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Abstract

In this thesis we find constraints to asymptotically anti de-Sitter space dual to holographic con-
formal field theory states using the holographic duality. A recent conjecture involving the causal
holographic information surface propsed that for smooth asymptotically anti de-Sitter spacetimes
that obey the null energy conditions, the area of the Ryu-Takayanagi surface will always be less
than or equal to the area of the causal holographic information surface. This conjecture is explored
in three dimensional spacetimes that are dual to translation invariant states on the boundary con-
formal field theory in two dimensions. A series expansion of the Ryu-Takayanagi surface and causal
holographic information surface is derived, and is used to translate the constraint between the ar-
eas of the two surfaces into a constraint on the asymptotic structure of such geometries near the
conformal boundary. The translated constraints are compared to the constraints given by the null
energy condition - and it is found that the first two leading order constraints are the same. We
then outline some preliminary results of an ongoing project whose goal is to understand the dual
of relative entropy of holographic states defined on null cone regions on the conformal boundary.
We derive the modular Hamiltonian for vacuum states defined on null cone regions in a conformal
field theory using known results for modular Hamiltonians on null planes. We also derive the Ryu-
Takayanagi surface associated with such null cone regions. Using these results, it is argued that,
for null cones whose base is cut by a constant time cut, will not give new constraints beyond what

is already known for ball shaped regions.
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Lay Summary

A quantum field theory describes particles as excitations of an underlying quantum field. These
theories usually exhibit some kind of symmetries. In particular, a conformal field theory is a special
type of quantum field theory that has a large number of symmetries, which include conformal
and Poincare symmetries. The anti de-Sitter conformal field theory correspondence tells us that
special states of a conformal field theory, called holographic states, are related to a special class
of spacetime geometries called asymptotically anti de-Sitter geometries. In this thesis we use
this relation between holographic states and asymptotically anti de-Sitter spacetimes to translate

constraints on the field theory to constraints on geometry.
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Chapter 1

Introduction

1.1 Historical Overview of the AdS/CFT Correspondence and
Holography

The Anti-de Sitter/Conformal Field Theory (AdSyi1/CFTy) correspondence was first proposed
by Juan Maldacena in 1997 in the context of string theory [1]. The conjecture states that a
certain class of conformal field theories, which are sometimes called holographic, defined on a d-
dimensional Minkowski background, are equivalent to theories of quantum gravity on a d + 1-
dimensional asymptotically Anti-de Sitter (AAdS4y1) background [2]. Since its initial conception
it has proved to be a powerful tool to do calculations in strongly coupled quantum field theories,
[3], as well as being a promising approach to formulating a consistent theory of quantum gravity
[4]. In particular one important development that has come out of studying the duality is the
Ryu-Takayanagi (RT) conjecture. The conjecture states that the entanglement entropy of some
sub-region of a C'FTy is proportional to the area of a co-dimension 2 extremal surface in the
dual AAdS;41 geometry [5]. Since the area of an extremal surface is a geometric quantity which
depends on the metric, the conjecture provides a direct relation between the quantum information
quantity of entanglement entropy and the geometry of AAdS;,1 spacetimes. Since there are certain
constraints for the quantum information quantities on CFT,;’s one can use the RT conjecture to
translate these quantum information constraints to constraints on the dual spacetimes [4, 6, 7]. By
understanding such constraints one can understand what types of geometries and energy conditions

are physically allowed in any consistent theory of quantum gravity.

1.2 Basics of Entanglement Entropy

In the context of holography entanglement entropy usually refers to the entanglement entropy of
some sub-region of spacetime over which the state of a quantum field theory is defined. Before
understanding this notion of entanglement entropy, we start by introducing the density matrix
formalism of quantum mechanics. In this formalism the central object that describes the state of

a quantum system is called the density matrix which is a non-negative hermitian operator with
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unit trace. More explicitly, given a complete set of orthonormal quantum states, {|¢1), ..., |¥n)},
for an n-dimensional Hilbert space, along with a set of “classical” probabilities that add to one,

{p1, .-, pn}, the density matrix of the system can be written as:

p=_pilti) (Wil (1.2.1)
=1

The operator defined above is a hermitian operator with non-negative eigenvalues {p;}!" ; and
clearly the trace of the operator is equal to 1 since > ;" ; p; = 1. The expectation values of an

operator O with respect to the density matrix p can be defined by using the trace:

(0), =Tr(pO) (1.2.2)

Density matrices in which only one eigenvalue is one and the rest are zero are referred to as
pure states. In particular one can show that a density matrix defines a pure state iff p = p® or
alternatively iff Tr(p?) = 1. For a pure state defined in terms of a state vector, o = [/ (3|, the
definition of the expectation value with respect to o simplifies to the usual expression using the

state vector [1). This can be seen by calculating the trace using a complete set of basis states [¢;):

n n n

(0)g =D (Wil a0 i) = D (ile) (WO i) = D (wleo) (il O [¥) = (W] OJw)  (1.2.3)

i=1 i=1 i=1
We can also define density matrices for composite systems. Suppose we have two quantum sys-
tems A and B each with its own complete set of states {|e1),|e2), ..., |en)} and {|€1),]€2), ..., |€m)}
respectively. The composite system is in a mn-dimensional Hilbert space that is spanned by the
following basis vectors {|e;) @ |€;)}, where i € {1,...,n} and j € {1, ...,m}. Using this basis we can

write a general state vector |¥) in the composite system as:

T) =) s les) (R 165) (1.2.4)

i=1 j=1
As before, given a state vector, we can define a corresponding density matrix for the composite

System:

pan = 10 (0= 33 vigvis (le @12 (10 R ) (1.25)

il=1j,k=1
Given a density matrix for a composite system, such as the one defined above, one can define

the reduced density matrix for the subsystem A denoted p4 by taking a partial trace with respect
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to subsystem B. Explicitly we find:

PA = TTB pAB Z Z ¢zﬂl}kl ‘e’L el| 6]p6k;p Z Z¢z] 1 ’el el’ (1~2-6)

i,l=1p,7,k=1 i,l=1j=1

The reduced density matrix can then be used to quantify the amount of entanglement between
the sub-systems A and B. This is done by calculating the Von Neumann entropy of the reduced
density matrix. The Von Neumann entropy for the density matrix p which will be denoted as S(p)

is given by the following equation:

S(p) = —Tr(pln(p Zplln Di) (1.2.7)

Where p; are the eigenvalues of the density matrix p. Most of the time we will be interested in
density matrices for composite systems in pure states. One special property of pure states is that
the entanglement entropy of a sub-system is equal to the entanglement entropy of its complement.
This can be seen by using an important theorem in quantum information called the Schmidt
decomposition theorem. It states that if |¥) is a state vector for a composite system AB then there
exists an orthonormal bases {|A4;)}!"_; and {|B;) }I", for subsystems A and B respectively such that

the state can be written as:

min(n,m)

Z VpilAi) Q)| Bi) (1.2.8)

Using this we can construct a density matrix which is given as:

min(n,m)
pap =0) (W= > pipj|A) (4] Q)|B:) (B (1.2.9)
4,J=1

It is important to note that if we are to think of the operator above as a matrix it will be a
nm-dimensional square matrix however the non-zero information will be contained in an min(n, m)
dimensional square sub-block. Now, we can compute the reduced density matrices for the subsys-

tems by taking a partial trace:

m min(n,m) min(n,m)
pa=Tre(pas) =Y > P;|A) (A1 Q) (BelBi) (Bj|Bi) = Y /Dib;Okidin | As) (A;]
k=1 1i,j=1 i,5,k=1

min(n,m)

> prlAg) (Axl
k=1

(1.2.10)
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n min(n,m) min(n,m)
pe=Tralpas) =Y, Y /bib; (Al Ai) (A;|A) Q) |Bi) (Bjl = > /Pibiokidjn |Bi) (Bj
k=1 ij—1 ig k=1

min(n,m)
= Y By (B
k=1

(1.2.11)

As one can see, the reduced density matrices will have the exact same non-zero eigenvalues
which implies that the entanglement entropy of the sub-system A will be equal to the entanglement
entropy of subsystem B. Also note that we did not make any assumptions on the sizes of the
Hilbert spaces of the two subsystems. This means that for pure states, entanglement entropy does
not scale with the volume of the Hilbert space of the subsystems. The formalism discussed above
can be applied to any quantum system whose state can be summarized in terms a density matrix.
Now we want to define entanglement entropy of a subregion of a C'F'Ty. To start one chooses some
d — 1 dimensional Cauchy slice of the background spacetime. On this slice we define a state using
an FEuclidean path integral. This defines a global state over the whole Cauchy slice which is often
called the wave functional denoted, |¥[®(z)]). The wave functional is defined by the fields, ®(z),
which depend on the coordinates on the slice. Using this wave functional one can define an assoici-
ated density matrix p = |¥) (¥| over the entire slice. After doing this, one can restrict themselves
to some subregion on the slice- call it A, it will have a boundary, A, which is sometimes called the
entangling surface. This splits the slice into two regions A and its complement A°. Naturally, one
can now define the reduced density matrix, pa4, on A by integrating out the field configurations in
the complement. The Von-Neumann entropy of the reduced density matrix can now be computed
and this is defined to be the entanglement entropy of the subregion A of the C'FT,. Unsurprisingly
when one calculates the entanglement entropy it diverges due to the fact that one is dealing with a
continuous system. This is why the entanglement entropy is usually given in terms of some lattice
spacing cutoff which regulates the UV divergence. Typically ground states of CF'Ty’s obey what is
known as an area law of entanglement, which states that the entanglement entropy has a leading
order UV divergence that scales like the area of the entangling surface A for a fixed lattice spacing.
For a more complete discussion of how to calculate entanglement entropy using the ideas discussed

above one should refer to [§].

1.3 Holographic Entanglement Entropy and the Ryu-Takayanagi
Conjecture

So far our discussions of Entanglement entropy had nothing to do with the AdS;,1/CFT,; corre-
spondence. The AdSyy1/CFT, correspondence comes into the picture when we consider a special

sub-class of CF'T, states which are called holographic. For such CF'Ty states it can be shown [5, §],
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using the prescription outlined in the previous section, that the result for calculating the entangle-
ment entropy of some subregion A will give the same leading order divergent term as the area of
a co-dimension 2 surface in the bulk that is anchored to the entangling surface on the conformal
boundary of AdS;y1. This observation leads to the more general conjecture first formulated by Ryu
and Takayanagi called the Ryu-Takayanagi conjecture. This is summarized by the Ryu-Takayanagi
formula [5, 8]:

Area(va)
4G N

Where v4 is a co-dimension 2 extremal surface in the bulk which extremizes the area functional.

SkpE = (1.3.1)

This surface obeys the following boundary condition 0A = dv4, which is to say that the extremal
surface in the bulk ends on the conformal boundary on the entangling surface of the sub-region
A. Sometimes there can be more than one extremal surface that satisfies this boundary condition
in such a case one would choose the surface that minimizes the area. This formula will be used
throughout this thesis and is sometimes referred to as the holographic entanglement entropy since

it computes the entanglement entropy of holographic C'F'T, states.

To make the definition more concrete and illustrate how such calculations will be done, we will
do the calculation for the RT surface in pure AdS;y; anchored to the boundary of a ball shaped
region OB on a constant time slice t = 0, on the conformal boundary. The first thing that we must
do is write down the line element for pure AdS;y1. A convenient coordinate system to write it in

is called Poincare coordinates given by the line element:

ds® = g drtde” = 21—2 dz? — dt* + (dz')? + ... + (dz?™1)? (1.3.2)

In these coordinates z is a space-like coordinate that goes into the bulk and the rest are boundary
coordinates. The conformal boundary exists at z = 0 and the metric on the conformal boundary is
given by z2gW\ »—0- In this case we have the flat Minkowski metric on the conformal boundary. We
will change the space-like boundary coordinates to hyper-spherical coordinates (p, @', ..., $372) due
to the fact we want to consider ball shaped regions on the boundary. The line element becomes:

1 i1
ds® = — (d=* — di* + dp® + pgijdo' o) (1.3.3)

Where glgj is the metric on the unit d — 2 sphere. Now we need to write the area functional for
surfaces that are anchored to the entangling surface of the ball on the conformal boundary on the
constant time slice, ¢t = 0. To do this we apply the formalism discussed in appendix A.1 by setting

two of the coordinates equal to functions of the other d — 1 coordinates. In particular we define:

Xt=t=0 (1.3.4)



1.3. Holographic Entanglement Entropy and the Ryu-Takayanagi Conjecture

X* = f(p) (1.3.5)
XP=p=o* (1.3.6)
X = ¢l = o (1.3.7)

The first embedding equation is simple; since we are considering a static slice of the boundary
we know the surface will be on the same static slice in the bulk. The second embedding equation
is some function of the radial boundary coordinate; of course, a more general anzatz would be to
include ¢'. However, since the boundary entangling surface has no ¢* dependence we can eliminate
such dependence from our anzatz. The coordinates on the surface will be the remaining coordinates
of the background space, 0 = (0 = p, o’ = ¢'). Now we can write the induced metric, 74, on the

surface which is given by:

oXHoXY - 1 .
b = Qv = 2200 X 0y X7 +gpp000F +3:;61 0] = 8258 (1 + 0, f(p)0 2955567
Yab = 9u 9o Dob g b X"+ Gpp0g0p +9i5040; fg(p) a b( + pf(p) pf(p)) + 0795049,
(1.3.8)

Using this we define the area functional:
A= /ﬁdd—la (1.3.9)

The integral goes over the boundary coordinates within the ball shaped region. To find the
extremal surface we must extremize the Area functional defined above. In appendix A.1 we derived

the equation that needs to be satisfied which is given by:

0A 1

m = i\f"}/’yabaaX“abeaBg;w - 6a <\ﬁ7abaquguB> (1310)

Where B is given by the two coordinates that we used to define the co-dimension 2 surface. In
our case we have B = t,z. We see that t = 0 trivially satisfies the equation, so all we need to do is
solve the equation when B = z. We use the fact that 0.9, = —% gy this simplifies the first term.
We can also simplify the second term by noting that X* only depends on p. This implies we have

only one non-zero term in the sum thus, we find that:

d—1 1
5+ 0 < YYPPO, f(p ) =0 1.3.11
Fy VT O VIO 0) o S
d—2_/ /
Since the induced metric is diagonal it, is easy to see /7 = P ?:,1 (1;;(8” Dl and yP = Hf(z%'

Plugging everything in, one can check that f(p) = \/R? — p? solves the equation where R is the
radius of the ball on the boundary. This reproduces the well known result that the Ryu-Takayanagi
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surface for pure AdS;.1 anchored to the entangling surface of a ball on a constant time slice is a

d — 2-dimensional hemisphere in the bulk.

One should keep in mind that the calculation we just did for the Ryu-Takayanagi surface
was relatively simple for a number of reasons. The first is that the background geometry was a
maximally symmetric space called pure AdSg;yi. This resulted in the metric having only explicit
dependence on p and z. We also utilized the fact that the metric is diagonal. In more general
AAdSg41 geometries these facts will no longer hold true, which will lead to more complicated
equations. The second reason is that the entangling surface on which the extremal surface is
anchored to has a very simple coordinate description for our choice of coordinates. In fact, this
allowed us to justify the anzatz that f was only a function of p and not ¢'. For more general
entangling surfaces on the boundary, we obviously cannot assume this making the equations more
difficult to solve. If one plugs in the solution for the extremal surface back into the area functional
one will find that the integral will diverge. Therefore one must introduce a cutoff in the bulk near
the boundary this corresponds to the UV lattice cutoff we described in the previous section when
one does the calculation on the C'FTy side. For holographic states of a C'FTy one will find that
the leading order divergent term in the area for the Ryu-Takayanagi surface will coincide with
the leading order divergent term in the entanglement entropy of the C'F'Ty. In particular for the
extremal surface we calculated here its area divided by 4G5 would correspond to the entanglement

entropy of a vacuum state of a dual C'FT,.

1.4 Boundary Stress Energy Tensor from Asymptotic Behaviour
in Bulk

In this section we will do a brief review of the Einstein vacuum equations in d + 1 dimensional
spacetimes! for negative cosmological constant. We will give a formal definition of what it means
for a space to be AAdS;y1 and how exactly the asymptotics of the geometry of such spaces give us
information about the boundary C'F'Ty stress energy tensor [9, 10]. The Einstein vacuum equations

with non-zero cosmological constant, A, for d + 1 dimensional spacetime is given by [11]:

1
R;w - §Rg,u,1/ + Ag;w =0 (141)

In particular when A < 0, there exists a maximally symmetric spacetime that solves the equa-
tions known as pure AdSgy;. This space can be written in Poincare coordinates and the line

element will read:

v l2 — l2 7 i
ds?* = g, datda” = P [d22 — (dz°)? + (dah)? + ... + (da? 1)2} =2 [d22 + nijda'da’]  (1.4.2)

! Throughout this thesis we adopt the following convention for the spacetime signature (-,+,--.,+) where the minus
sign comes for time-like coordinates
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Where the constant [ is related to the cosmological constant through the following relation,

_ _ d(d-1)
A=-— 212

this thesis we will simply set [ = 1 unless otherwise stated. A general AAdSy,1 space can be written

, which can be obtained by plugging the metric into the vacuum equations. Throughout
in the form:

1 . .
d82 = ; [dZQ + gij(l‘, Z)dxzdxj] = Guy(z,x)dl‘udl‘y (143)

Where z is called the defining function. The defining function satisfies the following two con-
ditions. The first is that z > 0 and only vanishes on the conformal boundary. The second is that
9" 8,20,z # 0 on the boundary where g, = 2°G,,,,. It can be shown that there is always a preferred
defining function in a small neighbourhood of the conformal boundary such that g"9,,20,z = 1. By
choosing this preferred defining function, it was shown in that g;;(x, ) has the following asymptotic
expansion near the boundary at z = 0 for pure Einstein gravity (i.e no matter fields) [9, 10]:

gij(x,z) = gz-(j(-)) (x) + zQQg) + ..+ zdgg-l) + ... (1.4.4)
()
ij
in even powers of z, which are can be determined order by order using the Einstein equations up to

Moreover it was shown that once one fixes g;.’(z) the only non-zero higher order terms occur

order z%. Terms beyond order z? are undetermined by the Einstein equations near the boundary.

In this thesis we will mainly be interested in the case where the AAdS; ;1 space is conformally flat,

gl(jq) (z) = mij. In this case it was shown that the asymptotic expansion of the AAdSgy; space is

given by [10]:

1 o
ds® = — |2 + n;jda’dz’ + zdFZ(]C-l) (x) + zd+1F£;l+1)(1:) + ] (1.4.5)

2
z
From such an expansion it was shown using the AdSy,1/CFT, correspondence that the coeffi-

)

cient in the asymptotic expansion, FZ(-;I , was fixed by the expectation value of the boundary CFTy

stress energy tensor through the following relation [10]:

NC)
(Tij(x)) = 167rGNFij (z) (1.4.6)

The reader should keep in mind that the result above is only true if we are dealing with a
conformally flat AAdSg41 spacetime. In general an extra term will be added that reflects conformal
anomalies which occur due to lower order terms in the expansion [10]. Now we are ready to discuss

the correspondence between states of a CFT,; on a Minkowski background and the corresponding

>d
5@ =0
In particular the pure AdSy,1 geometry corresponds to a dual state on the CFT,; whose stress

AAdS 1 dual geometry. Start by noting that pure AdSg,1 occurs when all the terms I'

energy tensor expectation value is zero. This leads us to the correspondence that Pure AdSyy is
dual to the vacuum state of a CFT,; and vice-versa. More generally when F§?>d) () # 0 then this
will correspond to some state deformed away from the vacuum. Furthermore it is assumed that

small perturbations away from the vacuum state of the C'F'T; corresponds to small perturbations
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away from pure AdSgy; dual geometry. Using this correspondence between the bulk AAdSg;1
geometry and states of a C'F'Ty as a starting point one can begin to understand how constraints

on states of a C'F'T; translate to constraints in the bulk geometry.



Chapter 2

Constraints From Causal Holographic

Information Surface

2.1 Defining the Causal Holographic Information Surface

Before understanding the causal holographic information (CHI) surface we need to understand
how to construct a geometric quantity in the bulk called the causal wedge. The causal wedge
construction in the bulk was motived by a need to understand how bulk geometry of AAdSii1
spacetimes emerged from the the dual CFT,. In particular, it was argued that if one was given the
density matrix on the C'FTy of some closed bounded region on the boundary, B, with boundary
0B. Then the bulk geometry of the dual AAdS;,1 spacetime could be reconstructed within a
region known as the causal wedge of B [12]. We will give a quick summary of the construction
of the wedge as given in [12]. We start with a Cauchy slice ¥ of the spacetime the CFT} resides
on, then define a closed and bounded d — 1 dimensional region on the slice and call it B. This
region has an associated d dimensional future domain of dependence, denoted D*[B] and a past
domain of dependence, denoted D~ [B]. More intuitively we can say that a point p_ € D~[B] if all
future oriented null geodesics originating from p_ intersect with B. Similarly we can say a point
p+ € DT[B] if all past oriented null geodesics originating from p. intersect with B. Another way of
saying this is that the set of points in DT [B] and D~ [B] are determined by doing future and past
time evolution of some prescribed data on the region B. Together the union of the past and future
domain of dependence is known simply as the domain of dependence of the region B and is denoted
as D[B]. Now that we have defined the domain of dependence of our region B we define the causal
wedge of B to be the intersection of the future and past domains of influence of D[B]. This makes
a wedge that extends into the bulk, the wedge at the conformal boundary coincides with D[B].
The boundary of the wedge is made of two null surfaces whose intersection defines a co-dimension
2 (d — 1 -dimensional) space-like surface in the bulk which is called the causal holographic (CHI)

surface which is denoted as Zp. It is anchored to dB on the conformal boundary. Using this

10
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co-dimension 2 surface in the bulk one defines the CHI associated with the boundary region B as:

Area(Ep)
=— 2.1.1
XB 1Cn (2.1.1)
In this thesis we will be interested in the following property that = is conjectured to obey for

smooth spacetimes satisfying the null energy condition [13]:

1
XB — S = —(Area(2p) — Area(RT)) >0 (2.1.2)
4G N
Where Area(RT) is the area of the Ryu-Takayanagi surface. We want to see what how this

conjecture constraints the asymptotic geometry of highly symmetric and static AAdS3 spacetimes.

2.2 Series Expansion for CHI Curve for AAdS; Spacetimes

We start with a general AAdSs metric given in Poincare coordinates (¢, z, z) that exhibits transla-

tion invariance in the boundary coordinates x and y. The line element is given as:

ds* = ; (d 2 _g(z)dt? + f(z)dz:Q) (2.2.1)

Where g(z) and f(z) have the following asymptotic expansions near the boundary conformal

boundary situated at z = 0:

Pf  Pfs | 2

f@=1+52+ SR T (2.2.2)
2fa gz 2y
g(z)=1- 51 + 3l + 1l + .. (2.2.3)

From this point, throughout the rest of chapter 2 when we say AAdSs; spacetime, we mean
a spacetime that has the line element given by (2.2.1). The quadratic order coefficient in both
expansions differ by a sign in order to have a traceless holographic stress energy tensor due to the
fact that the spacetime is dual to a C'F'T; state. The goal now is to translate the constraint given
by the inequality (2.1.2) into constraints on the coefficients in the asymptotic expansions given
above. We will consider tilted intervals on the conformal boundary to be our region B from which
we will construct the domain of dependence of the interval D[B]. We will in use D[B] to define the
CHI surface that extends into the bulk. To define the interval we start by looking at the induced

line element on a constant z-slice:

2
dsg:ZO = % (—g(z0)dt* + f(20)dz?) (2.2.4)
0

Define an interval on the slice which is a straight line connecting the space-like separated points
P, = (=0t,—0x, z0) and P, = (dt,dx, zp) where dz — 6t > 0. Now we want to find the domain of

dependence for this interval. To construct the domain of dependence we emit null geodesics from

11



2.2. Series Expansion for CHI Curve for AAdSs Spacetimes

the end points of the interval. It is not difficult to see that the geodesics will intersect at two points.
One will be a point to the past of the interval and another to the future which we will denote P_
and P, respectively. We can explicitly calculate these points by computing the null geodesics. We
find that null geodesics emitted from the point P; are given by the equation:

tie(z) =+ ggz; (z + 6z) — ot (2.2.5)
For null geodesics emitted at Ps:
tor(z) = g EZ’; (z — 6z) + 6t (2.2.6)

We get Py by setting t1. = to_ and P_ by setting t;_ = to, we find that P, = ( 1(z0) 500/ *}({Ezg% ot, zo>

g(zo0)
and P_ = (— £ )636, — g(zo)ét, z()). The points Py, P+, P2, and P_ are the vertices of a dia-

20
9(zo) f(zo0)
mond shape which is the domain of dependence for the interval, sometimes it is called the causal

diamond. We can get the domain of dependence on the conformal boundary by letting zp — 0 then

f(z0)
ng)ﬁl'

Now we will find a series expansion for the CHI surface associated with the space-like interval
we defined. To do this we will emanate a family of null geodesics from the from the point (t =
dx,x = 0t,z = 0) towards the past of the point, and another family of null geodesics from the
point (t = —dx,x = —dt, z = 0) towards the future of the point into the bulk geometry. The set of
points where the geodesics intersect will form a curve and this will be the CHI surface. We will be
interested in finding a series expansion for it. To begin, we will start by simplifying the problem
of a tilted interval to a more simpler case where the interval is on a constant time slice. To do
this we make use of a Lorentz transformation. Since we have a space-like interval on the conformal
boundary that connects two points separated by At = 2§t and Az = 26xz. We want to choose a
boost parameter v such that:

§t' = y(6t —véz) =0 (2.2.7)

1
7= V1—0?

Here we see that we require that v = g—;, in this new frame we have that:

(2.2.8)

L := 62" = y(6x — vit) = (Sf (2.2.9)

Note that L is the proper length of the interval which is a Lorentz invariant quantity. Since we

transformed the interval we must also transform our original metric as well using the infinitesimal
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2.2. Series Expansion for CHI Curve for AAdSs Spacetimes

versions of the Lorentz transformations:

dt' = y(dt — vdz) = dt = y(dt' + vdx') (2.2.10)
dr' = y(dz — vdt) = dx = y(dx’ + vdt') (2.2.11)
dz' = dz (2.2.12)

Substituting into our original metric we obtain the transformed line element which will read:

ds" = l (42 4 2[—dt2(g() — () + da(f(') — v2g(2")) + 2vdt'da’ (f(=') — g(="))]
(2.2.13)
Hence we have transformed our problem of finding the CHI curve associated with a tilted interval
on the boundary with the bulk metric defined by equation (2.2.1) to an equivalent problem with a
constant time interval on the boundary and a bulk metric defined by equation (2.2.13). The boost
parameter, v, gives a way to go from one description to the other. Now we must compute null
geodesics using the transformed metric. We will use the Lagrangian approach. Define the following

Lagrangian:

£ = D\ in(g() — () + () — () + 2l (F() ~ 9(2))]  (2214)

Where we use the dot notation to represent the derivative of each coordinate with respect to
some parameter along the geodesic which we will eventually take to be the coordinate time. We
get geodesics by solving the Fuler Lagrange equations. In particular since there is no explicit

dependence on on either ¢’ or 2’ we know that:

~21? )

T )~ 00 + ol (1) — 9] = ¢, (2.2.15)
72[2 ) )

R i’ (f(2') = g(2") = t'(g() = v f(Z')] = ¢ (2.2.16)

Where ¢, and ¢} are constants. Dividing one equation by the other and rearranging we obtain

the following:

da’ _ vf(z")(1 +cv) — g(2')(c +v)
dt vg(2)(c+v) — f(2)(1 + cv) (2.2.17)

Where ¢ = —c,/c} is some constant (the negative sign is simply a convention we adopt). More

physically, the parameter ¢ will label the different geodesics, and different values of ¢ will corrspond

to geodesics being emitted along different directions from a given point in spacetime. Now we take

13



2.2. Series Expansion for CHI Curve for AAdSs Spacetimes

dt’

the parameter along the geodesics in the Lagrangian as ¢’ and substitute our above expression for
4z into the Lagrangian (2.2.14). We then set the Lagrangian to zero (null condition) and solve for
flj—i,/. We obtain:

- =v\/g<zf> o2 ) e o 22

2.2.18
T ( )
Using the equations (2.2.17) and (2.2.18) we get the following two integral equations
/1 — 02
/dt’ / 2” dz 2 (2.2.19)
Vo) [ + 10" = 1) [0+ 5
/d / / ') 1——:01}) 9(z )fc—:-v V1 —2v2dz’ : (2.2.20)
(c+v) cv /
Mo [ +1]7 - 1) o+ )

Using the two integral equations above, we can describe how geodesics will evolve from a point

of interest on the conformal boundary into the bulk geometry. In particular, for a past directed null

geodesic starting at the future tip of the causal diamond on the boundary, (¢
we have that:

=L,2' =0,2=0),

\/1 —2d
te(z,cp) / 2” - — (2.2.21)
Vo) [odr +1° = ) [0+ %]

For future directed null geodesics starting at the past tip of the causal diamond on the boundary,
(t'=—L,2’ =0,z =0), we get:

t(zc )= —L+/ V1 _2”2‘{”2/ — (2.2.22)
Vo) (v +10° - 1) [+ 48]

We do a power series expansion of the right hand side of the equation at z = 0, and find power
series of the form:

te(z,cq) ZAk )z (2.2.23)
t_(z,c)=—L+ ZAk(c_)zk (2.2.24)
k=1

We can also find similar integral expressions for the x coordinate along the past and future

directed geodesics and expand in a power series in z with coefficients depending on c4

+(z,c4) E By(c4)z

(2.2.25)
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= in(C_)Zk (2.2.26)
k=1

Now fix a particular ¢y, this will correspond to a particular geodesic starting at the point
(t =L,z =0,z =0). This should intersect with some other geodesic characterized by c_ starting
at the point (t = —L,z = 0,z = 0). The intersection point between the two geodesics will

correspond to one point on the CHI curve. To find this point we set ¢t = ¢_ and x4 = xz_. We

obtain:
00
2L = [Ag(cy) + Ap(c)zik, (2.2.27)
k=1
0o
Z By(cy) — Bi(c )2, = By(cy) — Bple_) = 0,Vk (2.2.28)
k=1
Where zj,,; is the z coordinate in the bulk where the geodesics intersect. Equation (2.2.28) will
be satisfied if we set ¢y = c_ = c¢. By substituting this relation between c4 and c_ into (2.2.27) we
will find:
L= Z Ap(c)zh, (2.2.29)

It states that the intersection point in the bulk of the two geodesics is controlled by the proper
length of the interval on the conformal boundary. This implies that if the proper length of the
interval on the boundary is sufficiently small, then the z-coordinate of the intersection point will
also be small. To make this statement more precise we can invert the series given by equation

(2.2.29) to write z/,,, as a power series in L with ¢ and v dependent coefficients:

int’

it ( Z k(e (2.2.30)

From this point we must assume that L << 1 in order for the series to converge. Since we know

what 2, is we can use equations (2.2.23)—(2.2.26) to obtain t},, = t+(2},,,¢) and 2}, = 4 (2], ¢):
o0 [e.e]

Tt (€) = Y Bi()2hne(0)F = Gule) LF (2.2.31)
k=1 k=1

t (c)=0 (2.2.32)

The coefficients in the series expansions are well defined when —1 < ¢ < 1. We now have the set
of intersection points of geodesics that generate the null boundary of the causal wedge in the bulk.
This gives us the CHI curve parameterized by ¢ € [—1,1]. The curve is connected to the endpoints
of the interval of interest 2/ ,(£1) =0 and «},,(£1) = £L as expected. We can revert back to the

15



2.3. Series Expansion for the Area of the CHI Curve

original coordinates where the interval is tilted by applying the inverse Lorentz transformation to

the CHI curve coordinates. We get:

Zint(€) = Zipy(€) =Y mi(c)L* (2.2.33)
k=1
Tint(c) = y(xh,; + vth,) = \9/3;”1(61})2 = NG 1_ = Z )% (2.2.34)
k=1
tine(€) = Y (tiny + VEnr) = f/xl’"”_t(g = \/11)_ =D _ (o)Lt (2.2.35)
k=1

The three equations above give a complete perturbative expansion of the CHI curve associated
with a tilted interval of proper length L on the boundary for AAdS3 spaces whose metric can be
written in the form given by equation (2.2.1). The coefficients in the expansions can be written in
terms of the coefficients Ay and By, defined in equations (2.2.23) — (2.2.26) through the procedure

outlined above.

2.3 Series Expansion for the Area of the CHI Curve

Now that we have a series expansion for the CHI curve we can find a series expansion for its length.
To do this we will begin by defining a new parameter along the CHI curve, A = v/1 — ¢2, where
0 < A < 1. Then we can relate A to ¢ by using a piecewise definition, c+ = 4+v/1 — A2 where,
—1 <c_<0and 0 < ¢y <1. The main reason we choose to define this different parameter is
because we will need to regulate the integrals involving the length of the CHI curve by introducing
a cutoff near the conformal boundary. Doing this will simply amount to setting A to a small
parameter. This will make it easier to split the expressions into a finite part and a divergent part.
Since we are going to use A, we need to deal with the two halves of the CHI curve separately, in
particular we define (t1,xr,2r) to be points on the left half of the CHI curve and (tg,zg, 2r) to
be the points on the right half of the CHI curve. We can define these points very easily using
equations (2.2.33) — (2.2.35):

(tr,zr,2n) = (tint(c2), Tint(c—), zint(c)) (2.3.1)

(tr. TR, 2R) = (tint(c4), Tint(ct)s Zint(c4)) (2.3.2)
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2.3. Series Expansion for the Area of the CHI Curve

Now we can write the integral for the total length of the curve CHI curve as:

AcHi —/01 %\/(%)2 + f(z(N)) (CZC/\L>2 —g(zL(N)) (Ccllt;)Qd)\

' /0 0 \/ (izf)z + fzrV) (‘Z”;%)Q ~ 9(zr(V) (ﬁf)%

Consider the first integral involving the length of the left half of the CHI curve and analyze the

(2.3.3)

integrand near the boundary, A = 0, as this is where any divergence in the integral will occur. To
do this we need only to understand the asymptotic expansions of (¢, zr,2r). They will have the

form:

2, = A+ O(\?) (2.3.4)
xp = —L+ O(\?) (2.3.5)
tp =vrp = —vL + O(\?) (2.3.6)

Where for equation (2.3.6) we used the fact that ¢;,;/xine = v. We can also give the asymptotic

expansions for f and ¢ in terms of A:

FzL() = 1+ 0(\?) (2.3.7)

glzr(N) =1+ 0()\?) (2.3.8)

This implies that near the boundary the integrand has the following asymptotic expansion:

th)\) ﬂ%f + (2 (V) <C?AL>2 —g(zL(\) (Cgf)Q = % +0(1) (2.3.9)

This means the integral will diverge. The same will also hold true for the integrand involving

the right side of the CHI curve. This is an expected result, what we can do now is rewrite it into
a finite part and divergent part. This amounts to subtracting off the divergence and doing the

integral from 0 to 1 and adding on the same divergence with cutoffs €}, and €r going to zero this
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2.4. Ryu-Takayanagi Curve for AAdSs

gives the following expression:

e = [ | (Y teson (%22 sty (24|

of z;u)\/ (%) ¢ seno0) (22) — gtemty (%) 2 an @10

— lim In(er) — lim In(er)
er—0 €1, —0

Here the first integrals will converge and all the divergence is contained in the last two loga-
rithmic terms as €, and €r go to zero. We can expand the finite part as a power series in L and

explicitly do the integrals order by order. We find that:

1 71'(7931)2 + f3) 3 1 3f22v2 — 2g40% — 3f22 +2f1 4 5
A =2In(2 — =L — L O(L
ont =An(2) + 5= 90 1— 2 +0O(L%) (2.3.11)

— lim In(er) — lim In(€r)
er—0 €, —0

This gives us the area of the CHI curve as a power series in the proper length of the interval on
the boundary with coefficients that depend on the asymptotic structure of the geometry and the

tilt of the interval characterized by v.

2.4 Ryu-Takayanagi Curve for AAdS;

Here we reproduce the expressions given in [4] that the Ryu-Takayanagi surface will obey. Start

with the metric expressed in terms of a line element:

ds® = Z%(dz2 + f(2)dz? — g(z)dt?) (2.4.1)

The Ryu-Takayanagi surface for this space will be a curve. We will parameterize the curve in

terms the bulk coordinate z. The length functional will be:

L= /OZO dj\/l +1(2) (j”;)z _g(2) (i’i)g (2.4.2)

The functions z(z) and t(z) for the RT-curve will extremize the length functional. We can

define the associated Lagrangian as:

L(x,i,t,t 2) = %\/1 + f(2)32 — g(2)t? (2.4.3)

Where we use Newton’s dot notation for a derivative with respect to z. The associated Euler
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2.4. Ryu-Takayanagi Curve for AAdSs

Lagrange equations for z(z) and t(z) and given by:

d oL d 1 F(2)i B
dz 0% 0= dz _; V14 f(2)32 — g(z)E2 ] -0 (244
doc d 1 g(2)i ]
zoi V7 s 211 f(2)i2 —g(2)2] 0 (245)

These tell us that along the curve parameterized by z the quantities in the square brackets
are constants. In particular we can choose to evaluate the expression in the square brackets at
the end point 2z which is the maximal depth that the curve goes into the bulk. This implies that
[#(20)]7! = [f(20)]! = 0. Then it follows that the terms in the expressions in the square brackets

evaluated at the point zg are:

1 f(z)d _h
[z V1+ f(2)i? — g(z)p] . 2o/ B2 (2.4.6)

, fo = f(20), and go = g(20). Using the expression given

_ /9(z) dt
Where we defined By = Ok

z=2z0
in equation (2.4.4) we can write:
1 f(2)i ___Jh (2.4.7)
PV1+ f(2)i2 - g(2) 2 20\/1- 55
Then we can write f in terms of & by noting that:
Ve (2) i £(2)
Vg g(2) 90 . f(2) [90, .
T (SR A TSR A 245
7V 14f(2)#2—g ()i
Plugging this into equation (2.4.7) and rearranging for &2 gives us:
2
1
% = ;jg T : (2.4.9)
z z“ fo 2290
1= -5
Doing a similar calculation also shows that:
2
2 _ 27790 1
t* =By 2.2 7 5 > (2.4.10)
w4l
zof 259

This gives us equations that the Ryu-Takayanagi curve should obey.
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2.5 Series Expansion for Area of the Ryu-Takayanagi Surface

Now we want to get a similar series expansion for the area of the RT curve. From the previous

section we know that the RT curve satisfies the following differential equations:

dr _ =
) ZOf \/ [ -3 (2.5.1)

dt
e — Bo=
z zog {1 - ]
% -2
Where zj is the maximal value of z reached by the RT curve and we defined 5y = ?8 g—; ,
z=2z0

fo=f(20), 90 = 9(20), g = g(2), and f = f(z). This is the only information we need to find a series
expansion of the length of the RT curve using the metric we are given. However, this expansion
will have coefficients that depend on 5y and zy which are not the parameters we used to express the
CHI curve. This problem can be resolved by expressing the parameters By and zg in terms of the
parameters v and L used in the CHI expansion. To do this we start by integrating the expressions

above to obtain:

20
Az = / v dz (2.5.2)
0 20 f 11— 22fo 62 [1 _ 2290}
zgf 0 z%g
0z dz
At = / Bo V90 (2.5.3)
0 209 \/ — 2 { _ @]
0 zgg

Note that these integrals only give half of the RT curve since we choose to parameterize in terms

of the bulk coordinate z. However, due to the high degree of symmetry of the metric in the boundary
coordinates, the total change in « and t are double the integrals we have above. We can now relate
the proper length of the interval on the boundary to the integrals above L = %’” =/ (Az)? — (At)2.
We do a series expansion for the integrands at Az and At at z = 0. We integrate the series term
by term from z = 0 to z = 2y and obtain a series expansion for dz and ét in terms of zy. We can

then plug in the series into the equation for 2L and get:

L(z0,B0) = — = Y bi( (2.5.4)

k=1

Then we can do a series reversion and find 2y as a power series in 57”” = L:

= ick(ﬁo)Lk (2.5.5)
k=1
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2.5. Series Expansion for Area of the Ryu-Takayanagi Surface

Once again we find that the maximum depth the curve goes into the bulk is controlled by the
proper length of the boundary interval. We can also do a series expansion of v = g; = Am at z =0

and integrate term by term to get v as a power series in zy with Sy dependent coefficients:

v(z0,B0) = Bo+ Y vi(Bo)zg (2.5.6)

k=2
Since we know that z is related to L by the series expansion given by equation (2.5.5), we can
rewrite v as a power series in L by substituting zo(L, fp) into the right had side of equation (2.5.6).

Then we expand in powers of L, this will give a series expansion for v of the form:

(L, Bo) = Bo+ »_ Vi(Bo) L (2.5.7)

k=2
We can invert the series above and write By as a power series in L with v dependent coefficients.

To accomplish this we define the following series in L:

Bo(L,v) =v+ > Kp(v)L™ (2.5.8)

To find the coefficients K,,(v), we substitute the series for 5y(L,v) into the right hand side of
equation (2.5.7) and expand as a power series in L and calculate up to whatever order in L we want.
This will give us By(L,v). Now we want to find zo(L,v). Going back to the series expansion given
by equation (2.5.5) we note that the coefficients ¢ () are dependent on fy. If we plug in our series
expansion (L, v) into the coefficients ci(8y(L,v)) and expand, we will get a series expansion of
20(L,v). This will enable us to express the series expansion of the length of the RT curve in terms

of the parameters L. and v. The length of the curve parameterized in terms of z is given by:

ART—/OZOz\/lJrf(z) <2§>2—g( >(j§> dz (2.5.9)

Just like for the CHI curve, we know that the length of the RT curve will diverge. We will split

the area into a finite and divergent part:

20 |2 da\ 2 dt\? 2 . 20
ART—/O Z\/1+f(z) <dz> —9(2) <dz> 3 dz*‘ll_{ﬂ()?l”(?)

1 _ 32
= / 2 L= 5 _2 du + lim 2In (@>
0o |u\| 1 g2 f(Zo) .y [ w2 9(z0) } U e—0 €
0

(2.5.10)

f(zou) g(zou)

The divergence is contained in the logarithmic terms expressed in terms of the cutoff e. We can

then substitute the series expansions of zo(L,v) and Sy(L,v) and expand the finite part of the area

21



2.6. Constraints on AAdSs Spacetimes from CHI Inequality

as a power series in L. We find that:

1fo(1+ UZ)LQ 1 w(—g3v* + f3)

Apr =2In(2 L?
RT ”()"‘3 1 — 2 32 1—02 (2.5.11)
1 2f30* — gavt + fav? + guv® +2f3 — f1 4 5\ 41 L -
45 (1—02)2 Frown i

Which gives us the series expansion for the area of the RT curve in terms of the parameters
defined for the CHI curve.

2.6 Constraints on AAdS; Spacetimes from CHI Inequality

Now that we have a series expansion for both the CHI and RT curve associated with the interval
on the conformal boundary, we will see what kind of constraint we can get by using the conjecture
that Acgr — Arr > 0. Before doing this, we must recall that the cutoff was described differently
for the RT and CHI curve. We must first relate the cutoff é for the CHI curve to the cutoff e for

the RT curve. In particular we must satisfy:

e=z1(A=€1) = Qp(L,v)ép + O(E2) (2.6.1)

¢ = 2r(\ = €r) = Qr(L,v)ép + O(E%) (2.6.2)

We expand the right hand side of the two equations as power series in €, and € with v and
L dependent coefficients. We will only need to retain terms up to first order since we are taking a

limit to zero in the end. Then:

€

SRIA] (2.6.3)

&

€

R=——— 2.6.4

R QR(L’ ’U) ( )

We will then substitute these expressions into our cutoff for the CHI curve and and expand the
cutoff term in a series in L when we do this we obtain the following expansion with a cutoff that

is identical to the RT curve cutoff:

1 fo(14 v2)L2 iﬂ(—g3?)2 + f3)

Acwr =2n(2) + > L’
CHI ln()+3 1= 2 32 12 (2.6.5)
1 2f3v* — gav* + f1v? + gav® + 215 — f1 4 5\ 1 1: L -
1 L L%) + lim 2in | =
45 (1—02)2 +O(L7) + lim2in |

Now we can compute the difference in area between the CHI and RT which will be finite. We
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get:

1 7wfov*(gs — f3)

= L5
192 (1-— v2)2

Acur — Arr =

(14403 + 864093 f3 + (60757% — 44640)g3)v?

1
+ 2764800(1 — v2)2
+ ((27007% — 41280)(f2 + g3) + (—1755072 + 151680) g3 f3 + 16384 f2 (g4 — f1))v*
+ (607572 — 44640) f3 + 8640 f3g3 + 144093] LS + O(LT)

(2.6.6)

As we can see, the area of RT curve and CHI curve area are identical up to fourth order in L.

In particular when v = 0, the leading order term is of order L° given by:

1 1
61440(1357r —992)f2 + 350943 + 195093 g: (2.6.7)

We claim that the leading order term for v = 0 is always non-negative for any AAdS3; geometry
given. To see this fix g3 to any arbitrary value then the sixith order coeflicient is a quadratic in fs.

We want to start by understanding the zeros of the quadratic by solving for f3 in terms of g3 we
find:

£y = Ag3(—24 + i7/27072 — 2560)
57 13572 — 992

From this we see that f3 is complex and can only be real if g3 = 0 which, in turn, implies
that f3 = 0. Which makes the entire 6th order term equal to zero. This means that if g3 # 0 the

parabola in f3 will not cross the f3 axis. If g3 = 0, then there is a doubly degenerate zero at the

(2.6.8)

origin and the parabola will not cross the f3 axis. Hence to check positivity it suffices to choose
any value for f3 and g3 and see that it is greater than zero. In particular let g3 = 0, and let f3
be arbitrary. Then the sixth order term is positive because 13572 — 992 > 0. This proves that
for v = 0 the leading order term is always non-negative. This makes sense because we know that
for a constant time slice the RT curve is a minimal length curve that is anchored to the boundary
interval. Now we consider the case in which v is non-zero. The leading order term is is 5th order

in L. We require that the term be non-negative for v € (0,1). This gives the constraint:

falgs — f3) > 0 (2.6.9)

We should assume that fo > 0 because fo is related to the expectation value of the stress
energy tensor of the C'F'Ts. In particular, fo is proportional to the energy density which should be

non-negative. Using this fact we have that:

f3< g3 (2.6.10)
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Now suppose that g3 = f3, then the leading order term will be 6th order in L. Requiring

non-negativity implies that:

Az’ — 2Bz + A >0

<o (2.6.11)
B=4 -
+ 6075f2(f4 ga)
x=1v?€(0,1)

Start with the case when f3 = 0 then we are dealing with a linear equation in x. Clearly in

order for the expression to be non-negative we require that:

B<0= fo(fa—g4) 0= fy < g4 (2.6.12)

Now, we deal with the case that f3 # 0 start by rewriting the inequality as follows:

o= Trr 120 (2.6.13)

Using results from appendix A we show that the quadratic satisfies the inequality in the interval
x € (0,1) when:

fo(fa—g4) 0= fu < g4 (2.6.14)

We can compare these leading order constraints to the constraints derived in [4] which we will
quickly review. It was shown that for AAdSs spacetimes we are considering the non-vanishing

components of the stress energy tensor are given as:

1g 1f 1f¢

T,=——=—-——=—+4+_-=—= 2.6.1
2z g 2zf+4fg (2.6.15)
1 12 "
Ty = zi% <2"; + z‘; - 2,2];) (2.6.16)
f g/ g/2 g//
Ty = 5 (29 + z? — 2zg> (2.6.17)

We can do an asymptotic expansion of these expressions to obtain:

1 1 1

Ti = 1 foz = g a2 + S afos® + O() (2.6.18)
1 1 45 1 3 4

Typw = 1987 g9ar 6f2932 +0(2%) (2.6.19)
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2.6. Constraints on AAdSs Spacetimes from CHI Inequality

We will apply the null energy condition (NEC) which states T, u*u” > 0. We take u to be

a null vector in the boundary directions, u = u*0, + u'0; this gives Ttt% + Ty > 0. We can
calculate in terms of the asymptotic expansion we get:
z 1 1

Tttg((zg 4+ Ty = —Z(fg —g3)7 — 8(f4 — )22+ 0(2%) >0 (2.6.20)

The leading order term in z gives us f3 < g3, which is exactly the same constraint we got in
(2.6.10). When we assume f3 = g3 then the leading order term is of order 22 and the NEC gives
fa < g4, which we got in (2.6.14). In conclusion, we find that the conjecture Acyr — Arp > 0 at
leading orders does not give any tighter constraints to the asymptotic structure of AAdSs space-
times than what we obtain using the NEC in the boundary field theory directions. In fact, we

found that to the first two leading orders the constraints are identical.

A natural question to ask in light of these leading order results is whether this is also true for
higher order terms. That is, do constraints from the series expansion of Acpr — Arr > 0in L give
the same constraints as the NEC for null vectors in the boundary directions at higher than the
first two leading orders? A good way to start answering this question is to simply calculate and
compare a few more terms in the series expansions. If we find that the higher order terms match,
then this might indicate a more deeper relation between the NEC in AAdS3 spacetimes and the
constraint that Acgr — Agr > 0. If the higher order constraints between the two conditions do not
match, then one could ask why the leading order terms match and whether the results we obtained
are a result of choosing AAdSs metrics that are translation invariant in the boundary coordinates.
In either case, there are still some open questions that one could try to answer that would give a

better insight of what causal holographic information can tell us about bulk spacetimes.
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Chapter 3

Constraints from Relative Entropy

3.1 Basic Properties of Relative Entropy

Relative entropy is yet another quantum information quantity that can be defined for states on
some subregion of a CFT,;. This means that we can translate constraints on relative entropy to
constraints in bulk geometry. Such constraints have been extensively studied in [6, 7, 14] for ball
shaped regions. We will review some of these results and use them as a basis for understanding the
dual of relative entropy for holographic states defined on null cone sub-regions. Start by defining
relative entropy. Suppose we are given two states of a quantum system in terms of the density

matrices p and 0. We can define a quantity called relative entropy in terms of these two states:

S(pllo) = Tr(plnp) — Tr(plno) (3.1.1)

Here, o is often called the reference state. Relative entropy is always greater than or equal to
zero and will be equal to zero iff p = o. This property is often referred to as the positivity of
relative entropy. Furthermore, for reduced density matrices p4 and o4 obtained by a partial trace

operation from p and o, one can show:

S(palloa) < S(pllo) (3.1.2)

This is called the monotonicity of relative entropy. If we consider the case where the density
matrices p and o describe states in a subregion B of a CFT. We can view p4 and o4 as the same
states defined in a subregion A such that A C B.

Now that we have introduced the notion of relative entropy we will move on and reformulate

it in terms of a quantity called the modular Hamiltonian. The modular Hamiltonian for a state o

is defined by the formula H, = —Ino. Using this definition we can recast the equation of relative
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3.2. Relative Entropy for Ball Shaped Regions in Terms of Bulk Quantities

entropy as follows:

S(pllo) = Tr(plnp) — Tr(plnc) + Tr(olno) — Tr(olno)
= [Tr(pHy) — Tr(cHy)| — [-Tr(plnp) + Tr(clno)]
= |(Ho), — (Ho)o| = [S(p) = S(0)]
=A(H,)— AS

(3.1.3)

Where A (H,) is the difference in the expectation value of the modular Hamiltonian H, with
respect to the states p and o and AS is the difference between the Von Neumann entropies of the
states p and o. Before explaining how this formula will be used in the setting of holography, we
want to prove the so called first law of entanglement entropy for states close to the reference state
o. Let p =0+ eX where 0 < e << 1 and X is a traceless hermitian matrix. We then substitute
this into the equation for relative entropy given at the beginning of the section and do a series

expansion in €. We find that:

S(o+eX||lo)=Tr [(a +eX) (lna +eXot - %EQX%'_Q + 0(63)>:| —Tr[(oc+ eX)ino]
(3.1.4)

=elr(X)+ %€2TT‘(XO'_1X) +0() = %EzTT(XO'_lX) + O(e%)

Where we used the cyclic property of trace and the fact that X is traceless. The leading order
non-zero term is of order € and is called quantum Fisher information. Furthermore, since the first
order term in e vanishes, this tells us that the first order variation of relative entropy for states
near the reference state o vanish. We can use this result to see that the first order variation of the

modular hamiltonian equals to the first order variation in the Von Neumann entropy:
08 =4d(Hy) (3.1.5)

The equation above is often called the first law of entanglement entropy. It was shown in [14]
that when one considers the bulk dual of the first law for ball shaped regions on the boundary

CF1Ty, one finds the linearized Einstein equations in the bulk.

3.2 Relative Entropy for Ball Shaped Regions in Terms of Bulk
Quantities

Here we will review relative entropy in the context of AdSgi1/CFT,;. We start with the formula

for relative entropy in terms of the modular Hamiltonian.

S(pgllos) = A (Hg) — AS (3.2.1)
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3.2. Relative Entropy for Ball Shaped Regions in Terms of Bulk Quantities

Here we let 0 = op be the vacuum state of a CFTy; on a ball shaped region B for a constant
time slice. Let p = pp be some other excited state on B. In this case, the modular Hamiltonian

for the vacuum state op takes a simple form given by the following integral expression [6, 7, 14]:
R? — |7 — 7,|?

ball 2R

Where R is the radius of the d — 1 ball centred at the point (t., Z.). Ty (t., Z) is the time-time

component of the stress energy tensor on the constant time slice ¢t = t.. This can be generalized to

Hp =27 Ty (te, )d 1z (3.2.2)

a more covariant version given by the equation below [6, 7, 14]:

Hep = / CeTuwé (3.2.3)
B'eD|B]

Where the integral is over a d — 1 space-like surface B’ that has the same domain of dependence
as the ball of radius R centred at (., Z.). The vector field (5 is a conformal killing vector field
defined as [6, 7, 14]:

d—

(= [R— (t—t)" — |7~ \]&t—— te) > (& — x.)'d; (3.2.4)

=1

,_.

.

The vector field defines what is known as the modular flow associated with the domain of
dependence D[B]. The stress energy tensor T, is now on B’ and €” is a d — 1 form defined using

the d dimensional background Minkowski metric 7,

. _ VM

€y = Weuamz...adqual VANAN dSUad71 (325)

It has a property such that by contracting the form with a normal vector n” to the surface B’,
we get the volume form for the d — 1 dimensional surface B’. One can check that this covariant
version reproduces the older result for the ball on the constant time slice t = ¢, given by equation
(3.2.2). Using the covariant formula along with the fact that (7),,) = ﬁlﬁ(ﬁ), we can write the
quantity A (H,,) as follows “:

d
A(Hep) = | ChA(T,) e = BT (D 2.
Hey) = [ ha @& = 55 [ & (326)

This gives the change in the modular Hamiltonian in terms of metric quantities of the dual
AAdS 41 spacetimes. We can address the term AS using the RT formula which will tell us that
AS is the difference in the areas of the RT surfaces in the different backgrounds:

AA
AS =22 2.
5= i (3.2.7)

2We will assume from this point onwards that o is the vacuum state, we know that its dual geometry is pure
AdSg+1. We also know that the excited state p will be dual to some other AAdSqy1 spacetime which will have the

following asymptotic expansion in Poincare coordinates ds® = Z% [d22 + nuvdztdz” + zdF(d dztdx” + O(z d+1)].
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3.3. Modular Hamiltonian on the Cone

Combining the two results together gives us relative entropy expressed in terms of the bulk

quantities:

_ d p(d) v AA
S(ppllop) = e /B Cplve Cn (3.2.8)

The quantity above is called holographic relative entropy. We defined it for states on d — 1
dimensional sub-regions within the domain of dependence of a ball. We see that to calculate this
quantity we need two things; the first is the modular Hamiltonian of the sub-region on the bound-
ary, and the second is the area of the RT surfaces. For ball shaped regions it has been shown that
holographic relative entropy can be interpreted as a quasi-local bulk energy [6]. At first order the
vanishing of the variation of this quantity leads to the linearized Einstein equations. At second
order, it was shown that quantum Fisher information was dual to a canonical energy defined in the
bulk [6].

One should keep in mind that the results discussed above apply to ball shaped regions. This
is because for more arbitrary shaped sub-regions, the modular Hamiltonian is unknown and is
assumed to take on a non-local form. Furthermore, calculating RT surfaces anchored to arbitrary
entangling surfaces can be a difficult problem as we already discussed in the introduction. However,
recent results by Casini and collaborators showed that if we restrict ourselves to the future horizon
of some cut on a null plane, then one we can write the modular Hamiltonian as a simple integral.
We will review this recent result and apply a conformal transformation to get the corresponding

modular Hamiltonian on a past light-cone whose base can be defined by an arbitrary cut.

3.3 Modular Hamiltonian on the Cone

In this section, we want to consider the modular Hamiltonian of regions on a CFT,; bounded by
an entangling surface that lies on a light cone. Our starting point will be a result derived by

Casini, Teste, and Gonzalo [15]. To start we consider the CFT, on a flat Minkowski background

with coordinates z* = (2°,z',...,2%7!). In these coordinates the Minkowski metric is diagonal,

diag(—1,1,...,1). Now we change coordinates to what we will call null plane coordinates defined

0

as v~ = 2% — 2! and 27 = 20 + 2! leaving the other transverse coordinates the same. The line

element becomes:

d—1
ds® = —dzTdx™ + 2:(dari)2 (3.3.1)
i=2
In particular, if we set = = 0, then this defines a null plane hyper-surface. Now we consider

some cut along the null plane defined by setting the null coordinate z+ equal to some function,

v(zt), of the transverse coordinates z+ = (x2,..,2%1). Then the modular Hamiltonian on the
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3.3. Modular Hamiltonian on the Cone

future horizon to the cut, =, is given by the following integral expression [15]:

H, = 27T/da:2...dxd1 /OO (b — () Ty (z™ = 0)da™ (3.3.2)
ol

(z+)

We know from the results in appendix A.3 that there exists a special conformal transformation
(SCT) that maps this null sheet to a null cone. This means that by doing a conformal transformation
of the integral expression above, we can obtain the corresponding modular Hamiltonian on the light
cone. To start, we want to see how the integration measure dztdz?...dz%! on the plane transforms
after applying the SCT. The first step will be to do a transformation of the transverse coordinates
(xF,22,.., 2971 — (2%, 42, ...,y? 1) where the coordinates on y are obtained after applying the
SCT map given in appendix A.3:

V= ow)
—(zt +2R)(z~ — 2R) + (a1)? _ xt N

Qz) = ( )(4R2 )+ (@) = Oz =0)=1+2R+(2R> (3.3.3)
d—1

(CEJ')Q — (xl)2
=2

Using the map above one can calculate the elements of the Jacobian matrix associated with

changing coordinates. The result is:
oy’ [y xag
—— =070, — ——~ 3.3.4
Ok [ k 2R2Q ( )
Where i,k € {2,3,...,d — 1}. The determinant of the matrix can be found by finding the

eigenvalues of the matrix which is outlined in appendix A.4, the result is:

Ay’ 2—d (z1)?
= det =Q 1-— 3.
If we restrict ourselves to the null plane = = 0 then:
2+ —
Jle_:O = T o (336)
Tr =

This allows us to make the following statement:

Qdfl

_ detdy?...dy*?
24 % - z—=0

datdy?dy®...dy?' = J datda?de® . datt = datda®. da? !

z—=0 =

(3.3.7)
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3.3. Modular Hamiltonian on the Cone

Now we use the fact that on the null plane = = 0 and this implies z+ = 22!, thus:

2041 204-1  Pal

dx+d1:2...da:d_1‘ detdy?..dy?t = dy'dy?...dy?"

17:0_1+%_Qx*:0 2+%_Qaiylm*:0
(3.3.8)
Since we know that points on 2~ = 0 get mapped to points on y° + || = R we will calculate
the partial derivative under this restriction and find:
ozt 1R— | —y
= _1R-li—y (3.3.9)
W lyprg=r  © 19 lyorgz=r
Combining everything and using that Q = 1/w we find that:
2R
dztda?...dzd=1 = —— —dyt..dy?? (3.3.10)
S 04[7l=
z==0 yO+lgI=R

We can change to hyper-spherical coordinates with p as the radial coordinate and ¢!, ..., 92

the angular coordinates. This gives:

dotda®.. .dx® !

2R\/g9 ,_ _
— de Sdpdt...dpT 2 (3.3.11)

z—=0 yO+p=R

Where ¢% is the determinant of the metric on a unit d — 2 sphere. Finally of define radial null

coordinates by letting p* = y° £ p it follows that:

datda?.. . dx® !

—_\ d-3

wd—1 2

z—=0 pt=R
This tells us how the area measure on the plane changes when to change coordinates using the

SCT that maps a half plane to a ball.

We want to understand exactly how the cut z+ = ~(x*) on the null plane is mapped to the
null cone. We need to understand this due to the fact that the integral involving 2™ is not over all
space, but rather only to the future of the cut and also because y(z*) shows up in the integrand.
To do this we use the result from appendix A.5 that, p~ on the cone is related to x4+ on the plane
via:

+
x
p- = 5 — R (3.3.13)
1+ 25 + (ﬁ)
2R 2R

Now we will write the cut on the plane in the following form:

et (zt) =2R <g(;) — 1> (1 + <;”;>2> (3.3.14)
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3.3. Modular Hamiltonian on the Cone

Where g(z) is some arbitrary function whose properties we can understand by substituting
this expression for z into the equation (3.3.13). We find that:

p~ = R(1—2g(z1)) (3.3.15)

This tells us that if g(z+) = 0 = 2+ = oco. This we are sitting on the tip of the cone. If

g(xt) =1 = 2t = 0, then we are on the boundary of the ball on the zero time slice. This tells

us any cut that we make on the cone that is between the tip and ball on the zero time slice will
be specified by some function that obeys the following inequality 0 < g(z1) < 1. For example,
if the function is a constant, then this will correspond to a constant cut of the light cone. One
may actually be concerned because the function we are specifying is not a function of the angular
coordinates. However, one can check that any function of the transverse coordinates on the plane
will give some function of the angular coordinates on the cone. This means that in principle we
could pick some cut on the cone that we want g(¢) and then use the relations in the appendix to
express all the ¢ dependence in terms of z' and vice-versa. Using the integration limit given by

equation (3.3.14) we can write:

= /ﬂj( () [ an () (1 N <;>2>
(3.3.16)

g(z+)
When we change coordinates to the light cone we can write the terms in the large square bracket

zt — 2R (gx(;) - 1) (1 + <;>2> i ng;Rg(qb) (3.3.17)

Where we use the fact that:

Ty ydatda®.. . de®?

as:

N\ 1 R+ p~
1+<2R> _w<1— oh ) (3.3.18)

Using the result from appendix A.6, for doing a conformal transformation of the stress energy

tensor in a C'F'Ty allows us to write:

wt (R—p~ 2
T 4 = — T__ 3.1

The upper integration limit becomes R and the lower integration limit becomes R(1 — 2g(¢)).

Combining everything gives us the result for the modular Hamiltonian on a cone:

& ro (R=p "[RO - 29(9)) —p—] " _
Hcone == Q " d d 1d d—2 L.
o / /1{(12g(¢)) g ( 2 > [ Rg(9) I—dp de..d (3.5.20)
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We define p; (¢) = R(1 — 2g(¢)) and rewrite the result as:

f R—p \""[pg(d) —p7]

Hcon€:47r// \/gQ< ) [ 0T ]po—d¢1...d¢d—2 (3.3.21)
P (9) 2 R —py (¢)

Where —R < p, (¢) < R. We can do one more change in the integration variable to make

the integral start at zero. Introducing the new integration parameter u = R_Qp — and defining

1(¢) = Lo will give®:

v(9)
_ Q,d—1 u - a 1 d—2
Heone = 27r//0 v g'u (7((]5) 1> Tywdude:...do (3.3.22)

Where 0 < v(¢) < R.

Now that we have an expression for the modular Hamiltonian on a light cone cone with a cut
base we know we can calculate the modular Hamiltonian term in the relative entropy formula. We
still need a description of the corresponding RT surface anchored to this cone on the boundary.

This will be address this in the following section in the case of a pure AdS;y; background.

3.4 Ryu-Takayanagi Surface Anchored to Light Cone on C'F'T}
Boundary

In this section we want to derive the Ryu-Takayanagi surface for pure AdSy,1 anchored to some
region on the boundary light cone. To do this start by writing the pure AdSy1 metric in Poincare
coordinates and rewrite the boundary coordinates in hyper-spherical coordinates, the line element
reads:

1

= (=dt? + d2* + dp® + p*gitdd'de’ ) (3.4.1)

2 __
ds® = j

where p is the radial distance on the boundary, i,j € {1,2,...,d — 2}, and g% are components of
the metric on the unit d — 2 sphere with angular coordinates (¢!, ..., *~2). Then we define another

change of coordinates by defining:

z =rsin(f)
p = rcos()
0 €[0,7/2]
r € (0,00)

(3.4.2)

3At the time of writing this thesis we determined that the result in the paper [15] for the light cone modular
Hamiltonian is not correct. We verified this with the authors and used a conformal transformation outlined in this
section to get the correct result.
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3.4. Ryu-Takayanagi Surface Anchored to Light Cone on C'FT,; Boundary

The line element will now read:
1
2 _ 2 2, .2392 | 2 i
dS = m (—dt +d7’ —+7r da =+ r“cos ( )gl]d¢ d(b]) (343)
In these coordinates, r defines a radial coordinate for the bulk geometry which will simplify

to radial coordinates to p on the boundary situated at 8 = 0. We do one final transformation by

defining r* as follows:

=ty (3.4.4)

This gives us the final form of the line element we will need expressed in the coordinates
(T+7 ""77 97 ¢17 9 ¢d72):

1 —4drtdr—
sin?(0) [ (rt —r—)2

We will refer to these coordinates as bulk radial null coordinates. In these coordinates we will

ds®> =

+db? + cos*(0)g; dg' de (3.4.5)

define the following co-dimension 2 surface through the following two embedding equations:

r* =R (3.4.6)

= £(0,¢% (3.4.7)

Where R is a constant and f(6, ¢%) is some function that will be fixed by solving some PDEs
which we will write down shortly. More intuitively equation (3.4.6) specifies a past bulk null cone
whose tip is at (t = R,z = 0,2%¥Y = 0). Equation (3.4.7) will specify a cut at the base of the
bulk cone. The induced metric on this co-dimension 2 hyper-surface is given by the following d — 1

dimensional metric:

6260 + cos(9) 3525] o
ab = sin?(6) (348)

Where the indices a,b € (6, ', ..,$?72). The hyper-surface will be extremal if it satisfies the
following two PDE equations which we derived in appendix A.1:

D (3.4.9)

\fGG“bﬁbr:F ] -0

(rt —r=)2sin?(0)

Clearly r™ = R will satisfy the PDE above. This leaves us with the following equation for the
function f(6, ¢"):

Da

\/éGab <

(rg — f(6,¢"))2sin?(0) sin?(6) "

VGG, [ (0, 6') ]:

- 1#))] 0 (3.4.10)
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Where we defined f(6,¢) = R — f(6,4"). It is not difficult to see that:

G Cf;:i;;” NFS (3.4.11)

G = sin?(f) | 9%26% 9,0 0% 3.4.12

Substituting these expressions into equation (3.4.10) and expanding the sum we find that:
t4=2(0) 1 1 o (1
tan®2(0)sin(0)cos? () g [60,89 <~>] + —==0; [\/gQ(gQ)”& <~>} =0 (3.4.13)
sin(0) f Vg% T\ f

Now we will apply separation of variables between the boundary angular coordinates ¢ and
the bulk angle 6. Define % = h(0)®(¢"). Substituting this into the equation above gives:

co d—2 .

Now define the constant of separation to be . Then we know:

1
N

The PDE given by equation (3.35) is the Laplace-Beltrami operator acting on the function ®

o [Vg(g%)70;0] = —ad(9') (3.4.15)

on the unit d — 2 sphere. The solutions to the PDE are well known and are called hyper-spherical
harmonics, ®,(¢") with eigenvalues —a = n(3 — d — n), where n € {0,1,2,...} *. This means that
the ODE involving 6 will be:

2
—sin(&)cos%@)% + cos(6) (0082(0) +d—2) % —n(3—d—mn)sin(8)h(0) =0 (3.4.16)

The general solution is given by hypergeometric functions:

hn(0) = Cicos™(0)2F1 (Z, " ; 1; 2n +2d — 1,0032(0)>
9 _ 4 34 5 d (3.4.17)
+ Cyeos3~ 1 (0)y Fy < 5 n’ 5 n; 5 ™ 0082(0)>

4Note that we decide to be sloppy in labeling the hyper-spherical harmonic functions. It should be noted that in
high dimensions there is more than one function that can give the same eigenvalues these degenerate functions are
orthogonal and have their own labels but we choose to suppress these labels and only write the label that tells us the
eigenvalues. For a more complete treatment one can look at [16].
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3.4. Ryu-Takayanagi Surface Anchored to Light Cone on C'FT,; Boundary

We throw out the second term due to the fact it is ill defined for certain values of n and d and
also generally vanishes on the boundary which are not the type of solutions we are looking for.

This means:

1 2n4d-1
ha(0) = Crcos™(0)oF (Z n oo n +2 ,0032(0)> (3.4.18)

This solution satisfies the following conditions:
ho(6) =1 (3.4.19)

r 2n+d—1 T d
lim hyso0(0) = (F G #0 (3.4.20)
_)

DD (25)

Hm hpso =0 (3.4.21)

0—m/2

In summary, we find that the Ryu-Takayanagi surface can be written defined by the embedding

equations:
r" =R (3.4.22)

1
CCo+ > et Cnlin (0) @5 (97)

Where we define C,, = #’(0) as an arbitrary constant normalized by the value of h, (6 = 0). By

r~ = f(6,¢") =R (3.4.23)

doing this we can see that on the boundary we have that:

rt=R=p" (3.4.24)
— 7\ o 1 = (AT

Where we used the fact:

1 F cos(0)
(Co+ 202y Cnbn(0)®0(7))

We see that, on the extremal surface ends on some boundary light cone whose base is cut by a

p(0,¢") =R — 5 (3.4.26)

function written as a series in hyper-spherical harmonics. To get an intuitive sense of the equations
lets go back to hyper-spherical coordinates in the bulk the equations tell us the extremal surface is

described by the set of points satisfying:

1

~ 20, + 2 > Crhn(0)@,,(07) (3.4.27)

r
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3.5. Relative Entropy as Quasi-Local Bulk Energy

1
B 2C)+2 Ezozl Crhn (0) P ()

If we set the higher order terms to zero then Cy — oo places us at the tip of the cone where

t=R (3.4.28)

r=0and t = R. If we set Cp = 1/2R then we have a constant time slice cut at ¢ = 0 of the cone
which is a hyper-sphere in the bulk of radius R. If we restrict or cut to be between the coordinate
time 0 < t < R, then we have to require that 5= < Co + Yo% hy(6)®p(¢7) < co. Hence we see
that the higher order terms can be thought of as perturbing away from the constant time cut to a

more general cut which can be expressed in terms of hyper-spherical harmonics.

3.5 Relative Entropy as Quasi-Local Bulk Energy

Using the formula for holographic relative entropy discussed in the previous section, one could try
to directly calculate the quantities. Generally this will be quite difficult due to the fact that it is
hard to solve the equations describing the RT surface in an arbitrary AAdS;11 spacetime. To work
around this issue we will review the formalism discussed in [6]. This allows us to write relative
entropy in a form that is more naturally suited to handle arbitrary perturbations in the bulk. To

start we define a d 4+ 1 form related to the Lagrangian density £ of our system:

L(g) = Lé (3.5.1)

Where g is a shorthand for the fields in the Lagrangian. In our case since we are interested in
pure gravity the Lagrangian density for our system will be the usual Einstein-Hilbert density given
by:

1
L= R—A
167Gy

The d+1 form, €, is defined in terms of the determinant of d+ 1 dimensional background metric,

Gab:

(3.5.2)

£ = (dfv_;i})le‘““?'“ad“dxal ANdz® A ...\ dx®a+? (3.5.3)

We define (d + 1 — n)- dimensional forms é.,c,..,, where n < d + 1 as follows:

- Vv _ da™ A LA dat (3.5.4)

€cica.cn = €cy...cnany1...q
1C2 n (d+1_n)| 1 nn+1 d+1

Where /—g is still the determinant of the d+1 dimensional metric. It is useful for describing

volume forms on co-dimension n surfaces embedded in the d 4+ 1 dimensional background.

As a quick example to see how these forms operate we will look at the case where g, is the

metric in pure AdSgy1 in Poincare coordinates. In this case the indices we sum over will take
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3.5. Relative Entropy as Quasi-Local Bulk Energy

1

values, ay,as, .., agy1 € {t,z,z', .., 2971}, It is easy to see that the form e will be given as:

o1 _ 1 _
é = Wemlwd_lzdxt Adzt A ... Ada® A dat = ﬁdtdxl...dxd Yaz (3.5.5)

Which is what we would expect for the pure AdSgy; metric in Poincare coordinates. Now
suppose that we want to embed a co-dimension 1 surface. For simplicity let it be a constant z slice.
It is clear that the normalized unit normal vector n = \/%E)Z. If we contract this with the d + 1

form € with the unit normal we will get:

z

1
é-n*d, = én €t pardz’ Ndat AN de®Th = —dtdat . da?! (3.5.6)
z

1
B vV gzzzd+1
Which gives the correct form on the slice. For co-dimension 2 surfaces, we would have to find

a unit binormal to the surface to define the d — 1 volume form.

Having defined the forms we can continue and take a variation of the d + 1 form given by

equation (3.5.1). One will get the following results:

0L(g) = (—EY)dgé + dO(g,dg) (3.5.7)

The first term is the equations of motion associated with the Lagrangian density £. For us
they will be the Einstein vacuum equations with the cosmological constant. The second term is
boundary term which is defined in terms of a d-form, ©(g,dg) and d© is the exterior derivative of
the d-form. This will be used to define another d-form called the symplectic d-form which will be
defined as:

w(d19,029) = 610(g, d29) — 320(g,d19) (3.5.8)

Note that it is defined in terms of metric perturbations é;¢g and dog. Now we want to use this in
the context of holography. We consider the subregion given by the light-cone regions, fl, for which
the modular Hamiltonian H .y, is known for vacuum states. This subregion, fl, has an associated
co-dimension 2 extremal surface that extends into the bulk A which we found in section 3.4 for
pure AdSg4y1. One then defines a d dimensional surface in the bulk that is bounded by the extremal
surface, A, in the bulk and A on the boundary which we denote as ¥. In our case, for pure AdSy11
bulk geometry, we know that this surface, X, will be the bulk light cone »™ = R, whose base is
cut by a function described by r~ = f(6,#%). On X, we define a vector field £, whose purpose will
be to generate diffeomorphisms. Finally, we can define §H¢_ (not to be confused with the modular

Hamiltonian) in terms of the d-form w and the vector field £, that exists on X:

6He, = /E w(39, Le.g) = /2 16009, Le.g) — Le.0(g,59)] (3.5.9)
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3.5. Relative Entropy as Quasi-Local Bulk Energy

We can expand the Lie derivative of the d-form © along the vector field £, using the identity
Le,©=¢&-dO+d(& -O). Where & - O is notation that tells us to contract © with the vector field
&.. Using the identity we get:

Mﬂfi/M@—fud@—ﬂ&%MMi/MG—fud@—- €0 (3.5.10)
b by ox

Where 82 = AU A. We define the Noether current d-form associated with the diffeomorphism
generated by & to be, J;, = © — &, - L. Assuming that the equations of motion are satisfied we
know from equation (3.5.7) that d©(dg) = dL(g). We can show that the exterior derivative of the

Noether current form vanishes through the following calculations:

dJe, = dO(Le.g) — d(&e - L(Le.g)) = 6L(Le.g) — d(&c - L(Le.9))

(3.5.11)
= Le¢, L(g) + & - dL(g) — Le, L(g) = & - dL(g) =0

Where for the last equality we used that fact that L is a d41-form and dL = 0. This means that
when the equation of motion is satisfied then we can find a d — 1 form, @, such that J; = dQ,.

Now consider the variation of Noether current form as follows:

§Je, =60 — £, 6L =60 — £, - dO (3.5.12)

This allows us to write:

SHe, = / 5T, — / €0 (3.5.13)
b o)

Now one needs to find a d-form K on the boundary, 0¥, that has the following property:

0(ée - K)los =& Olos (3.5.14)

It turns out that such a K exists if the following condition holds true:

SC : W((Slg, 529) = 07 V51g7 629 (3515)
ox

Using this K along with the fact that Je. = dQ¢., we can write:

ch=/Ech—Azfc-K=/az [Qe. — &+ K] (3.5.16)

Here H¢, is referred to as the quasi-local energy associated with the vector field . on 3. The
important fact to note here is that He can be written completely in terms of a oriented integral
over O = AU A. Due to this fact it has been shown in case for ball shaped subregions® that one

can choose a particular £g such that the integral reproduces the holographic relative entropy given

5The arguments made to this point also apply to ball shaped regions simply replace the cone region on boundary
with ball regions along with the extremal surface anchored to the ball region
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3.6. Writing Modular Hamiltonian in Covariant Form

by equation (3.2.8). This tells us that for ball shaped regions, the relative entropy has a bulk dual
in the form of the quasi-local energy we defined. What we want to do is use similar arguments but
adapt them to regions on light-cones to reproduce the formulas we have for holographic relative
entropy for light-cone subregions and their associated extremal surfaces. What we have outlined
here is a starting point to doing this. In the following sections we will give a sketch as to how some

of the arguments will be used in the case of null cone subregions on the boundary.

3.6 Writing Modular Hamiltonian in Covariant Form

In this section we want to gain insight as to the form of &, on the conformal boundary. We will
do this by assuming that modular Hamiltonians on cone shaped regions on the boundary take the

following form:

Heone = / CgTuyéy (361)

Where (. will be a vector field such that when it is restricted to the surface of the cone we are
integrating over will, it reproduce the modular Hamiltonian given by equation (3.3.21). We define
€ is a d-form and €, is a d — 1 form such that when it is contracted with a unit normal vector n” it
gives the d — 1 dimensional volume form on the perpendicular subspace:

N )

€, = m@aga&,.addﬂfw A .. A dz® (3.6.2)

We will work in boundary radial null coordinates (p*, p=, ¢', ..., *~2) and adopt the convention
€441 gi—2 = 1. For the past light cone volume element we are interested in a normal vector to the

surface p™ = R. We calculate it as follows:

n* = g"9,(—pT + R) = —g"" = n= nto, = —gto_ (3.6.3)

We contract this normal vector with the d-form € to get the d — 1 form on the cone:

gt —a ) — -\ %2
éen = [gd!geal_.adda:“l AN d:cad] O_ = — [dg' <R 2/) ) €ay...aydx™ N ..o N dzd|-0_
(3.6.4)
We use the fact that dzt - 9_ = —1 and we find the following d — 1 form:

VT (R=p )\ 8 i — g (BN ast . agi
€L = -1 5 €tag..agdT? N . ANdx = /g 5 dp~d¢"...d¢ (3.6.5)

Which gives us the correct volume form for the past light-cone. Finally, we use the fact that
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3.7. Extending Boundary Vector Field into Bulk

€ =g" "¢, =gt é,, this gives:

—\ d—2
¢ = —2/¢2 (R;p ) dp~dg'...dp? (3.6.6)

We also require that on the cone p™ = R, the vector field obeys (| pt=r = (. 0—. Which gives:

N\ d—2
Home= | GTe=- [ 2<;T__(R ’ ) Voldpmdgt At (36.7)

cone 2

Comparing this expression to equation (3.3.21), we find that we require the vector field:

(3.6.8)

(= —dr(R— ) [R—P_ B 1} _ (B0 )(=pg +p7)

R—pg R—py
By choosing this vector field, we will reproduce the modular Hamiltonian given by equation
(3.3.21). Hence we have found the following boundary condition that the bulk vector field & must

satisfy on the conformal boundary:

m(R—p7)(p” = p9)
R—py

el 4 = - (3.6.9)

3.7 Extending Boundary Vector Field into Bulk

Now we want to extend this vector field on the boundary cone to a bulk vector field on the surface
3. An obvious and simple way of doing this in pure AdS;y1 is to simply replace the boundary
radial null coordinates p~ and p™ with bulk radial null coordinates 7+ and r~. In these coordinates
¥ is the bulk cone r* = R with a base that is cut by some function of § and ¢'. Explicitly we have
that:

(R—r)~ — 10,6,
R — f(97 ¢Z)

Where f(6 =0, ¢") = py (¢"). One can check that this trivial extension of the boundary vector
field will satisfy the following conditions on the RT surface, A, given by r+ = R and r— = f(6, ¢'):

47
50’2 =

_ (3.7.1)

_An(R—rT)(r” - f(0.¢4") _
elg = R= 1(0.6) 0 T 0 (3.7.2)

Vegh — Vel 5 = dmn (3.7.3)

Where we define n® as the unit binormal tensor to the RT surface in pure AdSg, 1, which we
derive in appendix A.7. Note that the boundary conditions we have defined by equations (3.6.9),
(3.6.11), and (3.6.12) are analogous to the boundary conditions given in [6] for the bulk vector field

&p, corresponding to ball shaped regions. Due to this, we expect that many of the same arguments
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3.7. Extending Boundary Vector Field into Bulk

used in [6] for ball shaped regions will also apply to our light-cone regions. For example, we can
consider how the quasi-local energy integral gives us the area term in the holographic relative
entropy formula. We use the result from [6], which states Q¢, = 16;6111\7 Va&beq, where egp is a d — 1

form defined in our discussion of forms in section 3.5. We can use the boundary conditions to get:

1 a b b al _ 1 ~ ab
1 / B _Area(A) o
T 4Gy JiTTT T T T acy

Which gives the area term in the holographic relative entropy formula in the pure AdSg1°.

So far, we have argued that in the light-cone case relative entropy is dual to a bulk quasi-local
energy on Y, and many of the same arguments used to show this in the ball case also apply to cut
light-cone regions. These statements were made by only knowing how the vector field £. behaves
on J%. Now we want to consider extending this vector field away from Y. As a first step we can
consider this bulk vector field, £, defined on ¥ in pure AdSy;1 and compare it to the bulk £p given
n [14]. The vector field, £, plays the role of & for ball shaped regions on the boundary and is

given as:

gB:%[R2—z2—t2—|a:| 8t—t<2x8 +28) (3.7.5)

Where the ball shaped region on the boundary is centred at t. = 0, Z. = 0, and simplifies to the
conformal Killing vector field given by equation (3.2.4) on the boundary z = 0. We can rewrite this
in the coordinate basis given by the coordinates (¢, 7,6, ¢') by noting that 70, = 20, + Zl 1 L 2o,

This allows us to write:

(g = % [R2 2 Tz] 9, — %tr@r (3.7.6)

Using this we can easily write down the non-zero components of the vector fields in bulk radial

null coordinates (r*,r, 60, ¢%):

ort ort
Gh= s+ St = 1 B2 — () (3.7.7)
6=t O ey = TR (Y (3.7.8)

Now we want to compare this vector field for the ball shaped region to the vector field we defined

5This argument is exactly the same as for ball shaped sub-regions on the boundary we also expect that our
derivation of the term that will reproduces the modular Hamiltonian term from the quasi-local energy will be identical
to the derivation given in [6] for ball shaped regions.

42



3.7. Extending Boundary Vector Field into Bulk

in equation (3.7.1). This time we we take the cut of the cone defined by the function f(6, ¢') = —R.
We do this because a cut 7~ = f(6, $') = —R corresponds to a constant time slice cut of the cone
at t = 0. By doing this, the null boundary of the causal wedge for the ball and ¥ will coincide in
Pure AdSg4+1 between the coordinate times ¢ € [0, R]. We find that:

Eols = 5 [R* — (7)) o- (3.7.9)
els = % [R? — (r7)?] 0- (3.7.10)

The vector fields are identical up to a factor of two. We could then extend the vector field &,
away from the surface ¥ by simply defining its extension away from the surface to be the same
as in &g by a factor of two. By doing this we know that, up to a constant, £ will have all the
same properties as {p and the arguments used for ball shaped regions in [6] should also apply to
constant cut cones. This suggests that for constant time slices of the cone we do not expect to get
any new constraints from relative entropy inequalities. For more arbitrary cut cones, we know the
vector field . will not coincide with the vector field £ on X. In this case it is not as obvious how
to extend the vector field away from X. We hope that new constraints will arise by understanding

&, away from X for arbitrary cuts and using it in the formalism described in section 3.5.
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Chapter 4

Conclusion

In this thesis we have tried to obtain constraints on AAdS spacetimes using information theoretic
quantities for holographic CFT states that are dual to such geometries. In chapter 2, we trans-
lated the constraint that Aoy — Arp > 0 to statements about the asymptotic structure of AAdSs
spacetimes that have translation invariance in the boundary coordinates. This was done by finding
series expansions in the proper length of the boundary intervals for both the area of the CHI and
RT curves. These series expansions were used to construct the series expansion for the quantity
Acpr — Arp. The constraints on the asymptotic geometry from this conjecture was obtained by
requiring that the leading order term be positive. We found that the first two leading order con-
straints provided no new information about the possible asymptotic structure of AAdSs spacetimes.
However, when the results were compared to the constraints obtained from the series expansion
in small z of the null energy condition 7, u*u” > 0 for null vectors parallel to the boundary; we
found that the first two leading order terms gave the exact same constraints as what we got by
simply considering Acrr — Arr > 0. We proposed that this observation may be a result of some
interesting connection between the constraint Acgy — Agr > 0 and the null energy condition in
the bulk. In chapter 3 we reviewed the progress of a ongoing research project whose goal is to
understand the bulk dual of relative entropy constraints for holographic states defined on cut null
cone regions on the boundary CFT,;. We derived the modular Hamiltonian cone regions whose
base is cut. Our strategy was to start with the result for the null plane given in [15], and using
a conformal transformation to get the result on the cone. We then derived the RT surface in the
bulk for pure AdSg;1 spacetime anchored to the cut cone region on the boundary. Using these
results we argued that for sub-regions on the boundary that are on null cones, one could still use
the machinery developed in [6] for ball shaped regions. We gave a rough sketch as to how one
can begin to prove that relative entropy between states on cone subregions is dual to quasi-local
energy in the bulk. We argued that for cone regions with constant time cuts, the constraints would
be identical to the constraints from ordinary ball shaped regions. For future work we stated that
we need to understand the quasi-local energy for more generally cut cone sub-regions, and what
it has to say about the constraints that relative entropy imposes. The work in chapter 3 can be

thought of as a starting point for understanding relative entropy duals for regions on the boundary
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that are deformed away from the ball. By carefully studying these quantities we hope to sharpen
our understanding of the role that relative entropy plays in the reconstruction and dynamics of

AAdS4y1 spacetimes.
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Appendix A

Supplementary Material

A.1 Co-Dimension 2 Extremal Surface in d + 1 Dimensional
Spacetime

In this section, we will go over how one can define a Co-dimension 2 surface in a d+ 1 dimensional
spacetime as well as the equations the surface must obey to be extremal. Start with a metric for the
d + 1 dimensional spacetime g,,,(X). The metric is a function of the coordinates of the spacetime
X*. To define a co-dimension two surface in the spacetime we write two of the coordinates which
label with capital letter indices X' and X 2. The remaining coordinates of the d — 1 coordinates
which we label by lower case latin letters X will serve as the coordinates on the co-dimension 2
surface we collectively label these coordinates as 0 = X“. Now one can define the d—1 dimensional

induced metric, v4p,0n the surface as follows:

OXH 0X"
Oo@ Qo

Using the induced metric one can define an area functional for the surface in terms of the

’Vab(o') = g;w(X(O')) (All)

determinant of the induced metric ~:

A= /ﬁdd_la (A.1.2)

Now we can consider fixing the background metric g,,, and doing a variation to the surface.
We want to know when the variation of the area functional vanishes. This amounts to having
XBr 5 XB1 4 §XPB1 and XPB2 — XB2 4+ X B2 and calculating the difference to first order in 6X:

O(XH 4+ 0XH) (XY + XV oX+r oXv
0A = / \/det |:g,u,l/<X +(5X) ( 80‘“ ) ( a(jb ):| — \/det [Q“V(X)ﬁgaw

(A.1.3)

= / \/det [Yab + Juv (0a0XHFOXY + 0, XHOOXY) + 0, XHO, XV 090 XP + ...] — /7
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A.2. Quadratic Analysis

Note that we have the functional in the form 4 = [ <\/det(fyab + 0Yap + --.) — ﬁ) dlg,
this is easily expanded to first order using the formula 64 = [ %\ﬁfy“b&yabdd_la where 074 =
Guv (00 XHOp XY + 0 XHOWOXY) + 0 XH0p X" 0,0,,0 XP. Plugging into our formula we find:

1
0A = / i\ﬁy“b (2026 X 0, X" gp + 0a X 0, X" 0)g,1 0 X") d o (A.1.4)

After integrating the first term by parts and using the fact the variation should vanish at the

boundary we are left with the result:

1
0A = / [Z\HW‘lbaaXﬂﬁle’@ng — 0 (\F’Wabaqugupﬂ 0X" (A.1.5)
This gives us the condition for the co-dimension 2 surface to be extremal:

0A _1
5XB 2
Where B = Bl,BQ.

VY0 X X" g — Da (VY OX ) = 0 (A.1.6)

A.2 Quadratic Analysis

We want to understand for what values of C' the following quadratic will be greater than zero on
the interval x € (0,1):

2+ Cr+1>0 (A.2.1)

Start by noting that if C' > 0 then the inequality holds trivially on our interval. The only
possible way it could be less than zero is for some set of values C' < 0. Start by calculating the

roots which will be given by:

—C+VC?—4 —-C+,/(C+2)(C-2)
2 2
We assume that C' < 0 then C'—2 < 0 in order for the root to be real we require that C'+2 < 0.
If C = -2, then z = 1. Now consider C = —2 — ¢, € > 0. It follows that the real roots are:

xr =

(A.2.2)

4
e =14 g VeletD (A.2.3)
2 2
Considering the minus root we have that:
21 4 2
TR GEL PV (A2.4)

Hence if C' < —2 there will always be a root in the interval = € (0,1). Now consider the case
when —2 < C' < 0. These two conditions imply that C? — 4 < 0. These automatically tell us that
there are no real roots and since the quadratic has a y-intercept of 1, then the quadratic is positive.
Hence we find that the inequality (A.1) is satisfied in the interval (0,1) if C' > —2.
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A.3. Mapping Half Space to a Ball

A.3 Mapping Half Space to a Ball

In this section we will go over the special conformal transformation (SCT) that will map the half
space on a constant time slice to a ball shaped region on a Minkowski background with signature
(—=1,1,...,1). We start by introducing coordinates to the half space given as 2* = (20, z!, ..., 2971)

then define the following change of coordinates:
¥ — (x - x)ct
yH(z) = LAL)
1-2(c-x)+ (c-c)(x-x)
Where ¢ = (0,—1/(2R),0,...,0) and z - x = n,,a*z”. It is straight forward to check that these

change of coordinates will change the flat Minkowski metric by a local scale factor, which implies

+ 2R%c! (A.3.1)

that this is a conformal change of coordinates. In particular one can show:

oyt gy” 1
v gz 9B~ 2 (x) 1P (A.3.2)
Qz)=1-2(c-x)+ (c-¢)(z-x)

This implies that:

1
2 — ) 2 [0
ds” = nudytdy” = mnagd:v dax® (A.3.3)

Now we will show that the half space described by the points {z* : ' > 0,2° = 0} are mapped
to a ball. To do this we start by calculating y - y = 1, ¥*y"” in terms of the coordinates . We find
that:

Q(x)R? — 22'R 1 Q(x)

_ 0(z)
YYSTT0e) T T R 2R

(RGPl (As)

(R —y-y) =

By using the SCT one can verify that the set of points on the constant time slice z° = 0
are mapped to points on the constant time slice %° = 0. On this time slice one can verify that
Q2% = 0) > 0. Using this information one can see that points in the region {z* : 2! > 0,2° = 0}
are mapped to points in the region {y* : || < R,y° = 0}. This proves the statement that the half
space is mapped to a ball shaped region on a constant time slice. We can also calculate the inverse
of the SCT transformation given by equation (B.1). This will amount to finding z#(y) with the
property that x*(y*(z)) = z*. To do this we split the SCT given by (B.1) into two parts given by:

cH

y'(z) = y*(z) + 2R*c" =y (2) + 22

(A.3.5)

Where we defined:

() = xH — (- x)c

T 1-2(c-2)+A(z-a) (A.3.6)
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A.3. Mapping Half Space to a Ball

We make the claim that the inverse of y#(x) is given by the following:

/14 ! oo ot
Iy — Y +(y y)C
z*(y™) 520 )+ 0 ) (A.3.7)

To verify this claim start by noting that:

/= Jr=\ -
y(@) y(z)= o) (A.3.8)
Using equation (B.6) we find that:
VU@ @) Y @) = o (439)
Using this, calculate z#(y"*(z)) and find:
Py () = —— (A.3.10)
w(y'™ ()2 (z)
Where we defined w(y)as :
) =1+ 2(cy)+Py-y) = L - L 4 0¥ (A.3.11)
4 2R  4R?

One can check that w(y™(Z))Q(Z) = 1 this proves our claim. Now we can use the result (B.7)
cH

and substitute for the argument y* = y* — 7

(B.1) we find that:

this will give us the inverse of the SCT given by

cM

R o R VI L
1+ 20, (y" — s2) + AW — $£2)w — 5%)  t+cy+cy-y

z#(y) (A.3.12)

We can also give an interpretation of w(y) by the following argument. Using (B.12) we can see
that:

R —y-y
1
= A3.13
o) = G (A313)
Comparing this with (B.4) tells us that:
1
Q=—— A3.14
w(y) ( )

Hence w will be the scale local scale factor in particular we can see by rearranging (B.2) that:

0x® Oz 1
= A.3.15
T T (R ( )
Now we want to show that the co-dimension 1 null surface given by setting 2~ := 2% — 2! =0

gets mapped to the past null cone of the point (y° = R, 0, ...,0). To see this we begin by calculating
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A.4. Calculating Jacobian for SCT

|#]? in terms of y we find that:

(¥ — RQY)? + 2RQx~

91° = 7 (A.3.16)
Now we set = = 0 and use the fact y° = 2°/Q this gives us:
7 = (" —R)? = |gl = R— ¢’ (A.3.17)

Which defines the surface of a past null cone with its tip at (y° = R,0,...,0).

A.4 Calculating Jacobian for SCT

Here we derive the equation for the elements of the Jacobian matrix as well as its determinant. For

the transverse coordinates we know that:

(zt e Ry
Qa) = = +2R)(4R2 2R8) + @) (Ad1)

d—1
(.’EJ')Q = Z 52_7%11']

1,j=2

Now we compute the elements of the Jacobian associated with the mapping above:

8yi _ g;C;Q_$Z% (A42)
ozk 02 o

We can calculate 887% as follows:

de1 o
N YRT: A 2
oxk  Oxk 4R2 2R?
Combining everything gives the result:
[J]i_‘lﬁ_g—l 5@'_% (A.4.4)
R gk kT 2R2Q) -

We compute the determinant of the matrix by finding its eigenvalues. To find the eigenvalues
we need eigenvectors. We can write the eigenvectors in a basis where the first eigenvector is given

as vy = ZZ;; xF0),. If we apply this vector to the Jacobian we will find:

d-1 132 132
i - x i - z i
> [Jolivs =7 [1 — éRZ)(J =071 [1 — ém)ﬁ] vh (A.4.5)
k=2

It has an eigenvalue of Q! [1 — (2%;2);} We can choose the other d — 3 eigenvectors to be
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orthogonal to vy, this implies that Z xkvb =0,b€{3,4,...,d — 1}. Hence we see that:
d—1
[T ]ivf = Q7 tof (A.4.6)
k=2

Which states that we have d — 3 eigenvalues of Q~'. The determinant of the matrix is the

product of eigenvalues this gives the result:

1
det([J.]L) = J, = Q>¢ [1 - ;‘;2);] (A7)

A.5 Coordinates on Null Plane to Coordinates on Null Cone

In appendix A.3 we defined a change of coordinates which was a SCT that maps a null sheet to a

null cone. The mapping was done between cartesian coordinates on the plane (z°,z!, 22, ..., a:dfl)

and cartesian coordinates on the cone (y°,y', 7%, ...,y '). We had a complete understanding of
the maps that go from one coordinate to the other. Here we want to write the coordinates on the
plane in terms of cartesian null coordinates (z+,z~, 22, ...,2% 1) and use the SCT to go to radial

null coordinates on the cone (p*, p~, ¢, ..., #%72). Recall that from equation (A.3.12):

Y +2(y - y)ct oyt 2y -yt

xu(y):%+c‘y+62(y.y)_§:T_§ (A.5.1)
Now we compute z+ = 20 + 2! which is given by:
= zij (A.5.4)

where p* = ¢y + |¢f] and w = Z I —|— 1 R2 Notice from these coordinates that it is clear that
if pT = R then 2= = 0, applying these restrictions, one can easily relate the null coordinate on the

plane which is 1 and the null coordinate on the cone which is p:

+:R+p’

w‘er:R

x (A.5.5)
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We can explicitly calculate w|,+_p as follows:

1y yy R-2Ry (497 _ ptp +R(2y —R)
4 2R = 4AR? 4R? 4R? (A.5.6)
p~+2y' — R

4R

= w|p+:R = —

We can also write p~ in terms of ™ by rearranging C.5 and using 2 = 1/w:

+
x
p-=—— —R (A.5.7)
Q‘:}c‘z(]

Where we explicitly can compute |,-_g as follows:

' rex =292+ (2 +2R)? + (21)? —(27 —2R)(at + 2R) + (z1)?

Q_1+E+4R B AR - AR
N 1 (A.5.8)
x x
= Ym0 =1+ 55+ <2R>
This gives us the equation used in equation (3.12) :
+
p = i ~R (A.5.9)

zt 2

A.6 Conformal Transformation of the Stress Energy Tensor of a
CFTy

Here we go over the calculations for applying a conformal transformation to the stress energy tensor
component when we apply the SCT defined in appendix A.3. The conformal transformation of the
stress energy tensor associated with the SCT can be implemented through a standard change of
coordinates to the tensor along with Weyl rescaling to make the background metric flat again. We

start by calculating the general elements of the Jacobian matrix associated with the SCT:

Q 92

oyt 0 [zt — (z-x)ct 8 — 2x,ct 883?” (xt = (z - z)c*)
oxV Q

[ cyct
6F — z, M+ 2c,y" — 262w, yt — V2 ]

oxV
= % o — 2z, — gfy (y“ - ;;)] = % [55” — 2z, — (—2¢, + 20237,,) <y“ - ;;)]
1
Q c
1
Q

P S T
_5” o1 R(S” 2R (5 Rﬂ
(A.6.1)
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A.6. Conformal Transformation of the Stress Energy Tensor of a CFTy

By similar calculations one can show:

oxt eyt

oy =Q |0 — ate, + 2Py, — 2%ty — 1;2 (A.6.2)
We want to use these to calculate how the stress energy tensor will change from the change in

coordinates: But By
Oy Y
e (A.6.3)

We can use the formula (A.6.1) to calculate the partial derivative:

oyt 1 (oy" Oyt 1 Yy y
T e e B T B A.6.4
Fr 2(83:0 0:1) 20| TR\ TR (A.6.4)
From this point forward throughout this section we will be restricted to the null plane. We
know that x4 = —2~ = 0. This means that:
1 y" y”
_ o
Tetle-—0 = 502 (50 B R> (‘55 B R> Tl sy g1=r (A.65)
Now we make the following claim:
_ oyt 2 oyt (A.6.6)

1L
% RTR 0y

To see this is true, we start by calculating the following quantity:

|4j] Op~ 0 ( ‘g’> 1Yl 0 Yu 0 0 (3/0) 0 <Z/0 —+ ‘37|> Yu
WP 90 (1 - WU) — Wlgo Yuq 50y 4 o50 (V) g0 (L TI) _ Yu
g g "\ R : R R (A.6.7)

R oyr R)"R™ R
_ 50 Yu
= o) %

Where we used the fact that y° + |ij]| = R. Now we can compute the following quantity:

o W\ (w Y\ _R+yy 24
<5V R) (60 R) === (A.6.8)
At the same time we also can compute:
i P = 2 a0 =12 = =) 0
1100, ps0 (1 101Y] [201 0] _ 201° 4151 () _ Il &°
R Oy " R R Op R? R R ) Op
’ (A.6.9)
_ 29
R

Where we used the fact that y° = %(pJr + p~). This means that we know the left hand sides of
(A.6.8) and (A.6.9) are equal. Furthermore, using equation (A.6.7), we can deduce that that the
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A.7. Unit Binormal to RT surface Anchored to Cone Regions

claim given in equation (A.6.6) is true. Using the result gives:

1 R—p~ S
Tit|p-—o = e < 5 > T|,_g (A.6.10)

This takes care of the coordinate transformation. In order to complete the conformal trans-
formation, we need to do a Weyl rescaling of the stress energy tensor to figure out what power
of the conformal factor we need we apply the following argument. Suppose we have a confor-
mal change of coordinates such as in the SCT. Then we know that when we go from coordinates
(20 2, .. 271 — (%9, ...,y 1) the new metric will be rescaled N — V21, Now consider

the term in the action where the stress energy tensor couples to the metric:

/ddy\/det(anW)gL;TW = /dd:de_277“”TW = /ddmn‘“’ij (A.6.11)

In order to cancel the conformal factor we need to rescale the stress energy tensor by Q2.

Using this the conformally transformed stress energy tensor is now:

1 R—p~ 2 w? (R—p~ 2
Ty, o= T ( 5 ) T,,]er:R = 73 < 5 T,,}/ﬁ:R (A.6.12)

Which gives the result in equation used in chapter 3 equation (3.3.19).

A.7 Unit Binormal to RT surface Anchored to Cone Regions

In this section we want to derive the unit binormal on the extremal surface we derived in the previous
section. To calculate the unit binormal to our extremal surface start by calculating the d—1 tangent
vectors to the surface which will be labeled with the index a as T, = 74’9y, a € {1,2,...,d — 1}.
We can also write in component form 7, = (7,7, 7., 72, 7.}) in the coordinate basis. These vectors

will have components that satisfy the following equations:
Tro,(rF —R) =Tt =0 (A.7.1)

THO(r™ — A0, ¢Y) =T — TLOA — TI0A =0 (A.7.2)

The first equation tells us that the tangent vectors will have no components in the direction d. .
Now we will introduce a slightly abusive labeling of the tangent vectors. We let labelling indices to

be coordinate indices a € {6, ¢’ }, then we can define the following vectors:

To = (0aM)0_ + 6999 + 510 (A.7.3)

56



A.7. Unit Binormal to RT surface Anchored to Cone Regions

We can clearly see that these satisfy the second equation. We can check for orthogonality:

d—2 d—2
g TETY = gooTETE + > 9 TaTy = goodady + > ii6.0) = Gaadab (A.7.4)

i=1 i=1
Where we used the fact that the metric on the unit d — 2 sphere is diagonal and g__ = 0,
normalization can be trivially done by dividing by the metric components. These vectors form
an orthogonal basis d — 1 basis on the Ryu-Takayanagi surface. Now we need to find two more
vectors n1 and ng that are orthogonal to each other and the tangent vectors we defined. Start with
the most general form for the normal vectors with no constraints on the components ny = nf'd,
and ng = nbd,. Now we write the condition that the vectors should be orthogonal to the tangent

vectors starting with ny:

d—2
Gunh Ty = g -ni 0a + goonsh + Y _ gunisl, =0 (A.7.5)
i=1
+
This equation constrains the components d — 1 components n{ = —‘[”_;%. The exact same

argument holds true for ns hence we have that the following two vectors with be normal to all

tangent vectors:
ny =nf 0y +nyo- +njo, (A.7.6)

ng = ng oy +ny 0 +n50, (A.7.7)

To simplify calculations we let nT = n; = g*~. This implies that n§ = n$ and the orthogonality

condition between the two vectors will be:

Ou\)?
guniny = (ny +ny)+ (Ouh) =0 (A.7.8)
a=0,i Yaa
We also want g,,,n)n} =1 this means that:
1% (9a0)?
ny = 2020, gua (A.7.9)

2

Finally, we can use the orthogonality condition to get the component n, :

9al)?
14,0

ny =— a 2"* gao (A.7.10)
We can verify that g,,nbn4 = —1. In summary we found the normalized normal vectors to the
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A.7. Unit Binormal to RT surface Anchored to Cone Regions

Ryu-Takayanagi surface to be:

1-2 a A
m =gt + 50— Y 0

(A.7.11)
a=0, Yaa
no =gt a, — #a_ - Z i“Aaa (A.7.12)
a=0,i aa
(Qa)?
7 - A.7.13
3 G i

Now we can define the unit binormal components using the normal vector components:

n® = nnf — nlnd (A.7.14)
One can check that the only non-zero components of the binormal are given by:
1
nt- = —
9+-
OpA
nf— — 20
960 (A.7.15)
i— _ _azA
Gii

58



	Abstract
	Lay Summary
	Preface
	Table of Contents
	Acknowledgments
	Dedication
	1 Introduction
	1.1 Historical Overview of the AdS/CFT Correspondence and Holography
	1.2 Basics of Entanglement Entropy
	1.3 Holographic Entanglement Entropy and the Ryu-Takayanagi Conjecture
	1.4 Boundary Stress Energy Tensor from Asymptotic Behaviour in Bulk

	2 Constraints From Causal Holographic Information Surface
	2.1 Defining the Causal Holographic Information Surface
	2.2 Series Expansion for CHI Curve for AAdS3 Spacetimes
	2.3 Series Expansion for the Area of the CHI Curve
	2.4 Ryu-Takayanagi Curve for AAdS3
	2.5 Series Expansion for Area of the Ryu-Takayanagi Surface
	2.6 Constraints on AAdS3 Spacetimes from CHI Inequality

	3 Constraints from Relative Entropy
	3.1 Basic Properties of Relative Entropy
	3.2 Relative Entropy for Ball Shaped Regions in Terms of Bulk Quantities
	3.3 Modular Hamiltonian on the Cone
	3.4 Ryu-Takayanagi Surface Anchored to Light Cone on CFTd Boundary
	3.5 Relative Entropy as Quasi-Local Bulk Energy
	3.6 Writing Modular Hamiltonian in Covariant Form
	3.7 Extending Boundary Vector Field into Bulk

	4 Conclusion
	Bibliography
	A Supplementary Material
	A.1 Co-Dimension 2 Extremal Surface in d+1 Dimensional Spacetime
	A.2 Quadratic Analysis
	A.3 Mapping Half Space to a Ball
	A.4 Calculating Jacobian for SCT
	A.5 Coordinates on Null Plane to Coordinates on Null Cone
	A.6 Conformal Transformation of the Stress Energy Tensor of a CFTd
	A.7 Unit Binormal to RT surface Anchored to Cone Regions


