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Abstract 

This thesis documents a series of complementary numerical investigations aimed at 

understanding the flow instability, transition, and laminarization process through planar and 

axisymmetric expansions. Direct numerical simulation (DNS) is used to accurately resolve the 

spatial and temporal scales of the simulated flows. 

The first investigation addresses the mechanisms for the initial onset of flow instability in 

planar expansions at low Reynolds numbers. Various expansion ratios are studied using two-

dimensional direct numerical simulations at flow Reynolds numbers up to 5000 and expansion 

ratios in the range of 1.33 to 4.00. Correlations are developed for the non-dimensional reattachment 

length and the maximum velocity magnitude in the reverse-flow region in terms of Reynolds 

numbers and expansion ratios. Bifurcation phenomena resulting in the loss of flow symmetry 

downstream of the sudden expansion is observed and critical Reynolds numbers for the onset of 

bifurcation for various expansion ratios are identified. The growth and decay mechanisms of the 

localized turbulence are analyzed through the transport budgets of instantaneous vorticity. 

The effect of transverse jets on the bifurcation and instability of the flow in planar 

expansions is examined. Transverse injections cause increased levels of mixing and fluctuations 

downstream of the flow by generating localized disturbances through the activation of inviscid 

instability modes in the transverse flow.  

Finally, the dynamics of turbulent flow in a gradual axisymmetric expansion is 

investigated. Turbulent inflow is generated in a precursor simulation of a periodic pipe with an 

annular rib roughness. Validation is accomplished in terms of published mean velocity profile, 

velocity defect, and fluctuation amplitudes as well as near-wall power spectra. Turbulence from 

the precursor study is passed to the gradual expansion to examine the downstream growth and 
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decay of turbulence. This process is described in terms of the evolution of the Reynolds stress 

tensor in the turbulent and laminarizing regions, morphometrically in terms of the evolution of 

coherent vortical structures, and mechanistically through analysis of the budgets of the vorticity 

transport equation.  
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Lay Summary 

Sudden change of pipe diameter can cause different flow structures and appears in many 

industrial applications. This research focuses on a various type of sudden expansions which can 

be used in different applications including water treatment plant. The level of mixing and 

unsteadiness in the flow is improved by adding transverse jets into the flow. 

 The primary goal of this study is to establish a better understanding of the flow 

hydrodynamics through the expansion. Different types of water flow scenarios are examined in a 

virtual environment through series of numerical simulations. The outcomes of this research 

provide a tool to estimate the flow behavior in sudden and gradual expansions depending on the 

operating conditions.  
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1 Chapter 1: Introduction 

 Motivation 

The flow through a sudden expansion occurs in many practical applications including 

combustors [1], heat exchangers [2], electronic cooling [3],  pipe networks [4], and many more 

[5,6]. The fluid dynamics within this geometry contains flow separation, recirculation, transition 

to turbulence, and turbulent reattachment, which makes it interesting both in terms of its practical 

importance to engineers and its fundamental interest due to the varied physical processes occurring 

in the flow.  

The heat-transfer coefficient and pressure drop through a sudden expansion are strongly 

affected by the length of a reversed-flow region that forms immediately downstream of the 

expansion due to the high momentum exchange that occurs in that region [7]. This momentum 

exchange improves mixing of the flow, and so applications requiring mixing of the flow may 

benefit from the addition of a sudden expansion to promote passive mixing. Therefore, many 

experimental and numerical investigations have been conducted of the flow in a sudden expansion 

with the aim of controlling the length of the recirculation region downstream of the expansion and 

enhancing the mixing in the vicinity of the expansion [8].  

Although momentum exchange due to sudden expansion improves mixing in a flow, the 

level of mixing may not always be sufficient for industrial applications especially at lower 

Reynolds numbers. Adding transverse jets after the sudden expansion can provide superior mixing 

in comparison to the case without transverse jets due to the transient formation of vortices and 

instabilities in the main flow by the jets.  
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An example of sudden expansions in an industrial application occurs in treating municipal 

wastewater. Municipal wastewater treatment systems are currently being challenged by the 

growing size of cities and the aging infrastructure of treatment facilities. In wastewater treatment 

systems, supernatant of anaerobic digesters has high concentrations of phosphate and ammonium 

[9]. If magnesium exists, formation of struvite, composed of magnesium ammonium phosphate, 

can create a major dilemma in wastewater centrifuges, pumps, and piping systems [10]. The UBC 

Struvite Crystallizer developed by the University of British Columbia (UBC) Phosphorus 

Recovery Group attempts to remove struvite from wastewater streams through crystallization in a 

fluidized bed reactor (FBR) [11]. Forrest et al. [12] employed a sequence of sudden expansions in 

a FBR to enhance the mixing of reagents in a reactor designed for removing crystalline phosphorus 

from wastewater streams. This FBR is able to efficiently recover around 80% of the soluble 

phosphate from waste streams [13]. The recovered struvite can then be sold for other uses including 

agricultural fertilizer, thereby transforming what was heretofore a nuisance into a revenue stream 

for municipalities. 

Sudden geometrical expansions between the different zones of the FBR promote turbulence 

and therefore cause more frequent particle collisions so that struvite crystals nucleate and grow as 

the fluid flows upward through four zones of different diameters [14]. High turbulence levels 

resulting from mixing promotes the rapid nucleation of struvite and efficient phosphorus recovery. 

As the pipe diameter increases in each stage, the Reynolds number reduces and the level of 

turbulence decreases. In order to optimize the design of the FBR and to predict its performance for 

a range of flow rates and reactor sizes, the mixing process inside the FBR needs to be thoroughly 

understood. Therefore, a fundamental study is required to improve the current understanding of 

the fluid mechanics in sudden expansion geometries in order to tailor the FBR for maximum 
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nucleation and growth of struvite crystals. Therefore, a fundamental study is needed to identify 

how the hydrodynamics, vortex dynamics, and sudden-expansion geometry interact to produce 

elevated turbulence levels.  

 Thesis objectives 

The ultimate goal of this study is to improve the present understanding of how flow 

mixing in an expansion occurs. To reach this goal, three specific objectives are defined for the 

present thesis: 

1-  Characterize the effect of expansion geometry (expansion ratio and gradual vs. sudden 

expansion) and flow conditions (Reynolds number) on the mechanisms affecting flow 

mixing in laminar, transitional, and fully-turbulent flow regimes. 

2- Characterize the physical mechanisms that lead to the growth and decay of localized 

turbulence in sudden and gradual expansions (i) structurally in terms of the evolution of 

coherent vortical structures and (ii) mechanistically through analysis of the budgets of the 

vorticity transport equation. 

3- Identify the laminarization of low Reynolds turbulent flow in sudden and gradual 

expansion (i) structurally in terms of the evolution of coherent vortical structures and (ii) 

mechanistically through analysis of the budgets of the vorticity transport equation. 

 Approach 

Flow through planar and axisymmetric expansions encompass a very wide range of 

hydrodynamic phenomena, including flow separation, growth of various types of shear-layer 

instabilities, transition to turbulence, growth of turbulent fluctuations, and laminarization of 

turbulence, to be detailed in Section 2. An accurate investigation flow mixing in sudden and 
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gradual expansions thus hinges on accurately resolving the effect of various flow and geometrical 

parameters on these complex phenomena. It is costly to make different experimental setups for the 

various scenarios that need to be investigated. Moreover, fine temporal and spatial resolution 

required for detailed analysis of the turbulent flow and the need for spatial and temporal 

synchronization of the flow field generally restrict the experimental measurements that can be 

obtained. To overcome these limitations, computational fluid dynamics (CFD) is the 

methodological approach that will be used to achieve the desired objectives of the present 

research. A series of CFD simulations will be performed by solving the hydrodynamic equations 

of motion directly on a highly refined temporal and spatial grid without any turbulence modelling 

assumptions. This technique is referred to as direct numerical simulation (DNS).   

 Outline of Thesis 

This chapter presented the motivation and objectives of the current research and outlined the 

approach that is used to fulfill these objectives. Chapter 2 reviews the literature relevant to flow 

through sudden expansion and cross injection. Chapter 3 describes the computational approach, 

which includes a discussion of the governing equations, geometry, boundary conditions, and the 

method for solving the discretized system of equations. In Chapters 4-7 the thesis objectives 

enumerated in Section 1.2 are addressed by presenting results that are validated with available 

numerical and experimental data. Finally, the contributions of the present research are summarized 

in Chapter 8 along with conclusions and recommendations for future investigation. 
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2 Chapter 2: Literature Review 

Figure 2-1 shows the characteristics of the flow through a sudden expansion. These 

characteristics include shear layer reattachment, flow recirculation and reversal, and an inviscid 

injection jet in the core region. The flow past the sudden expansion creates a free shear layer. 

Recirculation of the near-wall fluid immediately downstream of the step due to the local pressure 

field results in the growth of reversed-flow boundary layers adjacent to the wall [15]. The 

recirculation region is characterized by the reattachment length 𝐿𝑟 (which is the point with zero 

wall-normal velocity gradient at the wall) and the position of the vortex center 𝐿𝑣𝑐 (which is the 

point of the maximal vorticity). Increasing Reynolds number causes appearance of secondary 

recirculation region downstream of primary one. The flow gradually recovers a fully-developed 

profile in the redeveloping region such that after a certain length (the developing length), it 

becomes a fully-developed laminar or turbulent flow depending on local Reynolds number 

downstream of the expansion.  

 

 

Figure 2-1: Schematic of major features of flow through a sudden expansion 

 

Macagno and Hung [16], Feuerstein et al. [17], and Hammad et al. [18] have conducted 

experimental studies for laminar flow through axisymmetric sudden expansion while Back and 
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Roschke [19], Pak et al. [20] and Furuichi et al. [21] have studied the shear layer reattachment 

length and the reversed-flow region for a wide range of Reynolds numbers covering laminar, 

transitional, and turbulent regimes. On the other hand, numerical modeling of shear layer 

reattachment of the laminar flow in a sudden expansion has been discussed by Macagno and Hung 

[16], Fletcher et al. [22], and Scott et al. [23]. As the Reynolds number increases in sudden-

expansion flows, numerous studies have observed bifurcation phenomena through axisymmetric 

sudden expansion flows with an abrupt loss of symmetry in which the flow bifurcates and 

reattachment occurs at different locations on the upper and lower channel walls.  The growth of 

unsteady perturbations through onset of bifurcation have been investigated by Cantwell et al. [24], 

Mullin et al. [25], Sanmiguel-Rojas et al. [26]. Tsai et al. [27] and Khodaparast et al. [28] studied 

pressure-driven flow in sudden expansion microfluidic channels.  

Table 2-1: Studies of shear-layer reattachment in sudden expansion flows 

Reference 𝑬𝒓  Inlet flow 

condition 

𝑹𝒆 range Type Geometry 

Macagno & Hung [16] 2.0 Fully developed 1- 400 Experiment Axisymmetric 

Back & Roschke [19] 2.6 Uniform 40- 8400 Experiment Axisymmetric 

Iribarne et al. [29] 2.0 Uniform 180- 2710 Experiment Axisymmetric 

Feuerstein et al. [17] 3.4 Fully developed 444- 1510 Experiment Axisymmetric 

Scott et al. [11] 1.5-4.0 Fully developed 100-400 Numerical 
Axisymmetric/

Planar 

Latornell & Pollard [8] 2.0 
Fully developed 

& uniform 
10-3000 Experiment Axisymmetric 

Pak et al. [20] 2.0-2.6 Uniform 60-80,000 Experiment Axisymmetric 

Badekas & Knight [30] 1.5-6.0 Fully developed 100-400 Numerical Axisymmetric 

Hammad et al.  [18] 2.0 Fully developed 40-422 Experiment Axisymmetric 

Furuichi et al. [21] 1.8 Fully developed 500-15,000 Experiment Axisymmetric 

Dağtekin & Ünsal [31] 1.5-10.0 Fully developed 100-1000 Numerical 
Axisymmetric/

Planar 
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 Shear-layer reattachment 

Table 2-1 lists the numerous experimental and computational studies that have been 

conducted of sudden expansions in planar and axisymmetric configurations. The primary 

parameters affecting sudden expansions are the flow Reynolds number (Re) based on the inlet 

channel height and maximum inlet velocity and the ratio of the outlet to the inlet channel height, 

termed the expansion ratio (Er). Several studies [18,32] have found that the streamwise length of 

the reversed-flow region, termed the reattachment length and denoted by Lr, increases linearly with 

Reynolds number up to approximately 𝑅𝑒 = 250, which corresponds to a laminar flow regime, and 

then grows exponentially in the range 400 < 𝑅𝑒 < 1000 as unsteady fluctuations develop within 

the separated shear layers that occur downstream of the sudden expansion. The maximum 

reattachment length occurs at about 𝑅𝑒=1000, for which transition to turbulence is completed at 

the reattachment location [15]. An abrupt decrease in the reattachment length is observed for 

1000<𝑅𝑒<8000 as the turbulent region moves upstream towards the step. Finally, a gradual 

increase in reattachment length is observed for 𝑅𝑒 > 10,000 as transition to turbulence occurs 

upstream of the expansion. Latornell and Pollard [8] note that the reattachment lengths are also 

sensitive to the shape of the velocity profile at the inlet to the channel; larger reattachment lengths 

occur for fully-developed inlet profiles compared to spatially-uniform profiles for the same flow 

Reynolds number. The effect of the inlet velocity profile on reattachment length is especially 

pronounced in the transitional Reynolds number range. 

In addition to Reynolds number, expansion ratio also has a strong impact on the flow 

development downstream of a sudden expansion [23,30,31]. These studies show that the 

reattachment length tends to increase with expansion ratio for a given Reynolds number, with 

transition to turbulence occurring at successively lower Reynolds numbers as Er increases. 
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Dağtekin and Ünsal [31]  provided a set of semi-empirical correlations for the reattachment length 

as a function of Reynolds number and expansion ratio for Er =1.5-6.0 and 𝑅𝑒 < 500.  

 Onset of flow bifurcation 

As the Reynolds number increases in sudden-expansion flows, numerous studies have 

observed an abrupt loss of symmetry in which the flow bifurcates and reattachment occurs at 

different locations on the upper and lower channel walls. Early experimental studies by Durst et 

al. [33], Cherdron et al. [34], and Ouwa et al. [35] have shown that asymmetry of the upper and 

lower reattachment lengths occurs after a critical Reynolds number is reached. Drikakis [36] and 

others demonstrated that the value of the critical Reynolds number decreases with increasing 

expansion ratio. Papadoupoulos and Otugen [37] and Battaglia and Papadopoulos [38] showed 

that bifurcation is a two-dimensional instability and in 3D cases the channel aspect ratio can be 

incorporated into an effective expansion ratio. A summary of the critical Reynolds numbers for 

the initial onset of symmetry-breaking bifurcation obtained by different researchers are presented 

in Table 2-2. 

The onset of bifurcation has been described in literature as instability of the symmetric 

base flow that amplifies disturbances that are initially present within the flow [36]. Mullin et al. 

[25] used high resolution magnetic resonance imaging techniques to identify the velocity 

disturbances that precede the onset of bifurication in an axisymetric sudden expansion. Their 

findings determined the critical Reynolds number for the onset of bifurcation to be 𝑅𝑒𝑑 = 1139 ±

10 (based on the inlet pipe diameter and average inlet velocity), for an expansion ratio  
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Table 2-2: Studies on bifurcation 

Reference 𝐸𝑟 𝑅𝑒𝑐𝑟,𝑏 

Alleborn et al. [39]  2.0 

3.0 

5.0 

218 

80 

42.5 

Battaglia et al. [40] 1.5 

2.0 

3.0 

4.0 

446 

215 

81 

54 

Drikakis [36] 2.0 

3.0 

4.0 

216 

80 

53 

Durst et al. [41] 2.0 125-200 

Fearn et al. [42] 3.0 80.9 

Hawa & Rusak [43] 3.0 80.7 

Kadja & Touzopoulos [44] 2.0 200 

Kudela [45] 3.0 84-187 

Luo [46] 3.0 92.4 

Manica & De Bortoli [47] 3.0 80-100 

Shapira et al. [48] 2.0 

3.0 

215 

82.6 

Schreck and Schäfer [49] 3.0 81 

Neofytou & Drikakis [50] 2.0 285 

Battaglia & Papadopoulos [38] 1.6 

2.0 

340-345 

217 

 

of Er = 2. Later, Sanmiguel-Rojas et al. [26] used global mode analysis to identify the  

unsteadiness characteristics of flow through an axisymmetric sudden expansion and tried to 

explain it with linear stability theory, reporting that linear instability of the axisymmetric state 

appears for 𝑅𝑒𝑑 > 3273, which is much higher than the critical Reynolds number measured by 

Mullin et al. [25]. Sanmiguel-Rojas et al. [26] suggest that this discrepancy between the measured 

and theoretical critical Reynolds number is due to the flow’s sensitivity to the disturbance levels 

in the incoming flow upstream of the expansion.  The incoming disturbances are amplified by the 
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sudden expansion in which the larger expansion ratios tend to intensify bifurcation at the expansion 

step and also accelerate transition to turbulence [24]. The non-linearity in the noise amplification 

and transition process results in the current lack of theoretical approaches for predicting the critical 

Reynolds number over a range of expansion ratios.  

 Instability and growth of localised turbulence 

The available literature shows an earlier occurrence of transition to turbulence in 

experiments as compared to numerical simulations. This is attributed to sensitivity to various types 

of imperfections that appear in experiments [51]. The effect of these imperfections has been 

modelled in recent studies by the addition of arbitrary perturbations which generate small 

disturbances. Duguet [52], Sanmiguel-Rojas and Mullin [53], and Selvam et al. [54] have 

conducted numerical simulations by adding tilt perturbation to trigger transition to turbulence. 

However, these perturbations cause discontinuity at the inlet and also onset of bifurcation [51]. 

Miranda-Barea et al. [55] have conducted an experimental study for sudden expansion ratio of 8 

with a rotational inlet pipe to generate swirl perturbation. Recently, Selvam et al. [51] used a small 

localized vortex perturbation at the inlet, without wall rotation and observed a less abrupt transition 

to turbulence than observed for the tilt perturbation case.  

The results from all of the above studies claim that transition in sudden expansions initiates 

near the centerline of the flow downstream of the expansion. Initially, the turbulence that is created 

following transition is damped within a few pipe diameters owing to the lower Reynolds number 

in the pipe after the expansion. The emphasis of all of these studies was the generation of transition 

and instability in the sudden-expansion flow. There is a shortage of comprehensive numerical 

investigations focused on the behavior of the shear layer growth, vorticity transport, and evolution 

of coherent flow structures in straight pipes with a sudden expansion for transitional and turbulent 
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flow regimes. In the present thesis, an in-depth analysis of the growth mechanisms of disturbances 

leading to transition to turbulence after the expansion step will address this shortcoming in the 

available literature. The goal is to identify the mechanisms for the generation and decay of the 

localized turbulence in the transitional regime, and the sustained growth of turbulence and 

recovery to a turbulent pipe flow in the fully-turbulent regime.  

Although numerous of numerical and experimental studies have been conducted on sudden 

expansion, few studies have offered the details on transitional and lower-Reynolds number 

turbulence flow. Sudden expansion causes laminarization of low Reynolds number turbulent flow 

after the expansion step which requires more investigation.   

 Gradual expansion 

Figure 2-2 illustrates the age of injected particles into sudden expansion. As shown, older 

particles are observed in the recirculation zone. These particles are randomly trapped in the 

recirculation regions and recirculating with low velocity magnitude compared to the mean flow. 

This accumulation of low-speed particles in the corners of the sudden expansion may pose 

problems in real-world applications. For instance, chemical reactions in the UBC Struvite 

Crystallizer from Chapter 1 form struvite crystals. Clogging by struvite is a common problem at 

wastewater treatment plants [56]. The high age and the low velocity of the trapped particles in the 

sudden expansion may promote merging and clogging of struvite in the recirculation regions. 

Therefore, replacing sudden expansions with gradual ones may shrink the resulting recirculation 

regions and lead to a reduction of the amount of trapped particles, and thus better mixing of the 

fluid and solid phases.  
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Figure 2-2: Zoomed view of mean velocity contour in a sudden expansion with 𝑹𝒆 = 𝟐𝟎𝟎 and 𝑬𝒓 = 𝟐. 𝟎 a) Instantaneous 

velocity contour of particles b) Age of remained particles 

 

In comparison to sudden expansions, there are a limited number of studies on the flow 

through a gradual expansion section. Peixinho and Besnard [57] performed experimental analysis 

and observed occurrence of transition, localized turbulence, and relaminarization of the flow in 

slowly diverging pipes. Recently, Selvam et al. [54] performed direct numerical simulation for 

purely laminar flow in a gradual expansion between two pipes with a constant finite-amplitude 

perturbation applied to replicate experimental imperfections. The increasing pipe diameter due to 

the diverging section leads to considerable reduction in the flow Reynolds number and in some 

cases relaminarization of the flow downstream of expansion. Just like in sudden expansions, the 

mechanisms by which the flow transitions and then relaminarizes to form a discrete region of 

localized turbulence is poorly understood. In order to identify the impact of the gradual expansion 

on the statistics and evolution of coherent structures in the turbulent pipe flow and the 

laminarization process, further investigation is required.  

𝑈 /𝑈 

  𝑒 /      

a)

b)
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 Transverse jets in sudden expansions 

The flow of a jet injected transversely into a cross flow exists extensively in nature such as 

pollutant plumes [58] and thermal discharges into rivers [59]. Moreover, it is a common 

phenomenon in a wide range of industrial applications, particularly in thermal-fluid systems that 

require high amount of energy release and also efficient and high rate of mixing [60,61], such as 

cooling of turbine blades [62], fuel-air mixing in turbine combustors [63], and scramjet engines 

[64]. The interaction of the cross flow with the main flow and generation of vortices in the main 

flow cause a high degree of near-field mixing [65]. Consequently, understanding the flow structure 

and mixing characteristic of the jet in cross flow (JICF) is of great interest [58]. Numerous 

experimental and numerical studies focus on the interaction between the main flow and the 

transverse jet, finding that the interaction generates a complex pattern of unsteady vortical 

structures in the flow. Fric and Roshko [66] categorized vortical structures into four different 

groups: (1) shear-layer vortices; (2) a counter-rotating vortex pair (CVP); (3) a horseshoe vortex; 

and (4) wake vortices. Different flow field conditions affect the generation and relative strength of 

these highly complex set of vortical structures. The horseshoe vortices that are formed around the 

jet column for a wide range of flow conditions become unsteady at jet Reynolds numbers roughly 

above 2500 for measured velocity ratios of 2 and 4 [67]. Transient wake vortices are shed 

downstream of the jet orifice as roughly-vertical, tornado-like vortices that span from the jet 

trajectory to the wall [65]. The strength and coherency of these wake vortices depend on velocity 

ratio [66,68]. Although these vortical systems increase the mixing efficiency of the flow field, the 

main mixing rate is due to the formation and evolution of counter-rotating vortex pair (CVP) which 

is the dominant vortical structure of the transverse jet [69]. The ring-like shear layer vortices 

consist of the ring vortices that form on the upstream or windward side of the jet boundary. 
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Karagozian [69], Getsinger et al. [70] and Mahesh [71] provide comprehensive detailed reviews 

on structural and stability characteristics of transverse jet.  

Due to strong degree of cross-stream mixing that cross-injection can achieve, it has been 

proposed as a control method for improving the mixing efficiency of sudden-expansion flows and 

avoiding bifurcation in the flow. The mutual interaction of the sudden expansion and transverse 

jets yields a complex flow field that has not been thoroughly investigated. While there are plenty 

of comprehensive studies for flow through a sudden expansion without transverse jet injection, the 

number of numerical and experimental studies that have investigated the effect of wall injection 

on sudden expansion flows are few. El-Askary et al. [72] conducted numerical and experimental 

studies on the wall pressure distribution in a sudden expansion with and without cross flow to 

demonstrate the effect of transverse jet injection on the main flow, but did not adequately address 

the impact of transverse jets on the flow instabilities identified in earlier studies (e.g. [26]) or how 

cross-injection affects the level of mixing in the flow. Considering the importance of mixing in the 

UBC Struvite Crystallizer in Chapter 1, this thesis aims to conduct a comprehensive parametric 

study of transverse jets in sudden expansions to identify the mixing characteristics and 

unsteadiness in comparison with the case without transverse jets.  

2.5.1 Generation of turbulent inflow in simulations  

Incompressible turbulent flow through a smooth pipe is an important phenomenon in fluids 

engineering which occurs in diverse situations. Numerous studies have been conducted to identify 

the details of turbulent pipe flows [73–76]. With the rapid development of computational devices 

and techniques, large-eddy simulation (LES) and direct numerical simulations (DNS) are playing 

an important role in the advancement of turbulence research [77,78]. Prescribing inflow and initial 
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conditions for the turbulence that satisfy prescribed spatial and temporal correlations, statistical 

characteristics, and energy content is vital for obtaining accurate LES and DNS results [79,80]. 

Several techniques have been developed for turbulent inflow generation, which can be categorized 

into synthesised turbulence methods and precursor simulation methods.  

Synthesis of inlet boundary conditions into particular constraints is a commonly-used 

method for generating turbulent inflow conditions [80]. The synthetic turbulence is an 

approximation that is constructed by imposing random perturbations to a deterministic coherent 

flow condition [81]. Introducing white-noise random components to the inlet velocity is the 

simplest level of this approach. It is able to generate some of the required characteristics of 

turbulent flow such as the mean velocity profile but poorly captures velocity fluctuation profiles 

and Reynolds stress components [82]. The advantage of this method is the simplicity with which 

specific parameters of the turbulence, such as length scales or turbulent energy levels, can be 

imposed and modified if conditions change. Tabor and Baba-Ahmadi [79] examined various 

inflow boundary conditions for generation of fully developed turbulent flow using OpenFOAM®. 

Their comparative discussion on the response of synthetic inlets and precursor simulation methods 

concluded that synthetic inflow-generation methods are inherently inaccurate because the imposed 

random perturbations do not develop towards a fully-developed turbulence condition with proper 

statistical properties. Therefore, more advanced methods are being investigated involving spatial 

and/or temporal correlations that yield more realistic fluctuations.  

On the other hand, precursor simulation methods can accurately capture the coherent 

structures associated with turbulent flows [83,84] These methods perform some form of explicit 

simulation of turbulence and the obtained results are then used to generate a library of turbulent 

data that is introduced in a temporally-accurate manner at the inlet to the main computational 
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domain. The precursor simulation methods suffer from increased computational cost and also may 

not be applicable for cases with complex geometries [83]. The cost of precursor simulations can 

be reduced via a periodic recycling or remapping technique that imposes a periodic condition 

within a limited sub-domain of the precursor simulation. Tabor and Baba-Ahmadi [79] suggested 

that the combination of an internal mapping method with auxiliary feedback control techniques 

associated with synthetic turbulent inflow generation can optimally drive the flow towards a 

specified turbulent state.  

The accuracy of turbulence statistics in precursor simulations is partially determined by 

how well the laminar-to-turbulent transition process is captured. In pipe flows with sufficiently 

high Reynolds numbers, laminar-to-turbulent transition typically occurs in the form of localized 

turbulent “slugs” [85,86] that are initiated by disturbances in the entrance region of a pipe flow 

and grow in their spatial extent as they travel downstream. The turbulence becomes fully 

developed by the sequential merging of slugs downstream of the pipe inlet [87]. Resolution of this 

transition process in a precursor simulation requires long computational domains in the streamwise 

direction to account for the growth and merging of the turbulent slugs, and the resulting 

computational cost makes this approach unfeasible. To reduce the associated cost, surface 

roughness elements can be used to trigger earlier transition to a turbulent state [88,89]. 

Experiments by Nishi et al. [85] triggered transition in pipe flows by ring obstacles, showing 

dependence of the critical Reynolds number on the ring height. Vijiapurapu and Cui [90] 

investigated the effects of rib roughness on the development of turbulent flow in a pipe using 

various turbulence models. Recently, Kang and Yang [91] performed large eddy simulation (LES) 

in circular ribbed pipe flow and identified the characteristics of turbulent pipe flow for various rib 

configurations and sizes.   
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3 Chapter 3: Methodology 

This chapter documents the methodological approach used in the current study. Section 3.1 

describes an overview of the computing platforms employed in the series of numerical simulations. 

Section 3.2 shows an overview of the computational domain setup and spatial grids used in the 

simulations. The boundary conditions used for the simulations are presented in Section 3.3. 

Sections 3.4 describes a solution methods used for computing. Sections 3.5 represents parallel 

processing used for partition and run on Compute Canada facilities.  

 Computational platform 

Direct numerical simulation (DNS) is an appropriate method for simulation of transitional 

and turbulent flows because it can capture all detail of a flow including the spatial and temporal 

scales without making modelling assumptions for the sub-grid turbulence. DNS requires solutions 

to the time-dependent mass and momentum conservation equations. In the current study, the Mach 

number is sufficiently small for the flow to be considered an incompressible fluid (much smaller 

than 0.3).  

OpenFOAM® version 2.3.0, an open source computational fluid dynamics software 

package, is used to conduct the present DNS studies for incompressible flows through sudden and 

gradual expansions [92,93]. The time-varying incompressible Navier–Stokes equations are 

discretized using a general finite-volume method with fully collocated storage [92,94].  

The suitability of OpenFOAM in comparison with other software for DNS of 

incompressible transitional and turbulent flows was investigated by Van Haren [95] for turbulent 

channel and pipe flows, finding good agreement in terms of RMS of the fluctuations even for 

complex geometries. Vigolo et al. [96] validated OpenFOAM for DNS flows in T-junctions in the 
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laminar–turbulent transitional regime with various computational grids and numerical settings, 

finding the solver can achieve excellent agreement with experimental data for instantaneous and 

time-averaged pressure and velocity distributions. Further validation of OpenFOAM was 

conducted by Habchi and Antar [97] by performing DNS of electromagnetically-forced 

turbulence, again finding very good agreement with the experimental data for velocity contour and 

streamlines obtained by Iatridis et al. [98]. Based on these findings, OpenFOAM is selected for the 

present study. With respect to the specific application to sudden expansion flows, Sanmiguel-Rojas 

and Mullin [53] performed numerical simulations of a circular pipe flow with expansion using 

OpenFOAM imposing a parabolic velocity profile together with various finite-amplitude 

perturbations. Their results are in good agreement with experimental data for the square-root 

growth of asymmetry at various Reynolds numbers.  

 Governing equations 

Direct numerical simulation is a suitable approach for studying transitional and turbulent 

flows because it is able capture all the spatial and temporal scales of a flow without making 

turbulence modelling assumptions for the sub-grid turbulence. To perform the computation, DNS 

requires solutions to the time-dependent mass and momentum conservation equations; the energy 

conservation equation is also required in the case of compressible flows. In the present research, 

the Mach number is sufficiently small for the flow to be considered incompressible (M < 0.3). The 

Navier–Stokes equations for incompressible viscous flows take the form 

∇ ∙ 𝒖 = 0 (3.1) 

representing the conservation of mass and 
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𝜕𝒖

𝜕 
+ (𝒖 ∙ ∇)𝒖 = −

∇𝒑

𝜌
+ 𝜈∇2𝒖 

(3.2) 

representing the conservation of momentum equations. These equations are discretized using a 

general finite-volume method by the pisoFoam solver of the OpenFOAM-2.3.0. The integral forms 

of the compressible mass and momentum conservation equations can be expressed using index 

notation as: 

𝜕

𝜕 
∫ 𝜌𝑑𝒱
𝒱

+∫ 𝜌𝑢𝑗𝑑𝑛𝑗
𝑆

= 0 
(3.3) 

𝜕

𝜕 
∫ 𝜌𝑢𝑗𝑑𝒱
𝒱

+∫ 𝜌𝑢𝑖𝑢𝑗𝑑𝑛𝑗
𝑆

= −∫ 𝑝𝑑𝑛𝑗
𝑆

+∫ 𝜇 (
𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗

𝜕𝑥𝑖
)𝑑𝑛𝑗

𝑆

 
(3.4) 

where the S and 𝒱 indicate integration over a surface and volume, respectively, and 𝑛𝑗  is the 

outward-pointing normal surface vector associated with each surface. The full detail of the integral 

forms of the mass and momentum conservation equations for finite-volume method and 

discretization approach are presented in [99]. 

 Boundary conditions 

A steady, parabolic inflow boundary is imposed at the inlet boundary for laminar and 

transitional cases. Turbulent inflow condition is generated for pipe flow via a streamwise-mapping 

technique and ribbed turbulator as explained in Section 3.3.1. All walls are represented by no-slip 

boundaries. Also, a zero-gauge static pressure and a zero streamwise velocity gradient are imposed 

at the outlet boundary. The outlet boundary is placed far from the expansion to minimize outlet 

boundary effects on the region of interest. Insensitivity of the results to the location of the outflow 

boundary was examined for all different geometries by repeating the DNS with varying domain 

lengths with the conclusion that the effect is negligible. 
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3.3.1 Turbulent inflow generator 

A special inlet boundary condition that uses an internal mapping‐type boundary condition 

efficiently generates turbulent inflow information. The internal mapping method uses the data from 

a cutting plane well downstream of the inlet boundary condition and forces the flow to convert 

into a fully-developed profile upstream of a subdomain. To keep the desired through-flow mass 

flux, the average volumetric mass flux of the remapped flow should be checked and corrected 

[100]. The location of the mapping plane must be a reasonable distance downstream of the inlet 

boundary to provide a sufficient streamwise distance for the flow to develop [101]. Moreover, it 

should be far enough from the outlet boundary to prevent corruption of the mapped plane by the 

upstream effects of the outlet boundary. As shown in Figure 3-1, a small annular ribbed turbulator 

is added to the inlet pipe to trigger transition and accelerate the development of turbulent flow 

conditions in the DNS. In this study, the mapping plane is located at 7.5d (out of a total inlet pipe 

length of 10d). The turbulator has a fixed blockage ratio based on the rib height and pipe diameter 

of BR = 0.06. The pitch ratio (PR) of 5 refers to the ratio of the rib’s streamwise length to the rib’s 

radial height. Figure 3-1a shows a schematic and provides additional details of the computational 

domain.  



 

21 

 

 

Figure 3-1: Diagram illustrating a schematic of geometry and the mapping technique: a) schematic of the 

computational domain (not to scale); (b) data from an interior mapping plane within the simulation is 

mapped backwards to the inlet boundary; (c) data at the mapped plane continues its development for the rest 

of the domain 

 

Various methods have been used to generate turbulent inflow conditions in published 

literature. Periodic streamwise boundary conditions are a popular method for turbulent flow 

simulation research by providing a long enough developing flow region in the streamwise direction 
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which makes computed turbulent flow characteristics comparable with experimental data. Chin et 

al. [102] and Wu and Moin [78] performed DNS using periodic streamwise boundary condition 

which are in excellent agreement with experimental measurements by Eggels et al. [103] and Ng 

et al. [104]. However, Figure 3-2a shows that the initial uniform velocity profile will be merely 

converted into a parabolic velocity profile if the periodic streamwise boundary condition is used 

in the present study without adding disturbances to the flow. The inclusion of such disturbances is 

possible in OpenFOAM® using a library that imposes random irregular disturbances, but the 

imposed disturbance is different from actual turbulence and it also disappears at low Reynolds 

numbers (see Figure 3-2b). The obtained results with longer axial domain size indicates that these 

types of random disturbances also have the tendency to be damped into a parabolic velocity profile. 

Figure 3-2c shows the results based on the mapping technique and an annular ribbed turbulator. It 

should be mentioned that the simulation using the mapping boundary without a ribbed turbulator 

produced similar contours to the periodic streamwise boundary condition. 

 

Figure 3-2: Visualization of the turbulent pipe flow over constant 𝜽 plane using instantaneous velocity 

magnitude contours for various inflow condition in pipe flow a) periodic streamwise boundary condition b) 

turbulent inlet boundary condition form the OpenFOAM® library c) mapping technique with ribbed 

Turbulator. Red represents higher values of u and blue represents values of u near zero 
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 Solution Method  

OpenFOAM® discretized the governing equations by means of the finite volume method 

[92,105]. The velocity and pressure coupling was solved with the pressure-implicit splitting 

operating (PISO) algorithm. Convergence at each timestep was achieved when the root-mean-

square residuals of the pressure and momentum equations fell below 5×10-8. Second-order central 

differencing and second-order Euler backward differencing were used to discretize the spatial and 

temporal derivatives, respectively. Dimensional form of Navier Stokes equations were solved 

using OpenFOAM®. Water at 1 atm and 25ºC is the working fluid. 

The time-step size in each simulation varied according to the Reynolds number and size of 

the spatial grid. In order to accommodate start-up effects associated with the imposed initial 

velocity field, the time-step size is set for each simulation to keep the maximum Courant number 

less than 0.05 for all cases during the first 1000 iterations [78]. After that the computational time 

step is increased and the maximum allowed Courant number is set to be less than 0.5 [107], with 

t = 10-6 s being the smallest timestep used (for Re = 2000, r = 20 and Er = 2) and t = 10-3 s being 

the largest timestep used (for Re = 25, r = 20 and Er = 1.33).  

Each simulated test case was initialized with a zero relative static pressure and an initial 

velocity equal to the mean velocity at the inflow boundary and were then integrated in time for 

approximately 10 flow through times (defined as 𝐿𝑖/𝑈𝑖 + 𝐿 /𝑈  , where subscripts i and o denote 

inlet and outlet pipe, respectively) to reach a statistically-steady state and then approximately 5 

flow through times were collected for analysis.  
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Table 3-1: Description of the computational platforms used in the present research 

Cluster Name Type of Simulation CPU for each 

Simulation 

Total Number 

of cases 

Orcinus 3D 512 18 

Lattice 2D and 3D 36 and 512 109 

Jasper 2D 36 144 

Parallel 3D 512 and 1024 24 

Bugaboo 3D 128 and 256 16 

Grex 2D 32 30 

Cedar 3D 512 10 

 

 Parallel Processing 

The large number of computational nodes required for performing DNS leads to large 

memory requirements and long simulation periods. This problem is addressed through parallel 

processing, where the computational domain is divided into smaller subdomains and each 

subdomain is assigned to a separate processor. In the current research, partitioning is performed 

using a message-passing interface (MPI) parallelization strategy. Several computational platforms 

are used in the present research; a brief description of each cluster is presented in Table 3-1. All 

platforms are Compute Canada facilities. It should be noted that simulations are performed on 36 

CPUs for 2D cases and 512 CPUs for most of 3D cases. The average usage of computational 

resources for this research was 1460 and 1180 CPU-years (approximately 13 and 10 million CPU 

hours) for 2016 and 2017, respectively.  

 

 

 



 

25 

 

4 Chapter 4: Laminar and Transitional Flow in a Planar Sudden 

Expansion 

This chapter is based on the following published journal paper. This research was performed by Nima Moallemi 

under the direction of Dr. Joshua Brinkerhoff. The full results for this chapter are published as: Moallemi, N, 

Brinkerhoff, J.R. Numerical analysis of laminar and transitional flow in a planar sudden expansion, Computers & 

Fluids, 140: 209-221 (2016) (Published). 

 

In this chapter, the laminar and transitional flow through a planar sudden expansion with 

various expansion ratios is studied using two-dimensional direct numerical simulations at flow 

Reynolds numbers up to 𝑅𝑒𝑚 𝑥 = 𝑈𝑚 𝑥𝑑/𝜐 = 5000 and expansion ratios in the range of Er = 

1.33 - 4.00. Within the present discussion of the simulation results, velocities are normalized by 

the maximum velocity occurring at the inlet of the computational domain (denoted Umax) and 

spatial scales are normalized by the step height of the sudden expansion (h). Transition to 

turbulence was noted in some of the simulated test cases, but because the computational domain 

is two-dimensional and thus unable to accurately resolve the discrete, three-dimensional vorticity 

fluctuations that accompany the latter stages of transition, the analysis of the simulated results for 

these cases is limited to the laminar regions of the flow.  

Following a brief explanation of the numerical approach of the present study, the 

discussion of the simulation results are structured as follows: first, shear layer separation and 

reattachment downstream of the sudden expansion and the development of the recirculation region 

is described, and predictive correlations are proposed for the reattachment length and the 

maximum velocity magnitude occurring in the reversed-flow region. Next, the onset of symmetry-

breaking bifurcation is investigated and a physical explanation for its cause is explored. Finally, a 
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correlation for the critical Reynolds number at the onset of bifurcation is proposed for a range of 

expansion ratios.  

 Numerical approach 

4.1.1 Computational domain 

The computational domain shown in Figure 4-1 consists of two channels with heights of d 

and D mated together to produce a sudden planar expansion with a step-height of h. The expansion 

ratio of the sudden expansion is defined as 

𝐸𝑟 =
𝐷

𝑑
= 1 +

2ℎ

𝑑
 

 

(4-1) 

The range of expansion ratios of the simulated cases are discussed in Section 4.1.2 The 

lengths of the computational domain upstream and downstream of the sudden expansion are Li 

=10h and Lo=60h, respectively.  

 

 

Figure 4-1: Schematic of the computational domain 
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Insensitivity of the results to the location of the outflow boundary was examined for a case 

with 𝑅𝑒𝑚 𝑥 = 1000 and 𝐸𝑟 = 2.00 by repeating the simulation with downstream domain lengths 

of Lo =60h and Lo=80h. Both simulations returned very similar results in terms of the reattachment 

length and the Reynolds stress profiles occurring at the reattachment location. 

4.1.2 Test cases 

In the planar sudden expansion study, 144 simulations were performed with Reynolds 

numbers between 𝑅𝑒𝑚 𝑥 = 25 and 5000 based on maximum inlet velocity at expansion ratios of 

Er=1.33, 1.43, 1.67, 1.82, 2.00, 2.60, 3.20, and 4.00. The range of test cases for each expansion 

ratio is presented in Table 4-1. For the cases with high Reynolds numbers and particularly at high 

expansion ratios, transition to turbulence was observed in the domain which cannot be accurately 

captured in the present two-dimensional study. The range of Reynolds number for Er=1.43, 1.67, 

1.82 is wide enough to identify the critical Reynolds number for the onset of bifurcation. The upper 

and lower limit of the Reynolds number range for other expansion ratios are such that a wide range 

of flow behaviors prior to and after bifurcation are obtained. At very high expansion ratios 

(e.g. 𝐸𝑟 > 4.00), the effect of wall shear stress and its recirculation region on the flow become 

less significant and its behavior is similar to a jet released into a quiescent region. On the other 

hand, at very low expansion ratios (e.g. 𝐸𝑟 < 1.33), the recirculation regions become very small 

and the flow behaves similar to a developed channel with a localized roughness element in the 

wall.  
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Table 4-1: Test cases range for various expansion ratios 

𝐸𝑟 𝑅𝑒𝑚 𝑥 range Number of cases 

1.33 25-5000 21 

1.43 1000-3000 15 

1.67 600-1200 12 

1.82 600-1000 14 

2.00 25-3000 24 

2.60 25-1000 23 

3.20 25-600 15 

4.00 25-2000 20 

 

4.1.3 Spatial grids 

A structured, non-uniform, orthogonal finite-volume grid was mapped to the computational 

domain. The numbers of grid cells in the regions upstream and downstream of the expansion are 

given in Table 4-2 for each value of the simulated expansion ratios. The cells are non-uniformly 

spaced in the streamwise (x) and cross-stream (y) directions in order to place a higher number of 

cells near the sudden expansion region and no-slip walls, respectively, where the flow will 

experience large spatial gradients. In these 2D simulations, the domain is one cell thick in the 

spanwise direction and the governing equations in the z direction are not solved. A grid-refinement 

study was performed at Er = 2.00 and 4.00 by varying the total number of cells between 10,750 

and 172,000; the results of the grid independency analysis are presented in Section (4.1.4). Using 

the reattachment length as a metric, it was confirmed that about 110,000 cells is sufficient to 

guarantee grid independence for all Reynolds numbers and expansion ratios considered in this 

paper, and thus the grids described in Table 4-2 are conservatively refined. The streamwise and 

cross-stream grid spacing distribution for the Er=2.00 case is shown in Figure 4-2 which shows 

the degree of grid refinement near the step (in the streamwise direction) and near the no-slip walls 
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of the domain (in the cross-stream direction). As shown in Figure 4-2(a), the grids become coarse 

at the inlet and outlet, where the streamwise grid spacing in these regions is about twice that of the 

grid near the sudden expansion; its location in Figure 4-2(a) is indicated by a dashed line. A similar 

grid spacing distribution is used for the other expansion ratio cases.  

 

Table 4-2: Characteristics of computational grids used  

𝑬𝒓 (𝑵𝒙, 𝑵𝒚)𝒊 

Upstream of step 

(𝑵𝒙, 𝑵𝒚)𝒐 

Downstream of step 

Total 

cells 

1.33 (100, 200) (600, 200) 132,000 

1.67 (100, 90) (600, 210) 135,000 

2.00 (100, 80) (600, 240) 152,000 

2.60 (100, 62) (600, 262) 163,400 

3.20 (100, 54) (600, 274) 169,800 

4.00 (100, 40) (600, 280) 172,000 
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Figure 4-2: Distribution of the spatial grid spacing in the (a) streamwise direction at y = D/2 and (b) wall-

normal direction at x/h=10 for the Er = 2.00 case. The dashed line indicates the location of the sudden 

expansion 
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4.1.4 Mesh independence 

In order to ensure grid independence, Figure 4-3 plots the normalized reattachment length 

(𝐿𝑟/ℎ) is compared for four different mesh refinements. The discrepancy between computed 

lengths has reduced by increasing the grid resolution and the variation of the predictions is very 

small for high grid resolutions, after the mesh amount 97,280 cells for 𝐸𝑟 = 2.00 or 110,080 for 

𝐸𝑟 = 4.00. The results also indicate that intermediate Reynolds numbers are more sensitive to the 

grid size in comparison with low and high Reynolds numbers for both expansion ratios (𝐸𝑟 = 2.00 

and 𝐸𝑟 = 4.00). Streamlines are presented for different gird resolution at 𝐸𝑟 = 4.00 and 𝑅𝑒 =

100. Comparison between results from Figure 4-3(a) and Figure 4-3(b) reveals that the coarsest 

mesh (Figure 4-4a) is not able to predict bifurcation accurately and the flow asymmetry is 

inaccurate. Although, the bifurcation phenomena are semi-developed in Figure 4-4 (b), the 

streamlines still show slight deviations, particularly in the size of secondary recirculation region. 

The streamlines show quite similar results in Figure 4-4 (c) and (d). Therefore, in current study, 

the numerical simulations are performed using the cell count presented in Figure 4-4 (d). 

 

Figure 4-3: Dependence of reattachment lengths to the grid size for different Reynolds number and expansion 

ratio 
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Figure 4-4: Streamline distribution in sudden expansion with expansion ratio of 4.00 and Re=100 for different 

gird resolution a) NC = 17,500, b) NC = 43,000, c) NC = 110,080, d) NC = 172,000 

 

 Shear layer reattachment length 

Figure 4-5 compares the computed reattachment lengths as a function of the Reynolds 

number for Er = 2.00 with published numerical and experimental results. The present simulation 

results are in good agreement with published investigations for Remax ≤ 218. For Remax > 218, 

bifurcation begins; the formation of bifurcation is discussed in Section 4.4. The excellent 

agreement for lower Reynolds numbers suggests that the 2D simulations are capable of capturing 

laminar reattachment of the flow downstream of the sudden expansion. Although not shown, 

similar agreement is obtained between the present results and Back and Roschke [19] at Er = 2.60. 

The linear trend for reattachment length in the laminar flow regime is anticipated as the average 

shear stress remains approximately constant at any fixed axial distance downstream of the sudden 

expansion, implying that viscous diffusion is the main source for the development of the 

recirculation region in the vertical direction. As a result, as the Reynolds number increases within 

the laminar regime, the higher velocity implies a longer streamwise distance is needed for the 

separated flow to reattach to the wall [18].  
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Figure 4-6 plots the normalized reattachment length as a function of Reynolds number for 

expansion ratios of Er = 1.33-4.00. The maximum Reynolds number plotted in Figure 4-6 for each 

expansion ratio value corresponds to the critical Reynolds number value at which bifurcation is 

observed in the simulations, to be discussed in Section 4.4. As shown in Figure 4-6, the 

reattachment length increases linearly with respect to max Reynolds number for each expansion 

ratio. The reattachment length also increases with increasing expansion ratio at a fixed max 

Reynolds number, although the critical Reynolds number for the onset of bifurcation is reduced. 

The following correlation for the normalized reattachment length is fitted to the computed results 

in Figure 4-6:  

𝐿𝑟
ℎ
= 0.353 − 0.243𝑅𝑒𝑚 𝑥 − 0.049𝐸𝑟 − 0.075𝑅𝑒𝑚 𝑥𝐸𝑟 + 0.309𝑅𝑒𝑚 𝑥√𝐸𝑟 (4.2) 

 

Figure 4-5: Comparison of non-dimensional reattachment length (Lr/h) at various Reynolds numbers for Er = 

2.00 with literature 
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Figure 4-6: Reynolds number distribution of the reattachment length for various expansion ratios. Symbols 

denote numerical results and lines denote Eq. (5.2) 
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value corresponds to the point where time-dependent flow is observed in the simulations. Above 

this Reynolds number, transition to turbulence is initiated in the shear layer and the present 2D 

simulations are not an accurate method to predict the flow behavior. The shear layer reattachment 

lengths variation with Reynolds number is in excellent agreement with the data obtained by Kadja 

et al [108]. 

 

 

Figure 4-7: Primary reattachment length at upper and lower walls for various expansion ratios 

 

In most of the bifurcated cases, a secondary recirculation zone develops downstream of the 

primary recirculation zone on the wall experiencing the shorter primary reattachment length. 

Indeed, as discussed in Section 4.5, as the Reynolds number increases past the critical Reynolds 

number for the onset of bifurcation, the number of recirculation regions increases. The streamwise 

[108] 



 

36 

 

separation location of the secondary recirculation zone (denoted Ls) is presented in Figure 4-8 

along with published data, achieving very good agreement within the range of the published data. 

 

Figure 4-8: Secondary separation point at various Reynolds numbers for various expansion ratios 
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Figure 4-9: Comparison of the velocity profile for Remax = 200 and 300 for Er = 200 at different streamwise 

stations 
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mixes the centerline flow until the reversed flow disappears at the point of shear layer 

reattachment. Figure 4-9 shows that at Remax = 300, bifurcation occurs and flow reversal occurs 

only on one side. At higher Reynolds numbers, similar magnitudes of reversed velocity are noted 

in the secondary recirculation regions. Figure 4-9 also shows that downstream of flow 

reattachment (which occurs at x/h = 9.05 for Remax = 200 and x/h = 5.96 and 18.16 for the upper 

and lower walls at Remax = 300) a parabolic velocity profile is recovered before the flow reaches 

the end of the computational domain. 

 

Figure 4-10: Maximum reverse velocity distribution at various Reynolds numbers and expansion ratios and 

approximate values of 𝑼𝒓,𝒎𝒂𝒙/𝑼𝒎𝒂𝒙 
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increase in the Reynolds number yields an increase in the maximum reverse velocity due to 

stronger corner recirculation regions. However, the dependence of the maximum reverse velocity 

on Reynolds number becomes weaker at higher Reynolds numbers, eventually reaching an 
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asymptotic value within the laminar regime. In contrast, the expansion ratio has a very dominant 

effect on the maximum velocity in the reversed-flow region, exhibiting a stronger influence on 

reversed velocity magnitude (and, by extension, mixing effectiveness) than Reynolds number, at 

least within the laminar regime. A correlation for predicting the maximum magnitude of the 

reversed velocity is given below: 

𝑈𝑟,𝑚 𝑥
𝑈𝑚 𝑥

= −0.0  𝐸𝑟 − 0.2 7 log (𝑅𝑒𝑚 𝑥) + 0.037𝐸𝑟 log(𝑅𝑒𝑚 𝑥)

+ 251log (𝐸𝑟𝑅𝑒𝑚 𝑥) 

(4.3) 

 

Figure 4-11: Reynolds number distribution of the maximum reverses velocity for various expansion ratios. 

Symbols denote numerical results and lines denote Eq. (4.3) 

 

which is obtained by regression of the data in Figure 4-10. Equation (4.3) is valid in the range 

of 25 ≤ 𝑅𝑒𝑚 𝑥 ≤ 𝑅𝑒𝑐𝑟,𝑏 and 2.00 ≤ 𝐸𝑟 ≤ 4.00, where 𝑅𝑒𝑐𝑟,𝑏 is the critical Reynolds number for 

symmetry breaking bifurcation described in Section 4.4.  A comparison between the computed 

values of 𝑈𝑟,𝑚 𝑥/𝑈𝑚 𝑥 and those obtained by Eqn. 4.2 is illustrated in Figure 4-11, which shows 

that the correlation can predict computed values of 𝑈𝑟,𝑚 𝑥/𝑈𝑚 𝑥 with better than 3% accuracy at 
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intermediate Reynolds numbers and 5–6% accuracy at low and high Reynolds numbers for 

investigated range of expansion ratio. 

 Development of flow bifurcation  

As shown in Figure 4-7, bifurcation is observed in the present results for all the expansion 

ratios under investigation. To provide a qualitative illustration of bifurcation, Figure 4-12 plots the 

streamline patterns for Remax = 200 and 500 at an expansion ratio of Er = 2.00. For the lower 

Reynolds number, the streamline pattern is symmetric and the reattachment length is equal on the 

upper and lower channel walls. For the higher Reynolds number, however, bifurcation results in 

the recirculation region shrinking on one wall and lengthening on the other, and a secondary 

recirculation region develops on the side with the smaller primary region. This progression from 

symmetric to asymmetric flow is likely the result of the amplification of small disturbances in the 

flow [26]. According to this hypothesis, the small disturbances in the flow will increase as the 

Reynolds number increases until the disturbance amplitude reaches a critical threshold for the 

onset of symmetry-breaking bifurcation. While there are numerous studies that investigate the 

effect of Reynolds number and expansion ratio on bifurcation (e.g. see Table 2-2), literature has 

not provided any predictive correlations for the critical Reynolds number for the onset of 

bifurcation or any insight on what type of disturbance results in bifurcation. These two questions 

are addressed in the present section. 
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Figure 4-12: Streamline pattern near the expansion (zoomed view) (a) Symmetric reattachment for Remax = 

200  and Er = 2.00. (b) Asymmetric reattachment for Remax = 500 and Er = 2.00 

 

4.4.1 Critical Reynolds number for bifurcation 

The critical Reynolds number for the onset of bifurcation (Rec,b ) is defined as the minimum 

Reynolds number that bifurcation appears and is tabulated in Table 4-3 for the expansion ratios 

studied. The critical Reynolds number for symmetry-breaking bifurcation is estimated for different 

expansion ratios. As shown in Table 4-3, the flow becomes asymmetric at lower Reynolds number 

by increasing the expansion ratio and the computations indicate an inverse relationship between 

critical Reynolds number (𝑅𝑒𝑐,𝑏) and expansion ratio (𝐸𝑟). Very small disturbances that exist in 

the incoming laminar flow may be amplified at the sudden expansion, as the step behaves as a 

noise amplifier with a gain proportional to the step height [24]. 

The critical Reynolds numbers shown in Table 4-3 were obtained through an iterative, trial-

and-error approach. For each expansion ratio, the flow was simulated at a Reynolds number much 

lower than Rec,b until it reached a steady state, and then the Reynolds number was incrementally 

increased and the simulation was repeated. The uncertainty in Table 4-3 is based on the number of 

cases there were performed and the Reynolds number increment between each case. As the 

expansion ratio decreases, bifurcation initiates at higher Reynolds numbers and capturing the exact 

critical Reynolds number requires more cases to be run and as a result higher computational cost. 

a)  𝑹𝒆 = 𝟐𝟎𝟎

b)  𝑹𝒆 =  𝟎𝟎

a) Remax =200 

b) Remax =500 
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The total number of simulations required to produce Table 4-3 was 144. The computational cost 

of each case varied almost inversely with the expansion ratio; at smaller expansion ratios, the 

critical Reynolds number became larger and the onset of bifurcation required a much longer time 

to occur, requiring much longer simulation times. For example, for the same Reynolds number, 

bifurcation in the Er = 2.00 case occurred almost four flow-through times after the symmetric flow 

field reached a quasi-steady state, whereas close to one flow-through time was required for the Er 

= 4.00 case. As most of the previous studies on the onset of bifurcation were for expansion ratios 

between 2 and 3, the present study with smaller expansion ratios extends the existing dataset in 

support of developing predictive correlations. 

Table 4-3: Critical Reynolds number for the onset of bifurcation  

in laminar flows in planar sudden expansions 

 

 

 

 

 

 

 

Other studies of flows with bifurcations note that the temporal discretization method and 

initial conditions of the simulation can affect the onset of bifurcation phenomena by affecting the 

magnitude and amplification rate of disturbances via non-linearities introduced by the temporal 

discretization method (e.g. Drikakis [36], Panaras et al. [109]). To ensure that the critical Reynolds 

number values for bifurcation onset presented in Table 4-3 are independent of the temporal 

discretization method, the simulations for the critical Reynolds number at Er = 2.00 were repeated 

Expansion ratio (𝐸𝑟) 𝑅𝑒𝑐,𝑏 

1.33 2460±20 

1.43 1270±20 

1.67 475±10 

1.82 340±10 

2.00 218±1 

2.60 105±5 

3.20 80±5 

4.00 55±5 
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with identical initial conditions but using the steady-state SIMPLE method of Patankar [110] for 

pressure-velocity coupling. In these cases, the steady solution is obtained upon convergence of the 

discrete equations without consideration to temporal derivatives. The critical Reynolds number 

was calculated by incrementally adjusting the Reynolds number in the same fashion as in the 

transient simulations, and an identical value of Rec = 218 was found. In addition, to ensure that 

the values in Table 4-3  are independent of the initial conditions, the transient simulations at Er = 

2.00 (which were initialized with uniform velocity equal to the mean inlet velocity) were repeated 

using the symmetric field present before bifurcation onset as the initial condition. This method 

also found an identical value of Rec = 218 for the critical Reynolds number. Together, these results 

suggest that the critical Reynolds numbers in Table 4-3 are independent of the temporal 

discretization procedure and initial conditions of the simulations. 

A correlation function for the critical Reynolds number at the onset of bifurcation is 

proposed in Eqn. (4.4) based on the data presented in Table 4-3: 

𝑅𝑒𝑐,𝑏 = exp(
4. 3

𝑙𝑛
0.42

(𝐸𝑟)
) 

(4.4) 

This correlation and the data from Table 4-3 on which it is developed are shown in 

Figure 4-13(a). The correlation equation achieves very good agreement with numerical 

measurements for all expansion ratios (1.33 < 𝐸𝑟 < 4.00) with a least-squares regression 

coefficient of R2=0.99. This correlation provides a simple method for approximating the critical 

Reynolds number for a wide range of expansion ratios. Figure 4-13(b) compares Eqn. (5.4) with 

values from published investigations for high expansion ratios (2.00 < Er < 10.00). Again, the 

proposed correlation achieves excellent agreement with published data; the only outlier is the 𝐸𝑟 =

7.00 case computed by Battaglia et al. [38] which also does not match the other published values. 
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Figure 4-13: Correlation equation prediction for Critical Reynolds number for the onset of bifurcation in 

laminar flows in planar sudden expansions: a) in comparison with computed data for various Expansion 

ratios, b) in comparison with published investigations for high expansion ratio 2.00 < Er < 10.00 

 

4.4.2 Bifurcation onset and growth 

In this section, the onset of flow bifurcation is analyzed by observing the evolution of the 

simulated cases at Reynolds numbers above the critical Reynolds numbers given in Table 4-3. For 

[38] 

[36] 

[39] 
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each case, the flow initially reaches a symmetric condition, which we refer to as the “semi-steady 

state”. The temporal evolution of the flow from the semi-steady state to the fully bifurcated 

condition is illustrated in Figure 4-14 by plotting the maximum streamwise velocity that occurs at 

the streamwise location of flow reattachment in the symmetric condition. The velocity in 

Figure 4-14 is normalized by the centerline velocity that occurs at the reattachment location in the 

semi-steady condition, denoted Usss. As such, a unity value in Figure 4-14 corresponds to the semi-

steady condition and deviations from unity indicate the onset of asymmetry in the velocity 

distribution at that steamwise location. Figure 4-14 shows that the time spent in the semi-steady 

state prior to the onset of bifurcation, which we refer to as the “bifurcation initiation time”, depends 

on how close the flow Reynolds number is to the critical Reynolds number for bifurcation; large 

Reynolds number cases have short bifurcation initiation time, while those closer to Rec,b have much 

longer times.  

 

 

Figure 4-14: Maximum velocity variation of velocity profile at the reattachment point for 𝑬𝒓 = 𝟐. 𝟎𝟎 
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The dependence of bifurcation initiation time on the flow Reynolds number may be due to 

differences in the initial disturbance levels, or it may be due to higher amplification rates of 

disturbances within the flow leading to bifurcation, or both. A distinct trend is seen in Figure 4-15 

for the Re = 800 case compared to the higher Reynolds number cases; the velocity initially 

increases before decreasing, then peaks and finally settles on a steady asymmetric condition. At 

Re = 600 (not shown), the initial increase is even more pronounced, but has largely disappeared 

by Re = 1000. This distinct trend suggests that bifurcation initiates differently at high Reynolds 

numbers compared to those closer to the critical Reynolds number. To investigate this, the 

magnitude of the velocity disturbances within the flow prior to the onset of flow bifurcation needs 

to be analyzed. This is shown in Figure 4-15 by plotting the root-mean-square (RMS) of the 

streamwise velocity at various streamwise locations downstream of the sudden expansion. The 

RMS profiles are computed from the semi-steady flow before bifurcation initiated. Profiles for the 

flow upstream of the sudden expansion are not plotted because the amplitudes there are very small, 

on the order of the convergence criteria for the governing equations. Figure 4-15 shows that for 

Re = 800 the velocity disturbance amplitude is largest near the step, and gradually decreases with 

streamwise distance. In contrast, at Re = 1000 and 1200, the disturbance amplitude is largest near 

x/h = 30 and 40, respectively, which is near the reattachment location for these Reynolds numbers. 

This indicates that at Reynolds numbers close to Rec,b, the largest disturbances occur near the 

sudden expansion, and as the Reynolds number increases, the location of the largest disturbance 

moves downstream. Moreover, Figure 4-15 shows that for Re = 800-1200, the RMS fluctuation 

profiles are symmetric about the centerline of the domain, implying that the fluctuations develop 

during the bifurcation initiation time when the flow is still symmetric. However, the Re = 1600 

case shows a significant departure from this trend. At that Reynolds number, the disturbance 
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amplitude has increased by an order of magnitude, the largest amplitude occurs near the end of the 

domain at x/h = 58 (note that the outflow boundary is at x/h = 60), and the fluctuation profile is 

asymmetric. This suggests that the disturbance triggering bifurcation does not develop during the 

bifurcation initiation time, but is generated earlier during the initial period of the simulation when 

the flow field is adjusting to the outlet boundary and initial conditions. Because the Reynolds 

number was large enough, this initial disturbance was sufficiently strong to trigger bifurcation near 

the outflow boundary, and the disturbance wave then travelled upstream of the sudden expansion. 

 

Figure 4-15: Measured root mean square velocity fluctuation at various positons before onset of flow 

bifurcation at 𝑬𝒓 = 𝟐. 𝟎𝟎. 

 

The spatio-temporal evolution of the velocity disturbances is shown in Figure 4-16 by 

plotting contours of the streamwise velocity fluctuation at several instances in time between the 

onset of bifurcation and the time when the bifurcated flow reaches a steady, asymmetric profile. 

The velocity fluctuation is obtained by subtracting the local value of the velocity in the steady-
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state condition (usss) from the instantaneous velocity (u). Dimensionless time is defined as  ′ =

 𝑈𝑚 𝑥/𝐷, where t = 0 is defined as the onset of bifurcation and D denotes the channel height 

downstream of the expansion. The arrows pointing towards and away from the walls represent the 

locations of flow reattachment and separation, respectively. As presented, the flow alters from a 

stable symmetric pattern into an asymmetric pattern due to small perturbations that seem to be 

triggered near the semi-steady state reattachment location. The initial disturbance then grows and 

moves upstream and downstream of the flow.  

  

Figure 4-16: Temporal evaluation of the flow velocity disturbance contour after semi steady state condition at 

𝑹𝒆𝒎𝒂𝒙 = 𝟏𝟐𝟎𝟎 and 𝑬𝒓 = 𝟐. 𝟎𝟎 
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 Bifurcation instability and transition to turbulence  

The role of the bifurcation phenomenon in the lead-up to transition of the sudden-expansion 

flow from a steady laminar state to an unsteady turbulent state is illustrated in Figure 4-17 by 

plotting the instantaneous and mean velocity contours and flow streamlines for the Er = 4.0 case 

at several Reynolds numbers between Remax = 50 and 2000. The fluctuating flow at the highest 

Reynolds numbers is considered “unsteady” rather than turbulent because the two-dimensional 

nature of the simulations inhibits accurate resolution of turbulent vortical structures. At Remax = 

50, the flow is symmetric with equal reattachment lengths on the upper and lower walls. At Remax 

= 100, two unequal recirculation zones occur. With further increase in the Reynolds number to 

Remax = 500, secondary recirculation zones occur on the same side as the smaller primary 

recirculation zone. Tertiary separation zones form downstream of the secondary recirculation 

region and even smaller-scale recirculation zones begin to form within the longer primary 

recirculation region. The cascading development of successively smaller-scale, steady 2D 

recirculatory regions are a precursor to the complete break-down of the flow to unsteadiness. This 

is evidenced by noting that at Remax = 1000, the onset of unsteady fluctuations occurs near the end 

of the longer primary recirculation region, precisely where the smaller-scale recirculation zones 

were located. This suggests that the break-down into unsteady fluctuations originates in the 

successive formation of smaller-scale recirculation zones. This observation is consistent with 

break-down via an inviscid mode; considering that small-scale recirculation zones imply that the 

local velocity profile is highly inflectional, the flow will be unstable to rapidly-growing inviscid 

instability modes that amplify due to the high strain rate and trigger break-down to unsteady flow. 

Further increases in the Reynolds number brings the onset of unsteady fluctuations upstream so 

that by Remax = 2000, the unsteadiness occurs immediately downstream of the sudden expansion. 
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The fluctuations enhance mixing within the flow so that the time-mean velocity contours at Remax 

= 2000 appear symmetric. Thus, while bifurcation facilitates the onset of unsteadiness within the 

sudden-expansion flow, it disappears once the flow moves into the transitional regime. 

 

Figure 4-17: Velocity contour for flow in sudden expansion with 𝑬𝒓 = 𝟒. 𝟎𝟎 at various Reynolds numbers: a) 

Instantaneous velocity b) Mean velocity 

 

Existence of solid particles affects the reattachment length and momentum transfer in the 

recirculation region. Also, the symmetric flow structure downstream of the sudden expansion and 

onset of bifurcation phenomena alter with injection of solid particles. Appendix A provides a 

supplementary study that analyzes the impact of particles on the sudden expansion.  
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5 Chapter 5: Laminar and Transitional Flow in a Sudden Expansion 

with Transverse Injections 

In this chapter, laminar and transitional flow through a planar sudden expansion with 

transverse jets is studied using two-dimensional direct numerical simulations at various expansion 

ratios and velocity ratios. Results represent the influence of transverse jet injection on the 

bifurcation phenomenon downstream of the sudden expansion. The effect of injection angle on 

transient flow development downstream of the sudden expansion is also studied.  

 

 

Figure 5-1: Schematic of major features of flow through a planar sudden expansion with cross injections 
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 Flow configuration and test cases 

A series of numerical simulations are performed for flow over a symmetric planar sudden 

expansion with and without transverse injections. Figure 5-1 shows the schematic view of the flow. 

The interaction between the injected transverse jet and main flow causes a high level of vorticities 

and mixing in the flow [65]. This interaction generates different regions in the flow such as core 

of the main and transverse flows, recirculation, merging, and mixing regions. For a sudden 

expansion with transverse injections, the flow field depends on the expansion ratio, 

𝐸𝑟 = 𝐷/ 𝑑,  , (5.1) 

the jet-to-main-flow velocity ratio,  

𝑟 = 𝑈 ,𝑚 𝑥/ 𝑈𝑚 𝑥  , (5.2) 

the main flow Reynolds number, 

𝑅𝑒 = 𝑈𝑚 𝑥𝑑/𝜐  , (5.3) 

and the transverse jet Reynolds number, 

𝑅𝑒 = 𝑈 ,𝑚 𝑥𝑑 /𝜐  ,     (5.4) 

where Umax and Ut,max are the main flow and transverse jet maximum velocities, respectively; d, D, 

and dt are the inlet channel, outlet channel, and transverse jet heights, respectively; and υ denotes 

the kinematic viscosity. A velocity ratio greater than unity causes a complex system of vortical 

structures in the flow field surrounding the transverse jet injection [69]. Simulations are carried 

out with expansion ratios of 1.5, 2.0, 3.0 and 4.0 at various Reynolds numbers. Also, the effect of 

the jet-to-main-flow velocity ratio (r) and transverse jet injection angle (α) is examined for Er 

=2.0. The range of test cases for each expansion ratio is presented in Table 5-1.  
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Table 5-1: Test cases range for various expansion ratios 

𝑬𝒓 𝑹𝒆 𝒓𝒂𝒏𝒈𝒆 Velocity ratio (r) Injection angle () for upper/lower jet 𝑵𝒐. 𝒄𝒂𝒔𝒆𝒔 

1.5 400-1000 20 90º/90º 8 

2.0 400-2000 5-40 60º/60º, 90º/90º, 60º/120º, 120º/120º 32 

3.0 400-1000 10-20 90º/90º 8 

4.0 400-1000 10-20 90º/90º 8 

 

 Numerical approach 

5.2.1 Domain and boundary conditions 

The computational domain used in the current simulations consists of two channels 

connected by a sudden expansion, shown schematically in Figure 5-2. Transverse jets are injected 

after the sudden expansion from two symmetric channels along the upper and lower walls. A fully 

developed parabolic inflow boundary is used as an inlet condition for the main and jet flow 

boundaries. The no-slip condition is applied on all walls and a zero streamwise velocity gradient 

and a zero gauge static pressure are imposed at the outlet boundary. The step-height, h = (D-d)/2, 

is used as the characteristic length scale in this study. The inlet length of the computational domain 

is Li =10h. Three outlet domain lengths are considered to study the laminarization of the flow with 

Lo=60h, 120h, and 300h. The transverse jet injection location is chosen based on the primary 

recirculation length of the case without cross flow. As illustrated in chapter 4, the bifurcation 

phenomenon causes different reattachment lengths on the upper and lower walls. The shorter 

reattachment length varies between 5.9h and 10.7h, while the longer reattachment length grows 

continuously for the bifurcated laminar cases. Therefore, the jet location is chosen as Lt = 5h in 

order to interrupt the bifurcation phenomena and trigger maximal unsteadiness in the domain.  
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Figure 5-2: Schematic of the computational domain 

5.2.2 Spatial grid 

A structured, non-uniform, orthogonal finite-volume grid was mapped to the computational 

domain. The number of grid cells in the regions upstream and downstream of the expansion are 

shown in Table 5-2 for each value of the simulated expansion ratios. Nx and Ny refer to the number 

of cells in the streamwise and vertical directions, respectively. Figure 5-3 illustrates the streamwise 

and cross-stream grid spacing distribution for the Er = 2.0 case. The cells are non-uniformly spaced 

in both directions in order to have higher resolution near the sudden expansion region, no-slip 

walls, and the regions with high shear stress where the flow will experience larger spatial gradients. 

As shown in Figure 5-3(a), the grid resolution increases as the flow reaches the step of the sudden 

expansion. The grid cells are uniformly spaced in the streamwise direction from the step to the end 

of cross injection jets. The dashed line in Figure 5-3(a) indicates the location of the sudden 

expansion step. The coarsest grid occurs near the domain outlet where the streamwise grid size is 
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four times larger than the grid size near the sudden expansion centerline of channels. Figure 5-3(b) 

shows the grid spacing in the vertical direction at the centerline of transverse jets; the dashed line 

indicates the centerline of inlet channel. As shown, the grids become coarse at the centerline of 

inlet channel, where the vertical grid size in these regions is about twice that along the no-slip 

walls at the transverse jet injection point. Similar grid size distributions are used for the other 

expansion ratio cases. 

In order to check the accuracy of the numerical results, a grid sensitivity study is performed 

using five grid resolutions at Er = 2.0 for Reynolds numbers of 1000 and r = 20. The detailed 

information of the grids used for grid-independence analysis is illustrated in Table 5-3. 

 

Table 5-2: Characteristics of computational grids used for various sudden expansions 

𝑬𝒓 (𝑵𝒙, 𝑵𝒚)𝒊 

Upstream of 

step 

(𝑵𝒙, 𝑵𝒚)𝒐 

Downstream of 

step 

(𝑵𝒙, 𝑵𝒚)𝒕 

Upstream of 

cross flows 

Total 

cells 

1.5 150 ,  0  20 , 120 20 , 0 109, 00 

2.0 150 ,  0  20 , 1 0 20 ,  0 159,000 

3.0 150 ,  0  20 , 300 20 , 0 452,400 

4.0 150 ,  0  20 , 420 20 , 0  2 , 00 
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Figure 5-3: Distribution of the spatial grid spacing in the (a) streamwise direction at centerline of inlet 

channel and (b) wall-normal direction at centerline of cross injection jets for the Er = 2.0 case. The dashed 

line indicates (a) the location of the sudden expansion and (b) centerline of centerline of inlet channel 
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Table 5-3: The grids used for the grid-independence study at Er = 2.0, r = 20, and Re = 1000 

𝑮𝒓𝒊𝒅  

 𝒆𝒗𝒆𝒍 

(𝑵𝒙, 𝑵𝒚)𝒊 

Upstream of 

step 

(𝑵𝒙, 𝑵𝒚)𝒐 

Downstream 

of step 

(𝑵𝒙, 𝑵𝒚)𝒕 

Upstream of 

cross flows 

Total 

cells 

M0 75 , 30 410 , 90 10 , 30 39,750 

M1 75 , 40 410 , 120 10 , 40 53,000 

M2 120 ,  0  4  , 1 0 1  ,  0 127,200 

M3 150 ,  0  20 , 1 0 20 ,  0 159,000 

M4 240 ,  0 10 4 , 240 24 ,  0 254,400 

 

Figure 5-4 compares the wall pressure coefficient for the five mesh refinements. Analysis 

using the wall pressure coefficient and the normalized root mean square of velocity fluctuation 

distributions confirmed that about 159,000 cells are sufficient to guarantee grid independence for 

all Reynolds numbers considered in this chapter. Although, the results indicate that grids M0 and 

M1 are significantly different, increasing mesh refinement yields similar results for grids M2, M3, 

and M4. Sensitivity to mesh resolution is highest in the corner of the sudden expansion where the 

primary recirculation exists and immediately downstream of the transverse jet injection around x/h 

≈ 5. Therefore, although grid M2 seems to obtain adequate results, the numerical simulations are 

conservatively performed using refinement M3. 
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Figure 5-4: Pressure coefficient (Cp) distributions at various mesh resolutions at Re = 1000, r = 20 and Er = 

2.0 

 

5.2.2.1 Solution methodology 

OpenFOAM® discretizes the governing equations by means of the finite volume method 

[111]. Second-order central differencing and implicit second-order Euler backward differencing 

are used to discretize the spatial and temporal derivatives, respectively. The time-step size in each 

simulation varies depending on the Reynolds number and grid size. The Courant number is kept 

below 0.5 [78,107], with t = 10-6 s being the smallest time-step size used for Re = 2000 and r = 

20, and t = 5×10-4 s being the largest timestep used for Re = 200 and r = 5. The working fluid is 

water at 1 atm and 25ºC. Zero relative static pressure and an initial velocity equal to the mean 

velocity at the inflow boundary were used as initial boundary conditions. Each simulated test case 

was run for approximately 10 flow through times (defined as Li/Ui + Lo/Uo, where subscripts i and 

o denote inlet and outlet pipe, respectively) to reach a statistically steady state and then 

approximately 10 more flow through times to collect the results for analysis. The velocity and 
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pressure coupling was solved with the PISO algorithm. Each simulation was performed in a 

parallel-processing environment on 32 and 64 CPUs using domain decomposition and a message-

passing interface (MPI) parallelization strategy. 

 Mean flow development 

Within the present discussion of the simulation results, velocities are normalized by the maximum 

velocity occurring at the inlet of the computational domain (denoted Umax) and spatial scales are 

normalized by the step height of the sudden expansion (h). The location of the transverse jet is 

placed such that it is within the recirculating region immediately downstream of the sudden 

expansion. This placement allows the injected flow to destabilize the recirculation zone to promote 

mixing and reattachment. Figure 5-5 plots the instantaneous and time-mean velocity magnitude 

and illustrates a strong initial interaction between the injected flow and the main flow that results 

in the formation of unsteady fluctuations immediately downstream of the injection. Although the 

fluctuations subside after about 10 diameters of the transverse jets, a periodic oscillatory pattern is 

set up in the downstream main flow that persists for much longer.  
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Figure 5-5: Zoomed view of non-dimensional velocity contour at Reynolds numbers of 2000 and Er = 2.0 for 

the case with cross flow (r = 1.25): a) Instantaneous velocity contour b) Mean velocity contour 

 

Figure 5-6 represents the instantaneous and mean flow streamlines for the Er = 2.0 case at 

Reynolds numbers of 2000 and velocity ratio of 10. As predicted, the interaction of the main flow 

and the transverse jets triggers unsteadiness in the form of localized eddies and recirculations in 

the near-wall region surrounding the jet. Some of these disturbances are convected by the flow and 

generate an asymmetry wave that corresponds to the long-lived oscillations observed in Figure 5-

5. The frequency of the asymmetry depends on the jet-to-main-flow velocity ratio and their 

Reynolds numbers. The mean flow streamlines show more or less symmetric patterns with two 

equal circulation regions downstream of the transverse jets. Two small circulation regions are also 

observed inside the primary recirculation regions. Existence of these regions in the shadow of the 

transverse jets provides enough support to surmise that the transverse jets act like a rigid curved 

obstacle in the flow and forces the main flow to move into a narrow region close to the centerline.    
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Figure 5-6: Zoomed view of streamline distribution in sudden expansion with at Reynolds numbers of 1000 

and Er = 2.0 for the case with cross flow (r = 10) a) instantaneous streamlines, b) time-averaged streamlines 

 

In order to visualize development of the flow downstream of the transverse jets, a 

simulation case is carried out for Reynolds numbers of 600 at Er = 2.0 and r = 5 with a very long 

outlet length downstream of the transverse jets (300h). Figure 5-7 shows that the interaction causes 

roll-up of the transverse flows into semi-coherent, rotational structures near the interface of the 

core and transverse flows. As these structures convect downstream, their coherence and amplitude 

decreases due to the reduced Reynolds number past the expansion. Dissipation of these rotational 

flow structures corresponds with the decreasing fluctuations in the laminarizing zone. 
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Figure 5-7: Visualization of the laminarization process by instantaneous velocity contour at Reynolds 

numbers of 600 and Er = 2.0 for the case with transverse jets at velocity ratio of 5 

 

Figure 5-8 plots the root-mean-square (RMS) of the axial and vertical velocity fluctuation 

components at various streamwise stations downstream of the transverse jets. Profiles show the 

velocity fluctuation amplitude is largest near the transverse jets, and gradually decreases with 

streamwise distance. This indicates the relaminarization of the flow and damping of the large 

disturbance moving downstream. Moreover, Figure 5-8 shows RMS fluctuation profiles are 

symmetric about the centerline of the domain, implying that the average flow is still symmetric at 

this velocity ratio. The largest amplitude occurs upstream at x/h = 20 while computed fluctuation 

profiles at x/h = 250 have decreased by almost an order of magnitude.  
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Figure 5-8: Measured root mean square velocity fluctuation at various positons downstream of transverse jets 

at Re = 600 and Er = 2.0 for the case with velocity ratio of 5 

 

The length of primary reattachment regions after the injection of transverse jets is a 

function of main and transverse jet Reynolds numbers, expansion ratio, and velocity ratio. 

Figure 5-9(a) shows the computed reattachment lengths as a function of the Reynolds number for 

Er = 2.0 and r = 20. The reattachment length decreases with increasing Reynolds number. As 
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anticipated, development of unsteadiness and fluctuations due to transitional flow with increasing 

Reynolds number causes a sharp decrease in the reattachment length until it reaches a minimum 

value. The reattachment length remains approximately constant with small fluctuations for 

Reynolds numbers larger than 1200. 

 

Figure 5-9: a) Reynolds number distribution of non-dimensional reattachment length (Lr/D). b) Dependence 

of reattachment length to velocity ratio (r) 
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Figure 5-10 plots the normalized reattachment length as a function of Reynolds number for 

expansion ratios of Er = 1.5-4.0. As seen previously in Chapter 4, the reattachment length 

decreases with increasing Reynolds number for each expansion ratio. The reattachment length also 

decreases with increasing expansion ratio at a fixed Reynolds number, although the rate of its 

reduction is reduced after Er = 2.0 and becomes negligible by Er = 4.0. It therefore seems that for 

a fixed jet velocity ratio, larger expansion ratios assist the transverse jets in reattaching the 

separated flow downstream of the expansion, possibly decreasing the mutual interaction of the 

transverse jets with each other at the centerline of the channel.   

 

Figure 5-10: Reynolds number distribution of the reattachment length for various expansion ratios at r = 20 

 

 The effect of transverse jets on bifurcation 

The phenomenon of transverse jet injection has been discussed in several research studies 

[69] but its effect on decay of bifurcation after a sudden expansion is an interesting phenomenon 

which needs more investigation. At low Reynolds numbers and with no transverse jets, the main 
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flow remains symmetric downstream of the sudden expansion with equal recirculation regions on 

both the upper and lower walls of the channel. As the Reynolds number exceeds a critical value, 

the disturbances in the flow become larger and an asymmetric structure appears and grows in the 

flow, termed bifurcation. During bifurcation, the recirculation region on one wall shrinks while 

the one on the opposite wall grows. Injection of transverse jets causes growth of unsteadiness and 

the decay of bifurcation in the time-averaged flow.  To illustrate this, Figure 5-11 plots the velocity 

field associated with bifurcation at Re = 500 and Er = 4.0 with r = 0.  For the case with no cross-

injection, the degree of asymmetry downstream of the sudden expansion increases with increasing 

Reynolds number but the flow retains its steady, laminar structure. Although secondary and tertiary 

separation zones and even smaller-scale recirculation zones begin to form near the end of the long 

primary recirculation region, eliminating the bifurcation requires a cascading development of 

small-scale disturbances near the expansion. Adding the transverse jets, as shown in the 

streamlines of Figure 5-6(b), can provide the necessary unsteadiness for decay of the bifurcation.  

 

 

Figure 5-11: Zoomed view of non-dimensional velocity contour and streamlines illustrating the bifurcated 

flow downstream of the planar sudden expansion with Re = 500 and Er = 4.0 
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The effectiveness of transverse jets on bifurcation decay can also be determined by 

computing wall skin friction and pressure coefficient distributions for various velocity ratios. The 

pressure coefficient distribution, Cp is defined as 

  =
𝑝̅𝑤 − 𝑝̅𝑖𝑛
1
2𝜌𝑈𝑚 𝑥

2
 

(5.5) 

where 𝑝̅𝑖𝑛 is the upstream centerline mean pressure at the inlet boundary corresponding to the 

maximum inlet velocity 𝑈𝑚 𝑥 and 𝑝̅𝑤 is time averaged pressure on the wall. As shown in 

Figure 5-12a, for the case without transverse jets (e.g. r = 0), the Reynolds number is higher than 

the critical Reynolds number for symmetry-breaking bifurcation (as per Chapter 4). Hence, 

asymmetric flow occurs and the lower and upper walls demonstrate different values for the 

pressure coefficients. As shown in Figure 5-12, the pressure reduces lower than the inlet value due 

to the sudden expansion and a negative value appears for pressure coefficient at x = 0. This value 

increases as it reaches the center of the primary recirculation regions on both walls. During 

bifurcation, one circulation region grows and its reverse velocity magnitude becomes smaller while 

the other circulation region shrinks with increasing of reverse velocity magnitude in its 

recirculation zone. Therefore, the wall pressure on upper and lower walls are different due to 

unequal recirculation regions. The wall with a smaller primary recirculation region has lower wall 

pressure than the one with a larger recirculation region. For the case with transverse injection jets 

(e.g. r > 0), a pressure drop occurs downstream of the transverse jet injections with similar a trend 

on both walls. The discrepancy between pressure coefficient profiles on upper and lower walls 

decreases as the jet-to-main-flow velocity ratio is increased. As shown in Figure 5-12, wall 

pressure coefficient distributions have similar trends on both walls at r = 3.75. The wall pressure 

coefficients on the upper and lower wall also remain the same for higher ratios. Further 
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downstream of the transverse jet, the pressure initially increases; it reaches a maximum value, and 

then gradually reduces toward the outlet. The oscillation and inconsistency in pressure distribution 

occur due to the formation of secondary recirculation regions. The effect of this behavior and its 

amplitude become more visible with increasing of the jet-to-main-flow velocity ratio. 

 

Figure 5-12: Pressure coefficient distributions at various velocity ratios (r) at Re = 2000 and Er = 2.0 

 

 The interaction between the transverse jet and the main flow 

One of the common features of a transverse jet is horizontal shear-layer vortices along the 

upwind side of the jet. Figure 5-13 plots the instantaneous and time-averaged vorticity of the 

transverse jet near its injection location. The vorticity magnitude is nondimensionalized by d/Umax. 

The mixing of jet fluid with the main flow is visible in the instantaneous vorticity contours. The 

interface between the transverse jet and main flow becomes wavy and instability grows due to 
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formation of shear layer vortices along the upwind edge of the jet and continues throughout the 

lifetime of the jet. These type of shear-layer vortices are due to an inviscid Kelvin–Helmholtz-like 

instability of the jet shear layer [67,112–114]. Roll-up of both shear layers appear from the jets at 

the cross injection which is also observable in Figure 5-13a through instantaneous contours of 

vorticity magnitude. The streamwise grouping of transverse vorticity causes roll-up of the 

separated shear layer. Downwind of the jet, the magnitude of time-averaged vorticity decreases in 

the downwind shear layer as the parallel movement of the entrained fluid reduces the level of shear. 

Other vortical structures observed farther downwind of the jet are likely associated with unsteady 

recirculating flow patterns generated by the transient separation and flow reversal in the jet wake. 

These structures tend to increase the overall disturbance level downstream of the jet and assist in 

eliminating the bifurcated flow pattern. 

The jet trajectory is clear from time-averaged vorticity field in Figure 5-13b. Karagozian 

[69] suggested improvement of mixing with higher trajectory (or jet penetration) in the main flow. 

Although increasing the expansion ratio generates unsteadiness at the expansion step, it causes 

high reduction of main flow velocity after the step. Moreover, at higher expansion ratios, 

transverse jets have a longer distance to develop and interact with the main flow before reaching 

the centerline of the main flow. Figure 5-14 shows the velocity magnitudes at different expansion 

ratios. The upper limit of each figure represents the centerline of the domain. At Er = 1.5, the 

transverse jet reaches the center with a higher velocity compared to Er = 4.0.  Shorter development 

length causes greater interaction between main flow and transverse jet and bending of jet trajectory 

in direction of the flow. On the other hand, Figure 5-14d demonstrates that high expansion ratio 

creates a more vertical trajectory of the transverse jet and a diminished jet velocity at the centerline.    
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Figure 5-13: Zoomed view of non-dimensional vorticity contour near near-field flow of the transverse jet at 

Reynolds numbers of 2000 and Er = 2.0 for cross flow with velocity ratio of r = 3.75: (a) instantaneous non-

dimensional vorticity (b) Time-averaged non-dimensional vorticity 

 

The effectiveness of the interaction between the main flow and the transverse jets in 

generating mixing after the expansion also depends on the jet injection angles. Figure 5-15 

represents time averaged streamlines at similar condition but at various transverse jet injection 

angles. As shown, increasing injection angles causes growth of primary recirculation zones 

downstream of the transverse jet and consequently, a smaller central core region results in a higher 

velocity. Figure 5-15(c) shows that the intended reverse velocity due to larger injection angle might 

lead the flow into a symmetry state upstream of the transverse jets and decay of symmetry breaking 

bifurcation.  

 

 𝑑/𝑈𝑚 𝑥
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Figure 5-14: Zoomed view of time-averaged non-dimensional velocity magnitude contour in the near-field 

wake of the transverse jet for Reynolds numbers of 800 and velocity ratio of r = 20 at various expansions 

ratios 

 

The effect of unequal injection angles is also determined in Figure 5-15(d) with α1 =  0 ͦ 

and α2 = 120 ͦ. The unequal injection angles not only cause bifurcated behavior downstream of the 

injections but also create a central circulation region upstream of the injections which creates a 

source of central swirl upstream and minimizes number of individual circulation regions upstream 

of transverse jet injections.  

The spatial distribution of the turbulent fluctuations is illustrated in Figure 5-16 through 

root-mean-square (rms) profiles of the axial and vertical velocity components for various injection 

angles. The fluctuations are measured at z/h = 15, which corresponds to a location downstream of 

the expansion where there is no sign of bifurcation in the flow. The profile for axial fluctuations 
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shows two peaks that correspond to the trajectories of the injected transverse jets. It is also notable 

that the highest level of axial and vertical fluctuations appears for the completely vertical 

transverse jets, for which the transverse jets also achieve maximum penetration into the main flow. 

The level of velocity fluctuation for the case with α1 = 90 ͦ  and α2 = 90 ͦ  is approximately 30% 

larger than the case with α1 =  0 ͦ  and α2 =  0 ͦ. 
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Figure 5-15: Zoomed view of time averaged streamlines of the planar sudden expansion with transverse jet at 

various injection angles for Re = 1000 with Er = 2.0 and r = 20 at z/h = 15 
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Figure 5-16: The root-mean-square of Streamwise and vertical velocity fluctuations at various injection 

angles at Re = 1000 with Er = 2.0 and r = 20 
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6 Chapter 6: Instability and Localised Turbulence Associated with an 

Axisymmetric Sudden Expansion 

This chapter is based on the following accepted journal paper. This research was performed by Nima 

Moallemi under the direction of Dr. Joshua Brinkerhoff. The full results for this chapter are published as: Moallemi, 

N, Brinkerhoff, J.R., Instability and Localized Turbulence Associated with Flow through an Axisymmetric Sudden 

Expansion, International Journal of Heat and Fluid Flow, 72: 161-173 (2018) (Published). 

 

This chapter begins by detailing the computational setup and simulated test cases that are 

used for this analysis. The results begin with comparing the two and three-dimensional simulations 

to show the weakness of two-dimensional cases due to onset of bifurcation at Reynolds numbers 

higher than critical. The objective of this chapter is to identify the shear layer reattachment length, 

time-averaged statistics of flow in the vicinity of the localized turbulence region and also the 

development and decay of localized turbulence.  

 Computational domain  

For axisymmetric laminar and transitional cases, simulations are performed for Reynolds 

numbers between 15 and 2500 based on the mean bulk velocity and inlet pipe diameter. The total 

number of simulations is 28. The computational domain, shown in Figure 6-1, consists of two 

pipes with diameter of d and D mated together to produce an axisymmetric sudden expansion with 

a step-height of h and the expansion ratio of D/d=2. The lengths of the computational domain 

upstream and downstream of the expansion are Li =5h and Lo=100h, respectively. Insensitivity of 

the results to the streamwise length of the computational domain is confirmed by repeating the 

DNS with domain lengths of 90h, 100h, and 120h, with the conclusion that the effect is negligible. 
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Figure 6-1: Schematic of the computational domain 

 

6.1.1 Mesh resolution 

A structured, non-uniform, orthogonal finite-volume grid was mapped to the computational 

domain. A grid independency analysis was performed at Re=2500 in order to find a sufficient 

spatial resolution for all simulations. Five different block-structured grids were used in this study 

in order to confirm the independence of the computational results from grid size. The number of 

grid cells varied from 1,538,816 to 16,398,336. The multi-block structure of the structured grid, 

shown in Figure 6-2, consists of 70 blocks. The detailed information about grid cells in the regions 
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upstream and downstream of the expansion step is shown in Table 6-1 for each of the simulated 

cases;  𝑁𝑟, 𝑁𝜃, and 𝑁𝑧 refers to number of cells in the radial, tangential, and axial directions, 

respectively. The cells are uniformly spaced in the tangential () direction and non-uniformly 

spaced in the axial (z) and radial (r) directions in order to place a higher number of cells near the 

sudden expansion, no-slip walls, and regions with high shear stress where the flow will experience 

larger spatial gradients.  

The mesh near the inlet of the domain was refined in order to capture the smaller-scale 

structural interactions that will be present in the cases with turbulent inflow (presented in Chapter 

7). The central blocks have a fairly uniform grid spacing, with an increasing degree of grid 

refinement after the central block. The finest radial grid resolution appears at r/d=0.5, which 

corresponds to the no-slip region near the wall. This region contains high shear stress and velocity 

gradients. The radial grid spacing increases after the wall near the smaller pipe, with the coarsest 

cells appearing at the center of the expansion near to the centerline of the recirculation zone. The 

grid spacing of the near-wall region of the larger pipe at r/d=1 is similar to that of the near-wall 

grid spacing of the smaller pipe at r/d=0.5. The sudden expansion has the highest grid resolution 

in the streamwise direction, with the grid becoming coarser in both the upstream and downstream 

direction. The coarsest streamwise grid spacing is located at the outlet boundary condition, where 

the cell length is about 18 times that of the grid near the step of the sudden expansion. The 

maximum aspect ratio of each grid is kept below 75.  
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Figure 6-2: a) Schematic of the block structure that is used for the simulations. Only 10 out of 70 blocks are 

shown, b) the spatial grid spacing in radial and tangential directions after the expansion step. For easier 

visual clarity, the coarsest grid spacing is plotted 

 

Table 6-1: Characteristics of the computational grids. 

𝑮𝒓𝒊𝒅  𝒆𝒗𝒆𝒍 𝑬𝒓 (𝑵𝒓, 𝑵𝜽, 𝑵𝒛)𝒊 

Upstream of 

step 

(𝑵𝒓, 𝑵𝜽, 𝑵𝒛)𝒐 

Downstream of 

step 

Total cells 

G0 2.00 (45, 96, 30) (81, 96, 247) 1,538,816 

G1 2.00 (76, 160, 50) (108, 160, 292) 3,027,200 

G2 2.00 (90, 192, 60) (162, 192, 494) 6,924,672 

G3 2.00 (90, 192, 80) (162, 192, 658) 9,224,064 

G4 2.00 (120, 256, 80) (216, 256, 658) 16,398,336 

 

 

Mesh independency is studied using the normalized reattachment length (𝐿𝑟/ℎ) for the five 

different mesh refinements. Figure 6-3 shows the normalized reattachment length (𝐿𝑟/ℎ) for the 

five different grid refinement levels. The results indicate that about 9 million cells are sufficient 
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enough to guarantee grid independence for all Reynolds numbers considered. Therefore, in the 

current study, the numerical simulations are performed using grid G3.  

 

 

Figure 6-3: Dependence of reattachment lengths to the grid size for Re =2000 

 

The analysis of the results begins by comparing the development of the recirculation region 

in two- versus three-dimensional cases to highlight deficiencies associated with two-dimensional 

simulations due to the presence of flow bifurcation at certain Reynolds numbers. The shear layer 

reattachment length and time-averaged flow statistics are then discussed, especially near the 

localized turbulence region, followed by an evaluation of the development and decay of localized 

turbulence. In the last section, the effect of artificial forced disturbances on the flow reattachment 

length is investigated.  
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 Comparison of two- and three-dimensional simulations 

The occurrence of the sudden expansion causes an abrupt adverse streamwise pressure 

gradient downstream of the expansion and serves to amplify small fluctuations that develop 

upstream of the expansion [115]. Different flow patterns are observed depending upon the value 

of the Reynolds number and result in differing characteristics of the recirculation region 

downstream of the expansion and a corresponding variation in the downstream length required for 

the flow to reattach. Interpretation of the simulated flow in the axisymmetric sudden expansion is 

assisted by comparing the 3D results to simulations of a 2D sudden expansion. Figure 6-4 plots 

the time-averaged velocity magnitude of the 2D and 3D cases. Bifurcation phenomena occurs in 

the 2D simulation and causes asymmetric flow, as documented by numerous prior studies [36,116]. 

Bifurcation is attributed to the amplification of small-scale flow disturbances localized at the time-

averaged reattachment location of the symmetric condition. As the disturbances amplify, 

bifurcation progresses as one recirculation zone shrinks and becomes shorter while the other 

grows.  

 

 

Figure 6-4: Time-averaged contours of velocity magnitude at Re = 800 for the (a) 2D and (b) 3D cases 
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Figure 6-4 illustrates that bifurcation does not occur in the 3D case at the same Reynolds 

number. This is also illustrated in Figure 6-5 by plotting the reattachment length versus Reynolds 

number for the 2D and 3D cases. Agreement occurs for Reynolds numbers less than the critical 

Reynolds number for bifurcation onset. Symmetry-breaking bifurcation initiates around Re = 218 

for the 2D case. This is close to the predicted critical Reynolds number of 216 by Drikakis [36]. 

On the other hand, the 3D flow remains axisymmetric up to the maximum simulated Reynolds 

number of 2500. The absence of bifurcation in the 3D case agrees with published literature, which 

indicates that the critical Reynolds number for bifurcation onset in axisymmetric geometries is 

much higher than for 2D flows. For instance, Sanmiguel-Rojas et al. [26] numerically estimated 

the critical Reynolds number for bifurcation onset as 𝑅𝑒𝑐,𝑏 ≃ 3273 using global instability 

analysis. In contrast, experiments by Mullin et al. [25] observed a relatively abrupt bifurcation at 

𝑅𝑒𝑐,𝑏 ≃ 1139. Flow disturbances are a possible cause of this discrepancy between numerical and 

experimental results; Cantwell et al. [24] note that sudden expansions behave like a noise amplifier 

and can trigger the bifurcation process, as the flow is extremely sensitive to incoming perturbations 

that are inevitably present in any experiment. To approximate these disturbances in a numerical 

simulation, Sanmiguel-Rojas and Mullin [53] introduced finite-amplitude perturbations and 

obtained bifurcation at around 𝑅𝑒𝑐,𝑏~1500, depending upon the amplitude of the applied 

perturbation. As no external perturbations are imposed in the present study, the 3D flow remains 

axisymmetric. 
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Figure 6-5: Comparison of 2D and 3D results for non-dimensional reattachment length (Lr/h) versus various 

Reynolds numbers 

 

 The shear layer reattachment length 

The non-dimensional reattachment length at various Reynolds numbers is presented in 

Figure 6-6 in comparison with previous studies [8,18,20,23,31,32]. The results show good 

agreement with literature for low Reynolds numbers. As the Reynolds number increases, the 

results obtained by Pak et al. [20] and Latornell and Pollard [8] deviate from each other. As the 

transitional regime starts, the flow downstream of the sudden expansion becomes unsteady, 

secondary recirculation zones appear, and the primary reattachment length decreases. The present 

numerical results achieve good agreement with the critical Reynolds number identified by 

Latornell and Pollard [8] for the onset of flow unsteadiness. However, for Reynolds numbers above 

the critical threshold, the present results yield longer reattachment lengths than Latornell and 
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Pollard [8]. This is likely due to lower levels of background disturbances in the present numerical 

simulations relative to the experiments, as discussed in Section 6.4. 

 

Figure 6-6: Comparison of non-dimensional reattachment length (Lr/h) at various Reynolds numbers with 

previous studies 

 

 Disturbance growth and transition to turbulence  

To illustrate the growth of flow disturbances downstream of the sudden expansion, 

Figure 6-7 plots the streamwise distribution of the time averaged and fluctuating velocity 

amplitudes along the flow centerline in terms of the root-mean-square amplitude at various 

Reynolds numbers. The centerline velocity is twice of the spatially-averaged streamwise velocity 

at the inlet, denoted U0. As shown, the smooth reduction of centerline velocity due to sudden 

expansion changes dramatically near the reattachment position where the localized turbulence is 

observed. Upstream of the sudden expansion (z/h < 0), the normalized fluctuation 
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Figure 6-7: Root-mean-square streamwise velocity fluctuations along the centerline for flows with various 

Reynolds numbers 
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amplitude is below 10-7, which is close to the convergence criteria of the iterative solver. 

Downstream of the sudden expansion (z/h > 0), the growth of disturbances is exponential with two 

different slope. Upstream of about z/h = 10, an initial large amplification rate is observed that is 

proportional to the Reynolds number. Downstream of about z/h = 20, a lower amplification rate is 

observed that appears independent of Reynolds number. Nearly equal disturbance growth rates are 

present for all cases, although the peak amplitude is slightly higher for the higher Reynolds 

numbers due to their larger initial amplification rate. The disturbance amplitude peaks slightly 

upstream of the time-averaged reattachment point; e.g. at Re = 2500, the peak occurs at z/h = 54, 

while reattachment occurs at Lr/h = 56.2. Moreover, the upstream movement of the peak 

disturbance location with Reynolds number matches the upstream shift in reattachment point noted 

in Figure 6-6. This suggests that the localized turbulence promotes reattachment of the separated 

flow. Downstream of the reattachment location, the velocity fluctuations gradually decay and the 

flow relaminarizes. The decay rate is similar for all Reynolds numbers, and similar fluctuation 

amplitudes are present for all cases after relaminarization. 

To illustrate the form of the disturbances growing in the laminar region upstream of the 

transition point, Figure 6-8 plots the radial velocity profiles for various Reynolds numbers at 

z/h=20. This axial location is upstream of the time-averaged reattachment location for all plotted 

Reynolds numbers and approximately corresponds to the position where the amplification rate 

becomes insensitive to Reynolds number. The time-averaged axial velocity profile is plotted in 

Figure 6-8(a), while (b)-(d) show the root-mean-square amplitude of the velocity fluctuations in 

the three cylindrical coordinates. While the mean axial velocity profile shows negligible variation 

with Reynolds number, the fluctuation amplitudes are strongly affected, with increasing Reynolds 

numbers producing stronger fluctuations in the flow, which is consistent with Figure 6-7. The 
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radial velocity fluctuations reach a peak value at the center of the pipe, while the axial and 

azimuthal fluctuations peak near r/d = 0.2. Additionally axial disturbances achieve a larger 

amplitude by approximately one order of magnitude compared to the azimuthal and radial 

components. As will be shown, this radial location coincides with the location of maximum 

vorticity in the annular shear layer that is formed when the flow separates from the wall 

downstream of the sudden expansion. Curiously, this radial location also coincides with a slope 

change in the radial fluctuation profiles, which suggests that radial fluctuations inside the annular 

shear layer are amplified much more strongly than outside the shear layer. It is in this interior 

region of the annular shear layer (r/h ≲ 0.4) that coherent structures are observed and appear to 

play an important role in triggering the break down of the shear layer into turbulence, detailed in 

Section 6.5. 

The spatial distribution of the disturbances shown in Figure 6-8 is illustrated in Figure 6-9 

by plotting contours of velocity and vorticity magnitude in a slice that intersects the centerline. 

Figure 6-9(a)-(b), which plot the instantaneous and time-averaged velocity magnitude field, show 

that the separated flow past the sudden expansion can be viewed in terms of a core jet flow. The 

disturbances in Figure 6-8 within the separated shear layer appear in Figure 6-9(a) as oscillations 

along the periphery of the centerline core jet. These oscillations result in transition of the shear 

layer to turbulence. Oscillations in the azimuthal shear layer along the periphery of the core jet are 

also visible in Figure 6-9(d)-(e), which plot the instantaneous and time-averaged vorticity 

magnitude field. They are caused by a succession of instability modes on the growing vorticity 

field, beginning with a sequential grouping of azimuthal vorticity in the separated shear layer into 

coherent vortical structures that have a smaller spatial scale and concentrated vorticity magnitude, 

described further in Section 6.5. The development of these coherent vortices coincide with the 
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rapid break-down of the shear layer and transition to turbulence. Figure 6-9(c) plots the fluctuating 

kinetic energy (TKE) distribution associated with the break down of the shear layer. Consistent 

with Figure 6-8, the fluctuating kinetic energy is initially localized in the shear layer about the 

radius with maximum vorticity. As transition proceeds, the region of large fluctuation energy 

broadens and eventually coalesce at the centerline, producing an energy distribution that is 

relatively uniform in the radial direction. The fluctuation energy is gradually and fairly uniformly 

dissipated in the relaminarizing zone. 

 

Figure 6-8: Time-averaged radial velocity profiles at z/D = 20 and Re = 1700-2500. (a) Axial velocity profile. 

(b)-(d) Root-mean-square velocity fluctuations in the (b) axial, (c) radial, and (d) tangential directions 
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Figure 6-9: Zoomed view contours for flow in an axisymmetric sudden expansion with Re = 2500. a) the mean 

velocity, b) the instantaneous velocity, c) the turbulence kinetic energy, d) the instantaneous vorticity, e) the 

time-averaged vorticity 

 

In Figure 6-10, radial profiles of the turbulence kinetic energy are plotted at four axial 

slices (z/h = 40, 50, 56, and 64) for the Re = 2500 case. Results show that maximum TKE is 

localized at about r/h = 0.3, in the shear layer at the periphery of the core jet. As the flow develops 

in the streamwise direction, the TKE increases on the tip of core region where tilting of the 

structures can also be observed as a natural consequence of high shear layer instability. Just after 

the reattachment zone, the turbulence level decreases in the region following shear layer 

reattachment until the flow is completely laminarized. 
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Figure 6-10: Comparison of the turbulence kinetic energy distributions at different positions at Re = 2500 

 

 Visualization of transition and localized turbulence 

Figure 6-11 shows the non-dimensional vorticity magnitude contours at Re = 2500 for 

different locations near the time-averaged reattachment location (𝐿𝑟/ℎ = 5 .22). The non-

dimensional vorticity vector is defined as Ω𝑖 =  𝑖𝑑/𝑈 . The near-wall vorticity magnitude 

upstream of the expansion is small and spatially diffused compared to the fluctuating vorticity field 

in the localized turbulence region, with very low vorticity magnitude observed at z/h = 38, 

increasing to very high vorticity magnitudes between z/h = 46 and 60, and then dissipating to very 

low values by z/h = 80. In this series of figures, the maximum amplitude of the fluctuating vorticity 

appears to occur at about z/h = 52 which is slightly upstream of the reattachment point (𝐿𝑟/ℎ =

5 .22). The flow structure approaches a fully developed pipe flow in the redeveloping region (z/h 

> 56), where velocity gradients become lower, damping of vortical structures occurs, and vorticity 

disappears. 
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Figure 6-11: Non-dimensional instantaneous vorticity magnitude contours at various positions for Re =2500 

 

Figure 6-12 represents these vortical structures through iso-surface plots of the second-

invariant of the velocity gradient tensor (Q) normalized by (𝑈 /𝑑)
2 at a temporal instance that 

corresponds to Figure 6-11. The iso-surfaces are coloured according to their radial distance from 
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the centerline to aid in discerning their relative proximity to the pipe wall. The first coherent 

vortical structures to appear in the flow are streamwise core vortices (SCV) located a small radial 

distance off of the pipe centerline. Their location near r/d = 0.1-0.3 suggests that they are 

associated with the growing fluctuations in the core region that were discussed in Figure 6-7. 

Simultaneously, the SCV begins to tilt radially toward the walls. It appears that the radial tilting 

of the SCV is due to the mutual interaction with the unstable separated shear layer; the azimuthal 

coherent vortices produced by the inviscid instability of the separated shear layer induce radial 

strain rates that tilt the SCV. Stretching of the SCV in the axial and radial directions is also visible 

in Figure 6-12, which together cause the SCV to have the noted oblique orientation. The stretching 

and tilting appears to accelerate the amplification of disturbances in the shear layer such that the 

azimuthal vortices shed from the separated shear layer roll-up into smaller-scale, coherent shear-

layer vortices (SLV). Figure 6-12 shows that these have the appearance of prograde and retrograde 

hairpin-like vortices, and are more prominent in the near-wall region. The production of SCV and 

SLV along with small-scale vortices drives the enlargement of the turbulent region and transition 

to fully turbulent flow. After this, Figure 6-12 illustrates that the vortical structures become weaker 

and finally disappear due to relaminarization of the flow. Also, the relaminarization seems to begin 

with the damping of smaller-scale vortices, and the damping appears to be insensitive to the radial 

location such that the last coherent structures visible in Figure 6-12 are streamwise vortices at 

various radial locations. 
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Figure 6-12: Vortical structures observed in the flow through sudden expansion. Iso-surfaces are of Q(d/U0)2 

= 10 and the colouring is according to r/d 

 

A quantitative description of the physical mechanisms contributing to the development of 

localized turbulence is obtained by examining the vorticity transport equation. The transport 

equation for instantaneous vorticity in an incompressible fluid is   

𝜕𝜔⃗⃗⃗ 

𝜕 
= −(𝑢⃗ ∙ ∇) ⃗⃗ + ( ⃗⃗ ∙ ∇)𝑢⃗ + 𝜈∇2 ⃗⃗  . (6.1) 

The term on the left-hand side of Eq. (6.1) is the unsteady term of 𝜕 ⃗⃗ /𝜕  that embodies 

unsteadiness in the vorticity field [117]. On the right hand side, the first term describes the 

convective transport of vorticity in the flow, the second term represents the production of vorticity 

by vortex stretching ( 𝑖𝜕𝑢𝑖/𝜕𝑥𝑖) and tilting ( 𝑗𝜕𝑢𝑖/𝜕𝑥𝑗 , 𝑖 ≠ 𝑗) by the local instantaneous strain 

rates, and the last term denotes the dissipation rate of vorticity by viscous effects. In the present 
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work, the vorticity transport equation is analyzed in cylindrical coordinates to illustrate the 

mechanisms for the growth in vortical fluctuations. The connection between the vorticity growth 

rates and instability in the flow is obtained by analysing the budgets of Eq. (6.1). Figure 6-13 

shows the distribution of the vorticity production due to both vortex stretching (a-c) and tilting (d-

f). The budgets are non-dimensionalized by (U0/d)2. In order to ensure that positive contours in 

Figure 6-13 imply growth of vorticity and negative contours imply decay of vorticity, the non-

dimensional vorticity budgets are multiplied by the sign of the corresponding vorticity component. 

The resulting contours are plotted in Figure 6-13 at times that correspond to Figure 6-11 and 

Figure 6-12 for the zoomed view between z/h = 32 and 46. It is obvious that the growth of vorticity 

in the transitional region starts primarily with the radial vorticity component via radial tilting, 

which is likely the radial tilting of the SCV described above. This is followed by growth of the 

azimuthal component by azimuthal stretching, which is likely an indication of the SLVs being 

stretched by the azimuthal strain rates induced by the SCVs. 
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Figure 6-13: Contour levels of the budgets of instantaneous vorticity transport equation between z/h = 32 and 

46: ( ) ωr -s r  chi g, (b) ωθ -s r  chi g, (c) ωz -s r  chi g, (d) ωr -  i  i g, ( ) ωθ -  i  i g, (f) ωz – tilting. 

Contours are normalized by (𝑼𝟎/𝒅)
𝟐 and multiplied by the sign of the associated vorticity component 
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7 Chapter 7: Turbulent Flow through Axisymmetric Gradual and 

Sudden Expansion  

In this chapter, the turbulent flow through an axisymmetric gradual and sudden expansion 

with an expansion ratio of 2 is studied using direct numerical simulations. The main objective of 

this chapter is to represent the effect of expansion on the flow structure and its laminarization. In 

the first section, a method is described for generating transient turbulent inflow conditions via a 

supplementary numerical simulation in an axially-periodic pipe with an annular rib turbulator. This 

approach is validated by comparing the generated turbulence fields with available numerical and 

experimental data. In the following sections, the results for turbulent through axisymmetric gradual 

and sudden expansion are presented. 

 

 Production of Fully-Developed Turbulent Flow  

7.1.1 Numerical Approach 

7.1.1.1 Computational domain and boundary conditions 

Figure 7-1(a) illustrates a schematic of the computational domain. As shown, a rectangular 

annular rib is added to the inlet pipe to trigger turbulent flow conditions in the DNS. In this study, 

the mapping plane is located at 7.5d (out of a total inlet pipe length of 10d). The rib has a fixed 

blockage ratio (BR), defined as the ratio of rib height (hr) to the pipe diameter, of BR = 0.06 and a 

pitch ratio (PR), defined as the ratio of the rib’s streamwise length to height, of PR = 5.0. The rib 

height in wall units is 𝑦+ = 20, where inner scaling is based on conditions in the time-averaged 
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turbulent boundary layer 5d axial distance downstream of the annular rib. No-slip conditions are 

used for all walls. The outflow boundary is set to enforce Neumann conditions in a weak sense for 

the velocity components in order to minimise the possibility of numerical oscillations and 

reflections of outgoing waves [53,54]. Inflow conditions are specified by specifying a uniform 

velocity and employing an internal flow recycling technique that enforces axial periodicity by 

mapping flow in a time-accurate manner from the mapping plane to the inlet. To maintain the 

proper flow rate through the domain, the average volumetric flux of the remapped flow is adjusted. 

This can be specified by two sample steps [100]: first, the velocity of each grid scale at the 

sampling plane is mapped back to the inlet; second, the corresponding inlet velocity is calculated 

and scaled to ensure a constant integrated inlet flux is maintained. The location of the mapping 

plane is placed a sufficient distance downstream of the inlet boundary to provide sufficient 

development length for the turbulence before it is re-mapped to the inlet [101]. Moreover, it is far 

enough from the outlet boundary to avoid any upstream influence of outflow boundary effects. 

The velocity field resulting from the imposed initial condition and periodic recycling yields a 

Reynolds number based on the pipe diameter and mean inlet velocity of Re = 5300, which 

corresponds to a friction Reynolds number of Re = 367 based on time-averaged conditions 5d 

downstream of the rib. 
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Figure 7-1: Schematic of the computational domain and boundary conditions. The domain is symmetric 

about the z-axis 

 

 

Figure 7-2: a) Cross-sectional slice of the grid, with every second grid node shown, b) radial distribution of 

the spatial grid spacing 
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7.1.1.2 Spatial grids  

A structured non-uniform grid consisting of orthogonal finite volumes is mapped to the 

computational domain using a block-structured layout with approximately 17.5 million cells. To 

ensure the accuracy of the DNS, the spatial grid is refined to the order of the Kolmogorov length 

scale (𝜂), which for turbulent pipe flow at Red=5300 is approximately +=1.6 near a no-slip 

boundary [103]. Figure 7-2 illustrates the resulting grid by plotting an axial slice; for improved 

visibility, only every second node is plotted in the radial and circumferential directions. The 

maximum circumferential grid spacing is (R)+ ≈  .32 at the wall (r=R). The radial grid-spacing 

distribution is plotted in Figure 2(a), showing that the minimum and maximum wall-normal grid 

spacing are r+ = 0.5 at the wall and r+ = 2.9 at the pipe centerline, respectively. The grid spacing 

at the wall is approximately 3-4 times smaller than the Kolmogorov length scale at the target 

Reynolds number. In the axial direction, a uniform grid distribution is used with a constant spacing 

of z+ = 4.7, corresponding to approximately three times the Kolmogorov length scale at the 

present Reynolds number. 

7.1.1.3 Solution method  

The incompressible Navier-Stokes equations in Cartesian coordinates are discretized based 

on central differencing and second-order Euler backward differencing for the spatial and temporal 

derivatives, respectively. Simulations are initialized with a zero relative static pressure and an 

initial velocity equal to the mean velocity at the inflow boundary. During the first 1000 iterations, 

the maximum Courant–Friedrichs–Lewy (CFL) number was fixed at 0.05 and the corresponding 

time step was t = 10-5 s. This small value of CFL improves stability during start-up to transient 

disturbances that originate in the solution to the pressure Poisson equation owing to mismatch 
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between the initial velocity and pressure fields [78]. After the first 1000 iterations, the 

computational time step is increased and the maximum allowed CFL number is less than 0.5 with 

t = 5×10-4 s. The simulation was partitioned and executed in parallel on 512 processors using a 

message-passing interface (MPI) parallelization strategy. Approximately 10 flow through times 

were required for the turbulence to reach a statistically steady state, following which statistical 

quantities were sampled for an additional 10 flow-through times. To ensure the results are 

independent of the initial conditions, two different initial conditions were used. The first specified 

a uniform initial velocity and pressure field and integrated the flow until stationary turbulence 

statistics were reached. The second was initialized with an instantaneous velocity and pressure 

field from the first case and integrated for an equivalent flow time. Identical steady-state turbulence 

statistics were achieved from both cases, suggesting insensitivity to initial conditions. 

7.1.2 Comparison of turbulence statistics 

The the time-averaged velocity profile normalized by the mean velocity at the inlet is 

presented in Figure 7-3 at different axial locations. The ribbed turbulator is located at 𝑧/𝑑 = 1.0 

downstream of the inlet boundary. As the flow develops downstream of the ribbed turbulator, the 

centerline velocity reduces in proportion with the growth of axial velocity in the near-wall region. 

The development region of the turbulent flow continues up to 𝑧/𝑑 =  5, beyond which the mean 

velocity profile remains unchanged.  
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Figure 7-3: Variation of the the time-averaged velocity profile at different axial locations downstream of the 

circular rib 

 

Figure 7-4 shows the the time-averaged velocity profile normalized by the centerline in 

comparison with the numerical and experimental results of Eggels et al. [103] at 𝑧/𝑑 =  5. The 

present study’s result is hardly visible because it completely collapses onto the DNS profile from 

Eggels et al. [103]. Figure 7-5 plots the normalized time-averaged velocity profile according to 

inner variables at z/d = 9 against the published pipe flow DNS results of Wu and Moin [78] and 

Eggels et al. [103] and LDV experimental measurements of Toonder and Nieuwstadt [118] and 

Eggels et al. [103], which shows that the computed time-averaged velocity achieves very good 

agreement with the published results.  
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Figure 7-4: Comparison of axial the time-averaged velocity normalized by the centerline velocity Uc as 

function of the distance from the centerline with published DNS and experimental values 

 

 
 

Figure 7-5: Comparison of the the time-averaged velocity profile at z/d = 9 with published DNS and 

experimental values 
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Figure 7-6 shows universal outer scaling of the normalized time-averaged velocity defect 

[𝑢 (𝑟 = 0) − 𝑢 ]/𝑢𝜏 at z/d = 9 achieves excellent agreement with DNS results of Wu and Moin [78] 

at 𝑅𝑒 = 5300 and laser-Doppler measurements (LDA) of Durst et al. [106] at 𝑅𝑒 = 7442 . Shear 

velocity (𝑢𝜏) is defined as 𝑢𝜏 = √𝜏𝑤/𝜌 where 𝜏𝑤 is shear stress at the boundary. At higher 

Reynolds numbers, Zagarola and Smits [119] report poor collapse of mean velocity defect profiles 

for Reynolds numbers of Red = 31,000-35,000. Wu and Moin [78] claimed that a universal velocity 

defect law does not hold in the wider range of 5300 < Red < 44,000. Figure 7-7 illustrates 

turbulence intensities normalized by 𝑢𝜏 in the near-wall region together with the DNS results of 

Wu and Moin [78] at 𝑅𝑒 = 5300. In addition, the experimental data of Toonder and Nieuwstadt 

[118] are also plotted in the figure for various Reynolds numbers. The axial turbulence intensity 

grows sharply in the viscous sublayer and bending appears in the region of 10 < (1 − 𝑟) 
+
< 14, 

forming a knee point. The maximum value of axial turbulence intensity achieves a similar peak as 

reported by Wu and Moin [78]. The comparison is excellent for (1 − 𝑟) 
+

 < 90 but slightly over-

predicts the fluctuation amplitudes at radial locations nearer to the centerline. The semi-linearity 

of axial turbulence intensity in turbulent pipe flow from (1 − 𝑟) 
+
= 90 to the pipe centreline is 

captured but with a smaller variation in the radial direction compared to Wu and Moin [78]. Further 

evaluation of the near-wall region is provided in Figure 7-8, which plots 𝑢𝑟𝑚𝑠
′+ /𝑢+ in the near wall 

region. Profiles achieve excellent agreement with experimental data of Toonder and Nieuwstadt 

[118] and the DNS results of Eggels et al. [103]. These results confirm the effectiveness of the 

mapping method and annular rib for generating near-wall turbulence conditions. 
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Figure 7-6: Companion DNS results of time-averaged velocity defect [𝒖 (𝒓 = 𝟎) − 𝒖 ]/𝒖𝝉 as a function of (𝟏 −

𝒓/𝑹) 

 

 

Figure 7-7: Axial turbulence intensity 𝒖𝒓𝒎𝒔
′+  as a function of (𝟏 − 𝒓) 

+
 in the near-wall region 
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Figure 7-8: Root-mean-square of streamwise velocity fluctuation normalized by the local time-averaged 

velocity (𝒖𝒓𝒎𝒔
′+ /𝒖+) as a function of (𝟏 − 𝒓) 

+
 

 

Reynolds shear stress component ( '' rz uu ) is computed and illustrated in Figure 7-9 at five 

streamwise locations to show the effect of the circular rib on the fully developed turbulent flow. 

The circular rib causes recirculation in the flow with primary and secondary recirculation regions. 

Just after the primary reattachment zone, the near-wall peak appears in the Reynolds shear stress 

profile with high turbulent intensity magnitude. As the flow develops downstream, the Reynolds 

shear stress reduces. The development of turbulent flow continues up to 𝑧/𝑑 =  7, beyond which 

the Reynold shear stress profile remains similar to 𝑧/𝑑 =  9 when the entry length was computed 

around 𝑧/𝑑 =  5 based on time-averaged velocity distribution.  
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Figure 7-9: Comparison of Reynolds stress profiles at different axial locations downstream of the circular rib 

 

 

Figure 7-10: The power spectrum of the streamwise velocity fluctuations at 𝒚+ ≈ 𝟏𝟐 
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logarithm of the dimensionless frequency, 𝑓+ = 𝑓𝜈/𝑢𝜏
2. Here 𝑢𝜏 is shear velocity and 𝜓𝑢𝑢 is the 

power spectral density of streamwise velocity fluctuations. To assist in identifying trends in the 

power spectra results, a spline-based least-squares curve is fitted to the spectral data (regression 

coefficient R2 = 0.926). The increase of the streamwise power spectrum with reduction of 

frequency is due to collapse of small-scales in the near-wall region while the large-scale 

contribution is seen to increase. This trend is very consistent with the experimental results for three 

Reynolds numbers obtained by Toonder and Nieuwstadt [118], again suggestive of the accuracy 

of the present numerical approach for generating inflow turbulence. It follows from Figure 7-11 

that similar behavior as at 𝑦+ ≈ 12  is observed for the power spectra shown at 𝑦+ ≈ 30. The 

streamwise power spectrum is only slightly changed at low frequencies.  

 

Figure 7-11: The power spectrum of the streamwise velocity fluctuations at 𝒚+ ≈ 𝟑𝟎 
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7.1.3 Vorticity transport 

The physical role of the ribbed turbulator in generating near-wall turbulence is obtained by 

examining the equation governing the transport of instantaneous vorticity, ωi: 

𝜕 𝑖
𝜕 

= −𝑢𝑗
𝜕 𝑖
𝜕𝑥𝑗

+  𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

+ 𝜈 (
𝜕2 𝑖
𝜕𝑥𝑗𝜕𝑥𝑗

) 
(7.1) 

where 𝑢𝑖 denotes the instantaneous velocity vector and Einstein summation is implied over the 

indexed terms. The terms on the right-hand side of (8.1) respectively represent the convective 

transport of ωi, the production of ωi due to vortex stretching (i=j) and tilting (i≠j), and the viscous 

diffusion of ωi [120]. Figure 7-12 shows coherent vortical structures developing downstream of 

the ribbed turbulator by plotting iso-contours of the second invariant of the velocity gradient 

tensor, Q, defined by Chong et al. [121], colored by the magnitude of the vorticity production term 

from (8.1). Both quantities are normalized by (𝑈 /𝐿)
2. Large-scale streamwise coherent vortices 

(SCV) exist near the centerline of the pipe upstream and downstream of the rib. These structures 

achieve large wavelengths, are primarily streamwise oriented, and are responsible for a significant 

amount of turbulent fluctuations in the centerline region as they are periodically re-mapped into 

the inlet boundary. In the near-wall region, high vorticity production coincides with the 

streamwise-oriented legs of horseshoe-shaped coherent vortices that form downstream of the rib. 

These horseshoe-shaped structures originate from a circumferentially-contiguous region of 

vorticity around the rib referred to as the shear layer vortex (SLV). The streamwise reorientation 

of the circumferential vorticity and its circumferential grouping produces streamwise “fingers”, 

visible in Figure 7-12, that evolve into horseshoe-shaped vortices as they convect downstream. 

The contour shading illustrates that the production rate of vorticity is largest at the leading-edge 

of the circular rib and along the legs of the horseshoe-shaped vortices. The former is likely related 
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to formation of the SLV, while the latter is due to tilting of the mean circumferential vorticity near 

the wall. Local strain rates induced by the horseshoe-shaped vortices legs tilt the circumferential 

near-wall vorticity in the radial and axial directions, contributing to the proliferation of horseshoe-

shaped vortices and the production of near-wall turbulent fluctuations.  

 

Figure 7-12: Vortical structures observed in the flow through ribbed turbulator. Iso-surfaces are of 

𝑸(𝑼𝟎
𝟐/𝒅𝟐) = 200 and are colored according to the magnitude of the vorticity production rate.  

 

To provide a closer look of the effect of the rib on the growth of vorticity in the flow, 

Figure 7-13 plots contours of magnitude of the vorticity growth rate (i.e. the norm of the three 

vorticity growth rate components) in an r-z slice through the centerline of the pipe. The magnitude 

of the vorticity production term in (8.1) is also plotted in Figure 7-13, broken down  
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Figure 7-13: Contour levels of the magnitude of instantaneous vorticity transport equation budgets near 

circular rib:  (a) Dω/Dt, (b) ω-stretching, (c) ω-tilting. Contours are normalized by (𝑼𝟎/𝒅)
𝟐. Arrows show the 

locations for average reattachment length 

 

into the vortex stretching and tilting terms to characterize the difference between the two processes. 

As expected, the interaction between the inlet-pipe core flow and the separated mixing layer from 

the circular rib causes a significant growth in the vorticity downstream of the rib. When broken 

into the stretching and tilting mechanisms, the production budgets indicate that stretching and 

tilting mechanisms are approximately equivalent in their contributions to the production of 

vorticity. As shown in Figure 7-13, the production due to stretching is initiated in the back of 

annular rib while tilting appears downstream of the rib. Tilting and stretching terms represent 
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similar behavior near the reattachment region. By developing of the turbulent flow far downstream 

of the reattachment region, the magnitude of vorticity production is reduced and similar production 

trends become dominant in the near wall region. This shows the appearance of roll-up into three-

dimensional vortices and production of smaller scale vortices near the wall due to penetration of 

the shear layer vortices. 

Figure 7-14 plots the distribution of the vector components of the budgets of (7.1) at similar 

time and location plotted in Figure 7-13. Both tilting and stretching mechanisms work towards 

maintaining the alignment of turbulence. Although the effect of all components are obvious 

downstream of the circular rib, the tilting term has a wider influence than stretching in the circular 

rib region. In addition, there is also high vorticity generation in the reattachment region.  

 Turbulent flow in a circular pipe with a sudden expansion 

Although numerous of numerical and experimental studies have been conducted on sudden 

expansion, few experimental studies have offered the details on transitional and lower-Reynolds 

number turbulence flow. Statistics of turbulent and relaminarization for lower-Reynolds number 

turbulence flow are required in order to determine the level of instability and mixing in the flow.  

DNS is performed for turbulent pipe flow with sudden expansion at 𝑅𝑒 = 5300 and 𝐸𝑟 = 2.  

A structured, non-uniform grid consisting of orthogonal finite volumes is mapped to the 

computational domain. To ensure the accuracy of the DNS, the spatial grid is refined to the order 

of the Kolmogorov length scale (𝜂), which for turbulent pipe flow at 𝑅𝑒 = 5300 is  
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Figure 7-14: Contour levels of the budgets of instantaneous vorticity transport equation near circular rib:  (a) 

ωz -s r  chi g, (b) ωz – tilting, (c) Dωz/Dt, (d) ωr -stretching, (e) ωr – tilting, (f) Dωr/Dt, (g) ωθ -stretching, (h) 

ωθ – tilting, (i) Dωθ/Dt. Contours are normalized by (𝑼𝟎/𝒅)
𝟐 

 

estimated to be approximately 𝜂+ ⋍ 1.  close to a no-slip boundary [103]. The maximum 

circumferential grid spacing is attained at the wall (r =R) with (𝑅∆𝜃)+ ≈ 4.32. The minimum and 

maximum wall-normal grid spacing before the expansion step are ∆𝑟+ ≈ 0.32 at the outer wall 
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and ∆𝑟+ ≈ 2. 3, at the pipe centerline, respectively. The outer-wall spacing of ∆𝑟+ ≈ 0.32  is 

approximately 5 times smaller than the Kolmogorov length scale at the target Reynolds number. 

The wall-normal grid spacing increases into ∆𝑟+ ≈ 0.5  at the outer wall and ∆𝑟+ ≈ 4.12, at the 

pipe centerline after the expansion step. In the axial direction, a uniform grid distribution is used 

with the minimum and maximum grid spacing of ∆𝑧𝑚𝑖𝑛
+  ≈  2. 9 (near the step of expansion) and 

∆𝑧𝑚 𝑥
+  ≈  29.1 (near the outlet boundary) where ∆𝑧𝑚𝑖𝑛

+  ≈  2. 9 corresponding to approximately 

2 times the Kolmogorov length scale at the present Reynolds number. Due to the abrupt expansion 

step, the number of grid nodes increases to over 47 million cell which incurs a high computational 

cost. The length of the inlet and outlet sections are 5d and 20d, respectively. A small imperfection 

is considered as an annular rib turbulator with fixed blockage ratio (BR) of 0.06 and the pitch ratio 

of 5. The position of the annular rib turbulator is 1d downstream of inlet boundary. The grid 

convergence study will be performed as shown in Table 7-1 for each of the simulated cases. 𝑁𝑟, 

𝑁𝜃, and 𝑁𝑧 refers to number of cells in the radial, circumferential, and streamwise directions, 

respectively. 

Table 7-1: Characteristics of computational grids used 

𝑮𝒓𝒊𝒅  

 𝒆𝒗𝒆𝒍 

(𝑵𝒓, 𝑵𝜽, 𝑵𝒛)𝒊 

Upstream of 

expansion 

(𝑵𝒓, 𝑵𝜽, 𝑵𝒛)𝒐 

Downstream of 

expansion 

 

Total cells 

S1 (52, 128, 285) (84, 128, 561) 7,055,616 

S2 (78, 192, 380) (126, 192, 748) 21,166,848 

S3 (104, 256, 475) (168, 256, 935) 47,037,440 

 

Unfortunately, as also shown in Figure 7-15, after a year and half performing simulations 

for the highest resolution case with 512 processors using a message-passing interface (MPI) 
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parallelization strategy, major dependence of results to mesh resolution is observed due to 

unexpected unsteadiness that grows at the expansion step. Even higher grid refinement is 

apparently required at the expansion step. Therefore, performing a simulation for with a finer grid 

is desired to achieve grid-independent results in order to characterize the dynamics of fully 

turbulent flow through a sudden expansion.  

 

Figure 7-15: Streamwise velocity profile and velocity fluctuation distribution for various mesh resolution  
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 Turbulent flow in a circular pipe with a gradual expansion 

Figure 7-16 illustrates the geometry and computational of the flow through the gradual 

expansion. As shown, it consists of three main regions: (i) the straight inlet pipe, (ii) the diverging 

section and (iii) the straight outlet pipe. Simulations are performed for an outlet-to-inlet diameter 

expansion ratio of D/d = 2 and a Reynolds number of 5300 based on the diameter and maximum 

velocity in the inlet pipe. The streamwise lengths of the domain are Li = 10d, Ld = 1d, Lo = 29d. 

The divergence angle is  = 26.57°. An annular ribbed turbulator of height 0.06d is added to the 

inlet pipe at 5d to trigger turbulent flow conditions in the DNS, and the flow at 7.5d is periodically 

recycled back to the inlet boundary allow fully-developed turbulence to develop in the inlet pipe.  

  

Figure 7-16: Schematic of the computational domain 

 

To keep the desired through-flow mass flux, the average volumetric mass flux of the 

remapped flow is corrected at each time step [100]. The location of the mapping plane is far enough 

from the inlet boundary that the developed turbulence contains multiple instances of the largest 

eddy length scales [101]. As the mapping is conducted over many cycles, it produces fully-

developed turbulent flow conditions upstream of the gradual expansion. The resulting turbulence 

intensity at 2.5d upstream of the gradual expansion is approximately 0.055𝑈 𝑚 𝑥. A no-slip 
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condition is used for radial boundaries, and the outlet boundary condition is zero-gauge static 

pressure and zero streamwise velocity gradient. Insensitivity of the results to the length of the 

outlet pipe was examined by repeating the DNS with a domain length of 45d with negligible impact 

on the results.  

A structured non-uniform grid consisting of orthogonal finite volumes is mapped to the 

computational domain ilustrated in Figure 7-16. The grid is refined spatially to have at least three 

cells within the viscous sublayer which are on the order of the Kolmogorov length scale (𝜂). A 

mesh convergence is studied using four different block-structured grid resolutions with 1.3 million 

to 30.4 million cells. The detailed information about the grid cells in the inlet, expansion and outlet 

is illustrated in Table 7-2 for each of the simulated cases; 𝑁𝑟, 𝑁𝜃, and 𝑁𝑧 refers to number of cells 

in the radial, circumerential, and streamwise directions, respectively. 

Table 7-2: Characteristics of computational grids used 

𝑮𝒓𝒊𝒅 

 𝒆𝒗𝒆𝒍 

(𝑵𝒓, 𝑵𝜽, 𝑵𝒛)𝒊 

Upstream      

of expansion 

(𝑵𝒓, 𝑵𝜽, 𝑵𝒛)𝒐 

Downstream of 

expansion 

 

Total cells 

G1 (33, 84, 195) (33, 84, 384) 1,323,651 

G2 (49, 128, 293) (49, 128, 576) 4,554,752 

G3 (65, 168, 391) (65, 168, 768) 10,598,364 

G4 (98, 256, 488) (98, 256, 960) 30,358,016 

 

The governing equations are discretized based on central differencing and second-order 

Euler backward differencing for the spatial and temporal derivatives, respectively. Water at 1 atm 

and 25ºC is the working fluid. The computational time step size in each case varies according to 

the resolution of the spatial grid. In order to accommodate start-up effects associated with the 

imposed initial velocity field, the time-step size is set for each simulation to keep the maximum 
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Courant number less than 0.05 for all cases during the first 1000 iterations [78]. The computational 

time step is then increased such that the maximum Courant number is less than 0.5. Each simulated 

test case is initialized with a zero relative static pressure and an initial velocity equal to the mean 

velocity at the inflow boundary and are then integrated in time for approximately 10 flow through 

times (defined as 𝐿𝑖/𝑈𝑖 + 𝐿 /𝑈 , where subscripts i and o denote inlet and outlet pipe, 

respectively) to reach a statistically-steady state, following which approximately four flow through 

times were collected for analysis. The simulations are partitioned and executed in parallel on 512 

processors using a message-passing interface (MPI) parallelization strategy. 

7.3.1 Results and discussion 

In the present discussion of the results, lengths are normalized by the expansion step height, 

h = 0.5d, and velocities are normalized by the maximum average velocity at the inlet, 𝑈 𝑚 𝑥. The 

turbulence in the inlet pipe upstream of the expansion is characterized in chapter 6. The 

instantaneous and mean velocity field that occurs downstream of the gradual expansion is shown 

in Figure 7-17(a)-(b). Regions of separated flow exist in the corners near the gradual expansion. 

As the turbulent core flow in the inlet pipe mixes with the low-momentum flow near the outer 

wall, transverse momentum transfer causes the centreline velocity to be reduced by approximately 

half. Figure 7-17(c) shows that this mixing produces an abrupt increase in the local turbulence 

kinetic energy (k) near the interface of the core and outer-wall flow that spreads outwards towards 

the centreline and then decreases as the flow laminarizes due to the reduced Reynolds number after 

the expansion. The associated instantaneous vorticity field in Figure 7-17 (d) shows that an annular 

turbulent mixing layer is formed at the sudden expansion, and the roll-up instability of this layer 

assists in the transverse mixing between the core and outer-wall regions. Larger-scale, coherent 
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vortex structures are initially present in the mixing layer, but gradually lose their coherence as 

smaller-scale structures are produced more uniformly across the pipe diameter. The streamwise 

distribution of turbulence kinetic energy along the centreline is plotted in Figure 7-18. The location 

where the small-scale vortex structures uniformly span across the whole outer pipe diameter 

corresponds to the point with maximum turbulence kinetic energy. Dissipation of the small-scale 

structures corresponds with the decreasing turbulence kinetic energy in the laminarizing zone. 

The spatial distribution of the turbulent fluctuations is presented in Figure 7-19 through 

radial profiles of the root-mean-square (rms) of the velocity components at four axial locations. At 

z/h = 10, which corresponds to the maximum turbulence kinetic energy location, the axial 

fluctuation intensity is approximately 40% larger than the azimuthal and radial components. By 

z/h = 22, which is well into the laminarizing zone, the three components have approximately equal 

fluctuation intensities, indicating flow disturbances become nearly isotropic during 

relaminarization. It is also notable that the axial and azimuthal disturbances become nearly 

spatially homogeneous in the laminarizing zone, while the radial disturbances seem to be damped 

near the wall. 
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Figure 7-17: Contours in a axial slice near the gradual expansion; a) instantaneous velocity magnitude, b) 

mean velocity magnitude, c) turbulence kinetic energy, d) instantaneous vorticity magnitude. (Zoomed view) 
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Figure 7-18: Streamwise distribution of turbulence kinetic energy along the pipe centerline (r = 0) 

 

The development of the separated mixing layer and the interaction with the turbulent core 

flow is studied through budgets of the instantaneous vorticity transport equation (7.1). The budgets 

in an axial slice through the centreline are plotted in Figure 7-20. The vorticity growth rate in 

Figure 7-20(a) shows that high vorticity growth rate occurs in the turbulent boundary layer of the 

inlet pipe, which Figure 7-20(b) identifies is mainly attributable to convection of vorticity by the 

turbulent velocity field. This vorticity is convected into the gradual expansion, where 

Figure 7-20(c) shows that vorticity production mechanisms are activated and enhance the 

production of vorticity within and immediately downstream of the sudden expansion. Vorticity 

production is localized primarily in the region where the inlet-pipe core flow interacts with the 

separated mixing layer. Viscous diffusion of vorticity is plotted in Figure 7-20(d), which shows 

that viscous diffusion is largest in the near-wall region in the inlet pipe, where the mean vorticity 

gradient (i.e. mean shear) is highest. Downstream of the expansion, the mean shear reduces owing 
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to the reduced Reynolds number. As a result, the viscous diffusion of the vorticity moves away 

from the wall nearer to the centerline. 

 

Figure 7-19: Radial profiles of the root-mean-square velocity fluctuations at various axial locations 
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Figure 7-20: Contour levels of the budgets of instantaneous vorticity transport terms: a) vorticity growth 

rate, b) vorticity convection term, c) vorticity production term, d) vorticity diffusion rate 

 

Figure 7-21 plots the relative magnitude of the vortex stretching and tilting mechanisms of 

the vorticity production term in Eqn. (7.1). The contours show the magnitude of the relative terms 
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normalized by (𝑈 𝑚 𝑥 /𝑑)
2. Again, the interaction between the inlet-pipe core flow and the 

separated mixing layer is noted to significantly increase the overall vorticity production rate, 

shown in Figure 7-21 (a). When broken into the stretching and tilting mechanisms shown in 

Figure 7-21 (b) and (c), respectively, the two mechanisms seem to have roughly equivalent 

contributions to the production of vorticity in the flow. 

 

Figure 7-21: Contours illustrating the magnitude of the instantaneous vorticity production rate from Eqn. 

(8.1): (a) overall production rate, (b) stretching mechanism, (c) tilting mechanism. Contours are normalized 

by (𝑼 𝒎𝒂𝒙 /𝒅)
𝟐 

 

The spatial evolution of the vorticity production and diffusion budgets are plotted in 

Figure 7-22 through contours at four axial slices. Vorticity production and diffusion rates are 

highest near the separated mixing layer. Upstream of  z/h = 2 (not shown), the production and 
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dissipation rate contours are relatively contiguous in the azimuthal direction. However, by z/h  = 

2, the budgets are grouped into coherent regions. This indicates that inviscid instability modes 

have been activated in the mixing layer that produce roll-up into azimuthally-spaced coherent 

vortical structures. Figure 7-21 also supports such a conclusion; roll-up of the contiguous mixing 

layer into axially-spaced vertical structures is also visible immediately downstream of the sudden 

expansion. The azimuthal coherence of vorticity budgets within the mixing layer continues to 

degrade downstream of z/h = 2 as the coherent vortical structures are broken into small- scale 

structures in the laminarizing zone. The structure of the coherent vortices are visualized in 

Figure 7-23 by iso-surfaces of the second invariant of the velocity gradient tensor normalized by 

𝑈 /𝑑. The appearance of coherent vortical structures depend on the threshold value of iso-surfaces. 

As observed, the vortical clusters are oriented in both streamwise and spanwise directions, forming 

prograde and retrograde hairpin vortices. Downstream of the gradual expansion, the vortical 

clusters are reoriented more in the spanwise direction and gradually disappear due to 

laminarization of the flow. 
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Figure 7-22: Contours of the budgets of instantaneous vorticity (a) production (b) diffusion rate terms. Axial 

locations are (from left to right) z/h = 2, 6, 10, 14 

 

 

 

Figure 7-23: Instantaneous vortical structures visualized by iso-surfaces of the second invariant of the 

velocity gradient tensor, Qd/U0 = 4.7 (Zoomed view) 
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8 Chapter 8: Summary, Conclusions, and Future Work 

 Summary and concluding remarks 

8.1.1 Laminar and transitional flow in a planar sudden expansion 

A numerical analysis is performed of the laminar and transitional flow in a planar sudden 

expansion. The effect of Reynolds number and expansion ratio on the reattachment length, the 

onset of flow bifurcation, and the maximum velocity magnitude in the reversed-flow region are 

quantified. Correlations proposed for the non-dimensional shear layer reattachment length (𝐿𝑟/ℎ) 

and maximum reverse velocity (𝑈𝑟,𝑚 𝑥/𝑈𝑚 𝑥) as a function of Reynolds number and expansion 

ratio are in good agreement with the computed data and available results from the literature. While 

[13] has proposed a similar set of correlations, the present correlations extend to a lower expansion 

ratio value (1.33 in the present study versus 1.50 for [13]). Moreover, the correlation coefficients 

in [13] require tuning depending on the expansion ratio, while the present study provides a general 

correlation that does not require tuning.  

The development of symmetry-breaking flow bifurcation is initially investigated by 

identifying the critical Reynolds number for the onset of flow bifurcation for a range of expansion 

ratios. The computations indicate that the value of this critical Reynolds number decreases with 

increasing expansion ratio. A correlation is proposed for the critical Reynolds number at 

bifurcation-onset in terms of the expansion ratio. Such a correlation has not appeared in the 

literature to date. Excellent agreement is achieved between the proposed correlation and published 

studies for a broad range of expansion ratios; agreement is even achieved with published studies 

that have higher expansion ratios than the range in the present study. Following this, an analysis 
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of the bifurcation onset mechanism reveals that the spatial location of velocity disturbances in the 

flow prior to the onset of bifurcation is influenced by the flow Reynolds number. For Reynolds 

numbers slightly larger than the critical Reynolds number for bifurcation, the development of 

bifurcation is initiated by streamwise velocity disturbances that develop near the step. For 

Reynolds numbers much larger than the critical Reynolds number, velocity disturbances develop 

near the reattachment location in the quasi-steady symmetric condition that exists prior to 

bifurcation. As the Reynolds number is increased following bifurcation, a secondary recirculation 

region develops downstream of the primary recirculation region on the wall with the shorter 

reattachment length. As the Reynolds number is further increased, a successive generation of 

smaller-scale, steady recirculation zones are noted to occur. The formation of these successive 

recirculation zones is a precursor to the break-down of the flow into a disordered, unsteady 

condition. Break-down is thus attributed to inviscid instability of the inflectional velocity profiles 

that result from the development of these smaller-scale zones. Investigation of the flow past the 

onset of unsteadiness is not possible in this study because the simulations are two-dimensional. 

Notwithstanding that limitation, the present study facilitates the optimization of sudden expansions 

for mixing enhancement in practical applications and validates the numerical approach for follow-

on three-dimensional studies. 

8.1.2 Planar sudden expansion with transverse jets 

Direct numerical simulation is used to study the flow behavior in a sudden expansion with 

two symmetric jets ejected transversely into a laminar main flow. After the jet cross injections, a 

Kelvin–Helmholtz-like instability of the upwind and downwind jet shear layers grows and causes 

a roll-up of the shear layers, leading to the formation of shear-layer vortices. The flow becomes 

laminar again due to a decrease of Reynolds number and dissipation of small scale structures.  
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The effect of Reynolds number and expansion ratio on the reattachment length is identified. 

The reattachment length decreases with increasing expansion ratio at a fixed Reynolds number. 

Although the reattachment length decreases with respect to Reynolds number for each expansion 

ratio, it becomes constant at high Er due to transition to local turbulence. As the flow becomes 

time dependent by increasing the jet-to-main-flow velocity ratios, bifurcation diminishes and 

finally disappears. The amount of instability and disturbance in the flow is strongly related to the 

jet to the main flow velocity ratio.  

Although the interaction between the main flow and transverse jets causes mixing, the 

effectiveness depends on transverse jet injection angles. The results for distribution of the turbulent 

fluctuations far downstream of the expansion indicate that the highest level of axial and vertical 

fluctuations appear in the completely vertical transverse jet with α1 = 90 ͦ  and α2 = 90 ͦ  when the 

transverse jets have the maximum penetration in the main flow. 

8.1.3 Localised turbulence associated with flow through an 

axisymmetric expansion 

Direct numerical simulation (DNS) is used to identify the laminar and transitional 

characteristics in a flow through an axisymmetric sudden expansion. The 2D and 3D simulation 

results are compared in order to identify the limitations of two-dimensional simulations. The 2D 

simulation is seems to be only valid for very low Reynolds number where there is no bifurcation. 

The measured reattachment length is in excellent agreement with previous experimental 

observations and numerical predictions up to a maximum where the laminar regime governs. After 

this peak, the flow becomes unsteady and the reattachment lengths decrease with increasing 

Reynolds number. By instability development and transition to turbulence, the reattachment 
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location travels back toward the step. However, the amount of reduction for computed results is 

less than observed in available experimental data.  

For Reynolds numbers higher than critical, the flow structures have been classified into 

four different flow regions. Fully developed laminar flow imposed in the inlet remained up to the 

expansion step. After the expansion step and far upstream of the reattachment, flow is steady with 

no sign of high velocity fluctuations or vorticity. The maximum Reynolds shear stress and 

fluctuations are observed on the region close to reattachment location. In the redeveloping region, 

vortical structures become weak and diminish. The flow becomes highly anisotropic slightly 

before reattachment where high levels of velocity fluctuations exist. It becomes isotropic after 

shear layer reattachment due to dissipation of vortical fluctuations and viscous diffusion.  

Analysing the instantaneous vorticity transport equation reveals that the instability growing 

form the core region causes growth of vertical structures resulting in shear layer instability and 

reduction of the reattachment length. Sweep motions produced by the coherent streamwise 

structures generate strong instantaneous strain rates. The strain rates drive vortex stretching and 

tilting processes that result in the production of small-scale vortices which grow in the localized 

turbulence region. 

Small imperfections lead to smaller reattachment lengths due to growth of shear layer 

instability in the flow. It is not easy to obtain a quantitative connection between numerical 

predictions and experimental data since the source of imperfections in physical systems is 

unknown and not limited.  On the other hand, the structure of shear layer instability and localised 

turbulence in flow with laminar inlet profile forming time dependent flow and transition to 

turbulence agrees with experiments. 
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8.1.4 Turbulent flow in a pipe with a rib-roughened wall 

Assigning appropriate representation of turbulence at the inlet boundary is essential for the 

accuracy of pipe flow DNS. The performance of different turbulent inflow conditions is studied 

by DNS. Results reveals the ineffectiveness of periodic boundaries with and without artificial 

disturbances to resolve transitional and turbulent pipe flow at moderately low Reynolds numbers. 

Instead, a streamwise mapping condition in concert with an annular ribbed turbulator is used to 

generate the transient inflow condition needed to resolve the growth of turbulence in the pipe flow. 

Comparison with published numerical and experimental data shows that the flow at least five 

diameters downstream of the turbulator achieves remarkable quantitative agreement with smooth-

walled pipe turbulence at Re = 5300. In particular, the mean velocity profile achieves excellent 

agreement with Wu and Moin [78] for both the inner and outer regions of the boundary layer. 

Streamwise fluctuation amplitudes in the inner region are well predicted, and the power spectra 

within the inner region matches the experiments of Toonder and Nieuwstadt [118] at Re = 5100. 

Although the streamwise velocity fluctuation amplitude is slightly over-predicted near the pipe 

centreline, the present mapping technique with a ribbed turbulator is deemed to be effective for 

producing turbulent inflow and initial conditions for pipe flow simulations. Budgets of the vorticity 

transport equation are analyzed to identify how the rib promotes generation of vortical 

disturbances. Vortex stretching and tilting processes are initiated at the rib, resulting in the growth 

of horseshoe-shaped vortices at the obstacle. The production of these vortices continuously drives 

the enlargement of turbulent spots downstream of the rib that maintain fully developed turbulent 

pipe flow. 
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8.1.5 Statistics of turbulent flow in a circular pipe with a gradual 

expansion 

Turbulent pipe flow at an inlet Reynolds number of 5600 through a 26.57º gradual expansion 

with an expansion ratio of 2:1 is investigated using DNS. Turbulence in the inlet pipe with an 

intensity of 5.5% is developed using a ribbed turbulator and a streamwise-periodic remapping 

procedure. The simulated turbulence in the inlet pipe is validated against numerical and 

experimental results for pipe flows at similar Reynolds numbers, achieving excellent agreement in 

terms of the mean velocity profile, fluctuation amplitudes, and spectral content. A turbulent mixing 

layer is formed immediately downstream of the gradual expansion as the inlet-pipe core flow 

separates from the outer wall. Transverse momentum exchange between the high-speed turbulent 

core and the separated outer-wall flow is facilitated by the instability of the mixing layer via 

inviscid modes. Analysis of the budgets of the instantaneous vorticity transport equation illustrates 

that this instability results in the roll-up of the mixing layer into hairpin-shaped coherent vortical 

structures. The orientation of the hairpin vortices are both prograde (legs pointing upstream) and 

retrograde (legs pointing downstream). These structures trigger vorticity production and diffusion 

mechanisms that result in the rapid growth in vorticity inside and immediately downstream of the 

sudden expansion. As the structures are broken into relatively spatially-uniform, small-scale 

vortices, the point where the vortex scales are most uniform across the diameter of the pipe 

corresponds to the location of maximum turbulence kinetic energy and maximum anisotropy of 

the turbulent fluctuations. Downstream of this location, diffusion of vorticity and turbulence 

dissipation results in a gradual laminarization of the flow and progression towards more spatially 

homogeneous and isotropic velocity fluctuations in the laminarized region of the outlet pipe. 
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 Recommendations for Future Work 

8.2.1 Instability and localised turbulence associated with an 

axisymmetric sudden expansion with transverse jets 

The jets ejected transversely into the flow have several industrial applications due to the 

resulted liquid instability and mixing. Instability and localised turbulence generated by the 

transverse flow causes high amount of vortical structures and secondary recirculation regions in 

the flow. As future work, the interaction between a transverse jet and main flow through 

axisymmetric sudden expansion can be considered. The transverse jets can have many different 

configurations. They could be ejected by couple of circular jets or a circular slot that intersect with 

varied angles. Also, the projected jet flow directions on the target plate could be in the opposite 

direction or the same directions. The effects of transverse to main flow dimeter and velocity ratios 

could be investigated. Each configuration will result in the observations of new, interesting flow 

fields. As a recommendation for future work, I suggest examining the interaction between the main 

flow fields and transverse flow formed by circular or slot of vertical or inclined jets with varied 

configurations. The study can be carried out experimentally and numerically. The author believes 

that the computed results for planar transverse jets in the present work can be used as a preliminary 

study to any form of axisymmetric gradual or sudden expansion configuration, only the effect of 

bifurcation of the flow in planar cases should be considered. 
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8.2.2 Particle-laden laminar flow through a fluidized bed reactor 

(FBR) with sudden expansion and transverse jets 

The UBC Struvite Crystallizer developed by the University of British Columbia (UBC) 

Phosphorus Recovery Group attempts to remove struvite from wastewater streams through 

crystallization in a fluidized bed reactor (FBR) [11]. Forrest et al. [12] employed a sequence of 

sudden expansions in a FBR to enhance the mixing of reagents in a reactor designed for removing 

crystalline phosphorus from wastewater streams. In order to optimize the design of the FBR for 

more efficient recovery at low Reynolds numbers, transverse jets could be added to sequence of 

sudden expansions for higher local turbulence levels and mixing that promotes the rapid nucleation 

of struvite. Generally, as observed for the single phase flow, the interaction between main flow 

and cross flow results in interesting fluid dynamics and high level of turbulent kinetic energy 

(TKE) after the injections. Thus, one may expect to also observe interesting mixing performances 

due to the triple interaction of particles, main flow, and cross flow with varied configurations.  

8.2.3 Laminarization of the turbulent flow at various expansion 

configurations  

The present work focused on the laminarization of the turbulent flow for only two 

configurations through sudden and gradual expansions. The influence of expansion ratio and 

expansion angle between two inlet and outlet pipes are still unclear. Although there is extensive 

literature available regarding the hydrodynamic mechanisms yielding the production of turbulence 

kinetic energy at very high Reynolds numbers where turbulent flow exists on both sides of the 

expansion step, laminarization of the flow downstream of the expansion when flow has turbulent 
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structure with a low Reynolds number upstream of expansion step has received little attention. 

More importantly, to the best of the author’s knowledge, there is not any study available on the 

hydrodynamic and thermal performance of the laminarizing flow at various expansion 

configurations. Moreover, performing simulations for section 8.2 with a finer grid is desired to 

achieve a grid-independent result in order to characterize the dynamics of fully-turbulent flow 

through a sudden expansion and compare the obtained results with gradual expansion. Performing 

these simulations might require computational resources of 1024 CPUs for around 2 years. 
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Appendix A: Particle-Laden Laminar Flow through a Sudden 

Expansion  

In this section, after describing the numerical approach, the results are structured as 

follows: first, the symmetric flow structure downstream of the sudden expansion is presented, and 

the effect of the solid particle phase on the reattachment length and momentum transfer in the 

recirculation region is described. Next, the effect of solid particles on the onset of flow bifurcation 

is investigated for a range of Reynolds numbers, expansion ratios, solid volume fractions, and 

particle diameters. Finally, the influence of flow bifurcation on the bulk transport of solid particles 

through the sudden expansion is described. 

A.1 Particle-laden flow in sudden expansions 

In many engineering applications, dilute mixtures of solid particles are also present in the 

flow, such as coal dust, soot, or sand particles [122–124]. Comparatively fewer studies have 

focused on the impact of these particles on the flow development through sudden expansions 

[1,125,126]. Considering the large density differences that may exist between the fluid and solid 

phases, solid particles may significantly alter the flow development in sudden expansions, leading 

to significant variations in the overall performance of the flow [127]. Therefore, a detailed study 

of the impact of dilute solid particles on the separation, recirculation and reattachment mechanisms 

is needed to support design optimization of devices employing sudden expansions. 

When solid particles are present in the flow through the sudden expansion, the solid phase 

adds complexity to the flow due to non-linear, non-equilibrium phenomena and multi-scale 

dynamic responses of the solid particles [128]. The complexity intensifies with increasing solid 
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phase fraction [128]. Although the presence of solid particles typically increases viscous losses 

[129–131], Shook and Bartosik [132] claimed that viscous losses can be negligibly impacted or 

even reduced depending on the particle size and mean solid volume fraction. Moreover, solid 

particles may cause material erosion, damage flow control devices, or affect turbulence dissipation 

characteristics [133]. Therefore, characterizing the transient solid-fluid dynamics in multiphase 

sudden expansion flows is essential for design optimization. Fessler and Eaton [134] 

experimentally investigated the response of a dense solid phase to the turbulent flow after a planar 

sudden expansion. The particle velocity and concentration distributions were measured for a 

variety of spherical particle sizes (70 μm diameter copper and 90 and 150 μm diameter glass) at 

Re = 17,600. Their results show relatively few particles are transported into the recirculation 

regions and a uniform concentration of solid phase occurs downstream of flow reattachment. Yu 

et al. [135] performed numerical simulations to investigate particle-laden turbulent flow over a 

backward-facing step. Their study used large eddy simulations (LES) for the Eulerian-based gas 

phase and a Lagrangian approach for particles that accounted only for the effect of drag and 

gravitational forces on particle motion. Their numerical predictions were in good agreement with 

the earlier experimental data obtained by Fessler and Eaton [134]. Founti and Klipfel [125] 

conducted experimental and computational study to identify the effects of particle motion in a 1% 

and 5% solid volume fraction flow through a sudden expansion at Re = 56,000. Their results show 

shorter reattachment lengths with 1% volumetric loading of the solid phase, while increasing the 

solid phase faction increases the reattachment length back towards the single phase value. At 5% 

volumetric loading, the reattachment length increased past the single phase due to a reduction of 

the turbulence kinetic energy of the fluid phase associated with solid-particle collisions [125]. 

Recently, El-Askary et al. [1] used an Eulerian–Lagrangian approach to investigate the effect of 
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injection rate, particle diameter, and expansion ratio on the sudden expansion flow development 

for Reynolds numbers between 10,000 and 200,000. At lower Reynolds numbers, steady laminar 

flow was observed in the single-phase cases, but the addition of solid phase caused an abrupt 

unsteadiness in the flow downstream of the expansion. 

The above literature indicates that the majority of research has focused on flows at 

relatively large Reynolds numbers (Re > 10,000) and larger solid phase faction (>1%). Little work 

has focused on lower Reynolds numbers (Re < 2,000) where the laminar flow is very sensitive to 

disturbances that could be caused by a more dilute particle phase. In particular, the influence of 

the solid particle phase on the onset of bifurcation in the sudden expansion is not well understood. 

Therefore, one objective of the present thesis is to employ numerical simulation to investigate the 

impact of dilute solid particles on the dynamics that lead to bifurcation in laminar sudden 

expansion flows at low Reynolds numbers. 

A.1.1 Numerical methods for solid/fluid multiphase flows 

Various computational fluid dynamics (CFD) methods have been suggested to study the 

multiphase flow behavior, including the two-fluid model (TFM) [136,137], discrete particle model 

(DPM) [138,139], and the lattice Boltzmann method (LBM) [128,140]. In general, these methods 

are based on either the Eulerian–Eulerian or Eulerian–Lagrangian families of approaches. In both, 

the fluid or carrier phase is represented by a continuum [141], with properties computed at constant 

locations in space [142]. The solid or dispersed phase is then represented by either an Eulerian or 

Lagrangian description. TFM is an Eulerian-Eulerian approach that solves the solid phase 

equations as fully interpenetrating continua by computing the collective behavior of a large number 

of particles rather than the behavior of individual particles. It is widely used in industry-scale 

simulations due to its lower computational complexity [137].  
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On the other hand, DPM is an Eulerian- Lagrangian approach where the solid phase is 

captured based on simulating the transport of individual particles [143].  Hence, particle motion is 

determined by discrete computations that collectively solve equations of motion for each particle, 

accounting for fluid-particle and particle-particle forces, to identify the Lagrangian trajectories of 

particles [144]. While more accurate for individual particles, these approaches suffer from 

increased computational cost [145].  

Multiphase particle-in-cell (MP-PIC) method is a hybrid method that combines the 

accuracy of the Eulerian-Lagrangian description with the computational efficiency of the Eulerian-

Eulerian approach [146]. This is accomplished by grouping Lagrangian particles into discrete 

“parcels” that are then mapped to and from a computational grid [147]. Lagrangian computations 

are performed on the parcels to calculate the solid phase. Hence, MP-PIC method is able to perform 

simulation with computational cost even less than that of conventional TFM simulations by 

replacing large numbers of particles with fewer parcels [147,148].  Another feature of MP-PIC 

method is the ability to define the solid phase with realistic particle size distributions and material 

properties [149]. The MP-PIC method advances earlier stochastic parcel methods by adding a term 

related to the gradient of an isotropic particle contact pressure in the parcel acceleration equation 

[150]. The implicit approximations of the parcel buoyant force, parcel drag force, and inter-phase 

momentum transfer terms are coupled with the contact pressure term, which is also numerically 

approximated in an implicit fashion. The implicit coupling can improve computational efficiency 

by minimizing the stability limitations imposed on the computational timestep [149].  

Although the MP-PIC method combines advantages of Eulerian and Lagrangian 

multiphase methods, it also has its own limitations. Firstly, it models only spherical particles. 

Secondly, the particle size must be small compared to the spacing of the Eulerian grid. Finally, it 
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suffers from low accuracy at solid volume fractions greater than 5% due to high particle collision 

frequency. These limitations restrict the application of MP-PIC method, particularly when fine 

grid resolution is required at higher Reynolds numbers associated with turbulent flow; in such 

cases, the particle size restriction limits MP-PIC to only dilute suspensions of small particles. The 

current study models laminar flow laden with small spherical particles with a solid volume fraction 

less than 5%, which makes the MP-PIC method appropriate. 

A.2 Numerical approach 

The MP-PIC method is used to couple the particle motion with the fluid dynamics in a two-

way coupling by mapping Lagrangian particles to and from a computational grid. In this method, 

each solid phase is defined as a parcel and may in general contain multiple particles [149,151], but 

in the current study, only one particle per parcel is considered to increase accuracy. 

 

A.2.1 Computational domain and boundary conditions 

The computational domain used in the present study, shown in Figure A-1, consists of 

sequential two-dimensional channels with heights of d and D mated together to produce a sudden 

expansion with a step-height of h. The maximum Reynolds number (Remax) is based on the inlet 

channel height and maximum inlet velocity. The expansion ratio (Er) is defined as the channel 

height upstream of the sudden expansion to the height downstream. The lengths of the 

computational domain upstream and downstream of the expansion are Li = 10h and Lo = 40h, 

respectively. A parabolic inflow boundary is imposed at the inlet boundary for the liquid phase. 

Solid phase parcels are injected at the inlet with uniform velocity equal to the mean inlet velocity 

(𝑈 ). Parcels are spatially distributed across the inlet boundary with random distribution. Zero 
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gauge static pressure and zero streamwise velocity gradient are imposed at the outlet boundary. 

All walls are represented by no-slip wall boundaries. The outlet boundary is placed far from the 

expansion to minimize outlet boundary effects on the region of interest. For the Er = 4.0 case, two 

domain lengths (Lo =40h and Lo=60h) are tested, and insensitivity of the results to either domain 

length was verified.  

 

 

Figure A-1: Schematic of the computational domain 

 

A.2.2 Spatial grid 

A structured, non-uniform, orthogonal finite-volume grid is mapped to the computational 

domain. The total number of grid cells for each expansion ratio in the regions upstream and 

downstream of the expansion are given in Table A-1. Figure A-2 shows the streamwise and cross-

stream grid spacing distributions for the Er = 4.0 case. The grid is refined in the region near the 

no-slip walls and close to the sudden expansion where larger velocity gradients and shear stresses 
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are expected. As shown in Figure A-2(a), the coarsest grids belong to the inlet and outlet regions, 

where the streamwise grid spacing in these regions is about twice that of the grid near the sudden 

expansion (indicated with a dashed line). A similar grid spacing distribution is used for the 

expansion ratios of 2.0 and 3.0. 

A grid independence analysis is performed at four refinement levels for Remax = 1000 and 

Er = 2.0 in order to ensure sufficient spatial resolution for all simulations, as reported in chapter 

4. 

 

Table A-1: Characteristics of computational grids used  

𝑬𝒓 (𝑵𝒙, 𝑵𝒚)𝒊 

Upstream of step 

(𝑵𝒙, 𝑵𝒚)𝒐 

Downstream of step 

Total cells 

2.0 100 × 80 400 × 240 104,000 

3.0 100 × 80 800 × 400 328,000 

4.0 100 × 80 1800 × 560 1,016,000 
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Figure A-2: Distribution of the spatial grid spacing in the (a) streamwise direction at y = D/2 and (b) wall-

normal direction at x/h = 20 for the Er = 4.0 case. The dashed line indicates the location of the sudden 

expansion 
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A.2.3 Test cases 

In the present study, 111 simulations were performed at eight Reynolds numbers between 

Remax=200 and 1000 (increments of 100) and at expansion ratios of Er = 2.0, 3.0, and 4.0. The 

range of test cases for each expansion ratio is presented in Table A-2. The range of Reynolds 

number is wide enough to identify the effect of solid phase fraction (φs) and particle size on the 

onset of bifurcation. As the simulations are two-dimensional, an area-based solid phase fraction is 

used, calculated as, 

𝜑𝑠 = 
𝑁 𝜋 𝑑 

2

4(𝑑𝐿𝑖 + 𝐷𝐿 )
 100% 

(A.1) 

where Np is the total number of particles in the solution at stationary steady state. Depending on 

the Reynolds number, expansion ratio, and φs value, the flow may break down into irregular, 

unsteady fluctuations that mimics transition to turbulence. At lower expansion ratios (e.g. Er = 

2.0), unsteady break-down occurs at Reynolds numbers above the range in Table A-2, which 

allows us to systematically quantify the effects of Reynolds number, solid phase fraction, and 

particle size on the development of bifurcation in the multiphase flow. At higher expansion ratios 

(e.g. Er > 3.0), such unsteady break down occurs at Reynolds within the tested ranges; as the 

transition to turbulence cannot be accurately captured in the present two-dimensional study, these 

cases are limited to the qualitative descriptions of the impact of particle phase on bifurcation.  

Table A-2: Test cases range for various expansion ratios 

Er Remax 

range 

Volumetric 

fraction (φs) 

Particle size 

(dp/d) 

Number of 

cases 

2.0 200 - 1000 0 - 0.03 0 – 0.005 67 

3.0 200 - 1000 0 - 0.01 0 and 0.001 22 

4.0 200 - 1000 0 - 0.01 0 and 0.001 22 
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A.2.4 Solution Method  

OpenFOAM® discretizes the governing equations by means of the finite volume method 

[92,105]. The velocity and pressure coupling was solved with the PISO algorithm. Convergence 

at each timestep was achieved when the root-mean-square residuals of the pressure and momentum 

equations fell below 5×10-8. Second-order central differencing and second-order Euler backward 

differencing were used to discretize the spatial and temporal derivatives, respectively. The time-

step size in each simulation varied depending on the Reynolds number and grid size in order to 

keep Courant number below 0.5 [107], with t = 10-4 s being the smallest time-step used. Water 

at 1 atm and 25ºC is the fluid phase. Particle density is considered as 1300 kg/m³. Each simulated 

test case was initialized with a zero relative static pressure and an initial velocity equal to the mean 

velocity at the inflow boundary and were then integrated in time for approximately 10 flow through 

times (defined as L/U0) to reach a statistically-steady state and then approximately 3 flow through 

times were collected for analysis. Each simulation was performed in a parallel-processing 

environment on 36 CPUs using a message-passing interface (MPI) parallelization strategy. 

A.2.5 MP-PIC method 

The coupled Eulerian-Lagrangian method can be used to describe the collisional exchange 

in solid-liquid flow of porous media. In multiphase flow, the liquid phase flow can be represented 

by Navier-Stokes equations using Eulerian approach and the movement of particles can be 

represented by Lagrangian motion equations. O'Rourke et al. [152] presented the fully coupled 

Eulerian- Lagrangian governing equations, the MP-PIC (multiphase particle-in-cell) method 

which was employed in OpenFOAM. The specific equations are described as [153]: 
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I) Liquid Phase 

The continuity equation for the liquid phase with no interphase mass transfer is 

𝜕𝜃𝑓

𝜕 
+ ∇ ∙ (𝜃𝑓𝒖𝑓) = 0 

(A.2) 

where 𝒖𝑓 and 𝜃𝑓 are the liquid velocity and volume fraction, respectively. The momentum 

equation for the liquid phase is 

𝜕(𝜃𝑓𝒖𝑓)

𝜕 
+ ∇ ∙ (𝜃𝑓𝒖𝑓𝒖𝑓) = −

1

𝜌𝑓
∇𝒑 −

1

𝜌𝑓
𝑭 + 𝜃𝑓𝒈 

(A.3) 

where 𝜌𝑓, 𝑝, 𝒈  are liquid density, liquid pressure, and gravitational acceleration, respectively. F 

denotes the rate of momentum exchange per volume between the liquid and particle phases. It 

should be mentioned that there are some assumptions: 

1- The liquid phase is incompressible. 

2- Both liquid and particle phases are isothermal. 

3- The momentum equation presented for liquid phase neglects viscous molecular diffusion 

in the liquid but retains the viscous drag between particles and fluid through the 

interphase drag force, F.  

It should be noted that neglecting the viscous terms has little effect in dense particle flows, 

and the viscous terms can be easily included in the fluid equation set for cases with lower particle 

density. 

II) Particulate Phase 

The motion of the particle phase is obtained using the particle probability distribution 

function φ(x, 𝒖 , 𝜌 , Ω , t), where x, 𝒖 , 𝜌 , Ω  represent position, velocity, density, and volume 

of particle, respectively. As it is assumed that no mass transfer occurs between particles and the 

liquid, the mass of each particle is constant in time, but particles may have a range of sizes and 
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densities. The time evolution of φ is achieved by solving a Liouville equation for the particle 

distribution function [154], 

𝜕𝜑

𝜕 
+ ∇ ∙ (𝜑𝒖 ) + ∇𝒖𝑝 ∙ (𝜑𝑨) = 0 

(A.4) 

where ∇𝒖𝑝is the divergence operator with respect to particle velocity. The discrete particle 

acceleration (𝑨 =
𝑑𝒖𝑝

𝑑 
) is expressed as [146]: 

𝑨 = 𝐷 (𝒖𝑓 − 𝒖 ) −
1

𝜌 
∇𝑝 + 𝒈 −

1

𝜃 𝜌 
∇𝜏 

(A.5) 

The terms of Eq. (A.5) represent acceleration due to aerodynamic drag, pressure gradient, 

gravity, and gradient in the interparticle stress, 𝜏.  

The interphase drag model function (𝐷 ) can be expressed using  expression of O'Rourke 

[155]: 

𝐷 =  𝑑
3

 
 
𝜌𝑓

𝜌 

|𝒖𝑓 − 𝒖 |

𝑟 
  

(A.6) 

where 

 𝑑 =
24

𝑅𝑒 
 (
𝑅𝑒 

2/3

 
𝜖−1. 8 + 𝜖−2. 5)  

(A.7) 

𝑅𝑒 =
2𝜌𝑓|𝒖𝑓 − 𝒖 |𝑟 

𝜇𝑓
   

(A.8) 

𝑟 = (
3Ω 

4𝜋
)
1/3

 
(A.9) 

𝜇𝑓 is the liquid viscosity and 𝜌  is the particle density. In the case of 𝜖 = 1.0, this drag formulation 

reduces to the Putnam [156] correlation for solid spheres. The 𝜖-dependence of  𝑑  is determined 

using the experiments of Richardson [157].  
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The continuum particle stress model is used for collisions between particles. Particles are 

modeled as a continuum and are estimated by an isotropic interparticle stress where the off-

diagonal elements of the stress tensor are neglected. An isotropic solids stress (𝜏 ) in the Eq. (3.8) 

can be used by an expression of the model from Harris and Crighton [150]: 

𝜏 =  
𝑃𝑠𝜃 

𝛽

𝑚𝑎𝑥[𝜃𝑐 − 𝜃 , 𝜀(1 − 𝜃 )]
 .  

(A.10) 

𝑃𝑠 is a constant which has units of pressure.  𝜃𝑐  denotes the particle volume fraction at close 

packing. Auzerais et al. [158] recommend the constant β in the range of 2 ≤ β ≤ 5. The original 

expression by Harris and Crighton was modified to remove the singularity at close pack by adding 

the ε expression in the denominator which is a small number on the order of 10−7.  

The probability function integrated over velocity and mass calculates the probable number 

of particles per unit volume at x and t in the interval (𝒖 , 𝒖 + 𝑑𝒖 ), (𝜌 , 𝜌 + 𝑑𝜌 ), and (Ω , 

Ω + 𝑑Ω ). The particle distribution function defines the particle volume fraction as: 

𝜃 = ∭𝜑Ω dΩ 𝑑𝜌 𝑑𝒖  
(A.11) 

To complete the equations, we require an expression for the interphase momentum transfer 

function per volume (F) in the Eulerian momentum equation which is defined as: 

𝐹 = ∭𝜑Ω 𝜌 [𝐷 (𝒖𝑓 − 𝒖 ) −
1

𝜌 
∇𝑝] dΩ 𝑑𝜌 𝑑𝒖  

(A.12) 

By taking the moments of Eq. (3.7), the Eulerian governing equations for the particle phase 

can be obtained. The particle conservation equations can be obtained by multiplying Eq. (3.7) to 

by 𝜌 Ω  and 𝜌 Ω 𝒖  and integrating over particle density, volume, and velocity coordinates. The 

continuity equation for particle phase is 
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𝜕(𝜃 𝜌       )

𝜕 
+ ∇ ∙ (𝜃 𝜌       𝒖     ) = 0 

(A.13) 

and the momentum equation for particle phase is 

𝜕(𝜃𝑝𝜌𝑝       𝒖𝑝    )

𝜕 
+ ∇ ∙ (𝜃 𝜌       𝒖      𝒖     ) = −𝜃 ∇𝑝 + ∇𝜏 + 𝜃 𝜌        𝒈 +

∭𝜑Ω 𝜌 𝐷 (𝒖𝑓 − 𝒖 )dΩ 𝑑𝜌 𝑑𝒖 −∇ ∙ [∭𝜑Ω 𝜌 (𝒖 − 𝒖     )(𝒖 −

𝒖     )dΩ 𝑑𝜌 𝑑𝒖 ]  

(A.14) 

where the mean particle velocity 𝒖      is calculated by 

𝒖      =
1

𝜃 𝜌       
 ∭𝜑Ω 𝜌 𝒖 𝑑Ω 𝑑𝜌 𝑑𝒖  

(A.15) 

and the average particle density is calculated by 

𝜃 𝜌        =  ∭𝜑Ω 𝜌 𝑑Ω 𝑑𝜌 𝑑𝒖  
(A.16) 

The sum of volume fractions of liquid and particle phases must equal unity, 𝜃 + 𝜃𝑓 = 1. 

A.3 Validation of the computational approach 

Validating the numerical results of particle-laden laminar flow in this specific geometry is 

hindered by the lack of similar published experiments. Therefore, validation of the numerical 

algorithm and the spatial and temporal resolutions is performed by comparing results of the single-

phase case, chapter 4, to experimental data and numerical predictions available in the literature. 

As shown in Figure A-3, the shear layer reattachment lengths variation with Reynolds number is 

in agreement with the data obtained by Kadja et al [108]. For Reynolds numbers less than the 

critical Reynolds number for bifurcation onset, the upper and lower walls have equal reattachment 

lengths, while branching occurs at higher Reynolds numbers. In addition, the accuracy of 

OpenFOAM for direct numerical simulation (DNS) of turbulent flows is also confirmed by the 
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present authors for turbulent flow in a pipe as shown in chapter 8. The results are in excellent 

agreement with published experimental and numerical results for the turbulent mean velocity 

profile, disturbance profiles, and frequency spectra in the turbulent pipe flow. 

The MP-PIC method employed in OpenFOAM was validated recently by Shang et al. 

[159,160] for multiphase flows in a porous reservoir. An experiment of randomly deposited solid 

particles in a packed bed porous medium by Goldschmidt et al. [161] was used for the validation. 

Li et al. [162] also used the same experimental data to verify the accuracy of the open-source 

MFIX-DEM software for gas-solid flows. As shown in Figure A-4, comparison of simulated 

results [159,162], empirical correlations [163,164], and experimental data [161] reveals that the 

MP-PIC algorithm in the OpenFOAM solver [159] is able to accurately capture the particle-laden 

flow. 

 

Figure A-3: Comparison of non-dimensional reattachment length (Lr/h) for single-phase flow in a planar 

sudden expansion at Er = 2.0. Subscripts 1 and 2 denote the upper and lower walls, respectively 
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Figure A-4: Comparison of random packing density in packed bed. Modified from Shang and Liu [159] 

 

A.4 Symmetric flow structure 

Figure A-5 shows the instantaneous and time-mean velocity magnitude contours for the 

water phase for cases with φs =0.01% and 0.02% at Remax = 200 and Er = 2.0. As the Reynolds 

number is less than the critical Reynolds number for bifurcation (Rec = 218±1 at Er = 2.0 according 

to chapter 4), the mean velocity contours are completely symmetric for all solid fractions studied, 

although a small asymmetry is observed in the instantaneous contours for the particle-laden cases 

due to stochastic fluctuations created by the particles in the flow. The mean contours show that 

these fluctuations induce a reduction in the size of the inviscid core region downstream of the 

expansion leading to earlier reattachment and attainment of fully developed flow in the 

downstream channel. These effects are see even more clearly in plots of the time-mean streamlines, 

shown in Figure A-6, which shows that the streamlines remain symmetric and the average  
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Figure A-5: Contours of velocity magnitude in the water phase at Remax =200 and Er = 2.0: (a) mean or 

i s       o s v  oci y co  o r    φs = 0; (b) m    v  oci y co  o r for φs = 0.01%; (c) instantaneous velocity 

co  o r for φs = 0.01%; (d) m    v  oci y co  o r for φs = 0.02%; ( ) i s       o s v  oci y co  o r for φs = 

0.02% 
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reattachment lengths are equal on the upper and lower channel walls for all cases. The arrows 

pointing towards the walls present the time-average locations of flow reattachment. Recirculation 

regions shrink substantially with the presence of particles; for φs = 0.01%, Figure A-6(b) shows a 

major decrease in the reattachment length compared to the single-phase case. Figure A-6 (c) shows 

that further increase in solid phase fraction causes disappearance of the recirculation regions on 

both the upper and lower walls, leaving only a small separation bubble along the expansion step. 

 

Figure A-6: Time-mean streamline pattern near the sudden expansion for Remax = 200, Er = 2.0   d φs = 0, 

0.01%, and 0.02% 

 

The time-averaged streamwise velocity profiles in the water phase immediately 

downstream of the step are shown in Figure A-7 to identify the effect of particles on cross-stream 

momentum exchange. Figure A-7(a) and (b) shows that at x/h = 0 (i.e. right at the step), the 
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particle-laden case has a similar velocity profile as the single phase case (φs = 0), suggesting the 

particle phase has a minimal impact on cross-stream momentum exchange upstream of the step. 

Downstream of the expansion, the velocity profiles indicate substantially different patterns for 

single phase and particle-laden cases. Reattachment occurs at x/h = 9.05, 2.36, and 0.00 for φs = 0, 

0.01%, and 0.02%, respectively. Figure A-7(c) and (d) show that the flow achieves a nearly-

parabolic velocity profile downstream of the expansion for the φs = 0 case, while for the particle-

laden cases, the profile has much higher velocity magnitude in the near-wall regions and a lower 

centerline velocity. As the flow travels further downstream of the expansion, the magnitude of the 

centreline velocity in the φs = 0 cases decreases in response to viscous diffusion such that by x/h 

= 20, a parabolic velocity profile is recovered. In contrast, much less centerline deceleration is 

noted in the particle-laden flows, as the interaction between particles and their random movement 

especially toward the walls enhances the cross-stream momentum exchange such that viscous 

diffusion is no longer dominant. As a result, Figure A-7(c) shows that for φs =0.01% and 0.02%, 

the particles eliminate the reversed-flow region that is present in the φs = 0 case and enhance the 

wall shear stress; computed results at x/h = 20 reveal that wall shear stress for φs = 0.01% is 3.05 

times higher than the φs = 0 case.   

The observations of Figure A-5-Figure A-7 for Re = 200 and Er = 2.0 are generalized for 

a range of flow conditions in Figure A-8, which plots the computed average reattachment lengths 

as a function of the Reynolds number for various expansion ratios and volumetric particle injection 

fractions (φin), calculated as, 

𝜑𝑖𝑛 = 
𝑁𝑖𝑛𝜋 𝑑 

2

4(𝑑𝑈 )
 100% 

(A-17) 

where Nin is the number of injected particles per second. As the Reynolds number range covers the 

region where flow bifurcation has occurred for all expansion ratios, Figure A-8 plots the 
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reattachment length as the longer of the two recirculation regions. As in Figure A-6, shorter 

reattachment lengths are observed when solid particles are present. The reattachment length 

increases with Reynolds number but for multiphase cases, it reaches a threshold value and then 

becomes almost constant with phase fraction. For higher expansion ratios, the results illustrate a 

gentler slope of reattachment length as a function of Reynolds number. 

 

Figure A-7: Comparison of the time-mean velocity profile for Remax =200 and Er = 2.0 for various solid phase 

volume fraction and streamwise locations 
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Figure A-8: Average shear layer reattachment length for larger recirculation region for various Reynolds 

numbers at Er = 2.0. Dashed and solid lines r pr s   s φin = 0   d φin = 0.016%, respectively 

 

A.5 Effect of solid phase on bifurcation onset 

As discussed above, the Reynolds number ranges in Figure A-8 exceed the critical 

Reynolds number for bifurcation, and thus bifurcation has occurred resulting in asymmetry in the 

reattached flow. The progression of bifurcation for the Remax = 400 and Er = 2.0 case is shown in 

Figure A-9 for the single-phase case through snapshots of the instantaneous flow streamlines at 

discrete solution times, where time is non-dimensionalized by the time scale τ = D2/(υ Remax). 

Arrows pointing towards and away from the wall indicate time-mean location of flow reattachment 

and separation, respectively. After t' = 300, the flow structure starts to change from symmetric into 

an asymmetric structure. The bifurcation process completes near t' = 400 when the flow reaches 

its steady state condition and the recirculation regions achieve their terminal lengths (t' =0 

represents simulation initiation time).  
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Figure A-9: Temporal evolution of the single phase flow structure at Remax = 400 and Er = 2.0 

 

In order to address how the presence of solid particles influence bifurcation, qualitative 

observations of the influence of solid particles on the flow are presented first, followed by 

quantifying the sensitivity of these effects to the solid phase fraction and particle size. Figure A-10 

plots the time-mean reattachment lengths on the upper and lower walls at various Reynolds 

numbers for φin = 0 and φin = 0.01 %. Several notable features are visible. First, for the φin = 0 

case, bifurcation onset occurs distinctly at Remax = 218, while for the φin = 0.016% case, bifurcation 

is delayed to about Remax =  00. Second, bifurcation occurs in the φin = 0.016% case at a similar 

reattachment length as in the φin = 0 case. This suggests that bifurcation is related not only to the 

disturbance environment in the symmetric flow field, but also to the shape and receptivity 

properties of the reversed velocity profile in the vicinity of the reattachment point. This observation 
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is consistent with earlier observations by in chapter 4, which noted that when the Reynolds number 

is much larger than the critical Reynolds number, bifurcation initiates as streamwise velocity 

disturbances localized near the time-averaged reattachment location. It seems the velocity profile 

near the reattachment point in the particle-laden cases is not receptive to such disturbances until 

the reattachment length reaches a threshold length. Finally, with further increases in the Reynolds 

number, the smaller recirculation zone achieves the same reattachment length for both the φin = 0 

and φin = 0.016% cases, while the larger recirculation zone experiences an overall reduction in 

reattachment length consistent with the trends presented in Figure A-8.  

 

  

Figure A-10: Average shear layer reattachment lengths for various Reynolds numbers at Er = 2.0  

 

At the higher Reynolds numbers studied, bifurcation is a key step towards the global break 

down of the flow to unsteady fluctuations and eventually turbulence. Although the solid phase 

delays the onset of bifurcation, it also accelerates the development global unsteadiness in the flow. 

This is illustrated in Figure A-11 for the Re = 1000 case by plotting contours of the instantaneous 
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and time-mean velocity magnitude for φs = 0 and φs = 0.002%. For the single-phase case, the time-

mean and instantaneous contours are identical, and hence only one is plotted. In the φs = 0.002% 

case, however, not only has the primary recirculation zone shortened, but a global unsteadiness 

has developed in the flow, which Figure A-11(c) shows is linked to a cascading development of 

successively smaller-scale recirculation regions. This unsteadiness is generated in the flow by the 

solid particles even though the particle phase in Figure A-11(c) is very dilute. This confirms that 

while solid particles delay onset of bifurcation to higher Reynolds numbers relative to the single 

phase case, they also accelerate the growth of global unsteadiness of the flow. 

 

 

Figure A-11: Contours of velocity magnitude of the water phase for Remax =1000 and Er = 2.0: (a) mean or 

instantaneous velocity contour for φs = 0; (b) mean velocity contour for φs = 0.002%; c) instantaneous velocity 

contour for φs = 0.002% 
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Although the results presented in Figure A-9 to Figure A-11 are for a single expansion ratio 

(Er = 2.0), the general conclusions hold for the other expansion ratios studied (Er = 3.0 and 4.0). 

As an illustration, Figure A-12 shows the time-mean streamline pattern for Er = 3.0 and φin = 

0.016% at various Reynolds numbers. The critical Reynolds number for bifurcation is 

approximately 80 [36] for the single phase case, but due to the delay caused by the solid phase, 

symmetric flow is still observed at Remax = 400. By Re = 800, bifurcation has occurred, and 

increasing the Reynolds number to Remax = 1000 causes growth of secondary recirculation zones 

inside of the larger primary circulation region (labelled A) and also tertiary recirculation regions 

beside the smaller primary one (labelled B).   

 

Figure A-12: Time-mean streamline pattern in a sudden expansion for various Reynolds number with 

vo  m  ric p r ic   i j c io  r    of φin = 0.016% at Er = 3.0 
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Having observed the qualitative effects of solid particles on the flow in the sudden 

expansion, we now quantify the sensitivity of the above qualitative observations to the solid phase 

fraction and particle size. This is accomplished in Figure A-13 and Figure A-14 by plotting the 

reattachment lengths on the upper and lower channel walls at two Reynolds numbers (Remax = 400 

and 1000) for a range of φs values and dp/d values, respectively. As shown in Figure A-13, the 

maximum difference between the upper and lower reattachment lengths exists for the φs = 0 case. 

As the particle volume fraction increases at a fixed Reynolds number, the asymmetry of the flow 

decreases as the smaller reattachment location (Lr1) moves downstream while the larger 

reattachment location (Lr2) moves upstream until bifurcation disappears at about φs = 0.04% and 

0.012% for Remax = 400 and 1000, respectively. With further increase in the solid phase fraction 

in the Remax = 1000 case, the reattachment length of the symmetric flow decreases due to the 

growth of secondary recirculation regions inside the primary recirculation regions, ultimately 

leading to global unsteadiness of the flow, as seen in Figure A-11 and Figure A-12. In the Remax = 

 00 case, increasing φs causes not only diminished bifurcation but also a near disappearance of the 

recirculation regions on both walls, as seen in Figure A-6(c).         
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Figure A-13: Average shear layer reattachment lengths at (a) Remax = 400 and (b) Remax = 1000 for Er = 2.0. 

The particle diameter is fixed at dp/d = 0.001. Subscripts 1 and 2 denote upper and lower walls, respectively 
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Figure A-14: Average shear layer reattachment lengths at (a) Remax = 400 and (b) Remax = 1000 for Er = 2.0. 

The solid phase fraction is fixed at φs = 0.0016%. Subscripts 1 and 2 denote upper and lower walls, 

respectively 

 

The effect of particle size on the upper and lower reattachment lengths, shown in Figure 

A-14, is consistent with the effect for solid phase fraction. Larger particle sizes tend to decrease 

the larger reattachment length almost linearly while the smaller reattachment length initially 

increases to diminish the degree of asymmetry in the flow. Symmetry of the reattachment region 

is recovered at about dp/d = 0.0015 for Remax = 400, while larger particles sizes are required to 
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recover symmetry at Remax = 1000. Further increasing the size of particles is not possible due to 

MP-PIC limitations on the maximum solid volume per cell. The time-mean streamlines 

corresponding to various particle sizes are illustrated in Figure A-15. As discussed, the bifurcation 

disappears with larger particle sizes and the reattachment region then shrinks symmetrically. 

 

 

Figure A-15: Time-mean streamline pattern near the expansion for different particle sizes with Remax = 400 

and Er = 2.0 

 

A.6 Transport of suspended particles 

The instantaneous position of the suspended particles for cases with Remax = 400 and 1000 

and Er = 2.0 is illustrated in Figure A-16. The volumetric particle injection fraction of these cases 

is φin = 0.016 and the particle size is dp/d = 0.001. The speed of the particles is shown by colouring 
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them according to their velocity magnitude. Symmetric reattachment regions in the Remax = 400 

case trap nearly stationary particles. In the Remax = 1000 case, bifurcation of the flow is apparent, 

also trapping particles in the asymmetric reattachment regions.  

 

Figure A-16: Zoomed view for instantaneous velocity contour of particles in a sudden expansion with 

co s     vo  m  ric i j c io  r    of p r ic  s φs = 0.0016: a) Remax = 400 and Er = 3.0, b) Remax = 800 and Er 

= 3.0 

 

The impact of the flow patterns on the residence time of the solid particles is shown in 

Figure A-17 by colouring the particles according to the period that the particle has existed in the 

domain (its age), normalized by the age of the oldest particle in the domain. Particles with the 

highest age occur in the symmetric recirculation regions in the Remax = 400 case, whereas much 

younger particles exist in the Remax = 1000 case. Analysis of the unsteady flow shows that wall-

normal oscillations of the tip of the high-speed core region at higher Reynolds number causes 

frequent change in the size of recirculation regions. When the tip of high-speed core shifts in the 

wall-normal direction, one recirculation region shrinks while the other expands. This oscillation 



 

183 

 

releases trapped particles from the contracting recirculation zones into the main flow and entrains 

newer particles from the core flow into the expanding recirculation zones. Bifurcation is therefore 

an effective method for mixing particles in the laminar sudden expansion flow to achieve relatively 

uniform particle residence times.    

 

Figure A-17: Zoomed view for age of remained particles in a sudden expansion with constant injection 

vo  m  ric r    of φs = 0.0016: a) Remax = 400 and Er = 3.0, a) Remax = 800 and Er = 3.0 


