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Abstract

A mathematical model of a dynamical process, often in the form of a system of differential
equations, serves to elucidate underlying dynamical structure and behavior of the process that
may otherwise remain opaque. However, model parameters are often unknown and may need to
be estimated from data for a model to be informative. Numerical-integration-based methods,
which estimate parameters in a differential equation model by fitting numerical solutions to
data, can demand extensive computation, especially for large stiff systems that require implicit
methods for stability. Non-numerical integration methods, which estimate parameters in a
differential equation model by fitting solution approximations to data, do not provide an impartial
measure of how well a model fits data, a measure required for the testability of a model. In
this dissertation, I propose a new method that steps back from a numerical-integration-based
method, and instead allows an optimal data-fitting numerical solution to emerge as part of
an optimization process. This method bypasses the need for implicit solution methods, which
can be computationally intensive, seems to be more robust than numerical-integration-based
methods, and, interestingly, admits conservation principles and integral representations, which
allow me to gauge the accuracy of my optimization.

The FEscherichia coli Min system is one of the simplest known biological systems that
demonstrates diverse complex dynamic behavior or transduces local interactions into a global
signal. Various mathematical models of the Min system show behaviors that are qualitatively
similar to dynamic behaviors of the Min system that have been observed in experiments, but
no model has been quantitatively compared to time-course data. In this dissertation, I extract
time-course data for model fitting from experimental measurements of the Min system and fit
established and novel biochemistry-based models to the time-course data using my parameter
estimation method for differential equations. Comparing models to time-course data allows me to
make precise distinctions between biochemical assumptions in the various models. My modeling
and fitting supports a novel model, which suggests that a regular, ordered, stability-switching

mechanism underlies the emergent, dynamic behavior of the Min system.
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Lay Summary

In this dissertation, I develop a method to map experimental measurements onto mathematical
models that describe how the measured system changes in time and space. This mapping
allows me to test whether a mathematical model can explain experimental observations and
helps understand the underlying dynamic structure of a modeled system. After developing and
testing my method, I apply it to map experimental measurements of a protein system that
demonstrates interesting dynamic behavior onto established and novel mathematical models
that describe the protein systems’s temporal evolution. My modeling and data mapping inform

a novel mechanism that may underlie the dynamic behavior of the protein system.
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Chapter 1

Introduction

A mathematical model of a dynamical process serves to elucidate underlying dynamical structure
and behavior of the process that may otherwise remain opaque. Across different fields, notably
in Biology, systems of interest are becoming more interrelated, with a commensurate increase
in mathematical model complexity. Often, an explicit model for the evolution of a complex
dynamical process may not be known or may not exist. Alternatively, from experiment or
postulate, one may formulate an implicit model for the evolution of a complex dynamical process,
relating the state of the system to the change in the state of the system. Such models fall
into one of a variety of forms including difference equations, stochastic processes, and, most
ubiquitously, differential equations. A differential equation model of a complex dynamical
process, with a large number of states, parameters, and nonlinearities, often admits solutions
that are sensitive to changes in parameter values and often contains parameters that are not
directly measurable by experiment. As such, parameter values in a differential equation model
of a complex dynamical process are often unknown, and dynamical outcomes of the model are
not well characterized.

Fitting solutions of a differential equation model to data determines parameter values for a
model. For a good model, fitted parameter values will confer dynamical structure on the model
so that the model fits data well. In converse, the ability of a model to fit data provides testability
for a model. In this dissertation, I develop a parameter estimation method for differential
equations that accurately estimates model parameter values from data and accurately estimates
a model’s ability to fit data.

The FEscherichia coli Min system is one of the simplest known biological systems that
demonstrates diverse complex dynamic behavior or transduces local interactions into a global
signal. As such, the Min system is currently one of the most reduced model systems for
understanding such behaviors. I apply my parameter estimation method for differential equations
to fit established and novel models of the Min system to time-course data. My modeling and

fitting reveals a novel mechanism that may underlie the dynamic behavior of the Min system.

1.1 Parameter Estimation in Differential Equations

Various parameter estimation methods exist for differential equations. Most commonly, nu-
merical solutions of differential equations are fit to data, as, generally, closed-form solutions to

differential equations are not known or do not exist for fitting. In numerical-integration-based
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methods, parameter values are iteratively updated to minimize a measure of the difference
between numerical solution values and data [11]. Numerical-integration-based methods are
precise, in that numerical solution values are directly compared to data, so parameter esti-
mates correspond directly to the numerical solution that fits data best. However, complex
systems of differential equations admit a variety of parameter-dependent solution behaviors,
and bifurcations separate the numerical solution space into regions with qualitatively different
behaviors. Thus, to find parameter values of the optimal data-fitting numerical solution, initial
parameter-value estimates must be chosen for a numerical solution with the same qualitative
behavior as the optimal data-fitting numerical solution, as local search information is lost
across bifurcations. As such, numerical-integration-based methods require extensive parameter
search-space probing, which, in practice, is accomplished by combining global optimization
methods, such as genetic algorithms, with local numerical-integration-based methods [49] [78].
However, repeated numerical integration is computationally intensive, especially for large stiff
systems of differential equations that require implicit methods for stability, and excessively long
computational times in numerical-integration-based methods may surpass tractability.

Non-numerical integration methods for differential equation parameter estimation, such as
collocation methods, relax the exactness of using numerical solutions to increase reliability in
parameter estimation and to gain computational efficiency. Static collocation methods are the
computationally simplest form of collocation method and are used to estimate parameters in
systems of differential equations from data with measurements of all model states. In them, to
generate smooth solution proxies, focusing on fitting non-local data behavior, smooth splines
with fewer knots than data points are fit to data [71], or focusing on fitting local data behavior,
polynomials centered at data points are fit to data [43]. Then, parameter values in differential
equations are estimated by minimizing a measure of satisfying the system of differential equations
with the solution proxies as state values.

Dynamic collocation methods extend the idea of static collocation methods to estimate
parameters in systems of differential equations with unobserved states by incorporating a dynamic
basis representation for each state, a linear combination of basis functions, generally splines.
In them, under some smoothing penalty, basis representations of states are fit to data under a
fixed set of parameter values. Then, parameter values are re-estimated, either by minimizing a
measure of satisfying the system of differential equations with the basis representations as state
values [57] or by fitting basis representations of states, treated as implicit functions of model
parameters, to data [58], and the process is repeated. Generally, smoothing penalties in data
fitting consist of a weighted measure of satisfying the system of differential equations with the
basis representations as state values, where a small penalty weight biases fitting towards data
and a large penalty weight biases fitting towards a solution of the system of differential equations.
For reliable parameter estimation, the penalty weight is chosen relatively large. However, an
excessively large penalty weight obscures data fitting. Parameter estimates directly depend

on the penalty weight, so the penalty weight is chosen judiciously. Often, the penalty weight
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is incrementally increased until some stopping criterion is met: when basis representations of
states begin to deform after stabilizing [58], parameter estimates become stable [77] then begin
to destabilize [9], or when a sharp decrease in data fitting accommodates a sharp increase in
satisfying the system of differential equations [7]. The penalty weight may also be chosen as
the penalty weight that minimizes data fitting error under some cross-validation criterion, such
as model based complexity [10] or error in satisfying the system of differential equations [79].
Alternatively, with a Bayesian approach, the posterior conditional probability density, given
the data, may be generated by assuming some prior probability distribution for the penalty
weight in addition to prior probability distributions for model parameters [79]. Or, multiple
posterior conditional probability densities may be simultaneously generated under different
penalty weights, with exchange, to more robustly estimate the posterior conditional probability
density for some large penalty weight [8].

The choice of method for parameter estimation in differential equations depends on the
data, the model, and the motivation for parameter estimation. If parameter estimation is
motivated by measuring the underlying parameter values of some dynamic process, then a
collocation method will often return reliable parameter estimates. However, non-numerical
integration methods, such as collocation methods, approximate parameter values of the optimal
data-fitting solution through an approximation of the optimal data-fitting solution. So, even
though parameter estimates may be similar to those of the optimal data-fitting numerical
solution, parameter estimates from non-numerical integration methods may admit numerical
solutions with significantly different behavior than the optimal data-fitting numerical solution,
especially in complex systems with sensitivity to parameters. Also, because non-numerical
integration methods approximate the optimal data-fitting solution, they do not assess how well
the optimal data-fitting numerical solution fits data. To reliably compare different models of
the same dynamic process, each model’s ability to fit the data must be assessed, requiring the
determination of the optimal data-fitting numerical solution. However, as mentioned previously,
calculating the optimal data-fitting numerical solution using a numerical-integration-based
method can require an excessively long computational time, especially with a large system of
differential equations that requires an implicit method for stability.

In this dissertation, I propose a method that extends the idea of collocation methods to allow
me to calculate the optimal data-fitting numerical solution and its parameters for a differential
equation model. It steps back from a numerical-integration-based method, and instead allows the
numerical solution to emerge as part of an optimization process. This method bypasses the need
to calculate numerical solutions with implicit methods, which can be computationally intensive,
seems to be more robust than numerical-integration-based methods, and, interestingly, admits
conservation principles and integral representations, which allow me to gauge the accuracy of

my optimization.



1.2. The Min System

1.2 The Min System

The Min system, consisting of three proteins, MinC, MinD, and MinE, dynamically orients the
site of cell division toward midcell in Escherichia coli. Local interactions of MinD and MinE
on the cell membrane drive a recurring, coordinated repositioning of MinD and MinE from
cell pole to cell pole [60]. MinC disrupts the aggregation of FtsZ into the Z-ring ([14], [3], [33],
[30], [55]), the contractile ring that divides the cell, and localizes to the cell membrane in the
presence of MinD ([35], [29], [30], [34], [42]). The pole-to-pole repositioning of MinD shuttles
MinC from cell pole to cell pole [29]. Over time, the average concentration of MinC is higher at
cell poles than at midcell, leading to greater inhibition of Z-ring formation at cell poles than at
midcell and dynamically orienting the site of cell division toward midcell ([80], [55]). Ultimately,
cell division at midcell produces viable, symmetric daughter cells. A schematic diagram of
division-site regulation by the Min system is shown in Figure 1.1.
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Figure 1.1: Division-site regulation by the Min system. Min proteins oscillate from cell pole to
cell pole, with minimum concentrations over time at midcell (left). MinC inhibits the formation
of the Z-ring, causing the Z-ring to form at midcell (middle). The Z-ring at midcell contracts to
divide the cell into two symmetric daughter cells (right).

Z-ring at midcell ... y
K

* MinC disrupts Z-ring formation *
| [T |
-

symmetric daughter cells

Z-ring forms at midcell

"

The Min system demonstrates interesting dynamic behavior in vivo and in vitro. In short
cells, MinD and MinE arrange into dynamic protein bands that stochastically switch together
from cell pole to cell pole [21]. As cells grow longer, stochastic pole-to-pole switching of MinD
and MinE stabilizes into regular pole-to-pole oscillations of MinD and MinE ([60], [23], [21]). In
cells devoid of FtsZ, cells continually grow, and regular pole-to-pole oscillations of MinD and
MinE form into stable pole-to-midcell oscillations of MinD and MinE ([60], [23]). However, the
oscillatory behavior of MinD and MinE in cells can be altered by changing the expression levels
of MinD and MinE. At low expression levels, MinD and MinE oscillate regularly from cell pole
to cell pole in short cells and from cell pole to midcell in long cells; at high induction levels,

MinD and MinE stochastically switch from cell pole to cell pole in short cells and from cell pole
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to midcell in long cells [69]. Generally, Escherichia coli cells are rod shaped. In round mutant
cells, MinD and MinE oscillate antipodally ([12],[68]), and in branched mutant cells, MinD and
MinE oscillate from branch to branch to branch [72]. On supported lipid bilayers in vitro, MinD
and MinE arrange into dynamic protein aggregates that oscillate [38] or form into traveling
waves ([45], [38], [44], [74], [73]), spiral waves ([45], [38], [44], [74], [73]), dynamic amoeba-like
shapes ([38], [73]), snake-like projections [38], mushroom-like shapes [73], and bursts [73]. The
oscillatory behavior of MinD and MinE in cells has been reproduced in artificial, rod-shaped,
membrane-clad compartments with dimensions on scales that are ten times longer than those
in living cells. In compartments with smaller aspect ratios, MinD and MinE oscillate from
compartment end to compartment end; in compartments with larger aspect ratios, MinD and
MinE oscillate from compartment end to compartment middle [82].

Both in vivo and in vitro, MinD and MinE form dynamic protein arrangements on spatial
scales that are thousands of times larger than the spatial scale of an individual MinD or
MinE protein, which are sustained on temporal scales that are much longer than the temporal
scale of an individual MinD or MinE interaction on the membrane. Biochemical experiments
have elucidated the functional role of the Min system and much of its underlying biochemical
basis. However, biochemical experiments only show small-scale snapshots of the reactions that
drive dynamic behavior on much larger spatial and temporal scales — crystal structures show
stable, static protein configurations and mutational analyses measure amino acid function with
respect to a particular functional assay. Protein visualizations, on the other hand, allow for
the observation of dynamic behavior, the collective outcome from local reactions, but provide
little insight into the local reactions themselves. As such, the direct connection between local
reactions and global, dynamic behavior in the Min system is unclear. Mathematical models
can predict dynamic outcomes for a set of reactions, and thus provide a means to connect
information about local reactions to global, dynamic behavior in the Min system.

Various mathematical models demonstrate dynamic behavior that is qualitatively similar
to experimental observations of the Min system. Most mathematical models have focused
on behavior of the Min system in vivo. On domains approximating short rod-shaped cells,
agent-based models demonstrate MinD and MinE densities that stochastically switch together
from domain pole to domain pole ([21], [4]). As short rod-shaped domains grow, MinD and MinE
densities transition from static to regular pole-to-pole oscillations in deterministic models [75]
that are sustained in both deterministic and stochastic models on mid-sized rod-shaped domains
([26], [48], [41], [64]). As mid-sized rod-shaped domains grow, regular pole-to-pole oscillations of
MinD and MinE densities transition into regular pole-to-mid-domain oscillations in deterministic
models ([48], [4], [75]) that are sustained in both deterministic and stochastic models on long
rod-shaped domains ([48], [36], [47], [70]). Additionally, deterministic and stochastic models
have qualitatively addressed various other aspects of in vivo oscillatory behavior in the Min
system: oscillatory behavior in round mutant cells ([37], [20], [22], [4]), oscillatory behavior

in branched mutant cells [72], oscillatory behavior in flattened, irregular cells [62], oscillatory
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behavior in dividing cells ([70], [65], [17], [75]), oscillatory behavior of MinE mutants ([13],
[1]), transitions in oscillation waveforms [75], midcell establishment through oscillation ([26],
[25], [40], [22]), and the dependence of oscillation period on protein numbers ([26], [36], [70],
[40]), cell length ([26], [70]), and temperature ([22], [75]). Several mathematical models have
focused on behavior of the Min system in wvitro. On domains approximating supported lipid
bilayers, MinD and MinE densities form into traveling waves ([45], [54]) and spiral waves ([45],
[4]) in deterministic models. Additionally, deterministic and stochastic models have qualitatively
addressed MinD and MinE patterning in vitro on geometrically confined membranes [63] and
on micropatterned substrates [24].

Most mathematical models of the Min system are based on the biochemistry-based charac-
terization that MinE acts as an inhibitor of MinD membrane binding: cytosolic MinD monomers
bind to ATP and form dimers ([34], [81]), which bind to the membrane ([28], [34], [32], [42], [81],
[45]); MinE dimers bind to MinD dimers on the membrane ([28], [44]) and stimulate ATPase
activity in MinD dimers, causing MinD dimers to separate and dissociate from the membrane
([31], [28], [34], [42]). MinE acting as an inhibitor of MinD membrane binding is depicted in
Figure 1.2. Recent experiments have shown, however, that MinE can act to both stabilize
and inhibit MinD membrane binding, with MinE stabilizing MinD membrane binding at lower
relative concentrations of MinE to MinD and MinE inhibiting MinD membrane binding at
higher relative concentrations of MinE to MinD [73]. No mathematical model has accounted for

MinE’s dual role in MinD membrane binding and its biological implications remain unknown.
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Figure 1.2: MinE acting as an inhibitor of MinD membrane binding. Cytosolic MinD monomers
bind to ATP and form dimers, which bind to the membrane (left). MinE dimers bind to MinD
dimers on the membrane (center) and stimulate ATPase activity in MinD dimers, causing MinD
dimers to separate and dissociate from the membrane (right). This classic model does not
account for the dual stabilizing and inhibitory roles of MinE.

Various quantitative experimental measurements have been used to validate mathematical
models of the Min system: pole-to-pole oscillation period in vivo ([47], [70], [13], [5], [1], [22],
[4], [75]), distributions of residence times during stochastic pole-to-pole switching ([21], [4])
and regular pole-to-pole oscillations [21] in vivo, and traveling wave velocity and wavelength in
vitro [45]. However, no model has been quantitatively compared to time-course data. A large
variety of models demonstrate dynamic behavior that is qualitatively similar to experimental
observations without accounting for observed biological phenomena such as MinE’s dual role in
MinD membrane binding. A quantitative comparison of models to time-course data is the next
logical step in unraveling how proposed reactions contribute to Min system dynamics.

In this dissertation, I extract time-course data for model fitting from Ivanov and Mizuuchi’s in
vitro experimental measurements of the Min system [38]. I fit established and novel biochemistry-
based models to the time-course data using my parameter estimation method for differential
equations. Comparing models to time-course data allows me to make precise distinctions between
biochemical assumptions in the various models. My modeling and fitting supports a novel model
that accounts for MinE’s previously unmodeled dual role as a stabilizer and an inhibitor of
MinD membrane binding. It suggests that a regular, ordered, stability-switching mechanism

underlies the emergent, dynamic behavior of the Min system.
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1.3 Chapter Summaries

e In Chapter 2, I develop a method that allows me to calculate the optimal data-fitting
numerical solution and its parameters for a differential equation model without using
numerical integration. Additionally, I show that my method admits conservation principles

and integral representations that allow me to gauge the accuracy of my optimization.

e In Chapter 3, I test my method using a system of first order ordinary differential equations,
a system of second order ordinary differential equations, and a system of partial differential
equations. In doing so, I compare the performance of my method to that of an analogous
numerical-integration-based method, explore how my method can inform modeling insuffi-
ciencies and potential model improvements, and expound how conservation principles and

integral representations in my method gauge the accuracy of my optimization in practice.

e In Chapter 4, I briefly summarize extracting time-course data for model fitting from
experimental measurements of the Min system. I fit established and novel biochemistry-
based models to the time-course data using my method. In doing so, I explore how
individual reactions affect a model’s ability to describe the time-course data. Based on my
results, I interpret a novel mechanism that may underlie the dynamic behavior of the Min

system.

e In Chapter 5, I briefly summarize my results from the previous chapters and discuss
limitations and extensions of my method and fitting models of the Min system to time-

course data.



Chapter 2

A Homotopy-Minimization Method
for Parameter Estimation in

Differential Equations

2.1 Introduction

Non-numerical integration methods estimate parameters in a differential equation model by
fitting solution approximations to data. Often, non-numerical integration methods, such as
collocation methods, will return reliable parameter estimates. However, because non-numerical
integration methods approximate the optimal data-fitting solution, they do not provide an
impartial measure of how well a differential equation model fits data, a measure required
for the testability of a model. Numerical-integration-based methods estimate parameters
in a differential equation model by fitting numerical solutions to data. As such, numerical-
integration-based methods directly find the optimal data-fitting numerical solution and its
parameter for a differential equation model. However, numerical-integration-based methods
can demand extensive computation, especially for large stiff systems of differential equations
that require implicit methods for stability. In this chapter, I develop a method that allows me
to calculate the optimal data-fitting numerical solution and its parameters for a differential
equation model without using numerical integration. In doing so, my method bypasses the need
to calculate numerical solutions with implicit methods, which can be computationally intensive.
Additionally, in this chapter, I show that my method admits conservation principles and integral

representations that allow me to gauge the accuracy of my optimization.

2.2 Method Overview

Here, for simplicity in presentation, I explicate the method for a system of first order ordinary
differential equations. I extend the method to systems of higher order ordinary differential
equations and systems of partial differential equations in Sections A.1 and A.2.

A first order ordinary differential equation model of some dynamic process in t, with n,

states, x1,x2,...,Tn,, np parameters, p1,pz,...,Pn,, and n, observable states, y1,y2,...,Yn,,
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is defined by the system of equations,

dr1 dzo dxy,
F; <t,p1,p2, s Py T1, X2, oy Ty PR TR d: ) =0, (2.1a)
y]:g] (p17p27"‘7pnp7$17$27”'7xnz)) (21b)
where functions F;, for i € {1,2,...,n,}, provide a model for the evolution of state values,
and the functions g;, for j € {1,2,...,ny}, define observable states. For some observed data
values, y1 k, Y2k, - - - » Yn, .k, measured at times ty, for k € {1,2,...,n4}, I seek the parameters

P1,P2, -+, Pn, such that the functions x;(t, p1,p2, ..., pn,), fori € {1,2,...,n,}, satisfy differen-
tial equation system (2.1a) and admit the observable state values that most closely approximates
the observed data, in some sense.

Generally, solutions to the system of equations (2.1a) are difficult or impossible to find in
closed form. However, using a numerical approximation method — finite difference, finite element,
etc — I can numerically approximate the value of solutions at time ¢, for k € {1,2,...,n:}.
Because data may be sampled more sparsely than that required for the desired numerical
solution accuracy, I choose the numerical discretization {t; : kK € Za} to be a refinement of
{tr : k€ {1,2,...,n4}}, where the index set of the numerical discretization, Za, is a super set
of {1,2,...,n:}. In doing so, I index grid points in {t; : k € Za} that lie between adjacent
grid points in {t; : k € {1,2,...,n:}} with fractional indices that reflect their relative location
within the discretization. Once a numerical method is chosen, equation (2.1a) can be formulated

into a method-dependent system of equations for the discrete numerical solution values x; x:

fi,k (tlv‘ .. 7tnt7p17 s 7pnp7x1,17x2,17 sy T, 1, 1,25 - - - 7‘Tnz,nt) =

fi,k(tvpax) = 07 (22)

for all i € {1,2,...,n,} and for all k € Zx.

Once a measure of the quality of the model’s fit to the data is chosen — least-squares, negative
log-likelihood, etc — I can define a functional ry(p,x) with the properties that (i) ry(p,x) > 0,
(ii) ry(p,x) = 0 if and only if g;(P, %1 k..., %n, k) = ¥k for all j € {1,2,...,n,} and for all
ke{1,2,...,n}, and (iii) ry(p1,%x1) < ry(p2,x2) implies that (p1,x1) gives a better fit to the
data than does (p2,x2). I describe the construction of ry(p,x) using a normalized least-squares
measure in Section 2.3. Ultimately, I seek the parameters p, which minimize ry(p,x) subject to
the constraints f; (t,p,x) =0 for all i € {1,2,...,n,} and for all k € Zx, the parameters of
the numerical solution that fits the data best.

The structure of differential equation solutions can cause numerical-integration-based methods
to be inaccurate or inefficient. High dimensional, nonlinear systems of differential equations
with many parameters often contain bifurcations, which separate the solution space, and thus
the numerical solution space, into regions with different qualitative behavior. Bifurcations

effectively disconnect regions within the numerical solution space, obfuscating optimization

10



2.2. Method Overview

with a numerical-integration-based method. Also, numerical-integration-based methods require
repeated numerical integration, which can be computationally very expensive, especially for
differential equations that require implicit methods for stability. To ameliorate inaccuracies from
bifurcations and inefficiencies from calculating numerical solution values, rather than searching
for p within the numerical solution space of differential equation system (2.1a), I search for p
within an extended space of discrete state values, including discrete state values outside of the
solution space of system (2.2). To do so, using some measure of satisfying the numerical solution
to differential equation system (2.1a), I can define a functional ra,(p,x) with the properties that
(i) raz(p,x) > 0, (ii) raz(p,x) = 0 if and only if f; x(t,p,x) =0 for all i € {1,2,...,n,} and
for all k € Za, and (iii) raz(pP1,X1) < 7Az(DP2,x2) implies that (p1,x;) satisfies the numerical
solution method better than (p2,x2) does. I describe the construction of ra,(p,x) using a
normalized least-squares measure in Section 2.4. Then, I combine ry(p,x) and ra.(p,x), with

proportionality value A € (0, 1), into a single functional,

p(p, ;) = (1 = A)ry(p, %) + Araz(p, %), (2:3)

a homotopy between ry(p, x) and 7a(p, x), a continuous deformation from 7y (p, x) to ra(p, x).
I note, for consistency in scale and units in p(p,x; A), that I define ry(p,x) and ra,(p,x) on
the same scale with the same units. As elaborated in Section 2.8, as A — 1~ the parameters and
state values that minimize p(p, x; A\) approach the parameters and state values of the optimal
data-fitting numerical solution.

For A =1, p(p, x; \) attains a minimum value of zero at all points where ra,(p,x) = 0, the
infinite set of numerical solutions that correspond to the infinite set of all parameter combinations.
Thus, for A near 1, an iterative method like gradient descent will converge to a minimum that sits
near some numerical solution with parameter values close to the initial set of parameter values.
As such, an iterative method like gradient descent will not likely converge to the global minimizer
of p(p,x; A) for A near 1. Instead, I minimize p(p,x; \) over a broad range of \ values, and use
the minimization of p(p,x;A) with smaller values of A to direct the minimization of p(p,x;A)
with X\ near 1, an idea that is similar in spirit to homotopy methods, which start at a solution of
a simpler problem and sequentially step toward the solution of a more difficult problem that is
homotopic to the simpler problem [18]. However, rather than minimizing r(p, x; \) sequentially
over an array of A values, I simultaneously minimize r(p,x; A) over an array of A values, to avoid
error propagation from sequential minimization and to avoid excessive computation in ensuring
the global minimum of r(p,x; \) for a smaller value of A\ before beginning the minimization of
r(p,x; A) for a larger value of \. I outline my minimization technique in Section 2.7.

For A € (0,1), the parameters and state values that minimize p(p,x;\), p* and x*, allow

me to define useful functions, p(A), 7y(A), and 7a,(X), as follows:

PO = (1= Ny (A) + Aiaz(N) = (1= Ny (P, %) + Mrag (P, %0). (2.4)

11
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The homotopy-minimum functions, p(A), 7y(X), and 7a,(A), are useful because they admit
conservative quantities, which allow me to gauge the progress and accuracy of my minimization

technique. I discuss details in Section 2.8.

2.3 Defining a Measure of Data Fitting, r,(p, x)

As an example and for use later, I define ry(p,x). In doing so, I consider the sum of weighted
squared differences as a measure of the difference between the j™ observable model state and

the corresponding observed data values:

ng

Z ik (Yik — 95 (P 1k, T ks - - - 7xnz,k))2 = Z w; k(v — 95(P Xk))27 (2.5)

k=1
for some data-dependent weights wj; ;. To simultaneously measure the difference between all
observable model states and all observed data values, I combine the sum of weighted squared
differences, for all observable states, j = 1,2,...,n,, into the single functional ry(p,x). In doing
so, to combine weighted squared differences on mixed scales with mixed units, I normalized
each sum by the sum of weighted squared observed data values. To remove dependence on the

number of observable states, I divide the normalized sum by the number of observable states.
Thus,

Ty = iz (Z D wik (Ve — QJ(P,Xk))2>- (2.6)
v \ 2k

WikYjk =1

Without normalization, minimizing p(p,x;\) biases fitting toward data on a larger scale at
the detriment of fitting data on a smaller scale. Normalization also removes dependence of
ry(p,x) on the number of data points. In cases where data-dependent weights, w; , correct
for disparities in scale and units, normalization standardizes the scale of ry(p,x). To give the
reader a sense of scale, for the homogeneous model, g; = 0 for all j € {1,2,...,n,}, of nontrivial
data, ry(p,x) = 1.

2.4 Defining a Measure of Satisfying a Numerical Solution,
Az (p7 X)

As an example and for use later, I define ra,(p,x). In doing so, I consider systems of first order

ordinary differential equations that are linear in derivatives of x;,

dx 3
dt

E(t7p17p27'"7pnp7x17w27"‘7$nx)7 (27)
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for i € {1,2,...,n,}. In terms of F; as defined in equation (2.1a),

o da:i

Fi dt *FZ (t7plap27"'7pnp7x1ax2a"'axnz)? (28)
for i € {1,2,...,n,}. I also consider finite difference numerical methods, of the form
Ay =
E,k( {Fi(tk7p17p27 CIEaE Jpnpvxl,kax2,k7 cee 7xnm,k:) ok S IA} ) = E,k(ta p7X)7 (29)

where z; ;, are the numerical solution values, Ax; ;. is some method-dependent finite difference

d;“;i at time t;, and F; ;, are some method-dependent functions of F; at time ty,

for all i € {1,2,...,n,} and for all kK € Zx. In terms of f; ; as defined in equation (2.2),

discretization of

fi,k(t7 p, X) = Axi,k - Fi,k(t7 p, X)7 (210)
for all i € {1,2,...,n;} and for all k € Za. For example, with the backward Euler method,

0 if ke {1}
BT TR T TR e e 70\ (1),
b — Lo

. 0 if k € {1} (2.11)
Bkt B3] = Fi(te, poxx) i k€ Ia\ {1}, |

where k_ is the index below k in Za, for ¢ € {1,2,...,n,}.
To be consistent in measure, scale, and units with ry(p,x) as defined in equation (2.6),
I measure the difference between all Az;; and F;j by the mean normalized sum of squared

differences,

Ny

rae(p, x) = ni 3 ! S (A — Firlt, px)? | - (2.12)

z i ZkEIA (A$i7k)2 keTa

Normalizing by the sum of squared finite differences allows me to combine squared differences
for variables on mixed scales with mixed units. Without normalization, minimizing p(p, x; \)
biases fitting toward discretizations in more rapidly changing states at the detriment of fitting
discretizations in more slowly changing states. Normalization also removes dependence of
rAz(P,x) on the number of points in the discretization, and dividing by the number of states
removes dependence of ra,(p,x) on the number of states. To give the reader a sense of scale,
for the homogeneous model, F;; = 0 for all i € {1,2,...,n,} and for all k € Zx, of nonconstant
state values, raz(p,x) = 1. Thus, ra,(p,X) is consistent in scale and units with ry(p,x) of
equation (2.6). For systems of first order ordinary differential equations that are nonlinear in

derivatives of x;, or for numerical methods other than finite difference methods, ra,(p, x) should

13
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be normalized similarly.

2.4.1 Inclusion of a Smoothing Penalty in ra,(p, x)

Observable states are often the combination of multiple unobservable states. As such, it is
possible for observable states to fit observed data with jagged underlying state values. Because
of normalization by sums of squared finite differences in ra,(p,x), jagged state values may
lead to relatively small values ra,(p,x). As A — 17, jagged state values are dampened out
in the minimization of p(p,x;\) = (1 — A)ry(p,x) + Araz(p,x), as ra(p,x) approaches a
value of 0, which occurs if and only if state values approach a numerical solution. However,
for small A, jagged state values may lead to smaller values of ra,(p,x) than would less jagged
state values that are closer to a numerical solution. Jagged state values do not conform to the
dynamic structure of the differential equation model and, thus, do not meaningfully guide the
minimization of p(p,x; ) for larger values of \. To avoid jagged state values when minimizing

p(p,x; A) for small values of A, I incorporate multiplicative smoothing penalties, s;(x), into
TAx (pv X):
1 & si(x) 2
TAw(pa X) = Z : D) Z (Amz,k - Fi,k(t7 P, X)) ) (2138“)

Ny i=1 ZkGIA (A$17k) keZa

2\ Vi
4 ZkeZA\{lﬂ’bt} (l‘i,kz, — 2z + fL‘i,m) )

2
Zk‘EZA\{l,nt} (mi7k+ B xivk—)

si(x) = a; + B ( (2.13b)

where k_ and k4 are the indices below and above k in Za; (x5 — 2z + xi7k+)2 is a measure
of roughness around z; , the squared difference between the forward difference centered at x; x,
Tk, — Tik, and the backward difference centered at x;x, =% — Tip_; (Tjg, — xi,k7)2/4 is a
normalization measure of differences centered at x;;, the squared mean value of the forward
difference centered at x;; and the backward difference centered at z;y; and o; > 0, 8; > 0,
and ~; > 0 are parameters that are chosen to ensure that state values do not jaggedly deviate
from the dynamic structure of the model and to set the scale of the smoothing penalty. To give
a sense of scale, I note that s;(x) = 0 with a; =0, 3; = 1, and 7; = 1 for z;, evenly spaced
along a line with nonzero slope, and s;(x) ranges from around 10 to 15 with o; = 0, §; = 1,
and v; = 1 for x;; randomly sampled from the standard uniform distribution or the standard
normal distribution with k& € {1,2,...,10%}. Thus, as an example, choosing a; = 1, 3; = 102,
and v; = 2 for all 7 € {1,2,...,n,} would insignificantly modify ra.(p, x) when state values are
close to colinear and would strongly penalize ra,(p,x) when state values are close to random. I
note that, as a; > 0 for all i € {1,2,...,n;}, 7aAz(p,x) = 0 if and only if Ax;, = Fj x(t, p, x)
for all : € {1,2,...,n,} and all £ € Zn. As such, the inclusion of multiplicative smoothing
penalties in raz(p, x), as defined in equation (2.13), does not alter the parameters and state

values that minimize p(p,x;\) as A — 17.
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2.5 A Concrete Example of ry(p,x) and 7a,(p,x) Using a
Model of FRAP

I provide a concrete example of 7y(p,x) and ra,(p,x) for a simple model of fluorescence
recovery after photobleaching (FRAP). For fluorescence intensity x1(t), recovery-level parameter

p1, timescale parameter po, and observable state y1,

dry  pr—m

i 2.14a

2-non (2140)
y1 = g1(p1,p2, 21) = 1. (2.14b)

I consider some observed data values y; ) measured at times ¢y, for & € {1,2,...,n;}, and
discrete state values x1j on an unrefined discretization grid, k € Za = {1,2,...,n}. Thus, for

ry(p,x) as defined in equation 2.6 with unitary weights and ra,(p,x) as defined in equation

2.12 using the backward Euler discretization as defined in equation 2.11,

1 nt 2
ry(p %) = =i > (Ve —71) " (2.15a)
k=1Y1k j—;
= L1,k — T1,k—1 2\ T T,k — T1,k—1 P1— T1k 2
,X) = —_— " - : = ’ . 2.15b
rae(p,x) kZ_Z < te — tp—1 > ; < ty — tr—1 P2 ) ( )

2.6 Extending the Homotopy on Refined Discretization Grids

For p(p,x; A) with small A, on a refined discretization grid, where Za # {1,2,...,n;}, deviations
in observable state values from observed data values carry a strong penalty at grid points with
indices in {1,2,...,n¢} and no penalty at grid points with indices in Za \ {1,2,...,n;}. Thus,
the state values that minimize p(p,x;\) with small A may admit observable state values that
vary dramatically across adjacent indices in {1,2,...,n;} and Za \ {1,2,...,n:}. As X increases
from 0 to 1, the state values that minimize p(p,x;A) increasingly inherit smooth structure
from the solution to differential equation system (2.1a). Smoothness transfers from state values
to observable state values through the observation functions, g;. Thus, the state values that
minimize p(p,x;\) with A near 1 admit observable state values that vary smoothly across
adjacent indices in {1,2,...,n;} and Za \ {1,2,...,n:}. As such, on a refined discretization
grid, the parameters and state values that minimize p(p,x;A) for small values of A may not
meaningfully guide the minimization of p(p, x; \) for larger values of A\. To address this, I extend
p(p, X; \) to penalize deviations in observable state values from interpolated data values at grid
points with indices in Za \ {1,2,...,n:}.

Using some interpolation method, I generate interpolated data, y;x for j € {1,2,...,ny},
at grid points with indices in Zy = Za \ {1,2,...,n;} from observed data values with indices

in {1,2,...,n;}. Using some measure of the difference between observable model states and
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interpolated data values, I can define the functional r¢(p,x) with the properties that (i)
ry(p,x) > 0, (ii) ry(p,x) = 0 if and only if Zn = {1,2,...,n:} or ¢;(P, T1 ks Tno k) = ik
for all j € {1,2,...,ny,} and for all k € Ty, and (iii) ry(p1,%1) < ry(p2, x2) implies that (p1,x1)
gives a better fit to the interpolated data than does (p2,x2). I describe the construction of
ry(p,x) under a normalized least-squares measure in Section 2.6.1. I extend p(p,x; A) to include

r3(p,x) with proportionality value (1 — )%

r(p,x;A) = p(p,x3A) + (1 — A)?ry(p,x) =
(1= N)ry(p,x) + (1 = A)’ry(p,x) + Araz(p, x), (2.16)

a homotopy between ry(p,x) + r3(p,x) and 7a;(p,x). The proportionality value of (1 — \)?
on r4(p,x) incrementally decreases the weighting of 7y (p, x) relative to ry(p, %), as A increases
from 0 to 1 in 7(p, x; A). I show in Section B.1 that if (p, X) minimizes p(p,x;A) as A — 1~ then
(P, %) also minimizes r(p,x;\) as A — 17. Thus, the inclusion of (1 — \)?ry(p,x) in p(p,x;\)
penalizes deviations in observable state values from interpolated data values at smaller values of

A, but does not alter the parameters and state values that minimize p(p,x;\) as A — 1.

2.6.1 Defining a Measure of Interpolated Data Fitting, r;(p,x)

As an example and for use later, I define ry(p, x) following the form of ry(p, x) in equation (2.6).
To do so, using some interpolation method, I generate interpolated data-dependent weights, w;
for j € {1,2,...,ny}, at grid points with indices in Z; from data-dependent weights with indices
in {1,2,...,n:}. To be consistent in measure and scale with ry(p,x) as defined in equation
(2.6), I measure the difference between observable state values and interpolated data values at
grid points with indices in Zy by the mean normalized sum of squared differences:

ny

1

% Z Wik (Fik — 95 (P, T1 g, - - >l'nz,k:))2 ; (2.17)

ry(p,x) = — S
7 ny j=1 Ek€Z§, wjvkyj,k ]CEI)*,

where 6 > 0 is a scaling parameter that is chosen to set the weighting of ry(p,x) relative to
ry(p,x) as A — 07, If Zn = {1,2,...,n¢}, then I define ry(p,x) = 0, and r(p,x; \) reduces to
p(p,x; ).

2.7 Optimization Using Overlapping-Niche Descent

To synergistically minimize r(p,x; \) over an array of A values, I implement overlapping-niche
descent, a genetic algorithm directed by gradient-based descent, which is isomorphic to the
dynamics of an evolving ecological population that competes for multiple food sources in a
single environment, where an individual that successfully competes for one food source may

successfully compete for a similar food source. In overlapping-niche descent, a unique value of
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2.7. Optimization Using Overlapping-Niche Descent

A € (0,1) defines a niche, and a set of A values spanning (0, 1) defines the set of niches in the
environment. Each niche supports a certain number of individuals, where each individual is
represented by a set of parameters and state values. As in other genetic algorithms, individuals
reproduce, with crossover and mutation, to generate new individuals and variability within the
parameter-state value search space. The likelihood of optimizing a function by random probing
decreases with an increasing number of variables, and r(p, x; A) is a functional of many variables.
Thus, to accelerate optimization, after reproduction, individuals undergo gradient-based descent.
After descent, through selection, each niche sustains the individuals with the lowest values of
r(p,x;A). Selection acts across niches, allowing individuals to spread from one niche to others,
for a cooperative transfer of information from data to the optimal data-fitting numerical solution
during optimization. I discuss details of overlapping-niche descent in Section C. The process of

overlapping-niche descent is depicted in Figure 2.1.

A1 Ao A3 Ay As ...
AAA AAA AAA <«
deseent ||| [ [ [ ]
000 000 000
selection
. . ) .
. IR RATERN N AN PO
reproduction |\~ - /l\\ AN N /l /l\\
"R 2 BRI DR 2R AR R R
N NoN ol NeN NN

Figure 2.1: Overlapping-Niche Descent. The parameters and state values that minimize r(p, x; A)
as A — 17 are those of the optimal data-fitting numerical solution. Overlapping-niche descent
synergistically minimizes r(p, x; \) over a broad range of A\ values, A, A2, ..., to more robustly
minimize r(p,x;\) as A — 17. In overlapping-niche descent, each value of A defines a niche.
In each niche, r(p,x;\) is locally minimized for a set of initial parameters and state values
(descent). From the full set of parameters and state values, the parameters and state values
with the lowest values of r(p, x; \) are retained in each niche (selection). Then, a new set of
parameters and state values are generated in each niche from the full set of retained parameters
and state values (reproduction). After selection and reproduction, descent occurs again. Initial
points are shown with triangles, local minimums are shown with circles, and newly generated
points are shown with squares. Gradation from light gray to black is shown to emphasize the
transfer of information across niches during optimization.

Although similar in name, my overlapping-niche genetic algorithm, which cooperatively
optimizes over a range of similar problems, differs from multi-niche genetic algorithms, which
optimize a single problem to find multiple modes. Overlapping niche-descent is less similar in

name, but more similar in character to smooth functional tempering [8], a Bayesian, dynamic

17



2.8. Properties of the Homotopy and Inspection of Overlapping-Niche Descent

colocation method. Smooth functional tempering employs parallel MCMC (Markov Chain Monte
Carlo) chains, over a range of derivative-matching penalty weights. During sampling, parallel
chains may exchange parameters to more robustly sample posterior probability distributions in
chains with large derivative-matching penalty weights. Ultimately, smooth functional tempering
approximates the posterior probability distribution of a dynamic collocation basis with some

large derivative-matching penalty weight.

2.8 Properties of the Homotopy and Inspection of
Overlapping-Niche Descent

For A € (0,1), the parameters and state values that minimize r(p,x; \), p* and %*, allow me to

define useful functions, (), 7y (), 73(A), and #az(X), as follows:

F(A) = (1= Ny (A) + (1 = A)?Fe(A) + Aiae(A) =
(1= N7y (P %) 4+ (1= M) 2rp (P, %) + Araz (PP, %), (2.18)

The homotopy-minimum functions, 7#(X), 7y (X), 73 (X), and #a,(A), are useful because they admit
conservative quantities, which allow me to gauge the progress and accuracy of overlapping-niche
descent.

From Theorem 1 in Appendix B,

/\lir(r)1+ pt,x* = arg min (raz(p,x) : 7y(p,x) = 0,73(p,x) = 0), (2.19)
%
)\lir{l pt, % = argmin (ry(p.x) : raz(p,x) = 0). (2.20)
e

Equation (2.19) states that the parameters and state values that minimize r(p,x;\) as A — 0T
are those closest to a numerical solution given that observable state values perfectly fit data;
equation (2.20) states that the parameters and state values that minimize r(p,x;A) as A — 1~
are those of the numerical solution that fits observed data best. Thus, limy_,o+ 7a,(A) is a
measure of how well data can satisfy a numerical solution, and limy_,;- 7y () is a measure of how
well a numerical solution can fit observed data. Generally, I am interested in finding limy_,;- p*
and lim,_,;- x*. However, lim,_,q+ p* and lim,_,+ X* are also informative, as they show how
badly data fails to be a numerical solution, and may thus provide insight into measurement
error, model inadequacies, and potential model improvements.

From Theorem 3 in Appendix B, if 7y ()), 7#3()\), and 7#a, () are differentiable at A € (0, 1),
then

drry(A)

drg(A) | dras(N)
29y x
A
N +

(1=2) d\ d\

+(1-))

= 0. (2.21)

Thus, changes in 7y (), 73(A), and A, () with respect to A are coupled. If 7y (X), 7%3(\), and
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Tagz(A) are differentiable at all but a finite number of points in (0, 1), then from Theorem 4 in

Appendix B,

1 1 1
¥ = [ # — M\?)i =
2 [ran = [Croiin [ -aseay
1 1
/Mx()x)d)\—/ (1= X2 (N)dA. (2.22)
0 0

Equation (2.22) defines a conservation in the coupled changes of 7y (\), 7*;(A), and 7az () across
A € (0,1). In overlapping-niche descent, I minimize r(p,x; A) over an array of A values in (0, 1)
to find p* and %X, approximations of p* and x*, which allow me to define the functions #(\),
Ty(A), 75(A), and 7a,(A) such that

F(A) = (1 = Ny (A) 4+ (1 = N2 (\) + Maz(\) =
(1= Xy (P %Y + (1= A)?rs(PY, %Y + Araa (P, %Y). (2.23)

I can determine how well 7y (), 73(\), and 7, () satisfy conservation in coupled functional

changes:

1 1 1
i =/ 7 — N?)i =
2/0 r()\)d)\_/o y()\)d)\—i—/ (1= N?)Fg(A)dA

0

1 1
/ Faz(A)dX — / (1 — A)?7g(N)dA. (2.24)
0 0

A failure to reasonably satisfy equation (2.24) indicates that 7y (), 75(\), and/or 7a,(A) differ
significantly from 7y (X), 73(\), and/or 7az(A), implying that overlapping-niche descent has not
been successfully or is incomplete.

Conservation in coupled functional changes, equation (2.22), relates 7y (\), 75(\), and 7az()
over a broad range of A € (0,1). However, values of 7y(\), 75(\), and 7a,(A) for A near 0 and A
near 1 do not significantly affect the values of integrals in equation (2.22). Thus, reasonably
satisfying equation (2.24) reveals little about the coupled changes of 7y (), 75(\), and Faz(N)
for A near 0 and A near 1. From Theorem 5 in Appendix B, if 7y (\), 73(\), and 7az(\) are
differentiable at all but a finite number of points in (0, 1), then

1 1 1 1— AQ .
Jlim. mx(x):/o 7 ()\)d/\+/0 T () (2.25a)
1 1 1
i r = —_— I . 2.2
T, () /0 e A - /0 Fo(A)dA (2.25b)

Equation 2.25 defines integral representations of limit values, with limy_,5+ 7Az()\) defined
entirely in terms of 7y(A\) and 73()\), and limy_,;- 7y () defined entirely in terms of 74(\) and

Taz(A). I can determine how well 7y (), 75(\), and 7a, () satisfy the integral representations
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of limit values:

o L1 L1022

Jim 7ap(A) = /O 27N+ /O 2Ty (VX (2.26a)
1 1 1

lim 7 = —T — r . 2.2

Ag{lfry(x) /0 i A)me(x)dx /0 7o (N)dA (2.26b)

A failure to reasonably satisfy equation (2.26) indicates that 7y (), 75(\), and/or 7a, () differ
significantly from 7y (X), 73(A), and/or 7a(A), implying that overlapping-niche descent has not
been successfully or is incomplete.

I note that r(p,x; ) reduces to p(p,x; A) when r3(p,x) = 0, and thus, the aforementioned
properties of 7(p,x; ) apply to p(p,x;A) with r¢(p,x) = 0.
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Chapter 3

Testing the Homotopy-Minimization
Method for Parameter Estimation in

Differential Equations

3.1 Introduction

In Chapter 2, I developed a method that allowed me to calculate the optimal data-fitting
numerical solution and its parameters for a differential equation model without using numerical
integration. Additionally, I showed that my method admits conservation principles and integral
representations that allow me to gauge the accuracy of my optimization. In this chapter, I test
my method using a system of first order ordinary differential equations, a system of second
order ordinary differential equations, and a system of partial differential equations. In doing so,
I compare the performance of my method to that of an analogous numerical-integration-based
method, explore how my method can inform modeling insufficiencies and potential model
improvements, and expound how conservation principles and integral representations in my
method gauge the accuracy of my optimization in practice.

As discussed in Section 1.2, the Min System, consisting of three proteins, MinD, MinE, and
MinC, regulates the site of cell division in Escherichia coli [15]. Experimentally, MinD and
MinE show interesting behaviors, such as emerging pole-to-pole oscillations in cells in vivo [60]
and traveling waves and spiral waves on supported lipid bilayers in vitro [45]. The Bonny model
[4], which models the interactions of MinD and MinE, admits solutions with behaviors that
are qualitatively similar to the dynamic patternings of MinD and MinE that are observed in
experiments [4]. I choose the Bonny model to test my method because of its biological relevance,
and because in different contexts it manifests as a first order ordinary differential equation
system, a second order ordinary differential equation system, and a system of partial differential

equations.

3.2 A Model for MinD and MinE Interactions by Bonny et al
(2013)

The Bonny model consists of five states, cp, cg, ¢4, C4e, and ce, corresponding to concentrations
of bulk MinD, bulk MinE, membrane bound MinD, membrane bound MinD-MinE complex, and
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3.2. A Model for MinD and MinE Interactions by Bonny et al (2013)

membrane bound MinE respectively. I describe the biology behind the Bonny model and its
formulation in detail in Section 4.3.2. I focus on a simplified version of the Bonny model with a

large, well mixed bulk, such that MinD and MinE bulk concentrations, cp and cg, are constant:

8Cd
B — D (wp + wipca)(Cmax — €d — Cde)/Cmax — WECECG — WedCeCq + DaVeg, (3.1a)
8cde
W = WECECd + WedCeCd — (wde,m + Wde,c)cde + DgeV e, (31b)
dce
5 = We,mCde — WedCeCd — WeCe + DeVee, (3.1¢)

with parameters wp, wWip, WE, Weds Wde,m» Wde,cs Wes Cmax, Das Dge, and D, and observable states
MinD = ¢4 + cge and MinE = cge + Ce. €4, Cde, Ce, MinD, and MinE are measured in pum™2.
Values and definitions of parameters and constants for the Bonny model in an in vitro context

are shown in Table 3.1.

value definition

Dy 3.00- 10! um? s~ ! | diffusion coefficient of cg
Dye 3.00- 107! um? s~! | diffusion coefficient of cge
D, 1.80 - 100 pum? s—1 diffusion coefficient of c,

cp 4.80 - 10% pm =3 bulk concentration of MinD

CE 7.00 - 102 pm =3 bulk concentration of MinE

Cmax | 2.75-10% pm =2 maximum value of ¢ + cge

wp 5.00 - 10~* wm s~ | rate of the reaction cp — ¢4

WE 1.36 - 10~* um3 s~! | rate of the reaction cg + cq — cqe
WdD 3.18-1073 um?’ s~ | rate of the reaction ¢p + ¢4 — 2¢q4
Wde,e | 1.60 - 1071 st rate of the reaction c4. — ¢p + cg
Wdem | 2.92 - 100 571 rate of the reaction cge — ¢p + ce
We 5.00- 1071 571 rate of the reaction ¢, — cg

Wed 4.90 - 1073 pum? s~! | rate of the reaction cg + ce — cge

Table 3.1: Values and definitions of parameters and constants in the Bonny model. Values are
taken from the set of in vitro parameters in [4].

In the case of spatial homogeneity, where Vcg = 0, Vege = 0, and Ve, = 0, the Bonny model

reduces to a system of first order ordinary differential equations:

deg

YT cp(wp + wip€d)(Cmax — €d — Cde)/Cmax — WECECd — WedCeCd, (3.2a)
dcge
g WECBCd  WedCeCd — (Wde,m + Wde,c)Cde, (3.2b)
dc
d—; = Wde,mCde — WedCeCd — WeCe- (3.2¢)

The Bonny model admits traveling wave solutions. In the traveling wave coordinate system,

z = x — st, with spatial location x, time ¢, and nonzero traveling wave velocity s, where
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3.3. Synthetic Data Generation

ci(z,t) = ca(z), cae(x,t) = cqe(2), and ce(x,t) = ce(z), the Bonny model (3.1) reduces to a

system of second order ordinary differential equations:

dc 1 d’c
d—zd = —; (CD(WD + WdDCd)(Cmax — Cq — Cde)/CmaX — WECEC] — WedCeCd + Dy d22d> ) (333‘)
dey 1 dQCd
T; =— (chEcd + WedCeCd — (Wde,m + Wde,c)Cde + DdeTZQe ) (3.3b)
dc 1 d’c
T; = —g <(/Jde7mCde — wedcecd — WeCe + De d226> . (3'30)

3.3 Synthetic Data Generation

Instead of fitting a form of the Bonny model to experimental data, I generate synthetic data
from a numerical solution of the form of the Bonny model using the parameters in Table 3.1,
and fit parameters in the form of the Bonny model to the synthetic data. This allows me to test
my method within a controlled context, for a more concrete interpretation of my results.

The spatially homogeneous Bonny model (3.2) admits numerical solutions with oscillating
pulses in MinD and MinE concentrations. To generate synthetic spatially-homogeneous data, I
numerically solve the spatially homogeneous Bonny model (3.2) with the parameter values from
Table 3.1 and small but non-zero initial conditions, cq(0) = 5.83 um =2, cg.(0) = 1.34-10~% pm =2,
and c.(0) = 1.58 - 107! um ™2, to introduce some uncertainty in the values of initial conditions
when fitting data. In doing so, I use the MATLAB ODE solver ODE15s with a relative
error tolerance of 107'? and an absolute error tolerance of 107'2. I extract the synthetic
spatially-homogeneous data by sampling the numerical solution every 0.5 s and calculating

observable-state values. Synthetic spatially-homogeneous data is shown in Figure 3.1.
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Figure 3.1: Synthetic spatially-homogeneous data. Data is generated by numerically solving the
spatially homogeneous Bonny model (3.2) with the parameters from Table 3.1. Data is shown
with points, and dashed lines are shown to emphasize the underlying pulse behavior.

To generate synthetic traveling-wave data, I construct a temporal pulse profile by numerically
solving the spatially homogeneous Bonny model (3.2) with the parameter values from Table 3.1
and zero initial conditions. Then, I transform the temporal pulse profile into an initial pulse
profile in space, and numerically evolve the pulse profile according to the Bonny model (3.1)
with the parameter values from Table 3.1 and periodic boundary conditions. In doing so, I
use the method of lines with a symmetric second order finite difference discretization of the
Laplacian and RK4 time-stepping, on a grid with 1/8 um between spatial grid points and 1073 s
between temporal grid points. Over time, the pulse profile forms into a stable traveling wave
profile, with measured traveling wave velocity of s = —1.15 um s~!. T extract the synthetic
traveling-wave data by sampling the stable traveling wave profile every 0.5 pum and calculating

observable-state values. Synthetic traveling-wave data is shown in Figure 3.2.
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Figure 3.2: Synthetic traveling-wave data. Data is generated by numerically evolving a pulse
with the full Bonny model (3.1) and the parameters from Table 3.1 until a stable traveling wave
forms. Data is shown with points, and dashed lines are shown to emphasize the underlying

traveling wave behavior.

The full Bonny model (3.1) demonstrates traveling wave emergence, the temporal evolution
from a pulse profile into a stable traveling wave profile. I extract the synthetic traveling-wave-
emergence data by sampling the numerical evolution of a pulse profile, as described above,
every 0.5 um and every 0.5 s for the first 15 s of its numerical evolution and calculating

observable-state values. Synthetic traveling-wave-emergence data is shown in Figure 3.3.
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Figure 3.3: Synthetic traveling-wave-emergence data. Data is generated by numerically evolving
a pulse with the full Bonny model (3.1) and the parameters from Table 3.1 for 15 s. MinD data
is shown in (a), and MinE data is shown in (b). Gradation is from black, with a value of 0, to
white, with a value of 1.9 - 10% in (a) and 4.5- 103 in (b).

3.4 Details of Optimization Using Overlapping-Niche Descent

Here, I describe structural components of overlapping-niche descent for forms of the Bonny
model. I describe details pertaining to the implementation of overlapping-niche descent in
Section E.1.

3.4.1 Defining r,(p,x), ry(p, %), and ra,(p, x)

Preliminarily, for consistency with previous notation, I define: z1 = ¢4, 2 = cge, and x3 = ¢;
p1 = Dy, p2 = Dge, p3 = De, p4 = Cmax, P5 = WD, P6 = WE, PT = WdD; P8 = Wde,c, P9 = Wde,m
P10 = We, and P11 = weq; y1 = MinD and yo = MinE; and g1 = x1 + 22 and go = x9 + x3. Thus,
ng =3, np = 11, and n, = 2.

For the spatially homogeneous Bonny model (3.2), I define ry(p,x) as in equation (2.6),
ry(p, %) as in equation (2.17), and ra;(p,x) as in equation (2.13a). In ry(p,x), I use unitary
data weights. In r4(p,x), I set 6 = 1, and generate interpolated data and interpolated data
weights using a piecewise cubic spline with not-a-knot end conditions. I discretize the spatially

homogeneous Bonny model (3.2) using the backward Euler method, a method with first order
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accuracy. Thus, in ra,(p, x),

0 if ke {1}
LTik — Tik_
At
0 if k € {1}

E,k(tvpax) = { _ . (34)
Fi (paIl,ka'IQ,ka"'vl‘nx,k) lkaZA\{]'}a

Az;p =
it ke o\ {1},

where k_ is the index below k in Za, At is the grid spacing in {t. : k € Za}, and F; is as defined
in equation (2.7). In smoothing penalties, s;(x), of rr.(p, %), I set oy = 1, B; = 102, and ; = 2,
for all i € {1,2,...,n,}, to insignificantly modify ra,(p, x) with a smooth set of state values
and to strongly penalize ra,(p, x) with a jagged set of state values.

For the traveling wave Bonny model (3.3), I define 7y(p,x) as in equation (A.7a), ry(p,x) as
in equation (A.7b), and raz(p,x) as in equation (A.7c), with ¢t = 2. In ry(p,x), I use unitary
data weights. In r4(p,x), I set 6 = 1, and generate interpolated data and interpolated data
weights using a piecewise cubic spline with not-a-knot end conditions. I discretize the traveling
wave Bonny model (3.3) using a central first order finite difference, a finite difference with second
order accuracy, and a symmetric second order finite difference, a finite difference with second

order accuracy. Thus, in ra.(p, %),

1 0 lfkf € {17n2}
A Tip = . — T
i % if k€ Ia\ {1,n.},
e ST ke Ta\ {Lna),

0 if ke {l,n,}
Fi,k’(tapax) = — 9 . (35)
Fi (pvxl,kva,kv"‘vxnx,kvA xi,k) lkaIA\{].,TLZ},

where k_ and k. are the indices below and above k in Za, Az is the grid spacing in {zx : k € Za },
and F; is as defined in equation (A.3). As with the spatially homogeneous Bonny model, T set
a; = 1, B; = 102, and ~; = 2 in smoothing penalties, 5;(x), of 7a(p,X), for all i € {1,2,...,n,},
to insignificantly modify ra,(p, x) with a smooth set of state values and to strongly penalize
raz(P, X) with a jagged set of state values.

For the full Bonny model (3.1), I define ry(p,x) as in equation (A.14a), ry(p,x) as in
equation (A.14b), and ra,(p,x) as in equation (A.14c), with u in time ¢ and v in space s. In
ry(p,x), I use unitary data weights. In ry(p,x), I set 6 = 1, and generate interpolated data
and interpolated data weights using a two-dimensional piecewise cubic spline with not-a-knot
end conditions. I discretize the full Bonny model (3.1) using a Simpson method first order finite

difference in time, a finite difference with fourth order accuracy, and a symmetric second order
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finite difference in space, a finite difference with second order accuracy. Thus, in ra.(p, X),

o 0 if ke{l,n} orle{l,ns}
Aok = Tkl DU g (k1) € Ta, \ {1} x T, \ (L),
o 0 ifl € {1,ns}
pi QZZZ’Z TTRL e Ta\ {104},
0 if ke{l,n}orle{lng}
Figa(t,p,x) =

1
Z bmFZ (p7 Xk+m,l7 A072xi,k+m,l) If (ka l) E IAt \ {17 nt} X IAS \ {17 nS}?

m=—1

(3.6)

where k_ and k, are the indices below and above k in Za,, [~ and [ are the indices below
and above [ in Za,, At is the grid spacing in {tx : k € Za,}, As is the grid spacing in
{s;:1 €ZIp,}, b1 =1/6,byp=4/6,by =1/6, F; is as defined in equation (A.10), and xj; =
X1k ls T2k 1y - - > Tny kt- As with the spatially homogeneous Bonny model, I set a; =1, ; = 102,
and v; = 2 in smoothing penalties, st(x) and s{(x), of ra.(p,x), for all ¢ € {1,2,...,n,}, to
insignificantly modify ra,(p,x) with a smooth set of state values and to strongly penalize

raz(P, X) with a jagged set of state values.

3.4.2 Domain Restrictions on Parameters and States

Rate parameters, wp, wap, WE, Wed, Wde,m» Wde,c, and we, and diffusion coefficients, Dy, Dge, and
D., are only biologically relevant if nonnegative. Thus, I restrict rate parameters and diffusion

coefficients to nonnegative values:
p >0 for all p € {wp,wap, WE, Wed, Wde,m» Wde,c Wes Dy Daey De }- (3.7)

Parameter cp,x dictates the maximum concentration of membrane-bound MinD. Thus, I restrict

Cmax 10 values greater than or equal to the maximum MinD data value, Dyax:
Cmax = Dmax. (38)

For the synthetic spatially-homogeneous data, Dp., = 1.88 - 10* pum™2; for the synthetic
traveling-wave data, Dpax = 1.72 - 10* um™2; and for the synthetic traveling-wave-emergence
data, Dpax = 1.88 - 10* pm~2. Concentrations ¢y, cqe, and c, are only biologically relevant if

nonnegative. Thus, I restrict ¢4, c4e, and ce to nonnegative values:

¢ > 0forallie {d de e} and k € Ta, (3.9)
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3.4. Details of Optimization Using Overlapping-Niche Descent

where ¢4, Cdek, and c.j are the values of ¢4, cqe, and c. at the k™ index of the numerical
discretization. Details of overlapping-niche descent on restricted domains are described in
Section C.2.3.

3.4.3 Niches

I choose 101 values of A, A\; for k =1,2,...,101, to define 101 niches. The bounds (B.68) and
(B.69), which state that 7y(\) < gif A < &/(1+ &) and 7a(A\) < &if A > 1/(1 4 &) for some
tolerance &, provide a meaningful guide for the choice of A;. Thus, based on the bounds (B.68)
and (B.69) with chosen & =8°,b71,...,b7°" and base b such that b=>° = 1076, I define \; for
k=1,2,...,101 such that

b51—k
P k<5l
Ay =4 LR (3.10)
1

My choice of \; distributes the values of \; for £ = 1,2,...,101 more densely near 0 and 1
and less densely near 0.5. For reference, A\; ~ 107%, Ay ~ 1.3-107%, X\51 = 0.5, A\52 ~ 0.57,
Moo~ 1—1.3-1075, and g1 =~ 1 —1076.

3.4.4 Calculating Confidence Intervals

I calculate confidence intervals by bootstrapping, given the complex nonlinear relationship
between data noise and parameter noise that would not be adequately captured using a (Taylor

expansion based) delta method [39]. In doing so, I calculate observable-state residuals,

éj,k‘ =Yk 7gj(137i‘1,k7""i’nw,k)7 (311)

where p = p*o and % = %M01, the parameters and state values that minimize r(p, x; A01),
and T;j is the value in X from the ith state and the k' grid index, for i € {1,2,...,n.},
je{1,2,...,n,},and k € {1,2,...,n:}. By resampling residuals, I generate n, = 103 bootstrap

data sets :

Vik = 95(Ps 1k, > Tng k) + Ej1s (3.12)

where [ is randomly sampled with replacement from {1,2,...,n:}, for j € {1,2,...,n,} and
k € Za. 1 replace observed data values in r(p,x;A) with bootstrap data values from the ith
bootstrap data set to construct the functional r?(p, x; \). Globally minimizing 7?(p, x; \) using
overlapping-niche descent for all ¢ € {1,2,...,n,} would be computationally prohibitive. Rather,
if residuals are not overly large, the optimal parameters and state values of rg?(p,x; A) will
generally be fairly similar to p and x. Thus, with p and X as initial parameters and state values,

I locally optimize rf (P, x; \p) using accelerated descent, for all i € {1,2,...,np}, with Ay chosen
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3.5. Fitting Forms of the Bonny Model to Synthetic Data

large enough to weight local optimization towards a numerical solution but not so large that p

and x are fixed near p and x. Specifically, I choose
_ : ~A A 3 ~A AL
)\b—argmln{)ry(p , X)) — 10°ra. (P, X7) .)\E{)\l,)\g,...,)\lol}}. (3.13)

From the n; local optimizations, I construct a distribution of values for each parameter. From
the distribution of values for parameter p;, I compute the 2.5™ and 97.5*" percentile values,

which I translate into the 95% confidence interval for parameter p;, for j € {1,2,...,n,}.

3.5 Fitting Forms of the Bonny Model to Synthetic Data

To ascertain the efficacy of overlapping-niche descent, I fit forms of the Bonny model to synthetic
data.

3.5.1 Fitting the Spatially Homogeneous Bonny Model to the Synthetic
Spatially-Homogeneous Data

I fit the spatially homogeneous Bonny model (3.2) to the synthetic spatially-homogeneous data
using overlapping-niche descent, as described in Section 3.4, on a uniform grid with a grid
refinement factor of 1, nan; ' = 1 for na the number or grid points and n; the number of
data points. I find that 7y (p*1o1,%M01) = 4.36 - 1074, ra, (P10, xM01) = 1.06 - 1071, the mean
time per iteration of accelerated descent is 1.46 - 1074 s, and the total accelerated descent
time is 7.38 - 107! minutes. I calculate the total accelerated descent time as the sum of the
maximal accelerated descent time in each generation, as I compute accelerated descent in parallel.

Observable-state values of X101, the state values that minimize r(p,x; A101), are shown in Figure
3.4.
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3.5. Fitting Forms of the Bonny Model to Synthetic Data

20000 : : : :

o —— MinD

18000

16000

14000
—~

=
Do
(=3
(=
(==}

8000

concentration (um 2

6000

4000

2000

0é
0 5 10 15 20 25 30 35 40 45

time (s)

Figure 3.4: The fit of the spatially homogeneous Bonny model to the synthetic spatially-
homogeneous data. Observable-state values are shown with solid lines and data values are shown
with points. The spatially homogeneous Bonny model fits the synthetic spatially-homogeneous
data fairly well. Fitting errors arise from a relatively course numerical discretization.

As is visible in Figure 3.4, the observable-state values of M0 visibly differ from synthetic
data values at some times. This discrepancy stems from a relatively inaccurate method on a
relatively coarse grid. On more refined grids, the observable-state values of X*101 fit synthetic
data more accurately (shown in Section 3.6) and are visually indistinguishable from the synthetic
spatially-homogeneous data (not shown). Parameter estimates from the fit of the spatially

homogeneous Bonny model to the synthetic spatially-homogeneous data are shown in Table 3.2.
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3.5. Fitting Forms of the Bonny Model to Synthetic Data

true value | estimated value | 95% confidence interval | units
Cmax | 2.75-10% [ 3.02-10% [2.96 - 10%,3.09 - 107] pm 2
wp 5.00 - 10~ | 0.00 - 10° [0.00-10°,2.56 - 1073] | pm s~ !
WE 1.36-107% | 1.20-10~* [1.17-107%,1.22-1074] | pm3 s71
wegp | 3.18-1073 | 2.99.1073 [2.91-1073,3.05-1073] | pum3 s7!
Wee | 1.60-1071 | 9.31-1072 [8.64-1072,9.98-1072] | s7!
[
[
[

Waem | 2.52-10° | 2.59 - 10V 2.56 - 10°,2.62 - 10] s~
We 5.00-107! | 5.78-107! 5.69-1071,5.91-1071] | s7!
Weg | 4.90-1073 | 4.41-1073 4.35-1073,4.46 - 1073] | pm? s~ !

Table 3.2: Parameter estimates from the fit of the spatially homogeneous Bonny model to the
synthetic spatially-homogeneous data. Parameter estimates are generally fairly similar to true
parameter values.

3.5.2 Fitting the Traveling Wave Bonny Model to the Synthetic
Traveling-Wave Data

I fit the traveling wave Bonny model (3.3) to the synthetic traveling-wave data using overlapping-
niche descent, as described in Section 3.4, on a uniform grid with a grid refinement factor of 1,
nang 1+ =1 for na the number or grid points and n; the number of data points. I find that the
observable-state values of X101 are visually indistinguishable from the synthetic traveling-wave
data shown in Figure 3.2, ry(f))‘wl,fc)‘wl) = 1.61-1075, ra.(por, xM01) = 6.18 - 10717, the
mean time per iteration of accelerated descent is 1.29 - 10™* s, and the total accelerated descent
time is 2.69 - 10~ minutes. I note that overlapping-niche descent requires a similar amount
of time to fit the traveling wave Bonny model to the synthetic traveling-wave data as it does
to fit the spatially homogeneous Bonny model to the synthetic spatially homogeneous data
(2.69 - 107! minutes vs. 7.38 - 10! minutes), even though the traveling wave Bonny model
is a boundary value problem and the spatially homogeneous Bonny model is an initial value
problem. Parameter estimates from the fit of the traveling wave Bonny model to the synthetic

traveling-wave data are shown in Table 3.3.
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3.5. Fitting Forms of the Bonny Model to Synthetic Data

true value | estimated value | 95% confidence interval | units
Dy 3.00-107! | 3.37-107¢ [3.31-1071,3.46-1071] | um? s7!
Dg. | 3.00-1071 | 2.42- 1071 [2.30-1071,2.53- 1071 | pm? s71
D, 1.80-10° | 1.68-10° [1.65 - 10°,1.71 - 10] um? s~1
Cmax | 2.75-10* | 2.83-10% [2.81-10%2.84 - 10%] um =2
wp 5.00-107% | 1.36- 1073 [5.82-1074,1.97-1073] | pm s7!
WE 1.36-107% | 1.39-10~* [1.38-1074,1.40 - 1074 | pum? s~

[ ]

[

[

[

[

1

wgp | 3.18-107% | 3.07-1073 3.06-1073,3.08 - 1073 | pum? s7!

Wdee | 1.60-1071 | 1.72- 1071 1.69-10711.76 - 1071 | s71
Wdem | 2:52-10° | 2.49-10° 2.48 - 10°,2.49 - 10] 51
We 5.00-107! | 4.94.107! 4.87-1071,4.97-1071] | s7¢
Wed 490-1073 | 4.84-1073 4.84-1073,4.86 - 1073] | pm? st

Table 3.3: Parameter estimates from the fit of the traveling wave Bonny model to the synthetic
traveling-wave data. Parameter estimates are closer to true parameter values than those shown
in Table 3.2.

Rate parameter estimates from fitting the traveling wave Bonny model to the synthetic
traveling-wave data (shown in Table 3.3) are generally somewhat more accurate with narrower
spreads than rate parameter estimates from fitting the spatially homogeneous Bonny model to
the synthetic spatially-homogeneous data (shown in Table 3.2). I suspect this occurs because,
on average, the traveling wave Bonny model fits the synthetic traveling-wave data somewhat
better than the spatially homogeneous Bonny model fits the synthetic spatially-homogeneous
data (ry(pr1or,x201) = 1.61- 1075 vs. ry(ph1or, xM01) = 4.36 - 10~4).

3.5.3 Fitting the Full Bonny Model to the Synthetic
Traveling-Wave-Emergence Data

I fit the full Bonny model (3.1) to the synthetic traveling-wave-emergence data using overlapping-
niche descent, as described in Section 3.4, on a uniform grid with a grid refinement factor of
1, nAtnASnt_lns_l =1 for na, and na, the number or temporal and spatial grid points and
ny and ng the number of temporal and spatial data points. I find that the observable-state
values of xM0! are visually indistinguishable from the synthetic traveling-wave-emergence data
shown in Figure 3.3, ry(p*o1, x*101) = 1.29 - 1076, rp, (ptior,xM01) = 1.98 - 10716, the mean
time per iteration of accelerated descent is 6.03 - 1072 s, and the total accelerated descent time
is 48.0 minutes. Parameter estimates from the fit of the full Bonny model to the synthetic

traveling-wave-emergence data are shown in Table 3.4.
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3.5. Fitting Forms of the Bonny Model to Synthetic Data

true value | estimated value | 95% confidence interval | units
Dy 3.00-10~! | 2.98.107! 2.98-1071,2.99-1071] | um? s7!
Dye 3.00-1071 | 3.04-10! 3.03-1071,3.05 - 10_1] ,um2 571

D, 1.80-10° | 1.83-10° 1.83-10°,1.83 - 10°] um? s~1
Cmax | 2.75-10% | 2.75.10% 2.75-10%,2.75 - 10%] pm =2
wp 5.00-10~* | 0.00 - 10° 0.00-10°1.83-1075] | um s7!

wgp | 3.18-107% | 3.18-1073 3.18-1073,3.18-1073] | pm? s~ !
Wde,e | 1.60-1071 | 1.59 1071 1.58-1071,1.59- 1074 | s71
Wdem | 2:52-10° | 2.52-10° 2.52-10°,2.52 - 10] 51
We 5.00-10~! | 5.00- 107! 5.00-1071,5.01-1071] | s7!
Wed 4.90-1073 | 4.85-1073 4.85-1073,4.85-1073] | pm? s~}

[
[
[
|
WE 1.36-107% | 1.36-10~* [1.35-1074,1.36 - 1074] | pm3 s71
[
[
[
[
[

Table 3.4: Parameter estimates from the fit of the full Bonny model to the synthetic traveling-
wave-emergence data. Parameter estimates are very similar to true parameter values except for
the parameter wp, which seems to play a small role is the overall dynamics of the Bonny model.

Parameter estimates from fitting the full Bonny model to the synthetic traveling-wave-
emergence data (shown in Figure 3.4) are generally somewhat more accurate with narrower
spreads than parameter estimates from fitting the traveling wave Bonny model to the synthetic
traveling-wave data (shown in Table 3.3). I suspect this occurs because, on average, the
full Bonny model fits the synthetic traveling-wave-emergence data somewhat better than the
traveling wave Bonny model fits the synthetic traveling-wave data (ry(p*1ot, *101) = 1.29 - 1076
vs. ry(prior, xMot) = 1.61-1079).

Neither the spatially homogeneous Bonny model, the traveling wave Bonny model, nor the
full Bonny model accurately estimate the nonzero value wp when fitting respective synthetic
data (see Tables 3.2, 3.3, and 3.4). Yet, the spatially homogeneous Bonny model (on grids more
refined than when nan;~! = 1), the traveling wave Bonny model, and the full Bonny model
very accurately fit respective synthetic data. Thus, it appears that, beyond allowing an initial
increase in ¢4 from a homogeneous initial condition, wp plays very little role in the overall
dynamics of the Bonny systems.

As shown for the spatially homogeneous Bonny model in Table 3.2, the traveling wave
Bonny model in Table 3.3, and the full Bonny model in Table 3.4, 95% confidence intervals
often do not include true parameter values. I suspect this occurs because errors in fitting
arise from discretization errors in the numerical methods. As such, residuals are small and
are not independent or identically distributed. Thus, when calculating confidence intervals by
bootstrapping as described in Section 3.4.4, bootstrap data sets do not significantly differ from
synthetic data and errors in bootstrap data sets do not accurately represent discretization errors
in the numerical methods. Thus, 95% confidence intervals are often fairly narrow and may not

include true parameter values.
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3.6 Comparing Overlapping-Niche Descent to a
Numerical-Integration-Based Method

I compare the performance of overlapping-niche descent to the performance of a numerical-
integration-based parameter optimization method. For a balanced comparison, I construct
a variant of overlapping-niche descent that omits ra,(p,x) from the objective function and
instead solves the differential equation numerically at each step. It also uses a single niche,
so I refer to it as single-niche solution descent (SNSD). SNSD optimizes over parameters and
initial conditions to minimize ry(p,x), with numerical solution values x. Details of SNSD are
described in Section E.2.

To highlight scenarios in which overlapping-niche descent outperforms SNSD, I compare the
performance of overlapping-niche descent to the performance of SNSD on a set of differential
equations systems that vary only in the size of the system. I construct the Bonny x n model, a
differential equation system consisting of n independent copies of the spatially homogeneous
Bonny model (3.2), with 3n states, 8n parameters, and 2n observable states. Accordingly, I
generate synthetic spatially-homogeneous x n data using n copies of the synthetic spatially-
homogeneous data. I fit the Bonny x n model to the synthetic spatially-homogeneous x n data,
forn =1,2,...,5, using overlapping-niche descent, as described in Section 3.4, and using SNSD.
For both, I use the backward Euler scheme on a set of uniform grids with grid refinement factors
of 1,2, 3, and 4, nan; ! = 1,2, 3,4 for na the number or grid points and n; the number of data
points. I construct ry(p,x), ry(p,x), and 7a;(p, x) for the Bonny x n model as described in
Section 3.4.1 for the spatially homogeneous Bonny model. ry(p,x) is normalized by the number
of observable states. Thus, for p and %, the parameter and numerical solution values that
minimize ry(p, x), the value of ry(p,%) is identical for the Bonny x n model with all n € N*.
In SNSD, I calculate numerical solutions using the backward Euler method, solve nonlinear
systems using Newton’s method with an absolute termination tolerance of 1073, and solve
matrix equations using Gaussian elimination. Ultimately, I calculate p and X, approximations
of p and x. For overlapping-niche descent, p = p*0! and % = %*101, the parameters and state

values that minimize r(p, x; A101). Results are shown in Tables 3.5, 3.6, 3.7, and 3.8.
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overlapping-niche descent

nA = Ny naA = 2n; nA = 3N na = 4n;
Bonny x 1| 4.36-10~% | 1.14-107% | 5.18-107° | 2.95-107°
Bonny x 2 | 4.38-107% | 1.14-107* | 5.18-107° | 2.95-107°
Bonny x 3 | 4.36-107* | 1.14-107* | 5.18 -107° | 2.95-107°
Bonny x 4 | 4.35-107% | 1.14-107* | 5.19-107° | 2.95-107°
Bonny x 5 | 4.31-107% | 1.14-107* | 5.19-107° | 2.95-107°

SNSD
nA = Ny naA = 2ny naA = 3ny na = 4n,
Bonny x 1 | 4.53-10% [ 1.14-107* | 5.18-107° | 2.95-107°
Bonny x 2 | 4.53-107* | 1.14-107* | 5.18-107° | 2.95-107°
Bonny x 3 | 4.53-107% | 1.14-107* | 5.18-107° | 2.95-107°
Bonny x 4 | 4.53-107* | 1.14-107* | 5.18-107° | 2.95-107°
Bonny x 5 | 1.37-107' | 1.14-107* | 1.37-10"! | 1.37-10!

Table 3.5: Values of ry(p, X) from overlapping-niche descent and SNSD. p and X approximate p
and X, the parameters and state values of the optimal data-fitting numerical solution, for the fit
of the Bonny x n model, a differential equation system consisting of n independent copies of
the spatially homogeneous Bonny model (3.2), to the synthetic spatially-homogeneous x n data,
which consists of n copies of the synthetic spatially-homogeneous data, for n € {1,2,...,5}.
Bold values are shown for emphasis. Values of ry(p, %) from overlapping-niche descent and
SNSD are similar except for n = 5 in the Bonny x n model when SNSD fails to find the optimal
data-fitting numerical solution.

overlapping-niche descent

nA = Nt na = 2ng na = 3Ny na = 4ny
Bonny x 1 | 1.06- 107! | 4.82-107'7 | 4.69-10~'" | 4.61-10716
Bonny x 2 | 1.50-107! | 7.63-10716 | 1.54-107'7 | 9.60-10718
Bonny x 3 | 1.31-10" | 4.40-10716 | 8.92-107® | 1.66- 1017
Bonny x 4 | 2.31-107! | 2.78 10717 | 2.22-10715 | 1.39-10715
Bonny x 5 | 5.04-107 | 2.77-10717 | 8.10-10717 | 2.89- 1017

SNSD

nA = Ny naA = 2n; naA = 3N na = 4ny
Bonny x 1 | 1.42-107'2 | 1.75-1071? | 2.03-107'? | 1.78 - 10712
Bonny x 2 | 1.42-107'2 | 1.75-107'? | 2.03-107'? | 1.78 - 10712
Bonny x 3 | 1.42-107'2 | 1.75-107'2 | 2.03-1071? | 1.78 - 10712
Bonny x 4 | 1.42-107'2 | 1.75-107'? | 2.03-107'? | 1.78 - 10712
Bonny x 5 | 1.14-107'2 | 1.75-10712 | 1.62-1071? | 1.42-10712

Table 3.6: Values of ra, (P, X) from overlapping-niche descent and SNSD. Notation is as defined
in Table 3.5. Values of A, (P, %) from SNSD are nonzero because numerical solution values are
calculated implicitly using Newton’s method in SNSD. Values of ra, (P, X) from overlapping-
niche descent are significantly less than values of ra,(p,X) from SNSD except on unrefined
grids, where nao = n;.
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As shown in Table 3.5, 7y (P, X) from overlapping-niche descent is essentially equal to ry(p,X)
from SNSD on each grid with na = 2n¢, 3n, 4ny and for each Bonny x n model withn = 1,2, 3, 4.
ry(P,X) from overlapping-niche descent is slightly less than ry(p, %) from SNSD on the grid with
na = n¢ and for each Bonny x n model with n = 1,2, 3,4. However, each integral representation
of ry(p,x) from overlapping-niche descent, as defined in equation (2.26b), is similar to ry(p, X)
from SNSD (not shown), and each ra,(P,X) from overlapping-niche descent is larger than
raz(P,X) from SNSD, as shown in Table 3.6. Thus, I expect larger A in overlapping-niche
descent to decrease the value of 7a, (P, X) and increase the value of 7y (p,X) to be commensurate
with ry(p, %) from SNSD. ry(p, %) from overlapping-niche descent are essentially equal on each
grid with na = 2n¢, 3ng, 4ny and for each Bonny x n model with n = 1,2,3,4,5. Somewhat
similarly, ry(p,X) from SNSD are essentially equal on each grid with na = n¢, 2ny, 3ng, 4ny and
for each Bonny x n model with n = 1,2,3,4. However, ry(p,%) from SNSD is significantly
larger for the Bonny x n model with n = 5 than for n = 1,2, 3,4 on each grid with na = ny,
na = 3ng, and na = 4n;. Also, as shown in Table 3.6, A, (P, X) from overlapping-niche descent
is no greater than ra,(p,X) from SNSD on each grid with na = 2n;, 3n;,4n; and for each Bonny
x n model with n = 1,2,3,4,5. Therefore, collectively, overlapping-niche descent appears to
find p and %, the parameter and numerical solution values that minimize ry(p,x), on each grid
with na = ny, 2ny, 3n¢, 4ny and for each Bonny x n model with n =1, 2,3,4,5. Whereas, SNSD
fails to find p and % on each grid with na = ns, na = 3ns, and na = 4n; for the Bonny x n
model with n = 5. Ultimately, overlapping-niche descent appears to find the optimal data-fitting
numerical solution more robustly than SNSD.

A system of differential equations often admits a variety of parameter dependent solution
behaviors. Bifurcations separate the solution space, and thus the numerical solution space,
into regions with qualitatively different behaviors. In numerical-integration-based methods,
including SNSD, parameters and initial conditions entirely define numerical solutions. Thus, a
numerical-integration-based method can only find the optimal data-fitting numerical solution if
optimization begins with a set of parameters and initial conditions of a numerical solution with
the same qualitative behavior as the optimal data-fitting numerical solution.

As a system of differential equations increases in complexity, the system admits a greater
variety of solution behaviors with more bifurcations, and the likelihood of randomly finding a set
of parameters and initial conditions of a numerical solution with the same qualitative behavior
as the optimal data-fitting numerical solution decreases. Also, as the number of parameters
increases in a system of differential equations, simply by dimensional scaling, the likelihood of
randomly finding a set of parameters and initial conditions of a numerical solution with the
same qualitative behavior as the optimal data-fitting numerical solution decreases. Thus, in
SNSD, as n increases in the Bonny x n model, the likelihood of finding the parameters and
initial conditions of the optimal data-fitting numerical solution decreases.

In overlapping-niche descent, state values, beyond those of initial conditions, directly guide

optimization. Thus, even if random parameters and initial conditions are not those of a numerical
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solution with the same qualitative behavior as the optimal data-fitting numerical solution, state

values orient optimization towards the parameters and state values of a numerical solution

with the same qualitative behavior as data, positioning the optimization routine to potentially

find the parameters and state values of the optimal data-fitting numerical solution. This, I

believe, is why overlapping-niche descent is more robust than SNSD for the Bonny x n model

with n = 5. Accordingly, I expect overlapping-niche descent to be more robust than other

numerical-integration-based methods for the Bonny x n model with n = 5, and for complex

models in general.

overlapping-niche descent

naA = Ny na = 2n; na = 3y na = 4ng
Bonny x 1 | 1.46-107* | 2.87-10~* | 4.54-10* | 5.68-10~*
Bonny x 2 | 4.18-107% | 8.23-107* | 1.26-1073 | 1.63- 1074
Bonny x 3 | 9.41-107* | 1.84-1073 | 2.80-1072 | 3.73-1073
Bonny x 4 | 1.65-107% | 3.30-1073 | 5.03-1073 | 6.58 - 1073
Bonny x 5 | 2.70-1072 | 5.23-1072 | 7.99-1073 | 1.05- 102

SNSD

nA = Ny na = 2ny na = 3y na = 4ng
Bonny x 1 | 1.39-1073 | 1.16 - 1073 | 1.80-1073 | 2.50- 1073
Bonny x 2 | 1.04-1072 | 2.09-1072 | 2.25-1072 | 3.03-10?
Bonny x 3 | 3.98-1072 | 7.85-1072 | 9.47-1072 | 1.54-10!
Bonny x 4 | 9.72-1072 | 2.13-10~! | 3.50-10~" | 4.48 - 10~*
Bonny x 5 | 2.38-107! | 5.00-107" | 9.44-10! 1.26

Table 3.7: Mean time per iteration of descent from overlapping-niche descent and SNSD. Notation
is as defined in Table 3.5. Times are shown in seconds. SNSD requires more time for an iteration
of descent than overlapping-niche descent, and the difference in required time increases as the
system of differential equations increases in size.
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overlapping-niche descent
naA = Ny na = 2ny na = 3Ny na = 4n
Bonny x 1 | 7.38-10"! [ 4.35-1071 | 4.86-10~' | 6.26- 10!
Bonny x 2 1.23 1.34 3.24 3.68
Bonny x 3 | 1.03-10! 2.90 8.58 7.25
Bonny x 4 7.55 8.69 1.32-10" | 1.40-10*
Bonny x 5 5.37 1.34-10% | 2.47-10' | 2.09-10!
SNSD
nA =Nt | na =2n; | na = 3n; | na = 4ny
Bonny x 1 2.25 1.72 2.22 4.80
Bonny x 2 | 2.56-10" | 5.34-10" | 6.27-10! | 5.70 - 10*
Bonny x 3 | 1.41-10% | 2.45-10% | 3.61-10% | 4.33 - 102
Bonny x 4 | 5.32-10% | 8.87-10% | 1.24-10° | 2.99-103
Bonny x 5 | 1.20-10% | 2.50-10% | 3.15-10% | 3.86 - 103

Table 3.8: Total descent time from overlapping-niche descent and SNSD. Notation is as defined
in Table 3.5. Times are shown in minutes. The total accelerated descent time is the sum of
the maximal accelerated descent time in each generation, as accelerated descent is calculated in
parallel. SNSD requires more time for descent than overlapping-niche descent, and the difference
in required time increases as the system of differential equations increases in size.

As shown in Tables 3.7 and 3.8 for the Bonny x 1 model, computational times, the mean time
per iteration of descent and the total descent time, of SNSD range from about 3 to about 10 times
larger than corresponding computational times of overlapping-niche descent. As n increases in
the Bonny x n model, differences in computational times between SNSD and overlapping-niche
descent increase. Notably, for the Bonny x 5 model, computational times of SNSD range from
about 90 to about 220 times larger than corresponding computational times of overlapping-niche
descent. I explore this result in Section D.1, where I count the computational complexity of
overlapping niche descent and a variety of numerical-integration-based methods, including SNSD.
Under relatively general assumptions, I find that overlapping-niche descent outperforms the
numerical-integration-based methods and the difference in performance increases with increasing

system size, especially with implicit methods and with partial differential equations.

3.7 Noisy Data and Incomplete Modeling

Real data is often noisy and models of real data are often incomplete. As such, I explore
differences in the character of fits for a complete model with noisy data and an incomplete model
with noiseless data. In doing so, I show how parameters and state values from overlapping-niche
descent as A — 0" can inform model shortcomings and potential model improvements. I also
provide an example that shows how a parameter from overlapping-niche descent differs over
A € (0,1) for a fit of a complete model to noisy data and a fit of an incomplete model to noiseless
data.
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3.7. Noisy Data and Incomplete Modeling

To explore differences in the character of fits for a complete model with noisy data and an
incomplete model with noiseless data, I generate noisy data and an incomplete model. I can
easily add noise to synthetic data to generate noisy data. For an instructive example of an
incomplete model, I seek an incomplete variant of one of the forms of the Bonny model that
visibly, but not overly, alters the fit to synthetic data. Removing a reaction term from the
spatially homogeneous Bonny model leads to either no visible difference or a dramatic difference
in the fit to the synthetic spatially homogeneous data (not shown). Thus, I do not construct
an incomplete model by removing a reaction term from one of the forms of the Bonny model.
Instead, as the synthetic spatially homogeneous data and the synthetic traveling-wave data
are visibly different but not so dissimilar in shape, I generate an incomplete traveling wave

model by imposing zero diffusion in the traveling wave Bonny model (3.3), Dy = 0 um? s~1,

Dgo = 0 um? s7', and D, = 0 pum? s~

For corresponding noisy data, I generate noisy
traveling-wave data by adding random errors to the synthetic traveling-wave data. For noisy
traveling-wave MinD data, I distribute random errors normally with a mean of zero and a
standard deviation that is 0.05 times the range of synthetic traveling-wave MinD data. For
noisy traveling-wave MinE data, I distribute random errors normally with a mean of zero and a
standard deviation that is 0.05 times the range of synthetic traveling-wave MinE data. In doing
so, I restrict noisy traveling-wave data to non-negative values for physical relevance.

Using overlapping-niche descent, as described in Section 3.4, on a uniform grid with a grid
refinement factor of 1, nan; ! =1 for na the number or grid points and n; the number of data
points, I fit the traveling wave Bonny model to the noisy traveling-wave data, and I fit the
incomplete traveling wave model to the synthetic traveling-wave data. Respectively, I find that
ry(Pro1, %Mo) = 7.30 - 1073 and 7y (P01, %M01) = 3.13 - 1073, ra,(pr1or, xM01) = 3.40 - 10715
and ra,(pror, %Mo) = 5.84 - 1071°, the mean times per iteration of accelerated descent are
1.28-107* s and 1.26 - 10~* s, and the total accelerated descent times are 3.27 - 10~! minutes

and 2.70 - 10~! minutes. Observable-state values of X*11 are shown in Figure 3.5.
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Figure 3.5: Observable-state errors for noisy-data and incomplete-model fits. For the fit of the
traveling wave Bonny model to the noisy traveling-wave data, the observable-state values of
%Mot and data values are shown in (a) and differences in the observable-state values of %101
and data values are shown in (c¢). For the the fit of the incomplete traveling wave model to the
synthetic traveling-wave data, the observable-state values of X*101 and data values are shown in
(b) and differences in the observable-state values of ' and data values are shown in (d). In
(a) and (b), observable-state values are shown with solid lines and data values are shown with
points. Observable-state errors appear to be uncorrelated in z for the noisy-data fit and highly
correlated in z for the incomplete-model fit.

As is visible in Figure 3.5, for the traveling wave Bonny model fit to the noisy traveling-wave
data, differences in the observable-state values of x*11 and data values appear to be mostly
uncorrelated in z (with a Durbin-Watson statistic in MinD of 1.39 and a Durbin-Watson statistic
in MinE of 2.12, where a Durbin-Watson statistic of 2 indicates no autocorrelation in residuals
and a Durbin-Watson statistic closer to 0 indicates a greater positive autocorrelation in residuals),

reflecting random error; whereas, for the incomplete traveling wave model fit to the synthetic

41



3.7. Noisy Data and Incomplete Modeling

traveling-wave data, differences in the observable-state values of X*11 and data values appear to
be highly correlated in z (with a Durbin-Watson statistic in MinD of 0.52 and a Durbin-Watson
statistic in MinE of 0.38), reflecting modeling error. Differences in the observable-state values of
%M01 and data values may indicate the existence of modeling error, but they provide little insight
into potential sources of the modeling error. Alternatively, I consider numerical discretizations
involving p* and %™, the parameters and state values closest to a numerical solution given
that observable state values (very nearly) match data. Differences in Alz; ;. and Fj x(t, p,x), as
defined in equation (3.5), for p = pM and x = % are the minimal differences in Alz; ) and
F; 1(t,p,x) imposed by data, as measured by ra,(p,x), for all i € {1,2,...,n,} and all k in

Za. Thus, differences in Alz;; and F,x(t,p,x) for p = pM and x = %M

may reveal model
shortcomings and point to changes in a model that can be made to bring the model closer to
data. I plot differences in AlxM and Fj (t,p,x) for p = pM and x = %M in Figure 3.6 for the
fit of the traveling wave Bonny model to the noisy traveling-wave data and for the fit of the

incomplete traveling wave model to the synthetic traveling-wave data, for the state x; = cqe.
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Figure 3.6: Numerical solution errors for noisy-data and incomplete-model fits. Values are shown
for the state x; = cqe. For the fit of the traveling wave Bonny model to the noisy traveling-wave
data, Alxi,k and Fj ;(t, p,x) for p = p* and x = %M are shown in (a) and Alz; . — F p(t,p, %)
for p = p™ and x = %* is shown in (c). For the fit of the incomplete traveling wave model
to the synthetic traveling-wave data, Alz; and Fj.(t,p,x) for p = pM and x = %M are
shown in (b) and Alz; x — F; x(t,p,x) for p = p* and x = x* is shown in (d). In (a) and (b),
Alxi,k is shown with dashed lines and F; ;(t, p,x) is shown with solid lines. Numerical solution
errors appear to be uncorrelated in z for the noisy-data fit and highly correlated in z for the
incomplete-model fit.

Paralleling inferences drawn from Figure 3.5, as is visible in Figure 3.6, for the fit of
the traveling wave Bonny model to the noisy traveling-wave data, differences in Alxi,k and
F;(t,p,x) for p = p* and x = X appear to be mostly uncorrelated in z (with a Durbin-
Watson statistic of 1.43), reflecting random error; whereas, for the fit of the incomplete traveling
wave model to the synthetic traveling-wave data, differences in Alxi’k and Fj(t, p,x) for

p = p™M and x = XM appear to be highly correlated in z (with a Durbin-Watson statistic of
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3.8. Overlapping-Niche Descent in Practice

0.50), reflecting modeling error. Furthermore, for the fit of the incomplete traveling wave model
to the synthetic traveling-wave data, relatively large differences in AlxM and F; ;(t, p,x) for
p = p™ and x = XM occur near values of z where Ala:,-JC changes rapidly, indicating that the
modeling error could be Laplacian-dependent.

I provide an example that shows how a parameter from overlapping-niche descent differs
over A € (0,1) for a fit of a complete model to noisy data and a fit of an incomplete model
to noiseless data. For the example, I plot values of wge y, in p* for A € {1, A2, ..., A1} from
the fit of the traveling wave Bonny model to the noisy traveling-wave data and the fit of the

incomplete traveling wave model to the synthetic traveling-wave data in figure 3.7.

3.1

value (s71)

24 L L L L . - L - L L - X
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AL = M) AL =N
(a) (b)

Figure 3.7: Parameter variation over A € (0, 1) for noisy-data and incomplete-model fits. Values
of Wgem in p* for A € {1, \2,..., A1} from the fit of the traveling wave Bonny model to the
noisy traveling-wave data are shown in (a). Values of wge m in p* for A € {A1, A2, ..., Ajo1} from
the fit of the incomplete traveling wave model to the synthetic traveling-wave data are shown in
(b). I plot at A(1 — A)~! on a log scale to distinguish values of wge m, in p* near A = 0 and near
A=1.

3.8 Overlapping-Niche Descent in Practice

In Sections 3.5, 3.6, and 3.7, I have simply shown overlapping-niche descent results. Here, 1
explicate overlapping-niche descent in practice. I continue my discussion for details pertaining to
the implementation of overlapping-niche descent in practice in Section E.3. My discussion follows
overlapping-niche descent in the fitting of the full Bonny model (3.1) to the synthetic traveling-

1nsfl =1

wave-emergence data on a uniform grid with a grid refinement factor of 1, na,na n:~
for na, and na, the number or temporal and spatial grid points and n; and ns the number of

temporal and spatial data points.
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3.8. Overlapping-Niche Descent in Practice

3.8.1 Convergence

During overlapping-niche descent, I minimize r(p,x; A) over an array of A values in (0,1) to
find p* and %X*, which allows me to define the function 7#(A) = (1 — M)7y(A) + Maz(\) =
(1 = Nry(P, %)) + Araz (P, %), as defined in equation (2.23). I note that r¢(p,x) = 0 in
r(p,x; A) for a grid refinement factor of 1, so the 73(\) term in 7(\) is omitted here. To illustrate
convergence in 7(A) over generations of overlapping-niche descent, I plot the relative change in

7(A) over each generation of overlapping-niche descent in Figure 3.8.
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Figure 3.8: Convergence of 7#(\) during overlapping-niche descent. The relative change in
7(A) over each generation of overlapping-niche descent is shown for niches defined by A\ €
{A1,A2,..., AMo1}. Values correspond to Arg; 1, as defined in equation (C.1) of Section C.1,
for niche index i € {1,2,...,101} and generation g > 2. Generally, 7(\) converges quickly for
smaller A and more slowly for larger .

As is visible in Figure 3.8, generally, 77(\) converges sequentially in A, in the order of increasing
A. Interestingly, as shown in Section E.3, although 7(\) converges more readily for smaller
A, selection in overlapping-niche descent from a niche with a larger value of A contributes
to convergence in 7(A) at least as much as selection from a niche with a smaller value of A.
Convergence in 7(\) is coupled to convergence in 7y () and 7a5(A). To illustrate convergence in
7y(A) and 7a4(A), I plot the evolution of 7y () and 7a5 () over generations of overlapping-niche

descent in Figure 3.9.
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Figure 3.9: The evolution of 7 () and 7az(\) over generations of overlapping-niche descent, for
A€ {A1, A2, ..., A1p1}. Values are shown in (a), (b), (¢), and (d) for generations 1, 2, 5, and 17
of overlapping-niche descent. I plot at A(1 — A)~! on a log scale to distinguish values of 7y ())
and 7a;(\) near A = 0 and near A = 1.

3.8.2 Consistency with the Conservation Principle and Integral

Representations

For X € (0,1), the parameters and state values that minimize r(p,x;\), p* and x*, allow me
to define the function #(A) = (1 — A)Fy(A) + Aaz(A) = (1 — Nry(PY, %) + Arag (P, %), as
defined in equation (2.18). I note that ry(p,x) = 0 in r(p,x;A) for a grid refinement factor
of 1, so the 74 () term in 7(\) is omitted here. 7(X), 7y(A), and 7a, () satisfy a conservation
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3.8. Overlapping-Niche Descent in Practice

principle of the form:

1 1 1
2 /O FON)dA = /O # (VA = /0 Fan(V)dA, (3.14)

as stipulated in equation (2.22).
Joy Fy(N)dA, and [ Fag(N

conservation principle.

As such, I calculate and compare values of 2 fol F(A)dA,

)dA to ensure that 7()), 7y(A), and 7a, () are consistent with the
In doing so, I numerically calculate integral values by integrating
piecewise cubic spline interpolants of integrand values with not-a-knot end conditions. I plot
values of 2 [ #(A)dA, [ Fy(A\)dA, and [ Fag(

A)d\ for each generation of overlapping-niche
descent in Figure 3.10.
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Figure 3.10: Consistency in conservation of 7(\), 7y(A), and 7a,(A). Values of 2f01 T(A)dA,
Jo Ty(A)dA, and fol TAz(A)dA are shown for generations 1-17 in (a) and for generations 3-17 (for

a more focused view) in (b). Dashed lines are shown to delineate values. 2 fol F(A)AN, [; 7y (N)dA,
and fol TAz(A)dA converge to similar values over generations.

As is visible in Figure 3.10, 2 fol F(A)dA, [, 7y(N)dA, and fol Faz(A)d\ converge to similar values

over generations of overlapping-niche descent, indicating that, ultimately, 7(\), 7y (), and 7az(A)
are fairly consistent with the conservation principle.

Ty(A) and 7a, () admit integral representations of limit values:

1
lim #az()) :/ A2 (N)dA, (3.15)
A—07F 0
1
lim #,(\) = / (1= X)) "2 Faz(N)dA, (3.16)
A—1— 0

as stipulated in equation (2.25).

Jo A

As such, I calculate and compare values of 7a, (A1) with
A)dA and 7y(Aip1) with fo (1 — N) "2 Fa5(A)dA to ensure that 7y()\) and 7a,(\) are
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3.8. Overlapping-Niche Descent in Practice

consistent with the integral representations of limit values. In doing so, I numerically calculate
integral values by integrating piecewise cubic spline interpolants of integrand values with not-a-
knot end conditions. I find that #a,(\1) &~ 2.70 - 10~* and fol A727(N)dA =~ 2.72 - 1074 for all

generations of overlapping-niche descent. I plot values of 7y(Aip1) and fol(l — A)"27FaL(N)d) for
each generation of overlapping-niche descent in Figure 3.11.
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Figure 3.11: Consistency in the integral representations of limy ,;- 7y (A). Values of 7y(A101)
and fol(l — A)727az(A)dX are shown for generations 1-17 in (a) and for generations 4-17

(for a more focused view) in (b). Dashed lines are shown to delineate values. 7y(Ai01) and
fol(l — A) 27 a2 (A)dX converge to similar values over generations.

As is visible in Figure 3.11, 7y(A101) and fol(l — N) 727 Az (N)dX converge to similar values over
generations of overlapping-niche descent. I conclude that () and 7a,(A) are fairly consistent
with the integral representations of limit values.

I explore how 7y () and 7a.(A) contribute to the integral representations of limit values for
different values of X\. Given the weighting A~2, it would appear that fol )\*ny()\)d/\ depends
on 7y(A) most heavily for X\ near 0. However, 7y () is smallest for A near 0. Similarly, given
the weighting (1 — \)~2, it would appear that fol(l — A) 27, (N\)dA depends on 7a,()\) most
heavily for A near 1. However, 7o, () is smallest for A near 1. Thus, the extent to which the
integral representations of limit values depend on 7y (A) and 7a,(\) for different values of A is

unclear. For clarification, I plot cumulative integrals of fol A7275(A)dA and fol(l —A) %A (N)dA
in Figure 3.12.
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Figure 3. 12 Cumulative integral representations of limit values. The cumulative integral of
fo y A)d\ is shown in ( ) The cumulative integral of fol(l — A) 727 a2 (A)dA is shown in (b).

fo A)d\ and fo (1 — \)727a,(A\)dA are rooted most heavily in small to intermediate \.

As is visible in Figure 3.12, fol A7275(X)d\ depends on 7y(A) most heavily for small A. Also,
fol(l — A)727az(A)dA depends on 7a,()\) most heavily for small to intermediate A and for A
near 1. Interestingly, despite the weighting of (1 — \)~2, fol(l — A)727az(A)d)\ depends on
7Az(A) more heavily for small to intermediate A than for A near 1. Thus, fol A2y (A)dX and
fol(l — X) 27 az(N)dA are rooted in 7y () and 7az()) for small to intermediate A, which, as 7(\)
converges most readily for small to intermediate A, implies that 7y(A) and 7a, () for small to

intermediate A provide a robust basis for the integral representations of limit values.

3.9 Discussion

In this chapter, I tested my method on synthetic data and a system of first order ordinary
differential equations, a system of second order ordinary differential equations, and a system of
partial differential equations. I found that my method accurately identified the optimal data-
fitting numerical solution and its parameters in all three contexts. I compared the performance
of my method to that of an analogous numerical-integration-based method, and found that my
method identified the optimal data-fitting numerical solution more robustly than the analogous
numerical-integration-based method, while requiring significantly less time to do so. I also
explored an example where my method informed modeling insufficiencies and potential model
improvements for an incomplete variant of a model. Finally, I showed that my optimization
routine converged to values that were consistent with my derived conservation principles and

integral representations.
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Chapter 4

Fitting Models of the Min System to

Time-Course Data

4.1 Introduction

The Escherichia coli Min system is one of the simplest known biological systems that demon-
strates diverse complex dynamic behavior or transduces local interactions into a global signal. As
such, the Min system is currently one of the most reduced model systems for understanding such
behaviors. Various mathematical models of the Min system show behaviors that are qualitatively
similar to dynamic behaviors of the Min system that have been observed in experiments, but
no model has been quantitatively compared to time-course data. In this chapter, I briefly
summarize extracting time-course data for model fitting from experimental measurements of the
Min system and fit established and novel biochemistry-based models to the time-course data
using my method, which I developed in Chapter 2 and tested in Chapter 3. Comparing models
to time-course data allows me to make precise distinctions between biochemical assumptions in
the various models. My modeling and fitting supports a novel model that accounts for MinE’s
previously unmodeled dual role as a stabilizer and an inhibitor of MinD membrane binding. It
suggests that a regular, ordered, stability-switching mechanism underlies the emergent, dynamic

behavior of the Min system.

4.2 Choosing and Processing Data to Simplify Fitting

For data fitting, I use in vitro data from the experiments of Ivanov and Mizuuchi and focus on
regions that are as close to spatially homogeneous as possible. In vitro data poses fewer challenges
for time course comparison than in vivo data: in vitro geometry is a simple two-dimensional
plane, whereas in vivo geometry is a relatively complex three-dimensional rod shape; in vitro
measurements map a two-dimensional process to a two-dimensional image, whereas n vivo
measurements map a three-dimensional process to a two-dimensional image; in vitro data is less
coarse than in vivo data, as the spatial scale of pattern formation is larger in in vitro experiments
than in in vivo experiments; and in vitro behavior is less susceptible to stochastic effects than in
vivo behavior because in vitro experiments employ significantly higher concentrations of proteins
than in vivo experiments.

In the Ivanov and Mizuuchi in vitro experiments, buffer was rapidly flowed atop a supported
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lipid bilayer to induce spatially uniform concentrations of reaction components in the buffer.
On the supported lipid bilayer, densities of MinD and MinE, which were measured using total
internal reflection microscopy (TIRF), oscillated near-homogeneously in space before forming into
traveling waves [38]. Details of the Ivanov and Mizuuchi experiments are described throughout
Appendix F. Deterministic models of the Min system are generally systems of partial differential
equations that describe how protein concentrations change in space and time. In Section
F.4.1, I show that the global behavior of a near-homogeneous process is described to leading
order by a system of ordinary differential equations, the spatially-homogeneous reduction of the
system’s partial differential equation description. For the Min system, the spatially-homogeneous
reduction is a description of how local reactions change Min protein concentrations in time. As
such, fitting an ordinary differential equation model of the Min system to near-homogeneous
time-course data provides a direct comparison of the model’s reaction-based outcomes and

experimental observations. Kindly, Ivanov and Mizuuchi have shared their data with me.

4.2.1 Extracting Spatially Near-Homogeneous Data

The Ivanov and Mizuuchi data requires some preprocessing before being able to extract near-
homogeneous data from it. Fluorescence intensities of fluorescently labeled MinD and MinE
are not spatially aligned in the Ivanov and Mizuuchi data. I align the Ivanov and Mizuuchi
data using the cross-correlation of similarly shaped structures in MinD and MinE fluorescence
intensity profiles. Details of data alignment are described in Section F.2. After aligning the
Ivanov and Mizuuchi data, I flatten the aligned data to correct for variability in MinD and MinE
fluorescent intensities from Gaussian illumination in microscopy. Details of data flattening are
described in Section F.3.2. The conversion from MinE fluorescence intensity to MinE density
was not directly measured in the Ivanov and Mizuuchi experiments. From bulk concentrations of
MinD and MinE and from properties of evanescent waves in total internal reflection microscopy
(TIRF), I calculate conversions from flattened MinD and MinE fluorescent intensities to MinD
and MinE densities. Details of calculating conversions from fluorescence intensities to densities
are described in Section F.3.3.

To extract near-homogeneous data, first, I find the MinD and MinE density data that is the
least inhomogeneous within a disk of 1000 pixels for all times within a spatially near-homogeneous
oscillation in the Ivanov and Mizuuchi data. Then, I calculate mean values of MinD and MinE
densities within the disk at each time. Details of extracting near-homogeneous data are described

in Section F.4.2. Near-homogeneous MinD and MinE density data is shown in Figure 4.1.
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Figure 4.1: Near-homogeneous MinD and MinE density data. Data is extracted from mea-
surements made by Ivanov and Mizuuchi [38], in which densities of MinD and MinE oscillate
near-homogeneously in space on a supported lipid bilayer.

If T had included error bars in figure 4.1 representing standard errors of the mean, they would
not be visually distinguishable from the data. Details of errors in near-homogeneous MinD and
MinE density data are described in Section F.4.3. Interestingly, as detailed in Section F.4.3,
I find that errors in near-homogeneous MinD and MinE density data are related to values of

near-homogeneous MinD and MinE density data by power laws.

4.3 Fitting Models to the Near-Homogeneous Data

Local reactions somehow coordinate membrane binding and unbinding of the Min proteins in
a way that collectively generates the emergent, dynamic, global behavior of the Min system.
Fitting a model, in the form of an ordinary differential equation, to the near-homogeneous
time-course data provides me with a direct measure of how well the model’s reaction-based
outcomes describe the near-homogeneous data. As such, fitting models with a variety of proposed

Min-system reaction mechanisms to the near-homogeneous data allows me to make precise
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distinctions between biochemical assumptions in the various models, helping to unravel the
specifics of the local Min-system reaction mechanism.

I fit models to the near-homogeneous data using my homotopy-minimization method, which
I developed in Chapter 2 and tested in Chapter 3, to find optimal data-fitting numerical
solutions for models. Some quantities related to model parameter values have been measured in
experiments. As such, during fitting, I restrict values of parameters using the experimentally
measured values, to confine some parameters to biologically realistic values. Details of fitting
are described in Section 4.4, and details of parameter restrictions based on experimental

measurements are described in Section 4.4.3.

4.3.1 Modeling and Fitting Brief

Among previously published models, the Bonny model [4] has demonstrated the most diverse
array of dynamic behaviors that are qualitatively similar to experimental observations of the
Min system in vivo and in vitro. To begin my investigation, in Section 4.3.2, I modify the Bonny
model to account for the details of the experimental protocol used by Ivanov and Mizuuchi and
fit the Modified Bonny Model to the near-homogeneous data. Then, I extend the Bonny model
to include new reactions based on experiments, data, and postulate and fit the Extended Bonny
Model to the near-homogeneous data. MinE has generally been thought to act as an inhibitor
of MinD membrane binding. The Modified Bonny Model and the Extended Bonny Model treat
MinE as such. Recently, however, it has been shown that MinE can act to both stabilize and
inhibit MinD membrane binding [73]. I build on the Extended Bonny Model, in Section 4.3.3,
to develop two models that could account for MinE’s dual role as a stabilizer and an inhibitor
of MinD membrane binding, the Symmetric Activation Model and the Asymmetric Activation
Model, and fit them to the near-homogeneous data. Ultimately, I find that my Asymmetric
Activation Model fits the near-homogeneous data best, suggesting, as described in Section 4.3.4,
that a regular, ordered, stability-switching mechanism underlies the emergent, dynamic behavior

of the Min system.

4.3.2 Models in Which MinE Acts Only as an Inhibitor

Biochemical analysis has characterized how MinD and MinE interact with the membrane and
each other. In the cytosol, MinD monomers bind to ATP and form dimers ([34], [81]) that
sandwich two ATP molecules [76]. MinD dimers bind to the phospholipid membrane ([28], [34],
[32], [42], [81], [45]) and cooperatively recruit other MinD dimers to the membrane [42]. MinE
dimers bind to MinD dimers on the membrane (28], [44]), undergoing a conformational change
that allows MinE dimers to bind to the membrane [52]. MinE dimers stimulate ATPase activity
in bound MinD dimers, causing MinD dimers to separate and dissociate from the membrane
([31], [28], [34], [42]), leaving MinE dimers temporarily bound to the membrane ([27], [66], [73]).
Most mathematical models of the Min system, including the Bonny model, are based on a subset

of the aforementioned set of reactions.
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The Modified Bonny Model

The Bonny model [4] demonstrates an array of dynamic behavior that is qualitatively similar to
many experimental observations of the Min system, including stochastic pole-to-pole switching
in short cells, regular pole-to-pole oscillations in mid-sized cells, oscillation splitting in growing
cells, regular pole-to-midcell oscillations in long cells, end-to-end oscillations in thick cells, and
spiral waves on a supported lipid bilayer. The Bonny model consists of three membrane-bound
states, cq, Cqe, and ce, corresponding to the membrane-bound concentrations of MinD dimers,
MinE dimers bound to MinD dimers, and MinE dimers respectively. Normally, the Bonny model
includes two cytosolic states, ¢p and cg, corresponding to the concentrations of MinD and
MinE dimers in the cytosol respectively. Because of spatially uniform concentrations of reaction
components in the buffer of the Ivanov and Mizuuchi experiments, I modify the Bonny model
such that ¢p and cg are constant. The Bonny model is a system of partial differential equations.
In the case of spatial homogeneity, the Bonny model reduces to a system of ordinary differential
equations. As such, for correspondence with the near-homogeneous data, I reduced the Bonny

model to a system of ordinary differential equations under spatially homogeneous conditions:

deg

d
E = (WDHd + wpﬁdcd)(cmax —Cd — Cde)/cmax — WE,d—deCd — Wd,e—deCdCe) (41&)
dcge
dt = WE,d—deCd + Wd,e—deCdCe — Wde—D,ECde — Wde—D,eCde; (41b)
dce
E = —Wd,e—~deCdCe T Wde—D,eCde — We—sECe; (410)

where cpax is the saturation concentration of MinD dimers on the membrane and wy y—zy
denotes the reaction rate of ¢, and ¢, converting into ¢, and ¢y, for u,v,z,y € {0, D, E,d, de, e}.
When wy, y—ey has a superscript it indicates facilitation of the reaction by the superscripted
species. I note that wp_4 and w% _,q have a multiplicative factor of cp built into them and
WE,d—sde has a multiplicative factor of cg built into it. Also, I note that I have changed parameter
notation in the Modified Bonny Model for consistency with upcoming models. In terms of
the original parameter notation, as used in Chapter 3, wp_,q = wp - ¢p, w]dD_ﬂi = wgp - €D,
WE,d—sde = WE * CE, Wde—D,E = Wde,cy Wde—sD,e = Wdems WesE = We, aNd Wy e—de = Weqd- The
Modified Bonny Model (4.1) is depicted in Figure 4.2.
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Figure 4.2: The Modified Bonny Model. Parameters characterizing reactions are shown in (a).
State variables are matched to protein states in (b). Reactions are depicted in (c). In (c),
reactants are shown on the left and products are shown on the right of panels. (+) indicates
facilitation in a reaction by the indicated species.

I fit the Modified Bonny Model (4.1) to the near-homogeneous data, as described in Section 4.4.
The resulting fit, state values, and parameter values are shown in Figure 4.3, Figure 4.4, and

Table 4.1 respectively.
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Figure 4.3: The fit of the Modified Bonny Model to the near-homogeneous data. Data is shown
with points and model values are shown with lines.

As is visible in Figure 4.3, the Modified Bonny Model admits pulses in MinD and MinE that are
qualitatively similar in width and height to the MinD and MinE pulses of the near-homogeneous
data. However, the Modified Bonny Model is visibly an incomplete description of the dynamical
system underlying the near-homogeneous data. I seek experimentally-based alterations of the
Modified Bonny Model that allow for a better description of the dynamical system underlying

the near-homogeneous data.
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Figure 4.4: States from the fit of the Modified Bonny Model to the near-homogeneous data.
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4.3. Fitting Models to the Near-Homogeneous Data

parameter value 95% confidence interval units
Cy 3.18 - 107 [3.18 - 10%,3.18 - 107%] um=?
Ce 2.49 - 10 [2.26 - 102,2.49 - 10?] pm =2
Cmax 5.48 - 10° [5.47 - 103,5.65 - 103] pm =2
wpa | 6.31-107% | [8.48-1073,4.67-1071] | pm=2 57!
wh o, | 247-1071 | [2.20-1071,2.61- 107} s~
WEd—de | 6.23-1072 | [5.73-1073,6.59 - 1073] s!
Wd,e—sde 1.23-10° [1.21-10°,1.25 - 109] pm? st
Wiesp.E | 2.43-1073 | [1.55-1073,3.10 - 1073] s!
Wde—sDe | 7.81-1072 | [7.20-1072,8.16 - 1072 st
We s E 4.54-1072 | [4.03-1072,4.96 - 1072 st

Table 4.1: Parameters from the fit of the Modified Bonny Model to the near-homogeneous
data. Cg and C, are fitted data-motivated shifts in observable state values, data preprocessing
parameters described in Section F.4.4 that correspond to the constant concentrations of monomers
in the bulk and persistently bound monomers on the membrane, for MinD and MinE respectively.
Details of calculating confidence intervals are described in Section 4.4.5.

The Extended Bonny Model

The Bonny model assumes that cg, but not by cge, recruits cp to the membrane. In MinD and
MinE bursts on a supported lipid bilayer in vitro, increasing the MinE concentration increases
both the membrane-binding rate of MinD and the peak membrane density of MinD [73]. Thus,
the binding of MinE to MinD on the supported lipid bilayer does not seem to suppress MinD’s
ability to recruit bulk MinD to the supported lipid bilayer. As such, I extend the Modified
Bonny Model to allow ¢y to recruit c¢p to the membrane.

The Bonny model assumes that neither ¢4 or ce recruits cg to bind to ¢4 on the membrane.
In fact, I know of no model that incorporates the facilitated recruitment of cytosolic MinE to bind
to free MinD on the membrane. Without facilitated recruitment, a constant concentration of
cytosolic MinE binds to free MinD on the membrane with rate proportional to the concentration
of free MinD on the membrane. As shown in Figure 4.1, MinD decreases from a density of
~10,000 um =2 to a density of ~7,000 um~2 while MinE increases at a roughly constant rate
from a density of ~2,000 um =2 to a density of ~5,000 wm~2. Thus, the MinE recruitment
rate does not trail off with decreasing MinD (as seen in the Bonny model in Figure 4.3), which
suggests that cytosolic MinE may be recruited to bind to free MinD on the membrane with
facilitation. Thus, I extend the Modified Bonny Model, allowing c4. and ¢, to recruit cg to bind
to cq.

Despite MinE’s long-established role in inducing hydrolysis by MinD, in vitro experiments
show that MinD rapidly dissociates from the supported lipid bilayer in the absence of MinE
[38]. Furthermore, the residence time of MinD on the supported lipid bilayer increases from
11 s to at least 40.71 s as the concentration of MinD increases from 0.275 uM to 1.1 M [44].

Without information on the mechanism of stabilization, I phenomenologically model the rate
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4.3. Fitting Models to the Near-Homogeneous Data

“constant” of spontaneous ¢4 dissociation by a reverse hill function,

Wi—DCy*
cs® + (ca + cae)™’

(4.2)

where wgy_,p is the basal spontaneous dissociation rate of ¢4, ¢s is the half-max stabilization
concentration of cg 4 c4e, and ng is the Hill coeflicient. Thus, ¢4 decreases from spontaneous cq

dissociation with rate

wq Dcnscd
. (4.3)
cs® + (ca + cge)ms

In the absence of MinE in wvitro, buffer flowed atop a MinD-saturated supported lipid bilayer
reveals that, initially, MinD spontaneously dissociates from the supported lipid bilayer at a

roughly constant rate [73]. Thus, from rate (4.3), for relatively large cq,

wq Dcnscd
7: —— =k, (4.4)
CSS + CdS

for some constant k, which occurs only if
cs << cq and ng = 1. (4.5)

Therefore, I extend the Modified Bonny Model, allowing the spontaneous dissociation of cg4, at
the rate given by (4.2) with ng = 1.

I also consider the possibility of reversible reactions in the Extended Bonny Model. In
traveling waves of Min proteins on a supported lipid bilayer in vitro, MinE residence times are at
least 1.3 times as long as MinD residence times in all portions of the traveling waves [44]. Thus,
I do not consider reactions where MinE spontaneously dissociates from MinD on the supported
lipid bilayer. I do consider the other reverse reaction, the reaction of c4. splitting into ¢4 and ce.

I extend the Modified Bonny Model (4.1) such that

% = (Wp—a + w%adcd + w%eadcde)(cmax — ¢j— Cd — Cde)/Cmax

o (WE,d—>de + w%id%decde + weE,d%dece)cd — Wd,e—deCdCe + Wde—d,eCde

- Wd—>DCst/(Cs +cj+cqg+ Cde), (4.6&)
dccl?e = (WBd-sde + WE dsdeCde + W dsdeCe)Cd F W edeCaCe

— Wde—D,ECde — Wde—D,eCde — Wde—d,eCde> (4.6b)
% = —Wq e—deCdCe + Wde—sd,eCde T Wde—s D, eCde — We—sECe, (4.6¢)

where cpax is the saturation concentration of MinD dimers on the membrane, c; is the constant

concentration of persistently bound MinD dimers on the membrane, an experimental artifact
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discussed in Section F.4.4, and wy, y— sy denotes the reaction rate of ¢, and ¢, converting into c,
and ¢y, for u,v,z,y € {0, D, E,d,de, e}. When wy, ,—4, has a superscript it indicates facilitation
of the reaction by the superscripted species. I note that w?_, ; has a multiplicative factor of
¢p built into it for z € {0, d, de} and WE dosde has a multiplicative factor of cg built into it for
z € {0,de, e}. T also note that I do not explicitly include ¢; in the Modified Bonny Model (4.1),
as it is absorbed by cmax, wp_sq, and w% _,g» but must include it in the Extended Bonny Model
because the structure of equation (4.6a) doesn’t allow it to be rescaled away. The Extended
Bonny Model (4.6) is depicted in Figure 4.5.

d de de e
WD—d WD—d *WDd | WEd—de | *WE dsde | *WE,d—de
Wd,e—de | Wde—sD,E | Wde—D,e | ®Wde—d.e ®Wi—D We—E
(a)
D E

L
(b)
e M) | e
oM meh @

D —d E.d— de de — d,e d— D
(c)

Figure 4.5: The Extended Bonny Model. Parameters characterizing reactions are shown in (a).
A parameter that characterizes a reaction that is not included in the Modified Bonny Model is
shown with a bullet (o) and the corresponding reaction is depicted in (c¢). All reactions from the
Modified Bonny Model are included in the Extended Bonny Model. State variables are matched
to protein states in (b). In (c), reactants are shown on the left and products are shown on the
right of panels. (+) indicates facilitation in a reaction by the indicated species.

I fit the Extended Bonny Model (4.6) to the near-homogeneous data, as described in Section
4.4. The resulting fit, state values, and parameter values are shown in Figure 4.6, Figure 4.7,

and Table 4.2 respectively.
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Figure 4.6: The fit of the Extended Bonny Model to the near-homogeneous data. Data is
shown with points and model values are shown with lines. The Extended Bonny Model fits the
near-homogeneous data appreciably better than the Modified Bonny Model (compare to Figure
4.3).

Comparing Figures 4.3 and 4.6, the Extended Bonny Model describes the near-homogeneous data
visibly better than the Modified Bonny Model. Quantitatively, x2, the weighted sum of squared
residuals, from the Modified Bonny Model is 3.53 times larger than y? from the Extended
Bonny Model, and the value of AIC, the Akaike information criterion, from the Modified Bonny
Model is 419 units larger than the value of AIC from the Extended Bonny Model. The Akaike
information criterion is a measure of a model’s ability to fit data that accounts for the number
of parameters in the model, based on information theory. For a set of competing models, the

model with the minimum AIC value is considered the best model.
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Figure 4.7: States from the fit of the Extended Bonny Model to the near-homogeneous data.
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parameter value 95% confidence interval units
Cy 3.18 - 107 [2.74 - 10%,3.18 - 10%] um=?
Ce 0.00 - 10° [0.00 - 10°,2.52 - 10Y] pm =2
5 7.50-107% | [0.00-10°,1.18 - 101 pm =2
Crax 5.38 - 10° [5.32-103,5.48 - 10%] pm =2
Cs 2.95 - 10" [1.03 -10',1.89 - 10?] pm =2
wpsa | 3.26-1072 | [0.00-10°,1.26-107Y] | pm=2 st
w1 4.88-107! | [4.45-1071,5.35- 107} 571
whk . 16.48-1072 | [5.65-1072,7.69 - 1072 s!
WEdsde | 9.08-107° | [0.00-10°,5.96 - 10~4] 51
W ge | 0.00-10° | [0.00-10°,6.15-1077] | pm?® s
WG gge | 3-68-107° | [3.32-107%,4.37-107°%] | pm? s~}
Waesde | 5.17-107* | [4.59-107%,6.02- 1074 | pm? s71
WD 3.15-1071 | [2.17-1071,3.15- 1071 st
Wiesp,p | 1.13-1071 | [1.04-1071,1.24 - 1071 s71
Wiespe | 1.75-1072 | [1.54-1072,1.89 - 102 s!
Wde—sde | 1.10-1076 | [0.00-10°,7.72-1071] 51
We s E 6.22-1073 | [5.61-1073,6.92- 1073 st

Table 4.2: Parameters from the fit of the Extended Bonny Model to the near-homogeneous data.
Cy and C, are as described in Table 4.1. Details of calculating confidence intervals are described
in Section 4.4.5.

To determine how individual reactions affect the Extended Bonny Model’s ability to describe
the near-homogeneous data, individually, I remove non-necessary reactions from the Extended
Bonny Model and fit the resulting model to the near-homogeneous data, as described in Section
4.4. Results are shown in Table 4.3.
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Null parameter | x*/x; | AIC — AICy
wd ., 2.85-10' | 1.14-103
w 1.32-10° | 8.53-10!

WE 4sde 1.00-10° | —2.05-10°
W d-sde 2.62-10° | 3.26- 107
Wd,e—sde 7.96-10° | 6.99 - 107
WdsD 1.10-10° | 2.56- 10!
Wde—sD.E 2.63-10° | 3.27-10?
Wde—sD e 1.03-10° | 5.89-10Y

Wde—sd,e 1.00-10° | —4.06-10°

Table 4.3: Removed-reaction fits of the Extended Bonny Model to the near-homogeneous data.
A removed reaction is characterized by a null parameter. x? is the the weighted sum of squared
residuals, and AIC is the Akaike information criterion. X% and AICy are the values of x? and AIC
from the Extended Bonny Model without a removed reaction. x?/ X(% and AIC — AICj measure
the affect of removing the reaction characterized by the null parameter from the Extended Bonny
Model on its ability to fit the near-homogeneous data; larger values of x2/ X% and AIC — AICy
correspond to a larger decrease in fitting ability.

As shown in Table 4.3, the reactions characterized by the parameters w% > w%e > w% desde>
Wd,e—sde, aNd wge—,p  each significantly (AIC — AICy > 50) affect the Extended Bonny Model’s
ability to describe the near-homogeneous data. Of these, w%e ~,q and WE d—sde AT€ NOT included in
the Modified Bonny Model. Notably, much of the Extended Bonny Model’s ability to describe
the near-homogeneous data better than the Modified Bonny Model comes from the recruitment
of cp to bind to ¢q by c. (through wf ;4. ). The fit of the wf ; , ;-null Extended Bonny Model

to the near-homogeneous data is shown in Figure 4.8.
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Figure 4.8: The fit of the wf ;_, ,.-null Extended Bonny Model to the near-homogeneous data.
Data is shown with points and model values are shown with lines. Removing the reaction
characterized by the parameter wg ;. from the Extended Bonny Model significantly reduces
its ability to fit the near—homogenebus data (compare to Figure 4.6).

The Extended Bonny Model fits the near-homogeneous data better than the Modified
Bonny Model, but it is still an incomplete description of the dynamical system underlying the
near-homogeneous data, as can be seen in the visible deviations between data and model which
are larger than the noise in the data. Also, the Extended Bonny Model does not account for
experimental observations that MinE can act as both a stabilizer and an inhibitor of MinD

membrane binding.

4.3.3 Models in Which MinE Acts as Both a Stabilizer and an Inhibitor

With buffer and MinE flowed atop a MinD-saturated supported lipid bilayer, initially, MinD
dissociates from the supported lipid bilayer more slowly than with buffer alone. Later, as
concentrations of MinD and MinE on the supported lipid bilayer approach each other, MinD
dissociates from the supported lipid bilayer more quickly than with buffer alone [73]. Thus,
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MinE seems to act as both a stabilizer and an inhibitor of MinD membrane binding. Accordingly,
the experimentally measured rate of MinD ATPase activity is sigmoidal in the concentration
of MinE, showing switch-like behavior [73]. I build on the Extended Bonny Model to develop
two models, the Symmetric Activation Model and the Asymmetric Activation Model, based
on experiments and postulate that could account for MinE’s dual role as a stabilizer and an

inhibitor of MinD membrane binding, and fit them to the near-homogeneous data.

The Symmetric Activation Model

It has been proposed that MinD and MinE may form a stable complex, with one MinE dimer
bound to one subunit of the MinD dimer, and an unstable complex, with one MinE dimer bound
to each subunit of the MinD dimer ([73], [54]). This symmetric activation could explain MinE’s
dual role as a stabilizer and an inhibitor of MinD membrane binding. I build on the Extended
Bonny Model (4.6) to develop the Symmetric Activation Model.

My Symmetric Activation Model consists of four supported-lipid-bilayer-bound states, ¢q, cge,
Cede, and ce, respectively corresponding to the supported-lipid-bilayer-bound concentrations of
MinD dimers, MinD dimers bound to one MinE dimer, MinD dimers bound to two MinE dimers,
and MinE dimers. For symmetric activation, cge is the stable state and c.q4, is the unstable state.
Thus, I exclude reactions from the Symmetric Activation Model where ¢4 dissociates from the
supported lipid bilayer, and I include reactions in the Symmetric Activation Model where cqge
dissociates from the supported lipid bilayer. In the Symmetric Activation Model, without reason
for restriction, I allow ¢y, c4e, and cqq4. to recruit cp, the concentration of bulk MinD dimers, to
the supported lipid bilayer, and I allow cge, Cede, and c to recruit cg, the concentration of bulk
MinE dimers, to bind to ¢ and cge. As in the Extended Bonny Model, I only consider reactions
where MinE does not spontaneously dissociate from MinD on the supported lipid bilayer. Thus,
in the Symmetric Activation Model, I include forward and reverse bimolecular reactions of ¢y,
Cdes Cede, and ¢, with all products in {cg, Cde, Cede, Ce }. Also, as in the Extended Bonny Model, in

the Symmetric Activation Model, I include the spontaneous dissociation of ¢ with stabilization
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by supported-lipid-bilayer-bound MinD dimers. I define the Symmetric Activation Model:

dcd

d d
- (WE,d—>de + wEe,d%deCde + w%,?l*)decede + weE,dadece)cd

2
— Wd,e—deCdCe + Wde—d,eCde — Wd,ede—de,deCdCede + Wde,de—d,edeCqe

- Wd—>DCst/(Cs +cg+cqg+ cde + Cede)a

dcge
de ede e
b (WE,d—sde + WE d—sdeCde + WE d—sdeCede + WE d—yqeCe)Cd

d d
- (WE,de—nade + wE'e,de%edecde + weE,ze%edecede + weE,deHedeCB)cde

2
+ Wd,e—deCdCe — Wde—sd,eCde T 2Wd ede—sde,deCdCede — 2Wde,de—d,edeCqe

— Wde,e—edeCdeCe + Wede—de,eCede;s

dcede
de ede e
dt = (WE,de%ede + WE de—sedeCde + WE de—sedeCede + wE,de—mdece)cde
2
— Wd,ede—de,deCdCede + Wde,de—d,edeCde + Wde,e—edeCdeCe — Wede—de,eCede
— Wede—D,e,eCede — Wede—E,D,eCede — Wede— E,D,ECede>
dce

E = Wde—d,eCde — Wd,e—deCdCe — Wde,e—edeCdeCe

+ Wede—+de,eCede + Wede—E,D,eCede + 2wedeﬁ\D,e,ecede — We—ECe,

d de ede
pre (Wp—d + WH_yqCd + WH—qCde + WDy qCede) (Cmax — C§ — €d — Cde — Cede)/Cmax

(4.7a)

(4.7b)

(4.7¢)

(4.7d)

where cpax is the saturation concentration of MinD dimers on the membrane, c; is the constant

concentration of persistently bound MinD dimers on the membrane, an experimental artifact

discussed in Section F.4.4, and wy sz, denotes the reaction rate of ¢, and ¢, converting into

¢p and ¢y, for u,v,z,y € {0, D, E,d, de,ede,e}. When w, ., has a superscript it indicates

facilitation of the reaction by the superscripted species. I note that w?_, ; has a multiplicative

factor of cp built into it for z € {0, d, de,ede} and w}, ; . . has a multiplicative factor of cg
built into it for z € {{), de, ede, e}. The Symmetric Activation Model is depicted in Figure 4.9.
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d de ede de
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ede = D, e, e ede > E,D, E

Figure 4.9: The Symmetric Activation Model. Parameters characterizing reactions are shown in
(a). A parameter that characterizes a reaction that is not included in the Extended Bonny Model
is shown with a bullet () and the corresponding reaction is depicted in (c). A triangle (A) next
to a parameter indicates that the corresponding reaction from the Extended Bonny Model is
not included in the Symmetric Activation Model. State variables are matched to protein states
in (b). In (c), reactants are shown on the left and products are shown on the right of panels.
(+) indicates facilitation in a reaction by the indicated species.

I fit the Symmetric Activation Model (4.7) to the near-homogeneous data, as described in
Section 4.4. The resulting fit, state values, and parameter values are shown in Figure 4.10,

Figure 4.11, and Table 4.4 respectively.
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Figure 4.10: The fit of the Symmetric Activation Model to the near-homogeneous data. Data is
shown with points and model values are shown with lines. The Symmetric Activation Model fits
the near-homogeneous data moderately better than the Extended Bonny Model (compare to
Figure 4.6).

Comparing Figures 4.6 and 4.10, the Symmetric Activation Model describes the near-homogeneous
data visibly somewhat better than the Extended Bonny Model. Quantitatively, x2, the weighted
sum of squared residuals, from the Extended Bonny Model is 1.89 times larger than y? from the
Symmetric Activation Model, and the value of AIC, the Akaike information criterion, from the
Extended Bonny Model is 210 units larger than the value of AIC from the Symmetric Activation
Model. Although the Symmetric Activation Model does describe the near-homogeneous data
moderately better than the Extended Bonny Model, as discussed below, it does not agree well
with experiments. Whereas, the Asymmetric Activation Model (described below) fits the the
near-homogeneous data better than the Symmetric Activation Model and agrees well with

experiments. Therefore, I do not expound the Symmetric Activation Model further.
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Figure 4.11: States from the fit of the Symmetric Activation Model to the near-homogeneous
data.
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parameter value 95% confidence interval units
Cy 3.18 - 102 [2.90 - 10%,3.18 - 10?] pm =2
C. 1.91 - 102 [1.69 - 10%,2.03 - 10?] pum =2
g 0.00 - 10° [0.00 - 10°,7.69 - 10°] pm 2
Crmax 5.38 -10° [5.35 - 103, 5.44 - 10°] pm =2
Cs 5.31-10! [4.11-10%,6.71 - 10! pm =2
WDsd 0.00-10° | [0.00-10°,2.37-107Y] | pm=2 s7!
wd_, 2.62-107! | [2.47-1071,2.68- 107 1] s
wl 0.00-10° | [0.00-10°5.05- 1072 s~
W7 0.00-10° | [0.00-10°1.27 1072 s~

WE,d—de 1.01-1073 [2.49 - 10—4, 1.29 . 10—3] 51
w%e,dade 0.00-10° | [0.00-10°9.70 - 107 pm?2 s~
WE dgsge | 317 1074 | [7.77-1074,8.61-1074] | pum? s7!
wide | 0.00-10° | [0.00-10°,1.00-1076] | pm? 57!
WE,de—sede | 0.00-10° | [0.00-10°,5.13- 104 o1
w%e,de—nade 0.00-10° | [0.00-10°2.80-1076] | um? s~!
W dosede | S:11-1072 | [8.07-1072,8.16-1072] | pm? s~
WS g | 0.00-10° | [0.00-10%,4.79-1076) | pm? s~
Waesde | 0.00-10° | [0.00-10°9.04-1076] | pm? s7?
Wd,ede—sdede | 1.69-107* | [1.66-107*,1.70 - 107*]
wisp | 3.15-107" | [2.93-1071,3.15- 107"
Wae,de—sd,ede | 3.17-107* | [3.13-107%,3.20- 1074 | pm? s~
[ ]

Wde,e—ede 6.74-1073 6.38 - 10—37 714 -1073 ,qu g1
Wde—d,e 0.00 - 10° [0.00 - 1()0’ 1.55 - 10—4] s—1
Wesp | 1.55-1072 | [1.36-1072,1.66 - 10~ 51
Wede—sDee | 1.67-107% | [0.00-10°,5.56 - 10~4] =
Wede—sE.D,E | 2.29-1071 | [2.26-1071,2.31 - 1071] o1
Wede—sE.De | 412-1072 | [3.93-1072,4.20 - 1072] s~1
Wede—sdee | 3:08-1077 | [0.00-10°,9.00 - 1074 5!

Table 4.4: Parameters from the fit of the Symmetric Activation Model to the near-homogeneous
data. Cy and C, are as described in Table 4.1. Details of calculating confidence intervals are
described in Section 4.4.5.

The Asymmetric Activation Model

Apart from a crystal structure showing two MinE fragments (containing 20 of 88 amino acids)
each bound to a subunit of the MinD dimer [52], there is no direct evidence for the Symmetric
Activation Model. Contrarily, a MinE dimer bound to one subunit of a MinD dimer stimulates
ATPase activity in both subunits of the MinD dimer [53], showing asymmetric rather than
symmetric activation of MinD by MinE. Furthermore, with ATP, S, a non-hydrolyzable analogue
of ATP, and a high concentration of MinE, the Symmetric Activation Model would predict
that the ratio of MinD to MinE on a lipid bilayer would be 1:2. However, experiments testing
precisely this scenario found a ratio of MinD to MinE of 1:1 [34] and 3:1 [42]. Additionally,
with ATP,S, MinD and MinE dissociate with a ratio of 1:1 from the supported lipid bilayer
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[73], suggesting that, if dissociation occurs predominantly in the unstable MinD-MinE complex,
the ratio of MinD to MinE in the unstable MinD-MinE complex is 1:1. Therefore, experimental
outcomes support asymmetric rather than symmetric activation of MinD by MinkE.

For asymmetric activation of MinD by MinE, MinD and MinE form an unstable complex
with one MinE dimer bound to one subunit of the MinD dimer ([52], [53]). There is no direct
evidence for the structure of a stable MinD-MinE complex. However, a crystal structure shows
a MinE dimer bridging two MinD dimers, with one MinD dimer rotated 90° with respect to
the other MinD dimer [52]. Because of the 90° rotation of one MinD dimer with respect to
the other MinD dimer, a MinE dimer bridging two MinD dimers has been considered more
of an experimental artifact than a biologically relevant state. I believe, however, that a MinE
dimer bridging two MinD dimers may reflect the stable MinD-MinE complex, and the 90°
rotation of one MinD dimer with respect to the other MinD dimer may reflect the stabilization
mechanism. If the stable configuration of a MinE dimer bridging two MinD dimers requires a
90° rotation of one MinD dimer with respect to the other MinD dimer, then some strain would
likely exist within a MinE dimer that bridges two membrane-bound MinD dimers both with
membrane-targeting sequences oriented toward the membrane. I hypothesize that when a MinE
dimer binds to a second MinD dimer on the membrane, imposed strain alters the interaction
between the MinE dimer and the first MinD dimer, tempering MinE-stimulated ATPase activity.
Thus, I propose that MinD and MinE form a stable complex with one MinE dimer bridging two
MinD dimers.

Supporting my stabilization-by-bridging hypothesis, experiments show that removing the
dimerization domain of MinE removes switch-like behavior in the stimulation of MinD ATPase
activity by MinE: the rate of MinD ATPase activity as a function of WT MinE concentration
resembles a Hill equation with a Hill coefficient greater than one, while the rate of MinD
ATPase activity as a function of dimerization-domain-deficient MinE concentration resembles
a Hill equation with a Hill coefficient of one [73]. Refuting my stabilization-by-bridging hy-
pothesis, dimerization-domain-deficient MinE stabilizes MinD membrane binding in buffer-flow
experiments [73]. However, it stabilizes MinD membrane binding less than WT MinE. Also,
dimerization-domain-deficient MinE does not support dynamic pattern formation in wvitro, and
the rate of MinD ATPase activity is lower with high concentrations of dimerization-domain-
deficient MinE than with high concentrations of WT MinE [73]. So, the stabilization of MinD
membrane binding could stem from a dimerization-domain-deficient disruption of the regular
MinD-MinE interaction, which tempers the stimulation of ATPase activity.

I build on the Extended Bonny Model (4.6) to develop the Asymmetric Activation Model.
My Asymmetric Activation Model consists of four supported-lipid-bilayer-bound states, ¢g4, ¢ge,
Cded, and ce, respectively corresponding to the supported-lipid-bilayer-bound concentrations
of MinD dimers, MinE dimers with one MinD dimer bound, MinE dimers with two MinD
dimers bound, and MinE dimers with no MinD dimers bound. For asymmetric activation, cg.

is the unstable state and cgeq is the stable state. Thus, I include reactions in the Asymmetric
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Activation Model where ¢4 dissociates from the supported lipid bilayer, and I exclude reactions
from the Asymmetric Activation Model where cg4.q dissociates from the supported lipid bilayer.
As stated previously, a MinE dimer bound to one subunit of a MinD dimer is able to cause a
conformational change in the other subunit of the MinD dimer [53], and, with ATP,S and a
high concentration of MinE, the number of MinE dimers does not exceed the number of MinD
dimers on lipid bilayers ([34], [42]). Thus, in the Asymmetric Activation Model, I assume that
the binding of a MinE dimer to one subunit of a MinD dimer excludes other MinE dimers from
binding to the other subunit of the MinD dimer. As such, without reason for restriction, I allow

MinE-exclusion reactions in the Asymmetric Activation Model:

CE + Cded = 2Cde, (4.8a)
Ce + Cded = 2Cde, (4.8b)
Cde + Cde = Cded + Ce, (4.8¢)

where cg is the concentration of bulk MinE dimers. Also, without reason for restriction, in
the Asymmetric Activation Model, I allow ¢y, ¢ge, and cgeq to recruit ¢p, the concentration
of bulk MinD dimers, to the supported lipid bilayer, and I allow cge, cgeq, and c. to recruit
cp to bind to ¢g and cgeq. As in the Extended Bonny Model, I only consider reactions where
MinE does not spontaneously dissociate from MinD on the supported lipid bilayer. Thus, in the
Asymmetric Activation Model, I include forward and reverse bimolecular reactions of ¢4, cge,
Cded, and ¢, with all products in {¢g, Cge, Cded, Ce }. Also, as in the Extended Bonny Model, in the

Asymmetric Activation Model, I include the spontaneous dissociation of ¢4 with stabilization by
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supported-lipid-bilayer-bound MinD dimers. I define the Asymmetric Activation Model:

dcd

d ded
— (WE,d—de + wEe,dadeCde + WEe,cHdeCded + weE,dﬁdeCE)Cd
— Wd,de—dedCdCde T Wded—d,deCded — Wd,e—deCdCe T Wde—d,eCde

— Wa—DCsCa/(Cs + ¢+ ca + Cde + 2Cded),

dcge
de ded e
- (WE.d—sde + WE g—sdeCde + WE d—sdeCded + WE d—sdeCe)Cd

d ded
+ 2(WE ded—de,de T WE ded—sde,deCde + WE ded—sde,deCded T WE ded—sde,deCe)Cded
— Wd,de—dedCdCde T Wded—d,deCded T Wd,e—deCdCe — Wde—d,eCde

2
- 2wde,de—>ded,ecde + 2wded,e—>de,decdedce — Wde—D,ECde — Wde—D,eCde;
dCgeq

de ded e
a (WE ded—de,de + WE ded—sde,deCde + WE ded—de,deCded T W ded—sde.deCe)Cded

2
+ Wd,de—dedCdCde — Wded—d,deCded + Wde,de—ded,eCde — Wded,e—de,deCdedCe;
dee

2
E = Wde—d,eCde — Wd,e—deCdCe T Wde,de—ded,eCde — Wded,e—de,deCdedCe

+ Wde—D,eCde — We—s ECe,s

d de ded
pe (Wp—d + WhH_yqCd + WH—yqCde + WH SqCded) (Cmax — €7 — Cd — Cde — 2Cded)/ Cmax

(4.9a)

(4.9b)

(4.9¢)

(4.94)

where cpax is the saturation concentration of MinD dimers on the membrane, c; is the constant

concentration of persistently bound MinD dimers on the membrane, an experimental artifact

discussed in Section F.4.4, and wy s,y denotes the reaction rate of ¢, and ¢, converting into

¢p and ¢y, for u,v,z,y € {0, D, E,d,de,ded,e}. When wy 4, has a superscript it indicates

facilitation of the reaction by the superscripted species. I note that w?_, ; has a multiplicative

factor of cp built into it for z € {0, d, de,ded} and w3}, ,; ;. has a multiplicative factor of cg
built into it for z € {0, de, ded, e}. The Asymmetric Activation Model is depicted in Figure 4.12.
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Figure 4.12: The Asymmetric Activation Model. Parameters characterizing reactions are shown
in (a). A parameter that characterizes a reaction that is not included in the Extended Bonny
Model is shown with a bullet (o) and the corresponding reaction is depicted in (c). All reactions
from the Extended Bonny Model are included in the Asymmetric Activation Model. State
variables are matched to protein states in (b). In (c), reactants are shown on the left and
products are shown on the right of panels. (+) indicates facilitation in a reaction by the indicated
species.

I fit the Asymmetric Activation Model (4.9) to the near-homogeneous data, as described
in Section 4.4. The resulting fit, state values, and parameter values are shown in Figure 4.13,

Figure 4.14, and Table 4.5 respectively.
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Figure 4.13: The fit of the Asymmetric Activation Model to the near-homogeneous data. Data is
shown with points and model values are shown with lines. The Asymmetric Activation Model fits
the near-homogeneous data appreciably better than the Symmetric Activation Model (compare
to Figure 4.10).

Comparing Figures 4.6, 4.10, and 4.13, the Asymmetric Activation Model describes the near-
homogeneous data visibly better than the Extended Bonny Model, even more so than the
Symmetric Activation Model. Quantitatively, x2, the weighted sum of squared residuals, from
the Extended Bonny Model is 16.1 times larger than x? from the Asymmetric Activation Model,
and the value of AIC, the Akaike information criterion, from the Extended Bonny Model is 919
units larger than the value of AIC from the Asymmetric Activation Model. Comparatively, x>
from the Extended Bonny Model is 1.89 times larger than x? from the Symmetric Activation
Model, and the value of AIC from the Extended Bonny Model is 210 units larger than the value
of AIC from the Symmetric Activation Model. As such, the Asymmetric Activation Model

describes the near-homogeneous data considerably better than the Symmetric Activation Model.
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Figure 4.14: States from the fit of the Asymmetric Activation Model to the near-homogeneous

data.
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parameter value 95% confidence interval units
Cy 7.47 - 10 [6.52 - 101, 8.58 - 10!] pm =2
Ce 6.23-107! [0.00 - 10°,6.67 - 10°] pm =2
cg 1.08 - 1072 [0.00-10°,1.42 - 101] pm 2
Crmax 5.30 - 103 [5.28 - 103,5.35 - 107] pm =2
Cs 1.15 - 10? [8.11-10%,2.64 - 102 um =2
WDsd 8.77-107° | [0.00-10°,9.66-1072] | um=2 5!
W 3.73-107' | [3.58-1071,3.96 - 107 s~
w 2.00-107! | [1.98-1071,2.02-107] st
wkd | 4.20-107" | [4.05-1071,4.29 - 107! st
WE.d—sde 3.28 1072 | [2.34-1073,3.42-1079] 51
Wy ge | 211-107° | [0.00-10°,2.41-107%] | pm? s7!

]
WY ge | 850-10710 | [0.00-10°,8.21-1077] | pm?* s7!

W dosde 1.90 - 10° [1.88-10°,1.92 - 109] pm? st
WE ded—de.de | 1.86-1071 | [0.00-10%,7.57-1074 51
W dedsdede | 1:45-107% | [1.35-107%,1.50 - 107°] | pm? s7!
W Gedsdede | 2:10-107% | [1.97-107%,2.11-107°] | pm? s7!
W dedsdede | 1:64-1071 | [1.63-1071,1.65-107"] | pm? s7!

[ ]
[ ]
[ ]

W de—sded | 4.86-107° | [4.75-107°,5.00 - 107°] | pm? s~!
Wd,e—sde 6.16-10~! | [6.11-1071,6.22-1071] | um? s7!
WD 3.15-107% | [2.25-1071,3.15- 107 s!

Wde.de—sded.e | 6.59-107% | [6.59-1074,6.59 - 1074 | um? s7*

Wdesp.r | 2.00-107% | [1.99-1071,2.02- 107} s!
Wde—sD e 3.40-107% | [0.00-10° 5.66-104] 51
Wie—sd.e 6.64-1072 | [6.59-1072,6.68 - 1072 s~

Wded,e—sdede | 9-34-10° [9.34-10°,9.34 - 10°] | um? s71

Wded—dde | 1.52-10713 | [0.00-10°1.91-1073] s!

WesE 5.39-1072 | [5.34-1072,5.45- 1072 st

Table 4.5: Parameters from the fit of the Asymmetric Activation Model to the near-homogeneous
data. Cy and C, are as described in Table 4.1. Details of calculating confidence intervals are
described in Section 4.4.5.

To determine how individual reactions affect the Asymmetric Activation Model’s ability to
describe the near-homogeneous data, individually, I remove non-necessary reactions from the
Asymmetric Activation Model and fit the resulting model to the near-homogeneous data, as

described in Section 4.4. Results are shown in Table 4.6.
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Null parameter | x*/xj | AIC — AIC,
wd 4 3.80 | 4.36-10?
w¥ 571 | 5.82-10?
wd | 1.98 | 2.30-10?

W s de 1.00 | —4.34-10°
WL e 1.05 7.16 - 10
W dsde 8.43 7.09 - 102

WE,ded—de,de 1.00 —7.20-1071
W dedosde.de 1.07 2.09 - 10"
WE G dsde.de 1.12 3.35- 101
WE ded—sde.de 1.13 3.48 - 101
W, de—sded 4.46 4.93 - 102
Wd,e—sde 1.49 1.23- 102
WdsD 1.04 4.56 - 10°
Wdede—sded.e 2.11 2.43-10?
Wde—sD,E 5.81 5.82 - 102
Wde—D,e 1.04 1.13- 10!
Wie—rd,e 1.05 1.33-10!
Wded,e—sde,de 4.71 5.09 - 102
Wded—sd,de 1.01 2.29 - 10°

Table 4.6: Removed-reaction fits of the Asymmetric Activation Model to the near-homogeneous
data. A removed reaction is characterized by a null parameter. x? is the the weighted sum of
squared residuals, and AIC is the Akaike information criterion. X% and AICy are the values of
x? and AIC from the Asymmetric Activation Model without a removed reaction. x2/ X% and
AIC — AICy measure the affect of removing the reaction characterized by the null parameter
from the Asymmetric Activation Model on its ability to fit the near-homogeneous data; larger
values of x2/ X% and AIC — AICy correspond to a larger decrease in fitting ability.

As shown in Table 4.3, the reactions characterized by the parameters w% ds w%e > wf—fid,
WE dsder Wdde—sdeds Wd,e—sdes Wde,de—ded,es Wde—D, By A Whed,e—de,de €ach significantly (AIC —
AICy > 50) affect the Asymmetric Activation Model’s ability to describe the near-homogeneous
data.

As is visible in Figure 4.14 and elaborated in Figure 4.15, at the front end of the pulse, a
large proportion of MinD dimers are in the semistable state, ¢4, or in the stable state, cgeq.
Whereas, at the back end of the pulse, a large proportion of MinD dimers are in the unstable

state, cge-
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Figure 4.15: Stability of MinD dimers on the supported lipid bilayer. The total MinD dimer
concentration on the supported lipid bilayer is separated into the concentration of dimers in the
stable state, 2cg4eq, the concentration of dimers in the semistable state, ¢4, and the concentration
of dimers in the unstable state, cg.. Values of ¢4, cge, and cgeq, as shown in Figure 4.14, come
from the fit of the Asymmetric Activation Model to the near-homogeneous data. MinD dimers
are predominantly semi-stably and stably bound to the supported lipid bilayer at the front end
of the pulse and unstably bound to the supported lipid bilayer at the back end of the pulse.

4.3.4 A Stability-Switching Mechanism Underlying the Dynamic Behavior
of the Min System

Through the fit of the Asymmetric Activation Model to the near-homogeneous data, I interpret
a stability-switching mechanism that underlies the dynamic behavior of the Min system. My
discussion is based on the state values shown in Figure 4.14 and the characterization of significant
reactions from Table 4.6.

During the MinD upstroke, bulk MinD binds to the supported lipid bilayer in the protein
state d, which is semi-stably bound to the supported lipid bilayer, and recruits more bulk MinD
to the supported lipid bilayer through the significant reaction D + d — 2d (characterized by
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w% _,4)- Bulk MinE binds to supported-lipid-bilayer-bound MinD in the protein state de, which
is unstably bound to the supported lipid bilayer. However, through the significant reaction
d+de — ded (characterized by wg de—sded), @ large concentration of d pushes de to react with d to
form ded, the protein state that is stably bound to the supported lipid bilayer. Simultaneously,
through the significant reaction d + e — de (characterized by wq ¢—qde), a large concentration of
d pushes the protein state e to react with d to form de, which a large concentration of d pushes
to react with d to form ded. As more bulk MinE binds to supported-lipid-bilayer-bound MinD,
the concentration of d decreases and the concentration of de increases. Through the significant
reaction de + de — ded + e (characterized by wge de—sded,c) and the reactions de — D + e and
de — d + e (characterized by wge—sp e and wye—yd.¢), de generates e. Eventually, in catastrophe,
a period of destabilization with positive feedback, without d as a substrate, e binds to ded and
generates de through the significant reaction ded + e — de + de (characterized by wged e—sde,de)
de generates more e which generates more de, and de dissociates from the supported lipid
bilayer through the significant reaction de — D + E (characterized by wge—p r). Capping
catastrophe, e recruits bulk MinE to bind to any remaining d through the significant reaction
E+d+e — de+ e (characterized by W s 40)» and e dissociates from the supported lipid bilayer
through the reaction e — E (characterized by w._,g). Collectively, a large concentration of d
reinforces stability of MinD on the supported lipid bilayer and suppresses the catastrophe switch,
e; a decrease in the concentration of d signals the switch from stability to catastrophe, causing
rapid MinD dissociation from the supported lipid bilayer. The aforementioned stability-switching

mechanism is depicted in Figure 4.16.
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Figure 4.16: The stability-switching mechanism. Protein states are shown in (a). The stability-
switching mechanism is shown in (b). Relative concentration/affect is shown by size. The
semistable protein state d is predominant during pulse upstroke (top). Bulk MinE binds to d
to form the unstable protein state de, but a large concentration of d pushes de to react with
d to form the stable protein state ded (right). Meanwhile, a large concentration of d inhibits
the catastrophe switch, protein state e, by reacting with e to form de. The concentration of d
decreases and the switch in stability occurs (bottom). In a feedback loop, de generates e, the
catastrophe switch, which binds to ded to form more de (left); Min proteins rapidly dissociate
from the supported lipid bilayer in catastrophe.

4.3.5 Results Relating to Experimental Observations

The results from my modeling and fitting could explain some experimental observations. A
MinE mutant that stimulates MinD ATPase activity but is deficient in membrane binding, MinE
C1 [27], fails to stimulate dynamic pattern formation on a supported lipid bilayer in vitro [44].
Rather, MinD and MinE C1 form a stationary structure on the supported lipid bilayer with
MinD and MinE C1 profiles that are similar in shape to MinD and MinE profiles in traveling
waves, except that the MinE C1 profile lacks a sharp peak [44]. My results, from fitting both
the Extended Bonny Model and the Asymmetric Activation Model to the near-homogeneous
data, suggest that supported-lipid-bilayer-bound MinE recruits bulk MinE to bind to supported-
lipid-bilayer-bound MinD (w%,d 40 1s significant). As such, the lack of a sharp peak in the
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MinE C1 profile could follow from the inability of MinE C1 to recruit bulk MinE C1 to bind to
supported-lipid-bilayer-bound MinD. My results, from fitting the Asymmetric Activation Model
to the near-homogeneous data, also suggest that supported-lipid-bilayer-bound MinE acts as
a catastrophe switch (Wged e—sde de is significant). Thus, MinD and MinE C1 forming a stable,
stationary structure on the supported lipid bilayer could follow from the lack of a catastrophe
switch with the MinE C1 mutant.

MinE consists of three domains, conferring the functions of membrane binding, MinD
binding and the stimulation of ATPase activity, and dimerization ([46], [56], [35], [27], [52], [73]).
Membrane binding and dimerization play critical roles in MinE’s function, but the functional roles
of membrane binding and dimerization are somewhat unclear. During pole-to-pole oscillations
in vivo, the E ring, a concentrated band of MinE, follows a more diffuse band of MinD from
near midcell to cell pole, capping the MinD polar zone ([59], [23], [67]). A disruption in MinE
of membrane binding [27] or dimerization [61] inhibits E ring formation, allowing the extension
of MinD polar zones. Similarly, a disruption in MinE of membrane binding [44] or dimerization
[73] inhibits dynamic pattern formation on a supported lipid bilayer in vitro. It has been
thought that membrane binding allows a transition between MinD binding events, permitting a
MinE dimer to stimulate ATPase activity in multiple MinD dimers before dissociating from the
membrane ([52], [53]). The role of dimerization in MinE function is not understood. My results
suggest that the functional roles of membrane binding and dimerization are tightly coupled in a
stability-switching mechanism, with dimerization underlying stability and membrane binding

underlying catastrophe.

4.4 Details of Optimization Using Overlapping-Niche Descent

Here, I describe structural components of overlapping-niche descent for fits to the near-
homogeneous data. I describe details pertaining to the implementation of overlapping-niche

descent in Appendix G.

4.4.1 Statistical Model

For near-homogeneous MinD and MinE densities at time tj, y1 , and y2 , and corresponding

observable model values, 1 and ys x,

Yik = Yjk + Ejks (4.10)

with errors €, for j € {1,2} and k € {1,2...,n;}. Errors, ¢, consist of modeling errors and
data errors. As is visible in Figure F.19 of Section F.4.3, errors in near-homogeneous data are
small compared to the ranges of near-homogeneous data; errors range between roughly 5 pm =2
and 30 wm~2, as is visible in Figure F.21, and data ranges on the scale of 5103 um=2. 1

expect modeling errors to significantly exceed the relatively small errors in near-homogeneous
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data. Thus, I expect errors, €, to consist primarily of modeling errors. Modeling errors are
inherently not independent or identically distributed, but without a better a priori distribution, I
assume that € for k € {1,2...,n} are independent and identically distributed from a normal
distribution with a mean of 0, for each j € {1,2}. The range of near-homogeneous MinD
densities is larger than the range of near-homogeneous MinE densities. Thus, to remove bias in
fitting from differences in scale, I assume that errors, ¢;, are proportional to the range of y; 1

for k€ {1,2...,n}, y;, for j € {1,2}. Therefore, collectively, I assume that
ik = Yjk + Vi€iks (4.11)

where &;, for j € {1,2} and k € {1,2...,n;} are independent and identically distributed from
a normal distribution with a mean of 0 and a variance of 2, N(0,52). Thus, the likelihood of

Yk given y; and 62, for j € {1,2} and k € {1,2...,m}, is

£(yj7k|Yj7k762 VS {172}7k S {152- . 7nt}) =

2 nt 2 2 2
11 1 (Vik — Yjn) - 1 3 (Vik — Yjn)
j=1 ‘

ko1 4275307 ¥

for constant C' > 0. The values of y;j for j € {1,2} and k € {1,2...,n;} that maximize
L(yjxlyjr02:je{1,2},k € {1,2...,n}) are those that minimize

2 ng 2
3 Gk = Yik)” (4.13)

Thus, I measure the difference in observable model values from the near homogenous data by

the sum of weighted squared residuals in equation (4.13).

4.4.2 Defining ry(p,x), r3(p,x), and ra.(p,x)

Preliminarily, for consistency with previous notation, I define: x1 = ¢4, x2 = cge, and x3 = ¢, for
the Modified Bonny Model and the Extended Bonny Model, 1 = ¢4, 2 = Cge, T3 = Cege, and
x4 = ¢ for the Symmetric Activation Model, and x1 = ¢4, 2 = Cge, T3 = Cded, and x4 = ¢, for
the Asymmetric Activation Model; 31 = the concentration of MinD monomers (um=2) and yp =
the concentration of MinE monomers (um~2); for constant bulk and persistent lipid bilayer-
bound MinD and MinE densities, C; and C., as described in Section F.4.4, g1 = 2(z1 +x2) + Cy
and g2 = 2(x2 + z3) + C. for the Modified Bonny Model and the Extended Bonny Model,
g1 = 2(x1 + x2 + x3) + C4 and g2 = 2(x2 + 223 + x4) + C, for the Symmetric Activation Model,
and g1 = 2(x1 + x2 + 223) + Cy and go = 2(x9 + x5 + x4) + C, for the Asymmetric Activation
Model. Additionally, for each model, I uniquely identify each parameter with p1,po,...,pn,-

As described in Section 4.4.1, I measure the difference in observable model values from the
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near homogenous data by the sum of weighted squared residuals in equation (4.13). Thus, I

define 7y (p, x) such that

Ny  ng
1

——2_ 9 Z Zy]_2 (y],k - g](p7 xl,k? ey xnz,k))27 (414)

n
>l 2k Yik j=1 k=1

ry(p,x) =

where I normalize by Z?il pya }7;231]2.’,6 to match the scale of ry(p,x) in equation (2.6). I use
the data grid, with a data point every 3 s, as the numerical discretization grid. Thus, I define
ry(p,x) = 0. I define ra,(p,x) as in equation (2.13a), and discretize models using a Simpson’s

method finite difference, a finite difference with fourth order accuracy. Thus, in ra.(p, X),

0 if ke {1,71,5}
Tiky — Lik_
2AtL
0 if k € {1,nt}

Az =
if k€Za \ {1,7%},

E,k(tvpax) = (415)

1
Z bmFl (pz xl,k-ﬁ-ma I27k+m7 cee 7$nx,k+m) if k S IA \ {17 nt}v

m=—1
where k is the index above k in Za, k_ is the index below k in Zan, At = 3 s is the grid
spacing in {tx : k € Za}, b1 = 1/6, by = 4/6, by = 1/6, and F; is as defined in equation
(2.7). In smoothing penalties, s;(x), of 7r.(p,X), I set a; = 1, #; = 10%, and ~; = 2, for all
i€ {1,2,...,n.}, to insignificantly modify ra.(p,x) with a smooth set of state values and to

strongly penalize ra,(p,x) with a jagged set of state values.

4.4.3 Domain Restrictions on Parameters and States
As described in Section F.4.4, I restrict nonnegative constant bulk and persistent lipid bilayer-

bound MinD and MinE densities, Cy and C., such that

0<Cy<317.88 um™2, (4.16a)
0<C, <249.25 ym™2, (4.16b)

The nonnegative concentration of persistent lipid bilayer-bound MinD dimers is necessarily no
larger than half the constant bulk and persistent lipid bilayer-bound MinD density. Thus, I

restrict ¢z such that
0 <cg<158.94 pm=2. (4.17)

The parameter cpax dictates the maximum concentration of membrane-bound MinD dimers.
Thus, I restrict cpax to values greater than or equal to half the maximal near homogeneous

MinD density value, Dpax/2, where Dyax = 1.02 - 104 ,um_2. Additionally, I assume cpax is on
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the scale of Dpyax/2, so I bound c¢pax above by 100 - Dyax/2. Thus, I restrict ¢pax such that
Dinax/2 < Cmax < 100 - Dinaxe/2 (4.18)

As per condition (4.5), I assume that ng < Dpax/2. Also, equation (4.3) can be undefined if
ns = 0, so I bound ng below by 1. Thus, I restrict ns such that

1 < ¢s < Dpax/2 (4.19)

z

Rate parameters, wy ,_,,

for u,v,z,y,2 € {0, D, E,d, de, ede, ded, e}, are only biologically
relevant if nonnegative. Also, to restrict optimization within ranges of reactions that are
not overly fast, I restrict all rate parameters to no more than 10 units. Thus, I restrict rate
parameters such that:

0<p<10u,forall pe {wz cu,v,x,y,2 €4{0,D, E,d,de, ede, ded, e}} , (4.20)

uUV—T,Y

where u,, is the units of parameter p. In experiments similar to those of Ivanov and Mizuuchi,
in the absence of MinE, MinD dimers dissociate from a supported lipid bilayer at a rate of
0.210 s~ ! at low concentrations of supported lipid bilayer-bound MinD dimers [73]. Thus, for

nonzero wq_sp, I restrict wy_,p to within 50% of 0.210 s~ !:
0.105 < wyyp < 0.315 s~ if wy,p # 0. (4.21)

Additionally, in experiments similar to those of Ivanov and Mizuuchi, MinE-facilitated dissocia-
tion rates of MinD dimers from a supported lipid bilayer were found to be 0.14 s~%, 0.17 571,
and 0.18 s~! with respective bulk MinE concentrations of 2.5 M, 3 uM, and 4 uM [73]. Thus,
I restrict MinE-facilitated dissociation rates of MinD dimers from the supported lipid bilayer to
no less than 50% of 0.14 s~! and no more than 150% of 0.18 s~ !:

0.07 < Waesp.E + WdesD e < 0.27 571, (4.22a)

for the Modified Bonny Model, the Extended Bonny Model, and the Asymmetric Activation
Model,

0.07 < Wede—E,D,E + Wede—E,D,e + Wede— D, e,e <0.27 S_Ia (422b)

for the Symmetric Activation Model;
Concentrations ¢g, Cde, Cede, Cded, and c are only biologically relevant if nonnegative. Thus,

I restrict cg, Cge, Cedes Cded, and ce to nonnegative values:

cix > 0 for all i € {d,de, ede,ded, e} and k € Tx, (4.23)

86



4.4. Details of Optimization Using Overlapping-Niche Descent

k™ index

where ¢4 i, Cde ki, Cede,kr Cded k> @and ce , are the values of ¢4, Cge, Cede,s Cded, and c. at the
of the numerical discretization. Details of overlapping-niche descent on restricted domains are

described in Section C.2.3.

4.4.4 Niches

I choose values of A to define niches as in Section 3.4.3. For convenience, I repeat the discussion
from Section 3.4.3 below. I choose 101 values of A\, A\; for k =1,2,...,101, to define 101 niches.
The bounds (B.68) and (B.69), which state that 7y (X) < & if A < &/(1 +¢&) and 7az(A) < &
if A > 1/(1+ ¢&) for some tolerance &, provide a meaningful guide for the choice of Ag. Thus,
based on the bounds (B.68) and (B.69) with chosen & = 8", 61,... 57°" and base b such that
b=%0 = 1076, I define A\, for k =1,2,...,101 such that

b51—k
——  if k<51
A= LHOR (4.24)
1 .

My choice of A\ distributes the values of A\ for £ = 1,2,...,101 more densely near 0 and 1
and less densely near 0.5. For reference, A\; ~ 1076, Ay ~ 1.3-107%, \51 = 0.5, A\s2 ~ 0.57,
Moo~ 1—1.3-1075 and Mgy = 1 —1076.

4.4.5 Calculating Confidence Intervals

I calculate confidence intervals as in Section 3.4.4. For convenience, I repeat the discussion
from Section 3.4.4 below. I calculate confidence intervals by bootstrapping, given the complex
nonlinear relationship between data noise and parameter noise that would not be adequately
captured using a (Taylor expansion based) delta method [39]. In doing so, I calculate observable-

state residuals,

Eik =Yik — 95D T1 ks s Tng k) (4.25)

where p = p*o and X = %xM0!, the parameter and state values that minimize 7(p, x; A101),
and 7; is the value in % from the i*! state and the k' grid index, for i € {1,2,...,n,},
je{1,2,...,n,},and k € {1,2,...,n:}. By resampling residuals, I generate n, = 10 bootstrap

data sets:

Yik = 95 (P T1 ks> Tng k) + Ejils (4.26)

where [ is randomly sampled with replacement from {1,2,...,n:}, for j € {1,2,...,n,} and
k € Ia. I replace observed data values in 7(p,x; \) with bootstrap data values from the i*®
bootstrap data set to construct the functional r?(p,x; \). Globally minimizing r%(p, x; \) using

overlapping-niche descent for all i € {1,2,...,n} would be computationally prohibitive. Rather,
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if residuals are not overly large, the optimal parameters and state values of ré’ (p,x; \) will
generally be fairly similar to p and x. Thus, with p and X as initial parameters and state values,
I locally optimize rf (p,x; \p) using accelerated descent, for all i € {1,2,...,np}, with Ay chosen
large enough to weight local optimization towards a numerical solution but not so large that p

and x are fixed near p and X. Specifically, I choose
\p = arg min{)ry(f))‘,fc)‘) — 10372, (PN, XM X € {A1, Aoy ,)\101}} ) (4.27)

From the n; local optimizations, I construct a distribution of values for each parameter. From
the distribution of values for parameter p;, I compute the 2.5'® and 97.5'" percentile values,

which I translate into the 95% confidence interval for parameter p;, for j € {1,2,...,np}.

4.5 Discussion

In this chapter, I briefly summarized extracting time-course data for model fitting from experi-
mental measurements of the Min system. Then, I fit established and novel biochemistry-based
models to the time-course data using my parameter estimation method for differential equations.
Comparing models to the time-course data allowed me to make precise distinctions between
biochemical assumptions in the various models. My modeling and fitting supported a novel
model that accounts for MinE’s previously unmodeled dual role as a stabilizer and an inhibitor
of MinD membrane binding. It suggests specific biological functions for MinE membrane binding
and dimerization, which play critical but somewhat unclear roles in Min system dynamics.

In my supported model, MinD and MinE form an unstable complex on the membrane, where
one MinE dimer is bound to one MinD dimer, and a stable complex on the membrane, where
one MinE dimer bridges two MinD dimers. Acting as an instability switch, MinE dimers that
are unbound to MinD on the membrane bind to stable MinD-MinE complexes to form unstable
MinD-MinE complexes. Pushing the system towards stability, MinD dimers that are unbound
to MinE on the membrane bind to unstable MinD-MinE complexes to form stable MinD-MinE
complexes and bind to membrane-bound MinE dimers to inhibit the instability switch. As such,
the concentration of MinD dimers that are unbound to MinE on the membrane modulates local
stability or catastrophe in the aggregation of MinD and MinE on the membrane. MinE only
associates with the membrane by binding to membrane-bound MinD, and MinE binding to
membrane-bound MinD decreases the concentration of MinD dimers that are unbound to MinE
on the membrane, which, when concentrations are sufficiently low, signals a switch from local
stability to catastrophe in the aggregation of MinD and MinE on the membrane. Ultimately, my
supported model suggests a regular, ordered, stability-switching mechanism that may underlie
the emergent, dynamic behavior of the Min system.

To be reliable, a biological signal should be regular and ordered; to be informative, a
biological signal should be sensitive to variability in its stimuli. My proposed stability-switching

mechanism is regular and ordered, with a switch between stability and catastrophe, which
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would provide sensitivity to local variation in Min system dynamics. As such, my proposed
stability-switching mechanism could provide a reliable signal that fluidly transduces local Min

system dynamics into a global cellular signal.
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Chapter 5

Conclusion

5.1 Summary of Results

e In Chapter 2, I developed a method that allowed me to calculate the optimal data-fitting
numerical solution and its parameters for a differential equation model without using nu-
merical integration. Additionally, I showed that my method admits conservation principles

and integral representations that allow me to gauge the accuracy of my optimization.

e In Chapter 3, I tested my method on synthetic data and a system of first order ordinary
differential equations, a system of second order ordinary differential equations, and a
system of partial differential equations. I found that my method accurately identified
the optimal data-fitting numerical solution and its parameters in all three contexts. I
compared the performance of my method to that of an analogous numerical-integration-
based method, and found that my method identified the optimal data-fitting numerical
solution more robustly than the analogous numerical-integration-based method, while
requiring significantly less time to do so. I also explored an example where my method
informed modeling insufficiencies and potential model improvements for an incomplete
variant of a model. Finally, I showed that my optimization routine converged to values

that were consistent with my derived conservation principles and integral representations.

e In Chapter 4, I briefly summarized extracting time-course data for model fitting from
experimental measurements of the Min system and fit established and novel biochemistry-
based models to the time-course data using my method. Comparing the models to
time-course data allowed me to make precise distinctions between biochemical assumptions
in the various models. My modeling and fitting supported a novel model that accounts for
MinE’s previously unmodeled dual role as a stabilizer and an inhibitor of MinD membrane
binding. It suggests that a regular, ordered, stability-switching mechanism underlies the

emergent, dynamic behavior of the Min system.

5.2 Limitations of Overlapping-Niche Descent

I designed my method for global optimization with complex systems of differential equations.
When computing descent in parallel on a computer cluster, my method has shown itself to be

fairly computationally efficient. However, my method, as specified, could be computationally
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prohibitive when computing descent in serial on a single computer. When testing my method,
I found that for a relatively complex system of differential equations, the Bonny model with
spatially homogeneous conditions, as defined in Equation 3.2, overlapping-niche descent would
converge to the optimal data-fitting numerical solution in several generations using only a few
niches. However, with only a few niches, conservation principles and integral representations are
inaccurately calculated using numerical integration, and thus are not informative in gauging
the accuracy and progress of optimization. Alternatively, for more robust optimization when
computing descent in serial on a single computer, I suggest applying overlapping-niche descent
with many niches but only applying descent to several chosen individuals in each generation.
This approach will be slower than applying descent to all individuals in each generation
when computing descent in parallel on a computer cluster, but selection across niches will
still contribute to the synergistic minimization amongst individuals in different niches, and

conservation principles and integral representations will be accurately calculated.

5.3 Extensions of the Homotopy-Minimization Method

In Section 3.7, I demonstrated how parameters and state values from overlapping-niche descent as
A — 07 could inform model shortcomings and potential model improvements. My demonstration
was a proof of concept that was qualitative in nature, requiring model improvements to be inferred
simply by looking at a graph. The premise of my demonstration could be extended to develop a
systematic method for informing model shortcomings and potential model improvements. Such
a method would be a valuable tool for refining models.

My homotopy-minimization method, with conservation principles, integral representations,
and overlapping-niche descent, applies to any differentiable function of the form h(v;\) =
(1 = XN)h1(v) + Aha(v), where min hy(v) = 0 and min ha(v) = 0, with variable vector v. Thus,
the method naturally extends to a wide class of optimization problems. For example, where hq(v)
is a measure of how well state values fit data and ha(v) is a measure of how well state values
satisfy a system of difference equations, my method naturally extends to find the parameter
values of the solution to the system of difference equations that fits data best. More generally,
my homotopy-minimization method naturally extends to any constrained optimization problem

that minimizes h;(v) subject to constraints that can be formulated in a functional, hg(Vv).

5.4 Limitations in Fitting Models to Spatially

Near-Homogeneous Min Data
In Chapter 4, I fit models to spatially near-homogeneous Min data to compare how well models
could describe the data. My fitting suggested that the Asymmetric Activation Model, as

discussed in Section 4.3.3, could describe the near-homogeneous data best. In Section 4.3.3, 1

explored which reactions in the Asymmetric Activation Model were indispensable for describing
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the near-homogeneous data and found that quite a few reactions were superfluous. In doing so,
I found that the Asymmetric Activation Model would admit numerical solutions that fit data
almost identically well for a fairly large range of parameter values (not shown). As such, my
asymmetric activation model requires refinements in included reactions and parameter estimates
for biological realism. Fitting the Asymmetric Activation Model to the near-homogeneous data
with pairwise null reactions would allow me to determine how well pairwise reductions of the
Asymmetric Activation Model could describe the near-homogeneous data. Such an analysis
would allow me to determine the most reduced form of the Asymmetric Activation Model
that describes the near-homogeneous data well. As discussed in Section 4.4.3, I was able to
confine some parameters to biologically realistic values by using parameter restrictions from
experimental measurements. New experimental measurements, such as the dissociation rate
of MinD at various concentrations from the supported lipid bilayer in the absence of MinE,
will hopefully provide new parameter restrictions, which will allow me to confine parameter
estimates to more biologically realistic values in future fitting of the Asymmetric Activation

Model to the near-homogeneous data.

5.5 Extensions of Fitting Models to Spatially

Near-Homogeneous Min Data

To unravel the local reaction mechanism of the Min system, I focused on fitting ordinary
differential equation models to spatially near-homogeneous Min data. My modeling and fitting
supported the Asymmetric Activation Model, which suggests that a regular, ordered, stability-
switching mechanism underlies the emergent, dynamic behavior of the Min system. However,
it is still unclear how local asymmetric activation reactions collectively contribute to dynamic
pattern formation in Min protein bands on spatial scales that are much larger than the size of
an individual Min protein. To address this, I would extend the Asymmetric Activation Model
from a system of ordinary differential equations to a system of partial differential equations
that describe how Min protein concentrations evolve in space and time. Then, using my
homotopy-minimization method, I would fit the extended model to experimental measurements
of traveling-wave Min protein bands on a supported lipid bilayer. Such modeling and fitting
could aid in unraveling how the Min system transduces local interactions into a global signal.
My homotopy-minimization method could provide a novel computational assay for site-
directed mutagenesis experiments, allowing me to map dynamic function in proteins to specific
amino acids. In this homotopy-minimization mapping method, I would alter a single protein
residue by site directed mutagenesis. Then, using reproducible experiments, like those of Ivanov
and Mizuuchi, I would measure dynamic protein behavior. Ultimately, I would fit a model to
the measurements, like fitting the Asymmetric Activation Model to the near-homogeneous data,
and would map changes in parameters from those fitted with the wild type protein to the amino

acid that I mutated. Other site-directed mutagenesis assays measure disruption of a specific
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protein function and often require deleterious mutations, which dramatically affect protein
function. This homotopy-minimization mapping method would simultaneously map effects from
a mutation across multiple functional states of a protein and would require mutations that only
mildly alter protein function. It could also provide insight into dynamic protein function that is
otherwise difficult to assay, such as cooperative binding. Ultimately, this homotopy-minimization
mapping method could provide a useful bridge between modeling and experiments that could

contribute to our understanding of the dynamic structure of proteins.
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Appendix A

Extensions of the
Homotopy-Minimization Method
Beyond Systems of First Order
Ordinary Differential Equations

Here, I extend the parameter estimation method described for systems of first order ordinary
differential equations in Sections 2.2 and 2.6 to systems of higher order ordinary differential

equations and systems of partial differential equations.

A.1 Extensions to Systems of Higher Order Ordinary
Differential Equations
A higher order ordinary differential equation model of some dynamic process in ¢, with n,

states, x1,x2,...,Tn,, np parameters, p1,pz,...,Pn,, and n, observable states, y1,y2,. .., Yn,,

is defined by the system of equations,

dry %z dBxy dry d?xy
Filt,p1,....pn,21,..., Tp,, —, ey ——y—— ... | =0, A.la
' ( PLy--oy Prpy 81 ne g a2 des it dt? (A-1a)
Yi = g; (p17p2a'-'7pnp7$1am27"'7$nz)- (Alb)
For some observed data values, y1 x, Y2k, - -, Yn, k» measured at at t, for k € {1,2,...,m}, 1

extend the method described for first order ordinary differential equation models in Sections
2.2 and 2.6, to find the parameters py,p2, ..., pn, of the numerical solution to the differential
equation model with the observable state values that most closely approximate the observed data,
in some sense. As with first order ordinary differential equation models, once a numerical method
is chosen, equation (A.la) can be formulated into a method-dependent system of equations for

the discrete numerical solution values x; x:

fi,k (tlw .. 7tnt7p17 s Pnpy 1,1, 215 - - - 7xnz,nt) = fi,k(tupax) = 07 (A2)
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A.1. Extensions to Systems of Higher Order Ordinary Differential Equations

forall i € {1,2,...,n,} and for all k € Za, the index set of the numerical discretization. Using
some interpolation method, I generate interpolated data, y; 1 for j € {1,2,...,n,}, at grid points
with indices in Zy = Za \ {1,2,...,n;} from observed data values with indices in {1,2,...,n;:}.
As with first order ordinary differential equation models, I define the functionals ry(p,x),
ry(P, %), and ra.(p, x) with the properties that (i) ry(p,x) > 0, r¢(p,x) > 0, and ra.(p,x) > 0;
(ii) ry(p,x) = 0 if and only if g;(p,z1k, ..., Tn, k) = ¥,k for all j € {1,2,...,n,} and for all
ke {1,2,...,n}, ry(p,x) = 0 if and only if Za = {1,2,...,n} or g;(P, Z1 ks> Tng k) = Tk
forall j € {1,2,...,n,} and for all k € Ty, and 7, (p,x) = 0 if and only if f; 1(t, p,x) = 0 for all
ie€{1,2,...,n,} and for all k € Za; and (iii) 7y(p1,%1) < ry(P2, X2) implies that (p1,x1) gives
a better fit to the data than does (p2,x2), ry(p1,%1) < 73(P2,X2) implies that (p1,x1) gives
a better fit to the interpolated data than does (p2,x2), and ra(p1,X1) < raz(pP2,X2) implies
that (p1,x1) satisfies the numerical solution method better than (p2,x3) does. Then, I combine
ry(P,Xx), 75(P,X), and 7. (p,x) into the single functional r(p,x;\) = (1 — A\)ry(p,x) + (1 —
AN)2r(p,x) + AMraz(p, x). I describe the construction of 7y (p, x), r3(p, %), and ra;(p, x) using
a normalized least-squares measure in Section A.1.1. As with first order ordinary differential
equation models, minimizing r(p,x; A) as A — 17 is equivalent to minimizing ry(p,x) subject
to the constraints f; ,(t,p,x) = 0 for all i € {1,2,...,n,} and for all k € Za, and finds the

parameters and state values of the optimal data-fitting numerical solution.

A.1.1 Defining ry(p,x), ry3(p,x), and 7, (p, X)

As with first order ordinary differential equation models, I consider systems of higher order

ordinary differential equations that are linear in first derivatives of z;,

da:i — d2a:1 d3.131 dQCCQ
7 =F, <t,p1,...,pnp,:rl,...,xnx, 2B R ) (A.3)
fori e {1,2,...,n,}. In terms of F; as defined in equation (A.la),
d.’L’Z‘ — dQI)S'l dgl‘l dzl‘g
Fi: i —Fi<t,p1,...,pnp,:r1,...,xnz, dtQ, dt3,..., dtz,... s (A4)
for i € {1,2,...,n;}. Also, as with first order ordinary differential equation models, I consider
finite difference numerical methods, of the form
Alﬂji’k =
Eip({Fi(tks P 1oy -+ oy Ty s A1 o, APy, o, A%2o g, ) ik €TAY) =
-Fi,k(ta p7x)7 (A5)

where z;, are numerical solution values, A"x;; is some method-dependent finite difference
d"x;
dtn

discretization of at ty, and Fj; are some method-dependent functions of F; at t, for all

102



A.2. Extensions to Systems of Partial Differential Equations

i€{1,2,...,n,} and for all k € Za. In terms f;; as defined in equation (A.2),
fi,k?(t'7 P, X) = Alxi,k - Fi,k‘(t7 P, X) (AG)

Thus, using a normalized least-squares measure, as described for first order ordinary differential

equation models in Sections 2.3, 2.4.1, and 2.6.1,

Ty nt

ry(p,x) = S Z (1 ij,k (Yj,k —gi(Ps T1 ks - - - anx,k))2> ) (A.Ta)

nt . 2
j=1 2okt WikYjk k=1

~

1 o N N 2
re(Px) = —> | = D Wik Fik — 9Pk Tng k) | (A.7b)
= Zke@ WikYjk pet.
Y

Ny

raex) = =3 [ S (Al B pox)? (A70)

L Zk’EIA (Alxi,k) keTa

2N\ Vi
4ZkeIA\{1,nt} (l‘i,h — 2wk + $i7k+) )

2
ZkEZA\{l,nt} (xi:k-‘r - xivk—)

si(x) = ai + 5 ( (A.7d)
for some data-dependent weights, w; j, some interpolated data-dependent weights, 0, 1, scaling
parameter &, as discussed in Section 2.6.1, and smoothing-penalty parameters, o; > 0, 5; > 0,

and «; > 0, as discussed in Section 2.4.1, where k_ and k, are the indices below and above k in
IA.

A.2 Extensions to Systems of Partial Differential Equations

For simplicity in notation, I present a partial differential equation model with two independent
variables. Although, the method naturally extends to models with any finite number of
independent variables.

A partial differential equation model of some dynamic process in v and v, with n, states,
T1,T2,. .., Tn,, Np Parameters, pi,pa, . .., Pn,, and n, observable states, y1,y2, ..., Yn,, is defined

by the system of equations,

83:1 8561 82:1/‘1 82$1 (91‘2 81‘2
F,(u,v,p1,...,0n,,21,..., e ey ey ——y——, ... | =0, A.8a
' (u on Pro» 41 e ou v 9%’ dudv ou’ Ov ( )
y]:gj (p1=p27-~-7pnp7x1;x27~--733nx)- (ASb)
For some observed data values, y1 k1, Y2 k0, - - Yn, ki, measured at (ug,vy), for k € {1,2,...,n,}

and [ € {1,2,...,n,}, I extend the method described for first order ordinary differential equation
models in Sections 2.2 and 2.6, to find the parameters p1,po, ..., pp, of the numerical solution to
the differential equation model with the observable state values that most closely approximate

the observed data, in some sense. As with first order ordinary differential equation models, once
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A.2. Extensions to Systems of Partial Differential Equations

a numerical method is chosen, equation (A.8a) can be formulated into a method-dependent

system of equations for the discrete numerical solution values x;

fi,k,l (U1, ceesUnyy U1y e ooy Unyy P1y -+ -5 Py 1,11, 21,15 - - - 7xnz,nu,nv) =

fi,k,l(uvvapax) = 07 (Ag)

for all i € {1,2,...,n,} and for all (k,l) € Za, X Za,, the index set of the numerical discretiza-

tion. Using some interpolation method, I generate interpolated data, y;, for j € {1,2,...,ny},
at grid points with indices in Zy, x Zy, = Za, \ {1,2,...,nu} x Za, \ {1,2,...,7n,} from
observed data values with indices in {1,2,...,n,} x {1,2,...,n,}. As with first order ordi-

nary differential equation models, I define the functionals 7y(p,x), r4(p,x), and ra.(p,X)
with the properties that (i) ry(p,x) > 0, ry(p,x) > 0, and ra,(p,x) > 0; (ii) ry(p,x) = 0
if and only if g;(P,Z1 ks Tn, k1) = Vjke for all j € {1,2,...,n,} and for all (k,l) €
{1,2,...,n}x{1,2,...,ny}, 75(p,x) = 0ifand only if T, xZa, = {1,2,...,nu} x{1,2,...,ny}
or gj(PsT1kis---Tn, k1) = Ykt for all j € {1,2,...,ny} and for all (k,l) € Iy, x Iy, ,
and raz(p,x) = 0 if and only if f;z;(u,v,p,x) = 0 for all i € {1,2,...,n,} and for all
(k,1) € Ia, X ZIn,; and (iii) ry(p1,%1) < 7y(P2,X2) implies that (p1,x1) gives a better fit to the
data than does (p2,%2), 73(P1,%X1) < ry(P2,X2) implies that (p1,x1) gives a better fit to the
interpolated data than does (p2,x2), and A (p1,X1) < raz(P2,X2) implies that (p1, x;) satisfies
the numerical solution method better than (pa,x2) does. Then, I combine 7y (p,x), ry(p, %), and
raz(P,x) into the single functional r(p,x;\) = (1 — N)ry(p,x) + (1 — A)?r5(p, x) + Araz(p, x).
I describe the construction of 7y (p,x), 3(p,x), and ra,(p,x) using a normalized least-squares
measure in Section A.2.1. As with first order ordinary differential equation models, mini-
mizing 7(p,x;A) as A = 17 is equivalent to minimizing ry(p,x) subject to the constraints
fiki(u,v,p,x) = 0 for all ¢ € {1,2,...,n,} and for all (k,I) € Za, X Za,, and finds the

parameters and state values of the optimal data-fitting numerical solution.

A.2.1 Defining ry(p,x), r3(p,x), and 7, (p, X)

As with first order ordinary differential equation models, I consider systems of partial differential

equations that are linear in first derivatives of x; with respect to u,

8:% — 8371 82.T1 821’1 8(62
=F; ey Py s Ty e ey S TR TRy sy e | A.10
ou ‘ (u,v,pl, Py 11 e 5y 92 Budv v ( )
fori € {1,2,...,n;}. In terms of F; as defined in equation (A.8a),
8131' — 8$1 8211,‘1 821'1 al’g
F, = — F; — e ey —— .. A1l
i 8“ i <uavup17 7pnp,$1a sy Lng s 81} ) 82’& ) auavu ) (91) ) ) ( )
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A.2. Extensions to Systems of Partial Differential Equations

for i € {1,2,...,n,}. Also, as with first order ordinary differential equation models, I consider

finite difference numerical methods, of the form

AV, =
F e a ({Fi(wi, 00, Py 1o - o T oty AV gy AV gog, ) 1k L€ I, IA, })
= i,k,l(uyvapax)v (A12)

where x; . ; are numerical solution values, A™™z; ;. ; is some method-dependent finite difference
8n+mzi
ou™Ju™

(ug,vp), for all ¢ € {1,2,...,n,} and for all (k,l) € Zn, X Za,. In terms f;; as defined in

discretization of at (ug,v;), and Fj; are some method-dependent functions of F; at

equation (A.9),
fi,k’,l(uv v, P, X) = ALoxi,k,l - Fi,k‘,l(uv v,P, X)' (A13)

Thus, using a normalized least-squares measure, as described for first order ordinary differential

equation models in Sections 2.3, 2.4.1, and 2.6.1,

Ty(pvx) =
Ly ) B X
— - . Wik (Vikt — 95 (Ps T1 ks -+ Ty kol (A.14a)
) Dok 2o wj7k7ly?,k,l =1 =1 ! ’ o ’
ry(P,X) =
ny ~

1 o . . 2
- > ST it Tkt — 9GP Tk Tng ) |
y .

A /\2
w; -
j=1 Zk)EZ};u ZIGZ}}U J’k’lijkvl kEIyu lEI}”,U

(A.14b)
TAx(pa X) =
1 S0 + 52 1 ;
—_ (A 7O‘Tikl - Ekl(uvvapvx)) ) (A14C)
Ny ; 2 ZkeIAu ZZEIAU (A0 1) k:einu lg;v
42 Z ( 9 1 )2 Vi
x'7k_’l - x47k7l $'7k ’l
st(x) = a; + f; |~ Faull) SleTa, 18 SR : (A.14d)
ZkEZAu\{l,nu} ZZEZAU ($i7k+7l - $i7k*7l)
2\ Vi
43 > Tikd = 2Tif) + ik
si(x) = a; + B; KETa, lETa, M) o : o) , (A.14e)

2
ZkeZAu ZlEZAU\{an} (‘Tivkvl-F B xi»kvl—)

for some data-dependent weights, w; 1 ;, some interpolated data-dependent weights, ;1 ;, scaling
parameter &, as discussed in Section 2.6.1, and smoothing-penalty parameters, o; > 0, 3; > 0,
and «; > 0, as discussed in Section 2.4.1, where k_ and k, are the indices below and above k in
I, and I_ and 1 are the indices below and above [ in Zx, .

I note that under the linear indexing m = (k,l) € Za, X Zan, = Za, with t = u x v and
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A.2. Extensions to Systems of Partial Differential Equations

ng = nyNy, 7(P,x; A) constructed from the functionals in equation (A.14) is equivalent in form
to r(p,x; \) of equation (D.1). Thus, the computational complexity count from Section D.1

applies to descent on r(p, x; \) with PDEs.

106



Appendix B

Properties of r(p,x; \)

Here, I derive properties imposed on 7(p,x; A) by minimization. For A € (0,1), the parameters
and state values that minimize r(p, x; \), p* and x*, allow me to define functions, #(\), Ty (N),

T5(A), and 7az (), as follows:

F(A) = (1= NFy(A) 4+ (1= V)25 (\) + Maz(\) =
(1= N7y (P %) 4+ (1= M) 2rp (P, %) + Araz (PP, ). (B.1)

For any A € (0,1), no set of parameters and state values can further minimize r(p, x; \). Thus,
for all A € (0,1) and for all £ such that A +¢ € (0,1),

F(A) = (1 =)y (A) + (1 = A)75(A) + Aaz(A) =
(1= Xry (BN %) + (1= A)?ryg(p*, %) + Arae (P, %) <
(1= Ny (P, 39) 4 (1= A)?rp (P, 379) 4+ Arag (P, %39) =
(1 =) y()‘+5)+(1_>\) Ty(A+€) + Araz(A+¢)

<
(1= Ny (A) 4 (1 = A5 (A) + Aaz(A) <
(L= Ny (A+e) + (1= NPy (A + ) + Maz (A +e) (B.2)

and

FA+e)=(1—X\—e)iy (A+a)+(1—/\—s)%(/\+e)+(A+e)mx(A+s):
(1 —A —6)7“ (pA+5 g Ate )+( E)QTy(f)A-i-e v>\+5> + ()\+€)7"Aa;(f)>\+6,)u(>\+8> <
(1= A=)y, %) + (1= A =)’y (B) %) + (A + e)ras(p, %) =
(1= A=)y (A) + (1 = A = e)*%(A) + (A + &)Faz(N)
<~
(L=A—e)fy(A+e)+ (1 =X —e)?Fy(A+e) + (A +e)ifaz(A+¢) <
(L=X=e)y(N) + (1= A —e)% 5 (\) + (A + &)Faz (). (B.3)

From these relations, I can determine some properties of the imposed structure on 7(\).

107



B.1. Limiting Behavior of 7*()\)

B.1 Limiting Behavior of 7())

Theorem 1.

lim #(\) = lim minr(p,x;\) =0,

A—0+ A—0t
lim f))\a iA = arg min (TAI(p7 X) : ry(pa X) = 07 rf’(pa X) = 0)7
A—0+
lim #(\) = lim minr(p,x;\) =0,
A—1— A—1—
lim f)’\,ic’\ = arg min (ry(p,x) craz(p,x) = O).

A—1—

Proof. By construction, min (ry(p,x) + ry(p,x)) = 0, where observable state values match

observed data and interpolated data. Thus,

lim 7(A) = lim minr(p,x;\) =

A—=0t A—0F
Al_i)%l_‘_ min ((1 — A)ry(p,x) + (1 — N)?r5(p, X) + Araz(p, x)) =
min (ry(p, x) + 75(p, x)) = 0. (B.4)

Thus,

/\lir(r)lJr argminr(p,x;A) € {p,x: ry(p,x) + ry(p,x) =0} =
_>

/\1im+ argminr(p,x;A) € {p,x : ry(p,x) = 0,ry(p,x) = 0}, (B.5)
—0

which implies that

lim p*, x* = lim argminr(p,x;\) =

A—0t A—0t
)\lij& arg min (r(p, x;A) 1y (p,x) =0,75(p,x) = 0) =
)\11161_’_ arg min ()\TAI(p, x) :ry(p,x) = 0,75(p,x) = O) =
)\l'gél_F arg min (rAx(p,x) cry(p,x) = 0,75(p,x) = 0) =
arg min (T‘Am(p,x) cry(Pyx) = 0,75(p,x) = 0). (B.6)

By construction, minra,(p,x) = 0, where parameters and state values satisfy the chosen

numerical solution method. Thus,

lim #(\) = lim minr(p,x;\) =

A—=1— A—=1—
)\hr{l min ((1 - )‘)ry(P> X) + (1 - )\)QT}A/(pv X) + )‘TAac(pv X)) =
-
min ra,(p,x) = 0. (B.7)
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B.2. Continuity of ()

Thus,
)\lim argminr(p,x; A) € {p,x : raz(p,x) = 0},
—1-

which implies that

lim p*,x* = lim argminr(p,x;\) =

A—=1— A—1-
lim argmin (r(p,x; A) i raz(p,x) = O) =
A—1—
lim argmin ((1 — A)ry(p,x) + (1 — A)?ry(p,x) : Az (P, x) = 0) =

A—1—

)\hr{l argmin (ry(p,x) + (1 — A)rg(p, x) : raz(p,x) = 0) =
e

lim argmin (ry(p,X) : 7az(P,x) = 0) =
A—=1—

arg min (ry(p,X) : 7a-(p,x) = 0).

B.2 Continuity of 7(\)

Theorem 2. 7(\) is continuous for A € (0,1).

Proof. From equation (B.3),

(1= Ny A +e) + (1= N2 (A +e) + Maz(A+¢) <
(L= N (A) + (1= X255 (N) + AMag(N) +(Fy (A + &) — 7y (X)) +
26(1 — A) (Fy(A + ) — #5(N)) +2(F5(\) — 5 (A + €)) +e(Faz(N) — Faz(A +€)),

which, in conjunction with equation (B.2), implies that

(1= N (V) + (1= N5 (N) + Mag(X) <
(1= Ny +e) + (1= N)45(A+ ) + Maz(A+e) <
(L= Ny (A) + (1= X255 (N) + Aaz(A) + (A +2) — 7y (X)) +
2e(1— M) (Fy (A +2) — 5 (N) + €2 (F5(A) — 5 (A + ©)) + e(Fan(V) — Faz(A +2)),

(B.10)

(B.11)
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B.3. Differentiability of 7(\)

for all A € (0,1) and for all € such that A +¢ € (0,1). Thus,

#(A) = lm (1 = M)y (A) 4+ (1 = A)?F5(A) + AMaz(N)) <

e—0
lim (L =N A +2e)+ (1= XA +e) + MWaz(A+e)) =
iii% (L=A=e)y(A+e)+ (1= A—e)* (A +¢e) + (A +e)faz(A+¢)) =
lim (A +¢) <
lim ((1 — N ) 4 (1= N5 () + Mag(A) + e (i (A + ) — 7 (V) +
2¢(1 = M) (5 (A +2) =% (N) + 2 (F5(N) — (A +¢)) + e(Fas(A) — Fas(A + 5)))

= (1= NP (A) + (1= NP5 (\) + Maz(N) = 7#(N), (B.12)

which implies that
lim #(A + ) = (). (B.13)
Therefore, #*(\) is continuous for A € (0, 1). O

B.3 Differentiability of 7(\)
Theorem 3. For A € (0,1) such that #y(\), 74(X), and Taz(X\) are differentiable,
drry(A)

o dig(\) dPaz ()

(1-=2X) Y +(1-=X) Y + A N =0,
and
dr(A) . o
o Taz(A) = Fy(A) = 2(1 = A)7 ().

Proof. From Equations (B.2) and (B.3), for all A € (0,1) and for all € such that A +¢ € (0,1),

)\(ﬁAx()\) — TAI()\ + 6))
N2 (7

(1= (FyA+2) = (V) + s\ +e) — (), (B.14a)
(L =N (Fy(A+2) =) + (1= 2 (5 (A +e) —i5(N) <
MFaz(A) = Fag(A +¢€)) +5(ry()\—|—€)—ry( ) +2e(1 = N)(Fy(A +€) — 75 (N))+
e2(fg(\) — Fy (A +€)) + £(Faz(N) — Faz(A + ), (B.14b)
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B.3. Differentiability of 7(\)

which implies that

)\(%Ar()\) — fo()\ + E)) <

(1= (KA +e) = (N) + (1= V) (F5(A+e) =75 (V) <
A(Faz(N) = Fag(A+€)) +e(Fy (A + &) — (X)) +25(1 = A) (Fy(A + &) — #(\)) +
e2(Fy(\) — (A +€)) + e(Fas(N) — Fas(A + ) (B.15)

Thus, for € > 0,

?AI()\) —fo()\—i-E) <

- =
Ty (A + 62 — %y()\) . )\)2?9()\ + 62 — fy()\)
fo()\) — fAm()\-i-é) +( (

A . Fy(Ate) =iy (N) +2(1 = X) (Fe(A + ) — 75 (N))+

<

e(fg(N) — 5 (A + ) + (Faz(N) — Faz(A +¢)). (B.16)

For X where 7y (\), 73(\), and #az () are differentiable, and thus also continuous, relation (B.16)

implies that

7)\d7“Az()\) — fim )\rAz()\) — Faz(A+¢€) <
dA e—0+ €

ry(Ate) —iy(d) | (1- /\)Q%Q +e) - 7*‘\70))

lim ((1 —\) _

e—0t € €

dry(X) 275 (A)
o TN

+ (P (A +2) =75 (N) +2(1 = N (7 (A + &) — 75 (V)

(1=2)

lim </\mx()\) — ZAxO\ +¢)

<

e—0t
draz (M)
dx

+e(i5(N) = (A +€)) + (Fas(A) — Faz(X + 8))) =-A (B.17)

which implies that where 7 ()), 7;()\), and 7#a, () are differentiable,

draz(N)
dX

dry(A)

2 dr'y ()
dA '

dA

-2

—(1-\)

+(1-2) (B.18)

7(A) is differentiable where 7y (), 75(\), and 7a(A) are differentiable, with value,

di(\)
A

diy(\) o ditg () N \Bras(A)
dX dX dX

Fy(A) = 2(1 = N7y (A) + Faz(A), (B.19)

—(1-2) +(1-A)
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B.4. Conservation in ()

which, in conjunction with equation (B.18), implies that

dr ()
dA

= Faa(A) = 7y () = 2(1 = Vis(A). (B-20)

B.4 Conservation in 7y()\)

Theorem 4. If 7y(N), 75(N), and Tax(N) are differentiable at all but a finite number of points
n (0,1), then

1 1 1
¥ =/ ¥ — N?)i =
2/0 r()\)d)\—/o y()\)d)\+/0 (1= A2)% (\)dA
1 1
/ Mx()\)d)\—/ (1= N)2F5(A)dA.
0 0

Proof. On any open interval (a,b) € (0, 1) over which 7y (), 75()), and 7az () are differentiable,
and thus where 7()\) is differentiable, from equation (B.20), the fundamental theorem of calculus,

and continuity of 7(A) by Theorem 2,

lim < /a " dz(;) d)\> = lim < /a " Faz(A) — 7y (A) —2(1 — A)fy()\)d)\> —

e—0t 4e e—0t de

lim <m)

e—0t

“) ~ lim </ab_6m(A>—v*y(A>—2<1—A>f§(”‘ﬂ> -

a+te e—0t +e

b
#(b) — #(a) = / Faw(N) — Fy(A) — 2(1 — A)ig(A)dA. (B.21)

Assuming that 7y (\), 75(A), and 7a,(A) are differentiable at all but a finite number of points,
A1 < A2 < --- < Aa, then from equation (B.21),

lim (f(jq) — i#(e) + Z (F(A) = #(Aic1)) +#(1 — ) — 7“(5%)> =

+
e—0 i—

A
lim </ Faz(A) — 7y (A) = 2(1 — M)y (\)dA+

e—0t

NS ] V
;/;\H Faz(A) — y(A) = 2(1 = A)Fs(N)dA+

l—¢
/ Faz(A) — Fy(A) —2(1 — A)%y()\)dA) —
A

T

lim (m — &) —#(e) ) = lim ( / o Fas(\) — Fy(A) — 2(1 — A)fy()\)d)\> , (B.22)

e—0t e—0t+
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B.4. Conservation in ()

which, in conjunction with Equations (B.4) and (B.7), imply that
1
0= / Faz(A) =y (A) = 2(1 = M) (A\)dA <=
0

1 1 1
/O Py ()N + 2 /0 (1= Ny (\)dA = /0 Faz(A)dA. (B.23)

Equation (B.23) defines the conserved quantity in the minimum deformation from data to the

best fitting numerical solution. Additionally,
1 1
|70 = [ = 0500 + (1= 0700 + Arac (A =
0 0
1 1
/ Fy(A) + (1 = A2)Fg(N)dA + / AMFaz(A) = Py () = 2(1 = N)ig(N))dA. (B.24)
0 0

On any open interval (a,b) € (0,1) over which 7y ()), 73(\), and 7az()) are differentiable, and

thus where 7(\) is differentiable, from equation (B.20), integration by parts, and continuity of
7(A) by Theorem 2,

/a s () — 5 (A) — 2(1 = N () dA =
I, ( /i A(Faz(A) =y (N) —2(1 - A)fy()\))d)\> _
L, ( / :Adz(;) d)\> = Jim, <>\7“*(>\) b; - / i:f()\)d)\) _

b
bi(b) — ai(a) — / FN)dA. (B.25)

Assuming that 7y (X), 73 ()), and 7#a.(\) are differentiable, and thus 7*(\) is differentiable, at all
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B.4. Conservation in ()

but a finite number of points, M < A2 < - < Ap, then, from equation (B.25),

1
[ A = 5,0 = 201 = Dig )i =

lim (/;E A(Faz(A) =y (A) = 2(1 - A)%y(A))dA) =

e—07t
5
Elir& (/8 AFaz(N) = (X)) = 2(1 = N (X)) dA+
Z/ A(Fan() — F(A) — 201 — \)s(\))dA+
i=2 7 Ai-1

1—¢
A AMFaz(N) =y (A) —2(1 — A)?“y()\))d)\> _

~ ~ 5\1
lim (Ai() — e4(e) — / FO)dA
€

e0+
é (M(Xi) — Aic1#(Ni1) — /:1 %(A)dA) +
(1 - o)1 — &) — Aa(As) - /A :E%(A)CDD _
i <(1 _ )1 — &) — ei(e) — / 1_€7*(/\)d)\> - /0 LEydn, (B.26)

as, from equation (B.7), lim,_,;- #(\) = 0. Therefore, from Equations (B.24) and (B.26),
1 1 1 1
/ F(A)dA = / 7y (A)dA +/ (1 — A?)ig(N)dA / F(A)dN =
0 0 0 0
1 1 1
2/ f(A)d)\:/ fy()\)d)\+/ (1 — A2 (N)dA, (B.27)
0 0 0
which, in conjunction with equation (B.23), implies that
1 1 1
2/ f(A)dA:/ fy(A)dAJr/ (1= A2)ig(N)dX =
0 0 0
1 1 1
/ Faz(N)d\ — 2/ (1 — Mg (A\)dX + / (1= AN\ <=
0 0 0
1 1 1
2/ f(A)dA:/ i““y()\)d)\—l—/ (1= A2)ig(\)dX =
0 0 0
1 1
/ Faz(N)dA — / (1 — A)?7g(N)dA. (B.28)
0 0

I note, when 73 (\) = 0, equation (B.28) implies that

1 1 1
2/0 r(A)d)\:/O ry(A)d)\:/o Faz(A)dA. (B.29)
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B.5. Integral Representations of Limit Values

B.5 Integral Representations of Limit Values

Theorem 5. If 7y(N), 7#3(N), and Fay(N) are differentiable at all but a finite number of points
n (0,1), then

) 1 1 1 1— )\2
,\E\IngTAx()\):/O )\2ry()\)d)\—|—/0 Tr};()\)d)\,

1 1
lim Ty()\):/o (1_1)\)21*M()\)d)\—/0 #o (V).

A—1—

Proof. From equation (B.18), where 7*y(\) and 7az()) are differentiable,

dias(d)  1-Xdiy(\)  (1- N2 dis())

d X d\ A d\ (B.30)

Assuming that 7a, () is differentiable at all but possibly a finite number of points, M <o <

- < 5\71, then, from the fundamental theorem of calculus,

/ 1 Aoz 1\ _ / o draz() 1\ _
o d\ ot \ . X
M=2 dipn(\) LN dRa(N) 12 ditpg(N)
i d\ d\ d\ | =
o (/ o N2 /A e x T /H ax

=2
. v 175
lim | 7az(A ) —
e—0t Ante

(N
lim (—mx i (mx 5 +€) + Faz(l — 6)) : (B.31)

=2
e—0t

)\15

> + 7az(A)

Ai—1+e

which, as limy_,;- a(A) = 0 (B.7), implies that

7

1 v
dTAx(A) . o . o
A\ = — Tim Fas () =S 1 O\
/0 ) Jim, Fas(Y) 2o g (m »

?ﬁg) . (B.32)

Ai—€

Assuming that ?y()\) is differentiable at all but possibly a finite number of points, ;\1 < ;\2 <
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B.5. Integral Representations of Limit Values

< j\ﬁ, then, from integration by parts,

</1—a Hd%y()\)d)\> _

L1 — Xdiy()
[ == A\ = — i
A d\ 0t X dA
M=E 1 N diy () PpAE T N diy (M)
i A A At AT DY
vt (/ N a T 2/;“% N ay T
1—¢ 1— ~
/ A diy(N) dA) _
fie A dA
o (1=X_ e e
_ali%l+< )| +/€ S (NdA+
N T W e g
Ay 5N | I / i )\d)\>+
Z( ORI (N e
1— ) 1-e e
OO+ / (A d)\) =
b\ y( ))\ﬁ+5 Sote \2 y(A)
. 1—¢e, . £
N R
d 1—\ Nite 1
lim | =27 (A — [ S#(\dA =
ei%i( PN )xi) /0 peAEAYY
I x (L2 o[ BRI B.33
Jm (e vE) 2t (W)L _/0 sty (WA (B:33)
As limy_,o+ 7y(X) = 0 (B.4), from L’Hopital’s rule,
) 1—¢, 1—X, L diy(A\) _
L, ( € TY(g)) = < rY(A)) = ((1 N W)=
diy (A)
Abor dx (B:34)
From equation (B.18),
' ditas(N) , dity () L dig ()
= lim -\ =1 1- A 1- A -
0 Airéi( N ) A0 (( )= TN
Cdi () dig(N)
1 z 1 A B.
aor dh e A (B-35)

By construction, 7y(A) > 0 and 73(\) > 0, VA € (0, 1); from equation (B.4), lim,_,¢+ 7y(A) =0

and limy_,o+ 73(A) = 0. Thus, by L'Hopital’s rule,

P (N) A dity(N)
0< Y = 0< 1 Y= Y B.36
=7 = S0 NSO+ dA (B.36a)
Fo () RN di()
0< Y — 0< 1 NASA/A Y B.36b
=T = b0 oot dh ( )
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B.5. Integral Representations of Limit Values

which, in conjunction with equation (B.35), implies that

—0 (B.37a)

y
oot dA

—0. (B.37b)

im
A—0+  dA

Equations (B.34) and (B.37a) imply that

e—0t 5

lim (1 - E%y(a)> — 0, (B.38)

which, in conjunction with equation (B.33), implies that

19 . n .
1 )\dry()\)d)\: lim <1 )\u( )

N REIVNPN B.39
o A d\ S es0t A Ty xi_s>_/0 sz Ty (WA (B.39)

Assuming that 74 () is differentiable at all but possibly a finite number of points, M <o <

.-+ < Ap, then, from integration by parts,

Y UL TP ( jgitao ) -

A dA e—0+ A dA
i /Xl—e LN drs) )y zﬁ:/ﬂi—a L=N?drs() )y
— lim —_—
e—0t \ J, A dA = Saiite A dA
ST
Sake A dA
. (1—=XN2_ e S R Ty
~ m ( x v +/ ye A
154
. (1-— /\)2 N Ai—e /’A\i_‘E 1— )2 >
[+ =2 (VdA )+
;( \ 75 )/\¢71+5 e N2 5(A)
(1 _ )\)2 5 1—¢ /1—6 1— )\2 5 )
S+ S ()dA ) =
\ 7y ( ))\ﬁ"ﬁf e N2 Ty (A)

Ca—ep N

61—1>I(r)lJr <€?”y(€) B 81—1>%1+ 1-— 8ry(1 B 5) +
t A= N2 e /1 1- A2, B
( N VN > Fo(A\)dA =

Ty

Jim (“ - 5)273(6)) + i lim (“ — Mo T"'ﬁ) - /0 =X an (BAo)

)\i—E
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B.5. Integral Representations of Limit Values

From L’Hopital’s rule, as limy_,o+ 75(A) = 0 (B.4), and from equation (B.37b),

i (45 T00) = i (U5 nm) -

lim ((1 YL A)MA)) — Jim W

=0
A—0+ dA A—0+  dA ’

which, in conjunction with equation (B.40), implies that

AN A0 (1-))?
- =Y 1 s
/0 N dx it ( xo ol

From equation (B.15), for all A € (0,1) and for all € such that A + ¢ € (0,1),

( A+¢e)—7y(A ))—I—
(1—N)? (Ty()\ + ) T (A ) + A(Faz(A + &) — Faz(N)) <
(T‘y()\ +¢e) —7y(N) ) +2e(1-N) (ry()\ +e)— ry()\))+
e (fy(A) — Fg(A + € )+€(7“Ax — Faz(A+¢)).

Thus, for all A € (0,1),

0= lim 0 < lim ((1 — N (Fy(A+e) — 7y (N)+

e—0 e—0
(1= 22 (A +€) = 75(0) + A(Faw(d + &) = Fan(V) ) <

lim (=(Fy (A 2) = 7y (V) + 25(1 = A) (g (A +2) = 75(0) +

e—0

(% (N) — F5s(A +e)) +e(fas(A) — Fas(A + 5))) — 0 —

lim (1= 2) (Fy A+ 2) = 7y (0) + (1= N2 (7 (A + ) = 75 (V) +

e—0

A(Faz(A+e) — %AI()\))) —0 —

lim ((1 N (Fy A+ ) = (N) + (1= N2 (F (A +e) — #5(\)+

e—0*
A(Fas(A+2) — %Ax()\))) —0 —
(1= lim (#Fy(A+e) —Fp(N) + (1 — )\)2 lim, (Fg (A +e) — (X)) +

e—0t

Aldim (Faz (A +e) = TA:c()‘)) =0,

Xite L1 \2
A — ———75(A)dA.
) - [ o

(B.41)

(B.42)

(B.43)

(B.44)
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B.5. Integral Representations of Limit Values

and consequently, for all A € (0, 1),

(1=X) lim (Fy(A+e) —Fy(A—¢))+

e—0t

(1=X)? lm (F(A+¢) — (A —¢e))+

A lim, a(ZAOx()\ +e) —Tfac(A—¢) =
(1= tim (A +e) =75y (A) +75 (V) =y (A =€)+
(1-N)? lim (g (A +e) =5 (A) +75(N) = 5 (A =€)+
/\El_i>r(r)1+ (Fac(A+ &) = Faz(A) + Faz(N) — Faz(A —€)) =
(1 =) dim (A +e) = #y(V) + (1= A) Tim (#(3) =7y (A =€)+
(1-A)7 lim (A +2) =75 (N) + 81331 (7 () =75 (A =€)+
A lim, (Fas(A +2) — Fas(N) + A lim, (Faz(N) — Faz(A —€)) =
(1 =) tim (A +e) = (V) + (1= 4) Tim (7(N) —y(A+e))+
(1-— A)Zg& (Fg(A+¢e) = 7(\) + Eli%l_ (Fg(X) = (A + )+
A lim (Fac(A+&) = Faz(N) + A lim. (Faz(A) = Faz(A+¢)) =
((1 =) Jim (B (A e) = #(N) + (L= A Tim (7 (A +e) = #5(0) +

A lim (Fag(A+e) — mx(A))) _

e—0t

(1= Jim (7 +2) =7y () + (1= N2 lim (75(A+¢) = 75(\)+

e—0— e—0—

A lim (mx(AJre)—mx(A))) —0-0=0 <

e—0—

(1= ) Tim (A €)= (A = €)) + (1= A2 Tim (5 (A ) = Fo(A — &)+

e—0t e—0t

Alim (Faz(A+¢€) = Fag(A —¢€)) = 0. (B.45)

e—0t

Assuming that 7y (), 74(X), and #a, () are differentiable at all but a finite number of points,
M < Ay < -+ < A, then, from equation (B.30),

1 g~ 2 dr )\
/ drac) gy 122 dry Jax - / Ty )dA, (B.46)
o dA 0 )\
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B.5. Integral Representations of Limit Values

which, in conjunction with Equations (B.32), (B.39), and (B.42) implies that
5\i+s
R

Nite 1y
A> _ /O At

— lim 7#az(N) — lim (?Am()\)

A—0t — =0t
=1

n 1— )
lim< 3 Ty(A)

=1 e—0t
7 ' (1_)\)2v Nite /11_)\2v
5 — —T . B4
o o, ( v s ) ) e (A (B-47)

From equation (B.45), for A € (0,1),

) 1—\ Ate _ (1— )2 Ate
1 Fo (A ’ ] o (A ‘ -
s—l>r(r)1+ < A Ty( ) As) + 6—1>I(I)1Jr ( A T'y( ) /\5>

L-A g Ate (1=N?* y Me\ y Mte
" (T’y(/\)‘)\ 8) + 3 lim (7‘5,(/\)‘5\5) = — lim <7“Ax(/\)‘A )7 (B.48)

e—0t

which, in conjunction with equation (B.47), implies that

— hm TAz(A) — lim (%Ax()\)

A—0t — 0t
=1

5\2'-"-5
j\i—é‘

n ) . Xite Ly 12X,
_ lm ( #az(A) 5e) T ﬁry()\)d/\— ; 2 Ty T (A)dN =

P e—0t
1 11_ )2
/\li>r(r)1+ Faz(A) :/0 2’y (/\)d/\+/0 12 75 (A)dA. (B.49)

Similarly, from equation (B.18), where 7y (X)), 74(X), and 7a,(A) are differentiable,

diy(A) A dia.(N) (1)

dry ()
dx T 1-X dA '

dA

(B.50)

Assuming that 7*y()\) is differentiable at all but possibly a finite number of points, ;\1 < ;\2 <
< 5\7‘“ then, from the fundamental theorem of calculus,

iy () =< i, ()
d\ = lim d\ ) =
/0 X et (/ X

)\1 —e i—€ 1—¢ d A
lim / dry dA+Z / dry / N ) =
e—0t € Ai—1+e Apte dA
A 1—¢
;\ﬁ+6> -

i+€> 41— 5)) , (B.51)

e—0t

lim (%y(A) A
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B.5. Integral Representations of Limit Values

which, as limy_,o+ 7y(A) = 0 (B.4), implies that

Tﬁs) . (B.52)

>\i_5

A—1- — e—0t
=1

1 34 n
/ 5N\~ i 70 =Y lim (%y()\)
0 dA

Assuming that 7a, () is differentiable at all but possibly a finite number of points, M < Ao <
- < j\ﬁ, then, from integration by parts,

LoXx diag(\V) ==X dia.(N)
A A gy 2 TN =
/0 —x i P si%l+</€ 1-A dA )

M= N dias(V) AN dias(N)
— i SRANE D) SRANL S SN
Eirél+</£ =x an ¢ +§::/ T
1—¢ ~
/ A drm(/\)d)\> _
Sie L= A dX

S R S
[ e

. A
— lim <1_>\7'AI(/\)

e—0t €
3 (P, [ )
7%A1‘ N - 7\:Aac +
i—2 1 - )\ )\i—1+5 5\2‘714’5 (1 - )\)2
A 1—e l—e 1
FAz(A)]. — ————=Taz(A)dA ) =
T AWy /;W =z e )

1 _
lim < c mz(e)> ~ lim ( €%A$(1—6)> T
es0t \1—¢ e—0t €

5\2'—‘1-6 1 1
5 TAz(A)dA =
Y A> +/0 a—ap o
S\i-‘rE

1
Xi€>+ /0 (1_1/\)27*Ax()\)d)\. (B.53)

= A
y .
it (1 3l

1—¢ n A
~ Fae(l — lim (2
lim < . T'Az( 5)) + im <1 — )\rAx()\)

e—0t — 0t
=1

As limy_,1- 7az(A) = 0 (B.7), from L’Hopital’s rule,

. 1—¢, ) dmx(A) y

_ _ o — —Fas(N) ) =
s (- 9) = i (2 ) = i (AR -y
drAx)\

— lim B.54
A—=1- dA ( )
From equation (B.18),
. draz(N) ) draz(N)
1 = lim -\ =
P ) W e < X
) dry () drg (A
1 1—\)—2 1-))*— = B.
e <( M= TN =5 > 0 (B-55)
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B.5. Integral Representations of Limit Values

which, in conjunction with equation (B.54), implies that

lim <1 - S aa(1— 5)) —0, (B.56)

e—0t

which, in conjunction with equation (B.53), implies that

5\i+8

1
A) Xi_€>+ /O (1_1)\)2fo(A)d)\. (B.57)

Assuming that 74 () is differentiable at all but possibly a finite number of points, M <o <

=31
o T-X dx it

LN dias(N) no (

T el

- < 5\73, then, from integration by parts,

1 ditg(\) 1-e dis ()
S G NN e AN SN | 1— Ny ) =
/0( )= gi%i(/e =N=0 )
Ai—e dr : drA()\)
— i y N / (1—A)—222an
si%i(/a (1= +Z ol i
1= drA(/\)
1— )\ dA) -
/5\ +s( ) dA
— lim ((1 -
e—0t

n

) ((1—A>

=2

)\1 —€&
A)dA+

o
/L L)
s )—

lim ((1 - 5)@(5)) — lim (57"5,(1 - 5))+

(1= Ny

)\Jra

e—0t e—0t
> i (a-vm[;7) - [ o=

n

lim 7y (e) + lim <(1 — A)7rg(N)

e—0t p e—0t

“) - /0 eV, (B.58)

)\71—6

which, as limy g+ 73(A) = 0 (B.4), implies that

1 Ve n
_/0 (1- 2 éy) X = i lim ((1 ~ i)

—1 e—0t

?i%) = /0 1 7o (\)dA. (B.59)

)\i*E

Assuming that 7y (\), 75(A), and 7a,(A) are differentiable at all but a finite number of points,
M < Ag < -+ < \p, then, from equation (B.50),

L, (V) LN dias()) 1 it (A)
[ A YA [ a-n" B.
/O s [ 2 e /0< Ty, (B.60)
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B.6. Bounding Normalized Squared Residual Sums

which, in conjunction with Equations (B.52), (B.57), and (B.59) implies that
;\¢+e
)
N RSN
) [ s

?i%) = /01 7o (\)dA. (B.61)

lim 7y(X\) — lim (ﬁy()\)

A—1— — 0t
=1
" 1. A o (
m (——7ra
—1 e—0+ \ 1 — A v

n

e—0t Ai—€

lim ((1 — N)ig(N)

=1

From equation (B.45), for A € (0, 1),

lim (1 2 )\%Aa:()\)’%\—‘rs) + lim <(1 - )\)7\‘9()\)‘%\+6> -

e—0+ A—e e—0t A—e
A i () + - 3 i (m [ i (7,00 B.62
5t (a0 ) a0 i (0[7) = (R0 e
which, in conjunction with equation (B.61), implies that
im 500 =5 im (%0
Aigl* Ty( ) - — ‘€—1>I(I)1+ <Ty( ) S\i—6> N
S i (5o L ovan— [ Ry
T2 Ko (Ty( )xﬂ) +/0 TESVIEY _/0 ()
1 1 1
Lim 7,(\) = =T Az (N)dA — o (N)dA. B.63
= i 500 = [ grasi - [ a0) B
]
B.6 Bounding Normalized Squared Residual Sums
From equation (B.2), for € € (0,1),
(1= Ny (A) < (1= N (A) + (1= A)?F5(A) + Maz(A) <
(1= Ny (e) + (1= A)?F5(e) + Maz(e), (B.64a)
Xiaz(A) < (1= A (A) + (1= A5 (A) + Maz (D) <
(1 =Ny (1—e) + (1 = X5 (1 — &) + Mag (1 - ¢), (B.64b)
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B.6. Bounding Normalized Squared Residual Sums

which implies, in conjunction with Equations (B.6) and (B.9), that

(1- Niy(V) <
(

lm (1= N)#y(e) + (1= V)25 (e) + Mag(e)) = A im #az(e), (B.65a)
e—0t e—0t
Miaz(N) < lim, (1= N1 —e) + (1= N2 (1 — &) + Miag(1 —¢)) =
(1=A) lim #(1—¢)+ (1 —A)? lim #5(1 —e). (B.65b)
e—0t e—0t
Thus,
y A o
Ty()\) S m 5141)161+ 'I"Ax(g), (B66&)

(1 . A (lim 7y (1= 2) 4+ (1= ) lim 75(1—¢)) <

e—0t e—0t

(1—A)<

T (lim A (- e) + dim (1 - 5)), (B.66b)

e—0t

and for reasonable models, with numerical solutions that fit data at least twice as well as the
homogeneous model, where lim_ g+ 7y (1 —¢) < 1/2 and lim_ g+ 73(1 — ¢) < 1/2, and with
differential equation values that fit discretized data at least as well as the homogeneous model,

where lim,_,o+ Faz(e) < 1,

y(A) <

(B.67a)

(B.67h)

Thus, for any data and any reasonable model of the data, to ensure that 7y(\) does not exceed
some tolerance, &, A should be chosen small enough, such that
5

A< :
“1+e

(B.68)

and to ensure 7a,(\) does not exceed some tolerance, £, A should be chosen large enough, such
that

(B.69)

[S—y
JF
™|
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Appendix C

Overlapping-Niche Descent

Overlapping-niche descent, a genetic algorithm directed by gradient-based descent, synergistically
minimizes r(p,x; A) over a broad range of X\ values. Here, I describe overlapping-niche descent

in full.

C.1 Defining Overlapping-Niche Descent

In overlapping-niche descent, I define an environment that contains nyjche niches, each defined
by a unique value of A\, \j < Ag < -+ < A € (0,1). Individuals, points of parameters and
state values, inhabit the environment. Initially, in the first generation, I randomly generate
parameters and state values in all individuals. In generation ¢, the i*" niche sustains Ngi
individuals, (pg,i ;,Xg,i ;) for j =1,2,...,ng;. Starting from (pg; ;, X4, ), I locally minimize
r(p,x; A\;) to determine (Pg,ij,Xg,i,5), for i = 1,2,... nyiche and j = 1,2,...,ny;, using the
descent method described in Section C.2.

I decompose the number of sustained individuals in each niche, ny;, into the number of
sustained parents, 7n;, which remains fixed over generations, and the number of sustained off-
spring, ig,;, which may change over generations. From {{Pg,ij,Xg,i;}: 1 € {1,2,..., Niche},J €
{1,2,...,ng,}}, Iselect the f; individuals with the 7; least values of r(p,x; A;) to occupy the 7;
parent spaces of the 7" niche in the g + 1" generation, for i = 1,2, ..., Npiche; I allow individuals
to occupy parent spaces in multiple niches, to permit cross-niche minimization, but do not allow
individuals to occupy multiple parent spaces in the same niche, to maintain diversity in the
parameter-state value search space. I enumerated individuals occupying the n; parent spaces
of the i niche from 1 to 7;, such that r(Pyi1.1,Xg+1.4.1; M) < T(Pgt14.2,Xg414.2; Ai) < -+ <
T(Pgt1.iis> Xg1.is5 i)y for i = 1,2, ... Npiche. Thus, for the j' parent space of the i*! niche, 1

calculate the relative change in r(p,x; \) over the g + 1" generation:

T(Pg,i > Xg,i.53 Mi) — T(Pg1,igs Xg+1,i,55 Ai)
T(Pg,ij> Xg,i,ji Ai)

AT‘g+17i7j = S [0, 1]. (Cl)

I decompose the number of sustained offspring in each niche, 74;, into the number of
M. the number of cross-niche offspring, n¢ ., the number of sexual

g, 9,0
and the number of random offspring, g ;. I generate high momentum offspring

high momentum offspring, n
offspring, g i»
to accelerate convergence rates in the descent method for individuals that occupy a parent space

in some niche. The individual that occupies the j* parent space in the i niche also occupies
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C.1. Defining Overlapping-Niche Descent

m

g = T fori=1,2,..., Nniche-

the j* high momentum offspring space in the i*® niche. Thus, 7
I describe details of high momentum offspring in Section C.2.2.

An individual occupying a parent space in one niche may be close to a global minimum in
another niche. I generate cross-niche offspring to synergistically minimize r(p, x; A) across niches.
From the set of individuals not selected from the k*" niche and occupying a parent space not in the
k' niche, {{Bg,ij %Xgis}: 1 € {1,2,.. ., nnicne}\{k}, 5 € {1,2,...,ngi} JN{{Pg+1.1j> Xg+1,i,5 }:
ie{1,2,...,nniche} \{k}, 7 € {1,2,... ,ﬁi}}, I randomly select an individual to occupy the It
cross-niche offspring space in the k*" niche, with the probability of selection proportional to an
individual’s fitness within the k" niche, 1/7(Pg+1,i,5> Xg+1,i,5; Ak ) %8¢, where the parameter gg
dictates the strength of selection.

I generate sexual offspring to search for global minima beyond functional basins sur-
rounding local minima. From the set of individuals occupying a parent space in some niche,
{{pg_i_l,i’j, Xg41,i51: 1 €{1,2,..., Nniche },J € {1,2,... ,ﬁi}}, I randomly select two, not necessar-
ily distinct, sexual parents to produce the I*" sexual offspring in the &' niche, with the probability
of selection proportional to an individual’s fitness within the &' niche, 1/ T(Pg+1,i,5, Xg+1,i,55 Ak ) 8t
To produce the I sexual offspring in the k™ niche, I randomly combine and perturb parameters
and state values from both sexual parents, a process that is isomorphic to chromosomal crossover
and mutation in biological sexual reproduction. I treat each parameter and all states like
separate chromosomes, independent structural units of information, and implement crossover
and mutation in each chromosomal-like unit. For each parameter, a sexual offspring inherits
a parameter value, with random perturbation, from one of its sexual parents, which I choose
randomly with equal probability. For each sexual offspring, I choose a crossover location ran-
domly from two to the number of elements in the numerical discretization, Za, with equal
probability. A sexual offspring inherits all state values, with random perturbations, at grid
points preceding its crossover location from one its sexual parents, which I choose randomly with
equal probability, and inherits all remaining state values, with random perturbations, from its
other sexual parent. For effective and efficient global minimization, searches for global minima
around local minima should start broad, and should narrow as individuals approach global
minima. Naturally, as individuals approach global minima, 7(pg+1,i,5, Xg+1,i,5; Ak )it decreases
significantly with decreasing |A\; — Ag|, increasing the likelihood of similarity in sexual parent
pairings. Concomitantly, as individuals approach global minima, random perturbations in
inherited parameters and state values should decrease. I measure convergence in the j** parent
space of the i*" niche by Argi1; (C.1). As Argyq,; decreases, I decrease random perturbations
in parameters and state values inherited from individual (Pg41,i,j,Xg+1,i,5)-

Parameters and state values in individuals likely do not initially cover the parameter-
state value domain, and progressively cover less of the domain with successive generations of
overlapping-niche descent. I generate random offspring, with random parameters and state
values, to continually probe diverse regions of the parameter-state value domain for global

minima.
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C.2. Defining Descent

Ultimately, I terminate overlapping-niche descent when the relative change in r(p, x; \) over

the g + 1'" generation is less than some tolerance, ea,., in all parent spaces of all niches,

ATngl,i,j < ear, Vi € {1, 2,... 7nniche} and Vj € {1, 2,..., ﬁz} (02)

C.2 Defining Descent

r(p,x;A) is a high dimensional system for models of complex behavior. The likelihood of
randomly selecting the parameters and state values of a local minimum of r(p,x; \) decreases
with increasing dimensionality, particularly with limited parameter and state value estimates.
Thus, I use directed minimization to find local minimums of r(p, x; \).

Calculating the gradient of r(p,x; A) requires calculating n(p) + n(x) partial derivatives,
where n(v) denotes the number of elements in vector v. Thus, an iteration of minimization
oriented by the gradient of r(p,x;\) is relatively computationally efficient. Alternatively,
r(p,x; A) is minimizable using Newton’s method or a variant of Newton’s method, such as the
Gauss-Newton method. However, beyond calculating partial derivatives, an iteration of Newton’s
method or a variant of Newton’s method requires solving a (n(p) + n(x)) x (n(p) + n(x)) linear
system of equations, which can require from O(n(p) + n(x))? operations to solve using an
iterative method, such as the generalized minimal residual method, and up to O(n(p) + n(x))?
operations to solve using Gaussian elimination. Thus, the computational time of an iteration
of 7(p, x; A) minimization using Newton’s method or a variant of Newton’s method increases
superlinearly in the number of parameters and state values. Whereas, the computational time of
an iteration of r(p,x; \) minimization oriented by its gradient increases linearly in the number
of parameters and state values. Thus, in minimizing r(p,x;A), to maintain computational
feasibility for complex models with a large number of parameters and state values, I implement
minimization oriented by the gradient of r(p,x; A) rather than using Newton’s method or a

variant of Newton’s method.

C.2.1 Descent Scaling

The most straightforward direction for r(p, x; A) minimization is down the gradient, the direction
of the negative gradient, the direction in which r(p,x;\) decreases most rapidly. However,
individual parameters affect r(p, x; \) more extensively than individual state values, as a single
parameter spans many differences between differential equation values and finite difference
values or many differences between observable state values and data values, while a single state
value spans only several differences between differential equation values and finite difference
values, several differences between observable state values and data values, and several finite
difference normalization values. Also, as in models with both linear and nonlinear terms,
parameters vary in the degree to which they affect differences between differential equation

values and finite difference values. Thus, partial derivatives of r(p,x; \) vary dramatically in
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C.2. Defining Descent

scale, in ways that do not inform distances to local minimum of r(p,x;A). So, a move down
the gradient of r(p,x;\), to a lower value of r(p,x; \), is a leading order move down directions
of affect-dominating variables, with lower order moves down the directions of other variables,
requiring many iterations for significant changes in affect-nondominating variables. I seek a more
efficient r(p, x; A\) minimizing direction, one in which directional movement relates to distance
from a local minimum.

For the vector v = (p,x), with n, = n(p) + n(x) elements, the directional derivative
of r(v;A), in the direction of the Hadamard product between some gradient scaling vector
s = (s1,82,...,5,,) and the negative gradient of 7(v;\), —s o Vr(v;A) = —(s1 - 9y, 7(v; N),
52+ Oup (Vi N), ..o, S, - O, T(V5 A)), s given by

. or(v; \)
- Z < Ov; >
Thus, if s is a vector with positive elements, then 7(v; ) decreases in the direction of —soVr(v;A),
at all points where Vr(v;A) # 0. As such, positive elements of s can be chosen to orient a more
efficient minimization direction than down the gradient of r(v; ). Ideally, elements of s should
be chosen such that ‘si < Oy, (V5 )\)| is the distance along v; to the nearest local minimum of
r(v;A). Then, a single step in the direction of —s o Vr(v; A) would lead directly to the nearest
local minimum of r(v; A). In practice, such distances are unknown, but can be approximated. A
local minimum of a function occurs at a point where all partial derivatives of the function are
zero. For improved efficiency over gradient descent, the computation burden of approximating
distances to a local minimum of 7(v; A) should not exceed the amount of computation required
for a commensurate number of gradient descent iterations. Rather than a computationally
expensive search for the location where all partial derivatives of r(v; A) are zero, I more coarsely
and computationally efficiently approximate the distance along v; to the point where all partial
derivatives of r(v; \) are zero as the distance to the zero of the linearization of d,,r(v; \), with

all variables constant but v;, equivalent to the one-dimensional Newton-method approximate

distance to a zero of 0,,r(v; ) along v;:

- ‘8r(v;)\)‘ 3

i 0?r(v; \) ‘_1.
8’07;

Ov?

(2

Near a local minimum of (v; A), d; fairly accurately estimates the distance to the local minimum
along v;, as r(v; \) is continuous. Far from a local minimum of r(v;\), d; does not accurately
estimate the distance to the local minimum along v;, but does inform the scale of the distance
to the local minimum along v; better than the value of d,,7(v;A) alone. Near a critical point
of r(v; A), if Oy, (v;A) > 0, then d; is an approximate distance to a local minimum of r(v; )

along v;. For i such that 0,,,,7(v;A) > 0, I calculate the ith element of the gradient scaling
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C.2. Defining Descent

vector s, s;, by equating ‘si - Oy, (V3 )\)‘ and d;. Thus,

B 0?r(v; \) -1
2 '

7

S; (C.4)
Near a critical point of r(v; ), if Oy, (Vi A) < 0, then d; is an approximate distance to a local
maximum of 7(v; A) along v;. For i such that 0,,,,7(v;A) < 0, I choose s; to be the search scale
from the previous iteration of descent, rather than calculating s; by equating ‘si - Oy, (V3 A)}
and d;, which does not reflect the scale of the distance to a local minimum of r(v;A) along v;
and could impede descent. For the first iteration of descent, if ,,,,7(v;A) < 0, I choose the
value of s; to be s;, some very small value or zero. It may be beneficial to assign a nonzero
value to s; ¢, under certain restrictions on variables, as discussed in Section C.2.3. If s; = 0 and
Op;7(v; A) # 0, then near a local minimum of r(v; \), descent in other variables should lead to a
new set of variable values where 0,,,,7(v; A) > 0, and thus s; > 0. If descent is not possible or a
descent sequence does not lead to a set of variable values where 0,,,,7(v; A) > 0, then, near a
local minimum of r(v; ), some crossover and mutation event should eventually produce a set
of variable values where 0,,,7(v; A) > 0, allowing unperturbed local minimization to continue.
Collectively, denoting v; and s; as the vectors v and s in the 4 iteration of descent, with itP

elements v; ; and s; ;, I define s; 5, for j > 1 and i € {1,2,...,n,}, such that

-1
O*r(vj; \) £ O*r(vj; ) -0
ov? . ' ov2.
R irj i.j
Sij = (C.5)
. 0?r(vji \)
Si,5—1 if T S 0.
1/7«]
Thus, I orient 7(v;; A) descent in the direction of
or(vji; A\) or(vj; A or(vj; A\)
b ) ) = — . J> ) ) . J>
vi=-—s;0Vr(vj;A) = (.917] o, 2.4 Dos,; sy Sny g dons ) (C.6)

Because of rough distance approximations to a local minimum of 7(v; A), an extra scaling
parameter of vj , 04, is required to fine-tune descent. Thus, r(v; A) descent occurs by moving away
from the point v;, in the direction of Ujvji-, to the new point v; —I—ijj-. oj must be chosen such that
r(v; —I—ajvj; A) < r(v;;A), and should be chosen large enough to avoid an excess number of descent
iterations. To choose o}, I begin with a value of o; = 1. Ifr(vj+2vj; A) < r(vj —|—vj; A) <r(vi;A),
I expand o, continuing to double o; until r(v; + 20jvj; A) > (v + ajvj-; A). If, however,
r(v; + Vj; A) > (v A) or (v + 2Vj; A) > r(vj+ vj; A), I contract o, continuing to half o;
until 7(v; + 2_1U]~V]¢<; A) > (v, + ajvj; A) < r(vj;A) or until o contracts below some specified

tolerance &, .
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C.2. Defining Descent

Descent maps v; ; to vfj:
9.

d or(vj; ) .

Vi =i — 05Si (C.7)
J 37T gy
Under the variable scaling
@i,j = 57:]-1/2’01'7j,VZ' S {1, 2,..., TLU}, (C8)
Equation (C.7) becomes
a _ 02s o —1p0rVEN) ap (o OV
Vi =8, i — 058138, Go sii | 0ij—0oj Do, , (C.9)
as
87“(Vj; )\) _ 8?"(\;]'; /\) dﬁi’j N 8_1/2 87'(\;]'; )\) ' (C.IO)

. N T %] N
0v; 0v;;  dv;j ; 0v;

Thus, a step of descent is equivalent to a step of gradient descent under the variable scaling in

equation (C.8).

C.2.2 Descent Acceleration

With very little extra computational burden, Nesterov’s method significantly increases the
convergence rate of gradient descent in functional minimization [50]. In Nesterov’s method,
movement from the point of values in the ;' iteration, along the direction of the change in
values over the j'™ iteration, generates an intermediary point of values. Then, movement from
the intermediary point of values, down the gradient of the functional, generates the point of
values in the j 4+ 1*® iteration. Although Nesterov’s method converges to a local minimum of
a functional, it is not a descent method, as the functional value may increase during some
iterations. Restarting Nesterov’s method when functional values would increase during an
iteration ensures descent during every iteration and accelerates the method’s rate of convergence

[51]. To minimize r(v; ), I apply Nesterov’s method with increasing-functional restart from
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C.2. Defining Descent

[51], with variable scaling, strict descent, and termination-tolerance restart modifications:

1 ifj=lordj=0o0r7; =1
0; = ) 12 . (C.11a)
01 (—Hj,l + (051 +4) ) /2 otherwise,
0 ifj=1lord;=0o0rr =1
Bj= , ST ! (C.11b)
0j—1(1 —0;-1)/(05_1 +0;) otherwise,
u; ifj=1loréd;=0o0r7=1
v, =4 J y 7 (C.11c)
u; + fBj(u; —uj_1) otherwise,
Lo 1
vi+o;vy ifr(vi4+o,vi;A) <r(uj; A
uj = J VA ( J J%3 ) ( J ) (Clld)
u; otherwise,
1 ifr(us ) <r(u; A
- (w7415 A) < (13 ) e
otherwise,
1 ifo; <eyor (r(u;A)—r(aiaA))/r(ai; ) <e,
i1 = J ( ( J ) ( J+1 ))/ ( J ) (C.llf)
0 otherwise,

where u; is the vector of parameter and states values in iteration j > 1, 6; tempers the iterational
increase from 0 to 1 in 3;, the proportion along the iterational change in u;, which generates
the intermediary point v;; d; is the strict descent indicator, and 7; is the termination tolerance
indicator. Accelerated descent begins with scaled gradient descent, and restarts if either strict
descent does not occur, 6; = 0, or a termination tolerance is met, 7; = 1. A termination tolerance
is met if either the fine-tuning scaling parameter, o;, contracts below the specified tolerance, &,
or the iterational relative change in 7(u;; A) falls below the specified tolerance, ¢,. Ultimately,
accelerated descent terminates in iteration j if a termination tolerance is met after restart,
Bj—1 = 0 and 7; = 1, during an iteration of scaled gradient descent. Alternatively, accelerated
descent terminates in iteration j if the number of strict descent iterations reaches some specified
maximum number of strict descent iterations, nmax, which occurs when 2{22 0; = Nmax-

To maintain momentum in convergence over generations of accelerated descent, an individual
that occupies a parent space in a niche begins accelerated descent with 6;_; and u;_; from its
last iteration of accelerated descent in the previous generation, rather than beginning accelerated
descent with a restart. To overcome stagnating convergence, for an individual that occupies a
parent space in a niche, I extend momentum from its last iteration of accelerated descent to
its last generation of accelerated descent, in a high momentum offspring. Thus, the individual
that occupies the I high momentum offspring space in the k™ niche of the ¢ generation
begins accelerated descent with 6;_; from its last iteration of accelerated descent in the g — 1th
generation, and begins accelerated descent with u;_1 = (Pg—1,k,, Xg—1,k,1), the parameters and
Jth 1th

state values of the individual that occupies the parent space in the £ niche of the g —

generation.
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C.2. Defining Descent

C.2.3 Descent on Restricted Domains

When parameters and states are defined on a restricted domain, accelerated descent trajectories
must be confined to the restricted domain. Generally, accelerated descent would restart when
u; or v; would leave the restricted domain, and the gradient scaling vector, s;, with scaling
parameter, o;, would be chosen to ensure that u;y; remains within the restricted domain. Less
onerously, when the restricted domain is a closed convex set, I can simply project accelerated
descent trajectories onto the restricted domain.

From the Bourbaki-Cheney-Goldstein inequality, for some point x and a closed convex set C,

(x — Po(x), Po(x) —y) > 0 for all y € C, where
Po(u) = argmin{||[v —ul : ve C} (C.12)

and (-,-) denotes the standard inner product. Thus, for a functional f(u), x9 € C, and
x = X0 — oV f(xg) for some o > 0, if Po(x) # xq, then

(x — Po(x), Po(x) —x¢) > 0 <—

(xog — oV f(x9) — Po(x), Po(x) —x¢) > 0 <
(oV f(x0) + Po(x) — %0, Po(x) —x0) <0 <=
(oV f(x0), Po(x) — x0) + (Po(x) — x0, Po(x) — %) <0 =

o~ —

(Vf(x0), Po(x) —x0) < —0 1 (Po(x) — %9, Pc

(Vf(x0), Pc(x0 — oV f(x0)) = x0) <0, (C.13)
and, if Po(x) = x¢, then
(x —x0,x0—y) >0Vye(C <~
<X0 — UVf(Xo) — X0,X0 — y> >0Vy el «~—
(=oVf(x0),x0—y) 2 0Vy € C <=
(Vf(x0),y —x0) >0VyeC. (C.14)

Inequality (C.13) implies that the non-invariant projection of a gradient descent trajectory onto
a closed convex set is a strictly decreasing direction of a functional. Inequality (C.14) implies
that a functional does not decrease locally in a closed convex set when the projection of a
gradient descent trajectory onto the closed convex set is invariant. Therefore, the projection of
gradient descent trajectories onto a closed convex set preserves convergence to a local minimum
of a functional in the closed convex set.

The projection of a scaled descent trajectory, v; + O'jVJ' onto a closed convex set is not

7’
necessarily a decreasing direction of 7(v;\). However, from equation (C.9), scaled descent is

equivalent to gradient descent under the variable transformation in equation (C.8). Therefore,
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C.3. Descent Prolongation

to ensure descent, when parameters and states are restricted to a closed convex set, I project
scaled descent trajectories onto the restricted domain under the variable transformation in
equation (C.8). I note that if s; ; = 0 for some variable, v;, the projection of a scaled descent
trajectory onto the restricted domain may not be defined under the variable transformation in
equation (C.8). In such cases, assigning s; ¢ some very small, positive value ensures that s; ; # 0.
Additionally, to confine accelerated descent intermediary points, v;, to the restricted domain, I
project accelerated descent intermediary points onto the restricted domain. Accelerated descent
restarts upon reaching a termination tolerance. Thus, accelerated descent ultimately terminates
during an iteration of scaled gradient descent, preserving convergence to a local minimum of
r(v;A) on a restricted domain.

Often, a closed convex set C' is generated from the union of n. simpler closed convex sets
C1,Co,...,Cp, . In such cases, I employ Dykstra’s method [19] to calculate the projection of a
point x onto C =C1NCyN---NCh.:

x if i =0

x] ={ Po(xle, —dl_|) ifi>0andj=1 (C.15a)
Po;(x]"' —d]_;) ifi>0andj> 1,

where Pg;(u) = argmin{[|v —ul| : v € C} and (C.15b)
0 if i =0

d] = ¢ x) —(x*; ~dl,) ifi>0andj=1 (C.15¢)

x] —(x7'—d/_|) ifi>0andj>1,

for i € {0,1,2,...} and j € {1,2,...,n.}. Hx{ — Po(x)|| — 0 as i — oo and X‘g converges
monotonically to Po(x) in 7 and j [6]. Commonly, a linear inequality may restrict points to a
closed half-space. When all C; are closed half-spaces, the sequence {x;“} converges linearly to
Po(x) [16]. I terminate Dykstra’s method when |27') — 27 || < ecl@®) of or |2} — 2}y ;| < ez

for all elements ' in x'*, given some relative termination tolerance €. > 0 and some absolute
b

termination tolerance ez > 0.

C.3 Descent Prolongation

Accelerated descent terminates if the number of strict descent iterations reaches ny.x. Individuals
occupying parent spaces in niches have been descending for multiple generations of overlapping-
niche descent. Thus, for n;.x not exceedingly large, an individual that occupies an offspring
space in some niche may terminate accelerated descent with a higher value of r(v;A) than
an individual that occupies a parent space in the same niche, even though the individual
that occupies the offspring space could ultimately converge to a lower value of r(v;\) than
the individual that occupies the parent space. In preliminary tests with randomly generated

parameter and states values, I have found that following initial, rapid sublinear convergence,
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C.3. Descent Prolongation

accelerated descent trajectories generally converge linearly or superlinear in periods between
accelerated descent restart. I prolong accelerated descent for an individual that converges

linearly or superlinearly to a value of r(v; \) below the least value of r(v;A) in its niche.

Theorem 6. For a strictly decreasing sequence (by)72, converging linearly or superlinearly to b,

if
mﬁm<5+awm:ﬁy, (C.16)
then b may be less than b, and if
bm%n>5+(%*fjﬁﬁ, (C.17)
then b > b, for m € N. Also, if b> b and
bzﬁ;b<p7 (C.18)

for some p € (0,1/2), then there exists some n € N such that

= (bppm — )2
mwm>b+L4L—TL (C.19)

n

for alln > N.

Proof. For a strictly decreasing sequence (a)3°, that converges linearly to a,
ant+1 —a = pla, — a), (C.20)
for some p, where 0 < p < 1. Thus, for m € N,
g — @ = f(apsm—1 — @) = p*(antm-2 —a) = .- = " (an — a), (C.21)

from which it follows that

o — @ = 2™ (an — a) = (™) (an — @) = (*m) (4 —a) =

a, —a
—_ )2 )2
(an;m aa) = apiom = a -+ (an;rm aa) . (C.22)
n mn

Thus, for a strictly decreasing sequence (b)),

bpsom = b+ ~— (C.23)
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is the linear-convergence estimate of b, 2., with estimate, 5, to the limit of the sequence, b.

7 2
Dbrutm _ <b” — b”f’”) > 0. (C.24)
b by — b

Thus, if (by)72, is converging linearly to b < b, then

bpim —b)? - bpim —b)% -
7( + ) <b+4( + ) :bn+2ma (0'25)

byvor = b ~
2 L — b, — b

from which it follows that if (by)32, is converging superlinearly to b < b, then

(bn+m - b)2 < '6+ (anrm - b)2

bn m b = = Bn ms 2
4om < 0+ b, — b b, —b +2 (C 6)
if (by)32, is converging linearly to b > b, then
(bn+m — b)2 7 (bn—i—m — 5)2 7
bptom =b+ ———"F"—>b+ ——="— = bpiom, C.27
) + b, — b >0+ by — b +2 ( )

from which it follows that if (by)2°, is converging sublinearly to b > b, then

bram —0)2 = (bnem — b)?
bn+2m>b+g>b+g

L = byiom. 2
b b b0 +2 (C.28)

For (by);2, converging superlinearly to b > b, I determine when b > by, {2,m, which implies that
bpsom > b > byyom. For 6 =b—band &, = b, — b,

T 7 bn m_b2 ndtm (52
b>bn+2m:b+¥<:>b>b—5+w
b, —b en+0

€2 4 20 m — End <0 = Epim € (—5 /02 end, 0+ /5% 1 sn(s) . (C.29)

As ep1m > 0, equation (C.29) holds, for €, > 0, if and only if

_ /82
Entm < =0+ V0% + 6,0 = E";”‘ < o : * 6”5, (C.30)
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which necessarily holds for large enough m, as limy, o0 €n+m = 0.

KA (—5 + /62 + sn5> (262 + £n0) + 26V/6% + €0 (C31a)
Ogy, En N 2e24/6% + £,0 ’ .
2
(202 + £,0)2 = 40* + 42,0% + £262 > 45* + 42,0° = (25\/52 + ané) —
202 4+ £,0 > 200/ 02 + £,0 —>
_ /52
% < o 55 +6"5> <. (C.31b)

By L’Hopital’s rule,

. _5 + V 52 + 5n5 . 5 1
lim = lim ———— =, (C.32)
en—0t En en—0t 24/02 4+ £,0 2
_ /52
lim —OFVOTHEd 0 0, (C.33)

= m — =
En—00 En en—00 24/02 + £,

and equation (C.31b),

< -0+ V0% + 90 e -5+ V0% +,0 - -0+ /02 +enq10 -

€0 €n En+1

0

- < (C.34)

N =

Thus, for any p € (0,1/2) and m large enough that &,4,,/e, < p, there exists some N € N such
that inequality (C.30) holds for all n > N, which implies that by42m > bntom for all n > N.

Example 1. For m such that 3¢p1+m < €, and N such that n > N implies that e, < 36,

Entm _ 1 =0+ Vo2 4 362 - -0+ V%2 +¢e,0

€n 3 30 €n

(C.35)

for n > N, which implies that by yopm > 5n+2m forn > N.

Collectively, if (by)72, converges linearly or superlinearly to b < i~), then by4om < I~)n+2m for
all m,n € Ny if (by)22, converges to b > b, then for sufficiently, but not exceedingly large m € N,
bntom > l~)n+2m, for all n € N greater than some N. Therefore, for (by);2, converging linearly
or superlinearly to b, if b1 0m < l;nJer, then b may be less than b, and if brntom > 5n+2m, then
b is greater than b. O

For 7y, the least value of r(v; \) amongst all individuals inhabiting the environment at the
onset of accelerated descent, I prolong accelerated descent if the lim;_,o 7(u;; A\) may be less
than o7y, where I choose & € [0, 1] to specify the stringency of prolongation. Thus, if the number

of strict descent iterations has reached nmax and r(u;; X) > 7, following Theorem 6, I prolong
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accelerated descent, up to 7,y strict descent iterations, if

(r(Wjmmpros A) — ) (C.36)

r(uj; A) < oT
( el ) )\ + r u‘j72mpro;)\) _ O'T‘A

or if a restart occurred between iterations j — 2mpr, and j, for some sufficiently, but not
exceedingly large, chosen value of mpy,. If r(u;;A) < 7\ and r(uj—1;A) > 7y, I prolong
accelerated descent by 7, strict descent iterations, to remove bias from an uneven number of
strict descent iterations in selection, when comparing individuals with values of (v; ) that fall

below 7.
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Appendix D

Computational Complexities

Here, I calculate and compare computational complexities of r(p,x; A) descent and a variety of

numerical-integration-based methods.

D.1 Computational Complexity of r(p,x; A\) Descent

D.1.1 Formulation of r(p,x; \) for Counting

Descent is the most computationally intensive portion of overlapping-niche descent. Here, I
count the computation complexity required for an iteration of r(p,x;\) descent. I consider

r(p,x; A) in the form

oA
(p7X A Yik gjkp’ ))+
Jj=1k=1
2 Ny )\
Z z dy]k gjk P, X Zhl Z dAZv’k (fi7k(t7p7x))> (Dl)
j=1keZy keTa
where g;x(P,X) = Vjk — 95(P, ¥1k> - - - » Tn, k), With difference measures dy, ,, dy. ,, and da, ,,

and auxiliary functions h;(x), which may contain a smoothing penalty and numerical method
normalization. For example, with ry(p, x) as defined in Section 2.3, 74 (p, x) as defined in Section
2.6.1, and ra.(p,x) as defined in Section 2.4.1,

Wy k 2 &wj,k 2
dy. , (4) = ==—L——u?, dy,, (u) = =—L"——u
Yo Sl wikyy, Poker, WikTik
Si(X)
da, . (u) = u?, hi(x) = : (D.2)
. ' > kezn (ATig)?

D.1.2 Defining Quantities for Counting

Preliminarily, I define quantities for the computational complexity counting of r(p, x; \) descent.

I consider computationally simple difference measures, which require O(1) operations to calculate
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a function value and O(1) operations to calculate a partial derivative value. Thus, calculating

dy, (), dg, , (u),dn, , (u) requires O(1) operations,
adyjyk(u),adhk (u), ddp, (u) requires O(1) operations,
82dyj’k (u), 6‘2d5,j,k (u),aszUC (u) requires O(1) operations, (D.3)
fori € {1,2,...,n,}, j € {1,2,...,ny}, and k € Za. I note that dy,, (u) and dy,, (u) in
equation (D.2) are computationally simple after initially calculating and storing > ", wj,kyik
and ) keT; wj,kyik. On average, g; (P, X) requires n, operations to calculate a function value,
ng, operations to calculate a first order partial derivative value, and ng, operations to calculate

a second order partial derivative value. Thus, I consider g;x(p,x) such that calculating

9i.x(P,x) requires O(ngy) operations,
09, 1(p,x) requires O(ngy, ) operations,

329]‘719(13,)() requires O(ng,) operations, (D.4)

for j € {1,2,...,ny} and k € Za. On average, f;;(t, p,x) requires ny operations to calculate
a function value, ny operations to calculate a first order partial derivative value, and ny,
operations to calculate a second order partial derivative value. Thus, I consider f;x(t, p,x) such

that calculating

fik(t, p,x) requires O(nys) operations,
0fik(t, p,x) requires O(ny, ) operations,
82fz-7k(t,p,x) requires O(ny,) operations, (D.5)

forie {1,2,...,n;} and k € Ta. Auxiliary functions, h;(x), modify > ;7. da,, © fix(t, P, %)
and, generally, are computationally simpler than » 7, . fi x(t, P, x). Thus, I consider h;(x) that
are no more computationally complex than » ;7 fix(t,p,x), with partial derivatives that are
no more computationally complex than corresponding partial derivative of ZkGIA fir(t, p,x).
Calculating » ;7. fix(t, P, x) requires O(nsna) operations, where na is the number of elements
in Za. fir(t,p,x) depend on x;,, for only a small fraction of k in Za, at k in Za,, C Za. Thus,
calculating a first order partial derivative of >, 7 fix(t, p,x) with respect to x;,, requires
O(ny,ns) operations, and calculating a second order partial derivative of EkeZA fik(t,p,x)
with respect to x;,, requires O(ny,ns) operations, where ns is the number of elements in Z,, .

Therefore, calculating

hi(x) requires O(< nsna) operations,
Oh;(x) requires O(< ny ns) operations,

9%h;(x) requires O(< nf,ns) operations, (D-6)
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for i € {1,2,...,n,}. On average, discretized differential equation values, F; j(t, p,x), require
np operations to calculate a function value, np, operations to calculate a first order partial
derivative value, and np, operations to calculate a second order partial derivative value. Thus, I

consider F; ;(t, p,x) such that calculating

F; 1 (t, p,x) requires O(nr) operations,
OF; (t, p,x) requires O(np,) operations,

BQFi’k(t,p,X) requires O(np,) operations, (D.7)

for i € {1,2,...,n,} and k € Za. In computational complexity counting, I consider O(ny),
O(ng,), O(ng), O(ny,), O(ng,), O(nr), O(ng, ), O(np,) = O(1) and ng, = 0 or O(ng,) > O(1).
D.1.3 Counting the Computational Complexity of r(p,x; \) Descent
Theorem 7. An iteration of r(p,x; \) descent requires
O (nona(ngny + npng)) + O(nany(ng ny + npng + ng,ny + np,ng))+
O (nang(ng,ny + npnang + ngny + npngns)) (D.8)
operations, with O(n,) line-search test points.

Proof. In each iteration of descent, I calculate values of r(p,x;\). Calculating r(p,x;\), as in

equation (D.1), is equivalent in computational complexity to calculating

dy; i (9j6(p,x)) for all (j,k) € {1,...,ny} x {1...,n},
dg. (9j6(p,x)) for all (j,k) € {1,...,ny} x Iy,
hi(x) for all i € {1,...,ng},
da, . (fir(t,p,x)) for all (i, k) € {1,...,ns} x Za, (D.9)

which, respectively, require

O(1) 0 O(ng) x nyny = O(ngnyny),
O(1) 0 O(ng) x ny(na —n¢) = O(ngny(na —ny)),
O(< ngna) X ngy = O(< npnang),
O(1) 0o O(nyf) x ngna = O(nsngna) (D.10)

operations to calculate, as stipulated in Equations (D.3), (D.4), (D.5), and (D.6). Thus, in total,
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calculating r(p, x; A) requires

O(ngnyny) + O(ngny(na —ny)) + O(< nynang) + O(nyngna) =
O(ngnyna) + O(ngngna) = O(na(ngny + nyng)) (D.11)
operations.

In each iteration of descent, I calculate first order and un-mixed second order partial

derivatives of r(p, x; A) with respect to all parameters.

or(p,x;A\)
apl
iiad}’gkag]k p, X Qiz y]kagjk P.X)
[t 9gj j=1 ke, 99j.
Odp, , Of; r(t,p,x)
;Zh DO 37 Lo : (D.12)
Ca—y kez, ik P
Pr(p,x;A\)
Gp% N
-\ i &dy,; <8g] k(p,x ))2 N ady, , 8%g; k(p,x) N
v o\ 995k opy dgjx  Op}
(1-2)? & 0?dy, . (0gjk(p,x)\2 9dg,, 0%g; (P, x)
n g2 ( p) ) + dgin  Op? +
Y j=1 k€T, g],k; Pi 95,k P;
9? dfin(t 2 dda,, 0°fin(t
72}1 - ( f,k( 7p7X)) + JAVEN f,k( ;pvx) ) (Dl?))
Ny ik Ipi Ofik Ip;
1= kEIA 1y ’

Calculating Or(p,x; A)/0p;, as in equation (D.12), for all I € {1,2,...,n,} requires calculating
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partial derivative values,

ad,
— 2k for all (4,k) € {1,...,ny} x {1...,n4},
995,k
9a.
9“5;1”") for all (j, k1) € {1,...,ny} x {1...,ne} x {1...,np},
!
ddy.
YE for all (7,k) € {1,... Ny} X Ly,
095k
0.
gjg(p,x) for all (j,k,1) € {1,...,ny} x Ty x {1...,np},
pi
adn,
Bik for all (i,k) € {1,...,ny} X I,
Ofik
ai ta ) .
f’képx) for all (¢,k,1) € {1,...,np} x Ta x {1...,np}, (D.14)
pi

which, respectively, require

O(1) 0o O(Lp) x nyny = O(nyny),
O(ng,) x nyngny, = O(ng, nyniny),
O(1) o O(Lp) x ny(na —ny) = O(ny(nA — nt)),
O(ng,) x ny(na — ng)ny = O (ng,ny(na — ne)ny),
O(1) 0 O(Ip) X nzna = O(ngna),
O(ny,) X ngnany = O(ngngnany), (D.15)

operations to calculate, as stipulated in Equations (D.3), (D.4), and (D.5), where Iy indicates
values that have been calculated previously and O(Ip) = 1. Apart from calculating partial
derivative values, calculating Or(p,x; \)/0p;, as in equation (D.12), for all [ € {1,2,...,n,} is
equivalent in computational complexity to calculating

8de,k agj,k (P, X)

for all (j,k,0) € {1,...,ny} x{1...,m} x{1...,np},

9g9;k  Om
adf’jk 8gjk(pax)
: : for all (7,k,1) e {1,...,ny} x Ty x{1...,n,},
3gj7k oy (.7 ) { y} v { p}
adA'k 8fzk(t p X)
- 277 for all (4, k1) € {1,...,n, T 1..., ,
aka apl or a <Z7 ) ) { I y }X A X{ np}
hi(x) - Io for all (2,1) € {1,...,ng} x{1...,np}, (D.16)
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which, respectively, require

O(1) o O(Iy) x nynen, = O(nyneny),
O(1) 0 O(Ip) x ny(na — ne)np = O(ny(na — ne)ny),
O(1) 0o O(Lp) x nznan, = O(nznany),
O(1) 0o O(1p) x ngn, = O(ngny) (D.17)

operations to calculate. Thus, from computational complexity counts (D.15) and (D.17),

calculating Or(p,x; \)/0p; for all l € {1,2,...,n,} requires

O(nyny) + O(ng nyninp) + O(ny(na —ne)) + O(ngny(na — ne)ny)+
O(ngna) + O(ngngnany) + O(nyngny) + O(ny(na — ne)ny) + O(ngnany)+
O(ngznp) = O(nany(ng ny + nyny)) (D.18)

operations.
Calculating 9%r(p, x; \)/0p?, as in equation (D.13), for all I € {1,2,...,n,} requires calcu-

lating partial derivative values,

d*dy,
" for all (5,k) € {1,...,ny} x {1...,m},
ag]k
920,
gﬂg(f’ %) for all Gk D) € {1, ny} < {1 omek x {1 mp},
%
2
" for all (j,k) € {1,...,n,} x Iy,
2.
8gjg”‘(Qp’)forall(j,k,l)e{l,...,ny}><I5,><{1...,np},
P
P 2 for all (i, k) € {1, T
af2 or a. (Z )E{ ’I’Lx}X As
2
i k(t
W for all (4,k,1) € {1,...,n} x Zan x {1...,n,}, (D.19)
D;

which, respectively, require

O(1) 0o O(lp) x nyny = O(nyny),
O(ng,) X nyninyp = O(ng,nyniny),
O(1) 0 O(Iy) x ny(na —ny) = O(ny(na —ny)),
O(ng,) x ny(na — ng)ny = O(ngyny(na — ni)ny),
O(1) o O(1p) x nyna = O(nzna),
O(ny,) X ngnany = O(ng,ngnany), (D.20)
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operations to calculate, as stipulated in Equations (D.3), (D.4), and (D.5).

Apart from

calculating partial derivative values, calculating 0*r(p,x;\)/0p?, as in equation (D.13), for all

le€{1,2,...,n,} is equivalent in computational complexity to calculating

dy,; (&%,k(p, x)

993, opy
%C;yj: anj’é}f?’x) for all (7, k1) € {1,....my} x {1....mi} x {1....
(PP 8 € () T
%Zy;: a2gjgp(;7x) for all (j,k,1) € {1,...,ny} x Ty x {1...,n
3;df?;k (8fi,kg;lp’x))2 for all (i,k,1) € {1,...,ng} x Ta x {1...,
aadfij: a2fz-,%(;l;p7><) for all (i,k,1) € {1,...,nz} x Ta x {1...,

hi(x) - Ip for all (i,1) € {1,...,nz} x {1...,n,},
which, respectively, require

O(1) o O(1y) x nyneny, = O(nynyny),
Iy, - O(1) 0 O(Ip) x nynyny = O(Igynyniny),

O(1) 0 O(Ip) x ny(na — ng)ny = O(ny(na — ny)ny),
O(1) 0 O(Iy) x ny(na — ng)ny = O(ny(na — ne)ny),
O(1) 0o O(Lp) x ngnan, = O(nznany),

O(1) 0o O(Lp) X ngnan, = O(ngznany),

O(1) 0 O(Lp) x ngn, = O(ngny)

operations to calculate, where

I 0 ifng =0
21 ifO(ng) =1

2
) for all (7,k,01) € {1,...,ny} x{1...,n¢} x{1...,np

np}v

P}7

np}’

np},

np}’

(D.21)

(D.22)

(D.23)

Thus, from complexity counts (D.20) and (D.22), calculating 8?r(p,x;\)/9p? for all | €
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{1,2,...,ny} requires

O(nyny) + O(ng,nyniny) + O(ny(na — ny)) + O (ng,ny(na — ny)ny)+
O(ngna) + O(ng,nznany) + O(nyning,) + O(Ig,nyngny)+
O(ny(na — ne)ny) + O(ny(na — ne)ny) + O(ngnany) + O(ngnany,)+
O(ngny) = O(ng,nynany) + O(ngnznany) + O(nynany,) =

O(nany(ng,ny +npng)) (D.24)

operations. I note that computational complexity count (D.24) holds when ng, =0, as ny < n,.
In each iteration of descent, I calculate first order and un-mixed second order partial

derivatives of r(p,x; \) with respect to all state values.

or(p,x;\)
Oml m a

O sy, D 09;.1(p. )
ik ]kp7 ZZ Yk 95,k(P, X
+

] 1 k=1 g‘jk axl : kEI 9]7 6xl,m

dda, ,, 0fik(t, p,x) Oh;
TTxZ Z 32: 83:1,:)( L Z &mm ZdA’k Jir(t P, x ))’

=1 k€Za =1 kETA

Pr(p,x;\)
Ox? -

Iym

ZZ &y, , (0gj k(P x )>2+ ady, , 8%g; k(p,x) N
— = 0xym 8x12’m

Ogj,k 09j e

Z Z (an;’j,k <8gj,k(P7X)>2 + adi’j,k 829j,k§p7x)> +
€Ly

agj,k 0z m 09,k Gacl’m

A d%dp, , Ofik(t,p,x)\2  0da,, 0?fik(t, p,x)
2N 2 ’ . ’
nzl P ( o, | ) e e, )

ox x
kela lm 0 Lom
8 Llm

adA'Lk af’t t p, X)
Z 8flk 8xl,m + amlm Z dAzk flk(t b, X )) . (D25)

kETA kETA

Observable-state functions, g;, depend only on the state values at grid index k; auxiliary

functions, h;(x), depend only on state values in the i'! state; and f; (t, p,x) depend on z,,
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for only a small fraction of k in Za, at k in Za,, C Za. Thus,

r(p,x;\)
83?1 ,m -
Z YJmag]m p,X QnZyadYJmag]m P, )+
ag], 837[ ,m ag] m 81‘[ m
Oda, kafzk t,p, x) A Ohy(x
72 Z i + 2 Z da,, (fir(t,p,x)), (D.26)
Ny i—1 kGI afz a:Ijl Lz 8«Tlm kela
Pr(p,x;\)
ax%m N
-\ Z Pdy, ,, (agj,m<p, x)>2 0dy, ,, 9*gjm (P, )
+ 3 +
Ty = gj7m 8$l,m 8gj7m 8xl,m

(1-2)? & (32%,7” (agj,m(p,X))2 N odg, ., 8291,m(p,><)> N

2 , 2
ny Ogjm 0xm 09j.m &rlm

82dAik afzk‘(tap7x) 2 adAikazfik’(t7p>X)
Ezh ) 2 (afﬁk G P A Ty e

Ox

A [ Ohulx 0da,, Ofik(t,p,x)  Ohy(x
Z 8fzk 8.75[ * ox2 Z dAzk flk<t b, X )) . (D.27)

Tim kETA

Calculating Or(p, x; \)/0x,m,, as in equation (D.26), for all I € {1,2,...,n,} and all m in Zx

requires calculating partial derivative values,

89]‘;(1”") for all (4,1,m) € {1,...,ny} x {1...,ny} X Za,
Tlm
ai t7 5 .
W for all (i, k,1,m) € {1, ... np} X Ta,. X {1...,ns} x Ia,
Llm
h
8;( ) for all (l m) S {1 nw} X T, (D.28)
lym

which, respectively, require

O(ngl) X NyMaNA = O(ﬂglnyanLA),
O(nfl) X NgNsNaNA = O(nflnmn(;nmnA),

O(< ngng) X ngna = O(< ngngngna) (D.29)

operations to calculate, as stipulated in Equations (D.4), (D.5), and (D.6). Apart from

calculating partial derivative values, calculating Or(p, x; \)/0x ,, as in equation (D.26), for all
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le€{1,2,...,n,} and all m in Zx is equivalent in computational complexity to calculating

ddy; . 0g;.m(P,X)

for all (7,1,m) € {1,...,ny} x{1...,ng} X Za,

agj,m 8!Tl,m
ddy . ,
09?,: agfé”;l(: %) for all (j,L,m) € {1,... g} x {1, ng} x Ia,
8d ; a 7 ta )
82: f’ggjl’: x) for all (i,k,l,m) € {1,...,nz} X Za,, X {1...,nz} X Za,
hi(x) - Iy for all (i,l,m) € {1,...,ng} x {1...,nz} X Za,
oh
8:1;(}() ~Io for all (I,m) e {1...,nz} X Za, (D.30)
lm

which, respectively, require

O(1) 0o O(1p) x nyngna = O(nynzna),
O(1) 0o O(1p) x nyngna = O(nynzna),
O(1) 0 O(1y) x ngngnzna = O(ngngngna),
O(1) 0o O(1y) x ngnzna = O(ngnzna),
O(1) 0o O(1y) X ngna = O(ngna) (D.31)

operations to calculate. Thus, from complexity counts (D.29) and (D.31), calculating 0r(p,x; A)/0z
forall 1 € {1,2,...,n,} and all m in Za requires

O(ng,nyngna) + O(ngnensngna) + O(< ngnsgnana) + O(nyngna)+
O(nynzna) + O(ngnsngna) + O(nzngna) + O(nana) =

O (nang(ng,ny + nynang)) (D.32)

operations. Calculating 0?r(p,x;A)/0z7, . as in equation (D.27), for all [ € {1,2,...,n,} and

all m in Za requires calculating partial derivative values,

2.
W for all (5,1,m) € {1,...,ny} x{1...,ng} xZp,
xl,m
821' ta )
fg(pr) for all (4, k,1,m) € {1,...,nz} x Ia, x {1...,nz} x Za,
Llm
2
h
88 IQ(X> for all (I,m) € {1...,n.} x Za, (D.33)
xl,m
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which, respectively, require

O(nQQ) X NyNaNA = O(nQQnynan),
O(nfz) X NgNgNaNA = O(nhnxngnan),

O(< ngyng) x ngna = O(< ng,nsnzna) (D.34)

operations to calculate, as stipulated in Equations (D.4), (D.5), and (D.6). Apart from

calculating partial derivative values, calculating 0?r(p,x; \)/0z?, . as in equation (D.27), for

all [ € {1,2,...,n;} and all m in Zx is equivalent in computational complexity to calculating
0%dy ; 2
89%;’" (‘99]5;(: x)) for all (j,1,m) € {1,...,ny} x {1...,ng} x Ia,
ddy.  0%q;m
ag};: ggxlz(:’x) for all (j,1,m) € {1,...,ny} x{1...,ng} xZn,
d%dy. : 2
ag;;m (agfé";l(: X)) for all (j,,m) € {1,...,ny} x {1...,n2} x Za,
adg.  0%Gim
8;;: ggxéi”@ for all (j,1,m) € {1,...,ny} x {1...,ng} x Ia,
D%da, . 10Fix(t 2
8f§,:k < f’ggjli:’x)) for all (i,k,l,m) € {1,....,n.} x Za, X {1...,nz} X I,
dda, . 0% fin(t
ik f”“(;p’x) for all (4, k,1,m) € {1,...,nx} x Ta, x {1..., 10} x Ia,
Ofik ath
hi(x) - Iy for all (i,I,m) € {1,...,nz} x {1...,ng} X Za,
h
Ohu(x) Iy for all (I,m) € {1...,nz} X Za,
8-73l,m
2
36h12(x) ~Ig for all (I,m) € {1...,ny} X I, (D.35)
Tim
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which, respectively, require

O(1) 0o O(Lp) x nyngna = O(nyngyna),
I, - O(1) 0 O(Ip) x nyngna = O(Ig,nyngna),
O(1) o O(Lp) x nyngna = O(nyngyna),
I, - O(1) 0 O(Ip) x nyngna = O(Ig,nyngna),
) o O(Iy) X ngnsnzna = O(ngnsngna),
1) o O(Iy) X ngngngna = O(ngnsnzna),
O(1) 0o O(1y) X ngngna = O(ngnzna),
O(1)o
O(1)o

O(Ip) X nyna = O(ngna),
O(Ip) x nyna = O(ngna) (D.36)

operations to calculate. Thus, from complexity counts (D.34) and (D.36), calculating 9*r(p, x; \)/9z?,
forall 1 € {1,2,...,n,} and all m in Za requires

O(ng,nyngna) + O(ng,ngnsnzna) + O(< npnsgngna) + O(nyngna)+
O(Ig,nynzna) + O(nyngna) + O(Lg,nynzna) + O(ngnsnzna)+
O(ngnsnzna) + O(ngngna) + O(ngna) + O(ngna) =
O(ng,nyngna) + O(ng,nensnzna) + O(nyngna) =

O (nang(ng,ny + npnzns)) (D.37)

operations. I note that computational complexity count (D.37) holds when ng, = 0, as n, < n,.

In each iteration of descent, I generate O(n,) line-search test points, one for each value of
oj. Generating each test point requires an update of all parameters and state values, requiring
O(np + ngna) operations. I consider r(p,x; A) with fewer parameter values than state values.
Thus, n, < nzna, which implies that O(n, +nzna) = O(nzna). From complexity count (D.11),
calculating r(p,x;\) at each line-search test point requires O(na(ngny + nsng)) operations.
Thus, updating all parameters and state values at all line-search test points, calculating r(p, x; \)
at all line-search test points, calculating first order and un-mixed second order partial derivatives
of r(p,x; \) with respect to all parameters, and calculating first order and un-mixed second

order partial derivatives of r(p,x; \) with respect to all state values requires

O(nenzna) + O(ngnA(ngny + nfnx))—l—
O(nany(ngny +npnz)) + O (nany(ngny +npne))+
O (nang(ng,ny + npnans)) + O(nanz(ngny + npngns)) =
O (nona(ngny + nng)) + O(nany(ng ny + npng + ng,ny + ngng))+
O (nang(ng,ny + npnans + ngny + npngns)) (D.38)
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operations, with partial derivative complexity counts from (D.18), (D.24), (D.32), and (D.37).

Therefore, an iteration of r(p,x; \) descent requires

O(nUnA(ngny + nfnx)) + O(nAnp(nglny +npng + ngny + nfznx))—l—

O (nang(ng,ny + g nans + ngny + npngns)) (D.39)
operations. [

D.2 Computational Complexities of

Numerical-Integration-Based Methods

Comparatively, I count the computational complexity required to minimize r(q), where

n n¢
1 Y
rl@) =~ DY dy(gk(a X)) :
Y j=1k=1
fir(t,q,x) =0forallie {1,2,...,n,} and for all k € Zx, (D.40)
with q consisting of n, elements, q1, g2, . . . , ¢n,, Which correspond to model parameters p1, p2, .. ., pn,
and variable initial conditions and boundary values, and where g; (P, X) = ¥, k—9; (P, T1.ks - - - » Ty k)

with difference measure dy.,. As in counting the computation complexity required for an it-
eration of r(p,x; \) descent, I define quantities for counting computational complexities as in
Section D.1.2.

D.2.1 Counting the Computational Complexity of r(q) Descent
Theorem 8. For an explicit numerical solution method, an iteration of r(q) descent requires

O(ng(nfnmnA + ngnyng) + nynigng, (ng + nq)) + O(nyntng2 (ngng + nqnm))+

O( = nana(npng + npng + npngng + npngng + ngngng)) (D.41)

operations, with O(ny) line-search test points. For an implicit numerical solution method, an

iteration of r(q) descent requires

O(nUnNnmnA(nf +nypngns) + ngngnynt)—i—
O (nar(ng + nenn) + nyning, (ng + ng)) + O (nyning, (nang + ngng) )+

O( > nanA (Np N + N Mg + NENeNy + NEyNgng + nxnan)) (D.42)

operations, with O(nyy) operations in solving matriz equations for each of O(ny) iterations of
Newton’s method applied to f; (t,q,x) =0, for alli € {1,2,...,ny} and k € Ix.

Alternatively, for an explicit numerical solution method, an iteration of r(q) descent with
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partial derivative approrimation by finite difference requires
O((no + ng)(nfngna + ngnyny)) (D.43)

operations, and, for an implicit numerical solution method, an iteration of r(q) descent with

partial derivative approzimation by finite difference requires
O((ng + nq) (nNnan(nf +nypngnsg) +nyna + ngnynt)> (D.44)

operations.

Proof. In each iteration of descent, I calculate values of r(q). For an explicit numerical solution
method, f;x(t,q,x) = 0 is an explicit system of equations in x, and solving f; 1(t,q,x) =0

simply requires evaluating f; (t,q,x). Thus, to determine x, solving
fir(t,a,x) =0 for all (4,k) € {1,...,nz} x Za (D.45)
requires
O(ny) x ngna = O(ngngna) (D.46)

operations, as stipulated in equation (D.5). After calculating x, calculating r(q) requires

calculating

Ny ng

dy;  (9j.k(a, %)), (D.47)

1
n
Y j=1k=1

which is equivalent in computational complexity to calculating
dy, , (g5k(q,x)) for all (j,k) € {1,...,ny} x {1,...,ns}, (D.48)
which requires
O(1) 0 O(ng) X nyny = O(ngnyny) (D.49)

operations to calculate, as stipulated in Equations (D.3) and (D.4). Thus, from complexity

counts (D.46) and (D.49), calculating r(q) requires
O(ngnzna) + O(ngnyng) = O(ngnzna + ngnyng) (D.50)

operations with an explicit numerical solution method.

In each iteration of descent, I calculate first order and un-mixed second order partial
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derivatives of r(q) with respect to all parameters,

CNINPY .
ZZ ddy,, [~ 99k 0Tk n 095 k ’ (D.51a)
8(11 v i e 9gjk \ 5= OTmp Oq oq
n 2
0? 1 LI | Pdy,, (& Ogip Oxmi  Ogi
7’(2(1) _ ZZ ;’],k Z 9,k OTmk T 95k i
8q, Ny s 8gj’k el al‘myk 8ql 8ql
ddy, nf: ((i Pgir Ok N 029, 1 )&cm,k N 09j.k a2scm,k>+
99k \ 2\ = 00ty Oq1 0910y’ Oq  OTmk g
N 0%gik Ormp  O%gik
: — + . . D.51b
mZ::l Orm kO Oq g} ( )

Partial derivatives of state values with respect to parameters are generally calculated by
numerically solving the sensitivity equations, which are generated by applying the chain rule to
the differential equation system.

In the case of an initial value problem, dz;/dt = F;(t,q,x1,...,2zy,) for i € {1,2,...,n.},

applying the chain rule to F;(t,q,x1,...,z,,) generates the sensitivity equations,
i o0x; dx,, Z OF; 8@ OF; (D.52a)
dt \ Oq 8ql 8;10) aq 8ql

d (P _ai dai\ _
dt\ogt) 0¢ \ dt )

o i O’F; Oy, N O*F, '\ Ox; | OF %z N — 0°F, Oz; N OPF,
= I\io Oxp0x; Oq  Oqlzj | Oq  Ox; aql — 0x;0q Oq 8ql2
e o 8 Fi 8xk 8.%‘j 82Fi 81‘j 8E a2$j 82E
R 2 49 =1 4 D.52b
= [( aﬂfkal’j 8ql> 8ql 8xj8ql 8ql a(lij ({9ql2 8q12 ( )
two systems of differential equations, one in dx;/dq; and one in §%x;/ 6ql2 forie{1,2,...,nz}.

From Equations (D.52a) and (D.52b), using the forward Euler method, the simplest explicit
numerical method for initial value problems, I can calculate 0z;,,/dq and 9%z, ., /6ql2 for
i€{1,2,...,n,} and m € Za such that

8$i,m+1 _ 81‘1'7m i 1 N 8Fz,m 8$Cj7m i aEym ’ (D53a)
oq 0 tmt1 —tm ot 0rjm Oq oq
82$i,m+1 _ 82xi,m 1 <
oq? oq? tmi1 —t o

Z i 62Fi,m 033‘].377,1 8.73j7m i 9 82Fi7m 833j7m 4 6Fi7m 82xj7m 4 32Fi7m>
— < 0xmOTjm Oq oq OrjmOq Oq  Oxjm Og} oqt )’
(D.53b)
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where F; = Fi(tm, Q, T1ms - - - Trgm)-
Solving system (D.53a) for i € {1,2,...,n,}, m € Za, and | € {1,2,...,n,} requires

calculating partial derivative values,

OFim for all (7,j,m) € {1,...,ny} x{1,...,ny} X Za,

aCCLm

Tq’ for all (i,m,l) € {1,...,nz} X Za x {1,...,n4}, (D.54)
1

which, respectively, require

O(np,) X ngngna = O(npngngna),

O(np,) X nanang = O(npngnang) (D.55)

operations to calculate, as stipulated in equation (D.7). Apart from calculating partial derivative
values, solving system (D.53a) for all i € {1,2,...,n,}, m € Za, and | € {1,2,...,n4} is

equivalent in computational complexity to calculating

8FZ-7m al‘jjm

Dz, Oa for all (7,j,m,l) € {1,...,ng} x {1,...,np} x Za x {1,...,n4},

OF; m
dq

for all (i,m,1) € {1,...,ny} Xx Za x {1,...,nq}, (D.56)
which, respectively, require

O(1) 0 O(Ip) x ngngnang = O(ngnznang),
O(1p) X ngnang = O(ngnang) (D.57)

operations to calculate, where Iy indicates values that have been calculated previously and
O(Ip) = 1. Therefore, from complexity counts (D.55) and (D.57), in total, solving systems
(D.53a) for all i € {1,2,...,n.}, m € Za, and | € {1,2,...,n4}, the first order sensitivity

equations for an initial value problem using the forward Euler method, requires

O(npnangna) + O(npngnang) + O(ngngnang) + O(ngnang) =

O (ngna(npng + npng + nyng)) (D.58)

operations. The forward Euler method applied to an initial value problem is the computationally
least expensive explicit numerical solution method. Thus, in general, solving the first order

sensitivity equations with an explicit numerical solution method requires
O( > nana (g ng + npng + nwnq)) (D.59)

operations.
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Similarly, solving system (D.53b) for ¢ € {1,2,...,n,}, m € Za, and | € {1,2,...,n4}
requires calculating partial derivative values,
O*F;

m for all (i,7,k,m) € {1,...,ny} x{1,...,n:} x {1,...,nz} X Za,

2
M for all (7, j,m,l) € {1,...,ng} x {1,...,ng} x Za x {1,...,n4},
O%F; ,
o for all (i,m,l) € {1,2,...,ng} x Ta x {1,2,...,n4}, (D.60)
l

which, respectively, require

O(ng,) X ngngnzna = O(npnzngngna),
O<nF2) X NgNgNANG = O(”anggnannq),
O(nr,) X ngnang = O(npngnang) (D.61)
operations to calculate, as stipulated in equation (D.7). Apart from calculating partial derivative

values, solving systems (D.53b) for all i € {1,2,...,n,}, m € Zp, and | € {1,2,...,n4} is
equivalent in computational complexity to calculating

82E,m axk,m .o
axk,maﬂfj,m 8gl for all (27]7k7m7l) = {1’ e ’nx}?) X IA X {17 . '7nq}7
Io.agm for all (j,m, 1) € {1,...,ma} x Ta x {1,...,ng},
q
82Fim 8xjm 9
— D 1 (3,9 l)ed{1,... T 1....
0y mdq Oqi (6:5,m. 1) € {1, na}” X Ia x {1, ,ng},
OF; m 0%z
8xj:mazj,é for all (i, §,m, 1) € {1,...,na}2 x Ta x {1,..., 04},
82Fi,m .
o for all (i,m,l) € {1,...,nz} x ZTa x {1,...,n4}, (D.62)
i

which, respectively, require

O(1) 0o O(Iy) X ngngngnang = O(ngngnznang),
O(1) 0 O(Lp) x ngnang = O(nynang),
O(1) 0 O(Lp) x ngngnang = O(ngngnanyg),
O(1) 0 O(Lp) x ngngnang = O(ngngnanyg),

O(lp) x ngnang = O(ngnang) (D.63)

operations to calculate. Therefore, from complexity counts (D.61) and (D.63), in total, solving

systems (D.53b) for all i € {1,2,...,n,}, m € Za, and | € {1,2,...,n4}, the un-mixed second
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order sensitivity equations for an initial value problem using the forward Euler method, requires

O(npnzngngna) + O(npngngnang) + O(npnanang) + O(ngngngnang)+
O(ngnang) + O(ngngnang) + O(ngngznang) + O(ngnang) =

O (ngnzna(npng + npng + nang)) (D.64)

operations. The forward Euler method applied to an initial value problem is the computationally
least expensive explicit numerical solution method. Thus, in general, solving the un-mixed

second order sensitivity equations with an explicit numerical solution method requires
O( > NgNagna(Npng + npng + nan)) (D.65)

operations.
After solving the first order sensitivity equations, calculating 0r(q)/dq;, of equation (D.51a),

for all [ € {1,2,...,n,} requires calculating partial derivative values,
09;k :
—— for all (j,k,m) € {1,...,ny} x {1,...,ne} x {1,...,nz},
0T

6 .
% for all (j, k1) € {1,...,ny} x {1,...,n¢} x {1,...,ng},
qi

ody, , ,
Bk for all (j,k) € {1,...,ny} x {1,...,n¢}, (D.66)
3,k

which, respectively, require

O(ng,) X nyning = O(ng,nyning),
O(ng,) x nyning = O(ng,nyning),

O(1) o O(1y) x nyng = O(nyny) (D.67)

operations to calculate, as stipulated in Equations (D.3) and (D.4). After solving the first order
sensitivity equations and calculating partial derivative values, calculating dr(q)/dq;, of equation

(D.51a), for all l € {1,2,...,n,} is equivalent in computational complexity to calculating
99 O%m
0Tk Oqu

{1, ony} x {1, oo} x {1, ... g} x {1,...,ny},
aé](]f for all (4,k,0) € {1,...,ny} x {1,...,m} x {1,...,n4},
od

— kg for all (j,k) € {1,...,ny} x {1,...,m}, (D.68)
99jk

for all (5,k,1,m) €
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which, respectively, require

O(1) o O(Lp) x nyngngng = O(nyningng),
O(1p) x nyngng = O(nyning),

O(1) 0o O(Ip) x nyng = O(nyny) (D.69)

operations to calculate. Thus, from complexity counts (D.67) and (D.69), after solving the first
order sensitivity equations, calculating dr(q)/dq; for all [ € {1,2,...,n,} requires

O(ng,nynyng) + O(ng, nyngng) + O(nyny) + O(nyningng) + O(nyngng)+
O(nyns) = O(nyn¢(ng,ny + ng ng + ngng)) (D.70)

operations. Therefore, from complexity counts (D.59) and (D.70), in total, calculating dr(q)/9q
for all I € {1,2,...,n,} requires

O( > ngna(npng +npng + nan)) + O(nynt(nglnx +ng,ng + nqnx)) =

O( = ngna(npng +npng + nang)) + O (nynng, (ng + ng)) (D.71)
operations with an explicit numerical solution method, as n, < n, and n; < na.

After solving the un-mixed second order sensitivity equations, calculating 9%r(q)/ Oqlz, of

equation (D.51b), for all [ € {1,2,...,n4} requires calculating partial derivative values,

2

dy .
25 for all (5, k) € {1,....ny} x {1,...,m4},
995
M for all (j,k,m,n) € {1,...,ny} x {1,...,n} x {1,...,ny}?
axn7kal’m,k 5 vy ) ) y Iy ) ) ) ) )
829j,k
0T m 1 Oq
{1, ony} x {1, ., ne} x {1, ... ng} x {1,...,ny},
%gjx .
oy for all (5,k,0) € {1,...,ny} x {1,...,n} x {1,...,ngq}, (D.72)
9%

for all (j,k,1,m) €

which, respectively, require

O(l) () O(IO) X nynt — O(nynt)’
0(7192) X Ny N NgNg = O(nmnynmxnx),
O(ng,) X nyningng = O(ng,nyningnz),

O(ng,) X nyngng = O(ng,nyning) (D.73)

operations to calculate, as stipulated in Equations (D.3) and (D.4). After solving the un-
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mixed second order sensitivity equations, and calculating partial derivative values, calculating
9*r(q)/0q?, of equation (D.51b), for all I € {1,2,...,n,} is equivalent in computational com-
plexity to calculating
2
0%dy

o2 0% for all (j.k) € {1,y x {1 me),
9j.k

O%gir  Ozyp
’ =~ for all (j,k,l,m,n) €
0xp 10T, 1 Oq Y )

{1, oomyd x {1, e < {1 gt x {1, ng Y,

9%9jk
—>= for all (j,k,I
Jadzmr or all (j,k,l,m) €
{L..oong b x {1, ..o} x {1, ... g} x {1,...,ng},
Oz
I - 2 * for all (k,Lm) e {1,...,n} x{1,...,ng} x{1,...,ng},
q
09,k 0z i .
—— = for all (4,k,1
8xm,k 8ql2 or a (.77 b 7m)€
{Looong b x {1, o ne} x {1, ngt < {1,...,ng},
gk O
: = for all (j,k,l,m) €
0rm 10q Oq Y )
{Looong b x {1, .0} x {1, gt < {1,...,ng },
gk .
50 for all (4,k,0) € {1,...,ny} x{1,...,n} x {1,...,n4},
q
ody, ]
—=-Ip for all (j,k) € {1,...,ny} x {1,...,n¢}, (D.74)
09;.k

which, respectively, require

O(1) 0 O(Iy) x nyny = O(nyny),
Iy, - O(1) 0 O(Iy) X nyningngng = O(Ig,nyningngny),
Iy, - O(1p) x nyningng = O(1g,nynyngny),
O(1) 0o O(Ip) x myngng = O(nyngny),
O(1) o O(Lp) x nyngngng = O(nyningng),
Iy, - O(1) 0 O(Iy) x nyningng = O(Ignyningng),
Iy, - O(1y) x nyngng = O(Ignyneng),

O(1) 0o O(Ip) x nyng = O(nyny) (D.75)
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operations to calculate, where

0 ifng =0
I, = . (D.76)
1 if O(ng,) > 1.

Thus, from complexity counts (D.73) and (D.75), after solving the un-mixed second order

sensitivity equations, calculating 6%r(q)/ 8ql2 for all I € {1,2,...,n4} requires

O(nynt) + O(ng,nyningng) + O(ng,nyngngng) + O(ng,nyning) + O(nyng)+
O(1g,nyningngng) + O(Ig,nyningng) + O(ngngng) + O(nyngngng )+
O(Igynyningna) + O(Ig,nyming) + O(nyny) =

O(nynt(nQannw + Ngy NNy + Lg,ngngng + nqnx)) (D.77)

operations. Therefore, from complexity counts (D.65) and (D.77), in total, calculating 0r(q)/0¢?
for all I € {1,2,...,n4} requires

O( > nangna(npng + nmng + ngng))+
O(nynt(nﬁnwnw + Ngy NNy + Lgngngng + nqnx)) =

O( > NangNA(Npny + npng + nmnq)) + O(nyntn92 (ngng + nqnx)) (D.78)

operations with an explicit numerical solution method, as n, < n, and n; < na.

In each iteration of r(q) descent, I generate O(n,) line-search test points, one for each
value of ;. Generating each test point requires an update of all parameter values, requiring
O(ng) operations. From complexity count (D.50), for an explicit numerical solution method,
calculating r(q) at each line-search test point requires O(nsnzna + ngnyn;) operations. Thus,
for an explicit numerical solution method, updating all parameter values and calculating r(q) at

each line-search test point requires
O(ng) + O(ngngna + ngnyng) = O(ngnzna + ngnyng) (D.79)

operations, as I consider r(q) with fewer parameter values than state values, ny < nzna. As
such, for an explicit numerical solution method, updating all parameter values and calculating
r(q) at all line-search test points, calculating first order partial derivatives of r(q) with respect

to all parameters, and calculating un-mixed second order partial derivatives of r(q) with respect
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to all parameters requires

O (ng(ngngna + ngnyng))+
O( > ngna(npng + npng + nan)) + O(nyntng1 (ng + nq))—i-
O( > NgngnA(np,ng + npng + nan)) + O(nyntng2 (nyng + nqnw)) =
O (ng(ngngyna + ngnyng) + nyning, (ng + ng)) + O (nyning, (ngng + ngng) )+

O( > nan A (Np N + N Mg + NENeNg + NEyNgng + nxnan)) (D.80)

operations, with partial derivative complexity counts from (D.71) and (D.78). Therefore, for an

explicit numerical solution method, an iteration of 7(q) descent requires

O(ng(nfnan + ngnyng) + nyngng, (ng + nq)) + O(nyntng2 (nyng + nqngc))—i—

O( > nana (e ng + np g + NEpngig + npngng + nxnan)) (D.81)

operations.

For implicit numerical solution methods, f; x(t, q,x) = 0 is an implicit system of equations in
x and discretized sensitivity equations are implicit systems of equations in discretized sensitivity
values, 0x;m,/0q and 82xi,m / 8q12. Otherwise, r(q) descent with an implicit numerical solution
method is identical to r(q) descent with an explicit numerical solution method. Generally,
fir(t,q,x) = 0 is a nonlinear system of equations that is solved numerically using Newton’s
method. Each iteration of Newton’s method to solve f; ;(t,q,x) = 0 requires calculating the
values of f; 1 (t,q,x) and the values of first order partial derivatives of f; 1(t, q,x) with respect
to @y, foralli € {1,2,...,n.}, k € Ia, 1 € {1,2,...,n,}, and m € Za. Calculating

fir(t,a,x) for all (4,k) € {1,2,...,n,} X Ta (D.82)
requires
O(ny) x nzna = O(ngngna) (D.83)

operations, as stipulated in equation (D.5). f;x(t,q,x) depend on z;,, for only a small fraction
of kin Za, at k in Za,, C Za. Calculating

afi,k (ta q, X)

3 for all (i,k,l,m) € {1,...,ny} xZa,, X {1,...,n.} X I (D.84)
Llm

requires
O(ny,) X ngngngna = O(nf,ngnsnzna) (D.85)

operations, as stipulated in equation (D.5). Additionally, each iteration of Newton’s method to
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solve f; x(t,q,x) = 0 requires solving matrix equations, requiring a total of O(nys) operations.
Thus, in conjunction with complexity counts (D.83) and (D.85), each iteration of Newton’s

method to solve f;x(t,q,x) = 0 requires

O(ngnanyg) + O(ngngnsngna) + O(nar) =
O(nznany + npngnsngna + nar) (D.86)

operations. Solving f; 1 (t, q,x) = 0 requires O(ny) iterations of Newton’s method. Thus, for an

implicit numerical solution method, numerically solving f; (t,q,x) = 0 to determine x requires
O(nnngnany + nNnypngnsngna + nNnar) (D.87)

operations. From complexity count (D.49), After calculating x, calculating r(q) requires

calculating

Ny  ng

nly Z z d}’j,k (gjvk(q7 X))v

j=1 k=1

which requires O(ngnyn;) operations to calculate. Thus, from complexity counts (D.49) and

(D.87), calculating r(q) requires

O(nnnznany + nnngngnsngna + nyna) + O(ngnyng) =

O(nNnan(nf +ngngns) +nyny + ngnynt) (D.88)

operations with an implicit numerical solution method.

The sensitivity equations are generated by applying the chain rule to the differential equation
system, and are thus linear in sensitivity values, dz;/9q; and 9%z;/0q?. As such, discretized sen-
sitivity equations are generally linear in discretized sensitivity values, 0x; , /0q and 82x; ,, /0q?.
Thus, beyond the calculations required to solve the discretized sensitivity equations with
an explicit numerical solution method, solving the discretized sensitivity equations with an
implicit numerical solution method requires solving matrix equations. Both first order and
un-mixed second order discretized sensitivity equations with respect to ¢; are identical in size to
fix(t,dq,x) = 0. Thus, calculating matrix equations in solving first order discretized sensitivity
equations with respect to ¢ requires a total of O(njs) operations, and calculating matrix
equations in solving un-mixed second order discretized sensitivity equations with respect to
q; requires a total of O(njs) operations. As such, calculating matrix equations in solving first
order discretized sensitivity equations with respect to ¢; for all € {1,2,...,n,} requires a total
of O(ngnar) operations, and calculating matrix equations in solving un-mixed second order
discretized sensitivity equations with respect to ¢; for all [ € {1,2,...,n,} requires a total of

O(ngnps) operations. Therefore, in general, in conjunction with complexity count (D.59), solving
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the first order sensitivity equations with an implicit numerical solution method requires
O( > nana(npng + npng + nang)) + O(ngnas) (D.89)

operations, and, in conjunction with complexity count (D.65), solving the un-mixed second

order sensitivity equations with an implicit numerical solution method requires
O( > ngngna(npng + npng + ngng)) + O(ngnar) (D.90)

operations. From complexity count (D.70), after solving the first order sensitivity equations,
calculating dr(q)/0q; for all I € {1,2,...,n4} requires O(nyni(ng, ng +ng, ng+ngn,)) operations.
Therefore, from complexity counts (D.89) and (D.70), in total, calculating dr(q)/dq; for all
le{l,2,...,ny} requires

O( > ngna(npng + npng + nan)) + O(ngnar)+
O(nynt(ng1 Ng + Ng, Ng + nqnx)) =

O( = ngna(npng + npng + nang)) + O(ngnar + nynyng, (ng + ng)) (D.91)

operations with an implicit numerical solution method, as n, < n, and n; < na. From
complexity count (D.77), after solving the un-mixed second order sensitivity equations, calculating
9*r(q)/0g} for all | € {1,2,...,n4} requires O(nyni(ng,nang + ngngng + Igyngnagng + ngng))
operations. Therefore, from complexity counts (D.90) and (D.77), in total, calculating 0r(q)/0¢?
for all I € {1,2,...,n4} requires

O( > NangnA(np,ng + npng + nan)) + O(ngnar)
O(nynt(nmnwnw + Ngy NNy + Lg,ngngng + nqnx)) =

O( = ngngna(npng + npng + ngng)) + O(ngnar) + O (nyngng, (nang + ngna)) (D.92)

operations with an implicit numerical solution method, as n, < n, and n; < na.

In each iteration of r(q) descent, I generate O(n,) line-search test points, one for each
value of ;. Generating each test point requires an update of all parameter values, requiring
O(ng) operations. From complexity count (D.88), for an implicit numerical solution method,
calculating r(q) at each line-search test point requires O(nynzna(ng + ngnens) + nyny +
ngnyn;) operations. Thus, for an implicit numerical solution method, updating all parameter

values and calculating r(q) at each line-search test point requires

O(ng) + O(nNnan(nf +nypngns) +nyny + ngnynt) =

O(nannA(nf +nygngng) +nyna + ngnynt) (D.93)

operations, as I consider r(q) with fewer parameter values than state values, ny < nzna. As
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such, for an implicit numerical solution method, updating all parameter values and calculating
r(q) at all line-search test points, calculating first order partial derivatives of r(q) with respect
to all parameters, and calculating un-mixed second order partial derivatives of r(q) with respect

to all parameters requires

O(anNnmnA(nf +nygngng) + nenyna + ngngnynt)—i—
0( > ngna(npng + npng + nan)) + O(nan + nyngng, (ne + nq))+
O( > ngana(np,ng +npng + nan)) + O(ngnar) + O(nyntn92 (nyng + nqnx))
= O(nanNnan(nf +npngns) + nangnynt)—k
O(nM(nq + nenn) + nyning (ng + nq)) + O(nyntng2 (ngng + nqnx))+

O( > NenA(ME Ny + NE g + NENaNg + NENgng + nxnan)) (D.94)

operations, with partial derivative complexity counts from complexity counts (D.91) and (D.92).

Therefore, for an implicit numerical solution method, an iteration of r(q) descent requires

O(nanNnan(nf +npngns) + ngngnynt)Jr
O(nM(nq + neny) + nyning, (ngy + nq)) + O(nyntn92 (ngng + nqnx))+

O( > ngnA(ME Mg + NE g + NENaNg + NENgng + nxnan)) (D.95)

operations.
Alternatively, I can approximate partial derivatives of r(q) with respect to parameters by

finite differences, rather than by solving the sensitivity equations. Most simply,

or(a) _r(qa+he)—r(q)

~ , D.9%6a
oq hy ( )
2
-9 —
0 r(gq) ~ T(q + h’lel) T(Qq) + r(q hlel) ’ (D96b)
dq; hi

where e; is the "' standard basis vector and h; is some small perturbation in parameter
q. Approximating 9r(q)/dq; and 9%r(q)/dq?, as in Equations (D.96a) and (D.96b), for all

le{l,2,...,n4} is equivalent in computational complexity to calculating

r(q+ he) for all I € {1,2,...,n4},

r(a),
r(q—he) foralll € {1,2,...,n4}, (D.97)

which, from complexity count (D.50), for an explicit numerical solution method, respectively,
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require

O(nyngzna +ngnyng) X ng = O(nq(nfnan + ngnynt)),
O(lo),

O(ngngna + ngnyng) X ng = O(nq(nfnan + ngnynt)), (D.98)

operations to calculate, and, from complexity count (D.88), for an implicit numerical solution

method, respectively, require

O(nyngna(ng + npngns) + nyna + ngngng) X ng =
O (nyngnang(ng + ngngns) + nynumng + ngnyning),
O(lo),

O(nNnmnA(nf +ngngns) +nyny + ngnynt) X ng =

O(nNnmnAnq(nf +npngng) + nynang + ngnynmq) (D.99)

operations to calculate. Thus, for an explicit numerical solution method, approximating
or(q)/dq; and 8?r(q)/dq}? by finite difference for all I € {1,2,...,n,} requires

O(ng(nyngna + ngnyny)) + O(Lo) + O (ng(ngnzna + ngnyny)) =
O (ng(nynyna + ngnyny)) (D.100)

operations, and for an implicit numerical solution method, approximating dr(q)/dq; and
9%*r(q)/0q? by finite difference for all I € {1,2,...,n,} requires

O(nNnannq(nf +nypngns) + nynyng + ngnyntnq) + O(1y)+
O(nNnannq(nf +nypngns) + nynyng + ngnyntnq) =

O(nannAnq(nf +nypngns) + nynyng + ngnyntnq) (D.101)

operations.

For an explicit numerical solution method, updating all parameter values and calculating
r(q) at all of the O(n,) line-search test points, as calculated for each line-search test point
in complexity count (D.79), and approximating first order and un-mixed second order partial
derivatives of r(q) with respect to all parameters by finite difference, as calculated in complexity

count (D.100), requires

O(nengnzna + ngngnygng) + O(nq(nfnan + ngnynt)) =
O(nfnan(ng +ng) + ngnyny(ne + nq)) =
O((no + ng)(nfngna + ngnyny)) (D.102)
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operations. For an implicit numerical solution method, updating all parameter values and
calculating r(q) at all of the O(n,) line-search test points, as calculated for each line-search test
point in complexity count (D.93), and approximating first order and un-mixed second order
partial derivatives of r(q) with respect to all parameters by finite difference, as calculated in

complexity count (D.101), requires

O (nennnana(ng + nypnans) + nenynag + nengnygng )+
O(nannAnq(nf + nflnzn(;) +nynyng + ngnyntnq) =
O(nynzna(ne + ng)(ny + npngns) + nyna(ng + ng) + ngnyni(ngy +ng)) =

O((n(7 + nq) (nNnan(nf +nypngnsg) +nyna + ngnynt)> (D.103)

operations. Therefore, from complexity count (D.102), for an explicit numerical solution method,

an iteration of r(q) descent with partial derivative approximation by finite difference requires
O((ng + ng)(ngngna + ngnyny)) (D.104)

operations, and from complexity count (D.103), for an implicit numerical solution method, an

iteration of r(q) descent with partial derivative approximation by finite difference requires
O((ng + nq) (nNnmnA(nf +ngngng) +nyna + ngnynt)) (D.105)

operations. 0
D.2.2 Counting the Computational Complexity of Newton’s Method to
Minimize r(q)

On an unrestricted domain, a local minimum of r(q) occurs where 9dr(q)/dp; = 0 for all
le{1,2,...,n4}. Thus, a local minimum of r(q) is calculable by applying Newton’s method to
find a solution to the system Or(q)/0p; =0 for all [ € {1,2,...,n4}.

Theorem 9. For an explicit numerical solution method, an iteration of r(q) minimization by

Newton’s method requires

O(nfnan + nynyng, (ng + ”q)) + O(”y”t”gz (ngng + ngna + nq”q))+

O( > nana(npng + npng + npngng + npngng + npngng + nangng + ngngng))  (D.106)

operations. For an implicit numerical solution method, an iteration of r(q) minimization by
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Newton’s method requires

O(nNnan(nf + g ngns) + nar(ngng + ny) + nyning, (ng + nq))—i-
0 (nyntng2 (nang + ngng + nqnq)) +

O( = nana(npng + npng + npngng + npngng + npngng + nangng + ngngng))  (D.107)

operations, with O(nyr) operations in solving matrix equations for each of O(ny) iterations of
Newton’s method applied to f; (t,q,x) =0, for alli € {1,2,...,n,} and k € Ix.
Alternatively, for an explicit numerical solution method, an iteration of r(q) minimization

by Newton’s method with partial derivative approximation by finite difference requires
O (ngng(nyngna + ngnyny)) (D.108)

operations, and, for an implicit numerical solution method, an iteration of r(q) minimization by

Newton’s method with partial derivative approximation by finite difference requires
O(nNnannqnq(nf + nypngns) + nynyngng + ngnyntnqnq) (D.109)

operations.

Proof. In each iteration of r(q) minimization by Newton’s method, I calculate numerical solution
values, x. For an explicit numerical solution method, f; (t,q,x) = 0 is an explicit system of
equations in x, and solving f; x(t,q,x) = 0 simply requires evaluating f; (t,q,x). Thus, to

determine x, solving
fir(t,q,x) =0 for all (i,k) € {1,...,n5} X Za (D.110)
requires
O(ny) x nzna = O(ngngna) (D.111)

operations, as stipulated in equation (D.5).

In each iteration of r(q) minimization by Newton’s method, I calculate first order and second
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order partial derivatives of r(q) with respect to all parameters,

Or(@) _ 1 N~y (= 0950 Ot 995
. Z ik 1+ Dk} D.112a
I ny ; ; 99jk \ 5= Ormp Oq day ( )
9%r(q) _ 1 i 2| 9%y, i 0Yjk 8x5,k ng k Z 09k O%s ng,k n
OqmOqr — ny “— = | 99 \“= 0sk Odm s Doy Oa | Oa

J
ddy, - <(§: 829j,k Oy, 0? Gik \O0Tsr  Ogjk 0?2 st,k)
004 1,0Ts ) O¢m  O0qmOTsy” Oq  Oxs) 0¢mOq

Ng 2 2.
3 O°9ik_Osk | O7gjk )] _ (D.112b)

) axs,kacﬂ an 8‘]ma(ﬂ

Partial derivatives of state values with respect to parameters are generally calculated by
numerically solving the sensitivity equations, which are generated by applying the chain rule to
the differential equation system.

In the case of an initial value problem, dx;/dt = F;(t,q,z1,...,2y,) for i € {1,2,... nz},

applying the chain rule to F;(t,q,x1,...,x,,) generates the sensitivity equations,
d ; d F; OF;
4 (Oai x’ Z OF; 0z; | OF; (D.113a)
dt \ Oq 8ql 858] oq aql

d< 0%x; ) 82 (dwl> B
dt \ 0gmOq 0¢mOq
Z[(i O°F; O, OF; >8x3+6F 0%x; ]+
0x0x; Ogm 8qm3x]~ Oq  Oxj 0gmOq
N O%F; Oxj N O*F;
— 02;0q 0qm, ~ 0¢mOq’

(D.113b)

two systems of differential equations, one in dx; /¢ and one in 0%x; /g, Oq; for i € {1,2,...,n.}.
From Equations (D.113a) and (D.113b), using the forward Euler method, the simplest explicit

numerical method for initial value problems, I can calculate 0x; s/9¢q; and 82@75 /0qmdq; for
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i€{1,2,...,n,} and s € Zx such that

0T 541 _ 0z s 1 o OFis Oxjs | OFis , (D.114a)
dq dq tsr1 — s - aSC],s 0qp Iq
Pxisy1  Owis 1 <
OqmOq; 0qmOq  tsy1 — ts
nzx i azFi,s 81%,5 n 82F¢75 (%j,s i OF@',S agl‘j,s +
= \& 0z, s0xjs O¢m — OgmOxjs | Og 0xj s 04mO0q
< O%F, Oxj.  0%Fig > (D.114b)
= 0250 Ogm gm0 )’ '

where F; s = Fi(ts,q, 1,5, .,Tn,,s)-
Solving system (D.114a) for i € {1,2,...,n.}, [ € {1,2,...,n4}, and s € Zx requires

calculating partial derivative values,

aFis .o

—= for all (4,7,s) € {1,...,n:} x{1,...,ny} X Za,

63@75

OF; s .

Pa for all (4,1,s) € {1,...,nz} x {1,...,ng} X Zp, (D.115)

which, respectively, require

O(np,) X ngngna = O(np,ngnzna),

O(nF1) X NzNgNA = O(nF1nannA) (Dllﬁ)

operations to calculate, as stipulated in equation (D.7). Apart from calculating partial derivative
values, solving system (D.114a) for all i € {1,2,...,n,}, [ € {1,2,...,n4}, and s € Zx is

equivalent in computational complexity to calculating

OF; s 0x; .
8ij§ g;ls for all (i,7,1,8) € {1,...,na} x {1,...,nz} x {1,...,ng} X Za,
aFis .
T’ for all (i,1,s) € {1,...,nz} X {1,...,ng} X Za, (D.117)
a

which, respectively, require

O(1) 0 O(lp) x ngngngna = O(ngngngna),
O(lp) x ngngna = O(ngngna) (D.118)

operations to calculate, where I indicates values that have been calculated previously and
O(Ip) = 1. Therefore, from complexity counts (D.116) and (D.118), in total, solving systems
(D.114a) for all ¢ € {1,2,...,n,}, { € {1,2,...,ny}, and s € Zp, the first order sensitivity
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equations for an initial value problem using the forward Euler method, requires

O(npngnzna) + O(npngngna) + O(ngngngna) + O(ngngna) =

O (ngna(npng + npng + nyng)) (D.119)

operations. The forward Euler method applied to an initial value problem is the computationally
least expensive explicit numerical solution method. Thus, in general, solving the first order

sensitivity equations with an explicit numerical solution method requires

O( > ngna(npng +npng + nwnq)) (D.120)

operations.
Similarly, solving system (D.114b) fori € {1,2,...,n.},1 € {1,2,...,ny}, m € {1,2,...,n4},

and s € Za requires calculating partial derivative values,

O*F;
mforall (1,9 kys) € {1,...,nz} x {1,...,nz} X {1,...,nz} X Za,
OFis ¢ all (i,7,1,s) € {1 }x {1 }x {1 }x T,
—— for i s ) con cen
al’LSaQZ s s by ) ) g ) ) g ) s Itg A
aQFiS .
— for all (4,1,m,s) € {1,2,...,ny} x {1,2,...,n4} x {1,2,...,n4} X Za, (D.121)
9gm0q

which, respectively, require

O(np,) X ngngnzna = O(NE,ngNzngnA),
O(np,) x NgNzNgNA = O(HFQTLa;nannA),

O(ng,) X ngngngna = O(np,ngngngna) (D.122)

operations to calculate, as stipulated in equation (D.7). Apart from calculating partial derivative
values, solving systems (D.114b) for all i € {1,2,...,n.}, 1 € {1,2,...,n4}, m € {1,2,...,n4},
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and s € Za is equivalent in computational complexity to calculating

2Fis 0 s
axak,sa’l‘j,s OZZ for all (i,7,k,m,s) € {1,...,n,}> x {1,... ,Ngt X I,
%forall(i'ms)e{l ng}? x {1 ngt X Z
8qma$]s R ’ DRI R y -0y llg A
O0xj .
Iy - 8q’ for all (4,1,s) € {1,...,nz} x {1,...,n4} X Za,
1
Es 2 j,S
?We(ilrféfll for all (i,j,l,m,s)6{1,...,nx}2x{l,...,nq}2><IA,
2
Fis j,S .o
E)ZJM%Z; for all (z,j,l,m,s)e{l,...,nx}2x{l,...,nq}szA,
O°Fs for all (i,1,m,s) € {1 ngt x {1 ng}? x T (D.123)
aqm8q1 5 Uy 11y DRI RS PR R Ay .

which, respectively, require

O(1) 0 O(1p) x ngngnzngna = O(ngngnzngna),
O(1p) x ngngngna = O(ngngngna),
O(1) 0 O(Ip) x ngngna = O(ngngna),
O(1) o O(Lp) X ngngngngna = O(ngngngngna),
O(1) 0o O(1y) X ngngngngna = O(ngngngngna),

O(1p) x ngngngna = O(ngngngna) (D.124)

operations to calculate. Therefore, from complexity counts (D.122) and (D.124), in total, solving
systems (D.114b) for all i € {1,2,...,n,}, 1 € {1,2,...,n4}, m € {1,2,...,ny4}, and s € Zn, the
second order sensitivity equations for an initial value problem using the forward Euler method,

requires

O(npyngngngna) + O(npngngngna) + O(np,ngngngna)+
O(ngnzngngna) + O(ngngngna) + O(ngngna)+
O(ngnzngngna) + O(ngngngngna) + O(ngngngna) =

O(nznA(n&nwnx + np,ngng + NEpNgNg + NaNgng + nmnqnq)) (D.125)

operations. The forward Euler method applied to an initial value problem is the computationally
least expensive explicit numerical solution method. Thus, in general, solving the second order

sensitivity equations with an explicit numerical solution method requires
O( > NgNA(NEyNaNg + NENgNg + NENgNg + NaNgng + nannq)) (D.126)
operations.
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After solving the first order sensitivity equations, calculating 0r(q)/dq;, of equation (D.112a),

for all [ € {1,2,...,n4} requires calculating partial derivative values,
Oa.
CIIk for all (5, k,m) € {1,...,ny} x {1,... e} x {1,...,na},
LT,k
9a.
gfv’“ for all (,k,1) € {1,...,ny} x {1, ....ne} x {1,....ng},
q
ody,
— Yk for all (j,k) € {1,...,ny} x {1,...,m4}, (D.127)
99,k

which, respectively, require

O(ng,) X nyngng = O(ng nyngny),
O(ng,) x nyning = O(ng,nyning),

O(1) 0o O(Ip) x nyng = O(nyny) (D.128)

operations to calculate, as stipulated in Equations (D.3) and (D.4). After solving the first order

sensitivity equations and calculating partial derivative values, calculating dr(q)/dq;, of equation

(D.112a), for all [ € {1,2,...,n,} is equivalent in computational complexity to calculating
09k Oy .
———— for all (j,k,m,l) €
Ormi Oq ( )
{1, ny} x {1, ., ne} x {1, ... ,ng} x {1,...,ng},
Oa.
gfv’“ for all (j,k,1) € {1,...,ny} x {1, ....ne} x {1,...,ng},
q
ody, )
B Ip for all (4,k) € {1,...,ny} x {1,...,m}, (D.129)
9j.k

which, respectively, require

O(1) o O(Lp) x nyngngng = O(nyningng),
O(1p) x nyngng = O(nynsng),

O(1) 0o O(Lp) x nyng = O(nyny) (D.130)

operations to calculate. Thus, from complexity counts (D.128) and (D.130), after solving the
first order sensitivity equations, calculating dr(q)/0q; for all [ € {1,2,...,n4} requires

O(ng,nyning) + O(ng nyngng) + O(nyny) + O(nyngngng) + O(nyngng)+
O(nyns) = O(nyn¢(ng,ngy + ng ng + ngng)) (D.131)

operations. Therefore, from complexity counts (D.120) and (D.131), in total, calculating
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or(q)/0q for all I € {1,2,...,n4} requires

O( > nana(npng + npng + nang)) + O(nyng(ng ng + ng,ng + nang)) =

O( > ngna(npng + npng + nang)) + O(nynung, (ng + ng)) (D.132)

operations with an explicit numerical solution method, as n, < n, and n; < na.
After solving the second order sensitivity equations, calculating 0%r(q)/d¢m9q;, of equation

(D.112b), for all 1 € {1,2,...,nq} and m € {1,2,...,n4} requires calculating partial derivative
values,

2
dyg‘,k

502 for all (j,k) € {1,...,ny} x {1,...,n¢},
g‘],k

m for all (j,k,s,t) e{1,...,ny}x{l,...,nt}x{l,...,nx}z,

92g;
(%j;:é];l for all (j, k,1,8) € {1,...,ny} x {1,...,m} x {1, ... ,ng} x {1,...,na},
%95k . 2
—2— for all (j,k,l,m) e {1,...,ny} x{1,...,n} x{1,...,ng}", (D.133)
anan

which, respectively, require

O(1) 0 O(Lp) x nyny = O(nyny),
O(ng,) X nyngngng = O(ng,nyningng),
O(ng,) X nyngngng = O(ng,nyningng),
O(ng,) X nynyngng = O(ng,nyningng) (D.134)
operations to calculate, as stipulated in Equations (D.3) and (D.4). After solving the second order

sensitivity equations and calculating partial derivative values, calculating 0r(q)/9¢m0q;, of
equation (D.112b), for all I € {1,2,...,n,} and m € {1,2,...,ny} is equivalent in computational
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complexity to calculating

d*dy,

502 = I for all (j,k) € {1,...,ny,} x {1,...,m},
ik

O%gir  Oxpp
. = f 11 (7, k t) €
al‘t,kaxs,k aqm or a (.77 , M, S, )

{1, oomy b x {1, ey x {1 ngt x {1, ng Y,
09k

8qmaxs,k

{1 ongt x {1, ..o} x {1, ... gt x {1,...,ng},

for all (j,k,m,s) €

Oz
Iy - L5k for all (k,lys) e {1,...,n} x{1,...,ng}t x{1,...,ng},

Iq
0gj Py, .
d = 11 (7,k,1,m,s) €
3o, DB O 21 (o7 o)
{1, ny} x {1,...,ns} X {1,...,nq}2 x{1,...,nz},
D%*gir Oxgp

fi (7.1
0z, 1,0q Oqm or all (7 k.1, m, s) €

{1,...,ny}><{1,...,nt}><{1,...,nq}2><{1,...,nx},

%gjx 2
S { 11(7,k,1 1,... 1,... 1,...
aq'm,aq1 or a (]7 ) 7m)€{ 9 7ny}><{ ) 7nt}><{ ) ,TLq} )

8dyj,k )
—= Iy for all (j,k) € {1,...,ny} x {1,...,n¢},
8gj,k

which, respectively, require

O(1) 0o O(Lp) x nyny = O(nyny),
Iy, - O(1) 0 O(Iy) X nyningngng = O(Ig,nyningngng),
Iy, - O(Lp) X nymyngng = O(Ig,nyningny),
O(1) 0 O(Ip) x ungng = O(nungny),
O(1) 0c O(Ly) x nyngngngng = O(nyningngny),
Iy, - O(1) 0 O(Ip) x nyngngngng = O(Ignynimgngn,),
Iy, - O(1p) X nynyngng = O(Ig,nyningng),

O(1) o O(Iy) x nyng = O(nyny)

operations to calculate, where

s 0 ifng =0
21 i O(ng,) > 1.

(D.135)

(D.136)

(D.137)

Thus, from complexity counts (D.134) and (D.136), after solving the second order sensitivity
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equations, calculating 8?r(q)/9¢m0q for all l € {1,2,...,n,} and m € {1,2,...,n,} requires

O(nyni) + O(ngynyningng) + O(ng,nyngngng) + O(ng,nyningng) + O(nyng)+
O(1g,nyningngng) + O(Ig,nyningng) + O(ngngng) + O(nyngngngng)+
O(I1g,nyningngng) + O(Ig,nyningng) + O(nyng) =

O (nyni(ng,ngng + ngyngng + ng,ngng + Ig,ngngng + Igngngng + ngngny)) (D.138)

operations. Therefore, from complexity counts (D.126) and (D.138), in total, calculating
0%r(q)/0qmdq; for all 1 € {1,2,...,n,} and m € {1,2,...,n,} requires

O( > NeNA(MENaNg + NENENg + NENgNG + NaNgNg + nannq))+
O (nyni(ng,ngng + ng,ngng + ng,ngng + Ig,ngngng + Igngngng + ngngng)) =
O( > nana(nmnang + npnang + npngng + ngnang + nangng))+

O(nynmg2 (ngng + ngng + nqnq)) (D.139)

operations with an explicit numerical solution method, as n, < n, and n; < na.

In each iteration of r(q) minimization by Newton’s method, updating parameter values
requires solving an ng X ny matrix equation, which requires O(ng) operations using Gaussian
elimination. Thus, for an explicit numerical solution method, calculating first order partial
derivatives of r(q) with respect to all parameters, calculating second order partial derivatives
of r(q) with respect to all parameters, updating parameter values, and updating numerical

solution values requires

O( > ngna(npng + npng + nan)) + O(nyntng1 (ng + nq))—i—
O( > NgnA(MENaNg + NENeNg + NENgNG + NaNgNg + nannq))+
O (nynyng, (ngng + ngng + ngng)) + O(ng) + O(ngnzna) =
O(nfnan + nynyng, (ng + nq)) + O(nyntng2 (ngng + ngng + nqnq))

O( > ngnA(ME Ny + NE g + NENaNg + NENgNg + NEngng + Ngngng + nannq)) (D.140)

operations, as ng < ngna, the number of parameters is less than the number of state values, with
partial derivative complexity counts from (D.132) and (D.139) and numerical solution complexity
count from (D.111). Therefore, for an explicit numerical solution method, an iteration of r(q)

minimization by Newton’s method requires

O(nfnan + nyngng, (ng + nq)) + O(nyntn92 (ngng + ngng + nqnq))

O( > ngnA(NE Ny + Npng + NENang + NEpngng + npngng + ngngng + nannq)) (D.141)

operations.

For implicit numerical solution methods, f; x(t,q,x) = 0 is an implicit system of equations in
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x and discretized sensitivity equations are implicit systems of equations in discretized sensitivity
values, O, s/0q; and 9%z, s/0gmOq. Otherwise, r(q) minimization by Newton’s method with
an implicit numerical solution method is identical to r(q) minimization by Newton’s method
with an explicit numerical solution method. Generally, f; x(t,q,x) = 0 is a nonlinear system
of equations that is solved numerically using Newton’s method. Each iteration of Newton’s
method to solve f; ;(t,q,x) = 0 requires calculating the values of f;1(t,q,x) and the values
of first order partial derivatives of f; ;(t,q,x) with respect to zj,,, for all i € {1,2,...,n,},
keZn, le{l,2,...,n}, and m € Za. Calculating

fik(t,q,x) for all (4,k) € {1,2,...,ny} X Za (D.142)
requires
O(ny) x nzna = O(ngngna) (D.143)

operations, as stipulated in equation (D.5). f;x(t,q,x) depend on z;,, for only a small fraction
of kin Za, at k in Za,, C Za. Calculating

8fi,k (t7 q, X)

3 for all (i,k,l,m) € {1,...,ny} X Za,, X {1,...,ng} X Ta (D.144)
Tlm

requires
O(ny,) X ngngngna = O(nfngnsnzna) (D.145)

operations, as stipulated in equation (D.5). Additionally, each iteration of Newton’s method to
solve f; x(t,q,x) = 0 requires solving matrix equations, requiring a total of O(nys) operations.
Thus, in conjunction with complexity counts (D.143) and (D.145), each iteration of Newton’s

method to solve f; 1(t,q,x) = 0 requires

O(ngnanyg) + O(ngngnsngna) + O(nyr) =
O(nan(nf +nygngns) + nM) (D.146)

operations. Solving f; 1 (t, q,x) = 0 requires O(ny) iterations of Newton’s method. Thus, for an

implicit numerical solution method, numerically solving f; x(t,q,x) = 0 to determine x requires
O(nNnan(nf + nflnxn(;) + nNnM) (D.147)

operations.
The sensitivity equations are generated by applying the chain rule to the differential equa-
tion system, and are thus linear in sensitivity values, dx;/0q and 0%x;/0q,,0q. As such,

discretized sensitivity equations are generally linear in discretized sensitivity values, 0z; s/0q
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and 0%z; 5/0qgm0q. Thus, beyond the calculations required to solve the discretized sensitiv-
ity equations with an explicit numerical solution method, solving the discretized sensitivity
equations with an implicit numerical solution method requires solving matrix equations. Both
first order and second order discretized sensitivity equations with respect to ¢; are identical
in size to f; x(t,q,x) = 0. Thus, calculating matrix equations in solving first order discretized
sensitivity equations with respect to ¢; requires a total of O(njs) operations, and calculating
matrix equations in solving second order discretized sensitivity equations with respect to ¢
requires a total of O(njs) operations. As such, calculating matrix equations in solving first
order discretized sensitivity equations with respect to ¢; for all [ € {1,2,...,n4} requires a total
of O(ngnr) operations, and calculating matrix equations in solving second order discretized
sensitivity equations with respect to ¢; and g, for all 1 € {1,2,...,ns} and m € {1,2,...,n,}
requires a total of O(ngngnas) operations. Therefore, in general, in conjunction with complexity
count (D.120), solving the first order sensitivity equations with an implicit numerical solution

method requires
O( = ngna(npng + npng + nang)) + O(ngnar) (D.148)

operations, and, in conjunction with complexity count (D.126), solving the second order sensi-

tivity equations with an implicit numerical solution method requires
O( > ngNA(MEyNaNg + NENgNg + NENgNG + NaNgNg + nannq)) + O(ngngnar) (D.149)

operations. From complexity count (D.131), after solving the first order sensitivity equations,
calculating 0r(q)/0q; for all I € {1,2,...,n4} requires O(nyni(ng, ng +ng, ng+nyng)) operations.
Therefore, from complexity counts (D.148) and (D.131), in total, calculating dr(q)/dq; for all
le{1,2,...,n4} requires

O( > ngna(npng + npng + nznq)) + O(ngnar)+
O (nyni(ng,ng + ng ng + nang)) =

O( > ngnA(npng + npng + nmnq)) + O(nan + nyning, (ng + nq)) (D.150)

operations with an implicit numerical solution method, as n, < n, and n; < na. From complexity
count (D.138), after solving the second order sensitivity equations, calculating 9r(q)/0gm0q
for all [ € {1,2,...,n4} and m € {1,2,...,ng} requires O(nyni(ng,nang + ng,Ngny + Ng,Ngng +
Ig,ngnang + Ig,ngngng + ngngn,)) operations. Therefore, from complexity counts (D.149) and
(D.138), in total, calculating 0r(q)/0¢m0q for all | € {1,2,...,n,} and m € {1,2,...,n,}
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requires

o(> A(RENaNg + npngng + npngng + nengng + ngngng)) + O(ngngnar)+
O(nynt Mgy Ny + NgaNgNy + NgyNgNg + Lgongnang + Ig,ngngng + ngngng)) =
( > nana (NpngNy + NEpngig + Npngng + ngngng + nwnqnq)) + O(ngngnar)+

O (nyning, (ngng + ngng + ngng)) (D.151)

operations with an implicit numerical solution method, as n, < n, and n; < na.

In each iteration of r(q) minimization by Newton’s method, updating parameter values
requires solving an ng X n, matrix equation, which requires O(ng) operations using Gaussian
elimination. Thus, for an implicit numerical solution method, calculating first order partial
derivatives of r(q) with respect to all parameters, calculating second order partial derivatives
of r(q) with respect to all parameters, updating parameter values, and updating numerical

solution values requires

O( > ngna(npng + npng + nan)) + O(nan + nyning, (ne + nq))—|—
O( > NgnA(MENaNg + NENgNg + NENgNG + NaNgNg + nannq)) + O(ngngnnr)+
O (nynung, (ngna + ngng + ngng)) + O(ng’)+
O(nNnan(nf +npngns) + nNnM) =
O(nNnan(nf +nypngns) + na(ngng + nn) + nyngng, (ne + nq))+
@) (nyntn92 (ngng + ngng + nqnq)) +

O( > nana(npng + npng + npngng + npngng + npngng + nangng + ngngng))  (D.152)

operations, as ny < ngna, the number of parameters is less than the number of state values, with
partial derivative complexity counts from (D.150) and (D.151) and numerical solution complexity
count from (D.147). Therefore, for an implicit numerical solution method, an iteration of r(q)

minimization by Newton’s method requires

O(nNnan(nf +npngns) + na(ngng + nn) + nyngng, (ne + nq))+
0O (nyntng2 (ngng + ngng + nqnq))—{—

O( > nana(npng + npng + npngng + npngng + npngng + nangng + ngngng))  (D.153)

operations.

Alternatively, I can approximate partial derivatives of r(q) with respect to parameters by
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finite differences, rather than by solving the sensitivity equations. Most simply,

or(q)  r(q+ he) —r(q)
~ , D.154a
oq hy ( )
0*r(q) _ r(a+he) —r(q) —r(a+ e — hmem) +7(q — hmem) (D.154b)
9qmOq homhy ’ '

where e; is the I standard basis vector and h; is some small perturbation in parameter g;.

After calculating x, calculating r(q) requires calculating

Ny ng

LSS e (gan(a). (D.155)

Y j=1k=1
which is equivalent in computational complexity to calculating
dy, \ (9j1(a,x)) for all (j,k) € {1,...,ny} x {1,...,ns}, (D.156)
which requires
O(1) 0 O(ng) x nyny = O(ngnynt) (D.157)

operations to calculate, as stipulated in Equations (D.3) and (D.4). Thus, from complexity

counts (D.111) and (D.157), calculating r(q) requires
O(ngnzna) + O(ngnyng) = O(ngnzna + ngnyng) (D.158)

operations with an explicit numerical solution method, and, from complexity counts (D.147)

and (D.157), calculating r(q) requires

O(nNnan(nf +ngngns) + nNnM) + O(ngnyny) =

O(nannA(nf +nygngng) +nyna + ngnynt) (D.159)

operations with an implicit numerical solution method.
Approximating 9r(q)/dq; and 8*r(q)/dgmdq;, as in Equations (D.154a) and (D.154b), for all

le{l,2,...,n4} and m € {1,2,...,n,} is equivalent in computational complexity to calculating

r(q+ hep) for all l € {1,2,...,n4},

r(a),
r(q+ hie; — hpey,) for all (I,m) € {1,2,...,n,}2\ {(l,m) : | = m}
r(q — hmen) for all m € {1,2,...,n4}, (D.160)

which, from complexity count (D.158), for an explicit numerical solution method, respectively,
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require

O(nyngzna +ngnyng) X ng = O(nq(nfnan + ngnynt)),
O(ngnzna + ngnyng),
O(nyngna + ngnyng) x (ngng — ng) = O (ngng(ngnana + ngnyny)),

O(ngngna + ngnyng) X ng = O(nq(nfnan + ngnynt)), (D.161)

operations to calculate, and, from complexity count (D.159), for an implicit numerical solution

method, respectively, require

O(nyngna(ng + npngns) + nyna + ngngng) X ng =
O (nynanang(ng + npngns) + nynung + ngnyning),
O(nNnInA(nf +nypngns) +nyny + ngnynt),
O (nynana(ng + npngns) +nyna + ngnygng) x (ngng — ng) =
O(nannAnqnq(nf + nygngng) + nynpngng + ngnyntnqnq),
O(nNna,nA(nf +ngngng) +nyny + ngnynt) X ng =

O(nannAnq(nf +nygngns) + nynyng + ngnyntnq) (D.162)

operations to calculate. Thus, for an explicit numerical solution method, approximating

or(q)/dq and 8r(q)/dqmOq by finite difference for all [ € {1,2,...,n,} and m € {1,2,...,n4}
requires

O(nq(nntnA + ngnynt)) + O(ngngna + ngnyng)+
O(nqnq(nfng;nA + ngnynt)) + O(nq(nfnan + ngnynt)) =

O (ngng(ngnana + ngnyny)) (D.163)

operations, and for an implicit numerical solution method, approximating 0r(q)/dq; and
0%r(q)/9qmdq; by finite difference for all [ € {1,2,...,n,} and m € {1,2,...,n,} requires

O(nNnannq(nf +nygngns) + nynyng + ngnyntnq)—}—
O(nNnan(nf +ngngns) +nyna + ngnynt)Jr
O(nNnannqnq(nf + nygngnsg) + nnnpngng + ngnyntnqnq)—i—
O(nNnannq(nf +nypngns) + nynyng + ngnyntnq) =

O(nNnannqnq(nf + nypngns) + nynyngng + ngnyntnqnq) (D.164)

operations.

In each iteration of r(q) minimization by Newton’s method, updating parameter values

requires solving an ng X ngy matrix equation, which requires O(ng) operations using Gaussian
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elimination. Thus, for an explicit numerical solution method, approximating first order and
second order partial derivatives of r(q) with respect to all parameters by finite difference,

updating parameter values, and updating numerical solution values requires

O(ngng(ngnana +ngnyny)) +0(ng) + O(ngngna) =
O (ngng(nyngna + ngnyny)) (D.165)

operations, as ng < nzna, the number of parameters is less than the number of state values,
with partial derivative approximation complexity count from (D.163) and numerical solution
complexity count from (D.111); and for an implicit numerical solution method, approximating
first order and second order partial derivatives of r(q) with respect to all parameters by finite

difference, updating parameter values, and updating numerical solution values requires

O(nannAnqnq(nf + ngngng) + nnnyngng + ngnyntnqnq) + O(ng’)—l—
O(nNnan(nf +npngng) + nNnM) =

O(nNnmnAnqnq(nf + g ngns) + nynpngng + ngnyntnqnq) (D.166)

operations, as ng < ngna, the number of parameters is less than the number of state values,
with partial derivative approximation complexity count from (D.164) and numerical solution
complexity count from (D.147). Therefore, from complexity count (D.165), for an explicit
numerical solution method, an iteration of 7(q) minimization by Newton’s method with partial

derivative approximation by finite difference requires
O (ngng(nyngna + ngnyny)) (D.167)

operations, and from complexity count (D.166), for an implicit numerical solution method, an
iteration of r(q) minimization by Newton’s method with partial derivative approximation by

finite difference requires

O(nNnmnAnqnq(nf + nygngns) + nynpngng + ngnynmqnq) (D.168)
operations. 0
D.2.3 Counting the Computational Complexity of Gradient-Based

Methods to Minimize r(q)

In methods such as the Gauss-Newton method, Levenberg-Marquardt method, and quasi-Newton
methods, rather than generating the Hessian matrix by calculating second order partial derivative
values, 0°r(q)/9¢mndq, for all l € {1,2,...,n,} and m € {1,2,...,n,}, as in Newton’s method,
the Hessian matrix is approximated using first order partial derivative values, dr(q)/9q; for all

le€{1,2,...,nq}. Thus, an iteration of a method that approximates the Hessian using 0r(q)/dq
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for alll € {1,2,...,ny} requires at least as many operations as the number of operations required
to calculate Or(q)/0q for all [ € {1,2,...,ng}.

Theorem 10. For an explicit numerical solution method, calculating first order partial deriva-

tives of r(q) with respect to all parameters requires
O(nfnan + nyning, (ng + nq)) + O( > ngna(npng +npng + nan)) (D.169)

operations, and, for an implicit numerical solution method, calculating first order partial deriva-

tives of r(q) with respect to all parameters requires

O(nNnmnA(nf + nygngng) + na(ng +ny) + nyneng, (ng + nq))—i—

O( > nana(npng + npng + nwnq)) (D.170)

operations, with O(nypy) operations in solving matriz equations for each of O(ny) iterations of
Newton’s method applied to f; (t,q,x) =0, for alli € {1,2,...,ny} and k € Ix.
Alternatively, for an explicit numerical solution method, approximating first order partial

derivatives of r(q) with respect to all parameters by finite difference requires
O (ng(nyngyna + ngnyny)) (D.171)

operations, and, for an implicit numerical solution method, approximating first order partial

derivatives of r(q) with respect to all parameters by finite difference requires
O(nannAnq(nf +nypngns) + nynyng + ngnyntnq) (D.172)

operations.

Proof. For an explicit numerical solution method, f;(t,q,x) = 0 is an explicit system of
equations in x, and solving f; x(t,q,x) = 0 simply requires evaluating f; 1 (t,q,x). Thus, to

determine x, solving
fir(t,q,x) =0 for all (i,k) € {1,...,n5} X Za (D.173)
requires
O(ny) x nzna = O(ngngna) (D.174)

operations, as stipulated in equation (D.5).

I calculate first order partial derivatives of r(q) with respect to all parameters,

A ok dy, 99jk OTmpi  0gjk
E E ek + . . D.175
391 09,k (m 0Tm i Oq dq ( )

jlkl
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Partial derivatives of state values with respect to parameters are generally calculated by
numerically solving the sensitivity equations, which are generated by applying the chain rule to
the differential equation system.

In the case of an initial value problem, dx;/dt = Fi(t,q,z1,...,2y,) for i € {1,2,... ,ny},

applying the chain rule to Fj(t,q, 1, ..., x,,) generates the sensitivity equations,
i ox; da:z Z OF; élfrj oF; (D.176)
dt \ Oq 3ql 83:] oq 6ql

a system of differential equations in dx;/0q; for i € {1,2,...,n,}. From Equations (D.176), using
the forward Euler method, the simplest explicit numerical method for initial value problems, I

can calculate 0x;,,/0q for i € {1,2,...,n,} and m € Za such that

837i,m+1 _ 8xi,m 4 1 e 6Fz-,m 8$j’m 4 8Fum

, D.177
oq; Oqi  tmr1—tm \ = Ozjm Oq Oq ( )

where Fj ., = Fi(tm,d, T1m, ..., Tn,m). Solving system (D.177) for i € {1,2,...,n.}, | €

{1,2,...,nq}, and m € Tx requires calculating partial derivative values,
OF;
S for all (4,7,m) € {1,...,nz} x {1,...,n,} x T,
8a:j7m
T’ for all (i,1,m) € {1,...,nz} x {1,...,n4} X Za, (D.178)
q

which, respectively, require

O(np,) X ngngna = O(npngngna),

O(np,) X ngngna = O(npngngna) (D.179)

operations to calculate, as stipulated in equation (D.7). Apart from calculating partial derivative
values, solving system (D.177) for all i € {1,2,...,n.}, | € {1,2,...,n4}, and m € Zp is

equivalent in computational complexity to calculating

ngﬁma?q; for all (i, 7,1, m) € {1, ..., na} x {1,....n0} x {1,...,nq} x Ta,
OF;m
8q for all (i,1,m) € {1,...,nz} x {1,...,n4} X Za, (D.180)
1

which, respectively, require

O(1) 0 O(Ip) x ngngngna = O(ngnzngna),

O(1p) x ngngna = O(ngngna) (D.181)
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operations to calculate, where Iy indicates values that have been calculated previously and
O(Iy) = 1. Therefore, from complexity counts (D.179) and (D.181), in total, solving systems
(D.177) for all ¢ € {1,2,...,n.}, I € {1,2,...,nq4}, and m € T, the first order sensitivity

equations for an initial value problem using the forward Euler method, requires

O(npnangna) + O(npngngna) + O(ngngngna) + O(ngngna) =

O(nan(npl Ng + Npng + nmnq)) (D.182)

operations. The forward Euler method applied to an initial value problem is the computationally
least expensive explicit numerical solution method. Thus, in general, solving the first order

sensitivity equations with an explicit numerical solution method requires
O( > nana(npng + npng + nang)) (D.183)

operations.
After calculating x and solving the first order sensitivity equations, calculating dr(q)/0dq;,

of equation (D.175), for all I € {1,2,...,n4} requires calculating partial derivative values,

aA
ajij’k for all (j,k,m) € {1,...,ny} x {1,...,ne} x {1,... . ng},
m,k

a .
gg’“ for all (j, k1) € {1,...,ny} x {1,...,n¢} x {1,...,ng},
1
ody,, ,
—= for all (j,k) € {1,...,ny} x {1,...,n}, (D.184)
095 k

which, respectively, require

O(ng,) x nynyng = O(ng, nyning),
O(ng,) x nyning = O(ng, nynyng),

O(1) o O(1p) x nyny = O(nyny) (D.185)

operations to calculate, as stipulated in Equations (D.3) and (D.4). After calculating x,
solving the first order sensitivity equations, and calculating partial derivative values, calculating

or(q)/0qi, of equation (D.175), for alll € {1,2,...,n4} is equivalent in computational complexity
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to calculating

995k OTm ,
——= —— for all (4, k l
Drmp Oq OO (J, k,m,1) €
{1, o ny b < {1, oo e} x {1, ng x {1, ..., ng},
90,
ag;”“ for all (j, k1) € {1,...,ny} x {1,...,n¢} x {1,...,ng},
I
Ady, . .
5 Ip for all (j,k) € {1,...,ny} x {1,...,n}, (D.186)
9.k

which, respectively, require

O(1) o O(Lp) x nynyngng = O(nyningng),
O(1p) x nyngng = O(nyning),

O(1) 0o O(1y) x nyne = O(nyny) (D.187)

operations to calculate. Thus, from complexity counts (D.185) and (D.187), after calculating x
and solving the first order sensitivity equations, calculating dr(q)/dq for all [ € {1,2,...,n,}

requires

O(ng,nyning) + O(ng nyning) + O(nyny) + O(nyngngng) + O(nyngng)+
O(nyng) = O(nyni(ng ng + ng ng + nang)) (D.188)

operations. Therefore, from complexity counts (D.174), (D.183), and (D.188), in total, calculating
or(q)/0q for all | € {1,2,...,ny} requires

O(nynyna) + O( > nana (g ng + npng + nan))—i—
O (nyni(ng,ng + ng ng + nang)) =

O(nfnmnA + nyning, (ng + nq)) + O( > ngna(npng +npng + nan)) (D.189)

operations with an explicit numerical solution method, as n, < n, and n; < na.

For implicit numerical solution methods, f; x(t,q,x) = 0 is an implicit system of equations in
x and discretized sensitivity equations are implicit systems of equations in discretized sensitivity
values, 0z;,,/0q. Generally, f;1(t,q,x) =0 is a nonlinear system of equations that is solved
numerically using Newton’s method. Each iteration of Newton’s method to solve f; 1(t,q,x) =0
requires calculating the values of f; ;(t,q,x) and the values of first order partial derivatives
of fir(t,q,x) with respect to x;,,, for all i € {1,2,...,n,}, k € Za, [ € {1,2,...,n,}, and
m € Za. Calculating

fir(t,a,x) for all (4,k) € {1,2,...,ny} X Za (D.190)
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requires
O(ny) x nzna = O(ngngna) (D.191)

operations, as stipulated in equation (D.5). f;x(t,q,x) depend on z;,, for only a small fraction
of kin Za, at k in Za,, C Za. Calculating

8fi,k (t7 q, X)

5 for all (i,k,l,m) € {1,...,ny} X Za,, X {1,...,ng} x Za (D.192)
Tlm

requires
O(ny,) X ngngngna = O(ngngnsnzna) (D.193)

operations, as stipulated in equation (D.5). Additionally, each iteration of Newton’s method to
solve f; 1(t,q,x) = 0 requires solving matrix equations, requiring a total of O(nys) operations.
Thus, in conjunction with complexity counts (D.191) and (D.193), each iteration of Newton’s

method to solve f; ;(t,q,x) = 0 requires

O(ngnanyg) + O(ngnynsngna) + O(nar) =
O(nwnA(nf +nypngns) + nM) (D.194)

operations. Solving f; 1 (t, q,x) = 0 requires O(ny) iterations of Newton’s method. Thus, for an

implicit numerical solution method, numerically solving f; (t,q,x) = 0 to determine x requires
O(nNnan(nf +npngns) + nNnM) (D.195)

operations.

The sensitivity equations are generated by applying the chain rule to the differential equation
system, and are thus linear in sensitivity values, 0x;/0q;. As such, discretized sensitivity
equations are generally linear in discretized sensitivity values, Ox;,/0q. Thus, beyond the
calculations required to solve the discretized sensitivity equations with an explicit numerical
solution method, solving the discretized sensitivity equations with an implicit numerical solution
method requires solving matrix equations. First order discretized sensitivity equations with
respect to ¢ are identical in size to f;x(t,q,x) = 0. Thus, calculating matrix equations in
solving first order discretized sensitivity equations with respect to ¢; requires a total of O(nys)
operations. As such, calculating matrix equations in solving first order discretized sensitivity
equations with respect to ¢ for all [ € {1,2,...,n,} requires a total of O(nynas) operations.
Therefore, in general, in conjunction with complexity count (D.183), solving the first order

sensitivity equations with an implicit numerical solution method requires
O( > ngna(npng +npng + nan)) + O(ngnar) (D.196)
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operations. From complexity count (D.188), after calculating x and solving the first order
sensitivity equations, calculating 0r(q)/dq; for all [ € {1,2,...,n4} requires O(nyni(ng, n, +
Ng,Ng + Nangq)) operations. Therefore, from complexity counts (D.195), (D.196), and (D.188), in
total, calculating dr(q)/d¢q; for all [ € {1,2,...,n,} requires

O(nnnzna(ng +npngns) +nynar) + O( > ngna(npng +npng + ngng))+
O(ngnar) + O (nynu(ng,ng + ngng + nang)) =
O(nNnan(nf + npngng) + na(ng + nn) + nyngng, (ng + nq))+
O( = ngna(npng + npng + nang)) (D.197)

operations with an implicit numerical solution method, as n, < n;, and n; < na.
Alternatively, I can approximate partial derivatives of r(q) with respect to parameters by

finite differences, rather than by solving the sensitivity equations. Most simply,

Or(q) _ r(a+he) —r(a)
dqi hy ’

(D.198)

lth

where e; is the standard basis vector and h; is some small perturbation in parameter ¢;.

After calculating x, calculating r(q) requires calculating

1 Ny  ng
o > dy(gin(a.x), (D.199)
Y

j=1 k=1

which is equivalent in computational complexity to calculating
dy,, (9j6(a,x)) for all (j,k) € {1,...,ny} x {1,...,n}, (D.200)
which requires
O(1) 0 O(ng) x nyny = O(ngnyny) (D.201)

operations to calculate, as stipulated in Equations (D.3) and (D.4). Thus, from complexity

counts (D.174) and (D.201), calculating r(q) requires
O(ngngna) + O(ngnyng) = O(nyngna + ngnyng) (D.202)

operations with an explicit numerical solution method, and, from complexity counts (D.195)

and (D.201), calculating r(q) requires

O(nNnan(nf +npngns) + nNnM) + O(ngnyny) =

O(nyngna(ng + ngngns) +nyna + ngnyng) (D.203)
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operations with an implicit numerical solution method.
Approximating 0r(q)/0q;, as in equation (D.198), for all [ € {1,2,...,n,} is equivalent in

computational complexity to calculating

r(q+ hep) for all l € {1,2,...,n4},
(a), (D.204)

which, from complexity count (D.202), for an explicit numerical solution method, respectively,

require

O(ngngna 4+ ngnyng) X ng = O(nq(nfnan + ngnynt)),

O(ngnzna + ngnyny) (D.205)

operations to calculate, and, from complexity count (D.203), for an implicit numerical solution

method, respectively, require

O(nNnan(nf +ngngnsg) +nyna + ngnynt) X ng =
O(nNnannq(nf +ngngns) + nynyng + ngnyntnq),

O(nNnan(nf +nypngnsg) +nyna + ngnynt) (D.206)

operations to calculate. Thus, for an explicit numerical solution method, approximating
0r(q)/0q; by finite difference for all [ € {1,2,...,n,} requires

O(nq(nfnan + ngnynt)) + O(ngnzna + ngnyng) =

O (ng(ngngna + ngnyny)) (D.207)

operations, and for an implicit numerical solution method, approximating dr(q)/dq; by finite

difference for all [ € {1,2,...,n,} and m € {1,2,...,ny} requires

O(nannAnq(nf + ngngns) + nynyng + ngnyntnq)+
O(nannA(nf +ngngng) +nyna + ngnynt) =

O(nNnannq(nf +nygngns) + nynyng + ngnyntnq) (D.208)

operations. [

D.3 Comparison of Computational Complexities

D.3.1 Complexity Assumptions for Comparison

In Theorems 7, 8, 9, and 10, I calculate computational complexities with general ng, ng,, ng,,

Np, NF, NE, Ny, N, Ty, Tfy,y N, Mg, NN, and nyy. To compare computational complexities, I
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consider more specific ng, ng,, ng,, Np, NF, NE, NE,, Nf, Nf, Ny, N, Mg, NN, and nyy. Often,

observable-state functions, g;x(p,x), are linear combinations of state values. Thus, I consider

0). (D.209)

Often, a discretized differential equation, F;;(t,p,x), is a sum of nonlinear parameter and
discretized state-value combinations, with O(n,) nonlinear combinations of O(n,) parameters

in interconnected systems, for each i € {1,2,...,n,}. Thus, I consider

O(nr) = O(ny),
O(np) = O(1),
O(ng,) = O(1). (D.210)

Generally, calculating numerical discretizations, f; i (t, p,x), requires a similar number of opera-

tions as calculating discretized differential equation values, Fj i (t, p,x). Thus, I consider

(
O(nyg,) = O(1). (D.211)

Generally, the number of elements in Zx,, is similar to the order of the differential equation,

ordinarily of O(1). Therefore, I consider
O(ns) = O(1). (D.212)

operations. I consider O(1) line-search test points in each iteration of descent and O(1) iterations
of Newton’s method to solve f; 1 (t,q,x) =0 for all i € {1,2,...,n,} and k € Za. Thus,

O(ny) = O(1), (D.213)

Often, initial conditions and boundary values are not fixed, and are fitted along with model

parameters to data. Thus, for n; initial points in Za and n, boundary points in Za, I consider

O(ng) = O(np + ngni + ngnp). (D.214)
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For clarity, I note that n; = 1 and n = 0 for initial value ordinary differential equations and

n; = 0 and ny = 2 for boundary value ordinary differential equations.

Calculating x,41, the ngna state values, x;,, for all [ € {1,2,...,n,} and m € Zx, in the

n + 1™ iteration of Newton’s method applied to solving the system f(x) = 0, fik(t,a,x) =0
for alli € {1,2,...,n;} and k € Zn, requires calculating

J (%) (Xn+1 — Xn) = —F(xn), (D.215)

where J(x) is the nyna X nyna Jacobian matrix of f(x). For locally implicit numerical solution
methods, such as the backward Euler method for ordinary differential equations, matrix equation
(D.215) is separable into na submatrix equations, each of size n, xn,. For interconnected models,
generally, 0f; ;(t,q,x)/0z;,, # 0 if m = k. Thus, for interconnected models, each n, x n,
submatrix of J(xy,) is a full matrix, and solving each of the na full submatrix equations requires
O(n2) operations using Gaussian elimination. For globally implicit numerical solution methods,
matrix equation (D.215) is not separable into smaller matrix equations. Although, J(x,,) is large
and sparse, so solving matrix equation (D.215) with an iterative method, such as the generalized
minimal residual method, is computationally more efficient than solving matrix equation (D.215)
with a direct method, such as Gaussian elimination. f;(t,q,x) depends on z;,, for only a
small fraction of k in Za, at k in Zpn,, C Za. Thus, for interconnected models, f; x(t,q,x)
depends on O(nsn,) values of x;,,, and J(x,) contains O(nang X ngng) = O(nan2ns) nonzero
elements. In each iteration of the generalized minimal residual method, multiplication by J(xj)
requires O(nan2ngs) operations. The generalized minimal residual method may may require up
to O(nan,) iterations to exactly solve matrix equation (D.215), but will generally converge in

significantly fewer iterations. Therefore, for all implicit numerical solution methods, I consider
O(nar) = O(> nand). (D.216)
D.3.2 Comparison of Computational Complexities with Assumptions

Computational Complexity of r(p,x;\) Descent with Assumptions

From assumptions (D.209), (D.210), (D.211), (D.212), and (D.213) and Theorem 7, an iteration

of r(p,x; A) descent requires

O (na(nany + ngng)) + O(nanp(ny + na)) + O(nang(ny + ng)) =

nANpN; = NANS (D.217)

operations, as ny, < ng < ny.
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Computational Complexity of r(q) Descent with Assumptions

From assumptions (D.209), (D.210), (D.211), (D.212), (D.213), (D.214), and (D.216) and

Theorem 8, an iteration of r(q) descent requires

O(nxnan + ngnyng + nyng(ng + nq))+
O( > n:tnA(n:(: + nNg + NgNg + NaNg + nxnacnq)) =

O(> nangn3) = O( > na(ng + n; + np)ny) (D.218a)

operations with an explicit numerical solution method, as n, < n, and n; < na; an iteration of

r(q) descent requires

O(nannx + nxnynt) + O(nan + nyng(ng + nq))+
O( = ngna(ng + ng + nang + ngng + nangng)) =
O(= nAnqni) + O(nung) =
O( > na(ng +ni + nb)ni) + O( > nAni(nx +n; + nb)) =
O( > na(ng +n; +np)ny) (D.218b)

operations with an implicit numerical solution method, as n, < n, and n; < na; an iteration of

r(q) descent requires
O (ng(nangna + ngnyng)) = O(nangn?) = O(na(ng +n; + nb)ni) (D.218c)

operations with an explicit numerical solution method and partial derivative approximation by

finite difference, as n, < n, and ny < na; and an iteration of 7(q) descent requires

O(nq(nmnAnm +ny + nxnynt)) = O(nAnqni) + O(nyng) =
O (na(ng +ni + np)nd) + O( = nany(ng +n; +mp)) =
O( > na(ng +n; + nb)ni) (D.218d)

operations with an implicit numerical solution method and partial derivative approximation
by finite difference, as n, < n, and n; < na. Comparing computational counts (D.217) and
(D.218), for an explicit numerical solution method, an iteration of 7(q) descent requires at least
ng + n; + np times as many operations as an iteration r(p,x; \) descent, and, for an implicit
numerical solution method, an iteration of r(q) descent requires at least (n, + n; + np)n, times
as many operations as an iteration r(p, x; \) descent. For ODEs, where n; + n, < 2, r(p, x; \)
descent is computationally more efficient than r(q) descent, and the difference in computational
efficiency increases with an increasing number of model states, markedly for implicit numerical
solution methods. Generally, in PDE models of data, the number of initial points and/or the

number of boundary points greatly exceeds the number of states, n, << n;+np. Thus, for PDEs,
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r(p,x;A) descent is computationally far more efficient than r(q) descent, and the difference in
computational efficiency grows with an increasing number of data points and/or model states,

markedly for implicit numerical solution methods.

Computational Complexity of Newton’s Method to Minimize r(q) with

Assumptions

From assumptions (D.209), (D.210), (D.211), (D.212), (D.213), (D.214), and (D.216) and

Theorem 9, an iteration of r(q) minimization by Newton’s method requires

O(nwnﬂm + nyng(ng + nq))—i-
O( > nmnA(nm + ng + NaNg + NgNg + NgNg + NgNgNg + nmnqnq)) =

o> nAngnx) = O( > na(ng +n; + nb)Qni) (D.219a)

operations with an explicit numerical solution method, as n, < n, < ng and n; < na; an

iteration of 7(q) minimization by Newton’s method requires

O (ngnang + nymngng + nyny(ng + ng) )+
O( = nana(ng + ng + ngng + ngng + ngng + nangng + nangng)) =
2 2 2
O(= nangnz) + O(nyng) =
O( >na(ng +ni + nb)Qni) + O( > TLATL“;(TLJ; +n; + nb)Q) =
O( > na(ng +ni + nb)2n5) (D.219b)

T

operations with an implicit numerical solution method, as n, < n, < n, and ny < na; an

iteration of r(q) minimization by Newton’s method requires

O (ngng(nangna + nynyng)) = O(nAngnx) =

O (na(ng +ni + np)*n) (D.219c)

operations with an explicit numerical solution method and partial derivative approximation
by finite difference, n, < n, and n; < na; and an iteration of r(q) minimization by Newton’s

method requires

O(ngnangngng + nangng + NaNyMiNgng) = O(nAngni) + O(nMng) =
O (na(ne +ni +mp)°nt) + O( = nand(ng +ni +m)?) =
O( > na(ng +ni + np)?n?) (D.219d)

T

operations with an implicit numerical solution method and partial derivative approximation by
finite difference, as n, < n, and n; < na. Comparing computational counts (D.217) and (D.219),

for an explicit numerical solution method, an iteration of 7(q) minimization by Newton’s method
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requires at least (n, + n; + ny)?n, times as many operations as an iteration r(p,x; \) descent,
and, for an implicit numerical solution method, an iteration of r(q) minimization by Newton’s
method requires at least (n, + n; + np)?n2 times as many operations as an iteration r(p, x; \)
descent. Newton’s method generally converges quadratically. For ODEs, where n; +np < 2, with
few model states, superior convergence of Newton’s method may compensate for its relatively
large computational burden, but, with an increasing number of model states, r(p,x; A) descent
becomes increasingly more computationally efficient than r(q) minimization by Newton’s method,
markedly for implicit numerical solution methods. For PDEs, where n, << n; + ny, 7(p,x; A)
descent is computationally far more efficient than r(q) minimization by Newton’s method, and
the difference in computational efficiency grows with an increasing number of data points and/or

model states, markedly for implicit numerical solution methods.

Computational Complexity of Gradient-Based Methods to Minimize r(q) with

Assumptions

To minimize r(q), gradient-based methods, such as gradient descent, the Gauss-Newton method,
Levenberg-Marquardt method, and quasi-Newton methods, require calculating all first order
partial derivatives of r(q). From assumptions (D.209), (D.210), (D.211), (D.212), (D.213),
(D.214), and (D.216) and Theorem 10, calculating all first order partial derivatives of r(q)

requires

O(nxnan + nyng(ng + nq)) + O( > ngna(ng +ng + nan)) =
O(> nangn2) = O( > na(ng + n; + np)n3) (D.220a)

operations with an explicit numerical solution method, as n, < n, and n; < na; calculating all

first order partial derivatives of r(q) requires

O(nannx + nyng + nyng(ng + nq)) + O( > ngna(ng +ng + nan)) =
O(= ”Anqng) + O(nung) =
O( > na(ng +ni + nb)n‘z) + O( > nAni(nz +n; + nb)) =
O( > na(ng +n; +np)ny) (D.220Db)

operations with an implicit numerical solution method, as n, < n, and n; < na; approximating

all first order partial derivatives of r(q) by finite difference requires

O(nq(nxnan + nxnynt)) = O(nAnqni) =

O (na(ng + n; + np)n?) (D.220c¢)
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operations with an explicit numerical solution method, as n, < n, and n; < na; and approxi-

mating all first order partial derivatives of r(q) by finite difference requires

O(ngnangng + nang + ngnyngng) = O(nAnqni) + O(nyng) =
O(na(ng +ni +mp)nd) + O( > nany(ng +n; +np)) =
O( > na(ng +n; + nb)ni) (D.220d)

operations with an implicit numerical solution method, as n, < n, and n; < na. Comparing
computational counts (D.217) and (D.220), for an explicit numerical solution method, calculating
all first order partial derivatives of r(q) requires at least n, + n; + n; times as many operations
as an iteration r(p,x; A) descent, and, for an implicit numerical solution method, calculating all
first order partial derivatives of r(q) requires at least (n, + n; + np)n, times as many operations
as an iteration r(p,x;\) descent. In some cases, gradient-based methods that approximate
the Hessian using first order partial derivative values, such as the Gauss-Newton method,
Levenberg-Marquardt method, and quasi-Newton methods, may converge somewhat faster
than descent. In such cases, for ODEs, where n; + ny < 2, with few model states, superior
convergence of gradient-based methods may compensate for relatively larger computational
burdens, but, with an increasing number of model states, r(p,x; A) descent becomes increasingly
more computationally efficient than r(q) minimization by gradient-based methods, markedly
for implicit numerical solution methods. For PDEs, where n, << n; + ny, 7(p,x; A) descent is
computationally far more efficient than r(q) minimization by gradient-based methods, and the
difference in computational efficiency grows with an increasing number of data points and/or

model states, markedly for implicit numerical solution methods.

Conclusion

Overall, from assumptions (D.209), (D.210), (D.211), (D.212), (D.213), (D.214), and (D.216)
and Theorems 7, 8, 9, and 10, r(p,x;\) descent is computational more efficient than r(q)
minimization. More specifically, for ODEs, with few model states, r(p,x; A) descent may be
somewhat more computationally efficient than r(q) minimization, and, with an increasing
number of model states, 7(p, x; \) descent becomes increasingly more computationally efficient
than r(q) minimization, markedly for implicit numerical solution methods. Also, for PDEs,
r(p,x; A) descent is computationally far more efficient than r(q) minimization, and the difference
in computational efficiency grows with an increasing number of data points and /or model states,

markedly for implicit numerical solution methods.
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Appendix E

Details of Testing the
Homotopy-Minimization Method for
Parameter Estimation in Differential

Equations

E.1 Implementation of Overlapping-Niche Descent for Forms
of the Bonny Model

Here, I describe details pertaining to the implementation of overlapping-niche descent for forms
of the Bonny model. I describe related structural components of overlapping-niche descent in
Section 3.4.

E.1.1 Generating Random Parameters and State Values

Initially in overlapping-niche descent, I randomly generate parameters and state values. Also, as
discussed in Section C.1, throughout overlapping-niche descent, I randomly generate parameters
and state values in random offspring. Given no prior parameter value estimates, I randomly

generate rate parameters over a broad range of scales:
10960 for all E.1
p~ Up or a b € {wD7wdD7wE7wed7wde,m7wde,C7w6}7 ( . )

where U(a,b) is the uniform probability distribution over the interval (a,b), and w, is the units
of parameter p. I expect cpax to be within one or two orders of magnitude of the maximal MinD

data value, Dyax. Thus I randomly generate cp,.x such that
Cmax ~ Dinax - 10702, (E.2)

Naively, I guess that fitted diffusion coefficients are within one or two orders of magnitude of

10 pm? s~t. Thus, I randomly generate diffusion coefficients such that

p~10 pm? st 10Y(=22) for all p € {Dg, Dge, D, }. (E.3)
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E.1. Implementation of Overlapping-Niche Descent. . .

For reference, the parameter values used to generate synthetic data are shown in Table 3.1. 1
randomly generate state values so that observable state values match observed or interpolated
data exactly. Thus, for MinD and MinE observed or interpolated data values, D and FE, with c,

as a free state, I randomly generate state values such that

ce ~ U(max{0,F — D}, F),
Cde = B — e,
cg=D—FE +ce. (E4)

E.1.2 Parents and Offspring

The function of parents and offspring in overlapping-niche descent is described in Section C.1.
Accordingly, to the it niche in generation g, I allocate one sustained parent, 7; = 1, one high

. o . . e .
momentum offspring, ny’; = 1, one cross-niche offspring, ng ; = 1, and one random offspring,

T -
g’Z

the first two generations of overlapping-niche descent, g < 2, I allocate two sexual offspring to

n' . =1, for each ¢ € {1,2,...,101} and each generation of overlapping-niche descent, g > 1. In
each niche, nj ; =2 for all i € {1,2,...,101}. After the second generation of overlapping-niche
descent, I adaptively change the number of sexual offspring that I allocate to each niche, enlarging
less convergent niches and shrinking more convergent niches for greater efficiency in optimization.
Specifically, I allocate one sexual offspring to the i*! niche, and randomly allocate the remaining
101 sexual offspring to the i*" niche with probability proportional to Arg; 1, the measure of
convergence in the (first) parent space of the i*" niche in generation g, as defined in equation
(C.1), for each i € {1,2,...,101} and g > 2.

E.1.3 Selection and Random Perturbation

I choose the natural default value for the selection strength parameter, gz, = 1, for gg; as
described in Section C.1. For a sexual offspring that inherits parameter p from individual

(Pg,i,j»Xg,i,j), I perturb the value of the parental parameter, p, such that
P~ <]§ . 10N(0,max{Ar9,i,j,10*2}2) | p> pmin>, (E5)

where N (u,0?) is the normal distribution with mean p and variance o, Ar, ; ; is the measure of
convergence in the j*® parent space of the i*" niche in generation g, as defined in equation (C.1),
and pmin 1S the restricted lower bound on parameter p as discussed in Section 3.4.2. A standard
deviation of max{Arg; ;, 10~2} ensures some small but significant perturbation in parameter p
when Arg; ; is small. Similarly, for a sexual offspring that inherits state value = from individual

(Pg,i,j»Xg,i,j), 1 perturb the value of the parental state value, Z, such that

x ~ (i + & - N (0,max{Arg; ;, 10_2}2) |z > O). (E.6)
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E.2. Details of SNSD

Details pertaining to sexual offspring are described in Section C.1.

E.1.4 Dykstra’s Method

As discussed in Section C.2.3, during overlapping-niche descent, I project parameters and
state values onto a restricted domain using Dykstra’s method. For forms of the Bonny model,
restrictions on parameters and state values, linear inequalities (3.7), (3.8), and (3.9), are all
mutually independent. Thus, Dykstra’s method, as discussed in Section C.2.3, will converge in
one projection cycle, when projecting parameters and state values onto the domain bounded
by (3.7), (3.8), and (3.9). As such, for Dykstra’s method, I have no need to define the relative

termination tolerance, . or the absolute termination tolerance, &z.

E.1.5 Initial values, Termination, Prolongation, and Computation

I choose the initial gradient scaling value s; o = 0, for all ¢ in the indexed set of all parameters
and state values. Details pertaining to s; o are described in Section C.2.1. I choose the maximum
number of strict descent iterations to be relatively but not excessively large, nmax = 104, to
ensure sufficient convergence to a local minimum of r(p, x; \) while avoiding overburdensome
computation. I choose a very small contraction termination tolerance, ¢, = 1073°, and a very
small relative-change termination tolerance, €, = 1073°, to continue accelerated descent through
Nmax strict descent iteration unless local minimization is essentially complete. Details pertaining
t0 Nmax, €0, and &, are described in Section C.2.2. For descent prolongation, I choose: ¢ = 1, for
non-stringent descent prolongation, mp., = 103, a factor of 10 less than nmax; fipro = Mmax = 104;
and Npro = Nmax = 10%. Details pertaining to &, Mpro, Mpro, and fpr, are described in Section
C.3. I choose the overlapping-niche descent termination tolerance to be relatively but not
exceedingly small, ea, = 1073, for reliable convergence in all niches while avoiding an excessive
number of overlapping-niche descent generations. Details pertaining to ea, are described in
Section C.1. I compute genetic algorithm calculations using MATLAB. I compute accelerated
descent calculations in parallel using C++ on the Calcul Québec server Guillimin, which uses

Intel Xeon X5650 Westmere processors and has 6 cores per CPU.

E.2 Details of SNSD

Here, I describe details of SNSD, single-niche solution descent. SNSD optimizes over parameters
and initial conditions to minimize ry(p,x) with numerical solution values x. SNSD follows
the genetic algorithm of overlapping-niche descent as described in Section C.1, but consists of
a single niche. To be consistent with overlapping-niche descent as described in Section 3.4.3,
SNSD sustains 101 parents, 101 one high momentum offspring, 303 sexual offspring, and 101
random offspring. SNSD follows the accelerated descent routine of overlapping-niche descent
as described in Section C.2, except state values are determined by numerically solving the

differential equation system. Also, state values are implicit functions of parameters and initial
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E.3. Details Pertaining to the Implementation. . .

conditions. So, partial derivatives of ry(p,x) with respect to parameters and initial conditions
are calculated in part by numerically solving the sensitivity Equations (D.52) to determine

partial derivatives of state values with respect to parameters and initial conditions.

E.3 Details Pertaining to the Implementation of
Overlapping-Niche Descent in Practice with the Full
Bonny Model

Here, I continue the discussion of Section 3.8, to explicate details pertaining to the implementation
of overlapping-niche descent in practice. My discussion follows overlapping-niche descent in
the fitting of the full Bonny model, as defined in Equation 3.1, to the synthetic traveling-wave-
emergence data, as shown in Figure 3.3, on a uniform grid with a grid refinement factor of 1,
nAtnASnflnS*l =1 for na, and na, the number or temporal and spatial grid points and n;

and ng the number of temporal and spatial data points.

E.3.1 Selection in Overlapping-Niche Descent

As discussed in Section C.1, overlapping-niche descent employs various types of offspring. To
illustrate how offspring types contribute to convergence in overlapping-niche descent, I map

selection from offspring types in Figure E.1.
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niche index (i)

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
generation (g) generation (g)

(a) (b)

niche index (4)
niche index (7)

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
generation (g) generation (g)

() (d)

Figure E.1: Selection from offspring types during overlapping-niche descent. White indicates
that (pg,i1,Xg,i,1), the individual in the (first) parent space of the i*h niche in generation ¢ as
described in Section C.1, was selected from a high momentum offspring in (a), a cross-niche
offspring in (b), a sexual offspring in (c) and a random offspring in (d).

As is visible in Figure E.1, in early generations of overlapping-niche descent, sexual offspring and
random offspring contribute to convergence in smaller values of A while high momentum offspring
and sexual offspring contribute to convergence broadly in A, and in subsequent generations
of overlapping-niche descent, high momentum offspring and sexual offspring contribute to
convergence in larger values of .

To illustrate how cross-niche optimization contributes to convergence in overlapping-niche

descent, I map selection from niches in Figure E.2.
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Figure E.2: Selection across niches during overlapping-niche descent. The individual in the
(first) parent space of the i*! niche in generation g, (Pg,i,1,%g,i,1), was selected from the niche
shown by grayscale in (a) and was generated from parents(s) in the niche(s) shown by grayscale
in (b) and (c). In (b) and (c), a blue value indicates that the selected individual was a random
offspring and thus not generated from a parent in any niche.

As is visible in Figure E.2, cross-niche optimization ubiquitously contributes to convergence
throughout overlapping-niche descent, and selection or generation from a parent from a niche
with a larger value of A contributes to convergence at least as much as selection or generation
from a parent from a niche with a smaller value of A. Interestingly, although 7(\) converges
more readily for smaller A, selection or generation from a parent from a niche with a larger value

of X\ contributes to convergence in 7(A) for smaller A.

E.3.2 Prolongation in Overlapping-Niche Descent

As discussed in Section C.3, I prolong accelerated descent for an individual that appears to be

converging to a value of (p, x; A) below the least value of r(p,x; A) in its niche. To illustrate how
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descent prolongation contributes to convergence in overlapping-niche descent, I map selection

from individuals with prolonged accelerated descent in Figure E.3.
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Figure E.3: Descent prolongation during overlapping-niche descent. The number of strict descent
iterations are shown for the individual that was selected to occupy the (first) parent space of
the i niche in generation g, (Pg,i,1,%g,i,1). Descent prolongation occurs when the number of
strict descent iterations exceeds npax = 10%.

As is visible in Figure E.3, descent prolongation ubiquitously contributes to convergence through-

out overlapping-niche descent.

E.3.3 Convergence During Accelerated Descent

As discussed in Section C.2, overlapping-niche descent includes accelerated descent, a variant
of accelerated scaled gradient descent. Generally, accelerated descent follows a trajectory with
rapid, sublinear convergence that develops into periods of superlinear convergence, which are
punctuated by restarts. The number of strict descent iterations with sublinear convergence, the
number of strict descent iterations with superlinear convergence, and convergence rates vary
with initial parameters and state values and with A. I show convergence plots that exemplify

the convergence behavior of accelerated descent in Figure E.4.
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Figure E.4: Convergence behavior of accelerated descent. Rapid, sublinear convergence that
develops into periods of superlinear convergence is shown in (a), for accelerated descent that
begins with a random offspring and converges to (p*22,%*22). Periods of superlinear convergence
that are punctuated by restarts is shown in (b), for accelerated descent that begins with a high
momentum offspring and converges to (p*#,%*8). I calculate relative errors as (r(p,x;\) —
r(p*, % \))/(p*,%x*; A). Rather than misrepresenting relative errors near (p*,%*), I omit
relative errors in the last 102 strict descent iterations of accelerated descent.

For reference, gradient descent and Nesterov’s accelerated gradient method generally converge
sublinearly, with respective upper bounds on errors of O(n~!) and O(n~2) for iteration number
n [50], and Newton’s method generally converges quadratically.

To demonstrate the importance of scaling in accelerated descent, as discussed in Section
C.2.1, T apply accelerated descent without scaling, s;; = 1 for all ¢ € {1,2,...,n,} and
j > 1 in equation (C.5), to the randomly generated individuals from the first generation of
overlapping-niche descent and compare results from the optimization to analogous results from
the optimization with accelerated descent. In doing so, for a balanced comparison, I only
compare results for individuals with nmax = 10 strict descent iterations during both accelerated
descent and accelerated descent without scaling, where nyax is the maximum number of strict
descent iterations described in Section C.2.2 and specified in Section E.1.5. Results are shown

in Figure E.5.
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Figure E.5: A comparison of optimization using accelerated descent and accelerated descent
without scaling. Final-to-initial ratios of r(p,x;\) are shown for accelerated descent in (a)
and for accelerated descent without scaling in (b). A histogram of values for the ratio of the
final value of r(p,x; ) from accelerated descent to the final value of 7(p,x; A) from accelerated
descent without scaling is shown in (c). In (a), (b), and (c), I show results for the randomly
generated individuals in the first generation of overlapping-niche descent with 1y = 10* strict
descent iterations during both accelerated descent and accelerated descent without scaling and
omit other results.

As is visible in Figure E.5, uniformly in all niches, accelerated descent dramatically outperforms
accelerated descent without scaling. More precisely, in accordance with the histogram in panel
(c) of Figure E.5, for the randomly generated individuals in the first generation of overlapping-
niche descent (with npax = 10% strict descent iterations during both accelerated descent and
accelerated descent without scaling), I find a median value for the ratio of the final value
of r(p,x;\) from accelerated descent to the final value of r(p, x;\) from accelerated descent
without scaling of 6.86 - 1075,
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Appendix F

Extracting Near-Homogeneous Data

Here, I discuss details of data preprocessing and extracting spatially near-homogeneous time-
course data from Ivanov and Mizuuchi’s in vitro experimental measurements of the Min system
[38].

F.1 Data Information

In the Ivanov and Mizuuchi experiments, in a 25 um deep flow chamber, a buffer with 1.06 uM
fluorescently labeled EFGP-MinD, 1.36 uM fluorescently labeled Alexa647-MinE, and 2.5 mM
ATP was flowed at an average rate of 0.5 mm s~! atop a supported lipid bilayer. On the
supported lipid bilayer, densities of MinD and MinE, which were measured using total internal
reflection microscopy (TIRF), oscillated near-homogeneously in space then formed into traveling
waves. According to the Ivanov and Mizuuchi Supporting Information, rapid buffer flow
compensated for local changes in the concentrations of reaction components in the buffer, as the
buffer flow rate was three orders of magnitude faster than the typical traveling wave speed of
MinD and MinE densities on the supported lipid bilayer and Taylor dispersion in the laminar
flow was estimated to take place on a time scale that was about two orders of magnitude faster
than the typical wave period of MinD and MinE densities on the supported lipid bilayer.

I analyze Ivanov and Mizuuchi’s raw data, from the file Moviel.stk, using MATLAB, and
the function tiffread2 to import data. The data contains 2401 grayscale frames. Each frame is
512 x 512 pixels, and is a dual image, with the fluorescence intensity signals of EGFP-MinD
on the left and the fluorescence intensity signals of Alexa647-MinE on the right. For visual
clarification, an image of the 330'" data frame is shown in (a) of Figure F.1 and an enhanced
(through the MATLAB function imadjust) image of the 330*" data frame is shown in (b) of
Figure F.1.
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F.2. Aligning Data Tracks

(@) | (b)

Figure F.1: The 330" data frame as an image (a) and as an enhanced image (b).

F.2 Aligning Data Tracks

As is visible in (b) of Figure F.1, similarly shaped structures in MinD and MinE fluorescence
intensity profiles seem to be aligned in rotation and scale, but not vertically. Also, MinD
and MinE fluorescence intensity profiles require horizontal alignment because both signals are
merged into a single image. I translationally align EGFP-MinD fluorescence intensity profiles

Oth

and Alexa647-MinE fluorescence intensity profiles using structures in the 330" data frame as

location markers. I denote the intensity value of the i*" vertical pixel from the top and the ;"
0*" merged data frame by mf’go, fori e {1,2,...,512} and
j€{1,2,...,512}. I select a square alignment preimage sufficiently within the interior of the

horizontal pixel from the left in the 33

MinE fluorescence intensity profile (shown in Figure F.2), which contains a unique arrangement

of structures that are shaped similarly in both the MinD and MinE fluorescence intensity profiles.
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F.2. Aligning Data Tracks

Figure F.2: Alignment preimage [(p, q) = (65,295),1 = 106].

The alignment preimage has upper-left vertex (p, ¢) = (65, 295) with side length [ = 106 pixels. I
compare the similarity between the alignment preimage in the MinE fluorescence intensity profile
with an equally-sized alignment image in the MinD fluorescence intensity profile by normalized
cross-correlation. For a square alignment image in the MinD fluorescence intensity profile with
upper-left vertex (s,t) and side length [, the normalized cross-correlation between the alignment

preimage and the alignment image is given by:

-1 1-1
330 330
Z Z(mp+i,q+j - :“p,q)(msﬂ,tﬂ' - Ms,t)
i=0 j=0
cls,t) = T - (F.1)
=1l 2 f1-11-1 3
330 2 330 2
Z(mp+i,q+j — Hpq) Z Z(msﬂ-,tﬂ — fhst)
i=0 j=0 i=0 j=0

with alignment preimage and image mean values fip 4 and i

I-11-1

1 330
Hpa = 72 Z Z Mp+ig+j (F.2a)
i=0 j=0
1 -1 1-1
Hst = ﬁ Z Z mgi%7t+j- (F2b)
i=0 j=0

The MinD fluorescence intensity profile appears to end at the 252" horizontal pixel. Thus, for
side length [ = 106, square alignment images with upper-left vertices (s,t) € {1,2,...,407} X

{1,2,...,147} are contained entirely within the MinD fluorescence intensity profile. I calculate
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c(s,t) for all (s,t) € {1,2,...,407} x {1,2,...,147}; relative values are shown in Figure F.3.

Figure F.3: Relative c(s,t) values for (s,t) € {1,2,...,407} x {1,2,...,147}. Values increase
with gradation from black to white.

For (s,t) € {1,2,...,407} x {1,2,...,147}, ¢(s,t) has a maximum value of 0.56 at (92,43). The
alignment preimage in the MinE fluorescence intensity profile and the alignment image in the
MinD fluorescence intensity profile with upper-left vertex (s,t) = (92,43) are shown in Figure
F.4.

Figure F.4: Alignment preimage [(p,q) = (65,295),] = 106] and alignment image [(s,t) =
(92,43),1 = 106].

Thus, I align pixel (65,295) in the MinE fluorescence intensity profile with pixel (92,43) in the
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MinD fluorescence intensity profile, a shift of (27, —252) pixels. I apply the same shift to align

all MinD and MinE fluorescence intensity data that has a one-to-one correspondence under

the shift. Therefore, I assign value mﬁ% ; to aligned MinD fluorescence intensity data element
('11;’30, and I assign value m§,§9r252 to aligned MinE fluorescence intensity data element é?}‘}o, for

i€{l,2,...,485} and j € {1,2,...,252}. T align MinD and MinE fluorescence intensity data
identically in all data frames. During many data frames, MinD fluorescence intensity in the
two right-most vertical pixels is significantly less than fluorescence intensity in neighboring
pixels, and MinE fluorescence intensity in the three left-most vertical pixels is significantly more
than fluorescence intensity in neighboring pixels. Thus, I remove the three left-most and two
right-most vertical pixels from aligned MinD and MinE fluorescence intensity data. Therefore,
for data frame ¢, I define aligned MinD and MinE fluorescence intensity data elements df]
and é;j to be data elements df’j+3 = m§+277j+3 and é§7j+3 = m§’j+252+3, for i e {1,2,...,485},
je{1,2,...,247}, and t € {1,2,...,2401}. An enhanced image of aligned MinD and MinE

fluorescence intensity data is shown in Figure F.5.

Figure F.5: Aligned data from the 330'" data frame as an image.

F.3 Preparing Aligned Data for Analysis

F.3.1 Temporal Partition of Data

Aligned MinD and MinE fluorescence intensity data contains the temporal evolution of six
pulses, over roughly the entire spatial domain of the data, that slowly develop into persistent

traveling wave fronts. I temporally partition aligned MinD and MinE fluorescence intensity
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data, by temporal index, such that

10

{1,2,...,2401} = | J P =
k=0

{1,...,224} U {225,...,343} U {344, ...,546} U {547,...,719}U
{720,...,894} U {895,...,1064} U {1065, ...,1259} U {1260, ..., 1388}U
{1389, ...,1539} U {1540, ...,1677} U {1678, ..., 2401},

where Py contains temporal indices before the first global pulse in MinD and MinE fluorescence
intensity; Pi, P, ..., Ps each contain temporal indices of a single, roughly global MinD and MinE
fluorescence intensity spike then fall; and P; contains the temporal indices of the beginning of
MinD and MinE fluorescence intensity traveling wave formation, which further develops during
the temporal indices of Pg and Py, and persists through the temporal indices of Pjg. I denote
aligned MinD and MinE fluorescence intensity data elements d; ; and e; ;, in the I*" ordered
index of the k' temporal partition, as dfjl and efj, fori € {1,2,...,485}, j € {1,2,...,247},
ke {0,1,...,10}, and I € {1,2,...,n(Px)}, where n(Py) denotes the cardinality of Pj.

F.3.2 Intensity Flattening

Bulk MinD and MinE, in the solution buffer, reach the middle of the flow cell, the site of
fluorescence intensity measurements, during temporal partition Fy. Before bulk proteins reach
the middle of the flow cell, MinD and MinE fluorescence intensities consist entirely of background
noise. After bulk proteins reach the middle of the flow cell, MinD and MinE fluorescent intensities
consist of background noise, bulk proteins, and some membrane-bound proteins. Mean MinD
and MinE fluorescence intensity values over space, for each data frame in Py, are shown in
Figure F.6.
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Figure F.6: Mean fluorescence intensities over space during temporal partition Py. Intensity

values are in camera units (c.u.).

As is visible in Figure F.6, MinD and MinE fluorescence intensities consist entirely of background
noise from image 1 to image 56. After image 56, MinD fluorescence intensity increases slightly,
then MinD and MinE fluorescence intensities increase dramatically, presumably when bulk
proteins reach the middle of the flow cell. Mean MinD and MinE fluorescence intensities over

time, from image 1 to image 56, are shown in Figure F.7.

(a) (b)

Figure F.7: Mean background intensities over time. MinD fluorescence intensity is shown in (a)
and MinE fluorescence intensity is shown in (b).

As is visible in Figure F.7, background noise intensities are roughly uniform in space. MinD and
MinE background fluorescence intensities, in all pixels, from image 1 to 56, have mean values
MZ = 102.9 c.u. and p’ = 102.8 c.u. and standard deviations ag =123 cu. and of = 12.2 c.u.,
where camera unit is abbreviated as c.u..
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After bulk proteins reach the middle of the flow cell, MinD and MinE fluorescence intensities
no longer appear roughly uniform in space. According to the Ivanov and Mizuuchi Supporting
Information, “The illumination had a Gaussian shape in the field of view with a measured
horizontal and vertical half maximum widths of 65 x 172 pym at 488 nm ”, where 488 nm refers
to the wavelength of MinD fluorescence excitation. The Gaussian spreads of MinD and MinE
fluorescent intensities are visibly different. Thus, MinD and MinE fluorescence intensities require
flattening to remove asymmetries in data acquisition. The Gaussian function, in two spatial

dimensions x and y, has the form

9,5 A, 20, 40, ks ky) = Aexp (= (ku(w = 20)% + ky(y — 30)?) ), (F.3)

with scaling factor A, center point (xo, o), and spread characterizing parameters k;, and k.
The sum of Gaussian functions with identical center point and spread is a Gaussian function
that retains the center point and spread. For static illumination sources, the Gaussian center
points and spreads of MinD and MinE fluorescence intensity remain constant throughout data
acquisition. During Py, after bulk proteins reach the middle of the flow cell, apart from apparent
Gaussian profiles, MinD and MinE fluorescence intensities appear to be roughly uniform in
space. Thus, roughly, each MinD and MinE image contains spatially uniform background noise
and a Gaussian intensity profile with static center point and spread. To generate MinD and
MinE Gaussian profile data, initially, I subtract mean background intensity values, ug and p?,
from MinD and MinE fluorescence intensity data, for image 85, when bulk proteins appear to
have saturated the entire spatial domain of the data, through image 224, the final image in Fj.
Then, for each image from 85 to 224, I normalize translated MinD and MinE data by the mean
translated MinD and MinE value in the image. Finally, I generate MinD and MinE Gaussian
profile data by calculating the mean normalized translated MinD and MinE value, from image 85
to 224, at each image pixel. Ultimately, generated MinD and MinE Gaussian data are roughly
Gaussian, with mean values of 1. According to the Ivanov and Mizuuchi Supporting Information,
the side length of each pixel is 671 pym. Thus, for a a horizontal half maximum width of 65 pm,
ke = 1In(2) - (6 - 65 pixels) 2 ~ 4.56 - 1070 pixels™2, and for a vertical half maximum widths of
172pm, k, = In(2) - (6 - 172 pixels) ™2 ~ 6.51 - 10~7 pixels 2. Using the MATLAB function
Isqcurvefit, I determine the parameters A, g, yo, k., and k, that minimize the sum of squared
differences between the Gaussian function and generated MinD and MinE Gaussian profile data,
with initial parameter estimates A% = 1, k0 = In(2)- (665 pixels) 2, k:g = In(2)-(6-172 pixels)~2,
and (2], ) = (123, 242), the center of the spatial domain. I compute MinD Gaussian parameters,
A =143, k4 = 2.49 - 107° pixels™, kI = 3.27- 1076 pixels ™, 2§ = 186.0, and yi = 431.5,
and MinE Gaussian parameters, A¢ = 1.26, k¢ = 1.50 - 1075 pixels 2, ky =2.53 - 10~% pixels™2,
zg = 196.3, and y§ = 371.2. MinD and MinE Gaussian profile data and best fitting Gaussian

functions are shown in Figure F.8.
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(a) (b)

Figure F.8: Gaussian profile data and best fitting Gaussian functions. Generated Gaussian data
is shown on the left and the best fitting Gaussian function is shown on the right, for MinD in
(a) and MinE in (b).

Using fitted Gaussian parameters, I flatten all aligned MinD and MinE fluorescence intensity

data to correct for Gaussian intensity profiles:

— Ad ]
Ch £~ ). F.4
= G AT i) o ) (F.49)
ey = . et — t) (F.5)
2,] /’[/ey .

W g(j,i;Aevx(‘};yS’k:%?k;)(

for i € {1,2,...,485}, j € {1,2,...,247}, k € {0,1,...,10}, and [ € {1,2,...,n(P)}. Confirm-
ing the assumption, during Fp, after bulk proteins reach the middle of the flow cell, flattened
MinD and MinE fluorescence intensities appear to be roughly uniform in space. Flattened MinD

and MinE fluorescence intensities are shown for image 224, the final image in Py, in Figure F.9.
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() (b)

Figure F.9: Flattened MinD and MinE fluorescence intensities for image 224. Flattened MinD
fluorescence intensity is shown in (a) and flattened MinE fluorescence intensity is shown in (b).

F.3.3 Scaling Flattened Data

According to the Ivanov and Mizuuchi Supporting Information, by comparing the fluorescence
intensity of EGFP-MinD with the fluorescence intensity of ParA-GFP, a protein with no affinity
for the lipid bilayer, a EGFP-MinD fluorescence intensity of 7,000 c.u. was found to correspond,
approximately, to a surface density of 1.25 - 10* pm~2. The Alexa647-MinE fluorescence
intensity was not directly calibrated, but was estimated by direct comparison to experiments
with similar dynamic outcomes involving MinE-EGFP and nonfluorescent MinD. Peak MinE-
EGFP fluorescence intensities were found to be two to four times less than peak fluorescence
intensities of EGFP-MinD, and the peak-to-peak ratio of 2.6 was used to normalize Alexa647-
MinE data. I calibrate MinD and MinE fluorescence intensities from flattened fluorescence
intensity data in temporal partition F.

MinD and MinE fluorescence intensities were measured using total internal reflection mi-
croscopy (TIRF). In TIRF, a light beam undergoes total internal reflection at the interface of a
solution with a solid surface, producing an evanescent wave that excites fluorescent molecules
near the solid surface [2]. The evanescent electric field intensity, I, decays with distance, z, from

the solid surface:

I(z) = Ipe™#/4, (F.6a)
d= i—;(n% sin? @ —n%)_%, (F.6Db)

where [j is the electric field intensity at z = 0, A\g is the light wavelength in a vacuum, n; is
the refractive index of the solid surface, no is the refractive index of the solution, and 6 is the

angle of incidence [2]. According to the Ivanov and Mizuuchi Supporting Information, for MinD
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fluorescence excitation, using a laser with a wavelength of 488 - 1072 ym, the penetration depth
of the evanescent wave, d?, was 128 - 1073 um. The penetration depth of the evanescence wave
was not explicitly characterized for MinE fluorescence excitation. From equation (F.6b) and d,

for the experiment,

=

i( 1sin®0 —n3)~ 128

MinE fluorophores were excited using a laser with a wavelength of 633 - 1073 ym. Thus, for
MinE fluorescence excitation, the penetration depth of the evanescent wave, d¢, was 633 - 1073 -
128 - 48871 ym ~ 166 - 1073 pm.

Pixelated MinD and MinE fluorescence intensities, I¢ and I¢, are the sums of bulk fluorescence
intensities, Ip and Ig, and lipid bilayer-bound fluorescence intensities, I and I.. Ip and [g are
proportional to the number of excited MinD and MinE fluorophores in solution, and I; and I,
are proportional to the number of excited MinD and MinE fluorophores on the lipid bilayer; for
MinD and MinE solution concentrations, cp and cg, and lipid bilayer-bound concentrations, cgq

and ¢, in the 25 pm deep flow cell,

25
Ip =pg-a-€q- Ig/ cDe*Z/dddz
0

= Iy 41, =pqg-a-€q- 1§ cp-di(1—1.5-107%) (F.8a)

zud-a-ed-Ig-cD-dd

d
Ig=pq-a-€q- 1y - cq,

25
Igp =pe-a-é€- IS/ cpe % dz
0

I°=Ip+ 1L = - a- €IS - cp-d(1 —3.9-1079) (F.8b)

Rle - a- €15 cp-d°

e
L Ie =pie - a- € - I - ce,

with MinD and MinE evanescent field intensities at z = 0, Ig and I§, excitation scales, €; and €,
measurement scales, (g and g, and pixel area, a. Thus, for camera unit (c.u.) to concentration

(um~2) conversion factors, ag = (pq-a-€q-I)~" and e = (pte - a - €. - I§) ™!, to numerical

precision,
CpD - dd = adID, (F.Qa)
Cq = adId, (F9b)
Cp - d° = OéeIE, (F.QC)
Ce = Qle. (F.9d)
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Flowed bulk MinD and MinE protein concentrations are roughly constant in time. During Py, in
all data frames after bulk proteins reach the middle of the flow cell, flattened MinD and MinE
fluorescent intensities appear roughly uniform in space, as shown in Figure F.9. Mean flattened
MinD and MinE fluorescence intensity values over space, for each data frame in Py, are shown
in Figure F.10.

100 - MinD g
90 L —— MinE _
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intensity (c.u.)
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time (index)

Figure F.10: Mean flattened fluorescence intensities over space during temporal partition Fp.

As is visible in Figure F.10, when bulk proteins reach the middle of the flow cell, MinD and MinE
fluorescence intensities transiently peak, level off, then MinD fluorescence intensity gradually
increases in time and MinE fluorescence intensity remains roughly constant in time. With
no initial lipid bilayer-bound MinD and MinE and roughly constant bulk MinD and MinE
concentrations, just after bulk proteins reach the middle of the flow cell, MinE fluorescence
intensity, while roughly constant in time, consists almost entirely of bulk MinE protein fluorophore
excitation. During a period with very little lipid bilayer-bound MinE and a roughly constant
bulk MinD concentration, models of the evolution of lipid bilayer-bound MinD concentration, as
defined in Equations (4.1), (4.6), (4.7), and (4.9) of Section 4.3, reduce to the form

deg

Wi—DCs*Cq
dt

o (F.10)

= (WD—>d + W%—nlcd)(cmax - Cd)/cmax -
where cge,ce = 0 and wyg—,p = 0 in equation (4.1), ¢ge,ce = 0 and ns = 1 in equation (4.6),
Cdes Cedes Ce = 0 and ng = 1 in equation (4.7), and cge, Cged, e =~ 0 and ng = 1 in equation
(4.9). For small ¢g4, where ¢4 is very small compared to ¢pax and ¢s, (Cmax — €4)/Cmax ~ 1 and
¢y /(cl* + ¢;*) = 1. Thus, models of the evolution of lipid bilayer-bound MinD concentration

reduce to the form

dcd

i _ 6y + oca, (F.11)
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where 81 = wp_q and [y = wdD_>d — Wd—p, which has solution

ca(t) = —g; + (cdp + g;)eﬂﬂt—to), (F.12)

with concentration cq at time t = tg. Converting to camera units, I4(t) = c4(t)/cq, equation
(F.12) becomes

I(t) = -2t + <1d0 + ’”>eﬁ2<t—t0>, (F.13)
165
where v1 = B1/aq and Iz = cq0/aq. Mean flattened MinE fluorescence intensity values over
space appear to be roughly constant from image 122 through image 204. After image 204, mean
flattened MinE fluorescence intensity values over space increase slightly. Thus, to decompose
MinD fluorescence intensity, 1¢(t), which I approximate as the mean flattened MinD fluorescence
intensity over space, into roughly constant bulk MinD fluorescence, Ip(t), and lipid bilayer-bound
MinD fluorescence, I4(t), I determine I4(t) characterizing parameters, v, $1, and Iy, that
minimize the variance in MinD bulk fluorescence intensity, Ip(t) = I%(t) — I(t), from image 122
through image 204, using the MATLAB function lsqcurvefit with initial parameter estimates
of 1073, I find that, for tg = 122 index, v; = 3.37- 1072 c.u. index !, 8; = 3.36 - 102 index !,
and Iz = 2.24- 107! c.u. minimize the variance in Ip(t). The decomposition of I%(t) into Ip(t)
and I;(t) is shown in Figure (F.11).
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Figure F.11: The decomposition of MinD fluorescence intensity into bulk fluorescence intensity
and lipid bilayer-bound fluorescence intensity.

Bulk MinD fluorescence intensity, Ip(t), and bulk MinE fluorescence intensity, Ir(t), which
I approximate as the mean flattened MinE fluorescence intensity over space, from image 122

through image 204, are shown in Figure (F.12).
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Figure F.12: Bulk MinD and MinE fluorescence intensities. Mean values are shown with dashed
lines.

For camera unit to concentration conversion factors, ag and ae, from equation (F.9d),

g = Cp -dd-ID_l, (F.14a)
Qe = CE - d° - IE_l. (F.14b)

Ip~ " and Ig~! have mean values 1.392 - 1072 c.u. and 2.796 - 10~2 c.u. and standard deviations
4.9-107* c.u. and 9.8 - 107* c.u.. The flowed buffer contains 1.06 M = 6.383 - 10? pm~—3 MinD
and 1.36 uM = 8.190 - 10? pm~—3 MinE. Thus, oy and o, have mean values 1.137 ym~2 c.u. ™!
and 3.802 um~2 c.u.”! and standard deviations 0.040 pm~=2 c.u.”! and 0.133 pm~2 cu.” 1
approximate oy and a, by mean values, ag = 1.137 um~2 c.u.”! and a, = 3.802 ym~2 c.u.”!.
Comparatively, Ivanov and Mizuuchi measured a4, approximately, as 1.786 um~—2 c.u.”!. I scale

flattened MinD and MinE fluorescence intensity data to generate MinD and MinE density data:

k,l k.l
d;j = ag-d;y, (F.15)
;) = e ), (F.16)

forie{1,2,...,485}, j € {1,2,...,247}, k € {0,1,...,10}, and [ € {1,2,...,n(P:)}.

F.4 Finding Spatially Homogeneous Data

F.4.1 Spatially Near-Homogeneous Model Reductions

A partial differential equation description of some dynamic process with m states, ui, us, ..., Umn,

in n-dimensional space, x = x1,%3,...,T,, and time, ¢, is characterized by the system of
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equations:
Oui(x,t)
o
8U1 8u1 82u1 82u1 8u2
il x,tur, . U, — , N N e F.a7
/ < ! " 91y Oz, 0x1011 0x10x, ox1 ( )
for some functions f; and ¢ € {1,2,...,m}. If uj,ug,...,uy, evolve near-homogeneously over
some spatial domain, €2, then
wi(x,t) = pi(t) + egi(x,t), (F.18)

with spatially homogeneous state-evolution p;(t), small scaling factor e > 0, and local state-
variation g;(x,t), for x € Q and i € {1,2,...,m}. Ase — 0", u;(x,t) — p;(¢), and thus all

partial derivatives of ui,us,...,u, with respect to x1,xs,...,x, converge to a value of zero.
Hence,
lim Ou;(x,t) _
e—07+ ot
1; f ¢ 8u1 6u1 82u1 82u1 6u2
im f;[x,¢,u1,...,%n, =——,..., , s ey | =
ot ! ™ Oxy Oz, 0x1011 0x10x,, 0z
Ji (Xt gy oo im0y 00,0,0,...,0,...,0,..0) = fH (G pas ooy fim) s (F.19)

forx € Qand i € {1,2,...,m}. For f; analytic in ¢,

f " 8U1 6u1 82U1 82u1 81@
i s by W], s Umy 8$1 3 ’ al'n? 8$18$1 ; ’ 61’181}”7 ) 8(131 ’
duy g1 g g1
fZ <X7 , 1+ €91, 7;U'm+5.gn7€ax17 7881'71,68%181'17 788%181'”’
flﬂ (tv M1y /’Lm) + O(€)> (F2O)

forx € Qand i € {1,2,...,m}. Thus,

Qui(x,t) _ dpi(t) | dgi(x,t) _
o @ oo ) +0(e), (F.21)

for x € Qand i € {1,2,...,m}. Hence, to leading order,

dp;(t
t
for x € Qand i € {1,2,...,m}. Therefore, the global behavior of a near-homogeneous process

is described to leading order by a system of ordinary differential equations, the spatially-

homogeneous reduction of the system’s partial differential equation description.
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F.4.2 Finding Spatially Near-Homogeneous Data

I assume that near-homogeneous MinD and MinE densities at consecutive measurements result
from near-homogeneous MinD and MinE density evolutions. MinD and MinE densities are
linear combinations of unobserved state densities; I assume that near-homogenous MinD and
MinE densities result from linear combinations of near-homogeneous unobserved state densities.
Therefore, as discussed in Section F.4.1, I model sequentially near-homogeneous MinD and
MinE densities by spatially-homogeneous partial differential equation model reductions.
Classifying near-homogeneous MinD and MinE densities requires a measure of data homogene-
ity, or, alternatively, a measure of data inhomogeneity. I measure data relative inhomogeneity,
h, by the ratio of the data standard deviation to the data mean, the ratio of data variation to
data uniformity. For strictly positive data, h > 0, and h = 0 if and only if data is constant.
Thus, h is a well defined measure of MinD and MinE density inhomogeneity. For density data
) from the I™ data frame of the k™ temporal partition, I calculate the relative inhomogeneity

of ¢! over D(i,j,r), a disk with center at the middle of the (i,5)"" pixel and radius r:

k)l
h" o ey = h(Mpijm) =

1
T T 5
kly—1 Pitm,j+n [ ki k)2
(Mr o Ci,j) ( § i+m,j+n (Ci+m,j+n — "o Ci,j) ) , (F.23a)

w2
m=—rn=-—r

with mean value of c®! over D(i,j,7),

T T

"ot = _ Pitmjtn k|l
procs = (M pisn) = > 2 Citmjtn (F.23Db)
m=—rn=-—r

h k.l
where Ci+m,j+n

the (i +m, j 4+ n)™ pixel contained within D(i, j,7).

is the value of c®! at the (i +m,j + n)™ pixel, and Pi+m,j+n is the fraction of

MinD and MinE densities appear to globally vary over areas of hundreds to hundreds of
thousands of pixels, with local pixel-to-pixel variation. Local pixel-to-pixel variation increases
relative inhomogeneity, obscuring measurements of underlying global density variation. Surfaces
are locally well approximated by tangent planes. Thus, I locally fit MinD and MinE densities by
planes to approximate global MinD and MinE density surfaces. For density data ¢!, I calculate
the plane over a disk D(4,j,r) that fits ¢®! best in the least squares sense, and determine the

value of the plane at the middle of the (i,7)™ pixel:

'Ipgn) = Ba(w = i) + By(y — §) + o, (F.24a)

p(c*

r r

3 A A . k.l 2

(/B.I) /8y7 50) = arg (6;%21150) Z Z Pi+m,j+n (Bﬂcm + Byn + ﬁO - Ci-;-m,j—i-n) ) (F'24b)
Y m=—rn=—r

T

kl
g" o ¢y = 9(™pm) = (™ bsn) = bo, (F.24c)

(z,y)=(i,)
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where pj.m.j+n is the fraction of the (i +m, j+n)'™ pixel contained within D(4, 5, 7); I determine
By, Bx, Bo by solving the weighted normal equations.

I choose the local density planar-fitting disk radius, 7, such that D(i, j,7) covers 100 square
pixels, the lower end of the visible MinD and MinE global density variation scale. I choose
the relative inhomogeneity disk radius, 7, such that D(i,7,7) covers 1000 square pixels, an
order of magnitude more pixels than D(i, j,7) covers. Thus, 7 = (100/7)/? pixels ~ 5.6 pixels
and 7 = (1000/7)"/? pixels ~ 17.8 pixels. In an experiment similar to that of Ivanov and
Mizuuchi, Loose et al measured the motilities of MinD and MinE in traveling protein waves on
the lipid bilayer. They found that motilities varied along the wave, but were well characterized
by diffusion in sections of the wave, with maximal MinD and MinE diffusion coefficients of
0.374 +0.022 pym? s~ and 0.320 & 0.023 pm? s=! [44]. Thus, maximal MinD and MinE root
mean squared displacements, over the time between measurements, 3 s, are approximately
(4-0.374 pm? s~ - 3 s)1/2 . 6 pixels um~! ~ 12.7 pixels and (4 - 0.320 pm? s=! -3 s)1/2.
6 pixels pm~! ~ 11.8 pixels. Therefore, 7 is on the scale of MinD and MinE mobilities between
measurements. I calculate the relative inhomogeneity of planar-fit MinD and MinE density data:

R og" o dﬁ’Jl and Ko g" o efj, (F.25)
fori € {R+1,R+2,...,485— R} and j € {R+1,R+2,...,247— R}, where R = [F+7—1/2],
the ceiling of 7 4+ 7 —1/2, and for k € {0,1,...,10} and [ € {1,2,...,n(Py)}.

During temporal partition Py, MinD and MinE densities consist mainly of bulk proteins
in the well-mixed, flowed solution buffer. Thus, to determine basal relative inhomogeneity
scales, I calculate mean relative inhomogeneity values of planar-fit MinD and MinE density
data, centered at mid data pixel (243,124), from image 122 through image 204 of temporal
partition Py, the images of bulk fluorescence intensity estimation (as discussed in Section F.3.3);
relative inhomogeneity values are shown in Figure F.13; I find mean MinD and MinE relative
inhomogeneity values F‘Z = 0.0837 and ,u]g = 0.1148, with standard deviations of 03 = 0.0129
and o = 0.0188.
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Figure F.13: Relative inhomogeneity values of planar-fit MinD and MinE density data in temporal

partition Py, h™og" od{ and h7og" o[l for (i,j) = (243,124), k = 0, and I € {122,123, ...,204}.
Mean values are shown with dashed lines.

To find planar-fit MinD and MinE density data that is uniformly homogenous, on basal relative
inhomogeneity scales, throughout a temporal partition, I measure the scaled sum of maximal

MinD and MinE relative inhomogeneity values in each temporal partition:

k _
Hij =

max{hfog’godf’;:le {1,....,n(Py)} max{h’_’ogfoef’; led{l,....,n(Py)}
2 + 2.

h h ’

(F.26)
0 He

fori e {R+1,R+2,...,485 - R}, j € {R+1,R+2,...,247 — R}, and k € {0,1,...,10}.
Values of HZ-’fj are shown in Figure F.14 for temporal partitions Py (images 122 through 204),
F’57 and Pg.
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(a) (b) (c)

Figure F.14: Scaled sums of maximal MinD and MinE relative inhomogeneity values in temporal
partitions Py (images 122 through 204), Ps, and Py. HZ’“] are shown for k =01in (a), k =5 in
(b),and k=9 in (c), fori € {R+1,R+2,...,485 — R} and j € {R+1,R+2,...,247 — R}.
Values increase with gradation from black, with a value of 1.89, to white, with a value of 24.1.

As is visible in Figure F.14: in temporal partition Py, consisting mainly of bulk flow, planar-
fit MinD and MinE densities are uniformly homogeneous at all spatial location; in temporal
partition Ps, during a MinD and MinE density pulse, planar-fit MinD and MinE densities
are uniformly homogeneous at some spatial locations; and in temporal partition Py, during
MinD and MinE density traveling waves, planar-fit MinD and MinE densities are uniformly
inhomogeneous at all spatial locations.

The minimum value of H, ij occurs at the (436,204)'" pixel of temporal partition Ps, H. 36,204 =
1.89. Relative inhomogeneity values of planar-fit MinD and MinE density data, at pixel (436, 204),
during temporal partition Ps, are shown in Figure F.15. For comparison, relative inhomogeneity
values of planar-fit MinD and MinE density data, at mid data pixel (243,124), during temporal

partition Py, are also shown in Figure F.15.
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Figure F.15: Relative inhomogeneity values of planar-fit MinD and MinE density data. hfogrnodfj
and h” o g" o ™! are shown, for (i,7) = (436,204), k =5, and [ € {1,2,...,170}, in (a), and for

)
2,

(i,7) = (243,124), k = 9, and [ € {1,2,...,138}, in (b).

Comparatively,
max {h" o q o diélﬁ,204 :lef1,2,...,n(Ps)}} =0.87- h (F.27a)
max {h” o g o 6%6,204 :lefl,2,...,n(Ps)}} =1.02- uh,
max {h" 0 g" o dyjy 14 1 1 € {1,2,...,n(Py)}} =5.39 - 1) (F.27b)
max {h” o g o 622113’124 :le{1,2,...,n(Py)}} =259 - .

Thus, relative inhomogeneity values of planar-fit MinD and MinE density data, centered at pixel
(436,204), during temporal partition Ps, do not significantly exceed basal relative inhomogeneity
scales, whereas relative inhomogeneity values of planar-fit MinD and MinE density data, centered
at pixel (243, 124), during temporal partition Py, significantly exceed basal relative inhomogeneity
scales. The maximum relative inhomogeneity value of planar-fit MinD density data, centered at
pixel (436, 204), during the MinD density pulse upstroke in P5, occurs at frame 21; the maximum
relative inhomogeneity value of planar-fit MinD density data, centered at pixel (243,124), during
temporal partition Py, occurs at frame 52, when the MinD density traveling wave front passes
through D(243,124,7). For comparison, planar-fit MinD density data, over D(436,204,7) at
frame 21 of temporal partition Ps and over D(243,124,7) at frame 52 of temporal partition Py,

are shown in Figure F.16.
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Figure F.16: Planar-fit MinD density data. Planar-fit MinD density data over D(436,204,7)
at frame 21 of temporal partition Ps is shown in (a), and planar-fit MinD density data over
D(243,124,7) at frame 52 of temporal partition Py is shown in (b). Density data is overlaid on
top of planar-fit density data with reduced opacity.

I consider planar-fit MinD and MinE density data over D(436,204,7) during P to be
near-homogeneous. Thus, I consider MinD and MinE density data over D(436,204, 7) during
Ps5 to represent near-homogeneous processes with local pixel-to-pixel noise, and I approximate
spatially homogeneous MinD and MinE density data by mean MinD and MinE density data
over D(436,204,7) during Ps,

dy =y’ o diélﬁ,2o47 (F.28a)
e =" o eigf67204, (F.28b)

for 1 € {1,2,...,n(P5)}. Spatially near-homogeneous MinD and MinE density data profiles, d;
and ¢ for [ € {1,2,...,n(Ps)}, are shown in Figure F.17.
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Figure F.17: Spatially near-homogeneous MinD and MinE density data profiles, d; and ¢; for
le{1,2,...,n(P5)}.

F.4.3 Errors in Spatially Near-Homogeneous Data

To show the spreads of MinD and MinE density data over D(436,204,7) during Ps, I plot
normalized histograms of MinD and MinE density data over D(436,204,7) for each frame of Ps
in Figure F.18.
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Figure F.18: The spreads of MinD and MinE density data over D(436,204,7) during Ps.
Normalized histograms of density data over D(436,204,7) for each frame of P5 are shown for
MinD in (a) and MinE in (b). Each histogram is normalized by the maximum count in the
histogram. Gradation is from white, with a count of 0, to black, with the maximum count in
the histogram.

I approximate spatially near-homogeneous density data by mean density data. Thus, I
calculate errors in approximating spatially near-homogeneous data by the standard error of the
mean; for MinD and MinE density data over D(436,204,7) during Ps,

1
2

T 13
) 2
o on—3 P4364+m,204+n [ ;51 T g9
7 = (n7°) ( g 2 A436-4m,204+n — K © da36.204 ’ (F-292)
m=—r n=-—r
1
L : d P4364+m,204+n [ 51 5,1 2\ *
o _ (r2) "2 MR (e o€
e = (mr?) E a2 (e436+m,204+n —H© e436,204> ’ (F.29b)
m=—rn=—r

for 1 € {1,2,...,n(Ps5)}, where p;m jin is the fraction of the (i + m, j + n)'™ pixel contained
within D(7, j,r). I show densities within d; + df and e; & €7 in Figure F.19.
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Figure F.19: Densities within error of spatially near-homogeneous data. Densities within d; & df
are shown in green, and densities within e; + e are shown in red, for [ € {1,2,...,n(P5)}

Interestingly, I find that df and ej are related to d; and e; by power laws, df ~ kqd;"?
and ef ~ k.e;" for constants kg, 74, ke, and r.. I fit log(kq) + rqlog(d;) to log(d]) and
log(ke) + 7 log(e) to log(ef) for I € {1,2,...,n(Ps5)} using least squares, as shown in Figure
F.20, to find kg = 0.153, rqy = 0.570, k., = 0.330, and r. = 0.532.
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Figure F.20: Estimating power laws in errors. The least squares fit of log(kq) + r4log(d;) to
log(dy) is shown in (a) and the least squares fit of log(k.) + 7. log(e;) to log(ef) is shown in (b),
for 1 € {1,2,...,n(P5)}. Log-errors are shown with points and fits are shown with lines.

I plot df with kqd;"¢ and ef with kee;", with fit kg, r4, ke, and 7¢, in Figure F.21.
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Figure F.21: Spatially near-homogeneous data errors and power law approximations. df and
kqd,"* are shown in (a), and ef and k.e;" are shown in (b), for I € {1,2,...,n(P5)}

F.4.4 Bounding Persistent and Bulk Densities

In MinD and MinE density data, higher densities than surrounding areas persist over time in

some small regions, a phenomena likely related to the experimental observation that, in the
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absence of MinE, a fraction of lipid bilayer-bound MinD resists membrane dissociation when
washed with buffer, as discussed in the Ivanov and Mizuuchi Supporting Information. MinD and
MinE densities consist of bulk densities, persistent lipid bilayer-bound densities, and transient
lipid bilayer-bound densities. Thus, I include terms that account for bulk and persistent lipid
bilayer-bound densities in mathematical models.

MinD and MinE pulse-train density data, generated by calculating mean values of MinD
and MinE density data over D(436,204,7) during temporal partitions Py, P5, Ps, and Pr, is
shown in Figure F.22.
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Figure F.22: MinD and MinE pulse-train density data. Temporal indexing corresponds to frame
indexing in temporal partition Ps, as in Figure F.17.

As discussed previously, MinD and MinE pulse-train density generating data is near homogeneous
during Ps. MinD and MinE pulse-train density generating data is near homogeneous during
Py, P, and P;, except during MinD pulse upstrokes (with maximum planar-fit MinD relative
inhomogeneity values of 2.17 - NZ , 3.10 - #Z , and 5.24 - ,ug and maximum planar-fit MinE relative
inhomogeneity values of 1.10- u!, 1.20- !, and 2.28 - 1u"). As is visible in Figure F.22, consecutive

MinD and MinE density pulses are similar in dynamic behavior, apart from relatively small
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differences in peak density values and pulse periods, which may result from spatial asymmetries
during pulse upstrokes. Repeatedly in the pulse train, MinD and MinE densities sharply increase
during pulse upstrokes, peak, sharply decrease, slowly decay, level off to minimal values, then
slightly increase before pulse upstrokes. I find minimal MinD and MinE density data between
successive MinD pulse-train density peaks, the MinD and MinE density data with least means
over 17 consecutive data indices, 1/10 the number of data indices in P5. Between the first and
second, second and third, and third and fourth MinD pulse-train density peaks, minimal MinD

and MinE densities are roughly constant, with minimal MinD density means of 277.16 pum™2,

302.79 pum~2 and 317.88 pm~2, minimal MinD density standard deviations of 3.18 pum™2,
4.59 pm~2, and 4.18 pm~—2, minimal MinE density means of 240.68 pym~2, 243.20 pm~2, and
249.25 ym~2, and minimal MinE density standard deviations of 6.58 ym™2, 6.99 um~2, and
7.68 um~2. Mean minimal MinD and MinE densities increase during the pulse train, but by
relatively insignificant amounts on the scales of MinD and MinE density pulses.

Bulk MinD and MinE densities are roughly constant during the pulse-train. Given the
similarities in dynamic behavior and minimal values of successive MinD and MinE density
pulses, persistent and transient lipid bilayer-bound MinD and MinE densities likely attain
similar minimal values during successive pulses of the pulse train. Thus, as persistent lipid
bilayer-bound densities are inherently temporally non-decreasing, persistent lipid bilayer-bound
MinD and MinE densities are likely roughly constant, on the scales of MinD and MinE density
pulses, during temporal partition P5. As such, for spatially near-homogeneous MinD and MinE
density data, I model the sums of bulk and persistent lipid bilayer-bound MinD and MinE
densities as constants, Cy and C.. MinD and MinE densities consist of bulk densities, persistent
lipid bilayer-bound densities, and transient lipid bilayer-bound densities. Thus, minimal MinD
and MinE densities are upper bounds of persistent lipid bilayer-bound MinD and MinE densities.
As such, I impose upper bounds on Cy and C,, as the maximum values of minimal MinD and
MinE density means, 317.88 ym~2 and 249.25 pm™2.
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Appendix G

Implementation of
Overlapping-Niche Descent for

Near-Homogeneous Data Fitting

Here, I describe details pertaining to the implementation of overlapping-niche descent for model
fitting to the near-homogeneous data. I describe related structural components of overlapping-

niche descent in Section 4.4.

G.1 Generating Random Parameter and State Values

Initially in overlapping-niche descent, I randomly generate parameters and state values. Also, as
discussed in Section C.1, throughout overlapping-niche descent, I randomly generate parameters
and state values in random offspring. In accordance with bounds on Cy, Ce, and ¢z (4.16) and

(4.17), I randomly generate values of Cy, Ce, and cj such that

Cy~317.88-U(0,1) pm™2, (G.1a)
C. ~249.25-U(0,1) pm™2, (G.1b)
cg~ 158.94-U(0,1) ym™2 (G.1c)

where U(a, b) is the uniform probability distribution over the interval (a,b). I expect that cmax
is within one or two orders of magnitude of half the maximal near homogeneous MinD density
value, Dpax/2. Thus, in accordance with bounds on cpax (4.18), I randomly generate ¢pax such
that

Cmax ™~ Dmax/2 : 10U(072)- (GQ)

Additionally, I expect that ¢, is within one or two orders of magnitude of Dyyax/2. Thus, in

accordance with bounds on ¢, (4.19), I randomly generate ¢ such that

Cs ~ Dinax/2 - 10V(20), (G.3)
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Given no prior parameter value estimates, I randomly generate rate parameters over a broad
range of scales:

oV (=91 up for all p € {wz cu,v,x,y,2 € {0,D, E,d,de, ede, ded, e}} , (G.4)

U, v—I,Yy

p~1

where u,, is the units of parameter p.

I choose random state values to match near homogeneous data exactly. For near-homogeneous
MinD and MinE data values, D and E, D = (D — Cy)/2, and E = (E — C,)/2, with c. as a
free state, I generate random state values for the modified Bonny et al model and the extended

Bonny et al model such that

ce ~ U(max{0, E — D}, E),
Cde = E - Ce,

ca=D—E +ce. (G.5)

With c.qe and ¢, as free states, I generate random state values for the symmetric activation
model such that

Cedes Ce ~ U ({Cede +ce > E - Da2cede +ce < E: Cede > 0, e > 0}) )
Cde = E - 2Cede — Ce,

cqg =D — E+ Cege + Ce, (G.6)

where U({-}) is the uniform probability distribution over the set {-}. With c4eq and c. as free

states, I generate random state values for the asymmetric activation model such that

CdedaCENU({Ce_Cede > E_Dvcede+ce SE:Cdedzovce ZO}),

Cde = B — Cgeq — Ce,

cg=D — FE — Cieq + Ce, (G.7)

G.2 Parents and Offspring

I choose parents and offspring as in Section E.1.2. For convenience, I repeat the discussion
from Section E.1.2 below. The function of parents and offspring in overlapping-niche descent is
described in Section C.1. Accordingly, to the i*" niche in generation g, I allocate one sustained
parent, 7; = 1, one high momentum offspring, n;’; = 1, one cross-niche offspring, ng ; =1, and
one random offspring, ng; =1, for each 7 € {1,2,...,101} and each generation of overlapping-
niche descent, g > 1. In the first two generations of overlapping-niche descent, g < 2, I
allocate two sexual offspring to each niche, ﬁz’i =2forallie {1,2,...,101}. After the second
generation of overlapping-niche descent, I adaptively change the number of sexual offspring

that I allocate to each niche, enlarging less convergent niches and shrinking more convergent
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niches for greater efficiency in optimization. Specifically, I allocate one sexual offspring to the i
niche, and randomly allocate the remaining 101 sexual offspring to the i*® niche with probability
proportional to Ary ; 1, the measure of convergence in the (first) parent space of the it" niche in

generation g, as defined in equation (C.1), for each i € {1,2,...,101} and g > 2.

G.3 Selection and Random Perturbation

I choose the natural default value for the selection strength parameter, gz = 1, for gs; as
described in Section C.1. For a sexual offspring that inherits parameter p from individual

(Pg.i,jsXg,i,j), I perturb the value of the parental parameter, p, such that

(}3 +p-N (0, max{Arg; , 10_2}2) ‘ Pmin < p < pmax) if pe {Cq,Ce,cz}

(13 . 10N(0,maX{ATg,i,j710_2}2) ’ Pmin < p < pmax) otherwise,

(G.8)

where N (u,0?) is the normal distribution with mean p and variance o2, Ar,; ; is the measure of
convergence in the 5 parent space of the i*" niche in generation g (C.1), pmin is the restricted
lower bound on parameter p as discussed in Section 4.4.3, and pma.x is the restricted upper
bound on parameter p as discussed in Section 4.4.3. A standard deviation of max{Ar; ;, 1072}
ensures some small but significant perturbation in parameter p when Arg; ; is small. Similarly,
for a sexual offspring that inherits state value x from individual (pg; j,Xg;), I perturb the

value of the parental state value, z, such that
X~ (i + 2+ N (0, max{Arg; ;,107%}?) |z > O). (G.9)

Details pertaining to sexual offspring are described in Section C.1.

G.4 Dykstra’s Method

For fits to near-homogeneous data, restrictions on parameters and state values, inequalities (4.16),
(4.17), (4.18), (4.19), (4.20), (4.21), (4.22), and (4.23), can be written as a collection of linear
inequalities. Thus, during accelerated descent, I employ projection using Dykstra’s method, as
discussed in Section C.2.3. For Dykstra’s method, I choose a small relative termination tolerance,
g. = 107%, and a smaller absolute termination tolerance, ez = 10~'2. To avoid overly slowing
accelerated descent from a large number of projections, I prematurely terminate accelerated

descent if the number of iterations in Dykstra’s method exceeds 10%.
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G.5 Initial values, Termination, Prolongation, and

Computation

I choose values as in Section E.1.5. For convenience, I repeat the discussion from Section
E.1.5 below (details relating to computation differ from those in Section E.1.5). I choose
the initial gradient scaling value s;o = 0, for all 7 in the indexed set of all parameters and
state values. Details pertaining to s; g are described in Section C.2.1. I choose the maximum
number of strict descent iterations to be relatively but not excessively large, nmax = 104, to
ensure sufficient convergence to a local minimum of r(p, x; \) while avoiding overburdensome
computation. I choose a very small contraction termination tolerance, e, = 1073°, and a very
small relative-change termination tolerance, &, = 1073°, to continue accelerated descent through
Nmax Strict descent iteration unless local minimization is essentially complete. Details pertaining
t0 Nmax, €0, and &, are described in Section C.2.2. For descent prolongation, I choose: & = 1, for
non-stringent descent prolongation, mp, = 103, a factor of 10 less than nmax; flpro = Mmax = 104;
and Mpro = Nmax = 10%. Details pertaining to &, Mpro, Npro, and 7y, are described in Section
C.3. 1 choose the overlapping-niche descent termination tolerance to be relatively but not
exceedingly small, ea, = 1073, for reliable convergence in all niches while avoiding an excessive
number of overlapping-niche descent generations. Details pertaining to ea, are described in
Section C.1. I compute genetic algorithm calculations using MATLAB. I compute accelerated
descent calculations in parallel using C++ on the Calcul Québec server Guillimin, the WestGrid

server Orcinus, the Compute Canada server Cedar, and the Compute Canada server Graham.
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