CRYSTALLIZATION AND THERMO-VISCOELASTIC MODELLING OF POLYMER

COMPOSITES

by

Kamyar Gordnian

B.Sc. (Mechanical Engineering), Sharif University of Technology, 1999

M.Sc. (Mechanical Engineering), Sharif University of Technology, 2002

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF

THE REQUIREMENTS FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY
in
THE FACULTY OF GRADUATE AND POSTDOCTORAL STUDIES

(Materials Engineering)

THE UNIVERSITY OF BRITISH COLUMBIA

(Vancouver)

October 2017

© Kamyar Gordnian, 2017



Abstract

Process models of composite materials are useful tools for understanding the effect of process
parameters and variables on the final part and reducing manufacturing risks and costs. Sub-model
approach for process modelling has been developed and used for processing of thermoset
composites since the early 1980s. In this approach analysis is performed in different sub-models
such as thermochemical, flow, void and stress, and the analysis results from one sub-model are
sequentially transferred to another sub-model, until the analysis is complete. In recent years there
has been growing interest in using high performance thermoplastics such as PEEK and PEKK in

aircraft structures.

During processing of thermoplastic materials, the material undergoes melting and crystallization,
based on the temperature cycle. Therefore a major component of the
thermochemical/thermophysical sub-model for process modelling of thermoplastics is the
crystallization kinetics/melt kinetics model. Most of the crystallization kinetics models in the
literature are valid for constant temperatures or cooling at constant cooling rates. The number of
melt kinetics models are very limited and their application is restricted to small heating rates. As
a material point in the part may undergo complex temperature cycles, having a rate-type

crystallization/melt kinetics model which is independent of the temperature cycle is desired.

Another problem in processing of composites is development of residual stresses and shape
distortions in the final part. The stresses and distortions are analyzed in the stress sub-model using
the constitutive model for mechanical response. Different constitutive models are available in the

literature including thermo-elastic, CHILE and viscoelastic. Most thermoplastic materials such as



PEEK are viscoelastic, however their unrelaxed values of moduli are temperature dependent, or

their behaviour is ‘thermo-rheologically complex’.

In this thesis the crystallization and melt behaviour of PEEK carbon fibre composites is
investigated using different DSC experiments. A rate type crystallization kinetics model is
developed for prediction of degree of crystallinity during crystallization process. A concept of
‘master melt curve’ is introduced and is used along with the crystallization Kinetics model for

prediction of crystallinity change during an arbitrary process.

Thermo-viscoelastic behaviour of the material is studied using DMA experiments. A thermo-
viscoelastic (TVE) constitutive model is developed and is generalized to three dimensional cases
for analyzing the stress and deformation response of the material. Some case studies are analyzed

and validity of both crystallization/melt kinetics and TVE models are investigated.



Lay Summary

Planes and cars must work in demanding environments; needing to be lightweight and strong.
Traditionally, the only materials which can survive under these conditions have been metals, like
aluminum. Newer materials called ‘fibre reinforced polymers’ use strong fibres and glue to offer
comparable strength and lighter weight. This glue is rigid at room temperature but runny, like
honey, when very hot. When heating, the transition between hard and soft is complex and

insufficiently understood.

A prohibitively expensive strategy for working within this complexity is to make many parts and
testing and breaking them to see which condition made the strongest part. A better strategy is to
use computers to create virtual parts and see which condition results in the best part. The
difficulty, and goal of this thesis, is to give the computer the right set of mathematics and

properties so that the virtual parts behave like real world parts.
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Chapter 1: Introduction and Background

1.1 Process modelling of composite materials

Polymeric composite materials are generally categorized into thermoset and thermoplastic
composites. Thermoplastic composites have fast processing cycles, can be formed/reformed by
application of heat and pressure and are resistant to environmental conditions. Their common
applications include bridges, railroad ties and automotive parts. Most composite materials used in
the aerospace industry are thermoset composites, however, thermoplastic composites have been
used for aircraft interior structures such as pressure bulkheads. Other aerospace applications of
thermoplastic composites are the undercarriage door of the Fokker 50 and the fixed wing leading
edges of the Airbus A340 and A380. In recent years, there has been a growing interest to produce

primary aircraft structures, such as fuselage panels, from thermoplastic composites.

How well the processed part meets the design conditions, dimensional fidelity, is an important
issue in the processing of composite materials. Processing of composites involves complex
physical phenomena such as heat transfer, resin cure or crystallization, resin flow and stress
development. For both thermoset and thermoplastic composites, the cured or crystallized
component has different dimensions at room temperature from the tool it was processed on. The
main drivers for these deviations are differences between thermal expansion coefficients of the
tool and part, anisotropic thermal expansion (and contraction) and cure/crystallization shrinkage
of composite part, tool-part interaction, and non-uniform temperature and cure/crystallization
distributions in the composite part. A non-uniform distribution of temperature and degree of

cure/crystallization leads to inhomogeneous mechanical properties in the part which in turn results



in residual stresses and dimensional changes. Residual stresses can further cause cracks and failure

in the product.

It is always desirable to have control on dimensions and residual stresses of the product during the
process. Unsuccessful dimensional control leads to problems during assembly, especially for
complex geometries and large components, which in turn leads to extra cost and time. Dimensional
deviations can be controlled by controlling each of the drivers. Another approach is to change the
tool geometry so that the final product after the dimensional deviations meets the designed

conditions.

The traditional approach for managing these issues was making a tool, processing the part with
some pre-assumed process parameters (based on experience), measuring the dimensional
deviations of the part after the tool removal at room temperature and then modifying the tool and
process parameters and repeating this (trial and error) to achieve the desired product. The main
disadvantage of this approach is that one cannot understand the important parameters that control
the deformations and therefore it is not possible to ensure that the optimum process conditions are
achieved. On the other hand, if the product is large size, it is not possible (cost-wise and time-wise)
to do the trial and error process with the real scale part and therefore a small scale prototype is
made. The problem with this small scale prototype methodology is the uncertainty concerning

valid representation of the final product and process conditions.

According to the aforementioned discussions it is highly advantageous to have process modelling
packages to establish the required process parameters virtually. Process models help us understand
qualitatively and quantitatively the effects of the process variables and parameters on the

dimensional changes and residual stresses of the final product. Therefore the number of trial and
2



error tests will be reduced significantly, optimum process conditions are ensured and consequently

production risks and costs are minimized.

Loos and Springer [1] introduced a sub-model approach for process modelling of thermoset
composites. Their analysis consists of thermochemical, flow, void and stress sub-models. Each of
these sub-models calculates some of the process state variables such as temperature, degree of cure
and viscosity, pressure and resin flow, void size and residual stresses. The analysis results are

sequentially passed from one sub-model to another, until the analysis is complete.

The core component of the thermochemical sub-model for thermoset composites is the cure
kinetics model. The energy equation (heat transfer equation), is coupled with the cure kinetics
model, as the heat source, and is solved within the thermochemical sub-model and the degree of
cure history and temperature history during the process is predicted. The thermochemical sub-
model can be used as a user material subroutine with a commercial finite element code for
prediction of temperature and degree of cure distribution and history, throughout the composite

part, during the process.

This sub-model approach for process modelling can be used for processing of thermoplastic
composites as well [2]. For thermoplastic composites, the main component of the
thermochemical/thermophysical module is the crystallization kinetics/melt kinetics model. These
models are used for heat transfer analysis and prediction of temperature and degree of crystallinity

history, throughout the thermoplastic composite part, during the process.



Mechanical response constitutive models are used in the stress sub-model for prediction of process
distortions and residual stresses. Different generations of constitutive models have been used for

process modelling of composite materials. These models will be reviewed in Chapter 2.

The focus of this research is on the further development of the available process modelling
approach for both thermoplastics and thermoset composites. The scope and research objectives

are explained at the end of Chapter 2.



Chapter 2: Literature Review and Research Objectives

As explained in Chapter 1, in the sub-model approach for process modelling, different sub-models
such as thermochemical, flow, void formation and stress exist and the results from one sub-model

are sequentially passed to the next sub-model, until the process simulation is complete.

For thermoset composites, the main component of the thermochemical sub-model is the cure
kinetics model. For thermoplastic composites, chemical reactions do not occur in the material
during the process. Therefore, it is more relevant to use the name thermo-physical for this sub-
model. The main components of the thermo-physical sub-model for thermoplastics composites are

the crystallization kinetics and the melt kinetics models.

In the stress sub-model, stress and strain components are related by means of the mechanical
constitutive model. Different mechanical constitutive models have been used for process

modelling of composites.

In this chapter we review crystallization and melting of polymers. Some of the available models
are also introduced and reviewed. The constitutive models for mechanical response used for

process modelling are also briefly reviewed in this chapter.



2.1 Crystallization kinetics

Polymer crystallization has been a subject of interest to polymer physicists for many years. Many
polymers, when cooled down from molten state, form a semi-crystalline spherulitic microstructure.
In this section the morphology of semi-crystalline polymers and also overall crystallization

kinetics theories are briefly reviewed.

2.1.1 Semi-crystalline polymers

In some polymers, molecular chains can pack together and form crystalline structures.
Experimental results show that polymers are only partially crystallized and crystalline and
amorphous regions coexist in the material. For example, the measured density of the material is
intermediate between the density of the crystal and that of the amorphous phase. The first
proposed model for explaining the semi-crystalline structure was the ‘fringed-micelle’ model [3],

as shown schematically in Figure 2-1.



Figure 2-1 Fringed-micelle model for semi-crystalline polymers

In Figure 2-1, the regions which are schematically shown as parallel lines are the crystalline
regions. As shown in Figure 2-1, one molecular chain can pass through several crystalline and

amorphous regions.

As the fringed-micelle model failed in explaining the very thin platelet form of polymer single
crystals, the ‘chain-folding’ model was introduced by Keller [4]. In the chain-folding model as
shown schematically in Figure 2-2, a single molecular chain enters and exits the same crystal
many times by folding regularly on the crystal base surface and it is normal to the crystal surface.

Such a crystalline structure was termed chain-folded lamellar crystal.



Figure 2-2 Schematic of chain-folded lamellar structure

The existence of lamellar structure was also reported by Palmer [5] with a less regular chain
folding format. Lamellar structures are parts of larger crystalline structures, known as the
spherulites. Arrays of lamellar structures act as the radii of each spherulite. A schematic of the

spherulite is shown in Figure 2-3.

Figure 2-3 Schematic of spherulite



During the crystallization process under isothermal conditions, the radii of the spherulites
increase with time. Finally the spherulites impinge on one another and form spherulites

boundaries. Amorphous regions exist in the intermediate spaces between lamellar structures.

2.1.2  Crystallization kinetics models

The crystallization kinetics of polymers is typically studied as isothermal crystallization or non-

isothermal crystallization separately.

Isothermal crystallization kinetics of semi-crystalline polymers is generally investigated using
Avrami [6]-[8] and Evans’ [9] models. Although Avrami’s model is based on the concept of the
so-called ‘extended volume’ and Evans’ model is derived from probability theory, both approaches

are identical.
According to Avrami

Xpe = Xoo[1 — e7*"] (2-1)

In Equation (2-1), X,,. is the volume fraction of crystallinity, X, is the equilibrium (final) volume
fraction of crystallinity, k is the Kkinetics constant, n is the Avrami exponent and t is the

crystallization time. Equation ( 2-1 ) is also known as Johnston-Mehl-Avrami-Kolmogorov



(JMAK) and has been used for studying isothermal crystallization and recrystallization of metals
[10], [11]. This model can be expressed in differential form as

d(Xpe/Xe)

dt nkl/n(l - ch/Xoo)[ln(l/(l - ch/Xoo))](n_l)/n (2-2)

Most crystallization kinetics models for non-isothermal crystallization are extensions of Avrami’s
or Evans’ model [12]. As an example, Ozawa [13] proposed a model for non-isothermal

crystallization at constant cooling rates based on Evans’ model as

P20
] (2:3)

XUC=XOO[1—e am

where a is the cooling rate, y-(T) is the cooling rate function and m is Ozawa exponent. Ozawa
showed that Equation ( 2-3 ) can be used to predict the degree of crystallinity of poly ethylene
terephthalate, PET, in constant cooling rate experiments. Ozawa’s model needs the values of
crystallinity for different cooling rates at each target temperature. Therefore it is not possible to
cover a wide range of cooling rates and temperatures [12]. Moreover it is restricted to constant

cooling rate conditions and is therefore not suitable for process modelling.

A generalization of Avrami equation was proposed by Nakamura et al [14] as:

Xpe = Xoo [1 - e_(fOtK(T)dt)n] (2-4)

10



Nakamura’s model is derived from Avrami’s model for non-isothermal conditions. According to
the authors [14], this model is valid within a temperature range where the ratio of the secondary
nucleation growth rate to the frequency of activation of primary nuclei is constant (isokinetic

assumption). An equivalent of Nakamura’s model was also presented by Billon et al [15].

Differential forms of kinetics models are more useful for process modelling, as the material may

undergo arbitrary temperature cycles. A differential form of Nakamura’s model was presented by

Patel and Spruiell [12] as:

d(Xv;{Xoo)_ = nK(T)(1 — Xpe/X)[IN(L/(1 — Xy /X)) D/n (2:5)

Equation ( 2-5) is equivalent to the differential for of Avrami (Equation ( 2-2)). The integral and

differential forms of Nakamura’s model predict the crystallization, identically.

Kamal and Chu [16] proposed an empirical integral Avrami expression to represent the non-

isothermal primary crystallization:

t n—
Xpe = Xoo |1 — e~ JoK(Dme ldt] (2-6)

Similarly, a differential form of Equation ( 2-6 ) was presented by Patel and Spruiell [12]:

el Ra) _ ok (ry(1 ~ Ko/ X (2:7)
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Equation ( 2-7 ) depends explicitly on residence time which is difficult to keep track of in a process

and makes this model unsuitable for process modelling.

Dietz [17] argued that neither Nakamura’s nor Kamal’s model accounted for the effects of

secondary crystallization and introduced a modified differential crystallization kinetics model:

d(ch/Xoo) B Xve/Xoo ]

T = K (T (1 = Ko/ X )t e 1T/ Yo (28)

As mentioned by Patel and Spruiell [12], Dietz mistakenly considered Equation ( 2-8 ) as a
modification of Nakamura’s model, however, the model is in fact a modification of the differential
form of Kamal’s model, Equation ( 2-7 ). Patel and Spruiell argue that although the Dietz model
improves Kamal’s model for secondary crystallization, it introduces an additional parameter «

which makes characterization more difficult.

Both the Nakamura model and the Kamal model reduce to Avrami’s model under isothermal
condition. As shown by Patel and Spruiell [12] both models in their integral form over-predict the
non-isothermal crystallization data. However, Nakamura’s predictions are more accurate. The
cause of over-prediction of crystallinity in these models is not accounting for the induction time

for nucleation [12], [18].

The integral form of Kamal’s model, like its differential form is explicitly dependent on the

residence time, t, which makes it improper for process modelling.
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Velisaris and Seferis [19] proposed a model consisting of two separate Avrami type crystallization
processes, in parallel, for modelling the primary and secondary crystallizations of PEEK and APC-
2 PEEK composites. This model is based on the integral Avrami expression of Kamal and Chu,
Equation ( 2-6 ). Recently, Bessard et al [20] introduced a similar dual mechanism model by

combining two differential forms of the Nakamura model, Equation ( 2-5), instead.

Cebe [21] reexamined and revised the Velisaris and Seferis model for APC-2 PEEK. Fitting the
data for non-isothermal cooling rates of 1, 5, and 10 °C/min, Cebe obtained different values of
parameters for different cooling rates. Hence, this model is of little practical significance in process

modelling [12].

As mentioned, differential forms of kinetics models are more useful for process modelling, as the
material may undergo arbitrary temperature cycles. In all crystallization kinetics models, reviewed
in this chapter, some specific functional form is assumed for crystallization rate. As discussed,
none of these forms are valid for the complete range of crystallization regimes. Therefore, fitting
any of these models to experimental data will introduce some error in prediction of crystallinity.
A more practical approach is avoiding these unwanted errors by not assuming any specific
functional forms. This approach which was introduced by Vyazovkin [126] is the basis of

crystallization kinetics modelling in this work.
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2.2 Melting of polymers

2.2.1 Factors affecting the melting behaviour

The melting behaviour of polymers is affected by a number of phenomena including
recrystallization and thickening of the lamellae [22]. Crystals formed from solution or melt are
usually metastable [23]. During crystallization chain folded narrow strips or lamellae are formed
on surfaces of growing crystals. The thickness of a lamella is determined by crystallization
conditions, temperature and supercooling [23]. According to Jaffe and Wunderlich [23], the crystal
grows in the form of folded chains up to the point that it is unstable relative to the extended chain

crystal of the same weight. At that point the crystal thickens to a more stable crystal.

When a crystalline material is heated, the metastable crystalline regions melt which is followed by
formation of crystals from the newly melted material. This phenomenon is known as
recrystallization. As will be explained in the next section, a double peak behaviour is observed in
heat flow curves of PEEK during a melting experiment. This behaviour is explained by some
researchers as the result of continuous melting and recrystallization of the crystalline structure

[24], [25]. This phenomenon is explained in detail in section 2.2.2.

Another possible phenomenon upon heating is reorganization and thickening of crystalline
lamellae at a temperature which is very close to the melting point and the resulting crystals usually

have a higher melting temperature.
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2.2.2  Melting behaviour of PEEK

Melting behaviour of PEEK has been extensively studied in the literature. Blundell and Osborn
[26] explored the morphology and related properties including crystallinity, crystallization and
melting behaviour, lamellar thickness and spherulitic structure of PEEK utilizing differential
scanning calorimetry (DSC), wide-angle X-ray diffraction and small-angle X-ray scattering
techniques. They prepared isothermally crystallized samples of PEEK at 200 °C, 230 °C, 270 °C
(cold crystallization), 310 °C and 320 °C (melt crystallization). All samples were heated up at
20 °C/min in a DSC. In all cases a double peak behaviour is observed in the DSC thermograms.
The peak at lower temperature (usually smaller) occurs about 10 °C above the isothermal
crystallization temperature. The peak at higher temperature (usually larger) is observed in the
vicinity of 335 °C. Blundell and Osborn [26] associate the lower temperature peak with melting of
the crystalline region formed during the previous isothermal crystallization. They believe the
polymer goes through continuous melting and recrystallization upon heating above the lower peak
temperature. There is a competition between these processes until the material reaches a
temperature at which the net melting rate experiences a maximum and the higher temperature peak

is observed.

In a later study [27], Blundell examined the double peak melting endotherms of isothermally
crystallized PEEK in terms of two schools of thought: (i) two peaks are due to melting of two
separate populations of crystals morphologies; (ii) they are related to continuous melting and
recrystallization of a single crystal morphology. Argument (i) is supported by researchers like
Cebe and Hong [24] and Cheng, Cao and Wunderlich [25]. They argue that the higher temperature

peak is due to melting of main crystals formed during isothermal crystallization and the lower
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temperature peak is related to less stable crystals grown in the intermediate spaces of main crystals.
Blundell [27] conducted experiments on four PEEK samples. All samples were isothermally
crystallized at 210 °C in a hot press for 30 min. Three of the samples were post annealed for 2 min
at 250 °C, 275 °C and 300 °C. The short annealing time was chosen to avoid thickening of the
crystals. All samples were heated in a DSC at 20 °C/min and 80 °C/min. Experimental results
show that post annealing essentially affects the lower temperature peak and the higher temperature
peak remains unchanged. With increasing the heating rate, the position of the lower temperature
peak is raised and the position of the higher temperature peak is lowered. Also crystallinity and
overall crystal perfection is increased as the temperature is increased above the isothermal
crystallization temperature. Blundell argues that all these observations are in agreement with
hypothesis (ii) which involves continuous recrystallization of just one type of crystalline
morphology. The lower temperature peak is explained as the point where the original crystals
become unstable and melting and the recrystallization process starts. If the heating experiment
stops at this point, the crystal population are more stable compared to the original one. If the
material is heated again, the lower temperature peak occurs at a higher temperature compared to
the original one. This phenomenon was observed in the post annealed samples. The higher
temperature peak is described as the point where the resultant of rates of melting and
recrystallization reaches a maximum. Also since the recrystallization is mostly controlled by
molecular characteristics rather than crystalline population it is not affected by crystallization

history.

Argument (ii) has also been suggested by Lee and Porter [28]. In their experiments they report an

increase in the heat of fusion and peak temperature of the lower melting peak and a decrease in the
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heat of fusion and peak temperature of the higher temperature peak with increasing heating rate.
They clarify that as the heating rate is increased, the amount of crystalline region that has time to
recrystallize is decreased; which results in a smaller higher temperature melting peak and a larger
lower temperature melting peak. The decrease in the temperature at which the higher temperature

melting peak occurs is explained due to the shorter reorganization times.

Ivanov et al [29] reported two types of reorganization behaviour upon reheating cold crystallized
PEEK specimens. While the temperature is lower than T, + ~50, due to low mobility of
amorphous regions, all reorganizations are lamellar scale which results in a slight increase of the
crystal thickness. Increasing the temperature, causes larger scale reorganizations which consists of
melting and recrystallization of whole lamellae, resulting in more stable and thicker crystals with

lower state of free energy.

2.2.3  Melting kinetics models

Unlike crystallization kinetics, melting kinetics models, capable of quantitatively predicting the
amount of melting, are not as widely studied in the literature. To the best knowledge of the author,
the only melting kinetics model is the one introduced by Maffezzoli et al [30]. In their paper about

induction welding of PEEK/Carbon fibre composites [30], they defined a degree of melting, X,

as

Xf = (ch _chi)/chi (2-9)
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where X, is the degree of crystallinity (crystallinity volume fraction) and X,,; is the initial degree

of crystallinity. They adopted a simple nt"- order kinetic model for melting as

dX;/dt = K(T)(1 - X;)" (2-10)

with K (T) given by an Arrhenius expression

K(T) = Kye Ea/RT (2-11)

In Equations ( 2-10) and ( 2-11), n is the Kkinetics order, K, is the pre-exponential factor, T is the
temperature, E, is the activation energy of the melting process and R is the universal gas constant

(8.314 J/K.mol).

The model given by Equations ( 2-10 ) and ( 2-11 ) has been extensively used by researchers for
both process simulation of thermoplastic composites and bonding simulation of thermoplastics,

and key works are described next.

Jacobsen et al [31] presented a transient two-dimensional anisotropic heat transfer analysis for
resistance welding of thermoplastic composites. They considered three mechanisms for internal
generation or absorption of heat in the heat equation. These include the resistance of the heating
element, the heat absorbed during melting and the heat generated during crystallization. Melting

heat is assumed to be proportional to the melting rate which is calculated using Equation( 2-10 ).
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Ageorges et al [32] incorporated Maffezzoli’s melt model [30] coupled with a crystallization
kinetics model [13], [19], [33] into a three-dimensional transient heat transfer/consolidation model
for resistance welding of APC-2 laminate/PEEK film. In their analysis, they assume the onset and
completion temperatures of crystal melting are constant at 320 °C and 385 °C respectively. They
conclude that the effect of latent heat of crystallization and melting on the heat transfer during
resistance welding is negligible, as a small quantity of the material is subjected to phase

transformation.

Nicodeau [34] examined the applicability of Maffezzoli’s model [30] for different conditions and
realized that the model is not valid for all cases (for example 40 °C/min). They concluded that the

melt model is difficult to use.

Mantell and Springer [2] introduced a manufacturing process model for thermoplastic composites.
This model consists of three sub-models; thermo-chemical, consolidation and bonding, stress and
strain. The energy equation in the thermo-chemical sub-model has two unknowns, namely
temperature and degree of crystallinity. They incorporated Maffezzoli’s model [30], combined
with a crystallization kinetics model [19], in the thermo-chemical sub-model. This additional
expression completes the formulation of the problem. The sub-model adopts the crystallization
kinetics model during cooling (dT/dt < 0) and uses the melt kinetics model during heating
(dT /dt > 0). Mantell and Springer [35] later used the same approach for process modelling of
filament winding. Maffezzoli’s melt model [30] was also adopted via a similar approach by
Sarrazin and Springer [36] to assess the influence of processing parameters on quality of parts

made by tape laying process.
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Sonmez and Hahn [37] employed Maffezzoli’s [30] melt model coupled with a crystallization
kinetics model [38]-[40] for analyzing the crystallization behaviour of thermoplastic composites

(carbon fibre reinforced PEEK) during the tape placement process.

Tierney and Gillespie [41] developed an experimental setup for rapid heating and cooling of
composite laminates. They applied Maffezzoli’s model [30] and a crystallization kinetics model
[19] for prediction of the final degree of crystallinity under very high heating and cooling rates
and concluded that the model predictions are in good agreement with their experimental
measurements. As mentioned, the model predictions and experimental results are compared for

the final degree of crystallinity and not during the process.

2.3 Mechanical constitutive models for process modelling

2.3.1 Linear elastic models

Hahn and Pagano [42] assumed linear elastic behaviour in their analysis. They considered a total
stress-strain-temperature formulation for determination of the curing stresses in boron/epoxy

composite laminates. The considered constitutive equation in unidirectional form was

— 1 TT
e—ma+e (T) (2-12)
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where E(T) is the temperature dependent modulus and €7 (T) is the thermal expansion/shrinkage
strain. Similar material behaviour was used in the works of Loos and Springer [1] and Nelson and
Cairns [43]. Nelson and Cairns created a simple closed-form solution for the change in the original
angle, hereafter referred to as ‘spring-in’, of a curved composite part subjected to a change of
temperature as

Ag — (CTEy — CTER)
~ 7 14 CTERAT

(2-13)

In Equation( 2-13 ), A6 is the spring-in, 6 is the original angle, AT is the temperature change, and

CTER and CTE, are the radial and circumferential coefficients of thermal expansion, respectively.

Elastic models provide some general and qualitative insight about the process, however, they are

not accurate quantitatively.

2.3.2 Chemical hardening models

The effects of chemical hardening on mechanical properties of isotropic thermoset materials was
studied by Levitsky and Shaffer [44]-[46]. Considering these effects, Cure Hardening
Instantaneously Linear Elastic constitutive models (CHILE) were used by Bogetti and Gillespie
[47], Lange et al [48], Johnston et al [49], [50], Fernlund et al [51] and Antonucci et al [52] in
their works (The term CHILE was introduced by Johnston et al [49]). CHILE models consider the

cure and temperature dependent elastic modulus and assume a linear elastic relation for the stress
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increment in terms of the strain increment at each instant of the process. Mathematically, a CHILE

constitutive model in the uni-axial form is expressed as

Ao = E(T,a)Ae (2-14)

where E (T, a) is the instantaneous modulus of the material at the temperature T and the degree of

cure «a.

2.3.3  Viscoelastic models

Polymer materials are known in general to show time dependent or viscoelastic mechanical
behaviour. Although CHILE models can represent the behaviour of thermosets during curing, they
are not valid when the modulus is decreasing, such as during post-curing after tool removal.
Viscoelastic models are then essential as they consider the relaxation phenomenon in the material.
Some authors like Weitsman and Harper [53]-[55], Yeoh et al [56], Wang et al [57] and Plazek
and Choy [58] have considered that the history dependent mechanical behaviour of the material is
only a function of temperature. Adolf and Martin [59] and later White and Hahn [60], [61] took
into account the change in the microstructure of the material and therefore considered the time
dependent mechanical properties as a function of degree of cure and temperature. Since then a
significant number of viscoelastic based process modelling work for composite materials have

been reported in the literature. As some important references we can mention the works of Kim
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and White [62]-[64], Zhu [65], Svanberg and Holmberg [66], [67], Clifford et al [68] and Zobeiry

et al [69], [70].

Some researchers consider nonlinear viscoelastic constitutive models for analysis of materials. The
Schapery single integral model [71] is one of the most famous examples which has been widely
used in the literature [72]-[77]. Most of the available nonlinear viscoelastic models do not consider
the change in microstructure of materials. Also they need a significant computational effort for
implementation. Therefore linear viscoelastic models are often being used for process modelling

of composites.

Almost all recent works in viscoelastic modelling of polymers use the linear stress-strain
relationship in hereditary integral form. The hereditary integral method was introduced by
Boltzmann in 1874 and is based on Boltzmann Superposition Principle [78]. This principle simply
considers the state of stress and strain as functions of all events over the history of the material and
expresses the stress as an integral over the history of strain and vice versa. The uniaxial strain-

stress relation in the hereditary integral form is written as

do (1)
dt

e(t) = jD(t -17) dt (2-15)

0

In Equation ( 2-15), D(t) is the creep compliance. Similarly the stress-strain relation is expressed

as
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t

o(t) = fE(t—T)

0

de(1)
dt

dr (2-16)

where E(t) is the relaxation modulus. Although the hereditary integral constitutive relation
rigorously models the physical behaviour of the material and the elegant idea behind that should
be appreciated, it is not very effective in process modelling of composites. The numerical
integration schemes either need to recalculate the time integral from time zero to the current time
at each instant of the process [60], [61], [79], [80] or at least need to store the stresses for the last
two time steps [65], [81], [82]. In all cases the time integrations are very time consuming and their

complex formulations make their implementation in finite element codes very difficult.

Years before Boltzmann’s article on viscoelasticity, in 1867, James Clark Maxwell in the
introductory part of his gas dynamics paper [83] stated that the viscoelastic behaviour of the

materials obeys the first order differential equation (Maxwell’s notation is different)

da_Ede o (217)
dt  ~dt T

In Equation ( 2-17), o is the stress, € is the strain, E is the spring stiffness and t is the relaxation
time, such that the dashpot constant is n = E7. A different first order differential equation was
proposed in 1874 by Meyer [84] as (Meyer’s equation was three dimensional and his notation was

different.)

24



de
02E6+77E (2-18)

The differential equation in Equation ( 2-18 ) is usually attributed to Voigt and Kelvin in the
literature [78]. The above differential equations can be associated to a spring and a dashpot
connected in series (Equation ( 2-17 )) or in parallel (Equation ( 2-18 )). The combination of a
spring and a dashpot in series and parallel are referred to as a Maxwell element and a Kelvin
element, respectively. The differential equations in Equations ( 2-17 ) and ( 2-18 ) relate the stress
and strain in a one dimensional (1D) viscoelastic body and therefore they can be interpreted as
constitutive models in differential form (DF). By combining N Maxwell elements in parallel or N
Kelvin elements in series we obtain constitutive equations of higher order that can model the
behaviour of a material more precisely. These models are called ‘Generalized Maxwell Model’
(GMM) or Maxwell chain and ‘Generalized Kelvin Model’ (GKM) or Kelvin chain. The DF form
of the constitutive equations has a much simpler form compared to the hereditary integral form
and specifically is not history dependent. Therefore the analysis can be performed much faster and
with less computational effort. There are a few works in the literature that use DF for viscoelastic
analysis of materials. As some references we can mention the works of Zienkiewicz et al [85],
Bazant et al [86]-[90], Carpenter et al [91], Jurkiewiez et al [92], [93], Idesman et al [94], [95]
and Mesquita and Coda [96]-[104]. According to Bazant [90] another advantage of the DF is that
it allows a much simpler formulation of thermodynamics. There are also a limited number of works

that use the DF approach for process modelling of composites such as the works of Kokan et al
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[105], Xia and Ellyin [106], Wiersma et al [107], Chen and Ellyin [108], Ellyin and Xia [109] and

Zobeiry et al [69].

The majority of the process modelling works available in the literature are related to thermoset
composites. The first manufacturing process model for thermoplastic composites was presented
by Lee and Springer [110]. This model, which is similar to the sub-model approach of Loos and
Springer for thermoset composites [1], consists of three modules, named as “impregnation”,
“consolidation” and “crystallinity”. In the “impregnation” sub-model the degree of impregnation
as a function of time is determined and the time required for complete impregnation is calculated.
The “consolidation” sub-model consists of models for determining the effects of processing
variables such as temperature, pressure and time on intimate contact of adjacent plies and bonding
at ply interface, called autohesion. Finally, in the crystallization sub-model, by using the non-
isothermal crystallization kinetics model of Ozawa [13] and solving the coupled heat transfer-
crystallization problem, the degree of crystallinity and temperature as a function of position and
time are determined. Ozawa’s model [13] relates the degree of crystallinity to cooling rate and
temperature which are both processing variables. Then the material properties are related directly
to degree of crystallinity using the empirical models presented by Talbott et al [111]. In the work
of Talbott et al [111] Young’s modulus and shear modulus of PEEK polymer are empirically
(using curve fitting) stated as second order function and linear function of degree of crystallinity,
respectively. The manufacturing process model of Lee and Springer [110] does not predict the

residual stresses and distortions of the final product and only predicts its mechanical properties.

A model for prediction of in-plane residual stresses in semi-crystalline thermoplastic composites

was presented by Chapman et al [112]. This model consists of Thermal History, Mechanical
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Properties and Stress Analysis modules. In the thermal history module the coupled heat transfer-
crystallization kinetics problem is solved. The mechanical property module is divided into a linear
elastic property section and a viscoelastic section. Using the micromechanics methodology of
Ogale and McCullough [113], material properties are evaluated as functions of time, temperature
and crystallinity in the linear elastic section. The volume shrinkage due to both crystallization and
temperature change is also calculated. In the viscoelastic section the effect of degree of crystallinity
is neglected and the properties are given for different times and temperatures. Finally in the stress
analysis module, the in-plane stresses are evaluated using the incremental form of the classical

laminated plate theory.

A plane-strain linear elastic finite element model with temperature and crystallinity dependent
material properties was developed by Li et al [114] for predicting residual stresses in cross section
of thick thermoplastic composites. Trende et al [115] used the temperature and crystallinity
dependent material properties in a commercial finite element code and performed the residual
stress analysis for compression moulded thermoplastic composites with both isotropic viscoelastic
and transversely isotropic elastic material models. An anisotropic thermo-viscoelastic material
model was introduced by Sunderland et al [116] for prediction of the process induced stresses.
Similar thermo-viscoelastic formulations and finite element analyses were presented by Kim et al
[117], Sonmez et al [118] and Clifford et al [68]. Sonmez et al [118] performed their analysis for
the tape placement process. Similar to thermoset composites, almost all viscoelastic models for

analysis of thermoplastic composites use the constitutive equations in integral form.

Schwarzl and Staverman [119] divided the materials with linear viscoelastic behaviour into two

general groups (Class A and Class B) regarding their response to change of temperature. In the
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first group (Class A), which is termed “thermo-rheologically simple” a change of temperature is
equivalent to a shift in the logarithm of time. Considering this, the effects of time and temperature
together will be reduced to one parameter, called “reduced time” or “pseudo time” by defining a
“shift factor” or “shift function”. Therefore the stresses, strains and the material properties in the
constitutive relations, in general, will be functions of position and this reduced time [120]. The

reduced time & was presented by Morland and Lee [120] as

¢ =f L (2-19)
0 ar[T(7)]

In Equation ( 2-19 ), a is the shift factor which is a function of time and temperature. Using the
notion of reduced time, as described here, is sometimes referred to as “Time-Temperature
Superposition”. As mentioned previously, Adolf and Martin [59] and also White and Hahn [60],
[61] took into account the change in the microstructure. The shift factor that they are using is a
function of time, temperature and degree of cure. Reducing the effect of time, temperature and
degree of cure to one parameter is referred to as “Time-Temperature-Cure superposition”. All
viscoelastic formulations and process models for both thermoset and thermoplastic composites
that have been addressed so far assume thermo-rheologically simple material behaviour. In the
differential form of viscoelastic constitutive equations, assuming temperature dependent (or degree
of cure and temperature dependent) relaxation times (or equivalently the viscosities of the
dashpots) is the equivalent of assuming thermo-rheologically simple material behaviour as

explained by Zobeiry [69].
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The materials that do not obey thermo-rheologically simple behaviour are termed “Thermo-
rheologically Complex” by Schapery [121]. Schapery [121] introduces two classes of thermo-
rheologically complex materials named TCM-1 and TCM-2. He defines TCM-1 as a composite
material consisting of two or more thermo-rheologically simple phases with different shift factors.
He also defines TCM-2 as a material whose uni-axial behaviour (e.g. a bar subjected to uniaxial

stress ) is governed by the equation

t d /o
€xs = DjO +f AD (¢ — ’)—,(—x)dt’ 2-20
Xo 1Yx 0 E f dt aG ( )

In Equation ( 2-20 ), ¢ is defined as in Equation ( 2-19 ), D; = D,(T) is the initial value of creep
compliance, €, is the strain due to stress (or mechanical strain) and a is shown to be a vertical
shift factor. If Equation ( 2-20 ) is applied to an isothermal creep test, the creep compliance D

will be calculated as

Dy = &2 _ p,(ry + 228)

o ao(T) (221)

where & = t/ar. Equation ( 2-21) can be rewritten as log(Dr — D;) = log AD — log a. Also we
have log ¢ = logt — log ar. Furthermore we assume that for an arbitrary reference temperature,
ar = ag = 1. From Equation ( 2-21 ) we have AD(t) = D;(t,Tg) — D;(Tg). Then we see that a
plot of log(D — D;) versus logt at a temperature T can be obtained from the plot of the same at

the reference temperature T by a rigid horizontal and vertical shifting of the magnitude log ar
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and log a; respectively. As a special case of Equation ( 2-20 ), we assume D,;(T) = L;L(TTR)). Then
G

from Equation ( 2-21) the creep compliance will be obtained as

_ Di(Tr) +AD(E) _ D(§)

= = 2-22
T M ae (#22)
Then the constitutive equation in Equation ( 2-20 ) reduces to
ftD(E )2 (G")dt’ (2-23)
€ = — —|— -
xa 0 dt ag
Also we can obtain the inverse of this equation as
t de
o, = an E(¢-&) d;‘," dt’ (2-24)
0

and the relaxation modulus will be E; = ag(T)E(£). In this special case, plots of log Dy and
log E versus logt at a temperature T can be obtained from the plot of the same at the reference
temperature T by a rigid horizontal and vertical shifting of the magnitude loga; and logag.
Zobeiry [122] showed that assuming a temperature dependent spring in a Maxwell element leads
to an equivalent to this special case of TCM-2. Harper and Weitsman [123] demonstrated a
characterization method for a more general form of the integral constitutive equation of Schapery.

This more general form of the constitutive equation was later used by Hashin et al [124] for
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determination of the thermo-viscoelastic properties of unidirectional fibre composites. Sadkin and

Aboudi [125] presented a similar work by using a different form of micromechanics.

As addressed by Schapery [121], based on limited experimental data available in the literature, the
constitutive equations of thermo-rheologically simple behaviour work very well for amorphous
polymers at temperatures above T, (the glass transition temperature). For semi-crystalline
polymers and also for amorphous polymers near and below their T, the constitutive equations of
a TCM should be used. Schwarzl and Staverman [119] explain that the assumption of thermo-
rheologically simple (TSM) behaviour means that at different temperatures, the same sequence of
molecular processes take place in the material however with different speeds. On the other hand,
for thermo-rheologically complex (TCM) materials, as a result of change in the temperature of the
experiment not only the speed but also the sequence of molecular events changes. They conclude
that if a special structure cannot be achieved in a TSM at a specific temperature, it cannot happen
at any other temperature. In other words, if heat treatment changes the structure of a material, this
material cannot be categorized as TSM. As a result of this discussion we may argue that materials
like fully cured thermoset polymers and rubbers can be considered as TSM (at temperatures higher
than T, according to Schapery) however uncured thermosets during the curing process and also
semi-crystalline thermoplastic polymers during heating up (melting) and also cooling down

(crystallizing) should be treated as TCM.

Although processing of polymeric composite materials (thermosets and thermoplastics) involves
changes in the material structure, all available viscoelastic based process modelling works (e.g.
[60], [61]) assume thermo-rheologically simple behaviour and use a horizontal shift factor which

is temperature and degree of cure (or degree of crystallinity) dependent. As explained previously
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based on discussions by Schwarzl and Staverman [119] this is not a physically correct assumption.
For thermoset composites, a significant amount of residual stresses develop during the curing
process. Also for thermoplastic composites, the polymer crystallizes during cooling down from
melt. Therefore for studying the residual stresses during the processing of both thermoset and
thermoplastic composites more sophisticated constitutive models that assume thermo-
rheologically complex behaviour are required. Although such constitutive equations are available
(e.g. [121], [124], [125]), they are all in integral form which as explained previously are not
efficient enough to be used in process modelling. There is a noticeable lack of process models for
composites that consider thermo-rheologically complex behaviour and analyze the stress and
deformation using the differential form of thermo-viscoelastic constitutive equations. Finally, the
availability of a more sophisticated constitutive model enables us to evaluate the simpler models
such as viscoelastic [69], [122] and CHILE [49], [50] and use them with confidence within their

validity bounds.

2.4  Scope and research objectives

Based on the discussions in section 2.1.2, most of the crystallization kinetics work available in the
literature studies the isothermal and non-isothermal crystallization as two separate processes. Also,
almost all models do not consider the induction time prior to crystallization which results in
overpredictions of the degree of crystallinity. Also, as explained in section 2.2.3, the only available

melt kinetics model [30] is not valid for all heating rate cases [34].
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During processing, such as compression moulding, thermoforming and AFP, thermoplastic
composite parts may experience arbitrary and complex temperature cycles and the available
kinetics models have little practical application. A differential form crystallization kinetics/melt
kinetics model, along with an induction time model for prediction of the onset of crystallization is

desirable.

As discussed in sections 2.3.2 and 2.3.3, processing of composite materials involves concurrent
changes in the molecular structure (chemical/physical hardening) and relaxation of residual
stresses. Therefore, a more sophisticated (thermo-viscoelastic) model is required for simulating
the development and relaxation of the residual stresses during the process and predicting their

effects on the final part distortions and strength.

Based on these discussions, the objectives of this research are as follows:

1. Designing and performing characterization experiments for studying both isothermal and
non-isothermal crystallization kinetics of AS4/PEEK composites.

2. Designing and performing characterization experiments for studying melt kinetics of
AS4/PEEK composites.

3. Developing a differential form crystallization kinetics/melt kinetics model for AS4/PEEK,
along with an induction time model, capable of predicting the crystallinity changes during
an arbitrary temperature cycle.

4. Designing and performing characterization experiments for thermo-viscoelastic behaviour
of different composite materials. These experiments should capture the relaxation
behaviour of the material as well as the temperature dependence of mechanical behaviour

when unrelaxed.
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5. Developing a thermo-viscoelastic constitutive model in differential form. This model
should be capable of capturing the thermo-rheologically complex behaviour and consider
the temperature dependence of the mechanical response of the material when unrelaxed.

6. Integration of the developed crystallization model, melt kinetics model and the thermo-
viscoelastic model into commercially available process modelling package to predict the
residual stresses and shape distortions in composites. As well, analyzing several case

studies to validate the model’s capabilities is warranted.
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Chapter 3: Crystallization Kinetics/Melt Kinetics of AS4/PEEK Composites;

Experiments and Model Development

In this chapter, DSC experiments and their results are presented for studying the crystallization
and melt behaviour of AS4/PEEK. Melting behaviour is further investigated using complementary
annealing experiments. Experimental results are analyzed and dependence of the crystallization
rate on temperature and degree of crystallinity is investigated. A crystallization kinetics model in
differential form is presented for prediction of degree of crystallinity during the process. The rate
of crystallization is a function of temperature and degree of crystallinity. No model is considered
for crystallinity dependence and the model-free approach introduced by Vyazovkin [126] is
adopted. A simple empirical model and the concept of additivity from phase transitions of metals

is used for estimation of induction time.

A concept of ‘master melt curve’ is introduced and is used along with the crystallization Kinetics
model for prediction of crystallinity changes during melting of the material. Model predictions are

compared with experimental results for different temperature cycles.

3.1 Crystallization kinetics experiments, materials and methodologies

The material used for crystallization and melt kinetics characterization is TenCate Cetex® TC1200

PEEK AS4 [127] unidirectional tape (Figure 3-1), which is briefly referred to as AS4/PEEK for
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the rest of this document. TenCate Cetex® TC1200 PEEK is a semi-crystalline poly-ether-ether-

ketone thermoplastic composite with a very low void content (< 1%).

Figure 3-1 AS4/PEEK unidirectional tape (Courtesy Fortin [128] )
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Figure 3-2 TA Instruments DSC Discovery machine

It has a resin content of 34 % by weight and 59 % of fibre by volume. The glass transition
temperature, T,, for this material is 143 °C and the equilibrium melt temperature, T, is 343 °C

[127].

The characterization technique used for crystallization and melt kinetics is Differential Scanning
Calorimetry, DSC. A TA Instruments DSC Discovery machine, shown in Figure 3-2, was
employed for conducting the experiments. The DSC machine has a monthly calibration schedule.
However, the calibration was performed prior to each set of experiments. The calibration

procedure is briefly explained in section 3.1.1.
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3.1.1 Calibration of DSC

The DSC machine operates based on Tzero® technology. In the Tzero® technology, a
thermocouple is added between the sample and reference sensors. The heat flow between the
sample and this thermocouple, is related to the temperature difference between this thermocouple
and the sample sensor, using two parameters, termed sample resistance and capacitance.
Similarly a resistance and capacitance is defined for reference. The total heat flow between the

sample and the reference is determined using these four parameters.

The first step in the DSC calibration is determination of these four constants. This calibration
step is termed Tzero® calibration. The Tzero® calibration consists of two experiments: a
temperature ramp of an empty cell and a temperature ramp with two sapphire disks, mounted
directly on the sample and reference sensors. After these two experiments, the differences
between the sample and reference resistance and capacitance values are considered and adjusted

by the software.

The next step in the calibration is cell constant and temperature calibration. This step is
performed using one or two traceable metal samples such as indium, lead and zinc. These
standard metals have known reference melting endotherms and melting temperatures. Cell
constant is the ratio of the measured and theoretical heat of fusion. The difference between the
theoretical and measured melting temperature is calculated and adjusted by the software. After

performing these two calibration steps, the machine is ready for starting the experiments.
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3.1.2 Isothermal DSC experiments

Isothermal DSC tests were conducted for studying the crystallization behaviour of the material at
different temperatures. Samples of approximately 5 milligrams were prepared in Tzero® hermetic
DSC pans. Samples were heated in the DSC to 380 °C and held for 10 minutes. They were cooled
down at 60 °C/min to temperatures between 305 °C to 325 °C, followed by an isothermal hold at

each temperature until the crystallization was complete.

3.1.3 Non-isothermal DSC experiments

Non-isothermal DSC tests were performed for investigation of crystallization behaviour of the
material, whilst heated above the glass transition temperature and cooled from the molten state.
Samples of approximately 5 milligrams were prepared from AS4/PEEK tape, similar to isothermal
tests. Samples were heated at heating rates between 1 °C/min to 10 °C/min to 380 °C. Subsequent
to an isothermal hold of 10 minutes, samples were cooled at cooling rates between 1 °C/min to

10 °C/min to room temperature.

3.14 Raw data and general interpretations

DSC test results are usually given as plots of heat flow rate as a function of time or temperature.
Normalized heat flow rate results for isothermal tests at nine different temperatures are shown in

Figure 3-3.
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Figure 3-3 Normalized heat flow rate for isothermal crystallization at (a) 305 °C, (b) 307 °C, (c) 310 °C, (d)

312 °C, () 315 °C, () 317 °C, (g) 320 °C, (h) 322 °C, (i) 325 °C

In Figure 3-3, it is seen that the heat flow drops very rapidly during the initial cooling to the target
temperature. During the isothermal hold, an exothermic peak is observed in the heat flow diagram
which is due to the latent heat, released by the material as a result of crystallization. For low target
temperatures, such as 305 °C and 307 °C, this exothermic peak is sharp and occurs over a short
period. As the target temperature is increased, peaks occur gradually over longer time periods.
Normalized heat flow rate values versus temperature for non-isothermal experiments on the

samples made of the as-received material at ten different heating rates are given in Figure 3-4.
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Figure 3-4 Normalized heat flow rate from non-isothermal heating of the as-received material at (a) 1 °C/min,

(b) 2 °C/min, (¢) 3 °C/min, (d) 4 °C/min, (¢) 5 °C/min, (f) 6 °C/min, (g) 7 °C/min, (h) 8 °C/min, (i) 9 °C/min, (j)

10 °C/min

It is recognized from Figure 3-4 that the as-received material crystallizes when heated above the
glass transition temperature (T, = 143 °C). This phenomenon is known as ‘cold crystallization’.

It is also realized that at higher heating rates, cold crystallization starts and ends at higher

temperatures.

Normalized heat flow rate results versus temperature for non-isothermal experiments on the
samples cooled from the molten state at ten different heating rates are demonstrated in Figure 3-5.
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Figure 3-5 Normalized heat flow from non-isothermal cooling of samples from molten state at (a) 1 °C/min,

(b) 2 °C/min, (c) 3 °C/min, (d) 4 °C/min, (€) 5 °C/min, (f) 6 °C/min, (g) 7 °C/min, (h) 8 °C/min, (i) 9 °C/min, (j)

10 °C/min

Figure 3-5 shows that the material crystallizes whilst continuously cooled from the molten state.

With increasing cooling rate, the onset and completion of crystallization occur at lower

temperatures. Furthermore, the maximum heat flow rate value, which is proportional to the

maximum crystallization rate, is higher for higher cooling rates.
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3.1.5 Baseline selection

The part of the heat flow rate curve, where no transition in the sample is occurring, is called the
‘baseline’. When a reaction or transition associated with heat, such as melting or crystallization,
happens, a ‘peak’ appears in the heat flow rate signal. A peak deviates from the baseline at the
temperature where the transition or reaction starts and after going through a maximum/minimum,
merges back into the baseline at the temperature where the transition ends [129]. The curve that
connects the baselines before and behind the transition, in the peak region, is known as the
‘interpolated baseline’. This is a virtual line which would have been recorded if all heat capacity,
Cp, changes and also changes of heat transfer had happened without any transitions occurring
[129]. It is important to construct the interpolated baseline (hereafter referred to as baseline) as the
area between the heat flow rate curve and this curve is needed for calculation of the latent heat of

reaction due to transition.

For the isothermal test results shown in Figure 3-3, the baselines behind the transition are all
straight lines, however, little information can be obtained for the shape of the baselines before the
transition. For these cases we extrapolate the straight part on the right side of the curve (behind the
transition) and consider it as the baseline. As explained, extrapolation of the straight baseline is
due to lack of knowledge regarding the shape of the baseline before the transition. This is a source

of uncertainty in crystallization calculations.

In non-isothermal cases, both for cold crystallization and melt crystallization, the baselines before

and behind the transition are both straight lines, however, they are not aligned with each other. In
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these cases we have used the procedure explained in [129] to construct sigmoidal baselines. These

baselines are used in the next section for calculation of degree of crystallinity.

3.1.6  Calculation of degree of crystallinity

When the baseline is constructed for all isothermal and non-isothermal cases, the next step is
calculation of the enthalpy of crystallization at any time during the crystallization. This is achieved
via calculation of the area between the heat flow rate peak and the constructed baseline, from the

onset of crystallization to the current time.

t

dH
AH(t) =f —dt 31
. dt (3-1)

In Equation ( 3-1), ‘;—f is the heat flow rate, t, is the time at the onset of crystallization and t is

the current time. Using the enthalpy of crystallization values obtained from Equation ( 3-1 ), mass

fraction crystallinity is calculated as

AH(t)

Xine(t) = GTW)H})

(3-2)

where X,,.(t) is mass fraction crystallinity, H]9 is the theoretical heat of fusion of 100 %
crystallized material and X,,,,- is mass fraction of the reinforcing phase. The value of H]9 for PEEK
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is 130 J/g[19]. The theoretical heat of fusion, H]9, is determined using the indirect methods, such

as comparison of the DSC and wide angle X-ray scattering (WAXS) results and extrapolation
[130]. The volume fraction crystallinity (hereafter referred to as degree of crystallinity or

crystallinity) is obtained as

Xinc ()
ch(t) + % (1 - ch(t))

Xye (t) = (3-3)

In Equation ( 3-3), p. and p, are the densities of the crystalline phase and the amorphous phase,
respectively. For PEEK material, typical values of p. and p, are reported [19] as 1.40 g/cm? and
1.26 g/cm?, respectively. Since these density values are temperature dependent, using these
nominal values is another source of uncertainty in crystallinity calculations. X,. which is the

volume fraction crystallinity (or crystallinity) will be denoted by X hereafter in this thesis.

Figure 3-6 shows the crystallinity vs time for nine isothermal DSC experiments. The constructed

baselines are also shown in the plots.
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Figure 3-6 Variation of crystallinity with time for isothermal DSC experiments at (a) 305 °C, (b) 307 °C, (c)
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The time origin has been arbitrarily chosen as the time where the sample temperature is 343 °C

(T,2, the equilibrium melting temperature for PEEK). Variation of crystallinity with time for

different isothermal cases are compared in Figure 3-7.
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Figure 3-7 Isothermal crystallinity growth at different temperatures

Results in Figure 3-7 show that for all temperatures in the investigated temperature range, the
maximum degree of crystallinity is approximately 0.34. For all cases, an induction time or
incubation period exists prior to the crystallization growth. This induction time is higher for higher

crystallization temperatures.

The crystallinity growth versus time for cold crystallization at different heating rates and melt

crystallization for different cooling rates are given in Figure 3-8 and Figure 3-9, respectively.
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Figure 3-8 Cold crystallization of the as-received material whilst heating at (a) 1 °C/min, (b) 2 °C/min, (c)
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Figure 3-9 Melt crystallization of the material whilst cooling at (a) 1 °C/min, (b) 2 °C/min, (c) 3 °C/min, (d)

4 °C/min, (e) 5 °C/min, (f) 6 °C/min, (g) 7 °C/min, (h) 8 °C/min, (i) 9 °C/min, (j) 10 °C/min

Similar to the isothermal cases, the time origin for melt crystallization is set where the material
temperature reaches T, = 343 °C. Moreover, in the investigated cooling rate range, the maximum
crystallinity for all melt crystallized samples is 0.34. Variation of crystallinity with temperature

for different cooling rates are compared in Figure 3-10.
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Figure 3-10 Variation of crystallinity with temperature at different cooling rates

From Figure 3-10 it is easily seen that at higher cooling rates, the crystallization starts at lower

temperatures.

3.2 Crystallization kinetics analysis and modelling

In this section the kinetics of crystallization is investigated. The aim of kinetics investigations is
to find a functional relationship which may be used to quantitatively predict the crystallinity for a

temperature cycle. Since a material point during a process may undergo an arbitrary temperature

56



profile, path independence of the models is very important and therefore, differential form or rate-

type kinetics models are more desirable. A general rate-type model is written as

dX

Initially, we assume that the right-hand side of Equation ( 3-4 ) is separable. This equation is

rewritten as

dX—kT X 3-5
= = k(DFX (35)

In this section, we reduce the experimental data from the isothermal and non-isothermal DSC

experiments to obtain a functional form of Equation ( 3-5).

3.2.1 Crystallization rate iso-conversionals

To investigate the functional form of the crystallization rate, we start by studying the temperature

dependence, k(T). To do this, we extract plots of In (‘Zi—f) versus temperature for different degrees

of crystallinity from all the experimental data. At each degree of crystallinity, plots from

isothermal crystallization, non-isothermal cold crystallization and non-isothermal melt
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crystallization data are overlaid on the same graph. These graphs are often called ‘iso-

conversionals’. The iso-conversionals for some specific degrees of crystallinity are given in Figure

3-11.
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Figure 3-11 Iso-conversionals overlaid from isothermal crystallization, non-isothermal cold crystallization
and non-isothermal melt crystallization at (a) X=0.3, (b) X=0.27, (c) X=0.24, (d) X=0.21, (e) X=0.18, (f)

X=0.15, (g) X=0.12, (h) X=0.1, (i) X=0.07, (j) X=0.05

Degree of crystallinity in the as-received material is 0.18. Therefore, in Figure 3-11, for degrees
of crystallinity less than 0.18, there is no cold crystallization and only the data from isothermal
melt crystallization and non-isothermal melt crystallization are overlaid. From these plots it is
concluded that there is no significant difference between isothermal and non-isothermal melt
crystallization mechanisms. A green dotted curve is sketched through the isothermal and non-

isothermal melt crystallization data on each graph to show that these data points are falling on the
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same curve. For degrees of crystallinity more than 0.18, in addition to the data from isothermal
melt crystallization and non-isothermal melt crystallization, there are data points from non-
isothermal cold crystallization on the left side of the graph. A dotted green curve is sketched

through the cold crystallization data.

3.2.2 Crystallization rate temperature dependence

From the right side of plots in Figure 3-11, it is concluded that with decreasing temperature, or
increasing degree of undercooling, T, — T, the crystallization rate increases. The data on the left
side of the graphs are extracted from the cold crystallization experiments. From these results it is
implied that by increasing the temperature, farther from the glass transition temperature, the rate
of cold crystallization increases. Given that the same mechanism that drives the cold crystallization
must slow down the melt crystallization (mobility/lack of mobility of molecular chains), it is
concluded that approaching the glass transition temperature, or decreasing T — T, decreases the
crystallization rate. Based on the discussion given above, it is assumed that the crystallization rate

has a temperature dependence of the form [131]

Eg

Em
k(T) = kge R(T-Tg)e R(Tm-T) (3-6)

Equation ( 3-6 ), which is schematically shown as a dashed red ‘horse shoe’ form curve on each

graph, indicates that as the temperature is changed, there are two competing mechanisms that affect
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the rate of crystallization. These horse shoe form curves are similar to C-shape curves in Time-

Temperature-Transformation (TTT) diagrams [132].
In Equation ( 3-6 ), k, is the pre-exponential factor and — %g and —%’" are model constants. Using
Equation ( 3-6 ), Equation ( 3-5) may be rewritten as

dx E, Em
l(d) In(kof () - R(T—T,) R(TY— (37)

Fitting Equation ( 3-7 ) to the iso-conversionals, — %‘9, —%’" and kq f (X) may be found. Different

methods can be used for the fitting procedure. Here, first a constant value has been assumed for

— %‘g. Then at each degree of crystallinity, tables of In (Z—}t() + Versus —— are generated

1
(Tm=T)

R(T- Tg)
and —E?m and ln(k0 f (X)) are estimated as the slope and the intercept in a linear regression

analysis. Next, based on the goodness of this linear regression, the assumed value of —E?g IS

modified and the procedure is repeated until a good fit is obtained. The final best fit values are

shown in Figure 3-12 to Figure 3-14.
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From Figure 3-13 it is recognized that —%’” does not have a constant value and is crystallinity

dependent. Considering this, Equations ( 3-6 ) and ( 3-5) are revised as

dx Eg (1) Em(X)
— =ko F(X)e R(agTgtbgT+cg)g R(amT+bmT+cm) (3-8)
t

The constants agy, by, ¢4, @, b, and ¢, are considered for improving the quality of the

predictions. The common approach in process modelling is finding a functional form for f(X).
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However, since the crystallinity dependence is observed in — E?m, it is more practical to provide the

values of k f (X), — ETT" and — %9, given in Figure 3-12 to Figure 3-14, as look-up data for different

values of crystallinity. The constants ag, by, ¢4, A, by, and ¢, are given in Table 3-1.

Table 3-1 Parameters for Equation ( 3-8 ), obtained from best fit

Cy an, b,, Cm

-1 1 0 1.07 -1 50

This modelling approach is a ‘semi model-free’ method, similar to the approach introduced by
Vyazovkin [126]. Equation ( 3-8 ) along with the look-up data can be used for prediction of the

crystallization rate for an arbitrary temperature and X combination.

3.2.3 Induction time

The results in Figure 3-6 and Figure 3-9 indicate that an induction time or incubation period exists
prior to the crystallization growth. Prediction of the induction time is significant in crystallization
modelling in that it determines the time where the Equation ( 3-8 ) becomes active. From Figure

3-6 and Figure 3-9, it is seen that in isothermal crystallization, the induction time is higher for
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higher temperatures. Also in non-isothermal melt crystallization, the induction time decreases by

increasing the cooling rate.

Godovsky [133] suggested a simple empirical model for induction time in isothermal

crystallization as

t;=tm(Tp —T)°¢ (3-9)

In Equation ( 3-9 ), ¢; is the isothermal induction time and t,, and c are empirical model fitting
parameters. Fitting this model to measured induction times from isothermal DSC experiments,

results in the fitting parameters as given in Table 3-2.

Table 3-2 Fitting parameters for Equation ( 3-9)

tm c

1.20 x 10° 3.99

The measured induction time values and the predicted values using Equation ( 3-9 ) and the
parameters in Table 3-2 are compared in Figure 3-15. In the experiments, the induction time is

arbitrarily considered as the time where X = 0.001, a small but measurable value.
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Figure 3-15 Induction time values for isothermal DSC experiments, measured and model predicted

Figure 3-15 shows that the model predictions are in good agreement with the measured values.

The concept of ‘additivity’, from the phase transitions of metals, is adopted here for prediction of
the induction time during non-isothermal conditions. According to Christian [132], the principle
of additivity states that “the total time required to reach a specific amount of transformation, X,
is obtained by summing the fractions of time taken to reach this stage isothermally, until the sum
reaches a value of one.”. Assuming X, = 0.001 (the crystallinity value used for measuring the
induction time in both isothermal and non-isothermal experiments), additivity can be used for

prediction of induction time. This may be expressed mathematically as
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tr
f dt/t,(T) =1 (3-10)
0

where t;(T) is the induction time for isothermal transformation at the temperature T and the upper

limit of the integral, t;, is the induction time for non-isothermal transformation.

Using Equation ( 3-10 ) along with Equation ( 3-9 ) (and the fitting parameters given in Table 3-2),
the induction time for an arbitrary non-isothermal condition can be estimated. In Figure 3-16, the
model predictions are compared with the experimental measurements for non-isothermal melt
crystallization experiments. The predicted values are in good agreement with experimental

measurements.
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Figure 3-16 Induction times for non-isothermal cool down DSC tests, model predictions and experimental

measurements

3.24 Summary and goodness of the model

In this section, the rate-type model of Equation ( 3-8 ) together with the fitting parameters given
in Table 3-2 is used for prediction of crystallinity for a given temperature cycle. Moreover,
Equations of ( 3-9) and ( 3-10 ) are used for prediction of the time for the onset of crystallization.
It should be addressed that the induction time needs to be taken into account only in situations
where the material is fully amorphous, or crystallinity is less than a threshold value, X, = 0.001.

A pseudo-code of the calculation procedure is summarized here. Note that in these equations, a
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superscript n is for the value of the variable at the end of the current time step and a superscript

n — 1 is for the value of the variable at the end of the previous time step.
Step 1- Check the value of crystallinity, X.
-1If X < X,, then
-Set X = X,
- Calculate the induction time, t;, using the Equations ( 3-9 ) and ( 3-10)
- Update the time step as t™ = t" ! + ¢,
-GotoStep 1
-If X > X,, then
- Update the time step as t™ = t" 1 + At™
- Calculate the crystallization rate using Equation ( 3-11)

dx\" Eg(X"") Em(X"71)
(_) — kof(Xn_l)e R(ang+bgT"‘1+cg)e R(amTo+bm T 1+cy) (3-11)
dt

- Update the crystallinity value as

n

X7 = X"l 4 A (d—X) (3-12)
dt
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Step 2- Goto Step 1

Using the procedure explained above, the values of crystallinity can be predicted for any arbitrary

temperature cycle. In Figure 3-17, predicted values of crystallinity for nine isothermal cases are

compared with experimental results. From the plots it is evident that the model predictions are in

good agreement with the experimental results for both the induction time and the crystallinity

growth.
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A summary of model predictions for isothermal crystallization at different temperatures is shown

in Figure 3-18.
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Figure 3-18 Model predictions for isothermal crystallizations at different temperatures
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Predicted values of crystallinity versus temperature are compared with experimental results for ten

non-isothermal melt crystallization tests in Figure 3-19.
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The results in Figure 3-19 indicate that the model predictions are in good agreement with the

experimental results in both the onset temperature and growth. Model predictions for the ten

cooling rates are compared in Figure 3-20.
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Figure 3-20 Model predicted crystallinity versus temperature for melt crystallization at different cooling rates

3.25 Process maps

Process maps are tools for visualization of conversion behaviour over a wide range of
temperature and degree of conversion [134]. Having the crystallization kinetics model, process
maps can be generated as constant time contours or constant cooling rate contours in the
crystallinity-temperature space. Constant time contour graphs are shown in Figure 3-21. The
contours illustrate the crystallization data for time between 1 min (inner contour) and 900 min
(outer contour). A general overview of these contours show that for short time periods, such as
1 min, the material is never fully crystalline regardless of temperature. This process map can be

used for designing processing cycles, such as the time required at each temperature for full
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crystallization. A few data points on these graphs are shown in Figure 3-22. From this graph it is
easily seen that if a sample is rapidly cooled from the molten state to 295 °C, the crystallinity in
the material is about 20 % after 1 min. On the other hand, if the sample is cooled to 324 °C, it
takes 30 min for the material to become 20% crtstalline. Process maps can also be generated as
contours of constant cooling rates. The cooling rates on this map vary between 1 °C/min and
9000 °C/min. Looking into these graphs, it is seen that for a cooling rate of 1 °C/min the
material is 20% crystalline at 313 °C. If the material is cooled down at 200 °C/min, it is 25%
crystalline at 256 °C. If the cooling rate is increased to 9000 °C/min, based on the process map,

the maximum degree of crystallinity is 7%.

Similar to the constant time contours, constant cooling rate contours can be used for designing

processing cycles.
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3.3 Melt kinetics experiments

Similar to crystallization kinetics, the DSC was used for studying the melting kinetics of
AS4/PEEK. Ten samples of approximately 5 milligrams were prepared in Tzero® hermetic DSC
pans. To ensure all samples have identical conditions prior to melting, they were heated to 380 °C.
After an isothermal soak of 10 minutes, they were cooled to room temperature at 10 °C/min. At

this stage, the samples were heated at heating rates between 1 °C/min to 10 °C/min to 380 °C.
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3.3.1 Raw data and general interpretations

The normalized heat flow rate results for melting tests at ten different heating rates are shown in

Figure 3-24.
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Figure 3-24 Normalized heat flow of the material whilst heating at (a) 1 °C/min, (b) 2 °C/min, (c) 3 °C/min,
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From the plots in Figure 3-24, it is recognized that for all cases, in the investigated heating rate

range, two melting peaks exist in the heat flow curve. This double-peak behaviour in melting of

PEEK has been addressed in the literature as discussed in section 2.2.2. This will be investigated

in detail, later in this chapter.

Similar to non-isothermal crystallization cases, it is realized from Figure 3-24 that the baselines

before and behind the transition are both straight lines, however, they are not aligned with each

other. Using the procedure explained in [129], sigmoidal baselines are constructed. Finally,

Equations ( 3-1) to ( 3-3) are used and the degree of crystallinity at each time during melting is

calculated. The results for variation of crystallinity with temperature along with the sigmoidal

baselines are shown in Figure 3-25.
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Figure 3-25 Variation of the crystallinity whilst melting at (a) 1 °C/min, (b) 2 °C/min, (c) 3 °C/min, (d)

4 °C/min, (e) 5 °C/min, (f) 6 °C/min, (g) 7 °C/min, (h) 8 °C/min, (i) 9 °C/min, (j) 10 °C/min

Variations of crystallinity with temperature and melting rate with temperature for ten different

heating rates are compared in Figure 3-26 and Figure 3-27, respectively.
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It is seen from Figure 3-26 and Figure 3-27 that the maximum melting rate increases by increasing
the heating rate. The maximum melting rate and also the completion of melting for all heating rates

occur approximately at the same temperature.

In Figure 3-28, crystallinity versus temperature for melting at different heating rates and melt
crystallization at different cooling rates are compared. The results for melting rates and

crystallization rates are also compared in Figure 3-29.
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cooling rates and melting at different heating rates

In contrast to melting, from Figure 3-29 it is recognized that in melt crystallization, the temperature
where the maximum crystallization rate occurs decreases with increasing cooling rate. Also

compared to crystallization, melting occurs over a wider temperature range.

To get some insight into the double-peak melting behaviour of the material, some annealing

experiments were performed which are presented in the following sections.
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3.3.2  Annealing experiments

To have a clear understanding of the double-peak behaviour of the material in melting, the initial
conditions of the samples, before melting, was varied. This is accomplished by annealing of the

samples at different temperatures for different times.

3.3.2.1  Experiments with different annealing times

Eight samples of approximately 5 milligram were prepared in Tzero® hermetic DSC pans.
Samples were heated to 380 °C and after an isothermal soak of 10 minutes, they were cooled to
room temperature at 10 °C/min. Next, all samples were heated at 10 °C/min to 320 °C. At this
stage, eight samples were kept isothermal for 1 minute, 2 minutes, 3 minutes, 4 minutes,

5 minutes, 10 minutes, 1 hour, and 10 hours. Finally, they were heated at 10 °C/min to 380 °C.

Normalized heat flow curves for heating at 10 °C/min subsequent to the isothermal holds for

different time periods are shown in Figure 3-30.
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The double-peak behaviour is noticed in all plots in Figure 3-30. Using sigmoidal baselines,

crystallinity is calculated for these annealing and melting experiments as presented in Figure 3-31.
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Figure 3-31 Variation of crystallinity for heating at 10 °C/min subsequent to heating at 10 °C/min from room

temperature to 320 °C and then isothermal hold for (a) 1 min, (b) 2 min, (¢) 3 min, (d) 4 min, (¢) 5 min, (f)

10 min, (g) 1 hour, (h) 10 hour

Variation of melting rate and crystallinity for these eight annealing cases and the case of

continuous heating at 10 °C/min from room temperature to 380 °C are compared in Figure 3-32

and Figure 3-33.
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Figure 3-33 Variation of crystallinity for heating at 10 °C/min subsequent to heating at 10 °C/min from room
temperature to 320 °C and then isothermal hold for different annealing times and also continuous heating at

10 °C/min

It is clear from Figure 3-32 that the peak at higher temperature (hereafter referred to as the second
peak) for all cases occurs approximately at the same temperature. In a different manner, the peak
at the lower temperature (hereafter referred to as the first peak) shifts toward higher temperatures
when the annealing time is increased. This indicates that the melting onset temperature is increased

with increasing annealing time.
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3.3.2.2

Experiments at different annealing temperatures

Samples of approximately 5 milligrams were prepared in Tzero® hermetic DSC pans. Samples

were heated to 380 °C and after an isothermal soak of 10 minutes, they were cooled to room

temperature at 10 °C/min. They were heated at 10 °C/min to 300 °C, 310 °C, 320 °C and 330 °C.

At this stage, samples were kept isothermal for 10 hours and then were heated at 10 °C/min to

380 °C.

Normalized heat flow curves for heating at 10 °C/min subsequent to the isothermal holds for

different time periods are shown in Figure 3-34.
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Figure 3-34 Normalized heat flow for heating at 10 °C/min subsequent to heat up at 10 °C/min from room

temperature and then isothermal hold at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330 °C

Using the procedures explained in previous sections, sigmoidal baselines were constructed and

crystallinities were calculated as displayed in Figure 3-35.
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Figure 3-35 Variation of crystallinity for heating at 10 °C/min subsequent to heat up at 10 °C/min from room

temperature and then isothermal hold at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330 °C
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Variation of melting rate and crystallinity with temperature for the four annealing temperatures are

displayed in Figure 3-36 and Figure 3-37.
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Figure 3-36 Variation of melting rate for heating at 10 °C/min after heating from room temperature and

annealing for 10 hours at different temperatures
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annealing for 10 hours at different temperatures

It is clear from Figure 3-36 that the second peak temperature is approximately the same for all
annealing temperatures. The first peak shifts to higher temperatures with increasing annealing

temperature. For the case of annealing at 330 °C, the first peak merges into the second peak.

3.3.2.3  Annealing experiments subsequent to cooling from melt to different temperatures

In the previous section, crystallized samples were heated from room temperature to different

temperatures and were annealed for 10 hours prior to melting. In these series of experiments,

96



samples were heated to 380 °C, followed by an isothermal hold of 10 minutes. Subsequently, they
were cooled at 10 °C/min to 300 °C, 310 °C, 320 °C and 330 °C and kept isothermal for 10 hours.

Finally, the samples were heated at 10 °C/min to 380 °C. Normalized heat flow curves of the final

melting for four samples are shown in Figure 3-38.
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Figure 3-38 Normalized heat flow for heating at 10 °C/min subsequent to cooling at 10 °C/min from 380 °C

and then isothermal hold at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330°C

Sigmoidal baselines and variation of crystallinity for these tests are displayed in Figure 3-39.
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Figure 3-39 Variation of crystallinity for heating at 10 °C/min subsequent to cooling at 10 °C/min from 380 °C

and then isothermal hold at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330°C

Meting rate and crystallinity for the four melting cases are compared in Figure 3-40 and Figure

3-41.
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Figure 3-40 Variation of melting rate for heating at 10 °C/min after cooling from 380 °C and annealing for

10 hours at different temperatures
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Figure 3-41 Variation of crystallinity for heating at 10 °C/min after cooling from 380 °C and annealing for

10 hours at different temperatures

In contrast to the experiments explained in the previous section, from Figure 3-40 it is evident that
the second peak temperatures are shifting to higher temperatures with increasing annealing

temperature. The same behaviour is detected for first peak temperatures.

Melting rate behaviour for cases of heating from room temperature and annealing for 10 hours
against cooling from 380 °C and annealing for 10 hours at four different temperatures are

compared in Figure 3-42.
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Figure 3-42 Melting rate for heating from room temperature and annealing for 10 hours compared with

cooling from 380 °C and annealing for 10 hours at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330 °C

From Figure 3-42 it is noted that for annealing at 300 °C, the first peak temperature and the second
peak temperature is the same for both experiments. For higher annealing temperatures, the second
melting peak of the cooling-annealing-melting experiments shifts towards higher temperatures
whereas for heating-annealing-melting experiments, the second peak temperature is approximately

constant.
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3.3.2.4  Double-peak melting behaviour

In section 2.2.2, the double-peak behaviour of PEEK during melting was discussed. It was
explained that there are generally two schools of thought: (i) the two peaks are due to melting of
two separate populations of crystal morphologies; (ii) they are related to continuous melting and
recrystallization of a single crystal morphology. Supporters of argument (i) [24], [25] argue that
the higher temperature peak is due to melting of the main crystals and the lower temperature peak

is related to less stable crystals grown in the intermediate spaces of main crystals.

On the other hand, according to followers of hypothesis (ii) [27], [28], the lower temperature peak
is explained as the point where the original crystals become unstable and the melting and
recrystallization process starts. The higher temperature peak is described as the point where the

resultant of rates of melting and recrystallization reaches a maximum,

Inspecting Figure 3-32 based on the argument (i), it is concluded that with increasing annealing
time, the main crystals melt approximately at the same temperature but the crystals grown in the
intermediate spaces melt at higher temperatures. In other words, for the samples crystallized in
similar conditions, increasing the annealing time at a fixed temperature improves the quality of the
less stable crystals, however, the main crystals remain intact. If the same results are examined
according to argument (ii), it is inferred that increasing the annealing time at a fixed temperature
shifts the onset of melting and recrystallization of crystals to higher temperatures. From this
observation it is implied that crystals in the samples with higher annealing times are of higher

quality.
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Corresponding to argument (i), similar conclusions may be drawn from Figure 3-36. With a
constant annealing time, increasing the annealing temperature results in higher melting
temperatures for the less stable crystals, however, the main crystals are not affected. Similarly,
using hypothesis (ii), it is evident that with equal annealing times, higher annealing temperatures
cause shifting of the onset of melting and recrystallization to higher temperatures. This indicates
that annealing at higher temperatures creates higher quality crystals. From these two sets of
annealing experiments, it is concluded that increasing the annealing time or annealing temperature

has similar effects on the subsequent melting behaviour of material.

The explanation of the results from Figure 3-42 using argument (i) is as follows. When annealing
at 300 °C, both the less stable crystals and the main crystals show similar melting behaviour for
heating-annealing-melting and cooling-annealing-melting experiments. For the other three
annealing temperatures, in cooling-annealing-melting experiments, the less stable crystals melt at
lower temperatures, whereas the main crystals melt at higher temperatures. This indicates that the
main crystals are of higher quality in cooling-annealing-melting experiments compared to heating-
annealing-melting experiments. The quality of the main crystals is improving with increasing
annealing temperature. With a similar explanation, the quality of the less stable crystals is
diminishing when the annealing temperature is increasing. This may be explained, as with the
cooling-annealing-melting experiments, as the crystals are actually formed from melt and
subsequently their quality is improving during the annealing process. For higher hold
temperatures, the lamellar thickness of the crystalline structure is higher and hence the main

crystals are of higher quality.
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If argument (ii) is invoked, the results in Figure 3-42 indicate that the crystals in the cooling-
annealing-melting experiments start to melt and recrystallize at lower temperatures compared to
those in heating-annealing-melting experiments, however, the recrystallization process results in

crystals that melt at higher temperatures.

Based on the discussions giving in this section, argument (ii) is adopted for the rest of this chapter,

recognizing the fact that the recrystallized structure after annealing has crystals of higher quality.

3.4 Melt kinetics modelling

In this section the kinetics of melting is investigated. Revisiting Figure 3-26 and Figure 3-27, it is
shown that increasing the heating rate results in increasing apparent or net melting rate, which is
the resultant of melting and recrystallization rate. This can be explained by invoking argument (ii)
from section 3.3.2.4. When the heating rate is increased, the time available to the material for

recrystallization decreases, which shows itself in higher net melting rate.

The arguments given above are used for melt kinetics modelling. It is assumed that an original
underlying melting profile, where no recrystallization occurs, exists for the material. This pure
melt profile is referred to as the ‘master melt curve’. The details of the model and the results are

explained in the following sections.
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3.4.1 Prediction of the crystallinity

From discussions in the previous section, it is inferred that as the heating rate approaches infinity,
the melt curve gets close to the master melt curve. Since reaching high heating rates is not possible
using DSC, the results from one of the non-isothermal melting experiments, presented in section
3.3.1, are used. The crystallization kinetics model, developed in section 3.2, is then used for
subtracting the recrystallization amount at each time step to obtain the pure melt increment, which
is the melting increment corresponding to the master melt curve. Here the results from melting at
7 °C/min are used and using the crystallization kinetics model and subtracting the recrystallized

amount at each time step, the pure melting curve is obtained as shown in Figure 3-43.
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Figure 3-43 Pure melting and net melting curves for heat up at 7 °C/min
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Having the melting increment, corresponding to the master melt curve, the crystallization kinetics
model is then used for calculation of the recrystallization increment during each time step in an

arbitrary temperature cycle and therefore the actual degree of crystallinity is updated. Let’s define

(Z—f) as rate of crystallization (negative in melting) in the master melt curve. Given that it is
master

taken from the results of heating at 7 °C/min , (d—X) can be rewritten as:
master
&) =) -oec/mm (313)
— === .(7 °C/min 3-13
dt master dT master

This way, the time effects related to the 7 °C/min curve are removed and (d—X) can be

master

considered as a true master curve as shown in Figure 3-44.
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Figure 3-44 Master melt curve

Defining At: time increment in the current time step, AT: temperature increment in the current
time step, X,qx: Maximum degree of crystallinity, %: crystallization rate, AX,: increment in

degree of crystallinity due to crystallization, AX,,: increment in degree of crystallinity due to
melting, AX: total increment in degree of crystallinity, X™: degree of crystallinity at the end of
current time step, X™~*: degree of crystallinity at the end of previous time step, T : heating rate,

degree of crystallinity may be predicted, based on the applied temperature profile as
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from that T and X.

dx,
{ At X <X

AX. =1 dt max
0 X = Xonax

(dX> AT T >0

AXpy = AT/ master ’

0 T<0
AX = AX. + AX,,

X" =X""1+AX

Comparison of model predictions and experimental results

ten different heating rates in Figure 3-45.

(3-14)

Using Equation ( 3-14 ), for any arbitrary temperature history, at a temperature T, the master melt

curve gives the corresponding X value and identifies the melt behaviour if the material is heated

In the next section the predictions using the Equations ( 3-14 ) are compared with the experimental

In this section, the model presented in the previous section is used for prediction of crystallinity

for different melting experiments. Model predictions are compared with experimental results for
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Figure 3-45 Variation of the crystallinity whilst melting at (a) 1 °C/min, (b) 2 °C/min, (c) 3 °C/min, (d)
4 °C/min, () 5 °C/min, (f) 6 °C/min, (g) 7 °C/min, (h) 8 °C/min, (i) 9 °C/min, (j) 10 °C/min, model predictions

and experimental results

It is evident from Figure 3-45 that predicted results and experimental data are in good agreement.
Model predictions for different heating rates are shown in Figure 3-46. The model is run for some
higher heating rates including 100 °C/min, 1000 °C/min, 10000 °C/min. It is seen that with
increasing heating rate, the melt curves asymptotically approach one curve which is in fact the

master curve.
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Figure 3-46 Model predicted crystallinity for different heating rates

Predicted results for melting of the material after annealing at 320 °C with different hold times are

compared with experimental data in Figure 3-47.
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Figure 3-47 Variation of crystallinity for heating at 10 °C/min subsequent to heating at 10 °C/min from room

temperature to 320 °C and then isothermal hold for (a) 1 min, (b) 2 min, (¢) 3 min, (d) 4 min, (¢) 5 min, (f)

10 min, (g) 1 hour, (h) 10 hour, model predictions and experimental results
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The results in Figure 3-47 indicate that the model predictions are in reasonable agreement with the
experimental results. The predicted results for different annealing times at 320 °C are compared in

Figure 3-48.
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Figure 3-48 Variation of crystallinity for heating at 10 °C/min subsequent to heating at 10 °C/min from room

temperature to 320 °C and then isothermal hold for different annealing times

From Figure 3-48, it is recognized that increasing the annealing time at a constant temperature
results in increasing the degree of crystallinity. When the crystallinity reaches its maximum, the
model does not predict any extra changes for the rest of the annealing time. This may be concluded

considering that in Figure 3-48, the results for 1 hour and 10 hour annealing time are the same.
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Predicted results for melting of the material after annealing for 10 hours at different temperatures

are compared with experimental data in Figure 3-49.
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Figure 3-49 Variation of crystallinity for heating at 10 °C/min subsequent to heating at 10 °C/min from room
temperature and then isothermal hold at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330 °C, model predictions and

experimental results

Model predicted results and experimental data for cooling-annealing-melting experiments are

compared in Figure 3-50.
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Figure 3-50 Variation of crystallinity for heating at 10 °C/min subsequent to cooling at 10 °C/min from 380 °C
and then isothermal hold at (a) 300 °C, (b) 310 °C, (c) 320 °C, (d) 330 °C, model predictions and experimental

results

The results from both Figure 3-49 and Figure 3-50 indicate that model predictions are acceptable.

In summary, the ‘master melt curve’ concept introduced in this chapter, along with the presented
crystallization kinetics model, can be used for prediction of changes in the degree of crystallinity
during the processing of the material with an arbitrary temperature cycle. Model predictions were
compared with the experimental measurements for different scenarios and they are in good

agreement.
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Chapter 4: Thermo-Viscoelastic Behaviour; Experiments and Model

Development

In this chapter, stress relaxation experiments and their results are presented for AS4/PEEK, neat
PEEK, fully cured AS4/8552 and fully cured neat 8552 resin. Temperature dependency of the
unrelaxed values of the moduli is concluded from the experimental results. A ‘vertical shift factor’
is introduced and the master curves of the relaxation moduli are generated. Prony series are fitted

to the master curves.

Thermo-elastic behaviour of the polymer in the glassy regime is studied using some load control

tests on fully cured 8552 resin.

The integral form constitutive model of Schapery is introduced for creep of thermo-rheologically
complex materials. The integral is transformed to the differential form and it is shown that it has a
Kelvin-type mechanical analogue. A stress relaxation-type equivalent of Schapery’s integral is
proposed based on nonlinear models of Schapery, derived from thermodynamics. The integral is
converted to the differential form which has a Maxwell-type mechanical analogue. The
constitutive relations are modified based on the experimental results for the behaviour of material
in glassy regime. The equations are generalized to three dimensional form for isotropic,
transversely-isotropic and orthotropic cases. Time integration of equations is carried out and the

final equations are derived for implementation as a finite element user material (UMAT).
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4.1 Stress relaxation experiments

Thermo-viscoelastic characterization was performed via stress relaxation experiments, usinga TA

instrument Q800 DMA machine (Figure 4-1), with 3-Point bending and dual cantilever clamps.

Figure 4-1 TA Instruments Q800 DMA machine

41.1 Materials

Stress relaxation experiments were conducted on specimens made of four different materials.
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4111 TenCate Cetex® TC1200 PEEK AS4

AS4/PEEK, introduced in section 3.1, was used for making unidirectional laminated panels. The
panel was made of 16 layers of the unidirectional tape. Processing was performed in a picture
frame tool assembly using a Wabash hydraulic hot press [128]. The material was heated in an
oven, close to the hot press, to 390 °C and then consolidated for 6 min in the hot press while the
temperature of the platens were held constant at 290 °C. Finally the part was removed from the
press and naturally cooled to room temperature. Beam samples were cut from the plate such that

the fibres are in transverse direction.

4.1.1.2 Victrex® PEEK 150P

Victrex® PEEK 150P [135] powder is used for making DMA beam samples. To the best
knowledge of the author [136], this is the same PEEK material used in AS4/PEEK. The samples
were manufactured using an in house developed mini autoclave by Convergent Manufacturing
Technologies. Material was heated to 390 °C, under a pressure of 100 psi (pressurized nitrogen)
and then cooled at 3 °C/min to 20 °C. This material is referred to as neat PEEK for the rest of this

document.

4.1.1.3 Hexcel HexPly® 8552/AS4

Hexcel HexPly® 8552/AS4 prepreg was used for making fully cured panels. This material is

referred to as AS4/8552 for the rest of this document. 12 layers of prepreg were used for making
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the unidirectional panels. The panel was cured in an autoclave with the following temperature
cycle: Heating at 2°C/min to 180 °C, hold for 2 hour and cooling at 3 °C/min to 20 °C. Finally it
was post-cured by heating at 0.5 °C/min to 220 °C and holding isothermal for 30 min. DMA beam

samples were cut from the panel such that the fibres were in the transverse direction.

4114 Hexcel 8552 resin film

Hexcel 8552 resin film was used for making DMA beam samples. The curing process was
conducted in the in house made mini autoclave by Convergent Manufacturing Technologies. The
employed cure cycle was as follows: heating at 5 °C/min to 110 °C, isothermal hold for 100 min,
heating at 0.5 °C/min to 220 °C, and isothermal hold for 60 min. This material is referred to as

fully cured 8552 resin for the rest of this document.

One example of DMA samples from each material is shown in Figure 4-2.

(@) (b)

(©) (d)

Figure 4-2 DMA specimens made of (a) AS4/8552 (b) 8552 neat resin (¢) AS4/PEEK (d) neat PEEK
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4.1.2 Methodology

Beam samples of rectangular cross section were tested in 3-point bending or dual cantilever

clamps, as shown in Figure 4-3.

Figure 4-3 DMA clamps: 3-Point bending (left), Dual cantilever (right)

All composite samples were unidirectional and were tested in the transverse direction. Samples

dimensions and clamps are given in Table 4-1.
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Table 4-1 DMA samples dimensions and clamps

Material Sample | Length (mm) | Width (mm) | Thickness (mm) @ Clamp

AS4/PEEK | A 35 11.62 3.12 Dual cantilever
AS4/PEEK | B 35 11.25 3.09 Dual cantilever
AS4/PEEK | C 35 11.52 3.10 Dual cantilever
PEEK A 35 9.94 3.04 Dual cantilever
PEEK B 35 9.80 3.04 Dual cantilever
AS4/8552 | A 50 12.32 2.29 3-point bending
AS4/8552 | B 50 13.21 2.30 3-point bending
AS4/8552 | C 50 12.54 2.30 3-point bending
8552 A 50 12.63 2.87 3-point bending
8552 B 50 12.63 2.90 3-point bending

In each stress relaxation experiment, the sample was equilibrated at each temperature followed by
an isothermal hold for 5 minute. A constant deflection was applied to the beam for 10 minute and
the force required for keeping this deflection was recorded by the machine. Next the sample was
equilibrated at another temperature and the mentioned steps were repeated. This procedure
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continued until the complete desired temperature range was covered. Using the force and
deflection data and sample dimensions, the modulus of the material was calculated using beam

theory. The calculated modulus for the composite samples is the transverse modulus, E,.

4.1.3 Raw data and general interpretations

41.3.1 Testresults for AS4/PEEK

Three AS4/PEEK samples, as given in Table 4-1, were tested. For sample A, the temperature was
changed from 30 °C to 340 °C. The temperature range for samples B and C was between —50 °C
to 340 °C. The relaxation moduli versus time at different temperatures are given in Figure 4-4,
Figure 4-5, and Figure 4-6 for samples A, B and C, respectively. According to the melting rate
curves in Figure 3-27, the material melts at temperatures higher than approximately 250 °C.

Therefore, any relaxation data for temperatures higher than 250 °C should be interpreted carefully.
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Figure 4-4 Relaxation moduli, E, (t), for AS4/PEEK-Sample A at different temperatures
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Figure 4-5 Relaxation moduli, E, (t), for AS4/PEEK-Sample B at different temperatures
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Figure 4-6 Relaxation moduli, E, (t), for AS4/PEEK-Sample C at different temperatures

From test results it is concluded that at all temperatures, the modulus values decrease gradually.

The decline of the modulus is lower at very low temperatures as well as very high temperatures.

4.1.3.2 Test results for neat PEEK

Variations of relaxation moduli with time at different temperatures for neat PEEK specimens are
displayed in Figure 4-7 and Figure 4-8. Temperature range for samples A and B is between 30 °C

and 290 °C, and —100 °C and 300 °C, respectively. For neat PEEK, temperatures higher than
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300 °C are not applicable as the material flows and the beam specimen loses its shape. In contrast,

for AS4/PEEK, presence of fibres inhibits flowing of the resin and higher temperatures are valid,

accordingly.
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Figure 4-7 Relaxation moduli, E(t), for PEEK-Sample A at different temperatures
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Figure 4-8 Relaxation moduli, E(t), for PEEK-Sample B at different temperatures

4.1.3.3  Test results for fully cured AS4/8552
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Relaxation moduli for three different fully cured AS4/8552 samples at different temperatures are

shown in Figure 4-9, Figure 4-10, and Figure 4-11.
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Figure 4-9 Relaxation moduli, E, (t), for AS4/8552-Sample A at different temperatures
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Figure 4-10 Relaxation moduli, E,(t), for AS4/8552-Sample B at different temperatures
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Figure 4-11 Relaxation moduli, E, (t), for AS4/8552-Sample C at different temperatures

For all three samples the temperature was varied between —100 °C and 290 °C. For test results at

temperatures above 250 °C, the material might be degraded.

4.1.3.4  Test results for fully cured 8552 resin

The relaxation modulus test results for fully cured 8552 resin samples are illustrated in Figure 4-12

and Figure 4-13.
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Figure 4-12 Relaxation moduli, E(t), for 8552-Sample A at different temperatures
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Figure 4-13 Relaxation moduli, E(t), for 8552-Sample B at different temperatures
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Similar to AS4/8552 samples, the temperature was varied between —100 °C and 290 °C.

4.1.4 Generating the master curves

According to Schwarzl and Staverman [119], if the change of temperature for a linear viscoelastic
material is equivalent to a shift of logarithmic time scale, the material is called ‘thermo-
rheologically simple’. For such a material, the relaxation moduli data at different temperatures are
plotted versus log t. A reference temperature is chosen and moduli curves for other temperatures
are shifted horizontally such that one smooth curve is created. The resulting curve is the so-called
‘master curve’ at that reference temperature. The procedure of generating the master curves using

horizontal shifting in the log t space is referred to as ‘time-temperature superposition’ [137].

At the molecular level, thermo-rheologically simple behaviour implies that at different
temperatures, the same sequence of molecular events occurs with different speeds [119]. Another
interpretation of thermo-rheologically simple behaviour is that all relaxation times of the material
are affected by the temperature in the same way [137]. One important feature of thermo-
rheologically simple materials is that the initial and long-term values of the moduli, hereafter

referred to as unrelaxed and relaxed moduli are independent of temperature [138].

In this section, applicability of time-temperature superposition is examined for all AS4/PEEK,
PEEK, fully cured AS4/8552 and fully cured 8552 samples and a procedure is proposed for

generation of the master-curves.
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4141 Master curves for AS4/PEEK

In this section, the procedure of generating the master curve for transverse modulus, E,, of
AS4/PEEK-sample C is explained. The variation of relaxation modulus at different temperatures

for AS4/PEEK-sample C are displayed in Figure 4-14, in logarithmic-logarithmic scale.
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Figure 4-14 Relaxation moduli, E, (t), for AS4/PEEK-Sample C at different temperatures, in logarithmic-

logarithmic scale

For investigating the temperature dependence of unrelaxed modulus, the first data point from the

relaxation experiments at different temperatures is extracted and the results are plotted against
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temperature in Figure 4-15. The first data point at each temperature is collected at 6.98 seconds,
subsequent to application of the deflection. Such a graph is called the ‘isochronous curve’ at

6.98 second, E,(t = 6.98s).
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Figure 4-15 Isochronous moduli at 6.98 s, E,(6.98 s), for AS4/PEEK-Sample C

As mentioned, the plot in Figure 4-15 is created using the first data points collected in each
relaxation test. For temperatures less than 120 °C, which is near T, these modulus values may be
considered as the unrelaxed moduli. For temperatures higher than 120 °C, a significant decline is
realized in the modulus. At these high temperatures, the material relaxes at a high speed and the
machine is not capable of recording the unrelaxed moduli. Therefore, we extrapolate the unrelaxed

modulus at 120 °C for higher temperatures and consider it as the unrelaxed modulus for those
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temperatures. It is seen later that this approach results in a smooth master curve. The unrelaxed

modulus, E¥(T), is shown in Figure 4-16.
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Figure 4-16 Isochronous moduli at 6.98 s and unrelaxed modulus, E¥(T), for AS4/PEEK-Sample C

As explained, the unrelaxed modulus of the material is temperature dependent which implies the
material behaviour is not thermo-rheologically simple. Such a material behaviour was termed

‘thermo-rheologically complex’ behaviour by Schapery [121].

The first step in generating the master curve is picking a reference temperature, T,..r. Here, Ty ¢ IS
selected as 140 °C. Since the simple shifting of the curves in logarithmic time space is not
sufficient for generating the master curves, a so-called ‘vertical shift factor’ is defined for

normalizing the modulus values, prior to horizontal shifting, as
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E*(T)

ap(T) = m

The relaxation modulus values at each temperature, E(t, T), are normalized as

E(t,T)

N —
BN =2

(4-1)

(4-2)

The normalized values of modulus, obtained using Equation ( 4-2 ), are displayed in Figure 4-17.
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Figure 4-17 Normalized relaxation moduli, EY, for AS4/PEEK-Sample C at different temperatures, in

logarithmic-logarithmic scale
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Next, these normalized moduli are horizontally shifted in the logarithmic time space and the master

curve is generated which is shown in Figure 4-18.
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Figure 4-18 Master curve of relaxation modulus, E,(t), for AS4/PEEK-Sample C at T,..; = 140 °C

The generated master curve in Figure 4-18 is smooth which confirms that the proposed procedure
is satisfactory. It is evident from the graph that the results corresponding to temperatures higher
than the reference temperature are horizontally shifted to the right, and the results related to
temperatures lower than the reference temperature and shifted to the left. The extent of horizontal

shifting in the logarithmic time space at each temperature is log a(T) where a;(T) is defined as
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the ‘horizontal shift factor’. The horizontal and vertical shift factors used for generating the master

curve in Figure 4-18 are displayed in Figure 4-19 and Figure 4-20.
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Figure 4-19 Horizontal shift factor of relaxation modulus, E,(t), for AS4/PEEK-Sample C at T,y = 140 °C
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Figure 4-20 Vertical shift factor of relaxation modulus, E,(t), for AS4/PEEK-Sample C at T,y = 140 °C

Following the same procedure, master curves are generated for samples A and B. The master

curves for three samples A, B and C are compared in Figure 4-21.

137



10060
TUUUUT

e Master Curve-Sample A

= Master Curve-Sample B

+ Master Curve-Sample C

& Trer = 140 °C
2
E 1000 |
>
o
(=]
=
’!\:‘
%
om
‘a
eon
100 : : : : : : ks
0.00001 0.01 10 10000 10000000  1E+10 1E+13 1E+16 1E+19

Time (Sec)

Figure 4-21 Master curves of relaxation modulus, E,(t), for AS4/PEEK samples at T,..; = 140 °C

It is evident from Figure 4-21 that the master curves for the three samples are in good agreement.
Also horizontal shift factors and vertical shift factors for the three samples are compared in Figure
4-22 and Figure 4-23. The results for the three samples are consistent. The discontinuity, observed

in the vertical shift factors, is because of a minor increase in the unrelaxed moduli, right before the

relaxation (Figure 4-15 and Figure 4-16).
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Figure 4-22 Horizontal shift factor of relaxation modulus, E,(t), for AS4/PEEK samples at T,..; = 140 °C
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Figure 4-23 Vertical shift factor of relaxation modulus, E,(t), for AS4/PEEK samples at T,..; = 140 °C
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4142 Master curves for neat PEEK

The isochronous curves at 6.98 second, E(t = 6.98 s), and the unrelaxed modulus for two neat

PEEK samples are given in Figure 4-24 .
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Figure 4-24 Isochronous moduli at 6.98 s and unrelaxed modulus, E*(T), for neat PEEK (a) Sample A (b)

Sample B

Similar to the case of AS4/PEEK samples, the reference temperature is chosen to be 140 °C.
Employing the vertical shift factors as defined by Equation ( 4-1 ), the relaxation moduli are
normalized using Equation ( 4-2 ). Next the normalized moduli are horizontally shifted in the
logarithmic time space and the master curves are generated. The master curves for two samples
are given in Figure 4-25. The horizontal and vertical shift factors are displayed in Figure 4-26. The

results for two samples are consistent.
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Figure 4-25 Master curves of relaxation modulus, E(t), for neat PEEK samples at T,..; = 140 °C
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Figure 4-26 (a) Horizontal shift factor (b) Vertical shift factor of relaxation modulus, E(t), for PEEK samples
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4143

Master curves for fully cured AS4/8552

Similar to the previous cases, the isochronous modulus curve, E,(t = 6.98 s), and the unrelaxed

moduli, E3(T), for three AS4/8552 samples are given in Figure 4-27.
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Figure 4-27 Isochronous moduli at 6.98 s and unrelaxed modulus, E%(T), for neat AS4/8552 (a) Sample A

(b) Sample B (c) Sample C

Choosing the reference temperature as T,.., = 200 °C, which is close to T,, the moduli are

normalized employing the Equations ( 4-1 ) and ( 4-2 ). Next the normalized moduli are shifted
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horizontally in the logarithmic time space and the master curves are generated as presented in

Figure 4-28.
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Figure 4-28 Master curves of relaxation modulus, E; (¢), for AS4/8552 samples at T,..; = 200 °C

The horizontal and vertical shift factors are given in Figure 4-29.
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Figure 4-29 (a) Horizontal shift factor (b) Vertical shift factor of relaxation modulus, E,(t), for AS4/8552

samples at T,y = 200 °C

The results for the three samples are in good agreement.

4.1.4.

4

Master curves for fully cured 8552 resin

The isochronous modulus curve, E(t = 6.98 s), and the unrelaxed moduli, E*(T), for two fully

cured 8552 resin samples are shown in Figure 4-30.
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Figure 4-30 Isochronous moduli at 6.98s and unrelaxed modulus, E*(T), for fully cured 8552 resin (a)

Sample A (b) Sample B

Similar to the cases for AS4/8552, the reference temperature is chosen as .., = 200 °C. The shift
factors are calculated using Equation (4-1) and the moduli are normalized with the application of
Equation ( 4-2). Shifting the normalized moduli in the logarithmic time space results in the master

curves, as presented in Figure 4-31. Also the horizontal and vertical shift factors are given in Figure

4-32. All results for the two samples are consistent.
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Figure 4-31 Master curves of relaxation modulus, E(t), for fully cured 8552 resin samples at T,..; = 200 °C
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Figure 4-32 (a) Horizontal shift factor (b) Vertical shift factor of relaxation modulus, E(t), for fully cured

8552 resin samples at T, = 200 °C

4.1.5 Fitting Prony series

Subsequent to generating the master curves for relaxation modulus, the next step is expressing the

modulus using a mathematical function, such as a Prony series:

N
t
E(t) =E, + ine T (4-3)
i=1

In order to fit Prony series to the experimental data, a regression algorithm may be used. If all
parameters in Equation (4-3), i.e. E,, E;'s and 7;'s are unknown (see [139]), a nonlinear regression
algorithm should be employed (see [140]). An alternative approach is choosing the relaxations
times, 7;'s, in advance and then using a linear regression algorithm for finding E, and E;'s (See

[141]-[144]). The relaxation times are usually chosen as uniformly spaced in the logarithmic time
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space. In this section, the linear regression algorithm is adopted from the work of Zobeiry [69] and
a Prony series of the form of Equation ( 4-3) is fitted to the master curves generated in section

4.1.4. The parameters E,, E;'s and t;'s for all cases are tabulated and the results are compared with

the experimental data in the following sections.

4.15.1 Prony series for AS4/PEEK master curves

Fitted Prony series with N = 36 and N = 10 elements are compared with experimental master

curve AS4/PEEK, sample A, in Figure 4-33.
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Figure 4-33 AS4/PEEK-Sample A-Master curves and fitted Prony series

Figure 4-33 shows that the Prony series with N = 36 terms results in a smooth curve which fits
very well to the data. Considering that the computation effort is increased by increasing the number
of Prony terms in a finite element code, it is advantageous to reduce the number of Prony terms. It

is clear from Figure 4-33 that the Prony series with N = 10 does not create an as smooth curve,
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however, the absolute values of the predicted moduli may be accurate enough for analysis. The

results for samples B and C are presented in Figure 4-34 Figure 4-35.
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Figure 4-34 AS4/PEEK-Sample B-Master curves and fitted Prony series
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Figure 4-35 AS4/PEEK-Sample C-Master curves and fitted Prony series

The parameters E,, E;'s and t;'s for all fitted Prony series are given in Appendix A .
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4.1.5.2 Prony series for neat PEEK master curves

Prony series are fitted to the experimental master curves for neat PEEK samples. The results are

displayed in Figure 4-36 and Figure 4-37.
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Figure 4-36 Neat PEEK-Sample A-Master curves and fitted Prony series
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Figure 4-37 Neat PEEK-Sample B-Master curves and fitted Prony series
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It is noticeable from Figure 4-36 and Figure 4-37 that increasing the number of Prony terms results

in higher smoothness in fitted curves. The parameters E,, E;'s and t;'s for all fitted Prony series

are given in Appendix A .

4.1.5.3  Prony series for fully cured AS4/8552 master curves

Fitted Prony series are plotted along with the experimental master curves for three fully cured

AS4/8552 samples in Figure 4-38, Figure 4-39 and Figure 4-40. Similar to previous cases,

smoother curves are obtained with higher number of Prony terms.
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Figure 4-38 AS4/8552-Sample A-Master curves and fitted Prony series
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Figure 4-39 AS4/8552-Sample B-Master curves and fitted Prony series
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Figure 4-40 AS4/8552-Sample C-Master curves and fitted Prony series

The parameters E,, E;'s and t;'s for all fitted Prony series are given in Appendix A .
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4.1.5.4 Prony series for fully cured 8552 resin master curves

Prony series are fitted to the master curves for fully cured 8552 resin samples. The results are

presented in Figure 4-41 and Figure 4-42. The parameters E,, E;'s and t;'s for all fitted Prony

series are given in Appendix A .
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Figure 4-41 8552 resin-Sample A-Master curves and fitted Prony series
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Figure 4-42 8552 resin-Sample B-Master curves and fitted Prony series
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4.2 Thermo-elastic behaviour in the glassy regime

In section 4.1.4, it was shown that the unrelaxed moduli for all samples were temperature
dependent. In this section, the nature of temperature dependence of unrelaxed moduli, E*(T), is
studied. More specifically it is desired to investigate if the stress is proportional to strain (elastic
behaviour) or the rate of stress is proportional to the rate of strain (hypo-elastic behaviour). The

elastic behaviour in the uni-axial form is stated as

o=E“(T)e (4-4)

The uni-axial hypo-elastic constitutive model [145] is expressed as

6 = E¥(T)é (45)

Let us consider the curve for bond energy as a function of bond length for atomic materials such
as metals, as shown schematically in Figure 4-43. Elastic deformation in metals is due to increasing
the average separation of atoms. On the other hand, when the temperature is increased, due to the
effects of thermal expansion, the average separation of atoms increases. Therefore, thermal
expansion and change of elastic modulus as a result of change of temperature are two coupled

phenomena.
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Figure 4-43 Bond energy as a function of bond length in an atomic structure

In a glassy polymer, the covalent bond between two carbon atoms is very stiff, such that both bond
length and bond angle are fixed. Deformation of glassy polymers, subjected to an external load is
due to rotation of chain segments around the carbon-carbon bond. The elastic behaviour in glassy
polymers is resisted by intramolecular and intermolecular energy barriers. On the other hand,
thermal expansion in polymers is due to increasing the average separation of molecular chains and
is resisted by weak van der Waals bonds. Therefore, there is no significant coupling between the

elastic moduli and thermal expansion of glassy polymers.
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As explained above, a change of temperature results in two different effects in the material;
thermal expansion/shrinkage and change of stiffness. Therefore, in order to inspect the nature of

temperature dependence of the modulus, thermal expansion effects should be subtracted.

Let us consider a bar in a tensile test setup, as sketched in Figure 4-44. A load is applied to the

Decreasing Temperature Increasing Temperature

6 due to modulus and CTE 1 _
6 due to modulus and CTE

Figure 4-44 Bar under a constant load subjected to a change of temperature

bar and kept constant during the experiment. If the temperature is increased, due to thermal
expansion effects (CTE effects), the length of the bar increases. At the same time, some softening
occurs in the material which may contribute to more length increase. Therefore the resulting net

length increase is due to contribution of two different causes. Similarly, if the temperature is
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decreased, there is some contraction due to CTE effects. Similarly, stiffening of the material may

cause some length reduction. The net length decrease is due to a combination two different effects.

In order to uncouple the thermal expansion effects, a 3-point bending setup in the DMA machine

is employed.

Decreasing Temperature

&

Increasing Temperature

Figure 4-45 Beam specimen in 3-point bending setup, subjected to a change of temperature

If the temperature is changed without applying any load to the sample (in practice a small load, in
the order of 0.001~0.01 N is applied to ensure the probe keeps contact with the sample during the
experiment), the position of the probe changes due to thermal expansion effects, as shown in Figure
4-45. The DMA software reports this as some mid-point deflection in the beam sample. With this

explanation, the sample is once tested under a constant load, with some arbitrary temperature
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profile, and then the test is repeated with the same temperature profile with no load. Subtracting
the beam mid-point deflection, measured during the two tests, the deflection due to change in the
modulus is obtained. A further complementary constant frequency DMA test is performed on the

sample, with the same temperature profile, for measuring the modulus as a function of temperature.

4.2.1 Thermo-elastic experiments on the steel sample

A steel sample was tested initially as a benchmark in order to validate the test method. Sample

dimensions are given in Table 4-2.

Table 4-2 Steel sample dimensions

Material Length (mm) Width (mm) Thickness (mm)

Steel 50.00 12.62 0.51

The sample temperature was equilibrated at 200 °C. A constant force of 15 N was applied and the
sample was cooled to —100 °C at the cooling rate of 2 °C/min. The force was removed and the
temperature was held constant for 30 min. Next the constant load of 15 N was applied once again
and the sample was heated at the rate of 2 °C/min to 200 °C. The experiment was repeated with
the same temperature profile and the force was kept constant at 0.01 N. The difference between
the deflections, measured during the two experiments is the pure deflection due to the application

157



of the force, hereafter referred to as the ‘mechanical deflection’. The total deflection, the deflection
due to thermal expansion/shrinkage and the mechanical deflection for cooling and heating

experiments are presented in Figure 4-46.
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Figure 4-46 Total deflection, deflection due to thermal expansion/shrinkage, mechanical deflection and

temperature profile for (a) cooling (b) heating experiments for steel

It is noticeable from Figure 4-46 that in the cooling and heating experiments, the deflection due to
CTE is increasing and decreasing, respectively. This indicates that the thickness of the sample is
decreasing during the cooling experiment and it is increasing during the heating experiment, as
expected. The change in the modulus of the sample, during the cooling and heating, measured

independently using a constant frequency DMA experiment is displayed in Figure 4-47.
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Figure 4-47 Modulus of steel sample in (a) cooling (b) heating
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It is recognized from Figure 4-47 that the modulus of the steel sample varies between 202 GPa

and 187 GPa, when the temperature changes between —100 °C and 200 °C, in both cooling and

heating experiments. According to Frost and Ashby [146], when the temperature is changed from

200 °C to —100 °C, the elastic modulus of stainless steel changes from 190 GPa to 218 GPa

(actual data is provided for shear modulus). Considering different experimental methods, these

numbers are consistent.

Subtracting the deflection due to thermal expansion/shrinkage from the total deflection, the

mechanical deflection is obtained and plotted along with the modulus for both cooling and heating

tests in Figure 4-48.
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Figure 4-48 Mechanical deflection and modulus as a function of temperature for steel sample in (a) cooling

(b) heating

Figure 4-48 shows that as the modulus is increased, the mechanical deflection is decreased. This

IS an important observation. Stiffening or softening of the steel sample, subjected to a constant

load, contributes to the mechanical deflection of the sample.

The product of the normalized values of modulus and mechanical deflection, Modulus

X Mechanical Deflection (normalized), during cooling and heating experiments are shown in

Figure 4-49.
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Figure 4-49 Modulus x Mechanical Deflection (normalized) for steel sample in (a) cooling (b) heating

It is concluded from Figure 4-49 that Modulus X Mechanical Deflection (normalized), stays
constant in both cooling and heating experiments, during the test. From solid mechanics (e.g. see
[147]), for a linear elastic Euler-Bernoulli beam, in a 3-point bending test, and with length L, width
b, and depth h, under the load P, the mid-span deflection, &, is calculated as

_PL?
"~ 48EI

) (4-6)

In Equation ( 4-6 ), I is the second moment of area and for a rectangular cross section is obtained

as

_ bh?
12

I (4-7)
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Equation ( 4-6 ) may be rewritten as

ES = il (4-8)
48]
For a constant load experiment, the right hand side of Equation ( 4-8 ), is a constant, i.e.,
Eé = const. (4-9)

From Figure 4-49, it is seen that Equation ( 4-9) is valid, which implies that for the steel sample,

during both cooling and heating experiments, the following equation is valid:

PL3

8(T) = 48E ()1

(4-10)

From Equation (4-10), it is concluded that the material behaviour for a steel sample, during both

cooling and heating experiments, is linear elastic and the constitutive relation is

o=E(T)e (4-11)

Now that the test method is validated, it is used in the next section for studying the behaviour of a

polymer material in the glassy regime.
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4.2.2 Thermo-elastic experiments on the fully cured 8552 resin sample

In this section, the procedure used for the steel sample in section 4.2.1 is repeated for a fully cured

8552 resin sample. The sample dimensions are given in Table 4-3.

Table 4-3 Fully cured 8552 resin sample

Material Length (mm) Width (mm) Thickness (mm)

Fully cured 8552 resin 50.00 12.46 3.38

The results from the constant frequency DMA experiment, conducted on the sample in the

temperature range between —100 °C to 100 °C are presented in Figure 4-50.
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Figure 4-50 Storage modulus of fully cured 8552 resin

Because of the shape of the modulus curve, the constant load experiments were performed in two

different temperature ranges; between —100 °C to —10 °C, and between —10 °C to 100 °C.

In each test, the sample temperature was equilibrated at the higher temperature (—10°C or
100 °C). A constant load of 10 N was applied and the sample was cooled at 2 °C/min to the lower
temperature (—100 °C or —10 °C). The load was removed and the temperature was held constant
for 30 min. Subsequently, the load of 10 N was reapplied and the sample was heated at 2 °C/min
to the higher temperature (—10 °C or 100 °C). The experiments were repeated with a small load
of 0.01 N and with the same temperature profile to capture the deflection of the sample due to
thermal expansion/shrinkage. The total deflection and the deflection due to thermal
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shrinkage/expansion during cooling and heating experiments, in two temperature ranges are given

in Figure 4-51 and Figure 4-52.
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Figure 4-51 Total deflection and deflection due to thermal expansion/shrinkage and temperature profile for
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Figure 4-52 Total deflection and deflection due to thermal expansion/shrinkage and temperature profile for

(a) cooling (b) heating experiments for fully cured 8552 resin between —10 °C and 100 °C

From Figure 4-51 and Figure 4-52, it is recognized that for both temperature ranges, during cooling

and heating, total deflection and deflection due to thermal expansion/shrinkage follow the same

trend.
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Subtracting the deflection due to thermal expansion/shrinkage from the total deflection, the

deflection due to load (mechanical deflection) is obtained. The results are presented in Figure 4-53

and Figure 4-54.
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Figure 4-53 Mechanical deflection and temperature profile for (a) cooling (b) heating experiments for fully
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Figure 4-54 Mechanical deflection and temperature profile for (a) cooling (b) heating experiments for fully

cured 8552 resin between —10 °C and 100 °C
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From the results in Figure 4-53 and Figure 4-54, it is concluded that for both temperature ranges
and during cooling and heating, change of modulus does not cause any change in the deflection
and the mechanical deflection is constant. To express this behaviour mathematically, uniaxial

Hooke’s law (Equation ( 4-11)) is rewritten in rate form as

G =%= E(T)é+ E(TMe (4-12)

Since the change of modulus does not contribute to the deflection, the second term on the right

hand side of Equation (4-12 ) is dismissed and therefore the constitutive relation is expressed as

0 =E(T)e (4-13)

Equation ( 4-13) suggests that the material behaviour of fully cured 8552 resin in the investigated
temperature region is hypo-elastic [145]. The thermo-viscoelastic constitutive relations in the

following section are modified to take into account this behaviour.

4.3 One-dimensional constitutive relations for thermo-rheologically complex materials

As explained in 2.3, Schapery introduced two different types of thermo-rheologically complex

materials. He designated a composite material composed of thermo-rheologically simple materials
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with different shift factors as TCM-1. Also he defined TCM-2 as a material whose uniaxial

behaviour in terms of creep can be described by the following equation

t

€Ex = DIUx + fAD(€ - E,)i<o—x(t,)> dt’ (4-14)

dt'\ ag

0

Equation ( 4-14 ) has been derived using irreversible thermodynamics [148]. In Eq.3, D; = D;(T)

is the initial value of creep compliance and it can be shown that a is a vertical shift factor for AD,
E=&(t) = fot dr/ar, & =&(t) = fot dt/ar, & is called the “effective time” or “reduced time”

and a; is the temperature shift factor. According to Schapery [148], Equation ( 4-14 ) can be used

for both composite and monolithic materials.

PEEK, which is a semi-crystalline thermoplastic polymer, and also 8552 resin which is a thermoset
should be thermo-rheologically complex according to the discussions given by Schwarzl and

Staverman [119].

From the test results we observe that the limiting values of the modulus (relaxed and unrelaxed
modulus) are temperature dependent which is another manifestation of thermo-rheologically
complex behaviour. The constitutive equation given in Equation ( 4-14 ) is an appropriate model
for capturing the behaviour of such a material. This model can be converted to the differential form

by approximating AD by a Prony series as
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N N
AD(t) =4D(0) + » Di(1—e ¥%)= ) Di(1—e /™) (4-15)
2 2

From definition of “reduced time”, &', and using Leibniz rule for differentiation we have

t,
ad _ @ fd / _ 1 4-16
dt’ ~ dt’' AT )= 0@ (4-16)
0
Therefore,
d 1 d
= and dt' =a;(t")d¢&’ (4-17)

dt’ ap(t")dé&

Using Equation ( 4-17 ), Equation ( 4-14) is rewritten as

$

d
€x = Djoy + jﬂD(f - f,)d_f'
0

<O’x(€’)> dfl (4-18)

ag
Carrying out the integration by parts
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x(f) ( )

(4-19)

$
_ Dlax_faﬂD(é”—E)(ax(E)

oF > dé' + AD(0)

G
0

We assume the material is at rest at time zero and the initial compliance is D; which means a,.(0) =

0 and AD(0) = 0. Therefore Equation ( 4-19 ) reduces to

B 0AD(E - £) (0,(&)
ex—Dlax—Oj I < o ) d¢’ (4-20)

Substituting from Equation ( 4-15 ) into Equation (4-20 ) yields

—DIGx+Zf (6 225 "(5) dé’ (4-21)

i=19

Next we define the state variable g;(§) as [149]

¢
q:(¢) = J&e—(f—f')/ﬁwdf' (4-22)

T; *%:
0

From Equation (4-22 ), Equation ( 4-21) is rewritten as
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€, = D;o, + Z q; (4-23)

Also using Leibniz rule for differentiation and Equation ( 4-22)

dql(f) i} (f f)/‘r O-x(f) Dl _(5 &/t ZxX\7 Gx(f)
az asl P R %

(4-24)

4

=__1 &e_(f_sc')/f X(é)df +D Gx(‘f)
T, J T T; 4g
0
or
dql'(f)_l_ql'(f):&%(f)’ i=12 .. N
dé T T; ag

(4-25)

Equations ( 4-23 ) and ( 4-25) are the governing equations of a generalized Kelvin-Voigt model,

where g; is the strain in the i** Kelvin element, as shown in Figure 4-55.
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Figure 4-55 Generalized Kelvin-Voigt Model, mechanical analogue for Equations ( 4-23 ) and (4-25)

Equation ( 4-14 ) can be generalized and in a similar way converted to differential form for the

cases of an isotropic material in 3D and also transversely isotropic material in 3D.

The resulting differential constitutive equations can be written in incremental form using a time
integration scheme and then implemented in a UMAT. Since in Equation ( 4-23 ), strain is
expressed as a function of stress, an iterative method such as Newton-Raphson is required for

determining the increment of stress at the end of each time step (see [150]).

As mentioned previously, implementation of Kelvin type constitutive equations in a UMAT needs
iteration. Maxwell type constitutive equations are therefore more desirable due to higher

computational efficiency.

Based on nonlinear viscoelastic constitutive equations of Schapery [151] we may write the

equivalent stress relaxation form of Equation ( 4-14 ) as
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t
Ldey
Oy =Eeex+aFfAE(t—t )Wdt (4-26)
0

In Equation ( 4-26 ), E, = E.(T) is the final (relaxed) value of relaxation modulus and it can be
shown that a is a vertical shift factor for AE. Similar to the procedure used for deriving Equation

(4-18), we may rewrite Equation ( 4-26 ) as

¢
de,
O'x=EeEx+aFjAE(f—f’)d—€,df’ (4-27)
0
where § = £(0) = [ dt/ar, &' = (t') = [} dt/ar.
Next we approximate E (&) by a Prony series
N £
E(§)=E, + Z Ee T (4-28)
i=1
From Equation (4-28) it is obvious that
S}Lrgo E() =E. (4-29)
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and

Y ¢’
AE(§—§)=E(§—§)—E, = EEie-f—i
i=1

Substituting from Equation ( 4-30 ) into Equation ( 4-27 ) we have

N § ,
=5 de,
oy = Eq€, +Z aFfEl-e T dé’
. dé&’
=1 0
Now we define the state variables g;’s [149] as
_§-¢ de
%@)=aFJEm T Egdé, i=12..,N

0

Therefore from Equations ( 4-31) and ( 4-32 ) we have

N
Ox = Eq€x + Z qi
i=1

(4-30)

(4-31)

(4-32)

(4-33)
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Also, using Leibniz rule for differentiation from Equation ( 4-32 ) we obtain

'3
dq;(§)  ar _5;_.5: déx o dex
T BT g e
0 (4-34)
_ q:(&) dey P
— Ti +aFEi df' l—1,2 ,N
Therefore,
da. . de
q:($) N q:(§) x i=12..,N (4-35)

g mo hag

From Equations ( 4-33 ) and ( 4-35 ) we conclude that g; can be interpreted as stress of the it"

Maxwell element in a Maxwell chain as shown in Figure 4-56.
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E.(T)

Figure 4-56 Maxwell Chain, mechanical analogue for Equations ( 4-33 ) and (4-35)

From the analogue model in Figure 4-56, the initial (unrelaxed) value of the modulus can be written

as

N
Ei(T) = Ee(T) +ax(D) ) F, (4:36)

According to our experiments for studying the thermo-elastic behaviour of a cured epoxy polymer

in the glassy regime (see section 4.2), the material behaviour is hypo-elastic, i.e.,
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6, = Ej€, (4-37)

Substituting from Equation ( 4-36 ) into ( 4-37 ) results in

N N N
by = <Ee(T) + aF(T)z El-) €x = E(T)éx + Z ap(T)E; éx = 6, + Z Ji (438)
i=1 i=1 i=1

where

6, = E,(T)é, and 6; = apE;(T)é,, i=12..,N  (439)

Equation ( 4-39 ) implies that each of the springs in the Maxwell chain in Figure 4-56 is

instantaneously linear elastic (hypo-elastic).

So far it is assumed that all strains are mechanical strains (strains due to stresses). Now we will

consider the effects of free strains as well.

4.3.1 Effect of free strains

Let us consider the one dimensional constitutive relation for an elastic material first.
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0 = E(e — alAT) = Ee — EaAT (4-40)

We may rename Ea as 8 and rewrite Equation (4-40) as

o = Ee — BAT (4-41)

In Equation ( 4-40 ), a which is the coefficient of thermal expansion (CTE) is thermal strain due
to a unit change in temperature and in the absence of applied stresses. Similarly, in Equation (4-41

), B is the magnitude of thermal stress due to a unit change in temperature in a completely

constrained body.

Considering these thermal stresses, we may rewrite Equation ( 4-27 ) as

¢ 4 ¢ d (ﬂ)
oy = Epe, + ag ] AE(§ — f')—dz’f d¢' — B.AT — ag f AB(E =& —d‘;f g’ (4-42)
0 0

In Equation (4-42), B, = B.(T) is the final (relaxed) value of g and 48 = B(&) — B, is the time

dependent (viscoelastic) part of 3.

Next we approximate S(&) by a Prony series
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5 ¢
BE) =fe+ ) fie ™

(4-43)

Relaxation times are chosen arbitrarily and later on we will assume that they are the same for E

and B. Substituting from Equations ( 4-28 ) and ( 4-43 ) into Equation ( 4-42 ) we have

AT
l _$=¢ de, e¢d (a_F) )
Ox = Ep€x — BAT + Z ag j Eie d_f' - Bi T dz’ ¢
i=1 0

Now we define the state variables g;'s as

£ , 4 (AT
=% de, i (a_F) ,
qi§) =ap | | Eie T d_f’_ﬁie i dé’ as’, i=12..,N

0

Using Leibniz rule of differentiation, the derivative of g;(¢) with respect to & will be

da,(®) o ey eed(a) d
quls) _ _ar R et P s el ' €y
az = Ti E;e ac Bie az d¢' + apE; IT:
0
dAT

(4-44)

(4-45)

(4-46)
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w(® de,  daT
o ertigg g

And therefore,

dql'(f)_l_ql'(f)_a de,  dAT
df T; - YF Ld%— Ldf’

i=12..,N (4-47)

Also using Equation ( 4-45 ), we may rewrite Equation (4-44) as

N
oy = E €, — B AT + z q; (4-48)
i=1

Now if we consider stresses due to cure/crystallization shrinkage, Equation ( 4-40 ) is rewritten as

0 = E(e — aAT — a®*AX) = Ee — BAT — yAX (4-49)

In Equation ( 4-49), AX is change of degree of cure/crystallinity and a“* is free strain due to a unit
change in degree of cure/crystallinity and y is stress due to a unit change in degree of

cure/crystallinity in a completely constrained body.
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Similarly if we take into account stresses due to cure/crystallization shrinkage, Equation ( 4-42 )

is rewritten as

(e e 4G
0, = Botat ap [ AEGE = §) G228~ BT — ap [ 45— ) —2E= e’
0 ’ (4-50)
; 4 (AX
- vebX — ap [ Ay - ) %de'

0

In Equation (4-50), v, is the final (relaxed) value of y and 4y = y (&) — v, is the time dependent
(viscoelastic) part of y. Similar to the procedure we followed for thermal stresses we approximate

v (&) by a Prony series

N
s
Y€ =v.+ ZVie Ti (4-51)
i=1

Defining the state variables g;’s as
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§-¢' f?dAﬁ
575 de, i ar
. — . Tjg —— — . T ——
a(© =ar [ Be 7 g
0
(4-52)
AX
- -e‘;f’d(a_”) g =12..,N
yl df’ ) - ) )
Equation ( 4-50 ) reduces to
dgi(§) @) _ de, _ dAT  dAX

+

dé T, MFRigy TPigs TVige i=12..,N (453)

and

N
0y = Eo€, — B AT — vy AX + Z q; (4-54)
i=1

Equations ( 4-53) and ( 4-54 ) can be interpreted as constitutive equations for a Maxwell chain as

shown in Figure 4-57, with g;’s being stresses of each Maxwell element.

182



ap(T)Ey, f1, V1

AN

ap(T)E3, B2, V2

~
N

AN

0O 44— _/ /_ —_h o
ap(T)Ey, By, YN ™
FAANA—]

L AAN——

EE(T)’ ﬁE’ YE

Figure 4-57 Maxwell Chain, mechanical analogue for Equations ( 4-53 ) and (4-54)

aCS

In Equation ( 4-53), B; is equal to E;a; and y; is equal to E;a;° with % and a—l being the
F F

coefficient of thermal expansion and the coefficient of cure/crystallization shrinkage for the i'th

Maxwell element, respectively.

As discussed in the previous section, experimental results show that the material behaviour in the
glassy regime is instantaneously linear elastic (hypo-elastic) and therefore Equation ( 4-54 ) will

be modified as
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N
6, = Eoé, — B.AT — y,AX + 2 i (4-55)

=1

Thermo-viscoelastic constitutive equations, developed in this chapter are generalized for three
dimensional isotropic, transversely isotropic and orthotropic cases. Time integration of the
equations is also carried out to prepare them for implementation in a UMAT. Details and

derivations are presented in Appendix B .

4.4  Verification of implementation

In this section, a simple example is analyzed using the implemented model. The results are
compared with other available solutions for verification of implementation. This example is

taken from ABAQUS Benchmark Guide, Version 6.14.

A rod of the dimensions shown in Figure 4-58, is fixed at one end and a constant axial load is

applied suddenly to the other end. The magnitude of the load is 100 as shown in the figure.
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Figure 4-58 Rod subjected to constant axial load

The material properties, shear and bulk modulus, are as follows:

G = 333.7 + 3037.1¢(~t/0-9899)

(4-56)
K = 100000
A closed form solution is provided in the ABAQUS Benchmark Guide as
€22 = 0.1(1 — 0.9¢7/10) (4-57)

This example was also solved by Zobeiry [69], using the differential form of viscoelasticity.

The analysis results for creep strain are compared with the closed form solution, ABAQUS

viscoelastic solution and Zobeiry’s solution in Figure 4-59.
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Figure 4-59 Rod subjected to constant axial load

It is seen from Figure 4-59 the analysis results from the TVE model is very close to the closed

form solution and other analysis results.

45 Summary

In this chapter, thermo-viscoelastic behaviour of AS4/PEEK, neat PEEK, fully cured AS4/8552
and fully cured 8552 resin was characterized using stress relaxation tests. A vertical shift factor

was defined and the master curves of relaxation moduli were generated. Prony series were fitted
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to all master curves. Constant load experiments were performed and it was shown that the material

behaviour of fully cured 8552 resin, in the glassy regime, is hypo-elastic.

Based on the integral equation of Schapery for creep of thermo-rheologically complex materials,
a thermo-viscoelastic integral equation was proposed for stress relaxation. The integral equation
was converted into a system of first order ordinary differential equations. The developed model
was generalized for three dimensional isotropic, transversely isotropic and orthotropic cases.

Finally a simple case study was analyzed and the implementation of the model was verified.
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Chapter 5: Case Studies

In this chapter, two case studies are analyzed and capabilities of the crystallization/melt Kinetics

model and thermo-viscoelastic model for real industrial cases are investigated.

The first case study is a L-shape angle, manufactured at different tool temperatures in a hot press.
The developed models are used for studying both crystallization history and distribution, and

process distortions in the final product.

The second case study is investigation of crystallization history at a material point during the

automatic fibre placement (AFP) process.

5.1 L-shape angles

L-shape angles with a corner angle designed at 90° were manufactured from AS4/PEEK by Fortin
[128]. Parts were manufactured by thermoforming previously manufactured laminated flat panels
in a hot press. The laminates consisted of 16 layers with a symmetric quasi-isotropic lay-up;
[0/4+45/-45/90],s, resulting in a consolidated thickness of 2.20 mm=+0.05 mm. A thermocouple

was embedded in the mid-thickness and in the center of laminate as shown in Figure 5-1.
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Figure 5-1 Picture and schematic of the thermocouple location (courtesy Fortin [128])

Flat panels were pre-heated to the processing temperature of 390 °C in a furnace next to the hot
press. The part was transported as rapidly as possible to the forming tool, followed by closure of
the press. During the process, the platen temperature was held constant at three temperatures:
290 °C, 215 °C, and 105 °C. The part was cooled down within the tool for 5 min, while the
consolidation pressure of 40 bar was applied. Finally the part was removed from the tool and was
allowed to cool down to ambient temperature by natural convection. Male and female tools are

shown in Figure 5-2.
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Figure 5-2 Male and female tool assembly (courtesy Fortin [128])

Spring-in angles and also failure loads for the manufactured samples were measured by Fortin
[128]. In this chapter, initially the experimental methods and measured results are briefly
explained. The processing is then simulated using the process modelling package, ABAQUS
COMPRO CCA, with inputs being the experimental temperature and pressure profiles used during
manufacturing of the parts. Analysis is performed using the crystallization kinetics model,
developed in Chapter 3, CHILE constitutive model and the thermo-viscoelastic (TVE) constitutive
model, developed in Chapter 4. Crystallinity in the part is correlated with the strength (measured
failure load). Also spring-in angles predicted using CHILE and TVE models are compared with

experimental measurements.
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5.1.1 Spring-in angles

The L-shape angles, manufactured in the hot press, were scanned in a Nikon CMM for measuring

the spring-in angle.

Reference Corner
(b) Location (Inside Surface
of Part)

CMM Table

Figure 5-3 (a) Scanning the inside surface of the L-shape angle with the CMM laser head (b) Locations of

cross-section lines for angle measurement (Courtesy Fortin [128])

Measurement was performed on the inside surface and the angles were measured at three locations;
top, middle and bottom and within one inch from the corner region, as shown in Figure 5-3. The
results of the measured spring-in angles are presented in Table 5-1. Spring-in for the three tool

temperatures are visually compared in Figure 5-4.
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Figure 5-4 Spring-in of quasi-isotropic L-shape angles consolidated at 290 °C, 215 °C and 105 °C (Courtesy

Fortin [128])

Table 5-1 Measured spring-in for manufactured L-shape angles (courtesy Fortin [128])

Tool Temperature (° C) Spring-in angle (°) Average Spring-in angle (°)
3.29
290 3.36 3.28
3.18
2.21
215 2.14
2.21
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Tool Temperature (° C) Spring-in angle (°) Average Spring-in angle (°)

2.01

0.44

105 0.61 0.58

0.70

5.1.2 Mechanical strength

The three specimens were cut according to ASTM D6145 [152] and were tested using a four-point
bending clamp in an Instron® dual-column system by Fortin [128]. The sample and the test set up

are shown in Figure 5-5. The failure load results for the samples are presented in Table 5-2.
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Table 5-2 Measured failure load for manufactured L-shape angles (courtesy Fortin [128])

Tool Temperature (° C)

Failure Load (N)

Average Failure Load (N)

290

3516.9

2942.9

3678.1

3379.3

215

2655.7

2917.4

3287.4

2953.5

105

857.4

921.9

919.0

899.4
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Figure 5-5 (a) L-shape specimen cut to dimensions (b) Specimen mounted on the test fixture (Courtesy

Fortin [128])

5.2 Simulations

In this section, consolidation of the L-shape angles in the hot press is simulated using ABAQUS
COMPRO CCA. The composite part, female tool and male tool are all meshed using 20-node solid

elements and are shown in Figure 5-8.

The first step in the simulations is performing the heat transfer analysis. The crystallization kinetics
model is used along with the energy equation for prediction of temperature distribution and degree
of crystallinity distribution in the part during the process. The next step is stress and deformation
analysis. The results from the heat transfer analysis are used and stress and deformation analysis
is performed using CHILE or TVE constitutive models. The coefficients of thermal expansion in
fibre direction (CTE,), transverse direction (CTE,), and thickness directions (CTE3) for AS4/PEEK
are taken from Fortin’s M.A.Sc. thesis [128] and are presented in Figure 5-6. For specific heat and

conductivity, the data provided by Lee and Springer [110] is used. Density data are used from the
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work of Velisaris and Seferis [19]. Cure shrinkage and modulus data is taken from the work of

Chapman et al [112].

2.E-04
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Figure 5-6 CTE values for AS4/PEEK (From Fortin [128])
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Figure 5-7 Modulus for neat PEEK, used in CHILE analysis, compared with TVE isochronous modulus at 7 s

The modulus model from reference [112] is used for stress analysis using the CHILE model. The
constants in the model are modified such that the modulus is consistent with the unrelaxed modulus
used for TVE analysis. For stress analysis using the TVE model, the material characterization data
from the section 4.1.5.2 is used. The modulus for neat PEEK, used for CHILE analysis and TVE

modulus are shown in Figure 5-7.

Both male and female tools are made of steel and their properties are available from the COMPRO

CCA material library.
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5.2.1 Heat transfer analysis

For thermal analysis, DC3D20 (20 noded diffusive heat transfer quadratic elements) are used. The

actual temperature profile used for processing the parts is used here for simulations.

The part temperature is initially at 390 °C. The male tool temperature is set at the tool target
temperature (290 °C, 215 °C or 105 °C). In the first step, the composite part comes into contact
with the male tool. After 4 sec, in the second step, the female comes into contact with the part and
both male and female tool stay in contact with the part for 300 sec. In the third step, both male
and female tools become inactive (tool removal) and the part is cooled down by natural convection
to the ambient temperature for 2400 sec. The heat transfer coefficient, HTC, is assumed as

10 W/m?K.
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Figure 5-8 Meshes for (a) composite part (b) female tool (c) male tool

To validate the heat transfer analysis, the temperature measured by the thermocouple shown in
Figure 5-1 was compared with the predicted values for the three cases. The results are given in

Figure 5-9, Figure 5-10 and Figure 5-11.
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Figure 5-9 Temperature at the location of the thermocouple shown in Figure 5-1, predicted and measured

values, tool temperature at 290 °C
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Figure 5-10 Temperature at the location of the thermocouple shown in Figure 5-1, predicted and measured

values, tool temperature at 215 °C
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Figure 5-11 Temperature at the location of the thermocouple shown in Figure 5-1, predicted and measured

values, tool temperature at 105 °C

From the results in Figure 5-9, Figure 5-10 and Figure 5-11, it is seen that model predictions are

in good agreement with thermocouple measurements.

Contour plots of the degree of crystallinity in the part at the end of the process for three tool

temperatures are given in Figure 5-12.
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Figure 5-12 Crystallinity distribution in the composite part at the end of the process for tool temperature at

(a) 290 °C (b) 215 °C (c) 105 °C

Plots in Figure 5-12 show that for tool temperature at 290 °C and 215 °C, crystallinity is uniform
in the sample and the part is fully crystallized (relative). For the tool temperature at 105 °C, the

crystallinity is not uniform in the part. The material is fully amorphous in the flanges. Near the
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corner, the crystallinity increases and the material is fully crystallized (relative) at a narrow region

around the corner.

To have some insight into the temperature and crystallinity history and also crystallinity gradient

through the thickness of the part, some points and paths are defined as described in Table 5-3 and

shown in the wireframe sketch of a quarter of the part in Figure 5-13.

Table 5-3 List and location of defined points and paths in the part

Point or Line (path)

Location

Point C

Point F

Point |

Point L

Line AB

Line DE

Line GH

Line JK

At the corner, mid-plane, mid-thickness

At the corner, edge, mid-thickness

At the flange tip, edge, mid-thickness

At the flange tip, mid-plane, mid-thickness

At the corner, mid-plane, through the thickness

At the corner, edge, through the thickness

At the flange tip, edge, through the thickness

At the flange tip, mid-plane, through the thickness
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Figure 5-13 Wireframe sketch of a quarter of the part
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Figure 5-14 Temperature history for the four points at mid-thickness of the part, tool temperature at 290 °C

Temperature and Crystallization history for the four points at the mid-thickness of the part, for tool

temperature at 290 °C are given in Figure 5-14 and Figure 5-15, respectively.
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Figure 5-15 Crystallinity history for the four points at mid-thickness of the part, tool temperature at 290 °C

Figure 5-14 and Figure 5-15 show that for the four points, crystallization is complete while the
part is under the press. The material starts to crystallize at the flange tip and at the edge of the part
(point 1). Crystallization at the flange tip in the middle starts subsequently (Point L). Later,
crystallization occurs in the corner of the part at the edges (point F). The point in the corner of the
part at the middle is the last point for crystallization (Point C). The time difference for start of
crystallization at these points results in time difference in modulus development in the material,
which in turn results in the residual stresses in the part. Temperature and crystallization history of
the four points in the material for the part manufactured with the tool temperature at 215 °C and

105 °C are given in Figure 5-16, Figure 5-17 Figure 5-18 and Figure 5-19.
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Figure 5-16 Temperature history for the four points at mid-thickness of the part, tool temperature at 215 °C
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Figure 5-17 Crystallinity history for the four points at mid-thickness of the part, tool temperature at 215 °C
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Figure 5-18 Temperature history for the four points at mid-thickness of the part, tool temperature at 105 °C
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Figure 5-19 Crystallinity history for the four points at mid-thickness of the part, tool temperature at 105 °C
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Figure 5-17 shows that time priority of start of crystallization for the four points at the mid-
thickness of the part is similar to the case of tool temperature at 290 °C . For both tool temperatures
at 290 °C and 215 °C, material at the four points is fully crystallized at the end of the process and

there is no crystallinity gradient in the final part.

The temperature history curves in Figure 5-16 show that subsequent to the rapid cooling and at the
beginning of isothermal hold, there is a sudden increase in the temperature. After that, the
temperature is decreasing and is asymptotically approaching the isothermal hold. For explaining
this sudden change of temperature, we consider the crystallization curves in Figure 5-17. Figure
5-16 and Figure 5-17 show that approximately at the same time as the sudden increase in the
temperature, the corresponding crystallization curve is passing through its inflection point. This
means the crystallization rate is maximum at the same time. Therefore the sudden temperature
increase is happening when the corresponding heat flow curve is going through an exotherm. The
latent heat of crystallization released by the material at this time causes a sudden increase in the

temperature.

Figure 5-19 shows that at the points L and 1 (at the flange tip), the material is fully amorphous at
the end of the process. There is a minor amount of crystallinity (approximately 0.05 ) at point F
(in the corner of the part at the edge). At point C (in the corner at the middle) the crystallinity
grows significantly, however, the material is not fully crystalline (relatively) at the end of the

process.

Variation of crystallinity through the thickness of the part, manufactured with the tool temperature

at 105 °C, at four different points are presented in Figure 5-20.
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In the corner at the middle, crystallinity is uniform through the thickness and a slight crystallinity

gradient is observed in the corner at the edges (approximately 0.04)
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Figure 5-21 Average failure load for parts consolidated at different tool temperatures (from Fortin [128])

The average failure load results for the three samples from Table 5-2 are presented in Figure 5-21.
Strength of the part can be affected by different factors. One important factor is the residual
stresses. It is also shown in the literature [111] that crystallinity can affect the strength of

thermoplastic composite parts.

Comparing the crystallinity history results from Figure 5-15, Figure 5-17, and Figure 5-19 and
failure load results in Figure 5-21, it is observed that the part processed at 105 °C has the lowest
final crystallinity and the lowest strength. The failure load for the part processed at 215 °C is lower

than that for the part processed at 290 °C, however, the final crystallinity is the same for these
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parts. This can be due to more residual stresses in the part manufactured at 215 °C. Furthermore,

this can be partially due to spring-in angles in the two parts.

5.2.2  Stress and deformation analysis

Using the results from heat transfer analysis, stress and deformation analysis is conducted. C3D20
elements are used which are consistent with the 20-noded elements used in heat transfer analysis.
Normal contact with no friction is enforced between the part and both female and male tools. The
temperature profile is the same as was explained in section 5.2.1. In the second step, a uniform
force, equivalent to a pressure of 40 bar is applied such that the part is under pressure between the
male and female tool. The pressure is removed in the third step. The analysis is done using CHILE
and TVE models. As it is always desired to have fully crystalline (relatively) final parts, TVE
material characterization in section 4.1 was performed for the fully crystalline material. The
modulus model used for CHILE analysis does not take into account the effect crystallinity.
Therefore, based on the crystallization history from Figure 5-15, Figure 5-17 and Figure 5-19, only

the two parts manufactured at 290 °C and 215 °C were analyzed.

5.2.2.1  Analysis using CHILE model

Using the heat transfer analysis results, CHILE constitutive model is used and stress and

deformation analysis is performed for the three tool consolidation temperature cases. Three
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dimensional contour plots of the displacement magnitude for the deformed composite part at the

end of the processing, along with the un-deformed part are presented in Figure 5-22.

(@)

(b)

Figure 5-22 Displacement magnitude in the composite part at the end of the process for tool temperature at

(a) 290 °C (b) 215 °C, predicted using CHILE (scale factor = 5)
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Figure 5-23 Displacement magnitude in the composite part at the end of the process for tool temperature at

(a) 290 °C (b) 215 °C, predicted using CHILE (scale factor = 5)

Three dimensional contours of the deformed parts for the two cases and the un-deformed part are
displayed in Figure 5-23. Figure 5-23 shows that decreasing the tool temperature results in

decreasing the spring in angle in the manufactured part.
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Figure 5-24 Displacement magnitude in the composite part at the end of the process for tool temperature at

(a) 290 °C (b) 215 °C, predicted using TVE (scale factor = 5)

5.2.2.2  Analysis using TVE model

Using the results from heat transfer analysis, stress and deformation analysis is performed using
the TVE model, similar to the CHILE analysis cases. Two cases of tool temperature at 290 °C and

215 °C are analyzed.

Three dimensional contours of displacement magnitude and the un-deformed part are presented in

Figure 5-24.
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5.2.2.3  Spring-in angles

Similar to the experimental measurement of spring-in as explained in 5.1.1, analysis is performed
on the inside surface and the angles are measured at three locations; top, middle and bottom and
within one inch from the corner region (Figure 5-3). The spring-in angles, predicted based on

CHILE analysis are presented in Table 5-4.

Table 5-4 Predicted spring-in for manufactured L-shape angles, CHILE analysis

Tool Temperature (° C) Spring-in angle (°) Average Spring-in angle (°)

3.68

290 3.88 3.75

3.68

3.07

215 3.14 3.09

3.07

The spring-in angles, predicted based on TVE analysis are given in Table 5-5.
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Predicted spring-in angles based on CHILE and TVE are compared with experimental
measurements in Figure 5-25. Predicted values using the Nelson-Cairns equation, Equation ( 2-13
), are taken from work of Fortin [128] and added to the plot for comparison. The results are also

shown in a bar chart in Figure 5-26.

Table 5-5 Predicted spring-in for manufactured L-shape angles, TVE analysis

Tool Temperature (° C) Spring-in angle (°) Average Spring-in angle (°)

3.12

290 3.33 3.19

3.12

2.46

215 2.60 2.51

2.45
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Figure 5-25 Average spring-in angle for L-shape angles, processed at different temperatures, model

predictions and experimental measurements
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Figure 5-26 Average spring-in angle for L-shape angles, processed at different temperatures, model

predictions and experimental measurements

The results from Nelson-Cairns equation under-predict the spring-in angle. The spring-in values
predicted using CHILE are significantly higher than the experimental values. For tool temperature
at 290 °C and 215 °C, the over-prediction error is approximately 14.4 % and 44.2 %, respectively.
TVE prediction for the case of tool temperature at 290 °C is very accurate. For the case of tool

temperature at 215 °C, TVE over-predicts the spring-in with an error of approximately 17 %.

In the CHILE analysis, the residual stresses develop in the material which result in significant
values of spring-in after tool removal. In the TVE analysis however, the residual stresses develop

and relax. At the tool removal step, most of the residual stresses are relaxed. This results in lower
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values of spring-in angle, compared to CHILE analysis, which are closer to experimental results.
One reason for over-prediction of distortions in TVE analysis is due to not taking into account the
effect of crystallinity in the model. TVE material characterization in section 4.1 is performed for
fully crystalline (relatively) material. For amorphous polymers, relaxation occurs at much smaller
relaxation times and therefore the residual stresses relax earlier in the process. Therefore,
modifying the models for taking into account the effect of crystallinity is suggested as part of the

future work.

5.3 Automated Fibre Placement (AFP)

Automated fibre placement is an in-situ consolidation process for manufacturing of composite
structures. The moving head of the AFP machine consists of a heat source and a roller for
compaction. During the AFP process, as shown schematically in Figure 5-27, the heat is applied
by the torch to create a molten zone between the incoming material tape and the composite
substrate. Based on the temperature of the heating source and the tool, the adjacent layers of the

material may undergo melting and recrystallization.
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Figure 5-27 Schematic of AFP process (Courtesy Dr. Ali Yousefpour)

The temperature history for a material point in the first layer, during the AFP process for
AS4/PEEK was measured using a thermocouple. The manufacturing process was conducted at

National Research Council Canada, and the temperature data was provided for analysis.

In order to show how simulations, using the developed crystallization/melt kinetics models, are
useful for understanding the effects of process parameters on crystallinity history and distribution,
two different cases of tool temperature at 175 °C and 190 °C , and two cases of torch temperature

at 800 °C and 900 °C were analyzed.

Figure 5-28 shows a wide view of the temperature and crystallinity history at a material data point.
It is seen that during the first few passes, the material becomes highly crystalline, however, it is
not fully crystallized. Full crystallization occurs later during the process, when the torch is

sufficiently far from this point, such that there is no significant change in the temperature.
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Figure 5-28 Temperature and crystallization history, tool temperature at 175 °C, torch temperature at 800 °C

To study the effect of tool temperature on crystallization history, the torch temperature is kept
constant at 800 °C. Analysis results for two tool temperatures are given in Figure 5-29 and

Figure 5-30.
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Figure 5-30 Temperature and crystallization history, tool temperature at 190 °C, torch temperature at 800 °C

Figure 5-29 shows that for tool temperature at 175 °C , after the second pass, the material loses a
significant amount of crystallinity (X = 0.08). If the tool temperature is increased to 190 °C,
according to Figure 5-30, the degree of crystallinity after the second pass is X = 0.11. Therefore,
higher tool temperatures result in lower melting of the material point during the subsequent

passes.

Next, the torch temperature is kept constant at 900 °C and two tool temperatures are considered.

The analysis results are shown in Figure 5-31 and Figure 5-32
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Figure 5-31 Temperature and crystallization history, tool temperature at 175 °C, torch temperature at 900 °C
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Figure 5-32 Temperature and crystallization history, tool temperature at 190 °C, torch temperature at 900 °C

From Figure 5-31 it is seen that for tool temperature at 175 °C, after the second pass, the material
is fully melted. An induction time is observed during the subsequent cool down, before the
crystallization starts. The material is fully melted again after the third pass. By increasing the
tool temperature to 190 °C, from Figure 5-32 it is observed that the degree of crystallinity is

decreased after the second pass, however, the material is not fully melted.

From these case studies, it is evident that the crystallization/melt kinetics model is a useful tool

for designing AFP processes with the optimum crystallization history.
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Stress and deformation analysis can also be performed similar to the L-shape case study. This is

suggested as a task for future work.
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Chapter 6: Conclusions and Future Work

6.1 Summary

In this work, the crystallization kinetics of AS4/PEEK was studied using isothermal and non-
isothermal DSC experiments. Isoconversional data was extracted from the experimental results to
study the temperature dependence of crystallization rate. Plots of crystallization rate as a function
of temperature for different constant degrees of crystallinity indicated that the data points for
isothermal and non-isothermal melt crystallization fall on the same curve. This implied that there
was no significant difference between isothermal and non-isothermal crystallization mechanisms
and a unified model should be used for the prediction of both. It was assumed that the
crystallization kinetics of AS4/PEEK can be modelled using a separable differential form model
(Equation ( 3-5 )). Isoconversional plots showed that crystallization rate was increased by
increasing the under-cooling. The data points, extracted from the cold crystallization experiments
showed that cold crystallization rate increased as the temperature was increased above the glass
transition temperature. Cold crystallization occurs as the molecular chains, frozen in place due to
high cooling rates, recover their mobility as the temperature is increased. Following the same logic,
when the temperature was decreased during the cool down, molecular chains lost their mobility
gradually. Therefore, the crystallization rate decreased as the temperature approached the glass
transition temperature. Based on these discussions, a model (Equation ( 3-8 )) was proposed for

temperature dependence of crystallization rate.
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Experimental results showed that crystallization started subsequent to an induction time. Induction
time was measured as the time where the degree of crystallinity reached a small but measurable
value (X = 0.001). A simple empirical model (Equation ( 3-9 )) was fitted to the induction time
data for isothermal crystallization. For non-isothermal cases, the additivity rule (Equation ( 3-10
)) along with the model for isothermal induction time (Equation ( 3-9 )) were used for calculation
of the induction time, (or the time when the degree of crystallinity reaches the value 0.001). Using
the differential model (Equation ( 3-8 )) with the induction time values, degree of crystallinity was
calculated for all isothermal and non-isothermal cases. Model calculations were in good agreement

with experimental results.

Melting kinetics of AS4/PEEK was also studied using DSC experiments. Experimental results
showed that in comparison with crystallization, melting occurred over a wider temperature range.
Moreover, unlike crystallization, melting ends approximately at the same temperature for all
heating rates. Two separate peaks were observed in the heat flow curves of melting tests for all
heating rates. Some annealing experiments, with different annealing times and temperatures, were
performed to investigate the double peak behaviour of the material in melting. Experimental results
showed that with increasing annealing time, at the same annealing temperature, the first peak
shifted towards higher temperatures. However, the temperature for the second peak did not change.
This indicated that the melting onset temperature increased with increasing annealing time. In
other words, the crystals become more stable with increased annealing time. Similar results were
observed for experiments with the same annealing time but different annealing temperatures, i.e.
more stable crystals are formed at higher annealing temperatures. From these observations, it was

concluded that crystals are continuously melting and recrystallizing during both heating and
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isothermal (annealing) cases. The crystals after recrystallization are more stable in comparison

with the original crystals.

Based on the discussions on continuous melting and recrystallization of the crystals during a
heating cycle, it was concluded that at extremely high heating rates, there would not be sufficient
time for the melted crystals to crystallize and therefore pure melting would occur as a result of the
heating cycle. A plot of variation of crystallinity with respect to temperature (dX/dT) as a function
of temperature (T), extracted from the pure melting results should be considered as a ‘master melt
curve’. This master melt curve, along with the crystallization model, can be used for prediction of
continuous melting and recrystallization in a heating process. Since extremely high heating rates
were not possible with the DSC machine, melting results from one of the heating experiments were
used. Using the crystallization kinetics model, the recrystallization amount was calculated during
each time step and was subtracted from the net melting results. The resulting melting curve was
used as an estimation of the pure melting curve and the master curve data was extracted. Using
this estimated master melt curve, along with the crystallization kinetics model, variations of
crystallinity for all experiments were calculated. Predicted results were in good agreement with
the experiments for all melting cases. For the annealing cases, predictions were in reasonable

agreement with measurements.

To study the thermo-viscoelastic behaviour of AS4/PEEK, neat PEEK, fully cured AS4/8552 and
fully cured 8552 resin, stress relaxation experiments were performed at different temperatures in
a DMA machine. Experimental results showed that for all cases, the unrelaxed values of the moduli
were temperature dependent. A vertical shift factor was defined using the values of the moduli and

unrelaxed moduli at each temperature. The relaxation moduli were normalized using the vertical
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shift factor. The normalized moduli were shifted horizontally in logarithmic time space. Prony
series were fitted to all master curves. It was shown that how increasing the number of Prony terms
affect the smoothness of the fit. To further investigate the nature of temperature dependence of the
unrelaxed moduli, a fully cured 8552 sample was tested in the DMA by being subjected to a
constant force and temperature change in cool down and heat up. The same temperature cycle was
repeated without application of any load to measure the deflections due to thermal
expansion/shrinkage. The change in modulus of the material with temperature was measured
independently using a constant frequency test. Experimental results showed that the change in
modulus due to temperature change did not contribute to the beam deflection. In other words, the

material behaviour in the glassy regime is hypo-elastic.

Based on the thermo-viscoelastic integral equation of Schapery for creep of thermo-rheologically
complex materials, a thermo-viscoelastic integral equation was proposed for stress relaxation. By
defining suitable state variables, the integral equation was converted into a system of first order
ordinary differential equations. The developed model was generalized for three dimensional
isotropic, transversely isotropic and orthotropic cases. Using an integrating factor, the time

integration of equations was carried out for implementation in a UMAT.

Two case studies were analyzed as model applications. In case study 1, L-shape angles,
manufactured at two different tool temperatures were simulated. The temperature history at a point
in the part was compared with experimental results. Model predictions for temperature are in good
agreement with the measured values. Spring-in angles, predicted by the model, using both CHILE
and TVE models were compared with average measured values and the values obtained using a

simple closed-form equation (thermo-elastic). The TVE model very accurately predicted a spring-
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in value for the higher tool temperature trials. At lower tool temperatures, TVE model
overpredicted the spring-in angle with an error of approximately 17 %. The overprediction using
the CHILE model had an error of approximately 45 %. In CHILE analysis, the residual stresses
are developed in the part during the process. Since the CHILE model is not capable of relaxing
these stresses, the residual stresses in the final part cause a significant amount of spring-in.
However, in the TVE analysis, a significant amount of the residual stresses are relaxed during the
analysis. In material characterization for the TVE analysis, it was assumed that the material is fully
crystalline. Relaxation times for amorphous material are lower than those for crystalline material.
Therefore the relaxation times during the analysis are higher than the real values which results in

some unrelaxed residual stresses in the final part.

In case study 2, crystallization history of a material point during an AFP process was analyzed,
using experimentally measured temperature history. Simulation results show how parameters such
as tool temperature and torch temperature affect the crystallization history of the part. It is
concluded that the developed models can be used as useful tools for designing optimal and efficient

process parameters in the AFP process.

6.2 Conclusions

Based on the research performed in this thesis, conclusions are as follows:

e There is no significant difference between isothermal and non-isothermal crystallization

mechanisms of AS4/PEEK and a unified model can be used for the prediction of both.
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e Crystallization rate is controlled by two competing mechanisms. Crystallization rate is
increased by increasing the under-cooling, and is decreased when approaching the glass
transition temperature.

e In comparison with crystallization, melting of AS4/PEEK occurs over a wider temperature
range. Moreover, unlike crystallization, melting ends approximately at the same
temperature for all heating rates.

e Crystals continuously melt and recrystallize during both heating and isothermal (annealing)
cases. The crystals after recrystallization are more stable in comparison with the original
crystals.

e Stress relaxation experiments show that for AS4/PEEK, neat PEEK, fully cured AS4/8552
and fully cured 8552 resin, the unrelaxed values of the moduli are temperature dependent
and the behaviour is thermo-rheologically complex.

e The material behaviour of fully cured 8552 resin, in the glassy regime, is hypo-elastic.

e In process simulation of L-shaped angles, using thermo-viscoelastic models, a significant
amount of residual stresses relax out. Therefore, predicted spring-in values, compared to
CHILE predictions, are smaller and closer to experimental measurements. Over estimation

is due to the fact that the model does not account for incomplete (partial) crystallization.

6.3 Future Work

The following tasks are suggested as the future work for advancement of this study:
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Having the crystallization and melt kinetics model, more case studies will be analyzed for

validation. A few examples include:

- L-shape parts manufactured at other tool temperatures for studying the crystallization
history

- Thick L-shape parts for studying the through-thickness crystallization gradient

- Parts processed while a cooling cycle is applied to the platens

- Parts with complex geometry

- Stress and deformation analysis in processes such as AFP where the material undergoes
high heating and cooling rate temperature cycles.

Thermo-viscoelastic characterization of both neat PEEK and AS4/PEEK with different

degrees of crystallinity. The crystallization/melt kinetics model can be used for designing

temperature cycles that result in different degrees of crystallinity in a flat panel. DMA

sample will be cut from these panels for performing material characterization.

Further developing the TVE model to include the effect of incomplete crystallinity.

Studying the relationship between the viscoelastic behaviour of neat resins and their

composites.

Performing constant load experiments for a full range of polymer materials in their glassy

regime and investigating the hypo-elastic behaviour.

Studying the morphology of crystalline structures using other techniques such as polarized

optical microscopy.
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Appendices

Appendix A Prony series constants

Prony series constants for all samples are given in this appendix.

A.1  Prony series constants for AS4/PEEK samples

The parameters E,, E;'s and t;'s for three AS4/PEEK samples are given in Table A-1, Table A-2

and Table A-3.

Table A-1 Prony series parameters E,, E;'s and t;'s for AS4/PEEK-Sample A

N =36 N =10

E.(MPa) 98.50 E.(MPa) 98.50
E;(MPa) 7;(s) E;(MPa) 7i(s)
142.98 3.16E-02 359.10 3.16E-02
549.74 1.00E+00 1921.20 1.00E+01
297.91 3.16E+00 1209.08 3.16E+03
354.05 1.00E+01 588.21 3.16E+05
441.54 3.16E+01 624.68 3.16E+07
283.57 1.00E+02 608.20 3.16E+09
616.88 3.16E+02 545.60 3.16E+11
475.06 3.16E+03 380.99 3.16E+13
92.26 1.00E+04 273.87 3.16E+15
236.28 3.16E+04 127.22 3.16E+18
71.53 1.00E+05

27351 3.16E+05

23.35 1.00E+06

306.94 3.16E+06
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N =36 N=10
E,(MPa) 98.50 E,(MPa) 98.50
E;(MPa) 7;(s) E;(MPa) 7;(s)
19.47 1.00E+07

256.60 3.16E+07

102.37 1.00E+08

155.65 3.16E+08

144.66 1.00E+09

185.25 3.16E+09

113.78 1.00E+10

170.15 3.16E+10

153.04 1.00E+11

101.60 3.16E+11

170.12 1.00E+12

84.53 3.16E+12

139.55 1.00E+13

48.20 3.16E+13

141.10 1.00E+14

36.73 3.16E+14

76.41 1.00E+15

79.62 3.16E+15

21.67 1.00E+16

76.32 3.16E+16

64.23 3.16E+17

58.57 3.16E+18
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Table A-2 Prony series parameters E,, E;'s and t;'s for AS4/PEEK-Sample B

N =40 N=11

E.(MPa) 120.00 E.(MPa) 120.00
E;(MPa) 7;i(s) E;(MPa) 7i(s)
317.24 1.00E-04 47.73 1.00E-03
13.24 1.00E-03 489.68 3.16E-01
94.12 3.16E-02 1596.18 3.16E+01
64.43 3.16E-01 966.22 3.16E+03
285.03 1.00E+00 779.28 3.16E+05
483.08 3.16E+00 740.69 3.16E+08
72.77 1.00E+01 525.50 3.16E+10
614.14 3.16E+01 458.01 3.16E+12
187.95 1.00E+02 332.70 3.16E+14
456.76 3.16E+02 186.35 1.00E+17
274.66 1.00E+03 34.23 1.00E+19
161.18 3.16E+03

359.72 1.00E+04

105.84 3.16E+04

164.99 1.00E+05

213.97 3.16E+05

310.43 3.16E+06

239.99 3.16E+Q07

84.94 1.00E+08

183.29 3.16E+08

109.95 1.00E+09

160.67 3.16E+09

146.40 1.00E+10

127.46 3.16E+10

159.70 1.00E+11

107.60 3.16E+11

127.70 1.00E+12
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N =40 N=11
E.(MPa) 120.00 E.(MPa) 120.00
E;(MPa) 7;(s) E;(MPa) 7;(s)
106.82 3.16E+12
140.68 1.00E+13
25.96 3.16E+13
174.73 1.00E+14
18.08 3.16E+14
78.55 1.00E+15
70.61 3.16E+15
60.26 1.00E+16
54.00 1.00E+17
44.60 3.16E+17
6.09 1.00E+18
36.64 3.16E+18
7.53 1.00E+19

Table A-3 Prony series parameters E,, E;'s and t;'s for AS4/PEEK-Sample C
N =37 N=11
E.(MPa) 91.90 E.(MPa) 91.90
E;(MPa) 7;(s) E;(MPa) 7;(s)
124.83 1.00E-05 226.85 1.00E-01
42.44 1.00E-02 1346.49 3.16E+00
118.06 1.00E-01 1332.56 3.16E+02
480.61 1.00E+00 743.23 3.16E+04
574.15 3.16E+00 580.23 3.16E+06
61.08 1.00E+01 588.94 3.16E+08
534.87 3.16E+01 563.61 3.16E+10
250.00 1.00E+02 493.15 3.16E+12
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N =37 N =11

E,(MPa) 91.90 E,(MPa) 91.90
E;(MPa) 7;(s) E;(MPa) 7;(s)
524.10 3.16E+02 350.65 1.00E+15
56.16 1.00E+03 125.08 1.00E+17
425.23 3.16E+03 52.67 3.16E+18
182.93 1.00E+04

153.17 3.16E+04

190.87 1.00E+05

123.98 3.16E+05

119.78 1.00E+06

251.97 3.16E+06

28.47 1.00E+07

232.26 3.16E+07

84.34 1.00E+08

184.30 3.16E+08

130.08 1.00E+09

151.49 3.16E+09

151.44 1.00E+10

139.76 3.16E+10

130.39 1.00E+11

154.10 3.16E+11

89.15 1.00E+12

139.19 3.16E+12

93.89 1.00E+13

82.79 3.16E+13

129.29 1.00E+14

154.71 1.00E+15

99.18 1.00E+16

69.49 1.00E+17

32.67 3.16E+17
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N =37 N=11

E.(MPa) 91.90 E.(MPa) 91.90
E;(MPa) 7;(s) E;(MPa) 7;(s)
47.93 3.16E+18

A.2  Prony series constants for neat PEEK samples
The parameters E,, E;'s and t;'s for two neat PEEK samples are given in Table A-4 and Table

A-5.

Table A-4 Prony series parameters E,, E;'s and t;'s for neat PEEK-Sample A

N =31 N=10

E.(MPa) 82.20 E.(MPa) 82.20
E;(MPa) 7i(s) E;(MPa) 7;i(s)
16.66 1.00E-02 5.34 1.00E-02
28.16 1.00E-01 141.91 1.00E+00
30.91 1.00E+00 561.67 1.00E+02
243.63 1.00E+01 405.67 3.16E+03
192.34 1.00E+02 290.43 3.16E+05
276.69 3.16E+02 127.95 3.16E+07
231.35 3.16E+03 101.92 1.00E+10
40.22 1.00E+04 82.15 1.00E+13
97.15 3.16E+04 57.52 3.16E+15
120.67 1.00E+05 25.08 3.16E+17
53.11 3.16E+05

47.04 1.00E+06

54.10 3.16E+06

51.33 1.00E+07

8.99 3.16E+07
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N =31 N =10
E.(MPa) 82.20 E.(MPa) 82.20
E;(MPa) 7;(s) E;(MPa) 7;(s)
40.18 1.00E+08
5.95 3.16E+08
37.89 1.00E+09
31.65 1.00E+10
21.86 3.16E+10
26.97 3.16E+11
19.06 1.00E+12
28.72 1.00E+13
6.13 3.16E+13
21.28 1.00E+14
26.84 1.00E+15
4.29 3.16E+15
18.17 1.00E+16
2.05 3.16E+16
24.94 1.00E+17
3.26 3.16E+17
Table A-5 Prony series parameters E,, E;'s and t;'s for neat PEEK-Sample B
N =34 N=9
E.(MPa) 73.60 E.(MPa) 73.60
E;(MPa) 7;(s) E;(MPa) 7;(s)
48.27 3.16E-02 131.50 3.16E-01
7.24 3.16E-01 837.62 1.00E+03
27.80 3.16E+00 385.49 1.00E+05
172.64 3.16E+01 179.37 3.16E+07
361.60 3.16E+02 69.10 3.16E+09
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N =34 N=9

E,(MPa) 73.60 E,(MPa) 73.60
E;(MPa) 7;(s) E;(MPa) 7;(s)
25.47 1.00E+03 61.84 3.16E+11
248.28 3.16E+03 53.87 3.16E+13
51.33 1.00E+04 51.56 3.16E+15
193.22 3.16E+04 24.58 3.16E+17
37.54 1.00E+05

144.27 3.16E+05

101.16 3.16E+06

20.08 1.00E+07

39.46 3.16E+07

30.83 1.00E+08

7.89 3.16E+08

27.14 1.00E+09

20.00 3.16E+09

2151 1.00E+10

10.17 3.16E+10

21.31 1.00E+11

13.33 3.16E+11

12.15 1.00E+12

20.79 3.16E+12

5.81 1.00E+13

21.08 3.16E+13

6.32 1.00E+14

20.12 3.16E+14

7.03 1.00E+15

12.71 3.16E+15

17.77 1.00E+16

1.20 3.16E+16

23.38 1.00E+17
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N =34 N=9

E.(MPa) 73.60 E.(MPa) 73.60
E;(MPa) 7;(s) E;(MPa) 7;(s)
3.71 3.16E+17

A.3  Prony series constants for fully cured AS4/8552 samples

The parameters E,, E;'s and t;'s for three AS4/8552 samples are given in Table A-6, Table A-7

and Table A-8.

Table A-6 Prony series parameters E,, E;'s and t;'s for AS4/8552-Sample A

N =18 N=9

E.(MPa) 149.00 E.(MPa) 149.00
E;(MPa) 7;(s) E;(MPa) 7;(s)
106.86 1.00E+00 280.02 1.00E+01
76.88 1.00E+01 1755.16 3.16E+03
750.55 3.16E+02 1716.83 1.00E+05
392.19 3.16E+03 1208.94 3.16E+06
931.34 1.00E+04 251.93 3.16E+07
1313.50 1.00E+05 149.40 3.16E+08
830.04 1.00E+06 92.12 1.00E+10
184.59 3.16E+06 224.42 1.00E+12
551.07 1.00E+07 134.19 1.00E+14
32.60 3.16E+07

141.65 1.00E+08

62.09 3.16E+08

36.67 1.00E+09

47.47 1.00E+10
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N =18 N=9
E.(MPa) 149.00 E.(MPa) 149.00
E;(MPa) 7;(s) E;(MPa) 7;(s)
78.43 1.00E+11
119.96 1.00E+12
113.78 1.00E+13
78.69 1.00E+14

Table A-7 Prony series parameters E,, E;'s and t;'s for AS4/8552-Sample B
N =25 N =10
E.(MPa) 148.00 E.(MPa) 148.00
E;(MPa) 7i(s) E;(MPa) 7;i(s)
45.28 3.16E-01 345.36 1.00E+01
67.50 1.00E+00 1841.24 3.16E+03
100.43 1.00E+01 1803.13 3.16E+05
150.79 1.00E+02 359.08 3.16E+06
346.38 3.16E+02 538.65 3.16E+07
191.42 1.00E+03 59.99 3.16E+08
504.07 3.16E+03 91.40 3.16E+09
489.94 1.00E+04 72.79 3.16E+10
633.77 3.16E+04 207.96 1.00E+12
431.25 1.00E+05 146.30 1.00E+14
584.29 3.16E+05
382.55 1.00E+06
440.35 3.16E+06
197.43 1.00E+07
257.77 3.16E+07
55.82 1.00E+08
112.76 3.16E+08
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N =25 N =10
E.(MPa) 148.00 E.(MPa) 148.00
E;(MPa) 7;(s) E;(MPa) 7;(s)
25.83 1.00E+09
21.38 3.16E+09
52.64 1.00E+10
2.94 3.16E+10
83.26 1.00E+11
106.41 1.00E+12
133.01 1.00E+13
77.58 1.00E+14

Table A-8 Prony series parameters E,, E;'s and t;'s for AS4/8552-Sample C
N =25 N=10
E.(MPa) 153.00 E.(MPa) 153.00
E;(MPa) 7i(s) E;(MPa) 7i(s)
62.58 1.00E+00 373.30 1.00E+00
89.81 1.00E+01 1490.72 1.00E+03
205.08 1.00E+02 1998.54 1.00E+05
314.96 3.16E+02 563.71 1.00E+06
202.42 1.00E+03 778.66 1.00E+07
555.32 3.16E+03 195.01 1.00E+08
480.29 1.00E+04 163.03 1.00E+09
673.81 3.16E+04 86.21 1.00E+11
466.31 1.00E+05 182.28 1.00E+12
649.67 3.16E+05 162.41 1.00E+14
394.86 1.00E+06
475.80 3.16E+06
233.34 1.00E+07
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N =25 N=10

E.(MPa) 153.00 E.(MPa) 153.00
E;(MPa) 7;(s) E;(MPa) 7;(s)
269.20 3.16E+07

109.57 1.00E+08

98.46 3.16E+08

40.73 1.00E+09

24.97 3.16E+09

33.64 1.00E+10

31.02 3.16E+10

48.43 1.00E+11

25.83 3.16E+11

100.14 1.00E+12

118.39 1.00E+13

101.55 1.00E+14

A.4  Prony series constants for fully cured 8552 neat resin samples
The parameters E,, E;'s and t;'s for two 8552 neat resin samples are given in Table A-9 and

Table A-10.

Table A-9 Prony series parameters E,, E;'s and t;'s for 8552 resin-Sample A

N =21 N =11

E.(MPa) 11.60 E.(MPa) 11.60
E;(MPa) 7;(s) E;(MPa) 7;(s)
47.14 3.16E-01 93.98 1.00E+01
113.08 1.00E+01 142.23 1.00E+02
51.69 1.00E+02 317.52 1.00E+03
192.33 3.16E+02 597.25 1.00E+04
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N =21 N=11
E.(MPa) 11.60 E.(MPa) 11.60
E;(MPa) 7;(s) E;(MPa) 7;(s)
103.40 1.00E+03 718.93 1.00E+05
209.16 3.16E+03 352.82 1.00E+06
313.33 1.00E+04 134.76 1.00E+07
367.55 3.16E+04 54.10 1.00E+08
375.22 1.00E+05 12.91 3.16E+09
243.36 3.16E+05 15.23 3.16E+11
195.77 1.00E+06 19.08 3.16E+13
109.95 3.16E+06
50.53 1.00E+07
66.31 3.16E+07
5.37 1.00E+08
24.44 3.16E+08
5.45 3.16E+09
5.46 3.16E+10
7.14 3.16E+11
10.44 3.16E+12
13.80 3.16E+13

Table A-10 Prony series parameters E,, E;'s and t;'s for 8552 resin-Sample B
N =20 N=11
E.(MPa) 13.40 E.(MPa) 13.40
E;(MPa) 7;(s) E;(MPa) 7;(s)
73.64 1.00E+00 64.05 1.00E+00
82.41 1.00E+01 94.48 1.00E+01
57.04 1.00E+02 284.84 3.16E+02
139.89 3.16E+02 438.43 3.16E+03
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N =20 N =11

E.(MPa) 13.40 E.(MPa) 13.40
E;(MPa) 7;(s) E;(MPa) 7;(s)
218.23 1.00E+03 786.29 3.16E+04
174.72 3.16E+03 559.56 3.16E+05
320.53 1.00E+04 182.38 3.16E+06
386.48 3.16E+04 89.78 3.16E+07
431.06 1.00E+05 18.24 3.16E+09
210.90 3.16E+05 12.84 3.16E+11
205.63 1.00E+06 18.09 3.16E+13
84.45 3.16E+06

51.27 1.00E+07

57.47 3.16E+07

23.05 3.16E+08

2.76 3.16E+09

6.58 3.16E+10

6.24 3.16E+11

8.54 3.16E+12

13.75 3.16E+13
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Appendix B Three dimensional constitutive relations for thermo-rheologically complex
materials

In this appendix, thermo-viscoelastic constitutive equations, developed in section 4.3 are
generalized for three dimensional cases. Time integration of equations are carried out for

implementation in a UMAT.

B.1 Isotropic case

Recall the constitutive relations for an elastic isotropic material (Hooke’s law)

4 2

4 2
0'22 = (K + _G) 622 + (K - _G> (633 + 611) - 3KCZAT - 3KaCSAX

3 3
4 2
033 = (K + §G) €33 + (K - §G) (€11 + €22) — 3KaAT — 3Ka“AX (B-1)
023 = GY23
013 = GY13
012 = GY12

In Equation ( B-1), K is the bulk modulus, G is the shear modulus, « is the coefficient of thermal
expansion (linear) and a is the coefficient of cure/crystallization (linear) shrinkage. Let’s rename

3Ka as B and 3Ka*“® as yi and rewrite Equation ( B-1) as

4 2
011 = (K + §G) €11+ (K - §G) (€22 + €33) — P AT — Y AX

(B-2)
4 2
Oyp = (K + §G) €0 + (K - §G) (€33 + €11) — Bk AT — yxAX

260



4 2
033 = (K + = G) 633 (K - §G) (611 + 622) - ﬁKAT - )/KAX

3
023 = (Y23
013 = GY13
012 = GY12

Considering Equation ( B-2 ), we generalize Equation ( 4-50 ) for the three-dimensional isotropic

case as

4 2
(K + = 3 G ) €11 T (Ke - §Ge) (€22 + €33) — ﬁKeAT - VKeAX

+ ar

<AK(E £) +346(E - €)> s

o .

d(€22+633) ’
+ag <AK(€ §)—3 AG(E f)>d—g'd€ (B-3)

Ot~

g d AT
- ar [ apcs - ) Sf,) ag’

0

¢ d AX
—aFfAVK(f—f) ((if’)

0

dg’

Similarly
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4 2
O22 = (Ke + §Ge) €22 (Ke B §Ge) (€33 + €11) = B AT — vk AX

S ——

+a (AK(E £) +346(; - E)) s
: 2 d(ez3 + €11)
€33 T €11
+ agp (AK(f—f')——AG(f—f')>—, ag’
Of 3 dg (B-4)

& d AT
~ar [ 4pes -1 gf,) ag’
0

f 4(5;)

—aFfAVK(f—f')

0

da¢’ ¢’

4 2
O33 = (Ke + = 3 G )633 + (Ke - §Ge) (€11 t+€22) — ﬁKeAT - )’KeAX

§
v [ (ane - 60+ 3a0 - ) Gas
0
: 2 d(e11 + €37)
n_ % g €11 T €22 ,
+aFOJ<AK<f—f) ) e
f ()
~ar | 4B — §)—ga
0
3 d AX
- ar [ ay(e = ¢ g€,> g’
0
$
023=GeV23+aFfAG(f ') dy;,s ag’ (B-6)
0
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§

013 = GpY13 +aFfAG(E ') d]/;? ag’ (B-7)
0
3

012 = GeY12 +aFfAG(E & d]:;l,z a¢’ (B-8)

0

Next we approximate K (&), G(&), Bx (&) and y, (&) by Prony series as

_5
K(E) =K, + K;e ki,

£

G(§) = G, +ZKe %,

(B-9)

Nk

£

Bk(§) = B, + ) Prie
i=1

Yk () = vk, +ZVK e T’“

Substituting from Equation ( B-9 ) into Equations ( B-3 ) to ( B-8) yields
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2
011 = Ko (€11 + €25 + €33) — ﬁKeAT + §Ge(2€11 — €32 — €33)

‘ §=¢' d( + + )
: : 25 d(€ € €

f Ki TKi 11 22 33
i=1 0

dé’
AT AX (B-10)
crd(y)  ed(G))
— ﬁKie Ki a —Yk;& K ac dé

2 : =42 )
- €11 — €22 — €33 '
#30 | | <Gj ¢ az )df
Jj=1 0

2
022 = Ke(€11 + €55 + €33) — Bk AT + §Ge (2652 — €33 — €11)

N = T )
57 d(€eq1 + €y, + €
+z aFf K 11 T €22 + €33
i=1 0

dé’
AT AX (B-11)
ced(g) o eed(Z))
— Pg;e ki iz — Yk K a5 dé
Ng 3 ,
2 =% d(2€y, — €35 — €11)
+§Z apf<Gje 1Gj 22 dffﬁ 11 dE’
Jj=1 0
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2
033 = Ko(€11 + €55 + €33) — ﬁKeAT + §Ge (2633 — €11 — €32)

‘ §=¢' d( + + )
: : 25 d(€ € €

f Ki TKi 11 22 33
i=1 0

dé’
AT AX (B-12)
eed(a) eed(@))
- ﬁKle Ki df’ - YKle Ki dé/ df
Ng 3 I}
2 —f_f. d(2€33 — €11 — €37) ,
30 (G"e ag %
J=1 0
Ng E _z!
—if. dyzs3 ,
023 = GeY23 + ar | | Gie ¢ az’ ds (B-13)
j=1 0
Ng 4 Y
—if. dyis ,
013 = Ge)/13 + ar G]e GJ df’ df (B-14)
j=1 0
Ng ¢ gt
—if. dy12 '
012 = Geylz + ar G]e GJj df’ df (B-15)
j=1 0
Now we define the following state variables
AT
-8 d(e11 + €39 + €33) _f‘f'd(a_)
) = a [ | KT ST g o g
0
(B-16)
fl d g)
5= a ,
—yge i d; dé’, i=12..Ng
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3 /

2 =8 dey, — €,y — €

4t (©) =5 ar f (a,-e o HZen d;Z 33))0!5', j=12..,Ng (B17)
0

§ '
2 25 d(2€5; — €33 — €11) , -
CI(Z;jZ(E) = §aFf(Gje t6j dé’ d¢’, Jj=12..,Ng (B-18)
0
3 g g
q5;(§) = apf<Gfe_?j dyfz"3> dg’, j=12..,Ng (B19)
0
¢ _f__fl dy
13 Tr: 13 1] ,
a8 ) = apf Ge o 2| ag, j=12..,N; (B-20)
0
£ oy
O = (G,-e‘?f dy;>d$’, j=12.NG (B21)
0

Using Leibniz rule of differentiation, we take the derivative of each of the state variables in

Equations ( B-16 ) to ( B-21 ) and obtain

dqgi(§)  qri(§) den  dey; dess dAT dAX
+ = arly + + —Pk; 5z “ VK 37
3 Tki a  d¢  d§ dg dé

i=12..Ng

(B-22)

dall 11 2 d d d
a5 ) N q6] €9 ( €11 €22 633>, i=12..,N; (B-23)

dE 76, =30 \2 0y T T4

dqii(§) qi3 (&) 2 dez; dezz  degy
= — : — - | = 1,2 ,N B-24
i g 3“FGJ<2 A dt df)’ : ¢ (B24)
dqZi (&) q¥©) dys3
] ' =12..N; (B2
gt rUTag l ¢ (B2)
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dqg; (§) +qé§(€) g s

=apG;,——, i=12..,N; (B-26)
d¢ T P dg ¢
dQéf(E) i(f) dy12
arG; —— i=12..,N; (B-27)
d¢ T g ¢

Also substituting from Equations ( B-16 ) to ( B-21 ) into Equations ( B-10) to ( B-15) we conclude

2
011 = Ko (€11 + €25 + €33) — BKBAT — Yk AX + §Ge (2611 — €22 — €33)

Nk Ng (B_28)
£ ari+ ) atl
i=1 =1
2
022 = Ko (€11 + €25 + €33) — B AT — vg AX + §Ge(2622 — €33 — €11)
Nk NG (B-29)
£ arit ) aF
i=1 =1
2
033 = Ko (€11 + €25 + €33) — B AT — vk AX + §Ge(2€33 — €11 — €32)
Nk Ng (B-30)
+qu—z 96) + 45;)
i=1 j=1
Ng
023 = GeYa3 + Z 63 (B-31)
j=1
— 13
013 = Ge¥13 + z dcj (B-32)
— 12
012 = Ge¥V12 + Z dcj (B-33)
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Finally, based on our discussions about hypo-elastic behaviour of the material in the glassy regime,

Equations ( B-28 ) to ( B-33 ) are modified as

011 = Ko (€11 + €55 + €33) — ﬁKeAT — Yk AX + §Ge (2611 — €22 — €33)

Nk Ng (B-34)
£ it ) dl
i=1 j=1
022 = Ko (€11 + €35 + €33) — B AT — vk AX + §Ge(2622 — €33 — €11)
Nk Ng (B-35)
£ it ) dF
i=1 j=1
033 = Ko (€11 + €55 + €33) — B AT — v ,AX + §Ge(2633 — €11 — €22)
Nk Ng (B-36)
+ ) di= ) (b + )
i=1 j=1
Ng
023 = GeYa3 + Z 963 (B-37)
j=1
Ng
d13 = GeVrs + Z dc; (B-38)
=1
Ng
012 = GeV12 + Z Qéi (B-39)
=1

Next step is solving (time integrating) Equations ( B-22 ) to ( B-27 ) and Equations ( B-34 ) to (

B-39) in order to prepare them for implementation in UMAT.
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We start with one of the state variables, say qéf We may use a numerical time integration scheme
such as Euler forward, Euler backward, Crank-Nicolson, etc. and discretize Equation ( B-25) and
find the value of the state variable at each time step in terms of the values in previous time steps.
Alternatively, we can assume some simplified variations of strain during a time step and create
semi-analytical solutions [81], [153].

Let’s use the following convention for any general variable P

P(t = tn~1) = pn-1

P(t = t") = P"
AP™ = p" — pn-1 (B-40)
Afn — En _ fn—l

AtTl — tn _ tTl—l

K
Multiplying both sides of Equation ( B-25 ) by the integrating factor e*¢J yields

&
d| e™iqé}(é)

£ dg2©®  q2(©) £ qy (8-41)

27Gj J 2 16 >= = azGei—= i=12.. N

( dé T6) dé FT T dE ¢

Now we integrate from &"~1to &"
&
En d eTGj qé? (E’) fn ,

f—d]/23 . (B-42)

dé¢' = J apGje*si ——d¢’, j=12..,Ng

df' dE,
fTL—l f‘l’l—l
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That is

fn_1+Afn En_l f_
e T qBEM - qEHE D = [ anGe™
gri-1 (B-43)

j=12..,Ng

dy23

Now we assume y,3 varies linearly with & in the interval [E"71,&M], i.e., T is constant and we

replace it with —— m . Therefore Equation ( B-43 ) reduces to
_Ag"
i 23 1—e %G
CIGj(fn) =e "0 qg; (" D+ arG; Ayy3" YR Jj=12..,Ng (B-44)

TGj

Following the same procedure for all other state variables in Equations ( B-16 ) to ( B-21) results
in

_Agm
qri(E™) = e Triqe(§"7h)

+ (aFKi (AElln + A622n + AE33n) - IBKiATn
(B-45)
_A&™
1—e ki
A )
Tki

Vi AX™)
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_agm
qg;§™) =e T qg; ")

_Ag"
2 1—e %G
+ §aFG]-(2A611n — AEZZn — AE33n) T ,
T6j
j=12..,Ng
_Adt
;™ =e Tqg (™Y
_Ag"
2 1—e 76Gj
+ § aFGj(ZAEZZn - AE33n - AElln) T )
T6
j=12..,Ng
_Ag"
13 _A_En 13 n 1—e 1Gj
qs; (™) =e T6iqsi (€™ + apGiAys | j=12..,N;
T6
_Adt
_A_fn 12 n 1 —e TGj
qéf(f”) =e "G qu(fn_l) + apGjAy,, T ) j=12..,Ng
T6

(B-46)

(B-47)

(B-48)

(B-49)

In Equations ( B-44 ) to ( B-49 ) we replace 7;; and tx; by artg; and artg; (ar is the horizontal

shift factor) and rewrite the equations for real time as
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_A™
qii(t™) = e aTKiq; (")

+ (arK;(Bey;™ + Ae,™ + Aegs™) — By AT™

A"
n 1—e ar7ki
~ Yk AX) | —m— |
arTki
At"

qgj (™) = e “Tiqgi(t" )

2
+ gaFGj (2Ae1,™ — A€y, — Aeg3s™)
j=12..,Ng
At™

q&; (™) = e “TToiqE (")

+E G (20€,," — Aezs™ — A
3aF j( €22 €33 €11")

j=12..,Ng

At™
At™ 1—e ar7Gi
qe;(t™) = e T6iqdI (t" ) + apGiAy,s" N

arig;

At™
artgj

At™
_i 1 — e_aTTG]
qe; (™) = e TTEiqEE (") + apGiAys," | —m—

At
artgj

At™
13 2 13 nl 1-— e 917
qe; (™) = e TTCiqpi (") + apGiAyss" | ——m—

1

(B-50)
i=12.. Ng
At
—e o (B-51)
Atm ’
artg;j
At™
%G (B-52)
At” ’
artgj
2..,N; (B-53)
2..,N; (B-54)
2..,N; (B-55)
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Using Equations ( B-50 ) to ( B-65 ), we can calculate the value of each state variable at each time
step in terms of its value at the previous time step and other parameters.

Now we use Equations ( B-34 ) to ( B-39 ) for evaluation of stresses. Let’s start with Equation (

B-34 ) and integrate both sides from t"~1 to t"

tn tn
doy, |, dey;  deyy de33) dAT dAX
aw &= f K (dt' tar tar ) T Pre gy TVkegqp

tn—-1 tn-1

2 deqq dEzz d633 qul GJ /
T30 (2 " dt ) z z dt

i=

(B-56)

de de de dAT dAX . . _
422 -3 — and —— are constant in the interval [¢"~1, "] and replace

Now we assume

dt ' dt ' de
. AEll AEZZ AE33n AT™ aa—
them with Ao A A Apn and 2 o respectlvely Therefore we rewrite Equation ( B-56 ) as
tn
Aey" A€y Aegs™ AT™
ot =0, = + + det’— J dt’
oo ( Atn At AtM ¢ aer | Pre
tn-1 tn-1
tn tn

AX”J dt,+2 2A611" Aey,™  Aess" JGdt’ (B57)
Acn ) Tke 3\* A T Taer T Ak e

tn-1 tn-1

1
+Z(QK1 _qun 1)"’2 QG] 1171 )

Approximating the integrals in Equation ( B-57 ) using Simpson’s rule we will have
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1 2
o1t =0V + [E (K + K, 7) + 3 (G." + Ge”‘l)] Ae "
1 n n-—1 1 n n-1 n n
+ I:E (Ke + Ke ) - § (Ge + Ge )] (AEZZ + A€33 )

~ ATn <BKeTl + BKen_1> _ Axn <_yKeTI, + )/Ken—1> (B'58)
2 2

Nk

1
S —a wz & - o)
i=1

Similarly for all other stress components we will have

1 2
02" = 05" + [E (Ken + Ken_l) + 3 (Gen + Gen_l)] Aez,"
1 n n—-1 1 n n-—1 n n
+ [+ k7 =5 (6 + 67| e + ey

n n-1 -1 B-59
_ATn<BKe * Pre >_Axn<VKen+VKen ) (B-59)

2 2

1
+Z(Qm —qxi"” 1)"‘2 QG] zzn )
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1 2
033" = 033" L + [E (K + K, 7) + 3 (G, + Ge”‘l)] Aess"
1 n n-—1 1 n n-1 n n
+ [E (Ke + Ke ) - § (Ge + Ge )] (A611 + A622 )

_ AT (.BKen + .Bxen_1> AR <VKen + VKen_1>

2 2
(B-60)
1
+ Z(QKL - qun 1) Z qG] 11" )
Ng
n n—-1
AGEL A
=1
Ng
G, + G, n n-1
023" = 03"t + (%) Ay,3" + z (qéf - qéf ) (B-61)
=1
Ng
G+ G, n n-1
oi3" = 013"+ <—e > . >AV13n + Z (Q(l;;; ~ 45 ) (B-62)
j=1
Ng
G+ Gt 1
o, = 0y, + <f> Ay, + Z q};f” " ) (B-63)
=1

Using Equations ( B-58 ) to ( B-63 ), we may evaluate the value of each stress component at each
time step in terms of its value at the previous time step, state variables and other parameters. In

turn, the values of state variables will be obtained using Equations ( B-50 ) to ( B-55).

B.2  Transversely-isotropic case
Let’s assume plane 2-3 is the plane of isotropy for a transversely isotropic material. We may write

Hooke’s law for the linear elastic transversely isotropic material as
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011 = C11(€11 — 0 AT — af*AX) + Ci2(€22 — a2 AT — a3°AX)
+ C15(€33 — a, AT — a5°AX)
= (11611 + C12(€52 + €33) — (Cryaq + 2C12a,)AT
— (Cyyaf® + 2Cy5a3°)AX
022 = C12(€11 — 1 AT — a°AX) + Cp3(€22 — @ AT — a3°AX)
+ Cy3(€33 — 0, AT — a5°AX)
= (12611 + Co2€p5 + Cy3€33 — (Crpaq + (Cop + Ca3)a) AT

— (Crpaf® + (Cyp + Cr3)a5®)AX

(B-64)
033 = C12(€11 — 1 AT — aAX) + Cy5(€5, — AT — a5AX)
+ Cyy(€33 — @, AT — a5°AX)
= C12€11 + Cy3€22 + Coz€33 — (Crpaq + (Coz + Ca3)az)AT
— (Cza1® + (Cyz + Co3)a3’)AX
1
023 = 2 (C22 — C23)Y23
013 = CepV13
012 = CesV12
Defining
B1 = Cria1 + 20y, B2 = Ci2a1 + (€2 + Cy3), ( |
B-65

Y1 = C11afs + 2612“551 Y2 = C12afs + (Cy2 + C23)a55

We will rewrite Equation ( B-64 ) as
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011 = C11611 + Ci2(€x2 + €33) — B1AT — y,AX
022 = C12€11 + Cpp€35 + Coz3€33 — B AT — y,AX

033 = C12€11 + Cp3€35 + Cpp€33 — (AT — y,AX

1 (B-66)
023 = P (Ca2 — C33)Y23

013 = CegY13

012 = Cee¥12

From Equations ( B-66 ) and Equation ( 4-42 ), we may write the thermo-viscoelastic (TVE)

constitutive relations for a transversely isotropic material as

3
011 = 11,611 + C1ze(522 + €33) — ,319AT + aFJAC11(€ '3 ) df’ ag’
0
: d
+aFfAC12(f—f')%df’ (B-67)
0
& AT
4(z5)
- ar [ ap: - ) —FEas
0
3
022 = Ciz €11 + Cop, €22 + Co3,€633 — B2, AT + ap f ACp(§ - ¢’ ) df’ d¢’
0
§ §
+ap | AC;(§ - f) p df +ap | 4C;5(E — f) ~d¢'  (B-68)
f df of df

0

i3 d AT
_aFfA,Bz(SZ ') c(lf’)

0

dg’
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§

033 = C126611 + C23e€22 + C226533 - ﬁzeAT + ar f AC12(§ —¢7) di;l,l
0
& 3
bap [ 0606 - ) T2ag 4 ar [ aCa( - ) 22
0 0
I3 AT
—ar [ 48,6 - e>d§§,) dg’
0
) ¢
O3 = E(CZZE - C23e)]’23 + aFf (ACp (8 = &) — ACx(E - €) dy;
0
¢
013 = Cge, V13 + aFjﬂcse(f ¢") d);‘l? ag’
0
¢
012 = Cgg,V12 +aFfAC66(f §') d}’glz dg’
0

Approximating C;;'s, By, B, v, and y, by Prony series we will have

NCij

__¢
Cy(©) =Gy, + Z Cyj e ",
k=1

N N
B1 g B2 £

BiE) = Biy+ ) Bue B, Bo®) = foy+ ) fae e
k=1 k=1

-

NYl f NYZ f

Y1) =y, + Z Yige ik, v2(O) =vyq, + Z Y2, € T2k
k=1 k=1

dg’

dg’

(B-69)

(B-70)

(B-71)

(B-72)

(B-73)
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Substituting from Equations ( B-73 ) into Equations ( B-67 ) to ( B-72) gives us
011 = C11,611 + Ciz, (€22 + €33) — B1 AT — y1 ,AX

Ncyq

3

C _%delld '

+' arp | Ci1,6 12 e 3
0

(B-74)

s
—Z apfylle Frai d; d¢'
i=1 0
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022

= (12,611 + Cop €20 + 6238633

Ne¢y,

0

Ney,

Ncyg

i=1

[ foe
"

4
—%dfn ,
+Z ap | Cyp;e "C12t ac dé
=1
4
—L.dfzz ,
+ z aFszz.e TC22i dé
” l dEI
=1 0

¢
—%dfm ,
+z ap | Cy3,e “Cast ac dé
0
AT
4(z7)

- ﬁZEAT - yzeAX

df’

Q.
N
~  — ~_ - ~__ ~_—

(B-75)
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033 = (13,611 + (33,622 + (22,633 — ﬁzeAT

Ncy, 3
+ z fclz e TClzl d;’l dfl>
=1 0

N¢ys ¢
Ldezz
£ chm e Teosi 22 g
: as
=1 0
N¢,, 3
_¢ 3 (B-76)
+ z aFszz e C22i dé'
: ' as’
=1 0
Ng, $ M
_TS X d (ap) ’
—z ar | Bz BZld—f’df
=1 0
Ny, § AX
T d (aF) ’
- Z aF Vzle ¥zt df, df
=1 0
Nc,, 3
1 1 —Tf -dYz3 .,
023 = E(sze - C23e)V23 +§ Z aFf Cypie "C22! g’ as
i=1 0
(B-77)
V& £ g
2 Z fczs e Tt 2 g
2 ¢ ag’
=1 0
NC66 f E
_ ¢ -dyi3
013 = Cee, V13 + ar | Ces;e 66‘d_f,df (B-78)
— )
NC66 f
012 = Ce6,V12 T Z Ff Cos ;€ Tc“l )/12 - d¢’ (B-79)
i=1 0
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Defining the state variables

§

qcul(f) = aFf <C11 e’
0
s‘
QClzl(f) = aF Cipge
0

QClzz(f) = ar Ciz,€

O'\M

QClzl(f) = ar Ciz,€

O\M

quzl(f) =dar

O\)m

qCZZL (E) =ar

one”
(e

(C23 e
(C23 e
(sz e

3
CICZZL(S() =ar (szl
/

o

qC23l(f) = ar

o

qC23l(€) =ar

o

CICZZL(E) =dar

o

Tclzl

TC121

TC12L

TCZZL

TC23L

TC231.

Tszl

-’

Tszl

de3

dez

de33

dya2s3

i=1,2
i=1,2
i=1,2
i=1,2
i=1,2
i=1,2
i=1,2
i=1,2
i=1,2
i=12

N,

o Ney,

., Ng,

o Ney,

N,

o Ne,,

o Ne,,

o Ne,,

N,

N,

(B-80)

(B-81)

(B-82)

(B-83)

(B-84)

(B-85)

(B-86)

(B-87)

(B-88)

(B-89)
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; _§-¢ d
14
95(8) = ar f <623 e T df) d¢’,

0

£ _§=¢ d
)4
QCael(f) = aFf<C66 e "Cosl dfl3> a¢’,

0

¢ _§=¢ d
14
%661(5) = aFf<C661 "Cos d;2> a¢’,
0

AT
— _‘L'BE i d (a_F) !
qﬁll({:) = ar Blie 1 d—f,df )
0

N d(AT)
qrffzi(f)=a1~" Bae "ol ——— e’ ag’,
0

AX
¢ oy a_p)
qV1i(E) = aFf)/1ie TYlid—Eldfly

0

AX
$ &d a_F>
qui(f) = aFfVZie 2t df’ df ’

0

i=1,2

i=1,2

i=1,2
i=1,2
i=1,2
i=1,2
i=1,2

(B-90)

(B-91)

(B-92)

(B-93)

(B-94)

(B-95)

(B-96)

Using Leibniz rule of differentiation, we take the derivative of each of the state variables in

Equations ( B-80 ) to ( B-96 ) and conclude

dQCnl(f) QCML(E) —q deqq
d¢ Teyi P ge
clzz(f) %121(5) —q dey,
df Tclzl F 121 df ’

i=12..,

i=12..

NC11

’NC12

(B-97)

(B-98)
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dQClzz(g) qclzl(f) . dess
3 Teypi Pzt g
cllzl(st) Clclzz(f) —q deiq
d{ Tclzl F 121 dE ’
dqczzl(f) quzzz(f) —q dey;
d{ Tszl F 221 df
dch)_gl(f) QC231(SZ) —a dezs
A e TRidg
C23l(€) QC23L(€) 4 dey,
3 TCyai FUBE qg
dQszl(f) CIszl(f) —q dess
3 Teyyi FrR ge
szl(f) CICZZL(S() dV23
= apCyp;, —5
df Tszl ‘ df
C23l(€) qC23L(€) —a dy23
d¢ TCyai FUBL g
CGGL(g) qCGGl(g) =a dy13
dé— TC66l F 66l dé— '
C66l(§) qC661(€) —a dy12
dé TCeoi Freet gg
dag,, (&) aqp,, (&) AT
dé T LdE’
dqg, (§) aqgp, (5) o dr
dé T, CidE’
dqy,, () ay,, (&) dx
ds T, Hdg

i=12..,Ng,
i=12..,Ng,
i=12..,Nc,
i=12..,Nc,
i=12..,Nc,
i=12..,Nc,
i=12..,Nc,
i=12..,Nc,
i=12..,Nc,
i=12..,Nc,
i=12..,Ng
i=12..,Ng,
i=1,2 ey Ny,

(B-99)

(B-100)

(B-101)

(B-102)

(B-103)

(B-104)

(B-105)

(B-106)

(B-107)

(B-108)

(B-109)

(B-110)

(B-111)

284



dqy,,(§) qyzl(f)_ dx
i Tr, @

Also using Equations ( B-80 ) to ( B-96 ) we rewrite Equations ( B-74 ) to ( B-79) as

Ncyy
011 = Ci1,611 + C1ze(€22 + €33) — ﬁ1 AT —y1 AX + 2 qcnl
i=1
Ncy, Ng, Ny,
# 0 B+ aEa) = D an = )
Ncy,
022 = C12 €11t sz €22 T Cz3 €33 — :32 AT — )’zeAX + z QClzl
i=1
Ncy, Ncys Ng, Ny,
# D ) 0= ) 0= )
i=1 i=1
Ncy,
033 = C12,611 + (23,622 + C33 €33 — ﬁz AT =y, AX + Z QClzl
i=1
Ncys Ncy, Ng, Ny,
# D it ) 0= ) 0= )
i=1 i=1
NC22 NC23
023 = (sze C23 )Y23 P Z QCZZL -5 Z QC231
Ncge
013 = Cep, Y13 + Z %661
i=1
Ncge
012 = Cep, V12 + Z %661
i=1

i=12..,

(B-112)

(B-113)

(B-114)

(B-115)

(B-116)

(B-117)

(B-118)
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Finally, based on our discussions about hypo-elastic behaviour of the material in the glassy regime,

Equations ( B-113) to ( B-118 ) are modified as

Ncyy
011 = Ci1,611 + C1ze(€22 + €33) — ﬁ1 AT — V1eAX + 2 qcnl
i=1
(B-119)
Ncy, Ng, Ny,
22
+ Z (qclzl + qclzl) z qﬁll Z qyll
Ncy,
Op2 = C12 €11 + sz €22 + Cz3 €33 — :32 AT — )’zeAX + z QClzl
i=1
(B-120)
Ncy, Ncys Ng, Ny,
b Dt ) = ) = )
i=1 i=1
Ncy,
033 = C1ze€11 + Cz3 €22 + 6223533 ,32 AT — )’zeAX + z QClzl
i=1
(B-121)
Ncys Ncy, Ng, Ny,
# D it ) = ) = )
i=1 i=1
NC22 NC23
. 1 .
O3 = E(sze - C23e))’23 Z QCZZL -5 Z QC231 (B-122)
Ncge
013 = Ce6,¥13 T Z %661 (B-123)
i=1
Ncgg
012 = Cep, V12 T Z %661 (B-124)
i=1
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Next similar to the isotropic case, we carry out the time integration of equations to prepare them

for implementation in UMAT.

¢
Multiplying both sides of Equation ( B-97 ) by the integrating factor e’ci1i yields

s
d eTCniqéllli(f)

eTC11 < qC11l(€) qull(€)>

——deqgq
= apCyq.e%C11i ——, B-125
Fl11; dz ( )

df TC111 df
i=12..,Ng,
Now we integrate from &"~1 to &™ to obtain
Sn
£ eagn i ¢ dey,
e TCqqi qC 11(%’71) TClquclll(En 1) — aFC11 e TCyqi = E, dfl,
gri-1 (B-126)
i=12..,Ng,
Now we assume e, varies linearly with & in the interval [§"71,&7], i.e
replace it wit
_AgT
Afn ) n 1 —e Tcqqi
QCnl(fn) =€ Tcnl mi(fn_l) + apCyy;0€11 Y

B-127
Teyqi ( )

i=12..,Nc,

Following the same procedure for all other state variables and replacing 7, ; and 7g,; by ar7c, ;i

and artg,; We obtain
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At™
Atn 1 —_ e_aTTC]_li
qcnz(tn) =e aTTClll 11 (tn D+ apCiq; Aeyy" AL )
arte (B-128)
i=12..,Ng,
At"
Atn 22 1 —_ e_aTTC12i
CIclzl(tn) =e aTTC“’ <" D+ apCiy; Aey," —A;m |
arten (B-129)
i=12..,Ng,
At™
Atn 33 1 _ e_aTTC:lzi
CIclzz(tn) =e aTTC“‘q (@D + aFC121A633 ALT )
T (B-130)
i = 1,2 ""NC12
At™
At" . 1—e %TTCyzi
Ay, () = e aTTClzlq (") + apCipAeqy” At™ )
arte (B-131)
i=12..,Ne,
At™
Atn - 1 — e_aTTCZZi
Qszz(tn) =e aTTC”lq (@D + apCya; Aey,™ ALT )
arte: (B-132)
i=12..,Ng,
At™
7Atn 1 — e_aTTC23i
Qngl(tn) =e aTTCZBL 33 (tn 1) + aFC23 A633 NG ,
arte. (B-133)

i = 1,2 ""NC23
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__At?
__ A" 1 —e OTTCyi
qe, (t™) = e 9TFCsiqZZ ,(t" ) + apCa3;A€r;" AL )
B-134
arTc,,i ( )
i=12..,Ng,,
At™
At T
1 —e T'Cpapl
Qszz(tn) =e aTTCZZl 33 G D+ apCya; Aess" ( At™ >'
Tt (B-135)
i=12..,Ng,
__ At
Atn 23 1 — e aTTCZZi
qCZZl(tTl) =e aTTCZZI.q (tn 1) + aFCZZLAy23 A—tn )
B-136
ArTc,,i ( )
i=12..,Ng,
At
_Ac 23 1—e 9T%Casi
qu3l(tn) = e TTCsiq (") + apCaz,Aya3" —Qa;m |
B-137
ArTc,,i ( )
i=12..,Ng,
At™
At @ T
1 J— e T C661
qC66l(tn) =e aTTC661, 13 (tn 1) + aFC66lA)/13 ( Atn >,
B-138
ArTeggi ( )
i=12..,N¢,
__ At
_AC_ 12 1—e %T%Cesl
qC%l(tn) =e aTTC“l (6" D+ aFC66lA)/12 NG )
B-139
ArTeggi ( )

i = 1,2 ""NC66
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At"

At™ @A

R — 1—e “T"Bai
Qp’li(t") —e aTTBu'qﬁli(tn—l) + B, AT" — ,i=12..,Ng, (B-140)

aTTﬂll'
At™

At™ @A

R —— 1—e 9T'Bai
QBZi(tn) =e aTTﬁziqBZi(tn—l) + ﬁziATn Ao i=12. 'Nﬁz (B-141)

At™
qy,, (t") = e “Tniq,, (") +y,, AT"

1—e @i
At
aTTyli

Ji=12..,Ny, (B-142)

__At"
1—e %2l

Atm
aTTyzl'

At"
Gy, (") = & *TTrzigy, (E"71) 4y, AT"

,i=12..,N), (B-143)

=
=)
)
&

Next we integrate both sides of Equation ( B-119 ) from ¢"~1 to t"

tn
d011 dell dey; dess dAT dAX
j ] [Cne dt’ Clze( a T ar )_Ble i~ "eTar
tn—1 tn-1
C11 33 N‘Bld
qC11l Z dqclzl dqclzi _Z qﬁli B-144
+ Z : < dt, + dt’ -~ dt/ ( )
i=
Ny,
—qu“‘ dr
/. ar
i=1

d d d dAT dAX . . -
611 22 ;f — and — are constant in the interval [¢"~1,¢"] and replace

Now we assume ——

) )

A Az Acgs” AT and respectlvely Also we approximate the integrals using
Atm 7 AT T AEM T Aen

them with

Simpson’s rule and rewrite Equation ( B-144 ) as
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Ci1," + C11en_1>

n _ n—-1 n
011 = 011 + Aeqq ( 5

+ (A€, + Aess™) (

Ciz," + clze”*)
2

. (ﬁle" + ,8) o <y * ne”‘1>

2 2
Neqq (B-145)
‘I‘L n-1
+ Z qull é::llll )
Ncy,
n n-1 n n-1
+ ) (e - T v e - e
Nﬁl NYl
-1 -1
- Z (qﬁll’n - qﬁ1in ) - Z (q]/lin - q]/lin )
i=1 i=1
Similarly for all other stress components we have
n n—1 n n-—1
0y0" = 05" + Aeg " (Clze +2C1ze > + Aey," (sze +26228 )
n n-1 n n—-1
+ Aess” <C23e * Cose > — AT™ <ﬁ2€ t P )
2 2
Ncy,
V2, +v2,t n n-1
- (f + (et - a,™) (B-146)
i=1
NC22 NC23
n n-1 n n-1
+ ) (B -+ ) (a8 - e )
i=1 i=1
Ng, Ny,
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n n-1 n n—-1
0-337’1 — 0-337’1—1 + AElln <C123 + ClZe > + Aezzn (CZ3€ + C23€ )

2 2
n n-1 n n-1
FAey” <sze +26228 >—AT” <Bze +2ﬁ’ze )
Ncy,
Yo, V2, n n-1
~o (e e ) S (- )
i=1
(B-147)
NC23 NC22
n n-1 n n-—1
+ ) (B —a )+ ) (e - e )
i=1 i=1
Ng, Ny,
-1 -1
- 2 (qﬁzl’n - qﬁzin ) - z (q]/zin - quin )
i=1 i=1
Cap, " + Cop Wt — Cp3, ™ — Cp3 7t
Oy3" = 033" + AV23n< e — 4 — — )
(B-148)
NC22 NC23
n n-—1 1 n n-1
2 Z qgjzl Cjzl ) - E (qg;);l qgj3l )
i=1
Ncgg
_ Ces," + Cos," " n n—-1
013" = oy3" 7 + A)’13“< ‘ 5 < + Z (qg‘:ei ~ Qegyi ) (B-149)
i=1
Ncgg
_ Ces," + Cos," " n n—1
0" = 01" + A)’12“< . > . + Z (qz‘Zei - qgisi ) (B-10)
i=1

B.3 Orthotropic case

We may write Hooke’s law for a linear elastic orthotropic material as
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011 = C11(€11 — 0 AT — af*AX) + Ci2(€22 — a2 AT — a3°AX)
+ Cy5(€33 — a3AT — a§’AX)
= C11€11 * C12€52 + Ci3€33 — (Cryaq + Cipa; + Ci3a3)AT
— (Cpyai® + Cpa3° + Ci3a5°)AX
022 = C12(€11 — AT — a°AX) + Cp3(€22 — AT — a3°AX)
+ Cy3(€33 — azAT — a$’AX)
= C12€11 + Cpa€2 + Co3€33 — (Cr2aq + Cppaz + Cp3a3)AT
— (Cr2a1® + Cppa3° + Cy3a5°)AX
033 = Ci3(€17 — 1 AT — a’AX) + Cy3(€5, — A AT — a5°AX)
+ C33(€33 — a3 AT — a5°AX)
= C13€11 + Cy3€2; + C33633 — (Ci3a1 + Coz3a; + C33a3)AT
— (Ciz3a1® + Cp3a3”° + C33a5°)AX
023 = C44Y23
013 = Cs5Y13

012 = Ceg¥12

Defining
p1 = Ci1ay + Cipap + Ci3as, v1 = Ciiaf® + Cpa5° + Ciza5®
B2 = Cipaq + Cypa; + Cyzas, Y2 = Cipaf’ + Cypa3° + Cyzas’

B3 = Ci3aq + Cyza; + C33as, Y3 = Cizaf’ + Cyza3° + C33a5°

We rewrite Equation ( B-151) as

(B-151)

(B-152)
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011 = C11€611 + C12€55 + Ci3€33 — B1AT — v, AX
022 = C12€11 + Cpp€35 + Coz3€33 — B AT — y,AX
033 = C13€11 + Cp363; + C33€33 — P3AT — y3AX
(B-153)
023 = C44Y23

013 = Cs5Y13

012 = CeeY12

Considering Equation ( B-153 ), we may generalize Equation ( 4-50 ) as the thermo-viscoelastic
(TVE) constitutive relations for an orthotropic material as

011 = Cy1,€11 + Ciz,€22 + Ci3, €633 — f1 AT —y1 AX

§ §
bap [0 - 0 2 ag' + ar [ aCa(e - £) G2 ag

0 0

¢ £ a (A~ (B-154)
vap [ a6 - )52 a8 — o [ apice - ) C(lf,) ag’

0 0

& d AX
—aFfAh(f ') Slf’)

0

dg’
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022 = C12,€11 + (33,622 + 6238633 - ﬁzeAT — V2, AX

¢ ¢
+ap | AC,(§ - f) ; d'f tap [ AC(E — ¢ ;
R e
£ £ 4 (AT (B-155)
+ap [ 4Gt - 62 2 ag - ar [ ap6 - 6 gf,) ag’
0 0
& AX
4(3,)
—ar | Ay - §)—Emag
0
033 = C13,€11 + Ca3,€22 + (33,633 — B3, AT — y3,AX
¢ ¢
bap [ 466 - €92 ag + o [ 4G (6 - ) 2 ag
0 0
£ § 4 (AT (B-156)
+aFjAC33(f f) df’ ag’ _aFJAﬁ3(f ¢") c(if’) ag’
0 0
3 d(AX)
—ar [y - §) e dg’
0
¢
023 = C4q,V23 + aFfACAM(E ') dy;? ag’ (B-157)
0
¢
013 = Cs5,Y13 +apjﬁcss(f §") d)/; ag’ (B-158)
0
¢
012 = Cgg,V12 +aFfAC66(€ ¢’ d};»l,z ag’ (B-159)

0
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Next we approximate C; S B:'s and y;'s by Prony series
NCij

__ ¢
Cij(§) =Cy, + z Cyj e ",
k=1

NB'
S +
Bi(§) = Bi, + ) Bie TPk, (B-160)
Ny, ¢

i) =vi, + Z}’iké’
k=1

Substituting from Equation ( B-160 ) into Equations ( B-154 ) to ( B-159 ) results in

011 = C11,€611 + Cip €22 + Cy3,€633 — ﬁ1EAT — Y1,8X

N¢y, ¢
* Z chll e TC“‘ g
. as’
=1 0
< £ dey,
+ Z Ff Ciz;e o dg’
. as’
=1 0
NC13 f
B-161
+ Z apf C13 e TC131 3,3 dg’ ( )
i=1 0
Ng, 3 : d(AT)
= | ar [ Buje i —Z
- as’
i=1 0
Ny, & AX)
i “YFZ ap ’
-l e fv e ds
=1 0
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022

= (12,611 + Cop €20 + 6238633

Ne¢y,

0

Ney,

Ncyg

i=1

[ foe
"

4
—%dfn ,
+Z ap | Cyp;e "C12t ac dé
=1
4
—L.dfzz ,
+ z aFszz.e TC22i dé
” l dEI
=1 0

¢
—%dfm ,
+z ap | Cy3,e “Cast ac dé
0
AT
4(z7)

- ﬁZEAT - yzeAX

df’

Q.
N
~  — ~_ - ~__ ~_—

(B-162)
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033 = C138611 + 6238622 + C338633 - ﬁ3eAT - VseAX

Ncysg

1

0

Ncyg

3
i=1

(
”

3

=1

Now we define the state variables as follows

£ ¢
3 (o
. 131
L ar 13;€ dg
1=

i ¢
———de,
aFfCZ3ie €23t dE
0

(6
—z ar | Bs;e T'B3id—€,df'

- d¢’

(B-163)

(B-164)

(B-165)

(B-166)
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‘ §=¢'
qéllll(f) = apf Ci1;e "Cual
0

: §-¢'
qclzl(f) = ap.f C12 e TCizi
0

¢
qclzl({:) = dag f
0

3
QC231(5) = apf (C23 e
0

q6231(€) = dag

oY .

qC33l(€) = ag

(C33l

o .

¢
qC44_l(§) = apf C44l TC441
0

3
quzl(E) = apf (sz e TCai
0

¢
qC13l(€) = aFj <Cl3 e TCl3l
0

TC231.

§-¢’

C23 e TCa3i

TC33L

dey,
dé’

de33

dg’

d)/zs

e’

v

N——

i=12
i=1,2
i=12
i=12
i=12
i=1,2
=12
=12
i=1,2
i=12

- Ng,,

., Ng,

o, Ne,,

N,

-, Ng,,

N,

o Ne,,

N,

N,

N,

(B-167)

(B-168)

(B-169)

(B-170)

(B-171)

(B-172)

(B-173)

(B-174)

(B-175)

(B-176)
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§

5 £ dyi3 ]
Geeyi(§) = ap | | Css,e "Csst iz dé’, i=12..,Ng, (B177)
0
3
5 & dyiz )
%661(8() = aFf C66 e Cesl e’ dé’, i=12..,Ne, (B-178)
0
AT
L ae
ap,,() = apfﬁlie e i=12..,Ng, (B-179)
0
AT
_‘rf d (a_F) / . B-180
p,;(§) = ar | Bze ﬁz‘d—sz,df, i=12..,N, (B-180)
AT
_Tf'd(a_F) ’ ' B-181
ap,;(§) = ap | B3¢ "he dg’, i=12..Np (B-181)
0
AT
oned(g)
Ay, (§) = apjylie Trai d; dé', i=12..,N, (B182)
0
AT
oed(g)
Ay, ;(§) = aFszie TVzid_;df’, i=12..,N, (B-183)
0
AT
¢ & d —)
qygi(f) = apf]/3 e Tysi——FZ e dé’, i=12..,Ny, (B-184)

0

Calculating the derivative of each state variable in Equations ( B-167 ) to ( B-184 ) using Leibniz

rule of differentiation we conclude

Cul(f) qclll(f) — 4. deqq
¢ Teyi P ge

i=12..,N, (B-185)
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d‘chzz(f) QClzl(f) dey,
déT Tclzl F 1ZL df '
C13l(€) qC13l(E) =a d633
d¢ Teysi LTI
dqclzl(f) Cléllzz(f) —q d€11
dE Tclzl F 121 dE
dqczzzl(f) QCZZL(SZ) —q dey;
dE Tszl F 221 df
C23L(E) Qngl(f) 4 dez;
ds Teysi PR3 g
C13L(E) CIC13L(€) —q deéqiq
dé Tewi F 13i—d§ )
C23L(E) Qngl(f) dey,
=apla3;—7 >
dé Tngl ' df
qu33l(f) QC33L(€) dess
= apl33;—7
d{ TC33l L df
cw(f) qC44l(€) — 4 dy,s3
ds TCyyi T
qu55l(€) QCssz(f) dyis
= aplss5;, —7
dé— TC551 t dé—
CGGL(g) qCGGl(g) dylz
= Aapleg; —37
dé— TC66l t dé—
dqp, ,(§) qp,,(5) dT
+ =P, 75
dé T8, Ldé
dqgp, (§) N ap,,(§) o dr
dé T, CidE’

i=1,2
i=1,2
i=1,2
i=1,2
i=12
i=1,2
i=12
i=1,2
i=1,2
i=1,2
i=1,2
i=1,2
i=1,2

., Ng,

o Ney,

-, Ng,

N,

o Ne,,

Ny,

o Ne,,

o Ney,

o Ne,,

oo Neg,

v Neg,

(B-186)

(B-187)

(B-188)

(B-189)

(B-190)

(B-191)

(B-192)

(B-193)

(B-194)

(B-195)

(B-196)

(B-197)

(B-198)
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dqp, (&) 4p,,(5) . dT 1y
dz o dE Pe
dqy, ,(§) s Ay, (§) dX -
= L —, =1,
d¢ T, lde
dqy,,($) A Qy,;(§) dXx -
= L —, 1 =1,
d¢ T, 2dE
dqy, (§) s Gy, () dX 1
= . —, 1 =1,
d¢ T, idE

Using Equations ( B-167 ) to ( B-184 ) we rewrite Equations ( B-161 ) to ( B-166 ) as

Ncyq
011 = C11,€611 + Cip €52 + Ci3, €633 — B1 AT — v, ,AX + Z CIcnz
i=1
Ne¢y, Ncys Ng, Ny,
* D ) i ) = )
i=1 i=1
Ncy,
022 = C12,€11 + (22,622 + (23,633 — 32 AT =y, AX + Z QClzl
i=1
Ncy, Ncys Ng, Ny,
# D ) i ) 4= )
i=1 i=1
Ncys
033 = Ci3,€11 + Co3,€22 + C33,€33 — B3 AT — y3,AX + Z %131
i=1
Ncyg Ncgg Ngg Ny

+ Z qc23l + Z qc33l Z qﬁ3i - Z qV3i
i=1 i=1

(B-199)

(B-200)

(B-201)

(B-202)

(B-203)

(B-204)

(B-205)
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Ny,

023 = Caa,¥23 + z ch (B-206)

i=1

Ncgg

013 = (55,13 + Z qC55l (B-207)
i=1

Negg

012 = Cep,V12 T Z Clc66l (B-208)
i=1

Finally, based on our discussions about hypo-elastic behaviour of the material in the glassy regime,

Equations ( B-203 ) to ( B-208 ) are modified as

Ncyy
011 = C11,€611 + Cyp, €20 + Cy3,€33 — :31 AT — V19AX + z QCnl
i=1
(B-209)
Ncy, Ncys Ng, Ny,
22 . .
£ D Lt ) = )= )
i=1 i=1
Ncy,
Opp = C1ze€11 + 6226522 + Ca3, €33 — 32 AT — YzeAX + Z QClzl
i=1
(B-210)
Ncy, Ncys Ng, Ny,
22 . .
£ Dt ) = ) = )
i=1 i=1
Ncyg
033 = C13,€11 + Ca3,€22 + (33,633 — B3, AT — VseAX + Z QC131
i=1
(B-211)
Ncys Ncgz Nps Ny,

+ Z qc23l + Z qc33l Z qﬁ3i - Z qV3i
i=1 i=1
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Ny,

023 = Caa,¥23 + z ch (B-212)

i=1

Ncgg

013 = Cs5,¥13 + Z qC551 (B-213)
i=1

Negg

012 = Cep,¥V12 T Z Clc66l (B-214)
i=1

Next similar to the isotropic and transversely isotropic cases, we carry out the time integration of
equations to prepare them for implementation in a UMAT.

Following a procedure similar to what we did for derivation of Equation ( B-127 ), for state
variables in Equations ( B-167 ) to ( B-184 ), and replacing ¢, ;, 7,; and 7,,; by artc, i, artg,:

and art,, ;, respectively, we have

AT
Atn 1— e artcqqi
QCnl(tn) =e aTTC“l 11 (tn D+ apCiq; Aeyq" — A |
Ao (B-215)
i=12..,Ng,
__ AT
Atn 22 1 — e aTTClZi
CIclzl(tn) =e aTTC“lq L(tn D+ apCiy; Aey," y v=r— P
GrT (B-216)

i=12..,Ne,
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__AtT
__ A" 1 — e TTcy3i
Aty (&™) = e “TTsiqdy (") + apCis Aess” g )
Tt (B-217)
i=12..,Nc,
A"
Atn 1 —e aTTC]_zi
qclzz(tn) =e aTTClZl 11 L@ D+ apCiy; Aeyq" AL )
Tt (B-218)
i=12..,Nc,
__ At
Atn 22 1 —e aTTCZZi
Qszl(tn) =e aTTC“‘CI (@) + apCya; Aey,™ A |
Trto. (B-219)
i = 1,2 ""NCZZ
AT
_Act 33 1—e 9T%Casi
Qngl(tn) =e aTTC“l > D+ arCys; Aes3™ A |
arte (B-220)
i=12..,Nc,
__ At
Atn 1 —e aTTC13i
qC13l(tn) =e aTTCBl 11 (tn 1) + aFC13 A€11 AL )
arte,,i (B-221)
i=12..,Ng,
__ At
_Att 1 —e OTTCyi
qC23l(tn) =e aTTCZ3l 22 (tn 1) + aFC23 AEZZ At™ )
Trton (B-222)

i=12..,Ng,
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A"
qeo,i(t) =e TTcsig & (") + apCss;Aess™

i=12..,Ng,

At
CIC44l(tn) =e aTTC“‘” & MG D+ aFC44lAV23

__At?
1 —e aTTC33i

At™

ArTcysi

__ At
1 — e 9TTCyqi

At™

ArTc,,i

e
e
)
e

i=1,2 ...,NC44
At P T
1 —_ e T Cssl
quSl(tn) =e aTrcssl 13 (tn D+ arCss; Ayis" N
ArTe..i
i = 1,2 '"’NCSS
__ At
Atn 1—e aTTeggi
%661(15”) =e aTTC“l 12 (e D+ aFCG6lAy12 At )
ArTeg,i
i=1,2 ...,NC66
At
__ At 1—e aTT8qi
qﬁll(tn) =e aTTB1iqﬁ1i(t7’l—1) + ﬁllATTl T , L= 1'2 'Nﬁl
aTTﬁll
A"
__ At 1 — e 9TTByi
qﬁzl(tn) =e aTTBZiqﬁZi(tn_l) + ﬁZlATTl Atn , L= 1,2 ’N,BZ
aTTﬁzl
__ A"
__Ac" 1 — e OT7B3i
Qﬁ3i(tn) =e aTTB3Lqﬁ3i(tn_1) + ﬁ?,iATn A , L= 1,2 ’Nﬁg
aTTﬁgl

(B-223)

(B-224)

(B-225)

(B-226)

(B-227)

(B-228)

(B-229)
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At™
At™ @O
AT _ 1—e i
qyli(tn) =e aTTyllqyli(tn 1) + VliATn

ji=12..,N,  (B230)

At?
aTTyli
__At"
_A—tn 1 _ e aTTyzi
qyzl,(tn) —e aTTyzlq]/Zi(tn—l) + v, AT" o i=12..,Ny, (B-231)
aTT),zi
A"
— Atn 1 —e aTrysi
ngi(tn) =e arryszqysl_(tn—l) + y3iATn o ,i=1,2 ___'Ny3 (B-232)
aTTy3i

Next we integrate both sides of Equation ( B-209 ) from ¢"~1 to t"

t" e
d0'11 . d€11 d622 d633 dAT
dt’ dt' = -]- Clle dt Clze dt Cl3e dt le dtl
tn_l tTl—l
Neqq Nea, Neas
_odax Z dacyi z dacr , N 29,5 (B-233)
Vie ar : dt’ . dt’ ' dt’
i=1 =1 =1
Ngy

quﬁ1l quhl dt’

d d d dAT dAX . : -
611 22 283 T2 and — are constant in the interval [¢"~1,t"] and replace

Now we assume

)

dt dt dt
. A€11 AEZZ AE33n ATn
them with Ao A A Apn and 2 o respectlvely Also we approximate the integrals using

Simpson’s rule. Equation ( B-233) is rewritten as

307



n n—-1 n n-1
o, = 0'11n_1 + A611n (Clle ’ Clle > + AEzZn (Clze +261ze )

2
C TL+C n—1 n+ n—1
+ Aeg,™ [ ¢ 13e _ AT™ Pro * P
2 2
Ncyq
Vit +vi, ! n n-1
_ nffle = FTle 11 ™ 11
AX < 2 + Zl (qull qull ) (B'234)
1=
NC12 NC13
n n-—1 n n—1
+ Z quzl 51221 )+ z (q2133l - q2133l )
i=1
Ng, Ny,
- Z (qﬁ1l - qﬁ1in_1) - Z (th qV1l 1)
i=1 i=1

Similarly for all other stress components we will have

Cio 4 Cpp 1 Cpy 4 Cypy ™1
0-2271 = 0.2271—1 + A611n< 12e 12e > + A622n< 22e 2Ze )

2 2
Cps.™ + Cpy ™71 T+B, M
+ eyt (22— ) _aTm Poe * Pz
2 2
Ncy,
V2,0t 72 n-1 n n-1
_Ayn e e 11" 11
AX < 2 + zl (qclzl qclzl ) ( B-235 )
l:
NC22 NC23
n n-—1 n n-—1
+ Z quzl szzl )+ Z (q233l - q2233l )
i=1
Ng, Ny,
-1 1
- Z (qﬁzl - qﬁzln ) - Z (q]’zl ql/zl )
i=1 i=1
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Cis." + Cy W7t Ca3," + Cy3,"
2 2
Cs3," + C33," " B3, +Bs,"
+ A€ n e e — AT e e
33 < ) 2
Ncys
Vs, + Vs, n n-1
_Ayn e e 11 " 11
AX ( 2 + Zl (quSl qC13l ) (B'236)
1=
NC23 NC33
n n-—1 n n-—1
+ Z qugl C2231 )+ Z (qg??3l - qg§3l )
i=1
Ngg Ny,
-1 -1
_Z(qﬁsl _qﬁsin ) _Z(q]’3l qul )
i=1 i=1
Ny,
Caap" + Cas n n n-1
023" = 023" + A)’23n< < > . + (qgfu — Ay, ) (B-237)
i=1
Negg
Css," + Css," n-1
0-13 = 0. n + A’]/13"1 < £ 2 £ + (Qé5351 - é:sl ) ( B-238)
i=1
Ncgg
Cos," + Cos," n n-1
012 = + A}’12n< < > < + (qg‘ézal — 4cgi ) (B-239)

lim bl (™) =0

aTTC111

Using Equations ( B-215 ) to ( B-232 ) and Equations ( B-234 ) to ( B-239 ), we can find stress
components at each time step in terms of their peers at previous time step and other parameters.

Now we consider Equations ( B-215 ) to ( B-232 ) for some extreme cases of relaxation times.

From Equation ( B-215 ) we have

,i = 1,2 ""NC11

(B-240)
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Similarly, for all other state variables, for very short relaxation times we may write

lim_ qfe; (™) =0 i=12...Ne,, (B.oat)

aTTCkliﬁ

Equation ( B-241 ) implies that when relaxation times are very short, the stresses in Maxwell

elements relax very fast.

A"
. . . 1-e OT%C1ai .
On the other hand, for very long relaxation times, i.e. when art¢, ; > , ——FmF— IS
artcyqi
indeterminate. Using L’Hospital’s rule we have
AT
1 —e aTrCni 1 — p—X e—x
lim ——m———=lim———=lim—=1 -
artTey,i—® At™ x—0 X x-0 1 (B-242)
arTcyqi
and therefore,
: 11 ny — 511 n—-1 n P —
ari M, 90ni(t") = 4o, (E77) + apCiyhens, t=12 Ny (B-aa3)
Similarly for all other state variables
: ms (+my — ,MS (+n—1 n P —
aTTlClIffil_)oo CICkli(t ) - qull'(t ) + aFCkliAEmS ) L= 1'2 ""NCkl (B_244)
1-e™*

As an alternative way of fixing the indeterminacy for large relaxation times, we consider

and expand a Taylor series around x = 0
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1—e™* 1 1
=1—=-x+-x%+0(x% (B-245)
X 2 6

From the plots in Figure B-1we observe that for x < 0.2, the Taylor expansion in Equation ( B-245

) is accurate.

Figure B-1 1-Te—x compared with its Taylor expansion

Therefore, we rewrite Equations ( B-215 ) to ( B-232) as

311



qc,,: (™)

At"

— _aTrC i 11 n-1
=e 11qu11i(t )

+ apCyq A" S

.

i=12..,N¢,
qgfzi(t”)
At"

At"

1 —e aTTC]_li

At™

artc, i
1 At" 4 1
2 aTTcni 6

— o aTTC ,iq22 ($n-1
e qclzl(t )

.

i=12..,Nc,

[

At"

At™

arTcy i

1—e 9T%Cyai

At"

ArTcy,i
1 At" N 1
2arte,; 6

[

At"

ArTc,,i

))

))

At"

arTc,, i

At"

arTeyqi

At™

arTc,,i

At™

arlc,,i

> 0.2 (B-246)
<0.2
> 0.2 (B-247)
<0.2
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qgii(tn)

At™

— o aTTCi3i33 ($n-1
e qC131(t )

+ apCi3,A€33" 4

i=12..,Ng,
qalzi(tn)
At"

(

At™

1 —e aTTC13i

At

ArTc,,i

1 At"

2arte

— _ClT‘L'C i11 n-1
=e 121qC12i(t )

+ apCip Aeq; " §

‘

i=12..,Ne,

i

1

At"

(

At"

arTc,,i

1 — e 9TTCqzi

At™

arTc,,i

1 At"

2artec,,;

"5

1

[

At™

arTc,,i

))

))

At™

arTe,,i

At™

arTc, ;i

At"

ArTc,,i

At"

ArTc,,i

> 0.2 (B-248)
<0.2
> 0.2 (B-249)
<0.2
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e, (™)

At"

— _aTTC i 22 n—1
=e zzlqczzi(t )

+ apCyy;Aeg," S

.

i=12..,Ng,
qgi;i(tn)
At™

At"

1 —e aTTCZZi

At™

arTe,,i

1 At"
2 arTc,,i

— _aT‘L'C23i 33 (n-1
e qC23l(t )

+ aFC23iAE33n 4

(

i=12..,Ng,

§

"6

1

At™

[

At™

arTe,,i

1—e arTcygi

At™

arTc,,i

1 At"

2arte,,;

1

6

[

At"

arTc,,i

))

))

At™

ArTc,,i

At™

ArTlc,,i

At™

ArTcy,i

At™

ArTc,,i

> 0.2 (B-250)
<0.2
> 0.2 (B-251)
<02
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ey, (™)

At"

. ATTCq.in11 n-1
=e 131q613i(t )

+ aFC13l-A611n<

i=1.2 ...,NC13
qg223i(tn)
At"

(

At"

1 —e TTCysi

At™

arTe,,i

1 At

—  aTTC,.in22 n-1
=e zslqczgi(t )

+ aFC23iA€22n 4
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i=12..,Ng,

+
2 aTTCBl- 6

1

[

At™

arTey,i

At™

1—e arTcygi

At™

arTc,,i

1 At"

2arte,,;
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1
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At"

arTc,,i
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At"

arTc,;i

At"

arTey,i

At™

ArTey,i

At™

ArTc,,i

> 0.2 (B-252)
<0.2
> 0.2 (B-253)
<02
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qg333i(tn)

At"

— p ATTC3i433 (401
e CIC33l(t )

+ aFC33iA€33n 4
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i=12..,Ng,
qgi,i(tn)
At"

At™

A"
1— e 9T7%c33i
Atm
ArTcysi
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— 5 ATTC,.in23 (4n—1
=e 44lqc44i(t )

+ apCag;Ay23" S
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At"
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ArTcysi
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A
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At"
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At"

arTc,,i

> 0.2 (B-254)
<0.z2
> 0.2 (B-255)
<0.2
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qéfsi(t")

__ A
— arTeeci 13 n-1
A G

( A"
1—e 9T%ssi At™
—_— > 0.2 (B-256)
n At ArTeggi
+ apCss;Ay13 | ArTeggi )

1 At 1 Atm \P) A
1—-= + - <0.2
\ 2arte,;  6\arTc; ArTe.ci

i=12..,N¢,
Qéfﬁi(tn)
At™

— p OTTcggipl2 (pn-1
e qCGGl(t )

( A"
1 —e 9T%Cesl At™
- > 0. B-257
. At™ arTegi 0.2 ( )
+ apCep;AY12 ArTey,i )

1 At 1/ At \P) A
1—-= + = <0.2
\ 2arte,;  6\artc; ArTegi

i=12..Ng,

At
qﬁ1i(tn) =e aTTBliqﬁli(tn_l)

s A"
1—e 97"l At"
_—— 0.2
At™ artp,i B
+ :BliATn ) artp, 1 ' (B-258)
1 At 1/ A \Y) A
1—= + - <0.2
\ 2 aT‘cﬁli 6 aTTﬁli aTTﬁli
i = 1,2 ""Nﬁl
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__Ath
qﬁzi(tn) =e aTTBZiq,BZi(tn_l)

( At
1—e 9%
At™
artp,i

+ B2, AT" S

i=12..,Ng

At™
Gp,, (t™) = e “Thsiqg, (¢"71)

‘ __At"
1—e 9T%hsi
At
+ B3 AT artg,
1 1 At" + 1 < At"
\ ZaTTﬁgi 6 artp,i
, i=12 ...,Nﬁg

A"
qy1i(tn) =e aTTY1iqy1i(tn_1)

1 Ath 1< At" >2
1-= +=
L 2artg,; 6\artp,;

‘ __At"
1—e i
Atm
+ ¥4, AT™ 4 ArTyyi
1 1 At" 4 1< At"
\ 2aT":yli 6 ArTy,i
i=12 ...,N],1

At"
> 0.2
arTp,i (B-259)
At™
<0.2
aTTﬁzi
At™
> 0.2
arTpsi (B-260)
At™
<0.2
aTTB3i
At™
> 0.2
ArTy,i (B-261)
At™
<0.2
aTTyli
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__Ah

( _ At™
1—e lyai At - 02
At arty.;
+ ¥, AT™ arTy,; vat . (B-262)
. 1 At" +1<Atn )2 At™ 02
L 2arty,,; 6\arty,; arty,;
i=12..,N,
__At™
Qy,, (") = e “T™rsig,, (E"71)
( _ At
1—e lysi At" - 02
Atn aTT LT
+ y3,AT™ A1y ¥st . (B-263)
. 1 A" +1<At” )2 At™ 02
k 2 aTTVSi 6 aTTysi aTTVSi -
i=12..,N

Y3

Using Equations ( B-234 ) to ( B-239 ), we evaluate each stress component at each time step in
terms of its value at the previous time step, state variables and other parameters. In turn, the values

of state variables are obtained using Equations ( B-246 ) to ( B-263 ).

319



