cases, respectively. Therefore, in both cases
we have (1) ~ O(A'/?) for |A| > 1 with |argA| < 7/2, so that the change in
argument over the large semi-circle is /2. Furthermore, since the parameters in
o1y (A) are real-valued, the change in argument over the segment of the imaginary
axis can be reduced to that over the positive imaginary axis. In this way, we deduce
that

5 1 _
Z= 3+ _Aarg gl (id1)]; ¢ ) (2.15)

We readily evaluate the limiting behaviour limy, ., arg.2%(iA;) = /4. Moreover
since ¥o(0) = 1 we evaluate <% (0) = 1 — p"’%’l < 0 by the assumption (2.2) on
the Gierer-Meinhardt exponents. Numerical evidence suggests that Re.o#(il;) in-
creases monotonically with A; and there should therefore be a unique A; for which
Re/(iA]) = 0. We conclude that there are two positive values for the change in
argument, and hence the number of zeros of 2% (A) in Re(A) > 0 is dictated by the
sign of Im.a%(iA}") as follows:

Z=2 if Imah(iA})>0, or Z=0 if Imak(iA})<0. (2.16)

Note in particular that, in view of the expression (2.11) for Im.e#(iA;), this crite-
rion implies that synchronous instabilities will exist whenever M (1, K) < Ty in the
previous analysis. Within this region, the criterion (2.16) suggests a simple numer-

ical algorithm for iteratively computing the threshold value of D, = D}(K, 1, ).
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Figure 2.5: Synchronous instability threshold D} versus K for two pairs of
(75,7p) for a one-spike steady-state (N = 1) in the unit disk (R = 1).
The quality of the well-mixed approximation rapidly improves as Dy, is
increased. The labels for D;, in the right panel also apply to the left and
middle panels.

Specifically, with all parameters fixed, we first solve Re.o(id;) = O for A. Then,
we calculate Im.a%(iA) and increase (resp. decrease) D, if Im.o7(id) < O (resp.
Im.% (iA?) > 0 until Im%(iA) = 0. This procedure is repeated until |-« (iA)| is
sufficiently small.

Using the algorithm described above, the results in Figure 2.4 illustrate how
the synchronous instability threshold D} depends on parameters 7, 75, and K for
the explicitly solvable case in the well-mixed limit. From these figures we observe
that coupling can have both a stabilizing and a destabilizing effect with respect to
synchronous instabilities. Indeed, on the K = 0 axis we see, as expected from the
classical theory, that synchronous instabilities exist beyond some 7, value. How-
ever, well before this threshold of 7, is even reached it is possible for synchronous
instabilities to exist when both 7, and K are sufficiently large. In contrast, we also
see from the panels in Fig. 2.4 with 7, = 0.36, 7, = 0.38, and 7; = 0.4 that when
Tp is sufficiently small, there are no synchronous instabilities when the coupling
K is large enough. Perhaps the most perplexing feature of this bulk-membrane

interaction is the island of stability that arises around 7, = 0.4 and appears to per-
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Figure 2.6: Asynchronous instability thresholds D, versus the coupling K in
the well-mixed limit for different values of L, different (N, k) pairs, and
for domain areas A = 3.142 (solid), 1.571 (dashed), and 0.785 (dotted).

sist, propagating to larger values of 7, as 7, increases (only shown up to 7, = 0.6).
Finally in Figure 2.5 we demonstrate how the synchronous instability threshold be-
haves for finite bulk-diffusivity. A key observation from these plots is that that the
instability threshold increases with decreasing value of D;, which further supports

our earlier monotonicity assumption.

2.3.4 Asynchronous Instabilities

Since asynchronous instabilities emerge from a zero-eigenvalue crossing there are
two significant simplifications. Firstly, the thresholds are determined by the non-
linear algebraic problem <% (0) = 0, for each mode k = 1,...,N — 1, as given by
(2.31) in which x(A) is replaced by xx(A) as defined in (2.5). Secondly, by set-
ting A = 0, it follows that all 7; and 7, dependent terms in );(A) vanish. There-
fore, asynchronous instability thresholds are independent of these two parameters.
The resulting nonlinear algebraic equations are readily solved with an appropriate
root finding algorithm (e.g. the brentq routine in the Python library SciPy). Fur-
thermore, in the uncoupled case (K = 0) the threshold can be determined explic-
itly (notice that when K = 0 the well-mixed and disk cases coincide). Indeed,

defining z = 2N\L/[T, and y = mk/N, the algebraic problem #%(0) = 0 becomes
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Figure 2.7: Asynchronous instability thresholds D, versus the coupling K for
the unit disk with Gierer-Meinhardt exponents (3,1,3,0), and for dif-
ferent D;,. The dashed lines show the corresponding thresholds for the
well-mixed limit. The legend in the bottom right plot applies to each
plot.

(% — 1) sinh?(z) = sin’*(y). From this relation it readily follows that the com-

petition stability threshold for K = 0 is

k k -
sin<7]rv>‘_|_\/mqp—pl+l sin2<’]‘v>+1ﬂ . 217)

Figure 2.6 illustrates the dependence of the asynchronous threshold on the ge-

2N —
D, = [Llog< mq’:pﬂ

ometric parameters L and A for the well-mixed limit. In Figure 2.7 the effect of
finite bulk diffusivity D, is explored for the unit disk. This figure also illustrates
that while the asynchronous threshold tends to zero as K — oo for sufficiently large
values of D, the same is not true for small values of D;. It is however worth re-
membering that for large K, where the competition threshold value of D, appears

to approach zero in these figures, the result is not uniformly valid since the NLEP

46



derivation required that D, >> €.

2.3.5 Numerical Support of the Asymptotic Theory

In this subsection we verify some of the predictions of the steady-state and lin-
ear stability theory by performing full numerical PDE simulations of the coupled
bulk-membrane system (2.1). In particular we first give an outline of the numerical
method used for solving (2.1). We then use full numerical simulations to quantita-
tively support our predicted synchronous instability threshold. Finally we consider
a gallery of numerical simulations that qualitatively support the asymptotic theory

developed above.

Outline of Numerical Methods

The spatial discretization of (2.1) in the well-mixed limit is simplified by observing
that equation (2.1c) reduces to an ODE. In particular, to leading order V must
be spatially homogeneous so that by integrating (2.1c) and using the divergence
theorem we obtain that V (¢) must satisfy the ODE

ﬁ L
r,,wz—(ﬁ—l)VJr/ vdo. (2.18)
Lo

The remaining equations (2.1a) and (2.1b) can be discretized using a finite-difference
method on a uniform discretization of the interval [0,L]. Using this same dis-
cretization we can numerically evaluate the integral appearing in (2.18) using the
trapezoidal rule.

When the bulk diffusivity D} is finite we use the finite-element method with
linear basis functions for the bulk equation (2.1c). Using the nodes on the bound-
ary of the bulk triangulation we can use the finite difference method to discretize
the boundary equations (2.1a) and (2.1b). This aspect of the computation is simpli-
fied by enforcing the bulk-triangulation to have boundary nodes that are uniformly
distributed with respect to the arc-length. In addition, we remark that the relevant
integral contribution of v(x,) to the bulk finite-element discretization requires only
the values of v(x,7) at the boundary nodes as can be seen by expanding v(x,?) in

terms of the restriction of the linear basis functions to the boundary.
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For both the well-mixed case and the disk problem, the spatial discretization

ultimately leads to a large system of ODEs

dw
= AW +F(W). (2.19)

Here the matrix A arises from the spatially discretized differential operators, while
F (W) denotes the reaction kinetics and the bulk-membrane coupling terms.

The choice of a time-stepping scheme for reaction diffusion systems is gener-
ally non-trivial. Since the operator A is stiff, it is best handled using an implicit
time-stepping method. On the other hand, the kinetics F (W) are typically non-
linear so explicit time-stepping is favourable. Using a purely implicit or explicit
time-stepping algorithm therefore leads to substantial computation time, either by
requiring the use of a non-linear solver to handle the kinetics in the first case, or by
requiring a prohibitively small time-step to handle the stiff linear operator in the
second case. This difficulty can be circumvented by using so-called mixed meth-
ods, specifically the implicit-explicit methods described in [2]. We will use a sec-
ond order semi-implicit backwards difference scheme (2-SBDF), which employs
a second-order backwards difference to handle the diffusive term together with an
explicit time-stepping strategy for the nonlinear term (cf. [85]). This time-stepping
strategy is given by

(31— 2At A YW = 4W" AAtF (W) — W1 —2AtF (W), (2.20)

To initialize this second-order method we bootstrap with a first order semi-implicit
backwards difference scheme (1-SBDF) as follows:

(IT—AtA)W™ = W™ + AtF (W™). (2.21)

We will use the numerical method outlined above in the two proceeding sections.
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Figure 2.8: Comparison between numerical and asymptotic synchronous in-
stability threshold for N =1 with L=2n,A=x, 7, = 0.6, and 7, = 0.01.
Notice that, as expected, the agreement improves as € decreases.

Quantitative Numerical Validation: Numerically Computed Synchronous
Threshold

We begin by describing a method for numerically calculating the synchronous in-
stability threshold for a one (or more) spike pattern. Given an equilibrium solution
(uo,vo, Vo), for sufficiently small times the numerical solution will evolve approxi-

mately as the linearization
u(0,1) =uo(0) +e9(0), v(0,1)=w(0)+e*y(o), V(o,1)=Vo(0)+eHn(0).

For € > 0 fixed and sufficiently small the steady-state will be very close to that
predicted by the asymptotic theory. By initializing the numerical solver with one
of the steady-state solutions predicted by the asymptotic theory, and then tracking
its time evolution, we will thus be able to approximate the value of Re(A). If we
fix a location on the boundary ¢* (e.g. one of the spike locations) and let 1} <
13 < ... denote the sequence of times at which u(c™,¢) attains a local maximum or
minimum in 7, then the sequence uj = u(G*,tj*.) (j =1,..,) will approximate the
envelope of u(c*,t). If this sequence is diverging from its average then ReA > 0,

whereas if it is converging then ReA < 0. Furthermore, by writing

iy —uo(0)| ~ "R (07)],
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we can solve for Re(A) by taking two values ¢ > ¢ sufficiently far apart to get

~ 10g|u;—uo(6*)] —log|u; uo((f*)}

m
* __ 4k
=iy

Re(1)

This motivates a simple method for estimating the synchronous instability thresh-
old numerically. Starting with some point in parameter space (chosen close to the
threshold predicted by the asymptotic theory) we approximate Re(A4) and then in-
crease or decrease one of the parameters to drive Re(A4) toward zero. Once Re(A)
is sufficiently close to zero we designate the resulting point in parameter space as
a numerically-computed synchronous instability threshold point.

In the well-mixed limit, we fix values of K and vary D, using the numerical
approach described above until Re(A) is sufficiently small. The results in Figure
2.8 compare the synchronous instability threshold for N = 1 in the well-mixed
limit as predicted by the asymptotic theory and by our full numerical approach for
€ =0.3,0.4,0.5. We observe, as expected, that the asymptotic prediction improves
with decreasing values of &, but that the agreement is non-uniform in the coupling

parameter K.

Qualitative Numerical Support: A Gallery of Numerical Simulations

We conclude this section by first showcasing the dynamics of multiple spike pat-
terns for several choices of the parameters K, D,,, Ty, and 7, in the well-mixed limit.
We will focus exclusively on the explicitly solvable Gierer-Meinhardt exponent
set (p,q,m,s) = (3,1,3,0) with € = 0.05 and the geometric parameters L = 27
and A = w. For the numerical computation we discretized the domain boundary
with 1200 uniformly distributed points (Ac ~ 0.00524) and used trapezoidal in-
tegration for the bulk-inhibitor equation (2.18). Furthermore, we used 2-SBDF
time-stepping initialized by 1-SBDF with a time-step size of At = 2.5(Ac)? ~
6.854 x 10~*. In Figure 2.9 we plot the asymptotically predicted synchronous
and asynchronous instability thresholds for two pairs of time-scale parameters:
(15,75) = (0.2,2),(0.6,2). Each plot also contains several sample points whose
K and D, values are given in Table 2.1 below. The corresponding full PDE nu-

merical simulations, tracking the heights of the spikes versus time, at these sample
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Figure 2.9: Synchronous (solid) and asynchronous (dashed) instability
thresholds in the D, versus K parameter plane in the well-mixed limit
for N =1 (blue), N =2 ( ), and N = 3 (green). At the top of each
of the three panels a different pair (7;, 75) is specified. See Table 2.1 for
D, and K values at the numbered points in each panel. Figures 2.10 and
2.11 show the corresponding spike dynamics from full PDE simulations
of (2.1) at the indicated points.

points are shown in Figures 2.10 and 2.11. We observe that the initial instability
onset in these figures is in agreement with that predicted by the linear stability the-
ory. For example, when 7, = 0.6 and 7, = 2 an N = 3 spike pattern at point six
should be stable with respect to an N = 3 synchronous instability but unstable with
respect to the N = 3 asynchronous instabilities. Indeed the initial instability onset
depicted in the “point 6, N = 3” plot of Figure 2.11 showcases the non-oscillatory
growth of two spikes and decay of one as expected. In addition the plots in Figures
2.10 and 2.11 support two previously stated conjectures. First, pure Hopf bifurca-
tions for N > 2 should be supercritical (see “Point 4, N = 2” and “Point 7, N = 3”
in Figure 2.11). Secondly, we observe that asynchronous instabilities lead to the

eventual annihilation of some spikes and the growth of others. As a result, our PDE
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Point | K D, Point | K D, Point K D,

1 8 7 1 3 7 1 0.5 18

2 4 6 2 1.5 5 2 2 10

3 4 2 3 075 2.5 3 2 3.5

4 1 3 4 0 1.75 4 1 0.5

5 1 125 5 1.5 125 5 0.025 1.8
6 1 05 6 0.75 1.25
7 0 0.9
8 1 0.5

(a) (b) (©)

Table 2.1: K and D, values at the sampled points in the two panels of Fig. 2.9:
(a) Left panel: (7, 75) = (0.2,2), and (b) Right panel: (7, 1,) = (0.6,2).
Table (d) shows the K and D, values at the sampled points for the disk
appearing in the left panel of Fig. 2.12.

simulations suggest that these instabilities are subcritical.

We now show that this agreement between predictions of our linear stability
theory and results from full PDE simulations continues to hold for the case of a
finite bulk diffusivity. To illustrate this agreement, we consider the unit disk with
Dy, = 10 for (15,7,) = (0.6,0.1). For this parameter set, in the left panel of Figure
2.12 we show the asymptotically predicted synchronous and asynchronous insta-
bility thresholds in the D, versus K parameter plane for N =1 and N = 2. The
faint grey dotted lines in this figure indicate the corresponding well-mixed thresh-
olds. In the right panel of Figure 2.12 we plot the spike heights versus time, as
computed numerically from (2.1), at the sample points indicated in the left panel.
In each case, the numerically computed solution uses a 2% perturbation away from
the asymptotically computed N-spike equilibrium. As in the well-mixed case,
the full numerical simulations confirm the predictions of the linear stability the-
ory. Furthermore, Figures 2.1 and 2.2 depict both the bulk-inhibitor and the two
membrane-bound species at certain times for an N = 2 spike pattern at points 2 and
5 in the left panel of Figure 2.12, respectively. From this figure, we observe that

the bulk-inhibitor field is largely constant except within a small near region near

52



pointl, N=1 point2,N=1 point2, N =2 point 3, N = 2

4 34
2.0 1.54
3 !"-« /
1.5 21 :'.l",‘"“’ ___________ 104 !
4 v 1
2 1.0 ! \
1 0.5 !
11 0.5 1
\
04 0.0 0 001 —  wmmm—————— e
0 50 100 0 50 100 0 50 100 0 50 100
point5, N =2 point 3, N =3 point4, N =3 point 6, N =3
1.0 2.0
1.5 0.6
0.8 p—————— | e
0.6 1.0 0.4
0.4 \
054 02
0.2 1
\ 0.04
0.0 0.0 N\ ’
0 50 100 0 50 100 0 50 100

Figure 2.10: Numerically computed spike heights (vertical axis) versus time
(horizontal axis) from full PDE simulations of (2.1) for 7, = 0.2 and
T, = 2 at the points indicated in the left panel of Figure 2.9. Distinct
spike heights are distinguished by line types (solid, dashed, and dot-

ted).
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Figure 2.11: Numerically computed spike heights (vertical axis) versus time
(horizontal axis) from full PDE simulations of (2.1) for 7, = 0.6 and
T, = 2 at the points indicated in the middle panel of Figure 2.9. Dis-
tinct spike heights are distinguished by line types (solid, dashed, and
dotted).
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Figure 2.12: Left panel (a): Synchronous (solid) and asynchronous (dashed)
instability thresholds in the D, versus K parameter plane for the unit
disk with D, = 10 and (7, 7,) = (0.6,0.1). N =1 spike and N = 2
spikes correspond to the (blue) and ( ) curves, respectively. The
faint grey dotted lines are the corresponding well-mixed thresholds.
Right panel (b): Numerically computed spike heights (vertical axis)
versus time (horizontal axis) from full PDE simulations of (2.1) at the
points indicated in the left panel for N = 1 and N = 2 spikes. For
videos of the PDE simulations please see the supplementary materials.

the spike locations.

2.4 The Effect of Boundary Perturbations on
Asynchronous Instabilities
The goal of this section is to calculate the leading order correction to the asyn-

chronous instability thresholds for a perturbed disk. Specifically we consider the

domain
Qs={(r,0)|0<r<R+6n(0), 0<6<2r},
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Figure 2.13: The effect of boundary perturbations on the asynchronous sta-
bility of symmetric N-spike patterns for the unit disk. The top
row shows the multiplier My, defined in (2.7), as a function of K
while the bottom row shows the leading order correction to the asyn-
chronous instability threshold, with the dashed line indicating the un-
perturbed threshold. Each column correspond to a choice of D, = 50
or D, = 5 with Gierer-Meinhardt exponents of (p,q,m,s) = (3,1,3,0)
or (p,q,m,s) = (2,1,2,0). In the second row the boundary perturba-
tion has parameters & = 1 (indicating an outward bulge at the spike
locations), and 6 = 0.01.

where 4(8) is a smooth ¢(1) function with a Fourier series h(0) = Yoo h,e™.

Although our final results will be restricted to the specific form
h(0) = 2RE cos(NO) = REe™N® 4 REe™NY, (2.1)

where & is a parameter, there is no additional difficulty in considering a general
Fourier series in the analysis below. However, we remark that in using the gen-
eral Fourier series given above we must impose appropriate symmetry conditions
on h(60) so that the symmetric N-spike pattern construction, and in particular the

resulting NLEP (2.5), remain valid. Our main goal is to determine a two-term
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asymptotic expansion in powers of & for each asynchronous instability threshold
in the form
D, ~ D:kO(DmK?R) +D:kl(Db7K7R)5 + 6(52)7

such that a zero-eigenvalue crossing is maintained to at least second order, i.e. for
which A = 0(8?).

Recall that the only component of the asynchronous NLEP (2.5) that depends
on the problem geometry is the NLEP multiplier x;(A). To study the effect of
boundary perturbations, it therefore suffices to calculate the leading order correc-
tions to the corresponding membrane Green’s function satisfying (2.22). Further-
more, we note that since we are only interested in a first order expansion, whereas
A = 0(8?), there is no loss in validity assuming that A is an independent parameter
that we ultimately set to zero. Upon expanding D, = D,o (1 + %:(‘)5), a two-term
expansion for the perturbed membrane Green’s function is given by (see Appendix
B.2)

Gho(8,60) ~ Gl (6. 60) + Gl (0,60)5+ 6/(5%),

where G)algo is the membrane Green’s function for the unperturbed disk calculated

previously in (B.7) and the leading-order correction is

h(6 S e . o
Ghoi(6.60) = — <R°)G§Qo(9790)+ﬁ Y ¥ gikhnfkgﬁgﬁeme ik6o

N=—0 k—=—oc0

- (2.2)
_ 22%3 Z nZ(gi)Zein(G—Go)_
n=—oo
In this expression the coefficients gA,’} , are given by
gr=20k(n+k)+Kaf (4}, +PLR)), (2.3)

where g%, a%, and flﬁ . are defined in (2.9), (B.6), and (B.14), respectively.

Restricting our attention to perturbations of the form (2.1), and considering a
2r(j—1)

symmetric N-spike pattern with spikes centred at 6; = =—y— for j =1,...,N, we
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deduce from (2.2) that

G%m(@a@j‘) —2£GA,(6,6)) — Du, Z n?(gh )2em(6-6)
n——oo

(2.4)
in(0—6;) )

S A A A A
Z { 8n, n+Ng07n+N + gn,n—NgO,an}gOne
n*—oo
Note that by symmetry the consistency and balance equations continue to hold for
a symmetric N spike pattern. Furthermore the perturbed Green’s matrix remains
circulant, and therefore its eigenvalues can be read off as

2mijk

ZGaQ 21,0 ~ukow+6{—2éuko<x>+§um<x>+Dmum<A>}

where

mo(A) =% ¥ gl (2.52)

n=—oo

AL ) ") 2 )
Mt () = 32 Y A8ttt )Wkl 1Nk T vt (n- 1)W1 1Nt S &> (2:5D)

Nn=—oo

=3

W (A) = =585 Y (aN = k) (ghy )™ (2.5¢)

n=—oo

Finally, upon setting A = 0 in the zero-eigenvalue crossing condition <% (0) =
[%c(0)] " —mg/(p—1) for the asynchronous modes k = 1,...,N — 1 (see (2.33)),
and noting xx(0) = 1 (0)/uo(0) from (2.5), we obtain that

Hoo(0) + 6 [=28 oo (0) + & to11(0) + DyviHo12(0)]  mg _0 2.6)
eo(A) 40 [—2& wo(A) +Epait (A) + Dy piein ()] p—1 7 '

foreach k =1,...,N — 1. The leading-order problem is satisfied by the previously
determined threshold D, = D}, ,(K,Dj,R). On the other hand, by expanding (2.6)

in powers of 8, we obtain from equating ¢'(9) terms in this expansion that

& (Mo11(0) — o Mt (0)) 4+ Dyi (H012(0) — %Mm(o)) =0.
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Upon solving for D, = D} (K, Dy, R) in this expression, we conclude that

Ho11(0) — ;=5 1411 (0)
Ho12(0) — 2 g 12(0)

D = —My &, where My = 2.7
Therefore, the sign and magnitude of the multiplier My ; determines how the asyn-
chronous instability threshold changes when the boundary is perturbed by a single
Fourier mode of the form (2.1).

Figure 2.13 illustrates the effect of boundary perturbations of the form (2.1)
by plotting the multiplier —My 4 in the top row, and the leading order corrected
asynchronous threshold D,, ~ D7, + D}, 8 in the bottom row. Note that the (pos-
itive) maximums of 4(0) correspond with the quasi-equilibrium spike locations
0; for each j = 1,...,N. From (2.7) we therefore conclude that positive values of
—Mly 4 indicate an increase in stability when spike locations bulge out (§ > 0), and
a decrease in stability otherwise. The results of Figure 2.13 thus indicate that an
outward bulge at the location of each spike in a symmetric N-spike pattern leads to
an improvement in stability of the pattern with respect to asynchronous instabili-
ties. In addition, the magnitude of —My ; shows that this stabilizing effect is most
pronounced at some finite value of K corresponding to a maximum of —My ;. Fur-
thermore, comparing the D;, = 50 and D;, = 5 plots we see that decreasing the bulk
diffusivity further accentuates the effect of boundary perturbations as is clear from
the relative magnitude of —My 4 in these two cases. These numerical observations

lead us to propose the following numerically supported proposition.

Proposition 2.4.1. Consider a symmetric N-spike pattern for the Gierer-Meinhardt
system (2.1) on the unit disk. Then a domain perturbation of the form (2.1), which
creates an outward bulge at each spike location, will increase the asynchronous

instability threshold of the symmetric N-spike pattern.

2.5 Discussion

We have introduced a coupled bulk-membrane PDE model in which a scalar lin-
ear 2-D bulk diffusion process is coupled through a linear Robin boundary con-
dition to a two-component 1-D RD system with Gierer-Meinhardt (nonlinear) re-

action kinetics defined on the domain boundary. For this coupled bulk-membrane
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PDE model, in the singularly perturbed limit of a long-range inhibition and short-
range activation for the membrane-bound species, we have studied the existence
and linear stability of localized steady-state multi-spike patterns defined on the
membrane. Our primary goal was to study how the bulk diffusion process and
the bulk-membrane coupling modifies the well-known linear stability properties of
steady-state spike patterns for the 1-D Gierer-Meinhardt model in the absence of
coupling.

By using a singular perturbation analysis on our coupled model (2.1) we first
derived a nonlinear algebraic system (2.16) characterizing the locations and heights
of steady-state multi-spike patterns on the membrane. Then we derived a new
class of NLEPs (nonlocal eigenvalue problems) characterizing the linear stability
on (1) time-scales of these steady-state patterns. In this NLEP, the multiplier of
the nonlocal term is determined in terms of the model parameters together with a
new coupled nonlocal Green’s function problem. More specifically, a novel feature
of our steady-state and linear stability analysis is the appearance of a nonlocal 1-D
membrane Green’s function G’;Q(G7 $) (see (2.22)), satisfying

D,32GA(0.8) — (1 4+K+5A)Gho(6,0) +K> /0 LGé<o,a>G§Q<6,c>d6= ~8(c—¢),

for 0 < 0,§ < L which is coupled to a 2-D bulk Green’s function Gg satisfying
(see (2.19))

DyAGH —(1+TA)GE =0, in Q;  Dyd,GE+KGh =8q(x—x0), on IQ.

Recall (2.1) for the description of all the model parameters including, the time
constants T, and 1, the diffusivities D, and Dy, and the coupling constant K.

To proceed with a more explicit linear stability theory we restricted our analysis
to symmetric multi-spike patterns, which are characterized by equidistantly (in arc-
length) separated spikes of equal height, for two analytically tractable cases. The
first case is when Q is a disk of radius R, while the second case is when the bulk is
well mixed (i.e. Dp > 1). While our formulation is equally valid for more general
settings there are two significant hurdles toward a more detailed stability analysis.
First, the global coupling introduced by the nonlocal membrane Green’s function

makes it unclear how to define symmetric multi-spike patterns. Although we re-
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marked earlier that such a classification can be associated with the condition that
%519 has the eigenvector e, apart from domains with certain rotational symmetries it
is not clear how the geometry is related to this condition. Secondly, the numerical
computation of the bulk Green’s function for more general domains remains a topic
of ongoing research. For the two specific cases, we obtained analytical expressions
for the relevant Green’s function, and consequently the NLEP multipliers, in the
form of infinite series for the disk and explicit formulae for the well-mixed limit.
Parameter thresholds for two distinct forms of linear instabilities, corresponding to
either synchronous or asynchronous perturbations of the heights of the steady-state
spikes, were then computed from the NLEP. Our results indicate a non-monotonic
dependence on the bulk-membrane coupling strength K for both modes of insta-
bility, together with an intricate relationship between the time-scale and coupling
parameters for the synchronous instabilities. Specifically, for the asynchronous in-
stability modes the coupling has the effect of improving stability for smaller values
of K by raising the instability threshold for D,, but reducing the range of stabil-
ity for larger values of K. This effect is amplified in the synchronous case where
for certain choices of 7, a small region in the K versus T, parameter space can be
found for which no instabilities exist (see Figure 2.4). Finally, by using a Finite
Element / Finite Difference mixed IMEX scheme, we confirmed our linear stability
thresholds with full numerical PDE simulations.

We conclude the discussion by highlighting some open problems and directions
for future research. Firstly, for our coupled model, additional work is required to
calculate and study the linear stability of asymmetric spike patterns. Secondly, we
have neglected the role of small &'(£?) eigenvalues corresponding to weak drift in-
stabilities, which can be studied either through a more detailed asymptotic analysis
or by deriving and analyzing a corresponding slow spike-dynamics ODE system.
Thirdly, the numerical evidence provided by our PDE simulations suggests that,
when N > 2 in the absence of competition instabilities, the Hopf bifurcation is su-
percritical, and leads to the emergence of a small amplitude time-periodic solution
near the bifurcation point. The numerical evidence also suggests that competition
instabilities are subcritical, and result in the annihilation of one or more spikes in
a multi-spike pattern. It would be worthwhile to analytically establish these con-

jectured branching behaviours from a weakly nonlinear analysis that is valid either
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near a Hopf bifurcation point or near a zero-eigenvalue crossing. In particular,
it would be interesting to perform a more detailed analysis of the observed time-
periodic solution near the Hopf bifurcation threshold to determine whether it has
some regularity or is otherwise chaotic.

Finally, there are several directions for extending our model and applying a
similar methodology. One direction would be to analyze similar problems in higher
space dimensions, such as a 3-D linear bulk diffusion process coupled to a nonlin-
ear RD system on a 2-D surface. A common feature in the matched asymptotics
calculation for higher-dimensional problems is that the inhibitor and activator no
longer decouple in the inner problem. This leads to a nonlinear algebraic system
and globally coupled eigenvalue problem markedly different from those in one-
dimensional problems. An analytical treatment of the effect of coupling on these
systems has, as of yet, been unexplored. A further direction would be to consider
a two-component bulk diffusion process, with nonlinear bulk kinetics. For this
more complicated model it would be interesting to study the interplay between 1-
D membrane-bound and 2-D bulk-bound localized patterns. Additionally it would
be instructive to asymptotically construct and analyze the localized patterns ob-
served in the numerical study of Madzvamuse et. al. [57, 58] as well those of Ritz
et. al. [81-83].
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Chapter 3

Localized Spot Patterns in a
Bulk-Membrane Coupled
Brusselator Model

The classical Brusselator model [79] is characterized by the reaction kinetics
E—U, B+U—=V+D, 204V —=3U, U—A, (3.1)

for the activator U, inhibitor V, fuel E, and catalyst B. In most studies of the Brus-
selator model the fuel and catalyst are typically assumed to be of constant concen-
tration while the activator and inhibitor concentrations are assumed to depend on
both space and time. In particular, the spatiotemporal evolution of the activator
and inhibitor concentrations is determined by a two-component reaction diffusion
system which is obtained by applying the Law of Mass Action and assuming that
both chemical components have a finite diffusivity.

In this chapter we analyze the structure and stability of localized spot patterns
in a model which incorporates bulk-membrane coupling into a reaction-diffusion-
system with Brusselator-like reaction kinetics. In particular we consider a model

in which the activator U and inhibitor V are bound to the membrane 9 of a
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three-dimensional domain Q¢ where they passively diffuse with reaction kinetics
B+U V4D, 2U0+V 3y, (3.2)

where B is a catalyst component and D a passive product. Bulk-membrane cou-
pling is incorporated by assuming that the activator shuttles between membrane-
and bulk-bound states through a Langmuir process of membrane attachment and
detachment [43]. Moreover we assume that the fuel necessary to sustain pattern
formation originates within the bulk and passively diffuses to the membrane. The
resulting bulk-membrane coupled reaction diffusion system for the membrane-
bound inhibitor concentration ¥ and membrane- and bulk-bound activator con-
centrations % and # respectively is then given by the bulk-membrane coupled

reaction-diffusion system

U = Dy, — (B+ka+ )U +kU*V + 0, X €9Qy, (3.3)

oV = Dyhoo,V + BU —k U™V, X €9Qp, (3.3b)
W =Dy AW +E(X), X eQp, (33c)
@7/8}\/7/ = U — W, X € 0Qy. (3.3d)

where Jr is the time derivative, dy is the derivative in the direction of the out-
ward unit normal to dQg, Aygq, is the Laplace-Beltrami operator on dQq which
describes lateral diffusion on the membrane, 9y,, Yy, and 2y are the diffusiv-
ities of %, 7, and # respectively, A is the conversion rate of U to V through
the reaction B4+ U — V + D, J# and % are the rates of activator membrane de-
tachment and attachment respectively, k, is the rate of the autocatalytic reaction
2U+V fay 3y , kg is the activator membrane-degradation rate, and &'(X) is the
bulk-bound activator fuel source which we assume is compactly supported in the
interior of €.

While the bulk-membrane coupled model (3.3) explicitly includes only two of
the reactions from the Brusselator reaction-kinetics (3.1), the remaining two reac-
tions are incorporated primarily through bulk-membrane coupling. In particular
the reaction U — A in (3.1) is replaced by a membrane-to-bulk detachment pro-

cess characterized by the —#]% term in (3.3a) in addition to a generic membrane
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degradation term characterized by the —k;% term. Similarly, the reaction E — U
in (3.1) required for sustaining pattern formation is replaced by the transport of a lo-
calized fuel-term in the bulk to the membrane through passive diffusion. Note that
if J#] = 0 then the two-component system (3.3a)-(3.3b) is indistinguishable from
the classically studied Brusselator system, albeit with a possibly spatially hetero-
geneous fuel term given by %% . However, the introduction of bulk-membrane
coupling provides a systematic way of choosing the fuel term appearing in the
classical Brusselator reaction kinetics (3.1). In our model the fuel term &(X) can
encompass a wide variety of bulk-originating fuel terms that closely describe bio-
logical processes being modelled. Such a modelling paradigm may be particularly
fruitful in the context of conifer growth models previously based on the Brusselator
reaction kinetics (see for example [35, 36] and the references therein). In addition
bulk-membrane coupling introduces a nonlocal mechanism of chemical transport
on the membrane characterized by a cycle of membrane detachment, bulk-bound
diffusion, and membrane reattachment. One of the key goals of this chapter is
to explore the effects of this nonlocal mechanism on the structure, stability, and
dynamics of localized patterns.

To simplify our analysis and isolate key parameters we first perform a nondi-
mensionalization of the model (3.3). Letting L be a characteristic length scale
for the domain Qg and its boundary dQy we introduce non-dimensional spatial
variables x = L~'X so and define Q = L~'Q and dQ = L~'9Q,. We further let
Dy =L"Dy, Dy =L*Py,and Dy = L 2Py . In the limit of an asymptotically
small activator diffusivity Zy = 83 < 1 the resulting two-dimensional singularly
perturbed Brusselator system is known to support localized spot patterns when the
fuel is O'(&)) [84, 91]. It follows that #" = (&) is needed to sustain patterns so
we assume that & (X) = gEoE (x) where E(x) = ¢'(1) in Q and by introducing the

non-dimensional variables

B EoL

U =e 'EoLu, ¥ =¢ . W =e)——
0 ot kLEy 5z

w, T (3.4

t
N BAkg+
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we obtain the nondimensionalized bulk-membrane coupled system

O = €*Ayqu — u+ futv+ €*w, x€dQ, t>0 (3.52)
7,0 = DyAyov+ &2 (u—u*v) x€oQ, >0, (3.5b)
T,0w = Dy,Aw + E(x), xcQ, >0, (3.5¢)
D,,d,w—+w = £ >Ku, x€odQ, t>0, (3.5d)

where A, is the Laplace-Beltrami operator on dQ, d, denotes the derivative in the

direction of the outer unit normal, the time-constants and diffusivities are given by

1 T@v

t,=(B+ki+4)——, D=——""T
v= (B tkat A) KEZZ T Brkg+ A

_ (BHks+ )L _ 9wL

Ty = ;o Dw=—+,

J J

and the remaining parameter are given by
& 4 B
SE—O<<1, Kzil, f=——— (3.6
VB +kq+ B+ kq+ B+ ka+ A1

Recall that the membrane-bound activator is reduced by three processes: con-
version to V through the reaction B+ U — V + D, membrane detachment at a
rate of J#1, and degradation at a rate of k;. Therefore 0 < K <land 0 < f <1
correspond to the proportion of the rate of membrane-bound activator lost due to
membrane detachment and conversion to membrane-bound inhibitor respectively.
An additional constraint on the two parameters f and K is obtained from (3.3) by

using the divergence theorem to calculate

d

— (ﬁZ/—I—“//)dS:—kd/ UdsS+ &,
dT Jsq, 20

from which it is clear that k; > O is needed to sustain stationary patterns and we
deduce the constraint
O0<f+K<I. (3.7)

In the absence of bulk-membrane coupling (e.g. with K = 0), several studies

have investigated the resulting singularly perturbed reaction diffusion system con-
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sisting of (3.5a) and (3.5b). In particular when dQ is the unit sphere in R3 the
quasi-equilibrium structure, linear stability, and slow dynamics of multi-spot pat-
terns in the presence of a spatially homogeneous and time-independent fuel have
been analyzed using the method of matched asymptotic expansions in [84, 91].
Assuming henceforth that Q is the unit ball in R? our aim is to extend the re-
sults obtained in these previous studies to the bulk-membrane coupled model (3.5).
The novel features of this extension are twofold. First, the bulk originating fuel
term will in general lead to a spatially heterogeneous fuel source for the membrane
activator equation. Presently, the effects of such a spatially heterogeneous fuel
term have been considered only in the context of the unit disk in R? [96]. Sec-
ondly, membrane-detachment and reattachment leads to a nonlocal mechanism of
membrane-bound activator transport which has no yet been explored in the context
of localized patterns on two-dimensional surfaces.

The remainder of this chapter is organized as follows. In §3.1 we use the
method of matched asymptotic expansions to construct quasi-equilibrium multi-
spot patterns that are stationary on an ¢(1) time scale and in §3.2 we study their
linear stability on an &'(1) timescale. In §3.3 we derive a differential algebraic
system of equations governing the slow evolution of multi-spot solutions on an
O(£7?%) timescale. In §3.4 we explicitly construct and consider the stability and
dynamics of one-, two-, and three-spot patterns. Finally, in §3.5 we provide a brief

conclusion.

3.1 Asymptotic Construction of N-Spot
Quasi-Equilibrium

The method of matched asymptotic expansions has been extensively used to ana-

lyze localized solutions to singularly perturbed reaction diffusion systems in one-,

two-, and three-dimensional domains [41, 48, 97, 98]. It has likewise been used to

study localized multi-spot patterns on the unit sphere [84, 91], and more recently

on the torus [95]. Applying these techniques we now construct a quasi-equilibrium

solution consisting of N spots concentrating on d< at

x; = (sin 6; cos @;, sin 6; sin ¢;,cos ;)T , fori=1,...,N, (3.8)
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where 0 < 6; < wand 0 < ¢; <27 (i = 1,...,N) are the typical spherical coordinates
and for which we assume that the spots are well separated in the sense that |x; —
x;j| > e forall i # j. This solution is to be understood only as a quasi-equilibrium
because, unless additional constraints are imposed on xy, ..., Xy, the spots will drift
on an &(£~2) timescale according to prescribed dynamics developed in §3.3. With
these assumptions a local expansion of (3.5a) and (3.5b) near each x; (i =1,...,N)
yields a system of core-problems which are coupled only through the prescription
of far-field constants for the local inhibitor concentrations. An appropriate choice
of local coordinates greatly simplifies the resulting analysis. Motivated by the use
of geodesic normal coordinates in [92] and more recently in [95] we first construct

local normal coordinates near each spot.

3.1.1 Geometric Preliminaries: Local Geodesic Normal Coordinates
on the Unit Sphere

In terms of spherical coordinates r > 0 and (0,¢) € (0,7) x [0,27) the Laplace
operator and Laplace-Beltrami operator on the unit sphere are respectively given
by

10,0 1 1 d . d 1 02

A=< —r —+ 5, Apg = ——=-sinf—-—+
r S

in0do 060  sin20 0> 3-9)

Previous studies of multi-spot patterns on the unit sphere have used the local coor-
dinates s, = £ 1(0 — ;) and s, = £ sin ;(¢ — ¢;) to parameterize points on
within a @'(€) neighbourhood of each spot location x; [84, 91] (see also [13] for a
similar approach in the context of narrow escape problems). In terms of these local

coordinates it is then straightforward to calculate the two term expansion
Ajo =€ (9] +03)+€ 'cot§;(dy, —25192) + O(1).

The factor of cot6; in the &(¢~!) correction implies that the local behaviour of
spots depends on their location on the unit sphere which suggests this correction is
an artifact of the choice of local coordinates. Indeed this term was recognized as
a correction to the leading order tangent plane approximation by Trinh and Ward

[91]. The accompanying analysis in the study of slow spot dynamics that arises due
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Figure 3.1: Example of geodesic normal coordinates ({1, ,83) at x; € 0Q.
The blue (resp. orange) curves indicate geodesics obtained by varying
—nm/2 <8 <m/2 (resp. —w < & < @) and fixing {3 =0and { =0
(resp. & =0).

to such an &'(¢~!) correction can be bypassed through the use of local geodesic
normal coordinates in terms of which it can be shown that the &'(¢~!) correction
in the local expansion of the Laplace-Beltrami operator vanishes identically [92].
For the remainder of this section we explicitly construct such a coordinate system
for the unit ball.
We begin by defining new coordinates § = ({1, &, 83)! € (—x/2,m/2) x (=7, ) %

[0,1] in QU AQ such that £ = 0 corresponds to x; € dQ, & > 0 corresponds to the
interior of Q, and the curves obtained by setting {3 = 0 and fixing either {; = 0 or

& = 0 are geodesics on dQ. Specifically we first calculate the orthonormal vectors

sin 6; cos ; cos 6;cos @; —sin @;
x;= | sin@;sing; |, dex; = | cosH;sing; |,x;ix dpxi=| cosg; |, (3.10a)
cos 6; —8in 6; 0

and define § by
x'(§) = (1 — &) (cos &1 cos §oxi + cos & sin dgx; +sin &x; X dpx;).  (3.10b)

Thus ¢ and §; are the standard spherical coordinates in the reference frame with

orthonormal basis {x;,dgx;,x; X dgx;}, while {3 measures the distance from dQ.
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It is easy to verify that setting & = O corresponds to x = x;. Additionally the
coordinate curves obtained by setting {3 = 0 and fixing either {; =0 or {; = 0 are

respectively given by
x'(£1,0,0) = cos §1x; +sin&1x; x dgx;,  x'(0,8,0) = cos &ox; 4 sin {1 dpx;,

which correspond to intersections of dQ with the planes spanned by {x;,x; X dgx;}
and {x;,dpx; } respectively. In particular, these coordinates curves are geodesics on

dQ so that in terms of
E=eY=¢e(ri,h,13)",  Y=0() (3.11a)
we obtain the local expansions (see Appendix A of [92])
A=€207 +€ Ay, y) +O(€™"), Ayg=¢€ Ay, y)+0(1),  (3.11b)

where
Ay, ) = 07, + 0. (3.11¢)

Moreover, by letting Y’ = (Y1,Y2)7, p = |Y'| = /Y2 + Y}, and

—sin¢; cos6;cos @;
Ji= (x,- X JgX; ] 89x,-) = | cosq; cosB;sing; |,
0 —sin 6;
we readily calculate

2

xi(eY) =X;+ 8(%Y’ — Ygxi) — Sz(pzxi +Y; (Y289xl- +Yix; ¥ 39)6,’)) + 6(83),
(3.12)
from which it follows that for all ¥’ = /(1)
x'(e(Y',0)) — & = |x; — E[* +-2e¥YT 7T (xi— &) +O(?) (3.13a)
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when |§ —x;| = (1), and
X (e(Y',0)—EPP = 2|Y —Z'|P+ O0(e*), (3.13b)

when & = x'(g(Z',0)) and Z’ = 0(1). In the second case we have used 7,7 7; =
#, (the 2 x 2 identity matrix) as well as _#;x; = 0 to cancel the &'(¢*) contribu-
tion. On the other hand, writing any v € R3 as v = vx; + v2dgx; + v3x; X dgx; we

obtain

V3
Jigv= g ( > = v20gX; + V3X; X JgXi,
V2
from which we obtain

I I = I —xx], (3.14)

and deduce that _Z; %T is the projection onto the tangent plane of dQ at x;.

3.1.2 Matched Asymptotic Expansions and the Nonlinear Algebraic
System

We seek a quasi-equilibrium solution to (3.5) which is stationary on an (1) time
scale. First we construct the inner solution by letting ¥ be the local coordinates near
x; given by (3.11a). From (3.5c) we see that w(x'(eY)) = &(e~") and therefore
the leading order core problem for the membrane-bound activator and inhibitor
are identical to those previously considered in [84] and [91]. In particular the
leading order inner solution is completely determined by an unknown constant

spot strength S; and is explicitly given by

u(® (eY',0)) = VDyUn(p) + O(e), v(xi(eY',0)) = jﬁvvﬂ)(m +ole),
(3.15)
where
Uon(p) =Uc(p:Si,f),  Violp) =Ve(p:Si, f), (3.16)
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and (U.(p;S, f),Ve(p;S, f)) is the radially symmetric solution to the core problem

pUc+p~ ' 0pU, —Ue+ fUZV. =0, p>0, (3.17a)
I Ve+p ' pVe+Ue—UZV. =0, p>0, (3.17b)
IpU, = V. =0, atp =0, (3.17¢)
U.—0, V.~Slogp+x(S,f)+o(l), as p — oo. (3.174d)

The function x (S, f) indicates the far-field constant behaviour of the inner inhibitor
solution and can be numerically calculated by solving (3.17) on a truncated domain
(see §2 of [84]). In Figure 3.2a we plot the numerically calculated x (S, f) versus
S > 0 for select values of 0 < f < 1. By integrating (3.17b) over 0 < p < o we

obtain the useful identity

si= L | Untp)pdp == [ (Un(p)~Un(p)Valp)lpdp.  3.18)

The leading order behaviour of the bulk-bound activator near x; is then readily

computed by letting
w(x (eY)) = e~ Wio(Y) + (1), (3.19)

so from (3.11b) we obtain

W0 + Ay, xy Wio = 0, (Y',¥3) € R? x (0,00),
D,,dv,Wio = K/D,Up(p), (Y',¥3) € R? x {0}.

This in turn can be explicitly solved using the Neumann Green’s function on the

(/6 +67) _
Wio( dg1ds; +Wi, (3.20)
() =50 //W LR

upper half-space which yields
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Far-field Constant (S, f) Instability Threshold Z,(f) Dynamics Coefficient y(S, )
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Figure 3.2: Numerically calculated (a) far-field constant x (S, f), (b) m-mode
instability threshold X,,(f) for 2 < m < 4, and (c) slow dynamics mul-
tiplier (S, f). The solid circles in (c) indicate values of ¥(S, f) at the
splitting instability thresholds X,(f). These functions depend only on
the local structure of each spot and are therefore independent of bulk-
membrane coupling.

where Wy is an undetermined constant. Note that Wj, is bounded for all Y3 > 0,
and is radially symmetric when Y3 = 0.

When x € dQ and |x —x;| > € forall i = 1,..., N the exponential decay of each
Uio(p) as p — oo, together with (3.13) implies that the membrane-bound activator

is, to leading order, given by
N
u(x) ~ 2w(x) +v/D, Y Un(e ™ |x —xi)), (3.21)
i=1

which in turn implies the distributional limits

u—uzv N

= —>w(x)—Zn\/Dvi;SiSag(x—xi), e—0",
u 21vVD, f &
?—>w(x)+ﬁ;5i5ag(x—xi), e—0".

The leading order outer problems for the membrane-bound inhibitor and bulk-
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bound activator are then respectively given by
N
DyAyqv = —w(x) +27r\/DvZS,-63Q(x—x,-), x€dQ, (3.22)

and

D,Aw = —E(x), x€Q, (3.23a)

N
Do+ (1 — K)w = 2n\/17vaf Y Si0(x—x), x€dQ  (3.23b)
—Ji=1

By first integrating (3.22) over dQ and then applying the divergence theorem to
(3.23) we deduce the solvability condition

N 1 X N
Y5 i) O R
which can be further rearranged into the form
N K -1 3
;S, 27rf (1 -7 _f) /gE(x)d x. (3.24)

The dependence of the spot strengths on the total membrane-bound fuel is similar
to that obtained for spot patterns to the Brusselator model in the unit disk with
an inhomogeneous fuel source [96], whereas the coupling-dependence reflects a
feedback mechanism introduced by the cycle of membrane detachment and reat-
tachment. Moreover, using (3.6) we obtain that in terms of the original problem pa-
rameters (1 —K/(1— f))~! = J#; /ks which indicates that the coupling-dependent
multiplier reflects the ratio between the rate of membrane-detachment to that of
degradation.

Next we solve for the membrane-bound inhibitor and bulk-bound activator in
the outer region where |x —x;| > € (¢€) forall i = 1,...,N. First we note that (3.23)
is solved by

w(x) ~ DLWE(x) + 2”{ llif ZS Gy (%,%1), (3.25)
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where wg (x) is the unique solution to

1-K
Awg = —E(x), xeQ; OuWE +

wg=0, x€9Q, (3.26)

w

and G, (x,x;) is the membrane Robin Green’s function satisfying

1-K
AG,,, =0, xeQ; 0uGor + TGmr = Oy (x—x;), xe€oQ,
! (3.27a)
for which we note the explicit series expansion
2041
Gur(x,8) = fZgzPl ) &= (3.27b)

where P;(x) is the Legendre polynomial of degree /. Assuming the solvability
condition (3.24) is satisfied, substituting (3.25) into (3.22) we explicitly calculate

the outer solution for the membrane-bound inhibitor

Z( x xl Dl IK_ff S<x,§)Gmr<§;xi)dA§)Si

| = . (3.28)
+ —%Dv v+ D.D. ve (%),
where v is an undetermined constant, vg(x) is given by
)= [ GuxEwe()dae, (329)
Q
and Gy(x, &) is the membrane Green’s function satisfying
1
ABQGm(xvé) - H_&;Q(x_é)? X e 8Q7 (3.30a)
/ Gs(x,€)dA, =0, EcoQ, (3.30b)
aIQ
and given explicitly given by [84]
log4 —1
Gy(x,E) = ——log]x E|+Ry, Ro= g47r . (3.30¢)
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In addition we note that this membrane Green’s function has the series expansion

2l+1

1 oo
— 3.31
’ 4 ; )7 ( )
so that by using the well known product formula
T T 4r T
Py(x; x)Pe(x" x;)dA; = Sy P(x] x;), (3.32)
20 201+1

and expansion (3.27b) we obtain

1
4r

Z P; x/x), x€dQ. (333
=1

/ Go(0,E) G (€ ,3:)dAg =
2Q

N

To determine the unknown spot strengths Sy, - - - , Sy we match the behaviour of
the inner solution (3.15) as p — oo with the limiting behaviour of the outer solution
(3.28) as |[x —x;| — O foreach i = 1,...,N. Recalling the local expansion (3.13) and

using (3.30c) we calculate

i ! € o x_g
Gx(x (S(Y 70))75) ~ Gs(xiag) - EY TjiT \x—&\z + ﬁ(gz), (3343)
when |€ —x;| > €, and
Gs(x'(e(Y',0)),€) ~ —%logw’ Z| +55 : —+Ro+O(e 2, (3.34b)

when & = x/(¢(Z',0)) and Z’' = 0(1) and where we identify
V= ! <1 (3.35)
~ loge ) )

Evaluating (3.28) at x = x’(¢(Y’,0)) we therefore obtain

wﬁ

IT 4T Vive (xi) 2
+eY" g, <J§IS a;+ wr>+ﬁ(s ).

mv(xi(g(ylvo))) (Ing - 1>S —2r Z EANEE vE(%i) +v
- (3.36)
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where for all i, j = 1,...,N we define

1 K R07 i= j?
= _Dflif Gy (%1, &) Gr (€,x,)dAg + (3.37)
wl—=1fJoa Gy(xi,xj), i# ],
and X £
ay= % T S GuE,x))dAg. (3.38)

xi—xj2 1—fDy Joo |xi— &P
We also note that by using (3.29) and (3.30c) we explicitly calculate

1 xi—§

V) =g sa xi—EF
1

(&)dAg. (3.39)

While the &'(€) correction in (3.36) does not play a role in either the quasi-equilibrium
construction or the leading-order linear stability theory on an &(1) timescale, it
does play a crucial role in deriving the slow dynamics taking place on an &'(g~2)
timescale as detailed in §3.3 below.

Comparing the behaviour of the outer solution (3.36) in the limit |x — x;| — 0
with the limiting behaviour of the inner solution (3.15) as p — oo yields, to leading

order, the nonlinear system

1
v’1S+2ngS+x(S,f):Ve+DwmvE, (3.40)
where
Si 1 ve(x1) x(S1,f)
S=|: |,e=|:|,ve= : XS f) = : , (34D
SN 1 ve (xy) X(Sn, f)

and ¢ is the N x N matrix with entries ¢;; given by (3.37). The nonlinear system
(3.40) must be solved subject to the solvability condition (3.24) which we can
rewrite as e/ § = NS, where the common spot strength S.. is defined by

_ 1 K - 3
S. = TN TD (1— 1_f> /QE(x)d x. (3.42)
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Left-multiplying (3.40) by e’ and using the solvability condition we calculate

1

1
7= ;sc + NeT (279 +x(S.f)) e'vg, (3.43a)

1
Dy,/D,N

from which we find that the unknown spot strengths § must solve the nonlinear

algebraic system (NAS)

S+ ZﬂV(fN — @ﬁN)gS-f— V(fN — @@N)x(S,f) =S.e+ (:]N - éaN)vE

(3.43b)

where .#y is the N x N identity matrix and &y = N~ 'ee’. Summarizing, we have

v
Dy\/D,

the following proposition.

Proposition 3.1.1. Ler € < 1 and assume that xy,...,xy € dQ are well separated
in the sense that |x; — xj| > € for all i # j. Then, a quasi-equilibrium solution
to (3.5) consisting of N-spots concentrating at X1, ...,Xy is asymptotically given by
(3.15) and (3.19) when |x —x;| < € for each i = 1,...,N, and by (3.21), (3.28), and
(3.25) when |x —x;| > € for all i = 1,...,N, where v is given by (3.43a) and the
spot strengths Sy, ...,Sy are found by solving the NAS (3.43b).

Although the NAS (3.43b) must in general be solved numerically, it provides
an asymptotic approximation that is accurate to all orders of v = —1/loge < 1.
Indeed, assuming that all problem parameters are ¢'(1) with respect to € < 1, we
can easily calculate a two-term asymptotic expansion in powers of Vv as

SNSCe+v(/N—£N)< —27rSC€4e) +ﬁ’(v2),

1
DD, ~
for which we highlight that the logarithmic dependence of v on &€ may render the
correction term v? impractically large. On the other hand, under certain condi-
tions on the spot configuration x1, ...,xy and bulk-bound fuel source E(x) the NAS
(3.43b) may be explicitly solved. In fact, since the range of .#y — &y is orthogonal
to e we find that § = S.e is an exact solution of (3.43b) provided that

1
(jN — (gaN) <I)W\/ITVVE — 271'5(;%8) =0.

One such example occurs when the bulk-bound fuel has azimuthal symmetry about
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an axis spanned by z # 0. In such a case vg = vg(z” x) and § = S.e exactly solves
(3.43b) provided that x1, ..., xy are uniformly distributed on a ring making a com-
mon angle with z. Indeed for such a configuration vg is proportional to e while ¢
is a circulant matrix and therefore has a constant row-sum. Finally, we remark that
distinct asymptotic approximations to (3.43b) can be calculated when the remain-

ing problem parameters are in different e-dependent regimes [91].

3.2 Linear Stability on an &(1) Timescale

In this section we consider the linear stability on an &(1) timescale of the quasi-
equilibrium solution (u,,v.,w,) constructed in §3.1 above. We begin by first con-

sidering perturbations of the form
u(x) = ue (%) + M @(x), v(x) = ve(x) + My (x), w(x) = we (x) + /' (),

where we assume that A = &/(1) to reflect our restriction to instabilities arising on
an O(1) timescale. Substituting into (3.5) and retaining only the linear terms in @,

v, and 1 then yields the linearized eigenvalue problem

E2A500 — O +2fuv.d + fuly +e*n = A9, x € 0Q, (3.44a)
DyAjoW + €2 — 2ueved —uly) = AW x€dQ, (3.44b)
D,An = T,A1N, xeQ, (3.44c¢)
D,d,n+n=¢eK¢, x€0Q,, (3.44d)

Comparing this system with (3.5) we deduce that, as in §3.1, ¢ is localized at the
N spot locations x,...,xy, while ¢, v, and 1 retain the same relative scalings
in the inner-region near each spot location as in §3.1, mainly ¢ and y are (1)
and 1 is 0(¢7') near each x; (j=1,..,N). In terms of polar coordinates ¥’ =

(p cos®, psin®) near the j spot, we seek an inner expansion of the form

9(x/ (eY',0)) = ®;(p)e™® + O(e), w(x/ (eY',0)) = D, "Wj(p)e™® + O (e),
(3.45)
where m = 0,2,3... and we omit the neutrally stable translational m = 1 mode.

Assuming that both 7,A€? < 1 and 7,,A€> < 1 the leading order inner problem
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near the j" spot is then given by

2
APMJ—%Mj—f—Q(p;Sj,f)Mj:lé"nMj, p>0, (3.462)

where M ; = (q)j(p)’\Pj(p))T and
T\ Ui )Velp:S )+ 1 —Uelpss2) T T o o)

At the origin we impose the boundary condition M;(O) = 0 while the limiting
behaviour as p — oo is found by first noting that

10
e@(p;S,f)%<l o) as p — oo,

for all S > 0 and hence

O(lo =0
®;, 0, ¥~ (logp) m P — oo (3.46b)
op™) m=>1,

Instabilities due to the m = 0 and m > 2 modes arise through distinct mecha-
nisms due to the logarithmic growth of the former and the algebraic decay of the
latter. Indeed, proceeding with the method of matched asymptotic expansions as
in §3.1 we determine that the limiting behaviour of y as |x —x;| — 0 for each
j=1,..,Nis 0(1)and 0(&™) when m = 0 and m > 2 respectively. Consequently
global contributions are, to leading order in € < 1, absent in the calculation of in-
stabilities to due m > 2 perturbations, whereas they may arise when m = 0. In the

proceeding sections we discuss these two cases separately.

3.2.1 The m > 2 Mode Instabilities

Due to the algebraic decay of ¥;(p) as p — oo for each j = 1,...,N when m > 2
the inner problems are interact through the outer solution only weakly. Therefore,
each spot may undergo an m > 2 mode instability individually with the relevant
instability threshold being determined solely by the spot strength S; (j = 1,...,N).
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In particular, it suffices to consider the spectrum of
2
ApM—?M—FQ(P;S,f)M:?L@@]]M, p >0, (3.47a)
, 0
M(0)=0, M — as p —> oo, (3.47b)
M.p™™

as a function of 0 < f <1, m > 2, and S > 0. The eigenvalue problem (3.47) is
identical to that found in the study of multi-spot solutions for the Brusselator sys-
tem on the unit sphere [84, 91] and the unit disk [96], and it also shares qualitative
similarities with analogous problems derived for the two- and three-dimensional
Schnakenberg models [48, 98]. In particular, for a fixed value of m > 2 it is known
that there exists a threshold X,,(f) > 0 such that (3.47) admits an eigenvalue with
positive real part if and only if S > X,,(f). Each threshold X,,(f) must be calcu-
lated numerically and this is easily accomplished by studying the spectrum of the
matrix obtained by an appropriate discretization of (3.47) on a truncated domain
(see §3.1 of [84] for details).

The plots of £,(f), £3(f), and X4(f) versus 0 < f < 1 shown in Figure 3.2b
indicate that X, (f) < X3(f) < Z4(f) while further numerical evidence suggests
that in fact X,(f) < X,,(f) for all m > 2 so that £,(f) is the appropriate instabil-
ity threshold. It follows that a multi-spot pattern with spot strengths Sy, ..., Sy is
unstable with respect to the m > 2 modes if S; > X,(f) for any i = 1,..,N. More-
over, numerical simulations of (3.5) have shown that m = 2 instabilities lead to
nonlinear splitting and self-replicating events [84]. This numerically observed be-
haviour has more recently been analytically justified by a weakly nonlinear anal-
ysis and derivation of normal form amplitude equations for the two-dimensional
Schnakenberg and Brusselator models for which it was demonstrated that m = 2

mode instabilities are subcritical [113].
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3.2.2 The m = 0 Mode Instabilities

For each j = 1,...,N we use the homogeneity of the eigenvalue problem (3.46a)

and corresponding boundary conditions (3.46b) to let

Mj(p) = c;M(p;S;, f), (3.48)

where c; is an undetermined constant and M satisfies

AoM + 2(p:S, /)M = AEnM, p >0, (3.492)
M0)=0, M- 0 . asp —s . (3.49b)
lng +B7L(Saf)

The constant far-field constant B (S, /) must in general be calculated numerically
for A # 0. On the other hand, differentiating the core problem (3.17) with respect
to S we find that M = ds(U.(p;S, f),Ve(p;S, f))T satisfies (3.49) with A = 0 and
in particular we obtain the important identity

d
BuS.N)=K(8.). 755 =2 (.50

We can therefore use the numerically calculated function x (S, f) to approximate
the derivative x'(S, f) to calculate zero eigenvalue crossing instability thresholds.
For the remainder of this section we assume that A = 0 and hence determine the
effect of bulk-membrane couping on zero-eigenvalue crossing instabilities.

Integrating (3.46a) and using the divergence theorem together with (3.48) and
(3.49) we calculate

/Ow[(l —2U,0(p)Vjo(p))®;(p) — Ujo(p)*¥;(p)| pdp = —c;,

- _f
/OqDJ(P)PdP—l_f

Cj,
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from which we then calculate the distributional limits

1= 2ueve)p — u2 -
: 82)(]) v —n(x)—2x ,Zlcj@m(x—xj)a £—=0",
=
27
%—”7( x)+ fZCJ589x x;j), e~ 07,

In the outer region for which |x —x;| > €(¢) for all j = 1,...,N we then find that
(3.44c) and (3.44d) become

D,An =0, xeQ, (3.51a)

Dyo,n+(1-K)n = Y ciGon(x—x;), x€Q, (3.51b)

for which we calculate the leading order outer solution

27rf K

Z ¢;iGpr(x,x))
Similarly, in the outer region (3.44b) becomes

f K

N
DvAaQq/—Zanj<599(x—xj) l—fD

— Gy, xj)> x€0Q,
j=1

for which integration over dQ leads to the solvability condition
N
Y ¢;=0, (3.52)
j=1

where we have used both the identity [, Gyur(x,&)dAx = (1 — K)~'D,, as well
as the constraint (3.7). Assuming the solvability condition (3.52) holds, then we

calculate the following leading order asymptotic expansion in the outer region

l_wa

W(x) ~ Zc,< () — —L— K/ag m(x,&)Gmr(é,xj)dA§>.
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Comparing the limiting behaviour of the inner solution ¥;(p) as p — e with that of
the outer solution given above as |x —x;| — 0 for each i = 1,..., N yields algebraic
system

vle+2n9c+ Boc = pe.

Left-multiplying by e’ and using the solvability condition (3.52) then gives
Moc =0,  Moy=v ' Iy+2m(In—EN)G+ (In—EN) %o, (3.53a)

where
930Ediag(ll<517f)7~--aX/(SN7f))- (353b)

In particular, a zero-eigenvalue crossing instability threshold can be calculated by
seeking parameter values for which .# admits a zero eigenvalue or equivalently
det.# = 0. For appropriate choices of the multi-spot configuration x1,...,Xy sym-
metry properties of the Green’s matrix ¢ can be leveraged to further characterize

the modes of instabilities as described below.

3.2.3 Instability Thresholds for Symmetric N-Spot Patterns

When the spot configuration and bulk-bound fuel source are chosen such that the
Green’s matrix ¢ is of constant row sum and the common spot strength solution
S = S.e satisfies the NAS (3.43b) exactly then we can derive an explicit criteria for
zero-eigenvalue crossing instabilities in terms of the spectrum of ¢ and the § < 1

behaviour of x/(S, f). In particular, since the Green’s matrix ¢ is symmetric the

eigenpairs {1, p j}l};l satisfy
gpj:ujpj’ p =e, eij:O j=2,...,N.

Additionally, since By = x' (S, f)-#n we find that the spectrum of . consists of
the eigenpairs {.<7;, p j}j}’:l where
v_17 j = )
o= (3.54)
v 2mui 4+ 2 (Se, f), 2<j <N,
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Since 7] > 0 for all parameter values, the p; mode does not lead to any zero
eigenvalue crossing instabilities. Therefore any zero eigenvalue instabilities that
arise must be the result of one of the p; modes for 2 < j < N and since e'p ;=0
for all such modes the resulting instabilities are typically referred to as competition
instabilities. Seeking parameter values such that .27; = 0 for some j =2,...,N and
noting that u; = &(1) we deduce that the v=! and x/(S,, f) terms must balance.
From the small § < 1 asymptotics (see Equation (4.20) in [84])

d,
K(S.f) ~ g +diS+ (%),

b(1—f 0.4893 ”
dy =" > ) a = 04098, bz/ wpdp ~4.934,
f f 0

(3.55)

we further deduce S, = ﬁ(vl/z) is needed for .7; = 0 to hold for some 2 < j < N.
Previous studies of the Brusselator system on the unit sphere indicate that com-
petition instabilities arise as S is decreased below a critical threshold [84] and we
therefore seek the largest value of S, for which .<7; = 0 for some j =2,...,N. In par-
ticular, noting the S < 1 asymptotics (3.55), the competition instability threshold

is determined by solving the algebraic equation
A (Seomp) =V 27+ X (Scomp, /) =0, 1= min ;- (3.56)

for the critical spot strength Scomp. The resulting critical spot strength Scomp de-
pends on both the spot configuration as well as the problem parameters f, K,
and D,,. The resulting competition instability threshold is then found by letting
S¢ = Scomp and recalling the definition of S, given by (3.42). Finally, since x' (S, 1)
is monotone increasing for § < 1 we also remark that .27 (S) < 0 if S < Scomp, and
in particular, based on the past observations of [84, 91], we expect a common spot
strength pattern to be stable (resp. unstable) with respect to competition instabili-
ties when o7 (S.) > 0 (resp. 2 (S.) < 0).

3.3 Slow-Spot Dynamics

In the previous section we considered the stability of multi-spot quasi-equilibrium

solutions on an &(1) timescale by studying the &(1) eigenvalues of the eigen-
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value problem (3.44). In the inner region we neglected the neutrally stable m = 1
mode which results from local translational invariance and is closely related to
the slow dynamics of the spots on an &'(g~?) timescale. The particular timescale
of the slow-dynamics arises from a dominant balance in (3.5) and will become
clearer in the proceeding derivation. Specifically we begin by introducing the slow
timescale & = €% and assuming that x; = x;(c) for each i = 1, ..., N. In the remain-
der of this section we seek a higher order asymptotic expansion for a multi-spot
quasi-equilibrium solution to (3.5) for which the leading order term is given by the
quasi-equilibrium solution calculated in §3.1 while a solvability condition arising
from the higher order corrections yields a system of ordinary differential equations
(ODEs) for the spot locations. The proceeding calculations follow closely those for
the sphere in the absence of bulk-membrane coupling in [91] as well as the more
recent computations on the torus in [95]. We remark that an analogous procedure
is used for deriving the slow dynamics of localized multi-spot solutions in one-,
two-, and three-dimensional domains [41, 96, 98].

We begin by left-multiplying (3.12) by _#;” and using ¢ #; = . to calcu-
late

dy’ 1 d
=—-T; 1), = =—¢eT;-Vy 2), :
o - +0(1), 5 € y +O(€7) (3.57a)
dx,'
T = jiT%, Vy = (dy,,0y,)". (3.57b)

We then consider the higher order inner expansions

u(x'(eY',0)) = VD, (Un(p) + €U (Y')) + O(?), (3.58a)

v(x'(eY’,0))

5 Valp) + V() +0(6), G580

and recall the leading order inner region expansion of w(x) given by (3.19) near x;

foreach i =1,...,N. The leading order inner problem is satisfied identically while

the first order correction problem is given by

Ayqin(Y)+2(p:Si,f)gn(Y)=—fi, Y eR (3.59a)
g, Y)—=q3(Y") as Y| (3.59b)
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where g;1 (y) = (Un(Y'),Va (Y"))" and

.. 1Uj ! _1/2 . /
ﬁ:(r, vYU,o<Y>+éJv %((Y’O))), (3.5%¢)
e 0 (3.59d)
=N 7 (200810074 o Vv () ) |

for each i = 1,...,N. The expression for f; is obtained by using (3.57a) as well
as the inner region expansion of w(x) given by (3.19). On the other hand the
expression for g3 (Y') is obtained by matching with the (&) term in (3.36).

To determine an appropriate solvability condition for (3.59a) we first note that
Ay + 2(p;S;, f) has a null-space of dimension at least two and is spanned in part
by 9y, (Uin(p),Vio(p))" for k =1,2. We assume that the corresponding adjoint
homogeneous operator has a null-space of dimension exactly two. We then write

solutions to the homogeneous adjoint problem
Ay ¥(Y')+2(p;S;, /)T¥(Y') =0, Y eR
0 /
¥ — as |Y'| — oo,

0

in terms of the polar coordinates introduced in §3.2 as

Y. (p,0)=P(p)cos®,  ¥(p,0)=P(p)sin®.
where P(p) = (Pi(p),P>(p))” is the unique solution to

AP (p)—p *P(p)+2[P(p) =0, inp>0, (3.60)
P~(plpH"  asp—e, (3.61)

in which the normalized limiting behaviour as p — oo is obtained by noting that

-1 1
QiT—><0 0), as p — oo,
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Left-multiplying (3.59a) by ‘I-‘CT and integrating over a disk of radius R > 0 gives

2m 8q‘1 oP
PT2E .T>
/O < ap gl ap p=R

R pr2rm
cos(®)RdO = —/ / PT ficos(®)pdpd®.
- o Jo
(3.62)

Using (3.59b) and (3.61) we obtain the limiting behaviour

8q-1 JP
PT—=" —gq], )
( dp P ) |,

as R — oo and therefore

2 \Y% vE(xi)>
cos O, sm@ ( Sio;+ x ,
~ A (Lot ooty

. aq:1 oP ) Vv (xi)
lim PT I — cos(@)Rd® =2mel 77 (Y S;a;+
R J, < op ‘11ap - (©) 1.7 127&1 T Do/Dy

where e; = (1,0)7. On the other hand the right side of (3.62) is evaluated by first

recalling that Wjy((Y’,0)) is radially symmetric so that its contribution vanishes

whereas Vy Ujp = U}y (p)(cos ©,sin®)”. In particular we obtain the following limit
for the right hand side of (3.62)

R 2r oo
— lim / / P ficos(®)pdpd® = —me[ T; / Pi(p)Ujp(p)pdp,
0 0

R—oo 0

from which we obtain

T _ -2 Vave(x;)
“ali= TR (p)Ui’()(p)pdp (;S D,/D, )

Proceeding similarly after left-multiplying (3.59a) by ‘PYT we therefore obtain

—’}/(S,',f < S i+ ——— va(xi)>, (3.63a)
LS b,

where
2

Jo Pi(p)UL(p:S, flpdp
The multiplier y(S, f) is computed by numerically solving (3.60) for P, (p) using

v, f) =~ (3.63b)

standard techniques. This multiplier depends only on the inner problem and is
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identical to that found in studies of the Brusselator system on the unit sphere [91]
and the unit disk [96]. For completeness we include a plot of y(S, f) for S > 0
and select values of 0 < f < 1 from which we observe that y(S, f) > 0. Since
xi(0) € dQ for all ¢ > 0 we find

dx; dx;
I3 — i'T 71:71’
( 3 xx’)dc do

so that left-multiplying (3.63a) by _¢; and using (3.14) we obtain the system of
ODEs

dax; 1
(S0 ) (S — xx]) (Z Sia;+ Dvva<x,-)> : (3.64)

do st wvV Dy
foreachi=1,...,N.

The effect of the bulk originating fuel source is analogous to that of a hetero-
geneous fuel source for the Brusselator model on the unit disk [96]. Specifically,
spots are drawn toward regions where the membrane-bound fuel is locally maxi-
mized. On the other hand, the first term appearing in the definition of @;; given in
(3.38) leads to mutual repulsion between spots whereas the second term introduces
the effects of bulk-membrane recirculation, though in its current form it is not clear
whether it leads to mutual repulsion or attraction between spots. To better under-
stand its effect on the slow dynamics we state the following Lemma for which a

proof is given in Appendix C.1.

Lemma 3.3.1. Let z € QUIQ\ {0} and suppose that f(x,z) is defined on dQ and

has the series expansion
1 & Z'x
fr)=—Y fR( ). fi=filll), xe€oQ. (3.65)
TS 2]

Then, for any y € dQ that is not collinear with z we have the identity

_ 1
/ uf(x,z)dszifo(\Z\)y
2Q

|y —x|?
1i fi(lz]) Pl(zTy> S-w oz
2E0(1+1) 1\ ¢

L—(2Ty/lz])? l2l’

(3.66)
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where PI1 (x) is the associated Legendre polynomial of first order and I degree. If
instead y and z are collinear or f; =0 for all | > 1, then the second term on the
right-hand-side of (3.66) vanishes identically.

Using the series expansion (3.27b) and the above Lemma we calculate

_(,ﬂg—xixiT)/ xi 52 Gour(E,xj)dA¢

a0 lxi—
A . (3.67)
Z Pl xlij) i i (xi —x;
=1 I (xfx;)?
for which in Appendix C.2 we show that

- 81 1
P, <0 forall —1<z<1. 3.68

,; i@ <0, fora ¢ (5.65)

This implies that bulk-membrane coupling induces a mutual attraction between
spots. However, as the next proposition shows, the mutual attraction induced by
bulk-membrane coupling is not enough to overcome the mutual repulsion between

spots given by the first term of &;;.

Proposition 3.3.1. Let € — 0 and suppose that the N-spot pattern constructed
in §3.1 is linearly stable on an O(1) timescale. Then, the spot locations vary
on an O(£72%) time-scale ¢ = €%t according to the differential algebraic system
consisting of the NAS (3.43b) and the system of ODEs

dx; 1 CxIx)(xi—x;)  Vyve(x)
= Y(Si, ) (S5 —xix] ) ( Yy 5= . (3.69%)
do 257 1—(xI'x;)? Dy/Dy
foreachi=1,....N where vg(x) is given by (3.29) and
1 K &
C(z) = ﬁ+i—z 8L_plz)>0, —l<z<1, (3.69b)
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The right-hand-side of (3.69a) is obtained by using (3.38) and (3.67) to get
(S5 —xix] o = 3C(x] x;) (3 — xix] ) (xi — x)),

and the sign of C(z) > 0 is derived in Appendix C.2.
We conclude this section by deriving a system of ODE:s for the spherical coor-

dinates 6;(c) and ¢;(o) for each i = 1,...,N. First we calculate

ox; d6; Jx; do; sin 6, 4%
Ti: T i i i i\ _ ido
% (86id6+8(p,~d6> ( d6; )’

do

/iij _ ( | —sin@;sin(¢; — (pj) )

sin 0 cos 6; cos(p; — @;) — sin 6;cos 0);.

Left-multiplying (3.69a) by jl-T and using (3.14) we obtain foreachi=1,....N

91 (Pl xl’Tx X l
(Slnwd")—y&,f( ys; SExiBy ST Jv‘i(x)), (3.700)

do J#i 1— (xFx; )2
where
in 6, sin (@i — ¢;
B, = sin 6 sin(¢; — ¢;) (,j=1,...N).  (3.70b)
sin 6;cos B; — sin B cos 6; cos(Q; — @)

3.4 Examples

To illustrate the asymptotic theory developed in the previous sections we now con-
sider examples of symmetric N-spot patterns for which we assume that the bulk-

bound fuel source is of the form

E(x) - E06(x _xsource)7 Xsource = 1€z, (3.71)

where Eg >0,0<1n < 1,and e, = (0,0,1)”. Such a fuel source may represent, for
example, a localized site of protein generation within the cell. In the following sec-

tion we will analyze the effects of the source location parametrized by 11 > 0. First
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we note that the diffusion transported fuel is given by wg(x) = EoGp, (X, Xsource )
where Gy, is the bulk Robin Green’s function satisfying

AGy, = _6(x _xsource)a x€Q, (3.72a)

1-K
anGbr+ D

Gpr =0, x€dQ. (3.72b)

w

When x € dQ the bulk Robin Green’s function has the series expansion
1 oo
Gy (X, Xsource) = P Y an'P(elx), xeoQ, (3.72¢c)
1=0

and by using the series (3.31) and product formula (3.32) as well as Lemma 3.3.1

we calculate

_ By em' o
ve(x) = an T+ 1)Pl(ezx), (3.73a)
(S —xx" ) Vevg(x) = i (Zer)Z (S —xx")(x—e), (3.73b)
E 0
IV vp(x) = ﬁCE(cos 6;) <1> : (3.73¢)
where
am pi (3.73d)
C = . .

Note that Cg(z) = 0 for n = 0 and proceeding as in the derivation of (3.68) in
Appendix C.2 we can similarly establish that Cg(z) < 0 for all —1 < z < 1 and
n > 0. Note in addition that Cg(+1 = 0 since P! (£1) = 0 (see (C.7)).

Since vg(x) is constant along lines of constant latitude (i.e. depends only on
eZTx) the common spot strength solution § = S.e exactly solves the NAS (3.43b)
when the spots are uniformly distributed along a ring of fixed latitude, i.e.

2n(i—1)

ei == 96'7 (Pi - N )

i=1,..,N. (3.74)

where 6, is a common polar angle. The common spot strength is then explicitly



given by

K K\
SC_ZnNJﬁV<1_1—f> : (3.75)

Applying the linear stability results of §3.2 we deduce that the N-spot pattern is
linearly stable on an (1) timescale provided that

Scomp<EO(1—K> | <X (f), (3.76)
27nN+/D, 1-f
where Scomp is the numerically computed solution to (3.56) and X, (f) the splitting
instability threshold calculated in §3.2.1. The effects of Ey and N on the compe-
tition and splitting instability thresholds for D, are seen to be identical to those
calculated in [84], mainly increasing (resp. decreasing) Ep may lead to splitting
(resp. competition) instabilities while increasing (resp. decreasing) N may lead to
competition (resp. splitting) instabilities. On the other hand, increasing the bulk-
membrane coupling parameter K increases the value of S, and may therefore lead
to splitting instabilities.

Before proceeding with explicit examples of a one- and two-spot pattern, we
use (3.73) to rewrite (3.70) as

in 6,42 F;
(Smde,,"“ ) = (i) ( G_) - (3.77)
do L

1 S;C(xI'x;)

Fi(@,0)=-) ——————sin6;sin(¢; — ¢;),
27 \/1—(xFx;)?

1 S;C(xI'x;
Gi(9,0)=— Z M(Sin 6;cos 6; —sin B cos B;cos(Q; — @;))

27 /1= (xIx;)?

where

n EyCg(cos 6;)
4nD,,+/D,

for each i =1,...,N and where @ = (¢y,...,ox)" and 8 = (6;,...,6y).
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3.4.1 One-Spot Pattern

In the case of a one-spot pattern with an arbitrary fuel source E(x) the slow dy-

namics (3.69a) are explicitly given by

dxi _ y(Si,f
d—cl = D(W\l/l%(fgj —xlxlT)vaE(xl), (3'78)

from which we deduce the equilibrium points x; € dQ occur at both the critical
points of vg(x) and the points for which V,vg(x) is parallel to x. When the fuel
source is given by (3.71) the slow dynamics in spherical coordinates (3.77) are

explicitly given by (3.77) where

_ EyCg(cos 6))
~ 4nD,\/D,

When 11 = 0 we calculate Cg = 0 and therefore any point x| € dQ is an equilibrium

Fi(91,61) =0,  Gi(¢1,6:) (3.79)

with respect to the slow dynamics. On the other hand when 0 < 1) < 1 we calculate
Ce(x1) =0and Cg(z) <O for all —1 <z < 1. As a consequence x; = +e, are
equilibrium points, but only x| = e, is linearly stable. In addition x; = e, is globally
attracting so that any spot concentrated at x; € dQ tends to e, along a geodesic on
an ¢(e72) timescale. Note that the remaining problem parameters Eo, D,,, K, f,
and D, only change the speed of the dynamics.

3.4.2 Two-Spot Patterns

Next we consider the case of a two-spot pattern. We begin by considering the case
N = 0 for which V,yvg(x) =0 on dQ. Since the 2 x 2 matrix ¢ is symmetric we
immediately deduce that § = S.e exactly solves the NAS (3.43b) for all values of
x1,X; € dQ. Substituting into (3.69a) we find that the slow dynamics are governed
by

dx; _ Scy(Se.f)  Clx{xa)

do 2 1= (x{x2)?

(A —x1x] ) (x1 — x2),

dn _ SW(Sef)  Clgx) (S —x217 ) (k2 —x1).
do 2 1= (xjx)?
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Letting xlsz = cos 3 we then calculate

dp 1 d(xTx,)
do  sinB do

= S.Y(Se, f)C(cos B). (3.80)

Since C(z) >0 forall =1 <z <1 and C(—1) =0 we deduce that § = 7 is the only
equilibrium and it is globally attracting. Therefore any antipodal configuration, in
the sense that x; = —x», is a stable equilibrium of the slow dynamics. In particu-
lar, the slow dynamics when K > 0 are qualitatively identical to those previously
investigated when K = 0 in [91].

When 11 > 0 both spots are mutually repelled while simultaneously being at-
tracted to e,. From (3.73) ad (3.69a) we immediately deduce that a North-South
(NS) configuration for which x; = +e, and x, = Fe, is an equilibrium of the slow
dynamics. Moreover, any equilibrium configuration in which a spot concentrates
at e, must be a NS-configuration as can be deduced by noting that if x; = +e,
then V,vg(x1) = 0 and (3.69a) then implies x, = Fe,. Note that the spot strengths
are not equal for the NS-configuration. In particular, if x; = e, and x, = —e, then
S1>Ss.

Next we consider non NS-configurations by parameterizing each spot in terms
of spherical coordinates @ = (¢, )" and 8 = (8;,6,)" and assuming without

loss of generality that 0 < 0; < 8, < 7. The dynamic are then given by (3.77) with

S C(S)

. . Sz C(é) E()CE(COS 91)
Fl(q’,e)—jﬁfu, Gl(‘Pye)ZEﬁglﬁ—ma
(3.81a)
_Si_CE) _Si_C() EoCg(cos 6,)
F(9,0)= > @ley G(9,0) = > 1—§2g21 42D, JD.
(3.81b)
where

fij =sin0;sin(@; — @;), gij =sin6;cos O —cos B;sin B cos(@; — @;), (3.82)
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Figure 3.3: Plots of 6, /7 versus K and f for fixed values of D,, = 1 (top row)
and D,, = 10 (bottom row) and 1 = 0.3,0.6,0.9 from left to right. The
solid lines with in-line text are contours indicating fixed values of 6, /7.

foreach i,j € {1,2} and

& = xTxy = sin B sin 6, cos(@; — @3) + cos O; cos 6. (3.83)

Since two-spot configurations are at equilibrium when 17 = 0 if and only if they are
antipodal, the upward drift toward e, implies that there are no non-NS antipodal
solutions when 1 > 0 and therefore & > —1. As an immediate consequence (1 —
52)*1/2C(§) > 0 so that F] = F> = 0 implies that f1, = f>; = 0 and therefore ¢; —
@, =0 or |@; — @] = m. In the former case the assumption 0; < 6, immediately
implies that G; < 0 since x; is propagated toward e, both by the repulsion from
x, and attraction to e, due to V,vg(x;). Therefore any non NS-configuration must
have |@; — @] = m and without loss of generality we assume @; =0 and ¢, = 7. It
follows that g;; = sin(6; + 6,) > 0 where the sign follows from noting that & > —1

implies 0; + 6, < . As a consequence, non-NS equilibrium configurations are
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determined by solving

N EyCE(cos 0
G1(61,6,) = ;C(cos(91+92))+27§)(\/ﬁl) =0, (3.84)

S EoCg(cos 6;)
G»(61,6,) = —C 06,+06 —— =0 3.85
2(01,6,) 5 (cos(61+62)) + 47D /Dy ; (3.85)
for 0 < 0; < 6, with ) + 6, < .
As a special case, when 0; = 6, = 0, we find that S| = S, = S, and it suffices

to determine the common angle 6, satisfying

Clcos26,) + 02W <1 - ll_{f>CE(cos 0)=0, 0<6. < g (3.86)
Since C(z) — +o0 as z — 1 and C(—1) = 0 whereas Cg(z) remains bounded and
strictly negative on 0 < z < 1 the intermediate value theorem implies the existence
of a0 < 6, < /2 satisfying (3.86). Numerical calculations further suggest that the
common angle solution is unique and G;(6,0) < 0 for 6 = 6.. In addition we note
that 6, is a function only of 6, = 6,.(K, f,D,,,n). In Figure 3.3 we plot 6, /7 versus
K and f with K+ f < 1 and for select values of D,, = 1,10 and n = 0.3,0.6,0.9
from which we make the following observations. As 0 < K < 1 — f increases,
the mutual repulsion reflected by C(cos26,) dominates the attraction toward e,
reflected by Cg(cos 6,) and therefore 6, increases, tending to the limit 6, — /2
as K — 1 — f. On the other hand, increasing 1 (resp. decreasing D,,) leads to an
increase of |V,vg(x)| and therefore decreases 6,.

Next we analyze in more detail the stability of the common angle and NS so-

lutions by considering the nullclines of (3.84). First note that
Gi(0,6) >0, Gi(6,t—0)<0, forall0 < 6 < 6,

so that the intermediate value implies the existence of values 67(6) such that
Gi(0,07(0)) =0forall 0 < 6 < 6, (i = 1,2). Numerical calculations further sug-
gest that both of these values are unique and monotone decreasing in 6. Clearly
6/ (6.) = O for each i = 1,2 and we can further deduce that limg_,o+ 6;(0) =7

and limg_,¢+ 05(6) < m. Moreover, numerical calculations given below suggest
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Figure 3.4: (a) Plot of C(cos6,) at K =0 versus 0 <1 < 1 and D,, > 0
with the solid orange line indicating values where Cf(cos6,) = 0 and
demarcating regions where Cj;(cos 6.) > 0 and Cy(cos 6,.) < 0. (b)-(c)
Schematics showing the functions 6;(6) and 65 (0) in the absence and
presence of a tilted solution. In the latter case 6; = 6, and 6, = 6;(6;)
are the polar angles of the tilted solution.

that depending on the choice of problem parameters either 65 () < 6;(0) for all
0 < 6 < 6., or else there exists a unique value 0 < 6; < 6, such that 65 (6;) = 6;(6;)
in which case we define 6 = 6;(6;) (i = 1,2) (see Figures 3.4b and 3.4c for a
schematic demonstration of the emergence of 0 < 6, < 6,). In particular this im-
plies the existence of a filted two spot solution with 6; = 6, < 6 = 6,. Finally,
since G;(01,6,) < 0if 6, = 67(6;) we deduce that the NS configuration is linearly
unstable, the common angle solution is linearly stable only in the absence of a tilted
solution, and the tilted solution, if it exists, is linearly stable.

A criteria for the emergence of a tilted solution can be derived by two equiva-
lent approaches: analyzing the stability of the common angle solution, or analyzing
the behaviour of 6;(6) and 65 (0) at 6 = 6.. We pursue the latter approach below
while the former is pursued in Appendix C.3. Specifically, the criteria for the emer-

gence of a tilted solution is equivalent to the tangency condition

ey
d6

_ dey
9:90 de

(3.87)

6=0,
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Indeed, in the absence of a tilted solution 6;(6) > 65(0) for all 0 < 6 < 6,
whereas when a tilted solution emerges 6;(6) < 65(0) for 6, < 6 < 6.. By sym-
metry it is easy to see that G»(6;(0),0) = 0 for all 0 < 6 < 6, so that 65(0) =
(6;)~1(6). In particular 05 /d6 = [d6; /d6] ' and the tangency condition (3.87)
therefore becomes d6; /d0|g—g, = —1 where the sign is due to the, numerically
observed, monotonicity of 6;(0). Implicitly differentiating G; (6, 6;(8) = 0 with
respect to 0 and using (see Appendix C.3 for details)

25, A B EyCg(cos 6,)

26, (61.6)=(6..6.) 26, (61,6)=(6..6.) 8Dy /DyH(Se)’

where 7, (S,) is given by (3.56), we deduce that the tangency condition (3.87) is

equivalent to
C(c0s26,)Cg(cos6,) +24,(S.)Cg(cos 6,)sin 6, = 0. (3.88)

In Appendix C.3 we show that the sign of the left-hand-side of (3.88), which we
denote by (3.88)Lus, determines the stability of the common angle solution (see
(C.23b)). In particular, if (3.88)Lys < O (resp. (3.88)Lugs > 0) then the common
angle solution is unstable (resp. stable). Assuming that Scomp < S¢ < X (f) so
that the common angle solution is linearly stable with respect to competition and
splitting instabilities, we seek parameter values for which (3.88) is satisfied. From
2 (S¢) > 0 for S¢ > Scomp and C(c0s26.)Cg(cosB,) < 0 forall 0 < 6, < /2 we
deduce that Cf;(cos 6,) > 0 is a necessary condition for (3.88) to hold. Numerical
evidence indicates that Cf (cos 6) has a unique zero 0 < 6, < /2 with Cj(cos 0) <
0 for 6 = 6,, and furthermore this zero is monotone increasing in K though at a
slower rate than the common angle .. As a consequence if Cf(cos6,.) < 0 for
K =0 then Ci(cos8,) < 0 for all 0 < K < 1 — f and the common angle solution
is linearly unstable. Noting that C;(cos 6, )|k~ is a function only of ) and D,, we
obtain the plot of C% (cos 6,) shown in Figure 3.4a. Only within the indicated region
of 1 and D,, values where Cf(cos 6,) > 0|x—o can the common angle solution be

linearly stable for appropriate choices of the remaining problem parameters when
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K > 0. In fact, when Cj;(cos 6,) > 0 we may solve
C(c0s26,)Cg(cos 6,) + 2.4, (S )C (cos 6,) sin 6, = 0, (3.89)

for the filt instability threshold Sgjc > Scomp. Since (3.88)Lys < 0 when S. = Scomp
we deduce that the common angle solution is unstable with respect to tilt instabili-
ties for S. < Sgit-

We summarize the above discussion as follows. If C(cos6,:) < 0 then the
common angle solution is linearly unstable with respect to a tilt instability over an
0(e7?) timescale. Otherwise, if Cj;(cos 6,) > 0 then the common angle solution
is linearly stable if and only if Sy < S, < Xp(f) where X,(f) is the splitting in-
stability threshold and Sy is the tilt instability threshold satisfying (3.89). The NS
configuration, for which x; = +e, and x, = —x; is always an equilibrium but it
is linearly unstable. Finally, if the common angle solution is linearly stable with
respect to competition and splitting instabilities, i.e. Scomp < Sc < X2(f), but unsta-
ble with respect to tilt instabilities then it bifurcates to a tilted solution with polar
angles satisfying 6; < 6. < 6,. The tilted solution is linearly stable with respect to
tilt instabilities and its stability with respect to competition and splitting instabili-
ties depends on the proximity of S. to Scomp and X (f). In particular recalling that
S =S.e+0(v) (see §3.1) it suffices that S, satisfy Scomp < Se < Z2(f) and be an
0 (1) distance from these thresholds for the tilted solution to be linearly stable.

To illustrate the above discussion, in Figures 3.5(a)-(c) we plot the competition
(blue), splitting (orange), and tilt (green) instability thresholds in the form D, / Eg
versus K for select values of D,, > 0 with § = 0.4, f = 0.6, and v = 5 x 1073,
Recalling (3.75) and the stability criteria Sg; < Se < X(f), the common angle so-
lution is linearly stable in the region bounded by the split (orange) and tilt (green)
instability threshold curves provided that the latter exists. If the latter threshold
does not exist then C(cos 8,) < 0 for all K > 0 and the common angle solution is
therefore always unstable with respect to tilt instabilities. In Figures 3.5(d)-(f) we
plot the common angle, 6,, and tilted solution angles, 6; and 6,,as 0 < K <1—f
is varied for D,/ Eg = 0.1 with the remaining parameters equal to those used in

Figures 3.5(a)-(c) respectively. Note that the tilted solution provides a connec-
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Figure 3.5: (a)-(c) Plots of competition, splitting, and tilt instability thresh-
olds as D,/ Eg versus K for select of D,, > 0 with 1 =0.4, f = 0.6, and
v =5 x 1073, (d)-(f) Plots of the common angle 6., and tilted angles
06, < 6. < 6, versus K at D, /Eg = 0.1 and with remaining parameters
equal to those from (a)-(c) respectively. The solid (resp. dashed) line
indicates the stability (resp. instability) of the common angle solution
with respect to tilt instabilities.

tion between the common angle and NS two-spot configurations. Furthermore, as

K — 1 — f the tilted solution approaches the NS configuration, but it is destabi-

lized by a splitting instability before reaching this new configuration. Additionally,

as K increases the tilted solution rapidly approaches the NS configuration indicat-

ing a preference of the system to align the two spots with the two local extrema

(maximum at e, and minimum at —e_) of V,vg(x) on dQ. Interestingly, the above

analysis indicates that while the existence of tilted solutions is closely tied to the

heterogeneity of the fuel source in the absence of membrane-detachment, the lat-

ter mechanism nevertheless plays an important role in the destabilization of the
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common angle solution and resulting bifurcation to the stable tilted solution.

3.5 Discussion

In this chapter we have used the method of matched asymptotic expansions to
derive hybrid asymptotic-numerical equations which determine the structure, sta-
bility, and slow dynamics of strongly localized multi-spot solutions to a bulk-
membrane-coupled Brusselator model posed on the unit sphere. Our particular
choice of bulk-membrane coupling was made to reflect a process in which the fuel
necessary to sustain pattern formation for the Brusselator model originates within
the bulk and is transported to the membrane by passive diffusion. In addition, we
introduced a membrane-detachment mechanism controlled by the non-dimensional
parameter K which satisfies 0 < K < 1 — f. Our analysis therefore focused on the
effects of the bulk-originating fuel source as well as the membrane detachment
mechanism on the structure, stability, and slow dynamics of the multi-spot pat-
terns.

To leading order in the small parameter v = —1/log €, we determined that the
total bulk-bound fuel and the membrane-bound activator detachment rate have a
direct effect on the strength of the membrane bound spot strengths, with one of the

key parameters being the common spot strength which is explicitly given by

1 K\ 3
SC:MN\/EO—I_JC) /QE(x)dx.

The dependence on the total bulk-bound fuel source is analogous to results previ-

ously obtained for the Brusselator model on the flat disk with a heterogeneous fuel
source [96]. The analysis of the structure of multi-spot solutions and their linear
stability on an &(1) timescale with respect to competition and splitting instabilities
is qualitatively similar to that in previous studies of the Brusselator model on the
unit sphere without bulk-membrane coupling [84]. However two key differences
are the introduction of the membrane Robin Green’s function G,,,(x, &) satisfying
(3.27a) and playing a key role in modelling membrane-detachment, as well as the

related quantity

/ Go(,E) G (€. x7) A

aQ
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which reflects a recirculation mechanism of membrane-detachment and reattach-
ment.

The effects of the recirculation mechanism and the bulk-originating fuel source
are perhaps most prominent in the slow dynamics of multi-spot patterns occurring
over an O(g~?) timescale. Although our derivation of the slow dynamics closely
follows that found in [91], our use of local geodesic normal coordinates streamlines
this derivation. In particular geodesic normal coordinates lead to local expansions
of the Laplace-Beltrami operator that are free of artificial first order correction
terms [92, 95]. The resulting system of ODEs governing the slow spot dynam-
ics consists of three terms of which the first reflects mutual repulsion between
spots and is independent of bulk-membrane coupling. The second term reflects
mutual attraction and is a consequence of the recirculation mechanism. However
we show that this term is weaker than the mutual repulsion due to the first term.
The final term is a consequence of the bulk-originating fuel source and leads to
the attraction of spots toward local extrema of the resulting membrane-bound fuel
term. To more closely investigate the consequences of each of these three terms
we considered an explicit example in which the bulk-bound fuel source is given
by a Dirac delta function concentrating at Xsource = (0,0,m) for 0 < < 1. We
then performed a detailed analysis of the dynamics of one- and two-spot config-
urations. In particular we illustrated that a one-spot pattern is globally attracted
to the only stable equilibrium located at x; = e;. On the other hand our analysis
of two-spot patterns revealed the existence of a common angle solution given by
x; = (sin6,,0,cos 6,) and x, = (—sin 6,0, cos 6,), a North-South (NS) solution for
which x| = +e, and x, = —x1, and a tilted solution for which x; = (sin 6,0, cos 6;)
and x; = (—sin6;,0,cos 6;) with 6, < 6, < 6. By numerically calculating sta-
bility thresholds for the common angle solution we the demonstrated an intricate
bifurcation structure connecting the common angle solution to the tilted and NS

configurations.
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Chapter 4

The Singularly Perturbed
One-Dimensional
Gierer-Meinhardt Model with
Non-Zero Activator Boundary
Flux

In this chapter we consider the classically studied one-dimensional Gierer-Meinhardt
(GM) model

u,:Duuxx—u+u2v_1, vt:vaxx—v—&—uz, O<x<1. (4.1a)
In the singularly perturbed limit for which D, = £> < 1 this GM model is known
to exhibit multi-spike solutions. While boundary conditions have been identified
as playing an important role in pattern formation [18, 59], relatively few studies
have investigated the role of boundary conditions on the structure and stability
of multi-spike solutions to singularly perturbed reaction diffusion systems. In-
stead most such studies have assumed either homogeneous Neumann or homoge-

neous Dirichlet boundary conditions. Notable exceptions include the investigation
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of homogeneous Robin boundary conditions for the activator in the GM model
[4, 60] and inhomogeneous Robin boundary conditions for the inhibitor in the two-
dimensional Brusselator model [96]. These two studies and their illustration of
the effect of boundary conditions on the structure and stability of multi-spike pat-
terns serve as the primary motivation for the present chapter in which we con-
sider inhomogeneous Neumann boundary conditions for the activator in the one-
dimensional singularly perturbed GM model (4.1a). Additionally, this chapter aims
to address some of the technical issues that arise in bulk-surface coupled reaction
diffusion systems for which inhomogeneous boundary conditions naturally arise
[27, 54, 58, 83].

We assume that that D, = €2 while D, = /(1) where € < 1 is an asymptoti-
cally small parameter. The activator in an equilibrium solution will then concen-
trate in intervals of ¢'(¢) length and by integrating the inhibitor equation in (4.1a)

it is easy to see that if v = ¢/(1) then we must have u = ¢'(¢~"/?) in each interval

on which it is concentrated. This motivates our choice of rescaling u = £~'ii and
v = &~ ' which when substituted into (4.1a) and dropping the tildes gives
— o2 2. -1
Uy = E Uy — U+ UV, 0<x<l, (4.2a)
TV, :Dvxx—v+£_1u2, O0<x<1, (4.2b)

and for which we observe both u and v will be &(1) in each interval where u is
concentrated. In addition we impose inhomogeneous and homogeneous Neumann

boundary conditions for the activator and inhibitor respectively which are given by

—euy(0)=A, eu(l)=B, v (0)=0, (1)

0, (4.2¢)

where we assume that A,B > 0 and for which we note that the scaling for the
activator boundary conditions arises naturally from the scaling argument.

In contrast to systems with homogeneous Neumann boundary conditions, we
note that (4.2) does not have a spatially homogeneous steady state when A > 0
and/or B > 0 and therefore traditional Turing stability analysis methods no longer
apply. In particular the inhomogeneous Neumann boundary conditions for the ac-

tivator in (4.2c) necessitate that the activator forms a boundary layer near each
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One-Spike Solutions for A=0 and B=0 v(x, t)
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Figure 4.1: (a) Examples of shifted one-spike solution concentrated at x = 0
for various values of A > 0 and with € = 0.05 and D = 5. (b) Evolution
of solution to GM problem with D =0.6, ¢ =.005,7=0.1,andA=B =
0.08. The initial condition is an unstable two-spike equilibrium where
both spikes concentrate at the boundaries. A competition instability
predicted by our asymptotic results in Figure 4.5a is triggered and leads
to the solution settling at an asymmetric pattern.

boundary when A > 0 and/or B = 0. As we demonstrate in §4.1 the appropriate
boundary layer solution takes the form of a shifted spike (see Figure 4.1a) that is
analogous to the near-boundary spike solution of [4, 60] though it has different
stability properties which we investigate in §4.3. Furthermore, by considering ex-
amples of one- and two-spike patterns in §4.4 we investigate the role of non-zero
boundary fluxes on the structure of symmetric and asymmetric patterns, as well as
their stability with respect to oscillatory (example 1), competition (examples 2-4),
and drift (example 4) instabilities. In Figure 4.1b we plot the time-evolution of a
linearly unstable equilibrium consisting of two boundary spikes of equal height.
We see that the solution undergoes a competition instability, but rather than be-
ing subcritical as is the case when A = B = 0 [104], the non-zero boundary fluxes
force the solution to settle to an asymmetric pattern. This illustrates that one of the
key features of introducing non-zero boundary fluxes is that it leads to a kind of
robustness of asymmetric solutions similar to that observed in the presence of an
inhomogeneous precursor gradient [49].

The remainder of this chapter is organized as follows. In §4.1 we use the
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method of matched asymptotic expansions to construct multi-spike equilibrium
solutions. The key idea of the construction is to leverage the localized of the spike
solution to reduce their construction to a problem of finding the spike heights and
their locations. In §4.2 we derive a nonlocal eigenvalue problem which determines
the linear stability of the multi-spike solutions on an ¢'(1) time scale. Then, in §4.3
we rigorously prove partial stability results for an equilibrium consisting of a single
boundary spike. This is done by analyzing a class of shifted nonlocal eigenvalue
problems analogous to those studied in [60]. In §4.4 we consider four examples for
which we construct one- and two-spike equilibrium patterns and study their linear
stability and dynamics. Finally in §4.5 we conclude with a summary of our results

and highlight several open problems and suggestions for future research.

4.1 Quasi-Equilibrium Multi-Spike Solutions and their
Slow Dynamics

In this section we use the method of matched asymptotic expansions to derive
an algebraic system and an ordinary differential equation that determine the pro-
file and slow dynamics of a multi-spike quasi-equilibrium solution to (4.2). The
derivation uses techniques that are now common in the study of localized patterns
in one dimension. Our presentation will therefore be brief, highlighting only the
novel aspects introduced by the inhomogeneous Neumann boundary conditions for
the activator. We begin by supposing that there are two spikes concentrated at the
boundaries x; = 0 and xg = 1 as well as N spikes concentrated in the interior at
0 <x; < ... <xy < 1. In addition we assume that the spikes are well separated
in the sense that |x; —x;| = €(1) as € — 0" forall i # j € {L,1,...,N,R}. This
last assumption is key for effectively applying the method of matched asymptotic
expansions.

We first construct an asymptotic approximation for the solution near x = 0 by

letting x = €y where y = /(1) and expanding
u~uLo(y)+0(e), veovpo(y)+evia () + O(€). (4.3)

It is easy to see that v;, = &, where &/ is is an undetermined constant, and uz o (y) =
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Erwe(y+yr) where we(y) is the unique homoclinic solution to

W —we+wr=0, 0<y<oo, w..(0) =0, we(y) >0 asy— oo,
(4.42)
given explicitly by
3
we(y) = Esechzg. (4.4b)

Moreover, the undetermined shift parameter y;, is chosen to satisfy the inhomoge-

neous Neumann boundary condition

w,(ye) = —A/EL. 4.5)

The unknown constants &, and y; are found by matching with the outer solution.
To determine the appropriate Neumann boundary conditions for the outer problem
we must first calculate v} |(y) as y — eo. This is done by integrating the &'(¢)

equation
Dy, = —Ew.(y+yL)?, 0<y<oo; vr.1(0) =0. (4.6)

over 0 < y < oo to obtain the limit

2

Jim v, () = —%n(m, 4.7)

where
6e~20(3 4 e70)

(14+e¥0)3

n(yo) = /O we(y+y0)*dy = (4.8)

Note that n(0) = 3 and n — 0" monotonically as z — 0. In a similar way we

obtain the inner solution near x = 1 by letting x = 1 — €y and finding that
s Erwe(y+yr) +0(€), v~ Ertevri(y)+O(e),

where yg is determined by solving

w..(yr) = —B/&k, 4.9)
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and for which we calculate the limit

2

: 3
Jim v (v) = =1 0%)- (4.10)

We now consider the inner solution at each interior spike location. By balanc-
ing dominant terms in a higher order asymptotic expansion, it can be shown that the
interior spike locations var on an ¢'(¢~2) timescale. Therefore we let x; = x;(€%¢)
for each i = 1,...,N and with x = x;(€%t) +y we calculate the inner asymptotic

expansions
u~Ew.(y)+0(¢), v Eitevi(y) +O(€%), i=1,..,N. (4.11)

Furthermore, we must impose a solvability condition on the v;; problem which

gives

1 dx; 1 . ]
e2dr & <y5TwV§1 o) +yEIPmVQ1 (y))- 4.12)

To determine the 2(N +2) undetermined constants &; and y; wherei € {L,1,...,N,R}
we must now calculate the outer solution, defined for |x —x;| = &/(1) for each
boundary and interior spike location, and match it with each of the inner solutions.
Since w, decays to zero exponentially as y — F-co we determine that the activator is
asymptotically small in the outer region. On the other hand (4.7) and (4.10) imply
the boundary conditions

2 2
WO ~—SLnin), ()~ ),

while the exponential decay of w, implies that the following limits hold (in the

sense of distributions)

N
e —6Y EX8(x—x;), (e —0"),
=1
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Thus, to leading order in € < 1, the outer problem for the inhibitor is given by

N
Dvxx—v:—6Z§j25(x—xj), 0<x<1,
j=1

Dv,(0) = —50217(%), Dvy(1) = 5/\2/+177(yR)-

(4.13)

(4.14)

This boundary value problem can be solved explicitly by letting G, be the Green’s

function satisfying

Gou— 0*Gpy=—8(x—&), 0<x<l;
GW(O,&):O, Gm(l,&):O, >0

and given explicitly by

1 coshwxcoshw(l —&), 0<x<&,

- o sinh @ Cosha)(l—x)coshwg, g <x<l.

G(D(xﬂé)

Formally substituting & = 0 or & = 1 into the above expression gives

_ coshw(l—x) cosh wx

Go(x,0) = wsinh @ Golx,1) = @sinh@’

which is readily seen to satisfy
Gouw— 0Gp=0, 0<x<I,

with boundary conditions

(4.15a)

(4.15b)

(4.15¢)

Gwx(0,0)=—1, Gwx(1,0)=0, Gpx(0,1) =0, Gox(1,1)=1.

Letting @y = D~ '/2 we obtain the following leading order asymptotic expansion

109



for the quasi-equilibrium solution to (4.2)

N
ue(x) ~ Epwe (2 +y1) + Erwe (52 +yr) + Y Ewe (F24), (4.16a)
j=1

N
ve(x) ~ @ (ifn(yL)Gwo (%,0) +&&N (V&) Gay (. 1) +6 Zl &7 Gy (x,x]')) . (4.16b)
-

Furthermore, by imposing the consistency condition v, (x;) = & foreachi € {L,1,...,N,R}

we obtain the system of N + 2 nonlinear equations

B=E — )G, N E* =0, (4.17a)

where ¥, and .4 are the (N +2) x (N + 2) matrices given by

(%wo);j:Gwo(xl-,xj) i7j:L,R,1,...,N,
N = diag(n(yL)vn(yR)’67"'76)7

and

g E(éLaéRaél?"wéN)T? gzz(ggaé%?glza'“aé/%)T' (4'17b)

Thus, for given spike configuration 0 < x; < ... < xy < 1, the system (4.17a) to-
gether with (4.5) and (4.9) can be solved for the unknown spike heights &, &, ..., Ev, Er
and boundary shifts y; and yg. Summarizing, we have the following proposition.

Proposition 4.1.1. In the limit € — 0% and fort < 0(€7%) an N + 2 spike quasi-
equilibrium solution to (4.2) consisting of two boundary spikes and N well sepa-
rated interior spikes concentrated at specified locations 0 < x; < ... <xy <1 is
given asymptotically by (4.16) where G, (x,§) is given explicitly by (4.15b) and
wy =D'/?
are found by solving the system of N +4 equations (4.5), (4.9), and (4.17a).

. The boundary shifts, y; and yg, and spike heights, &1,&1,...,En, Er,

The asymptotic solution constructed in the above proposition will not generally
be an equilibrium of (4.2) due to the slow, & (8_2), drift motion of the interior
spikes described by (4.12). However, this solution can be made into an equilibrium

by choosing the interior spike locations xi, ..., xy appropriately.
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Proposition 4.1.2. The interior spike locations of a multi-spike pattern consist-
ing of two boundary spikes and N interior spikes vary on an O(&~?) time scale

according to the differential equation

ldy
€2 dt

6G;
Si <a Gy (¥, x,) . §§2G (&, &;
i#i (4.18)

‘Sl gLn(yR) (xh )+€Rn(yR) (X,,l) )

foreachi=1,...,N where

(f(x)),, = lim f(x)+ lim f(x), (4.19)

x—>x0 X-}XO
which is to be solved together with (4.17a), (4.5), and (4.9) for the spike heights
&, &1, 6N, Er and shifts yp and yg. In particular, if the configuration xi,...,Xy
is stationary with respect to the ODE (4.18), then to leading order the quasi-

equilibrium solution of Proposition 4.1.1 is an equilibrium for all t > 0.

4.1.1 Equilibrium Multi-Spike Solutions by the Gluing Method

We now use an alternative method for constructing asymmetric multi-spike equilib-
rium solutions to (4.2). This method extends that of Ward and Wei [104] to account
for inhomogeneous Neumann boundary conditions. The key idea is to construct a
single boundary spike solution in an interval of variable length and use this solu-

tion to glue together a multi-spike solution. In particular, we begin considering the

problem
Uy —u+v ' =0, Dvy—v+elu? =0, 0<x<l, (4.20a)
eu(0) = —A, eu(I)=0, Dv(0)=0, Dv(l)=0, (4.20Db)

where / > 0 is fixed and for which we will use the method of matched asymptotic
expansions to construct a single spike solution concentrated at x = 0. Proceeding

as in §4.1 we readily find that the equilibrium solution in the outer region (i.e. for

111



x= 0(1)) is given by

cosh awy(l —x)

u(x;1,A) ~ Egwe (e x+p), v(x;1,A) ~ & coshanl (4.21)
where @y = D~'/? while the shift parameter y( and spike height & satisfy
A
we(yo) = — %, (4.22)
&o
and for which, using (4.4b) and (4.8), we explicitly calculate
tanh eyl 1+3q++/9¢*+10g+1 A
So 21 00) Y0 0g< > » 9= Gnhagl’ (4.23)

for which we remark that yo ~ 4¢ as ¢ — 0 and therefore &) ~ (3ay) ™! tanh !
as A — 0. Finally, we note that yo is monotone increasing in A and monotone
decreasing in D and / when A > 0 is fixed.
A multi-spike pattern is constructed by first partitioning the unit interval 0 <
x < 1 into N + 2 subintervals defined by
i—1
x, =0, xi=l+2Y i+ (i=1,..,N), xg=1,
j=1
IL:[O,IL), IiZ[X,'—li,xi—i-li) <i=1,...,N), IR:[l—lR,l],

where Iy ,1y,...,Iy,[r are chosen to satisfy the N 4 2 constraints

IL+2L+--2ly+Ilg=1. (4.24a)
V(lL;lL,A) = V(ll;ll,O) == V(IN;ZN,O) = V(ZR;IR,B), . (424b)
The first constraint guarantees that the intervals are mutually disjoint, while the

second set of N 4 1 constraints guarantees the continuity of the multi-spike equi-
librium solution

u(x;lp,A), xel v(x; 1, A), xel
ue(x) = u(lx—xi;1:,0), x€l v ve(x) =4 v(lx—x];1;,0), xel . (424c)
u(l—x,lg,B), x€ly v(l —x,Ig,B), x€Ig

112



We remark that the local symmetry of each interior spike implies that the inte-
rior spikes are stationary with respect to the slow dynamics found in (4.12), and

therefore the multi-spike solution constructed above is an equilibrium of (4.2).

4.2 Linear Stability of Multi-Spike Pattern

In this section we derive a nonlocal eigenvalue problem (NLEP) that, to leading
order in € < 1, determines the linear stability of the quasi-equilibrium solution
given in Proposition 4.1.1 on an (1) timescale. Letting u, and v, be the quasi-
equilibrium solution from Proposition 4.1.1, we consider the perturbations u =
U, +eM® and v = v, + e*¥ with which (4.2) becomes

2

2P, —D+2 D — W — 1, 0<x<l1, (4.25a)
Ve p
D¥, — ¥ +2e u,® = TAY, 0<x<1. (4.25b)

This problem admits both large and small eigenvalues characterized by A = /(1)
and O(€?) respectively. The small eigenvalues are closely related to the lineariza-
tion of the slow-dynamics (4.18) and the resulting instabilities therefore take place
over a O(g~?) timescale [111]. In contrast, the large eigenvalues lead to ampli-
tude instabilities over a @/(1) timescale. In this section we focus exclusively on the
large eigenvalues and limit our discussion of the small eigenvalues to the specific
example given in §4.4.4 in which a two-spike solution consisting of one spike on

the boundary and one interior spike is considered.
Using the method of matched asymptotic expansions as in §4.1 we readily find
that, to leading order in € < 1, the inhibitor perturbation W satisfies

N 0o
DY, — (1+1A)¥ =-2 §j/ we(¥)9;(y)dyd(x —x;), 0<x<l1, (4.26a)
.-:1

j —o0

D¥,(0) = -2, /0 we(y+yL)oL(y)dy, (4.26b)

D¥((1) =28z /0 we(y+Yr) PR (y)dy, (4.26¢)

where @y and @ are the leading order inner expansions of the activator perturba-
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tion & at the boundaries satisfying

L —we(y+y) " P(x) = A, 0<y< oo,

(4.272)
0/(0)=0, ¢ —0 asy— o,

for i = L, R respectively, while ¢, ..., ¢y are the leading order inner expansions of

® at each of the interior spike locations x, .., xy satisfying
Lot —we(y)"P(x;) =A¢;, —oo<y<oo, ¢ —0 asy-—»ceo, (427b)

foreachi = 1,...,N respectively. The linear differential operator .7}, parametrized

by yo > 0 appearing in each equation is explicitly given by

259 =9" — ¢ +2we(y+0)9- (4.28)

Note that by decomposing each ¢; = ¢&'" + ¢4 (i = 1,...,N) where ¢£**" and
q)l."dd are even and odd about y = 0 respectively, we find that either ¢)l-°dd =0orelse
A < 0. In particular, the odd components of each ¢; (i = 1,...,N) do not contribute
to any instabilities and without loss of generality we may therefore assume that
each ¢; is even about y = 0. Hence it suffices to pose (4.27b) on the half line with
the same homogeneous Neumann boundary conditions used in (4.27a).

Letting @, = /(1 +7A)/D and recalling the definition of G, in (4.15) we
readily find that the solution to (4.26) is explicitly given by

N o0
) =208 Y &Ga (1)) / we(y +3,)0;()dy.
j=L.R,1 0

where we let
yi=..=yy =0, &= . (4.29)

Evaluating W(x) at each x = x; and substituting into (4.27) yields the system of
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NLEPs

N oo
Z ‘P 2w()Wc Y+YI 2 Z ]G xlaxl /0 Wc(y+yj)¢j()’)dy:l¢i (4.30a)
Jj=L,R,1

for y > 0 with boundary conditions
$/(0)=0, ¢ —0  asy— oo, (4.30b)

foreachi=L,R,1,...,N where .Z, is defined by (4.28).

The NLEP system (4.30) has two key features that distinguish it from analo-
gous NLEPs in singularly perturbed reaction diffusion systems [41, 104,107, 111]
and are explored in the rigorous stability results of §4.3 as well as in the spe-
cific examples of §4.4. First, it considers both boundary-bound and interior-bound
spikes. As explored in Examples 2 to 4 this has immediate consequences for both
the existence and stability of asymmetric patterns even in the zero-flux case where
A = B = 0. The second distinguishing feature of (4.30) is the introduction of the
shift parameters y; > 0 and yg > 0. We remark that an analogous negative shift
parameter has been examined in the context of near-boundary spike solutions for
homogeneous Robin boundary conditions [4, 60]. However, as highlighted in the
stability results of §4.3, the positive shift parameter plays a key role in the stability
properties of boundary-bound spikes. An important critical value of the shift pa-
rameter is the unique value yo. > 0 such that w/ (yo.) = 0 and which is explicitly
given by

yoe = log(2+v/3). 4.31)

In particular, it can be shown that if yy < yo. then %} has an unstable and stable
spectrum respectively (see Lemma 4.3.1 below). Moreover the operator %} has a

one-dimensional kernel spanned by w.(y + yoc)-

4.2.1 Reduction of NLEP to an Algebraic System

It is particularly useful to rewrite (4.30) as an algebraic system as follows. Assum-

ing that A is not an eigenvalue of .Z}, foralli =L,R,1,...,N we let

¢i:ci(92”},i—/l)_lwc(y+yi)2, i€{L,R1,.. N}, (4.32)
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where the coefficients c¢;,cg,c1,...,cy are undetermined. Note that in (4.32) the
homogeneous Neumann boundary condition ¢;/(0) = 0 is assumed. In addition,
note that if A = 0 then (4.32) is only valid if y;, yg # yo.
Substituting into (4.30) then yields the linear homogeneous system for ¢ =
(cL,cr,C1y-yen)T
G, Drc = (205) e, (4.33)

where 9, is the (N +2) x (N +2) matrix with entries
(gml)ij:Gwl(xiaxj)a (i,j:L,R,l,...,N), (4.34)
while &, is the diagonal (N +2) x (N 4 2) matrix given by

n(Yi)éiny(l)a l:J:LaR7

1
(Dn)ij = o 6&.Z0(A), i=j=1,...,N, (4.35)
0, i # ]
where - PR )
c + o B c + d
fo we(y+y0)>dy
and for which (4.46) and (4.47) below imply that for all yy # yo.
we.(yo)we (yo)2
Z.(0) = RS TAMEA A 4.37)
O = S om)

Comparing (4.33) and (4.30), it follows that A is an eigenvalue of (4.30) if and only
if (203)~! is an eigenvalue of %, 7. In particular, when A is not an eigenvalue
of Z,, L), and £ then it is an eigenvalue of the NLEP (4.30) if and only if it
satisfies the algebraic equation

det(Ins2 —205%, 75) =0, (4.38)

where Iy, is the (N +2) x (N +2) identity matrix.
We conclude by noting that if either y; = yo. and/or yg = yo. then the algebraic

reduction fails when searching for a zero eigenvalue A = 0 since .Z},, is not in-
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vertible. However, in this case we can deduce an analogous system. In particular
letting A = 0 and assuming that y; = yo. and yg # yo., we multiply the i = L NLEP
in (4.30) by w.(y+ yo.) and integrate over 0 < y < co to get

X))

oo N B G O, oo
&L / we(y+yL)ordy =— Y, §jGw°((0 0) / we(y+yj)¢;dy. (439
0 j=R,1 0 \Y> 0

Proceeding as above we then deduce that the NLEP (4.30) with A = 0 is then

equivalent to the algebraic equation
det(Iy 11 —203%u,7) =0, (4.40)
where 4, and & are the (N 4 1) x (N + 1) matrices with entries

(Gen)ij = %ij Gy (%i,0)G ey (0,x;), (D)ij = Dij, (4.41)

" Gy (0,0)

fori,j=R,1,...,N. The same approach can likewise be used if y; = yg = yo..

4.2.2 Zero-Eigenvalues of the NLEP and the Consistency Condition

The conditions under which A = 0 is an eigenvalue of the NLEP (4.30) can be di-
rectly linked to the system (4.17a) as highlighted in [111]. Specifically, assume that
X1,...,xy are fixed (not necessarily at an equilibrium configuration of the slow dy-
namics ODE (4.18)) and let &, &g, &y, ..., En together with y; and yg solve (4.17a),
(4.5), and (4.9) with the additional assumption that y; , yg # yo.. From the definition
of 1 in (4.8) and from (4.5) and (4.9) we calculate

IN(i) _ we(yi)*we ()
dé&; ‘gin(Yi) ’

for i = L,R. Taking the Jacobian of the quasi-equilibrium system (4.17a) and re-

(4.42)

calling the definition of &, given in (4.35) we deduce that

VeB =1-203Ym %. (4.43)
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Together with the discussion of §4.2.1 we deduce that if y;, yg # 0 and each xy, ..., xy
is independent of &;, &g, &y, ..., En, then A = 0 is an eigenvalue of the NLEP (4.30)
if and only if the Jacobian V¢ B is singular.

4.3 Rigorous Stability and Instability Results for the
Shifted NLEP

In this section we rigorously prove instability and stability results for the shifted
NLEP

Jo w

Ly — uf 2=/1¢, 0<y< o,

(4.44)
¢'(0) =0; ¢ —0 asy—oo,
where p is a real constant and for a fixed value of yy > 0 we define
L =0"—0+2wo,  w(y) =we(y+y), (4.45)

and where w, is the unique solution to (4.4a). When yp = 0 the NLEP (4.44) is
stable if 4t > 1 and unstable if g < 1 [107]. We begin by collecting a few facts
about the operator .Z}, and its spectrum. First, we calculate

w(0) 1 3w(0) .

_ -1
yo W = W”(O)W’ ‘”%0 W_W+§yw _2W//<0)W

(4.46)

where the additional terms are chosen so that homogeneous Neumann boundary

conditions at y = 0 are satisfied and which we use to compute

T o [T, wW(0)w(0)?
/o wZw —/0 w +2/7/(0)7 (4.472)
T 3 [T o 3w (0w(0)?
/0 WL, W= /0 Vo) @47
Z a1 2 w' (0)w(0)?
/Owgyow_/ow+ 0] (4.47¢)
/ szg / W2 +3W(0)5W(0). (4.47d)
0 0
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In the next two lemmas, we describe some key properties of the eigenvalue problem
L, ® = AP, 0<y <o @'(0) =0; P —0, asy— +oo. (4.48)

Lemma 4.3.1. Let yg > 0 an let Ag be the principal eigenvalue of (4.48). Then
Ao =0 if yo =yoc and Ao < 0 if yo 2 yo.. Furthermore, the eigenfunction corre-

sponding to the principal eigenvalue is of one sign.

Proof. Since .Z),, is self-adjoint, the variational characterization

Jo 192 + @[> —2w|D|?
DeH?([0,02)) Jo @

, (4.49)

implies that the principal eigenfunction @y is of one sign. Since ®((0) # 0 we may,
without loss of generality, assume that ®((0) = 1 and &y > 0. Now we multiply
(4.48) by w' and integrate by parts to get
/!
0
Ao = # (4.50)
fo w®gdy

where we remark that the denominator is negative since w' < 0 for all y > 0. The

claim follows by noting that w” (0) = 0 when yo = 0 and w” (0) = 0 for yo = yp.. U

Lemma 4.3.2. Let A| be the second eigenvalue of Z,,,. Then Ay <0 for all yo > 0.

Proof. First note that the second eigenfunction ©; must cross zero at least once
since f0°° DyP dy = 0 and Py is of one sign. Next we assume toward a contradic-
tion that A; > 0. We begin by showing that ®; has exactly one zero in 0 <y < oo.
Assume that ®; has more than one zero and choose 0 < a < b < oo such that
P (a) =Pi(b) =0and ®; >0ina <y <b. Then | (a) > 0 and ¥|(b) <0 so
we obtain the contradiction

b b
0> Ay / wddy = / w' %, ®1dy = w (b)) (b) — W (a)®)(a) >0, (4.51)

where we have used .Z;,w’ = 0 and w’ < 0 for all y > 0. Thus ®; has a unique zero
0 < a < e and we may assume that ®; < 0 for y < a. Setting b = o in (4.51) we
get a contradiction. O
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In Figure 4.2a we plot the principal and second eigenvalues of the operator .Z},
which we calculated numerically (see Appendix D.2 for details on the numerical
method).

Lemma 4.3.1 implies that the NLEP will have different stability properties de-
pending on whether yy is greater than or smaller than yo.. We will henceforth refer
to 0 < yp < yor and yg > yo. as the small-shift and large-shift cases respectively.
When yg = 0 it is known that for yu > O sufficiently large, the NLEP (4.44) is sta-
ble. In this sense the nonlocal term appearing in (4.44) can stabilize the spectrum
of the linearized operator .Z,. Since all the eigenvalues of .Z}, are negative in the
large-shift case we expect the spectrum of the NLEP (4.44) to remain stable for all
u > 0. Restricting our attention to real eigenvalues, we have the following stability

result for the large-shift case.

Theorem 4.3.1. All real eigenvalues of the NLEP (4.44) are negative when yg >
Y0c-

To prove this, we first prove the following lemma.

Lemma 4.3.3. Let yo > yo. and suppose that ¢ satisfies
L9 —A9 >0, 0<y<e;  ¢'(0)>0; ¢ =0, asy— oo, (4.52)

where A > 0. Then ¢ <0 forall y > 0.

Proof. Assume toward a contradiction that ¢ > 0in 0 <a <y < b < co. Without
loss of generality we may assume that ¢(a) =0 if @ > 0 and ¢(0) > 0 if a = 0.
Then, for any such 0 < a < b < o we have

¢(a) >0, ¢'(a)>0, ¢(b)=0, ¢'(b)<0. (4.53)

Let g(y) = w"(y) — Bw/(y) where = mat20 WO) 56 well-defined and positive.

W//(a)

Then g > 0 for all y > 0, ¢’(a) <0, and moreover (%, —A)g = L, —Ag =
—(w')? — Ag < 0. Integrating by parts we obtain the contradiction

b b
0< / ¢(Ly— A)ody - / 0(Z, — A)gdy

=8(b)¢'(b) —g(a)9'(a) — &' (b)9(b) +&'(a)¢(a) <.
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Proof [Theorem 4.3.1. | Suppose that A > 0 is an eigenvalue of (4.44) so that by
Lemma 4.3.1 the operator .Zyo — A is invertible and from (4.44) we calculate
Jo wo

0= MW(-ZM —2) ",
0

But w? > 0 so by Lemma 4.3.3 we obtain the contradiction

R s

= <0. 4.54
Jo w? 39

O

From Theorem 4.3.1 we immediately deduce that the NLEP does not admit a
zero eigenvalue for any (t > 0 when yg > yo.. On the other hand, when 0 < yy < yg,
we suspect that the NLEP admits a zero eigenvalue for an appropriate choice of
1 > 0. When yg = y. this is the case for 4 = 0. When 0 < yg < yo. we set L =0
in (4.44) and obtain
Jo wé

fooo w?

Using (4.46) we calculate ¢ = 62”}; 11v2 and substitute back into (4.55) to deduce

L = 1 w. (4.55)

that A = 0 is an eigenvalue if and only if

fowwz fowwz
w=uo)=—= — = — — oo (4.56)
Jowa'we [

Note that u.(yo) =< 0 if yo = yo.. In terms of the critical value y, we have the

following instability result for the small-shift case.

Theorem 4.3.2. Let 0 < yg < yo. and 0 < u < U, where critical value . is defined
in (4.56). Then the NLEP (4.44) admits a positive real eigenvalue.

Proof. Let Ag be the principal eigenvalue of .Z},. First note that by Lemma 4.3.1
and 4.3.2 the principal and second eigenvalues of .7}, satisfy A; < 0 < Ag. More-

over the corresponding eigenfunction @ is of one sign and we may assume that
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$y > 0 and fow CID(Z, = 1. Observe that if Ay # Ag is a positive eigenvalue of the

NLEP (4.44) then

o=, o),

and since [;”w¢ # 0 the above equation is equivalent to /1(Ag) = 0 where

o0 °°W2
h(L) :/ w(a%yo—l)_lwz—oT. (4.57)
0

We now show that such a Ay can always be found in 0 < Ay < Ag for 0 < u < y,.
First we calculate h(0) = [;"w?(us ' — u~') < 0. Next we we let y be the

unique solution to
(Ly—A)y=w’, 0<y<es;  y(0)=0.
Decomposing ¥ = co®g + Y+ where [;”Poy =0 we find that y satisfies
(Lo =)W =w? —co(Ag— )Py, 0<y<oo;  (yh)(0)=0. (4.58)

Multiplying by @, and integrating by parts we obtain cg = (Ag —A) ™" [ w?®y

and therefore

fowwzcbo f(;owcbo /°° N f(;owz
h(A) = + - 4.59

On the other hand, if we multiply (4.58) by y and integrate then we obtain

A e e e B S S

By Lemma 4.3.2 and the variational characterization of the second eigenvalue of

£, we obtain

°°cp/2 q)2_2 (1)2 R e Yran 1
N 1 e Pl P Y

DeH?([0,20)) D[ vt
i 0=
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Substituting into (4.60) we calculate HI,IIJ‘HLZ (0. <A W] 20 o W 22(0,00))
so that ||y]| 12([0.+)) @nd hence also Jo wyt are bounded as A — Ag > 0. There-
fore, from (4.59) we deduce 2(A) — +e0as A — A; . By a continuity argument we
deduce the existence of a Ay € (0,A;) such that 2(4y) = 0. O

We conclude this section by establishing sufficient conditions for the stability
of the NLEP (4.44) in both the small- and large-shift cases. Suppose that ¢ =
Or +i¢; and A = Ag + iA; satisfies the NLEP. Separating real and imaginary parts
in (4.44) then yields the system

fo ¢R w2
S w

-i”yo(PI—HfOoo 2W = ArOr + AR

0

Ly Or — = ArOr — A1 91,

Multiplying the first and second equations by ¢r and ¢; respectively, integrating,
and then adding them together gives

AR /O‘” 0> = —Li(¢&, Or) — L1 (¢1. 1), (4.62)

where we define

M_ (4.63)

Jow

It is clear that if L;(®,®) > 0 for all @ € H?([0,o0)) then the NLEP (4.44) will be
linearly stable. In the next theorem we determine sufficient conditions on y > 0
and yo > 0 for which the NLEP is linearly stable.

Ly (D, D) /\@’]2—1—(1)2 2wd? +

Theorem 4.3.3. If 0 < yo < yor and i (yo) < 1t < ta(yo), or yo > yoc and 0 < 1 <
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Figure 4.2: (a) Plot of the numerically computed principal and second eigen-
values of the operator .Z},,. The dashed vertical line corresponds to
Yo = Yoc- (b) Plot of the stability thresholds p; and p, as functions
of yg. The dashed vertical and horizontal lines correspond to yp = yo.
and p = 2 respectively. The NLEP (4.44) has been rigorously demon-
strated to be stable in the region bounded by the curves y; and ;. Note
that u; and W, are interchanged as yg passes through yo.. (c) Plot of
W (yo) — te(yo) for 0 < yo < yo.. The NLEP is unstable for 4 < u,. and
stable for u; < p < Up when 0 < yg < yg.. It is conjectured that the
NLERP is stable for u > ..

Ui (yo) where

i (yo)

2 (o)

2f0°° w2

fooo WD%EIWZ + \/fomwog}glwfom WZD%EIWZ

2f0°° w?

) (4.64)

Sy w2 W = fw g e [ W g w2

, (4.65)

then ReA < 0 for all eigenvalues of the NLEP (4.44).

Proof. We first prove the result for 0 < yg < yo.. When g =2 and yg = 0, Lemma
5.1 (2) in [107] implies that L;(®,®) > 0 for all & € H?((co,o0)) and hence, by
restricting to even functions, also for all ® € H?([0,0)). In particular, by the vari-

ational characterization of the principal eigenvalue, this implies that the principal

124



eigenvalue of the self-adjoint operator

o o Nfowq’
< w w,
" 2foW2 2f0w2

must be negative. We then perturb yp > 0 and p until L; has a zero eigenvalue and

Li®= (4.66)

for which we may solve
=co.Z, ' W+ 1%, w. (4.67)

Substituting back into L;® = 0 we obtain the system

<.uf0 W"%Ol 2_1> “fO W"%Ol 20 TN h =0

2 fo w? 2 fo

.ujO Z%OW ‘ufow.,?g,ow N ¢
————Cp+ 5 —1)c; =0.

2 fo 2 fo w

Since fo 29%0 lw= fo wZ 'w? a nontrivial solutions exists if and only if

2w W2 4 (o WZ) ’
where explicit formulae for each integral can be found in (4.47). When u = 2 and

yo = 0 the left hand side of (4.68) equals —9/10 < 0 and therefore we have stability
for 0 <yp < yo if

(Nfo wg,! 2_1>2_sz5°Wi”yElwfo WL tw?
2 fo w2 4 (fo“’wz)Z

which is easily seen to be equivalent to u; < U < .

<0, (4.69)

The thresholds u; and y, are singular as yp — yo. and therefore the conti-
nuity argument from above does not extend to yy > yo.. However L;(D,®) > 0
by Lemma 4.3.1 if yo > yo. and g = 0. Therefore we proceed with the same
continuity argument as above, but starting from g = 0. This yields the same

criteria, but since .Z};lwz < 0 by Lemma 4.3.3 the sufficient condition is now
H2(y0) <0 < p < pi(yo).
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Both of the stability thresholds p; and u, defined in (4.64) as well as the insta-
bility threshold u. defined in (4.56) are easily computed using (4.47). In Figures
4.2b and 4.2c we plot the stability thresholds and the difference u; — . respec-
tively. In particular, from the plot in 4.2c we see that u; > U.. We conjecture,
that as in the yo = O case, the NLEP is stable for all & > .. In Appendix D.2 we
provide numerical support for this conjecture by plotting ReAq versus u and yg in
Figure D.2a. In addition, we plot Ag — Re(Ap) in Figure D.2b which suggest that
Re(Ap) < Ao.

4.4 Examples

In this section we illustrate the effect of introducing a nonzero boundary flux for
the activator by considering three distinct examples. Specifically, we first study
the stability of a single boundary spike concentrated at x = 0 when A > 0 and
B = 0. Using a winding number argument we illustrate that the stability of the
single spike is improved by increasing the boundary flux A. Moreover, we illus-
trate that if A exceed a threshold, then the spike is stable independently of the
parameters T > 0 and D > 0. We then consider the structure and stability of a two-
boundary-spike pattern when the boundary fluxes are equal, A = B > 0. One of the
key findings is that if A > O then the range of D > 0 values for which asymmet-
ric patterns exist is extended. Additionally, by assuming that T < 1 we study the
stability of both symmetric and asymmetric two-boundary-spike patterns to com-
petition (zero eigenvalue crossing) instabilities. We demonstrate that one branch of
asymmetric patterns is always stable. Similarly, in our final example we consider a
two-boundary-spike pattern with a one-sided boundary flux A > 0 and B = 0. We
demonstrate the existence of several asymmetric patterns, with a certain branch of
these patterns always being stable. For each example we include full numerical
simulations of the GM system (4.2) using the finite element software FlexPDE [1].
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Figure 4.3: Hopf bifurcation threshold and accompanying eigenvalue for a
single boundary-spike solution with one-sided boundary flux A > 0 in
(a) the shadow limit, D — oo, and (b and c) for finite D > 0 at select
values of 0 < A < go.. In (a) the dashed vertical line corresponds to the
threshold A = go. beyond which no Hopf bifurcations occur.

4.4.1 Example 1: One Boundary Spike at x =0 withA >0 and B=0

In this example we assume that B = 0 and investigate the role of a non-negative
flux, A > 0, on the stability of a single boundary spike concentrated at x = 0. We
denote the left boundary shift parameter by yg = y;, so that using (4.15b) and (4.23)
we reduce (4.30) to (4.44) where
wyp tanh @y
ur) = ZW. (4.70)
Recalling that @ = /(1 + tA)/D we first observe that 0 < (1) < 2 for all real-
valued A > 0 so that by Theorem 4.3.3 and Figure 4.2b the NLEP has no non-
negative real eigenvalues. Next we determine whether the NLEP has any unstable
complex-valued eigenvalues by using a winding number argument. Assuming that
A is not in the spectrum of %, we let ¢ = (£, — A) " 'we(y +0)? so that as in
§4.2.1 the NLEP reduces to the algebraic equation

(L) = —~ — %, (L) =0, 4.71)
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where .7, (1) is defined in (4.36). In Figure D.1 we plot .%,, (0) versus yo, as well
as the real and imaginary parts of .%, (iA;) versus A; for select values of y;. We
integrate in A over a closed counter-clockwise contour consisting of the imaginary

axis and a large semicircle in the right half-plane. Since

T M) =O(A™Y) and u(A) =A%) as|A| =, Red >0, (4.72)
the change in argument of 7, (1) over the large semicircle is 7. Moreover, in
ReAd >0, p(A) # 0 whereas by Lemmas 4.3.1 and 4.3.2 we deduce that .%, (1)
has one (resp. zero) pole(s) if yg < yo. (resp. yo > yoo). Letting Z denote the
number of zeros of 7, (4) in ReA > 0 it follows from the argument principle that

5/47 YO<)’0m

1
—Aarg%o (idr)
1/4, 0 = Yoc:

0 e (4.73)

where the first term on the right hand side denotes the change in argument of
ay (L) as A follows the imaginary axis from A = +ico to A = 0. Note in addition
that we have used %, (1) = %, (A) to obtain Aarg <%, (iA;)| . oo = 2Aarg A (iAr) ‘ oo
From (4.72) we immediately deduce that arg o7 (+ic) = 7 /4. On the other hand,
using (4.47), we evaluate %, (0) = 3 —.%,,(0) < 0 for yy < yo. (see also Figure
D.1a). We will consider the cases yg > yo. and yg < yo. separately below.

If yo > yo. then Re.%(iA;) < O for all A; > 0 (see Figure D.1b) so .2 (iA;)
never crosses the imaginary axis for all 4; > 0. As aresult Aarg o7, (iA;)|%, = —7 /4
and therefore Z = 0 if yg > yo.. Since y( is monotone decreasing in D when A > 0,
we deduce that there is a threshold D.(A) such that the single spike pattern is stable
forall T > 0if D > D.(A). Substituting yo = yo. and using (4.23) and (4.31) yields
the threshold parameter

4433
11

qoc = ~ 0.83601, (4.74)
with which D, (A) is found by solving the transcendental equation

tanhD, '/* = g;'AD. "%, (4.75)
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Figure 4.4: Plots of u(0,¢) for a one boundary-spike solution with one-sided
boundary flux x =0 (i.e. A > 0 and B = 0) with € = 0.005. Note that
increasing the boundary flux A stabilizes the single boundary-spike so-
lution for fixed values of D and 7.

It is easy to see that if A > go. then D, = oo is the only positive solution. On the
other hand, if 0 < A < gq. then this equation has a unique positive solution that is
monotone increasing in A and satisfies D, — 0" asA — 0" and D, — < as A — doe-
In summary we deduce that the single spike pattern is stable for all D >0and 7 >0
if A > qoe, orforall T>0if 0 <D < D.(A) and 0 < A < go.. To determine the
stability when 0 < A < go. and D > D.(A) we must consider the case 0 <y < yq.

Next we assume that 0 < yp < yo.. We begin by considering the shadow limit,
defined by D — oo, for which u(iA;) ~ 2(14itA;)~" and hence also

Re., (iAr) ~ % —ReFy (iky),  Imdd,(id) ~ T;" —ImZ, (i), D -

Since .#,,(0) > 1/2 and Re.%,(iA;) — 0 as 4; — oo (see Appendix D.1 and ac-
companying Figure D.1) we deduce that there exists a solution to Re.% (iA;) = 0.
Moreover, in Figure D.1b we observe that when ReF;,(i;) is positive it is also

monotone decreasing in A;. Therefore there exists a unique eigenvalue A;° and

time constant 7;° = 2Im.%#,,(iA;)/A;° such that 2% (iA;°) = 0. Furthermore, since
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Ima, (iA°) s 0if T< 7;° we get

0 —5m/4, T<71,
Aarg o, (iA7)|% =
3n/4,  T>7T).

The single boundary spike solution therefore undergoes a Hopf bifurcation as 7
exceeds the Hopf bifurcation threshold 7,°. Using the shadow limit threshold as an
initial guess, we numerically continue the Hopf bifurcation threshold for finite val-
ues of D > 0 to obtain the Hopf bifurcation threshold 7,(D,A) and accompanying
critical eigenvalue A = i, (D,A) shown in Figure 4.3b and 4.3c respectively.

The above analysis, together with the plots of 7,°(A) and 7,(D,A) in Figures
4.3a and 4.3b respectively, indicate that the single boundary spike solution is sta-
bilized as A > 0 is increased. Additionally, if A exceeds the threshold go. given
in (4.74), then the single boundary spike is stable independently of the parameters
T > 0and D > 0. We illustrate the onset of oscillatory instabilities when D = 5 for
T=1,2,7and A =0,0.2,0.4,0.6 by numerically computing the solution of (4.2)
using FlexPDE 6 [1] and plotting «(0,7) in Figure 4.4. In particular we observe
that the single spike pattern is stabilized by increasing the boundary flux A. Addi-
tionally, our numerical simulations show good qualitative agreement with the Hopf

bifurcation thresholds plotted in Figure 4.3b.

4.4.2 Example 2: Two Boundary Spikes with A =B > 0

In this example we investigate the role of equal boundary fluxes on the structure
and stability of a two-boundary-spike pattern. Using the method of §4.1.1, a two-
boundary-spike pattern is found by letting /; =/ and [z = 1 — [ and solving (4.24b),
which is explicitly given by

tanh wy/ tanh cwp(1 —1)
- —0, 476
N(yL)coshamyl M (yr)coshawy(l—1) ( )
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for 0 < I < 1 where 1 is given by (4.8) and y; and yg are given by (4.23). Note that
by (4.21) the algebraic equation (4.76) is equivalent to

&L coshayl

Ex  coshap(1—1) @77

from which we deduce that [ < 1/2 implies &, < &g. In particular [ = 1/2 solves
(4.76) for all A > 0 and since in this case & = &g we refer to it as the symmetric
solution. For the remainder of this example we will construct asymmetric two-
spike patterns for which 0 < [ < 1/2 (by symmetry the case / > 1/2 is identical)
and then study the linear stability of both the symmetric and asymmetric patterns.

Before constructing asymmetric two-boundary-spike patterns for A > 0 we first
recall the following existence result from [104] in the case A = 0. Specifically, we
let z = wylr and 7 = wylg so that when A = 0 the system (4.24) (and hence also
(4.76)) is equivalent to

ttiza, b)) =b(E),  b(x) = mhe

= . 4.78
coshz ( )

It follows from Result 2.3 (with k; =k, =1, 4 =1, and r = 1) of [104] that (4.76)

has a unique solution 0 < / < 1 if and only if
0 < D < D, = [2log(1+V?2)] "2~ 0.322. (4.79)

When A > 0 we solve (4.76) numerically and find that for given values of D and
A > 0 it accepts zero, one, or two solutions in the range 0 </ < 1/2. Rather
than solving (4.76) numerically for / as a function of A and D, we found it more
convenient to solve for A = A(D, ). The results of our numerical calculations are
shown in Figure 4.5a where we plot A = A(D, ) as well as the curve / = lyax (D)
along which A(D,) is maximized for a fixed value of D, and the curve [ = I.1(D)
along which A(D, .1 (D)) = A(D,1/2) for D;; < D < D¢ ~0.660 and /.; (D) =0
for 0 < D < D,;. Consequently, (4.76) has zero solutions in 0 </ < 1/2 if A >
Amax(D) = A(D, Imax (D)), whereas it has two solutions, one with / < I.; (D) and the
other with [ > [, (D), if Apax(D) > A > A (D) = A(D,1;1(D)) for 0 < D < D,.
For all other values of D > 0 and A > 0 equation (4.76) has exactly one solution
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Figure 4.5: Plots of (a) A = A(D,l) and (b) thresholds for the existence of
Zero, one, or two asymmetric two-boundary-spike solutions in the pres-
ence of equal boundary fluxes considered in Example 2.

in 0 << 1/2. We summarize these existence thresholds in Figure 4.5b where
we note in particular that A > 0 greatly extends the range of D values over which
asymmetric two-boundary-spike patterns exist.

We now consider the linear stability of both the symmetric and asymmetric
two-boundary-spike patterns constructed above. Note that since x; =0 and xg =1
are fixed there are no slow drift dynamics and the linear stability of the two-spike
patterns is completely determined by the &'(1) eigenvalues calculated from the
NLEP (4.30). Moreover, we assume that T = 0 so that no oscillatory instabilities
arise (see Example 1) and for which we can exclusively focus on zero eigenvalue
crossing, or competition, instabilities. We proceed by first using the rigorous re-
sults of §4.3 to determine the linear stability of the symmetric two-spike patterns
constructed above, and we will then use the algebraic reduction outlined in §4.2.1
to determine the stability of the remaining asymmetric two-spike patterns.

Using (4.15b) and (4.21), the NLEP (4.30) for the symmetric two-spike pattern

constructed above is explicitly given by
Jo we(y +y0) G @y
Jo we(y+y0)*dy
9'(0) =0,

we(y+y0)* =19, 0<y< oo,

°2ﬂyo¢ - Zabtanh(%)
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where

o1 1 cosh amy 1
_ Gy = . 4.80
¢ <¢2> @ wysinhy < 1 cosh a)0> ( )

The Green’s matrix is symmetric and of constant row sum and therefore has eigen-
vectors (1,£1)7. Substituting ¢ = (¢,4¢)7 into the NLEP therefore yields two
uncoupled scalar NLEPs of the form (4.44) with u = py where

py =2,  po=2tanh*(2). (4.81)

From Theorem 4.3.3 and accompanying Figure 4.2b we immediately deduce that
the ¢ . mode is linearly stable. On the other hand, by Theorem 4.3.2 the ¢ _ mode
is unstable if u_ < u., where y. is defined by (4.56). We therefore calculate the
competition instability threshold by numerically solving 2 tanh? % = Uc(yo) where
Yo = yL = yg is the shift parameter given by (4.23) with / = 1/2. Our numeri-
cal calculations indicate that the resulting instability threshold coincides with the

values
A (D), D¢ <D <Dg,
A, 1/2) = { AP D @ (4.82)
Amax(D)7 D>D62)
calculated above. In particular, the symmetric two-spike pattern is linearly unstable
for all A < A(D,1/2) when D > D,;. Furthermore, since t.(yo) < 0 for yo > yo,

we determine from (4.24b) that there are no competition instabilities if
A > @y 'qoctanh(ay /2), (4.83)

where g, is the threshold identified in Example 1 and is explicitly given by (4.74).
Note that, analogous to the results in Example 1, in the shadow limit (D — oo) there
are no competition instabilities for the symmetric pattern if A > go./2 (see Figure
4.5b). As in §4.3 we conjecture and have numerically supported that the symmetric
two-spike pattern is linearly stable for u > . and hence for all A > A(D,1/2).
Finally, as is clear from Figure 4.5b, increasing A > 0 expands the range of D
values over which the symmetric two-boundary-spike pattern is linearly stable.
For the asymmetric two-boundary-spike solutions constructed above the NLEP
(4.30) is not diagonalizable since w.(y + yr) # wc(y + yr). We therefore can’t
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directly apply the rigorous results of §4.3. To determine the competition instability
we instead use the algebraic reduction outlined in §4.2.1 and seek parameter values
such that

det(Ir — 203%w, Z) = 0 (4.84)
where [, is the 2 X 2 identity matrix, ¥, is the 2 X 2 Green’s matrix given in (4.80),
and
1 (tanhwyl.%,, (0 0
7y = - (@b @l 75, (0) . (4.85)
o 0 tanh wy(1 —1).%,,(0)

Substituting the function A = A(D,[) calculated above into (4.84) we can solve
for [ as a function of D using standard numerical methods (specifically we used a
combination of Scipy’s brentq and fsolve function in Python 3.6.8). Our compu-
tations indicate that the resulting competition instability threshold coincides with
the curves Iyax (D) for D > 0and [ = 1/2 for D.; < D < D,,. In fact, we can show
that this is the case explicitly by first differentiating the quasi-equilibrium equation

B = 0 with respect to [ to get

0 JEJA\  OBOA
V§B<al+aAal> +5aa7 =0 (4.86)

Along the curve Im,x (D) for D > 0 the function A(D,[) is maximized whereas,
by symmetry, it is minimized along / = 1/2 for D,; < D < D,. In both cases
dA/dl = 0 along these curves so that (4.86) becomes V¢Bd§E /dl = 0. Differen-
tiating (4.77) with respect to / implies that d€ /9l # 0 and therefore we deduce
that VgB is singular along / = I, (D) and [ = 1/2. By the discussion of §4.2.1 it
follows that along these curves the algebraic equation (4.84) is satisfied and they
therefore correspond to competition instability thresholds. Note in particular that
the competition instability threshold along [ = 1/2 corresponds to the competition
instability threshold for the symmetric two-spike pattern. As an immediate conse-
quence it follows that Amax — qoc/2 as D — oo,

To determine in which of the regions demarcated by the competition instability
thresholds the asymmetric two-boundary-spike patterns are linearly stable and un-
stable, we calculate the stability of the asymmetric patterns along the A = 0 curve.

As outlined in Appendix D.3, the asymmetric two-boundary spike patterns when
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Figure 4.6: Results of numerical simulation of (4.2) using FlexPDE 6 [1] with
€ =0.005, T = 0.1, and select values of D and A. In each plot the
solid (resp. dashed) lines correspond tot he spike height at x = 0 (resp.
x = 1). Both the asymptotically constructed symmetric (/ = 1/2) and
asymmetric 0 < [ < 1/2 solutions were used as initial conditions. See
Figure 4.5a for position of parameter values relative to existence and
stability thresholds.

A = 0 are always linearly unstable, and therefore we deduce that the asymmetric
two-boundary-spike patterns in the region bounded by / = 1/2 and [ = I (D)
for 0 < D < D, are linearly unstable. On the other hand, numerically calculat-
ing the dominant eigenvalue of the NLEP (4.30) (see Appendix D.2 for descrip-
tion of numerical method) for select parameter values with [ < lyax (D) we find
that such asymmetric two-boundary spike patterns are linearly stable. In partic-
ular, we note that in the region where there are two asymmetric patterns (i.e. for
A (D) < A < Apax(D)), the pattern with [ > .« (D) is linearly unstable while that
with I < Inax (D) is linearly stable. Moreover, the single asymmetric two-boundary-
spike pattern that exists for A < Apmax (D) and D > D, is linearly stable.

Finally we support our asymptotic predictions by numerically solving (4.2)
using FlexPDE 6 [1] with parameters € = 0.005 and T = 0.1 for select values of D

and A. Letting u, and v, be the any of the symmetric or asymmetric two-boundary-
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spike patterns constructed above, we use

u(x,0) = (140.025cos(20x) )ue(x),

(4.87)
v(x,0) = (140.025c0s(20x))v,(x),

as initial conditions and simulate (4.2) sufficiently long that the solution settles.
The results of our numerical simulations indicate good agreement with the asymp-
totically calculated linear stability thresholds for both symmetric and asymmetric
two-boundary-spike patterns. We include in Figure 4.6 the results of our numerical
calculations for select values of D, /, and A indicated by black markers in Figure
4.5a. In particular, in Figure 4.6a we plot the spike heights at x; = 0 (solid) and
xg = 1 (dashed) for D = 0.30 and A = 0.02 with initial conditions given by the two-
boundary-spike pattern constructed with [ = 0.5 which is symmetric and predicted
to be stable, as well as / = 0.220 and / = 0.005 which are both asymmetric but pre-
dicted to be linearly unstable and stable respectively. It is clear from the resulting
plots that our asymptotic predictions hold in this numerical simulations. Addition-
ally, we observe that the unstable asymmetric two-spike pattern tends toward the
linearly stable pattern. We observed this trend for all our numerical simulations
in which lyax < I < 1/2 though predicting this long-time behaviour analytically is
beyond the scope of this chapter. Similarly we numerically simulate the dynamics
of a symmetric and asymmetric two-boundary-spike pattern when D = 0.60 and
A = 0.08 (Figure 4.6b) and when D = 0.90 and A = 0.18 (Figure 4.6c). In both
cases the symmetric and asymmetric patterns are predicted to be linearly unstable
and stable respectively, which agrees with the outcomes observed in our numerical

simulations.

4.4.3 Example 3: Two Boundary Spikes with a One Sided Flux
(A>0and B=0)

In this example we investigate the effect of a one sided boundary flux (A > 0 and

B = 0) on the structure and linear stability of a two-boundary-spike pattern. Letting
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Figure 4.7: Plot of A = A(D,l) for Example 3 obtained by solving (4.88)
when (a) 0 <7 < 1/2and (b) 1/2 <1 < 1. The solid curves [ = lym, (D)
and 12 (D) indicate the values of / at which A(D,!) is maximized as
well as the competition instability threshold in the / > 1/2 and [ < 1/2
regions respectively. The corresponding existence thresholds of A ver-

sus D are plotted against D in (c).

[; =1 and [ = 1 —, the gluing equation (4.24b) of §4.1.1 becomes

tanh wy!/ tanh 1-1
anhapl _ tanhan(l=1) _ o (4.88)
N(yr)coshmyl 3coshwy(l—1)

which is to be solved for 0 </ < 1 where n(y.) and y; = yo( are given by

anan)
(4.8) and (4.23) respectively. Note that since 1(y.) < 3 for all A > 0 it follows that
I =1/2 is a solution of (4.88) if and only if A = 0. In particular &, # &g for all
A > 0 and by the asymmetry of the boundary fluxes the cases [ < 1/2, for which
&1 < Eg, must be considered separately. On the other hand, when A = 0 we apply
the same results from [104] summarized in Example 2.

Proceeding as in Example 2 we numerically solve (4.88) for A = A(D,l) >0
when [ < 1/2 and [ > 1/2. In addition we compute / = [°% (D) and [ = Ijon, (D)
defined as the curves along which A(D, ) is maximized in the regions / < 1/2 and
I > 1/2 respectively. In Figures 4.7a and 4.7b we plot A = A(D, ) together with
Ik and %% in the regions 1/2 <1 < 1 and 0 < [ < 1/2 respectively. In each
region the maximum value of A given by Ajony (D) = A(D, Ih (D)) and AP (D) =
A(D, I (D) and plotted in Figure 4.7c gives an existence threshold for the bound-

max
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ary flux beyond which no two-boundary-spike with & > &g and &, < &g exists
respectively. In particular, a two-boundary-spike pattern with &, > &g only exists
if A < Ajphy (D) and D satisfies (4.79), whereas a two-boundary-spike pattern with
& < &g exists for all D > 0 provided that A < A% (D). Furthermore, by letting

D — oo in (4.88) we numerically calculate /2%, — 0.13772 and A%, (D) — 0.16148
as D — oo and this horizontal asymptote is indicated in Figure 4.7c.

Next we consider the linear stability of the two-boundary-spike patterns con-
structed above when 7 = 0. In particular we restrict our attention to competition
instabilities which arise through a zero eigenvalue crossing. Proceeding as in Ex-
ample 2 we first deduce that both [ = Iym (D) and [ = 2% (D) yield a competition
instability threshold. Furthermore, we verify that these are the only competition in-
stability thresholds by numerically computing the algebraic equation (4.38) where
Y, and P are given by (4.80) and (4.85) respectively. Since all asymmetric two-
boundary-spike patterns when A = 0 are unstable with respect to competition insta-
bilities (see Example 2 and Appendix D.3), we immediately deduce that all asym-
metric two-boundary spike patterns with & > &g and &, < & are linearly unstable
when [ > Iyob (D) and [ > I2% (D) respectively, and are linearly stable otherwise.
In particular, the non-zero boundary flux A > 0 both extends the range of parameter
values for which asymmetric patterns exists and are linearly stable.

To support our asymptotic predictions we numerically calculate solutions to
(4.2) when & =0.005 and 7 = 0.1 for select values of D and A < max{Amey (D),A%. (D)}.
For each pair (D,A) we let 0 </ < 1 be any of the values for which A(D,l) = A
and then let (u,(x),v.(x)) be the corresponding equilibrium pattern constructed
above. Using (4.87) as an initial condition we then solve (4.2) numerically using
FlexPDE 6 [1]. The results of our numerical simulations are illustrated in Figures
4.8 and 4.9 when [ is chosen to be in 1/2 </ < 1 and 0 </ < 1/2 respectively.
Specifically, in Figure 4.8a (resp. 4.9a) we indicate with a blue or orange marker
respectively whether the solution settles (after simulating for 0 < ¢ < 200) to the
asymptotically predicted stable equilibrium with [ < Iy, (D) (resp. [ < I?% (D)) or

to a one-boundary spike solution in which the spike at x = 1 collapses respectively.

In Figures 4.8b and 4.8c (resp. 4.9b and 4.9c) we show the spike heights as func-

138



Simulation Outcomes (&, > &g) D =0.054 D=0.204
1.0

0.5 1 Al = Al ]
—— 0.370(0.852) 0.25 1 —— 0.038(0.705)
0.370 (0.892) | 0.038 (0.755) |
049 —— 0.264 (0.748) _0.201 —— 0.023(0.610)
= —— 0.264 (0.952) = —— 0.023(0.821)
_ 503 ERREE e e et et
o_ d ————————————————————
5 0.2 S 0.10 A
\
1
0.1 Fememeem e === 0.05 4+
e P T LT T T T 1
1
~. \
0.0 H— : - - 0.00 +——* . . .
0 20 40 60 80 100 0 20 40 60 80 100
t t
(a) (b) (c)

Figure 4.8: Numerical simulations for Example 2 when &, > &g. (a) Out-
come of numerical simulation of (4.2) starting from the asymmetric
two-boundary-spike pattern constructed using the indicated values of
D, [, and A. Blue and orange markers indicate the two-boundary spike
pattern settled to the stable two-spike pattern (i.e. with [ < Lk (D))
or collapsed to a single spike pattern respectively. Black dots indicate
values of D, A, and [/ for which the spike heights are plotted over time
in Figures (b) and (c). The left and right dashed vertical lines indicate
D = 0.054 and D = 0.204 respectively. In (b) and (c) we plot spike
heights at x = 0 (solid) and x = 1 (dashed) at given values of D and A
and with initial condition specified by indicated value of /.

tions of time at select values of A and D using an unstable and stable value of / in
1/2 <1< 1 (resp. 0 <1< 1/2) to construct the initial condition (see captions for
more details). The results of these numerical simulations are in good agreement
with our asymptotic predictions. However, we comment that in the numerical out-
comes shown in Figure 4.8a some of the asymmetric patterns which are predicted
to be stable collapse. We expect that this error due to a combination of small errors
from the asymptotic theory, numerical errors from the time integration of (4.2), as

well as the close proximity to the fold point A = AR (D) for these values of /.
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Figure 4.9: Numerical simulations for Example 2 when &, < &g. (a) Out-

4.4.4

come of numerical simulation of (4.2) starting from the asymmetric
two-boundary-spike pattern constructed using the indicated values of
D, [, and A. Blue and orange markers indicate the two-boundary spike
pattern settled to the stable two-spike pattern (i.e. with [ < 2% (D))
or collapsed to a single spike pattern respectively. Black dots indicate
values of D, A, and [/ for which the spike heights are plotted over time
in Figures (b) and (c). The left and right dashed vertical lines indicate
D = 0.592 and D = 1.508 respectively. In (b) and (c) we plot spike
heights at x = 0 (solid) and x = 1 (dashed) at given values of D and A
and with initial condition specified by indicated value of /.

Example 4: One Boundary and Interior Spike with One-Sided
Feed (A > 0,B=0)

In this final example we extend the results of Example 3 to the case where there

is one boundary spike at x; = 0 and one interior spike at 0 < x; < 1. The asymp-

totic construction of the resulting two spike patterns, as well as the analysis of their

linear stability on an (1) timescale proceeds as in the previous example. How-

ever, since x; is an equilibrium of the slow dynamics equation (4.18), we must now

also determine the stability of the two-spike pattern on an ¢'(¢2) timescale by

analyzing the linearization of (4.18). We remark that an alternative approach to

determine the stability of multi-spike patterns on an &'(&~2) timescale is to calcu-

late the &'(£?) eigenvalues of the linearization (4.25) though we do not pursue this

approach further (see for example [41] for the analysis of &'(£?) eigenvalues).
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Using the method of §4.1.1, with [, =1 and [} = (1 —1)/2 equation (4.24b)

becomes
tanh wyl tanh @y %

N (yr) cosh wyl " 3cosh a)o%

=0, (4.89)

which is to be solved for 0 </ < 1 where n(y.) and y. = yo(wpA/tanh ayl) are
given by (4.8) and (4.23) respectively. As in the previous examples we observe that
&, = & if and only if [ = 1/3 which is a solution to (4.89) if and only if A = 0.
In particular, together with the discussion in Example 3 we deduce that there are
no symmetric two-spike patterns when there is a one-sided positive boundary flux
A > 0. As in the previous examples we also note that & < & if [ < 1/3. Next
we note that since /; = (1 —1)/2 the relevant asymmetric equilibrium results for
A =0 from [104] summarized in Example 2 must be modified. In particular, letting

7=yl and 7 = ayl;, equations (4.24a) and (4.24b) when A = 0 become
Z+2Z = ay, b(z) =b(2), (4.90)

where b(z) is given in (4.78). Then Result 2.3 of [104] (with k; = 1 and k; = 2)
implies that a unique asymmetric two-spike solution with z < 7 exists if and only if

D < D,, = [3log(1+v2)] 2~ 0.143, (4.91)

whereas Result 2.4 of [104] (with k; = 2 and k, = 1) implies that there are either

exactly one or two asymmetric two-spike solutions with z > 7 if and only if
D < D, 0r D, <D < Dy = [2sinh ™1 (1/2) 4sinh ' (2)] 2 ~ 0.17274, (4.92)

respectively. Proceeding as in Examples 2 and 3 we can then numerically calculate
A =A(D,I) from (4.89) in the appropriate regions with 0 </ < 1/3 and 1/3 <
I < 1. In Figures 4.10a and 4.10b we plot A = A(D,[) together with the curves
[ =12 (D) and I = [P (D) along which A(D,I) is maximized. The resulting
existence thresholds Ajey (D) = A(D, I (D)) and AP (D) = A(D, %% (D)) are
plotted in Figure 4.10c. In particular a two spike pattern with a two-spike pattern
consisting of one boundary and one interior spike with & > &; only exists for

D < D,;; when A < Aiggx (D), whereas such a two-spike pattern with &, < &; exists
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Figure 4.10: Plot of A = A(D, ) obtained by solving (4.88) when (a) 0 </ <
1/3 and (b) 1/3 <1 < 1. The curves [ = Iy (D) and I?% (D) indi-
cate the values of / at which A(D,!) is maximized while the curves
Leomp(D), l?gfnp, (D), and l'ggfnpz (D) indicate the competition instabil-
ity thresholds. The corresponding existence thresholds, Ajey (D) and

AP (D) are plotted in (c).

max

for all D > 0 provided that A < A% (D). Finally, by taking the limit D — oo in
(4.89) we numerically obtain the limiting values [2%, (D) — 0.0857 and AL (D) —
0.087174 as D — oo,

Next we consider the linear stability of the two-spike patterns constructed
above on an (1) timescale. As in Examples 2 and 3 we focus exclusively on com-
petition instabilities by assuming that T = 0 and seeking a zero eigenvalue crossing
of the NLEP (4.30). In contrast to Examples 2 and 3 above the relevant competition
instability threshold does not necessarily coincide with the curves [ = b (D) and
[ = I . Indeed, fixing D > 0 and differentiating the quasi-equilibrium equation

B = 0 with respect to [ gives

V§B<a.§ 8§8A> 9BIA  IBdn o)

ol Toaar) Toaar Tox A

which along either I = I, (D) or [ = [P (D) reduces to
& 1 0B
VeB— = ———
701 T 20m
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Since dB/dx; # 0 it follows that VgB is not necessarily singular along 1P (D)
or I (D) and in particular these curves need not coincide with the competition
instability thresholds. Note however that dB/dx; — 0 as D — oo and therefore the
competition instability threshold will coincide with 2% (D) but only in the limit
D — . Thus, to calculate the appropriate competition instability thresholds we
use the algebraic reduction of §4.2.1 and numerically solve (4.38) when A = 0 and

where the matrices ¥, and %, are respectively given by

h h 11—
Do 1 ( cosh ay coshay(1 —x1) )’ (4.942)

B @y sinh @y \ coshay(1 —x;) cosh@px; coshmy(1 —xi)
and
1 (tanh(wyl).%, (0 0
7y = - [ nh(@) %5, (0) L . (4.94b)
o 0 2tanh(wy'5t) %0 (0)

The resulting competition instability threshold lé%%lp (D) when & > &; as well as

%t (D) (i =1,2) when & < & are indicated in Figures 4.10a and 4.10b respec-

comp,i

tively. Additionally, in Figure 4.10c we have plotted Acamp (D) = A(D, leomp(D))
and AP (D) = A(D,I>* (D)) (i = 1,2). Finally, the stability result along the

comp,i » “comp, i

A = 0 curve calculated in Appendix D.3 implies that the two-spike pattern with

&, > & is linearly unstable on an &(1) timescale when [ > [eonp (D), and similarly

when & < &) the two-spike pattern is linearly unstable in the region bounded by

the curves [ = [0, (D) and [ = 10y (D).
Next we consider the linear stability of the two-spike patterns on an &'(g~2)
timescale. We explicitly calculate the right-hand-side of (4.18) by first calculating
_ sinhay(2x; — 1)

<axG(D0(x7xl)>xl - Sil’lh(D() 3 axGﬂ)()(xv 0)‘

_ sinhap(1 —xp)
X sinh @y

Y

and rearranging the quasi-equilibrium equation (4.17a) as

g () 1 —603E Gy (x1,x1)

&i G (x1,0)
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so that (4.18) becomes

1 dX1

1dn , tanhan(1—x)
e dt !

4.95
300 ; (4.95)

=—6ayf(x1),  flx,8)=
where &; together with &, and y; are functions of x; found by solving (4.17a) and
(4.5). Note that the asymmetric two-spike equilibrium solutions constructed above
using the method of §4.1.1 immediately satisfy f(x;) = 0. The linear stability
of these asymmetric two-spike patterns on an &'(£~2) timescale is determined by
the sign of f'(x1); it is stable if f’(x;) > 0 and unstable otherwise. We explicitly
calculate

df _9&

L = = 4 —sech?my(1 — 4.96
dn 8x1+ sec (1 —xp), (4.96)

where d&; /dx; is calculated by first differentiating the quasi-equilibrium equation

B = 0 with respect to x;
% _ 8
dx;  dx;’

and then solving for d§ /dx; which we can do since we are assuming the two-spike

VeB—= 4.97)

pattern is stable on an (1) timescale and the matrix VB is therefore invertible.
Numerically evaluating f’(x;) we find that the drift instability thresholds for which

f'(x1) = 0 coincide with the curves Ik (D) and 1% (D). In fact, we can show

that this is the case analytically by first evaluating (4.93) along either lr[,?gx( ) or
1% (D) to get

max

JE  10B

VeB—+ o 2o (4.98)

Since the competition instability thresholds do not coincide with the curves lmdx( )

max

with (4.98) we obtain

351_ d& 1 PN e N 2
e 2ar 3t = —gsechiap(l—x). o (499)

and [°% (D), the matrix VB is invertible along these curves and comparing (4.97)

In particular f'(x;) = 0 along the curves [ = Ik (D) and 2% (D). Numerically
evaluating f’(x;) at select values of / above and below these thresholds we deter-

mine that the two-spike patterns constructed above with & > & or &, < & are
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linearly stable on an ¢'(e~2) timescale if and only if [ < Lyt (D) or I < I%% (D)
respectively.

As in the previous examples we performed full numerical simulations of (4.2)
with FlexPDE 6 [1] to support our asymptotic predictions. Our numerical sim-
ulations were found to strongly agree with the predicted stability thresholds. In
particular, we observed the following dynamics. For values of / that are stable
with respect to both competition and drift instabilities, that is when [ < Ijby (resp.
1 <159 ) for I > 1/3 (resp. I < 1/2) the two-spike pattern was observed to be sta-
ble. In the remaining regions (both stable and unstable with respect to competition
instabilities) we observed that the interior spike either collapses and the bound-
ary spike collapses to the one-boundary-spike solution, or else the interior spike
changes height to the height of the stable pattern and then slowly drifts toward the
location of the interior spike in the stable two-spike solution. As in Example 3 we
noticed sensitivity to the competition instability threshold which we believe to be

primarily due to the flatness of A in this region

4.5 Discussion

We have extended the asymptotic theory developed for the singularly perturbed
one-dimensional GM model to include the possibility of inhomogeneous Neumann
boundary conditions for the activator. Additionally, we have rigorously established
partial stability and instability results for a class of shifted NLEPs. While the
shifted NLEPs we considered are closely related to those in [60] we highlight that
the difference in sign of the shift parameter leads substantial differences in the sta-
bility properties of the NLEP. Finally we considered four examples to illustrate the
asymptotic and rigorous theory as well as to explore the behaviour of the GM sys-
tem with non-zero flux boundary conditions. For a one-boundary spike solution we
found that the non-zero Neumann boundary condition improves the stability with
respect to oscillatory instabilities arising through a Hopf bifurcation. Moreover,
by considering a two-boundary-spike pattern with equal inhomogeneous boundary
fluxes we illustrated that the non-zero boundary flux improves the stability of sym-
metric two-spike patterns and also extends the region of D > 0 values for which

asymmetric patterns exist provided that A = B > 0 is not larger than a computed
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threshold. Similar results were obtained when considering a one-sided boundary
flux for which we considered patterns where both spikes concentrate on the bound-
ary and where one concentrates on the boundary and the other in the interior. In
each of our two-spike pattern examples we observed that there are two asymmetric
patterns, where one is always linearly unstable and the other is always linearly sta-
ble. In a sense, the stable asymmetric pattern can be considered a boundary layer
solution that is a direct consequence of the inhomogeneous Neumann boundary
condition. In particular its existence is mandated by the inhomogeneous boundary
condition which makes a direct comparison with asymmetric spike patterns in the
absence of boundary flux conditions difficult. However, our results illustrate that
inhomogeneities at the boundaries predispose the GM to forming patterns concen-
trating at the boundaries in both symmetric and asymmetric configurations. We
believe the distinction between interior and boundary-layer like localized pattern
will play a key role in understanding more complicated mathematical models such
as those incorporating bulk-surface coupling (see Figure 3 in [58] for an example
of a boundary-layer type pattern in a bulk-surface model).

There are several key open problems and directions for future research. First,
our rigorous results for the shifted NLEP do not provide tight bounds for regions
of stability and instability. Specifically, in the small shift-case we have determined
that the NLEP is unstable if u < p.(yo), and stable if p;(yo) < pu < p2(yo) where
we have highlighted that u.(yo) < t1(yo). As indicated in §4.3 we conjecture
that in fact the shifted NLEP is stable for all g > . and in Appendix D.2 we
provide numerical support for this conjecture. Proving this conjecture is our first
open problem. In addition, to calculate the stability of asymmetric patterns for
which the shift parameters are different we could not directly use the rigorous
results established in §4.3 since the NLEP (4.30) could not be diagonalized. The
development of a rigorous stability theory for NLEP systems of this form is an
additional direction for future research.

One of the key insights from our investigation of a two-boundary spike config-
uration is that the presence of equal or one sided boundary fluxes for the activator
greatly extends the range of diffusivity values for which asymmetric patterns ex-
ist and are linearly stable. This expanded region of existence and stability paral-

lels that found when spatially inhomogeneous precursors are included in the GM
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model. However, it can be argued that introducing inhomogeneous flux conditions
provides a simpler alternative for generating asymmetric patterns. This warrants
further research into the role of inhomogeneous boundary conditions for the acti-
vator in both activator-inhibitor and activator-substrate models in one-, two-, and

three-dimensional domains.

147



Chapter 5

Localized Patterns in the 3D GM
Model

In this chapter we analyze the existence, linear stability, and slow dynamics of lo-
calized N-spot patterns for the singularly perturbed dimensionless Gierer-Meinhardt
(GM) reaction-diffusion (RD) model (cf. [23])
2
2.2

vtzszAv—v+v—, Tuy =DAu—u+e v, xeQ;
u (5.1)

owv=0,u=0, xecdQ,

where Q C R3 is a bounded domain, € < 1, and v and u denote the activator and
inhibitor fields, respectively. While the shadow limit in which D — o has been
extensively studied (cf. [108], [112], [105]), there have relatively few studies of
localized RD patterns in 3-D with a finite inhibitor diffusivity D (see [11], [22],
[53], [98] and some references therein). For 3-D spot patterns, the existence, sta-
bility, and slow-dynamics of multi-spot quasi-equilibrium solutions for the singu-
larly perturbed Schnakenberg RD model was analyzed using asymptotic methods
in [98]. Although our current study is heavily influenced by [98], our results for
the GM model offer some new insights into the structure of localized spot solu-
tions for RD systems in three-dimensions. In particular, one of our key findings is
the existence of two regimes, the D = ¢'(1) and D = 0 (¢~!) regimes, for which
localized patterns can be constructed in the GM-model, in contrast to the single
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D = O(e~") regime where such patterns occur for the Schnakenberg model. Fur-
thermore, our analysis traces this distinction back to the specific far-field behaviour
of the appropriate core problem, characterizing the local behaviour of a spot, for
the GM-model. By numerically solving the core problem, we formulate a conjec-
ture regarding the far-field limiting behaviour of the solution to the core problem.
With the numerically established properties of the core problem, strong localized
perturbation theory (cf. [103]) is used to construct N-spot quasi-equilibrium solu-
tions to (5.1), to study their linear stability, and to determine their slow-dynamics.
We now give a more detailed outline of this chapter.

In the limit € — 0, in §5.1 we construct N-spot quasi-equilibrium solutions
to (5.1). To do so, we first formulate an appropriate core problem for a localized
spot, from which we numerically compute certain key properties of its far field
behaviour. Using the method of matched asymptotic expansions, we then estab-
lish two distinguished regimes for the inhibitor diffusivity D, the D = €/(1) and
D = 0(&7") regimes, for which N-spot quasi-equilibrium solutions exist. By for-
mulating and analyzing a nonlinear algebraic system, we then demonstrate that
only symmetric patterns can be constructed in the D = &/(1) regime, whereas both
symmetric and asymmetric patterns can be constructed in the D = &'(¢~!) regime.

In §5.2 we study the linear stability on an &'(1) time scale of the N-spot quasi-
equilibrium solutions constructed in §5.1. More specifically, we use the method of
matched asymptotic expansions to reduce a linearized eigenvalue problem to a sin-
gle globally coupled eigenvalue problem. We determine that the symmetric quasi-
equilibrium patterns analyzed in §5.1 are always linearly stable in the D = /(1)
regime but that they may undergo both oscillatory and competition instabilities in
the D = ¢(e~") regime. Furthermore, we demonstrate that the asymmetric pat-
terns studied in §5.1 for the D = ¢'(¢~!) regime are always unstable. Our stability
predictions are then illustrated in §5.4 where the finite element software FlexPDE6
[1] is used to perform full numerical simulations of (5.1) for select parameter val-
ues.

In §5.5 we consider the weak interaction limit, defined by D = & (82), where
localized spots interact weakly through exponentially small terms. In this regime,
(5.1) can be reduced to a modified core problem from which we numerically cal-

culate quasi-equilibrium solutions and determine their linear stability properties.
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Unlike in the D = €(1) and D = ¢/(¢~!) regimes, we establish that spot solutions
in the D = ¢ (&?) regime can undergo peanut-splitting instabilities. By performing
full numerical simulations using FlexPDE6 [1], we demonstrate that these insta-
bilities lead to a cascade of spot self-replication events in 3-D. Although spike
self-replication for the 1-D GM model have been studied previously in the weak
interaction regime D = & (82) (cf. [19], [46], [72]), spot self-replication for the 3-D
GM model has not previously been reported.

In §5.6 we briefly consider the generalized GM system characterized by dif-
ferent exponent sets for the nonlinear kinetics. We numerically verify that the
far-field behaviour associated with the new core problem for the generalized GM
system has the same qualitative properties as for the classical GM model (5.1) This
directly implies that many of the qualitative results derived for (5.1) in §5.1-5.3
still hold in this more general setting. Finally, in §5.7 we summarize our findings

and highlight some key open problems for future research.

5.1 Asymptotic Construction of an N-Spot
Quasi-Equilibrium Solution

In this section we asymptotically construct an N-spot quasi-equilibrium solution
where the activator is concentrated at N specified points that are well-separated in
the sense that xi,...,xy € Q, |x; —x;| = O(1) fori # j, and dist(x;, dQ2) = O(1) for
i=1,...,N. In particular, we first outline the relevant core problem and describe
some of its properties using asymptotic and numerical calculations. Then, the
method of matched asymptotic expansions is used to derive a nonlinear algebraic
system whose solution determines the quasi-equilibrium pattern. A key feature of
this nonlinear system, in contrast to that derived in [98] for the 3-D Schnakenberg
model, is is that it supports different solutions depending on whether D = &'(1)
or D= 0(e~!). More specifically, we will show that the D = &(1) regime ad-
mits only N-spot quasi-equilibrium solutions that are symmetric to leading order,
whereas the D = ¢'(e~!) regime admits both symmetric and asymmetric N-spot

quasi-equilibrium solutions.
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Figure 5.1: Plots of numerical solutions of the core problem (5.2): (a) u(S)
versus S, as well as the (b) activator V and (c) inhibitor U, at a few
select values of S. The value S = S, ~ 0.23865 corresponds to the root
of u(S)=0.

5.1.1 The Core Problem

A key step in the application of the method of matched asymptotic expansions to

construct localized spot patterns is the study of the core problem

AV -V+U'VI=0, AU=-V>  p>0, (5.2a)
pV(0)=3pU(0)=0; V—0 and U~pu(S)+S/p, p—o, (5.2b)

where A, = p_28p [plap] . For a given value of the spot strength S > 0, the system
(5.2) is solved for V. =V(p;S), U =U(p;S), and u = u(S). Specifying the value
of § > 0 is equivalent to specifying the L?>(R?) norm of V, as can be verified by
applying the divergence theorem to the second equation in (5.2a) over an infinitely
large ball, which yields the identity S = [;”p? [V(p)]*> dp. Specifying the value
of the spot strength therefore yields a unique solution to (5.2) and in the context
of constructing multi-spot solutions by using the method of matched asymptotic
expansions the spot strengths completely determine the local profile of each spot.
When S < 1 we deduce from this identity that V = &(+/S). By applying the
divergence theorem to the first equation in (5.2a) we get U = ¢'(/S), while from
(5.2b) we conclude that u = €(+/S). It is then straightforward to compute the
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leading order asymptotics

S S S
V(p;S)N\/;wc(p), U(p;S)N\/;, u(s)w\fb, for S<1, (53)

where b= [ p? [we(p))? dp ~ 10.423 and w,. > 0 is the unique nontrivial solution
to

Apwe —we+w2 =0, p>0; dpwe(0) =0, We—0 asp—oo. (5.4)

We remark that (5.4) has been well studied, with existence being proved using a
constrained variational method, while its symmetry and decay properties are es-
tablished by a maximum principle (see for example Appendix 13.2 of [112]). The
limit case S < 1 is related to the shadow limit obtained by taking D — oo, for which
numerous rigorous and asymptotic results have previously been obtained (cf. [108],
[112], [105]).

Although the existence of solutions to (5.2) have not been rigorously estab-
lished, we can use the small S asymptotics given in (5.3) as an initial guess to
numerically path-follow solutions to (5.2) as § is increased. The results of our nu-
merical computations are shown in Figure 5.1 where we have plotted i (S), V(p;S),
and U(p;S) for select values of § > 0. A key feature of the plot of 1 (S) is that it
has a zero crossing at § = 0 and § = S, ~ 0.23865, while it attains a unique max-
imum on the interval 0 < § < S, at § = St & 0.04993. Moreover, our numerical
calculations indicate that 1" (S) < 0on 0 < S < S,. The majority of our subsequent
analysis hinges on these numerically determined properties of ((S). We leave the
task of rigorously proving the existence of solutions to (5.2) and establishing the
numerically verified properties of p(S) as an open problem, which we summarize

in the following conjecture:

Conjecture 5.1.1. There exists a unique value of S, > 0 such that (5.2) admits
a ground state solution with the properties that V,U > 0 in p > 0 and for which
W(Ss) = 0. Moreover, u(S) satisfies 11(S) > 0 and p"(S) < 0 for all 0 < S < S,.
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5.1.2 Derivation of the Nonlinear Algebraic System (NAS)

We now proceed with the method of matched asymptotic expansions to construct
quasi-equilibrium solutions to (5.1). First we seek an inner solution by introducing
local coordinates y = £~ ! (x — x;) near the i spot and letting v ~ DV;(y) and u ~

DU;(y) so that the local steady-state problem for (5.1) becomes
AV —Vi+ U 'VE=0, AU~ DU +VE=0, yeR). (55)
In terms of the solution to the core problem (5.2) we determine that
Vi~ V(p,Sie) +O(D'€?), Ui~U(p,Si)+ 0D 'e?), (5.6)

where p = |y| = € !|x — x;| and S;¢ is an unknown constant that depends weakly
on €. We remark that the derivation of the next order term requires that xy,...,xy
be allowed to vary on a slow time scale. This higher order analysis is done in §5.3
where we derive a system of ODE’s for the spot locations.

To determine Sy, ...,Sys we now derive a nonlinear algebraic system (NAS)
by matching inner and outer solutions for the inhibitor field. As a first step, we
calculate in the sense of distributions that € 3v?> — 47D? Z’j\-’:] Sied(x—x;)+
O(€?) as € — 0. Therefore, in the outer region the inhibitor satisfies

N

Au—D'u= —4neD ) S;e8(x—x;) +0(e%), xeQ;
= 5.7)

du=0, xe€dQ.

To solve (5.7), we let G(x; &) denote the reduced-wave Green’s function satisfying

AG-D'G=-8(x-¢&), x€Q; 3,G=0, x€oQ,

: 1 v R(x: (5.8)
G(x’é)Nm+R(§)+ R E)-(x—8), as x—¢&,

where R(&) is the regular part of G. The solution to (5.7) can be written as

N
u~4neD Y S;eG(xixj)+ O(€). (5.9)
=1

Jj=
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Before we begin matching inner and outer expansions to determine Sig, . .., Sne
we first motivate two distinguished limits for the relative size of D with respect to
€. To do so, we note that when D >> 1 the Green’s function satisfying (5.8) has the

regular asymptotic expansion
G(x,§) ~DIQ™' +Go(x.§) + (D), (5.10)

where Go(x, &) is the Neumann Green'’s function satisfying

1
AG) @76(%5), xeQ; 0,.Go=0, x€dQ; (5.11a)
/Godx:(), (5.11b)
Q
with asymptotics
1
Go(xjg)Nm+Ro(§)+VxR0(x,§)'(x—§), as x— &, (5.11¢)

and where Ry (&) is the regular part of Gy. In summary, for the two ranges of D we
have

G(x, &) as |x—&|—=0, (5.12)

L R(E)+o(1), D=0(1),

Arlx—=&| | DIQI" +Ro(E) +0(1), D> 1,
where R(&) is the regular part of G(x,&). By matching the p — oo behaviour of
Ui(p) given by (5.6) with the behaviour of u given by (5.9) as |x —x;| — 0, we
obtain in the two regimes of D that

A {SisR(xi)+Zj7£iSj8G(xivxj)’ b=0o(), (5.13)

H(Sie) = 4me 1N
SieRo(xi) + X4 S jeGo(xi,x;) +D|Q] Yi—i1Sje, D>1.
From the D > 1 case we see that D = ¢(e~!) is a distinguished regime for

which the right-hand side has an &(1) contribution. Defining the vectors S¢ =
(Stey---sSne) T, 1(Se) = (U(Sie),- -, 1 (Sye))T, ande = (1,...,1)T, as well as the
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matrices &y, ¢, and % by

é"NzleeT, (@)= R(x;), i:j, () = Ro(xi), i:j’ (5.14)
N G(xi,xj), i#]j GO(xhxj)a i#j

we obtain from (5.13) that the unknowns Sig, . .. ,Sye must satisfy the NAS
U(Se) =4ne9s,, (5.15a)
for D= ¢'(1) and

(5.15b)
for D =¢"'D,.

5.1.3 Symmetric and Asymmetric N-Spot Quasi-Equilibrium

We now determine solutions to the NAS (5.15) in both the D = ¢/(1) and the D =
O(e7") regimes. In particular, we show that it is possible to construct symmetric
N-spot solutions to (5.1) by finding a solution to the NAS (5.15) with S = S.ce
in both the D = ¢(1) and D = €' (g¢~!) regimes. Moreover, when D = 0 (¢~ ') we
will show that it is possible to construct asymmetric quasi-equilibrium solutions to
(5.1) characterized by spots each having one of two strengths.

When D = ¢'(1) the NAS (5.15a) implies that to leading order u(S;¢) = 0 for
all i =1,...,N. From the properties of 1 (S) outlined in §5.1.1 and in particu-
lar the plot of p(S) in Figure 5.1a, we deduce that S;z ~ S, for all i=1,...,N.
Thus, to leading order, N-spot quasi-equilibrium solutions in the D = /(1) regime
have spots with a common height, which we refer to as a symmetric pattern. By

calculating the next order term using (5.15a) we readily obtain the two term result

dmweS,

S ~ S*
¢ et 1 (S)

Ye. (5.16)

We conclude that the configuration xy, . .., xy of spots only affects the spot strengths
at 0(¢e) through the Green’s matrix ¢. Note that if e is an eigenvector of ¢ with
eigenvalue gg then the solution to (5.15a) is S;c = S.ce where S, satisfies the scalar
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equation W (Sce) = 4mwEGOSce-
Next, we consider solutions to the NAS (5.15b) in the D = £ 'Dj regime.
Seeking a solution S ~ Sy + €S + - - - we obtain the leading order problem

LL(S()) = K'gNS(). (5.]7)

Note that the concavity of u(S) (see Figure 5.1a) implies the existence of two
values 0 < §; < S, < S, such that u(S;) = u(S,). Thus, in addition to the symmetric
solutions already encountered in the D = /(1) regime, we also have the possibility
of asymmetric solutions, where the spots can have two different heights. We first

consider symmetric solutions, where to leading order Sy = S.e in which S, satisfies
w(S.) = «S.. (5.18)

The plot of u(S) in Figure 5.1a, together with the S < 1 asymptotics given in
(5.3), imply that a solution to (5.18) can be found in the interval 0 < S, < S, for all
Kk > 0. In Figure 5.3a we illustrate graphically that the common spot strength S, is
obtained by the intersection of ((S) with the line kS. We refer to Figure 5.4 for
plots of the symmetric solution strengths as a function of k. In addition, we readily

calculate that

K
Se ~ Sy 1—|—>+ﬁl<2, for k < 1,
( W (Si) ()

1
SCNm+ﬁ(K_3), fOI'K>>1,

(5.19)

which provides a connection between the D = ¢'(1) and D — oo (shadow limit)
regimes, respectively. From (5.15b), the next order correction S satisfies p’(S,)S; —
k&S| = 41S.%pe. Upon left-multiplying this expression by e’ we can determine

T we can calculate S;. Sum-

e’S|. Then, by recalling the definition of &y = N~ 'ee

marizing, a two term asymptotic expansion for the symmetric solution to (5.15b)
is 4 (5.)
e W(Se

Se~Sce+———(SeIN+ ——"—6EN |4 5.20

€ ce+‘u,(Sc)( c N+[.L/(SC)—K' N> o€, ( )

provided that p/(S,.) # 0 (i.e. S, # Scrit). Note that p’(S,.) — k = 0 is impossible
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Figure 5.2: Plots of (a) S;(S,) and (b) S;(S,) for the construction of asymmet-
ric N-spot patterns. (c) Plots of f(S,0) for select values of 6 = n/N.
For 0 < 6 < 0.5 the function f(S,6) attains an interior minimum in
Serit < S < Ss.

by the following simple argument. First, for this equality to hold we require that
0 < § < Serit since otherwise t'(S.) < 0. Moreover, we can solve (5.18) for k to
get u'(S.) — k = S 'g(S.) where g(S) = Su'(S) — u(S). However, we calculate
g'(S) = Su”(S) < 0 and moreover, using the small S asymptotics found in (5.3)
we determine that g(S) ~ —+/S/(4b) < 0 as S — 0F. Therefore, g(S.) < 0 for
all 0 < S. < S¢ri¢ so that p/(S,.) < x holds. Finally, as for the D = &'(1) case, if
“e = gooe then the common source values extends to higher order and we have

S¢ = Sc.ee where S, is the unique solution to the scalar problem
1 (Sce) = (K +4mEG00)Sce - (5.21)

Next, we construct of asymmetric N-spot configurations. The plot of p(S) in-
dicates that for any value of S, € (Scrit, S«] there exists a unique value S; = S;(S,) €
[0, Scrit) satisfying wu(S;) = p(S,). A plot of S;(S,) is shown in Figure 5.2a. Clearly
S1(Secrit) = Serit and S;(Sy) = 0. We suppose that to leading order the N-spot config-
uration has n large spots of strength S, and N — n small spots of strengths S;. More

specifically, we seek a solution of the form

Se~ (Sry.. 80,818, ...,Si(S )T, (5.22)
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so that (5.17) reduces to the single scalar nonlinear equation
1(S,) =kf(Si;n/N), f(S;0)=60S+(1—0)S(S), (5.23)

for Scrit < Sr < Sy Since U(Scrit) - Kf(Scrit;n/N) = H(Scrit) - K'Scrit and ,LL(S*) -
Kf(Sx;n/N) = —xnS,/N < 0, we obtain by the intermediate value theorem that

there exists at least one solution to (5.23) for any 0 < n < N when
0 < K < K1 = U(Serit) /Serit ~ 0.64619.

Next, we calculate

r(5:0)=(1-0) (125 +51(5)

where S)(S) is computed numerically (see Figure 5.2b). We observe that —1 <
S1(Sr) <0 with §)(Seric) = —1 and Sj(S,) = 0. In particular, f(S;n/N) is mono-
tone increasing if 6/(1 —60) =n/(N —n) > 1, while it attains a local minimum in
(Serit; Sx) if n/(N—n) < 1. A plot of f(S;0) is shown in Figure 5.2c. In either case,
we deduce that the solution to (5.23) when 0 < k¥ < K is unique (see Figure 5.3a).
On the other hand, when n/(N —n) < 1 we anticipate an additional range of values
K. < K < Ko for which (5.23) has two distinct solutions St < S, < S, < S,. In-
deed, this threshold can be found by demanding that u(S) and xf(S;n/N) intersect
tangentially. In this way, we find that the threshold x;, can be written as

_ _ u(SH)
Kep = Kcz(n/N) = 7f(5;,n/N) s (5.24a)
where S is the unique solution to
F(SE /N (S7) = f'(S7in/N)u(Sy) . (5.24b)

In Figure 5.3c we plot k. — k. as a functions of n/N where we observe that
Ko > Kep with Ko — K.y — 0 and K — K.y —> 0 as n/N — 0.5 and n/N — 0"
respectively. Furthermore, in Figure 5.3b we graphically illustrate how multiple

solutions to (5.23) arise as & = n/N and K are varied. We remark that the condi-
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Figure 5.3: (a) Illustration of solutions to (5.18) as the intersection between
w1 (S) and xS. There is a unique solution if K < K.; = U(Serit)/Serit- (b)
Illustration of solutions to (5.23) as the intersection between u(S) and
Kf(S,0) where & = n/N denotes the fraction of large spots in an asym-
metric pattern. Note that when 8 = 0.2 < 0.5 and k¥ > k.| ~ 0.64619
there exist two solutions. (c) Plot of k., — k.| versus n/N. Observe that
K. — K1 increases as the fraction of large spots decreases.

tion n/(N —n) < 1 implies that n < N/2, so that there are more small than large
spots. The appearance of two distinct asymmetric patterns in this regime has a
direct analogy to results obtained for the 1-D and 2-D GM model in [104] and
[109], respectively. The resulting bifurcation diagrams are shown in Figure 5.4 for
n/N =0.2,0.4,0.6. We summarize our results for quasi-equilibrium solutions in

the following proposition.

Proposition 5.1.1. (Quasi-Equilibrium Solutions): Let € — 0 and x1,...,xy €
Q be well-separated. Then, the 3-D GM model (5.1) admits an N-spot quasi-

equilibrium solution with inner asymptotics
v~ DVi(e ' x—xi),  u~DU(e " x—x)), (5.25)

as x — x; for eachi=1,...,N where V; and U; are given by (5.6). When |x — x;| =
O (1), the activator is exponentially small while the inhibitor is given by (5.9). The
spot strengths Sie for i = 1,...,N completely determine the asymptotic solution

and there are two distinguished limits. When D = (1) the spot strengths satisfy
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Figure 5.4: Bifurcation diagram illustrating the dependence on x of the com-
mon spot strength S, as well as the asymmetric spot strengths S, and
S; or S, and S;. In (a) and (b) we have n/N < 0.5 so that there are
more small spots than large spots in an asymmetric pattern. As a re-
sult, we observe that there can be two types of asymmetric patterns with
strengths S, and S; or S, and §;. In (c) the number of large spots exceeds
that of small spots and only one type of asymmetric pattern is possible.

the NAS (5.15a), which has the leading order asymptotics (5.16). In particular,
Sie ~ S, so all N-spot patterns are symmetric to leading order. When D = €7D
the spot strengths satisfy the NAS (5.15b). A symmetric solution with asymptotics
(5.20) where S, satisfies (5.18) always exists. Moreover, if

47L'NDO
1ol

0< < K1 ~0.64619,

then an asymmetric pattern with n large spots of strength S, € (S¢yir,Sx) and N —n
small spots of strength S; € (0,S¢i) can be found by solving (5.23) for S, and
calculating Sy from u(S;) = wu(S,). If, in addition we have n/(N —n) < 1, then

(5.23) admits two solutions on the range

47L'NDO
Q|

0.64619 ~ K1 < < Ka(n/N),

where K.2(n/N) is found by solving the system (5.24).

As we have already remarked, in the D = Dy/¢ regime, if Dy < 1 then the
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symmetric N-spot solution (5.20) coincides with the symmetric solution for the
D = 0'(1) regime given by (5.16). The asymmetric solutions predicted for the D =
Dy /€ regime persist as Dy decreases and it is, therefore, natural to ask what these
solutions correspond to in the D = (1) regime. From the small S asymptotics
(5.3) we note that the NAS (5.15a) does admit an asymmetric solution, albeit one
in which the spot strengths of the small spots are of &(&2). Specifically, for a given

integer n in 1 < n < N we can construct a solution where
Se~ (Seyee S0, € 8ni1.0,--,8Sn0)T . (5.26)

By using the small S asymptotic expansion for u(S) given in (5.3), we obtain from
(5.15a) that

2
n
Si,o_b<4ns*ZG(x,~,xj)> , i=n+1,...,N. (5.27)
j=1

We observe that in order to support N — n spots of strength &'(€?), we require at
least one spot of strength &'(1). Setting D = Dy /€, we use the large D asymptotics
for G(x,&) in (5.10) to reduce (5.27) to

47rD0nS*

Sio~be?
. ( @

2
) . i=n+1,...,N. (5.28)

Alternatively, by taking k¥ < 1 in the NAS (5.15b) for the D = Dy/¢€ regime, we
conclude that S, ~ S, and S; ~ b (knS,/N)*. Since kn/N = 4wDon/|Q|, as ob-
tained from (5.15b), we confirm that the asymmetric patterns in the D = Dy /€
regime lead to an asymmetric pattern consisting of spots of strength &'(1) and
O(&?) inthe D = O(1) regime.

5.2 Linear Stability

Let (vge,Uge) be an N-spot quasi-equilibrium solution as constructed in §5.1. We

will analyze instabilities for quasi-equilibrium solutions that occur on ¢'(1) time-
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scales. To do so, we substitute
_ At _ At
V="V t+ere, U=ug+e-y, (5.29)

into (5.1) and, upon linearizing, we obtain the eigenvalue problem

2

2v, v
20—+ 29—y~ 19,
Uge Uge (5.30)

DAY — y+2e 2v,.0 = TAY,

where 9,0 = d,w = 0 on dQ. In the inner region near the jM spot, we introduce
a local expansion in terms of the associated Legendre polynomials P;"(cos ) of

degree [ =0,2,3,..., and order m =0, 1, ...,/
0 ~ c;DF"(cos0)¢" P (p),  y~ c;DF"(cos8)¢" P (p),  (531)

where p = €7 !|x —x;|, and (8, ¢) € (0,7) x [0,27). Suppressing subscripts for

the moment, and assuming that €274 /D < 1, we obtain the leading order inner

problem
1 2 2
8000 0. Y0 Yy 10 o0,
p2 U U?
1) (5.32a)
ApY — ¥Y+2ved =0, p>0,

p2

with the boundary conditions @'(0) = ¥/(0) =0, and ® — 0 as p — oo. Here
(V,U) satisfy the core problem (5.2). The behaviour of ¥ as p — oo depends on

the parameter /. More specifically, we have that

B(A,S)+p~', forl1=0,

as — oo, 5.32b
o120 for 150, P (3320

where 3, = /1 +1(I+1) and B(4,5) is a constant. Here we have normalized ¥
by fixing to unity the multiplicative factor in the decay rate in (5.32b). Next, we
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introduce the Green’s function G;(p, p) solving

I(I+1)

BpGi= = 5= G =—p8(p=p), p.p>0. (5.332)
and explicitly given by
i 1 (p/P)", 0<p<p,
Gi(p.p) (5.33b)

S 20VPP | (p/p)", p > B,

when [ > 0. For [ = 0 the same expression applies, but an arbitrary constant may
be added. For convenience we fix this constant to be zero. In terms of this Green’s

function we can solve for W explicitly in (5.32a) as

o o a2 B(A,S), for =0,
lP=2/ Gi(p.p)V(p)P(p)p~dp + (5.34)
0 0, for [ > 0.

Upon substituting this expression into (5.32a) we obtain the nonlocal spectral prob-
lems
V2

///()(ID:?L(ID—I—B(?L,S)W, for [=0; MP=AD, for [>0. (535a)

Here the integro-differential operator .#; is defined for every [ > 0 by

I(1+1 2V 2v? [ N ey <D g
(pz )¢_¢+U¢_F ; Gi(p,p)V(B)®(p)p*dp. (5.35b)

MD = Ay D—

A key difference between the [ = 0 and / > 0 linear stability problems is the
appearance of an unknown constant B(4,S) in the / = 0 equation. This unknown
constant is determined by matching the far-field behaviour of the inner inhibitor
expansion with the outer solution. In this sense, we expect that B(4,S) will encap-
sulate global contributions from all spots, so that instabilities for the mode [ = 0
are due to the interactions between spots. In contrast, the absence of an unknown
constant for instabilities for the / > 0 modes indicates that these instabilities are

localized, and that the weak effect of any interactions between spots occurs only
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through higher order terms. In this way, instabilities for modes with / > 0 are de-
termined solely by the spectrum of the operator .#;. In Figure 5.5a we plot the
numerically-computed dominant eigenvalue of .#; for [ = 0,2,3 as well as the sub
dominant eigenvalue for [ = 0 for 0 < § < S,. This spectrum is calculated from
the discretization of .# obtained by truncating the infinite domain to 0 < p < L,
with L > 1, and using a finite difference approximation for spatial derivatives com-
bined with a trapezoidal rule discretization of the integral terms. The / = 1 mode
always admits a zero eigenvalue, as this simply reflects the translation invariance
of the inner problem. Indeed, these instabilities will be briefly considered in §5.3
where we consider the slow dynamics of quasi-equilibrium spot patterns. From
Figure 5.5a we observe that the dominant eigenvalues of . for [ = 2,3 satisfy
Re(A4) < 0 (numerically we observe the same for larger values of /). Therefore,
since the modes [ > 1 are always linearly stable, for the 3-D GM model there will
be no peanut-splitting or spot self-replication instabilities such as observed for the
3-D Schnakenberg model in [98]. In the next subsection we will focus on analyzing
instabilities associated with / = 0 mode, which involves a global coupling between

localized spots.

5.2.1 Competition and Synchronous Instabilities for the / = 0 Mode

From (5.35a) we observe that A4 is in the spectrum of .# if and only if B(A,S) = 0.
Assuming that B(A,S) # 0 we can then solve for ® in (5.35a) as

® = B(A,S) (Mo — L)L (VZ/U?). (5.36)

Upon substituting (5.36) into the expression (5.34) for ¥ when [ =0, we let p — oo
and use Go(p,p) ~ 1/p as p — oo, as obtained from (5.33), to deduce the far-field

behaviour

‘P~B+2,f/ V(tly—2)" (V2 /UP)pPdp, as p—e.  (537)
0
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Real Part of Dominant Eigenvalues of M, BiA, 5)
1

olo ols o020

(a) (b)

Figure 5.5: (a) Spectrum of the operator ., defined in (5.35b). The dashed
blue line indicates the eigenvalue with second largest real part for / = 0.
Notice that the dominant eigenvalue of .#( is zero when S = S¢j¢ =
0.04993, corresponding to the maximum of (t(S) (see Figure 5.1a). (b)
Plot of B(A,S). The dashed line black indicates the largest positive
eigenvalue of .#(S) and also corresponds to the contour B(A,S) = 0.
We observe that B(A,.S) is both continuous and negative for S > Scit
0.04993.

We compare this expression with the normalized decay condition on ¥ in (5.32b)

for [ = 0 to conclude that

B(4,S) =

2TVl —2) TV URpdp -39

We now solve the outer problem and through a matching condition derive an
algebraic equation for the eigenvalue A. Since the interaction of spots will be
important for analyzing instabilities for the / = 0 mode, we re-introduce the sub-
script j to label the spot. First, since dp¥'j ~ —p~2 as p — oo, as obtained from
(5.32b) for I = 0, an application of the divergence theorem to AyW; = —2V;®;
yields that [;"V;®;p?dp = 1/2. Next, by using vge ~ DV;(p) and ¢ ~ c;DP;(p)
for [x —x;| = O(¢) as obtained from (5.25) and (5.31), respectively, we calculate

in the sense of distributions for € — 0 that

N oo N
28_2ng¢ — 87[8D2 Z Cj (/ qu)Jpzdp> 6()6*)(]) = 4-7'1781)2 Z CjS(X*Xj) .
0

J=1 Jj=1
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Therefore, by using this distributional limit in the equation for y in (5.30), the
outer problem for y is

(1+7A)
D

Ay — y=—4neD ) c;j6(x—x;), x€Q; dw=0, x€dQ. (539

N
j=1
The solution to (5.39) is represented as
N
y =4rneD Y ¢;G*(x,x;), (5.40)

J=1

where G* (x,&) is the eigenvalue-dependent Green’s function satisfying

AGMMG‘:—S@—&), x€Q; 9,G*=0, xc€aQ,
D
! (5.41)
G*(x,E) ~ ——— +RM(E) +o(1), as x—¢&.

4mlx—&|

By matching the limit as x — x; of y in (5.40) with the far-field behaviour y ~
Dc;B(A,S;) of the inner solution, as obtained from (5.37) and (5.31), we obtain the

matching condition

B(A,S;)c; = 4me <cl~R)“ (xi)+ ich’l (xi,xj)) ) (5.42)
J#i

As similar to the construction of quasi-equilibrium solutions in §5.1, there are two

distinguished limits D = ¢'(1) and D = Dy /€ to consider. The stability properties

are shown to be significantly different in these two regimes.

In the D = (1) regime, we recall that S; ~ S, fori=1,...,N where u(S,) =0.
From (5.42), we conclude to leading order that B(A,S,) = 0, so that A must be
an eigenvalue of .#y when S = S,. However, from Figure 5.5a we find that all
eigenvalues of .#( when S = S, satisfy Re(4) < 0. As such, from our leading order
calculation we conclude that N-spot quasi-equilibrium solutions in the D = &'(1)
regime are all linearly stable.

For the remainder of this section we focus exclusively on the D = Dy /€ regime.
Assuming that |1+ tA|/Dy < 1 we calculate G* (x, &) ~ €Dy / [(1+TA)|Q[] +
Go(x, &), where G is the Neumann Green’s function satisfying (5.11). We substi-
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tute this limiting behaviour into (5.42) and, after rewriting the the resulting homo-

geneous linear system for ¢ = (cy,...,cy)” in matrix form, we obtain
7 X ve+aned (5.43a)
c = c c 43a
[ 0%
where
B = diag(B(A,S1),...,B(A,Sy)), év=Nleel. (5.43b)

Here % is the Neumann Green’s matrix and k = 47NDy/|Q| (see (5.15b)). Next,
we separate the proceeding analysis into the two cases: symmetric quasi-equilibrium

patterns and asymmetric quasi-equilibrium solutions.

Stability of Symmetric Patterns in the D = D, /e Regime

We suppose that the quasi-equilibrium solution is symmetric so that to leading
order S| = ... = Sy = S, where S, is found by solving the nonlinear algebraic

equation (5.18). Then, from (5.43), the leading order stability problem is

B(A,S)e = —~

= 1+’L').(5)NC‘ (5.44)

We first consider competition instabilities for N > 2 characterized by ¢’e = 0
so that &yc = 0. Since B(A,S.) = 0 from (5.44), it follows that A must be an
eigenvalue of .#, defined in (5.35b), at S = S.. From Figure 5.5a we deduce
that the pattern is unstable for S below some threshold where the dominant eigen-
value of .Z equals zero. In fact, this threshold is easily determined to correspond
to S = Serit, Where t(Seri) = 0, since by differentiating the core problem (5.2)
with respect to S and comparing the resulting system with (5.32) when / = 0, we
conclude that B(0,S,.) = p/(S;). The dotted curve in Figure 5.5b shows that the
zero level curve B(A,S.) = 0 is such that A > 0 for S, < Sc;i¢. As such, we con-
clude from (5.18) that symmetric N-spot quasi-equilibrium solutions are unstable
to competition instabilities when Kk > k.1 = W (Scrit) /Serit-

For special spot configurations {xi,...,xy} where e is an eigenvector of %, we
can easily calculate a higher order correction to this instability threshold. Since %
is symmetric, there are N — 1 mutually orthogonal eigenvectors g, . . . ,gx such that
Yqr = gkqr With g1 e = 0. Setting ¢ = gy in (5.43), and using B(0,S) ~ e1t” (Scrit) 6
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for S = S¢it + €5, we can determine the perturbed stability threshold where A =0
associated with each eigenvector g;. By taking the minimum of such values, and
by recalling the refined approximation (5.21), we obtain that N-spot symmetric
quasi-equilibrium solutions are all unstable on the range

dme .
See < Serit + min gg. (5.45)

W (Serit) k=2,..,N

Next we consider the case ¢ = e for which we find from (5.43) that, to leading

order, A satisfies
K

L —
1+7A
First, we note that A = 0 is not a solution of (5.46) since, by using B(0,S) = u'(S),

B(A,S.) (5.46)

this would require that u’(S.) = k, which the short argument following (5.20)
demonstrates is impossible. Therefore, the ¢ = e mode does not admit a zero-
eigenvalue crossing and any instability that arises must occur through a Hopf bi-
furcation. We will seek a leading order threshold T = 7;,(x) beyond which a Hopf
bifurcation is triggered. To motivate the existence of such a threshold we consider
first the k — oo limit for which the asymptotics (5.19) implies that S, = 1/(bk?) <
1 so that from the small S expansion (5.3) of the core solution we calculate from
(5.35b) that . AZyP ~ Ap® — P+ 2w D + O(x~"). Then, by substituting this ex-
pression, together with the small S asymptotics (5.3) where S. ~ 1/bx?* < 1, into
(5.38) we can determine B(A,S.) when k > 1. Then, by using the resulting ex-
pression for B in (5.46), we obtain the following well-known nonlocal eigenvalue
problem (NLEP) corresponding to the shadow limit k = 4wNDy/|Q| — oo:

2 [ we(Ap — 142w —A) " 'wip?dp
Jo wip2dp
From Table 1 in [105], this NLEP has a Hopf bifurcation at 7 = 7,° =~ 0.373 with

corresponding critical eigenvalue A = iAd;° with A;° ~ 2.174. To determine 7, (k)

1+71A— 0. (5.47)

for Kk = O(1), we set A = iA;, in (5.46) and separate the resulting expression into

real and imaginary parts to obtain

 Im(B(iM,S0)) |B(i2n, Se)[*
ARe (B(i2y,S.)) Re (B(iAy, S.))

T = — k=0, (5.48)
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where S, depends on k from (5.18). Starting with k¥ = 50 we solve the second
equation for A, using Newton’s method with A, = A, as an initial guess. We then
use the first equation to calculate 7,. Decreasing k and using the previous solution
as an initial guess we obtain the curves 7, (k) and A, (k) as shown in Figure 5.6.
We conclude this section by noting that as seen in Figures 5.6a and 5.6c the
leading order Hopf bifurcation threshold diverges as k — K‘ji, where k.1 = U (Serit) /Serit-
This is a direct consequence of the assumption that |1 + TA|/Dy < 1 which fails
to hold as 7 gets increasingly large. Indeed, by using the series expansion in (3.12)—
(3.14) of [89] for the reduced wave Green’s function in the sphere, we can solve
(5.42) directly using Newton’s method for an N = 1 spot configuration centred at
the origin of the unit ball. Fixing € = 0.001, this yields the higher order asymptotic
approximation for the Hopf bifurcation threshold indicated by the dashed lines in
Figure 5.6. This shows that to higher order the bifurcation threshold is large but
finite in the region k¥ < k.;. Moreover, it hints at an € dependent rescaling of 7
in the region k < k,; for which a counterpart to (5.44) may be derived. While we
do not undertake this rescaling in this chapter we remark that for 2-D spot patterns
this rescaling led to the discovery in [99] of an anomalous scaling law for the Hopf

bifurcation threshold.

Stability of Asymmetric Patterns in the D = D,/ Regime

When the N-spot pattern consists of n large spots of strength §1 =... =S5, =S,
and N — n small spots of strength S, = ... = Sy = ), the leading order linear

stability is characterized by the blocked matrix system

B(A.5:) 0 c= —5 &, (5.49)
0 BAS)Av.)  1+14

where .%,, denotes the m x m identity matrix. In particular, an asymmetric quasi-
equilibrium solution is linearly unstable if this system admits any nontrivial modes,
¢, for which A has a positive real part. We will show that asymmetric patterns are

always unstable by explicitly constructing unstable modes.
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Hopf Bifurcation Threshold Hopf Threshold Eigenvalue Hopf Bifurcation Threshold

2.0 104
—— leading order _— — leading order
4 higher order " : 103 4 higher order
(N=1,6=0.01) 1.51 - (N=1,6=0.01)
31 102 4
H <10 ~
24
10 4
0.5 —— leading order
11 1 higher order 100
I (N=1,£=0.01) T
0 T T T T 0.0 T T T T T T T T
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
K K K
(a) (b) (©

Figure 5.6: Leading order (a) Hopf bifurcation threshold 7,(x) and (b) crit-
ical eigenvalue A = iA;, for a symmetric N-spot pattern as calculated
by solving (5.48) numerically. The leading order theory assumes
€|l +1A|/Dy < 1 and is independent of the spot locations. We cal-
culate the higher order Hopf bifurcation threshold for an N = 1 spot
pattern centred at the origin of the unit ball with € = 0.01 by solving
(5.42) directly (note k¥ = 3Dg). In (c) we see that although the leading
order Hopf bifurcation threshold diverges as Kk — K., going to higher
order demonstrates that a large but finite threshold persists.

First, we assume that 1 <n < N — 1 and we choose ¢ to be a mode satisfying
cr=--=c,=0, Cpr1+--+eny=0. (5.50)

Note that this mode describes competition among the N — n small spots of strength
S;. For such a mode, (5.49) reduces to the single equation B(A,S;) = 0, which
implies that A must be an eigenvalue of .#; at S = S;. However, since S; < Scit,
we deduce from Figure 5.5a that there exists a real and positive A for .# at S = ;.
As such, any mode c satisfying (5.50) is linearly unstable.

We must consider the n = N — 1 case separately since (5.50) fails to yield non-
trivial modes. Instead of considering competition between the small spots, we
instead consider competition between large and small spots collectively. We as-
sume that n > N —n, for which n = N — 1 is a special case, and we try to exhibit

an unstable mode ¢ of the form
cL=...=cp=c¢y, Chyl=...=CN=C]. (5.51)
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Then, (5.49) reduces to the system of two equations

(N—n)
(B()*?Sr) - 1+Kr/1 %) Cr— 1+le N’1 =0,

n N—n
71+K‘MNC’+ (B(AGSI)* 1+K~m( N ))Cl =0,

which admits a nontrivial solution if and only if the determinant of this 2 x 2 system
vanishes. Therefore, to show that this mode is unstable it suffices to prove that the

zero-determinant condition, written as

F(A)=B(A,S)B(A,S,) — —~ (”B(A,S,) n

(N —n)
1+ TA\N N

B(),,S,)> =0, (5.52)

has a solution 4 > 0. To establish this, we first differentiate u(S,) = p(S;) with
respect to S, to obtain the identity u’(S;)S;(S,) = u'(S,). Combining this result
with B(0,S) = u’(S) we calculate that

N —n) n ds;
F(0)=pu'(S /Sr—( . 5.53
O =i wis) - (s )] ey
Using p'(S;) > 0 and pu'(S,) < 0 together with S;(S,) > —1 (see Figure 5.2b) and
the assumption n/(N —n) > 1, we immediately deduce that F(0) < 0. Next, we
let A9 > 0 be the dominant eigenvalue of .#, when S = S; (see Figure 5.5a) so that
B(A9,S;) = 0. Then, from (5.52) we obtain

Kk (N—n)

F(A"):WHM N

B(X0,S;). (5.54)

However, since .# at S = S, > St has no positive eigenvalues (see Figure 5.5a),
we deduce that B(A,S,) is of one sign for A > 0 and, furthermore, it must be
negative since B(0,S,) = p’(S,) < 0 (see Figure 5.5b for a plot of B showing both
its continuity and negativity for all A > 0 when S > S.;). Therefore, we have
F(A) > 0 and so, combined with (5.53), by the intermediate value theorem it
follows that F(A) = 0 has a positive solution. We summarize our leading order

linear stability results in the following proposition:

Proposition 5.2.1. (Linear Stability): Let € < 1 and assume that t < O(g3).
When D = (1), the N-spot symmetric pattern from Proposition 5.1.1 is linearly

171



stable. If D = €' Dy then the symmetric N-spot pattern from Proposition 5.1.1 is
linearly stable with respect to zero-eigenvalue crossing instabilities if K < K1 =
WU (Serit) /Serie = 0.64619 and is unstable otherwise. Moreover, it is stable with re-
spect to oscillatory instabilities on the range K > K1 if T < T;(K) where T,(K) is
plotted in Figure 5.6a. Finally, every asymmetric N-spot pattern in the D = €' Dg

regime is always linearly unstable.

5.3 Slow Spot Dynamics

A wide variety of singularly perturbed RD systems are known to exhibit slow dy-
namics of multi-spot solutions in 2-D domains (cf. [48], [12], [91], [103]). In this
section we derive a system of ODE’s which characterize the motion of the spot
locations xi,...,xy for the 3-D GM model on a slow time scale. Since the only
N-spot patterns that may be stable on an ¢'(1) time scale are (to leading order)
symmetric we find that the ODE system reduces to a gradient flow. We remark that
both the derivation and final ODE system are closely related to those in [98] for the
3-D Schnakenberg model.

The derivation of slow spot dynamics hinges on establishing a solvability con-
dition for higher order terms in the asymptotic expansion in the inner region near
each spot. As a result, we begin by collecting higher order expansions of the lim-
iting behaviour as |x — x;| — 0 of the Green’s functions G(x,x;) and Go(x,x;) that

satisfy (5.8) and (5.11), respectively. In particular, we calculate that

G(xj,x;)+¢ey-ViG(xi,x:), i#]j,
T L
Trep +R(x;))+ey-ViR(xi3xi), i=],

as |x —x;| — 0 where p = |y| and V|R(x;;x;) = Vi R(x;x1)|x=y,. Likewise, for the

Neumann Green’s function, we have

D G x',.X' +8 'V G X',X' 9 i .7
GO(xi+8y,xj) o 20 0(xi,x;) + €y V1Go(xi, x;) #£j (5.555)
£l 477:lsp +Ro(x;) +€y-ViRo(x;3x;), i=],

as |x — x;| — 0 where V; again denotes the gradient with respect to the first argu-

ment. We next extend the asymptotic construction of quasi-equilibrium patterns
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in §5.1 by allowing the spot locations to vary on a slow time scale. In particu-
lar, a dominant balance in the asymptotic expansion requires that x; = x;(¢) where

o = &t. For x near x; we introduce the two term inner expansion

v~ DV; ~ D(Vie(p) + €V (y) +-+-),

(5.56)
u ~ DU; ~ D(Ue(p) + € Un(y) +--+),

where we note the leading order terms are Vi (p) =V (p, Sic) and Ui (p) =U (p, Sie)-
By using the chain rule we calculate d;V; = —€2xi(5) - V,,V; and 3,U; = —&%x}(0) -
V,U;. In this way, upon substituting (5.56) into (5.1) we collect the & (82) terms to
obtain that Vj and Uj; satisfy

LW =AWnp+2Wp=—fie, yeR?, (5.57a)

where

V; “W! (p)xi(o)-
w,~25< 2>7 fm;(p E(P) 3l >y>’
Un —D~ ' Uie

1 , (5.57b)
9 (—1+2Ui; Vi —Up V2>
i€ — .

2‘/ig 0

It remains to determine the appropriate limiting behaviour as p — o. From the
first row of 2;¢, we conclude that V;; — 0 exponentially as p — co. However, the
limiting behaviour of U;; must be established by matching with the outer solution.

To perform this matching, we first use the distributional limit

N N
872\/2 — 47L'8D2 Z Sjg5(x—)€j) +283D2 Z </ ngngdy> 6()(—)6]') R
=1 j=1 IR

as € — 0 where the localization at each xi,...,xy eliminates all cross terms. We
then update (5.9) to include the &'(€3) correction term. This leads to the refined

approximation for the outer solution

N
u~4angeD

N
Sng(x;xj) —|—283DZ </ ngijdy> G(x;xj). (5.58)
j=1 j=1 IR
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We observe that the leading order matching condition is immediately satisfied in
both the D = &'(1) and the D = Dy /€ regimes. To establish the higher order match-
ing condition we distinguish between the D = ¢/(1) and D = £~ D, regimes and
use the higher order expansions of the Green’s functions as given by (5.55a) and
(5.55b). In this way, in the D = €/(1) regime we obtain the far-field behaviour as
|y| — oo given by

1
Ui ~ % /]R3 VieVindy+y - bie, (5.59a)
where b
il ESi£V1R<x,‘;x,‘)—i—ZSnglG(xl‘,Xj). (5.59b)
4n i

Similarly, in the D = D/ € regime we obtain the following far-field matching con-

dition as |y| — oo:

1
Up ~ 27”)/ VieVia dy+ \Q| / VieViady+y-boie (5.60a)
where b
4071: ESigle()(xi;x,')+ZSJ'£V1G0(X,',XJ'). (5.60b)
J#

In both cases, our calculations below will show that only b;. and bg;e affect the
slow spot dynamics.

To characterize slow spot dynamics we calculate x;(c) by formulating an ap-
propriate solvability condition. We observe for each k = 1,2, 3 that the functions
dy Wi where W = (Vie, U; )7 satisfy the homogeneous problem ZLigdy Wie = 0.
Therefore, the null-space of the adjoint operator .Z; is at least three-dimensional.
Assuming it is exactly three dimensional we consider the three linearly indepen-

dent solutions Wy = yiP;(p)/p to the homogeneous adjoint problem, where each
Pi(p) = (P1(p),Pa(p)" solves

2 0
ApP,-—?P,-—FQ,-TSP,-:O, p>0; P0)= <0> , (5.61)
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and for which we note
-1 0
oL — ( 0 o) as p — oo, (5.62)

Owing to this limiting far-field behaviour of the matrix 2%, we immediately de-
duce that P, = 0(p~2) and that P, decays exponentially to zero as p — o. En-
forcing, for convenience, the point normalization condition Py ~ p*2 as p —» oo,
we find that (5.61) admits a unique solution. We use each W to impose a solv-
ability condition by multiplying (5.57a) by ‘I’Z,; and integrating over the ball, By,
centred at the origin and of radius pg with pg > 1. Then, by using the divergence

theorem, we calculate

lim (‘PZ];.,%W n—Wipn Zﬂpik> dy
Po—ro° By,

(5.63)
psdo®,

= lim <W§apwi2 —WiTzaplPik)
P=Po

po—ree 3Bp0

where @ denotes the solid angle for the unit sphere.
To proceed, we use the following simple identities given in terms of the Kro-

necker symbol &;:

J,

0

4 Po
wf(p)dy=0, /B yoif(p)dy = 6kl37r/0 pflp)dp,  (5.64)
20

for [,k =1,2,3. Since .Z*W¥; = 0, we can use (5.57a) and (5.64) to calculate the
left-hand side of (5.63) as

3 P (p)V!
lim W LW indy = lim <_ZX§1(G ) / ykszdy
=1

P J By, po=re By, p?
+1/ kaZ(P)Ui(mdy> (5.65)
D /g, P
4n °°
(o) [ Pap)Vilp)o?dp.

Next, in calculating the right-hand side of (5.63) by using the far-field behaviour

175



(5.59) and (5.60), we observe that only b;e and bg;e terms play a role in the limit.
In particular, in the D = (1) regime we calculate in terms of the components of
bi¢; of the vector bje, as given in (5.59), that

lim [ WLo,Wp|  pld®= lim ib / W 46— 4,
1 i 2| p— =1l i —5 = — Diek»
Po=.J 9By, w2 lp=poP0 PO = ‘! 289y P 37
(5.66)
lim | WhoWal _ p3d®=—2 lim ib- / W e — 5,
Po—reo aBpO 290 Lik p=pop0 - poﬁ'x’lzl iel aBPO pg = 3 ik -
From (5.63), (5.65), and (5.66), we conclude for the D = €/(1) regime that
(o) = be, Ve = [ PalpW(puSepPdp.  (56)
Y(Sie) 0

which holds for each component k = 1,2,3 and each spot i = 1,...,N. From
symmetry considerations we see that the constant contribution to the far-field be-
haviour, as given by the first term in (5.59), is eliminated when integrated over the
boundary. In an identical way, we can determine x}, for the D = Dy /¢ regime. In
summary, in terms of the gradients of the Green’s functions and ¥,z = ¥(Si¢), as
defined in (5.67), we obtain the following vector-valued ODE systems for the two
distinguished ranges of D:

dx; 127 Sie ViR (xi3x;) +Zj¢iSjEV1G(xi,xj)) , forD=0(1),

i _ (5.68)

Yie S,‘gleO(xi;xi)JFZj;éiSjeVlGO(xiaxj)) , for D=Dy/¢.

Since only the symmetric N-spot configurations can be stable on an &'(1) time
scale (see Proposition 5.2.1), it suffices to consider the ODE systems in (5.68)
when S;; = S, + O(¢€) in the D = €(1) regime and when S;; = S, + O'(€), where
S, solves (5.18), in the D = ¢~'Dy regime. In particular, we find that to leading
order, where the (€) corrections to the spot strengths are neglected, the ODE
systems in (5.68) can be reduced to the gradient flow dynamics

dx,' 6mS

Do _ ~ 2
=SS ). V)= [ PSP dp. (569

where S = S, or § = S, depending on whether D = ¢(1) or D = £~ ! Dy, respectively.
In (5.69) the discrete energy .7#°, which depends on the instantaneous spot locations, is
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Figure 5.7: Plot of the numerically-computed multiplier y(S) as defined in
the slow gradient flow dynamics (5.69).

defined by

%(xlv'“axl\’)

{Zﬁv1R(xi)+22712j>tG(xi7x/)7 for D=0 5 6ob)

Zf\/:lRo(xi)+2£f\’:12j>iGo(xi,xj), for D=¢e"'Dy.

In accounting for the factor of two between (5.69) and (5.68), we used the reci-

procity relations for the Green’s functions. In this leading order ODE system,
the integral y(S) is the same for each spot, since P(p) is computed numerically
from the homogeneous adjoint problem (5.61) using the core solution V;(p,S)
and U;(p,S) to calculate the matrix 2% in (5.61). In Figure 5.7 we plot the
numerically-computed y(S), where we note that y(S) > 0. Since y(S) > 0, local
minima of J# are linearly stable equilibrium solutions to (5.69).

We remark that this gradient flow system (5.69) differs from that derived in
[98] for the 3-D Schnakenberg model only through the constant y(S). Since this
parameter affects only the time-scale of the slow dynamics we deduce that the
equilibrium configurations and stability properties for the ODE dynamics will be
identical to those of the Schnakenberg model. As such, we do not analyze (5.69)
further and instead refer to [98] for more detailed numerical investigations. Finally
we note that the methods employed here and in [98] should be applicable to other
3-D RD systems yielding similar limiting ODE systems for slow spot dynamics.
The similarity between slow dynamics for a variety of RD systems in 2-D has been
previously observed and a general asymptotic framework has been pursued in [91]

for the dynamics on the sphere.
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Figure 5.8: (a)(zﬂeading order Hopf bifurcation threshogg)for a one-spot pat-
tern. (b) Plots of the spot height v(0,) from numerically solving (5.1)
using FlexPDESG [1] in the unit ball with € = 0.05 at the indicated 7 and
Dy values.

5.4 Numerical Examples

In this section we use FlexPDEG6 [1] to numerically solve (5.1) when € is the unit
ball. In particular, we illustrate the emergence of oscillatory and competition insta-
bilities, as predicted in §5.2 for symmetric spot patterns in the D = Dy /€ regimes.

We begin by considering a single spot centred at the origin in the unit ball,
for the D = £7'Dy regime. Since no competition instabilities occur for a single
spot solution, we focus exclusively on the onset of oscillatory instabilities as 7 is
increased. In Figure 5.8a we plot the Hopf bifurcation threshold obtained from
our linear stability theory, and indicate several sample points below and above
the threshold. Using FlexPDEG6 [1], we performed full numerical simulations of
(5.1) in the unit ball with € = 0.05 and parameters Dy and 7 corresponding to the
labelled points in Figure 5.8a. The resulting activator height at the origin, v(0,7),
computed from FlexPDES6 is shown in Figure 5.8b for these indicated parameter
values. We observe that there is good agreement with the onset of Hopf bifurcations

as predicted by our linear stability theory.
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Figure 5.9: (a) Plots of the spot heights (solid and dashedﬁli)r)les) in a two-spot
symmetric pattern at the indicated values of Dy. Results were obtained
by using FlexPDE®6 [1] to solve (5.1) in the unit ball with € = 0.05 and
7=0.2. (b) plot of three-dimensional contours of v(x,) for Dy =0.112,
with contours chosen at v=0.1,0.2,0.4.

Next, we illustrate the onset of a competition instability by considering a sym-
metric two-spot configurations with spots centred at (+0.51565,0,0) in the unit
ball and with 7 = 0.2 (chosen small enough to avoid Hopf bifurcations) and &€ =
0.05. The critical value of k. ~ 0.64619 then implies that the leading order compe-
tition instability threshold for the unit ball with |Q| =47 /3 is Dy ~0.64619/(3N) =
0.108. We performed full numerical simulations of (5.1) using FlexPDEG6 [1] with
values of Dy = 0.09 and Dy = 0.112. The results of our numerical simulations are
shown in Figure 5.9, where we observe that a competition instability occurs for
Doy = 0.112, as predicted by the linear stability theory. Moreover, in agreement
with previous studies of competition instabilities (cf. [98], [12]), we observe that a
competition instability triggers a nonlinear event leading to the annihilation of one

spot.

5.5 The Weak Interaction Limit D = &(&?)
In §5.2 we have shown in both the D = €'(1) and D = 0'(¢~") regimes that N-spot

quasi-equilibrium solutions are not susceptible to locally non-radially symmetric

instabilities. Here we consider the weak-interaction regime D = Dy&?, where we
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Figure 5.10: (a) Bifurcation diagram for solutions to the core problem (5.70)
in the D = £2Dy regime. (b) Dominant eigenvalue of the linearization
of the core problem for each mode / = 0,2,3,4, as computed numeri-
cally from (5.74).

numerically determine that locally non-radially symmetric instabilities of a local-
ized spot are possible. First, we let & € Q satisfy dist(&,9Q) > @ (g?) and we
introduce the local coordinates x = & + €y and the inner variables v ~ €2V (p) and
u ~ €2U(p). With this scaling, and with D = Dye?, the steady-state problem for
(5.1) becomes

AV —V+U'W2=0, DA U—-U+V*=0, p=]|y|>0. (5.70)

For this core problem, we impose the boundary conditions V,(0) = U,(0) =0
and (V,U) — 0 exponentially as p — oo. Unlike the D = ¢(1) and D = €(e~!)
regimes, u and v are both exponentially small in the outer region. Therefore, for any
well-separated configuration xp,...,xy, the inner problems near each spot centre
are essentially identical and independent. In Figure 5.10a we plot V(0) versus Dy
obtained by numerically solving (5.70). From this figure, we observe that for all
Dy Z, 14.825, corresponding to a saddle-node point, the core problem (5.70) admits
two distinct radially-symmetric solutions.

Since both the activator V and inhibitor U decay exponentially there are only
exponentially weak interactions between individual spots. As a result, it suffices to

consider only the linear stability of the core problem (5.70). Upon linearizing (5.1)
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about the core solution we obtain the eigenvalue problem

I(1+1 2V V?
ao— g o Ve Yy e,
p? v (5.71)
1(1+1) '
DopW — LSS W V@ =0,

for each [ > 0 and for which we impose that ®'(0) = ¥'(0) = 0 and (®,¥) — 0
exponentially as p — o. We reduce (5.71) to a single nonlocal equation by noting
that the Green’s function G;(p, po) satisfying

1(+1) 5(p—po)

DoAyGi— G -Gy = — , (5.72)
P p? p?

is given explicitly by

I Dy)K, D
Gi(p. o) = 1 1+1/2(P/v/Do)Ki412(Po/v/Do), P <po, 5.73)

Do+/Pop Ii11/2(Po/v/Do)Kis12(P/v/Do) s P> po,

where I,(-) and K, (-) are the n™ order modified Bessel Functions of the first and
second kind, respectively. As a result, by proceeding as in §5.2 we reduce (5.71)

to the nonlocal spectral problem .Z;® = AP where

I(1+1 2V
MP = AP — (t oo Vo
; v (5.74)
22 '

- /O Gi(p,p)V (p)®(p)p*dp

In Figure 5.10b we plot the real part of the largest numerically-computed eigen-
value of .#; as a function of V(0) for [ = 0,2,3,4. From this figure, we observe
that the entire lower solution branch in the V(0) versus Dy bifurcation diagram in
Figure 5.10a is unstable. However, in contrast to the D = &'(1) and D = &(e™!)
regimes, we observe from the orange curve in Figure 5.10b for the / = 2 mode that
when D = 2Dy there is a range of Dy values for which a peanut-splitting instability
is the only unstable mode.

In previous studies of singularly perturbed RD systems supporting peanut-
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Figure 5.11: Snapshots of FlexPDEG6 [1] simulation of (5.1) in the unit ball
with € = 0.05, D = 16€2, and © = 1 and with initial condition given
by a single spot solution in the weak interaction limit calculated from
(5.70) with V(0) = 5. The snapshots show contour plots of the acti-
vator v(x,7) at different times where for each spot the outermost, mid-
dle, and innermost contours correspond to values of 0.006, 0.009, and
0.012 respectively. Note that the asymptotic theory predicts a maxi-
mum peak height of v ~ €2V (0) ~ 0.0125.

splitting instabilities it has typically been observed that such linear instabilities
trigger nonlinear spot self-replication events (cf. [98], [48], [91], and [12]). Re-
cently, in [113] it has been shown using a hybrid analytical-numerical approach
that peanut-splitting instabilities are subcritical for the 2-D Schnakenberg, Gray-
Scott, and Brusselator models, although the corresponding issue in a 3-D setting
is still an open problem. Our numerical computations below suggest that peanut-
splitting instabilities for the 3-D GM model in the D = £?Dj regime are also sub-
critical. Moreover, due to the exponentially small interaction between spots, we
also hypothesize that a peanut-splitting instability triggers a cascade of spot self-
replication events that will eventually pack the domain with identical spots. To
explore this proposed behaviour we use FlexPDEG6 [1] to numerically solve (5.1) in
the unit ball with parameters T =1, € = 0.05 and Dy = 16€2, where the initial con-
dition is a single spot pattern given asymptotically by the solution to (5.70) with
V(0) = 5. From the bifurcation and stability plots of Figure 5.10 our parameter
values and initial conditions are in the range where a peanut-splitting instability

occurs. In Figure 5.11 we plot contours of the solution v(x,) at various times. We
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observe that the peanut-splitting instability triggered between ¢ = 20 and ¢ = 60
leads to a self-replication process resulting in two identical spots at t = 110. The
peanut-splitting instability is triggered for each of these two spots and this process

repeats, leading to a packing of the domain with N = 8 identical spots.

5.6 General Gierer-Meinhardt Exponents

Next, we briefly consider the generalized GM model

v =€ Av—v+u P, Tu,=DAu—u+e uV", xeQ;

dv=0u=0, x€dQ,

(5.75)

where the GM exponents (p,q,m,s) satisfy the usual conditions p > 1, ¢ > 0,
m>1,s>0,and { =mq/(p—1)— (s+1) > 0 (cf. [105]). Although this general
exponent set leads to some quantitative differences as compared to the prototypi-
cal set (p,q,m,s) = (2,1,2,0) considered in this chapter, many of the qualitative
properties resulting from the properties of w(S) in Conjecture 5.1.1, such as the
existence of symmetric quasi-equilibrium spot patterns in the D = (1) regime,
remain unchanged.
Suppose that (5.75) has an N-spot quasi-equilibrium solution with well-separated

spots. Near the i™ spot we introduce the inner expansion v ~ D*V;(y), u ~ DBU;(y),

andy = £~ !(x —x;), where

AV,'—VI‘—FD(p_])a_qﬁU;qViP =0, yeR3
AUi—EzD_]Uj: _DmOt—(S-‘r])ﬁ—IUi—Sv'im’ yER3

Choosing a and f3 such that (p — 1)a — g = 0 and mo — (s+ 1) = 1 we obtain

a=v/E, p=1/8, v=q/(p-1),

with which the inner expansion takes the form v ~ D¥/V (p; S;¢) and u ~ DV/SU (p: Sie),
where V(p;S) and U(p;S) are radially-symmetric solutions to the D-independent
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core problem

AV —VHU WP =0, AU=-UV" — p>0, (576a)
HpV(0)=0pU(0)=0, V—=0 and U~ pu(S)+S/p, p — 0. (5.76b)

By using the divergence theorem, we obtain the identity S = fow U=sV™"p%dp > 0.

By solving the core problem (5.76) numerically, we now illustrate that the
function (S) retains several of the key qualitative properties of the exponent
set (p,q,m,s) = (2,1,2,0) observed in §5.1.1, which were central to the analy-
sis in §5.1 and §5.2. To path-follow solutions, we proceed as in §5.1.1 by first
approximating solutions to (5.76) for S < 1. For § < 1, we use the identity
S= fow U~*V™p?dp > 0 to motivate a small S scaling law, and from this we readily

calculate that

v 1 1
S ¢+t S ¢+ S ¢+
V(p’S)N T WC(p)v U(p7S)N T ) [J(S)N 7 ) (577)

b b b

where -
b= / wp2dp,
0

and w, > 0 is the radially-symmetric solution of

Apwe —we+wl =0, p>0; dpw(0)=0, we =0, p—oo. (5.78)

With this approximate solution for § < 1, we proceed as in §5.1.1 to calculate
w1 (S) in (5.76) for different GM exponent sets by path-following in S. In Figure
5.12b we plot u(S) when (p,q,m,s) = (p, 1, p,0) with p =2,3,4, while a similar
plot is shown in Figure 5.12a for other typical exponent sets in [105]. For each set
considered, we find that 1 (S) satisfies the properties in Conjecture 5.1.1. Finally,
to obtain the NAS for the spot strengths we proceed as in §5.1.2 to obtain that
the outer solution for the inhibitor field is given by simply replacing D with D'/¢
in (5.9). Then, by using the matching condition u ~ D'/¢ (1 (S;e) +Sje€/|x —x;|)
as x — xj, for each j = 1,...,N, we conclude that the NAS (5.15) still holds for
a general GM exponent set provided that p(S) is now defined by the generalized
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Figure 5.12: Left panel: Plot of u(S), computed from the generalized GM
core problem (5.76), for the indicated exponent sets (p,q,m,s). Right
panel: u(S) for exponent sets (p, 1, p,0) with p = 2,3,4. For each set,
there is a unique S = S, for which u(S,) = 0. The properties of p(S)
in Conjecture 5.1.1 for the prototypical set (2,1,2,0) still hold.

core problem (5.76).

5.7 Discussion

We have used the method of matched asymptotic expansions to construct and study
the linear stability of N-spot quasi-equilibrium solutions to the 3-D GM model (5.1)
in the limit of an asymptotically small activator diffusivity € < 1. Our key con-
tribution has been the identification of two distinguished regimes for the inhibitor
diffusivity, the D = ¢(1) and D = 0(¢") regimes, for which we constructed N-
spot quasi-equilibrium patterns, analyzed their linear stability, and derived an ODE
system governing their slow spot dynamics. We determined that in the D = /(1)
regime all N-spot patterns are, to leading order in €, symmetric and linearly sta-
ble on an &(1) time scale. On the other hand, in the D = &(e~') regime we
found the existence of both symmetric and asymmetric N-spot patterns. How-
ever, we demonstrated that all asymmetric patterns are unstable on an &'(1) time
scale, while for the symmetric patterns we calculated synchronous and competi-
tion instability thresholds. These GM results are related to those in [98] for the
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Figure 5.13: Plots of the far-field constant behaviour for the (a) Gierer-
Meinhardt with saturation, (b) Schnakenberg or Gray-Scott, and (c)
Brusselator models. See Table 5.1 for the explicit form of the kinetics
F(v,u) and G(v,u) for each model. A zero-crossing of p(S) at some
S > 0 occurs only for the GMS model.

3-D singularly perturbed Schnakenberg model, with one of the key new features
being the emergence of two distinguished limits, and in particular the existence of
localized solutions in the D = &/(1) regime for the GM model. For D = &'(1), con-
centration behaviour for the Schnakenberg model as € — 0 is no longer at discrete
points typical of spot patterns, but instead appears to occur on higher co-dimension
structures such as thin sheets and tubes in 3-D (cf. [94]). For the GM model, we
illustrated the onset of both oscillatory and competition instabilities by numerically
solving the full GM PDE system using the finite element software FlexPDEG6 [1].
We have also considered the weak-interaction regime D = ¢/(€?), where we used
a hybrid analytical-numerical approach to calculate steady-state solutions and de-
termine their linear stability properties. In this small D regime we found that spot
patterns are susceptible to peanut-splitting instabilities. Finally, using FlexPDE6
we illustrated how the weak-interaction between spots together with the peanut-
splitting instability leads to a cascade of spot self-replication events.

We conclude by highlighting directions for future work and open problems.
First, although we have provided numerical evidence for the properties of w(S)

highlighted in Conjecture 5.1.1, a rigorous proof remains to be found. In partic-
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RD Model F(V,U) [ G(V,U) | Decay behaviour |
Gierer-Meinhardt w/ Saturation (GMS) | —V + U(%fd]z) V2 U~u(S)+S/p
Schnakenberg or Gray-Scott (S/GS) -V+VaU ~V2U | U~u(S)—S/p
Brusselator (B) —V4+fVU | V=VU | U~u(S)-5S/p

Table 5.1: Core problems and inhibitor decay behaviour for some RD sys-
tems. In each case the activator decays exponentially.

ular, we believe that it would be significant contribution to rigorously prove the
existence and uniqueness of the ground state solution to the core problem (5.2),
which we numerically calculated when § = S,. A broader and more ambitious fu-
ture direction is to characterize the reaction kinetics F(V,U) and G(V,U ) for which

the core problem
AV +F(V,U) =0, AU +G(V,U) =0, inp >0, (5.79)

admits a radially-symmetric ground state solution for which V — 0 exponentially
and U = O(1) as p — oo. The existence of such a ground state plays a key role
in determining the regimes of D for which localized solutions can be constructed.
For example, in the study of the 3-D singularly perturbed Schnakenberg model
it was found that the core problem does not admit such a solution and as a re-
sult localized spot solutions could not be constructed in the D = &'(1) regime
(cf. [98]). To further motivate such an investigation of (5.79) we extend our numer-
ical method from §5.1.1 to calculate and plot in Figure 5.13 the far-field constant
1 (S) for the core problems associated with the GM model with saturation (GMS),
the Schnakenberg/Gray-Scott (S/GS) model, and the Brusselator (B) model (see
Table 5.1 for more details). Note that for the GMS model we can find values of
S, such that u(S,) = 0, but such a zero-crossing does not appear to occur for the
(S/GS) and (B) models. As a consequence, for these three specific RD systems,
localized spot patterns in the D = (1) regime should only occur for the GMS
model. Additionally, understanding how properties of (t(S), such as convexity and

positiveness, are inherited from the reaction kinetics would be a significant contri-
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bution. In this direction, it would be interesting to try extend the rigorous numerics

methodology of [3] to try to establish Conjecture 5.1.1.
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Appendix A

Bulk-Membrane-Coupled
Reaction-Diffusion-Systems are a
Leading Order Approximation

In this appendix we demonstrate the sense in which bulk-membrane coupled reaction-
diffusion systems of the form (1.8) are to be understood as a leading order approx-

imation in the limit of a thin membrane.

A.1 Geometric Preliminaries

We first derive a three-term approximation to the Laplacian near a smooth and
compact (N — 1)-dimensional manifold S C RY for N =2,3. Let X (s, ...,sy_1) €S
be a parametrization of S where (s, ...,sy_1) €U CR¥"land X : U — S is smooth.
When N =2 we will assume that the curve S is parameterized by arc-length so that
the tangent vector |dX /ds;| = 1. The unit normal to S at X is defined by

o dX X x hX

V(S) K ds% (N: 2)7 V(S],SQ) = m (N = 3), (Al)
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where k is the curvature of the curve S when N = 2, and where we use the notation

d; = d/ds; (i =1,2). Next we define the tensors g, b, and ¢ with entires
gianiX'an; b,’anian-V: —8iX-8jv, cij:8iv-8jv (A2)

where the second equality in the definition of b;; follows from differentiating the
orthogonality relation d;X - v = 0. Note that g corresponds to the metric tensor,
while b corresponds to the second fundamental form when N = 3. Explicitly we
calculate

g=1, b=x, (A.3a)

for N =2, and

81X . 81X 81X : 82X 81X : 81v 81X : 82v
g = . b= (A.3b)
82X . 81X 82X . 82X 82X . 31 \% (92X . 82v

for N = 3. Note that both g and b are symmetric.

Next we derive a useful formula for ¢ in terms of b and g. Throughout the next
calculations we use the Einstein summation convention in which we sum over all
repeated indices. Since |v| =1 it follows that d;v-v = 0 and we can therefore
write d;v in terms of the tangent vectors d;X as d iV=a jkakx for some unknown
coefficients ¢;;. Taking the inner product with J;X and recalling the definition of
gij and b;; in (A.2) we obtain —b;; = a;gi; and therefore a;; = —bl-kgkj , where g/
are the entries of gil. Calculating ¢;; = aja;jq8kq = bil g”‘b ir&8qk = b g”‘bk i we
deduce that

c=x> (N=2), c=bg'b (N=3). (A.4)

We now consider the parametrization of a region near S in RV given by
X($1,-0s88) =X (150, 8N—1) F SNV (51,0, 5N), (A.5)

where sy is assumed to be sufficiently small so that X (s1,...,sy) is well defined
and in particular 1+ ks, > 0 when N = 2 and (I + syg~'b) is positive definite
when N = 3 where [ is the 2 x 2 identity matrix Using (A.2) and (A.4) we readily

determine that the metric tensor g with entries g;; = 0X-0 ]X is block diagonal and
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explicitly given by

_ [(+sK)? 0 B _ (s(I+sng7'b)? O B
g—( 0 1) (N=2), g_< 0 1) (N=3). (A.6)

Since g is block diagonal, the Laplacian in this parametrization is given by

Y,
%= i L3 (Vdetggjas,-)

1}1

(A.7)
oy detg

= oo+ 2detg

N + (\/detgg”0;¢).

ljl

When N = 2 we use (A.6) to easily calculate the exact formula

929 K 00 1 8< 1 a(f)) (A8)

AP = —
¢ aS% 14+Ks20s0  14+Kspds \1+Ks2 dsy

For N = 3 an exact formula is more involved and we instead focus on retaining the

first three terms in an expansion of the Laplacian when sy < 1. First we calculate
detg = detgdet®(I+syg~'b). (A.9)

Next we use Jacobi’s formula for the derivative of a determinant to calculate

ddet(I+syg'b)

-1
tr b) =
. o (g7'b)
9% det(1 b
UG D) 2o 1) (g )2 = 4B — (4 D).
asN sy=0

where we have used that the principal curvatures, k; and k; are the eigenvalues of

g~ 'b and the mean curvature H is

K+ K
==

(A.10)
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Therefore

detg = detg(1 +2Hsy + 3 (4H* — k7 — &3 )sy +0(s13V))2
= detg(1 +4Hsy + (8H* — ki — &3 )5y + O(s¥))

and

dvdet§  2H+(8H*— ki — Kz)sN +0(s%)
2det§  1+4Hsy+ (8H? — k7 — k3)s3 + O(sy)

= 2H— (Kl + KZ)SN+O(SN)-

Retaining leading order terms in sy and letting Ag be the Laplace-Beltrami operator

on S we obtain

d d d
Aq):—|—2HS—(Kf+K22)SNa£>V+As¢+O(SN). (A.11)

Summarizing, we let sy = 81 where § < 1 and 1 = O(1) to obtain

¢ ., 0¢ a9  9%¢
2 2
AP =8~ an? +67! x—an K nan + 35 +0(9), (A.12)
2% ¢ 9
_ §-2 1 2 20\, ¢
Ap =38~ an? +286~ H(9 — (kg +1<2)nan +Asd + 0(5). (A.13)

for N =2 and N = 3 respectively, and where we have used s to denote the arc-length
along Sin N =2.

A.2 Derivation of Bulk-Membrane-Coupled
Reaction-Diffusion System

We begin by assuming that the cell bulk is given by a bounded domain Q C RV
(N =2,3) with smooth boundary dQ. Next we let v(x) be the outward unit normal
to dQ at s € dQ and let the cell membrane be given by

Qs ={x+dnv(x)|x€dQ,0<n <1}, (A.14)
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where § > 0 is the membrane thickness and is assumed to be sufficiently small so
that Qg is well defined. Furthermore, we separate dQgs into two disjoint (N — 1)-
dimensional surfaces dQs = dQk U Q% where 0Q = dQ denotes the interface
between the bulk and membrane and corresponds to setting 7 = 0 in (A.14) while
89% denotes the interface between the membrane and the extracellular space and
corresponds to setting 7 = 1 in (A.14).

Next we suppose that there are n and m chemical species in the bulk and in the

membrane with concentrations respectively given by
T T
U:(Ul,...,Un) y u:(ul,...,um) .

In both the bulk and the membrane we further assume that these chemical species
undergo isotropic diffusion and reaction kinetics so that the spatio-temporal evolu-

tion of their concentrations is governed by the system of reaction-diffusion equa-

tions
730,U = DgAU +F (U), xeQ, (A.152)
Do, U = yq5u,U), x €90Q, (A.15b)
and
TM8,u =DyAu+ fs (u), x € Qs, (A.16a)
Dy0u = —q5u,U), x € dQk, (A.16b)
Dy0u =0, x € 905. (A.16c¢)

where Dg = diag(Dpy,...,Dpy) and Dy = diag(Dypy1, ..., Dy ) are the diffusion co-
efficients of each species, 75 = diag(7p1, ..., Tg,) and Ty = diag(Ty1, ..., Tym) are
the time constants of each species, F and fs describe the bulk- and membrane-
bound reaction kinetics, and g5 describes the interchange between bulk- and membrane-
bound species across the bulk-membrane interface dQ2. The constant ¥ in (A.15b)
is included to reflect possible asymmetries in the interchange between bulk- and
membrane-bound species. While we may anticipate that the bulk-bound reaction

kinetics F(-) are independent of the membrane-thickness, the same cannot be said
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of the membrane-bound kinetics f5(-) and boundary interchange gs(-,-). Indeed,

integrating (A.16a) over Q5 and using the divergence theorem gives

d
o [ = / @)+ | fsw).
o PIoA Qs

dt
Since vol(Qs) = O(6) and area(dQ) = O(1), the three terms are balanced for
0 < 1 provided that they satisfy O(8)O0(u) = O(qs) = O(0)O(fs). Anticipating
that U = O(1), (A.15) and (A.16) imply that

gs=0(1), u=0(8", fs=0("). (A.17)

We now derive a leading order approximation to the bulk-membrane coupled
reaction-diffusion system (A.15) and (A.16) in the § < 1 limit. We let X (s) € dQ
parametrize dQ where s € B C RV~!. In particular we assume that s is the arc-
length along dQ when N =2 and s = (s1,s2) when N = 3. Next we choose the
sign of the curvature k(s) of X (s) when N = 2 and the orientation of the local basis
(X1,X>) when N = 3 such that the unit normal at X (s) € dQ given by
1 X X hX

(N:2>, V(S],Sz):m (N:3), (A18)

ds%

v(s) = Kk(s)

points away from the interior of Q. Parameterizing Qs in terms of the boundary
fitted coordinates (s,n) € U x (0,1) as

X(s)+onv(s) € Qg, (A.19)

the results from Appendix A.1 we imply the following approximations for the

Laplacian in Qg

A=8207+68 "kdy — K°ndy + 97 +0(8), (N=2) (A.20)
A=8720; 428 "Hyady — (ki + K3)Ny + Ao+ 0(8), (N=3) (A21)

where k; (i = 1,2) are the principal curvatures of dQ, H = (k] + k»)/2 is the
mean curvature, and A, is the Laplace-Beltrami operator on Q2. Throughout this
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section we will use Ay = 92 when N = 2. Based on the scaling (A.17) we suppose
that f5(u) = 8 f(Su) and g5(u,U) = q(Su,U) and let

u:5_1u0+u1+5u2+0(52), U=U,+0(9), (A.22)

where each u; = O(1) and Uy = O(1). Note that whereas u denotes a volume
concentration, uy denotes a surface concentration. Substituting both d, = —& *187,
and (A.20) into the membrane-bound system (A.16) and collecting powers of &,
we find that the leading order, O(8~3), equation is given by

DManr'll() = 0,(S,n) € 89 X (O, 1), DM8nuo :0’ n= O’l

which implies ug = uo(s). Similarly, from the O(8~2) equation we find that the
first order correction is independent of 17, u; = u;(s). The O(8~!) problem is then
given by

8,u0 = DM8,mu2 + DyAjouo +f(u()), (S, 17) € JQ x (0, 1),
DManuz = q(uo,Uo)7 n= 0, DManuz = 0, n= 1.

Integrating over 0 < 17 < 1 and using both the boundary conditions of u; and the
n-independence of uy we obtain

oy = DyAyouo + f(uo) —q(uo,Uo), in 0Q.

Summarizing, in the limit of a thin membrane, 6 < 1, the bulk-membrane

coupled reaction-diffusion system (A.15) and (A.16) is approximated by

10Uy = DpAU +F(U0), in  Q, (A.23a)
Dgd, Uy = yq(uo,Uy), on dQ, (A.23b)
duy = DyAyouo + f (o) —q(uo,Uy), in 0Q, (A.23c)

where Ug = O(1) and up = O(1) are the leading order terms in the expansion (A.22)
and where we assume that f(uo) = O(1) and q(uo,Uo) = O(1). Note that we have

assumed no interaction between the extracellular space and the cell membrane. It
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is clear from the above derivation that including such an interaction would add
an additional term to (A.23c). Additionally we have assumed that the membrane
thickness is constant and equal to § > 0. It is a straightforward extension to include

a non-constant thickness by letting 0 < 11 < 8A(s) for s € IQ.
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Appendix B

Appendix for Chapter 2

B.1 Green’s Functions in the Well-Mixed Limit and for
the Disk

In this appendix we collect all the relevant Green’s functions and indicate some
of their key properties. We focus specifically on the uncoupled (K = 0) Green’s
function, the well-mixed Green’s function (D}, — o), and the disk Green’s function
(Q = Bg(0)). For the first two cases explicit formulae can be derived, while for the

final case we must rely on a Fourier series expansion representation.

B.1.1 Uncoupled Membrane Green’s Function

When the bulk and membrane are uncoupled there is no direct dependence on the
bulk Green’s function. Indeed the only relevant geometric dependent parameter
becomes the perimeter of the domain L = |[dQ|. Thus, Q may be an arbitrary
bounded and simply connected subset of R? with C> boundary. We define the

uncoupled Green’s function I'* as the solution to

DO —p’T=-8(c—-¢), O0<o<L, T isLperiodic. (B.l)
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The solution to (B.1) is readily calculated as

coth<2f}%v> cosh<¢‘j7v|cr€|> Siﬂh<¢%|"€|> (B.2)
I'(0,0) = SN B 2/D, 1L '

B.1.2 Bulk and Membrane Green’s functions in the Well-Mixed
Limit
We now derive the leading order expression for the membrane Green’s function,

defined by (2.22), when D;, — co. To leading order Gg, defined by (2.19), is con-
stant and from the divergence theorem we find

1 Bk 1
KL+uZhA  ul +BL

L
G&(0,6) ~ Gy = where f = KX. (B.3)

Here L = [dQ| and A = |Q|. The leading order problem for the membrane Green’s

function in (2.22) is then
A A A L A
D,02Gh, — WG, +1<2GQ0/ GA(6:0)d6 = —8(c—C).  (B4)
0

Upon integrating this equation and using the periodic boundary conditions we get

L
1 1 1
GAo(6:0)d6 = _ 7
/0 ? u% —KALGh,  \ W3 (3, +B)—KB | AGK,
where G%zo is defined in (B.3). Therefore, from (B.4), we find that G%Q satisfies

K?/A
uZ (uz +B)—KB

D,95Gq — 13 Glhq = —6(c — () ~
This problem is readily solved in terms of the uncoupled Green’s function of (B.2)

by defining
r(6.0)==T(c.0)],_, .
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and then using the decomposition

2
Gho(0.8) =T(o, é’)+727 7= K*/A

. B.5
Hia u2 (u7, +B)—Kp -3)

B.1.3 Bulk and Membrane Green’s functions in the Disk

Here we consider the bulk Green’s function defined by (2.19). By using separation
of variables (in polar coordinates), and applying the boundary condition in (2.19),

we can write this Green’s function as a Fourier series

oo

1
Gé(r,c,&) — a)“Pn() (G 6),
27R &,

(B.6)
_ (@) 5 1 _ M

—— W = .
D,PR)+K = D,

We remark that the singularity lies on the boundary and for this reason the radial
dependence is given only in terms of the modified Bessel functions of the first kind
I,(z). Similarly, we can represent the membrane Green’s function in (2.22) for the

disk in terms of the Fourier series

I < in 1
Gho(0,00) = == Y gher(™ @ o= . (B
2nR =" " D5+ ud — K2al

B.1.4 A Useful Summation Formula for the Disk Green’s Functions

We make note here of a useful summation formula for numerically evaluating
the Green’s function eigenvalues for the disk. By integrating the function ({2 +
z2) " cot(£(& —k)) over the contour enclosing [—R,R] x [—R,R], and then taking
the limit R — oo, we obtain

1 T

S(z;N,k) == ni’m(fﬂ\H—W Nz {coth(N(z—Hk)) +coth(N(z—zk)>]. (B.8)

214



B.2 Derivation of Membrane Green’s Function for the
Perturbed Disk

In this appendix we provide the details for calculating the leading-order correction
to the perturbed disk Green’s function given in (2.2). Recall that the bulk Green’s

function solves

DyAGE — 2, Gh =0, in Qs

(B.9)
DbanGé-FKGl:(SaQé(x—f), on 0Qs.

On the boundary r = R+ 8h(6) of the perturbed disk we calculate in terms of polar

coordinates that

" / -1 ’ R R 1,\
n(g):[1+(1ff67%)2] 2(6,—%69), V:eré’r—i-;eg&e,

- " 1 5(0—0
Sp0s (1) = [1+ (2400) 12+ 200 —9)

which yields the following asymptotic behaviour as 6 — 0:

H'(6)

#(0) ~ & — 829+ 0(8%),
Sy, (X — %) ~ 1%5(9 —8)— 5}‘1(;?)5(9 —0)+0(8%).

Next, for 6 < 1, we seek a solution of the form
GX(r,0,0 ~ Gk, (r,0,0)+Gh,(r,0,0)5 + 0(5%).

Upon substituting these expansions into (B.9), and collecting powers of 8, we ob-

tain the following zeroth-order and first-order problems:
DpAGhHy — 1} Ghy =0, in Q,

ByGh, = 5(91;6), on dQy,
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and

DyAGH, — 2, G5, =0, in Q,
h(6)5(6—0)

R R — BGby,  on 0Q,

'%;OG%ZI =

where the boundary operators %, and %, are defined by

' (6)
R2

%()EDbar—l—K P, =D, <h(6)8,2— 89) +Kh(9)8r
The zeroth-order solution is the unperturbed disk bulk Green’s function given in
(B.6). For the problem for the leading order correction, we use linearity to decom-

pose its solution in the form

~ h(6 ~ - ~
G?Zl(rveae) = _(R)GéZO(r767e)+G£L21(r7eve)7
1 o (B.10)
AN oy — ~A (D inb
GQl(r7976)— 2ﬂRn;waln(9)Pn(r)e ’

for some coefficients d%n to be found. To determine an expression for these coeffi-
cients, we first multiply the boundary condition %’of}él =—-% Gflzo by e~ and
then integrate from O to 27. This gives

2

1 _ .
R(D,,P,;(R)Jrl()a{‘n(e):—/ e "0 8,GX,d6. (B.11)
0

Then, by using the differential equation satisfied by G%zo we calculate the right-

hand side of this expression as

2r 2n
/ ¢ 0 B,Gh(R,0,0)d0 =D, / h(6)GY,,. (R, 6,6)e ™ d6
0 0
2r
— 2| H(0)Gloe(R,0,6)e 0 do  (B.12)
0
27
+K/ h(8)G},,(R,6,0)e 0 d6.
0

Next, we assume that the boundary perturbation () is sufficiently smooth so that
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each of the following hold:

oo

= Y e, KH(O)=i Y nhe™, 1'(0)=- Y n*h,e™®. (B.13)

Nn—=—oo Nn=-—oo0 n—=—oo

This allows us to calculate the individual terms on the right-hand side of (B.12) as

2r <
/ h(O)GéO,,(R,G,é)e*i"edG_— Z P!'(R)al h,_re ™*0,
0 kf,oo

2r 6
/ H(8)Ghg (R, 0,0)e 0 — — 1 Z k(n—K)athy e 9,
0 k— —oo

2 -
/ h(6)G},.(R,0,0)e ””Qde_— Z Pl(R)a} hy_re™*P,
0 kf,oo

where a% are the Fourier coefficients of the leading-order Green’s function, as de-
fined in (B.6). By substituting these relations into (B.12), and then using (B.11),
we determine the coefficients as

DyP!'(R) +KP{(R) + 25 k(n — k)

a’ a* ahy_re iké, at, =— . (B.14
i k_z_:w mES Tk mk DyP (R)+ K (B.14)

In (B.14), to calculate various derivatives of P,(R), as defined in (B.6), we make

repeated use of the identity

1&) = (D) +hin 2)

to readily derive that

PI(R) = Inl O Lyi1) (03 R)
" R Ly (0p2R)
Py = mln[=1) | 2ln| +1 L1 (@paR) 5 g (@paR)
n( )_ 2 + Wp), /e
R R I,/ (01 R) 1,/ (@ R)

This completes the derivation of the leading-order correction for the bulk Green’s
function, defined in (B.10).

Next, we derive a two-term approximation for the membrane Green’s function
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problem on the perturbed disk. This Green’s function satisfies
Dt’a(%GgQ(Ga 60) - MSZ)LG(%Q(Ga 60)

, (0%l . (B.15)
+K / G5(0,6)G5¢(6,00)d6 = —6(0 — 0p),
0

for 0 < 6 < |0Qg|. Repeated use of the chain rule to the arc-length formula

0 / 2
o0 = [ omo s (240 0o

gives

1 R+ 8h(6)+ 81"(6)

92 = % = 81 () (& 5ie)) + (5 (0)F

(R+6h(0))2+ (5K'(6))2 Jo.

Multiplying the membrane equation through by (R+ 64(6 )) '(0))?, writing

+(8h
5) we obtain the

D, =Dyo(1+ g"(]) 8), and then dividing through by R?*(1 +
perturbed problem
A ¥ R+8[h(0)+1" (0 R+68h +(8KH (0))? 2
3Gl (6, 00) — R28H (0) G d S 96 Gl (6, 60) — i (1+))3”(5 -Gla (6. 60)

21
2 S 48 / 2 ~ ~
caa ey e || (Gho(#.0.8) + 5k (R..6) + 8h(6) G, R.0.6))

X Gl (0,60)\/ (R+ 8h(8))2 + (/(8))* d

R+8h(0))2+(8H (6))2
71%2\/( + I+))H; ©)7 500 — 6)).
Do

To determine a two-term asymptotic solution to this problem, we expand the mem-

brane Green’s function as
A
Gl (6,60) ~ Gligy(6,60) + G, (8, 60) + O(87).

Upon substituting this expansion into the perturbed problem, and collecting powers

218



of &, we obtain the following zeroth-order and first-order problems

MGl (8,60) = —£5(6 — 6),

MG, (8,80) = — (ML — D1) L5(6 — 8y) — .41GLi (6, 60).

Here we have defined the unperturbed membrane operator .#( by

Aoy (0,60) =

7R2

2n
S (0.00) 12, w(0.60) + K [ Go(R.0.8)w(B,80)Rd,
0

and its leading-order correction . by

M y(6,60) = — 2ok (0)9 (6, 60) — p (2L D

27
(2O D /0 Géow,e,é)w(e,eo)kde

(B.16)

2
+K / Géo(R,6,6)w(6,60)h(6)d6.
0

The zeroth-order solution is that of the unperturbed disk and is given by (B.7)

By linearity, we then seek the solution for the leading order correction in the form

A h(6
Gam(ea 90) = ( (RO) -

D) Gl (8, 60) + G, (6, 60), (B.17)

where Ggm (6,¢) now satisfies

//ZOG%QI (6,60) = — G390(67 6o)-

We will represent the solution Ggm in terms of a Fourier series as

1 oo
Gl (6,60) = ~ 3R, Z e, (B.18)

for some coefficients g%n(eo) to be found. Similar to the calculation provided above
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for the perturbed bulk Green’s function, we obtain that

2r
h(80) = Rely | ¢ 1G 6. 60)do.
0

By using (B.16) we calculate the right-hand side of this expression as

21
_; 2u2 X
/ e "0 MGl (0,60)d0 = — 201y, (60) — ‘,‘ngn(eo)ﬂva LT3 (60)
0

2
+2K%J4,(6) — X ggw Jsa(80) + K*RJg, (80) + K*RJ7,(6p),

where the various integrals Jy,,...,J7, are defined by

27
Jln(Go):/ W (8)GA000(8,60)e 0d0,
0

G
f, e

T r2n
/ G3o(R,0,6)G5.,(8,60)e "0dbae,
0
/ 1(R,0,6)G%,(0,60)e ™0dbae,
0

J70(60) / / Ghor(R,6,0)Gh (8, 60)e 0 dbd6.

(B.19)

(B.20)

(B.21)

By using the Fourier series representations for the leading-order bulk and mem-

brane Green’s functions given in (B.6) and (B.7), respectively, together with (B.13)
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for h(6), we calculate explicitly that

Jln(BO):_* Z k(n—k)hy— kg e tk90
k*—oo

1
J2u(60) = — Z ha—xgre ™,
k*—oo

1 —in
]3}1(60) R l i 90
1 (o]
T R2

A A —ik6
Z n—kaigre "0,

Jan 60 =
1 B
J5n(60) = R*aﬁgﬁe inbo,

1 —i
Jon(6o) = R Z Dy kan kak gke keo’
k=—c

1 N
]7n(90):ﬁ Z hnkali(R)a%gée tho_

Upon substituting these expressions into (B.20), and then recalling (B.19), we con-
clude that

gln (60) = Z {—{’ ‘l + & 2K at —l—K2 Gy ay; —|—K2Pk )a,%}hn_kg%e_ikeo

+ Do (42 — 27K Ral) ghe %,

v0

where the coefficients a% are defined in (B.6). We can use the definition of the

coefficients gf}, as given in (B.7), to write /.L —K%a ’l gi,l — REO n?. In this way,
we get
ik Dy 2h(60)\ A —in6 v n? 6
gln Z gnkhn kgke o Ogn+( ‘,(1)_ 5?0))gne T — ! (gn> - 0’
k=—o0
where

gl = 2ok(n+k)+Ka} (al, + Pl(R)).

Finally, from (B.17) and (B.18), we conclude that the first order correction for the
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membrane Green’s function is

h(6 o W . o
Glio1(0,60) = — (RO)Gggo(G’OO)"'ﬁ Y Y i rglglen o

n——oo k:—oc

~am L, m(gn) e,

n——oo
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Appendix C

Appendix for Chapter 3

C.1 Derivation of Lemma 3.3.1

Denote by I the left hand side of (3.66) and let %, be any rotation matrix such that
Ryy = e, = (0,0,1). Since f(x,2) = f(Zyx,%yz) and |y — x| = |Zyy — RByx| we
immediately get

e;

e, — Ayx
Gyl = =TI (Ryx, Byz)dA —/
y /a %yx|2f( yX; }’Z) X P

o Ty~ et/ )04

Q ‘ez_x

Since |e; —x|? = 2(1 — el'x) for all x € Q the z-component of the left-hand side

above is given by

)= [ rxain= 5 he) e

To compute the x and y components of the left-hand-side we use spherical coordi-
nates and find that

el (%) =Rel, el (%) =—ImJ, (C.2a)
where o,
~9gin 0
— - i 2
/ / - cos6 (x,Zyz)sin0dOd @ (C.2b)
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and e, = (1,0,0)7, e, = (0,1,0)7, and we have used the notation
x = (sin@cos @,sinOsin@,cos 0)",  Fyz = |z|(sinHcos @,sinHsin @, cos H)” .

The summation formula

Lo (1—m)! m(0i—;
P(xlx)="Y El+m;!le(cosei)P,m(COSGj)e’m("" 28 (C.3)

m=—1[

then implies that

1 & ¢ >
= QZ Z Z+Z _fiP"(cos B)e"m?

I=0m=
2
sin® 0 i
// o (cos 0)e' ™ V9d0dg,

of which only the m = 1 term is nonzero. The identity

1
l+x
P, dx = —
/_1\/1_)6 ! (x)

obtained using integration by parts as well as P! (x) = —v/1 —x2P/(x) and P,(1) = 1

then gives the series

l\.) \

Z Z+Z fiP (cos B)e (C.4)

Combining (C.1), (C.2), and (C.4), together with

Ryz z z

cosh = el =2° (%T ) = =yl =

2] 7] 2]

and
cos @
1 - I3 —yy!

%’; sing | = —~%),T <9?yz —cos Gez> = 37 )Y i,
sin O |z] V1—0"z/|7])? |z|
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then gives (3.60).

C.2 Sign of Dynamic Terms

In this appendix we derive the inequalities (3.68) and (3.69b). To prove (3.68) we

first calculate

d 0o d 1
d(vima ¥ o) - LA R (CCRrT) BCD

where
gmr(2) = Gur(V1-22,0,2)" &) (C.6)
and where the first equality was obtained using
Pl(z) = —V1-22F(2), (C.7)
and d dP,
=) 1+ DRE) =0, (C3)
dz dz

while the second equality was obtained using (3.27b). Integrating (C.5) from —1
to z and using P! (—1) = 0 for all / > 1 we obtain

S 1, 4w ¢ 1 1
;l(l—i—])PZ (Z)— m/l <gmr(§) 2/]5’mr(§)d€>d§,

from which the inequality (3.68) follows by noting that g,,(z) is positive and

monotone increasing in —1 < z < 1. The sign of C(z) is similarly found by calcu-
lating

d f K anf K

— 1—72C =1-——— —_— 0

S(Vim2ee) =1- Lt T e >0
where the inequality follows by noting that g, > 0 together with go = D,,/(1 —K)
and the constraint (3.7) on f and K. The inequality (3.69b) then follows by noting
that /1 —22C(z) = 0 at z = — 1. Note in addition that C(—1) =0 since P!(—1) =0
forall/ > 1.
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C.3 Linear Stability of the Common Angle Solution

In this appendix we consider the linear stability with respect to the slow dynamics
of the common angle solution in Section 3.4.2 when the fuel source is given by
(3.71). When N = 2 the 2 x 2 Green’s matrix ¢ is symmetric and of constant
row-sum. It therefore admits the eigenvectors p, = (1,41)7 with corresponding
eigenvalues 4 respectively. Additionally the Green’s matrix ¢ depends on the

spot locations x; and x, only through the quantity
&= xlsz = sin 0 sin 6, cos(Q; — @) + cos 6 cos 0y, (C.9)

for which we note that when ¢, — @; = wand 6, = 6, = 6,

a&  d& 85_85__.
379017_%707 0 96, sin26,. (C.10)

C.11
N > P > P (C.11)
into the NAS (3.43b) and left-multiplying by plT and pg gives
S1+85—-25.=0, (C.12)
- VE(X1) — vE(%2)
v +2ru_)(S1—82) +x(S1,f) —x(S82, f) —-—————=0. (C.13)
( p-)( )+ x(S1,f) = 2(82,1) DuvD,

Differentiating the first equation with respect to any parameter z € {@;, ¢2,0;,6,}
we find that

a8  dS
dz dz
On the other hand, differentiating the second equation with respect to z and assum-
ing that
h(S1,8) =v 4 2mu + ZACIE) ;%/(Sz’ﬁ #0, (C.14)
we obtain

v v
851 B f)(le) - g(zxz) S1—82 8,u,

9z 2Dy/Dyh(51,8)  h(S1,8) Iz

(C.15)
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Equation (3.73a) implies that vg(x;) and vg(x;) are functions only of cos 6; and

cos 6, respectively. Therefore when ¢, — @y =7, 0 = 0, = 6., and S| = S, = S,

we obtain P
L=, (C.16a)
9;
foralli,j € {1,2}, and
$_ 9% 1wl
00, 96, 2D,/D,o(S.) 96
852 8S1 1 aVE(x2)

96, 96, 2D, /D, (S) 96,

where <7, (S.) is given by (3.56) and for which we note y, = i when N = 2. Note
that from (3.73a), (C.7), and (3.73d) we calculate

QU
N
=

I

- ! . E
= - Z l(él)lfl) (—smepl/(cos 0)) = ﬁCE(COS 0), (C.17)
I=1

QO
D
N

which vanishes at 6 = 0, and is strictly negative otherwise. In particular we
deduce that

981 98 98, ISi  EoCg(cos6)
20, 96, 096, 06, 8777Dw\/D7ve527*(SC)'

(C.18)

Using (C.16a) and (C.18) together with (3.81) we calculate the Jacobian matri-

ces of the dynamics (3.77) evaluated at the common angle solution

IF,FR) [0 0\ 9(Gi,G») 00
— TG = 1
7(01.0,) (0 0)’ Ipr.02) (0 0)’ (€19

as well as

d(F1,F,)  S.C(cos(26.))sin6, (1 1 > (C.20)

2(p1,01) 25sin(26,) 1 —1
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and

2(G1,Gz) (1—%)SCCE(COSGC)C(COSZGC) <_1 1 )

d(61,6,) 4Dy i(Se) bl
_ S.C'(cos26,)sin26, (1 1 (C.21)
2 11
B (1— %)SCC"E(COS .)sinb, (1 0
D, 0 1)

In particular the Jacobian d(F,G)/d(@,0) is block diagonal and it therefore suf-

fices to consider the stability with respect to ¢ and 0 separately. Since

Jd(F,F)\ ; d(Fi,F2)\ _  ScC(cos(20))sin b,
det<9(¢1,¢1)> -0t (9(901,901)) B sin(26.)

<0, (C.22)

we deduce that d(F,F>)/d(@i,@;) has one neutral zero eigenvalue correspond-
ing to rotational invariance and one negative eigenvalue. In particular the sta-
bility of the common angle solution is determined solely by the eigenvalues of
d(G1,G,)/d(61,6;) which we calculate explicitly by noting that (1,1)” and (1, —1)7

are its eigenvectors with corresponding eigenvalues

Q.= Eo C/(COSZGCz(siHZGC N Cg(cos6,)sin 6, 7 (C.232)
47[:\/Dv 1— 7 DW
Ey C(c0s26,)Cg(cos6,) .
d_=— C 0, 6. |, C.23b
47TDw\/lTv( 27,(5%) +Cg(cos 6,)sin ( )

where we have used (3.75) for S.. Note that d corresponds to perturbations where
6, and 6, both increase or decrease synchronously. As a result the numerically sup-
ported observation that G;(6,0) < 0 when 6 = 6, for i = 1,2 implies that d; < 0.
Therefore the common angle solution can only be destabilized by increasing one
polar angle and decreasing the other. Specifically, the common angle solution is
linearly unstable with respect to a tilt instability when d_ > 0 and is stable oth-
erwise. The corresponding tilt instability threshold is obtained by setting d_ = 0

which we note is equivalent to (3.88).
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Appendix D

Appendix for Chapter 4

D.1 Large A; Asymptotics of .7, (iA;)

In this appendix we determine some key properties of .%, (1) defined in (4.36).
Recalling (4.37), in Figure D.1a we plot %, (0) versus yp > 0. Next we calculate
the limiting behaviour of .7, (id;) as Ay — oo. First, we let (£, —idy) " 'we(y +
y0)? = ®g + i®; where ®g and ®; solve

Ly Pr+ M P; =we(y+0)?, L5 @1 — 4P =0, (D.1)

with the boundary conditions ®%(0) = ®;(0) and ®g,P; — 0 as y — oo. Taking
A; > 1 and assuming that y = /(1) we obtain

1

1 1
@;(y) ~ —we(y+y0)?,  Pr(DY) ~ Ly Pr = ¥
/4

R R (2wl (y+y0)* +we(y+y0)?).

If yo > 0 then ®%(0) = 0 and P}(0) = 0 are not satisfied and we must therefore
consider the boundary layer at y = 0. Setting z = lll/ 2y we consider the inner
expansion ®g ~ ®p(z) and &; ~ ®;(z) where P; satisfies

AL T 1

dd; 4P
A TPr= e )
74

2
> 0; — ,
00)” = dz dz?

z=0,
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Fy,(0) versus yq 6.020 “ ReZ,(iA)) 1o ImZF,(iA))
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Figure D.1: (a) Plot of .7, (0) versus the shift parameter yy. (b) and (c) Real
and imaginary parts of .%,, (iA;) for select values of yo > 0. The dashed
lines indicate the A; > 1 asymptotics.

and must be matched to the outer, y = (1), solution through the far-field be-
haviour

< 1

d*® 1
o) ~ Iwc(yo)zy !
74

/ 2 2
Tz~ OOt ), i

It is clear that the leading order solution is ®;(z) ~ A, 'w.(y9)?. The constant
behaviour of ®; at the boundary layer therefore does not contribute to the leading

order behaviour of the integral

/ we(y-+y0) D1 (y)dy ~ A" / weyy0ldy,  A> 1.
0 0

Moreover, multiplying the right equation in (D.1) by w.(y+ yo) and integrating

we calculate

/O ey +y0)Br(y)dy = ;I(w;@o)cbz(m + /0 w@z-zyowc(mo)dy)

1 o0
~ o3 <W2(yo)wc(yo)2 + / Wc(y+yo)4dy>»
Af 0
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for A; > 1 where we have used %, we(y +0) = we(y +0)?. In summary, we have
the large A; asymptotics

1 weo)we(vo)® + fg we(y+y0)*dy i fg we(y+yo) dy
A Jo" we(y+y0)2dy A [y we(y+yo)2dy’

Fy (iAr) Ar>1.
(D.2)
Note that the real part changes from positive to negative as yy exceeds yg ~ 1.0487.
In Figures D.1b and D.1c we plot the real and imaginary parts of .7, (iA;) respec-
tively for select values of yy. In addition, we have included the large A; asymptotics

which indicate close agreement for moderately large values of A;.

D.2 Numerical Support for Stability Conjecture

In this appendix we provide numerical support for the conjecture that the shifted
NLEP (4.44) has a stable spectrum when pt > t.(yo) by numerically calculating the
dominant eigenvalue of the NLEP for 0 < yp < 1.5 and 0 < u < 10. The numerical
calculation of the spectrum was performed by truncating the domain 0 < y < oo
to 0 < y < 20 and discretizing it with 600 uniformly distributed points. Then, we
used a finite difference approximation for the second derivatives and a trapezoidal
rule discretization for the integral term to approximate the NLEP (4.44) with a
discrete matrix eigenvalue problem. We then numerically calculated the dominant
eigenvalue of matrix by using the eig function in the Python scipy.linalg library
for our numerical computation of the dominant eigenvalue. In Figure D.2a we
plot ReAy versus yo and i. We observe the real part of the dominant eigenvalue
is negative when u exceeds the threshold p.(yp). Additionally, in Figure D.2b
we plot Ag — Re(Ap) for the same range of yy and p values. We observe that this
difference is non-negative which suggest that Redy < Ao.

D.3 Stability of Asymmetric Two-Boundary Spike
Pattern when A =0

Previous results on the stability of asymmetric two spike equilibrium solutions of
(4.2) when A = 0 have focused exclusively on interior multi-spike solutions [104].

To compare the A = B = 0 theory with our results obtained in Examples 2-4 we
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Figure D.2: (a) Plot of the real part of the dominant eigenvalue of the shifted
NLEP (4.44) versus shift parameter yo and multiplier (. The dotted red
line corresponds to the critical threshold u. defined in (4.56) and the
solid dark line is the zero-contour of ReAy. (b) Plot of the difference
between dominant eigenvalues of .Z,; and the NLEP (4.44).

include here a summary of the stability of an asymmetric two-spike solution where
one spike concentrates at x = 0 and the other concentrates at either x = 1 or in the
interior 0 < x < 1. In both cases the NLEP (4.30) with A = 0 can be written as

2 Jo we())Edy

ZLo¢ —2wc(y) W =9, (D.3)

where for two boundary spikes we let

6= b= cothwytanhmyl  cschaytanh wy(1 —1) ’ (D)
cschaytanh @yl  coth @y tanh wy(1 —1)
and in the case of one boundary and one interior spike we let
P coth @y tanh @/ 2cschay sinh a5
= cschay tanh @y cosh ay % 2cschay cosh @y % sinh @y %
(D.5)

It is then straightforward to verify that o = 1 is an eigenvalue of both matrices &,
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NLEP Multiplier for Two-Spike Pattern Asymmetric Two-Spike Patterns
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Figure D.3: (a) NLEP multipliers for a boundary-boundary and boundary-
interior configuration. (b) Plot of / versus D determining asymmetric
boundary-boundary and boundary-interior spike patterns. Solid (resp.)
dashed lines indicate the two-spike pattern is linearly stable (resp. un-
stable) with respect to competition instabilities.

and &p;. The remaining eigenvalue in each case is then given by the determinant.
By diagonalizing & the NLEP (D.3) can therefore be written as (4.44) with u =2
as well as with u = 2detép, and u = 2detd},; for the boundary-boundary and
boundary-interior cases respectively. Since the A = B = 0 stability theory implies
that the NLEP (4.44) is stable if and only if u > 1 [107] we immediately deduce
that the 4 = 2 modes are stable in both the boundary-boundary and boundary-
interior cases. To determine the stability of the remaining modes we explicitly

calculate
tanh @l sinh @y 5L sinh @y 122
det &y, = tanh wyl tanh @y (1 — 1), det&p; =2 ® .wo = e .
sinh ay
(D.6)

Finally, for the boundary-boundary and boundary-interior cases we solve (4.76)
and (4.89) for D = D(I) respectively and the resulting values of 2detéy, and
2detdy; for 0 </ < 1 are shown in Figure D.3a. In particular the asymmetric
pattern with two boundary spikes is always linearly unstable, while the pattern

with one boundary and one interior spike has a region of stability (with respect to
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the 0(1) eigenvalues). In Figure D.3b we plot [ = [(D) (cf. Figures 4.7 and 4.10)
for both two-spike configurations, indicating where the pattern is stable (solid line)
and unstable (dashed line).
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