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Abstract

In this thesis we study the response of a BCS superconductor to an external ultra-fast terahertz
electromagnetic field, which we choose so as to mimic the setup in a pump-probe experiment.

We begin by considering an optical experimental setup and demonstrate that in an optical pump-
probe experiment, the superconducting amplitude Higgs mode can be excited and measured with
ultra-fast terahertz pump pulses. Moreover, for an anistropic d-wave superconductor, there are two
Higgs mode, one at the usual 2A energy and one with a lower energy. The latter can be used to
differentiate the d-wave symmetry from isotropic s-wave, by varying the polarization of the pump
relative to the sample. For a linearly polarized pump with a vector potential aligned along a d-wave
node we find only a single Higgs mode, while for a direction along an antinode we find two Higgs
modes.

Next, we consider an angle resolved photoemission spectroscopy (ARPES) experiment and derive
a new set of equations of motion, for which we can analyze the two-time nonequilibrium Green’s
functions. We show that the Higgs mode can also be studied in an ARPES pump-probe experiment.
Moreover, we show how an ARPES pump-probe experiment can be used to differentiate between
different momentum-dependent nonequilibrium Higgs modes. Our results suggest that in a d-wave
superconductor, the second low-energy Higgs mode is of osculating, Blg character, which corresponds
to a symmetry breaking along the d-wave nodal lines. Further study of the role of momentum

symmetry breaking promises to provide deeper insight into generating new nonequilibrium states.
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Lay Summary

In this thesis, we develop a theoretical framework that can be used to elucidate future experimental
findings in terahertz time-resolved experiments on superconductors. The theoretical framework
and experimental methods proposed in this thesis can be used to characterize different symmetries
inherent to superconductors in equilibrium and nonequilibrium. These advances in the field of Higgs
spectroscopy promise to provide a deeper insight into superconducting dynamics and advance the

growing field surrounding nonequilibrium superconductors and materials research.



Preface

e A version of the work discussed in Chapter 2]is currently published as B. Fauseweh, L. Schwarz,
N. Tsuji, N. Cheng, N. Bittner, H. Krull, M. Berciu, G. S. Uhrig, A. P. Schnyder, S. Kaiser,
D. Manske arXiv:1712.07989. It makes use of the formalism by Papenkort, Axt and Kuhn
[37].

e I carried out the numerical calculations and numerical analysis in this publication, which per-
tain to the interaction of the superconductor with an electromagnetic field, while the analytic
work on quenches and different nonequilibrium symmetries was primarily contributed by B.
Fauseweh, L. Schwarz. and N. Tsuji. The project was primarily overseen by D. Manske and
the publication is based on collaboration with Bittner, Krull, Berciu, Uhrig, Schnyder, Kaiser.

The draft of the manuscript was also written by B. Fauseweh.

e [ have also carried out all of the work in Chapter |3, which will be submitted for publication
shortly.
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Chapter 1

Introduction

Superconductivity, discovered in 1911 by Kamerlingh Onnes [51], continues to be one of the most
interesting phases of matter. Originally shown to appear in mercury below 4.2 Kelvin, it is now
known that most elemental metals and simple metallic compounds undergo a phase transition to
a superconducting state below some critical temperature in the range of up to 20 K. Remarkably,
upon cooling below this transition temperature, these materials exhibit absolutely zero resistivity
and, partly as a consequence, expel weak magnetic fields from the bulk — the Meissner effect. As
would later be discovered, the source of such peculiar properties is a low energy bosonic condensate
with an energy gap corresponding to the condensate energy. However, this explanation would not
be established until 45 years later.

These compounds became known as conventional superconductors when in 1986 the first so-
called unconventional superconductor [7] was discovered in lanthanum doped copper oxide. Quickly,
an entire class of copper oxide superconductors were discovered that continue to be an ongoing and
challenging research topic in condensed matter physics. This class of superconductors is unique
for a number of reasons, the first being an unusually high superconducting transition temperature.
Among other peculiarities, these superconductors do not have a uniform superconducting energy
gap. In fact, for certain points in the Brillouin zone, the superconducting gap actually closes. Since,
there have been many other classes of superconductors with unconventional forms of momentum
dependence beyond conventional s-wave — d-wave, s+/-, etc. — making symmetry a meaningful

method of distinguishing between these classes.

1.1 BCS theory of superconductivity

As a testament to the difficulty of both experimentally probing and theoretically describing this
phase, a microscopic description of conventional superconductivity was not discovered until the
1957 Bardeen Cooper and Schrieffer (BCS) theory of superconductivity [1-3, 11], for which they
would receive the 1972 Nobel prize in physics (for unconventional superconductivity, a conclusive
microscopic description remains elusive). While widely known in the 50s that a weak attractive
potential can bind a pair of particles in two-dimensions, but not three, Cooper showed that certain
three-dimensional electrons, which exist in a thin shell of energy near the Fermi energy (the Fermi
surface) and in the presence of an attractive electron-electron potential, will also form pairs of
bound states (Cooper pairs) between electrons of opposite momentum [11]. Together with Schrieffer
and Bardeen, Cooper wrote down a microscopic Hamiltonian for such an interaction, which would

become known as the BCS theory of superconductivity [2, 3]:

Hpcs = Z ekCL,aCk,a + Z Vk7k/ClT(TCT—k,LC—k’¢Ck’T (1.1)
ko kK’
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In the original work, the form of the potential Vi x» was taken to be some constant attractive term
between electrons (holes) CLU (¢ o) of opposite spin and momentum in some band ex. However,
the exact potential is now known to be highly momentum dependent depending on the specific
superconductor. For instance, in the d-wave superconductors, the potential has a d-wave dependence,

which we will discuss in detail below.

1.1.1 Mean-field superconductivity

Fortunately, for conventional superconductors in particular, electron pairs often span tens or even
hundreds of lattice sites. As such, the electron (hole) pairing density is relatively constant and a
mean-field approximation is well justified. Making such an approximation reduces the quartic su-
perconducting Hamiltonian to a simple, quadratic Hamiltonian for a single particle and additionally
defines a complex order parameter representing the superconducting gap Ay, which is defined in

terms of the mean-field parameter,

Ak’ = Z Vk,k’ <c—k¢CkT>' (12)
kew

Here, we also enforce the requirement that these electrons (holes) reside within a thin shell W above
(below) the Fermi surface — as required for electrons (holes) to experience an attractive electron-

electron (hole-hole) interaction. In this case, the mean-field Hamiltonian reduces to

Hyrp = Z EkCLUCk,U + Z [AkCLTCT—ki + A;C—kick‘r] (13)
k,o kew

It is convenient to write the Hamiltonian in terms of Bogoliubov quasiparticle operators, which are

given by,
o = ugey 4+ vkciki (1.4a)
B = upC_x| — UkCLT (1.4b)
Under these transformations and normalizing — |uk|? + |vk|? = 1 — the mean-field Hamiltonian

written in terms of the Bogoliubov quasiparticles is then,

Hyr = Y [Ruafox — Rl + CGeal Bl + Cifond (1)
k

where Ry and Cy are given by,

Ry = ex(1 — 2ukvy) + Apukvk + Augvy (1.6a)
Cx = —2ekuiifuk + Ak(ul*()z — Aﬁ(l]k)2 (1.6b)

For finite Ay, the quasiparticle energy Ex = /€; + |Ax|? is non-vanishing for all points around the
Fermi surface, so the quasiparticle spectrum is gapped by Ag. As the superconducting gap Ak closes
to zero, C must vanish so that the Hamiltonian becomes diagonal; Ry then simply has the form of

the band energy. We choose our normalization in such a way that uk is real and vy is complex and
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Figure 1.1: Ginzburg-Landau free energy potential in the superconducting phase
with respect to some global order parameter A.

carries the phase of the gap, Ax. To satisfy these condition and re-obtain our original mean-field

Hamiltonian uy and vk are defined in the following way:

we = |k (1 N e_k) (1.72)

2 Ex
Ak 1 €k
— (12K 1.7b
A 2 < Ek> (170)
with Ex = /e + |Ak|?. Besides being of a much simpler form, this mean-field Hamiltonian also

allowed the reconciliation of the BCS, microscopic theory of superconductivity with the more macro-

scopic or phenomenological, Ginzburg-Landau theory of superconductivity.

1.2 Ginzburg-Landau theory

Originally formulated prior to the BCS theory, the Ginzburg-Landau theory [18, 28] attempted to
describe the continuous phase transition between the superconducting and normal states in terms of
some global order parameter for which they gave no microscopic justification. Even so, their theory
was rather effectively able to describe certain macroscopic properties according to this complex order
parameter field. For instance, it allows one to derive two length-scales corresponding to the London
penetration depth of a magnetic field into the superconductor and the characteristic length scale
of superconducting density fluctuations, the superconducting coherence length. Ginzburg-Landau
theory has since been derived beginning from the microscopic BCS description of superconductivity.

In essence, Ginzburg-Landau theory is just an extension of Landau mean-field theory for continuous,
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second order phase transitions. It states that in the absence of a superconducting current, the free
energy density in the superconducting state, F, is the sum of the normal state free energy density
F,, and terms depending on some complex field A (which we know from BCS theory corresponds to

the superconducting order parameter).
_ 2, Bian

The total free energy is of course,
F = /dVFS (1.9)

Above the transition temperature T, this problem admits the trivial solution |A| = 0 as a minimum
solution for o > 0. However for @« < 0 and S > 0, this problem admits a second solution for

temperatures below T, of the form,

(T, —T)

AP =—
A 5

(1.10)
where the form of the temperature dependence of & = (T, — T') below the transition temperature
is included. The approximate form of o and § can also be derived from BCS theory for various
thermodynamic points. This family of solutions corresponds to a nonzero minimum of .% occurring
exactly at |A| and, since the phase of A remains arbitrary, the free energy % has the form of the
so-called "Mexican-hat” potential (Fig. [I.1)).

1.3 Nonequilibrium spectroscopy

Researchers have always been interested in studying the dynamics of systems. Historically, such
research led to the invention of the first motion picture films in the 1890s, which implemented
shutter speeds on fast enough timescales to resolve and photograph the constituents of motion.
To the same effect, nonequilibrium research in science has sought to capture the time-evolution of
a variety of systems ranging from the flutter of a hummingbird’s wings all the way down to the
microscopic scale motion of atoms and electrons; the latter become increasingly more difficult to
image as they require ”shutter-speeds” fast enough to capture motion at the femtosecond and even
shorter timescales. Among numerous nonequilibrium milestones, the 1967 Nobel Prize in Chemistry
was awarded to Eigen, Norrish and Porter for the visualization of rapid chemical reactions and,
with the development of femtosecond spectroscopy, the 1999 Nobel Prize in Chemistry was awarded
to Zewail for his work on imaging transition states in chemical reactions. Modern time-resolved
experiments operate across a wide spectrum of energies in the femtosecond and even attosecond
timescale and are rapidly becoming more proficient in the study of quantum effects.

While the study of equilibrium properties may provide the foundations needed to describe a
material, investigating its dynamics is crucial to developing a complete understanding [10, 13,23, 33].
For instance, nonequilibrium experiments can access and probe non-thermal excited states otherwise
inaccessible in thermal equilibrium. One of the most prominent tools to excite and study a system
in nonequilibrium conditions is pump-probe spectroscopy. A pump pulse is first used to excite the
system into a nonequilibrium state and after a short time delay, an ultra-fast probe pulse is used to

measure the nonequilibrium state as a function of the delay time. Successive probes in turn can be
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used to illustrate the time-resolved dynamics of the nonequilibrium state.

The profile of the pump used to excite the system can be varied to induce different excitation
spectra. For instance, a continuous pumping pulse can be used to coherently excite a specific state,
thereby providing a degree of optical control. Other optical pumps effectively excite the sample
into a high temperature state, from which information can be deduced by studying the decay and
the lifetime of the different induced excitations. However, both of these methods can be classified
as adiabatic methods, as the relevant timescales are often much longer than the response time
of the system. For the rest of this thesis, we will focus on non-adiabatic pump pulses, which
occur on timescales faster than the response time of the system. Effectively, the pump acts as a
quantum quench, driving the system into a nearby state while simultaneously inducing non-adiabatic
excitations such as the Higgs amplitude mode. As a result, the effects are often highly non-linear
and become increasingly difficult to study theoretically — especially in the field of strongly-correlated

materials, which are already difficult to model, even in equilibrium.

1.4 Synopsis

An equilibrium superconducting condensate satisfies the minimum of Eq/1.8| by definition. In the
following chapters we will theoretically investigate the nonequilibrium effects of perturbing the con-
densate and thus, the form of Eq. We refer to this experimental technique as ”Higgs spec-
troscopy”. To study and characterize the resulting phenomena — the Higgs amplitude mode — we
have developed software to solve the equations which follow, as well as a new formalism to de-
scribe the superconducting dynamics in time-resolved angle resolved photoemission spectroscopy
(tr-ARPES) experiments. The thesis is outlined as follows.

In Chapter |2, we begin with an introduction to the nonequilibrium Ginzburg-Landau free energy
picture of a superconductor. Following a brief introduction to the symmetries of the systems we
wish to study — s-wave and d-wave — we derive the equations of motion for a BCS superconduc-
tor interacting with an electromagnetic field according to the standard density matrix formalism.
We use this form of Hamiltonian and subsequent equations to mimic the form of a pump-probe
experiment and compare the effects of exciting the Higgs amplitude mode(s) in s-wave and d-wave
superconductors. We also calculate the relevant linear response functions for an optical experiment
and predict possible techniques which can be used to experimentally measure these nonequilibrium
modes. Our results reveal the possibility of exciting two out of the four Higgs amplitude modes in
a d-wave superconductor. This is in contrast to an isotropic s-wave superconductor where only a
single Higgs mode can be excited; there is only one nonequilibrium Higgs mode in an isotropic su-
perconductor. Therefore, differentiating the Higgs amplitude mode excitations in a superconductor
is a highly effective way of directly characterizing the condensate pairing symmetry.

To better understand the nature of the nonequilibrium modes, in Chapter (3| we derive a new
formalism to calculate the two-time nonequilibrium Green’s functions, which can be compared with
tr-ARPES spectra. We show that, as in the case of time-resolved optical experiments, tr-ARPES
can also be used to detect and distinguish s-wave and d-wave superconductors based on their Higgs
amplitude mode response. Moreover, the ARPES momentum resolution can also be used to dis-
tinguish the symmetry of the nonequilibrium Higgs mode that is excited. For a linearly polarized

pump incident on a d-wave superconductor, our results predict that aligning the magnetic potential
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along a d-wave antinode will excite both the Higgs breathing mode (Alg) and Higgs osculating
mode (Blg), while aligning the magnetic potential along a d-wave node will only excite the Higgs
breathing mode. Lastly, we discuss a possible explanation and extensions for exciting other Higgs
amplitude modes using the symmetry breaking of the linear electromagnetic pumping term.
Finally, in Chapter |4, we summarize the main results of this thesis and discuss further promising

avenues to study superconductors via Higgs spectroscopy.



Chapter 2

Nonequilibrium Superconductivity:

Optical Response

2.1 Introduction and analogy with Ginzburg-Landau theory

In this thesis we theoretically study the nature of a non-equilibrium superconductor that is excited
and measured using pump-probe spectroscopy. Specifically, since we want to study rather low energy
features, we will be interested primarily in energies in the range of a few terahertz, timescales on
the order of a few hundred femptoseconds and small enough fluence that the superconducting state
remains intact — the pump should not heat the superconductor into the normal state. Considering
the narrow experimental window, these experiments are difficult and come close to the boundary
of allowable experimental precision given by the Heisenberg uncertainty principle. However, recent
experiments have been successful in studying non-equilibrium isotropic superconductors [29-32] and
have just begun studying anisotropic superconductors [24], thus paving the way towards directly
probing the superconducting condensate. A myriad of theoretical proposals and experiments have
been conducted [4-6, 8,9, 15, 16, 25-27, 34-50, 52, 53] to study phenomena ranging from coupled
superconductors to other exotic phenomena. In this thesis, we develop a theoretical framework to
prove that experimental measurements of the Higgs amplitude mode can uncover the superconduct-
ing symmetry, thus laying the foundation for studying these phenomena via the new technique of
”Higgs spectroscopy”.

Let us return to the Mexican hat potential, which coincidentally, also arises in high energy physics
with the Higgs boson. Since a Cooper pair is in fact a boson, a superconductor can be viewed as
a condensed matter analogue to the high-energy physics Higgs-boson [22]. This equivalency of
structure gives rise to the nomenclature of the Higgs amplitude mode. For a superconducting
condensate at the minimum of the potential, there are clearly two oscillatory modes permitted — an
amplitude Higgs mode up and down the walls of the potential and a Goldstone phase mode around
the minimum of the Mexican hat (Fig. .

To experimentally investigate the Higgs mode, pump-probe spectroscopy must be employed to
induce and measure the non-equilibrium state. Physically, a few pairs of electrons are broken by
the pumping pulse, which causes the Mexican-hat potential to shrink slightly, but does not destroy
the overall superconductivity. As the potential is altered, one of two scenarios can occur. Either
the potential is shrunk slowly so that the condensate is only excited in an adiabatic fashion and
always remains at the bottom of the potential, or the potential is shrunk faster than the condensate
can respond. In this latter non-adiabatic case, the condensate will wind up elevated above the new
potential minimum along the potential wall. This intermediary state then relaxes towards the new

equilibrium, giving rise to the Higgs oscillations.
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Figure 2.1: Nonequilibrium superconducting oscillatory modes. The amplitude
Higgs mode manifests as the condensate oscillates up and down the potential
walls (green line). The Goldstone mode manifests as the condensate phase os-
cillates around the potential minimum (white line).

2.1.1 Superconducting symmetries

Superconductors are different from high-energy physics models in that they also allow further degrees
of freedom — the momentum dependence of the superconducting order parameter and the symmetry
of the lattice. In this sense, superconductors actually host an additional degree of freedom through
which one can probe the Higgs mode [4, 39, 41]. One of the key results of this work will be to
investigate the effect of including the momentum dependence on the Higgs amplitude mode and
discovering a second Higgs mode for certain anisotropic momentum dependencies.

In this thesis, we work solely with a two-dimensional square lattice. In this case, the two super-
conducting symmetries, s and d,2_,2, belong to the Alg and Blg representations of the D4 point
group (Table 2.1) because they are even (odd) under Cj rotation around the z-axis out of plane, even
(even) under CY rotation around the = and y axes intersecting the antinodes and even (odd) under
CY rotation around the 2%y axis intersecting the nodes [14]. While in an isotropic superconductor,
the nonequilibrium Higgs only permits a single mode — Alg isotropic expansion and contraction
of the order parameter — as momentum anisotropy is introduced, the superconductor can permit
various nonequilibrium Higgs oscillations depending on the specific group symmetries of the order
parameter and the lattice. For instance, a dg2_,2 superconductor can admit four possible in-plane
nonequilibrium amplitude modes corresponding to the Alg, A2g, Blg and B2g symmetries listed in
Table and illustrated pictorially in Fig. The focus of this thesis will be on studying differ-
ences between the most common superconducting symmetries, s and dg2_,2, though the predictions

and analysis can easily be extended to other symmetries using group theory considerations.
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D, Table E Cy 204 2C% 2039
Ay, 1 1 1 1 1
Agg 1 1 1 ~1 -1
Bi, 1 1 -1 1 —1
Ba, 1 1 -1 -1 1

Table 2.1: Character table for the Dy point group. For a square lattice aligned
along the x and y axes, Cy and Cjy correspond to rotations about the z-axis. C}
corresponds to rotations around the = and y axes. CY corresponds to rotations
around the xy-axes.

P PR

a) Breathing mode b) Osculating mode ¢) Rotating mode d) Clapping mode

Figure 2.2: Pictorial representation of all four possible d,2_,2 nonequilibrium
Higgs amplitude modes, as allowed by group symmetry considerations. In terms
of the group symmetry they are the (a) Alg breathing mode, (b) Blg osculating
mode, (¢) A2g rotating mode, (d) B2g clapping mode.
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2.2 Model Hamiltonian

We now consider a time-dependent Hamiltonian. In particular, we study the time-evolution of a
BCS superconductor in the presence of some time-varying electromagnetic potential, which will take
the form of a realistic experimental pumping or probing laser. As a starting point, a mean-field BCS
superconductor Hy;r is considered together with some electromagnetic interaction Hgps. This will
prove to be an auspicious starting point, as many experimental techniques probe such light-matter
material interactions. We are especially interested in the class of pump-probe experiments that probe
the time-dependence of particular properties following some electromagnetic pump excitation, which

disturbs the equilibrium of the material. The Hamiltonian is,

H=Hyp+HS, +HD, (2.1)

where we have broken up the electromagnetic interaction term into linear and quadratic order terms.

Following the discussion from the previous chapter, the BCS mean-field Hamiltonian is given by,

Hyrp = Z ekchck’g + Z [AkcLTciki + Af(c—kwm] (2.2)
k,o kew

where cLU and Oy, A€, respectively, the electron creation and annihilation operators for an electron
of momentum k and spin o. e = h?k?/(2m) — EF is the electron dispersion for a single quadratic
band with a circular Fermi surface, m is the effective mass and Eg is the Fermi energy level. W is
the set of all momentum vectors k, such that |ex| < fiw, for some cutoff energy fiw, in the pairing
interaction. Finally, A is the mean-field gap-parameter determined by the microscopic interaction
Vi x/

Ak/ = Z Vk,k' <C—kJ,CkT>~ (23)
kew

The electromagnetic portion of the Hamiltonian in second quantization is,

1 eh
Hilr =5 D (2k+@) - Aq(t)elerq 000 (2.4a)
k,q,0
2
2 (&
Hé;& - % ZAqfq' (t) ’ Aq’ (t> cIﬁ»q,UckU (24b)
k,q,0 | o

where A4 is the electromagnetic vector potential for a momentum transfer q.

We now make a change of basis to Bogoliubov quasiparticle operators, which are again given in
Eq. This change of basis will be more intuitive when we consider the time-dependent equations
of motion for the superconductor. Under this change of basis, the mean-field superconducting
Hamiltonian (Eq. becomes,

Hup =3 [Rkaliak — Rificby. + Ciaf Bl + Cltﬁkak} (2.5)
k
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where Ry and Cy are the same as in Eq. We now also need to make the change of basis for the

electromagnetic term Hgpy.

eh X X N *
om (2k +q) - Ag(t) [(Uk+q“k + Uk+qvk)alt+qo‘k — (Vi qUi + “k“k+q)ﬁ£5k+q
k,q

1 _
HE]\/I -
+(Vktqliic — u]t+qvk)al—r(+qﬁlt + (VkUk+q — vi:-&-quk)ﬁk"rqak} (2.6a)
2
2 e
HEr = 53 | Y Aama®) - Aq (1) | [(tisquic = vicsqvid)ad g = (s qvic — tictiera) Bl q
kaq \ d

— (Vi qUis + Ui qU) Oy o B — (Vitierq + ULquk)ﬁank} (2.6b)

Though the phase in a superconductor is arbitrary, we can fix a specific initial phase of A for our
calculations. In fact, we have verified that varying this initial choice of phase has no impact on the
calculation beyond the initial phase-offset. Therefore, to simplify notation, we choose our initial A

to be real and positive and employ the following shorthand for the subsequent sections,

+
Ly g = Uk4qi £ VktqUk (27)
N .
Mk,q = Uk+qVk + Vk4+qUk

2.3 Equations of motion

To calculate the time-dependence of various quantities in the system, there are generally two different
approaches. One can take the quasiparticle operators to be time-dependent and the states themselves
to be time-independent (the Heisenberg picture), or the quasiparticle states to be time-dependent
and the operators time-independent (the Schrodinger picture). We will utilize the first approach,

which involves solving the Heisenberg equations of motion for an operator 121,
d ; i DA
—A(t) = -[H, A(t — 2.8
SA) h[,<n+<m>H (28)

Since our interest is in determining experimental observables, our choice of working in the Heisenberg
picture makes taking any expectation value with respect to our time-independent states trivial. The
particular values we will be interested in are the four quasiparticle expectation values that appear in
our Hamiltonian with various momenta: <a£ak+q>(t), (ﬁ;iﬂkJrq)(tL <alﬁ£+q>(t) and (o fitq)(t)-
The « and S operators are intrinsically time-independent. Therefore, for these expectation values,

the last term in Eq. will be identically zero. The Heisenberg equations of motion we need to
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solve are:

ih%aﬂﬁbd =— < [H : aLBLqD = <[H +HY + HO, ol i +q}> (2.9a)
ih%<akﬁk+q> = — ([, afrcral) = = ([Hoe + HE) + HE), arcfheral ) (2.9b)
m; (afrra) = = ([, afarcra] ) = = ([Hoe + HE) + B, afarciq) ) (2.9¢)

i Blfera) = = ([H.8Bsa ) = = (oo + HO) + HE. Blbcsa]) - (290

If we return to our Hamiltonian, this means that the order parameter describing the system will
incur an explicit time-dependence. Rewriting A(t) in terms of Bogoliubov quasiparticle expectation

values, we find

A () = > Vi [mevl(afan) ) + (880 ®) = 1) = udlahd (@) — vk B O] (210)

kew

where the explicit time-dependence has been included for all of the constituents.

2.3.1 Equations of motion following the pump

Before we proceed with the explicit calculation, it is convenient to choose a specific electromagnetic
field profile, which can help to simplify the number of equations we need to solve. The particular
choice we make for the electromagnetic field, which will constitute the pumping laser in a pump-
probe experiment, is a classical monochromatic laser source — an electromagnetic field with a single
well-defined frequency and momentum. The exact time-dependent profile need not be fixed, however
we choose a Gaussian shape, which should be representative of most experimental setups. We define
the vector potential for the pump, Aq(%),

2v/1n2t

Tp

2
Aq(t) = Ap exp | — < ) (Oayae€” " + 6q,—q,€™"") (2.11)

where the amplitude of the pump is A, and the full width at half maximum is 7,,. The pumping
frequency and momentum are given by w, and qp. We also choose a linear polarization for Ay such
that the momentum vector g, and the vector potential Aq(t) are orthogonal vectors as required by
electromagnetic theory.

Taking the commutator with the Hamiltonian, the time-dependent equations of motion for our

four quasiparticle expectation values are given by:
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(ol BL) = ~(Bict R a8} + G ladone) + CL(8L Bi) — o)

to Y 2k Ag() [—Lliq/(ozlhq,ﬂl,)+LI/7_q,<OzLBL_q/>

Mg _ g (oot} + Mg (8L Brcrar) — Ot

T Y Y Ao Aq®) [~LiglalhqBl) — L g lall o)
q’'=0,%2qo 9i==*qo

~ Mg lafon ) + Mifq (~(8 Birar) + wrcar)| (2:12)

Z'71%<04k5k’> = +(Bx + Riv){axBi) + Cre (o o) + O (8L Bicr) — O xc)
eh

o Y 2k Ag(t) [+ (rcra Bio) — L g (anBi—a)
q’'==+qq

~ Mg g (oo + M (B4 ) = e

e —k *
T 2 Y Aq-a(®)Aq®) Lk (owrabie) + L g (e —a)
q'=0,42q0 9i==%qo

~ME (oo + M (~ (Bl ) + Sesear)| (213)

. d X
m@(‘lf(ak’) = +(Rw — Rk)<0411ak'> + Cy (0411511) + Cy(aw P)

eh .
ta Y 2k Ag() L g lodyqgon) + L lafow )

FMy g (e Pretrar) + Mg <o‘lT<ﬂch'+q’ >]

o DD Ag—a ) Aq(t) [~Lig (ol g ) + Lig_g (afow—q)
q’'=0,£2qo 9i=%qo0

— My e Brerar) — My (ad 8L, +q,>]

(2.14)
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m%w;ﬂk» = +(Riw — Ri)(BLBw) + Cre (af BL) + Cit(one Bio)

eh «
o Z 2k - Ag (1) |:+Ll-:—q/ <511_q/l3k/> ~ Ly (BB +ar)

~Migg (o Birar) = Mg g (8]
Fom 2 X Aaall) Aalt) [~Li g Blog B+ i (Bl )
q'=0,%£2qp 9;==%qo
M0 B — M lone )]

(2.15)

After integrating these differential equations, one can determine the pump induced changes in the
superconducting order parameter and by extension, the amplitude mode Higgs oscillations, via Eq.
2.10)

2.3.2 Equations of motion following the probe

Next, we want to consider the equations of motion following a second probing pulse, which will
measure experimental observables. In particular, we are interested in the optical response, which
can be related to the current density induced by the probe, jq,,. Again we split up the response

into two parts,

J-a,, :jg():lpr +j(*2tzlpr (2.16a)

. —eh

J(_lzlpr =5 (2k + qpr)chchpr,g (2.16b)
k,o

.(2) e? ;

']_qpr = _W Z AqPF_qu7o'Ck+qpr7U (216(})
k,q,0

where V is the normalization volume. The second term jg))r, is the diamagnetic current density,

which has previously been shown [37, 38] to only lead to an offset in the imaginary part of the
spectrum and therefore may be neglected. Performing the same transformation to the Bogoliubov

quasiparticle basis, the current density jglp)r is given by,

1) _ —eh

Y Ve Z(2k + dpr) [(UkukJrqpr + vkvk+qpr)akak+qpr - (Ukvk+qp,. + uk+qpruk)5k+qprﬁk

k

H(tierq,, — Uiticra, )0f AL q + (iticia,, — Viera, 10k, A (217)

With the current density, we can then calculate other quantities such as the optical conductivity o,

(ap ) (W)

o(w) = m (2.18)

by taking the Fourier transform of j(¢) and Ag, (f), where the probing vector potential takes the
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same functional form as the pumping vector potential in Eq. The exact parameters of the
probe will differ from those used in the pump.

We now turn to the equations of motion following the probing pulse. As is the case with most
optical experimental setups, we work with a probing pulse polarized perpendicular to the pumping
pulse so that the off-diagonal terms are decoupled between the two pulses. To simplify this portion
of the calculation, we assume that the probe pulse is sufficiently weak that it need only be calculated
to linear order. Second, we assume that the prominent excitations are induced by the pump, so that
we can approximate (a;f{ ta,, 5k+qpr> ~ (a;r( ta, ,6’k+qp>, where we have used the subscripts pr and p
to represent the probe and pump respectively.

The differential equations for the expectation values of the quasiparticles needed to calculate the

optical response of the probe are as follows:

ih (0B, ) = ~(Bict Bicra, ok Bliq,, ) + Ciivq,, (0kttcra, ) + CilBl g, Br)
ch ol gl T+ alal
+ 52k Aq, () [_kaqpr (of o Blia) + Libq, (0lB0)
+My (ofor) + Mg ((Bliq Brra,) = 1)
(2.19)
o d
ih— (Qcta, i) = + (B + Ricrq,, N Qicra,, i) + Cie{af0netaq,,) + Ciera,, <51T<+qpr5k>
eh
52k Ag,, (8) [+L g (o) — Li g (anciq, Bicra,)
My <Oé;r(+qpr04k+qpr> - ngpr(wf(m - 1)}
(2.20)
d .
Zh%@ltakmp) = —(Rx — Ritq,,)(0f0ktq,,) + Cita, <0L5£+qpr> + Ci{otq,, Pr)
eh
+ 52k Ag,, (1) L, (Ofiq,00ra,) + Liq (ofox)
+Mgq (Oncia,Bira,) — Miq, (0hA)]
(2.21)

L d .
ih 7 Blrq, B) = +(Ric — Ricra,,) (Birq,, Bi) + CiofBliq ) + Citiq, (cta,, Bid)

eh
+ %21{ ’ AQpr (t) |:'Ll<’;ql_)r <Bl1;ﬁk> - Lit,qpr <ﬁli+qp5k+qp>
+M1;qp,- (o) — ]Wl;qlpr <a;r<+qpﬁlz+qp>}

(2.22)
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2.3.3 Initial conditions and numerical approximations

The Bogoliubov quasiparticles are fermions and obey Fermi statistics. Therefore, we can calculate

the occupation values for a given temperature prior to the pump or probe pulse as follows,

1
<C'41T(Oék’> =5 Okk (2.23a)
e*sT 41
1
(BLBw) = —5— Ok (2.23b)
e*sT +1
(afBL) =0 (2.23¢)
(axpBr) =0 (2.23d)

where Fy = vex + Ak is the quasiparticle energy. For our calculations, we limit ourselves to the
T = 0 case. Qualitatively, the results are similar for sufficiently low temperatures.
Next, we choose the superconducting symmetries to consider. We primarily study the two well

known superconductor symmetries: s-wave and d-wave. In this case, our interaction term in Eq.

Vi x/, is of the form

Viw =V (2.24)
or

Vi = V(cosk, — cosky)(cos ki, — cos k) (2.25)

for s-wave and d-wave (d,2_,2) respectively. However, it would be trivial to extend our formalism
to other interaction symmetries in one and two-dimensions, such as p-wave.

We can now proceed to fix V', or A and the other superconducting properties. When choosing
which type of pump and probe, the pumping timescale should be on the same scale as the response
time of the superconductor, which turns out to be in the order of a few hundred femptoseconds for
superconducting gaps in the order of a few meVs. As discussed previously, this is required to induce
a non-adiabatic excitation such as the Higgs amplitude mode. The superconducting parameters
used throughout this thesis were historically used to study a lead superconductor, however we have
investigated the effects of varying superconducting parameters and for a reasonable choice of pump
and probe pulses, the effects are purely quantitative and have do not change the qualitative results.
Therefore, we proceed with the same parameters for both s-wave and d-wave for comparison. The
exact values used in our calculation are presented in Table

We also need to make certain choices to simplify the numerical calculations, so long as they do
not affect the qualitative results of our calculations. We take a 2-D momentum grid with spacing
along the pumping momentum direction equal to the pumping momentum transfer. This may seem
unjustified at first, but our pumping momentum is extremely small (see Table and we have
also numerically verified that choosing a smaller discretization does not affect the calculation. In
the second momentum direction, we choose to rather discretize the angle for simplicity. This turns
out to being equivalent to choosing Chebyshev points along the second direction. Furthermore, this
gives us the most equal distribution of points between nodes for the case of a d-wave superconductor.
For the d-wave case, we approximate the pairing as Ay = Agcos20. We also limit the number of
off-diagonal terms to four. In Eq. this amounts to restricting |k — k’| < 5qg. Lastly, the
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Parameters
Superconductor Pump Probe
a 10719 m hwy, 3.0 meV hewpy 2.5 meV
Er 9470 meV Wp 4.56 x 1073 fg'! Wpr 3.80x 1073 fs'!
m 1.9m, Ap 7.0 x 1078 4= Ape 0.7x 1078 4=
We 8.3 meV Tp 400 fs! Tpr 250.0 fs!
Ag 1.35 meV ap a 1.52 x 107¢ Gpr @ 1.26 x 10~¢

Table 2.2: Parameters for our calculations. a is the lattice spacing, Er is the
Fermi energy, m is the re-normalized mass and w, is the cutoff frequency. Ay is
the initial size of the gap before the pump is turned on. wy,/p , Ap/prs Tp/pr and
qp/pr are the pump/probe frequency, amplitude, full width at half maximum and
momentum.

standard fourth-order Runge-Kutta method is used to time-evolve the density matrices according

to the equations of motion.

2.4 Results

2.4.1 Higgs oscillations

Following the application of a pumping laser, the magnitude of the order parameter decreases and
oscillates due to changes in the free energy potential of the superconductor. The degree to which the
potential is altered depends both on the amplitude and length of the pump. For longer duration and
larger amplitudes, more Cooper pairs are depleted, which decreases the central value about which
the order parameter oscillates. The strongest signal occurs for a pumping laser on the order of a
few hundred femptoseconds, or faster than the intrinsic superconductor response time. Additionally,
the amplitude or fluence of the pump should not be so large that the number of Cooper pairs is so
significantly depleted that oscillations cannot occur.

The results for our specific parameters are presented in Fig. At t = 0, the pump is turned on
and the magnitude of the order parameter rapidly decreases as Cooper pairs are broken; the order
parameter then begins to oscillate after the pump is turned off. In Fig. , the Higgs oscillations
of an isotropic, s-wave superconductor interacting with a laser are presented. As previously found
for the case of an isotropic superconductor, ([37, 38], etc.) the oscillations decay with a characteristic
1/+/t dephasing of the Bogoliubov quasiparticles and the oscillations themselves have a characteristic
2A frequency (Fig. , where A is the new order parameter in the ¢ = oo limit. Increasing
the total amount of incident energy, will further decrease this value of the order parameter, as well
as the frequency of the oscillations. These results are contrasted with the Higgs oscillations of a
dy2_,2 superconductor (Fig. . Most notably, the d,>_,» superconductor oscillations depend
strongly on the angle between the superconductor and polarization of the laser. ¢ = 0 corresponds

to a magnetic vector potential aligned along one of the d,2_,» antinodes (and subsequently, the
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Figure 2.3: Comparison of s-wave (a) and d-wave (b) Higgs oscillations following
the pumping pulse for the parameters given in Table (c) Fourier transform
of (a) and (b). ¢ is the relative angle between the vector potential and the
dg2_,2 antinode.

momentum vector also points perpendicularly along an adjacent node), while ¢ = 7/4 corresponds
to having the vector potential aligned along one of the nodes. Moreover, the oscillations themselves
are much smaller in amplitude and have a much more rapid decay, which has partly contributed to
the difficulty thus far in detecting Higgs oscillations in anisotropic superconductors. The differences
are perhaps best illustrated in the Fourier transform of the oscillations (Fig. . While the
isotropic, s-wave superconductor has a single sharp oscillation frequency at 2A, depending on the
polarization angle ¢, the d,>_,> superconductor has as many as 2 oscillation frequencies. As the
polarization angle ¢ is rotated from the node to the antinode, the amplitude of the 2A mode decreases
and a second mode develops below 2A. The frequency of this second mode also depends strongly
on the amplitude and particularly the duration of the pump. The exact symmetry of this second

mode will become more apparent in the following chapter.

2.4.2 Optical response

After the pump, a probing pulse is applied to measure the oscillations of the gap parameter A(t). In

reality, many probing pulses are applied to measure the oscillation at various time-delays §t between
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Figure 2.4: Comparison of different optical conductivity Higgs responses be-
tween (a) an s-wave superconductor and (b-f) a d,2_,2 superconductor for the
parameters in Table The relative angle ¢ between the vector potential and
the d,2_,2 antinode is (b) ¢ =0 (¢) ¢ = 7/16 (d) ¢ = 7/8 (e) ¢ = 37/16 (f)
p=mn/4.

the pump and the probe, each of which define a different set of differential equations to be solved.
0t is a measure of the time-difference between the centers of the pump and probe pulses. For pump
and probe time-scales on the order of a few hundred femptoseconds, this means that the smallest
allowable time-delay, without significant pump and probe overlap, is around one picosecond.

The results for our parameters are presented in Fig. For an isotropic s-wave superconductor
(Fig. (a)), there is clearly only a single, sharp mode in the conductivity spectra at 2A. The
oscillation frequency in delay-time ¢ is also equal to 2A as expected from our analysis of the order
parameter after the pump. In contrast, the conductivity response of a d,2_,2 superconductor is very
different. For a linear pump polarization such that the vector potential is aligned along the dg2_,»
antinode (¢ = 0), there is a broad mode below 2A. The exact energy of the second mode depends on
the specifics of the pump, but not on the geometry. As the vector potential of the pump is rotated
towards the node (away from the anti-node), the intensity of the low energy mode decreases, while
the intensity of the 2A mode increases until around an angle of 7/8 between the vector potential
and the d-wave anti-node, at which point the second mode is no longer visible in the conductivity
spectra. The intensity of the 2A mode increases to a maximum when the vector potential and
d-wave node become perfectly aligned (¢ = 7/4). As for the oscillations in time-delay, they have
both the frequencies of the 2A mode and the mode below 2A. Lastly, the signal has an eight-fold
reflection symmetry as the pump polarization is rotated around the remaining 77/4 degrees; the
signal is identical to the reflection across the 7/4, C¥ axis and the C axis. In other words, there
is no differentiation between positive and negative antinodes, nor is there a difference for points of

equal amplitude across a single antinode.



2.5. Discussion 20

2.5 Discussion

As we have shown, the Higgs amplitude mode of a nonequilibrium superconductor can be excited
and measured in an optical pump-probe experiment with terahertz pumping energies and a pumping
duration on the order of a few hundred femptoseconds. Moreover, the Higgs amplitude mode can
be used to differentiate between isotropic and anisotropic superconductors, simply by rotating the
sample relative to the polarization of the pump. For a d,>_,» superconductor, this corresponds to the
excitation of an additional mode below the isotropic 2A mode as the vector potential is rotated to lie
along an antinode. In an optical experiment, this can be detected either by noting the appearance of
a low energy mode below the 2A energy or by observing changes to the frequency of the oscillations
as a function of time-delay between the pump and probe. Our results also can easily be extended
to different symmetries, for instance s or p symmetries, which we expect will also be simple to
differentiate from the two cases presented here, but will follow similar trends. Therefore, among
other possibilities, exciting the Higgs amplitude mode via Higgs spectroscopy offers an unambiguous
method for studying and differentiating between the different superconducting symmetries in a
material.

What remains is to identify the specific symmetries of the nonequilibrium modes. While we
expect the 2A mode in the d,2_,» superconductor to correspond to the isotropic breathing mode
since this is the only possible mode for the isotropic s-wave superconductor, the mode below 2A in the
dg2_,2 superconductor is not quite as easy to identify using momentum integrated spectroscopy. We
do not expect the nonequilibrium mode to acquire any angular momentum, therefore the osculating
mode is the most likely candidate. However, this does not rule out the potential of generating these
additional nonequilibrium modes by introducing additional pumping pulses of various geometries,
which could produce the angular momentum necessary to generate other nonequilibrium modes. To
determine the exact symmetry which is broken in this setup, it will be necessary to study the Higgs

modes with momentum resolved spectroscopy, presented in the next chapter.
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Chapter 3

Nonequilibrium Superconductivity:
ARPES

3.1 Introduction to Green’s functions

We turn now to the study of nonequilibrium superconductivity beyond the context of optical ex-
periments. Namely, we want to study how the Higgs oscillation(s) will manifest in various other
experimental contexts. In condensed matter physics, one of the most powerful tools for describing
a system is the set of Green’s functions, which are closely related to various experimental observ-
ables such as those measured in angle resolved photoemission spectroscopy (ARPES) [12, 13, [17]
or scanning tunneling microscopy (STM). Since we will be working at zero temperature, only the
zero-temperature Green’s functions are presented. The two-time electron Green’s function for a

translationally invariant system is given by,

Goo (K 1) = —i{T e, (1), cf i (1)) (3.1)

where .7 is the time ordering operator and CLU (¢y,) creates an electron (hole) with momentum
k and spin o. For the sake of simplicity and relevance to our problem, we only consider Green’s
functions for states of equal spin, since our Hamiltonian is spin symmetric. The Green’s function is
also closely related to four other quantities, the nonequilibrium greater and lesser Green’s functions,
GS(k,t,t') and the retarded and advanced Green’s functions, G®(k,¢,t') and G4 (k,t,t'). They are

defined as follows:

{0y )

GS(K 1) = +ilcl , (1), o (t 3.2b)

GR(K 1) = —iO(t — ') ({c , (1), b, (t)}) (3.2¢)
GAK 1) = +iO( — ) ({cf , (1), i, ()} (3.2d)

In non-equilibrium photoemission spectroscopy, the ARPES intensity [agrprsg, is related to the
spectral function, A(k,w) of the non-equilibrium Green’s function. Often, this is presented simply
in terms of the lesser Green’s function, G<(k,w), which gives us information about the electronic

density (as opposed to information regarding the hole density, which is given by G~ (k,w)).

IARPES x Im G<(k,w, (St) (33)

where G<(k, w, dt) is the Fourier transform of G<(k,t' — ¢, t) and dt is the time-difference between
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the pump and the probe. The non-equilibrium spectral function also relates the retarded and

advanced Green’s functions to the lesser and greater Green’s functions according to

Ak, t,t) = G” (k,t,t') — G<(k,t,t') = GE(k,t,t') — GA(k,t,1). (3.4)

Therefore, in order to study properties of the nonequilibrium ARPES signal, we must develop a
formalism for evaluating the expectation value for two times rather than a single time as we have

done previously.

3.2 Model Hamiltonian

Since we want to study the same phenomena and how it manifests in different experiments, we begin
with the same Hamiltonian as in the previous chapter — a mean-field BCS superconductor placed in

an arbitrary electromagnetic field.

H:HJLTF+H1(5'1]24+H(E'2])V[ (3.5)

For clarity, the relevant equations for the Hamiltonian are presented again. In terms of the Bogoli-

ubov quasiparticles,

o = uey 4+ vkcik¢ (3.6a)

,Bk = ul*(c_lq — UkCIT(T (3.6b)

the mean-field Hamiltonian is again of the form,

Hyr = Z [Rkalioék — Rkﬂkﬂl + Cka;r(ﬁlt + Cf:ﬂkak} (3.7)
Kk

where Ry and Cy are the same as in Eq. [1.6. The electromagnetic Hamiltonian terms are,

HJ%‘JL = o <2k + Q) ) Aq(t) [(UkJquk + Uk+qvk>04;f<+q04k - (Uk+qvk + Ukuk+q>5£5k+q
k,q

(st — Ui qU) 0 o 8L + (Vittcrq = viky qui) Bt (3.8)

2

€ * * ES

HEr = 53" | Y Aama®) - Aq (1) | (e quic = vics quid)af g = (s qvic — tikticra) B q
kq \ d

(et + Ui )0 o B — (Victicra + iy i) o (3.8b)
The same shorthand is employed as before,

+
Lk,q = Uk+qUk + Vk+qVk

+
Mk,q = Uk+qVk + Vk+qUk
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3.3 Time-dependent ansatz

We need to develop a time-dependent operator ansatz, which will allow us to calculate the values
of oz;r((t), ﬂl(t) — and thus also CLU(t) and ¢, (t) and all relevant two-time Green’s functions. Our

time-dependent ansatz is of the form [19-21],

af(t) = lanss(t)os, s + bicrs () Biers + - (3.10)
5

where we maintain our original time-independent operator basis, but take into account time-dependent
prefactors and mixing with the other operators in our basis. This ansatz arises from the Heisen-
berg picture for the time-dependence of the Hamiltonian. In the Heisenberg picture, due to the
time-dependence of the Hamiltonian, H(t), a time-dependent operator, U(t, ) is introduced given
by,

U(t,tp) = exp (z/t: H(t’)dt’) (3.11)

which yields a simple expression for the time-dependence of U(t, tg),

D
ih=- Ut to) = H(OU(t.to) (3.12)

The time-dependence of a given operator can then be calculated from some initial value t¢, which
can be set to zero for simplicity,
A(t) =UT()A0)U(¢) (3.13)

This results in the very simple equation for the time evolution of A(t),

z’h%A(t) = m%UT(t)A(O)U(t) + ihUT(t)A(O)%U(t) (3.14a)
= —UT(t)H(t)A(0)U(t) + UT(t) A(0)H (t)U (t) (3.14b)
= [UT®) AU (), UT () H (t)U ()] (3.14c¢)
= [A(t), H(1)] (3.14d)

with H(t) given by, H(t) = UT(t)H(t)U(t). Under this transformation, it is possible to calculate
the new Hamiltonian in terms of the time-dependent operators.

Our ansatz for the time-dependence of the operators arises from this equation in the following way.
If we begin with the simple assumption that for the time-dependence of our operator A(t) = a(t)A,
then by calculating the commutation relations, depending on the details of the Hamiltonian, we
either can arrive at a closed form for the time-dependence of our prefactor a(t), or introduce further
time-dependent prefactors for another operator in the system. If the latter is the case, our first
assumption is adjusted by adding the new operator and prefactor, and now take into account that
the Hamiltonian, H (t) has changed as well. This process can then be repeated to improve the
accuracy of the time-dependence by adding in additional terms for more operators in the system.
Alternatively, one can make a truncation by commuting the current ansatz for the time-dependence

with the newly derived Hamiltonian.
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3.3.1 Model Hamiltonian with the ansatz

Fortunately, our Hamiltonian is bilinear. Therefore, when we apply this method to our Hamiltonian,

the time-dependent ansatz for our operators depends only on two of our time-independent operators,

af(t) =D hes(t)af s + mics(t)Bits (3.15a)
5

ﬁl(t) = Z nk,&(t)ﬁl_M + 0x,6(t) Qrers (3.15Db)
5

with the initial conditions that Ix(0) = 1, nx(0) =1, lxs = nks = 0V J s.t. d # 0 and my s(0) =
0k,5(0) = 0V . ¢ can, in general, correspond to some arbitrary momentum transfer from the
commutator with the electromagnetic part of the Hamiltonian. However, in the next section, we
limit the pump to a single momentum, which will restrict § to integer multiples of the momentum
q corresponding to to the chosen value for the pumping pulse Ag.

Though in the previous chapter it was beneficial to break up the electromagnetic Hamiltonian
into linear and quadratic parts to differentiate between the quadratic excitations generated by the
pump and the linear response of the probe, we will now focus solely on the former and so work with

a single electromagnetic term. Our Hamiltonian in terms of our ansatz is now,
ﬁZﬁMF-i-ﬁEM (3.16)
with H MF given now in terms of the new ansatz for our operators as
Hyp = f hesly., — o R+ (I Cy + (I, 01 5)Cs:
MF QA1 5Qk+n (le,s k,n Ok,éokm) Kk + (le,60k,7) Ck + ( k,nok,é) k
k,5,n
By Brcts ((—mi,nmk,(s + N e 5) Ric + (=i 67¢,5) Cic — (mﬂmniﬁ?a)(]ﬁ)
a5 Bl ((hesmicy = Micnoics) Bic + (hesmien) Cic + (0k smi ) Ci (3.17)
+Brt5c iy ((mk,aliim — N 50k,n) B + (M, 60k ) Cc + (nii,alii,n)cﬁ)
“1‘(55,77 ((—Oi’;(gOkm + mﬂynmk’g)Rk + (mkygnkm)Ck + (mf(ynn;,(;)clt)} .
The explicit time-dependence of [, m,n and o has been excluded for compactness. We can simplify
the Hamiltonian slightly by dropping the last term in the Hamiltonian, as it only amounts to a

constant energy offset and does not effect the dynamics of the system. Hpys given in terms of the

new ansatz for our operators is,
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Hpum =

[;z > (2k+ q)Aq} x

k,q,0,n
[O‘LJqur&ak-&-n ((lk-i-q,éll*c,n + Ol*c+q,60k7n)Li:,q + (_Zk+q750k7n + Olt+q,6llt,n)Ml;q)
+B],, Brcrars ((*mi,nmkm,é — N Mictq,8) L q + (FMicq,6M,n — ”i+q,am1’im)Ml§q>
+O‘L+q+6ﬁlz+n (Ukﬂﬁmlim + MenOktq,6 )th,q + (“hraomicn + 01t+q75mlin)Mk_,q)

* * + * * —
+Bi+a+6Qtn ((mk+q,5lk,n + Ny q,60km) Ly g + (5 Mkt q,60kn + Mg 5tk n) My )

* * =+ * * —
+0544.m ((—0k+q,50k,n + ey Micq,6) Dig g + (Micr a7, + nk+q,6mk,n>Mk,q)]

—&-% Z (Z Aq—q"Aq’)

k,q,6,n q
[aL+q+60‘k+’7 ((lk+qv5l;m ~ Okt q,6%n) Lc g = (hetq.60kn + 0§+q75li';,,)M1;",q)
8Ly Bicras (i micras + Monmiceq s) Licq = (—MicrasMion = Mirq iMicy) Mg )
+0¢1T<+q+5511+n ((lk+q,6m1t,n — Nk,nOktq,8) Lieq — (leta,6nin + Olt—i-q,zsmlt,n)Ml—:q)

* * — * * +
+Pr+q+6 0K+ ((mk+q,5lk,n - nk-&-q,éokm)Lk,q — (Mitq,60k,n + nk—i—q,élk,n)Mk )

00 ((~Oicra.60kn + i Mictas) L q + (Micra.smicn + n;ﬂ,ém;n)ng)]
(3.18)
Again, we can drop the last term as it only amounts to a constant offset in our Hamiltonian.
We can also write an expression for the order parameter Ay(t) in terms of the ansatz for our
new operators. Beginning with a modified Eq. for the now explicit time-dependence of our

operators,

A (t) = % > Viw (Ukvk(l — (ol (H)onc(t)) — (BLE)Bi(1))) + ui(Brc(t)one(t)) — Uﬁ@i(ﬂﬁi(ﬂ)-

kew
(3.19)

We must calculate the expectation values for our new operators in terms of our ansatz. The first

expectation value is given by,

(ol ®a®) = (X tep®aly, + mip®8irs ) (3t parsy +mi (8L, ) (3.20)

p 8

and due to the fact that, for general operators A and B, (ATB) = 0 and (ABT) = §4 p we get a
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simple expression for (aL(t)ak(t» and the three subsequent expectation values,

(af one) Z M ( (3.21a)
(Bifk) = Z loxp (1) (3.21b)
(Breauc) = Z iy, (H)ymi ,(t) (3.21¢)
(af.BL) = anp )i o (t) (3.21d)

Clearly the final two expectation values are the complex conjugate of each other, since [, m,n and o
are simple complex numbers. Therefore, we can rewrite our equation for the gap parameter Ay (t)

as,

1 * *
Ak’(t) = N Z Vk7k’ (U,k’Uk(l — |mk7p(t)‘2 _ |Ok,p(t)|2) —|— uinkm(t)mk,p(t) — ’Uink,p(t)mk,p(t))
keWw,p
(3.22)

It is a simple matter to also calculate the other four expectation values for the remaining two operator

combinations, which will be useful for calculating the Green’s functions later:

{ax(t) Z e, (3.23a)
(Bie(t)BL(1)) = Z [mac o (1) 2 (3.23D)
(one(t)Bue(t)) = Z B ()i (1) (3.23¢)
(1) = ézk,pmok,p(t) (3.23d)

3.4 Equations of Motion

We now derive the new equations of motion in terms of the time-dependent operators. In fact, the
time-dependent equations of motion are now equations of motion for the prefactors in our ansatz.
Following the same methodology as in the previous chapter, we work with the Heisenberg equations
of motion. Our operators have an explicit time-dependent term now, however we assume that the
change in our operators is small compared to the commutator term. This should be justified given
that we imposed the time-dependence as part of our ansatz; had we not, the operators would have no
explicit time-dependence. This should be equivalent to the time-independent basis of the previous

chapter, since in both cases no time-dependence will be incurred beyond terms coming from the
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commutator with the Hamiltonian. The equations of motion are:

m%alﬁ(t) = [af (t), H] (3.24a)
mz( e o (1) k+p+5tmk,,( )5k+,,) = [al(t), Hoe + Hop), (3.24b)
m%ﬁ;(t) = [Bl(t), H] (3.25a)
th( N, p(t ﬁk+p ddtOk,p(t)aker) = [ﬁl(t),ffsc—kﬁem]. (3.25Db)

p will be some integer multiple of the transferred momentum q from the electromagnetic portion
of the Hamiltonian. For a relatively small total incident energy, the additional terms in p are
proportionally small to the power of the integer, so sum will converge on short time-scales beyond
some sufficiently large cutoff integer.

As before, we define the vector potential for the pump Aq(t),

2v/1n2t

T

2

Aq(t)=Ap exp |— < ) ((5q7qoe_i“”’t + (5q7_qoei“’f’t) (3.26)
where the amplitude of the pump is A, and the full width at half maximum is 7,. The pumping
frequency and momentum are given by w, and qp. We choose a linear polarization for Ay such
that the momentum vector g, and the vector potential Aq(t) are perpendicular vectors as required
by electromagnetic theory. Since we have once again chosen the form of a monochromatic pump
(and vector potential), the equations of motion will only couple terms of integer multiples of the
transferred momentum q.

While we now only have two explicit equations to solve, our operators (and our Hamiltonian) are
significantly more complicated. The a;r{ commutator with the electromagnetic part of the Hamilto-

nian is as follows,
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(2k + q)Aq] X
k qyé Y

{O‘L+q+6(_5k’+%k+n) (Zk'ﬁ ((lk+q,5lli,n + Oli-&-q,éokm)th,q + (—lktaq,60km + Olt-s-q,éllin)Mk_,q)
+ My ((lk+q,5mlt,n + nkwnol*(+q,5)Lli:q + (—lk+q,0mK,n + 01*<+q,6m1*<,n>Mk,q))
+Bita+6 (O k+1) (mk’w ((—mi‘(,nmkm,a — Moy Mitq,6) I g + (FMcrq My — nl*(+q,5mlt,’r])Ml;q)
_ lk'ﬂ ((mk+q,5l;,n + nik{+q’60k’n)th’q -+ (7’!711(_._017501{777 + ni+q75l;7n)M1:’q)>:|

[Qm > (ZAq 9 )]

k,q,0,m,y d

T * * — * * =+
{ak+q+6(_5k’+%k+n) (lkw ((lk+q,6lk7n - 0k+q750k777)Lk,q = (heta,601n + 0k+q,6lk7n>Mk,q)
* * — * * -+
+ Mk ((lk+q,5mk,n - nk,n0k+q,6)Lk,q = (lktq,8mK,n + 0k+q,5mk,n)Mk,q)>
* * - * * —+
+Bita+5 (O kt1) (mk’n ((_mk,nkarq,J + nk,nnlﬁq,é)Lk,q — (=t q.6mmn — nk+q,5mkm)Mk,q>

e (st ~ i) Eicq ~ (a0 + sl ML) )
(3.27)
and for ﬂl we obtain a similar expression. Collecting like terms, we then get the following differential
equations for the pre-factors of ozlt, (t) by choosing k' + p =k + 4§ and k' + p =k +q+ J in the

subsequent 2 sums:
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d ;
zhalkr,p(t)akurp =

T * *
- E :ak’+p ler (lk’+P*5>5lk’+p75»’Y+57p _Ok/+p75,60k’+p75,'y+57p)Rk/+p75
8,y

* * *
+ (4 p—6,50k' 4+ p—6,4+5—p) Crr 4 p—s5 + (lk/+p—6,’y+6—pok/+p—6,5)Ck/—‘,-p—(s)

* *
+ My <(lk/+0_575mk'+p—6,’7+5—p - nk/+ﬂ—57’)’+5—llok/+p—§,6)Rk/-i-p—(s

* * *
+ (4 p—6,5Mk +p—5,44+5—p) O,/ p—5 + (Ok’+p—6,6mk/+p—6,’y+6—p)0k/+p—6))

[ S e a0+ g

2m
q,6,y

T * * +
ak,+p lk/,'y (lk’+p75,5lk/+p757q,'y+5+q7p + Ok’+p75,50k/+P*5*q,’Y+5+¢I*P)Lk’—q+p—6,q
* * —
+ (~l4p-5,60K 4 p—5—qy+5+q—p T Ok’+p76,6lk’+p757q,’y+5+qu)Mk’7q+p75,q)

* * —+
+ M ((lk’+p75,5mk/+p—5—q,’y+5+q—p + N/t p—5—g,y+6+a—pOk/+p—6,0) Lo —qip—b.q

* * -
+ (=l 4p—6,6T/+ p—6—g.7+6+9—p T 0k’+p6,6mk/+p§q,7+5+qP)Mk’—q+P—57Q)>

- [5m 2 (E e 0

Q.07 4d
T * * —
Qprip <lk',’y ((lk/+P—5751k’+p—5—q,7+5+q—p - Ok/+p—6,60k'+p—6—q,’y+6+q—p)Lk'—q+p—6,q
* * -+
= (I 4p—6,60k/ 4 p—6—g,7+6+q—p T Ok’+p—6,5lk/+p—5—q,'y+6+q—p)Mk’—q+p—6,q)

* * —
+ My ((lk’+P—575mk’+p—6—q,7+6+q—p - nk’+p—5—q7v+6+q—pok'+p—6,5)Lk'7q+p75,q

* * +
= (I 4p—8,6/ +p—6—q+6+q—p T+ Ok’+p—5,<5mk/+p—5—q,’y+6+q—p)Mk’—q+p—6,q))
(3.28)

and again similar expressions are found for the By, oy and B]T( operators.

3.4.1 Initial conditions and numerical approximations

In order to limit the number of equations in our system, one must choose an upper bound N such
that, |v], 9], |pl,n < Nq V g, g, %, g,N € Z. We will set the coefficients outside of this bound
to zero. In practice, IV is chosen so that the equations are sufficiently convergent within the time
domain of interest. Convergence will, in general, not be expected for all forms of an electromagnetic
term, however, we will enforce a pump with a sufficiently small amplitude that convergence can be
reached for a reasonable number of terms. This is because nonzero integer terms will scale as powers

of Aj. With this choice of N, our sum now becomes limited in the following way:

1) Since we have chosen k' + v =k + n and k' + p = k + § in the first sum of Eq. and we
have the following additional restriction that, given p,d, v € [-Nq, Nq] s.t. |[p—d — | < Nq.

2) In the subsequent sums of Eq. and we choose k' +y=k+nandk’'+p=k+q+4d so
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Parameters
Superconductor Pump
a 10719 m hwy, 6.0 meV
Er 9470 meV Wp 0.12x 1073 fg!
m 1.9m, A, 1.0x 1078 4=
We 8.3 meV To 100 fs
Ao 1.35 meV a0 a 3.04 x 1076

Table 3.1: Parameters for our calculations. « is the lattice spacing, Ef is the
Fermi energy, m is the re-normalized mass and w, is the cutoff frequency. Ay is
the initial size of the gap before the pump is turned on. wy,/p , Ap/prs Tp/pr and
qp/pr are the pump/probe frequency, amplitude, full width at half maximum and
momentum.

that we get the additional restriction that, given p,d, v € [-Nq, Nq] s.t. [p—d—q—v| < Nq

3) Since we have chosen k’ +v =k + § and k' + p = k + 7 in the first sum of Eq. and we
have the following additional restriction that, given p,n, v € [-Nq, Nq] s.t. [p—n— 7| < Nq.

4) In the subsequent sums of Eq. and we choose k' + p=k+nand k' +y=k+q+ 6 so
that we get the additional restriction that, given p,n, v € [-Nq, Nq] s.t. |[p—n—aq—~| < Nq. It
turns out that choosing Ng in the order of ~ 10 provides reasonable convergence for the parameters
presented in Table However, this number rapidly increases with increasing pumping incident
energy, as compared to the number of off-diagonal terms we needed in the previous formalism.

To limit the number of equations to a reasonable number, it is necessary to use a smaller intensity
of pump than in the previous chapter. We also choose a smaller time-constant in order to decrease
the length of the calculations as well. Nevertheless, we expect the same qualitative physics as we are
still in the same non-adiabatic, small fluence regime as in the previous chapter. Moreover, similar
modifications of the pump parameters in the previous formalism resulted in equivalent qualitative
behaviour to the parameters used in Chapter 1 (Table . The parameters used here are presented
in Table [3.11

3.4.2 Nonequilibrium Green’s functions

The solutions of the equations of motion can then be used to calculate all Green’s function G(k,¢,t'),
which we want to relate to the ARPES spectra. Rewriting the operators in terms of the Bogoliubov
quasiparticle operators,

(er(t)s e 1 (1) = ((meane(t) — viBL(E)) (urcal (') — vicBic(t'))) (3.29a)

)

(e (8), el (1)) = (0wl . () + v_wBoic()) (v_ko—i(t') + u_i BT (1)) (3.29D)

s

However, as our Hamiltonian is spin symmetric, it will suffice to consider only the spin-up regime.
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Thus, for the non-equilibrium Green’s functions,

G” (K, t,t) = —i({(uconc(t) — vieBL(E)) (uco (') — vicBi())) (3.30a)
G (k, 1, 1) = +i{(ual (t') — v i (') (e (t) — v B (1)) (3.30D)

Finally, using Eqgs. and in terms of the ansatz, the non-equillibrium Green’s functions are,

G~ (k,t,t') =

— ZZ [uilie ,(8)lac,p (1) — vctinOu, p ()i p (') — vicuncliy , ()oge ,(t) + vizox o (t)oy , ()] (3.31a)
p

G<(k,t,t)
+i ) [upmic o () mi ,(8) — viewemi o (8 )i (1) — viewseni (¢ )mi () + v, (), (1)
P

(3.31D)

and for the retarded and advanced Green’s functions,

GR(k,t,t') =

Ot =) > [uilie , (), p(t) = victiscn o ()lie (') — victnclie, (£)oge , (') + v p(t)0r (')
P
— uimk,0<t/)ml*{7p(t) + victtemie, o ()1 p (1) + vicunenge , (8 )mie , (1) — vﬁn;p(t’)nk,p]
(3.32a)

GA(k,t,t') =

Ot — )Y [ = uili ,(Dhep(t') + victiscone,p (D), p (t') + victneliy , (D)0, () = vR0w o (t)0f ()
p
+ upmmie (8 )mig () — vicusermie (8 )iae,p (8) — vicunenie , (¢ )mig, (£) + viengs, (' )nuc |
(3.32b)

3.5 Results

3.5.1 Higgs oscillations

Similarly to the previous chapter, following the application of a pumping laser, the magnitude of
the order parameter decreases and oscillates due to changes in the free energy potential of the
superconductor. The degree to which the potential is altered again depends both on the amplitude
and length of the pump. Since we are interested particularly in understanding the second Higgs

mode in a dg2_,2 superconductor, we will focus immediately on those results. The results for our

~y
specific parameters are presented in Fig. and agree well with the results from the previous
formalism (Fig. |2.3]). There is once again a well-defined oscillation frequency at 2A and a second
low-energy frequency below this threshold. This shows that our ansatz reproduces the same physics

from the previous chapter.
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1.35

A(t) (meV)
Fourier transform ~ A(t)

1.3495 ')

time (ps) Frequency (meV)

(a) (b)

Figure 3.1: (a) Absolute value of a d,2_,2 order parameter A(t) as a function
of time following the pump in the new formalism. (b) Fourier transform of the
order parameter in (a). ¢ is the relative angle between the antinode of the dg2_,»
order parameter and the direction of the vector potential of the pump.

3.5.2 Spectral Function

To determine the symmetry of the oscillations and thus, the order parameter, it is most useful to
visualize the spectral function within the energy scale of the order parameter A. These results
are presented in Fig. after a time-delay of 0.55 picoseconds and for a pump polarized so that
the vector potential lies along # = 7/2 in the polar plots. The d,2_,2 character is easily evident.
However, for a vector potential aligned along the antinode (Fig. , the #y intensity symmetry
is broken between the d,2_,> nodes, along the Cy axis, which is indicative of the osculating, Blg
nonequilibrium mode (Fig. d). In contrast, when the vector potential is aligned along the node
(Fig. , the symmetry between antinodes is not broken. Rather, the C) symmetry is broken
within a single antinode. Together, these facts point towards the second Higgs oscillation mode
coming from an osculating origin.

This symmetry breaking is further exemplified when looking at the time-delay data for various
points around the Fermi surface and near to the antinode. In Fig. we show the oscillations in
the spectral function as a function of time-delay. Notably, the oscillations of the spectral function
are fixed in energy and only the amplitude oscillates in our calculations. These oscillations again
have characteristic frequencies corresponding to the two modes in Fig. For the vector potential
aligned along the antinode (Fig. , there is a single sharp peak at A(f) for angles away from
the 6 = w/2 (0 = 37/2) antinode. However, near to this antinode, the peak becomes broad and an
additional peak is clearly visible in the spectral function at the antinode. In contrast, for a vector
potential aligned along the node (Fig. , while there is broadening along the § = 7 /2 direction,

there is no additional peak in the spectral function along a specific antinodes or antinodes.

3.6 Discussion

The ansatz proposed in this section is clearly a powerful tool for determining additional information

beyond what can be achieved by the density matrix formalism, while still maintaining the same
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Figure 3.2: Comparison of the spectral functions A(f,w) for a pumped dg2_,2
superconductor after 0.55 picoseconds, with the vector potential aligned (a) ver-
tically along the antinode (b) vertically along the node.
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(a) (b)

Figure 3.3: Comparison of the spectral functions A(6,w, §t) near the antinode
for a pumped d,>_,2» superconductor with the vector potential lying along the
(a) antinode and (b) node, as a function of delay-time d¢. The plots correspond
to various polar angle cuts near to the /2 antinode in Fig. and the 37/4

antinode in Fig.
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underlying physics. In our model, we are able to use this ansatz to reproduce the spectral function
for a superconductor with arbitrary symmetry interacting with an electromagnetic field and predict
the ARPES response based on the nonequilibrium spectral function. Having this information is
particularly useful for evaluating the symmetry-breaking terms since ARPES (and the spectral
function) contain relevant experimental momentum information, which is integrated over in optical
experiments simulated in the previous chapter on optical response.

Considering the group symmetry of our lattice, we know the oscillations must fall into the
category of either the Alg, A2g, B2g or Blg symmetries. We can now identify the mode at 2A as
the Alg, or breathing mode from our analysis in the previous chapter and comparisons with isotropic
superconductors. In the spectral function, as the vector potential of the pump is aligned along the
dy2_,2 antinode there is a broken #y symmetry. That is, the Cy and the Cy symmetry are broken,
while the C% is not. This is more clear upon examination of the electromagnetic coupling term.
While the second order term does not couple to the momentum, the first order term does couple to
the § momentum along the direction of polarization, which breaks the C}, momentum symmetry of
the lattice. Accordingly, this shows that our second mode corresponds to the osculating mode in
Fig. In terms of the Dy character table, the coupling to our electromagnetic field, which has
been polarized such that the vector potential lies along the § axis, perturbs the equilibrium BCS
Hamiltonian with a momentum anisotropy that is of Alg and Blg character.

For a pump polarization where the vector potential lies along the nodal direction, the C% (2y)
symmetry is not broken. Instead, the C) symmetry is broken due to the /4 sample rotation.
However, there is no clear indication of a B2g mode as would be the case for this symmetry breaking.
This should be somewhat expected because the pump should not induce any modes associated with
an angular momentum symmetry breaking, as is the case of the A2g and B2g modes. Moreover, the
momentum that incurs the maximum symmetry-breaking is along the nodal lines, which presents
a further explanation regarding the absence of this mode in the superconducting amplitude Higgs

mode oscillations.
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Chapter 4

Conclusions and Outlook

The subject of this thesis is the nonequilibrium response of superconductors with different pair-
ing symmetries. The experimentally motivated models studied in this thesis have revolved around
the interaction of a BCS superconductor with a short-time electromagnetic field, modeled so as to
emulate real experimental pump-probe spectroscopy. Our main findings show how this novel tech-
nique, Higgs spectroscopy, can be used both to excite and study the nonequilibrium superconducting
mode(s), as well as distinguish and study the inherent superconducting symmetries of the system in
various experimental setups.

In chapter |2, we used two short-time electromagnetic fields to emulate the pump and probe
respectively. We found that the first interaction with the electromagnetic field (the pump) first
reduced the size of the order parameter and then induced Higgs oscillations of the order parameter.
As discussed in section 2.1} the change in value and the oscillations can be attributed to nonadiabatic
changes to the free energy potential of the superconductor. An isotropic nonequilibrium oscillating
mode at 2A was present regardless of the superconducting symmetry while a second lower energy
mode appeared for a d2_,2, anisotropic superconductor depending on the relative orientation of the
sample and polarization of the pump. In addition, a second short-time electromagnetic interaction
was included to simulate an experimental probing pulse after some time-delay. With this second
pulse, we can calculate the optical response (conductivity) of the system. For a d,2_,2 supercon-
ductor, we can then isolate the two different responses by either orienting the vector potential along
2 node to induce only

a dg2_,2 antinode to induce only the low energy mode, or along the d,2_

Yy Yy
the 2A mode. As a function of delay-time, the conductivity also exhibited oscillations in amplitude
with both the low energy and 2A frequencies. Overall, we showed how an optical experiment can
be used to measure various symmetry-dependent nonequilibrium Higgs modes and actually resolve
the momentum pairing symmetry of a superconductor.

In chapter |3 we first developed a formalism to study the spectral function and determine the
two-time Green’s functions for a superconductor interacting with an electromagnetic field. This
framework allowed us to additionally make predictions regarding the time-resolved ARPES (tr-
ARPES) response. The results from our approximation compare well with the results from the
more established density matrix formalism in chapter |2| and we were able to reproduce the same
angle-dependent Higgs modes for a d;2_,2 superconductor. Moreover, this new formalism allowed
us to study the momentum dependence of the time-resolved response. Particularly, we were able
to identify that a vector potential aligned along one of the antinodes of a dg»_,> superconductor
induced an —¢ symmetry breaking, which is characteristic of the osculating nonequilibrium mode of
a dg2_,» superconductor. In contrast, a vector potential aligned alone one of the nodes of a d,2_,2
superconductor did not induce the same symmetry breaking. From this, we were able to posit
that the low energy Higgs mode, generated by pumping with a vector potential aligned along the

dg2_,2 antinode, corresponds to the osculating nonequilibrium Higgs mode and that the 2A mode,
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which can be seen regardless of the polarization or superconductor symmetry, corresponds to the
isotropic breathing mode. Thus, beyond already being able to identify aspects of the superconducting
symmetry in equilibrium, utilizing momentum and time-resolved experimental techniques, such as
tr-ARPES, is crucial to experimentally verifying the exact momentum-dependent nature of the
nonequilibrium Higgs oscillations in a superconductor.

Higgs spectroscopy presents a novel experimental technique for directly probing and studying
properties of the superconducting condensate regardless of the pairing symmetry. One of the most
promising extensions of this work would be to exploit the coupling between the pump and the su-
perconducting momentum by applying series of ultra-fast pumps with different geometry to excite
angular momentum-dependent modes or study the effects of depopulating electron-pairs along par-
ticular momenta and breaking the superconducting symmetry along different axes. The methods
in this thesis can easily be extended to study other superconducting symmetries than considered
here, such as p-wave and anisotropic s-wave. In addition, the methods can also be used to study
the phase of the superconducting condensate and phase-dependent nonequilibrium response, which
can be a powerful tool for determining the phase differences present in s+ superconductors. As an
experimental technique, with refinement and experience, Higgs spectroscopy will likely uncover more
physics beyond the scope of this thesis.

In conclusion, the novel field of Higgs spectroscopy is just emerging. In this thesis, we have de-
veloped a theoretical framework to describe the nonequilibrium Higgs mode, as well as proposed the
experimental setups that would be required to excite different symmetry dependent nonequilibrium
Higgs modes in both optical and time-resolved ARPES experiments. These methods can sequentially
resolve the symmetry-dependent response, which can be used to both resolve the different pairing

symmetries, as well as the inherent symmetry in the different Higgs amplitude modes.
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Appendix A

First Appendix

The full derivation of the equations of motion for the operators in Chapter |3| are presented here.
Beginning with aL, and the commutator with the superconducting portion of the Hamiltonian (the

time-dependence of the pre-factors I, m,n and o is taken to be implicit for simplified notation),

[ (1)

=2

) HSC]
o
k,0,m,y

[ b5 (=0 ki) <lkw ((lk,élii,n — 0k 50k ) R + (l1c,60x.7) O + (lii,nOfL,a)Cii)
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)
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(A1)

and for 611 and the commutator with the superconducting portion of the Hamiltonian,

(8L (1), Hi]
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(A.2)

and for 611 and the commutator with the EM portion of the Hamiltonian,
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and for B with k/ + p = k + ¢ in the first sum and k/ = k + q + ¢ in the subsequent 2 sums:
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