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Abstract

This thesis concerns critical branching random walks. We focus on super-
critical (d > 5) and critical (d = 4) dimensions.

In this thesis, we extend the potential theory for random walk to critical
branching random walk. In supercritical dimensions, we introduce branching
capacity for every finite subset of Z% and construct its connections with

critical branching random walk through the following three perspectives.

1. The visiting probability of a finite set by a critical branching random

walk starting far away;
2. Branching recurrence and branching transience;

3. Local limit of branching random walk in torus conditioned on the total

size.

Moreover, we establish the model which we call ’branching interlacements’
as the local limit of branching random walk in torus conditioned on the total
size.

In the critical dimension, we also construct some parallel results. On the
one hand, we give the asymptotics of visiting a finite set and the conver-
gence of the conditional hitting point. On the other hand, we establish the
asymptotics of the range of a branching random walk conditioned on the
total size.

Also in this thesis, we analyze a small game which we call the Majority-

Markov game and give an optimal strategy.
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Lay Summary

This thesis investigates a probabilistic model called branching random walk,
which is a combination of two classical subjects in probability theory: ran-
dom walk and branching process. A branching random walk is a random
process consisting of a finite number of particles doing independent random
walks, which at every time step, will give birth to a random number of new
particles (particles are added) and then die (particles are removed), the new
particles then begin independent random walks from the location of their
parents. Of particular challenge to the analysis is a critical branching ran-
dom walk, where the expected number of offsprings of each particle is one.
The main contribution of this thesis is to develop new knowledge about crit-
ical branching random walks by building an analogy with classical results

on random walk.
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Preface

This dissertation is ultimately based on the original work of the author,
under the supervisor Professor Omer Angel.

A version of Chapter 2 has been divided into several preprint papers,
which are currently under review for publication and put on the arXiv ([26-
29]). I am responsible for all of the proofs and writing of Chapter 2 and
Chapter 4.

Chapter 3 is based on a joint work together with Professor Omer Angel
and Dr. Baldzs Rath ([2]), being under review of publication.
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Chapter 1

Introduction

This thesis studies some properties of critical branching random walks in
dimension four and higher.

In the first part, we extend the theory of discrete capacity for random
walk to critical branching random walk. We introduce branching capacity for
any finite subset of Z%, for d > 5 and establish its connections with critical
branching random walks. In 4-dimension, we give some parallel results.

In the second part, we introduce the model of branching interlacements.
We show that this model turns out to be the local limit of the critical

branching random walk in torus.

1.1 Critical branching random walks

As the name suggests, a branching random walk can be viewed as a system
of particles performing random walks while branching (deterministically or
randomly). We are mainly interested in the case when the branching is also
random. For branching random walks with deterministic branching, one can
refer to the lecture notes [18]. In our situation, there are two levels of random
mechanism. One is for the branching and the other is for the random walk.
To define a branching random walk, we need to fix two distributions p and

0 for the randomness.
1. p is a probability measure on N;
2. 6 is a probability measure on Z¢.

Definition 1.1.1. A branching random walk starting from x € Z2, with

offspring distribution p and jump distribution 8, can be described as follows.



1.1. Critical branching random walks

At time 0, a particle is located at x. Suppose that, at each time n, a particle
v is located at S(v). At time n + 1, v dies and gives birth to a random
number, distributed according to u, of children. FEach child then mowves to a
new location S(v)+Y , with increment Y distributed according to 6. Different
particles behave independently. Let T be the collection of all particles at all

times. Then (S(v)),cp forms a branching random walk.

In this thesis, we study critical branching random walk. By ’critical’ we

mean that

Eu=1.

We always assume this and rule out the degenerate case, i.e. p(l) =1
(unless otherwise specified). For the jump distribution we assume that it is

centered in the following sense:
E6 = 0.

In addition, for technical reasons, we always assume the following moment

conditions unless otherwise specified:
e 4 has finite variance o2 > 0;

e 0 is irreducible (i.e. not supported on a strict subgroup of Zd), and
'weak’ L% in the following sense: there exists C' > 0, such that for any
r>1,

0{xcZ:|z|>r})<C-r7% (1.1.1)

Note that (1.1.1) holds if # has finite d-th moment and if (1.1.1]) holds, then
0 has finite b-th moment, for any 0 < b < d. For some results, we need

stronger assumptions, which will be stated explicitly.

Remark 1.1.1. Why the critical case? Branching random walk generalizes
both branching process (no geometry) and random walk (no branching). The
corresponding branching process for our branching random walk is the so-

called Galton-Watson process. It is classical that for nondegenerate (i.e.
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u(l) # 1) Galton-Watson processes, the extinction probability is one, if
Eu < 1, and strictly less than one, if Ey > 1. Moreover, the probability
of survival to n-th generation decays (as n — o) exponentially, if Ep < 1,
and polynomially, if Ey = 1. Similarly, it turns out that the probability
of wisiting a distant point by a branching random walk starting from the
origin has different asymptotics for three different regions: when Eu > 1,
the probability is bigger than a positive constant (which is just the probability
for survival of the corresponding Galton- Watson process); when Ey = 1, it

decays to zero polynomially; when Eu < 1, it decays to zero exponentially.

Remark 1.1.2. We have not striven for the greatest generality about the
assumptions on p and 6, and it is plausible that many results also hold under

weaker assumptions, especially for 0.

On the other hand, the dimension d plays an important role in the study

of critical branching random walk: there are three regions:
1. Supercriticality: d > 5;
2. Criticality: d = 4;
3. Subcriticality: d < 3.

One can get an analogous feeling from random walk about the critical
dimension. It is well-known that the critical dimension for random walk is
d = 2. There are many results reflecting this fact. Here are a couple. The
famous Pdlya’s Recurrence Theorem states that a simple random walk on
a d-dimension is recurrent for d = 1,2 and transient for d > 2. On the
other hand, the range of a random walk with n-steps behaves sublinearly
(when n goes to infinity), if d = 1; linearly with logarithm correction, if
d = 2; linearly, if d > 3. One will see that both results (together with many
others) have analogues in the setting of critical branching random walk (see

Corollary |1.3.11, Proposition and the rest of this chapter).

In this thesis, we mainly focus on supercritical and critical dimensions.



1.2. Range of critical branching random walk conditioned on total number of progeny

1.2 Range of critical branching random walk

conditioned on total number of progeny

Le Gall and Lin ([13, 14]) have established the following result about the
number of occupied sites by a critical branching random walk conditioned
on the total number of offsprings being n, denoted by R,: (under some

regular conditions on p and 6)

“R, 5 asn— 0o, when d > 5; (1.2.1)
n

1 2

osn nL—>02 as n — 0o, when d = 4;
n

n iR, & csAa(supp(Z)) as n — oo, when d < 3;

where ¢;,i = 1,2,3 are some constants and A\g(supp(Z)) stands for the
Lebesgue measure of the support of the random measure on R? known as
Integrated Super-Brownian Excursion.

In the critical dimension, they assume that the offspring distribution p is
the critical geometric distribution (i.e. with parameter 1/2), while in other
dimensions, they could handle very general offspring distributions.

In subcritical dimensions, they also established the asymptotics of the

hitting probability of a distant point by critical branching random walk:

2(4 —d
lim ||z||? - P(S, visits 0) = g

T—00 do?

(1.2.2)

where S, is a critical branching random walk starting at z, ||z| =
\ T Q—lx/\/ﬁ with @ being the covariance matrix of #, and o2 is the vari-
ance of p.

They presented the following questions:
1. The asymptotic of P(S, visits 0) in other dimensions (d > 4);

2. The range R, in the critical dimension for general offspring distribu-

tions;
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3. The range of branching random walk with a general initial configura-

tion.

We answer the first two questions in this thesis. We show that:
When d > 5, we have

lim ||z[|972 - P(S, visits 0) = agci;
Tr—00
When d = 4, we have

li_)m |z||* log ||| - P(S, visits 0) = 1/(20?);

and )
logn 167“/det
& R, L 7262 as n — oo;
o
where ¢; is the same constant in (1.2.1) and a4 is some constant depending
on 0.
To summarize, we have:
d—2 .
agey /|| z]|4=, when d > 5;

P(S, visits 0) =~ { 1/(20%||z|?log ||lz||), when d=4
2(4 — d)/(do?||z||?), when d<3.

Here are the heuristics for the exponents. We know that a typical random
walk sample path connecting z and 0 is with length of order |z?. In order
to reach a point with distance ||z| away (with not too small probability),
the corresponding branching process should survive at least for generations
with order ||z||?. This event has probability of ||z|~2. This incidence is
enough to give order one probability for visiting x, when the dimension is
low enough. On the other hand, it is not difficult to see that the expectation
of the visiting times of 0 is the same as that for random walk, which is of
order ||z|>~¢ (for d > 3). Note that when d = 4 (the critical dimension),
it is just [Jz|| 72! This maybe one of the most natural ways to remember
the critical dimension. When the dimension is high (d > 5 is enough), the

conditional visiting times, conditioned on visiting, is of order one, hence the
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probability of visiting should have the same order as the expectation, which

is just ||z]|>~%.

1.3 Potential theory for random walk and our

parallel results

There are two essential theories on random walk, one is the discrete potential
theory, the other is about the scaling limit of random walk, i.e. Brownian
motion. It is well known that the scaling limit of critical branching random
walk is the integrated super-Brownian excursion, or Brownian snake. For
more details about this, we refer the reader to [12], [8] and the references
therein.

In this thesis, we focus on the discrete potential theory and extend it
to critical branching random walk. For the discrete potential theory for
random walk, one can see e.g. [10, 11, 20]. Let us first review some results
on regular (discrete) capacity. For any finite subset K of Z% d > 3, the
escape probability ESk (x) is defined to be the probability that a random
walk starting from 2 € Z? with symmetric jump distribution, denoted by
Sy = (Sz(n))nen, never returns to K. The capacity of K, Cap(K) is given
by:

Cap(K) = ESk(a).

acK
We have
lim |z||*2- P(S, visits K) = a4Cap(K),
T—00
where ag = mf‘(%)ﬂ'_d/? Moreover, let 7x = inf{n > 1 :

Sz(n) € K}, then for any a € K, we have

lim P(S;(7x) = al|Sy visits K) = ESk(a)/Cap(K).

T—00

ESk(a) is usually called the equilibrium measure and the normalized mea-~
sure ESi (a)/Cap(K) is called the harmonic measure of set K. In fact, not
only the distribution of the first visiting point, but also that of the last



1.3. Potential theory for random walk and our parallel results

visiting point, conditioned on visiting K, converge to the same measure:
lim P(S;( k) = al|S, visits K) = ESk(a)/Cap(K),
T—r00

where {x = sup{n > 1:S;(n) € K}.

The results above apply to any symmetric irreducible jump distribution
with some finite moment conditions. Unfortunately we do not find any
reference for the nonsymmetric walks. However the following result is well-
known and can be proved similarly to the symmetric case (see the Preface of
[11]). When the jump distribution is irreducible, nonsymmetric, with mean

zero and, for simplicity, finite range, we have:

li_>m P(S,(tK) = a|S, visits K) = ES,(a)/Cap(K),

xlgrolo P(S.({x) = alSy visits K) = ESk(a)/Cap(K),

where ES™ is the escape probability for the reversed random walk.

In this thesis, we extend the theory of capacity for random walk to crit-
ical branching random walk. As we have mentioned, for critical branching
random walk, the critical dimension is d = 4 instead of d = 2 (for random

walk). This fact is also reflected in many of our results.

1.3.1 Supercritical dimensions (d > 5)

In Z¢,d > 5, we introduce branching capacity for any finite subset. In
order to define branching capacity, one needs to introduce analogues of the
escape probability. For a finite set K of Z¢, denoted by K CC Z%, one
could consider the probability that the branching random walk starting at
x, denoted by S,, avoids K. However, this turns out not to be the right
generalization. Two different extensions of the escape probability need to
be defined: one for the first and one for the last visiting point of K. We
denote these by Esg(x) and Esci(x). Both correspond to infinite versions
of branching random walk. We defer the complete definitions to Chapter 2.
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Formally one can define the branching capacity of K by

BCap(K) = Z Esg(2) (also = Z ESCK(Z)> .

zeK zeK

Then, we have:

Theorem 1.3.1. For any nonempty finite subset K of Z% and a € K, we

have
lim ||z]|972 . P(S, visits K) = agBCap(K); (1.3.1)
T—r00

1i_)m P(S;(tx) = a|S; visits K) = Esi(a)/BCap(K),
li_>m P(S: (k) = a|Sy visits K) = Escy(a)/BCap(K),
T—>00

where T and {x respectively are the first, and the last respectively, visiting
time of K in a Depth-First search and ag = Wmf(%)wﬂw is

the same constant as in the random walk case.

Let us make some comments here. First, if u is the degenerate measure
(that is u(1) = 1), then the branching random walk is just the regular
random walk, and Esg (Esck respectively) is just ESy. (ESk respectively).
In this case, Theorem is the classical result for random walk.

Second, this result tells us that conditioned on visiting a fixed set, the
first’ (or the last) visiting point converges in distribution. It turns out
that we can say more about this. In fact, we also show that (see Section
conditioned on visiting K, the set of entering points converges in
distribution. Since the distribution of the intersection between K and the

range of S; can be determined by the entering points, hence we have

Theorem 1.3.2. Conditioned on S, visiting K, the intersection between K

and the range of S, converges in distribution, as x — 0o.

Third, this result gives the asymptotic behavior of the probability of
visiting a fixed finite set by critical branching random walk starting from

far away (for dimension d > 5), answering the first question in the end of
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Section 1.2.1, for supercritical dimensions. We also establish the asymptotic
behavior of the visiting probability for the case of critical dimension d = 4,
(see Theorem . Note that we give the asymptotics of the probability
of visiting any finite set while the original question is stated for one single
point.

We mentioned in Section 1.2.3, that Le Gall and Lin establish the asymp-
totic of the range of a critical branching random walk conditioned on total
size being n. In supercritical dimensions, the range divided by n converges in
probability to a constant, ¢; in (1.2.1)), which they interpret as some escape
probability. This constant is just BCap({0}) in our notation.

We also construct the following bounds for the visiting probability by
critical branching random walk when the distance p(z, A) between z and A

is not too small, compared with the diameter of A, diam(A).

Theorem 1.3.3. For any finite A C Z% and x € 7% with p(z,A) >
0.1diam(A), we have:

BCap(A)
(p(x, A))4=2

where f(x, A) < g(x, A) indicates that there exists positive constants ci,co

independent of x, A such that c¢1f(x,A) < g(z, A) < caf(z, A).

P(S, visits A) < (1.3.2)

One might compare this with the corresponding result for random walk:

Cap(4)
(p(x, A))4=2

Similarly to random walk, computing escape probabilities can be very

P(S; visits A) < (1.3.3)

difficult. Hence it might not be practical to estimate the branching capacity
by definition directly. However we can use in reverse: by estimating
the probability of visiting a set, we can give bounds for the branching ca-
pacity of that set. Through this, we find the order of the magnitude of the

branching capacity of low dimensional balls:

Theorem 1.3.4. Let B™(r) be the m-dimensional balls with radius r (as
a subset of Z), i.e. {z = (21,0) € Z™ x 2™ = 7% : || < r}. For any

9
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r > 2, we have:

rd—4 if m>d-3;
BCap(B™(r)) < r4*/logr if m=d—4; (1.3.4)
r’ if m<d-—5.

One might compare this with the corresponding result about regular

capacity:
rd=2 if m>d-1;
Cap(B™(r)) < rd_Q/ logr if m=d-2; (1.3.5)
rm if m<d-3.

Our definition of branching capacity depends on the offspring distribu-
tion p and the jump distribution #. From the previous result, one can see
that branching capacities of a ball for different p’s and 6’s are comparable.
We believe this is generally true for any finite subset but can only show one

part of it:

Theorem 1.3.5. Suppose that pi, pe are two nondegenerate critical off-
spring distributions with finite second moment and let BCap,,, o and BCap,,, 4
denote the corresponding branching capacities (with the same jump distribu-
tion ). Then, there is a C = C(u1, p2) > 0 such that for all finite A C 79,

C~'- BCap,, 4(A) < BCap,, 4(A) < C - BCap,,, 4(A). (1.3.6)

One might compare this with the corresponding result about regular
capacity:

Suppose that #; and s are two irreducible distributions on Z¢ (for d > 3)
with mean zero and finite range. Then, there is a C = C(#1,62) > 0 such
that,

C™! - Capy, (A) < Capy,(A) < C - Capy, (A), for all finite A C Z%.

We believe the following and can not prove at this time:

10
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Conjecture 1.3.6. Suppose that 61 and 02 are two irreducible distributions
on Z4( d > 3) with mean zero and finite range. Then, there is a C =
C(u,01,62) > 0 such that,

C’*l-BCapMﬁl(A) < BCap,,4,(A) < C-BCap,, 9, (A), for all finite A C AR

Furthermore, we construct an analogous version of Wiener’s Test. Let us
first review the classical Wiener’s Test. A subset K C Z? is called recurrent
if

P(Sy(n) € K for infinite n € N) = 1,

and transient if
P(So(n) € K for infinite n € N) = 0.

For the recurrence and transience of a set, Wiener’s Test says that:
Suppose K C Z%,d > 3 and let K,, = {a € K : 2" < |a] < 2""!}. Then,
Cap(Ky)

K is recurrent < Z on(d2) =00

Inspired by this, we give the definition of branching recurrence and
branching transience by using branching random walk conditioned on sur-
vival instead of random walk (see Chapter 2 for exact definitions). We have

the following version of Wiener’s Test:

Theorem 1.3.7. Assume further that u has finite third moment and 0 is
with finite range. Then for any K C Z%,d > 5, we have

BCap(Ky)

K s branching recurrent < Z “on@—4 o0

Meanwhile, we give the asymptotics and bounds for the visiting probabil-

ity of a finite set by critical branching random walk conditioned on survival

starting from z (denoted by S, ):

11



1.3. Potential theory for random walk and our parallel results

Proposition 1.3.8. For every finite A C Z¢, we have:
lim ||z||T* - P(S, wisits A) = tq - a30? BCap(K), (1.3.7)
T—r00

where tg = tq4(0) = dd/Z\/dethteRd t[2=4|n" — t|>~4dt, and W' € RY is any

vector with |W'| = 1. Recall 0? is the variance of fu.

Theorem 1.3.9. For every finite A C Z% and x € Z¢ with p(x,A) >
0.1diam(A), we have (assume further that 6 has finite range):

BCap(A)
(p(, A))4=t

In particular, if we let M be the (d —i)-dimensional (i = 1,2, 3,4) linear
subspace, i.e. {z = (21,22) € Z9" x Z' : zp = 0}, then by Theorem m,
Theorem and the monotonicity of branching capacity, we can see that
M is branching recurrent. By projecting to Z‘, we get that for Z¢ (i < 4),

P(S) wvisits A) = (1.3.8)

the projection version of S§° will visit any vertex infinitely often, almost

surely. Hence we can get the following result which appeared in [3]:

Corollary 1.3.10. The critical branching random walk conditioned on sur-
vival in Z (d < 4) almost surely visits any vertex infinitely often, provided
that the offspring distribution has finite third moment and that the step dis-

tribution is irreducible, centered, with finite range.

In [3], this is proved when p is the critical geometric distribution and 6
is simple, i.e. uniform on the unit vectors. It is mentioned there that their
method works for general critical offspring distribution with finite second
moment, see Section 3.1 in [3]. It seems that their method requires the
symmetry assumption for 6.

From Theorem [1.3.5]and Theorem [1.3.7, we can see that whether a set is
branching recurrent or branching transient is independent of the choice of the
offspring distribution, as long as that offspring distribution is nondegenerate,

critical and with finite third moment:

Corollary 1.3.11. Let 6 be some fixed centered, irreducible distribution on

74 with finite range. Then for any K C 72, if there exists one nondegenerate

12



1.3. Potential theory for random walk and our parallel results

critical offspring distribution u with finite third moment, such that K is
branching recurrent (corresponding to u and 6), then for any such offspring

distribution, K is branching recurrent.

1.3.2 The critical dimension (d = 4)

In the critical dimension, we also establish the asymptotics of the visiting

probability with a logarithmic correction:

Theorem 1.3.12. Assume further that 0 has finite exponential moments.
Then, for every finite subset K of Z*, we have:

1
. 2 .. .
xll)nolo(HxH log ||z]]) - P(Sy visits K) = 252" (1.3.9)
We also show the convergence for the first visiting point conditioned on

visiting:

Theorem 1.3.13. Assume further that 0 has finite range. Then, for any
finite nonempty subset K of Z* and a € K, we have

where Ex (a) is defined later in (2.4.27).

Remark 1.3.1. Recall that, in supercritical dimensions, we mention further
that the conditional entering measure converges in distribution. However this
is false in the critical dimension (and in subcritical dimensions). It turns
out that, the conditional entering measure will blow up, as the starting point

tends to infinity.

Note that in the random walk case, the random walk in 2-d is recurrent

and hence P(S, visits K) = 1. However the harmonic measure does exist:

xlgrolo P(Sy(1r) = a|S; visits K) = WTTQEK

13



1.4. Branching interlacements

where Ex () = limy, oo logn - P(1, < Tx) exists with 7, being the hitting
time of B¢(n) by a random walk starting at z. As we will see, £k (a) has a
similar form.

Furthermore, recall that R,,, the range of the critical branching random

walk conditioned on the total size being n has the following asymptotics:

]
O8N p "2 gr? [det Q in L2,
n

provided that p is the geometric distribution with parameter 1/2 and 6 is
symmetric and has exponential moments.
We establish the following:

Theorem 1.3.14.

logn

na 1672/det Q

2

Ry,

n g

wn probability,

assuming further that 0 is symmetric and has finite exponential moments.

1.4 Branching interlacements

Sznitman introduced the model of random interlacements which consist of
a countable collection of trajectories of doubly infinite random walks on the
lattice Z<, for d > 3 ([21]). Since this seminal work, many aspects of the
model of random interlacements have been studied by numerous authors.
The basic results of the theory of random interlacements can be found in
the lecture notes [5] and [22]. The interlacement Z* at level u > 0 is the
trace left on Z% by a cloud of paths constituting a Poisson point process on
the space of doubly infinite transient trajectories modulo time-shift. Its law

is characterized by:
P(T'N K = () = exp(—u - Cap(K)), for every finite K C Z%.  (1.4.1)

There are two main initial results about random interlacements. On the

one hand, the random interlacement at level u turns out to be the local

14



1.4. Branching interlacements

limit of the set of sites on the discrete torus T% := (Z/NZ)¢ visited by
the simple random walk up to |[uN?| steps ([25]). On the other hand, as
a percolation model, the complement of the interlacement, the so-called
vacant set, exhibits a phase transition ([21] and [19]): there is a critical
value u* € (0,00) such that the vacant set percolates for u < u* and does
not percolate for u > u*.

Inspired by this, we introduce another kind of interlacements consisting
of a countable collection of doubly infinite trajectories that encode infinite
trees embedded in Z% d > 5. We restrict ourself to a special case p =
Geo(1/2) and simply assume that € is the uniform measure on the set of
unit vectors in Z?. Similarly, a non-negative parameter u governs the amount

of trajectories entering the picture. We show that:

Theorem 1.4.1. For any u > 0, we can construct a random subset I of

74, which is characterized by:
P(IT*N K = () = exp(—u - BCap(K)), for every finite K C Z%. (1.4.2)

Furthermore, we prove: similar to the case of random interlacement,
branching interlacement at level u, turns out to be the local limit of the
law of the trace of branching random walk on torus with side-length IV,
conditioned to have [uN dj progeny. More precisely, let Ry be the occupied
sites by a critical branching random walk, conditioned on the total size being
|uN?|, with uniform starting point in the torus with side-length N. Then
for any fixed finite subsets B C A C 74, we have:

Theorem 1.4.2.

v dim P(RyNA=B)=PI'NA=B)

Note that when N is large enough, we can regard A, B as subsets of the torus
with side-length N .

The reason we need to assume N = 1 mod 2 is due to the periodicity

of simple random walk.

15



1.5. An optimal strategy for the Majority-Markov game

1.5 An optimal strategy for the Majority-Markov

game

Let’s begin with a little game. Three tokens begin on vertices —2, —1 and
1 of a path connecting vertices —3, —2, ..., 3 (see the figure below). At any
time the player may pay one dollar and choose a token; that token will then
move randomly, with equal probability to its left or right neighboring vertex.
Different tokens move independently without interfering. There are holes at
the endpoints. Hence once the token reaches the endpoint, it falls into that
hole and cannot get out. If the player is curious about which hole finally
contains more tokens, the negative side, or the positive side, which token

should be chosen to move, with the goal of minimizing expected cost?

123_|_
\

- VS +

Which side captures more tokens?

Figure 1.1: A simple example of Majority-Markov game

Note that though the player wants to know which side wins, he, as a
matter of fact, has no influence on where the tokens go when they move,
hence no influence at all, on the result about which side to win. We can
think that the trajectories are pre-determined and the player do not know
these trajectories. He needs to buy this information. At each step, the
player can only decide, at cost of one dollar, which token’s next position to
be revealed to him, based on the current positions of the tokens. Only when
the player sees two tokens in the same hole, he is sure which side has won.
Then he stops paying and leaves. Therefore, his strategy has an effect on

his wallet, but no on which side to win.
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1.5. An optimal strategy for the Majority-Markov game

It turns out that the optimal strategy is always moving the middle one
(if there are two at the same site, then choose either) and this is the unique
optimal strategy.

In this thesis, we will analyze and solve a type of games which we call
Majority-Markov games, as the following. There are an odd number of finite
Markov chains. Each Markov chains contains two absorbing target states,
one specified as positive kind, the other as negative kind. Since the targets
are absorbing, finally, in each Markov chain, a target state will be reached,
sometimes positive kind, sometimes negative kind. The player can decide
which Markov chain to advance at every step. The goal of the player is to
know which kind of target states reached is in the majority. Then, what is
the best strategy to minimize the expected time?

The solution involves computing functions called grades, which is in-
troduced in [6] for the states of the individual chains. In some sense, the
‘middle’ one produces an optimal strategy. See Theorem and Chapter

4 for more details.

Remark 1.5.1. Though the subjects of Chapter 2 and Chapter 3 are closely
related, Chapter 2, 8 and 4 are written in an independent way. Each chapter

18 self-contained. The notations may differ in different chapters.

Remark 1.5.2. Note that for notational ease, we sometimes use the same
notation for a random variable and its law. However, the reader can judge
by the text.

17



Chapter 2

Critical branching random

walks

2.1 Preliminaries

We begin with some notations. For a set K C Z% we write |K| for its
cardinality. We write K CC Z¢ to express that K is a finite nonempty
subset of Z<. For x € Z¢ (or RY), we denote by |z| the Euclidean norm of
2. We will mainly use the norm || - || corresponding the jump distribution
0, ie |z| =z Q x/Vd, where Q is the covariance matrix of §. For
convenience, we set [0] = ||0|| = 0.5. We denote by diam(K) = sup{||a —b|| :
a,b € K}, the diameter of K and by Rad(K) = sup{||a| : a € K}, the
radius of K with respect to 0. We write C(r) for the ball {z € Z¢: ||z|| < r}
and B(r) for the Euclidean ball {z € Z% : |z| < r}. For any subsets A, B
of Z%, we denote by p(A, B) = inf{||z —y|| : € A,y € B} the distance
between A and B. When A = {z} consists of just one point, we just write
p(z, B) instead. For any path v : {0,...,k} — Z9, we let || stand for &, the
length, i.e. the number of edges of v , 4 for v(k), the endpoint of v and [v]
for k 4 1, the number of vertices of y. Sometimes we just use a sequence of
vertices to express a path. For example, we may write (v(0),v(1),...,v(k))
for the path ~. For any B C Z%, we write v C B to express that all vertices
of v except the starting point and the endpoint, lie inside B, i.e. (i) € B
for any 1 < i < k — 1. If the endpoint of a path v; : {0,...,|m|} — Z¢
coincides with the starting point of another path o : {0,..., ||} — Z,

then we can define the composite of v; and 2 by concatenating v; and ~o:
yoe {0, il + hel} = 27,
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2.1. Preliminaries

10 92(i) = { wo. s
Y2(i = ml),  fori = |mnl.

We now state our convention regarding constants. Throughout the text
(unless otherwise specified), we use C' and ¢ to denote positive constants
depending only on dimension d, the critical distribution x4 and the jump dis-
tribution 6, which may change from place to place. Dependence of constants
on additional parameters will be made or stated explicit. For example, C'(\)
stands for a positive constant depending on d, u, 8, A. For functions f(x) and
g(x), we write f ~ g if limy_,oo (f(x)/g(x)) = 1. We write f < g, respective-
ly f > g, if there exist constants C' such that, f < Cg, respectively f > Cyg.
We use f =< g to express that f < g and f = g. We write f < ¢ for that

lim, o0 (f(x)/g(z)) = 0.

2.1.1 Finite and infinite trees

We are interested in rooted ordered trees (plane trees), in particular, Galton-
Watson (GW) trees and its companions. Recall that gy = (u(i))en is a
critical distribution with finite variance 0? > 0. We exclude the trivial case
that p(1) = 1. Throughout this chapter, p will be fixed. Define anoth-
er probability measure i on N, call the adjoint measure of y by setting
fi(i) = 352,11 pu(j). Since p has mean 1, 1z is indeed a probability measure.
The mean of fi is 02/2. A Galton-Watson process with distribution y is a
process starting with one initial particle, with each particle having indepen-
dently a random number of children due to p. The Galton-Watson tree is
just the family tree of the Galton-Watson process, rooted at the initial par-
ticle. We simply write u-GW tree for the Galton-Watson tree with offspring
distribution p. If we just change the law of the number of children for the
root, using zi instead of p (for other particles still use p), the new tree is
called an adjoint y-GW tree. The infinite y-GW tree is constructed
in the following way: start with a semi-infinite line of vertices, called the
spine, and graft to the left of each vertex in the spine an independent adjoint
u-GW tree, called a bush. The infinite u-GW tree is rooted at the first ver-

tex of the spine. Here the left means that we assume every vertex in spine

19



2.1. Preliminaries

except the root is the youngest child (the latest in the Depth-First search
order) of its parent. The invariant y-GW tree is defined as the infinite
u-GW tree, except that for the root, we graft to the left of it, a u-GW tree,
in stead of an adjoint u-GW tree. We also need to introduce the so-called
u-GW tree conditioned on survival. Start with a semi-infinite path,
called the spine, rooted at the starting point. For each vertex in the spine,
with probability u(i+j+1) (i, € N), it has totally i + j + 1 children, with
exactly ¢ children elder than the child corresponding to the next vertex in
the spine, and exactly j children younger. For any vertex not in the spine,
it has a random number of children due to pu. The number of children for
different vertices are independent. The random tree generated in this way is
just the u-GW tree conditioned on survival. Each tree is ordered using the
classical order according to Depth-First search starting from the root. Note
that the subtree generated by the vertices of the spine and all vertices on
the left of the spine of the u-GW tree conditioned on survival has the same
distribution as the infinite u-GW tree.

2.1.2 Tree-indexed random walk

Now we introduce the random walk in Z¢ with jump distribution 6, indexed
by a random plane tree 7. First choose some a € Z¢ as the starting point.
Conditionally on T we assign independently to each edge of T" a random
variable in Z¢ according to #. Then we can uniquely define a function
St : T — 74, such that, for every vertex v € T (we also use T for the set
of all vertices of the tree T'), Sp(v) — a is the sum of the variables of all
edges belonging to the unique simple path from the root o to the vertex u
(hence St (0) = a). A plane tree T together with this random function Sy is
called T-indexed random walk starting from a. When T is a u-GW tree, an
adjoint u-GW tree, an infinite u-GW tree, and a u-GW tree conditioned on
survival respectively, we simply call the tree-indexed random walk a snake,
an adjoint snake, an infinite snake and incipient infinite snake (also
called branching random walk conditioned on survival) respectively. We

write Sz, S., S° and gzo for a snake, an adjoint snake, and an infinite
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2.1. Preliminaries

snake, respectively, starting from z € Z¢. Note that a snake is just the
branching random walk with offspring distribution x4 and jump distribution
f. We also need to introduce the reversed infinite snake starting from z,
Sz,
assigned to the edges in the spine are now due to not 6 but the reverse
distribution #~ of # (i.e. 0~ (2) := 6(—x) for x € Z?) and similarly the

invariant snake starting from z, S, which is constructed by using the

which is constructed in the same way as S3° except that the variables

invariant p-GW tree as the random tree T' and using 6~ for all edges of
the spine of T" and 6 for all other edges. For an infinite snake (or reversed
infinite snake, invariant snake), the random walk indexed by its spine, called
its backbone, is just a random walk with jump distribution € (or 6~ ). Note
that all snakes here certainly depend on p and 6. Since p and 6 are fixed

throughout this chapter, we omit their dependence in the notation.

2.1.3 Random walk with killing

We will use the tools of random walk with killing. Suppose that when the
random walk is currently at position x € Z¢, then it is killed, i.e. jumps to
a 'cemetery’ state o, with probability k(x), where k : Z¢ — [0, 1] is a given
function. In other words, the random walk with killing rate k(z) (and jump
distribution 6) is a Markov chain {X,, : n > 0} on Z? U {w} with transition
probabilities p(-,-) given by: for z,y € Z9,

p(z, @) =k(z), pl@ =) =1, py) =010-k)i(y— ).

For any path 7 : {0,...,n} — Z¢ with length n, its probability weight b(v)
is defined to be the probability that the path consisting of the first n steps
for the random walk with killing starting from +(0) is 7. Equivalently,

lv|—1 lv[—1
b(7) = [[ 1 =k(())0(v(i+1) (i) =s(7) [] 1 —k((2)), (2.1.1)
i=0 1=0

where s(y) = Hlﬂal O(y(i + 1) — ~v(4)) is the probability weight of 7 cor-
responding to the random walk with jump distribution 6. Note that b(vy)
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2.1. Preliminaries

depends on the killing. We delete this dependence on the notation for sim-
plicity.

Now we can define the corresponding Green function for z,y € Z%:

Gx(z,y) =Y P(S¥(n)=y)= Y b(y).
n=0

Y=Y

where SX = (SX(n)),en is the random walk (with jump distribution )
starting from z, with killing function k, and the last sum is over all paths
from x to y. For x € Z¢, A C Z¢, we write Gy (x, A) for > yea Gr(z,y).

For any B C Z% and z,y € Z¢, define the harmonic measure (when

exactly one of {x,y} is in B):

Hi(zy)= Y. by,
y:e—y,yCB
Note that when the killing function k = 0, the random walk with this
killing is just random walk without killing and we write H?(z,y) for this
case.
We will repeatedly use the following First-Visit Lemma. The idea is to

decompose a path according to the first or last visit of a set.

Lemma 2.1.1. For any B C Z% and a € B,b ¢ B, we have:

Gx(a,b) = Z HE (a, 2)Gy(z,b) = Z Gi(a, 2)HE (2,b);

zeB¢ z€B
Gk(b7 a) :ZHEC(b7 Z)Gk(zaa) = Z Gk(bv Z)HE(Z,CL).
2€B z€B¢

2.1.4 Some facts about random walk and the Green

function

From now on, we assume d > 4. For z € Z9¢, we write S; = (S:(n))nen
for the random walk with jump distribution 6 starting from S,(0) = .
The norm || - || corresponding to @ for every z € Z% is defined to be ||z|| =
V- Q~1x/V/d, where Q is the covariance matrix of 8. Note that ||z]| = |z,
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2.1. Preliminaries

especially, there exists ¢ > 1, such that C(c™*n) C B(n) C C(cn), for any
n > 1. The Green function g(z,y) is defined to be:

g(z,y) =D P(Se(n)=y) = D> s(9).
n=0

We write g(z) for g(0, z).
Our assumptions about the jump distribution # guarantee the standard

estimate for the Green function (see e.g. Theorem 2 in [23]):
g(x) ~ agllz|*~% (2.1.2)

and (e.g. one can verify this using the error estimate of Local Central Limit
Theorem in [23]) when d > 5,

Y (n+1)-P(So(n) =z) = Y hl-s() = =" =< J2[*% (2.1.3)
n=0 vy:0—z
where ay = - L(d=2)/2)

2d(d=2)/27d/2,/detQ
Also by LCLT, one can get the following lemma.

Lemma 2.1.2.
I sup,eze | Y sk)/a(@) | =0, (2.1.4)
0=,y >n|z|?

The following lemma is natural from the perspective of Brownian motion,

the scaling limit of random walk.

Lemma 2.1.3. Let U,V be two connected bounded open subset of R% such
that U C V. Then there exists a C = C(U,V) such that if A, = nU N
74, B, = nV NZ% then when n is sufficiently large,

Z s(y) > Cy(z,y), for any xz,y € A, (2.1.5)

Vi =Y, YC B, |v]<2n2
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2.2. Branching capacity and visiting probabilities

This Lemma may not be standard, hence we give a sketch of proof in
Appendix.
Since our jump distribution § may be unbounded, we need the following

Overshoot Lemma:

Lemma 2.1.4. For any r,s > 1, let B = C(r). Then for any a € B, we

have:

7,2 7”2
Y. Hiay) = @ > HZy.a) =< & (2.1.6)
YE(C(r+s))" YE(C(r+s))"

Proof. Tt suffices to show the case when k = 0. By considering where the

last position is before leaving C(r), one can get:

Z HE (a,y) < Z g(a, z) P(the jump leaving C(r) > s)
ye(C(r+s))e zeC(r)

(T.1.1) r2
< . d o 7
S gl Cfst =
z€eC(r)
One can show the other inequality similarly. O

2.2 Branching capacity and visiting probabilities

In this and the following sections (Section and Section [2.3)), we focus on
supercritical dimensions and always assume d > 5. For any K CC Z%, we are
interested in the probability of visiting K by the critical branching random
walk with offspring distribution p and jump distribution 6, or equivalently, a
snake. For any z € Z%, write p(z), r(z), q(x) and q~(z), respectively, for the
probability that a snake, an adjoint snake, an infinite snake and a reversed
infinite snake, respectively, starting from x visits K, i.e. P((Sp(T)NK) # ()
where T', St are the corresponding random tree and random map. We write
p(z) and T(x) respectively for the probability that a snake and an adjoint
snake respectively, starting from x visits K strictly after time zero, i.e.
P((Sp(T \ {o}) N K) # ). Note that when x ¢ K, p(z) = p(z) and
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2.2. Branching capacity and visiting probabilities

r(z) = T(x). For simplicity, we delete the dependence on K in the notations.
We fix K from now on until Section

We first give some preliminary upper bounds for the visiting probabilities
by computing the expectation of the number of visits. Here are the com-
putations. When z is relatively far from K, say p(x, K) > 2diam(K). For
the snake S, the expectation of the number of offspring at n-th generation
is one. Hence, the expectation of the number of visiting any a € K is just
g(x,a) < ||z — al|*>? < ||z||>~?. For the adjoint snake S’, the expectation
of the number of offspring at n-th generation (for n > 1) is Ei = 02/2 < 1
(recall that p is fixed). Hence the expectation of the total number of visiting
a can also be bounded by g(z, a) up to some constant multiplier. For the in-
finite snake S2°, one can see that the expectation of the number of offspring
at n-th generation is 1 +n-Epg < n + 1. Hence when p(z, K) > 2diam(K),
the expectation of the total number of visiting a is bounded, up to some

constant, by:

> 213) B _
> (n+1)P(Se(n) = a) o —af*~" < [lf|*~7

n=0

Recall that S; = (Sz(n))nen is the random walk starting from x with jump

distribution #. Summing up over all a € K, we get

p(z) = |K|/]=] "
r(z) < K|/l (2.2.1)
q(a) < [K|/[l«]4.

For q~(x), by considering the expectation of the number of visiting points,

one can get (or use (2.2.22))):

a (@) 2> g (@ y)gy, K) 2 K] llz =yl Yyl = K|/ [l
y€eZ4 y€Z4

where g7 (z,y) = g(y, x) is the Green function for the reversed random walk.
From this, we see that when x tends to infinity, all four types of visiting

probabilities tend to 0. Now we introduce the escape probabilities.
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2.2. Branching capacity and visiting probabilities

Definition 2.2.1. K is a finite subset of 72, for any x € Z%, define Esy (x)
to be the probability that a reversed infinite snake starting from = does not
visit K except possibly for the image of the bush grafted to the root and
Esci(x) to be the probability that an invariant snake starting from x does
not visit K except possibly for the image of the spine. Define the Branching
capacity of K by:

BCap(K) =Y Esg(a) = »  Bsck(a). (2.2.2)

aeK aeK

Remark 2.2.1. In next chapter, we construct the model of branching inter-
lacement. As a main step, we give the definition of branching capacity (only)
when w is the critical geometric distribution. In that case, the branching ca-
pacity here is equivalent to the branching capacity there, up to a constant
factor 2. But here we do not need the so-called contour function which
plays an important role there. Furthermore, we can construct the model of

branching interlacement for general critical offspring distribution.

The last equality can be seen from our main theorem of branching capac-
ity, Theorem We also introduce the escape probability for the infinite
snake Es}(a:), which is defined to be the probability that an infinite snake
starting from = does not visit K except possibly for the image of the bush
grafted to the root. Note that Esj(z) > 1 —q(z) — 1, as z — oo.

Remark 2.2.2. If we let p be the degenerate measure, that is, u(l) = 1,
then: the snake and the infinite snake are just the random walk with jump
distribution 0; the reversed infinite snake and the invariant snake are the
random walk with jump distribution 0~. Therefore Esg is just the escape
probability for the 'reversed’ walk and Escy is the escape probability for the
‘original’” walk. In that case, Theorem|[1.3.1] is just the classical theorem for
reqular capacity. Note that when 0 is symmetric, for random walk, Esg(a) =
Esci(a). But this is generally not true for branching random walk even when

0 is symmetric. If K = {a} consists of only one point, then it is true by

Theorem [1.3.1]
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2.2. Branching capacity and visiting probabilities

2.2.1 Monotonicity and subadditivity

We postpone the proof of Theorem until Section We now s-
tate some basic properties about branching capacity. Like regular capacity,

branching capacity is monotone and subadditive:

Proposition 2.2.2. For any K C K’ finite subsets of Z¢,
BCap(K) < BCap(K');
For any K1, Ko finite subsets of Z°,
BCap(K1 N K3) + BCap(K; U Ks) < BCap(K7) + BCap(K>).
Proof. When K C K’, a snake visiting K must visit K. So
P(S, visits K) < P(S, visits K').

By (1.3.1)), we get BCap(K) < BCap(K’).

For the other inequality, we use a similar idea. First, we have:

P(S, visits K1) = P(S, visits K1 but not Ky) + P(S, visits both K1&Ko);
P(S, visits Ky) = P(S; visits Ky but not K;) + P(S, visits both K1&Ko);
P(S, visits K1 U K9) = P(S, visits K7 but not Ka)+

P(S, visits K but not K1) + P(S, visits both K& K>).

Since P(S, visits K1 N K3) < P(S, visits both K;&K5), we have:

P(S, visits K1 U Kg) + P(S, visits K1 N Ky) <
P(S, visits K7) + P(S; visits Ka).

This concludes the proposition by (1.3.1]). O
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2.2. Branching capacity and visiting probabilities

2.2.2 A key observation

We begin with some straightforward computations. When a snake S, =
(T, St) visits K, since T is an ordered tree, we have the unique first vertex,
denoted by 7, in {v € T : Sp(v) € K} due to the default order. We say
Sr(7K) is the visiting point or S, visits K at Sp(7x). Assume (vg, v, ..., V)
is the unique simple path in 7' from the root o to 7x. Define I'(S,;) =
(Sr(vo), Sr(vi),...,Sr(vg)) and say S, visits K via I'(S;). We now compute
P(I'(S;) = 7), for any given v = (7(0),...,v(k)) C K¢ starting from z,
ending at K. Let a; and E respectively, be the number of the older, and
younger respectively, brothers of v;, for¢ = 1,..., k. From the tree structure,

one can see that, for any l1,...,lg, mi,...,mg € N,

P(S, visits K via v;a; = Libi =m;,fori=1,.. k)
k
=) TT (utts + i+ DERG - D)), (22.3)
=1

where 7(z) is the probability that a snake starting from z does not visit K
conditioned on the initial particle having only one child. Summing up, we

get:

P(S, visits K via 7)
= Z P(S, visits K via v; a; :li,gi =m;,fori=1,... k)

U1y ylgyma,...,mp €N
k

- Z s(v) H (M(li +m; + 1) (7 (y(i — 1)))lz)
b, lkémh . mip€EN i=1
H Z ( (li +my + 1)(T (v (i — 1)))11')
= llum'LGN
k
W IIY (At FEaG - 1))
1=11;EN
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2.2. Branching capacity and visiting probabilities

Note that for any z ¢ K,

PIOIGEN

leN

is just 1 — r(z), the probability that an adjoint snake starting form z does
not visit K. If we let the killing function be

k(z) = P(S, visits K) = r(x). (2.2.4)

then we have (recall the definition of b(v) from (2.1.1))

k k
b(v) =s(7) [[ (1 ~ k(3(i — 1)) = s(3) [[ (1 ~ x(2(i — 1))
=1 i=1
H Z ( (i — 1)))l’) = P(S, visits K via 7).
i=110;eN

This brings us to the key formula of this work:

Proposition 2.2.3.
b(vy) = P(S, visits K wvia 7). (2.2.5)

In words, the probability that a snake visits K via «y is just «’s probability
weight according to the random walk with the killing function given by
. Throughout this chapter, we will mainly use this killing function
and write Gk (+,-) for the corresponding Green function. By summing the

last equality over v, we get: for any a € K,

P(S, visits K at a) = Y b(y) = Gx(z,a); (2.2.6)
y:x—a
and
p(z) = P(S; visits K) Z b(v) = Gk (z, K). (2.2.7)
yia—K

Note that since r(z) = 1 for z € K, when 7, except for the ending point,
intersects K, b(y) = 0.
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2.2. Branching capacity and visiting probabilities

On the other hand, from the structure of the infinite snake, one can
easily see that q(z) is just the probability that in this killing random walk,
a particle starting at x will be killed at some finite time.

Now we turn to the last visiting point, which can be addressed similarly.
When a snake S, = (7,S7) visits K, denoted by £k, the last vertex in
{v € T:Sr(v) € K} due to the default order. Assume (vg,v1,..., V)
is the unique simple path in T' from the root o to k. Define I'(S,) =
(St(vo), Sr(v1),...,Sr(vk)) and say S, leaves K at Sr(vy), via T'(S,). We
would like to compute P(T'(S;) = ), for any v = (v(0),...,~v(k)) starting
from x and ending at A (note that unlike the former case, the interior of
~v now may intersect K). Let a; (EZ respectively) be the number of the
older (younger respectively) brothers of v;, for i = 1,..., k. Similarly to the

former case, one can see that, for any l1,...,lg, my,...,mg € N,

P(S, leaves K via v;a; = li,gi =mj,fori=1,...,k)

k
=s(7) (1 = p(y(E) [ (u + mai + D)(F((i = 1)))™), (2.2.8)

i=1
where 7(z) is the probability that a snake starting from z does not visit
(except possibly for the root) K conditioned on the initial particle having

only one child. Summing up, we get:

k
P(S, leaves K via ) =s(y)(1 - @) [[1 ~t(3(i — 1))).  (2.2.9)
i=1

If we let the killing function be k’'(z) = ¥(z), then the last term is just
(1-p(¥))bw (7).

Remark 2.2.3. We will always use the killing function in , except
in the proof of the third assertion in Theorem |1.3.1].

Remark 2.2.4. Now the reason for the introduction of the adjoint snake
and the infinite snakes is clear: in order to understand p(x), the probability
of visiting K, we need to study the random walk with killing where the killing
function is just the probability of the adjoint snake visiting K.
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2.2. Branching capacity and visiting probabilities

Remark 2.2.5. The computations here are initiated in [29]. Note that in
this subsection, we do not need the assumption d > 5. All results are valid

for all dimensions.

2.2.3 Convergence of the Green function

The goal of this subsection is to prove:

Lemma 2.2.4.
lim Gg(z,y)/g(xz,y) = 1. (2.2.10)

Z,Yy—00

Proof. The part of <’ is trivial, since Gx(z,y) < g(z,y). We need to
consider the other part.
First, consider the case ||z||/2 < ||y|| < 2||=||*!. Let

Iy={y:z—>y|ly > |lz]”" - |z — ylI*};
Ty = {7 : 2 — y|y visits C(||z[|*")}.

By Lemma one can see that > s(v)/g(z,y) tends to 0. Similar to
the First-Visit Lemma, by considering the first visiting place, we have (let

B =C(]|=]")):

dos) = H (@ a)g(ay) = Y H (w,a0)|yl*

~y€l's acB acB
fol —d _ . d— —d
=P(S, visits B) - [ly||>~" = ([l«[*/|l=])*>|ly|I*

|zl — gl = ]~ g(2, y).

Note that the estimate of P(S, visits C(r)) =< (r/||z|)?~? is standard, and
for the second last inequality we use |ly|| > (||z|| + [ly||)/3 = ||z —y||. Hence,
we get >, s(7)/9(z,y) — 0 and therefore,

> s(v) ~ g(z,y). (2.2.11)

yix—y, y¢L1UlC2
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2.2. Branching capacity and visiting probabilities

For any v: 2z — vy, v ¢ I'1 UTg, using (2.2.1), one can see:

[v]—-1

b(7)/s(v) = [T (1 = k(3(0)) = (1 = | K[ /(||z]**)*=*)"

1=0
>1 — e K|Iyl/ (1)) > 1 = el K|lll|* |z — g/ (2] **)>
>1 = c| K[|l l?/[|]*° = 1 = el K|/[l]°* — 1.

Hence, we have:

oo b~ Y sy

y:z—y, Y¢I'1Ul2 y:x—y, y¢T1Ul2

Combining this and (2.2.11)), we get: when [|z||/2 < |ly|| < 2||z|/**, (2.2.10)

is true.

When ||y|| > 2|z|*!, we know g(z,y) ~ aqlly||>~?. Hence, we need to
show: G (z,y) ~ agly||>~¢. Let r = 2||y||"/*' and B = C(r). Then for any
a € @)\ e, 2l < llall < gl < 2l (when y| is large). Hence
Gr(a,y) ~ g(a,y) ~ aql|y||*~?. Applying the First-Visit Lemma, we have:

Grlr,y) =) H{(z.a)Grlay) > Y Hi(r,a)Gk(a,y)

a€B¢ aeC(2r)\B
~ Y HE(za)agllylP
aeC(2r)\B
=(>_ HZ(x,a) = Y HZ(z,a))aqlly|*
a€B¢ ae(C(2r))e
2

>((1 - r(@))Bsf(2) ~ C-paallyl

2—d
~aqllyl|**.
In the second last inequality we use the Overshoot Lemma and

> HE(w,0) > Y HE(w,a)(1 - r(a))Bsj(a) = (1 —x(2))Es(2) — 1.

a€eBe¢ aceB¢

Now, we show (2.2.10)) for the case ||z|| < ||y||. The case of ||z|| > ||y|| can
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2.2. Branching capacity and visiting probabilities

be handled similarly. O

Remark 2.2.6. As we have seen in the proof, since the jump distribution
0 maybe unbounded, we need an extra step to control the long jump, via
the Quershoot Lemma. This happens again and again later. It might be
convenient, especially for a first-time reader, to restrict the attention to the
Jump distribution with finite range.

2.2.4 Proof of Theorem

Now we are ready to prove Theorem It is sufficient to show:

Lemma 2.2.5. Under the same assumption of Theorem|1.5.1, we have:

P(S, visits K at a) ~ ag|z||* @ Esg (a);
P(S, leaves K at a) ~ agl|z||* ¢ Esc(a);
whenever the escape probability on the right hand side is nonzero.

Proof. Fix some a € (0,2/(d + 2)). Let r = ||z||% s = ||z||*"® and B =
C(r),By = C(s) \ B and By = (C(s))°. Note that our choice of « implies
r2/s? < ||z||>~%. Then,

P(S, visits K at a) Z b(y) = Z Gx (2, b)HE (b, a)

Yy:r—a bGBC
= Z Gr (2, D)HE (b, a) + Z Gr(z,)HE (b,a). (2.2.12)
beB; be B2

We argue that the first term has the desired asymptotics and the second is
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2.2. Branching capacity and visiting probabilities

negligible:

2.2.10
S G, yHE (b, 0) BED agllz|21 S HE (b, a)

beB; be B
~ agllz|* “(Esk(a) = Y HZ(b,a)
beBs
2i6 2-d E 1) 2/ d Zde .
= agllz]|" (Esk(a) = O(r7/s ))Nad\lxll sic(a);
ZGKxb’Hkba Z?—[kba = 2/s < x|

beB2 be B2

Note that the second line is due to Esx(a) = > ,cp s, HE (b, a)Esk (b) and
Esg(z) ~ 1.

Now we complete the proof of the first assertion. Very similar arguments
can be used for the second assertion. Note that due to , we need to
use the killing function k’(z) = F(z) and the analogous version of Lemma
for this killing. We leave the details to the reader. O

2.2.5 The asymptotics for q(z), g (z) and r(x)

Thanks to Theorem we also can find the exact asymptotics of the
visiting probabilities by an adjoint snake, an infinite snake and a reversed

infinite snake, i.e. r(z), q(z) and q~ (z):

Proposition 2.2.6.

2
aqgo*BCap(K)
~—" 2.2.1

I'(.%') 2Hde_2 ) ( 3)

tq - a%0?BCap(K)
~ 2.2.14
ala) ~ T TP (22.14)
tq - a20*BCap(K) (2.2.15)

R S

where o is the variance of pi, tq = ta(0) = [,cpa 12~k — t||>~%dt, and
h € RY is any vector satisfying ||h| = 1.
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2.2. Branching capacity and visiting probabilities

Remark 2.2.7. In fact, tg = t4(0) has the following form:
ta = / (#1274 = t]*~dt = a7 /det Q / 24| — ¢,
teRd teRr?

where h' € R is any vector with |h'| =1 in R

Proof. Let s(z) be the probability that a snake starting from z visits K
conditioned on the initial particle having exactly one child. Then it is s-
traightforward to see that: when z ¢ K,

=> p()(1-3(), 1-r(z)=> A(i)(1-5)" (22.16)
€N ieN
Note that
> u@)( =3@)" =Y p(i)(1 —is(@) = 1 - (Eu)s(x)
€N 1€N
and
> p() (1 -5 +Z# )1 —=3(z)) =1 — (1 — u(0))3(x)
€N

Hence we have
p(z) < s(x), (2.2.17)

and similarly one can get r(z) < s(x). Therefore,
r(z) < p(x). (2.2.18)

We will use the following easy lemma and omit its proof.

Lemma 2.2.7. Let (an)nen be a nonnegative sequence satisfying:
Land ) cynap < oo. Let f(t) =3 cnant”. Then we have:

neN dn =

lim (1— f()/(1=t) = nap.

t—1—
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2.2. Branching capacity and visiting probabilities

By this lemma and (2.2.16]), we have
p(x) ~ Y in(i)5(x) = 3(x),

r(z) ~ Y ifi(i)s(x) = - 5(@).

(2

Hence,

o? (2) o2a4BCap(K)
-5 P)~ — i
2 2|42

Now we turn to the asymptotic of q(z). We point out two equalities for

q(z):

q(z) = Y Gr(z,y)r(y); (2.2.19)

yezZd

a(z) = Y gz, y)r(y)Esf(y). (2.2.20)
y€Z4

The first can be easily derived by considering where the particle dies in the
model of random walk with killing function r. For the second one, we need
to consider a bit different but equivalent model: a particle starting from x
executes a random walk, but at each step, the particle has the probability
r to get a flag (instead of to die) and its movements are unaffected by
flags. Let 7 and £ be the first and last time getting flags (if there is no
such times then denote 7 = £ = o0). Note that since q(z) < 1 (when |z]
is large), the total number of flags gained is finite, almost surely. Hence
P(1 < 0©0) = P(£ < 00) and q(x) is just the probability that £ < co. By
considering where the particle gets its last flag, one can get .

We will use the following easy lemma and omit its proof:

Lemma 2.2.8.
1
d—4 2—d 2—d
ol 3> = ~ M =P (222)
ze74d teR

For the asymptotics of q(z), one can use either (2.2.19)) or (2.2.20) and
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2.2. Branching capacity and visiting probabilities

the processes are similar to each other. Here we use . Let B =
C(r) and r be very large. Divide the right hand side of into three
parts: 3o cp, D oyepip a0d 3o opu, g We will argue that the first two
parts are negligible compared to ||z||*~? and the third term has the desired

asymptotics. For the first part, we have:

[z Gr(zy)r(y) = [z gla,y) - 1

yeB yeB
1
d— d—4,.d d—
< | Z (el =2 =< 2|/ (||| —7)4"? — 0 (when x — o).
yeB

For the second part, we have:

= Y Grlay)r(y) < | D 1-x(y)

yEx+B yEx+B

" oyt a

< 21 Y Ky 1P < Ml | K] (el = ) = 0.
yex+B

When r and ||z|| are large and y ¢ BU(z+B), the ratio between Gk (z, y)r(y)
and agl|z — y||>~%ag0?BCap(K)||y||*>~¢/2 is very close to 1. On the other
hand,

2= > adlle = yl*agoBCap(K)ly|* /2

y¢BU(z+B)
—azo”BCap(K)/2- [lz[* D [z — gl Iyl
y¢BU(z+B)
—azo”BCap(K)/2- (o] *~* > o — y[*lyll*~*-
y€Za
[ e DR ([ B
y€(BUz+B)

By (2.2.21)), the first term in the bracket tends to t4. Similar to the estimate
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2.2. Branching capacity and visiting probabilities

for the first two parts, one can verify that

[ R S e S 17 o 1 A P [ O e
y€(BUz+B)

To sum up, we get

|z[|97* > G (@, y)r(y) ~ ajo®BCap(K) - tq/2.
yEeZ

This completes the proof of (2.2.14).
(2.2.15) can be obtained in a very similar way and we leave the details

to the reader. Note that one shall be a bit careful about whether to use the
original walk and the reversed walk. For example, instead of , we
have:
qa (x) = gy, x)r(y)Esk(y). (2.2.22)
yEZ4

O]

Remark 2.2.8. The analogous result (Proposition also holds for the

incipient infinite snake and can be proved similarly:
lim |z||** - P(S, wvisits K) = tya20? BCap(K). (2.2.23)
Tr—r00

2.2.6 Convergence of the conditional entering measure

Theorem implies that conditioned on visiting a finite set, the first
visiting point and the last visiting point converge in distribution as the
starting point tends to infinity. In fact, not only the first and last visiting
points, but also the set of ’entering’ points converge in distribution. Let us
make this statement precise.

As before, we fix a K CC Z9. Let M, (K) stand for the set of all finite

point measures on K. The entering measure of a finite snake S, = (7, Sr)
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2.2. Branching capacity and visiting probabilities

is defined by:

0, = Z Osp(0)-

veT:Sy(v)€K,v has no ancestor lying in K

Note that ©, is a random element in M, (K) and
P(O©, #0) = P(S, visits K) < cxlz>~%, E((0,,1)) < g(z, K) < ex|z[>74.

We write ©, for ©, conditioned on O, # 0. Now we can state our result:

Theorem 2.2.9.
0, % mg, as |z| — oo, (2.2.24)

where my is defined later in (2.2.30) and 2 means convergence in distri-

bution.

Construction of the limiting measure.

There are two steps needed, to sample an element from mpg. The first step
is to sample the ’left-most’ path (I'(S;)) appeared in Section and then
run independent branching random walks from all vertices on that path.

We begin with the second step. We write (:)a; for ©, conditioned on the
initial particle having exactly one child. Inspired by , we introduce
the position-dependent distribution u, on N and the random variable A, on
M, (K):

pa(m) = S pll+m+ 1)(F(2)) /(1 —x(2)), forz¢ K,  (2.2.25)
>0

d { ¥, X;, whenzr ¢ K;
Ay =

(2.2.26)
Oy when z € K;

where Y is an independent random variable with distribution u, and X; are
i.i.d. with distribution ©,. Write

N(z) = Ng(z) = Epg. (2.2.27)

39



2.2. Branching capacity and visiting probabilities

Note that

2
lim N(z) = Efi =%, lim pio(m) = fi(m),

pz(m) < p(m) /(1 —r(z)) = p(m),
E(As, 1) = (Bpa)E(Os, 1)) < excla*

For any path 7, define Z(~) and Z7 () by:
2(7) = S2AM): 27 () = S5 AG),
where A(7) 4 A, ;) are independent random variables. Note that
E(Z(1),1) < ex = ()P,

Hence, for an infinite path v : N — Z9, we can also define Z(v):

Z(y) = A(Y(i)) € My(K) a.s.,
=0
as long as
> (@) < oo (2.2.28)
=0

Now we move to the first step and explain how to sample the left-most
path. For any = € Z%, let h(z) = P(S; does not visit K). Define P to be
the transition probability of the Markov chain in {z € Z¢ : Esg(z) > 0} by:

o 0@ —yhly) 0z —y)(1—k(y))Esk(y)
PR y) = s b — () Esr () ‘

(2.2.29)

For any = with Esg (z) > 0, define P° to be the law of random walk starting
from x with transition probability P*°. Define PZ° to be the law of random
walk (with transition probability P°°) starting at a € K with probability
Esg (a)/BCap(K).
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2.2. Branching capacity and visiting probabilities

Now we can give the definition of mg:

myg = the law of 7 :

where first sample v by P’ and then sample Z by Z(vy). (2.2.30)

Note that under P2° (for those x with Esk (z) > 0),

COMITISE S ) Ny

z€74 ieN
_ _4GK(z,2)Esk(z)
2—d _ 2—-d UK\~ K
2€74 €N 2€74
Z | ’2 d’ |2 d |x|4_d <
z z — —_— 0.
ESK - ESK( )

2€74

Therefore, under Pg° (and hence PpP), Z(v) is well-defined a.s..

Convergence of the conditional entering measure

Since our sample space M,(K) is discrete and countable, it is convenient to
use the total variation distance. Recall that for two probability distributions
V1, V9 on a discrete countable space €2, the total variation distance is defined
to be
drv (v1,1v2) Z 1 (w) — va(w)] € [0,1]
wEQ
and v, % v iff dry (vn,v) — 0.

Let us introduce some notations. Let I' be a countable set of finite
paths. For each v € T, assign to it, the weight a(y) > 0 (assume that
the total mass > ra(y) < 1) and a probability law Z(v) in My (k). We
denote by [ |,cpa(v) - Z(7y) for the random element in M, (K) as follows:
pick a random path 4 among I" with probability P(y" = v) = a(y) (with
probability 1 — Zyer a(y) we do not get any path and in this case simply set
Ler a(v)-Z(v) = 0) and then use the law Z(v') to sample | | . a(v)-Z(7).

One can easily verify the following proposition:
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2.2. Branching capacity and visiting probabilities

Proposition 2.2.10. If v =[] ra(y) - Z(v), v1 = || ,erai1(v) - Z(7) and
ve = era(v) - Z1(7), then

dry(v,n) <Y la(y) —a(N,  drv(v,ve) <Y a(Mdrv(Z(7), Z1(7))-
< - (2.2.31)

For any n > Rad(K), write:

b(v)Es 0
L] @%ﬁ(% ). 20,

mpy =
7:(€(n)) =K, yC(C(n)\K)
Note that m’, can be obtained equivalently as follows: first sample an infi-
nite path 7' by Pp® and cut 4/ into two pieces at the hitting time of (C(n))%;
let v be the first part and then sample m} by Z(v). Hence, we have:
m’, i> myg as n — oo.
Now we turn to ©,. Similar to the computations after , one can
get, for v = (7(0),...,~v(k)) € K¢ with v(0) = z,7 = (k) € K and
1 <j1 < j2 <k, (see the corresponding notations there)

b m T P l

P(gji =m;,for i = 1,2|T'(S,) =) =

S ien w4+ mi + D(F(v (1 — D) D jen wll +ma + 1) (F(v(j2 — 1))
L—r(v(j1 — 1)) L—r(y(j2— 1)) '

From these (and the similar equations for more than two b;’s), one can
see that conditioned on the event I'(S;) = 7, (Zj)jzl 77777 r are independent
and have the distribution of the form in (2.2.25). Hence, conditioned on

I'(Sz) = v, ©, has the law of Z(y). Therefore, we have

Proposition 2.2.11.

.= || bO) . 20, (2.2.32)

Remark 2.2.9. Note that for this proposition, we do not need the assump-
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tion that d > 5.

Set n =n(z) = HmH% We need to show:
lim dry(©,, m}y) = 0. (2.2.33)
Tr—00

Let B = C(n) and By = C(2n). For any v : © — K, we decompose =y

into two pieces v = 1 0 y9 according to the last visiting time of B¢. We can
rewrite O, as follows:

0, = |_| M-Z(fy)— I_IKb(’}/l)b(Vz)
y:x—

b(y2)gk (x,72(0)) b(y)) -
|_| p(iU) (2(72)—1—’71:90'—_?!2(0) gK(xa'YQ(O)) ? (71))

(27 () + Z() =

Y2:B¢—K,v2CB

We point out that

3 b(y2)gk (z,72(0))

v2:Bf—K,v2CB p(az)

< 1. (2.2.34)

This can be seen from: (by the Overshoot Lemma and (2.1.2))

> b(12)gx (2,72(0)) < n?/||z[|* < p(2);
12:C(2l/2)— K2 CB

> b(y2)gk (2,72(0)) = n*/n? - [lz|* ! < p(=).
Y2:C(llel /2)\B1—K 12 B

Furthermore, when y € By, by (2.2.10)), (2.1.2) and (1.3.1), we have:

gr(z,y) 1 Esg(y)
p(z)  BCap(K) BCap(K) (2.2.35)
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Hence (by Proposition [2.2.10} (2.2.34) and (2.2.35])), we have:

©) b(v)Es 0
drv(©., || W.
T:BI\B—KyCB
LGRS
Z('V)‘*’Wl:x':Iv(o)gK(.%,fy(o)) Z (n1)|)—0.

Similarly, we have:

BCap(K) -0

n
dry | mi,
7:Bi\B—K,yCB

On the other hand, for any v : By \ B — K,y C B, we have (let y = v(0)):

drv | 200+ U()m-z—mzm
Y1:2—v(0
bOn) 5~ b(y)
P oy 2000 B L S 20
b)) QA ey B ea
- VI;y 9x(x,y) ; ol - ’Yl;y gk (z,y) ZEZZd . g L=z

We need to show the above term tends to 0. Note that gx (z,y) < |z|>~¢ and
b(v) < s(7), it suffices to show:(when & — oo, uniformly for any y € B\ B)

[v1]

2P 2P Y (1) D 14— — 0. (2.2.36)
z€74 YTy =0
Note that
71l
Y os)Y 1uw=a= Y st) Y, s(u) =g 2)g(zy).
YTy 1=0 V3:T—2Z Y4:2—Y
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Hence, the left hand side of (2.2.36) can be bounded by:

2972 2P g (z, 2)g(zy) 2 Y e = 2Py — 2
ZGZd ZeZd

d— —d —d —d
ol G S S S | Elha T e R
zi|lz—zx|<|x|/2  zi|z—z|>|x|/2
e G S e R s

zi|z—z|<|z|/2
Yoo Py - 2
zi|z—z|>|z|/2

(0 e e e e e
Now the proof is complete.

2.2.7 Branching capacity of balls.

In this subsection, we compute the branching capacity of balls. As men-
tioned before, we carry out this by estimating the visiting probability of
balls and then use (1.3.1) in reverse. Let us set up the notations. For
z € 2% and A CC Z%, we write pa(z), ra(x), qa(z) and g (z) respectively,
for the probability that a snake, an adjoint snake, an infinite snake and a

reversed snake respectively, starting from x visits A.

Theorem 2.2.12. Let A = {z = (21,0) € Z™ x 2™ = 79 : ||z|| < 7}
be the m-dimensional ball (1 < m < d) with radius r > 1 and x € Z%\ A.
When s = p(z, A) > 2, we have

rd=1/s=2, ifm>d—3 and s >r;

1/s%, ifm>d—3 and s <r;

) (s logr), ifm=d—4 and s > 1
pa(r) = 1/(s*logs), ifm=d—4 and s <r;
rm/st2, ifm<d-—5ands>r;

L /s m=2, ifm<d-—5ands<r.

Proof. Let us first mention the organization of the proof. All lower bounds
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2.2. Branching capacity and visiting probabilities

will be proved by the second moment method. So we first estimate the first
and the second moments. For upper bounds, due to Markov property (from
Proposition [2.2.3), the case for 'big s’ (i.e. s > ) can be reduced to the case
for ’small s’ (i.e. s <r). For small s, visiting a large m-dimensional ball in
7% behaves like visiting a point in Z%~™. Hence we can use the results on
the latter case.

Upper bounds for m <d —5 and lower bounds for all cases.
Let N be the number of times the branching random walk visits A. Then
EN =3 c49(x,2) = g(x, A). For the first moment, we point out:

P 5472, for s > r;

2.2.37
1/s3=m=2 for s <r,m < d— 3. ( )

g(x, 4) < {
The computations are straightforward. When s > r, for any a € A, p(z,a) <
s. Hence g(x, A) < |A|-1/5772 < ™ /572, When s < r,m < d— 3, the part
of > is easy. Let b € A satisfying p(z,b) = p(z, A) and let B = b+ C(s).

Then for any a € BN A, p(x,a) < s and |BN A| < s™. Hence g(z,A) =

52—d L om

s™ = 1/5%"™=2 For the other part, it needs a bit more work. Assume
r = (T1,T) € Z™ x Z*™ and let z; = (Z1,0),22 = (0,Z2) € Z%. Since
p(z, A) = s, either p(x,z1) > s/2 or p(x1,A) > s/2. When s/2 < p(z,x1) =

||z2||, note that |zo| = [|z2|| = s. We have:

g(z, A) < Z g(z,2) < Z (V]2 + |z22) 2

2€EZ™M x0CZ4 Z1 EZM
= > VaP+=P) '+ Y (VIaP+ )

21 €Z™ |z1|<s Z1EZ™ |z1|>s
< D mlT DY (a)

21E€EZ™,|z1|<s 21 EL™ |z1|>s

nml 1
<™ Y nd—2 = DY pd—m—1
n>s n>s

=1/s"m2,
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2.2. Branching capacity and visiting probabilities

When p(z1,A) > s/2, note that |z1| < ||z1] = s. We have:

gle, A= Y ple,z)l< > pla,2)>~

2€Zmx0CZ4, 2| <r 2€Zm X0CZA || z—x1 || >5/2

= > [E1 = > 2>~
2€ZM X0CZ,||2]|>s5/2 2€ZMXOCZY, ||| >s5/2

m—1

1 e
SZ%:ZWX1/SC”“~

n>C's n>C's

Now we finish the proof of (2.2.37)). Note that (2.2.37) is also true even for
x € Aie. g(zr,A) < 1(recall that since we set ||0|| = 1/2, when = € A,

p(x, A) = 1/2 by our convention).

Using P(N > 0) < EN, one can get the desired upper bounds for m <
d—b5.

For the lower bounds, we need to estimate the second moment and the
following is a standard result for branching random walk (for example, see
Remark 2 in Page 13 of [14]).

Lemma 2.2.13. There exists a constant C, such that:

EN% < C Z g(x,2)g%(z, A).
z€Z

We need to estimate the above sum. First consider the case when A is a
m-dimensional ball and m < d—3,s > r. Let By = {z € Z%: p(z, A) < r/6}
and B, = C(2"s/3), for n € N*. Note that there exists some ¢ > 0, such that
B(c™'r) C By C B(cr) and B(c712"ts) C B,, C B(c2"1s), for any n > 1.
We will divide the sum into three parts and estimate separately: . Bo
2 seBi\By a0d 3,50 ep B, - When z = (21, 22) € By, where z; € Z™
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2.2. Branching capacity and visiting probabilities

and 23 € Z™, ||z — z|| < s and p(z, A) = |z2|. Hence

> gl )’z A) = Y :

o o A
2€By 2€DBy

A

1 1 1 1
=AY = >

|Z2|2d 2m—4 — gd—2

|22|2d72m74
zeB(er) |z1|<cr,|z2|<cr
d m—1
d2Z|Z|2d2m4AsdQZn2d2m4
|z2|<cr n<ecr
r’m Z 1
gd—2 nd—m—3
n<cr
pmtl [gd=2, ifm=d-3;
= ¢ rmlogr/si2, ifm=d—4;
P 5472, itm<d-5.

When z € B; \ By, ||z — ||

= s, p(z,A) < |2| and g(z, A) =< r™/|z|972.
Hence:

Z g(z,2)g% (2, A) =< Z 1 (‘rm >2

lz = 2[|972 \ [2]*2
ZEBl\B() ZGBl\BO

- Z T2m . 7,,2m Z nd—l 7,,2m 1
- gd—2 |z|2d74 - gd—2 n2d—4 gd—2 pd—4"
z€B(cs)\B(c~1r) c~lr<n<ecs

Note that this term is not bigger than the first term and hence negligible

The remaining part can be estimated similarly and is also negligible

m 2
Z Z 9(x,2)9% (2, A) XZ Z _1 a2 ( " )
n>2 z€Bp\Bn-1 |33‘ Z‘ ‘

Z|d72
n>2 ZeBn\anl

- Z Z 1 T,Qm (*) (2715)27.2771

|l‘ _ Z|d_2 (2n8)2d—4 — (2n8)2d—4
n>2 zEB( 2”—13)\8( —lgn—lg) n>2
sz - sz 1
- E : 5246 (2n)2d—6 = $2d—6 = a2 pd—i
n>2

(*) is due to the fact that 3 cp,) |z — 2|24 < 2 zeB(n) |22~ < n2.
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To summarize, we get:

’I“m+1/8d_2’ ifm=d-3;
Z g(z, 2)g%(z, A) < { rm logr/s?2, ifm=d—4;
= rm[sd72, itm<d-5.

For r > s, since we are considering lower bound on p(z), by mono-
tonicity, we can assume m < d — 3,r € [s/2,s]. Then, we can just let r < s

in the last formula and get:

smHl/sd=2 = 1, ifm=d—3;
Z g(z,2)g*(2,A) = { s™logs/s* 2 =logs/s?, ifm=d—4
€z s /5872 =1/s1"m=2 ifm<d-5.

Using pa(z) = P(N > 0) > (EN)?/EN?, one can get the required lower
bounds for all cases.

From small s to big s.We have proved the upper bound for m < d—5
and now consider the case m > d — 4. Assume that we have the desired
upper bounds for small s. We want the upper bound for big s. Let B =
{2 €7Z%: p(z,A) <7r/2} and C = {z € Z% : p(z,A) < r/4}. Then by the
assumption, we know that for any 2z € B\C, p(z) < a(r), where a(r) = 1/r?
or 1/(r?logr) depending on m. Let

Iy ={y:2— Aly C A ~ visits B\ C},
Iy ={y:2— Aly C A°, v avoids B\ C}.

We decompose p4(x) into two pieces:

pa(@)= Y b(y) =Y bH+ > b().

y:z—A vel'y vyel's

For the first term, by considering the first visiting point of B\ C, one can
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2.2. Branching capacity and visiting probabilities

see:
> by > > bypalx) < Y > s(yalr)
vel: z€B\C ~:iz—z,yC(B\C)* z€B\C ~:iz—2z,7yC(B\C)¢

< a(r)P(Sy visits (B \ C)) < a(r)P(S, visits B)
rd=4/5d=2 ifm>d-3;

= d-2 _
= a(r)(r/s)"* = { rd=4/(s%2logr) if m=d— 4.

Recall that S, is the random walk starting from x and we use the standard
estimate of P(S, visits B) =< (r/s)42. For the other term, by considering

the first jump from B¢ to C, one can see:

D b(7) < > Galz,2) Y 0y — 2)paly)

vyel'2 zeB¢ yeC

=) Galw,2)Y 0y—2palW)+ D, Galx,2)d_ 0y—2)paly),

z€BY yeC z€B1\B yeC

where By = {2z : p(2,A) < r/2+ s/4}. Both terms are not more than the

desired order:

Y Gal,2) Y 0y —2)paly) = D 1-> 0y —=2)a(r)

2€BY{ yeC z2€BY yeC
<Y alr) Y 0y —2) =Y alr)s T Lar)rd/st <alr)(r/s)"
yeC z€BY yeC
S Gae ) S0 -pam) = S S0y - 2)a(r)
z€B1\B yel z€B1\B yeC
< g2 Z a(r) Z Oy — z) = P Z a(r)r < 32_da(r) < afr)(r/s)42.
yeC zeB° yeC

For small s and m > d — 3. The upper bound in this case relies
on the corresponding bound for one dimensional branching random walk.
Let H be a half space, say H = {z = (21,...,2q) € Z% : z1 > n}. The
probability of visiting H is equivalent to the probability of 1-dimensional

branching random walk visiting a half line. The asymptotic behavior of
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2.2. Branching capacity and visiting probabilities

visiting a single point in 1-d is known. Recall (1.2.2),
lim ||z||? P( Branching random walk from 0 visits x) = 2(4 — d)/do”.
a—r o0

However, our situation is a bit different. For our purpose, we give a weaker

result here under weaker assumptions:

Proposition 2.2.14. Let S, be I-dimensional branching random walk s-
tarting from x € 7Z, given that the offspring distribution p is critical and
nondegenerate, and the jump distribution 6 has zero mean and finite second
moment, and satisfies Y ;... , 0(i) < Ck™* for any k € N* and some C (in-
dependent of k). Then fm‘;ome large constant ¢ = ¢(0, 1) > 0 (independent
of x), we have: for any v € NT,

P(S, wisits ) < ¢/|x|?, (2.2.38)

where Z= ={0,—1,-2,...}.

We postpone the proof of this proposition. Return to d dimension. Since
we can find at most d half spaces Hy, Ha, ..., Hy satisfying: p(z, H;) < s for
any i = 1,...,d; and that any path from x to A must hit at least one of H;.

Then we have:
d
<Y P(S, visits Hy) <d-[s| 7 = |s| 7.
=1

For small s and m = d — 4. Intuitively when the radius r is large,
visiting a m = d — 4 dimensional ball in Z?, is similar to visiting a point
in Z*. This is indeed the case. In Section we give the desired upper
bound for the latter case and the method there also works here with slight
modifications. We point out the major differences and leave the details
to the reader. On the one hand, one should use §(v) := Z'ﬁ'o g(v(7), A)
instead of g(y) there. On the other hand, in proving an analogy of Lemma

10.1.2(a) in [11], one might use the stopping times:

€ = min{k : p(Si, A) > 2} A (€71 + (29)2).
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2.2. Branching capacity and visiting probabilities

instead of &' there. O

Proof of Proposition |2.2.14. Write p(x) for the left hand side in (2.2.38)). In

order to obtain upper bounds of p(x), we use some of the ideas of [9] (Section
7.1), the techniques from nonlinear difference equations. We will exploit the
fact that p(x) satisfies a parabolic nonlinear difference equation and use the
comparison principle.

Let pp(z) = P(Sg visits Z~ within the first n generations). Then py,(z)
is increasing for n and converges to p(x) when n — co. On the other hand,

one can easily verify that p,(z) satisfies the recursive equations:

po(z) =1z-(x); pu(z)=1foraz €Z7; (2.2.39)
pnt1(z) = f(Apy(z)), for z € N*; (2.2.40)

where f(t) = 1— 3 ;5o u(k)(1 — t)* and A is the Markov operator for the
random walk, that is_, for any bounded function w : Z — R, Aw(z) =
> yez 0(y)w(z +y). One can see that f:[0,1] — [0,1—1(0)] is in clo,1]n
C*°(0, 1] with the first 2 derivatives as follows:

£ = kp(k)(1—t) " > 0for t €[0,1);  f(0) =1, f(1) = p(1) > 0;
k>1

F1(t) == k(k = Du(k)(1 - 1)* % <0 for t € (0,1).
k>2

From these, it is easy to obtain:

inf t— /(1)

> 0.
te(0,1]  t2

Hence we can find some a € (0,1/2), such that

f(t) <t —at? for any t € [0,1] and t(1 + at) < 1 for any t € [0,1 — u(0)].
(2.2.41)
To extract information from (2.2.40)), we will use the following standard

comparison principle.
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Lemma 2.2.15. Let u,(x) and vy(x) be Z — [0, 1], satisfying

up(x) =vp(x) =1, foranyx € Z~ andn €N;
unt1(2) = f(Aun(@)), vnt1(z) = f(Ava(x)) for any z € NT.
If vo(z) > ugp(z) for all z, then
vn(x) > up(z)  for alln € Nt and x € Z.

Proof. Note that for n > 0 and z € N*:

o) = (@) = F(Av,_1(2)) — f(Aun_1(2))
> min {1/(0)} (Atn-1(x) ~ Aunr (2)

T tefo,l
= mi " A(vp—1 — Uy .
min {70} = 11)(0)
Since f'(t) > 0, one can use induction to finish the proof. O

Now let uy,(x) = pn(z) and v, (x) = v(z) = 1 A (¢/2?) when z € N for

some large ¢ (to be determined later). If we can show
v(z) > f(Av(z)) for any z € NT, (2.2.42)

then by the lemma above we conclude the proof of Proposition [2.2.14l
Let us write down our strategy for choosing c. First we fix some € €
(0,1/2), such that (1 — u(0))/(1 — €)? < 1. Choose c satisfying:

ac? > C/eé* + 3(E|0)?)c/(1 — )t (2.2.43)

We argue that (2.2.42) holds for our choice of c. When c¢/z% > 1 — u(0),
(2.2.42)) is obvious since f(t) <1 — p(0).
Now assume c/z? < 1 — u(0). Since f(t) is increasing, we need to find

an upper bound of Av(z). We achieve this by decomposing Av(z) into two
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pieces and estimating each one separately:

ZO vz +y) = Z@ v(x+y)+ Z@ v(z+y).

YyEZL y<—ex Yy>—€x

We can use our assumption of 6 to bound the first term:

ZQ v(z +y) ZO ) < C/(ex)?;

y<—ex y<—ex

Using Taylor expansion, the second term can be bounded by:

2

> 0y +y) £ Y 0@ o) +yv/ (@) + L (1 - )

Yy>—€x y>—€ex
z) Y 0+ (z) Y 0y +u(1-ex) > 0y
Yy>—€x Yy>—€x Yy>—€ex
<o) 140 (@)(= D 0y — €)z)E|0|?/2
y<—ex
E|6]? 6c
v(z) +0+ T

To summarize, we get (let K = (C/e* + 3E|0%¢/(1 — €)*)):

Av(z) <v(x) + (C/e* +3E|0%c/(1 — )Mz = v(x) + Kz™*

Note that by (2.2.41) and (2.2.43)), we have v(z)+ Kz~ < v(x)+a(v(z))? <

1. Hence:

f(Av(z)) < Av(z)(1 — ahv(z)) < (v(z) + Kz ™*)(1 — av())
v(z) + Kz~ —a(v(z)? =v(z) + Kz~* — ac?z™ < v(x).

This completes the proof of (2.2.42) and hence the proof of Proposition
O

For the future use, we give the following upper bound for the visiting

probability of a ball by an infinite snake.
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Lemma 2.2.16. Let A =C(r) (r > 1) and x € Z% such that s = p(z, A) > r

Then we have:
qa(z) Vay(z) < (r/s)" (2.2.44)

Proof. Consider a bigger ball B = C(1.5r). Then

qa(z) < P( backbone visits B) + P( backbone avoids B, Sg° visits A).

Since the backbone is just a random walk, the first term is comparable to
(r/5)42, which is less that (r/s)9~*. On the other hand, when the backbone

does not visit B, by considering where the particle is killed, we have:

P(backbone avoids B, S;° visits A) < Z Ga(x,z)ra(z) = Z g(z,z)pa(z)

zEB¢ z€B¢c
S D SNBSS S AT
A | o AT e \ = s

This completes the proof of qa(z) < (r/s)?* and similarly one can show
Q@) 2 (r/s)"% O

2.2.8 Proof of Theorem

We use an equation approach similar to the proof of Proposition [2.2.14.
Write fi(t) =1 =3 psomi(k)(1 — t)*, i =1,2. We need the following little

lemma and postpone its proof.

Lemma 2.2.17. There is a C = C(u1, 12) > 1 such that, for allt € [0,1],

A((C)AT) < (Chat)) A (2.2.45)

For any A cC Z% fixed, as in the proof of Proposition [2.2.14, denote
uin(x) (i =1,2) recursively by:

uio(z) =1a(x), uop(a) =1Va € A;  ujpi1(x) = fi(Au;n(z)) Va ¢ A.

With the help of last lemma, one can see that u; ,(z) < Cug,(x), for any
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n,z. On the other hand, we know that u;,(z) — pja(z). Hence we have
p1.4(z) < Cp2.a(z). Then by Theorem one can get Theorem [1.3.5]

Proof of Lemma|2.2.17. Since limy_,q fo(t)/t = 1, when C' is large enough,
we have C'fo(C™1) > 1 — p1(0) = f1(1). It suffices to show for ¢t € [0, C~1],

g(t) = Cfa(t) — f(Ct) > 0. (2.2.46)

Note that f;(0) = 0, f/(0) = 1, f(0) = —Var(w), f/'(t) < 0 and |f/(t)]
is non-increasing. Hence we can find some C' = C(u1,u12) > 1 such that,
C|f1(1/2)] > 2|f4(0)| (and Cfo(C~1) > 1 — p1(0)). Then we have

Clf5 ), t€0,1/(20));

g”(t) _ C( é’(t) _ C’f{’(C’t)) > { —C’fé’(O)L te [1/(26’)’ 1/0],

Together with ¢g(0) = ¢’(0) = 0, one can get (2.2.46)). O

2.2.9 Bounds for the Green function

The speed of convergence in depends on K, which maybe not con-
venient in some cases. For example, by that lemma, we know Gg(x,y) >
Ckg(z,y) (when |z|,|y| are large), but the constant depends on K. The
purpose of this section is to build up this type of bounds with constants

independent of K.
Thanks to lemma we have:

Lemma 2.2.18. Let U,V be two connected bounded open subset of R such
that U C V. Then there exists a C = C(U,V) such that if A, = nU N
74, B, = nV NZ% then when n is sufficiently large and K C B¢, we have

n’

Gk (z,y) > Cy(z,y) for any x,y € Ay,. (2.2.47)

Proof. Without loss of generality, we can assume p(K, B,,) = n (by shrinking

V a bit). Hence for any z € By, p(z, K) = n. By Proposition [2.2.14 one can
see that pr(z) < p(z, K)~2. Hence k(2) = rx(2) < px(2) < n~2. Then we
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have, for any v : x = 5,7 C By, [y| < 2n?, b(v)/s(7) > (1 —¢/n?)*™ = 1
(provided that n is sufficiently large). Then we have:

Crww)> Y bmrE Y st) gl

Y@=y, 7S Bn,|v|<2n2 y:2—=Yy,yC Bn,|v|<2n2
O
Before giving a better form, we turn to the escape probability and prove:

Lemma 2.2.19. For any X > 0, there exists a positive C' = C(X), such that,
for any A cC Z¢ and x € Z¢ satisfying ||z| > (1 + \)Rad(A), we have:

Esy(x) > C. (2.2.48)

Proof. By lemma we can find a positive constant ¢; > 1, such that,
for any z € Z% with ||z|| > c;Rad(A), we have Esx(z) > 1/2. Write r =
Rad(A), B =C(2¢cir) and D = C(4cir) \C(3c1r). Without loss of generality,
assume 1 + X < ¢1/2 and ||z|| < ¢1r. For any y € D, by Lemma [2.2.18] (let
U={zcR: ||z|| € (1+ X 4c1)}), we have (when r is large): Ga(y,z) <
g(y,z) < r>=¢. Applying the First-Visit Lemma, we get:

GA(y,ZL') = Z GA(Z/? Z),HE(Z,JJ)

zeBe¢

Hence,

D Galy,r) =D > Galy,2)Hi ().

yeD yeD ze B¢

Note that the left hand side is =< r? - 72~¢ = r2 and the right hand side is

not larger than:

DDy AHE ()= Y Hl(z2) Y gly,2) X ) M (=) 0

yeD ze B¢ zeB¢ yeD zeBe¢
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This implies Y, g HE (2, z) = 1. Therefore we have:

Esa(x Z HE (2, 2)Esa(z) > 1/2 - Z HE (x, 2)

zeB¢ z€B¢

which completes the proof. ]

Remark 2.2.10. In fact we prove only when Rad(A) is large. We
ignore the case when Rad(A) is not large since this can be done by a s-
tandard argument as follows. If Rad(A) is not sufficiently large, there are
only finite possibilities of A. For each of those A, we have already known
the asymptotics of Esa(x) (limz—oo Fsa(x) = 1). On the other hand, it is
obvious that for any ||x|| > Rad(A), Esa(x) > 0. Hence we can find some
C(A) > 0 satisfying (2.2.48). Since there are finite many C(A)’s, we can
simply choose C' to be the smallest one of those C(A) (together with the one
for sufficiently large A). We will also omit this type of standard arguments
later. In fact, we have done this in the proof of Theorem|2.2.12.

Now we are ready to prove the following bound of Green function:

Lemma 2.2.20. For any A > 0, there exists C = C(\) > 0, such that: for
any A CC Z¢ and x,y € Z¢ with |||, ||y|| > (1 4+ A\)Rad(A), we have:

Ga(z,y) > Cg(z,y). (2.2.49)

Proof. Without loss of generality, assume ||z| < |ly||. By Lemma 2.2.18 one
can assume ||y| > 10||z|| and note that under this assumption g(x,y) =<
lylI>~?. Let B = C(||y||/2) and C = C(3||y||/4). For any z € C \ B, also

by Lemma 2.2.18, we have G(y,z) = |y||>~¢. Applying the First-Visit
Lemma, we have:

Gal =Y HE(2,2)Galzy) = Y HE(x,2)|yl*
z€B° z€C\B
= lyIP~(> HE(w2) = Y HE(w,2))
z€B° zeCe

> lylP*~ (Bsa(x) — cllyll/Ilyl?),
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where for the last step we use the Overshoot Lemma. Therefore, when
Rad(A) is large enough, by Lemmam Gaz,y) = ly|>? =< g(z,y). O

2.2.10 Proof of Theorem [1.3.3.

Proof. By cutting A into small pieces, it is enough to show under the
assumption of ||z|| > 3Rad(A). Also, as before, we can assume r = Rad(A)
is sufficiently large. Let B = C(2r).

Upper bound. By and the First-Visit Lemma, we have

x) = ZGA($7y) - Z Z GA(x7Z),Hl§(Zay)'

yeA yeEA z€B*©

We will decompose it into two parts and estimate them separately.
Let D = {z € Z% : p(z,2) < 0.1p(z, A)}. Note that when z € B¢\ D,

p(x,z) = p(x, A) and Es4(z) < 1 by Lemma 2.2.19. Hence,

ZZGAa:szzy ZZ plx, A2 U1B(2,y)

y€A zeBc\D y€EA 2eBe\D

<o, AP0 ST HE G ) Esal2)

y€A zeBc\D

pla, A)*~1Y " Esaly) = plx, A)*~'BCap(A).
yEA

When z € D, p(z, B) < p(z, A). By considering the position where the first

jump falls into, we have:

HE(2,y) < Z@ —2)Ga(w,y).

weB
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2.2. Branching capacity and visiting probabilities

Hence,
Z Z GA(‘I.a Z)HE(Z,Z/) = Z g(ﬂi’, Z) Z 0(111 - Z) Z GA(U), y)
yeA zeD z€D weB yeA
—Zg:nz ZH w—z)pa(w) < Z T,z ZH
zeD weB zeD weB
(1.1.1)
=Y 9@, 2)p(z,B) = S gla, 2)p(w, A 2 pla, A2
zeD z€D

This completes the proof of the upper bound.

Lower bound. First choose some a > 1, such that for any s > 1,

c BCap({0
€] -#{(C((a 1)) < PEPAL), (2250)
Note that our assumption of # guarantees that 0{(C((a —1)s))“} < ((a —
1)s)~
Write p = p(x, A) and let C' = C(ap). Note that p > 2r and p(x, B) > r
Hence r < p/2, B C C(p) and for any w € B,z € C°,

p(w,z) > (a—1)p. (2.2.51)
Then
2) = Galz,y) = > Galx,2)HL(z,y)
yeA yeA zeBe
>ZZGA3:Z’szy ZZQ@p2dezy)
y€A zeC\B y€A zeC\B

We use the last Lemma in the last step. It is sufficient to show:

Z Z HE (2,) = BCap(A). (2.2.52)

y€A zeC\B

60



2.3. Branching capacity and branching recurrence

Note that:
SN HEEw =Y Y HE (2 y)Bsalz)
y€A 2eC\B y€EA 2eC\B
= (Esaly) — > HE(z,y)Esa(z)) > BCap(4) = Y Y HL(zy).
yeA zeCe yEA zeC¢

As in the proof for the upper bound, we have:

SN HEE <D YD b(w—2)Ga(w,y)

yeA zeC*° yeA zeCcweB
=) "> Ga(w,y) Y O(w - 2) ZZGAwa{ C((a—1)p))°}
yeAweB zeCe weByeA
~0{(C((a— 1)} Y pat) < 01(C((a— D) YB 2 LRA)
weB

Now (12.2.52)) follows and this completes the proof of the lower bound. [

2.3 Branching capacity and branching recurrence

We now give the definitions of branching recurrence and branching tran-
sience. Recall that we always assume d > 5 in this section. In addition, we

assume further that 6 has finite range throughout this section.

Definition 2.3.1. Let A be a subset of Z¢. We call A a branching recur-

rent (B-recurrent) set if

P(S5° wvisits A infinitely often) =1, (2.3.1)
and a branching transient (B-transient) set if

P(S5° wisits A infinitely often) = 0. (2.3.2)

In fact, it is equivalent to use the incipient infinite snake in the definition

of branching recurrence and branching transience.
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2.3. Branching capacity and branching recurrence

Proposition 2.3.2.
P(S§° wisits A infinitely often) = 1 < P(S, wvisits A infinitely often) = 1.

Proof. The necessity is trivial. For the sufficiency, we use the following
coupling between 380 and S§°. First sample 380 . Then we can construct
Sg° as follows: for the backbone of S$°, just use the backbone of S ; for
each vertex in the backbone, we graft to it an adjoint snake, independently,
using either the left adjoint snake or the right one, corresponding to the
same vertex in 380, with equal probability. When 380 visits A infinitely
often, there are infinite adjoint snakes on 380 visiting A. For each vertex
on the backbone, either the left adjoint snake or the right one is chosen,
independently with equal probability. Therefore, by the strong law of large
numbers, an infinite number of adjoint snakes that visits A will be chosen,
on the process of producing S3°, almost surely. It means that S§° visits A

infinitely often almost surely. O
Proposition 2.3.3. Fvery set A C Z% is either B-recurrent or B-transient.

Proof. Let f(z) = P(S visits A infinitely often). It is easy to see that
f is a bounded harmonic function. But every bounded harmonic function
in Z¢ is constant. Hence f = t for some t € [0,1]. Let V be the event
S§° visits A infinitely often. Since f = t, we have P(V|F,) =t for any n,
where F,, is the o-field generated by all 'information’ (the tree structure and
the random variables corresponding to the edges) after n-th vertex of the
spine. Then V is a tail event. By the Kolmogorov 0-1 Law, ¢ is either 0 or
1. O]

If A is finite, since qa(x) < 1 for large z, f(x) < 1 and must be 0. Hence

we have:
Proposition 2.3.4. Every finite subset of Z¢ is B-transient.

For some technical reasons, we assume further that 6 has finite range in

this section.
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2.3. Branching capacity and branching recurrence

2.3.1 Inequalities for convolved sums

We need the following two inequalities in the proof of our version of Wiener’s
Test.

Lemma 2.3.5. For any n € NT, let B =C(n). When A C B and x € Z¢,

we have:

> Ga(w,2)qa(z) < (diam(B))*qa(x); (2.3.3)
z€B
> Ga(z,2)pa(2) = (diam(B))*pa(z). (2.3.4)
z€B

We prove (2.3.3) here and postpone the proof of (2.3.4) until Section
2.3.3.

Proof of (2.3.3)). For (2.3.3), we do not need to assume that B is a ball and
A C B. In fact, we will prove (2.3.3) for any finite subsets A, B of Z¢ and

x € 7%

We are working at the random walk with killing function r4. Consider
the following equivalent model: a particle starting from x executes a random
walk S = (S(k))ken, but at each step, the particle has the probability r4
to get a flag (instead of to die) and its movements are unaffected by flags.
Let 7 and & be the first and last time getting flags (if there is no such
time, define both to be infinity). Note that since qa(z) < 1 (when |z]
is large), the total number of flags gained is finite, almost surely. Hence
P(1 < o0) = P(£ < o0). Under this model, one can see that

Ga(x,z)qa(z) = P(1T < 00, S(k) = z for some k < 7).

Hence it is not more than E(37_ 1{g(i)—z}; T < 00) and the L.H.S. of (2.3.3)

is not more than

3

E(Z 145, ()eBy; T < 0) < E(Z 145, ()eB}; § < 00).
i—0 =0
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2.3. Branching capacity and branching recurrence

By considering the place where the particle gets its last flag, one can see:

vl

¢
EQ Ls,penpé <o) = > | Y. s 1Lymes) | - ra(w)Bsh(w).
1=0

1=0 weZd \vx—w
We point out a result about random walk and prove it later:

v

Y. s Lypen) = (diam(B)* Y s(v). (2.3.5)
=0

y:x—w y:x—w
Hence we get:

Y Galw,2)aa(z) 2(diam(B))> Y > s(y)ra(w)Esh(w)

z€B wezZd y:iz—w

=(diam(B))* ) g(@, w)ra(w)Es](w)
wezZd

S22 (diam(B))?qa (o).

Now we just need to prove (2.3.5). First we assume x,w € B, then

[

> s Len) € X0 sb EY e - wlt
Y:x—w =0 Y:x—w
< (diam(B))?|z — w|*~¢ = (diam(B))3g(x, w) = (diam(B))? Z s(7).

yiz—w

For general x,w, one just need to decompose =y into pieces according to the
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2.3. Branching capacity and branching recurrence

first and last visiting time of B. For example, when z,w ¢ B, we have:

vl 0%

Z S(’Y)(Z lv(i)EB) = Z HBC(xay) Z 5(7,) Z l'y’(i)EB HBC(va)
=0

y:x—w y,2€B v iy—z =0

< Y H (xy) | (dam(B)? Y s(y) | H (z,w)

y,2€B vy'iy—z

=(diam(B))* Y H(z,y) > s(y)H5 (z,w)

y,2€B yiy—z

=(diam(B))” Y. s(y) < (diam(B)? Y s(v).

y:ix—w,y visits B y:x—w

When just one of x and w is in B, the proof is similar but easier. ]

2.3.2 Restriction lemmas

Recall that we have: (see (2.2.7))

pal@)= 3 b(y).

y:z—A
Our goals of this section are to show:

Proposition 2.3.6. For any n € NT sufficiently large and A C C(n),z €

C(n), we have:

pa(z)= Y by (2.3.6)

y:x—A,vCC(1.1n)

Proposition 2.3.7. For any n € NT sufficiently large and A C C(n),z €

C(n), we have:

aa(z)= > [l-b(). (2.3.7)

~y:z—A,yCC(4n)

We first introduce some notations. Since 6 has finite range, we can define
the outer boundary 9,B for any B C Z% by

d,B={ze€Zi\B:3yeB,0(z—y)VOy—=z) >0}
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2.3. Branching capacity and branching recurrence

Note that for any y € 9,B, p(y, B) is bounded above by a constant depending
on . For AC BCZ%and x,y € BUOJ,B, write

Gh(z,y)= > by

yiz—y,yCB

Lemma 2.3.8. For any A1, A2, A3 > 0, there exists C' = C (A1, A2, A\3) > 0
satisfying the following. When n is sufficiently large, let By = C(n),B1 =
C(1+A1)n), Bo=C((1+ A1+ A2)n) and B=C((1+ A1+ X2+ A3)n). Then
for any x,y € By \ By and A C By, we have:

G]j(;r,y) > CGa(x,y). (2.3.8)

Proof. Let B' = C((14+X1/2)n). Note that for any y € B\ B, by (1.3.2)) and
(2.2.18)), we have r4(y) < pa(y) < n~2. Hence, we have: for any v C B\ B’
with [y] < 222, b(y)/s() > (1 — ¢/n?)?" = 1.

Therefore, by Lemma [2.1.3| one can see that:

Ghw,y)= Y. by > > b(7)

yiz—y,yCB Y=y, yCB\B', |[y|<2n?

= > s(7) < g(z,y) = Galz,y).

yix—y,yCB\B’,|y|<2n?
O

Lemma 2.3.9. For any A > 0,1 > 0, there exists C = C'(\, ) > 0 satisfying

the following. When n is sufficiently large, let By = C(n), B = C((1+\)n),

B=C((L+X+¢)n). Then for any x,y € By and A C By, we have:
Gh(z,y) > CGa(z,y). (2.3.9)

Proof. By last lemma, one can get, for any z,w € 0,B1,

GB(z,w) = Ga(z,w).
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2.3. Branching capacity and branching recurrence

For any x,y € Bj, we have:

GR(z,y) =GR (x,y) + > b(7).

y:x—y,y visits Bf,yCB

By considering the first and last visits in Bf, we have:

> b(v)= Y HL(z,2)GE(zw)HE (w,y)

y:x—y,y visits Bf,yCB z,WED, B1
PRES)
= E 7-[ (z,2)Ga(z, w)’HA (w,y) = Z b(7).
z,w€D,B1 y:x—y,y visits B

Hence, we have:

Gh(z,y) =G (z,y) + > b(7)

y:x—y,y visits B, yCB

=G+ > b(y) =Galx,y).

y:x—y,y visits Bf

Now we can show Proposition [2.3.6:

Proof of Proposition |2.5.6. Let B = C(1.1n). We have:

S b =Y Gaw2) EV S 6B = Y by,

y:x—A z€A z€A y:x—AyCB

Now we turn to g4 (x). The starting point is:
Lemma 2.3.10. For any a € Z¢, A cC Z%, B C Z%, we have:
1l

> Galz,2)palz) = > b(1)D 1ipes (2.3.10)
=0

z€B yix—A
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2.3. Branching capacity and branching recurrence

Proof.

S Gae pa) =X Y bow) Y bl

z€B zEBY1:x—2 Yy2:2—A

:Z Z Z b(v1)b(72)

zEB V11— 2 y:2— A

-y Y X bt

ZEBY1:x—2Z y2:z2— A

ol

Z b(’y) ’ Z 17(2)63
=0

y:iz—A

The last equality is due to the fact that for any v : x — A, there are exactly
ZL |0 1, ;e Ways to rewrite 7y as the composite of two paths 71 and 2 such

that the common point of v and v, is in B. O

Corollary 2.3.11.

aa(z) = Y [ by (2.3.11)
y:z—A
Proof. By (2.2.19)) and (2.2.18), we have:
=) Ga(z,2)pal2). (2.3.12)
z€Z%
By last lemma, we have 74 Ga(z,2)pa(2) = >_...,al7] - b(7). O

Lemma 2.3.12. For any n sufficiently large, A C C(n),x € Z¢ with ||x|| >

1.1n, we have:

qa(@) < > hlb(). (2.3.13)

yiw—AACC(3llz])

Proof. The part of ">’ is trivial by the last corollary. It suffices to show the

other part. As in the last corollary, we have:

= Z GA(:L'v Z)pA(Z)'

z€74
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2.3. Branching capacity and branching recurrence

First by (2.1.2),(1.3.2) and (2.2.49), one can see that:

BCap(A
Z Ga(z,z)pa(z) < Z g(z, z)ip(d)_2
(p(z,A))
2€C(2||z|N\C(1.5]|z]]) 2€C(2||z|N\C(1.5]|z])
= Z 1 BCap(A)
- | ’d—2 ’x‘d—2

zeC2|z[D\C(1.5]|=])

1 BCap(A) BCap(A)

= [l _
| ’ ‘:L‘|df2 |x‘d72 |x’d74

Similarly, we can get:

Z Ga(z,z)pa(z) < Z g(z, 2) BCap(A)

(2 A))d—2

z€C(2fel)e 20 @el)e (p(z, A))
- Z 1 BCap(A)
R R
z€C(2||z|)e

_ 1 BCap(A)
=BCap(4) ) Z[2d=1 = T [g[d=1
z€C(2|x|)

Hence we have:

=Y Galz,2)palz) = Y Galx,2)pal2).

z€Z? z€C(2l=))

By Lemma [2.3.9, we have (let B = C(3||z|))):

Z Ga(z,2)pa(z) = Z GA(:c,z)ZGA(z,y)

2€C(2| =) 2€C(2| =) yeA

Y. Ghw2)) Gl(zy)

zeC(2|z]]) yeA

- Y Y bw) Y b

z€C(2||z||) v1:x—2,71CB v2:2— A, 72CB

- Y XYY baen

2€C(2||z||) v1:x—2,71CB y2:2—A,72CB

Y. bhib().

yiz—AyCB

)

IN
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2.3. Branching capacity and branching recurrence

This completes the proof. ]

Proof of Proposition |2.5.7. Let B =C(1.1n) and B’ = C(4n). We have:

aa@) = > (b= > hbm+ > [b().

yiz—A y:z—AyCB y:x— A,y visits B¢

By considering the first visit of B¢, the second term is equal to:

S50 S (Il + e (b(m)ba)

YyE€Do B 11:2—y,v1CB v2:y— A

=y > mlb(n) Y. b(ra)+

Yy€0oB 11:z—y, 1 CB Y2iy—A
) b)) Y [ab(re)
Y€0o B y1:2—y,71CB y2:y—A
= ) Imb(paw+ > D bwaaly)
Yy€0o B 11:v—y,CB Yy€0o B 11:v—y,CB
-»
= > > Imb(m) D). b))+
y€8oB v1:x—y,711CB Y2:y— A2 CB’
Z Z b(71) Z [v2]b(72)
Yy€0o B y1:2—y,71CB v2:y—A,72CB’

=2 > ST (l + beD(b(1)b(r2)

Y€0oB v1:2—y,71CB vy2:y—A,72CB’

= > b(y).

y:x— A,y visits B¢,yC B’

Hence, we get

asl@) < > [b(M)+ > b = > Kbk

vy:z—AyCB y:x— A,y visits B¢,yCB’ y:x—AyCB’

This completes the proof. O

2.3.3 Visiting probability by an infinite snake

In this subsection we establish the following bounds analogous to (1.3.2]):
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2.3. Branching capacity and branching recurrence

Theorem 2.3.13. For any A CC Z¢ and x € Z% with ||z| > 2Rad(A), we

have:
BCap(A)

qa(z) < ————.
= ol )y
Remark 2.3.1. By cutting A into small pieces, one can replace |x| >
2Rad(A) by p(z, A) > ediam(A), for any e > 0.

(2.3.14)

Remark 2.3.2. The analogous result for Sy ( Theorem can be proved

m a similar way.

Proof. Tt suffices to show the case when Rad(A) is sufficiently large since we
know the asymptotical behavior when z is far away (see (2.2.14)). The part
for > is straightforward and similar to the first part of the proof of Lemma
2.3.12

(@) S Gl

qa z,2)pa(z) > > Ga(z,2z)pa(z)
zezd 2| <||z[|<4l]|
3 1 BCap(4) _ 3 1 BCap(4)
B |z — 2|12 (p(z, A))4=2 — |2]472 |42

2zl <[lzl<4]j] 2l <llzl<4j«|
1 BCap(A) BCap(4) _ BCap(A)
e[ d=2 a2 et T (p(w, A

||

The other part can be implied by (1.3.2)) and the following lemma (let n =
[[]])- O

Lemma 2.3.14. For any n € N* sufficiently large, A C C(n),y € C(n), we

have:
aa(y) 2 n*pa(y). (2.3.15)
Proof. Let B =C(4n). By (2.3.7) and (2.2.7)), it suffices to prove:
Y bbbty =a® D b (2.3.16)
yy—A~YCB yy—A~YCB
By (2.3.3) and (2.3.7)), one can get:
S Galy.2)aa(z) <n® Y hb(y). (2.3.17)
z€B v:y—A,yCB
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2.3. Branching capacity and branching recurrence

For the left hand side, we have:

S Gaw aa=) “EV S S i) 3 falb()

z€B zEBY1:Yy—2 Yy2:2—A

>y Y > [elb(moy)

2€By1:y—2,71CB v2:2—A,72CB

— Z (I+2+...+[])b(y) < Z [Y]*b(7).

vy—ANCB viy—ACB

Hence, we have:

Y Pb(r) =n? Y [b(y). (2.3.18)

vy—A~CB vy—AyCB

By Cauchy-Schwarz inequality:

2

S b <[ > WP || Y. b

vy—>AYCB v:y—ANCB v:y—ANCB
=n® > QWO D> bw
vy—A~CB vy—A~NCB
Then (2.3.16|) follows and we complete the proof. O

Proof of (2.3.4). When z € B, by the last lemma (recall that qa(z) =<
> .ezd Ga(x,2)pa(x)), we have the desired bound. Now we assume = ¢ B.
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2.3. Branching capacity and branching recurrence

By considering the first visit of B, we have

11

> Ga(x,2)pal2) 228 > O 1men)bl

z€B y:z—A =0
[v2]
=2 2. D blmom) le )
yEB y1:2—y, 1 CB° y2:y—A
72|

=Y Y bm) > O 1l,menb(n)
yEB y1:2—y,71 CB¢ Yy2:y—A =0
S Y b)Y Galy 2)pal2)

yEB 11—y, CB¢ 2€B

2% biw)diam(B)paty)

yeEB v1:z—y,71CB°

=(diam(B Z Z b(71)pa(y)

yeB y1:w—=y B¢
=(diam(B))*pa(z).
(%) is because we have proved that (2.3.4)) is true for x € B and for the last

line, we use the First-Visit Lemma and (2.2.7). O

2.3.4 Upper bounds for the probabilities of visiting two sets

In this subsection we aim to prove the following inequalities which we will

use in the proof of Wiener’s Test.

Lemma 2.3.15. For any disjoint nonempty subsets A,B CC Z% and x €

72, we have:

P(8, visits both A&B) = > Gaupl(z,2)pa(2)ps(2); (2.3.19)

z€74
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2.3. Branching capacity and branching recurrence

P(S:° wvisits both A&B) =

Z GauB(z, 2) (PA(Z)QB(Z) + qa(2)pp(z) + P(S. visits both A&B)) )
2€74
(2.3.20)

Proof. is a bit easier and we prove it first. When an infinite snake
S° = (T,Sr) visits both A and B, let u be the first vertex in the spine
such that the image of the bush graft to v under Sy intersects AU B. As-
sume (vp, ..., vx) is the unique simple path in the spine from o to u. Define
La,B)(S°) = (Sr(vo), - - ., Sr(vr)). For any path v = (v(0), ..., v(k)) start-
ing from x with length |y| = &, we would like to estimate P(I' 4 5)(S5°) = 7)-

If we can show that:

P(T(4,5)(8:°) =7) =
b(1) (p4(@)an(3) + a4(@)ps(3) + P(S, visits both ALB)), (23.21)

then by summation, one can get (2.3.20)).
Now we argue that (2.3.21)) is correct. Let t be the bush grafted to wu.

There are three possibilities: Sp(t) visits A but not B, visits B but not A
or visits both A and B. For the first one, to guarantee I' 4 5)(S5°) = 7, we
need three conditions to be true. The first is that Sy maps (vo,...,vx) to
~ and that the image of each bush grafted to v; does not intersect AU B,
for i = 0,...,k — 1. The probability of this condition being true is b(~).
The second condition is that Sz (t) intersects A but not B. The probability
of this condition being true is at most r4(5) < pa(y). The last condition
is that the image of the bushes after u intersects B. The probability of
this condition being true is at most qp(¥). Note that for fixed ~y, the three

conditions are independent. Hence we have:
P(T(a,5)(85°) = 7, Sr(t) visits A not B) < b(y)pa(¥)as()-

Similarly, one can get the other two inequalities. This completes the proof

of (2.3.20).
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2.3. Branching capacity and branching recurrence

For (2.3.19), we use a similar idea. When a snake S, = (T, Sr) visits both
A and B, then Vy :={v e T :Sp(v) € A} and Vg :={v e T : Sp(v) € B}
are nonempty. We call a vertex v € T good, if v is the last common ancestor
for some uy; € V4 and ug € Vp (any vertex is regarded as an ancestor
of itself). Since for any u; € V4 and ug € Vp, they have the unique last
common ancestor. Hence there exists at least one good vertex and we choose
the first good one (due to the default order, Depth-First order), say wu.
Assume v = (vg, ..., vx) is the unique simple path in T' from the root o to
u. Define I'(4 py(Sz) = (Su(v0),--.,Sz(vx)). As before, we would like to
estimate P(I'(4,5)(Sz) = 7), for a fixed path v = (7(0),...,7(k)) starting
from z, with length |y| = k. We argue that:

P(T(4,)(8z) =7) 2 b(y)Pa(¥)PB(Y)- (2.3.22)

Since u is the first good vertex, one can see that all vertices in V4 U Vg

are descendants of u or wu itself. In particular,
any vertex before u is not in V4 U Vp. (2.3.23)

Here, ’before’ is due to the Depth-First search order. This is the first nec-
essary condition for the event I'(4 5)(S:) = 7 being true. Similar to the
computations in Section [2.2.2} the probability for being true is b(7y).
Note that this condition just depends on (1" \ T, St|r\1,), where T, is the
subtrees generated by u and its descendants, and 7'\ T, is the tree generated
by w and those vertices outside T,.

On the other hand, since u is the last common ancestor for some u; € V4
and ug € Vp, when u ¢ V4 U Vg, u must have two different children u! and
u?, such that Sp(T,1) N A # () and Sp(T,2) N B # (. This is the second
necessary condition for the event I' 4 p)(S:) = 7 being true. Note that for
fixed =, this condition is independent of , and its probability is at

most

> u(n)n(n = 1)pa@)PsF) = o*pa(F)Ps(A)-
n=2
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2.3. Branching capacity and branching recurrence

When u € V4 U Vg, say € A (it implies 7 € A), then similarly, u must
have a descendant mapped into B. The probability for this condition is:

pe(7) = pa(7)pe(¥). Combining the two conditions one can get (12.3.22]).
By summation, one can get (2.3.19). This completes the proof of (2.3.19)).
O

We require the assumption of the finite third moment of p only for the

following lemma.

Lemma 2.3.16. When p has finite third moment, we have:
P(S, visits both A&B) < P(S.. visits both A&B). (2.3.24)
Proof. In fact, we will show:

P(S, visits both A&B) < pa(z)pp(r) + P(S, visits both A&B);
(2.3.25)

P(Sa,v visits both A&B) =< pa(z)pp(x) + P(gx visits both A& B);
(2.3.26)

where S, is the finite snake from 2 conditioned on the initial particle having
only one child.

For the upper bound of the first assertion, consider whether S, visits A
via the same child of the initial particle as it visits B via. If it does, this

probability is at most
Zu -iP (S, visits both A&B) = E(u)P(S, visits both A&B).

If it does not, this probability is at most

Zu i(i — 1)P(S, visits A)P(S, visits B) < pa(z)ps(z).

Note that we use the fact that 7, pu(¢) - i(i — 1) is bounded by the second

moment of p and P(S, visits A) < pa(r), which can be proved similar to
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2.3. Branching capacity and branching recurrence

(2.2.18)). Combining the last two inequalities, we get the upper bound of

(2.3.25).

For the lower bound, it is easy to see that

P(S, visits both A&B) Z u(i) | P(S, visits A)P(S, visits B)

1>2

= pa(z)pp(z);

P(S, visits both A&B) Z u(i) | P(S, visits both A&B).
i>1

Combining these two, we can the lower bound of (2.3.25)).
Similarly one can get (2.3.26). Note that for the upper bound, we require
that u has finite second moment which is equivalent to the assumption that

1 has finite third moment. O

2.3.5 Proof of Wiener’s Test

We first divide {# € R? : 1 < |z| < 2} into a finite number of small pieces
with diameter less than 1/32: By,...,By. Let K¥ = K, N (2"By,) for any
n € NT,1 <k < N. For any nonempty set K%, we have diam(K¥) < 2"/32
and p(0, KX) € [27,2711). Let V¥ be the event that S§° visits K*. Applying
Theorem we can get:

BCap(K})

ky o
P(V ) - on(d—4)

n

(2.3.27)

Since each K is finite (any finite set is B-transient), we have

P(S° visits K i.0.) = P(VFi.0.).
When "2 BCap(K,)/2™4~%) < 0o, by monotonicity, for any 1 < k <
N,
— BCap(K}) = BCap(K,
$~BCap(Kb) _ $~BCup(Ka)

n(d—4 n(d—4
v on(d—4) vt on(d—4)
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2.3. Branching capacity and branching recurrence

Hence,
oo N o N BC N BC Kk
ZlkZP(V,f)lekz 2:54 ;(Zm><oo.
n=1k=1 n=1k=1 =1 =1

Then by Borel-Cantelli Lemma, almost surely, only finite V¥ occurs and
hence K is B-transient.

When >°°°  BCap(K,,)/2"?%) = oo, by subadditivity of branching ca-
pacity (see Section [2.2.1)), we have:

BCap(KF)

Hence for some 1 < k < N, 3°°° | BCap(KF)/2"@%) = co. Suppose
o0
Z BCap(K}) /2" = o0
n=1
We need the following Lemma whose proof we postpone.

Lemma 2.3.17. There exists some C' > 0, such that, for any n < m, we
have:
P(VinVy) < CP(V,HP(VL).

Let I, = >3 1y1 and F = 1y >g(1,)/23- By the lemma above, we

have:
E(I7) < C(E(In))*.
Note that
E(FIy) = EI, — E(Inl{1,<g(1,)/2}) = E(In)/2.
Hence,

P(I, > E(I,)/2) = E(F) = E(F?)
> (E(FIn))* /E(I3) = (E(n)/2)* /C(E(In))* = 1/(4C).
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2.3. Branching capacity and branching recurrence

Since EI,, — oo, let n — oo, we get
P(I, = 00) > 1/(4C).
By Proposition we get that K is B-recurrent.

2.3.6 Proof of Lemma

Write A = K}, B = K! and M = 2™. Without loss of generality, assume
A, B # (. We know

diam(A) < 2"/32,diam(B) < 2"/32.

Fix any a € A and b € B. Let A = a+C(2"/8) and B = b+C(2™/8). Then

we have

-~

p(A, A%) = p(0, &) = 2% p(B, BY) = p(0, B) = 2™ pla,b) = p(A, B) = 2™.
(2.3.28)

We need to show:
P(S5° visits both A& B) < qa(0)qp(0). (2.3.29)

In the proof, we will repeatedly use (1.3.2]), Theorem [2.3.13, (2.3.12) and
Lemma without mention. Since (see (2.3.20) and (2.3.24))

P(85° visits both A& B) =

Z GauB(0,2) - (pa(2)as(z) + Pe(2)qa(z) + P(S; visits both A& B)),
2€Z4
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2.3. Branching capacity and branching recurrence

it suffices to show:

Y Gaun(0,2)pa(2)as(z) < aa(0)as(0); (2.3.30)
z€Z4
Y Gaup(0,2)p(2)a4(2) = qa(0)as(0); (2.3.31)
zeZ4

> Gaus(0,2)P(S. visits both A& B) < qa(0)qs(0). (2.3.32)

2€7Z4

Note that by monotonicity, Gaup(z,y) < min{Ga(z,y),Gp(z,y)}. For

(2.3.30]), we have:

Z G auB(0,2)PA(2)aB(2)

2€74
= Gaus(0,2)pa(z)an(z) + > Gaun(0,2)pa(z)as(z)
z€B z€Be
<Y Gp(0,2)pa®)as(z) + Y Ga(0,2)pa(=)as(0)
z€B z€Be
=(diam(B))*ap(0)pa(b) + a4 (0)as(0) < aa(0)qz(0).

Similarly one can show (2.3.31]).
We just need to show (2.3.32). We first argue that:

pa(b)as(z) + pp(0)qa(z); when z € C(4M);
pa(2)ap(a); when z ¢ C(4M).
(2.3.33)

P(S, visits both A& B) < {

By (2.3.19)), we need to estimate:

Z G auB(z, w)pa(w)pp(w).

weZ4
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2.3. Branching capacity and branching recurrence

When z € C(4M), we have

Z Gau(z, w)pa(w)pp(w)

weZ4

=Y Gausl(z,w)pa(w)ps(w) + > Gaup(z, w)pa(w)ps(w)

weB weBe
< Y Galz,w)pa(b)pp(w) + Y Gp(z,w)pa(w)ps(0)
weB weBe

= pa(b)as(z) +pa(0)qa(z).

When z ¢ C(4M), let C = C(3M). We divide the sum into three parts:

PP DD IR

weB weC\B weCe¢

> Gau(z,w)pa(w)ps(w) <Y Gp(z,w)pa(d)ps(w)
weB weB
BCap(A)BCap(B)

= (diam§)2p3(z)p,4(b) = (p(a, b))2 (p(z, B))%2(p(a, b)?2)

= pa(z)as(a);
> Gau(z,w)pa(w)pp(w) X > Ga(z,w)pa(w)ps(a)
weC\B weC\B
< (diamC)?pa(2)p5(a) = pa(z)as(a);
BCap(A)BCap(B)

Y Gaus(z,w)pa(w)ps(w) < D g(z,w)

wele wele

=<BCap(A)BCap(B

|w — al?=2|w — b|4—2

Z lw — 2|4~ Q‘w_a‘Qd 4
wele

(*) BCap(A)BCap(B)
= |z — al4=2]b — a|d—4 =< pa(z)as(a).
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2.4. The critical dimension: d=4

Combining all three above, we get (2.3.33). Note that for (x), we use:

1
Z lw— 2|4-2[w — q|2d—4

weC®
< 1
B Z |w—z|d*2|w—a|2d*4+
llw—=[I<]|=]|/8
) !
_|w — 2|92 |w — a|2d—4
lw—=z]1>]|2]|/8,weC*
=S : + 3 L
= o s lw — z|9=2|z — a[2d—4 |22 |w — a2
- lw—=2[1>]|2]|/8,weCe
|Z’2 n 1 Z 1 = 1 N 1 Z nd—1
Tz — a|2d—4 |Z|d_2 < |w — a|2d—4 - |Z|2d_6 |Z|d_2 2d—1
wede n>3M
1 1 1 1 1 1

~ ~
S

~
—~

EEEE + |2]d=2 Dpd—4 7 |5]d=2 pd—4

|z — al]4=2]b — a|d—4"

Hence,

Z Gaup(0,2)P(S, visits both A& B)

2€Z4

< Y Gaus(0,2)(pa®)as(z) + pr(0)aa(z)+
2€C(4M)

S Ga0.2)pa(z)as(a)

z€C(4M)e

<M?*p4(b)ap(0) + M*pp(0)qa(0) + qa(0)as(a) < qp(0)qa(0).

This is just (2.3.32) and we finish the proof.

2.4 The critical dimension: d=4

In this section, we focus on the critical dimension d = 4. Note that now

(2.1.2) is just:

g(x) ~ aqllz| % (2.4.1)

where a4 = 1/(87%/det Q) with Q being the covariant matrix of 6.
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2.4. The critical dimension: d=4

For some technical reasons, we assume further that, in this section, 6

has finite exponential moments, i.e. for some A > 0,

Z 0(z) - exp(A|z]) < o0.

2€74

2.4.1 An upper bound

In this subsection, we construct a weaker result which will be used in the

proof of Theorem [1.3.12

Theorem 2.4.1.
pyoy(z) = (|z[*log |z) ™. (2.4.2)

Remark 2.4.1. On the other hand, the reversed inequality can be obtained
by the second moment method. This process is similar to and easier than
the proof for the lower bound in Theorem |2.2.12.

The idea of proof is as follows. From simple calculation one can see that
the expectation of the times of visiting z is g(x) < |z|~2. If conditioned on
visiting, the expectation of the visiting times is of order log |z|, then we can
get . In fact, we will show that this is true with high probability.

Let Np be the number of times of visiting 0. We need to estimate

E(Nyp|S, visits K via 7). For any finite path -, define

1

No(v) =Y~ N(v(0)g(x(i), 0), (2.4.3)
=0

where N(z) = Ng(z) = Eug (see (2.2.25), (2.2.27) and set K = {0}).
By Proposition [2.2.11, we have:

E(Ny|S, visits 0 via v) = No(7).
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2.4. The critical dimension: d=4

For N(x), we have:

N(z) =Eu, =

> 150m>0 ML +m + 1) (7 (x))!
> is0,mzo #(l+m + 1) (7(z))!
2 1=0.m>0 Mi(m + 1)
- leo,mzo uw(l+m+1)
Zmzo mu(m + 1)

S m D) 1(0).
Write g(v) = Zylog( (7)). Then we have:
No(7) = u(0)g(v) = 9(7)- (2.4.4)

We need the following lemma and postpone its proof:

Lemma 2.4.2. There exists a ¢ > 0, such that for any x, we have:

> b(v) = |z 721 (2.4.5)

v:2—0,9(7)<clog ||

Now we start the proof of Theorem First we have

ENy = g(z,0) = |z| 2.

Hence,
2|2 <ENo = Y b(7)No(y Z b(y
vy:x—0 vy:z—0
> > b(7)g(7) = > b(7) log |x].
y:2—0,9(v) =clog |z| y:2—0,9(v) =clog |z|

Therefore we have:

> b(7) = 1/(|z[*log |]).

y:x—0,9(7)>clog |z|
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2.4. The critical dimension: d=4

Then we have:

poy(z) = > b(y) = > b(y) + > b(7)

v:x—0 y:x—0,9(7)>clog |z| v:2x—0,9(7)<clog ||
/|| + 1/(Jz|* log |2]) < 1/(|z|* log |x]).

(PN

We still need to show (2.4.5)). Note that b(vy) < s(vy). Hence (2.4.5) can be
obtained by

Proposition 2.4.3. There exist c1,co such that for x € Z* with |z| suffi-

ciently large,
Tz
P(r, <00,> g(Si) < erlog |z]) < cala| >,
i=0

where (S;)ien is a random walk starting from 0 with distribution 6~ and 7,

1s the hitting time for x.

This proposition is an adjusted version of Lemma 10.1.2 (a) in [11].
It is assumed there that 6 has finite support which is stronger than our
assumptions, though its conclusion is also stronger than ours. The argument
is similar to the one there with small adjustments. We mention the main

difference here and leave the details to the reader. It suffices to prove:
Tn
P> g(Si) < erlogn) < eon™ !, (2.4.6)
i=0

where 7, = min{k > 0: |Sg| > n}.

Let N = [n"9]. Let A be the event that | X;| < N, fori=1,2,...,2n%A
7 (where X; = S; — S;_1). Note that P(A¢) < n=2!. When A happens,
the range of the random walk is bounded by N for the first 2n? steps. Since
only first 2n? steps are bounded, we need to change the stopping times
there a bit. Let €0 = 0, & = min{k : [Si| > 2!N} A (€71 + (2!N)?), for
i =1,2,...,L, where L = max{k : 2N < n} < logn. Now can be
obtained by following the argument of the proof of Lemma 10.1.2 (a) in [11]
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2.4. The critical dimension: d=4

2.4.2 The visiting probability

The main goal of this subsection is to prove Theorem [1.3.12, In this subsec-
tion and the next, we fix a finite nonempty subset K CC Z* and therefore
the corresponding constants may also depend on K.

The first step is to construct the following estimate of the Green function:

Lemma 2.4.4. For any « € (0,1/2), we have:

lim Crley) g (2.4.7)

@y—roci|all/(log [l2])* <[lyl <l|=|-(log [|z)>  g(z,Yy)

Remark 2.4.2. In supercritical dimensions, we have Gg(z,y) ~ g(z,y)
(see Lemma . In the critical dimension, this holds only when x,y are
not too far away from each other, compared with their norms. We will give

a more precise asymptotic behavior of Gx in next subsection.

Proof of Lemma|2.4.4.. We use the same idea in the proof for a similar form
in supercritical dimension (see Section [2.2.3)). Since a < 1/2, we can pick
up some 3, e > 0, such that e + 2a + 28 < 1. Without loss of generality, we
assume [|y|| > ||z]|. Let r = |||/ log” ||| and

[1={y:2 =yl 2 (og |zl — yl*};
Iy = {v:x — yl|y visits C(r) }.

We just need to check: (when |z|| — o)

> s()/g(zy) =0 Y s(v)/g(x,y) = 0;
~vel v€l2

b(v)/s(y) = 1, forany v:z — y,¢ 'y UTs.

The first one follows from Lemma [2.1.2. The second one can be obtained
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2.4. The critical dimension: d=4

by: (let B =C(r)):

> sty => " (@, a)glay) <> H (z,0)|lyl|

yels a€B a€B
=P(8, visits B) - [ly| 7> =< (r/|lz])? /|yl
=(log ||z[))~* |l — yl| 7> < g(=,y).

Note that the estimate of P(S, visits C(r)) < (r/||x||)? is standard, and for
the second last inequality we use ||y|| > (||lz]| + ||y]])/2 = ||z — y||-
For the third one, note that in the critical dimension d = 4, by (2.4.2))

and (2.2.18), the killing function k(z) = rg(2) < pr(2) < 1/(||z||*1log ||z|).
Hence, we have:

for any v: 2z — y, ¢ T'1 UT9,
lvl-1

b(7)/s(v) = [T (1 k(1)) = (1 = ¢/(r*logr))" = 1 — eln]/(+*log )

1=0
>1 — c(log||z])llylI*/((llll/ log? ll[l)*(log [l[]))
>1 — c(log [l (Il log [|z]1)*/((l|z]|/ log? [l]])*(log |||))
>1 — c(log||z[|) 2% / log ||| — 1.

O

Let N be the number of times of visiting K. We need to estimate
E(N|S, visits K via ). For any finite path ~, define

1l Iv[-1

N@) =Y N(@)g(y(@), K); N™(7) = > N(v(0)g(v(i), K). (24.8)
; =0

By Proposition [2.2.11, we have:

E(N|S, visits K via 7)) = N (7).

87



2.4. The critical dimension: d=4

Hence, we have:

> bN(Y) = gla, K) ~ as| K|||z]| 2. (2.4.9)

y:x—K
The main step is to control the sum of the escape probabilities:

Proposition 2.4.5.

7T2 €
> b(n) ~ STVIQ (2.4.10)

7 C(2mN\C(m) = K CC(n) ot logn

In order to prove this proposition, we need two lemmas about random
walks. They are adjusted versions of Lemma 17 and Lemma 18 in [14]. As
before, write (S;);jen for the random walk (starting from 0). Let 7, be the
first visiting time of C(n)¢ by the random walk and h(z) : Z* — RT is a

fixed positive function satisfying h(z) ~ ay|z|~2.

Lemma 2.4.6. For p = 1,2, there exists a constant C(p) (also depending
on h) such that, for everyn > 2,

Tn

E() n(S))P < C(p)(logn)P. (2.4.11)
=0

Lemma 2.4.7. For every a,p > 0, there exists a constant Cy(p) (also

depending on h) such that, for every n > 2, we have
P(] Z h(S;) — 4aslogn| > alogn) < Cu(p)(logn)~>. (2.4.12)
k=0

In fact, we apply both lemmas for the reversed random walk (that
is, with jump distribution 6~) other than the original random walk. Let
h(z) = 2N(z)g(z,K)/(c?|K|). Recall that N(z) = Eu, ~ o02/2 and
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2.4. The critical dimension: d=4

N(v) = 0?|K|h((i))/2). Hence, for any a € K we have:

> s(7)(NV(7))? = (logn)?,

y:€(n)¢—a,yCC(n)

> $(+) < Ca(p)(logn) .

7:C(n)e—a,7CC(n),IN (7) —2a4| Ko log n|>a log n

By monotonicity and summation, we get:

> s()NV(1))? < (logn)?,  (2.4.13)

7:C(n) =K yCC(n)\K
> s(7) = Ca(p)(logn)~".
7:C(n) =K yCC(n\K,|N (v)—2a4]K|o? log n|>alog n
(2.4.14)

Let us make some comments about the proofs. Lemma 18 in [14] states
that

P(] Zg(Sj) —2a4logn| > alogn) < Cy(log n)*3/2.
k=0

where g is the Green function. Their argument is to derive an analogous
result for Brownian motion and then to transfer this result to the random
walk via the strong invariance principle. This argument also works here with
small adjustments. Note that it is assumed there that the jump distribution
6 is symmetric (besides having exponential tail). However if one checks the
proof there, one can see that the assumption of symmetry is not needed and
g(z) can be replaced by any h(z) satisfying h(z) ~ ayl|z||=2 . Moreover,
the exponent 3/2 can be replaced by any positive constant p with minor
modifications. Combing this with the fact that for any fixed € > 0, P(7, ¢
[n?7¢,n**€]) = o((logn)~P), one can get Lemma [2.4.7.
For Lemma [2.4.6, we give a direct proof here:
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2.4. The critical dimension: d=4

Proof of Lemma|2.4.6. For p=1,

B < 3 RS Lgm) = 3 1272 215 )
7=0

z€C(n) j=0 2€C(n)
= > 127%9(0,2) < > |zt < logn.
z€C(n) z€C(n)
For p=2,
(Y h(s)? <E( Y le]_z <E(Y JoI 22133_2
J=0 zeC(n) zeC(n)
= Y |zy*21w|*2E(Z15]:32151:1,}).
z,wel(n) 7=0 1=0

Write A, = Z;io lg;=; and A = A, + A,. We point out that
E(A.Ay) < (|2]72 + |w]72)|z — w| ™2 (2.4.15)
If so, note that

DD e e e 1 e [ R

z,weCl(n)

e S e e e e

z,wel(n):|z|<|w|

> > + > el Hw| 7z — w| 7

wel(n) z:|z|<|w|,|z—w|>|w|/2  z:|z|<|w]|,|z—w|<|w]|/2

IN

=< > > 2]~ |~ + > |w| %)z —w|~?)
wel(n) z:|z|<|w|,|z—w|>|w|/2 zi|z|<|w), | z—w|<|w]| /2

=< Y ((ogw])|w| ™ + [w|™*) < (logn)?,
wel(n)

and then one can get E(3 7" h(S; ))? < (logn)?. We now only need to show
m Without loss of generality, assume z # w (the case z = w can be
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2.4. The critical dimension: d=4

addressed similarly with small adjustments). Note that
E(A.Ay) SE(A% A, > 0,4, >0) <Y kP(A>k A, >0,4, >0).

k>2

By Markov property, one can see that:

P(A>k,A, > 0,4, >0) <
P(A, > 0)((k—1)P.(Ay > 0)c2) + P(Ay > 0)((k—1)Py(A. > 0)cF2),

where we write P, for the law of random walk starting from z and

c= sup Pp(A;+A4,>1) <1
r#£yel

Hence, we have:

ZkP(A >k A, >0,4,>0)
E>2

<O k(k—1)F)(P(A: > 0)Po(Ay > 0) + P(Ay, > 0)Py(A; > 0))
E>2

=<P(A, > 0)P,(Ay > 0) + P(Ay > 0)Py(A; > 0)

=(12[72 + [w] 7) ]z — w| 72

U
Proof of Proposition |2.4.5. We first show the following weaker result:
Lemma 2.4.8.
Z b(y) < (logn)™, asn — . (2.4.16)
~v:C(2n)\C(n)—K,7CC(n)
Proof. By (2.4.2)) and (2.2.7)), we have:
> b)) = (=] log [lz]) . (2.4.17)

yx—K
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2.4. The critical dimension: d=4

Pick some z € Z¢ such that n = |||z||(log ||z])~*/*]. Let B = C(n) and
B; = C(2n). By the First-Visit Lemma, we have:

Z b(y):ZZGK:Ez)’Hk(Z a) > Z Z Gi(z,2)HE(2,q)

W:x—ﬂ( a€K z€Be a€K 2€B1\B
Z Y 9@ )L (za) = ||z > b(7).
a€K 2B \B +:C(2n)\C(n)— K4 CC(n)
Combining this with gives (2.4.16). O
We need to transfer to the following form:
Lemma 2.4.9.
lim > N(H)b(y) = |K]|. (2.4.18)

~v:C(2n)\C(n)—K,yCC(n)

Proof of (2.4.18). Pick some z € Z¢ such that n = |||z (log ||z||)~*/*]. Let
B =C(n) and B; = C(2n). By decomposing v at the last step in B, one can
get:

Y bMNM =D > Y by)b(R)NT(n) + N())

yiz— K 2€B¢ 1Tz y2:2— K72 CB

=> > > b(r)b(R)N(m)+
zEB¢V1:x—2 y2:2— K, 72 CB
YooY > bm)b()N(e)

zEB¢Y1:2—2 v2:2— K, 72 CB

= D blw) Y bOIN (w+
ZEBC v9:z— K, v2CB Y1:x—2
S S b(N(2) Y bn).

2EB€ y2:2—K,72CB Y12

We argue that the first term is negligible:

Z Z b(72) Z b(y )N (1) < [|lz]| 72 (2.4.19)

2EB¢ v2:2—K,v2CB Y12
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2.4. The critical dimension: d=4

Note that
ol
Z b(y)N ™ (v) < Z (w, K) Z b(y Z (i) =w
Y:r—z weZd Y:r—z
<Y Y b)Y zw (e, w)g(w, 2).

weZd Y:r—w Yw—z weZd

In order to estimate the term above, we need the following easy lemma

whose proof we postpone

Lemma 2.4.10. For any a,b,c € Z*, we have:

_ _ _ 1Vlog(M/m
S lz—al Pz =0 Pz — | = ]ég/) (2.4.20)
z€74

where M = max{|a —bl,|b—c¢|,|c—a|]} and m = min{|a —b|,|b—¢|, |c —al}.

By this lemma, when z € B1\ B, 3_.., ., b(")N ™ (7) =2 %. To-
gether with m, we have

Z Z b(72) Z b(v1)N ™ () < ||| 2.

z€B1\B 72:2—K,72CB Y1:x—2

Also by Lemma [2.4.10 when z € Bf, > . b(y)N~(y) 2 lelllzl) ~ Op the

llzl

other hand, by the Overshoot Lemma, we have Ezer szz_)Kﬁng b(v2) <

n~%. Hence,

S 3 b)) Y b)N () < [l

2€BY{ v2:2—K,72CB Y12

This completes the proof of (2.4.19). Combining (2.4.19) with (2.4.9) gives:

> > b(N(2) Y b))~ alK||z] 2

2EB¢ y2:2—K,72CB Y12
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2.4. The critical dimension: d=4

Now we aim to show

> Y. b(wN(2) Y. bwm) < alK]||x| % (2.4.21)

2€BY{ v2:2—K,72CB Y1:Tx—2Z

If so, then we have:

S Y bV Y b(n) ~adK|lzl 2 (24.22)

2€B1\B v2:2—~K,v2CB T2

and combining this with Lemma gives (2.4.18). Since .., . b(71) =
Gk (z,z) =1 and b(y) < s(v). It suffices to show:

S sV < a2 (2.4.23)

v:B{—K,wCB

By Cauchy-Schwarz inequality, one can get:

S osNM S D sV DD sV

v:B{—K,wCB v:B{—K,yCB v:B{—KCB

By the Overshoot Lemma, the first term in the right hand side decays faster
than any polynomial of n. On the other hand, due to , the sec-
ond term in the right hand side is less than logn by a constant multiplier.
Combining both gives and finishes the proof of (2.4.18). O

Now we are ready to prove Proposition Fix any small € > 0. Let
n = ||z /(log |l2|)"/*,

['={y:C2n)\C(n) = K,y CC(n) \ K},
Iy ={yeTl:|N(y) —2a40?|K|logn| > elogn} and T9=T\T;.

By (2.4.14)), we have: (when ||z|| and hence n are large)
Z s(v) =< (logn)™2. (2.4.24)

yel'r
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2.4. The critical dimension: d=4

Hence, we have (when n is large):

Y bMN(M) < D sMN () < (D s() - Y sIN ()2

yely vel'y el ~vel'y
(2.4.24),(2.413)
< ((logn)*A‘(logn) )1/2 (logn) < |K].

Combing this with (2.4.18) gives:

> b(yN() ~ K],

vely

Hence, we have (when n is large):

(0Kl 5~y 0K

(2a402%|K| + €)logn — = ~ (2a402|K| —¢€)logn’

On the other hand, > . b(y) < (logn)~t. Let e — 0T, one can get

Proposition [2.4.5] O

Proof of Lemma|2.4.10. Without loss of generality, assume m = |a —b|. Let
By={z:|z—a| <3m/4}, By ={z:]z=b| <3m/4} and B. ={z: |z—¢| <
M/4}. Write t = (a +b)/2 and B = {z : |z —t| < 2M}. Then we can

estimate separately:

-2 -2 -2 _
S l—al b e Y s

2€B, z€B,
2

— m2M? = |z —al2 " m2M2 — M?’
z

1
Z |z —a| 2|z = b| 2|z — |2 < el (similarly);
zEBy
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1
—2 —2 -2 _
2 le—al Pl =i = )
z€B. 2€Bg

1 1 M? 1
< — —_— < =
- M4 Z |z —c|2 ™ M*— M?’

z€B.

1
-2 -2 -2 _
Z |z — a7 le = b7z — o 7 = Z )\z—tP]z—tPMQ

z€B\(BaUB,UB.) z€B\(B,UByUB.
1 1 1 n3  1Vlog(M/m)
< — _ = — _ < —_—
- M?2 Z ‘Z _ 75|4 M?2 Z nt — M?2 )
zim [4<|z—t|<2M :m/4<n<2M

1 n? 1
-2 -2 -2 _
E [z—al 7|z = b 7|z — ¢ ,\E mj g Ejrm-

zeB°¢ zeB¢ n>2M
This completes the proof. O

Now we are ready to prove Theorem [1.3.12

Proof of Theorem [1.3.13. Let n = ||z||/(log||z|)**, B = C(n), By = C(2n)\
B and By = C(2n)°. As before, by (2.2.7) and the First-Visit Lemma, we

have:

P(S, visits K) = Y b(y) =Y Gg(z,b) > HE(b,a)

yiz—K be B¢ acK
= Grlx.b) Y H(b,a)+ Y Gr(a.b) Y H{(b,a).
be By aeK bE By aceK

We argue that the first term has the desired asymptotics and the second is

negligible:
(24.7) _
> Grl@,b) Y HZ(ba) T~ a2 Y Y HL (b a)
be By aeK beB1 aeK

|| ||_247r2\/detQ 1
~ a4l

2logn . 202|z|2log =]’
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2.4. The critical dimension: d=4

D Grlx,b) Yy HE(ba) =Y > H(ba)

be B2 acK acK beB>

(2.1.6)
=

K |n? /n® < 1/ |l2]|* log [l2]].

2.4.3 Convergence of the first visiting point

We aim to show Theorem|1.3.13. For simplicity, we assume in this subsection
that # has finite range. Then, for any subset B CC Z*, we can denote its

outer boundary and inner boundary by:

0,B ={y ¢ B:3x € B, such that 0(z —y) VO(y —x) > 0};
0;B ={y € B:3x ¢ B, such that 0(z —y) VO(y —x) > 0}.

The first step is to construct the following asymptotical behavior of the

Green function:
Lemma 2.4.11.

lim Gg(z,y)
wy—o0i|z) >yl (log [[yll/ log [|z|)g(x, y)

=1; (2.4.25)

Remark 2.4.3. It is a bit unsatisfactory that we need to require ||z|| > ||y||

in the limit. When 0 is symmetric, this requirement can be removed since

Gr(z,y)/(1 —k(z)) = Gk (y,2)/(1 — k(y)).

Proof. By Lemma we can assume |z|| > |ly||(log ||ly||)'/*. Let n =
Iyl (log ly|)*/® and B = C(n). As before, we have:

pi(z) = Gr(z, K) = Y HE (2,2)Gk(2,K) = > HE (z,2)px(2).

z€0;B 2€0;B

By Theorem [1.3.12, we get:

c n?1
3 HE (@,2) QIOg” (2.4.26)
2 ~ TelPiog el
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2.4. The critical dimension: d=4

By Lemma [2.4.4, we have Gk (z,y) ~ g(z,y) ~ asn=2 for any 2z € 9;B.

Therefore,
Gkl(x, Z HE (x,2)Gk(2,9) Z HE (z, 2)ayn™2
z€0;B z€0; B
~ aglogn/(||z||* log||z|)) ~ aslog|ly|l/(|l]]* log |l])).
This finishes the proof. O

Now we give the following asymptotics of the escape probability by a

reversed snake.

Lemma 2.4.12. For any x € Z*, we have:

e . C(n) .
Ex(z) = nh_)rrolo logn ;( )Hk (z,2) exists. (2.4.27)
z€0oC(n

Remark 2.4.4. Note that Hi(n)(z,:c) = ’Hi(n)\K(z, x) and

ZzeaoC(n) Hi(n)(z,x) is the probability that a reversed snake starting from
x does mot return to K, except for the bush grafted to the root, until the
backbone reaches outside of C(n). For the random walk in critical dimension
(d=2), we also have (e.g. see Section 2.3 in [10]):

Ex(z) = lim logn- Z HEONE (2, 2) exists,  for any x € Z*, K cC 7%

n—00
2€8,C(n)

and

1

Proof. We first need to show:

EK(CL).

logn Y H M (zy) = 1. (2.4.28)

lim
nooy—ocs lyll<n log [lyll &=

Choose some z € Z* such that ||z|| > nlogn. By the First-Visit Lemma, we
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2.4. The critical dimension: d=4

have:

Grley)= Y Grle,)H " (2. (2.4.29)
2€0,C(n)

Due to last lemma, Gic(a,y) ~ a2l - log|lyl/log |2ll, Gi(z,2) ~

asl|z|| =2 - logn/log ||z|. Together with (2.4.29)), one can get (2.4.28).
Now we are ready to show (2.4.27). Without loss of generality, assume

|lz|| > Rad(K). Write

a(n) =logn - Z ’Hk

2€9,C(n)

Note that, for any (large) m > n,

Z HC(m Z ,HC(n Z ,HC(m )

wED,C(m) 2€0,C(n) weaoC( )

By (2.4.28]), we have Zweaoc(m) Hi(m) (w, z) ~ logn/logm. This implies
a(n)/a(m) ~ 1 and hence the convergence of a(n). O

Proof of Theorem |1.3.13. Let n = ||z||/log ||z|| and B = C(n). Then,

. b G , fHB ,
P(Sy(1x) = alS, visits K) = 2esa P Fico,p Gr(2: 2)Hil (2, 0)

Pk (2) 1/202||z||* log ||z
agl|z]| 72 > 2c0,B HE (2, a) N aygl|z|| %€k (a) log™t n
1/20?||z||* log ||| 1/202||z||* log ||z
o*Ex(a)
~ 9 £ o er\a)
oraséic(a) = 4n2,\/det Q°

O

2.4.4 The range of branching random walk conditioned on

the total size

The main goal of this subsection is to construct the asymptotics of the range
of the branching random walk conditioned on the total size, i.e. Theorem
1.3.141 Our proof of this theorem is based on some ideas from [14]. Espe-
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2.4. The critical dimension: d=4

cially, we need to use the invariant shift on the invariant snake, S”.

For the invariant snake S’, recall that its backbone is just a random
walk with jump distribution #~. We write 7, for the hitting time (vertex)
of (C(n))¢ by the backbone. Thanks to Proposition [2.4.5, we can obtain the

following:

Proposition 2.4.13.

4%y /detQ 1

P(S}(v) # 0, Yo < 7, not on the spine) ~

o logn;
167m2y/det @ 1
P(S{(v) #0,i=1,2,...,n) ~ :
( O(/Ul)?é y b ) 4y 7”) 0_2 logn’
where v1 < vy < v3 < ... are all vertices of Sé that are not on the spine.

Proof. By Proposition 2.4.5 (set K = {0}) and the Overshoot Lemma, we

have:

7T2 €
DR G P LU A

o2 logn’
7:(€C(n))—0,yCC(n)

Hence, the first assertion can be obtained if we can show

P(S{(v) # 0, Yo < 7, not on the spine) ~ Z b(7).
7:(C(n))*—=0,7EC(n)

Let pg = P(Sp does not visit 0 except at the root) and the new killing
function &’(x) be the probability that S visits to 0 (except possibly for the
starting point). Note that k'(z) = kx(z) when x # 0. We write by/(v) for
the probability weight of v with this killing function. Then, we have

P(S}(v) # 0, Yo < 7, not on the spine) ~ py Z by (7)
7:(C(n))°—0, vEC(n)

= po( Z by (7))( Z by (7))-

7:(C(n))¢—0, vSC(n)\{0} 7:0—0, vEC(n)
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2.4. The critical dimension: d=4

Note that hmn—)oo Z’y:(]—m, ~CC(n) bkl (fy) = ny:()—ﬂ) bk, (7) and

> b(v) = > b (7).

7:(C(n))¢—0, vEC(n) 7:(C(n))*—=0, yEC(n)\{0}

Hence, for the first assertion, it is sufficient to show:

po > bp(y) =1 (2.4.30)
~7:0—0

Note that this is just (2.2.9) (note that we set x = 0, K = {0}). We finish

the proof of the first assertion. The second assertion is an easy consequence
of the first one, noting that, for any € € (0,1/4) fixed, P(v, < TLn1/476J) and

P(vn = 7141 )) are o((log n)~1). O
Now we can construct the following result about the range of S7:

Theorem 2.4.14. Set R. := #{S{(0), St (v1), ..., S8 (vn)} for every integer
n > 0. We have:

as n — o0
n o2 J

lognRI RN 1672/det Q
n

where v1,va, ... are the same as in Proposition|2.4.15. Hence, we have:

lognR] P, 1672/det Q

n " o2

as n — OQ.

Remark 2.4.5. Since the typical number of vertices in the spine that come

before vy, is of order \/n, which is much less than n/logn, one can get,

log n _ _ . p 167%/detQ
i #{Sé(v()),s({(vl)vy‘s({(vn)} — T as n — o0,
where vy, V1, ... are all vertices due to the default order in the corresponding

plane tree T in SE.

Proof of Theorem |2.4.14. As mentioned before, we need to use the invariant
shift ¢ on spacial trees, which appeared in [14]. For any spacial tree (T, Sr),
set ¢(T,Sr) = (T”,S}+). Roughly speaking, one can get 7" by 'rerooting’ T
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2.4. The critical dimension: d=4

at the first vertex that is not in the spine and then removing the vertices

that are strictly before the parent of the new root. For &7, just set:
Sh(v) = Sr(v) — Sr(d'), for any v € ¢(T),

where o' is the new root. The key result is that ¢ is invariant under the
law of the invariant snake from the origin. For more details about this shift
transformation, see Section 2 in [14].

Now we start our proof. For simplicity, write 99 = 0(€ Z4) and 0; =
S{(v;). First observe that:

E(RL) = E(f: Lio, 200 wi€lit1n]}) = f: P(; # 9;,Vj € [i + 1,n]).
i=0 i=0
From the invariant shift mentioned in the beginning, we have
P(0; # 0,V € [i + 1,n]) = P(vj # 00,Yj € [1,n —i]).
Therefore by Proposition we get

1672/detQ n

n
I\ “ ~ . N
E(R,) = ;P(UJ # 00, Vj € [1,n —i]) 2 og (2.4.31)
Now we turn to the second moment. Similarly, we have
n n
E((RL)?) =B Y 1oro,vheli+1nloito; vieli+1n)})
i=0 j=0
=2 P(0y # 03,Vk € [i +1,n]; 0 # 05,V € [j + 1,n]) + E(Ry)
0<i<j<n
=2 > Py #0Vke[Lin—ili # 0,V €[j—i+1,n—i])
0<i<j<n
+E(R,),

where the last equality again follows from the invariant shift. For any fixed
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2.4. The critical dimension: d=4

a € (0,1/4) define

opi=sup{k >0:v, <wu, 1_.}

[n27%]

where ug < u; < ... are the all vertices on the spine. By standard argu-

ments, one can show
P(on ¢ [n'73%,n'72)) = o(log ™ n).

Therefore we have

I 1
lim sup(—2)?E((RL)?) = limsup 2(—2)? 3" Py #0,
n

n
n—00 n—00 0<i<j<n

k€ [Ln— it # 05,V € [ — i+ Ln —df;on € [0, 21 7)).

Obviously, in order to study the limsup in the right-hand side, we can restrict
the sum to indices i and j such that j —i > n'~®. However, when i and j

are fixed and satisfied with j —i > n'~®,

Py # 0,k € [L,n —i]; 0 # 0j_, VL € [j —i + 1,n — i];0, € [n' 73 017

< Pty # 0,Yk € [1,00);01 # 0j_i, VI € [j —i + 1,n —i];0, € [n' 3% n' 7))

= P(0y, # 0,Yk € [1,0,];00 € [n' 72 0N P() # 0,_i, VI € [j —i + 1,n —i])
= P(ip # 0,Vk € [1,0,);00 € [n' 73 072 P(iy # 0,V € [1,n — j]).

Note that for the second last line, we use the fact that after conditioning on
on = m(< n'~%), the event on the second probability is independent to the

event on the first one, and for the last line, we use the invariant shift. Now,

P(ty, # 0,Yk € [1,04]; 00 € [n173%,0179]) < P(0y, # 0,Vk € [1,n1739)),
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2.4. The critical dimension: d=4

and then we have

logn logn

lim sup( 2E((RL)?) < limsup 2( )2
n—oo n n—o0
> P(ty # 0,k € [1,n 3 P(5; # 0,¥1 € [1,n — j])
0<i<j<m,j—i>nl—
1 (167r2\/m)2
5 .

:1—3a o

Let a — 0T, we get

108 ™ o (RIY?) < (LOTVIEQ ),

2

lim sup(
n—o0 n o

Combining this with (2.4.31]), we finish the proof of Theorem [2.4.14 O

Noting that S is different to SJ only at the subtree grafted to the root,

one can also obtain the range of the infinite snake S™:

Corollary 2.4.15. Set R, := #{S; (v0), Sy (v1),...,S; (vn)}. Then,

logn 1672/det
& R, il 1677V det @ as n — 0o,
n o?

where vg,v1,... are all vertices of the corresponding plane tree due to the

default order in the reversed snake.

Now we are ready to prove our main result about the range of branching
random walk conditioned on the total size. This result will follow from
Corollary by an absolute continuity argument, which is similar to the
one in the proof of Theorem 7 in [14]. The idea is as follows. We write =
for the law of the u-GW tree. For every a € (0,1), the law under =" :=
E(:|#T = n) of the subtree obtained by keeping only the first |an| vertices of
T is absolutely continuous with respect to the law under =2°°(-) := Z(:|#7T =
00) of the same subtree, with a density that is bounded independently of n.
Then a similar property holds for spatial trees, and hence we can use the
convergence in Corollary for a tree distributed according to =%, to

get a similar convergence for a tree distributed according to Z™.
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2.4. The critical dimension: d=4

Proof of Theorem [1.3.14]. Let G be the smallest subgroup of Z that contains
the support of u. In fact, the cardinality of the vertex set of a u-GW tree
belongs to 14+ G. For simplicity, we assume in the proof that G = Z. Minor
modifications are needed for the general case. On the other hand, for any
sufficiently large integer n € 14 G, we can define the conditional probability
S" to be Sy conditioned on the total number of vertices being n (this event
is with strictly positive probability).

For a finite plane tree T', write vo(T"), v1(T), . .., vgr—1(T') for the vertices
of T by the default order. The Lukasiewisz path of T is then the finite
sequence (X;(T"),0 <1 < #T), which can be defined inductively by

Xo(T) =0,X141 —X; = kvl(T)(T) —1, forevery 0 <[ < #T,

where k,(T)(for v € T') is the number of children of u. The tree T is
determined by its Lukasiewisz path. A key result says that under =, the
Lukasiewisz path is distributed as a random walk on Z with jump distribu-
tion v determined by v(j) = p(j + 1) for any 5 > —1, which starts from
0 and is stopped at the hitting time of —1 (in particular, the law or #7T
coincides with the law of that hitting time). For notational convenience, we
let (Y%)r>0 be a random walk on Z with jump distribution v, which starts

form 7 under P;), and set
Ti=inf{k>0:Y, < -1}

We can also do this for infinite trees. When T ia an infinite tree with
only one infinite ray, now the Depth-First search sequence o = vy < v; <
v < - < vy < ... only examines part of the vertex set of T. We could also
define the Lukasiewisz path of T to be the infinite sequence (X;(T),7 € N):

Xo(T) =0, X141 — Xy = kyy(7)(T) = 1, for every [ € N.

Now, only the ’left half’ of T' (precisely, the subtree generated by vg,v1, ...),
not the whole tree T, is determined by its Lukasiewisz path. It is not

difficult to verify that when 7" is a u-GW tree conditioned on survival, its
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Lukasiewisz path is distributed as the random walk on the last paragraph
conditioned on 7 = oo, i.e, a Markov chain on N with transition probability
p(i,j) = %I/(j —1). Recall that the infinite u-GW tree is just the ’left half’
of the u-GW tree conditioned on survival.

Next, take n large enough such that =(#71 =n) > 0. Fix a € (0,1), and
consider a tree (finite or infinite) 7" with #7° > n. Then, the collection of
vertices vo(T'), . . ., V| an|(T') forms a subtree of T' (because in the Depth-First
search order the parent of a vertex comes before this vertex), and we denote
this tree by p|qn (7). It is elementary to see that p|q,|(T') is determined by
the sequence (X;(T),0 <1< |an]). Let f be a bounded function on ZL*,
One can verify that

1 — Yn(X|an )
P =S U (Xosistan) =),
(2.4.32)

E"(f(Xk)o<k<lan))) =

where for every j € N, ¥, (j) = P;)(t =n+1— |an]).
We now let n — oco. Using Kemperman’s formula and a standard local

limit theorem, one can get,

o (Sup ‘ Va(j)

_ J _
n—oo \ jea, Poy(t=n+1)(j+1) Fa(g\/ﬁ)o 0, (2.4.33)

where T'g(z) = exp(— (12a))/(1 — a)% and A, = {i € N: Py)(r = n+
1 —lan]) > 0}. By combining (2.4.32) and (2.4.33), we get that, for any

uniformly bounded sequence of functions (f,)n>1 on Z+1 we have
lim (=" (fu((X) )~ Z (ko ton ) Tal S 2D = 0.
il 1= UUn k)0<k<|an| n k)0<k<|an] O_\/»

Clearly, the above still holds after we add the spatial random mechanism.

Therefore, when € > 0 is fixed, we have

S (25 (L R, ~tan/ logn|>en/ logn})

—00 ‘l"J
—0 (1{|RLQnJftan/logn|>en/logn}r ( O’f ))| =0,
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2 . .
where t = 16”07 VzdetQ, =y, 25° are the laws of the corresponding tree-indexed

random walks, and R4, is the range of the subtree |4, (T'). Note that the
function I'y is bounded and under Z§°, R, is just the range of S5 for the
first [an| vertices. Hence, by Corollary (note that S; = S§° since we
assume that 6 is symmetry), we obtain that

3 =n —
nhan;o —0 (1{‘RLanJ —tan/logn|>en/ logn}) =0.

Note that R, > R|4y,| (under Z}) and a can be chosen arbitrarily close to
1, this finishes the proof of the lower bound.

We also need to show the upper bound. Note that p| 4| (T) is the subtree
lying on the ’left’ side, generated by the first |an| vertices of T'. Similarly,
one can consider the subtree lying on the ’right’ side. Strictly speaking, to
get the subtree lying on the right side, denoted by Plan] (T'), we first reverse
the order of children for each vertex in 7', and then p|,,| of the same tree T
with the new order is just Pl J(T). Write R, for the range of Plan] (T)

an
corresponding to 8™. By symmetry, we also have

A Z5(LR, | ~tan/togn|>en/logny) = 0-
Now fix some a € (0,1). Note that p|q,(T) and PL(1—a)n) (T') cover the

whole tree T' except for a number of vertices. This number is not more
than [p|an|(T) N Pl(1—ayn) (T)] + 2. Note that on each generation, there
is at most one vertex that is in both p,, (T) and PL(1—a)n) (T'). Hence
1Plan) (T) N PL(1—ayn) (T')] is not more than the number of generations, which
is typically of order \/n (under E"). Hence, Ry, — (R4 (S”)+RR1_G)nJ (8™))
is less than n%¢ with high probability (tending to 1). This finishes the proof
of the upper bound. O
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Chapter 3

Branching interlacements

3.1 Preliminaries

3.1.1 Plane trees, contour function and branching random
walk

We are interested in (finite or infinite) rooted ordered trees, called plane
trees. A rooted tree t is a tree with a distinguished vertex o called the root.
t can be regarded as a family tree with ancestor o. A plane tree is a rooted
tree in which an ordering for the children of each vertex is specified. The
size |t| is the number of edges of t. We denote by A the set of all finite
plane trees and by A, the set of all plane trees with n € N edges.

Let t be a plane tree and k € N, we write [t];, for the subtree obtained by
keeping only the first k& generations of t. Let 7' be a GW (Galton-Watson)
tree with geometric offspring distribution of parameter 1/2 (throughout this
chapter our GW tree will always be with this offspring distribution). It
is classical that the distribution of 7' conditioned on having n edges is the

uniform probability measure on A,. The following result is also standard

(e.g. see [1]):

Proposition 3.1.1. Let T}, be uniform on A,,. Then there exists a random

infinite plane tree Ty, such that for every k € N we have

Tl —% [Toolr, as n — oo. (3.1.1)

Moreover, this random infinite plane tree T\, called the critical Galton-
Watson tree conditioned to survive, can be constructed in the following way:

begin with a semi-infinite line of vertices called the spine and graft to the
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left and to the right of each vertex in the spine an independent GW tree. It
is rooted at the first vertex in the spine.

A nice way to code plane trees is the so-called contour function. Assume
t is a plane tree with k£ edges. Let vy be the root of t. Define v; to be the
first unexplored child of v;_1 if v;_1 has such children, or the parent of v; if
not, for ¢ = 1,...,2k. Let C(i) be the tree distance between the root and
v;. Then (C(7))ieqo,....2} is the contour function of t.

For k € N, a Dyck path of length 2k is a sequence (sq, 1, ..., So) of inte-
gers such that sy = sor, =0, s; > 0 and |s; —s;,—1| = 1, for every i = 1, ..., 2k.
If t is a plane tree of size k, then its contour function (C(0),C(1),...,C(2k))

is a Dyck path of length 2k. Moreover, we have (e.g. see the lecture notes

[15])

Proposition 3.1.2. The mappingt — (C(0),C(1),...,C(2k)) is a bijection
from Ay onto the set of all Dyck paths of length 2k. Therefore, the contour
function of a GW tree conditioned on having k edges is uniform on all Dyck
paths of length 2k.

There is a similar result for the unconditioned GW tree. Assume S =
(Sn)nen is simple random walk on Z (starting from 0). Let 7 = inf{n €
N: S, = —1} < oo a.s. Then, the distribution of the contour function of a
unconditioned GW tree is the same as (S;)o<i<r—1-

Now we introduce the simple random walk in Z¢ indexed by a random
plane tree T'. Conditionally on T" we assign independently to each edge of
T a variable uniform on all unit vectors in Z?. Then for every vertex v
in T, we assign to v the sum of the variables of all edges belonging to the
unique simple path from the root o to the vertex v. This gives a random
function Sy : T' — Z¢ from the vertices of T' to the vertices of Z¢ (note that
Sr(0) =0). A plane tree T' together with this random function St is called
a spatial tree. When T’ is an unconditioned GW tree, a GW tree conditioned
on having n edges or a GW tree conditioned to survive, the spatial tree is
called finite branching random walk, branching random walk conditioned to
have n progeny or branching random walk conditioned to survive. When

T = T, we can talk about recurrence and transience. If |Sii (0)] < > a.s.,
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we say that the branching random walk conditioned to survive is transient.
If |$;i> (0)] = oo a.s., we say that it is recurrent. About recurrence and
transience, we have (see [3] or see Corollary [1.3.10/ and Proposition [2.3.4)) :

Proposition 3.1.3. Branching random walk on Z¢ conditioned to survive

1s transient if and only if d > 4.

3.1.2 Some results on simple random walk

Let us now collect some facts about random walks for later use. We use C,
¢ to denote positive constants, depending only on dimension d, which may
change from line to line. If a constant depends on some other variable, this
will be made explicit. We use a V b and a A b for max{a,b} and min{a, b}
respectively. We will write f < g (f = g resp.), if there exists a positive
constant C' (depending on dimension only), such that f < Cg (f > Cyg
resp.) and write f =< g if f < g and f = g. For « € Z%, we write P, (just in
this subsection) for the law of simple random walk (Z,),>0 on Z¢ starting
at Zyg = x. Define:

pn(x) = Po[Zy = x];  pu(z) := 2(d/27n)Y? exp(—d|z|3/2n), (3.1.2)

where we write |- |2 for the Euclidean norm (and reserve |-| for the co-norm).
Then we have the so-called Local Central Limit Theorem (LCLT) (e.g. see
Chapter 1.2 in [10]):

Proposition 3.1.4. For x € Z¢, we have
pn(z) <=2, (3.1.3)

If 6 < 2/3 and |z| < n® such that z and n have the same parity, then we

have
pn(2) = Ppu(2)(1 + O(n*72)). (3.1.4)

The next proposition follows from an application of the Azuma-Hoeffding

inequality (e.g. Proposition 2.1.2 [11]).
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Proposition 3.1.5. There exist positive C and c, such that for all n and
5> 0,
Py[ max |Z;j| > sv/n] < Cexp(—cs?). (3.1.5)
0<j<n

The Green function of simple random walk on Z¢ is defined by
o0 oo
G(x,y) = PlZn=yl =) paly—2), z,yeZ’ (3.1.6)
n=0 n=0
Using LCLT, one can get the standard estimate for the Green function

(for d > 3)

G(zy) = puly—2) = (Jo—y| v 1> (3.1.7)
n=0

Using the same method, one can also get (for d > 5):
o0
D nepaly ) =< (o -yl v (3.1.8)
n=0

We are particularly interested in one-dimensional simple random walk.

The following is a special case of Kemperman’s formula (Lemma 2.12 in
[15]).

Proposition 3.1.6. Let 7 be the hitting time of —1. We have, for any
k€N and n € NT,

k1

PyJr = n] P[Sy = —1], (3.1.9)

where Py is the probability measure under which the simple random walk S

starts from k.
We will also use the so-called heat kernel bound (Lemma 2.1 [7]):

Proposition 3.1.7. There exists positive C and c, such that for allm € N*

and k € N, (Py has the same meaning as in last proposition)
Po[Sn = k] < Cn Y2 exp(—ck?/n). (3.1.10)
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3.2. Basic model and some first properties

3.2 Basic model and some first properties

In this section we give the definition of branching interlacements at level u as
the range of a countable collection of doubly-infinite trajectories in Z%. As
we mentioned before, the model of branching interlacements is an analogous
model to random interlacements. Many definitions here are similar or even
the same as in [21]. The collection of doubly-infinite trajectories will arise
from a certain Poisson point process, called the branching interlacements
point process. The main task is to construct the intensity measure of this

Poisson point process.

3.2.1 Notations

We denote with | - |2 and | - | the Euclidean and oo-norm on Z%¢. We write
B, (r) and S, (r) for the closed | - |-ball and | - |-sphere with center x in Z¢
and radius r > 0. We say that z,y in Z¢ are neighbors (denoted by x ~ %),
respectively *-neighbors, if |x —y|o = 1, respectively |x —y| = 1. The notion
of nearest neighbor or *-nearest neighbor paths in Z¢ is defined accordingly.
For a subset K of Z%, we define

0K = {x € Z\K : Jy € K such that z ~ y} (3.2.1)
its external boundary and
K = {z € K : Jy € Z°\K such that = ~ y} (3.2.2)

its internal boundary. We consider W and W, the space of 2-sided and

1-sided nearest neighbor transient trajectories on Z%:

W={w:Z— Zd;‘ l|im |lw(n)] = oo and w(n + 1) ~ w(n),Vn € Z},
n|—oo
(3.2.3)
Wy ={w:N -z li_>m |lw(n)| = oo and w(n + 1) ~ w(n),Vn € N}.

(3.2.4)
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If w= (w(n))pez € W, we define wy € W, to be the part of w which is
indexed by nonnegative coordinates, i.e., wy = (w(n)),en. We denote by
W, the product o-algebra on W generated by coordinates, and by W, the
product o-algebra on W,. For w € W or Wy and z € Z%, we denote the
space translation by w + z, i.e. (w+ z)(n) = w(n) + x. We define the shift
operators 0, - W — W, k€ Zand 0, : Wy — W, k€N by

(01 (w))(n) = w(n + k). (3.2.5)

Next we will define the space (W*, W*), which will play an important role in
our construction of branching interlacement. Define the set of paths modulo

time-shift by W* = W/ ~, where ~ is the equivalence relation
wy ~ wy, if O (w1) = wy for some k € Z. (3.2.6)

Denote the canonical projection by 7 : W — W* which sends each element
in W to its equivalence class in W*. We endow W* with the shift invariant
o-field:

W= {ACW*: 7 1A) e W}. (3.2.7)

For any finite subset K of Z?¢ (we will write K CC Z? for this), define:

Wx ={w € W :w(n) € K, for somen € Z} and Wy =nr(Wkg),
(3.2.8)

Wkt ={w e Wy :w(n) € K, for some n € N}. (3.2.9)

It follows from (3.2.3) that, for any trajectory w € Wg or Wi, the set

{n:w(n) € K} is finite. Hence, we can define the ‘entrance time’:
Hg(w) = inf{n : w(n) € K}. (3.2.10)

Thus Hi(w) < oo if w € Wk or Wik ,. We can partition Wi according to
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the time of the first entrance:

Wk = U Wg, where Wg ={we Wg: Hgx(w) =n}. (3.2.11)
nez

We define tx : W — W, respectively ti : Wi — Wi with tx(w) = w,
respectively t}(w*) = wp, where wy is the unique element wg in WIO( with
wo =~ w, respectively 7(wp) = w*. Also we can define tj., : Wi — W, with

tie (w) = (T (W) +-

3.2.2 Simple random walk as a contour function and snakes

Our goal is to construct a o-finite measure on (W*,W*). Before doing
this, we need to introduce the finite measure Qg for every K CcC Z% on
(W,W). The first step is to build a random matching on E(Z) = {e; =
(1t —1,7); 9 € Z}, the set of all edges of the lattice Z. Let S = (5;)icz
be 1-dimensional two-sided simple random walk. Then S almost surely
determines a matching of E(Z), or more precisely, a bijection fg between
the set of upsteps M (S) = {e; : S; — Si—1 = +1} and the set of downsteps
N(S)={e;:S;i— Si-1=—-1}:

fs(ex) = e if and only if
k<l,Sk—Sk-1=1,8—-5_1=-1, &S, =S5_1=ming<,<;—1 Sn.
(3.2.12)

Remark 3.2.1. If we glue edges through the matching, the resulting quotient
of the graph Z (rooted at 0) becomes an infinite plane tree. Precisely, for any
z,y €L, let d(x,y) = Sz + Sy —2min{S; : t € [z,y]}. If we identify z and
y when d(x,y) = 0, then under this equivalence, the quotient space with the
metric d is an infinite plane tree. One can check that using the description
after Proposition|3.1.1|, this tree is just Too and S is just its contour function
if we let the spine go downwards and the finite trees attached to the spine
grow upwards as usual. Note that for a finite tree, since we place the root at
the bottom, its contour function is always non-negative. But here we let the

spine go downwards hence the contour function can be negative.
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SRW

Figure 3.1: Construction of 2-sided infinite snake

Now we combine the contour function and the simple random walk in-
dexed by a random tree. At the moment we have a mapping from Z to
T along the contour. A transient mapping from Th to Z% can be written
as a trajectory X € W with the property that if n,n’ € Z correspond to
the same vertex of T, then X,, = X,,. We shall denote the increments
of such a mapping by Y;, = X,, — X,_1. Since in the contour exploration
of the tree, each edge is crossed once in each direction, the corresponding
increment variables should be opposite to each other, and otherwise they

are independent.

Definition 3.2.1. Let S = (Sy)nez be two-sided simple random walk and fs
be the corresponding matching. For each upstep e, of S, where S, = S,_1+1
let Y, be a uniform unit vector in Z¢, all independent. For any downstep
em = (m—1,m) letY,, = =Y, wheren is such that fs(e,) = e (see figure.)
The starting point Xo = 0 and relation Y, = X,, — X,,_1 determine X, for
all n. The trajectory (X)nez is called the 2-sided infinite snake. The
half process (X )nen is called the (1-sided) infinite snake. In this section,
we write Py for the law of X. If the starting point is © (i.e. X9 = ), we

use P,.

Claim 3.2.2. Since S is invariant under time-reversal and Y is symmetric,
we can see that X is also invariant under time-reversal, i.e. (Xp)nez and
(X_n)nez have the same distribution. Similarly, one can see that the law of

the increment sequence Y 1is also invariant under time shift.

Remark 3.2.2. X is not a branching random walk, but the contour function

of the branching random walk conditioned to survive. We primarily focus
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on the range of X, which has the same distribution as the range of the
corresponding branching random walk. The reason for the introduction of
snakes is that the contour function provides us a nice way to code branching
random walk. As we mentioned in last section, this branching random walk
is transient if and only if d > 5. Hence for d > 5, P, is indeed a probability
measure supported on W. This is why we assume d > 5 throughout this

chapter.

The finite snake is defined similarly, as follows. For the simple random
walk S, set 7 = inf{n > 0 : S, = —1} < oo as. . The finite path
{S0,S1,...,S7_1} is called an excursion of the simple random walk. We can
also define the matching on the finite edge set {e; = (i — 1,i) : 1 < i <
T —1}, in the same way as before. Then we may also define (Y;)1<;<-—1 and
(Xi)o<i<r—1 as before. This finite process X is called the finite snake and is
the contour function of the unconditioned branching random walk.

Note: the process X is just the restriction of the infinite snake X to the
random time interval [0, 7 — 1]. It is possible that 7 = 1, in which case the
branching random walk dies immediately and its image is the single point
Xo.

If we condition on 7 = 2L + 1, then (X;)o<i<2r is called the snake con-
ditioned to have length 2L and is the contour function of the branching

random walk conditioned to have L progeny.

3.2.3 Construction of the branching interlacement intensity

measure

Once we have the definition of P, (see Definition 3.2.1), we can define a
measure Qx on (W, W) for any K cC Z%. In fact, Qx will be supported
on WY (see (3.2.11))). For any K cC Z% and A € W, define:

Qx(A) =) P[ANWR]. (3.2.13)
zeK

Note that since P, is a probability measure, Qx(A) < |K|, so Qk is a

finite measure.
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For different K C K’ cC Z%, Qg and Q- are consistent in the following

sense:

Proposition 3.2.3. For any A € W*, and K C K' CC Z%, we have:
Qr (YA NWg) = Qg (771 (A) N Wk). (3.2.14)

With the help of this proposition, we can define a measure on (W* W*):

Theorem 3.2.4. There exists a unique o-finite measure v on (W* W¥)
which satisfies: for all K CC Z4

Wkt v=moQk. (3.2.15)

Proof of Proposition [3.2.5. Write B = tx (7 1(A) N Wk). Since Qi (Qk-
resp.) is supported on W5 (WY, resp.), we have:

Qr(m Y (A)NWk) = Qk(B) and Qg (7 (A)NWk) = Q-+ (tx+(B))
(3.2.16)

So, we need to prove:
Qk(B) = Qk/(tx/(B)). (3.2.17)

We partition WIO( according to the hitting time and hitting point of K
and K'. For any 2 € K,y € K’ and n € Z~ = {0, -1, -2, ...}, define:

Apny ={w e W :w(0) =z, Hx(w) = 0,w(n) =y, Hx(w) = n}. (3.2.18)
On Ay pny, ti is injective, tg/(w)(e) = w(e +n) and:
tr(Apny) ={we W :w(0) =y, Hx(w) = —n,w(—n) =z, Hg/(w) = 0}.
Let By ny = BN Agny. Then B has a countable partition:

B= U Bany- (3.2.19)
rzeKyeK' mezZ—
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In order to show (13.2.17)), it is enough to prove:
Qr(Beny) = Qi (tk' (Beny))- (3.2.20)
By definition of Qx (see (3.2.13)), the left hand side is:

QK(Bm,n,y) = Pm(Bm,n,y) = P:E[Xn = yyHK(X) = 07HK’(X) = n7X0 = l’]
Y Py [X = &, Hi(X) = —n, Hyr(X) = 0, Xo = 4] = Qe (txc:(Bany)
Since {X,, = y,Hg(X) = 0,Hg/(X) = n,Xo = z} is the translation of
{X_, = 2,Hg(X) = —n,Hg/(X) = 0, X9 = y} by n, (x) is due to the

translation invariance of Y (see Claim |3.2.2). O
Proof of Theorem [3.2.4. Uniqueness is obvious by (3.2.15)).
For the existence of v, fix a sequence K7 C Ko C ... converging to Z¢,

define: v(A) = lim, 00 Qx,, ((m) 1 (AN Wi )) (This sequence is increasing
and hence the limit exists). We just need to check that v does not depend
on the choice of the sequence. The following is enough: if K C K’ cc Z¢
and A € W*, A C Wy C Wy, then

Qrer (7 (A)) = Que(n(A)). (3.2.21)

Note that A C W3, so 7 1(A)NWg = 7~ 1(A). The equality above is what
Proposition tells us. O

One can easily check, by definition, the following proposition, which we

state here for future use:

Proposition 3.2.5. 1. v is invariant under the time inversion: w* —

w*, where w* = 7(w), with (w) = w* and w(n) = w(—n), forn € Z;

2. v is invariant under spatial translations: w* — w* + x,x € Z%, where

w* 4z =7w(w+ z), with 7(w) = w*.

Given K CC Z%, we define the escape probability, similarly to the anal-
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ogous notion for simple random walks.

é[(((L‘) ::Pm[HK(X) = O] = 1{x€K} . Px[Un<0{Xn} NK = @] (3.2.22)
:1{9061(} . P:U[Un>O{Xn} NK = @] (3223)

The last equality is due to the fact that the law of X is invariant under
time-reversal by Claim Note that €k is supported on 0; K. We write
P, k) for the restriction to (W4, W,) of Py(-[Hk(X) = 0), and write Py

for the normalized measure:

1
Pumg— s Y @R (G229
z€Supp(ex) CK\X zeSupp(ek )

It is straightforward to check that (see the end of Section for the
definition of .. ):

> ek(@) Pk =ticy o ({Wi}w). (3.2.25)

z€Supp(ex)

Remark 3.2.3. In fact, Py ) is the law of the positive part of a infinite
2-sided snake starting from x, conditioned on its negative part avoiding K.
The positive part and negative part are only related at the spine. Hence,
compared to P, (restricted to (W4, Wy)), P k) just changes the law of
the spatial spine, not the law of the spatial trees grafted through the spine.
Moreover, under P, iy, the spatial spine is a biased Random walk on 7.
The transition probability of this biased random walk can be expressed as
follows: for x ~ y, the transition probability p(x,y) = Py[(X)n<o N K =
01/ 32 e Pe[(X)n<o N K = 0].

We now define the branching capacity by:
BCap(K) = v(Wg). (3.2.26)

Analogously to the standard capacity, branching capacity is the total
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mass of escape probability:

BCap(K) = v(Wj) = Qx(Wk) = Qr (W)
=Y P[Hk(X) =0] > ().

zeK zeK

Remark 3.2.4. The definition of branching capacity in this chapter is a
bit different to the ome in previous chapters. In fact, one can verify that
ex(x) = Esk(x)/2. Therefore, K’s branching capacity here equals half of

the branching capacity before.
Also, branching capacity is monotone and subaddictive:

Proposition 3.2.6. For any K cC K' cC Z¢,
BCap(K) < BCap(K'); (3.2.27)
For any K, K, CC 7,
BCap(K; U K») < BCap(K1) + BCap(K2). (3.2.28)

Proof. For monotonicity, assume K cC K’ cC Z®. Any trajectory hitting
K must hit K’. Hence Wy, C Wj,. Therefore BCap(K) = v(Wj) <
v(W},) = BCap(K').

Similarly, any trajectory hitting K; U Ko must hit either K; or Ks.
Hence W g, © Wi, UWg, . Therefore BCap(K1 U K2) = v(Wi  k,) =
v(Wg, UWg,)) <v(Wg,) +v(Wg,) = BCap(K1) + BCap(K3). O

3.2.4 Branching interlacement point process
We further need to introduce the space of locally finite point measures on

W

Q:= {w: 25“’?7’ where w;, € W*, n >0

n>0

and w(Wg) < oo for any K CC Zd} (3.2.29)

120



3.2. Basic model and some first properties

We endow W* with the o-algebra A generated by the evaluation maps

of form

wwD) =Y 1w, €D], fw=> by, DeW" (3.2.30)

n>0 n>0

For any u € R, the probability space of the branching interlacement Pois-
son point process (PPP) at level u is (92, .4, P"), where

w = Z duwx is a PPP with intesity measure - v on W™ under P,
n>0
(3.2.31)

where v is defined in Theorem [3.2.4.
Up to now, we have constructed the branching interlacement point pro-
cess. In addition, we would like to introduce some relative PPP on W,.

Consider the space of countable point measures on W,.:

M := {M = Z Ow,;, Where w; € W4, I is a finite or infinite subset of N}
el
(3.2.32)

endowed with the canonical o-fields M, i.e. generated by the evaluation
maps.

For K cC 7% define ug and O in the following way: if w = ano Oz €

Q, then pr(w) = 3,50 5t;{+(w;‘1)1{w1’; e Wehif p=>3"c; 06w, then O(n) =

Yoier HHk (w;) < oo}dgHK (w)- In words: in px (w) (or ©(s)) we only collect

the trajectories from w (or p) which hit the set K, and keep the part of each

trajectory which comes after hitting K, and reparameterize the time of the

trajectories in a way such that the hitting time of K is 0. We record here
the straightforward identities valid for K C K’ cc Z4:

OK o ugr = UK; (3.2.33)
Or 0Ok = O. (3.2.34)

We have built the Poisson point measure P* on (€2, .A) with intensity u-v
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(see (3.2.31)). Since Ps, is a measure on (W, , W, ), we can also realize on
(M, M) a Poisson point measure with intensity u - Ps,. We denote the law

of this Poisson point measure by P%. Given w = Zz‘zo s, we write:

D= s €% Va(w) = Suro €N (3.2.35)

i>0 i>0

The following follows from (3.2.25)), (3.2.33) and Proposition |3.2.5

Proposition 3.2.7. For any K C K' cC Z%, u € [0,00) and z € Z¢, we

have:
1. P% is the law of px under P¥;
2. O o PY, =P,
3. P% is invariant under w — @;
4. P¥ is invariant under 9.
We can now define the branching interlacement at level u:
Definition 3.2.8. Branching interlacement at level u is defined to be the

random subset of Z¢ given by

T=TI(w):= U Range(w;,), where w = Z(Sw% has law P*, (3.2.36)
n>0 n>0

*

where for w* € W*, Range(w*) = w(Z), for any w € W with w(w) = w*.

The vacant set of branching interlacement at level u is defined by
V=V(Ww):=2\ I(w). (3.2.37)

Sometimes we use Z% and V" instead of 7 and V to emphasize the de-
pendence of u. Note that in view of (3.2.33)), we have:

T(w)NK = U w®nK, (3.2.38)
wESUPP p s (w)

for any K cCc K' cc 7%
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Proposition 3.2.9. For any u > 0 and K CC Z%, we have:

Z(w)NK #0 < ug(w) # 0; (3.2.39)
PY[K C V(w)] =exp(—uBCap(K)). (3.2.40)

Proof. (3.2.39) follows immediately from (3.2.38]).

PUK C V()] = PUK N Z(w) = 0] = P fugc(w) = 0
=exp(—u-v(Wpg)) = exp(—uBCap(K)).

O

Remark 3.2.5. Analogously to the case of random interlacements in |21,
(2.17)]), using the inclusion-exclusion principle, one can see that (3.2.40)

uniquely determines the law of V and Z.

In view of Proposition there is an equivalent way to construct a
set with the same law as 7 N K.

Proposition 3.2.10. For any K CC Z%, let N be a Poisson random
variable with parameter u- BCap(K), and (X7)j>1 i.i.d. with the law Pe,

independent from Ng. Then K N (U;V:KlXj(N)) has the same distribution
as TN K.

and

3.3 Branching random walk on the torus and

branching interlacements

In this section we consider branching random walk on the discrete torus
Ty := (Z/NZ)? of side-length N (for any d > 5 fixed). For some technical
reason due to the periodicity of simple random walk on the torus, we assume
N is an odd number, see Remark [3.3.4. We prove that for any fixed u > 0,
the local limit (as N — o0) of the set of vertices in Ty visited by the branch-
ing random walk with a uniformly distributed starting point, conditioned to

have |[uN?| progeny is given by branching interlacement at level 2u.
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3.3. Branching random walk on the torus and branching interlacements

We write ¢ : Z¢ — Ty for the canonical projection map induced by mod
N. Recall that (Definition P, is the law of infinite snake. We write
pEN (respectively PL) for the law of snake conditioned to have length 2L
on the torus Ty (respectively on Z?) with starting point z. If the starting
point is uniform on Ty, we will use PV, PL will be reserved for the law
of 1-dimensional simple random walk excursion conditioned to have length
2L (i.e. T=2L+1).

Theorem 3.3.1. For any K CC Z% and u > 0, if N is odd and (X,) is a
snake on Ty, conditioned to have length 2L with uniform starting distribu-
tion, where L = [uN?|, then

lim PLN[{Xo, X1, ..., Xor} N@(K) = ] = e~ 2w BOw(K), (3.3.1)

N—oo

Remark 3.3.1. By (3.2.40)), the right hand side is P**[ZN K = (].

Remark 3.3.2. Note that the statement here is a bit different to the state-

ment (Theorem and Theorem|1.4.3) in Section|1.4). The reason is that

the branching capacity in this chapter differs from the one in the previous
chapters by a multiplicative constant, 1/2. See Remark|3.2.4,

Through the inclusion-exclusion principle, this theorem implies the local

convergence of the configuration:

Corollary 3.3.2. Under the same assumptions on Theorem for any
A C K, we have:

lim P*N[{Xg, X1, .., Xor} Np(K) = A =P*INK = A].  (3.3.2)

N—oo

The idea of the proof of Theorem is to use the 'law of rare events’,
i.e., to decompose the event into the intersection of weakly dependent rare
events. Hence the proof consists of two main ingredients. One is to estimate
the hitting probability of ¢ (K') by a small snake, see Section the other
is to cut a large tree into small subtrees, see Section .
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3.3. Branching random walk on the torus and branching interlacements

3.3.1 Hitting probability of a set by a small snake

Theorem gives an asymptotic formula for the probability that the snake
visits a subset on T with length proportional to the volume of the torus,
N¢. The main result of this section gives an asymptotic formula for the

probability of the event that a set is hit by a much shorter snake.

Proposition 3.3.3. For oy < ap € (0,d) fized, L = L(N) is any integer-
valued function of N satisfying L(N) € [N®1, N®2|, then

d
Jim ];—LPL’N({XO, X1, .., Xor} No(K) # 0) = BCap(K). (3.3.3)

In order to prove this proposition, we need the following lemma.

Lemma 3.3.4. If S = (S;) is one-dimensional simple random walk excur-
sion conditioned to have length 2L, then for any L € NT, i € [[0,L]] and

x € [[0,1]], we have:

PLS; =a] = (z+1)%(i+1)"2; (3.3.4)
PLS; <a] = (w+1)%(i+1)2; (3.3.5)
PL[S; = 2] < (i +1)72; (3.3.6)

For any € € (0,1/2) and n € N, there exists C(e,n) > 0, such that, for any
L eNT and i € [0, L]], we have:

PL[S; > i) < C(e,n)i ™™ (3.3.7)

In words, the L.H.S. decays much faster than any polynomial of i.
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3.3. Branching random walk on the torus and branching interlacements

Proof. In view of (3.1.9), we have (when ¢ and « have the same parity):

() (Px[T:’L—f—l] 21+1)(PI[T:2L—71+1] '22L—i+1)

PL[S; =] =
|5 = 2] Polr = 2L + 1] - 22L+1
. 2?_|_illpz[si+1 = *H%Px[SQ[ﬁz#l = *1]
B PolSap41=—1]
2L+1
_ ((L‘ + 1)2 PO[Si+1 =—-1- x]PQ[SQL_i_H =—-1- 1‘]
i+1 Py[Sar4+1 = —1]
_ 1
(z+1)2 PolSiy1 = =1 — 2] =
= . -
141 WIS
x+1)2
= (,L.le)Po[Sz’H =—1—1]
(3.1.10)) (.CC+1)2 ‘ . (.T—I—l)z
< =7 1)~1/2 —e——r
2 g G ep(memae)
_ (z+1)? (z +1)?
= v e )

where in (%) we used the time-reversibility of the random walk. Since
exp(—c(z +1)2/(i + 1)) < 1, we have (3.3.4). By summing (3.3.4), we get
(3:3.5). Because ((z+1)/(i+1))exp (—c- (z+1)?/(i+1)) = texp(—ct)

is less than a constant (which only depends on ¢) we have (3.3.6]). For (3.3.7),

we have:

1

Qﬁ*ﬁ
o) ) ) oo ) )
f/léﬂt exp(—ct )dtS/ t* exp(—ct”)dt
VirT 15/2
< u 1 42 1 ;2€
= - —ew)duy = —(— + = o).
/i2€/4 2 exp(—cu)du 20( i c)eXp( “4 )
The last term decays faster than any polynomial of 4. O

Proof of Proposition|3.5.5. We start with recalling some combinatorial prop-
erties of Dyck paths (see the discussion before Proposition for the
definition of Dyck paths). Fix k& > 1 and j € {0,1,...,2k}, for any i €
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3.3. Branching random walk on the torus and branching interlacements

{0,1,...2k — 1} and Dyck path (sg, s1, ...s2;) with length 2k, , define

(@) ;
Sy =8 + Simi — 2 min Sn 3.3.8
J O 2 G <n<iv(ieg) ( )

where it ®j=i+j,ifi+j<2kandi®j=1+75—2k, ifi+j5>2k. Itis

elementary to see that (séi), sgi), ...sgi)) is still a Dyck path with length 2k and

that the mapping ®; : (so, 51, ...S2k) — (s((f),sgi), ...sg)) is a bijection from
the set of all Dyck paths with length 2k onto itself (e.g. see page 14 of [15]).
Recall that, under P¥ (or PEY), (Sy, Sy, ...S9;) is uniformly distributed
on the set of all Dyck paths with length 2L. Hence (S(()i),Sfi), Ség) is
distributed identically as (Sp, S1,...S9k). From this and the fact that the
starting measure is uniform on the torus, one can see that, under PXV,
(Xo0, X1, ..., Xor) and (X;, Xiy1, ...y Xop, X1, ..., Xi—-1, X;) have the same law.

On the other hand, the ’time reversal’ map s = (so, s1,...525) — § =
(S2k, S2k—1, ---» S0) 18 also a bijection on the set of all Dyck paths with length
2k. Hence, under PV, (Xo, X1, ..., Xor) and (Xar, Xor_1, ..., Xo) have the
same law (here we also use the fact that the increment variables Y; have
symmetric distribution).

Write K" = ¢(K), we have (when N > diam(K) := max{|la —b| : a,b €
K}):

Nd
PPN ({Xo, X1, ., XoL} N K # 0) x o1
2L—1 . N . v
= ’ ' - A ’ — - —
= Z Z P57 [ X, ... X1 ¢ K's X = 7 5 + Z PLN(Xy = 1)
z€0; K’ k=1 rCK!
2L—1 4
*) LN .Y 1
= PV Xg=m2;X1,.. X ¢ K'|- — -
DI SECUTPSTIE RTINS
z€d; K’ k=1 zeK’
2L—1
1 K
-y LS g
z€d; K’ k=1
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3.3. Branching random walk on the torus and branching interlacements

(%) is due to:

PEN[X, .. X1 ¢ K'; X, = 2] = PEN[Xop g, . Xop 1 ¢ K Xop, = 2]
= PEN[X,, .. X ¢ K'; X = .

Hence in order to prove Proposition it suffices to show that for

r €K
2L—-1

n _ =
Jim L Z P Xl,. X ¢ K'] =eg(z), (3.3.9)

where € (z) is the escape probability (see (3.2.22).

For the above, it is enough to prove:

X1, .. X ¢ K'] — P,[X,, ¢ K for anyn > 0]| = 0.
(3.3.10)

for some L' = L'(N), a function of N satisfying L'(N) — oo and 12’((]1\[\7)) — 0

lim max  |PEA]
N—oo L/ <k<2L—L' ()

as N — oo (e.g. we can fix L' = | L%?] which satisfies also the condition in

Lemma 3.3.7)).

The proof of Proposition is now reduced to the following lemmas:

Lemma 3.3.5. For any x € 9;K,

lim PN

Jdim omax [PXG, L X ¢ K = PY[XG, X f K] = 0. (3.3.11)

Lemma 3.3.6. For any x € 0;K,

li PLlix, . X, ¢ K X1,.. Xy ¢ K] =0. (3.3.12
Jim o max  |Py[Xy, .. Xy ¢ K] - Pl[Xy,.. X1 ¢ K| ( )

Lemma 3.3.7. For any = € 0;K, if L' = o(v/L), then:

lim [PF[X1,.. Xy ¢ K] = Po[X1, . Xy ¢ K] = 0. (3.3.13)
%

Note that P;[X1,...X s ¢ K] converges to the escape probability ex () =

Py (Upso{Xn} ¢ K), so (3.3.10) indeed follows from Lemmas [3.3.5, [3.3.6,
3.3.7
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3.3. Branching random walk on the torus and branching interlacements

Without loss of generality, we assume z = 0 € ;K and N > 2diam(K).

Proof of Lemma[3.3.5. Let o ' (K') = |J;2, K;, such that, z € Ky = K
and Kj; is a translated copy of Ky. Recall from the statement of Proposition
that ap < d and choose \ € (1, &) and let b = LLWAJ + 1.

X1, Xp ¢ K] = o [X1, . X ¢ K]
X1, .. X ¢ K| — PLXy, .. X ¢ o Y(K)]
Xi,.. X, ¢ K] — PL Xy, .. X ¢ K, X1,.. X}, ¢ K;fori > 1]

X1, .. X §7§ K, {Xl, Xk} N (Uilei) # @]

sup ’Xz‘ > bN} + POL[ sup ’Xz| < bN, {Xl, Xk} N (UiZIKi) 7é @]
0<i<2L 0<:i<2L

(3.3.14)

The first term above goes to 0, due to the following (since bN > LA, A >
1/4):
Proposition 3.3.8. For any c > %,

lim PL] sup |X;| > L — 0. (3.3.15)
L—o0 0<i<2L

This Proposition is an easy corollary in the theory of convergence of dis-

crete snakes (see e.g.[15], or more generally [8]). In fact, supg<;<or, | X5|/(2L)/4

converges in distribution as L — oo to an a.s. finite random variable.

For the estimate of the second term in (3.3.14)), we will use the following

(a special case of Theorem 1.13 in [7]):

Proposition 3.3.9. There exists a constant C, such that for all n € N, if
T, is GW tree conditioned to have n progeny and wy(T,,) is the number of

vertices in the k-th generation of Ty, then we have

E(wi(T,)) < C - k. (3.3.16)
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3.3. Branching random walk on the torus and branching interlacements

With the help of this, for any y € Z¢, let M = |{i € [0,2L] : X; = y}|.
We have:

PLIX; =y for some 0 <i<2L] = PE[M > 0] <E(M)

(3-3.16) > (3.1.8) _
=) kep(0y) X [yt (3.3.17)
k=0

Now we estimate the second term in (3.3.14)) for any 1 < k < 2L:

POL[ sup ‘Xz’ < bN, {Xl, Xk} N (UiZIKi) 7§ @]
0<i<2L
< > PE{ Xy, .. Xp} N K; # 0]
i:Ko#K,; CBo((b+1)N)
b+1
=>" Y PM{X1, Xk} K; #0)
i=1 5:K;NSo(iN)#0
b+1 b+1
Z 3 K| Z a1 K]
(ZN d 4 — ’LN d—4
i=1 j K ﬂSO iN 75@
bt L /N* 41
21K gz = Kl e

— 0,

where the last convergence follows from A < 4 a0 @2 < dand L < N*2, []

Proof of Lemma[3.3.6. Recall that we have assumed z = 0 € 9;K. Let
LI'<k<2L-1L"

Py|Xy,..Xp ¢ K] = Py[X1, .. X ¢ K]

<PL3ie (I k], X; € K]

<PfPie(l/,2L - L)), X; € K]

<PfFie(L,L],X; € K|+ P{[Fi€[L,2L - L), X; € K]
=2PF([3i € (L’,L],Xi € K],

[
[
[
[
where in the last line we used the reversal property described in the begin-

ning of the proof of Proposition [3.3.3|
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3.3. Branching random walk on the torus and branching interlacements

Let us estimate PL[X; = y] for any y € Z%:
PY[Xi=yl=> PHS;=1]-PY[X;=y|S; =] (3.3.18)

Recall from Section that under PZ, S; = S;(U) is the contour function
of the random tree conditioned to have size L. PF[X; = y|S; = [] is the
probability of Z; = y, where Z = (Z,,)nen is the simple random walk from
0 in Z9. Recall that we have ( and Lemma :

PUS; =1 2 (1+1)% i3, PE[S; = 1] <i73, P(Z =y) < 1%,

Therefore:
I @318 ; ;
PiXi=yl < PrSi=0+ Y PHSi=1 PX;=ylSi =1+
0<I<Vi
" PHS =1 BEX = ylS; =]
>V
= i 4 I+ 1)21*% 72 + Z iT3.07%
0<I<Vi I>Vi
<242 Z (14+1)22 402 Zl 3
0<iI<Vi I>Vi

Note that every term is decreasing in d. Hence we can assume d = 5:

PlXi=yl =iz +i2 Y ((+1)* 3402 13
0<l§\ﬁ 1>

So PL[X; = y] is summable in i and:

Py[Fie (L', L), X; € K] <2|K| ) PyX; =y

L' <i<L
.5 L'—
<2/K| ) imi =R
i>L!
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O]

Let us do some preparations before proving Lemma When consid-
ering a 1-sided snake conditioned on survival, it is convenient to introduce
the discrete Bessel Processes. We use the setting of 1-sided snake condi-

tioned on survival:

1
U/, i e Nt, did. with P(U =1)=PU, =-1) = 5

SL(UY=Ul + ..+ U
S/ (U') is the 1-sided simple random walk. Let

M, = M, (U") = 1;137)1(5’,;, R, =R,(U") =2M, - 5],
then the process (Rj)nen is called the discrete Bessel Process (DBP). We
also can define a partial matching on the set F(N) = {e; = (i—1,7); i € Nt}
of all edges of the lattice N. Any edge is either in the set of upsteps M (U’) =
{e; : Ri — R;—1 = 1} or the set of downsteps N(U’) = {e; : R;— R;—1 = —1}.
For any edge ¢; € N(U’), we can find a unique edge f{;(e;) = ex, € M(U’),
such that:

k<l R,_1=R;, R, = Rj_1 = k;gI?gl?—l R, = R;+ 1. (3.3.19)

Note that there are some upsteps with no downstep matched to them. Sim-
ilarly to the construction given in Section [3.2.2) under gluing through this
matching, we get a (random) tree such that (R, )nen is the contour function.
It is elementary to see that the tree has the same distribution as the tree
corresponding to the one-sided infinite snake.

Another equivalent definition of the law of DBP is as follows (e.g. see
[17]). (Rn)nen is the N-valued Markov process starting at zero and having

the transition function specified by the relation:

R, +1+A
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3.3. Branching random walk on the torus and branching interlacements

Denote by
I, = {(81,82, ...Sn) 15, € Nysp =1, ‘S'H—l — Si‘ = 1}
the set of all sample paths of (R;)i1<i<n. In view of (3.3.20), for any s =
(s1,...8n) € 'y, one obtains

a(s) = P[(Ry, . Bn) = 5] = -7 L (3.3.21)

On the other hand, similarly to the computation in the proof of Lemma
we obtain that for any 1 < n < 2L we have

i1 2L —n+1
2L+1—n L _ ntsy

ar(s) = P*[(S1,...5,) = s] = 2 (3.3.22)
L [ 2L+1
(%)
Let us estimate ar(s)/a(s):
ar(s)  (sn+1)-(L+1)..(L =252 +2)- L.(L - "5 4+ 1) (s, +1)
a(s) (2L).. (2L —n+1) / 2n
1)..

_ (LA DL (L5 42) - L(L— 1) (L — 25 4 1)
L(L = 3)(L = 3)(L = 25)

€ ((L;n)",Lzl'(LLn)">-

Hence, if n = o(v/L), then ar(s)/a(s) — 1 uniformly for all s € T,.

Proof of Lemma[3.3.71. Using our new description of the law P, of the one-
sided snake in terms of the DBP, the definitions (3.3.21)) and (3.3.22) as well
as the fact

P.[Xy,.. X ¢ K|(Ry,..Rp) = s] = PL[Xy,.. X ¢ K|(S1,..S1) = 3],
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we obtain

ng[Xl, ...XL/ ¢ K] = Z aL(s) . P:]CL[Xl,...XL/ ¢ K|(Sl, ...SL/) = S];

sel'p,

Pu[X1,.. Xp ¢ K=Y als)  PHX1,.. X1 ¢ K|(S1,...81) = s].

sel'r,

Since Py[X1,.. X ¢ K] € (0,1) if z € 9; K, we obtain
PLXy,. X1 ¢ K]/P[X1,.. X ¢ K] — 1

as a consequence of L'/v/L — 0. The proof of Lemma is complete. [

O

3.3.2 Cutting trees

Our goal for this subsection is to construct the following ’cutting tree’ lem-

ma:

Lemma 3.3.10. Assume d > 5,u > 0 fized. Let T be a uniform tree in Ay
where L = |uN?]|. Then, there are some €, > 0,a1,as € (4,d) (depending
on u,d only) such that for any sufficiently large N € N, with probability
at least 1 — N™¢ we can find a number of rooted subtrees Ty,...T, (1; is
rooted at v;, the unique vertex in T; closest to o, the root of T') satisfying

the following:

1. For every i € {1,..,n'}, N < |T;] < N and the distance between
v; and o is bigger than N>T7;

2. Let T be the graph generated by the all edges not in any T;. Then T
is a tree and |T| < N9—¢;

3. Let 1; (i =1,...,n') be the unique path starting from v; towards the
root of T, with length | N*T7| +1. Then for anyi € {1,...,n'}, all T}

except T;, are in the same component of T\ v;;
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4. Conditioned on {n';|Ty|,...,|Ty|; T} (and even the places of v; in T'),
the trees T; are independent and uniform on all plane trees with their

S1z€e8.

As before, we will use contour function to represent a tree. For simple
random walk (Sp)nen, conditioned on 7 (= inf{n : S, = —1}) = 2L + 1,
(Sn)nefo,2z)) is the contour function of a random tree T which is uniformly
distributed over Ay. If for some subinterval I = [[a, b]] C [[0,2L]] (a,b € N)
we have:

S, = Sp = min S, (3.3.23)

a<n<b

then (Sy,)ner is the contour function of a subtree of T' (rooted at the vertex
corresponding to a and b). We denote by ¢ the size of the unconditioned
GW tree. It is standard that

Pl = j] = Plinf{n: S, = -1} = 2j + 1]

(3-1.9) 1 1 27+ 1\ @14 . _3
L 2j+1.22j+1< . >9<j+1) i (3.3.24)

First we introduce some lemmas which will be used in the proof of Lemma
3.3.10

Lemma 3.3.11. For any ,e € (0,1/2), € < B/2, there exist positive con-
stants C1 and Cy (depending on 3, €) satisfying the following. For &1, ..., &m,
i.4.d. with the distribution of &, let

=8 lgamrsoy, Om=&+ . +&m Gm=8+..+&mn.
Then, for any integer M € [1—10m2*6, 10m??], we have:
PG, > C1m2 P20, = M] < exp(—ComP/?). (3.3.25)

We need the so-called Bernstein Inequality (see, e.g. the part of "Existing

Inequalities’ in [4]) to prove the lemma above:

Proposition 3.3.12. Let X1, Xo,...X, be independent zero-mean random

variables. Suppose that |X;| < M almost surely, for all i. Then, for all
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positive t:
142
2

P X;>1 < exp(—ZE(X]z) + 100t

i=1
Proof of Lemma[3.3.11. Since E€ =< m'~#/2 and E&? = m330/2, using
Bernstein inequality (let ¢ = m?~8/2), we get: for some positive constants
017 027

) (3.3.26)

PG, > C1m27P/?] < exp(—CymP/?). (3.3.27)
On the other hand, when M € [;5m?~¢,10m*®], we have:

(3.1.9) m
2M +m
m 3.34 m m

[J%)
||H
[Ne)

Ploy, =M]| = P17 = 2M + m)] Pr-1[Sanrym = —1]

2

= mpo[szMer =m] X @20 +m)} eXP(—m)
> exp(—CmS).
Combining and the inequality above, we get: when e < [3/2,
Pl > C1m> P20, = M] < exp(—CsmP/?). (3.3.28)
O

Another lemma we need is:

Lemma 3.3.13. For any positiven, §, there exists a positive constant C(n,§),
such that, for any L > 2N*t2110 we have:

PL|S; < N?* | for somei € [N*¥F21H0 o[, — N4+214911 < O(p, 5)/N%5.
(3.3.29)
Recall that P" is the law of SRW conditioned on T = 2L + 1.

If we let

by = max{n € [[0, L]], S, = [N*T"]} +1,
by = min{n € [[L,2L]],S, = |[N*""]} -1,
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then by Lemma with probability at least 1—C/(#, §)N—3%/8 the length
of [[b1, ba]] is bigger than 2(L — N4+27+9) . Since S on [[by, bo]] satisfies tree
condition ((3.3.23)), it means that S on [[b1, b2]] is a subtree. Note that the
distance between this subtree and the root is [ N?*7| + 1. Hence we can

interpret Lemma [3.3.13|in the language of random tree.

Corollary 3.3.14. For anyn,0 > 0, there exists a positive constant C'(n,J),
satisfying the following: if T is uniform on A with L > 2N*t211H0  then
with high probability, at least 1 — C(n, 5)/N%5, we can find a rooted subtree
T’ which is rooted at the vertex closet to the original root, such that, the
distance between this subtree and the original root is equal to |[N*™7| + 1
and the number of edges we discard (|T\T|) is at most N4T219 Moreover,

conditioned on the size of T, it is uniform on all plane trees of that size.

The last conclusion is simply from the fact that conditioned on the
length, each Dyck path of that length has the same probability weight.
Note that if L > N*219 then the ratio of edges discarded is less than
N4+2143 /T, wwhich would be very small.

Before proving Lemma we introduce some notation. For any n €
NT and i € [[0,n]], write A(n,i) = (})— (zzl) Using the reflection principle,
one can see: for any z,n € N with the same parity, t € N, x + 2t < n,

I{s:[[0,n]] = Z:s(0) =0,s(n) = x’Ogliign S = —t; Vi, |s(i) —s(i — 1) = 1}]

=|{s:[[0,n]] = Z:s(0)=0,s(n) = x’()rgniiéln Si < —t; V1, |s(i) — s(i — 1)| = 1}

—H{s:[[0,n]] > Z:

s(0) =0,s(n) = $,0r<n'i£ S < —t—1;Vi,|s(i) — s(i — 1)| = 1}

n n n—+x
= — =A +t).
<n-5$ +t> <n;w Fit 1> (540

Lemma 3.3.15 (Comparison between Combinations). For anye € (0,1), 4 >
0, there exists C = C(e, A) > 1, satisfying the following:
For any n,k,k' e Nt n/2 <k <k <n,leti=Fk-— %,i’ =k - % If
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3.3. Branching random walk on the torus and branching interlacements

i' < en,i' (i —1i) < An, then:

A(n, k) /i

k)7 (1,C(e, A)). (3.3.30)

Remark 3.3.3. In fact, the case ¢ = 1

1A = 1 is enough for our purpose

and we only use this case.

Proof. 1t is straightforward to get:

n n\ _ nlk-n+1)
Aln, k) = (k) B <k+1) S Gi0mopy 33D
Ank))i  k+2 2 + 1 4
Ak +D/G+1) n—k Thrne=i T aa—on
(3.3.32)

Hence,

A(n, k) /i } 4i
n () < 2 0 =)
_ A 44

4i
<) W on S en S Thae

i<i<i

The upper bound follows. The lower bound is immediate from (3.3.32). [

Proof of Lemma |3.5.15. By symmetry, it suffices to show:
pr [Si < N1 for some i € [N4+2’7+57L]] < C(n,6)/N%.  (3.3.33)

Let j = [N*+2779]. By lemma [3.3.4]

PL[S; < N?T1H39] < N—89; (3.3.34)
PL[S, < N2t1+80) < =59, (3.3.35)
PLIS; > VI - Ni6] < C(n, )N~ 55; (3.3.36)
PL[S, > VL Ni6] < C(n,5)N~5° (3.3.37)
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3.3. Branching random walk on the torus and branching interlacements

Hence, we have:
PLS;, Sy € [N¥F1+80 \/I. N1o] > 1 — C(n, §)/N 8. (3.3.38)

For ai,as € [[N2+’7+%5,\E . N%]], such that 2|(ag — a1) — (L — j) and
m € [[0, %N2+"+%5]], write

S(ay,ag, m) =

s+ [l LIl = Nt s(j) = a1, 5(L) = az, min S; = m;¥i, |s(i) — s(i — 1)| = 1}]
J<i<

We know S(ai,as,m) = A(L — j, % + a1 —m) (see the discussion

before Lemma |3.3.15). We would like to use Lemma |3.3.15| to compare
S(ay,az,m1) and S(ay, az, mg). For any mi,mg € [[0, %N“”*%‘SH, one can

check that, if we let

(7L_j+;2_al +a; — ml) -1

(L — i) —
i=(L—}j) 5 ,
3 ) (7[/_]4—(12_@1 + a; — mg) -1
I: L _ o 2

i =(L—-1J) 5 ,

then,

0o Lantds
1 —1< 5]\7 s,
I —i) < \/ZN%%N“”*%‘S <L

Also we have i < i’ (since i > a1 — %N”"*%‘s > %NH”*%‘S > i’ —i). Hence,
by Lemma (3.3.15)), for any m; € [[N?*7, %N””Jr%‘s]] and my € [[0, N2+7]],

S(al,ag,ml) Z C(i,l)S(al,ag,mg). (3.3.39)

Note that the left hand side may be zero (when % +a1—mg > %),
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3.3. Branching random walk on the torus and branching interlacements

but in that case the right hand side is also zero (since m; > ms). Hence,

PL < N2+7] S. = ’S — N2+77 2C
(m< N75; =a1Sp = as) < . (3.3.40)

PL(m§N2+’7+§5/2]Sj:al,SL:ag) N2+77+§5/2 N&°
Combining this and (3.3.38) completes the proof. ]

Proof of Lemma|3.3.10. Let us first explain the rough idea of the proof. We
first divide the domain [0, 2L] into subintervals. In each subinterval, since S
does not necessarily satisfy the tree condition (3.3.23)) generally, S restricted
to that interval does not correspond a tree. But S restricted to that interval
can still be regarded as a series of trees which are attached to the vertices of a
segment, called the ’spine’, which consists of those edges without matching.
Then, we pick up those subtrees with large size. Assume those subtrees kept
are fl, . ,fK. For each ﬁ, we can apply Corollary to get its subtree
T;. This simple method can satisfy all requirements we need.

Let k= |u-N?®| and [ = 2| N*|, where A = d — o and « is a parameter
we will choose later. We will write down the constraints for a and other
parameters later. Let I; = [[(¢ — 1),4l]], for any i € [[1,k]]. Write m; =
minper, Sp and A; = Sy + Sy — 2m;. In fact, A; is the tree distance
between the endpoint vertices corresponding to (i — 1)l and il. Note that
Ay = S, thus by Lemma [3.3.4, we have:

PLA; < N2 < N7,
PLA; > NV < ON7,

Note that the constants here (and through out this proof) may depend on
parameters «,, € (and of course u,d), but definitely not on N. In fact we
will choose «, 3,7,d (8,7,0 will appear later) in the end and they will be
chosen to be small. After that ¢ and n will be chosen to be even smaller
numbers depending on «, 3,7, 6.

Using the root-changing method, (see the beginning of the proof of
Proposition we have the same inequalities for not only Aj, but ev-

ery A, since A; means the tree distance between the endpoints which is
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3.3. Branching random walk on the torus and branching interlacements

invariant under root-changing. The number of intervals is k < N®. Hence,
if
a < 3y, (3.3.41)

then (by Lemma [3.3.4) we obtain that with a high probability, at least
1 — C/N3=2 all A; are in [[NY277, NAM2+€]].

As mentioned earlier, the part of S in I; can be regarded as a segment
called ’spine’, consisting of those edges which the contour walk crosses once
inside I; and once outside I, together with a set of subtrees of S (we call
them bushes) attached to the vertices in the spine. The number of vertices,
also the number of bushes (some maybe one-point trees) in the spine is
m = A; + 1, and the total edges of these bushes is M = lifi. Moreover,
it is elementary to see that the joint law of the sizes of these bushes is
(&1, ...,&m) conditioned on ) &; = M. We know that with high probability
A; € [[NM?77 NM2+€]]. Since e will be chosen very small (N/2t¢ < NA),
M ~ L = |N*]. When

v/A < 0.1 (3.3.42)

and € is very small, one can check that M and m are in the required relation
for Lemma to hold. Hence we have:

P[5 > Ciym?~ P26, = M] < exp(—CymP/?). (3.3.43)

It means that if we discard those bushes with edges less then m?~#, with
high probability, the total number of edges we lose is less than Cym?2 #/2.
We do so and pick up those bushes with size bigger than m2?~#. The ratio

of edges lost compared to total edges is less than:

m2-8/2 N2+ (2-5/2)
<

o = — NP9, (3.3.44)

When € is very small the exponent is negative, which is what we want (for
Condition 2). The size of each bush we pick is less than 1/2 < N* and bigger
than:

m2 > N(G=@-8), (3.3.45)
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3.3. Branching random walk on the torus and branching interlacements

Note that the exponent A is obviously less than d. The total number of
bushes picked is less than:

k- (1) (NG-DE-8))) < Na+2r+ 52—y (3.3.46)
Assume now that all bushes (for all k intervals) picked are Ty, ..., T, and
the vertices where they are grafted in the spine are v1,...,7,. Note that for

each subinterval we have a spine and all spines together form the contour
walk of a connected subtrees of T', which we will call the skeleton. All
bushes (whether we picked or not) are grafted to the skeleton. Hence, the
set T\ (UT}) consists of the skeleton and the bushes we do not pick up
and is connected. Since the root o is in the spine of the first interval, o is
in the skeleton and in 7'\ (UT}). Moreover, conditioned on their sizes and
T\ (UT}), the trees T; are independent and uniform. This can be induced
simply by the fact that conditioned on the length, each bush is independent
of the spine and any other bush, and the fact that each Dyck path with that
length has the same probability weight.

In view of Lemma for each IN’Z-, with high probability, we can find
its subtree T; which is far from the root of v;. More precisely, for each ﬁ-,
assume |T;| = L; and (Sn)nefo,2L,))) is the contour function. We know that
with high probability, the event in (3.3.29) is true. Set

by = max{n € [[0, L]], S, = [N*""|} + 1,
by = min{n € [[L;,2L]], S, = |[N*T"]} — 1,

and let T; is the subtree corresponding to [[b1,be]]. Then the distance from
ﬁ and the root of TZ is | V27| +1. We use T; to replace IN”Z If we can replace
all i successfully, then Conditions 2 and 3 can be satisfied and 77, ..., T,

satisfy all conditions. When

(% M2 =8)>4+2n+5, (3.3.47)

36/8

the probability of failure for one subtree has order N7°°/®. Since there are
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BA .
at most N“t27T5 =87 subtrees, if

A 3
a+ 2y + % — By < 5(5, (3.3.48)

then the probability that we can replace all T, successfully is bigger than
something like 1 — N —¢,

The constraints (3.3.41),(3.3.42),(3.3.47) and are not tight, e.g.
a = 0.001d, v = 0.002d, § = 0.05d and 5 = 0.02 (let € and n be very small)

satisfy all constraints. Then we conclude the lemma. O

3.3.3 Proof of the main theorem

Let § : T'— T, be the random function corresponding to X,. Then T is
uniform on A, and { X, ..., Xor} = S(T). Due to Lemma|3.3.10, with high
probability (1 — C/N€), we can find subtrees T1,...,T, as in the lemma.
We denote with A this event. We write P[-|(n/; L1, ..., Ly;t)] (respec-
tively p(n’; L1, ..., Ly;t)) for the conditional probability conditioned (re-
spectively the probability) that A is true, the number of subtrees of T; is n/,
the size of Tj is L; (i = 1,...,n’) and the subtree 7" with n’ vertices indicat-
ing the places of v; is t (we also assume that T is a rooted tree together with
n’ ordered vertices in it). Note that under P[-|(n’; L1, ..., Ly;t)], the trees
T1,...,T, are independent and uniform on all plane trees with the given

size.

PPN [{Xo, X1, ey Xo} N 0(K) = 0]
=PENS(T) N p(K) = 0]
<PEN[AY + 3 pl's L. .. Ly ) PIS(T) N o(K) = 0](n's Ly, ... Lyy: )],

where the sum runs over all possible values of T = (n/; L1, ..., L,y;t) such
that p(Y) > 0 (depending on N).
Since PHN[A¢] — 0, it suffices to prove

lim max |P[S(T) Np(K) =0|Y] —exp (—2uBCap(K))| =0. (3.3.49)

N—o0
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The above one can be reduced to (3.3.50))-(3.3.52):

lim max |P[S(T) N p(K) =0|Y]—

N—oo

P (U S(T)) np(K) = 0]T| | =05 (3.3.50)

lim max |P [(u;ﬁ;ls(n)) Np(K) = @|T} -

N—oo

nl

[T P (ST N () = 0] - exp <—2uBCap<K>>‘ -0,

i=1

lim max
N—oco T

(3.3.52)
The proof of (3.3.50)) is easy.

|P[S(T) N p(K) = 0| T] — P [(u;ils(n)) N(K) = @|T] |

<IP [S(T\ (UL4S(T)) M p(K) # 0Y] | < N = 0.

The last inequality is due to Condition 2 in Lemma [3.3.10}, the union bound
and the fact that S(v) is uniformly distributed on Ty for all v € T'.

For (3.3.52)), by Condition 1 and 4 in Lemma 3.3.10, we know that |T;| €

[N, N] and that conditioned on the size, T; is uniform on A z,|. Hence
we can apply Proposition Then together with Condition 2, one can

get (3.3.52)).
Now we turn to (3.3.51). We need the following lemma.

Lemma 3.3.16. There exist positive ¢ and C (depending on those vari-
ables in Lemma |3.3.10, but not N ), such that, for any N € NT and T =
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(n; Ly, ..., Ly;t) with p(T) > 0,k € [[1,n — 1]], then

1P (UES(T) ) N (K) = 0IT] = P((S(TW) N p(K) = 0[T]

P [(u?;k+13(n)) No(K) = 0|T| | < Cexp(—cN"), (3.3.53)

where 1 is from Lemma |3.3.10.

With this Lemma one can use induction to show

n/

1P| (Uas (1) neo(K) = 07| — TT PIS(T) N o(K) = 0[]

i=1

< (n' —1)Cexp(—cN"). (3.3.54)
Since n’ is bounded by a polynomial of N, the right hand side tends to 0,
which implies (3.3.51)).
Proof of Lemma|3.3.16. Let o1 and oz be the ends of ¢ (say o1 € T}, ). For
any x,y € Ty, define
f(@) = P(8(Tk)) No(K) = 0|S(01) = =, 1], (3.3.55)
h(y) = P[(Ue 1 ST)) N oK) = S(02) =, Y| (3:3.56)

By Condition 3, this path separates T}, and U;ik 4113, so we have

P (U S(T)) N oK) = 01S(01) = 2, S(02) = 9, Y| = f() x ().
(3.3.57)

Therefore,

P [(uy;ksm)) Ne(K) = WT}
= > f@h(y)P[S(o1) = z,8(02) = y| 7]

z,ye€Tn

=N"7. Z f(x)h(y)PfRW[ZLNQMJH =yl
z,y€T N
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where P2FW means the law of Z = (Z,)nen which is a simple random walk

starting from x. Note that

PIS(T) No(K) = 0] =N 3" f(@)i  (3.358)
x€T N

P [(UEeS@) np(8) =0T = N7 37 h(y).  (33.59)
yeTN

Hence the left hand side of (3.3.53) is:

INTE Y F@)h) (PP Z et =yl = N9

z,ye€Tn

<max Y |PYFV[Z oy = y) - N9,
JIGTN
yeTN

Now (3.3.53) can be implied by the following result in the theory of mixing
time (e.g. see Chapter 5 in [16]).

Proposition 3.3.17. Let k > 2. There exist positive numbers ¢ and C such
that for any odd N € NT, we have:

max |P5RW[ZLNKJ+1 =y] — N~ < Cexp(—eN"72). (3.3.60)
x7y€TN

O

Remark 3.3.4. The requirement of oddness is due to the periodicity of
Simple Random Walk. If the random walk is lazy, then Proposition |3.3.10
18 correct without assuming oddness. Hence if the branching random walk is

lazy, we still have Theorem |3.3.1| without assuming oddness.
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Chapter 4

An optimal strategy for the
Majority-Markov game

4.1 Definitions, settings and main result

Our theorem (Theorem 4.1.1)) will be stated in terms of Markov game. We
adopt some terminologies from [6]. Furthermore, our theorem is based on

the key object 'grade’; and its properties from [6].

4.1.1 Markov systems

A Markov system with one target (respectively with two targets) S =<
V,P,C,t > (resp. S =<V, P,C,t*,t~ >) consists of a Markov chain (V, P),
a cost function C' : V — RT, and a target t € V (resp. two targets ¢+ and
t~). We assume that the targets are absorbing. We further assume that the
state space V is finite and that every target is accessible from any non-target
state. The cost of a ’trip’ v(0),v(1),...v(k) on S is the sum Z;‘:ol Cy(s) of
the costs of the visited states except the last. If C = 1, then C could be

regarded as the time or the number of steps.

4.1.2 Games

Let S(1),5(2),...S(n) be Markov systems with either one or two targets.
For each S(i), we fix a starting state, u(7), and place a token i at that state.
A ’game’ consists of Markov systems with tokens on their starting states
and a stopping rule A C V(1) x V(2) x ... x V(n): the set of configurations

when the game ends.
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A single player plays against a ’bank’: chooses one (say token i at the
state v € V (i)) of the n tokens to move (according to its transition proba-
bility P(¢)) and pays the cost (Cy()), then chooses and pays again... When
all tokens form a configuration in the stopping rule A, the game ends and
the player leaves. We assume that if all tokens are at targets, the game ends
(this means that A contains those configurations in which all coordinates are
targets). As targets are absorbing, we could assume that tokens at targets
are not allowed to choose.

By setting different stopping rules, we have different games. A trivial
stopping rule is that all tokens are at the targets. For a non-trivial example,
[6] considers the simple multitoken game Sim(S(1),S(2),...,S(n);1), whose
stopping rule is (at least) one of the tokens at the targets. Similarly, we
define Sim(S(1),S5(2),...,S(n); k) to be the game whose stopping rule is at
least k of the tokens at the targets. In this chapter, we address the 'Majority-
Markov’ game Maj(S(1),...,S(2k + 1)) with n = 2k + 1 Markov systems
with two targets, whose stopping rule is 'k + 1 tokens at positive targets or

k + 1 tokens at negative targets’.

4.1.3 Strategies and costs

A strategy tells us how to choose the token to move. Mathematically, by
a strategy o, we mean a function o : V(1) x ... x V(n)\A — {1,2,..n}
satisfying o (uq,ug, ...uy) # i if u; is a target. When tokens are at the state
u = (uy,us,...u,) , under strategy o, o(uj,usg,...u,) is chosen. Note that
the inequality means that we cannot choose tokens at target.

The cost E[G, o] (or simply E[o]) is the expected cost (for the player)
of playing G under strategy o. The cost E[G] of a game G is the minimum
expected cost of playing G, under all possible strategies. The optimal s-
trategies are those strategies that reach E[G]. If we want to emphasize the
starting state u = (u1,...uy), we use Ey[G, 0], Ey[o], or even E(u) (when

the game G and the strategy o are explicit).
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4.1.4 Grades and positive-(negative-)grades

For a Markov system with one target S =< V,P,C,t >, a state u # t
(where the token is), and a positive real number g, consider a modified
game where the player can leave at target ¢ without money as usual, or
leave at any other state by paying g dollars. This can be defined using our
terminology by adding a Markov system T},. Define the terminator T} as the
Markov system < {s,t}, P, g,t > with starting state s, where ps; = 1. The
terminator always hits its target in exactly one step, at cost g. The modified
game is now the simple Markov game Sim(S,T,;1). We can imagine that
when ¢ is small enough, the optimal strategy is to leave by paying ¢g and
when ¢ is large enough, the optimal is to choose the token at the system
S until it hits the target. The grade 7,(S) of the system S for state u is
defined to be the unique value of g at which an optimal player is indifferent
between the two possible first moves in the game Sim(S,Ty;1). Naturally,
we set 1¢(S) = 0. It is possible to compute 7 in a polynomial time (see [6]
for this and more properties about grades).

For a Markov system with two targets S =< V,P,C,tT,t~ >, we de-
fine the positive-grade ~;7 () for state v € V\{¢t~} to be the grade for
win ST =< V,P,C,t" > and the negative-grade v, (S) for u € V\{t*}
to be the grade for v in S~ =< V,P,C,t~ >. For convenience, we set
Y+ (5) = fyj_ (S) = oo. Note that either positive-grade or negative-grade is

a nonnegative number.

4.1.5 Main result

Theorem 4.1.1. A strategy for the Majority-Markov game Maj(S(1), ...,

S(2k + 1)) is optimal if and only if it always plays in a system in which
neither the positive-grade (of the position of the token) is larger than the
median of all 2k + 1 positive-grades, nor the negative-grade is larger than

the median of all 2k + 1 negative-grades.
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4.2 Some known results about Markov games

It turns out that every Markov game (at least in our sense, i.e. when the
stopping rule contains all configurations in which all coordinates are targets)
has an optimal strategy. We refer the reader to [24] for more details.

From a given state u = (uy,...uy) of a Markov game (with n Markov
systems), an action o € {1,...,n} (means choosing token «) gives an im-
mediate cost Cy(a) (more precisely, C,,, («)) and a probability distribution
{pu,e} for the next state. Therefore a strategy o with action « at the state

u satisfies:

Eulo] = Cu(@) + ) pun(c)Eylo].

If among all possible actions at state u, « is the minimizer of the right-

hand side of this expression, then o is said to be consistent at w.

Proposition 4.2.1. A strategy is optimal if and only if it is consistent at
every state (¢ A).

For the expected cost function, we have:

Proposition 4.2.2. For the game G consisting of Markov systems S(1), ...,
S(n) with stopping rule A, if a function E : V(1) x...x V(n) — R satisfies:
E|p =0 and

E, = min{Cy(a) + D pup(@E} Vue V(1) x ..xV(n)\A, (42.1)

where min is under all possible actions o at state u, then, E is the (unique)
cost function for G and a strategy is optimal if and only if, it, at every state
u€ V(1) x..xV(n)\ A, takes the action which reaches the min.

The game Sim(S(1),...,5(n);1) is analyzed in [6] where the optimal
strategy is established. Their argument also works for Sim(S(1),...,S(n); k)

with minor modifications.
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Proposition 4.2.3. A strategy for the game Sim(S(1),S5(2),...,S8(n); k) is
optimal if and only if it always plays in a system whose current grade is not

larger than the k-th smallest grade.

4.3 Proof of the main theorem

We have n = 2k + 1 Markov systems: S(i) =< V (i), P(i),C(i),t",t~ >,i =
1,...,n. For notational ease, we identify all positive (negative) states. Now

recall and define some games by giving their stopping rules.

Games | Stopping rules

aGM k + 1 tokens at positive targets or k + 1 at negative

G° all n tokens are at targets

G+ k + 1 tokens at positive targets or all n tokens at targets
G~ k + 1 tokens at negative targets or all n tokens at targets

GS™ k+1 tokens at positive targets (redefine p,- ,+ = 1,C;- = Cy
for all Markov systems)

GS~ k + 1 tokens at negative targets (redefine p;+ ;- = 1,Cpy =
Cy for all Markov systems.)

Here, Cj is a large real number (such that it is larger than all positive-grades
and negative-grades for non-target states).

Let EM EO E* ES* be the expected cost functions for the correspond-
ing games. The following lemma is natural in light of Proposition 4.2.3|

Lemma 4.3.1. A strategy for G* is optimal if and only if it always plays
in a system whose current positive-grade is not larger than the median of all

positive-grades. For the game G~ , we have the similar conclusion.

Proof. For simplicity, consider the case of £ = 1. The general case is similar.

First consider GS™ here. Note that GS™ is a simple multitoken game.
With Proposition in mind, we need to consider the grade corresponding
to the target t*. We point out that since Cj is larger than any other positive-
grade, changing transition probability from ¢~ does not change the positive-

grades of other states. Hence for other states, the new grade is the same as
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the old positive-grade (in GT).

Under the adjustment p,- .+ = 1, t* is accessible from ¢~, so we can
apply Proposition for GS™. The optimal strategies are those moving
the token whose grade is not larger than the median. As Cj is the positive-
grade of ¢t~, which is larger than all other positive-grades. Hence for any
optimal strategy, we can avoid playing tokens at ¢, unless all tokens are at
t*. So, if we forbid choosing tokens at ¢t~ unless all tokens are at targets,
the cost of GS™ remains the same. Under this assumption, at state u ¢ B =
{u = (u1,u,u3) : u; = t*,i = 1,2,3}, GT and GST has the same possible
actions.

Consider the expected cost functions E+ and ES™ for games G* and
GST. One can easily find out their values on the boundary set (denoted by
OA):

oA Et | EST
(tt,tT,us) | O

(t* uz, tT) | 0

(ug, tT,t7) | 0

(t_a -, t+) 0 CO
(tiv t+7 ti) 0 CO
(tt,t=,t7) | 0 Co
(t=,t,t7) |0 2C)

In order to remove the difference between ET and ES™T, we introduce
ELT : V(1) x V(2) x V(3) = [0, +00) by:

EL* (u1,u2,u3) = (2P4, DryPas + (0 Doy Py + Py Prty Py + Py Py Pity)) X Co,

(4.3.1)

where pf[i denote the probability of the event that a token starting from u;
visits tT (before visiting ¢™), similarly for p,, .

Since p;i =p_ = 1,p:r_ = p,+ = 0, we can check that EL"(u) =

ES™(u), for any u € OA. On the other hand using the equalities for hitting

probability: pi, = Yo, Puiv; (i)pvii, we can see that FL™T satisfies the linear
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part of (4.2.1):
EL"(u) = Zypup(i)ELT(v)  for i :u; # tF. (4.3.2)

Because ES™ satisfies and FL" satisfies the linear part of (4.2.1)),
EStT—FEL" also satisfies (4.2.1). On the other hand, EST—EL" and E™ are
equal to 0 on JA. By the uniqueness of Proposition4.2.2, EST—ELt = E+.
In particular, the actions which reaches the min in for ET and ES™
are the same. Hence, for G™ and G'S™, we has the same optimal strategies.
This completes the proof of the first assertion. By symmetry, one can get

the other assertion. O

Remark 4.3.1. For general k, one should use:

EL"(u) = Cy - Ey(maz{0, the number of tokens hitting t~ — k})
=Cp- Z mazx{0, (Z Ly=—) — k}pit ..ot

re{+,—}..me{+,—}
Now we can build a connection between GM, GO and G*.

Claim 4.3.2.
EM=-FE*+ B~ - E° (4.3.3)

For any strategy o for game GM, we could use it to play any of GT, G~
and G: use strategy o to play until the stopping rule for GM happens. If
at that time the game does not end, the stopping rule switches to the trivial
stopping rule, i.e., all tokens are at targets. Hence the subsequent cost after
GM ends is independent of the strategy. Note first that GT, G~ and G° will
not end before GM ends, since AT, A=, A C AM. And if GM ends before
all tokens reach targets, exactly one of G and G~ ends at this time, and
the other will end at the same time as G° ends, i.e when all tokens reach
targets; if GM ends when all tokens are at the targets, then all four games
end at this time. Consider game pairs (GM, G°) and (GT,G~). We get that
(under any strategy) when one of the games in the left pair ends, one in

the right pair also ends and when the other game in the left pair ends, the
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other in the right also ends and vice versa. Note that at each step we pay

the same amount of money for each pair. Hence, one can get:
EMg] + E%o] = Et[o]+ E"[0] <Et+E".
Therefore,
EMog)<E*+E~ —E%0]=ET + E~ — E°.

The last equality is due to the fact that the cost of the trivial game E° is
independent of strategies.

Furthermore, the equality holds if and only if E*[¢0] = ET and £~ [o] =
E~. This means that o is optimal for both GT and G~. Hence, o is an
optimal strategy for GM if and only if it is an optimal strategy for both G
and G~. Therefore, by Lemma we finish the proof of the main result.
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Appendix A

Sketch of Proof of Lemma
2.1.3

Proof. Without loss of generality, one can assume 6 is aperiodic. The first

step is to show:

e There is a 6 € (0,0.1), such that, for any € > 0 small enough, and
m € NT large enough (depending on €), we can find ¢; = ¢;(€), such

that, for any n € [em?, 2em?], z,w € C(36m), we have:

Pz, w) = > s(y) > ¢1-m~% (A.0.1)

y:z=w,yCC(m),ly|=n
Indeed, the Markov property implies that:
P (2,w) > P(S:(n) = w) — max{P (S, (k) =w) : k <n,y € (C(m))°},

and the LCLT establishes (A.0.1). Using this estimate, one can see that:

e For any € > 0 small enough, and m € NT large enough, we can find
ca = c(€), such that, for any z,w € C(36m), we have (we write C,(r)

for the ball centered at x with radius r):

Z s(y) > ecom*™4; (A.0.2)

y:z—w,|y|<2em?2,yCC(m)

Z s(v) > com?.

~v:2—Co (6m/10),|v|<2em?,yCC(m)
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Note that in the first assertion, the left hand side is increasing for m when

z,w are fixed. Due to this fact, one can get that

e For any € > 0 small enough, and m € NT large enough, we can find

¢y = ca(€), such that, for any z,w € C(36m), we have:

> s(v) > ez —w|*~% (A.0.3)

yiz—w,|y|<2em?2,yCC(m)

By considering the first visit of C,,(6m/10), one can get:

> s(7)

~v:2—Coy (6m /10),|vy|<2em2,yCC(m)\Co (6m/10)
> > s(7y)/ max{g(x,C(6m/10)) : z € C(dm/10)}
v:2—Cuw (6m/10),|v|<2em?2,vCC(m)

=m?/m? < 1.
Hence we have:

e For any € > 0 small enough, and m € NT large enough, we can find

c4 = c4(€), such that, for any z,w € C(30m), we have:

Z s(y) > ca. (A.0.4)

v:2—Cop (6m/10),|v|<2em?2,yCC(m)\Co (6m/10)

Now we are ready to show the lemma. Without loss of generality, assume

p(U,V¢) = 1. First, choose a finite number of balls with radius § and centers

at U: By, Ba, ..., By, covering U. Choose € small enough for (A.0.2),(A.0.3)),

(A.0.4) and € < 1/k. Now we argue that when n is sufficiently large, (2.1.5)
holds.

Write B! = nB; N Z% and E; =nB;NZ fori =1,...,k, where B; is
the ball with radius 1 and the same center of B;. When ||z — y|| < 20n, by
(A.0.3) we have (2.1.5). Otherwise, z,y are not on the same Bj. However,
we can find at most k£ + 1 points xg = z,z1,...,2; = y,(I < k) such that z;

and zj41 are in the same B, say B;-. Note that when z,w are on the same
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Bj, by (A.0.4), for any 2’ € C;(dn/10),
Z s(y) > ca.

12/ —Cus (61/10),|7|<2en2 Y CB;\Cu (61,/10)

Hence, by connecting paths, one can get:

Z s(v) =2 Z s(70)

y:z—y,¥C Bn,|y|<2n? Y0:20—Cay (51/10),|70| <2en2,70 C By \Cay (91/10)
DY sltn) Y s) > s(ue) - > s(vi-1)
1 2 1-2

'Ylfl::\/\l72‘>y»|7l71|S25n2a7171§§2—1
-1 2—d k 2—d _
2 (ca)” - e2(n™79) = (ea) ean™ " =< g(w,y),
where ) . = ~ — fory=1,...,1—
Z] Z'yj :yj,laczjﬂ (§n/10),|’yj|§26n2,’ngB;\Czj+1 (6n/10) J ’ ’
2.
]
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