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Abstract 

 

This thesis contributes to the understanding of strain aging in ultra-low carbon (ULC) steels. 

Three studies (chapters 5, 6 and 7) were performed to achieve the end results. First, the kinetics 

of strain aging following monotonic tensile tests were measured and compared to an analytical 

model that can be used to predict the upper and lower yield strength for different aging 

temperatures and times. Next, the stress-strain behavior was evaluated. Lüders band formation 

was investigated using a model coupled to simulations using the finite element method (FEM). 

Digital image correlation (DIC) experiments were performed for comparison with the FEM 

simulations. Results showed many similarities between both methods, which increases the 

credibility of the FEM application.  Good agreement between experiments and simulations was 

found. Finally, the directionality of strain aging was studied. Samples were taken from rolled 

sheet at 0˚, 45˚ and 90˚ to the rolling direction (RD).  These were reloaded in tension following 

aging, the results being very different to those obtained from monotonic tensile tests. In 

particular, the strain path change was found to result in a large change in work hardening rate 

and a small effect on the yield strength.  This was discussed in terms of a physically based model 

for strain aging. 
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Lay summary 

 

Ultra-low carbon steels belong to a class of bake hardenable steels and are an excellent choice 

for materials applications requiring a combination of good formability and high yield strength. 

Descriptions of bake hardenability are normally defined in terms of monotonic tensile tests.  

Sheet forming processes used commercially commonly lead to deformation paths that are very 

different from those found in a pure tension test. The directionality of the strain aging effect is 

not yet understood.  This brings uncertainty for the prediction of material behavior in fabrication 

and in service. In this work, different deformation paths are investigated using experimental 

work, analytical models, and numerical simulations to better understand the mechanical behavior 

of ULC steels. The conclusion of this work provides guidelines about the different mechanical 

behavior expected for aged ULC steels deformed in different deformation paths.  
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: Difference between 𝜎𝑎𝜀𝑝=𝜀𝐿

 and 𝜎𝑛𝜀𝑝=𝜀𝐿
. 

τ: Applied stress resolved in the slip plane. 

τ0: Shear stress for 𝜈̅ =
1𝑚

𝑠
. 

𝜀 : Strain. 

𝜀𝑒𝑞: Equivalent plastic strain. 

𝜀𝑝: Plastic strain. 

𝜀𝐿: Yield point elongation. 

𝜀𝑚𝑖𝑛: Minimum strain (local behavior constitutive law). 

𝜀𝑚𝑎𝑥: Maximum strain induced by Lüders band 

∆𝜀: Local behavior change in strain. 

𝜀̇ : Strain rate. 

𝜀𝑜̇: Reference strain rate. 

𝜈̅: Average velocity of dislocations. 

𝑣: Lüders band velocity. 

𝛼 : Saada constant. 

𝜂: Parameter associated with generation rate of mobile dislocations. 

𝛽∗: Constant. 

𝜌𝑓 : Forest dislocation density. 

 

𝜌𝑓0: Locked forest dislocation density. 

 

𝜌𝑚: Mobile dislocation density. 
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Chapter 1: Introduction 

 

Understanding strain aging effects in ultra-low carbon (ULC) steels brings unique application 

opportunities for industry[1]. For instance, ULC steels, which normally present excellent 

formability, can increase in strength if strain aged after the final shape is reached, a process also 

known as bake hardening [1], [2]. In addition to these steels guaranteeing good levels of 

deformation and strength during processing and working, they can replace other steels in 

industry to reduce weight and improve safety [2], [3]. Therefore, comprehending the strain aging 

effect might improve the mechanical behavior of ULC steels and help designers to produce 

materials with better final performance.    

 Strain aging is usually described in terms of effects observed following uniaxial tensile 

tests. In particular, the yield strength is increased when the material is deformed, then aged (at 

low temperature) then tested again in the same direction [4], [5]. During metal forming, however, 

the material is normally submitted to complex strain paths, and strain aging cannot be understood 

by only unidirectional tests [5]–[7]. The influence of strain aging when materials are reloaded in 

a direction different to the direction before aging is not yet well understood and far less 

investigated than the strain aging effect from tensile tests performed in the same direction.   For 

instance, Richards et al. [8]  have investigated samples taken from the circumferential and 

longitudinal direction in two different sections of steel pipes, the pipes having been formed by 

the UOE process. These pipes were aged at room temperature during the summer months in 

service. After the samples were tensile tested, the results showed that in the circumferential 
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direction the material exhibited an upper yield point, a lower yield point, and yield point 

elongation. In contrast, the longitudinal tested samples showed a round transition from elastic to 

plastic deformation, a much lower yield stress, and a higher work hardening rate [8].  

This work aims to explore the kinetics of strain aging on ULC steels for different 

deformation histories. Specifically, in the laboratory, pre-deformation is imposed either using 

tensile loading or cold rolling, with specimens being tested in different deformation paths after 

pre-deformation and aging (distinct temperatures and times). In parallel, a finite element model 

(FEM) was developed to predict both Lüders band formation and strain aging. This was 

developed by coupling a practical understanding of the kinetics of strain aging with constitutive 

laws that were found to predict the strain aging effect in ULC steels for different deformation 

histories. Digital image correlation (DIC) was used to track the non-uniform deformation 

resulting from Lüders band propagation and the observations compared to the numerical 

simulations.  
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Chapter 2: Literature review 

 

This chapter reviews basic concepts important for the current study. It reviews basic knowledge 

of static strain aging from the macroscopic to the microscopic point of view, covering its 

kinetics, current theories on the origin of the upper and the lower yield point, yield point 

elongation, anisotropy, deformation history and some factors affecting strain aging. Also, a basic 

review of models developed to predict the Lüders band formation and propagation in relation to 

strain aging is discussed. 

 

2.1 The strain aging effect 

 

From a macroscopic point of view, strain aging evolves the mechanical behavior of the material;  

strain aging increases the strength and hardness of the material and decreases its ductility and 

toughness  [9]–[11]. Two types of strain aging are often discussed in the literature: static and 

dynamic strain aging. When strain aging occurs after plastic deformation at ‘low’ temperature 

(often at room temperature for low carbon steels), it is termed static strain aging. In contrast, 

dynamic strain aging occurs concurrently with plastic deformation at temperatures between 100-

300ᵒC and strain rates of between 10−4 − 101 𝑠−1 in low carbon steels [12], [13] [14], [15]. This 

study focuses on static strain aging in steels. 

Strain aging changes the mechanical behavior of metals due to the interaction of 

interstitial solute atoms and dislocations [16]. This phenomenon is seen in almost all steels, 

including ultra-low carbon (ULC) steels, and micro-alloyed steels used in high-strength pipelines 
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[8], [17]–[22]  where diffusion of carbon and nitrogen towards dislocations are responsible for 

Cottrell atmospheres formation [23], [24].  Only small amounts of carbon or nitrogen in solution 

are required for steels to experience strain aging [23]. For instance, ultra-low carbon (ULC) 

steels contain less than 50 ppm of carbon yet can exhibit significant strengthening by aging [15], 

[16], [19].  

Strain aging occurs at room temperature (long aging times) but can be accelerated at 

elevated temperature due increases in diffusivity of solute atoms towards dislocations[8], [11]. 

For example, if an ULC steel is loaded up to point x in Figure 2.1 (label A), unloaded, and 

immediately reloaded again (label b), it is expected that the material will follow the same 

working hardening path to that of a material monotonically loaded along the same path. 

However, if the specimen was unloaded at point y and aged, an increase in yield strength (Δσ), 

the reappearance of the upper (𝜎𝑈) and lower yield strength (𝜎𝐿), followed by a yield point 

elongation (𝜀𝐿) would be expected when the material is reloaded (Figure 2.1, label C).  These are 

the standard characteristics of a strain aged ULC steel when the reloading occurs in the same 

direction compared to first deformation before aging.  
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 Figure 2-1: Schematic stress-strain curve for an ultra-low carbon steel. Region A represents a specimen subjected to 

pre-deformation. Region B shows no aging after immediately reloading the sample, and region C  displays the 

reappearance of upper and lower yield point, and yield point elongation after aging [11]. 

 

 

2.2 Binding energy between solute atoms and dislocations in BCC iron 

 

Although the strain aging effect has been known since the earliest days of steel making [25], it 

was only in 1949 that Cottrell and Bilby presented the first physically based model to explain it 

at the microscopic scale[23].  The value of this simple model is illustrated by the fact that many 

aspects of this theory are still used today [23]. The model states that diffusion of carbon and/or 

nitrogen to dislocations is responsible for making their motion harder, and thus the stress to 

cause plastic strain, much higher than it would be if the carbon/nitrogen was randomly 

distributed [8].  Interaction between solute atoms and dislocation is assumed to occur due to the 

binding energy between the elastic stress field of the dislocation and the misfit strain introduced 

𝜎𝑈 

 

𝜎𝐿 

 

𝜀𝐿 

 



 

6 

 

 

by the solute atom in the iron lattice.  This strong binding between dislocations and solute atoms 

reduces the energy of the system meaning that a high stress must be imposed to pull the 

dislocation away.  This qualitatively has been used as main phenomena responsible for the 

increase in yield strength seen macroscopically during reloading of an aged sample.  This is 

commonly called the first stage of aging[19], [26]. Depending on the solute concentration, aging 

time, and pre-strain level, precipitation of carbides may also occur, which leads to an additional 

increase in yield stress, this occurring during what is called the second stage of aging [3], [16].  

The binding energy between dislocations and solute atoms can be calculated  by 

evaluating the change in volume caused by the introduction of solute atoms in interstitial sites 

causing lattice distortion (ΔV), and by taking into account the hydrostatic pressure of 

dislocations’ stress field (𝜎𝐻)  [23], [25]. 

 

𝑈 =  𝜎𝐻  ∆𝑉                   (2.3) 

 

Considering a change in volume of a sphere, and the pressure field of the dislocation 𝜎𝐻 =

1

3
(𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧) equation 2.3 can be modified to: 

 

𝑈 =
4

3

(1+𝜈)

(1−𝜈)

𝐺𝑏𝜖𝑟3 sin Θ

𝑟𝑑𝑖𝑠
          (2.4) 

 

Where 𝜈, 𝐺, 𝑏, 𝜖 𝑎𝑛𝑑 𝑟 are Poisson’s ratio, shear modulus, burgers vector, strain due to solute 

atoms in the lattice, and radius of an iron atom.  The parameters Θ 𝑎𝑛𝑑 𝑟𝑑𝑖𝑠 indicate the position 
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of a solute atom in polar coordinates relative to the dislocation core (Figure 2.2).  This equation 

can be condensed into: 

 

𝑈 =
𝐴𝑠𝑖𝑛Θ

𝑟𝑑𝑖𝑠
  (2.5) 

 

From the difference between equation 2.5 and 2.4, A is defined as a parameter that depends on 

the elastic constants and the elastic deformation caused by the insertion of a solute atom. For 

carbon and nitrogen solute atoms in body-center (BCC) iron, the parameter A ≈ 3.15x10−29J m 

[27]. 

 

 
Figure 2-2: Carbon atom in the strain field of a positive edge dislocation and the central line of the Cottrell 

atmosphere [28]. 
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It is important to emphasize that this equation is only valid outside of the core of the 

dislocation where linear elasticity is applicable. In BCC iron, the energetically most favorable 

position for carbon and nitrogen atoms is normally at Θ =
3𝜋

2
 and 𝑟 = 𝑟𝑜 ≅ 2 𝐴  [23], [25] . 

Cottrell [23] suggested that at this position, the atmosphere consists of a line of carbon atoms 

parallel to the dislocation line where the maximum binding energy (𝑈𝑚𝑎𝑥) is expected to be in 

order of magnitude of  ≈ 1 𝑒𝑉. At regions further way from this, the probability of finding a 

carbon atom is expected to differ from the average based on a Maxwell-Boltzmann distribution 

[23].   

Equations 2.4 and 2.5 assume that solute atoms produce a spherically symmetric 

distortion of the lattice, i.e., there is an interaction with edge dislocations but not screw 

dislocations [25]. Solute atoms such as carbon and nitrogen sit in the distorted octahedral 

position of BCC iron, i.e. the midpoints of the edges of the BCC unit cell, which induces a non-

isotropic, tetragonal distortion of the iron lattice [29], [10]. Then, the stress-strain field 

introduced by these solute atoms in the BCC iron matrix presents both shear and hydrostatic 

components producing shear and hydrostatic interactions with dislocations, i.e., solute atoms can 

interact strongly with screw and edge dislocations [30], [31]. To account for the interaction of 

solute atoms with both screw and edge dislocations in iron, a more general version of equation 

2.3 can be used [32]: 

 

𝑈 = 𝑃𝑖𝑗𝜀𝑖𝑗  (2.6) 
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In elasticity theory, a point defect like carbon is represented as a singular source of strain 

and modeled by its elastic dipole moment tensor 𝑃𝑖𝑗. The strain field around dislocations at the 

position of the point defect is accounted by 𝜀𝑖𝑗 [29]. Figure 2.3 and 2.4 illustrate carbon-

dislocation binding energy for a carbon atom sitting at octahedral (O) sites near an edge and 

screw dislocation computed using equation 2.6 with the dipole moment tensor parameterized 

from atomistic simulations.  

 

  
Figure 2-3: Mapping of carbon-dislocation binding energies obtained by atomistic simulations for carbon in the 

vicinity of a straight edge dislocation (in the center) which is aligned parallel to the [12̅1] direction (perpendicular to 

the page). The gray circle in the center (diameter 8b) refers to the region termed dislocation core [29]. 

 

 
Figure 2-4: Mapping carbon-dislocation binding energies obtained by atomistic simulations for carbon in the 

vicinity of a straight screw dislocation (in the center) which is aligned parallel to the [111] direction (perpendicular 

to the page). The gray circle in the center (diameter 8b) refers to the region termed dislocation core [29]. 
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Looking at the above pictures, one can see that the binding energy tends to decrease 

proportionally to 1/𝑟𝑑𝑖𝑠 for all cases [29], which can be also visualized through equation 2.5. 

Around an edge dislocation, the binding energy of a carbon atom sitting at octahedral site is 

affected mainly by normal stress 𝜎𝑥𝑥 and 𝜎𝑦𝑦 generated by the edge dislocation and related to the 

volume of the region occupied by carbon atom in iron [29]. On the contrary, a screw dislocation 

stress field presents predominately shear ( 𝜎𝑥𝑧 and 𝜎𝑦𝑧), which interacts with local shear stress 

induced by carbon atoms located at octahedral sites[29].  

 

The binding energy between solute atoms and dislocations can be used to predict the 

equilibrium distribution of solute that would be located around a dislocation for a given bulk 

concentration of solute. The equilibrium concentration of solute atoms in an “atmosphere” 

around each dislocation was first given by Cottrell who used the Boltzmann distribution of solute 

atoms [23]: 

 

𝑐 = 𝑐𝑜 exp (
𝑈

𝑘𝑇
)  (2.7) 

 

Where 𝑐𝑜 is the bulk atomic concentration of solute, k is the Boltzmann constant and T is the 

temperature. A problem arises when accounting for the carbon distribution around a dislocation, 

especially as r gets close to 0, where atomic fractions > 1 are predicted by equation 2.7. To solve 

this problem, Cottrell and Bilby assumed that at the dislocation core, 𝑟 < 1 𝑥10−7𝑐𝑚, carbon 

saturation is reached when the core contains one carbon per atom plane of dislocation [23], [25], 

[27]. This is valid if a change in concentration at any point does not alter substantially the value 
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of U at that point. Later, Louat [33] proposed using Fermi-Dirac statistics to remove the 

problems of the Boltzmann distribution,  

 

𝑐 =
𝑐𝑜 exp(

𝑈

𝑘𝑇
)

1+𝑐𝑜 exp(
𝑈

𝑘𝑇
)
   (2.8) 

 

2.3 Migration of solute atoms towards dislocations  

 

The Cottrell model described above describes only the equilibrium level of solute expected at a 

dislocation.  Cottrell and Bilby proposed the first kinetic model to describe the time evolution of 

the solute atmosphere at a dislocation [23]. According to this model, the total number of solute 

atoms segregating per unit length of dislocation within time (t) during the formation of the 

atmosphere is given by: 

 

𝐶(𝑡)

𝐶𝑠
= 3𝐶𝑜𝜆 (

𝜋

2
)

1

3
(

𝐴𝐷𝑡

𝑘𝑇
)

2

3
  (2.9) 

 

Where 𝜆 is the atomic diameter of an iron atom, 𝐶𝑜 is the total number of atoms in solution per 

unit volume, 𝐶𝑠 is the total number of carbon atoms per unit length of dislocation required to 

form an atmosphere of one atom per atom plane ( Cs= 1/ 𝜆), and D is the diffusion coefficient of 

the solute. De Cooman et al.[21] have modified this equation to consider the effect of solute 

saturation on the kinetics of strain aging. 
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The rate of solute segregation assumes that the rate is proportional to the concentration of solute 

remaining in solid solution, 𝑐(𝑡) = 𝐶𝑜 − 𝐶(𝑡).  Here 𝐶(𝑡) is the concentration of solute already 

segregated [21]. It also assumes that the rate is proportional to the length of dislocation which is 

still free of solute, 𝐿(𝑡) = 𝐿𝑜 − 𝜆𝐶(𝑡). Considering the rate of diffusion towards the dislocation, 

Cottrell gave the rate as : 

 

𝑑𝐶(𝑡)

𝑑𝑡
= 𝐿(𝑡)𝑐(𝑡) 3 (

𝜋

2
)

1

3
(

𝐴𝐷𝑡

𝑘𝑇
)

2

3
                 (2.10) 

 

The  Haper modification to eq 2.10 accounts for the lowering of solute concentration in the 

matrix surrounding the dislocations as aging occurs with time: 

 

𝐶(𝑡)

𝐶𝑠
= 1 − exp (3𝐶𝑜𝜆 (

𝜋

2
)

1

3
(

𝐴𝐷𝑡

𝑘𝑇
)

2

3
)           (2.11) 

 

 Combining eq 2.9 - 2.11 and assuming that at the initial condition 𝐶(𝑡) = 0, the segregated 

concentration can be calculated as:  

                                                                                          

𝐶(𝑡)

𝐶𝑠
=

(1−exp(3(𝐿𝑜−𝐶𝑜𝜆)(
𝜋

2
)

1
3(

𝐴𝐷𝑡

𝑘𝑇
)

2
3) )

(1−(
𝐶𝑠
𝐶𝑜

) exp(3(𝐿𝑜−𝐶𝑜𝜆)(
𝜋

2
)

1
3(

𝐴𝐷𝑡

𝑘𝑇
)

2
3))

      (2.12) 
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2.4 Measurement of the strain aging effect  

 

The kinetics of strain aging is normally measured in terms of increase in yield strength [16]. 

Experimentally, the increase in yield strength due to the strain aging effect (Δσ) is measured 

either by the difference between upper yield strength after aging (𝜎𝑈) and the last load before 

aging (𝜎𝑓) or by subtracting the lower yield strength after aging (𝜎𝐿)  from the last load before 

aging[19], [24], [34].  Figure 2.5 represents an example of experimental measurement of strain 

aging effect (Δσ).  

 

 
Figure 2-5: Measurement of strain aging effect using the difference between upper yield strength (𝜎𝑈)  and last load 

before aging (𝜎𝑓). 

 

It is typically assumed that the percentage increase in yield strength is proportional to the 

kinetics of solute segregation, i.e. 
∆𝜎

∆𝜎𝑚𝑎𝑥 
=

𝐶(𝑡)

𝐶𝑠
 [33], [34]. This is only an approximation, 
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ignoring the potential of other strengthening mechanisms[21].  Assuming this relationship 

between strengthening and segregation, it is common to re-write eq 2.11 as, 

 

∆𝜎 = ∆𝜎𝑚𝑎𝑥 (1 − exp [− (
𝑡

𝑡∗
)

2

3
]) (2.13)   

 

where ∆𝜎𝑚𝑎𝑥 is the maximum increase in yield strength, t is time and 𝑡∗ is a characteristic time 

that depends upon diffusion of solute atoms and binding energy between solute and dislocations 

(can be deduced from the difference between eq 2.13 and 2.11). Figure 2.6 displays the strain 

aging effect (Δσ) measured experimentally for different temperatures and times plotted against 

the above model (continuous line). 

 

 
Figure 2-6: Increase in yield strength measured experimentally and compared to the Loaut Modification of the 

Cottrel model, eq 2.13 [16]. 
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Another very useful model available to measure changes in yield stress due strain aging 

effect is described by the Hartley kinetic equation, which is derivated in same way as eq 2.13 

[16], [29], [35] but invokes an extra parameter to facilitate fitting of experimental data: 

 

∆𝜎
1

2
(𝜎𝑈+𝜎𝑓)

=
𝛥𝜎

𝜎̅
=  𝐾1 + 𝐾2 (

𝐷𝑡

𝑇
)

2

3
  (2.14) 

 

Here 𝐾1 and 𝐾2 are constants that depend on the test conditions, D is the diffusion coefficient, 𝜎𝑓 

is shown in Figure 2.5, and T is the aging temperature. The use of this model with experimental 

data is shown in the following Figure 2.7. 

 

 
Figure 2-7: Increase in yield strength measured experimentally and compared to a model like the Hartly model [16]. 
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2.5 Yield point in ultra-low carbon steels 

 

Plastic deformation happens through the movement of dislocations. Especially in materials like 

ULC steels, the movement of dislocations are delayed due to ‘locking’ of dislocations by solute 

atmospheres. This increases the stress necessary for the onset of plastic deformation. For this 

reason, these materials show a characteristic stress-strain diagram with an upper yield point, 

followed by a yield point elongation during a tensile test as already explained. There are two 

basic concepts used to explain the origin of the upper yield point, in materials like ultra-low 

carbon steels. The first idea, originally proposed by Cottrell and Billby argues that at the upper 

yield point, dislocations are broken free from the Cottrel atmosphere and the stress to continue 

plastic deformation drops due to dislocations being unlocked.  

The second theory, based on work by Johnston and Gilman[36], considers that the upper 

yield point is a consequence of a low density of mobile dislocations and that the generation of 

new dislocations at (or near) the upper yield point causes the formation of a Lüders band and a 

decrease in the flow stress. The fact that dislocations have a very strong interaction with their 

atmospheres, even at room temperature [23], supports the multiplication of mobile dislocation 

theory if one considers that the stress to unlock dislocations from their atmospheres would be 

unrealistically high due to the high binding energy. According to Hahn [37], the flow stress 

cannot be governed alone by the unlocking of dislocation at low temperature where pinning 

points are stationary. Furthermore, Johnston and Gilman [36] have found no evidence of 

dislocation unlocking in their study on plastic flow of LiF crystals.  
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The dislocation multiplication mechanism accounts for the effect of mobile dislocation 

on the stress necessary to maintain the imposed strain rate. This relation can be expressed using 

the Orowan equation: 

 

𝜀̇ =  bρ𝑚 𝜈̅    (2.15) 

 

Where b, ρ𝑚  and 𝜈̅   represents the magnitude of the Burgers vector, the mobile dislocation 

density, and the average velocity of dislocations, respectively. The average velocity of 

dislocations is determined by the mobile dislocation density and the need to meet the 

macroscopic strain rate. If the mobile dislocation density is low, the average velocity must be 

high. The average velocity typically is assumed to vary with the applied stress as: 

 

𝜈̅   ≈ (
τ

τ0
)

𝑚

  (2.16) 

 

Here τ, τ0and 𝑚 are the applied shear stress resolved in the slip plane, the reference shear stress 

(the shear stress when 𝜈̅ =
1m

s
) and a parameter (inverse rate sensitivity) that varies according to 

the material and temperature, e.g. for steel at room temperature m = 35 [25]. After aging, when 

most dislocations have been locked by solute atoms, the number of mobile dislocations is very 

low and therefore, a high stress is necessary to meet the imposed strain rate. However, as 

yielding occurs, and new mobile dislocations are generated the stress drops without the need for 
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unlocking dislocations pinned during strain aging by solute atoms. Following this idea, Hahn has 

developed a model able to predict the stress-strain curves of iron during tensile tests [37].  

 

𝜎 = 𝑞𝜀𝑝 + 2𝜏𝑜 [
𝜀

0.5𝑏𝑓(𝜌𝑜 + 𝐶𝜀𝑃
𝛼)

̇
]

1
𝑚

       (2.17) 

 

Where 𝜀𝑝 is the plastic strain, 𝜌𝑜 is the initial dislocation density, 𝐶, and 𝛼 are dislocation-

density parameters  𝑞  is a material parameter and 𝑓 is a fraction of dislocation density.   

 

2.6 Yield point elongation 

 

The yield point elongation (𝜀𝐿) is a key characteristic of materials, like ULC steel, which shows 

non-uniform plastic deformation following the upper yield stress. In ULC steels, the initial 

macroscopic plastic response following the upper yield point is normally accompanied by a 

plateau in stress (Figure 3) where the specimen is divided into three regions:  the region in which 

plastic deformation has already occurred (behind the Lüders band front), the area where plastic 

deformation is occurring (at the Lüders band front), and the region where plastic deformation has 

not yet started (ahead of Lüders band front) [11].  Once the Lüders bands have passed through 

the entirety of the tensile sample the material starts to deform uniformly.  

The formation and characteristics of Lüders bands in low carbon steels can change 

depending on grain size [38]–[40], strain rate[40]–[42], and shape of samples [38], [43]. Also, 

other authors have noticed that temperature and carbon concentration affect the Lüders bands 



 

19 

 

 

elongation [8].  Studies have shown, for example, that for a given range of grain size, two single 

bands can nucleate from each shoulder of a rectangular sample [38]. The same study also shows 

that circular cross-section samples with grain size above 0.15mm do not form sharp Lüders 

bands, but generally produce diffuse bands [38], [44].  

When plastic deformation initiates, the local strain rate in the region deforming 

plastically exceeds that of the machine and the stress necessary to continue plastic deform drops 

drastically (lower yield strength)  [25], [45]. The Lüders bands nucleate at areas of stress 

concentration like the shoulders of a flat cross-section specimen and are normally visible with 

the eye, oriented at approximately  ±55° to tensile axis[46]. Once the Lüders bands have 

propagated through the entire gauge length of the specimen, the stress is observed to increase 

with strain in the usual manner reflecting homogeneous deformation and strain hardening. Figure 

2.8 shows the Lüders bands propagation during the yield point elongation.  
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Figure 2-8: Represents the evolution of  Lüders bands through the gauge length in flat cross-section [47]. 

 

 

2.7 Factors affecting strain aging in steels 

 

Many authors in the literature have studied the factors affecting static strain aging in steels. For 

instance, the effect of the amount of pre-strain, strain rate, grain size, temperature, and aging 

time on the static strain aging was studied [10], [18], [21], [40]. 

De Cooman at.al [19] have performed experiments on ultra-low carbon steels for 

different pre-strain, and they found that the yield point elongation is reached at about the same 

time regardless of the pre-strain level. Furthermore, no clear dependence between increase in ∆𝜎 

with the degree of pre-straing at any stage of aging period was found.  They concluded that the 

increase in strength reaches a saturation level after a certain amount of time, in their case about 

30 MPa, no matter the tested pre-strain level and temperatures [16]. 
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The strain aging effect increases with carbon content [3]. Van Snick et al. have shown 

that strain aging response can be increased from 40 to 70 MPa by varying carbon content 

between 0 to 40 ppm [3]. Further increase in carbon content was shown to have no effect on 

strain aging.  Figure 2.9 shows the dependence of carbon content on bake aging response of ULC 

steels. 

 

 
Figure 2-9: Relationship between carbon content and strain aging effect for ULC steels tested for different 

companies[48]. 

 

 

The grain size has been reported to affect strain aging, the magnitude of strain aging 

increasing with decreasing grain size [49]. This effect is justified by the contribution of carbon at 

the grain boundaries to the hardening processes or by difference in the intra/intergranular 

cementite precipitation [39]. However, De Cooman et al.[39] showed that for ULC steels, this 

idea is only valid for grain sizes of 15μm or smaller (Figure 2.10). They justify these findings by 
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the fact that ULC steels contain only 30 ppm of carbon and a decrease in grain size increases the 

segregation sites at the grain boundary and decreases the diffusion distances from the grain 

interior to the grain boundary. This results in less carbon remaining in the matrix for segregation 

to dislocations [39], [50].  

 

 

 
Figure 2-10: Strain effect in ULC steels for different strain sizes, 5% pre-strain and aging at 170˚C [39]. 

 

 

2.8 The effect of anisotropy and strain path changes on yield stress 

 

It was shown above that strain aging increases the yield strength of ULC steels when the 

deformation path remains the same before and after aging.  However, in real life, metals can 

undergo complex deformation histories. For instance, ULC steels can be subjected to plain strain 

deformation in stamping applications for automotive parts [5] or bending in UOE pipe making 
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processes [8]. Because of this, it is important to understand how material and deformation 

anisotropy affects strain aging.  

 Plastic deformation in crystalline materials is inherently anisotropy because of texture 

[51], [52]. Texture is an intrinsic property of not only polycrystalline metals but also ceramics, 

polymers, and even rocks. Most materials are arranged as aggregates of crystals, and their 

crystallographic orientation are normally non-random, which means they have a preferred 

crystallographic orientation distribution (texture)[52]. A preferred texture is developed during 

growth or deformation and modified during recrystallization or phase transformation [51], [53], 

[54]. For instance, ULC steels normally have a   (<111> // ND) fiber recrystallization texture 

[55]. This preferred texture is responsible for the excellent deep drawability of steels [56]–[58]. 

  Texture directly correlates to the anisotropic properties of materials [54], [57], [59]. For 

example, Figure 2.11, curve 1, illustrates the initial yield strength anisotropy of a low carbon 

steel in a cold-rolled state. Here   is the angle  between the rolling direction (RD) and tested 

tensile axis, 𝜎𝛽 is the stress at β angle, and 𝜎𝜌 is the yield stress measured parallel to RD  [60]. In 

this study, the initial anisotropy was small, with a maximum of 5% increase in yield stress at 

around 50 degrees to RD.  
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Figure 2-11: Curve 1: Variation of yield stress at angle 𝛽 to RD  relative to the yield stress measured parallel to RD 

(𝜎𝛽/𝜎𝜌). Curve 2: the ratio 𝜎𝛽/𝜎𝜌 measured after a presetrain of 0.15 in the RD.  [60]. 

 

 

Curve 2 in Figure 2.11 shows the effect of strain path change on the yield stress 

anisotropy of low carbon steels.  In this case the material was prestrained to 𝜀 = 0.15 by tensile 

testing parallel to RD.  Subsequently, the material was retested at different angles () to RD [60]. 

Studies have shown that changes in deformation path can affect the microstructure, leading to 

changes in yield stress and flow stress evolution [7], [61], [62]. Therefore, the subsequent plastic 

behavior is influenced by the anisotropic hardening, this being a function of the magnitude of the 

change in deformation path. Schmitt et al. [63] used this to develop an equation that allows one 

to quantify the magnitude of change in deformation path: 

 

𝐶𝑜𝑠𝜃 =
𝐸1:𝐸2

(𝐸1:𝐸1)
1
2(𝐸2:𝐸2)

1
2

   (2.17) 
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In this equation, the terms 𝐸1 and 𝐸2 represent the plastic strain increment before and after the 

strain path change, respectively. This parameter corresponds to the cosine of the angle between 

𝐸1 and 𝐸2 in the plastic strain space [4]. According to this relationship, cos θ = 1 is obtained for 

monotonic deformation, cos θ = -1 for Bauschinger tests, and  cos θ = 0 for orthogonal tests. 

Examples of tests are displayed in table 2.1.  

 

Table 2-1: Tests commonly used for the investigation of strain aging effect [35]. 

 

 

2.9  Directionality of strain aging  

 

Carbon steels deformed beyond the yield point elongation, when unloaded, aged, and strained 

further in the same direction, show the reappearance of the yield point elongation. The effect of 

strain aging in monotonic loading has been widely studied in the literature [18], [19], [23]. When 

steels are strained further in a direction different from that before aging, the strain aging response 

has been much less investigated. 

Elliot et al. [64] have carried out experiments on low carbon steel specimens to evaluate 

the importance of the deformation path on strain aging (Figure 2.12). Their results showed a 
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surprising result when the specimens were strained in a direction opposite to that of the first 

deformation after aging. Permanent softening and no trace of yield point phenomenon was 

observed whenever reversed deformation was performed. This loss of strength upon re-straining 

in a direction opposite to the original direction is referred to, in literature, as Baushcinger effect 

[65], [66]. Furthermore, according to this work, only the direction just before and just after aging 

matters; the early past of the sample has no influence. For instance, when the material was 

deformed in opposite direction (5) compared to first deformation performed in this work (1), 

aged and reloaded again (6) in the same direction to that of before aging, the upper and lower 

yield point was present; the prior part of the deformation showed no influence. 

 

 
Figure 2-12: Stress and strain of same sign (full curves) and of opposite signs (dashed curves) [64]. 

 

Williams [65] tried to demonstrate in his experiments on a HSLA steel that it is possible 

to obtain yield point elongation when the deformation direction is reversed if the specimen is 
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adequately aged [65]. In this work, a very high aging temperature was used (315ºC), so it is most 

likely that both segregation and precipitation occurred during aging [3], [16]. In addition, even 

though the yield stress increases with pre-strain (Figure 2.13), at the maximum pre-strain level, 

the yield stress was still 10 percent lower than the as-received steel. He concluded that the strain 

aging was quite efficient in reducing the Bauschinger effect, even though it did not completely 

eliminate it.  

 

 
Figure 2-13: Load vs strain curves after various amounts of tensile pre-strain, with and without subsequent aging 

[65]. 

 

 

Directionality of strain aging has also been measured by preparing tensile test specimen 

from a pre-strained sheet. Yonemura et al [5] have compared the proof stress of samples strained 

in different direction relative to a first deformation parallel to the sheet’s RD (Figure 2.14). In 

this work they have found a  strong anisotropy after pre-straining, even though the as-received 
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proof stress was independent of the test direction. On the other hand, aging the pre-strained 

samples and reloading them in different directions reduced anisotropy.  

 

 
Figure 2-14: Anisotropy of proof stress in a pre-strained and strain aged bake-hardenable steel [5]. 

 

The relationship between the deformation behavior and the microstructural evolution has 

been studied in the literature, especially for two strain paths [5], [60], [61], [67]. The 

Bauschinger effect, when the second deformation occurs in a reverse direction, and the cross 

effect, when second deformation is orthogonal to the first one, are typically reported phenomena 

[61], [68]. The first one causes a decrease in the subsequent yield stress, which is believed to be 

related to internal stresses in the material developed during previous plastic deformation  (Figure 

2.13) [64], [65].  Internal stresses are generated by heterogeneous deformation of grains, 

particles and dislocation cells [5]. During plastic deformation dislocations interact with different 

obstacles leading to back stresses [66]. During reversed deformation, this back stress can help 
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dislocations to move in the reverse direction [5], [66].   The cross-effect, which causes an 

increase of the subsequent yield stress when second deformation is perpendicular to first 

deformation [68], is believed to arise from a change in active slip systems on strain path change 

[5][68].  

 

2.10 Prediction of Lüders bands and strain aging  

 

One of the challenges in strain aging is to predict Lüders band formation and its effect on the 

macroscopic stress-strain response. Finite element method (FEM) simulations have been 

developed to enable one to test different constitutive laws and to compare the predicted stress-

strain response with that measured in experiments.  

Several different constitutive laws have been tested in the literature in an attempt to 

understand the propagation of Lüders bands [24], [69]–[71]. Ballarin et.al. described Lüders 

band nucleation using a physical model having three components: (1) prediction of solute carbon 

content necessary for dislocation pinning, (2) prediction of dislocation density and (3) 

determination of strain aging kinetics [24]. This model uses the same idea introduced by 

Tsukahara and Iung [72]; however, here, an exponential constitutive law was used to determine 

the Von Mises stress: 

 

𝜎 = 𝜎𝑚𝑎𝑥 + 𝑄1. (1 − 𝑒−𝑏1.𝜀𝑝) + 𝑄2. (1 − 𝑒−𝑏2.𝜀𝑝)    (2.18) 
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Where 𝜎𝑚𝑎𝑥 is the same as the applied upper yield strength 𝜎𝑈, 𝜀𝑝 is the plastic strain, 𝑄1, 

𝑄2, 𝑏1 and 𝑏2 are material parameters. The first part of this equation accounts for the strain 

hardening behavior while the second part describes the initial softening behavior, respectively 

[24]. During simulation of strain localization, the local behavior is described by softening: the 

stress first rises to 𝜎𝑚𝑎𝑥 and then drops to 𝜎𝑚𝑖𝑛 at 𝜀𝑚𝑖𝑛  [73] as seen in Figure 2.15.  

 

 
Figure 2-15: Represents the use of local behavior to predict Lüders band nucleation and comparison with classic 

behavior and macroscopic behavior [24]. 

 

 

In this model the terms 𝜎𝑚𝑎𝑥, 𝜎𝑚𝑖𝑛 and 𝜀𝑚𝑖𝑛 are directly related to the experimentally 

measurable quantities 𝜎𝑈, 𝜎𝐿 and 𝜀𝐿. The relationship between the macroscopic lower yield stress 

(𝜎𝐿), maximum and minimum stresses of local behavior ( 𝜎𝑚𝑖𝑛 and 𝜎𝑚𝑎𝑥) was found to be:  

 

𝜎𝐿 − 𝜎𝑚𝑖𝑛 = 0.4(𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛) (2.19) 
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To predict strain aging an extra contribution to the flow stress (called the ‘overstress’ 

(𝜎𝐵𝐻) by the authors) was added to equation 2.18 [24]. 

 

𝜎𝐵𝐻 = 𝑅𝐵𝐻 + 𝑄𝐵𝐻. (1 − 𝑒
−𝑏𝐵𝐻.(𝜀𝑝−𝜀𝑝𝑟𝑒𝑠𝑡𝑟𝑎𝑖𝑛

𝑝
)
)            (2.20) 

 

This equation is shown in Figure 2.16 as the solid black line which varies from 𝑅𝐵𝐻 at 𝜀 
𝑝 =

𝜀𝑝𝑟𝑒𝑠𝑡𝑟𝑎𝑖𝑛
𝑝

  to at 𝑅𝐵𝐻 + 𝑄𝐵𝐻 when 𝜀 
𝑝 ≫ 𝜀𝑝𝑟𝑒𝑠𝑡𝑟𝑎𝑖𝑛

𝑝
.  If   It is clear that 𝑅𝐵𝐻 in this model should 

be proportional to the measured increase in upper yield stress induced by strain aging, ∆𝜎 [24]. 

The parameter 𝑏𝐵𝐻 is meant to account for the effect of grain size and strain rate and was taken 

by the authors to follow for the form,  

 

𝑏𝐵𝐻 = 𝐾𝑑. 𝑑0.8 − 𝑆. ln (
𝜀

𝜀̇𝑜

̇ )          (2.21) 

 

Where d is grain size, 𝜀̇ is the strain rate, and  𝐾𝑑, 𝑆 and 𝜀𝑜̇ are constants.  
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Figure 2-16: Simulation of strain aging effect by addition of the “overstress” equation (equation 2.20) to equation 

2.18 [24]. 

 

 

 These equations aim to predict the stress-strain behavior of materials such as ULC steel 

by following a similar idea to that originally proposed by Hahn [37]. A constitutive model 

(equations 2.18 and 2.20) are used to account for dislocation unlocking or multiplication at a 

high enough stress, causing load decreases before following a strain hardening behavior seen in 

Figures 15 and 16. Combined with the FE method this model allows for the prediction of Lüders 

band propagation as well as upper and lower yield stresses and yield point elongation. These 

have been shown to reasonably well predict Lüders band propagation and work hardening 

behaviors seen experimentally [69], [72], [74]–[76]. 
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2.11 Summary 

 

 

This literature review has highlighted important points about strain aging effect. At the 

microscopic scale, the binding energy between solute atoms and dislocations causes solute 

segregation and an increase in yield strength.  If the material is pre-deformed then aged, solute 

segregation to dislocations leads to the appearance of an upper and lower yield stress and yield 

point elongation if the second loading direction is the same as the first. When the material is 

reloaded in a different direction after aging, the strain aging effect can be very different. Finally, 

a  combination of a properly selected constitutive law and a finite element model can be used to 

predict the characteristic features in the stress-strain curve arising from strain aging.  
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Chapter 3: Scope and objectives 

 

One of the tasks of a material engineer is to predict the material behavior in service. This can be 

quite a challenge, especially for aged ULC steels because they can behave quite differently 

according to their deformation history. In addition, the directionality of strain aging is not well 

understood. This limits the ability of the engineer to predict the mechanical behavior in service. 

Therefore, this project intends to investigate the effect of strain aging on the mechanical behavior 

of ULC steels for distinct deformation paths.  

Firstly, the strain aging kinetics and mechanical properties of a ULC steel are studied 

using tension pre-deformation followed by aging and tensile deformation in the same direction.  

These results are compared against classical models for strain aging kinetics and shown to be in 

good agreement with previous studies on ULC steels.  

After understanding the macroscopic kinetics of strain aging, the formation and 

propagation of Lüders bands are investigated experimentally by digital image correlation (DIC) 

and modeled using a constitutive model proposed in the literature with finite element method 

(FEM) simulations.   

Finally, the strain aging response is reported for materials deformed along different 

deformation paths. Tensile samples were taken from cold-rolled sheet at different angles (0˚, 45˚ 

and 90˚) to the rolling direction. Following aging, the mechanical behaviors were compared.  

The very different responses observed are discussed in relation to work previously performed on 
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ULC steels as well as a new constitutive model that is more physically motivated compared to 

others in the literature. 
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Chapter 4: Experimental methodology 

 

This chapter outlines the experimental procedure followed in this study. First, the material is 

characterized in terms of the as-received state. Then, sample design, annealing treatment, 

mechanical testing, aging treatment, and digital image correlation (DIC) procedures are 

discussed. 

 

4.1 Material & annealing  

 

A 1 mm thick cold-rolled ULC steel sheet supplied by ArcelorMittal Dofasco was used for this 

study. The nominal composition of this steel is displayed in Table 4.1. This steel presents very 

small amounts of Nb and Ti, leaving approximately 18 ppm of C and 23 ppm of N in solid 

solution. The estimation of free carbon/nitrogen was done using the following references [77], 

[78].  

 

Table 4-1: Chemical composition of the ULC steel (wt%) 

C Si N P Mn S Nb Ti V Al(S) Al (T) Cr Mo Ni Cu Others 

0.0024 0.011 0.0027 0.039 0.358 0.0084 0.0048 0.012 0.0029 0.037 0.042 0.043 0.003 0.023 0.037 0.0001 

 

 

The starting material was received in a “full hard” (as cold rolled) state and thus it had to 

be annealed to achieve a fully recrystallized microstructure.  Annealing was conducted in a box 

furnace, where the sample was inserted, and temperature was measured by a thermocouple 
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welded to the sample`s surface.  The annealing temperature was performed at 800˚C for a total 

heat treatment time of 7 min.  It was found that it took approximately 2 minutes for the samples 

to reach 800˚C.  After this heat treatment, each sample was air-cooled. The annealing 

temperature and time were selected to guarantee full recrystallization for the shortest possible 

annealing time and to ensure that the samples remained in the fully ferritic portion of the phase 

diagram.  This helped to reduce the risk of decarbonization while also ensuring a grain size that 

would not impact on the strain aging response [39], [79], [80]. Samples were annealed 

individually with a minimum of 20 minutes interval between samples. 

The final microstructure was analyzed by optical microscopy. Sample preparation 

included mounting followed by grinding using papers starting from 120 μm and ending at 1200 

μm grit. Next, the samples were polished using 6 μm and 1 μm diamond paste. After grinding 

and polishing, samples were etched with 4% nital for 15 seconds. 

Grain size measurement was performed using image-J version 1.52p. First, a micrograph 

was uploaded to the software, transformed into 8-bit, adjusted into autolocal threshold, and 

processed using skeletonize, find edges and fill holes tools before grain size analysis. Pictures 

were processed to allow the software to correctly identify the grains and grain boundaries. After 

analysis, the area of each grain was obtained and from this, the equivalent area diameter of each 

grain calculated.  
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4.2 Tensile samples and mechanical testing  

 

Samples were produced from the as-received sheets by the waterjet cutting, the dimensions of 

these samples being shown in Figure 4.1. After being produced, the cross-sectional dimensions 

of each tensile sample within its gauge length (width and thickness) were measured ten times 

with a digital micrometer, and the average value was used to compute the gauge length cross-

section area. It is important to notice that the dimensions of the samples shown in Figure 4.1 are 

not those of the ASTM standard[81].  The sub-sized samples used here were selected to allow for 

samples to be cut at different angles from the cold-rolled sheet produced at UBC.  Though these 

samples are non-standard, they have been used routinely within the microstructure group at 

UBC.  

 

 
Figure 4-1: Schematic illustration of tensile test specimens used in this study.  All dimensions are given in 

millimeters. 
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A screw-driven Instron tensile machine (Figure 4.2) was used to perform all of the tensile 

tests in this study. The load was measured by a 5KN load cell, and displacement on the sample 

by a 12.5 mm gauge length extensometer attached to the center of the tensile sample’s gauge 

length.  The tensile test data, load, and displacement were computer recorded during each test at 

a rate of 40 Hz. Before starting a test, both load and strain were calibrated using built-in 

calibrations.  

Each test was started manually with a fixed imposed cross-head speed.  For all of the 

testing performed here a cross-head speed of 0.21 mm/s was selected. Based on the gauge length 

of the samples used, this corresponds to an applied strain rate of approximately 6 𝑥 10−2 𝑠−1. To 

stop a test at a specific level of strain, the displacement of the extensometer was used.  During 

pre-straining, samples were targeted to be deformed to 10% strain prior to unloading.  This 

corresponded to an extensometer displacement (assuming zero initial displacement of the 

extensometer) of 1.25 mm.  When the displacement of the extensometer reached this value, the 

direction of loading was manually switched so as to unload the sample.  It was found that this 

could be achieved to within a strain (displacement) of  ± 1% (± 0.125 mm).  

A pre-strain of 10% was selected based on a couple of criteria.  First, if a pre-strain level 

less than 10% had been chosen then it would have risked unloading the sample prior to the onset 

of uniform plastic deformation prior to the end of the yield point elongation.  Second, it was 

found that 10% plastic pre-strain, being comparable to strain levels experienced in sheet forming 

[2], allowed for comparison against data already in the literature [2], [19].  
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At the end of each tensile test, the recorded force (KN) and displacement (mm) data were 

converted to engineering stress-strain data. Each condition examined was tested a minimum of 

two times to ensure the reproducibility of the test results.  

 

 
Figure 4-2: The screw driven Instron tensile load frame equipped with 5 KN load cell used for all tensile tests in this 

thesis. 

 

 

4.3 Aging treatment 

 

Aging treatments were performed on samples immediately following pre-deformation.  The 

delay between the tensile tests and aging treatment was no longer than 10 min.  In the case of the 

cold-rolled samples, a longer delay had to be managed as the cold-rolled sheet had to be taken to 

the machine shop and aging could not take place until the samples were prepared.  A full 

discussion of the various tests made to ensure reproducibility, in this case, will be reserved until 
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Chapter 5. Aging temperatures and times varied between 50˚C to 150˚C and 10 seconds to 220 

minutes for samples pre-deformed in tension.  In the case of the cold-rolled materials only aging 

at 150˚C for 10 min was used. Aging was performed in a stirred oil bath containing silicon oil.  

The bath temperature was monitored continuously by an immersed K-type thermocouple.  

Following aging, all samples were quenched into room temperature water and subsequently 

cleaned with water and soap to remove oil. 

 

4.4 Cold rolling  

 

Samples for cold rolling were cut from the received sheet by waterjet cutting. Specifically, two 

different rectangular samples were produced to allow tensile samples to be machined at different 

directions after cold rolling tests (Figure 4.3). Also, rectangular samples dimensions were limited 

by the size of annealing treatment furnace (box furnace), aging station and cold rolling machine. 

 

 

a) b) 



 

42 

 

 

 
Figure 4-3: Represents cold rolling samples different dimensions in millimeters. First dimension is applied for 

tensile samples cut at a) 0˚, b) 45˚ from RD, and second dimension for samples cut at c) at 90˚ from RD, after cold 

rolling and aging. 
 

 

The rolling mill used had rolls with a diameter of 170 mm. The material was cold-rolled 

in the same rolling direction as that of the as-received condition.  The reduction in thickness was 

measured using a digital micrometer, and a total reduction of 9% ± 1%  was reached by rolling 

in 4-5 to passes. In this work, the first two passes were subjected to greater plastic deformation, 

and the last passes slightly plastic deformed.  

 

4.5 Digital image correlation (DIC) 

 

DIC is an experimental technique for the non-contact measurement of full-field displacements 

that can be used for the study of heterogeneous displacement and strain fields [82]–[84].  The 

basic idea of DIC is that a random (speckly) pattern on the surface of a specimen is tracked over 

a sequence of images taken (in this case) during testing.  In the study performed here, the speckle 

c) 
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pattern was created by coating the sample surface with a matt white paint followed by using an 

airbrush to distribute a random pattern of fine black dots [82]. During tensile deformation, 

pictures were taken from a single camera (1380 x1035 pixels) located directly in front of the 

sample.  LED lighting was used to uniformly light the sample surface.  The distance between the 

camera and the sample was fixed and the field of view focused on the gauge section of the 

sample.  The frequency of image acquisition was 9 pictures/second.  The load from the load cell 

was imprinted onto each image so that a load-displacement (and eventually stress-strain) curve 

could be reconstructed from this data. 

Following testing, the LAVISION DIC software [85], [86]was used to perform image 

processing so as to obtain displacements and to obtain strains on the sample surface.  The basic 

steps required to obtain these strains were: (1) define the desired area of analysis, (2) select a 

seeding point and (3) choose the appropriate subset size and step size.  Details of the various 

parameters selected will be discussed further in chapter 6. 
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Chapter 5: Macroscopic behavior of ULC steels 

This chapter’s goals are to quantify the kinetics of strain aging in a ULC steel under monotonic 

tensile test conditions and to use the results to develop an analytical model to predict the upper 

yield stress and lower yield stress. This model will then be used in Chapter 6 to predict the 

overall stress-strain response. 

 

5.1 Annealing and pre-straining samples 

 

The as-received material was in a cold-rolled state having been subjected industrially to a total of 

76% reduction. This results in the microstructure presented in Figure 5.1. Annealing was 

performed on the as-rolled material to remove the effects of the cold rolling, increasing ductility, 

and decreasing hardness. 

 

 
Figure 5-1: Optical micrograph showing the microstructure of the as-received ULC steel sheet.  The grains are seen 

to be highly elongated parallel to the prior rolling direction (RD). 
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           It was found that annealing for 7 min in an 800oC furnace was enough to result in a 

microstructure containing equiaxed grains indicating recrystallization (Figure 5.2).  To optimize 

annealing, several samples were annealed in the same furnace at the same time.  To make sure 

that variations in furnace temperature did not influence the final recrystallization, the 

homogeneity of the microstructure was checked across the entire length of the gauge section of 

samples (Figure 5.2).  The final grain size was measured after full recrystallization using Image-J 

and an equivalent circular area diameter. Approximately 7000 grains were measured, and the 

mean grain size was found to be 14 μm. This mean grain size was calculated using an area 

fraction weighted average of the diameter [87]. Figure 5.3 shows the grain size distribution 

obtained from these measurements. 

 

 
Figure 5-2: Microstructure observed at different positions along the gauge length of a tensile sample from one 

shoulder to the other shoulder after annealing for 7 minutes at 800oC.  No variation in microstructure was observed 

indicating full recrystallization along the entire length of the sample.  

c) 
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Figure 5-3: Grain size distribution obtained from a fully recrystallized sample after annealing at 800oC for 7 

minutes.  To construct this histogram 7000 grains were sampled. 

 

 

          As a final check on the suitability of the annealing conditions, the mechanical response 

following annealing was obtained in tension. Figure 5.4 illustrates the difference in mechanical 

behavior between the as-received sample and annealed sample. Samples tested after annealing 

presented an upper and lower yield stress, and yield point elongation. The flow stress was 

reduced, and ductility increased relative to the as-received material. The annealed sample shows 

a behavior (yield strength, uniform elongation) similar to that reported for other recrystallized 

ULC steels in the literature  [48], [88].   
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Figure 5-4: Stress-strain curve of ULC steel in an as-received condition and following recrystallization annealing. 

Where 𝜎𝑈, 𝜎𝐿, 𝜎0.002 and 𝜎𝑢 are lower yield stress, upper yield stress, stress at 0.2% deformation, and ultimate 

stress, respectively.  

  

 

As noted in section 4.2, each sample studied here was pre-strained to 10% tensile strain 

prior to aging.  This provides an opportunity to check the success of the annealing on each 

sample tested as the pre-deformation stress-strain response can be compared. Figure 5.3 shows 

all pre-straining tests performed superimposed on the same graph.  
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Figure 5-5: Engineering stress-strain diagram for several tensile tested samples illustrating the reproducibility of the 

annealing for recrystallization. 

 

Overall the results show very good reproducibility in terms of the upper yield point, 

lower yield stress and yield point elongation.  The test-to-test differences in behavior could be 

related to small differences arising from tensile sample fabrication or pre-loading of samples 

[37], [38], [89]. Furthermore, the accuracy of capturing the upper yield point may have been 

affected by the limited data sampling rate (40 Hz) used in these tests.  

 Another important result that can be assessed from the data in Figure 5.5 is the ability to 

end the tests at 10% pre-strain.  As mentioned above, this was done manually and so could not be 

controlled to better than ~ +/- 1% strain.  Figure 5.6 shows the distribution of flow stresses at the 

end of pre-straining (at ~ 10% strain) for each sample in Figure 5.5.   The mean stress was found 

to be 301 MPa and the standard deviation 6 MPa.  This indicates that 68% of the samples were 
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pre-strained to stresses of between the narrow range of 295 MPa and 307 MPa.  This small 

difference is not expected to be enough to lead to major differences in aging behavior.     

 

 
Figure 5-6: The flow stress measured just prior to unloading (at ~10% strain) for each sample studied here. The 

mean was 301 MPa with a standard deviation of 6 MPa. 

 

 

5.2 Strain aging measurement 

 

After pre-straining, samples were aged at different temperatures (50 oC, 100 oC, and 150oC) and 

times before being reloaded again in the same direction. Strain aging led to an increase in the 

flow stress with increasing temperature and time as illustrated in Figure 5.7 and Figure 5.8. In 

the first figure, the influence of temperature was evaluated by increasing temperature for a given 

time, while the second figure evaluated the effect of time by increasing aging time for a fixed 

temperature.  
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Figure 5-7: Illustration of the effect of aging temperature on strain aging and flow stress of ULC steels by increasing 

the aging temperature for a fixed aging time of a)1min, b)5min, and c)10min. The smaller figures are zoomed 

regions, and 𝜎𝑓 is the last load before unloading and aging which varies between 307 MPa and 295 MPa. 
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Figure 5-8: Illustration of the effect of aging time on strain aging and flow stress of ULC steels by increasing aging 

time for a fixed aging temperature of a)50˚C, b)100˚C, and c)150˚C. The smaller figures are zoomed regions, and 𝜎𝑓 

is the last load before unloading and aging which varies between 307 MPa and 295 MPa. 
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All tests displayed the expected increase in yield stress, reappearance of upper yield and 

lower yield stress, and yield point elongation. Upper and lower yield stresses rose with aging 

temperature and time, which is expected since the amount of segregation of solute atoms to 

dislocations increases with time and the kinetics will increase with temperature as described by 

the Cottrell and Bilby model [23].  For instance, a sample aged at 50˚C takes about 220 minutes 

to increase 43MPa in yield stress, while a sample aged at 150˚C for 1 minute has its yield stress 

increase by 50MPa. 

Although, the increase in yield point elongation (𝜀𝐿) with aging temperature [90] [91], 

and yield drop (𝜎𝑈 − 𝜎𝐿)  [92] have been reported in the literature, the present work, did not find 

any clear relationship between them (Figure 5.9). The possible reasons for that are: (1) yield 

point elongation measurement can be a challenge especially if the Lüders band travels outside of 

the region covered by the extensometer and (2) difficulty of getting the right upper yield stress 

during the tensile test due to the limited data acquisition rate.  

Finally, a permanent increase in flow stress was noticed after strain aging by comparing 

the lower yield stress and ultimate tensile stress of all aged samples. The increase of flow stress 

and ultimate tensile stress with strain aging has been reported in the literature [18]. Figure 5.10 

illustrates a close linear relationship between the ultimate tensile stress and lower yield stress. In 

a similar way, the ultimate tensile stress increases with the upper yield stress. 
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Figure 5-9: Relationship between yield point elongation and yield drop for ULC steels aged at different aging 

temperatures. Verification tests for each aging temperature are contoured in black. 

 

 

 
Figure 5-10: Illustrates the approximately linear relationship between the lower yield stress and the ultimate tensile 

stress for different aging conditions. Second verification tests for each aging temperature are contoured in black. 
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Following previous work [2], [19], [48], the effect of strain aging will be specifically 

associated with the increase in yield stress in this chapter.  This can be measured in two ways: 

1) The difference between the upper yield stress and the stress at the point of unloading 

from pre-loading (∆𝜎𝑈) 

2)  The difference between the lower yield stress and the stress at the point of unloading 

from pre-loading (∆𝜎𝐿) 

These parameters are plotted in Figure 5.11. 

 

 

 

0

10

20

30

40

50

60

70

0.1 1 10 100 1000

(M
P

a)

time (min)

50ᵒC 100ᵒC 150ᵒC

∆
𝜎

𝑈

a)



 

55 

 

 

 
Figure 5-11: The increase in yield stress following strain aging measured using a) the upper yield stress and b) the 

lower yield stress. Second verification tests for each aging temperature/time are contoured in black. 

 

 

Figure 5.11 clearly shows the expected increase in yield stress with time and temperature as well 

as the fact that the strain aging effect saturates, i.e. the yield stress (upper and lower) does not 

continue to increase beyond a certain limit with further aging, this being independent of the 

aging temperature. This maximum increase in yield strength during aging is termed ∆𝜎𝑚𝑎𝑥, and 

in this work a maximum increase in both upper (∆𝜎𝑈𝑚𝑎𝑥)  and lower yield stress (∆𝜎𝐿𝑚𝑎𝑥) are 

obtained. These parameters are obtained by averaging the maximum values for each of the 

methods for the highest temperatures, i.e. the maximum values of ∆𝜎𝑈 and ∆𝜎𝐿 for 100ºC and 

150ºC treatment. In this case, the 50º C aging treatment data were not used because saturation 

was not clearly reached.  Therefore, the saturation stresses are approximated to  ∆𝜎𝑈𝑚𝑎𝑥 =
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55𝑀𝑃𝑎 and  ∆𝜎𝐿𝑚𝑎𝑥 = 45 𝑀𝑃𝑎,  this result being very similar to values reported in the 

literature for similar steels and aging conditions [48][19].    

 

5.3 Modeling strain aging effect in ULC steels 

 

It was shown in the Literature Review (Chapter 2) that one of the successful models for 

predicting the evolution of yield stress with strain aging is the Louat modification of the Cottrell-

Bilby model [33].  This model (equation 2.13) was used to fit the experimental data presented in 

Figure 5.11.  Taking logs on both sides of equation 2.13 we arrive at, 

 

ln (
∆𝜎𝑚𝑎𝑥−∆𝜎

∆𝜎𝑚𝑎𝑥
) = (−

𝑡

𝑡∗)

2

3
            (5.1) 

 

In this case, if we plot our data as the natural logarithm of the normalized increase in yield stress 

(left-hand side of equation 5.1) versus  𝑡
2

3  then the data should fall on a line having a slope of 

(−
1

𝑡∗)

2

3
. 
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Figure 5-12: Logarithm increase in yield strength with 𝑡
2

3 for different temperatures using upper yield strength 

experimental data. 

 

 

Figure 5.12 shows that this linear behavior is well reproduced by the data collected here.  As 

expected, this plot shows that 𝑡∗ is a function of the aging temperature.  This is due to the fact 

that 𝑡∗
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3 is dependent on binding energy (A) and diffusivity of carbon (D) according to 𝑡∗
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  (cf. eq 2.11 and 2.13).  Thus, one should expect a relationship between 𝑡∗
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3
.  From the slopes obtained from a linear fit to the data in Figure 5.13, values of 𝑡∗

2
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were deduced and plotted as a function of (
1

𝐷
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2

3
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) is the diffusivity of carbon in BCC iron [16],   Although 
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added knowing that as the diffusivity goes to infinity (and so (
1

𝐷
)

2

3
 goes to zero) 𝑡∗ should go to 

zero.  

 

 

Figure 5-13: Linear relationship between 𝑡∗
2
3
 and (

1

𝐷
)

2

3
 using data from Figure 5.12 for samples aged at 50˚C, 100 ˚C 

and 150 ˚C.  

 

The model appears to well fit the experimental data with  𝑡∗
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3
, 𝑡∗is given in 

minutes. This relationship allows one to predict the upper yield stress.  Applying the same 

method to the data for the lower yield stress results allows one to predict the lower yield stress.  
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 Figures 5.14 shows the experimental data from Figure 5.11 but now with the model fits 

(equation 2.13) with t* given by equations 5.1 and 5.2. One can see that the fit to the data is very 

good.  This provides the opportunity to interpolate to other aging times and temperatures. To 

illustrate this an extra set of experimental measurements made at 70oC were performed and the 

model used to predict their response (Figure 5.14).    

 

 

 
Figure 5-14: Kinetics of ULC steel using a) upper yield point (method 1) and b) lower yield point (method 2). 

Second verification tests for each aging temperature/time are contoured in black. 
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While the model does a good job of reproducing the experimental data, it is important to 

point out that it is based on assumptions. First, only the diffusion of carbon is considered in this 

model.  As discussed above,  nitrogen could also play a role in strain aging [23].  One 

justification for this assumption is the fact that carbon and nitrogen have very different 

diffusivities in ferrite. For instance, at room temperature, the diffusivity of carbon is 

3𝑥10−17𝑐𝑚2/𝑠, while nitrogen has a diffusivity of 1𝑥10−16𝑐𝑚2/𝑠 [25]. Thus, it is expected 

that carbon diffusion, which presents the lower diffusivity, controls the kinetics of aging at low 

temperatures and short times.  

A second assumption here is that only the first stage of strain aging effect is considered. 

In previous models, considered to longer aging times, the effect of carbide precipitation on the 

yield strength has also been considered [3], [28].  In previous work on ULC steels, De Comman 

et al. [16] showed no effect of carbide precipitation during strain aging for conditions similar to 

those studied here.  The effects of carbide precipitation are typically seen to appear after 

saturation of the first stage of strain aging [3], [16], [24], this occurring after longer times than 

those studied here.  

 

5.4   Summary 

 

In this chapter, experimental strain aging data was obtained, and a model was parameterized to 

describe the increase in upper and lower yield stress. The results were shown to be comparable to 

previous studies in the literature.  This model will next be used in chapter 6 as part of a 
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constitutive model with a finite element model to allow for the prediction of both yield strength 

and working hardening response following aging. 
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Chapter 6: Prediction of the stress-strain response of ULC steels  

 

6.1 Introduction 

 

The goal of this chapter is to predict both the yielding and work hardening behavior of the ULC 

steel studied here. To do this, a finite element model is developed and coupled with the analytical 

model presented in Chapter 5 and a constitutive law that allows one to predict not only strain 

aging effect on yield stress but also the macroscopic and mesoscopic mechanical behavior of 

ULC carbon steels. A VUHARD subroutine was used to describe the plastic response of the 

material (Appendix A). The FEM predicted stress-strain curves are compared to tensile test data, 

while the predicted distribution of strain during Lüders band propagation are compared to digital 

image correlation (DIC) measurements. 

 

6.2 Description of Abaqus model  

 

When a material deforms homogeneously by plastic deformation, a constitutive law alone can 

predict the mechanical behavior during a tensile test. However, when a material deforms 

heterogeneously, for example during the portion of the stress-strain curve associated with yield 

point elongation of ULC steels, a constitutive law needs to be used together with a numerical 

(e.g. FEM) model to predict the macroscopic tensile response. 

Simulations were performed in this thesis using an explicit, 3D finite element model in 

ABAQUS CAE version 6.14. The element type was defined as linear element (8-node brick, 
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C3D8R). The material was assumed to be elastically isotropic (Young’s modulus = 200 GPa and 

Poisson’s ratio = 0.3) with a density of 7870 𝑘𝑔. 𝑚−3. The constitutive law describing the plastic 

response of the material (see description below) was implemented via a VUHARD subroutine 

developed as a part of this thesis (See Appendix A for the VUHARD routine). 

Boundary conditions were defined to reproduce the conditions expected in the 

experimental tensile test. The surface nodes on one of the grip sections were constrained to no 

displacement/rotation (encastre condition). The second grip section had boundary conditions 

applied to the surface nodes allowing for only motion in the y-direction (direction of tensile 

testing), i.e. deformation is controlled by displacement in y-direction. In this work, displacement 

was set to 4.03𝑥10−3 mm/step for both loading and reloading simulations. The surface of the 

gauge section of the sample was subjected to no mechanical constraint, allowing for those 

surfaces to behave as free surfaces (zero stress in the x and z directions).  

A slight geometrical imperfection was introduced in the upper-left filet portion of the 

finite element model (Figure 6.1). This was implemented to ensure that Lüders band formation 

occurred consistently at the same location. The chosen imperfection caused a local perturbation 

of the cartesian coordinates introducing extra stress concentration.  This creates a defect with a 

shape similar to a v-shaped notch and dimensions of 0.09 mm (length), 0.02 mm (width) and 1 

mm (thickness). The stress-strain response of this model was compared to a free defect model 

using the local behavior constitutive law presented later in this chapter, and the mechanical 

behavior was found to be not affected by the presence of this small defect.  
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Figure 6-1: Illustration of a) mesh size in the grip section and gauge section, and a notch introduced at the sample 

shoulder, and b) the boundary conditions used in the model. In b) the blue marks mean no rotation is allowed in the 

specific direction, orange marks mean no displacement is permitted in the given direction, and the orange arrow 

indicates that displacement in y-direction is allowed in this model. Units are in millimeters. 
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          The 3-D meshed specimen was designed to have the same dimensions as those of the 

experimental tensile sample (Figure 4.1). The model’s gauge length was meshed with a finer 

mesh size than the grips so as to better resolve the localized plastic strain induced by the Lüders 

band.  Finally, the tensile stress-strain curves were calculated by averaging the stress and strain 

at all the nodes in the gauge section of the sample. To do this the true stresses and strains in the 

y-direction were considered.  

 

6.3 Constitutive law  

 

In Chapter 2 (section 2.10) a constitutive model was presented that allows one to predict 

(in connection with FEM calculations) the stress-strain response of steels that exhibit Lüders 

band formation and propagation.  More specifically, 𝜎 = 𝜎𝑚𝑎𝑥 + 𝑄1. (1 − 𝑒−𝑏1.𝜀𝑝) +

𝑄2. (1 − 𝑒−𝑏2.𝜀𝑝) was used to fit the mechanical behavior of ULC samples measured in tension 

directly after annealing (the results shown in Figure 5.4). Where the 𝜎𝑚𝑎𝑥 is equal the 

experimental 𝜎𝑈 (327 MPa), and the terms 𝑄1, 𝑏1, 𝑄2 and 𝑏2 are fitting parameters that allows 

one to obtain  𝜎𝑚𝑖𝑛, and at least three other points during work hardening of the experimental 

data (Figure 6.2). The experimental lower yield stress is calculated by 𝜎𝐿 = 𝜎𝑚𝑛 + [(𝜎𝑚𝑎𝑥 −

𝜎𝑚𝑖𝑛)/2.5]. The parameters 𝑄1, 𝑏1, 𝑄2 and 𝑏2 used in this work are shown in Table 6.1. 
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Table 6.1: Displays the parameters used on the constitutive law during loading (eq 2.18). 

𝑄1(𝑀𝑃𝑎) 𝑏1 𝑄2 (𝑀𝑃𝑎) 𝑏2 

345 14.5 -248 43 

  
Figure 6-2: Fitting the constitutive model into the experimental data of the tested after annealing sample. 

  

 

To account for the mechanical response following strain aging, the expression given in 

equation 2.20 is used where the parameter 𝑄𝐵𝐻 was calculated from  ∆𝜎𝜀𝑝=𝜀𝐿
= 𝑅𝐵𝐻 + 𝑄𝐵𝐻,  

where 𝑅𝐵𝐻 is a parameter that determines the value of the upper yield point.  This is taken, 

following the literature, to be a linear function of ∆𝜎𝑈, i.e. 1.6∆𝜎𝑈 [24].  Here ∆𝜎𝜀𝑝=𝜀𝐿
 (Figure 

6.3) is the difference in flow stress measured between the aged (𝜎𝑎𝜀𝑝=𝜀𝐿
) and unaged tensile 

sample (𝜎𝑛𝜀𝑝=𝜀𝐿
) at the end of the yield point elongation (𝜀𝐿). The value of 𝜎𝑎𝜀𝑝=𝜀𝐿

  was 

approximated to the lower yield stress (𝜎𝐿) of the aged sample and calculated using equation 5.3 
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developed in chapter 5.  The value of 𝜎𝑛𝜀𝑝=𝜀𝐿
 was obtained from a tensile sample tested without 

interruption.  For this work the value of  𝜎𝑛𝜀𝑝=𝜀𝐿
 was taken to be 362 MPa. Therefore, 𝑄𝐵𝐻 was 

set as 𝜎𝐿 − 362 − 𝑅𝐵𝐻 and 𝑏𝐵𝐻 is calculated using equation 2.21. Figure 6.3 shows a schematic 

that highlights the relationship between these model parameters and the features on the stress-

strain curves.  

 

 
Figure 6-3: Schematic representation of the local behavior parameters where 𝜎𝑎𝜀𝑝=𝜀

 is calculated using equation 5.3 

and 𝜎𝑛𝜀𝑝=𝜀𝐿
 was fixed to 362 MPa. 

 

 

 It is important to note that in this constitutive equation strain rate sensitivity is not 

explicitly incorporated.  It is expected that strain rate sensitivity could play an important role at 
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the mesoscopic scale given the much higher strain rate in the Lüders band front compared to that 

imposed macroscopically.  The consideration of rate sensitivity is, however, left for future work. 

 

6.4 Sensitivity analysis 

 

It is known that several aspects of the finite element calculation can affect the predictions 

it makes.  Two important ones, in this case, are the mesh size [73], [76] and the time step used 

[93].  The effect of the mesh size used in the gauge section of the sample on the stress-strain 

response was checked by varying it, the results being shown in Figure 6.4.  

 

  

 
Figure 6-4: Mesh size sensitivity analysis for the mesh in the gauge length with the inset showing the flow stress in 

the elastic/plastic transition. The numbers shown in the legend refers the width and length of the gauge length mesh 

size. 
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From these results, it was found that the results did not change when the mesh in the 

gauge length was reduced to 0.245 mm (width) x 0.3 mm (length).  In all cases, the mesh size in 

the thickness direction (z-direction) of the sample was left fixed as 0.5 mm. Choosing this mesh 

size resulted in the 10,896 elements in the model.  

The effect of changing the displacement increment per step used for the calculations is 

shown in Figure 6.5.  It was found that as the displacement per step decreased, the upper yield 

point increased until it saturated to a constant value at a displacement increment of 0.004 mm per 

step.  Based on this, a step size of 0.004 mm/step was used for all simulations.  

 

 
Figure 6-5: Displacement increment per step sensitivity analysis with ampliation of flow stress in the elastic/plastic 

transition. 
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6.5 Prediction of macroscopic mechanical behavior of the ULC steel  

 

As shown in Figure 6.6 the FEM predictions and experimental results for the as-annealed 

material show very good agreement over the range of stresses and strains measured. The yield 

point elongation and upper yield stress from the FEM model are approximately 16% (0.012), and 

2% (8 MPa) smaller than those measured in experiment. This is in the range of scatter seen 

experimentally in chapter 5. 

 

 
Figure 6-6: Comparison between the experimental tensile stress-strain curve and that predicted by the FEM model 

for samples in the as-annealed state.   
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constitutive law, when combined with the FEM model, gives rise to strain localization at the 

sample’s shoulders, causing Lüders band initiation and propagation.  This will be discussed in 

more detail below. 

The next step was to use the developed model to predict the mechanical behavior of ULC 

steels following strain aging where the direction of testing following aging was the same as that 

used in pre-deformation.  In this case, the only additional information provided to the model was 

the time evolution of the upper yield strength (𝜎𝑈) developed in the model in Chapter 5 (equation 

5.2).  The resulting predicted behavior is compared to selected experimental data from samples 

aged different times and temperatures in Figure 6.7.  
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Figure 6-7: Comparing experimental tensile curves with FEM after strain aging for a) 120ºC during 10 min, b) 

100ºC during 100 min, c) 70˚C for 10min and d) 70˚C for 30min. 

 

                

Overall the FEM model is shown to do an excellent job of reproducing the stress-strain 

behavior as a function of the various pre-strain conditions considered when combined with the 

model for predicting the upper yield stress presented in Chapter 5.  What is not clearly shown by 

the stress-strain curves is the fact that during testing the plastic deformation occurs non-

uniformly over the gauge section of the sample during Lüders band propagation.  In order to 

compare the Lüders band motion in experiments and simulations, full-field experimental 

measurements of the strains on the surface of the samples were made using digital image 

correlation.  The results of this are described below. 

 

6.6 Prediction of mesoscopic mechanical behavior of the ULC steel 

 

As noted above, the FEM model should predict not only the stress-strain curve but also the non-

uniform plastic deformation arising from Lüders band propagation.  To evaluate this, digital 
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image correlation (DIC) was used to experimentally measure the mesoscopic plastic strain 

distribution on the surface of tensile samples. The heterogeneous plastic deformation observed 

during Lüders band propagation was compared to FEM predictions for samples tested in the as 

annealed conditions and following strain aging.    

 

6.6.1 DIC basics and sensitivity analysis 

 

DIC has previously been successfully used to track the speed and pattern of Lüders band 

propagation during deformation of steels [83], [94], [95].  Here the LaVision DIC system 

(hardware and software) was used to capture and process data. A brief summary of how DIC 

works and the methodology implemented in this thesis will be presented first, before describing 

results and comparing with simulations. 

The first task in DIC post-processing analysis (after the test is performed) is to select the 

desired area to be analyzed (mask setting).  In this study, the gauge length of the samples was 

selected.  Next, it is necessary to select a seeding point inside of the area of interest (masked 

area) to make an initial guess for DIC analysis [94], [96], [97]. It is important to notice that the 

selected seeding point needs to be in a place where speckles are easy to be identified [94], [97].  

Next, a subset size and step size must be selected before data analysis. The subset size refers to 

the size of the sub-portion of the surface whose center is used to calculate the displacement from 

the reference image [98].  The step size is the selected distance between subset centers [99], 

[100]. A schematic illustrating these basic concepts is given in Figure 6.8: 
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Figure 6-8: Illustration of how DIC analysis is performed. Here reference patterns, subset and subset centers are 

defined, and displacement is calculated by comparing the deformed subset to the reference subset. Step size and 

subset size play an important role into computational time and spatial resolution  [86].  

 

The subset size is limited by the fact that each subset must contain at least three speckles. 

A competition exists between using a larger subset size to allow for better pattern matching 

versus a smaller subset size giving better spatial resolution but with more error in pattern 

matching [101]. Spatial resolution is, however, more influenced by the step size used in 

measurements [100]. Normally, the step size is set to be between one-third to one-half of the 

subset size [99]–[101]. In order to choose the subset size and step size, a sensitivity analysis was 

performed, where step size was fixed, and subset size was changed so that the ratio between 

subset size and step size varied between one-fifth to one-half. The results from measurements 

made on a sample during elastic loading were then used to estimate the young’s modulus (E) 

based on the recorded load and average gauge length strain measured in DIC as a function of 
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DIC parameters (Table 6.2). In this case, E was shown to only change slightly as the ratio of 

subset to step size was increased, especially when subset size reached 21 pixels. Therefore, for 

further studies a subset size of 21pixels and step size of 8 pixels were selected for use in all the 

DIC experimental analysis performed in this work. 

 

Table 6-1: Change in the young’s modulus estimated by DIC arising from changing the ratio subset and step size. 

Subset size (pixel) Step size (pixel) Young`s Modulus (GPa) 

11 8 206 

21 8 204 

25 8 204 

31 8 204 

 

 

6.6.2 Investigation of Lüders band formation  

 

Digital image correlation was used to study Lüders band nucleation and propagation 

during tensile testing of the as-annealed and strain aged samples described above. The point of 

nucleation of Lüders bands was not possible to clearly identify due to the limited image 

acquisition frequency used here (9Hz).  In the literature it has been argued that Lüders band 

nucleation occurs before the attainment of the upper yield stress, this occurring by a process 

called “pre-yield micro-strain” [83], [102], [103]. Others have attributed nucleation to the upper 

yield stress [45], [104], [105]. In this work, the DIC results were only able to detect clear 

evidence of a Lüders band (localized strain within the gauge section) at stresses close to the 
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lower yield stress when the Lüders band had covered the entire width of the sample [103].  As 

noted above this is likely a consequence of the limited acquisition rate of the system used and the 

limited spatial resolution induced by the camera [94]. To visualize the Lüders bands in these 

experiments, maps of the strain parallel to the tensile axis are plotted along with the tensile strain 

on a line running along the length of the gauge section in the center of the sample. 

For both as-annealed and strain aged samples, Lüders bands were observed to propagate 

from the shoulders of the samples[38], [103]. This was expected due to the stress concentration 

at fillets. Lüders bands were observed to propagate from both the upper and lower shoulders of 

the samples, with some cases exhibiting two bands. The occurrence of the second band in some 

cases may be due to the delayed yielding of some grains within the band front [106]. Despite the 

number of bands, in both cases, the Lüders band(s) travel through the entire gauge length before 

the material returns to homogeneous deformation. Figure 6.9 and 6.10 illustrate the behavior of 

Lüders bands as they propagate through the gauge length at different levels of tensile 

deformation for an as-annealed sample and a strain aged sample.  This confirms the 

heterogenous macroscopic behavior associated with the yield point elongations discussed earlier 

in this chapter.   
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Figure 6-9: Lüders band propagation during 10% pre-deformation. a) Strain parallel to tensile axis (𝜀𝑌) at four levels 

of tensile deformation b) From the data in (a) one-dimensional plots of 𝜀𝑌 have been made with the position running 

along the center of the gauge length of the sample. The numbers in (a) and (b) correspond to the positions on the 

macroscopic tensile curve shown in (c).  
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Figure 6-10: Lüders band propagation during reloading after aging for 10 min at 150ºC. a) Strain parallel to tensile 

axis (𝜀𝑌) at four levels of tensile deformation b) From the data in (a) one-dimensional plots of 𝜀𝑌 have been made 

with the position running along the center of the gauge length of the sample. The numbers in (a) and (b) correspond 

to the positions on the macroscopic tensile curve shown in (c).  
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 The above results from the DIC measurements show several important features, 

particularly the magnitude of strain accompanying Lüders band, yield point elongation and 

Lüders band angle and velocity.  

At the onset of Lüdering, the magnitude of Lüders strain is in the order of 10−2 for both 

tested conditions. This is one order of magnitude greater than the applied strain. The difference 

between Lüders band strain and applied strain decreases as the Lüders band propagates and when 

it has traveled the entire gauge length, the material starts deforming homogenously again. The 

strain induced by the Lüders band was calculated by averaging the largest 50% of values in the 

region where the Lüders band has passed. Finally, apart from the very beginning of Lüders band 

propagation (Figure 6.9 and Figure 6.10- label 1), the strain-induced at the Lüders band front 

approximates to the yield point elongation.  

The as-annealed sample had a yield point elongation of 0.09 (Figure 6.9) whereas the 

yield point elongation was 0.04 for a sample pre-strained 10% then aged (Figure 6.10). These 

values are compatible to the tensile test results presented on chapter 5.  As seen on chapter 5, 

despite what has been reported in the literature [92], [107], no clear relationship between the 

increase in yield point elongation and the drop in yield stress was found. However, a second 

factor, the work hardening rate, also contributes to the change in yield point elongation seen 

here. In fact, an increase in yield point elongation with decrease in work hardening rate has been 

reported in the literature [91].   

The angle of the Lüders band as observed by DIC observation was shown to be very 

similar to what is found in the literature [82], [83]. As expected, the Lüders band deforms while 
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respecting plane strain in the x-direction (𝜀𝑥 = 0) by being oriented at close to 55º to the tensile 

direction [46].  

The Lüders’ band velocity (𝑣) is strongly dependent on the applied stress  [107]–[109], 

and a change in stresses can cause the Lüders band velocity to vary during the tensile test. The 

velocity was found to change between 3mm/s to 5mm/s for the test shown in Figure 6.9, and 

between 10mm/s to 20mm/s for the test shown in Figure 6.10. Using 𝜀̇ = 𝜀𝐿
𝑣

𝑙𝑜
 [36], where  𝑙𝑜 is 

40 mm, the strain rate of samples loaded after annealing and reloaded after aging treatment can 

be calculated. For the case of the sample loaded after annealing, where 𝜀𝐿 𝑖𝑠 0.09 , the strain rate 

was found to be between 3𝑥10−3 𝑠−1 and   1𝑥10−2 𝑠−1. While the sample reloaded after aging 

(𝜀𝐿 = 0.04), the strain rate was calculated to be between  2𝑥10−2 𝑠−1  and 5𝑥10−2 𝑠−1.  In both 

cases the calculated strain rate is close to the applied strain rate 6𝑥10−2 𝑠−1.  

 These features observed experimentally can be compared directly with the predictions of 

the FEM simulations. Because a defect was used in the FEM simulations to induce a single 

Lüders band to propagate from the same location each time, one cannot directly simulate the 

statistical aspects of Lüders band formation (e.g. location, one or two bands).  The amount of 

strain induced by the Lüders band, the length of the band front and the shape of the band front 

can all be compared, however.  These were not considered in the initial fitting of the constitutive 

law used here. Figure 6.11 and 6.12 illustrate Lüders band propagation during loading after 

annealing and reloading after aging for 10 min at 150ºC.  

 



 

81 

 

 

                                                   

 
Figure 6-11: Lüders band propagation during 10% pre-deformation using FEM. a) Strain parallel to tensile axis (𝜀𝑌) 

at four levels of tensile deformation b) From the data in (a) one-dimensional plots of 𝜀𝑌 have been made with the 

position running along the center of the gauge length of the sample. The numbers in (a) and (b) correspond to the 

positions on the macroscopic tensile curve shown in (c).  
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Figure 6-12: Lüders band propagation during reloading after aging for 10 min at 150ºC using FEM. a) Strain parallel 

to tensile axis (𝜀𝑌) at four levels of tensile deformation b) From the data in (a) one-dimensional plots of 𝜀𝑌 have 

been made with the position running along the center of the gauge length of the sample. The numbers in (a) and (b) 

correspond to the positions on the macroscopic tensile curve shown in (c).  
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Figure 6-13: Lüders band shape during its propagation through the gauge length using DIC (a, c, e, and g) and FEM 

modelling (b, d, f, and h) during pre-straining test after annealing. 
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Figure 6-14: Lüders band propagation through the gauge length using DIC (a, c, e and g) and ABAQUS (b, d, f and 

h) during reloading after aging test at 150ºC for 10min. 
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 Qualitatively the results obtained by FEM and DIC are very similar.  Now, a more 

quantitative comparison is performed by comparing the experimental and modeling results in 

terms of the magnitude of strain-induced by the Lüders band and the Lüders band length (𝐿𝑏𝑎𝑛𝑑). 

The magnitude of strain induced by the Lüders band was calculated by averaging the greatest 

50% strain points above 0.008 strain (this being just higher than the background ‘noise’ in the 

strain measurements) along the centerline of the specimen gauge length. Here, 𝜀𝑚𝑎𝑥 is maximum 

strain induced by Lüders band. For instance, Figure 6.15 presents 12 strain measurements above 

0.008, and the greatest 50% values (6 values) were averaged.  Lüders band length was calculated 

by looking at the difference in the position (x-axis) where the band starts and finishes at a fixed 

strain (y-axis), defined here to be 0.008 (Figure 6.15).  

 

 
Figure 6-15: Illustrates the procedure used to calculate the magnitude of strain induced by Lüders band and Lüders 

band length (𝐿𝑏𝑎𝑛𝑑). 
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Figure 6.16 and 6.17 compare the strain induced by the Lüders band and the Lüders band 

length measured from FEM and DIC tests. The uncertainty bars in Figure 6.18 were calculated 

from the difference between the average of the greatest 50% strain points, and maximum and 

minimum strain values within the greatest 50% strain points. These data points were calculated 

using the same level of macroscopic strain shown in Figures 6.16 and 6.17.   One can see that the 

FEM model does a good job of predicting both the geometry and strain levels associated with the 

Lüders bands for both the pre-deformed and aged materials.  The fact that the strain induced by 

the Lüders band measured experimentally is higher than that predicted in Figure 6.16 is a 

consequence of the fact that the model underestimates the length of the yield point elongation 

(Figure 6.6).  

 

 
Figure 6-16: Comparison of strain induced by Lüders band between the FE model and DIC during a) 10%pre-

deformation after annealing and b) reloading after aging at 150ºC for 10min.  The uncertainty bars are displayed in 

both Figures. 
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Figure 6-17: Comparison of the Lüders band length between the FE model and DIC during a) 10% pre-deformation 

after annealing and b) reloading after aging at 150ºC for 10min. 

 

 

 One of the questions that arose in fitting the experimental stress-strain response to the 
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magnitude of strain that one has to impose before the flow stress rises back to the value it had at 

the upper yield point.  If one could find such a relationship it would make fitting the stress-strain 

response significantly easier.   

  Unfortunately, upon the comparison of FEM predicted yield point elongations and the 

corresponding values of ∆𝜀 from the input constituent law, it was found that the yield point 

elongation is not equal to  ∆𝜀 (orange line).  In this case, the value of ∆𝜀 was changed by 

changing only the value of the upper yield strength in the case of simulated strain aged samples.  

The conditions chosen here correspond to fits to experimental stress-strain conditions. 
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In the case of the conditions fit to aged samples at 70oC one sees that a linear relationship 

does seem to exist but with the ∆𝜀 needing being twice the value of the yield point elongation. 

One factor that might influence this is the fact that at the Lüders band front the stress-state is not 

simply uniaxial. This may cause a change in local yield/flow stress, affecting the prediction of 

yield point elongation.  Interestingly one sees that for the as-annealed sample, the value of ∆𝜀 is 

nearly the same as the yield point elongation.  The important difference between this condition 

and that of the aged samples is the magnitude of the work hardening after ∆𝜀.  The aged 

materials have a much lower work hardening rate meaning that a small error in the predicted 

flow stress can lead to a large effect on the predicted strain.  This suggests that using a 

relationship between ∆𝜀 and the yield point elongation is unlikely to help in fitting the 

constitutive model given the sensitivity of ∆𝜀 to the work hardening rate in the case of the aged 

materials.  At best, this could be used to indicate trends in behaviour.    

 

 
 Figure 6-18: Represents a) the local behavior ∆𝜀 taken from fits to experimental stress-strain curves and b) the 

prediction of yield point elongation of samples (as-annealed and aged at 70ºC for different times) using ∆𝜀. 
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6.7 Summary 

 

In this chapter, a finite element model was created in ABAQUS, and combined with the 

analytical model (chapter 5) and a constitutive law to predict the macroscopic and mesoscopic 

mechanical behavior of ULC steel during uniaxial tensile tests. In terms of macroscopic 

behavior, strain aging and mechanical behavior of the ULC steel can be predicted for different 

aging conditions. Furthermore, this model proved to predict the mesoscopic behavior of ULC 

carbon steels, especially the strain induced by Lüders band motion and geometry of the Lüders 

bands. Therefore, this model allows one to predicted and understand the mechanical behavior of 

aged ULC steels at different scales (macro and mesoscale) during monotonic tensile testing.  
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Chapter 7: Directionality of the strain aging effect  

7.1 Introduction 

 

This chapter aims to investigate the directionality of strain aging of ULC steels.  To evaluate this, 

samples were annealed, cold-rolled to ~10% reduction, aged and then re-loaded in tension.  The 

tensile tests were performed at 0˚, 45˚ and 90˚ to the sheet’s rolling direction.  As described in 

Chapter 3, one aging condition is considered (150˚C, 10 minutes), this corresponding to the 

maximum in strain aging response (Chapter 5, Figure 5.14).  The choice of only one aging 

time/temperature was a result of the delay between rolling and having the sample machined.  To 

avoid complications resulting from small amounts of aging occurring at room temperature during 

this wait, only this highly aged condition was considered. The mechanical behavior after aging is 

compared here to the mechanical response of samples presented in Chapters 5 and 6. Also, DIC 

observations have been made to examine Lüders band formation and propagation in these cold-

rolled, aged and tensile tested samples.  Finally, a revised constitutive model is presented to help 

in explaining the observed behavior on strain path change. 

 

7.2 Starting plastic anisotropy 

 

To understand the anisotropy of strain aging, it is necessary to first know the plastic anisotropy 

of the annealed material prior to cold rolling. Tensile samples were cut from the as-received 

sheet at 0˚, 45˚ and 90˚ to the rolling direction. These were then annealed to fully recrystallize 

them (800˚C for 7 min, the same annealing conditions used for the materials described in 
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Chapters 5 and 6) and then they were tested in tension. Figure 7.1 illustrates the mechanical 

behavior of ULC steels at different tested directions using the engineering stress-strain diagram. 

 

 
 Figure 7-1: Mechanical behavior of ULC steels at different directions to RD. 

 

 

When compared after 10% tensile deformation, the level of pre-deformation used here, 

the flow stress of the sample cut at 45˚ to RD showed the highest flow stress (320 MPa).  This is 

compared to flow stresses of 310 MPa for the sample cut at 90˚ to RD and 300 MPa for the 

sample cut parallel to RD. This difference in flow stress is relatively small as can be seen if these 

values are compared to the values shown in Figure 5.5 where multiple samples prepared from the 

same direction in the sheet (parallel to RD) showed a variation of  ±6𝑀𝑃𝑎. This indicates that 

while the starting material has some plastic anisotropy (due to crystallographic texture) the effect 

is not very large.  
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7.3 Tensile behavior of rolled, aged and tensile tested samples  

 

Cold rolling was designed as the pre-deformation path for this study with the aim of achieving 

the same flow stress following rolling as was obtained after 10% tensile strain in tension [110]. 

However, controlling the level of strain introduced during cold rolling is difficult. The inability 

to achieve the desired level of strain will affect the mechanical behavior of the tested materials, 

making it difficult to compare different samples.  With this in mind, special precautions were 

made to minimize the sample-to-sample variations of strain imposed during rolling.  First, for 

each set of samples studied, the rectangular sheets were rolled in a single pass.  This was 

performed without changing the position of the rolls. Once all samples had been rolled, the roll 

gap was reduced and the next pass was performed, this process being repeated up to the final 

desired thickness. The thickness of the samples was measured in 10 different positions before 

rolling and after each rolling pass. The thickness measurement was performed by using a digital 

micrometer. From these measurements the average true strain was calculated using the average 

measured thicknesses.  The target was to cold roll to the same equivalent plastic strain, 𝜀𝑒𝑞 = 0.1 

using 𝜀𝑒𝑞 =
2

√3
𝜀𝑧  for each sample.  This required a true thickness strain of 𝜀𝑧 = ln (

𝑡𝑓

𝑡𝑜
) =

−0.09, where 𝑡𝑓 is the sheet thickness after rolling and 𝑡𝑜 is the sheet thickness before rolling. 

A total of 8 rectangular samples were subjected to cold rolling.  The dimensions of these 

samples were constrained by the size of the roll gap of the rolling mill and the size of the 

annealing furnace.  Out of these rolled sheets tensile samples were cut.   For the case of tensile 

samples cut at 0˚ and 90˚ to RD, a total of 3 samples could be cut from one rolled sheet. For the 
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case of the tensile samples cut at 45˚ to RD only one tensile sample could be produced per rolled 

sheet (Figure 4.3). 

In total 4 tensile samples were produced for each test direction.  Two samples were tested 

in the as rolled (no aging treatment) state while the other 2 were aged before testing. As 

mentioned above, for the 0˚ and 90˚ conditions, three samples could be cut from one rolled sheet.  

Two of these samples were aged while the third sample was tested in the as-rolled condition.  

The fourth sample was then taken from a second rolled sheet and tested in the as-rolled 

condition. For the case of samples tested at 45˚ to RD each sample was taken from a separate 

rolled sheet. 

 Table 7.1 gives a detailed description of each of the samples prepared.  The rolled sheets 

are labeled A-H.  The tensile samples taken from each sheet, and their condition (aged, not aged) 

are indicated.  The uncertainty in the strain was computed using ∆𝜀 =
1

𝑡𝑓
 ∆𝑡𝑓 +

1

𝑡𝑜
 ∆𝑡𝑜 , where  𝑡𝑜 

is the average initial thickness,  𝑡𝑓 is average final thickness, and ∆𝑡𝑓, ∆t0 are the standard errors 

of the mean values of 𝑡𝑓 and 𝑡𝑜[111], [112]. Table 7.2 displays the calculated uncertainties for all 

samples subjected to cold rolling. 
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Table 7-1: The nomenclature used for the rolled sheets (A-H) and information of the subsequent tensile samples 

taken from them. 

A 

0˚ 

B 

0˚ 

C 

90˚ 

D 

90˚ 

E 

45˚ 

F 

45˚ 

G 

45˚ 

H 

45˚ 

Aged Not aged Aged Not Aged Aged Aged Not aged Not aged 

Aged --------- Aged --------- --------- --------- --------- --------- 

Not aged --------- Not aged --------- --------- --------- --------- --------- 

 

 

 
 

Table 7-2: The average initial thickness (𝑡0) and average final thickness (𝑡𝑓) in millimeters, the estimated 

uncertainty in the strain, and strain 𝜀𝑧.  

 

It is important to note that tensile samples tested in the as-rolled (not aged) condition 

were taken from different rolled sheets, while samples tested at 0˚ and 90˚ after aging were 

produced from same rolled sheet (table 7.1). It is expected that is harder to have the same level of 

strain for the unaged samples compared to aged samples.  

Figure 7.2 shows the true stress-strain curves obtained from each of the samples in Table 

7.1. In each case the curves are plotted only up to uniform elongation as determined from the 

Considére criterion.  It can be seen that the tensile samples taken from sheets C, D, G and H and 

 A B C D E F G H 

average 𝑡𝑓 0.921 0.922 0.920 0.924 0.914 0.919 0.921 0.921 

average 𝑡0 1.006 1.003 1.006 1.012 1.003 1.004 1.007 1.01 

z -0.088 -0.084 -0.089 -0.090 -0.092 -0.088 -0.089 -0.092 

Uncertainty 

in strain 
0.0020 0.0001 0.0015 0.0004 0.0001 0.0026 0.0007 0.0001 
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tested in the as-rolled condition start to neck almost immediately upon reloading in tension. 

Samples tested at 45˚ and 90˚ to RD presented higher yield stress than samples tested parallel to 

RD, even though the 0˚ to RD samples displayed higher pre-strain levels than 45˚ and 90˚ 

directions. More specifically, the 45˚ and 90˚ directions registered yield stresses of 379 and 376 

MPa, while the yield stress measured at 0˚ to RD was 360 MPa. Similar differences due to 

testing direction following rolling have been reported in the literature [5]. 

 After aging, the mechanical behavior of all tested samples was similar, with the samples 

tested at 45˚ and 90˚ increasing their uniform elongation. Even samples tested at 45˚ to RD, 

which had a different pre-strain level (Figure 7.2-b), showed very similar results.  

 

  
Figure 7-2: Displays the flow stress of tensile samples tested in different directions to RD for a) unaged and b) aged 

conditions.  The labels A, B, C, D, E, F, G, H correspond to the samples listed in Tables 7.1 and 7.2. 
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The above results suggest that the yield stress of the sample tested at 0˚ to RD would 

match well the flow stress of an annealed sample tested in uniaxial tension to the same 

equivalent strain (tensile strain of 0.1). However, as shown in Figure 7.3, this was found not to 

be true. The higher observed yield and flow stress (~30 MPa) after rolling might be a 

consequence of either the change in deformation path or underestimation of pre-deformation 

during cold rolling. A change in strain path can lead to changes in the yield strength [4], [5], [8]. 

While the underestimation of pre-deformation during cold rolling can be a consequence of extra 

‘redundant’ deformation induced by friction between the rolls and the workpiece [113]. It was 

assumed here that the rolling induced ideal plane strain deformation, which must be considered 

to give a lower bound estimate to the true level of plastic work done to the sample. 

 

 
Figure 7-3: Comparison between two tensile samples.  The first is an as-annealed sample tested with no pre- 

deformation (orange curve).  The second (blue) is a sample rolled to an equivalent strain of 0.1, estimated from 

assumed plane strain deformation and the reduction in thickness, then tensile tested parallel to the rolling direction.  
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Fortunately, the work hardening rate can be used to help analyze the results as an 

additional consideration. A benefit of this approach is that, unlike strain, the stress and work 

hardening rate are not path dependent, when one assumes that they depend only on the 

dislocation density. In this way, the mechanical behavior of the as-rolled and re-tested in tension 

samples can be fairly compared with the annealed and tested in tension sample (Figure 7.4). The 

work hardening rate (
𝜕𝜎

𝜕𝜀
) was estimated by

∆𝜎̅

∆𝜀̅
  where ∆𝜎̅ and ∆𝜀 ̅ are averaged from 4 stress and 4 

strain points, respectively. It can be seen that the working hardening rate of samples tested at 0˚ 

to RD match well that of the annealed sample before necking. However, tests at 45˚ and 90˚ to 

RD seem to start neck just after the onset of plastic deformation. Here both the conditions for the 

onset of diffuse necking  
𝜕𝜎

𝜕𝜀
= 𝜎 [114], and localized necking,  

𝜕𝜎

𝜕𝜀
=

𝜎

2
 [115], [116], for sheet 

samples loaded in tension are shown. 

 

Figure 7-4: Work hardening rate comparison between a) as annealed (pre-deformed in tension) and as-rolled (0˚ to 

RD) samples and b) as-annealed (pre-deformed in tension) and as-rolled samples (0˚, 45˚ and 90˚ to RD) samples.  
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The similarity between the work hardening rate of the as-annealed and the as-rolled 

samples indicates that the pre-deformation developed during cold rolling was underestimated and 

needs to be readjusted to better compare with the mechanical behavior of the as-annealed 

material (Figure 7.5). The equivalent plastic strain developed during cold rolling was therefore 

readjusted to 14% (0˚ to RD),16% (45˚), and 13% (90˚) to best match the work hardening rates 

to that of the as-annealed material (Figure 7.5). It can be observed that the sample tested at 0˚ to 

RD falls directly on top of the as-annealed tensile curve when this is done. For the sample tested 

at 45˚ to RD, the flow stress starts slightly higher at the onset of plastic deformation but seems to 

rapidly return to the as-annealed behavior. For the sample tested at 90˚ to RD, a much more 

significant change seems to be induced by cold rolling.  Therefore, it was not possible to find a 

strain that would allow its behavior to match that of the as-annealed material.  This might have 

been because diffuse necking started from the onset of plastic deformation. Similar behavior for 

samples tested at 90˚ to RD compared to as-tensile tested samples have been reported in the 

literature [117].  
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Figure 7-5: The effect of adjusting the magnitude of the equivalent plastic strain for the a) 0˚, b) 45˚ and c) 90˚ to 

RD tests to better match the work hardening rates of the as-annealed material. 

 

 

The difference in pre-strain levels between annealed and as-rolled samples means it is 

most reasonable to compare the yield stress on re-loading in tension after rolling and aging to the 

yield stress measured from tensile testing the as-rolled sheet, which is obtained as the 0.2% 

offset yield stress.  This is done from this point on. 
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Figure 7-6: Mechanical behavior of tensile samples loaded at a) 0˚ from RD, b) 45˚ from RD and c) 90˚ from RD   

after cold rolling with no aging treatment and after aging treatment. The figures on the left-hand side show the 

complete stress-strain curves to necking while those on the right side highlight the behavior close to yield.  

 

 

Figure 7.6 shows two important features of the directionality of strain aging in ULC 

steels. First, the change in yield stress is much smaller on aging of rolled samples compared to 

tensile pre-deformed samples. The 0˚ to RD samples were the only ones to show a measurable 
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change in yield stress after aging treatment (approximately 25 MPa). This is about half of the 

increase in yield stress during strain aging tests made with tensile pre-straining (Chapter 5 and 

6). Second, strain aging significantly changes the work hardening behavior of these materials. 

This finding is just the opposite to what was observed during monotonic tensile tests, where 

work hardening rate declined after aging (Figure 7.7a). The decrease in work hardening rate 

following aging of samples tested in monotonic tension has also been reported in the literature 

[91]. In comparison Figure 7.7 shows that aging after cold rolling increases the work hardening 

rate at yield by a factor of ~ 2 compared to the work hardening rate of the as-rolled samples at 

yield (Figure 7.7b). 

 

 
Figure 7-7: Comparison of the work hardening rate between a) tensile samples (as-annealed and aged) and rolled, 

aged, and retested in tension samples (0˚, 45˚ and 90˚ to RD) and b) rolled samples (aged and not aged) retested in 

different directions. 
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In summary, strain aging affects the mechanical behavior of ULC steels tested following 

rolling differently from what was observed for samples pre-deformed in tension. Strain aging 

following rolling leads to a large change in work hardening rate and a small effect on the yield 

strength. The effect of aging and strain path change on the work hardening rate has had little 

attention in the literature if compared to the increase in yield stress in monotonic tensile tests.  

Few observations are reported after aging and strain reversal where a much greater change in 

flow stress compared to monotonic tensile is observed after aging [8], [20].   

 

7.3.1 Mesoscopic mechanical behavior of ULC steels 

 

As seen in Figure 7.6, samples deformed in different directions after rolling and aging do not 

show any of the characteristic features of strain aging seen in chapter 5 for the case of monotonic 

tensile tests, i.e. no evidence of upper yield stress, lower yield stress, or yield point elongation.  

However, the stress-strain curves at yield do show a lower work hardening rate at yield, 

particularly the sample tested parallel to RD after aging. Therefore, DIC was used to evaluate the 

homogeneity of plastic deformation at the onset of yielding in these rolled and aged samples.  

Samples tested at 0˚ to RD did exhibit some heterogeneity of the strain along the gauge 

length following yielding (Figure 7.8). Similar observations have been related to the formation of 

“complex Lüders bands” in the literature [82].  It is noticeable, however, that the strain 

heterogeneity remains fixed in one location and does not propagate like a Lüders band.  The 

magnitude of the strain also does not appear to concentrate further in this region and so does not 



 

103 

 

 

seem to indicate the formation of a neck.  Further study would be required to better understand 

this observation, but it does not change the discussion presented below.   

The other two samples tested at 45 and 90o to RD did not show any evidence of strain 

heterogeneity as shown in Figure 7.9 and 7.10. 

 

                            

  

 
Figure 7-8:  Investigation of Lüders band formation during reloading in the RD direction after cold rolling and aging 

at 150ºC for 10 minutes. The numbers in (a) and (b) correspond to the positions on the macroscopic tensile curve 

shown in (c). 

 

0

0.01

0.02

0.03

0.04

0.05

0.06

0 10 20 30 40

Tr
u

e 
st

ra
in

position (mm)

1

2

3

0

50

100

150

200

250

300

350

400

450

0 0.02 0.04 0.06

Tr
u

e 
St

re
ss

 (
M

P
a)

True strain

1 2 3c)

𝜀𝑦𝑦 

1 2 3 a) 

b) 



 

104 

 

 

                               

 
  

 
Figure 7-9:  Investigation of Lüders band formation during reloading at 45º from RD direction after cold rolling and 

aging at 150ºC for 10 minutes. The numbers in (a) and (b) correspond to the positions on the macroscopic tensile 

curve shown in (c). 
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Figure 7-10:  Investigation of Lüders band formation during reloading at 90º from RD direction after cold rolling 

and aging at 150ºC for 10 minutes. The numbers in (a) and (b) correspond to the positions on the macroscopic 

tensile curve shown in (c). 
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mechanical behavior of ULC steels before and after aging treatment. Finally, the model is tested 

against the mechanical behavior of the samples from Chapter 6 to show that this approach could 

be applied to a wide range of conditions.   

 

7.4.1 Model 

  

The model used here is an adapted version of the model recently presented by Medrano [118] 

which itself is based on the original work of Hahn [37].  In the case of Hahn’s model, the effects 

of strain aging were linked to the reduction of mobile dislocations due to locking of dislocations.  

Medrano [119] made an additional contribution from the effects of a change to the effectiveness 

of dislocations at storing forest dislocations and therefore changing the work hardening rate 

following strain aging.  In this case Medrano’s approach uses a modified version of the Kocks 

and Mecking [120] model (KM) to account for both mobile and forest dislocation density, which 

play different roles during plastic deformation. Using this approach, the flow stress is written as 

a function of the forest dislocation density (𝜌𝑓) and the imposed strain rate (𝜀̇) as, 

𝜎 = 𝜎𝑜 + 𝑀𝛼𝐺𝑏√𝜌𝑓 (
𝜀̇

𝜀̇𝑜
)

𝑚

(7.1) 

Where 𝜎𝑜 is a friction stress, M is the Taylor factor, 𝛼 is a constant and 𝜀𝑜̇ is a reference strain 

rate which is assumed proportional to the mobile dislocation density 𝜀𝑜̇ =  𝛽∗𝜌𝑚 [121]. The 

mobile dislocation density is assumed to evolve to a saturation value 𝜌𝑚
𝑠𝑎𝑡  at a rate controlled by 

the parameter 𝜂. 



 

107 

 

 

𝜕𝜌𝑚

𝜕𝜀
= 𝜂𝜌𝑚

𝑠𝑎𝑡 (1 −
𝜌𝑚

𝜌𝑚
𝑠𝑎𝑡) (7.2) 

 

The evolution of forest dislocation density is given by the competition between 

dislocation storage and annihilation,  

 

𝜕𝜌𝑓

𝜕𝜀
= 𝐾3√𝜌𝑓 − 𝐾4𝜌𝑓 (7.3) 

 

Here K3 and K4 are parameters that are fit to match the experimental stress-strain 

response.   

Equations 7.1-7.3 should allow for the prediction of the stress-strain response of a 

material with no strain aging.  In the case of ULC steel, the as-annealed material already shows 

the effects of aging in the upper yield stress and yield point elongation.  Thus, the equations were 

fit to match the stress strain response (using the parameters in Table 7.3) at strains beyond the 

Lüders plateau (Figure 7.11). It is important to notice that 𝜂 is a fitting parameter associated with 

the generation rate of mobile dislocations. This parameter becomes important after aging where 

mobile dislocations developed during pre-loading are assumed to be locked, and new mobile 

dislocations are created during reloading. For instance, a small 𝜂 during reloading causes the 

generation rate of mobile dislocation to drop, which increases the work hardening rate of the 

tested material.  For the fitting shown in Figure 7.11 it was assumed that the mobile dislocation 

density was already at its saturation value (discussed below) so that the value of 𝜂 is not 

important. 
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Table 7-3: Parameters used for modeling.  

Parameter Value Description 

Material Parameters 
b 0.205nm  Burgers vector 

G 80 GPa  Shear modulus 

M 3  Taylor factor 

alpha 0.35  pre-factor in Taylor equation 

m 0.02  rate sensitivity 

Hardening Parameters (as-annealed) 
𝜎𝑜 175 MPa  initial yield stress 

K3 1.85 𝑥 108𝑚−1  hardening fitting parameter 

K4 9.8  softening fitting parameter 

Hardening Parameters (aged after cold rolling) 

K30 2𝑥108𝑚−1  locking of 𝜌𝑓0 parameter 

K40 19  recovering of 𝜌𝑓0 parameter 

𝜂 5𝑥1013  generation rate of 𝜌𝑚 

    

 

 
Figure 7-11: Modeling as-annealed mechanical behavior using the proposed model. 

 

 

7.4.2 Changing the deformation path after cold rolling 

 

The change in deformation path has been reported to affect the microstructure, causing a change 

in yield stress and flow stress [7], [61], [62].  For instance, when the second deformation path is 

orthogonal to first direction, an increase in flow stress is expected. According to literature, when 
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the second deformation is orthogonal to the first, an increase in the yield stress is expected [5], 

[68].  This is caused by the need for new slip systems to be active, these being obstructed by the 

presence of the dislocations stored in the first deformation[5], [122].   

The effect of strain path change on the yield stress observed in this study is less than that 

reported for other steels [5], [7], [61], [62]. Figure 7.12 compares the results found in this work 

with work on low carbon steels where the strain path change was obtained by tensile pre-strain 

followed by the preparation of new tensile samples at various angles from the prior tensile 

direction [63]. In this figure 𝜎𝛽 is the stress at the tested angle and 𝜎𝜌 is the flow stress at the end 

of the pre-deformation. For this study the maximum difference in stress between the tested 

direction was 5%. 

 

 
Figure 7-12:  Ratio of the subsequent yield stress 𝜎𝛽 to the yield stress along a monotonic tensile test 𝜎𝜌 [63]. 

 

 

Because of the small strain path effect shown here it will be assumed that the Kocks-

Mecking behavior (Figure 7.4) can be used for describing the response of all the rolled samples 

(Figure 7.13).  An important reason for doing this is that it allows for one to predict the forest 
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dislocation density at the end of pre-straining in rolling.  This is reported in Table 7.4.  In this 

case the mobile dislocation is simply assumed to be constant (𝜌𝑚 = 𝜌𝑚
𝑠 ).  These will be used as 

inputs to the aging model described below.  

 

Table 7-4: Prediction of dislocation density at the onset of plastic deformation during cold rolling using the proposed 

model. 

Direction 𝜌𝑓(𝑚−2) 𝜌𝑚(𝑚−2)  

0˚ 1.20𝑥1014 1.00𝑥1013 

45˚ 1.37𝑥1014 1.00𝑥1013 

90˚ 1.11𝑥1014 1.00𝑥1013 

 

 

 
Figure 7-13: Using the proposed model to fit as-rolled a) 0˚ to RD, b) 45˚ RD and c) 90˚ to RD.     
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7.4.3 Accounting for the effects of strain aging  

 

 

After aging, it was shown that the samples tested in different directions had a change in their 

work hardening rate (Figure 7.7).  Normally, a Kocks-Mecking model [120] would predict that 

the work hardening rate is an increasing function of the dislocation density.  Given the low aging 

temperature used here it is surprising that there would be any change in the dislocation density 

and therefore the work hardening rate.  

Here, following Hahn and Medrano [37], [119], the effect of aging is assumed to make 

two contributions to the dislocation density.  First, like in the model of Hahn, it is assumed that 

aging causes solute to segregate to dislocations making many of the mobile dislocations, from 

the pre-deformation, immobile.  This reduces the reference strain rate in equation 7.1, therefore, 

increasing the stress required for achieving the imposed strain rate.  As plastic deformation 

proceeds the mobile dislocation density recovers according to equation 7.2.  The second effect of 

aging, following Medrano [119] is that forest dislocations formed during pre-deformation are 

locked during aging by segregation of solute.  This changes their rate of dynamic recovery and 

their capacity to trap other forest dislocations after reloading in a different deformation path. To 

account for this, equation 7.3 is modified to: 

 

𝜕𝜌𝑓

𝜕𝜀
= 𝐾30√𝜌𝑓0 + 𝐾3√𝜌𝑓 − 𝐾4𝜌𝑓 (7.4) 
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Where K30 is a new fitting parameter and  𝜌𝑓0is the density of locked forest dislocation.  To 

account for the gradual removal of the locked dislocations by deformation in the new 

deformation path [6], [7], [68], [123],  𝜌𝑓0 is assumed to follow an equation, 

 

𝜕𝜌𝑓0

𝜕𝜀
=  −𝐾40 𝜌𝑓0 [1 − exp (−√

𝜌𝑓0

𝜌𝑓
) ] (7.5) 

 

The term in the square bracket accounts for the probability of annihilation [119].   

This new model requires two new material parameters (𝐾30 and 𝐾40) as well as the 

fraction of forest and mobile dislocations that are locked by solute.  The values of K30 and K40 

are given in table 7.4.  A single set of parameters were used for all three of the testing directions 

following aging.  The fraction of locked forest dislocations (𝑓 − 𝜌𝑓0)  and available mobile 

dislocations ( 𝑓 − 𝜌𝑚) were adjusted for each of the testing directions.  The values found to give 

the best results are given in Table 7.5.  Using these values, the predicted stress-strain response 

for the re-loaded samples is shown in Figure 7.14. 

 

Table 7-5: Shows the used fractions of locked forest dislocations and available mobile dislocations after aging 

treatment. 

 

 

 

Direction 𝑓 − 𝜌𝑓0 𝑓 − 𝜌𝑚 

0˚ 0.75 0.01 

45˚ 0.8 0.05 

90˚ 0.9 0.015 
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Figure 7-14: Using the proposed model to predict the mechanical behavior of rolled and aged samples re-tested at a) 

0˚ to RD, b) 45˚ RD and c) 90˚ to RD. 
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dislocation densities during plastic deformation. After aging, the mobile dislocation density 
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the yield stress up to a saturation point. In the case of non-monotonic deformation paths, the 

mobile dislocation density appears to not be reduced enough to cause an increase in yield stress 

after strain aging.  On the other hand, the increase of forest dislocation density locked after aging 

was found to greatly affect the work hardening rate.  This played a crucial role in the prediction 

of the mechanical behavior after aging.   

 

7.4.4 Predicting behavior under monotonic deformation 

 

In Chapter 6 a constitutive model combined with finite simulations was used to predict the 

stress-strain response of ULC steels when Lüders band formation occurred after aging. If the 

model presented in the previous section is to be useful, it should also be possible for it to be used 

to predict the results presented in Chapter 6. This would have the benefit of bringing a more 

physically based model to the prediction of the monotonic behavior of ULC steels following 

strain aging.  

 It was described above that the Kocks-Mecking model could only predict the as-annealed 

flow stress and work hardening behavior after the end of the Lüder’s plateau (Figure 7.11). 

However, if the additional effects of strain aging introduced above are considered it is also 

possible to reasonably well predict the stress-strain curve including the Lüders deformation when 

coupled with finite element simulation.  In order to do this, the model presented in the previous 

section was coupled to the finite element simulation used in Chapter 6. For simplification, strain 

rate was assumed to constant during FE simulation.  This is a poor assumption, especially at the 
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Lüders front where the strain rate is much higher than that imposed experimentally[41], [45].  

However, as a first illustration of the value of this model it has been neglected here. All of the 

parameters in Table 7.3 were used but the initial dislocation densities were selected as shown in 

Table 7.6. Figure 7.15 shows the resulting constitutive law coupled with finite element 

simulation. In order to well approximate the upper yield point the initial mobile dislocation 

density had to be set to a very low value, this consistent with the suggestions of Johnson and 

Gilman[36].   

 

Table 7-6: Prediction of dislocation density at the onset of plastic deformation during pre-deformation and reloading 

after aging using the proposed model. 

Direction 𝜌𝑓(𝑚−2) 𝜌𝑚(𝑚−2) 𝑓 − 𝜌𝑓0 𝑓 − 𝜌𝑚 

As- annealed 1.35𝑥1013 ≈ 0 ----- ----- 

Aged 8.28𝑥1013 1.00𝑥1013 0.3 0.0001 

 

Overall, the model does an excellent job of predicting the upper and lower yield stresses 

though it under predicts the yield point elongation.  One of the reasons for the underprediction of 

yield point elongation may be because this simulation did not account for strain rate dependency 

at the Lüders band front as described above. In this way, this problem may be solved by 

incorporating the effect of local strain rate during FEM simulation.  This could be achieved by 

creating a VUHARD routine like the one used for the model presented in Chapter 6. 
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Figure 7-15: Using the proposed model and FEM to predict the non-uniform plastic deformation region of ULC 

steels.                       

 

Having shown that this model can be used to predict the stress-strain response of the as-

annealed material it was next checked to see if it could predict the behavior of tensile pre-

deformed, aged and re-tested in tension samples presented in Chapter 6.  Here, as an illustration, 

only one case (aged to full capacity sample) is fit using the model described above.  The fit 

obtained to the experimental stress-strain curve using the model combined with finite element 

simulation is shown in Figure 7.16.  The values of the parameters used to make this fit are shown 

in Table 7.3. 
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Figure 7-16: Fitting aged monotonic tensile test behavior by the proposed model combined with FEM. 

 

In this case, aging increases the yield stress but decreases the work hardening rate. This is 

opposite of what was observed for the samples that were aged after rolling. In that case, the most 

important modification of Kocks-Mecking model was the locked forest dislocation density that 

serves as strong obstacles for dislocations moving in the new deformation path.  For the case of 

tensile pre-strain followed by aging and re-testing in tension the present model would indicate 

that these locked forest dislocations act as much less strong obstacles, or that the fraction of these 

locked dislocations is much lower.   The important contribution in this case comes from the need 

for almost all mobile dislocations to be locked in order for one to achieve the correct upper-yield 

stress. 

 

In summary, the physically based model, a version of the Hahn and Medrano models 

[37], [119], has been shown to well predict the stress-strain response for the different test 

conditions studied in this thesis.  This provides a more physically motivated alternative to the 
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model used in Chapter 6. While both models can predict the mechanical behavior of ULC steels 

during pre-deformation and after aging treatment and reloading in same direction, only the model 

presented in this chapter can predict the response following strain path changes.  Future work 

should investigate the efficiency of this model when tested in different materials after aging and 

reloading in different directions. Also, this model can be used to study the effect of strain rate on 

the flow stress of samples presenting non-uniform plastic deformation due to Lüders band 

formation and propagation. This can be done by using VUHARD subroutines during FEM 

simulation, similarly to what has been presented in chapter 6.   
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Chapter 8: Conclusion and future work 

 

8.1 Conclusion 

 

This thesis has contributed to improving our understanding of strain aging in ULC steels, 

particularly with respect to the effect of strain path change. Analytical models used for predicting 

the effects of strain aging have been validated in combination with finite element simulations.  A 

new, physically motivated model has been shown to be useful for all of the conditions studied 

here.   

In Chapter 5, an analytical model was used to characterize the kinetics of strain aging for 

monotonic tensile results.  This used the Loaut-Cottrel model. This model was shown to predict 

the upper and lower yield strength after strain aging for different temperatures and times for the 

studied steel. 

The results presented in Chapter 5 were then used with a constitutive law from the 

literature and finite element simulations to allow for the prediction of the full stress-strain 

response of monotonically pre-deformed samples. The mesoscopic behavior associated with 

Lüders band formation and propagation was also shown to be well reproduced by comparison of 

finite element simulations and experimental digital image correlation results.  

Finally, samples pre-deformed in rolling and tested in different directions compared to 

the rolling direction after aging have shown to behave very differently compared to samples 

deformed in tension. The rolled and aged samples did not exhibit an upper and lower yield stress, 
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and yield point elongation, but rather showed a large increase in work hardening rate. A 

physically based model was used in this case and shown to be able to reproduce the observations.  

This model was also shown to be capable of predicting the results of samples pre-tested in 

tension.  The main advantage of this model compared to the one used earlier in the thesis is that 

it can be directly related to physical processes expected to be important in the material. 

 

8.2 Future work 

         

1. Complementary studies of strain aging and deformation history should be performed. In 

particular, the effect of cold rolling pre-deformation level on the mechanical behavior 

before and after aging should be studied.  

2. A detailed study of the microstructure, e.g. the formation of microbands [5], should be 

undertaken. This would allow the various predictions of the model presented in chapter 7 

to be studied.  Transmission electron microscopy would be very useful in this case [67].  

3. The effect of strain aging in conditions where the materials have much more complex 

microstructures, e.g. high strength low alloy steels and TRIP steels, should be 

investigated in terms of the effect of strain path on strain aging. For instance, the model 

proposed in Chapter 7 could be used to predict the mechanical response in such materials. 

4. Perform other sorts of pre-straining tests rather than rolling. For instance, one could pull 

large samples during loading, cut tensile samples at different angles from RD, and reload 
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them after aging. This would easy the control of the pre-deformation level which is one 

of the challenges found during cold rolling.  

5. Investigate the point where Lüders bands nucleates in ULC steels and other materials. 

This can be done by investigating the thermal and strain fields associated with Lüders 

bands formation. The DIC technique with appropriate spatial resolution and acquisition 

rate can be used to investigate strain fields around Lüders bands, and infrared 

thermography (IRT) can be used to study the thermal fields associated with Lüders bands 

nucleation and propagation. 
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Appendix 

This appendix includes the V-Uhard subroutines used for the model developed in chapter 6. Both 

subroutines used during loading after annealing and reloading after aging are available in this 

section.  

• Using V-Uhard subroutine during loading (as-annealed sample): 

subroutine vuhard( 

C Read only - 

     * nblock, 

     * jElem, kIntPt, kLayer, kSecPt, 

     * lAnneal, stepTime, totalTime, dt, cmname, 

     * nstatev, nfieldv, nprops, 

     * props, tempOld, tempNew, fieldOld, fieldNew, 

     * stateOld, 

     * eqps, eqpsRate, 

C Write only - 

     * yield, dyieldDtemp, dyieldDeqps, 

     * stateNew ) 

 

      include 'vaba_param.inc' 

 

      dimension props(nprops), tempOld(nblock), tempNew(nblock), 

     1 fieldOld(nblock,nfieldv), fieldNew(nblock,nfieldv), 

     2 stateOld(nblock,nstatev), eqps(nblock), eqpsRate(nblock), 

     3 yield(nblock), dyieldDtemp(nblock), dyieldDeqps(nblock,2), 

     4 stateNew(nblock,nstatev), jElem(nblock) 

C 

C 

      parameter ( zero = 0.d0, one = 1.d0 ) 

       

C 

      double precision val_T, val_k, val_b, eps, epsdot, val_s, val_r,   

C     

C     character*80 cmname 

      val_T = props(1)           !Refers to sigma max 

      val_k = props(2)            !Refers to Q1 

      val_b = props(3)            !Refers to b1 
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      val_s = props(4)            !Refers to Q2 

      val_r = props(5)            !Refers to b2 

      

C 

      do 100 km = 1,nblock 

C                     

    

      eps = eqps(km)     

      epsdot = eqpsRate(km) 

C         

           !Elastic deformation 

          if(eps .lt. zero) then 

              eps = zero 

   dyieldDeqps(km,1) = zero    

              dyieldDeqps(km,2) = zero 

   

           !Plastic deformation       

          else   

C            yield(km)= val_T+ val_k * (1- EXP(-val_b *(eps)))   !Array containing the yield stress  

     1       - val_s * (1- EXP(-val_r*(eps)))                                   (for isotropic plasticity) 

 

   dyieldDeqps(km,1)= val_k * val_b * EXP(-val_b       !derivative of yield stress with                         

     1       *(eps)) - val_s * val_r * EXP(-val_r * (eps))             respect to eq plastic strain. 

 

   dyieldDeqps(km,2)=0                                                 ! strain rate is not taken into                                    

                                                                                                 account 

          

        endif 

C           

100 continue 

      return 

      end 
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• Using V-Uhard subroutine during reloading after aging: 

 

subroutine vuhard( 

C Read only - 

     * nblock, 

     * jElem, kIntPt, kLayer, kSecPt, 

     * lAnneal, stepTime, totalTime, dt, cmname, 

     * nstatev, nfieldv, nprops, 

     * props, tempOld, tempNew, fieldOld, fieldNew, 

     * stateOld, 

     * eqps, eqpsRate, 

C Write only - 

     * yield, dyieldDtemp, dyieldDeqps, 

     * stateNew ) 

 

      include 'vaba_param.inc' 

 

      dimension props(nprops), tempOld(nblock), tempNew(nblock), 

     1 fieldOld(nblock,nfieldv), fieldNew(nblock,nfieldv), 

     2 stateOld(nblock,nstatev), eqps(nblock), eqpsRate(nblock), 

     3 yield(nblock), dyieldDtemp(nblock), dyieldDeqps(nblock,2), 

     4 stateNew(nblock,nstatev), jElem(nblock) 

C 

C 

      parameter ( zero = 0.d0, one = 1.d0 ) 

       

C 

      double precision val_T, val_k, val_b, eps, epsdot, val_s, val_r, val_DS, val_ep, val_bh, val_q 

C     

C     character*80 cmname 

      val_T = props(1)           !Refers to sigma max 

      val_k = props(2)            !Refers to Q1 

      val_b = props(3)            !Refers to b1 

      val_s = props(4)            !Refers to Q2 

      val_r = props(5)            !Refers to b2 

      val_DS = props(6)         !Refers to RBH 

      val_bh = props(7)          !Refers to  the coefficient term bh 

      val_ep = props(8)          !Refers to plastic pre-deformation level 

      val_q = props(9)           !Refers to QBH 

C 
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      do 100 km = 1,nblock 

C                     

    

      eps = eqps(km)     

      epsdot = eqpsRate(km) 

C        

          !Elastic deformation 

          if(eps .lt. zero) then 

             eps = zero                                   

  dyieldDeqps(km,1) = zero  

             dyieldDeqps(km,2) = zero 

  

          

          !Plastic deformation 

         else if (eps .gt.0.1d0) then  

  yield(km)= val_T+ val_k*(1- EXP(-val_b*(eps)))-  !Array containing the yield stress 

     1      val_s *(1- EXP(-val_r *(eps)))+val_DS – val_q      (for isotropic plasticity)    

     2     *(1- EXP(-val_bh*(eps - val_ep)))  

                            

 dyieldDeqps(km,1)= val_k * val_b * EXP(-val_b     !derivative of yield stress with 

     1    *(eps))-val_s *val_r*EXP(-val_r *(eps))-val_q        respect to eq plastic strain.    

  

     2    * val_bh*EXP(-val_bh*(eps - val_ep)) 

           dyieldDeqps(km,2)=0                                                ! strain rate is not taken into                                    

                                                                                                 account. 

 

              

          

         endif 

C           

100   continue 

      return 

      end 

          

 


