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Abstract
In this thesis, we study baroclinic critical layers in rotating stratified shear flows.
Baroclinic critical layers are characterized by strong amplitudes surrounding the
singular points of the steady inviscid wave solution, and play crucial roles in the
mixing and transition to turbulence in ocean, atmosphere and astrophysical disks.
This thesis studies the baroclinic critical layers in strato-rotational instability and
the forced baroclinic critical layers.
The first problem we study is the baroclinic critical layer in strato-rotational
instability. Strato-rotational instability (SRI) is normally interpreted as the resonant
interactions between internal gravity waves or Kelvin waves. Using a combination
of asymptotic analysis and numerical solution of the linear eigenvalue problem for
plane Couette flow, it is shown that such resonant interactions can be destroyed by
baroclinic critical layers. The critical-level coupling removes the requirement for
resonance near specific wavenumbers, resulting in an extensive continuous band of
unstable modes.
The second problem we study is the forced baroclinic critical layers. Linear
theory predicts the baroclinic critical layer dynamics is characterized by the secular growth of flow perturbations over a region of decreasing width. Once it enters
the nonlinear regime, the nonlinear dynamics filters out harmonics and the modification to the mean flow controls the evolution. At late times, we show that the
vorticity begins to focus into yet smaller regions whose width decreases exponentially with time, and that the addition of dissipative effects can arrest this focussing
to create a drifting coherent structure.
In the last problem, we show that the mean-flow defect generated in the forced
baroclinic critical layer can make the flow unstable, and we study this ‘secondary
iii

instability’. The instability is a horizontal shear instability with a distinct phase
velocity compared to that of the forced baroclinic critical layers, and thus will
excite new baroclinic critical layers. A WKB solution for the exponential growth
is derived, which indicates the secondary instability grows faster than a common
normal mode due to the unsteadiness of the mean-flow defect. At the later stage,
the short-wave harmonics grow at extraordinarily high speeds and will finally make
the linear problem ill-posed.
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Lay Summary
In this thesis, we study baroclinic critical layers, which are thin layers with pronounced wave amplitudes in horizontal shear flows with density stratification. They
have been found to play crucial roles in the transition to turbulence in astrophysics.
We first study baroclinic critical layers in the ‘strato-rotational instability’. Such
an instability is previously known to be caused by resonant interactions between
two waves. Here we show that a baroclinic critical layer removes the resonant
condition and induces a new kind of instability. We then study baroclinic critical
layers generated by a weak forcing. We show theoretically how the critical layer
will emerge, grow, focus or saturate, and at last trigger new critical layers. Our
analysis can provide a theoretical foundation for the recently discovered ‘zombie
vortices’ which can replicate themselves.
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Chapter 1

Introduction
1.1

Overview

A centrepiece in the theory of waves in inviscid shear flow is the critical level. In
linear theory of normal modes, the critical levels become singular, demanding the
inclusion of the weak effects of unsteadiness, nonlinearity or viscosity. Although
these inclusions can remove the singularity of the normal mode theory, perturbations to the flow can still develop strongly in the neighbourhood of the critical
levels, creating distinctive flow structures and rearrangements within the so-called
critical layers that may subsequently break down to generate mixing and turbulence.
The classical critical level is the location where the phase speed c of a steady
wave matches the local mean flow speed U. There has been numerous studies on
this topic, and a review is given by Maslowe [7]. The critical level that this thesis
focuses on is of a different kind: the baroclinic critical level. It arises in stratified
fluid with horizontal shear where the Doppler-shifted phase velocity c −U matches
a characteristic gravity-wave speed N/k, based on the buoyancy frequency N and
streamwise horizontal wavenumber k. Baroclinic critical layers have received relatively limited attention, and therefore become the topic of the present thesis. The
rest of this chapter is organized as follows: in Section 1.2 we will give a literature
review on classical critical layers and baroclinic critical layers. In Section 1.3, we
will introduce the astrophysical protoplanetary disks, strato-rotational instability
1

and the self-replicating zombie vortex. They are the physical background and context for our theory of baroclinic critical layers. In Section 1.4, we will introduce
the scope of our present study based on the literature review.

1.2
1.2.1

Critical layers
Classical critical layers

Since the singularity of critical levels of steady, linear waves in inviscid shear flow
is unphysical, one needs to include weak effects of viscosity, unsteadiness or nonlinearity to study the critical layers. But how to add these effects strongly depends
on the physical context, and yields very different theories. We now briefly review
some of the most typical paradigms for the classical critical layer, and then we will
consider their secondary instabilities.
The first paradigm is the critical layer in unstable modes. If the flow is unstable,
then the phase velocity c = cr + ici is complex, so U = c cannot be satisfied and
in this way, the singularity is avoided. For both the Rayleigh’s equation and the
Taylor-Goldstein equation, the phase velocity cr of an unstable mode lies in the
range of the basic flow velocity [8, 9], so for weak instability with small ci , a
critical layer will arise as long as the basic flow velocity is continuous, which
makes critical levels important in instability problems.
A second paradigm is the viscous critical layer, which is primarily applied to
study the neutrally stable modes in viscous flows. Representative works on this
topic are Tollmien [10] and Lin [11], and a comprehensive summary has been
given by Drazin and Reid [12]. It is found that a weak viscosity ν can remove the
1

singularity, resulting in a viscous critical layer with length scale ν 3 . The critical
layer matches the outer inviscid solutions on two sides but also imposes a weak
viscous correction to the latter.
A third paradigm is the critical layer of wave packets. In this paradigm, researchers use the ray-tracing method to track a localized wavepacket near a critical
level. Bretherton [13] investigated internal gravity waves propagating in vertical
background shear, and found that when the wavepacket approaches the critical
level, the vertical group velocity reduces to zero and the wavepacket will never
2

reach the critical level. Meanwhile, the vertical wavenumber and the wave energy
density becomes larger and larger, until the linear theory finally breaks down.
A fourth paradigm is the nonlinear steady critical layer. Benney and Bergeron
[14] resolved the singularity by including nonlinearity in the critical layer, and
found that the streamline of the critical layer features a Kelvin cat’s eye. As a result
of nonlinearity, the phase velocities of the modes are related to the disturbance
amplitude. Harberman [15] further considered the steady nonlinear critical layer
with viscosity. As the ratio of the effects of viscosity to nonlinearity increases,
Harberman [15]’s theory connects the nearly inviscid nonlinear critical layer of
Benney and Bergeron [14] and the viscous linear critical layer of Lin [11] and
Tollmien [10].
A fifth paradigm is the unsteady critical layer under external forcing. A typical
setup for this paradigm is wind or current flowing over a wavy boundary, which
continuously forces waves. This problem has been studied by Booker and Bretherton [16] and Brown and Stewartson [17] for internal gravity waves, and by Stewartson [1] and Warn and Warn [2] for Rossby waves. For both types of critical layers,
the forcing establishes a steady wave response through the bulk of the flow, but the
critical layer remains unsteady: the wave amplitude grows algebraically, and the
critical layer becomes thinner.
The secular growth of the wave amplitude will finally make the critical layer
nonlinear. For internal gravity waves, Brown and Stewartson [17], [18] and [19]
have shown that over a long time, the critical layer will change from a pure wave
absorber to a partial wave reflector. For Rossby waves, Stewartson [1] showed that
over a very long time, the critical layer has the tendency to evolve into the nonlinear
steady critical layer predicted by Benney and Bergeron [14], while Warn and Warn
[2] computed the results numerically and demonstrated the pattern of a distorted
Kelvin cat’s eye.
The last paradigm we introduce is the nonlinear critical layer of free modes
(i.e., modes in absence of forcing). Representative works for this paradigm are
Hickernell [20], Goldstein and Leib [21], Churilov and Shukhman [22], and a review on this topic has been recently given by Wu [23]. It is found that the bulk
of the flow can be represented by a linear normal mode. The critical layer, however, is nonlinear and it controls the slow evolution of the normal mode amplitude
3

Figure 1.1: Contours of absolute vorticity of Stewartson [1] and Warn and
Warn [2]’s solution for the nonlinear critical layer of Rossby waves (left)
and its secondary instability (right). Source: Haynes [3].
through the solvability condition. Spatial evolution in the streamwise direction has
also been considered in this paradigm.
A critical layer usually has locally strong shear. The shear velocity often represents an unstable basic flow, which will give rise to new instabilities. Such new
instabilities are referred to as the ‘secondary instabilities’. Killworth and McIntyre
[24] have shown that Stewartson [1] and Warn and Warn [2]’s solution for the nonlinear evolution of Rossby wave critical layer admits a short-wavelength instability,
and they have computed the linear growth rates at typical locations of the Kelvin
cat’s eye. The instability is a two-dimensional shear instability and the localized
vorticity gradient bears significant similarities with the defect instability studied
by Gill [25] and Balmforth et al. [26]. Haynes [3, 27] computed the subsequent
nonlinear evolution of the secondary instability till the saturation of amplitude, and
showed that prominent small-scale structures will appear, which cause significant
rearrangement of vorticity in the critical layer. An example of the results of Haynes
[3] is shown in figure 1.1.
For critical layers of internal gravity waves, the experimental research of Thorpe
[28], Koop [29] and Koop and GcGee [30] revealed that an overturning secondary
instability will take place, resulting in turbulent mixing in the critical layer. Lin
et al. [31] have undertaken an instability analysis for the critical layer and found
that the unstable modes include both the Kelvin-Helmholtz instability and the
4

Rayleigh-Taylor instability. However, they used idealized Gaussian defects for
both velocity and density profiles instead of the actual flow of the critical layer, so
their results may be less realistic compared to studies on secondary instabilities of
Rossby wave critical layers.

1.2.2

Baroclinic critical layers

We next review the existing theories for baroclinic critical layers. In general, baroclinic critical layers require three fundamental elements, a density stratification, a
horizontal shear and a vertical variation of the linear disturbance. The methods
to study baroclinic critical layers are generally similar to the classical counterpart,
but since the topic has received less attention, some of the paradigms we listed in
classical critical levels are absent in literature, to our best knowledge.
For baroclinic critical layers of unstable modes, we have the study of Umurhan
et al. [32]. A strong localized vorticity defect was seeded in the linear shear flow,
which makes the flow unstable in a similar way to the defect instability [25, 26].
The unstable mode then admits two baroclinic critical layers due to the density
stratification. Umurhan et al. [32] have revealed the detailed structure of the baroclinic critical layer, and studied how the stratification and vertical wavenumber can
affect the instability. Through a weakly nonlinear analysis, they also showed that a
jet may form in the baroclinic critical layer similar to what was found in the simulation of Marcus et al. [6]. However, we note that the fundamental ingredient for
the instability is still the mean-flow defect rather than the baroclinic critical layers,
since instability can arise in absence of the latter but not the former.
The trapping of wavepackets for baroclinic critical layers has been studied by
Olbers [33], Basovich and Tsimring [34] and Badulin et al. [35]. The conclusion
obtained was very similar to those of Bretherton [13], i.e., the wavepacket slows
down and never reaches the critical level; meanwhile, the vertical wavenumber
and wave amplitude grow without bound within the linear theory, suggesting wave
breaking or the commence of dissipation effects. Staquet and Huerre [36] and
Edwards and Staquet [37] performed numerical simulations to study the nonlinear
evolution during trapping, concluding that the trapped waves may either break into
small-scale turbulence or be dissipated viscosity and diffusion.
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Figure 1.2: Baroclinic critical layers of a tilted vortex in the experiment of
Boulanger et al. [4]. Figure (a) is the density contract and figure (b) is
the velocity field with the grey scale representing the vertical velocity.
The pattern of tilted lines in the two figures are the baroclinic critical
layers. Source: Boulanger et al. [4].
The viscous baroclinic critical layer has been studied by Boulanger et al. [4],
in the context of tilted stratified vortex. The baroclinic critical layers were first
observed from their experiments. In a tank of stratified fluids, they rotated a flap
and forced a tilted vortex. They observed that two light stripes in the density field
appear progressively, which were then identified to be the baroclinic critical layers
(figure 1.2). By analyzing the inviscid steady flow of the tilted vortex, they found
the singularity of the critical level. Then they introduced viscosity and obtained the
local solution for the viscous critical layer.
Boulanger et al. [38] further showed that their baroclinic critical layers of the
tilted vortex also suffer from secondary instability. In their experiments, they found
that when the Reynolds number is high, sinusoidal undulations develop in the critical layer, which will then evolve into vortices and create a zig-zag structure. The
vortices break down at later stage and result in turbulent mixing. After a detailed
analysis on the experiments, they found the instability is a Kelvin-Helmholtz instability caused by the strong shear of the axial velocity in the critical layer. Based
on the observation from experiments, they made a number of assumptions and did
an instability analysis. The results of the dispersion relation bear qualitative agree6

ment with experimental measurements.

1.3

Protoplanetary disk, strato-rotational instability and
zombie vortex instability

The instability of a stratified shear flow may play a key role in a variety of problems from geophysics to astrophysics. The most classical stability theory considers
a horizontal mean flow that is sheared in the vertical plane. The stability problem is
then described by the Taylor-Goldstein equation, with the celebrated Richardsonnumber criterion providing an important stability condition [9, 39]. A different
paradigm has arisen more recently: the stability of flow that is sheared in the horizontal plane and rotating about a vertical axis. This configuration is relevant to
oceanic currents, accretion disks and stratified Taylor-Couette experiments, and it
is also the setting for the baroclinic critical layers. The current thesis has a stronger
relevance to the propoplanetary disks, which we will briefly introduce. Then we
will introduce two potentially important instabilities in the propo-planetary disks:
the strato-rotational instability (SRI) and the zombie vortex instability (ZVI).

1.3.1

Protoplanetary disk

In astrophysics, scientists found that before a new star is born, there is a very thin,
and very large disk composed of gas and dust rotating around the young star at the
center. Such a disk is called a protoplanetary disk, and it plays a key role in the
formation of stars and planets. An observational image of the protoplanetary disk
is shown in figure 1.3. Over time, the gas and dust of the protoplanetary disk will
gradually accrete onto the young star on the center, and the angular momentum
will be transferred outward. At the end, the disk will disappear and a new star is
formed. More details of the evolution of the protoplanetary disk can be found in
the review of Williams and Cieza [40].
Since the gas and dust can remain on their Keplerian orbits, there is a question
of how the disk can accrete. Since the disk is very large, viscous effects are too
weak to transfer the angular momentum. Researchers then argue that there must
be some instability in the disk that drives the angular momentum transport. Many
possible instabilities have been proposed, including the magneto-rotational insta7

Figure 1.3: Protoplanetary disk surrounding the young star Elias 2-27.
Source: https://www.eso.org/public/images/potw1640a/.
bility, gravitational instability, convective over instability, horizontal shear instability, vertical shear instability, wind-driven accretion, strato-rotational instability and
zombie vortex instability. A review on these instabilities and their potential roles
in the accretion of protoplanetary disks is given by Lyra and Umurhan [41]. The
magneto-rotational instability is the most popular candidate (cf. Balbus and Hawley [42]). However, some disks are too cool to be ionized [43], so the magnetorotational instability may be inactive. Thus, what instability drives the accretion
and angular momentum transport of these cool disks still remains an open question. The baroclinic critical layers we study in this thesis are closely related to the
strato-rotational instability and the zombie vortex instability.

1.3.2

Strato-rotational instability

It is well known that for a non-stratified fluid, centrifugal instability may take place
when the Rayleigh’s instability criterion for invisicd fluid is satisfied: the square of
angular momentum decreases with radius. For a stratified fluid, Boubnov, Gledzer
& Hopfinger (1995) have shown by both theoretical analysis and experiment that
the centrifugal instability is weakened by stratification, which one may expect.
However, recently researchers found that a stratified fluid can become unstable in
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the centrifugally stable regime, which indicates that stratification destabilizes the
flow. This new instability has been given the name ‘strato-rotational instability’, or
SRI in short.
SRI was first reported in the letter of Molemaker et al. [44]. They subsequently
made a comprehensive instability analysis [45], and showed that its unstable modes
are non-axisymmetric and have large amplitudes near the two boundaries. These
features are distinct to the Taylor vortices at the onset of centrifugal instability,
which are axisymmetric and stronger in the center. The mechanism of SRI was
found to be the resonance between two neutral modes localized near the two boundaries, and thus in the dispersion relation, unstable modes lie on narrow wavebands
where the phase velocities of the two modes match. Molemaker et al. [44] also
undertook a parameter study which indicates that instability is suppressed by increasing the ratio of rotation to shear, and instability persists for viscous flows. The
studies of Yavneh et al. emphasized geophysical applications. Dubrulle et al. [46]
studied SRI in context of astrophysics, i.e. considering the basic rotational shear
flow approximating Keplerian rotation, and obtained similar instability behavior
(with some differences in the effect of parameters). Dubrulle et al. [46] first named
such instability as ‘strato-rotational instability’, and proposed that it may be the
instability that drives the accretion of protoplanetary disks.
Most researchers study strato-rotational instability in Taylor-Couette flow, and
much effort has been devoted to find the instability regime [44, 47–50]. From these
studies, we can summarize that strato-rotational instability is present in TaylorCouette flow as long as the inner and outer cylinders do not rotate at the same
angular velocity, but it can be weak and requires strong stratification when the
angular velocities of the two cylinders are similar. When the flow is centrifugally
unstable, the centrifugal instability is generally stronger than SRI, but exceptions
may appear when the flow has strong stratification or viscosity.
SRI has also been studied experimentally by Le Bars and Le Gal [5], Ibanez
et al. [51] and Park et al. [52]. Le Bars and Le Gal [5] first observed SRI in experiments: they demonstrated that when the flow is centrifugally stable, periodic
non-axisymmetric waves develop in stratified fluids, but there is no instability in
non-stratified fluids. An example of their result is shown in figure 1.4. Ibanez et al.
[51] broadened the parameter range to much faster rotation and much stronger
9

Figure 1.4: Experiment of Le Bars and Le Gal [5] to demonstrate the stratorotational instability (SRI). The Taylor-Couette flow is in the centrifugally stable regime. The left figure is for pure water, and there is no
instability. The right figure is for stratified salt water, and waves of SRI
develop. Source: Le Bars and Le Gal [5].
stratification, and found that when the stratification is very strong, instability may
develop when the two cylinders rotate at similar angular velocities. They also reported when the rotation is very fast, a new instability which is non-periodic and
generates rapid mixing will appear. Park et al. [52] did experiments in the centrifugally unstable regime and observed strato-rotational instability and centrifugal
instability simultaneously. They distinguished the two instabilities by the structures
of the unstable modes and found good agreements with theoretical predictions.
In stratified plane Couette flow, instabilities similar to the strato-rotational instability have been discovered by Vanneste and Yavneh [53] and Facchini et al.
[54]. Although they did not refer to such instabilities as strato-rotational instability, the hallmarks of resonance between neutral modes, strong amplitudes near
the boundaries and narrow unstable wavebands are evident. As shown by Facchini et al. [54], only horizontal shear and density stratification are sufficient for
instability in this configuration; planetary rotation is not an essential ingredient.
Regarding the relevance to the accretion of protoplanetary disks, the main criticism on the strato-rotational instability is that it requires two rigid boundaries to
support the two neutral modes [6]. Since a protoplanetary disk has no rigid boundary (though it certainly has a free boundary), it becomes unclear whether stratorotational instability can be present. In this context, Le Dizès and Billant [55] and
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Figure 1.5: Zombie vortices of Marcus et al. [6]. The color scale represents
the vorticity field. Vortices trigger baroclinic critical layers and replicate
as time increases from figure (a) to figure (d). Source: Marcus et al. [6].
Billant and Le Dizès [56] have shown that instabilities may also arise in concentric vortex when the outer boundary is removed. The instability is caused by free
radiation of waves to the far field, and thus such instability is named as ‘radiative
instability’. Le Dizès and Riedinger [57] have shown that strato-rotational instability is connected to radiative instability in the parameter space when the outer wall
is moved outward.
The configurations of both stratified Taylor-Couette flow and planar Couette
could have baroclinic critical layers. However, in the studies of strato-rotational
instability in the literature, their parameter sets make the baroclinic critical levels
lie outside the domain, so the role of the baroclinic critical level is still unknown.

1.3.3

Zombie vortex instability

In 2013, Marcus et al. [6] reported a new type of instability in rotating stratified
shear flows involving self-replicating vortices. Initially, one vortex is seeded in
the periodic box, and it triggers two baroclinic critical layers. The baroclinic critical layers then role up into new vortices, which then trigger a new generation of
baroclinic critical layers. This self-replicating process is repeated until vortices finally fill the entire domain. They named the replicating vortices ‘zombie vortices’
and the instability as ‘zombie vortex instability’ (ZVI). They argued that the zom11

bie vortex instability is very possibly what drives the accretion of protoplanetary
disks. An example of the zombie vortices is shown in figure 1.5.
To demonstrate the crucial role of zombie vortex instability in the protoplanetary disks, Marcus and his colleagues undertook more comprehensive investigation
in the astrophysical context. Marcus et al. [58] simulated the zombie vortex instability in the Keplerian flow using the anelastic approximation. They argued that
zombie vortices can emerge from random noise through an inverse cascade. The
replication process and the pattern of the final turbulent flow look similar to those
excited by a single vortex in Marcus et al. [6]. They also revealed that the energy
of the zombie vortices is extracted from the mean flow. Marcus et al. [59] studied
the threshold of the initial disturbance amplitude to trigger the zombie vortex instability. They found the threshold was determined by the initial vorticity rather than
velocity, and then they determined the critical Mach number for the initial noise of
the Kolmogorov spectrum. Barranco et al. [60] studied zombie vortices in nonuniform stratification which is more realistic in protoplanetary disks. They showed
that the turbulence produced by the zombie vortex instability can propagate into
the midplane of the disk where there is no stratification. They also argued that
zombie vortices can persist in presence of radiative damping in the astrophysical
environment.

1.4

Scope of the present thesis

The present thesis focuses on baroclinic critical layers in waves and instabilities of
rotating stratified shear flow. In particular, we hope to fill the blanks of this topic
in the existing literature that we have reviewed.
Our first objective is to study baroclinic critical layers in strato-rotational instability. Previous theoretical studies of strato-rotational instability all have their
baroclinic critical levels outside the domain. Therefore, it is interesting to ask:
what happens when a baroclinic critical level moves in? Will it change the resonance condition, or can it induce a different kind of instability? We will answer
these questions in Chapter 2.
Our second goal is to study the inviscid unsteady baroclinic critical layer induced by external forcing. This will be undertaken in Chapter 3, where we will
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study both its linear and nonlinear evolution. For classical critical layers, we have
reviewed that this paradigm has been studied by Stewartson [1] and Warn and Warn
[2] for Rossby wave critical layers, and Booker and Bretherton [16] and Brown and
Stewartson [17] for critical layers of internal gravity waves. This paradigm is still
absent for baroclinic critical layers, so it will be interesting to compare it to the
classical counterpart. Specially, the baroclinic critical levels depend on wavenumbers while the classical critical level does not. This property suggests baroclinic
critical layers should have important differences in the nonlinear evolution compared to classical critical layers.
Similar to other critical layers, the forced baroclinic critical layer also suffers
from secondary instability, and we will consider this topic in Chapter 4. Since the
baroclinic critical layer itself evolves, the problem is challenging but interesting as
we will study the instability of unsteady flows. We will solve the problem taking
advantage of the theory of defect instability, and obtain an asymptotic solution for
the instability of an evolving basic state.
An important application of our theory of forced baroclinic critical layers is the
zombie vortex instability. Marcus et al. discovered various interesting phenomena
from their numerical simulation, but questions still remain as to the underlying
mechanism of the replication process. The theoretical analysis of Umurhan et al.
[32] has revealed that a defect in the mean flow will induce unstable modes with
baroclinic critical layers, which throws some light upon the replication mechanism.
But since the initial vortex of Marcus et al. [6] seems to have marginal mean-flow
modification, one may ask where the mean-flow defect comes from. Our theory
will be able to unravel part of the mystery. In Chapter 3, we will show that the
baroclinic critical layer will force mean-flow responses featuring a local defect, and
then in Chapter 4, we will show that the defect generates a secondary instability
which may account for the replication of zombie vortices.
In Chapter 5, we will summarize the conclusions of the thesis and propose
some directions of future research.

13

Chapter 2

Strato-rotational instability
associated with baroclinic critical
layers1
2.1

Introduction

Strato-rotational instability or ‘SRI’ can arise in stratified flows with a horizontal
shear and a planetary rotation. It is relevant to oceanic currents, accretion disks and
stratified Taylor-Couette experiments. SRI is different from Rayleigh’s centrifugal
instability (which is conventionally argued to arise when the square of the angular momentum of a rotating flow decreases with radius), and has been ascribed to
resonant mode interactions [5, 44–49, 51]. For the geometry of a channel of finite
width, the conditions for resonance are restrictive, demanding that instability appears only for specific narrow bands of horizontal wavelength for which the phase
velocities of the two uncoupled modes are nearly the same. (If the outer boundary is removed, and waves can freely radiate, the band of unstable wavelengths
becomes continuous, as shown by [55] and [56]; see also [57], who establish the
connection between the resonant and radiative instabilities as the position of the
outer boundary diverges.)
1 The

work of this chapter has been published in the Journal of Fluid Mechanics [61].
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In the existing theory of SRI, the role of baroclinic critical levels has usually
been ignored. The parameter ranged examined is such that the baroclinic critical
levels all lie outside the domain in previous studies, so their impact on the linear
instability have not been studied in any detail. Here, our goal is to explore how the
presence of baroclinic critical levels affects the resonant mode interaction of SRI.
For the task, we consider the model Couette channel flow of Dubrulle et al. [46]
and Vanneste and Yavneh [53] (amongst others). We use a combination of shortwavelength asymptotics and numerical solution of the linear eigenvalue problem,
and examine how instability can arise through wave-mean-flow interaction from
the perspective of conservation of pseudo-momentum. The model flow and governing equations, the normal-mode equation and the baroclinic critical level are
described in Section 2.2; the eigenvalue problem is solved in Section 2.3 for relatively strong stratification, and then in Section 2.4 for relatively weak stratification.
The instability mechanism is examined via the concept of pseudomomentum in
Section 2.5, and we conclude in Section 2.6.

2.2

Mathematical formulation

2.2.1

Model and governing equations

The geometry of the model flow is described by the Cartesian coordinate system
(x∗ , y∗ , z∗ ) sketched in figure 2.1. The basic Couette flow (Λy∗ , 0, 0) is horizontal,
where Λ is the shear rate, and bounded by walls at y∗ = 0 and y∗ = L. The channel
rotates around the z∗ -axis at the rate f /2, and the fluid is stratified with buoyancy
frequency N. Here, the ‘*’ notation is used to distinguish dimensional variables;
to render the equations dimensionless, we use scales for velocity, time, length,
density and pressure of ΛL, 1/Λ, L, ρ0 Λ2 L/g, and ρ0 Λ2 L2 , respectively, where ρ0
is a reference density and g is gravity. Thus, we set (x, y, z) = L−1 (x∗ , y∗ , z∗ ) and
so forth, with the dimensionless variables appearing without the star decoration.
The dimensionless rotation rate and Richardson number are Ω = f /2Λ and R =
N 2 /Λ2 . When Ω > 0 (Ω < 0), the shear is anticyclonic (cyclonic). The Rayleigh
discriminant of the base flow is Φ = 2Ω(2Ω − 1); we consider the regime where
the flow is centrifugally stable, Φ > 0 (Ω > 1/2 or Ω < 0).
15

Figure 2.1: Sketch of the model geometry.

In Boussinesq approximation, the linearized governing equations for the dimensionless perturbations to the velocity field [u(x, y, z,t), v(x, y, z,t), w(x, y, z,t)],
pressure p(x, y, z,t), and density ρ(x, y, z,t) are
ut + yux + (1 − 2Ω)v = −px ,

(2.1)

vt + yvx + 2Ωu = −py ,

(2.2)

wt + ywx + ρ = −pz ,

(2.3)

ρt + yρx − Rw = 0,

(2.4)

ux + vy + wz = 0,

(2.5)

where the subscripts denote partial derivatives. The boundary conditions are that
there is no flow through the walls:
v=0

at y = 0

and y = 1,

(2.6)

and the disturbances are assumed to be periodic in both x and z.
The linearized potential vorticity of the Boussinesq fluid is
q = (2Ω − 1)ρz − R(vx − uy ),
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(2.7)

and satisfies
qt + yqx = 0.

(2.8)

For normal modes, this implies q = 0. In this circumstance, one can then formulate
the conservation law [53]:
d
dt

Z 1

p dy = 0,

p=

1
Lx Lz

Z Lx Z Lz

0

where
(· · · ) =

0

1
ρ(wx − uz ),
R

(· · · )dxdz.

(2.9)

(2.10)

0

To second order in perturbation amplitude, the conserved integral in (2.9) corresponds to the net disturbance momentum in the streamwise direction, or the Eulerian pseudomomentum [62], that is, pt represents the acceleration of the mean
flow by a normal mode at the cross-stream position y, but (2.9) demands that the
net effect vanishes, which places an important constraint on any unstable normal
mode as we outline further in Section 2.5.

2.2.2

Normal modes

We search for normal modes with the form,
(u, v, w, p, ρ) = [û(y), v̂(y), ŵ(y), p̂(y), ρ̂(y)] exp (ikx + imz − iωt) + c.c., (2.11)
where ‘c.c.’ denotes the complex conjugate, k and m are the horizontal and vertical
wavenumbers, the (complex) frequency is ω = ωr + iωi , and the corresponding
streamwise phase speed is c = ω/k = cr + ici . Substitution of this form into the
linear equations followed by some algebraic manipulations leads to the eigenvalue
equation [53],
dû
d2 û
+ h + l 2 û = 0,
2
dy
dy

(2.12)

where

2µ 2 k(2Ω − 1)2 ω̂
,
(ω̂ 2 − R)[ω̂ 2 − R − µ 2 (2Ω − 1)2 ]


µ 2 k2
2(2Ω − 1)ω̂ 2
2
2
2
2
l = −λ = −k − 2
ω̂ − Φ + 2
,
ω̂ − R
ω̂ − R − µ 2 (2Ω − 1)2
h=
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(2.13)
(2.14)

ω̂ = ω − ky = k(c − y)

and

µ = m/k.

(2.15)

The boundary conditions on the channel walls become

v̂ =

m2 (2Ω − 1)(y − c)û + (ω̂ 2 − R) ddyû
ik[ω̂ 2 − R − µ 2 (2Ω − 1)2 ]

=0

at y = 0

and y = 1.

(2.16)

Because the eigenvalue problem is real, the eigenvalues c and eigenfunctions û(y)
are either real or appear as complex pairs. The equations have the symmetry,
(y, c) ↔ (1 − y, 1 − c), and so if we have one eigenfunction û(y) with eigenvalue c,
there is another solution pair, û(1 − y) and 1 − c.
If ω or c is real, equation (2.12) has two singular points at ω̂ 2 = R, corresponding to the “baroclinic critical levels”,
√
R
y = yb± ≡ c ±
.
k

(2.17)

At these points, there is a regular Frobenius series solution ûR = 1+O(y−yb± ), and
logarithmically singular one with ûS = ûR log |y−yb± |+O(1). Equation (2.12) also
possesses two additional singular points where ω̂ 2 = R + µ 2 (2Ω − 1)2 , but these
can be shown to be removable [53] and merit no further discussion. Note that the
classical critical level, y = yc ≡ c, introduces no singularity in the current model
given the constant shear of the basic flow profile.
In the following two sections, we solve the eigenvalue problem (2.12) with
(2.16) both numerically and asymptotically to find unstable modes (ci > 0). For
the numerical computations, we use a shooting method based on the MATLAB
function ODE15s, with trial guesses provided either by previous solutions at different parameter settings or the short-wavelength solutions. The calculated growth
rates turn out to be relatively small (cf. Vanneste and Yavneh [53]), and in setting up the problem for analysis, it is advantageous to examine the situation where
ci → 0.
In the limit of short vertical wavelength, µ 2  1, where the character of the
solutions is dictated by the sign of l 2 for ci → 0, there are two configurations to
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consider depending on the sign of the factor,
√
2 R(2Ω − 1)
εb =
,
k[µ 2 (2Ω − 1)(Φ − R) + 2R]

(2.18)

which determines the local behaviour near the baroclinic critical levels: l 2 ∼ ±[εb (y−
yb± )]−1 . The two configurations are illustrated in figure 2.2; if εb is negative, the
evanescent region (l 2 < 0) enclosing y = yc is bounded by two turning points yt±
of the classical WKB-type where l = 0. The short-wavelength solutions have oscillatory character for yt+ < y < yb+ and yb− < y < yt− , with the baroclinic critical
levels bounding the propagation zones. In Sections 2.3 and 2.4, special attention
is given to modes with µ 2  1. In this situation, our first configuration therefore
applies to most geophysical conditions for which N  | f | (R  Φ). By contrast,
when εb > 0, the evanescent region is bounded by the baroclinic critical levels yb± ,
and the propagation zones occupy yb+ < y < yt+ and yt− < y < yb− . With µ 2  1,
this situation may apply to astrophysical disks where shear and rotation are relatively fast, so that N  | f |. We consider the case with εb < 0 (which we refer to as
stronger stratification) in Sections 2.3, and that with with εb > 0 (denoted weaker
stratification) in Section 2.4. Note that, if µ 2 is small or Ω close to 1/2, the spatial
structure of l 2 is more complicated than indicated in figure 2.2, in which case the
configurations are less easily classified.

2.2.3

Solutions near the baroclinic critical levels

When we consider the eigenvalue problem in the short-wavelength limit, we take
parameter settings such that some of the coefficients of (2.12) become relatively
large. These choices also lead us to further analyze the solutions over small region
near the critical levels in the limit |εb |  1 (which is achieved below by taking
µ 2  1). Taking y = yb+ as a way of illustration, we set
η=

y − yb+
εb
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(2.19)

Figure 2.2: Plots of l 2 = −λ 2 against y, illustrating the two configurations of
interest for the spatial arrangments of the classical critical level y = yc ,
the turning points y = yt± and the baroclinic critical levels y = yb± ,
which are dictated by the sign of εb when µ 2  1.

to find the leading-order local equation,
d2 û 1 dû 1
+
+ û = 0.
dη 2 η dη η

(2.20)

The two independent solutions of (2.20) are Bessel functions,

ûI =


√

−η)
I
(2

0


Re(η) ≤ 0,



 J (2√η)
0

Re(η) ≥ 0.


√
K0 (2 −η)




Re(η) ≤ 0,

(2.21a)

(2.21b)


 − π [Y (2√η) + isgn(ε )J (2√η)], Re(η) ≥ 0,
0
b 0
2
where we use a particular choice for the branch cut of the square root. In particular,
√
we take the branch cut for y − yb+ to lie along the negative real axis, which
ûK =

leads to the inclusion of the sign of εb in (2.21b), assuming that ci > 0 (for ci <
0 we replace this expression with the complex conjugate of ûK ). Note that ûI
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corresponds to the regular Frobenius solution ûR , and ûK to the singular one ûS .
The existence of ci , however, regularizes ûS since η cannot be zero with real y but
complex yb+ . ûI grows exponentially away from the critical level for Re(η) < 0,
whereas ûK decays exponentially into that region; both solutions oscillate in space
for Re(η) > 0. These observations prepare the way for a match to the usual WKB
solutions away from the baroclinic critical levels.

2.3

Instability of flow with stronger stratification

We first consider the case εb < 0, which we refer to as a more strongly stratified
flow because the situation is achieved in the short-wavelength limit, µ 2  1, when
R > Φ (unless Ω approaches 21 ). As illustrated in figure 2.2(a), we then expect
modes to possess a wave-like character for yb− < y < yt− and yt+ < y < yb+ where
l 2 > 0. We present results for unstable modes of the traditional SRI type that
arise from a resonant coupling and have no baroclinic critical levels (yb− < 0 and
yb+ > 1), and then describe how the form of this instability changes when one of
these singular levels enters the channel.
Figures 2.3 and 2.4 plot numerically calculated eigenvalues, cr and ωi = kci ,
against µ = m/k for two typical cases with anticyclonic (Ω > 0) or cyclonic (Ω < 0)
shear (the specific examples have R = 9, k = 5 and Ω = 5/8 or Ω = −1/8, implying
Φ = 5/16). The two horizontal broken lines in the phase-speed plots of figure 2.3
indicate where a baroclinic critical level appears on the wall at y = 0 or y = 1: the
modes between the two lines do not have baroclinic levels in the domain; the modes
above the line ‘Re(yb− ) = 0’ have the critical level yb− , and the modes below the
line ‘Re(yb+ ) = 1’ have the critical level yb+ .
In addition to the normal mode solution shown in figures 2.3 and 2.4, the eigenvalue problem (2.11)-(2.11) also has ‘continuous spectrum’ c = y and c = y ± N/k
where y ∈ [0, 1] varies continuously in the domain (cf. (4.16) and figure 4.2 in
Chapter 4). As µ increases, new normal modes will separate from the continuous
spectrum, and hence the number of modes increases with µ as we see in figure 2.3.

21

Figure 2.3: Phase speeds against µ = m/k for R = 9 and k = 5, with (a)
Ω = 5/8 (anti-cyclonic shear ) and (b) Ω = −1/8 (cyclonic shear).
Eigenfunctions at the points I and II-IV are plotted in figures 2.5 and
2.6, respectively. The dotted line in figure (a) shows the asymptotic
solution (2.28). The horizontal broken lines indicate the phase speeds
for which modes develop baroclinic critical levels at the channel walls
(Re(yb− ) = 0 and Re(yb+ ) = 1).
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Figure 2.4: Caption on next page.
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Figure 2.4: (previous page) Unstable growth rates against µ = m/k for R = 9
and k = 5, with (a) Ω = 5/8 (anti-cyclonic shear ) and (b) Ω = −1/8
(cyclonic shear). The insets show magnifications for higher µ and plot
only the growth rates of the unstable modes generated by interaction
with the baroclinic critical level. The dashed line in figure (a) shows the
asymptotic solution (2.38); the dots in both panels show the asymptotic
growth rates computed from (2.37). Eigenfunctions at the points I and
II-IV are plotted in figures 2.5 and 2.6, respectively.

2.3.1

Resonant instabilities

When there are no baroclinic critical levels, modes can be classified as either
Kelvin waves (KW) or internal gravity waves (IGW); see Vanneste and Yavneh
[53]. The former are localized to one of the channel walls and decay exponentially
into the interior of the flow; the latter are confined primarily to one of the propagation zones within the channel. We denote the Kelvin wave localized to the wall at
y = 0 (y = 1) by KW− (KW+ ). Similarly, an internal gravity wave confined to the
wave cavity on the left (right) of y = Re(yc ) is referred to as IGW− (IGW+ ). There
is only a single Kelvin wave associated with each of the channel walls, but the
wave cavities support an infinite number of internal gravity waves; we distinguish
the latter by adding an integer, IGWn± , corresponding to the number of nodes in
Re(û) within the cavity. The main difference between the cases with anti-cyclonic
and cyclonic shear is the presence of Kelvin modes with phase speeds within the
range of the mean flow for the former.
As summarized by Vanneste and Yavneh [53], resonant SRI arises when the
phase speed of different KW± and IGW± modes lock together. This leads to a
multitude of narrow bands of unstable wavenumbers, as illustrated by the sharp
peaks in growth rate in figure 2.4. There are no unstable modes in the gaps between these bands. A sample unstable resonant mode is shown in figure 2.5, which
corresponds to the interaction of IGW2+ and IGW1− (and indicated by point I in
figures 2.3 and 2.4).
The details of the neutral modes and their unstable resonant interaction can be
understood using WKB theory: in the region near y = yc , −l 2 = λ 2 > 0 and the
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Figure 2.5: Eigenfunction û of the resonant unstable mode corresponding to
the coupling of IGW2+ and IGW1− (labelled by the point I in figures
2.3(a) and 2.4(a); µ = 4.523). Red and blue lines represent real and
imaginary part of the eigenfunction, respectively. The numerical solution is shown in solid lines, and has eigenvalue c = 0.454 + 0.00232i.
The asymptotic eigenfunction is shown in dashed lines, and is constructed using the computed asymptotic eigenvalue c ∼ c0 + ∆c ≈
0.453 + 0.00240i together with the formulae (2.22)–(2.25), which become inaccurate at the turning points y = yt± .

decaying and growing solutions have (respectively) the exponential forms,
A
û− = √ exp
λ
where

Z

yt+

0

0



λ (y )dy ,
y

A
û+ = √ exp
λ

Z

y

0

0



λ (y )dy

for yt− < y < yt+ ,

yt−


 s 2
Z
1
ω̂ − R − µ 2 (2Ω − 1)2
A = exp −
h(y)dy =
.
2
ω̂ 2 − R

(2.22)

(2.23)

Beyond the turning points (y > yt+ or y < yt− , with l 2 > 0), we apply the usual
WKB turning-point connection formulae to find the oscillatory solutions (cf. Bender and Orszag [63]),
Z y


2A
π

0
0

√

 Ψ l cos yt± l(y )dy ∓ 4 , y ≷ yt± ,
û± =
Z y



A
π
0
0

 √ cos
l(y )dy ∓
,
y ≶ yt∓ ,
4
yt∓
l
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(2.24)

where

 Z
Ψ = exp −

yt+


λ (y)dy .

(2.25)

yt−

Note that both û− and û+ are real for real c, indicating that they are both standing
waves over this second region.
Given their respective exponential decay (û− becomes exponentially small in
y > c and û+ in y < c), the uncoupled ± modes therefore have phase speeds c± that
are given only by the boundary condition v̂(y, c) = 0 at either y = 1 or y = 0, that
is,
v̂− (0, c− ) = 0,
where

v̂+ (1, c+ ) = 0,

dû
m2 (2Ω − 1)(y − c)û± + (ω̂ 2 − R) dy±
v̂± (y, c) =
ik[ω̂ 2 − R − µ 2 (2Ω − 1)2 ]

(2.26a, b)

(2.27)

denote the WKB eigenfunctions for the cross-stream velocity component v. For
KW± , a further reduction for µ  1 and Ω > 1/2 with c − y = O(µ −1 ) furnishes
the convenient expressions,
1
c+ ≈ 1 −
m

r

2ΩR
2Ω − 1

1
c− ≈
m

and

r

2ΩR
,
2Ω − 1

(2.28a, b)

which are also plotted in figure 2.3(a).
Resonant mode coupling arises when the phase velocities of two basic modes
c− and c+ converge. The coupled modes comprise comparable proportions of û−
and û+ , and so the WKB solution for û is expressed by the linear combination,
û = C− û− +C+ û+ ,

(2.29)

for two constant C± . The boundary conditions then become
C− v̂− (0, c) +C+ v̂+ (0, c) = C− v̂− (1, c) +C+ v̂+ (1, c) = 0.

(2.30)

implying the eigenvalue condition
v̂− (0, c)v̂+ (1, c) = v̂+ (0, c)v̂− (1, c).
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(2.31)

The left-hand side of (2.31) combines the two leading-order dispersion relations in
(2.26), whereas the right-hand side is exponentially small in view of the decay of
v̂± towards y = 0 and y = 1, respectively. At resonance, the decoupled relations in
(2.26) are satisfied simultaneously by c+ = c− = c0 . Treating the right-hand side
of (2.31) as a small perturbation to the left-hand side (and neglecting the higherorder terms of WKB approximation (2.22) and (2.24) that also correct v̂− (0, c) and
v̂+ (1, c), but which are not expected to lead to instability as they are real), we can
then estimate a correction ∆c to the leading-order eigenvalue c0 , namely
(∆c)2 ≈

v̂+ (0, c0 )v̂− (1, c0 )
,
v̂−,c (0, c0 )v̂+,c (1, c0 )

(2.32)

where the subscript ‘c’ denotes a derivative of the eigenfunction with respect to the
eigenvalue. In figure 2.5, the leading-order WKB eigenfunction and the corrected
eigenvalue are compared satisfyingly with the corresponding numerical results for
the sample mode of that figure. Note that, according to (2.30),
v̂+ (0, c)
v̂+ (0, c0 )
C−
=−
≈−
C+
v̂− (0, c)
v̂−,c (0, c0 )∆c

(2.33)

which, because ∆c is purely imaginary for instability, implies a π/2 phase difference between the two coupled basic modes, as seen in figure 2.5.

2.3.2

Instability induced by the baroclinic critical level

As illustrated in figures 2.3 and 2.4, when modes develop baroclinic critical levels,
the eigenvalue diagrams change dramatically in two key ways. First, the KW−
and IGWn− (KW+ and IGWn+ ) basic modes disappear above (below) the central
√
√
band, 1 − R/k < cr < R/k, where they develop the yb− (yb+ ) critical level.
This removes the possibility of any resonant mode interactions whenever there are
baroclinic critical levels. Second, the same KW− and IGWn− (KW+ and IGWn+ )
√
√
basic modes persist below (above) the central band, 1 − R/k < cr < R/k, even
though they now develop the yb+ (yb− ) critical levels. More importantly, they
become unstable over a wide band of wavenumbers. In figure 2.4(a), for the anticyclonic shear, three continuous lines of growth rate thereby appear for the KW± ,
IGW1± and IGW2± modes; the growth rate of the IGW3± modes is also finite, but
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too small to be observed in the main panels of the figure. The situation is the same
for the cyclonic shear in figure 2.4(b), although the KW± modes are not present.
These observations can be translated to stability conditions in the limit of short
vertical wavelength: resonant SRI requires the existence of the central band, or
√
k < 2 R. For the IGWn± modes, we must further demand that 0 < yt− and yt+ < 1
√
in order for wavelike regions to exist. But for µ  1, yt± ≈ c ± Φ/k. Thus, SRI
between IGWn± modes, which is the only possibility for cyclonic shear, requires
√
√
2 Φ < k < 2 R (cf. Park and Billant [48]). For anti-cyclonic shear, the Kelvin
waves (with c− > 0 or c+ < 1 for µ  1) can participate in unstable interactions,
√
which modifies the condition to k < 2 R. By contrast, the instability of a KW− or
√
IGWn− mode associated with a baroclinic critical layer requires yb+ = c+ R/k <
√
1 (or equivalently, yb− = c − R/k > 0 for a KW+ or IGWn+ mode). Hence, given
√
that c− > 0 for KW− and c− > Φ/k for IGWn− , the baroclinic critical layer
√
√
√
instability requires k > R for anticyclonic shear and k > R + Φ for cyclonic
shear.
Sample unstable modes are shown in figure 2.6, which plots the eigenfunctions
of KW− , IGW1− and IGW2− at the points denoted II, III and IV in figures 2.3(a)
and 2.4(a). For each mode, we see sharp structure in the eigenfunction near the
baroclinic critical level yb+ . To the right of these points, the mode amplitudes decay
rapidly; to the left, the real part and imaginary parts have a π/2 phase difference
indicative of travelling waves (propagating in the direction indicated by the arrows
in figure 2.6).
In WKB theory, the solution for the ‘±’ mode is again dominated by the contribution from û± near either y = 1 or y = 0. To leading order, the phase velocity
cr = c± is again then given by one of (2.26). Focussing for the moment on the ‘−’
mode, the solution is evanescent to the right of the critical level yb+ . Provided the
right-hand wall is sufficienty far from yb+ , the solution is then

 Zy
AC
0
0
û = √ exp −
λ (y )dy ,
yb+
λ

yb+ < y

(2.34)

with C being an arbitrary constant. The exponential decay in (2.34) is fast given
than λ  1 near the critical level, as seen in figure 2.6.
To the left of y = yb+ , we exploit the large argument limits of Bessel function
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Figure 2.6: Eigenfunction û of unstable modes with baroclinic critical levels for Ω = 5/8 and (a) KW− (µ = 5.7; point II in figures 2.3 and
2.4), (b) IGW1− (µ = 9; point III), and (c) IGW2− (µ = 12.5; point
IV). Red and blue lines represent real and imaginary part of the eigenfunction, respectively. The solid lines show the numerical solutions.
The corresponding results from WKB theory are shown as dashed lines,
which become inaccurate at the turning points y = yt± (the asymptotic
eigenfunction is not shown in (a) as the comparison is poor owing to
the turning point y = yt− close to the boundary y = 0). In (b), numerical computations give c = 3.34 × 10−1 + 1.54 × 10−4 i whereas the
asymptotics indicate c = 3.35 × 10−1 + 1.56 × 10−4 i. In (c), the numerical and asymptotic results are c = 3.71 × 10−1 + 3.96 × 10−5 i and
c = 3.72 × 10−1 + 3.92 × 10−5 i, respectively. Insets show magnifications of the structure near the baroclinic critical levels.
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of the local solutions (2.21) to make the connection, which gives
 Z y

b+
π
AC
0
0
l(y )dy +
û = √ exp i
,
4
y
l

yt+ < y < yb+ .

(2.35)

That is, the eigenfunction now takes the form of a travelling wave over this region,
unlike the standing-wave basic mode (which is exponentially small here). Given
that the intrinsic frequency ω̂ = k(c − y) is negative in this region, the travelling
waves propagate in +y direction as indicated by the arrow in figure 2.6; i.e. they
are incident on the critical level.
Over the same region, yt+ < y < yb+ , the solution is also given by the WKB
solution (2.29), and so to match with (2.35) we must take
C− = iCΘ,

Z
Θ = exp i

1
C+ = CΨΘ,
2

yb+


l(y)dy .

(2.36)

yt+

At y = 0, the leading-order boundary condition is C− v̂− (0, c) ∼ 0, giving c ∼ c− .
An estimate of the correction ∆c to this eigenvalue then follows on keeping the
next order terms of C− v̂− (0, c) +C+ v̂+ (0, c) = 0 and using (2.36):
∆c ≈ −

C+ v̂+ (0, c− )
i v̂+ (0, c− )
= Ψ
C− v̂−,c (0, c− ) 2 v̂−,c (0, c− )

(2.37)

(ignoring higher-order corrections to the WKB approximation). The predictions
computed from (2.37) for the IGWn± modes are included in figure 2.4 and again
compare well with numerical computations. The WKB eigenfunction û and eigenvalue c ∼ c− + ∆c also match well with the numerical solutions for the two cases
with higher µ 2 shown in figure 2.6(b,c) (the caption reports the numerical and
asymptotic results for c).
In the limit µ  1, we can again derive an explicit expression for KW− :
 Z
ci ≈ c− exp −2

yt+


λ (y)dy .

(2.38)

0

The prediction (2.38) is compared with the numerical results in figure 2.4(a).
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2.4

Instability of flow with weaker stratification

If εb > 0, we expect that the evanescent region around y = Re(yc ) is bounded by the
baroclinic critical levels yb± (see figure 2.2(b)); for µ 2  1, this case is realized for
Φ > R, and so corresponds to a more weakly stratified flow. In this situation, the
exponential tail of a Kelvin wave riding on one of the channel walls can become
transformed into internal waves beyond the adjacent critical level. If these internal
waves can satisfy the boundary conditions at the other channel wall, a new type
of normal mode is generated. Moreover, the interaction with that critical level
destabilizes the mode via a mechanism that we shed light on later. The phase
speed and growth rate of such solutions are plotted against µ in figure 2.7, with
two sample eigenfunctions shown in figure 2.8.
In figure 2.7(a), the line ‘Re(yb− ) = 0’ lies below that for ‘Re(yb+ ) = 1’ be√
cause R/k < 0.5 and the two Kelvin wavespeeds never intersect. Moreover, the
critical levels removes any neutral internal waves with speeds inside the range of
the base flow (which can be understood from the connection conditions across
y = yb± implied by the local solutions derived in Section 2.2.3: ûK possesses an
exponentially decaying amplitude that corresponds to a travelling wave, which cannot satisfy the boundary condition). Thus, resonances do not occur, precluding traditional SRI. Instead, instability is generated purely through the interaction of the
Kelvin waves with the baroclinic critical level. As seen in figure 2.8, to the right
of yb+ the unstable mode KW− takes the form of a standing wave, and there is an
abrupt phase change across y = yb+ .
For a short-wavelength description of the unstable KW± modes, we once more
express the eigenfunction as a linear combination of decaying and growing solutions in the evanescent region, û = C− û− +C+ û+ , with constants C− and C+ .
Focussing again on KW− , in the evanescent region 0 ≤ y < yb+ , û− and û+ are
expressed by
A
û− = √ exp
λ

Z

yb+

0

0



λ (y )dy ,
y

 Zy

b+
A
0
0
û+ = √ exp −
λ (y )dy ,
y
λ

0 ≤ y < yb+ ,
(2.39)

with A given by (2.23). Matching (2.39) to the the local solution in (2.21), we can
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Figure 2.7: (a) Phase speed cr and (b) growth rate ωi against µ = m/k for
R = 2.5 × 10−3 , Ω = 5/8 and k = 0.4. The horizontal broken lines
indicate where baroclinic critical levels appear at the channel walls. The
dots plot the asymptotic results in (2.28) and (2.43) which we do not
include for the first peak in the main panel of (b) because the comparison
is poor owing to the relatively small value for µ). Eigenfunctions at the
points V and VI are plotted in figure 2.8.

derive their corresponding expressions in y > yb+ :
2A
û− = √ cos
l

Z

y

l(y0 )dy0 −

yb+


π
,
4

 Zy

iπ
A
l(y0 )dy0 −
û+ = √ exp −i
,
4
yb+
l
yb+ < y ≤ 1. (2.40)

The phase jump of û+ across the critical layer rationalizes that seen in the eigenfunction in figure 2.8.
For µ  1, the boundary condition (2.16) on y = 1 implies û = 0 to leading
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Figure 2.8: Eigenfunction û of unstable modes with baroclinic critical levels at the points marked (a) V (µ = 1.85) and (b) VI (µ = 4.2) in figure 2.7. Red and blue lines represent real and imaginary parts of the
eigenfunction, respectively. The solid line shows the numerical solution and the dashed line in (b) is the result of asymptotics (the asymptotic eigenfunction is not shown in (a) as the comparison is poor owing to the relatively small value for µ). The insets show magnifications of the structure near the baroclinic critical levels. In (b) the numerical result for the eigenvalue is c = 6.19 × 10−2 + 8.82 × 10−6 i and
c = 6.66 × 10−2 + 5.30 × 10−6 i for the asymptotics.

order, so the WKB solution in the oscillatory region yb+ < y ≤ 1 is the standing
gravity wave,
AC
û = √ sin
l

Z 1

l(y0 )dy0

y

for yb+ < y ≤ 1,

(2.41)

where C is a constant. Reconciling (2.41) with the superposition of û± in (2.40)
implies
C
C− = − exp(−iθ ),
2

Z 1

C+ = C sin θ ,
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θ=

π
l(y)dy + .
4
yb+

(2.42)

At the left boundary y = 0, the solution is dominated by û− , leading to a basic
phase speed c− which is again expressed by (2.28b). The contribution of û+ is
exponentially small, and keeping the next-order correction ∆c to the eigenvalue that
it induces (again neglecting the potentially higher-order WKB approximations),
provides the estimate,


Z 1
 Zy

b+
C+ v̂+ (0, c− )
π
2
ci ≈ −Im
≈ 4c− cos
exp −2
λ (y)dy .
l(y)dy −
C− v̂−,c (0, c− )
4
yb+
0
(2.43)


The prediction (2.43) is included in figure 2.7. Note the sinusoidal dependence of
ci in (2.43) which is also evident in this figure.

2.5

Implications of pseudomomentum conservation

For the normal-mode form (2.11), the pseudomomentum in (2.9) becomes

p = p̂(y)e2ωit ,

p̂(y) =

(µ û∗ − ŵ∗ )ŵ
y−c

+ c.c.,

ŵ = −

h
i
µ ω̂ (2Ω − 1) ddyû − kω̂ û

,
k[ω̂ 2 − R − µ 2 (2Ω − 1)2 ]
(2.44)

where the ∗ superscript denotes complex conjugation. Thus the conservation law
(2.9) reduces to
Z 1

2ωi

p̂(y) dy = 0.

(2.45)

0

This condition places no constraint on the spatial structure of neutral modes with
ωi = 0. However, unstable modes with ωi 6= 0 must have zero total pseudomomentum

R1
0

p̂(y) dy = 0. This demands that the spatial structure of the modes, as

characterized by the density p̂(y), must break down into cancelling contributions
from regions of opposite sign of pseudomomentum.
The pseudomomentum density p̂ is plotted against y in figure 2.9(a) for a
mode destabilized by the resonant coupling of traditional SRI, corresponding to
the eigenfunction of figure 2.5. As pointed out by Vanneste and Yavneh [53], the
IGWn± basic modes have a ∓ sign for their pseudomomentum, whereas the signature of KW± depends on Ω: the KW± modes have a ∓ signature if Ω > 1/2, and a
± one when Ω < 0. The coupled mode in figure 2.5 and 2.9(a) consists of an IGW−
component that is concentrated near the left wall with positive pseudomomentum
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(implying the local mean flow is accelerated in the positive x-direction), and an
IGW+ component confined near the right wall with negative pseudomomentum
(accelerating the local mean flow in the negative x-direction). Unstable resonance
is achieved when their net contributions are balanced.
Figures 2.9(b,c) show the density p̂ for KW− and IGW− modes destabilized
by their interaction with baroclinic critical levels. The modes have very different
distribution of pseudomomentum: p̂ is again locally large and positive near the left
wall reflecting the Kelvin wave or internal gravity wave localized there. The net
contribution of this wave is balanced by that from a sharp negative peak around the
baroclinic critical level.
The pseudomomentum contribution of the baroclinic critical level can be understood by considering the local behaviour of the solutions in the vicinity of
y = yb± . As outlined in Section 2.2.2, dû/dy ∼ a(y − yb± )−1 for the singular Frobenius solution, with a a constant. Thus, p̂ ∼ O(y − yb± )−2 near y = yb± according to
(2.44). An estimate for the contribution of the critical level yb± therefore follows
as a sharply lcoalized acceleration of the mean flow:
√
√
Z Re(yb+ )+∆
2 Rk|a|2
2π Rk|a|2
dy
∓ 2
≈∓ 2
,
m (2Ω − 1)2 Re(yb+ )−∆ |y − yb± |2
m (2Ω − 1)2 |ci |

(2.46)

where the range of integration identifies a local region with ∆  1 but ∆/ci  1
over which the pseudomomentum is large, and a direct evaluation of the Lorentzian
integrand furnishes the right-hand side of (2.46).
It is now apparent how the basic modes KW− and IGWn− can become unstable
by coupling with the yb+ critical level (or the KW+ and IGWn+ by interacting with
yb− ). The signatures of the basic modes and the critical-level contributions also
rationalize how other types of modal instabilities cannot appear.

2.6

Concluding remarks

In this chapter, we have studied the linear instability of three-dimensional rotating
stratified shear flow, with a focus on how baroclinic critical levels impact the stratorotational instability (SRI). We have found that the baroclinic critical levels destroy
the resonance mode interactions between the internal gravity and Kelvin waves that
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Figure 2.9: The pseudomomentum density p̂ in (2.44) for (a) the resonant
SRI mode in figure 2.5, and (b,c) the KW− and IGW− modes destabilized by its interaction with a baroclinic critical level at y = yb+ shown
in figure 2.6 and figure 2.8. Note that the sharp negative peaks at the
baroclinic critical levels have been truncated in (b,c) to help reveal the
mode structure.
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underpin traditional SRI. Instead, these waves can become unstable by interacting
directly with one of the critical levels. An immediate consequence is that the instability no longer requires any resonance conditions on the modal wavenumber, but
occupies an extensive continuous waveband. The situation is somewhat like how
the classical critical level can affect the linear instabilities of shear flows in shallow
water when there are potential vorticity gradients [64, 65].
To establish these results, we combined numerical computations of the linear
eigenvalue problem with short-wavelength asymptotics. We further examined the
pseudomomentum of the unstable modes to shed further light on how the mode
interactions could lead to instability. This quantity must exactly vanish for unstable modes in the stability problem we have studied, and traditional SRI comes
about through the resonant interaction of modes with different signatures of pseudomomentum. For modes destabilized by their interaction with a baroclinic critical
level, on the other hand, a thin layer surrounding this level provides a sharp source
of pseudomomentum to balance that of the mode. In other words, the critical level
acts like an emitter of the relevantly signed pseudomomentum.
A key limitation of the present analysis is the assumption of a linear velocity
profile, which is unlikely in any physical setting. Once the background vorticity
gradient is not zero, the classical critical layer can directly affect the dynamics of
the normal modes, whereas here this position plays a more subtle role (our unstable
modes all require classical critical levels within the domain to set the stage for
destabilizing interactions). In the common configuration of Taylor-Couette flow,
classical critical levels do not appear to play a significant role. For example, in the
study of Park and Billant [48], there is no observable singular behavior near the
classical critical level, nor does it render instability in absence of resonance. This
may because the vorticity gradient of the Taylor-Couette flow is relatively weak.
But in other flows with stronger vorticity gradients and more complicated shear,
for example, in the Lamb−Oseen vortex of the radiative instability of Le Dizès and
Billant [55], the classical critical level plays a crucial role in the instability through
an ‘over-reflection’ phenomenon. In the present thesis, we will also encounter the
classical critical level of secondary instability in Chapter 4, where we have strong
mean-flow defect forced by the baroclinic critical layer.
Previous studies on classical critical levels often proceed beyond inviscid lin37

ear theory and incorporate nonlinearity and viscosity in view of the relatively high
amplitudes and sharp gradients that develop nearby. Here too there are large velocity gradients inside the thin region around the baroclinic critical level, demanding
that both viscosity and nonlinearity are important ingredients in “baroclinic critical
layer” theory. We leave such a theory for SRI for future work, but in Chapter 3, we
will study in detail the effects of nonlinearity and dissipation on forced baroclinic
critical layers.
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Chapter 3

Nonlinear dynamics of forced
baroclinic critical layers1
3.1

Introduction

In Chapter 2, we studied the baroclinic critical layers in unstable modes, which
are the eigen modes of a homogeneous system. In this chapter, we embark on a
different paradigm: we will study the baroclinic critical layers in waves generated
by external forcing. This paradigm is related to wind or current following over
topology, waves generated by an oscillating source, or waves forced by localized
vortices as in the zombie vortex problem that we are most interested in.
For classical critical layers, Stewartson [1] and Warn and Warn [2, 67] studied
the nonlinear dynamics of the critical layers of forced Rossby waves. They found
that steady waves developed over the bulk of the shear flow, but that the critical
layer remained unsteady, exciting mean-flow corrections and all the harmonics of
the original wavenumber, and twisting up the background vorticity into Kelvin cat’s
eye pattern. A similar scenario exists for the critical layers of internal gravity waves
travelling vertically through stratified shear flow, with important repercussions on
wave breaking, momentum transport and mixing in the atmosphere [16–19].
Existing literature on the baroclinic critical layers has mainly focused on the
1 The

work of this chapter has been published in the Journal of Fluid Mechanics [66]
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propagation of linear wave packets. Using ray-tracing theory, Olbers [33], Basovich and Tsimring [34] and Badulin et al. [35] found that wave packets slow down
as they approach the baroclinic critical level, never reaching it. Simultaneously, the
wave amplitude and cross-stream wavenumber grow indefinitely, indicating that
linear theory eventually fails in a wave-trapping process like that found earlier for
classical critical levels [13]. Staquet and Huerre [36] and Edwards and Staquet [37]
performed numerical simulations to study the nonlinear evolution during trapping,
concluding that the trapped waves may either break into small-scale turbulence or
be dissipated by dispersion, viscosity and diffusion. More related to the current
work is the study by [4], who explored the analogues of baroclinic critical levels in
stratified, titled vortices, and resolved the singularities by introducing viscosity.
The aim of the present chapter is to theoretically study the evolution of forced
baroclinic critical layers, following the paradigm of Stewartson [1] and Warn and
Warn [2, 67] for Rossby waves, or Booker and Bretherton [16] and Brown and
Stewartson [17, 18, 19] for internal waves in stratified shear flow. The linear dynamics of a forced baroclinic critical layer is expected to be similar to that of a
classical critical layer, owing to the similarity of the singularities in the linear wave
equations. However, the subsequent nonlinear evolution is likely to be very different because the location of the baroclinic critical level itself is dependant of the
streamwise wave number, which is different among all the harmonics of the original wave. This suggests that they cannot feature in the nonlinear dynamics within
the baroclinic critical layer, unlike in classical critical layer theory.
The layout of the chapter is as follows: in Section 3.2, we give the model and
governing equations of the problem. In Section 3.3, we solve the linear problem explicitly and draw out structure that first develops within the baroclinic critical level.
In Section 3.4, we extend the analysis by considering weakly nonlinear perturbations, which allows us to determine the time and length scales that characterize the
nonlinear critical layer. This leads us, in Section 3.5, to derive a reduced model of
nonlinear dynamics via a matched asymptotic expansion. We then present numerical solutions of the reduced model and a further asymptotic analysis of them. We
explore the effects of dissipation in the baroclinic critical layer in Section 3.6, and
then discuss the implications of the results and the relation to previous and future
work in Section 3.7.
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Figure 3.1: Sketch of the model. A wavemaker with wavenumber kx and
kz is imposed at y = 0, and baroclinic critical levels are forced at
y = ±N/(Λkx ), corresponding to dimensionless locations ±N , where
N = NΛ−1 . The shading represents a rendering of the density perturbation based on the linear theory of Section 3.3.

3.2

Model and governing equations

We consider forced disturbances to an unbounded horizontal shear flow, orientated
in the x−direction with a constant shear rate Λ > 0 in the y−direction. The domain
rotates around the vertical axis at angular velocity Ω, and the fluid is stratified in
z with constant buoyancy frequency N. Waves are driven into the shear flow by a
wavemaker that we locate along y = 0. This forcing has the streamwise and vertical
wavenumbers, kx and kz , respectively. The baroclinic critical levels are located at
y = ±N/(Λkx ). The sketch of the model is shown in figure 3.1.
We work with a dimensionless version of the governing fluid equations in
which length, time, velocity, pressure and density perturbations are scaled by kx−1 ,
Λ−1 , Λkx−1 , ρ0 Λ2 kx−2 and ρ0 Λ2 /(kx g), respectively. Here, ρ0 is a reference density and g is gravity. We employ the Boussinesq approximation and, for the most
part of our study, neglect viscosity and diffusion in view of the large spatial scales
that characterize geophysical and astrophysical flows. At the end of the work, we
briefly explore the effect of diffusion. The perturbations to the velocity (u, v, w),
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pressure p and perturbation density ρ then satisfy
ut + yux + (1 − f )v + uux + vuy + wuz = −px ,

(3.1)

vt + yvx + f u + uvx + vvy + wvz = −py ,

(3.2)

wt + ywx + uwx + vwy + wwz = −pz − ρ,

(3.3)

ρt + yρx − N 2 w + uρx + vρy + wρz = 0,

(3.4)

ux + vy + wz = 0,

(3.5)

where subscripts represent partial derivatives and we have introduced the dimensionless Coriolis parameter f = 2Ω/Λ and buoyancy frequency N = NΛ−1 . Because our interest lies in the forcing of the baroclinic critical layers of an internal
wave, we consider basic flows that are linearly stable to prevent unstable modes
from dominating the dynamics. Centrifugal instabilities arise when 0 < f < 1
[68], so we set f > 1 or f < 0 to eliminate them; strato-rotational instability is not
present because it requires reflective boundaries [45, 61] which are absent here.
Initially, there is no disturbance, implying u = v = w = ρ = p = 0 at t = 0. The
wavemaker is then switched on to excite waves with baroclinic critical levels. To
idealize the forcing and formulate a concise mathematical problem, we assume that
the wavemaker introduces a time-independent jump in the tangential horizontal
velocity at y = 0, but not in the normal velocity. That is, we impose the jump
conditions,
u|y=0+ − u|y=0− = ε0 exp(ix + imz) + c.c.,

v|y=0+ = v|y=0− ,

(3.6)

where ε0 represents the strength, m = kz /kx , c.c. represents the complex conjugate,
and the ± superscripts indicate the limits from either side. This forcing approximates a thin, spatially periodic vortex sheet. In the numerical simulation of Marcus
et al. [6], waves were forced by a periodic array of localized Gaussian vortices. Our
forcing therefore represents an idealization of their model in that we consider the
leading-order Fourier component while neglecting the evolution and cross-stream
thickness of the forcing. The configuration is slightly different to that in the studies of Stewartson [1] and Booker and Bretherton [16], where a wavy boundary
forced the normal velocity. The current configuration implies that waves are gen42

erated at y = 0 and develop with baroclinic critical levels to either side (although
simplifications are afforded by the symmetry described presently). Had we placed
the wavemaker along a boundary at y = 0, only one critical level would have featured, but the wall may also make the basic flow linearly unstable [61]. Other
idealizations include wavemakers that gradually switch on [69], that generates disturbances with finite phase speed (displacing the baroclinic critical levels), or that
with finite thickness (as for the vortices of Marcus et al.). Nevertheless, the precise
form of forcing of the wave is not expected to affect the qualitative dynamics of
the baroclinic critical layers, a feature on which we elaborate further later.
Note that the system in (3.1)-(3.6) is invariant under the transformation,
(u, v, w, ρ) → −(u, v, w, ρ) and

p → p,

for (x, y, z) → −(x, y, z).

(3.7)

This observation permits us to solve the problem only in y > 0, and therefore consider only one baroclinic crtical layer, then generate the solution in y < 0 using the
implied symmetry conditions.
Also, combining (3.1)-(3.5), we may derive an equation for the vertical component of vorticity:
D
(vx − uy ) − N
Dt
where

−2

( f − 1 + vx − uy )

∂ Dρ
+ wx vz − wy uz = 0,
∂ z Dt

D
∂
∂
∂
∂
=
+ (y + u) + v + w .
Dt
∂t
∂x
∂y
∂z
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(3.8)

(3.9)

3.3

Linear theory

The linearized governing equations are
ut + yux + (1 − f )v = −px ,

(3.10)

vt + yvx + f u = −py ,

(3.11)

wt + ywx + ρ = −pz ,

(3.12)

ρt + yρx − N 2 w = 0,

(3.13)

ux + vy + wz = 0.

(3.14)

The linearized version of (3.8) reduces to a conservation law of potential vorticity,
qt + yqx = 0, or, given that q = 0 everywhere at t = 0,
q = ( f − 1)ρz − N 2 (vx − uy ) = 0.

(3.15)

In the absence of linear instability, the forcing (3.6) drives a steady wave response throughout the bulk of the flow (as can be established by solving the initialvalue problem using Laplace transforms, and then performing a large-time asymptotic analysis, following Warn and Warn [67] and Booker and Bretherton [16]).
Near the baroclinic critical levels, however, the flow remains unsteady, requiring a
finer analysis of those regions similar to that used by Stewartson [1].

3.3.1

The steady wave response outside the baroclinic critical layers

The steady wave solution outside the critical layers takes the form:
(u, v, w, p, ρ) = [û(y), v̂(y), ŵ(y), p̂(y), ρ̂(y)] exp (ix + imz) + c.c.

(3.16)

Substituting (3.16) into (3.10)-(3.14), one can derive an equation for p̂(y),
 2

2
2y
y − f ( f + 1)
0
2 y − f ( f − 1)
p̂ − 2
p̂ − 2
+m
p̂ = 0,
y − f ( f − 1)
y − f ( f − 1)
y2 − N 2
00
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(3.17)

with
û =

( f − 1) p̂0 − y p̂
,
y2 − f ( f − 1)

v̂ =

i(y p̂0 − f p̂)
,
y2 − f ( f − 1)

ŵ = −

my p̂
,
2
y −N 2

imN 2 p̂
.
y2 − N 2
(3.18a, b, c, d)

ρ̂ =

(cf. Vanneste & Yavneh, 2007). Note that the singularities at y2 = f ( f − 1) in
(3.17) and (3.18) are removable. The baroclinic critical levels y = ±N , however,
are true singular points. The Frobenius solutions near y = N are,
m2 [N 2 − f ( f − 1)]
(N − y) log |N − y| − α(N − y) + ...
2N
p̂B = y − N + ...

p̂A = 1 −

(3.19)
(3.20)

where α is determined by the condition that p̂A → 0 as y → ∞. In terms of these
Frobenius solutions, we express p̂ for y > 0 by
(
p̂ =

y>N ,

AL p̂A ,

AL p̂A + BL p̂B , 0 < y < N ,

(3.22)

where AL and BL are constants.
Although p̂ is bounded for y → N , the amplitudes of the velocity, (û, v̂, ŵ), and
density, ρ̂, all diverge, signifying that the steady wave solution fails at the critical
levels. In particular, we observe that
p̂ → AL ,

ρ̂ →

imN AL
2(y − N )

(3.23)

and

α( f − 1) − N
m2 ( f − 1)
(log |N − y| + 1) +
AL
2N
N 2 − f ( f − 1)
(
0
y>N ,
+
f −1
B y<N ,
N 2 − f ( f −1) L


û →

for y → N .
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(3.24)

3.3.2

The linear critical layers

We now focus on the baroclinic critical layer at y = N . Here, we search for an
unsteady solution depending on the long timescale T = δt and with the short spatial
scale Y = (y − N )/δ , where δ  1 is a small parameter organizing an asymptotic
expansion. We then set


e T ), AL , δ −1 ρe(Y, T ) exp (ix + imz)+c.c.,
(u, v, w, p, ρ) = ue(Y, T ), ve(Y, T ), δ −1 w(Y,
(3.25)
in view of the limits in (3.23)-(3.24).
Combining (3.12) and (3.13) to eliminate w, then substituting in (3.25) now
gives, to leading order in δ ,



∂
1
+ iY ρe = − mN AL .
∂T
2

(3.26)

In the early stage of linear evolution, t ∼ O(1), ρ ∼ O(1), so we have the initial
condition ρe → 0 as T → 0, which yields

Hence

e−iY T − 1
1
,
ρe = − imN AL
2
Y

(3.27)

"
#
1
e−i(y−N )t − 1 ix+imz
ρ = − imN ALt
e
+ c.c.
2
(y − N )t

(3.28)

This solution has a spatial structure dependent on the self-similar combination
t(y − N ). Hence, the amplitude grows linearly and the width of the critical layer
shrinks with time.
Next, the main balance in (3.15) implies that ueY ∼ −im( f − 1)N
ueY = −

m2 ( f − 1)AL e−iY T − 1
.
2N
Y

−2 ρ
e,

or
(3.29)

But the limits of the steady wave response in (3.24) imply that ue jumps by an
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amount ( f − 1)BL /[N 2 − f ( f − 1)] across the baroclinic critical layer. Hence,
m2 AL [ f ( f − 1) − N 2 ]
BL = −
lim
L→∞
2N

Z L

(e−iY T −1)

−L

dY
m2 [ f ( f − 1) − N 2 ]
= iπ
AL .
Y
2N
(3.30)

(cf. Stewartson 1978).

3.3.3

Closure

We can now apply the forcing condition to close the problem. The symmetry property (3.7) applied to the steady wave (3.16) indicates that
[û(y), v̂(y), ŵ(y), ρ̂(y)] = −[û(−y), v̂(−y), ŵ(−y), ρ̂(−y)]∗ ,

p̂(y) = p̂(−y)∗ ,
(3.31)

∗

where the superscript represents the complex conjugate. Hence, substituting the
steady wave solution into the jump condition (3.6) representing the forcing, we
arrive at
(AL − A∗L ) p̂A (0) + (BL − B∗L ) p̂B (0) = 0,
(AL + A∗L ) p̂0A (0) + (BL + B∗L ) p̂0B (0) = − f ε0 .

(3.32a, b)

Exploiting (3.30), we obtain
AL = −

f ε0 ( p̂A − iβ p̂B )
2( p̂A p̂0A + β 2 p̂B p̂0B )

,

β=

y=0

πm2 [ f ( f − 1) − N 2 ]
.
2N

(3.33)

The amplitude of the pressure perturbation at the critical layer is therefore

ε = |AL | =

q
| f ε0 | p̂2A + β 2 p̂2B
2 p̂A p̂0A + β 2 p̂B p̂0B

.

(3.34)

y=0

A sample steady wave solution is plotted in figure 3.2.
Note that equations (3.32)-(3.34) appear to become trivial if f = 0, suggesting
that rotation is essential to the forcing of the baroclinic critical layer. In fact, a
deeper analysis of the power series solution about y = 0 demonstrates that this is
not the case, because p̂0A (0) and p̂0B (0) become O( f ) in this limit, and the closure
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Figure 3.2: Steady-wave solution p̂ under a forcing imposed at y = 0, with
m = 0.5, N = 4/3, f = 4/3, ε0 = 0.05 (cf. Marcus et al. 2013). Baroclinic critical levels y = ±N are indicated.

relation in (3.32) remains non-trivial. Consequently, in the model, we may take the
limit f → 0, highlighting how rotation is not an essential ingredient to the dynamics
of forced linear waves.
The same feature does not apply to the vertical wavenumber or stratification,
which control the secular growth inside the critical layer, as seen in (3.27) and
(3.29); without either a vertical dependence in the forcing or stratification, there
is no baroclinic critical-layer dynamics. Note that, despite appearances, the limit
N → 0 in (3.29) is not problematic: further analysis of p̂A and p̂B indicates that
|AL | ∼ N / log N for N → 0, and so the secular growth in the critical layer is
eliminated in this limit.
It is also noteworthy that, in the limit that any of the parameters m, f , or N
are large, the disturbance decays exponentially from the forcing to the baroclinic
critical levels (cf. Vanneste and Yavneh [53] and Wang and Balmforth [61]). The
amplitude ratio ε/ε0 then becomes exponentially small, and the secular growth in
the critical layer is much weakened.
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3.4

The weakly nonlinear critical layer

We now advance beyond linear theory and perform a weakly nonlinear expansion
by setting
(u, v, w, ρ, p)

= ε [u1 (Y, T ), v1 (Y, T ), δ −1 w1 (Y, T ), δ −1 ρ1 (Y, T ), p1 (Y, T )]eix+imz + c.c.
+ε 2 [u0 (Y, T ), v0 (Y, T ), w0 (Y, T ), ρ0 (Y, T ), p0 (Y, T )]
(3.35)
o
n
+ε 2 [u2 (Y, T ), v2 (Y, T ), w2 (Y, T ), ρ2 (Y, T ), p2 (Y, T )]e2(ix+imz) + c.c. ,
focussing upon the critical layer with y = N + δY . The scaling of the fundamental
Fourier component follows the linear critical layer theory outlined above, and we
e ρe, AL ] at early times (T  1). The goal of the
have ε[u1 , v1 , w1 , ρ1 , p1 ] → [e
u, ve, w,
current section is to identify the timescale and width of the critical layer (as denoted
by the small parameter δ ) for which the mean flow correction and first harmonic
reach sufficient strength to modify the evolution of fundamental mode. This connects δ to the amplitude parameter ε, establishing the scalings of the nonlinear
critical layer.

3.4.1

Mean-flow response

The mean-flow component of (3.5) gives v0Y = 0, which implies v0 = 0 since the
mean flow response decays outside the critical layer. The streamwise mean-flow
velocity u0 is described by the j = 0 component of (3.1), which is
∂ u0
= δ −2 (imw1 u∗1 − v∗1 u1Y ) + c.c.
∂T

(3.36)

To leading order in δ , the mean-flow components of (3.3) and (3.4) are,
ρ0 = −δ −2 v∗1 w1Y + c.c.,

(3.37)

− N 2 w0 = −δ −2 (v∗1 ρ1Y + imw∗1 ρ1 ) + c.c.

(3.38)

Thus, u0 , w0 , and ρ0 are all O(δ −2 ).

49

3.4.2

First harmonic

The largest first harmonic components of (3.3), (3.4), (3.5) and (3.8) indicate that
2iN w2 + ρ2 + 2imp2 = −δ −2 (v1 w1Y + imw21 ),
2iN ρ2 − N 2 w2 = −δ −2 (v1 ρ1Y − imw1 ρ1 ).
δ

−1

v2Y + 2imw2 = 0.
iδ −2

u2Y 2im( f − 1)
+
ρ2 =
δ
N2
2N

(3.39)
(3.40)
(3.41)




2im( f − 1)
(v1 ρ1Y + imw1 ρ1 ) + (v1 u1Y + imw1 u1 )Y .
N2
(3.42)

However, (3.2) demands that p2 = O(δ u2 , δ v2 ) and so p2 is much smaller than w2
or ρ2 . Hence,
δ −2
[2iN (v1 w1Y + imw21 ) − v1 ρ1Y − imw1 ρ1 ],
3N 2
δ −2
ρ2 =
[N (v1 w1Y + imw21 ) + 2i(v1 ρ1Y + imw1 ρ1 )],
3N

w2 =

(3.43)
(3.44)

which are O(δ −2 ), whereas u2 and v2 are O(δ −1 ).

3.4.3

Weakly nonlinear feedback

On again combining (3.3) and (3.4), we find the fundamental components,



∂
1
+ iY ρ1 + mN p1 = −ε 2 δ −1 iu0 ρ1 ,
∂T
2

(3.45)

with the leading-order nonlinear terms included on the right, and after a considerable number of cancellations stemming from the use of (3.37), (3.38), (3.43) and
(3.44) and the leading-order relations ρ1 = −iN w1 and v1Y = −imw1 . Note that
the nonlinear terms generated by the first harmonic and mean-flow components w0
and ρ0 completely cancel out at this stage, leaving only the effect of the modification to the streamwise mean flow u0 . But the scaling established for the mean flow
correction implies that the right-hand side of (3.45) is O(δ −3 ε 2 ). Thus, the mean
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flow feedbacks on the fundamental mode when δ = ε 2/3 . That is, for
2

2

t = O(ε − 3 ),

y = N + O(ε 3 ).

(3.46)

These are the scalings for the nonlinear critical layer theory in the next section.
Note that we may extend the analysis to consider the higher harmomics. One
finds that when δ = ε 2/3 , the Fourier component ei j(x+mz) with j > 1 is O(ε j/3 ),
which signifies that the higher-order harmonics j ≥ 3 are still weak when the mean
flow correction begins to feedback on the fundamental. Thus, they play no role in
the nonlinear theory.

3.5
3.5.1

Nonlinear critical-layer theory
The reduction

Motivated by the weakly nonlinear analysis, we now introduce the rescalings,
2

T = ε 3 t,

Y=

y−N
2

.

(3.47)

ε3
The outer solution for the pressure is
(
p = ε p1 e

i(x+mz)

+ c.c.,

p1 =

y>N ,

A(T ) p̂A (y),

A(T ) p̂A (y) + B(T ) p̂B (y), 0 < y < N ,
(3.48)

which is a single dominant Fourier mode characterized by the steady wave solution.
However, the amplitudes A and B now evolve with the slow time T , because the
nonlinear evolution of critical layer can affect the outer flow. Initially, A and B are
given by the linear analysis:
A(0) =

AL
,
ε

B(0) =
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BL
.
ε

(3.49)

Inside the critical layers, we set
p = εA(T )ei(x+mz) + c.c. + ...,
1

[w, ρ] = ε 3 [w1 (Y, T ), ρ1 (Y, T )]ei(x+mz) + c.c. + ...
2

[u, v] = ε[u1 (Y, T ), v1 (Y, T )]ei(x+mz) + c.c. + ε 3 [U0 (Y, T ), 0] + ... (3.50)
Equation (3.45) and the leading-order fundamental-mode components of (3.1),
(3.3)-(3.5) and (3.8) now become
∂ ρ1
mN
+ iY ρ1 +
A = −iU0 ρ1 .
∂T
2

(3.51)

iN u1 − ( f − 1)v1 + iA = −v1U0Y ,

(3.52)

w1 =

i
ρ1 ,
N

v1Y = −imw1 ,

N 2 u1Y + im( f − 1 −U0Y )ρ1 = iN v1U0YY .

(3.53)
(3.54)

The initial condition of ρ1 is given by the linear result
ρ1 → −

imN A(0) e−iY T − 1
,
2
Y

T → 0.

(3.55)

Similar to (3.36), the mean-flow velocity U0 is governed by
∂U0
= −v∗1 u1Y + imw1 u∗1 + c.c.
∂T

(3.56)

The initial condition is U0 → 0 as T → 0, as in early linear evolution the mean-flow
modification is minimal.
It is possible to algebraically manipulate (3.51)-(3.54) and then integrate in T
to show that
U0 = −

2
|ρ1 |2 ,
N3

(3.57)

a result that can be traced back to the fact that the change to the mean flow is given
by the Eulerian pseudo-momentum [62], which is the right-hand side of (3.57) to
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leading order in the critical layer. Hence
1
2
∂ ρ1
+ iY ρ1 + mN A = i 3 |ρ1 |2 ρ1 .
∂T
2
N

(3.58)

To match the inner and outer solutions, we first note, from (3.53), that v1Y =
mN

−1 ρ .
1

Integrating this relation in Y over the critical layer then provides the

jump of the outer solution v1 = i(yp1,y − f p1 )/[y2 − f ( f − 1)] for the limit of y →
N (cf. (3.18b)), which yields
B = −im

f ( f − 1) − N
N2

2

Z ∞
−∞

ρ1 dY,

(3.59)

in a similar manner to Section 3.3.2 and (3.30).
Last, we again use the forcing condition at y = 0 to close the problem:
(A − A∗ ) p̂A (0) + (B − B∗ ) p̂B (0) = 0,
(A + A∗ ) p̂0A (0) + (B + B∗ ) p̂0B (0) = − f

ε0
ε

(3.60)

(cf. Section 3.3.3 and (3.32)). Note that the form of the forcing impacts the reduced
model only through the closure relations in (3.60). Had we used a different idealization of the forcing here, there would be a different algebraic relation between A,
B and ε0 /ε. However, this relation still connects A with the forcing amplitude and
the integral of ρ1 over the critical layer, and in the scaled, canonical system presented below, all that would change would be how the parameters of that system
(denoted c0 , c1 and c2 in Section 3.5.2) depend on the original physical constants.
In this sense, the reduced model is independent of the choice of forcing.

3.5.2

Canonical system

The final rescalings

ρ1 =

mN
4

4

 31


γ(η, τ),

T=

2N
m2
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 13


τ,

Y=

m2
2N

 13
η,

(3.61)

lead to the canonical form,
∂γ
+ iηγ + A = i|γ|2 γ,
∂τ
A(τ) = c0 +

ic1
π

Z ∞
−∞

γr dη −

c2
π

(3.62)

Z ∞
−∞

γi dη,

(3.63)

where γ = γr + iγi ,

c0 = −sgn
and

(

c1
c2

)

f
p̂0A (0)



|1 + c1 c2 |
q
,
2
1 + c1

πm2 [ f ( f − 1) − N 2 ]
=
2N

(

p̂B (0)/ p̂A (0)
p̂0B (0)/ p̂0A (0)

(3.64)

)
.

(3.65)

For τ  1, we must match γ(η, τ) to the corresponding solution of the linear problem, given by
γ = iA

1 − e−iητ
,
η

A=

c0 (1 − ic1 )
,
1 + c1 c2

(3.66)

which provides the initial condition for (3.62).
The reduced model equations in (3.62)-(3.66) are solved numerically in the
next section. The system is integro-differential in the sense that (3.62) is an equation of motion in time, solved at each level of η, with the integral constraint in
(3.63). There is no dependence on either x or z, because the leading-order dynamics
involves only the fundamental mode of the forcing wave pattern and the mean-flow
response (which is then prescribed by the pseudo-momentum). The only nonlinearity is the cubic term on the right of (3.62), which is generic in weakly nonlinear
theories of systems with few degrees of freedom. The model is therefore rather
different from those that emerge for classical forced critical layers, which usually
take the form of partial differential equations in all the spatial variables. The reduced model has the two parameters, c1 and c2 , and the choice of sign for f p̂0A (0)
in c0 . In most situations p̂A and p̂B are characterized by a similar exponential away
from y = 0, implying c1 ≈ c2 .
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From (3.62)-(3.63), one can establish that the quantity,
H =


Z ∞
2
Z ∞
2
c1
c2
|γ| − η|γ| + 2Im(A γ) dη +
γr dη +
γi dη ,
2
π −∞
π −∞
(3.67)

Z ∞
1
−∞

4

2

∗

must be conserved, and therefore equal to πc1 (1 + c1 c2 )/(1 + c21 ) in view of the
initial conditions. This constraint implies that the linear-in-time growth of γ(η, τ)
predicted by linear theory must eventually become arrested, as otherwise the quartic first term in (3.67) cannot be counter balanced by the remaining quadratic and
constant terms. To determine the manner in which the arrest takes place, we turn
to a numerical solution of the reduced model.

3.5.3

Numerical solutions

To solve the canonical system of equations numerically, we first select a grid in η
spanning a finite domain (we use 1501 equally spaced gridpoints over the interval
1.5 < η < 3 where γ has large gradients, then 1544 gridpoints distributed evenly
over −25 < η < 1.5 and 3 < η < 25). We then integrate (3.62) forward in time
numerically using a 4th-order Runge-Kutta method at each of the grid points. To
evaluate the integrals in (3.63), we use an approach similar to Warn & Warn (1978)
to extrapolate the limits to infinity. We use parameter settings guided by the computations of of Marcus et al. (2013): m = 1/2, f = 4/3, N = 4/3, which yield
c1 = 0.238, c2 = 0.219.
Figure 3.3 displays the evolution in τ of the forced wave amplitudes, A and
B, which is relatively mild with Re(A) ≈ c0 ≈ −1 and Im(A), Re(B) and Im(B)
all remaining small. This mild behaviour results because, in (3.63), |c1 | and |c2 |
are fairly small. Thus, the forced wave evolves slowly over the bulk of the shear
flow (i.e. the outer region), maintaining a profile similar to the linear distribution
in figure 3.2.
The density perturbation γ(η, τ), shown in figure 3.4, exhibits a richer behaviour: for τ < 1, the numerical solution follows the linear prediction in (3.66),
with its characteristically developping undulations and linear growth near η = 0
(see figure 3.4(a,b)). Once |γ| reaches order-one values there, however, the growth
of the numerical solution saturates, as demanded by the constraint in (3.67). De-
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Figure 3.3: Evolution of A and B with τ; m = 1/2, f = 4/3, N = 4/3.

spite this, the solution continues to undulate over increasingly shorter spatial scales.
Moreover, nonlinear effects distort the density profile further, shifting the maximum magnitude from η = 0 to a small, positive level in η and generating pronounced fine structure over a narrow region nearby.
The rapid spatial variation in γ(η, τ) significantly impacts the critical-layer
vorticity, which depends on the η−derivatives of γ(η, τ). In particular, the leadingorder vertical vorticity is given by the mean-flow vorticity ζ0 :
ζ ∼ ζ0 ≡

∂
|γ|2 .
∂η

(3.68)

However, from the matched asymptotic expansion, we may reconstruct ζ (x, η, z,t)
to higher orders, incorporating the fundamental Fourier mode ζ1 and first harmonic
ζ2 , as summarized in Appendix A. The evolution of the reconstructed vertical vorticity field is plotted in figure 3.5. For early times, ζ0  1, and the vertical vorticity
is actually given by the higher-order linear solution (as in figure 3.5a, cf. (3.29)).
With the increase of τ, the vorticity distribution tilts over and ζ0 grows to dominate
ζ , as seen in figure 3.5b,c. This growth leads to the distinctive dipolar stripe seen
in figure 3.5d. In the later stages of evolution (figure 3.5e,f), the stripe becomes
stronger and more focussed, shifting slightly above η = 0, and corresponding to
the sharpening oscillations in γ seen in figure 3.4.
The behaviour of the numerical solution seen in figures 3.3-3.5 is generic for
most parameter settings; for moderate m, f (either f > 1 or f < 0) and N , the parameters c1 and c2 of the reduced model are relatively small in magnitude, prompt56
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Figure 3.4: (a) Real and (b) imaginary parts of the critical-layer density perturbation γ(η, τ), shown as surfaces above the (η, τ)−plane. To prevent the viewing perspective from obscuring parts of the solution, we
also show density maps of the solutions underneath. The insets show
corresponding plots of the linear solution in (3.66). Panels (c)–(f) plot
snapshots of γ(η, τ) at the times indicated; the linear result for |γ(η, τ)|
is also included. (m = 1/2, f = 4/3, N = 4/3.)
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Figure 3.5: Snapshots of vertical vorticity ζ within the baroclinic critical
layer near y = N = 4/3, plotted as a colormap on the (x, η)−plane
for (a) τ = 0.3, (b) τ = 0.45, (c) τ = 0.6, (d) τ = 1, (e) τ = 1.5,
and (f) τ = 1.8. The domain plotted is |η| < 25, corresponding to
|y − N | < 0.39, at cross-section z = 0 and over one streamwise wavelengths of the forcing pattern. (ε0 = 0.05, ε = 0.0062, m = 1/2, f = 4/3,
N = 4/3.)

ing similar dynamics. Even when |c1 | and |c2 | become order one, the evolution still
bears qualitative similarities. However, more complicated behaviour can occur in
the reduced model when these parameters take higher values. Such parameter settings can be achieved at special combinations of m, f and N for which p̂A (0)
becomes small, or perhaps for other types of forcing. We avoid consideration of
special situations of this sort, and instead turn to a deeper analysis of the focussing
dynamics observed in the reduced model.

3.5.4

Long-time focussing

In view of the result that A changes slowly, we now use the approximation of
A = constant to gain further analytical insights to the focussing phenomenon. This
device was used previously by Stewartson (1978) to obtain an analytical solution
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to the nonlinear evolution of Rossby wave critical layers. In our model, constant
A in (3.63) requires c1 = c2 = 0, hence A = −sgn( f p̂0A (0)), which is −1 for the
current parameter setting. The evolution equation (3.62) can then be written as the
one-degree-of-freedom Hamiltonian system,
∂ γr
∂H
= 1 + ηγi − γr2 γi − γi3 ,
=
∂τ
∂ γi
∂H
∂ γi
=−
= −ηγr + γr3 + γr γi2 ,
∂τ
∂ γr

(3.69)

with Hamiltonian,
H =−


2 1
1 2
γr + γi2 + η γr2 + γi2 + γi
4
2

(3.70)

(the point-wise version of the conserved quantity H in (3.67) for c1 = c2 = 0).
For the specific initial condition of our critical-layer problem, we have H = 0 for
all values of η.
Figure 3.6(a) illustrates the phase portrait of the system (3.69) for the special
√
choice η = ηc = 3/ 3 2. In this case, the orbit from (γr , γi ) = (0, 0) lies along a
separatrix that converges to a saddle point at (γr , γi ) = (0, −γe ), for τ → ∞, with
√
γe = 3 2 ≈ 1.26. Trajectories from (γr , γi ) = (0, 0) for a spread of values of η
around ηc are illustrated in figure 3.6(b); the presence of the separatrix at η = ηc
implies that these trajectories bifurcate in direction on the phase plane on passing
through that special level. Thus, a small variation in η about ηc can result in a
large change of γ at later times, implying high values of γη to feed into ζ .
For the numerical solutions of Section 3.5.3, although c1 and c2 do not vanish,
the forced-wave amplitude does remain slowly varying in τ, leading to a qualitatively similar dynamics: figure 3.6(c) plots the phase portrait of γ for five values of
η within the region where the dipolar stripe is focussed. As η varies from 2.38 to
2.48, the trajectories for different levels abruptly switch in direction near the point
(γr , γi ) = (0, −1.2). Although the slow variation of A(τ) precludes any trajectory
from reaching a steady value, the numerical solution for η = 2.43 slows down,
lingers and hesitates before selecting one of the two possible directions, much like
the orbits for c1 = c2 = 0 near the separatix in figure 3.6(a,b). The level of this
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Figure 3.6: Phase √
portraits of (γr , γi ) for (a) the Hamiltonian system (3.69)
with η = 3/ 3 2 and various H, with the thicker line indicating H = 0,
(b) trajectories from the point (γr , γi ) = (0, 0) for a selection of values of
η, and (c) the numerical solution of Section 3.5.3, at the five values of
η indicated. The black points in (b) and the (red and blue) pairs marked
(A, B) and (C, D) in (c) have the same values of |η − ηc |eσ τ .
√
trajectory is slightly shifted from 3/ 3 2 ≈ 2.38 because c1 and c2 are non-zero and
A(τ) 6= −1. Nevertheless, we conclude that the close passage to an effective saddle point on the (γr , γi ) phase plane is responsible for the focussing effect. For the
numerical solution, we therefore define η = ηc ≈ 2.43 to be the level for which γ
evolves slowest near the effective saddle, and refer to this location as the nonlinear
critical level.
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Continuing the analysis for c1 = c2 = 0, we may linearize the system (3.69)
about γ = −iγe to find that
∂
∂τ

!

γr

=

γi + γe

0

η − 3γe2

−η + γe2

0

!

γr

!

γi + γe

.

(3.71)

The two eigenvalues of the matrix are ±σ , with corresponding eigenvectors v+
and v− , where
√
q
3
2
2
σ = [(γe − η)] [η − 3γe )] ≈ σc = √
3
2

if η ≈ ηc .

(3.72)

The solution of (3.71) is then
!

γr

= r+ v+ eσ (τ−τ0 ) + r− v− e−σ (τ−τ0 ) ,

γi + γe

(3.73)

for some constants r± and a time constant τ0 indicating when the orbit reaches the
neighbourhood of the saddle point.
Now, along the separatrix converging to γ = −iγe for η = ηc , the constant r+
must vanish. But when η is close to, but not at ηc , this factor is small but finite,
hence a local linearization of r+ (η) near η = ηc leads us to set r+ ≈ C(η − ηc ),
for some constant C. Therefore,
γr
γi + γe

!
∼ C(η − ηc )v+ eσc (τ−τ0 ) ,

(3.74)

at large times. That is, for η near ηc , those pairs of (η, τ) with the same (η −
ηc )eσc τ should have the same γ. Although this property is derived from the local
linearization about the fixed point, it still holds when trajectories have progressed
further along the unstable manifolds of that saddle because the trajectories shadow
that curve. This is illustrated in figure 3.6 for both the Hamiltonian system and
the numerical solution, where the pairs of points plotted along sample orbits have
the same values for (η − ηc )eσc τ , and therefore similar γ, even though they correspond to different choices of (η, τ). We can express the property mathematically
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Figure 3.7: (a) Evolution of ζ0 near ηc = 2.43 at the times indicated. (b)
Scaled profiles, ζ0 e−σc (τ−τ0 ) against ξ = (η − ηc )eσc (τ−τ0 ) , choosing
τ0 = 3; (m = 1/2, f = 4/3, N = 4/3).

by writing the solutions in the self-similar form,
γ ≈ F(ξ ) and

ζ0 ≈ eσc (τ−τ0 )

d
|F(ξ )|2 ,
dξ

with ξ = (η − ηc )eσc (τ−τ0 ) ,
(3.75)

for some function F(ξ ) related to the shape of the unstable manifolds of the saddle point. Thus, the lengthscale of the nonlinear critical layer at η = ηc decreases
exponentially in time, accounting for the relatively rapid focussing of sharp spatial
variations in γ at later times in figure 3.4, and the amplitude of the vertical vorticity grows exponentially. Figure 3.7 presents four snapshots of ζ0 (η, τ) for the
numerical solution, then replots them against ξ and scaled by eσc (τ−τ0 ) , adopting
τ0 = 3; while the profile of ζ0 keeps sharpening and strengthening, the rescaled
profile remains nearly unchanged, confirming the self-similar structure in (3.75).
The exponential focussing towards the nonlinear critical level is problematic
as it implies that the higher-order harmonics of the forcing pattern, which are neglected in our nonlinear critical layer model, grow faster than the re-arrangments
of the mean flow. In particular, one can deduce that the vertical vorticity of the
jth Fourier component, exp[ j(ix + imz)], grows like e( j+1)σc τ . The model therefore
fails once the solution becomes overly focussed, heralding the onset of a further,
more complicated, stage of evolution.
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It is noted that in an even longer time, the variation of A also yields some significant effects. When the near-homoclinic trajectories in figure 3.6 return after
one period, the variation of A will render a different saddle point. Consequently,
in the long-time behavior, there could be multiple levels of focussing, which can
be observed in the left panels of figure 3.9(a),(b),(c) given subsequently. A deeper
analysis of this phenomenon concerns the topic of slow passage through the homoclinic orbits of slowly varying hamiltonian systems. We refer readers to Haberman
and Ho [70] and Diminnie and Haberman [71] for a detailed analysis on this topic.
We will not further discuss it here, as we expect that our model already fails when
the first focussing takes place.

3.6

Effects of diffusion

The increasingly fine scales encountered in the critical layer due to the exponential focussing suggest that dissipation may also become prominent over later times,
even if small initially. To explore this possibility in more detail, we return to the
governing equations and include the viscous terms ν∇2 (u, v, w) in (3.1)–(3.3) and
diffusive term κ∇2 ρ in (3.4). We then take the distinguished limit (ν, κ) = O(ε 2 ),
which corresponds to the order when dissipation first becomes important. In particular, with this scaling of ν and κ, the dissipative terms are too small to affect
the quasi-steady wave in the bulk of the flow, but enter the analysis of the baroclinic critical layers owing to the reduced spatial scale in y. Equation (3.51) is now
replaced with
∂ ρ1
mN
(ν + κ) ∂ 2 ρ1
+ iY ρ1 +
A = −iU0 ρ1 +
.
∂T
2
2ε 2 ∂Y 2

(3.76)

The Eulerian pseudomomentum is no longer equal to the mean-flow response, as
in (3.57), and we have to return to the mean-flow evolution equation:
∂U0
m
ν ∂ 2U0
∗
∗
=
(A
ρ
+
Aρ
)
+
,
1
1
∂T
N2
ε 2 ∂Y 2

(3.77)

(which follows from the substitution of (3.52)-(3.54) into the modified version of
(3.56)). The initial condition is still given by (5.20), the dissipative terms being
negligible at early times when the spatial scales are larger. The closure relations
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given by the match to the outer solution remain (3.59) and (3.60). Equations (3.76)
and (3.77) can be combined to furnish the integral relation,
d
dT

Z ∞
−∞

Z

(ν + κ) ∞ ∂ ρ1
|ρ1 |2 + 21 N 3U0 dY = −
ε2
−∞ ∂Y

2

dY,

(3.78)

provided that ρ1 and U0 decay sufficiently quickly for |Y | → ∞. We now briefly
discuss the dynamics captured by this dissipative version of the model, focussing
on the astrophysically relevant limit ν  κ, which allows the viscous term in (3.77)
to be neglected.

3.6.1

Modified canonical system

A scaling similar to that in Section 3.5.2, now furnishes the modified canonical
system,
∂γ
∂ 2γ
,
+ iηγ + A = −iγU + λ
∂τ
∂ η2

∂U
= A∗ γ + Aγ ∗
∂τ

(3.79)

and (3.63), where
U (η, τ) =



2N
m2

 13
λ=

and

U0

κN
.
m2 ε 2

(3.80)

This system may be solved numerically. For the task, we now use a Crank-Nicolson
method to evolve the system in time and centred finite differences method to evaluate spatial derivatives, exploiting Newton iteration at each time step to solve the
nonlinear equations.
Before characterizing the features of the numerical solutions, we first pause to
examine the dynamics in the limit that diffusion is relatively strong, λ  1. In this
limit, the large diffusive term λ γηη in (3.79) must be balanced by introducing the
rescalings, (γ, τ) = O(λ −1/3 ), η = O(λ 1/3 ) and U = O(λ −2/3 ). The advection of
the density perturbation by the mean-flow correction, iγU , is then small in the first
equation in (3.79), and if we again make the approximation of constant A, we find
γ ≈ −A

Z τ

3 /3−iqη

e−λ q

dq,

(3.81)

0

which is plotted in figure 3.8. At τ  1, (3.81) recovers the secular growth of the
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Figure 3.8: The analytical solution (3.81) for strong diffusion and A = −1,
showing (a) λ 1/3 γr and (b) λ 1/3 γi against the scaled space and time
variables λ −1/3 η and λ 1/3 τ. The (red) dots show the final steady-state
solution. The insets show corresponding numerical solutions to the reduced model, computed for λ = 5.3.

linear non-dissipative critical layer (cf. (3.66)), but over longer times, this solution
approaches a steady state, illustrating how diffusion is able to saturate that growth
before nonlinearity (and the advective term iγU ) enters the fray. Figure 3.8 also
illustrates how this dynamics does indeed characterize the full modified model for
larger values of the diffusivity, demonstrating how the analytical solution in (3.81)
agrees satisfyingly with numerical results computed with λ = 5.3. The steady state
prediction from (3.81) corresponds to the result of viscous critical-layer theory
presented by [4] for stratified tilted vortices (in which case, τ → ∞ in (3.81) and
the solution can be related to the Scorer function).
Nevertheless, the establishment of a steady state with spatial structure in the
density perturbation is inconsistent with the integral relation in (3.78). Indeed, if
γ approaches a steady state, U continues to grow linearly with τ, and for times of
order λ 1/3 , the advective term iγU can no longer be neglected in (3.79), heralding
the onset of a different, more complicated phase of evolution. Figure 3.9 shows a
suite of numerical solutions, illustrating this later evolutionary stage for cases with
stronger diffusion (right-hand panels), and other examples with smaller λ (lefthand panels). For the latter, diffusion is too weak to arrest the linear growth in the
critical layer and nonlinear focussing begin to occur; only when the spatial scale
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has reduced sufficiently does the dissipative effect take hold to limit the exponential amplification found for λ = 0. At that stage, a new phase of evolution again
emerges, much like that found for stronger diffusion. In particular, the oscillations
of the non-dissipative dynamics begin to fade with time, and a localized coherent
structure emerges that drifts to larger η under the advective effect of the meanflow correction. The structure leaves in its wake an increasingly strong deficit in
U , which is permitted by the constraint in (3.78) because diffusion may continually lower U as long as the gradients of γ remain finite.

3.6.2

Dissipative coherent structures

The drifting coherent structure can be analyzed further owing to its fine spatial
scale and the relatively slow timescale over which the system develops once the
larger-scale transients have subsided: assuming that λ  1 and A is real and constant, we search for a quasi-steady travelling wave solution in which
γ ≈ γ(ξ )

η
ξ=√ −
λ

and

Z

c dτ,

(3.82)

which characterizes a coherent structure with a length scale of

√
λ  1 and a drift

velocity given by c. Hence,
− cγ 0 + iη∗ γ + A ≈ −iγU + γ 00
where ξ = 0, or η∗ =

and

− cU 0 ≈ A∗ γ + Aγ ∗ ≈ 2Aγr , (3.83)

√ R
λ c dτ, prescribes the center of the coherent structure.

From (3.79) to (3.82), we have assumed η = η∗ to obtain the travelling wave solution. The justification of this approximation is that in figure 3.9, the coherent
structure drifts very slowly and η∗ changes little over a very long time period.
The fifth-order system of (3.83) may be solved subject to the far-field constraints that γ and U approach constant values as |ξ | → ∞. In particular, since
the coherent structure invades a region to the right in which γr = U = 0, but U
remains finite to the left (see figure 3.9), we demand the limits
(
(γr , γi , U ) →

(0, G+ , 0)

for ξ → ∞,

(0, G− , ∆U ) for ξ → −∞,

66

(3.84)

Figure 3.9: Solutions of the modified canonical model, showing (a) γr , (b) γi
and (c) U , for m = 1/2, f = 4/3 and N = 4/3, c1 = 0.238, c2 = 0.219
with the values of λ indicated (and corresponding to the three columns).
The colormap is the same in the first three panels of (a) and (b), but not
the rightmost panel. The quasi-steady wave amplitude A = Ar + iAi for
the four computations is shown in (d).
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where G+ = Aη∗−1 , G− = A(η∗ + ∆U )−1 and ∆U is the jump in the mean flow
across the structure. (3.84) imposes six boundary conditions to (3.83). One must
also remove the translational invariance of the system by imposing an additional
constraint. Thus, given η∗ , we solve (3.83) subject to those seven conditions, treating G− and c as unknown parameters (eigenvalues). This furnishes localized structures taking the form of “pulses” in γr and “fronts” in γi and U . Note that, as
the coherent structure drifts to the right, η∗ increases, corresponding to an evolution of the coherent structure, which is treated parametrically in the quasi-steady
approximation of (3.82) and (3.83).
Figure 3.10 shows a sample solution to (3.83) for (A, η∗ ) = (−1.2, 5.04), giving
G+ = −0.24. These choices for A and η∗ correspond to the numerical solution of
the modified canonical model for λ = 0.53 shown in figure 3.9 at τ ≈ 18, and they
are also plotted in figure 3.10. The solution to (3.83) compares satisfyingly with
the snapshot of the simulations near the core of the coherent structure, although
there are discrepancies further away arising from the influence of the far-field flow.
Figure 3.10 also includes data computed from (3.83) for G− , c and ∆U , as
functions of η∗ . In the limit of large η∗ , a simple rescaling of (3.83) and (3.84))
indicates the limiting behaviour,
G− → G+ = O(η∗−1 ),

−5/2

c = O(η∗

),

∆U = O(η∗ ).

(3.85)

The solution of (3.83) is compared to (3.85) together with measurements from the
numerical simulation in the figure. Similarly, the characteristic strength and width
−1/2

of the structure are γ = O(η∗−1 ), U = O(η∗ ) and ξ = O(η∗

). Thus, as the

coherent structure drifts to the right, and η∗ slowly increases, the drift velocity
declines, and the peak in γr and jump in γi must decrease and narrow. However,
the jump in ∆U continues to build up, predicting that the deficit in the mean flow
grows linearly with η for η < η∗ .
This behaviour of the coherent structure rationalizes the dynamics of the modified canonical model seen in figure 3.9: once the linear dynamics and nonlinear
focussing have subsided, the two features that remain are the decaying oscillations
near η = 0 and the drifting coherent structure. The structure leaves in its wake
a slowly diffusing density perturbation γ ≈ iG− (see the right-hand plots in fig68
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Figure 3.10: A coherent structure computed from (3.83) with η∗ = 5.04 and
A = −1.2, showing (a) γr and γi , and then (c) U (solid lines). The dotted lines show the numerical solution of the modified canonical model
(3.79), computed for λ = 0.53 at τ = 17.8 (at which moment the residual oscillations near η = 0 are less pronounced). In (b) and (d) we
show G− , c and the jump ∆U = −[U ]∞
−∞ against η∗ from the solutions to (3.83) for A = −1.2 (solid lines). The dashed lines show the
limiting behaviour for η∗  1 given in (3.85). The circles show data
for c and ∆U measured from the numerical solution of (3.79) with
λ = 0.53 from τ = 5 to τ = 15.4.

ure 3.9(b)) and a gradually strengthening mean flow correction ∆U , as seen on
the right of figure 3.9(c). Thus, with diffusion, all growth in the density perturbation becomes arrested, leaving a widening and strengthening, jet-like defect in the
streamwise mean flow.
One final concern is the impact of viscosity on the dynamics of the coherent
structure: it is clear from (3.77) that the growth of the mean flow correction may
be halted when ν = O(ε 2 ). Indeed, in the limit of stronger diffusion, the viscous
term may allow U to also reach a steady state within the critical layer. However, as
for the classical critical layers of Rossby waves [72] and clear from the constraint
(3.78), a genuine steady state is not possible with dissipation. Instead, the mean-
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flow correction must inevitably spread viscously out of the critical layer, even if
a quasi-steady state is reached locally. Such considerations suggest that viscosity,
if sufficiently strong, may prevent the creation of the drifting coherent structure,
although a widening jet-like defect might still appear in the mean flow.

3.7

Discussion

In this chapter, we have studied the non-dissipative, nonlinear dynamics of forced
baroclinic critical layers using matched asymptotic expansion. In the linear regime,
the forcing establishes a steady wave response outside the critical layers, but disturbances grow secularly inside the critical layer, which thins with time. The behavior is very similar to the forced critical layers of both Rossby and internal gravity
waves [1, 2, 16, 17, 67]. Continuing the analysis, we then studied the weakly nonlinear dynamics of the critical layer, finding that the adjustment of the mean flow
provides the most important feedback on the growing disturbance there. Guided
by the critical-layer scalings exposed by the weakly nonlinear analysis, we then
derived a reduced model for the nonlinear critical layer. The numerical solution of
the reduced model reveals a continued growth of the vertical vorticity as the disturbance is focussed exponentially quickly into a finer region within the critical layer.
The focussing progresses uninterrupted until the reduced model breaks down.
Such pathological behaviour is quite different to that of the forced critical layer
of a Rossby wave, where nonlinearity halts the secular linear growth and the mean
vorticity distribution overturns into a distinctive cat’s eye structure [1, 2, 24]. In that
process, all the harmonics of the forcing pattern are excited to the same strength
of the fundamental component. By contrast, in our nonlinear theory of the forced
baroclinic critical layer, the adjustment to the mean flow arrests the linear growth
and prompts the focussing of the vorticity before any of the higher harmonics becomes important. It is only once the strength and lengthscale of the focussed vorticity pass out of the asymptotic regime of our theory that the harmonics will appear.
One important contributor to this feature is that the position of the baroclinic critical level itself is dependant on the streamwise wavenumber. The critical level of
the forcing does not therefore coincide with those of the harmonics. This filtering
action weakens the impact of those harmonics within the baroclinic critical layer,
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leaving the adjustment of the mean flow as the main nonlinearity.
The nonlinear structures developed in our forced baroclinic critical layers (jetlike defects in the mean velocity and dipolar stripes in the vorticity) may well
be the analogues of the features seen in the simulations of Marcus et al. (2013)
and Wang [73]. Unlike in the reduced model, however, where these structures
continue to focus, the mean flow structures spawned in the simulations roll up
into new vortices, providing part of the chain of events leading to self replication.
Thus, our model likely misses important secondary instabilities. Indeed, Killworth
and McIntyre [24] and Haynes [3] have shown that the nonlinear evolution of a
forced Rossby wave can be susceptible to shorter-wavelength shear instabilities
and generate “critical layer turbulence” along the filaments of vorticity wrapped
around the main cat’s eye (see also [74]). We will study the secondary instability
caused by the mean-flow defect in Chapter 4, which may explain the rollup and
self-replication of zombie vortices.
Marcus et al. [59] further argued that self replication is a finite-amplitude instability, requiring the amplitude of the initial disturbance to exceed a certain threshold. By contrast, the secular growth and nonlinear focussing of the disturbance
inside the critical layer is triggered for an arbitrarily small forcing amplitude in our
analysis. Nevertheless, we have idealized the driving as a steady wavemaker, and
ignored any possible evolution of that forcing. If the wavemaker cannot be sustained indefinitely, a threshold likely emerges that demands that the forcing act for
sufficient time and strength to drive the baroclinic critical layers to the point where
secondary instability can arise.
The continued focussing of the mean vorticity layer also indicates that dissipative effects are likely to become important in the later stages of evolution inside
the baroclinic critical layer. Including the diffusion of density (i.e. heat or salt) in
the theory leads to a modification of the reduced model, which now takes a partial differential form. A brief exploration of the modified model demonstrates that
weak diffusion can arrest the focussing to the nonlinear critical level. Interestingly,
a drifting solitary-wave like object then emerges, with a structure that can be analyzed analytically. The solitary wave leaves in its wake another jet-like defect in
the mean flow, but this time the defect gradually widens and deepens as the object
slowly drifts.
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In summary, when a steady forcing drives waves with baroclinic critical levels into a horizontally sheared flow with vertical stratification, the growing density perturbations predicted by linear theory become saturated by nonlinear effects.
Although this saturation is demanded by the conservation laws of the governing
equations, those constraints still permit the density perturbation to develop finer
spatial structure over a region within the baroclinic critical layer. This nonlinear
focussing effect takes place exponentially quicky, developing sharp jet-like defects
in the mean flow, which can survive even in the presence of weak dissipation.
This dynamics of the baroclinic critical layers is more destructuve than that for the
classical critical layers of Rossby waves and internal gravity waves, and plausibly
rationalizes part of the cycle of vortex self replication observed by Marcus et al.
[6] in numerical simulations.
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Chapter 4

Secondary instability of forced
baroclinic critical layers
4.1

Introduction

In Chapter 3, we have proposed that a secondary instability could take place in the
baroclinic critical layer, which may account for the rollup of critical layers into
new zombie vorticies as in the simulartion of Marcus et al. [6]. In this chapter,
we show that such a secondary instability does exist, and we will study its linear
evolution in detail.
For Rossby wave critical layers, Killworth and McIntyre [24] have shown that
Stewartson [1] and Warn and Warn [2]’s solution for the critical layer’s nonlinear evolution is unstable to short-wave disturbances. The instability is a twodimensional shear instability caused by the local reversal of vorticity gradient.
Haynes [27] and Haynes [3] performed numerical computation for the later nonlinear evolution of the instability. It was shown that the instability could bring about
small structures in the critical layer, which can cause considerable rearrangement
of vorticity and change the critical layer’s momentum absorptivity.
One important property of the critical-layer instability is that it is caused by
the strong vorticity gradient localized in the small critical-layer region. This structure allows for a matched asymptotic analysis which leads to a simple dispersion
relation represented by an integral [24]. This type of instability has been studied
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earlier by Gill [25]. He showed that a localized vorticity defect seeded in a Couette
flow is sufficient to make the flow unstable, and derived an integral relation for the
stability boundary. Balmforth et al. [26] further exploited the mathematical simplification of the defect dynamics and made a more comprehensive analysis. They
studied instabilities of typical defect profiles, provided the general conditions for
instability and solved the initial value problems.
Another important aspect of the critical-layer instability is that the basic flow is
unsteady as the critical layer itself evolves. This renders difficulties to the analysis
since a normal-mode solution is not valid in general for unsteady basic flows. The
analysis of Killworth and McIntyre [24] has circumvented this difficulty by taking
advantage of the scale separation of Stewartson [1] and Warn and Warn [2]: under
the condition that the streamwise wavelength of the forcing is much longer than
the cross-stream length scale, the instability grows much faster than the evolution
of the critical layer itself, so we may parameterize the time of the latter and simply study the normal mode at different times. When such a scale separation is not
available, the normal mode solution does not yield valid results and one may have
to study the temporal evolution via numerical simulation [3]. More generally, so
far, only several types of unsteady basic flows have been found to allow for analytical insights to their instabilities. As summarized by Drazin and Reid [12], the
few examples include periodic basic flows [75], basic flows whose time and spatial
variables are separable [76] and the solitary wave solution of KdV equation [77].
For our current problem, we have shown in Chapter 3 that the baroclinic critical layer evolves into a pattern of a dipolar vortex stripe, which possesses local
maxima and minima of vorticity. We therefore expect the baroclinic critical layer
admits a secondary instability similar to that of Rossby-wave critical layers and
vorticity defects. We can then take advantage of the matched asymptotic analysis in those problems. Surprisingly, this method helps us to derive an asymptotic
solution for the temporal evolution of the secondary instability. We therefore find
another example where we may study the instability of unsteady flows with analytical insights.
Our secondary instability also shares similarity with the defect instability of
Umurhan et al. [32]. They also considered stratified flow with horizontal shear,
and seeded a defect in the basic flow. The defect then induces linear instability, but
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different from previous defect instabilities of two-dimensional flows, the unstable
mode possess two baroclinic critical levels, which may represent the replication of
zombie vortices. Our picture is very similar, but instead of using simple idealized
defect profiles as they did, our mean-flow defect is the actual unsteady mean-flow
response we obtained in Chapter 3. Hence our results may be more realistic in view
of explaining the zombie vortex instability.
Boulanger et al. [38] have shown that the baroclinic critical layers in stratified,
titled vortices also suffer secondary instability. The instability is induced by the
strong shear of vertical velocity of the linear viscous critical layer. But their critical
layer has specific properties endowed by the tilted vortices which may not apply to
our critical layer, hence their instability is a little more different from ours, and we
will not further comment.
The layout of this chapter is as follows. In Section 4.2, in view that the baroclinic critical layer evolves in a slow time scale, we first parameterize time and
undertake a normal mode analysis. This allows us to gain important insights to
the properties of the secondary instability. We will identify similarities to defect
instabilities in previous studies. Then in Section 4.3, we take advantage of these
properties to build an asymptotic theory for the secondary instability. The analysis is again similar to that for defect dynamics, but we may include the effect of
unsteady basic flow and derive the actual temporal evolution of the secondary instability. We will also consider the instability of various wavenumbers, bringing
the special behavior of higher harmonics into attention. We confirm the asymptotic
theory in Section 4.4, where we solve the equations of the secondary instability
numerically. Finally, we conclude in Section 4.5.

4.2

Normal mode analysis

To study the secondary instability, we first need to decide the basic flow which
small disturbances should be added to. In the analysis of Killworth and McIntyre
[24] for Rossby wave critical layers, the basic flow was the nonlinear solution of
Stewartson [1] and Warn and Warn [2] which include all wave components. But
in our problem, in Chapter 3 we have shown that higher-order harmonics remain
small until the nonlinear model breaks down. For the fundamental mode, we do
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not think it will give rise to secondary instability of Rossby waves by itself, as the
instability in Killworth and McIntyre [24] appeared after the critical layer becomes
nonlinear. Boulanger et al. [38] have shown that the linear baroclinic critical layer
itself does admit a secondary instability, but the instability is strongly dependent
on their tilted-vortex structure, for example, a small tilting angle which allows
for a vertical scale separation between the linear critical layer and its instability.
Such properties are not available in our problem, so we think the fundamental
mode is unlikely to induce a secondary instability. The mean-flow response in
the baroclinic critical layer, however, has strong similarities with the basic-flow
defects of Gill [25] and Balmforth et al. [26], and is therefore very likely to be
unstable. So we will use the mean-flow response as the basic flow for the secondary
instability. The benefit of this approach is that we may consider the instability of
any wavenumber, otherwise the wave of the disturbance must be much shorter than
the streamwise length scale of the basic flow, as in Killworth and McIntyre [24].
We continue with the model in Chapter 3, and consider the basic flow of velocities [U(y,t), 0,W (y,t)] and density G(y,t), which is the time-dependent mean flow
in the weakly nonlinear analysis we studied in Section 3.4:
U = y + ∆U,

∆U = ε 2 u0 ,

W = ε 2 w0 ,

G = ε 2 ρ0 ,

(4.1)

where u0 , w0 and ρ0 are defined in (3.35). Unless specially indicated, we use the
same notations as in Chapter 3. We consider U, W and G to be forced by linear disturbances (i.e., we substitute the solution of linear critical layers in Section 3.3.2 to
the mean-flow responses (3.36)-(3.38)), because we will see that the secondary instability first appears when the baroclinic critical layer is still linear. In this regime,
∆U, W , and G are all of order O(ε 2t 2 ) (up to logt corrections), and their length
scales shrink with time in the form of |y − N | ∼ t −1 .

76

Figure 4.1: Mean-flow modification of streamwise velocity ∆U at t = 20 and
t = 30, m = 1/2, f = 4/3, N = 4/3, ε = 0.01.
We will see that ∆U plays the key role in the secondary instability, and we have
a simple expression for it:
∆U =

ε 2 m2 cos(y − N )t − 1
.
N
(y − N )2

(4.2)

In figure 4.1, we have plotted two sample profiles of ∆U. We see that ∆U features a jet-like profile localized around the baroclinic critical level y = N . Such
a localized mean-flow modification added to the linear shear flow is similar to the
structure of defect dynamics as in Gill [25], Balmforth et al. [26] and Umurhan
et al. [32]. The profile admits inflectional points, so it is likely to be unstable. Another important property of ∆U is that it is unsteady: it keeps strengthening and
sharpening. As a result, its instability could admit significant differences to that of
steady flows.
We consider small disturbances (u0 , v0 , w0 , p0 , ρ 0 ) added to such unsteady mean
flows, then we linearize the governing equations and obtain:
ut0 +Uu0x +Wu0z + (Uy − f )v0 = −p0x ,
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(4.3)

vt0 +Uv0x +W v0z + f u0 = −p0y ,

(4.4)

wt0 +Uw0x +W w0z + v0Wy + ρ 0 = −p0z ,

(4.5)

ρt0 +Uρx0 +W ρz0 + v0 Gy − N 2 w0 = 0,

(4.6)

u0x + v0y + w0z = 0.

(4.7)

We have again neglected dissipation effects as the first step to understand the secondary instability. As before, we may derive an equation for the vertical component
of vorticity:



∂
∂
∂
+U
+W
(v0x − u0y ) − v0Uyy + (Uy − f )w0z −Wy u0z = 0.
∂t
∂x
∂z

(4.8)

In this section, we consider the normal mode solution
(u0 , v0 , w0 , ρ 0 , p0 ) = ε[ǔ(y), v̌(y), w̌(y), ρ̌(y), p̌(y)]eik(x+µz−ct) + c.c.,

(4.9)

where k is the wavenumber in the horizontal streamwise direction (scaled by the
wavenumber of the forcing kx ), and µ is the ratio of vertical wavenumber to horizontal wavenumber. We search for the phase velocity c such that it enables all
disturbances to decay to 0 as y → ±∞ and therefore serves as an eigenvalue to the
linear system.
Since U, W and G are time-dependent, the solution of ǔ, v̌, w̌, ρ̌, p̌ and c will
be functions of time, too. But in the previous chapter, we have shown that U, W
and G evolve in a slow time scale, so we could expect the time-dependence of
ǔ, v̌, w̌, ρ̌, p̌ and c are also weak, and therefore, as a leading order approximation,
we parameterize time (i.e., we neglect ∂t except on e−ikct ). This approach will
enable us to gain essential insights to the secondary instability, which helps us to
further probe the actual time-dependence later on.
We may solve the eigenvalue problem first by a shooting method. After some
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algebraic manipulation, we can obtain an ODE for p̌:


2Dc Dc,y + fUyy
(DN − D2c )Wy − iGy Dc
p̌yy + −
+ kµ
p̌y
Df
DN Dc



2Dc Dc,y + fUyy
DcWy + iGy
kµ
2
+ kf
−k +
p̌ = 0,
−kµD f + k f
Dc D f
DN
Dc
(4.10)
where
Dc = k(U − c + µW ),

D f = k2 (U − c + µW )2 − f ( f −Uy ),

DN = k2 (U − c + µW )2 − N 2 .

(4.11)

We require p̌ → 0 for both y → ∞ and y → −∞, and this poses an eigenvalue
problem for c. In practice, it is helpful to exploit the asymptotic limit of p̌ at large
|y|:
p̌ ≈ C+ e−k

√

1+µ 2 y

√
y  1,

p̌ ≈ C− ek

1+µ 2 y

y  −1,

(4.12)

where C− are C+ constants. The problem is then translated to finding c and C+ /C− ,
which may be solved by shooting from |y|  1 to the central region.
To confirm the results, we also solve the problem by a matrix method. We take
the divergence of (4.3), (4.4) and (4.5) and use (4.7) to eliminate ut0 , vt0 and wt0 , then
we can derive an integral representation of p̌ without c:
√ 2 Z
i
p
e−k 1+µ y y k√1+µ 2 y0 h
p̌ = − p
( f − 2Uy − 2µWy )iv̌ + f 1 + µ 2 ǔ − iµ ρ̌ dy0
e
2 1 + µ 2 −∞
√ 2 Z
i
p
ek 1+µ y ∞ −k√1+µ 2 y0 h
− p
( f − 2Uy − 2µWy )iv̌ − f 1 + µ 2 ǔ − iµ ρ̌ dy0 .
e
2 1 + µ2 y
(4.13)
We then discretize the domain into a finite number of grid points: [y1 , y2 , ..., yn ],
and we define a vector to represent the values of ǔ, v̌, w̌ and ρ̌ on these points:
X = [ǔ1 , ǔ2 ...ǔn , v̌1 , v̌2 ...v̌n , w̌1 , w̌2 ...w̌n , ρˇ1 , ρˇ2 ...ρˇn ]T .
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(4.14)

We evaluate the integrals in (4.13) numerically, using the values of integrants on
the grid points, then substitution into (4.3)-(4.6) yields a discretized linear system
in form of
MX = ikcX,

(4.15)

where M is a large matrix of size (4n × 4n). Finally, we solve the eigenvalues of
M to obtain c. This method is relatively expensive and less precise, but can give us
all the possible eigenvalues.

Figure 4.2: Eigenvalue c computed by the method of matrix eigenvalues
(4.15). The parameters are m = 1/2, f = 4/3, N = 4/3, ε = 0.01,
k = 1, µ = 1/2 and the mean-flow modifications are chosen at t = 30.
The computation domain is y ∈ [−7 + N , 7 + N ], which is discretized
by 3000 evenly distributed grid points. (4.13) is evaluated numerically
using a composite trapezoidal rule.
Figure 4.2 shows an example for the numerical results of c computed by the
method of matrix eigenvalues. For each eigenvalue, we plot a dot for its real part cr
versus imaginary part ci . We consider the parameter set of m = 1/2, f = 4/3, N =
4/3, ε = 0.01 as before. The parameterized time which we used to evaluate the
mean flow is chosen at t = 30. The computation domain is y ∈ [−7 + N , 7 + N ]
where we put 3000 evenly distributed grid points to evaluate (4.13) numerically
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using a composite trapezoidal rule. For the disturbance, we select the Fourier component of the forcing k = 1, µ = m as a typical example. This is the dominant
Fourier component observed in the rollup of the simulation of Marcus et al. [6]
and Wang [73], which may because the forcing and the secondary instability share
the same periodic domain, and the fundamental mode has much stronger excitation
compared to the harmonics.
We see a horizontal thick line lying on the real axis. These eigenvalues correspond to Dc = 0 and DN = 0 in (4.11), which are
cV = U + µW

cG = U + µW ± N .

(4.16)

cV and cG are the Doppler-shifted phase velocities of vortical modes and internal
gravity waves, respectively. Since U varies continuously with y due to the shear,
we get a ‘continuous spectrum’ of eigenvalues.
We also see a pair of dots lying above and below the continuous spectrum.
These discrete eigenvalues are the normal modes. In particular, the one with a positive imaginary part is an unstable mode, signifying the existence of the secondary
instability. Here we only have one unstable mode, and in fact, it is associated with
one of the two inflectional points of the major peak of ∆U in figure 4.1. From a
Nyquist method, Balmforth et al. [26] have shown that if the basic flow has N inflectional points, there can be at most (N + 1)/2 unstable modes. At later times, we
may have more unstable modes as the inflectional points of adjacent small peaks
come into effect, but their instabilities are much weaker and we will not consider
them.
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Figure 4.3: Eigenvalue c at different times, k = 1, µ = m = 1/2, f = 4/3,
N = 4/3, ε = 0.01.
Figure 4.3 shows the eigenvalue c computed by basic flows at different times.
Before t = 27.5, the mean-flow modification is too weak to support a normal mode,
and we only have the continuous spectrum in figure 4.2. At t = 27.5, a mode first
emerges with ci = 0; it then becomes more unstable due to a strengthening meanflow modification. The real part of the phase velocity cr , however, remains nearly
a constant. Its value is always close to N = 4/3, and importantly, it is distinct to
c = 0 of the fundamental mode generated directly by the forcing. The baroclinic
critical layer of the fundamental mode around y = N is therefore the classical
critical layer for the secondary instability.
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Figure 4.4: Eigenfunctions of the unstable mode at t = 30, k = 1, µ = m =
1/2, f = 4/3, N = 4/3, ε = 0.01.
The eigenfunctions of the secondary instability are shown in figure 4.4. Their
distributions are centered around their classical critical level near y = N . Here
we have ǔ, v̌ much stronger than w̌, and ǔ features a jump across the critical level.
These characteristics are the hallmark of 2-dimensional horizontal shear instability.
We also observe that ρ̌ and w̌ have large amplitudes near their baroclinic critical
83

levels y = c ± N . y = 2N is essentially a new critical level and we think its
formation explains how the zombie vortex can replicate itself. Our eigenfunctions
share qualitative similarities with Umurhan et al. [32]’s results: they also have
strong amplitudes of density and vertical velocity near the new baroclinic critical
levels. But one of their baroclinic critical level is significantly strong than the other,
which we guess may because they used a different defect from ours.
With the results we obtained, we now propose a mechanism for the secondary
instability, from which we may obtain its characteristic scales. One way to understand the secondary instability is to look at the situation without the mean-flow
modification where such unstable modes do not exist, and then consider how a localized mean-flow modification makes them possible. We define p̌− and p̌+ as the
solution of (4.10) with the same c as p̌ but with U = y, V = W = G = 0. Clearly
p̌− and p̌+ cannot decay to zero for both y → ∞ and y → −∞, but they can do so in
one of the limits, which we define as:
p̌− → 0

as y → −∞,

p̌+ → 0

as y → +∞.

(4.17)

Figure 4.5: p̌, p̌+ and p̌− at the onset of secondary instability at t = 27.5,
c = 1.425; k = 1, µ = m = 1/2, f = 4/3, N = 4/3, ε = 0.01.
Figure 4.5 shows p̌ and p̌± at the onset of instability t = 27.5. In this situation
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c = 1.425, which is close to N = 4/3. Away from the critical level, the mean-flow
modification is negligible, so p̌ is the same as p̌± for y ≷ N . In the critical layer,
p̌y gradually reverts its direction and connects p̌+,y and p̌−,y on two sides, making
it possible that p̌ → 0 for both y → ∞ and y → −∞. Hence the essential condition
for a normal mode to form is a sufficiently strong p̌yy to revert the direction of p̌y
across the critical layer. We may use this information to obtain the scales of the
critical layer at the onset of secondary instability.
Let us assume that the onset of secondary instability appears at t = ts , and
the baroclinic critical layer has length scale |y − N | ∼ δs at this time. From the
dynamics of linear baroclinic critical layers, we have δs ∼ ts−1 . p̌ changes little in
the critical layer, so we may normalize
p̌ ≈ 1,

y≈N .

(4.18)

p̌y changes continuously from p̌−,y to p̌+,y which are both O(1) determined by the
outer flow. Hence to revert the direction of p̌y , we need
p̌yy ∼

p̌+,y − p̌−,y
∼ δs−1
δs

(4.19)

From (4.10), the leading-order of p̌yy is given by
p̌yy ∼ k

Uyy
Uyy
p̌ ∼
.
Dc
δs

(4.20)

where we have used Dc = k(U + µW − c) ≈ k(y − N ) ∼ kδs in the critical layer.
Comparing with (4.19), we therefore need
Uyy ∼ 1

(4.21)

for the secondary instability. From the mean-flow response of baroclinic critical
layer, (cf. (4.2)),
Uyy ∼

ε2
δs4

(4.22)

Thus we finally obtain
1

δs ∼ ε 2 ,

1

ts ∼ ε − 2 .
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(4.23)

To confirm this conclusion, we have computed the values of ts at various ε, shown
1

1

in figure 4.6. We see that the relation ts ∼ ε − 2 is very well satisfied. Since ε − 2 <
2

ε − 3 , the secondary instability first appears when the baroclinic critical layer is still
linear. This justifies our analysis of using weakly nonlinear mean-flow responses
as the basic flow, but it could also mean that the nonlinear dynamics of baroclinic
critical layers we studied in Chapter 3 may be affected by the secondary instability.

1

Figure 4.6: Time of onset of instability ts versus ε and ε − 2 , k = 1, µ = m =
1/2, f = 4/3, N = 4/3.
We identify significant similarities of our current unstable modes to those in
the defect instability of Gill [25] and Balmforth et al. [26]. That c is close to the
basic flow velocity in the critical layer, that p̌ is nearly constant but p̌y has a jump,
that Uyy plays the crucial role and that the length scale is in order of square root of
the defect amplitude, are all essential properties of the defect instability. Moreover,
although our system is more complicated with density stratification, vertical velocity and densities disturbances, they do not come into the leading order dynamics of
the secondary instability. All these similarities suggest that the secondary instability shares the fundamental mechanism with the defect instability, so we may adopt
their tool of matched asymptotic analysis to gain further analytical insights, which
will be undertaken in the next section.
At the end of this section, we comment on the validity of the normal mode
analysis. The assumption of the analysis is that we may parameterize time, and it
is justified if the variation of the mean flow is slow compared to that of the mode
e−ikct itself. We have found c ≈ N to leading order, so the mode does oscillate
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much faster than the mean flow. Hence we expect the normal mode ∼ e−ikN t as
well as the profiles of the eigenfunctions are good approximations to the actual
solution. However, the growth rate ci shown in figure 4.3 is not big. One can find
that ci is in the same order of δs which is the order of mean flow’s rate of change.
As a result, the value of ci may not be the actual growth rate of the secondary
instability; all we can say is that the flow will become unstable and grow over a
time scale of δs−1 . Similarly, the precise value of ts does not make sense, either; it
only tells us the order of time when the instability takes place. We will reveal the
actual evolution of the secondary instability in the next section.

4.3

An asymptotic theory for secondary instability

In this section, we build an asymptotic theory for the secondary instability, taking
advantage of the small scale of the critical layer and the properties of the secondary
instability obtained in the normal mode analysis. The matched asymptotic analysis
we use is very similar to that of Gill [25] and Balmforth et al. [26], but we may
take into account the unsteadiness of the basic flow and derive the actual temporal
evolution of the secondary instability.
The secondary instability has phase velocity close to N , and outside the critical layer, the mean-flow modification is negligible. So we may construct a quasisteady wave solution for the outer region:
(u0 , v0 , w0 , p0 , ρ 0 ) = εΦ(T )[û(y), v̂(y), ŵ(y), p̂(y), ρ̂(y)]eik(x+µz−N t) + c.c., (4.24)
û(y), v̂(y), ŵ(y), p̂(y), ρ̂(y) are the steady wave solution without mean-flow mod1

ification, and the amplitude Φ varies with the slow time T = ε 2 t of the critical
layer. The exponential growth of the secondary instability is included in Φ(T ).
û(y),v̂(y),ŵ(y), p̂(y),ρ̂(y) are governed by
2k2 (y − N )
p̂yy − 2
p̂y
k (y − N )2 − f ( f − 1)
 2

2
2
2
2 k (y − N ) − f ( f + 1)
2 2 k (y − N ) − f ( f − 1)
− k 2
+k µ
p̂ = 0,
k (y − N )2 − f ( f − 1)
k2 (y − N )2 − N 2
(4.25)
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and
û =

ŵ =

( f − 1) p̂y − k2 (y − N ) p̂
,
k2 (y − N )2 − f ( f − 1)

−k2 µ(y − N ) p̂
,
k2 (y − N )2 − N 2

v̂ =

ρ̂ =

ik[(y − N ) p̂y − f p̂]
,
)2 − f ( f − 1)

k2 (y − N

ikµN 2 p̂
.
k2 (y − N )2 − N 2

(4.26a, b, c, d)

Note that they are different from the ˆ variables in Chapter 3. Motivated by figure
4.5, we demand p̂ is continuous across y = N but p̂y has a jump. Hence we
normalize the series solution of p̂ near y = N to be
(
p̂ =

( f − 1)[1 + α+ (y − N ) + ...]

y>N ,

( f − 1)[1 + α− (y − N ) + ...]

y<N ,

(4.27)

where α+ and α− are determined by the condition that p̂ → 0 as y → ∞ and y →
−∞. In this setting, the classical critical level of the secondary instability, y = N is
not a singularity of (4.25) and hence there is no singular terms in the series solution
(4.27). The discontinuity of p̂y is induced by the local mean-flow anomaly which
we will subsequently analyze. It is also noted that the steady-wave solutions have
their baroclinic critical levels y = 0 and y = 2N , which are their singularities. We
expect that the flow here behaves similarly to the forced linear baroclinic critical
layers which we studied in Chapter 3. We will defer this issue to future studies on
the ‘replication of zombie vortices’; here we only use the fact that the baroclinic
critical layers render a constant jump of û, v̂ and p̂y as long as they remain linear
so that α+ and α− remain constant.
In the limit of y → N , (4.26) indicates
1
û → − p̂y ,
f

v̂ → ik,

ŵ → 0,

ρ̂ → −iµk( f − 1),

(4.28a, b, c, d)

so û has a jump across y = N :
(û)y=N + − (û)y=N − = −

f −1
(α+ − α− ).
f

(4.29)

These relations imply the properties of flow in the critical layer: we expect p, v and
ρ are nearly uniform to leading order, w is small, and u will vary.
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Next, we study the critical layer around y = N . We consider the time and
length scales at the onset of instability which are obtained from the normal mode
analysis in the previous section:
1

T = ε 2 t,

Y=

(y − N )
1

,

(4.30)

ε2
so the disturbances are expressed by
(u0 , v0 , w0 , p0 , ρ 0 ) = ε[ŭ(Y, T ), v̆(Y, T ), w̆(Y, T ), p̆(Y, T ), ρ̆(Y, T )]eik(x+µz−N t) + c.c.
(4.31)
Note that T and Y in this chapter have different definitions with those in Chapter 3.
1

The mean-flow modifications ∆U, W and G grow to order ε at t = O(ε − 2 ), hence
we rescale them by
∆U = εU ,

W = εW ,

G = εG

(4.32)

For U , we again have the simple expression
U =

m2 cos(Y T ) − 1
.
N
Y2

(4.33)

One may derive the leading-order of (4.5) and (4.6), which are
ρ̆ = −ikµ p̆,

1

w̆ = ε 2

ρ̆T + ikY ρ̆ + v̆GY
.
N2

(4.34)

This indicates the vertical velocity w̆ is at a higher order compared to other disturbances, hence we may assume the flow is two-dimensional to leading order and
define a stream function ψ such that
u0 = −ψy0 ,

v0 = ψx0 .

(4.35)

To realize the property that to leading order, v0 is a constant identical to (4.28b)
while u0 has a jump across the critical layer, ψ 0 has the form
h
i
1
ψ 0 = ε Φ(T ) + ε 2 Ψ(Y, T ) eik(x+µz−N t) + c.c.
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(4.36)

Substituting (4.30)-(4.36) into the vorticity equation (4.8), we obtain



∂
+ ikY ΨYY = ikΦUYY .
∂T

(4.37)

The last two terms of (4.8) related to w0 and Wy are at higher orders, so (4.37) only
concerns the horizontal flow. We define the vorticity Z = ΨYY , then applying the
jump condition of u0 given by (4.29), we obtain the governing equations of the
reduced model for Φ(T ) and Z (Y, T ):


Z ∞
−∞


∂
+ ikY Z = ikΦUYY ,
∂T

Z dY =

(4.38)

Φ( f − 1)
(α+ − α− ).
f

(4.39)

This reduced model is very similar to that of the defect instability of Gill [25] and
Balmforth et al. [26], though it involves f due to the planetary rotation and α± due
to a more complicated outer flow. But unlike their steady defect, our mean-flow
modification U itself evolves with T , so the secondary instability may not be in
form of a normal mode.
The solution of Z from (4.38) is
Z = Z0 (Y )e−ikY T +

Z T
0

0

ikΦ(T 0 )UYY (Y, T 0 )eikY (T −T ) dT 0 ,

(4.40)

where Z0 is the initial condition of Z at T = 0. Substituting (4.40) into (4.39)
yields
Z ∞
−∞

Z0 (Y )e

−ikY T

Z T

ikΦ(T 0 )I(T 0 , T )dT 0 =

+
0

Φ( f − 1)
k(α+ − α− ),
f

(4.41)

where
Z ∞

I=
−∞

0

UYY (Y, T 0 )eik(T −T )Y dY = −k2 (T 0 − T )2

Z ∞
−∞

0

U (Y, T 0 )eik(T −T )Y dY.
(4.42)

With the expression of U given in (4.33), we may evaluate this integral analyti-
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cally:

 0
2 2
I=
 πm k (T 0 − T )2 [(k + 1)T 0 − kT ]
N

0 ≤ T0 ≤
T0 >

k
k+1 T,

k
k+1 T.

(4.43)

The results may be derived taking advantage of the Fourier-transform relation
Z ∞
sin2 at −iωt
e
dt =
2

(

t

−∞



π a − |ω|
|ω| ≤ 2a,
2

(4.44)

|ω| > 2a.

0

Substituting (4.43) into (4.41) and (4.42), we obtain an integral equation for Φ:
i
Φ(T ) = − σ
2

Z T
k
k+1 T

Φ(T 0 )(T 0 − T )2 [−kT + (k + 1)T 0 ]dT 0 + tilt,

(4.45)

with
2πm2 k3 f
σ =−
,
N ( f − 1)(α+ − α− )

f
tilt =
k( f − 1)(α+ − α− )

Z ∞
−∞

Z0 e−ikY T dT.
(4.46a, b)

Here σ is a real number (α+ and α− have the same imaginary parts due to symmetry about y = N of the outer solution). tilt represents the effect of vorticity
tilting caused by the shear. It decays in O(T −2 ) for large T (cf. Brown and Stewartson [78] ), so we may neglect it if the focus is on the instability. We may then
differentiate (4.45) to obtain a differential equation:
−iσ k2
ΦT T T T +iσ [(T Φ)T − 3kΦ] =
(k + 1)3

"

T 2φ
2

#


TT

+ 2(k + 1) (T φ )T + 3(k + 1)2 φ ,
(4.47)

where φ = Φ

k
k+1 T



is Φ evaluated an earlier time, but when the solution grows

exponentially, we should have φ  Φ for T  k + 1, so we may neglect the terms
on the righthand side of (4.47) and obtain a WKB solution
Φ=

Φ0
1

T k+ 3

 h
i 1 4
3 √
exp
3 − i sgn(σ ) |σ | 3 T 3 .
8

(4.48)

Here Φ0 is a constant dependent on the wavenumber k. It is determine by the
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earlier evolution before the WKB solution becomes valid, which is difficult to study
analytically. In practice, we fix it by matching to the numerical solutions. (4.48)
reveals the essential property of the secondary instability: due to the unsteadiness
of the basic flow, the exponential growth is different from the usual normal mode
4

1

instability: it grows exponentially with T 3 and there is a prefactor T − 3 −k in the
slowly varying amplitude.
Next, we explore the effect of wavenumber k on the secondary instability. The
mean-flow modification is forced by the linear waves with a specific wavenumber;
as a result, the instability depends strongly on whether the disturbance has shorter
waves (k > 1, which we refer to as harmonics) or longer waves (k < 1, which
we refer to as subharmonics) compared to the forcing. The WKB solution (4.48)
indicates if we wait long enough, all Fourier components will grow exponentially
and thus they are all unstable. From the outer solution discussed in (4.25)-(4.27),
a simple rescaling of ξ = k(y − N ) yields α+ , α− ∼ k, so σ ∼ k2 according to
(4.46a), indicating much stronger growth rates for higher-order harmonics.
In addition to the exponential growth at later times, we also hope to consider
the early evolution before the exponential growth is turned on. A natural setup
for the reduced model (4.38)-(4.39) is to give an initial condition Z at T = 0, and
then solve the initial value problem. Such a problem has been studied by Balmforth
et al. [26] in detail: using Laplace transform, they have derived explicit solutions to
the initial value problem for a Lorentzien defect. In addition to unstable modes, the
solution also includes other disturbances representing the effect of Landau damping and possibly a transient growth (they should be in tilt in (4.45) in our analysis).
However, these phenomena may not be the case in our model of forced baroclinic
critical layers, because we have no initial disturbance at T = 0; secondary instabilities are generated by weakly nonlinear forcing in a manner similar to Section 3.4.
While we have not yet considered details of these forcing, we hope to simply study
the evolution of secondary instability and the effect of k on it. For this task, our
basic assumption is that the solution to the homogeneous ODE (4.47) represents
the exponentially growing part of the solution, or the ‘the unstable mode’. This
is obviously true for large T , and we assume that we may trace back to small T
as well, because (4.47) dictates how disturbances grow from initially small amplitudes to later large ones. We then consider the ‘unstable modes’ with a simple
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Figure 4.7: Secondary instability of subharmonics, µ = m = 1/2, f = 4/3,
N = 4/3, ε = 0.01, σ = 0.59 for k = 1. Solid lines represent the numerical solution of (4.47) with initial condition (4.49), dashed lines represent the WKB solution (4.48), and the dotted lines are the early-time
solution (4.50).
initial condition
Φ = 1,

ΦT = ΦT T = ΦT T T = 0,

T = 0,

(4.49)

which is equivalent to setting tilt = 1 in the integral equation (4.45). We solve
the problem numerically and plot the results in solid lines in figures 4.7 and 4.8,
compared to the WKB solution in dashed lines at large T . For small T , we may
derive an asymptotic solution:
Φ=−

i
σ T 4 + 1.
24(k + 1)3

(4.50)

The solutions of (4.50) are plotted in dotted lines in figures 4.7 and 4.8, which
demonstrate good agreements with numerical solutions for small T . Hence Φ − 1
features a T 4 power growth in the early stage. There is a transition from the power
growth to the exponential growth of WKB solution at some time later.
For subharmonics, (k + 1) in the denominator of (4.50) plays a minor role,
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Figure 4.8: Secondary instability of harmonics, µ = m = 1/2, f = 4/3, N =
4/3, ε = 0.01, σ = 0.59 for k = 1. Solid lines represent the numerical
solution of (4.47) with initial condition (4.49), dashed lines represent
the WKB solution (4.48), and the dotted lines are the early-time solution
(4.50).
hence Φ − 1 ∼ ik2 T 4 , which means all harmonics are weaker than the fundamental mode at the early stage. When the exponential growth commences, σ ∼ k2
represents the exponential growth rate, so the subharmonics become even weaker
compared to the fundamental mode. We also observe that as k becomes smaller,
the transition from the power growth to the exponential growth is more and more
delayed. For k = 1/16, (4.50) very well describes the actual solution through
T = 0 ∼ 20. In conclusion, the instability of subharmonics is weak compared
to the fundamental mode, and becomes weaker as the wave becomes longer.
The behaviour of harmonics is more complicated. With σ ∼ k2 , (4.50) indicates
that harmonics are weaker than the fundamental mode at early times, which we
may confirm from figure 4.8. After some time, transitions to exponential growth
take place. As k increases, this transition is delayed, i.e., the exponential growth
of higher harmonics are turned on later. But this still happens much earlier than
the condition T  k + 1 required by the WKB solution: for example, the harmonic
k = 16 starts to grow exponentially at about T = 8, and it soon dominates over all
94

the other lower modes at T ≈ 10. The divergence of exponential growth rates as
wavenumbers increase is evidently demonstrated.
The explosive behaviour of harmonics is in sharp contrast to common types of
hydrodynamic instabilities. For the latter, there is usually a finite band of unstable
wavenumber; harmonics higher than the cutoff wavenumber are stable. The unusual behavior of the secondary instability must be attributed to the unsteadiness
of the basic flow. To give an intuitive explanation, as time increases, the scale of
∆U becomes smaller and its profile becomes sharper, so we expect it will favour
shorter waves and make their instabilities stronger.
An important consequence of the fast-growing harmonics is that the problem
will become ill-posed. Theoretically, ill-posedness happens when the exponential
growth rate goes to infinity as the wavenumber k goes to infinity, and this will
make the problem lose stability to perturbations with infinitesimal length scales 1 .
We cannot compute k → ∞, but for a very high harmonic k = 100, we found it starts
to grow exponentially at about T = 22 with a huge growth rate comparable to the
WKB solution. So we think at least in practice, one will encounter the problem of
ill-posedness, which we actually did. In a further analysis, we made an attempt to
study the nonlinear evolution of the secondary instability by adding the leadingorder nonlinear term to the vorticity equation. We then need to solve a PDE in
Y , T and phase θ = x + µz − N t in a manner similar to Stewartson [1] and Warn
and Warn [2]. Details of this model is shown in Appendix B. When solving the
problem, we found that a grid-size instability invariably appears after some time.
We believe this is because when the problem becomes ill-posed, the numerical
error with the scale of grid size has extremely large growth rate, so it will quickly
pollute the results.
The divergent growth of the harmonics is unphysical and it must be controlled
by other effects. In our nonlinear model, we tried adding the leading-order nonlinear term corresponding to ‘−v0 u0yy ’ to the vorticity equation (4.8), similar to
Brown and Stewartson [72], but this did not stop the numerical instability. Since
the main reason for the unusually strong exponential growth of higher harmonics is
1 Here we are referring to the stability in view of posing the problem: in the limit of the amplitude
of the perturbation going to zero, its response should also go to zero. Otherwise the problem is
unstable and ill-posed.
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the mean-flow defect U which keeps growing and sharpening, we might consider
how U might be weakened. Obviously, this may be accomplished by viscosity
or thermal diffusion. In the presence of thermal diffusion, we have shown in Section 3.6.1 that the mean-flow defect will still grow secularly but stop shrinking in
size. According to the analysis of Shen [76], such a flow may grow very fast in
order exp(σt 2 ), but the unstable waveband where Re(σ ) > 0 will become finite
and hence the ill-posedness will be removed. We have been neglecting viscosity
based on the astrophysical contexts, but if viscosity is added, then according to
(3.76) and (3.77), the mean-flow defect will saturate (though the defect will spread
to outer flows in a manner to Brown and Stewartson [72]), and the instability will
be expected to be similar to a normal mode instability.
Even though the ill-posedness should be eliminated finally, the explosive growth
of the higher harmonics suggests the secondary instability should be very strong.
Indeed, in the numerical simulations, the secondary instability of baroclinic critical
layers in Marcus et al. [6] is much stronger than that of Rossby wave critical layers
in Haynes [27] and Haynes [3]: in the former, the dipolar stripe rolls up and then
evolves violently into much larger vortices, but in the latter, the general shape of
the Kelvin cat’s eye is still maintained. We have not yet studied the nonlinear evolution of secondary instability, but from our current results, we may infer a possible
reason: in the Rossby wave case, the nonlinear critical layer itself can saturate, and
then merely oscillates in a pattern of Kelvin cat’s eye. But for the baroclinic critical
layers, the mean-flow defect keeps growing. This causes ill-posedness in inviscid
linear instability and may generate strong repercussions in the further nonlinear
evolution.

4.4

Numerical solution to the secondary instability

To verify the asymptotic theory for the secondary instability, we solve (4.3)-(4.7)
numerically. We consider the time-dependent solution for a single Fourier component:
e
(u0 , v0 , w0 , ρ 0 , p0 ) = [e
u(y,t), ve(y,t), w(y,t),
ρe(y,t), pe(y,t)]eik(x+µz) + c.c.
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(4.51)

Similar to (4.13), pe can be expressed by other disturbances by
√ 2 Z
i
p
e−k 1+µ y y k√1+µ 2 y0 h
e
pe = − p
( f − 2Uy − 2µWy )ie
v + f 1 + µ 2 ue − iµ ρe dy0
2 1 + µ 2 −∞
√ 2 Z
i
p
ek 1+µ y ∞ −k√1+µ 2 y0 h
( f − 2Uy − 2µWy )ie
v − f 1 + µ 2 ue − iµ ρe dy0 .
e
− p
2 1 + µ2 y
(4.52)
To kick off the system, we impose an initial disturbance at t = 0:
" 
2 #
y
−
N
ve = ε 2 exp −
,
δs

i
ue = vey ,
k

e = ρe = 0.
w

(4.53)

1

where δs = ε 2 as obtained in Section 4.2. Since we are concerned with the exponential growth of the homogeneous solution, it is not very important how we start
the system, though a disturbance localized in the critical layer is preferable, but the
continuity condition (4.7) should be satisfied by the initial velocity field.
We solve the temporal evolution of (4.3)-(4.6) with (4.51) using a 4-th order
Runge-Kutta method with a time step of 0.084. pe is represented by (4.52) at each
time step. For spatial discretization, we use a numerical scheme similar to that in
the eigenvalue problem described in (4.14) and (4.15).

97

Figure 4.9: Numerical solution of the secondary instability at t = 30; k = 1,
µ = m = 1/2, f = 4/3, N = 4/3, ε = 0.01. Results are obtained by
solving (4.3)-(4.6) with (4.51) numerically.
In figure 4.9, we show the numerical solution of (4.51) at t = 30 for the Fourier
mode of the forcing. Parameters are the same as those in the normal mode analysis in Section 4.2. We see that the profiles are very similar to the normal mode
instability shown in figure 4.4, hence for the bulk of the flow, the normal mode is
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a good representation of the solution. This also justifies the reduced model using
the steady wave solution for the outer region. The baroclinic critical layers at y = 0
and y = 2N of the numerical solution are less sharp than the normal mode. This
is because in the setting of an initial value problem, the critical layer is associated
with the continuous spectrum, which can smooth the solution when ci → 0 (cf. the
linear forced critical layer (3.28)).

Figure 4.10: Evolution of Φ(T ), k = 1 m = 1/2, f = 4/3, N = 4/3, ε =
0.01, σ = 0.59. Solid line is the numerical result of (4.51), and the
dashed line is the WKB solution (4.48).
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Figure 4.11: Vorticity of numerical solution (left) and the reduced model
(right), T = 9, k = 1, µ = m = 1/2, f = 4/3, N = 4/3, ε = 0.01,
σ = 0.59.
In figure 4.10 and 4.11, we show the results of Φ and Z compared to the
reduced model. The numerical predictions of Φ and Z are computed by
Φ=

eikN t
ve|y=N ,
ikε

1

Z = −ε − 2 eikN t uey .

(4.54)

For the reduced model, Φ is given by the WKB solution (4.48) with the constant Φ0
adjusted to compare with the numerical results. We then plug the WKB solution
of Φ into (4.40) to find Z . We see that Φ(T ) has very good agreement between
the two results once the amplitude becomes large, so the WKB solution (4.48)
indeed represents the exponential growth of the secondary instability. Z of the
two results have somewhat larger discrepancy, which we found was mainly caused
by the vertical velocity and density diturbances, but the qualitative agreement is
still good.
Finally, we briefly consider the numerical solutions of harmonics. In figure
4.12, we show the numerical solution of |Φ| for the harmonic k = 2, together with
the fundamental mode k = 1. After an initial transient growth, the amplitude of the
harmonic drops drastically, in a way much faster than the fundamental mode. This
is an analogue of the Landau damping. In somewhat similar problems, e.g. Cheng
and Knorr [79] and Balmforth et al. [26], it was shown that the Landau damping
features a decay of log |Φ| ∼ −k2 T 2 , which seems to well describe what we observe
in figure 4.12. After about T = 5, the exponential growth of the harmonic emerges,
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which is twice as fast as the fundamental mode as the WKB solution predicts. The
results of vorticity are plotted in figures 4.13, which again demonstrate qualitative
agreements between the two solutions.
If we pursue even higher harmonics, the length scale of the critical layer becomes much smaller, and our current desktop computer no longer has the capacity
to resolve the full initial value problem. Further numerical investments are needed.
However, we think the good agreements in figure 4.12 are solid evidence to confirm
the WKB solution (4.48) and the effect of wavenumber it predicts.

Figure 4.12: Evolution of Φ for k = 1, 2, µ = m = 1/2, f = 4/3, N = 4/3,
ε = 0.01, Solid lines represent the numerical solution of (4.51)-(4.54),
and dashed lines represent the WKB solution (4.48).
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Figure 4.13: Vorticity of numerical solution (left) and the reduced model
(right) for the harmonic k = 2, µ = m = 1/2 at T = 9.5, f = 4/3,
N = 4/3, ε = 0.01, σ = 2.36.

4.5

Conclusion

In this chapter, we have shown that a secondary instability exists in forced baroclinic critical layers. The instability is caused by the mean-flow response of the
baroclinic critical layer, and through a normal mode analysis where we parameterized time, we found that the instability features a horizontal shear instability,
similar to the instability of defects in previous studies. Since the phase velocity
of the secondary instability is close to the local mean-flow velocity, the baroclinic
critical layer of the fundamental mode becomes the classical critical layer of the
secondary instability. This shift is potentially important in the zombie vortex problem, because in this way the secondary instability can excite new baroclinic critical
layers, and thus accomplish the replication process.
We adopted the matched asymptotic analysis of defect instability of Balmforth
et al. [26] and derived a similar reduced model, but taking into account the unsteadiness of the mean flow. From the reduced model, we obtained a WKB solution for the secondary instability, which is confirmed by the numerical solution of
the full linear equations. The WKB solution indicates that the unsteadiness of the
basic flow renders an instability that grows faster than a common normal mode.
This is an interesting conclusion in view that in general, the instability of unsteady
flows is not well understood.
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Finally, we studied the instability of various wavenumbers. We found that
subharmonics are relatively weak. Harmonics remain weak in the early stage, but
becomes very strong when they start to grow exponentially. At a later time, the
exponential growth rate diverges as the order of harmonic increases. This behavior
causes ill-posedness to the problem, and suggests that dissipative effects will be
important. We finally inferred that the growing mean-flow defect, which causes illposedness in our current analysis, may be the reason that the secondary instability
of baroclinic critical layers is much more violent than the Rossby wave critical
layers as observed in previous numerical simulations.
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Chapter 5

Summary and future directions
In this thesis, we have studied baroclinic critical layers in rotating stratified shear
flows. Baroclinic critical levels are the locations where the Doppler shifted phase
velocity matches the characteristic phase velocity of the internal gravity wave, and
they are singularities of linear steady waves in inviscid fluid. The singularity is
smoothed by weak dissipation, unsteadiness or nonlinearity, but there are strong
wave amplitudes in their vicinity, which we refer to as the baroclinic critical layers.
We have studied baroclinic critical layers in the strato-rotational instability, the
forced baroclinic critical layers and the secondary instability of forced baroclinic
critical layers.

5.1

Strato-rotational instability associated with
baroclinic critical layers

In Chapter 2, we have studied baroclinic critical layers in strato-rotational instability (SRI). Previous studies of SRI showed that the instability is caused by the
resonance between neutral modes localized near the two boundaries [45, 46]. As
a result, unstable modes are characterized by strong amplitudes near the boundaries and narrow unstable wavebands where the phase velocities of the two neutral
modes match. Baroclinic critical levels were outside the domain in previous studies. In our current study, we considered the range of parameters for which the
baroclinic levels are located in the domain and investigate how they will influence
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the instability and resonance mechanism.
We found that the baroclinic critical level destroys one of the neutral modes
and thus precludes any possibility of resonance. The other mode, however, survives and becomes unstable. We therefore have a new type of strato-rotational
instability induced by baroclinic critical levels. We considered the instability in
relatively strong and weak stratification compared to rotation, and found different
roles played by the baroclinic critical level. The new instability does not require the
resonance condition, so it occupies an extensive broad band of unstable wavenumbers. We also used the conservation of pseudomomentum to rationalize the new
instability: the baroclinic critical layer provides a strong localized source of pseudomomentum that balances the pseudomomentum of the basic neutral mode, and
thus the zero-pseudomomentum condition of unstable modes is satisfied.
Since the strato-rotational instability induced by a baroclinic critical level is a
new instability, it brings many new interesting questions. First, our current analysis
is for inviscid fluid, so it is natural to ask if it can survive small viscosity in realistic fluids, especially given that viscosity may play crucial roles in the critical layer.
Secondly, it will also be interesting to study the instability in other configurations,
for example, in Taylor-Couette flow which is most common in experiments. A
question of physical relevance is whether the new instability can be more unstable
than the traditional SRI, so it may exhibit as the dominant feature. We may also
explore whether it can exist in the flow of protoplanetary disks, and therefore become a possible mechanism for the accretion process. Thirdly, it will be interesting
to explore the subsequent nonlinear evolution of the new instability. Will the flow
evolve to a new steady state or transit into turbulence? Finally, it will be exciting if
such a new instability can be observed in experiments.

5.2

Nonlinear dynamics of forced baroclinic critical
layers and their secondary instability

In Chapter 3, we have studied the nonlinear dynamics of forced baroclinic critical
layers. We drive the flow by a weak periodic forcing, and it establishes steady
waves through the bulk of the flow. The baroclinic critical layer, however, remains
unsteady, characterized by secular growth of wave amplitude and a decreasing
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thickness. Such linear dynamics is similar to previous studies on classical critical layers of Rossby waves [1, 2] and internal gravity waves [16, 17]. When the
critical layer becomes nonlinear, the streamwise mean-flow modification drives the
nonlinearity but harmonics remain small. The vorticity field features a pattern of a
dipolar stripe, representing a jet-like defect in the streamwise mean-flow velocity.
Such behaviors divorce from classical critical-layer theories where all harmonics
are excited, and this is because all harmonics have different baroclinic critical levels. The secular growth of the linear disturbance is arrested by the nonlinearity, but
at later times, an exponential focussing takes place and finally makes the model
break down. If we add small thermal diffusion to the system, then the focussing is
again arrested. A drifting coherent structure emerges instead, leaving a mean-flow
defect that gradually deepens and widens.
Motivated by the strong mean-flow vorticity gradient in the baroclinic critical layer, we further considered its secondary instability in Chapter 4. Through
a normal mode analysis where we parameterized time in the unsteady basic flow,
we found the essential properties of the secondary instability. Similar to the defect instabilities in previous studies [25, 26], the secondary instability is a twodimensional horizontal shear instability. The phase velocity of the secondary instability is close to the local basic flow velocity, so interestingly, the baroclinic
critical layer of the original forced waves becomes the classical critical layer of
the secondary instability. This also makes the secondary instability have new baroclinic critical levels. We further did a matched asymptotic analysis to explore the
actual temporal evolution of the secondary instability upon the unsteady mean-flow
defect. We found it can be described by a WKB solution, which demonstrates a
growth that is faster than a normal mode. Finally, we studied the instability of
various wavenumbers. We found that short-wave harmonics have very strong exponential growth, which can render the linear problem ill-posed.
We believe that the forced baroclinic critical layers we study represent the fundamental dynamics of the zombie vortices of Marcus et al. [6]. In the linear and
weakly nonlinear stage, we have obtained a pattern of vorticity field similar to their
numerical simulation, the most distinctive one being the dipolar stripe. The secondary instability may be the reason for the rollup of the dipolar stripe into new
vortices, and the ill-posedness may explain why the rollup is so violent. More106

over, the new baroclinic critical levels of the secondary instability may represent
the replication of zombie vortices. Our analysis may therefore provide a theoretical
foundation for the zombie vortex instability.
In the future work, we should consider the effects of dissipation, i.e., viscosity and thermal diffusion on the secondary instability. Dissipation will effectively
remove the ill-posedness we found in non-dissipative flows. It is also of great
importance regarding the threshold of dissipation that suppresses the secondary
instability completely. Further more, we may build a reduced model for the nonlinear evolution of the secondary instability, similar to the one of Balmforth and
Korycansky [74]. Hopefully, we might realize the roll-up of the critical layer as in
the full numerical simulation of Marcus et al. [6]. If this can be accomplished, we
may gain significant advance in the nonlinear baroclinic critical layers and zombie
vortices.
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Appendix A

The critical-layer vorticity
distribution
The reconstruction of the critical-layer vorticity from the matched asymptotics is:
i
h 1
2
ζ = ζ0 + ε 3 ζ1 eix+imz + ε 3 ζ2 e2ix+2imz + c.c. ,

(A.1)

where ζ0 is given by (3.68),
m2
ζ1 = i
2N


m2
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2N 4
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and the leading-order fundamental components of the critical-layer horizontal velocity are
"
#
 2 2  13

Z ∞
ε m
m2
im2 A
iA
iA(αN − f )
v1 =
log
η +1 − P
γ − 0 dη 0 + 2
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N − f ( f − 1)
η
(A.4)
( f − 1)v1 − iA + v1 ζ0
u1 =
,
(A.5)
iN
where the P on the integral sign implies principal value.
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Appendix B

A nonlinear model for the
secondary instability
In view that the exponential growth of the secondary instability will make it nonlinear, we build a nonlinear model in this appendix. Due to the issue of numerical
instability, the model did not reveal significant insights to the nonlinear evolution.
But we document it here as it provides important information on the ill-posedness
and provide the foundation for future work.
For nonlinear evolution, we assume the stream function has the form:
1

e ,Y, T )],
e , T ) + ε 2 Ψ(θ
ψ = ε[Φ(θ

θ = x + µz − N t.

(B.1)

e include all the Fourier components, e.g. for Φ
e and Ψ
e
Now Φ
∞

e=
Φ

∑ Φn einkθ + c.c.,

(B.2)

n=1

where the n-th harmonic Φn corresponds to Φ in Chapter 4 with horizontal wavenumber k replaced by nk. In Section 4.3, we have shown that the effects of vertical
velocity and density do not contribute to the leading order of the reduced model,
and one can confirm that this is the case for nonlinear evolution as well. An elementary analysis tells us that the leading-order nonlinearity of (4.8) is the term
−v0 u0yy which should be added to the left hand side, and this gives us the nonlinear
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vorticity equation:
e ∂ Zf ∂ Φ
e ∂ 2U
∂ Zf
∂ Zf ∂ Φ
+Y
+
−
=0
∂T
∂θ
∂ θ ∂Y
∂ θ ∂Y 2

(B.3)

e YY . We then match each Fourier component of the ensemble integral
where Zf= Ψ
of Zfto the jump of streamwise velocity of the outer flow, in the same manner as
in Chapter 4, and this determines Φn :
Φn =

kf
2π( f − 1)(αn+ − αn− )

Z
0

2π
k

Z ∞
−∞

Zfe−iknθ dY dθ ,

(B.4)

where αn+ and αn− correspond to α+ and α− in (4.27) with horizontal wavenumber
nk.
(B.2)-(B.4) constitute a reduced model for the nonlinear evolution of the secondary instability. They are similar to previous studies on the nonlinear evolution
of classical critical layers, for example Brown and Stewartson [72] and Balmforth
and Korycansky [74], and we solved the problem using the numerical method of
Cheng and Knorr [79].
e θ Zf
Our initial intention was that maybe the nonlinear term Φ
Y could stop the
exponential growth and cure the ill-posedness of the problem. However, this did
not happen. A grid-size numerical instability invariably appears before we could
study the nonlinear evolution. As we discussed in Section 4.3, to stop the illposedness, we may need to add diffusion or viscosity to the baroclinic critical
layer as we did in Section 3.6. The ill-posedness suggests the secondary instability
is a very strong one, and may partially rationalize why the baroclinic critical layers
evolve much more violently than the Rossby wave critical layers.
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