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Abstract

Variational inference is a popular alternative to Markov chain Monte Carlo methods
that constructs a Bayesian posterior approximation by minimizing a discrepancy to
the true posterior within a pre-specified family. This converts Bayesian inference
into an optimization problem, enabling the use of simple and scalable stochas-
tic optimization algorithms. However, a key limitation of variational inference
is that the optimal approximation is typically not tractable to compute; even in
simple settings the problem is nonconvex. Thus, recently developed statistical
guarantees—which all involve the (data) asymptotic properties of the optimal varia-
tional distribution—are not reliably obtained in practice. In this work, we provide
two major contributions: a theoretical analysis of the asymptotic convexity prop-
erties of variational inference in the popular setting with a Gaussian family; and
consistent stochastic variational inference (CSVI), an algorithm that exploits these
properties to find the optimal approximation in the asymptotic regime. CSVI con-
sists of a tractable initialization procedure that finds the local basin of the optimal
solution, and a scaled gradient descent algorithm that stays locally confined to that
basin. Experiments on nonconvex synthetic examples show that compared with
standard stochastic gradient descent, CSVI improves the likelihood of obtaining the

globally optimal posterior approximation.
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Lay Summary

Bayesian inference is a statistical methodology for obtaining insights from data.
Variational inference is a formulation of Bayesian inference as an optimization
problem. The optimization problem is generally quite difficult to solve reliably;
thus, although there is a wealth of previous work on understanding the statistical
properties of the optimal solution, these guarantees are not achievable in practice.
This thesis provides two major contributions: first, it provides a theoretical analysis
of the computational properties of the optimization problem given a large amount of
data; and then it exploits those properties to provide a simple and efficient scheme

to solve the optimization problem more reliably.
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Preface

This thesis is original, unpublished work by the author, Zuheng Xu, under the
supervision of Professor Trevor Campbell. T. Campbell proposed the methodology
in Chapter 4 and proved Theorems 3.3.2, 3.3.5 and A.2.1; aside from these, all other

results, software, and experiments were contributed by the author.
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Chapter 1

Introduction

Bayesian statistical models are powerful tools for learning from data, with the
ability to encode complex hierarchical dependence and domain expertise, as well as
coherently quantify uncertainty in latent parameters. Unfortunately, for many mod-
ern Bayesian models, exact computation of the posterior is intractable (Blei et al.,
2017, Section 2.1) and statisticians must resort to approximate inference algorithms.
Currently, the most popular type of Bayesian inference algorithm in statistics is
Markov Chain Monte Carlo (MCMC) (Gelfand and Smith, 1990; Hastings, 1970;
Robert and Casella, 2013), which provides approximate samples from the poste-
rior distribution supported by a comprehensive literature of theoretical guarantees
(Meyn and Tweedie, 2012; Roberts and Rosenthal, 2004). However, in the setting of
large-scale data, traditional MCMC methods tend to be computationally intractable
due to the need to compute the full data likelihood in each step, which is required to
maintain the Bayesian posterior as the stationary distribution.

Variational inference (Blei et al., 2017; Jordan et al., 1998; Wainwright and
Jordan, 2008) is a popular alternative to classical MCMC methods that approximates
the intractable posterior with a distribution chosen from a pre-specified family,
e.g., the family of Gaussian distributions parametrized by mean and covariance.
The approximating distribution is chosen by minimizing a discrepancy—such as
the Kullback-Leibler (KL) divergence (Murphy, 2012, Section 2.8) or Rényi a-
divergence (Van Erven and Harremos, 2014)—to the posterior distribution over

the family, thus converting Bayesian inference into an optimization problem. This



formulation enables the use of simple, efficient stochastic optimization algorithms
(Bottou, 2004; Robbins and Monro, 1951) that require only a subsample of the data
at each iteration, avoiding computation on the entire dataset.

But despite its computational tractability, variational inference has two key
limitations that prevent its widespread adoption in the statistical community. First,
one must select an appropriate parametric family of distributions from which to
select the variational approximation. This choice of family presents a tradeoft: a
simple family typically enables the design of fast local optimization algorithms,
but limits the achievable fidelity of the posterior approximation. It is in general
difficult to know how limited the family is before actually optimizing; and not
only that, it is also often difficult to estimate the approximation error once the
optimization is complete (Huggins et al., 2020). For example, if one chooses a
mean-field variational family in which variables are assumed to be independent, the
resulting posterior approximation will typically underestimate their true posterior
variances and cannot capture their covariances (Murphy, 2012, Section 21.2.2), two
quantities of particular interest to statisticians. A more flexible variational family
may result in a lower achievable approximation error, but the error is still not known
in advance and typically results in more expensive computation. The second key
limitation is that even if the family could be chosen carefully to have favourable
computational properties and a global optimum with low approximation error, the
optimization problem itself is typically nonconvex and the global optimum cannot
be found reliably.

The key to addressing the first limitation of variational inference is to understand
the minimum approximation error within a particular variational family. This is quite
difficult given finite data; Han and Yang (2019) provides a non-asymptotic analysis
of the optimal mean-field variational approximation, but extending these results to
more general distribution families is not straightforward. However, multiple threads
of research have explored the statistical properties of variational inference in an
asymptotic regime by taking advantage of the limiting behavior of the Bayesian
posterior. Wang and Blei (2019) exploits the asymptotic normality of the posterior
distribution in a parametric Bayesian setting to show that the KL minimizer among
the variational family to the posterior converges to the KL minimizer to the limiting

distribution of posterior under infinite samples—a normal distribution. Alquier and



Ridgway (2020) analyze the rate of convergence of the variational approximation to a
fractional posterior—a posterior with a tempered likelihood—in a high dimensional
setting where the posterior itself may not have the ideal asymptotic behavior. Zhang
and Gao (2020) studies the contraction rate of the variational distribution for non-
parametric Bayesian inference and provides general conditions on the Bayesian
model that characterizes the rate. Yang et al. (2020) and Jaiswal et al. (2019) build a
framework for analyzing the statistical properties of a-Rényi variational inference,
and provide sufficient conditions that guarantee an optimal convergence rate of
the point estimate obtained from variational inference. But while this literature
has built a comprehensive understanding of the asymptotic statistical guarantees of
optimal variational posterior approximations, the nonconvexity of the optimization
problem makes these guarantees difficult to obtain reliably in practice. In fact,
Proposition 3.3.3 of the present work demonstrates that the problem is nonconvex
even in the simple case of Gaussian variational inference with ideal asymptotic
posterior behaviour. Therefore, addressing the nonconvexity of variational inference
is meaningful for both computational and theoretical reasons.

In this work, we address the nonconvexity of Gaussian variational inference
in the data-asymptotic regime when the posterior distribution admits asymptotic
normality. However, rather than focusing on the statistical properties of the optimal
Gaussian variational proxy, we investigate and exploit the asymptotic properties of
the optimization problem itself (Chapter 3), and use these to design a procedure
(Chapter 4) which enables tractable Gaussian variational optimization and hence
makes theoretical results regarding the optimal solution applicable. We develop
consistent stochastic variational inference (CSVI), an efficient and simple algorithm
for Gaussian variational inference that guarantees the probability of achieving the
global optimum converges to 1 in the limit of observed data. The two key ingredients
of CSVI are the choice of initialization for the Gaussian mean (Section 4.1) and
the design of a scaled projected stochastic optimization algorithm (Section 4.2).
We use the mode of a smoothed posterior—the posterior distribution convolved
with Gaussian noise—as the mean initialization, which can be solved by a tractable
optimization formulated in Section 4.1. We show that this procedure initializes
Gaussian variational inference in a local region where the optimization becomes

convex with increasing sample size, and where the global optimum eventually



lies. We then show that the novel scaled projected stochastic gradient algorithm
is guaranteed to stay inside this local region and eventually converge to the global
optimum. Experiments on synthetic examples in Chapter 5 show that CSVI provides

numerically stable and asymptotically consistent posterior approximations.



Chapter 2

Gaussian Variational Inference

In the setting of Bayesian inference considered in this paper, we are given a sequence
of posterior distributions II,,, n € N each with full support on R?. The index n
represents the amount of observed data; denote 11y to be the prior. We consider
the problem of approximating the posterior distribution via Gaussian variational

inference, i.e.,

argmin Dy (Mg, 2)|IL,) st X >0,
peRd, SeRdxd

where the Kullback-Leibler divergence (Murphy, 2012, Section 2.8) is defined as

d
Dy, (QIIP) = [ 1o S5dQ

for any pair of probability distributions P, () such that ) < P, and % is the Radon-
Nikodym derivative of () with respect to P (Folland, 1999, Section 3.2). We further
assume that each posterior II,, has density m,, with respect to the Lebesgue measure,
and use the standard reparametrization of > using the Cholesky factorization ¥ =

n~1LLT to arrive at the common formulation of Gaussian variational inference



(Kucukelbir et al., 2017) that is the focus of the present work:

pn, Ly = argmin  —n 'logdet L —E|n"'logm,(u+n"/?L2)
MERd,LERdXd

s.t. L lower triangular with positive diagonal 2.1

Z ~ N(0,1).

Denote the optimal Gaussian distribution N;* := N(p, n = L% L*T). Intuitively,
this optimization problem encodes a tradeoff between maximizing the expected
posterior density under the variational approximation—which tries to make L small
and move p close to the maximum point of 7,—and maximizing the entropy of the
variational approximation—which prevents L from becoming too small. It crucially
does not depend on the (typically unknown) normalization of 7,,, which appears
as an additive constant in Eq. (2.1); it is common to drop this constant and instead
equivalently maximize the expectation lower bound (ELBO) (Blei et al., 2017). Note
that there are a number of unconstrained parametrizations of the covariance matrix
variable > (Pinheiro and Bates, 1996). We select the (unique) positive-diagonal
Cholesky factor L as it makes the optimization problem Eq. (2.1) more amenable to
both theoretical analysis and computational optimization.

One typically attempts to solve Eq. (2.1) using an iterative local descent op-
timization algorithm. In cases where the expectation in the objective is analyti-
cally tractable—e.g. in exponential family models with a mean-field variational
approximation—coordinate descent is the standard approach (Bishop, 2006; Blei
etal., 2017). However, the expectation is intractable in most scenarios, and one must
instead rely on stochastic gradient estimates (Hoffman et al., 2013; Kingma and
Welling, 2014; Kucukelbir et al., 2017; Ranganath, 2014). In particular, assuming
one can interchange expectation and differentiation (see Section 3.1 for details), the

quantities

@H,n(u,L,Z):: —n—1V10g7Tn(,u—|—LZ> 02
Vim(p, L, Z):=—n""(diag L) "' —n~3/2tril Vlog mn (1 + n~V2L2) 2T,

are unbiased estimates of the p- and L-gradients of the objective in Eq. (2.1) given
Z ~ N(0,I), where the functions diag : R¥*? — RI*? and tril : R¥>4 —



R*? set the off-diagonal and upper triangular elements of their arguments to 0,
respectively. These unbiased gradient estimates may be used in a wide variety
of stochastic optimization algorithms (Bottou, 2004; Robbins and Monro, 1951)
applied to Eq. (2.1). In this paper, we will focus on projected stochastic gradient
descent (SGD) (Bubeck, 2015, Section 3.) due to its simplicity; we expect that the
mathematical theory in this work extends to other related methods.

In general, Gaussian variational inference is a nonconvex optimization prob-
lem and standard iterative methods such as SGD are not guaranteed to produce a
sequence of iterates that converge to ), L. The goal of this work is to address
this limitation by developing an iterative algorithm that uses only the black-box
stochastic gradient estimates from Eq. (2.2) to reliably find the globally optimal
solution of Eq. (2.1).



Chapter 3

Properties of the Optimization
Problem

In this section, we investigate the properties of the Gaussian variational inference
optimization problem Eq. (2.1). We take advantage of the theory of statistical
asymptotics to show that as we obtain more data, the optimum solution of Eq. (2.1)
converges to a fixed value and the objective function becomes locally strongly

convex around that fixed value.

3.1 Statistical model and assumptions

As is common in past work (Ghosal et al., 2000; Kleijn and van der Vaart, 2012;
Shen and Wasserman, 2001), we take a frequentist approach to analyzing Bayesian
inference. We assume that the sequence of observations are independent and
identically distributed (X;)!" ; = Py, from a distribution Py, with parameter
0y € R? selected from a parametric family {Py : § € RY}. We further assume
that for each # € R?, Py has common support, has density py with respect to some
common base measure, and that pyg(x) is a Lebesgue measurable function of 6 for
all z. Finally, we assume the prior distribution Iy has full support on R¢ with
density g with respect to the Lebesgue measure. Thus by Bayes’ rule, the posterior

distribution II,, has density proportional to the prior density times the likelihood,



ie.,

7a(0) o 70(0) [ pa(X0).

i=1

In order to develop the theory in this work, we require a set of additional technical
assumptions on 7wy and pg given by Assumption 1. These are a collection of
regularity conditions that are standard for parametric models, which guarantee that
the maximum likelihood estimate (MLE) OmiE 5, *= arg maxgepa » vy log pg (X;)
is well-defined and asymptotically consistent for g (Lehmann and Casella, 2006,
Chapter 6, Thm 3.7), and that the Bayesian posterior distribution of v/n'(6 — )
converges in total variation to a Gaussian distribution; this is known as the Bernstein-
von Mises theorem (van der Vaart, 2000, p. 141).

Theorem 3.1.1 (Bernstein-von Mises & MLE consistency). Under Assumption 1,
P, P,
Ouien 8 0o, and Doy (Hn N (nfl/QAn,go + ao,n*H;)) %0, (3.1)

where A, g, = n" V23" H;(le log po(X).
Assumption 1. (Regularity Conditions)
1. {Pg 10 e Rd} is an identifiable family of distributions;

2. For all x, 0, the densities 7, pg are positive and twice continuously differen-
tiable in 0;

3. Forall 0, Ey [V logpg(X)] =0;

4. For all 0,
Hy = —Eg [V*logpg(X)] = Eg [V log pg(X)Vlog pg(X)"],
and Hy, ~ eI for some € > 0. Further, for 6, 6’ in a neighbourhood of 6y,
(0,0) = Eg [—V?log pa(X)]

is continuous in spectral norm;



5. There exists a measurable function g(x) such that for 6 in a neighbourhood

of 6y and for all x,

<g(z), Eglg(X)] < oo

a9 e (@],

Note that the above conditions in Assumption 1 are stronger (van der Vaart, 2000,
Lemmas 7.6 and 10.6) than the usual local asymptotic normality (van der Vaart,
2000, Section 7) and testability (van der Vaart, 2000, p. 141) conditions required
for asymptotic posterior concentration and Gaussianity in the Bayesian asymptotics
literature. Many of the results in this work would still hold with these weaker
conditions, but we prefer Assumption 1 for the present work as these conditions are
much simpler to state and check in practice.

We require two conditions beyond the basic regularity conditions in Assump-
tion 1. First, we require that the maximum a posteriori (MAP) estimate Ovap,, :=
arg maxgcpa log m, () converges at a \/n’ rate to 6. This is not a particularly
strong assumption—the MAP estimate typically has the same asymptotic properties
as the MLE—but we require this to ensure that we can initialize the optimization
algorithm for variational inference in a manner that ensures convergence to the
global optimum. Readers who are interested in sufficient conditions for ensuring
MAP consistency may consult Bassett and Deride (2019); Dashti et al. (2013);
Grendar and Judge (2009); Stefanski and Boos (2002). Second, we require control
on the smoothness of the log posterior density log m,, asymptotically. In this work,
we impose a bound on the second derivative, but we conjecture that bounds on

higher-order derivatives would also suffice; see Section 3.3 for details.

Assumption 2. (MAP /n’-consistency) The maximum a posteriori point satisfies
10map,n — Ooll = Op, (1/v/1).
Assumption 3. (Asymptotic Smoothness) There exists an £ > 0 such that
P (sgp Hn*1V2 log7rn(9)H2 > €> — 0,

where the || - ||2 denotes the spectral norm of matrices.

10



3.2 Global optimum consistency

The first important property of Gaussian variational inference is that the optimum
solution 7, L* converges in probability to 6y, Ly under the same conditions re-
quired for the Bernstein-von Mises theorem (Theorem 3.1.1), where 6y is the true
data-generating parameter and L is the unique positive-diagonal Cholesky factor
of the inverse Fisher information matrix H 9_0 - LOLOT. In other words, the global
solution of Gaussian variational inference is a statistically consistent estimator; if
we can develop an algorithm that solves Eq. (2.1) reliably, we therefore have an
asymptotically consistent Bayesian inference procedure. Theorem 3.2.1 makes
this statement precise; the proof follows directly from a result regarding the total
variation consistency of the optimal variational distribution (Wang and Blei, 2019)
and the continuity of the positive-diagonal Cholesky decomposition (Schatzman,
2002, p. 295).

Theorem 3.2.1. Under Assumption 1,
Ve >0, lim P (|| — 00|l <€, ||L; — Lo|| <€) =1.
n—oo

Proof. We consider the KL cost for the scaled and shifted posterior distribution.
Let II,, be the Bayesian posterior distribution of \/n'(# — 6y). The KL divergence
measures the difference between the distributions of two random variables and is
invariant when an invertible transformation is applied to both random variables
(Qiao and Minematsu, 2010, Theorem 1). Note that II,, is shifted and scaled from

I1,,, and that this linear transformation is invertible, so
Dy, (N (1, 2)[[T,) = D, (N (W(M - 90)7”2) Hﬁn> .

Let 7, 537*1 be the parameters of the optimal Gaussian variational approximation to

1L, i.e.,

i 5% = argmin Dy (N(u,z)uﬁn) st. B0,
pERE SERdxd

11



and let
N = W (7, E5) = N (Vi = 60). LT
Wang and Blei (2019, Corollary 7) shows that under Assumption 1,
Dry (Nn*,/\f (An,eO,H;Ol)) P g,

Convergence in total variation implies weak convergence, which then implies
pointwise convergence of the characteristic function. Denote qul(t) and ¢y, (t) to be
the characteristic functions of ./\7,5 and (Amgo, H 00 1). Therefore

on(t . 1 _
vt € RY, ¢n§t§ = exp (#(V/ 1 — 00) — Do)t — 51" (LALET — ;)
n
Too, g
which implies
Py 1 P
T ﬁAn,go +6p, and L:LXT X H;'=LoLY.

Under Assumption 1, van der Vaart (2000, Theorem 8.14) states that
Py,
1An,6, = V1 (OmLEn — 00)|| — 0,

and OMLE n P—99 0o according to Eq. (3.1), yielding 1, P—9§’ 0o.

Finally since the Cholesky decomposition defines a continuous mapping from
the set of positive definite Hermitian matrices to the set of lower triangular matrices
with positive diagonals (both sets are equipped with the spectral norm) (Schatzman,
2002, p. 295), we have

Py
* 9
Ln — Lo.

12



3.3 Convexity and smoothness

The statistical consistency of the optimal parameters 1., L alone does not provide
a complete analysis of the asymptotics of Gaussian variational inference; indeed, it
is in general not tractable to actually compute or approximate the solution 1, L7,
which diminishes the utility of Theorem 3.2.1 in practice. In order to make use of
the consistency result, we require that solving the Gaussian variational inference
problem is tractable in some sense. In this section, we investigate the tractability
of Gaussian variational inference as formulated in Eq. (2.1). Since we have access
only to (stochastic estimates of) the gradient of the objective function in Eq. (2.1),
and projected stochastic gradient descent is known to solve optimization problems
with strongly convex and Lipschitz smooth objectives (Bottou, 2004; Rakhlin et al.,
2012), this amounts to investigating the convexity and smoothness of the objective
function.'

We will begin by focusing on the expectation term in the objective of Eq. (2.1),

fu:RES R, fu(z) :i= —n"tlogm,(z) (3.2)
F,:RIxR™ SR, Fy(u, L) :=E |fu(u+n"Y2L2Z)|, Z~N(0,1I).

The first main result of this section is that convexity and smoothness of the log
posterior density f,, implies the same for F},(u, L). We begin with a generalization
of the typical definitions of strong convexity and Lipschitz smoothness found in the
literature (Boyd and Vandenberghe, 2004) in Definition 3.3.1, and then provide the
precise theoretical statement in Theorem 3.3.2.

Definition 3.3.1 (Convexity and Smoothness). Let g : X — R be a twice differ-
entiable function on a convex set X C R% andlet D : X — R%*% be a positive

definite matrix depending on z. Then g is D-strongly convex if

Ve e X, V?g(x) = D(x),

"There are many other properties one might require of a tractable optimization problem, e.g.,
pseudoconvexity (Crouzeix and Ferland, 1982), quasiconvexity (Arrow and Enthoven, 1961), or
invexity (Ben-Israel and Mond, 1986). We focus on convexity as it does not impose overly stringent
assumptions on our theory and has stronger implications than each of the aforementioned conditions.

13



and g is D-Lipschitz smooth if
Ve € X, — D(z)=V3g(x)= D(x).

Theorem 3.3.2. Suppose f, is D-strongly convex (-Lipschitz smooth) for positive
definite matrix D € R4, Then F,, reinterpreted as a function from R(¢+1Dd _ R—
by stacking p and each column of L into a single vector—is D’-strongly convex

(-Lipschitz smooth), where
D' = blockd (D,n~'D,...,n"'D) € R(+Ndx(d+1)d

and blockd creates a block-diagonal matrix out of its arguments.

Proof. We provide a proof of the result for strong convexity; the result for Lipschitz
smoothness follows the exact same proof technique. Note that if D" does not depend
on z, F, () is D'-strongly convex if and only if F,,(x) — %wTD’x is convex. We
use this equivalent characterization of strong convexity in this proof.

Note that for Z ~ N(0, 1),

1 1 1
E|5(n+ n V2L D(p+n"V2L2)| = 5;¢TD;L 5 tr LT(n"'D)L.
Define A € [0, 1], vectors y, ¢/ € R?, positive-diagonal lower triangular matrices
L, L' € R™? and vectors x,z’ € R(@14 by stacking . and the columns of L
and likewise p/ and the columns of L'. Define z(\) = Az + (1 — \)2/, p(\) =

A+ (1 —=XN)p/,and L(A) = AL + (1 — A\)L'. Then

Fo(z()) %x()\)T diag(D,n "D, ....n"'D)z(\)

=0 2) — GuOV D) + g L) (D)L )
_E [n log ,(1(0) + n™V2L(N)Z) — L () + 2L 2)T D((N)

+n_1/2L()\)Z)] .

14



By the D-strong convexity of n~! log 7,

1 1 _
<\ <Fn(/L, L)— §,uTDM — 5trLT(n 1D)L>

1 1
+(1—-N) <Fn(u’, L) — §N’TD;/ -t L'T(nlp)L’>

1
=) <Fn(x) - §xT diag(D,n"'D, ... ,n_lD)x>
1
+(1-X) <Fn(:1:’) - §$,T diag(D,n'D, ... ,n_lD)x'> .

O]

For example, if the posterior distribution II,, is a multivariate Gaussian distri-
bution N (f47,, n_lZn) with mean ., and covariance n~=1%,, then the expectation

component of the Gaussian variational inference objective function becomes
Fo(p, L) = n~ o S LET A+ (= o) 200 (0= o)

which is a jointly convex quadratic function in g, L with Hessian matrix (for ¢ and

columns of L stacked together in a single vector) equal to
blockd (S 1, n~1e-t, . n7tet) e RUAHDEx(dH)d

Combined with the convexity of the log determinant term —n ! log det L (Boyd
and Vandenberghe, 2004, p.73), Gaussian variational inference for strongly convex
and Lipschitz smooth log posterior density —n ! log ,, is itself strongly convex
and Lipschitz smooth in any compact set contained in the optimization domain.
However, in a typical statistical model, the posterior is typically neither Gaussian
nor strongly convex. But when the Bernstein-von Mises theorem holds (van der
Vaart, 2000), the posterior distribution (scaled and shifted appropriately) converges
asymptotically to a Gaussian distribution. Thus, it may be tempting to think that
the Bernstein von-Mises theorem implies that Gaussian variational inference should
eventually become a convex optimization problem. This is unfortunately not true,
essentially because Bernstein-von Mises only implies convergence to a Gaussian

in total variation distance, but not necessarily in the log density function or its
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gradients. The second main result in this section—Proposition 3.3.3—is a simple
demonstration of the fact that the Bernstein-von Mises theorem is not sufficient to

guarantee the convexity of Gaussian variational inference.

Proposition 3.3.3. Suppose d = 1, f, is differentiable to the third order for all n,
that there exists an open interval U C R and € > 0 such that

&> fn
sup

< —¢
pcy dO* ~

)

and that there exists n > 0 such that

d’ fr
d6?

sup
0eR

<n

Then there exists a § > 0 such that

d2
sup  —Dyp, (N(p,0?)||IL,) < 0.
a<d, el dp? KL ( ( )H n)

Proof. Note that by reparameterization,

arg min Dy, (N (p,0%)||IL,) = argminE [—n"" log 7, (u + 0 Z)] |
1 1

where Z ~ N(0, 1). Using a Taylor expansion,

_E [;ﬁ; (=" log (s + aZ))}

=E {—n_l log 72 (1) — n Hog wt® (i) - O'Z} :

n

for some 4’ between p and p + o Z. By the uniform bound on the third derivative

and local bound on the second derivative, for any p € U,

E [—n_l log 72 (1) — n~log ) (1) - O‘Z:| < —e+nokE|Z]|

< —e+no.

The result follows for any 0 < § < €/7. O
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Although Proposition 3.3.3 is a negative result about the global convexity of
F,,, it does hint at a very useful fact: the local convexity (Definition 3.3.4) of
F,, matches that of f,,, assuming that we control the global behaviour of f,, e.g.,
through a uniform bound on the £™ derivative. This is essentially due to the fact
that the two functions differ only by a smoothing under a standard multivariate
Gaussian variable, which has finite moments of all orders. The third main result
of this section, Theorem 3.3.5—which we exploit later in Chapter 4 to develop a
reliable variational inference algorithm—makes the general link between the local
convexity behaviour of f,, and F;, precise under global Lipschitz smoothness, i.e., a

uniform bound on the Hessian.

Definition 3.3.4 (Local Strong Convexity). In the same setting of Definition 3.3.1, if
there exists a convex subset ) C & such that the restriction of g to ) is e D-strongly

convex, then g is locally e D-strongly convex.

Theorem 3.3.5. Suppose there exist €,{,7 > 0 and x € R? such that f, is globally
¢I-Lipschitz smooth and locally el-strongly convex in the set {y : ||y — z|| < r}.
Define

Dy, :=blockd (I,n7'1,...,n~'1) € RUEFDIx(d+D)d

(r? —2||pu — z||?
Tn(,ua L) =1- X?H»Q <TL 2HHLH2 H ) ) (3.3)
F

where Xz is the CDF of a chi-square random variable with k degrees of freedom.

d+1)d

Then F,, reinterpreted as a function of R — R—by stacking 1 and each

column of L into a single vector—is {D,,-Lipschitz smooth; and is (¢ — p(pt, L) -

(€ + £)) D,,-strongly convex when || — z||* < g

Proof. Note that we can split L into columns and express LZ as
d
LZ =) LiZ,
i=1

where L; € R? is the i™ column of L, and (Z;)%, '~ N(0,1). Denoting V2, :=
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V2 f,(pu+ LZ) for brevity, the 2" derivatives in both  and L are

Vi Fo =E[Vf,]

Vi, Fn=n""E[Z:Z;V?f,]

V2, Fy =0 V2E [ 2,V )]
where we can pass the gradient and Hessian through the expectation by dominated
convergence because Z has a normal distribution and f;, has ¢-Lipschitz gradients.
Stacking these together in block matrices yields the overall Hessian,

A=[T n7'P2D . n7Z0 | e RO
V2Fn — ]E [ATv2anj| c Rd(d-&-l)xd(d—i—l)'

Since f,, has ¢-Lipschitz gradients, for all 2 € RY, —¢I < V2f,,(x) < ¢I. Applying

the upper bound and evaluating the expectation yields the Hessian upper bound (and

the same technique yields the corresponding lower bound):

V2E, =E[ATV?f,A]

< (E [AT A]
I 0 0 0
0 n'I 0 0
=/ =D,
0o 0 . 0
0 0 0 nlI

To demonstrate local strong convexity, we split the expectation into two parts:
one where n~'/2LZ is small enough to guarantee that || +n~"/2LZ — z|? < 72,

and the complement. Define

(r* = 2[lp — 3)
2| L%

Tn(“? L) =

18



Note that when || Z||? < r2(u, L),

2
<2flu— | + 207 |2
2

< 2||u = a|® + 207 LI B2

<72

1
i+ =122
n

va

Then we may write

V2F, =E [L[||Z|]* < ri(p, L)] ATV f,A]
+E[L[|Z]? > ri(n, L)] ATV [ A].

Since f,, has ¢-Lipschitz gradients and is locally e-strongly convex,
V2F, = e E[L[|Z|]> <ri(p, L) ATA] —¢-E[L[|Z|]* > r2(n,L)] ATA].

Note that AT A has entries 1 and n~! Z? along the diagonal, as well asn™1Z; Z;, i #
4 and n=1/2Z; on the off-diagonals. By symmetry, since Z is an isotropic Gaussian,
censoring by 1 [||Z||> < ...] or 1 [||[Z]|* > ...| maintains that the off-diagonal
expectations are 0. Therefore E [1 [||Z||> < r2(u, L)] AT A] is diagonal with co-
efficients 1 — v, (1, L) and n™' B, (1, L), and E [1 [|| Z|? > r2(p, L)] ATA] is
diagonal with coefficients o, (1, L) and n =17, (11, L) where

an(p. L) = B (|IZ]]? > r2(u, L))
Bu(i, L) = E [Z21 [| 21 < v2(1, L)]] = d"E [| 2132 [| 2] < 2(u, 1)]]
ruli, L) = E [Z2 [ 2] > v2(u, D)]] = d'E[|ZI3L [ Z]]> > r2(n, 1)]] -

Note that || Z||2 ~ x2; s0 an(p, L) = 1 — x3(r2(u, L)) and

_ [T 1 21 —z/2
(i, L) = /T%(ML) 1z > 0] S22 ((d & 2)/2)38 ¥ e Y dx

=1 Xga2(rn(p, L))
ﬁn(:uaL) =1- Tn(:uvL)'
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Therefore,

V2F,

> diag((e(1 — an(p, L)) ~Loun (g1, L)), (en™ (1= (1, L))~n ™ 7 (2, L)1,
o (en ™ (1=mu(p, L)) =t (1, L))

= eD,, — (e + £) diag (an(p, L), n 7 (p, L)1, ... ,n”~ b1y (p, L))

= €Dy, — (e + ¢) diag (7o (p, L), 0" 7 (py L)1, ... ,n by (p, L))

=Dy (e—Tno(p, L) - (e+4)).

O]

The most complicated part of the statement of Theorem 3.3.5 is the function
Tn (1, L), which characterizes how much the tails of f,, can influence the local
strong convexity of F}, around the point z. In particular, as long as p is close to
x and || L|| 7 (which modulates the effect of noise) is sufficiently small, then the
argument of the x5, , CDF is large, so 7, is small, so (¢ — 7,,(11, L) - (e + £)) =~ €;
thus we recover local strong convexity of the same magnitude as f,. A further
note is that although Theorem 3.3.5 requires a uniform bound on the Hessian of f,,
we conjecture that a similar result would hold under the assumption of a uniform
bound on the k™ derivative. For simplicity of the result and ease of use later on in
Chapter 4, we opted for the second derivative bound.

The final step of this section is to examine when the assumptions of Theo-
rem 3.3.5 hold. This is where statistical asymptotics provide their benefit in varia-
tional optimization: although the function f,, need not be locally strongly convex
for any particular n, the probability (under the data-generating distribution) that it
becomes locally strongly convex around 6 converges to 1 under weak conditions
on the statistical model as n — oco. Lemma 3.3.6 states the result precisely, and
Example 3.3.7 provides an example of a sequence of functions that individually
have no guarantees regarding their convexity, but which are asymptotically locally

strongly convex.
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Lemma 3.3.6. Under Assumption 1, there exist v, > 0 such that

lim P (f, is dI-strongly convex in the set B,.(0y)) = 1,

n—oo
where B,.(6p) := {0 € R : || — 6y|| < 7}

Proof. Given Assumption 1, we know f, is twice continuously differentiable. Thus,
using the second order characterization of strong convexity, it is equivalent to show
the existence of 7,0 > 0 such that

P (V6 € B.(6), Vfn(0) =6I) — 1,
as n — oo. Note that by Weyl’s inequality

V2 fu(0) =V fn(60) — H + Hy (3.4)
iAmin (v2fn(9) - H@) I+ )\min(HG)I'

Condition 4 of Assumption 1 guarantees that Hy, = €/ and that there existsa k > 0
such that Hy is continuous in B, (6p). Hence there exists 0 < ' < &, such that
VO € B (0), Hy = 51.

We then consider Amin (V?fn(6) — Hp). We aim to find a 0 < r < ' such
that [Amin (V2 fn(0) — Hy) | is sufficiently small. Note that for any fixed > 0,

sup | Amin (V2 fn(0) — Hp)|
0€Br(0o)

< sup [|Vfu(0) — Hol,
0€B: (o)

= sup |[|[V?fu(0) — Eg, [~V logps(X)] + Eg, [~V logps(X)] — Hp||,
0€ By (00)

=, )(HVan(H)—Eeo [~V log po(X)] ||, +||Eay [~ V*1og ps(X)] — Hy|,) -
€br(bo
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Now we split f,, into prior and likelihood, yielding that

—n~' Y V2 log pg(X:) — Eg [~V? log po(X)]
=1

< sup 3.5

€ B, (60)

2

+ sup || —n"'VZlogm(8)|]2 + sup HE@O [—VQ logpg(X)] — HQHQ.
GGBT(QO) 9€Br(90)

Given Condition 2 of Assumption 1, for all 8, mo(6) is positive and V27 (6) is
continuous; and further due to the compactness of B,.(), we have that

Vr >0, sup || —n " V2logmo(0)]]2 — 0, asn — oco. (3.6)

0€B,(00)
Then, it remains to bound the first term and the last term of Eq. (3.5). For the first
term, we aim to use the uniform weak law of large numbers to show its convergence
to 0. By Condition 5 of Assumption 1, there exists a0 < r; < ' and a measurable

function g such that for all § € B,, (6p) and for all x,

max ‘ (V2 log py(x)), ’ <g(z), Eglg(X)] < 0.
ijeld] "

Then, by the compactness of B,, (fp), we can apply the uniform weak law of large

numbers (Jennrich, 1969, Theorem 2), yielding that for all ¢, j € [d],

sup (—nIZVQIngQ(Xi)> — (Egy [-V?logpo(X)]), , M0,
6€ By, (60) i=1 i ’

Since the entrywise convergence of matrices implies the convergence in spectral

norm,

P
X0, @37
2

—n ! Z V?log pyg(X;) — Eg, [—V?log pg(X)]
i1

sup
9€Br1 (90)
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For the last term of Eq. (3.5), by Condition 4 of Assumption 1,
lim sup [|Eq, [—V?logpy(X)] — Hy
N |- #],

= lim sup HE90 [—V2 logpe(X)] —[Ey [—VQ IOgPH(X)]

r—0 GEBT(GO) H2

— 0.
Thus, there exists a sufficiently small ro > 0 such that

sup  ||Eg, [~V?logpo(X)] — H9H2 <

< (3.8)
0€ By, (60) 8

Then, we combine Egs. (3.6) to (3.8) and pick » = min(ry, r3) < &/, yielding that

P ( sup ‘)\min (Van(e) - HQ)‘ < 6) — 17 (39)
0B, (60) 4

as n — oQ.
Then the proof is complete. Note that we have already shown for all 6 €
By (00), Hg = $I. By Egs. (3.9) and (3.4), we conclude that for all § < ¢,

lim P (V0 € B,(6y), V*fu(0) = 6I)=1.

n—oo

O

Example 3.3.7. Let f,(y) = y*> + (2 37, X;) cos5y, where X; ~ N(0,1).
Then

d*fy
dy?

- 2' = 25]cos(5y)| -

n
n_l E Xl
i=1

Therefore by the law of large numbers and the fact that | cos(5y)| < 1, for any € > 0,

the sequence ( f,,)nen is asymptotically (2—e)-strongly convex and (2-+e¢)-Lipschitz

smooth. Fig. 3.1 visualizes the asymptotic behaviour of f,, as n increases.

The last result of this section—Corollary 3.3.8—combines Theorems 3.3.5

and 3.2.1 and Lemma 3.3.6 to provide the key asymptotic convexity/smoothness
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Figure 3.1: Plots of the function f,(y) from Example 3.3.7. Each row of
figures represents a single realization of the sequence (f;,)nen for in-
creasing sample sizes 5, 20, 100, and 1000. Each column includes three
repetitions of f,, under a single n. As n increases, the function f,(y) is
more likely to be strongly convex and Lipschitz smooth with constants

approaching 2.

result that we use in the development of the optimization algorithm in Chapter 4.

Corollary 3.3.8. Suppose Assumptions 1 and 3 hold, and define D,, as in Theo-

rem 3.3.5. Then there exist €, 0, > 0 such that F,, reinterpreted as a function of

RV R—py stacking p and each column of L into a single vector—satisfies

P (Fn is %Dn-strongly convex in By, and globally {D,,-Lipschitz smooth) — 1,
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as n — oo, where
d dxd * 112 r? * 2 _
Br,n: we R 7L eR : H:U’_:U'nH < Z and ||L - LnHFS 4HI_ Ln”F :

Proof. We begin by verifying the conditions of Theorem 3.3.5 for f,,. By Assump-
tion 1 we know that f;, is twice differentiable. We also know that by Lemma 3.3.6,

under Assumptions 1 and 3, there exist £, 7/, ¢ > 0 such that
P <sup H—n_1V2 logwn(ﬁ)H2 > €> —0
0

P ( inf  Amin (—n*1V2 logﬂn(ﬂ)) < e) — 0.

[[6—00 || <r’

P,
By Theorem 3.2.1 we know that p, =0 6o, so there exists an 7’ > r > 0 such that

]P< inf  Amin (-1 V2 log m,(0)) < e> — 0.
1o—ppll<r

Therefore by Theorem 3.3.5, the probability that
Yu,L, —¢D, <n'V?E [~logm,(u+1/v/n'LZ)] < Dy, (3.10)

and

for all L and for || — pX||* < 2/2,
(3.11)
n~1V2E [— log n (i + 1~ Y2LZ)| = Dile — (i, L) - (¢ + 0)),

hold converges to 1 as n — oo, where D,, and 7, (i, L) are as defined in Eq. (3.3)
and x = p;. Note that the gradient and Hessian in the above expression are taken
with respect to a vector in RU4+1) that stacks p and each column of L into a single
vector.

Then for all (p1, L) € B, ,,, we have

I — phl|> < r?/4
IL— Lyl <41 - LiIF = |Llr <201 = Li|lF + I L5 P
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yielding

2 nr

r? —2||p — i,
nR2ALIE T 4@ - LyllF + 1 L5 F)?

Hence V(u, L) € By, (1, L) — 0 as n — oo, yielding that under sufficiently

large n,
e—Tn(u, L) - (e+€) > €/2.

Therefore, the probability that for all (p1, L) € B,

1
—V2E [~ log mn(p + 1/v/m'LZ)] = %Dn (3.12)
n
converges in Py, to 1 asn — oo.
Combining Egs. (3.10) to (3.12), the proof is completed. ]
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Chapter 4

Consistent Stochastic Variational
Inference (CSVI)

In this section, we use the strong convexity and smoothness results from Chapter 3
to develop an optimization algorithm—Consistent Stochastic Variational Inference
(CSVI)—that asymptotically solves the Gaussian variational inference problem in
Eq. (2.1), in the sense of Definition 4.0.1: the probability that the iterates converge

to the global optimum converges to 1 in the asymptotic limit of observed data.

Definition 4.0.1. An iterative algorithm asymptotically solves a (random) sequence
of optimization problems indexed by n € N, each with a single global optimum
point 27, € RY, if the sequence of iterates (zy ,)ren produced by the algorithm

satisfies

n—o0

lim P < lim ||zg, — 25| = 0) =1.
k—o0 ’

As mentioned earlier, the CSVI algorithm is based on projected stochastic gradi-
ent descent (SGD) (Bubeck, 2015, Section 3.). Since we know that the expectation
component F}, of the Gaussian variational inference objective function is asymp-
totically locally strongly convex and globally Lipschitz smooth, there are three
remaining issues to address to ensure that the algorithm satisfies Definition 4.0.1.
First, we need to ensure that we can initialize the optimization algorithm within

the locally strongly convex region, i.e., the set B, , from Corollary 3.3.8. We
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address this challenge by solving a smoothed version of the maximum a posteriori
(MAP) problem, which is formulated and shown to be asymptotically tractable in
Section 4.1. Second, since the gradient estimates are noisy, we need to ensure that
the iterates of CSVI stay in B,.,, for all iterations so that the usual convergence
guarantees of SGD apply. Finally, note that the regularization term —n ! log det L
in the objective of Eq. (2.1) is not itself Lipschitz smooth, making the overall op-
timization problem not Lipschitz smooth. We address both the second and third
issue in Section 4.2 by applying a novel scaling matrix to the gradient steps, and
developing new theoretical results on the local confinement of projected stochastic

gradient descent.

4.1 Initialization via smoothed MAP

The goal of this section is to design an algorithm that initializes the variational
optimization within the asymptotically strongly convex local region B, ,,. Note that
the challenging part of this problem is to set x, as we can simply initialize L = I.
Since we aim to initialize x sufficiently close to p;—and pu, converges to 6y per
Theorem 3.2.1—we might like to find something akin to the maximum a posteriori
(MAP) value of log 7,, due to its similar convergence to 5. However, since log 7,
is typically not concave, obtaining the MAP point is generally intractable.

In this section, we formulate a tractable MAP-like problem by convolving the
posterior distribution with Gaussian noise prior to finding the maximum point of
the log density. This Gaussian noise essentially results in smoothed log density
with fewer spurious optima; hence, we denote this the smoothed MAP problem.
In Section 4.1.1, we show that the smoothed MAP problem is asymptotically
convex—and hence tractable—under conditions similar to those that guarantee the
Bernstein-von Mises theorem, and that the solution is asymptotically consistent
for 6, albeit at a slower-than-/n " rate. In Section 4.1.2, we provide a stochastic
optimization algorithm that depends only on black-box access to the gradients of
the original log density function. Taken together, these results demonstrate that we
can tractably initialize CSVI in the asymptotically strongly convex local region 5, ,,

as required.
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4.1.1 Smoothed MAP problem

Given the n'h posterior distribution II,,, we define the smoothed posterior fln with

smoothing variance «,, to be the §-marginal of the generative process
W ~T,, 6~NW,a,l).

Alternatively, the smoothed posterior distribution I1,, can be viewed as the distribu-
tion of the sum of independent realizations from IT,, and N (0, o, ). The probability
density function 7, of II, is given by the convolution of 7, with a multivariate

normal density,

[
7o) = | PR exp< sl =l )wnw)dw

=K 160 — W||2> . (4.1)

1 < 1
- exp|-——
(27r)d/2a;i/2 20,

Given these definitions, the smoothed MAP problem is the MAP inference problem

for the smoothed posterior distribution, i.e.,

0, =argmin —logE [exp <—1H9—W\2)} . 4.2)
fERT 2an

Gaussian smoothing is commonly used in image and signal processing (Forsyth
and Ponce, 2002; Haddad and Akansu, 1991; Lindeberg, 1990; Nixon and Aguado,
2012), and has previously been applied to reduce the presence of spurious local
optima in nonconvex optimization problems, making them easier to solve with
local gradient-based methods (Addis et al., 2005; Mobahi, 2013). The variance a,
controls the degree of smoothing; larger values create a smoother density 7, at
the cost of making 7, a poorer approximation of the original function 7,,. Figure
Fig. 4.1 demonstrates how increasing o, increases the smoothing effect, resulting
in fewer and flatter local optima in the objective.

In general, although intuitively reasonable, Gaussian smoothing does not typ-
ically come with strong practical theoretical guarantees, essentially because the

best choice of the smoothing variance a, is not known. Mobahi (2013) shows for
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Figure 4.1: Plots of the smoothed posterior density 7,, with increasing smooth-
ing variance.

a continuous integrable function with quickly decaying tails (at rate ||| =4~ as
||z|| = o0), the smoothed function is strictly convex given a large enough selection
of o, Addis et al. (2005) studies the smoothing effect of a log-concave kernel on a
special type of piecewise constant function, and proves that the smoothed function
is either monotonic or unimodal. To the best of our knowledge, previous analyses
of smoothed optimization are not sufficient to guide the choice of «,, and do not
provide bounds on the error of the smoothed optimum point versus the original.

In contrast to these previous studies, we use the asymptotic concentration of
the statistical model as n — oo to address both of these issues. In particular,
Theorem 4.1.1 shows that if the sequence «,, is chosen to decrease more slowly
than n~'/3, the smoothed MAP problem is eventually strictly convex within any
arbitrary compact domain; and that the solution of the smoothed MAP problem is

asymptotically consistent for 6 at a \/cy,, ! rate.

Theorem 4.1.1. Suppose Assumption 1 holds and no> — co. Then for all M > 0,
the probability that the smoothed MAP optimization problem

min —log 7w, (0
o |~ logn(6)

is strictly convex converges to 1 as n — oo under the data generating distribution.

If additionally Assumption 2 holds, then

16 — 6oll = Oy, (V).
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4.1.2 Smoothed MAP optimization

In practice, we use SGD to solve the smooth MAP problem. The gradient of the
smoothed MAP objective function in Eq. (4.2) is

V(—logn(0)) = — VIogE [exp (_2;”9 _ WW)]

CE e (—gn 0 - W) (=2) 0 -w)]
E |exp (—54 10 - W)

)

where W ~ 1I,,. By change of variables and reparametrization, the gradient can be
reformulated as
E (W (0 - ail*W)]

V(—logn(0)) :047:1/2 E [7771 (0 B Q}L/ZW)} )

where W ~ N (0, I). Note that the unknown normalization constant in 7, cancels
in the numerator and denominator. We obtain stochastic estimates of the gradient
using a Monte Carlo approximation of the numerator and denominator using the
same samples, i.e., self-normalized importance sampling (Robert and Casella, 2013,
p- 95). It is known that the variance of this gradient estimate may be quite large or
even infinite; although techniques such as truncation (Ionides, 2008) and smoothing
(Vehtari et al., 2015) exist to address it, we leave this issue as an open problem
for future work. The resulting SGD procedure with explicit gradient estimates are

shown in Algorithm 1.

4.2 Optimization via scaled projected SGD

As shown in Chapter 3 and Section 4.1, Gaussian variational inference Eq. (2.1) is
locally strongly convex, globally Lipschitz smooth, and the initialization 1 = O,
L = I is asymptotically tractable and lies in the locally convex region. We now
design a stochastic optimization algorithm and prove that it asymptotically solves
Eq. (2.1) per Definition 4.0.1.

Given a sequence of step sizes (Vx)ren. & > 0 and (Zi)pen ~ N(0, 1), and

31



Algorithm 1 Smoothed MAP estimation

procedure SMOOTHEDMAP(7,,, o, o, K, S, (V) ken)
fork=0,1,...,K —1do
Sample (Z,)5_, '~ N(0,1)
Vi a}/2 (2;9:1 Zs - mp(z) — a}»/QZS)>/<Zf:1 Tn(TK — a}LﬂZs))
Tht1 < Tk — WV
end for

return x g
end procedure

initialization pg = én, Ly = I, the standard stochastic gradient update applied to

the Gaussian variational inference problem is

fir1 < e — WV pon (e, Ly Zi)
Liy1 < L — %NV Ltk Ly Z1)-

There are two major issues with this update: first, the regularization term — %logdetL
is not globally Lipschitz smooth and has a large gradient when L is small, which is
likely to produce an iterate outside the locally convex area; and second, the update
might produce an infeasible iterate L with nonpositive diagonal.

We resolve the first issue by applying a scaling to the L gradient prior to the
update. In particular, define the scaled L gradient matrix v Lalp, L, Z) € Rdxd

via
Vel L,2)] j#i
Via(p L, Z)Lj =\ g [VeawL,2)|  j=iLi>0 (43
-1 J=1,Li=0.

This scaling prevents the gradient of L from diverging when diagonal elements of
L — 0, and also creates a well-defined gradient for L at the boundary of the feasible
region. Given this scaled L gradient, we resolve the second issue by employing
a simple projection step after each update: we set any negative diagonal entry in
the current iterate L to 0. SGD with these two simple modifications is presented
in Algorithm 2. The final theoretical result of this work, Theorem 4.2.1, is that
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Algorithm 2 Consistent stochastic Gaussian variational inference

procedure CSVI(fy, g, (V&) ken, K)
o <—SmoothedMAP (Algorithm 1)
LO «— 1
fork=0,1,..., K — 1do
Sample Zy ~ N(0, 1)
M1 < e — VY pn (ks Lies Z)
Vin < Vin(pk, L, Zy)
fori=1,...,ddo
if Lk,ii > 0 then

- ) -
{VL’"} ii NESECY s {VL’TL] i
else 3
VL,n} 1
(13
end if
end for )
L1 < Ly —wVin
fori=1,...,ddo
Ly, < max {0, L4144}
end for
end for
return ug, Ly
end procedure

Algorithm 2 asymptotically solves Gaussian variational inference given a weak

condition on the step size sequence (Vx)keN-

Theorem 4.2.1. Suppose that we initialize Lo = I and pio such that || o — 6, )3 <
% . Then there exists a constant C' > 0 such that if

Yk = O(k™") for some p € (0.5,1) and VkeN, 0<~y,<C, (4.4)

then Algorithm 2 asymptotically solves Gaussian variational inference.
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Chapter 5

Experiments

In this section, we compare CSVI to standard Gaussian stochastic variational
inference (SVI)—i.e., reparametrized Gaussian variational inference via projected
stochastic gradient descent—on one-dimensional synthetic inference problems. We
run all optimization algorithms for 50,000 iterations, and base the gradients for the

smoothed MAP mean initialization (Algorithm 1) on 100 samples.

5.1 Synthetic Gaussian mixture

In the first experiment, we highlight the reliability of CSVI as opposed to SVI on

the simple problem of approximating a Gaussian mixture target distribution II,
II =0.7NM(0,4) + 0.15N (—30,9) + 0.15N (30, 9). (5.1)

We set n = 1 and o, = 10 in the implementation of CSVI, and initialize the
smoothed MAP optimization and the mean of SVI uniformly in the range (—50, 50).
For both methods, we initialize the log standard deviation log ¢ uniformly in the
range (log 0.5, log 10). We set v, =~ 0.1/(1+k%8%) for CSVIand v, = 0.5/(1+k)
for SVL

Fig. 5.1 shows the result of 10 trials of each of CSVI and SVI. The majority
of the mass of the Gaussian mixture target distribution (grey) concentrates on
the central mode with mean O and standard deviation 2; the optimal variational

approximation has these same parameters. However, as shown in the plot, SVI
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Figure 5.1: The result of running 10 trials of CSVI (blue) and SVI (pink) with
the Gaussian mixture target (grey) given in Eq. (5.1). The output of CSVI
reliably finds the global optimum solution corresponding to the central
mixture peak; SVI often provides solutions corresponding to spurious
local optima.

with randomized p often finds a spurious local optimum solution, corresponding
to the two peaks centered at £30. On the other hand, the smoothed MAP mean
initialization helps guarantee that the CSVI optimization starts close enough to the
central mode that it recovers the global optimum solution in each trial. The gradient
scaling also aids the stability of the algorithm; whereas SVI has unstable behaviour
when o is initialized to a small value due to the log-determinant regularization term,

the scaling of CSVI in Eq. (4.3) ensures that the algorithm is stable in this region.
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Figure 5.2: The Bayesian posterior density for increasing dataset sizes. Note
the large number of spurious local optima, resulting in the unreliability
of local optimization methods in variational inference.

Smoothed MAP, N =10 Smoothed MAP, N =100 Smoothed MAP, N =1000 Smoothed MAP, N =10000
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Figure 5.3: The smoothed Bayesian posterior density for the same dataset
sizes as in Fig. 5.2. Black curves correspond to the smoothed posterior,
red dots show local optima of the density, and the blue histogram shows
the counts (over 100 trials) of the output of the smoothed MAP initial-
ization. Note that there are fewer local optima relative to the original
posterior density, and that the smoothed MAP initialization is likely to
provide a mean close to that of the optimal variational distribution.

5.2 Synthetic model with a nonconvex prior

In this section, we compare the performance of CSVI and SVI on a synthetic

Bayesian model across a range of observed dataset sizes (n = 10, 100, 1000, 10000).
The model is as follows,

0 ~ %N(o, 0.15%) + %N(l, 0.1%) + é./\/’(—él, 0.3%) + %N(4, 0.3%)
+ %N(—s,o.ﬁ)

X, |60 N(6,5000),

where the data are truly generated from (X;)" ; SN (3,10). We use a smoothing
constant of a, = 10n7%3, and set 5, = 75/(1 + k"®°) for CSVI and v;, =
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Figure 5.4: Box-plots of the final ELBO for 100 trials of CSVI and SVL.

0.5/(1 + k) for SVI. We construct this model to have a posterior distribution that
has multiple modes and approaches a normal distribution in total variation as sample
size increases. As shown in Fig. 5.2, the posterior has a number of peaks when n is
small, and gradually converges to a unimodal distribution as n increases. However,
even seemingly small peaks in the density may present significant local optima in
the log density that prevent SVI from obtaining the global optimum, as illustrated in
previous Gaussian mixture example. In contrast, Fig. 5.3 shows that the smoothed
posterior tends to have fewer modes, smoothing smaller peaks and merging closeby
peaks; thus the smoothed posterior can be used to find a reliable initialization for
SVI and reduce the likelihood that SVI becomes trapped in bad local optimum. And
because the smoothed MAP usually finds dominating peaks of the posterior, e.g.,
the larger peak in the last figure of Fig. 5.2, this initialization is usually closer to the
optimal mean and thus often results in a better final variational approximation.

Fig. 5.4 provides a quantitative comparison of CSVI and SVI on this problem,
confirming this intuition and demonstrating that CSVI more reliably finds low-cost
variational approximations in comparison to SVI. In particular, Fig. 5.4 compares
the final expectation lower bound (ELBO) Blei et al. (2017) for each method,
which is equivalent to the negative KL divergence between posterior and variational
distribution up to a normalizing constant. For comparison, we estimate ELBO using
1000 Monte Carlo samples.

The box-plots of Fig. 5.4 shows the results of running CSVI and SVI for 100
trials. Note that larger ELBO means a better approximation and a less spread box-
plot represents better numerical stability. It is clear that when n = 10000, SVI tends
to become trapped in local optima while CSVI tends to find the global optimum
reliably; under all sample sizes, CSVI tends to provide a higher ELBO than SVI,
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meaning a more accurate approximation. Moreover, CSVI is significantly more
stable than SVI when the true posterior is peaky (e.g., n = 10, 100). We also find
that training SVI on a peaky distribution can have diverging o and hence yields
numerical instability. CSVI, in contrast, shows great numerical stability because of
the scaled gradient for o.

It is worth noting that the performance of CSVI seems to degrade at n =
1000. We find that the posterior at n = 1000 in this example (3¢ figures from
the left in Fig. 5.2) happens to have two big peaks in the smoothed posterior
density. Thus the smoothed MAP initialization finds these two peaks with similar
probability (see the blue bars of Fig. 5.3 at n = 1000), leading to similar final
ELBO values when CSVI/SVI converges to these local optima. However, even in
this pathological setting, CSVI provides a benefit over SVI, as the smoothing kernel
removes other spurious local optima. Finally, it is worth pointing out that as with
all local optimization methods, a careful choice of the learning rate for CSVI is
important to ensure its performance. This matches the statement of Theorem 4.2.1,
which guarantees that the output of CSVI is asymptotically consistent for 6y as long
as the learning rate satisfies Eq. (4.4). However, if the learning rate is too large,
CSVI may jump out of the local basin found by its initialization due to the noise in
the gradient, and eventually become trapped in a spurious local optimum. But even

when the learning rate is not carefully tuned, CSVI performs at least as well as SVI.
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Chapter 6

Conclusion

This work provides an extensive theoretical analysis of the computational aspects of
Gaussian variational inference, and uses the theory to design a general procedure
that addresses the nonconvexity of the problem in the data-asymptotic regime. We
show that under mild conditions, Gaussian variational optimization is locally asymp-
totically convex. Based on this fact, we developed consistent stochastic variational
inference (CSVI), a scheme that asymptotically solves Gaussian variational infer-
ence. CSVI solves a smoothed MAP problem to initialize the Gaussian mean within
the locally convex area, and then runs a scaled projected stochastic gradient descent
to create iterates that converge to the optimum. The asymptotic consistency of CSVI
is mathematically justified, and experimental results demonstrate the advantages
over traditional SVL.

There are many avenues of further exploration for the present work. For example,
we limit consideration to the case of Gaussian variational families due to their
popularity; but aside from the mathematical details, nothing about the overall
strategy necessarily relied on this choice. It would be worth examining other
popular variational families, such as mean-field exponential families (Xing et al.,
2002).

Furthermore, the current work is limited to posterior distributions with full
support on R%—otherwise, the KL divergence variational objective is degenerate.
It would be of interest to study whether variational inference using a Gaussian

variational family truncated to the support of the posterior possesses the same bene-
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ficial asymptotic properties and asymptotically consistent optimization algorithm as
developed in the present work.

Another interesting potential line of future work is to investigate other proba-
bility measure divergences as variational objectives. For example, the chi-square
divergence (Csiszar, 1967; Liese and Vajda, 1987, p. 51), Rényi a-divergence
(Van Erven and Harremos, 2014), Stein discrepancy (Stein, 1972), and more (Gibbs
and Su, 2002) have all been used as variational objectives. Along a similar vein, we
studied the convergence properties of only a relatively simple stochastic gradient
descent algorithm; other base algorithms with better convergence properties exist
(Duchi et al., 2011; Kingma and Ba, 2015; Nesterov, 1983), and it may be fruitful
to see if they have similar asymptotic consistency properties.

A final future direction is to investigate the asymptotic behaviour of variational
inference with respect to other measures of optimization tractability. In particular,
(local) pseudoconvexity (Crouzeix and Ferland, 1982), quasiconvexity (Arrow and
Enthoven, 1961), and invexity (Ben-Israel and Mond, 1986; Craven and Glover,
1985) are all weaker than (local) convexity, but provide similar guarantees for
stochastic optimization. These may be necessary to consider when examining other

divergences as variational objectives.

40



Bibliography

Addis, B., Locatelli, M., and Schoen, F. (2005). Local optima smoothing for global
optimization. Optimization Methods and Software, 20(4-5):417-437.

Alquier, P. and Ridgway, J. (2020). Concentration of tempered posteriors and of
their variational approximations. The Annals of Statistics, 48(3):1475-1497.

Arrow, K. and Enthoven, A. (1961). Quasi-concave programming. Econometrica:
Journal of the Econometric Society, pages 779-800.

Bassett, R. and Deride, J. (2019). Maximum a posteriori estimators as a limit of
Bayes estimators. Mathematical Programming, 174(1-2):129-144.

Bauschke, H. and Combettes, P. (2011). Convex Analysis and Monotone Operator
Theory in Hilbert Spaces. Springer.

Ben-Israel, A. and Mond, B. (1986). What is invexity? The ANZIAM Journal,
28(1):1-9.

Bishop, C. (2006). Pattern Recognition and Machine Learning. Springer.

Blei, D., Kucukelbir, A., and McAuliffe, J. (2017). Variational inference: A review
for statisticians. Journal of the American Statistical Association,
112(518):859-877.

Bottou, L. (2004). Stochastic Learning. In Bousquet, O., von Luxburg, U., and
Ritsch, G., editors, Advanced Lectures on Machine Learning: ML Summer
Schools 2003, pages 146—-168. Springer Berlin Heidelberg.

Boucheron, S., Lugosi, G., and Massart, P. (2013). Concentration Inequalities: A
Nonasymptotic Theory of Independence. Oxford university press.

Boyd, S. and Vandenberghe, L. (2004). Convex Optimization. Cambridge
University Press.

41



Bubeck, S. (2015). Convex Optimization: Algorithms and Complexity. Now
Publishers Inc.

Craven, B. and Glover, B. (1985). Invex functions and duality. Journal of the
Australian Mathematical Society, 39(1):1-20.

Crouzeix, J.-P. and Ferland, J. (1982). Criteria for quasi-convexity and
pseudo-convexity: relationships and comparisons. Mathematical Programming,
23(1):193-205.

Csiszar, 1. (1967). Information-type measures of difference of probability
distributions and indirect observation. Studia Scientiarum Mathematicarum
Hungarica, 2:229-318.

Dashti, M., Law, K., Stuart, A., and Voss, J. (2013). MAP estimators and their
consistency in Bayesian nonparametric inverse problems. Inverse Problems,
29(9):095017.

Duchi, J., Hazan, E., and Singer, Y. (2011). Adaptive subgradient methods for
online learning and stochastic optimization. Journal of Machine Learning
Research, 12(7):2121-2159.

Folland, G. (1999). Real Analysis: Modern Techniques and their Applications.
John Wiley & Sons.

Forsyth, D. and Ponce, J. (2002). Computer Vision: a Modern Approach. Prentice
Hall Professional Technical Reference.

Gelfand, A. and Smith, A. (1990). Sampling-based approaches to calculating
marginal densities. Journal of the American Statistical Association,
85(410):398-409.

Ghosal, S., Ghosh, J., and van der Vaart, A. (2000). Convergence rates of posterior
distributions. The Annals of Statistics, 28(2):500-531.

Gibbs, A. and Su, F. E. (2002). On choosing and bounding probability metrics.
International Statistical Review, 70(3):419-435.

Grendar, M. and Judge, G. (2009). Asymptotic equivalence of empirical likelihood
and Bayesian MAP. The Annals of Statistics, pages 2445-2457.

Haddad, R. and Akansu, A. (1991). A class of fast Gaussian binomial filters for
speech and image processing. IEEE Transactions on Signal Processing,
39(3):723-7217.

42



Han, W. and Yang, Y. (2019). Statistical inference in mean-field variational Bayes.
arXiv:1911.01525.

Hastings, W. (1970). Monte Carlo sampling methods using Markov chains and
their applications. Biometrika, 57(1):97-1009.

Hoffman, M., Blei, D., Wang, C., and Paisley, J. (2013). Stochastic variational
inference. The Journal of Machine Learning Research, 14(1):1303-1347.

Huggins, J., Kasprzak, M., Campbell, T., and Broderick, T. (2020). Validated
variational inference via practical posterior error bounds. In International
Conference on Artificial Intelligence and Statistics.

Ionides, E. (2008). Truncated importance sampling. Journal of Computational and
Graphical Statistics, 17(2):295-311.

Jaiswal, P., Rao, V., and Honnappa, H. (2019). Asymptotic consistency of a—
Rényi-approximate posteriors. arXiv:1902.01902.

Jennrich, R. (1969). Asymptotic properties of non-linear least squares estimators.
The Annals of Mathematical Statistics, 40(2):633-643.

Jordan, M., Ghahramani, Z., Jaakkola, T., and Saul, L. (1998). An introduction to
variational methods for graphical models. In Learning in Graphical Models,
pages 105-161. Springer.

Kingma, D. and Ba, J. (2015). Adam: A method for stochastic optimization. In
International Conference on Learning Representations.

Kingma, D. and Welling, M. (2014). Auto-encoding variational Bayes. In
International Conference on Learning Representations.

Kleijn, B. (2004). Bayesian asymptotics under misspecification. PhD thesis, Vrije
Universiteit Amsterdam.

Kleijn, B. and van der Vaart, A. (2012). The Bernstein-von-Mises theorem under
misspecification. Electronic Journal of Statistics, 6:354-381.

Kontorovich, A. (2014). Concentration in unbounded metric spaces and
algorithmic stability. In International Conference on Machine Learning.

Kucukelbir, A., Tran, D., Ranganath, R., Gelman, A., and Blei, D. (2017).
Automatic differentiation variational inference. The Journal of Machine
Learning Research, 18(1):430-474.

43



LeCam, L. (1960). Locally Asymptotically Normal Families of Distributions.
Berkeley: University of California Press.

Lehmann, E. and Casella, G. (2006). Theory of Point Estimation. Springer Science
& Business Media.

Liese, F. and Vajda, 1. (1987). Convex Statistical Distances. Teubner.

Lindeberg, T. (1990). Scale-space for discrete signals. IEEE Transactions on
Pattern Analysis and Machine Intelligence, 12(3):234-254.

Meyn, S. and Tweedie, R. (2012). Markov Chains and Stochastic Stability.
Springer Science & Business Media.

Mobahi, H. (2013). Optimization by Gaussian smoothing with application to
geometric alignment. PhD thesis, University of Illinois at Urbana-Champaign.

Murphy, K. (2012). Machine Learning: A Probabilistic Perspective. MIT Press.

Nesterov, Y. (1983). A method of solving a convex programming problem with
convergence rate O(k?). In Doklady Akademii Nauk.

Nixon, M. and Aguado, A. (2012). Feature Extraction and Image Processing for
Computer Vision. Academic Press.

Pinheiro, J. and Bates, D. (1996). Unconstrained parametrizations for
variance-covariance matrices. Statistics and Computing, 6:289-296.

Qiao, Y. and Minematsu, N. (2010). A study on invariance of f-divergence and its
application to speech recognition. IEEE Transactions on Signal Processing,
58(7):3884-3890.

Rakhlin, A., Shamir, O., and Sridharan, K. (2012). Making gradient descent
optimal for strongly convex stochastic optimization. In International Coference
on International Conference on Machine Learning.

Ranganath, R. (2014). Black box variational inference. In Advances in Neural
Information Processing Systems.

Robbins, H. and Monro, S. (1951). A stochastic approximation method. The
Annals of Mathematical Statistics, pages 400—-407.

Robert, C. and Casella, G. (2013). Monte Carlo Statistical Methods. Springer
Science & Business Media.

44



Roberts, G. and Rosenthal, J. (2004). General state space Markov chains and
MCMC algorithms. Probability surveys, 1:20-71.

Schatzman, M. (2002). Numerical Analysis: a Mathematical Introduction.
Clarendon Press. Translation: John Taylor.

Shen, X. and Wasserman, L. (2001). Rates of convergence of posterior
distributions. The Annals of Statistics, 29(3):687-714.

Stefanski, L. and Boos, D. (2002). The calculus of M-estimation. The American
Statistician, 56(1):29-38.

Stein, C. (1972). A bound for the error in the normal approximation to the
distribution of a sum of dependent random variables. In Proceedings of the Sixth
Berkeley Symposium on Mathematical Statistics and Probability.

van der Vaart, A. (2000). Asymptotic Statistics. Cambridge University Press.

van der Vaart, A. and Wellner, J. (2013). Weak Convergence and Empirical
Processes: with Applications to Statistics. Springer Science & Business Media.

Van Erven, T. and Harremos, P. (2014). Rényi divergence and Kullback-Leibler
divergence. IEEE Transactions on Information Theory, 60(7):3797-3820.

Vehtari, A., Simpson, D., Gelman, A., Yao, Y., and Gabry, J. (2015). Pareto
smoothed importance sampling. arXiv:1507.02646.

Wainwright, M. and Jordan, M. (2008). Graphical Models, Exponential Families,
and Variational Inference. Now Publishers Inc.

Wang, Y. and Blei, D. (2019). Frequentist consistency of variational Bayes.
Journal of the American Statistical Association, 114(527):1147-1161.

Xing, E., Jordan, M., and Russell, S. (2002). A generalized mean field algorithm
for variational inference in exponential families. In Uncertainty in Artificial
Intelligence.

Yang, Y., Pati, D., and Bhattacharya, A. (2020). «a-variational inference with
statistical guarantees. The Annals of Statistics, 48(2):886-905.

Zhang, F. and Gao, C. (2020). Convergence rates of variational posterior
distributions. The Annals of Statistics, 48(4):2180-2207.

45



Appendix A

Proofs

In this appendix, we provide proofs of Theorems 4.1.1 and 4.2.1.

A.1 Proof for Theorem 4.1.1

A.1.1 Gradient and Hessian derivation

The gradient for smoothed posterior is as follows,

V log 7, (0) =V log {E [exp <—Q;n||9 _ W||2)] }
E |exp (—g4 10 - WI2) (=) (0 = w)]
E [exp (~5110 - WP) | |

and the Hessian matrix is given by

—llo-w|%~|le-w’|? T
] e 2an WwwWw —Ww’) 1
2 ~ _ _
V<log 1, (6) = o2 LY anI’
E |:6_ 2am }

iid.

where W, W' '~ 11,,.
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A.1.2 Proof of 1% statement of Theorem 4.1.1

Proof of 1% statement of Theorem 4.1.1. To show the MAP estimation for smoothed
posterior is asymptotically strictly convex, we will show that

lim P SUP  Amax (V2 logﬁn(G)) <0] =1
nree 10—0oI<M

We focus on the first term of Eq. (A.1), and show that asymptotically it is uni-
formly smaller than ;! so that the overall Hessian is negative definite. For the de-
nominator of Eq. (A.1), define B,, :== {W, W’ : max{||W’' — ||, |W — 00|} < Bn}

for any sequence (3, = o(cv,). Then we have

_le-wy2]? [ —lle-w]2—[o-w'| oW 20—’ |2
E le 2an =K |e 2an 1Bn +E e 2om, 1B$l

[ —lo-wy%—jlo-w’y?
By,

ZE e 2an

Ve —Jjo—v|2—|lo—v" |2
>E inf e 2an 1p,
L v, €Bp,

) —Jo=v|%~|jo—v"||
=| inf e Zan P(B,).

v,w'€Bp,

By minimizing over v, v’ € B,,, the above leads to

Cle-wi21?  —2010-6q)+8m)2
e~ 2on e Zan P(B,). (A.2)

For the numerator of the first term of Eq. (A.1), since W, W’ are i.i.d.,

- e - 1
[e Zan W(W — W’)T]
1 —llo-w|2—|lo—w'|?
=5E [e Zon (W — W)W — W’)T] :
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and since Amax (W — W)(W — W) = ||W — W'|]?,

Amax (E [e_e_w'ja_rz”g_w"z WW — W’)TD (A3)

1 —llo-w|2—|loe-w'|?
e

<l = - w .

With Egs. (A.2) and (A.3), we can therefore bound the maximal eigenvalue of the

Hessian matrix,

Amax (V?log 7, (6)) (A4)
1 —lo-w)2—fe-w'||2  2(]6—0gll+5n)? 1
< Zan Zan W —Ww'?| = —.
< srrr B[ ¢ -] -

We now bound the supremum of this expression over {# € R% : || — || < M}.

Focusing on the exponent within the expectation,

1
sup  — [2(]|0 — 6ol + Bn)* — 16 — W|* — (|6 — W|]?]
lo—60ll<M On

1
= sup — [2(”9—90”4—ﬂn)2— H9—90+90—WH2
|6—60]|<M Cn

—H@ — 0y + 6y — W/H2]

<— [(267 +4MBn) = ([l6o — WI* + (160 — W'[]?)

1
an
+2M (|6 — W + (160 — WII)] ,
where the inequality is obtained by expanding the quadratic terms and bounding
|0 — Bo|| with M. We combine the above bound with Eq. (A.4) to show that
a2 Amax (V2 log 7, (0)) + «, is bounded above by

252 1ampn | 2M(160-WI+160—Ww 1)~ (190 =WIP+160-W'I1°) 11117 — W'|12
P e e e - W =W as)
2P(B,) B
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W
VB’

By multiplying and dividing by exp ( ) one notices that

w—w (WY o (DY) I w2
Bn VB VB Bn
LELETELTY
N ,

where the inequality is by the fact that z2e~* maximized at = 2 with value 4¢ 2
and |[W — W'|| < |[W|| + ||W'||. If we combine this bound with Eq. (A.5) and
note that W, W' are iid, Eq. (A.5) is bounded above by

<4e2 exp (

-2 282 14M By, 1 -1/2 —holl— L w— 2
272y, it [e(alnMwn JIW—6oll— 521w eon?} (A.6)

e an 2an
P(By)

To show that the Hessian is asymptotically negative definite, it suffices to show

that Eq. (A.6) is op, (an). For the terms outside the expectation, 3, = o(an)

282 +4MBn,
implies that 2e 28, on = o(ay), and Assumption 1 and Lemma A.1.1

together imply that
2 Poy
P(Bp) = 1L, (W = [[W = bo[| < Bn})” — 1,

SO

2e 23, 28a+aMpn
BB, ¢ P (ow):
n

Therefore, in order to show Eq. (A.6) is op, (), it is sufficient to show that

2am

(& M+8772) W =00l 2 W60l | _

E |e OPGO(]‘)'

The next step is to split the expectation into two regions—||W — || < 3,, and

lW — 6o|| > B,—and bound its value within them separately.

1. When |W — 6y|| < S,, the exponent inside the expectation is shrinking
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uniformly since 3, = o(ay):

Bl lgw—6o<sp }e<ﬁM+5’71/2>”W*GOH*ﬁ”W*“’O”Q
—U0l[>Pn

< E [1{w-60|<pn}] (@),

= OPeo(l)-

2. When |W —6o|| > 3, we take the supremum over the exponent (a quadratic
function), yielding |W — 0| = M + a5 1/2 and the following bound,

1 _ 1
<M+5n1/2> W = o] — =—|W — 6o]|? (A7)
o’ 200,

1 _ 1
< sup (o042 ) o= ol = oo = ol
llv—boll Qn Qn

- <a1nM+ﬁ;1/2> (M+an,8;1/2) _ %in (M n anﬁg1/2)2

MM oy

20, g2 2B

This yields

—0o -

M2 M a,
<L, (W5 [W = 6 > Bu})exp (m . 51/2+26> |

Note that it is always possible to choose 3, = o(ay,) with 3, = w(a?). With
this choice of f3,,, the dominating term among the three of Eq. (A.7) is %
Then by Lemma A.1.1, there exists a sequence 3, = o(a,) with 3, = w(a?)

n
such that the following holds,

(0 W = ol > 5,1) = on,, (0 {3 1),

Qnp
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which implies

—1/2
N e | (L [y Ny

b 1{\\W—90H>ﬁn}6( 0Py, (1)-

This finishes the proof. O

In the last step of the above proof, we require an exponential tail bound for
the posterior II,,. We provide this in the following lemma, following the general
proof strategy of van der Vaart (2000, Thm 10.3). The proof of Lemma A.1.1
involves many probability distributions; thus, for mathematical convenience and
explicitness, in the proof of Lemma A.1.1 we use square bracket—P [ X ]|—to denote
the expectation of random variable X with respect to a probability distribution P.
When taking expectation to a function of n data points f(Xi,...,X,) , where

(Xi), e Py, we still write Py[f]; and Py here represents the product measure.

Lemma A.1.1. Under Assumption 1, a3n — oo, there exists a sequence 3, satisfy-
ing Bn = o), Bn = w(a2) and B, = w(n=/?) such that for any fixed constant
M;

(W <[ = 0l > 6.1) = on, (ex0 {—M2 b).

20,

Proof of Lemma A.1.1. In order to show that 3,, satisfies the tail probability bound,
it suffices to prove that

ean Py [TL,({W : [W = 6ol > Bu})] = 0,

due to Markov’s inequality (we absorb the M? /2 constant into «,, because it does
not affect the proof). To achieve this, we take advantage of the existence of a test
sequence applied from Assumption 1. By van der Vaart (2000, Lemma 10.6), given
the 1% and the 2™ conditions of Assumption 1 and the fact that the parameter space
R9 is o-compact, there exists a sequence of tests ¢, : X™ — [0, 1], where X™ is

the space of (X1, ..., X,), such that as n — oo,

P90 [¢n] — 07 sup P9 [1 - ¢n] — 0.
10—060I>€
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Further, by Kleijn (2004, Lemma 1.2) and van der Vaart (2000, Lemma 10.3), under
Assumption 1 and the existence of the above test sequence ¢,,, for every M,, — oo,

there exists a constant C' > 0 and another sequence of tests 1, : X™ — [0, 1] such
that for all |6 — || > M,,/+/n" and sufficiently large n,

P90[¢n] < eXp{—CTL}, P@ [1 - @Z}n] < eXp{—CTL(H9 - 90H2 A 1)} (A8)
Using v, we split the expectation as following,

eon - Py [LLy({W : |[W — ol > Bu})]

1

—ean - P90 [Hn({W : HW — 90” > Bn})wn]
@
Fean - Py [T ({W < [[W — 6o > Bu})(1 — wn)],
(1)

and we aim to show both parts converging to 0.
For term (I), the first statement of Eq. (A.8) implies that 3C > 0 such that

1 1 a1,
ean - Py [Ty ({W ¢ |[W — 6o|| > B })thn] < ean Pyy[thn] < eane™ ¢,

where the first inequality follows by IL,({W : [|[W — 6| > 5,}) < 1. Since
na? — oo, the last bound in the above expression converges to 0.

For term (II), we work with the shifted and scaled posterior distribution. Define
Zn = (W —6y) and B, = {Z, : |Za| > /nB2}, and let TI; be the
corresponding prior distribution on Z,, and IT,, be the shifted and scaled posterior

distribution, which yields

ean - Py [TL,({W : |[W = ol > Ba})(1 — )]

1 A (A.9)
= e Py, [T (Ba) (1= )|

Let U be a closed ball around 0 with a fixed radius r, then restricting Iy on U
defines a probability measure T15, i.e., for all measurable set B, T15 (B) = TIo(B N
U) /Mo (U). Write P, . for the joint distribution of n data points (X1,..., X,,)
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parameterized under 6y + z/4/n" and hence write the marginal distribution of

(X1,...,X,) under 11§ for P,y = [ P, .dIIY(z). The densities of these distri-
butions will be represented using lower case, e.g., pp, /(2 f Pn,z( (z)dz is
the PDF of P, ;7. Here we abuse the notation that = represents (ml, cee a:n)

We replace Py, in Eq. (A.9) with P, ;7. Under Assumption 1, by van der Vaart
(2000, P. 141), P, iy is mutually contiguous to Py, (LeCam 1960), that is, for any

statistics 7T;, (a Borel function of X™), T}, —> 0iff T}, 0. Thus, considering
o (By) (1 — vy, as the statistics T}, the convergence to 0 of the expression in

Eq. (A.9) is equivalent to
1 ~
ean - Pn,U [Hn (Bn) (1 - wn)

Manipulating the expression of P, ;y and 11, (By) (we write 11, (Bp,x) in the
integral and write TI,, (B,,, (X;)_,) in the expectation to make the dependence of

posterior on the data explicit),

Pt [ (B (X)1) (1= )] = [ MLy (Bav) (1= )4, (0)
= /ﬁn (Bp,z) (1 = ¢p)ppu(x)de.

Note that p,, ;7 (x f Dn,z( (2),

_ / i, (Bo, ) (1— ) ( / P ()dITY (z)) da.

Recall that for all measurable set B, I1J (B) = Ilo(B N U)/Ty(U), thus

_ HOEU) /ﬁn (Bo,2) (1 — 1) (/Upmz(a:)dl:[g(z)) dz.

J 1[Bn]pn.= (z)dITo (=)

By using Bayes rule, we expand II,, (B,,, ) = e odiioG)
n,z 0

f (1 —n) (f]l nlDn,z (x dHo (z ) (fUpmz(x)dﬁo(z)) dz
B U) [ pn.-(x)dIp(2) ’
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Note that IT,, (U, z) = —ff;”’z(%)(ﬂ% 0((;)),

1

" TIo(U) / </“Bn]pmz($)dﬁo(2)> (1 — )L, (U, 2) da.

By Fubini Theorem and II,, (U, z) < 1,

< ﬁolm / ( Ja- wmpn,z(x)dx) dffy )
P,.[1 — tp,]dIIo(2).

o(U) /{z||>\/ﬂ}

Note that P, .[1 — ¢,] = Py[1 — 4] for § = 0y + z/+/n" and that \/n32 — oo
due to 3, = w(n‘l/ 2). Thus, we can use the second statement of Eq. (A.8) to
bound P, .[1 — v,,], yielding

1
o (U

Pnz 1-— ndf[ P
)/{z||>m} 21— ¥nldIlo(2)
1

- expl —C(|lz]12 A n)YdIIy(2).
< T /{”Z> gz, P CUEIP A )2

We then derive upper bounds for both the fraction and the integral to show the above
1

is 0 (e_(Tn). For the fraction, we define U, := {w € R?: \/n'(w —6p) € U},

then

d
~ T2 d
Ip(U) =11y(Uy) > 7<n_1/27‘) inf mo(w).
o(U) =Mo(Un) = ST 0) Jnf mo(w)
By Assumption 1, for all w € R?, m(w) is positive and continuous, and hence
inf,,err,, mo(w) is an increasing sequence that converges to mo(fy) > 0 as n — oo.

Thus, there is a constant D > 0 such that for sufficiently large n,

Iy(U) > Dn~%?, (A.10)
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yielding that

1
3C >0, st = < Cn??,

Ho(U)

For the integral, by splitting B,, into {\/n82 < ||z,|| < kv/n'} and {||z,| >
k+/n’} for some positive k < 1,

exp{—C(||z[|* A n)}dIIo (2
/{llz>m} p{=C([[2]I* An)}dIIg(2)

<

exp{—C/||z||2}dIIy(2) + e+
/{k\/ﬁzllz>\/n6% }

Then by change of variable to w = ﬁz + 6o,

= / exp{—Cnl||w — Op]|*}mo(w)dw + e~ Ok,
{k=lw—60l|>Bn}

Note that by Assumption 1, 7o (w) is continuous for all w € R?, we can choose a
sufficiently small & such that 7y(6) is uniformly bounded by a constant C' over the
region {k > ||w — 0y|| > B, }. Thus, the above can be bounded above by

C'/ exp{—Cn|w — 6o|*}dw + e~ Ckn

{k=[lw—00||>6n}

= Cn_d/Q/ exp{—C||z||2}dz—|—e_Ck2"
{kvn>|2l>/nB7 }

exp {—C’||z||2} dz + e_CkQ",

{llzlI>/nB7 }

where the equality is by change of variable back to z = /n'(w — 6p). Then,
consider the integral on RHS. Using spherical coordinates, there exists a fixed
constant D > 0 such that

/ exp{—C||z||2}dz =D e~ pd1qy
{ll=l>v/nB3 } {r>/nB3}
= DC'_d/Q/ e_ssg_lds,
{s>Cnp2}



where the second equality is by setting s = Cr2. Note that the integrand of RHS is
proportional to the PDF of F(g, 1). Using the tail properties of the Gamma random
variable (Boucheron et al., 2013, p. 28), we have that for some generic constant
D >0,

exp {—C||z||2} dz < De~ O,

/{||Z>\/nﬁ%}

Therefore, for some generic constants C, D > 0,

exp{—C(||2||* A n)}dIIy(2) (A.11)
/{ZI|>\/n5%} "

< Dn_d/Qe_CnB% +€_Ck2n.

Then we combine Eqgs. (A.10) and (A.11), yielding that for some constants C, D > 0

independent to n,

@ - Py [Tlo (B) (1= )|
a1

A
o o(U) Jyjz)>/mB2}

1 1 2
< ean Cy/n'%e " + ean De=O"Pn,

exp{~C(||2[|* A n)}dIIo(2)

Lastly, it remains to show that there exists a positive sequence (3, satisfying both
By = o(ay,) and B, = w(a2) such that the RHS converges to 0. The first term
always converges to 0 due to a2n — oo. For the second term, we consider two
different cases. If a,, = o(n~'/%), we pick 8, = n~/3, which is both o(c,) and
w(a?2). Then

ean De~CBh = D exp {a;l — Cnl/?’}
— 0,

where the convergence in the last line is by nal — oo & = = o(n'/?). If
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an = w(n=1/6), we pick 8, = 2. Then
ean De~Cnbi — Dexp {a,! — Cnai} .

Since o, = w(n™1/%), L = 0(n'/%) and najy = w(n'/?), yielding that the above
converges to 0 as n — oo.

This completes the proof.

A.1.3 Proof of 2" statement of Theorem 4.1.1

In this section, we show that the smoothed MAP estimator (én) is also a consistent
estimate of 6y, but with a convergence rate that is slower than the traditional
v/n . This is the case because the variance of the smoothing kernel satisfies a,, =

w(n~1/3), and the convergence rate of 6,, is determined by o, via

16 = 6oll = Oy, (van)- (A.12)
Recall that Oyap, = argmaxmy,(f) is the MAP estimator for the exact pos-

terior, which is a \/n -consistent estimate of 6y. Thus, it is sufficient to show

‘ A:OPGO (M)

Note that 6,, and fyap,, are maximals of stochastic process 7, (6) and 7, (6)
respectively, which can be studied in the framework of M-estimator (van der Vaart,

en - GMAP,n

2000; van der Vaart and Wellner, 2013). A useful tool in establishing the asymptotics
of M-estimators is the Argmax Continuous Mapping theorem (van der Vaart and
Wellner, 2013, Lemma 3.2.1), which is introduced as follows.

Lemma A.1.2 (Argmax Continuous Mapping (van der Vaart and Wellner, 2013)).
Let {f,(0)} and f() be stochastic processes indexed by 0, where 6 € ©. Let § be

a random element such that almost surely, for every open sets G containing 6,

£(8) > sup f(6).

0¢G
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and én be a random sequence such that almost surely

fn(én) = sup fn(0).

0cO

If supgce | fn(0) — f(0)] = op(1) as n — oo, then

0, % 0.

The proof strategy of the 2" statement of Theorem 4.1.1 is to apply Lemma A.1.2
in a setting where f,, is 7, (6) and f is a Gaussian density. Using the Bernstein-von
Mises Theorem 3.1.1, we show that 7, (#) converges uniformly to this Gaussian
density, which implies that the MAP of 7,,(#) converges in distribution to the MAP
of this Gaussian distribution by the Argmax Continuous Mapping theorem. The

detailed proof is as follows.

Proof of 2" statement of Theorem 4.1.1. Assumption 2 guarantees ||Oyap.n—0o|| =
Op,, (1/y/n). Note that

16, — 6ol < |0, — Omap.n| + ||Omapr,n — 6ol

Since /&, = w(1/4/n’), in order to get Eq. (A.12), it suffices to show

Thus, in this proof, we aim to show

= Op,, (vaw).

0, — Omap.n

0r — OMaP,n

= Op,, (y/o) and it is
sufficient to prove

\/% <9n — 0MAP,n) 0.

Leté = \/;T (0 — Omarn). & = ﬁ (én — GMAP,n> andt = ﬁ (w — OmaPn)-
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By expressing 7, (#), which is defined in Eq. (4.1),
& = argmax 7 (y/om § + Omap )
1

1
= argmax/wn (Vo 't + Omap.n) exp <—2OZH,/an & —ay t|]2> dt
n

3

1
= argmax/aﬁﬂﬂn (Vo 't + Omap n) exp (‘2”5 - tHQ> dz.
1

Define

26 = [ ol (vt + o) exp (3l - ) o

gn (&) :/qb (t;(), n;nH()l) exp <—;II£ - t||2> dt,

F&) =2m)*%¢ (&0,1),

where ¢(+; i, 22) denotes the PDF of N (u, X2).
By adding and subtracting f(&),

§, =arg max fn(€)

= arg max {fn(&) = F(O) + [(&)}-

We then apply Lemma A.1.2 to show & LA arg max f (€). We start by verifying a

condition of the argmax continuous mapping theorem that

lim sup [fn(€) — f(§)] = 0. (A.13)

n—oo

By triangle inequality, for all n,
sup [fn(€) = f(E)] < sup [ fn(€) — gn(&)] + sup 9n (&) = F(E)]. (A14)

Later we show both two terms on the RHS converging to 0.
For the first term. Note that ozﬁ/ 27rn(‘ /0n, 't + Omap ») 18 the probability density
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function of I &~ 16y,p.,,» Which is the posterior distribution parameterized on ¢
Thus, for all n,

Stgp\fn(f) — gn(§)]

i f

1 _
< DTV (H\/CWH-@MAP,WN <07 EHO 1)) )

1 _
a7, (\/om t+0mar,n) —o(L; 0, WHO 1

n

exp (e~ ) at}

n

where the inequality is by sup; , exp(—31]|€ — t[|*) < 1. Under Assumption 1, the
posterior distribution admits Bernstein-von Mises theorem (Theorem 3.1.1) that

Dy (Hn,/\/ <0, Tlngl)) = op,, (1)

With the invariance of total variation under reparametrization, we have

1 _
Dy (H\/WtJr@MAP,n’N (0’ no Hy 1>> = 0P, (1).

n

This shows the uniform convergence from f, (&) to g, (&).

For the second term in Eq. (A.14). Note that we can evaluate g,,(£) since it is a
convolution of two Gaussian PDFs, that is

4a(6) = 2172 (g; 0,1 mt 1) |

noy,

Comparing this to f(§) = (27r)d/2<15 (&;0,1), one notices that ﬁHg_Ol + 1 =1
due to ain — oo. And further for Gaussian distributions, the convergence of

parameters implies the uniform convergence of PDFs, yielding that

Jim Stgp lgn (&) — f(£)] = 0.

Thus, we have Eq. (A.14) converging to 0 as n. — co.

Now we look at f(§) with the goal to apply Lemma A.1.2 and to obtain £ A
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arg max, f(§). Note that

argmax f(£) =0 and sup f(&) = det (I)"Y2 =1.
3 3

To apply Lemma A.1.2, we need to ensure that for any open set G that contains 0,

f(0) > sup f(¢&). (A.15)
EeG

This holds by the unimodality of standard Gaussian distirbution.
Therefore, with both conditioins Eq. (A.13) and Eq. (A.15), we can apply

Lemma A.1.2 to conclude that

1 ~ P,
7 (en - eMAp,n) 200,

Vom

This completes the proof. O
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A.2 Proof for Theorem 4.2.1

Proof of Theorem 4.2.1. In this proof, we aim to apply Theorem A.2.1 with
X = {p € RP, L lower triangular with non-negative diagonals},

which is closed and convex. Note that in the notation of this theorem, z =
(wh, Li, ..., LT € R apd vV e R@HDdx(d+1)d jg get to be a diagonal
matrix with entries 2 for the  components and /(2||I — L}, || ») for the L compo-

nents. Therefore

2

J(@) = J(u, L) = 4l — p3]* + 2 1L — L3 |-
F

o~
AflF = L]

This setting yields two important facts. First, by Theorems 4.1.1 and 3.2.1,
. P P,
0, =2 6o and 1 -2 6y,

yielding that

r

P (1 — o0l + i, — 0l <
(162 = Bull + 11— 60l <

>—>1, asn — oo.

For |[po — 0 < g—; by triangle inequality, the probability that the following

inequalities hold converges to 1 in Py, as n — oo,

o = p |l < o = Onll + [[6n — Ooll + [l27, — foll <

”
2v/2"

Further with Ly = I, J(uo, Lo) < % < r2. Hence, if we initialize Lo = I and jq
such that || o — 6,3 < g—;,

P(zo € {z:J(x) <r*}) =1, asn— oo (A.16)
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Second, if J < 72 then p is close to the optimal and || L|| z is not too large, i.e.,
T, L) <1 = |lu—py* < r°/4

J(p, L) <1 = L= LyllE <41 - L%
= [ILllr <21 = LyllF + [ L5l

yielding that {.J(u, L) < r?} C B, ,. Recall that
7“2
Brn = {N ERYLL RV |lp— pn|* < and|[L — Ly|[f < 4|1 - L;||%} :

Then by Corollary 3.3.8, under Assumptions 1 and 3, the probability of the event
that

F, is gDn—Strongly convex in {.J (i, L) < r?} (A.17)
and globally £D,,-Lipschitz smooth
converges to 1 in Py, as n — oo.

For brevity, we make the following definitions for the rest of this proof: recall

the definition of f,,, F}, in Eq. (3.2) (we state here again):

1
I,: X - R, I,(x) := ——logdet L
n

FoiRESR, fa(0) = —%log n(6)

fn: (X, RY 5 R, fulz, Z) = —% log 7, (u + \/%LZ)

1 1
Fo:X =R, Fy(z):=FE|-=logm, ——LZ
R e G o)

¢n ::In+fna q)n :In+Fn

Here ¢,,(x, z) is the KL cost function with no expectation, and ®,,(z) is the cost

function with the expectation. To match the notation of Theorem A.2.1, we refor-
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mulate the scaled gradient estimator defined in Eq. (4.3) as g,

R, (2)Von(x,2) x e X°

gnl@,2) = { limy ., Ry (y)Vén(y, Z) =€ 0X

for a diagonal scaling matrix R, (z) € R d+1)xdd+1) Define that R, (x) has
entries 1 for the 1 components, 1 for the off-diagonal L components, and 1/(1 +
(nL)~") for the diagonal L components. Note that 2 — X means that L;; — 0,
ensuring that g, (z, Z) has entries —1 for the L;;. Since Z is a standard normal
random variable, under the event that —% log 7, has Lipschitz gradient, the gradient

can be passed through the expectation so that the true gradient is defined as below,
Gn(z) :=Egn(z, Z2)] = Ry (z)VP, ().
Note that the projected stochastic iteration

Try1 = My (xx — Yegn(2k, Z1)), k=NU{0},

with Iy (z) := argmin ¢ y ||V (z — y)||* is equivalent to the iteration described
in Algorithm 2. Note that the differentiability of ¢,, only holds for x € X°. For
the case where L;; = 0 for some ¢ € [d], we can use continuation via the limit
limz,, 0 —% = —1 to evaluate even though the gradient is not defined.
For the following proof, we do not make special treatments to those boundary points
when applying Taylor expansion and taking derivative.

Next we apply Theorem A.2.1 to carry out the proof. The rest of the proof con-
sists two parts: to show the confinement result (statement 2. of Theorem A.2.1)
and to show the convergence result (statement 3. of Theorem A.2.1) ). We
prove these two results under the event that Eqs. (A.16) and (A.17) hold; since the
probability that these events hold converges in Py, to 1 as n — oo, the final result
holds with the same convergent probability.

We first show the confinement result by analyzing (), /?(x), and o?(r),

which are defined in Egs. (A.23) and (A.24) respectively. We aim to obtain that
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i. We can find sufficiently small ~y; > 0 such that

o = 141 [T(ax) < 1] (~2er) + 2972(r)) € (0,1]

holds for all x € X, i.e,
Ve e X :J(x) <1 0< 2ype(z) — 2920 (x) < 1. (A.18)

ii. o2(r) — 0asmn — oo to guarantee the SGD iterations are eventually locally
confined as n — oo (based on Theorem A.2.1).

To show the statement i., Eq. (A.18), we start by deriving a lower bound for
2y,e(x) — 272¢%(x). Examine the expression,

2yke(a) — 27507 (2)
=2y J(2) " Hx — ) VIV R, (z) (VO,(z) — VO, (2*))

—272J(2) "N (VP (2) =V, (z*)T RT(2)VTVR,(2) (VP (2) =V, (z*))
2

= i V- 7)) V Ry (z) (/ . ) VH(V(z - a")
B jgi(v(x_x*))TVT (/,,,)T(vgn(x)f </> D' (V(z —2%),

where ([ --+) = (fol V20, ((1 —t)z* + ta:)dt). By splitting ®,, into the regular-
ization I, () and the expectation F,(z); and defining

4@ = V@) ([ 9 - 00+ ey v

B(z) = V Ry (2) ( /0 V2R (1t 4 tm)dt> 1
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the above expression can be written as

2yke(x) — 27pl*(w)
v(@)" (A(z) + B(@))v(x) — ll(A(z) + B(2))v(z)|”

- @2
< 2%U(ﬂﬁ)TA(ﬂﬂ)v(%)+U($)TB($)U($)*QVkllA(w)U(w)HQ*2%HB($)U($)||2
- [[v()|?
> 2 {U(SE)TA(ZE)U(ZU) +v(x)" B(z)v(x) — 2]l A(z)o(@)|)?
- [[v()]?
=293 B(2) (V Ry (2) €D, V) 2|V R (2)Dn Vo (2) || }
[[v(z)]?
_ 9, {U(:L‘)TA(:IJ)U(:E) +v(z)T(B(x) — VRn(:U)gDnV_l)v(x)
[v(z)|?
@) (V@) 5DV ola) ~ 2l A)o(o)
[[v()||?
_ 29%IB(@) (VR (2)¢Dn V1) | DRy (2) €DV~ () |12 }
[v(z)1?

Note that by Corollary 3.3.8 that $D,, = V2F,(x) = £D,, and all the V, R, (x)

are positive diagonal matrices, leading to

B(z) — VRn(x)EDHV*l = 01
|B(x)(VR,(x)(D, V172 < 1.
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Thus, the above expression can be bounded below by

2yke(x) — 270 (x)
> 9 {v(a:)TA(x)v(a;) +0(2)T (VRu(2)§ DV 1) v(z)

(@)
2 A@)0(@) — 23|V Ral@) DV o) }
(@)
- ”U(i)‘?v(x)T {[A() — 212 4%(2)]

45 [ewBa(@)Da — 46 (3 Ba(2) DY } ()

1
> Do Aw) = 2924%0)) + 5 [enale)Da — 48 (o 0D ).
Now, notice that A(z) ,Ry,(z)D,, are all diagonal matrices with non-negative entries,

WA(z) — 272 A% (x) = W A(z) (I — 2y, A(z)) (A.19)
G’YkRn(w)Dn - 462 (VkRn(x)Dn)Q = 'YkRn(x)Dn (6 - 4£2’YkRn<x)Dn) .
As long as the entries of A(x), R,,(z)D),, are bounded above by a constant for all n,

there exists a sufficiently small constant ¢ such that for all v;, < ¢, Eq. (A.19) are
both non-negative. Given that for all n and Vx € X,

| (nLi)! 1 !
(z) 1ag ( T 14 (L)t Ly ) T mingepq) LY
Rn(x)Dn = I’

we obtain the boundedness of the entries of A(z), Ry, (z)D,,. Therefore, we con-
clude that

Ve € X, 0<2ye(z) — 29203 (x).
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It remains to show the second inequality of Eq. (A.18), i.e.,

sup  2ype(z) — 29203 (x) < 1.
r€X:J (z)<r?

This is true if

sup  e(z) <7t
z€X:J(z)<r?
Since v — 0 as k — 0o, the above holds if sup,c v. j(z)<,2 €() is bounded above

by a constant that is independent to n. Now we consider the upper bound for

SUDge x:J(z)<r? €(2). Expanding €(x),

e(x) = J(z) Yz — )T DT DR, (z) (V®,(z) — VO, (z¥))
v(z)" (A(z) + B(x))v(x)
[o(2)]?
< Amax(A(z) + B(x))

= Amax R ()12 </1 V20, ((1 —t)z* + t:c)dt) Ry (x)'/2.
0

Split ®,, into the regularization I,,(z) and the expectation F},(x). For the expecta-
tion, by Corollary 3.3.8 that V2F},(z) =< £D,, and entries of R,,(x) are bounded by

1, we have
Ry (x)/?V2F, (2) Ry (x) /% < 11,

and for the regularization, note that V21, is a diagonal matrix with 0 for x and

off-diagonals of L and Lif /n for diagonals of L, so

Ry (x)/? (/01 V2L ((1 - t)z* + tac)dt) Ry (x)/?

Li)7' 1
— diag (0,--- nLa) 1 ,0> (A.20)

1

S
~ mingeq L
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By the fact that Vi € [d], L}, > 0, we have Eq. (A.20) is bounded above by a
constant C. Use the Weyl’s inequality to bound the maximal eigenvalue of the

summation of two Hermitian matrices, we conclude that

sup  e(x) <L+ C.
z€X:J(z)<r?

Therefore, we have completed the proof for statement i., Eq. (A.18).
Then we show the statement ii. by getting upper bound on o2(r). Recall

that o2(r) is the upper bound of the fourth moment of
IV Ry (z) (Von(x, Z) = V().

Since the regularizor is cancelled in this expression, we only consider the expectation

part. Note that V R, (x) is a diagonal matrix with positive diagonals,

e[|V (v 2) - 9| ]

1/4
< ieﬁ%dafl)](VRn( i [Han x,Z) — VFy( H ]

Let Z1, Z5 be independent copies, by tower property of conditional expectation,

= max (VRo(o))i [HE [an(x 7)) = V ful, Zo) |Z1”‘ }1/4

By the convexity of || - ||* and Jensen’s inequality,

5 - 4 1/4
< mmax  (VEn(2))iE [E |:van($, 7)) - an(x,Zg)H |21H

1/4
= s (VR (@) [Han #, 70) — N fuli, Zo) H ]

By Han(m, Zl)—an(:B, ZQ)H < Han(x, Zl)HjLHan(:E, ZQ)H and Minkowski’s
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inequality,

- 1/4 . 1/4
< max (VRu(@)i {E [I97.0. 2011] " + B [19 e 200 )
=2 VR E [Vt 2))"]""
=2_max (VR [Vl )]

_ 1/4 _
Now we focus on bounding E [Han(x, Z)||4} . We examine ||V f,,(z, Z) ||,

Vi (u + ﬁLZ)

Z1 1

594 (4 5117)

yielding

(-5
14 .
n

IV Fule, 2|1 = Hv i <u N \/%LZ>

By Cauchy-Schiwartz inequality,

1/8
E

8 1/8

1 ZT7\*
\Y —LZ 1
[75: (n+ 722) (1+57)
We then bounds these two terms on RHS separately. We use the sub-Gaussian

property of Han (,u + ﬁLZ) H to bound its 8" moment. First notice that

Han (,u + ﬁLZ) H is @ max;e[g] Lii%—LipSChitZ function of Z,

oo )| oo )|
[ o i) o o+ o)
L

/1 V2 fo (0+ (L= t)LZs/ /0 +tZ1 /) dtT(Zl — 7))
0 n

B[V 2] <
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Given that V2 fn 2 41, the above is bounded by

¢ !
xWV%—%VﬂM%—%H%WMMHW%—%H

l
= — L3 Zy — Zs).

\/77 IZIEI?ZI}]( i ” 1 2 H
Since a Lipschitz function of Gaussian noise is sub-Gaussian (Kontorovich, 2014,
Thm 1), i.e., let Z ~ N(0, Iy), ¢ : R% — R be L-Lipschitz, then

P(1(2) - EW(2)]| > ) < 209 (=175 )

T%?Vﬁ@+ﬁ#@

a o°-sub-Gaussian random variable X € R, for any positive integer £ > 2,

. 2 .
is % max;e|q] L2-sub-Gaussian. Then note that for

E [\X\k]l/k < oel/e\/k'. Hence we obtain
1 V5 g
E ||V fn ——LZ < elle Li;.
H f<'u+\/7”7 > _ﬁe \/g?éz[b}}(

Along with the fact that Gaussian random variable has arbitrary order moments,

T 4
E O+ZZ) <c
n

for some constant C, we obtain

2014y
EUW@ﬁMﬂu4§47ﬁ?ﬂ¥k¢§gﬁ%Lm

and hence
1/4
E [V Bu(@) (Vafu = VP
201/4¢
S ey (V Rn(e))a= e V8 o

Taking supremum over .J(z) < r2, the RHS is bounded above by a universal
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constant, we therefore conclude that

H4 1/4

oX(r)= sup E [HVRn(m) (Von(z, Z) — Vdy,(2)) 0, n — oo

z€X:J(x)<r?
Therefore, with Vo € X : J(z) < r%,0 < 2vye(x) — 2v20%(z) < land o%(r) — 0

as n — oo, applying Theorem A.2.1 yields the confinement result, i.e.,

P (sup J(xg) < r2> —1
keN

in Py, as n — oo.
Lastly, by statement 3. of Theorem A.2.1, we prove the convergence result

by checking

inf  e(z)>0.
z€X,J(x)<r?

We use the similar way to expand the expression,
e(z) = J(x) Yo — 2 TVIVR,(z) (V®,(x) — VO, (%))
v(@)" (A(z) + B(z))v()

[o(@)]I?
> Amin(A(z) + B(z))

= AminRn (z)"/? (/1 V20, ((1 —t)a* + tm)dt) Ry (z)'/2.
0

By splitting ®,, into the regularization and the expectation, we have

RY?(x) < /0 1 V2L, ((1 —t)a* + tw)dt) R (2)'/?

(nLy)~' 1 0) (A21)

—diag (0, , ——% ..
g< L+ (nLiy)~t L

=01,

72



and

Ry (x)'/? (/01 V2E,((1 —t)a* + tm)dt) Ry (x)'/?

12 (A22)
5 R, (x)

> Ry (x)

= €/2n > 0.

We then combine Eqs. (A.21) and (A.22) and use Weyl’s inequality to bound the

minimal eigenvalue of the summation of two Hermitian matrices, yielding

inf  €(z) >€e/n>0.
TE€X,J(x)<r?
This gives the convergence result.
Then the proof is complete by applying Theorem A.2.1. We know that &, is
strictly positive. Since €(r) > 0 and ¢(r) is bounded above, there exists v, =
©(k~"),p € (0.5,1) so that it satisfies the condition of the theorem. We have that

o — 0, which makes 3. in the statement of Theorem A.2.1 become
P <1imsup |V (zg — 2)|]? = O) 21, no o
k—oo

Even though D is a function of n, n is fixed as Algorithm 2 runs. Since D is

invertible,

P

P (limsup |k — *||? = 0> 21, n— oo
k—o0

which is exactly our desired result: as the number of data n — oo, the probability

that Algorithm 2 finds the optimum (as we take more iterations, kK — oco) converges

to 1. In other words, variational inference gets solved asymptotically.
O

Theorem A.2.1. Let X C RP be closed and convex, g : X x Z — RP be a function,
G(x) == Elg(x, Z)] for a random element Z € Z, x* € X be a point in X such
that G(z*) = 0, V. € RP*P be invertible, J(z) := ||V (z — 2*)||?, and r > 0.
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Consider the projected stochastic iteration

xo € X, w1 = Uy (2 —yg(xk, Zx)), k=NU{0},
with independent copies Zy, of Z, v > 0, and I x () := argmin, ¢y ||V (z —y)|*.
If

1. Forall k € NU {0}, the step sizes satisfy

Vo€ X J(z) <72 0 < 2ype(n) — 29203 () < (A.23)
() = J(l@(x _ VIV (G(z) — Gla)

() = T IV (G(x) = G(a)I*,

2. Forallz € X, (E|V(g(z,Z) — G@)|)"* < 6(x) for o : X — Rs,

and

o(r) = sup  o(x), (A.24)
z€X : J(z)<r?

then

1. The iterate xy, is locally confined with high probability:

N
FUEI =)= g,

&,(r) := max{0, 7% — J(xg) — 20%( Z'y]?}

i<k
(r) == 12 Z 7]2 +o2(r) ny}l.

j<k j<k

2. The iterate xy, stays locally confined for all k € N with high probability:

keN —E2+80%(r)¢
§(r) = klllgloﬁk(r) ¢(r) = klggo Cr(r).

P (sup J(zp) < r2> > &
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3. If additionally

i =0k 5,1
xeX:{;l(g)g;(wa and v, =0O(k™"), p € (0.5,1),

the iterate xj, converges to x* with high probability:

P <1im sup J(zy) = o) >P (Sup J(zp) < r2> :

k—o0 keN

Proof. To begin, we show Iy is non-expansive,
IV (I (2) = Ta)I* < IV (@ = y)lI*.

For all 7,y € RP, define (x,y)y = 7 VTVy. Since V is invertible, VIV is
symmetric and positive definite, and hence (R?, (-, -)y) forms a Hilbert space. Any
projection operator of a Hilbert space is non-expansive (Bauschke and Combettes,
2011, Prop. 4.4).

Note that 2* = IIy(z*) and the projection operation is non-expansive, expand-
ing the squared norm yields

IV (zhs1 — )] < |V (zg — 2|
— 2y (g — )V VIVg(2k, Z1) + 72 |V(zr, Z1)|12

Adding and subtracting G(zy) in the second and third terms, using the elementary

bound ||a + b||* < 2||a]|® + 2||b||?, and defining

Be(z) == —2ye(x — 2 VTV (g(x, Zt) — G(x))
+29; [V (g(x, Zk) — G(@))[I> — 297E [|| - 1]

e(x) = J(lg;) (x — m*)TVTV (G(z) — G(z))
2(z) = J(lx) IV (G(x) - Ga*)) 2.
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we have that
J(wrg1) <J(wn) (1= 2ome(er) + 2978 (2n) + Brlan) + 20767 (ap).
We now define the filtration of o-algebras
Fr=0(x1, s Thy L1y Zl—1),

and the stopped process for r > 0,

Yo = J (o)
Y; Yy > r?
Yigr=1{ " *
J(zpy1) oW

Note that Y}, is Fi-measurable, and that Y}, “freezes in place” if J(xy) ever jumps
larger than r2; so for all t? < r2,

P (J(xx) > 12, Y1 > 12) + P (J(xp) > 12, Vi g <1?)

P (J(zy) > 2, Y > 12, Y1 > r?) +P (V) > 2, Vg < 1?)
<P(Ye>r% Y1 >r) +P (Ve >3, Y1 < 1)

P (Y, >3 Yoy > 1) + P (V) > 12, Yoy < 77)

P (

Therefore if we obtain a tail bound on Y}, it provides the same bound on J(x).
Now substituting the stopped process into the original recursion and collecting

terms,

Yit1
<Y} (1+]1 [Yk §r2] (—2'yke(xk)+’y,%£2(xk))) +1 [Yk Srz] (Bk(xk)—i—?yg&Q(xk))
<Yi (1+1[Y; < rQ] (—2fyke(xk)+fy,3€2(xk))) +1[Y, < 7“2] Br(zr)+27202(r).
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Using the notation of Lemma A.2.2, set

. = 1 + 1 [Yk S 7“2] (—2’yke($k) + 2’)’262($k>)
Br =1 [Yi <7?] Bi(xy)
e = 27202(r).
By the fourth moment assumption, 3 has variance bounded above by T,? conditioned
on Fj, where
72 = 81 [Vi < 72 |V (zh, — 2*) |15 (2k)? + 8l [Yi < 2] 6 (a)
< 8v2r2a%(r) + 8yiot(r).

Therefore, using the descent Lemma A.2.2 and the fact that 0 < o < 1,

PlY,—Yy > t—|—202(r)27]2
Jj<k

802(r) <r2 D i<k ”yJQ- +0%(r) > i<k ’y?)

< .
t2 4+ 802(r) <r2 > i<k ’yjz +02(r) >k 'y;*)

Finally let & and (j, be defined as

&, := max{0,7? — Yy — 20%(r) Z 7]2}

i<k
Goi=r"Y v +0%(r)D A,
j<k j<k
yielding the first result,
80 (1)

2

Now since Y41 < r2 = Y. < r2 for all k& > 0, the sequence of events
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{Yk < r2} is decreasing. Therefore the second result follows from

P (ﬁ {v;, < 7«2}) = lim P (¥} < r?)

k=0

where £ = limg_,o & and ¢ := limy_, o (x (or oo if (}, diverges). Finally, we
analyze the conditional tail distribution of Y} given that it stays confined, i.e.,
Vk >0, Yy < r?. First define
0<ap:= sup 1—2ye(x)+2903(x) <1,
x€X:J (z)<r2
2

i.e., ai is the largest possible value of oy when Y, < r=.
Lemma A.2.2,

So again applying

k-1

k—1
P Yk—YOH%>tH%+ZC; H akaYk<r

= m=j+1

P( YOH] Oa]>tH] 0“]"‘23 =0 JHm ]Ham,Vk Yk§T2>
P(Vk Yy <1?)

P(Yk_YOHJ Oaj>tH] 00@4‘2? CJHm J+1am7Vk Yk§T2>
P (Vk Yk<T2)

P(Yk YOH] ()aj>tH] OaJ+Z] 0¢€ JHm ]+1am>

62
§2+802(r)¢

<

(2802(;)<k >
< t24+-802(r)Ck

"~ (o)
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Ifwesett =s HJ —0 @ ~1 for any s > 0, this implies that

k—1 k—1 k—1
P Yk>S+YE)HCLj+ZCj H aka YkST’2
j=1 J=0  m=j+1
( )Ck
< 52 H]<k ; 24802(r) ¢, '
= e
(52‘5‘802(7"){)

Now since Y = O(k™P), p € (0.5,1), and inf ¢ x. ()<,2 €(x) > 0, we know that
HK,C ] =0 (exp (Ck:p'>> for some p’, C' > 0. So therefore for any s > 0,

P (Y;.C > s|Vk Yy < 7"2) =0 (eXp (—Ck‘p,)> )

By the Borel Cantelli lemma, we have that P (limk_,oo Ye=0|Vk Y, < r2) =1.
Therefore

P(lim Yk_0> ZP(lim Y = 0| Vk Yk§r2>IP’(Vk Y, <1?)
k—o0 k—o00
=P (Vk Yy <17),
and the result follows. ]
Lemma A.2.2 (Descent). Suppose we are given a filtration Fj, C Fiy1, k > 0. Let
Vi1 < oY + B + ek, k>0,

where Yy, > 0 and 0 < oy, < 1 are Fy-measurable, By, is Fj,1-measurable and
has mean 0 and variance conditioned on Fy, bounded above by 7'}3, and 7',3, cx >0

are JFo measurable. Then

k-1 - Zk‘flTQ
Yk—YUHO‘ZZtHaﬁZCZH S oI

2
=0 j=i+1 t+zzl7—
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Proof. Solving the recursion,

Vi <op—1Yi—1 + Br—1 + cr—1
< ap_i (gp—2Yk—2 + Br—2 + cr—2) + Br—1 + ck—1

<. ..
k—1 k—1 k—1 —
<Y0Haz+ZB’L H a]"‘ZCz H Q.
=0 Jj=i+1 =0 j=i+1
So
k—1 k—1 —
Yk—YbHCh ch H aj>tHaz
=0 j=i+1
k—1
<P Z H ajthaZ
=0 J=i+1

I
M»

Hajzt

=0

By Cantelli’s inequality and the fact that the i" term in the sum is F;-measurable,

k-1 i Zf:lE B2 Hi._ o
> Bi]les=t _lkl[ = |
=0 j=0 24+ > E [53 [Ti—o Ofﬂ
> E [5]
T2+ Y E (B
Zk 17_2
RS Y
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