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Abstract

In this work, we introduce and study a class of convex functionals on pairs of
probability measures, the linear transfers, which have a structure that com-
monly arises in the dual formulations of many well-studied variational prob-
lems. We show that examples of linear transfers include a large number of
well-known transport problems, including the weak, stochastic, martingale,
and cost-minimising transports. Further examples include the balayage of
measures, and ergodic optimisation of expanding dynamical systems, among
others. We also introduce an extension of the linear transfers, the convez
transfers, and show that they include the relative entropy functional and
p-powers (p > 1) of linear transfers.

We study the properties of linear and convex transfers and show that the
inf-convolution operation preserves their structure. This allows dual formu-
lations of transport-entropy and other related inequalities, to be computed
in a systematic fashion.

Motivated by connections of optimal transport to the theory of Aubry-
Mather and weak KAM for Hamiltonian systems, we develop an analog in
the setting of linear transfers. We prove the existence of an idempotent
operator which maps into the set of weak KAM solutions, an idempotent
linear transfer that plays the role of the Peierls barrier, and we identify
analogous objects in this setting such as the Mather measures and the Aubry
set. We apply this to the framework of ergodic optimisation in the holonomic

case.
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Lay Summary

A probability measure specifies the chance of a particular event occurring.
Many mathematical problems are concerned with computing similarities/d-
ifferences between two probability measures. Among such problems, a large
number of them have a common structure; we isolate and define this com-
mon formalism as a “linear transfer”, and more generally, a “convex trans-
fer”. We demonstrate linear and convex transfers encompass a wide range
of well-known mathematical problems and study their properties.

A Hamiltonian system is a system whose state over time is determined
by a function describing its total energy. In trying to investigate the long-
time dynamics of this system, one is led to the search for functions which
solve certain equations involving certain constants; this is collectively known
as Aubry-Mather/weak KAM theory. We generalise aspects of this theory

to the setting of linear transfers.
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Preface

This thesis is based on [10], which is currently in preparation to be submitted
for publication.

The material presented in Chapters 2 and 3 is based on initial ideas of
Nassif Ghoussoub, which we subsequently developed and expanded jointly.
The material in Chapter 4 is an overview of classical Aubry-Mather theory,
which motivated the present work, and was written by myself. The mate-
rial presented in Chapter 5 is work developed in collaboration with Nassif
Ghoussoub. Section 5.6.1 is based on a key contribution by Dorian Martino,
which I modified and extended.
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Chapter 1

Introduction

This work is devoted to an axiomatic study of certain convex functionals
on pairs of probability measures, whose structure commonly arises in the
dual formulations of many well-studied variational problems. Typical ex-
amples include, the weak, stochastic, martingale, and cost-minimising trans-
port problems, the relative entropy, the balayage of measures, and ergodic
optimisation of expanding dynamical systems, among others.

The overall broad aim is to unify the settings of these various problems
together, with the goal to add clarity and understanding, and to derive non-
trivial extensions, including in this work, an analog of the Aubry-Mather
and weak KAM theory for Lagrangian systems. We begin by introducing in
Chapter 2 the notions of backward/forward linear couplings, as those convex
functionals on pairs of probability measures (u,v) which arise as the supre-
mum of linear functionals (y,v) — [y gdv — [y fdp where the supremum is
taken over pairs of continuous functions (g, f) which lie on the graph of an
operator; either (g,7~g), or (T f, f) for operators T—, T". Among these
backward /forward linear couplings, there exists a distinguished subset that
we call linear transfers. These possess an additional structure that arises
as a consequence of being defined on pairs of measures (u,v) and there-
fore allow us to consider one-variable convex maps by fixing u, or fixing v.
A backward/forward linear transfer is a backward/forward linear coupling

for which, when fixing p or v, and considering the resulting convex func-



tion in v or u, its Legendre transform precisely coincides with the function
g~ [x T gdpor f— [, =Tt(—f)dv. In other words, the operator T~ or
T+ completely characterises the Legendre duality. This leads to the study
of such operators T, T, which we call backward/forward Kantorovich op-
erators who, conversely, define a linear transfer. The Kantorovich operators
are the main focus for an “Aubry-Mather and weak KAM theory for linear
transfers” later in Chapter 5.

We proceed by exhibiting a number of examples in Section 2.5 which can
be realised as backward/forward linear transfers. These include all convex
energies v — I(v) of one variable, and any transfer whose Kantorovich oper-
ator is given by a point transformation o : X — X on the underlying space
X, or more generally, by a positive bounded linear operator 1" on continuous
functions; this is connected to ergodic theory for expanding dynamical sys-
tems which we discuss later in Chapter 5. Interesting examples also include
the balayage of measures, which is concerned with pairs of measures (u, v)
that are in partial order with respect to convex cones A of continuous func-
tions, of which lies the work of Strassen, the important theory developed
by Choquet for convex functions when A is the cone of convex functions,
and the work of Skorokhod for Brownian motion when the cone is subhar-
monic functions. In Section 2.6, we show that cost-minimising transport is
a linear transfer. This is especially important for us as a connection made
by Bernard-Buffoni between cost-minimising transport, and Aubry-Mather
and weak KAM theory, provides an inspiration for an analog in the setting
of linear transfers in Chapter 5. In Section 2.7, we show that, under certain
assumptions, linear transfers actually coincide with weak transports studied
by Gozlan et. al. and permits us to introduce the notion of a “linear transfer
envelope” in an analogy to classical convex envelopes. In Section 2.8, we in-
troduce further examples of linear transfers, including martingale transport,
the Schroédinger bridge, stochastic transport, and related problems.

We next introduce a natural extension of linear transfers in Section 2.9,
the convex transfers. As with linear couplings and linear transfers, we de-
fine convex couplings as those functionals T (u,r) which are supremums of

linear couplings, and convex transfers as the distinguished subset of convex



couplings for which, when restricting to the one variable convex function
v T(u,v) (similarly for g — 7T (u,v)), their Legendre transform is given
by g — infies [ ~ I gdp, an infimum over a family of operators 7; . An im-
portant example of a convex, but not linear, transfer is the relative entropy.
We then introduce operations that preserve linear and convex transfers in
Section 2.10, the most important of which is the notion of inf-convolution
which we shall extensively use in Chapter 5. Finally, considered as one
variable convex functions v — T (u,v) or p — T (u,v), we discuss their
subdifferentials in Section 2.11.

In Chapter 3, we use the structure of linear and convex transfers to
write equivalent statements for “transport-entropy” type inequalities and
various generalisations. A typical transport-entropy inequality is of the
form T.(v,pu) < H(w,v) where T.(u,v) is an optimal transport for some
chosen cost function ¢ between v and p, and H(u,v) is the relative en-
tropy of v with respect to u. Here u is a fixed reference measure, and the
inequality should hold for all v. The inequality is equivalent to the pos-
itivity of inf,epyy{H (1, v) — Te(v, 1)}. By using the structure of linear
and convex transfers, we can write in a systematic way a dual formula for
inf,epyy{H (1, v) — Te(v, 1)}, as well as various other types of inequalities,
for which the positivity could be obtained.

Chapter 4 is a preliminary to Chapter 5, which consists of an overview of
the theory of weak KAM developed by Fathi. In Section 4.2, we begin by in-
troducing integrable Hamiltonian systems and the role the Hamilton-Jacobi
equation plays in the search for a change of coordinates that transform a
non-integrable Hamiltonian to an integrable one. We then proceed in Sec-
tion 4.3 to introduce the Peierls barrier from which we may construct the
important Aubry set where viscosity subsolutions of Hamilton-Jacobi are
differentiable, and on which the Mather measures are supported. The Lax-
Oleinik semi-group of operators and weak KAM solutions of Fathi are dis-
cussed in Section 4.4 which connects solutions of Hamilton-Jacobi with the
Aubry set and Mather measures. An important characterisation established
by Bernard-Buffoni is then presented in Section 4.5, where they characterise

the Peierls barrier, Mather measures, Aubry set, and weak KAM solutions,



via optimal transport.

In Chapter 5, which consists of the main application in this work, we
are interested in developing an analog of the weak KAM and Aubry-Mather
theory of Chapter 4, for linear transfers. Here the Kantorovich operators
T—, T, introduced in Chapter 2, play the role of the Lax-Oleinik semi-
group of the Chapter 4 in defining weak KAM solutions for linear transfers.
These are the functions f that satisfy T7f — ¢ = f, or those g satisfying
T-g+ ¢ = g for a specific (critical) constant ¢. Through Theorems 5.4.3,
5.5.3, and 5.6.3, in Sections 5.4, 5.5, and 5.6, we show that for most linear
transfers, there exists an idempotent Kantorovich operator T, which maps
into the set of weak KAM solutions.

Theorem 1.0.1 (Theorem 5.4.3). Let T be a weak® continuous backward
linear transfer on M(X) x M(X) with modulus of continuity §, and with
backward Kantorovich operator T~ : C(X) — C(X). Thenc(T) :=inf, T (u, p)
is the unique constant for which there exists a backward Kantorovich opera-
tor T : C(X) — C(X), together with its induced backward linear transfer
Too, satisfying:

1. T, maps every g € C(X) to a backward weak KAM solution for T,

1.€e.,
T, oTog+nc(T)=Ty.g forallgeC(X) and alln € N.

2. T is idempotent, i.e. T o T g =Ty g for all g € C(X).

3. Too satisfies,
(Tn—ne(T))*xToo (i, V) = Too(p, V) = Took(Tn—ne(T)) (i, v)  for every n € N.

4. Too is idempotent and therefore A-factorisable, i.e. the set A := {o €
P(X); Too(o,0) = 0} is non-empty, and for every p,v € P(X), we
have

TOO(M? V) = lnf{TOO(,ua U) + TOO(U, V)7J € A}7

and the infimum on A is attained.

4



5. For every p,v € P(X), we have
sup { [ Tgdl — )1 4 € COO} < Tn) < k(7 ) e 7).

6. If T(u,p) =c(T), then p € A. Additionally, (u,p) € D if and only if
peAandT(p,p) =c(T), where

D:={(u,v) € P(X) x P(X) : T(i,v) + Too(v,pu) = c(T)}.

Inspired by the optimal transport analysis provided by Bernard-Buffoni
in the previous chapter, we can identify analogs of the objects from Aubry-
Mather and weak KAM. The Peierls barrier in this setting is the idempotent
linear transfer associated to the Kantorovich operator 7,,. The Mather
measures consist of those minimising transport plans for the weak transport
associated to the linear transfer 7, and the Aubry set is the set D.

Moving from weak® continuity to weak* lower semi-continuity, which is

the natural setting for linear transfers, yields the following.

Theorem 1.0.2 (Theorem 5.5.3). Let T be a backward linear transfer such
that D1(T) contains the Dirac measures. Assume c(T) := inf, T (p,p) <
+o00, and that inf(, ) T (u,v) = inf, T (1, p).

Then ¢(T) is the unique constant for which there exists an idempotent
Kantorovich operator T : C(X) — USC(X) mapping into the set of back-

ward weak KAM solutions, i.e.
T, oTg+nc(T)=Tyg forallge C(X) and alln € N.

The corresponding backward linear transfer To, is idempotent, the set A :=

{0 € P(X); Too(o,0) = 0} is non-empty, and for every (u,v), satisfies
TOO(M? 1/) = lnf{TOO(,u7 J) + TOO(U7 1/)) (S -A}a

and the infimum on A is attained.

Finally, the existence of an idempotent Kantorovich operator mapping

5



into the set of backward weak KAM solutions breaks down when we weaken

the hypotheses on the linear transfer.

Theorem 1.0.3 (Theorem 5.6.3). Suppose T is a backward linear transfer
on P(X) x P(X) such that D1(T) contains all Dirac measures. Assume:

1. ¢(T) :==1inf, T(p, ) < 400,
2. sup,ex inf,ep(x) T(0z,v) < 400,

3. there exists K > 0 such that

lims T)— inf  T,(u, <K,
im sup{nc(T) o (1,v)}

4. there exists g € C(X), such that the function
x lirginf(T;g(x) + ne(T))
belongs to USCy(X).

Then there exists h € USC(X) such that T~ h+¢(T) =h on X.

In the last Section 5.6.1, we apply our results to ergodic optimization,

in particular, to the setting of symbolic dynamics.



Chapter 2

Linear and convex transfers

2.1 Introduction

Throughout this chapter and entire thesis, X shall denote a compact metric
space, equipped with its Borel g-algebra. Where necessary, we will write the
metric on X by dx. The collection of Borel signed measures will be denoted
by M(X), which is equipped with the weak® topology in duality with the
real-valued continuous functions C'(X); the subset of Borel probability mea~
sures on X will be written as P(X). The set of functions f : X — RU{—o0}
which are upper semi-continuous shall be denoted USC(X); the subset of
bounded functions in USC(X) shall be denoted by USCy(X). The notation
LSC(X) is the set of lower semi-continuous functions, i.e. those functions
f for which —f € USC(X); similarly for LSCy(X). The set of functions
f: X — RU{+o0} which are Borel-measurable will be denoted by B(X);
the subset of B(X) which are bounded above is B°(X); those which are
bounded below is B,(X). The same conventions above hold for a second
space Y in place of X.

Throughout, 7 : P(X)xP(Y) — RU{+oo} will denote a proper (i.e. not
identically +o00), bounded below, convex, and weak* lower semi-continuous

functional. By convex, we will always intend to mean joint convexity:



If po, 1 € P(X), and vp,v1 € P(Y), then
T (kx,va) < (1= A)T (o, o) + AT (1, 1), for all A € [0,1],

where gy := (1 — XN)po + Mg and vy == (1 — A)vg + Avy.

To make precise the weak™ lower semi-continuity of 7, we note that
the weak® topology on P(X) is metrizable when X is compact, and the
metric can be taken to be the Wasserstein distance of optimal transport
with distance cost given by the metric dx on X (see e.g. [60], Chapter 7,
and also Section 2.6 of this thesis for more on optimal transport). Therefore,
weak® lower semi-continuity is equivalent in this case to sequential weak*
lower semi-continuity, which we recall is the following property:

If (up) € P(X), poo € P(X), such that g, — pieo as n — oo in the
weak* sense (and similarly for a sequence (1,,) C P(Y), and vy, € P(Y)),
then

T (Hoos Voo) < Hminf T (pip, vp).

n—o0
Throughout, 7 shall also be viewed implicitly as a function on M(X) x
M(Y) by defining 7 = 400 on M(X) x M(Y)\P(X) x P(Y). Its first
partial domain Dq(7) is the set of all u € P(X) such that T (u,v) < 400
for some v € P(Y); similarly its second partial domain is Do(7) the set of
all v € P(Y) such that 7 (u,v) < +oo for some p € P(X).

2.2 The Legendre-Fenchel transform and duality
for convex functions

We briefly recall the Legendre-Fenchel transform and the Fenchel-Moreau-

Rockafellar theorem for convex functions (see e.g. [2], Section 9.3).

Definition 2.2.1. Let V be a normed linear space and f: V — RU{+o0}
a proper function. The Legendre-Fenchel transform (or conjugate) of
f is the function f*: V* — RU{+oc} defined on the topological dual space
V* via

F*(0*) = sup{ (v*,v) — f(v); v € V}

The collection of convex functions f on V which are proper and lower

8



semi-continuous are distinguished by the fact that f can be recovered from

f*; this is the following Fenchel-Moreau theorem.

Theorem 2.2.2. Let V' be a normed linear space and V* its topological dual

space, equipped with the weak* topology. Then the following hold:

1. If f: V — RU {400} is a proper, convex, and lower semi-continuous

function, then
f(v) = sup{(v*,v) — f*(v*); v € V*}

where f*(v*) := sup{(v*,v) — f(v); v € V}.

2. If g : V* — RU {+o0} is a proper, convezr, and weak® lower semi-

continuous function, then
g(v*) = sup{(v*,v) — g*(v); v € V}.

where g*(v) := sup{(v*,v) — g(v*); v* € V*} forv e V.

2.3 Linear transfers

When the normed linear space V of the last section is the space of continuous
functions C(Y') equipped with the supremum norm, then Riesz’ theorem
says that V* can be identified with M(Y"). Therefore according to Fenchel-
Moreau, any functional F' : M(Y) — R U {400} which is proper, convex,

and weak* lower semi-continuous, satisfies

F(v)= sup { [ gdv—F"(g)} (2.1)
geC(y) JY

where F*(g) = sup,eq L fy gdv — F(v)}.
For a proper, convex, bounded below, and weak* lower semi-continuous
functional 7 on P(X) x P(Y), viewed as a function on M(X) x M(Y)

(recall the notation in Section 2.1), we may then consider the partial map,

Tp:v—=T(n,v)

9



for p € D1(T). This is a proper, convex, bounded below, and weak* lower

semi-continuous function on M(Y'), hence identifying F' = 7, in (2.1)

T(u,v) =Tu(v) = sup {[ gdv—T;(9)}, p€Di(T),veP(Y). (22)
geC(y) JY

In exactly the same way, the other partial map 7T, : pu+— T (u,v) on M(X)

satisfies

T(p,v) =To(w) = sup { [ fdu—T;(f)}, ne€PX), veDyT).
fec(x) JX
(2.3)

The linear transfers are then those 7 whose partial maps 7,, 7, have
Legendre-Fenchel transforms which are linear with respect to u and v, re-

spectively.

Definition 2.3.1 (Linear transfers). Let 7 : P(X) x P(Y) - RU{+o0} be

a proper, convex, bounded below, and weak* lower semi-continuous function.

1. We say that T is a backward linear transfer, if there exists an
operator T~ : C(Y) — F?(X) such that for all u € D(7) and all
geC(y),

T (g) = /X T gdp. (2.4)

2. We say T is a forward linear transfer, if there exists an operator
Tt :C(X) — Fy(Y), such that for all v € Do(T) and all f € C(X),

TH(f) = /Y T f)dv.

Remark 2.3.2. It is important to stress that the operator T~ (resp., T™")
is mon-linear in general, and not the usual operators from linear functional
analysis; the term ‘linear’ refers to the linearity of the Legendre transform

7, with respect to p.

A consequence of the above definition, is that the expression (2.2) for a

10



backward linear transfer then becomes

T(nw) = sup ([ gdv [ Tgdu}, weDuUT), v PY)
geC(y) JY X

and (2.3) for a forward linear transfer,

T(u,v) = sup { T+fdu—/fd,u}, pe P(X), ve DyT).
fec(x) Jy X

An important observation is that if 7 is a forward linear transfer, then

T (v, ) := T (u,v) is a backward linear transfer on P(Y) x P(X), and vice

versa. Indeed, if T is a forward linear transfer, then

T (f) = /X _TH(— f)dv

so if we define T~ f := —T*(—f), then we conclude T is a backward linear
transfer on P(Y) x P(X).

It therefore suffices to focus either on those 7 which are backward linear
transfers, or on those 7 which are forward linear transfers; it will be conve-
nient to focus and state results for the backward linear transfers. However,
occasionally, we shall see that it is sometimes useful to consider 7 which
is both a forward, and a backward, linear transfer, hence why we introduce
both notions.

We shall often say “T is a backward linear transfer on P(X) x P(Y) (or
P(X)xP(X), P(Y)xP(X), etc.)” for which we mean that 7 is a backward
linear transfer with domain P(X) x P(Y) (or P(X) x P(X), P(Y) x P(X),
etc.).

Remark 2.3.3. If 7 happens to be both a forward, and backward, linear
transfer on P(X) x P(X), and is symmetric (i.e. T(u,v) = T (v, 1)), then
Tt f = —T~(—f). This in particular, the case for optimal transport (see
Section 2.6).

Remark 2.3.4. If 7 is a backward linear transfer, the definition implies

the existence of an operator T~ satisfying 7 (g) = S x I'"gdu. Regarding

11



uniqueness, if there are two such operators T, then |- < I7 gdp = S x Iy gdp
for all g € C(Y) and all u € Dy(T). In particular if {d,; x € X} C D1(T)
(i.e. the first partial domain of 7 contains all the Dirac measures), then in
fact T7 g(x) = T; g(z) for all g and all z. We therefore by abuse of language

shall call in all cases T~ the operator associated to 7.

2.4 Kantorovich operators

We now focus our attention on the non-linear operators T~. If 7 is a
backward linear transfer such that D;(7) contains the Dirac measures, then
its operator T~ satisfies (T~ g)(x) = 7" (g). Consequently, it inherits certain
properties from the Legendre transform. To this end, we find it convenient
to make the following definition. In the following, USC/(X) is the collection
of upper semi-continuous functions f : X — R U {—oo}; similarly LSC(X)
the collection of g : X — R U {400} such that —g € USC(X) (the same
notation holds for Y in place of X).

Definition 2.4.1. A backward Kantorovich operator is a map 7~ :
C(Y) — USC(X) which is proper (i.e. T—g # —oc for every g € C(Y))

and verifies the following properties:
1. T~ is monotone, i.e., if g1 < go in C(Y), then T~ g1 < T go.

2. T~ is affine on the constants, i.e., for any ¢ € R and g € C(Y),
T (g+c)=T g+e

3. T~ is a convez operator, that is for any A € [0, 1], g1,92 in C(Y), we
have
T7(Ag1+ (L =N)g2) < AT g1+ (1 = N1 go.

4. T~ is lower semi-continuous in the sense that if g, — ¢ in C(Y) for

the sup norm, then liminf,, oo T g, > T g .

For completeness we also define the forward counterpart, although it

can be derived from the backward definition (see the earlier remark on for-

12



ward linear transfers). In the following, LSC(Y) denotes the lower semi-
continuous functions on Y, i.e. g € LSC(Y) if and only if —g € USC(Y).

Definition 2.4.2. A forward Kantorovich operator is a map 77 :
C(X) — LSC(Y) which is proper and verifies

1. T* is monotone, i.e., fi < fo in C(X), then TT f; < T fo.

2. T is affine on the constants, i.e., for any ¢ € R and f € C(X),

THf+e)=T"f+c

3. TT is a concave operator, that is for any A € [0,1], f1, fo in C(X), we
have

TTOA+ @ =Nf2) AT i+ (1= NTT fo.

4. T is upper semi-continuous, in the sense that if f,, — f in C'(X) for
the sup norm, then limsup,, ., 7" f, <T7Tf.

Remark 2.4.3. We call these operators ‘Kantorovich’ due to their connec-
tion with optimal transport (see Section 2.6). The notion of ‘backward’ is
the interpretation that the operator T~ maps a function on Y ‘backward’
to a function on X (similarly for the notion of ‘forward’ and 7). The for-
ward /backward terminology coincides with Hamilton-Jacobi equations that

are solved forward/backward in time (see Example 2.6.6) O

We shall see in Section 2.7 that under certain assumptions, backward
linear transfers turn out to be the dual problems of the weak transports
studied by Gozlan et al. [36]; for a precise statement, see Theorem 2.7.2.
We also mention the recent paper by Alibert, Bouchitte, and Champion
[1] which we learned of while preparing [10], in which they study Gozlan’s
weak transport costs and their Legendre transform, that we will see cor-
respond to Kantorovich operators mapping into the set of bounded upper
semi-continuous functions. We also mention the work of Roos [47] where
they introduce the notion of viscosity operators as an axiomatic characteri-

sation for viscosity solutions to the evolutive Hamilton-Jacobi equation.

13



We have the following which makes the connection between the backward

linear transfers and backward Kantorovich operators.

Proposition 2.4.4. 1. Suppose T~ is a backward Kantorovich operator.
Then the function defined by

sup{ [y gdv — [ T~ gdp; g€ C(Y)} if (u,v) € P(X) x P(Y)

400 otherwise,

T(u,v) =

is a backward linear transfer provided the expression on the right-hand
side s finite for at least one (u,v) € P(X) x P(Y). Note that the

Dirac measures may not be in D1(T).

2. Conversely, suppose T is a backward linear transfer such that the Dirac
measures {0, ; x € X} belong to D1(T). Then its associated operator

T~ in Definition 2.53.1 is a backward Kantorovich operator.

In particular T~ g(x) is given by

T g(x)= sup { [ gdv—"T(6,v)},
veP(Y) JY

and if g1, go are such that T~ g1, T~ gs are bounded, then

1T g2 — T 92]l00 < llg1 — 920>

where ||h||o 1= sup,cx |h(2)].

Proof. 1. Define for € Di(T), Fu(g) := [y T~ gdp, which is necessar-
ily finite for all g by choice of u. Since g — T g is convex and lower
semi-continuous on C(Y'), it is convex and weakly lower semi-continuous;
in particular, this implies F), is convex and lower semi-continuous on C(Y').

Therefore, by Fenchel-Moreau, F,,(g) = sup, e pyv){ Jy 9dv — F;(v)}, where

Fi(v) = sup{/y gdv — /Xngu; geCY)}, veM(y).
We will be done if we can show that F};(v) = T (p,v) for all v € P(Y). The
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equality holds when v € P(Y') by definition of 7, so suppose v € M(Y)
with v(Y) = X # 1. Taking g(x) =n € Z, we have T~ (9) =T~ (0+n) =
n 4+ T7(0), and we obtain

Fi(v) > n) —/

. T (n)du=nA—1) — / T~ (0)du.

X
With n — Fo0, depending on if A < 1 or A > 1, we deduce F;(v) = +o0.
Hence F};(v) = T (p,v) for all v € M(Y'), and it follows that

Fu(g)= sup {[| gdv—F;i(v)} = sup {[| gdv—T(pv)}t="T,(9)
veM(y) Jy vEM(Y) JY
2. First we note that if {0,; x € X} C Dy(T), then in fact T~ g €
USC(X). Indeed, if 2, — x in X, extract a subsequence so that

limsup T~ g(z,) = lim T g(wy,).
j—00

n—oo

From the expression

o) =T = sw { [aw-TGn} 2s)
ver(y) Uy
let v; achieve the supremum above when = = z,, (the supremum is achieved
by upper semi-continuity of v — [i gdv — T(d,,v) on the compact space
P(Y)). By weak* compactness of P(Y), we may extract a further subse-
quence if necessary and assume v; — v for some v € P(Y'). It then follows

that by weak* lower semi-continuity of 7

i sup T~g(,) = lim T~g(zn,) < | gdv = T(6.)
J—00 Y

n—oo

< sup { /[ gdv—"T (6, v)} =T g(x).
veP(Y) JY

The remaining properties of monotonicity, convexity, and affine on constants
in Definition 2.3.1 follow immediately from the expression (2.5). For the

lower semi-continuity property, suppose g, — g € C(Y) for the sup norm.
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Then from (2.5), we have
T g(x)= sup { [ gdo—T(ds,0)}
ceP(Y) JY

< sup { gndo — 7'(51,0)} + Hg - gnHoo
ceP(Y) JY

= Tign(x) + ||g - gnHOOv
hence

T g <liminf T g,(x).

n—oo
Finally, if g1, g2 € C(Y') are such that T~ g1, T~ g2 are bounded, then we

can repeat exactly the same estimate as above to have

T7g1(x) < T"ga() + llg1 — g2lloo,

which, with the assumption that T~ ¢g; and T~ g2 are bounded, means we

may subtract and write
T g1(x) =T g2(x) < [lg1 — 92| co-

Interchanging g1 and go yields the 1-Lipschitz estimate for 7"~. O

With a further assumption on 7, we can ensure that T~ maps into
USCy(X) rather than USC(X) (which in particular, implies 7'~ g is bounded).

Proposition 2.4.5. Let T be a backward linear transfer on P(X) x P(Y)
such that D1(T) contains all the Dirac measures. If

sup inf T (d.,v) < 400,
zeX VEP(Y)

then

1. The associated backward Kantorovich operator T~ maps C(X) to USCy(X

2. Dy(T) = P(X).
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Proof. 1. The only thing which we need to show is that T~ ¢ is bounded
below, since we already know 7~ g belongs to USC(X) for all g € C(Y) by

the above proposition. From Proposition 2.4.4, we have

T g(x)= sup { [ gdv—T(6,v)}
veP(Y) JY

so that we immediately have

inf T7¢g(z) = inf sup gdv — T (6, v
0T = jnt s ([ gdv = T0,)

>inf(g) — sup inf T (d,v) > —o0.
zeX vEP(Y)
2. If D1(T) contains the Dirac measures, then for each x € X, there exists
v, € P(Y), such that T (dz,v:) = inf,cpy) T (dz,v) by compactness of
Y and weak* lower semi-continuity of 7. Consequently, since 7 is jointly
convex then any empirical measure of the form i, := 2 3% | 6, is in Dy (T)
with

n n

1 1 .
T(Mna Vn) < g ZT((vaV%) = ; Z inf T((sﬂiw V)

<sup inf T(dg,v) < oo,
zeX VEP(Y)
where v, 1= %Z?:l Vg, -

Now let p € P(X). Since the Dirac measures are the extreme points of
P(X), the measure p is a weak™ limit of empirical measures p,, := % oy O,
as n — oo. The measures p, have associated v, such that T (un,vn) <
sup,ex inf,epyy T (2, ) < 400 as above. Then by weak® compactness of
P(Y), we may extract a subsequence so that v,; — v for some v € P(Y).

Consequently by weak™ lower semi-continuity of 7, we conclude that

T (p,v) <Hminf T (pn,, vn,) < sup  inf T (g, v) < +oo.
J—0o0 ’ zeX vEP(Y)
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Proposition 2.4.4 suggests that for an arbitrary map 7~ from C(Y) to
Borel-measurable functions on X that does not satisfy the conditions for a

backward Kantorovich operator, the functional

T(p,v)= sup {[ gdv— / T~ gdu}
geC(y) JY X
may not define a backward linear transfer.

Indeed, consider T7g := e9. Then T(u,v) = supgec(x)ifx 9dv —
fX eddu} can be checked to be proper, and fixing p € D1(7T), a property of
the Legendre transform, is that 7, (g+c) = 7, (g) +c for any constant ¢ € R
and all g € C(Y). Therefore the equality 7;(g) = Jx €9dp cannot hold,
since that would imply (taking g =0and c=1), 1+7;(0) =7;(0+1) =e
while at the same time (taking ¢ = 0 and ¢ = 2), it must hold also that
2+ 7;(0) = e?, which is impossible. Therefore, we make the following

definition.

Definition 2.4.6 (Backward linear coupling). 7 is a backward linear
coupling if there exists a map 7~ : C(Y) — B?(X), such that

T(uw) = sup { [ gdv— [ Tgdu}, neDiT)vEPY),
geC(y) JY X

Remark 2.4.7. Every backward linear transfer is a backward linear cou-

pling. On the other hand, note that a backward linear coupling 7 has

T:(9) < [x T~ gdp for all p € D1(T) and g € C(X).

2.5 First examples of linear transfers

So far we have defined the notions of backward (resp., forward) linear trans-
fers, but have not provided any examples to suggest the large variety of
functionals which belong to this class. The aim of this section is to highlight
a few of the basic ones. As usual, we will present examples on P(X) x P(Y),
with the implicit assumption that they should always be taken identically
+oo outside P(X) x P(Y) when viewed as a function on M(X) x M(Y).
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2.5.1 Convex energies

A class of examples of linear transfers is the convexr energies - functionals
whose dependence on the pair (i, v) is trivially only through v.
Let I : P(Y) — R be a bounded below, convex, weak*-lower semi-

continuous function on P(Y’). Consider
T(p,v):=I(v) forall (u,v)e P(X)xPY). (2.6)

Then 7,5 (g9) = I"(9) = [y I*(9)dp, so T is a backward linear transfer with
corresponding backward Kantorovich operator T-¢g = I*(g) (a constant

function of x). Some choices of I include the following.

Example 2.5.1 (The null transfer). This is simply the trivial mapping
N (i, v) = 0 for all probability measures g on X and v on Y, which achieved
by taking I = 0 in (2.6). One can then compute I*(g) = sup,cy g(y), and
it is easy to see that it is both a backward and forward linear transfer with

Kantorovich operators,

T g=supg(y) and T7Tf=inf f(x).
yEY rzeX
This is also a particular case of a result from optimal mass transport

(which we discuss in Section 2.6) when the cost is identically zero.

Example 2.5.2 (Potential energy). If I is the linear functional I(v) =
[y V(y) dv(y), where V is a bounded below lower semi-continuous potential

on Y, then for every x € X,

T7g=1'(g) =sup{ [ (9= V)dvi v € PY)} = supgy) ~ V(1))
Y yeyY
Example 2.5.3 (Relative entropy). Fix any reference measure vy € P(Y),

and define I as the relative entropy with respect to v, that is

v ;—VVO log( jTVO)dz/O if v is absolutely continuous with respect to v

L, (v) =
’ 400 otherwise,
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dv

where o 18 the Lebesgue-Radon-Nikodym derivative of v with respect to

Vg, i.e. dv = C‘li—;;dyo. Then

T g=1"(9) = Sup{/y [gA — Alog (N\)] dvy; A >0, /Y)\dl/o =1} (2.7)

We can actually compute exactly the value of the supremum in (2.7), which
we state in the following proposition (the following proof is provided in [35],

Proposition 2.9 for a more general context).

Proposition 2.5.4.
T g= sup{/ [gA — Alog (\)]dvy; A >0, / Ay =1} = log/ eJduvy
Y Y Y

Proof. Consider for fixed s € R, the function ¢ — st — tlog(t) for ¢ > 0.
This achieves a maximum sup,so{st — tlog(t)} = e*~. Identify s = g(y)
and t = A(y), we therefore have

Ag — Aog A < 971, (2.8)

Hence using this inequality (2.8) in (2.7), we have T g(z) < [, €9 tdwp.
From the fact that T7-g = T (g +¢) — t for all ¢ € R, it must be the case
that

T g <inf [ (971 — t)duwp.
B

We can now compute the infimum in the inequality: Let F(t) := [, (e9+1—
t)dyy for t € R. Since F' is convex in ¢, the minimal value occurs exactly
where F'(tg) = 0, i.e. where [, et~ dyy = 1, which implies that to =
1 —log [y e%dry. This means that

T g <inf F(t) = F(ty) = log/ eJduy.
teR Y

On the other hand, consider the measure v with density A = fzizduo with
Y
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respect to 9. Then one can check for this A

/ [gA — Aog (N\)] dvy = Iog/ eddy
Y Y

giving the reverse inequality T~ g > log fY eddug. O
Remark 2.5.5. The above shows that the relative entropy functional, de-

fined on P(X) x P(X) via

H(iv) = fY Z—Z log(%)du if v is absolutely continuous with respect to p
+00 otherwise

is not a backward linear transfer, since HZ(g) =log [ « €9dp. This motivates
us to introduce a further extension of linear transfers, conver transfers, which

we will discuss in Section 2.9.

Example 2.5.6 (Variance). For the (negative) of the variance,

[ v vt T | o aviw).

the associated Kantorovich map is given by

I(v) :== —var(v) :=

T~ g =sup{g + q(v) — |y*},
yey

where ¢ is the quadratic function ¢(z) = }|z|? and h is the concave envelope
of the function h. The details for this example are given in Example 2.8.4

below.

2.5.2 Linear transfers induced from positively homogenous
operators

Let T : C(Y) — C(X) be a bounded linear positive operator such that

T'(1) = 1; we call such an operator a Markov operator. One can associate a

21



backward linear transfer in the following way:

0 if v="T"p)

) (2.9)
400 otherwise,

Tr(p,v) = {

where T : M(X) — M(Y) is the adjoint operator. It is immediate to check

that v +— Tr(u,v) is convex and weak™ lower semi-continuous, and

(Tr),.(9) = /Yng*(u) = /Y Tgdy.

Therefore T~ g := Tg is the corresponding backward Kantorovich operator.
Defining 7, := T*(J,), we have that T~ f(z) = [, f(y)d 7. (y) and that

Tr(p,v) =0 if and only if v(B) = [y m.(B) du(x) for any Borel B C Y.

Example 2.5.7 (The prescribed push-forward transfer). Let F' be a contin-
uous map from X to Y. Given pu € P(X), define the push-forward measure

vi=Fyuu e PY) byv(B)=pu(F ! (B)) for all Borel sets B C Y.

The operator T~g := g o F' is readily seen to be a Markov operator and

T*(p) = Fyp; hence (2.9) becomes in this case

0 if v=Fypu,

Tr(p,v) = { (2.10)

+o00 otherwise
and the backward Kantorovich operator is given by T-g = g o F. In the
case when X =Y and F(x) = z, Tp is both a forward and backward linear
transfer, with T~ f = f = T f, which we call the identity transfer.

As a natural extension of the previous example, let A € LSC(X), A #

400, and consider the Kantorovich operator,

T g(x):=go F(z) — A(x).
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Then the induced backward linear transfer is

Jx Adp i v =Fyp, [, Adp < +oo,
T(uv)=q"" a

+00 otherwise.

We shall see in Section 5.6.1 that this backward linear transfer is related
to ergodic optimisation in the expanding case [25], where it is of interest
to minimise the action u +— [ « Adp, for a given potential A, among all

F-invariant measures p (and other related generalisations).

Example 2.5.8 (The prescribed Skorokhod transfer). Let X = Y be a
smooth compact Riemannian manifold without boundary, and (B;)¢>o de-
note Brownian motion on X, and S the corresponding class of (possibly

randomized) stopping times. For a fixed 7 € S, define

0 if Bg ~ p and B ~ v.

) (2.11)
400 otherwise,

Tr(p,v) == {
where Z ~ p if Z is a random variable with distribution p. It is easy to

verify v — T;(p,v) is convex and weak* lower semi-continuous, and we have

(T:)i(9) = /Y gdv = Elg(B,)) = /Y E[g(B,)|By = o] du(x)

so it is in fact a backward linear transfer with backward Kantorovich oper-
ator T~ g(x) := E [g(B;)|Bo = z].

Example 2.5.9 (Prescribed marginals). Let m be a probability measure
on X x Y, and denote m := projx,m and mp := projy .7 as its marginal
on X (resp., on Y). Here we are using the push-forward measure notation
of Example 2.5.7, which in this context, means m1(A) := 7(projx'(A4)) =
(A xY) (similarly for projy ,m). Define

0 if u =m and v = m9.

T, v) = { (2.12)

400 otherwise,

23



In this case, 7 is the only member of D;(7;), and

Tt = [atma= [ gar= [ ] [ stima(] ano

where (7, ), is the disintegration of m with respect to 1. A similar expression
holds for (7x)% (f). Therefore

2

Tg(z) == /Y gWdmy(y) and T f(y) = [y f@)dmy().

Note in this example that T~ g is merely a (bounded above and below)

Borel measurable function.

2.5.3 Balayage of measures

Given a closed convex cone A C C'(X) that contains the non-negative con-
stant functions and is closed under maxima, define a partial order relation

between probability measures p, v, which we call an A-order, via
u <4 v if and only if fXgod,unggodZ/forallgoinA.

Define the balayage of measures B on P(X) x P(X) via

B(u,v) = (2.13)

0 it p<av
400 otherwise.

It is easy to see that v — B(pu, v) is convex and weak* lower semi-continuous,
and that

B,.(9) =Sup{/ngV; v E€P(X), 1t =<4 V}.

Proposition 2.5.10. We have

sup{/X gdv; v e P(X), p<a V} = /X LmsLlEU/Xg(y)do(y)] dp(z)

and hence B is a backward linear transfer.
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For the proof, we state the following result that has previously been
established in [17] and based on the classical results of Strassen [56]. We
call a Markov kernel a real-valued function P : P(X) x X — R, such that
P(-,z) belongs to P(X), and x — P(A, z) is Borel-measurable for any Borel
set AC X.

Theorem 2.5.11 ([17], Theorem 2). Let A be a closed convex cone in
C(X) which contains the non-negative constant functions and is closed un-
der maxima. If u <4 v, then there exists a Markov kernel P, such that
= [y P(A,x)du(x) for all Borel A C X, and 6, <4 P(-,x) for all

S X.
In addition, the set of extreme points of {(p,v); p <4 v} is contained

in the set of measures (0z,0), where 6, <4 0.

We also state the following measurable selection theorem, which shall be

of use here, and also in later sections.

Proposition 2.5.12 ([7], Proposition 7.3.3). Let X be a metrizable space,
Y a compact metrizable space, D C X XY a closed subset, and f : D —
R U {£o0} lower semi-continuous. Let f* : projx (D) — R U {£oc}, where
projx (D) :=={z € X; (z,y) € D for somey € Y}, be defined by

fH(x) = inf f(z,y)

YyEDy

where Dy = {y € Y; (z,y) € D}. The f* is lower semi-continuous,
and there exists a Borel-measurable function ¢ : Projx (D) — Y such that
Graph(v) C D and f(z,¢(x)) = f*(z) for all x € Projx (D).

The above results readily leads to the proof of Proposition 2.5.10.

Proof. Of Proposition 2.5.10. By Theorem 2.5.11, we conclude that when-

ever i <4 v, we have a Markov kernel P with the specified properties, so
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that

/X g9(y)dv(y) = /X [ /X g(y)P(dy,x)] dp(z)
</ (55350 /. g<y>do<y>) du().

On the other hand, let o, achieve the supremum for each x € X (the supre-
mum is achieved since the set of J; <4 o is weak™ closed in P(X) and
therefore weak™ compact). Then by the measurable selection Proposition
2.5.12, P(A,z) := 0.(A) is a Markov kernel, and v(A) := [ P(A, x)du(x)
satisfies p <4 v. m

Defining T~ g(x) := sups, - ,» [y 9(y)do(y), we conclude that B is a back-

ward linear transfer. We have the following representation for 7'~:

Proposition 2.5.13.
T g(x) = g(x) :=inf{h(x); he —A, h > g on X}.

Proof. For any admissible h, we have [ y gdo < J  hdo, hence

Tg(z) = sup /X 4(y)do(y) < sup /X W(y)do(y) < h(x),

Oz =0 dx=A0

the last inequality following since h € —A. Hence T~ g(x) < g(x).
Conversely, let € > 0, and for each z € X, choose he; € —A, hey > g,
such that he.(x) < g(x)+ §. By continuity, there exists an open neighbour-
hood B,,(z) C X such that h..(2") < g(2’) + € for all 2’ € B, (x). The
collection { B, (x)},ecx is an open cover of X, hence by compactness, there

exists a finite subcover {B,, (zi)};.;. Define

he(x) := min{he 4, (), ..., he, ()}

since A is closed under maxima, it follows that h. € —A. Moreover, each
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x € X belongs to By, (z;) for some i € {1,...,n}, hence
g(x) < he(x) < g(z)+e foral ze X.

Now for any o such that J, <4 o, we have
€ +/ gdo > / hedo > he(xz) since he € —A,
X X

and since h(z) > g(x), we conclude,

e+ T g(x) > e+ /X o(y)do(y) > §(x).

As € is arbitrary, we obtain the reverse inequality, which concludes the proof.
O

By a similar argument to that given above, one can show that B is also
a forward linear transfer with a forward Kantorovich operator Tt f := f,

where
fz) = inf{/ fdo; 6y <4 0} =sup{h(z); he A, h < fon X}.
X

We now discuss particular choices of A.

Example 2.5.14 (Convex order). If X is a convex compact space in a
locally convex topological vector space, then A can be taken to be the cone
of continuous convex functions. In this case, T~ g = ¢ is the concave envelope
of g (i.e. the smallest concave function above g), since an infimum of concave
functions is concave. This is a classical result of Choquet (see e.g. [16]
Proposition 26.13).

Example 2.5.15 (Subharmonic order). Consider now when X C R” and A
is the cone of Lipschitz subharmonic functions on some open set O contain-
ing X. In this case, we can identify B in another way using the following

characterisation of Skorokhod.

Proposition 2.5.16 (Skorokhod, e.g. [30]). Let A be the cone of Lips-
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chitz subharmonic functions on a domain X in R™. Then, the following are

equivalent for two probability measures y and v on X.
1. p<ygv.

2. There exists a stopping time T € S with E[1] < oo such that By ~
and By ~ v, where S denote the collection of (random) Brownian

stopping times with finite expectation.

Therefore,

0 if By ~ u and B; ~ v for some 7 € S,
B(p,v) =

+o00 otherwise.

This identification of B provides various ways to write 7~ in this case:
1. T~ g = g is the smallest Lipschitz superharmonic function above g.

2. T g= sugE [9(B;)|By = z|.
TE

3. T—g = Jg, where Jy(z) is a viscosity solution for the heat variational
inequality max {g(z) — J(x), AJ(x)} = 0.

Note also that B(u,v) = ing T+ (1, v) where T, is the “prescribed Skorokhod
TE
transfer” of Example 2.5.8.

2.6 Linear transfers and optimal mass
transportation

In the Monge-Kantorovich theory of optimal transport (see e.g. [59, 60], or

[48]), given a lower semi-continuous cost function ¢ : X x Y — R U {+o0}

one associates a map 7. on P(X) x P(Y) to be the optimal total transport
cost between p € P(X) and v € P(Y), via

Tv)i= it [ cwy)dnoy), (2.14)
Te () J X xY
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where KC(u, v) is the set of probability measures m on X x Y whose marginal
Projxym on X is u, and marginal projym on Y is v, (recall projy is the
projection (z,y) — = onto X; similarly for V). Also recall the push-forward
of a measure by a map ¢ is the measure (¢4)u(A) := p(¢~1(A)).

The measures m € K(u, v) are interpreted as transport plans, with dm(z,y)
representing the amount of mass which is sent from x to y, and costing
c(x,y)dn(x,y) to do so.

The optimal transport problem (2.14) is an infinite dimensional linear
programming problem; as in the classical finite dimensional theory, it has a
dual formulation first studied by Kantorovich (see e.g. [59], Theorem 1.3,

and references therein).

Theorem 2.6.1 (Kantorovich duality [59]). Let c¢: X x Y — RU{+o0} be

a lower semi-continuous function. Then

inf / C(w,y)dﬂ(x,y)zsup{/ gdv—/ T gdu; g€ C(Y)}
TeR(1Y) J X xY Y X

—supl | T g [ fans f € Cx))

where

T g(z) :=sup{g(y) — c(z,y)} and T*f(y):= inf{c(z,y) + f(z)}.
yey zeX
Remark 2.6.2. If X and Y are not compact, then ¢ should also be assumed
to be bounded below; this additional hypothesis is not necessary when X and
Y are compact as c¢ is automatically bounded from below by the assumption

of lower semi-continuity.

Proof. Note first that v — T.(u, v) is convex and weak™ lower semi-continuous.
Indeed, for vi,1p € P(Y), and fixed p € P(X), the infimum is achieved
for T.(p,v;) at some m; € K(u,v;), ¢ = 1,2. It immediately follows that
7y := (1 — A)my + Amgy is admissible for 7.(u, (1 — A)v1 + Avp). In addition,
if v, — v, then for any =, € K(u,v,), one may extract a subsequence con-

verging to m € P(X xY') by weak* compactness of P(X xY'), and moreover,
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m € K(u,v). The lower semi-continuity then follows. Finally,

(T)ile) = sup {[ gav— inf / e(z,y) dn(z,y)}
veP(Y) JY mel(py) J X xy

= sup  sup { (9(y) — c(@,y))dm(z,y)}
veP(Y) mrel(pv) JXXY

— sup { /X (o) = e ))dr(z. ).

WGK(.“»')

It is clear that the supremum is achieved by a m whose disintegration with
respect to g is given by dm(z,y) = du(z)dy, (y) where y, is a value of y
achieving sup,cy{g(y) — c(z,y)}. A similar argument holds for showing 7.

is a forward linear transfer. O

Remark 2.6.3. In fact one can refine the duality further and show that

inf /X Yc(x,y) dm(z,y) —sup{/y qﬁldu—/xqﬁod,u}

ek ()

where the supremum is over all pairs (¢g, ¢1) such that ¢1 = T~ ¢ and ¢y =
T*¢1. This will be relevant for Bernard-Buffoni’s work [5, 6] discussed in

Chapter 4 on optimal transport and Aubry-Mather and weak KAM theory.

In the following examples, we highlight the backward/forward Kan-

torovich operators for a few special cases for the cost function.

Example 2.6.4 (The trivial Kantorovich transfer). Let ¢; € USCy(X),
¢y € LSC(Y), and define ¢(z,y) := ca(y) — ci(x). Then c¢ is lower semi-

ﬁ(u,y):/CQdV—/ c1 dp.
Y X

The Kantorovich operators are TT f = co+infex{f(z)—ci(z)} and T g =
c1 +supyey {9(y) — c2(y)}-

continuous, and

Example 2.6.5 (The Kantorovich-Rubinstein transport). For the cost ¢(z,y) =

dx(z,y) (recall dx is the metric on X), the Kantorovich operators are given
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by

TV fy) = Inf {f(z)+dx(2,y)} and T7g(x) = Sg)g{g(y)—dx(w, y);y € X}

A computation shows that T~ o T+ = TF and TT o T~ = T~. Hence by
taking f =T~ h for h € C(X), we have

Tuw) = sup ([ T pdv— [ gaw = s ([ i~ )
fecx) JXx X heC(X) JX

while at the same time, from g < T~ g we have

Te(p,v) = sup {[ gdv —/ T gdu} < sup {| T gd(v—p)}.
geC(X) JXx b's geC(x) Jx

Hence, Te(p,v) = supgecx){[x T 9d(v — p)}. Tt is readily checked that

T~ g is 1-Lipschitz for any ¢ € C(X), and moreover, every g which is \-

Lipschitz, A <1, satisfies T~ g = g. Therefore,

T =su{ [ gt~ wig € 0O olhsn <1}

where gl = s, , 422

other lower semi-continuous metric d, not necessarily the one defining the

topology.)

. (The above discussion holds also for any

Example 2.6.6 (Lagrangian cost [5]). This example links the Kantorovich
backward and forward operators with the respective backward and forward
Hopf-Lax operators that solve first order Hamilton-Jacobi equations, which
we will see is intimately connected to weak KAM theory (see Chapter 4).
On a given smooth compact Riemannian manifold M without boundary
(take e.g. M = T" the flat torus), with tangent bundle TM, let L : TM —
R U {400} be a given Tonelli Lagrangian (see Chapter 4 for a definition),

and consider the cost

y,z) = int{ / )ty € C1([0,1], M); 1(0) = y,4(1) = 2},



For p and v two probability measures on M, consider the optimal transport
with cost cy,.
Then, T f(z) = Vy(1,z), where Vy(¢,z) is the “value functional”

V(t,2) = in {f(v(O)) + [ 2660 3(9) dsi7 € 0.1 30.5(0) = x} .

V} is in fact a viscosity solution for the Hamilton-Jacobi equation

{ OV + H(z,V,V) = 0 on (0,+00) x M,
V(0,z) = f(x).

(see e.g. [20], Theorem 7.2.8) where H is the Hamiltonian (see Chapter
4). Similarly, the backward Kantorovich operator is given by T g(y) =
Wy(0,y), where Wy(t,y) is the value functional

1
Wy(t,y) := sup {g(+(1)) - / L(y(s),4(s)) dsi v € C1([0,1), M);1(t) =y,
¢
which is a viscosity solution for the backward Hamilton-Jacobi equation

{ oW + H(z,V,W) = 0 on [0,1) x M,
W(l,y) = g().

Example 2.6.7 (The Brenier-Wasserstein distance [12]). We mention this
important example even though it is not in a compact setting. If ¢(x,y) =
(x,y) on R? x R?, and p, v are two probability measures of compact support
on R?, then

T(le/) = lnf{ iy Rd<x’y> dmym € IC(M? l/)}

Here, the Kantorovich operators are
T f(x)=—f"(-z) and T g(y) = (-9)*(~y),

where f* is the convex Legendre transform of f.
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2.7 Representation and envelopes of linear
transfers

2.7.1 Linear transfers and optimal weak transports

A natural generalisation of optimal transport is optimal weak transport, in-
troduced by Gozlan et. al. [36]. Weak transport is concerned with cost
functions c(z, o) between points = and distributions o € P(Y'), and thus is
a generalisation of the cost-minimizing optimal transport of the last section

which concerns cost functions between points x and y.

Definition 2.7.1. Let ¢ : X x P(Y) — R U {400} be a bounded below,
lower semi-continuous function with o +— ¢(x,0) convex. The optimal

weak transport problem with cost ¢ from p € P(X) tov € P(Y) is

Vp,v) = iI;f{/X c(x,mg) du(x);m e K(u,v)} (2.15)

where (7), is the disintegration of 7 with respect to p.

This problem has been the study of several recent papers [1], [3], and
[36], where existence, duality, and certain properties of optimisers of (2.15)
have been established. In the next theorem we show that weak transports
are backward linear transfers, and, conversely, appropriate backward linear
transfers can be represented as weak transports. The implication of this is
that, roughly speaking, backward linear transfers are the dual formulation

of weak transports.

Theorem 2.7.2. 1. Any optimal weak transport cost c(x,o) satisfying
the properties in Definition 2.7.1 defines a backward linear transfer
via
inf{ [y (o, m2) du(); m € K(u,w)}, if (1) € P(X) x P(Y),

400 otherwise,

T(u,v) =

and T~ g(x) := sup{ [ gdo — c(x,0); 0 € P(Y)}.
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2. Conversely, if T is a backward linear transfer such that {d,;x € X} C

D1(T), then T is an optimal weak transport with cost function c(x, o) :=

T (0z,0).

In order to prove that a weak transport V(u,v) is a backward linear
transfer, we wish to show convexity and weak* lower semi-continuity for v —
V(p,v). It turns out that the weak* lower semi-continuity is more delicate
to establish than standard optimal transport due to the disintegration 7, of
m with respect to its first marginal; two recent papers, [1] (see also [3]) have

closed this gap.

Theorem 2.7.3 ([1], Theorem 2.9, Lemma 3.5). Let ¢ satisfy the conditions
given in Definition 2.7.1. Then the map 7 — I(7) := [y c(x, mp)dp(x) is
weak™ lower semi-continuous, where p = Projx ,m is the first marginal of

. Consequently, the problem (2.15) admits a minimiser.

With these properties, we give the rest of the details for the proof of
Theorem 2.7.2.

Proof. (Of Theorem 2.7.2)

1. We show that v +— T (u,v) is convex. This is essentially a consequence
of the assumption that o — c(x,0) is convex. Indeed, fix v,y €
P(Y), and find for a fixed € > 0, 7! € K(u,v1) and 72 € K(u, v2) such
that

/ clx, 7)) du(x) < Tol(u,v;) + € fori=1,2.
X

Consider m € P(X x Y') which is defined via
dr(z,y) := (\dmy(y) + (1 = Nz (y))du(z).

With vy := Avg + (1 — A\)ve, we have m € K(u, vy ), and therefore, by

convexity of ¢ in the second variable, we have

Tewon) < [ ctome) duo) <

X X
< A%(M? Vl) + (1 - A)%(Ma 1/2) + €,

.7 du(@) + [ (1= Aela,nd) duta)
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which implies convexity of v +— T.(u, v).

We now show that v — T (u, ) is weak™ lower semi-continuous. This
is almost immediate from Theorem 2.7.3. Indeed, let v, — v and
select a subsequence so that lim; o 7 (p, vy, ) = iminf, o0 T (11, vn)-
For notational ease, relabel the subsequence to v,. For each n, let
" € K(u,v,) be optimal for the weak transport T (u,v,), which we
know exists by Theorem 2.7.3. By compactness of P(X x Y'), there is
a further subsequence (which we again relabel to n) so that 7" — =«

for some 7 € K(u,v). This 7 is admissible for T (u,v) so

T(uv) < /X (e, my) ds(z)

while at the same time by Theorem 2.7.3, we have

/ c(x,mp) du(x) < liminf/ c(x, 7)) du(z) = liminf T (u, vy)
X X n— oo

n—oo

which concludes the proof of lower semi-continuity. Finally, we com-

pute the Legendre transform,

T.i(g)= sup {[ gdv—"T(uv)}
veP(Y) JY

= swp swp { [ gy duly) / (2, m) dpu(z))
veP(Y) mek(p,v) JY X

- {X[ / g(y)dm(y)—c(z,m] du(@)}  (216)

WEK(H‘?')

§/ sup { [ gdo — c(z,0)}du(x) (2.17)
X oeP(Y) JY

= / T gdu.
X

On the other hand, by compactness of P(Y) and lower semi-continuity

of ¢, for each x the supremum in (2.17) is achieved by some o, in a

measurable way (see the measurable selection proposition 2.5.12) so
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that
T g(x) = / 9(y)doz(y) — c(x,0,) for every z € X.
Y

Define m € P(X x Y) via dn(x,y) := do,(y)du(z). Denoting v :=
Projy 4w, we have m € K(u,v). Hence, this 7 is admissible in the

supremum (2.16), so that

70> [ | [ stdon) duto) - [ cte.o)] duta)
- /X T g()du(x),

hence T;7(9) = J T~g(x)dp(x).

. Let 7 be a backward linear transfer with backward Kantorovich oper-
ator T~. Define ¢(z,0) := T (d5,0). Then c is bounded below, proper,
lower semi-continuous, and o +— ¢(z,0) is convex, so we may define

the weak transport

T(p,v):= inf / c(x,my) du(x)
ek (pv) Jx
for p € P(X) and v € P(Y) (and +o00 otherwise on M(X) x M(Y)).

In an identical way to the proof of item 1, we have for any pu,

Tr(g) = /X T gdy

where T~ g(x) := sup,ep(y)lJy 9do — c¢(x,0)}. On the other hand,
since ¢(z,0) = T (dz,0) and {0, ; z € X} C D1(T), we also have that
T~g(x) =T; (9) = T~ g(x) for allw € X. Hence T,"(g) = [ T gdu =

T (g) for all u € P(X) and consequently, T (u,v) = T (11, v).
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2.7.2 Linear transfer envelopes

Suppose T is merely a proper, convex, bounded below, weak* lower semi-
continuous functional, but is not a backward linear transfer, or even a back-
ward linear coupling. Is there a “canonical” backward linear transfer associ-
ated to 77 We therefore consider in the following linear transfer “envelopes”,

in an analogy to the convex/concave envelopes of functions.

Proposition 2.7.4. Let T : P(X) x P(Y) — R U {400} be a proper,
convez, bounded below, weak* lower semi-continuous functional such that
{6,; 2 € X} C Di(T). Denote T to be the weak transport defined by (2.15)

associated to the weak transport cost c(xz,0) := T (04, 0), and let

T(p,v) ::/Xc(:c,y)du(a:).

Then, T <T < T, and T is the only weak transport between T and T
In particular, the following holds: For any backward linear transfer S

with {0z ; x € X} C Dy(S),
1. If T <S8, then T <S.
2. IfS<T, thenS <T.

Proof. Note that by the first part of Theorem 2.7.2, T is a backward linear

transfer with backward Kantorovich operator

Tg(e) = sup { [ gdo— c(x,0)}.
ceP(Y) JY

Moreover, as T is a weak transport, an admissible m € K(u, v) is the product

measure u ® v. Hence
T(n.0) < [ el v)duta) = T

To show that 7 < T, note that since 7 is jointly convex and lower semi-
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continuous, then for each g € C'(Y), the functional

p—= (Tu)"(9) = sup {[ gdo—T(p,0)}
cePY) JY
is upper semi-continuous and concave. It follows from Jensen’s inequality
that

(T (9) > / (T5.)" (9)dp(z) = /X T~ g(x)du(x),

X

hence

T(u,v) = (T () < sup){ [ v [ 7 gan} =T

geC(y

To see that T is the smallest backward linear transfer greater than 7,
note that if S is a backward linear transfer and 7 < S, then 7 < S, and
S = S by the previous Theorem 2.7.2.

To see T is the greatest backward linear transfer smaller than T, sup-
pose S is a backward linear transfer with S < 7 and S~ is its backward
Kantorovich operator. Note that 7 (8,,v) = T (6, ). Therefore

S7g(x) =8;,(9) > T5.(9) = Ts,(9) =T g(x),

and therefore S < T.
O

Remark 2.7.5. Suppose T is any convex, bounded below, and weak™ lower
semi-continuous functional on P(X) x P(Y') that is finite on the set of Dirac
measures {(05,dy); ¢ € X,y € Y}. One can then define a cost function
c(x,y) = T (dz,0y), and the associated optimal transport T.(u,v). To com-
pare 7 with 7., note that

T (9) = sup{ /Y gdv — T(6,,0); v € P(Y)}

> sup{g(y) — c(z,y);y € Y} =T g()
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and so

T(p,v) < T(p,v) < Telp, v).

In many cases, it is not possible to define a proper cost c(x,y) = T (5, 0y),
i.e. c is identically 4o0o. This is the case for many stochastic transport
problems where transport via Brownian motion makes it impossible for a
Dirac measure to be transported to another Dirac measure; see in particular

the stochastic mass transport of Example 2.8.7. O

In the next proposition, we describe dually a “Kantorovich operator
envelope” for operators 7' : C(Y) — USC(X). It will be necessary first
(and later in this thesis) to state a classical minimax theorem that will

allow us to interchange sup and inf in appropriate cases.

Theorem 2.7.6 (Sion’s minimax theorem [52], Theorem 3.4). Let V be a
compact convex subset of a topological vector space, and W a convex set in

a (possibly different) topological vector space. Let f:V x W — R be such
that

1. For allw € W, v — f(v,w) is: (i) lower semi-continuous on V and
(ii) quasiconvexr on V, i.e. {v € V; f(v,w) < A} is convex or empty

for all A € R,

2. For allv eV, ww— f(v,w) is: (i) upper semi-continuous on W and
(i1) quasiconcave on W, i.e. {w € W f(v,w) > A} is convezr or
empty for all A € R,

Then inf ey sup,,cw f(v, w) = sup,,cw infyev f(v, w).

Proposition 2.7.7. Let T : C(Y) — USCy(X) be any map such that for
every x € X,

sup inf  sup / gdv —Tg(x){ < 4o00. 2.18
zeX VEP(Y)geC(Y){ Y ( )} ( )

Then the operator defined by

T ¢g(z):= su inf / —h)do +Th(x
o) = s it { [ (o0 do + Th)
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is the backward Kantorovich operator of the weak transport T associated to
T of Proposition 2.7.4 and maps C(Y) to USCy(X). It satisfies T < T,
with the property that for any other backward Kantorovich operator S™ :
C(Y) = USCy(X) such that S~ < T, then S~ <T . Consequently if T is
itself a backward Kantorovich operator, then T =T.

Proof. Consider the backward linear coupling on M(X) x M(Y") given by

supgecy) { Jy 9dv — [x Tgdp} if p,v € P(X) x P(Y),
+00 otherwise.

T(M?”):{

Note that 7 is a bounded below, convex, lower semi-continuous functional
and the assumption (2.18) means that {d;; x € X} C Di(T). Hence Propo-
sition 2.7.4 applies to yield a weak transport 7 with a corresponding back-

ward Kantorovich operator defined as

T g(x)= sup {[ gdo —T(5;,0)}.
oeP(Y) JY

We can then provide an upper estimate for T g(x) by substituting the

expression for T (d,, 0):

T g(x)= sup {[ gdo—T(5;,0)}
oc€P(Y) JY

= su inf / da—/hda—i—ThJ;
ch’PFY) hGC(Y){ Yg Y (=)}

< inf  sup da—/hda—i—Th x
heC(Y) aeP(Y){ g (=)}

— inf — R+ Th
helg(y){sup(g )+ Th(x)}

< Tg(z).
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If S is a backward Kantorovich operator such that S < T, then

T glx)= s inf /gda/ hdo + Th(z)}

JG'P Y) heC(Y)

> inf {/gdo—/hda—i—Sh

0677 hGC(Y

= inf su dJ—/hdU—i—Sh T
heC(Y) O'E'PFY){ g (@)}

= i%f{sup(g —h)+ Sh(z)}
~ i {Ssupla — ) + He)

> Sg(z).

where the last two steps used the fact that S is a Kantorovich operator. [J

2.7.3 Recessions of linear transfers

We recall in classical convex analysis, a direction of recession for a convex
set C' C X is a direction d such that x +Ad € C for all x € C and all A > 0.
The recession cone is the collection of all such d. The recession cone for a
convex function f is the intersection of all recession cones for its sublevel

sets. One can introduce the recession function of f as

=t TS

which characterises the recession cone for f as the collection d where rf(d) <
0.
In an analogy, we have the following recession operator for linear trans-

fers, which was introduced in [1].

Proposition 2.7.8. Let T be a backward linear transfer such that {6,;x €
X} C Dy(T), with backward Kantorovich operator T~ . Then, the functional

0 if T(p,v) < 400

400 otherwise,

Enit@(uv V) = {
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1 a backward linear transfer with Kantorovich operator

= sup{/y gdv; v e PY), T(0z,v) < +o0}. (2.19)

Proof. Without loss of generality, we may assume 7 > 0 (otherwise consider
T — C where C € R is a lower bound for 7). It is immediate that Tgpyite is a
proper, bounded below, convex, and weak* lower semi-continuous function

with D1 (Tnite) = D1(T). We have for p € D1 (Tuite),
(Tiwie)io) = sup{ | gdviv € PY), Tlv) < 400} (220)
Y
At the same time, we know by Proposition 2.4.4 that T~ is given by

T g(x)= sup {[| gdo—T(0z,0)},
ceP(Y) JY

so for A > 0, we have

00 _ gy ([ gdo - L7001
A oceP(Y) JY A

We then have liminfy_, %‘7)@) > sup{ [y gdo; T(dz,0) < +00}. On

the other hand, since 7 is non-negative, we have

T~ (Ag)(x)

3 < Sup{/ gdo; 0 €P(Y), T(0z,0) < +oo}
Y

and we conclude that

. T 00)@)

= sup{/ gdo; o€ P(Y), T(by,0) < +oo}. (2.21)
A—+o00 A Y

Exactly the same argument also shows that for any u € D1 (7),

lim / l/\g)du = sup{/ gdv;vePY), T(pv) <+oo}. (2.22)
A—+o00 X )\ Y
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To conclude that Tgpite iS @ backward linear transfer, it remains then to

justify limy 400 fX Tﬁy‘g) dp = fX limy 400 Tﬁy‘g) dp. This is simply by
monotone convergence. Indeed, as T is non-negative, then w is mono-
tone increasing in A; if Ay > Aq,
T 1
T~ (Aa9)(@) = sup { [ gdv— —T(6,v)}
A2 veP(y) Jy A2
1 T
> sup { [ gdv— —T(0z,v)} = M
veP(y) Jy A1 A1
We therefore conclude by (2.20), (2.21), and (2.22), that
(Thwie)ile) = [ T7gdu
X
where T, g(x) is given by (2.19).
O

Remark 2.7.9. Note that the above implies
T(u,v) < +oo ifand only if [ T;-gdu > [y gdv for every g € C(Y).

The latter condition can be seen as a generalized order condition between
@ and v. For example, if 7 is the balayage transfer of Section 2.5.3 on
P(X) x P(X) with A = C the cone of convex functions, then T"¢g = g,
the concave envelope of g. In this case, if T(u,v) = 0, then pu =<¢ v, ie.
Jx wdp < [ @dv for all convex functions ¢. Hence for all g € C(X),

/gduﬁ/@dug/gd,u:/ T gdp.
X X X X

On the other hand, if [y gdu = [ T, gdp > [y gdv for every g € C(X),
the inequality holds for all concave 1, and in this case 7 = 7. This implies

p =<¢ v and consequently 7 (u,v) = 0.
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2.8 Linear transfers which are not mass
transports

We now give examples of linear transfers, which do not fit in the framework

of Monge-Kantorovich theory of Section 2.6.

2.8.1 Linear transfers associated to weak mass transports

Example 2.8.1 (Marton transports [41, 42] are backward linear transfers).

Consider the weak cost

c(a0) = [ dtw.aotw))

where 7 is a convex function on RT and d : X x Y — R is a lower semi-
continuous function. The associated weak transport is a backward linear

transfer with Kantorovich operator

T g(x) = s {/Y gdo —~ </Y d(z,y) da(y)> } :

Proposition 2.8.2. Let T be a backward linear transfer on P(X) x P(Y),
where Y s convex and compact. Suppose for some lower semi-continuous

functional ¢ : X XY — R, we have
T (0z,0) = c(:z:,/ ydo(y)) forallz e X ando € P(Y),
Y
where [, ydo(y) denotes the barycentre of o. Then, for every g € C(Y),
T™g(x) = sup{g(y) — c(z, y)},
yey
where § is the concave envelope of g (see Example 2.5.14).

Proof. Note that z is the barycenter of a probability measure ¢ if and only
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if 6, <¢ o where C is the cone of convex functions. Write now

T g(@)= swp {[ gdo—cla, / ydo(y))}
cePY) JY Y

= sup {sup{/gda;a e P(Y),8, <c o} — c(:c,z)}

z€Y
= sup{g(z) — c(z, 2)}
z€Y
where the last equality we have used Proposition 2.5.13. O

Example 2.8.3 (A barycentric cost function (Gozlan et al. [36])). Consider

the weak transport

T =it { [ 1o~ [ yarllduter € Kiu) |

where || - || is the norm on X induced from dx. This is a backward linear

transfer, with Kantorovich operator given by

T"gf(z) =sup{g(y) — lly —zlly € Y},
where ¢ is the concave envelope of g.

Example 2.8.4 (The variance functional). Consider the variance functional

T(uv) = | /Y y duf? — /Y w2 du(y).

Denoting ¢(y) = |y|? as the quadratic function, we have

T~ f(x) = sup{ /Y fdo—| /Y y dof? + /Y 2 do(y);o € P(Y)}
=sup{/y(f+q)da— r/yydaw%oemm
=S"(f+q)(x),

where S is the Kantorovich operator associated to the transfer S(u,v) :=

\ fyy do|?, which only depends on the barycenter and therefore S=g =
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sup{g(z) — |2|%; 2 € Y}. It follows that
T™f =sup{f+a(=) ~ |2z € V).

Cost minimizing mass transport with additional constraints give exam-

ples of one-directional (backward) linear transfers.

Example 2.8.5 (Martingale transport). Let ¢ : X x X — R be a continuous
cost function and C the cone of convex functions. Martingale transport (see
e.g. [29], [37]) is defined by

inf{ [y, x c(@,y)dr(z,y); 7 € M(u,v)} if p=<cv

400 otherwise,

T(:“ﬂ V) =

where M (i, ) consists of all transport plans m € K(u,v) such that their
disintegration 7, with respect to p, dr(z,y) = du(x)dr,(y), has barycentre
x.

Note that m, has barycentre z, if and only if, §, <¢ 7. Therefore,

defining the weak cost

~( ) fX C(.’L‘, y) dO'(y) lf 51‘ '<C g,
C\Tr,0) =
400 if not,

martingale transport can be written as

inf il [xxx €@, ) d p}if p<c v,

+00 otherwise.

T v) =

Since it is a weak transport, we know from Section 2.7 that it is a backward
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linear transfer with

T o) = swp { [ gdo— (.00}
ceEP(X) JX

= sup{/y(g(y) —c(z,y))do(y); o € P(Y), 0z =¢c 0}

= gc,x(x)v

where g, is the concave envelope of the function y — g¢(y) — c¢(z,y). The

last equality follows from Proposition 2.5.13.

Example 2.8.6 (Schrodinger bridge (Gentil-Leonard-Ripani [27])). This
example is in R?, but we include it even though we have not formally defined
linear transfers on non-compact spaces. Fix some reference non-negative
measure R on path space Q = C([0,1],R?). Let X = (X;); be a random
process on M whose law is R, i.e. R = (®x)4x(P), where (Px(w))(t) :=
Xi(w). Denote by Rp; the joint law of the initial position Xy and the final
position X;. For example (see [27]), assume R is the reversible Kolmogorov
continuous Markov process associated with the generator %(A - VV.V)
and the initial measure m = e~V (@) dz for some function V.

For probability measures p and v on M, define
Thor (1,) = inf{ /R AT m)dp(w) s 7€ K(p,v), dn(e,y) = dule)dna(y)}

where dRp1(x,y) = dm(x)dr(y) is the disintegration of Ry, with respect to
its initial measure m. We see that Tg,, is a weak transport corresponding
to the weak cost ¢(x,p) = H(r],p) and hence, by an appropriate extension
of Theorem 2.7.2 to non-compact spaces, it is a backward linear transfer.

Its backward Kantorovich operator is given by
T~ f(x) =log Egee/ 1) = log Sy (/) (),

where (S;) is the semi-group associated to R.
The transfer (2.8.6) is associated to the maximum entropy formulation

of the Schrodinger bridge problem in the following way: Define the entropic

47



transportation cost between p and v via the formula

dm
S = inf 1

ydm;m e K(p,v)}.

Then, under appropriate conditions on V' (e.g., if V' is uniformly convex),
then

Troy (11, V) = Sr(p,v) — /M log(d—u) dp.

dm

Note that when V' = 0, the process is Brownian motion with Lebesgue mea-
2

sure as its initial reversing measure, while when V(z) = MT', R is the path

measure associated with the Ornstein-Uhlenbeck process with the Gaussian

as its initial reversing measure.

2.8.2 One-sided transfers associated to stochastic mass
transport

Let M = T™ be the flat torus, and consider a Lagrangian on phase space L :
TM — [0,00). Let (2, F,(F):,P) be a complete filtered probability space
and define Ay ;) to be the set of continuous semi-martingales X : Qx[0,1] —
M such that there exists a Borel measurable drift Sy : [0, 1] x C([0, 1]) — R?

for which

1. w = Bx(t,w) is B(C([0,t]))+-measurable for all ¢ € [0,1], where
B(C([0,t])) is the Borel o-algebra of C|0,].

2. Wx(t) == X(t) — X(0) — [ Bx(s,X)ds is a o(X(t); 0 < t < 1) M-

valued Brownian motion.

Example 2.8.7 (Stochastic mass transport between two probability mea-
sures). Consider the functional 7 : P(M) x P(M) — R U {400} defined
by

1
T (po, p1) == inf{E/O L(X(s), Bx(s,X))ds; X(0) ~ po, X(1) ~ p1, X € A[o,u},

where we use the notation Z ~ o to denote that the random variable Z has

distribution o.
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This stochastic transport does not fit in the standard optimal mass trans-
port theory since it does not originate in the optimization according to a
cost between two deterministic states. However, it still enjoys a dual formu-
lation (first proven by Mikami-Thieullin [45] for the space R™) that permits
it to be realised as a backward linear transfer. An adaptation of the proofs
of Mikami-Thieullin to M = T" (see [45] Lemma 3.1, 3.2, and 3.3, and
Theorem 2.2), yield the following.

Proposition 2.8.8. Under suitable conditions on L (for example, if L(z, §) =
$1B1?; see in [45] the assumptions (A1), (A2), (A3)(i - v), and (A4)),

v T(u,v) is convex and weak™ lower semi-continuous, and

Ty = swp {[ glo)dv(z) - /Mugw,m)du(x)}

geC(M) JM
where ug : [0,1] x M — R is a viscosity solution of

ou

1
a(t,:n) + iAxu(t,:E) + H(x,Vau(t,z)) =0, (t,z)€[0,1)x M

with w(1,z) = g(z). In addition T~ g(x) := ugy(0,z) can be written as

Tga) = sw {BLOXO)X0O) =2 -E [ L(X(8), B (s, X))ds| X (0) = |}

XGA[OJ]

From this expression, we can readily check that T~ is a backward Kan-

torovich operator (and consequently, T is a backward linear transfer).

2.8.3 Transfers associated to optimally stopped stochastic
transports

In dimensions greater than one, there are many different types of martin-
gales. If one chooses those that essentially follow a Brownian path, then we

have the following examples of linear transfers.

Example 2.8.9 (Optimal subharmonic martingale transfers (Ghoussoub-Kim—

Palmer [31]) ). Let O be a convex bounded domain in R, If (u,v) are in
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subharmonic order, i.e. u <gg v, where SH is the cone of subharmonic

functions on O, we set,

Pl = ot [ cla (s, dy).
where each m € BM(u, v) is a probability measure on O x O with marginals
w1 and v, satisfying §, <gg 7, for p—a.e. x, where m, is the disintegration
of dr(z,y) = drz(y)du(x). Otherwise, set P.(u,v) = +o0.

By a theorem of Skorokhod [53], such transport plans 7 can be seen as
joint distributions of (By, B;) ~ m, where By ~ u, By ~ v and 7 is a possibly
randomized stopping time for the Brownian filtration. See for example [30)].

The above problem associated to a cost ¢ can then be formulated as
Pe(p,v) = iITlf {E[C(Bo, B;)|; By~ p, By ~ 1/},

where (By); is Brownian motion starting with distribution p and ending at
a stopping time 7 such that B, realises the distribution v.
In [31] it is shown that P, is a backward linear transfer with a backward

Kantorovich operator given by T~ g(z) = Jy4(x, x), where

Jy(z,y) = sup E[g(BY) — c(z, BY)],

T<7T0
and 7o is the first exit time of the set O. Under some regularity assumptions
on g and ¢, and for each fixed z € O, the function y — J,(x,y) is the unique

viscosity solution to the obstacle problem for u € C'(O):

u(y) = g(y) — c(z,y), fory € O,
u(y) = g(y) — c(=z,y) for y € 00,
Au(y) <

(
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as well as the unique minimiser of the variational problem
inf {/ ’Vu‘zdy; u>g—c(z,-), uec H(O)}.
O

Example 2.8.10 (Optimally stopped stochastic transport [28, 31]). Given
a Lagrangian L : [0, 1] xRYxR? — R, consider the optimal stopping problem

() = inf {IE [/OTL(t,X(t),,BX(t,X(t))) dt} X (0) ~ o7 €S, Xs v, X(1) € A} ,

where S is the set of possibly randomized stopping times, and A is the class
of processes defined in Section 2.8.2. In this case, 77, is a backward linear

transfer with Kantorovich operator given by T, f = Vf((), -), where

X0 =a]}.

which is, at least formally, a solution Vf(t, x) of the quasi-variational Hamilton-

T
¥y t.2) = sup sup {E [f(X(T)) - [ B X (). 6x5, X)) ds

Jacobi-Bellman inequality,

min { Vi(t,2) — f(2), ~0Vy(t,2) — H(t,2, VVy(t,2)) - 5AVy(t,2) | =0.

2.9 Convex transfers

We saw in Example 2.5.3 that the relative entropy functional H(u,v) on
P(X) x P(X), which we recall is defined via

Ix g—z log(g—l’;)du if v < p,

400 otherwise,

H(p,v) =

satisfies 7 (g) = log [y edp and thus is not a linear transfer. We saw in

Proposition 2.5.4 that we can also express it as

* —— . ,gtt—1
Hu(g)—;glg/XTt(g)du, Tig = et — ¢ (2.23)
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This means that

H(p,v) = sup sup{ [ gdv— / Tigdu}
geC(X) teR JX X

=sup sup { [ gdv— / Tigdu}
teR geC(X) JX X
— sup Ti(y1,v) (2.24)
teR
where T; (11, v) := supgecx){fx 9dv — [ Tigdp} is a backward linear cou-
pling, but not a backward linear transfer. The expression (2.24) motivates

the following definition.

Definition 2.9.1 (Convex coupling). Let 7 : P(X)xP(Y) - RU{+oc} be
a proper, bounded below, weak® lower semi-continuous, and jointly convex
functional. We say T is a backward convex coupling provided it is the

supremum of a family of backward linear couplings,

T(/") l/) = sup 7;(:“7 V)
i€l
where [ is some index set and for each i, Ti(u,v) = supyecy{ [y 9dv —
Jx T gdu} is a backward linear coupling.
In the same way as for forward linear couplings, we shall define 7 as

a forward convex coupling if 7 (v, ) := T (i, v) is a backward convex
coupling on P(Y) x P(X).

We shall refer to {1, };cr as the family of operators associated to 7.
Note they are not in general Kantorovich operators as per Definition 2.4.1.
Recalling from Remark (2.4.7) that a backward linear coupling 7 has
’7;*(9) <[ x I~ gdpu, the backward linear transfers were defined as those
linear couplings where we have equality. In an analogous way, we see that
in general, a convex coupling 7 satisfies 7;(g) < infies S < I gdp. This

motivates the next definition.

Definition 2.9.2 (Convex transfer). Let 7 be a backward convex coupling.

We say T is a backward convex transfer if for all u € D1(T), for all
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g € C(Y), it holds that

7 (g) = inf /X T gdp.
Note that when I is a singleton, then 7T is a backward linear transfer,
so all linear transfers are convex transfers. A first example of a backward
convex transfer is of course the relative entropy via (2.23).
Also note that if {d,; z € X} C D1(T), then 7§ (g) = infie; T; g(z),
which implies that g ~— inf;c;T; g is a backward Kantorovich operator.

More generally, for backward convex couplings, there is the inequality

Tio) < [t gdn,

x 1€l

thus 7 (u,v) is bounded above by the backward linear coupling

sup { [ gdv —/ inf T, gdp}. (2.25)
gec(y) Jy x el

If it happens that g — inf;c; T g is a backward Kantorovich operator (which
in general it is not, but guaranteed if D1(7") contains the Dirac masses), then
this linear coupling (2.25) should in fact be the linear transfer envelope T of
T provided by Proposition 2.7.4. The next proposition provides the details
for this.

Proposition 2.9.3. Let T be a convexr coupling on P(X) x P(Y) of the

form

T (p,v) := sup Ty, v)

el
where for each i € I,

Ti(p,v) = sup { fdv—/ T gdu}
geC(y) JY X

for some map T, : C(Y) = USCy(X). Assume {0z;2 € X} C Di(T) and
sup,ex inf,epyy T (2, v) < +00. Consider the weak transport (or “trans-
fer envelope”) T of T provided by Proposition 2.7.4 and the corresponding
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Kantorovich operator T . Then,

1. T is given by the formula

T g(x)= sup inf /g—h do +inf T, h(z)}.
@)= sp ot [ (o) dr it )}

and therefore satisfies T g < inf; T, g on C(Y).

2. If in addition each T} is a backward Kantorovich operator, then T g=
inf;c; T g if and only if g — in§ T g(x) is convex and lower semi-
1€

continuous.

Proof. 1. We show that the hypotheses of Proposition 2.7.7 are satisfied.
We have that the map g — Tg := inf;c; T, g takes C(Y) to USCy(X), and,

sup inf sup {[ gdv—Tg(z)} =sup inf T (6;,v) < 400

zeX veP(Y) gec(y) JY zeX vEP(Y)
by assumption. Therefore the map T'g = inf;c; T, g satisfies the hypotheses
of Proposition 2.7.7, and we conclude that the operator defined by

T g(a) = o neih ) § /Y (9 = h)do + inf T g(x)}
is the Kantorovich operator of the weak transport 7 associated to 7, and
satisfies T g < inf;e; T} g.

2. Suppose each T, is a backward Kantorovich operator. If g —
1n£ T g(x) is convex and lower semi-continuous for any « € X, then it is it-
self a backward Kantorovich operator. Therefore the additional consequence

of Proposition 2.7.7 implies in§ T;g=T g. O
1€

Example 2.9.4 (Linear transfer envelope of relative entropy). Recall from
the beginning of this section or Example 2.5.3, that H7,(g) = inficr Jx Ti(9)dp,

where Tjg := e97~1 — ¢, It is easy to compute that

inf {7 — 1) = ()

54



and consequently T g = ¢ is the Kantorovich operator for the linear transfer
envelope. Therefore T is nothing but the trivial linear backward transfer of
Example 2.5.7

_ 0 if u=v,

T(M? v ) =

400 otherwise.
O
A natural question to investigate is whether convex functions of back-

ward linear transfers, are backward convex transfers. The next proposition

says this is indeed the case.

Proposition 2.9.5. Let a : [0,00) — R be a conver increasing function, and

T a backward linear transfer with corresponding operator T~. Then a(T) is

a backward convex transfer, and its envelope a(T) as given in Proposition

2.7.4 has Kantorovich operator given by

Tog = inf{sT™ (%) +a®(s)}, (2.26)

where a®(t) := sup{ts — a(s); s > 0} corresponds to the Legendre transform
L alt) t>0,
of the extended real-valued function &(t) =
+o00  otherwise.

Proof. Note that & is convex and lower semi-continuous, hence &**(t) = &(t)
and so a(t) = sup{ts — a®(s); s > 0}. Therefore,

(T (p,v)) = sup{sT (n,v) — a®(s)}

s>0

—sup sup { [ g [ (T(%)+a®(s)du)
520 geC(Y) JY X S

so we see that «(7) is a backward convex coupling.
To show that «(7) is a backward convex transfer, we have that v —

a(T (u,v)) is convex and weak™ lower semi-continuous, thus we just need to
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compute the Legendre transform for p € D1(T),

a(T)(g) = sup {[| gdv—a(T(uv))},
veP(Y)

*

I
a(T (u,v)). Substituting a(t) = sup{ts —a®(s); s > 0} for a(T (i, v)) in the

above expression, we obtain

where we recall the notation «(7)% is the Legendre transform of v —

ATo) = sup | / gdv — sT(u,v) + a®(s)}
veP(Y

= sup inf{/ gdv — sT (u,v) +a®(s)}
v T () <400 520 Jy
Notice now that v — f(v,s) := [, gdv — sT (u,v) + a®(s), as a function
on the convex and weak* closed subset V := {v € P(Y); T(p,v) < +o0},
is weak® upper semi-continuous, and also quasi-concave: {v; f(v,s) > A} is
convex or empty for A € R. At the same time, s — f(v,s) on W := [0, 00)
is lower semi-continuous on W and also quasi-convex: {s; f(v,s) < A} is
convex or empty for A € R. Then by Sion’s minimax theorem (Theorem

2.7.6), we may interchange sup and inf to obtain

a(T);(g) = inf sup { gdv—sT(u, v) +a%(s)}

g s20peP(Y)

= ;gg/y[sT() + a®(s)]dp.

S

where we have used the fact that s7 is a backward linear transfer with
operator g — sT~(£) (see Section 2.10).

Regarding the envelope m we note that for each s > 0, T, g :=
sT~(2) + a®(s) is a backward Kantorovich operator, and, moreover, the
function (s, g) — sT~(£) + o®(s) is jointly convex on R x C(Y'). Hence,
the infimum in s is convex, and therefore g — infy>o{sT~(£) + a®(s)} is

convex. We conclude by Proposition 2.9.3. 0

Example 2.9.6 (Generalised entropy functional). Consider for a strictly
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convex function « : [0,00) — R, the generalised entropy functional on
P(X) x P(X), given by,

fXa(j—Z)du if v < p,

+00 otherwise.

Ta(p,v) =

By a similar argument as given in Example 2.5.3 (see [35], Proposition 2.9),

we have

(Ta)i(g) = inf /X [0®(t + g(x)) — du(z)

teR

where o is as in Proposition 2.9.5, so that 7T, is a backward convex transfer.

Example 2.9.7 (A backward convex coupling which is not a convex trans-
fer). Let © C R? be compact with 1 < |Q| < 0o, A := ﬁ, and define for any

two given probability measures u, v on 2,

0 if A < 1p-ae.
Ta(p,v) = w

400 otherwise,

Note that when p = Adz|q (the uniform measure on Q),

0 if % < 1 Lebesgue-a.e.
Ta(Adx|q,v) =

+o00 otherwise.

We claim that T is a backward convex coupling but not a convex transfer.
Indeed, for the first claim, consider o, (t) := (At)™ log(At) for m > 1 and
t > 0, and define

fﬂam)\( )d,u, if v << p,

+00 otherwise.

Tm,)\(:ua V) =

By Proposition 2.9.5, T, \ is a backward convex transfer and for g € C(€2),
(Tm,2)j mf{/a Alg(@) +1) — tldu(z); t € R}
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where we recall (7;,.1)}, is the Legendre transform of the map v +— Ty, (11, /).

5]

. can be explicitly computed as

The function «

o gy {4 O it 12 e,

0 ift < —ﬁeil.

where 5, := ”f\—;le%, and W is the Lambert-W function (the multi-valued
inverse of w +— we™). It is easy to see that Ty(u,v) = sup,, Tm (1, V);
hence it is a backward convex coupling (as a supremum of backward convex
transfers).

However, 7T is not a backward convex transfer itself, since

(TH)ile) = (b Tonn)io) < (T )ide) = [ L

with the inequality being in general strict.

One well-studied problem for which this is relevant is the quadratic
Wasserstein projection. Denoting W2(u,v) as the optimal transport with
cost function c(z,y) = |z — y|?, the quadratic Wasserstein projection of a
measure v onto the set of Lebesgue densities bounded above by 1, is the

minimiser of the following variational problem,
inf{W3(o,v); o0 € P(Q), — < 1}.

This problem has received a lot of attention in the context of congested

crowd motion (see, e.g. [49]). By writing

d—g < 1} = inf{Ty(\dz|q,0) + W22(U, v); 0 € P(Q)}

inf{W3(o,v); o

we see that it consists of an inf-convolution of the backward convex cou-
pling 7, with the backward linear transfer W2. Therefore we cannot take
advantage of the inf-convolution property for backward convex transfers and

backward linear transfers (see Section 2.10.2) to write a dual formulation.

o8



2.9.1 Backward entropic transfers

We saw previously that the relative entropy functional was a backward
convex transfer. However, there is further structure: not only H;(g) =
infier [y 17 gdp (see (2.23)), but in fact H%(g) = log ( [y e%dp). We thus

isolate a special subclass of backward convex transfers.

Definition 2.9.8. Let 5 : R — R be concave and increasing, and let 7T :
P(X) x P(Y) — R U {400} be a bounded below, proper, weak* lower
semi-continuous and convex functional. We say that 7 is a backward
p-entropic transfer if there exists a map 7~ : C(Y) — USC(X) such
that for every p € Di(T),

7?(9) =p </X ngﬂ) , forany ge C(Y).

We note from the definition that a backward p-entropic transfer is a
backward convex transfer. This follows from the concavity of 5, so that
B(t) = infser{—st + (—F)*(s)} where (—fF)* is the Legendre transform of
—B.

2.10 Operations on convex and linear transfers

In this section, we highlight a few basic operations on convex transfers. In
particular, the notion of inf-convolution (see below in Section 2.10.2) will

be, in subsequent chapters, the operation which is of most interest.

2.10.1 Linear transfers are a convex cone

In this section, we highlight some basic operations for convex and lin-

ear transfers, the most important for our purposes in Chapter 5, is inf-

convolution.

Proposition 2.10.1. 1. (Scalar multiplication for convex trans-
fers) If a € RT\ {0} and T is a backward convex transfer, then (aT)
given by
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(@T)(u,v) = aT (s, v)

is also a backward convex transfer with

(aT)ilg) = nf | aT; ()dp. (2.27)

. (Addition for linear transfers) If 71 and T2 are backward linear
transfers on X XY such that {6,;x € X} C D(T1) N D(T2) with

Kantorovich operator T, T, respectively, then the sum defined as

(Th & T2)(p, v) == inf{/X {7'1(37, Tz) + 7'2(96,7%)} du(x);m e K(p,v)}

is a backward linear transfer on X x Y, with Kantorovich operator
given on C(Y') by

T g(x) = sup { | gdo—Ti(0x,0) = Ta(bx;0)}

oceP(Y) JY
= inf {T7h 5 (g—h .
int {T7h) + T5 (g — )2}

2.10.2 Inf-convolution

An important operation from the perspective of ergodic theory, is the notion

of inf-convolution. We will see shortly that this will allow us to iterate

a linear transfer which we shall investigate and go into greater detail in
Chapter 5.

Definition 2.10.2 (Inf-convolution). Let X7, X5, X3 be 3 compact, com-
plete, and separable metric spaces, and suppose 7; (resp., T2) are functionals
on P(X1) x P(X2) (resp., P(X2) x P(X3)). The inf-convolution of 7; and
T is the functional on P(X;) x P(X3) given by

T(p,v) :=Ti xTo = inf{Ti(u,0) + T2(o,v); 0 € P(X2)}.
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By induction, one can then consider inf-convolution of n functionals in
the obvious way. Note that inf-convolution preserves convexity and weak*
lower semi-continuity. This leads to the following important stability prop-

erty.

Proposition 2.10.3. If T is a backward linear transfer on P(Y') x P(Z)
with Kantorovich operator T~ : C(Z) — C(Y), and F is a backward convex
transfer on P(X) x P(Y), then F =T is a backward convex transfer on
P(X) x P(Z), with

(FxT)5(h) zinﬁ/ FoT hdp.
X

1€

Proof. We calculate the Legendre dual of (F*T), at g € C(Z) and obtain,

(F+T)ig) = sup  sup { / gdu—f(w)—f(a,u)}
veEP(Z)oeP(Y) A
= sup {7, (9) — F(u,0)}
ceP(Y)

= sup {/ T‘gda—]—"(u,a)}
ceP(Y) Y

= (F)(T(9)

— it [ BT gla)) dute).

O]

Corollary 2.10.4. If 71 (resp., T2) is a backward linear transfer on P(X1) X
P(X2) (resp., on P(X2) x P(X3)) with Kantorovich operator Ty : C(X3) —
USC(Xy) (resp., Ty : C(X3) — C(X2)), then Ty *x Tz is also a backward
linear transfer on P(X1) x P(X3) with Kantorovich operator equal to T o
5.

Remark 2.10.5. The assumption that 7, maps continuous functions to
continuous functions is too restrictive; the appropriate setting is for upper
semi-continuous functions, but strictly speaking in that case 7] o T}, g is

not defined. This is a non-issue, but requires us to spend some words in
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Chapter 5 on extension of the operators to upper semi-continuous functions,
in which case the above proposition still holds in the more general case when
Ty : C(X3) = USC(X2)

By induction on the convolution property enjoyed by linear transfers,

one can immediately show the following.

Corollary 2.10.6. Let Xy, X1, ...., X}, be (n+ 1) compact spaces, and sup-
pose for each i = 1,...,n, we have functionals T; on P(X;_1) x P(X;). For

any probability measures p on Xo and v on X,, define

T(u,v):=Ti*Tax...x Tp(p,v)
=inf{T1(u, 1) + T2(v1,12)... + Tn(Vn-1,v); v; € P(X;),i=1,...,n—1}.

If each T; is a backward (resp., forward) linear transfer with a correspond-
ing Kantorovich operator T, : C(X;) — C(X;—1) (resp., T;t : C(X;) —
C(Xi41)), then T is a backward (resp., forward) linear transfer with a Kan-

torovich operator given by

T™ =T, o1y o...oT,

n

(resp., TT =T,  oT.f jo..0T})
In other words, the following duality formula holds:
T(p,v)= Sup{/ gdv —/ Ty oTy o...oT, gdu; g € C(Xy)}.
Xn Xo
respectively,

T(p,v) :sup{/X T.F oTleo...Tf“fdu—/ fdp; feC(Xo)}

Xo

We will study in Chapter 5, iterates of a single linear transfer 7 x 7 x
ok T

2.10.3 Tensor products and dual sums of linear transfers

We highlight other operations for linear transfers.
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Definition 2.10.7. 1. (Tensor product) If 77 (resp., 7T2) are functionals
on P(X1) x P(Y7) (resp., P(X2) x P(Y2)) such that {0, ; 1 € X1} C
D(T1) and {04, ; 22 € X2} C D(72), then the tensor product of T;
and 7 is the functional on P(X; x X3) x P(Y; x Y3) defined by:

i Tolusv) = inf{ [ Tirmb ) + ToGuns ) s )i € Ko u>}
X

1 X X2
where dﬂ'(iUl, x2, Y1, y2) = dﬂ-xﬂcz (ylu yZ)d,U’(-Tl) 1:2)7 and WfilIZ = PrOjYi#ﬂ-xle
is the projection of m;, ., onto Y;, ¢ =1,2.

2. (Dual sum) If 77 and 73 are backward linear transfers on P(X) x P(Y')
such that {0, ; x € X} C D1(71) N D1(72), with Kantorovich operator
T,", T, respectively, then the dual sum, 710073, is defined as the

transfer whose Kantorovich operator is 17 4 75, , that is

TOT2(p,v) = Sup{/y gdv — /X(Tlg + Ty g)du;g € C(Y)}

The definition of tensorization is via a weak transport, so it is not sur-

prising that we have the following stability property.

Proposition 2.10.8. If 71 (resp., T2) is a backward linear transfer on
P(X1) x P(Y1) (resp., P(X2) x P(Y2)) such that {65; x € X1} C D1(Th)
and {0, ; x € Xo} C D1(T2), then T1 ® Ta is a backward linear transfer on
P(X1 x Xa) x P(Y1 x Ya), with Kantorovich operator given by

T g(z1,22) = sup { gdo — T1(0z,,01) — T2(0z,,02)}.  (2.28)
(J’GK(G’l,Ug) Y1 xYs
Moreover,
T @ Ta(p,v1 @vo) < Ti(pr,vi) + | T2(0ny, v2) dpa(x2), (2.29)

X2
where (g = PronQ#u.

Proof. The tensor product as defined above is a weak transport, where the
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cost on X7 x Xo x P(Y1 x Ya) is simply,
C((xbe)v U) = 7-1(5381701) + 7-2(51‘27 02)7

where o; = projyi#a, 1 = 1,2, are the marginals of ¢ on Y7 and Y5 re-
spectively. The cost ¢ is bounded below, lower semi-contiuous, and o —
c((x1,2),0) is convex. Therefore by Theorem 2.7.2, 71 ® Tz is a backward

linear transfer with

T g(z1,22) := sup {/ gdo — c((x1,x2),0)}.
UEP(Yl XYQ) Y; ><Y2

For the upper bound (2.29) for 71 ® Tz, since m = u® (v1 @ v2) is admissible

in the infimum, we have

o ® ol @ va) < Ti(un, ) + / To(Bag v2) dps(a1, 2)

X1><X2

2.10.4 Projections and Hopf-Lax formulae

We now investigate linear transfers which arise via inf-convolution.

Example 2.10.9 (Projection onto the set of balayées of a given measure).
Let 7 be a backward linear transfer on P(X) x P(Y) and consider the

following “projection” problem
S(p,v) :==inf{T (n,0);0 € K, }, (2.30)

where K, is a closed convex subset of P(Y') that depends on v. Define on
PY) x P(Y),
0 ifoeK
I(o,v) = Y
400 otherwise.
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so that we may write S as
S(p,v) =T +xL(p,v) = inf {T(p,0)+Z(o,v)}
ceP(Y)

In general, S will not be a backward linear transfer. However, consider the
case when K, = {0; 0 <4 v} is the set of probability measures in .4-order
with v, for a convex cone A of continuous functions (see Section 2.5.3).
Then Z = B where B is the balayage of measures from Section 2.5.3, and
the inf-convolution property of Section 2.10.2 implies that S is a backward

linear transfer with backward Kantorovich operator

where we recall, again from Section 2.5.3, that
g(x) = inf{h(z); h € —A,h > g}.

A particular setting that has been studied in, e.g. [33], [22], is when T is
the optimal transport with quadratic cost c(x,y) = |z — y|> and A is the
collection of convex functions on some compact subset of R™. In that case,
we have seen from Section 2.5.3 that g is the concave envelope of g, hence

we obtain the duality

it (7 (s 0)io <av) = sup { [ gdv— [ T gd)
geC(x) Jx X

where T~ g(z) = sup,cx{g(y) — |z — y|*} is the Kantorovich operator of
optimal transport (see Section 2.6). By noting g > g, it follows that T~ (g) >
T~ (g), so it actually suffices to restrict the supremum to g which are concave,

in which case § = g. The conclusion is

inf{7 (u,0);0 <av}= sup { gdv—/ T gdu}
X

g concave JX

which is the duality obtained by Gozlan et. al. (see [36], Theorem 2.11 (3)).
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It is easy to see that the convolution of two optimal mass transports
with costs c¢; and co respectively, is also a mass transport corresponding to
a cost functional given by the convolution ¢ xc3. We use the inf-convolution

property of linear transfers to establish this easy result.

Proposition 2.10.10 (Lifting convolutions to Wasserstein space). Let X;,
i = 0,1,2, be compact spaces, and, ¢; : X; X X411 — R U {+o0}, i =
0,1, lower semi-continuous cost functions. Define the corresponding optimal

mass transports

Telv) = inf { / iz, y) dr(z, v)},
WEK(#J’) XiXXiJrl

with corresponding forward and backward Kantorovich operators T, Cf and
T, as in Section 2.6. Consider the cost function on Xo x Xo which is the

convolution of the two cost functions,
c(z,2') == c1 xco(z,2') = inf {c1 (2, 1) + co(21, 2'); @ € X3}
Then

’TC(/'LvV) :721*722(/‘7”)
= sup {/ Tc‘*l'oTc‘gfdu—/ fd,u}
feC(Xo) X2 Xo

= sup {/ gdy—/ TcloTC2gd,u}.
9eC(X2) U/ Xo Xo

Proof. By the inf-convolution property of Section 2.10.2, 7¢, x¢, has backward
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Kantorovich operator equal to
T, o Teyg(x) = sup {T¢,g(x1) — ci(w,21)}
T1€X1

= sup  {g(z2) — ca(x1,22) — c1(z, 1)}
r1E€X1,12€ X2

= sup {g(x2) — c(z, 72)}
z2€X2

=T, g(x).
O

The next two problems are technically defined on R? and not on a com-
pact space, so strictly speaking, they do not fit into our compact framework.
One then needs to change to the space Mj(RY) of finite Borel measures with
finite first moments, in duality with Lip(M) the bounded uniformly Lips-

chitz functions on M.

Example 2.10.11 (The ballistic transfer (Barton-Ghoussoub [4])). Let L
be a Tonelli Lagrangian, which we do not make precise here but instead
define later in Chapter 4, which satisfies appropriate assumptions (see [4],
(A0)). For M = R? = M* (M* the dual space), the deterministic ballistic

mass transport is defined as

B(p,v) :=inf{ et b(v,z)dr(v,z); e K(p,v)},

where
1
b(v, ) = inf{{v,7(0)) + /0 L(t,(£),4(8)) dtsy € CH([0,1), M), A(1) = a}.
Note that we can write b in the form
b(v,z) = inf{(v,y) + cr(y,x); y € M},

where the cost ¢y, is given by the generating function associated to L in

Example 2.6.6, which means that b is the convolution of the Brenier cost of
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Example 2.6.7 with the cost induced by the Lagrangian L.

By the inf-convolution property 2.10.3, it is both a forward, and back-
ward, linear transfer. In particular, its backward Kantorovich operator is
then the composition of the two corresponding backward Kantorovich oper-

ators, and we conclude

B(u,v) = Sup{/M g(z)dv(z) — / (=Wy(0,-))"(—v)dv(v); g € Lip(M)}

*

where W solves the Hamilton-Jacobi equation of Example 2.6.6 with W (1, z) =
g(x), and where h*(v) := sup,cp{(v, ) — h(z)} is the Legendre transform

of a function h on M (see Theorem 2 in [4]).

Example 2.10.12 (Stochastic ballistic transfer (Barton-Ghoussoub [4])).

For the stochastic ballistic transport problem,

1
B®(u,v) := inf {IE [<V, X (0)) +/0 L(t, X, Bx(t, X)) dt|; V ~ p, X(-) € Ajg 1y, X(1) ~ V} ,

where we are using the same notation for the stochastic processes as in
Section 2.8.2, this is a convolution of the Brenier-Wasserstein transfer of
Example 2.6.7 with now the stochastic transport of Example 2.8.7. Under
suitable conditions on L (see [4], (Al), (A2), (A3)), we have, similarly to

the deterministic version,

B =sw{ [ ala) i@~ [ (o0, o)dutg e ivan ).
only now 1) is the solution to the Hamilton-Jacobi-Bellman equation

%f + %Aw(t,x) + H(t,z, V) =0, (1,2) = g(z).

In other words, B? is a backward linear transform with Kantorovich operator

T™g(v) = (=1,(0, )" (=v).
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2.11 Subdifferentials of convex transfers

If T is a backward linear transfer, then v — T (u,v) =: T,(v) is convex
and weak* lower semi-continuous. Therefore one can consider its (weak™)

subdifferential 07, given by
g € T, (v) if and only if T(u,v') > T(u,v) + [ gd(v' —v) for any v/ € P(Y).

In other words, g € d7,(v) if and only if T,(v) + T;(g9) = (g,v). Since
Tu(v) = T (p,v) and T (g) = [ T~ gdp, we then obtain the following charac-
terization of the subdifferentials, which says that the subdifferential 97,(v)
is simply all those g for which dual attainment holds for T (u, v).

Proposition 2.11.1. Let T be a backward linear transfer. For any p €
Di(T), the subdifferential of T, : P(Y) = RU {+oo} at v € P(Y) is given
by

oT, ) = {gec<Y> [ swaw - [

T g(x)du(zx) = T(u u>}
X

It is easy to see that the same expressions hold (with the necessary
modifications) for backward convex transfers.
In the following, we observe some elementary consequences for elements

in the subdifferential.

Proposition 2.11.2. Suppose T is a linear backward transfer such that
{0z;2 € X} C Di(T). Fizxp € P(X) and v € P(Y) such that T (u,v) <
+o00. Then, there exists m € K(p,v) such that for each g € 0T,(v), we have

T g(x) = /Yg(y)dﬁz(y) — T (03, 7z), for p-a.e. v € X,

where T, is a disintegration of ™ with w.r.t. u.
Conversely, if v — T(u,v) is strictly convexr and g € 0T,(v) for some

veP(Y). If t — o, is any Borel-measurable selection such that

T~g(z) = sup { [ sdo 76 a>} = [ i~ Tos.)

o
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then T (u, v) is attained by the measure @ defined via dn(z,y) = doy(y)du(x).

Proof. By a recent result [3], there exists 7 € K(u, ) such that
T(uw) = [ TGom)du(a).
b'e

If f € 0T,(v), then by definition
/Y F(y)dv(y) - /X T~ F(e)du(z) = T, v) = /X (@, 7 du(z),

that is [y [T f(z) — [y f(y)d7a(y) + T (2, 7z)] dp = 0. Since T~ f(z) =
Sup, { i fdo — T(m,a)}, the quantity in the brackets is non-negative and
we get our claim.

Conversely, If f € 0T, () is non-empty for some v € P(Y), then [ fdv —
ST~ fdu =T (u,v). From the expression T~ f(x) = sup, { [y fdo — T (65,0)},
we know the supremum will be achieved by some o,. Defining 7 by d7(z,y) =

du(z)doy(y), and the right marginal of T by U, we integrate against p to

/deﬂz /fdﬁ—/T(&x,%)du.

This shows that T (u,7) = infrciciup) [ T 0z, m2)dp = [ T (6z,04)dp, and
consequently, f € 0T,(7). But by strict convexity, this can only be true if

U =v. O

achieve

Note that while we can use general existence results such as the Brondsted-
Rockafellar theorem [46], to state that 07, (v) exists for a weak*-dense set of
v € P(Y) (and therefore the dual problem is “generically” attained for this
weak*-dense set), proving attainment in the dual problem is, in general, a
difficult problem.

Corollary 2.11.3. Suppose T is a backward linear transfer on P(X)xP(Y)
such that the Dirac masses are in Di(T), and fix p € P(X). Then for every
v € P(Y) and every e > 0, there exists v, € P(Y) such that Wa(v,ve) < €
and the dual problem for T (p,ve) is attained.
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We briefly mention the following Euler-Lagrange equation for variational
problems on spaces of measures, which follows closely [24] (see in particular
Theorem 2.2 there).

Proposition 2.11.4. Let To(p,v) == [y« (%) du be the genmeralised en-
tropy functional considered in Example 2.9.6, where o : [0,00) — R is in
CL([0,00)), strictly convex, and superlinear. Let T be any backward linear
transfer. For a fized p, consider the functional 1,(v) := Ta(p,v) — T (1, v),
and assume U realises inf,ep(x) I,(v). Then, there exists f € 9T, () such

that the following Euler-Lagrange equation holds for v—a.e. x € X,
div _
Oé/ <V> — f + C”
dp

Proof. Recall from Example 2.9.6 that 7, is a backward convex transfer
with

where C' 1s a constant.

i) =t { [ (o) +0) - dan(o) ),

teR

where a®(t) := sup,>o{st — a(t)}. It follows that

o (j:) € T, (v).

We can see this either directly from the subdifferential definition, or from
dv dv dv dv
D 1 [ 4¥ _ w8y ar
) (a (du)> dp” (du> a(du)
dv dv
* N et — (<3} A il d
T (a (du>> /xa (a ((M)) .

The rest is a straightforward adaptation of Theorem 2.2 in [24]. O

observing

In particular,

71



Chapter 3

Dualities for transfer

inequalities

3.1 Introduction

Let 7. be an optimal transport associated to a cost function ¢ on X x X,
and let J be a functional on P(X) x P(X). A family of inequalities, the
transport inequalities, compare the cost T.(u,v) of transporting a measure
v € P(X) to a fixed “reference measure” p € P(X), in the form (see, e.g.
the survey article [34])

a(Te(v,p) < J(p,v) or a(Te(p,v)) < J(p,v),

where « : [0,00) — [0,00) is a given increasing function with a(0) = 0. A

classical choice for J is the relative entropy functional
H(p,v) = [y log(g—z) dv if v < p and 400 otherwise,

in which case they are known as the transport-entropy inequalities, including
Talagrand’s transport inequality for the Gaussian measure [57]. One interest
of transport-entropy inequalities is that they imply concentration of measure

phenomena (see e.g. Theorem 1.7 in [34] originally due to Marton [41, 42],
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or the survey [38]).

In order to prove a transport-entropy inequality, one can take advantage
of the fact that both 7. and H have dualities, which in the present context,
is to exploit the fact that 7. is a linear transfer, and H is a convex transfer.
As was originally proved by Bobkov and Gétze [8], one can show (see [34])

the following equivalence.

Theorem 3.1.1 ([34], Theorem 3.2, Corollary 3.3). Let ¢ be a lower semi-
continuous cost function, c : [0,00) — [0,00) conver, increasing, and a(0) =

0, and fix a reference measure p € P(X). Then the following are equivalent:
1. a(Te(v,p) < H(p,v) for allv € P(X),

2. For all g € C(X),

/ esTe9qy, S/ efsgdquoz@(S)’ 5>0
X X

where we recall that o® (s) 1= sup;so{st—a(t)} for s >0, and T g(z) =
supye x {9(y) — c(z,y)}-

Proof. The proof is illustrative so we shall provide it here: We have as a

backward linear transfer,

Te(v,pu) = sup { [ gdp— / T, gdv}
geC(X) JX X

as well as a(t) = supy>o{st —a®(s)} (this follows by extending o to 400 for
t < 0 (denoting this by &) and noting « is convex and lower semi-continuous
s0 a(t) = supgeg{st —a*(s)} = sup,so{st —a®(s)}). Then for all g € C(X)
and all s > 0, it follows that

a(Te(v, 1)) =sup sup { sgdu—/ sT, gdv — a®(s)}.
s>0 gec(X) Jx X

Then we write

a(Te(v,p) < H(p,v) forallv e P(X) <= 0< Veig(fx){ﬂ(u, v) —a(Te(v, 1))}
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Substituting directly the above expression for a(7:(v, p)) yields

0< inf inf inf{H(u,v)— d+/T;d+69
_Veg(x)gelg(x);r_;o{ (1, v) /ngu | STegdv+a (s)}

= inf inf {/X(sgqta@(s))du sup { (Tc_g)dl/’H(,u,y)}}

9€C(X) 50 veP(X) Jx

Lt it { [ (g a®(9)d— Hy(-5T: )

= inf inf —sg 4 a®(s))du —1 /-sTc’gd.
it it [ (s +a®(s)du—log [ T )

Hence by rearranging and taking the exponential, we obtain
/ e=5Te 94y < efx —s9duto®(s)  for all g € C(X) and all s > 0.
X

O]

The goal now is to deduce analogous duality statements when «(7.) is
replaced by 7 which is a linear or convex coupling, and when the relative
entropy H is replaced by a entropic, or more generally, a convex transfer
(recall Definition 2.9.8). The main interest for computing the dualities is
that they transform inequalities between measures, to inequalities on func-
tions. Therefore if one wishes to prove that a particular transfer inequality
holds, they can instead prove the equivalent functional inequality, for which
one may hope to take advantage of the extensive literature that has been
developed for functional inequalities. As an example, see [§].

We shall assume throughout that the operators associated to the cou-
plings/transfers discussed in this chapter, map continuous functions into at
least the space of upper semi-continuous functions. In that case, we use,
in advance, the inf-convolution property Corollary 5.1.5 to justify certain
Legendre transform computations, which is the statement of Proposition
2.10.3 and Corollary 2.10.4 extended to upper semi-continuous functions

(note Chapter 5 does not depend on Chapter 3).
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3.2 Backward convex coupling and backward
linear transfer

Fix u € P(X). As a generalization of the transport-entropy inequality of
type
o(Tolo, ) < H(pyo) for all o,

we would like to prove inequalities such as,
Faolo,p) < Fi(p,o) for all o € P(X),

where F7 is a backward convex transfer and J5 is a backward convex cou-
pling. In this section, we provide the dual characterization for such an in-
equality, and refine it further to the special case when 71 = A€ x 7. To find
the dual characterization, we compute the duality for the inf,{F;(u,0) —

Fa(o,v)} where p and v are some fixed probability measures.

Proposition 3.2.1. Let F; be a backward convex transfer on P(X1)x P (Y1)
with operators (Fy,)icr, and F2 a backward convex coupling on P(Y1) x
P(X2) with operators (Fy;)jes. Then for fized p € P(X1) and v € P(Xa),

we have

inf {Fi(u,0)—Fs(o,v)} = inf inf —inf/ F.(—F,.g)d —/ du}.
(R} = nt ot {int [ FEan— [ g

Proof. As Fy is a backward convex coupling, we may write Fa(o,v) =
SUPgeC(Xa) suijJ{fX2 gdv — fY1 szjgda}. We may then substitute this into

the expression

inf {Fi(u,0) — Fa(o,v)} = inf inf inf ¢ Fi(u, 0 —/ du+/ E . da}
JG'P(Yl){ p0) 2o v)} aeP(Yl)geC(Xz)JGJ{ 1) ng Yi 24

= inf inf{— sup { (—ngg)da—]:l(u,a)}—/x gdl/}

QGC(X2)j€J O'EP(Yl) Y1

= inf inf{—inf [ F,(—F,.9)d _/ dV}
QEC(Xz)jEJ{ ie]/Xl 1,2( 2,].9) 1% X2g

where the last equality follows since Fj is a backward convex transfer and
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thus has the specified Legendre transform. O

Corollary 3.2.2. Under the same hypotheses as the above Proposition 3.2.1,

the following are equivalent:

1. For all 0 € P(Y1), we have

Folo,v) < Fi(u,0).
2. For all g € C(X3), it holds

supinf/ Ffi(—FZ_j(g))d,u+/ gdv < 0.
jeJ iel X1 ’ ’ X2

Proof. By Proposition 3.2.1 it follows immediately that

0< inf ){fl(u,a)—Fg(a, v)} ifand only if 0 < inf inf{—inf/ Fl_i(—FQ_jg)du—/
X1 ’

oceP(V1 geC(Xy) jed | i€l

This equivalence is easily seen by rearrangement to be the statement of

equivalence between Item 1 and 2 in the above statement. ]

Corollary 3.2.3. Specializing Corollary 3.2.2 to the case where F1 := AEXT
(and relabeling Fo to F) for £ a backward (-entropic transfer on P(X1) x
P(Y1) with operator E=, T a backward linear transfer on P(Y1) x P(Y2)

with Kantorovich operator T~ , and A > 0, the following are equivalent:

1. For all o € P(Y2), we have

Floyv) < XEXT (u,0).

2. For all g € C(X3),

Y e R OY/))
sup 8 E o7 | ———— | du | + gdv <0.
jeJ X1 )\ Xo

Proof. Note that the inf-convolution A€ = T is a backward (Aj5)-entropic

transfer (in particular, a backward convex transfer) with operator g —
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E- o T‘(%), therefore the above proposition applies and we obtain the dual
inequality

Y Y S ()
sup A\ E-oT™ | —— | du |+ gdv <0 for all g € C(X3).
JjeJ X1 A Xa

Dividing by A and relabeling h := §, the inequality has to hold for all
h € C(X3), which completes the equivalence. O

Corollary 3.2.4. Under the same setting as the above Corollary 77, but

with € = H the relative entropy, the following are equivalent.

1. For all o € P(Ys), we have F(o,v) < AH*T (u,0).
2. For all g € C(X2),
7Fj7()\g)

T
sup/ e ( g >d,u§efx2gdy.
X1

jeJ

In particular, if T is the identity transfer and F is a backward linear transfer,
then the following are equivalent:
1. For all o € P(Ya), we have F(o,v) < AH (u,0)

F~(Ag)

2. For all g € C(X2), we have [y e > du < ¢ xp 9

Proof. Taking in the above Corollary £ = H the relative entropy, then
B(t) = log(t) and E~g = €9, and we deduce that for all g € C(X2 and all
jed,

- (F]f()g))
log/ e : d,u+/ gdv <0,
X1 X2

which gives the asserted equivalence. If further 7 is the identity transfer
(i.e. T(p,v)=0if p = v, 400 otherwise), then T7g = g. O
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3.3 Forward convex coupling and backward
linear transfer

We are now interested in inequalities such as
Fo(v,0) < Fi(pu,o) forall o € P(X), (3.1)

where F; is a backward convex transfer and /5 is a backward convex
coupling (which, if we define Fy(o,v) := Fa(r,0), we can view as an in-
equality between a forward convex coupling and backward linear transfer,
hence the name of the section). As in the previous section, to compute the

dual inequality to (3.1), we find the dual expression for the inf-convolution
infoepx){F1(p, 0) — Fa(v,0)}.

Proposition 3.3.1. Let F; be a backward convex transfer on P(X1) x
P (Y1) with operators (Fy,)ier, and let Fo be a backward convex coupling
on P(X2) x P(Y1) with operators (F, ;)jes. Then

inf {Fi(,0)—Fo(v,0)} = inf d—inf [ Frgd +’f/ Firogd
) = gt (o[ s | )

Proof. We have from the expression for F» as a backward convex coupling,

inf {F(n,0)— Fo(v,0)} = inf  inf inf F(uo)— | gdo+ [ Fygd
it {Fi0) ~ Fals0) Uegl(yl)geg%m]l.gj{ o) [ oo+ [ Frg }

= inf — sup gdo — Fi(u, o +inf/ F .gdv
QEC(X2){ UE'P(Yl){ Y1 1( )} J€S JXs 2

= inf —inf F.qd —|—inf/ F.gdv
gEC(Xz){ ZEI/)Q 1% J€J Jx, 2.5 }

where the last equality follows since F; is a backward convex transfer. [

Corollary 3.3.2. Let Fi be a backward convex transfer on P(X1) x P(Y1)
with operators (Fl_’i)iej, and let Fy be a backward convex coupling on P(Xz) X
P(Y1) with operators (F;)je.-

Then the following are equivalent.
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1. For all 0 € P(Y1), we have Fa(v,0) < Fi(p,0).
2. For all g € C(Y1), we have infier [ Fy(9)dp < infje; [y, Fy (g)dv.

Proof. From Proposition 3.3.1, we have

0< inf —
=~ Ue%(yl){fl(,uva) ]:2(7/7 U)}

if and only if

0< inf —inf F.gd +inf/ F. dl/}.
gEC’(Xg){ z‘eI/Xl R X, 2,59

This equivalence then reduces to the equivalence between 1. and 2. O

Corollary 3.3.3. Specializing Corollary 3.3.2 to the case where F1 = AExT
(and relabeling Fo to F), for € a backward (-entropic transfer on P(X7) x
P(Y1) with operator E=, T a backward linear transfer on P(Y1) x P(Y2)
with operator T'—, and XA > 0, then, for any fixed pair of probability measures
p € P(X1) and v € P(X3), the following are equivalent:

1. For all o € P(Ya), we have F(v,0) < AXEXT (p,0).
2. Forallg € C(X2), we have ﬁ(le E~oT gdp) < i_n§ % fX2 F7(Ag)dv.
1€

Proof. Note that the inf-convolution A€ * T is a backward (Af3)-entropic
transfer (in particular, a backward convex transfer) with operator g — E~ o
T~ (%), therefore the above Corollary 3.3.2 applies and we obtain the dual

inequality

AB E oT™ (ﬁ) du | <inf [ F7(g)dv for all g € C(X2).
X, A i€l Jx, "

Dividing by A and relabeling h := %, the inequality has to hold for all
h € C(X3), which completes the equivalence. O

We now apply the above to the case where £ is the relative entropy H,
in which case 3(t) = log(t) and E~g = €Y.
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Corollary 3.3.4. In the setting of the above corollary, if we take £ = H the
relative entropy, then, for any fized pair of probability measures p € P(X1)
and v € P(X3), the following are equivalent:

1. For all o € P(Ya), we have F(v,0) < AH*T (u,0)
2. For all g € C(X3), we have log ( [y, " 9du) < 115’ 3 Jx, Fi (Ag)dv.

Corollary 3.3.5. In the setting of Corollary 3.3.3, taking F = & to be
a backward [Ba-entropic transfer on P(X32) x P(Y2) with operator E5 , the

following are equivalent:
1. For all o € P(Y2), we have Ey(v,0) < NE1 * T (p,0).

2. For all g € C(Xa),

Bi( | By oT gdu) < %/32( E; (\g)dv).
X1 Xo

3.3.1 Moment measures

The equivalences stated in Proposition 3.3.2 and following corollaries, was
the writing of the duality for inf,cpy){F1(1t,0) — F2(v,0)}. It turns out
that for a particular choice of F; and JF, this duality is related to the study
of moment measures, which we briefly highlight here.

Given a convex function u : RY — R U {+oo} with [, e %@ dz < +o0,
its moment measure is defined as the measure p := (Vu)yp, where dp(z) =
e~"®)dz. Conversely, we say 4 is a moment measure if there exists a convex
function u such that u = (Vu)gp. In [18], the authors provide sufficient and
necessary conditions for a probability measure y to be the moment measure
of some convex function.

To prove the existence of a convex function u whose moment measure
is the given measure pu, one can introduce, as was done by Santambrogio, a
variational problem involving quadratic optimal transport and relative en-
tropy. Indeed, the connection to quadratic optimal transport is via Brenier’s

theorem, namely that ;1 = (Vu)4p implies Vu is the optimal transport map
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for the transport of p to u with quadratic cost c(x,y) = |z — y|>. At the
same time, in light of the exponential form of the density dp = e *®)dz,
one is also not surprised that the logarithmic entropy also plays a role.

To be precise, let H(dx,v) := [pa log(g—’;)dy if v € P(RY) is absolutely
continuous with respect to Lebesgue measure, and 400 otherwise. Recalling

from Example 2.6.7, the Brenier transfer

T(uv):= inf / ~(a, y)dn(z,y),
RIx R4

mek(p,v)

consider the problem

UE’}DI}{Rd){H(dx7 U) - 7—(07 :U’)}

If we allow ourselves the non-compact setting of R¢, an immediate applica-

tion of (4) in Proposition ?? is the following result in [18]

inf {H(dz,0) —Wa(o,q)} = inf {—1 /—f*d+/d,
Uegl(Rd){ (dz,0) — Wa(o, i)} felcn(]Rd){ og [ e dx fdu}

where C(R?) is the cone of convex functions on R% Ws(o, i) is the Brenier
transfer of Example 2.6.7, and [i is defined as [pq f(2)dfi(z) = [pa f(—x)dp(z).
Note that in this case, TT f(x) = —f*(—z), E~f = ¢f and 3(t) = logt, and
since g** < g,

aei;l(%{j){?‘[(dx, o) —=Wy(o, )} = Hx(—Ws)(dz, )

= inf{—log/e_gd:r—i—/g*(x) du; g € C(RYY
= inf{—log/e_f* dx+/fdu;f€C(Rd)}.

We remark that a particular interest is the characterization of those mea-
sures p (the moment measures) for which there is attainment in both min-

imisation problems (see Cordero-Erausquin and Klartag [18]).
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3.4 Maurey-type inequalities

Proposition 3.4.1. Let F; be a backward convex transfer on P(X1) x P (Y1)
with operators (Fy;)icr, Fo a backward convex transfer on P(Xz2) x P(Ya)

with operators (FQ,j)jet], and F3 a backward convexr coupling on P(Y1) X
P(Y2) with operators (Fyy)kek- Then for fived p € P(X1) and v € P(Xa),
the following holds:

inf 5 ’ - F ; + F s
JlEP(YII)I}U2EP(Y2){ 1(1, 01) — F3(01,09) + Fa(v, 02)}

= inf {-— supinf F(—F. du — inf F=(a) dv).
geC(X2){ ke;gief/xl 1~ Fyl9)) dp je.J/X2 5;(9)dv}

Proof. Since as a convex coupling,

Fs3(o,02) = sup { [ gdos— inf/ F;gdoy,
geC(Ya) JYa keK Jy; 7

we can substitute this expression into the following inf-convolution,

inf F ) - F ) F s
01€7D(Y11)I,102€73(Y2){ I(M Ul) 3(01 02)+ Q(V 02)}

= inf inf Filp, o —/ do —l—inf/ Fo gdoy + Fo(v, o }
UlGP(Y1),02€P(Y2)g€C(Y2){ I(IUJ 1) y29 2 keK Jy, 3’kg ! 2( 2)

= inf {— sup sup { [ (=Fy,9)dor — Fi(p,01)} — sup {| gdos — Fa(v, 02)}}

geC(Ya) k€K o1€eP(Y1) /11 S
= inf — sup inf F(—F7 a)dv — inf F= (a)dv
geco@){ rek il /X1 1i(=Fypg)dv — inf /X 2 2.5(9) }

O

Corollary 3.4.2. Let F; be a backward convez transfer on P(X1) x P(Y1)
with operators (Fy)ier, F2 a backward convex transfer on P(X2) x P(Y2)
with operators (Fy;)jes, and F3 a backward convex coupling on P(Y1) x
P(Y2) with operators (Fy) ek . Then for fizred p € P(X1) and v € P(X2),

the following are equivalent:

82



1. For all o1 € P(Y1), o2 € P(Y2), we have
F3(o1,09) < Fi(p,01) + Fao(v, 02).

2. For all g € C(Y2)

sup inf/ Fri(=F5 . (9) dp + inf/ F; .(g)dv <0.
]{?EKZEI X1 ’ ’ ]EJ X2 ’

Proof. By the previous Proposition 3.4.1, we have

L Fi(pso1) — Fa(o1,02) + Falv,
_aleP(Yll)I,ngEp(YQ){ 1(p; 01) 3(01,09) + Fa(v,00)}

if and only if

0< inf {—su inf/ F[.(—F,. d —inf/ F;.(g)dv}.
QEC(Xz){ ke;gz‘el X, 171( S’k(g)) a i€l Jx, 2,J(9) }

Corollary 3.4.3. Specializing Corollary 3.4.2 to the case where F1 = E1xT1

and Fo = Ey x Ty (and relabeling F3 to F ), where

o & is a backward 1-entropic transfer on P(X1) x P(Z1) with operator

E,

o & is a backward [a-entropic transfer on P(Xsa) x P(Za) with operator

E;,

e 71 is a backward linear transfer on P(Z1) x P(Y1) with operator T},

and

e T3 is a backward linear transfer on P(Zz) x P(Ya) with operator T}, ,

then, for any given A1, A2 € RY and (u,v) € P(X1) x P(Xz2), the following

are equivalent:

1. For all o1 € P(Y1),02 € P(Ya), we have

Flor,02) < M&+ Ti(p, 01) + Xa&a * To(v, 02).
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2. For all g € C(Y3), we have

- R a1
)\1 sup ,31 </ El o T1 o (——Fk g) du) +)\252 < E2 o T2 (—g) dl/) < 0.
keK X A1 X A2

By applying the above to & = H the logarithmic entropy (i.e. where
Bi(t) = log(t) and operator E; f = e/), we get the following extension of a
celebrated result of Maurey [44].

Corollary 3.4.4. Let & and & in the above Corollary 3.4.3 be equal to the

logarithmic entropy H. Then the following are equivalent:

1. For all o1 € P(X1),02 € P(X2), we have
Flo1,09) < MH*Ti(p,01) + AoH *x Ta(v, 02).

2. For all g € C(Y2), we have

T (—L F- A Ty (4L A2
Sup</ el(hmdlt) </ 62(&9)@) <1
keK X1 X2

If T1 = T3 are the identity transfer, then item 1 in the above is equivalent to
saying that for all g € C(Y3), we have

_lp- M 1 A2
sup (/ e M kgd,u) (/ eAzgdy> <1
keK X1 X2
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Chapter 4

Hamiltonian /Lagrangian
dynamics: Weak KAM,
Aubry-Mather, and optimal

transport

4.1 Introduction

In this chapter, we provide an overview of weak KAM theory and Aubry-
Mather theory for a Hamiltonian/Lagrangian system, drawing from [15, 19~
21, 23, 32, 54, 55]. We shall see that the work of Bernard-Buffoni [5, 6]
demonstrates that in fact much of the analysis can be obtained by studying

an optimal transport problem with the cost function of Example 2.6.6,

1
cr(w,y) = inf{/o L(y(t),%(t))dt; v € C*([0,1]; M), ¥(0) = 2, (1) = y}.

Inspired by the theory presented in this chapter, we shall then endeavour
in the next chapter to develop a “weak KAM/Aubry-Mather” theory for
general linear transfers. Thus, the main purpose here is to describe the

connections with the aim of generalising them. For brevity, we shall not
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attempt to provide complete proofs of results from the literature, and for
pedagogical reasons, describe the results for the flat n-dimensional torus
T™, although a smooth compact connected Riemannian manifold without

boundary would suffice (with the appropriate changes).

4.2 Hamiltonian systems

Consider a dynamical system on T" := R™ /7", the n-dimensional flat torus,
whose energy is described by a Hamiltonian function H : T x R" — R,
(z,p) — H(x,p), where R" is Euclidean space. The dynamics of the system
are obtained by solving Hamilton’s system of equations; a coupled, non-

linear, system of ODE’s, given (at least in local coordinates) by

. OH
T =% (x,

‘91”81({ 2 (4.1)
p=— oz (1',]7)7

together with some initial conditions z(0) = x¢ and p(0) = po.

Solving (4.1) explicitly is not, in general, possible, except in certain
special cases. One such case, the case of an integrable system, occurs if,
in the coordinates (z,p), the Hamiltonian H does not depend on z, i.e.
H = H(p). Then the system reduces to

i = G (p)

p=0,

(4.2)

which is easily solved and the dynamics is completely known: it corresponds

to a uniform rotation on T™ given by

z(t) = (zo + p(po)t) (mod Z"),

(po). In particular, the phase space T" x R™

with rotation vector p(pg) := %—Ig

is foliated by invariant tori T™ x {pg} which describe stable motions of the

system, i.e. trajectories starting in an invariant tori will remain there for all

time. Different initial conditions of (4.2) will therefore trace out different
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invariant tori in phase space. In addition, if the rotation vector p(pp) has
irrational coordinates (resp., rational), then the trajectory ¢t — xz(t) on T"
is quasi-periodic (resp., periodic).

It is then natural to ask about the dynamics of an integrable system if
it is slightly perturbed. What happens to the invariant tori and the stable
motions? Are they destroyed, or might some still persist?

These questions are related to the search for a smooth and invertible
change of coordinates ® : (X, P) — (x,p) so that the Hamiltonian system

(4.1) reduces to an integrable system in the new coordinates (X, P):

(P)

3%

X =
. (4.3)
P =

=)

)

where the effective Hamiltonian H(P) := H o ®(X, P) depends only on P.
In general, of course, such a coordinate change does not exist, for the fol-
lowing reason: By comparing (4.1) and (4.3), a necessary condition relating

the coordinates, is

X _op

ox 0P’
The above condition is satisfied if there exists a generating function u so that
X = g—;@,P) and p = §%(z, P). The relation H(P) = H(z,p) then yields

an equation for this function wu, the (stationary) Hamilton-Jacobi equation,
H(z,Vu(z, P)) = H(P). (4.4)

Thus the strategy becomes: Given P € R", find a constant H(P) and a
function u(-, P) which satisfies (4.4), and define a change of coordinates
(x,p) = (X, P) to satisfy

X = Vpu(z, P)
p = Vyu(z, P). (4.5)

There are two main issues which prevent this procedure from being carried
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out in general: The first is that the Hamilton-Jacobi equation (4.4) may not
admit any smooth solutions u, and second, even if it does, it may not be
possible to invert (4.5) globally to solve for P (and X) in terms of z and p.

In the nearly integrable case, that is, when H is “close” to some integrable
Hy, the theory contributed by Kolmogorov, Arnold, and Moser, collectively
known as KAM theory (see e.g. [58], [61], and references therein) provides
results which say that such a coordinate change does in fact exist. Some
of the invariant tori of the unperturbed system are “deformed” and survive
the perturbation, while others are destroyed. The surviving tori are those
of the unperturbed system which satisfy a “non-resonance condition”, made

precise in the following (pseudo-) theorem.

Theorem 4.2.1 (KAM theorem, [58], Theorem 2.1). Let H(x,p,€) :=
Hy(p) + eHq(z,p, €) be a real-analytic Hamiltonian, where (x,p) € T x R™
and € € R. Suppose that the unperturbed system Hgy has invertible Hes-
sian at a point py, where py is such that its corresponding rotation wvec-
tor p(pp) = 8{)—];0(;00) is diophantine, i.e. there exist ¢,y > 0 such that
|(k, p(po))| > ﬁ for all non-zero k € 7.

Then for small € the torus T™ x {po} of the unperturbed system survives
and is slightly deformed by the perturbation. It carries trajectories with

rotation vector p(pg).

For more general H which are “far” from being integrable, one can-
not hope to obtain similar results in this non-perturbative setting; in other
words, the Hamiltonian dynamics are not conjugate to a rigid rotation and
there may not exist any quasi-periodic solutions. However, although there
may not exist classical C'! solutions to the stationary Hamilton-Jacobi (4.4),
Lions, Papanicolaou, and Varadhan [39], have shown the existence of viscos-
ity solutions to an equivalent formulation (sometimes called the cell prob-
lem),

H(xz,P+ V,w(z, P)) = H(P). (4.6)
The equivalence of (4.6) and (4.4) is via u(z, P) = - P + w(x, P).
Theorem 4.2.2 ([39], Theorem 1). Suppose H is superlinear, i.e. limy, o H(x,p) =
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+o00, uniformly in x. Then for each P € R™, there exists a unique H(P) for
which there exists a viscosity solution w of (4.6). In addition, P — H(P)

15 continuous.

It is often sufficient to consider in the next sections only the case P =
0, the general case for any P obtained by replacing H with Hp(x,p) :=
H(xz,P+p).

Let us recall here the definition of a viscosity solution in this context.
Definition 4.2.3 (Viscosity solution). Let k& € R.

1. uw € C(T") is a viscosity subsolution of H(z,Vu(z)) = k iff for
every ¢ € CY(T") such that ¢ > u and every zp € T" such that
©(xo) = u(xp), it holds that

H(xo, V(o)) < k.
2. uw € C(T") is a viscosity supersolution of H(x, Vu(z)) = k iff for
every o € CY(T™) such that ¢ < u and every xp € T" such that
o(zo) = u(zp), it holds that

H(xo, V(o)) > k.
3. u € C(T") is a viscosity solution iff u is both a visocity subsolution,

and a viscosity supersolution.

How is the effective Hamiltonian H(P) related to the original system
(4.1) when there exist only viscosity solutions? This is the weak KAM theory
of Fathi [20] that we discuss in the next section. It connects H(P) and the
associated viscosity solutions, to the theory of invariant sets of Aubry-Mather
from dynamical systems.

Indeed, the lack of smooth solutions to Hamilton-Jacobi, implies non-
existence of invariant tori. But we shall see in the next section that one can

still speak of more general sets which are invariant under the Hamiltonian
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flow; this is Aubry-Mather theory. On the other hand, a result of Hamilton-
Jacobi implies that solutions to the Hamilton-Jacobi equation give invariant

sets.

Theorem 4.2.4 (Hamilton-Jacobi). Let u: T" — R be C2. Then for every
P € R™, Graph(P + Vu) is invariant under the Hamiltonian flow, if and
only if H(x, P+ Vu(z)) = ¢ for a constant ¢ independent of x.

The basic premise of weak KAM theory is therefore to build the Aubry-
Mather sets from viscosity solutions to the Hamilton-Jacobi equation.

In the sections that follow the appropriate Hamiltonians are the Tonelli
Hamiltonians; that is, those H : T x R™ — R satisfying

1. (z,p) = H(z,p) is C* smooth for some k > 2,
2. (Strict Convexity) p — H(x,p) is strictly convex for every fixed z,

3. (Superlinearity) limj, 4o % = 400 uniformly in x.

A Tonelli Hamiltonian defines, dually, a Tonelli Lagrangian L : T" xR™ — R

via the Fenchel-Legendre transform of H:

L(z,v) = ;;1]15{@7@ — H(z,p)}. (4.7)

The Lagrangian L and Hamiltonian H are completely equivalent in the sense

that H can be recovered from L via

H(x,p) = yseu]lgl {<p,U> - L(.Z’, U)} )

and the statements “H is Tonelli”, and “L is Tonelli”, are equivalent, where

a Tonelli Lagrangian is a function L : T™ x R™ — R satisfying
1. (z,v) = L(z,v) is C* smooth for some k > 2,

2. (Strict Convexity) v — L(x,v) is strictly convex for every fixed z,

L(z,v)
[v]

3. (Superlinearity) limj,— 4o = +00 uniformly in z.
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The transformation L(z,v) := (z, ‘g—ﬁ(:c, v)) is a global C*~! diffeomorphism
between the Lagrangian coordinates (z,v) and the Hamiltonian coordinates

(x,p), so that

Ho L(z,v) = (gf(m,v),v) — L(z,v),

with inverse given by £71(z,p) = (z, %—I;(x, p)). The Hamiltonian system

(4.1), yields in Lagrangian coordinates, the Euler-Lagrange equations,

jil:avL’ oL (4.8)
= (m(x,v)) = G2 (z,v).

The Hamiltonian flow ¢! associated to the Hamiltonian system (4.1) is

conjugated to the Lagrangian flow ¢F, via ¢ff = Lo ¢F o L7
4.3 Aubry-Mather theory

4.3.1 Mané critical value

Definition 4.3.1. The Mané critical value, denoted by ¢, is the infimum
of all k € R such that there exists a continuous function u : T™ — R which

is a viscosity subsolution to H(x, Vu(z)) = k.

Note that ¢ € R, since by superlinearity, there exists X > 0 and C' > 0,
such that L(z,v) > K|v| — C, in which case

H(2,0) = sup {—L(z,v)} < sup {~K|o| + C} = C
veR”? veER?

hence u = 0 is a viscosity subsolution for any & < C. At the same time

¢ > —oo since for any u € C1(T"),

H(z,Vu(x)) = vs;&{(Vu(x),v)—L(x,v)} > —L(z,0) > —521%1 L(x,0) > —o0,

thus there exists no viscosity subsolution of H(z,Vu(z)) = k, for k <
—sup,ern L(z,0). We shall see that in fact ¢ = H(0), so the Mafié crit-

ical value is exactly the effective Hamiltonian (recall it suffices to consider
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P =0). The Legendre transform yields an important variational character-
isation of viscosity subsolutions to the Hamilton-Jacobi equation which is

recorded in the following proposition.

Proposition 4.3.2. u € C(T") is a viscosity subsolution to H(x, Vu(x)) =
¢ if and only if for any a < b € R and every Lipschitz curve v : [a,b] — T",
it holds that

b
u(y(b)) — u(r(a)) < / L(y,4)ds + c(b — a). (4.9)

Note in particular that this implies every viscosity subsolution is Lips-
chitz by taking a curve v with constant speed. The next proposition shows
that in fact if there is a + for which there is equality in (4.9), then w is

actually a viscosity solution and not just a subsolution.

Proposition 4.3.3. If u is a viscosity subsolution to H(x,Vu(x)) = ¢, and

for every x € T™, there exists a Lipschitz curve v : (—o0,0] — T", with
~v(0) = x, satisfying

b
u(y(b)) — u(r(a) = / L3, 4)ds + e(b — a)

for all a < b <0, then u is a viscosity solution to H(x,Vu(z)) = ¢ (and

consequently, c = H(0) is the unique constant for which this is true).

The previous two propositions suggest the introduction of the Laz-Oleinik
Semi-group
0
Spu(e) = int{uCr(-0)+ [ Lonids) 120, (@10
v

—t

where the infimum is over all Lipschitz curves v such that v(0) = z, and

consider those functions w for which

Sy u(z) + ct = u(x).
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Definition 4.3.4. A function u € C(T") is a negative weak KAM so-
lution if S; u(x) + ¢t = u(z) for all x € T™ and all ¢ > 0.

The term “negative” refers to the fact that the Lipschitz curve in Propo-
sition 4.3.3 is defined for all negative time. In view of Proposition 4.3.3,
negative weak KAM solutions are in fact exactly the viscosity solutions for

the Hamilton-Jacobi equation.

Proposition 4.3.5. u € C(T") is a negative weak KAM solution if and

only if it is a viscosity solution to H(x,Vu(z)) = c.

Remark 4.3.6. In a similar way to above, we may introduce another Lax-

Oleinik semi-group (see (4.9) above),

Stule) = swfur(0) - | CL(n3)ds), >0,

where the supremum is over all Lipschitz curves « : [0,¢{] — R such that

~v(0) = x, and define the positive weak KAM solutions as those u satisfying
Stu(z) —ct =u(x) for all z € T" and all ¢ > 0.

The positive weak KAM solutions are also viscosity solutions to H(x, Vu(z)) =
c. We shall see the connection between positive/negative weak KAM solu-

tions in the next sections.

4.3.2 Peierls Barrier and the Aubry set

In this section, we will construct an invariant set under the Hamiltonian
flow, the Aubry set, via the Peierls Barrier.
Related to the Lax-Oleinik semi-group (see (4.10)),

consider the minimal action,

o) = nt { [ L A)dsi 0 o) =y} a1

where the infimum is over all Lipschitz curves v : [0,f] — T" with the

specified end values. It is known that a minimiser of (4.11) exists, and
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that it is as regular as L itself; this is Tonelli’s theorem. Moreover, by the
Calculus of Variations, a minimiser of (4.11) satisfies the Euler-Lagrange

equation (4.8), which is nothing but the first variation of the action (4.11).

Definition 4.3.7. The Peierls Barrier ho(z,y) is defined via
hoo(x7 y) = lgin_&gf(ht(x7 y) + Ct)v

where ¢ = H(0) is Mané’s constant of the previous section.

Proposition 4.3.8. The Peierls Barrier is finite for all x,y € T™, Lipschitz,

and satisfies the following properties:
1. Every viscosity subsolution u satisfies u(x) — u(y) < hoo(z,y),
2. hoo(,2) < hoo(z,Yy) + hoo(y, 2),
3. hoo(®,y) + hoo(y, ) > 0.

The Peierls Barrier is important for a number of reasons, the first being

that it provides negative weak KAM solutions.

Proposition 4.3.9. For every fized x € T™, the map y — hoo(x,y) is a

negative weak KAM solution.

The collection of points where the Peierls Barrier vanishes is particularly

important as we will see next.

Definition 4.3.10. The projected Aubry set is defined as the collection

of points where the Peierls barrier vanishes:
A:={z€T"; hoo(z,z) = 0}.

Proposition 4.3.11. The projected Aubry set A is compact and non-empty.

Proposition 4.3.12. The projected Aubry set satisfies
A== S7u) ()
u

where the intersection is over all viscosity subsolutions u to H (z, Vu(x)) = c.
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The projected Aubry set is distinguished for a number of reasons. The

first we shall note is that it a set of “uniqueness” for weak KAM solutions.

Proposition 4.3.13. 1. If u is a negative weak KAM solution, then

there exists a unique positive weak KAM solution v such that u = v

on A.

2. If u is a viscosity subsolution of H(x,Vu(z)) = ¢, then there exists a

negative weak KAM solution v such that u =v on A.

3. If uy, uy are negative weak KAM solutions, and u1 < us on A, then

u1 < ug everywhere.

The second we shall observe is that it is exactly the differentiability set

for viscosity subsolutions of the Hamilton-Jacobi equation.

Proposition 4.3.14. For any x € A, there exists a C? curve v, : R — A
with v, (0) = x, that solves the Euler-Lagrange equation,

d (0L . oL )
& (8?](’7177:1:)) - %(Vzafy‘r), fO’f’ allt € R

for which any viscosity subsolution u satisfies

b
u(yz (b)) — u(yz(a)) = / L(vz,Yz)ds+c(b—a), a<beR. (4.12)

In addition, u is differentiable at x with Vu(z) = g—ﬁ(x,%(())) and satisfies
H(xz,Vu(z)) = c at that point.

The curve v is unique in the sense that if vy : [a,b] — T™ is defined on
an interval [a,b] containing 0, satisfies 7,;(0) = x and (4.12), then vy, =

on [a,b).

The above proposition implies that the map x — %(m,v’z(O)) is well-
defined on A. We define the graph of this function over A to be the Aubry

set.
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Definition 4.3.15. The Aubry set A is the subset of T" x R" defined via

A= (o, S (. 0)) s 7 € A)

where v is as in Proposition 4.3.14.

Proposition 4.3.16. The Aubry set is non-empty, compact, and invariant
under the Hamiltonian flow. It is a Lipschitz graph over the projected Aubry

set.

4.3.3 DMather measures

Recall the minimal action,

heli,y) = inf / L(v,4)ds}

where the infimum is over Lipschitz curves 7 : [0,¢] — T™ with v(0) = z and
V() =y.

In the previous section, the Peierls Barrier was defined as a long-time
limit of the minimal action, and the Aubry set was constructed. However,
one alternative to studying minimising trajectories of (4.11), is instead look
at the average action of a “collection of orbits”, in the sense of a Lagrangian

action of a flow-invariant probability distribution:
Aulpl o= [ Lao)du(a,o),
TnxR™
and introduce the analogous minimisation problem,
inf {Ag[u]; p € D},

where D := {p € P(T" x R"); (¢f)up = p} is the set of probability mea-
sures invariant under the Euler-Lagrange flow determined by L.
Since the constraint set D depends on L itself, Mané introduced a larger

set of probability measures, the so-called set of holonomic measures F, which
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contains D, and is defined by

F = {u € P(T" x R"); /T v - Vo(z)du(z,v) =0, Vo € CI(T")} .

nwR"

The corresponding minimisation problem,
inf {A[u]; p € F} (4.13)

is a relaxation of (4.11).

How do minimisers of (4.13) relate to trajectories of (4.1)7 Consider the
integrable Hamiltonian system (4.2). In this case, L(z,v) = L(v), and by
Fenchel-Legendre (4.7), we have for any py € R",

L(v) > (po,v) — H(po)

with equality when v = %—I;(pg) = p(po). Integrating with respect to u € F,

we obtain

[ toduw) = on [ vdaleo) - Heo (419
T xR™ Tn xR™

which can be rearranged to yield the inequality
[ () = o, lduta) > ~H () (415)
n>< n

This linear shift of the Lagrangian, Ly, (v) := L(v)—(po,v), is again a Tonelli
Lagrangian with the same Euler-Lagrange equation as L.

We recall the invariant tori T" x {pg} for the integrable Hamiltonian sys-
tem. These translate via the Fenchel-Legendre transform (4.7) into invariant
tori T™ x {p(po)} for the corresponding Euler-Lagrange flow. If y € F is
now supported on T" x {p(pg)}, then the left-hand side of (4.15) becomes

[ 800D oo () = ~H o).

The conclusion is the following: Any invariant measure y € F supported on
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T™ x {p(po)} minimises the Lagrangian L,, among all measures p € F, i.e.,

inf{Ar,, (1] p € F} = —H(po), (4.16)

and, in addition,

T" x {p(po)} = U spt (1) (4.17)
{n€F ; p minimises Ar, }

The action-minimising measures p thus provide a characterisation for the
invariant tori in the case of an integrable system.

Still considering for the moment the case of an integrable system, define
an average rotation vector for p, by p(p) = [pn, pn vdu(z,v) € R™, which
can be interpreted as a kind of average over the rotation vectors of a collec-

tion of orbits. From (4.14), we have for measures pu € F with p(u) = p(po),

/ L(w)du(z,v) = (o, p(po)) — H(po)
Tn xR"

= L(p(po)),

with equality if p is supported in T™ x {p(po)}. Therefore,

inf{Ar[ul; p € F, p(p) = p(po)} = L(p(po)), (4.18)

and moreover,

T x {p(po)} = U spt(p).  (4.19)

{n€F ; p minimises Ay, and p(p)=p(po)}

Motivated by the integrable case (4.16), for general Hamiltonian systems

the so-called Mather’s a-function is then defined via
afc) == —inf{Ar [u]; p € F}, ceR", (4.20)

where we recall that L.(z,v) := L(x,v) — (v, c). In the case of an integrable

system, Mather’s a-function is exactly the Hamiltonian (4.16); hence « is
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also known as the effective Hamiltonian in the general case. In fact, we shall
see in Section 4.4 that a result of weak KAM says in fact that a(P) = H(P)
where we recall H(P) is the effective Hamiltonian of Lions, Papanicolaou,
and Varadhan.

Let M. denote the measures u € F whose action Ay [u] realise the
minimal value —a(c). As motivated by (4.17), define the Mather set M,

corresponding to ¢ as the union of the support of all measures in M.:

M, = U spt () C T xR" (4.21)
HEM

and the projected Mather set M, as the projection of M, onto the base T
M. :==(M.) cT"

Theorem 4.3.17 (Mather). M, is a compact, non-empty, and invariant set

under the Euler-Lagrange flow. Moreover, it is a graph over M.

Analogous to Mather’s a-function, and again motivated by the integrable
case (4.18), Mather’s B-function is defined via,

B(h) == inf{Ar[u]; p € F, p(u) = h}, heR", (4.22)

where p(p) is the rotation vector of p. Since 3 coincides with the Lagrangian
when the system is integrable, it is also termed the effective Lagrangian. The
terminology is suggestive that § should be the Fenchel-Legendre transform
of the effective Hamiltonian, i.e., that 8 = o* (see Theorem 4.3.18 below).
Similarly to Mather’s a-function, let M" denote the measures p € F
whose rotation vector p(u) is equal to h, and whose action Ap[u] realises
the minimum S(h) in (4.22). Define the Mather set M" as the union of the

support of all measures in M”":

M" .= U spt () < T" x R",
ueMh
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and its projection M" as the projection of M" onto the base T":
M= gx(MY T

Mather again proved that M" is a compact, non-empty, and invariant set

under the Euler-Lagrange flow. Moreover, it is a graph over M".

Theorem 4.3.18. Mather’s functions a and B are convex conjugates of
each other, i.e. a« = 5* and 8* = a.

In addition, if p € F is an tnvariant probability measure, then
Blp(p)) = Arlp] <= there exists ¢ € R" such that —a(c) = Ar, [y
Furthermore, if B(p(un)) = Ar[p], then

—a(c) =Ar.[u] <= c€IB(p(p)).

These results imply that the two collections of minimising measures are

U mM.= J M,

ceR™ heR™

the same,

and moreover, the Mather sets are related via
= |J
hedac)

Proposition 4.3.19. The Mather set is contained in the Aubry set, i.e.,
My C A, where My is given by (4.21).

Proposition 4.3.20. A probability measure pu belongs to My if and only if
its support is contained in the Aubry set A.

4.4 Weak KAM theory

As mentioned in the introduction, the goal of weak KAM theory is to connect
viscosity solutions of the stationary Hamilton-Jacobi equation to Aubry-

Mather; specifically the Mather measures, Mather set, and Aubry set.
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The Aubry set was defined above via the Peierls Barrier. Here we show
that the Aubry set can in fact be constructed from the negative weak KAM
solutions.

First, we have the following connection between the various functions.

Proposition 4.4.1. Mather’s a-function, the effective Hamiltonian H of
Lions, Papanicolaou, and Varadhan, and Mané’s critical constant c, are the
same, i.e. a(0) = H(0) = c.

Proposition 4.4.2. For every negative weak KAM solution u, the set
Graph(Vu) := {(x, Vu(z)) ; Vu(x) exists },
under backwards Hamiltonian flow satisfies,
o™ (Graph(Vu)) € Graph(Vu) for all t > 0,

and therefore

Z(u) = () % (Graph(Vu))

>0
1s invariant under the Hamiltonian flow. It is non-empty and compact, and

known as the Aubry set associated to u.

Proposition 4.4.3. The Aubry set A as defined in Section 4.3.2 is equal

to the intersection over all i(u) for all negative weak KAM solutions u,

A=Z(u).

4.5 Connections of weak KAM and
Aubry-Mather to optimal transport

Recall the minimal action h;(x,y) between two points x and y defined in
Section 4.3.2,

o) = nt { [ Lo dsin0) =on) =y} (429
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where the infimum is over Lipschitz curves « : [0,¢] — T". Bernard and
Buffoni [5, 6] noted that a lot of the analysis in the previous sections does
not really depend on the explicit form of h:(x,y).

To emphasise this, they develop an abstract theory based on a continuous
function 4 : X x X — R on a compact connected metric space X, of which
hy for t =1 in (4.23) is an example. They build an analogue of the Peierls

Barrier ho, of the previous sections via inf-convolution of A with itself:

Ap(z,y) = Ax Ax...x Ax,y)
= inf{A(x,21) + A(z2,23) + ...+ A(xp_1,9); z; € X }.

The cost A, (x,y) between two points = and y, does not deviate too far from

the long time average cost

e tim MA@y iey e X)L sup{dn(@y); my € X}

n—00 n n—oo n

4.24)

in a uniform way, in the sense that |A,(x,y) — nc| < C for a constant C

independent of x,y, and n.

Lemma 4.5.1 ([6], Lemma 9). The functions A, are equi-continuous, and

there exists a constant C > 0, such that
|Ap(z,y) —nc| < C  forallx,y € X, and n € N.

Similar to Section 4.3.2, one can define a notion of the Peierls Barrier in

this setting.

Definition 4.5.2. The Peierls Barrier is the function

Aoo(z,y) :=liminf(A,(x,y) — nc).

n—

The function A is continuous and real-valued as the family (A;)nen
is equi-continuous and A,, — cn is uniformly bounded in z,y, and n. The

Peierls Barrier Ao, has the same properties as ho, (cf. Proposition 4.3.8),
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which are recorded in the following.

Proposition 4.5.3 ([6], Lemma 11). The function A satisfies
Aoo(l',Z) SAoo(x,y)—i—Aoo(y,z) fOT’ all $7yaZ€X7

and
Aoo(xa Z) = inf {Aoo(xv y) + Aoo(ya Z)}
yeA

where A = {z; Aso(z,x) = 0} is non-empty.

Definition 4.5.4. The projected Aubry set is the set A = {z; Ax(z,2) =

0}.

Recall from Proposition 4.3.8 that for any viscosity subsolution w, it
held that u(y) — u(z) < hoo(z,y), i€, u is hoo-Lipschitz. In the abstract
setting for A, functions u which are A.-Lipschitz are exactly the admissi-
ble functions for the Kantorovich dual problem corresponding to an optimal

transport with cost A (see Section 2.6).

Definition 4.5.5. Let ¢g, 91 € C(X). We say (¢o, ¢1) is a conjugate pair
(for A) if

o1(y) =Ty _¢o(y) and ¢o(z) =T ¢1(x)

where

Ty, bo(x) := Sg}g{ﬁbo(y)—floo(fv,y)} and  Tj_¢1(y) := inf{¢1(2)+Aw(z,y)}

We have the following proposition.

Proposition 4.5.6 ([6], Proposition 8). If (¢, ¢1) are a conjugate pair for
A, then there exists a Aso-Lipschitz function ¢ : A — R such that

po=¢1=09¢ onA,
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and ¢y, ¢1 can recovered from ¢ via

P1(y) = ;gﬁl{é(x) + A (z,y)}  and  ¢o(x) = sup{¢(y) — Aso(,y)}-

yeA
(4.25)

Conversely, for every Aso-Lipschitz function ¢ on A, the functions ¢q, ¢1
defined by (4.25) are a conjugate pair for As.

Remark 4.5.7. The above proposition is stated for A,,, but in fact it is
true for any ¢ € C'(X x X) which satisfies the properties listed in Proposition
4.5.3.

As was the case in the previous sections, the projected Aubry set is

particularly important.

Theorem 4.5.8 ([6], Theorem 12). (¢o, ¢1) are a conjugate pair for Ao if
and only if, Ty ¢o + ¢ = ¢y, TX(ﬁl —c=¢1, and ¢g = ¢1 on A, where

Ty go(x) := Sg{%(y) —A(z,y)} and T{¢i(y) = xig)f({cbl(:c) + Az, y)}

and c is defined as in (4.24).

Remark 4.5.9. This theorem is the abstract analogue of Proposition 4.3.13,

item 1.

Recall from Section 2.6 that conjugate pairs are connected to an optimal

transport via

[ Aley)deey) = sl [ oudv— [ ood)
Tel(wv) J X xy Y X

where the supremum is over (g, ¢1) which are are conjugate pairs for A.
Therefore the interpretation of this theorem is that taking the Peierls Barrier
Ao as the cost function for an optimal transport, the admissible pairs for the
Kantorovich duality are exactly the negative/positive weak KAM solutions

which agree on the projected Aubry set. Indeed, those functions which
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satisfy
T)$o+c=¢y and TX¢1 —c= ¢

are the analogues of Fathi’s positive (resp., negative) weak KAM solutions in
this abstract setting (note here that one should think of T'; as corresponding
to Sf , while TX as corresponding to S;, where Sfc are the Lax-Oleinik
operators of the previous section; the apparent discrepancy in +, —, notation
is chosen to be consistent with backward /forward Kantorovich operators for

the next chapter) since the above relations imply
Ty %0+ mnc=¢o and Tjn% —nc= ¢y, forallneN

where T;lt ,, denotes the n-fold composition of let. The main distinction is
that the “time” index here is integer-valued (compare with Definition 4.3.4).

Finally the Mather measures are interpreted in this setting.

Theorem 4.5.10 ([6], Theorem 13). Denote the optimal transport with cost
function A by

Tawv)i= it [ Aty
TER(,v) J X x X

Then

= inf 7T, s )y
¢= Ak 1)

and a measure m € P(X x X) satisfies [y A(x,y)dn(z,y) = Talp, p) = c
if and only if ™ is supported on the set

D :={(z,y); A(z,y) + Ax(y,x) = c}.

Remark 4.5.11. In the setting of the previous sections when X = T",
there is a bijection between the Mather measures Mgy and the measures m,
which is given by the mapping (projpn, projm o gplL)#, where projr. is the
projection T x R™ — T™, and ¢! is the time 1 Lagrangian flow.
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Chapter 5

Weak KAM and
Aubry-Mather for linear

transfers

In this chapter, our aim is the development of a “weak-KAM /Aubry-Mather”
theory for a linear transfer in an analogy to the previous chapter. In par-
ticular, for a backward linear transfer 7 : P(X) x P(X) = RU {+oo} with
backward Kantorovich operator 7~ : C(X) — USC(X), it is natural in
view of the last chapter to define backward weak KAM solutions as those
functions g € USC(X) satistying T~ g(z)+c = g(x) for a particular constant
¢ (essentially the fixed points for 7~ up to an additive constant). An imme-
diate technical issue is that T g is not strictly defined when g € USC(X);
we therefore discuss its extension from C(X) in the next section, Section
5.1. The backward weak KAM solutions can be viewed as a generalisa-
tion of Fathi’s weak KAM solutions from the previous chapter, and indeed
reduce to them when the linear transfer 7 is optimal transport generated
from a Lagrangian. If 7 is also a forward linear transfer with forward
Kantorovich operator T, one can speak of forward weak KAM solutions
T* f(x) —c = f(x), but since a backward linear transfer is not, in general,
also a forward linear transfer, we shall focus mainly on backward weak KAM

solutions.
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We shall see that for many backward linear transfers, we can construct
which maps C(X) into

the set of backward weak KAM solutions for T—. We can also associate to

an idempotent backward Kantorovich operator T,
T an idempotent backward linear transfer 7., which in the case of optimal
transport generated from a Lagrangian, is related to the Peierls barrier from

the previous chapter.

5.1 Extension of Kantorovich operators from
C(Y) to USC,(Y)

We recall that USC(X) is the set of all extended real-valued upper semi-
continuous functions f : X — R U {—o0}, and USC,(X) the closure of
USC(X) with respect to monotone increasing limits (i.e. f € USCy(X)
if and only if there exists a monotone increasing sequence f,, € USC(X)
with f(x) = lim, e fn(z) for all x € X). We also denote USCy(X) as
those USC(X) functions which are bounded below (and therefore bounded
above and below by compactness of X). We shall also denote by USC, ,(X)
those functions in USC, (X ) which are bounded above and below. The same
conventions also hold for the space Y in place of X.

As mentioned in the introduction of this chapter, we wish to find back-
ward weak KAM solutions that are achieved by iterating T~ with itself n
times in the limit as n — oo. Thus it is necessary to extend the domain of
the Kantorovich operator T, which as defined is only on C'(X), to these
larger classes of functions. We note that the extension of T~ to USCy(X)

coincides with the discussion of Section 4.2 in the independent work [1].

Lemma 5.1.1. Let T be a backward linear transfer such that {6,;x € X} C
Di(T), and let T~ : C(Y) — USC(X) be the associated backward Kan-

torovich operator.

1. For g e USC(Y), define

T g(x) :=inf{T " h(x); he C(Y), h > g}.

107



Then T~ maps USC(Y') into USC(X), and has representation
T g(z) = sup{/ gdv — T (6z,v); v € P(Y)}. (5.1)
Y
Moreover, T~ maps USCy(Y') into USCy(X) if and only if

sup inf T (0z,v) < 4o0.
zeX VEP(Y)

2. For g e USC,(Y), define
T g(x) :==sup{T h(z); h€ USC(Y),h < g},

where T~ h is defined as in 1. Then T~ maps USCy(Y') to USCy(X).
If, in addition, g € USCy(Y") is bounded above, then (5.1) also holds.

T~ therefore extends to an operator from USCy(Y) — USC,(X) satisfy-
ing the monotonicity, convexity, and affine constant properties of Definition
2.4.1, only on USC,(Y) rather than C(Y).

Proof. 1. The fact that T~ g belongs to USC(X) follows from the fact that
an infimum of a family of upper semi-continuous functions, is also upper
semi-continuous.

Suppose now that g € USC(Y'). Let h, N\, g be a decreasing sequence

of continuous functions converging to g. Then,

T g(x) <T hyp(x)= sup {[ hpdo—T(6s,0)} = / hndoy, — T (62, 00),

oceP(y) Jy Y
where the supremum is achieved for some probability measure o,, because
o fY hndo —T (64, 0) is weak™ upper semi-continuous and bounded above
on the compact set P(Y).

By weak* compactness of P(Y), extract an increasing subsequence ny
so that oy, — @. Then for any j < k, T~ g(z) < [y hn;don, — T (0, 0n,)
where we have used the fact that h,, < hn; whenever j < k. For this fixed
j, we have that h,; € C(Y) and so [ hy,doy, — [ hy,de as k — oo. Hence
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we obtain

k—oo Jy k—o0

T7g(x) < lim [ hy doy, —liminf T (6, 0p,) < / by, dT — T (02,7).
Y
Finally [, hy,dd — [, gdo by monotone convergence, and we obtain

T g(x) < sup { [ gdo—T(6s,0)}.
oceP(Y) JY

On the other hand, for any h € C(Y), h > g,

sup { [ gdo—T(8z,0)} < sup {[ hdo—T(0,0)} =T h(x).
oeP(y) JY ceP(Y) JY

Therefore we obtain the reverse inequality

sup {[ gdo—T(6z,0)} <inf{T " h(z); he C(Y),h>g} =T g(x).
oceP(Y) JY

Suppose now that T'~¢g € USCy(X). Then using (5.1), we have

—oo < inf T g(x) = inf sup { [ gdv— T (0, v)}
zeX zeX I/EP(Y) Y

<supg(y) —sup inf T(oz,v)
yey zeX vEP(Y)
which implies sup,¢ x inf,epy) T (2, ) < +o00.
On the other hand, if sup,¢ x inf,cpy) T (0z,v) < 400, then we easily
see using (5.1) again that

inf T~ > inf - inf T (6,v) > —
nf Tg(w) = inf gly) = sup inf T (0,v) > o0
from which we deduce that T~ g € USCy(X).
Note that T~g is bounded above since T~ g(z) < sup,ey g(y) — mT,
where m7 is a lower bound for 7.
2. For g e USC,(Y), we have T~g € USC,(X) as it is by definition the

supremum of a family of upper semi-continuous functions. Now suppose ¢

109



is, in addition, bounded above. Then the expression

/ gdo — T (03,0)
Y

is well-defined for all o € P(Y') and takes values in RU{—o0}. Use now the
first part to write for any h € USC(Y), h < g,

sup { [ gdo —T(6z,0)} > sup { [ hdo —T(6,0)} =T h(x)
oeP(y) JY oeP(y) Jy

which implies by definition of T~ g that

sup { [ gdo —T(6z,0)} >T g(z). (5.2)
ceP(Y) JY

On the other hand, for an increasing h,, g, h, € USC(Y),
T g(x) >T hyp(x) > / hndo — T (6y,0), for any o € P(Y).
Y

By the monotone convergence of h,, to g, we may take the limit as n — oo

in the above inequality, and conclude
T g(z) > /gda — T (0z,0) forany o € P(Y),

whereby taking the supremum in o yields the reverse inequality of (5.2) and
gives the desired equality 5.1.
[

Remark 5.1.2. Note that even though for g € USC,(Y') which is bounded
above, we have the expression T g(z) = supgep(y){fy gdo — T (05,0)},
it does not necessarily imply that 77¢g € USC(X). Indeed, the map
o fY gdo has no weak® semi-continuity property in general when g €
USC,(Y), so the supremum above may not be achieved.

Also note that it may happen that both terms in the expression fY gdo —
T (62, 0) are simultaneously +oo for a given o when g € USC,(Y).
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Lemma 5.1.3 (Monotone limits). Let T be a backward linear transfer as
i Lemma 5.1.1, and let T~ denote its corresponding Kantorovich operator,
extended to USC,(Y).

1. If gn,g € USC(Y) and g, \( g, then T~ g, \\ T g.
2. If gn,g € USC,(Y) are bounded above with g, / g, then T g,
T g.
Proof. 1) We have by the monotonicity property of T, that T g(z) <
liminf,, T~ gy, (z). If for some n, T~ g,(z) = —oo, then T~ g(x) = —oo and

there is nothing to prove. Otherwise, T~ g, (z) > —oo for all n, in which

case the expression (5.1) is finite. The map
o / gndo — T (03,0)
Y

is weak® upper semi-continuous (since o fY hdo is weak® upper semi-
continuous for any h € USC(Y)) , so it achieves its supremum at some oy,

ie.,

T go(a) = / Gndon — T2, ).

Extract an increasing subsequence ny, so that limsup,, T~ g, (z) = limg T~ gn, ()
and o,, — &. Similarly to the proof of Lemma 5.1.1, by monotonicity of

Jn, We have
T gp,(x) < /gnjdank — T (0g,0p,) for fixed j < k. (5.3)

As g,, € USC(Y) and oy, — 7, it follows that limsup;,_,., [ gn;don, <

i gn,;dc. Hence upon taking limsupy_, ., in (5.3), we conclude

limsup T~ g, (z) < /gnjdﬁ — T (z,0).
n
Then we let 7 — oo and use monotone convergence to conclude that

limsup T~ gn(z) < sup { [ gdo —T(0z,0)} =T g(x).
n oceP(Y)

111



2) Again, by the monotoncity property for 7~, T~ g > limsup,, T~ g (z).
On the other hand, we know by Lemma 5.1.1 that

T gn(x) = sup {[ gndo —T(6z,0)} > /gnda — T (6z,0) forall o.
ceP(Y) JY

Hence by monotone convergence, liminf,, T~ g,(z) > [ gdo —T (85, 0) for all
o. Taking the supremum over o yields lim inf,, T~ g5, (¥) > sup,ep(v){ [y gdo—
T(0z,0)} =T g(x). O

Remark 5.1.4. We note that the given proof of item (1) of the above
lemma fails if we allow sequences g, € USC,(Y). This is because there is

no weak* semi-continuity property for v fY gdv when g merely belongs
to USC,(Y') and not USC(Y).

Corollary 5.1.5. Let T : P(X) x P(Y) = RU {400} be a backward linear
transfer such that {0, ; x € X} C D1(T). Then,

1. For any (p,v) € P(X) x P(Y), we have

T(u,v) = SUP{/Yng /XT_gdu; g e USCy(Y)}

:sup{/ygdz/—/XTgdﬂ;gEUSC’mb(Y)}.

2. The Legendre transform formula (2.4) for T, which holds for C(Y),
extends to USC(Y'); that is, for p € P(X) and all g € USC(Y'), we
define

T(g) = sup{ /Y gdo — T(p.0);0 € P(Y)}

and then we have

Ti0) = [ Tgdn (5.4)

Proof. 1. For g € USCy(Y), take a monotone decreasing sequence g, €

C(Y) with g, — ¢g. By Lemma 5.1.3, and monotone convergence, we infer

that
lim (/ gndy—/ T_gnd,u> :/gdu—/ T gdpu,
n—=o0 \ Jy X Y D'e
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from which we conclude
T (1, v) > sup {/ gdv — / T gdu; g € USCb(Y)} :
Y X

The reverse inequality is immediate because C(Y) C USCy(Y).
2. Let g € USC(Y) and take g, N\, g with g, € C(Y). We have

/ gndo — T (p,0) < sup{/ gndo — T (u,0);0 € P(Y)} = / T gndp
Y Y X
so that by Lemma 5.1.3 upon taking n — oo, we obtain

/gda—T(u,J)é/ T gdu
Y X

and consequently
sup{/ gdo — T (u,0);0 € P(Y)} < / T gdp. (5.5)
Y X
On the other hand, by monotonicity, T-¢g < T~ gy, so
/ T gdp < / T gndp < sup{/ gndo — T (n,0);0 € P(Y)}.
X X Y
Since p € D1(T), the supremum on the right-hand side is achieved by some

on. Extract an increasing subsequence n; so that oy, ; o for some o €
P(Y). Then if i < j, we have g,, < gn,, so that

/T‘gdu</gnidanj—7'(,u,anj) fori <j
X Y

where upon sending j — oo yields

/ngﬂﬁ/gnida—’f(u,a)
X Y

and finally ¢ — oo by monotone convergence yields the reverse inequality of
(5.5). O
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Remark 5.1.6. For similar reasons as noted in a previous remark, the proof
of item 1 in the above corollary fails if USCy(Y') is replaced with USC(Y'),
(similarly item 2 to USC,(Y)), since it may happen that both [, gdv = —o0
and | y I'"gdp = —oo simultaneously.

The following is the extension of the inf-convolution stability of Corollary
2.10.4/ as mentioned in Remark 2.10.5.

Corollary 5.1.7. Let T be a backward linear transfer on P(X) x P(X) with
{0z;2€ X} C Di(T) and D1(T)NDo(T) # 0. Then T *T is a backward

linear transfer with backward Kantorovich operator T~ o1 ™.

Proof. The key point here is that T-g € USC(X), so by Corollary 5.1.5 (in
particular, (5.4); replace g there by T~g for g € C(X)), we conclude that
when u € Di(T *T),

(TxT)ulg)= sup {[ gdv—T*T(p,v)}

veP(X) JX

= s {[ T gdo— T(w0)}
ceP(X) JX

:/T_OT_gd,u, for all g € C(X).
X

O]

5.1.1 Conjugate functions for forward and backward linear
transfers

We have the following notion motivated by the theory of mass transport (see
Section 2.6 and also 4.5).

Definition 5.1.8. Let 7 be both a backward and forward transfer with
Kantorovich operators T~ and TT. A pair (f,g) € USC,(X) x USC,(Y)

are a conjugate pair if

T-g=f and TTf=g.
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The following proposition shows in particular that for any function g €

C(Y), the couple (T~ g, T+ o T~ g) form a conjugate pair.

Proposition 5.1.9. Suppose T : P(X) x P(Y) — RU {+o0} is both a
forward and backward linear transfer, and that {(65,0y); (z,y) € X x Y} C
D(T) such that TT : C(X) = C(Y) and T~ : C(Y) — C(X). Then for any
geC(Y), (resp.,.f € C(X))

TtoT g>g T oT*f<],

and
T-oTtoT g=T"g and TToT oTTf=TTf.

In particular,
T (p,v) = sup { /Y " oT g(y) dv(y) — /X T~gdu(z); g€ C(Y)}
= sup { /YTW(y) dv(y) — /XT o T fdu(x); f e C(X)}.
Proof. We can write for any g € C(Y),

T g(x)= sup {[ gdo—T(s,0)}
ceP(Y) JY

Since by assumption 7" f € C(Y), we have with g =TT f,

T oT*f(x)= sup {[ T fdo—T(6z,0)}
ceP(Y) JY

At the same time, we have [, T fdo = inf,cpx){ [y fdu+ T (p,0)} since

T is a forward linear transfer. Substituting into the above yields

T oTtf(r)= sup inf {/ fdu+T(p,0) =T (6z,0)}
ceP(Y)HEP(X) Jx
< f(@).
By a similar argument, we also deduce that T o T~ g(y) > g(y) for all

115



ge C(Y).

By replacing f € C(X) in the inequality T~ o T f(x) < f(z) with T g,
we obtain, T~ o TT oT g < T—g. At the same time applying T~ to the
inequality TT oT g > g, implies T~ oTT oT~g > T~ g. Therefore we have
equality: T~ oT T oT~g = T~ g. Similarly, we have Tt o T~ o TV f =TT f.

Finally, since T (u,v) = Supgec(y){fy gdv — [ T~gdu}, we can replace
g with Tt o T~g € C(Y) in the supremum since TT o T~ g > g.

]

5.2 Mané constant and weak KAM solutions for
backward linear transfers

In this section, we introduce the analogous notions of subsolutions, the Mané
constant, and weak KAM solutions of Section 4.3.1. Throughout this sec-
tion, let 7 : P(X) x P(X) - RU {400} be a backward linear transfer such
that {0,; 2 € X} C D1(T) and assume ¢(T) := inf ,cp(x) T (1, 1) < +00.
Note that ¢(7) > —oo by the standing assumption that 7 is bounded be-
low (recall this is part of the definition of a backward linear transfer). It
is always possible to assume without loss of generality that ¢(7) = 0 by
simply considering the transfer 7 — ¢(7); however we prefer to explicitly
write the constant in the following. In addition, by compactness and lower
semi-continuity, there always exists at least one minimizer pu € P(X) so that
T (ps ) = e(T).

We first begin by showing that ¢(7") can be expressed in alternative ways.
Proposition 5.2.1. Let T : P(X) x P(X) — RU {400} be a backward
linear transfer such that c(T) = inf ,epx) T (4, p) < +o00. Then

) T
o(T) = tim h) Tulsv)

n—00 n

Proof. First note that

(Lnyf) Tn(psv) < Talp, ) < 0T (p, 1)
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hence

inf(,, ) Tn(p,
lim sup () (,v)

n—00 n

On the other hand, let uf, ;| be such that

< irﬁf T (e, ) = e(T).

(Lnuf) T, v) = To(pl, py 1) (5.6)

By definition of 7, as an inf-convolution of 7 with itself n-times, we may

write

Ta(its i) = > T (W 1)

j=1
for some uj € P(X), j=1,...,n+1 (the infimum is achieved by weak*

lower semi-continuity). Hence by joint convexity,

1 ¢ 1< 1<
TG ptign) = = D T ) 2 T i — Y ). (5.7)
J=1 j=1 j=1

SRS

Define vy, := %Z?Zl 1} Then
R R 1
T(ﬁ Z 1y ” Z wis1) =T (v, v + E(Ng—o—l Y (5.8)
j=1 j=1

Now let n; be a subsequence such that

foing M) Ta( ) b Tay (,v).

n—00 n k—o0 ng

Up to extracting a further subsequence, we may assume that v,, — v for
some 7 € P(X). It then follows from (5.6), (5.7), and (5.8), together with

weak® lower semi-continuity of 7, that

limimf1 inf Tp(u,v) > T(v,0) > e(T),

n—=oo N (u,v)
which concludes the proof. O

Proposition 5.2.2. If T is a backward linear transfer on P(X) x P(X)
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such that sup,e x inf,ep(x) T (0z, V) < +00, then

co(T)= sup inf{g(x)—T g(x)}.
geC(x) T€X
Proof. 1If sup,¢x inf,cp(x) T (0z,7) < +00, then by Lemma 5.1.1, T7g €
USCy(X) for all g € C(X). Consider now the function

FPOOXCEO SR, fug) = [ (o= T g)dn.

Note that f is real-valued since T~ g € USCy(X). We have that g — f(u,g)
is upper semi-continuous on C(X) since T~ is convex and weakly lower
semi-continuous on C(X), and pu +— f(u,g) is lower semi-continuous on
P(X) since T~g € USCy(X). Moreover, u — f(u,g) is quasi-convex, i.e.
{n e P(X); f(u,g) < A} is convex or empty for A € R, and g — f(p,g) is
quasi-concave, i.e. {g € C(X); f(u,g) > A} is convex or empty for A € R.

Therefore by Sion’s minimax theorem (see Theorem 2.7.6), we have

inf  sup f(u,g9)= sup inf f(u,gq).
HEP(X) geC(X) (M ) geC(X) HEP(X) (,u )

Therefore we have
o(T)= inf T(p,pu)= sup {[ (9—T g)du}
REP(X) geC(x) Jx

= inf sup f(u,g
HEP(X) geC(X) (9)

= sup inf ,
geC(Xx) HEP(X) Fps9)

= sup inf /g—T‘gdu.
gecmuemm{ X( )dp}

Since g—T~ g is a lower semi-continuous function bounded below, it achieves

a minimum on the compact space X, so that inf,cpx){ [y (9 — T~ g)du} =
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mingex{g(x) — T~ g(x)}. Consequently,

o(T)= sup inf{g(z) =T g(z)}.
geC(X) %€

O

Definition 5.2.3. Let £ € R. A function g € USC(X) is a subsolution
for T~ at level k iff

1. T g(z) + k < g(z) for all z € X, and

2. [ygdp > —oo for some p € P(X) which achieves the minimum
T (g 1) = (T).

Regarding the role of item 2 in the definition of a subsolution, we wish
to be able to compare the constant k with ¢(7) (see below in this section);
note that by definition of ¢(7), we have [y gdu < [ T~ gdp+ ¢(T). The
condition is essentially telling us that a subsolution must be proper in a

particular way: that it is finite on the support of some minimising measure

1.

Lemma 5.2.4. For every k < supgcc(x) infeex{g(z)=T"g(z)}, there exists
a subsolution g € C'(X).

Proof. This is immediate, since by definition, there exists a sequence (g;) C
C(X) such that

Inf {g;(z) —T7g;(2)} / Jup Inf {g(2) — T g(2)}.

O]

Definition 5.2.5. The Mané constant cg is the supremum over all £ € R

such that there exists a subsolution g for 7'~ at level k.

Lemma 5.2.6. The Mané constant cy satisfies

sup inf {g(z) — T7g(z)} < co < (7).
geC(X) rzeX
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In particular, if sup,ex inf,ep(x) T (6z,v) < +00, then co = c(T).

Proof. 1t is immediate from the previous lemma that

co > sup inf {g(x) =T g(x)}
geC(X) rzeX

since there is a subsolution at every level k strictly below this value. On
the other hand, take pu € P(X) for which ¢(T) = T(u,u). Then from

T (1, 1) = suppecxy{ [y hdp — [x T~ hdu}, we have for any h € C(X),

/ (h— T~ h)dp < c(T).
X

For any g € USC(X), take a decreasing sequence (h;) C C(X) with h; N\, g.

Then by Lemma 5.1.3, we have T h; \, T g, so by monotone convergence

/gdu</ T gdp + c(T).
X X

Therefore for any level k for which there exists ¢ € USC(X) which is a

subsolution, we have
/ gdp < / T gdp+c(T) < / gdp+c(T) — k
X X X

hence since f  9dp > —oo, we may subtract from both sides and deduce
k < ¢(T). Consequently co < ¢(T).
O

Definition 5.2.7. A function g € USC(X) is a backward weak KAM

solution at level k for T if
1. T7g(z) + k = g(z) for all z € X, and
2. [y gdp > —oc for some p such that T (p, p) = ¢(T).

Proposition 5.2.8. If g € USC(X) is a backward weak KAM solution at
level k, then necessarily, k = c(T).
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Proof. Clearly, if g is a backward weak KAM solution at level k, then it
is a subsolution, so k < ¢y < ¢(7). On the other hand, g also satisfies
T g+ nk = g, where T, is the n-fold composition of 7~ with itself. This

means that

/ gdu—nk = / T gdu= sup {[| gdv—Tn(u,v)} < supg(x)—inf T, (u,v)
X X veP(X) JX reX (1)
where for the second equality in the above, we have used Corollary 5.1.7.
Dividing by n and letting n — oo, we have
inf(, ) Tn(u, v
k< tim Mo Tl y) —¢(T) (5.9)

n—+00 n

where the latter equality is by Proposition 5.2.1. The above inequality (5.9)
then implies ¢(7") < k, which concludes the proof. O

We shall therefore say g is a backward weak KAM solution if and only if
g is a backward weak KAM solution at level ¢(7T).

Corollary 5.2.9. If there exists a backward weak KAM solution g, then the

Manié constant cg is equal to ¢(T).

5.3 Idempotent linear transfers

We will in subsequent sections construct an idempotent backward Kan-
torovich operator that maps into the set of backward weak KAM solutions;
its induced backward linear transfer will be idempotent. Therefore in this

section, we study idempotent backward linear transfers.
Definition 5.3.1. Let 7 : P(X) xP(X) — RU{+o00} be a given functional.

1. We say T is idempotent if
T(pu,v)=Tx*T(u,v) forall p,veP(X)
where

T« T(v) i= nf{T(1,0) + T(0,0); o € P(X)}.
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2. Define A :={p € P(X); T(p, 1) = 0}. We say that 7 is A-factorisable,
if A+ (), and T satisfies

T(p,v) =inf{T (,0) + T (o,v); 0 € A} for all u,v € P(X).
3. T is distance-like, if it satisfies

T(uv) < T(u,0)+T(o,v), forall poveP(X).
The following lemma and proposition is based on ([6], Lemma 11) where
we weaken the continuity hypothesis to lower semi-continuity.

Lemma 5.3.2. Let T : P(X) x P(X) — RU {400} be weak* lower semi-
continuous and idempotent. Fix p,v € P(X). Let 01,02 be such that

T(p,v)=T(,01) +T(o1,v) and T(o1,v)=T(o1,02)+ T (02,V).

Then T (p,01) + T (01, 02) = T (1, 02).
Proof. This simply a consequence of 7 being idempotent. Indeed
T(w,v) =T 01) +T(01,02) + T (02, 7)
>T xT(u,02) + T(o2,v)
=T, 02) + T (02, v)

> T *T(p,v)
= T(,LL, V)

so all the inequalities are in fact equalities. This means in particular com-
paring the first and third line that 7 (u,01) + 7T (01, 02) = T (i, 02). O

Proposition 5.3.3. Let T : P(X)xP(X) = RU{+oc} be weak* lower semi-

continuous and idempotent. Then T is distance-like and A-factorisable.

Proof. 1t is immediate that 7T is distance-like if it is idempotent; indeed,
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this is from
T(wv)=T*T(p,v) = Ueig(fx){T(u, o)+ T(o,v)}
< T(u,0)+ T (o,v) forall p,v,o.
Fix now p,v € P(X). From 7 = T % T, there exists o1 € P(X) such that
T(p,v)=T(po01)+ T (o1,v); (5.10)
similarly, there exists a o9 such that
T(o1,v) =T (01,02) + T (02, v). (5.11)
We conclude from Lemma 5.3.2 that
T(,01) + T (01,02) = T(u,09). (5.12)
In addition, we if we add (5.10) and (5.11), we have
T(pu,v) =T (p,01)+ T (01,02) + T (02,V). (5.13)

We therefore have (o1,02) such that (5.10), (5.11), and (5.12) (and,
consequently, (5.13)) hold.

Continue this process with 7T (o9, v), to find a o3 satisfying T (o2,v) =
T (02,03) + T (03,v). In this way we inductively create a sequence (0%)ren

with the property that for (o1, 09,...,0%), we have
k—1
T(/,L,I/) = T(N’val) + ZT(0i7Ui+1) +T<O’k,l/) (514)
i=1
and also
T(u,01) +T(o1,02) = T (11, 02) (5.15)
7-(ka17 Uk) + T(Uk7 V) = T(O—kfla V)v (516)
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as well as
m

ZT(Uu oir1) = T (04, 0m+1) (5.17)
i=f
whenever 1 </ <m <k -—1.
In particular, the same properties (5.14), (5.15), (5.16), (5.17) above hold
if we take instead m+-1 terms (oy, , . .., 0%, ) of any increasing subsequence

k; of k. In particular, this means

m

T(/L, 0k1) + Z T(Ukj70kj+1) + T(Ukm+17 V) = T(Mv l/)' (5'18)

Jj=1
We take now a subsequence oy, of o converging to some o € P(X). By
weak® lower semi-continuity of 7, we have

)= Tl(o,0)

lim inf 7 (oy;,, o,

j—00 J+1

liminf 7 (u, ox;) > T (1, 0)

J—00

liminf 7 (o, v) > T (0, v).

j—o0

In particular, given € > 0, for all but finitely many j, it must hold that

T(ok;s0k;.,) = T(0,0) — € (5.19)
T(pyon;) > T(p,0) — € (5.20)
T (ok,,v) > T(ov) —¢ (5.21)

so up to removing the first NV terms for a finite N = N, we may assume we
have a subsequence oy, satisfying (5.19), (5.20), and (5.21) for all j, as well
as (5.18) .
Applying the inequalities of (5.19), (5.20), and (5.21), to (5.18), we ob-
tain
() = T, 0) + mT(0,0) + To,v) — (m + 2)e

for m > 1. From the fact that 7 = T x T, we have T (u,0) + T (o,v) >
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T xT(w,v) =T (u,v), so the above inequality implies

m + 2
m

€ < 2e.

T(o,0) <

As e > 0 is arbitrary, we obtain 7 (o,0) < 0, and consequently 7 (o,0) = 0
(the reverse inequality following from 7 =T 7).

Finally, we note that 7 (u,v) = T (u, 0x;) + T (ok;,v) for all j, so at the
lim inf, we find

T(,v) > T (,0)+ T (o,v).
The reverse inequality is immediate from 7 =T x T . O

Definition 5.3.4. Suppose T~ : USC(X) — USC(X) is some given map.
We say that T~ is idempotent if T~ o T~ g =T g for all g € C(X).

Remark 5.3.5. We observe that if 77 : USC(X) — USC(X) is an idem-
potent backward Kantorovich operator, then the induced backward linear

transfer T (p, v) := supgecx){ [y 9dv — [x T~ gdu} is idempotent thanks to
Corollary 5.1.7.

5.3.1 Examples of idempotent linear transfers
We present some examples of idempotent linear transfers.

Example 5.3.6 (Convex energy). Recall the convex energy example of
Section 2.5.1. If I is any bounded below, convex, and weak® lower semi-
continuous functional, and m := inf{I(c);0 € P(Y)}, then T (u,v) :=
I(v) — m is an idempotent backward linear transfer with an idempotent

Kantorovich map T~ g := I*(g) + m. Indeed, note that

T oT g=I"(T"g)+m= sup {[| T gdv—I(v)}+m
veP(Y) JY

= swp ([ () + m)dv — I0)} + m
veP(Y) JY

=I*(g) +2m— inf I(v)

in
veP(Y)

=I"(g)+m=T"g.
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(See also Example 5.5.5 later in Section 5.5.3.)

Example 5.3.7 (Markov operator). Any transfer induced by a bounded
positive linear operator T' with 72 = T and T'1 = 1, and in particular, any

point transformation ¢ such that o2 = ¢ as in Example 2.5.7.

Example 5.3.8 (Balayage transfer). The balayage transfer B of Example
2.5.3 is idempotent since its Kantorovich map is T~ ¢ = §, where, for exam-
ple, in the case of balayage with convex functions, g is the concave envelope

of g.

Example 5.3.9 (Optimal Mass Transport). If 7; is an optimal mass trans-
port associated to a bounded below lower semi-continuous cost function
c¢: X x X — RU{+o0}, then 7. is idempotent if ¢(x,z) = 0 for every z € X

and c satisfies the triangular inequality
c(z,2) < c(z,y) +c(y,z) forall x,y,zin X. (5.22)

In particular, this implies

Ta(uo) = sup} /X Togd(v — p);g € C(X)). (5.23)

For example, if ¢(z,y) = dx(x,y)? for 0 < p < 1, then the corresponding
optimal mass transport is idempotent since ¢ satisfies the reverse triangle

inequality, and therefore ¢ x ¢(z,y) = inf,cx{c(x, 2) + c(z,y)} = c(z,y).

Example 5.3.10 ( An idempotent optimal Skorohod embedding). The fol-

lowing transfer was considered in Ghoussoub-Kim-Palmer [31].

Ty, v) = inf{E[/OTL(t, Bt)dt]; e S(u, y)}, (5.24)

where S(u,v) denotes the set of (possibly randomized) stopping times with
finite expectation such that v is realized by the distribution of B, (i.e.,
B; ~ v in our notation), where B, is Brownian motion starting with p as
a source distribution, i.e., By ~ u. Note that T (u,v) = +o0 if S(u,v) = 0,

which is the case if and only if 4 and v are not in subharmonic order. In this
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case, it has been proved in [31] that under suitable conditions, the backward
linear transfer is given by T~g = J,(0, -), where J,; : RT x RY — R is defined

via the dynamic programming principle

Jg(t,x) ;= sup {Et’z [g(BT) - /T L(S,Bs)ds} }, (5.25)
TERL® t

where the expectation superscripted with ¢,z is with respect to the Brow-

nian motions satisfying B, = x, and the minimization is over all finite-

expectation stopping times R%* on this restricted probability space such that

T > t. Jy(t,x) is actually a “variational solution” for the quasi-variational

Hamilton-Jacobi-Bellman equation:

J(t, x) —p(z) } —o. (5.26)

min{ 5 1
—5J(t,x) — 5AJ(t,x) + L(t, v)

Note that Jy(t, x) > g(x), that is T~g > g for every g, hence (T~)%g > T~ g.
Assume now t — L(t,x) is decreasing, which yields that ¢t — J(t,x) is

increasing (see [31]). Given € > 0, fix 7. such that

Te

(T Vg(e) = Jr-y(0.0) < B [17g(B,) ~ [

L(s,BS)ds] T
t

hence since T~ g(B7.) = J4(0, B;.) < Jy(t, Br,),
(T7)?g(z) < EH {JQ(O,BTG) —/ L(S,Bs)ds} +e
t

< Eb* [Jg(t,BTe) — /t 6 L(S,Bs)ds} +e

< Jg(0,2) +e =T g(z) +¢,

where the last inequality uses the supermartingale property of the process
t — Jg(t, Br,)— [ L(s, Bs)ds. It follows that we obtain the reverse inequal-
ity (T~)2g <T~g, and T~ is therefore idempotent.
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5.3.2 T-Lipschitz functionals
Proposition 5.3.11. Suppose T : P(X) x P(X) = RU {400} is a weak*

lower semi-continuous, bounded below, jointly conver functional such that T
is A-factorisable. Then the following hold:

1. For any bounded functional ® : A — R that is T -Lipschitz, that is, for
any ® satisfying

O(v) — ®(u) < T(u,v), forall pve A,

there exists f € C(X) such that
O(p) = / fdu  for all p € A.
X

2. If T is, in addition, a backward linear transfer, and

sup inf T (p,v) < 400,
veP(X) HEA

then
D(p) = /Xdeu = /de,u, for every 1 € A. (5.27)
3. If T is, in addition, both a forward and backward linear transfer, then
D(p) = / fdp = / T fdu = / Tt oT™ fdu for every u € A.
X X X

Moreover, the functions v := T~ f and ¢ := TToT~ f are conjugate
in the sense that Vo = T~ 11 and Y1 = Ty.

4. Moreover, if g is a function in C(X) such that [ gdu = ®(u) for all
we A, then
Yo <T7g and ¢ >T"g. (5.28)
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Proof. 1. Let ® be such that y — ®(u) is T-Lipschitz on A and define

Do(p) :=sup{®(c) — T(,0)} and @1(v):= inf {®(c) + T (o,v)}.
ocA o€A

Note that g and ®; are both finite on 4, but in general ®3 may be —oo
(resp., ®1 may be +00) on certain subsets of P(X), depending on the effec-
tive domain of 7.

We now show that &g < ®; on P(X). This is trivally true if one of ¥y,
®; is not finite, so assume p € P(X) is such that ®o(u), ®1(p) € R. Then,
by definition of ®y, ®1, and the fact that ® is T-Lipschitz on A, and T is

A-factorisable, we may write

Do(p) — @1 (p) = USTuepA%P(U) = T(p,0)—®(1) = T(r, 1)}

< sup {#(0) - ¥(7) - T(7.0)}

Note now that ® is concave and weak* upper semi-continuous, while ®; is
convex and weak® lower semi-continuous, on the convex subset P(X) of the
real vector space M(X). Thus by Hahn-Banach (see, e.g. [50] p.319), there
exists f € C(X) such that > [y fdu on P(X) lies between ®g and ®1:

Bo) < [ T < @) for all w e PY) (529)
On the other hand, it also holds by the definition of &3 and @1, that
P1(p) < (p) < Po(p) forallpe A (5.30)
so that (5.29) and (5.30) together shows
B(s) = B1(3) = Bolp) = [ T for all we A

2. Suppose now T is additionally a backward linear transfer with T~ as

129



its Kantorovich operator. If u € A,

/T‘fdﬂz sup { deT(M’V)}Z/fdMT(MHu):/ fdp.
X X X

veP(X) JX

Assume now that sup,cp(xyinfuea 7 (p,v) < +o0o. It can be checked that
this implies &g, ®; are bounded. Then it holds that

sup {P1(v) —T(p,v)} < sup P1(v) —C < +o0
veP(X) veP(X)

where C' is a lower bound for 7. This means that for any u € A, by (5.29),

we can write

—oo</ T fdu= sup {| fdv—T(u,v)}< sup {®1(v)—T(u,v)}
X

veP(X) JX veP(X)
(5.31)
In view of item 1, we will be done if we show that we have the conjugate
formula,
sup {@1(0) = T(u,0)} = Po(n). (5.32)
c€P(X)

To this end, for every p € P(X), we have

Do(p) = sup{®(a) = T(p,0)} = sup{®1(0) = T(,0)} < sup {®1(0) = T(p,0)}.
ocA ocA o€P(X)

On the other hand, for any v, u € P(X), we have

®1(v) — @o(p) = inf {®(0) +T(o,v) = @(r) +T(p,7)}

o,7eEA

< U}gefA{T(a, v) +T(r,0)+T(p 1)}
< airelfél{T(U’ v)+T(p,0)}

=T(p,v).

This shows (5.32).

3. Suppose in addition that 7 is a forward linear transfer with T" as a
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Kantorovich operator. Recalling the property T o T~ f > f, we have
[rrer sanz [ iz e,
X X
On the other hand, by (5.31) and (5.32),

TToT ™ fdu= inf /Td+T, < inf {®g(o)+T(o,p)}.
J o du= nt (| TFdo+Tlem) < inf {80(0)+ T (0.0}
In other words, T~ f and T o T~ f are two conjugate functions verifying

/ Tt oT™ fdu = / T fdu=®(u) for all p e A.
X X
4) To prove (5.28), first note that

/X T~ fdp < Bo(y1) = sup{®(0) — T(1,0);0 € A}

<supf | gdo = T(n.0)ic € PX)}

= / T gdp.
X

On the other hand,
/XT+ o T~ fdu = inf{/X T~ fdo + T(o,p);0 € P(X)}
_ inf{/X T fdo + T(o.\) + TOup): A € Ao € P(X))
_ inf{/X T+ o T fd\+ T(\ ) A € A}
_ inf{/X gdA + T\ )i A € A}
> inf{/X gd) + T\ p); A € P(X)}

= / T*gdp,
X

which completes the proof. ]
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Corollary 5.3.12. For every idempotent backward linear transfer T such
that {05z € X} C A and sup,cp(x)infuea T(p,v) < +oo, there is a
function f € C(X) which is fived by T~, i.e. T~ f(z) = f(x).

5.4 Ergodic properties of equicontinuous
semigroups of transfers

We now proceed to the construction of the backward weak KAM solutions
first introduced in Section 5.2. Given a backward linear transfer 7 with
backward Kantorovich operator T, we shall construct a backward Kan-
torovich operator T, which maps C(X) into the set of backward weak
KAM solutions for T~. This operator will be idempotent, and its induced
backward linear transfer 75, is the analog of the Peierls barrier of standard
Aubry-Mather theory in Chapter 4.

We begin by assuming 7 is weak® continuous on P(X) x P(X). We
use the notation 7, to denote, for each n € N, the inf-convolution 7, =
T *T % ....% T n-times, and 7}, the n-fold composition of T with itself.

Recall that the quadratic Wasserstein distance, denoted by Wa(u,v) :=

To(p,v) where T3 is optimal transport with quadratic cost c(z,z’) :=
dx(z,2")?, metrizes the topology of weak* convergence on P(X) when X
is compact. Therefore, if 7 is weak™ continuous on P(X) x P(X), then
it is weak® uniformly continuous since P(X) x P(X) is weak® compact.
Therefore, there exists a modulus of continuity ¢ : [0,00) — [0,00), §(0) = 0,
such that

T () = T V) < 6(Walp, 1) + Wa(v, ) for all p, i, v, 0" € P(X).

We start with the following lemma which can be found in Bernard-

Buffoni [6] and adapted to our setting at hand.

Lemma 5.4.1 (Bernard-Buffoni [6], Lemma 9). Let 7 : P(X)xP(X) —» R
be a weak* continuous functional with a modulus of continuity 6. Then the
family {Tp}nen are equicontinuous with the same modulus of continuity §,

and there exists a positive constant C > 0 such that
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|Tn(p,v) —ne(T)| < C,  for everyn > 1 and all p,v € P(X),

where we recall from Section 5.2 that

o(T) = inf T(jr.p) = lim inf {7 (. v); v € PX)}

n—00 n

Proof. Define M,, := max, , Tn(p,v) and M := infnzl{%} > —o0o. The
sequence { My, },>1 is subadditive, that is My, < My+M,,, hence {%}nZl
decreases to its infimum M as n — oco. Indeed (see e.g. [9] Lemma 1.18), fix
n > 0 and write for any m, the decomposition m = ng+1r, where 0 < r < n.
The subadditivity of M,, implies

Mm:an+r<an+Mr<%+Mr

m ng+r — ng ng — n ng

We therefore obtain limsup,,, ., = < M2 Qn the other hand, inf,>1 % <

m - n
My Therefore, M=
n n

im in nver 00.
1 fr—o00 converges to M as n —

In addition, if my, := min,,, 7,(u, v), then the above applied to —m,, yields

Mn _

that lim,, e =7 Mn,

n -

We now show that m = M. Note that the family 7, all have the same
modulus of continuity; this follows exactly because (u,v) — T (u,01) +

m, where m := sup,,

T(o1,02) + ...+ T(0pn,v) has modulus of continuity ¢ for each choice of
(01,...,0n) € P(X) x...xP(X), so the infimum (i.e. the function 7y) also
has modulus of continuity . The uniform modulus of continuity § implies
the existence of a constant C' > 0, such that M,, — m,, < C for every n > 1.

Then, we obtain the string of inequalities

nM—C <M, —C<my <Tp(p,v) <M, <m,+C<nm+C.

The left-most and right-most inequalities imply M < m upon sending n —

oo, hence m = M. ]

Lemma 5.4.2. 1. For any g € C(X), there is a constant C > 0 such
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that

T, g(x) +ne(T) —supg| < C  foralln € N and all x € X.
X

2. The semi-group of operators {1, }n>1 has the same modulus of conti-

nuity as T .

3. The constant ¢(T) is critical in the sense that T, g + kn — £00 as
n — oo if k # ¢(T), depending on if k < c(T) or k > ¢(T), for any

g e C(X).
Proof. 1) By Lemma 5.4.1 and since T}, g(z) + nce(T) = sup,{[ gdo —

(Tn(8z,0) —ne(T))}, we have supy (9)—C < T, g(x)+ne(T) < supx(g)+C.
For 2) we note that

T, g(a) = sup( [ gdor — Ta(6.0)
< sup{ [ gdo = To(6,,0)} + sup(T, (8, 0) ~ (b))
=T, 9(y) + 0(d(z,y)).

We now interchange x and y to obtain the reverse inequality.
3) follows from 1) since

sup(g) — C + (k—e)n < T, g(x) + kn < sup(g) + C + (k — ¢)n.
X X

O]

We shall prove the following, which is an analogue of Bernard-Buffoni

[5, 6].

Theorem 5.4.3 (Ergodic properties of weak* continuous linear transfers).
Let T be a weak* continuous backward linear transfer on M(X) x M(X)
with modulus of continuity 6, and with backward Kantorovich operator T~ :

C(X) — C(X). Then, there exists a backward Kantorovich operator T :
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C(X) — C(X), which may be taken to be

Tog(x) = lim (T, oT g(z) + nc(T))

n—oo

where T g(z) := limsup,,_,o(T,, g(z) + nc(T)). Together with its corre-

sponding backward linear transfer Ts, they satisfy:

1. T maps every g € C(X) to a backward weak KAM solution for T,

1.€e.,

T, oTcg+nc(T)=T.9 and T oT, g+ nc(T)="T,

inf{7, (u,v); preP(X)} )

foralln € N, where ¢(T) = inf, T (p, pr) = limy, 00
2. T is idempotent, i.e. T o T g="Tyg for all g € C(X).

[e.9]

3. Teo satisfies,

(Tn—nc(T))*Too (s V) = Too(pty v) = Took(Tn—ne(T))(u,v)  for every n € N.

4. Te is idempotent and therefore A-factorisable, i.e. the set A:= {o €
P(X);Too(o,0) = 0} is non-empty, and for every u,v € P(X), we
have

TOO(:ua V) = lnf{TOO(.ua J) + TOO(Ua V)? OlS A},
and the infimum on A is attained.

5. For every u,v € P(X), we have
- { [ it —py:ge 0<X>} < Tool(o) < limm k(T (1, 1) ~ne(T)).

6. If T(p,p) = ¢(T), then p € A. Additionally, (u, 1) € D if and only if
peAandT(p,p) =c(T), where

D :={(,v) e P(X)xP(X) : T(p,v)+ Too(v,u) = ¢(T)}.
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Remark 5.4.4. The backward linear transfer 7., is an analog of the Peierls

barrier.

Proof. 1) Given g € C(X), define

T g(x) :=limsup(T,, g(z) + ne(T)).
n—oo
The first observation we make is that 7 is a backward Kantorovich oper-
ator. Indeed, note that the monotonicity, convexity, and affine with respect
to constants, properties of T~ are inherited by 7 . The remaining property
to check is the lower semi-continuity. For this, suppose g — ¢ in C(X) for
the sup norm. We have by Proposition 2.4.4 that

T, 9(x) < T, gr(x) + |9 — gklloo;

so that
T g(x) <T gi(x)+ g — grllo

where k — oo then yields T g(z) < liminfy .o T gx(x). By Lemma 5.4.2,
T g is continuous and has a modulus of continuity 6, and |T gl <
supx (g) + C.

Now the sequence sup,,>,{7,,9 + mc(T)} is a sequence of continuous
functions that decrease monotonically to T g pointwise as n — oo, we may

apply Lemma 5.1.3 to deduce,

T oT g(x)= ILm T o |sup{T,,g +c(T)m}| (x)

m>n

o _
> lim_ sup {T,119(@) + c(T)m}

= lim Sgp {1 19(@) + (m+1)e(T)} —c(T)

Therefore, T~ oT g(x)+c(T)>T g(x). By monotonicity of the operator
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T~, this inequality implies

Ty oT g(x)+ne(T)>T,oT g(z)+me(T)

whenever n > m, i.e. {T,; oT g+ nc(T)}n>1 is a monotone increasing

sequence of continuous functions, with
T oT g(x) =T, oT g(z')| <6(dx(z,2)).
In addition, we have from Lemma 5.4.2 the uniform in n bound

|17 0T g(x) +ne(T)lloo <7 glloo + C < llgllo + 2C.

We therefore have a monotone increasing sequence of equicontinuous func-
tions {T); o T g + nc(T)}nen bounded above uniformly in n and x. It
therefore converges pointwise to a continuous function, and we can define
the pointwise limit via the operator T : C(X) — C(X) defined via the
formula,

Tog(x) = nangO T, oT g(x)+ne(T).

We now claim that T is a backward Kantorovich operator. Indeed, since
T, and T are backward Kantorovich operators, the monotonicity, convex-
ity, and affine on constants properties hold in the pointwise limit n — oo,
and therefore hold for 7). Regarding lower semi-continuity, note that we

can repeat a similar argument as was given for T to deduce that
T, oT g(x) < Ty oT gi+1lg— gklloc- (5.33)

which gives

o0

T og(x) <liminf T __gx(x).
k—ro0

Since the convergence is monotone (even uniform, by Dini’s theorem) we

137



can apply Lemma 5.1.3 to deduce that

T oT g(x)+¢(T)= lim T o [T oT g(x)+ mc(T)] +¢(T)

m—r0o0

= lim {TW—LJrl oT g(z)+ (m+ 1)0(7')}

m— 00

=T9(z)

so repeated application of T~ yields T,, o T_g(z) + nc(T) = T g(x).

o0

We can also consider the composition

TooT g(x)= lim (T, oT oT g(x)+ nc(T)) (5.34)

n—oo

and we have

T T g(x) =limsup(T, T™ g(x) + nc(T))

n—0o0

= ligsolép(TT:Hg(w) + (n+1)e(T)) — o(T)

=T () — o(T)
which means from (5.34) that
TooT g(z)+c(T) =Trg(x).

2) From T, o Tog(x) + ne(T) = Ogg(x), we obtain T o Tiog(x) =
To9(z) Consequently by definition of T, this further implies that T o
Tog(x) =

3) T is a Kantorovich operator, thus we may define

Too(p,v) := sup {/ gdv—/ oogdu}
geC(X

and it is a backward linear transfer; from T, o T g + nc(T) = T g and
TooT,g+ne(T)="Tx

o0

og(x) so T is 1dempotent

g, it therefore satisfies

Too(pt,v) = (Tn—ne(T))* Too (11, V) = Too*(Trn—nc(T)) (1, v), for all n > 1.
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4) From T _ o T g(z) = T-g(x), it satisfies
Toolpv) = Too % Too(p,v),  for all 1,
S0 T is idempotent. Therefore by Proposition 5.3.3, T is A-factorisable.

5) Note from 1) that T g(x) > limsup,,_,.. (T, g(x) + nc(T)), so

n—oo

[ Todn = [ timsup(r; g(o) + e
b b
> lim Sup/ (T, g(x) + ne(T))dp.
n—oo JX
Hence

Too(p,v) < supliminf{/ gdv —/ T, gdu —ne(T); g € C(X)}

Slirginfsup{/ ng—/Tngdu—nc(T);QEC(X)}
n—oo X

X
= lirginf(%(u, v) —ne(T)).

On the other hand, from T o T g = T g,

Too(u,V)ZSHP{/ngV—/XT;gdu;QEC(X)}
Zsup{/XToogd(V—u);geC(X)}-

6) Suppose p is a measure which realises ¢(7) = T (i, p). Then by 6),

we have

0 < Too(ps p) < liminf (75 (ps, ) — (7))

< lirginf(nT(u, w) —ne(T)) =0,

sop € A. If (u, u) € D, then we immediately see p € A and T (i, 1) = ¢(T);

the converse is also immediate.
O
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Remark 5.4.5. The above theorem also holds when we have an appropriate
semi-group of backward linear transfers (7;)¢~o. In this case, we do not build
a discrete-time semi-group (7,)nen from one linear transfer 7', but instead
already have in hand an appropriate semi-group (7).

In particular, if {7¢}+>0 is a family of backward linear transfers on
P(X) x P(X) with associated Kantorovich operators {7}}+>0, where 7 is
the identity transfer,

0 ifu=vePX
Tolu,) = 0

+o00 otherwise.
then under the following assumptions

(HO) The family {7;}+>0 is a semi-group under inf-convolution: 7Ti4s = Tpx T
for all s,¢ > 0.

(H1) For every t > 0, the transfer 7; is weak*-continuous, and the Dirac

measures are contained in D1 (7).

(H2) For any € > 0, {7;}+>c has common modulus of continuity ¢ (possibly
depending on ).

the results of Theorem 5.4.3 and their proofs hold (with appropriate changes
from n to t). For clarity we decided to present Theorem 5.4.3 for the discrete-

time case.

5.4.1 The case of optimal transport for continuous cost
functions

We now identify T and 74 associated to a semi-group of linear transfers

which are given by mass transports.

Proposition 5.4.6. Suppose c¢i(x,y) is a semi-group of equicontinuous cost
functions on X x X, that is

Ct+s(gj7y) =Ct *CS(SU,y) = inf{ct(x,z) + cs(z,y); AS X}7
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and suppose inf(, v ci(z,y) = inf, ci(z, ). Without loss of generality, as-

sume inf, ¢;(x,2) = 0, and consider the associated optimal mass transports

T v) =it [ cwy)dn(ey); w € K}

XxX
1. The family (T¢): then forms a semi-group of linear transfers for the
convolution operation i.e., Tyrs = Ty x Ts for any s,t > 0 that is
equicontinuous on P(X) x P(X), hence one can associate an idempo-
tent Kantorovich operator T and associated backward linear transfer

Too .

infu,uGP(X) Tt (IMM) .
7 ;

2. The following holds for the constant ¢ := limy_,

¢ = min{ c1(z,y)dm;m € P(X x X),m = ma} (5.35)
XxX

3. Letting coo(x,y) := liminf, o (ci(z,y) — ct), then coo is continuous on

P(X) x P(X), and:

Too(p, V) = Tewe (115 v) := inf{ x Coo(2, y)dm(z,y) 5 ™€ K(p, 1)},

Toof(z) = sup{f(y)—coo(x,y); y € X} and TL f(y) = inf{f(x)+coo(z,9); v € X}

4. The set A := {0 € P(X);Tx(0,0) = 0} consists of those o € P(X)
supported on the set A ={x € X;coo(x,z) = 0}.

5. The minimizing measures in (5.35) are all supported on the set

D := {(1'72/) €X xX; Cl(x7y) +Coo(y7$) = C}'

Proof. We apply Theorem 5.4.3 in this context: The Kantorovich operator
for T; is given by T; g(x) = sup{g(y) — e:(x,y); y € X} and as shown
in Proposition 2.10.10, we have To1y = Topwee = Te, * Teo = T x Ts, and
Tivs
associated to (T3)¢, we recall that in the proof of Theorem 5.4.3 we had the

=T, oT, for every s,t. For the idempotent Kantorovich operator 7,
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operator

T g(z) := limsup(T; g(z) + ct).

t—o00

We claim that T g(z) = T_g(x) where T,__g(x) := sup,e x{g(y) —coo (2, 9)}
is the backward Kantorovich operator for the optimal transport with cost
Coo, 80 that in fact T = T . Indeed, first note that

limsup(T;"g(x) + ct) = sup{g(y) — coolw, y)} = Tc_g(x). (5.36)
ye

On the other hand, let y,, achieve the supremum for 7, g(z) = sup{g(y) —

cn(2,y); y € X}, and let (n;); be a subsequence such that lim; o (T, g(x)+

cnj) = limsup,, (75, f(z) +cn). By refining to a further subsequence, we may

assume by compactness of X, that y,, — y as j — oo. Then by equi-

continuity of the ¢,’s, we deduce that

limsup(7;, g(z)+cn) = lim (T, g(x)+cn;) = g(y) —liminf(cy, (2, Y) —cn;).
n j—00 J
(5.37)

As liminf;(cp, (v,y) — cnj) > liminf,,(cn(z,§) — en) = coo(z,¥), we obtain

lim sup(Z;, g(z) +nc) < 9(§) — oo (2,9) < sup{g(y) — coolw, y)} = Te g(2).

! (5.38)
The inequality (5.38) is true for every sequence (ny)x going to oo, so we
deduce that limsup,(7; g(z) + ct) < T._g(x), and hence combining this
with (5.36) gives equality: limsup,(T; g(x) + ct) = T.__g(x).

Finally, we note that T, (limsup, (7, g+ct))(x)+cs = Ty T,_g(x)+cs =
T, g(x) thanks to the fact that cs«coo = Coo. This implies from the definition
of T as the limit as s — oo (see Theorem 5.4.3) that T _g(z) = T,__g(x).

Properties (1), (2) and (3) follow then immediately. Properties (4) and
(5) now follow since ¢¢(z,y) is minimised (by assumption) on the diagonal
ct(z,x), so that Too(p, ) = 0 = Te (u, ) implies p is supported on set

where ¢ (z, ) = 0. O

Example 5.4.7 (Iterates of power costs). Let X C R™ be compact and
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convex, and ¢(z,y) := |x — y|P for p > 0 and z,y € X. Let 7. denote the
optimal transport with cost ¢, with corresponding backward Kantorovich
operator T g(z) = supyex{9(y) — c(z,y)}.

If 0 < p < 1, then c satisfies the reverse triangle inequality c(z,z) +
c(z,y) > c(z,y), hence cxc(x,y) = inf{|lx — 2P + |z —y|P; 2 € X} = c(z,v).
Therefore T g(x) =T, g(x) (i.e. T is itself idempotent).

If p> 1, then cx ¢(x,y) = inf{|x — 2P + |z — y|P; 2 € X} is minimised
at some point z = (1 — M)z + Ay on the line between x and y, so that
cp* cp(z,y) = (WP + (1 — A)P) |2 — y|P. The optimal A is 4. Hence,

Therefore, when n — oo, (T,

)"g(z) — sup,cx g(z), and it follows that
Tog(x) = sup,cx g(z), with the corresponding backward linear transfer

Too being the null transfer of Example 2.5.1.

5.4.2 Aubry-Mather theory and weak KAM theory for
Lagrangian systems

In this section, we briefly mention how, when the cost semi-group of the
previous section is generated from a Lagrangian, how Theorem 5.4.3 and
Proposition 5.4.6/fits in the context of the Aubry-Mather theory, weak KAM,
and Bernard-Buffoni connection to optimal transport discussed in Chapter
4.

Let L be a time-independent Tonelli Lagrangian on M = T™ the flat

torus, and consider 7T; to be the cost minimizing transport

Ti(p, v) = inf{ o ci(x,y)dm(z,y); m € K(u,v)},

where
ci(z,y) = inf{/o L(v(s),5(s))ds; v € C([0,1]; M); 7(0) = 2, ¥(t) = y}.

Recall from Chapter 4 (see Section 4.3), the Lax-Oleinik semi-group S;,
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t > 0 defined by the formula

Si u(x) := inf{u(v(0)) +/O L((s),4(s))ds; v € CH([0,2]; M), 5(t) =z},

as well as the semi-group

t
Sy u(@) = sup{u(y(t)) — /0 L((s),4(s))ds; v € C1([0,2]; M), 5(0) = z}.

Theorem 5.4.8. There exists a unique constant ¢ € R such that the follow-

ing hold:

1. (Fathi [20]) There exists a function u— : M — R (resp. uy ) such that
S;u_ —ct=wu_ (resp. S; u_ +ct =u_) for each t > 0.

2. (Bernard-Buffoni [5]) Let coo(z,y) := liminf; o ci(x,y) denote the

Peierls barrier function. The following duality then holds:

inf{ CoolT,y)dm(z,y); me K(u,v)} = sup { u+d1/—/ u_du},
MxM U u— JM M

where the supremum ranges over all uy,u_ € C(M) such that us
(resp. u_) is a positive (resp. negative) weak KAM solution, and such
that uy = u_ on the set A := {x € M; coo(x,z) = 0}. Moreover,
Coo(T,y) = minzea{coo (¥, 2) + coo(z,9)}-

3. (Bernard-Buffoni [6]) The constant ¢ satisfies

T

c= min/ c1(z,y)dn(x,y),
MxM

where the minimum is taken over all m € P(M x M) with equal first

and second marginals. The minimizing measures are all supported on
D= {(z,y) € M x M; c1(z,y) + coo(y, ) = c}.

4. (Mather [43]) The constant ¢ = infy, [;,, L(z,v)dm(z,v) where the
infimum is taken over all measures m € P(TM) which are invariant

under the Euler-Lagrange flow (generated by L ).
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5. (Fathi [20]) A continuous function u : M — R is a viscosity solution
of H(xz,Vu(zx)) = —c if and only if it is Lipschitz and u is a negative
weak KAM solution (i.e. S; uw— ct =wu). In particular, the statement

is false if ¢ is replaced with any other constant.

In the language of transfers, the cost-minimizing transport is both a
forward and backward linear transfer, with forward (resp. backward) Kan-
torovich operators given by T;" f(x) = Vy(t,z) and T, g(y) = Wk(0,y),

where
Vi(t',z) = inf{ f(~(0)) +/0 L((s),7(s))ds; v € C'([0,t), M),y (') = «}

and W,(t',y) the value functional

t
Wy(t',y) = sup{g(~(t)) - /t L(y(s),7(s))ds ; v € C1([0,#), M), ~(0) = «}.
Observe that Vy(t,z) = S~ f(x), while W;(0,y) = S*g(y). Hence (with
unfortunate signs), 7," f = S; f(x), while T, f(z) = S;" f(z). Note also the
translation of terminology in this setting: Our backward weak KAM solu-
tions are Fathi’s positive weak KAM solutions, while the analogous forward
weak KAM solutions are Fathi’s negative weak KAM solutions.
As mentioned in Section 5.4.1 above, the negative (resp. positive) weak
KAM solutions are the image of the Kantorovich operators T.F (resp. Ti),

and are given by

Toof () = sup{f(y)—coo(®,y); y € M} and T f(y) = nf{f(x)+cw(z,y); x € M}

infy,,uep(]\/l) 775(“7”)
n .

The cost-minimizing transport 7. with cost ¢, is then the idempotent

where coo (7, y) := liminf; o (¢t (z, y)—ct), with ¢ = limy_,

backward (and forward) linear transfer associated to T, (or T55) which by

duality we can write as

inf{ Coo(T,y)dm(z,y); me K(p,v)} = sup{/ T;ggdu—/ T ooTtgdu; g€ C(M)}.
MxM M M
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It can be checked this is exactly statement 2 in Theorem 5.4.8 above. In
particular, Theorem 5.4.3 provides us with statements 1,2, and 3, in the

above theorem.

5.4.3 The Schrodinger semigroup
Recall the Schrodinger bridge of Example 2.8.6. Let M be a compact Rie-

mannian manifold and fix some reference non-negative measure R on path
space 0 = C([0,00], M). Let (X;); be a random process on M whose law
is R, and denote by Ry the joint law of the initial position Xy and the
position X; at time ¢, that is Ry, = (Xo, X¢)4R. Assume R is the re-
versible Kolmogorov continuous Markov process associated with the gener-

V@) dz for

ator %(A — VV - V) and the initial probability measure m = e
some function V.

For probability measures p and v on M, define

Tipov) = i | HF mo)dula) s 7 € K(uw), dn(ey) = dua)dm ()}
(5.39)
where dRo:(x,y) = dm(z)drf(y) is the disintegration of Ry with respect to

its initial measure m.

Proposition 5.4.9. The collection {T;}it>0 is a semigroup of backward lin-
ear transfers with Kantorovich operators Ty f(x) := log Sief (x) where (S

is the semi-group associated to R; in particular,

Ti(p,v) = sup {/M fdv — /M log Siefdu; f € C’(M)} (5.40)

The corresponding idempotent backward linear transfer is Too(u,v) = H(m,v),
and its effective Kantorovich map is Too f(x) := log Sece!, where Seog :=
[ gdm.

Proof. 1t is easy to see that for each t, T} is monotone, 1-Lipschitz and
convex, and also satisfies T;(f + ¢) = T;.f + ¢ for any constant c. It follows
that 7%, (f) = Sy Tif dp for each t by Proposition 2.4.4. The semigroup
property then follows from the semigroup (S;); and the property that 7; x
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Ts is a backward linear transfer with Kantorovich operator T} o Tgf(x) =
log Sy Ssef (x) = log Sy ief (z) = Tyysf(x) by Corollary 5.1.5.

Now we remark that it is a standard property of the semigroup (S;)¢
on a compact Riemannian manifold, that under suitable conditions on V,
Siel — Soef, uniformly on M, as t — oo, for any f € C(M). This
immediately implies by definition of T3, that T; f — Tt f uniformly ast — oo
for any f € C(M). We then deduce from the 1-Lipschitz property, that
Ti o Toof(x) = Tof(z). We conclude that T is a Kantorovich operator
from Theorem 5.4.3. Finally we see that 7o (p, v) is

Tooltt,) = sup} / fdv — / Toofdu: f € C(M)}

:sup{/fdu—log/efdm; feC(M)}
=H(m,v).

5.5 Regularization and ergodic properties of
non-continuous linear transfers

The assumption of weak® continuity in the last section was important for
taking limits of the iterates 7, g + nc. When T is not necessarily weak*-
continuous on M(X) and may even have infinite values for some (u,v) €
P(X) x P(X), we can no longer guarantee that taking limits of iterates will
yield a proper function (i.e. one that is real-valued at least somewhere).
Thus we turn to alternative strategies. The first and most natural one is to
reduce the situation to the bounded and continuous case via a regularization

procedure.

5.5.1 Regularization

Lemma 5.5.1 (Regularisation of a backward linear transfer). Let Wi (u,v)
be the cost minimising optimal transport associated to the cost dx(x,y). For
a given backward linear transfer T : P(X) x P(X) — RU {+o0}, define for
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€ >

0,

Te(p,v) == <1W1) * T * <1W1>

The
1

2.

.ol 1
= mf{ng(u, o1) + T (o1,02) + ;Wl(og, v); 01,02 € P(X)}.

n, Te has the following properties:

. Te is a weak™ continuous backward linear transfer.
{1, ) v € P(X)} = it {T ()5 v € P(X)}.
To(sv) < Tpv) and To(pov) 7 T(,v) as €\ 0.

. Te T-converges to T as € \, 0.

If {032 € X} C Dy(T), and T., T—, denote the backward Kan-
torovich operators associated to Te, T, respectively, then for any g €
USC(X), T-g(x) \yTg(x) as e O .

Proof. First note that since dx is continuous, the linear transfer W7 is weak-

* CO

ntinuous on P(X) (see e.g., [48], Theorem 1.51, p.40).

1. We know that for each fixed € > 0, 7¢ is a weak™ lower semi-continuous

linear backward transfer. To prove that it is continuous, assume u,, — p and

vy, — v. By the lower semi-continuity, we have lim inf,, 7¢c(un, vn) > Te(p, v).

On the other hand, from the fact that limsup,, inf,, 5, < infs, ,, limsup,,

we have

1 1
isp o) < inf - {lasup L1931, 00) + T (o, 00) + limsup T Wm0 |
n n € n €

01,026 P(X)

1 1
01,0;273()() { € 1 01) + T o1, 02) + € (o2, V)}

= 7;(/1’7 V)?

which shows that Te(un, vn) — Te(p,v) as n — oco.
2. Observe from the definition of 7, that

1 1
Lnf{ﬁ(/% V)} = inf {EWI(Maa—) + T(U7 OJ) + EWl(Ulv V>}

!
0,0, 1,V
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Since W7 > 0, it follows that for fixed o,¢’, the minimal value when min-
imising over all y, v is to take . = o, and v = ¢/, in which case the transport
cost vanishes W1 (u,0) = 0= Wi (o', v).

3. The inequality Tc(u,v) < T (u,v) holds by selecting o1 = p and
o9 = v and noting that Wi (o,0) = 0 for every o € P(X). The monotone
property of € — T(u,v) is immediate by definition. Let now of, 0§ realise

the infimum
T 1”r 1 T(o!. o2 1”7 2
E(’ujy)zz 1(11’1'70-6)—"_ (0—670—6)+E 1(0’6,1/). (5'41)

By selecting a further subsequence if necessary, we may assume that o} — 7
and a? — T2 as € — 0. Suppose now lim inf._,o 7¢c(¢, v) < co. Then it must
be the case that Wi (u,al) — 0 and Wi(o2,v) — 0 as € — 0. This implies
o1 = p and g9 = v since W is a metric on P(X). Then (5.41) and weak*

lower semi-continuity of 7 implies
T (1, v) > liminf 7 (g, v) > liminf T(ol, 62) > T (1, v).
e—0 e—0

If liminf._,o 7c(p, v) = oo, then necessarily T (u,v) = 400 since T (p,v) >
Te(p,v) for all €. In either case, we deduce that lime_,o Te(p, v) = T (i, v).

4. First recall that for I'-convergence, one needs to prove

(i) the I-lim inf inequality: For every sequence (u€, v¢) — (u,v), it holds
that iminf. o Tc(pe, ve) > T (1, v), and

(ii) the I'-limsup inequality: There exists a sequence (fic,Ve) — (p, V)
such that limsup,_,o Te(pe, ve) < T (1, v).

The I'-limsup inequality is immediate: Take (pe,v) = (u,v), and the
inequality follows from 7. < 7. For the I-liminf inequality, we have by
monotonicity that T¢(u€,v¢) > To(uf,v) for € < €. The weak* lower semi-

continuity of 7. therefore implies
liminf 7¢(p, v¢) > liminf 7o (€, v°¢) > To(p, v).
e—0 e—0

By 3) and letting ¢ — 0, we obtain liminf._,o 7c(u, v¢) > T (u, v).

5. First note that the monotonicity of 7. g(x) is immediate from the
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expression

T g(x) = sup {/nga—ﬁ(éx,a)},

oc€eP(X)

together with the monotonicity of 7¢. From

limsup sup {/ gda—’ﬁ(éx,a)}z sup {/ gda—liminfﬁ(dx,a)}
e—0 oeP(Xx) LUX ceP(x) UUx e—~0

= sup {/ ng’—T((SZ,O')}
o€P(X) X

we immediately have liminf. 07, g(x) > T~ g(z). On the other hand, let
€; be a sequence such that T¢ g(z) — limsup,_,o T, g(x). Then there is o,
such that

T;g(:v) = sup {/ gda—’ﬁ(dw,a)} :/ gdoe; — Te;(0z, 0c;).
X X

ceP(X)

By selecting a further subsequence if necessary, we may assume o, — o*.

Then we obtain with j — oo,

hmwwnmmzﬁggQMMS/ZMf—mmﬁﬁx@mw

e—0 X J—00

< / gdo™ =T (0z,07)
X

< swp { [ gir = T(60) | =gl

ceP(X)
where the second inequality was obtained from the I'-convergence. O

Lemma 5.5.2. Let T be a backward linear transfer such that D1(T) contains
all the Dirac measures. Assume c(T) := inf, T (u, p) < +00 . and let Te
be the reqularisation of T according to Lemma 5.5.1. Then, the following
properties hold:

) . inf, , Te(pw
1. ¢(Te) = inf, , Te(p, p) = limy o0 —= ep(ﬁf) ()

stant such that |(T)n(p,v) —ne(Te)| < Ce, for all n and all p,v.

is the unique con-

2. ¢(Te) /1 e(T) as e \( 0.
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Proof. Use Lemma 5.5.1 to regularise 7 to 7. Then item 1 is simply
Lemma 5.4.1 for 7.. For 2), note that since Tc(u,p) < T(u,p), then
limsup,_,gc(7e) < ¢(T). On the other hand, let

o(Te) = inf{Te(p, p); pp € P(X)} = Te(pte, e)

for some pe. If i is a cluster point for (i) as € — 0, the I'-convergence of
Te to T implies

lim inf ¢(7;) = lim ié1f’7§(,u€, pe) > T (i) > ¢(T)

e—0

which concludes the proof. ]

5.5.2 Ergodic properties for non-continuous linear transfers
via regularisation

We now present some results for backward linear transfers which are only

weak™* lower semi-continuous.

Theorem 5.5.3 (Ergodic properties for non-continuous linear transfers).
Let T : P(X) x P(X) = RU{+o0} be a backward linear transfer such that
D1(T) contains all the Dirac measures. Assume c(T) := inf ,cpx) T (1, p) <
+00, and that for some € >0 (and thus for all 0 < e <€), we have

c(Te) = (T), (5.42)

where T¢ is the reqularisation of T according to Lemma 5.5.1.

Then, there exists an idempotent backward Kantorovich operator T :
C(X) - USC(X) such that T~ o T g+ ¢(T) = Tg for all g € C(X).
Consequently, its associated backward linear transfer To, is idempotent and
therefore A-factorisable.

Proof. Consider the regularisation 7¢ of 7. By Theorem 5.4.3, there exists a
Kantorovich operator T . : C(X) — C(X), such that T, o T g+ c(7e) =
T5.g for all g € C(X), and an idempotent transfer 7o, . In fact, from
Theorem 5.4.3 we may take T .g = limy, 00 (T ) © T, g 4 ne(Te)], where
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T g(x) := limsup, [(T7 )ng(z)+nc(Te)]. Under the assumption that ¢(7¢) =
¢(T), the monotonicity in e for 7, (see Lemma 5.5.1) actually extends to

monotonicity for T ., in the following sense,

T..9<T_.g forallg, whenever e < €.

oo

Define now

Tooy(@) = inf T g(2) = lim T g(2).

As an infimum of continuous functions, 7__g is upper semi-continuous, but
we have to check that it is proper (i.e. not identically —o0).

To see this, recall the monotonicity Ter(p, 1) < Te(u, p) < T (u, p) for
e < ¢, for all u. When ¢ is small enough, the hypothesis implies ¢(7¢) =
c(Te) = e(T).

Let now fie achieve ¢(7¢) = ¢(T). From the monotonicity,

C(T) = 0(7;/) < 7;/(/]57/]6)
< Telfie, fie) = (Te) = (T),

hence Te (fie, fic) = ¢(T). By Theorem 5.4.3, we have T ¢ (fie, fic) = O,

which implies

[ adne < [ 12 p0dne (5.43)
X X ’

Extract a subsequence €; of the f. so that ., — p. We know by I'-
convergence that T (g, 1) = ¢(T), and (5.43) implies that

/gdﬂg/ T +9dp.
X X ’

Now let ¢ — 0 to obtain by monotone convergence

/gdﬂ</ T gdji. (5.44)
X X

In particular, we deduce that T,_g is finite for j-a.e. x, so Tg € USC(X)
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for every g € C(X).

Regarding the claim that T is a backward Kantorovich operator, we
have from Theorem 5.4.3 that T  is a backward Kantorovich operator for
every € > 0. Therefore, the monotonicity, convexity, and affine on con-
stants, properties hold in the monotone limit as ¢ — 0. For the lower
semi-continuity, we can return to the proof of Theorem 5.4.3 and write an

equivalent inequality as was given in 5.33,

T e9(x) < Tg g (x) + 1|9 = gklloo-

Now let € — 0 to obtain

Tooy(x) < Toogr(x) + 1|9 — grlloo

which gives the desired lower semi-continuity property for 7, and shows
that T is a backward Kantorovich operator.

Regarding the idempotent property for T, we can exploit the mono-
tonicity and idempotent properties for the Kantorovich operator T .. This
yields

Toed=TgcoTgeg2TooTlg

oo

so that with e — 0 we obtain T g > T o T_g. For the reverse inequality,

we again use montonicity in € to have for € < ¢,

To;,eg = To_o,e o o_o,eg S T 1 © To_o,eg

00,€

We let ¢ — 0 and use the monotone convergence Lemma 5.1.3 applied to
T5°, and then let € — 0 to achieve
T . g<T_oT g

o0

sothat T_g=T,0TLg.
Define

Telptv) = sup{ | g~ [ Togdus g € € ()
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as the induced linear transfer from 7. Note that 7o (i, i) = 0 by (5.44), so
Too is proper, and i € A. In addition, T4, is idempotent. By the monotone
convergence Lemma 5.1.3, and the monotonicity 7-h < T h, we have
T oT g(x)+¢(T) = li_r:% T™ oTy g(x) +c(T)

€

< Im T o T g(a) + o(Te) = m T cg(x) = Too f ()
On the other hand, the monotonicity again T, < T, for € < € gives

Teoeg=T oTg . g+c(Te) T, 0T g+c(T)

By Lemma 5.1.3 applied to T, and the sequence T .g, we can pass the
limit in € through 7/~ to obtain

Teog(@) =lm T g(x) < UmT7 o T g(x) +c(T) =T, o Tiog(w) + c(T).
e—0 ’ e—0 ’

€

Now we let € — 0 and use Property 5 of Lemma 5.5.1 to obtain T g(z) <
T~ oTg(x)+ ¢(T), and thus obtaining equality.
O

The hypothesis ¢(7;) = ¢(T) in Theorem 5.5.3 seems possibly difficult
to check. In the next proposition we give more easily checkable sufficient

conditions (see in particular item 1 below) for when this equality holds.

Proposition 5.5.4. Let T be a backward linear transfer on P(X) x P(X).

In any of the following cases,
1 nf{T (p,v); p,v € P(X)} = inf{T (1, 1) ; p € P(X)},

2. If T is both a backward and forward linear transfer, is symmetric, and
the operator T~ associated to T maps every continuous function to a
L-Lipschitz function (L >0),

we have ¢(T¢) = ¢(T) for all € > 0 small enough; in particular, the equality
holds for all € > 0 in the first case, and for all % > € > 0 wn the second.
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Proof. 1) Note that property 2 of Lemma 5.5.1 says

{7 (1 v); v € P(X)} = inf{Te(pu,v); v € PX)}.

At the same time, since ¢(7¢) < ¢(T) (see property 3 of Lemma 5.5.2),
together with the assumption inf{7 (p,v); p,v € P(X)} =inf{T (p,pn); p €
P(X)}, we get
f T =c(Te) <ce(T)= inf T(p,p)= inf T(u,
Melg(x) (1) = c(Te) < e(T) ont ) L (1, v)

= inf e ’
MVIE%(X) (M V)

< inf Te(p,p
Lont (k> 1)

so all the inequalities are in fact equalities, and therefore ¢(7;) = ¢(T).
2) Write

Te(p, ) = inf {~ W1(u,01)+7'(01702)+ Wl(ffz: o);

01,02

1
> inf {7W1(,u, 01) — T(Ul,dl) + 7(01,02> + EW1(O’2,,U)} + igllf{T(Jl,Jl)}

01,02 €

1 1
> inf {*W1(u,01)—7'(01,03)+7'(03,02)+EW1(02,M)}+1§11f{7'(01,01)}

01,02,03 €

= (W) % (=T) % T % (LW3) (1, ) + (7).

It suffices to show that inf,,(1Wy) * (—7) * T * (2W1)(u, 1) > 0, since that
would imply based on the above inequalities, that ¢(7¢) > ¢(T) (the reverse

inequality we already have by Lemma 5.5.2). To this end, first we can write
(=T)*T(p,v) = eigf {=T(n,0) +T(o,v)}

= inf  inf {/ T gdu — /gda—i—T(U,y)}

9€C(X) eP(X)

= inf {/T gd,u+/T+( g)dv},

geC(X

where we have used inf,cpx){ [y (—9)do + T (o,v)} = [ T*(—g)dv since
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T is a forward linear transfer. Then with the notation that S”g(z) :=
sup,ex{19(y) — Ldx(z,y)} is the backward Kantorovich operator for 11,

we arrive at

(W) % (=) % TH(- W) (11, 1)

€

= inf (WG, 00) + (~T) # T(o1,02) + W (o2, 0)}

01,02 €

1 1
= inf inf {-W(u,01) + /T gd01+/ T (- g)dUg—i—EW(ag,,u)}

g 01,02 €

1nf{ / Sc (=T g)du — / S (=T*(—g))du}
=inf{—/ SJ(—T‘g)du—/ Se (T~ g)dpu} (5.45)
9 X X
where we have used the fact that T-g = —T+(—g) since T is symmetric.

Finally, we make use of the following property: if h € C(X) is L-Lipschitz
for L <1, then S7(h) = h. Indeed, to see this, write

Seh(z) = sup{h(y) — <dx(z,v)}

yeX

= sup{h(y) — h(z) — ldx(% y)}+ h(z)
yeX

< :161)12{@ - *)dx(x Y)} + h(z) = h(x)

the reverse inequality following similarly. Hence continuing from 5.45, we

have

(W) % (=T 5 T (W), ) = inf{ - /X (~T"g)dp — /X T gdy}

€

=0,

156



5.5.3 Examples
The assumption inf{7 (u,v);p,v € P(X)} = inf{T (u,p); p € P(X)} is

satisfied by a number of examples of which we present a few in this section.

Example 5.5.5. Let 7 be the backward linear transfer associated to the
convex energy I(v), that is T (u,v) := I(v) and T~ g(z) = I*(g) (see Sec-
tion 2.5.1). It is immediate that inf,, , 7 (p,v) = inf,, T (u, u) since T only
depends on v, so T satisfies the conditions of Theorem 5.5.3.

We have ¢(7) = inf, T (p, ) = inf, I(v). The operator T g(z) =
I*(g) + ¢(T), where I* is the Legendre transform of I, is an idempotent
backward linear transfer that maps into the backward weak KAM solutions

for 7. Indeed, we can verify

T~ oTog(x) +c(T) = I*(Twg) + (T)
= sup {[| Togdv—1I(v)}+c(T)
veP(X) JX

=T.9— inf I(v)+¢(T) (since Tg is a constant in x)
veP(X)

=19

We can also observe that T/ is idempotent since T o T g = I*(To9g) +
c(T) = T, g exactly as the computation above.

o0

The associated idempotent backward linear transfer is Too (u, v) = I(v)—

o(T), with A= {o; I(c) =inf, I(v)}.

Example 5.5.6. Consider the continuous point transformation of Example
2.5.7, ie.,
0 it v=Fyupu,
T (w,v) = _
400 otherwise,
with T g(x) = g(F(x)) for a continuous map F' : X — X. The Krylov—Bogolyubov
theorem (see e.g. [51], Theorem 1.1) then says that there exists a measure
p € P(X) such that Fyupu = p; therefore the hypotheses for Theorem 5.5.3
are readily checked to be satisfied.
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Suppose for simplicity that X C R. We then claim that

Tg(x) = go F>(z)

o0

is an idempotent backward Kantorovich operator mapping into the set of
backward weak KAM solutions, where ngoo is the upper semi-continuous

envelope of g o F*°, and

F*°(x) := limsup F™(x)

m— 00

where F™ denotes composition of F' m-times. Indeed we have

T~ o Txg(x) = go F*(F(x))
= inf{h(F(z)); h € USC(X), h > go F>®}
= inf{h(z); h€e USC(X), h > go F*}
= go F=(z) = T g(x)

where we have used the fact that if h € USC(X) with h > g o F*°, then
hoF € USC(X) with hoF > goF* (here we use the fact that F'*°oF = F*°).

The upper semi-continuous envelope is in general necessary; consider for
example X = [0,1] and F(x) = 22, then

g(0) ifxe€l0,1)

grrgoF™(z)=
g(1) ifz=1,

although idempotent and satisfying 7~ o (g o F*°) = g o F*™°, does not in
general belong to USC(X), unless ¢g(0) < g(1).
Another idempotent operator mapping into backward weak KAM solu-

tions when F™(x) has more than one subsequential limit, is
g — g(liminf F(z)) =: g(Fuo()).
m—0o0

For example, on X = [0,1] if F(z) = 1 — x, then F*°(z) = max{x,1 — z},
while Foo () = min{z,1 — x}.
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Example 5.5.7. Recall Example 2.5.7: With X =Y, for any lower semi-
continuous A : X — R, consider T~ g(z) = g(z) — A(z) and the correspond-
ing

Jx Adp ifv=pand [, Adu < +oo,
T(p,v)=1"" .

+o00 otherwise.

We have inf, ,cp(x) T (1, v) = inf ,ep(x) T (1, 1), so T satisfies the hypothe-
ses of Theorem 5.5.3. Then

= inf = inf A
o(T) Melg(X)T(u,u) Inf A(z)

and

g(x) if A(z) = «(T)

—o0 otherwise.

Tog(x) =

We know that T_g is proper since A achieves its infimum. To see that
T.g € USC(X), note that if x — z, then T g(zy) is either —oo or g(xy).
In either case, we have limsupy,_,. T'wg(xx) < g(x) by continuity of g. For
the lower semi-continuity property of 7., suppose g — ¢ in C'(X) for the
sup norm. If A(z) = ¢(T), then liminf; o T gx(z) = liminfy_, gr(x) =
g(x) = T g(z); otherwise both T gx(z) and T g(x) are —oo; in either case
liminfy oo Toogr(z) > T g(x).
We can check the backward weak KAM solution,

T™ oTog(x) +c(T) =Tog(z) — Alx) + o(T)
g(x) — A(z) +c(T) if A(x) =¢(T)
—00 otherwise.

g(x) if A(z) = c(T)

—oo otherwise.

=T o9().

159



For the idempotent property, note that

o Tog(x) if A(z) = c(T) g(z) if A(x) =c(T) _
T oTog(x) = , = _ =T9().
—00 otherwise. —o0 otherwise.

The corresponding backward linear transfer 7., is

0 if u = v is supported on the set {z € X ; A(z) = ¢(T)}
Too (,u7 v) =
+o0o otherwise
and A = {u € P(X); spt(p) C {z; A(z) = c(T)}}.
Note that if T7g(x) = g o F(xz) — A(x) for a continuous A, then the

resulting linear transfer

fX Adp  if v = Faup,

400 otherwise,

T (u,v) =

in general fails the assumption inf(, ) 7 (p,v) = inf, T (u, ). The latter
minimisation, inf,, 7 (p, i), is of interest in ergodic optimisation for expand-

ing dynamical systems. We discuss more on this problem in Section 5.6.1.

Example 5.5.8. Recall the Skorokhod transfer of Example 2.5.8 but now
we let the stopping time 7 be deterministic, and define, for measures u, v,

on a compact Riemannian manifold X, the linear transfer,

0 if By ~ pand By ~v
T(p,v) =

+00 otherwise.

Then T~ g(x) = E[g(B1)|Bo = z|] = Pig(x), where {P;}¢>0 is the heat semi-
group. Note that inf, , T (pu,v) = inf, T(p, ) < +oo since the volume
measure Ay (i.e., the uniform probability measure on X), is invariant, so
T(Ax,Ax) = 0 (and in particular ¢(7) = 0). Therefore the conditions of
Theorem 5.5.3 are satisfied.

A corresponding idempotent backward Kantorovich operator is given by
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To9(x) = [y gdA\x. Indeed, we can check that

T 0T g(z) +c(T) = Pi(Tg) =T

o0

since 1 _g is constant.

The idempotent backward linear transfer is given by

0 ifv=2>Ax
TOO(N’V) =

+00 otherwise

and A = {u; Too(p, p) = 0} = {Ax}.

5.5.4 Interpolation and ergodic properties

We saw in the previous sections that the condition inf, , 7 (p,v) = inf, T (p, p) <
400 is sufficient to apply Theorem 5.5.3. In this section, we apply a trans-
formation to 7 to achieve another backward linear transfer 7, that has the

property, inf, , T (w,v) = inf, T (1, 1) < 4o00.

Lemma 5.5.9. Let S : C(X) — C(X) be a Markov operator (i.e., a bounded
linear positive operator such that S1 = 1) and let S* : M(X) — M(X) be its
adjoint. Given a backward linear transfer Ton P(X) x P(X) and X € (0,1),
define

T(p,v) =T, AS*p+ (1 = ANv).

Then, T is a backward linear transfer with Kantorovich operator

7o) =T (1 230) (@) - 125 8ala)

Proof. We first note that v +— ’7~'(u, v) is convex, weak* lower semi-continuous,

and bounded below. In particular, to verify convexity, we write for 5 € [0, 1]
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and vy, € P(X),

T (1, (1= B)vr + Bra) =T (, AS* e+ (1 = A)((1 = B)v1 + Bra))
=T (p, (1 = B)AS" 1+ (1 = Npa] + BIAS 1+ (1 — A)we])
< (L= B)T (s AS"p+ (1 = M) + BT (s AS™pu + (1 = A)wa).

Now we compute,

(T)*(9) = sup {[ gdo—T(p,0)}
ceP(X) JX

= sup {[ gdo—T(u,AS"u+(1—2A)o)}.
ceP(X) /X

Let now v := AS*1i+ (1 — A)o; we obtain o = v — ﬁS*u. Hence after

substitution we obtain

7 A
(T = sw ([ 1ol =T} - 2 [ Sgdu
veP(X) JX L — - Y

(o) o]

Theorem 5.5.10. Let T be a backward linear transfer on P(X) x P(X)
where X C R™ is compact, and suppose (po,vo) is such that T (po, o) =

O]

inf(, ,y T(w,v) and po has density with respect to Lebesgue. Then, for every
A € (0,1), there exists a convex function ¢y such that the backward linear

transfer given by

T, v) =T, AVO) g1+ (1 = A)v) (5.46)

1s such that

inf  T(u,v)= inf T(u,p).
ity Tl vy = nf T )

In particular, the conclusion of Theorem 5.5.3 holds for 7', and there exists
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a backward Kantorvich operator T : C(X) — USC(X) such that
T™oTog+T (o, v0) = A(Tg) o Vér+ (1 —A)Tg  forall g € C(X).

Proof. The fact that T is a backward linear transfer follows by Lemma 5.5.9.
By assumption there is po,v9 € P(X) such that 7 (uo,v0) = inf,, T (1, v)
and pg has density with respect to Lebesgue. Therefore, by Brenier’s the-
orem (see e.g. [59], Corollary 2.30) there exists a convex function ¢, such
that Vo gpo = (1 — 5)po + 310

Consider now the backward linear transfer

T(psv) =T, A\Vor#u + (1 = Nv).

Since AV@a#uo + (1 — Mpo = A1 — $)po + vo + (1 — Mo = vo, we have

T (1o, o) = T (0, v0) < 400, and therefore

inf 7, p) > inf T (1, v) = inf T, v) = T (1o, v0) = T (1o, o) = inf T (s, ),

hence inf,, , T(u1,v) = inf,, T (i, 1) = T (110, 0)-. The backward linear trans-
fer T therefore satisfies the hypotheses of Theorem 5.5.3, so there exists an

idempotent backward Kantorovich operator T such

T-oTog+c(T)=Tgg.

By Lemma 5.5.9, T~ g = T*(ﬁg) — %g o Vo,, so that

1 - A - ~ -
T (—T_g9) — —— (T, =T_g.
In other words, by setting T'_g := ﬁ’fgg, we have

T~ oTg+c(T)=X(T%g) o Ver—+ (1 —A) Tig.
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5.6 Ergodic properties for non-continuous linear
transfers with control on convergence to ¢(7T)

We saw in Section 5.5, that under the hypothesis ¢(7;) = ¢(7T) for small
enough € > 0, we obtained certain ergodic properties described in Theorem
5.5.3. We are interested in this section in obtaining results for backward
linear transfers that do not satisfy this hypothesis. In particular, we shall
focus on the existence of functions h, possibly in USC,(X), that satisfy
T~ h+¢(T) = h (we shall not be concerned with trying to find a backward
Kantorovich operator T as in the previous sections).

A preliminary idea for constructing such a function A is very simple:
For a backward Kantorovich operator T, consider ¢ := limsup,,_,.. (7., g+
nc(T)). Then sup,,>,, (T, g+ nc(T)) is a monotone decreasing sequence, so
T~ p+c(T) > ¢, and thus T, ¢ +nc(7T) is a monotone increasing sequence,
so we can define h := limy, oo (7, ¢ +nc(T)), and we have T~ h+¢(T) = h.
One can also sketch a similar construction using the liminf instead of the
limsup.

The issue with this construction concerns two things: (i) lim sup,, (7, g+
ne(T)) (or liminf,, (7, g+nc(7T))) may not be proper, and (ii) these func-
tions are usually not in a “good enough space” (usually only in USC, (X))
to pass the monotone limit through 7~ (see Lemma 5.1.3). This section
therefore is concerned with finding some additional assumptions for which
to deal with (i) and (ii).

We begin with a technical lemma concerning mainly with some prelimi-

nary estimates which will help us to deal with issue (i) later in this section.

inf () Tn (V)
(n,v)
P < +o00.

Recall that the constant ¢(7") :=inf,, T (1, #) = sup,en

Lemma 5.6.1. Let T : P(X) x P(X) = RU {400} be a backward linear
transfer such that D1(T) contains the Dirac measures. Assume that c(T) =

inf,ep(x) T (1, 1) < +00. Then, the following properties hold:
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1. For each g € C(X) and p € P(X), we have

=T (p, p) < liminf L / T, gdp
X

n—o0o 1

1
< lim sup / T, gdp < —c(T).
X

n—oo M

Consequently if T (i, i) = ¢(T), then for each g € C(X),

lim 1/ T, gdp = c(T).
X

n—oo n
2. For everyn € N and g € USCy(X), we have

sup(T,, g(x) +nc(T)) = inf g(y). (5.47)
zeX yeX

3. Suppose there exists K > 0 such that

limsup{nc(T) — inf Tp(p,v)} <K. (5.48)
n—oo /J,,ZIEP(X)

Then for all g € C(X),

sup limsup (T, g(z) + ne(T)) < sup g(y) + K. (5.49)
rzeX mn—0oo yeX

Proof. 1)Write for the upper bound,

[ g =su{ [ g dv =Tl v e PO}
X X

< sup(g) — (iunlf) Tn(p,v).

inf(u,u) Tn (Hvy)
n

Dividing by n and recalling that ¢(7) = lim, we deduce

the stated upper bound for limsup,,_, % Jx T,y gdp. For the lower bound,
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write

/Tngdu—sup{/gdU—%(u,a);UGP(X)}
X X
>/gdu—Tn(u,u)
X
2/ gdp —nT(p, p).
X

2) Write

sw@w@+MWW—Swt/@wm+MWWM
zeX peP(X) Jx

= sup sup { [ gdo—Tp(u,0)+nc(T)}
REP(X)oeP(X) JX

> inf g — inf T, (, 0) + ne(T)
X o

> inf g.
_151(9

The latter inequality follows from inf, , 7, (1, 0) < ne(T) (see Proposition
5.2.1).

3) Write
sup limsup(7), g(x) + ne(T)) < limsup sup 7, g(x) + ne(T)

rzeX nN—00 n zeX

=limsupsup sup { [ gdo — Tn(0z,0)+nc(T)}
n z€X oeP(X) JX

< li —inf inf 7T (6n,
< sup(g) + lim sup{nc(T) éélxgé%lmﬂ o)}

< sup(g) + limsup{ne(T) ~ inf To(. )
n [TRY

<sup(g) + K.

O

The following lemma is perhaps not surprising; the key point is that a

monotone decreasing sequence is guaranteed to be proper.
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Lemma 5.6.2. Suppose T is a backward linear transfer on P(X) x P(X)
such that ¢(T) = inf ,epx) T (4, 1) < +00 and sup,cx inf,epx) T (62, ) <
+oo. If g € USCy(X) is such that {T, g + nc(T)}nen is a decreasing se-
quence in n, then h(zx) := limy, oo (T}, g(z) +nc(T)) belongs to USC(X) (in
particular, it is proper), and T~ h+ c¢(T) = h.

Proof. The assumption sup,¢y inf,cp(x) 7T (0, V) < +o0o implies that 7'
maps USCy(X) to USCy(X) (see Lemma 5.1.1). Therefore T, g + ne(T) is
a decreasing sequence in USCjy(X), hence converges to its infimum h, which
is therefore upper semi-continuous. To see that h is proper, suppose for every
x, it holds that T, g(x) +mnc(T) decreases to —oo. Then for each zg, there is
no € N such that T, g(xo) + noc(T) < infyex g(y) — 1. Since T, g + nc(T)
is upper semi-continuous, the inequality for T,,  g(zo) + noc(7) must hold in
a neighbourhood of . Since X is compact and 7T}, g + nc(T) is decreasing,
it follows that there is M € N such that Ty, g(x) + Mc(T) < infyex g(y) —1

for all z € X. But from Lemma 5.6.1, we also conclude that

sup Ty,;9(x) + Mc(T) > inf g(x)
reX zeX

and the two inequalities together imply

. _ B
nf g(z) < inf g(2) -1,

an impossibility since inf,cx g(z) > —oc0 as g € USCy(X). Therefore we
conclude that h is proper and therefore belongs to USC(X). Then by the

monotonicity convergence Lemma 5.1.3, we conclude that

T h+c(T) = nh_)rgo T (T, g+ne(T))+c(T) = nlim (T, 1 9+(n41)e(T)) = h.

—oo"
O

The following theorem is then concerned with finding conditions which

guarantee the existence of such a g € USCy(X) as in Lemma 5.6.2.

Theorem 5.6.3. Suppose T is a backward linear transfer on P(X) x P(X)

such that D1(T) contains all Dirac measures. Assume:
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1. ¢(T) :==inf, T (u, p) < +o0,
2. sup,ex inf,epx) T (62, V) < +00,

3. there exists K > 0 such that

li T)— inf Ta(u,v)} <K,
im sup{nc(7) L. (1, v)}

4. there exists g € C(X), such that the function
x> hIginf(T,;g(x) +ne(T))

belongs to USCy(X).
Then there exists h € USC(X) such that T"h+¢(T) =h on X.

Proof. Note that the second hypothesis implies that 7, g € USCy(X) for
all n € N and all g € USCy(X) (see Lemma 5.1.1).

We distinguish two cases:

Case 1: There is g € C(X) so that Vx € X, there exists n € N with
T g(2) + ne(T) < g(a).

Since T, g is in USCy(X), it follows that 7, g + nc(T) < g on an open
neighborhood B, C X of z. Indeed, otherwise if there was a sequence zj —
x with T, g(zx)+nc(T) > g(ag), then T, g(x)+nc(T) > limsup, T, g(xx)+
ne(T) > g(x), a contradiction.

Since X is compact, there exists a finite number {z1,..., 2} C X such
that { By, }1<j<k cover X. Set N := max{ng,,...,ny, } and define py () :=
inf1<,<n (T, g(x) + nc(T)). We have o € USC(X), and moreover note
by construction that for any =z € X, pn(z) < g(x). By the monotonicity
property of T~ we have

T on+c(T)<T g+c¢(T) and T on+c(T) < anhglva{T;g—i_nc(T)}'
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Therefore, combining the two we deduce that
_ < _ o
T on+¢(T) < 1§17111£N{Tn g+nc(T)} =¢n

It follows that the sequence {7} ¢n + nc(T )}, is decreasing and pn €
USCy(X). Hence by Lemma 5.6.2, we conclude the existence of h € USC/(X),
such that T~h + ¢(T) = h.
Case 2: We now assume that for any g € C(X), there exists z € X such
that

T, g(x) +nc(T) > g(z) forallneN. (5.50)

By assumption, there exists ¢ € C(X) such that ¢ := liminf, (7, g +
nc(T)) belongs to USCy(X). Then (5.50) implies there exists z € X such
that g(x) > g(x) > —o0, and by Lemma 5.6.1, sup,cx §(z) < sup,cx g(z)+
K.

Since inf,,>n{T,,9 + mec(T)} is increasing to § and g is bounded above,

we have by Lemma 5.1.3, that

n—oo

TG+ o(T) = lim T~(inf {Tg +me(T)}) +e(T)

< liminf(T, 19 + (n +1)e(T))

= g
It follows that the sequence {7}, g + nc(T)}nen C USCy(X) is decreasing
and g € USCy(X). Consequently, we may apply Lemma 5.6.2 to conclude

that there exists a function h € USC(X) such that T~ h + ¢(T) = h.
O

The following provides a sufficient condition for limsup,, . {nc(T) —

inf,, ,ep(x) Tn(p, v)} < K of the previous theorem.

Proposition 5.6.4. Let T be a backward linear transfer on P(X) x P(X)
such that c(T) = inf ,epx) T (11, ) < +oo. If T is bounded above on P(X)x
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P(X), then

Tn(p, )

o e(T) wuniformly on P(X) x P(X). (5.51)

In particular, we have limsup,,_,.{nc(T) — inf,, ,ep(x) Tn(p, v)} < K for

some constant K > 0.

Proof. Note that {W}%N is a sub-additive sequence that satisfies,

su Tn(p, v
SWoy Tl V) b () > — oo
n v

hence converges to its infimum (see e.g. [9] Lemma 1.18). Since

C(T) = lim w and infﬂ:V 7;1(”’ V) < Supp,,y 7;7,(/"‘7 V)
n—o00 n n n

we conclude that -
e(T) < inf Py I ) n(N,V).
neN n

Therefore, for all n € N, it holds that

inf Tn(p, v) < ne(T) < sup Tn(p, v),
v v

SO

[Tk, v) — ne(T)| < sup Tp(p, v) — i“nan(m V). (5.52)
v v

At the same time, we have for any u, v € P(X) (writing 7%1;153 Tn forinf, ,ep(x) Tn(p, v)
for brevity),

inf 7,-20+2 inf T < <2 inf 7,—
A T W2 R T < Tl ) <2 50D T4 30l e
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from which follows that

— inf <2 inf 7,_o — inf T,_o — 2 inf
SUp T = Jd, Tn S 2500 T o ot Tno = J0f Tz =2 b T
=2sup T —2 inf T
PxP PxP
= K < 0. (5.53)

Combining (5.52) and (5.53), we conclude that
|Tn(p,v) —ne(T)| < K for all p,v € P(X) and all n € N,

which implies Z22) ¢(T) uniformly on P(X) x P(X).

n

Here is another situation where we can obtain weak KAM solutions.

Proposition 5.6.5. Suppose T is a backward linear transfer on P(X) x
P(X) such that c(T) = inf ,epx) T (1, 1) < +00, and sup,¢ x inf, epx) T (62, v) <
+o0o. If there exists u,v € USCy(X) such that

T, u+nv=u forallneN, (5.54)

then there exists h € USC(X) such that T"h+ ¢(T) = h on X, where T~

1s the backward Kantorovich operator associated to T .

Proof. By (5.54) and Lemma 5.6.1, we have —v(z) = limsup,, 2% < —¢(7).
Therefore,
T, u+nc(T)<u forallneN.

Applying T, and using the linearity of 7, with respect to constants, we
find T, ,,u+ nc(T) < T, u, and hence

m—+n
Tyt (m o+ n)e(T) < Tryu+ me(T).

So n — T, u+nc(T) is decreasing, and u € USCy(X). Consequently by
Lemma 5.6.2, there exists h € USC(X) such that T~ h + ¢(7T) = h.

171



5.6.1 Linear transfers and ergodic optimization

This section was developed jointly with Dorian Martino [40]. We shall con-
sider here linear transfers where the associated Kantorovich maps are affine
operators that is of the form T~ f(x) = T f(z) — A(x), where T is a Markov
operator and A is a given function (observable). In this section, we shall see
that the presence of A allows the theory of transfers to incorporate ergodic
optimization for expanding dynamical systems (see, for instance, [25]). For
simplicity, we shall focus here on the case where the linear Markov operator
is given by a point transformation o.

We will in this section make use of the Fenchel-Rockafellar duality, and

thus for convenience we record the statement of this theorem here.

Theorem 5.6.6 (Fenchel-Rockafellar duality (see e.g. [59] Theorem 1.9)).
Let E be a normed vector space, E* its topological dual space, and hy, hs :
E — RU{+o0} two convez functions on E. If there exists zo € E such that

hi(z0) < 400, ha(z0) < 400, and hy is continuous at zo,

then

inf {hi(2) +ha(2)} = sup {=hi(=2") = ha(2")}
z€ z*eE*

where hi, h3, is the Fenchel-Legendre transform of hi, ha, respectively,

hi(z*) :==sup{(z*,z) — h1(2)}.
z€EE

Proposition 5.6.7. Let 0 : X — X be continuous and surjective, and
assume there is a (sequentially) compact space Y such that for each y € Y,
there exists a compact subset X, of X, and a continuous map 7, : Xy — X,
such that o o Ty(x) = x for all x € X,.

Define Y, == {y € Y;y € Xy}, and assume the following continuity
properties: If xy, is a sequence in X (resp. yy a sequence in'Y ) withy, € Yy, ,
then if ), — x and yr, — y, we have y € Yy, and 7y, () — 1y(x). Moreover,
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assume that the maps 7, are unique, in the sense that if 7(x) = 7, (x) for
all z, then iy = y.

Let A € C(Y xX) be a continuous function and consider the cost function
c: X x X - RU{+o0} defined by

inf{A(y,z); y € Yy, 7y(x) =2} ifo(z) =2z
c(z,x) =
+00 otherwise.

Then, c is lower semi-continuous, and the optimal mass transport T asso-

ciated to the cost ¢ is simply the backward, and forward, linear transfer

fXAd,u ifv=oup

400 otherwise,

T(:uv V) =

which has backward (resp. forward) Kantorovich operator given by
T g(z) = g(o(z)) — A(z), (resp., T f(zx)= Jnf {£(ry()) + Ay, 2)}).

where A(z) := c(z,0(z)).

Proof. To see that c is lower semi-continuous, suppose z; — = and 2z — 2.
If for all but finitely many (zx,zr) we have c(zg, i) = +00, then there is

nothing to prove. Therefore assume o(z;) = xj, and hence
c(zk, x) = Inf{A(y, z) 5 y € Yo, Ty(zk) = 2}

Since A is continuous and {y € Y, ; 7y(xr) = 2x} is a closed subset of the

compact set Yy, , the infimum is achieved by some yy, i.e.

c(zr, o) = Ay, T1)

The sequence {yx} C Y and Y is sequentially compact, so we may select a

convergent subsequence (that we relabel back to yx). This y has the property
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that y € Y, and 7,(z) = 2z by assumption. Consequently,
likminf c(z, xp) = Ay, z) > inf{A(y,x); y € Yz, 7y(2) = 2} = ¢(z, ).
—00

We now compute the optimal transport

T(p,v)= inf /XXX c(z,z)dm(z, z).

mel(p,v)

If v # oup, then m € K(p,v) will give non-zero mass to a region {(z,z)}
where o(z) # z. Since ¢(z,x) = +oo there, we deduce that T (u,v) = 400
in this case. Otherwise assume v = oxp. Then 7 € K(u, v) is supported on
{(z,0(2)); z € X}, s0

T(p,v)= inf {/XXXC(Z,O'(Z))dﬂ'(Z,JJ)}

Tel(p,v)

= /X c(z,0(z))du

= / Adp.
X

We know from Section 2.6 that the backward (resp. forward) Kantorovich

operator is given by

T7g(z) = sup{g(@) = elz,2)} = 9(0(2)) — e(z,0(2)) = g 0 0 (2) = A(z).

and
T f(a) = nf {£(2) + c(z2)} = inf {£(r, (@) + e(ry(2),2)}.
The final observation to make for 7" is that
c(ry(z),z) = inf{A(y,2); ¥ € Yoy (z) = 7y(2)}

hence by assumption y’ = y, so that c(my(z),z) = A(y, z). O

Theorem 5.6.8. In the set-up described in the previous Proposition 5.6.7,
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let Py(X) denote the subset of probability measures in P(X) which are in-
variant under o. Let X denote the subset of Y x X consisting of points
(y,x) such that x € X, and define Mo(X) as the subset of “holonomic”
probability measures fi € P(X) satisfying Jxf(my(x)) — f(x)]dfi = 0.

Then, the following duality formulae holds:

«T)i= inf o) = infl | Ale) du(e)in € Po(X)}

HEP(X)

— inf{ /X Ay, 2)djy, 7); i € Mo(X)}
= supinf {f(2) ~ f(o(x)) + A))
fec(x) e

= sup_ it inf (f(ry(o) = J(e) + A 2).

Remark 5.6.9. The equality of the second and fourth lines has already
been established in [26] for the setting of symbolic dynamics (see the next

section).

Proof. Let us first demonstrate the equality

inf { / A(z) dp(z)ip € Po(X)} = sup inf {f(z) — f(o(x)) + A()}
X fec(x)reX

= sup inf{f(z)—-T f(z)}. (5.55)

fGC(X) reX

We can write using the duality of optimal transport,

inf/Aacd ) € Pr(X)} = inf inf / c(x,y)dn(x,
([ A duype P (X)) = inf i | el y)dne)

= inf su — T~ d 5.56
e s ([ (=T ) (550

Comparing (5.55) and (5.56), it suffices to show that

o Inf{f(z) -T"f(2)} = Heig(fx) o ){ X(f — T f)du}.

We would therefore like to apply Sion’s minimax theorem (Theorem 2.7.6)
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to the function F : P(X) x C(X) defined by F(u, f) == [ (f — T~ f)dp,
which is real-valued for all f € C(X) and all p € P(X).

First, p — F(u, f) is weak® lower semi-continuous since f — T f =
f— foo+Ais alower semi-continuous function for each f € C(X). Moreover
p — F(u, f) is quasi-convex on P(X), i.e. {u € P(X); F(u, f) < A} is
convex or empty for all A € R.

On the other hand, f — F'(u, f) is upper semi-continuous, since if f — f
in C(X), then

imsup [ (fi =T fi)dn < [ (F = mint 7~ fo)a

k—o00

< /X (f - T~ f)dp.

Moreover, f — F'(pu, f) is quasi-concave on C(X), i.e. {f € C(X); F(u, f) >
A} is convex or empty for all A € R.
We may therefore apply Sion’s minimax theorem (Theorem (2.7.6)) to

conclude that

inf  sup /X(f—T_f)d,u,: sup inf /X(f—T_f)d,u

reP(X) reC(X) fec(x) HeP(X)

= sup inf /X(f—T_f)d,u.

feCc(x) rzeX

Next let us demonstrate the equality,

it [ Aly.2)dply.); e Mo(R)} = sup inf i (£(ry(2) ~ f(0) + Aly. )
X fec(x) z€X yeYe

As mentioned, this has already been established in [26] for the setting of

symbolic dynamics (see Theorem 1 there). For this, we shall use Fenchel-

Rockafellar duality. Recall X = {(y,z); v € X,y € Xy}, and define hq, hy :

~

C(X) - RU{+o0} be defined by

hi(¢) == sup {-d(y,z) + Ay, 2)},
(y,x)eX
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0 if ¢ is in the closure of {g € C(X); g(y,z) = f(z) — f o 7y(x) for some f € C(X)}

+o00 otherwise.

Note that hi(¢) — hi(¢) < ||¢ — @|lss, s0 hy is continuous on C(X). To

compute their respective Legendre transforms, we have

hi(p) = sup { | ¢dji—hi(¢)}.

¢eC(X) /X
If i(X) # —1, then

() > sup{A(a(X) + 1) + inf A(y,z)}
AER (y,x)eX

and the supremum is +oo. Suppose now that i(X) = —1, but —j ¢ P(X).
Then there exists a sequence of functions ¢,, € C (X ) such that ¢, < 0 and
limy, o0 [ @ndjt = +00. Then we have

ni(i) > / Gudfi — hi(én)
/éndu— sup Ay, )

(y,x) eX
hence h}(fi) = +oo. Finally suppose —ji € P(X). Then

i) > [ Adj—m(a)

= [ Adp,
X

while also since ¢ + hi(¢) > A, then [x(¢ + hi(¢))di < [ Adfi (recall
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1) = sup {[ (o(y,z) + hi(¢))dii}
peC(X) /X
< | Adp
X
Therefore,
. [¢ Adjp if —j € P(X)
hi(fp) = * .
400 otherwise.
We also have
(i) = sup { [ odi—ha(e)}
peC(X) /X
= sup { A(f_foTy)dﬂ}-
feCc(x) JX

If [x(f — fomy)dfi # 0 for some f, then substituting f with A\f, A € R,
implies this supremum will be 4+00. Let Sy := {1 € M(X); Jx(f ory(z) —
f(x))di(y,z) =0 for all f € C(X)}. Then,

0 if 1 € S

h5(fr) =
+o00 otherwise.

It now suffices to apply Fenchel-Rockafellar:

inf {h1(¢) +ha(¢)} = sup {=hi(=p) — ha(p)}-
$eC(X) pEM(X)

Finally, to complete the string of equalities stated in the theorem, the
equality ¢(T) = inf,ep(x) T (1, p) = inf{ [ A(z) dp(z); p € Po(X)} is im-
mediate from Proposition 5.6.7. In addition, we observe by definition of
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A(z) = c¢(z,0(x) that for any f € C(X),
D)~ o) + A} = () = flol) + Alo@)

= inf inf {f(7y(2)) — f(z) + Ay, 2)},

zeX yeY,

where the last equality holds by making the change of variable z := o(z),
along with the fact that ¢ is assumed to be surjective. It therefore follows
that

sup inf {f(2) — f(o(2)) + A(z)} = sup inf inf {f(7,(z)) — f(2) + Ay, 2)}

fec(x )xeX fec(x )ocEX YEYy

which concludes the demonstration of the equalities stated in the theorem.

O
Theorem 5.6.10. Suppose that
x — I%rgg.}fzuegif(’)()/ Adp — A(o"(2))
belongs to C(X). Then there exists h € USC(X) such that
h(o(x)) — A(z) + ¢(T) = h(z) forallx € X, (5.57)
equivalently,
ylenf {h(ry(x)) + A(y,2)} —c(T) = h(z) forallz € X. (5.58)

That is, h satisfies T"h+ ¢(T) = h, and TTh — c¢(T) = h.

Proof. To establish the existence of a function satisfying (5.57), note that
this is equivalent to having a function h such that T~ h(x) + ¢(T) = h(x),
hence it suffices to show that the assumptions of Theorem 5.6.3 are satisfied.
For that, first note that by a theorem of Bogolyubov and Krylov ([51],

Theorem 1.1), o has an invariant measure, hence ¢(7) = inf, T (p1, ) < +00.
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In addition, we have for each z € X,

sup inf T (8, v) < sup A(z) < +oo.
zeX vEP(X) r€X
In order to show the condition (5.48), we let for each n € N, p, €
P(X) be such that Tp(pn, (6")sun) = inf, , Tn(p, v). Select a subsequence
(which we relabel back to n) so that v, := (¢")su, converges to some fi €
P(X). Then the Césaro average %2221 v converges to fi. Moreover, [i is

o-invariant. Indeed,

n n—1
I (1 v )
oy = lim —Z(g’f)ﬁun = lim <n (O-k)ﬁ;un‘{'ﬁ((a )ﬁ#n‘#n)) = [i.

n—oo n n—oo
k=1 k=0

Recall that A(x) = c¢(z,0(z)) is lower semi-continuous, so

n—oo

n—1
_ 1 _
limsup/ Adp — — E / Ad((e®)ypn) < 0.
n & (( )ﬁ )

Therefore, by selecting a further subsequence (which again we may relabel
back to n), we may assume that this subsequence has the property that
there exists K > 0 such that
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We then obtain the desired estimate,

lim sup <nc(T) inf ﬁl(u,y))

n—00 w,rveP(X)

<limsup (0T (@i, ft) — Tn(tn, (6" )4ttn))

n—oo

n—1
= 1imsup< (i, 1) — ZT ]junv ot T 1)ﬁ#n)>

n—oo

n
= lim sup (n/ Adji —
n—oo X
<K.

Finally note that for g = 0,

n—1
T, (0) +ne(T) = inf Adp — Ao o®).
O+ ne(T) = 3(, tut, [ Adu— oo
Since by assumption,
n—1
> i f f Adp — A
z = limin Zue%}, / p—Aoco(z))

belongs to C(X), it follows that liminf,,_, 7}, (0)+nc(T) belongs to C(X).
Hence all the hypotheses for application of Theorem 5.6.3 hold, and we
deduce that there exists h € USC(X) such that

T h+c¢(T) = h.

Remark 5.6.11. A conjecture is that the assumption

— i f f Adp — Ao
oS (e [ A aiHo)
belongs to C'(X), holds when A is Holder continuous. This matches exactly
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the condition on A required by Garibaldi and Lopes ([26], Theorem 4) - see

the next section.

5.6.2 Ergodic optimization in the deterministic holonomic
setting

We now apply the result of the previous section to the setting of symbolic
dynamics. Fix r € N, and let M be an r X r transition matrix, whose entries

are either 0 or 1, specifying the allowable transitions. Denote by
S={ze{l,..,r}N; Vi>0, M(z;,xip1) =1}
the set of admissible words, its dual
S ={ye{l..r} 5 Vi>0, M(yis1, 1) =1},

and consider the space

Y={(y,z) €X" x X ; M(yo,z0) = 1}.

For each z € ¥, we let ¥f = {y € ¥* ; (y,z) € X} and assume that
Vo, X # (. We will denote the words of ¥ with their starting letters, i.e.,
(x0, 1, ...) while the words in ¥* will be identified with their ending letters,
ie, (...,y1,90). We consider ¥ and ¥* as metric spaces with the distance
d(x,z) = o~ min{jeN ; 2;#Z;} T particular, all these sets are compact.

Consider now the two continuous maps ¢ : ¥ — ¥ and 7 : 3 — X defined as
o(xo,1,...) = (x1,22,...) and 7(y,x) = (yo, 0,1, ...)- (5.59)

The map o can be considered as the time-evolution operator. We will denote

7(y, ) by 7y(x) and consider the set of holonomic probability measures

Mo®) = {ne P [ 1) = ) duty. ) = 0.
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E. Garibaldi and A. O. Lopes studied an Aubry-Mather theory for symbolic

dynamics [26]; in particular, they prove the following results.

Theorem 5.6.12 (Garibali and Lopes [26], Theorem 1, Theorem 4). Under
the set-up described above, given A € C(%), define B4 = mMax, v s Js Ay, z)di(y, x).
Then

fa= inf = max {A(y, )+ f(x) = f(y(2))}.

FEC(X) (y,x)es

If A € Co’e(f]) 1s 0-Hélder continuous, then there exists a function u €
C%9(%) such that

u(@) = min {u(r,(x) - A(y, 2) + Bal

By applying our results of the previous Section 5.6.1 in this symbolic
dynamics setting, we obtain the following, using the notation 84 of Theorem
5.6.12.

Proposition 5.6.13. Under the set-up described at the beginning of this
section, given A € C(f]), then the following hold:

Ba= sup {[ Adu} (5.60)
HEP,(X) JX

= fehcl&) ilelg{f (0(x)) = flz) + Az)} (5.61)

= nf (;;Eg{f (@) = fry(x)) + Ay, )}, (5.62)

where A(z) :=sup{A(y,x); y € &%, 7y (c(z)) = z}.
Moreover, there exists h € USC(X) such that

yieng;{h(ry(x)) — A(y,z)+ B(A)} = h(z) VzeX. (5.63)

Proof. We will apply Proposition 5.6.7, Theorem 5.6.8, and Theorem 5.6.10,
with —A instead of A, and with the following identifications:

X:=% Y= Y,:=%, X:=3,
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and o, 7, as in (5.59). O]

5.6.3 Ergodic optimization in the stochastic holonomic
setting

We now propose the following model:

Construct inductively, the following sequence: Let X" € ¥ be a random
word, B® € ¥%, a random “noise”, and let X? := 750(X?). We then let
Y0 ¢ ¥%o be a random “control”, and consider X! = 70(X?). We then
choose B! € 3% and let Yle Y%

Iterating this process, an entire random past trajectory of X is repre-
sented via the random family (X™),, € £N. The goal is to minimise the long

time average cost,

n—1
.1 i i
Jim nE[EO A(Y", X)]

among all possible such choices.
We assume that B°, YO, satisfy the following “martingale-type” prop-
erty:

E[f(YO, 750 (X)) X? = o(2)] = E[f(Y% 2)] forany f e C(2). (5.64)

For each such trajectory, consider for each n € N, the measure p,, € P(i)

defined via

n—1
[ b= S EGOLX) 6 e C(E)
=0

From (p,)n, one can extract a subsequence converging to some measure
M(Xi)

i by compactness of P(3). We denote
Mo = {pXi} C M(%),
as the closure of all such X")i. For f € C(Z) and (y,2) € 3, denote

f(ry(2)) = 2f(2) + fo(2)) _ f(ry(2)) — flo(z))

SDVF(w) = Fry(@)~f (@)~ 5 - 2
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Note that the assumption made on the random noise B° yields an Ito-type

formula: For all f € C(X), x € &, with B? € Z*( ) Y0 e xx

Tgo(x)?

E[f(ryo(tpo(0(x)))) — f(o(z))] = E[DY" f(x)].

Let also
No={ue ME) | Vf € C(2), /iDyﬂx)dmy,m) — 0},

which is closed in M(X) as a kernel of a continuous linear map.
Lemma 5.6.14. We have My C Np.

Proof. Each measure ,u(Xi)i € Moy,

n—1
1 ,
DY f(x)dpn, —E > A(XT - f(X
/ f(@)dpn(y, z) = — LO I )]
1 n 0
= B [f(X") - (X"
which tends to zero as n — oo since f is bounded. O

Theorem 5.6.15. With the above notation, we have the following

inf / Adjp= sup inf DYf(x)+ A(y,z). (5.65)
HENONP (S fec(s) (yx)es

If
n—00 ,LLGM()O’P

x + lim inf ( inf / Adf — mf{ZE Mo (YR)]; Y e o k(yk)})
B

belongs to C(X), where Y* is defined recursively via Y° = z, Y* = 111 (1gr—1 (Y1),
k > 1, then there exists an g € USC(X) such that h :== —g satisfies

inf / Adjy = inf {DVh(z) + A(y,2)}. (5.66)
RENYNP(E) yesy
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Proof. The last equality in (5.65), i.e., is again an application of the Fenchel-
Rockafellar duality, similar to the previous section. Indeed, consider the

functions hy, he : C(X) — RU {+00} defined by

hi(¢) := supA{—gb(y, z)+ Ay, x)}
(y,x)€eX

and

ho(o) = 10 Tecloe C(2); g(y, @) = D¥f(w) for some f € C()}

+o00 otherwise.

Note that hi and hy are convex, with |h1(¢) — hi(¢)| < ||¢ — ¢||so. To

compute their Legendre transform, we have

hi(i) = sup { [ ¢di— hi(d)}.
peC(x) /=

We have

hi(i) > sup{(A+ Da(X) + inf {A(y,z)}
AER (y,x)eX

and therefore if ,&(ZA]) # —1, the supremum is +o0o. Suppose now that
(i(X) = —1, but —i ¢ P(2). Then there exists a sequence of functions
¢n € C(2) such that ¢, < 0 and lim,_e0 [5 dndjt = +00. Then

Bi(7) > /E dndii — h1(6n)

> / budit— sup A(y,e)
= (y,x)ei]

hence h%(fi) = +oo. Finally suppose —i € P(3). Then we have
hi() = [ Adp - mn(4) = [ Adg
by by
while on the other hand from ¢ + hi(¢) > A, we have [¢(¢ — hi1(¢))dji <
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J¢ Adji (vecall u(3) = —1), so that

hi(¢) = sup { [ (¢ —hi($))di}

peC(x) /X
< swp { [ (6— 6 A)di) = [ Adp
peC(x) /= z

Consequently,

+o00 otherwise.

. [o Adji if i € P(D),
() = { .
Similarly, we have

. 0 if e Ny
hz(/i){

+00 otherwise.

Indeed, if fi ¢ N, there exists f € C(X) such that [ DY f(2)di(y, =) # 0.
Hence, we replacing f with Af, A € R, we see that

W) = s [ DVf(@)dily.z) = +x.
fec(®)J/x
If i € Ny, by definition, hj(4) = 0.
Fenchel-Rockafellar then says that

inf {hi(¢) +ha(¢)} = sup {—hi(—=4) = ha(f)},
PeC(2) pEM(D)

which completes the proof of (5.65).
We now provide the proof of (5.66): Consider the functional 7 : P(X) x
P(X) = RU{+o0} defined via

X0~
T (u,v) :=inf { E[A(Y?, XO)] | X0 = 750(XO) B e X%,
X =790(X%) ~ YOEE}(O
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We claim that T is a forward linear coupling with
T+ f(z) = if{E[f (ryo(rpo(2)) + A, 7o (2))]; YO € B ()}

Indeed, we have

/E T fdy = /Z (inf (B (ol (2)) + AY . 7o(a))]: YO € 52 )} ) o

= inf{E[f(1yo (70 (X°)) + A(Y®, 7p0(X°))]; Y € 270y, X° ~ v}

Note then that sup pecsy { fs, TT fdv— [5 fdu} will be 400, unless 7yo (10 (X)) ~

1, in which case the terms in f cancel, leaving

fsg&){ g T fdv — A fdu}y = inf{E[A(Y?, 750 (X"))]; YO € S o (X0) X%~ v, myo(rp0(X0) ~ u}
S

=T ().

We now show that the hypotheses for application of Theorem 5.6.3 to
the (backward) linear coupling 7 (i1, v) := T (v, ), are satisfied.

First, it is easy to see that sup,cy inf,cp(x) T (8z,v) < 4oo. Indeed,
for a fixed z € ¥, take any random noise B” € X* and random strategy

Y0 e ZiBo(z)’ and denote the law of 7yo(7go(x)) by 7;. Then

sup inf T (0, v) < sup T (7s, ) < supE[A(Y?, 750(2))] < sup A < +oo0.
zeX vEP(E) €Y zey $

For the hypothesis, 7 (i1, 1) < 400, and the condition 5.48, they follow
similarly as in the proof of Theorem 5.6.10. We finally need, in order to
satisfy the hypotheses of Theorem 5.6.3, the existence of a function g € C(X)
such that lim inf,Hoo(Tn_ g + ne(T)) belongs to USCy(X), where we recall
that T~ is given by

T~ g(x) = ~T*(~g)(x) = sup{Elg(ryo (70 () =AY, mpo(@))]; YO € 52 ()}
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Again, similar to the deterministic case, we can take g = 0. Then

T (0) 1nf{ZE (Y*, rpu (Y )];Y’“eszkm)}

where Y* is defined recursively via YO = z, Y* = 1y (rge1 (Y1),
k > 1. At the same time,

o(T) = me(,u ) = lim l1nf7‘( V)

n—0o0 N, W,V

= lim 1nf—21nf{E Y', X}

n—00 W,V N

= lim inf inf /Adu( Di
b

n—o00 [,V XONM X1~y n
= inf / Adji.
MGMoﬁ'P
Hence

— _ k k * B
T, (0)(x)+nc(7’)fnuej\j§1rfp /Adu mf{ZE (Y* 75 (YF)]; Y EETBk(Yk)}.

The hypothesis of the theorem ensures that at the liminf as n — oo, we get a
continuous function. Therefore we have satisfied the hypotheses of Theorem
5.6.3, and conclude the existence of a h € USC(X) such that

T~ h(z)+¢(T) = h(z), Ve,

which since T~h = =T+ (=h) and ¢(T) = ¢(T), implies

or with g := —h,
T*g(x) - o(T) = g(). (5.67)
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Replacing = with o(z) for z € ¥ in equation (5.67), we have

(T"g)(o(2)) — g(o(@)) = e(T)

Recalling the definition of T+ and the martingale assumption (5.64), we can

write

oT) = (T 9)(o(2)) = g(o(x)) = mf{Elg(ryo(7po(0(2))) + AW, mpo(o(2)]} = glo(@))
= inf{Elg(ryo()) + A, )]} = g(o(x))
= inf {g(my(2)) —g(o(z)) + Ay, z)}

yert
= inf {DYg(x) + A(y,z)} (5.68)
yexy

Finally, the corresponding Mané constant is given by

oT) = i/rif T(p, ) = lim 1 inf T, (11, )

n—00 N W,V

n—1

1 o
— lim inf = S inf{E[A(Y?, X
nglgog}ynzm{ [A( )|}

= lim inf  inf / AdplY) )

n—00 [,V X0~y X1y
= inf / Adj.
AEMONP(E) J3

Since Mo C Np, it follows that ¢(7) > infaen,np(s) s Adjt. In view of
the duality (5.65) together with (5.68), this implies that this inequality is

actually an equality, hence (5.66) holds and concludes the proof.
O

Remark 5.6.16. Similar to the deterministic case, our conjecture is that

when A is Holder continuous, the hypothesis of Theorem 5.6.15 holds.
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