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Abstract

We obtain a few existence results for elliptic equations.

We develop in Chapter 2 a new infinite dimensional gluing scheme for frac-
tional elliptic equations in the mildly non-local setting. Here it is applied to the
catenoid. As a consequence of this method, a counter-example to a fractional ana-
logue of De Giorgi conjecture can be obtained [51].

Then, in Chapter 3, we construct singular solutions to the fractional Yamabe
problem using conformal geometry. Fractional order ordinary differential equa-
tions are studied.

Finally, in Chapter 4, we obtain the existence to a suitably perturbed doubly-
critical Hardy—Schrddinger equation in a bounded domain in the hyperbolic space.
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Lay Summary

Jointly with my collaborators we prove that certain equations that involve calculus
do have solutions. We use two methods in finding the solutions — by looking at

energy levels, or by gluing pieces together.
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Preface

All the materials are adapted from the author’s research articles [7] (joint work
with Weiwei Ao, Azahara DelaTorre, Marco A. Fontelos, Maria del Mar Gonzélez
and Juncheng Wei), [49] (joint work with Yong Liu and Juncheng Wei) and [48]
(joint work with Nassif Ghoussoub, Saikat Mazumdar, Shaya Shakerian and
Luiz Fernando de Oliveira Faria). These works are put on arXiv (respectively
arXiv:1802.07973, arXiv:1711.03215 and arXiv:1710.01271) and are ready for

submission. They are under review and have not yet been accepted by any journal.
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Chapter 1

Introduction

The study of elliptic partial differential equations arises in many subjects includ-
ing notably physics, geometry, biology and applied modeling. Solutions can be
considered as the steady-states in reaction-diffusion systems. From the mathemat-
ical point of view, the fundamental issues are the existence, regularity, uniqueness,
symmetry, and other qualitative properties. In the subsequent chapters we will be

dealing with non-local versions of

o the Allen—Cahn equation

—Au=u—u
in phase transitions;
o the Lane—Emden equation
—Au=u’
in astrophysics;
and a local but geometric version of
e the Schrodinger equation
—Au+Vu=uP

in quantum mechanics.



Non-local equations have attracted a great deal of interest in the last decade.
A non-local diffusion term, usually as a model given by a fractional Laplacian,
accounts for long range interactions. Intrinsic difficulties arise from the fact that
the fractional Laplacian is in fact an integro-differential operator. They are in many
cases, but not always, overcome by the Caffarelli—Silvestre extension [43], an equi-
valent local problem in a space with one extra dimension, where classical tech-
niques may be applied. Since then a huge amount of effort has been made in the

study of fractional order equations.

Posed by E. De Giorgi [64] in 1979, the conjecture that all bounded entire
solutions of the Allen—Cahn equation are one-dimensional at least in dimensions
n < 8, has been almost completely settled: by Ghoussoub—Gui [103] for n = 2,
Ambrosio—Cabré [12] for n = 3, Savin [154] for 4 < n < 8 under a mild limit as-
sumption, and del Pino—Kowalczyk—Wei [67] who constructed a counter-example
forn > 9.

Its fractional analogue for s € [%, 1) (having taken into consideration the I'-
convergence result [157]), namely the one-dimensional symmetry of bounded solu-
tions of

(~AYu=u—u’ inR"

has also received considerable attention in low dimensions. Positive results have
been obtained in low dimensions by Sire—Valdinoci [165] and Cabré-Sire [37] for
n=2and s € (0, 1), Cabré—Cinti [29, 30] forn =3 and s € [%, 1), Savin [155,156]
for4 <n<8ands e [%, 1) again under a limit assumption, and recently Figalli—
Serra [94] forn =4 and s = %

In order to give a counter-example in high dimensions n > 9, in Chapter 2 we
develop a new infinite dimensional gluing method for fractional elliptic equations.
As a model problem, we construct a solution of the fractional Allen—Cahn equation
vanishing on a rotationally symmetric surface which resembles a catenoid and has
sub-linear growth at infinity. The crux of the analysis is the fine expansion of the
fractional Laplacian in Fermi coordinates and the splitting of the inner problem.
Via the argument of Jerison—Monneau [120], this leads to counter-examples to De
Giorgi Conjecture for the fractional Allen—Cahn equation [51], a work that is in

progress.



The Yamabe problem asks to find a constant curvature metric in a given con-
formal class [180]. This was proved by Trudinger [171] (who also discovered a
critical error in Yamabe’s proof), Aubin [16] and Schoen [162]. The fractional
Yamabe problem, in which a constant fractional curvature is prescribed, takes the
form

n+2s

(—A)’u=ur2> inR"

We consider in Chapter 3 the problem of constructing solutions that are singular at
a given smooth sub-manifold, for which we establish the classical gluing method
of Mazzeo and Pacard [132] for the scalar curvature in the fractional setting.
From the way infinite dimensional gluing methods were developed, their local
nature is apparent — the tangential and normal variables on the hypersurface are sep-
arated. While similar technical estimates are needed in the localization by cut-off
functions, it is essential to analyze the model linearized operator, where conformal
geometry and non-Euclidean harmonic analysis are used. Moreover, the existence
of a radial fast-decaying solution needs to be established by a blow-up argument

together with a bifurcation method.

The Hardy—Schrodinger operator, whether local or non-local, has a potential
that is homogeneous to the Laplacian. Such operator is already seen as the lin-
earization of the singular solution in the fractional Yamabe problem in Chapter 3,
where the infinitely many complex indicial roots are computed. In fact, variational
problems involving such operator have their own interests.

We study in Chapter 4 the existence of extremals of a non-linear elliptic Hardy—
Schrodinger equation in the hyperbolic space. The loss of compactness due to the
scaling invariance gives rise to interesting concentration phenomena. Inspired by
the recent analysis of Ghoussoub—Robert [105, 106], we obtain sufficient condi-
tions for the attainability of the best constant of Hardy—Sobolev inequalities in
terms of the linear perturbation or the mass of the domain.

The essential observation in this work is that, in the radial setting, solutions
of the hyperbolic Hardy—Sobolev equation are classified explicitly in terms of the
fundamental solutions of the Laplace—Beltrami operator. With this it remains to

generalize [105, 106] to include singular perturbations.



To conclude, a strong connection between the fields of partial differential equa-
tions and geometry is seen from the geometric quantities that come into play in all
the above problems. These results point to similar problems in more general set-
tings, or even parabolic equations. Moreover, the gluing method devised opens up

a new area of constructing solutions for non-local equations.



Chapter 2

Fractional Gluing on the
Catenoid

2.1 Introduction

2.1.1 The Allen—-Cahn equation

In this chapter we are concerned with the fractional Allen—Cahn equation, which
takes the form
(=AY’u+f(u)=0 inR" (2.1)

2
where f(u) = u® —u = W'(u) is a typical example that W (u) = (13“2> is a bi-

stable, balanced double-well potential.

In the classical case when s = 1, such equation arises in the phase transition
phenomenon [11, 45]. Let us consider, in a bounded domain €2, a rescaled form of
the equation (2.1),

—&*Aug+ f(ue) =0  in Q.

This is the Euler—Lagrange equation of the energy functional

Jg(u):A(§|Vu|2+iW(u)> dx.



The constant solutions # = +1 corresponds to the stable phases. For any subset
S € Q, we see that the discontinuous function us = X5 — Xq\s minimize the poten-
tial energy, the second term in Jg (u). The gradient term, or the kinetic energy, is

inserted to penalize unnecessary forming of the interface dS.

Using I'-convergence, Modica [140] proved that any family of minimizers (u¢)
of J. with uniformly bounded energy has to converge to some ug in certain sense,
where 9§ has minimal perimeter. Caffarelli and Cérdoba [39] proved that the level

sets {ug = A} in fact converge locally uniformly to the interface.

Observing that the scaling ve(x) = ug(€x) solves
—Ave+f(ve) =0 ine 'Q,

which formally tends as € — 0 to (2.1), the intuition is that v¢(x) should resemble
the one-dimensional solution w(z) = tanh \i@ where z is the normal coordinate on

the interface M, an asymptotically flat minimal surface. Indeed, we have that

Je(ve) =~ Area(M)/]R

1
(37@ W) az
Thus a classification of solutions of (2.1) was conjectured by E. De Giorgi [64].

Conjecture 2.1.1. Let s = 1. At least for n < 8, all bounded solutions to (2.1)
monotone in one direction must be one-dimensional, i.e. u(x) = w(x) up to trans-

lation and rotation.

It has been proven for n = 2 by Ghoussoub and Gui [103], n = 3 by Ambrosio
and Cabré [12], and for 4 < n < 8 under an extra mild assumption by Savin [154].
In higher dimensions n > 9, a counter-example has been constructed by del Pino,
Kowalczyk and Wei [67]. See also [35, 104, 120].

2.1.2 The fractional case and non-local minimal surfaces

While Conjecture 2.1.1 is almost completely settled, a recent and intense interest
arises in the study of the fractional non-local equations. A typical non-local dif-

fusion term is the fractional Laplacian (—A)*, s € (0,1), which is defined as a

6



pseudo-differential operator with symbol |& lzs, or equivalently by a singular integ-
ral formula
_ (e

dx7 C - n o
YT —s)ml

u(xo) — u(x)

(*A)‘YM()CO) = C"JP‘V' n-+2s

R |xo — x|
for locally C? functions with at most mild growth at infinity. Caffarelli and Sil-
vestre [43] formulated a local extension problem where the fractional Laplacian is
realized as a Dirichlet-to-Neumann map. This extension theorem was generalized
by Chang and Gonzdlez [52] in the setting of conformal geometry. Expositions to
the fractional Laplacian can be found in [2, 28, 73, 109].

In a parallel line of thought, I"-convergence results have been obtained by Am-
brosio, De Philippis and Martinazzi [13], Gonzélez [108], and Savin and Valdinoci
[157]. The latter authors also proved the uniform convergence of level sets [160].

Owing to the varying strength of the non-locality, the energy

Jel) = € )+ || Wydx

I'-converges (under a suitable rescaling) to the classical perimeter functional when

s € [3,1), and to a non-local perimeter when s € (0, }).

A singularly perturbed version of (2.1) was studied by Millot and Sire [138]
for the critical parameter s = % and also by these two authors and Wang [139] in
the case s € (0,31).

In the highly non-local case s € (0, %), the corresponding non-local minimal

surface was first studied by Caffarelli, Roquejoffre and Savin [41].

Concerning regularity, Savin and Valdinoci [159] proved that any non-local
minimal surface is locally C1'% except for a singular set of Hausdorff dimension
n— 3. Caffarelli and Valdinoci [44] showed that in the asymptotic case s — (1/2)7,
in accordance to the classical minimal surface theory, any s-minimal cone is a hy-
perplane for n < 7 and any s-minimal surface is locally a C1"* graph except for a
singular set of codimension at least 8. Recently Cabré, Cinti and Serra [31] classi-
fied stable s-minimal cones in R? when s is close to (1/2)~. Barrios, Figalli and

Valdinoci [17] improved the regularity of C1:* s-minimal surfaces to C*. Graphical

7



properties and boundary stickiness behaviors were investigated by Dipierro, Savin
and Valdinoci [79, 80].

Non-trivial examples of such non-local minimal surface were constructed by
Dévila, del Pino and Wei [63] at the limit s — (1/2), as an analog to the catenoid.
Note that the non-local catenoid they constructed is eventually linear, as opposed
to logarithmic, at infinity; a similar effect is seen in the construction in the present

chapter.

Strong interests are also seen in a fractional version of De Giorgi Conjecture.

Conjecture 2.1.2. Bounded monotone entire solutions to (2.1) must be one dimen-

sional, at least for dimensions n < 8.

In the rest of this chapter we will focus on the mildly non-local regime s €
[%, 1). Positive results have been obtained: n = 2 by Sire and Valdinoci [165]
and by Cabré and Sire [37], n = 3 by Cabré and Cinti [30] (see also Cabré and
Sola-Morales [38]), n =4 and s = % by Figalli and Serra [94], and the remaining
cases for n < 8 by Savin [155] under an additional mild assumption. A natural
question is whether or not Savin’s result is optimal. In a forthcoming paper [51],
we will construct global minimizers in dimension 8 and give counter-examples to
Conjecture 2.1.2 forn > 9 and s € (,1).

Some work related to Conjecture 2.1.2 involving more general operators in-
cludes [27, 34, 81, 90, 158]. For similar results in elliptic systems, the readers are
referred to [20, 21,74, 87-89, 91, 174, 175] for the local case, and [25, 77, 92, 176]
under the fractional setting.

The construction of solution by gluing for non-local equations is a relatively
new subject. Du, Gui, Sire and Wei [82] proved the existence of multi-layered
solutions of (2.1) when n = 1. Other work involves the fractional Schrodinger
equation [54, 62], the fractional Yamabe problem [15] and non-local Delaunay

surfaces [58].

For general existence theorems for non-local equations, the readers may con-
sult, among others, [53, 155, 95, 96, 116, 141, 143, 145, 146, 167, 170, 177, 178]
as well as the references therein. Related questions on the fractional Allen—Cahn

8



equations, non-local isoperimetric problems and non-local free boundary problems
are also widely studied in [24, 42, 69, 70, 72, 75, 78, 93,125, 127]. See also the
expository articles [1, 100, 172].

Despite similar appearance, (2.1) for s € (0, 1) is different from that for s = 1
in a number of striking ways. Firstly, the non-local nature disallows the use of
local Fermi coordinates. Secondly, the one-dimensional solution w(z) only has an
algebraic decay of order 2s at infinity, in contrast to the exponential decay when
s = 1. Thirdly, the fractional Laplacian is a strongly coupled operator and hence
it is impossible to “integrate by parts” in lower dimensions. Finally the inner-
outer gluing using cut-off functions no longer work due to the nonlocality of the

fractional operator.

The purpose of this chapter is to establish a new gluing approach for fractional
elliptic equations for constructing solutions with a layer over higher-dimensional
sub-manifolds. In particular, in the second part [51] we will apply it to partially
answer Conjecture 2.1.2. To overcome the aforementioned difficulties, the main
tool is an expansion of the fractional Laplacian in the Fermi coordinates, a refine-
ment of the computations already seen in [50], supplemented by technical integral
calculations. This can be considered fractional Fermi coordinates. When applying
an infinite dimensional Lyapunov—Schmidt reduction, the orthogonality condition
is to be expressed in the extension. The essential difference from the classical case
[68] is that the inner problem is subdivided into many pieces of size R = o(e™!),
where € is the scaling parameter, so that the manifold is nearly flat on each piece.
In this way, in terms of the Fermi normal coordinates, the equations can be well

approximated by a model problem.

2.1.3 A brief description

We define an approximate solution u*(x) using the one-dimensional profile in the
tubular neighborhood of M = {|x,,| = F¢(|%’|)}, namely u*(x) = w(z) where z is the
normal coordinate and F is close to the catenoid £ ' cosh™!(|x’|) near the origin.
In contrast to the classical case we take into account the non-local interactions near
infinity and define u* (x) = w(z4 ) +w(z—) + 1 where z.. are the signed distances to
the upper and lower leaves ME = {x, = £F,(|’|)}. As hinted in Corollary 2.6.3,



2 .
F¢(r) ~ r>+1 as r — 4oo. The parts of u* are glued to the constant solutions +1

smoothly to the regions where the Fermi coordinates are not well-defined.

We look for a real solution of the form u = u* + ¢, where ¢ is small and satisfies

(=AY o+ 1 (u")p=3g. 2.2)

Our new idea is to localize the error in the near interface into many pieces of dia-
meter R = o(¢™!) for another parameter R which is to be taken large. At each
piece the hypersurface is well-approximated by some tangent hyperplane. There-
fore, using Fermi coordinates, it suffices to study the model problem where u*(x)

is replaced by w(z) in (2.2).

As opposed to the local case s = 1, an integration by parts is not available for
the fractional Laplacian in the z-direction, unless n = 1. So we develop a linear

theory using the Caffarelli-Silvestre local extension [43].

Finally we will solve a non-local, non-linear reduced equation which takes the
form
H[Fe] = 0(e>7 ) for 1 < r <ry,
CeZs—l

H[F:] = e
€

(I+0(1)) forr>ry,

where H[F;] denotes the mean curvature of the surface described by F.. (Note
that the surface is adjusted far away through the nonlocal interactions of the leafs.
A similar phenomenon has been observed in Agudelo, del Pino and Wei [10] for
s = 1 and dimensions > 4.) A solution of the desired form can be obtained using
the contraction mapping principle, justifying the a priori assumptions on F.

In this setting, our main result can be stated as follows.

Theorem 2.1.3. Let 1/2 < s < 1 and n = 3. For all sufficiently small € > 0, there
exists a rotationally symmetric solution u to (2.1) with the zero level set My =
{(¥,x3) e R?: |x3| = Fe(|X']) }, where

() e 'cosh™(er) forr<re,
e\r)~
T forr > &lloge|re,

10



2s5—1
N .
where re = (@) and &y > 0 is a small fixed constant.

In a forthcoming paper [51], together with Juan Dévila and Manuel del Pino,
we will construct similarly a global minimizer on the Simons’ cone. Via the
Jerison—Monneau program [120], this provides counter-examples to the De Giorgi

conjecture for fractional Allen—Cahn equation in dimensions n > 9 for s € (%, 1).

Remark 2.1.4. Our approach depends crucially on the assumption s € (%, 1).
Firstly, it is only in this regime that the local mean curvature alone appears in
the error estimate. A related issue is also seen in the choice of those parameters
between 0 and (a factor times) 2s — 1. Secondly, it gives the L? integrability
of an integral involving the kernel w, in the extension. It will be interesting
to see whether this gluing method will work in the case s = % under suitable
modifications.

On the other hand, we do not know how to deal with other pseudo-differential

operators which cannot be realized locally.

This chapter is organized as follows. We outline the argument with key results
in Section 2.2. In Section 2.3 we compute the error using an expansion of the
fractional Laplacian in the Fermi coordinates. In Section 2.4 we develop a linear
theory and then the gluing reduction is carried out in Section 2.5. Finally in Section

2.6 we solve the reduced equation.

2.2  Outline of the construction

2.2.1 Notations and the approximate solution

Let
= (%,1), ae(0,2s—1),t€ (1714_%)’

e M be an approximation to the catenoid defined by the function F,

M= {(¥' %) : [l = F([¥]),

K[ >1},

11



€ > 0 be the scaling parameter in

Me=¢'M={x,=F([Y|)=¢'F(e|]x])},
z be the normal coordinate direction in the Fermi coordinates of the rescaled
manifold, i.e. signed distance to the Mg, with z > 0 for x, > F(g[x|) > 0,

Y+, Z+ be respectively the projection onto and signed distance (increasing in

x,,) from the upper leaf

M: = {xn :Fs(‘x,’)},

y—, z— be respectively the projection onto and signed distance (decreasing in

X,) to the lower leaf
M, = {xn = —Fg(‘x’})},

8 > 0 be a small fixed constant so that the Fermi coordinates near M, is
defined for |z| < %,

R > 0 be a large fixed constant,

Ry be the width of the tubular neighborhood of M, where Fermi coordinates

are used, see (2.3),

R be the radius of the cylinder from which the main contribution of (—A)*

is obtained, see Proposition 2.2.1,

Ry > %R be the radius of the inner gluing region (i.e. threshold of the end,
see Section 2.2.3),

us(x) = sign (x, — F¢(|]x’])) for x, > 0 and is extended continuously (i.e.
uy(x) = +1for [¥| <eh),

N :R — [0,1] be a cut-off with 7 =1 on (—eo, 1] and = 0 on [2,+),

X : R —[0,1] be a cut-off with y =0 on (—e,0] and y =1 on [1,+e0),

x|l (0 < o < 1) be the Holder norm of the curvature, see Lemma 2.3.6,

12



o (x) =1/ l—l-\x‘z.

Define the approximate solution

=1 (g ) (w02 (1¥1-5 ) ) +wie )+ 12w

“(1on (gage) ) oo
2.3)

where
Ro=Ro(|']) = 1+x (W] =R) (FZ(]¥]) - 1).

Roughly,
e u*(x) = +1 for large |z|, small |x'| and large |x,|,

e u*(x) = —1 for large

, large |¥'| and small |x;,

Z

’

e u*(x) = w(z) for small |z| and small |x/|,
o u*(x) =w(z4)+w(z_)+ 1 for small |z| and large |x’|.

The main contributions of (—A)* come from the inner region with certain ra-
dius. We choose such radius that joins a small constant times £~ to a power of F
as |x'| increases. More precisely, let us set

, . 2R 5 . 2R iy
R1:R1(‘x’):n ’x|f?+2 E+ 1-n ‘x’f?JrZ Fg(’x ),
(2.4)
where T € (1, 1+ %) We remark that the factor 2 is inserted to make sure that
u*(x) = wizy) +w(
order terms of (—A)*u* are obtained.

z—) — 1 in the whole ball of radius FF(|x'|) where the main

2.2.2 The error

Denote the error by S(u*) = (—A)*u* + (u*)® —u*. In a tubular neighborhood where

the Fermi coordinates are well-defined, write x =y + zv(y) where y = y(|¥/|) =

13



(=DFe(l¥]), 1)

(|X], Fe(|¥'])) € Mg and v(y) = v(y(]x'])) = be the unit normal

\/ 1+ [DFe(1%))?
pointing up in the upper half space (and down in the lower half).

Proposition 2.2.1. Let x =y+2zv(y) € R". If |z| <Ry, where R; as in (2.4), then

we have
(i () + Oe™), forber<®R
S(u)(x) = CH(Z+)HM£+ (vy+) "’CH(Z—)HME‘ (y-)
+3(w(ze) +wlz-))(1T+w(z4))(1+w(z-)) i
+0 (F,%7), forr> 4?R

The proof is given in Section 2.3.

2.2.3 The gluing reduction

We look for a solution of (2.1) of the form u = u* 4 ¢ so that
(—A o+ f(u)p=Su")+N(p) inR",

where N(@) = f(u*+ @) — f(u*) — f'(u*)¢@. Consider the partition of unity
1=+ +7-+ Y i,
i=1

where the support of each ); is a region of radius R centered at some y; € M, and
f)+ are supported on a tubular neighborhood of the ends of Mz respectively. It will
be convenient to denote . = {1,...,i} and ¢ = S U{+,—}. For j€ 7, let{;
be cut-off functions such that the sets {C = 1} include supp7);, with comparable

spacing that is to be made precise. We decompose

O=0+Ci 01 +C0_+) Coi=0o+ Y (0,
i=1 jeSL

in which

14



e ¢, solves for the contribution of the error away from the interface (support

of 7,),
e ¢ solves for that in the far interfaces near Mz (support of 7)),
e ¢; solves for that in a compact region near the manifold (support of ;).

In the following we write A(, ;) = A, + d,,.We consider the approximate linear op-

erators
o= (—A)*+2 for ¢,,

L,
L=(—Ay) +f'(w) fore;, je 7.

Notice that w is not exactly the approximate solution in the far interface. We re-

arrange the equation as

(_A)S <¢0+ Z Cj(bj) +f/(u*) <¢0+ Z Cj(bj) :S(u*)+N(¢)a
j€s €z

Lo®o+ Ly +C Lo+ GLo;

i=1
- <ﬁ0+ﬁ++ﬁ—+iﬁi>
i=1
- (S(u*>+N<<p> AL Y
JE,

+ .Z;,g Gi(f'(wy) = f/(u))g; — X:,g((—Ax)S— (_A(y,z))x)(gi@))’ (2.5)

where [(—A, ;)% G0, = (—A(),’Z))S(qu)j) —Cj(—Ay2)) ), and the summands in
the last term means

(—A)*(£0) (Y (0) +2v(Yi () — (—Ap2) (71,89 (3, 2))

for §; = 1;(»){(2) and ¢;(¥;(y) +2v(¥;(»)) = $;(».2) with a chart y = ¥;(y)
of Mg. In fact, for j € .# one can parameterize M, locally by a graph

15



over a tangent hyperplane, and for j € {+,—} one uses the natural graph

Mg = {0, £F:(D) : [y = Ra}.
Let us denote the last bracket of the right hand side of (2.5) by ¢. Since 7); =
M, we will have solved (2.5) if we get a solution to the system

Ly¢, =1,9 forxeR",

Lo, =0,9 for(y,z) cR" ! xR,
Lo =79 for (y,z) e R xR,
Ly =4  for (y,z) ER"I xR,

for all i € .#. Except the outer problem with L, = (—A)* 4 2, the linear operator L
in all the other equations has a kernel w’ and so we will use an infinite dimensional
Lyapunov—Schmidt reduction procedure.

From now on we consider the product cut-off functions, defined in the Fermi

coordinates (y,z) where y = Y (y) is given by a chart of M,

nj(x) =nj(y)¢(z), forje 7.

The diameters of {(z) and 1;(y) are of order R, a parameter which we choose
to be large (before fixing €). We may assume, without loss of generality, that
fori € .Z, n;(y) is centered at y; € M, Br(y;) C {fli =1} C suppf); C Bar(yi),
|D7j;| = O(R™"), and w > c¢ > 0forany i, ir € 7.

We define the projection orthogonal to the kernels w'(z),

. RETEICLE
a /RC(Z)w’(Z)zdz '

Mg(y,z) = g(y,2) —c(y)W (),

Note that in the region of integration |z| < 2R < Se~! the Fermi coordinates are
well-defined, and that the projection is independent of j € #.
We define the norm

19lly6=sup MW" (79 2)l,
(y,z)eR?
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where (y) = /1 + |y|>. Motivated by Proposition 2.2.1 and Lemma 2.4.6, for each
i € 7 we expect the decay

16:(0.2), o < CR¥*C .

So we define

19:ll; 4.0 = (7 1]l & = (30)° (Sl)lpRn<y>“<Z>"|¢3i(y,Z)7

with 1 < 0 < 1+ 21 = % <25 At the ends MQE where r > R, we have, for

2s+1 2s5+1
U< g7 -6,

H‘ﬁi()’,Z)H < CR, ~(z% li)

This suggests

1941l o = RS [|02]], 5 = RS e W (@) [9+(32)],

with0 < 0 < — . Therefore for j € _#, we consider the Banach spaces

25+1
%= {05501, <o}

where, under the constraint R < |loge|, § = 6(R,€) = R““’EZ%*G with 1 <0 <
2

I+ 35 =501 57 — 6 < 0 suffi-

ciently small and R, sufficiently large, so that Rg dissmalland2—2s < 0 <2s— L.

For the other parameters we take 0 < u <

The decay of order o > 2 — 2s in the z-direction will be required in the orthogonal-
ity condition (2.21). That Rg 0 is small will be used in the inner gluing reduction.
The condition o + i < 2s ensures that the contribution of the term (2 — f'(u*))¢,
is small compared to S(u*).

We will first solve the outer equation for ¢,. Let us write
Meg={y+zv(y):y € Mg and |z| <R}

for the tubular neighborhood of M, with width R.

17



Proposition 2.2.2. Consider

19ollg = sup  (x')° (dist(x, Mer))™ [ ()],

(' xn)€R?

X, = {002 10ully < Ce?}.

If¢; € X forall jc 7 with SUpjc # H%H}.ﬂﬁ < 1, then there exists a unique
solution ¢, = P, ((9;) je ¢ ) to

Lo®o =19 =1 (S(u*) +N(p)+(2 _f/(”*»(bo - '%[(_A(y,z))s7 Cj]q)j
j€f

+ % Gi(f wy) = f ()¢ — _%((—Ax)s - (—A<y,z))s)(5j¢j)> inR" (2.6)

in X, such that for any pairs (9;);c y and (Y;)jc s in the respective X; with
SUPje H(PJ'Hj,up <1

[0 ((8))je 7 ) — Po((¥))je s )| g < CE° _Seug 105 =vill ;o @D
iy

The proof is carried out in Section 2.5.2.

Then the equations

Lj(y,2) =n;(»)E()¥ (v,2)

are solved in two steps: (1) eliminating the part of error orthogonal to the kernels,
i.e.

Lo;(y,z) =n;(»){ (2N (v,2): (2.8)
and (2) adjust F¢(r) such that c(y) = 0, i.e. to solve the reduced equation

/R £(2)% (y,2)w'(z)dz = 0. (2.9)

Using the linear theory in Section 2.4, step (1) is proved in the following
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Proposition 2.2.3. Suppose u < 0. Then there exists a unique solution (9;) jc ¢,
0; € Xj, to the system

L$; = 7,119 = n;{11 <S(u*) +N(@)+(2—f'(u")) o — .%[(_A(y,z))sa Cilo;
jes

+ X:,g Gi(f'(wy) = f(u))g; — v%((—Ax)s - (_A(y,z))x)(gi%')) (2.10)

for (y,z) € R™.

The proof is given in Section 2.5.3.

Step (2) is outlined in the next subsection.

2.2.4 Projection of error and the reduced equation

As shown above, the error is to be projected onto w;- weighted with a cut-off func-
tion { supported on [—2R,2R)]. In fact we have

Proposition 2.2.4 (The reduced equation). In terms of the rescaled function F (r) =
eFe(e7'r) and its inverse r = G(z) where G : [0, +o0) — [1,+00), (2.9) is equivalent
to the system

Hy(G(z),z) = G(z) - !
1+G'(z)? G(z)\/1+G'(z)?
=N|[F] for0<z<z,
HurF) =1 [ ) iy forn <r <4k
1+ F/(r)?
/ ~ n2s—1
F"(r) + F’E’") B C]Si(r) =N, [F] forr> 4R,

@2.11)
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subject to the boundary conditions

G(0)=1
G'(0)=0
F(r) =z (2.12)
1
Py
g1
where z; = F(r1) = O(1), Ni[F] = 0(¢*~") and N;[F] = o (Fozs(r)> with Fy as

in Corollary 2.6.3. Moreover, N1 and Ny have a Lipschitz dependence on F.

This is proved in Section 2.6.1.
The equation (2.11)—(2.12) is to be solved in a space with weighted Holder
norms allowing sub-linear growth. More precisely, for any & € (0,1), y € R we

define the norms

19l = sup " 2o(r)|+ sup 7 H|¢'(r)|+ sup #|¢”(r)]
[rl ¢+°°) [rl ’+°°) [rl 7+°°)

NN i
b osup minfrppre PP 5 5
r#p in [r],+o) |I" - p|

and

r+o |h(r) —h(p)\.

All,. = sup r7lh(r)]+  sup  min{rp} E (2.14)

re(l,+<) rpin [1,+o0) r—

Proposition 2.2.5. There exists a solution to (2.11) in the space

”G||C2~°‘([O,Z|]) < oo,
X, = (G,F) € C**([0,21]) x G ([r1,4%0)) = [|F], < +eo,
(2.12) holds

The proof is contained in Section 2.6.
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2.3 Computation of the error: Fermi coordinates
expansion

We prove the following

Proposition 2.3.1 (Expansion in Fermi coordinates). Suppose 0 < o < 25 — 1 and
F. € Clzo’g([l ,40)). Let xo = yo+20V(yo) where yo = (X', F¢(|x'|)) is the projection

of x onto My, and ug(x) = w(z). Then for any T € (1,1+£) and |z| < Ry, we

have

(—A)*uo(x0) = w(z0) — w(z0)” + ¢t (z0)H, (y0) + N1 [F]

where
w(zo) —w(2)

cr(20) =Cis 2 (20 —2)dz,

R |z —z]
2R 5 2R
ri= i) =n (¢ - 2 2) o (1-m (] - 2 2) e

and Ni[F] = O (R *) is finite in the norm ||| ..

),

Remark 2.3.2. cg(z0) is even in zg. Also

Cis w'(2)

2s5—1 dz ~ <ZO>7(2571) :

cn(z0) =
25 =1 JR |z9—7]
This implies Proposition 2.2.1. A proof is given at the end of this section.
A similar computation gives the decay in r = |x’| away from the interface.

2
2s+1

Corollary 2.3.3. Suppose xo = yo+20V(y0), Yo = (X, Fe(ro)) and zo > crg*™.
4s

(—A)’u*(x0) =0 (r_zs“) as ro — +-oo.

2
Proof. Take a ball around xq of radius of order ;"*'. In the inner region one uses

the closeness to +1 of the approximate solution u*. O

For more general functions one has a less precise expansion. On compact sets,

we have
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Corollary 2.3.4. Let u;(x) = ¢(y,z) in a neighborhood of xo = yo+zoV(yo) where
yol,|z0| <4R = 0(e™"), and uy; = 0 outside a ball of radius 8R. Then

(=A0)'ui(x0) = (=Ay) @ (v0,20) - (1 + O (R[x][))

+0 (Rl‘zs <|¢(yo,zo)| + sup !(P(y,z)l)) :
[(yo—»,20—2)|>R1

Proof. The lower order terms contain either kj|zo| or K;|yo|, where i =1or2. [

At the ends of the catenoidal surface we need the following

Corollary 2.3.5. Let uy(x) = ¢(y,z) in a neighborhood of xo = yo +zoV(yo) where
lyo| > Ra, |20| <4R = o(e™ "), and u; = 0 when z > 8R. Then

(—=Ax)'u1(x0) = (—Ap,2) ¢ (0, 20) - (1 10 (F£*(2sfr)))

+0 <F£2sr (I(P(yo,zo) +  sup !¢(y,z)\>> .
|(o—y,20—2)|>FF

To prove Proposition 2.3.1, we consider M, as a graph in a neighborhood of yq
over its tangent hyperplane and use the Fermi coordinates. Suppose (y1,y2,z) is an

orthonormal basis of the tangent plane of M, at yo. Write
CRl = {(y,z) ERZXR: |J7’ <Ry, |Z‘ SR]}.

Then there exists a smooth function g : Bg, (0) — R such that, in the (y,z) coordin-

ates,
MeNCr, = {(,8(») €R*: [y <R }.

Then g(0) = 0, Dg(0) = 0 and Ag(0) = 2Hy, (x0). We may also assume
that d,,,,g(0) = 0. We denote the principal curvatures at y by k;(y) so that
K(0) = 3,,8(0).

We state a few lemmata whose non-trivial proofs are postponed to the end of

this section.
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Lemma 2.3.6 (Local expansions). Let |y| < R;. Fori=1,2 we have

|Ki(y) - Ki(o)| S HKiHC‘X(BZRI(\x’\)) |y|oc 5 HFS_ZSHCa(BIOX/D) |y|a
Xy Jorall |¥] < =,

<
R EAaCl)

‘x,’(x ‘y’a forall ’xl‘ Z

m‘wlm [Sgl

The quantity HFgHCz,a(BR] () = HFQZSHC“(BI(WD) will be used repeatedly and will
, forany 0 < ¢ < 1. We have

be simply denoted by |||, as a function of |x'

€0) = 2 X 5(02+0 (1l b
) = i o )
Dg(y)-y =Y. ki(0)y?+0 (JIxllo b+

i=1

Dg(3) =0 (JIxlFF)

In particular,

(g[S

8() ~Dg(y) -y =—5 Y k(017 +0 (Il ™) = Olllxllo v,

i=1

!
2
V1+1Dg0)P =1 =0 (lIF 11
1
1= ————=0(IIxlibI*).
1+|Dg(y)|
g(? =0 (Il yI*)-

Lemma 2.3.7 (The change of variable). Let |y|,|z|,|z0| < Ri. Under the Fermi
change of variable x = ®(y,z) = y+zv(y), the Jacobian determinant

J(y,2) =\ 1+ Dg()* (14 k1 (»)2) (1 + K2 ()2)
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satisfies
a 2 (1412 2
J:2) = 1+ (61(0) + k2(0))z-+ O ([l b1 “Il) + 0 (113 (5 + 12
and the kernel |xo — x| >~ has an expansion

3+
2

y?
2
|(y,20 — 2)|

2
Lo Ixle bl +°‘(\z!+lzo| 115 Iy (1y1* + 12l + |20 /)
|(yaZO_Z yaZO—Z)‘

Lemma 2.3.8 (Reducing the kernel). There hold

—3-2s —3-2s

1+ zo—i—z ZK,

o —x[ T = |(nzo—2)|

1 1

C3,s/ 5 dy=Cls——»
R |(y,20 — 2)] 20— 2"

2 1 1

y .
C3 / —ldy = Cl for 1= 1’2’
" Ure (z0—2)"™ 3+2s 'Y\Zo—z]st
/ L dy = C;
B2 |(y,20 — 2)]> " o—o P

Proof of Proposition 2.3.1. The main contribution of the fractional Lapla-

cian comes from the local term which we compute in Fermi coordinates
q)(y,z) :erZV(y),

(—A)uo(x0) =C37SL(CR )Md x+O(R; )

[x —xo

> //CR |c1>(y0wz(oz)0)__q::y(zz)) Rz J(y,2) dydz+ O(R;>).

By Lemma 2.3.7 we have

7(,2) = 1+ (<4 (0) + 12(0))2+ O (Il 1% 2l) + 0 (113 (v + 2P )
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1
|@(y0,20) — P(y,2) ">
3+2s

1 i y-2
1+ (z0+2) ) K(0)———
(20 —2 2 = (3,20 — 2)|*

2+a 21,12 2 2 2
+0<||r<\my| <|z|+zo\>)+0<||r<uo|y| (b +12f + ool >>]

2
|(y,20 —2)| (3,20 —2)|*

)’3+2s

Hence

J(y,2)
|®(y0,20) — @(y,2)[ >

1
|20 —2) 7

1+ (k1(0) + k2 (0))z+ O ([l 1) +0(||xrré<|y|2+|z\2>)]

3+2s 2 y?
7 @+ L)
=1 |(v,20 — 2)

2+ 21,12 2 2 2
+0<||r<||a|y| “<z|+|zO|>> +0<||:<||o|y| (b +1el’ + fzo >>]

2 2
|(y,20 — 2)| |(y,20 —2)]

1+

1

‘()@ZO—Z

1+ (61(0) + 6(0))2+

s 2 2
(20+2) Y (0) ——

3+2.
)P (20 —2)

+0 (Kl (12l + I20)) + O (11xll§ (P + |2 + 120 ) ) ] .
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We have

(—A) uo(xo0)

W(Z) -2
-J(v,2)dydz+ O(R; ™)
//cm |<1> ¥0,20) — @(3,2)]* 2 ‘
w(z)
1+ (x1(0)+ x2(0))z
=0y [, S |1 00+ 00)
342 2
s (z0+2) ZKl i 5
2 i=1 \(y,ZO—Z)’

2 2 2 2
O (11Kl (Il + lz0])) +0 (Il (12 + |2 + 2o >)]
=L+L+6L+1L+ 1.

where

w(z)
dydz,
‘//CRI ’ya 3+2S g

w(z)
L =C34(x1(0) + 12 ( // dydz,
2> = C35(x1( 2(0 -~ y, 3+2qz ydz
3+2s
=C3 53— // 5+)2S (20 +2)y? dydz,
CRI y?
p— // W(2) = 2} o (W '<zO><zo—z>\| .
4— K P y
(20— 2)*?
'(’Z|+\ZO\)dydz,
(11 // W(2) = Lt () (W (20) (20— 2)
K
((rz0—2)*™>

(y? + 12 +|Zo| )dydz.

In the last terms I4 and Is, the linear odd term near the origin has been added to
eliminate the principal value before the integrals are estimated by their absolute
values. One may obtain more explicit expressions by extending the domain and

using Lemma 2.3.8 as follows. I; resembles the fractional Laplacian of the one-
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dimensional solution.

—w(z)
C; dydz —C // dydz
S//]R‘ y 20— 3+2s R;\CR] ‘ .20 ’3+2s

1

:C3,S/R(w(zo)w(z))/Rz‘(yZ_)’3+2dedz+0(/Rl p 37%p? p)

=G [ T a0 (1)

=w(z0) —w(z0)* + O (R *).

Hereafter p = \/[y|* +|z0 —z|>. I and I are of the next order where we see the

mean curvature.
C?)SZ Kl // 3+)232dyd2
CRl y7
ZO
I —C3 3 //R3 y’ 3+2S dde
C3 s // 3(?% (z0+ (z—20))dydz
R3\CR1 y7 ‘
z0) —w(z)
=—Cis) (0 /7zdz
Z R ’Z ‘1+2s
2 ® P,
+0<||KHO|ZO|/RI mp dP> -|-0<||K||0/R1 mp dp)

-2 <c /R M dz> H, (y0) + O (IIklloRy > (Jz0] +R1)) -

|20 —
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Also,

3 + 25 2
C3 e //]R3 y ZO 5+25 (ZO +Z)yi dde

<>
270 — - dvd
o (|Ixll) //R ml o ‘ms(zo (20— 2))y2 dydz
; 20) —w(2)
= 7S(Zo+z)dz
Zl /R ’Z |1+2
2 = p
o(Ixly ol [ Eestap ) +0 Il || Eozpan)

= (cl,s i VM@m)dz) Hir, (v0) + 0 (Il Ry > (Jz0] +R1)).

lzo0—2z

The remainder terms I and I5 are estimated as follows.

Kal o (OW ()20 —2)|
1= 0(Ixll // (yZOB_(ZWS e+
o(lIxll /\wzo (2) + Zajio) W (20) (20 — )|

% (20 — 2| + |z0])
/ 3425 dydz

R2
(I +lz0—2) *
oo p(x 2
O (Il (el +fol) | —Sepdp
R P

w 2) + X1 (0) (D)W (20) (20 — 2)
Olixlo) (/ < (1J)rzsa - (ZOZ+ZO)) dz

—Z‘
+0 (HKIIaRIZ”“(IZI +z00))
= O ([Ill (1+R7**(J2] + [z0]))) -
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o (IIxl5 // w(2) = X ) ()W (20) (20 — 2)

(20 —2) T

(¥ + |2 + |20/ dydz
R,
2 P2+ |z
:0<HK||0> <1+ WP dP)
= 0|1kl (1R + Ry zo]?) ).
In conclusion, we have, since |z9| < Rj and o < 25 — 1,

(—A)*ug(x0) = w(zo) —w(z0)® + <C1,S/RW(ZO)_‘K(2ZS)(ZO —2) dz) Hy, (o)

lzo—z
2
+0 (R (1+ Il Ry + Il llo RE + 1l R ) )

= w(z0) —w(20)’ + ¢ (z0)Hy, (yo) + O(R; ),

the last line following from the estimate

2R
e for [x/| < —
2s < €
HKH(XRI ~ FZS(T_]) R
£ for|[¥|>~—
4 €
2R
e for |¥| < —
< €
- Cos(1— Cos(r—1)(1— 2 R
e 2s(t 1)(8’)6/’) 2s(t=1)(1=57) for ‘x/‘ >
o€

< ga—Zs(r—l)

The finiteness of the remainder in the norm ||-||,, is a tedious but straightforward
computation. As an example, the difference of the exterior error with two radii F
and G is controlled by

/ uo (xo) — uo(x) dx—/ o (xo) —up(x)
@(C" ) 3+2s <I>(ng) 3+2s

|x — xo] |x — xo]

‘//CGT\CF |P(y0,2 Z)O) ((’Z))Pﬂs]()”z)dydz.
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Following the computations in the above proof, a typical term would be

2(2st+1

)
0 (ngsf _F;Zsl') -0 (fW]Fs — Gg\) ,

which implies Lipschitz continuity with decay in r.

Similarly we prove the expansion at the end.

Proof of Corollary 2.3.5. We recall that a tubular neighborhood of an end of M,
are parameterized by

R0 5

x=y+zv(y) = (3, Fe(r)) + for r = [y| > ro, Iz <z
1+ FL(r)

where r = [y|. In place of Lemma 2.3.7 we have for [z| < FF(r) with 1 < 7 < 2,

J,2) = (1+ 0 (F(r)?)) (1+ 0 (FI(NFE ()

=(1+0(F® M) (1+0 (- * 1)) ’
—1+0(F ),
= 0> = (s = yI>+ |20 — 2*) (1+ O (FE(r)FL (1)
= (’)’O —y +1z0 —z|2> (1 +0 (F{(Z‘PT))> :
The result follows by the same proof as in Proposition 2.3.1. O
We now give a proof of the error estimate stated in Section 2.2.

Proof of Proposition 2.2.1. Using the Fermi coordinates expansion of the frac-
tional Laplacian (Proposition 2.3.1), we have, in an expanding neighborhood of

M, the following estimates on the error:

| O

1 2R
e For — <|¥|<=—and|¢] < —,
€ €

S(u*)(x) = e (z)Hu, (y) + O (%) .
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4R
e For |[¥| > s and |z] < FF(|¥]),

S)(x) = (A (w(zs) +w(z-) + 1) + f(w(z4) +w(z-) — 1)
+0 (F,>7)
= fw(zy) +w(z-) +1) = f(w(z4)) — f(w(z-))
+eu(ze)Hys (v4) +cu(z)Hy (y-) + 0 (F )
=3(w(z4) +w(z-))(1+w(zs)) (1 +w(z-))
+en(ze ) Hys (y+) +en(z-)Hy, (y-) + O (F 7).

2R 4R
e For " <K< o> 0 and |z] < R;(|¥]),

w €
wf (e (1=n (- ) o) +1) ) )

= cy(z4)H, (y+) + O(e>).

Here the second term is small because of the smallness of the cut-off error

up to two derivatives.

2R 4R
e For 3 << PR 0 and |z] < R;(|]), we have similarly
S(u*)(x) = cy(z-)Hy, (y-) + O(e™).

This completes the proof. O
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Proof of Lemma 2.3.7. Referring to Lemma 2.3.6 and keeping in mind that
|lx|lgR1 = o(1), for the Jacobian determinant we have

J(.2) = 1+ (x1(0) 4+ 12(0))z + (K1 + K2) () — (K1 + K2)(0))2
(VIO ~1) (14 (010 + 0D+ 0 0)2)
= 1+ (11 (0) + 12(0))2+ O (Il v1*Iel) + O (I I 2I?)
o(

+0 (Il ) (1 + 0 lIxlo|2D))°
=1+ (k1(0) + %2(0)2+ 0 (Il y1°[2]) + O (11l (P +12I%) )

To expand the kernel we first consider

xo—x = (18(3)) — (0,20) + =281

1+ |Dg(y)|?

lxo — x|
2220 2 (gy) —

Dg(y)-y)
\/ 1+ |Dg(y) \/1+Dg(y)2

= |y|* + |20 — 2I” +22(g(y) — Dg(y) -y) —2208()

2
=*+80)*+2+z5—

—2z08(y)

+8(y)* + (2220 —22(g(y) — Dg(y) -¥)) (1 - 1)
1+ |Dg(y)[?

MN

=120~ ) = (20 +2) ¥ (0)37 + O (1Kl [y **(J2] + 201 )

21,12 2
I3 P (lzol + 1l 1) )

=T

+0(IIlgy*) +0

K:(0)y7

MN

= (20— 2)I = (20 +2);
1

2 20,2 2
+0 (Illo (Il + lzol) ) +0 (Hlly (1 + 2l lz0]) )
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By binomial theorem,

\Xo _ x|7372s

3+42s 2 2
1+ (20+2) ¥ k(0)—2—
i=1 \()@Zo—Z)’

2 2 2 2
10 15l Iy17 % (2] + |20]) 40 I llo [yI”(Iy]” + |z]]zo0)
(3,20 —2)|? (y,20 —2)|*

2,14 2 2
+0<eroy\ (ol +1d >>

= ‘(yaZO _Z)’_3_2S

(3,20 —2)[*
o 3+2 2
= 20—2) |1+ " @tz Z —t
= \y,ZO—Z)!
24 2 2
Lo %l ] (|Z|‘2HZOD Lo Ixllg P (Il +IZI2+\Zo\ )\ |
|(y,20 — 2)| |(y,20 — 2)|

O]

Proof of Lemma 2.3.8. The first and third equalities follow by the change of vari-

able y = |zo — z|y. To prove the second one, we have

2
Vi
———<—5-dy
542
/2 I(y,zO )P

!yl +|z0 — 2] )—\m—z|2
2/ S+25 y
(\yl +\ZO—ZI )

2/ 3+2A - |Z0_ | / 5+2x

(17 +rzO—z|) (I +\zO—z|)
lcl,s 1 1C3,s |ZO_Z‘

- 2 C3,s |Z() N Z| 1+2s 2 CS.,s |ZO _ Z|3+2S

_ 1Cl,s 1 C327s 1
2 C3,s CLSCS,S |Z() — Z‘ 1+2s°
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Recalling that

Cps = 2 ),
YT —s)  m2
we have
G r(32)? 142 2
C15Cs [(152)T(34%) 3425 3+42s
and hence

/ Ji dy — 1 Cl.,s 1
R |(y,20 —2)]""* 3425 Cag |z9— 7'

2.4 Linear theory

In this section we use a different notation. We write w = w(z,7) for the layer in the

extension and w(z) for its trace.

2.4.1 Non-degeneracy of one-dimensional solution

Consider the linearized equation of (—A)*u+ f(u) = 0 at w, the one-dimensional

solution, namely
(—8)'¢+f (w)p=0 for(yz)eR",
or the equivalent extension problem (here a = 1 — 2s)

V- (t°V¢) =0 for (y,z,¢) € R

t“g(z +f'(w)¢=0 for(yz)€R"

Given £ € R"~!, we define on

X =H"(R%,1%)
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the bilinear form

(u,v)x = /RZ “ (Vu-Vv—i— ]5\214\/) dzdt—l—/Rf'(w)uvdz.

+

Lemma 2.4.1 (An inner product). Suppose & # 0. Then (-,-)x defines an inner
product on X.

Proof. Clearly (u,u)y < o for any u € X. For R > 0, denote Bj; = Bg(0) NIR? and
its boundary in Ri by 0B} . It suffices to prove that
")
w;

Since the right hand side is non-negative, the result follows as we take R — +oo.

2
dzdt. 2.17)

taVuzddt—i—/ ’wu2d:/z“w2
/B;| Pacdir | fwilde= [ it

R

To check the above equality, we compute

2
/ WAV ()| dedt
B} Wy
y 2
= [ t*|Vu——Vw,| dzdt
Bf w;

a 2 al/lz 2 a 2 VWZ
:/ 1*|Vu| dzdt—i—/ t—|Vw,| dzdt—/ 1'V(u”) - dzdt.
B By W: 3

R Wz

Since V- (t*Vw,) =01in Ri, we can integrate the last integral by parts as

\% 1“0 \%
—/ 1V (u?) - Y2 dzdt = —/ uzivwzdz—f—/ u*v - (tawz> dzdt
By Wz 9B W Bi Wz

!
1
— MZf(W)WZdZ_,_/ 1“uVw, -V —dzdt
B} Wy BY

wz

2
/ 2 au 2
= wlu dz—/ t—|Vw, | dzdt.
BB,tf( ) 8% ng z|

Therefore, (2.17) holds and the proof is complete. O]

35



Lemma 2.4.2 (Solvability of the linear equation). Suppose & # 0. For any g €
C>(R%) and h € C(R), there exists a unique u € X of

—V-(1°Vu) + 19\ EPu=g in R?

p) (2.18)
t“afz +f(wu=nh on JR?.
Proof. This equation has the weak formulation
(u,v)x = / t* (Vu -Vv+ &€ |2uv) dzdt —I—/ f (w)uvdz
R2 R
= / gvdzdt —l—/ hvdz.
RZ R
By Riesz representation theorem, there is a unique solution u € X. O

Lemma 2.4.3 (Non-degeneracy in one dimension [82, Lemma 4.2]). Let w(z) be

the unique increasing solution of
(=0z)'w+ f(w)=0 inR.
If §(2) is a bounded solution of
(=02)'0+f(wo=0 inR,

then ¢ (z) = Cw'(z).

Lemma 2.4.4 (Non-degeneracy in higher dimensions). Let ¢ (y,z,t) be a bounded

solution of

a " on
V(y,z,t) : (ZQV(),7ZJ)¢) =1t <<9t, + ;8, + aZZ + Ay) 0=0 in R_,jl

aa(P n
= +f(w)o =0 on IR,

(2.19)
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where w(z,t) is the one-dimensional solution so that

a .
V(Z,I) . (taV(ZJ)WZ) =1 (3,, + ;at + azz> W, = 0 mn Ri
Wz

v

¢ +f(ww,=0 on dR?%.

Then §(y,z,t) = cw,(z,t) for some constant c.

Proof. Foreach (z,¢) € R%, let y(&,z,t) be a smooth function in & rapidly decreas-
ing as |E| — +oo. The Fourier transform ¢ (&,z,¢) of ¢(y,z,¢) in the y-variable,
which is the distribution defined by

<$('7th)7u>R’l*1 = <¢(',Z,l‘),,ﬂ>an = /]R"*l ¢(§7Z7t)ﬂ(§)d§

for any smooth rapidly decreasing function p, satisfies

/Rn+. (= V) +1(EP ) $(E,2,1) dEdzar
- /R (= W+ 1) §(§,2,0)dédz.

Let u € C2(R™), @, € C7(R2) and @y € C(R) such that
0 ¢ supp (14).

By Lemma 2.4.2, for any & # 0 we can solve the equation

VL (V) Py = w(E)gy (o) inE2
Y P = BE)() on 9%

uniquely for y(&,-,-) € X such that

W(§7Z7t):0 if é ¢supp(u)
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In particular, y(-,z,t) is rapidly decreasing for any (z,#) € R2. This implies

L, @62 e rpsc.0)dzdt = [ (62,00 w1 0() dz
R R

2
T

forany ¢ € C7 (@) and @ € C°(R). In other words, whenever 0 ¢ supp (i), we
have
(@(,2,8), W)pn1 =0 forall (z,¢) € R2.

Such distribution with supp (@ (-,z,¢)) C {0} is characterized as a linear combina-

tion of derivatives up to a finite order of Dirac masses at zero, namely
A S ()
§(&.2n) =Y a8 (@),
Jj=0

for some integer N > 0. Taking inverse Fourier transform, we see that ¢ (y,z,7) is a
polynomial in y with coefficients depending on (z,#). Since we assumed that ¢ is
bounded, it is a zeroth order polynomial, i.e. ¢ is independent of y. Now the trace
¢(z,0) solves

(~AYo+f(w)$=0 inR.

By Lemma 2.4.3,
0 (z,t) = Cw,(z,1)

for some constant C € R. This completes the proof. O

2.4.2 A priori estimates

Consider the equation

(=A@ (y.2) + f'(w(2)#(y,2) = g(y,2)  for (y,2) €R". (2.20)

Let (y) = /1 +|y|* and define the norm

10lly0= sup M (90,2
(y,z)eR?

forO<u<n—142sand2—2s <o <14 2ssuchthat u+o <n+2s.
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Lemma 2.4.5 (Decay in z). Let ¢ € L™(R") and ||g||o 5 < +oo. Then we have

11,6 <€

With the decay established, the following orthogonality condition (2.21) is
well-defined.

Lemma 2.4.6 (A priori estimate in y,z). Let ¢ € L*(R") and ||g||, < +oo. If the

s-harmonic extension ¢ (t,y,z) is orthogonal to w,(t,z) in R, namely,
// tQow. dtdz =0, (2.21)
R}

then we have
19146 <Cllgllyo-

Before we give the proof, we estimate some integrals which arise from the

product rule

(=) (@) (x0) = u(x0) (~A)v(30) + Cog | |(°)_” )

X0 — x|
= u(x0)(—A)"v(x0) +v(x0)(=A) u(xo) — (u,v)s(x0),

where

(”7V)s(x0) = Cms/n (l/t(x()) — ”(x))(v(xo) — V(x)) d

X.
|X0 o x‘n+2s
Lemma 2.4.7 (Decay estimates). Suppose §(y,z) is a bounded function.

1. As |y| = oo,
(—A)S <y>*u -0 <<y>72s7m1n{,u,n71}) 7

(0.0) ) =0 () o mnten).

2. As|z| = oo,
(—A)S <Z>76 -0 (<Z>72s7min{c,l}) ’

(6. =0 (@ > ).
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3. Asmin{|yl|, |z|} = oo,

(O =0 (10l (bt + 1) (<l 4+ 1))

+ |yr"*2S<ry|"+“+1>|z|*"*2min{|y|,|z\}3)
17720 (' + 1min {2
27 (bl 1)~ (" )
I (1) ™ 7 (10 + 1)

#1217 (I + 1))

o
wo(
+o(
+o(
G

In particular, if 4 <n—1+2sand o < 1+2s, then
(@) s =0 (I 217°)  as min{|y], |z} — +eo.
4. Suppose W <n—1+2sand 6 < 1+2s. As min{|y|, |z|} — oo,
(=) () ) 7) =o (b 2177,
(0. 0) (=) )s =0 (W1 "lzI7°).

5. Suppose Nr(y) =1 (%l) where 1) is a smooth cut-off function as in (2.25),

and ¢(y,z) < C(z)"°. For all sufficiently large R > 0, we have
[(=8)" )9 2) <€ (" 4+ () ) max {y.R} . @22)

Let us assume the validity of Lemma 2.4.7 for the moment.

Proof of Lemma 2.4.5. 1t follows from Lemma 2.4.7(2) and a maximum principle
[50]. O

Proof of Lemma 2.4.6. We will first establish the a priori estimate assuming that

|94, < -+oo. We use a blow-up argument. Suppose on the contrary that there
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exist a sequence @, (y,z) and Ay, (y,z) such that

(=AY O+ f' (W) =gm  for (y,2) eR"

and

H‘PmHup:l and Hgm||u76—>0 as m — oo,

Then there exist a sequence of points (y,,z,) € R” such that

(Pm(ymazm) <ym>u <Zm>6 >

| =

‘We consider four cases.

1. ym, z» bounded:

(2.23)

Since ¢, is bounded and g,, — 0 in L= (R"), by elliptic estimates and passing

to a subsequence, we may assume that ¢, converges uniformly in compact

subsets of R” to a function ¢y which satisfies

(=A@ + f'(w)po =0, inR"

// t“Pow,dtdz = 0.
R2
2

and, by (2.21),

By the non-degeneracy of w’ (Lemma 2.4.4), we necessarily have ¢y(y,z) =

Cw/(z). However, the orthogonality condition yields C = 0, i.e. ¢o = 0. This

contradicts (2.23).

2. y,, bounded, |z,| — oo

We consider @ (y,2) = (zm +2)° Om (¥, 2m +2), which satisfies in R"

+0n(%,2)(—A) (zm+2)
({5 ( ;< ),<Zm+Z> )s
+ ' W(zm+2) @m+2) " On(3,2)

(am+2)"7 (=A) On(v.2) +

= gm(yvzﬂl +Z)7



or

s / (_A)S<Zm+z>_o g
(-89 b+ ( (wlan+2)) + e )én
(&m(y;Z),<Zm+Z>G)S

=g+ -
" (zm+2)7°

Using Lemma 2.4.7(2), the limiting equation is
(=A@ +2¢p =0 inR"
Thus (;30 = 0, contradicting (2.23).

. |ym| = 0, z,» bounded:

We define ¢ (y,2) = (¥ + )" O (ym + ¥,2), which satisties

, (AP (Om+2 ") -
(A)‘¢m(y,z)+<f (w(z))+ (yn(ryi-y>_); )>¢m(y72)

(G (3,2), om +3) "),
Ym "‘)’>7u

= gm(Ym+y2)+ in R”.

By Lemma 2.4.7(1), the subsequential limit ¢y satisfies
(=A)'@o+ f'(w)o =0 inR".
This leads to a contradiction as in case (1).

. |ym|a|Zm‘ — o0l

This is similar to case (2). In fact for ¢,,(y,2) = (Y + ) (@ +2)° O (Y +
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¥y Zm +2), we have

(—A) G (y,2)

m+y) H(@m+2)"° n(:2)
(P (3:2), m+3) " (e +2)7)

+ (f’(w(zm +2)+ (=AY (Y +3) ™ (zm+2)7°) ) .

= 8m(Ym +Y,2m +2) + ) P lamt2) ° in R".
In the limiting situation ¢, — @, by Lemma 2.4.7(4),
(—A)'¢0+200=0 inR",
forcing ¢y = 0 which contradicts (2.23).
We conclude that
11l <Cligllye provided ||l 5 < +ee. (2.24)

Now we will remove the condition |[¢]|, ; < +eo. By Lemma 2.4.5, we know
that [|¢] 5 < +oo. Let 1 : [0,400) — [0, 1] be a smooth cut-off function such that

n=1on[0,1] and mn =0o0n [2,+c). (2.25)

Write nr(y) =1 (%) We apply the above derived a priori estimate to y(y,z) =
Nr(y)9(y,z), which satisfies

(=AY w+ f(w)y =1rg+ 0 (—A) 1R — (s, 9)s. (2.26)

It is clear that [|1rgll, & < [I8llyc and [[@(=A) M, & < CR™% because of the
estimate (—A)*n(|ly]) < C(y)”"""**). By Lemma 2.4.7(5),

[(=4)", 1] (0,20)] < € (J2o| " + |zol ™ ) max {Iyol,R} >
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For o < 1and 0 < u < 2s, this yields

I[(=A), 1)@l 5 < CR™H).

Therefore, (2.24) and (2.26) give
M9l 6 < Cllgll, o +CR> +CR™ 1),

Letting R — 400, we arrive at

10lly.6 <Cllgllyo

as desired. O]

Proof of Lemma 2.4.7. We will only prove the statements regarding the fractional
Laplacian of the explicit function. The associated assertion concerning the inner
product with ¢ will follow from the same proof using its boundedness, since all the

terms are estimated in absolute value.

1. We have

(=A0:0) (0 =0 = (=A80)" )" ly=yo

—c, / yo) * =" dy
= Ln—1; —
Rn-1 ‘yo_y|n 14+2s

=h+hL+5+1L,
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where

B o) =) =D ) =y 0 —)
L= Cn—l,s n—1+2s dy7
By (0) [vo =l
2
—H M
L= Cn—hs/ %dﬁ
B1(0) |yo—y|
B\ M
13:Cn—17s/ %dya
B,y (0\Bi(0) |yo — |
2
—H M
Iy =Coys / % Y-
R”‘1\<B lso| (0O)UB |y | (0)> o —|
2 2
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If [yo| < 1, it is simple to get boundedness since (y) * is smooth and

bounded. For |yg| > 1, we compute

- D2 (3) " y=yo o — 5P|
’Il| ~ B n—1+42s
@(YO) o — |
bol 5
—u—2 [ P
5 |y0‘ /0 p1+25 dp
< vl 72,
1
AR A —
B1(0) |y0‘n 1+2s

—(n—14+2s
< Jyol T

I

S o2 [ (G0) ™ + 1y 7) dy
Blyy) (0)\B1(0)

Vi

=l

S

B

)

S |y0\7("71+23)/1 (o) ™ +p ") p"2dp

< ol 772 (o) (ol = 1)+ [yo | #H 1)

< [yol T HF) 4 [y TR,
_ 1
L] < |yol “/ s
Rrhl\ (B |y0| (yo)UB ‘)'0‘ (0)> |y0 _y|
2 2

|
—u
< Iyol /M mdp
2
< [y W,

2. This follows from the same proof as (1).

3. Wedivide R"~! x R into 14 regions in terms of the relative size of |y|, |z| with
respect to |yol, |zo| which tend to infinity. We will consider such distance
“small” if [y| < 1 and “intermediate” if 1 < |y| < %, similarly for z. Once
the non-decaying part of (y) ™, (z)~° are excluded, the remaining parts can

be either treated radially where we consider (yg,zo) as the origin, or reduced
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to the one-dimensional case. More precisely, we write

—u -c —c
= Z ij 4 Ismg + Irest’
1<i,j<4
min{i,j} <2
where
_ (™" =00™) (@77 —(20)"°)
Iy —Cn,x/‘/y<l <1 ‘(y—yoaz—z())’n—"_zs dde7
(" =00™) (&7 —(20)"°)
he= ’”//y<1 t<il<Lal =0,z —20) "> btz
- (™" =00™) (@77 —(20)"°)
113—Cn,s /y<l,|ZZO<|Z§ ‘(y—yo’z—Z0)|n+2s dydb
3 () =00 ™) (2 —{z0))
114—Cn,s /y<1,min{|z,z—Zo|}>zg| |(y_y07Z_ZO)|n+2.v dde,
(0" =00™) (@77 —(20)"°)
— G //<y<° <1 |5 —y0,2—20)[" b
3 ()7 =0o) ™) ({277 = (20)9)
by = Cn,s//]<y<‘o l<|z|<|0‘ |(y—y07Z_Z0)’n+2S dde7
B (0" =00™) (@77 —(0)"°)
= _C"’S// <pi<ltl gi<l | —0,2—20)["*> e

—C,, //
<Pyl< 22l ming]e], |z} > L2l

()=o) ™) ((2) % —(z0)"°)

|y —y0,2—z0)|""**

dydz,
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—u_ —u -0 _ Y
I3t =Cas //Iy—yo|<|yz°7|z|<1 (<y> - ) (<Z> - )dydz,

| =y0,2—z20)"
—H_ —u -0 -0
Iy = Cps / / T ()" = 00) ") (4= n+zs<z°> ) v
y=yol< P 1<l < |(y = y0,2—20)|
—Hu —u -0 _ —0
Iy = Cn,s // ol (<y> <y0> ) (<Z> n+2S<ZO> ) dde7
min{[y,[y—yo|}> "2, |z|<1 |(y = yo,2—20)|

Ip =C, s//
min{|y|,[y—yol}> ol 1<|z]< [

(D) =00 ™) (&) — (20)"°)

(v —y0,2—20)""*

=G ] pol+fol
> R > R | y0.a—z0) [ < PO
() =00 ™) ()7 = (20)"7)

|(y =0,z —z0)|""*

dydz,

dydz,

Ires[ — C 5 / v ) | "
" M>@a|Z|>@v\(}’*yo,zfzo)|>w
()=o) ™) ((2) 7% = (20) %)
‘(y_yO,Z—Zo)|n+2s

We will estimate these integrals one by one. In the unit cylinder we have

1
\In\,ii// dydz
|00, 20) " S i<1, <1

—n—2s

dydz.

S (v020)]

On a thin strip near the origin,

1
' <7// 2%+ (z0) %) dydz
el < |(y07ZO)|n+2S \’\<1,1<\z\<@ (’ | (z0) ) y
< 100,200 " (leol =7 +1))

Similarly
il 5 1// (Il +(vo) *) dydz
~ 1 (vo,z0) [ S Si<pyi< el <1

S 1020) "7 (ol #41))
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and in the intermediate rectangle,

20 S [ttt (07 0007 (7 o))

2 2

S 100,20 " (ol 1) (ol = +1).

The integral on a thin strip afar is more involved. We first integrate the z

variable by a change of variable z = z9 + |yo — y|C.
_ (0" =00) ™)
113 - Cn,s |2 ‘ n+2s
i<t le=20l< 3 [(y = Y0,2—20)|
({2) 7 —(20)° =D (2) 7|z (z—20)) dydz

_c // ()= (o) ™)
S Ibi<t, =zl <2l | (y — yo, 2 — 20) T

|
20l ([ 0007 @) ) v
_ Cn,s/ 0 =00 "

l<1 ‘y - y0|n73+2s

/4< ol (/01(1_01)2@0 |zo+tyyocdf)(lic§)c,,zbdy.

2[y-ol

Observing that in this regime |y — yo| ~ |yo| and that

T 12 ' 5
/ 7Mdt§mm{T ,1},
O (1+22) >

we have

1 o2 . 20 ’
’113‘ 5/ W‘ZO‘ ° 2Hlln ( | | ) ,1 dy
i<t |y — ol : [y — ol

—n—2s

—6-2 . 3
< Iyol |20/~ “min{[yo|,|z0l}" .
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Similarly, changing y = yo + |z — zo| 1, we have

()=o) ™ =D) ™y (y—30))
b _C“//y yol<2l <1

|(y =0,z —z0)[""*

((2)7° = (20) ") dydz
// ((2) 7% —(20)"°)
by— y0\<‘0‘ <1 |(y —y0,2— Zo)\n—ﬂs
<Z/ (=)0 )™ Ly s1(v-y0) )(Y_YO)i(y—yO)jdde
_y / @ 7= (@) °

P ll<t Jz—zo*!

1
- nim;dn
1—1)0;; H opdt | —— 4
/ﬂ< “yo|| (/0 ( ) j<y> ’y0+t|z 20| ) |(n71>|n+2s Z

The t-integral is controlled by (yo) 2 since lyo+1tlz—z0|n]| < b70| Then

/ ~millny| /"0 p2p"2 dp
|T,|<T)0 nJEZA 2+1 n+25
(Inf*+1)

using

< mln{nn-i-l } 7

(noting that here we again require s > 1/2) we have

n+1
Ll < / 2 min ol 13 dz
Bl 3 ljzl k<t |z—z0) " Oo) |z — 20|

< Jol ™7 o)™ 72 min {[yol, |2}

Next we deal with the y-intermediate, z-far regions, namely /3. The treat-

ment is similar to that of 113 except that we need to integrate in y. We have,
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as above,

(=00 ™)
Cns//<y<)o l— Z0‘<‘0| |( —y0,2— )’n+2s

(&7° <Z> —D(> % lx(2—20)) dydz

u
=Gy / |vol n<y24>rZs
1<h<F \y Yol

/4< ol (/o (1-0D*(2)° Izwyyogdt)ufz%dy,

2y >o|
Hence
3
I+ 00" e 0] )
|h3| S / bl - 3+2Y’ N < min ,1 0 dy
1<ly|< 2L |y — o ly —yo
_n-2 -2 . _
<ol el o min ol ol -y (0174 00) )

< ol ™" [z0] > min {]yol, 201}’ (yor’ " ”+1).

Similarly, we estimate

(™ =00 ™ =DO) ™y (y—m))
I32—Cns/A) y0|<|0| 1<\Z\<‘0| - . :

|(y =0,z —z0)[""*

((2)7° = (20)"°) dydz
_ "1/ (@ "= °

2s5—1
i,j=1 <\Z\<# ‘Z—Z()’

1 . dn
1=0)0:; () M, . dt)wd,
/n<z|3'°z0 </° =007 bovemain (n, )" ’
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which yields

2| S Z/ M()«))_“_zmin < ol n+],1 dz
1<l <ol |z zo>71 |2~ 20l

i,j=1 2

—n—2 -2 . _ _
<ol ol P min ol o)™ [ (7 (o))
A<=

< Jeol ™[yl min {|yol, 2ol }"*" (Jeol = +1)

We consider the remaining part of the small strip, namely /14 and I4;. Using

the change of variable z = zo + |yo|{, we have

-u Y ()70 Z (7)) O
hanff O )
| <1, ming2], [0l } > 2l (v — 0,2 — 20))|

1
1l S 20) 7 ] dydz
<1, minJel,[—z0l} > 22l !()’072 |(vo,2—20)[">

<

St [ s
min{lel—2o}> 2L | (39,2 — 20) "%

1 1
S <ZO>7Gﬁ/ . . 72%
[yo "~ gt 2k ey [ | (1, )1

2o’
(n—142s) = dC
n+2r

a+82)"

o1 |—(ne1425) EN
< (20)° ol ") min 1,<|y0|)

S.; <Z0>—0' rnin{|yo‘—(}1—1—0—25)7 ’ZO’_(n_H_ZS)}

< (20) % (Iyol + |zo]) "1,

< (20)” % Ivol ™

Similarly, with y = yo + |z0|7,

B ()=o) ™) ((2) % —(z0)"°)
a _C"’s//min{m y—yoly> L0l <1 I( dvdz,

y—y0,z2—z20)|""*
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1
lals oo™ [/ o T e
mind |yl ly—yo 1> 22, 121<1 | (y = yo,20) ">

. d”
< —H —(1+25)/
~ y < ¥, n+2s
< 0> | O| |Tl|>2\0‘| (‘]” 1) 7

00 I‘l—2
- —(142s p
5 <y0> u’Z()’ (Jr )\/2y0| (p2+1)n+2s dp
20

—(1+2s)
< b ool mind (20)
2|z

< (o) ™ (Jyol + [z0) "2,

In the remaining intermediate region, we first “integrate” in z by the change

of variable z = zo + |y — yo|{ as follows.

— G //
<Iyl< 2ol mingjal, o=z} ol

() =0) ) ((2) 7 —{20) %)

dydz,
|(y—yo,2—20) ">
- —u
_ +
|]24| 5 <ZO> G// ol il |y’ <y0> — dde
1<[y|< 22! min{Jz],l==201}> 2 |(y — y0,2—20)|
Sy | DEEO0
~ 1<‘y‘<‘L20‘ ‘y_y0|n—1+2S
d
‘4 ¢ m'1g””@
>2‘) — | ‘ _‘v \0‘ 2|\7y0‘ ( +C )

5<ZO>7G/ ‘y| " <y0>*“

]<M<‘L20‘ ‘y_y0|n71+2s
—(n—142s)
min 1,( ] > dy
|y — ol
St f g (74 007 (ol a2 ay

S o)~ ol o) "2 [ (017 o))

S (20) 7 (Iyol + Jzol) " “2‘)
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Similarly,

I =Gn, //mln{y|y yoly>Bol 1 <pp< ol
()=o) ™) ((2) % —(z0) )

|y —yo,2—20) "

dydz,

2%+ (z0)°

Ll s 007" [ ol 1
min{ Iy} ly—yol}> 2oL 1< i< 52l | (y — yg, 2 — 20) "+

—0 —0
_ zl  + {20 dn
< (o) “/ |O||<1+>zs/ bol T3 pymE 2
1<|z|< |z — z0] L IE e (|77| +1)72

dydz

n+23

-0 -0 —1-2s
< —;L/ ‘Z‘ +<Z0> min < ‘y()’ > 1 d
~ 0 ’ <
Oo) <\z|<|0| \Z—Z0|1+2S 2|z — 20|

< o) ™ [z (Jyol + |zo]) ).

Now we estimate the singular part I*%¢. The only concern is that if, say,
[yo| > |z0], then the line segment joining zo and z may intersect the y-axis. To
fix the idea we suppose that |yg| > |zo|. Having all estimates for the integrals
—0
(z0)

and obtain integrability by expanding the bracket with y to second order, as

in a neighborhood of the axes, one can factor out the decay {z) ° —

follows. For simplicity let us write

Yo 20
szsmg—{< eyl > 2 1> Bl iy ) <

Then

Fing — Cns// — o) “) (<Z>_G - <ZO>_G) dydz

smg y y()7Z ZO) ‘n+25

~G.,ff,
Qune |(y —y0,2—20)""

Yol + 2ol

2

n—1
(Z/ 1—=1)0: )" |ygse 00— yo)dt> (v =y0)i(y —»0)dydz.
i,j=1
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Thus

. o y—yol*
Fing S <ZO> c <y0> H 2// dydz
‘ ‘ Qsing |(y—y071_10)‘n+zs

ol +lz0] 2

_ —u-—2 2
< (20) " (vo) A P dp

S 00) 7 (z0) 77

A

The same argument implies that if |zo| > [yo| then
1975 o) o)
Therefore, we have in general

|18 ] < (yo) ™ (z0)~° max {|yol, |z0]} **

< (o) (z0) " (Iyol + |z0]) 7

Finally, the remaining exterior integral is controlled by

o0 ) ] m
] 1> 22l gy Bl 1y yg,0—z0)) < Lo L0l

dydz

|y —y0,2—z0)|""*

U \-0C
S 0o) " (z0) Aro\*ko\ pl+2s
2

< (00) ™ (20) ™ (Jyol + lzo) >
4. This follows from the product rule

(=A) () (2)7°)
= (A D) T+ @ (=A==
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5. The s-inner product is computed as follows. We may assume that 1 < |zp| <
2. When [yo| > 3R,

[[(=4)*, 18] (¥0,20)|

. —o
cof ImOIET
" [(v0,20) = (3,2)]
(2)°

< C/ / n+2s dde

R Jly|<2R [(y0,20) — (¥,2)]

n—1 <Z>_G
<CR dz

n4-2s

R
<|yo|2+|Zo—Z|2> ’

-0
n—1 <ZO>
<CR </ZI>|Z§ —-dz

(\yo|2+|20—212) ’
—0
Z
+/ |zo‘ < > n+2s dZ
k= (b’o|2+\zo\2> ’
< CR"! (|ZO|—G|yO|—(n—1+2S) + (1 + |ZO|1—G>‘(yO,ZO)|7ans>
<€ (leol~*Iyol ™+ (lzol ™" + 201 ~) 00,20)] )

<€ (Jzol ™"+ Jz0l =) Ivol >
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R
When |y0‘ S 2

(=8, a0 00.20)
ccf MmONET

(v0,20) — (1, 2) ">

(2)°°
<C n+2s dde
R JIy>R |(vo,20) — (0, 2)|"

(2)°°
S C n+2s dydz
RJ[y>% 2 2\ 2
(Iy! + |20 — 2| )

(2)°° dy
=C / PSR / . o &
R |ZO_Z| |)|22‘207z| <|5;|2+1) 2

<Z>7G . |ZO_Z| 1425
S C Wmln 1, dZ
R|zo—z] 7 R

Z0+R G —1_2s <Z>76
<C / <Z> R “dz+ 112 dz
0—R lo—z[>R |20 —z| "~
S C(R—l—Zs(l +R1_G)+R_GR_2S)
S C (R—l—Zs + R—O'—ZS) .

When & < |yo| < 3R, we have

1 Ny, 1 y iy
Oy, e = n”(f) y+ n’(f) 8j— :
TR AR RDT ARSIy
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which implies that HDznl’"HLN(Lvo,y]) < CR™2 for |yg—y| < %2, where [yo,)]

denotes the line segment joining yg and y. Thus

[(=A)°,mr]¢ (y0,20)|
SC/ 1Mr(30) = MR(Y) + X{ly—yo| <11 PR (V0) - (y —Y0) | (2)

(e2
wias dydz
|(v0,20) — (12)["**

Rn

n+2s

SC</ / |M8.(%0) — MR (Y) + X(ly—yo <1} PTIR(VO) - (v — o)
R

Ldw Gooremd)®
(z)7° dydz
+/ / }nR(yo)—TIR(Y)+X{|y—yO|<1}D77R(y0)'(y—yo)‘(Zo>_o dydz)
) ) n+22.v
REE (o =F* 10 =2F)
SC((] +’ZO’1_G> / ‘nR()’O)_nR(y)+X{\y7yo\<1}D7;li(r)’0)(y_)’O)‘ dy
2 2\ 2
R (!yo—y\ + 0] )
M&(Y0) = Mr(Y) + X{ly—yol<1; PN (Y0) - (y = y0)
+|ZO|G/ ‘ | {_yTz—ijzs ‘dy
e Yo =y
_ _ dy
SC(|Z0| l—+-|ZO| 6) ( / W
[yo—y[>% 0
1D 78| o g3 [0 =1
/ n—1+42s dy
o —

o—yI<
< € (Jaol ™ + 20l ™) (ol +R2lvol )

<€ (Jaol ™" + 2ol =) bvol .

This completes the proof of (2.22).
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2.4.3 Existence

In order to solve the linearized equation
(—A) ¢+ f(w)p =g for(yz) ER",
we consider the equivalent problem in the Caffarelli—Slivestre extension [43],

—V-(tV¢$) =0 for (t,y,z) € R
20 1 (2.27)
s f(w)g =g for(yz) € IR

We will prove the following

Proposition 2.4.8. Let (1,6 > 0 be small. For any g with ||g|| o < Foo satisfying
/R g(y,2)w'(z)dz =0, (2.28)
there exists a unique solution ¢ € H' (R’f’] ,1%) of (2.27) satisfying
//Rz 10 (t,y,2)w.(t,2)dtdz =0 forally c R" !, (2.29)
2
such that the trace ¢(0,y,z) satisfies ||9||,, 5 < +eo. Moreover,

1916 <Cligllyo- (2.30)

Let us recall the corresponding known result [82] in one dimension.

Lemma 2.4.9. Let n = 1. For any g with [pgw'dz = 0, there exists a unique
solution ¢ to (2.27) satisfying [ fRi t*Qw_dtdz = 0 such that

191l < Cligllo,o-

Proof. This is Proposition 4.1 in [82]. In their notations, take m = 1, & = 0 and
u=o. O
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Proof of Proposition 2.4.8. 1. We first assume that g € C2°(R"). Taking Fourier
transform in y, we solve for each & € R"~! a solution ¢ (z,&,z) to

—V-(tV) +|E[ 1 =0 for (1,2) € R2,

t“(;?i +f(w)d =3¢ for z € IR?,

with orthogonality condition
//2 1°¢(t,E,2)w,(t,2)dtdz =0 forall £ € R"!
R+

corresponding to (2.29). One can then obtain a solution for & = 0 by Lemma
2.4.9 and for & # 0 by Lemma 2.4.2. From the embedding H'(R%,1%) —
H*(R) [36], we have the estimate

B &g oy < CENEE iz -

We claim that the constant can be taken independent of &, i.e.

(ﬁ("é")HHl(Ri,t‘l) <C Hg(év)HLz(]R) : (2.31)

If this were not true, there would exist sequences &, — 0 (the case |&,| —

+o0 is similar), (13,7, and g,, such that

O Mz oy =1 NemGm: Mz =0, (232)

V(1Y) + |En*19¢ =0 for (1,2) € RZ,
ua(ﬁm

"oy

+f’(w)(]3m =8n forz € 8Ri,

and

//Rz ta(ﬁm(t’ ém,Z)WZ(t,Z) dtdz = 0.
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Elliptic regularity implies that a subsequence of @,,(z,&,,z) converges loc-

ally uniformly in R2 to some ¢y(7,z), which solves weakly

—V-(t°Vy) =0 for (t,z) € R
t“?\’? +f(w)do=0 forzec dR2.

and
//2 1“Po(t,2)w,(t,2)dtdz =0 forall &€ e R"!.
R

+

By Lemma 2.4.4, we conclude that ¢y = 0, contradicting (2.32). This proves
(2.31).

Integrating over & € R"~! and using Plancherel’s theorem, we obtain a solu-
tion ¢ satisfying
19111 et o) < Cllgll 2 e -

Higher regularity yields, in particular, ¢ € L*(R"). Then (2.30) follows from
Lemma 2.4.6.

2. In the general case, we solve (2.27) with g replaced by g,, € C:°(R") which

converges uniformly to g. Then the solution ¢, is controlled by

10mll6 < Cllgmllyo <Cliglyo-

By passing to a subsequence, ¢, converges to some ¢ uniformly on compact
subsets of R”, which also satisfies (2.30).

3. The uniqueness follows from the non-degeneracy of w' and the orthogonality
condition (2.29).
O

2.4.4 The positive operator

We conclude this section by stating a standard estimate for the operator (—A)* +2.
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Lemma 2.4.10. Consider the equation
(—A)Y’u+2u=g inR"

and |g(x)| < C(X')"® for all x € R" and g(x) = 0 for x in Mg g, a tubular neighbor-
hood of Me of width R. Then the unique solution u = ((—A)* +2)~'g satisfies the
decay estimate

lu(x)] < € (&) ° (dist(x, Me g)) 7>,

Proof. The decay in x’ follows from a maximum principle; that in the interface

is seen from the Green’s function for (—A)* + 2 which has a decay |x| (1+29) 4t

infinity [62]. ]

2.5 Fractional gluing system

2.5.1 Preliminary estimates

We have the following

Lemma 2.5.1 (Some non-local estimates). For ¢; € X, j € Z, the following holds

true.

1. (commutator at the near interface)

|[(=A)* 18] 3(3,2)| < Cllilli o (i) R R+ (,2)) "

As a result,

Y 1(=Ap2)* G10i(x)]

i€y

—2s
<Cr~ supH(b,Hl“ - <R+dlst (x supp Z C,)) .

ics
2. (commutator at the end)

H(_A(y,z))s,fl—I—ad)—&-()’yZ)‘ < C||¢+H+7”70R2*9 <y>—# <Z>_1_2S,
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and similarly for ¢_.

3. (linearization at u*)

L 150 ) =1 e

<Csup ||95]]; .0 (Z GRS (y) 070 4 (L4 + LR, ® <y>‘“> :
j€s ' ies

4. (change of coordinates around the near interface)
Y (A" = (A4)") (G0 ()]
€S

< CRn+1+u+68 H éi“i,u,c

—2s
)G (yi) 9+ €? <dist (x, supp Y §i> >
d i€y

5. (change of coordinates around the end)

|((=20)" = (=A0.0)" ) (+-94) (1)

2(2s—1)
< Cr™ st

- - A —1-2
Gl pe ROV @,
and similarly for ¢_.

In particular, all these terms are dominated by S(u*).

Proof of Lemma 2.5.1. 1. (a) Since ¢; € X;, we have for |(yo,z0)| > 3R,

} [(_A(y,z))sv N é]‘isz‘()’o, Zo) ‘

_ﬁ()))i(z) +o -0/ \— —c
<Cl0lpo| [ ISR ()0 () () dyz
) Jia)I<2R | (y0,20) "2
< Cl01l e R (500 100,20) 7 [ ) ) dvez
|(2)[<2R
< Clil o R*O (1RO (1 R H) (3) (0,200 7

< CRn’(y()?ZO)‘_n_zs Hq)iHi,/J,a <Yi>70 foro<I,u<n—1.

63



(b) For & <|(y0,20)| < 3R,

[(=Apa)'s ‘5](13i(yoazo)\
of )
bo—yl<§ Jlzo—zl<§ ‘y —y] +]z0 — 2| )

REV il ()8 () H () dydz

/ / 1
125
yo—y[>% Jz0— z\>4 nopls

vo —y|* +|z0 — 2

RN o (i)™ 9<Y>_ ()" dydz
< CR™% | ¢, e (yiy 2.

(¢) For 0 <|(yo,20)| <35,

|[(_A(y@))svﬁé]‘ﬁi()’o,Zo)}
<cllol, / 1-71(»)¢(2)
— tli,u,o

6:2)1=R |(y — 0,2 — 20)["
RMO (38 () H (2) 7 dydz
< CR|1ill; .6 (vi) 7

2. We consider different cases according to the values of the cut-off functions

71+ (y) and £ (2).
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(a) When 74 (v9)&(z0) = 0 with |yo| > 2R, and |zo| > 3R,

[(=Ap0) 14810+ (0, 20) |

<l REQ/ / ) H)° ~ dydz
+,1,0 y[>Ra JIz|<2R |(y0,20) — (y,Z)’H ’
<Cl|¢: ]l o B (1+R) — ¢
= Tll4p,072 ly|>R. 2 2) "% ’
(!yo—y\ + ol )

<C Iy R*G 1 leG <y>_”
— H¢+H+,u,0' 2 ( + ) » 5 5 %2? y
yol” + o] >

{yo) ¥
+ /72y0 n+2s dy

" (=P +120)

n—l-p —H
7 6 1oy Dol (o)
SCH¢+H+7M~,GR2 (1+R ) (|(y07Z0)’n+2s+ |ZO|1+2.¥

Ry (14+R2) (y0) ™ (a0) '

ol
2<M§T (

SCHé‘*‘H+,u,G

(b) When 74 (y0){ (z0) = 0 with |yg| < 2R and |z9| > 3R,

(=Ap.0)° 148104 (v0,20) |
dy

] . )
g |
. [y|>R> 2 2\ :2

(\YO—yI + 20| )

R;Gﬁu(l _|_R1—0')|Z0|7172s.

< CH(ISJFH+,/~L,G
(c) When 14 (y0)& (z0) = 0 with |yo| < R, — 2R,

(=Ap.0)% 148104 (v0,20) |
) °

<cll RO / / dydz
9 02 bl>Rs Jlel<2R | (o, 20) — (v,2)[" g

- —0—p o . 1 1
<C R / Z) ~ min , dz
H¢+H+,u,c 2 ‘Z‘<2R< > {|20Z’1+2s Rl+2s}

<C H<¢3+||+MR;9*“(1 + R (z)
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(d) When 0 < 71, (y0)C (z0) < 1 with |yo| > R, —2R and 0 < |z9| < 3R,

[(=Ay)"57 §]¢+(yo za)}

|y0*y\ +z0 — 2 )

< C/ / n+23
[yo—y|<R J|z0— z\<R y| o1 )

H¢+H+,#,GR56 () (2) " dydz

1
C/ / n S
[Yo—y[>R J|z0—z|>R 5
(|YO

_y‘2 + |ZO _Z‘2> 2
16+[], 4o R2® )7 (2) ™ dydz

<CR™|¢: H+,u,oR2_6 (o) *

—H
C Iy R—G/ <y> d
+ H¢+H+,u70 2 yo—y[>R |y0_y|n—1+2s y

< CYJ6- 1 o Rs ol *-
3. For the localized inner terms,
0
Y |G )i < Cllill; 0 GFERTC {yi) ™

i€y

Y T
<Cl 6l o Y GRETE (i)
i€t

The two terms at the ends are controlled by

Ce(F (W) — f'())0s] S ClIPslle g CRTRS O (1)1

By summing up we obtain the desired estimate.
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4. By using Corollary 2.3.4 and (2.10), we have in the Fermi coordinates,

[((=A0)" = (=A0.9)") (&) ()|

2)
< CRe|(—Ay0) (1861 (3,2) \+Csl‘}(ﬁ§ i) 0 )!
< CRe (1(0)(2)](=Ap2) (0, 2)| + |[[(=Ap.2)* 113, 2)|)
+Ce™ (7)), )
gCRs( ME@R ]|, o ) T )M ()70

(1], 6 ()~ R R+ 102 ) )

< CR™He |61, o i) (A (@) + R+ () )" ).

Going back to the x-coordinates and summing up over i € ., we have
Y (A = (=Ag2)) (Gi) (%)
ics

< CR'M1HRFog H(ﬁiHi,p,G

—2s
. (Z Gily) % +ef <dist (x, supp Y g>> ) .
ics ics

5. Similarly, using Corollary 2.3.5 and (2.10),

[(—A)° = (—A40)" ) (§+94) ()|
<Cr BT |(—Ape) (712 £64) 042) chﬁw(mm)(y,z)\
< Cr 5T (1 )@ (=) 61 (02 + (= Ap0) 1 8165 (0,2)])
+Cr T (1,.884) (32)
<o 5T (R 0@ 1640 R 0) 7
6o R )7 @)
o [ L R O R
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2.5.2 The outer problem: Proof of Proposition 2.2.2

We give a proof of Proposition 2.2.2 and solve ¢, in terms of (¢;) c 7.

Proof of Proposition 2.2.2. We solve it by a fixed point argument. By Corollary
2.3.3 and Lemma 2.5.1, the right hand side g, = g,(¢,) of (2.6) satisfies g, = 0 in
Mg g and

golle < Ce%+ (TN ()l + |0 (2 = £ (1)) 90 |
< C% + 190l () 9010 +CR > |96l »

so that by Lemma 2.4.10,
(=AY +2) g, < (c+(:289 +C’R*23) £ < Ce®.

Next we check that for ¢,, W, € X,, go(9s) — 8o(W,) = 0 in M¢ g as well as

180(90) — &o(Wo)llg <

N(¢o+ Y Cj(bj) N(%+ ) Cj¢j>

= id
|70 2~ £ ()90~ vo)
<CE?+R)|1¢0— Wollo-

0

Hence

[((=4) +2)"" (80(00) =80 (Wo))||g < C(e° +R™) |60 — ol -

By contraction mapping principle, there is a unique solution ¢, = ®,((9;),c 7).
The Lipschitz continuity of ®, with respect to (¢;),e » can be obtained by taking

a difference. OJ

2.5.3 The inner problem: Proof of Proposition 2.2.3

Here we solve the inner problem for (¢;) jc », with the solution of the outer prob-

lem ¢, = @,((9;) jc_r) plugged in.
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Proof of Proposition 2.2.3. Let us denote the right hand side of (2.10) by g;. We
notice that the norms can can be estimated without the projection (up to a constant).
Indeed, for any function h with H}_IH no < oo,

e

< C HBHILG sup <Z>—1—2s+6
(e} Z

1, €R

< Cl[A]], 6

Then, keeping in mind that a barred function denotes the corresponding one in

Fermi coordinates, we have

= * — A —(2s—
7S o < (7)° sup (Y ()7 - (ys) 271 (g)" >
[¥],|z|<2R

< CRH {y)~(=0)
<o,

172 = £ W) Po((9)) e )|, .o
< Hﬁiq’o((‘f’j)je/)”,-#ﬁ

< () sup (%[ @, (05 ) 0.2
yllzI<2R

<(y)® sup <y>“<Z>°'<Yi>_9HmHe

[]|z]<2R

6
< CR*"%¢ J_s€u§ H(PjHjJJ.,G

< CRMT9¢9¢Cs,
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and

N (‘I%(((Pj)jef)Jr ) Cj¢j>

et iu,c

<Cly)® sup MR R((B)je )+ Y, 18012
Iyl lz|<2R ﬁjmej -
supp i Nsupp §;

2
0 —-20
< CRF O (y;)" sup | (yi) (jsell; el j.,u,a)

yl;lz|<2R

2

—-26

+ : 1

]EZ/ (v)) (js;; H¢JHW,G>
supp 7;Nsupp §;7#0

0 ~
< CRM*9 (y;) C5]$611§ el o
< CR*9£9C252.

Using Lemma 2.5.1 and estimating as in the proof of Proposition 2.2.2, we have
forallie .7,

Igill; p.o < CE(1+R*TEOC+R*H9€0C5 +0(1)).

Now we estimate the functions @ at the ends. We have similarly

~ * __4s — (25—
1S )|, o SCRS sup () (2)° (y) 21 (g)®
Y>Ro,z<2R

(A
SCRZ(ZYJFI H 0)

<Cd for R, chosen large enough,
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and

Hﬁ+ (2 — f/(l/i*))q)o(<¢j)j6/) H+,M,G

<CRY sup (yH <Z>G‘W)J€/)()’vz>’

yERz,Zng

<CR°R] sup (" () P&’ sup [|9)]]
j€s o

Y>Ry,z<2R

< CRYEOCS (since u < 0)

<cC €28 for u chosen small enough,

N <¢o((¢./)je/)+ Y ij/)j)
jes +,U,0
<CRY sup (WM (2)7 | ,((9)) e s)(0,2) + )
y=R»,z<2R jeS
supp i+ Nsupp §;70
2
< CR° o i
<o an | 0 (s ol
2
cor o el
i€z jes T
supp 7).+ Nsupp §;7#0
2
-0 -0
<CR’|R,°+ jEZf (vs) (g} 6] ,-,#,o>
supp 7+ Nsupp &;7#0
0~
< CR%£0Cs <jeu§ H¢J'Hj,u,c>
< CR°£9C?*8°.
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Putting together these estimates together with the non-local terms yields, using the

linear theory (Proposition 2.4.8 and Lemma 2.4.6),

-1
]fseu:éf 2 gJ'Hj,#.,G = C].Seuj; Hgf”]%#ﬁ

<C8(1+0(1))
Cs.

IA

It suffices to check the Lipschitz continuity with respect to ¢; € X;. Suppose
¢;,y; € X;. Using (2.7), we have for instance

5)° sup 0 (@) | [@0((67)5e ) 02) ~ Bul(Wi)je £ )(3:9)

Iyl;[z|<2R

+N <<I>a((¢j)je/)+ Y Cj¢j> -N <¢<)((Wj)je/)+ Y Cﬂl/j>
j€es i€t

<CRMT sup | (148) [ @002 )022) ~ @l () )03

yl;lz|<2R

+8 (yi)° Y 1,¢(9; — wj| (,2)
jes
supp 7 1supp £ 0

< CR“+O-51'SGH§ |9 — WjHj,u,G’
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and

RS sup ) (2)° | [@ol(0)je ) (:2) = Bal(Wi)je ) 03]

[Y[>R2,|z|<2R

+N <¢o((¢j)je/)+ _Zf Cj¢j> -N (‘I’o((llfj)je/)+ Z} Cj%‘)

< CR°RY

sup | (148) 00 | B((0)je ) 002) = @ol (W) /)02

[yI>R2, 2] <2R

+8 )k Y ;19— wi|(3:2)
j€s
supp fl;Nsupp §;7#0

i s
< CRGRz(S]Zu; 9 IIIJHj,;.L.,o"
Therefore
1 -1
sup 1L 5((97)je #) — L' 8i((W))je )| o < 0(1)156‘1:; 195 =il 4.0

and (@)ke 7 — L 'g;((de)ke _7) defines a contraction mapping on the product
space endowed with the supremum norm for suitably chosen parameters R, R, large

and &, 1 small. This concludes the proof. O
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2.6 The reduced equation

2.6.1 Form of the equation: Proof of Proposition 2.2.4

Proof of Proposition 2.2.4. Recalling Proposition 2.2.1, in the near and intermedi-
ate regions r € [é, %] ,

1S (u*) (r) = CHy, (r) + O(€%),

where

C= /_ 2; cn ()W (2)dz.

For the far region r > %R, let us assume that x, > 0 to fix the idea. Denote by
IT. the projections onto the kernels w/, (z) of the upper and lower leaves respect-
ively, where w (z) = w(zy.). Then z_ = —2F¢(r)(1 +0(1)) — z+ and so from the

asymptotic behavior w(z) ~; -4 1 — 3%, we have

I 3(w(zy) +w(z-))(T+w(ze)) (1 +w(z-))(r)
2R

— 3(w(z) +w(—2F(r)(14+0(1)) —2z))
—2R

(L4 w(@)(1+w(=2F(r)(1+0(1)) = 2)) £ (2)w'(2) dz

Fy o)

where
2R

Co= [ 3eu(l-w(2)?)()w () dz.
~2R

Similarly this is also true for the projection onto w’ (z) with the same coefficient
Ci(r),

T 3(w(ze) +w(z=))(1+w(ze) (1 +w(z))(r) = ——— (1 +0(1)).
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The other projections are estimated as follows.
2R . _
Iy cu(z)Hu, (y+) = 1 L 1S @W () dz- i, (y+) = CH (v +),

ML en(e iy )() = [ en(R(r)(1+0(1) = C (W (2)dz - Hi (3

-0 (Fef(Zsfl) . F.c;zS)

—0 (FE—(4S—1)) ’

I _cp(z-)Hm, (y-) = CHy,(y-),
My (2 )Hu, (y+) = 0 (F- 7).

We conclude that for r» > %R,

Ci(r)
Fezs(r)

<

TL.S(u")(r) = CH, (y) —

(I+o0(1)).

Taking into account the quadratically small term and the solution of the outer prob-

lem, the reduced equation reads

- 1 4R
CH[F](r) = O(g*) for > <r<—,
. Cs 4R
CH |F; = 14+o0(1 forr> —.
R0 = s (1 o(1) forr=
By a scaling F(r) = €' F(er), it suffices to solve
/
1 F' _
L G =0(e» ) for 1 <r <4R,
"\ F(r)?
/
1 F' Coe®™! .
- rF'(r) =0 (1+o(1)) forr>4R.
r 1082 F2(r)
1+F'(r)
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For large enough r one may approximate the mean curvature by AF = %(rF .

Hence, we arrive at

/

1 rF'(r) _
S ) = oer ! for 1 < r < 4R,
\izrer) 7 e

1 F,(r) COSZS_I p
F"(r)+ = FR () (I1+0(1)) forr>4R.

Then the inverse G of F is introduced to deal with the singularity at r = 1 in the
usual coordinates. Finally, the Lipschitz dependence of the error follows directly

from the previously involved computations. O

2.6.2 Initial approximation

In this section we study an ODE which is similar to the one in [63]. The reduced

equation for Fy : [¢~!, 4o0) — [0, 400) can be approximated by

Fe(r)

"
FE (r)+ r ngs(}’)’

for all r large.

Under the scaling Fe(r) = ¢! F(er), the equation for F : [1,+o0) — [0, 4-o0) is

for all r large.

For r small, we approximate F by the catenoid. More precisely, let fc(r) =log(r+

25—1

Vrr=1),r=X|>1,r.= (%) T, and consider the Cauchy problem

/ 2s—1
//+ & — €
€ r g‘y

for r > re,

fe(re) = fe(re) = 2ST_I(llogﬂ +log|logel) +10g2+0(r8—2),
fe(re) = fe(re) =rg (14+0(r2?)).

Then an approximation Fj to F' can be defined by
Fo(r) = fe(r) + 2 (r—re) (fe(r) = fe(r), r>1,
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where x : R — [0, 1] is a smooth cut-off function with
=0 on(—0 and x=1 on][l,+o0). (2.33)
Note that f/(r) > 0 for all r > re.

Lemma 2.6.1 (Estimates near initial value). For re < r < |logé€|re, we have

*Ilogel < felr

In fact the last inequality holds for all r > re.

Proof. 1t is more convenient to write

fe(r) = |loge| fe (r¢ ')

so that f, satisfies

J:
s"’ig_

r |logelfE
- 2s—1 2s—11loglloge| log2 g1
Jell) = =—+ glloge] , Loe 0( )

forr > 1,

2 2 Jloge] [log €|

~ 1 825—1
"1l)=——+0| —5-].
fs( ) |10g8| + ’10g8|2s

To obtain a bound for the first derivative, we integrate once to obtain

= 7 .
FL(r) = FL(1) = Mogg| /fg,: di forr> 1.

loge|*
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By the monotonicity of fe, hence fe, we have

- 1{ 1
"(r) < = (1 + _ r2
ACES (f£< )+ Seee R
< 1 n Cr
~ rllogel  |logel?

for r > 1. In particular,

C

7)< om

for 1 <r<|logg|.

This also implies
fe(ry<C  for1<r<|logel

From the equation we obtain an estimate for ' b

~ 1. 1
; r é —f2 r +7~
RO <R+ e
1 C

< + )
}’2’10g8‘ ’10gg|2
forall r > 1. O

To study the behavior of f(r) near infinity, we write

,,
=l — .
fotr) = logelge (-

Then g (r) satisfies

1
+g = — forr> ——

g%’ = |loge|’

s—l 2s — 1 log|loge log2 >l
( ) glloge| | log2 ).
[log €] 2 [log €] [log €] loge|*

<|loge\> (\lo:erl ) |

(2.34)
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Lemma 2.6.2 (Long-term behavior). For any fixed & > 0, there exists C > 0 such
that for all r > &,

2 251
ge(r) —r2+l | < Cr™ 25+1 ,
2 2s5—1 4s
/ _2s—1 R
r) — r 2+ | < Cr™ 2+l
8e() = 5t = ’

gg(r)‘ < Crfﬁl.
Proof. Consider the change of variable of Emden—Fowler type,

2

ge(r) =r>+he(t), t=Ilogr> —loglloge|.

Then ¢ (t) > 0 solves

2
R +2 2 .+ 2 l~zg:~L fort > —log|loge|.
£ T2s+1 " 2541 h% -

€

. 2
The function A, defined by h. (1) = (2‘—2“) 2+ e (%Ht) satisfies

2s+1

1
W+ 2h,, + he = pex
£

forr > — log|loge|. (2.35)
We will first prove a uniform bound for /4, with its derivative using a Hamilto-
nian
1,0, 1,5 1 1
Ge(t) = S (He) +5 (e = 1) + 53— <h(£21) - 1) :
which satisfies

G.(t) = —2(h,)* <0. (2.36)

By Lemma 2.6.1, we have

he(0) = O(he(0)) = O(ge(1)) = O(1),

14(0) = 0070 = 0 (1)~ 5. 58:(1) ) = 0(0).
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Therefore, G¢(0) = O(1) as € — 0 and by (2.36), G¢(t) <C forall >0and € >0

small. This implies that for some uniform constant C; > 0,
0<Cy' <he(t)<Ci<+eo and |h(r)|<C), forallz>0. (2.37)
In fact, (2.36) implies
[ Helidi = 26e(0) = 26(1) < 26e(0) < .
with C independent of € and ¢, hence
/Owh’g(f)zdfg C,

uniform in small € > 0. In particular,

I, ()| — 0 as t — . We claim that the

convergence is uniform and exponential. Indeed, let us define the Hamiltonian
1 , 1 2 2s
Gl,e = i(hg) + E(h;) (1 + hﬁ“”)
for the linearized equation

2s
hy +2h; + (HhE;S“) h, =0.

We have ;
/
hé‘
hgs+2 :

Ghe=—2(hy)*—s(2s+1)

By the uniform bounds in (2.37), if we choose 2C; = s(2s + l)CfSJr3 + 1, then
Ge = CGe + G ¢ satisfies

Ge < —(hg)* = (he)*.

80



Using (2.37) and the vanishing of the zeroth order term together with its derivative

2y (L
(hs 1) +25—1 (h%s—l 1>>

2s
2
(155 )

<c ((hg)2 (L2 + (hg - hl%)z>

It follows that for some constants C, & > 0 independent of € > 0 small,

at he = 1, we have

Ge(t) < Ce ™ forallr >0
and, in particular,
/ —%,
|he(t) — 1|+ |hi(1)| < Ce™ 2", forallt > 0.

This implies that after a fixed #; independent of &, the point (he(t1),h,(¢1)) is suf-
ficiently close to (1,0). Let

vi = he

V2 = h:c: +hg

/
) o (T (2.38)
vy vi® =0

For 1, large the point (v (#1),v2(#1)) is sufficiently close to (1,1) which is a hyper-

Then (2.35) is equivalent to

bolic equilibrium point of (2.38). Now the linearization of (2.38), namely
!/
v\ -1 1 v —1
1% —2s -1 vy —1 ’
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has eigenvalues — 1 4 i1/2s. By applying a C' conjugacy we obtain

|(vi(2),v2(t)) — (1,1)| < Ce™  forallt > 1.
This implies in turn

|he(t) = 1]+ |Hp ()| < Ce™  forallt >0,

|he(t) — 1|+ |he(r)| < Ce™"  forallt >0,

and for any fixed ry > 0, there exists C > 0 such that for all r > rg,

gg(r)—rﬁ

21 / 2 2-1 s
< Cr 2s+1 and gg(r) — 251 ot | < Cr= 2+
A

and, in view of (2.34),

gg(r)| < Cra.

O

Corollary 2.6.3 (Properties of the initial approximation). We have the following
properties of Fy.

o For1<r<rg Fy(r) = fe(r) =log(r+vr>—1) and

Fy(r) =log(2r) +0(r™?),

Fy(r) =

1
R (r) = =5 +007%),

2
Fy(r) 3 + O(r_s).
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o Forre <r < &l|loge|re where 8y > 0 is fixed,

1
5 lloge| < Fy(r) < Clloge],

Fy(r) <Crg !,

1 1
"
(] <€ <r2 " IlogS\rE) ’

ol e (3 )

2 + [loge|r2

o Forr > &llogé|re, Fo(r) = fe(r) and

251 2 _(@s-1)? 2541 251
Fo(r) = eH il 4 0 £ 20st]) |10g8‘ 2 25+l ,
, 2 2 _s1? 241 a5
Fy(r)= 3 +182x+1 r i + 0| g 26stD ’10g£‘ LR i I
A

25—1 45
Fé’(r) =0 (82x+1 r 2s+1> ,

21 _6stl
F(;”(r) =0 (gzwl r 2x+1> .

Proof. They follow from Lemmata 2.6.1 and 2.6.2. For the third derivative, we

differentiate the equation and use the estimates for the lower order derivatives. [J

2.6.3 The linearization
Now we build a right inverse for the linearized operator

B B . l I"(P/ ! . " (Pi/ 2s825—1
Zo(8)(r) = (1= xe(r)) <(1+F0,(r)2)3> + e ( )<¢ +- +F0(r)zs+1¢),

where X is any family of smooth cut-off functions with y¢(r) =0 for 1 <r <rg
and x¢(r) = 1 for r > 8y|log €|re where & > 0 is a sufficiently small number. The
goal is to solve

Zo(0)(r) =h(r) forr>1, (2.39)

in a weighted function space which allows the expected sub-linear growth. Let us
recall the norms ||-||, and ||-||,, defined in (2.13) and (2.14).
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Proposition 2.6.4. Let ¥ <2+ 5;% For all sufficiently small &,€ > 0, there

exists C > 0 such that for all h with ||h||,, < oo, there exists a solution ¢ =T (h)
of (2.39) with |||, < +oo that defines a linear operator T of h such that

191l < CllAll,.
and ¢(1) =0.

We start with an estimate of the kernels of the linearized equation in the far
region, namely
25—1

7 Z n 2s€

————7=0, f > op|logé€|re. 2.40
r fg(r)szrl b 01'7'_6()|0g ‘r&‘ ( )

Lemma 2.6.5. There are two linearly independent solutions Z,, Z, of (2.40) so
that for i = 1,2, we have

2s—1 _ 251

‘Z( )] < C r T 2s+1 d ’Z,( )| < C r 25+1
i\r an Ar
l N re[log €| l ~ relloge| \ relloge|

251
for r > &l|loge|re where &y > 0 is fixed and re = <@) .

Proof. We will show that the elements Z; of the kernel of the linearization around

ge, which solve

A 2 .
7'+ S 2 7=0 forr>

_ 241
ro ge(r)»t! ~ |loge|’ ( )

satisfies
|Zi(r)| < Cr s7  and Zi(r)| < Cr o+ forall r > &
for i = 1,2; the result then follows by setting Z;(r) = Z; (ﬁzzifl) :

A first kernel Z; can be obtained from the scaling invariance 8ea(r) =
}rzs%lgg(lr) of (2.34), giving



Then for Z, we solve (2.41) with the initial conditions

Z1(%)
8 (Z1(80)> +7Z;(8)?)

25(8) =

for a fixed & > 0. In particular the Wrotiskian W = Z,Z, — Z}Z, is computed

exactly as

- 1
W(r)=——-=>=- forallr> (2.42)

r r [loge|
As in the proof of Lemma 2.6.2, we write ¢ = logr and consider the Emden—
Fowler change of variable Z(r) = ) v(t) followed by a re-normalization ¥(z) =

_.2
(25‘3— 1 ) iy, (ﬁt) which yield respectively

P2 i 2 2+ 2 V50, forr> —loglloge]|
2511 25+1) R )V = T OBIOBE,

25+ 1

1
v”+2v’+(1—|—2s)v:2s(1—hgs+l> v, fort>— log|loge|.

From this point we may express v, (¢), and hence Z(r), as a perturbation of the

linear combination of the kernels

e'cos(V2st) and e 'sin(v2st).

Now we show the existence of the right inverse.

Proof of Proposition 2.6.4. We sketch the argument by obtaining a solution in a

weighted L™ space. The general case follows similarly.

1. Note that we will need to control ¢ up to two derivatives in the intermediate
region. For this purpose, for any y € R and any interval I C [rj,+o0) we

define the norm

loll,, = Sgpr7’2|¢(r)\ +51;prH 19/ ()| +Sgpry}¢”(r)|-
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By solving the linearized mean curvature equation in the inner region using

the variation of parameters formula, we obtain the estimate

191171 re) < PRl p1 4y
which in particular gives a bound for ¢ together with its derivatives at r.

. In the intermediate region we write the equation as

¢’ 7

¢”+7:h_h7 r8§r§;€7
r

where

rg == 60‘10g8|r£,

and

B 282s1

h(r) :Xe(r)w‘l)( r)

e b N (e O 3RWE)
+ (1= 2¢(r)) ((1 s )Z) <¢ + r)+ (1+F(;(r)2)3¢>

is small. Again we integrate to obtain

O(r) = 9(re) +red’ (re 1og*+/ / _ () ddr,
o) ="V L) By,

7 __rs(P/(”s) 7 _i r N

0" (r) = =" ()~ () rz/rt(h(t) A(t)) dr.
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Using Corollary 2.6.3 we have, for small enough & and €,

. g2s—1 s € 2s—1
1| P C——— 0+ C —— ,
HI” HL ([re,Fe]) — ‘10g£’23+1r H‘P”y,[rg,rg]—i_ <’10g8|> ”¢||y,[r€,rg]
25—1
& 2 1 825‘71
C -+ — .
(llog£\> <r2 * ylogs\zs> P10l
2s5—1
2 € :
<C| 6" +do floge]| |loge] H‘PHy,[rg,fg]
<80 [19lly,r -
This implies

1011y e 7] < CUFRI o140y + S0 11Oy e )5

or
101y 1) < CNFTRI o 1 1) (2.43)

which is the desired estimate.
3. In the outer region, we need to solve

¢/ 2s82s—1 _
Il+7+TH¢:h, r>re.
i

¢

In terms of the kernels Z; given in Lemma 2.6.5, the Wrofiskian W = Z; Zé —
Z\Z, is given by

1 |
W(r) = Wi )== (2.44)
relloge| rellogée] r

using (2.42). Using the variation of parameters formula, we may write

¢(r) = c1Zi(r) + c2Z2(r) + 9o (r),
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where
00(r) = ~2(r) [ pZo(p)(p)dp +2:(r) [ pZi(p)i(p)dp
and the constants ¢; are determined by

O(Fe) = c1Z1(Fe) +2Za(Fe ),
O (Fe) = c1Z1(Fe) + c2Z (Fe).

By Lemma 2.6.5, (2.44) and (2.43), we readily check that fori = 1,2,

r “nE g P g _
lgo(r)| <C <f> /7s p <f£> p YHﬂh”Lm([l,Jroo)) dp

€

<cr 17Vl o (1 )

C ,_ 1
il <Cry <r1r2 Rl 1 ooy + €y y’ryh||Lm([1,+oo))>

2
< CFe TP g1 pen))

r _%fdr{_(z_ﬂ 2
lcillZi(r)] < C <}7> r 7/||rthL°°([1,+o<,))
€
2s—1
2=Y | i
SCro PR e 1 oo smce}/§2—|—2s+1,

from which we conclude

17720 o gy < CHFT I =1 -

2.6.4 The perturbation argument: Proof of Proposition 2.2.5

We solve the reduced equation
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using the knowledge of the initial approximation Fy and the linearized operator
£ at Fy obtained in Sections 2.6.2 and 2.6.3 respectively. We look for a solution
F = Fy+ ¢. Then ¢ satisfies

L9 =Alp] = M[Fo+ 9] — L (Fo) — ][9],

where (9] = L (Fo+¢) — L (K) — £ (F)¢ and ¢(0) = 0. In terms of the

operator T' defined in Proposition 2.6.4, we can write it in the form
¢ =T(A[g]). (2.46)

We apply a standard argument using contraction mapping principle as in [63]. First
we note that the approximation .Z(Fp) is small and compactly supported in the
intermediate region. The non-linear terms in A[@] are also small in the norm ||-|,,.
Hence T'(A[¢]) defines a contraction mapping in the space X.. The details are left

to the interested readers.
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Chapter 3

Fractional Yamabe Problem

3.1 Introduction

We construct singular solutions to the following non-local semilinear problem
(—Ap))"u=u” inR", u>0, 3.1
for y € (0,1), n > 2, where the fractional Laplacian is defined by

M(Z) — M(Z) dZ, n—n/22zyr (% + Y)

—Agrn)? =k, P.V. for k,,= .

( R ) M(Z) n,y R ‘Z—Z‘YH_ZY or n,y F(l . ,y) ’}/
(3.2)
Equation (3.1) for the critical power p = % corresponds to the fractional Yamabe

problem in conformal geometry, which asks to find a constant fractional curvature
metric in a given conformal class (see [86, 111, 112, 122, 129]). In particular, for
Y = 1 the fractional curvature coincides with the scalar curvature modulo a mul-
tiplicative constant, so (3.1) reduces to the classical Yamabe problem. However,
classical methods for local equations do not generally work here and one needs to
develop new ideas.

Non-local equations have attracted a great deal of interest in the community
since they are of central importance in many fields, from the points of view of
both pure analysis and applied modeling. By the substantial effort made in the past

decade by many authors, we have learned that non-local elliptic equations do enjoy
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good PDE properties such as uniqueness, regularity and maximum principle. How-
ever, not so much is known when it comes to the study of an integro-differential
equation such as (3.1) from an ODE perspective since most of the ODE theory
relies on local properties and phase-plane analysis; our first achievement is the de-
velopment of a suitable theory for the fractional order ODE (3.6), that arises when
studying radial singular solutions to (3.1).

On the one hand, we construct singular radial solutions for (3.1) directly with
a completely different argument. On the other hand, using ideas from conformal
geometry and scattering theory we replace phase-plane analysis by a global study
to obtain that solutions of the nonlocal ODE (3.6) do have a behavior similar in
spirit to a classical second-order autonomous ODE, and initiate the study of a non-
local phase portrait. In particular, we show that a linear non-local ODE has a
two-dimensional kernel. This is surprising since this non-local ODE has an infinite
number of indicial roots at the origin and at infinity, which is very different from the
local case where the solution to a homogeneous linear second order problem can be
written as a linear combination of two particular solutions and thus, its asymptotic
behavior is governed by two pairs of indicial roots.

Then, with these tools at hand, we arrive at our second accomplishment: to
develop a Mazzeo-Pacard gluing program [132] for the construction of singular
solutions to (3.1) in the non-local setting. This gluing method is indeed local by
definition; so one needs to rethink the theory from a fresh perspective in order
to adapt it for such non-local equation. More precisely, the program relies on
the fact that the linearization to (3.1) has good properties. In the classical case,
this linearization has been well studied applying microlocal analysis (see [130],
for instance), and it reduces to the understanding of a second order ODE with two
regular singular points. In the fractional case this is obviously not possible. Instead,
we use conformal geometry, complex analysis and some non-Euclidean harmonic
analysis coming from representation theory in order to provide a new proof.

Thus conformal geometry is the central core in this chapter, but we provide an

interdisciplinary approach in order to approach the following analytical problem:

Theorem 3.1.1. Let ¥ = UfilZi be a disjoint union of smooth, compact sub-

manifolds ¥; without boundary of dimensions k;, i =1, ... K. Assume, in addition
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ton—k; > 2, that
n—k; n—ki+2y

n—ki—2y P i —k—2y

or equivalently,
2 2 2
n— w < ki <n-— ﬂ
p—1 p—1

foralli=1,...,K. Then there exists a positive solution for the problem
(—Ag)'u=u” in R"\ X (3.3)

that blows up exactly at X.
As a consequence of the previous theorem we obtain:
Corollary 3.1.2. Assume that the dimensions k; satisfy

—2
0<k< . 14 (3.4)

Then there exists a positive solution to the fractional Yamabe equation
(—Ag)u=u= inR"\ X (3.5)

that blows up exactly at X.

The dimension estimate (3.4) is sharp in some sense. Indeed, it was proved by
Gonzédlez, Mazzeo and Sire [110] that, if such u blows up at a smooth sub-manifold

of dimension k and is polyharmonic, then k must satisfy the restriction

n k vy n k vy
r(?-2,7 / r(?-x_7 0
<4 2 + 2> <4 2 2) >
which in particular, includes (3.4). Here, and for the rest of the chapter, I" denotes

the Gamma function. In addition, the asymptotic behavior of solutions to (3.5)

when the singular set has fractional capacity zero has been considered in [121].

Let us describe our methods in detail. First, note that it is enough to let ¥ be a
single sub-manifold of dimension k, and we will restrict to this case for the rest of
the chapter. We denote N = n — k.

92



The first step is to construct the building block, i.e, a solution to (3.3) in R"\
R¥ that blows up exactly at R¥. For this, we write R" \ R = (RV\ {0}) x R¥,
parameterized with coordinates z = (x,y), x € RV \ {0}, y € R, and construct a
solution ; that only depends on the radial variable r = |x|. Then u; is also a radial
solution to
(—Apy)Tu=Aypu” inRV\{0}, u>0.

. _ . . . . .
We write u = r~ 7-Tv, r = ¢~'. Then, in the radially symmetric case, this equation

can be written as the integro-differential ODE
PV, / K(t— 1) o(t) —v(t)]de' + Ay pyo(t) = Ay pp” R, v>0, (3.6)
R

where the kernel K is given precisely in (3.80). However, in addition to having the
right blow up rate at the origin, #; must decay fast as r — oo in order to perform the
Mazzeo-Pacard gluing argument later. The existence of such fast-decaying singular
solutions in the case of ¥ =1 is an easy consequence of phase-plane analysis as
(3.6) is reduced to a second order autonomous ODE (see Proposition 1 of [132]).
The analogue in the fractional case turns out to be quite non-trivial. To show the
existence, we first use Kelvin transform to reduce our problem for entire solutions
to a supercritical one (3.13). Then we consider an auxiliary non-local problem
(3.14), for which we show that the minimal solution w), is unique using Schaaf’s
argument as in [83] and a fractional PohoZaev identity [149]. A blow up argument,
together with a Crandall-Rabinowitz bifurcation scheme yields the existence of this
uy. This is the content of Section 3.2.

Then, in Section 3.3, we exploit the conformal properties of the equation to
produce a geometric interpretation for (3.3) in terms of scattering theory and con-
formally covariant operators. Singular solutions for the standard fractional Lapla-
cian in R”\ R¥ can be better understood by considering the conformal metric gi
from (3.45), that is the product of a sphere S¥~! and a half-space H**!. Inspired
by the arguments by DelaTorre and Gonzdlez [66], our point of view is to rewrite
the well known extension problem in R’fl for the fractional Laplacian in R" due
to [43], as a different, but equivalent, extension problem and to consider the corres-
ponding Dirichlet-to-Neumann operator Pfk, defined in SN~ x H¥*!. Here R'ﬂl

is replaced by anti-de Sitter (AdS) space, but the arguments run in parallel.
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This Pf" turns out to be a conjugate operator for (—Ag»)?, (see (3.46)), and
behaves well when the nonlinearity in (3.3) is the conformal power. However,
the problem (3.3) is not conformal for a general p, so we need to perform a further
conjugation (3.57) and to consider the new operator 1375". Then the original equation
(3.3) in R"\ R¥ is equivalent to

~ 2
Pir(v)=vP inSNIxHM v = r7Tu, v>0and smooth. (3.7)

Rather miraculously, both Pffk and Pff" diagonalize under the spherical harmonic
decomposition of S¥=!. In fact, they can be understood as pseudo-differential
operators on hyperbolic space H*"!, and we calculate their symbols in Theorem
3.3.5 and Proposition 3.3.6, respectively, under the Fourier-Helgason transform
(to be denoted by ~) on the hyperbolic space understood as the symmetric space
M = G/K for G=SO(1,k+1) and K = SO(k+ 1) (see the Appendix for a short
introduction to the subject). This is an original approach that yields new results
even in the classical case Y = 1, simplifying some of the arguments in [132]. The
precise knowledge of their symbols allows, as a consequence, for the development
of the linear theory for our problem, as we will comment below.

Section 3.4 collects these ideas in order to develop new methods for the study
of the non-local ODE (3.6), which is precisely the projection of equation (3.7) for
k=0, n = N, over the zero-eigenspace when projecting over spherical harmonics
of S¥~!. The advantage of shifting from u to v is that we obtain a new equation
that behaves very similarly to a second order autonomous ODE. This includes the
existence of a Hamiltonian quantity along trajectories.

Moreover, one can take the spherical harmonic decomposition of S¥~! and
consider all projections m =0, 1,. ... In Proposition 3.4.2 we are able to write every
projected equation as an integro-differential equation very similar to the m =0
projection (3.6). This formulation immediately yields regularity and maximum
principles for the solution of (3.7) following the arguments in [65].

Now, to continue with the proof of Theorem 3.1.1, one takes the fast decaying
solution in R\ R* we have just constructed and, after some rescaling by &, glues it
to the background Euclidean space in order to have a global approximate solution

iie in R"\ X. Even though the fractional Laplacian is a non-local operator, one is
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able to perform this gluing just by carefully estimating the tail terms that appear in
the integrals after localizaton. This is done in Section 3.5.1 and, more precisely,
Lemma 3.5.7, where we show that the error we generate when approximating a

true solution by ii., given by
fe = (—Apn)"ite — i,

is indeed small in suitable weighted Holder spaces.
Once we have an approximate solution, we define the linearized operator

around it,
_p—1
Le¢ := (—Ap:)"9 — pity ¢,

The general scheme of Mazzeo-Pacard’s method is to set u = it + ¢ for an un-

known perturbation ¢ and to rewrite equation (3.3) as

L8(¢’) +Q£(¢) +f£ =0,

where Q. contains the remaining nonlinear terms. If L, is invertible, then we can

write
¢ = (Le) ' (—Qe(9) — fe),

and a standard fixed point argument for small € will yield the existence of such ¢,
thus completing the proof of Theorem 3.1.1 (see Section 3.9).

Thus, a central argument here is the study of the linear theory for L¢ and, in
particular, the analysis of its indicial roots, injectivity and Fredholm properties.
However, while the behaviour of a second order ODE is governed by two boundary
conditions (or behavior at the singular points using Frobenius method), this may
not be true in general for a non-local operator.

We first consider the model operator .} defined in (3.124) for an isolated sin-

gularity at the origin. Near the singularity .#] behaves like

(—Apy)” — rTKy (3.8)

or, after conjugation, like Pf“ — Kk, which is a fractional Laplacian operator with a

Hardy potential of critical type.
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The central core of the linear theory deals with the operator (3.8). In Section
3.6 we perform a delicate study of the Green’s function by inverting its Fourier
symbol @Y (see (3.38)). This requires a very careful analysis of the poles of the
symbol, in both the stable and unstable cases. Contrary to the local case y =1,
in which there are only two indicial roots for each projection m, here we find an
infinite sequence for each m. But in any case, these are controlled. It is also
interesting to observe that, even though we have a non-local operator, the first
pair of indicial roots governs the asymptotic behavior of the operator and thus, its
kernel is two-dimensional in some sense (see, for instance, Proposition 3.6.10 for
a precise statement).

Then, in Section 3.7 we complete the calculation of the indicial roots (see
Lemma 3.7.1). Next, we show the injectivity for .£] in weighted Holder spaces,
and an a priori estimate (Lemma 3.7.4) yields the injectivity for L.

In addition, in Section 3.8 we work with weighted Hilbert spaces and we prove
Fredholm properties for L, in the spirit of the results by Mazzeo [130, 131] for edge
type operators by constructing a suitable parametrix with compact remainder. The
difficulty lies precisely in the fact that we are working with a non-local operator,
so the localization with a cut-off is the non-trivial step. However, by working with
suitable weighted spaces we are able to localize the problem near the singularity;
indeed, the tail terms are small. Then we conclude that L, must be surjective by
purely functional analysis reasoning. Finally, we construct a right inverse for L,
with norm uniformly bounded independently of €, and this concludes the proof of
Theorem 3.1.1.

The Appendix contains some well known results on special functions and the

Fourier-Helgason transform.

As a byproduct of the proof of Theorem 3.1.1, we will obtain the existence of
solutions with isolated singularities in the subcritical regime (note the shift from n

to N in the spatial dimension, which will fit better our purposes).
Theorem 3.1.3. Let y€ (0,1), N > 2 and

N <N+2y
N -2y p N-2y

(3.9)
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Let X be a finite number of points, L = {qi,...,qk }. Then equation
(—Apy)Tu= Ay pu’ in RV \ X

has positive solutions that blow up exactly at ¥.

Remark 3.1.4. The constant Ay , y is chosen so that the model function uy(x) =
2

\x\_rfyl is a singular solution to (3.3) that blows up exactly at the origin. In partic-

ular,

(N%-ZZ—&-ZO( )F( N+27—20()

Avpy = AT =) for A(@) =2 s g g (3410
! L=
Note that, for the critical exponent p = %, the constant Ay , y coincides with

An,y = A(0), the sharp constant in the fractional Hardy inequality in RN Its precise
value is given in (3.44).

Let us make some comments on the bibliography. First, the problem of unique-
ness and non-degeneracy for some fractional ODE has been considered in [61, 97,
98], for instance.

The construction of singular solutions in the range of exponents for which the
problem is stable, i.e., N%Zy <p<pyforp < x%g’; defined in (3.12), was stud-
ied in the previous paper by Ao, the author, Gonzalez and Wei [8]. In addition,
N+2y
N-=-2y’
ities were obtained in the article by Ao, DelaTorre, Gonzédlez and Wei [9] using

for the critical case p = solutions with a finite number of isolated singular-
a gluing method. The difficulty there was the presence of a non-trivial kernel for
the linearized operator. With all these results, together with Theorem 3.1.1, we
have successfully developed a complete fractional Mazzeo-Pacard program for the
construction of singular solutions of the fractional Yamabe problem.

Gluing methods for fractional problems are starting to be developed. A finite
dimensional reduction has been applied in [62] to construct standing-wave solu-
tions to a fractional nonlinear Schrodinger equation and in [82] to construct layered
solutions for a fractional inhomogeneous Allen-Cahn equation.

The next development came in [9] for the fractional Yamabe problem with

isolated singularities, that we have just mentioned. There the model for an isolated
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singularity is a Delaunay-type metric (see also [134, 135, 164] for the construction
of constant mean curvature surfaces with Delaunay ends and [133, 136] for the
scalar curvature case). However, in order to have enough freedom parameters at the
perturbation step, for the non-local gluing in [9] the authors replace the Delaunay-
type solution by a bubble tower (an infinite, but countable, sum of bubbles). As a
consequence, the reduction method becomes infinite dimensional. Nevertheless, it
can still be treated with the tools available in the finite dimensional case and one
reduces the PDE to an infinite dimensional Toda type system. The most recent
works related to gluing are [49, 51] for the construction of counterexamples to the
fractional De Giorgi conjecture. This reduction is fully infinite dimensional.

For the fractional De Giorgi conjecture with y € [%, 1) we refer to [30, 38, 155]
and the most recent striking paper [94]. Related to this conjecture, in the case
Y€ (0, %) there exists a notion of non-local mean curvature for hypersurfaces in R”,
see [41] and the survey [172]. Much effort has been made regarding regularity [17,
31, 44] and various qualitative properties [79, 80]. More recent work on stability
of non-local minimal surfaces can be found in [56]. Delaunay surfaces for this
curvature have been constructed in [32, 33]. After the appearance of [58], Cabré
has pointed out that this paper also constructs Delaunay surfaces with constant

nonlocal mean curvature.

3.2 The fast decaying solution

We aim to construct a fast-decay singular solution to the fractional Lane—-Emden
equation
(—Agy)"u= Ay pu? in RV {0}. (3.11)

for y € (0,1) and p in the range (3.9).

We consider the exponent p; = pi(N,y) € (N%Zy,%t) defined below by

2
(3.12) such that the singular solution u,(x) = |x|77y1 is stable if and only if
%N < p < p1. In the notation of Remark 3.1.4, p; as defined as the root of

PAN py = A(0). (3.12)

The main result in this section is:
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Proposition 3.2.1. For any € € (0,) there exists a fast-decay entire singular solu-
tion ug of (3.11) such that

_2r
( o (]x] P*1> as |x| — 0,

U\ X
g‘x‘—(N—ZY)

as |x| — oo.

The proof in the stable case N%ZY <p<p1 < % is already contained in the
paper [8], so we will assume for the rest of the section that we are in the unstable
regime

N+2y
< <p< .
N—2y S P1=P>N 2y

We first prove uniqueness of minimal solutions for the non-local problem
(3.14) using Schaaf’s argument and a fractional PohoZaev identity obtained by
Ros-Oton and Serra (Proposition 3.2.2 below). Then we perform a blow-up
argument on an unbounded bifurcation branch. An application of Kelvin’s

transform yields an entire solution of the Lane—Emden equation with the desired

asymptotics.
Set A = Ay . Note that the Kelvin transform w(x) = |x|7(N727/)u (ﬁ) of u
satisfies
(—A)"w(x) = Alx[PwP(x), (3.13)

where 8 =: p(N —2y) — (N +27) € (—27,0).
Consider the following non-local Dirichlet problem in the unit ball B} =
B, (0) C RN s

(—=A)'w(x) = AxPA1+w(x))?  inB, Gy
w=0 in RN\ By. '

Since (—A)?|x[P+2" = ¢o|x|P and (—A)7(1— x|*)% = ¢ for some positive constants
co and ¢y, we have that |x|B 27 4 (1—|x|*)Y is a positive super-solution for small A.
Thus there exists a minimal radial solution wy (r). Moreover, it is bounded, radially
non-increasing for fixed A € (0,A4*) and non-decreasing in A. We will show that

w,, is the unique solution of (3.14) for all small A.
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Proposition 3.2.2. There exists a small Ay > 0 depending only on N > 2 and y €
(0, 1) such that for any 0 < A < Ay, wy, is the unique solution to (3.14) among the

class

> : w(x)]
%f(RN) = {WG%Z(RN) ./RN(I‘F|X|)N+27dx<OO}‘

The idea of the proof follows from [83] and similar arguments can be found in
[161], [117] and [118].

3.2.1 Useful inequalities

The first ingredient is the PohoZaev identity for the fractional Laplacian. Such iden-
tities for integro-differential operators have been recently studied in [149], [151]
and [114].

Theorem 3.2.3 (Proposition 1.12 in [149]). Let Q be a bounded €V domain,

feC2N(Q xR), u be a bounded solution of

loc

(=A)Tu=flxu) inQ,
u=20 inRV\ Q,

(3.15)

and 6 (x) = dist(x,dQ). Then
u/8 |a€ €*(Q)  for some a € (0,1),

and there holds

N-2y
2N

/Q (F(x,u)-l-;]x-VxF(x,u)— uf(x’u)> "

_ F(121+V 7)? /m %)2 (x-v)do

where F(x,t) = [§ f(x,T)dT and v is the unit outward normal to dQ at x.

Using integration by parts (see, for instance, (1.5) in [149]), it is clear that

/Quf(x,u)dx:/RN
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which yields our fundamental inequality:

Corollary 3.2.4. Under the assumptions of Theorem 3.2.3, we have for any star-

shaped domain Q and any ¢ € R,

/Q<F(x,u)+]17x.VxF(x,u)—cmf(x,u)) dx > <Nz_NZV_G>/ (A 2

(3.16)

The second ingredient is the fractional Hardy—Sobolev inequality which, via
Holder inequality, is an interpolation of fractional Hardy inequality and fractional

Sobolev inequality:

Theorem 3.2.5 (Lemma 2.1 in [107]). Assume that0 < o <2y <min{2,N}. Then

there exists a constant ¢ such that
N-2y

2 oy AN\ N
c/ dx > (/ |~ |u| =2 > . (3.17)
RN RV

3.2.2 Proof of Proposition 3.2.2

(—A)%u

We are now in a position to prove the uniqueness of solutions of (3.14) with small

parameter.

Proof. Suppose w and w, are solutions to (3.14). Then u = w —w, is a positive

solution to the Dirichlet problem

(—A)"u=AAxPg(x,u)  inBi(0),
u=0 in RV \ B1(0),

where g (x,u) = (1 +wy (x) +u)? — (1 +wy (x))? > 0 for u > 0. Denoting

G;L(x,u):/o g (x,1)dt,
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we apply (3.16) with f(x,u) = lA\x\ﬁg,l (x,u) over Q = Bj to obtain

(=) L

< 7LA/ <|x|ﬁG;L (x,u) + %x-vx (|x|ﬁG;L (x, u)) — olx|Pug; (x, u)) dx
B

2
dx

Y
2

(—4)

u

=AA /B1 \x|ﬁ ((1 + f}) Gy (x,u) + %x VG (x,u) — oug; (x, u)> dx.
(3.18)

Note that .
Gy (x,u) = uz/ / pt(1+wy (x) + ttu)? " drdt (3.19)
0 Jo

and

1 rl
VxG,l(x,u):Lﬁ/O/0p(p—1)t(1+wl(x)+Ttu)p72dfdt'Vw;L(x).

Since w;, is radially decreasing, x- Vw; (x) < 0 and hence x- V.G, (x,u) < 0. Then
(3.18) becomes

<N2—N2Y B G) /RN (=)

< )LA/BI x| <<1 + ][3) G (x,u) — Gugy (x, u)> dx.

Now, since for any A € [0, %} and any x € By,

Y
2

u

(3.20)

Gy (x1)

1= 185 (x,1)

i 1 ((LFwa () +0)PH = (14w (x0))PF) = (1+wa (x))7t
e (T4 wa(x) +1)P = (1 +wy (x))P)

we deduce that for any € > 0 there exists an M = M (&) > 0 such that

1+¢
Gy (x,t) < ugy (x,t
a(x1) ) g2 (x,1)
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whenever t > M. From this we estimate the tail of the right hand side of (3.20) as

/BNPM} P <<1 + f]) Gj.(x,u) — ougy (x, u)) dx

l+¢
< b1 BYyL1te "
‘ﬂémmeM}ﬂ <<_+N>1r%1 G)”&ﬂ%u)x

We wish to choose € and o such that

B\ 1+¢ N-—-2y
1+ 212 1=
<+N p+1<6< 2N

so that the above integral is non-positive. Indeed we observe that

<N+ﬁ>1 N-2y _2(p(N—2y)—2y)~ (N=2p)(p+1)

N Jp+1 2N 2N(p+1)
_(p=D(N=-2y) -4y
2N(p+1)
<0

asp—1e (szyzy, Ni—yzy> Then there exists a small € > 0 such that
1+ N-=-2
4By lre N-2y
N/ p+1 2N

from which the existence of such ¢ follows. With this choice of € and o, (3.20)

(5-e)

<AA Ix|P <<1+ﬁ> G;L(x,u)—cugl(x,u)> dx
Bin{u<M} N

ﬁ)/ B
<aa(1+2 Gy, (x,u) dx.
- < * N Bin{u<M} |X| l(x u) *

Recalling the expression (3.19) for Gy (x,u), we have

-7k

gives

Y
2

(—4)

u

2
(—A)%u dx < QLACM/ x|Pu?dx,

B ﬂ{u<M}
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where

-1
Cu = g ( +w: (0) +M>p 3.21)

by the monotonicity properties of w;, .

_N_

On the other hand, since p > N-2p°

—B=—-p(N—-2y)+(N+2y) =2y— (N-2y) (p— Nl_vzy) <2y,

and thus the fractional Hardy—Sobolev inequality (3.17) implies

1 1
n 2 n n n
c/ dx > (/ |x|ﬁu2ndx> T (/ lx|Pun dx) ! ,
RV RV B

_N+B _pN-2p-2r_ (N N\
N -2y N -2y ’

N -2y
v 2N
Y
</ |x|ﬁu27dx> < cCM/lA/ x|Pu? dx.
B N -2y B

However, by Holder’s inequality, we have

1 1—1
/ \x|ﬁu2dx:/ |x|%u2~\x\ﬁ(1*%)dx§ (/ |x|ﬁu2"dx) ! (/ \x\ﬁdx) !
J B B B B

1
N+2
< (N—I—ﬁ)_ﬁﬁy < x| P dx) "
B,

(—A) u

where

Hence,

Therefore, we have

1 1
n 2N cA n
(/ ]x]ﬁuzndx)n < cACh M(/ ]x]ﬁuzndx>n,
B (V-2 + BV I

which forces u = 0 for any

—1
A<= ( 2NeACh Nm) . (3.22)
(N—=2y)(N+B)"#
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3.2.3 Existence of a fast-decay singular solution

Consider the space of twice differentiable, positive and radially decreasing func-

tions supported in the unit ball,
E={we%*(R") :wx)=w(lx|), ¥ <0, w>0inB andw=0in RV\ B, }.

We begin with an a priori estimate followed by a generic existence result for the

non-local ODE (3.14), from which a bifurcation argument follows.

Lemma 3.2.6 (Uniform bound). There exists a universal constant Cy =

Co(N,v,p,A*) such that for any function w € E solving (3.14) and for any
x € B 2(0)\ {0},

_ B+2y _ p(N-2y)-N
w(x) < Colx|” 71 = Colx| 7!

Proof. Using the Green’s function for the Dirichlet problem in the unit ball ([148]),

we have
W)= [ Gley)RAP (1)) dy.
where | ) 71
G(x.y) :C(N,y)’x_y’N_Qy/O T
with

(1= )1 = y[*) .
ey

ro(x,y) =

Here C(N, y) is some normalizing constant. Let

y EB% <?ZC> CB%(X)QB‘X‘(O) C B1(0).

From y € By (x), we have

v

| ‘<\x|<1
Y ]
y_2_

x| 3
d < — < =
and [yl < —= <7

|
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and so

o (=008

5.
> >

1
16
On the other hand, since y € B}, (0) and u is radially non-increasing, we have

VP> xP and  u(y) > u(x).

Therefore, we may conclude

and

> Cy PV P (x),

where

dr.

Cf(pfl):C(N)Y)‘BI‘A}-O 5 r”‘l
0 2N+2’)/ 0 (r_i_l)%

The inequality clearly rearranges to

B+2
w(x) < Col| 71,

as desired. The dependence of the constant Cy follows from (3.22) and (3.21). [J

Lemma 3.2.7 (Existence). For any A € (0,+o0) the non-local Dirichlet problem

(3.14) has a positive solution.

Proof. We use Schauder fixed point theorem. Let us denote the Gagliardo norm by

[M]Z N :/ / |u(x>_u(y)|2dxdy
HY(RN) RN JRY ‘x_y‘N+2y :
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Define the operator T by

/B o Glx,y) AP (1 +w(y))Pdy forx € B, (0)
= 1

0 for x € RN\ B (0),

Tw(x)

where G is the Green’s function as in the proof of Lemma 3.2.6.
Suppose that w € L2(B1(0)). We first observe that the right hand side of (3.14)

2N
is in L™ (B;(0)), where széy is the conjugate of the critical Sobolev exponent

2*(N,y) = %/ Indeed, by Lemma 3.2.6, we have

[P (1 wP) < [P+ x 2w < [ VR

and the integrability follows from

N 2y 2N NIV=2y) Ay
<N+p1)N+2y+N (p1)<N+2y><N2y p 1)>>0‘

Using Holder inequality and fractional Sobolev inequality (see, for instance, [73]),
we have

Ci(N,y)™! HTWH%MNJ)(BI(O)) = [TW]?JY(RN) = /]RN Tw(x)(—A) Tw(x)dx

= Tw(x) - AAx|P (1+w(x))? dx
B1(0)

< CZ(N7 '}/7p7}t‘) HTW’

1209 81 (0)
< G(N, Y, ps M) [Tw] gy (.-

This implies the existence of C > 0 such that
17wl 128, (0)) < €
ie. T : A — P with

% ={ue L2B1(0): lull 25,00 < C}
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as well as

[TwW]kr (B, 0)) < [TW]Hr@y) < C,

hence the compactness of 7 via the Sobolev embedding. By Schauder fixed point
theorem, there exists a weak solution w € L?(B;(0)). It remains to apply elliptic

regularity. O

Lemma 3.2.8 (Bifurcation). There exists a sequence of solutions (Aj,w;) of (3.14)
in (0,A*] X E such that

lim 2; = A € [A,A"] and lim [|wj|,.. = o=,

Jjreo
where Ag is given in Proposition 3.2.2,

Proof. Consider the continuation
¢ ={(A(t),w(t)) :1 = 0}

of the branch of minimal solutions {(A,w;): 0 <A < A*}, where (A(0),w(0)) =
(0,0). By Proposition 3.2.2, we see that ¢’ C (A, A*| x E. Moreover, since wy >0
in By, we also have w > 0 in B; for any (A,w) € €. If ¥ were bounded, then
Lemma 3.2.7 would give a contradiction around lim,_,. (A (¢),w(t)). Therefore, ¢

is unbounded and the existence of the desired sequence of pairs (A;,w;) follows.
O

We are ready to establish the existence of a fast-decay singular solution.

Proof of Proposition 3.2.1. Let (Aj,w;) be as in Lemma 3.2.8. By Lemma 3.2.6,

B+2y
=1,

wi(x) < Colx|

Define . -
_ _ _ By s
mJ'_HWJ'HLm(BI)_WJ'(O) and R;=m;"™ =m["""

sothat m;, Rj — e as j — oo. Set also

W;(x) = lp%lm;lw;w (i>
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Then 0 < W; <1 and W, is a bounded solution to

L P
(—Mﬂwznﬁlﬁﬁdth<M”mf+WO in B, (0),
WJZO inRN\BRj(O)7

that is,

1 p
(—A)YW]‘ :A|x]ﬁ <ljplmj1 +Wj> in BRI.(O),
Wj =
(0), W;(

0 in RV \ By, (0).

In B, x) has the upper bound

(3.23)

Note that |x|? € L4 (Bg,(0)) for any % <g< _N—ﬁ Hence, for such g, by the regu-
MdWr%uhh1USN,W}G%ﬁARN)ﬁwn::nﬁn{%Zy—%}eEHLU.Thmdbm,
by passing to a subsequence, W; converges uniformly on compact sets of RY to a

radially symmetric and non-increasing function w which satisfies

(—A)Yw = Alx|Pwp in RV,

w(x) < Crlx| %_("_27/),

in view of (3.23).
p—1

Now the family of rescaled solutions we(x) = ew <€ lmVx) solves

(—A)'we = Alx|Pw? in RV,
Wg(o) - 8,
we(x) < Cy ]x\%f(N 21) in RV\ {0}
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Finally, its Kelvin transform ue (x) = |x|”® 2w, (ﬁ) satisfies

(—A)ug = Auf in RV \ {0},
ue(x) <Cilx| 71 inRV\ {0},
ug(x) ~elx V" as|x| — oo,
as desired. Il

3.3 The conformal fractional Laplacian in the presence
of k-dimensional singularities

3.3.1 A quick review on the conformal fractional Laplacian

Here we review some basic facts on the conformal fractional Laplacian that will be
needed in the next sections (see [52, 109] for the precise definitions and details).

If (X,g") is a (n+ 1)-dimensional conformally compact Einstein mani-
fold (which, in particular, includes the hyperbolic space), one can define a
one-parameter family of operators P, of order 2y on its conformal infinity
M" = 9. X", Py is known as the conformal fractional Laplacian and it can be
understood as a Dirichlet-to-Neumann operator on M. In the particular case that
X is the hyperbolic space H"!, whose conformal infinity is M = R" with the
Euclidean metric, Py coincides with the standard fractional Laplacian (—Ag»)”.

Let us explain this definition in detail. It is known that, having fixed a metric
go in the conformal infinity M, it is possible to write the metric g* in the normal
form g™ = p~2(dp® + gp) in a tubular neighborhood M x (0,5]. Here g, is a
one-parameter family of metrics on M satisfying g,|p—0 = go and p is a defining
function in X for the boundary M (i.e., p is a non-degenerate function such that
p>0inX and p =0 on M).

Fix y € (0,n/2) not an integer such that /2 4 y does not belong to the set of
L?-eigenvalues of —Ag+. Assume also that the first eigenvalue for —A,+ satisfies
A (—Ag+) > n*/4 —y*. It is well known from scattering theory [113, 115] that,
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given w € € (M), the eigenvalue problem
AW —(E—P)W =0inX, (3.24)
has a unique solution with the asymptotic expansion
W =Wip T+ Wp Y, MW € 6 (X) (3.25)

and Dirichlet condition on M
/4 ]pzo =w. (3.26)

The conformal fractional Laplacian (or scattering operator, depending on the nor-

malization constant) on (M, go) is defined taking the Neumann data

Pyw =dy#5|p—0, where dy=2°" (3.27)

and the fractional curvature as Q5 := Py°(1).

Pf“ is a self-adjoint pseudodifferential operator of order 2y on M with the same
principal symbol as (—Ay)”. In the case that the order of the operator is an even
integer we recover the conformally invariant GJMS operators on M. In addition,

for any y € (0, 7), the operator is conformal. Indeed,
n+2
P f=w A PO (wf), Yf € E7(M), (3.28)

for a change of metric

4
gw i=wr2rgg, w>0.

Moreover, (3.28) yields the Qy curvature equation
n+2
P (w) = Wiy 05"

Explicit formulas for P, are not known in general. The formula for the cylinder
will be given in Section 3.3.2, and it is one of the main ingredients for the linear

theory arguments of Section 3.7.
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The extension (3.24) takes a more familiar form under a conformal change of

metric.

Proposition 3.3.1 ([52]). Fix y € (0,1) and g = p*>g*. Let W be the solution
to the scattering problem (3.24)-(3.25) with Dirichlet data (3.26) set to w. Then

W = p_”/ XYW is the unique solution to the extension problem

—div(p'"2'VW) + E;(p)W=0 in (X,3), (3.20)
Wlp—o=w onM, '

where the derivatives are taken with respect to the metric g, and the zero-th order

term is given by

12y 1y B B -
Eilp) = —aslp Top' 4 (P =Yoo e aglmpt
—p 2] _ ﬁ_»yz -y (3.30)
=P Ay — (5 )¢ (p277).
Moreover, we recover the conformal fractional Laplacian as
Pw = —d, lim p' =279, W
where -
7 d 27T
dy=—20 = (7) 330

2y (=)
We also recall the following result, which allows us to rewrite (3.29) as a pure
divergence equation with no zeroth order term. The more general statement can be
found in Lemma 3.3.7, and it will be useful in the calculation of the Hamiltonian

from Section 3.4.2.

Proposition 3.3.2 ([47, 52]). Fixy € (0,1). Let #'° be the solution to (3.24)-(3.25)
with Dirichlet data (3.26) given by w = 1, and set p* = (V/O)ﬁ. The function
p* is a defining function of M in X such that, if we define the metric §* = (p*)?g™,
then Eg-(p*) = 0. Moreover, p* has the asymptotic expansion near the conformal
infinity

p%m:p@+( o

Wg_w@p”+0m5]
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By construction, if W* is the solution to
—div((p*)''VW*) =0 in (X,3"),
W*=w on(M,go),
with respect to the metric g*, then

P{'w = —d, lim (p*)' "7 9p-W* 30
W VPE§O(P ) oW+ w Oy

Remark 3.3.3. In the particular case that X = R = {(x,£) : x € R" £ > 0} is

2 2
AEE and M = R”, this is just

the construction for the fractional Laplacian (—Ag»)? as a Dirichlet-to-Neumann

hyperbolic space H"*! with the metric g+ =

operator for a degenerate elliptic extension problem from [43]. Indeed, let U be

the solution to

2
- YQU + AmlU=0 inR™,
(3.32)

Ulj—o=u onR",

AU +

then
(—Agn)Tu = —dylim 0!~ 29,U. (3.33)
{—0

From now on, (X, g") will be fixed to be hyperbolic space with its standard metric.
Our point of view in this chapter is to rewrite this extension problem (3.32)-(3.33)

using different coordinates for the hyperbolic metric in X, such as (3.39).

3.3.2 Anisolated singularity

Before we go to the general problem, let us look at positive solutions to
Nt2y | N
(—Agv)’u=Ayu¥2 in RY\ {0} (3.34)

that have an isolated singularity at the origin. It is known ([40]) that such solutions
have the asymptotic behavior near the origin like r=27 for r = |x|. Thus it is
natural to write

u=r 2 w. (3.35)



Note that the power of the nonlinearity in the right hand side of (3.34) is chosen
so that the equation has good conformal properties. Indeed, let r = ¢~ and 6 €

SN—1 and write the Euclidean metric in RV as
’dx’z =dr? + rzgsN—l

in polar coordinates. We use conformal geometry to rewrite equation (3.34). For

this, consider the conformal change
g0 = ks \dx|* = dt® + gov-
) S )

which is a complete metric defined on the cylinder My := R x S¥~!. The advantage
of using go as a background metric instead of the Euclidean one on RY is the
following: since the two metrics are conformally related, any conformal change
may be rewritten as

5=y |dx2 = Wi T
§=uV2rldx|” = w1 go,

where we have used relation (3.35). Then, looking at the conformal transformation

property (3.28) for the conformal fractional Laplacian Py, it is clear that

N+2y N-2y N+2y

P (w) = 2 P (5 ) = T () T, (3.36)

and thus equation (3.34) is equivalent to

N+2y . _
PP (w)=Ayw¥> in RxSVL

The operator Pfo on R x SN~ is explicit. Indeed, in [66] the authors calculate
its principal symbol using the spherical harmonic decomposition for S¥~!. With
some abuse of notation, let u,, m =0,1,2,... be the eigenvalues of Agv-1, re-
peated according to multiplicity (this is, o =0, Wy,..., 4y =N —1,...). Then any
function on R x S¥~! may be decomposed as ¥, W, (t)En, where {E,,(8)} is the
corresponding basis of eigenfunctions. The operator Pf}"’ diagonalizes under such

eigenspace decomposition, and moreover, it is possible to calculate the Fourier
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symbol of each projection. Let

1 —i&t
w = e w(t)dt 3.37
(6) === [ e 5wl (3.37)
be our normalization for the one-dimensional Fourier transform.

Proposition 3.3.4 ([66]). Fixy < (0, %) and let P} be the projection of the operator
P§° over each eigenspace (E,,). Then

Py (W) = Oy (§) W,

and this Fourier symbol is given by

(9’11(ii)zzzy)r(%Jrngév (%_I)ZJr“er%i) 2 (3.38)
N O Y R TS | I

Proof. Let us give some ideas in the proof because they will be needed in the next
subsections. It is inspired in the calculation of the Fourier symbol for the con-
formal fractional Laplacian on the sphere S” (see the survey [109], for instance).
The method is, using spherical harmonics, to reduce the scattering equation (3.24)
to an ODE. For this, we go back to the scattering theory definition for the frac-
tional Laplacian and use different coordinates for the hyperbolic metric g*. More

precisely,
+_ 22 p2\? 2 2 I g
g =p {p +<1+7) dt +(1—7) gSNq}, g=p%", (339

where p € (0,2), t € R. The conformal infinity {p = 0} is precisely the cylinder
(R x S¥~1 g). Actually, for the particular calculation here it is better to use the

new variable 0 = —log(p/2), and write

¢ =do? + (cosho)?dt? + (sinh 6)? gev-1. (3.40)
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Using this metric, the scattering equation (3.24) is

doo W +R(G)IoW + (cosh &) 20, W + (sinh &) 2Agva W + (% —P)# =0,
(3.41)
where # = # (0,t,0), 6 € (0,0),t €R, 8 € S¥~!, and

0o (cosh o sinhV ! 6)

R(o) =
( ) coshosinhV o

After projection over spherical harmonics, and Fourier transform in ¢, the solution

to equation (3.41) maybe written as

—

Wm = V/V;l(P(T)a

where we have used the change of variable T = tanh(c) and ¢ := @™ is a solution

to the boundary value problem

(1- Tz)am(P + (# - T) dr + [*#m# =+ (% - 72) 1_112 - 52] 0 =0,
has the expansion (3.25) with w = 1 near the conformal infinity {7 =1},

¢ isregular at T =0.

This is an ODE that can be explicitly solved in terms of hypergeometric functions,

and indeed,
_N N )
o(x) = (11 0¥ 31—yt 1 HV(51)
oF(a,bya+b—c+1;1—1%)
: (3.42)
N
£+ h gt (G )
-2F1(c—a,c—b;c—a—b—|—1;1—1’2),
where

IR

D=
D=

ey e[ (e 3/ e )
O r(s =g/ - e )|
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and
a=F+ I+ 0/ (E - 124w, +i5,
b=F+ L+ 0/ 12w, —i5,
c=1+1/(5=1)2+ ty.

The Proposition follows by looking at the Neumann condition in the expansion
(3.25). O]

The interest of this proposition will become clear in Section 3.7, where we cal-
culate the indicial roots for the linearized problem. It is also the crucial ingredient
in the calculation of the Green’s function for the fractional Laplacian with Hardy
potential in Section 3.6.

We finally recall the fractional Hardy’s inequality in RV ([18, 99, 124, 179])

2

u
/]RN u(—ARN)yudx 2 AN’Y\/]RN ﬁdx, (343)
where Ay y is the Hardy constant given by
Any =25 = 05(0). (3.44)
(=)

Under the conjugation (3.35), inequality (3.43) is written as

/ wP{wdtd® > Ay y / w?dtde.
RxSN-1 RxSN-1

3.3.3 The full symbol

Now we consider the singular Yamabe problem (3.5) in R” \ R¥. This particular
case is important because it is the model for a general higher dimensional singular-
ity (see [121]).

As in the introduction, set N := n — k. We define the coordinates z = (x,y),
x € RV, y € R¥ in the product space R" \ RF = (R"*\ {0}) x R¥. Sometimes we
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will consider polar coordinates for x, which are
r=|x| =dist(-,\R*) e R,, 6 e SV .
We write the Euclidean metric in R" as
|dz|* = |dx]> + |dy|* = dr* + rPggy-1 + |dy[*.
Our model manifold M is going to be given by the conformal change

1 dr? + |dy|?
gk = ”—2\dz|2 = gsn-1+ r2|y| = gsn-1 + 8k, (3.45)

which is a complete metric, singular along R¥. In particular, M := S¥~1 x HF !,

As in the previous case, any conformal change may be rewritten as
- _4 2 _4
g=urldz|” = wr g,

where we have used relation
_n2y
u=r_ 2z w,
so we may just use g as our background metric. As a consequence, arguing as
in the previous subsection, the conformal transformation property (3.28) for the

conformal fractional Laplacian yields that

n+2y 2 n—=2y n+2y
Tp\dz\ i

Pﬁ"(w) =r (7 w)=r 2 (—Agre)’u, (3.46)

and thus the original Yamabe problem (3.5) is equivalent to the following:

Moreover, the expression for P§" in the metric g; (with respect to the standard
extension to hyperbolic space X = H"*!) is explicit, and this is the statement of

the following theorem. For our purposes, it will be more convenient to write the
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standard hyperbolic metric as

2

gt =p2{dp*+ (14 5) ger + (1= 8)genr | (3.47)

for p € (0,2), so its conformal infinity {p = 0} is precisely (M, gx).

Consider the spherical harmonic decomposition for S¥~! as in Section 3.3.2.
Then any function w on M may be decomposed as w = Y ,, w;,E,,;, where w,, =
wi(§) for § € HF'. We show that the operator P;* diagonalizes under such ei-
genspace decomposition, and moreover, it is possible to calculate the Fourier sym-
bol for each projection. Let~ denote the Fourier-Helgason transform on H*!, as

described in the Appendix (section 3.11).

Theorem 3.3.5. Fixy € (0,5) and let Py' be the projection of the operator P§ over
each eigenspace (Ey,). Then

and this Fourier symbol is given by

opia) TV E e 40)]
’ ‘r(%—%+%\/(%—1)2+um+%i>(2

Proof. We follow the arguments in Proposition 3.3.4, however, the additional in-

(3.48)

gredient here is to use Fourier-Helgason transform to handle the extra term Agg+1
that will appear.

For the calculations below it is better to use the new variable

G:_log<p/2)7 p€(072)7
and to rewrite the hyperbolic metric in H"*! from (3.47) as

g™ =do? + (cosho) gyt + (sinh o) gen-1,
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for the variables o € (0,), { € H*"! and 6 € S¥~!. The conformal infinity is
now {0 = +oo} and the scattering equation (3.24) is written as

ds6 W +R(0G)ds W + (coshc) 2 Agini # + (sinh &) 2Agv1 # + (% - 72)7/ =0,

(3.49)
where # =% (0,(,0), and
R(o) = 95 ((cosh o)X (sinh o)V 1)
~ (cosho)*t1(sinho)N-1
The change of variable
7 = tanh(0), (3.50)

transforms equation (3.49) into

(1= 20 + ("= 4 (k—1)7) (1 =12 W + (1 — T) A W/
(LD ag W + (% -P)w =0

Now we project onto spherical harmonics. This is, let #;,(7, ) be the projection

of # over the eigenspace (E,,). Then each %, satisfies

1—12

n’
)

Wy = 0.
(3.51)

(1=72)dec W+ (5L + (k= 1)T) O W + A Wy — M5 Wi +

T

Taking the Fourier-Helgason transform in H**! we obtain

(1= 22)0ec W + (==L 4 (k= 1)) 0
[~ s+ (5 =P ta — A+ 5| Fa =0

for % = 7//;,(&,(0). Fixed m=0,1,..., A € R and o € S¥, we know that

—

Wn = @(p,?(r),
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where @ := (p,fL (7) is the solution to the following boundary value problem:

(1 =120+ (=L + (k—1)7) 000 + [—umé
HE =P -2+ 5)]e=0,

has the expansion (3.25) with w = 1 near the conformal infinity {t =1},

¢ is regular at T = 0.
(3.52)

This is an ODE in 7 that has only regular singular points, and can be explicitly
solved. Indeed, from the first equation in (3.52) we obtain

I n_Y lfﬂ‘*’k‘k (771)2“1’#1)1 o e 2
o(T)=A 1—73)izglmat2 2 °Fi(a,b;c;T
(7) =A( ) ( ) 359

+B(1—72)i g8V D R (4, b6, 72),

for any real constants A, B, where

a= S 45+ 5\ (5 = 1) 4+ i5,
a=F+3 -5\ (F D>+ pu+ib,
b=+ 5+ 5\ (" = D2 = i,
b= 455\ =12 =5,

=~

C= 1_‘_\/(1’1— _1)2+H1117

E=1—1/("5*—1)2+ t,

> ‘

and ,F; denotes the standard hypergeometric function described in Lemma 3.10.1.
Note that we can write A instead of |A| in the arguments of the hypergeometric

functions because a = b, @ = b and property (3.163).
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The regularity at the origin 7 = 0 implies B = 0 in (3.53). Moreover, using

(3.162) we can write

n n ;k
o(t)=A a(l_rz)Z*%f“i*%*V(nz — 12t QF](a,b;a—i—b—c—i—l;l—’Cz)

n n n—k
FB(1—g2)itEgl it (T ) Fi(c—a,c—be—a—b+1;1—1%)],

)

o=
r 1, 7,1 —k A r 1 1 A

=l—zp"+---, (3.54)
which yields, as p — 0,

w(p)NA[“p%‘Hﬁp%*H... :

Here we have used (3.161) for the hypergeometric function.
Looking at the expansion for the scattering solution (3.25) and the definition of

the conformal fractional Laplacian (3.27), we must have
A=oa"', and O}(A)=dBa . (3.55)

Property (3.165) yields (3.48) and completes the proof of Theorem 3.3.5. 0

3.3.4 Conjugation
We now go back to the discussion in Section 3.3.2 for an isolated singularity but

we allow any subcritical power p € ( N%Y, %’:) in the right hand side of (3.34);
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this is,
(—Agy)"u=Aypu’ in RV {0}. (3.56)

This equation does not have good conformal properties. But, given u € €=(RV \

{0}), we can consider

and define the conjugate operator

N-2y N-2y

~ 2 2 2
POy i=r 2 TP (2 ) = P (—Ap) . (3.57)
Then problem (3.56) is equivalent to
PP (v)=Aypp’ inRxSV

for some v = v(,0) smooth, r € R, § € SN,

This 1355,)" can then be seen from the perspective of scattering theory, and thus be
characterized as a Dirichlet-to-Neumann operator for a special extension problem
in Proposition 3.3.9, as inspired by the paper of Chang and Gonzélez [52]. Note
the Neumann condition (3.76), which differs from the one of the standard fractional
Laplacian.

In the notation of Section 3.3.2, we set X = HV*! with the metric given by
(3.39). Its conformal infinity is M = R x S¥~! with the metric go. We would like
to repeat the arguments of Section 3.3 for the conjugate operator 1555'0. But this
operator does not have good conformal properties. In any case, we are able to
define a new eigenvalue problem that replaces (3.24)-(3.25).

More precisely, let # be the unique solution to the scattering problem (3.24)-
(3.25) with Dirichlet data (3.26) set to w. We define the function ¥ by the following
relation

oW =, Qui=-24 2, (3.58)

Substituting into (3.24), the new scattering problem is
44p?\ 2 N —0;
AV + () [2000V -0 - (% -V)V =0inX,  (3.59
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Moreover, if we set
¥ =pr i+ p I, (3.60)

the Dirichlet condition (3.26) will turn into
Hilp—o =V, (3.61)
and the Neumann one (3.27) into
dy|p—0 = Isfo(v). (3.62)

The following proposition is the analogous to Proposition 3.3.4 for f’g":

Proposition 3.3.6. Fix y < (0,%) and let Pm be the projection of the operator P}’

over each eigenspace (E,,). Then

—

P (vm) = B (E)

and this Fourier symbol is given by

oy =25+ 1+ (5_2”2“"" S(00+6)
-F(1+Z+ ” (%—1)2+um_7 (Qo+&))
22 2 (3.63)
-F(%—%’—i— " @_;)ZJF“M =(Qo+&i) ) 1
O 0

Proof. We write the hyperbolic metric as (3.40) using the change of variable ¢ =
—log(p/2). The scattering equation for # is (3.49) in the particular case k = 0,
n = N, and thus, we follow the arguments in the proof of Theorem 3.3.5. Set

r = e~" and project over spherical harmonics as in (3.51), which yields

o6 Wi+ R(G) o Wi + (cosh &) 20y Wy — (sinh &) "2ty W+ (% = P) Wy = 0
(3.64)
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for
ds(coshosinhV ! o)

coshosinhV ! o

R(o) =
Recall the relation (3.58) and rewrite the extension equation (3.64) in terms of each

projection #;, of . This gives

96 Vm+R(0) 96V + (cosh6) 2 {0y Y + 2000, Y +QFVm}

(3.65)
—(5inh &) 2 Yn + (% = ¥?) ¥ = 0.

Now we use the change of variable (3.50), and take Fourier transform (3.37) with

respect to the variable ¢. Then

(1= 1) Im+ (M — 1) OV + [—umg
FE )L (e _iQO)Z} Im=0. (3.66)
The Fourier symbol (3.63) is obtained following the same steps as in the proof of
Theorem 3.3.5. Note that the only difference is the coefficient of “/7m in (3.66).

We note here than an alternative way to calculate the symbol is by taking Four-

ier transform in relation 25°(v) = e~ P§°(w), as follows:

—

Bvmt) = B (€ — i00) = (& — iQ0)ion (€ — i00) = (& — iQ0) (&),
Thus @’;}(5) = @(§ —iQo), as desired. O

Now we turn to Proposition 3.3.2, and we show that there exists a very special

defining function adapted to 7.

Lemma 3.3.7. Let y € (0,1). There exists a new defining function p* such that, if
we define the metric §* = (p*)*g™", then

k *\ — 2
Ee (p) = (p) 2 (2,)° 03,
where Eg:(p*) is defined in (3.30). The precise expression for p* is

N-2y
_ —1¢ 4p \—3 Y N2y Y .N.[4—p*\2
p*(p)_ a (4+P2) 2 ok (p*l’ 3 _pfl’j’(4+p2)

2/(N-2)
} . (3.67)



p € (0,2), where

The function p* is strictly monotone with respect to p, and in particular, p* €

(0.pg) for |
po :=p"(2) = o, (3.68)

Moreover, it has the asymptotic expansion near the conformal infinity
p*(p) =p [1+0(p?")+0(p?)]. (3.69)

Proof. The proof follows Lemma 4.5 in [52]. The scattering equation (3.24) for
W is modified to (3.59) when we substitute (3.58), but the additional terms do not
affect the overall result. Then we know that, given v=1 on M, (3.59) has a unique

solution 7¥ with the asymptotic expansion
PO =0p T+ Pp T K € 67(X)
and Dirichlet condition on M = R x S¥~!
W)p=o = 1. (3.70)

Actually, from the proof of Proposition 3.3.6 and the modifications of Proposition
3.3.4 we do obtain an explicit formula for such #9. Indeed, from (3.53) and (3.55)
for k=0, n =N, m =0, replacing iA by Qg, we arrive at

_ Y -~
Y1) =@(r)=a ' (1-12)35 1 ,F (,,L M_L;%;TZ)_
Finally, substitute in the relation between 7 and p from (3.54) and set

p*(p) = (V)7 (p). (3.71)

Then, recalling (3.30), for this p* we have
* N VA £\ — 2
Eg(p") = () ¥ {map = (S =) (00 = (07) 1 (22,)°0,
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as desired. Here we have used the scattering equation for #° from (3.59) and the
fact that 7° does not depend on the variable .

4-—p?
4+p?

)2 for n € (0,1). It is enough to

N-2 .
= (=m) (5 M5t o)

is monotone with respect to 1. From properties (3.163) and (3.164) of the Hyper-

To show monotonicity, denote 1 := (
check that

RS

geometric function and the possible values for p in (3.9) we can assert that

d
——f(n)
dn
d N2y, v 2y N—2
= g (=) ) R R (5 T T ) )
N-2y v

p—1 p—1
< 0.
L]
Remark 3.3.8. For the Neumann condition, note that, by construction,
P (1) = dy Yoo, (3.72)

while from (3.57) and the definition of Ay, , from (3.10),
0 e V(i
Py (1) = rr- 1P (—Agn ) (r 771) = Ay py-

The last result in this section shows that the scattering problem for ¥ (3.59) can
be transformed into a new extension problem as in Proposition 3.3.2, and whose
Dirichlet-to-Neumann operator is precisely 13{;’0. For this we will introduce the new
metric on RV \ {0}

g =(p")’g", (3.73)



where p* is the defining function defined in (3.67), and let us denote
Vi=(p*) W21y, (3.74)

Proposition 3.3.9. Let v be a smooth function on M = R x SN~1. The extension

problem

2
~divg (p°) 21V V) — (1) 40 (.Y 2000y =0 in (X8,

V¥ p—o=v on(M,g),
(3.75)

has a unique solution V*. Moreover, for its Neumann data,
PP (v) = —dy 1im0(p*)‘—2Ya,,*(V*) + AN p - (3.76)
pr— -
Proof. The original scattering equation (3.24)-(3.25) was rewritten in terms of ¥
(recall (3.58)) as (3.59)-(3.60) with Dirichlet condition 71| p=0 = v. Let us rewrite
this equation into the more familiar form of Proposition 3.3.2. We follow the argu-
ments in [52]; the difference comes from some additional terms that appear when
changing to 7.
First use the definition of the classical conformal Laplacian for g* (that has

constant scalar curvature Ro+ = —N(N + 1)),

and the conformal property of this operator (3.28) to assure that

N+3

PE(1) = (p) TP ((pY) T ).

Using (3.74) we can rewrite equation (3.59) in terms of V* as

P v+ T (42) T (-2000v - V) + (P - v} =0
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or, equivalently, using that for p :=p 1772?,

pAg (pV) = divg: (p*Vg V) + pVAg (p),

we have

—divg ((p*)' 21V V") + Eg (p7)V°
2\ —2
+(p") " (4525) 7 (—2000V ~ GBV7) =0,
with Eg(p*) defined as in (3.30). Finally, note that the defining function p* was
chosen as in Lemma 3.3.7. This yields (3.75).
For the boundary conditions, let us recall the asymptotics (3.69). The Dirich-

let condition follows directly from (3.26) and the asymptotics. For the Neumann

condition, we recall the definition of p* from (3.71), so

2y
oy Yrry o Y N4pTh
Vi=(p7) T =0 Y04 pr g0’

and thus
_Jygig})/’lfzyapw =dy (7/27/10 - 7/17/20) ’p:O =PV —Aypp,

where we have used (3.61) and (3.62) for ¥, and (3.70) and (3.72) for ¥°. This

completes the proof of the Proposition. O

3.4 New ODE methods for non-local equations

In this section we use the conformal properties developed in the previous section

to study positive singular solutions to equation
(—Apn)Tu= Ay pu” in RV \ {0}. (3.77)
21 . .
The first idea is, in the notation of Section 3.3.4, to set v = r»—Tu and rewrite this

equation as
Py (v)=AnppP, inRxSVL (3.78)
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and to consider the projection over spherical harmonics in S¥~!,

P;,"(vm) =Anpy(vm)?, forv=v(z),

While in Proposition 3.3.6 we calculated the Fourier symbol for P, now we will
write it as an integro-differential operator for a well behaved convolution kernel.
The advantage of this formulation is that immediately yields regularity for v, as in
[65].

Now we look at the m = 0 projection, which corresponds to finding radially
symmetric singular solutions to (3.77). This is a non-local ODE for u = u(r). In the
second part of the section we define a suitable Hamiltonian quantity in conformal

coordinates in the spirit a classical second order ODE.

3.4.1 The kernel

We consider first the projection m = 0. Following the argument in [65], one can use
polar coordinates to rewrite 133 as an integro-differential operator with a new con-
volution kernel. Indeed, polar coordinates x = (r,0) and ¥ = (7, 0) in the definition

of the fractional Laplacian (3.2) give

D

Y

1 l r
(—Agy)Tu(x) kNyPV/ / rrtv(n) = F (? A1 drde.
SNt ]r2+r2+2rr<9 9>]T

o 2 _or .
After the substitutions 7 = rs and v(r) = (1 —s~ »-T)v(r) +s »-Tv(r), and recalling

the definition for 1379 from (3.57) we have

s () = v(rs)
kNyPV/ /SNI e a8 +Cv(r),

where

2y
1_ 1 N—1 _
c= kNyPV// s 7 1)s vy dsd.
SV |1 452 — 25(0,8)|
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Using the fact that v = 1 is a solution, one gets that C = Ay 5. Finally, the change
of variables r = ¢™*, F = ¢ yields
P(v)(t) = PV. /R Folt — Y olt) —v(t)]d' + Ay ppp(t)  (3.79)

for the convolution kernel

2y
i o o~ (N i
ji/()(l‘) _ /S N,y€e ? 4

N+2y

N1+ e —26¢(0,0)| T

_ T : N-2
et | o2
0 (coshr—cos¢;) 2

where ¢ is the angle between 6 and 0 in spherical coordinates, and ¢ is a positive

constant that only depends on N and 7. From here we have the explicit expression

~ ( 2yp

Ho(t) =ce” w1 o (M 14y 5507 ), (3.80)

2

for a different constant c.
As in [65], one can calculate its asymptotic behavior, and we refer to this paper

for details:

Lemma 3.4.1. The kernel Ji%(t) is decaying as t — +oo. More precisely,

|e| =127 as |t| = 0,
Ho(t) ~ Al =L PPN —oo,
=il
e rl ast — +oo.

The main result in this section is that one obtains a formula analogous to (3.79)
for any projection 157’,". However, we have not been able to use the previous argu-
ment and instead, we develop a new approach using conformal geometry and the
special defining function p* from Proposition 3.3.2.

N-2y

Set Qg = 1% — —~*. In the notation of Proposition 3.3.6 we have:
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Proposition 3.4.2. For the m-th projection of the operator P,‘g,’o we have the expres-
sion

By (um) (1) = [ Aot =) um(0) = vt + An (1),

for a convolution kernel %, on R with the asymptotic behavior

|¢| =12y as |t| — 0,
() ~ R T ) [P o0,
VT I -00)t o o

Proof. We first consider the case that p = %’; so that Qg = 0, and look at the
operator PJ°(w) from Proposition 3.3.4. Let p* be the new defining function from
Proposition 3.3.2 and write a new extension problem for w in the corresponding

metric g*. In this particular case, we can use (3.67) to write

2
1y 4p N-2y N-2 4-p2 2\ | V¥ I(
pr(p)= o (525) ok (AN )| a=

The extension problem for g* is
—divg (p") "MV W) =0 in(X,g),
W*p—o=w on (M,g);
notice that it does not have a zero-th order term. Moreover, for the Neumann data,

P () =~y Tim (p")! 35 (W) + Ay v
From the proof of Proposition 3.3.2 we know that W* = (p*)~(V/2-V)%/ | where
W is the solution to (3.41). Taking the projection over spherical harmonics, and
arguing as in the proof of Proposition 3.3.4, we have that %(T, E)=wm(&) (1),
and ¢ = (p(m)
keep the notation ¢(p*) = ¢\ (7).

is given in (3.42). Let us undo all the changes of variable, but let us
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Taking the inverse Fourier transform, we obtain a Poisson formula

Wi(p* 1) = /}R Polp* 1 =1 Y () d,

where

ym(p*at) = \/lzin/R(p*)(N/zY)(P(p*)eiétdé‘

Note that, by construction, [p &, (p*,t)dt = 1 for all p*. Now we calculate

lim (%) =273, (W) = lim (")~ YnlPo )~ W01

p—0 p*—0 p*
m(p* 1 —1'
= lim (p*)lfzy/ M[wm(t/) —wn(t)]dr.
p*—0 R p*
This implies that
P () (1) = /]R (£ — 1) W (1) — W) ' + Ay (1), (3.81)
where the convolution kernel is defined as
- 2y Pm(p7;1)
— *\1-2y<" m )
Tn(e) = dy lim (p°) .

If we calculate this limit, the precise expression for ¢ from (3.42) yields that

Ha(t) = = [ (OF(E) = Av)eHdE, (1) = Ha1)

which, of course, agrees with Proposition 3.3.4.
The asymptotic behavior for the kernel follows from the arguments in Section
3.6, for instance. In particular, the limit as + — O is an easy calculation since

Stirling’s formula implies that @7'(&) ~ |§[* as & — eo. For the limit as |1| — e

we use that the first pole of the symbol happens at £i(1+ v+ 1/ (252)2 4 ) so

it extends analytically to a strip that contains the real axis. We have:

|e| =12y as |t| =0,

T (1) ~
" ef(H”\/(NTiz)T“’”) I as 1 — droo,
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Now we move on to P§°(v), whose symbol is calculated in Proposition 3.3.6.

Recall that under the change w(t) = r~20v(z), we have
P (v) = e_Q"’P{’,’O (e1y).
From (3.81), if we split e20'v,,,(¢) = (€2 — ¢2" )y, (1) 4 2" v, (¢), then
PP (v)(t) = CV(t)Jr/R%n(f—f')(Vm(f) —vm(t'))dt’

for the kernel

K1) = ()" = \/lziﬂerf [ (©5(6) ~ Awg)eae.

and the constant
C= AN,y‘F/ Tt —l‘/)(l _ eQO(t/—t))dt/,
R

We have not attempted a direct calculation for the constant C. Instead, by noting
that v = 1 is an exact solution to the equation P§°(v) = Ay, we have that

C = Ay py, and this completes the proof of the proposition. 0

3.4.2 The Hamiltonian along trajectories

Now we concentrate on positive radial solutions to (3.78). These satisfy
P)(v) =Anppv’, v=1(1). (3.82)

We prove the existence of a Hamiltonian type quantity for (3.82), decreasing along
trajectories when p is in the subcritical range, while this Hamiltonian remains con-
stant in ¢ for critical p. Monotonicity formulas for non-local equations in the form
of a Hamiltonian have been known for some time ([36, 38, 98]). Our main innova-
tion is that our formula (3.83) gives a precise analogue of the ODE local case (see
Proposition 1 in [132], and the notes [163]), and hints what the phase portrait for v
should be in the non-local setting. We hope to return to this problem elsewhere.
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Theorem 3.4.3. Fix y € (0,1) and p € (5 7 x%;) Let v =v(t) be a solution
to (3.82) and set V* its extension from Proposition 3.3.9. Then, the Hamiltonian

quantity

A 1 1
H (1) ==Y (—v2+1v!’+1)

dy 2 p+
L [P . 3.83
43 [ 00 e @V P es(av P dpt (3.83)
= H\(t) +Ha(t)

is decreasing with respect to t. In addition, if p = %’:, then H;;(t) is constant
along trajectories.

Here we write, using Lemma 3.3.7, p as a function of p*, and

* 2 N— 1

= (5) (%) (-%)"
o\ =2

et = (%) e, (3.84)
o\ =2 -2

s (2) 7 (148) e

The constants Ay y and d}, are given in (3.10) and (3.31), respectively.

Proof. In the notation of Proposition 3.3.9, let v be a function on M = R x Sh-1
only depending on the variable € R, and let V* be the corresponding solution to
the extension problem (3.75). Then V* = V*(p,¢). Use that

1
dive () Ve V%) = L (07 20,1
e
w\ —2 -2
+o7) 2 (2) T (1+5) Tav,
where e* = |,/g*| is given in (3.84), so equation (3.75) reads

9y <e*p2(p*)*(1+m8p*v*> — (p*)! e (%)’2 (1 n pTZ>’2 PR

—(p7) et (%)722( N ) gV =0,
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We follow the same steps as in [66]: multiply this equation by d,V* and integrate
with respect to p* € (0,p;), where pg is given in (3.68). Using integration by
parts in the first term, the regularity of the function V* at pj, and the fact that
10, [(9V*)?] = 9,V*9,V* and 10, [(9p-V*)?] = 9yp+(V*)dp-V*, it holds

p*—0

P T
“,
o L

- (2 (145) @ aer

Po 2
_/0 _(p*)7(1+27/)e* (41};2) 2( N— 2}/+ 27/ ) [atv*]2:| dp*
=0.

1}1’[1 (al(v*)e* (p*)*(1+27)p28p*v*)

D=

e*(p ) 1+2}/)p o, [(ap*V*)ZH dp*

But, for the limit as p* — 0, we may use (3.76) and (3.82) to obtain
dy lim ((p*)*“*zyp e o, V*9p-V )
p*—0

= [—Pf}’ v+An, yv] v =ANpy(v—7P)Iv

_ 1.2 1 +1
_ANap#at<§V +1Vp )

Then, for H(¢) defined as in (3.83), we have

which proves the result. O
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3.5 The approximate solution

3.5.1 Function spaces

In this section we define the weighted Holder space %ﬁ;ﬁ‘ (R"\ X) tailored for this
problem, following the notations and definitions in Section 3 of [133]. Intuitively,
these spaces consist of functions which are products of powers of the distance to X
with functions whose Holder norms are invariant under homothetic transformations
centered at an arbitrary point on X.

Despite the non-local setting, the local Fermi coordinates are still in use around
each component X; of ¥. When X, is a point, these are simply polar coordinates
around it. In case ¥; is a higher dimensional sub-manifold, let .7} be the tubular
neighbourhood of radius ¢ around X;. It is well known that .7 is a disk bundle
over X;; more precisely, it is diffeomorphic to the bundle of radius ¢ in the normal
bundle .4#'Y;. The Fermi coordinates will be constructed as coordinates in the
normal bundle transferred to .7} via such diffeomorphism. Let r be the distance
to X;, which is well defined and smooth away from X; for small . Let also y be
a local coordinate system on X; and 6 the angular variable on the sphere in each

normal space .4;X;. We denote by B the ball of radius o in A X;. Finally we let

X

x denote the rectangular coordinate in these normal spaces, so that r = |x|, 6 = B

Let u be a function in this tubular neighbourhood and define

T (r+7)%u(z) —u(@)|
lullg.o.0 = sup |u|+ sup — — s
o 2€TE z,Zeﬂ;|”_r| +y—=3%+(r+7)%[6 — 0|

where z,7 are two points in .7} and (r,0,y), (7, 8,) are their Fermi coordinates.

We fix a R > 0 be large enough such that ¥ C B & (0) in R". Hereafter the letter
z is reserved to denote a point in R” \ X. For notational convenience let us also fix
a positive function p € € (R"\ ¥) that is equal to the polar distance r in each .7,
and to |z| in R"\ Bg(0).

137



Definition 3.5.1. The space ‘50[’0‘ (R"\X) is defined to be the set of all u € €"-*(R"\
Y) for which the norm

K 1

(é)l,a(zg/z) + Z Z HVju

i=1j=0

llulls00=||u w0 ( )

is finite. Here Zg/z =R"\ Uszl gé/Z‘

Let us define a weighted Holder space for functions having different behaviors

near ¥ and at co. With R > 0 fixed, for any u, v € R we set
€% (Br\Z) = {u=ptia:iac 6" (Br\2)},

CrU(R"\Bg) = {u=p"ii: it € €0%(R"\ Br)},

and thus we can define:

Definition 3.5.2. The space (gﬁﬁ (R*\ X) consists of all functions u for which the

norm

lullgra = sup ([~ ulliao+ sup lp~"ullia0
wv BR\Z

R"\BR

is finite. The spaces %ﬁ”%(RN \ {0}) and %ﬁ”%(Rn \ RX) are defined similarly, in
terms of the (global) Fermi coordinates (r,0) or (r,0,y) and the weights r*, r".
Remark 3.5.3. From the definition of (ﬁ[t’_’%, functions in this space are allowed to
blow up like p* near £; and decay like p" at eo. Moreover, near X;, their derivatives
with respect to up to [-fold products of the vector fields rd,,rdy,dg blow up no
faster than p* while at oo, their derivatives with respect to up to /-fold products of
the vector fields |z|d; decay at least like p".

Remark 3.5.4. As it is customary in the analysis of fractional order operators, we

. . . . D
write many times, with some abuse of notation, ‘KN?'VJFO[.

3.5.2 Approximate solution with isolated singularities

Let X ={q1, - ,qk} be a prescribed set of singular points. In the next paragraphs

we construct an approximate solution to
(—Apy)Tu= Ay pyu’ in RV \ X,
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and check that it is indeed a good approximation in certain weighted spaces.
Let u; be the fast decaying solution to (3.77) that we constructed in Proposition

3.2.1. Now consider the following rescaling
2
ue(x) = € 7wy (g) in RY\{0}. (3.85)
Choose x, to be a smooth cut-off function such that y; = 1 if |x| < d and
Xa(x) = 0 for |x| > 2d, where d > 0 is a positive constant such that d < dy =
infi,;{dist(g;,q;)/2}. Let & = {€),---,&k} be a K-tuple of dilation parameters
satisfying ce < & < e <1 fori=1,...,K. Now define our approximate solution
by

K
e (x) = Z Xa(x — qi)ue, (x — q;).
i=1
Set also
fe = (—A)Yite —ANJWL?‘Z. (3.86)
For the rest of the section, we consider the spaces ‘53_’? , where
2y 3
e <fi<2y and —(n—2y)<V. (3.87)
p—

Lemma 3.5.5. There exists a constant C, depending on d, {1,V only, such that

N— 2PY
. <ceV (3.88)

292y

/e

(gg
Proof. Using the definition of (—A)? in R, one has

(—A)"(Yine,)(x—qi)

_ Xi(x — qi)ue, (x — qi) — Xi(X — qi)ue,(F—q;) ,_

= Xi(x — qi) (—Ax) g, (x — qi)

(Xi(x—qi) — Xi(F—qi) )ue,(F—qi) ,_
+kN"yP.V. /I‘QN |x—f‘N+27 dx
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foreachi=1,...,K. Using the equation (3.11) satisfied by u, we have

AprZ ”e, xX—qi)
(Xi(x—qi) — Xi(F—qi) Jue,(F—qi)
+kN,y;P.V. /R , P ds
=1 +kyyb.

Let us look first at the term /;. It vanishes unless |x — g;| € [d,2d] for some i =

1,...,K. But then, one knows from the asymptotic behaviour of ug, that
2 x—g: | —(N=27)
e O e B B G
i
so one has
2
L(x) <CEN 5T if [x—q| € [d,2d].
For the second term I, = I(x), we fix i = 1,...,K, and divide it into three

cases: x € Byp(qi), x € Baa(qi) \ B4/2(qi) and x € RN \ Byy(g;). In the first case,

X € By/»(qi), without loss of generality, assume that g; = 0, so

(i (x) = %i(¥) Jug, (%) -

RN |x_f‘N+2y

B,4(0) B14\B,4(0) RN\ B,4(0)

Mg. (.55) - I/lg ( )
< — = dX+ / — __dXx.
/{d<x<zd} |ox — gV 272 {&)>2d} [x — [N +2Y

Hereafter “- - - carries its obvious meaning, replacing the previously written integ-

L(x)=PV.

rand. Using that |x — | > 1|%| for |%| > 2d when |x| < 4 we easily estimate

B <0 )+ [Tt ar— o )

d rl+2y
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Next, if x € Bag(qi) \ Baj2(4:),

b(x) :P.V.[/B
N2y

d )

4e 2py . 2

¢ / EN_EMI ¥ di>+0(/ ~7di)
( 0 ( ) Bzd(Qi)\Bd/4(qi) ‘x —x’N+2’)/—2

ug ()
0 / %)y
( RN\ By (gi) ‘X‘N+Zy x>

_ 2y

=0(g" ).

. ]
4/4(qi) B24(q:)\By/4(qi) RM\Baa(gi)

Finally, if x € R\ Byy(q;),

B4(qi) Ba\Ba(qi) RM\Bo(gi)

_ O(SNf%‘xr(N+27)>_

Combining all the estimates above we get a CK[? bound for a pair of weights

_277‘7_2’}/

satisfying (3.87). But passing to ‘55’_0‘2%9_27, is analogous and thus we obtain (3.88).
O

3.5.3 Approximate solution in general case

First note that our ODE argument for u; also yields a fast decaying positive solution

to the general problem
(—Agrn)'u = Ay pyu” in R"\ RE. (3.89)

that is singular along R¥. Recall that we have set N = n — k.

Indeed, define ify(x,y) := u;(x), where z = (x,y) € R" % x R¥, and use the
Lemma below. For this reason, many times we will use indistinctly the notations
u1(z) and u;(x). Moreover, after a straightforward rescaling, the constant Ay , y

may be taken to be one.

Lemma 3.5.6. If u is defined on RN and we set ii(z) := u(x) in R" in the notation

above, then
<—A]Rn)yﬁ = (—ARN)YM.
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Proof. We compute, first evaluating the y-integral,

i(z) —i(2)

Re |z — Z|nt2Y

— knyPV. / / ulx) — u(®) ——ddy
REJRN e — %2 + [y = 51°] 2

B u(x) —u(x) . 1 _
= kyyP.V. dx/Rk<dy

(—Agn)ii(z) = knyPV. dz

e e ST e (1 J52) "

= (—Ary)"u(x).
Here we have used

|
k. / =k, (3.90)
Ve s

(See Lemma A.1 and Corollary A.1 in [50]). O

Now we turn to the construction of an approximate solution for (3.3). LetX be a
k-dimensional compact sub-manifold in R”. We shall use local Fermi coordinates
around X, as defined in Section 3.5.1. Let .75 be the tubular neighbourhood of
radius o around X. For a point z € 7, denote it by z = (x,y) € A X x ¥ where
AL is the normal bundle of . Let B a ball in A4'EX. We identify .75 with B x .

In these coordinates, the Euclidean metric is written as (see, for instance, [137])

|dz|2:<|dx|2 o<r>>
O(r) gz+0(r))

where |dx|? is the standard flat metric in B and gy the metric in £. The volume

form reduces to
dz = dxy/detgs + O(r).

In the ball B we use standard polar coordinates » > 0, 8 € S¥~!. In addition,
near each g € X, we will consider normal coordinates for gs centered at g. A
neighborhood of X > ¢ is then identified with a neighborhood of R* 5 0 with the

metric
gz = ldy|* +0(|y]),
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which yields the volume form
dz = dxdy(14+0(r)+O0(|]y|*)). (3.91)

Note that ¥ is compact, so we can cover it by a finite number of small balls B.
As in the isolated singularity case, we define an approximate solution as fol-

lows:
itg (x,y) = Xa(x)ue(x)

where X is a cut-off function such that y; = 1 if |x| < d and y,(x) =0 for |x| > 24.

In the following we always assume d < 5. Let

fei= (_AR”)yﬁe - ﬁg

Lemma 3.5.7. Assume, in addition to (3.87), that — —5 < fi < min{y —71 %

_1 Y. Then there exists a positive constant C dependmg only on d,[i,V but inde-
pendent of € such that for € < 1,

Ifellgoe, < Ce, (3.92)

where q = mln{ -3 y_l_(l’p—%l)?’_ﬂ’N 2pY}>O

Proof. Let us fix a point z = (x,y) € J5, i.e. |x| < 0. By the definition of the
fractional Laplacian,

()= (2) .

R |2z

Note that in this neighborhood we can write if¢ (z) := iig (x).

(_Az) yﬁs (Z) = kn_’yP.V

For I, since iig (¥) = 0 when Z = (,§) € .7, one has

xX)—ig(®) 1 o
kn}’/c |z —z[nt2r dz:ug(x)kn,y/%cWszCug(x),
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so I = O(1)iig(x) (the precise constant depends on o). Next, for /;, use normal
coordinates ¥ in X centered at y in a neighborhood {|y —J| < o, } for some o small
but fixed. The constants will also depend on this ¢;. We have

fie (x) — e (%)

L =k, ,PV.
1= %nyy 7, |z—zrt2r

{y—sI<xlPInTs {o1>|y—3>xF}IN T {ly=¥>01}NTs
=t kyy[l11 + 12+ 13),

where f8 € (0,1) is to be determined later. The main term will be /;;; let us calculate
the other two. First, for I}, we recall the expansion of the volume form (3.91),
and approximate |z — 2> = |x — > + [y — §|* and dZ = d¥d5 modulo lower order

perturbations. Then

Ue(x) — e (X
1122/ 78()~ fz()di
{or>ly—5I>PIngs |z — 2"
(01> y—51> B} J{lx—|<|x|f}n T (01> y—51> x|} J{lx—[>|x|f }n T
1

< T () — i (% I g
S {‘x_ﬂglxm}ws(x) u8<x>>( /{ o T )

1
dy |dx.
n+27
F+[5P) )

/ e
T, =IN‘2y
{Jx—[>|x|8} Ix FNF Y

We estimate the above integrals in dy. For instance, for the first term, we have used
that

1 1
/{ol>|y—>~v>xﬁ} |z —z|"+2Y {or>ly—31>[xff} [y —F|" T2

1
S
(b=} [y]"T2Y

< |x| " BWN+27)
S Jp e S al ’

which yields,

iig (x) — e (%)

dx.
3 ZIN+2
{x—sl> By [ — N2

Iy < / (1 (x) — e (%)) [x| PO+ g4
(le—gl<|x/f}
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Now, since |x — | > |x|? implies that || > co|x|® and |x — %| ~ || for some ¢y > 0

independent of |x| small,

B S NP P [ e [ S

s/l fe>cob} |32
Ue(x
e
{([&]>colB} [XINT2Y

We conclude, using the definition of itz and the rescaling (3.85), that

_2
o Bl + "7 (Nm)/{wﬂ} (7)d

2177
pP—

di+|x] P ig ().

/{ B> Mﬁ} ‘X‘N—s-z)/

For I3, one has
Ha £C [ )| 4+ () % < Clae(0)+€¥ 5 (14 ) ~427),

We look now into the main term /11, for which we need to be more precise,

/ i (x) — g (¥) _
(h—sl<py <o} |z—2mF2Y

:p,v./ /
{ {ly=I<lxf} J{lx—5I<[xF}n{lH] <o}

o
{y=sI< %P} J{|x—%>|x[f}n{|¥|<c}
=11+

Ijy =PV.
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Let us estimate these two integrals. First, since for |x| small, [x — | < |x|? implies

that |¥| < o, we have

fie (x) — i1 ()

knyli11 = Ky PV / ~
" " Mgy Je-si<ippy |z — 2R

e (x) — e (%)
=R BV e ﬁ}/{ H</x/8) . i
st Ha-si<ieP) [l + [y~ 5P
-(1+0(|x]) +O0(ly —y|)) didy
:(14_0(‘)(‘!3))]("#3‘/. M

{be-g<py  |x— KN

1
: o dydi
/{|y|< B (1 + )

=]

g (x) — g (%)

— (1 ko P.V. e
L C R e

1
n+ n dy d)?
[/Rk (1+ \yl = /{>> N }

lx—%|

Recall relation (3.90), then

g (x) — il (X)
{be-sl<palp)  |x— N2
e (x) — e (%) /1 |x|P \—V+2n)
{l—gl<[xfp} | —FNT2Y (!x XI> dx
ﬁs(x) ”6()

RN |x X‘N+2y

+0(1)/{ e (x) — e (%) o

—g>[x[p}  |x—XNT2Y

i (x) — e (%) /1 |x|F \-v+20)
1)/{|xf|s|x|ﬁ} jox — [N +2Y (!x XI> dx

knyli11 = (1+0(|x|P))kn 4PV dx

+0(1)

= (1+0(|xP))kn ,PV. di
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Using the definition of the fractional Laplacian in RY,

knyliin = (14 0(|x[P)) (—A) ite (x)
{eg>fp} x— XN

4 O(1)|x| P2 / e (x) — e (%)) .

€
{le—x|<|x[P}

o(1 ds

Now we use a similar argument to that of /5, which yields

ﬁe(x)_ﬁs(f) ~ / ﬁs(x) - ﬁs(i) .
e e 4w < A / e A%
/{xf>xﬁ} x — g[N+2Y {J5]>|x(p} RN T2 {J5]>|x(} [EN T2
2By _ 2y up (%) .
< x|V (x) + & P*l/ dx
N| | 8( ) {@dik%} |)’5|N+2y

and also,

PO [ (el () d

{lx—%|<|x/P}

S PO [l Vi) 4 V7 [ @)
CE D!

S 2P (x) + €M7 A0 |

?) di.
{|f|s%ul(x) *

In conclusion, one has

Kngfi = (14 (1)) (=A) e (3) + O(1) [ Ix| 7z (x)

oy ui(X) o NS g(Nt2y)
{%SWK%} |x|N+2y o {\f\ég}

up (%) dx|.
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Next, for 11> we calculate similarly

Ue(Xx) — il (X
L / / 8( ) 8( ) 27 dxdy
{ly=51<lxlPy J{x—#> P} [|x — &2+ [y — F|2] 2

iie (x) — g (%) / 1 ~
= =iy 7ndyd'x
{egi>py [ =ZNT2 < iRy (4 y) s

i) —e® (i gt

Sy o= EV x5

2By —k=27 Bk LG
= |x| dg(x)+€ " 7T |x| (e |g,n+27dx'

Combining the estimates for /711,112 and 113,113 we obtain

(—A;) e (x)
= (1+0(|x[P)) (—A)"i2e (x) + O(1) [|x|72ﬁyﬁ£(x)
2py w (%) o N-2 ) B(N42 .
e l/{xﬁ<|x|<"} |x|"’+27dxleg P Y)/x Ll i (5)di
—k—2Y\ Bk u (%) — 2y —(N-2y)
e ik /{I 7> by |x|”+27d R 0" (14 ) )}

= (1+0(1xP)) (=A0) e (x) + O(1) x| PVite (x) + %1

In order to estimate % we use the asymptotic behavior of u;(x) at 0 and e. By

direct computation one sees that

x| B if [x|P <,
Ix) =9 2
eV x| BN if |x|P > e
The choice § = 1 yields that %, = O(|x|~?)ii¢(x), and thus
(—A)ite(z) = (14 O(|1x1P))(—Ax) e (x) + O(1)[x] 7ite (x).

Finally, recall that ii¢ (x) = )4(x)ue(x), then by the estimates in the previous sub-
section (3.88), one has

Fe(@)] S W2 (= A) e (x)] + 2] 7T (x) + &, (3.93)
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2p

where the weighted norm of & can be bounded by eV,
Forz € R"\ ﬂg , the estimate is similar to the isolated singularity case, we omit

the details here. Then we may conclude

a < Céef
||f€ (510 vy C8 9
Where q= min{(’7 [L,é Y+ ( ) —a,N— 2”7} and it is positive if
2
</.L<m1n{y—ﬁ,%—pyl : O

Remark 3.5.8. In general, in terms of the local Fermi coordinates (x,y) around a
fixed zo = (0,0) € £, foru € %OHZY(R” \ X), one has the following estimate:

(=A) = (= Agnre) u(x,) + [ Jul|

for x| < 1,|y| < 1, and some 7 > I —2y. Indeed, similar to the estimates in
Lemma 3.5.7, except the main term in /11, in the estimates, it suffices to control

the terms u(%) by [|u]|.|x|".

3.6 Hardy type operators with fractional Laplacian

Here we give a formula for the Green’s function for the Hardy type operator in RY,

Lo = (~Aan) 0 = 220, (3.94)

where Kk € R. In the notation of Section 3.3.2, after the conjugation (3.36) we may

study the equivalent operator

N+2y
—t

~ N-2
Py —e~ f(eTy’w):Pﬁow—Kw onR x SN!

N-2 . . . . .
for ¢ = e 2 w. Consider the projections over spherical harmonics: form=0,1...,

let w,, be a solution to

Zaw = P™Mwy, — kW = hy,  on R. (3.95)
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Recall Proposition 3.3.4. Then, in Fourier variables, equation (3.95) simply be-

comes
(©7(&) = K)m = .

The behavior of this equation depends on the zeroes of the symbol G’;(ﬁ) —K.In

any case, we can formally write
1 . .
()= | —————hy(E)e'd :/hm Gt —1')dt', 3.96
Win(1) /WM_K ()¢ d = [ hn($)9nlt—1) (3.96)

where the Green’s function for the problem is given by

i€t 1
Gn(t) :/]Re5 Wdé

Y

Let us make this statement rigorous in the stable case (this is, below the Hardy
constant (3.44)):

Theorem 3.6.1. Let 0 < Kk < Ay yand fixm=0,1,.... Assume that the right hand
side hy, in (3.95) satisfies

(1) = (397)

for some real constants &, 0. It holds:

i. The function m is meromorphic in z € C. Its poles are located at points
Y

of the form T; £ic; and —T; &-i0;j, for j=0,1,.... In addition, 79 = 0, and

T; = 0 for j large enough. For such j, 0; is an increasing sequence with no

accumulation points.

ii. If > 0and 8y > 0, then a particular solution of (3.95) can be written as

W) = / (Gt — ) i (3.98)
R
where -
G(1) = doe™ @1 + Y dje %l cos(t)) (3.99)
Jj=1
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for some constants d;, j =0,1,.... Moreover, 4, is an even €* function
when t # 0 and

wi(t) =0(e™) as t—+oo, wy(t)=0(e?) as t— —oo.
(3.100)

iii. Now assume only that § + 8 > 0. If 6; < 8 < 0741 (and thus & > —0y+1),

then a particular solution is

Wi(t) = Ahm(t/)gm(t—t/)dt/

where

Gu(t)="Y dje" " cos(z;]). (3.101)
j=J+1

Moreover, 9, is an even € function when t # 0 and the same conclusion
as in (3.100) holds.

Remark 3.6.2. All solutions of the homogeneous problem .Z,,w = 0 are of the form

w(t) =Cye ™ +Cf ) Cje %'costjt+ Y Cleto costjt
j=1 j=1

for some real constants Cj_ , C}’, j=0,1,.... Thus we can see that the only solution
to (3.95), in both the cases ii. and iii., with decay as in (3.100) is precisely wy,.

We also look at the case when «k leaves the stability regime. In order to simplify

the presentation, we only consider the projection m = 0 and the equation
Zow = h. (3.102)

In addition, we assume that only the first pole leaves the stability regime, which
happens if Ay, < kK < A}V,y for some Afv,y- Then, in addition to the poles above,
we will have two real poles 7y and —7j. Some study regarding Ajw will be given

in the next section but we are not interested in its explicit formula.

Proposition 3.6.3. Let Ay y < k < Ay ,. Assume that h decays like 0(e™?) as
t — oo, and O(e®') as t — —oo for some real constants 8, 8. It holds:
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i. The function W is meromorphic in z € C. Its poles are located at points
00—

of the form t; £ ic; and —7;xic;, for j=0,1,.... In addition, 6o = 0, and
T; = 0 for j large enough. For such j, G; is an increasing sequence with no

accumulation points.

ii. If 8 >0, & >0, then a solution of (3.102) can be written as

wo(r) = / ("%t — ) dr, (3.103)
R
where -
Go(t) = dosin(Tor) Y(—w0)(£) + Y dje= %" cos(t)t)
j=1
for some constants d;, j =0,1,.... Moreover, 4y is an even € function

when t # 0 and we have the same decay as in (3.100).

iii. The analogous statements to Theorem 3.6.1, iii., and Remark 3.6.2 hold.

Further study of fractional non-linear equations with critical Hardy potential

has been done in [3, 76], for instance.

Define

for z € C.

Remark 3.6.4. It is interesting to observe that

On(2) = On(—2).
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Moreover, thanks to Stirling formula (expression 6.1.37 in [4])

I(z) ~ ez 2(2m)2, as |z —ooin |argz| <, (3.105)

one may check that for £ € R,
©,(§) ~ [m+&il*", as (] = e,

and this limit is uniform in m. Here the symbol ~ means that

(3.106)

one can bound one

quantity, above and below, by constant times the other. This also shows that, for

fixed m, the behavior at infinity is the same as the one for the
Laplacian (—A)7.

standard fractional

The following proposition uses this idea to study the behavior as |t| — 0. Re-

call that the Green’s function for the fractional Laplacian (—

dimension is precisely
G(1) = |r| U=,

We will prove that &, has a similar behavior.

Proposition 3.6.5. Let y € (0,1/2). Then

im 7%"(0 =c
j1|]—0 [¢]~(1=27)
for some positive constant c.
Proof. Indeed, recalling (3.106), we have
J Ay et d§ 1 :
im 6"1(5*)(1{27) = lim / 7 e de
f=0 | (10 R [1[27[@,,(5) — A]

:lim{/ —i—/ }
(=0 [ J{| ][>0} {I¢|<e5}

For I}, we use Stirling’s formula (3.105) to estimate

I N/ COS(ZC) dC —cCc as t— 0,
{el>ey 1812
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while for 1>,

1

b S/ df—0 as t—0,
1< ] 1<) PP OR(0) = 2]

as desired. O

AP
Lemma 3.6.6. Define the function ®(x,&) = 227’M. Then:
| (Butxt3i)|

i. Fixed x > By, ¥(x,&) is a (strictly) increasing function of & > 0.
ii. ¥(x,0) is a (strictly) increasing function of x > 0.

Proof. As in [66], section 7, one calculates using (3.169),

85(10g®m(§)) = Im{II/<Bm—|—x—|—%i)) _ ‘V(Am—i-)H—%i)}

> 1 1
=cIm)’ T = | >0,
i \l+An+x+3i [+By+x+3i

as claimed. A similar argument yields the monotonicity in x. O

Now we give the proof of Theorem 3.6.1. Before we consider the general case,

let us study first when k = 0, for which ¥, can be computed almost explicitly. Fix

m=0,1,.... The poles of the function ﬁ happen at points z € C such that

i§i+Bm = —j, forjeNU{0},
i.e, at points {+io;} for

6;:=2Bn+Jj), j=0,1,.... (3.107)

Then the integral in (3.101) can be computed in terms of the usual residue formula.

Define the region in the complex plane

Q={zeC: |z <R,Imz>0}. (3.108)
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A standard contour integration along dQ gives, as R — oo, that

- o
G(t) = 27i Y Res (e’”m, iaj) —2miy e ¢, (3.109)
=0 m =0

oo

_1

0,,(z)
is valid as long as the integral in the upper semicircle tends to zero as R — oo. This

where ¢ = ¢j(m) is the residue of the function at the pole io;. This argument

happens when ¢ > 0 since |e?| = e'IM?, For t < 0, we need to modify the contour
of integration to Q = {z € C : |z| < R,Imz < 0}, and we have that, for t < 0,

Gu(1) =2mi Y cje”",
=0

which of course gives that ¢, is an even function in z. In any case ¥, is exponen-
tially decaying as |f| — o with speed given by the first pole || = 2B,,.
In addition, recalling the formula for the residues of the Gamma function from
(3.168), we have that
1 ['(2B,,+ j) ) . .
cj 22Y F(Am_Bm_J)F(Am+Bm+J)Z_I>I’I;/ ( m+21)<z : J)
7y T(l—y+,/(3-1)2+)) —i(=1)/

P02

for j > 1, which yields the (uniform) convergence of the series (3.99) by Stirling’s
formula (3.105).

1
®m (Z) —K

the complex plane C. Moreover, if z is a root of ®,,(z) = k, so are —z, 7 and —Z.

Now take a general 0 < ¥ < A, y. The function e

is meromorphic in

Let us check then that there are no poles on the real line. Indeed, the first

statement in Lemma 3.6.6 implies that is enough to show that
®,,(0) — k> 0.

But again, from the second statement of the lemma, ®,,(0) > ®((0), so we only
need to look at the case m = 0. Finally, just note that @y (0) = Ay y > k.
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Next, we look for poles on the imaginary axis. For ¢ > 0, ®,,(ic) = ¥(—0,0)
and this function is (strictly) decreasing in 6. Moreover, ¥(0,0) = ©,,(0) = Ay y >
K. Let 6y € (0,4-o0] be the first point where ©,,(icy) = k. Then +i0cy are poles on
the imaginary axis. Moreover, the first statement of Lemma 3.6.6 shows that there

are no other poles in the strip {z : |Im(z)| < op}.

Denote the rest of the poles by z; := 7;+i0;, T —i0;, —T;+i0; and —T; —i0},
Jj=1,2,.... Here we take 0; > 0p > 0, 7; > 0. A detailed study of the poles is given
in the Section 3.6.4. In particular, for large j, all poles lie there on the imaginary
axis, and their asymptotic behavior is similar to that of (3.107).

Now we can complete the proof of statement ii. of Theorem 3.6.1. Since we
have shown that there is a spectral gap oy from the real line, it is possible to modify

the contour of integration in (3.109) to prove a similar residue formula: for ¢t > 0,

Gn(t)
omiRes (6L ia)
On(z) —x’
o . 1 .
27i R <1117’ X . ) R (lzti’_ X . )
+ mj;[ es(e @m(Z)_KT]+lG] +Res (e o) _x Tj+i0;

=2micoe” P +4mi Y cje” % cos(Tjt),
=

and for t < 0 it is defined evenly. Here c; = c;(m) is the residue of the function
m at the point 7; +i0j; it can be easily shown that c; is purely imaginary.
Moreover, the asymptotic behavior for this residue is calculated in (3.121); indeed,

ci~C 7727, The convergence of the series is guaranteed.

Next, we turn to the proof the decay statement (3.100). The main idea is to
control the asymptotic behavior of a multipole expansion according to the location

of the poles. We start with a simple lemma:

Lemma 3.6.7. If fi(t) = O(e ) as t — oo, fo(t) = O(e~*") as t — +oo and
(1) =0(e*") as t — —oo for some a,a; >0, a_ > —a, then

fixfo(t) = O(em™Maadty gyt oo,
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Proof. Indeed, fort > 0,

frefa(r)] = / Al =) fole)dr

/ ztatdtJr/ tta+tds+/+oo tt)fagdt

The lemma follows by straightforward computations. O

Remark 3.6.8. It is interesting to observe that a_ is not involved in the decay as
t — —+oo. Moreover, by reversing the role of t and —1, it is possible to obtain the

analogous statement for t — —oo with the obvious modifications.

Assume that & > 0 and that o; < 6 < oy for some J > 0. Let us use the
previous lemma to estimate, for ¢ > 0,

J
‘/ (1 —1") Zdje*"f'“*"‘cos(rj(t—t’))]h(t/)dt’
=0

(3.110)
< [ ote e ar' = 0(e ),
R

Let us now look at the term e~ %' *'| cos(;(t —)), j=0,...,J, inside the integral.
Lemma (3.6.7) would yield an asymptotic behavior e %’ as t — 4o0. We will
provide an additional argument to improve this behavior, by showing a further

cancelation. Indeed, calculate

= / e~ cos(z;(t —1'))h(¢') i’

_/ 1) cos(;(t — )h(t') i’ +/ =) cos(1(t — ') )h(t') d.
G.111)

The first integral in the right hand side above can be rewritten using that, by Fred-

holm theory, the following compatibility condition must be satisfied:

" 4oo
_ o;t’ (4 / r_
O—/Re cos(t;(r —'))h(t') dt [m...+[ (3.112)
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and this is rigorous because our growth assumptions on 4. Thus (3.111) is reduced

to oo , ,
0;(t) = / [0 16901 cos(xy(e — ) (') d
t

This is the standard variation of constants formula to produce a particular solution
for the second order ODE

¢} (t) = 67 9;(t) —20;h(t),

and in particular shows that @; () decays like /(t) as t — +oo, which is O(e~%").
In addition, for the case 0 < 6 < oy,

)/g t—Vh(e')di’

Finally, reversing t — +o0 and t — —oo yields the proof of statement ii. in Theorem
3.6.1.

/ O(e ="V |n(t")|di" = (=),

Now we give the proof of statement iii., which is similar to the above, but with
weaker assumptions on &. Fix m =0, 1,..., and drop the subindex m for simplicity.
Assume, as in the previous case, that 6; < 6 < 0y41. Here we only have that
8 > —o0y.1. Then the integrals in (3.112) are not finite and the argument for
j=0,...,J does not work. Instead, we change our Fourier transform to integrate

on a different horizontal line R + ;9. This is, for w = w(r), set

e S e T (1) dt = W(E +iD),

\/ﬁ /R+us \/ﬁ/

whose inverse Fourier transform is

li;t
= Vi /M (6)d6,

Moreover, in the new variable { = & + i1 we have that
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Inverting this symbol we obtain a particular solution

= 5 A dE = NG+ I\ g4
= [ eree© ag= [ niyFa—r)dr,

for

a _ iCt 1
70= ... ot =%

Replacing the contour of integration from (3.108) to dQ, for
Qp,={z€C: |zl <R,Imz>p}

yields, as R — oo, that

» oo . 1 oo
G (t) =2mi Res (e’zti,iG) = 2mi e %',
j:;‘rl On(z) — K" j:;‘rl !

where, as above, c; is the residue of the function m at the pole 7; +io;.
Assume that § + & > 0, and take ¥ € (—0p, ). Then the growth hypothesis

on h from (3.97) imply that /({) is well defined. If & + & = 0, taking ¥ = &, we

can still justify this argument by understanding the Fourier transform in terms of

distributions. Moreover, we have the expansion as t — oo,

| /R Gt —h(()di'

< [ ote e ar = (e,
R

That is, the problematic terms in (3.110) do not appear any longer, and we have
found a different particular solution wy,.

This completes the proof of Theorem 3.6.1.

3.6.1 Beyond the stability regime

Now we look at the proof of Proposition 3.6.3. As we have mentioned, in order
to simplify the presentation, we only consider the projection m = 0. Let Ay 5 <
K < Afv,y be the region where we have exactly two real poles at 79 and —7p, for
7 > 0. For this, just note that, for real & > 0, Lemma 3.6.6 shows that @ () is
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an increasing function in &, and it is even. Denote the rest of the poles as in the
previous subsection, for j =1,2,....

We proceed as in the proof of Theorem 3.6.1 and write

1 7 ict _ ! I /
wo(t):/RGO(é)_Kh(é)eé de _/Rh(t Yo(t —1')dr'. (3.113)

In this case we can still invert the operator, but one needs to regularize the contour
integration in order to account for the real poles in order to give sense to the integral

in (3.113). Indeed, for € > 0 small, let us calculate

€ _ it 1
yo(z)_éeéwdg.

The poles are now 7 + €i and 7o — €i. Define the region Q = {z € C : [z— (7 +
€i)| < R,Rez > 0}. A standard contour integration along dQ gives, as R — oo, that

fort >0,
GE (1) = 2micke’ ™ 147y e o cos(T51)cf,
=1
where
G ———
o es Oo(z—ei)—x 0+ &l

Taking the limit € — 0,

G§ (1) = Go(t) = 2micoe™ +4mi Y. cje” %" cos(Tjt),
j=1
for ¢ > 0, and extended evenly to the real line.
Let us simplify this formula. Using Fredholm theory, to have a solution of

equation (3.102), 7 must satisfy the compatibility condition

O:e*”"’/h(t’)e”of'dt’:/h(t—t’)e*”‘)”dt’
R R
~+oco

. 0 )
= [ nte—tye i '+ [ he—the o ar'
0 —o0
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Substitute this expression into the formula below

oo ) 0 P
We—)e= ™ ar' + / Wt 1) dr

0
0
:/ h( 711’0[ / h IT()Z dt
+c><>
—/ )sin(to(t — 1)) dt’.

Arguing as in the proof of Theorem 3.6.1 we obtain ii. The only difference with
the stable case is that the j = 0 term in the summation in formula (3.110) needs to

be replaced by
—+oo
/ sin(to(t —1')h(i') df'.
t

A similar argument yields iii. too.

3.6.2 A-priori estimates in weighted Sobolev spaces

For s > 0, we define the norm in R x S¥~! given by

Il = X [ (188 . G114)

—t

These are homogeneous norms in the variable r = e™', and formulate the Sobolev

counterpart to the Holder norms in R \ {0} from Section 3.5.1. That is, for

w*(r) :== w(t) and s integer we have

e WAL
m=

Wl = X [ (180552 ar
m=0

Wl = X [ (055 + 107,22 + 0, w3r*)
m=0
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One may also give the corresponding weighted norms, for a weight of the type

r~% = ¢?. Indeed, one just needs to modify the norm (3.114) to

WBo= X [ (+E - mPon @) dE.
m=0

For instance, in the particular case s = 1, this is
Wi o= X [ (wilPr2 10w, P2 720)
m=070

Proposition 3.6.9. Let s > 2y, and fix ¥ € R such that the horizontal line R + i

does not cross any pole T; 7™ :l:lG( ), j=0,1,...m=0,1,.... Ifwis a solution to
Pw=h inRxS""!
of the form (3.98), then

Iwlls.0 < Clills-2y.

for some constant C > Q.

Proof. We project over spherical harmonics w =Y, wy, E,,, Where w,, is a solution
to LW = hy,. Assume, without loss of generality, that 1% = 0, otherwise replace
the Fourier transform * by ~ on a different horizontal line. In particular, Ww,,(§) =
(©,(E) — )" hyu(€), and we simply estimate

2 m 2s
i = 3, [ U e pas

—K|?

<cy /R(H|§|2+m2)2“‘4y\ﬁm(§)lzd§
= C|lh|13sy,
where we have used that

2 4 m2)2s
(1|g,,|fé)t :<|3 <C(1+|EP+m?)» 4,

which follows from (3.106). J
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3.6.3 An application to a non-local ODE

The following result is not needed in the proof of the main theorem, but we have
decided to include it here because it showcases a classical ODE type behavior for
a non-local equation, and it motivates the arguments in Section 3.7.

Assume that we are in the unstable case, i.e., the setting of Proposition 3.6.3.

Proposition 3.6.10. Let g > 0 and fix a potential on R with the asymptotic behavior

K+O0(e ) ast— +oo,
Vi) = (e7)
O(l) ast— —oo,

for r =e™". Then the space of radial solutions to equation

(— A)Yu—lyu—o in RV (3.115)

72
n=2
that have a bound of the form |u(r)| < Cr~"%" is two-dimensional.

Proof. Let u be one of such solutions, and write w = ur HH , w=w(r). By assump-
tion, w is bounded on IR. Moreover, w satisfies the equation P(”)w —Vw =0, which
will be written as

Zow=nh, for h:=(V—xK)w.

Then we have the bounds for &

O(e ) ast— oo,
G
O(1) ast— —oo,

so we take § = ¢ > 0, & = 0, and apply Proposition 3.6.3. Then w must be of the

form

w(t) = wo(t) +CJ sin(tot) + C3 cos(1ot)

+ Ze"’f't [CJI sin(7;t )+C cos(Tjt)] + ZEG’ Sln (zjt )"‘D? cos(7jt)]
=l
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for some real constants C&,C%,C},C?,D},D?, j=1,2,..., and wq is given by
(3.103). The same proposition yields that wy is decaying as O(e~%) when t — +-oo,
so we must have D}-,D? =0 for j=1,2,.... Moreover, as t — —oo, vy is bounded,
which implies that only C} and C(Z) survive. Note also that the behavior as t — +oo
implies that this combination is nontrivial, so this yields a two-dimensional family
of bounded solutions.

This argument also implies that any other solution must decay exponentially
as O(e%") for t — +oo (this is, C} = C} = 0). Then we can iterate statement ii.
with § =Ig,1=2,3,... and & = 0, to show that w decays faster than any O(e~%),
0 >0, as t — oo, which gives that u(r) decays faster than any polynomial, this
is |u(r)| = o(|r|*) for every a € N. Next, we use a unique continuation result for
equation (3.115) to show that # = 0. In the stable case, unique continuation was
proved in [84] using a monotonicity formula, while in the stable case it follows
from [152], where Carleman estimates were the crucial ingredient.

Finally we remark that if, in addition, the potential satisfies a monotonicity
condition, one can give a direct proof of unique continuation using Theorem 1
from [98]. Note that, however, in [98] the potential is assumed to be smooth at the
origin. But one can check that the lack of regularity of the potential at the origin

can be handled by the higher order of vanishing of u. O

3.6.4 Technical results
Here we give a more precise calculation of the poles of the function m. For
this, given k¥ € R, we aim to solve the equation

I'(o+iz2) (o —iz)
I'(B+iz)I'(B—iz)

with | —B| < 1 and 8 < «.

k=0 (3.116)

Lemma 3.6.11. Let
z=IR+(

with |z| > Ry and Ry sufficiently large. Then the solutions to (3.116) are contained

% around the points z = (N + B)i, with /" = [R] and

C depending solely on o, and 3.

in balls of radius
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Proof. First we note, by using the identity I'(s)['(1 —s) = 7/ sin(7s), that

I(a—R+iC)

I'l—p+R—if)s

I(B —R+iC)

_T(1—B+R—i0)s

(
CT(l—a+R—if)s

(

(

T T(l—a+R—il)s

where we have denoted

§=R—[R].

Then, Stirling’s formula (3.105) yields

IT(1+42z)| ~

which implies

I(1-B+R—if)

| |Reze—(Imz arg(z

I(a+R—i{)

I'l—oa+R—if)
~ (R2+C2)a
Since

¢

arctan

= arctan

~ —2arctan

1—-B+R

I'(B+R—if)
,ﬁeC<arctanl

¢

¢
B+R a+R

9

-+ arctan
oa+R

— arctan

4

& &
I-BtR ~ T—a+R

-+ arctan
1+ I-B+R1—a+R

(¢—B)¢
R2_|_C2

R2_|_€2

we can estimate, for R? 4 {2 sufficiently large,

I(1-B+R—i)T(a+R—if)

T(1—a+R—iQ)L(B+R—il)

_5 ¢
+arctan arctan y—; R

(@a—B)¢

)

@)

-2 R2+¢2

—Rez\/ﬁk’z

arctanﬁg ) —2(a 13)

(a=p)¢?

o 2a—p)

Therefore, for R> + % > R% with Ry sufficiently large, we have the bound

C Y R*+ &%)

(1-B+R—il)l(a+R

i6)] _

MU—a+R—gﬁw+R
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where C depends only on & and 3. Hence,

K < sin(w(f — 8 +if)) < K
C(R2+¢2)2—B ~ |sin(m(a—6+if))| — C-1(R2+{2)x-B’

and by writing
0—il=B+zZ

we conclude that necessarily

. _ Cxsin((a—p)m)
s —pemn

which implies that solutions to (3.116) lie at

2= iR+ = i[R] +iB it = [RHmo(C’“i“((a—ﬁ)”)),

[R]* (@)

and this proves the Lemma.

Next we write

=i+ A)+Z

with .4 sufficiently large (according to the previous lemma) natural number, and
equation (3.116) reads

MNoa—B—A+iZ)[(o+ B+ AN —i7)
(= +EZ) 2B+ —i2)

—k=0. (3.117)

Since (2Tl 4+ i)
_ 117 +1iz
PeA ) =0 =

and

yal(B—a—i)I(1+a—pB+iZ)

Mo—B—A+iZ) =(—1) O +1—a+p—if)
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we can write
T(a—B— N +iD)T(+ B+ N —i2)
L(— A +i)T2B+ AN —iZ)
DA +1—-i))T(a+ B+ AN —iZ) F(B—Oﬂ—iZ)F(lJrOC—ﬁJriZ)'

TN +1l-a+B—iB LB+ N —i2) I(1+i2)0(—iz)
Using that
FB—a—iZ)[(l+a—p+iz) sin(—7iz)
T(1+iZ)(—i2) ~sin(n(B - a—i2)’

as well as Stirling’s formula (3.105) to estimate

O(A +1—i)[(a+ B+ AN —i2)
LA +1—a+B—iZ)T2B+ A —iZ)
(N =) " E(a+ B+ —1—ig)* PrrI-i
(JV —o _|_B _ iZ)LA/_OH'ﬁ_iZ(Zﬁ i Ry iz)zﬁ—l—h/V—iZ
‘672(067[3) (JV—ZZ)((X'f’ﬁ +</V—1—ZZ)
(AN —o+B—-i)(2B—1+ 4 —iZ)
~ N U0=B) g=2i(a—P)z ,—2(a—B)

~

we arrive at the relation

Sln(—ﬂlZ) e—Zi(a—ﬁ)Z - K
sin(m(f — o —iz)) N 20=PB)e=2(a=p)’

which implies
i ksin(z(—a))
7w N 2Aoe=B)e—2(a=p)"

v

In fact, it is easy to see from (3.117) and the estimates above that a purely imaginary
solution Z does exist and a standard fixed point argument in each of the balls in the
previous lemma would show that it is unique.

Finally, the half-ball of radius Ry around the origin in the upper half-plane is
a compact set. Since the function at the left hand side of (3.116) is meromorphic,
there cannot exist accumulation points of zeros and this necessarily implies that the

number of zeros in that half-ball is finite.
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We conclude then that the set of solutions to (3.116) consists of a finite number
of solutions in a half ball of radius Ry around the origin in the upper half-plane

together with an infinite sequence of roots at the imaginary axis located at

ksin(n(f —a))
N 2a=PB)e=2(a—p)

Z/:i(ﬁ+</l/)+0< ) for .4 > Ry, (3.118)

as desired.

Now we consider the asymptotics for the residues. We define

_ Ta+iz)l'(a—iz)
8(2) = TB+il(B—i)

We will estimate the residue of the function ( y at the poles z 4 when .4 is suf-
ficiently large. Given the fact that the poles are simple and the function 1/g(z) is
analytic outside its poles, we have

1 . 1 1
Res <@’ZW) = <(Z_Z‘/V)g(1)) Tk

Hence
;o d (T(a+i)[(a—iz)
0= (rerore )
_iF’(B—Hz) (F(OH—zz)F( iz)) L] (r(a+iz)r(a—iz)>’
I2(B +iz) ['(B—iz) I'(B+iz) (B —iz)
=:51+95.

Notice that g(z_4) = 0 implies that

C(o+izp)T(0t—iz )
k(B —izy)

C(B+izy) =
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and therefore,

S)=—

il—v(ﬁ + iZ,/i/) <F(OC + iZ{A/)F(OC — iZ(/V))
2B +izy) L(B—izy)
.KT'(ﬁ +iz.1)
L(B +iz.r)
=—iky(B+izy),

where y(z) is the digamma function. We recall the expansion (3.169),
Sy 1
v =7+ X (= 7).
In this section, ¥ denotes the Euler constant. Then
=) 1 1 ne_z(a_ﬁ)
S| =ix + - — = — r/1/2(0‘*5)4_01 ,
: (Y g(H—B—HZJV l+1)> isin(m(a—B)) (n)

(3.119)
where we have used the asymptotics of [ + 8 + iz 4 when [ = .4 from (3.118).

Next, using again (3.118) we estimate

5 — 1 (r(a+iz)r(a—iz)>’

(B +iz) (B —iz) —y
_ (T(a+iz) T'(o— (B —iz)
- ’“<r<a+iz> Fa—i2 - (B - ,z>>

:m( (@=B—A +0(N X)) —y(a+ B +.4 +0(N 2Py

(2B + A +0(N 2Py )
By using the relations

V(1 —2z)—y(z) = mcot(nz)
V(z) ~In(z—79) 427, as |z| — e, Rez >0,
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we conclude, as A — oo,

y(a—p—AN +0(N 2P
=y(l—a+ B+ 40Ny HeP))
+rcot(n(l — o+ B+ + 0y 2By
=In(A)+0(1),

and hence
Sy =ixln A 4+ 0(1). (3.120)
Putting together (3.119) and (3.120) we find

Si+S —ﬂﬂﬂ(“’ﬁ)—l—klnﬂ—kO(l)
122 = rsin(n(a— B)) : ’

and hence

1 i
Res| —,z4 ) = T o
B .Sin(ﬂ:(a — ﬁ))ez(a_ﬁ) —2(a—PB) anV
= p- N +0 AP

as N — oo,

3.7 Linear theory - injectivity

Let iz be the approximate solution from the Section 3.5.1. In this section we

consider the linearized operator
Le¢ = (—Ap)T¢ —pil~'¢, inR"\Z, (3.122)

where X is a sub-manifold of dimension k (or a disjoint union of smooth

k-dimensional manifolds), and

L£¢ = (_ARN)VQS_pAN,p,Yﬁgil(P? in RN\{CIb--wC]K} (3123)
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For this, we first need to study the model linearization
A0 :=(—Apn)"0 —pAN1p7yu’1’71¢ =0 in RM\{0}. (3.124)

We will show that any solution (in suitable weighted spaces) to this equation must
vanish everywhere (from which injectivity in R"\ R¥ follows easily), and then we
will prove injectivity for the operator L.
Let us rewrite (3.124) using conformal properties and the conjugation (3.36).
If we define
N-2y
w=r 2z ¢, (3.125)

then this equation is equivalent to
Py (w)—Vw=0, (3.126)
for the radial potential
V=V(r)=r"pAy ,ul . (3.127)

The asymptotic behavior of this potential is easily calculated using Proposition

3.2.1 and, indeed, for r = e,

A +0(e ") ast — +oo,
V() = PAver Ol (3.128)
O(e') ast — —oo,

forgo=(N-2y)(p—1)—2y>0.
Let y € (0,1). By the well known extension theorem for the fractional Lapla-
cian (3.32)-(3.33), equation (3.124) is equivalent to the boundary reaction problem

1-2y
¢
~dylim (' ~19, = pAy pyid '@ on RV {0},
4)

A ® + D + Apgv®=0 in RY T

where dy is defined in (3.31) and ®|,—o = ¢.
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Keeping the notations of Section 3.3.2 for the spherical harmonic decomposi-
tion of SN~!, by u,, we denote the m-th eigenvalue for —Agy-1, repeated according
to multiplicity, and by E,,(6) the corresponding eigenfunction. Then we can write
b=Y"_(D,(r,l)E,(0), where &, satisfies the following:

1-2 .
Ao+~ Y 9@y + Ay By — %cbm —0 in RN1,
~dylim ('~ 19,®,, = PAN '@, on RV {0},
(3.129)
or equivalently, from (3.126),
P (w) —Vw =0, (3.130)

N-2y
forw=wy=r 2 @un, o =Pu(-,0).

3.7.1 Indicial roots

Let us calculate the indicial roots for the model linearized operator defined in
(3.124) as r — 0 and as r — . Recalling (3.128), .Z; behaves like the Hardy
operator (3.94) with kK = pAy py as r — 0 and kK = 0 as r — . Moreover, we
can characterize very precisely the location of the poles in Theorem 3.6.1 and
Proposition (3.6.3).

Here we find a crucial difference from the local case Y = 1, where the Fourier
symbol for the m-th projection ©,,(§) — k is quadratic in &, implying that there
are only two poles. In contrast, in the non-local case, we have just seen that there
exist infinitely many poles. Surprisingly, even though .} is a non-local operator,
its behavior is controlled by just four indicial roots, so we obtain results analogous
to the local case.

For the statement of the next result, recall the shift (3.125).

Lemma 3.7.1. For the operator £, we have that, for each fixed mode m=0,1,...,

1. At r = oo, there exist two sequences of indicial roots

(6" it M o and {~6\" £i" - e
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Moreover,
ﬁ:iéém)7¥y2 Nzyi[1y+ ( ) +[.Lm:|, m:O717"'7

and ¥, is an increasing sequence (except for multiplicity repetitions).

ii. Atr =0, there exist two sequences of indicial roots

fol" it )5, and {—of" wiT" 22y

Moreover,

a) For the mode m = 0, there exists p1 with = 2y <pr < M (and it

is given by (3.12)), such that for 7 <P <pi (the stable case) the

indicial roots }/Oi = :I:G(g ) _ - 27 are real with

N-2
=L <y <-FL <y,

while if p1 < p < NHY (the unstable case), then yi are a pair of com-

plex conjugates with real part _T Y and imaginary part :|:’L'(§ ),

b) In addition, for all j > 1,

¢) For the mode m = 1,

- () N-2y 2
!
Proof. First we consider statement ii. and calculate the indicial roots at = 0. Re-
calling the shift (3.125), let £} act on the function r_N%N+5 , and consider instead
the operator in (3.126). Because of Proposition 3.3.4, for each m = 0,1, ..., the

indicial root %, := — N 27’ + J satisfies
(A +3)0(A4,—3)
2%Y 2 2. — pAN pys (3.131)
LB+ rE-3)



where A,,, B,, are defined in (3.104).
Note that if § € C is a solution, then —& and +8 are also solutions. Let us
write g = a +if}, and denote

D, (at, B) =2

From the expression, one can see that ®,,(,0) and ®,,(0, B) are real functions.
We first claim that on the of3-plane, provided that || < B, any solution of
(3.131) must satisfy o« = 0 or B =0, i.e., § must be real or purely imaginary.
Observing that the right hand side of (3.131) is real and so is ®,,(0,8) for B # 0,
the claim follows from the strict monotonicity of the imaginary part with respect

to a, namely

d
5 Im(@, (o, 8))

i d
= 5 5q Pn(@B) —~Du(a.—p)]
— S 1 1 1 1
= Z;)Im [ FFAnta—i T jFAn—a—ip T jrBuratip T j+B,,l—a+iﬁ}
J:

oo

_ 1 1 1 1
=5 26 [(1+Am+a)2+ﬁ2 T A=+ B2 ™ Bt 4B (j+Bmfa>2+/32}’
J:

(3.132)

the summands being strictly negative since A,, > By,. If B # 0 and |a| < B, it is
easy to see that the above expression is not zero. This yields the proof of the claim.
Moreover, ®,,(c,0) and P, (0, B) are even functions in «, 3, respectively. Us-

ing the properties of the digamma function again, one can check that

IPn(@.0) _ggias0 (3.133)

o

and 9 (0
’S(B’m > 0 for B > 0. (3.134)
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Let us consider now the case m = 0. Using the explicit expression for Ay, 5

from (3.10), then 6 must be a solution of

NS\ r(N 78y (Y- E)T(-L 4
F(;\L]+72/+§)F(;\1]+72/ §)=p (27/ pflj\)] (pfl YY) _A(p). (3.135)
r(y—1+9r(5-1-9) GG -r—35)

From the arguments in [8] (see also the definition of p; in (3.12)), there exists a
unique p; satisfying 2 Zy <p1 < %%7 such that @((0,0) = A(p;), and ®((0,0) >

Alp )When—<p<p1,andCI>0(O 0) <A(p )Whenp1<p<x+§$

Assume first that < p < p; (the stable case). Then from (3.134), we

N— 27
know that there are no indicial roots on the imaginary axis. Next we consider the
real axis. Since ®g(Bp,0) =0, by (3.133), there exists an unique root o™ € (0,By)

such that ®o(+a*,0) = A(p). We now show that o* € (0, 2—71 - M) Note that

We conclude using the monotonicity of ®y(ot,0) in a.

Now we consider the unstable case, i.e., for p > p;. First by (3.133), there
are no indicial roots on the real axis. Then by (3.132), in the region |a| < B,
if a solution exists, then & must stay in the imaginary axis. Since ®((0,f) is
increasing in 8 and limg_,., ®o(0, ) = +o0, we get an unique §* > 0 such that
(0, £6%) = A(p).

In the notation of Section 3.6, we denote all the solutions to (3.135) to be
G]@ + i‘cj(-o) and —G](.O) + irj(o), such that o; is increasing sequence, then from the

above argument, one has the following properties:

o)) € (0,2 —25), ¥ =0, for 7 < p < p1,
ol =0, )€ (0,00),  forp1 < p< i3,

and
o\ > 2By =" forj>1.
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For the next mode m = 1, one can check by direct calculation that ¢¢; = % +
— N_sz is a solution to (3.131). By the monotonicity (3.133), there are no other
real solutions in (0, ¢t ). This also implies that ®;(0,0) > A(p), by (3.134), there

are no solutions in the imaginary axis.

Moreover, using the fact that ®,,(a, 0) is increasing in m, and ®,,(£B,,,0) =0,
we get a sequence of real solutions @, € (0,B,,) for m > 1 that is increasing.
Moreover, from (3.132), one also has that in the region |a| < B, all the solutions
to (3.131) are real.

(m)

Then, denoting the solutions to (3.131) by G}m) +it"™ and —c\™ + 7!

; ; ; for

m > 1, we conclude that:

() _ 2y +1—¥/, {G(gm)}is increasing, 1, =0.

We finally consider statement i. in the Lemma and look for the indicial roots

of £ at r = +eo. In this case, 0 will satisfy the following equation:

2

1, Y, 1 /(N 2 )
22y‘r(frzﬂ\/(z—l) +mn+3)|
s =

1_ Y 1 /(N 2 )
‘F(E_Z W (E-1) +ﬂm+§>‘

For each fixed m =0, 1, .. ., the indicial roots occur when

o
(31"t =, forj=0,-1,-2...,~,

R

_.I_

D=
D=

or
+8=(1-p+/(F -1 +u.+2j, j=0,1,2,....

Thus, the indicial roots for .£] at r = +oc are given by
2 Ly G102 £2) =01,

This finishes the proof of the Lemma. O
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3.7.2 Injectivity of .} in the weighted space ‘Kﬁ 7(7:“

The arguments in this section rely heavily on the results from Section 3.6. We fix

N-2
>Re(y) = ==, vi <minf0,u}. (3.136)

Proposition 3.7.2. Under the hypothesis (3.136), the only solution ¢ €
‘Kﬁ?{:a (RV\ {0}) of the equation 1 ¢ = 0 is the trivial solution ¢ = 0.

Proof. We would like to classify solutions to the following equation:

(—Apy)70 = pA pyuf ' ¢ in RN\ {0},
or equivalently, (3.129) or (3.130) for eachm =0,1,....

Step 1: the mode m = 0. Define the constant T = pAy , , and rewrite equation
(3.126) as
P)(w)—tw=(V-1)w=:h (3.137)

for some w = w(t), h = h(t). We use (3.128) and the definition of w to estimate the
right hand side,

O(e_(q1+“+N%”)’) ast — +oo,
h(t) =
" O~ +37)) ast — —oo.

We use Theorem 3.6.1 and Proposition 3.6.3. There could be solutions to the homo-
(0j£it)t | o(=0j%i%))t Byt these are not allowed by the
choice of weights pt, v; from (3.136) since u + N%M > Géo) and v| + N%w < 0'1(0)

geneous problem of the form e

(for this, recall statements @) and ») in Lemma 3.7.1).

Now we apply iii. of Theorem 3.6.1 (or Proposition 3.6.3) with § = ¢ +
v+ @’ > Re(y) + @) = G(go) and 6 = —(vi + @’) > —Géo). Obviously,
0 + 8y > 0. Assume that 6; < 6 < 6y 1. Then we can find a particular solution wy
(depending on J) such that

wo(t) = (8751), as t — oo,
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so w will have the same decay.

Now, by the definition of % in (3.137), we can iterate this process with 0 =
lg1+Vv+ %’, 1 > 2, and the same &y, to obtain better decay when r — oo, As a
consequence, we have that w decays faster than any e % as t — oo, which when
translated to ¢ means that ¢ = o(r?) as r — 0 for every a € N. The strong unique
continuation result of [84] (stable case) and [152] (unstable case) for the operator

P$ — V implies that ¢ must vanish everywhere.

Step 2: the modes m = 1,...,N. Differentiating the equation (3.11) we get

22"

Ixy

Since u; only depends on r, we have %L = u}(r)E,, where E,, = "%’"‘ Using the

fact that —Agy1E,; = tEy, the extension for u) (r) to RY ™! solves (3.129) with
eigenvalue N — 1, and wy := r u satisfies Py'w —Vw = 0. Note that u| decays

2
like 7~ (NV+1-27) a5 r — oo and blows up like r_ﬂ%l_l asr — 0.

(N+1-2

We know that also ¢, solves (3.130). Assume it decays like r~ 7) as

r — oo and blows up like r¥n as r — 0. Then we can find a non-trivial combination

of u} and ¢y, that decays faster than pm(N+1-27)

at infinity. Since their singularities
at 0 cannot cancel, this combination is non-trivial.

Now we claim that no solution to (3.130) can decay faster than pm(NF1=27) g¢
oo, which is a contradiction and yields that ¢,, =0 form=1,...,N.

To show this claim we argue as in Step 1, using the indicial roots at infinity
(namely —(N + 1 —27) and 1) and interchanging the role of +o0 and —oo in the
decay estimate. Using the facts that the solution decays like r° for some ¢ <
—(N=2y+1),ie. o+ N%” < —N%m’— 1= —Gél) and Re(y,) + N%M < 0"1(]),

one can show that the solution is identically zero.

Step 3: the remaining modes m > N + 1. We use an integral estimate involving
the first mode which has a sign, as in [59, 60]. We note that, in particular, ¢;(r) =
—u(r) > 0, which also implies that its extension @ is positive. In general, the
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Y-harmonic extension ®,, of ¢,, satisfies

61727/
div(¢'=2Vd,,) = Hn 5Py in RYFL
—dylim (' 279,®,, = pu’'9,,  onRY'.

{—0

We multiply this equation by ®; and the one with m = 1 by ®,,. Their difference
gives the equality

6172)/
(U — ,ul)TCI)md)l = @ div(l! VD) — @, div(H VD))

= div({' (P VD, — @, VP))).
Let us integrate over the region where ®,, > 0. The functions are regular enough
near x = 0 by the restriction (3.136). The boundary d {®,, > 0} is decomposed
into a disjoint union of 3% {®,, > 0} and d* {®,, > 0}, on which / =0 and £ > 0,

respectively. Hence

i @,
0< dy(tty — / dxdl
— 'y(‘u .ul) (D=0 72 X
= o Tim 02702 g Jim o1-20921Y 4y
39{d,,>0} (—0 v =0 v

n / 02 (9,22 g 9P\ jar.
9+{®,,>0} v v

The first integral on the right hand side vanishes due to the equations ®; and ®,,

0®
satisfy. Then we observe that on d* {®,, > 0}, one has ®; > 0, a—vm < 0 and

®,, = 0. This forces (using W, > Ui)

B, D
/ 2L dvdl =0,
{D,,>0} T

which in turn implies ®,, < 0. Similarly ®,, > 0 and, therefore, ®,, = 0 for m >
N + 1. This completes the proof of the Proposition 3.7.2. O
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3.7.3 Injectivity of L; on ‘Kﬁﬁa

In the following, we set N = n — k and consider more general equation (3.89). Set
Li = (—Agn)? — pAy pud " in R"\ RF,

Proposition 3.7.3. Choose the weights |1, V) as in Proposition 3.7.2. The only solu-
tion ¢ € %i?lvfa (R™\ R¥) of the linearized equation IL1¢ = 0 is the trivial solution

¢ =0.

Proof. The idea is to use the results from Section 3.3.3 to reduce I to the simpler
2, taking into account that u; only depends on the variable r but not on z. In the
notation of Proposition 3.3.4, define w = rat ¢, and wy, its m-th projection over
spherical harmonics. Set W, (1, ), A € R, ® € S to denote its Fourier-Helgason
transform. By observing that the full symbol (3.48), for each fixed w, coincides
with the symbol (3.38), we have reduced our problem to that of Proposition 3.7.2.
This completes the proof. O

3.7.4 A priori estimates

Now we go back to the linearized operator L, from (3.123) for the point singularity

case R¥\ {q1,...,qk}, or (3.122) for the general R"\ ¥, and consider the equation

Le¢ = h. (3.138)

For simplicity, we use the following notation for the weighted norms

1911 = 19l gzrses  [[All = IR (3.139)

0, .
%—%%V—ZV
Moreover, for this subsection, we assume that u, v satisfy

Re(yy) <p <0, —(n—2y)<v.

For this choice of weights we have the following a priori estimate:
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Lemma 3.7.4. Given h with ||h||.. < oo, suppose that ¢ be a solution of (3.138),

then there exists a constant C independent of € such that
1911« < Cl[Al.

Proof. We will argue by contradiction. Assume that there exists €; — 0, and a

sequence of solutions {¢;} to Le;¢; = h; such that
19jll« =1, and [[Ajl[.. —0as j— o

In the following we will drop the index j without confusion.
We first consider the point singularity case R¥ \ T for £ = {q1,...,qx}. By

Green’s representation formula one has
o(x) = /R G D)t pAy il 9ldE=: 1+ I,

where G is the Green’s function for the fractional Laplacian (—Agn~)? given by
G(x,%) = Cy y|x — %~ (N=27) for some normalization constant Cy y. In the first step,
let x € RN\ U; Bs(g;). In this case

L< / x— &~ N2 (%) ds
RN

[ ot |
{dist(z.x)< g} {9 <dist(x,2)<H}

>
+ / e / ...
{4l <dist(z,z)<2lx|} (dist(£.2)>2x]}

< Cllhfas (j] =72 4 i)
< ClA e[

because of our restriction of v. Moreover,
L= / G(x,%)pite (£ ¢ (%) d

:/ +/ +/ coe =11+ 1y + s
{dist(¥,X)<e} {§ >dist(%,X)>¢} {dist(x2)>5 }
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Calculate

Iy < / e — [~V ()
{dist(¥,X)<e}

<loll [ eV p (s,
{dist(¥,X) <€}

< CeMH g |Lp (x) "NV,

where p is the weight function defined in Section 3.5.1, and

by — / v — £ - (V=20 gNp=1)=27p (1)~ (N=20(0=1) g g5
{dist(x,X)>Z}

§||¢H*/ lxx — 5|~ (V=2 eN=1)=2p7p () =(N=20)(p—1) g
{R>dist(£,)>9 }
+ 19l / =20 V=)= (-2l g
dist(% >R}
< &0 gy Y 20 .
Next for I3,
b3 < |x_g|—(N—27)gN(p—1)—2pr( ¥)" (N=27)(p (])dx
{e<dist(£,X)< S}
< eNP=1=207p () =(N=20) 9|, / ||<6}|)Z|”7(N727)(P71)df
2

S (N2 4 20N g | p (x) =N 20,
Combining the above estimates, one has

I < C(eVP 1727 4 gh 214N p () ~(N-21) g
< (NPT g2 o ()Y,

~

and thus

sup  {p(x)7"[@[} < C([[Alls+o(D)][@]]-),

{dist(xZ) >0}
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which implies, because our initial assumptions on ¢, that there exists g; such that

- 1
sup  |x — gl “\¢|Z§. (3.140)

{lx—aqil<a}

In the second step we study the region |x — ¢g;| < o. Without loss of generality,

assume g; = 0. Recall that we are writing ¢ = I} + I. On the one hand,
L= / G(x, D)h(%)d5
]RN
_ [ o
{1&]>20} {l#<5 {5l <ldl<2p} {2lx|<[¥|<20}
< el / o — 2|~V 20 2T g
{l5>20}
+ / g2 g2 g
(<5
+ / x— x|~V |5 |H 2 gk
{3l <Ixl<2lx}

+/ oo — &| V2 | 5|2 gz
{2)x|<|5|<20}

< CAl] e |x[*.
On the other hand, for I, recall that ¢ is a solution to
(—Apv)7¢ _pAN,p7y’Z€_]¢ =h.
Define ¢ () = e *¢(€X), then ¢ satisfies
(—Apn)7® — pAy pul ' @ = €277 F(ex).

By the assumption that ||4||.. — 0, one has that the right hand side tends to 0
as j — oo. Since |¢(%)| < C||¢||«|%|* locally uniformly, and by regularity theory,
¢ cE

loc

(RN '\ {0}) for some 1 € (0,1), thus passing to a subsequence, ¢ — @
locally uniformly in any compact set, where ., € 6. ﬁzy(]RN \ {0}) is a solution
of

(—Agn) 0 — pAy pyid 10 =0 inRV\ {0} (3.141)
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(to handle the non-locality we may pass to the extension in a standard way). Since
u <0, it satisfies the condition in Proposition 3.7.2, from which we get that ¢, =0,
so ¢ — 0.

Now we go back to the calculation of /. Here we use the change of variable

X = EX].

= [ plei Y paz e [ s (@ () ax
{l¥|<c} {ld<2}

:g#[/ +/ _|_/ ] =1+ +Js,
{I¥l<z} {z<[%I<R} {R<|7<Z}

for some positive constant R large enough to be determined later. For Jj, fix x,

when € — 0 one has
Jy=¢e" / o1 — 2~V (%) b (%) dx
{l<k}
<etfollbn ™20 [ jEeras
(<%}

< CR™IN2 g x|

For J, we use the fact that in this region ¢ — 0, so

Bt [ jn s (2§ dx
{z<ltl<r}

1
:018“/ —di=o0(1)e"x)|T V2 = o(1) |x|H,
R R e AN (D

and finally,
n=et [ = I (06 dx
{R<|7l<2}
= el [ [ e
{R<|z|<y
+/ | e — &~V g d
{5 <lel<2pn |}

+/ ey — &~ [
{2ka|<lx<g}

< Cellxi [F]| ] [xr| 7% < o(1)[| @l [x*
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for some 7 > 0.

Combining all the above estimates, one has
[ E0] < o(D)((I9]l+1),

which implies
191+ < oDl +o(1) + [lA]| = o(1).

This is a contradiction with (3.140).

For the more general case R” \ ¥ when X is a smooth k-dimensional sub-
manifold, the argument is similar as above, the only difference is that one arrives

to the analogous to (3.141) in the estimate for /, near X:
(—Apn)" ¢ — pul ' 9 =0 in R"\ RE.

After the obvious rescaling by the constant Ay , y, where N = n — k, one uses Re-
mark 3.5.8 and the injectivity result in Proposition 3.7.3 instead of the one in Pro-
position 3.7.2. This completes the proof of Lemma 3.7.4.

O

3.8 Fredholm properties - surjectivity

Our analysis here follows closely the one in [142] for the local case. These lecture
notes are available online but, unfortunately, yet to be published.
For the rest of the chapter, we will take the pair of dual weights (, fi such that
U+ fi=—(N—2y)and v+ V = —(n—2y) satisfying
—i<ﬂ<Re(yo‘)S—N_zyéRe(Y6)<u<0,
p—1 2 (3.142)
—(n=2y)<v<0.

In order to consider the invertibility of the linear operators (3.122) and (3.123),
defined in the spaces

L o2t a 0,x
Le: G5 " = Cplayy oy

185



it is simpler to consider the conjugate operator

Lew) = f7 Le(fow), Le:€2%W 0 1ay = €2%30, (3.143)
2 2

[N g it MR g n2re

. . n—2 . . N-2 . .
where f is a weight p_Ty near infinity, and p_Ty near the singular set ¥, while

. _ n+2y . . _ N+2y
Jf1is p~ 2 near infinity, and p~ 2

in Section 3.5.1. This conjugate operator is better behaved in weighted Hilbert

near the singular set. Recall that p is defined
spaces and simplifies the notation in the proof of Fredholm properties.

3.8.1 Fredholm properties

Fredholm properties for extension problems related to this type of operators were
considered in [130, 131].

In the notation of Section 3.5.1, and following the paper [132], we define the
weighted Lebesgue space L%7 o(R"\ X). These are L

ioc Tunctions for which the

norm

2 _ 2 —2y-28 2
100 oy = L, 010720zt [ ol
+ / 10120V 122 drdyde  (3.144)
Ts
is finite. Here drdydO denotes the corresponding measure in Fermi coordinates
r>0,y€X 0cSV!. One defines accordingly, for y > 0, weighted Sobolev
spaces W;Zf with respect to the vector fields from Remark 3.5.3 (see [130] for the
precise definitions).

The seemingly unusual normalization in the integrals in (3.144) is explained

by the change of variable w = f>¢. Indeed,

—logR ~
Iwl|2, :/ / \w\zew’dfdedr—l—/ \w|*dz
5,0 oo sn—1 {dist(-,X)>0,|z|<R}

+o0
+/ // w|2e*® dtdyd6.
—logo JX JSN-I

We have
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Lemma 3.8.1. For the choice of parameters

S <p+E 9> v

we have the continuous inclusions
27+ 2
2RI D) o 125 (R"\E).

The spaces L% » and L> 5.y are dual with respect to the natural pairing

(01,02) = /Rn 0102,

for ¢, € Léﬁ, M € LES _g- Now, let L be the operator defined in (3.143). Itis a
densely defined, closed graph operator (this is a consequence of elliptic estimates).

Then, relative to this pairing, the adjoint of
Le:L?s5 =125 5, o oy (3.145)

is precisely
(Le)* =Le: L%+2}/,19+27 - L%,ﬂ‘ (3.146)

Now we fix U, fi, v, v as in (3.142), and choose —5 < 0 slightly smaller than

o+ N 27 and —0 < 0 just slightly larger than V + "5~ so that, in particular,
_%+N*T”<—6<Q+N*T27<O<u+N*TM<5<N’TM, .
S g4 9 <0<y <,

and we have the inclusions from Lemma 3.8.1. In addition, we can choose &, ¥ dif-
ferent from the corresponding indicial roots. Higher order regularity is guaranteed

by the results in Section 3.6.2. We will show:

Proposition 3.8.2. Let § € (— 12 — 2y Y2y and 9 € ("2, ") be real
numbers satisfying (3.147).

Assume that w € L(ZS glsa solution to

Lew=honR"\ X
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forhe L(ZS o+ Then we have the a priori estimate
Iz, < Il + Iz (3.148)

where " is a compact set in R" \ L. Translating back to the original operator L,
if ¢ is a solution to Le¢ = h in R\ X, then (3.148) is rewritten as

1#1].2

542y,8+2

Sl 10120y (3.149)

As a consequence, L¢ has good Fredholm properties. The same is true for the
linear operators from (3.145) and (3.146).

Proof. The proof here goes by subtracting suitable parametrices near X and near
infinity thanks to Theorem 3.6.1. Then the remainder is a compact operator. For

simplicity we set € = 1.

We first consider the point singularity case, i.e., k=0, n = N.

Step 1: (Localization) Let us study how the operator L : L% tay o2y Lé 518
affected by localization, so that it is enough to work with functions supported near
infinity and near the singular set.

In the first step, assume that the singularity happens only at » = o (but not at
r = 0). We would like to patch a suitable parametrix at r = co. Let ¥ be a cut-off

function such that y =1 in RV \Bg, x =0in Bgs. Let JH = By, and set

hy:=Li(x¢) = xL1¢ +[L1,x]9,

where [, -] denotes the commutator operator. Contrary to the local case, the com-
mutator term does not have compact support, but can still give good estimates in
weighted Lebesgue spaces by carefully controlling the the tail terms. Let

103) = (L1, 216 (3) = (—Ag )Y (£8) () — 2(0)(—Ag) 79 x)
~ oy RN’MMW-

. . . 2
Let us bound this integral in L 5.0
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We first consider the case |x| < 1. Note that

X)—x(&) o) .

I(x) = 2o L () dE + —d

(X) /BZR\BR/Z ’x_)z|N+2y ¢(X) X BV\ Bag |x_i|N+2y X
294+2y-N

SCR =10l o T I9l20e.

5+2y,0+2

We have that ||IHL§(BI) can be bounded by O(I)H(PHL% o
+27,0+2y
Rif 9 <2 and § < 227,

Next, for |x| > 2R, we need to add the weight at infinity and calculate

+[19l,2( ) for large

HIHLﬁ(]RN\BzR)' But

0% . XX —x(®
1 = 4 Xx)—Xx) d
(X) /BR/Z ‘x_i|N+2y r Bar\Bg/2 ]x—i|N+2?’ ¢(x) X
<Cloll  RTFT WM s > N2 oy

5+2y,0+2y

: N+2
O s ht 1y =0l D011, 0>~ 27,

Now let I < [x| < 2R, and calculate ||I|;2(g,,\5,)- Again, we split

2o (%) . X&) —2(F) o
IR - CLU R T LR
(x) Bijs |x_x~|N+2y X B\ By |x_)z‘N+2y (P(x) X
(x(x)—=1)o(x)
+/RN\B2R |x_i|N+27 a
=: I+ 1o+ bs.

Similar to the above estimates, we can get that the L? norm can be bounded by

101122 () +o(D)| 1|2

5+2y,9+2y

if ¥ < N%” Thus we have shown that

Viillz, < Wellz , + 1902 + 011011

5-*—24/.19-%—2)/7

so localization does not worsen estimate (3.149).
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In addition, the localization at r = O is similar. One just needs to interchange
the role of r and 1/r, and ¥ by &. Similar to the estimates in Step 5 below, one
can get that the error caused by the localization can be bounded by ||¢ || ) T

if N2y N-2y _ N+2y N-2y
0(1)||¢||L(z§+2w+zy if 5 2y < ¥ < =, 5 2y <6 < 5.

Step 2: (The model operator) After localization around one of the singular
points, say g; = 0, the operator L; can be approximated by the model operator .£;
from (3.124), or by its conjugate given in (3.126). Moreover, recalling the notation

(3.127) for the potential term and its asymptotics (3.128), it is enough to show that

Iwllz < I17ll2, (3.150)

if w=w(t,0) is a solution of
PPw—xkw=nh, teR,0esSV (3.151)

that has compact support in t € (0,%0). Here we have denoted k = pAy ; y.
Now project over spherical harmonics, so that w = Y, wy,,(¢)E,,(0), and wy,
satisfies

P;”wm — Kwy, = hy, tER.

Our choice of weights (3.147) implies that there are no additional solutions to
the homogeneous problem and that we can simply write our solution as (3.96), in

Fourier variables. Then

5t _ . _ 1 o ,
[ i = [ o+ 80P 6 = [ ol + 80

<C [ lhn(+ 802 = [ ¥ hy(e) P,

(3.152)

where we have used (3.106). (note that there are no poles on the R + &i line).
Estimate (3.150) follows after taking sum in m and the fact that {E,,} is an or-
thonormal basis.

For the estimate near infinity, we proceed in a similar manner, just approxim-

ating the potential by 7 = 0.
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Step 3: (Compactness) Let {w;} be a sequence of solutions to Ljw; = h ; with
hje Lé - Assume that we have the uniform bound ||w || 12, < C. Then there exists
a subsequence, still denoted by {w;}, that is convergent in Lé » norm. Indeed, by
the regularity properties of the equation, ||w; HW%Z < C, which in particular, implies
a uniform W2%2 in every compact set % . But this is enough to conclude that {w;}
has a convergent subsequence in W2?2(_¥"). Finally, estimate (3.148) implies that

this convergence is also true in L% 5 as we claimed.

Step 4: (Fredholm properties for L;) This is a rather standard argument. First,
assume that the kernel is infinite dimensional, and take an orthonormal basis {w}
for this kernel. Then, by the claim in Step 3, we can find a Cauchy subsequence.
But, for this,

lwj = wyl® = llwsl* + [yl =2,

a contradiction.
Second, we show that the operator has closed range. Let {w;}, {h;} be two

sequences such that
Liwj=h; and hj—hinLj. (3.153)

Since KerL, is closed, we can use the projection theorem to write w = W? + w}-
for w? € KerL; and w} € (KerZ;)*. We have that le} = 71‘,-.
Now we claim that this sequence is uniformly bounded, i.e.,

1
ijwa < C for

every j. By contradiction, assume that Hw} I 12, —> o0 as j— o, and rescale

1
- w;

W= —"——
I s,

so that the new sequence has norm one in L(ZS’ o+ From the previous remark, there is
a convergent subsequence, still denoted by {Ww j}, ie., w; — win Lé 5+ Moreover,
we know that L;w = 0. However, by assumption we have that w}./ € (Kerlzl){
therefore so does w. We conclude that W must vanish identically, which is a con-

tradiction with the fact that Hw} I 12, = 1. The claim is proved.
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Now, using the remark in Step 3 again, we know that there exists a convergent
subsequence w}- —wlin L% o+ This w! must be regular, so we can pass to the limit
in (3.153) to conclude that L; (w') = h, as desired.

Step 5. Now we consider the case that X is a sub-manifold of dimension &, and
study the localization near a point in zo € X. In Fermi coordinates z = (x,y), this is
a similar estimate to that of (3.92).

First let ) be a cut-off function such that  (r) = 1 for r <d and y/(r) =0 for r >
2d. Define ¥(z) = x(dist(z,X)), and consider ¢ = }¥¢. Using Fermi coordinates
near ¥ and around a point zy € X, that can be taken to be zg = (0,0) without loss of
generality, then, for z = (x,y) satisfying |x| < 1, |y| < 1, by checking the estimates
in the proof of Lemma 3.5.7, one can get that

~ 1 ~ o~
(—A2)70(2) = (1 + |x2) (= Agope) "9 (x,3) + [x] 779 + 22 (3.154)
where
q’s ~ —B(N+2 g
%:// ~7dxd+x’3(+")// dxd
2= o ctinay T B s Sy O
o
+ X'Bk// Nid)(d
o £ (1o <l <2ay J1F20 Y
7 —L(N-2y-26)
< Il el H0v-2r-29),
where we have used Holder inequality and that 8 = 1. Here ||@| 2, is the
+2y

weighted norm near X. One can easily check that the L norm of % and |x|~7¢
are bounded by o(1) for small 4 if 0 < N%M

Next we consider the effect of the localization. Let

H ¢ HL§+2y,19+27

Xz -2

I =|L,%]0 =k
I(Z) [ h%]‘b n,y R ’Z—Z"HZY

0(3)dz.
For |z| > 1, one has

< [,|—(n+2y) 2\ gz < J0+5+3y —(n+2y)
W SR [ o@aza T gl .
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Adding the weight at infinity we get that ||;]| 12, (Rn\Bg) Can be bounded by

o(1)||o]|,2 for d small and R large whenever § > —N+T2y -2y, O >

5+2y,9+2y
n+2y
gy
For |x| < 1, one has

Il(z)g/ b 0 4

Ba\Ty |2 =22 75 |z =22

One can check that the L% term can be bounded by

—n4 27429

1]z <CllIONl2n) +R 11l

<ClI9llzy +o(D19]12 ]

5+2y,9+2y

(85))

for d small and R large if § < N%”, ¥ < %/
For z € J#, the estimate goes similarly for 6 > — NJE—ZV —27. In conclusion, we

have

Iz, < CLIO N2 + o012 (3.155)

l.
S+2y,94+2y
Note that this estimate only uses the values of the function ¢ when |y| < 1. Indeed,
by checking the arguments in Lemma 5.7, the main term of the expansion for the
fractional Laplacian in (3.154) comes from I;, i.e. for |y| < 1. The contribution
when |y| > |x|? is included in the remainder term |x|Y¢ +%,. The localization

around the point zo = (0,0) is now complete.

Step 6. Next, after localization, we can replace (3.151) by
Piw — 1w = R, inSN!xHM!,

and w is supported only near a point zg € dH!, that can be taken arbitrarily. We
first consider the spherical harmonic decomposition for SV ! and recall the symbol
for each projection from Theorem 3.3.5.

The L% estimate follows similarly as in the case of points, but one uses the
Fourier-Helgason transform on hyperbolic space instead of the usual Fourier trans-
form as in Theorem 3.3.5. Note, however, that the hyperbolic metric in (3.45) is

. . . drr+|dy|? .
written in half-space coordinates as %2”' = dt’ + ¢*|dy|?, so in order to ac-
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S one would need to use this transform written

count for a weight of the form r
in rectangular coordinates. This is well known and comes Kontorovich-Lebedev
formulas ([169]). Nevertheless, for our purposes it is more suitable to use this
transform in geodesic polar coordinates as it is described in Section 3.11. To ac-
count for the weight, we just recall the following relation between two different

dr’+|dy|?
2

models for hyperbolic space H**!, the half space model with metrics and

the hyperboloid model with metric ds? 4 sinhs gg« in geodesic polar coordinates:

P+ (r—2)

hs=1
coshs + 4r

Since we are working locally near a point zg € dH*"!, we can choose y = 0 in this
relation, which yields that e =% = r% = 29795 Thus we can use a weight of the

form e % or,

¥ in replacement for e~
One could redo the theory of Section 3.6 using the Fourier-Helgason transform
instead. Indeed, after projection over spherical harmonics, and following (3.174),

we can write for { € H¥!,

wn(§)= [ 9L, ENh(C"dL,

THk+1
where the Green’s function is given by

oo 1

(.0 = — K (£,8) .

. O7(L)

W are well characterized; in fact, they coincide with those in the
Y

The poles of
point singularity case.

But instead, we can take one further reduction and consider the projection over
spherical harmonics in S¥. That is, in geodesic polar coordinates { = (s,¢), s > 0,
G € S¥, we can write wy(s,6) = ¥ W, j(s)EJ(.k)(g), where EJ(.k) are the eigenfunc-
tions for —Agx. Moreover, note that the symbol (3.48) is radial, so it commutes
with this additional projection.

Now we can redo the estimate (3.152), just by taking into account the following
facts: first, one also has a simple Plancherel formula (3.171). Second, for a radially

symmetric function, the Fourier-Helgason transform takes the form of a simple
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spherical transform (3.172). Third, the spherical function &, satisfies (3.173) and

Ss

we are taking a weight of the form e°®. Finally, the expression for the symbol

(3.48) is the same as in the point singularity case (3.38).
This yields estimate (3.148) from which Fredholm properties follow immedi-
ately. O

Remark 3.8.3. We do not claim that our restrictions on 0, % in Proposition 3.8.2
are the sharpest possible (indeed, we chose them in the injectivity region for sim-

plicity), but these are enough for our purposes.
Gathering all restrictions on the weights we obtain:

Corollary 3.8.4. The operator in (3.146) is injective, both in RN\ {q1,...,qx} and
R"\ UX;. As a consequence, its adjoint (L})* = L given in (3.145) is surjective.

Proof. Lemma 3.7.4 shows that, after performing the conjugation, L is injective

in ‘5;?,\,‘;27 g2 By regularity estimates and our choice of 8,1 from (3.147), we
2 0 2

immediately obtain injectivity for (3.146). Since, thanks to the Fredholm proper-
ties,
Ker(L;)" =Rg(Le),

the Corollary follows. 0

3.8.2 Uniform estimates

Now we return to the operator L defined in (3.123), the adjoint of
.72 2
Le:LZs5 oy —=L25 5y 9 2y

is just
* , 72 2
Le L5 oy 942y = Lss-

From the above results, one knows that L is injective and L is surjective.

Fixing the isomorphisms

.72 2
Tosoe  LZ5 9 — Ly,
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we may identify the adjoint L} as
Le =7 55 _290Le0Mys0p : L276+27,719+2y — L2757719'
Now we have a new operator
Le=LeoL;:L¢o T 25, 29°LeoMg 0y L2—6+2y7—19+2y - L2—5—2y,—19—2y'
This map is an isomorphism. Hence there exists a bounded two sided inverse

.72 2
Ge: L—5—27,—19—2y - L—5+2y,—19+2y'

Moreover, G = L; o G¢ is right inverse of Lg which map into the range of L;. We
will fix our inverse to be this one.

From Corollary 3.8.4

oz N 4y+a
Ge 1 Cp 0y 92y Catayvray
and
. 0,a 27+
Ge 1 Cployv 2y = Cuy

are bounded.
We are now in the position to prove uniform surjectivity. It is a consequence of
the following two results:

Lemma 3.8.5. Ifu € %riy;a andv € CK:?S? 2y solve equations Leu =0, u = L}v,

thenu=v=0.

Proof. Suppose u,v satisfy the given system, then one has L Liv = 0. Consider

W = M5 V. Multiply the equation by w; integration by parts in R" yields

2
0= /WLs O 2529 0Lew = /ﬂ—zé,—w|LsW| .

— ; Ay+o 2y7+a
Thus Lgw = 0. Moreover, since v € Sa”ﬂ”%wzy, one hasw € (gﬂ+2y+26ﬂ,v+2y+250 —
‘55,7 j/a for some ' > Re(yy ),V > —(n—27), thus by the injectivity property, one

has w = 0. We conclude then that u = v = 0. O
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Lemma 3.8.6. Let G¢ be the bounded inverse of L introduced above, then for
€ small, G is uniformly bounded, i.e. for h € ¢ if ue ‘55?%\/ €

a—2y,v-2y
4
%ﬁfg? 2y solve the system Leu = h and L}y = u, then one has

 <Clln

€% o 2y (R\E)

Hu ‘ | gﬁ?’;"‘ (RM\X -2y, 92y

for some C > 0 independent of € small.

Proof. The proof is similar to the proof of Lemma 3.7.4. So we just sketch the
proof here and point out the differences. It is by contradiction argument. Assume
that there exists {€("} — 0 and a sequence of functions {4} and solutions {u("},
{v("} such that

=1, |

Huugﬂ_j“(ﬂgn\z) cgﬁf‘ ) — 07

Zy,V—Zy(Rn \Z

and solve the equation
Leu=h, Lyv=u.

Here note that, for simplicity, we have dropped the superindex (7). Then using the
Green’s representation formula, following the argument in Proposition 3.7.4, one

can show that

sup  {p(x)V[ul} < C(|lh
{dist(x,X)>0}

g (D)l gz,
which implies that there exists g; such that

. 1
sup v —qi Fu| > - (3.156)
{lv—gil<o} 2

In the second step we study the region {|x — g;| < o }. Without loss of general-
ity, assume g; = 0. Define the rescaled function as i = £ " u(ex) and similarly for

v and A. Similarly to the argument in 3.7.4, i will tend to a limit u., that solves

(—A)tten — pAN p it ' the =0 in RV,
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If we show that this limit vanishes identically, 4. = 0, then we will reach a contra-
diction with (3.156).

For this, we wish to show that v also tends to a limit. If
V|| 4 < Collul|_2 3.157
Mrse < Collll e (3.157)

then it is true that the limit exists. If not, we can use the same contradiction argu-
ment to show that after some scaling, v will tend to a limit ve, € ‘K:gg fi+2y which
solves

Ve = 0.

This implies that v = 0. This will give a contradiction and yield that (3.157) holds
for some constant Cy.

By the above analysis we arrive at the limit problem, in which s, Ve solve
Litte =0, LiVe = ttos  inR".

Thus LiLjve. = 0. Multiply the equation by v., and integrate, one has Ljve., = 0,
which implies that v, = 0. So also u. = 0. Then, following the argument in
Lemma 3.7.4, one can get a contradiction. So the uniform surjectivity holds for all

€ small. O

3.9 Conclusion of the proof

If ¢ is a solution to
(—Apn)"(ite +9) = e + 97 inR"\Z,

we first show that it + ¢ is positive in R" \ X.
Indeed, for z near X, there exists R > 0 such that if p(z) < Re, then

_ _
Clp(Z) < < Czp(Z) p=1

for some c1,cy > 0. Since ¢ € %jg, we have |¢| < cp(z)*. But fi > —%, SO

it follows that itz + ¢ > 0 near X. Since il + ¢ — 0 as |z| — oo, by the maximum
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principle (see for example Lemma 4.13 of [36]), we see that itz + ¢ > 0 in R"\ X,
so it is a positive solution and it is singular at all points of X.
Next we will prove the existence of such ¢. For this, we take an additional

restriction on V

=2y << -2V

p—1

3.9.1 Solution with isolated singularities (R" \ {q1,...,qx})

We first treat the case where X is a finite number of points. Recall that equation

(—Apy)? (e +9) = Aw plite + 917 in RY\ {q1,..., gk}

is equivalent to the following:

Le(9) +Qe(9) + fe =0, (3.158)

where f; is defined in (3.86), L. is the linearized operator from (3.122) and Q;
contains the remaining higher order terms. Because of Lemma 3.8.6, it is possible

to construct a right inverse for Lg with norm bounded independently of €. Define

F(9) := Ge[—Qe(¢) — fel, (3.159)

then equation (3.158) is reduced to
¢ =F(9).
Our objective is to show that F(¢) is a contraction mapping from % to %, where
B={9 6 “®\D): o]l < pe" 7}

for some large positive 3.
In this section, || - || is the €27 norm, and |« [lss is the €o norm
s * v s Kk A—2y,v—2y
where [i, V are taken as in the surjectivity section.

First we have the following lemma:
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Lemma 3.9.1. We have that, independently of € small,

1
102(61) = Ce(92)1]-- < 5191~ 0al.
0

forall ¢y, ¢ € B, where ly = sup ||Ge||.

Proof. The estimates here are similar to Lemma 9 in [133]. For completeness, we
give here the proof.
With some abuse of notation, in the following paragraphs the notation || - || and

|| - ||+« will denote the weighted €™ norms and not the weighted 4% norms (for the
same weights) that was defined in (3.139).

First we show that there exists 7 > 0 such that for ¢ € %, we have

k
0| < Lae() forall xe|JB(gi1).

i=1
Indeed, from the asymptotic behaviour of u#; in Proposition 3.2.1 we know that

2y 2y
c1lx| TP < ug (x) < eafx| 7T if |x| < Re;,

2py

_ 2y
crg; T TV <ug (x) < cog; T x| TNV if Re < x| < 7

The claim follows because ¢ € % implies that

9] < cBe" i px)h,
Next, since \%\ < }in B(g;, ), by Taylor’ expansion,
e (91) — Qe(92)| < clie|”*(|91] +[92) |91 — 9.

Thus for x € B(g;, ), we have

PP RIQe(91) — Qe(d2)] < ep (T HT (01 + 92]1) 91 — b -

~ 2y 7&
et T BEN T |9y — o .

IN
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The coefficient in front can be taken as small as desired by choosing &€ small. Out-

side the union of the balls B(g;, T) we use the estimates
2, 2 ~
e (x) < eV r x|~V and |¢| < eV x|,

where ¢ depends on T but not on € nor ¢.

For p > 7 and |x| < R, we can neglect all factors involving p(x), so

106(91) — 0e(62)] < c(|el?™" +[9[7 1)1 — 9] < ce® V=) gy — gy
< ce?™W2N |16 — ¢y,

for which the coefficient can be as small as desired since p > 5= 2y

Lastly, for |x| > R, in this region itz = 0, so

PPV Qe(91) = Qe(92)] < cp(x)* ¥ (9~ + 0171191 — o]

< ep(x)?1 VPV NPT gy — g,

and here the coefficient can be also chosen as small as we wish because V < — %

implies that 2y — v+ pv < 0.

Combining all the above estimates, one has

10 (91) — Qe (92)]4x < f”ﬁbl Y

as desired.

Now we go back to the original definition of the norms || - ||,
(3.139). For this, we need to estimate the Holder norm of Q¢ (1) — Qg (¢2). First
in each B(g;, T),

* |lex from

VO:(9) = p((@e+ 9y~ il —(p— 1)l "9 ) Ve
+p((e+ )" — ")V,
and similarly as before, we can get that
PR IV(Qe(91) — Qe(92))] < ce 7101 — ..
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Moreover, for T < p(x) <R,

IV(Qe (1) — Qe (92))] < ce? V20N — g ..

Lastly, for p(x) > R,

VOe(01 — $2) = pol ' V(91 — d2) + pVoo (67 — o2 7),
which yields

p VIO (91— ¢2))|
<P (191l + 92]1.)7 PP VT2 gy — g p" 2!
+192ll.p" 2 lgf ™t = 627l

oy
< ce" T 61 = 9] ..

This completes the desired estimate for Q¢ (¢ ) — Q¢ (¢2) and concludes the proof
of the lemma. O

2,
Recall that || fe]« < COSN_P%YI for some Cy > 0 from (3.88). Then the lemma
above gives an estimate for the map (3.159). Indeed,

! 24 _2y
= §||¢H*+10C08N 7T < BeN T,
and

1
[1F(91) = F(92)]l« < 1o[|Qe(91) — Qe (92) 5 < 51101 — 92|

if we choose 8 > 2[)Cy. So F(¢) is a contraction mapping from % to 9. This

implies the existence of a solution ¢ to (3.158).
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3.9.2 The general case R"\ X, ¥ a sub-manifold of dimension k

For the more general case, only minor changes need to be made in the above argu-
ment. The most important one comes from Lemma 3.5.7 and it says that the weight

parameter 4 must now lie in the smaller interval:

Y _& - 2y 1% —
_ﬁ<u<mm{}/—ﬁ,§—ﬁ,Re(}/0)}. (3.160)
In this case, we only need to replace the exponent N — % in the above ar-

gument by g = min{(pl%l)y —ﬁ,% — 7+ (”1%1)7 — fi}, then ¢ > 0 if i is chosen
to satisfy (3.160). We get a solution to (3.158), and this concludes the proof of
Theorem 3.1.1.

3.10 Some known results on special functions

Lemma 3.10.1. [4, 166] Let z € C. The hypergeometric function is defined for
|z| < 1 by the power series

C\ o (a)n(b)n 2" _ I'(c) = L(a+n)[(b+n) 2"
Filabien) =) =0 T T Tar® &, Term

It is undefined (or infinite) if ¢ equals a non-positive integer. Some properties are

i. The hypergeometric function evaluated at z = 0 satisfies

SFi(a+j,b—jic:0)=1; j=£1,£2, ... (3.161)

ii. If|arg(1—z)| < m, then

['(c)T'(c—a—b)
I'(c—a)'(c—b)
e—apl(©)(a+b—c)
[(a)T(b)

2Fi(a,b;c;2) =

oFi(a,b;a+b—c+1;1—2)

2Fi(c—a,c—b;c—a—b+1;1—72).

(3.162)
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iii. The hypergeometric function is symmetric with respect to first and second
arguments, i.e
2Fi(a,b;c;z) = 2F (b, a;c¢;z2). (3.163)

iv. Let m € N. The m-derivative of the hypergeometric function is given by

A (1= 3 (a,b5¢52)]
— %(1 —2)% 1 )R (a+m,bic+m;z). (3.164)

C)m

Lemma 3.10.2. [4,166] Let z € C. Some well known properties of the Gamma

functionT'(z) are

() =T(2), (3.165)
I(z+1)=2zI(z2), (3.166)
[T (z+1) =2""%V7T(22). (3.167)

It is a meromorphic function in z € C and its residue at each poles is given by

(=D"

Res(I(2), /) = -

j=0,1,.... (3.168)

Let y(z) denote the Digamma function defined by

_ dinT'(z) TI'(2)

v(z)

dz [(z)

This function has the expansion

W(Z):W(l)+i(Hll_H—lz>' (3.169)

Let B(z1,22) denote the Beta function defined by

I'(z1)I(z2)

B = .
(21,22) ['(z1+22)
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If 7o is a fixed number and z; > 0 is big enough, then this function behaves

B(z1,22) ~T(z2)(z1) .

3.11 A review of the Fourier-Helgason transform on
Hyperbolic space

Consider hyperbolic space H**!, parameterized with coordinates . It can be writ-

: : k+1 o, SO(Lk+1) :
ten as a symmetric space of rank one as the quotient H*"™" =~ (E Fourier

transform on hyperbolic space is a particular case of the Helgason-Fourier trans-
form on symmetric spaces. Some standard references are [26, 119, 168]; we mostly
follow the exposition of Chapter 8§ in [102].

Hyperbolic space H¥"! may be defined as the upper branch of a hyperboloid in
R¥2 with the metric induced by the Lorentzian metric in R¥"2 given by —d {3 +
dii+...+dG, ie, B = {(Lo,...,G1) e RF2 2 — 02— ... = G2, =
1, & > 0}, which in polar coordinates may be parameterized as

HF! = {¢ € R¥2: ¢ = (coshs, g sinhs), s >0, ¢ € S},
with the metric g1 = ds® + sinh® s gsk- Under these definitions the Laplace-
Beltrami operator is given by

coshs 1
P Ac,
sinhs ° + sinh2 s s

Agir = Oy + k
and the volume element is

dg = sinh*s dsdg.
We denote by [-,-] the internal product induced by the Lorentzian metric, i.e.,

£.8T=08— &&= = Gen1 G-
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The hyperbolic distance between two arbitrary points is given by dist({,{’) =
cosh™1([{,¢']), and in the particular case that { = (coshs, gsinhs), {' = O,

dist(,0) = s.

The unit sphere S¥~! is identified with the subset {{ € R¥*2 : [£,{] =0,{ =1}
via the map b(g) = (1,¢) for ¢ € S.

Given A € Rand o € S¥, let hy () be the generalized eigenfunctions of the
Laplace-Beltrami operator. This is,

Ay o = — (/12 + %) Mo
These may be explicitly written as
hy.o(8) = [£,b(®)]*~% = (coshs —sinhs(g, 0))*~5, ¢ e HF,
In analogy to the Euclidean space, the Fourier transform on H**! is defined by

i(h0)= [ u@)hol0)duc.
Moreover, the following inversion formula holds:

&)= [ [ no©ith.o) {55, (170

where ¢(A) is the Harish-Chandra coefficient:

1 1 |TGA+ (52

2
lc(A)? 2(2m)kt T3A)[?
There is also a Plancherel formula:

2 _ R ,dw dA
[ @l = [ lanoPie e

RxSN-1

which implies that the Fourier transform extends to an isometry between the Hilbert
spaces L?(H 1) and L*(Ry x S¥,|c(A)|2dA dw).
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If u is a radial function, then 7 is also radial, and the above formulas simplify.
In this setting, it is customary to normalize the measure of S* to one in order not
to account for multiplicative constants. Thus one defines the spherical Fourier

transform as

i) = [ w©)@ 4(§)dug, (3.172)

where

@0 = [ h-ro(0)dw

is known as the elementary spherical function. In addition, (3.170) reduces to

&)= [ anen)

There are many explicit formulas for @, ({) (we also write ®, (s), since it is a
radial function). In particular, ®_j (s) = ®, (s) = P, (—s), which yields regularity
at the origin s = 0. Here we are interested in its asymptotic behavior. Indeed,

@, (s) ~ e 25 a5 5 foo. (3.173)
It is also interesting to observe that
Beeru=—(22+5)a
We define the convolution operator as
wev(@)= [ u(Cv(z; ¢ du

where 7, : HA! — HA*1 is an isometry that takes ¢ into O. If v is a radial function,

then the convolution may be written as

wen(©)= [ u(Cvldis(C. ) dug

and we have the property

—

uxv=~uav,

in analogy to the usual Fourier transform.
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On hyperbolic space there is a well developed theory of Fourier multipliers. In
L? spaces everything may be written out explicitly. For instance, let m(A ) be a mul-
tiplier in Fourier variables. A function #(A4,®) = m(A)up(A,®), by the inversion

formula for the Fourier transform (3.170) and expression (3.11), may be written as

o R - dowdA
) = [ [ mdio(h. o) o(6) (5

” (3.174)
- ~/;oo /Hkﬂ m(l)uo(cl)kl (C? C/) d,ug/ dk,

where we have denoted

680 = 1 [, e(Ohel@)do.

It is known that k; is invariant under isometries, i.e.,

ka(8,8') = ky (1€, 78"),

for all T € SO(1,k+ 1), and in particular,

kl(Ca C,) = kl(diSt(Cv C,))7

so many times we will simply write k (p) for p = dist({,’). We recall the fol-

lowing formulas for & :

Lemma 3.11.1 ([102]). Fork+1 > 3 odd,

kn(p) = cx ( .aﬁ )5 (cosAp),

sinhp

and for k+1 > 2 even,

k+1

o sinh p 9 >2 <\ s~
Ky (D) = / % Ap)dp.
o) =an [ =t <h _) " (costp)ap
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Chapter 4

Extremals for Hyperbolic
Hardy-Schrodinger Operators

4.1 Introduction

Hardy—Schrddinger operators on manifolds are of the form A, —V, where A, is the
Laplace—Beltrami operator and V' is a potential that has a quadratic singularity at
some point of the manifold. For hyperbolic spaces, Carron [46] showed that, just
like in the Euclidean case and with the same best constant, the following inequality

holds on any Cartan—-Hadamard manifold M,

-2
(”4 ) / i /|V uPdv,  forallue C(M),
M

where d,(0,x) denotes the geodesic distance to a fixed point o € M. There are many
other works identifying suitable Hardy potentials, their relationship with the elliptic
operator on hand, as well as corresponding energy inequalities [6, 57, 71,123,126,
181? ]. In the Euclidean case, the Hardy potential V (x) = # is distinguished by

the fact that |”|2 has the same homogeneity as |Vu|?, but also where 2*(s) =

| |s ’
2(n s)

and 0 < s < 2. In other words, the integrals / FE dx, / |Vu|*dx and
R R"

2'(s) .
/ u’ ; dx are invariant under the scaling u(x) — A e u(Ax), A > 0, which makes
R7 X[
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corresponding minimization problem non-compact, hence giving rise to interesting
concentration phenomena. In [5], Adimurthi and Sekar use the fundamental solu-
tion of a general second order elliptic operator to generate natural candidates and
derive Hardy-type inequalities. They also extended their arguments to Riemannian
manifolds using the fundamental solution of the p-Laplacian. In [71], Devyver,
Fraas and Pinchover study the case of a general linear second order differential op-
erator P on non-compact manifolds. They find a relation between positive super-
solutions of the equation Pu = 0, Hardy-type inequalities involving P and a weight
W, as well as some properties of the spectrum of a corresponding weighted oper-
ator.

In this paper, we shall focus on the Poincaré ball model of the hyperbolic space
B", n > 3, that is the Euclidean unit ball B;(0) := {x € R" : |x| < 1} endowed

g . This framework has the added feature of
Eucl

radial symmetry, which plays an important role and contributes to the richness

with the metric gg: = (17—2‘)42)

of the structure. In this direction, Sandeep and Tintarev [153] recently came up
with several integral inequalities involving weights on B” that are invariant under
scaling, once restricted to the class of radial functions (see also Li and Wang [126]).
As described below, this scaling is given in terms of the fundamental solution of
the hyperbolic Laplacian Agru = divgs(Vpnu). Indeed, let

(1 _ r2)n72

1
F) =" and G(r) = / F(0)ds, @1

rl’l

where r = {/Y" | x? denotes the Euclidean distance of a point x € B (0) to the
origin. It is known that ﬁG(r) is a fundamental solution of the hyperbolic
Laplacian Ag:. As usual, the Sobolev space H'!(B") is defined as the completion
of C*(B") with respect to the norm ||uH12,{1(B,,) = /B” |Vgau|*dv,,,. We denote by
H!(B") the subspace of radially symmetric functions. For functions u € H!(B"),

we consider the scaling

1

up(r)=A"2u(G'(AG(r))), A >0. (4.2)
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In [153], Sandeep-Tintarev have noted that for any u € H!(B") and p > 1, one has
the following invariance property:

/B" Vnuy |? dvg,, = /IB” |Vgnu|* dv,,, and /IB" Volup |P dvgy, = /Bn Vo lulP dvgy,

where

[N

Vy(r) = 4(n—2)2G(r)% . 4.3)

In other words, the hyperbolic scaling r — G~'(1G(r)) is quite analogous to

2-n_we see that

the Euclidean scaling. Indeed, in that case, by taking G(p) = p
G '(AG(p)) = = A7 for p = |x| in R". Also, note that G is —up to a constant—
the fundamental solution of the Euclidean Laplacian A in R". The weights V), have
the following asymptotic behaviors, forn >3 and p > 1,

%(14—0(1)) asr—0,

V (r) — rn( 717/ )
p 1 (l’l, P)
(1 —r)n=1)(p=2)/2

(I+o(1)) asr—1.

. : 1 (f0=P))? e
In particular, for n > 3, the weight V,(r) = P o) ~r0 7,7, and

at r = 1 has a finite positive value. In other words, the weight V, is qualitatively
similar to the Euclidean Hardy weight, and Sandeep-Tintarev have indeed estab-
lished the following Hardy inequality on the hyperbolic space B” (Theorem 3.4 of
[153]). Also, see [71] where they deal with similar Hardy weights.

(n—2)
4

/V2|u|2dvgmn§/ \VBnu|2dvgB” for any u € H' (B").
B ' B

They also show in the same paper the following Sobolev inequality, i.e., for some

constant C > 0.

2/2%
</ V2*|u\2 dvan> < C/ ‘VBnM’QdVan for any u € H'(B"),
B JB"
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where 2* = (nzj’z) . By interpolating between these two inequalities taking 0 <s < 2,

one easily obtain the following Hardy—Sobolev inequality.

Lemma 4.1.1. If y < %, then there exists a constant C > 0 such that, for any
uc H'(B"),

: 2/25(s)
¢ (/B Vae o uf* dvg]B"> = /Bn|VB””|2dVan —Y /B Valul* dve,,

where 2*(s) := 2An=s)

Note that, up to a positive constant, we have V5« (5 ~,—0 %, adding to the ana-

logy with the Euclidean case, where we have for any u € H!'(R"),

e N : uf?
C / dx §/ |Vul dx—}// 5 dx.
n xS R R |x]

Motivated by the recent progress on the Euclidean Hardy—Schrodinger equation

(See for example Ghoussoub—Robert [105, 106], and the references therein), we
shall consider the problem of existence of extremals for the corresponding best

constant, that is

@ . /Q\V]Bnu|2dvgw—}//£2V2|u\2dvgw —Z/Q]u|2dvgﬁ,,
Hya = mn

ueH} (Q)\{0 R 2/2%(s)
€H} (@)\{0} (/ Vorg lul? (s)dvgw)
Q
4.4)

where HJ(Q) is the completion of C°(Q) with respect to the norm |[ju|| =

9

/ |Vu|? dv,,,. Similarly to the Euclidean case, and once restricted to radial
Q

functions, the general Hardy-Sobolev inequality for the hyperbolic Hardy—
Schrodinger operator is invariant under hyperbolic scaling described in (4.2), This
invariance makes the corresponding variational problem non-compact and the

problem of existence of minimizers quite interesting.

In Proposition 4.3.3, we start by showing that the extremals for the minimiza-

tion problem (4.4) in the class of radial functions H (B") can be written explicitly
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as:

¥
[

¥
4

2—s

U(r)=c (G(r)fm‘x*(y) + G(r)fga*m) ;

where c is a positive constant and o () satisfy

In other words, we show that

‘ /n|VBnu|2dvgB,, —y/nV2]u|2dvan
ufg(B") ;= inf =B £

4,
ueH! (B")\ {0} () 2/2"(s) 4.5)
(/IB” V2*(s)’”| dvé’]B")

is attained by U.

Note that the radial function G%(r) is a solution of —Apgnu — yVou =0 on B" \
{0} if and only if o = a.(y). These solutions have the following asymptotic
behavior

G(r) =D ~ e(n, y)r P as r - 0,

where
n=2 (n—2)?

These then yield positive solutions to the equation

—ABnM — ’}/V2Lt = Vz*(s)uz*(s)_l in B”".

We point out the paper [128] (also see [22, 23, 101]), where the authors considered
the counterpart of the Brezis—Nirenberg problem on B” (n > 3), and discuss issues

of existence and non-existence for the equation
*__ .
—Apu—Au=u>"" inB",

in the absence of a Hardy potential.

213



Next, we consider the attainability of i, ; () in subdomains of B" without
necessarily any symmetry. In other words, we will search for positive solutions for

the equation

—Agrnut — YWou— Au = Vz*(s)uz*@_] in Q
u>0 in Q (4.6)
u=20 on dQ,

where Q is a compact smooth subdomain of B” such that 0 € Q, but Q does not
touch the boundary of B"” and A € R. Note that the metric is then smooth on
such Q, and the only singularity we will be dealing with will be coming from the
Hardy-type potential V> and the Hardy—Sobolev weight V,-(;), which behaves like
rLZ (resp., %) at the origin. This is analogous to the Euclidean problem on bounded
domains considered by Ghoussoub—Robert [105, 106]. We shall therefore rely
heavily on their work, at least in dimensions n > 5. Actually, once we perform a
conformal transformation, the equation above reduces to the study of the following

type of problems on bounded domains in R":

P21

—Av — (ﬁ -f—h%,l(x)) V= b(x)w inQ
v>0 in Q
v=20 on dQ,

where b(x) is a positive C°(Q) function with

—2)n2
b(0) = (”22) 4.7)

42 —n(n—2)

hal) = yal) +
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%+8+g3(r) when n =3,

a(x) = a(r) = Slog% — 4+g4(r) when n =4, (4.8)
M2 4 rg,(r) when n > 5.

with g,(0) = 0, for all n > 3. Ghoussoub—Robert [106] have recently tackled such
an equation, but in the case where /(x) and b(x) are constants. We shall explore
here the extent of which their techniques could be extended to this setting. To start

with, the following regularity result will then follow immediately.

Theorem 4.1.2 (Regularity). Let Q € B", n > 3, and v < %. Ifuz0isa
non-negative weak solution of the equation (4.6) in the hyperbolic Sobolev space
H'(Q), then

u(x)

1 — =K>0.
w0 G(Jx])™

We also need to define a notion of mass of a domain associated to the operator
—Apn — YV> — A. We therefore show the following.

Theorem 4.1.3 (The hyperbolic Hardy-singular mass of Q € B"). Let 0 € Q € B",

n>3 and y< (nf)z. Let A € R be such that the operator —Agn — YVo — A is

coercive. Then, there exists a solution Kg € C™ (5\ {O}) to the linear problem,

—ApnKq — YVzKQ — AKQ =0 inQ
Ko>0 inQ 4.9)
Ko=0 onoQ,

such that Kq(x) =~y ¢ G(|x|)** for some positive constant c. Furthermore,

1. If K§, € C (Q\ {0}) is another solution of the above linear equation, then
there exists a C > 0 such that K{, = CKq.

2. If y> max { n(n;4) : 0}, then there exists mgzl (Q) € R such that

Ko (x) = G(|x)* +mll, (Q)G(Ix)* +0(G(]x))*) as x— 0. (4.10)
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The constant ml;l 1, (Q) will be referred to as the hyperbolic mass of the do-

main Q associated with the operator —Agn — YV, — A.

And just like the Euclidean case, solutions exist in high dimensions, while
the positivity of the “hyperbolic mass”will be needed for low dimensions. More

precisely,

Theorem 4.1.4. Let Q € B" (n > 3) be a smooth domain with0 € Q, 0 <y < %
and let A € R be such that the operator —Agn — YV, — A is coercive. Then, the best

constant [y 5 (Q) is attained under the following conditions:

1. n>5v< n(n4—4) and A > n—2 <n(n—4) —}/).

n—4 4
2.n=4,y=0and A > 2.

3
3. n:3,y:0and7t>1.

n(n—4) (n—2)2
4.n>3,max{ 1 ,O}<y<4andm’;l(9)>0.

As mentioned above, the above theorem will be proved by using a conformal trans-
formation that reduces the problem to the Euclidean case, already considered by
Ghoussoub—Robert [106]. Actually, this leads to the following variation of the
problem they considered, where the perturbation can be singular but not as much
as the Hardy potential.

Theorem 4.1.5. Let Q be a bounded smooth domain in R", n > 3, with 0 € Q and
0<y< %. Let h € C1(Q\ {0}) be such that

h(x) =—-% |x|_610g |x| —|—71(x) where liné |x|91~1(x) =%, 4.11)
x—

for some 0 < 0 <2 and 61, € R, and the operator —A — (ﬁ + h(x)) is coer-

cive. Also, assume that b(x) is a non-negative function in C°(Q) with b(0) > 0.

216



Then the best constant

(@)= int /ﬂ<‘v"‘2_<lxy|2+h(x)>”2)dx

ueHy (Q)\{0} 2’6 2/2°(s)
/ b(x) — dx
o [

is attained if one of the following two conditions is satisfied:

(4.12)

1. y< % — % and, either €, > 0 or {61 =0, €2 > 0};
2. @ - % <y< @ and my(Q) > 0, where my,(Q) is the mass of

the domain Q associated to the operator —A — (# + h(x)).

The paper is organized as follows. In Section 2, we introduce the Hardy—
Sobolev type inequalities in hyperbolic space. In Section 3, we find the explicit
solutions for Hardy—Sobolev equations corresponding to (4.5) on B". In section 4,
we show that our main equation (4.6) can be transformed into the Hardy—Sobolev
type equations in Euclidean space under a conformal transformation. Section 5 is
then devoted to establish the existence results for (4.6) on compact submanifolds

of B" by studying the transformed equations in Euclidean space.

4.2 Hardy-Sobolev type inequalities in hyperbolic space

The starting point of the study of existence of weak solutions of the above problems
are the following inequalities which will guarantee that functionals (4.4) and (4.5)
are well defined and bounded below on the right function spaces. The Sobolev
inequality for hyperbolic space [153] asserts that for n > 3, there exists a constant
C > 0 such that

2/2*
( Vo |ul* dvg]Bn> < C/ Vo> dv,, forallue H'(B"),
]B)l Bn

where 2* = n% and V,- is defined in (4.3). The Hardy inequality on B" [153]

states:
(n—2)?
4

/szu\zdvgwg/ VpoulPdve, forall ue H'(B").
B~ B~
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— 2 . .
Moreover, just like the Euclidean case, (n 42) is the best Hardy constant in the

above inequality on B", i.e.,

|VBnM‘2dVg]Bn
Tai= = inf B ; .
ueH' (B")\{0} /]Bn Valul® dvy,,

By interpolating these inequalities via Holder’s inequality, one gets the following
Hardy—Sobolev inequalities in hyperbolic space.

Lemma 4.2.1. Ler 2*(s) = % where 0 < s < 2. Then, there exist a positive

constant C such that

- 2/2:(5) X
C(/IB" VZ*(S)‘M| ’ dVgngn) S ‘[Bn|VB"u‘ dvg]gn (413)

forallue H' (B"). If y < Yy := (n_42)2, then there exists Cy > 0 such that

2/2%(s)
< (/IB Vas o luf*') dvan) =< /]B,,Wlsnu\zd\/gw - 7’/13,, Valul* dvg,, (4.14)

forallu € H'(B").
Proof. Note that for s = 0 (resp., s = 2) the first inequality is just the Sobolev (resp.,
the Hardy) inequality in hyperbolic space. We therefore have to only consider the

2 —
case where 0 < s < 2 where 2*(s) > 2. Note that 2*(s) = (%) 2+ <2s> 2%, and

SO

B Gk (o S
707 4(n—2)2G6(r) \ /G

:<I((nr)_2(21)2—Gr():)>;+2;

s 2—s
2 *

2\ 7T
fP=r? [ 1 fP=r? (1
4(n—2)2G(r) G(r) 4(n—2)>G(r) G(r)

= VzE v,
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Applying Holder’s inequality with conjugate exponents % and z%s’ we obtain
% 5 * ZT 2—s
Vol Vaveg, = [ (1) v (1) * Vo7 dvg
B)l IBI’L
s 2—s
(vt ) (f ot )
< V u Vorn *|U Vopn
=\ 2|ul”dvg - 2 gm
%
<c! (/ |VBnu]2dvan> (/ |VBnu\2dvan>
B B

Z*Z(J)
—1 2
=C ( BH|VBMM’ dVan>

It follows that for all u € H'(B"),

2 2 2
/BHWB”“‘ dvan—}//EnVZM D _ (1_y) /annuy dvg,
B YH

2(s) Y 25 HRer
</IB§" Vz*(s)|bt| dVg]Bn> < - V2*(s)|”| dVgJBﬂ)

Hence, (4.13) implies (4.14) whenever y < Yy := ("_42)2. L]

F 2
2

N‘N

The best constant (1, (BB") in inequality (4.14) can therefore be written as:

) IFBn|V]]3gnu| dvg,, — }// Vaul? dveg,

NY(B ) — ueHl \{0} 2/2*( )
(/ Vz* |M‘ dVBn)

Thus, any minimizer of p,(B") satisfies —up to a Lagrange multiplier— the follow-

ing Euler—Lagrange equation

—Apott— Pau = Vy (g lu* 2, (4.15)

2(n—s)
n—2 °

where 0 < s < 2 and 2*(s) =

219



4.3 The explicit solutions for Hardy—Sobolev equations
on B"

We first find the fundamental solutions associated to the Hardy—Schrodinger oper-

ator on B”, that is the solutions for the equation —Ag:u — YVou = 0.

Lemma 4.3.1. Assume y < Yy := (";2)2. The fundamental solutions of
—Agru—YWou=20
are given by
1 ax(y)
( 2r2_”) asr— 0,
n—
ui(l’) = G(’”)ai(y) ~ n—2 as(y)
<n1(1—r)”_1) asr—1,
where
n—2 n—2)>2
o (y) = Pe) na () = /22 —7. (4.16)

2 4

Proof. We look for solutions of the form u(r) = G(r)~%. To this end we perform

a change of variable 6 = G(r), v(0) = u(r) to arrive at the Euler-type equation
(n—2)2"(c)+y62v(6) =0 in (0,00).

It is easy to see that the two solutions are given by v(c) = 6+, or u(r) = c(n, y)r B+

where o+ and B are as in (4.16). O
Remark 4.3.2. We point out that u (r) ~ c(n,y)r P+ as r — 0.

Proposition 4.3.3. Let —o <y < %. The equation

—Apiut— YWau = Vo (i 71 in B, (4.17)

220



has a family of positive radial solutions which are given by

[N

n—

[N
@

U(G(r)) =c (G(r)a% B 4Gl E 2a+(y)>

)

n—

2—s -5
:c(G(r) w0 Gy P >> ,

where c is a positive constant and oy (y) and By (y) satisfy (4.16).

I\)

Proof. With the same change of variable 6 = G(r) and v(0) = u(r) we have
2.0 2 TR g1y .
(n—2)"V"(o)+yo “v(o)+0 2 v (6)=0 in (0,c0).
Now, set 6 = 727" and w(7) = v(0)

(W (1) + v 2w(n) +w(n) P T =0 on (0,00).

The latter has an explicit solution

n—2

w(t) = (rn SB-(1) 4 2By ))

where c is a positive constant. This translates to the explicit formula
u(r) :c(G(r)*f%%“ W 4 G(r)~a z“+<Y>)

. (G(},) ,,2 2Y2 ( ) G(I")i (f:;)2 B+(7)) T 2=s ‘

O]

Remark 4.3.4. We remark that, in the special case Y = 0 and s = 0, Sandeep-
Tintarev [153] proved that the following minimization problem

‘VB” u ‘ 2 dvgnaw
Uo(B") = inf B
MGH ]B” {0} / VZ* |u‘ dvan

is attained.
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Remark 4.3.5. The change of variable 0 = G(r) offers a nice way of viewing the
radial aspect of hyperbolic space B” in parallel to the one in R” in the following

sense.

e The scaling r — G~ '(AG(r)) for r = |x| in B" corresponds to ¢ —+ A0 in
(0,00), which in turn corresponds to p — Ap = G (AG(p)) for p = |x| in
R", once we set G(p) = p> " and A = PRE=E

e One has a similar correspondence with the scaling-invariant equations: if u

solves
—Apnu — YWou = VZ*(S)MZ*(S)71 in an

then

1. as an ODE, and once we set v(o) = u(r), 6 = G(r), it is equivalent to

2%(s)+2 2*(3)_1

—(n=2%"(6)—yo *v(o)=0""2 v(0) on (0,0);

(4.18)

2. as a PDE on R”, and by setting v(c) = u(p), 6 = G(p), it is in turn
equivalent to

vy = va*(x)fl in R"
P Rl ’

This also confirm that the potentials V5« () are the “correct” ones associated

to the power |x| .

e The explicit solution u on B" is related to the explicit solution w on R" in the

following way:

u(ry=w (G(r)fﬁ) .
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e Under the above setting, it is also easy to see the following integral identities:

/anﬂnufdvg% :/0 V() do
1 ©12(o)
2 _
Banu dvg% = (n2)2/0 o2 do
1 >yl (o)
/]BanuPdvg%: (n—2)2/0 G”TH dG,

which, in the same way as above, equal to the corresponding Euclidean in-

tegrals.

4.4 The corresponding perturbed Hardy—Schrodinger
operator on Euclidean space

We shall see in the next section that after a conformal transformation, the equation

(4.6) is transformed into the Euclidean equation

2% (s)—1

Au— (ﬁ +h(x)) u=b " i@,
u>0 in Q, (4.19)
u=0 on 0Q,

where Q is a bounded domain in R"”, n >3, h € C'(Q\ {0}) with |llim0 x|?h(x) =0
X|—

is such that the operator —A — (l + h(x)) is coercive and b(x) € C°(Q) is non-

I?

negative with »(0) > 0. The equation (4.19) is the Euler-Lagrange equation for
following energy functional on D'2(Q),
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Here D'?(Q) — or H}(Q) if the domain is bounded — is the completion of C°(Q)

with respect to the norm given by ||u||? = [ |Vu|* dx. We let
Q

Q):= _inf J2(u

pyn(@)= _int I
A standard approach to find minimizers is to compare f,,(Q) with pyo(R"). It is
know that iy o(R") is attained when y > 0, and minimizers are explicit and take

the form

n—2

25 BL-B-(») s
e 2 )

=cys(n)- | — - =
" (8,’5%‘(ﬂ+(7)—ﬁ(7)),x‘ SN

for x € R"\ {0}, where € > 0, ¢y (n) > 0, and B4(7) are defined in (4.16), see
[105]. In particular, there exists ) > O such that

2%(s)—1

Ue =y Elx!“‘ inR"\ {0}. (4.20)

Y

—AU; — X2

We shall start by analyzing the singular solutions and then define the mass of a
domain associated to the operator —A — (# + h(x)).

Proposition 4.4.1. Let Q be a smooth bounded domain in R" such that 0 € Q and
Y < ﬂ. Let h € C'(Q\ {0}) be such that ‘l‘imo |x|*h(x) exists and is finite, for
X|—

some 0 < T < 2, and that the operator —A — # — h(x) is coercive. Then

1. There exists a solution K € C*(Q\ {0}) for the linear problem

“AK — (#—Fh(x))K:O in Q\ {0}
K>0 inQ\{0} (4.21)
K=0 ondQ,
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such that for some ¢ > 0,

C

Moreover; if K' € C*(Q\ {0}) is another solution for the above equation,
then there exists A > 0 such that K' = AK.

2. Let 6 = inf{0’ € [0,2) : lim |x|®h(x) exists and is finite}. If y > (";Zy -

|x]—0
(2_49)2, then there exists c1,cy € R with ¢y > 0 such that
o« ) 1
K(x) = |x]ﬁ+(7) + |x|l37(7) +o0 (]xﬁ(Y)) asx — 0. (4.23)

The ratio % is independent of the choice of K. We can therefore define the

mass of Q with respect to the operator —A — (# + h(x)) as my(Q) := i—?

3. The mass my,,(2) satisfies the following properties:

. m%o(.Q.) <0,
o Ifh < h and h# I, then my;,(Q) < my (Q),
o IfQ CQ, then my;(Q) < myn(Q).

Proof. The proof of (1) and (3) is similar to Proposition 2 and 4 in [106] with only
a minor change that accounts for the singularity of 4. To illustrate the role of this
extra singularity we prove (2). For that, we let 1 € C°(Q) be such that n(x) =1

around 0. Our first objective is to write K (x) := |x7|1ﬁ(+x<)7) + f(x) for some f € H} (Q).
(2-6)°

Note that y > %_T <— B+ —PB-<2—-0 < 2B, <n—06. Fix 6’ such
that 6 < 6’ < min{Z%,2— (B, (y) —B_(¥))}. Then lim |x|% h(x) exists and is

|x|—0

finite.

Consider the function
sy =— (= (Ternm) ) i #0) i (o)
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Since 1 (x) = 1 around 0, we have that

h(x)
x[B- @)

< Clx|"B+M+0) 45 x 0. (4.24)

lg(x)] <

Therefore g € L (Q) if 2B4(y) +26’ < n+2, and this holds since by our as-
sumption 23y <n— 0 and 20’ <2+ 6. Since L2 (Q) = Li*2 (Q) c HI(Q),
there exists f € H}(Q) such that

car- (L) r=e @

By regularity theory, we have that f € C>(Q\ {0}). We now show that
|x|[A-( £(x) has a finite limit as x — 0. (4.25)

Define K (x) = n0x) + f(x) for all x € Q\ {0}, and note that K € C*(Q\ {0}) and

- \x\mw)
is a solution to

_AK— <Y +h(x)> K=0.

[x[?

Write g, (x) := max{g(x),0} and g_(x) := max{—g(x),0} so that g=g, —g_,
and let f1, f> € H}(Q) be weak solutions to

_Af — (JP +h(x)> fi—g. and —Afy— <|)2|/2 +h(x)> H=g inH(Q).

(4.26)
In particular, uniqueness, coercivity and the maximum principle yield f = f; — f>
and fi,f> > 0. Assume that f; # 0 so that f; > 0 in Q\ {0}, fix & > B, (y) and
u > 0. Define u_(x) := |x| P~ + u|x|~® for all x # 0. We then get that there
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exists a small 0 > 0 such that

<—A - (,xyz +h(x))> u_(x)

u (—A— |7|2) X% — ph()lx] @ — ()l B

_ —p (@ Be(n) (@B (1)~ WPh(x) (4P 4 )

’x’a-&-Z

(4.27)

< 0 forx € Bs(0)\ {0},

This implies that #_ (x) is a sub-solution on B5(0)\ {0}. Let C > 0 be such that f; >
Cu_ on dBg(0). Since fi and Cu_ € HJ(Q) are respectively super-solutions and
sub-solutions to | —A— ﬁ +h(x)) ) u(x) = 0, it follows from the comparison
principle (via coercivity) that f; > Cu_ > C|x|~P-(") on B5(0)\ {0}. It then follows
from (4.24) that

g+ (x) < |g(x)| < Claf B8 < ¢y |x|(2—9/)—(l3+(7/)—[5(7))’)f:12.

Then rewriting (4.26) as
—Afi - (Pf'z +h(x) + g*) A=0
yields

y+0 (|x|(276’)7(ﬁ+(7)fﬁ7(7f)))
_Afl - |X|2 fl :0

With our choice of 68’ we can then conclude by the optimal regularity result in [106,
Theorem 8] that |x|?-(?) | has a finite limit as x — 0. Similarly one also obtains that
\x\ﬁ*“’) /> has a finite limit as x — 0, and therefore (4.25) is verified.

It follows that there exists ¢» € R such that

. 1 (&) 1
Ke) =g * epm O <|x|l3(7)> asx =0,
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which proves the existence of a solution K to the problem with the relevant asymp-

totic behavior. The uniqueness result yields the conclusion. O

We now proceed with the proof of the existence results, following again [106].

We shall use the following standard sufficient condition for attainability.

Lemma 4.4.2. Under the assumptions of Theorem 4.1.5, if

/ <|Vu]2— <y—|—h(x)> u2> dx "
0 [x[? Hyo(R")

2O )m ROEEC)

( /Q OR

then the infimum [y ;(Q) is achieved and equation (4.19) has a solution.

Q)= inf
Hr(2) ueH (9)\ (0}

Proof of Theorem 4.1.5: We will construct a minimizing sequence ue in HJ (Q) \
{0} for the functional Jf,?h in such a way that 1, ;,(Q) < b(0)">2 O, o(R"). As
mentioned above, when ¥ > 0 the infimum u%o(R”) is achieved, up to a constant,

by the function

U(x) = ! — forx € R"\ {0}.

(2—=5)B—(7) Q2=5)B+ (1) \ 2=s
(|xy g x| )

In particular, there exists )} > 0 such that

2*(s)—1
a-Lu=yY
[x[?

i R"\ {0}. (4.28)

Define a scaled version of U by

[S]

n—
—s

y e 27% . ﬁ+(7);ﬁ7<7)

n—2 n—

U X) = 8_ 2 U (7> = — — (429)
%) £ (8,2,;-(l3+(y)ﬁ(7)),x,(2 ERRNES C o )

[N

)

n—2

forx € R"\ {0}. B4 () are defined in (4.16). In the sequel, we write B, := B, (7)
and B_ := B_(7). Consider a cut-off function n € C;°(2) such that n(x) =1 ina
neighborhood of 0 contained in €.

228



(-2 (2-0)

4 4
For € > 0, we consider the test functions u; € D'?(Q) defined by ue(x) :=
N (x)Ue (x) for x € Q\ {0}. To estimate J%Z(ug), we use the bounds on Uy to obtain

20 2 20
/b(x) £ dx:/ b(x) 2 dx+/ b(x)“E— dx
o x| B;(0) x| Q\B5(0) x|

Case 1: Test-functions for the case when y <

2(5) NI
_ blen) L dxt b(ex)n(ex)? @Y i
B,15(0) x| B, 15(0) x|
U2 (S) 2%(s)

_ (B:—-)
b(O)/Rn o dx+0 (2" )

Similarly, one also has

Ve~ L2 ) d
(1= )
:/ <VU8\2—}/2U2> dx+ <]Vug]2—y2ug> dx
B5(0) x| \B;(0) [
- vup - L u? dx+0<sﬁ+*ﬁ*)
B 15(0) | |2
_/ <|VU|2—U2> dx+0(£ﬁ+_ﬁ*)
2%(s
:x/ vz dx+0(£ﬁ+‘ﬁ*).
n|xf

Estimating the lower order terms as € — 0 gives

2
g2 [%/Rn |lx]’9dx+0(1)] if B —p->2-86,
AE(X)Mg dx = 827910g <::> [nga)n—l +0(1)] if ﬁ+ _ﬁ_ —2_ 97
O (eh+=F-) if B—p-<2-86.
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And

1 2 W, _
b e (1)) %570
Q

9] (glﬁ—ﬁf)

if B—p_<2—6.

a2
Note that B; — B >2— @ if and only if y < “=2° — @=9" Therefore,

2 1
8276/ ‘U‘edx [CK] log <8> (I+0(1)) —i—‘gz—i—o(l)}
Rr | X
if y< (n—42)2 . (2—49)2’

/Qh(x)ug dx =

2% log (i) “’"2*1 [%1 log (i) (1+0(1))+2‘€2+0(1)]

if y= (n—42)2 _ (2—49)2‘
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Combining the above estimates, we obtain as € — 0,

J%h(”‘e)
M2
Jo <|Vug|2 — Vi —h(x)ué) dx

6\ 22
(Jabo' s d)
(fR"H*’ >£2 ’

T [¢11og (1) (14+0(1))+ G +0(1)]
( 0) Jfen 75— @ ) . .
lf’)/< (n=2)> (2—6) 7

_ Hyo(R") _ ) !

© b(0)2/2°()

[ 182’9]0g(

Cloele) [ %ilog (L) (1+0(1)) +2% +o(1)]
2(b(0) fan i dx )
(n—2)%>  (2-6)?

| ify="= T

as long as B — B- > 2 — 6. Thus, for € sufficiently small, the assumption that
either €, > 0 or 61 =0, %, > 0 guarantees that

Q ‘LL%()(R”)
Pyn(Q) < Ty (ue) < b(0)22)

It then follows from Lemma 4.4.2 that u, ,(Q) is attained.

-2)2 (2—-6)? —2)?
(=22 (-6F _ (=27
4 4 4
Here h(x) and 6 given by (4.11) satisfy the hypothesis of Proposition (4.4.1). Since
(n=2)>  (2-0)* 9)
4

Case 2: Test-functions for the case when

y > , it follows from (4.23) that there exists 8 € D?(Q) such that
ny ,(Q
B(x) vy o M) (4.30)
e[ -

The function K (x) := ”‘(Bj + B(x) for x € Q\ {0} satisfies the equation:

“AK - (ﬁ +h(x)) K=0 inQ\{0}
K>0 inQ\{0} (4.31)
K=0 ondQ.
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Define the test functions

ug(x) ::n(x)Ug—&—sm;ﬁfB(x) forx € Q\ {0}

The functions ue € D'?(Q) for all € > 0. We estimate Jf,fh(ug).

Step 1: Estimates for/ <]Vug|2 - (,)2’/2 + h(x)) uﬁ) dx.
Q

Take 6 > 0 small enough such that n(x) = 1 in Bs(0) C Q. We decompose the
integral as

|Vue|* — %—f—h(x) ul ) dx
o x|
oot

Y 2
+ Vue|* — ( +h ) ) dx.
Q\B;(0) <| el |x[2 () ) e )

By standard elliptic estimates, it follows that lime_,o 25— = K in Cj,.(Q\ {0}).
e 7

VP~ (1 4h >2)d
/sz\35<o> <| el (IXI2 () Jue ) dx

Hence

lim B —p-
— <|VK|2— <72 +h(x)> K2> dx
Q\B5(0) |x|

= <—AK— (2 +h(x)> K) K dx+/ KoyK do
Q\B;(0) ] 9(2\B5(0))
9(Q\B;(0)) 9B;(0)
Since B+ + B = n— 2, using elliptic estimates, and the definition of K gives us

B+ my,h(Q) 1
KoK = — S (n—2) P +o T as x — 0.
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Therefore,

— PP, (513[?:!3 + (n—2)my,h(Q)+05(1)>

Now, we estimate the term (]Vug|2 — <‘}|/2 +h(x )> Mﬁ) dx.
B5(0)

B+—B—

First, ug(x) = Ue(x)+€ 2 B(x) for x € Bs(0), therefore after integration by

parts, we obtain
o (78 = (g 09 ) )
B5(0) x|
= VU|* — [ =5 +h(x ) 2)
oo (707 (i :
+2eﬁ*5ﬁ’/ <VU6 Vp— (7’2 ) ﬁ)dx
Bs(0)
+eﬁ+*ﬁf/ (yvmz— (”2 +h(x)> B2> dx
B5(0) x|
T u

— ( AUS 2 > US dx+/ Uga Ug dG
B;(0) x| 9B5(0

—/ h(x)U2 dx+2e"2 / < AUe dx— LU >[3dx
B5(0) B5(0) x|
B+—B— B+—B—
—2e™5 / W)U dx+2¢" / BaUe do
Bs(0) 9B5(0)

+ePp /35(0) (yvmz— mz +h(x )) B2> dx.

We now estimate each of the above terms. First, using equation (4.20) and the

expression for U, defined as in (4.29), we obtain

/ <_AU8 yz > Ug d.x = x U€ s
B5(0) x| Bs(0) x|




and

Bi—B-
€

= — - B+—B-

/935(0) UedyUe do B 5B B +os (8 ) as € — 0.

Note that

_1)2 _0n)2
B+—l3-<2—9<:w>(” 42) @ 49) = 2B, +6<n.

Therefore,

1
h(x)U? dx =0 s/ﬁ—ﬁf/ 4 ) — o5 (BB £ 0.
/Bg(()) (X) e ax < B5(0) |x|2/3++9 X 05( ) as

Again from equation (4.20) and the expression for U and 3, we get that

/ <—AU8 dx— YZUE) B dx
B5(0) x|
By+B—

Y
=& 2 / (—Ade—U) ex) dx
B, 1,00 el ) Plev)

€

Y —B_ By —p-
—AU dx———=U | |x dx+og(€ 2
815<0>< [x[2 )’ | 5( )

(- ax— e Yuas
9*15(0) |X|

By—B— avU Bi—B_
—myp(Q)e 2 / 7d0+06(872 >
Y ( ) 9B, 15(0) \x\ﬁ*

B+—B— B+—B—
:B+my,h(9)wn—18 5 +os (8 2 )

Similarly,

/ BovUe do = _B-&-m%h(g)wn—lf:% + o5 (8%> .
9B5(0)
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Since B4 +PB-+0 =n—(2—0) < n, we have

B+—B— 1
hix)UBdx=0|€ 2 / ——— dx
/35(0) (WUep ( B5(0) ‘x‘ﬁ++ﬁ’+9 >

By—B—
= 0§ (8 2 ) .

And, finally

ghi—b- /35@ (\Vﬁ]z - (,xyz +h(x)> ﬁ2> dx = og(ePr ).

Combining all the estimates, we get

/35(0) (\vueyz - <|)2|/2 +h(x)> u§> dx

2%(s) B+—B-
=X L dx e’

_ B+—B-
oo T T PO Toale ).

So,

/Q (|w£|2 - (yxyz +h(x)> ug> dx

2%(s)
:%/ U der (anl(nfz)myh(g)glh_ﬁf +06(8ﬁ+_ﬁ7)
R

n |x|S

2*(s)
“e dx

e

Step 2: Estimating / b(x)
Q
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One has for § > 0 small

0
b d
)
2%(s) 2%(s)
= b(x)us . a'x+/ b(x) te — dx
B5(0) ] Q\B5(0) x|
BB 2%(s)
(Ve +€7B)) .
= b(x) dx+o(eP+P-)
B5(0) x*
20) bp y2 -1
= b(x dx+¢e 2 2*s/ b(x B dx
B5(0) ) |x[$ ) B5(0) ) |x[*
+o(ePP)
— [ b ve drt =20 / b(x) <—AU - "u ) B dx
Bs0) |l X B0 P
+o(ePrF)

2%(s) %
=b(0) / U7 axy ;S)b(o)ﬁ+my,l.a(g)wn18ﬁ+_ﬁ +o(eP=F).
R )

o fx]®
So, we obtain

T a(tte) (4.32)

2
2 He 2
_/Q<\Vu8\ y|x|2 h(x)u8> dx

a . 2/2%(s)
’Us‘z (s)
b d
( AT

Hy,0(R") -1 (B — B-) B.—B. B.—B.
= D0 (Q PP (P,
bl () pre YO ( )
b(0) / dx
R |x[S
(4.33)

Therefore, if m,;(£2) > 0, we get for € sufficiently small

Hyo(R")

Q
Py (Q) < Iy (ue) < m
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Then, from Lemma 4.4.2 it follows that i, () is attained. O

Remark 4.4.3. Assume for simplicity that (x) = A |x|~® where 0 < 8 < 2. There is
a threshold A*(Q) > 0 beyond which the infimum p,, ; () is achieved, and below

which, it is not. In fact,

A7(Q) 1= sup{ 1y () = pyo (R},

Performing a blow-up analysis like in [106] one can obtain the following sharp

results:

e In high dimensions, that is for y < @ - % one has A*(Q) = 0 and

the infimum g, 5 (Q) is achieved if and only if 1 > A*(Q).

e In low dimensions, that is for % — % < 7, one has A*(Q) > 0 and

Uy 2 (L) is not achieved for A < A*(Q) and u, 5 (Q) is achieved for 4 >
A*(Q). Moreover under the assumption iy ;-(€2) is not achieved, we have
that m, 3-(Q) = 0, and A*(Q) = sup{A : m,; (Q) < 0}.

4.5 Existence results for compact submanifolds of B"

Consider the following Dirichlet boundary value problem in hyperbolic space. Let
Q €B" (n > 3) be a bounded smooth domain such that 0 € Q. We consider the

Dirichlet boundary value problem:

—Agnu— YWou— Au = Vz*(s)uz*(s)_] in Q
u>0 in Q (4.34)
u=20 on dQ,
where L e R,0<s<2and y< yy := %.
We shall use the conformal transformation gp: = (pn%2 8Eucl> Where

n—2

Q= (1_2r2> * 1o map the problem into R”. We start by considering the
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general equation :
—Agnu — YWou—Au=F(x,u) inQecB", (4.35)

where F(x,u) is a Carathéodory function such that

2%(s)—2
|F (x,u)| < Clu <1+|MS> for all x € Q.
r

If u satisfies (4.35), then v := @u satisfies the equation:

2 2 n(n—2 2 2 nt2 v .
—Av—}/<1_r2> Vzv—[l— (4 )] <l—r2> v:(p"§f<x,q)> in Q.

2
On the other hand, we have the following expansion for ( 2 ) Vs

1—r?

(2) - s (42

where f(r) and G(r) are given by (4.1). We then obtain that

(L +24+8+g3(r) when n =3,
’ \2
<1 —r2> Va(x) = %2 +8log i —4+4gu(r) when n =4, (4.36)
B () when 1> 5.

where for all n > 3, g,(0) = 0 and g, is C°([0, §]) for § < 1.

This implies that v := @u is a solution to

—av- T [}/a(x)+ (A-”%‘”) <1_2r2>2] Ry <x,(;).

where a(x) is defined in (4.8). We can therefore state the following lemma:
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Lemma 4.5.1. A non-negative function u € H}(Q) solves (4.34) if and only if
v:= @u € H}(Q) satisfies

—Av— (ﬁ—i—hy?l(x))v:b(x)v Fig inQ

v>0 inQ (4.37)
v=0 on 0Q,
where
40 —n(n—2)

hy 5, (x) = va(x) + W,

a(x) is defined in (4.8), and b(x) is a positive function in C°(Q) with b(0) =
(n—2)%
22-s

if and only if the corresponding Euclidean operator L% =—A- <|)3|/2 +hy (x)>

. Moreover, the hyperbolic operator L%Efn := —Apgn — V5 — A is coercive

is coercive.

Proof. Note that one has in particular

( A3

4—]+8y+(;‘_—;)2+yg3(r) when n =3,

[8ylog! —4y+42 — 8]

2(2—p2
h%/l (x) = h%l (r)= +vga(r) + (44 — S)ﬁ when n =4,

4(n—-2) | n— n(n—4
&—4) [nfzztl"‘?'_ (4 )}
2 2
+7rgn(r)+(4l—n(n—2))% when n > 5,
(4.38)

with g,(0) =0 and g, is C°([0, 8]) for § < 1, for all n > 3.

Let F(x,u) = VZ*(‘Y)uz*(S)_l in (4.35). The above remarks show that v := @u is
a solution to (4.37).
For the second part, we first note that the following identities hold:

n(n—2)
/Q<|V]B"M|2—4“2> dvgy, :/Q]Vv|2 dx
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and

2 \2
2 2
/Qu dng:/Qv (l—r2> dx.

If the operator LIE" is coercive, then for any u € C*(Q), we have (L%’lu,w >

CHqu{é(Q), which means

/Q(\V]Bnu]z—yvzuz)dvgwEC/Q(\VBMF—Fuz)dVgW,.

The latter then holds if and only if

(L) = /Q (\W\Z - (1_2r2>2 (yvz— ”(”4_ 2)> v2) dx
> C/Q (\WM <1 _2r2)2 <”<"4_ 2, 1) v2> dx

! 2 2 2
zc/g(\wy +7) dx > ellull}y g

where v = @u is in C*(Q). This completes the proof. O

At this point, the proof of Theorems 4.1.2 and 4.1.3 follows verbatim as in the
Euclidean case.

One can then use the results obtained in the last section to prove Theorem 4.1.4
stated in the introduction for the hyperbolic space. Indeed, it suffices to consider
equation (4.37), where b is a positive function in C I (ﬁ) satisfying (4.7) and h% 2 18
given by (4.38).

I >S5, then lim s (x) = 2 [2=4a 4y = "] which s positive
x| —

n—2 (nn—4)
A > —-7).
n—4 < 4 Y)
Moreover, since in this case 8 = 0, the first alternative in Theorem 4.1.5 holds

when y < % —1= "("4_4). For ("_42)2 —1<y< ("_42)2, the existence of the

provided

extremal is guaranteed by the positivity of the hyperbolic mass mI; 5, (Q) associated
to the operator LE", which is a positive multiple of the mass of the corresponding

Euclidean operator.
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When n =4, we can use the first option in Theorem 4.1.5 using the logarithmic
perturbation if
1\ !
lim | log— h =8y>0
i, (e ) o) =or
and, since 6 =0,

(4—2)?
<~ —1=0.
Y < 1 1=0

This is impossible. In the absence of the dominating term with log ‘71‘, i.e. when

2)

Y =0, we get existence of the extremal if A > 4(4T_ = 2. Otherwise, we require

the positivity of the hyperbolic mass m’f A

Similarly, if n = 3, the threshold for y with the singular perturbation ITI\ (i.e.

0=1isy< (3;2)2 — }L = 0. In order to use the first option in Theorem 4.1.5, we

have to resort to the next term 4A — 3, which is positive when A > %, in the case
y=0. When y> 0 or A < 3, one needs that me{A > 0.
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