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Abstract

Additive manufacturing (AM) is renowned for its flexibility and low upfront

costs. Amongst the variety of AM technologies, fused filament fabrication

(FFF) is by far the most prevalent [1]. FFF printers work by extruding

molten polymer in a series of planar layers according to directions derived

from computer-aided design (CAD) data. While FFF provides a low-cost

alternative to conventional manufacturing for small-batch prototyping, it’s

hindered by its time-intensive nature and high unit cost of production. One

contributing factor to the manufacturing time and material costs of FFF is

the requirement to print additional supporting structures in order to facilitate

the construction of inclined surfaces. In absence of these structures, the forces

acting on the unsupported (overhanging) portion of the molten extrusions are

liable to cause deformation or collapse. As per the universally-quoted heuris-

tic, any surface that is inclined by more than 45� from the vertical should be

supported. However, to date, there has been little justification provided to

support this heuristic and, in fact, components with surface angles exceeding

45� are routinely produced without support using FFF printers. In this work

we present a theory to explain the limiting phenomena in the printing of

inclined surfaces via FFF. We also develop a model to predict a component’s

printability based on its geometry, the process parameters and the material

properties of the filament. Experimental validation is provided to verify the

appropriateness of the model. The results indicate that the phenomena lim-

iting the maximum surface angle are scale-dependent. For large-scale FFF

printing, the angle is limited by gravity, which tends to cause the extruded

filament to deflect downwards, limiting the vertical progression of the struc-

ture. For small-scale printing, the angle is limited by surface tension, which

tends to cause the extruded filament to contract, limiting the structure’s hor-

izontal progression. At small scales the maximum surface angle was found to

depend solely on the geometry of the print bead and the number of perime-

ters, whereas at large scales it also depends on the process parameters and
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material properties.
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Lay Summary

This paper presents a theory that explains the limiting phenomena in the

manufacture of structures with inclined surfaces via fused filament fabrication

3-D printing. Based on this theory, a model is developed for prediction of the

maximum printable surface angle according to the layer geometry, process

parameters and material properties. The results of a series of experiments

are then presented as a means of verifying the model accuracy.
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Chapter 1

Introduction

Additive manufacturing (AM), colloquially known as 3-D printing, is a man-

ufacturing technique which uses computer-aided design (CAD) data to con-

struct a component layer by layer through the sequential addition of material.

According to the joint standard developed by the International Organization

for Standardization (ISO) and the American Society for Testing and Materi-

als (ASTM), 3-D printing technologies can be broadly categorized into 1 of 7

distinct groups [2]. These groups and a brief description of each are provided

in Table 1.1.

While the approaches to 3-D printing vary widely, one thing that is nearly

ubiquitous is the reliance on supporting structures to help facilitate the pro-

cess. Depending on the technology, these structures take di↵erent forms and

serve di↵erent functional purposes. In the case of technologies that impose

high thermal gradients, such as selective laser melting, support structures

help to dissipate heat and increase rigidity, protecting against distortion from

residual stresses [3]. In material extrusion technologies, such as fused filament

fabrication, support structures help resist deformation or collapse resulting

from unbalanced forces on the molten material. Such structures are employed

wherever successive layers are significantly o↵set (overhanging), which is a

1



Table 1.1: Additive manufacturing technology descriptions [2]

Technology Description

Binder Jetting a liquid bonding agent is selectively
deposited to join powder materials

Directed Energy Deposition focused thermal energy is used to fuse
materials by melting as they are being
deposited

Material Extrusion material is selectively dispensed
through a nozzle or orifice

Material Jetting droplets of build material are selec-
tively deposited

Powder Bed Fusion thermal energy selectively fuses re-
gions of a powder bed

Sheet Lamination sheets of material are bonded to form
a part

Vat Photopolymerization liquid photopolymer in a vat is selec-
tively cured by light-activated poly-
merization
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requirement for the construction of inclined surfaces. Support structures are

also universally used as fixtures in the case where the model is unbalanced

or elements of the geometry are not initially connected to the bulk structure.

For ease of reference, we classify supports as belonging to one or more of

three functional groups: 1. Thermal, 2. Overhang and 3. Fixture. Consider,

for instance, selective laser melting (SLM), which uses a high power-density

laser to melt and fuse metallic powders [4]. In this case, supporting struc-

tures may be employed for one or both of two reasons: thermal dissipation

and fixturing [5]. Since SLM is a powder bed technique, the role of overhang

support is played by the raw material. That is, the virgin powder acts to

support the molten layers as they cool. Thus, SLM does not require addi-

tional supporting structures in order to enable the printing of surfaces with

extreme inclines or overhangs. However, despite benefiting from the inher-

ent support of the virgin powder, components manufactured via SLM may

still require fixture supports. This is because of the action of the recoater,

which wipes over the component after the completion of each layer to de-

posit new powder. If there are any disconnected geometrical elements this

may inadvertently cause them to shift relative to one another [6]. Thus, fix-

ture supports are employed to anchor these elements and prevent them from

shifting. Figure 1.1 gives an example of each of the three di↵erent categories

of support.

Selective laser sintering (SLS) is very similar to SLM, with the essential

di↵erence being the binding method that occurs between the powder particles

[7]. In SLM the powder is heated until it is fully molten, while in SLS the

powder is only heated until it is partially molten and just begins to coalesce.

The result is that there is less thermal energy to be dissipated and therefore

thermal supports are much less likely to be necessary [3]. Moreover, SLS, like

SLM, benefits from the presence of the virgin powder, rendering overhang
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supports unnecessary. Thus, the only type of support required for SLS is

that for fixturing.

Another 3-D printing technology which relies heavily on support struc-

tures is stereolithography (SLA), an example of vat photopolymerization. In

this technique a light source is used to cure a liquid photosensitive poly-

mer in a layer-wise manner [8]. In most SLA printers the build platform is

downward facing (surface normal aligned with gravity vector), meaning that

the component is inverted during the print process. For this reason fixture

supports are used extensively in almost all cases to prevent the print from

detaching from the build surface under the influence of gravity [9].

Figure 1.1: Support type examples [10][11][12]

Amongst the variety of AM technologies, fused filament fabrication (FFF),

also known under the trademarked term fused deposition modeling (FDM),

is by far the most prevalent [1]. This technology falls under the category

of material extrusion, which utilizes support types 2 and 3: overhang and

4



fixture. Overhang supports are necessary because, in the case of inclined fea-

tures, the unsupported (overhanging) portions of the perimeter extrusions

are prone to deformation and collapse as a result of the forces acting on the

molten material. Since the working material is plastic and not metal, the

temperatures are comparatively low and thermal supports are not required.

Table 1.2 provides a summary of the various 3-D printing technologies and

the relevant supporting structures for each.

Table 1.2: Additive manufacturing technology support requirements

Technology Example
Support

Type

Binder Jetting 3

Directed Energy Deposition 1,2,3

Material Extrusion
Fused Filament

Fabrication (FFF)
2,3

Material Jetting 2,3

Powder Bed Fusion
Selective Laser

Melting/Sintering
(SLM/SLS)

1,3

Sheet Lamination -

Vat Photopolymerization
Stereolithography

(SLA)
2,3

1.1 Motivation

Regardless of the function of the supporting structures, printing them will

incur additional manufacturing time and material costs. By default, the

support will be printed using the same material as the model. With many

5



methods, including powder bed fusion, binder jetting, and vat photopolymer-

ization, this is generally the only option. Material extrusion is unique in that

it is possible to print with multiple materials, either through the use of dual

extruders or a multi-filament feed system. This enables the use of soluble

supports which are trivial to remove. On the other hand, when supports are

metallic, as in SLM/SLS, removing them requires extensive post-processing.

Figure 1.2 illustrates the di↵erent types of support in FFF.

Figure 1.2: Example of soluble (left) and non-soluble (right) support struc-
tures [13].

While material extrusion methods benefit from the least costly and easiest

to remove support structures, printing them still incurs additional print time

and soluble filament comes at a premium. Furthermore, depending on the

geometry, it may not be possible to remove the supports whatsoever. Such

is the case wherever an internal facet of the geometry requires support, in

which case supports will be rendered inaccessible upon the completion of

printing and thus are unable to be removed.

6



Due to the inherent drawbacks of support structures, it is desirable to re-

duce the extent of their use wherever possible. To this end, many researchers

have devoted their time to studying support structures and their optimiza-

tion, particularly as it pertains to fused filament fabrication. Unfortunately,

there is a lack of consensus on the critical overhang angle for support gener-

ation, which is an important input to the optimization e↵orts.

1.2 Literature Review

Among the simplest approaches to support volume reduction for FFF is part

orientation optimization, an example of which is provided by Das et al [14].

In this work a voxel-based approach is employed to calculate the support

structure requirement as a function of build orientation. By optimally ori-

enting the component the extent of support structure requirement can be

kept to a minimum. In this work the surface angle threshold for support

generation is set at 45�.

A di↵erent approach to reducing the volume of support is to optimize

its distribution. Such an approach was taken by Jin et al. [15]. In an

e↵ort to avoid the di�culties associated with handling three-dimensional data

they propose a support generation algorithm based on sliced layers. With a

given threshold value of the surface inclination angle, all the possible support

configurations are evaluated by computing the distance between points on

adjacent layers. In this work a threshold angle of 78� was selected.

Yet another strategy to reduce the volume of support is to optimize its

topology rather than it distribution. Such an approach was taken by Strano

et al. [16] in their 2013 work titled, “A new approach to the design and

optimisation of support structures in additive manufacturing”. Their e↵orts

centered around the concept of cellular support structures defined using a

7



mathematical formulation of 3-D implicit functions. This enabled them to

generate graded structures that provide more robust support where the com-

ponent’s weight concentrates and save material elsewhere. Their results in-

dicate a material savings of as much as 50% with their topology-optimized

support structures. The facets that needed to be supported were determined

based on a threshold value of the inclination angle. They state that “the

threshold value of 85� was chosen arbitrarily, in order to emphasize the sup-

port structure”.

In their 2014 paper titled “Clever Support: E�cient Support Structure

Generation for Digital Fabrication”, Vanek et al. [17] took a hybrid ap-

proach by optimizing the model orientation as well as the support topology

and distribution. Their strategy was to first detect the points that require

support and then to progressively generate the support structure, attempting

to minimize its overall length at every step. The result is a tree-like branch-

ing structure that e↵ectively supports all overhangs while achieving material

and print time reductions in the neighborhood of 40% and 30%, respectively.

In reference to the overhang threshold, the researchers state that “most FDM

printers are capable of printing faces deviating by up to 45� from the printing

direction vector” and that “the exact value of the [critical overhang angle]

varies from printer to printer and is not generally accessible.”

Perhaps the best approach to reduce support requirements is to design

the component structure such that they are not required. A self-supporting

structure is one that does not necessitate the use of supplementary support

material during the build process [18]. In their 2017 work, Guo et al. [19] used

the moving morphable voids framework for explicit topology optimization of

the component as a whole, imposing a self-support constraint to ensure the

resulting geometry could be manufactured without supports. This constraint

was derived from the understanding that “the overhang angle is material and

8



process dependent” and that “the commonly accepted value of the maximum

overhang angle amounts to 40� – 50�.”

In FFF, overhang supports are typically only required external to the

component, in regions where the geometry has steeply inclined surfaces (over-

hangs). Internally, the surfaces are typically all well supported by the solid

infill which is used to give a component its rigidity. However, in recent

years, many researchers have devoted their attention to optimizing the in-

terior distribution of material with objectives including material reduction

and uniform stress distribution under specified loads [20][21]. While this op-

timized infill serves to increase the strength to weight ratio of the component

it introduces a problem. Previously, support structures were only ever re-

quired externally, but now they may also be required internally, depending

on the configuration of the infill.

While exterior support structures can be removed in post-processing, in-

terior supports cannot. Thus, if the infill necessitates their use in order to

ensure the printability of the component, the benefits of the optimization are

e↵ectively negated. Therefore, the inclusion of an overhang angle constraint

is essential to the optimization.

A multitude of researchers have proposed di↵erent methods for the gen-

eration of optimized infill structures. Prévost et al. [22] set out to ensure

static stability by formulating balance optimization as an energy minimiza-

tion problem and using this to inform the distribution of material in the

interior of the part. While e↵ective at accomplishing the stability objective,

they did not include an overhang angle constraint and thus the self-support

property of the resulting structure, and by extension the printability, is not

ensured.

9



Xie et al. [23] improved on the work of Prévost et al. by optimizing

for both static and dynamic (rotational) stability. They employed a method

called interior carving which is the process of hollowing voids inside an object

without a↵ecting its outward appearance. More importantly, they included

an overhang angle constraint to ensure self-support of the resulting structure.

They claim that with “su�ciently small [overhang angle], ↵ (we fix ↵ = 30�),

the structure is safe to print without supporting structures.”

Lee and Lee, in their papers on block-based inner support generation

[24][25], focused strictly on a material reduction objective. In this approach,

three-dimensional block-based partitioning is used to segment a volume. The

blocks are iteratively subdivided until all “flat roof” regions are supported.

Since the unit block is defined in such a way as to be self-supporting (angle

between positive z axis and each face normal is larger than a given threshold),

the global interior structure will inherently adopt this property. They purport

that “in general, when the layered angle is greater than 45�, the object can

be stacked in a stable manner.”

On the topic of load-informed infill generation, Wang et al. proposed a

skin-frame structural optimization approach that utilized a truss lattice sup-

port structure [21]. In this framework, the design variables were the positions

of the nodes and the radii of each of the truss elements, while the outer shell

or “skin” was assigned a fixed width and not optimized. The loading con-

ditions were incorporated by using finite element analysis to determine the

deformation of the surface nodes. A similar work produced by an overlapping

group of contributors optimized for global compliance minimization (sti↵ness

maximization) instead of a specified loading condition [26]. Unfortunately,

due to the absence of an overhang constraint in either of these works, the

printability of the resulting structures is not ensured.
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Numerous other researchers have proposed optimized infill structures

without ensuring printability. For instance, Zhang et al. [27], who also

employed a truss lattice support structure but developed it using the con-

cept of the medial-axis tree, and Lu et al. [28] who developed a hollowing

algorithm modeled on a honeycomb cell. The former su↵ers from the same

printability concerns as the skin-frame structure of Wang et. al., which is a

result of the extreme overhangs inherent in the unstructured truss lattice. In

the case of the latter, while a self-support constraint wasn’t strictly imposed,

the honeycomb structure inherently has fewer and less extreme overhangs

and thus, while the printability is not ensured, the resulting structures are

often still printable. However, depending on the scale of the honeycomb cells,

the flat roof regions that they create may be prone to collapse. Thus, the

optimized structures are not universally printable.

While no overhang constraint is strictly enforced, in their paper on bone-

like porous infill, Wu et al. [29] claim that this type of infill “has small over-

hang in general and thus naturally satisfies manufacturability constraints

without the need for additional supporting material.” In a separate paper

produced by Wu et al. [30] they propose a di↵erent infill structure based

on the rhombus which is self-supporting by design. In their own words “a

rhombic shell is said to be self-supporting if it can be fabricated without

adding support structures in the cavity.” They go on to say that “the al-

lowed maximum angle of overhangs is a device-dependent parameter taking

di↵erent values depending on the used 3D printers.”

Regardless of the approach of the aforementioned works or whether they

focused on optimizing internal supports or external supports, they have a

commonality: a dependence on knowledge of the critical overhang angle.

Those works that incorporated an explicit overhang angle threshold were

able to ensure the printability of the resulting structures, while those that
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didn’t, were not. The di�culty is that this threshold is not universally agreed

upon and, as Vanek et al. [17] pointed out, it “varies from printer to printer

and is not generally accessible”. Most commonly, the critical overhang angle

is quoted as 45�. This is illustrated in Figure 1.3.

Figure 1.3: Visual depiction of the 45� rule [31].

Despite the frequent use of 45� as a threshold for the requirement of

support, it is in fact possible to print surfaces that exceed this angle, albeit

with varying degrees of success, as evidenced by the test object in Figure

1.4. To date, and to the best of the author’s knowledge, there is no theory

that can explain the reasoning behind the 45-degree heuristic, besides most

sources claiming that at an overhang angle of 45� the layer-layer contact is

reduced to 50% of the extrusion width.

A quote from popular 3-D printing reference site All3DP [32] reads: “Usu-

ally, overhangs up to 45 degrees can still be printed without loss of quality.

That’s because any layer in a 45-degree overhang is 50% supported by the

layer beneath. In other words, each new layer has enough support to remain

intact and to make printing possible.” While such a justification is often used

to support the 45-degree constraint heuristic, it is inherently flawed. This is

because the length of the overhang is a function of the layer height. That is,
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Figure 1.4: Overhang angle test object print result.

the smaller the layer height, the shorter the length of overhang required to

achieve the same surface angle. Thus, a 45-degree overhang only corresponds

to 50% support if the aspect ratio (width:height) of the extrusion is 2:1. This

concept is demonstrated in Figure 1.5, where the extrusion width is 400 µm.

Note that the layers have 50% support at 45� in the right-hand image, where

the aspect ratio is 2:1, while in the left-hand image the supported percentage

is closer to 70% with the same surface angle.
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Figure 1.5: Layer height comparison.

1.3 Objectives and Organization

Given the lack of clarity on the overhang angle concept and the heavy reliance

on it for support structure optimization e↵orts, there is evidently room for

new research in this area. This work presents a theory that attempts to

explain the phenomena limiting the maximum overhang print angle. Based

on this theory, we develop a model that can help predict the printability of a

candidate structure based on its geometry and the parameters of the process

(print settings and material properties). We then provide some examples of

the model’s output, including comparisons to experimental results to validate

its accuracy. Finally, we conclude by commenting on the model’s limitations

and suggest future work that could be done to improve it.

1.4 Background

FFF printers input thermoplastic filament, heat it to its melting point and

extrude the molten polymer through a nozzle in a series of planer layers. The

position of the nozzle is informed by a sequence of motor control commands

(“g-code”), which are generated by a software package called a “slicer”. The

slicer takes as input a 3-D model, typically in the form of an STL file, and
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a variety of printer configuration parameters, including temperatures and

velocities, and outputs the g-code necessary to produce the component.

Typical FFF printers have a build volume on the order of centimeters and

a layer height on the order of hundreds of micrometers. However, specialty

machines exist which are capable of printing at much larger scales, with build

volumes on the order of meters and layer heights on the order of centimeters.

These machines are based on the technologies known as Big Area Additive

Manufacturing (BAAM) and Large Scale Additive Manufacturing (LSAM)

[33]. Figure 1.6 provides a comparison of the two distinct scales of FFF 3-D

printers. Regardless of the scale, due to the additive nature of the process

and the influence of surface and body forces on the molten extrusions, some

features require additional support in order to print successfully.

Figure 1.6: Printer comparison. Left: desktop FDM printer (scale: 1:10)
[34]; Right: BAAM printer (scale: 1:150) [33].

While there is no existing research concerning the critical overhang print
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angle, a number of works have been presented in the general topic area

of process modeling for additive manufacturing. In their publication titled

“Physics of 3-D Printing”, Amina Alić [35] provides general insight into the

physical phenomena that govern the extrusion and deposition of polymer

filaments in FFF. Costa et al. [36] and Balani et al. [37], in their respective

works, dig deeper into the rheological properties of the filament and the

adhesion development between adjacent strands. Another work, that by

Comminal et al. [38], investigated strand morphology evolution on a uniform

substrate but omitted consideration of layer stacking.

The most relevant works are those by Xia et al. [39] and Verma et al. [40]

which o↵er computational models and fully-resolved numerical simulations

for the FFF process. Unfortunately, none of these works includes considera-

tion of o↵set strands. That is, the results provided are limited to perfectly

vertical surfaces and do not apply to overhangs. While it may be possible to

extend these models to include consideration of overhangs, it would be quite

computationally expensive to simulate for every layer in a complex structure.

Further, the results would still need to be interpreted in order to develop a

theory concerning the limiting phenomena in the printing of inclined surfaces.
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Chapter 2

Theory

2.1 Definitions

2.1.1 Print Bead Geometry and Overhang Angle

FFF printers construct components in a layer-wise manner by incrementing

the vertical distance (z-o↵set) between the nozzle and print surface upon

completion of each layer. As such, each layer is discrete and the total number

of layers is finite. In order to achieve a change in the cross-sectional geometry

of the component being built, the print strands (material extrusions) at the

layer perimeters, in addition to having a vertical o↵set, must also be o↵set

laterally. This is akin to building an archway with bricks which have finite

height and width. In order to bridge the gap between the walls, a subset of

the bricks must be horizontally o↵set from their predecessors, such that the

sum of the o↵sets is equal to the wall separation. This is illustrated in Figure

2.1.

Given the local angle of a perimeter surface in the candidate geometry

and the configuration-specified layer height (smaller: slower printing, finer

detail; larger: quicker printing, coarser detail), one can determine the neces-
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Figure 2.1: Archway example illustration.

Figure 2.2: Overhang angle illustration.

sary horizontal o↵set between layers in order to construct the feature. The

arctangent of the ratio between horizontal o↵set and layer height is deemed

the overhang angle, ✓, which is simply a measure of the local surface angle

between adjacent layers. If a surface comprising more than two layers has

constant slope, the overhang angles for each pair of adjacent layers will be

equal. The overhang angle concept is illustrated in Figure 2.2.

Figure 2.3 provides the print bead geometry definition, where h is the

layer height and w is the bead width. This figure also illustrates the stacking

of print strands in successive layers, where dn is the horizontal o↵set and

✓n is the overhang angle. In this terminology, the print bead is defined as

a unit length of the print strand, where the print strand is assumed to be

homogeneous over its length at the local instant of deposition. That is, each
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Figure 2.3: Print bead geometry definition and layer stacking illustration.

unit length of extrusion will have the same time evolution and equilibrium

position/geometry. In this way, we can simply evaluate the evolution of one

print bead and apply the result to the entire strand. Since layer n = 1 is on

the print bed: ✓1, d1 = 0. Note also that the print direction is defined to be

out of the plane of the page and that, in this example, ✓3 > ✓2 and thus, by

extension, d3 > d2.

Note: in Figure 2.3 the coordinate axes are defined for future notational

convenience and do not coincide with the printer’s build volume.

2.1.2 Limiting Phenomena

For a given layer height a steeper surface slope (larger overhang angle) neces-

sitates a larger horizontal o↵set between layers, which in-turn means that a

bigger percentage of the perimeter print strand in each layer is unsupported

versus supported, as depicted by the red line in Figure 2.4. As the percentage

of the strand that is unsupported increases with increasing overhang angle,
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Figure 2.4: Overhang comparison.

Figure 2.5: Sag/shrink illustration.

by extension, so too will the amount of cantilevered mass. Without the sup-

porting force of the layer below, the cantilevered portion of the extrusion may

be subject to an unbalanced gravitational force. This can result in the bead

deflecting downwards under its own weight, a phenomena hereafter referred

to as “sag”. However, another e↵ect which must be considered is that of

surface tension. If the surface forces exceed the gravitational force, the print

bead will instead constrict to return to its surface-area-minimizing shape, a

phenomena hereafter called “shrink”. With reference to the small overhang

in Figure 2.4, Figure 2.5 illustrates the phenomena of sag and shrink.

Sag and shrink are manifestations of the non-ideality of FFF and are

undesirable because of their e↵ects on the build process. As a result of sag,

the true perimeter surface height lags behind the desired value. As a result
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of shrink, the horizontal progression of the structure is stunted. Since FFF

printers are open-loop (i.e. no feedback between output and input), the

control system does not adjust for the di↵erence between the expected and

true perimeter positions of the current build layer. Thus, the print head will

blindly follow the instructions set out for it in the original g-code without

compensating for sag or shrink.

As a further complication, the e↵ects of sag and shrink are not isolated to

a single layer but instead compound as more layers are added to the structure.

This is because each completed layer becomes the surface upon which the

next is built. In the best case scenario, if the number of layers needed to build

the inclined feature is smaller than a critical value, the cumulative e↵ects of

sag and shrink will not be significant enough to compromise the build process.

However, as the height of the feature increases or the overhang angle becomes

more severe, the compound sag or shrink may eventually lead to print failure.

In this case, the structure would be deemed non-self-supporting.

In essence, the feature slopes and scales dictate the printability of the

candidate component. That is, a component with a 45-degree overhang may

be printable at one scale but could fail completely when scaled up, due to an

increase in the number of layers comprising the inclined feature. Similarly,

a sloping surface with an angle exceeding 45 degrees may be printable at

a su�ciently small scale (su�ciently few layers). This observation of scale-

dependence, in itself, motivates the development of a non-heuristic theory

for determination of the critical overhang print angle.

2.1.3 Process Timescales

In evaluating the print bead position/geometry evolution there are two key

processes which must be considered, each with their own characteristic timescale.
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These are: material flow (post-extrusion) and cooling of the molten polymer

(solidification). The relative timescales of each of these two processes will

dictate the final position of the extruded filament. The durations described

by tsolidification and tflow are determined by the material parameters (i.e. den-

sity, viscosity, surface tension, heat capacity, conduction coe�cient, etc.) and

the print settings (i.e. layer height, nozzle temperature, bed temperature,

fan speed, etc.).

In this work we define t = 0 as the instant of extrusion. At this point, the

bead will have the prescribed height and width, as dictated by the process

parameters (volume flow rate and nozzle velocity). Time t = 0+ is the instant

of deposition, that is, the moment at which the bead comes into contact and

conforms to the substrate (print bed or preceding layer). Lastly, t = 1 is the

instant at which the bead achieves its final position and geometry, either due

to reaching dynamic equilibrium or due to solidification.

2.2 Failure Modes

In order to determine the printability of a candidate component via FFF it’s

first necessary to classify what constitutes a print success and a print failure.

In the context of sag and shrink there are two distinct failure modes. Each

of these modes concerns the progression of the structure being built and the

compound e↵ects of the aforementioned phenomena. Prior to elaborating

on the specifics of the failure modes, we first provide some insight into the

relative importance of each of sag and shrink.

2.2.1 Prevalence of Sag and Shrink

The determining factor in which of sag or shrink takes precedence is the rel-

ative magnitude of surface tension and gravitational forces, which is summa-
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rized by the Bond/Eötvös number. This dimensionless parameter expresses

the ratio of gravitational forces to surface forces and is given by the following

equation [41].

Bo =
�⇢gL

2

�
(2.1)

In (2.1), �⇢ is the di↵erence in density between the thermoplastic fila-

ment and the surrounding medium (air), g is the constant of gravitational

acceleration, � is the surface tension coe�cient, and L is a characteristic

length. Here, L is taken to be the radius of a spherical droplet with the same

area as the print bead, which we approximate as elliptical for the sake of

this calculation but otherwise treat as rectangular for the sake of simplicity.

Using the equation for the area of an ellipse with major axis a and minor

axis b:

A = ⇡L
2 = ⇡ab, (2.2)

L =
p
ab =

p
(w/2)(h/2). (2.3)

Thus,

Bo =
�⇢gwh

4�
. (2.4)

If Bo > 1, gravitational forces dominate, whereas if Bo < 1, surface

tension forces dominate. By extension, if Bo >> 1, sag will be the prevalent

phenomena, whereas if Bo << 1, shrink is the prevalent phenomena. If the

Bond number is in the neighborhood of unity (i.e. Bo ⇡ 1), the final bead
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position/geometry will be dictated by both surface tension and gravity. That

is, the bead will experience both sag and shrink.

For a given material (fixed �, �⇢), Bo will be dictated by h and w,

the bead height and width. Thus, the determining factor in how the bead

geometry will evolve after deposition is its size, as well as the thermodynamic

properties of the process. If the timescale of solidification greatly exceeds that

of flow, then the final bead position/geometry will be completely determined

by sag/shrink. If the opposite is true, then the bead geometry would be

maintained as prescribed. If the timescales are similar, then the equilibrium

bead configuration will be somewhere between what is prescribed and what

is dictated by gravity and surface tension (sag and shrink).

While sag and shrink are both relevant phenomena in the consideration

of material extrusion, as noted, the determining factor in which is prevalent

in a particular scenario is the length-scale of the print bead. A survey of

the primary applications for fused filament fabrication reveals two disparate

length-scales: very small (⇠ 150 µm), as in “desktop” FDM 3-D printers,

and significantly bigger (⇠ cm), as in Large Scale Additive Manufacturing.

The disparity between these two length-scales is illustrated in Figure 2.6.

Figure 2.6: Scale comparison of FFF applications. Left: LSAM [42], right:
FDM.
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The most common application of material extrusion is in desktop FDM 3-

D printers, which are used to build components ranging in size from roughly

that of a penny to that of a bowling ball. In this scenario, a fine-resolution

print would typically have a bead size on the order of the nozzle width (⇠
400 µm) with a layer height of ⇠ 150 µm, while a coarse-resolution print

might have a layer height of ⇠ 300 µm. The material used for this process

is most commonly polylactic acid (PLA) or acrylonitrile butadiene styrene

(ABS), with other varieties of thermoplastic also used but less frequently.

Using PLA as a representative material (⇢ = 1240 kg/m3, � = 40mN/m)

and considering the di↵erence in layer height for coarse and fine resolution

prints, the Bond number ranges from 0.0046 at 150 µm to 0.0091 at 300 µm.

Since, in this case, Bo << 1, this indicates that when the bead is on the µm

scale the gravitational force is negligible in comparison to the surface forces.

Thus, the only relevant phenomena in the consideration of the evolution

of molten polymer print beads at the scale used in desktop 3-D printers is

shrink.

With a bead radius of r = 1.8mm, Bo ⇡ 1, while for a bead radius of

r = 1.8cm, Bo ⇡ 100. Thus, if the bead radius is on the mm scale, sag and

shrink will both be relevant, while if it is on the cm scale, sag will dominate.

Evaluating these results, we’re able to conclude that sag is the primary failure

mechanism in large-scale FFF, such as that employed in LSAM or BAAM,

while shrink is the primary failure mechanism in small-scale FFF, such as

that employed in desktop 3-D printers. This observation essentially allows

us to decouple these two phenomena and greatly simplify the analysis of

the evolution of print bead geometry in overhanging structures. Due to its

increased complexity and limited relevance we choose to omit consideration

of intermediate-scale printing, that in which sag and shrink are coupled, and

leave that for a future work. Figure 2.7 provides a non-scientific visualization
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of the prevalance of sag and shrink as dictated by the Bond number.

Figure 2.7: Visualization of the prevalence of sag and shrink.

Having now justified the decoupling of sag and shrink, we proceed with

defining the failure modes associated with each of these phenomena.

2.2.2 Sag

The influence of sag on the build process is a limiting of the vertical pro-

gression of the structure. When sag is present, the unsupported portions of

the perimeter extrusions deflect downwards under the influence of gravity.

Upon completion, the current layer will become the supporting surface for

its successor. Thus, sag in one layer will impact the final position of the bead

in the subsequent layer. Without a feedback loop in the control system, the
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e↵ects of sag will compound and become magnified with each layer that is

added to the structure. Figure 2.8 illustrates the e↵ect of cumulative sag on

the print process. The sag, si, in layer i, is given by the di↵erence in height

(top surface y-coordinate) between the expected and actual equilibrium print

bead positions.

Figure 2.8: Illustration of cumulative sag in stacked layers.

The theoretical sag-induced failure event is defined to occur at the instant

in the build process when the cumulative sag exceeds the specified layer

height. At this point, the print bead will be one full layer thickness removed

from the supporting surface at t = 0, meaning that it will only come into

contact with the supporting layer once acted upon by gravity. That is, it

must fall into place. This may result in the extruded material acquiring

momentum before impact, leading to an exacerbated sag e↵ect.
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In quantifiable terms, the sag-deduced printability criterion is violated if

the following inequality is satisfied, where N is the total number of layers

required to print the feature and h is the layer height.

NX

i=1

si > h (2.5)

2.2.3 Shrink

The second failure mode concerns the other relevant phenomena, shrink.

While sag limits the vertical progression of the structure, shrink has an equiv-

alent e↵ect on the horizontal progression. Shrink arises due to the surface

tension of the molten polymer. That is, its tendency to want to adopt its

surface-energy-minimizing configuration. The bead is initially coerced by

the process parameters (volume flow rate, nozzle velocity) and size specifi-

cations (nozzle width, layer-layer separation) to attain a specific height and

width. Under the influence of inter-layer adhesive forces, and with a large

conductive contact area to accelerate solidification, a fully-supported bead

will roughly retain this prescribed geometry. On the other hand, in the case

of a partially supported bead, as present in an overhanging perimeter strand,

the unsupported portion will not benefit from the same adhesive forces or

rapid solidification to help maintain its as-deposited geometry.

Shrink describes the change in shape of an overhanging print bead due

to surface tension forces. In all practical cases, print parameters are set such

that the print bead width is greater than its height, as this increases the

contact area between layers and thus the inter-layer adhesion. As such, the

net surface tension force is directed such that it tends to cause a horizontal

contraction of the bead. Figure 2.9 illustrates the e↵ect of shrink in stacked

layers. As in the case of sag, the e↵ects of shrink compound in successive

layers.
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Figure 2.9: Illustration of cumulative shrink in stacked layers.

The shrink-induced failure mode occurs when the overhang o↵set of the

current layer exceeds the equilibrium width of the preceding layer. That is,

when:

dn > w
t=1
n�1. (2.6)

At this point, the to-be-deposited bead will be completely o↵set from the

preceding layer, rendering it support-less and resulting in it fully reverting

to its surface-tension dictated geometry: cylindrical. The strand will then

be completely at the mercy of gravity, with its final resting position

dictated by the nozzle trajectory. Without the adhesive force of the

supporting layer to facilitate nozzle detachment, the extrusion will be

dragged around by the print head until which point as it changes direction,

29



releasing tension on the strand. At this point, the strand will fall until it is

arrested by a portion of the already-built structure or the print bed, an

e↵ect hereafter called “droop”.

Figure 2.10 shows the evolution of bead geometry for layers of PLA fila-

ment with a prescribed height of 300 µm and width of 450 µm at overhang

angles of 45� and 50�. In the case of the 45� overhang, the initial bead geome-

try (green) shrinks incrementally over the course of the first 7 layers to adopt

the geometry outlined in yellow. At this point, the geometry could be said

to have reached steady-state as there are no significant di↵erences between

the yellow and red outlined beads. Note also that the layers are completely

planar (orange lines) and that the steady-state bead geometry is not quite

cylindrical, indicating that we have not yet crossed into the droop regime. In

the case of the 50� overhang, the bead geometry shrinks from green to yellow

and again from yellow to red, with the red outlined bead nearing cylindrical.

We also see that the later layers are deflecting downwards, indicating that at

this point the print is experiencing droop.

The ability of the print process to proceed in the presence of droop is

entirely dependent on the structural geometry, with success being determined

by the tolerance for deviation from the original geometrical specifications.

If, for instance, a component with rectangular cross-section is supported

on three out of four sides, as in figures 2.11 and 2.12, the structure may

still be printable in spite of droop. In this case, whether or not the print

can be considered “successful” is determined based on the strictness of the

tolerances.

Careful examination of figures 2.11 and 2.12 highlights the dependence of

droop extent on the overhang angle. The steeper surface slope of the com-
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Figure 2.10: Cross-sectional view of overhang feature illustrating evolution
of bead geometry due to shrink.

Figure 2.11: Droop illustration for h = 300 µm and ✓ = 50�.

ponent in Figure 2.12 results in a much more significant deviation from the

intended geometry as compared to Figure 2.11. For reference, the component
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Figure 2.12: Droop illustration for h = 300 µm and ✓ = 56�.

is intended to have a sharp corner where the vertical face meets the bottom

inclined surface, but we see here that, in the presence of droop, this is not

the outcome. This is illustrated comparatively in Figure 2.13.

Figure 2.13: Droop reference and comparison.

We next consider an alternate geometry, in which every portion of the

perimeter is overhanging, such as the inverted cone. In this case, since no

portion of the perimeter is supported, once bead shrink gives way to droop
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catastrophic failure soon ensues. This is due to the lack of an adhesive anchor

point in the later layers (once in the droop regime), leading to the extrusion

not attaching from the nozzle whatsoever.

The reference geometry and print result for an inverted cone with a surface

angle of ✓ = 50� are given in Figure 2.14. From this figure we can see that

the first few layers print successfully, but once the shrink-deduced failure

criterion, (2.6), is violated, the print bead no longer detaches from the nozzle.

Contrary to the previous example, where only one length of the perimeter

was unsupported, the print process cannot proceed once it enters the droop

regime. Observing the printer as it is attempting to build this component, we

see that the horizontal progression of the structure is stunted by shrink and

subsequently by droop, resulting in the nozzle being increasingly displaced

from the structure, as indicated in Figure 2.15.

Figure 2.14: Reference geometry and print result for inverted cone with
h = 300 µm and ✓ = 50�.
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Figure 2.15: Illustration of nozzle-structure o↵set deviation for inverted cone
geometry.

As a final example, we consider a structure that inherits properties of the

previous two. The inverted pyramid is similar to the inverted cone in that

all of its sides are overhanging. Where it di↵ers, however, is in the nozzle

trajectory. In the case of the cone, the circular path means that the direc-

tion of the pulling force imparted by the nozzle on the strand is constantly

changing. Thus, once in the droop regime the strand will continuously fall

away from the nozzle but will not adhere to the previous layer due to the

nozzle-structure o↵set deviation resulting from shrink.

In the case of the inverted pyramid, the nozzle moves in linear segments,

periodically turning 90 degrees with respect to its previous direction of travel.

At this point, the component of tension also changes direction (for instance,

from -y to +x), resulting in the previous segment of strand drooping away

from the nozzle and coming into contact with the previously deposited layer.

This contact then anchors the strand as more material is extruded with

the nozzle propagating perpendicularly to its previous direction of travel.

Again, when the nozzle reaches the corner point in the geometry its trajectory
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changes by 90 degrees, releasing the tension on the strand and allowing it to

droop into place, repeating the cycle.

Due to the di↵erence in nozzle trajectory, the pyramidal structure doesn’t

experience the same degree of nozzle-structure o↵set deviation as the conic

structure, which is illustrated in Figure 2.16. That being said, however,

once in the droop regime, the print bead has completely reverted to its

surface-tension dictated geometry: cylindrical. Thus, the layer-layer contact

is greatly diminished, resulting in very weak inter-layer adhesion which can

subsequently lead to delamination, as evidenced by the print result in Fig-

ure 2.17. The dependence of contact area on print regime is demonstrated

in Figure 2.18, where the red line indicates the extent of contact between

stacked layers.

Figure 2.16: Illustration of nozzle-structure o↵set deviation for inverted pyra-
mid geometry.
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Figure 2.17: Reference geometry and print result for inverted pyramid with
h = 300µm and ✓ = 56�.

Figure 2.18: Contact area comparison for di↵erent print regimes (bead ge-
ometries).
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2.3 Multiple Perimeters

In FFF a new layer is initiated by the printing of perimeters or “shells”,

followed by the printing of infill. The perimeters give the component its

structure while the infill adds rigidity and connects any interior and exterior

perimeters. Typically, the number of shells is set to two and the infill percent-

age is varied according to how “solid” the part is desired to be. However, the

number of shells can also be varied, in combination with the infill percentage,

in order to optimize the component’s strength-to-weight/material consump-

tion ratio. An example of the di↵erent infill percentages and number of shells

is provided in Figure 2.19. It’s important to note that the shells are generally

printed from the inside out (in the direction of increasing perimeter).

Figure 2.19: Illustration of infill percentage and number of shells. Modified
from [43].
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While the number of perimeters is typically thought only to a↵ect a com-

ponent’s rigidity, this parameter will also influence the printing of overhangs.

Until now sag and shrink have been discussed exclusively in the context of

single perimeter overhangs, however, the number of perimeters will, in fact,

play an important role in the progression of these phenomena. In the case

of sag, the addition of a second perimeter will add an additional conductive

contact surface to help the exterior perimeter cool quicker, thus acting to

reduce the flow time and therefore the extent of sag. In the case of shrink,

the interior perimeter will act to anchor the exterior strand, delaying the

onset of droop. At a certain point, depending on the geometry, the bead

width of the exterior strand may be reduced by shrink to a su�cient enough

extent that the interior strand, which was once fully supported, is now itself

overhanging. This will render the interior strand prone to shrink, which may

result in the elimination of the adhesive contact between it and the exterior

strand, leading to the delayed onset of droop in the exterior strand.
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Chapter 3

Model

We now have a theory which allows us to better understand the intricacies of

FFF 3-D printing and comprehend why there is a limitation on the angle of

surfaces manufactured using this technology. However, we’re still lacking a

model that can implement this theory to predict the printability of a candi-

date component based on its geometrical features. In this section we present

a first-of-its-kind prediction model for determination of the maximum over-

hang print angle which takes into account the material characteristics as well

as the process parameters.

3.1 Sag – Large-scale FFF

The basis for the sag model is a balance of forces acting on the unsupported

portion of the print bead. The relevant forces are gravity and viscous shear.

In order to simplify the analysis of the bead dynamics, the geometry is dis-

cretized into N rectangles, called “slices”, where N is determined based on

the required precision. See figures 3.1 and 3.2 for the slice definition and

force diagram.

The objective of the model is to track the position of each material ‘slice’
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Figure 3.1: Print bead geometry and slice definition.

Figure 3.2: Slice force diagram.

over time, terminating when the velocities have been extinguished due to

solidification. In this analysis, due to the assumption of high mass/surface

tension ratio (i.e. high Bond number), we further assume that the unsup-

ported portion of the bead does not impart an appreciable tension force on
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the supported portion and vice-versa. Thus, the only interaction between

the two portions of the bead is through viscous shear and there is no lateral

flow of material.

Due to the influence of the gravitational force, the unsupported slices

will initially accelerate. As they do, however, the shear forces, which are

velocity-dependent, will act to oppose their motion. In order to determine

the extent of sag, it’s necessary to know the elapsed time between deposition

and solidification. As long as the print bead is still in its liquid or pseudo-

liquid form, it will flow under the influence of gravity. Thus, the flow time is

equal to the duration for which the polymer melt is above its glass transition

temperature (Tsolidus).

3.1.1 Solidification

In order to evaluate the evolving print bead geometry we require a means

of tracking the viscosity of the material, which, in the case of a polymer, is

temperature-dependent. No real phase change is occurring as the polymer

cools, as in the liquid to solid transition of water to ice, but instead the

material is simply becoming more viscous (resistant to flow). At a certain

point, the viscosity will be so high that for all intents and purposes the

material can be considered a solid.

In this analysis the dominant mode of heat transfer is assumed to be

bead-strand conduction (i.e. the flow of heat from the newly deposited bead

to the previously solidified strand in the preceding layer). For the time

being we focus on a single perimeter overhang, though consideration of mul-

tiple perimeters would only require a slight modification to the heat transfer

model. Further, it is assumed that the supported portion of the bead solid-

ifies first, followed by the unsupported portion. This allows us to split the
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2-D conduction problem into two separate one-dimensional problems. The

temperature as a function of position and time is then given by (3.1), which

is the exact solution to a 1-D transient impulse conduction problem [44].

T̄ (x̄, t̄) = 2
1X

n=1

(�1)n�1
cos(�nx̄) exp(��

2
nt̄)

�n
(3.1)

�n =
1

2
(2n� 1)⇡, n = 1, 2, ... (3.2)

x̄ =
x

H
, T̄ =

T � Tbed

Tbead � Tbed
, t̄ =

t↵

H2
(3.3)

↵ =
k

⇢cp
(3.4)

An order of magnitude time estimate for the cooling/solidification process

is given by the ratio of the change in stored thermal energy to the rate of

heat transfer:

tsolidification =
Qsupported

Q̇supported

+
Qunsupported

Q̇unsupported

, (3.5)

where

Q = mCp�T = ⇢LHlCp(Tsolidus � Tbead) (3.6)

and

Q̇ = kA
�T

�y
= kLl

(Tbed � Tbead)

H
(3.7)
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from Fourier’s law of heat conduction. In the preceding equations, L is the

length of the conductive contact surface between the new bead and the

supporting strand, while H is the thickness across which heat is transferred.

For the supported portion of the bead, L = w � d and H = h, while for the

unsupported portion of the bead, L = h and H = d. Lastly, l is the

extrusion length measured in the print direction. Therefore,

tsolidification = tsupported + tunsupported (3.8)

=
⇢Cp

k
[h2 + d

2]

✓
Tsolidus � Tbead

Tbed � Tbead

◆
. (3.9)

The temperatures present in the above equations are system and material

dependent. Representative values are Tbed = 333K (60�C) and Tbead = 488K

(215�C), which are commonly used when printing with PLA filament. Tsolidus

is the glass transition temperature, the point at which the melt transitions

from the “rubbery” state (soft and flexible) to the “glassy” state (hard and

brittle). For PLA, Tsolidus = 337K.

It’s worth noting here that while this characterization of heat transfer

is relatively simplistic, it is easy to conceive how one might increase the

complexity of the model by adding considerations for such things as forced

convection or 2-D transient conduction. For the sake of this thesis, however,

these were deemed to be outside the scope of work.

Now that we’re equipped with a means of tracking the temperature as

it varies in space and time, this can be used to determine the transient

spatial viscosity of the bead. Polymers are an example of a shear-thinning

non-Newtonian fluid, thus, in addition to being temperature-dependent, the
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bead viscosity will also be shear-rate-dependent. We therefore employ the

Cross-WLF viscosity model for non-Newtonian fluids, which is described by

the following set of equations [45].

µ0(T ) = D1 exp


�A1(T � T

⇤)

A2 + (T � T ⇤)

�
(3.10)

µ(T ) =
µ0(T )

1 + (µ0�̇
⌧⇤ )

1�n
(3.11)

T
⇤ = D2 +D3p (3.12)

In (3.10) - (3.12), µ0(T ) is the zero-shear viscosity, µ is the e↵ective

viscosity, A1, A2, D1, D2 and D3 are material-dependent constants, �̇ is the

shear rate, n is the power law index, T ⇤ is the glass transition temperature,

and ⌧
⇤ is the critical stress at the transition to shear thinning, determined

by curve fitting. The exact values of these parameters can be extracted from

material testing data sheets such as those provided by Moldflow [46].

3.1.2 Print Bead Dynamics

Armed with knowledge of the viscosity in each slice, we can then evaluate

the shear forces acting within the fluid. To start, we evaluate the velocity

at the mid-plane of each slice and the viscosities at the interfaces between

slices. As noted, polymer melts are inherently non-Newtonian, meaning that

the relationship between shear stress and shear rate is non-linear. However,

by employing a marching algorithm for parameter updates and keeping the

time step of the viscosity update su�ciently small, we can make a piece-wise

constant approximation to the viscosity, and thus, a piece-wise linear approx-

imation to the shear stress/rate relationship. We can then apply Newton’s
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law of viscosity to determine the inter-slice shear stress for each time step:

⌧ = µ
dv

dx
. (3.13)

Considering a representative layer, ‘n’, the shear stresses imparted on it

by the adjacent layers, n� 1 and n+1, are given by the following equations.

⌧n+1:n = µn,n+1(
vn+1 � vn

�x
) (3.14)

⌧n�1:n = µn�1,n(
vn�1 � vn

�x
) (3.15)

In (3.14) and (3.15) µn,n+1 and µn�1,n are the viscosities at the interfaces

between slices n/n + 1 and n � 1/n, respectively, while vn is the velocity of

slice n and �x is the slice width and is equal to d/N . Recognizing that the

forces are equal and opposite, as dictated by Newton’s 3rd law:

⌧n�1:n

����
n=i+1

= �⌧n+1:n

����
n=i

, 8i. (3.16)

Before we can put everything together, we must apply the appropriate

boundary conditions for the problem, which are as follows.

F⌧, n+1:n

����
n=N

= 0 (3.17)
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an, vn

����
n=1

= 0 (3.18)

Equation (3.17) is the free surface condition and (3.18) is the no-slip

condition at the interface between the supported (solidified) and unsupported

(molten) portion of the print bead.

Finally, completing the force balance on slice n:

⌃FYn = Fg + F⌧, n+1:n + F⌧, n�1:n (3.19)

⌃FYn = mg + (⌧n+1:n + ⌧n�1:n)A = man (3.20)

m = ⇢V = ⇢hl�x (3.21)

A = hl (3.22)

an = g +
(⌧n+1:n + ⌧n�1:n)

⇢�x
(3.23)

= g +
µn,n+1(vn+1 � vn) + µn�1,n(vn�1 � vn)

⇢(�x)2
(3.24)

Equation (3.24) gives us the acceleration of slice n at time t due to the

influence of gravity and inter-slice shear forces. We are then left with solving

a kinematics problem. If we know the initial velocity of the fluid, due to

nozzle ejection, we can solve for the velocity of each slice at each instant in

time. Using this information, we can then evaluate the y-coordinate of the
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slice after each time step. In this formulation, the velocity and acceleration

are taken to be constant over the duration of the time step. The parameter

update expressions are provided as equations (3.25) and (3.26) below.

Velocity Update:

vn,t+1 = vn,t + an,t�t (3.25)

Y-Coordinate Update:

yn,t+1 = yn,t + vn,t�t+ an,t(�t)2 (3.26)

The variable update should be repeated until the velocities are fully extin-

guished or the interface viscosities have all reached a predetermined thresh-

old. The initial velocity is that of nozzle ejection and is given by the volume

flow rate divided by the nozzle area:

vn,0 =
hwvnozzle

⇡r
2
nozzle

. (3.27)

The sag, sn, for a particular slice, which is what is ultimately desired

from the model, is simply the sum of the changes in y-coordinate over each

time step. In other words, the total sag for slice n is equivalent to the final

y-coordinate of the slice (assuming that y = 0 coincides with the common

initial centroid position of the slices).

sn =
X

t

�yn,t =
X

t

[vn,t�t+ an,t(�t)2] = yn,t

����
t=1

(3.28)
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3.1.3 Implementation

Given the discrete nature of this model, requiring iteration to solve, it is

most logical to evaluate it programatically. The following steps outline the

procedure for implementing the model to solve for print bead sag.

Sag Calculation Pseudo-Code

1. Initialize velocities (vn,0), temperatures (Tn,0) and slice positions (yn,0)

2. Use temperatures to compute viscosities: µn,t, 8n

3. Compute acceleration of each slice from force balance: an,t, 8n

4. Update slice velocities and y-coordinates: vn,t, yn,t, 8n

5. Increment time step: t = t+�t

6. Update Tn and µn

7. Repeat steps 2-6 until velocities are extinguished or viscosity threshold

is reached

3.1.4 Integration

The output of the sag model is the t = 1 positions of the overhanging slices.

During execution, the program indicates the current slice positions as well

as the slice viscosities, represented by a greyscale colour map. Figure 3.3

shows an example of the slice position evolution. In this figure, the darker

the slice, the higher the viscosity. Any slices that are pure black have reached

the viscosity threshold and can be considered solidified.

Having obtained the t = 1 slice positions in layer l via the sag model, we

can then use this information to predict the t = 0+ slice positions for layer
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Figure 3.3: Sag model progress example.

l + 1. For this purpose, we simply assume that the newly-deposited beads

initially conform to the substrate onto which they are deposited. For layer

0 the substrate is the print bed. For every subsequent layer the substrate is

the preceding layer.

The t = 0+ bead geometry acts as the input to the sag model while the

output is the t = 1 geometry. The model is applied iteratively for each

layer in the structure. As long as the sag threshold is not surpassed, then

the structure is deemed printable. The application of the sag model can be

summarized by the following procedure.

Sag Model Application Steps

1. Define t = 0 bead geometry (layer height and extrusion width)

2. Predict t = 0+ geometry based on substrate-conformance assumption
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3. Apply sag model to determine t = 1 geometry

4. Repeat steps 2-3 for as many layers as are required to construct the

feature

3.1.5 Results

The complete geometry evolution prediction framework was implemented in

MATLAB using a viscosity threshold of 5000 Pa · s. The sag model was

executed with an input geometry corresponding to a scaled-up version of the

h = 150 µm, w = 400 µm print bead. That is, the aspect ratio was fixed

at 2.7:1 (w:h). A 50x scaling yields a bead Bond number of 10, while 100x

yields: Bo u 100. The results for the 50x scaling are shown in Figure 3.4,

while those for 100x are shown in Figure 3.5.

In Figure 3.4 and 3.5 the light grey rectangles represent the prescribed

print bead geometry and layer evolution. The darker grey translucent rect-

angles show the true layer evolution accounting for the e↵ects of sag. At the

smaller scale in Figure 3.4 the critical overhang angle is roughly 30�. This is

evidenced by the upper right-hand plot, in which the print bead in the 20th

layer (top-most dark-grey rectangle) is nearly one full layer height removed

from its nominal position (top-most light-grey rectangle). Thus, if one more

layer were added to this structure the sag-deduced failure criterion would be

met and the structure would deemed unprintable.

At the larger scale in Figure 3.5, the critical angle is significantly smaller

at approximately 20�. This makes intuitive sense because the larger beads

have more heat to dissipate, meaning that they take longer to cool and thus

flow for longer, leading to increased sag.
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Figure 3.4: Sag model results for a scale factor of 50.
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Figure 3.5: Sag model results for a scale factor of 100.
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3.2 Shrink – Small-scale FFF

In this section we develop a model that incorporates the theory of print

bead shrink in order to predict the printability of a candidate structure via

small-scale FFF.

3.2.1 Assumptions

The shrink model centers around the concept of the print bead adopting its

minimal surface area configuration, as dictated by surface tension. In it, we

assume that because of the high nozzle shear rate at the instant of extrusion

(t = 0), the shear-thinning polymer initially has a relatively low viscosity,

allowing it to achieve its surface-energy-minimizing form at the instant of

deposition (t = 0+). Due to the strong inverse correlation between shear

rate and viscosity, the viscous forces will quickly increase in magnitude once

the nozzle shear has dissipated. Thus, we assume that there is no flow of the

bead due to surface tension subsequent to deposition. Further, there will be

no gravity-induced flow because of the low mass/surface tension ratio (i.e.

low Bond number). Therefore, the geometry at t = 1 will be equivalent to

that at t = 0+.

In order to justify these assumptions, let us consider the viscosity evolu-

tion of the print bead during and after nozzle ejection. The pressure-driven

progression of the polymer melt through the cylindrical nozzle is a form of

Poiseulle flow. In this flow model no slip occurs between the wall and the

melt and the velocity is highest at the center. The shear rate can be cal-

culated from the flow rate by way of the following relationship (where the

Rabinowitsch correction has been applied to account for the non-parabolic

flow at the wall due to the shear-thinning nature of the polymer [47]).
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�̇ =
4Q

⇡R3

✓
3n+ 1

4

◆
(3.29)

In (3.29), Q is the volume flow rate, R is the nozzle radius, and n is the

fluid’s power-law index. The most common nozzle diameter in desktop 3-D

printers is 0.4mm and the power-law index for PLA is 0.25 [46]. The flow

rate can be calculated as follows.

Q = whvnozzle (3.30)

A representative value for the nozzle velocity, vnozzle, is 45mm/s, which

is the default value in the printer profile for the Prusa i3 MK3. Thus, for a

150 µm layer height and a bead width equal to the nozzle diameter (400 µm),

the shear rate at the nozzle exit is 188 s�1. Figure 3.6 shows the relationship

between shear rate and viscosity of the polymer melt. With a nozzle shear

rate of 188 s�1 and temperature of 488K, the viscosity upon extrusion (t = 0)

is 639.73 Pa · s, which quickly increases to 2918.40 Pa · s as the shear rate

drops to zero.

3.2.2 Derivation

Under the outlined assumptions, we can proceed to determine the equilibrium

bead geometry in a given layer based on the extent of the overhang. The

unsupported portion of the bead has an area equal to the total area less the

supported area. Thus:
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Figure 3.6: Viscosity versus shear rate for PLA.

Aunsupported = Atotal � Asupported (3.31)

Aunsupported = hw � h(w � d) = hd = h
2 tan ✓. (3.32)

The surface area of the strand is given by the bead perimeter multiplied

by the extrusion length. Thus, the minimal surface area strand is that for

which the bead has the smallest perimeter. Given a deformable rectangle

with side lengths a, b and area A, the perimeter-minimizing geometry can be

derived as follows.

A = ab =) b =
A

a
(3.33)

P = 2a+ 2b = 2(a+
A

a
) (3.34)
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dP

da
= 2(1� A

a2
) = 0 =) a =

p
A = b (3.35)

Thus, based on the result of (3.35), the perimeter-minimizing geometry

is a square. Therefore, in its surface-energy-minimizing configuration, the

unsupported portion of the bead will have side lengths:

a = b ⌘ c =
p
h2 tan ✓ = h

p
tan ✓. (3.36)

The print bead geometry evolution is illustrated in Figure 3.7. Note that

the larger the overhang angle, the greater the extent of shrink. The reduction

in bead width (i.e. the shrink) is given by (3.37).

Figure 3.7: Print bead geometry evolution due to shrink.

�w ⌘ S = d� c = h tan ✓ � h

p
tan ✓ = h(tan ✓ �

p
tan ✓) (3.37)

With knowledge of the bead aspect ratio, w/h ⌘ AR, the shrink expres-

sion can be recast as a percentage reduction in bead width. Thus:

56



S(%) =
�w

w
· 100% =

1

AR
(tan ✓ �

p
tan ✓) · 100%. (3.38)

As an example, consider a bead with h = 150 µm and w = 400 µm

(w/h = 8/3). The shrink percentage as a function of overhang angle for this

geometry is illustrated in Figure 3.8.

Figure 3.8: Shrink percentage versus overhang angle.

Observe that at ✓ = 45�, the shrink percentage is zero. This makes

intuitive sense because when ✓ = 45�, tan ✓ = 1 and thus, d = h. That is, the

unsupported portion of the bead is already in its surface-energy-minimizing

form and therefore no shrink occurs. For angles less than 45� we assume that

there is no appreciable shrink.

The reduction in bead width due to shrink results in an increase in the
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unsupported length of the bead in the subsequent layer. For instance, if the

overhang angle and layer height combination dictates an o↵set of d and layer

n�1 experiences shrink in the amount of Sn�1, then the unsupported length

of layer n will be increased by Sn�1. In general:

Dn = d+ Sn�1, (3.39)

where d = h tan ✓ is the prescribed horizontal o↵set and D expresses the

actual o↵set incorporating the contribution of shrink.

3.2.3 Multiple Perimeters

Consideration of multiple perimeters is achieved through a simple extension

of the current model. The interior perimeter is partially supported by its

predecessor with the other portion being supported by the exterior strand

in the preceding layer. As long as the interior strand is fully supported it

will not experience any shrink and thus its geometry will remain unchanged.

However, if the overhang is extreme, at a certain point, the width of the

strand in the exterior perimeter may have been reduced by shrink to a sig-

nificant enough extent that the interior strand is no longer fully supported.

At this point, it too will be prone to shrink.

Once the width of the bead in the interior strand is reduced by even

a small fraction, it will no longer provide an adhesive contact to its neigh-

bouring exterior strand and thus, the exterior strand will begin to experience

droop. E↵ectively, the role of the interior strand is to delay the onset of droop

in the exterior strand, thereby increasing the maximum overhang print angle.

The failure criterion is as follows:
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Dinterior
n = dn � w + Sn > h. (3.40)

Failure is defined to occur when the apparent overhang o↵set of the interior

strand, Dinterior
n , exceeds the layer height, since this corresponds to an equiv-

alent overhang angle of 45� and thus marks the onset of shrink. Note that

only the first interior perimeter plays a role in delaying the onset of droop.

The addition of any further perimeters beyond two will have no influence on

the failure criterion.

3.2.4 Implementation

The shrink model, as described, was implemented inMATLAB. The program

takes as input the geometrical specifications of the print bead (height and

width) as well as a vector of overhang angles that describes the progression of

the candidate structure. Based on the layer height and overhang angle, the

corresponding horizontal o↵set for the first layer is calculated. The minimal-

surface-area concept is then employed to determine the extent of shrink in

that layer. The next layer’s t = 0+ geometry is subsequently determined

based on the shrink in the previous layer, using (3.39) to evaluate the true

overhang o↵set. This procedure is repeated until the shrink inequality, (2.6),

is violated. That is, until the overhang o↵set in layer n exceeds the width of

the bead in the preceding layer (wt=1
n�1).

Consideration of two perimeters is achieved by adding a variable up-

date/tracking step for the width of the bead in the interior perimeter. The

termination condition is also modified to reflect the delayed onset of droop,

with (2.6) being replaced by (3.40).
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3.2.5 Results

The model was executed with a variety of di↵erent combinations of layer

heights and overhang angles. Figure 3.9 shows the print bead geometry

evolution for a layer height of 150 µm and width of 400 µm, with constant

overhang angles ranging from 45� � 60�. Analyzing these results, we see

the e↵ect that shrink has on the width of the bead. At an overhang angle

of 60�, the bead width gets progressively smaller until which point as it is

exceeded by the horizontal o↵set. At this point the newly-deposited beads

are completely unsupported, marking the onset of droop (not reflected here).

The plots for a layer height of 300 µm show similar results, though the

e↵ects of shrink are not as pronounced because of the smaller aspect ratio

of the prescribed bead geometry. In this case, the onset of droop occurs at

an overhang angle of approximately 50�. Comparing these results with those

for h = 150 µm, we see that the onset of droop occurs a full 10� sooner.

We next consider a structure with h = 150 µm and a non-constant over-

hang angle which ranges from 20� � 65� in increments of 0.5�/layer. The

bead geometry evolution for this structure is shown in Figure 3.11, along-

side a plot of the bead width and overhang o↵set. This plot indicates that

the shrink-deduced failure criterion is met around layer 80. This is when

the overhang o↵set exceeds the bead width, beyond which point the newly

deposited beads are completing unsupported, marking the onset of droop.

Multiple Perimeters

If we were to instead print this structure with two perimeters, it would, in

fact, be printable. This is evidenced by the results in Figure 3.12. We see

here that, while the shrink-deduced failure criterion is met for the exterior
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Figure 3.9: Shrink model results for h = 150 µm

perimeter (red), it is not for the interior perimeter (grey). Thus, the print is

able to proceed.

Figures 3.13 - 3.15 show the layer progression with two perimeters for

overhang angles of 60�, 69.5�, and 75�. The right-hand plot in each of

these figures compares the overhang o↵set against the bead widths in the

two perimeters. As long as the overhang o↵set doesn’t exceed the interior

perimeter’s bead width, the print will not experience droop. Based on these

results, the critical overhang print angle for a layer height of 150 µm and

bead width of 400 µm with 2 perimeters is roughly 69.5�. Beyond this point,

the print will experience droop.
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Figure 3.10: Shrink model results for h = 300 µm

Figure 3.11: Left: layer progression with variable overhang angle; Right:
bead width v.s. overhang o↵set.
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Figure 3.12: Left: layer progression with variable overhang angle and two
perimeters; Right: bead width v.s. overhang o↵set.

Figure 3.13: Layer progression for h = 150 µm, ✓ = 60� and 2 perimeters.
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Figure 3.14: Layer progression for h = 150 µm, ✓ = 69.5� and 2 perimeters.

Figure 3.15: Layer progression for h = 150 µm, ✓ = 75� and 2 perimeters.
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Chapter 4

Experimental Validation

In order to validate the results of the model a variety of print tests were

performed. Unfortunately, we did not have access to a large-scale FFF ma-

chine and so the validation e↵orts were focused on the shrink model. The

configuration parameters for the experimental setup are provided in Table

4.1.

Table 4.1: Experimental setup

Printer Prusa i3 MK3

Slicer PrusaSlicer

Filament Prusa PLA

Tnozzle 215�C

Tbed 60�C

Print Speed 45mm/s

Infill 0%

Perimeters 1/2

Extrusion Width 0.4mm

Layer Height 150 µm/300 µm
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The model used for the print tests is illustrated in Figure 4.1, where the

incline angle was parameterized.

Figure 4.1: Test object geometry.

Tests were conducted with both single and dual perimeters for a range

of incline angles. These results were then compared to the model output to

assess the accuracy of the predictions.

4.1 Single Perimeter

The results for the single perimeter print tests are illustrated in figures 4.2 –

4.9. The left-hand image in each of these figures shows the model-predicted

layer progression based on the shrink theory and generated by the MATLAB

implementation. The right-hand image shows the true layer progression as

observed through a macro lens. These photographs were captured by cutting

the printed components in half to achieve a cross-sectional view. The section

plane is shown in red in Figure 4.1.
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Figures 4.2 – 4.5 show the layer progression for a layer height of 150 µm,

while figures 4.6 – 4.9 are for a layer height of 300 µm. In the case of the for-

mer, the model predicts the onset of droop between 60� and 65�. Examining

the experimental results, we see that the layers are barely in contact at 60�

and are completely o↵set from one another at 65�, which agrees well with

the model predictions. Note that the cutting process to achieve the cross-

sectional view is somewhat destructive. At more extreme overhang angles,

the reduced layer-layer contact results in diminished inter-layer adhesion, and

thus the layers are prone to delamination during sectioning. This explains

the skewed positioning of the layers in Figure 4.5 and similar.

Figure 4.2: Results comparison for h = 150 µm and ✓ = 50�. Left: model,
right: experiment.

The model results for a layer height of 300 µm indicate the onset of droop

at 50�. Comparing this to experiment (Figure 4.9), we see that at 50�, the

print beads are approximately cylindrical, the layers detach during sectioning

and the strands experience droop. Thus, the model predictions are accurately

reflected by the experimental findings.
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Figure 4.3: Results comparison for h = 150 µm and ✓ = 55�. Left: model,
right: experiment.

Figure 4.4: Results comparison for h = 150 µm and ✓ = 60�. Left: model,
right: experiment.

Contrasting the results for the two di↵erent layer heights, we see that

the 300 µm layers experience the onset of droop a full 10� sooner than the

150 µm layers. This makes intuitive sense because, referring back to Figure

1.5, the overhang o↵set is proportional to the layer height. Thus, taller layers

will necessitate larger overhangs in order to achieve the same surface angle.
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Figure 4.5: Results comparison for h = 150 µm and ✓ = 65�. Left: model,
right: experiment.

Figure 4.6: Results comparison for h = 300 µm and ✓ = 30�. Left: model,
right: experiment.
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Figure 4.7: Results comparison for h = 300 µm and ✓ = 40�. Left: model,
right: experiment.

Figure 4.8: Results comparison for h = 300 µm and ✓ = 45�. Left: model,
right: experiment.
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Figure 4.9: Results comparison for h = 300 µm and ✓ = 50�. Left: model;
right: experiment.
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4.2 Multiple Perimeters

Besides the addition of a second perimeter, the settings for the dual perimeter

print test were identical to those for a single perimeter. The results of these

tests, which were focused on a 300 µm layer height, are illustrated in figures

4.10 – 4.12. Examining these figures, we see that the addition of a second

perimeter has the predicted e↵ect. The internal perimeter acts to anchor the

external perimeter, delaying the onset of droop.

With two perimeters, the model predicts the onset of droop at around

68�. This is reflected by the experimental findings, in which, at 68�, the

beads in both the internal and external perimeters have reverted to their

surface-tension dictated geometry and droop is observed.

Figure 4.10: Results comparison for h = 300 µm and ✓ = 45� with 2 perime-
ters. Left: model, right: experiment.
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Figure 4.11: Results comparison for h = 300 µm and ✓ = 56� with 2 perime-
ters. Left: model, right: experiment.

Figure 4.12: Results comparison for h = 300 µm and ✓ = 68� with 2 perime-
ters. Left: model, right: experiment.
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Chapter 5

Results and Discussion

The purpose of the experimental validation was to assess the appropriateness

of the model and the accuracy of its predictions. In the previous chapter we

presented the findings for a combination of layer heights, surface angles,

and perimeter configurations. The results indicate that the model has good

adherence to reality and can accurately predict the onset of droop for both

single and dual perimeter configurations with various layer heights.

The evidence indicates that the maximum overhang angle is inversely

proportional to the layer height. That is, it is possible to print structures

with more extreme surface angles when the layer height is smaller. The

maximum overhang angle is also increased with the addition of an interior

perimeter as this delays the onset of droop.

In theory, this model could now be used to predict the critical overhang

print angle based on the print parameters (extrusion width, layer height and

number of perimeters). Of course, as noted earlier, the model simply predicts

the onset of droop. How the droop is manifested, and whether or not the

print can proceed, depends on the particular geometry.
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Lacking access to a large-scale FFF printer, we were unable to validate the

results of the sag model. However, the theory, as presented, still has value.

The main takeaway is that the maximum overhang angle in large-scale FFF

is limited by gravity. This insight can be used to inform any modifications to

the process parameters in order to improve overhang print performance. For

instance, the maximum overhang angle could theoretically be increased by

printing with a less dense material or in a low-gravity environment. These

same modifications would not achieve the desired e↵ect in small-scale FFF.

The sag model results indicated that the maximum overhang angle is

scale-dependent. This was evidenced by the fact that the maximum angle

was lower at the 100x scale than it was at the 50x scale. This is presumed

to be a result of the higher heat capacity of the larger bead, requiring longer

to solidify and thus allowing more time for flow. Based on these results, we

can infer that the maximum overhang angle could be increased by increasing

the rate at which heat is removed from the molten print bead. For instance,

by adding a cooling fan.

5.1 Conclusions and Future Work

In this work we have presented a first-of-its-kind theory to describe the lim-

iting phenomena in the manufacture of structures with inclined surfaces via

fused filament fabrication. Terminology was introduced to describe these

phenomena and how they limit the maximum surface angle that can be suc-

cessfully printed using this technology. “Sag” was defined as the downwards

deflection of a portion of the molten polymer print bead resulting from grav-

itational forces, while “droop” described this same e↵ect but on the scale of

the entire print strand. Finally, the term “shrink” was introduced to describe

the contraction of the bead under the influence of surface tension.
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Using an argument based on the ratio of gravitational and surface forces,

we demonstrated that sag was the limiting phenomena in the printing of in-

clined surfaces at large scales, such as those employed in Big Area Additive

Manufacturing. On the other hand, at small-scales, such as in traditional

“desktop” FDM 3-D printers, we showed that shrink was the prevalent phe-

nomena and that bead shrink leads to strand droop, which is ultimately the

cause of print failure.

Two separate models were developed to predict the layer progression due

to sag (large-scale FFF) and shrink (small-scale FFF). A variety of results

were generated using each model by varying input parameters such as scale,

layer height, surface angle, and number of perimeters. The accuracy of these

results was then evaluated through comparison to equivalent experimental

findings, with good conformance being demonstrated between the two.

The shrink model predictions, backed by experiment, showed that the

maximum overhang angle is inversely proportional to the layer height and

that the addition of a second perimeter considerably delays the onset of

droop. Results for the sag model indicated that the maximum overhang

angle was dependent on the rate of cooling, with faster cooling enabling the

printing of steeper surfaces.

There is considerable room for future work in this field. Specifically, the

sag model could be improved by incorporating more complex heat transfer

mechanisms such as 2-D transient conduction and forced convection. The

shrink model could be improved by adding consideration for transient flow

and incorporating a more precise means of determining the surface-area-

minimizing geometry. These modifications would improve the robustness of

the models and provide more accurate predictions of the maximum overhang

print angle in a variety of scenarios. Finally, rather than have two segmented
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models which are scale-specific, a hybrid model which is scale-independent

would be much more versatile and is thus worthy of further investigation.
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