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Abstract

This thesis explores three practically important problems related to social networks and
proposes solutions utilizing tools from statistical signal processing and applied mathematics.

In the first problem, we consider the maximum likelihood estimation of the degree distri-
bution of a network from a sampled network. We are interested in the variance of the esti-
mates for two widely used degree distribution models of large scale networks: (1) exponential
model (2) power-law model. We find that the variance of the estimate is approximately an
order of magnitude smaller for exponential model when compared to the power-law model.
The intuition behind this interesting property is conjectured to follow from the second order
stochastic dominance of the probability distributions.

In the second problem, we consider a social network where each node has a vector of
parameters (interests) associated with it. Only the partial graph and parameters of a sub-
set of nodes are known. Our aim is to identify the parameters associated with each node.
Assuming the Homophily behaviour of the social network, we propose a Cayley-Menger Deter-
minant based optimization approach combined with a previously proposed spectral clustering
method to solve the interest identification problem.

In the third problem, we study interest influencing in social networks where the aim is to
find the minimum set of missing edges in order to maximize the influential power over the
interests of the individuals in the network. This problem is formulated as a classic problem
in structural rigidity theory using the characteristic Contagion behaviour of social networks.
We propose a solution approach using the Laman’s theorem which characterizes minimally

rigid graphs in the two dimensional space.
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Chapter 1

Introduction

1.1 Overview

Social networks have become a crucial part of the modern society: people use social networks
to connect with family and friends, to share news and information, to get updates on events,
to obtain the views of others regarding various issues, etc. This integration of social networks
into the day to day lives of people has made drastic changes in the way people make decisions
in voting, purchase goods, adapt new beliefs or views, etc.

These drastic effects of the social networks on almost every aspect of modern society has
given rise to a growing interest in the research community to model and analyze the social
networks in order to understand their dynamics in an abstract manner. Further, since a
social network is a highly complex and dynamic network that continuously evolves, tools
and techniques from a wide variety of research areas such as electrical engineering, computer
science, microeconomic theory and statistics can be employed to model various aspects of
social networks. For example, probability theory and statistical inference is used to estimate
various characteristics of a social network such as degree distributions [24], tools arising
from microeconomics such as game theory and revealed preference are used to study how
individuals with limited awareness of the network can achieve global coordination and to
model various human behaviours [19, 34] and concepts from machine learning theory are
used to learn and update the operating policies of individuals in social networks.

In this thesis, we explore three problems related to social networks that are of high

practical importance, namely, model based estimation of the degree distribution of a social
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network, identification of individual interests in a partially known network and interest
influencing in a social network. In the rest of this section, we provide a brief introduction
about each these problems and explain the motivation to explore that problem. Each of

these problems will be discussed in detail in the subsequent chapters.

1.1.1 Effect of the Underlying Model on Estimating the Degree

Distribution of a Network Under Sampling

One of the most important characteristics of a network is the degree distribution Dj which
gives the probability of a node chosen uniformly at random having £ number of neighbours.
Key properties of a network such as connectivity of the graph, information diffusion, exis-
tence of a giant component can be analyzed using the degree distribution of a network [34].
Therefore, the estimation of the degree distribution is of very high importance in analyzing
a social network.

Two of the most widely used models for the degree distributions of large scale networks
are exponential model (with degree distribution C,,,e ** characterized by the parameter
A ) and power-law model (with degree distribution Cpk~7 characterized by the parameter
7). The exponential model is used for real world networks such as Maritime Transportation
Network, Email Networks and Power Grid Networks [12] with parameter A € (0,1). Further,
such a degree distribution also holds for an Erdés-Rényi random graph [52]. The power-law
model is used for scale-free networks such as social networks, World Wide Web [12] with
parameter v € (2,3) [8, 10].

However, since most of the real world networks currently consists of millions of nodes, it
is not feasible to analyze the complete network in order to identify the parameters of the un-
derlying degree distribution model (this will be further explained in Section . Therefore,
the most commonly used approach to estimate the degree distribution of a social network

is to utilize a survey based sampling approach instead of analyzing the whole network. A
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survey based sampling method includes a sampling process to select a subset of nodes and a
querying method to obtain the parameter of interest (the true degree of the node in this case)
from each sampled node. These two steps can be thought of as the step of selecting people
for an experiment (sampling step) and asking questions from the selected people (querying
step).

However, this survey based sampling introduces two types of noises (or random errors)
into the process of estimating the degree distribution, namely, sampling noise and mea-
surement (querying) noise. Sampling noise represents the randomness introduced from the
sampling process (the process with which we select the participants of the survey). Measure-
ment noise is introduced from the querying process. For example, consider the scenario of
using a Facebook survey to ask every sampled node about his/her number of friends. Mea-
surement noise accounts for the likely situation where a person does not actually provide
his/her correct answer in such a survey (most work in literature assume that there is no
measurement noise i.e. all queries of sampled nodes yield the true degree of that node in the
original network). Due to these two types of noises, the accurate estimation of the degree
distribution of the underlying network becomes a non-trivial problem.

Motivated by the above facts, in Chapter [2, we consider the problem of maximum likeli-
hood estimation of a degree distribution from the degree distribution of a sampled network
for two distinct cases: 1) The underlying graph is known to have an exponential distribution
2) The underlying graph is known to have a power-law distribution. The primary aim of this
chapter is to answer the question, “Does the underlying degree distribution of a net-
work have an effect on the accuracy of the maximum likelithood estimation?”.
Our main result in this section shows that the maximum likelihood estimation has a better
performance in exponential graphs when compared to the power-law graphs. Specifically,
we show that the variance of the maximum likelihood estimate is approximately an order of
magnitude smaller for exponential graphs compared to the power-law graphs. We further

conjecture that the reason for this behaviour is the second order stochastic dominance of the
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probability distributions.

1.1.2 Interest Identification in Online Social Networks

In a social network with graph G = (V, E), each individual has a set of parameters that are
unique to him/her which are represented by the vector h(v;) for each node v; € V. These
parameters could be related to interests or beliefs, shopping preferences, etc [| The knowledge
about such parameters of the people in a social network may be of very high importance and
value for purposes such as marketing, security, etc. However, the parameters of all nodes in
an online social networks may not be visible to everyone. There may exist some nodes whose
social structure (how they connect to other nodes in the social network) and the associated
parameters are not known. The set of such nodes, V,, C V, are called missing nodes. For
example, consider a company called ABC that has a set of customers subscribed in Facebook
(a similar example is considered in [14, 15] for a different problem). The profiles of the set
of people V, C V who have subscribed to the services of the company are visible to the
company. Hence, the parameters h(v;) of each customer v; € V} are known to the company.
However, ABC is interested in knowing the parameters associated with the set of people
V., who are not its subscribers since ABC can use the knowledge of such parameters to
identify the best set of potential customers who would be interested in the services of ABC.
For example, if ABC is a company that sells sports cars, the parameter which indicates if a
person (who is not a subscriber of ABC) is interested in sports cars would be of interest to
ABC in order to identify potential customers. This motivates us to pursue the aim of the
chapter which is formally stated below.

We consider a social network represented by the undirected graph G = (V, E) in which

there is an interest vector h(v;) € R? associated with each node v; € V. We assume that

'In Facebook, these parameters include date of birth, gender, religion, political views, current and past
occupations, attended university/high school, current and previous places of residence, spoken languages,
family and relationship information, shopping preferences, music and movie preferences, travelled places,
attended events, hobbies.



1.1. Overview

the set of nodes V,, C V are missing, that is, we know neither how they connect to the
rest of the nodes nor their interests. We only know part of the network that is denoted as
Gy = (Vk, Ex). Therefore, V =V, UV,, and F = E; U E,,. In this context, the aim of the
Chapter 3 is Interest Identification: Given Gy, the cardinality of V,,, i.e. |V,,|, and the
interests associated with each known node v; € V}, estimate the interests associated with
each missing node v; € V,.

As the main results of the Chapter [3, we introduce a method to solve the problem of
interest identification of missing nodes utilizing a Cayley-Menger Determinant based opti-

mization approach.

1.1.3 Interest Influencing in Online Social Network

The interests of the people in a social network may tend to vary over the time. This could be
beneficial or not beneficial to certain entities. For example, consider our previous example of
ABC company. ABC company wants to make sure that it does not lose its existing customer
base. Hence, ABC company should make sure that the interests of its customers always stay
positive towards the company. If strong ties could be built between customers who tend to
leave the company and company’s most loyal customers, there could be a possibility that
the customers who are about to leave would be motivated to stay further with the company.
For example, the ABC company can introduce a customer that is about to leave it to few
of its loyal customers. If these new social ties are strong, there is a high possibility that the
said customer will decide to continue to stay with the company.

In the previous example, we build connections between people in order to stop an un-
desirable change of interests. This is based on the concept of social contagion behaviour of
social networks. Contagion/influence causes a strong friendship between two persons to pass
attributes of one person to another person (induction) [9, 46]. Results given in [21] specif-
ically show that shopping habits and leisure activities are contagious in social networks.

Recently, [36] concluded that the individual behaviour of people in a social network depends
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more on their local network structure (how they are connected to the rest of the nodes),
than the actual behaviour of the whole network, a phenomenon which is called “the major-
ity illusion”. A very interesting article, [38], which recently appeared in Harvard Business
Review discusses this further and says that “you only need handful of influencers to give the
impression that everyone is talking about your brand” due to this majority illusion paradox.

Motivated by the above examples and facts, in Chapter 4, we explore this idea from a
mathematical point of view to find out how to create a network structure in order to gain a
maximum influential power over the interests of people in the network. The primary question
answered here is “How can we introduce new connections between individuals of a
network in a manner such that the new connections will prevent the preferences
of individuals from changing?”. As our solution approach to this problem, we introduce
a method to identify the minimal set of new connections that should be added to the network
in order to influence the interests of the nodes of a social network. We achieve this by
viewing the interests associated with the nodes of the social network as a bar and joint
framework residing in the 2-dimensional Euclidean space and then utilizing concepts from

the mathematical branch of rigidity theory.

1.2 Main Contributions

In the following subsections, a brief list of contributions of each chapter of this thesis is pro-

vided. Detailed discussions of each contribution are provided in the corresponding chapters.

1.2.1 Estimating the Degree Distributions of Networks Under

Noise

As explained in Section [1.1.1, Chapter [2| compares the maximum likelihood estimates of
degree distributions for exponential and power-law models. The main contributions of this

chapter are:
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1. A complete formulation of the maximum likelihood estimation problem of the true
degree distribution from the sampled (noisy) distribution for both exponential and

power-law networks.

2. Showing that the variance of the maximum likelihood estimate is approximately an
order of magnitude smaller for the exponential model compared to the power-law model
(in the respective regions of interests of the parameters) from both numerical as well

as theoretical analysis.

3. An intuitive explanation of the main result(contribution 2) using the second order

stochastic dominance concept from microeconomic theory.

Apart from the above main technical contributions, a brief survey about sampling meth-
ods for social networks is also provided in Appendix [A] for the completion of the Chapter
2

1.2.2 Identification of Individual Interests in Online Social

Networks

Based on the motivation provided in Section|1.1.2, Chapter 3| explores the problem of interest

identification in online social networks. The main contributions of this chapter are:

1. A complete formulation of the problem of interest identification assuming that the

social network exhibits the Homophily Behaviour (friends have similar interests)

2. An optimization approach to solve the problem of interest identification subject to

constraints obtained using Cayley-Menger Determinant based approach.

1.2.3 Interest Influencing in Online Social Networks

Based on the motivation and the examples provided in Section [1.1.3] Chapter 4| considers

the problem of interest influencing. The main contributions of the Chapter /4] are:
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1. A complete mathematical formulation of the problem of interest influencing.

2. A method to solve the problem of interest influencing by using the tools from the

mathematical branch of Rigidity Theory.

1.3 Outline of the Thesis

The outline of the rest of this thesis is as follows.

Chapter 2 considers the maximum likelihood estimation of degree distribution of networks
for two models: exponential model and power-law model. It begins by emphasizing the
importance of sampling in analyzing a social network and explains the effect of sampling on
estimating a parameter of a social network. It then defines the aim of the chapter which
is to find out if the accuracy of maximum likelihood estimates of the degree distribution
depends on the underlying model (exponential or power-law). Then, we derive the maximum
likelihood estimates of the degree distributions for the two models and theoretically compare
their variances using Cramer-Rao Lower Bounds to prove the main result (the variance of the
estimate for the exponential model is approximately an order of magnitude smaller compared
to the power-law model). Then, a comparison of the mean squared errors of the estimators
of the two models is provided in order to numerically verify the main result. Finally, a
conjecture utilizing the Second Order Stochastic Domination of probability distributions is
provided to intuitively explain the main result of the section.

Chapter (3| considers the problem of interest identification in social networks. We start
by providing a brief explanation about the related work and then define the problem of
interest identification. We also provide a detailed explanation of the main assumption of
our work, Homophily behaviour, and how we mathematically model it. Then, we explain our
solution to the interest identification problem which is a Cayley-Menger determinant based
optimization approach and also provide a numerical example to illustrate the important

steps of the proposed method.
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Chapter 4 considers the problem of interest influencing and begins by formulating the
problem based on the contagion behaviour of individuals in a social network. Then, the
proposed method of solving the problem of interest influencing using the concept of rigidity
theory is explained. Finally, some numerical examples are provided to demonstrate main
steps of the proposed work.

Finally, Chapter [5 provides a conclusion of the work presented in this thesis and some

future research directions.



Chapter 2

Estimating the Degree Distributions

of Networks Under Noise

2.1 Why do we Sample Networks?

As described in Chapter |1}, online social networks provide an interesting platform for studies
in various domains. However, studying such social networks is difficult due to two primary
reasons. The first reason is the massive size of these social networks. For example, in
2016, Facebook reports 1.71 billion monthly active users [1] and Twitter reports 310 million
monthly active users [2]. Due to these massive sizes of the online social networks, it is
impossible to perform any analysis on the actual network. The second difficulty arises in
acquiring the data of each and every person in these massive social networks since most of
the network administrators are not willing to provide their data for free [20].

A practical solution to the above difficulties in social networks analysis is to select a
smaller (compared to the original network) subnetwork from the original social network
which best represents the original network. This approach is called network sampling. The

main decisions [37] that we have to make in the network sampling can be listed as:
e What is the sampling method?
e What is the sample size?
e How good is the selected sample?

In general, sampling methods for networks can be classified in to three main categories:

10
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1. Sampling by Random Node Selection
2. Sampling by Random Edge Selection

3. Sampling by Exploration.

A brief discussion about each of the above sampling methods and their pros and cons is
provided in the Appendix [A]

It should be noted that a parameter of a sampled network will be a noisy estimate of
the same parameter of the original network since the sampling process may not be able to
capture the original parameter accurately (as emphasized in Section as well). This
parameter in concern for this chapter is the degree degree distribution of the network and
we focus on estimating it under sampling noise in the following sections.

The organization of the rest of the chapter is as follows. Section first defines
the problem and then the Section provides a brief survey of the key work that has
been done in this context and explains how our work differs from them. In Section [2.3]
we state our assumptions and formulate the maximum likelihood estimation problem for
the two models and theoretically compare the variances of the estimates. In Section [2.4]
the numerical results are provided for Mean Squared Error (MSE) to verify the theoretical
analysis. Further, we provide an intuitive explanation of the main result using the concept
of second order stochastic dominance and risk aversion in Section [2.5, Finally, in Section
2.6, we provide a summary of this chapter and some interesting future research directions of

the presented work.

11
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2.2 Estimating Degree Distributions from Sampled

Networks: A Model Based Comparison

2.2.1 Problem Definition and Main Result

Consider a network represented by the undirected graph G = (V| E). Our aim is to compare
the variance of the estimates of the degree distribution Dy of GG, using the degree distribution

D, of the sampled network G' = (V’, E’) for two distinct cases:

1. The underlying graph G is known to have an exponential degree distribution with a

parameter A

2. The underlying graph G is known to have a power-law degree distribution with a power

law exponent 7.

The main result is that the variance is approximately an order of magnitude smaller
for the exponential model compared to the power law model in the respective regions of
interests of the parameters from both numerical as well as theoretical analysis. This result
has not been presented in the existing literature to the best of our knowledge and this
result emphasizes that more accurate techniques should be employed when estimating the

power-law degree distributions compared to exponential degree distributions.

2.2.2 Related Work

Recently, [54] has analyzed the problem of estimating the degree distribution of networks
using a sampled network. Their work is based on the findings in [16, 17] which says that,
for some sampling methods (with no observation noise), the sampled distribution (D’) and

the true distribution (D) are related according to,
E[D'] = PD (2.1)

12
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where P is a matrix that depends fully on the sampling scheme. They claim that the
operator P is not invertible in practice (ill-conditioned) and hence use a weighted least
squares based approach to solve the problem of estimating the true degree distribution, D.
The main difference between this work and the method that we present lies in the fact that
our approach is model-based, whereas the the work in [54] is design-based. In other words, we
consider our observation to be a realization from a stochastic process that depends on a fixed
parameter, whereas the randomness in design-based methods is assumed to be only due to
sampling approach [25]. Further, [25] specifically concludes that design based methods suffer
from severe limitations in network inference and hence model-based methods are preferred.

[4] considers the problem of estimating the parameter of a power law distribution (not
necessarily related to networks) using maximum likelihood based methods. However, in this
work, the likelihood of the data given the model is considered with the assumption of no
noise, whereas the noise is taken into account in our model. Further, the main goal of [4] is
to compare the maximum likelihood based method with other methods such as least square
based methods and graphical methods, whereas our intention is to compare the performance
of maximum likelihood estimation for two models. Similarly, [10] also utilizes maximum
likelihood based approach to analyze data following power law distributions. Similar to [4],
authors of [10] also mention that maximum likelihood based approaches are better when

compared to other methods and attempt to detect and characterize power law distributions.

2.3 Problem Formulation

2.3.1 Maximum Likelihood Estimation: A brief Introduction

Consider a system characterized by a deterministic parameter, 8* and a set of measurements
Yy = (y1,...,yn). Intuitively, the aim of Maximum Likelihood (ML) Estimation is to

compute the most plausible value of the parameter which could have produced Yy. This

13
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plausibility is measured using the likelihood function, L(#, N), which is defined as,
L(6,N) =P(Yy|6),0 € © (2.2)

where, © is the parameter space and the 6 characterizes the parameterized model. The ML

estimate Oy of 0% is then defined as,

Oy = argumax L(O,N). (2.3)
Often, it is more convenient to maximize log-likelihood,

L(N,0)=InL(6,N) (2.4)

since maximizers of both functions are the same.

The reasons for using ML estimation in our work are the following two properties [6, 26].

1. Strong Consistency: Under reasonable conditions, the ML estimate, éN, converges

to the true parameter, 6*, almost surely i.e.
]P( lim Oy — 9*) =1 (2.5)
N—o0

2. Asymptotic Normality: The ML Estimate, éN, is asymptotically normally dis-
tributed about the true parameter, 6, with a variance equal to the inverse of the Fisher

Information, I« [29]

A more detailed discussion about using ML estimation and its applications in various

system models (linear Gaussian state space, hidden Markov model, etc) can be found in [33].

14
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2.3.2 Deriving Maximum Likelihood Estimators

The degree distribution of an exponential graph with a parameter A is of the form,

Deypr = (1 — e~ ) min g=Ak (2.6)

where ki, is the minimum degree of the graph.
Similarly, the degree distribution of a power-law graph (in the range from ki, t0 kiaz)

with parameter 7y is given by,

L
Doy = , 2.7
pLk C(f% km'm) - C(77 kmax) ( )
where ((7, k) is the Hurwitz zeta function,
C(r. k) =) (n+k)7. (2.8)
n=0

We assume that the noise introduced from the measurement process and/or the sampling
process into the measured distribution, D', to be additive Gaussian noise. [54] shows that
sampling noise can be approximated using a Gaussian model. If the sample size is consider-
ably large, the measurement noise can also be approximated by a Gaussian random variable
by the central limit theorem, irrespective of the actual underlying distribution of the noise
associated with each query.

Hence, it is fair to assume that the combined effect of both noises can be modelled by a

normal random variable. Therefore, the measured distributions can be expressed as,

/

expk — Deprc + Nexp,k (29)

ot = Dok + Tplk (2.10)
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2.3. Problem Formulation

where 7z and 7, are both independent (in k) normal random variables with zero mean
and variance 2. For simplicity, we assume that ki, = 1 and ke, = V.
Then, using and (2.9), the log-likelihood function for the exponential parameter,
Lewp(A) =1n lf[ P(D¢,, 1A), can be expressed as,
=1

N 2
N
Lewp(N) = ) In(270?) — — Z (D;xpk (1-— e)‘)e’\(kkmm)> : (2.11)

Similarly, using (2.7) and (2.10)), the log-likelihood function for the power-law parameter,

N
Ly(y) =In [T P(D};,|7), can be expressed as,
k=1

N 1/, k™ ?
Ly(y) = Y In( 27?(7 ~ 5.2 Z (Dpl,k — Oy o) =07, kma:c)) . (2.12)

k=1

The maximum likelihood estimators, A and 4, for the parameters A and v can then be

obtained as,

~

A= Argmax [Lezp(N)] (2.13)

§ = argmas [Corp (7). (2.14)

2.3.3 Cramer-Rao Bound Comparison

In order to theoretically compare the ML estimates for the two models, we analyze the
Cramer-Rao Lower Bounds (CRLBs). We consider a degree distribution with N = 30 for
each model. Further, we assume that the noise variance, 0> = 0.05 for both exponential and
power-law models.

CRLB is defined as the reciprocal of the Fisher Information [29]. The significance of
the CRLB is that the variance of any unbiased estimator is bounded below by the CRLB.

Based on the asymptotic normality of the maximum likelihood estimators, we can assume
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2.4. Numerical Results

that our estimators are unbiased (due to the large number of measurements) and thus,
permitting the use of CRLBs for the comparison of the estimators. Further, ML estimators
are asymptotically efficient i.e. when the number of measurements tends to infinity the
variance of the ML estimator will reach the CRLB [33].

The CRLBES, XCRLB and YcgrLB, of the two estimators, \ and 7, yields,

- —1
R . %L |
’UCLT’()\) Z )\CRLB = — E[TS\() ] (215)
i A=A
- 41
. . 0L
var(y) = jeres = — |E [—agl(ﬂ } (2.16)
I T = d

where A\* and v* are the true parameters. The second order partial derivatives inside the
expectation operator in and can be calculated easily and then the expected
values can be obtained using a Monte Carlo simulation over a large number of independent
measurements. The resulting plots of the CRLBs for the two estimators are shown in Fig.
2.1l Tt can be clearly seen that the CRLB of the estimator for the exponential model is

smaller compared to the CRLB of the estimator for the power-law model.

2.4 Numerical Results

In order to verify the theoretical comparison in Section [2.3.3, we compare the MSEs of the
estimators for the two same models (N = 30 and o2 = 0.05)

The maximum likelihood estimation of the parameters was performed by numerically

evaluating (|2.13|) and (]2.14[). Then, the MSEs, Aysp and 4ysp, of the estimators A and

4, were obtained by a Monte Carlo method for different values of the true parameters, A
and ~, within their respective regions of interests. Fig. shows the resulting plots in the
same figure. It can be clearly seen from Fig. that the MSE associated with the \ is
significantly smaller compared to the MSE associated with the 4 in the respective regions

of interest. Hence, the MSEs associated with the two models show that the maximum
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Figure 2.1: Variation of the CRLBs of the estimators, A and 4, with the true parameters A
and v, in their respective regions of interest
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Figure 2.2: Variation of the MSEs of the estimators, A and 4, with the true parameters, A
and v, in their respective regions of interest

likelihood estimation has a significantly better accuracy for exponential model compared to
the power-law model.

By comparing Fig. and Fig. [2.1, it can be seen that this theoretical analysis agrees
with the MSE comparison and thus, confirming the fact the maximum likelihood estima-
tion has a smaller variance (approximately an order of magnitude smaller in the middle of
the regions of interests) in the case of exponential distribution compared to the power-law

distribution.

19



2.5. Intuitive Explanation: Second Order Stochastic Dominance

2.5 Intuitive Explanation: Second Order Stochastic
Dominance

In Section [2.3.3 (and numerically in Section [3.4)), we showed that the maximum likelihood
estimator has a higher variance for power-law distributions compared to the exponential
distributions with both numerical and theoretical analysis. However, the intuition behind
this interesting result is still not completely clear at this point. Hence, we attempt to provide
an intuitive explanation (as a conjecture) of this result using the concept of Second Order
Stochastic Dominance (SOSD) [42].

Consider the two Cumulative Distribution Functions (CDFs), F' and G. F' second-order

stochastically dominate G, denoted F' =gosp G, if

/x F(t)dtg/x Glt)dt, VreR. (2.17)

This concept of SOSD is used in microeconomic theory for risk averse decision making.
As a simple example, consider a person who has to make a choice between betting money
on two lotteries with the same expected winnings and characterized by the two distributions
F and G where F' =gosp G. If the person is risk averse (a person who tries to avoid risk)
he should choose F. Further, the variances of the two random variables also are related to
the SOSD in the following way. If the two distributions F' and G are equal in mean, then
F =sosp G implies that F' has a smaller variance compared to G (the converse is not true).
Fig. shows an exponential distribution function (A = 0.657) and a power-law distribution
function (y = 2.2) with equal expected values (2.0772), their CDFs and the integrals of the
CDFs (the integrals in are replaced by summations for this discrete case). It can be
seen from Fig. [2.3(c) that the exponential distribution second order stochastically dominate
the power-law distribution. Hence, we conjecture that SOSD can be the reason behind the

significant difference of the variances of the two estimators. In other words, this means that
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it is less accurate to estimate parameters associated with a mean preserving spread of a
distribution compared to the original distribution. This agrees with the intuition because
it is always difficult to estimate a mean preserving spread, because it is a more dispersed

distribution compared to the original distribution.

2.6 Summary

This chapter presented a comparison between the maximum likelihood estimation of net-
work degree distributions from degree distributions of sampled networks for two cases: (1)
the underlying network has an exponential degree distribution (2) the underlying network
has a power-law degree distribution. It was assumed that the noise introduced from sam-
pling/measurement process follows a zero mean Gaussian distribution (as a result of the
central limit theorem) and that we know the type of the underlying distribution. Maximum

likelihood estimators were derived for both models and then their variances were analyzed
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2.6. Summary

using both mean squared errors and the Cramer-Rao Bounds. The results show that the
maximum likelihood estimator of the exponential model has a significantly smaller variance
compared to the maximum likelihood estimator of the power-law model. Hence, maximum
likelihood estimation has a better accuracy when the underlying network has an exponen-
tial degree distribution compared to a power-law degree distribution. The reason for this
interesting behaviour was then conjectured to be the Second Order Stochastic Dominance
of probability distributions. This was illustrated by considering a situation where the two

distributions have the same mean.
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Chapter 3

Identification of Individual Interests

in Online Social Networks

3.1 Related Work

The first step of interest identification is to identify the missing nodes and how they connect
to the rest of the nodes. For this step, we use the missing node identification by spectral
clustering (MISC) algorithm proposed in [14, 15] which returns the prediction of the full
network graph G = (V, E) using only the number of missing nodes and an indication for
the existence of missing nodes and edges. For example, this indication could be a Facebook
post by an existing customer of the ABC Sports Car company mentioning about a friend
who also might be interested in sports cars, but whose profile is not visible to the company.
Similarly, these indications could also be Facebook posts, photos, tweets, etc. depending
on the application. Image and text recognition software can be utilized to identify such
indications in a practical implementation scenario. Readers are highly encouraged to read
[14, 15] for a full description about the MISC algorithm and a comparison with the other
network inference methods. Various other algorithms that are based on observations of a
diffusion process are also presented in [11, 32, 44]. However, we use the MISC algorithm as
the first step of our proposed theoretical framework since it fits our assumptions and model
perfectly and then build the interest identification method from there.

Cayley-Menger Determinants are used to express the volumes of simplexes in Fuclidean

spaces in terms of the distances between the nodes [5, 48, 49]. This concept has been used

24



3.2. Problem Definition and Assumptions

previously for applications in sensor networks, localization and robotics such as [30, 31, 51].
In our work, we use Cayley-Menger Determinants to obtain constraints relating the distances
between the known and unknown interest vectors in order to formulate an optimization
problem similar to the method proposed in [7].

The problem of the interest identification in a social network from a partial graph and
partial set of interests has not been addressed before in the published literature to the best
of our knowledge. Further, the novel model proposed in our work allows the use of results
orienting from distance geometry such as Cayley-Menger Determinants which have not been
utilized previously in the context of social network research. Therefore, we believe that this
work will open new avenues for social network research.

The organization of the rest of this chapter is as follows. Section defines the problem
of interest identification and states the main assumptions of the work. Then, Section
describes the proposed interest identification method and Section provides a numerical
example to illustrate the important steps of the proposed method. Finally, Section

summarizes the work presented in this chapter with some concluding remarks.

3.2 Problem Definition and Assumptions

The identified social network graph G = (V, E) (output of the MISC algorithm as described
in Section can be used to estimate the interests of the set of newly identified nodes

V,, = V\Vk We can define this problem of identifying interests of nodes as below.

Problem (Interest Identification) Definition : given a social graph G = (V,E)
where V = {Vk, Vm} s a partition of V, and a function h : V — W C RY where only V and

h(Vi) are known, find h(V,,).

Our primary assumption in order to solve this problem is that the social network is a

micro environment (a small network) which exhibits the Homophily behaviour. Homophily
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3.3. Interest Identification Using Cayley-Menger Determinants

principle states that there exists a connection between the social network of a person and
his/her interests. Simply put, this principle states that similarities between people causes
connections to be made between them (there is a tendency of nodes to be attached to other
nodes that have similar characteristics) [27, 40]. In other words, Homophily behaviour states
that “there exists a connection between how people are connected (the underlying spatial
structure) and their similarity of interests”. We represent this assumption as a function, f,
that maps some graph theoretic distance metric, g(v;, v;), between each pair of nodes, (v;, v;),
to some value that is approximately equal to the Euclidean distance between interest vectors
of those nodes. Such distance metrics (domain of f) that are purely based on the structural
properties of the graphs have been studied before for similar contexts in [14, 15]. Similar
to our assumption, [18] specifically assumes a dependency between a set of feature vectors
associated with the nodes and the network topology. This assumption can be mathematically

formulated as:

Main assumption: There exists a function g : V xV — Banda function f: B — R*

such that BC R and fog:V x V — RY is given by
fog(tn,0)) = [|h(8:) = h(8;)|I° — iy, V(0:,0) €V XV (3.1)

for some small g; ;.

3.3 Interest Identification Using Cayley-Menger
Determinants

The function g can be selected to be one of the widely used graph theoretic metrics such as
Gaussian distance, inverse squared shortest path, relative common friends [15] or some other
metric defined to suit the network in concern. Then, the function f o g can be thought of as

a noisy function which maps each pair of nodes to the squared Euclidean distance between
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3.3. Interest Identification Using Cayley-Menger Determinants

the interests of those nodes. We can cluster the squared distances between interest vectors

of all the pairs of nodes (v;,7;) € Vi x Vj, that have the same metric ¢g(0;,0;) as a set
Cytonoy = 1dil (0:,05) € g7 ({g(03,07)}) N Vi x Vic} (3.2)

where,

dij = ||h(%:) — h(0;)] (3:3)

This would give |g(V x Vi)| number of distinct clusters of the Euclidean distances of

interest vectors. Then, a discrete function fy : g(Vi x Vi) — R can be defined as

where, C’g({)i’{,j) is the arithmetic mean of the cluster Cy(, 4,)-
This process can be repeated in a prior training stage to determine the best graph the-
oretic metric, g, from a set of candidate metrics g1, go, ..., g by minimizing a function of

the summation of weighted variances of each cluster as

9= argminz N )‘gi(fii,fﬁj) X Uar(cgi(ﬁi,@j)) (35)

where Ay s,.4,) is the weight assigned to the cluster corresponding to the value g;(0;, 9;).

The discrete data points of function f;, obtained by can now be used to obtain a
continuous function f by fitting a polynomial of degree n,,. Then, the domain of f will be
[sup(g(Vi x Vi), inf(g(Vk x Vi))]. The optimal degree, ny, can be determined by a model
order determination method such as Akaike Information Criterion (AIC). We assume that the
known part of the network is large enough to make sure g(V x V) C [sup(g(Vi, x Vi), inf (g(Vi x Vi))].

Then, the function fog : V x V — RT can be used to obtain a noisy estimate of the
squared Euclidean distance between any pair of nodes (0;,7;) € V x V. The noise free

distance is known only for all (0;,0;) € Vj, x V.
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3.3. Interest Identification Using Cayley-Menger Determinants

In a d dimensional Euclidean space, we can calculate the coordinates of any unknown
point, if the accurate distances from that point to d + 1 known points are available. For
example, the coordinates of any point in a plane (d = 2) can be calculated by triangulation
if the distance from that point to 3 known non-collinear points are available. Hence, to
estimate the interest vector h(#;) of 0; € V,,, we need the distances between h(%;) and d + 1
known nodes. These distances can be obtained with some error using the previously obtained
composite function f o g. However, the actual distances are not independent of each other
due to the fact that they reside in a Euclidean space. [7] proposes a method which describes
the dependencies between the distances of points in a Euclidean space as a set of quadratic
equality constraints. Since the actual distances are not independent, the errors that are
associated with the distances obtained using f o g are also not independent. Hence, these
dependencies between the errors can be used to find the set of errors which would yield the
actual distances as close as possible. Therefore, we find an elegant adaptation of the method
proposed in [7] (for sensor network localization) combined with results from [49] to suit our

previously described model and assumptions in order to find h(V,).

This method is based on the Cayley-Menger Determinants which are used to find the

hypervolumes of simplexes. The volume, V(po,...,px), of a k-dimensional simplex with
k + 1 points py, . .., pr can be expressed as
) (—1)k+1
Va(po, .- px) = ERCIE CM(po, .-, pk) (3.6)
where,
0 d3 ... d} 1
d, 0 di, 1
CM(po,--sPK) = ..., (3.7)
dyo d2, 0 1
1 1 1 0
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3.3. Interest Identification Using Cayley-Menger Determinants

and d;; is the Euclidean distance between points p; and p; of the simplex. CM (po, . . ., px)
is called the Cayley-Menger determinant of the points py, ..., pr [49].

The following theorem is a popular result in distance geometry which gives the necessary
and sufficient conditions for the embeddability of a distance matrix in a Euclidean space.

The full proof of it is given in [5] and an excellent description is also given in [49].

Theorem 1 (Global Embedding Theorem). A distance matriz of h+1 points D(po, p1, - - -, Pn)

1s embeddable in a Fuclidean space E™ of dimension n if and only if

i. There ezists a submatriz R(po,p1,-..,pn) of n+ 1 points of D so that, for every k =

1,2,...,n, the sign of CM(po, ..., px) is equal to (—1)F+1;

ii. For every pair p;,p;j(i,j =n+1,...,h)

CM(po, ..., pn;ipj) =0 (3.9)

The first part of Theorem [I|states that there exists a reference object whose n-dimensional
volume does not vanish if the set of points are embeddable in the Euclidean space of n
dimension. In 2-dimensional space, this is equivalent to finding 3 points that are not co-
linear so that the area of the triangle formed by the three points does not vanish. Similarly,
in 3-dimensional space, this is equivalent to finding four points that are not co-planer so that
the volume of the object formed by the formed by the four points does not vanish. We fulfill
this condition in our method by finding a set Vx C Vj. of d 4+ 1 nodes such that the interest
vectors of the nodes in Vj form a simplex in R? whose d dimensional volume is not zero i.e.

CM(h(Vg)) # 0. Let the elements of V be re-labeled so that the indices from 1 to d + 1 are
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3.3. Interest Identification Using Cayley-Menger Determinants

assigned to elements of Vg, thus making Vi = {01, 09, ...,0441}. We further define,

A2 = fog(i;,0;), Yii, 0; € V. (3.11)

ij

Then, we have

4 =d; — e (3.12)

Z]:

where ¢; ; is the error of the function f o g. From the second part of Theorem , we know
that

CM(h(Vi); h(83)) = 0,Y8; & Vi (3.13)

Therefore, for any v; € V;n, from equation we get

0 d%’l d?’dﬂ 1
dil 0 e didﬂ 1
........................... = 0. (3.14)
dl,dJrl d%,d-‘rl oo O 1
1 1 e 1 0
The above expression can be decomposed as
d;
2, .. d,, 1| E| | =0 (3.15)
k) 9 d2
i,d+1
1
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3.3. Interest Identification Using Cayley-Menger Determinants

where, .
[0 @, @ 1]
d%g 0 d%,dﬂ 1
E= | (3.16)
dy g1 dg’dﬂ 0 1
1 1 L 0]

as proven in [7]. The existence of the matrix F is guaranteed by our selection of nodes such

that CM(h(Vg)) # 0.
Using (3.12) and (3.15), we get

72
di,l + 87:,1

i +ein o By teian 1| E -0 (3.17)
d?,dﬂ + €id+1

1

which defines a quadratic surface of the variables ¢; ;, 7 < d + 1 associated with 9; € Vm
This can be formulated as a least squares problem where we minimize the sum of errors,
J=¢el +ely+ ...+ 4, subject to the derived quadratic constraint obtained by
which is a well studied optimization problem that can be solved using methods such as mul-
tiplier method [7]. Then, the resulting set of errors (£7,,€7,,...,&;4,,) could be associated

with the erroneous distances (dZ,,d?,, ..., d?4,,) obtained from the composite function fog
to obtain the estimate of the true distances. These distances can then be used to easily
calculate the interest vector of the node in consideration using triangulation.

It should be noted that further quadratic constraints can be obtained by selecting a
different set of elements for Vg, fulfilling the non-zero hypervolume condition. Then, the
optimization problem could be solved subject to multiple quadratic constraints and thus

reducing the search space in the optimization problem and yielding a better accuracy. How-

ever, this should be done depending on the available computational capacity. The interest
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vectors of all the missing nodes can be identified by repeating this process for all nodes in

~

Vin-

3.4 Formulation of the Optimization Problem: A
Numerical Example

Consider a missing node v; € V., of the identified social network G where the interests of the
nodes lie in the 2-dimensional Euclidean space (d = 2). Assume that oTur reference node;
, h(vs) = [2 3]
and let the outputs of the composite function in equation be d?, = 16,d2, = 25,d% = 9

T
Vi = {v1,v9,v3 € Vi } have the interests h(vy) = [0 0] h(vy) = [1 81

(noisy squared distances between the missing node and the reference nodes).

By substituting h(v;), h(ve) and h(vs) in (3.6), we can see that V?2(vy,vq,v3) = 42.25,
which fulfills the non-zero hypervolume condition of the part (i) of theorem (1| (can be seen
from Fig. as well). Using (3), we can obtain d} , = 65,d} 5 = 13 and d3 5 = 26 and then,
substituting in and , we can obtain the constraint of the optimization problem

as:
25?71 + 6?’2 + 58?’3 — 4461"1 — 3261"2 + 2461',3 + 261"182',2 — 661’182',3 — 461"282',3 — 176 = 0. (318)

Then, the errors can be calculated by minimizing J = 622,1 + 8?72 + 622,3 subject to (3.18]).
Solving optimization problems of this form has been extensively studied [22, 55] and can
be done using many methods. Further, [7] also arrives at a similar optimization problem
in context of sensor networks where they use the Lagrangian multiplier method as the first
step.

The calculated errors can now be associated with the noisy distances to obtain the actual
distances according to (3.12)). This gives us three distances, d;;, d;» and d;3, to the unknown

interest vector from the three known vectors, h(v;), h(vy) and h(vs). Hence, the interest of
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Figure 3.1: Illustration of the locations of the reference nodes (black dots) and triangulation
process

the missing node, h(v;), can be calculated easily using triangulation as shown in Fig .

3.5 Summary

This chapter proposed a solution to the problem of interest identification in social networks.
Only the partial graph and the interests of a subset of nodes are known, and thus making
this problem non-trivial to solve.

Previous research has shown that there exists a relation between some graph theoretic
distance metric and the difference of interests (Euclidean distance) of each pair of nodes
due to the Homophily behaviour of social networks. This idea was utilized to obtain a
composite function which gives the noisy interest distances from d + 1 known nodes (in a
d dimensional space) to a missing node. Then, equality constraints derived using Cayley-
Menger Determinants were used to formulate an optimization problem in order to minimize

noise and find the d+ 1 distances to the missing node which can then be used to triangulate
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the interest associated with the missing node.
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Chapter 4

Interest Influencing in Online Social

Networks

4.1 Interest Influencing: Problem Definition and
Assumptions

Consider the system model described in Section [1.1.2] again. In this chapter, we assume
that G = G}, (the network structure is known). As we pointed out in the Section |1.1.3| a
connection between two persons can prevent a change of interests. We model this behaviour
by assuming that a connection (an edge in the graph) in a social network fixes the distance
between the interests of the two nodes involved in that connection. In other words, we assume
that the interest distance between the nodes that are connected by an edge is not changing
further. This assumption is particularly true in networks that are based on professional or
research interests. In such networks, the similarity of interests (the fixed distance between
interest vectors) between two nodes is what makes an edge exist in the graph between them.
Hence, the interest distance should remain same for that edge to exist. This assumption can

be mathematically formulated as:
Assumption: If (0;,0;) € E, then

df|h(0:) = h(2;)]]
dt

—0. (4.1)
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4.1. Interest Influencing: Problem Definition and Assumptions

This assumption introduces distance constraints which fix the distances between the pairs
of interests vectors associated with adjacent nodes. Therefore, the triple G(h) = (V, E, h)
can be viewed as a bar and joint framework where G = (V| F) is the social graph and
h : V — R%is the function that maps each node in the social network to its interest. Moving
such a framework in the Euclidean space that it lives does not change the distances between
the pairs of interest vectors that correspond to adjacent nodes. However, this does not
necessarily ensure that the distances between non-adjacent vertices of the framework G(h)
will remain fixed. Hence, we are interested in finding a method to ensure that all interest
vectors (whether they are adjacent or not) keep their inter-distances fixed. Based on the

previous assumption, we can formally state this problem as:

Problem (Interest Influencing) Definition : Given a bar and joint framework

G(h) = (V,E,h), find E, CV xV so that G,(h) = (V,EUE,, h) is a rigid framework.

The term rigid framework in problem 2 definition refers to a framework where every
motion preserves the distances between all pairs of vertices (flezible otherwise). Rigidity
theory is the branch in mathematics which studies the rigidity and flexibility of bar and
joint frameworks in Euclidean spaces [23, 45, 53]. As a simple example, a triangle formed
by three rods and three joints is rigid in 2 dimensional space while a rectangle formed by
four rods and four joints is flexible in 2 dimensional space since one rod of the rectangle
can be moved while keeping another one fixed. The rectangle can be made rigid by adding
a diagonal rod which will eliminate the additional degree of freedom and thus making the
framework rigid. The rigidity theory develops a formal theoretical treatment for analysis of
rigidity of bar and joint frameworks. It has been shown that the rigidity of frameworks in
2 dimensional Euclidean space can be analyzed purely by the properties of the underlying
graph (neglecting the coordinates of joints). The concepts from rigidity theory have been
utilized previously for sensor network localization purposes in [3, 13, 47]. In our work, we

use rigidity theory to solve the second problem where the ultimate objective is to create
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4.2. Interest Influencing Using Rigidity Theory

rigid graph in 2 dimensional space. For example, if the interests of the customers form such
a rigid framework, we can fix the interests of all nodes by fixing the interests of few loyal
customers.

The organization of the rest of this chapter is as follows. Section describes the
proposed method of solving the problem of interest influencing using the concept of rigidity
theory. Section provides numerical examples for the proposed method. Finally, Section

4.4 provides a summary of the work presented in this chapter and some concluding remarks.

4.2 Interest Influencing Using Rigidity Theory

Finding if a framework G(h) = (V, E, h) is rigid in d dimensional space involves a solving set
of |E| quadratic equations with d|V| unknowns that fixes the distances of the set of edges of

the framework,

(ha(t) — By ()" (hi(t) — hy(t)) = cij, V(0:,0;) € E (4.2)

where we have denoted h(v;) by h;. The framework is said to be to rigid, if all solutions
to the system of quadratic equations preserve the distances between all points irrespective
of whether they are adjacent or not. Since finding a solution to this quadratic system
of equations is hard, the common approach is to linearize the problem by obtaining first
derivatives (which simplifies the problem to finding the rank of a matrix). However, in the
context of social networks, computation of the rank of such matrices may not be practical
due to the large size.

As a solution to this, we can use Laman’s theorem [35] which completely characterizes

minimally rigid (not rigid after removing one of its edges) graphs in two dimensional space.

Theorem 2 (Laman’s Theorem). Let a graph G have ezxactly 2|V | —3 graph edges(|V| > 1).
Then, G is rigid in R? if and only if no subgraph G' = (V' E') has more than 2|V'| — 3 edges
(V'] >1)
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A necessary (but not sufficient) condition for a graph to be rigid is to have at least 2|V|—3
edges [50]. However, according to Laman’s theorem, these edges have to be well distributed
in order to make a rigid graph. Hence, Laman’s theorem gives a purely combinatorial method
to analyze the rigidity of frameworks in 2 dimensions based only on the underlying graph
(without considering the coordinates of vertices). In other words, rigidity of a framework
G(h) = (V, E, h) in 2 dimensional space depends only on G = (V, E'). The readers encouraged
to refer chapter 2 of [50] for an excellent description about Laman’s theorem.

However, such a combinatorial type of a theorem to assess the rigidity of frameworks in
dimensions of three and beyond is currently not available. Hence, the graph theoretic analysis
of rigidity of frameworks in dimensions beyond two dimensions is not well understood and
not very useful from a computational point of view due to the lack of polynomial time
algorithms [50]. Hence, if we assume the number of parameters associated with nodes to be
two (d = 2), the Laman’s theorem and various combinatorial polynomial time algorithms
that are based on it such as the pebble game algorithm [28] can be utilized to identify missing
edges required to create a rigid network based on our system model and the assumption,

thus giving the solution to the problem of interest influencing.

4.3 Assessing Rigidity in 2-Dimensional Space:
Numerical Examples

Here, we provide 3 simple examples to illustrate how we can assess the rigidity of frameworks
based on the Laman’s theorem in a purely combinatorial manner.

Assume that our social network has 5 nodes and their interests lie in the two dimensional
space as represented in Fig. In the case of Fig.(a), it can be seen that the number
of edges in the graph (6) is less than 2|V| — 3 = 7. Hence, the first graph does not satisfy
a necessary condition for rigidity and hence does not form a rigid structure. The structure

in Fig. 4.1(b) is formed by adding an additional edge to the structure in Fig. 4.1(a) and
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(& (b ()

Figure 4.1: (a) Flexible graph (b) A minimally rigid graph (c¢) Redundantly rigid graph in
two dimensional space

it can be seen that it satisfies the 2|V| — 3 edge count. Further, no subgraph G' = (V’/, E’)
of it has more than 2|V’| — 3 edges. Therefore, the structure in Fig. [4.1(b) is minimally
rigid. The structure in [4.1c) has 8 > 2|V| — 3 = 7 edges and hence satisfy the constraint
for the minimal number of edges. If we remove the diagonal edge of the rectangle, then the
subgraph formed by the rectangle has only 4 edges and hence it will make the structure
non-rigid. However, if we remove the top edge of the lower triangle, then the graph will
satisfy the minimal rigidity conditions and will be a rigid graph.

In the previous examples, we prefer to have the structures Fig/4.1| (b) or (c) in our social
network since both of them are rigid. If our social network is of the form Figl4.1{(a), we would
like to introduce the two nodes in order to add the diagonal edge which makes the structure
rigid. The pebble game algorithm proposed in [28] is a method to do the same analysis
we did above by assigning pebbles to a selected set of vertices initially. It is a polynomial
time algorithm which is based on the Laman’s theorem. In practice, such polynomial time

algorithms can be utilized to do the same analysis we did above, especially when the network
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is of large size.

4.4 Summary

This chapter proposed a solution to the problem of interest influencing in online social
networks. The problem was first formulated as a classic problem in rigidity theory. Then,
the Laman’s theorem which completely characterizes a minimally rigid graph in 2 dimensional
space was utilized to find the edges that should be added to make a rigid graph based on
the assumption that the interests of the nodes are 2 dimensional vectors. This assumption
was required due to lack of a Laman’s type of a theorem to analyze rigidity of frameworks

using only the combinatorial properties of the underlying graph.
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Chapter 5

Conclusions and Future Work

This thesis explored three important problems related to the online social networks utilizing
tools from statistical signal processing and applied mathematics.

The second chapter presented a comparison of the maximum likelihood estimates of the
network degree distributions from the sampled network degree distributions for two cases:
1) the underlying network has an exponential degree distribution (2) the underlying net-
work has a power-law degree distribution. Assuming that the noise introduced from sam-
pling/measurement process follows a zero mean Gaussian distribution, maximum likelihood
estimates were derived for both models and their variances were analyzed using the Cramer-
Rao Bounds and mean squared errors. Using the results of these theoretical and numerical
comparisons, it was concluded that the maximum likelihood estimation has a significantly
smaller variance (approximately an order of magnitude) for exponential model compared to
the power-law model in the respective regions of interest. The reason for this interesting
behaviour was then conjectured to be the Second Order Stochastic Dominance of probabil-
ity distributions. This was illustrated by considering a situation where the two distributions
have the same mean.

Devising a formal proof for the presented conjecture involving the Second Order Stochas-
tic Dominance would be an interesting research direction for this work. Another interesting
research direction of the presented work would be to compare the model based estimation
of the degree distributions for different random graph models.

The third chapter proposed a solution to the problem of interest identification in social

networks. The main reason for this problem to be non-trivial is the fact that only the
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partial graph and the interests of a subset of nodes are known. Previous research has shown
that there exists a relation between some graph theoretic distance metric and the difference
of interests (Euclidean distance) of each pair of nodes due to the Homophily behaviour of
social networks. This idea was utilized to obtain a composite function which gives the noisy
interest distances from d+1 known nodes (in a d dimensional space) to a missing node. Then,
equality constraints derived using Cayley-Menger Determinants were used to formulate an
optimization problem in order to minimize noise and find the d + 1 distances to the missing
node which can then be used to triangulate the interest associated with the missing node.

An interesting future research direction of the presented work would be to extend the
proposed framework to random environments where the parameters associated with nodes
are random vectors and/or the underlying spatial structure is a random graph.

The fourth chapter considered the problem of interest influencing in an online social
network i.e. how to create a network structure in order to gain a maximum influential
power over the interests of people in the network? This problem was formulated as a classic
problem in rigidity theory assuming the contagion behaviour of individuals in the network.
This reduces the problem of interest influencing to finding the edges that should be added
to the network to make it a minimally rigid graph. Then, the Laman’s theorem which
completely characterizes a minimally rigid graph in two dimensional space was utilized to
find the edges that should be added to make a rigid graph based on the assumption that
the interests of the nodes are two dimensional vectors. This assumption was required due
to lack of a Laman’s type of a theorem to analyze rigidity of frameworks using only the
combinatorial properties of the underlying graph.

In future work, we intend to utilize real world data to further explore the theoretical
framework proposed in this work and also to extend this work to random environments.
Further, it would be interesting to explore how the rigidity theory concepts of body-bar

frameworks (instead of bar and joint frameworks) can be related to social networks.
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Appendix A

Methods of Sampling Networks: A

Brief Survey

In this Appendix, we provide a brief survey of the literature about the widely used methods
for network sampling. A detailed description of each method can be found in the references

provided.

A.1 Sampling by Random Node Selection

A.1.1 Random Node Sampling

This is the most basic method that falls under the Random Node Selection category. As the
name itself implies, this method works by selecting a set of nodes uniformly. Let the social
graph (undirected) be G = (V, E) where V' = {vy,vs,...,u5} and let the set of sampled
nodes be Vs. We need |Vg| < N as a constraint. Then the Random Node sampling

algorithm is as below.

1. Generate X = Int(NU)+ 1 where U ~ Unif(0,1) and N = |V|. (The Int(.) operator

extracts the integer part of a number)
2. VS — VS Uvx
3. If |Vs| < Npae, g0 back to step 1.

4. The sampled graph, G is the graph induced by the set of nodes Vg
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The first step in the above algorithm transforms the uniform distribution in to a step
function (inverse transform approach). Many other variations of this method include meth-
ods obtained by using weighted sampling instead of uniform sampling. One such example
is the Random Degree Node (RDN) sampling where probability of a node being selected is
proportional to its degree. However, this method will have a very high bias towards nodes
with higher degree [37]. Hence, this would not be a good choice if we want to estimate the
degree distribution. Further, most of the social networks randomly sample the User IDs of
the users in order to obtain random node samples. This is undesirable in the case where
User IDs are sparsely populated (large number of valid user IDs are not assigned) [43]. In
such cases, we have to use overly complicated versions of this method to reduce the large hit
to miss ratio that may occur due to the unpopulated User IDs.

Further, it has also been proven that this method does not retain many interesting

characteristics that are unique to social networks such as the power law in degree distribution

37).

A.1.2 Breadth-First Sampling (BFS)

Breadth-First sampling is another sampling algorithm that falls in to the category of sampling
by random node selection. BFS uses two queues The steps of BFS algorithm are as below

(using the same model as before).

1. Begin two empty queus: Sampled and Processed

2. Select v; € V (seed) uniformly at random and insert it into Sampled and store the

neighbours of v; in Processed

3. Move the earliest explored node (last node in Processed) to the Sampled and insert all

its neighbours (that are not already inserted) to Processed.

4. Repeat step 3 until length of Sampled reach N,

ol
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According to [20], BFS is biased towards high degree nodes and also no statistical prop-

erties can be theoretically proven for this method.

A.2 Sampling by Random Edge Selection

Similar to the idea of sampling by random node selection, the idea behind sampling by
random edge selection is to select edges uniformly at random and then obtain the subgraph
created by that set of edges as the sampled graph.

However, a problem associated with this method in the context of social network sampling
is that the sampled graph diameter will be extremely large (which does not agree with the
social network community structure.). Since high degree nodes have more edges attached
to them, this method is also biased towards the high degree nodes. A variation of Random
Edge Selection which was proposed to eliminate this bias is Random Node Edge Sampling.
In Random Node Edge Sampling, a node is first selected uniformly at random and then an
edge incident to that node is picked uniformly at random [37]. However, if the edges do
not have IDs (which is the practical scenario in social networks), then it may be hard and

resource intensive to sample edges.

A.3 Sampling by Exploration

A.3.1 Random Walk Sampling

As pointed above, both random node and edge sampling have certain weaknesses that are
undesirable in the context of social networks. An alternate, computationally less expensive
method which also reduces most of the weaknesses in previous methods is to sample a network
by means of a random walk [37, 43]. The Random Walk Sampling is explained next.
Assume the social network in concern is an undirected graph G = (V| E) where V =

{v1,v9,...,v,}. Let X, be the random variable which gives the index of the node that the
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random walker is on at the time step n. Then, clearly {X,,} is a discrete time Markov chain
and
5 iMG,)€E

P(Xni1 = j1X, = i) = (A1)

0, otherwise

where d(i) denotes the degree of the node v;. Hence, it can be seen that the Markov chain
is also Homogeneous. In Random Walk (RW) sampling, we initiate a random walker at a
node uniformly selected at random. Then, at each time step k, the walker moves from its
current position v; to v; and the edge (v;,v;) is added to the sequence of edges that have
already been sampled.

Under certain conditions, we can use RW sampling to create estimators of graph charac-
teristics that are asymptotically unbiased (converge to the actual characteristic value when
the sample size goes to infinity). This follows from an important property of random walks

called detailed balance which is proven below (This is mentioned without a proof in [39]).

Theorem 3. A random walk on a connected graph has a unique stationary distribution that

satisfies the detailed balance.

Proof. Assume the graph is connected. Therefore, the random walk is irreducible (since
there is a path from each node to every other node). Then, by the law of large numbers
for Markov chains, it has a unique stationary distribution which we denote by 7. We must
show,

Piﬂ(i) = PMT(J) Vi, j

. We proceed with proof by cases.
Case 1: (i,7) ¢ E

Then P;; = P;; = 0 and therefore, the detailed balance equation is satisfied.

Case 2: (i,j) € E
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Let 7 be the vector that satisfies the detailed balance. Then,

Pz’ﬂr(i) = PJHT(J) Vi, j

() = M = k where d(.) denotes the degree of the vertex.

d(i)  d(j)

Further,

Therefore,

S SRk

Therefore, the Markov chain has a unique stationary distribution that satisfies the de-

tailed balance.

]

Further, it should be noted that the Random Walk Sampling on connected, non-bipartite
graphs sample edges uniformly at random when it is at the stationary distribution. In other
words, sampling by random edge selection is similar to the random walk sampling at the
stationary distribution. This is mentioned without proof in [43] and we present it as a formal

statement with a proof.

Theorem 4. A random walk on a connected non-bipartite graph sample edges uniformly at

random as the step size reaches infinity.

Proof. Assume that the random walk is on a connected, non-bipartite graph. Then, from
Theorem [3] it has a unique stationary distribution. Further, since the graph is non-bipartite,
the random walk is aperiodic. Then, by the Convergence of Marginals, the marginal distri-

bution over nodes will reach the stationary distribution as the step size goes to infinity.
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Assume the Markov chain is in stationary distribution at step n. Then, the probability

of the random walker being in the node v; is

oy = A9
(P'r); = = (A2)

from Theorem [3l.
Then, the probability of the edge sampled at step n+1 being (j, k), denoted by 7.(j — k)

is

a6 1
meld = ) = 0w < dn) (4-3)
1
B Zviev d@) (A.4)
_ % (A.5)

where m is the number of the undirected edges in the graph. Hence, the distribution over
the edges is uniform which concludes the proof.

]

Next, with the aid of the above two theorems and a corollary of Law of Large Numbers
for Markov Chains which was stated in [41], we show how Random Walk sampling can be
used to create asymptotically unbiased estimators of various graph characteristics (which is
one of the advantages of Random Walk sampling over the other discussed methods).

The following is a simpler version of the Theorem 17.2.1 of [41] (which is another version
of the law of large numbers) with a simpler proof (than the original one given in [41]) which

we will use to create unbiased estimators using random walk sampling.

Theorem 5. For a random walk {X,}, on a connected graph,

S F(X0) ws, Edlf(X)] (A.6)

>, 9(X0) Ex[g(X)]
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where E.(.) denotes the expectation with respect to the probability measure m (stationary

distribution)

Proof. Proof follows by noting that this is simply division of the terms of the law of large
numbers for Markov chains.

]

[43] provides an extension of the above theorem as below with a full proof (which follows

trivially from Theorem 5).

Theorem 6. Let E* C E be nonempty. Let (u;,v;) be the i'™" sampled edge such that

(u;,v;) € E*; and let B*(B) be the number of such samples, where B is the number of total

random walk steps. Then, for any function f, where Z(uﬂ))eE* f(u,v)| < oo,
1 1
lim fug, v) == f(u,v) (A7)
B—o0 B*(B) ; |E*| V(u,vZ)EE*

It can be seen that the Theorem 6 (which is an extension of Theorem 5) can be utilized
to create asymptotically unbiased estimators. [43] also provides examples of four such esti-
mators that estimates graph characteristics such as edge label density and global clustering
coefficient by selecting the function f to suit the quantity that we are trying to estimate.

Hence, it can be seen that sampling graphs (especially social networks) using random
walk based methods has more advantages compared to the other two sampling methods in

terms of bias of the estimate and complexity.

A.3.2 Frontier Sampling

A recent advance in previously discussed Random Walk based methods in graph sampling
is to use multiple dependent random walkers. This method, known as Frontier Sampling
[43], can overcome the disadvantages of random walk sampling in cases where there are large

number of disconnected components in the graph. In such cases, a single random walker
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A.3. Sampling by Exploration

may get stuck in an isolated area and may provide estimates that represent only the said
isolated area, thus causing large estimation errors. Frontier sampling reduces this weakness
by employing multiple simultaneous random walkers to explore the graph, while retaining

all the other nice properties of the random walk sampling methods [43].
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